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ABSTRACT OF DISSERTATION 

MULTIFRACTAL ANALYSIS OF THE EFFECTS OF RAINFALL AND Ks ON 

SURFACE INFILTRATION AND RUNOFF

This research analyzes the effects o f rainfall and saturated hydraulic conductivity (K.,) 

on surface infiltration and runoff using numerical experiments in the framework of 

universal multifractal (UM) model.

A set o f criteria is first defined based on radial power spectrum of a physical field for 

its scaling in general and for fitting the UM model in particular. Then a technique is 

developed to estimate the UM model parameters o f non-conservative multifractal fields. 

The estimation approaches for both conservative and non-conservative fields are 

evaluated and demonstrated to produce estimates with good to excellent accuracy.

A physically based, distributed rainfall-runoff model, named DIMBRR, was developed 

for the study on surface infiltration and runoff. The event-based DIMBRR model 

employs the Green-Ampt model for infiltration and the kinematic wave model for 

routing. The routing hierarchy of a watershed is defined based on the D-infinity flow 

direction model. DIMBRR model is calibrated using data collected from the sub- 

watershed 11 of the USDA-ARS Walnut Gulch experimental watershed.

To analyze the effects o f driving fields (rain and Kg) on surface infiltration and runoff, 

a series o f rainfall and Ks fields are generated including both random, non-scaling fields 

and multifractal fields produced using the UM model. By varying the UM model
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parameters based on physical considerations, rain and Ks fields with various 

characteristics are obtained. These rain and Ks data are then fed into the DIMBRR model 

to produce space-time infiltration and runoff processes. The scaling properties o f these 

watershed processes are then analyzed to find the impact from the rain and Ks fields 

mainly in terms of the connections among the UM model parameters from the input and 

the output fields. Some o f the major findings from this research are: 1) Ks, rather than 

rain, determines if the resulting infiltration field is scaling after an adjusting period; 2) 

some model parameters from both rain and Ks fields have a strong impact on infiltration 

while only rain parameters have a significant influence on runoff; 3) infiltration fields are 

usually non-homogeneous while runoff fields are usually homogeneous; 4) if  an 

infiltration field becomes more singular (localized large infiltration rates) in time, it 

usually also becomes more sparse on average and more homogeneous; 5) a runoff field 

always becomes more singular in time, yet it also becomes more space-filling on average.

Huan Meng 
Department o f Civil Engineering 

Colorado State University 
Fort Collins, CO 80523 

Spring, 2004
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Chapter 1 

INTRODUCTION

1.1 Problem Descriptions

The observed variability o f rainfall, landscape topography, soil properties, infiltration, 

soil moisture, erosion, and crop yield has been o f great interest to the agriculture 

community for many years. Generally, research has been focused on: 1) incorporating 

spatial-temporal variability, and uncertainty o f soil, plant, weather, and management 

parameters in models o f production and environmental impact, ranging from field to farm 

ecosystem scales; and 2) developing models o f surface and subsurface water and mass 

flow networks appropriate for various landscape types and scales. A significant amount 

research has been done on these subjects at the USDA Agriculture Research Service 

(ARS), e.g. Green et al. (2001), as well as other organizations worldwide. In accordance 

with the aforementioned research themes, this work will focus on the space-time 

properties o f two specific watershed processes in the hydrological cycle: surface 

infiltration rate and surface runoff. In addition to applications in agriculture, surface 

infiltration and runoff during rainfall events are also vital components in studies such as 

watershed modeling, groundwater and surface water quality, land-atmosphere feedback 

for global climate study, and sub-grid scale parameterization o f general circulation model 

for numerical weather prediction, to name but a few.
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The importance o f surface infiltration has been realized for many years and numerous 

studies have been devoted to the subject. Previous research on infiltration, however, has 

contributed primarily to our understanding o f point infiltration process. As stochastic 

process both in space and in time, surface infiltration is characterized by considerable 

spatial and temporal variations. This feature leads to large variations in model 

parameters. Attempts to incorporate such variability into so-called equivalent 

parameters, and to replace point infiltration parameters with these equivalent parameters 

have largely proved fmitless. In general, such approaches are inadequate to describe the 

complexity o f the processes under study, due to the lack of parameter variability at field 

or even larger scales. To improve modeling capability and accuracy o f various processes 

related to infiltration, there is clearly a great need for better understanding of the complex 

patterns o f infiltration both in space and in time, and a need for the development o f new 

methods to model infiltration at field scales.

Surface runoff is also a stochastic process marked by great spatial and temporal 

variability. In the literature, runoff studies are generally confined to streamflow in 

channel network, or are a by-product o f research on other related processes such as 

erosion and solute transport. Unfortunately, the space-time properties o f surface runoff 

are rarely a primary study objective, even though they are an important component o f  the 

water cycle and play a vital role in the re-distribution o f excess rainfall. It is thus highly 

desirable to dedicate research to surface runoff and methodically explore its space-time 

structure.

Scaling theory is an excellent approach to dealing with stochastic processes across 

scales, provided the processes are scaling. The development and application o f scaling
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techniques in geophysical research has become increasingly popular over the last two 

decades. Some of the main driving fields o f infiltration and runoff processes have been 

found to possess scaling behavior, including rainfall, hydraulic conductivity, channel 

network, and topography (Over and Gupta 1996, Tessier et al. 1996, Marson et al. 1996, 

Liu and Molz 1997, Lavallee et al. 1993). Moreover, some fields that are subject to a 

significant influence from infiltration, such as soil moisture, have also been shown to 

have scaling properties (Rodriguez-lturbe et a l ,  1995, Peters-Lidard et a l,  2001). Since 

surface infiltration and runoff are the combined result of the non-linear interactions 

among some scaling fields, it is logical to hypothesize the scaling nature o f infiltration 

and runoff processes. Thus, this research will be conducted on the basis o f scaling 

theory.

1.2 Research Objectives

The overarching objective o f this study is to acquire a more clear understanding of the 

spatial and temporal structures o f surface infiltration and runoff processes through the 

exploration o f the effects o f driving fields, namely rainfall and saturated hydraulic 

conductivity, on infiltration and runoff using numerical experiments in the framework of 

scaling. More specifically, this research will proceed as follow:

(1) a scaling model will be chosen for the generation o f scaling rainfall and saturated 

hydraulic conductivity fields;

(2) parameters for the scaling model will be determined for simulating the rainfall and 

saturated hydraulic conductivity fields based on literature and physical considerations; 

these model parameters will be systematically varied to represent rainfall and saturated 

hydraulic conductivity fields with various combinations o f characteristics;
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(3) a series o f non-scaling rainfall and non-scaling saturated hydraulic conductivity fields 

will be generated;

(4) a series o f scaling steady rainfall and scaling saturated hydraulic conductivity fields 

will he generated using the model chosen in (1) above, and the parameters set in (2) 

above;

(5) a series o f space-time scaling rainfall processes will be generated using the same 

model and model parameters as used in (4) above; these space-time rainfall fields will 

essentially be the combinations of steady rain and advection;

(6) a physically based distributed rainfall-runoff model will be developed which will 

produce space-time surface infiltration rate and runoff processes;

(7) the rainfall-runoff model developed in (6) above will be calibrated and verified using 

rainfall and runoff data collected from a chosen watershed;

(8) the non-scaling rainfall and saturated hydraulic conductivity fields generated in (3) 

above are inputted to the rainfall-runoff model to produce infiltration and runoff 

processes; these two watershed processes are analyzed for the effect o f non-scaling 

forcing on the processes;

(9) the scaling steady rain fields and the scaling saturated hydraulic conductivity fields 

generated in (4) above are inputted to the rainfall-runoff model, and the resulting 

infiltration and runoff processes are analyzed for their space-time scaling properties and 

the effect o f scaling steady rain and scaling saturated hydraulic conductivity on the output 

processes;
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(10) the scaling space-time rainfall generated in (5) above are input to the rainfall-runoff 

model, and the resulting infiltration and runoff processes are analyzed for their space­

time scaling properties and the effect o f the input fields with the added dynamics.

1.3 Expected Contributions

A physically based, distributed rainfall-runoff model will be developed in this research 

for the study o f surface infiltration and runoff. This model will employ one of the best 

algorithms available for determining flow path, have functionality to define the routing 

hierarchy throughout a watershed or any study area, take in rainfall that varies both in 

space and in time, compute infiltration and excess rainfall dynamically, route the excess 

rainfall as overland flow, and finally route channel streamflow to the outlet o f the 

watershed or to the boundary o f the study area. This model will be calibrated and 

verified using separate sets o f data collected from a watershed.

This study will also improve the understanding o f the spatial and temporal structures of 

the surface infiltration and runoff processes from the scaling perspective. The rainfall- 

runoff model will output infiltration and runoff as space-time processes. The scaling 

properties o f these processes will then be quantified and analyzed, revealing the 3D (2D 

in space, ID in time) structure o f the processes.

By definition, a scaling process is scale invariant. For stochastic processes such as 

infiltration and runoff, scale invariance is represented in probabilistic terms, as elaborated 

in the following chapter. Thus, if  infiltration and runoff are shown to be scaling, their 

scaling properties as described in the following chapters will not only be valid for the 

scale adopted in this study, but will also apply to the processes at a range o f scales, 

although work beyond this research is needed to quantify such range.
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Another important contribution expected from this research is the elucidation of 

connections between infiltration and runoff and their driving forces in the framework o f 

scaling. By analyzing the two watershed processes as the outcome o f rainfall and soil 

inputs that have various scaling characteristics, the scaling properties o f the watershed 

processes could be linked to those o f the input fields in a systematic way. The 

significance o f each aspect o f the driving fields will be identified in terms o f their impact 

on infiltration and runoff processes. Additionally, non-scaling input fields will be used to 

drive watershed responses. The analyses o f the output fields will reveal the effects o f 

such non-scaling fields on infiltration and runoff as compared to the effects o f scaling 

input fields.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 2 

LITERATURE REVIEW

This chapter consists o f  a literature review o f the four topics pertaining to this 

study; scaling theory, rainfall-runoff models, surface infiltration, and surface 

runoff.

2.1 Scaling Theory Review

The most fundamental characteristic o f a scaling system is its scale invariance, i.e. 

its small and large-scale (statistical) properties are related by a scale-changing 

operation involving only the scale ratio (Tessier et a l ,  1993). Two types o f scaling 

processes are observed in the physical world: simple scaling, and its generalization, 

multiscaling. Generally, if  a complex geophysical process or field is scaling, it will 

most likely obey multiscaling rules.

2.1.1 Simple Scaling

The notion o f simple scaling has its origin in the characterization of stable 

distributions, and was generalized to its present form by Lamperti (1962). Gupta and 

Waymire (1990) presented a detailed account o f the theory o f simple scaling, as well 

as some examples o f simple scaling processes. They (Gupta and Waymire, 1990) 

defined a random field {Y(20}, indexed by x e D, as being simple scaling if  its jo int 

distribution functions have the following property:
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P{K-^Y,{x,)< ;C % ( x „ )<  y j  = F [y (x ,) < ..., Y ( x J <  y„], V (2.U

and A> 0, where xi, ..., ^  is an arbitrary set o f index points, A is a scaling parameter, (9 is 

the scaling exponent, and Yx(^ = Y(h^. Note that Y i(^  ^  Y (^ . The distributional 

equalities o f eq. (2.1) are often denoted (Boes, personal communication)

or

d

which says that the random field {X^Yx(^} has the same distribution as the random field 

{Y(^}. An even more compact notation, suppressing the index, is

Yx = ^%

In this study, the index set will be space and two-dimensional. This definition o f simple 

scaling is often too restrictive to be applied in practice. Rather, two more practical 

scaling relations are often applied. They are moment scaling

£[¥,'] = X<‘E[r’] (2 .4)

which is equivalent to

\ogE [Y /] = qO \ogA + log^[F ,n  (2.5)

and power spectrum scaling for isotropic fields

E (k ) ' -k -^  (2 .6)

where £ ( )  indicates power spectrum, which is the modulus squared o f the Fourier 

amplitudes in the Fourier space of the field, k  represents a wave vector modulus and P is 

power spectral exponent. In the time domain, the spectrum becomes a function o f
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frequency with the same form. Note that eq. (2.6) holds true for all scaling fields whether 

they are simple scaling or multiscaling (introduced in the next section). As indicated by 

eq. (2.5), the q-ih moment o f a simple scaling field has a log-log linear relationship with 

scale. The slope o f the fitted regression line will be a linear function o f the order of 

moment, q. In the language o f fractal, a simple scaling field is defined by one fractal set 

and corresponds to a single fractal dimension, i.e. a simple scaling field is mono fractal.

Efforts have been made to apply simple scaling models to various fields in hydrology 

since the early 1980's (Lovejoy 1981). However, the contradiction between such models 

and observed data have made it clear that simple scaling is too restrictive to hold for

complex geophysical processes. In fact, multiscaling is a more general framework for

scale-invariant nonlinear dynamics.

2.1.2 Multiscaling

Instead o f simple scaling, real-world dynamic systems are sometimes observed to be 

multiscaling, a notion first introduced by Grassberger (1983), Hentschel and Procaccia 

(1983) in their work on turbulent cascade. The following relationship holds for some 

geophysical processes

= (2-7)

which is equivalent to

lo g £ [7 /]  = K (q)logA  + \ogE[Y,^] (2-8)

where Yx is the X,-scaled random field {Y (^ /, K(q) is a non-linear function of the order o f 

moment, q. As displayed in the above equation, the moments are still log-log linear with 

scale, but the slope o f the moments versus order o f moments is no longer linear.
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A multiscaling field corresponds to a series o f random scale functions rather than a 

single deterministic function as in the case o f simple scaling. Each o f these scale 

functions is defined by a fractal subset which has its often unique fractal dimension or 

rather codimension (the difference between the dimension o f space and the fractal 

dimension) (Schertzer and Lovejoy, 1987). Therefore, a multiscaling field is also called a 

multifractal field (Parisi and Frisch, 1985).

2.1.3 Random Cascade -  Multiplicative Process

Multiscaling, or multifractals, provide the appropriate theoretical framework for 

scaling nonlinear dynamical systems. By using stable multifractal generators in 

multiscaling models (Chapter 3), for instance, many o f the details o f the dynamics 

become irrelevant (Tessier et a l ,  1993). This quality makes multiscaling models an 

attractive tool to study complicated geophysical processes such as rainfall, infiltration and 

runoff. Unlike some other natural processes such as fully developed turbulence, there are 

no governing equations for these geophysical processes.

