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ABSTRACT

RELATIONSHIP BETWEEN ELECTRONIC STRUCTURE, PHASE STABILITY AND
MECHANICAL PROPERTIES IN THE TRANSITION METAL CARBIDES, NITRIDES AND
CARBO-NITRIDES

The transition-metal carbides (TMCs), nitrides (TMNs) and carbo-nitrides (TMCNs) make up
a class of hard materials whose melting temperatures generally exceed 3000 K. These refractory
ceramics, generally referred to as ultra-high-temperature ceramics (UHTCs), are naturally of inter-
est for a range of extreme environment applications, from nuclear power generation to hypersonic
flight. The carbides of the Group IV and Group V transition metals—Ti, Zr, Hf, V, Nb and Ta—
are of particular interest, since some of these materials are claimed to possess the highest melting
temperatures among all known compounds; some are found to exceed 4000 K. The Group IV and
Group V TMCs generally share the same rocksalt (NaCl) crystal structure and covalent-metallic
bonding character; furthermore, they all exhibit large rocksalt phase homogeneity ranges, with
structural vacancies accommodating off-stoichiometry. Yet they exhibit surprisingly varied hard-
ness behaviors: some, like TiC, are seen to lose hardness with decreasing carbon content; others,
like TaC, are found to increase in hardness. Additionally, alloying of the rocksalt carbides and
nitrides has been claimed to produce optimized melting temperatures and hardnesses. This work
seeks to develop computational models to describe the hardness behavior of the TMCs, TMNs and
TMCNs, with a focus particularly on dislocations—the low-temperature carriers of plastic defor-
mation. This work will also investigate the electronic mechanisms underpinning the anomalous
hardness behaviors in these materials, seeking to provide plausible explanations centered on the

chemical bonds within these crystalline solids.
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Chapter 1

Introduction

The carbides, nitrides and carbonitrides of the transition metals comprise a class of ceramic
materials with highly varied and interesting properties. Generally selected for their high hardness
and exceptional melting temperatures, these refractory ceramics serve as excellent candidate mate-
rials for wear-resistant coatings in extreme high-temperature environments. For applications such
as hypersonic flight, where travel at speeds between Mach 5 and Mach 25 are desired, these prop-
erties make the transition-metal carbides (TMCs), nitrides (TMNSs) and carbo-nitrides (TMCNs)
highly desirable for sharp leading edges; likewise, the TMCs and TMNs show promise as heat
shielding materials for re-entry vehicles in spacecraft. At lower temperatures, the high hardness
(and thus wear resistance) and relatively low cost of materials like TiC, TiN, and TiCN make them
ideal for hard coatings on cutting tools; cemented composites such as WC-Co are commonly used
as inserts for machining tools, allowing for enhanced fracture toughness in addition to high wear
resistance. Furthermore, the TMCs, TMNs and TMCNs show a vast array of other appealing prop-
erties. They are generally electrical conductors, and many undergo a superconducting transition at
very low temperatures. The TMCs and TMNss are also interstitial compounds, typically having B1
(rocksalt) structures with interpenetrating face-centered cubic (FCC) sub-lattices of metal and non-
metal atoms. They generally exhibit large B1 phase homogeneity ranges, with off-stoichiometry
being accommodated by structural vacancies on the metal or nonmetal sublattices, and are thus
often represented by the general chemical formula MX,—M being a transition metal species, X
being a nonmetal species, and y representing the nonmetal-to-metal atom ratio. The compositional
flexibility of these compounds presents an array of opportunities for material design: some of the
TMCs and TMNss display enhanced hardness, toughness, or melting temperature at specific compo-
sitions, possibly allowing for detailed tailoring of mechanical properties; furthermore, the presence

of vacancy ordering in some of these materials at specific compositions within the rocksalt-phase



region may have significant effects on mechanical characteristics, non-metal atom diffusion rates,
and electrical and thermal properties.

Compounding this array of intriguing characteristics is the fact that most of the rocksalt TMCs
and TMNs have very high solubility with one another, allowing for the creation of TMCNs and
mixed transition-metal carbides (MTMCs). Since the Group IV and Group V TMCs and TMNs
display varied thermal and mechanical behaviors within their respective B1 homogeneity ranges,
this raises the possibility of very precise design of ultra-high-temperature ceramics (UHTCs) via
alloying. Prior work on ZrC-TaC, HfC-TaC, and HfC-HfN alloys, for example, has shown these
materials to possess maxima in melting temperature (ZrC-TaC and HfC-TaC) and shear modulus
(HfC-HIN) at intermediate compositions. Hence, by substitution of atoms on the metal and/or
nonmetal sublattices, it may be possible to achieve performance greater than any of the constituent
binary or ternary compounds; this is precisely the motivation for the increasingly popular study
of high-entropy carbides (HECs) and nitrides (HENs), which seek to enhance specific mechanical
and/or thermal properties via alloying of five or more binary TMCs or TMNSs.

In the interest of learning how to better exploit these fascinating and versatile materials, this
work will focus on developing computational models of intrinsic hardness in the TMCs, TMNs
and TMCNs. First-principles simulation and hierarchical modeling will be used to generate pre-
dictions of mechanical properties for this family of materials, focusing particularly on dislocation
mobility as a predictor of hardness and slip plane preference. We will also explore the underlying
electronic mechanisms which determine these characteristics, aiming to generate a more compre-
hensive understanding of the effect of off-stoichiometry and alloying on the mechanical properties

of the Group IV and Group V transition-metal carbides, nitrides and carbonitrides.



Chapter 2

Motivation

2.1 Engineering Interest in Transition-Metal Carbides and Ni-

trides

There remains in many engineering fields a pressing need for more capable materials. Novel
materials with high hardness, high corrosion and oxidation resistance, good toughness and high
melting temperatures are desired for use as hard coatings [1], cutting tools [2], armor materi-
als [3, 4] and heat shielding materials. This latter case in particular has spurred interest in the
carbides, nitrides and borides of the transition metals; many of these are ultra-refractory materials,
possessing melting temperatures in excess of 3000°C [5] and thus serve as good candidate ma-
terials for extreme high-temperature environments. Specifically, ultra-high-temperature ceramics
(UHTCs) show great promise for applications in hypersonic vehicle construction [6—8], were very
sharp leading edge geometries are favored [9] and friction from contact with atmospheric air at
speeds greater than Mach 5 can generate leading edge temperatures well above 2000°C [10].

The carbides, nitrides and borides of the Group IV and Group V transition metals comprise
some of the best candidate materials for these applications; specifically within the transition-metal
carbides (TMCs) and transition-metal nitrides (TMNs), materials such as ZrC, HfC, HfN, and
TaC exhibit good mechanical properties and exceptional melting temperatures. Unsurprisingly,
these materials share the same combination of metallic and covalent bonding; they all have a
strong metallic character and are electrically conductive, and are thus often referred to as the "hard
metals." Many of these materials—all of the Group IV and Group V TMCs, and the Group IV
TMNs—also share stable rocksalt (NaCl), or B1, phases around the stoichiometric composition
MX; . The BI crystal structure, shown in Figure 2.1, consists of two inter-penetrating face-
centered cubic (FCC) lattices, one containing metal (M) atoms and the other containing non-metal

(X) atoms. Furthermore, the rocksalt carbides and nitrides (TiC, ZrC, HfC, VC, NbC, TaC, TiN,



ZrN and HfN) are all predicted to exhibit large homogeneity ranges for the B1 structure [11-18],
with significant off-stoichiometry being accommodated by structural vacancies on either the metal
or nonmetal sublattice. Computed phase diagrams for the IVB and VB TMCs (Figure 2.2) and IVB
TMNs (Figure 2.3) are reproduced in this text from a variety of sources, with the rocksalt-phase
region highlighted in blue. The broad B1 phase stability seen in these compounds gives rise to fas-
cinating variations in mechanical, electrical and thermal properties at different non-metal-to-metal
atom ratios, raising the possibility of detailed design of these materials via alterations to stoichiom-
etry. Much of the interest in the TMCs and TMNs stems from the promise of precise tailoring of
properties via composition and processing, which can (at least in principle) be used to optimize
properties such as hardness, toughness and melting temperature. In hafnium carbide, HfC,, for
example, a possible sub-stoichiometric maximum melting temperature has been observed in the
range 0.9 < y < 1.0 [19-22], and a recent study claimed HfC gg to have the highest melting
temperature of any known compound [23].

The structural and bonding similarities between the Group IV and Group V TMCs and the
Group IV TMNs also give rise to high mutual solubility within this class of materials [24], and
mixing of the Bl-structured transition-metal ceramics has been explored in some detail. The
transition-metal carbonitrides (TMCNs) are, generally speaking, an example of this: they con-
sist of solid solutions of a transition metal’s carbide and its nitride (e.g. the titanium carbo-nitrides,
TiC,_,N,, which are solid solutions of BI TiC and B1 TiN). In these materials, mixing is accom-
plished by substitutions on the non-metal sub-lattice, while the metal lattice remains the same.
Much prior work has been dedicated to exploring the effects of carbonitride composition on prop-
erties such as elastic moduli [25], hardness [25, 26] and melting temperature [27]. In addition
to mixing via substitution on the non-metal sub-lattice, alloying of carbides via metal-atom sub-
stitutions has also been explored for decades. Early work on the ZrC-TaC system discovered an
elevated melting temperature around the Zrj 5 Tag sC composition, exceeding the melting tempera-
tures of both ZrC and TaC [28]. Subsequent investigation supported this result, and also identified

a maximum hardness at an intermediate composition in the Zr,_,Ta,C system [29]. Experimental



studies have also indicated exceptional melting temperatures in the HfC-TaC system [21, 23, 28],
often exceeding 4000 K; some of these works have suggested that the maximum melting temper-
ature in this system is achieved at an intermediate composition (a solid solution of HfC and TaC).
Recent ab-initio modeling has supported these findings, predicting elevated melting temperatures

in the hafnium carbo-nitrides, HfC,_,N, and in the hafnium-tantalum carbides, Hf;_,Ta,C [27].

Figure 2.1: Representative model of the rocksalt (B1) crystal structure, formed from two inter-penetrating
FCC lattices containing atoms of unlike type. Large gold-colored spheres represent metal (in this case,
tantalum) atoms, while the smaller brown spheres represent non-metal (in this case, carbon) atoms. Image
generated using VESTA [30].

At elevated temperatures—above roughly 0.57;,,—the carbides and nitrides behave similarly
to metals, exhibiting significant plasticity under an applied load. At room temperature, however,
most of these materials are quite hard and brittle. The Group IV carbides in particular are known
to exhibit essentially negligible plasticity in tensile, bending and indentation tests; the Group V
carbides and the Group IV nitrides are seen to behave in a more "ductile" manner, but still pos-
sess high hardness and tend to crack during indentation. Specifically on the topic of indentation
hardness, several of these compounds are seen to have maximum hardnesses at sub-stoichiometric
compositions, i.e. with some nonzero concentration of structural vacancies on the non-metal sub-

lattice; furthermore, ordering of these vacancies into super-structures has been claimed to have



non-negligible effects on measured hardness [31,32]. The phase diagrams for the IVB and VB
TMCs (Figure 2.2) predicted by Gusev [11] show that all of the cubic carbides are expected to

form vacancy-ordered phases at low temperatures.

2.2 The Anomalous Hardness of Tantalum Carbides

The tantalum carbides, generally described by the chemical formula TaC,, have been mate-
rials of interest for roughly a century [34] in various engineering fields. Owing to its good low-
temperature hardness and exceptional melting temperature [35], TaC, has been investigated exten-
sively as a candidate material for hard coatings, in applications ranging from hypersonic flight [36]
to power electronics [37, 38].

In his 1963 survey of properties of TaC,, Santoro [39] observed "anomalous" variation in some
properties with respect to carbon content. Specifically, the hardness was both seen to rise with
some loss of carbon, achieving maximum values at compositions between y = 0.8 and y = 1.0;
corresponding minima were found in both the ultimate tensile strength and the transverse rupture
strength. This alone is an interesting observation: as Santoro pointed out, maximum values of
strength and hardness could be reasonably expected to coincide, at least for materials with appre-
ciable plasticity. Prior measurements [40] by Kieffer and Kolbl (1949), Foster et al. (1950), and
Hinniiber (1950) assumed a stoichiometric composition, and only collected data for this compo-
sition; likewise, Mierson and Umanskii (1953) assumed a composition of TaC; 5. Only the later
work of Samsonov and Rukina (1957) tracked the hardness of TaC, over a large composition
range; these measurements showed a roughly linear decline in hardness with decreasing y within
the domain 0.4 < y < 1.0. Comparison of Santoro’s results with previous experiments can be
seen in Figure 2.5. Another investigation, carried out in 1966 by Steinitz [41], indicated a roughly
linear increase in the hardness of TaC, with decreasing y in the region 0.80 < y < 0.95—a trend
essentially opposite to that reported by Samsonov and Rukina [42].

These results, along with those of subsequent investigations carried out by Ramqvist (1968)

[43,44] and Rempel et al. (1993) [45], were aggregated by Gusev et al. [24] and are shown in
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Figure 2.2: Binary phase diagrams computed by Gusev et al. (2000) [11] for the IVB and VB TMCs.
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Figure 2.5: The ’anomalous’ sub-stoichiometric maximum hardness observed in TaC, by Santoro [39],
compared to the earlier results of Samsonov and Rukina [42]. Second-order polynomial (i.e., quadratic) fits
are shown for each dataset, illustrating the qualitative difference in behavior reported in the two experiments.

Figure 2.6. Taken together, the results of these different experiments indicate a fairly unambiguous
"anomalous" behavior in the hardness of TaC,, although the magnitude of the sub-stoichiometric
hardness increase and the exact composition at which it occurs are not obvious from these data.
What can be reasonably concluded is that the sub-stoichiometric peak hardness of TaC, is reliably
observed in experiments. Looking at the aggregated data of Gusev et al. more broadly, the trends
observed in these works indicate very different behaviors in the IVB and VB carbides. In the
IVB TMC:s, loss of carbon content yields a monotonic and roughly linear decrease in indentation
hardness; in the VB TMC:s, the trends are more disparate and less intuitive. TaC,, according to
the various included datasets, displays an anomalous sub-stoichiometric peak around y ~ 0.84.
NbC,, while exhibiting the same diminished hardness near the stoichiometric composition y = 1,
does not feature an obvious sub-stoichiometric maximum hardness; rather, loss of carbon in NbC,,
seems to produce a monotonic increase in hardness until the boundary of its rocksalt homogeneity
range is reached at y ~ 0.75. Since the homogeneity range of VC, is much smaller, a comparison
with the other carbides is more difficult to make; between y ~ 0.57 and y ~ 0.88, loss of hardness

results in a reduction in hardness similar to that seen in the IVB carbides. This behavior can be
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taken to be consistent with either that of the IVB TMCs, or that of TaC,, depending on one’s
interpretation. Adding further intrigue to the problem of ‘anomalous’ hardness is the behavior of
the IVB TMNs—also shown in Figure 2.6—which are generally seen to behave similarly to the

VB TMC:s; this will be explored further in Section 2.3.
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Figure 2.6: Measured hardness as a function of carbon content in the rocksalt-structured TMCs and TMNs:
TiC, [43,45], ZrC,, [43], HfC, [43], VC, [44], NbC, [44,45], TaC, [39,44,45], TiN, [46—-48], ZrN,, [25,49]
and HfN,, [50,51]. Figure published previously by Watkins et al. [52]. ©2025 Elsevier. All rights reserved.

But why do these compounds, with their shared rocksalt structure and metallic-covalent bond-
ing character, behave so differently? A number of plausible explanations for the disparate hardness
trends have been proposed. Prior works on the topic have leant on arguments regarding increased
cohesive energy, bond stiffness, phase transitions, vacancy-ordering effects, changes in porosity,

and changes in slip plane preference. The evidence available for each of these candidate mecha-

nisms will be discussed below.

2.2.1 Cohesive Energy

A naively compelling explanation stems from a possible increase in the cohesive energy of
some of the carbides with some loss of carbon content; that is, if these materials see some increase
in cohesive energy (i.e., larger enthalpy of formation) at lower carbon-to-metal ratios, then they
can be expected to exhibit greater overall bond strength, and therefore will offer greater resistance
to indentation. Materials scientist John J. Gilman likened the motion of a dislocation in a crystal to

a chemical reaction [53], and sought to model it as such. In this view, the core of a dislocation in

11



a covalent material like SiC can be seen to consist of a line of broken silicon-carbon bonds. Thus,
as a dislocation kink moves, a silicon-carbon bond ahead of the kink is broken, and a new one is

formed behind it; the reaction can be modeled via the substitution equation:
SiC + C' = (CSiC")* = SiC' 4+ C

with C and C’ indicating that the carbon atoms participating in the initial and final covalent bonds
are not the same. A schematic illustration of this is shown in Figure 2.7, outlining the reaction
coordinate system between O (starting state) and w (final state). The unstable intermediate posi-
tion (the transition state) is located at w/2. It should be noted that, in this work, Gilman takes
issue with the more conventional Peierls-Nabarro model (discussed in greater detail in Section
2.6), which generally predicts very high kink mobilities and thus neglects resistance to kink prop-
agation as a rate-limiting factor for dislocation motion. In contrast, Gilman identifies the energy
gap between the highest occupied molecular orbital (HOMO) and the lowest unoccupied molec-
ular orbital (LUMO) as the quantity of interest; this selection is made because the HOMO can
be taken to represent a bonding state, whereas the LUMO is taken to be an anti-bonding state.
Thus, as the carbon atom moves toward the (CSiC’)* transition state at w/2, the original Si-C
bond changes from bonding to anti-bonding; the final Si-C bond changes from anti-bonding to
bonding. The energy difference, Ae, between the bonding energy ¢, and the anti-bonding energy
€, 1s the HOMO-LUMO gap, meaning that the HOMO-LUMO gap is thus essential in determining
the height of the energy barrier and the maximum value of the restorative force (o< %). Unlike
the sinusoidal restorative force assumed in the Peierls-Nabarro model, Gilman’s formulation pro-
duces a discontinuity in the restorative force at the transition state; this is attributed to the broken
symmetry of molecular orbitals at the center of the kink.

In SiC (and, in fact, in the B1 TMCs and TMNs) w = b, where b is the dislocation Burgers
vector magnitude; assuming a parabolic form for the energy curve, Gilman derives a maximum
force equal to 2Ae/b. This force acts on an area equal to half the area bounded by the initial and

final kink boundaries, since the model assumes that the maximum restorative force occurs when
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the C atom has moved to the w/2 position. Given the hexagonal symmetry of the slip plane, this

should produce an area given by
1 1
A= 5b2sm— = §b — = sz 2.1)

However, Gilman arrives at an area equal to b?/2; the reasoning behind this is not clearly stated in

the article. Nonetheless, this finding produces a theoretical shear stress equal to

B 4A\e

T—?

(2.2)

and produces plausible estimates for the shear strength of SiC.

Figure 2.7: Schematic illustration of dislocation kink propagation in SiC, viewed perpendicular to the glide
plane. The reaction coordinate ranges from O to w, with the unstable (highest-energy) point being located at
w/2.

For the transition-metal carbides, though, this approach encounters a serious complication:
though the carbides contain a great deal of covalent bonding, they have a significant metallic char-
acter, and thus do not have a defined HOMO-LUMO gap. Thus it becomes necessary to offer
a different explanation. Gilman proposes that a simple model for the hardness of these "hard
metals" may be obtained simply by examining the excess cohesive energy associated with "metal-

metalloid interactions" which must be exceeded in order to move a dislocation [54]. This gives rise
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Figure 2.8: Energy correlation diagram (left) for kink propagation reaction proposed by Gilman [53], show-
ing the shift in bonding (e},) and anti-bonding (e,) energy contributions as the C atom is displaced between
0 and w. The restorative force (right) associated with this energy change shows a discontinuity at the un-
stable point w/2. The kink propagation reaction model behavior is indicated binblue, with the sinusoidal
Peierls-Nabarro (PN) energy and restorative force shown in red for comparison.

to a straightforward correlation with the Burgers vector magnitude and the formation enthalpy:

OéGAHf

HV ~ b3 ,

(2.3)

where the leading coefficient a is the Gilman factor, confusingly equal to either 2 or 3 depending
on the time of publication. Gilman’s 2005 article in Materials Science and Engineering A provides
some clarification, stating that the local bonding at the mid-glide position (v = b/2) is reduced
essentially to zero. In this case, the work performed by the applied shear stress, 7, is taken to be
73, and the resistance is equated to the energy required to fully break the local bonds; this latter

quantity is the formation enthalpy AH ;. Work-energy equivalence then gives

AH;
b3

T

) (2.4)

Gilman further argued that a leading coefficient of 2 converts the shear stress into a compressive
stress, and that a value of ag = 3 converts it into a hardness number [55]. The precise logic behind

this decision is not entirely clear; in this 2005 article, Gilman chose a leading coefficient value of
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3; in his 1996 article, published in the same journal, he selected a value of a¢ = 2. Further
complicating this model is the option of the author to express AHy in units of kJ/mol; this can
have different meanings depending on the value of y in the chemical formula TiC,, for example,
as off-stoichiometry will change the number of moles of atoms present in each mole of formula
units. Thus, it is probably most reasonable to take o to be a fitting parameter, whose value can be
tweaked to obtain optimal correlation between theory and experiment, rather than as a physically
significant constant determined from first-principles considerations. It should be further noted that
this represents a charitable view of Gilman’s model, giving it as much flexibility as possible in

relating chemical (energetic) and mechanical properties in the "hard metals."
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Figure 2.9: Published correlation between measured and computed indentation hardness of IVB and VB
TMC:s, according to Gilman’s enthalpy-based model [55].

In any case, Gilman’s model has yet to be applied to sub-stoichiometric carbides; it is possi-
ble that such an analysis would reveal a peak in computed hardness (arising from a peak in the
enthalpy of formation) in TaC, at some composition y < 1.0, which would do a great deal to ex-
plain the anomalous hardness trend. But is there any indication of a sub-stoichiometric maximum
in the formation enthalpy of TaC,? In fact, Ramqvist (1969) [56] compared shifts in the inner

electron binding energy (an indicator of charge transfer, computed relative to the binding energy
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seen in the pure metals) to formation enthalpy data aggregated from prior experiments [57-61].
The A Hy data actually do present the possibility for "anomalous" trends in the cohesive energies
of the BI monocarbides: while the formation enthalpies of TiC, and VC, exhibit fairly unambigu-
ous declines with loss of carbon content, the trends seen in NbC, and TaC,, are far less obvious.
Furthermore, it could be claimed that both NbC, and TaC, actually see increased AH; with some
loss of carbon content, although the large spread in nominal values (as well as the very large error
bars) make it difficult to draw any concrete conclusions. In light of these confounding details, the
trendlines indicated by Ramqvist (seen in Figure 2.10) do look a bit spurious—perhaps an attempt
by the author to reconcile these findings with his own previous hardness measurements [43,44]—
but nonetheless it is certainly possible that NbC,, and TaC,, exhibit sub-stoichiometric maxima in
their cohesive energies.

There is actually reason to suspect something to this effect: prior work has speculatively at-
tributed differences in the properties of the Group IV and Group V TMCs to optimal filling of
molecular orbitals in the B1 crystal structure. These arguments depend on the notion of valence-
electron concentration (VEC), or the number of valence electrons present per unit volume in the
material. Since the cubic TMCs have similar lattice constants, this quantity is commonly ex-
pressed in dimensions of electrons per formula unit (f.u.) or per unit cell. This concept is paired
with ligand-field (LF) theory, wherein atomic d-orbitals split into non-degenerate energy levels in
the presence of an applied electric field, such as in a crystalline solid. A more detailed explanation
of this theory will be given in Section 2.5, but for now it will suffice to point out that population of
the lower-energy states by valence electrons will lower the energy of the compound—contributing
to bonding—while the occupation of higher-energy electronic states will increase the compound’s
energy and form an anti-bonding state. Thus, changes in VEC within a given crystal structure may
dramatically alter the occupation of anti-bonding states, resulting in alterations to the net bonding
contribution of the occupied states to the band energy.

In a recent computational study, Liang et al. (2021) indicated a maximum (magnitude) energy

of formation at a VEC of about 8 electrons/f.u. in the rocksalt-structured carbides [62]. These
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authors attributed the increased formation energy at this VEC to the optimal filling of molecu-
lar orbitals; bonding (lower-energy) e, states are derived from the metal d.> and d,2_,> orbitals,
whereas the anti-bonding (higher-energy) ¢,, states are derived from the atomic d,,, d,. and d.,
orbitals. Comparing rocksalt HfC and TaC, they observe features in the electron density-of-states
(DoS) that indicate similar occupation of bonding e, states (which hybridize with the C-2p and
C-2s atomic orbitals) in both compounds. However, the DoS indicates significant occupation of
the to, states just below the Fermi level in TaC—a feature which is absent in HfC. Since these are
considered anti-bonding states, Liang ef al. conclude that increasing VEC from 8 electrons/f.u.
to 9 electrons/f.u. in the rocksalt structure populates higher-energy states, and thus reduces the
net bonding contribution of the occupied states to the band energy. Two things to note about this
work, though, are that (1) the bonding/antibonding character the authors claim is the reverse of that
claimed in most work (i.e., the ?5, states are typically assumed to be lower-energy), and that (2)
the more detailed bonding analysis performed in this work did not actually indicate any additional
occupation of bonding states due to the additional electrons.

Some prior experimental work on the carbides also points to a VEC-based change in cohesive
energy. Vinitskii (1972) [63] computed the extent of charge transfer from the metal atoms to the
carbon atoms in the transition-metal carbides, using the data collected by Ramqvist (1969) [64].
The calculated electron configurations for TiC, ZrC, HfC, VC, NbC and TaC are shown in Table
2.1; these data show that the charge transfer to the carbon atoms is relatively constant across
all of the cubic carbides, and that the additional valence electron (per f.u.) present in the VB
TMCs occupies states formed from hybridized metal-atom orbitals. Vinitskii even argued that,
due to the increased occupation of ¢,, states in the VB TMC:s, the overall bonding state would be
less energetically favorable than in the IVB TMCs. Furthermore, this work claimed that the IVB
TMCs possessed sub-optimal occupation of the ¢y, states, implying that the optimal occupation of
bonding states (and thus the highest net bonding contribution to the band energy, i.e. the greatest
bond strength) would occur at some intermediate VEC between 8 and 9 electrons/f.u. This is

somewhat at odds with the findings of Liang et al., which indicated greatest favorability at a VEC
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of 8 electrons/f.u., but would be in good agreement with a cohesive-energy-based explanation for
the sub-stoichiometric peak hardness of TaC,: the maximum hardness in TaC, is generally claimed
to appear around y ~ 0.84, or at a VEC of about 8.4 electrons/f.u.

Table 2.1: Charge transfer and valence electron configuration data computed for the Group IV and Group
V TMC:s by Vinitskii [63]. Charge transfer data taken from prior work by Ramqvist [64].

Carbide AF (eV)[64] Aq(—e)[64] Cconfig. Me config.

TiC 3.3 0.40 s?p*4 seatoy

ZrC -3.7 0.45 s2pts seqto,”
HfC -4.0 0.48 R seatoy”
VC 2.6 0.32 s2p*32 seathy®
NbC -2.9 0.35 s2p*3° segt%gﬁ
TaC -2.9 0.35 s2p*3° seét%gﬁ‘r’

2.2.2 Elastic Stiffness

Closely related to the cohesive energy argument is an argument arising from the stiffness of
bonds within a crystalline solid. Even if the carbides do not possess enhanced cohesive energies at
sub-stoichiometric compositions, might they still contain stiffer bonds? And, furthermore, might
the bonds in particular directions (e.g. the cubic shear modulus Cly, in the Cj; stiffness matrix)
be stiffened at reduced carbon contents? The correlation between materials’ hardness and stiffness
has been observed for some time. Teter [65] demonstrated that both the bulk modulus and the shear
modulus of a material can be used to predict its hardness, Figure 2.11, with the shear modulus being
a more reliable predictor than the bulk modulus. This is intuitive on some level: stiffer materials,
generally possessing stronger interatomic bonds, may be expected to resist plastic deformation
to a greater degree, since plastic deformation involves the straining, breaking, and re-forming of
interatomic bonds. While this view may be simplistic—it ignores anisotropy in slip resistance, as
well as the fact that elastic stiffness characterizes resistance to small, reversible deformations—it

has proven effective for predicting some general hardness trends. Furthermore, within the IVB
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Figure 2.10: Enthalpy of formation as a function of carbon content in selected TMCs, as measured by
Ramqvist [56].
and VB TMC:s, large variations in the compliance of the bonding network should not be expected,
since these carbides all have large rocksalt-phase homogeneity ranges; thus, variations in elastic
stiffness among the carbides may be attributed primarily to variation in average bond strength, or,
alternatively, spatial density of interatomic bonds.

It should be noted that some prior computational work has claimed maximum stiffnesses in
B1 carbides and carbo-nitrides at specific VEC values. Jhi ef al. (1999) [67] claimed maxima in
the DFT-computed C'y4 moduli in the HfC-HfN, ZrC-NbC and TiC-TiN pseudo-binary systems, at
VEC values between 8.2 electrons/f.u. and 8.6 electrons/f.u. Subsequently, Liang et al. (2021) [62]
computed DFT elastic constants for a wide range of carbides; this work found maxima in elastic

moduli at a VEC of 9 electrons/f.u. in the B1 structure. Both of these works pointed to optimal
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Table 2.2: DFT-computed elastic moduli for rocksalt-structured Group IV and Group V transition-metal
carbides, taken from Yu et al. [66]. All stiffness values are in GPa. The Young’s modulus, F, and the Hill
averaged shear modulus, G, were not reported for the stoichiometric (y = 1.0) carbides in this work.