A popular class o f multiscaling models is the set o f multiplicative cascade models, 

which originated from the statistical theory of turbulence (Kolmogorov, 1941). 

Turbulent eddies o f larger scale break up into smaller eddies and transfer their kinetic 

energy to the new eddies. This process proceeds in turbulence and creates a cascade that 

is scale invariant and conserves energy from scale to scale. The construction o f the 

random cascade model is based on the phenomena observed in turbulence. Through a 

multiplicative process, a random cascade generates new ‘pieces’ at each scale, which are 

products o f  some multipliers associated with its predecessors at all previous scales. 

Yaglom (1966) was the first researcher to develop a three-dimensional discrete random

10
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cascade. Mandelbrot (1974) introduced what is termed as a ‘canonical’ cascade, which is 

a variant o f Yaglom's model. A canonical cascade conserves energy on average. By 

contrast, a ‘microcanonical’ cascades conserves energy everywhere in space and at each 

scale.

The development and applications o f random cascade theory have been very active 

in many fields including hydrology, especially in rain-related fields. Schertzer and 

Lovejoy (1987) first proposed that rain variability could be directly modeled as a 

turbulent cascade process. As noted by Over and Gupta (1994), the application o f 

random cascade theory to rainfall is based on two observations; first, that rainfall 

fields appear to have scaling structure that can be described by random cascades; 

secondly, rainfall fields are clustered in space. It is observed in mesoscale rainfall 

that a rainfall intensity hierarchy exists where rain cells with high intensity are 

embedded in areas with medium rainfall intensity, which are embedded in larger areas 

with low intensity, and so on. An unknown conserved property is taken as the 

analogy o f energy flux when a random cascade is used to model rainfall. As the 

underlying process for rainfall, this conserved property concentrates into smaller 

regions o f space as the cascade proceeds to higher resolution, yielding the observed 

high spatial variability in rain field.

One type o f widely used cascade models is discrete random cascade. It is reviewed 

here briefly as an introduction to the construction of a random cascade. The multiscaling 

model adopted in this study - universal multifractal model - will be elaborated upon in 

Chapter 3. The presentation o f discrete random cascade models herein will closely 

follow Gupta and Waymire (1993).

11

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Wo

The mathematical construction begins with 

a given mass density, Wq, distributed 

uniformly over some bounded domain (Fig.

2.1), for example, a unit square J = [0, 1] .̂ J 

is subdivided into b = sub-squares o f side 

length 1/N where b is called the branching 

number. Now distribute the mass density Wo 

over each of the b sub-squares, J(ai) (ai = 1,

2 , . . . ,  b), as W o W ,(l) ,  W o W ,(2 ) , ..., WoW,(b), 

respectively, where the Wi's are mutually
Figure 2.1 Schematic o f two-dimensional

independent, identically distributed random cascade with branching number b = 4
(reproducedfrom Gupta and Waymire,

variables, denoting W. W is called generator.

In addition, it is required that E[W] = 1, which means that the ensemble average o f the 

mass density Wo is conserved after this redistribution. This constraint is set in order to 

respect the energy-flux conservation requirement in turbulence. At the next step o f the 

cascade construction, each o f the sub-squares J(a i) is further subdivided into b sub- 

squares o f side lengths 1/N^, say J(a i, 0 2 ), a i, 0 2  = 1, 2, ..., b. The mass density 

WoWi(cti) is redistributed as WoWi(ai)W 2(a 2), where the W2 ’s are independent o f the 

WTs and Wo and are independently and identically distributed (iid) random variables as 

W with mean one. This construction is shown schematically in Fig. 2.1 for N  =  2. The 

cascade construction continues iteratively, such that at the n-th generation, the unit square 

J is divided into = b" sub-squares o f side length or spatial scale 1 =  1/N". Each of 

these sub-squares is denoted by Jn = J(cti, ai, CTn), cji= 1, 2, ..., b; i = 1, 2, ..., n. The

12
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random mass density in J„ is denoted by the product W (ai, 0 2 , On) = 

WoWi(c7i)W2(CT2)---Wn(a„). The path leading to J„ through the n generations is denoted 

by (ai), (a i, 0 2 ),.--, (0 1̂, cf2 , O n ) .  The total mass (measure) En(Jn) in the sub-square Jn

is

(2.9)

where the mass density y/„(x) is given by

¥ n { x ) =  n ^ y ’ x &J „  (2.10)
j €  path to J„

with the constraint E[Wj] = 1.

If  the cascading process continues, it can be shown that Sn will converge to a limit 

mass fix). If the limiting mass is degenerate, the mass distribution will be almost surely 

zero throughout the bounded area. Otherwise, the limiting cascade distribution will show 

highly singular behavior, i.e. the mass field goes to infinity at some points and goes to 

zero over most o f the area.

2.2 Rainfall-Runoff Model Review

A vast number o f rainfall-runoff models have been reported in the literature. Only a 

few distributed rainfall-runoff models will be mentioned here. Woolhiser et al. (1990) 

and Smith et al. (1995) introduced an event-oriented kinematic runoff and erosion model 

called KJNEROS. Instead o f being in a grid format, the watershed in this model is 

divided into a cascade o f planes and channels so it qualifies as a distributed model. The 

KINEROS infiltration sub model is based on the work by Smith and Parlange (1978), and 

excess rainfall is routed using the kinematic wave model. James and Kim (1990)
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proposed a two-dimensional hydrodynamic model to simulate uncoupled overland and 

channel flow routing for a single storm event. Excess rainfall calculated by the Green- 

Ampt infiltration equation is routed as overland flow using a two-dimensional diffusion 

wave implicit scheme. Scoging (1993) built a distributed overland flow model that 

adopts a one-dimensional kinematic wave equation for the spatial and temporal 

prediction o f flow depth. A flowline sub component determines the character o f flowline 

through vector analysis. No splitting in flowline in a pixel is allowed. Ogden and Julien 

(2002) developed a raster-based, two-dimensional rainfall-runoff model, CASC2D. It is 

a physically based distributed parameter model that calculates surface runoff as the result 

o f the Hortonian runoff production mechanism. CASC2D uses the Green-Ampt equation 

to determine infiltration rate, a two-dimensional diffusion wave model to rout overland 

flow with an explicit finite difference scheme, and a one-dimensional explicit diffusion 

wave model or implicit dynamic model for channel routing. This model requires 

significantly more input data than traditional approaches. Yoo (2002) proposed an event- 

based rainfall-runoff model which combines four sub models to describe the surface 

rainfall runoff, subsurface flow with infiltration, river discharge, and groundwater flow. 

Its major algorithms are based on the theoretical description o f the physical processes, but 

it also incorporates some conceptual approaches to evaluate the individual or joint effects 

on the whole processes. Its hydrograph is developed based on the assumption o f linear 

superposition and has a shape represented by a double triangle. Equations are given for 

peak discharge and peak time, which are functions o f hydrograph shape, infiltration 

depth, and time o f concentration among other factors. The infiltration component o f the
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model is a combination o f several existing infiltration models such as Green & Ampt. 

All the relevant equations are solved using finite difference scheme.

2.3 Surface Infiltration-Related Review

It has long been realized that infiltration at the soil surface is a stochastic process with 

spatial heterogeneity because, like many other geophysical fields, infiltration is a 

combined result o f several heterogeneous processes or fields including rainfall, soil 

properties, vegetation, and topography, etc. Various stochastic approaches have been 

employed to deal with the problem o f infiltration. Among them. Mailer and Sharma 

(1981) assumed lognormal distributions for the parameters in the Philip's two-parameter 

infiltration model and analyzed the corresponding distribution of infiltration flux. Dagan 

and Bresler (1983) took advantage o f Green and Ampt's moving front concept and the 

assumption of effective parameters to derive the expectation and variance o f the water 

flux as function o f depth and time. Sivapalan and Wood (1986) derived cumulative 

distribution o f ponding time from lognormally distributed saturated hydraulic 

conductivity (Ks) by using derived distribution theory. Based on this distribution, they 

obtained some quasi-analytical expressions for the statistics o f surface infiltration. The 

mean and variance o f infiltration appeared to be functions of rainfall and statistics o f K,, 

especially mean and coefficient o f variation. Govindaraju, et al. (2001) provided 

expressions for describing the ensemble-averaged field-scale infiltration as well as for 

predicting the time it took for a given areal depth o f water to infiltrate into soil. These 

expressions were valid if  the saturated hydraulic conductivity was represented by a 

homogeneous correlated lognormal random field, and infiltration followed the Green- 

Ampt model. Olsson et al. (2002) conducted a scaling study on spatial variability o f
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infiltration in field soils based on digitized images o f dye infiltration from experiments 

carried out on three sites. Their research showed that infiltration in field soils were o f 

multiscaling type. They also fitted the universal multifractal model, which is used 

extensively in this study, to the dye infiltration data and found that the simulated fields 

reproduced key features o f the observed data. This work is actually outside the realm of 

surface infiltration, but is included here because o f its close connection with the subject 

and the analytical approach it took, which is very relevant to this study.

As described above, the majority o f the work done in the area o f spatial distribution o f 

infiltration is based on the traditional statistical or stochastic approaches. The outcomes 

o f the studies are usually expressed as the general statistics o f the infiltration fields that 

are only suitable to the scale at which the studies were conducted. The only research that 

was conducted in the framework o f scaling (Olsson et a l ,  2002) was about infiltration in 

the soils. While the underground process is closely related to the water flux at the 

surface, the research by Olsson et a l  (2002) ultimately deals with a different problem, 

although its analytical framework is rather similar to that o f this study.

2.4 Surface Runoff-Related Review

Many studies on runoff are confined to the spatial or temporal variations o f channel or 

river flow. Even research designed to inspect the spatial and/or temporal variations o f the 

hydrological responses o f a watershed to various factors usually use runoff at single 

points, usually outlets o f watersheds, to evaluate such effects. This observation also 

holds true for scaling studies on runoff. The following literature review will reflect this 

fact.
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Gupta et al. (1996) studied the scaling properties o f spatial peak flows as a result of 

simulated rainfall at a real basin. In one experiment, a random, spatially uniform rainfall 

was instantaneously applied to the basin. The magnitudes of the resulting peak flows in 

different sub-basins were found to be simple scaling. In another experiment the rain field 

was generated using a random cascade model (Section 2.1.3) and was applied 

instantaneously to the basin, showing that the resulting peak flows are multiscaling. In a 

Study o f flood quantiles, Gupta and Dawdy (1995) explored the regional flood frequency 

relations and their underlying physical generation mechanisms. Using data from three 

states in the USA, they computed the scaling exponents of the power law relationship 

between flood quantiles and drainage areas and found clear variations in the exponents 

from different regions in each state. These variations suggested that floods generated by 

melting snow are simple scaling, whereas floods generated by rainfall are multiscaling. 

These conclusions were also supported by their (Gupta and Dawdy, 1995) rainfall-runoff 

experiment and research on the spatial scaling structure of mesoscale rainfall. Tessier et 

al. (1996) worked with time series of daily rainfall and river runoff from 30 catchments 

with basin sizes o f 40 to 200 km^ and used spectral analysis to identify the types and 

extents o f the scaling regimes o f the data. A scale break at about 16 days was found in 

both river flow and rainfall time series. Tessier et al. (1996) associated this break with 

the ‘synoptic maximum’, the time scale o f processes o f planetary spatial scale. The 

universal multifractal (Chapter 3) parameters were then estimated for the two scaling 

regimes. Causal simulations o f rain and river flow time series were performed based on 

the scaling properties obtained from the data. Finally, the researchers showed that the 

low-frequency rainfall series and the corresponding river flow series could be linked by a
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linear scaling transfer fiinction, and such connection in the high-frequency regime 

required nonlinear transforms. The work by Pandey et al. (1998) on daily river flow also 

found the data being multifractal and supported the basic findings by Tessier et al. 

(1996). The universal multifractal parameters they (Pandey et al., 1998) derived for daily 

river flow data from 19 river basins showed no systematic basin-to-basin variation. 

Pandey et al. (1998) presumed that this reflected the space-time multiscaling o f both the 

rainfall and the runoff processes. Merz and Bardossy (1998) applied a quasi-three- 

dimensional, event-based model to a small catchment to explore the influence o f spatial 

variability on the runoff. They compared the model outputs from soil parameters that 

were randomly distributed, and that had structured spatial variability, and found that the 

two cases yielded very different runoff. It was also showed that spatial variability in soil 

moisture could have a dominant influence on the rainfall runoff behavior. Canton et al. 

(2002) carried out both field and model studies on the overall runoff from three small 

catchments in a desert area that was characterized by a high variability in surface cover, 

soil properties, and topography. The catchments, each with different surface type, were 

monitored for three years and the data were used to find out the effect o f different soil 

surface on the catchment runoff. Analyses on the data proved that the soil surface units 

(defined as terrain units with the same cover, soil type, and landform) within the study 

area responded differently to natural rainfalls. Canton et al. (2002) explained the 

observed responses by the types o f cover, topographical characteristics and soil 

properties. A simple distributed model was built in this study and the model results also 

showed the influence o f the spatial distribution o f soil surfaces on the overall runoff. Joel 

et al. (2002) studied the scale effect on the runoff process under natural field and rainfall
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conditions. The cumulative rainfall and runoff were sampled every 5 minutes at 3 plots 

o f size 50 m^ and 12 plots o f size 0.25 m^. The scale effect on runoff was found to be 

significant. On average, large plots yielded only 40% o f the total runoff produced on 

small plots per unit area.

Two main points stand out from the above review: (I) hydrological processes related 

to surface runoff are shown scaling on various spatial and temporal scales; (2) spatial and 

temporal variation in rain, and spatial variability in watershed properties (soil, 

topography, scale, etc.) play a vital role in determining the characteristics o f surface 

runoff. Both o f these points serve as the basis for this study.
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Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 3 

UNIVERSAL MULTIFRACTAL MODEL AND ESTIMATION OF 

PARAMETERS

The scaling model used in this study for generating rainfall and saturated hydraulic 

conductivity fields is the universal multifractal model developed by Schertzer and 

Lovejoy (1987). This model also sets the framework for the scaling analyses performed 

on surface infiltration and runoff in Chapters 5 and 6. As this model plays such a central 

role in this research, it will be introduced first in Section 3.1. Section 3.2 describes the 

criteria used in this study for determining a scaling field in general, and a universal 

multifractal field in particular. The chapter concludes by examining the approaches for 

estimating universal multifractal model parameters in Section 3.3, including a new 

estimation technique developed here, as well as an analysis o f the estimation accuracy.

3.1 Universal Multifractal Model

As introduced in Section 2.1.2, a multifractal field is characterized by a fractal 

dimension function (Feder, 1988) rather than a single fractal dimension. It is not easy to 

fully describe a multifractal field because o f the infinite number o f fractal dimensions 

associated with it. However, Schertzer and Lovejoy (1987) proposed a universal 

multifractal (UM) model which completely defines a multifractal field by only three
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parameters. What follows is an overview o f the UM model from the perspective o f 

model application.

To build a discrete random cascade, multiplication of mutually independent and 

identically distributed (iid) random variables is required on progressively smaller scale 

(Section 2.1.3). In the UM model, however, these random variables are replaced by iid 

random variables on the same predefined scale. Schertzer and Lovejoy (1987) showed 

that by transforming of these iid variables, the final field converges to a Levy stable 

distribution. This is elaborated as follow. Denote the iid variables as (A, is 

resolution, i = 1,2, ..., N, where N is a positive integer) and their logarithms as then 

the multiplication o f the iid variables corresponds to the addition o f their logarithms, i.e.

(3.1)

yields

1=1

N

F = V  F (32)• /t
/=i

where Fn,x is called the generator o f the multifractal field. Equation (3.2) is normalized 

by N'^“ s o  that

1 ;V

V = — !— Y f
“  ̂ (3.3)

then the re-centered S« (so its expectation is zero) will converge towards a member o f the 

Levy stable distributions (Feller, 1971). This class o f distributions has the property that 

the distribution is preserved under convolution, e.g. the re-centered Sahas the same 

distribution as Fx'̂ '̂  in eq. (3.3). The characteristic function o f Levy stable distribution is 

(Samorodnitsky andTaqqu, 1994, Section 1)
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E exp (i0 S )
exp{-cr" 1 1“ [1 -  ifiisignd) / 2)] + ijnd} i f  a  ^  \

(3.4)

exp {-cr \6 \ [ \  + i p { H  {sign In | |] + iju9} i f  a  = \

where

signO

1 i f $ > 0

0 i f  9  = 0 (3.5)
-1  i f 9 < 0

and a  (0 < a  < 2) is the Levy index or the characteristic exponent; p (-oo < p < oo) is the 

shift parameter; a  (a  > 0) is the scale parameter; and P (-1 < P < 1) is the skewness 

parameter. It is noted that Cauchy and Gaussian distributions are two special cases of 

Levy distributions with a  equal to 1 and 2, respectively. In the UM model. Levy index a  

is an important parameter that defines the multifractality (degree of multifractal in 

comparison with monofractal) o f a field. Other parameters o f the Levy distribution are 

set as p = 0, a  = 1, P = -I. Thus, exponentiation o f a generator that has a Levy or 

Gaussian distribution will in effect be equivalent to the multiplication o f iid random 

variables after some mathematical operations as described below.

It can be proved (Appendix 3.1) that the energy spectrum of the generator (eq. (3.2)) as 

proposed by Schertzer and Lovejoy (1987) must be a ‘1/f noise’ (having a wavenumber 

spectrum E(k) q c  k'^ where k  is wavenumber vector modulus) for the generated field to be 

multifractal. This requires an appropriate weighting factor being applied to the generator 

in the Fourier space. The generator also needs to be filtered for wave number greater 

than X so the physical field will be smooth at scales smaller than X’’ as X,’' is the 

resolution o f the field. The formulas for generating a conservative (or homogeneous) 

physical field, , using UM model are (Pecknold et a l, 1993)
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e, =e

C
Ha

a - l

(3.6)

(3.7)

where is the Fourier transform o f generator F^; 3  ' represents inverse Fourier

transform; a  is Levy index ; C/ is another UM model parameter, it is called codimension 

of the mean process and defines the sparseness o f the average level o f the field (Lavallee 

et al., 1993); k  is wavenumber vector and k  is wavenumber vector modulus; S  is Levy 

noise in Fourier space; d  is the dimension of the underlying space; a ’ is related to a  

through 1/a  + 1 /a ’ = 7; and /c is a factor that makes up the difference between a 

continuous Fourier transform and the discrete fast Fourier transform (FFT). The 

multiplication o f term is for achieving a ‘1/f noise’. The function f { X , k )  is 7 for ^ 

< X and decays exponentially iox k >  X to filter out wave numbers greater than X. The 

equations for generating a Levy white noise are given by Chambers et al, (1976):

S{a) .

sin«(<I) - O q)
(cosO) Ha

cos(d> -  «(3> -  <I>o)) 
W

( -  -  (b)tanO  + ln(  )
2 7t-lQ >

Oq = —( I - I I - q ;  | ) / a  
K

(3.8)

(3.9)

where O is a uniform random variable on (-n/2, n/2), and W is a standard exponential 

deviate, with O and W mutually independent. The process described above is actually a 

fractional integration of order d /a ' Finally, the weighted noise is transformed back into 

real space and is exponentiated to give the conservative physical field .
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UM model draws a parallel between a non-conservative (or non-homogeneous) 

physical field and the velocity field in turbulence (Schertzer and Lovejoy, 1987). The 

non-conservative velocity field, v, is linked to the conservative energy flux from large to 

small scales through dimensional analysis as

(3.10)

where Av is the velocity fluctuation; ^  is the conservative energy flux; and X is scale. In 

analogy with eq. (3,10), a non-conservative physical field, R, is linked to a conservative 

quantity, e, through

(3.11)

where A/? is the fluctuations o f the R  field; H is the non-conservation parameter and 

measures the degree o f (scale by scale) non-conservation of the R field (Pecknold et al., 

1993). H is the last o f the three fundamental UM model parameters (the other two are a  

and C/). In Fourier space, the relation expressed by eq. (3.11) translates to

(3.12)

or

A/?, (3.13)

where the tilde sign represents Fourier transform. Thus, the fluctuation o f a non­

conservative field can be derived fi-om the underlying conservative field by filtering it 

with in the Fourier space. This operation is called fractional integration o f order H (H 

> 0). It has the effect o f scale-invariant smoothing of the conservative field (Schertzer 

and Lovejoy, 1987). The inverse operation, fractional differentiation where a non­

conservative field is filtered by (H > 0), can be used to get the underlying conservative
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field of the non-conservative field (Lavallee et a l,  1993). In practice, parameter a in eq.

(3.11) is almost always taken to be 7.

In summary, Schertzer and Lovejoy (1987) turned the multiplicative proeess in a discrete 

cascade into the addition o f generators in the UM model by working with the logarithm o f 

a multifraetal field. They further showed that the addition of the generators will converge to 

Gaussian or Levy stable distributions, and a multifraetal field can be built from a generator 

that is based on a Gaussian or Levy noise. Since a stable distribution only has a few 

parameters, the multifraetal fields generated using UM model in turn only depend on a few 

fundamental parameters. Specifically, the fundamental parameters are Levy index, a ; 

codimension for the mean process, Cj; and non-conservation parameter, H. Levy index 

characterizes the degree o f multifi'actality. As a  -> 0, simple scaling field results; a  = 2 

corresponds to lognormal multifi'actals. C] measures the sparseness o f the average 

intensity o f the field. Ci = 0 represents a space-filling field. If  Ci > d (dimension o f the 

underlying space), then the intensity o f the field almost surely vanishes everywhere. H 

indicates the deviation o f the observed field fi-om the underlying conservative (or 

statistically homogeneous) field. H = 0 represents a conservative field (Lavallee et a l,  

1993). Appendix 3.2 shows how these three parameters determine the two functions that 

completely describe a multiscaling field, le. the moment scaling function (moment slope), 

K(q), and the codimension function, c(y). Figure 3.1 shows 6 multifractal fields that have 

different parameter combinations to demonstrate the effects of each parameter.

3.2 Scaling Criteria

This section is divided into two parts. The first part introduces the methods used in 

literature, including the method adopted in this study, for checking whether a given field
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( a ) a - 7 J ,  Cj = 0 . 1, H=0. 0 ( b ) a = l J ,  Cl ^ 0.35, H = 0.0

( e ) a =  1.3, Ci = 0.1, H  = 0.1

(c) a  = 2.0, Cl = 0.1, H = 0 . 0  ( d ) a  = 2.0, C] = 0.35, H  = 0.0
I

( r ) a = 1 . 3 , C i ^ 0 . 1 , H = 0 . 4

low high

Figure 3.1 Multifractal fields with different UM model parameters
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is scaling. A detailed analysis is conducted in an effort to quantitatively define a scaling 

criterion for this research. The second part o f the section concerns the criteria for 

evaluating the fitness o f the UM model to a scaling field.

3.2.1 General Scaling Criteria

A few approaches have been reported in the literature to assess the scaling behavior o f 

a given field or process by exploring their moment, structure function, and power 

spectrum, etc. A brief description o f these methods follows.

A conservative scaling field has the following property by definition (Schertzer and 

Lovejoy, 1987; Gupta and Waymire, 1990)

where s  is field intensity; A is resolution; q is the order o f moment; and K(q) is the 

moment scaling function. Thus, the moments o f a conservative scaling field will have a 

logarithm linear relation with scales. The slopes o f the regression line for each order, q, 

is the moment scaling function, K(q), which is linear for a simple scaling field and 

convex for a multiscaling field. This approach is only appropriate for checking the 

scaling o f conservative fields.

The order structure function o f a field Q is

o . i s )

where r is distance; and h is distance increment. I f  Q is a scaling field, the following 

relation holds with a scale invariant structure function exponent, (^(q) (Monin and 

Yaglom, 1975; Schmitt et a l,  1995; Liu and Molz, 1997)

(3.16)
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where A may be a function of q but not h. Equation (3.16) shows that the structure 

function o f a scaling tield has a log-log linear relation with the distance increment. Since 

the structure function is defined on the basis o f the increment o f a field or process (eq. 

(3.15)), this approach is especially well suited for assessing the scaling o f non- 

conservative fields.

The popular power spectrum method is chosen in this study for checking whether a 

field is scaling. Equation (3.17) is the formula for computing power spectrum o f a 2D 

field (derived from an IDE program for computing radial power spectrum at 

http://www.astro.washington.edu/deutsch-bin/getpro/librarv28.html7PSDT Note the 

symbol E ()  in eq. (3.17) represents power spectrum, not moment.

E{k) = l ; t k \ R { k ) \ -  P-17)

where R is the Fourier transform of a physical field under study, | /? | is the Fourier 

amplitude; and k  is wavenumber modulus

k = ^k^-  + k^- (3.18)

where

/ - I

n j l

\ < 1 <  —  
2

2

(3.19)

and

7 - 1
n , ! 2

7 - « v - l
n , J2

1 <  /  <  —  
2

< j <  riy
(3.20)
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where nx and ny are the numbers o f pixels in the X and Y directions, respectively. Power 

spectrum has the following property if the field is scaling.

E { k ) ^ k ^ ^  (3.21)

Figure 3.2 shows the power spectrum of a climate proxy temperature time series from 

Greenland ice-core records (Schmitt et al., 1995). Since a ID time series is the study 

subject in this particular case, the independent variable is fi’cquency, / ,  rather than 

wavenumber, k.

ui

o

 1    < ■ > .....r"
-2 ,5  *2.0  - * , »  -1.0  0.5  0,0  0.5

Figure 3.2 Power spectrum o f  climate proxy temperature time series (from Schmitt et a l, 
1995). Symbol f  represents frequency.

Radial power spectrum is used in this research because the studied fields are embedded 

in a 2D space. Radial power spectrum is obtained by angular integration in Fourier 

space. When using the power spectrum approach, an intrinsic assumption is made that 

the field being examined is isotropic. However, radial power spectrum will largely 

average out the effect o f spectral anisotropy (Falco et at., 1996). Another issue about 

power spectrum is the sample size. The relation expressed by eq. (3.21), like other power 

law relations in the scaling theory, only holds on average, i.e. a large sample size is 

required for the equations to be accurate (Lavallee et a l ,  1993). The equation will be
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broken on a single realization (sample size = 1). For instance, large variation is always 

observed in the spectrum o f a single field (Figure 3.2). The power spectrum method can 

be applied to both conservative and non-conservative fields directly. This is because the 

fluctuation o f a non-conservative field has the same power spectrum slope, -p, and 

linearity as the non-conservative field itself. It is these two characteristics rather than the 

power spectrum itself that are relevant in scaling analysis.

The applications o f power spectrum method in literature are mostly qualitative. An 

effort was made in this study to use the approach in a quantitative manner so certain 

criteria are set for evaluating whether a given field is scaling. For a field to be scaling, 

two conditions must be met:

1) The logarithm of the power spectrum is a linear function o f the logarithm of the 

wavenumber, i.e. the power spectrum is a straight line in a log-log scale.

2) The slope of the straight line in the log-log domain (-P) is less than 0, i.e. P > 0. This 

states that more prominent features of a field (corresponding to smaller wavenumber) 

contribute more to the power than finer features (corresponding to larger wavenumber) 

do. This is the usual case for scaling physical fields. It is noted here that white noise in 

2D space has P = -1 (slope = I). This can be derived fi'om eq. (3.17).

To quantify the linearity o f power spectrum, a modified variable is employed which 

is based on the conventional (0 < R  ̂ <. 1). The equation for computing the 

conventional R  ̂is given below.

R^ =
« Z ( ^ / T / ) - ( Z ^ , ) ( 1 ] T / )

.  /=1 1=1 !=1

2

(=i (=1
-  ( E t , ) '

i=l

(3.22)
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where >», is the corresponding value o f a real data point v, { i^  I, n) on the regression 

line. This definition o f is not an ideal measure for accessing linearity because it is 

angle (of regression line) dependent. Figure 3.3 illustrates this point with the power 

spectrum of a runoff field (Chapter 6) and its replica with an angle shift, i.e. the two lines 

have the same variations around their respective regression lines. The figure shows that 

the values o f the two lines are drastically different.