Elastic constant TiC, ZrC, HfC, VC, NbC, TaC,

y=1.0
Cn 546 490 540 669 644 737
Cha 133 112 112 152 129 141
Cu 162 147 171 186 166 175
G
B 270 238 253 332 302 340
E
y = 0.96875
Cn 541 484 535 663 628 709
Cha 127 108 110 143 133 147
Cu 162 146 170 184 162 169
G 179 161 184 211 192 207
B 265 234 252 317 287 337
E 438 394 445 518 474 515
y = 0.875
Cn 520 460 508 640 608 684
Cha 117 104 107 138 126 147
Cu 154 139 162 170 153 157
G 171 153 176 199 181 195
B 252 223 223 305 287 @ 337
E 419 374 425 490 452 488
=0.75
Cn 470 403 464 557 512 579
Ca 113 105 101 164 150 172
Cu 118 105 131 107 109 116

G 139 120 149 139 134 147
B 233 204 223 285 270 308
E 348 301 366 359 345 380

filling of molecular orbitals by the valence electrons, an idea which will be discussed in greater
detail in following sections. In these studies, however, nonstoichiometry was not considered; that
is, the structures used for their calculations contained no vacancies. We would naively expect

the presence of non-metal vacancies to produce reductions in the stiffness of the lattice, since the
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density of bonds in the bonding network is being reduced; changes in VEC due to changes in
stoichiometry should not meaningfully offset the loss of bond density.

Naturally, then, we should expect maxima in the elastic stiffnesses of the Group IV and Group
V TMCs at the stoichiometric TMCs; that is, they should all exhibit some elastic softening as
carbon atoms are removed from the non-metal sub-lattice. Prior ab-initio investigation of this
phenomenon by Yu et al. (2015) broadly supports this intuition [66]. This work computed the
cubic elastic moduli C;, C2 and Cyy, and from these quantities derived the Hill averaged shear

modulus for a polycrystalline aggregate [68, 69]:
1
G= é(Gv + GRr) (2.5)
where GGy and Gy are the Voigt [70] and Reuss [71] shear moduli, respectively given by

1
Gv = 5(011 — Cha +3Cu) (2.6)

044(011 - Cl?)

Gr =5
" 4Cyy + 3(Chy — Ch2)

2.7)

These moduli, along with the Young’s modulus £ and the bulk modulus B for sub-stoichiometric
compositions, are shown in Table 2.2; the data generally show diminished elastic stiffness with
loss of carbon content for the Group IV and Group V TMCs, including TaC,,. A clearer illustration
of these trends can be seen in Figure 2.12, which shows the decline in the computed G values for
all of the carbides. Based on the correlation identified by Teter, we would expect this to be the best
indicator of hardness among the various elastic constants. The normalized values—normalized by
the stoichiometric (y = 1.0) shear moduli to easily identify any sub-stoichiometric increase that
may occur—show with even greater clarity that reduction in carbon content produces a reduction
in the polycrystalline shear modulus in each of the Group IV and Group V TMCs, including TaC,,.

But more can be done to examine whether a sub-stoichiometric hardness is predictable from

the elastic moduli. Beyond a simple correlation with the polycrystalline shear modulus, prior
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Figure 2.12: (a) Computed polycrystalline shear moduli for the Group IV and Group V TMCs, and (b)
these same elastic moduli normalized by the values at the stoichiometric (y = 1.0) composition. Data taken
from Yu et al. (2015) [66].

researchers have posited that the hardness may better correlate with the Pugh’s modulus [72],
which is given by
k=G/B (2.8)

Conveniently, the Voigt and Reuss estimates for the bulk modulus are the same:
1
BV — BR — B — 5(011 —l— 2012) (29)

and so B can also be considered the average bulk modulus. Expanding on the Pugh’s modulus
correlation, Chen et al. (2011) derived a stiffness-based hardness model whereby the Vickers

hardness could be estimated:

Hy x Gk? (2.10)

This correlation was subsequently parameterized using a large sampling of hardness and stiffness

values for different compounds [73], producing the following fit:

Hy = 2(k*G)*%% -3 (2.11)
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This model was applied to the Group IV and Group V TMCs by Yu et al., using the computed
shear and bulk moduli discussed above; the results can be seen in Figure 2.13. As is evident from
these data, TaC, is not predicted to exhibit a sub-stoichiometric peak hardness; nether is NbC,,
the only carbide among the Group IV and Group V TMCs reported to show hardness behavior
similar to that of TaC,. Both materials appear to decrease monotonically in hardness with loss of
carbon content. The only carbides which show even a modest increase in H for y < 1.0 are TiC,
and VC,, neither of which are seen in experiment to exhibit an "anomalous" sub-stoichiometric
hardness. TiC,, firstly, exhibits a monotonic (and, in fact, almost perfectly linear) decline in hard-
ness with decreasing y. Since VC phase separates into VgC; + C at carbon contents creater than
y ~ 0.88, we can only draw good experimental conclusions regarding the range 0.50 < = < 0.88;
however, within this domain of compositions, VC, seems to behave just like TiC,. Thus, the model
presented by Chen et al., while perhaps valid over a wide range of materials, does not accurately
reproduce the experimental hardness trends observed in the Group IV and Group V TMCs. For
TaC,, specifically, the trends computed by Yu et. al indicate the presence of no sub-stoichiometric
maximum hardness, at least not one arising from increased stiffness of the bonding network.
More recent computational investigation by Gusev (2022) [74] into the elastic moduli of dis-
ordered TaC, demonstrated essentially monotonic decline in the C'y;, C12 and Cyy stiffnesses with
decreasing y within the interval 0.7 < y < 1.0. It could be claimed from this work that there are
sub-stoichiometric maxima in the Cyy modulus (between y = 0.96 and y = 0.97), the shear modu-
lus G (between y = 0.96 and y = 0.97), and the Pugh’s modulus £ = G/ B (between y = 0.93 and
y = 0.95). However, these maxima are very modest, showing almost negligible deviation from the

stoichometric values. The following approximations were generated from the DFT data:

Ci(y) = Cr(y = 1)[1.89031y — 0.85992y%] + 10.0GPa (2.12)
Cha(y) = Cha(z = 1)[1.89031y — 0.859924%] + 5.0GPa (2.13)
Cu(y) = Cuuly = 1)[—4.78732 + 12.03181y — 6.22461%] & 5.0GPa (2.14)
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And these fitted curves were used to compute theoretical hardness values using the correlation
of Chen et al. described by Equation 2.11. The theoretical hardness fit then shows a (modest)
sub-stoichiometric increase, rising from Hvy(y = 1.0) ~ 25GPa to a maximum value of Hy (y ~
0.95) ~ 26GPa. Compared with the magnitudes of the sub-stoichiometric hardness increase
reported in other literature, this seems far too small a change; furthermore, the curve-fitting scheme
used for the Cy4 modulus appears to exaggerate the "anomalous" maxima in the elastic constants.
Gusev also aggregated experimental data in this work, compiling bulk and shear moduli [75-81]
for TaC,. The trends seen in these (nominal) data support a small decline in B with decreasing y
over the range 0.85 < y < 1.0, and in GG over the range 0.90 < y < 1.0, but the error bars are
large enough that any interpretation of the change in B and GG within these composition ranges is

spurious.
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Figure 2.13: (a) Estimated hardnesses for the Group IV and Group V TMCs, computed from elastic stiff-
nesses; (b) the same predicted hardnesses normalized by the values at the stoichiometric (y = 1.0) compo-
sition. Data taken from Yu ef al. (2015) [66].

2.2.3 Vacancy-Ordering Effects

Some prior work has attributed the anomalous hardness behavior of the Group IV and Group
V TMC:s to the presence of vacancy-ordered phases at sub-stoichiometric compositions, and not

without reason. Ordering has been repeatedly observed in the cubic carbides at sub-stoichiometric
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carbon contents, and (as seen in Section 2.1) all of the carbides are computationally predicted to
contain vacancy-ordered phases at low temperatures. Electron bombardment of VC, by Venables
and Lye [82] in 19609 indicated the presence of a vacancy-ordered phase at a nominal composition
close to V4Cs, and subsequent work by Billingham, Bell and Lewis [83] has identified two distinct
ordered phases (nominally VCs and VgCr). Furthermore, Hiraga [84] has identified long-range
ordered VCs structures consisting of enantiomorphic (anti-phase) domains. The spacing of these
vacancy-ordered domains was found to be approximately 11 nearest-neighbor spacings, indicating
a very high density of anti-phase boundaries in the material.

Transmission electron diffraction analysis of NbCy g4 and TaCy g3 single crystals grown by
Venables and Myerhoff [85] revealed only weak vacancy ordering in the as-grown samples. Upon
annealing and slow cooling through the expected disorder-order transition temperature, NbC g4 €x-
hibited significantly increased vacancy ordering, and vacancy-ordered domains could be resolved
via bright-field transmission electron microscopy (TEM) in the annealed samples. In TaCy g3, how-
ever, annealing and cooling produced little difference in ordering, leading the authors to estimate a
disorder-order transition temperature far lower in TaC than in NbC; the transition to ordering would
then occur in a temperature range wherein carbon diffusion rates are low, meaning that excessive
annealing times would be required to produce significant long-range vacancy ordering.

As in the rocksalt transition-metal carbides generally, sub-stoichiometry in TaC, is accom-
modated by the presence of carbon vacancies on the nonmetal sub-lattice. This contributes to a
fairly wide homogeneity range of the B1 crystal structure across different values of the carbon-to-
metal ratio, y. At low temperatures (relative to the very high melting temperatures seen in TaC,, of
course), it has been claimed that long-range ordering of these carbon vacancies exists; furthermore,
vacancy-ordering effects are often cited as explanations for variations in mechanical properties over
different carbon contents. Prior computational work has also demonstrated the energetic favora-
bility of carbon vacancy ordering in all of the Group IV and Group V transition-metal carbides.
In TaC,, specifically, Yu et al. [86] identified three stable ordered structures: TaC (Fm3m), Ta,Cs

(R3m), and Ta,C (P3m1). Two additional structures, TagCs (C2/m, C2/c and R3m all having the
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same enthalpy of formation) and TazC, (R3m), were found to lie near the convex hull, making
them meta-stable phases. In a subsequent analysis by the same authors [33], the stable phases for
TaC, were determined to be TayC, TagCs, and TaC; TazC,, Ta,C3, and a novel Ta;Cg ordered phase
were found to be meta-stable. In both works, the stable and meta-stable phases within the range
0.75 < y < 1.0 were found to be vacancy-ordered derivatives of the B1 structure, consistent with
the B1 phase homogeneity ranges discussed in Section 2.1.

It has been suggested that ordering of these structural carbon vacancies in B1 TaC, may con-
tribute to the ’anomalous’ sub-stoichiometric hardness maximum, via a mechanism similar to
grain boundary strengthening. Hardening of a polycrystalline material via grain refinement is a
very well-known phenomenon, with the most widely used phenomenological model being that of
Hall [87] and Petch [88]:

Oy = O t k’de_l/2,

where oy, is the material’s yield strength, o is the ’intrinsic’ strength of the material, with infinitely
large grains (i.e. no grain boundaries), d is the average grain diameter, and the parameter kyp is the
Hall-Petch slope. Thus, as the grain structure of the material is refined—or, equivalently, the spatial
density of grain boundaries is increased—the boundary-strengthening term kypd~'/? grows, and
the overall yield strength rises. Furthermore, there exists a well-known correlation between yield
strength, oy, and hardness, I, established by Tabor [89]: H = coy, where c is a constant known
as the Tabor factor. Using this relation, the Hall-Petch model can be used to produce estimates of
hardness:

H = Hy, + kupd /2,

where H, is the indentation hardness absent any boundary hardening effects. Here, the Tabor
factor has simply been absorbed into the constant kyp, since it is essentially a fitting parameter.
It should also be noted that the above equation is not necessarily a good approximation, since
the Tabor relation presupposes that the material does not undergo significant work hardening, i.e.

that the work-hardening effect is small compared to the intrinsic strength of the material. This
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is probably not a realistic assumption in the context of an indentation event, since considerable
irreversible deformation—facilitated by dislocation nucleation and movement—is likely to occur.
These objections aside, however, the Hall-Petch model may prove a good analogy for the proposed
mechanism of hardness enhancement in the transition-metal carbides.

Hannink and Murray (1972) [32] posited that regions of uniform vacancy-ordering (ordering
domains) could behave analogously to grains, and that the boundaries between ordering domains
can similarly arrest dislocation motion. This work specifically highlighted the sub-stoichiometric
VCy.s4, Which (as discussed in the preceding paragraphs) has been shown to readily form regions of
vacancy-ordered V4Cs. This vacancy-ordered phase is characterized by a hexagonal super-lattice
of carbon vacancies superimposed on the host rocksalt structure. The super-lattice of vacancies
is oriented with its basal plane on a {111} 5, plane, meaning that the axis of the super-lattice is
oriented along a (111) ; direction. Figure 2.14 shows a "quasi-molecule" of the vacancy-ordered
M;gC5 phase, pictured within a conventional unit cell of the cubic host lattice. Since the vacancy
super-lattice may have its axis along any (111)5; direction, this naturally gives rise to ordering
domains: as the carbide is cooled through the order-disorder transition temperature, regions of the
ordered MzC5 phase will nucleate throughout the crystal and begin to grow. The domains will be
randomly oriented along any of the four (111) 5, directions in the crystal. Given enough annealing
time, the ordering domains will eventually grow together, forming anti-phase boundaries where
they meet. These anti-phase boundaries might be expected to produce a similar effect to grain
boundaries in a polycrystal, arresting dislocations that attempt to glide from one domain to another
and causing dislocation pile-up.

To test this, Hannink and Murray synthesized various samples of VCg g4 using a floating-zone
technique and cooled them at different rates: 0.8 °C/s, 9.5 °C/s, 62.5 °C/s and 225 °C/s. As
might be expected, faster cooling was seen to produce much finer ordering domains (see Figure
2.15); additionally, slower cooling also increased the number of dislocations visible in the speci-
mens. The authors attributed this difference in dislocation density to the slow growth of ordering

domains, wherein the misfit between the ordered V4Cs; domain and the surrounding disordered
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Figure 2.14: Illustration of vacancy-ordered MgCs phases, showing different quasi-molecule stacking se-
quences: (a) monoclinic C2/m, (b) trigonal P3; and monoclinic (C2); (d) Orientation of quasi-molecule
relative to conventional B1 unit cell. Image published by Gusev et al. [24].

VCy.s4 crystal would cause dislocations to nucleate. In the faster-cooled samples, where many
ordered domains nucleate in quick succession, the authors argue that the amount of domain growth
is insufficient to produce such large numbers of dislocations before the domains intersect. In any
case, the mean-average axial domain sizes and measured hardnesses were used to parameterize a
Hall-Petch model, arriving at kgp = 0.37kg/mm?/? and H,, = 2080kg/mm?. The data shown
in Figure 2.15 show good agreement with the proposed Hall-Petch behavior, indicating that some-
thing akin to grain boundary hardening is likely taking place in the V4C; specimens. The indents
reported in this work lend further credence to this explanation: in addition to the (100) cracks due
to cleavage, their indents contained cracks along (110) directions. The authors reported that the
(100) cracks generally appeared as the indenter was withdrawn from the sample, and therefore
attributed them to cleavage on the {100} planes; the (110) cracks, in contrast, were seen to form
during indentation, and were attributed to dislocation pile-up at the intersection of different {111}

planes. Furthermore, the authors of this work etched their indented samples in an attempt to deter-
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Figure 2.15: (a) Effect of cooling rate on the average ordering domain size in vacancy-ordered VgCs; (b)
effect of average ordering domain size on the indentation hardness of V4Cjs. Figure taken from Hannink and
Murray (1972) [32].

mine the preferred slip plane; though this was unsuccessful, a large number of dislocations were
indicated by the etching.

This work raises an interesting point: in vacancy-ordered V¢Cs, this experiment offers plenty of
evidence for the existence and movement of dislocations. The results also agree well with a Hall-
Petch model, lending support to the idea of a boundary-hardening phenomenon arising from order-
ing in sub-stoichiometric VC,. However, another possible contribution to the increased hardness
of the domain-refined samples could be a very low dislocation density. With such small ordering
domains, it is possible that—arguments regarding dislocation mobility and pile-up aside—there is
simply not a sufficient number of dislocations present to facilitate plastic deformation. Sticking
to boundary hardening effects, though, the authors note that each ordering domain has one unique
{111} plane—its basal plane, perpendicular to its axis—and that slip anisotropy within each do-
main may arise from the different types of {111} planes present. This, the authors argue, would
contribute to dislocation pile-up, since slip resistance could change dramatically at an anti-phase
boundary even if the dislocation remains on the same crystallographic plane within the B1 host

lattice.
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To our knowledge, no similar experimental analysis has been performed on either TaC, or
NbC,, making it difficult to draw any real conclusions regarding vacancy-ordered domain refine-
ment and the "anomalous" rise in hardness of sub-stoichiometric NbC, and TaC,. Frustratingly,
VC, os the only carbide among the Group V TMCs which does not show an anomalous hardness—
either due to lack of phase homogeneity in the relevant composition range, or due to other factors.
However, other prior work exists which may leave us more or less skeptical of the vacancy-ordering
hypothesis regarding the "anomalous" hardness.

Specifically, prior to any speculation on the effects of vacancy ordering in TaC,, the actual
prevalence of vacancy ordered phases must be considered. Even though ab-initio calculations at
OK indicate thermodynamic stability of vacancy-ordered and stacking-fault-formed phases [33,
86], there may be significant kinetic barriers (e.g. low rates of carbon diffusion) to forming any
meaningful degree of long-range vacancy ordering as a TaC, sample is cooled below the order-
disorder transition temperature.

Furthermore, Gusev et al. (1996) [90] and Lipatnikov and Rempel (2005) [91] have identified
incommensurate ordered phases in TaC, via neutron diffraction. These vacancy-ordered struc-
tures were observed near the TagCs; composition, in the range 0.79 < y < 0.89. This structure
has greatly reduced symmetry when compared with the commensurate MgCs; phases shown in
Figure 2.14; while every second {111} plane in the carbon sub-lattice is fully populated in the
commensurate structure, only every eighteenth {111} non-metal plane is fully populated in this
commensurate phase. In the former of the two works mentioned above, though, the authors point
out that the ordering domains observed via diffraction were estimated to be quite small, and that
tantalum carbides appears not to form an ideal long-range ordered structure even after thorough
annealing (1600 K for 5 hours) and slow cooling (0.16 K/min). This suggests that TaC,, likely does
not vacancy-order as readily as some of the other TMCs—notably VC,—and thus casts doubt
on the notion that long-range vacancy-ordering effects are responsible for its ‘anomalous’ hard-
ness. Since prior experiments wherein the ‘anomalous’ hardness was observed were not explicitly

searching for vacancy ordering (and thus did not adopt such rigorous annealing and slow-cooling
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schedules), it seems unlikely that significant long-range vacancy ordering was present in those

samples.

2.2.4 Slip Anisotropy and Slip Plane Preference

Another possibility is that the IVB and VB TMCs exhibit different hardness behaviors simply
due to differences in intrinsic slip behavior; that is, the behavior of dislocations may differ among
the TMCs without any defects being present to inhibit dislocation motion. Perhaps some of the
carbides have generally greater lattice resistance to dislocation motion than others, or perhaps
this is only true on specific crystallographic planes. Firstly, though, the evidence for dislocation
plasticity in these materials must be reviewed.

As will be discussed in detail in the following paragraphs, indentation and bend testing often
reveal evidence of dislocation plasticity, with the degree of deformation prior to fracture vary-
ing wildly among the carbides. As the B1 crystal is essentially a FCC lattice with a more com-
plex basis, the anticipated Burgers vector is the nearest-neighbor displacement within either FCC
sublattice—that is, the §(110)p;. This is consistent with ionic compounds possessing the same
structure (e.g., the prototype compound, NaCl), though the slip behavior is not necessarily the
same. Much early work on the carbides assumes that, since they are hard materials comprised
of metal and nonmetal species, their candidate slip systems must include the §(110){100}p; and
$(110){110}p;. This is a reasonable supposition for an ionic—or primarily ionic—compound, as
slip on both the {100}p; and {110}p; planes conserves charge: sectioning of the crystal along
these planes produces free surfaces with equal numbers of metal and nonmetal atoms. And indeed,
the fracture behavior of the TMCs does seem to broadly comport with this assumption, as these
compounds are overwhelmingly found to favor cleavage fracture on the expected {100}5; planes.
However, due to the significant metallic character of the rocksalt carbides (they are all electrical
conductors, after all, with no electronic band gaps [66, 86,92,93]), other work has sometimes in-
dicated slip on the §(110){111}p; systems as well. This makes sense, as this is the dominant slip

system in FCC metals; since the TMCs have an interesting blend of ionic, covalent and metallic
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bond characters, it is possible that different carbides—or, for that matter, carbides with different
carbon contents—may prefer different slip systems.

In some early work on the hardness of carbides, Williams and Schaal (1962) [94] had observed
dislocation structures in TiC,, and found evidence of dislocation slip in some deformed specimens.
In room-temperature three-point bending tests, TiCj 94 and TiCy 9s were seen to crack along the
{100} planes, exhibiting essentially no plasticity; etching after failure revealed no ecidence of
dislocation motion. At higher temperatures (between 800 °C and 1100 °C), slip was observed to
occur either on the {110} or {111} planes. The exact slip plane could not be established with
certainty, since etch pits on a {100} surface from dislocations on {110} and {111} will be iden-
tically oriented. Later, Breval (1981) confirmed the probable low-temperature slip systems to be
(110){110} and (110){100}, with fracture and cleavage along {100} dominating over plasticity.
At elevated temperatures, Breval also noted the emergence of the {111} planes as the dominant
slip system [95].

Knoop and Vickers indentation of TaC, by Rowcliffe and Warren (1970) [96] characterized
the hardness behavior of the material with different ¥ by indenting at various locations along a
partially-decarburized sample. The authors noted a maximum hardness at about y = 0.83, which
is consistent with the findings of previous investigations. These indentations were performed on a
{100} face of the sample for easy identification of active slip planes. The authors also etched the
samples subsequent to indentation, revealing extensive evidence of dislocation plasticity around
the indent. In addition to cracks along (100) directions around the indent, the Vickers indents
revealed dislocation slip patterns in the (110) directions, indicating either {110} or {111} slip.
This result was bolstered by follow-up work by Rowcliffe and Hollox (1971), which observed
{111} slip in TaC while HfC only showed slip on {110} [97]; this subsequent investigation also
revealed (relatively) extensive plastic deformation in TaC prior to cracking, whereas HfC exhibited
very little evidence of dislocation slip.

Expanding on these findings, experimental investigations into the slip behavior of the cubic

TMCs have been conducted using hardness anisotropy (HA) since the mid-1960s. Prior work
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by Brookes et al. [98] established that, during indentation of a crystalline material, the measured
hardness varies greatly depending on the orientation of the indenter relative to the crystal lattice;
furthermore, materials with shared crystal structures and dominant slip systems exhibit similar
trends in HA, and so determinations of active slip systems can be made based on the indenter
orientations at which hardness minima occur. In the cubic carbides, an investigation by Rowcliffe
and Hollox (1971) [76] used HA measurements to determine the dominant slip systems in TiCy g,
VCy.s4, HFC( 9s and TaCy gs. This work claimed {110} to be the preferred slip plane for TiCy g,
HfCy 9s and VCy g4, while TaCy g6 was seen to slip primarily on {111}. This already hints at some
intriguing behavior for TaC,, indicating that its generally higher plasticity near the stoichiometric
(y = 1) limit may be caused—at least in part—by some difference in intrinsic slip behavior as
compared to the other TMCs. As it happens, the intrigue deepens further, since these authors also
partially decarburized some of their tantalum carbide samples and indented them; in stark contrast
to the nearly-stoichiometric TaCy o4, the decarburized sample exhibited slip on the {110} planes.
Hence, it is possible that some transition from {111} slip dominance to {111} slip dominance
in TaC, occurs as y decreases. It is also worth noting that, while the vanadium carbide used
for this work was seen to slip on {110}, it was also significantly sub-stoichiometric (y = 0.84);
this leaves room for the possibility of similar slip behaviors within the Group V TMCs, although
testing would be essentially impossible due to the phase separation of VC,, into VgC7 and graphite
beyond y ~ 0.88. An additional complication is the fact that no composition information was
reported for the decarburized TaCy g, so it is possible that these samples were outside the B1
phase homogeneity range.

In a subsequent investigation by Hannink et al. (1972), hardness anisotropy measurements
were made for titanium carbide (TiCy o), zirconium carbide (ZrCy 94), vanadium carbide (VC g3)
and niobium carbide (NbCj g7). The Group IV carbides, TiCy g and ZrCy 94, were both found to
slip on the {110} planes; the Group V carbides, VC g3 and NbCy g7, were seen to slip on both
{110} and {111} planes. Interestingly, on the {110} planes, NbC was found to be softer in (100)

than (110) [99]. Taken together, these results may indicate a profound difference in slip behavior
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between the Group IV and Group V TMCs: while the Group IV TMCs were not seen to slip
on {111} at low temperatures, the Group V TMCs appear to slip readily on {111} even at room
temperature. This result disagrees somewhat with the prior claims about TiC,, since {100} was
not identified as an active slip system by Hannink et al.. Further confounding this work is the
fact that the Group IV TMCs tested were very nearly stoichiometric, while the Group V TMCs
were significantly sub-stoichiometric. With VC, this is unavoidable due to the thermodynamic
instability of VC, o, but NbC; o has been identified as thermodynamically stable. Thus it is not
possible to discern from this work whether NbC, would display a transition between {111} and
{110} slip dominance with changes in y, as was suggested for TaC, in the preceding paragraph.

Building on the work of Hannink et al., Morgan and Lewis (1974) [100] carried out additional
HA tests on NbgCs. This experiment determined that, while both {110} and {111} slip systems
were active, the resolved shear strength on the {111} was lower than on the {110}. Thus, exper-
imental HA measurements at low temperatures seem to strongly indicate {111} slip in NbC,, at
least at relatively high y. This finding challenges the results of Rowcliffe and Hollox [76] discussed
above, at least in the sense that it does not support a transition to {110} slip in all of the Group V
TMC:s; the extent to which these results are in conflict unfortunately depends a great deal on one’s
interpretation, for reasons discussed above.

Unfortunately, since hardness is not a material property per se—merely arising from a combi-
nation of geometric and material properties of a sample—it is difficult to directly compare the re-
sults of various experiments. This obstacle to convenient aggregation of data is compounded by the
fact that many indentation experiments do not fully characterize their samples for porosity, grain
size, phase composition, nominal non-metal-to-metal ratio, etc. There is hope, though, beyond
simply undertaking the expensive and tedious process of attempting to replicate these experiments
under more consistent conditions. Computational approaches offer researchers an opportunity to
probe the properties of the carbides at different compositions using a very repeatable methodol-

ogy. It is lamentable that accurate direct simulations of dislocation slip are not (yet) possible for
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the cubic carbides (see Section 2.6 for a more detailed explanation), but many possible indicators
of dislocation slip can still be extracted from simulations using DFT.

One useful piece of information which can be produced with relative ease from either ab-initio
or atomistic simulation is a material’s resistance to rigid shear. That is, the energy penalty asso-
ciated with translating one half of a crystal relative to the other can be expediently computed by
simply dividing the crystal in two—along the expected dislocation glide plane—and displacing
one half by some uniform slip « in the anticipated slip direction. If several u values are sam-
pled between the unsheared configuration and an equivalent energy minimum, then a generalized
stacking-fault (GSF) energy curve is produced. A significant amount of work has focused on
computing GSF energies for FCC metals, which slip along (110){111}, in an attempt to under-
stand how dislocations in these materials behave. First-principles calculations by Wu et al. (2010)
have shown that, while the (110){111} GSF energy curves are vaguely sinusoidal, the (112){111}

curves show a metastable point at v = =(112){111} for all off the FCC metals tested (Ni, Rh,

;
Cu, Ag, Au, Ir, Pt, Al, Pd and Pb) [101]. This is consistent with the findings of other ab-initio
investigations [102], as well as those of atomistic simulations [103]. The meta-stable point on
the (112){111} GSF energy curve is referred to as the intrinsic stacking-fault (ISF), and the en-
ergy barrier separating the unsheared (v = 0) configuration and the ISF is known as the unstable
stacking-fault (USF). These GSF energy curve features are important due to the propensity of per-
fect dislocations on the {111} planes in FCC metals to dissociate into Shockley partial dislocations;
for example, a perfect edge dislocation with a Burgers vector b = £(110) will tend to dissociate

into a pair of dislocations with b, = 2(112) and mixed edge-screw character:

g<110>{111} — %(112){111} + %(112>{111} (2.15)

Here, a represents the conventional lattice constant. Note that this dissociation reaction conserves
Burgers vector, but alters the shape of the dislocation quite dramatically.
In their ab-initio study on HfC and TaC, De Leon et al. [104] found that TaC contained a

metastable ISF at the u = £(112){111} location along the (112){111} GSF energy curve; no
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such metastable point was present on the same curve in HfC. The authors postulated that the extra
valence electron in TaC stabilizes the ISF by providing some degree of charge delocalization and
allowing bonds to rotate. This would then hold true for NbC and VC as well, as the metal atoms
in both carbides also contribute an additional valence electron; in fact, the supplemental material
from De Leon et al. shows all of the Group V TMCs—VC, NbC and TaC—to possess distinct
ISF and USF points on the (112){111} GSF energy curve, whereas the Group IV TMCs—TiC,
ZrC and HfC—all lack a meta-stable ISF. Subsequent work by Yu ef al. confirmed this finding,
demonstrating that the rocksalt TMCs demonstrate very uniform behavior (in terms of GSF energy
curve morphology) within each transition metal group. Yu et al. also extended the investigation to
the rocksalt TMNSs, yielding some very interesting results. The Group IV TMNs—TiN, ZrN and
HfN—showed high levels of similarity to the Group V TMCs, with obvious ISF and USF points
on the (112){111} curves. This alone raises an interesting question regarding the effect of VEC
on slip plane preference, as the primary difference between the Group IV and Group V transition
metals is the presence of an additional valence electron per atom in the group V metals. Since all
of the cubic TMCs have the same rocksalt structure, the effect of this additional electron can be
directly observed: the Group IV TMCs have a VEC of 8 electrons per B1 formula unit (f.u.), while
the Group V TMCs have 9 electrons/f.u.—as do the Group IV TMNs. Although the additional
electron (per f.u.) is supplied by the metal atom in the Group V TMCs and by the non-metal
atom in the Group IV TMN:s, the effect seems to be largely the same, bolstering the arguments
often made for VEC as a primary determinant of hardness behavior. It should be noted, though,
that the ISF energies are considerably higher in the Group V TMNs than in the Group IV TMCs,
possibly hinting at a lower degree of charge de-localization if the extra VEC is due to non-metal
atom substitution rather than metal atom substitution. The work of Yu et al. also surveyed the
Group V TMNs—VN, NbN and TaN—finding that the ISF configuration in the B1 structure was
actually stable relative to the un-faulted configuration; since an ISF in the B1 crystal changes the
coordination environment from octahedral to trigonal prismatic, this finding essentially implies an

energetic preference for the By, structure at low temperatures.
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Taken together, though, these findings strongly indicate fundamental differences in dislocation
slip behavior in the carbides and nitrides, possibly based on VEC. In any case, the possibility of
{111} slip in some of these materials (and not in others) would have enormous implications for
hardness, since the {111} planes in the B1 crystal are sufficient to satisfy the von Mises general

plasticity criterion, whereas the {110} alone cannot.

2.3 Mechanical Behavior of Rocksalt Carbides and Nitrides

In addition to the cubic carbides, the IVB and VB TMNs are of great interest. The IVB TMNs
have rocksalt crystal structures; furthermore, TiN,, [17, 18], ZrN, [16] and HIN, [14, 15] are all
predicted to exhibit sizeable homogeneity ranges for the B1 phase. As in the carbides, nonstoi-
chiometry is accommodated by structural vacancies on the metal or non-metal sub-lattices.

These materials are of scientific interest largely due to their similarity to the VB TMCs: they
have the same structure, the same bonding character, and the same nominal VEC (9 electrons/f.u.,
at the stoichiometric composition). Additionally, like the Group V TMCs, they have been seen to
exhibit considerable plasticity in indentation tests. Egeland ef al. (2011) [105] observed consider-
able dislocation density under an indent in ZrN, as well as pile-up of material around the indenter;
these features indicate that dislocation plasticity plays a significant role in the behavior of ZrN,
similar to NbC and TaC. Even more interesting is the earlier observation by Andrievskii (1981)
that ZrN, increases in hardness with decreasing y in the composition range 0.7 < y < 1.0, even as
the Young’s modulus E declines on the same interval [25].

Indentation experiments by Lengauer in 1992 also pointed to an "anomalous" sub-stoichiometric
hardness in TiN,,, with the hardness initially increasing as y decreases from 1.0 to about 0.65 before
falling again as y falls to about 0.50 [46]. This is somewhat consistent with the findings of Saoula
et al. (2009), who observed a peak hardness at about 40 at.% N (y ~0.67) in TiN,, thin films [48].
Though the compositions at which the sub-stoichiometric hardness maxima are seen in these two
works differ, they nonetheless both indicated "optimized" hardness at N/Ti ratios between 0.5 and

1.0.
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Prior experimental work by Politis and Rejman (1978) showed that rocksalt NbN,, and TaN,,
exhibited steep increases in hardness with decreasing y within the domain 0.75 < y < 0.98. This
work reported the B1 homogeneity ranges to be 0.80 < y < 0.98 for NbN,, and 0.75 < y <
0.98 for TaN,. Subsequent investigation by Lengauer and Ettmayer (1986) [106] confirmed this
finding, observing a significant increase in hardness in NbN,, as y was decreased from 1.0 to 0.92.
Lengauer and Ettmayer (1985) also found that VN,, exhibited depressed hardness values near the
stoichiometric composition, with the hardness dropping by over 50% as y increased from 0.75 to
1.0 [107].

It should be noted that the VB TMNs are not expected to have stable B1 structures at low
temperatures. An ab-initio investigation by Weinberger ef al. (2017) predicted the By, structure to
have the lowest energy in VN and NbN; this same work predicted TaN to have either a By, structure
or a e-TaN structure, with the two having nearly equal formation energies [108]. Despite this, the
B1 structure in the VB TMNss is claimed to form at higher temperatures and can be "frozen in" by

quenching to room temperature [106].

2.4 Mixing Effects in Rocksalt Carbides and Nitrides

The rocksalt carbides and nitrides are generally found to have high solubility with one another.
As with the arguments covered in Section 2.2.1 and Section 2.2.2 of this text, the interest in carbide
and nitride mixing generally hinges on the concept of optimizing bonding in the rocksalt crystal
structure via changes in VEC. Alloying different carbides and nitrides changes the VEC by in-
troducing substitutional defects with greater or fewer valence electrons than the original atoms.
This research has been popularized recently by the development of high-entropy alloys (HEAs)
and high-entropy ceramics (HECs), which consist of roughly equiatomic solid mixtures of five or
more principal components.

An early study by Agte and Alterthum (1930) on carbide mixing indicated the presence of an
elevated melting temperature in ZrC-TaC solid solutions at an intermediate composition [28] near

Zry2Tay gC. Subsequent work by Shaffer et al. [29] in 1961 reproduced this increase in melting
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temperature. Also noted in the latter work was a maximum indentation hardness at the Zry gTag oC
composition, exhibiting a hardness (2290 kgi/mm?) in excess of either that of TaC (886 kg;/mm?)
or ZrC (1831 kgs/mm?). It should be noted that Zr, s Tag »C has a nominal VEC of 8.2 electrons/f.u.,
close to the VEC at which the sub-stoichiometric hardness maximum is claimed to occur in TaC,,.

Holleck (1986) [1] also suggested hardness maxima at intermediate compositions in Ti; _, Hf,C,
Vi_4Nb,C, V,_,Ta,C and Ta;_,Nb,C mixtures, although no actual data appears to be referenced
for this claim. If substantiated, these trends would be intriguing—each the terminal compounds for
each mixture have the same VEC, so arguments from increased stiffness or cohesive energy would
seem not to apply. Rather, these trends would likely be entirely attributable to changes in dislo-
cation mobility, with mechanisms such as precipitation hardening or solid-solution strengthening
contributing to the excess hardnesses.

Andrievskii (1981), in studying carbide-nitride mixing, observed (TiC);_,(ZrN), to exhibit a
peak hardness at approximately y = 0.20. This corresponds to a VEC of 8.2 electrons/f.u., putting
this in reasonable agreement with claims of "optimized" hardness properties of rocksalt TMCs and
TMNs in this VEC range. However, this study also included data on the (TiC);_,(HfN), system,
wherein hardness was seen to decline monotonically with increasing y [25].

Yang (2000) experimental hardness tests (nano-hardness and micro-hardness). Monotonic de-
cline with increasing y in TiC;_,N,,. Same trend but with depressed H values in sub-stoichiometric
Ti(Cy_yN,)o.81; more pronounced hardness reduction on TiC end than TiN end. Possible anoma-
lous hardness (non-constant slope) in ZrC;_,N,. Maximum hardness in HfC,_,N, at approxi-
mately the HfC 69N 40 composition (VEC=8.4) [26].

Some computational work has also indicated that binary mixing of carbides might produce
superior properties, as compared to the properties of the terminal compounds. Jhi et al. (1999)
tracked the "cubic shear modulus" C}yy across different compositions within the HfC-HfN, ZrC-
NbC, and TiC-TiN pseudo-binary systems. Maxima in DFT-computed Cy4 were identified at in-

termediate compositions for all three systems: at a valence electron concentration of about 8.3

40



electrons/f.u. in HfC,N;_,, around 8.5 electrons/f.u. in Zr,Nb,_,C, and around 8.4 electrons/f.u.
in TiCyN;_, [67].

Using first-principles calculations, Hong and van de Walle (2015) [27] predicted a maximum
melting temperature in the Hf;_,Ta,Cy g3 system: the melting temperature of Hfj 75Tag 25Co ss
(1;,, = 3920 £ 16 K) was found to exceed that of the terminal compounds, HfC (7}, = 3842 4+ 25
K) and TaCy s (7}, = 3830 4 24 K). However, this work predicted a higher maximum melting
temperature in the HfC,_,N, system, with x being some number between 0.5 and 1.0 (to denote a
sub-stoichiometric non-metal-to-metal ratio) and y being less than or equal to x. This work found
T,, = 4141 £ 21 K at the composition HfCy 54Ny 35, claimed as the highest known melting temper-
ature for any compound. Interestingly, Hong and van de Walle also predicted an elevated melting
temperature in a sub-stoichiometric hafnium-tantalum-carbo-nitride, Hfy 75Tag.25Co.56N0.25, With
T, = 3980 £ 13 K.

More recently, Liang et al. (2021) conducted an extensive investigation into mixed-transition-
metal carbides (MTMCs) [62]. Using DFT calculations, these authors modeled various MTMCs
in both the rocksalt (B1) and a-WC (By,) structures in order to identify "optimal" VEC values for
each coordination environment. The BI MTMGCs (S¢, -, T1,C, T1,,V,C, V,_,Cr,C, Y_,Zr,C,
Zr,_,Nb,C, Nb,_,Mo,C, Lu,_,Hf,C, Hf,_,Ta,C and Ta,_,W,C) spanned a range of VECs from
7 electrons/f.u. to 10 electrons/f.u.; the B, MTMC:s (Sc, -, T1,C, Ti, -, V,C, V,_,Cr,C, Cr;_,Mn,C,
Mn,_,Fe,C, Y, ,2r,C, Zr,_,Nb,C,Nb,_,Mo,C, Mo, _,T¢c,C, Tc;_,Ru,C, Lu, _, Hf,C, Hf, _,Ta,C,
Ta;_,WC, W;_,ReC and Re;_,0s,C) had between 7 electrons/f.u. and 12 electrons/f.u. Compo-
sitions determined by y = 0.00, 0.25, 0.50, 0.75 and 1.00 were used, offering a reasonably dense
sampling of VEC values. The bulk moduli in the BI MTMCs were seen to increase monotonically
with increasing VEC from 7 electrons/f.u. to 10 electrons/f.u., whereas the B;, MTMCs exhibited
very modest maxima in B at approximately 11 electrons/f.u. Both structures showed distinct max-
ima in the shear modulus G—at approximately 9 electrons/f.u. in the Bl MTMCs, and about 10.25
electrons/f.u. in the B;, MTMCs. Using these elastic properties, theoretical hardnesses were com-

puted according to the shear modulus correlation developed by Teter [65] (discussed in Section
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2.2.2):
H =0.1769G — 2.899 (2.16)

Since this is simply a linear regression with the shear modulus, the trends in the theoretical
values are the same as those seen in the GG values. Nonetheless, this work does lend some credence
to the idea of VEC optimization in the B1 and By, structures. The underlying mechanism proposed
by Liang et al., as discussed in Section 2.2.1, is optimal filling of molecular orbitals As VEC
increases in the B1 structure, the additional valence electrons initially occupy bonding (e, ) states,
but further increases in VEC begin to populate anti-bonding (o) states, leading to a decline in the
net bond strength of the material. The same could be expected to occur in the By, structure as well,
but with the "optimal" bonding occurring at a different VEC, owing to the different coordination

environments present in the two structures.

2.5 Electronic structure and Bonding in Transition-Metal Car-

bides, Nitrides and Carbo-Nitrides

To understand the claims made regarding VEC optimization in the rocksalt carbides and ni-
trides, a brief digression into ligand-field (LF) theory will be helpful. LF theory is essentially a
combination of crystal-field (CF) theory and molecular orbital (MO) theory. CF theory essentially
seeks to model the splitting of atomic orbitals (d-orbitals, in our case) into non-degenerate en-
ergy states in the presence of an external electric field. In a spherically-symmetric applied field,
the energetically-degenerate d-orbitals are uniformly elevated in energy; in a non-symmetrical ex-
ternal field (e.g. an octahedral environment), these orbitals become non-degenerate. Figure 2.16
offers a concise visual representation of this concept.

The case of the octahedrally-symmetric applied field is naturally the most applicable to our
materials, since atoms are octahedrally coordinated in the NaCl structure. CF theory denotes the

lower-energy states, formed from the d,,, d,. and d., orbitals, as the ¢,, states; the higher-energy

TY>

states, formed from the d,2_,» and d,» orbitals, are called the e, states. The energetic spacing A
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Figure 2.16: Schematic illustration of atomic d-orbital splitting in an external electric field, per crystal-field
theory.

between these energy levels depends on the strength of the applied electric field. In the presence
of a weak-field ligand, A is small, and the ¢y, and e, can be populated according to the Pauli
exclusion principle (Figure 2.17). In the case of a strong-field ligand, though, A is too large for d-
electrons to populate the d-orbitals in this manner; instead, they must all populate the lower-energy
t9g states (Figure 2.18). In either case, the deviation in energy of the t5, and e, from the energy of

the original energy of the un-split d-orbitals in an octahedral applied field is
2
Ay, = 5A (2.17)

A, = -A (2.18)

g

This allows for the calculation of the crystal-field stabilization energy (CFSE), which represents
the energy decrease of the electrons due to orbital splitting. If n,, and n., are the number of
electrons occupying the stabilizing (Z2,) and destabilizing (e,) states, respectively, then the CFSE
is given by

CFSE = n4,, Ary, — 116, A, (2.19)

g

Thus, in the case of the weak-field ligand in Figure 2.17, the CFSE evaluates to zero, giving no

stabilization due to the presence of the external field. With the strong-field ligand in Figure 2.18,
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the CFSE evaluates to 2, indicating an energy change of —2A when compared to the un-split
orbitals. In this latter case, the splitting of the d-orbitals yields a significant stabilization of the

d-electrons.

Figure 2.17: Splitting of atomic d-orbitals in the presence of a weak-field ligand.

A (large)

________ Lty

Figure 2.18: Splitting of atomic d-orbitals in the presence of a strong-field ligand.

The other part of LF theory is molecular orbital theory, which essentially relies on the con-
struction of molecular orbitals via linear combination of atomic orbitals (LCAO). In the quantum-

mechanical formulation, each valence electron "orbiting" a nucleus (to borrow slightly from the
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classical conception) possesses its own wave-function, W. Solving the Schrédinger equation,
H|W) = E|D), (2.20)

for the hydrogen atom gives the shapes of the atomic orbitals. The molecular orbitals, then, are
formed from the overlapping wave-functions of the atomic orbitals, i.e. the constructive or destruc-
tive interference of the atomic electrons’ wave-functions. Hence the jth molecular orbital ®; is

said to be a superposition of its n constituent atomic orbitals W;:
n
O = ey, (2.21)
i=1

where ¢;; are constant coefficients determined via the Schrodinger equation. Building upon this
reasoning, LF theory combines the principles of CF theory and MO theory to classify bonding and
anti-bonding interactions between atoms in a metal-ligand complex. Per LF theory, the primary
types of bonds created in such a complex are o-bonds and 7-bonds; each has different symmetry,
and thus different contribution to bonding or anti-bonding interactions dependent on the coordi-
nation environment. In o-bonds, each ligand atom donates an electron pair to the metal atom—
specifically, to the metal atom’s d,2_,2 and d.» orbitals—leading to the creation of six bonding
MOs and six anti-bonding MOs. In m-bonding, two possible scenarios exist: ligand-to-metal -

bonding, where ligand p-orbitals donate electrons to the metal d,,, d,. and d,. orbitals, and metal-

Ty
to-ligand m-bonding, where the electrons are transferred in the opposite direction. Ligand-to-metal
m-bonding generally results in a lower CFSE than metal-to-ligand 7-bonding, contributing less
stability to the bonded complex.

Dronskowski and Bloechl (1993) [109] formulated a quantity known as the crystal orbital
Hamilton population (COHP), which allows the electron density of states (DoS) to be partitioned

into individual interactions between neighboring atoms. This is a helpful theoretical tool for iden-

tifying and characterizing bonds, particularly for covalent compounds. In this work, the authors
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constructed the one-electron wave-function 1, for the 5™ band index in a crystalline solid:

[¥5) = IxnL) UL, (2.22)
RL

where R denotes the atomic site and L = Im represents the angular momentum quantum numbers.
The mixing coefficients up ; are the eigenvectors. Note that this double summation accounts for
all the atomic positions within the unit cell, and for all atomic orbitals at each position. Assuming

the wave-functions to be orthogonal, this gives

dj50 = (Ysly) = Z ZU*RL,]‘SRL,R’L/UR’L/JH (2.23)

RL R'L’

where Spr r = (Xrr|Xm1) is the overlap matrix. Here, the notation R’, L', j’, etc. indicates
interactions across different atomic positions, atomic orbitals, and one-electron wave-functions,

etc. The authors then present the one-electron problem:

> {Hprww — €SremuYur g =0 (2.24)
R'L!

with the one-electron energies being given by the eigenvalues of the above problem. The Hamilto-

nian in this equation is given by
Hprpri = <XRL|H|XR’L’> (2.25)
Some further manipulation, and the application of orthogonality gives

*
E E uRLjHRLyR/L/uR/L/j/ = Ej(sj'j/ (2.26)
RL R'L’

The band-structure energy is defined as

Eband = Z fjej = / dEZ ijj(s(Ej — 6), (227)
J J
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where 0 < f; < 2 are the occupation numbers of the bands. This can be coupled with Equation

2.26 to give

> (e ==Y 1 )Y uh Herprum y0(e — e)
j

7 RL R'L’

= ZZHRL RL/ Zf]uRL]HRL rLURL jO(€j — €) (2.28)

RL R'L’

= Z Z Hpp rN(e)

RL R'L’

where N(e) is the electron density-of-states (DoS). The quantity inside the summation is then

named the crystal orbital Hamilton population (COHP):
COHPgrr r1(€) = Hrp,r i Nrr,r 1 (€) (2.29)

which is essentially the sum of these pair contributions to the electron band structure energy. Dron-

skowski and Bloechl also derived an expression for the cohesive energy:

Econ. —/ Z Z Re{HRLR/L/NRLR/L/( )}

RL #R'L’

—|—/ dEFZHRL rNerr 1 (€)
_ R.R
ER: Z fiei (2.30)

+ AEq{n(")}

+ AEA{n(7)}

The first term is referred to as the off-site COHP, or the COHP due to the occupation of overlapping
orbitals from different atoms; the second term is the on-site COHP, arising from the interactions

between orbitals of the same atom.
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Subsequent development of this theory [110] led to the creation of the Local Orbital Basis-
Suite Toward Electronic-structure Reconstruction (LOBSTER) software [111, 112], which allows
for the calculation of COOP, COHP and other quantities from the outputs of ab-initio software
programs such as VASP. This allows for deeper and more detailed analysis than the more common
electron DoS can provide: LOBSTER can be used to resolve the DoS onto specific MOs from
specific atom pairs, and the COHP analysis allows for direct comparison of different inter-atomic
interactions. The contribution of particular atomic orbital overlaps to the overall band energy can
then be computed, potentially giving useful insights into the mechanisms by which bonding and
anti-bonding interactions contribute to the stability of different coordination environments in the

cubic carbides and nitrides.

2.6 Modeling Dislocation Mobility

Since the introduction of dislocation theory, attempts have been made to elucidate the role of
dislocations in determining the strength and hardness of crystals. The existence of dislocations was
initially only speculative, inferred as a solution to irreconcilable disagreements between theories of
plastic deformation and actual tests. A model proposed by Frenkel in 1926 [113] sought to predict
the shear strength of a crystal by estimating the amplitude of the restorative force when one half
of the crystal is rigidly translated relative to the other half, with the half-spaces being separated
by the slip plane. The spatially-periodic restorative force is represented as a sinusoid, yielding the

theoretical shear stress:
uAx . 2wz
= sin——
Ax’

(2.31)

- 27a

where p is the isotropic shear modulus, Az is the spacing of atoms in the direction of the applied
shear stress, a is the spacing of atomic planes perpendicular to the applied stress, and z is the dis-
placement coordinate (i.e. the disregistry between the upper and lower half-spaces of the crystal).

The theoretical shear strength is then given by the maximum value of the periodic shear stress:

wAx
2ma

(2.32)

Tth, =
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Estimates generated using this model are generally on the order of 0.2, while experimentally-
observed shear strengths for metals may be anywhere from 1078y to 10~%p. In order to address
this, Taylor proposed a mechanism in 1934 whereby one-dimensional crystallographic defects—
dislocations—could be moved under an applied shear stress, facilitating plastic deformation with-
out requiring rigid slip of an entire plane of atoms over another [114, 115]. The movement of
dislocations could thus be expected to accommodate irreversible deformations at much lower ap-
plied shear stresses, since the movement of a dislocation core requires far less distortion of the
crystal than the mechanism proposed by Frenkel.

Subsequent to this development, Peierls (1940) introduced a framework for estimating the size
of a dislocation core and the stress required to move the dislocation [116]; this model, as ac-
knowledged in the work, was far too sensitive to simplifying assumptions and arbitrary constants.
Nonetheless, it provided a very mathematically useful view of a dislocation: rather than being a
discrete defect located at some particular position x, along the slip coordinate on the slip plane, the
dislocation was instead a spatial distribution of "misfit" (or, equivalently, "disregistry" or "slip")
between the upper and lower half-spaces of the crystal. This slip distribution, u(x), is essentially a

continuous distribution of infinitesimal dislocations such that

= p(2) (2.33)

where x is the coordinate in the slip direction (relative to the dislocation center-of-mass position

xg, and p(z) is the dislocation density. From Burgers vector conservation, it is necessary that

+o0o +00
/ p(z)dz = / dz(xx)dx — b (2.34)

[e.9] o0

where b is the magnitude of the dislocation’s Burgers vector. The later work of Nabarro (1947)
formalized the Peierls-Nabarro (PN) model [117] in its application to an "edge-type" dislocation
[118] in a simple cubic lattice. The birds-eye view of the PN model is that the motion of the

dislocation is contingent on competing factors contributing to the total dislocation energy: (1) the
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work performed by the applied shear stress, (2) the energetic penalty to elastically deforming the
upper and lower half-spaces of the crystal, and (3) the energetic penalty associated with misfit
(disregistry) between the upper and lower half-spaces. This gives the total energy as a functional

of the slip distribution u(x):
Elu(z)] = Eeastic + Emisat — Wtress (2.35)
The first term, the elastic energy associated with the presence of a dislocation line at x = ' is:
FEeastic[u(z)] = —K//p(x)p(x’)ln|x — 2'|dzda’, (2.36)

where the pre-logarithmic energy factor A arises from the elastic constants in an isotropic solid
with shear modulus p and Poisson’s ratio v. For an edge and screw dislocation, respectively, this

factor is given by

o]
K =—7 2.
T 4n(1+v) (2.37)
K, =2 (2.38)
47

A competing energy contribution is the misfit energy due to the local misfit between the upper and

lower half-spaces at each position x:

Busaslu)] = [ 2fu(w)]da 2.39)
The original PN model incorporated a sinusoidal restorative force:

_ dy[u()] _ Tmaxsin%ru(x)

Flu(x)] Tl —5 (2.40)

where T, 1S the maximum value of the restorative force, equal to the rigid ideal shear stress
(RISS). This form naturally assumes a sinusoidal misfit potential v[u(z)], which is not very physi-

cally realistic, but this selection does allow for the derivation of a fairly simple analytical solution.
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Subsequently, a more detailed formulation of the misfit energy was developed [119] to use the
generalized stacking-fault (GSF) energy as the misfit potential. This choice removes some of the
arbitrariness of the sinusoidal model (since 7, 1S now the maximum slope of the GSF energy
curve, and thus has real physical significance), but it does render an analytical solution practically
unfeasible. Consequently, use of the GSF energy as the misfit potential necessitates the use of

numerical methods. Finally, the work performed by the applied stress is given by
Warealu(a), 7] = =7 [ a'p(a’)as’ a1

As many prior works have noted, this model is far from a perfect representation of a dislocation,
even considering the case of a dislocation in an otherwise-perfect crystal. Specifically, the PN
model tends to underestimate lattice friction somewhat dramatically in metals, as compared to ex-
perimental measurements; furthermore, the PN model struggles to predict the behavior of narrow-
core dislocations, such as those seen in covalent crystals [120]. Bulatov and Kaxiras (1997) [121]
accordingly produced a solution to this problem: rather than sampling the continuous disregistry
u(z) with a mesh of arbitrary density along the slip direction x, the misfit distribution could be
sampled discretely to reflect the discrete nature of the lattice. The sampling was chosen to occur at
intervals of Ax = d/, where a’ is the spacing of atomic planes perpendicular to the slip direction.
This alteration to the basic PN model gives rise to the semi-discrete variational Peierls-Nabarro
(SVPN) model; though the disregistry is still fundamentally considered to be a continuous distri-
bution according to the theory, the discretization into lattice spacings provides (perhaps) a more

realistic description of the lattice. To start, the dislocation density is redefined as

pi = M7 (2.42)
Ty — Ti—1

which yields a discretized elastic energy given by

Eelastic =K Z XijPiPys (243)

ij
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where

3
Xij = 5ii1955-1 T Yim1g-1 + Yig + digo1 + Gji-a, (2.44)
(bi,j =T — l'j, (245)

1 2
Yij = §¢i,jln|¢i,j|v (2.46)

The misfit potential can also be sampled discretely, yielding

Bt = Az Y y(uy), (2.47)

where Ax is chosen to be the spacing between atomic planes in the slip direction along x. The

discretized work performed by the applied stress is
22 — g2
Witress[u(z), 7] = —7 Z zTHpi (2.48)

An SVPN model was recently implemented by Liu ef al. (2016) to determine Peierls stresses in
FCC metals [122]; the model used in this work was anisotropic, eschewing the pre-logarithmic

energy factor K for the anistotropic Stroh [123] tensor H:

N
Eglastic = Z XijlHi1p1(zi)p1(x;) + Hasps(x:)ps(x;) + 2Hysp1 (i) ps(x;)] (2.49)

ij=1
where x;; was defined the same way as in the work of Bulatov and Kaxiras. This simulation was
subsequently modified to incorporate a non-local gradient term [124] in order to more accurately
model FCC metals, but the parameterization of this term required molecular dynamics (MD) sim-
ulation of the unstressed dislocation core; this is easy to do for metals, but not for other materials
for which reliable MD inter-atomic potentials may not exist.

On this point, why deal with semi-continuum hierarchical models at all? Why not just simu-
late dislocation motion directly to better understand the carbides and nitrides? Firstly, MD sim-

ulations in programs such as the Large-scale Atomistic/Molecular Massively Parallel Simulator
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(LAMMPS) [125] have been used successfully to model dislocations in metals [126] and obtain
Peierls stress estimates [127]. However, many metals in MD have reasonably good inter-atomic
potentials available (e.g. embedded-atom metal, or EAM, potentials); these do not exist for the car-
bides and nitrides. DFT calculations construct interatomic forces by explicitly modeling electrons
using one-electron wave-functions—thereby computing the spatial charge density distribution, and
assuming the system energy to have a functional relationship to the charge density—obviating the
need for something like an EAM potential. Instead, each species of atom present in a simulation
cell in a program such as VASP has an associated pseudo-potential, meaning that the interactions
of atoms in the system are built up from the individual atoms’ electron wave-functions. In MD,
however, no electrons are explicitly modeled. Instead, general inter-atomic interactions must be
parameterized; this is tricky for materials comprised of very unlike atom types—tantalum and car-
bon, for example—and is further complicated by the fact that, for the carbides and nitrides, we wish
to investigate mixing and vacancy effects. Thus, we desire the ability to accurately model inter-
atomic interactions in these materials even when we substitute or simply remove atoms. Though
some attempts are being made to create inter-atomic potentials for MD simulation of these ceram-
ics, at present it is not suitable for the purposes of dislocation modeling.

But DFT calculations, as mentioned above, are capable of accurately predicting energies and
inter-atomic forces in these materials. So why not directly simulate dislocations in DFT? The
primary obstacle is computational expense. Due to the periodic boundary conditions in DFT, a
simulation cell containing, for example, a positive edge dislocation will also have to contain a
negative edge dislocation so that the top and bottom boundaries of the cell are identical. This
means that a single dislocation cannot effectively be modeled independently. Furthermore, each
dislocation in the cell will interact with its periodic replicas—both to either side of the simulation
cell, and above and below. These considerations, taken together, require a very large simulation
cell in order to limit dislocation interactions. A computationally inexpensive way of enlarging
the unit cell in a program like VASP is to create vacuum gaps around the simulated portion of

the crystal—limiting defect interactions by simply moving the defects further away [128] without

53



increasing the number of atoms. However, in the case of dislocations, the creation of free surfaces
will necessarily alter the dislocations’ behavior, since dislocations can nucleate and annihilate
at free surfaces. The other option, simply enlarging the unit cell, requires the simulation of huge
numbers of atoms; this can rapidly increase the computational expense of the simulation, rendering

this approach impractical.
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Negative edge dislocation

Figure 2.19: Schematic illustration of plastic deformation via movement of a positive (top) or negative
(bottom) dislocation in a simple cubic crystal, per the model devised by Taylor [114]. Note the opposite
directions of travel indicated for an identical applied shear stress. Dislocation glide planes are denoted by
dashed black lines, and the extra half-plane of atoms forming in each case is indicated with a red dashed
line.
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Chapter 3

Research Questions

All of the information discussed in the preceding sections leads us to ask a few meaningful
questions about these interesting and useful materials. Why do some, but not all, of the substoi-
chiometric TMCs and TMNs exhibit such unintuitive hardness behaviors? Furthermore, will the
alloyed carbides and nitrides behave the same way within an intermediate VEC range? And, fi-
nally, can we interrogate a possible mechanism for this behavior using, among other first-principles
tools, a detailed analysis of these materials’ electronic structure? This section will address these

questions scientifically, using them to formulate hypotheses and propose testing procedures.