2.5

Original 

Alter angle shift
log(B(k)) = -log(k)+0.6413 

R" = 0.9898

w
logCHk)) == -0.0251 log(k) + 0.6413 

= 0.0576

1- 1.6 .4 1.2 ■0.8 - 0.6 -0.4 - 0.2 0

log(k)

Figure 3.3 Radial power spectrum o f  runoff fie ld from  steady scaling rain fie ld  (ur = 
1.2, Cm = 0.1, and Hr = 0.2) and scaling Ks fie ld  (uks = 2.0, Ciks = 0.01, andHKs = 
0.2) at 150 min, and its replica with an angle shift.

To overcome the above-mentioned problem, all power spectrums are transformed to 

slope = -1 using the following equation before their R^ values are calculated.

log(£"(A:)) = log(£'(A:))-(l + 5)log(A:) (3.23)

where E ’(k) is the power spectrum after the angle shift; and s is the slope o f the original 

power spectrum. This modified R^ instead o f the conventional R  ̂ is used throughout the 

rest of the study. To determine a threshold modified R  ̂ (the word ‘modified’ is dropped 

hereafter for brevity) that can be used as an indication o f a linear spectrum in the log-log 

domain, an experiment is conducted whereby a number o f multifraetal fields is generated
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using the UM model and the values o f their logarithm power spectrums are calculated. 

Table 3.1 lists the UM model parameters (a , Ci, and H) o f the 108 cases tested.

Table 3.1 UM Model Parameters o f  the 108 Cases fo r  Determining Threshold

Case
# a c, H Case

# a c, H Case
# a c, II R-

1 1.2 0.1 0.0 0.94 37 1.4 0.5 0.2 0.94 73 1.8 0.4 0.0 0.94
2 1.4 0.1 0.0 0.96 38 1.6 0.5 0.2 0.94 74 1.8 0.01 0.2 0.97
3 1.6 0.1 0.0 0.96 39 1.8 0.5 0.2 0.94 75 1.8 0.05 0.2 0.97
4 1.8 0.1 0.0 0.96 40 2.0 0.5 0.2 0.94 76 1.8 0.2 0.2 0.95
5 2.0 0.1 0.0 0.96 41 1.2 0.5 0.4 0.92 77 1.8 0.4 0.2 0.94
6 1.2 0.1 0.2 0.94 42 1.4 0.5 0.4 0.94 78 1.8 0.01 0.4 0.97
7 1.4 0.1 0.2 0.96 43 1.6 0.5 0.4 0.94 79 1.8 0.05 0.4 0.97
8 1.6 0.1 0.2 0.96 44 1.8 0.5 0.4 0.94 80 1.8 0.2 0.4 0.95
9 1.8 0.1 0.2 0.96 45 2.0 0.5 0.4 0.94 81 1.8 0.4 0.4 0.94
10 2.0 0.1 0.2 0.96 46 1.2 0.01 0.0 0.94 82 1.2 0.1 0.1 0.94
11 1.2 0.1 0.4 0.94 47 1.2 0.05 0.0 0.94 83 1.2 0.1 0.3 0.94
12 1.4 0.1 0.4 0.96 48 1.2 0.2 0.0 0.93 84 1.2 0.1 0.5 0.94
13 1.6 0.1 0.4 0.96 49 1.2 0.4 0.0 0.92 85 1.2 0.3 0.1 0.93
14 1.8 0.1 0.4 0.96 50 1.2 0.01 0.2 0.94 86 1.2 0.3 0.3 0.93
15 2.0 0.1 0.4 0.96 51 1.2 0.05 0.2 0.94 87 1.2 0.3 0.5 0.93
16 1.2 0.3 0.0 0.93 52 1.2 0.2 0.2 0.93 88 1.2 0.5 0.1 0.92
17 1.4 0.3 0.0 0.94 53 1.2 0.4 0.2 0.92 89 1.2 0.5 0.3 0.92
18 1.6 0.3 0.0 0.95 54 1.2 0.01 0.4 0.94 90 1.2 0.5 0.5 0.92
19 1.8 0.3 0.0 0.94 55 1.2 0.05 0.4 0.94 91 1.4 0.1 0.1 0.96
20 2.0 0.3 0.0 0.94 56 1.2 0.2 0.4 0.93 92 1.4 0.1 0.3 0.96
21 1.2 0.3 0.2 0.93 57 1.2 0.4 0.4 0.92 93 1.4 0.1 0.5 0.96
22 1.4 0.3 0.2 0.94 58 1.4 0.01 0.0 0.96 94 1.4 0.3 0.1 0.94
23 1.6 0.3 0.2 0.95 59 1.4 0.05 0.0 0.96 95 1.4 0.3 0.3 0.94
24 1.8 0.3 0.2 0.94 60 1.4 0.2 0.0 0.95 96 1.4 0.3 0.5 0.94
25 2.0 0.3 0.2 0.94 61 1.4 0.4 0.0 0.94 97 1.4 0.5 0.1 0.94
26 1.2 0.3 0.4 0.93 62 1.4 0.01 0.2 0.96 98 1.4 0.5 0.3 0.94
27 1.4 0.3 0.4 0.94 63 1.4 0.05 0.2 0.96 99 1.4 0.5 0.5 0.94
28 1.6 0.3 0.4 0.95 64 1.4 0.2 0.2 0.95 100 1.8 0.1 0.1 0.96
29 1.8 0.3 0.4 0.94 65 1.4 0.4 0.2 0.94 101 1.8 0.1 0.3 0.96
30 2.0 0.3 0.4 0.94 66 1.4 0.01 0.4 0.96 102 1.8 0.1 0.5 0.96
31 1.2 0.5 0.0 0.92 67 1.4 0.05 0.4 0.96 103 1.8 0.3 0.1 0.94
32 1.4 0.5 0.0 0.94 68 1.4 0.2 0.4 0.95 104 1.8 0.3 0.3 0.94
33 1.6 0.5 0.0 0.94 69 1.4 0.4 0.4 0.94 105 1.8 0.3 0.5 0.94
34 1.8 0.5 0.0 0.94 70 1.8 0.01 0.0 0.97 106 1.8 0.5 0.1 0.94
35 2.0 0.5 0.0 0.94 71 1.8 0.05 0.0 0.97 107 1.8 0.5 0.3 0.94
36 1.2 0.5 0.2 0.92 72 1.8 0.2 0.0 0.95 108 1.8 0.5 0.5 0.94

The parameters shown in Table 3.1 cover a wide range o f parameter combinations. 

They are chosen in such a manner that the first 45 cases examine the effect o f a  under 

different Ci and H, cases 46 to 81 explores the effect o f Ci, while cases 82 to 108 cheek
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the effect o f H. For statistical accuracy and to be consistent with the numerical studies 

later on, 25 experiments are carried out for each o f the 108 cases and the average o f the 

25 values is used in analysis. Figure 3.4(a) shows the average power spectrums o f the 

first 10 cases listed in Table 3.1; the histogram of the 25 fi’om the first case (a = 1.2, 

C l = 0.1, FI = 0.0) is shown in Figure 3.4 (b); and the average R^ values o f all the cases 

are displayed in Figure 3.4 (c). The large R^ variation observed in Figure 3.4 (b) 

demonstrates the necessity o f performing multiple experiments. Figure 3.4 (c) reveals 

that the R  ̂ values o f the 108 cases are fairly high with an average o f 0.945 and indicate 

good linearity in all the cases tested. The pattern present in this figure also indicates that 

R^ is dependant o f input scaling parameters, especially a  and Ci (refer to Table 3.1). 

Based on the above analysis, a value of 0.9 is set in this study to be the reference R^ 

threshold for assessing the logarithm linearity o f power spectrum. More specifically, the 

following factors are taken into consideration in choosing this reference value:

i) As indicated in Figure 3.4 (c), the average R  ̂ value from the 108 cases is 0.945. 

This average value is derived from the multifraetal fields generated using UM model. These 

fields supposedly have better defined scaling properties than real data which are plagued 

with uncertainties involved in the processes of obtaining the data. For instance. Figure 3.2 

demonstrates the level o f noise that might be present in the power spectrum o f a real 

physical field. Even in the case of numerical simulations such as in this study, the data 

fields (infiltration and runoff) are also under the influences o f uncertainties introduced by 

model assumptions and by numerical approximations of the real watershed processes, etc. 

Such uncertainties could lower the R  ̂ of the data fields significantly. Therefore it is 

reasonable to relax the R  ̂threshold to a lower value than the average R^ from the 108 cases.
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Figure 3.4 (a) Log-log p lo t ofpower spectrums o f  multifractal fields (the lines have been 
offset fo r  clarity), each line represents the average power spectrum from  100 fields with 
the same UM model parameters; (b) histogram o f  the first case in Table 3.1; (c) 
values o f  the 108 average power spectrums.
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ii) A generated scaling field such as rainfall usually has smoother power spectrum than 

a derived field such as infiltration. The latter is subject to the influences from rainfall, 

soil (Ks) and topography (especially channels) among some other factors, and the 

complex interactions o f these driving factors. It is conceivable that such derived fields 

will have noisier power spectrum and thus lower than the generated fields. Figure 3.5 

illustrates this point by comparing three pairs o f rain and the corresponding infiltration 

power spectrums from one o f the cases cited in Chapter 5.

iii) A wide range o f values are observed in the above analysis. Figure 3.4(a) shows 

that even a generated scaling field may have non-linear power spectrum at the high end 

o f the wavenumber (e.g. cases with a  = 1.2). Since the rainfall and the Ks fields used in 

this research are generated using the UM model, the influence o f their power spectrums is 

expected to propagate to some of the output fields. Henee, such variation in the R  ̂

should be taken into consideration when choosing the R^ threshold forjudging the scaling 

o f the output fields.

- • - R a i n  1 

- i — Rain 2 

«  Rain 3

M l

M 2

lnf3

R =0.9081 
R^= 0.9346

©

R  ̂= 0.9309 
R  ̂= 0.9562

10 -

= 0.9461 
R̂  = 0.9525

-1.3 -0.91.5 -0.7 -0.5 -0.3 - 0.1 0.1 0.3

logio(k)

Figure 3.5 Comparison o f  three sets o f  power spectrums ofsteady rains (a =  1.2, 
Cl =0.1, andH  = 0.0) and their corresponding infiltration fields at 150 min. after 
rain starts.
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It is noted that = 0.9 is intended to be an indicator o f scaling behavior rather than a 

cutoff value for scaling field. It will be physically unrealistic to impose such a strict 

cutoff value. Thus, two terms are used in this study to describe a field as “strongly 

scaling” or “weakly scaling” depending on if  its is above or below but close to 0.9. 

Only fields with R  ̂values much smaller than 0.9 can be determined to be non-scaling. 

3.2.2 Criteria for Fitting UM Model

For a conservative multifractal field that fits in the UM model framework, its moment 

scaling function K(q) (eq. (3 .14)) can be predicted tfom its UM model parameters (eqs. 

(A3.17) and (A3.19) in Appendix 3.2). The agreement between the predicted and the 

estimated K(q) has been used in literature as evidence o f various physical fields and 

processes being described by the UM model. However, this approach suffers from two 

constraints. The first one is the divergence o f the moments for order q > qo, where qo is 

the critical moment, due to a phenomenon called the first-order multifractal phase 

transition (Schertzer et al., 1993). This critical moment is equal to the slope o f the 

algebraic tails o f the probability density distribution, i.e. (Pandey et at., 1998)

Pr(£’̂  > s ) « s~^‘’ fo r  .s » 1  (3.24)

Secondly, for any finite number o f samples, there is also a maximum order moment that 

can be reliably estimated. This maximum order is denoted as q* and can be determined 

by UM model parameters and the spatial and sample dimensions. The second-order 

multifraetal phase transition is responsible for the existence o f the maximum order 

moment (Schertzer et al., 1993; Pandey et al., 1998). Besides the above two constraints, 

the determination of the theoretical moment scaling function is only for conservative 

field, i.e. it involves only two UM model parameters, a  and Ci.
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The UM model also links the slope of the logarithm of power spectrum, -p, to its 

parameters through the following equation (the same as eq. (A3.24) in Appendix 3.2)

^ _ ^ - l | C , ( 2 - - 2 )  (3.25)
2 2 ( a - l )

or

a - l

As shown in Appendix 3.2, the derivation o f eq. (3.25) involves the theoretical formula 

for computing moment scaling function (eq. (A3.17)). Thus, using eq. (3.26) to examine 

the fitness o f the UM model to a scaling field is equivalent to using the moment scaling 

function technique. Besides keeping in line with the general scaling criteria adopted in 

this study, eq. (3.26) also has the advantage o f being a function o f all three UM model 

parameters. This feature is important for this research because most o f the scaling fields 

included in later chapters are non-conservative. However, this technique (hereafter 

denoted as P-technique) also has its own shortcomings. As shown in Figure 3.4 (a), for 

instance, the power spectrum of a scaling field may not be a straight line as wavenumber 

increases. Therefore in such cases, the value o f p is very sensitive to the portion o f a log- 

log power spectrum line used for deriving the slope.

To form a general guideline for using the P-technique in later chapters, the slopes of 

the 108 average power spectrums in the last section are calculated and analyzed below. It 

was found through experiments that the estimated P are generally closest to the 

theoretical P if the portion o f a power spectrum corresponding to the lowest 10 or fewer 

wavenumbers is used in estimation. Thus, the slope o f the log-log power spectrum is 

usually estimated using the first 5 to 10 points in the rest o f the study. Figure 3.6 shows
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the average power spectrums of the first 5 cases in Table 3.1 along with their respective 

regression lines.

-i^a lpha= 1 .2 , C l=0.1 , H=0.0 

-«-a^)ha= 1.4 , C l“ 0.1, H^O.O 

.  a^3ha= 1.6,01=0.1, H=0.0 

-~»~-alpha=1.8,01=0.1, H=0.0 

a^iha=2.0,01=0.1,11=0.0

e

-0.5 -

-0.3-1.3 1.1 -0.9 -0.7 -0..5 - 0.1 0.1-1.5

Iogi(i(k)

Figure 3.6 Average power spectrums o f  the firs t 5 cases in Table 3.1 and their respective 
regression lines (the lines have been offset fo r  clarity).