3.1 Anomalous Hardness of the Tantalum Carbides

3.1.1 Scientific Question

Why does the hardness of tantalum carbide, TaC,, increase with some loss of carbon content

(i.e. with some reduction in the density of the covalent bonding network within the crystal)?

3.1.2 Hypothesis

I hypothesize that the anomalous hardness of TaC, will not be seen to arise from intrinsic slip
resistance. That is, decreasing y on the interval 0.83 < y < 1.0 will produce diminished lattice
friction (measured by the Peierls stress) on the dominant slip planes; furthermore, I expect that the

same trend will be observed in TiC,, which will serve as our prototypical Group IV TMC.

3.1.3 Proposed Hypothesis Testing

In order to rule out intrinsic slip resistance as a mechanism of the anomalous hardness, we will
need to see how (if at all) the "lattice friction" experienced by dislocations on the most probable
slip planes varies with changes in carbon content. Specifically, we want to see how the Peierls

stresses on the {110} and {111} planes—the most probable slip planes indicated by literature on
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the carbides—changes in TaC, and TiC, on the interval 0.83 < y < 1.0. If, as expected per
my hypothesis, the Peierls stresses in both materials decline with loss of carbon content, then
we can conclude that the anomalous hardness does not arise from some change in intrinsic slip
resistance; in this case, it could possibly arise from extrinsic hardening mechanisms—porosity
changes, dislocation interactions with other defects, grain boundary hardening, etc. Should the
Peierls stresses in TaC,, and TiC, both be constant or increasing on 0.83 < y < 1.0, then we shall
conclude that the hardness behavior of both materials is governed by extrinsic mechanisms, since
the intrinsic slip resistance in this case will not explain the observed behavior of either material. It
is possible, though, that the intrinsic slip resistance will vary differently with loss of carbon content
in TaC, and TiC,; in this case, we might reject our hypothesis and necessarily consider the "lattice
friction" to be a possible mechanism for the anomalous hardness behavior of TaC,.

To this end, we will construct a Peierls-Nabarro (PN) dislocation model in TaC,, along the lines
of PN models discussed in detail in Section 2.6, and use it to estimate Peierls stresses at various
compositions within 0.83 < y < 1.0. To accurately model TaC, at different y, we will need the
folowing material data: Burgers vector magnitudes (derivable from the B1 lattice constants), elas-
tic stiffnesses (C11, C12 and Cyy), and misfit potentials. Since reliable experimental data are not
available at various compositions, we will use DFT-computed quantities to parameterize the PN
model. To estimate the trends in B1 lattice constants with loss of carbon content, a series of special
quasi-random structures (SQSs) will be used, each consisting of a 2x2x2 repetition of the con-
ventional B1 unit cell with "randomly" distributed vacancies on the non-metal sub-lattice. Each of
these structures will be relaxed in VASP to determine the lattice constant. Elastic constants will be
computed in VASP using these same structures; the use of SQSs is intended to neglect any effects
of vacancy ordering on the stiffness (and stiffness isotropy) of the material at sub-stoichiometric
compositions. Misfit potentials for stoichiometric and sub-stoichiometric compositions will be ap-
proximated by generalized stacking-fault (GSF) energies obtained in VASP; full parameterization
of the Peierls-Nabarro model will require computation of GSF energy curves for uniform slip in

the (110){110}, (112){111} and (112){111} directions, since dislocations will be modeled on the
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{110} and {111} crystallographic planes—the slip planes most often claimed in experimental in-
vestigations. This analysis will be conducted in identical fashion for a IVB TMC, TiC,, to reveal

any disparate effects the loss of carbon content may have on the two carbides.

3.2 Effects of Metal and Non-Metal Atom Substitutions on the
Slip Behavior of the Cubic Carbides, Nitrides and Carbo-

nitrides

3.2.1 Scientific Question

What changes in intrinsic slip resistance will arise from substitutional defects on the metal and
non-metal sublattices of the cubic TMCs, TMNs and TMCNs? Furthermore, will increasing VEC
(within the range from 8 electrons/f.u. to 9 electrons/f.u.) by means of metal-atom substitutions
(e.g. Hf_,Ta,C) and, alternatively, non-metal-atom substitutions (e.g. HfC,_,N,) produce the
same changes in Peierls stress? In other words, will all rocksalt TMCs, TMNs or TMCNs with a
given VEC exhibit the same slip plane preference, as determined by the lowest-Peierls-stress slip

planes?

3.2.2 Hypothesis

I hypothesize that increasing VEC on the interval between 8 electrons/f.u. and 9 electrons/f.u.
in the Bl MTMCs, MTMNs and TMCNs will produce a change in preferred (lower Peierls stress)
slip system from {110}p; to {111}p;; furthermore, I anticipate that this change will occur some-
where between 8.3 and 8.6 electrons/f.u., since this is the approximate location of the maximum
hardness observed in prior studies. I hypothesize that this will occur irrespective of the type of

substitutional defects used to produce a given VEC.
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3.2.3 Proposed Hypothesis Testing

Testing of this hypothesis will follow much the same procedure as the testing approach dis-
cussed in Section 3.1.3. The same SVPN modeling approach will be used to produce Peierls stress
estimates for dislocations on the most probable slip planes in these materials—the {110} and {111}
planes—and predict the dominant slip system at various compositions (i.e. various VECs). This
analysis will first focus on the sub-stoichiometric Group IV and Group V carbides and nitrides
(zrC,, HIC,, VC,, NbC,, TiN,, ZtN,, HfIN,, VN,,, NbN, and TaN,), in the interest of determin-
ing whether the same {110} and {111} Peierls stress trends appear over the same VEC range in
these different materials. Subsequently, this analysis will be extended to the mixed-transition-metal
carbides Ti;_, Ta,C and Ta;_,W,C in order to see the effect of VEC tailoring via metal atom sub-
stitutions on dislocation mobility; the carbo-nitride system HfC,_,N, will be modeled to see the
effect of mixing on the non-metal sub-lattice. Naturally, the testing of this hypothesis will entail
the generation of a great deal of ab-initio material data—Tlattice constants, elastic moduli and GSF
energy curves for various non-metal-to-metal atom ratios; along the way, trends in these values
will be examined, and possible indicators of slip plane preference (USF energies, ISF energies,

rigid ideal shear stresses, polycrystalline shear moduli, etc.) will be analyzed.

3.3 Electronic Mechanism of ISF Stabilization in the VB TMCs

and IVB TMNs

3.3.1 Scientific Question

What electronic mechanism gradually stabilizes the intrinsic stacking-fault with increasing
VEC in the rocksalt carbides and nitrides? Does the increased stability of the By, structure relative
to the B1 structure with increasing VEC (between 8 and 10 electrons/f.u.) arise from different

metal-atom d-orbital splitting in the different coordination environments?
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3.3.2 Hypothesis

I hypothesize that increasing VEC in the B1 structure (ranging from 8 electrons/f.u. to 10
electrons/f.u.) will further populate molecular orbitals—comprised of overlapping metal-atom d-
orbitals—that lower the band structure energy of the By, structure while having little effect on
the net bonding interactions in the B1 structure. I expect this difference to arise from different
splitting of metal-atom d-orbitals in the octahedral (B1) and trigonal prismatic (B},) coordination
environments. Furthermore, I expect that the metal-non-metal interactions (arising from metal d-
orbital interactions with non-metal p-orbitals) will not be significantly affected by the presence
of additional electrons in the higher-VEC compounds; these additional electrons will be seen to
participate in d-d bonding interactions, reducing the band structure energy by a significantly greater
amount in the By, structure than in the B1 structure. This will be seen to contribute to the meta-
stable ISF at intermediate VEC (e.g. TaC, with a VEC of 9 electrons/f.u.) and a stable ISF at higher

VEC (e.g. WC, with a VEC of 10 electrons/f.u.).

3.3.3 Proposed Hypothesis Testing

To investigate the effect of VEC on the net bonding contribution of atomic d-orbital overlaps
in the B1 and By, structures, we can make use of the Local-Orbital Basis Suite Towards Electronic-
Structure Reconstruction (LOBSTER) software package described in Section 2.5. This computa-
tional tool will provide crystal orbital Hamilton population (COHP) analysis of the TMCs, TMNs
and TMCN:s, allowing us to observe the specific population-weighted orbital overlap contribution
to the overall band structure energy. Essentially, this will allow us to see the energies of particular
hybrid states—for example, those formed from overlapping d,,, d,. and d,. atomic orbitals—
and classify these interactions as bonding, non-bonding or anti-bonding. This will allow us to
determine, firstly, whether the claims about d-orbital splitting into e, and 5, levels are true: by
breaking down the COHP into specific d-orbital overlaps, we will be able to observe the energies
of the hybrid states, either supporting or challenging the conventional view of d-orbital splitting

in an octahedral coordination environment. This analysis will also be performed for trigonal-
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prismatically-coordinated structures, giving detailed information about the effect of each environ-
ment on the metal atoms’ d-orbitals. Secondly, we will examine the population of these orbitals in
a range of compounds—sub-stoichiometric carbides and nitrides, as well as mixed-metal carbides
and carbo-nitrides—to determine whether increasing VEC actually increases the bonding contri-
bution of particular metal-metal interactions to the band energy. This analysis will be applied to
both vacancy-containing structures and substitutional alloys in order to observe changes in the p-d
and d-d COHPs adjacent to each type of defect. This will give us precise information regarding
how vacancies and substitutions actually alter the population of specific molecular orbitals (and
thereby alter the band structure energy), allowing us to either refute or fail to refute our hypothesis

regarding the additional d-d bonding interactions present in the By, structure at higher VEC.
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Chapter 4
Findings

The hypothesis testing outlined in Chapter 3 has been performed. A great deal of investigation
into the mechanical and electronic properties of the cubic carbides, nitrides and carbo-nitrides
has been done; additionally, some inquiry into the effects of metal and non-metal atom mixing in
the TMCs and TMNs has taken place. Our findings, detailed in the many following sections, (1)
propose a mechanism for the anomalous hardness of the tantalum carbides, (2) address questions
concerning alloying effects, and (3) delve into detailed electronic structure analysis to identify

underlying mechanisms for the disparate mechanical behaviors of these materials.

4.1 On the Anomalous Hardness of TaC,

4.1.1 Bond Strength and Cohesive Energy

An initial investigation into the effect of composition on the formation enthalpy of the Group
IV and Group V TMCs has been performed, in order to see whether or not TaC, displays any
sort of anomalous behavior. Formation energies for various metal carbide phases, M,C,, were

calculated from VASP-computed total energies:

EMICy - ;IZ’EM - yEC
Tty

AR = : (4.1)

where the M reference state was either hexagonal close-packed (HCP) or body-centered cubic
(BCC), depending on the species of transition metal, and the C reference state was graphite. Since
these calculations were carried out at zero external pressure, these internal energy changes are
equivalent to enthalpy changes; thus, AH; = AF;. The phases investigated were M>C, M3Cs,
M,C;3, MgC5 and MC. These formation enthalpy estimates were used to compute theoretical hard-
nesses for all of the Group IV and Group V TMCs, using Gilman’s derived model discussed in

Section 2.2.1. The results, shown in 4.1, do not clearly indicate any anomalous behavior in TaC,,.
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Figure 4.1: Calculated hardnesses for the Group IV and Group V TMC:s, per the formation enthalpy corre-
lation proposed by Gilman [53,55].

In the Group IV carbides, the trends actually do somewhat resemble experimental results, with
hardness generally declining in TiC,, ZrC, and HfC, with decreasing y. In the Group V TMCs,
though, little variation is seen across the whole composition range; TaC, is predicted to show
almost no variation in hardness across this composition range, when in experiment TaC, shows
the most variation. It should be noted that VC,, NbC, and TaC, are predicted to show modest
increases in hardness in the MgC; phase, as compared to the MC phase; however, the change in
hardness is very moderate. Furthermore, TiC, is predicted to show a sub-stoichiometric increase
in hardness greater than that predicted for TaC,; this result represents a problem for this model,
since TiC, is not seen to exhibit a sub-stoichiometric hardness maximum in experiment.

As discussed in Section 2.2.2, it is possible that a correlation between hardness and elastic
stiffness will better describe the disparate hardness behaviors of the carbides. To examine the
effect of carbon vacancy concentration on the average bond strength within the tantalum carbides,
elastic moduli have been computed for TaC, at various y. A selection of "disordered" quasi-
random structures have been used in these calculations, with the aim of accounting for any potential
ordering effects on the stiffness of the sub-stoichiometric carbides; these quasi-random structures
are shown in Figure 4.2. The computed cubic elastic stiffnesses—C', C'5 and Cyy—are shown

in Figure 4.3, along with the Hill average shear modulus values derived from these quantities.
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Figure 4.2: 16-atom TaC, SQSs used for VASP elastic modulus calculations. Images taken from work by
Watkins et al. [129].

Ultimately, TiC, and TaC, exhibit very similar variations in stiffness with carbon content, with
moduli generally declining as y decreases. In TaC,, interestingly, the C';> modulus is seen to rise
with decreasing y below y = 0.875, but this seems to have no effect on G. These results are
quite similar to the more limited dataset published by Yu et al. [66]. Since the shear modulus may
not perfectly correlate with hardness, though, we used the Chen correlation model (discussed in
Section 2.2.2) to compute theoretical hardnesses using both shear and bulk moduli for our carbides
of interest. The results, seen in Figure 4.4, show nearly identical trends for the two carbides—

providing no evidence for a stiffness-driven anomalous hardness in TaC,,.

4.1.2 Vacancy-Ordering Effects

A limited investigation into the effect of ordering domain size has been carried out. Specifi-
cally, the data presented by Hannink and Murray [32] for V4C; was used to independently generate
a Hall-Petch relationship. As noted in Section 2.2.3, the original authors published a Hall-Petch
slope, kyp, of 0.37 kg/mm3/ 2 and a boundary-free hardness, H,,, of 2080 kg/mm?. From our

parameterization of the Hall-Petch model, however, we found a very different slope: kyp =7.67
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Figure 4.3: Trends in DFT-computed elastic constants in TiC, and TaC,, including the derived Hill average
shear modulus for a polycrystalline aggregate. Data taken from Watkins et al. [129].

kg/mm?/2 =2.38x10° N/m?®/2. Our intercept value, though, was H,, =2068 kg/mm?/? =2.02x10'°
N/m? =20.2 GPa. The reason for the slope disagreement between our fit and the original published
result is unclear. Nonetheless, we used this fit to estimate the average ordering domain size required
to produce a given hardness change in the carbides.

This model was developed for VC,;, and without detailed experimental data for TaC, and NbC,,
it is difficult to know how similar the Hall-Petch effect may be in these latter materials. However,
we can use our parameterized model to estimate the required domain size to produce the "anoma-
lous" sub-stoichiometric hardness increases seen in NbC, and TaC,. In both of these carbides,
the hardness is seen experimentally to increase by about 15 GPa between y = 1.0 and y = 0.80.

Using our Hall-Petch relationship, this corresponds to an ordering domain size of about 0.02 pm,

65



25 H-@- TiCy
_._TaCy

20t

(GPa)

151

H

10

0.5 0.6 0.7 0.8 0.9 1
y=C/M

Figure 4.4: Trends in computed hardness values in TiC, (blue circle markers) and TaC, (red diamond
markers), obtained using the hardness-stiffness correlation developed by Chen et al. [73]. Data taken from
Watkins et al. [129].

or about 20 nm. If TaC, and NbC, are supposed to behave like VC, with respect to ordering do-
main formation, then this would require a cooling rate in excess of 200 K/s in addition to sufficient
annealing to produce long-range ordering. Given the apparent difficulty in forming long-range
vacancy ordering in TaC, (see Section 2.2.3), it thus seems unlikely that vacancy-ordered domain
refinement would be a governing mechanism for the sub-stoichiometric hardness increases seen in

NbC, and TaC,,.

4.1.3 Generalized Stacking-Fault Energies

From the DFT-computed GSF energy curves, TiC, and TaC, exhibit remarkably different be-
haviors with loss of carbon content. The stoichiometric (B1 MC) curves produced in this work
generally exhibit good agreement with those computed by Yu ef al. [92], showing a meta-stable
ISF at the geometrically expected location (u112y = bv/3/3) in TaC and no meta-stable ISF in TiC.
In the novel sub-stoichiometric (C2/m MgCs) GSF energy curves, a surprising change occurs. The
GSF energies in TigCs; are generally depressed, as compared to those of TiC, with essentially no
change in GSF energy curve morphology; in TagCs, the energy values exhibit only modest changes
overall, but with a huge (nearly threefold) increase in ISF energy. This result is highly intriguing,

as it suggests a greatly increased energetic penalty for dissociation of dislocations on {111} 5,
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Figure 4.5: Hardness change associated with ordering domain refinement in V¢Cs, per a Hall-Petch model
parameterized using data collected by Hannink and Murray [32].

planes in TaC, with loss of carbon content. This in turn gives some indication that dislocations on
the {111}, planes may lose mobility as y decreases, possibly facilitating a transition to {110} 5,
slip dominance at sub-stoichiometric compositions. That no meta-stable ISF ever appears in TiC,
suggests that this material will undergo no change in slip plane preference; based on the experi-
mental findings discussed in Section 2.2.4, it is likely that dislocation mobility will be highest on
{110} g1 over the entire sampled range of y values.

Because the gradient of the GSF energy with respect to disregistry, dy/du, is generally equiv-
alent to the force seeking to restore the undeformed geometry of the crystal, the rigid ideal shear
strength (RISS) is commonly used as a predictor of slip resistance in a material. The RISS in the

ith slip direction on the ;' crystallographic plane is given by

Ty gy = max{dygyy/du}, (4.2)

offering a quick estimate for the stress required to move a dislocation. Though this quantity is
often (inappropriately) used as an estimate for the Peierls stress, it more realistically represents the
stress required to rigidly translate one plane of atoms over another toward an equivalent energy
minimum. Thus, the RISS generally overestimates the Peierls stress considerably—sometimes by

orders of magnitude—and does not accurately describe the behavior of dislocations on a given
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Figure 4.6: Stacking-fault energy curves for TiC, and TaC,. Dashed lines with black markers denote the
stoichiometric B1 MC phase, while solid lines with red markers denote the sub-stoichiometric C2/m MgCs
phase. Slip in (110){110} is indicated by diamond markers; (110){111} slip is indicated by circle markers;
(112){111} slip is indicated by triangle markers.

crystallographic plane. Nonetheless, RISS estimates may be useful in comparing materials with
similar GSF energy curve morphology; after all, a steeper GSF energy curve (all else being equal)
can be reasonably expected to produce a higher Peierls stress.

For this reason, the unstable stacking-fault energy yugsr is also of interest: even if a low-energy
meta-stable ISF is present, a high-energy USF may prevent the dislocation core from ever spread-
ing to the ISF location. In the (112){111} GSF energy curves that contain metastable ISFs, the ISF
and USF appear as a local minimum and a local maximum, respectively. However, in the curves
lacking metastable ISFs, no local minimum or maximum is evident; instead, the two distinct points
merge into a single inflection point. Sampling of the geometrically-expected locations (u = bv/3/6
for the USF, and u = bv/3/3 for the ISF) is therefore not wholly appropriate for comparing fea-
tures of these curves. Rather, these features should be located via the slope and curvature of the
GSF energy curves; these derivatives are easily approximated by finite-difference:

N = d_W ~ Jitl T Yie1 il T il
! du uU=u; Ujr1 — Uj—1 2Au

4.3)

, APy - Vig1 — Vie1 1 (Yigz —71) — (v — Yi—2) _ D2 — 27 + Yio

i du? uU=u; Uil — Uj—1 2Au 2Au 4Au? ( )
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Figure 4.7: Identified local extrema (square markers) and inflection points (diamond markers) on the
(112){111} GSF energy curves for stoichiometric and sub-stoichiometric TiC, and TaC,.

This approach allows for more precise description of the GSF energy curve morphology. As seen
in 4.7, no local minima or maxima are present in the TiC, curves—save for the very large peak
at v ~ 1.15b, which will never be visited by a dislocation core under any normal conditions.
In TaC,, though, the ISF and USF are clearly identified as local extrema for both compositions.
Furthermore, while the ISF is present at almost exactly the same location (u ~ 0.57200 in TaC, and
u = 0.5647b in TagCs), the USF changes position quite dramatically. The unstable point in TaC
occurs at u ~ (0.3086b, whereas in TagCj; it has moved to v ~ 0.3955b; this suggests that, as the
VEC in TaC, is reduced, the USF and ISF begin to merge into the single inflection point seen in
the curves for the IVB TMC:s, similar to the result observed by Smith et al. [93] in the Hf, _,Ta,C
system.

The equilibrium stacking-fault width weq in the absence of an applied shear stress can be
expected to vary inversely with the ISF energy visr; that is, a lower ISF energy should produce a

wider stacking-fault. A convenient equation for this is presented by Cai and Nix [130]:

1 ub? ub?
o L 45
Wea VISF |:27T(1 —v) 27 (45)

where 1 and v are the isotropic shear modulus and Poission’s ratio, respectively, and b, and b4 are

the edge and screw components of the Burgers vector for the dissociated dislocation. Though this
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Table 4.1: Characteristics of GSF energy curves which may indicate slip plane preference in the sub-
stoichiometric carbides TiC, and TaC,.

B1TiC C2/mTigCs; Bl TaC  C2/m TagCs

b(A) 3.067  3.059 3.164  3.148
Yisp (mJ/m?2) 2692 1970 568 1545
yuse (mI/m?) 2692 1970 1565 1712
YisF/YUsF 1.000  1.000 0.3628  0.9023
Toyi0y (GPa)  25.86  21.69 27775  24.16
Ty (GPa)  38.01  26.77 33.91 3041
Tmgypi (GPa)  27.64  19.40 2510  23.17

equation incorporates a good number of simplifying assumptions, it offers a convenient way to
estimate the wideness of dislocations on planes where they may dissociate.

In the interest of better understanding the effects of short- and long-range ordering of vacancies
on the GSF energy curves in the MgC; crystal, a study has been carried out on the selective filling
of structural vacancies in TagCs. The positions of carbon vacancies within the C2/m TagCs crystal
are indicated in 4.8, along with the corresponding (112){111} GSF energy curve for each carbon
atom replacement. Since the simulation cell used in this work contains three carbon atoms per
non-metal {111}3; layer—one of them being replaced with a vacancy in the sparsely-populated
non-metal layers—the filling of a carbon vacancy in any layer fully populates that layer with atoms
via VASP’s periodic boundary conditions. The stacking-fault is formed on the {111}3; layer
denoted as L3; unsurprisingly, it is the elimination of the L3 carbon vacancies which exhibits the
most pronounced effect on the GSF energy curve. With the repopulation of this plane with carbon
atoms, the ISF energy falls from 1545 mJ/m? to 601 mJ/m?, nearly recovering the B1 TaC value.
What may be surprising, given some of the grandiose claims made regarding vacancy-ordering
effects in the carbides, is that the filling of carbon vacancies in planes adjacent to the slip plane (L3
being closest to the stacking-fault) has a modest effect on the ISF energy. Indeed, the repopulation
of non-metal planes anywhere other than directly adjacent to the stacking-fault seems to have very

little impact on the morphology of the GSF energy curve as a whole. The implication of this
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Figure 4.8: Effect of selective filling of carbon vacancies on the stacking-fault energies seen in sub-
stoichiometric TaC,. Images taken from work by Watkins et al. [129].

finding is that the particular ordering of carbon vacancies in the crystal plays only a minor role in
determining the slip resistance of the crystal; rather, the presence of carbon vacancies on particular
crystallographic planes may have a dramatic effect on the mobility of dislocations on those planes.
Thus, at least in the TagC; structure used for this investigation, the effect of vacancies appears to
be highly localized.

In addition to selective vacancy filling, the effect of the particular in-plane ordering of va-
cancies on the GSF energy curves must be investigated. To this end, we also identified the non-
degenerate {110} and {111} crystallographic planes in our selected C2/m MgCj structure. Within
the {111} family of planes, shown in Figure 4.9, all four planes show unique ordering of vacan-
cies, so (110){111} and (112){111} GSF energy curves were computed for each. Within the
{110} family of planes, however, some of these planes are degenerate—that is, they show identical
ordering of atoms and vacancies (see Figure 4.10. Specifically, the (011) and (101) planes are de-
generate, and the (101) and (011) are likewise indistinguishable from one another. Thus, of all the
{110} planes, only the (110), (011) and (110) planes were modeled. It is important to note, though,

that two of these crystallographic planes do not show the nominal stoichiometry of the compound:
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the (111) and the (110). The (111) plane shows 1/3 of the carbon atoms to be missing, while the
(110) plane is missing 1/2 of its carbon atoms. Globally, the MgCs; compound is missing 1/6 of the
carbon atoms present in the stoichiometric B1 structure, so there are necessarily different choices
of (111) and (110) sections in the MCj crystal. The situation for each of these is slightly different,
since the {111} planes alternate between metal and non-metal composition, whereas every {110}
plane contains both metal and non-metal atoms. The non-metal (111) planes, specifically, alter-
nate between fully-populated (no carbon vacancies) and sparsely-populated (1/3 of carbon atoms
replaced by vacancies) close-packed planes; these we have chosen to label as the (111)(f) and the
(111)(s) planes, respectively. Similarly, every third (110) plane has 1/2 of its carbon atoms replaced
by vacancies, while the other two (110) planes in each 3-plane period contain no vacancies. In the
same pattern as before, we have opted to call these "filled" and "sparse" planes the (110)(f) and
(110)(s), respectively.

We computed GSF energy curves for these possible slip systems as well. The GSF energy
curves for (110){111} and (112){111}, shown in Figure 4.11, show relatively little variation in
morphology across the different {111} planes. Notably, the GSF energies in TigCs; scale exactly
with carbon content. The (111)(f), which contains no carbon vacancies adjacent the slip plane, has
the highest GSF energies; the (111) and (111), in which 1/6 of the carbon atoms are missing, have
generally lower GSF energies; finally, the (111)(s), which is missing 1/3 of its carbon atoms, has
the lowest GSF energies. No meaningful differences in GSF energy curve morphology are evident
within the {111} family of planes in TigCs. In TagCs, similarly, all {111} planes have generally the
same GSF energy curve morphology; furthermore, the ISF energies are virtually identical across all
{111}. The main difference—and the only difference likely relevant for intrinsic slip resistance—
is that the USF energies for both the (110){111} and (112){111} energy curves are seen to rise
appreciably with carbon content. As such, we might expect the (111)(s) plane, with the lowest
USF energies on both curves, to exhibit the lowest intrinsic slip resistance; the (111)(f), with the
highest USF energies, might be expected to have the highest Peierls stress, with the other {111}

planes showing intermediate behavior. In the {110} slip planes, we see much the same pattern:
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Figure 4.9: {111} crystallographic planes in the C2/m MgCj structure: (a) (111), (b) (111), (¢) (111) and
(d) (111). Shown as sections of a 2x2 x 6 repetition of conventional B1 unit cells, with the hexagonal super-
lattice of carbon vacancies indicated with silver markers. Image taken from work by Watkins et al. [129].
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(a) (b)

Figure 4.10: {110} crystallographic planes in the C2/m MgCs structure: (a) (110), (b) (101), (c) (011), (d)
(110), (e) (101) and (f) (011). Image taken from work by Watkins et al. [129].
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Figure 4.11: Generalized stacking-fault energy curves for non-degenerate {111} 51 slip planes in (a) TigCs
and (b) TagCs. GSF energy curves for slip in (110) and (112) directions are indicated by diamond and
circle markers, respectively. Blue markers denote the (111)(f) plane, green markers denote the (111) plane,
and red markers denote the (111) plane. The primary slip plane used in this investigation, the (111)(s), is
represented with dashed black lines for comparison. Image taken from work by Watkins ez al. [129].

both in TigCs; and TagCs, increased concentration of vacancies adjacent the slip plane appears to
depress GSF energies—most importantly, the USF energy at the midway point on the (110){110}
GSF energy curve. In the stoichiometric compounds, TiC;  and TaC; , no carbon vacancies are

present, and so all planes within each family are identical.

4.1.4 Slip System Preference in TaC,

A semi-discrete variational Peierls-Nabarro model has been created as described in Section 2.6,
incorporating discrete sampling of the lattice at the locations of atomic planes. This SVPN imple-
mentation takes several inputs: the B1 lattice constant ag; the elastic moduli C';, C'5 and Cyy; and
the generalized stacking-fault energies vsp. A simple illustration of the model’s general workflow
can be found in Figure 4.13. Each of the input quantities is imported as a collection of values
taken from VASP simulations with different carbon-to-metal atom ratios; for each composition y;
(associated with the chemical formula TaC,,, for instance) simulated in the SVPN model, these
input properties are linearly interpolated within the provided datasets. The interpolated aq(y;) is
then used to compute the Burgers vector magnitude b, and the interpolated C;; and s values are

used to compute the elastic energy (Equation 2.49) and misfit energy (Equation 2.47), respectively.

75



0 0.2 0.4 0.6 0.8 1 .
o/b o/b

Figure 4.12: Generalized stacking-fault energy curves for (110) slip on non-degenerate {110} p; slip planes
in (a) TigCs and (b) TagCs. The (110)(f) slip planes are shown in blue, the (011) are shown in green, and the
(110) are shown in red. The primary {110} slip plane used in this investigation, the (110)(s), are indicated
by dashed black lines for comparison. Image taken from work by Watkins et al. [129].

The lattice discretization distance Az in the slip direction & was chosen to be one nearest-neighbor
separation—equal to b, or §(110){110}g;, in the rocksalt crystal structure—in order to accurately
reflect the spacing of atomic planes. A simulation volume of NAz x NAx, with N = 200 was
used in order to ensure that interactions between the simulation cell boundaries and the dislocation
could be neglected. This was necessary because of the enforced boundary conditions on the slip
distribution u(x): uy(z = —NAz/2) = 0, uy(x = NAz/2) = 1, us(x = —NAz/2) = 0, and
us(x = NAx/2) = 0. These boundary conditions were chosen to reflect an edge dislocation with
a possible screw component—that is, allowing for possible formation of partial dislocations.

Minimization of the total energy is performed by a steepest-descent algorithm, wherein the

k+ k

next iteration’s slip distribution u* ™! is computed from the current slip distribution u* according to

U, =u* — aVe” (4.6)

where Vu* is the gradient of the total energy—approximated as the linear combination of central-
finite-difference derivatives of each energy term with respect to x—and « is a scaling constant,
chosen for fast and reliable convergence. Energy minimization proceeded until the magnitude of

the change in the slip distribution between steps was less than a cutoff value, chosen to be 10~5b.
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Figure 4.13: Schematic representation of semi-discrete Peierls-Nabarro (SVPN) model workflow, with
DFT-computed quantities taken as inputs and slip distributions and Peierls stresses and produced as outputs.
Figure taken from work by Watkins et al. [52]. ©2025 Elsevier. All rights reserved.

Mathematically, this stopping condition is expressed as

lu" ™ —u¥| < 107% 4.7

Estimation of Peierls stress was not performed direction within the SVPN model, since the model is
essentially a static simulation. Rather, at the end of each simulation, the dislocation center-of-mass

(CoM) position was estimated as the midpoint between x o5 and ¢ 75, chosen such that

Ul (1‘0.25) = (0.25b (48)

U1 (1’0,75) = 075b (49)

When, after energy minimization within the SVPN, the dislocation CoM was displaced by more
than 1.0b—indicating the dislocation core’s displacement into an adjacent energy minimum—the
Peierls stress was considered to have been exceeded. Estimation of Peierls stresses was expedited

using a bisection routine, with a termination accuracy of 420 MPa.
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Figure 4.14: SVPN-generated Peierls stress estimates for TiC, and TaC,, on 0.83 < y < 1.0. Note the very
high {111} Peierls stresses over the whole composition range for TiC,, which indicate lack of {111} slip
availability; in TaC,, {111} Peierls stresses are seen to be low at high y values (above y = 0.875 or s0),
indicating that {111} slip systems will be active at near-stoichiometric compositions. Data taken from work
by Watkins et al. [129].

The results of these simulations can be seen in Figure 4.14, which compares Peierls stresses
on {111} and {110} planes in TiC, and TaC,. In TiC,, our prototypical IVB TMC, 7p is seen to
decline on both planes as y decreases; more importantly, the Peierls stress on (111) is nearly an
order of magnitude higher than on (110). This not only indicates that intrinsic slip resistance is
likely to decrease with loss of carbon content, but also that only slip on the {110} crystallographic
planes will occur within the sampled range of compositions. TaC,, on the other hand, exhibits
very different behavior: as y decreases, the Peierls stress on (110) is generally seen to decrease;
at the same time, the Peierls stress on (111) shows the opposite trend, increasing dramatically as
carbon content falls. In fact, at y = 1.0, the (111) plane shows substantially lower 7p than does
the (110) plane, whereas the opposite is true at y = 0.83. This suggests that, at the stoichiometric
composition, {111} slip may be favored over {110} slip in TaC,. As y decreases, then, the (110)
and (111) Peierls stresses approach one another, indicating that both slip planes would be active;
as y decreases further, though, the rising Peierls stress on (111) may render it unavailable for
slip, effectively leaving only (110) slip. Crucially, the {110} planes alone do not contain enough

independent slip systems to satisfy the von Mises criterion for general plasticity, whereas the {111}
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Figure 4.15: SVPN-generated stacking-fault width estimates for TiC, and TaC, on 0.83 < y < 1.0. In
TiC,, the dislocation widths are very small, indicating negligible dissociation of the original edge disloca-
tion; furthermore, the dislocation is seen to widen slightly with loss of carbon content. In TaC,, the opposite
is true: the dislocation is very wide at the stoichiometric composition, and is seen to narrow significantly
with loss of carbon content. Data taken from work by Watkins et al. [129].

planes do. Thus, if {111} slip is not available at lower y in TaC, due to high lattice resistance, we
would expect the material to exhibit more brittle behavior and higher hardness.

Additionally, we have computed dislocation core widths on the {111} planes for TiC, and TaC,,
over the same composition range, in the interest of observing whether these dislocations do narrow
in TaC, with loss of carbon content. Indeed, as seen in Figure 4.15, the dislocations in TiC, are
very narrow (well below 1b) over the entire sampled range of compositions; this is likely the cause
of their high computed Peierls stresses. In TaC; g, the dislocations are initially quite wide—about
2.5b—and narrow dramatically with decreasing vy, falling to about 1.25b at TaCy g3. This suggests
that, perhaps due to the increase in ISF energy at lower y, the dislocations on {111} in TaC, are
less able to dissociate, leading to narrower slip distributions and higher Peierls stresses. At the very
least, these results imply that the differences in hardness between TiC, and TaC, arise as a result
of changes in intrinsic slip resistance; this offers a strong challenge to the hypothesis put forward
in Section 3.1.2.

In order to gain a more comprehensive view of intrinsic slip resistance in TaC, and TiC,, we

also computed Peierls stresses on the other {110} and {111} slip planes described in Section 4.1.3;
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Figure 4.16: Computed Peierls stresses for (a) the {110} planes in TiC,, (b) the {110} planes in TaC,,
(c) the {111} planes in TiCy and (d) {111} planes in TaC,. In the {110} plots, black markers indicate the
(110)(s) slip planes, blue markers represent the (110)(f) planes, magenta markers represent the (110) planes,
and red markers indicate the (011) planes. In the {111} plots, black markers denote the (111)(s) planes,
blue markers indicate the (111)(f) planes, magenta markers indicate (111) planes, and red markers denote
the (111) slip planes. Figure published previously by Watkins et al. [129].

the results can be seen in Figure 4.16. These results indicate that, as expected from the GSF energy
curves, intrinsic slip resistance is highest on the planes that contain no carbon vacancies; likewise,
the Peierls stresses are lowest on planes with the highest concentration of carbon vacancies. On
the whole, though, the SVPN-computed lattice friction estimates strongly indicate high mobility
(neglecting extrinsic hardening mechanisms) on the {111} planes in TaC, at higher y, whereas the
Peierls stresses on {111} in TiC, are extremely high over the whole sampled range of y values.
These findings imply that we can refute our first hypothesis—the intrinsic slip resistance cannot be

dismissed as a possible driving mechanism of the anomalous hardness of TaC,.
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Figure 4.17: Slip systems found to be necessary for a general state of plasticity in titanium and tantalum
carbides with varied carbon content.

Experimental validation has been obtained for the intriguing suggestions of this computational
approach. Our collaborators at the University of Alabama—Dr. Gregory B. Thompson and C.
Haas Blacksher—have synthesized tantalum carbide samples and investigated their mechanical
properties; these findings will be further explored in Section 4.1.6, after a bit more elaboration on

the theoretical consequences of the SVPN results in the following section.

4.1.5 Effective Peierls Stress Trends

Building upon the findings discussed in the previous section, further consideration has been
given as to the nature of plastic deformation during an indentation event. Specifically, it is gener-
ally not the case that a single slip system or slip plane is responsible for deformation; rather, not
knowing the orientation of the indented grain relative to the indentor, it is necessary to consider a
generalized state of deformation. In this case, per the von Mises criterion, there must be at least
five independent elements within the strain tensor; in a crystalline solid, this requires the activation
of five or more linearly independent slip systems within the material. Accordingly, the different
(110){110}p; and (110){111}p; slip systems were ranked in order of ascending SVPN-computed
Peierls stress, 7. Starting with only the lowest-7p slip system, additional systems were activated

until five linearly independent combinations of slip directions and plane normals were included.
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The combination of slip planes necessary for generalized plasticity in the titanium and tantalum
carbides are shown in Figure 4.17, illustrating the dominance of {110} p; slip at all carbon contents
in TiC, and a transition in preference from {111}y, slip to {110}p; slip in TaC, as y decreases.

Subsequently, the effective Peierls stress—that is, the stress required to achieve generalized
plasticity—was taken to be the Peierls stress of the lowest-mobility slip system among those nec-
essary for generalized plasticity:

TSH = HlaX{Tfi)} (4.10)

This effective Peierls stress is thus the estimated resistance to generalized deformation by means
of dislocation slip alone, and in the absence of any additional hardening effects. As discussed in
Sectoion 2.2.4, though, indentation experiments have shown the carbides—IVB and VB alike—
to nucleate enormous numbers of dislocations in the immediate vicinity of the indentor tip [93];
these dense forests of dislocations will inevitably lead to non-negligible strain-hardening effects
within the region of greatest interest to this investigation. As such, strain-hardening effects have
been included in the model using the Kuhlmann-Wilsdorf theory [131], yielding estimates for the

critical resolved shear stress required for a generalized state of plastic deformation:

Torss = Tol 4+ A1 = max{7p} + BGb\/p, (4.11)

where p is the estimated dislocation density.

The rf;ff estimates, shown in Figure 4.18, indicate substantial differences in behavior between
the titanium and tantalum carbides. As y is decreased on y € [2, 1], the titanium carbides exhibit
an intuitive reduction in Tl?,ﬁ. The tantalum carbides, in contrast, display a remarkable increase
in Tfff as y decreases. Shown for comparison are estimates for 7crgs with a significant strain
hardening contribution, the effect of which diminishes slightly with decreasing y due to reduced
elastic stiffnesses and Burgers vector magnitudes. The relatively high dislocation density, p =
3 x 10% m™2, is extrapolated from experimental estimates generated by Smith et al. for HfC

and TaC [93]. Unlike the proposed mechanisms discussed in preceding sections, these trends in
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Figure 4.18: Effective Peierls stress estimates for TiC, and TaC,,, with and without strain hardening contri-
butions. Taken from work by Watkins et al. [52]. ©2025 Elsevier. All rights reserved.

dislocation mobility actually provide a promising explanation for the unusual hardness behavior
of the tantalum carbides: as carbon content decreases, the material’s resistance to general plastic
deformation increases substantially, presumably resulting in a far greater indentation hardness at
substoichiometric compositions. Moreover, no such phenomenon is observed in our representative

‘non-anomalous’ carbide, TiC,.

4.1.6 Experimental validation

Given the conclusions of the preceding section, we should expect to see an ‘anomalous’ hard-
ness peak in TaC, only when there is sufficient dislocation plasticity under indentation. That is,
though trends in intrinsic slip resistance might suggest a significant hardening as carbon content is
lost, this would only be observed in samples where extrinsic hardening factors are minor contribu-
tors to the measured hardness. And, in fact, we have an experimental demonstration that this is the
case.

As part of the work published in Nature Communications in 2024, our experimental collabo-
rators at the University of Alabama—Dr. Gregory B. Thompson’s research group—synthesized
and indented tantalum carbide samples at varied carbon contents; both bulk samples and thin films

were synthesized, characterized and tested for mechanical properties. In a somewhat serendipitous
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Figure 4.19: Hardness measurements taken from bulk and thin-film TaC, samples, showing ‘anomalous’
hardness in the bulk samples but not in the thin films. Taken from work by Watkins et al. [129].

development, the thin films (prepared via sputtering) were synthesized with a nanocrystalline grain
structure: the average grain size in the thin films was only 21.5 nm, as compared to 14.7 ym in
the bulk samples. Thus we might expect to see considerable plasticity in the near-stoichiometric
bulk TaC samples—at least, if our predictions regarding dislocation mobility are correct—since the
grains are large enough to facilitate considerable dislocation motion. In the thin films, though, the
density of grain boundaries is such that not much dislocation plasticity can be expected; even if the
intrinsic resistance to dislocation slip is low, there are substantial extrinsic barriers to dislocation
motion. In fact, the average grain size is so low that there may not be many dislocations present
within each grain.

Indeed, the results shown in Figure 4.19 bolster the conclusions drawn from our computational
efforts: in the bulk samples, we see a pronounced ‘anomalous’ hardness at a substoichiometric
composition, while no such anomaly is present in the thin films. Furthermore, the bulk samples
show considerable evidence of plasticity surrounding the indent (see Figure 4.20, with obvious
pile-up being visible in the SEM image of the indented surface. The bulk samples also show little
cracking, implying that dislocation plasticity is sufficient to accommodate the strain imposed on
the grain by the intrusion of the indentor. In the thin films, a completely different behavior is

evident, with extensive cracking and no discernible pile-up or sink-in around the indent. Thus
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Figure 4.20: Indented samples of bulk TaC (left) and thin-film TaCy g¢ (right), imaged using SEM. Note
the evidence of considerable plasticity and little cracking in the bulk sample, whereas the thin film appears
to exhibit only cracking. Images published previously by Watkins et al. [129].

it is reasonable to conclude that the bulk samples facilitated considerable dislocation plasticity,
while dislocation plasticity was essentially absent in the films. This result is heartening, since it
is consistent with the expectation that dislocation mechanics are responsible for the ‘anomalous’
hardness: in the samples with little or no dislocation plasticity, no substoichiometric increase is
observed. Consequently, the thin films’ behavior more closely resembles that of TiC,, which this

work predicts to have very high intrinsic resistance to dislocation motion.

4.1.7 Plasticity-Fracture Competition

The findings presented in the preceding section outline a compelling case for the ‘anomalous’
hardness increase in TaC,, as y decreases on y € [%, 1], but do not necessarily indicate a subsequent
reduction in hardness with further carbon loss. In fact, further investigation into rocksalt-structured
tantalum carbides at lower carbon contents shows no such trend. We computed ygr curves for
(112){111}p; slip in TaC, withy = 1, y = g and y = % (slip plane structures for each shown in
Figure 4.21) in order to determine whether dislocation slip may be easier at lower carbon contents;
the results, shown in Figure 4.22, actually suggest that further reduction of carbon content produces
an even greater elevation in stacking-fault energies. In other words, the TaC, crystal’s resistance

to shear on {111}g; planes continues to increase as more carbon is removed, as a consequence of
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Sections taken from VASP simulation cells, seen along a (111)p; direction. Figure published previously by
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Figure 4.22: (a) DFT-computed ~sr for slip along (112){111}p; in TaC, at different carbon contents.
(b) Variation in computed s with carbon content in TaC,. Figures published previously by Watkins et
al. [52]. ©2025 Elsevier. All rights reserved.

both increased RISS and increased visr. These features have the effect of increasing dislocations’
resistance to rigid translation across {111}p; planes, as well as encouraging narrower dislocation
cores by making stacking-fault formation energetically costly. This is compounded by the fact that
the elastic stiffness of TaC,, declines monotonically with substoichiometry (as discussed in Section
4.1.1), which also has the effect of narrowing dislocation cores per the Peierls-Nabarro model.

In order to fully address the problem of ‘anomalous’ hardness in TaC,, then, we proposed a
competition between distinct failure modes. Although the stress required to move dislocations may
indeed increase monotonically with carbon loss in the tantalum carbides, this does not necessarily
translate into an increase in hardness, so long as we are willing to abandon the assumption that

dislocation mobility is the governing mechanism of indentation hardness at all carbon contents.
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Considering that the TMCs and TMNs are hard ceramic materials, dislocation slip is not the only
mechanism by which they may fail under indentation; on the contrary, as discussed in Section 2.2.4,
the IVB TMC:s in particular often exhibit cracking prior to the occurrence of significant plasticity.
The promise of fracture as a competing failure mode is bolstered by recent computational work
by Hossain et al. [132], which indicates that the cleavage energy, ., of tantalum carbide has both
a high degree of anisotropy and a significant dependence on carbon content. The significance of
this prior work is that the work of fracture in a simple Griffith [133] model is equal to the cleavage
energy for a case of pure intragranular fracture.

This is also a naively plausible explanation for the oft-reported ‘anomalous’ hardness phe-
nomenon: if dislocation mobility is essentially only generally high in TaC,, at higher y, then dislo-
cation plasticity could be expected to dominate hardness behavior only within this regime. In other
words, the low dislocation mobility seen in significantly substoichiometric TaC, (and in TiC, at
all y) raises the possibility of fracture as a dominant failure mechanism during indentation in these
compounds. Thus one might expect to see a nonlinear ‘anomaly’ in the Hy (y) trend in TaC,, sig-
naling the transition from one failure mode to the other, and no such transition in TiC,, wherein
dislocation plasticity likely never dominates.

To test this hypothesis, models must be developed (or acquired from elsewhere) which allow
us to generate hardness estimates for different carbides at different carbon contents using quanti-
ties readily estimable from DFT calculations. Hardness not being a material property, and being
dependent on myriad geometric, material and structural variables, we look first to analytic mod-
els that explicitly assume particular governing mechanisms. For determinations of hardness from
dislocation plasticity, a modification can be made of the influential model developed by Nix and
Gao [134] to represent the indentation size effect:

h*

H = Ho\[1+ +, (4.12)

where H is hardness measurement for a given indentation depth h, and H, is essentially a con-

verged hardness estimate for some large indentation depth (h — oc0). The parameter h* is a
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characteristic length scale given by

b
h* = 5(9(1 sin@%)Q, (4.13)

where b is the Burgers vector magnitude, G is the shear modulus, @ is the indentor tip angle (equal
to 136° in the case of a Vickers indentor), and « is a constant whose value is often chosen to
be % In order to make this analytic framework helpful for the present work, however, we need
to connect the converged hardness, H, to something we can readily compute via our numerical
modeling approach. To this end, we draw upon the Tabor relation [89], which relates a material’s

hardness to its compressive yield stress:
H =30 (4.14)

The compressive yield stress o is then related to the flow stress 7 by o = /37; this allows us to
actually implement this model using quantities we have already estimated, as the computed 7crss
values essentially estimate the flow stress—the resistance of the material to dislocation slip for a
given general stress state, with some extrinsic (strain hardening) considerations. Thus we arrive at
a workable analytic estimate for the indentation-depth-dependent Vickers hardness as a function

of quantities obtainable from our hierarchical modeling approach:

)2, (4.15)

G
3v/3Tcrss

b
H{), = 3\/57’0}{53\/1 + %(Qa sin 6

where the ‘p’ superscript denotes the model’s reliance on dislocation plasticity as the governing
mechanism of indentation hardness.

The plasticity model being sufficiently developed, we then seek a means of estimating hardness
from fracture resistance. This is a somewhat more difficult task, as fewer attempts have been made
to connect indentation hardness to work of fracture (the relevant quantity most readily obtainable

from DFT calculations). A promising avenue appears in the form of prior efforts to reliably deter-
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Figure 4.23: Idealized crack geometry for both (A) Palmqvist and (B) radial-median cracks surrounding an
indent. Figures published previously by Watkins et al. [52]. ©2025 Elsevier. All rights reserved.

mine fracture toughness from indentation experiments. These approaches seek to develop models
which can robustly and repeatably compute fracture toughness based on measured hardness, in-
dentation size, and crack length. Many different models of this sort have been developed, each
drawing on assumptions about crack geometry in order to estimate the total energy dissipation due
to cracking. Two commonly assumed crack types are Palmqvist (corner) cracks and radial-median
(half-penny-like) cracks; these geometries are illustrated in Figure 4.23. These crack geometries
being significantly different, the fracture toughness models derived from their expected propaga-
tion differ accordingly. For the case of Palmqvist cracks [135], the fracture toughness is estimated

as
HP

il 4.1
e (4.16)

Kic = x

where H is the measured hardness, P the indentation load, and [ the average length of Palmqvist
cracks at the indent corners. In this case, the leading constant y is equal 8.89x 102 for a Vickers

indentor. Alternatively, for a ‘well-developed’ radial-median crack, the toughness is given by

Kic = xPc %2, (4.17)

where c is the half-length of a crack spanning the indent (again, see Figure 4.23 for clarification).
In this latter case, x is given by x = {(F/H)™, where E is the Young’s modulus, ¢ is a geometry-
dependent constant generally chosen to lie between 0.012 and 0.020 for a Vickers indent [136],

and the exponent m is usually set equal to either 2/5 or 1/2 [136, 137].
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Which of these models is appropriate is ultimately dependent on the actual behavior of the
material, and so (lamentably, from the perspective of the computational researcher) we must turn
to experiments to determine the form of our model. There are essentially two features of the
experimental dataset to examine: (1) the size of the cracks—which are often only observable from
the indented surface—relative to the indent size, and (2) the relationship between the crack size
and the applied load. The former criterion produces a boundary between the two crack regimes at
c/r = 2.5, or l/r = 1.5, where r is equal to the indent half-diagonal length, d/2. Note that the
boundary values for ¢/r and [/r are equivalent because of the relationship shown in Figure 4.23,
which gives [ = ¢ — r. For the latter criterion, criterion (2), there are two theoretical relationships

between the applied load and the resultant crack size. For cracks within the Palmqvist regime,

[l =aP, (4.18)

with o being a constant. Within the radial-median regime,

c = BP", (4.19)

where [ is a constant and the exponent n is often found to be approximately 2/3 [136].

So, with this in mind, which is correct for our purposes? As part of a broader study of the
cubic carbides and nitrides (the results of which are enumerated in greater detail in Section 4.2.3),
we collaborated with Dr. Gregory B. Thompson’s research group at the University of Alabama to
obtain experimental parameters. Dr. Alyssa Stubbers, working as a postdoctoral researcher there,
prepared and indented samples of representative IVB and VB TMCs—HfC and TaC—so that we
might gain some insight into the load-crack-size relationship.

To this end, we were provided with indentation loads, indent diagonal lengths, and crack
lengths. The crack lengths were measured from the indent corners, as they can generally be seen
to propagate from the indent corners in Figure 4.24. This does not necessarily assume Palmqvist

crack geometry, though; per the idealized crack geometries shown in Figure 4.23, this experimen-
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Figure 4.24: Samples of HfC and TaC prepared and indented by Dr. Gregory B. Thompson and Dr. Alyssa
Stubbers at the University of Alabama. Figures published previously by Watkins et al. [52]. ©2025 Elsevier.
All rights reserved.

tal data can be characterized either as corner cracks of length [ or as radial-median cracks of length
¢, as both appear similar from the indented surface. The selection is then made primarily by means
of an examination of the load-dependence of the crack sizes. Figure 4.25 shows computed average
crack sizes, both [ and ¢, with linear fits included. The linear fits do not appear to represent the data
particularly well, even though, per the same Figure, the cracks do appear to be marginally within
the Palmqvist regime.

An alternative power-law fit for each material’s dataset is shown in Figure 4.26, and appears to
represent the data more accurately. The fitting parameters 5 and n were computed for both the HfC
data and the TaC data, yielding Buic = 2.37, Brac = 2.23, ngic = 0.56, and nr,c = 0.65. These
exponents are somewhat low compared to the oft-stated value of 2/3, but the load-dependence of
the crack size is clearly better represented by a power-law fit than by a linear one. Thus, despite
the marginal crack size relative to the indent size, we elected to model the cracks in our materials
as radial-median cracks of size c.

Naturally, then, we selected Equation 4.17 as the starting point for our analytical approach.

Rearranging this toughness relationship for a radial-median crack, we can obtain an expression for
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Figure 4.25: Crack sizes measured for various indentation loads in HfC and TaC samples, represented as
both corner (Palmqvist) cracks of size [ and as radial-median (half-penny-like) cracks of size c. Included
¢(P) and [(P) fits are linear. Also shown are normalized crack sizes, again represented as both geometries,
relative to the conventional boundary separating the Palmqvist and radial-median regimes. All data provided
by Dr. Alyssa Stubbers from the University of Alabama.
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Figure 4.26: Power-law fits for ¢(r), showing better agreement with data than the linear fits provided in
Figure 4.25. Also included are normalized radial-median crack sizes, showing crack development to be
marginal between the Palmqvist and radial-median regimes. All data provided by Dr. Alyssa Stubbers at the
University of Alabama and published previously by Watkins et al. [52]. ©2025 Elsevier. All rights reserved.
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the applied load as a function of the other variables:

P= @@W (4.20)
X

Then, using the ideal brittle fracture criterion of Griffith [133],

Kic =nv2vE, (4.21)

where 7 is the energy of each free surface created by the (intragranular) fracture and 7 is a scaling
factor used to obtain better agreement between DFT predictions and experimental fracture tough-

ness estimates (more information on this parameterization is provided in Appendix C), we have

VoVE
p = VAR 572 (4.22)
X

As a quick check, we can examine the form of this analytic model. The indentation load varies
directly with elastic stiffness, cleavage energy and crack length, all of which would be expected
to increase the required load as they increase. The hardness is then given by the basic Vickers

formulation:
_ 2sin 6/2P

H
v 4rz 7

(4.23)

where @ is again the indentor tip angle, and r is the indent diagonal half-length after the indentor

is withdrawn. Combining Equation 4.23 with Equation 4.22 then yields

¢ 2sin0/2Pny29E 4,

(4.24)

Again, more information regarding parameter selection for this model can be found in Appendix
C.
In any case, we now have two semi-analytical models of hardness: one dependent on resistance

to dislocation slip, one dependent on resistance to crack propagation, and both readily parameter-
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ized by available computed and measured quantities. Using both models, load-depth and hardness-
depth curves were computed for both of our representative carbides at varied carbon contents. Fig-
ure 4.27 shows the load-depth, or P(h), curves for stoichiometric and substoichiometric TiC, and
TaC,. In the titanium carbides, little change is observed as carbon content is varied: at both visu-
alized compositions, plasticity and {100} p; fracture are competitive for small indent depths, with
fracture becoming overwhelmingly dominant for larger indents. In stoichiometric TaC, we see en-
tirely different behavior: dislocation slip appears to be preferred over both {111}g; and {100},
fracture, even for quite large indent depths; the implication is that considerable plasticity can be
expected to occur under indentation prior to the onset of cracking. In substoichiometric TagCs,
however, the behavior has shifted closer to that of TiC,,, with plasticity and {100}, fracture com-
peting closely for small indents and fracture eventually overtaking plasticity as the preferred failure
mechanism for larger indents.

The hardness-depth, H(h), curves tell much the same story, with very limited plasticity and
fairly rapid onset of cracking in TiC,, at both sampled y. In TaC,, the H (h) curves indicate exten-
sive plasticity under the indentor at y = 1; at lower carbon content, plasticity is more limited, and
the onset of cracking more rapid; however, these results do still suggest that TagC5; may be prone
to undergo more plastic deformation than TigCs prior to fracture.

Finally, an examination of the evolution of the hardness of each compound with respect to var-
ied carbon content can be made using the results visualized in Figure 4.29. These data are taken
from the largest modeled indent depth (around 7 pm) at each sampled composition, aiming to rep-
resent each material’s response to indentation in the large-indent limit. Two primary observations
can immediately be made regarding these findings. First, a single failure mechanism—fracture—
appears to dominate the behavior of TiC,, over the entire range y € [%, 1], whereas in TaC,, there
is a transition from plasticity dominance to fracture dominance at a composition near y = 0.87.
Note that, of course, the precise location of this peak may depend on the exact parameterization of
each model, almost certainly evolving in response to changes in the assumed dislocation density,

crack size, etc. The second observation is that, assuming the dominant mechanism to essentially
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Figure 4.27: Computed load-depth curves for titanium and tantalum carbides, according models regu-
lated by dislocation slip (black lines), cleavage cracking on {100} p; (red lines), and cleavage cracking on
{111}p; (blue lines). All data published previously by Watkins er al. [52]. ©2025 Elsevier. All rights

reserved.
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govern each material’s response to indentation at each composition, we find that the hardness of
TiC, declines monotonically with loss of carbon content, whereas the hardness of TaC,, sees an
initial (and significant) increase in hardness prior to the transition to cracking-dominated behavior.
That is, the transition between plasticity and fracture as the governing failure mechanism marks a
substoichiometric maximum hardness—precisely what is seen in experiment.

This finding is intriguing for a few reasons. First and foremost, unlike prior efforts to properly
characterize the ‘anomalous’ hardness of tantalum carbides, this approach actually does explain
the initial increase in hardness as y starts to decrease in TaC,. Previous explanations, hinging on
formation enthalpy or elastic stiffness, almost universally fail even to reproduce this initial apparent
strengthening under indentation. And, furthermore, this is not terribly surprising: these arguments,
which ultimately boil down to examination of trends in overall or average bond strength in the
material, generally ignore highly relevant information regarding dislocations and their resistance
to movement through the lattice. It is true that bond strength and stiffness will affect dislocations—
their core structures, their mobility, etc.—but the ease (or lack thereof) with which atoms can be
locally rearranged to extend or move a dislocation cannot be ignored. Prior work on generalized
stacking-fault energies in the carbides was well founded, but in this present work we have actually

demonstrated that the ‘anomalous’ hardness increase in the substoichiometric tantalum carbides
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can be predicted from dislocation mobility arguments, and particularly from a consideration of
slip system preference and requirements for generalized plastic deformation. The other innova-
tion of this work is that we have demonstrated the possibility of the ‘anomalous’ hardness peak
arising as a consequence of competition between different modes of failure during indentation.
Previous works, varied though their fundamental explanations may be, seek to identify a hardness
increase (with some loss of carbon content) followed by a peak hardness and then a decline in
hardness (with further loss of carbon content), all due to a single governing mechanism. What we
have proposed, and indeed demonstrated, is that a competition between fracture and dislocation
plasticity can actually account for the presence of the substoichiometric hardness peak. This is
made more compelling by the fact that the model presented in this work is really quite simplistic:
it incorporates no additional extrinsic hardening or softening mechanisms, such as grain structure
or porosity, and it could likely be improved in the future by the production of more detailed and
material-specific experimental data for parameterization.

On the whole, though, the work discussed in this and the preceding sections does help us
answer our first major research question. Enthalpy of formation, ordering domain refinement, and
elastic stiffness optimization in substoichiometric tantalum carbides cannot be used to predict an
‘anomalous’ hardess trend. In contrast, this trend can be predicted from dislocation mobility and
slip plane preference, meaning that fundamental differences in dislocation slip behavior between
TaC, and other carbides (e.g., TiC,) cannot be ruled out as the primary mechanism of ‘anomalous’

hardness in the tantalum carbides.