Figure 3.7 compares the estimated P of the 108 cases in Table 3.1 with the theoretical P 

values predicted using eq. (3.26). Parameters a  and Ci used for die theoretical predictions are 

estimated from the generated (underlying) conservative fields (Section 3.3.1 and 3.3.4). 

Parameter H is taken to be the input H as this parameter is generally accurately reproduced 

(Section 3.3.4). It is noted that the 108 cases include both conservative and non-conservative 

multifractal fields. The pattern observed in Figure 3.7 reveals the sensitivity o f P to the scaling 

parameters (refer to Table 3.1). Compared with the dieoretical predictions, it is clear that p is 

generally overestimated if both a  and Ci are large, and underestimated if both parameters are 

small. The overall root mean square difference (RMSD) between the theoretical P and the 

estimated P of the 108 cases is 0.0427. This is a very small RMSD considering the sensitivity 

of P to the estimation method.
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Figure 3.7 Comparison o f  theoretical and estimated /3 o f 108 midtifractal cases 

The P-technique is employed in Chapter 5 for evaluating the suitability o f fitting UM 

model to the various scaling infiltration fields. Compared to the above 108 cases, a much 

larger degree o f uncertainty is involved in the application o f the technique to the 

infiltration fields as elaborated in Section 5.3.4. Thus, no attempt is made herein to set a 

general quantitative criterion for fitting UM model to a scaling field.

3.3 Estimation of Model Parameters 

Needless to say, an accurate estimation o f model parameters is essential to the success 

o f the numerical studies carried out in this research effort. This section introduces some 

o f the methods used in the literature for estimating the three UM model parameters, 

followed by a technique developed in this study for refined estimation o f the parameters. 

The last part o f this section evaluates the estimation approaches by comparing the input 

and the estimated model parameters o f a series o f multifractal fields.

3.3.1 Estimation of a  and Ci
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The most effective method for estimating a  and Ci o f a conservative scaling field was 

the Double Trace Moment (DTM) technique developed by Lavallee (1991). The basic 

idea of the technique is to introduce a second moment q by transforming the highest 

resolution scaling field er  into its q-th power where resolution X' is the ratio o f the 

scale o f the field (i.e. the largest scale) to the smallest scale o f homogeneity. The relation 

between the moment o f this new field and the scale yields the ‘double’ moment exponent 

K(q, q) (Lavallee, 1991; Lavallee etal., 1993):

E (3.27)

where the first summation (i) is over all disjoint sets covering the field at resolution X (A, 

< A.'); the second summation (j) is over all pixels o f the largest resolution V  in each set of 

resolution A; the ensemble average E [] is over all the realizations; q and q are the 

powers o f the moment; and d is the dimension o f the physical field. For the slope o f the 

double trace moment, following relationships hold

C,
a - \  
C,rjq\o%{q),

(3.28)

That is

and

\og\K{q,q)  \cca\og{r])

C, 7 = 1

(3.29)

(3.30)
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Thus, a  can be estimated from a simple plot o f loglK(q, ri)| versus log(r|) for fixed q. Ci 

is then obtained using eq. (3.30). Figure 3.8 shows a sample log-log plot o f |K(q, q)! 

against r\. Two values o f q are used in this case: q = 1.1 and q = 2.0. They give 

consistent estimations o f a  and C]. Logarithm of |K(q, r|)| will deviate from the straight 

line at too low or too high values o f q, so the range of q used in this study is usually from 

0.1 to 0.5. Parameter a  and Ci o f any conservative fields are estimated using the DTM 

technique throughout this study.

o q =  l . l  

X q = 2.0
-0.5 -

-2.5 -

q =  l . ! : a  = 1.2168, Cl =0.2508 
q = 2.0: a  = 1.2132, Ci = 0.2533

-4.5

-2.5 •2 -1.5 -0.5 0 0.5

log(n)

Figure 3.8 Log \K(q, tj)\ versus log(q) o f  a conservative scaling fie ld  with q = 1.1 and q 
= 2.0. The input parameters o f  the scaling fie ld  are: a  = 1.2, and Ci = 0.3.

3.3.2 Initial Estimation of H

Schmitt et al. (1995) and Liu and Molz (1997) introduced a method for estimating UM 

model parameter H of a non-conservative scaling field using structure functions. The 

following equation defines the q* order structure function

E[{AR,y  ] = ,£:[| R{z + h) -  R(z) \“ ] (3.31)
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where E[ ] is moment, R is a multifractal process, z is distance, and h is distance 

increment. If  q = 2, the above equation defines variogram. For scaling processes, the 

scale invariant structure function exponent, ^(q), (Monin and Yaglom, 1975) is defined 

by

= <'3.321

where A may be a function of q but not o f h, or

log{£[(AXJ’ ])oc^{?)log{*) (3.331

The structure function exponent, has the following relation with the three UM model 

parameters (Wilson et a l ,  1991)

C.
^{q) = q H  ^ ( q “ - q ) ,  a * l

a - \
G.34I

Thus H = ^(1). Figure 3.9 shows a sample log-log plot o f the first order structure 

function versus distance increment o f two generated non-conservative fields. The slopes 

o f the straight lines are the estimated H.

-5.2

Field 1: estm. H = 0.36

Field 2: estm, H = 0.40
-5.4 -

S’ -5.6 -

-5.7 -

-5.8

-5.9
0.4 0.6 0.8 1.2 1.40 0.2

log(h)

Figure 3.9 Log-log plot o f  the first-order structure function versus distance increment o f  
two non-conservative scaling fields with parameters a  = 1.2, Ci = 0.1 and H  = 0.4.
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This approach is adopted in this study to estimate ‘initial’ H. As explained in the next 

section, the ‘initial’ H estimate as well as the ‘initial’ a  and Ci estimates need to be 

further refined for more accurate results.

3.3.3 Refined Estimation of UM Mode! Parameters

Values o f the parameter H estimated using the approach as described in the last section 

inevitably would have some inaccuracy. Since H is needed for the fractional 

differentiation that yields the underlying conservative field from a non-conservative field 

(Section 3.1), and parameters a  and Ci are estimated from the conservative field, 

estimated a  and Ci become functions o f estimated H. It is found that the a  estimate is 

very sensitive to H. Figure 3.10 shows an example o f such sensitivity from a 

simulated (non-conservative) infiltration field which corresponds to a steady rain with 

input parameters a  -  1.2, Ci = 0.2, and H = 0.5 (Chapter 5). It is observed that the 

estimated a  value decreases rapidly when the estimated H falls into a tiny range around 

the true H. This characteristic is exploited in this study to find more accurate parameter 

estimates. The procedure for refined parameter estimation is summarized below.

i) An initial H estimate is obtained using structure function (Section 3.3.2)

ii) A search range is decided based on the initial H value.

iii) A series o f H values within the search range are determined with a small increment 

between any two consecutive values. For each trial H, a Iractional differentiation o f 

order H is applied to the (non-conservative) field with its minimum value removed 

throughout the field to achieve a ‘fluctuation’ field, and a  and Ci are calculated 

from the derived conservative field using DTM.
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Figure 3.10 Sensitivity o f  estimated a  to estimated H, (a) a  versus H  in the initial search 
range fo r  H, (b) a  versus H  in the refined search range fo r  H.

iv) If a ‘trough’ exists in a plot o f a  versus H (Figure 3.10), a smaller search range is

determined around the “trough”, and more trial-and-error is performed until the

-4 -7
difference between two consecutive estimated a  < 10 and/or H < 10 . The last set 

o f a . Cl and H are the final estimated multiffactal parameters. Figure 3.11 displays 

the estimated C] versus estimated H from the same field as the one used for Figure 

3.10.
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Besides the sensitivity o f the estimated a  to the estimated H, computer limitations also 

make it impossible to precisely recover the extremely small values (on the order o f 1 O'® 

or smaller) in the original underlying conservative fields when a fractional differentiation 

is performed. This is another source of the inaccuracy observed in the estimations o f 

a  and C]. Because o f these reasons, the above procedure tends to over- or under-estimate 

a  and Ci to a certain degree, but produces a remarkably accurate H estimate. This is 

demonstrated in detail in the next section.

0.025

•  estni

X  init estm

•  fill estm

0.02  -

0.015 -

0.01 -

0.005 -

0 4 -  - 

0.1 0.2 0.3 0.4 0.5 0.6
H

Figure 3.11 Estimated Cj versus estimated H

3.3.4 Evaluation of Estimated Parameters 

The estimated parameters are evaluated in this section to show the effectiveness o f the 

estimation techniques. The estimated parameters of some conservative fields are first 

examined before the evaluation of the estimated parameters of non-conservative fields. Since 

non-conservative fields are generated from their underlying conservative fields, the estimated 

parameters of the conservative fields serve as input parameters to the non-conservative fields 

and are essential to the statistical analysis of the estimated parameters of the latter.
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A conservative UM multifractal field is defined by two parameters: a  and C |. Nine 

pairs o f a  and Ci are used to generate conservative fields as shown in Table 3.2. With 

each pair o f the input parameters, 100 conservative fields are generated and the two 

parameters of each field are estimated using the DTM technique. Figure 3.12 (a) compares 

the input a  and the average a  estimates from the 100 fields. Figure 3.12 (b) shows the 

relative bias and the relative RMSE of the estimated a. These figures reveal that the 

estimated a  do not always agree with the input parameter. The discrepancy is the largest 

with small input Ci and small to medium a . On average (100 experiments), the relative 

biases o f the 9 cases range from -0.01 to 0.07, and the maximum relative RMSE is 0.09.

Tab/e 3.2 Input Parameters o f  Conservative Fields

a c ,
1.2 0.02
1.2 0.1
1.2 0.4
1.5 0.02
1.5 0.1
1.5 0.4
2 0.02
2 0.1
2 0.4

The estimated Ci o f the 9 cases are compared to their corresponding input parameters 

in Figure 3.13 (a). The statistics o f the estimated Ci are shown in Figure 3.13 (b). The 

difference between the estimated and the input Ci increases with Ci. Flowever, the 

discrepancies between the two sets o f  values are also small with relative bias 

ranging from -0.12 to 0.06 and the maximum relative RMSE is 0.307 with most RMSE 

less than 0.15. As with estimated a , the largest relative RMSE is associated with small
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Cl and small to medium a. The above results indicate that the input UM model 

parameters are reproduced with good accuracy in the generated conservative fields.

To evaluate the estimated parameters o f non-conservative fields, 27 sets o f parameters 

(a , Cl, and H) (Table 3.3) are selected and 100 conservative and then non-conservative

(a)

2
HB—estm 

input1.8

1.6

1.4

1.2

4 6 8 100 2
case number

(b)

o
c«

0.1

■s— relative bias 
•Jit- relative RMSE

0.08

0.06

0.04

0.02

0

- 0.02
0 2 4 6 8 10

case number

Figure 3.12 Parameter a  o f  conservative fields, (a) comparison o f  the input a  and the 
average a  estimates from  100 fields; (b) bias and RMSE o f  the estimated a  o f  100 fields.

fields are generated for each set o f  parameters. The parameter sets cover a wide range 

o f parameter combinations. The DTM technique is used to first estimate a  and C i from 

the conservative fields, which then serve as the input parameters for the corresponding
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non-conservative fields. The procedure outlined in Section 3.3.3 is followed to derive the 

estimated parameters o f the non-conservative fields. Figure 3.14 (a) compares the 

average initial a  estimates, the average final a  estimates, and the input a . The initial a  

estimates are from the fields that are derived from fractionally differentiating the non­

conservative fields by order o f the initial H estimates. Again, the input a  are the 

estimated a  o f the conservative fields. Figure 3.14 shows the statistics o f the estimated a  

from the 100 fields. The following conclusions can be drawn from Figure 3.14 about the 

estimated a  o f non-conservative fields:

(a)
0.45
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0.35 -

0.25 -

0.15 -

0.05 -

4 6
case number
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(b)
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0.25 -

0.15 -
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■I -0.05 - 
- 0.1 -  

-0.15 -
0 2 4 6 8 10
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Figure 3.13 Parameter Ci o f  conservative fields, (a) comparison o f  the input Ci and the 
average Cj estimates from 100 fields; (b) bias and RMSE o f  the estimated Cj o f  100 fields.
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Table 3.3 Input Parameters o f  Non-conservative Fields

Case # a Cl H
1 1.2 0.02 0.1
2 1.2 0.02 0.3
3 1.2 0.02 0.5
4 1.2 0.1 0.1
5 1.2 0.1 0.3
6 1.2 0.1 0.5
7 1.2 0.4 0.1
8 1.2 0.4 0.3
9 1.2 0.4 0.5
10 1.5 0.02 0.1
11 1.5 0.02 0.3
12 1.5 0.02 0.5
13 1.5 0.1 0.1
14 1.5 0.1 0.3
15 1.5 0.1 0.5
16 1.5 0.4 0.1
17 1.5 0.4 0.3
18 1.5 0.4 0.5
19 2.0 0.02 0.1
20 2.0 0.02 0.3
21 2.0 0.02 0.5
22 2.0 0.1 0.1
23 2.0 0.1 0.3
24 2.0 0.1 0.5
25 2.0 0.4 0.1
26 2.0 0.4 0.3
27 2.0 0.4 0.5

i) It is crucial to perform the refined parameter estimation for more accurate a  

estimate o f a non-conservative field.

ii) Parameter a  is overestimated with small and medium input a  and especially 

with large input C[.

iii) Parameter a  is underestimated with large input a  and especially with small 

input Cl.
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Figure 3.14 Parameter a  o f  non-conservative fields, (a) comparison o f  the input a  and  
the initial and the fina l a  estimates; (b) bias o f  the initial and the final a  estimates; (c) 
RMSE o f  the initial and the fina l a  estimates.
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iv) The relative biases o f the final a  estimates range from -0.04 to 0.23, The 

maximum bias is with small input a  and large input Ci.

v) The relative RMSE o f the final a  estimates is less than 0.23. The maximum 

RMSE is, as with the bias, with small input a  and large input Ci.

Figure 3.15 (a) compares the average initial Ci estimates, the average final Cj 

estimates, and the input Ci. Figure 3.15 (b) and (c) respectively show the relative bias 

and the relative RMSE of the estimated Ci from the 100 fields. The conclusions drawn 

from this set o f figures are as follows:

i) It is crucial to perform the refined parameter estimation for more accurate Ci 

estimate o f a non-conservative field.

ii) Parameter Ci is overestimated with small to medium input a  and large input 

Ci.

iii) The relative biases o f the final Ci estimates range from -0.05 to 0.49. The 

maximum relative bias is with large input a  and small input Ci.

iv) The relative RMSE o f the final Ci estimates is less than 0.51. The maximum 

relative RMSE is, as with the bias, with large input a  and small input Ci.