4.2 On the Slip Behavior of the Cubic Carbides and Nitrides

As outlined in the Research Proposal, we seek to examine the trends in mechanical behavior in
all of the rocksalt carbides and nitrides; accordingly, the approach outlined in the previous section
has been extended to these compounds as well. Furthermore, mixed systems (i.e., carbonitrides

and alloyed carbides) have been investigated in order to more comprehensively characterize the
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Figure 4.30: Hill averaged polycrystalline shear moduli for the IVB (left) and VB (right) TMCs.

effect of VEC on plasticity in this class of materials. The following sections detail the findings for

different predictors of indentation hardness in the TMCs, TMNs, MTMCs, and TMCNs.

4.2.1 Elastic Stiffness Trends

Just as with the specific cases of the tantalum carbides discussed in the preceding sections, we
seek to determine whether the hardness behavior of the substoichiometric carbides and nitrides
is broadly explainable by changes in elastic stiffness alone. In other words, can elastic stiffness
account for the ‘anomalous’ hardness behaviors reported for many of these compounds, or will
some other explanation be required? This section will detail our findings as to the computed
and derived elastic stiffnesses for all of the cubic TMCs and TMNSs, as well as Vickers hardness
predictions drawn therefrom. As a further inquiry, we will discuss whether the results suggest any
differences between VEC modification via substoichiometry and VEC modification via alloying

(metal or nonmetal substitution).

Substoichiometric Transition-Metal Carbides and Nitrides

While emphasis was placed on our findings regarding the elastic stiffnesses of TiC, and TaC,
in Section 4.1.1, we performed this same analysis for all of the IVB and VB TMCs: TiC,, ZrC,,

HfC,, VC,, NbC, and TaC,. Detailed results (C;, C12, C44, and all derived quantities) have been
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sequestered to Appendix A in the interest of brevity, but they generally indicate a relative unifor-
mity of elastic stiffness behavior in all of the cubic monocarbides, MC,.. The cubic stiffnesses C',
C12 and C'y4 are broadly seen to decline with decreasing y in all of the IVB and VB carbides, with
the exception of C9; this particular stiffness is seen to increase slightly at lower y in HfC,, and to
increase more significantly at lower y in all of the VB TMCs. The effect of this is that '}, exceeds
Cy4 at lower y; this is true in all of the cubic carbides, per the present work, but (5 is seen to over-
take (4 more quickly (i.e., with less carbon depletion) in the VB TMCs than in the IVB TMCs.
This cross-over seems to correspond to a small slope discontinuity in the derived polycrystalline
shear moduli, as the discontinuity’s position within the modeled y range matches the composition
at which (', first exceeds Cy4 in each compound.

Examining the shear moduli themselves, we might hope to draw some conclusions about pos-
sible slip resistance (and thus hardness) trends in the substoichiometric carbides. The Cy, stiffness,
often described as the cubic shear modulus, is seen to decline monotonically with loss of carbon
content in all of the IVB and VB TMCs, giving no suggestion of a hardness anomaly in any of
these materials. Furthermore, the derived polycrystalline shear moduli—Gy, Ggr, and G—mirror
this behavior in all of the carbides, declining monotonically with loss of carbon content even in the
‘anomalous’ carbides NbC, and TaC,. As a quick summary of these findings, the Hill averaged
shear moduli for the IVB and VB TMCs are compiled in Figure 4.30. The polycrystalline bulk
modulus B is also found to decline monotonically—and roughly linearly—with loss of carbon
content in all of the carbides, giving no indication of anomalies in the G/ B ratio, or Pugh’s mod-
ulus k£, of any of the carbides. These results, shown in Figure 4.31, only show a substoichiometric
maximum in the IVB TMCs, particularly TiC, and ZrC,,.

Since the hardness correlation of Chen et al. [73] directly relates k to the Vicker’s hardness,
Hy;, this trend produces very modest substoichiometric maximum hardness in TiC,, though this
peak is absent from ZrC, and HfC,. More generally, though, the hardness predictions shown in
Figure 4.32, anticipate a general decline in hardness with loss of carbon content for all of the IVB

and VB carbides. As expected based on some of the prior work covered in Section 2.2.2, the elastic
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Figure 4.33: Computed polycrystalline shear modulus estimates for selected alloyed carbides: Hf;_,Ta,C
and Ta;_,W,C.
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Figure 4.34: Pugh’s modulus estimates computed for selected alloyed carbides: Hf;_,Ta,C and
Ta;_,W,C.

stiffness trends do not offer a compelling explanation for the disparate hardness trends seen in the
TMCs; bond stiffness is likely not the driving mechanism behind these varied hardness behaviors.
In fact, in addition to failing to predict the anomalous hardness trends of NbC, and TaC,, the
stiffness-correlated hardness estimates predict a remarkable uniformity of hardness behavior in the
substoichiometric carbides—a finding very much at odds with experimental observations of these

materials.
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Figure 4.35: Computed hardness estimates for selected alloyed carbides, Hf;_,Ta,C and Ta;_,W,C, per
the correlation model of Chen et al. [73].

Mixed Transition-Metal Carbides

In addition to substoichiometry effects (i.e., the presence of nonmetal vacancies) on elastic
stiffness, we have examined the effects of alloying (i.e., substitution of metal or nonmetal atoms)
within a few pseudo-binary systems of interest. The mixed carbides Hf;_,Ta,C and Ta;_,W,C
have been modeled using much the same approach described for the individual carbides and ni-
trides; also included in our study are the carbonitrides TiC,_,N, and HfC,_,N,, which will be
discussed in detail in Section 4.2.1.

In the alloyed carbides, we see very different trends in elastic stiffnesses, which is unsurprising
for two reasons. Firstly, these alloyed systems occupy different VEC ranges: VEC € [8,9] in
Hf,_,Ta,C, and VEC € [9,10] in Ta,_,W,C; secondly, the terminal compound WC in the latter
alloy is not B1-phase-stable at low temperatures. Thus we would naturally expect these two alloys
to exhibit different elastic behaviors, and we might expect some more unusual behaviors in the
rocksalt-structured TaC-WC alloys.

The cubic elastic stiffnesses computed for Hf; _, Ta,C, which are shown in Figure A.10, appear
to vary roughly linearly with y, with both C'1; and (', increasing as VEC increases. In the Cyy
stiffness, though, we find very similar magnitudes in both of the terminal compounds, with a

modest intermediate-composition maximum at around y = 0.3. This may suggest an enhanced
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hardness at a hafnium-rich intermediate composition, as has been suggested by prior work on
the elastic stiffness of compounds within this system. This is not reflected in the polycrystalline
shear moduli, shown in Figure 4.33, which are seen to increase monotonically with increasing
VEC; however, the Pugh’s modulus, k& = G/B, shown in Figure 4.34, does show a maximum
value around y = 0.2. Correspondingly, Vickers hardness predictions according to the model
of Chen et al. [73] suggest a modest peak hardness at a composition near Hfj 33Tag ¢;C. This
predicted hardness enhancement, exceeding the hardness of the terminal compounds by about 2.5-
3 GPa, may suggest an ‘anomalous’ hardness behavior in the HfC-TaC system, as seen in some
of the substoichiometric carbides and nitrides occupying the same VEC range; however, since this
prediction wholly ignores plasticity, the findings presented in following sections may again be at
odds with those derived from stiffness-hardness correlations. Indeed, there is some reason to doubt
these predictions, as they anticipate very similar Vickers hardnesses for the terminal compounds,
HfC and TaC; from experiment, we know that stoichiometric TaC typically exhibits a markedly
lower hardness than stoichiometric HfC.

Unsurprisingly, the stiffnesses computed for Ta;_,W,C (see Figure A.11) exhibit quite dif-
ferent trends from those computed for the HfC-TaC alloys. Unlike in the latter system, the C';
stiffness is seen to change very little with y; while C'5 is still seen to show a slight, roughly linear
increase with y, the trend in C}, is the opposite: as y increases, Cyy actually sees a significant de-
cline, even dropping below (', at around y = 0.33. There is also a slight slope discontinuity in Cy4
around the composition for an equiatomic mix (i.e., TaWC,); this is reflected in the polycrystalline
shear moduli shown in Figure 4.33. These shear moduli are seen to decline significantly with in-
creasing y, though the rate of decline is reduced in the W-rich compounds. The computed Pugh’s
modulus estimates (see Figure 4.34 show a fairly steep and monotonic decline with increasing

VEC, and this is reflected in the correlated hardness estimates shown in Figure 4.35.

Transition-Metal Carbonitrides

Unlike in the other systems examined thus far (with the exception of Hf;_,Ta,C), the elas-

tic moduli computed for the modeled pseudo-binary TMCN systems—TiC;_,N, (Figure 4.37),

104



Figure 4.36: VASP simulation cells used for computing C}; in TiC;_yNy: (a) TiC, (b) TigCsN, (c) Ti3CaN,
(d) TiaCN, (e) TizsCNay, (f) TigCNs5, and (g) TiN. Structures rendered in VESTA [30], with large blue spheres
representing Ti atoms, small brown spheres representing C atoms, and small blue spheres representing N
atoms.
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Figure 4.38: VASP-computed cubic elastic stiffnesses, derived moduli and theoretical hardness for rocksalt-
structured zirconium carbonitrides, ZrC;_yN,,.
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Figure 4.40: Special quasi-random structures used for calculation of formation enthalpies and elastic mod-
uli in the disordered rocksalt hafnium carbonitrides: (a) HfC, (b) HfCy g75Ng. 125, (¢) HfCy.75Ng.25, (d)
HfCp 625No.375, (€) HfCo.50No.50, (f) HfCp.375No.625, (g) HfCp.25No.75, (h) HfCp 125No 875, and (i) HIN.
These super-cells are based on a 2x2x2 repetition of the B1 conventional unit cell, with the different com-
positions accommodated by random nonmetal-atom substitutions. Figure published previously by Watkins
et al. [138].
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Figure 4.41: Comparison of average shear moduli calculated from DFT-computed C'1, C12 and Cyy stiff-
nesses in the HfCy N, system. Figure published previously by Watkins er al. [138].

ZrCy_yN, (Figure 4.38), and HfC,_,N,, (Figure 4.39)—actually do suggest enhanced stiffness at
intermediate compositions. All three systems demonstrate considerable increases in C'; with in-
creasing y, and fairly negligible changes in (15 over the same domain, with both of these trends
being roughly linear. The intriguing difference seen in these TMCNs—as opposed to the substo-
ichiometric TMCs and TMNs—is that the cubic shear modulus Cy4 exhibits a modest maximum
value at an intermediate y value. This is reflected in the computed polycrystalline shear modu-
lus estimates, which peak around y = 0.5 in TiC;_yN, and around y = 0.3 in ZrC,_,N, and
HfC,_,N,; the bulk modulus estimates are, unsurprisingly, quite linear in all three systems. Most
interestingly, though, the Vickers hardness predictions made using the correlation model of Chen
et al. [73], which indeed show maxima at intermediate compositions. These hardness maxima are
somewhat modest (around 2-3 GPa), but are nonetheless consistent with prior work on these ma-
terial systems. Again, these predictions may differ starkly from those made using models which
consider dislocation plasticity—as was found to be the case in our more limited discussion of the
‘anomalous’ hardness of TaC,—but that possibly will be explored in detail in succeeding sections
of this manuscript.

As it happens, we have modeled the HfC,_,N, system in this very capacity twice—once for

this inquiry, inclusive of the other MTMCs and TMCNs, and once for our general ab-initio in-
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vestigation into the HfC-HfN pseudo-binary system published in Open Ceramics in 2023. In that
latter work, we used an array of quasi-random structures, shown in Figure 4.40, to compute elastic
moduli for various non-ordered hafnium carbo-nitrides at different compositions. The computed
Reuss, Voigt and Hill average shear moduli for these compounds are shown in Figure 4.41, indicat-
ing a maximum shear modulus at approximately the HfC( sNy 4 composition. This implies a peak
shear modulus corresponding to a VEC of about 8.4 electrons/f.u., consistent with the findings of

Jhi et al. [67] mentioned in Section 2.2.2.

4.2.2 Stacking-Fault Energies
Substoichiometric Transition-Metal Carbides and Nitrides

As anticipated, the computed GSF energy curves for the stoichiometric [IVB and VB TMCs (see
Figures 4.42 and 4.43) look very similar to those published by Yu et al. [92]: all of the IVB TMCs
show an inflection point on the (112){111} GSF energy curve, with no metastable or unstable
points present, while all of the VB TMCs exhibit well-defined ISF and USF locations on the same
curve. The MgC; carbides also generally share features within their respective groups. Like TiC,,
ZrC, and HfC, exhibit a general depression of GSF energies with reduced carbon content, but with
essentially no modification of the overall shapes of the energy curves. NbC, and VC,, like TaC,),
show modest changes in GSF energy values overall, but all of the VB TMCs exhibit a dramatic
increase in ISF energy at the sub-stoichiometric composition. The USF energies increase as well,
and the positions of the ISF and USF appear to draw together with reduced y—perhaps an indication
that they will merge into an inflection point with further loss of carbon. These results suggest that
the Peierls stress trends on {111} and {110} will look very similar within each group of carbides;
that 1s, the IVB TMCs will likely exhibit very high intrinsic slip resistance on {111}, while the VB
TMCs will likely show low Peierls stresses on {111} at higher carbon contents.

These results are somewhat unsurprising in light of findings from prior work (see Section
2.2.4), which generally indicates a remarkable uniformity of stacking-fault energy curve mor-

phology within each group of (stoichiometric) carbides. What the present work shows is that
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Figure 4.42: DFT-computed GSF energy curves for the IVB TMCs: TiC,, ZrC,, and HfC,,. Black lines and
markers denote the stoichiometric (B1 MC) phase, while red lines and markers denote the sub-stoichiometric
(C2/m MgCs) phase. Slip in (110){110}p; is indicated by diamond markers; (110){111}g; slip is indicated
by circle markers; (112){111}p; slip is indicated by triangle markers. Taken from Watkins ez al. [52].
©2025 Elsevier. All rights reserved.
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Figure 4.44: Identification of local extrema (square markers) and inflection points (diamond markers) on
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the changes in ysr magnitudes and curve morphologies seen in TiC, and TaC, are indeed rep-
resentative of these materials’ respective groups of carbides: as VEC is decreased via removal
of nonmetal atoms, the IVB TMCs tend to suffer a general reduction in stacking-fault energies,
whereas the VB TMC:s see a fairly localized increase in 7gp, particularly in the area of the intrinsic
stacking fault. It should be further noted that the behavior of the IVB TMC:s is the behavior one
would naively expect for all of the cubic carbides and nitrides, since leaving vacancies in the lattice
could reasonably be expected to lessen the lattice’s resistance to deformation (by virtue of leaving
fewer interatomic bonds to break and re-form via rigid slip). That the VB TMCs do not undergo
this general diminishing of ~sp is alone quite interesting, suggesting no significant decrease in
Triss at lower carbon contents; as indicated by our earlier findings regarding TaC,, though, the
dramatic increase in g seen in all of the VB TMCs will likely serve to substantially increase
Peierls stresses at substoichiometric compositions.

In the interest of thoroughness, we have modeled the same non-equivalent slip systems in all
of the IVB and VB TMCs that were discussed in Section 4.1.3 for TigCs and TagCs. The results of
this study, shown in Figures 4.45 and 4.46, show relatively little variation between the distinguish-
able slip systems in each material. In general, the ‘filled’ slip systems—those wherein no carbon
vacancies are present immediately adjacent to the slip plane—show somewhat elevated stacking-
fault energies when compared to the partially carbon-depleted systems; the only exception to this
trend is VC,,, which has a somewhat depressed 7ip in the non-carbon-depleted (112){111}3; en-
ergy curve. As an aside, VC, being an outlier in this—or any—capacity is not terribly surprising,
as the vanadium carbides are known to exhibit many behaviors dissimilar to those of the other
TMCs, even the other VB TMCs.

Turning our attention to the IVB TMNs, Figure 4.48, we see a great many similarities to the
VB TMCs. Compared to the stoichiometric IVB TMNSs, the substoichiometric IVB TMNs have
substantially elevated intrinsic stacking-fault energies, indicating a reduced propensity to form
stacking faults on {111}p; crystallographic planes. The ~isr values, interestingly, are extremely

similar to those seen in the VB TMCs; also interesting to note is that this then represents a more
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modest elevation in 7y;gr than we see in the VB TMCs, since vgr is higher in the stoichiometric
IVB TMNSs than in the stoichiometric VB TMCS. One feature of the [IVB TMN ~gp curves not seen
in any of the IVB or VB TMC:s is the appearance of a metastable aligned stacking fault (ASF) as
the size of the metal atoms increases. The energy of this point, yasr, represents a local maximum
in TiN,,, but becomes a metastable local minimum in both ZrN,, and HfN,,. This metastable ASF is
also seen in the curves computed for the VB TMNs (see Figure 4.49), although in VN, this appears
true only for one of the four inequivalent (112){111}p, slip systems. More importantly, though,
the ISF is again seen to increase in energy with decreasing VEC in the VB TMNs; while the ISF
is actually a stable point in the stoichiometric VB TMNs (having s < 0), nitrogen loss appears
to render the ISF metastable in all but one of the (112){111}p; slip systems modeled for each
material. That is, at a slightly substoichiometric composition, an octahedral atomic coordination
environment is slightly favored to a trigonal prismatic one.

We have also computed GSF energies for a number of mixed HfC-HfN mixtures, hoping to ob-
serve changes in GSF curve morphology with varied VEC. As seen in Figure 4.53, the (112){111}
GSF energy curves show the emergence of a meta-stable ISF with increasing VEC. Corresponding
to this change is an appreciable increase in theoretical stacking-fault widths on {111}, computed
using Equation 4.5. This strongly suggests that intrinsic slip resistance on {111} will decline sig-
nificantly with increased VEC in the HfC-HfN system, similar to the difference observed between
the IVB and VB TMCs.

Preliminary investigation into the slip behavior of some the mixed-transition-metal carbides
(MTMCs) has been performed. Upon computing stacking-fault energy curves on {111} in the
Ti;_,Ta,C system, we found the metastable ISF to emerge with increasing VEC; the VEC is seen
to increase linearly with y within this pseudo-binary alloy, rising from 8 to 9 electrons/f.u. Looking
at TaC-WC alloying, we observe the ISF energy to fall rapidly with increasing VEC, ultimately
dropping to a negative value and indicating greater stability in the By, structure as compared to the

B1. Generalized stacking-fault energies for these two systems are shown together in Figure 4.51.
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Figure 4.45: DFT-computed generalized stacking-fault energy curves for substoichiometric [IVB TMCs:
TigCs, ZrgCs, and HfgCs. Taken from Watkins et al. [52]. ©2025 Elsevier. All rights reserved.
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Figure 4.46: DFT-computed generalized stacking-fault energy curves for substoichiometric VB TMCs:
VCs, NbgCs, and TagCs. Taken from Watkins et al. [52]. ©2025 Elsevier. All rights reserved.
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Table 4.2: Characteristics of GSF energy curves in the IVB TMCs which may indicate their slip plane
preference. All data published previously by Watkins et al. [52]. ©2025 Elsevier. All rights reserved.

TiIC  TigCs ZrC  ZrgC; HIC  HfgCs

b (A) 3.067 3.059 3.340 3342 3286 3.284
s (mI/m?) 2691 1970 2614 1858 2787 2049
yuse (mJ/m?) 2691 1970 2614 1858 2787 2049
i/ YusF 1.000 1.000 1.000 1.000 1.000 1.000
Tuoyiy (GPa) 2596 2172 2415 1894 2647 21.21
Tawyiny (GPa) 3816 2681 3472 2344 36.65 26.20
Taipiny (GPa) 27.75 1943 2494 1734 2690 19.56

Table 4.3: Characteristics of GSF energy curves in the VB TMCs which may indicate their slip plane
preference. All data published previously by Watkins et al. [52]. ©2025 Elsevier. All rights reserved.

VC V6C5 NbC Nb6C5 TaC T36C5

b (A) 2938 2926 3.186 3.175 3.164 3.148
yise (md/m2) 518 1375 687 1465 567 1545
yuse (mJ/m?) 1442 1560 1413 1582 1565 1712
YisF /YUSE 0359 0.882 0.486 0926 0363 0.902
Twyioy (GPa)  22.35 2255 23.65 2193 2875 24.90
Tuwypiny (GPa) 3127 2685 2929 2693 3512 31.35
Tuimpiny (GPa) 22,92 21.08 21.82 2148 2599 23.88

Mixed Transition-Metal Carbides

Much of our discussion up to this point has revolved around differences in stacking-fault en-
ergies within TMCs and TMNs at different levels of carbon or nitrogen depletion, with the un-
derlying assumption being that the depletion of these compounds of valence electrons, by means
of substoichiometry, is of importance in determining the stacking-fault energies. In principle, this
reduction in VEC should produce quite similar effects, irrespective of how it is achieved, within
the B1 TMCs and TMNs; thus, we turn our attention in this section to the effects of alloying on

~sr in the carbides.
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Figure 4.47: DFT-computed generalized stacking-fault energy curves for substoichiometric VIB TMCs:
MogCs and WgCs,.

Our first system of interest, the HfFC-TaC system, has been the subject of study in some previous
work, both experimental and computational (see Section 2.2.4). The alloyed carbides Hf;_,Ta,C
span the range VEC€ (8, 9] e~ /f.u., making them appealing for examining the hypothesis that VEC
tailoring by means of metal substitution will have a similar effect to VEC tailoring via substoi-
chiometry. As before, our primary interest is in the evolution of the intrinsic stacking-fault energy,
~sr, as VEC increases. Accordingly, vsp curves were generated for slip along (110){110}g;,
(110){111}p; and (112){111}p;; this modeling was performed for three intermediate composi-
tions: HfsTaCs, HfTaC,, and HfTa,Cs. Looking at the curves shown in figure 4.50, we see gen-
eral agreement with the prior results of Smith et al. [93]. In the case of (110){110}p; slip, the
intermediate-composition curves are near-perfectly linearly interpolated between the correspond-
ing data for the terminal compounds, HfC and TaC. This alone may suggest a relatively smooth
Peierls stress evolution between the terminal compounds, though variations in the elastic moduli
may render this prediction incorrect. The peak energy, yusr, 1s significantly higher in the HfC-rich
alloys, but the slope of the curve (and therefore the restorative force resisting slip, per the Peierls-

Nabarro model) is greater in the TaC-rich compounds; thus, we might suspect Peierls stresses for
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Figure 4.48: DFT-computed generalized stacking-fault energy curves for substoichiometric IVB TMNs:
TigNs, ZrgNs5, and HfgN5. Taken from Watkins et al. [52]. ©2025 Elsevier. All rights reserved.
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Figure 4.50: Stacking-fault energy curves computed for (left) (110){110}p1, (middle) (110){111}p;, and
(right) (112){111}p; slip in the alloyed hafnium-tantalum carbides, Hf;_, Ta,C.

122



(110){110}p, slip to be greater on the higher-VEC end of the composition domain. This would be
consistent with the SVPN results obtained for the terminal compounds, which will be discussed in
Section 4.2.3.

The s curves for slip on {111}p; planes are, naturally, of greater interest, as they offer in-
sight as to whether easy {111}p; slip will be available in Hf;_,Ta,C at intermediate y; as stated
before, this is a crucial determinant as to whether the material can be expected to exhibit signif-
icant plasticity under indentation, as the {111}g; planes are independently capable of satisfying
the von Mises criterion for a general state of plastic strain. Looking again at Figure 4.50, the
stacking-fault energies for both slip directions are roughly interpolated between those of the ter-
minal compounds, although not quite as smoothly as in the (110){110}5; curves. The fluctuation
likely arises from the particular ordering of substitutional atoms within the simulation cells, as
different representative volumes were used to achieve each stoichiometric ratio. Nonetheless, the
sk values transition fairly smoothly between the terminal compounds—not quite linearly, but
with a smooth, monotonic decrease as y (and thus VEC) increases. This is again consistent with
prior work, and ultimately consistent with the notion that VEC is a primary determinant of both the
energy and stability of intrinsic stacking-faults in the B1 structure; furthermore, these results sug-
gest increasing preference for {111}p; slip as VEC is increased via alloying within the HfC-TaC
system.

These same indicators for slip plane preference were also generated for the TiC-TaC and TaC-
WC system, in the interest of tracking changes in ysr magnitudes and curve morphologies over the
whole range VECe [8, 10] e~ /f.u. for the stoichiometric B1 carbides. As seen in Figure 4.51, these
datasets can be concatenated (at the mutual terminal compound TaC) in order to demonstrate a re-
markably smooth transition in stacking-fault energies across the whole range of alloys. As in the
Hf; _,Ta, C system, the s for slip on (110) {111}, in Ti;_, Ta,C generally decline as y increases;
this trend continues in the Ta;_, W,C system, with WC having significantly lower stacking-fault
energies than TaC. This trend is accompanied by a gradual change in sy curve morphology, with

the roughly sinusoidal curve of TiC transitioning into more of a flat-topped (i.e., truncated) si-
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nusoidal shape in TaC before developing a slight positive concavity at the midpoint (/b = %)
position in WC. The curves for (112){111}g; slip are even more interesting, demonstrating the
same smooth reduction in s with increasing VEC. An examination of the curve morphology
shows a steady divergence of the unstable and intrinsic stacking-fault energies as VEC increases;
from the initial inflection point seen in the (112){111}p; energy curve for TiC, one can see the dis-
tinct local minimum and maximum—y;sr and yysp—appear with even a slight increase in VEC:
they are well-differentiated even in TiyTaCs, which has a VEC of only 8.3 e~ /f.u. As VEC rises,
both ~visr and yysr decrease quite rapidly, hinting at a substantial decrease in intrinsic slip resis-
tance on {111}p; planes as higher-valency metal atoms are substituted for lower-valency ones.
The decline in yygr alone signals a decrease in slip resistance—as it corresponds to a reduction
in the rigid ideal shear stress, Trigs—but the more rapid decline in 7;gr increases the stability of
stacking faults on {111}p;, presumably contributing to far more glissile dislocation structures.
Looking at the trend in ISF energies (Figure 4.52), we find a roughly linear decline with increas-
ing VEC, with ~ysp passing through 0 mJ/m? at a VEC of about 9.2 e~ /f.u. This indicates a steady
stabilization of the ISF with increasing VEC, resulting in an energetic preference for the trigonal
prismatic coordination environment over the octahedral one at VECs above 9.2 electrons/f.u. This
is unsurprising, as the stable phase for stoichiometric tungsten carbide is (naturally) the a-WC
structure, or the By, structure. Thus we might theoretically expect the drop in stacking-fault energy
to produce substantially wider stacking-faults when examined using our Peierls-Nabarro model;
past the point wherein ~sp becomes negative, we would expect to see very wide stacking-faults,
with the theoretically infinite w, being confined somewhat in our model by both the restorative
force (which varies with yygr) and the boundary conditions of the limited simulation volume. But,
in an infinite crystal, the equilibrium separation distance between the Shockley partial dislocations
would be infinite, as increasing the stacking-fault width would always be energetically favorable.
It is interesting to note that this framing of the process—propagation of the stacking-fault as a
localized phase change to By,—is consistent with our general interest in the energetic differences

between the atomic coordination environments found in the B1 and B,, structures.
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Figure 4.51: Generalized stacking-fault energies computed for the alloyed carbides Ti;_,Ta,C and
Ta;_,W,C. Shown on the left are GSF energy curves for (110){111} slip, and shown on the right are
curves for (112){111} slip.
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Figure 4.52: Variation in ISF energy with VEC in the alloyed carbides Ti;_,Ta,C and Ta;_,W,C. Note
the roughly linear decline in ISF energy with increasing VEC, resulting in the stabilization of the By, phase
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Transition-Metal Carbonitrides

A study of the DFT-computed stacking-fault energy curves for our selected carbonitride sys-
tems yields fairly intuitive results, when considered in light of the findings discussed in the previous
section. In both the ZrC-ZrN and HfC-HfN pseudo-binary systems, it is readily apparent that the
~sF curves at intermediate compositions roughly interpolate between the corresponding ysr curves
of the terminal compounds. Furthermore, increasing y in both ZrC,_,N, and HfC, _,N,—which,
of course, increases VEC from 8 to 9 e~ /f.u.—causes a rapid differentiation of local extrema from
the original inflection point on the (112){111}p; energy curve. Just as in the Hf;_,Ta,C and
Ti;_,Ta,C systems, which occupy the same VEC range, we see a steady decline in the intrinsic
stacking-fault energy; compared to the alloyed carbide systems, though, the drop in ~ysp is not as
severe—the ISF energy is on the order of 1 J/m? in the IVB TMNs, as compared to around 500
mJ/m? in the VB TMCs. This may suggest a less significant reduction in intrinsic slip resistance
with increasing VEC in the carbonitrides than in the alloyed carbides, but the interesting variations
in elastic stiffnesses discussed in Section 4.2.1 will ultimately also influence our estimated Peierls

stresses.

4.2.3 Dislocation Mobility and Slip Plane Preference

Using precisely the approach established in Section 4.1.7, we have sought to predict the intrinsic—
that is, from ‘lattice friction’ alone—resistance to dislocation slip in compounds from all of the
categories previously discussed. Accordingly, this section will enumerate our findings for rocksalt-
structured carbides, nitrides, and carbonitrides, examining the effects of VEC alteration by means
of nonmetal depletion, metal substitution and nonmetal substitution on the availability of disloca-

tion slip on different crystallographic planes.

Substoichiometric Transition-Metal Carbides and Nitrides

Alongside the specific results for TiC, and TaC,, discussed in Section 4.1.7, we have extended

our analysis to all of the IVB and VB TMC:s, as well as to the IVB TMNs. The VB TMNs will
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also be discussed in this section, with the caveat that those materials are generally not found to be
B1-phase-stable.