Figure 3.16 (a) compares the average initial H estimates, the average final H 

estimates, and the input FI. Figure 3.16 (b) and (c) respectively show the bias and the 

RMSE of the estimated H from the 100 fields. The following conclusions can be 

obtained from this set o f figures:

i) It is crucial to perform the refined parameter estimation for more accurate H

estim ate o f  a non-conservative field. In fact, the errors in the in itial H
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Figure 3.15 Parameter Ci o f  non-conservative fields, (a) comparison o f  the input Ci and 
the initial and the fina l Ci estimates; (b) bias o f  the initial and the fina l Cj estimates; (c) 
RMSE o f  the initial and the fina l Ci estimates.
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estimates are the direct reason for the gross errors in the initial a  and Ci 

estimates observed in Figures 3.14 and 3.15.

ii) The final H estimates have excellent agreement with the input H. The only

noticeably differences are with large a  (a  = 2.0), especially with small Ci (Ci 

= 0.02). However, the discrepancies in H in these cases do not cause serious 

errors in the estimated a  and Ci as shown in Figures 3.14(a) and 3.15(a).

iii) The majority o f the relative biases o f the final H estimates range from -0.02 to

0.14 with one exception o f 0.76 when input a  = 2.0, Ci = 0.02 and H = 0.1.

iv) The relative RMSE of the final H estimates is mostly less than 0.47 with one

exception o f 0.91 which, again, is when input a  s  2.0, Ci s  0.02 and H = 0.1.

In summary, the refined parameter estimation technique developed in this study can 

produce accurate H estimates for most non-conservative fields, which in turn lead to 

generally good Ci and a  estimates. The cases with the maximum estimation errors are 

associated with either small a  and large Ci or large a  and small Ci,

3.3.5 Parameter Estimation using Quasi-Monte Carlo Technique 

As introduced in Section 3.1, the scaling fields generated using the UM model are 

based on Levy noise, i.e. the fields have a random nature. Therefore, a number o f fields 

with the same UM model parameters are generated for every multiffactal case presented 

in this Chapter. The averages o f the estimated parameters and other relevant values o f 

these fields are used in various analyses. This practice follows the concept o f Monte 

Carlo technique. The same procedure is applied in Chapter 5 and 6 for estimating scaling 

parameters and other variables o f the infiltration and runoff processes. A series of 

simulations is run in each case studied and the average quantities are analyzed for scaling
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behavior. This approach is labeled a quasi-Monte Carlo method because only 25 

experiments are conducted in most cases. The number o f ‘samples’ in this study is 

limited by the vast amount o f time it takes to more accurately estimate the scaling 

parameters o f non-conservative scaling fields and to perform any data analysis in the 

space-time rainfall cases because o f the large size o f the original rain fields (Section 5.4).
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Chapter 4 

DIMBRR RAINFALL-RUNOFF MODEL AND ITS CALIBRATION AND 

VERIFICATION

A physically based, distributed rainfall-runoff model, called the D-lnfmity Model 

Based Rainfall-Runoff (DIMBRR) model, has been developed in this work for the study 

o f watershed processes. It consists o f the following basic elements: flow path scheme, 

ponding time computation, infiltration computation, over-land flow routing, and channel 

flow routing. The first part o f this chapter describes the DIMBRR rainfall-runoff model, 

and the second part is devoted to the calibration and verification o f this model.

4.1 Rainfall-Runoff Model

4.1.1 Flow Path Scheme

There have been a few methods developed in the past two decades or so to determine 

flow directions on hillslopes based on grid digital elevation models (DEM). The earliest 

and simplest method is the single flow direction (SFD) algorithm, or D8, (O’Callaghan 

and Mark 1984) which assigns flow from each pixel to one o f its eight neighbors, either 

adjacent or diagonal, in the direction with steepest downward slope. The shortcoming of 

this model is the limitation o f flow direction to only eight possible directions. To 

overcome the problems o f the single tlow direction algorithm, multiple flow direction
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(MFD) methods were suggested by Quinn et al. (1991) and Freeman (1991) which 

distribute flow fractionally to each lower neighbor in proportion to the slope toward the 

neighbor. The disadvantage o f this approach arises from the dispersion o f flow from a 

pixel to all its neighboring pixels with lower elevation. Lea (1992) and Coasta-Cabral 

and Burges (1994) proposed two relatively more complicated models for specifying flow 

direction. While these models overcome the problems o f SFD and MFD models, they are 

hindered by the requirement o f fitting a plane to four pixel comers that are usually not on 

a plane. This problematic requirement can lead to inconsistent or counterintuitive flow 

directions. The model finally chosen for this study is a method proposed by Tarboton 

(1997), Deo (stands for infinite direction) model, which represents flow direction as a 

single angle (anywhere between 0 and 27t) based on the steepest downward slopes. It 

compared favorably to most other schemes available (Tarboton, 1997).

The basic concept o f this procedure is to first define eight facets for each pixel 

(Figure 4.1). In Figure 4.1 (a), there are nine pixels depicted in dotted lines and eight 

triangular facets centered at the eentral pixel. Figure 4.1 (b) shows a single facet and the 

symbols used in the computation o f slope and flow direction in that facet where dj (i = 1,

2) is distance between two pixels and e; (i = 1 ,2 , 3) symbolizes the elevation o f a pixel. 

Downward slope is represented by the vector (sj , S2 ) where

gQ-g| (4.1)
d,

e , (4. 2)

(̂ 2

The slope direction and magnitude for this facet are
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(a)

r = tan -1

5 =(5," + 5 2 “)2x1/2

(b)

(4.3)

(4.4)

Fig. 4.1 Layout o f  grid fo r calculation o f  slope inDaomodel (reproducedfrom Tarboton, 1997) 

The eight slopes for each pixel are compared and the maximum downward slope is 

chosen to be the slope for the pixel and the corresponding slope direction is the direction 

o f flow of this pixel. I f  this angle follows one o f the cardinal (0, n il, n, and 3n/2) or 

diagonal (tc/4, 3n/4, 5n/4, and ln /4 )  directions, flow from this pixel directs to only one 

downslope pixel. Otherwise, flow is apportioned into two downslope pixels according to 

how close the flow angle is to the direct angle to this pixel center. The watershed area 

contributing to each pixel can then be calculated based on flow directions o f all its 

upslope pixels. A threshold contributing area can be defined and any pixels with 

contributing area larger than the threshold value will be taken as channel pixels, i.e. 

pixels being part o f a channel.
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Since a one-dimensional routing scheme and an implicit finite difference method will 

be employed for DIMBRR model, it is essential to determine the flow path and the 

routing sequence pixel by pixel. This is accomplished with the aid o f flow direction at 

each pixel, which is obtained using Tarboton’s (1997) flow direction model. After flow 

paths are determined, routing can proceed in order. At each time step, the first set of 

pixels where infiltration and excess runoff are calculated is the pixels that do not take any 

inflows from their neighboring pixels. The next set o f pixels handled is the pixels that 

only receive inflows from the first set o f pixels, i.e. pixels that have already been 

operated. This cascading procedure proceeds until all pixels are dealt with. Then time 

advances one step and the same computation procedure is repeated. This routing process 

lasts until the end of the time period o f interest.

4.1.2 Ponding Time Computation

DIMBRR model assumes variable rainfall both in space and time. Such an 

assumption requires a ponding time formula that can handle variable rainfall rate. Smith 

and Parlange (1978) have developed a formula based on theoretical considerations which 

in principle suit any rainfall pattern. Broadbridge and White (1987) slightly improved 

this formula by changing its coefficient M from 0.5 to the range 0.5 < M < 0.66 with an 

average value o f 0.55. The final form of the formula for calculating ponding time with 

variable rainfall rate is

= M
K.e

In (4.5)

where R(t) is rainfall rate at time t; tp is ponding time; S(0i) is soil sorptivity at initial soil 

moisture content, 0,, S(0i) = [2 ( ^ -  9i)Key/f ' ,̂ <|) is soil porosity. Kg is effective hydraulic
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conductivity which is assumed to equal saturated hydraulic conductivity Ks in this study, 

\j/ is wetting front suction. It should be noted that R(t) in this formula represents rainfall 

rate only when there is no inflow or run-on from adjacent pixels. Should there be run-on 

before ponding occurs at a pixel, R(t) has to incorporate both rainfall and run-on. This 

feature is included in the DIMBRR model.

The required input data for the computation o f ponding time includes following 

fields: saturated hydraulic conductivity, rainfall rate, initial soil moisture content, 

porosity and wetting front suction for the computation o f sorptivity.

4.1.3 Infiltration Component

Infiltration excess runoff or Hortonian runoff is taken to be the mechanism for runoff 

generation in this study where overland flow occurs when rainfall intensity exceeds 

infiltration rate.

The Green-Ampt model is adopted for the computation of infiltration capacity,

R{t), for t < t

K M 0 * R W 2 . y , ) ( ^ - e , )
7(0 ^

where ic(t) is infiltration capacity rate at time t; h(t) is surface water depth; I(t) is 

cumulative infiltration. Before the time to ponding, infiltration at each pixel is equal to 

the rainfall rate. At each time step after the time to ponding, rainfall rate is added to 

surface water depth and infiltration capacity is computed from eq. (4.6). The actual 

infiltration rate is taken as the minimum of the infiltration capacity and the available 

water supply rate, i.e.

hit)
At

(4.7)
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It is also noted that infiltration rate equals surface water supply rate if  the latter is less 

than Ke.

The required data for infiltration computation includes the following fields: rainfall

rate, saturated hydraulic conductivity, wetting fi-ont suction, porosity, and initial soil

moisture content.

4.1.4 Overland Flow Routing

The average slope over the chosen study area (discussed in Chapter 5) is larger than

3%. Slope o f this magnitude is steep enough to satisfy the assumption o f a kinematic

wave model, i.e. the friction and gravity forces balance each other and the acceleration

terms and pressure terms can be neglected (Chow, et a l. Chapter 9, 1988). The

continuity equation for one-dimensional flow is

BA dQ _  j.. 1------— a (4.8)
dt dx

where A is area o f cross section o f control volume, Q is discharge, and q is lateral inflow 

per unit length. The momentum equation for kinematic wave is

(4.9)

where So is slope; and Sf is friction slope. Manning’s equation (Chow, et a l,  Chapter 9, 

1988) in SI units is

)
S A  1

Q = ^ A ^  (4,10)
nP^

or
3

nP^
1

S f i

3

(4.11)
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where n is Manning roughness coefFicient, and P is wetted perimeter. Taking the 

derivative o f A with respect to t in eq. (4.11) and combining the result with eq. (4.8) and

(4.9), an equation with Q(t) as the only dependent variable can be derived (Chow, et a l. 

Chapter 9, 1988)

dt 3

r 1 A
j V

2
\nP'^ J

dx 3
Q^q = 0 (4.12)

For overland flow.

P  = B

and

(4.13)

(4.14)
B

where B is pixel width, and h is surface water depth.

To numerically solve eq. (4.12) and (4.14), an implicit finite difference scheme will be 

adopted because o f its well-known stability and capability to handle relatively large time 

step. The following approximations are made for 5Q/5t, 5Q/5x, Q, and q

d Q ^ Q / - Q r
dt At

dQ ^  q !  -  a .
dx Ax

j , /O
Q

(4.15)

(4.16)

(4.17)

+<Ii (4.18)
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where Q / and Q,-’' ’ are respectively the discharge of pixel i at time step j and j-1, Q i ' is 

unknown, Qi-î  is the summation o f inflows from all immediate upslope pixels to pixel i 

at time step j. Axj* is the weighted average o f the distances between the center o f pixel i 

and the centers o f all immediate upslope pixels depending on their contributing inflows, 

qr* and qf*’’ are respectively the excess rainfall rate o f pixel i at time step j and j-1. 

Substituting eqs. (4.15) - (4.18) into eq. (4.12) and manipulating the result yields the 

equation for the unknown Q,-'

— Qi /  + -  Ax 5

f  i \
nB^

q ! = -

Q j ^ Q i e / '- '+ A r

(4.19)

Ar 3 1---
Ax 5

( 5

{Qi-n B ^

V 2  J

The water depth hf* can then be determined from eqs. (4.11) and (4.14)

h (4.20)

The initial condition is Qi® = 0 for all pixels in the study area. The boundary condition 

for a watershed is that inflow from outside the watersheds remains zero.

The required input data for overland flow routing includes the following fields: slope, 

and Manning roughness coefficient.

4.1.5 Channel Flow Routing

Channel pixels should first be carefully defined based on certain criteria. The same 

kinematic wave model used for overland flow is applied to channel tlow routing. In this
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study, the channels are assumed to have trapezoidal shape. It is assumed that channel 

bottom width is B, the slope for channel left bank is S l and for right bank S r. Then

C = —  + — (4.21)

h — h .
C vCy

+ -c (4.22)

P = B + h
V . S , s (4.23)

The numerical solutions for channel flow are

— a  / + -Ax ’ ' 5

a

r 2^ 
nP/^

1
Q j + Q -

Q r

At 3 1---
Ax 5

r 2^
nP/^

1
V " y

(4.24)

and

vCy
+ ■

C (4.25)

where

(4.26)

= B  + h, , / - i
(4.27)
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The main difference between channel routing and overland flow routing lies in the Qj.]̂  

and qi terms in eq. (4.24). For channel routing, Qi-i-' becomes the inflow from the 

immediate upstream channel pixel(s) instead of the summation of inflows from all the 

immediate upslope pixels. All inflows to pixel i from pixels other than channel pixels are 

added to the excess rainfall rate o f pixel / as lateral inflow qi.

Since the channel flow in the study area (Chapter 5) is o f intermittent nature, no base 

flow is assumed in the channels. Channel flow routing starts as soon as excess runoff 

occurs. Similar to overland flow routing, the requirements for channel routing include 

slope and Manning roughness coefficient data for all channel pixels.

Appendices 4.1 and 4.2 give the flowcharts o f routing schemes for overland flow and 

channel flow, respectively.

4.2 Model Calibration -  Theoretical Calibration 

The DIMBRR model was first tested on idealized overland flow over a uniform plane 

catchment whose overall length in the direction o f flow is L. The surface roughness, 

slope, and flow regime are assumed invariant in space and time. In all the numerical 

experiments in this section, Manning’s n is set to be 0.01, and slope o f the plane is 0.01. 

Analytical solutions exist for hydrographs in such an idealized watershed based on the 

kinematic wave assumption {e.g. Eagleson, 1970, Chapter 15).

Figure 4.2 (a) and (b) show the hydrographs at x = L both from theoretical prediction 

and from the numerical solution using the DIMBRR model. R denotes constant rainfall 

rate. Figure 4. 2 (a) represents the case o f tr > tc, where t, is storm duration and tc is the 

time of concentration, i.e. the time when flow from the farthest point in the watershed 

reaches outlet. Figure 4.2 (b) shows the case o f tr < tc. In both cases, the agreement
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between the theoretical and numerical solutions is very good with slight numerical 

dispersions at the beginning or ending parts o f steady runoff. Figure 4.3 displays the 

hydrographs when constant infiltration (/) is present. Figure 4.3 (a) and (b) show the 

cases o f tr > tc and tr < tc, respectively. Again, a good agreement between the theoretical 

and the numerical results is observed. Such agreements validate the overland flow 

routing part o f the rainfall-runoff model.

( a ) t r > t c (b ) tr  tc
0.012

anâ 'al 
o ruimorical

analytical 
o niffnerical0.01
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B 0.006
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Figure 4.2 Kinematic Wave Hydrograph, R = 10 cm/hr
(a) tr = 600 s, tc = 202 s, L = 64 m, analytical hydrograph obtained using eq. (A4.4)
(b) tr = 600 s, tc = 850 s, L = 700 m, analytical hydrograph obtained using eq. (A4.6)

(a ) t ,  2: tc (b ) tr  <  tc
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Figure 4.3 Kinematic Wave Hydrograph with Infiltration, R = 10 cm/hr, i = 5 cm/hr 
(a) tr = 600 s, tc = 267 s, L = 64 m, analytical hydrograph obtained using eqs. (A4.10) 
to (A4.12), (b) tr = 600 s, tc = 872 s, L = 460 m, analytical hydrograph obtained using 
PHK 144 14) tn 144 IQ)
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4.3 Model Calibration -  Calibration on Watershed

It should be emphasized that the ultimate purpose o f the calibration and verification o f 

DIMBRR model on an actual watershed is to prove the acceptability o f the model as the 

rainfall-runoff model for the study on scaling properties o f watershed processes in the 

next chapter.

The watershed used for the DIMBRR model calibration is subwatershed 11 o f the 

Walnut Gulch Experimental Watershed near Tombstone, Arizona. The reason for this 

choice is (a) the extensive data availability from this watershed, and (b) the hydrological 

and climatological similarity between this watershed and the chosen study area in 

Colorado.

Research on rangeland hydrology was initiated on the Walnut Gulch Experimental 

Watershed in 1953. This watershed is currently under the management o f the Southwest 

Watershed Research Center o f USDA-ARS, with its headquarters in Tucson, Arizona. 

Over the years, scientists from the center have collected a massive amount o f rainfall, 

runoff, and other hydrological data on the watershed, making it a valuable data source for 

studying hydrological processes in arid and semi-arid watersheds.

4.3.1 Watershed Description

Walnut Gulch is a semiarid ephemeral stream joining the San Pedro River at Fairbank 

in the southeastern Arizona. The watershed is representative o f approximately 60 million 

ha of brush and grass covered rangeland found throughout the semiarid southwest 

(Renard, a/., 1993).

Subwatershed 11 (W G ll) (30°44'32"N, 109°59'35"W) (Figure 4.4) is one o f 15 major 

subwatersheds o f the Walnut Gulch Watershed. It includes two stock ponds, 216 and
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218. The area o f the subwatershed is 786 ha including the pond contributing areas and 

635 ha excluding the pond contributing areas. There are 9 weighing-type recording rain 

gages on this subwatershed and one supercritical flume with a capacity o f 170 m^/s at the 

outlet o f the subwatershed (Figure 4.5). The major soil type on WGl 1 is sandy loam.

T«eaon

WAU^UT ©UiCHWALNUT GULCH

Subwatershed It

Ar«a 'TOnerlbutlng to i^ e k  
ponds 16and 16

Incised channel 
Swate

Figure 4.4 Walnut Gulch Experimental Watershed and sub-watershed 11
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The vegetation o f the lower 20% of the watershed is mainly desert shrub while the rest 

o f the watershed is covered with grass (SWRC, 1993). The drainage network on the 

watershed is composed o f 3 major channel branches. The north branch is incised with 

sandy bottom. The central branch is largely intercepted by the two stock ponds. The lower 

half of the south branch is incised and the upper part is swale (Woolhiser, et a l, 1990).

4.3.2 D ata Preparation 

DEM Data

The delineation o f W G ll  is based on a set o f 7.5-minute digital elevation model 

(DEM) data (http://edc.usgs.gov/products/elevation/dem.html). The data files are 

produced by the U.S. Geological Survey (USGS). The data has 30-meter resolution with 

the Universal Transverse Mercator (UTM) projection. Ninety percent o f the DEM data 

have a vertical accuracy o f 7-meter RMSE or better and 10 percent are in the 8 to 15 

meter range. These relatively large values o f RMSE are likely caused by a bias (incorrect 

reference elevation, so the relative elevations within the study area provide reasonable 

topographic attributes (Timothy Green, personal communication).

Delineation o f  Watershed

Recall that the watershed area contributing to each pixel can be calculated based on 

flow directions o f all its upslope pixels (Section 4.1.1). Thus, the W Gll  watershed is 

delineated by specifying its outlet pixel. The measured coordinate o f the W G11 outlet in 

the UTM projection is converted to a Cartesian coordinate that is set on the watershed 

(Figure 4.5). All the pixels directly and indirectly draining to the outlet pixel make up the 

entire W G l l  watershed. As shown in Figure 4.5, the agreement between the delineated 

boundary and the measured boundary is good.
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The stock pond 218 at the upper end o f WGl 1 drains to stock pond 216. Because of 

the significant transmission losses within the W Gl 1 channels, the spillage from the stock 

pond 216 is insignificant to be taken into consideration in the watershed runoff (SWRC, 

1993). So the area contributing to the stock ponds is excluded from the contributing area 

o f the WGl 1 throughout this study.

Channel Definition

Channels can be defined by giving a threshold contributing area. Any pixel that has 

contributing area larger than the threshold will be a channel pixel. The threshold for 

defining the channel network on WGl 1 is set to be 250 pixels (22.5 ha). This results in 

the channel network shown in Figure 4.5 -  a network that resembles well the measured 

channel network (Figure 4.4).
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Figure 4.5 Walnut Gulch Subwatershed 11
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Precipitation and Runoff Data

There are 12 rain gages on or near WGII  (Figure 4.5). To achieve better accuracy in 

rain rate estimations at all grid points, more rain measurements are desirable. Thus, rain 

records from rain gages on or near a larger watershed. Walnut Gulch subwatershed 8 

(WG8), are used for rain rate estimation (next section). WG8 covers an area o f 1326 ha. 

Figure 4.6 shows WG8, which includes W Gl 1 and has 31 rain gages on the watershed or 

nearby. Breakpoint rainfall records for most o f these rain gages are available from 1961 

to 1990 at the ARS Water Data Center database web site 

(ftp://hvdrolab.arsusda.gOv/pub/arswater/163/l.

Runoff data measured by Flume 11 at the outlet o f W Gl 1 can also be downloaded 

from the ARS Water Data Center database. Data is available from August 1968 to 

October 1977. This relatively short record becomes a limiting factor in the choice of 

rainfall-runoff events for calibration and verification as shown in later sections.
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Figure 4.6 Walnut Gulch Subwatershed 8
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K risins o f  Rain Fields

Spatial interpolation is required to obtain rain rate field at each time step on a regular 

grid from the measurements at the 31 rain gage stations. This work is accomplished by 

using ordinary kriging. Kriging is widely used in environmental sciences for data 

interpolation in space. It relies on the spatial dependence structure among the 

measurements in the form of variogram to determine the estimated values o f unsampled 

points. Since rain rate usually has rather strong spatial dependency at small scale, 

ordinary kriging is a good method to use here for rain rate estimation.

A variogram of the rain rate field is estimated using the following equation (ASCE Task 

Committee, 1990) and data are grouped together based on the distance between data pairs.

I A ' ( l * l ) r  •]

2N{\ h 1 )  M l

where denotes a vector; R( i,.) is measured rain rate at point ; | A | is the average 

distance between pairs o f data points belonging to a distance group; N(| h |) is the number

o f pairs o f data points belonging to the distance group represented by h . Since there are 

31 rain gage stations, 31 x 30 / 2 = 465 pairs o f stations can be obtained. The 

corresponding distances are binned into 12 groups. Table 4.1 gives the information about 

the grouped distances.

The full variogram model is (Marsily, 1986)

y{h) = C[1 -  <5(A)] + G)h^ ;i e  (0, 2) (4.29)

where h is distance, C is nugget effect, co and A, are constants, and^  (h) is the Kronecker 

S  which has the form
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d{h)-
\\, i f  h = Q (4.30)
[0, if  ^  0

A linear variogram model is adopted in this study where X = 1 and there is no nugget 

effect, i.e. the variogram model used in this study for rain field kxiging is

y{h) = (oh (4.31)

where o  is the slope at the origin.

Table 4.1 Information about Distance Groups for Variogram Estimation

Group

#

Group Lower Limit 

( X 30 m)

Group Upper Limit 

( X 30 m)

Average Distance 

(x 30m)

Number of 

Points

1 0 47 37.51 37

2 47 65 57.22 40

3 65 85 74.54 37

4 85 99 92.35 41

5 99 116 107.66 39

6 116 135 125.14 41

7 135 153 143.81 42

8 153 175 163.82 39

9 175 202 187.11 38

10 202 230 213.72 37

11 230 280 253.19 38

12 280 400 312.20 36
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There are two reasons for choosing linear variogram model. One is the support of 

some rain measurements (Figure 4.7), and the other is to be in accordance with the 

multifractal rain assumption that is used extensively in the next chapter. A process with 

linear variogram has an unlimited capacity for spatial dispersion, which is a characteristic 

o f multiffactal field. Figure 4.7 shows the variograms of rain fields at five different times 

from the rain event on September 13, 1975. They display reasonably well-defined linear 

trend for h < 100. Thus, h < 100 is used in the estimation o f o) for each rain field. As an 

example. Appendix 4.6 gives the co time series for the rain event on August 12, 1971.

—H~ t = 10 min
t = 15 min
t = 20 min
t - 25 min
t = 30 min

0 50 100 150 200 250 300 350
h (x 30 m)

Figure 4.7 Variograms o f  rain fields from  the rain event on Sept. 13, 1975 

Saturated Hydraulic Conductivity Field

Goodrich (1990) carried out an extensive study on W G ll  and divided the saturated 

hydraulic conductivity, Ks, into six categories based on soil composition and vegetation. 

Table 4.2 shows the categories and their Ks values. Figure 4.8 gives a visual account o f 

the layout o f the six Ks categories in W Gl 1.
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Table 4.2 Ks sub-categories at W Gll (Goodrich, 1990)

Category Soil Vegetation Ks (cm/hr)

A very gravely sandy loam Bush 0.757

B extremely gravely sandy loam Bush 0.838

C extremely gravely sandy loam Grass 0.884

D very gravely sandy loam Grass 0.798

E (swale) very gravely sandy loam 0.831

F (incised channel) sand 21.082

o
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■ Category A » Category B
« Category C Category D
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Figure 4.8 Ks Regions fo r  W G ll basin classified according to soil type and vegetation 
(after Goodrich, 1990)

To represent the spatial variability o f Ks, a lognormal distribution is assumed tor the

four regions corresponding to the Ks categories A, B, C, and D. The channels,

corresponding to categories E and F, are assumed to have constant Kj. If Ks is

lognormally distributed, then Y  = In(Ks) is normal distributed. Denote the mean of Ks by
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Î Ks, and the coefficient o f variation by tiks- Then the standard deviation and the mean of 

Y are

ay  = +1)

and

= ln ( / / j ^ , ) - o - / / 2  (4-33)

Field Y can be generated from a standard normal distribution. If Z ~ N(0, 1), then

Y  = ^ y +  Gy Z  (4.34)

and

(4.35)

A pair o f standard normal random numbers can be generated as (Salas et a l ,  1993).

Zj = sin(2;r U, )^ -2 \n {U ^)  (4-36)

Z, = cos(2;rC7, )^ -2 [n (U ^)  (4-37)

where Ui and U2 are (0, 1) uniform random numbers. A pseudorandom number

generator, Mersenne Twister (MT), is used to generate the (0, 1) uniform random

variables. MT was developed by Matsumoto and Nishimura during 1996-1997 

(http://www.math.keio.ac.jp/~matumoto/emt.html). It generates high quality random 

numbers with a period of 2*̂ *̂ ^̂ -l.

The Ks value for each overland plane sub-region o f W Gl I given by Goodrich (1990) is 

taken as the mean of the Ks for that sub-region. The coefficient o f variation is assumed to 

be 1.0 -  the same as used by Goodrich (1990). The lognormal Ks field generated using 

these parameters and the approach described above is used in the calibration and 

validation procedures in later sections. In the actual application, the generated Ks values 

are assigned to the pixels in each Ks region one after another. Since the effect o f ground

76

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

http://www.math.keio.ac.jp/~matumoto/emt.html


cover is already incorporated in Goodrich’s (1990) research, the saturated hydraulic 

conductivity, Ks, is assumed to be equal to the effective hydraulic conductivity, Ke, in this 

study.

M annins’s Roughness Coefficient n

The lower 20% of the area (Category A and B in Figure 4.8) on W Gl 1 is dominated by 

light to medium desert brush while the rest o f the area supports a grass cover (SWRC, 

1993). According to Chow et al. (1988, Chapter 2), Manning’s n for grass flood plains is 

0.035, for light brush 0.05, and for dense brush 0.07. Therefore, Manning’s n for the 

grassland is taken as 0.035 and for the brush area is taken as 0.06. The channels on 

W G ll are mostly clean and straight natural stream channels. Manning’s n for the 

channel pixels is taken from a data set provided by Goodrich (personal communication). 