In brief, our findings unsurprisingly indicate great similarity of slip behavior within each group
of materials. The IVB TMCs, like TiC,, all exhibit very high Peierls stresses on their {111}p,
slip planes; furthermore, this high Peierls stress is only significantly impacted by carbon content
on particular {111}p; planes, per the data included in Figure 4.54. Just as before, this is seen
to arise from the fact that not all {111}, planes in our C2/m structure have the nominal carbon
content of the system. In the carbon-rich planes, 7p is seen to rise with loss of carbon content,
whereas in the carbon-depleted planes, 7p decreases with decreasing y. It is interesting to note
that, in the planes that have the nominal carbon content, the Peierls stress is affected relatively
little by changes in composition. Also note the unstressed dislocation widths, which are quite
small (less that one Burgers vector magnitude) in all of the IVB TMCs and at all carbon contents.
This likely contributes to the relatively low mobility of dislocations on the {111}p; planes. In
any case, the {110} p; Peierls stresses are generally significantly lower than those computed for
the {111} p; planes, indicating a uniform preference for slip on {110} in the IVB TMCs. This is
consistent with much of the experimental literature, which generally supports {110} p; slip at room
temperature. In light of the von Mises criterion for general plasticity, though, we would expect
some of the {111}p; planes to be active during an indentation event, so the effective Peierls stresses
will likely be quite high—again, this is consistent with the observation of very high hardness in
these compounds.

Similarly, the results obtained from the SVPN model for the VB TMCs are generally consistent
with those previously presented for TaC,,. In all of these carbides—VC,,, NbC, and TaC,—the un-
stressed with of dislocations on {111}, planes is typically high at the stoichiometric composition;
specifically, dislocations on {111}; planes in the stoichiometric VB TMCs are about three times
wider than equivalent dislocations in the IVB TMCs, indicating greater separation of the Shockley
partials bounding the stacking faults. Correspondingly, we can see in Figure 4.55 that the Peierls

stress estimates for slip on {111}g; planes are low at the stoichiometric composition y = 1; i.e.,
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the dislocations are highly mobile. As carbon is removed, we see a rapid decline in stacking-
fault width, along with a corresponding rise in Peierls stress. Thus the mobility of dislocations on
{111}g; planes is seen to lower significantly at lower carbon contents, presumably contributing
to a significant increase in hardness. On the {110}y, planes, Peierls stresses decline with loss of
carbon content, though the magnitude of the decline is not very large. The notable exception is the
non-carbon-depleted (i.e., ‘filled’) slip planes, which actually see some increase in 7p as the global
carbon content drops.

Taken together, these results are quite interesting: the IVB TMCs, with their nominal VEC of
8 e~ /f.u., display very high Peierls stresses on {111}p; planes, whereas the VB TMCs, nominally
having 9 e /f.u., exhibit high mobility of dislocations on those same planes. Moreover, as carbon
content is removed, the VB TMCs show a considerable decline in dislocation mobility on the
{111}, planes, increasing the favorability of {110}z, slip as their VEC decreases. This finding
offers compelling evidence for VEC indeed being a strong determinant for mechanical properties
in the cubic carbides, albeit not for the reason most often suggested by previous research. Most
prior work, as discussed earlier in this manuscript, focuses on hardness enhancement by means of
elastic stiffening; our results suggest that, even though decreasing VEC in the VB TMCs causes
elastic weakening, concurrent changes in stacking-fault energies actually cause significant plastic
strengthening. Further support for the importance of VEC can be drawn form the results discussed
in Section 4.2.2, which illustrate that the ysp—and specifically yigp—are impacted similarly by
changes in VEC regardless of how those VEC changes arise.

If this conjecture is correct, we should expect to see the [IVB TMNs behave rather like the VB
TMCs, owing to their shared nominal VEC. And, indeed, an examination of the results contained
in Figure 4.56 reveals this to be the case. Just as in the VB TMCs, the IVB TMNs exhibit wide
dislocations on {111}p; planes at y = 1; reduction of nitrogen content narrows these dislocations
rapidly, resulting in a dramatic loss of dislocation mobility on these slip planes. Furthermore, the
narrowing of these dislocations appears to occur more rapidly with decreasing y in the [IVB TMN5s

than in the VB TMC:s: the loss of each N atom removes five valence electrons from the material,
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as opposed to 4 valence electrons for each lost C atom, meaning that substoichiometry in the IVB
TMNs decreases VEC faster than in the VB TMCs. Also of interest are the values of w, and
7p at the y = 1, which show lower dislocation width and lower dislocation mobility than in the
stoichiometric VB carbides. This is consistent with the results presented in Section 4.2.2, and with
the more limited results of Yu et al. [92], which show the IVB TMNs to have substantially higher
ISF energies than the VB TMCs.

The significance of these findings is succinctly conveyed in Figure 4.57, which shows the ef-
fective Peierls stresses, Tl?,ff, and critical resolved shear stresses, Tcrss, for all of these compounds.
The IVB TMCs (again, with a shared nominal VEC of 8 e~ /f.u.) all undergo a monotonic decline
in effective slip resistance with loss of carbon content; the VB TMCs and IVB TMNs (sharing
a nominal VEC of 9 e /f.u.) all exhibit a dramatic increase in slip resistance as nonmetal atom
content decreases. Thus, out of all of these compounds, we might expect only the stoichiomet-
ric VB TMCs and IVB TMNs to have low indentation hardness. The IVB TMCs, and all of the
other substoichiometric carbides and nitrides shown in Figure 4.57, are predicted to have very high
resistance to (general) dislocation plasticity, and thus might be expected to exhibit high indenta-
tion hardness. This would be consistent, for the most part, with experimental observation of these
materials, as discussed in Section 2.2.

Consistent with the general methodology used for hardness predictions in TiC, and TaC,, we
also computed load-depth curves, hardness-depth curves, and hardness-composition curves for all
of these materials. For use in the fracture model, cleavage energies were computed for all of the
cubic carbides and nitrides by our colleague Yuchen Huang; these data are included in Figure C.3
in Appendix C. All other material data were computed as part of this present work, and in fact
have been presented almost in their entirety in the preceding sections of this manuscript.

The cleavage energies, ., estimated for the carbides and nitrides do not offer great insight into
these materials’ mechanical behaviors on their own, but they are interesting enough to discuss in
brief. In all of the cubic TMCs and TMNSs, and at all nonmetal-to-metal atom ratios, . is found to

be far lower on {100}g; than on {111}p;, indicating that (intragranular) crack propagation along
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Figure 4.58: Computed hardness-depth curves for representative compounds: a IVB TMC (HfC,), a VB
TMC (TaC,), and a IVB TMN (HfN,). Results are shown for both the plasticity model (black lines), which
depends on dislocation slip resistance, and for the fracture model (red lines), which depends on intragranular
(cleavage) cracking along {100}p; planes.

{100}g; planes will always dominate. The cleavage energies are relatively similar in magnitude
for all of the cubic carbides and nitrides, though a noticeable decrease occurs between the IVB
TMCs and the VB TMCs, and a further decrease is seen as we move from the VB TMCs to the
IVB TMNs. This suggests that cleavage cracking becomes more energetically favorable as VEC
increases, due to variations in both stoichiometry and valency.

The question of how to properly parameterize the load-crack-size relationship, P(c), naturally
pertains to this extension of the plasticity-fracture modeling approach to the nitrides. Following
from our earlier discussion of this same issue (refer to Section 4.1.7), the available experimental
data for HfC was used to parameterize the fracture model for all [IVB TMCs; the TaC data was used
to do the same for the VB TMCs, and, since the IVB TMNs seem to behave like the VB TMCs in
a great many other respects, we opted to use the TaC data to model the IVB TMNs as well. We did
manage to procure experimental indentation data for a single sample of HfN (though only for one

applied load, regrettably) from our experimental collaborators at the University of Alabama; this
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Figure 4.59: Computed hardness estimates, shown as a function of composition, for representative com-
pounds: a IVB TMC (HfC,), a VB TMC (TaC,), and a IVB TMN (HfN,). Results are shown for both the
plasticity model (black markers), which depends on dislocation slip resistance, and for the fracture model
(red markers).

data indicated behavior somewhat consistent with that of TaC, but it is difficult to draw conclusions
from such limited testing. In any case, it was deemed best to parameterize the [IVB TMN cracking
models using P(c) data from TaC since a far more complete dataset was available.

In any case, the representative hardness-depth curves are included in Figure 4.58; a more com-
plete set of H(h) curves (Figures D.4, D.5, and D.6) and P(h) curves (Figures D.1, D.2, and D.3)
for all of these cubic compounds can be found in Appendix D. The results, perhaps unsurprisingly,
indicate once again a remarkable uniformity of behavior within each group of carbides or nitrides.
Within the IVB TMC:s, represented in Figure 4.58 by HfC,, the hardness predicted by the fracture
model is seen to drop below that predicted by the plasticity model at a certain indentation depth, in-
dicating that fracture comes to dominate the hardness behavior. This is true in both stoichiometric
HfC and substoichiometric Hf;Cs. In stoichiometric TaC, and indeed in stoichiometric HfN, this
is not the case: within the range of indent depths modeled in this work (up to about 7 pum), fracture
never overtakes dislocation plasticity as the governing mechanism of hardness. That is, in TaC and
HfN, the hardness predicted from dislocation slip resistance is always lower than that predicted
from fracture toughness, and so these materials are likely to exhibit considerable plasticity under
indentation prior to cracking. This is no longer so in the substoichiometric compounds TagC5 and

HfsN5, where we see behavior far more akin to that of HfC,: as indent size grows, the hardness
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predicted from cracking, Hy,, quickly drops below that predicted from plasticity, Hy,, suggesting
that little irreversible deformation will occur prior to the onset of cracking.

These findings are illustrated more clearly in Figure 4.59, which shows hardness estimates as a
function of nonmetal atom content for the same three representative materials. Here we can clearly
see that in HfC,, and in HfC,, alone, resistance to slip is always too high for plasticity to dominate,
and thus fracture is the dominant failure mechanism under indentation at all sampled y. In the
other compounds, this is only true at lower y: when depleted of nonmetal atoms, and consequently
reduced in VEC, TaC, and HfN,, are also prone to accommodate indentation via cracking. How-
ever, at higher y, these compounds are capable of accommodating irreversible deformation via
dislocation plasticity, owing to their highly mobile dislocations on {111}p; planes. Thus, while
the governing mechanism of hardness in HfC, prescribes a gradual decline in Hy with loss of
carbon content, both TaC, and HfN,, see an initial increase in hardness, followed by a subsequent
decrease as a transition to cracking-dominated failure at some substoichiometric y. Examination
of these same results for all of the cubic carbides and nitrides, contained in Figure D.7, shows these
trends to hold for all compounds within each group. The IVB carbides are expected to exhibit brit-
tle behavior at all carbon contents, preferring fracture to slip and therefore undergoing monotonic,
roughly linear declines in hardness with loss of carbon content. The VB TMCs and IVB TMNs, in
contrast, exhibit a transition from plasticity-dominated behavior to fracture-dominated behavior at

some y < 1, resulting in an ‘anomalous’ peak hardness at the transition point.

Mixed Transition-Metal Carbides

Repetition of the now-familiar plasticity-fracture-comparison approach yields somewhat unsur-
prising results for the mixed hafnium-tantalum carbides, Hf; _,Ta,C. But first, a note on method-
ology. As discussed in Section 4.1.7, parameterization of the fracture model for each group of
materials depends (regrettably, from the theorist’s point of view) on experimental observations of
the load-crack-size relationship; i.e., the P(c) or P(l) relationship. While the experimental data
provided by our collaborator, Alyssa Stubbers, allows for separate parameterization of [IVB TMCs

(using the HfC data) and VB TMCs (using the TaC data), it is not quite so clear what to do about
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Figure 4.60: Computed critical resolved shear stress, 7crgs, and theoretical Vickers hardness estimates for
the alloyed hafnium-tantalum carbides, Hf; _,Ta,C.

the other compounds. As was mentioned in the previous section, the IVB TMNs were modeled
using the experimental data for TaC, since the IVB TMNs and the VB TMCs generally behave
quite similarly to each other. In the case of the hafnium-tantalum carbides, though, we would
have reason to suspect that each terminal compound will behave according to its own experimental
parameterization—in fact, this must be the case, as we have already modeled both HfC and TaC.
In order to maintain consistency with our previous modeling effort, then, we opted to interpolate
the crack sizes linearly between those of the terminal compounds, and thereby obtained estimates
for ¢(h) at the intermediate compositions.

Using this approach, we obtained the results shown in Figure 4.60, which indicate a fairly intu-
itive transition from the fracture-dominated behavior of HfC at y = 0 to the plasticity-dominated
behavior of TaC at y = 1. As expected per our hypothesis, increasing VEC on VEC € |8, 9]
e~ /fu. results in increasing availability of generalized plasticity—arising from dramatically re-
duced Peierls stresses on {111}g; planes, which in turn arise from increased energetic favorability
of stacking faults—and eventually causes a transition from fracture dominance to slip dominance
at a VEC of around 8.4 e~ /f.u. Though our modeling approach does not seem to suggest a max-
imum hardness at this composition, as some prior work has presumed, it is interesting to note

that the overall hardness trend is reasonably consistent with the experimental findings of Smith et
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Figure 4.61: SVPN-computed stacking-fault widths and Peierls stresses on {111}p; planes in the alloyed
tantalum-tungsten carbides, Ta;_, W, C.

al. [93]. This is not too surprising, as dislocation densities estimated from the findings of this same
previous work were used to parameterize the plasticity model, but it is nonetheless satisfying to
see some agreement with experimental results. Furthermore, although the data of Smith ef al. has
been used to claim an peak hardness at some intermediate-composition HfC-TaC alloy, the error
bars on these experimental data are so large as to render such a claim spurious.

We have also modeled the tantalum-tungsten carbides, Ta;_,W,C, in order to examine the ef-
fects of VEC modification over the domain VEC € [9, 10] e~ /f.u. Unlike in the HfC-TaC system,
which develops a metastable ISF as VEC increases, the TaC-WC system develops a stable ISF
at higher y; this is because WC is not thermodynamically stable in the rocksalt structure at low
temperatures, instead preferring the trigonal prismatic coordination environment of the By, struc-
ture. Thus we would expect very wide stacking faults—essentially phase-transforming the entire
slip plane, if the simulation were performed with an infinitely large modeling volume—and cor-
respondingly very low Peierls stresses on {111}g; planes. And, indeed, the SVPN model results
in Figure 4.61 show that, as y increases, the equilibrium stacking-fault width w, increases from
around 2 b to over 100 Burgers vector magnitudes: in essence, the slip plane is undergoing a local
phase transformation from the octahedral coordination of the B1 structure to the By, limited only

by interactions with the boundaries of the simulation volume (which is 200 b x 200 b). Concurrent
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Figure 4.62: Computed critical resolved shear stress, 7crgs, and theoretical Vickers hardness estimates for
the alloyed tantalum-tungsten carbides, Ta; _, W, C.

with this change is a precipitous decline in Peierls stress (also shown in Figure 4.61), from the
already-low slip resistance of TaC to only about 70 MPa in B1 WC.

This evolution is also seen in the effective Peierls stresses and CRSS estimates in Figure 4.62.
As VEC increases from 9 to 10 e /f.u., the stress required for general plastic deformation decreases
dramatically, and the corresponding Hardness estimates are low over the whole composition range.
Unsurprisingly, then, dislocation plasticity is predicted to dominate the hardness behavior of the
tantalum-tungsten carbides at all modeled compositions—intragranular fracture never becomes

energetically competitive due to the extremely high dislocation mobility.

Transition-Metal Carbonitrides

The hafnium carbonitrides, HfC,_,N,,, were modeled in exactly the same way as the hafnium-
tantalum carbides discussed in the previous section. The cracking behavior of HfC was parameter-
ized using experimental HfC data, while HfN was parameterized using data from TaC; intermediate
compositions used a ¢(h) interpolated linearly between the terminal compounds’ data. The results,
shown in Figure 4.63, display behavior quite similar to that of our representative alloyed carbide
system, with the brittle, cracking-dominated behavior of HfC ultimately giving way to the more

locally plastic behavior of HfN as VEC increases. The transition appears to occur at a slightly
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higher VEC in this system, with plasticity overtaking fracture as the dominant failure mechanism
at compositions where VEC exceeds approximately 8.5 e~ /f.u.

Though this finding is likely, at this point in our discussion, not surprising in the least, it is
nonetheless a crucial part of our analysis. Our work thus far on the substoichiometric TMCs and
TMNs, alloyed TMCs, and TMCNs does a great deal to address one of our main research questions:
do VEC alterations via substoichiometry, nonmetal atom substitution, and metal atom substitution
have meaningfully different effects on predicted mechanical properties? From our work thus far, it
appears that the answer to this question is no. That is, the same changes in mechanical behavior—
specifically, the material’s resistance to localized plastic deformation—seem to occur within the

same VEC range irrespective of how VEC tailoring is achieved.

4.3 Electronic Structure of the TMCs, TMNs and TMCNs

In order to gain insights into the stabilization of stacking faults at higher VEC in the cubic
TMCs and TMNSs, detailed electronic structure analyses have been performed on a multitude of
these materials. Per the hypothesis laid out in the Research Proposal, it was anticipated that there
would be discernible differences in the contributions of different atomic orbitals (AOs) to the band

structure energy between the un-faulted (B1) and faulted (B), structures across a range of VEC
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values. It was furthermore proposed that the Bh structure would be stabilized relative to the B1 at
higher VEC as the band structure energy was reduced by means of bonding d-AO overlaps between
metal atoms, and that the nature of the metal-nonmetal interactions would not meaningfully change
with increasing VEC. In other words, it was expected that the By, structure would become favorable
at higher VEC due to increased metal-metal bonding interactions.

The following sections will detail our findings from the electronic structure analysis, ranging
from basic electronic density-of-states (DoS) to highly detailed orbital-wise band structure energy
contributions; this document will detail results for a wide range of cubic TMCs and TMNs at
various VEC, and will additionally investigate trends in band structure energy contributions in

substoichiometric TMCs and TMNSs.

4.3.1 Stoichiometric Transition-Metal Carbides and Nitrides

Metal-Metal and Metal-Nonmetal Interactions

The electronic DoS plots for the TMCs and TMNs (see Appendix E) do not reveal much be-
yond what is already known about these compounds. All of the IVB, VB and VIB TMCs, and the
IVB and VB TMNs, exhibit continuous DoS through the Fermi level, ¢p, indicating that they are
electrical conductors. The metal-nonmetal (M-X) interaction plots show reasonably well-defined
peaks, meaning that assignment of energy levels to particular interactions may not be too diffi-
cult. Unfortunately, the metal-metal (M-M) interactions do not generally have well-defined peaks,
so the possibility of readily assigning energies to different atom pair (or AO pair) interactions is
somewhat more distant. While inconvenient, this is not necessarily an obstacle to our answering
our research question—after all, the electronic DoS on its own reveals relatively little about the
character and strength of different bonding (or antibonding, for that matter) interactions within
the material. Rather, software such as the Local Orbital Basis Suite Toward Electronic-structure
Reconstruction (LOBSTER) package can be used to obtain far more information by means of re-
solving the site-projected DoS (the pDoS) onto the expected spherical harmonics (AOs expected

per the hydrogen atom model) at each site. This analysis can be used to procure information such
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as partial charges and population analyses, and (more importantly) to partition the pDoS into bond-
ing and antibonding interactions—either by electron charge (COOP) or by band structure energy
contribution (COHP). Moreover, these quantities can be integrated from the lower energy bound
of DoS calculation—ideally equal to —oo, but of course this is not the case in practice—to give
some impression of the net bonding/antibonding contribution of various atom-atom interactions or
AO-AO overlaps.

The LOBSTER-computed pCOOP results are somewhat more interesting than the DoS. Data
for the rocksalt-structured IVB and VB TMCs, shown in Figures E.5 and E.6, reveal very similar-
looking distributions, indicating very similar bonding overall. The results for the IVB and VB
TMNs, shown in Figure E.7 and E.8, likewise indicate great similarity between all of the Bl
nitrides. What is superficially interesting about these results is that the TMCs and TMNs are
more similar to themselves than to one another despite the variation in VEC within each collec-
tion of compounds. In the carbides, the bonding peaks (pCOOP values greater than zero) are
well-differentiated, with a large bimodal peak occurring just below the Fermi level and a smaller
monomodal peak situated around 10 eV below the Fermi level. The nitrides show a similar bi-
modal peak—further below the Fermi level than in the carbides, since the addition of electrons in
the B1 structure essentially has the effect of raising the Fermi level—with the smaller peak being
absent within the 15 eV energy range sampled below the Fermi level. It should be noted that in
the VB TMCs, and in the IVB and VB TMNs, both the M-M and M-X interactions transition from
bonding to antibonding below the Fermi level, whereas in the IVB TMC:s this transition only oc-
curs above ep. This could indicate a slight reduction in overall bond strength in the VB TMCs and
IVB and VB TMNs, though from these results the difference seems slight.

More informative than a simple pCOOP analysis of the B1 structure is a comparison against
the same series of compounds modeled in the B), structure. The By, carbide and nitride pCOOP
results—shown in Figures E.9, E.10, E.11 and E.11, and summarized with selected compounds in
Figures 4.65, 4.67, 4.66 and 4.68—all clearly show the same peaks, just shifted vertically according

to the number of valence electrons. Interestingly, the similarity in pCOOP distribution morphology
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within the By,-structured TMCs and TMNSs seems to be greater than that seen in the B1-structured
compounds. A sharp, narrow pCOOP peak is present near e in all of the By, TMCs and TMNs; the
positive value of this peak indicates that it is a bonding interaction, and as VEC increases in the By,
structure this peak can be seen to drop below the Fermi level. The significance of this observation
is that, in the IVB TMC:s, this bonding AO overlap is unoccupied in the ground state, whereas it is
occupied in all of the other compounds (the VB TMCs, IVB TMNs and VB TMNs). The raising
of the Fermi level to populate this bonding state at higher VEC may have the effect of stabilizing
the By, structure relative to the B1, since no discernible change in bonding/antibonding character
can be readily inferred from the B1 pCOOP/IpCOOQOP alone.

To know whether the differences discussed in the preceding paragraph really have a discernible
impact on the relative stability of the B1 and By, phases, the LOBSTER-computed pCOHP (and
IpCOHP) may be examined. As discussed in Section 2.5, this weighting of the pDoS actually
partitions the band structure energy, rather than the electron charge, into bonding and antibonding
contributions, with the caveat that the sign convention is opposite that of the pCOOP/IpCOOQOP.
The pCOHP results for the B1 compounds (seen in Figures E.13, E.14, E.15 and E.16) shows the
same general collection of peaks, intuitively shifted down relative to the Fermi level as the VEC
increases; likewise, the B, compounds appear to have roughly the same pCOHP distribution, again
shifted relative to ep with variations in VEC (see Figures E.17, E.18, E.19 and E.20). This is il-
lustrated more clearly in Figures 4.69 and 4.70, which show pCOHP data for selected compounds
with VEC € [8,10] e /f.u. in both atomic coordination environments. In the B1 structure, this
Fermi level shift causes the occupation of a small, diffuse M-M bonding interaction—partially
compensated by a M-X antibonding interaction—as VEC rises. Since the increase in bonding in-
teractions between the metal atoms outstrips the growth of the antibonding interactions between
metal and nonmetal atoms, this contributes to a general increase in covalent bond strength in the B1
structure at higher VEC. This is contrary to the hypothesis put forward by researchers decades ago
(see Section 2.2), which posits that increasing VEC in the rocksalt structure results in the popula-

tion of antibonding states (with no change in bonding state occupation) and thereby mechanically
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Figure 4.64: Comparison of trends in (left) structural energy differences and (right) IpCOHP(er) between
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markers denote VIB TMCs. In the right figure, data are separated into metal-metal (M-M) and metal-
nonmetal (M-X) interactions.

weakens the crystal. Nonetheless, the trend can be seen clearly in the included IpCOHP plots: as
increasing VEC raises the Fermi level, a slight decline in M-X bonding interactions is outstripped
by a marked increase in M-M bonding interactions, indicating overall higher bond strength.

The pCOHP distributions for the By, structure are even more revealing. Just as with the pCOOP
results discussed earlier, there is a large peak—with a bonding character, indicated in this case by
its negative value—near e in all of the carbides and nitrides. In the IVB TMCs (VEC = 8 e~ /f.u.),
this peak is completely above the Fermi level, indicating that it will be unoccupied in the ground
state. In the VB TMCs and IVB TMNs (VEC = 9 e™/f.u.), the peak is almost perfectly centered
on ep, and in the VB TMNs (VEC = 10 e /f.u.) the peak is seen to fall completely below the
Fermi level. In other words, raising ep by means of increasing VEC in the B, TMCs and TMNs
has the effect of populating a significant bonding interaction between metal atoms; this is only
slightly mitigated by a small increase in antibonding interactions between the metal and nonmetal
atoms.

These findings are intriguing for a number of reasons. First and foremost is that the oft-
proposed loss of bond strength in the B TMCs and TMNs at higher VEC is not indicated by

the pCOOP and pCOHP analyses. Second is that the overall bond strength—as seen in the reduc-
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tion in band structure energy—actually appears to increase non-negligibly in both the B1 and By,
structures as the Fermi level rises. These findings, taken together, suggest that changes in mechan-
ical properties in these materials arise not from a general weakening or strengthening of bonds
within the crystal, but rather from an evolving energetic competition between two different atomic
coordination environments. Furthermore, this implication superficially bolsters our general claim
that the differences in mechanical behavior among the carbides and nitrides arise from dislocation
mechanics, since the energetic competition between the octahedral (B1) and trigonal prismatic (By,)
coordination environments is most immediately relevant to a discussion of stacking-fault energies.

In fact, an aggregation of DFT-computed structural energy differences, A, _p; can be seen
in Figure 4.64; these data show a trend much like that observed in our much-discussed ~ysr values,
with AEp, _p; appearing to decline rapidly with increasing VEC. Similar to 7 trend shown in
Figure 4.52, the structural energy difference drops below zero at some VEC between 9 and 9.5
e~ /fu., indicating a shift toward By, phase stability at higher VEC. Also shown in Figure 4.64
are aggregated differences in IpPCOHP(er) computed for various carbides and nitrides; these data
indicate a very similar trend. Keep in mind that for Ap, _p;, a positive value indicates a net
antibonding difference, equivalent to a higher band structure energy in the By structure. This
being stated, the data shown in Figure 4.64 show a reduction in energetic preference for the Bl
structure as VEC increases, again transitioning to a preference for the By, structure beyond about 9
e~ /f.u. Furthermore, these data are separated into metal-metal (M-M) and metal-nonmetal (M-X)
interaction differences, clearly illustrating that, based on M-X interactions alone, the B1 structure
is always preferred; that is, the B1 structure always has greater net bonding M-X interactions
than the By, structure. As VEC increases, though, the M-M interactions trend toward a preference
for trigonal prismatic coordination, producing stronger M-M bonding in the By, structure at VEC
greater than 9 e~ /f.u. Thus, when both M-M and M-X interactions are considered, the energetic
preference for the octahedral coordination environment of the B1 structure declines with increasing
VEC, leading to the stabilization of intrinsic stacking faults as the trigonal prismatic coordination

environment becomes more favorable.
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Figure 4.68: Computed IpCOOP for selected TMNs: ScN (VEC= 8 e~ /f.u.), HIN (VEC= 9 e /f.u.), and
TaN (VEC= 10 e™/f.u.). Both B1 and By, structures exhibit relatively constant IpCOOP distribution, only
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Figure 4.70: Computed pCOHP for selected TMNs: ScN (VEC= 8 e~ /f.u.), HIN (VEC= 9 e~ /f.u.), and
TaN (VEC= 10 e /f.u.). Both B1 and By, structures exhibit relatively constant pCOHP distribution, only
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Orbital-Specific Bonding Analysis

More detailed information on the contribution of particular AOs to bonding and antibonding
MOs is readily obtained from LOBSTER using the orbitalwise tag in the lobsterin input file. In
the interest of brevity, orbital-decomposed pCOOP and pCOHP curves for the various carbides and
nitrides will be relegated to one of the many appendices that accompany this manuscript. More
succinct (and informative) are comparisons of these quantities integrated up to the Fermi level.
Integrating the pCOHP from the lower energy bound to e yields the IpCOHP(¢er) value, which
gives a reasonable estimate for the covalent bond strength within the material.

Estimates for [IpCOHP(er) in B1-structured carbides can be found in Figures 4.73, 4.74, 4.75,
and 4.76, decomposed into contributions from MOs composed of specific AO overlaps. In the
octahedral coordination environment of the B1 structure, the degenerate d-AOs of the metal atoms
split into energetically non-degenerate e, and ¢y, states; these states interact with one another, and
with the metal s-AOs, nonmetal s-AOs, and nonmetal p-AOs. Looking at Figures 4.73, 4.74, 4.75,
and 4.76, we can see that the [pCOHP(er) breakdowns look remarkably similar for all of the IVB
TMCs, VB TMCs, IVB TMNs and VB TMNS . In fact, the only real variation seen among these
compounds is that the IpPCOHP(er) values generally become more negative (i.e., the net bond
strength tends to increase) with atomic size within each group of compounds. But the notable
finding from these results is that there are no fundamental differences in the bonding character of
the B1-structured carbides and nitrides. This is perhaps unsurprising in light of our much earlier
findings regarding formation enthalpies and elastic stiffnesses, but it nonetheless conflicts with
the conventional position that bond strength (and therefore some given mechanical property) is
somehow ‘optimized’ within some particular VEC range in the rocksalt structure.

Looking at the results for By,-structured TMCs and TMNs, we actually do see some interesting
deviations. In the IVB carbides—and only in the IVB carbides—we actually see the emergence
of antibonding states arising from particular d-AO overlaps. These are the interactions between
the metal d,qq9-AOs and the deven .5-AOs, and are seen to produce a non-negligible antibonding

MO which decreases the overall energetic favorability of M-M interactions in the IVB TMCs.
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In the VB TMCs and IVB TMNs, which have a higher VEC, this feature is absent: the d,qq-
deven 1p Interactions now have a very small bonding contribution. Likewise, in the VB TMNS,
which have even higher VEC, we can see these MOs increase in their contribution to the net
bonding interactions between metal atoms in these By,-structured compounds. These findings add
essential context to the results from the B1-structured TMCs and TMNSs, giving us insight into the
underlying causes of the ~ysr trends discussed earlier in this manuscript: in short, increasing VEC
affects the bonding character of the B1 structure surprisingly little, whereas it leads to a significant
increase in net bonding interactions between metal atoms in the By, structure, increasing the latter
phases’s relative stability compared to the former phase. Thus the stabilization of the intrinsic
stacking fault in the B1-structured TMCs and TMNs at higher VEC arises from changes in the

bonding character of the By, structure, not in that of the B1 structure.

4.3.2 Substoichiometric IVB and VB Transition-Metal Carbides

Analysis of the bonding and anti-bonding electronic states has also been conducted for the
stoichiometric and sub-stoichiometric IVB and VB TMCs: TiC,, ZrC,, HfC,, VC,, and TaC,.
Just as with the hafnium carbonitrides, the —IpCOHP(ep) values have been computed across a
range of compositions. In this case, however, an effort has been made to compare the known stable
structures of each carbide with a selection of ’disordered’ quasi-random structures. For NbC,,
the quasi-random structures are still being simulated, but modeling of the ordered structures is
complete. The initial approach to modeling these materials involves calculation of the crystal
orbital Hamilton populations (COHPs), which give a Hamiltonian-weighted breakdown of specific
atomic orbital overlaps to the overall band structure energy (see Section 2.5 for details). Using
the LOBSTER toolkit, we have computed COHPs for the carbides and integrated them up to the
Fermi level; this gives a good idea of how individual interaction types (metal-metal, metal-carbon
and carbon-carbon) contribute bonding or anti-bonding states. Prior to a deeper analysis of specific
orbital overlaps, this gives some idea as to the general contribution of each type of interatomic bond

to the stability of the crystal.
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In the IVB carbides, the changes in —IpCOHP(er) with loss of carbon content are intuitive.
That is, the net bonding contribution to the band energy declines slightly, with the reduction in net
metal-carbon bonding interactions driving this. At the same time, the net bonding contribution of
metal-metal interactions to the band energy rises somewhat with loss of carbon content—consistent
with the idea that these compounds take on a more metallic character as carbon is lost—but the
increase is not enough to compensate for the reduced metal-carbon bonding. These results imply
that the overall bond strength in the Group IV TMCs does decline with loss of carbon content.
It should be noted that the carbon-carbon net bonding contribution is negligible over the whole
composition range 0.50 < y < 1.0.

In the tantalum carbides, though, a very interesting trend emerges: comparing the stable or-
dered structures to the quasi-random structures, the (dominant) tantalum-carbon and (negligible)
carbon-carbon overlaps show nearly identical trends across the selected range of carbon contents.
However, as y drops below about 0.80, a sudden increase is seen in the net bonding atomic orbital
overlap between the tantalum atoms. Furthermore, this increase in bonding contribution between
the metal atoms does not appear to come at the expense of metal-carbon bonding: the trend in
metal-carbon bonding interactions seems totally unchanged, even throughout the region of "en-
hanced" metal-metal bonding.

It is unlikely that ordering of carbon vacancies plays much of a role in producing this intrigu-
ing trend: throughout the shown domain where the B1-ordered TaC, structures dominate—from
y = 1 to roughly y = 0.8—there is no discernible difference between the vacancy-ordered and
non-vacancy-ordered structures. The increase in metal-metal net bonding interactions occurs at the
transition from B1-ordered stable structures to the stacking-fault-formed phases. These phases—
Ta,Cs, TagC,, and Ta,C—feature stacking-faults between close-packed tantalum planes, meaning
that the stoichiometry is essentially accommodated by the deletion of entire planes of carbon atoms.
Between these planes of metal atoms, metal-metal bonding will naturally dominate; furthermore,

the inter-planar spacing is reduced by the presence of the stacking-fault, leading to stronger inter-
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Figure 4.84: LOBSTER-computed —IpCOHP(er) values for quasi-random structures (TiCq 5, TiCq 25,
TiCy.75 and TiCyp.g75) and vacancy-ordered phases (TixC, TizCs, TiyCs, Ti7Cg and TiC). Square markers
denote SQS data, while circle markers indicate ordered phases. Shown for each type of structure are the
metal-metal (red), metal-carbon (blue) and carbon-carbon (green) net bonding interactions.

actions between those planes. This likely accounts, at least in part, for the oft-cited increase in
fracture toughness observed in the (-phases of TaC,,.

Additionally, DoS and COHP data have been computed for all of the rocksalt nitrides—TiN,,
ZrN,, HIN,, VN,, NbN,, and TaN,—and analysis of this data is expected to be completed prior
to the end of the summer. Furthermore, in the TMCs and TMNs, we have begun investigating
the contribution of specific atomic orbital overlaps in the interest of testing the third hypothesis
proposed in the research proposal. LOBSTER allows for orbital-wise breakdown of COHP in-
formation, allowing us to both visually and numerically represent the bonding and anti-bonding
contribution of the p-d and d-d overlaps. Once this work is complete, we will also investigate
the changes in bonding around vacancies and substitutional atoms in an attempt to characterize in
detail the effect that these defects have on the stability of the B1 and By, structures. This analysis
will be performed for all compounds discussed in this section, covering TMCs, TMNs, MTMCs

and TMCN:s.
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Figure 4.85: LOBSTER-computed —IpCOHP(er) values for quasi-random structures (ZrCq 5, ZrCq g25,
ZrCy 75 and ZrCy g75) and vacancy-ordered phases (ZraC, Zr3Ca, ZryCs, Zr;Cg and ZrC). Square markers
denote SQS data, while circle markers indicate ordered phases. Shown for each type of structure are the
metal-metal (red), metal-carbon (blue) and carbon-carbon (green) net bonding interactions.

4.4 Summary and Conclusions

Taken together, the findings discussed in this manuscript offer a reasonably comprehensive
explanation for the highly disparate hardness behaviors seen in the cubic transition-metal car-
bides and nitrides. Specifically, these results illustrate that arguments from elastic stiffness gener-
ally fail to accurately predict the hardness of these unusual compounds, whereas a more nuanced
dislocation-focused approach can produce meaningful qualitative predictions that generally agree
with experimental observations.

In summary, the DFT-computed elastic moduli presented for the substoichiometric TMCs and
TMNss indicate declining stiffness with loss of nonmetal atom content, consequently predicting
declining hardness at lower y. The exceptions to this trend are the VB TMNs (which, recall, have
higher VEC and are not typically B1-phase-stable at low temperatures), which show increasing
shear moduli (and, consequently, increasing predicted hardness) at lower nitrogen content. None
of the substoichiometric carbides or nitrides are predicted to exhibit ‘anomalous’ hardness max-
ima. The Peierls-Nabarro model results, in contrast, do anticipate increasing hardness with loss of
nonmetal atom content in all of these compounds, owing to the pronounced increase in intrinsic

stacking-fault energy (visp as VEC is reduced by substoichiometry. Thus, while substoichiometry
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Figure 4.86: LOBSTER-computed —IpCOHP(er) values for quasi-random structures (HfCq 5, HfCq g25.,
HfCy 75 and HfCg g75) and vacancy-ordered phases (Hf2C, Hf3Cy, Hf4C3, Hf7Cg and HfC). Square markers
denote SQS data, while circle markers indicate ordered phases. Shown for each type of structure are the
metal-metal (red), metal-carbon (blue) and carbon-carbon (green) net bonding interactions.

generally leads to elastic softening, a dislocation-centered approach reveals a significant inelastic
hardening at lower VEC. Building upon this result, the hardness ‘anomaly’ seen in the VB TMCs
and IVB TMN:ss is predicted to arise from a competition between dislocation plasticity—which
becomes more and more difficult as VEC declines—and fracture, which becomes easier at lower
VEC.

This produces two main conclusions: (1) the ‘anomalous’ hardness increase seen in some of
the substoichiometric TMCs and TMNs can be predicted from dislocation mobility, and (2) the
subsequent decline can be predicted from an energetic competition between dislocation slip and
intragranular fracture. The alloyed carbide Hf,_,Ta,C and the IVB carbonitrides—TiC,_,N,,
ZrC,_,N,, and HfC,_,N,—do show ‘anomalous’ hardness maxima, as predicted from the elastic
stiffnesses, but these maxima do not appear in our predictions from dislocation mobility or fracture
resistance. This is because the cleavage energies are generally higher in the lower-VEC terminal
compounds, meaning that in these systems the resistance to fracture tends to increase with reduc-
tion in VEC. Importantly, there could still be ‘anomalous’ hardness trends in experiment, since our
model neglects differences microstructural differences which may be present between different

compositions in real experiments. Nonetheless, these results holistically make the case that hard-
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Figure 4.87: LOBSTER-computed —IpCOHP(er) values for quasi-random structures (TaCq 5, TiCq 25,
TiCy.75 and TaCy g75) and vacancy-ordered phases (TasC, TazCo, (-TayCs, TagCs and TaC). Square markers
denote SQS data, while circle markers indicate ordered phases. Shown for each type of structure are the
metal-metal (red), metal-carbon (blue) and carbon-carbon (green) net bonding interactions.

ness behaviors in these materials are (somewhat unsurprisingly) not governed by differences in
elastic stiffness, but by fundamental differences in dislocation structure and mobility; furthermore,
we have developed a compelling argument against ‘anomalous’ hardness peaks arising from varia-
tion in a single mechanical property, be it elastic stiffness, formation enthalpy, fracture resistance or
dislocation mobility. Rather, the oft-observed changes in the slope of the Hy (y) curve (most often
reported for TaC, arise from competition between multiple modes of irreversible deformation.
The marked differences in hardness behavior between these otherwise-similar compounds is
thus explainable primarily in terms of dislocation slip resistance, which is in turn seen to arise from
differences in yisp. But why do these differences in stacking-fault energies exist? In summary, we
assert that they result from differing energetic preferences for octahedral atomic coordination en-
vironments (as seen in the B1 crystal structure) over trigonal prismatic coordination environments
(as seen in the By, structure). That is, while increasing VEC has relatively little effect on the bond-
ing/antibonding character (as determined from the IpCOHP(er) values obtained from LOBSTER),
the extra valence electrons present in higher-VEC compounds have the effect of strengthening the

metal-metal bonding interactions and ultimately stabilizing the By, phase relative to the B1 phase.
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Figure 4.90: Orbital-wise pCOHP, integrated up to the Fermi level, for B1-structured VIB TMCs: MoC and
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Figure 4.93: Orbital-wise pCOHP, integrated up to the Fermi level, for By-structured VIB TMCs: MoC and
WC. Separated into metal-carbon (left column) and metal-metal (right column) interactions.
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Thus we have, in essence, a basic explanation for the disparate hardness behaviors commonly
seen among the cubic carbides and nitrides. As VEC increases—via stoichiometry tailoring or via
substitution—the strengthening of net metal-metal bonding in the By, leads to energetic favorabil-
ity of this phase compared to the B1 phase; this, in turn, reduces the energetic cost of forming
stacking faults, with leads to more glissile dislocations on the planes most necessary for general-
ized plasticity (the {111}g; planes) and producing lower hardness and increased plasticity under

indentation.
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Appendix A
Additional Information on Elastic Stiffness

Calculations

This appendix contains additional results from elastic stiffness calculations omitted from the
main text in the interest of brevity. The results, as discussed in the main text of this document,
generally increase elastic softening (and correspondingly lower predicted hardness) with substoi-
chiometry, though this trend is reversed in the higher-VEC compounds (e.g., the VB TMNs). The
alloyed hafnium-tantalum carbides, Hf;_,Ta,C, show a modest increase in predicted hardness at
an intermediate composition, whereas the mixed tantalum-tungsten carbides, Ta;_,W,C, show a

decline in predicted hardness consistent with the trends seen in the VB TMN:ss.
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Figure A.1: VASP-computed cubic elastic moduli for rocksalt-structured titanium carbides, TiC,,.
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Appendix B

Additional Stacking-Fault Energy Results

Included in this Appendix are additional stacking-fault energy results omitted from the main
text of the Dissertation for the sake of brevity. Information in this section is not necessary for the
reader to understand the primary findings of this work overall, but are included in the interest of

completeness.
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Figure B.3: Feature identification for all computed s curves in HfC (black) and HfsCs (red).
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Figure B.6: Feature identification for all computed s curves in TaC (black) and TagCs (red).
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Figure B.7: Feature identification for all computed s curves in MoC (black) and MogCs (red).
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Figure B.9: Feature identification for all computed g curves in TiN (black) and TigN5 (red).
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Figure B.10: Feature identification for all computed vsp curves in ZrN (black) and ZrgN5 (red).
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Figure B.11: Feature identification for all computed ygr curves in HfN (black) and HfgN5 (red).
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Figure B.14: Feature identification for all computed ~gr curves in TaN (black) and TagN5 (red).
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Appendix C
Additional Information on the Fracture Model of

Hardness

As was covered in Section 4.1.7, the analytical formulation of our cracking-based hardness
model was drawn from prior work seeking to determine fracture toughness from indentation tests.
Based on the arguments presented in Section 4.1.7, we elected to use the relationship of Lawn and
Fuller [136, 139], which was subsequently popularized by Niihara [140]; this ultimately yielded a

model of the form

e 2sin6/2P n\/27E03/27

C.1
v 4r2 X €D

which contains a number of parameters whose selection should be addressed in greater detail. The

first, , is given by the Lawn-Fuller model as

x=E&(E/H)™, (C.2)

where E//H is the ratio of the polycrystalline Young’s modulus to the measured hardness. While
both £ and H are conventionally both measured from the indentation experiments themselves, the
data we received did not contain consistent elastic modulus measurements. Accordingly, we opted
to use the polycrystalline Young’s modulus computed from our DFT-derived elastic stiffnesses.
For each modeled material, £/ and [/ were selected according to the material’s VEC group—HfC
data for the IVB TMCs, and TaC data for the VB TMCs and IVB TMNs. Consistent with earlier
literature using the Lawn-Fuller model, the phenomenological parameters £ and m were chosen to
be 0.012 and 0.5, respectively.

We also sought to choose the coefficient 7 in order to secure reasonable toughness estimates
for use in our model. This was deemed necessary due to the somewhat controversial nature of

toughness determinations by indentation: though expedient, the indentation methodology suffers
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from a well-documented lack of reproducibility. That is, the measured toughness depends greatly
on the particular methodology used, as well as on the characteristics of the samples used to make
the toughness determinations. Furthermore, since experimental indentation-toughness experiments
often use polycrystalline samples—rather than single crystals, as generally assumed by the analytic
models—and so predictions from purely intragranular fracture (i.e., cleavage) will require some

adjustment to match experimental toughness data. From our first-principles study, we have
K™ = V2y(0)E(y), (C3)

where y is the composition coordinate, typically equal to the nonmetal-to-metal atom ratio. We
then sought to develop the scaling constant 1 by comparing our DFT-computed toughness estimates
to experiment. It was decided that the experimental data should be collected for HfC—as it is
harder and more ideally brittle than TaC, and therefore likely behaves more like our first-principles
approach would predict—and at the stoichiometric composition y = 1. The experimental HfC
fracture toughness data chosen for the 1 parameterization was that of Demirskyi et al. [141], which
relied on bending of a single-edge-notched beam (SENB)—an approach generally held to be more
reliable and reproducible than determinations of /K¢ by indentation. The parameter 7 is then given
by

HfC(SENB) HfC(SENB)
KIC KIC (C4)

KITF(Ij (DFT) \/Q,YHfC(DFT) [EHEC(DFT)

The toughness estimate from Demirskyi ef al. is approximately K’ IHCf CENB) _ 994 0.4 MPa,/m,
giving a nominal 7 of about 1.75.

Obviously, this model accepts as inputs the Griffith work of fracture, 2, which is equal in
the case of pure intragranular fracture to the cleavage energy, v.. The cleavage energy values
themselves were computed by our colleague, Yuchen Huang, for use in the fracture-based hardness
model and considering the possibility of cleavage fracture on both {111}p; and {100}p; planes.
Carbon depletion of cleavage planes of both types can be seen in Figures C.1 and C.2, illustrating

the VASP simulation cells used for these calculations.
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Figure C.1: Illustration of {100}p; surfaces used for cleavage energy calculations. Previously published
by Watkins et al. [52]. ©2025 Elsevier. All rights reserved.

W W ?@ W 2@
Figure C.2: Illustration of {111}p; surfaces used for cleavage energy calculations. Previously published
by Watkins et al. [52]. ©2025 Elsevier. All rights reserved.

The results, shown in Figure C.3, indicate remarkably similar trends in all of the modeled
carbides and nitrides. Cleavage on {100}g; planes is preferred at all compositions in all of these
materials, with +. on these planes increasing slightly with decreasing y. On the {111}p; planes, 7.
is generally very high, and is seen to decrease significantly as y decreases. One trend that is readily
identified within these data is that cleavage energies seem to decline in general at higher VEC: the
computed ~., particularly on the {111}g; planes, are noticeably lower in the VB TMCs and IVB
TMNs than in the IVB TMCs.
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Figure C.3: Cleavage energies on {100}p; and {111}p; crystallographic planes at various nonmetal-to-
metal atom ratios for the IVB TMCs, the VB TMCs and the IVB TMNs. All data generated by Yuchen
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Appendix D

Additional Findings from Plasticity-Fracture Model

In addition to the summarized results published in the main text of this manuscript, we have
computed load-depth, hardness-depth, and hardness-composition curves for all of the cubic car-
bides and nitrides using both the plasticity-regulated hardness model and the fracture-regulated

hardness model.
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Figure D.1: Load-depth curves computed for stoichiometric and substoichiometric [VB TMCs. Predictions
are shown for failure governed by dislocation plasticity (black lines), intragranular cracking along {100}
(red lines), and intragranular cracking along {111}p; (blue lines). Previously published by Watkins et
al. [52]. ©2025 Elsevier. All rights reserved.
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Figure D.2: Load-depth curves computed for stoichiometric and substoichiometric VB TMCs. Predictions
are shown for failure governed by dislocation plasticity (black lines), intragranular cracking along {100},
(red lines), and intragranular cracking along {111}p; (blue lines). Previously published by Watkins et
al. [52]. ©2025 Elsevier. All rights reserved.
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Figure D.4: Hardness-depth curves computed for stoichiometric and substoichiometric IVB TMCs. Pre-
dictions are shown for failure governed by dislocation plasticity (black lines), intragranular cracking along
{100} p; (red lines), and intragranular cracking along {111}p; (blue lines). Previously published by Watkins
et al. [52]. ©2025 Elsevier. All rights reserved.

228



=60 F60 F60
Q55 VC Q55 NbC 055 TaC
T 50 T 50 T 50
4 45 %45 245
< 40 < 40 E
= = 540
s 35 & 35 £35
= 30 = 30 =30
2 2 2

g 25 g 25 25
g 20 S 20 520
25 15 215

10 10

—~

1

2 3 4 5 6 7
Indentation depth, h (xm)

—~

1

2 3 4 5 6 7
Indentation depth, h (4m)

1

2 3 4 5 6 7
Indentation depth, h (y4m)

—~

=60 =60 =60
Oss VeCs Q55 NbCs Oss Ta,Cs
T 50 T 50 T 50
g 45 % 45 é 45
g4 540 T 40
£35 £35 £ 35
g =] =]
230 230 230
5 = 5

£ 25 £ 25 £25
220 < 20 220
i=} (=] (=]
=15 =1 =

1

2 3 4 5 6 7
Indentation depth, h (xm)

1

2 3 4 5 6 7
Indentation depth, h (xm)

1

2 3 4 5 6 7
Indentation depth, h (xm)

Figure D.5: Hardness-depth curves computed for stoichiometric and substoichiometric VB TMCs. Pre-
dictions are shown for failure governed by dislocation plasticity (black lines), intragranular cracking along
{100} (red lines), and intragranular cracking along {111}p; (blue lines). Previously published by Watkins

et al. [52]. ©2025 Elsevier. All rights reserved.

=60 . =60 =60
0 55 TiN T ss ZrN Tss HfN
50 T 50 = 50
g4 845 %45
540 £ 40 £ 40
£3 &35 835
g2 £30 £30
g% 25 §2s
§20 520 ézo
RS E 15 E15
10

1

2 3 4 5 6 7
Indentation depth, h (um)

1

2 3 4 5 6 7
Indentation depth, h (um)

1

2 3 4 5 6 7
Indentation depth, h (um)

60 i =60 F60
Q55 T16N5 Q55 ZI'(,N5 O 55 Hf6N5
T 50 T 50 T 50
g 45 g 45 745
240 240 240
S = S
&35 &35 £35
§30 530 =30
£25 g 25 g 25
—qg 20 é 20 _ag) 20
£15 £15 £15

1

2 3 4 5 6 7
Indentation depth, h (xm)

1

2 3 4 5 6 7
Indentation depth, h (xm)

1

2 3 4 5 6 7
Indentation depth, h (pm)

Figure D.6: Hardness-depth curves computed for stoichiometric and substoichiometric IVB TMNs. Pre-
dictions are shown for failure governed by dislocation plasticity (black lines), intragranular cracking along
{100} p; (red lines), and intragranular cracking along {111}p; (blue lines). Previously published by Watkins
et al. [52]. ©2025 Elsevier. All rights reserved.

229



gsof & 30 & .
S | TiC, s VG, S TiN,
T 45 T T 25
7 %25 )
2 40 2 s
e € €
255 £20 220
£ g g
3 E E
£30 =15 =15
Qo Q [}
=] = =l
£25 f_*___.__.—_.—-*—'*w £ g
0.85 0.9 0.95 1 0.85 0.9 0.95 1 0.85 0.9 0.95 1
y=C/Ti y=CIV y=N/Ti
£ 45 £ 5
) ZrC, ) NbC, o2 ZrN,
=40 o %20
8 3 9
E 35 22 £ 18
E £15 EM
o o [}
E 2 W "g —g
0.85 0.9 0.95 1 0.85 0.9 0.95 1 0.85 0.9 0.95 1
y=C/Zr y =C/Nb y=N/Zr
£ 50 ' 5 ' z " "
G| HIC, g TaC, 3,, HIN,
Tds = =
2 %25 %20
540 S S
g 5 S 18
= = <
§35 520 g
g g g1
5 30 5 5]
E .__4_‘_4__4——0—-0—"—*—_. e E 14
£ £ £
0.85 0.9 0.95 1 0.85 0.9 0.95 1 0.85 0.9 0.95 1
y = C/Hf y=C/Ta y = N/Hf

Figure D.7: Composition dependence of hardness computed for stoichiometric and substoichiometric cubic
TMCs and TMNs. Predictions are shown for failure governed by dislocation plasticity (black markers),
intragranular cracking along {100} p; (red markers), and intragranular cracking along {111}p; (blue mark-
ers). Previously published by Watkins et al. [52]. ©2025 Elsevier. All rights reserved.

230



Appendix E
Additional pCOOP, pCOHP and COBI Results

This appendix includes additional electronic structure analysis omitted from the main text of
the Dissertation for the sake of brevity. The density-of-states (DoS), pCOOP, IpCOOP, pCOHP and
IpCOHP results are generally consistent within each VEC-grouped class of carbides and nitrides,
and therefore do not change the conclusions drawn in the main text, but are included here in the

interest of completeness.
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Figure E.4: Orbital-projected DoS for By,-structured TaC
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Figure E.5: Computed pCOOP for stoichiometric B1-structured IVB TMCs: TiC, ZrC and HfC. Positive
values indicate bonding interactions, while negative values indicate antibonding interactions.
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Figure E.7: Computed pCOOP for stoichiometric B1-structured IVB TMNs: TiN, ZrN and HfN. Positive
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Figure E.8: Computed pCOOP for stoichiometric B1-structured VB TMNs: VN, NbN and TaN. Positive
values indicate bonding interactions, while negative values indicate antibonding interactions.
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Figure E.9: Computed pCOOP for stoichiometric By,-structured IVB TMCs: TiC, ZrC and HfC. Positive
values indicate bonding interactions, while negative values indicate antibonding interactions.
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Figure E.10: Computed pCOOP for stoichiometric By-structured VB TMCs: VC, NbC and TaC. Positive
values indicate bonding interactions, while negative values indicate antibonding interactions.
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Figure E.11: Computed pCOOP for stoichiometric By,-structured IVB TMNs: TiN, ZrN and HfN. Positive
values indicate bonding interactions, while negative values indicate antibonding interactions.
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Figure E.12: Computed pCOOP for stoichiometric By-structured VB TMNs: VN, NbN and TaN. Positive
values indicate bonding interactions, while negative values indicate antibonding interactions.
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Figure E.13: Computed pCOHP for stoichiometric B1-structured IVB TMCs: TiC, ZrC and HfC. Negative
values indicate bonding interactions, while positive values indicate antibonding interactions.
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Figure E.14: Computed pCOHP for stoichiometric B1-structured VB TMCs: VC, NbC and TaC. Negative
values indicate bonding interactions, while positive values indicate antibonding interactions.
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Figure E.15: Computed pCOHP for stoichiometric B1-structured IVB TMNs: TiN, ZrN and HfN. Negative
values indicate bonding interactions, while positive values indicate antibonding interactions.
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Figure E.16: Computed pCOHP for stoichiometric B1-structured VB TMNs: VN, NbN and TaN. Negative
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Figure E.17: Computed pCOHP for stoichiometric By,-structured IVB TMCs: TiC, ZrC and HfC. Negative
values indicate bonding interactions, while positive values indicate antibonding interactions.

248



B, VC pCOHP B, VC IpCOHP
7z

10 10
— Total
51 VY S 51
— V-C
= 0 —— = 0
L L
& &
I 5 I 51
w w
~101 ﬁ ~101
—15 T T T T T —15+— T T T T
-3 -2 -1 0 1 2 —10 -8 —6 —4 -2 0
pCOHP IpCOHP
10 By, NbC pCOHP 10 By NbC IpCOHP
— Total
.| —— NbNb .
51 5
— Nb-C
S =— S
= N2
& &
I 5 I 5
— Total
=10 BN —101 —— Np-Nb
— Nb-C
—15 T T T T T —15 T T T T T T
-8 —6 —4 -2 0 2 —12 —10 -8 —6 —4 -2 0
pCOHP [pCOHP
10 By, TaC pCOHP 10 By, TaC IpCOHP
q
— Total
.| — TaTa -
O 54
— TaC
= 0 = = 0
L L
& &
(- I 51
w w
— Total
—101 N 101 —— TaTa
—— TaC
—15 T T T T —15 T T - r "
—6 —4 -2 0 2 —12.5 —10.0 —7.5 —5.0 —2.5 0.0
pCOHP IpCOHP

Figure E.18: Computed pCOHP for stoichiometric By-structured VB TMCs: VC, NbC and TaC. Negative
values indicate bonding interactions, while positive values indicate antibonding interactions.
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Figure E.19: Computed pCOHP for stoichiometric By,-structured IVB TMNs: TiN, ZrN and HfN. Negative
values indicate bonding interactions, while positive values indicate antibonding interactions.

250



B, VN pCOHP

10
— Total KF
.| — V-V
9 4
— V-N
z ° 7
&
I 51
w
—10 1
—15 — T
-2 0 4
pCOHP
0 By, NbN pCOHP
—— Total
- | —— Nb-Nb
5
—— Nb-N
=0
(5]
2
| —5
710.
—15 T 7 - —= : .
—-10.0 =75 —5.0 —2.5 0.0 2.5 5.0
pCOHP
10 By, TaN pCOHP
— Total 4
.| —— Ta-Ta
54
— Ta-N
z ° E
&
(- ~
w
_10.
—15+= .
—4 -2 0

pCOHP

€ —ep (eV)

€ —er (eV)

e —ep (eV)

B, VN IpCOHP

10

0
IpCOHP
" By, NbN IpCOHP
5.
0
—51
710 g
—15+— T T : -
—12 —10 —8 —6 —4 —2 0
[pCOHP
0 By, TaN [pCOHP
5.
0
—51
—— Total
=101 —— TaTa
— TaN
—15 - - - r .
—12.5 —10.0 7.5 —5.0 —2.5 0.0
IpCOHP

Figure E.20: Computed pCOHP for stoichiometric By,-structured VB TMNs: VN, NbN and TaN. Negative
values indicate bonding interactions, while positive values indicate antibonding interactions.
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Figure E.21: Computed COBI for IVB TMCs.
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Figure E.22: Computed COBI for VB TMCs.
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Figure E.23: Computed COBI for IVB TMNs.
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Figure E.24: Computed COBI for VB TMNs.
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Figure E.25: Computed COBI for IVB TMCs.
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Figure E.26: Computed COBI for VB TMCs.
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Figure E.27: Computed COBI for IVB TMNs.
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Figure E.28: Computed COBI for VB TMNs.
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Appendix F

License

Colorado State University LaTeX Thesis Template
by Elliott Forney — 2017
This is free and unencumbered software released into the public domain.

Anyone is free to copy, modify, publish, use, compile, sell, or distribute this software, either in
source code form or as a compiled binary, for any purpose, commercial or non-commercial, and

by any means.

In jurisdictions that recognize copyright laws, the author or authors of this software dedicate any
and all copyright interest in the software to the public domain. We make this dedication for the
benefit of the public at large and to the detriment of our heirs and successors. We intend this
dedication to be an overt act of relinquishment in perpetuity of all present and future rights to this

software under copyright law.

THE SOFTWARE IS PROVIDED "AS IS", WITHOUT WARRANTY OF ANY KIND, EX-
PRESS OR IMPLIED, INCLUDING BUT NOT LIMITED TO THE WARRANTIES OF MER-
CHANTABILITY, FITNESS FOR A PARTICULAR PURPOSE AND NONINFRINGEMENT.
IN NO EVENT SHALL THE AUTHORS BE LIABLE FOR ANY CLAIM, DAMAGES OR
OTHER LIABILITY, WHETHER IN AN ACTION OF CONTRACT, TORT OR OTHERWISE,
ARISING FROM, OUT OF OR IN CONNECTION WITH THE SOFTWARE OR THE USE OR
OTHER DEALINGS IN THE SOFTWARE.
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