These data were collected in the field for each channel stretch all through WG 11. The 

minimum n for channel is 0.025, the maximum is 0.04, and the average value is 0.033. 

Porosity

Porosity is an important parameter in the computation of infiltration. It is determined 

by soil texture. W G ll is dominated by sandy loam soil type with wide sand bed incised 

channels (Goodrich, 1990). From Rawls and Brakensiek’s study (1985), the porosity for 

sandy loam is 0.453 and for sand is 0.437. Therefore, the porosity for all overland and 

swale pixels is 0.453 and for incised channels is 0.437.

Other Hvdrolomcal Parameters

Field capacity, residual soil moisture content and wetting front suction are some o f the 

parameters used in the computation of infiltration. They are closely related to saturated 

hydraulic conductivity. Because of the lack o f field measurements for these parameters,
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they are assumed to be functions o f Ks and can be derived from Ks through regression 

relations. The infiltration parameters for 10 soil textures (Rawls and Brakensiek, 1983, 

1985) (Appendix 4.4) are used to obtain the regression relations. Sand is not included in 

the regression because: 1) its properties have the tendency to deviate away from the 

logarithmic linear relation that other soil types follow; and 2) the only sand-covered 

regions in WG 11 are channels for which it is assumed that hydrological parameters are 

constant. Figure 4.9 (a), (b), and (c) show the regression relations between Ks and field 

capacity, 0f, between Ks and residual soil moisture content, 0r, and between Ks and 

wetting front suction, y / . It is assumed that 0f is equal to soil moisture content at -33 kPa, 

and 0r equal to soil moisture content at -1500 kPa. The following relations are obtained 

through regression.

= 0 .2510-0 .1210  log(.fi:,) (4.38)

= 0 .1 2 7 6 -0 .1 0 9 5 1 o g (^J  (4.39)

y/ = 14.5035-13.1294 log(W J (4.40)

Parameters 0f, 0r, and y/ will be derived in the field from these regression relations and 

the lognormally distributed Ks. This approach ensures the spatial variability o f these 

parameters.

Channel Geometry

The channels on W G ll are assumed to have trapezoidal shape -  a reasonable 

assumption for channels at Walnut Gulch. In general, the swales have small bank slopes, 

which lead to broad channels. Incised channels usually have relatively steep bank slopes. 

It is assumed that the following relations govern channel geometry at W G ll (Woolhiser, 

et ah, 1990).

78

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



0.45 -1

0,4 -

0.35 -

"fi 0.3 -

0.25 -

0.2 -

0.15 -

0.1 -

0.05 -

0  -I

( a )

* measurement
regression

- 6f=  0 .2 5 1 0 -0 .1 2 1 0  log(Ks)

------ ------ - !

0.01 0.1 10
Ks (cm/hr)

(b)
0.3

— measurement
— regressfon0.25 -

‘e 0.15

0.05 - 1^=0.1276 - 0.1095 log(Ks)

0.01 0.1 10
Ks (cm'hr)

(C)

su

35
measuranent
regressbn30

25

20
15

10
v|/ =  14.5035- 13.1294 log(Ks)5

0
0.01 0.1 10

Ks (cm/hr)

Figure 4.9Regression relations (a) between Ks and fie ld  capacity, Of, (b)between Ks and 
residual soil moisture Of and (c) between Ks and wetting front suction, y/.

79

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



P = B + h (4.41)

and

B /5 , h< h,,=  0.03 m

^ h . (4-42)
Ptnin h > \

/,0 .0828V 5’

where P is wetted perimeter, Pe is effective wetted perimeter which is used in channel 

routing, B is channel bottom width in m, h is flow depth in w, S l and S r are respectively 

the channel left bank slope and right bank slope. The initial perimeter is set to be 1/5 of 

the channel bottom width before flow depth reaches 0.03 m. The values were set 

arbitrarily after testing proved that small values at the beginning of a runoff event have 

insignificant effect on hydrograph. It is necessary, however, to set an initial perimeter to 

ensure smooth operation o f the runoff model. The empirical expression for Pg after h 

reaches 0.03 m is adopted from Woolhiser et al. (1990). It states that the effective 

perimeter remains smaller than the channel perimeter until the flow depth reaches a

critical value, = O.OSlSyfB (m). This modification on perimeter was introduced to

correct the error at low flow rate caused by the simplification o f trapezoidal channel. 

Goodrich (1990) took detailed measurements o f channel geometries on W G ll, which 

included channel bottom width and bank slopes. This set o f data is used in this study for 

channel routing.

Selection o f  Rainfall-Runoff'Events

The selection o f rainfall-runoff events for calibration and verification is limited by two 

major factors: data quality and data availability. High quality measurements are 

absolutely essential to successful calibration and verification o f rainfall-runoff models.
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Because o f the lack of means to check and correct precipitation and runoff data from 

W G ll, the rainfall-runoff events selected in previous studies by other researchers are 

chosen for this study. These events were chosen for the time period when no changes 

were made to the measuring instrumentation and no major watershed management 

changes occurred (Goodrich, 1990; SWRC, 1993). All the data were carefully checked 

using strict criteria and only the best events with the minimum errors were selected. 

Other considerations for choosing the events were the diversifications o f event sizes, 

initial conditions, and number o f peaks in hydrographs. Even though the available 

precipitation records from the W Gl 1 rain gages are fairly long, from about 1960 to 1990, 

the available runoff record from flume 11 is very short, only from 1968 to 1977. Among 

all the rainfall-runoff events used by Goodrich (1990) and SWRC (1993), only 14 are 

from the period o f 1968 to 1977. Table 4.3 lists the rainfall-runoff events used in this 

study for calibration and verification with some detailed information.

Table 4.3 Rainfall-Runoff Events fo r  Calibration and Verification

Event
Date

Rain
Starting

Rain
Ending

Runoff
Starting

Runoff
Ending

Rain
Duration

(min)

Runoff
Volume
(mm)

Peak
Flow
(m Vs)

Peak
Time
(min)

08/05/68* 17:59 21:43 19:46 22:30 225 4.60 24.81 74
08/12/71* 20:15 23:46 21:22 1:38 226 3.41 6.74 97
08/24/71 13:45 15:51 14:46 17:01 127 1.30 9.26 49
07/12/73 12:36 13:53 13:24 16:05 77 2.08 10.51 56
07/16/73 23:37 1:36 1:59 4:59 119 1.72 6.54 67
08/21/73* 18:15 20:17 20:23 23:16 122 5.37 14.22 99
09/24/74* 16:13 19:30 17:21 20:19 197 0.59 4.98 51
09/03/75 23:00 2:44 0:33 5:45 224 2.31 4.56 112
09/05/75 12:32 15:54 13:33 17:45 202 8.92 33.30 100
09/07/75 14:13 17:58 15:42 18:57 225 1.94 4.47 118
09/13/75 15:56 18:35 16:04 21:15 159 7.75 19.77 49
07/27/76 19:28 21:48 20:45 2:26 141 4.89 14.67 46
09/06/76* 14:59 17:08 15:38 20:53 128 2.41 5.18 92
06/22/77 11:00 13:52 14:18 17:59 173 3.34 9.83 154

* Calibration event
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Five events are used for calibration (event dates marked by asterisk in Table 4.2) and 

nine for verification. Calibration events are selected so they cover a good range of runoff 

volumes and peak flow rates.

Initial Soil Moisture Content

Initial soil moisture content, 0i, is estimated from information on soil properties, rain 

and runoff history prior to the rain event. Because W G ll is a semiarid rangeland where 

the average soil condition is fairly dry, field capacity 0f, which is assumed to be the soil 

moisture content held at -33 kPa in this study, is taken as the moisture content under wet 

condition. The residual soil moisture content 0r, which is assumed to be the soil moisture 

content held at -1500 kPa here, represents the moisture content under dry condition. The 

initial soil moisture content is assumed to be

e, = e  +

where d > \  is a factor estimated based on rain history. Thus it is subjective to a certain 

degree. This factor is proportional to the dryness o f the soil with d = 1 corresponding to 

0i = Of, and d = 00 corresponding to 0i = O,-. Figure 4.10 (a) - (e) show the 10-day rain 

histories prior to the calibration rain events.

The incised channels on WGl 1 usually have sandy bottoms while the overland plane 

and swales have sandy loam soil type. So incised channels are typically drier than other 

parts o f the watershed. This phenomenon is reflected in the estimated values o f factor d  

as given in Table 4.4.
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Figure 4.10 Ten-day rain event history at rain gage 90 prior to calibration rain event 
(a) 8/5/1968; (h) 8/12/1971; (c) 9/24/1974; (d) 8/21/1973; and (e) 9/6/1976.

Table 4.4 Factor d fo r  Rainfall-Runoff Events in Calibration Set

8/5/1968 8/12/1971 9/24/1974 8/21/1973 9/6/1976

Overland 3 2 3.5 00 1.5

Swale 3 2 3.5 00 1.5

Incised Channel 00* 4 00 00 2.5

* Dry condition corresponds to J  = q o .
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4.3.3 Sensitivity Analysis

The rain event on Aug. 12, 1971 is used to derive a set o f initial parameters for the 

sensitivity analysis that follows. The rainfall data from all rain gages for this rain event 

are given in Appendix 4.5. The co (eq. 4.31) time series estimated for this rain event is 

listed in Appendix 4.6. This event is chosen because it has medium runoff volume and 

peak flow (Table 4.3). Upon checking its rain pattern, it is found that the most intense 

rainfall during this event distributed fairly evenly over the subwatershed -  making it a 

good candidate for studying watershed response. Figure 11 shows three rain fields from 

this event after spatial interpolation using kriging. The model results are fitted to the 

measurements by adjusting the saturated hydraulic conductivity, Ks. The Ks values for 

the 6 categories as given in Goodrich (1990) are applied to the W G ll watershed along 

with a uniform multiplier Mk. This multiplier is adjusted during fitting to achieve a 

reasonably good fit between the measured hydrograph at the outlet and the simulated 

hydrograph. Since the goal o f this analysis is to obtain a set of initial parameters for 

further sensitivity analysis, a good fit rather than a best fit between the runoff 

measurement and runoff simulation will serve the purpose well enough. Table 4.5 shows 

the final Ks used for a good fit and Figure 4.12 exhibits the hydrographs at the outlet.

Table 4.5 Ks Parameters

Cat. A Cat.B Cat.C Cat.D Cat.E C at.F

Orig. Ks (cm/hr) 0.757 0.838 0.884 0.798 0.831 21.082

Ks multiplier 0.5 0.5 0.5 0.5 0.5 0.5

Ks (cm/hr) 0.3785 0.4190 0.4420 0.3990 0.4155 10.5410

Note: Cv for categories A, B, C, and D is 1.0.
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Figure 4.11 Interpolated rain fields from  W G ll during the rain event on August 12, 
1971 at (a) t = 60 min, (b) t = 70 min, and (c) t = 80 min after rain starts.
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Figure 4.12 Measured and simulated hydrographs at W G ll outlet fo r  rain event on Aug. 
12, 1971. Rainfall started at 20:15.

The other model parameters used in the simulation above, such as porosity and

Manning’s n, take values as introduced in Section 4.3.2. Table 4.6 summarizes the

parameters used for the simulation of this rainfall-runoff event.

Table 4.6 Parameter Summarization fo r  Simulation o f  Event 8/12/1971

Paramters Value or method used
Ks See Table 4.5

Manning’s n for grassland 0.035
Manning’s n for brush area 0.06
Manning’s n for channels Field measurements

Porosity for overland and swale (cm Vcm^) 0.453
Porosity for incised channel (cm^/cm^) 0.437

Field capacity (cm^/cm^) See eq. (4.38)
Residual soil moisture content (cm '̂/cm'*) See eq. (4.39)

Wetting front suction (cm) See eq. (4.40)

The five rainfall-runoff events for calibration are used for sensitivity analysis. The 

same set o f model parameters as used in the study above is applied to the DIMBRR 

model for each o f the five calibration events. The resulting runoff volumes (V), peak
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flows (Qp), and times to peak flows (Tp), are taken as the base values for sensitivity 

analysis. The model parameters being tested for sensitivity analysis are

i) porosity

ii) Ks

iii) coefficient o f variation o f Ks, i.e. Cv of Ks

iv) Manning’s n

v) wetting front suction

vi) initial soil moisture content

vii) field capacity

viii) residual soil moisture content

Apply the model parameters as used in the above rain event with +20% perturbation 

respectively to the five calibration events and compare the model results with the base 

values in terms o f V, Qp, and Tp. The 20% is chosen to keep the parameters in their 

physical ranges and still produce enough changes in the three runoff-related variables for 

sensitivity analysis. Figure 4.13 gives a visual account o f the results o f sensitivity 

analysis. The five rainfall-runoff events used for sensitivity analysis are 1) 08/05/1968, 

2) 08/12/1971, 3) 09/24/1974, 4) 08/21/1973, and 5) 09/06/1976. Table 4.7 gives the 

Root Mean Squared Differences (RMSD) between the base values and the model results 

with ±20% perturbations in each model parameter. RMSD is defined as

RMSD = - J - Z ( ^ /  -  T;) ' (4.44)

where X and Y are two variables being compared, n is the number o f samples. In this 

case, n = 5. In hydrological practice, V has the highest significance and Tp has the least
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among the three variables being analyzed. Table 4.7 is thus given in the order o f RMSD 

of the total runoff volume.

Table 4.7 Results o f  Sensitivity Analysis

Model Parameter Change RMSD o fV RMSD ofQ p RMSD ofT p

In Value (mm) (m^/s) (min)

Porosity +20% 1.21 3.79 2.28

-20% 0.76 2.59 2.90

Ks +20% 0.72 2.41 0.45

-20% 0.58 1.98 1.84

Initial Soil Moisture +20% 0.44 1.37 1.90

Content -20% 0.63 1.80 1.00

Manning’s n +20% 0.46 2.79 3.55

-20% 0.39 2.30 3.85

Wetting Front Suction +20% 0.41 1.49 0.00

-20% 0.35 1.26 1.41

Cv ofKs +20% 0.17 0.61 1.00

-20% 0.16 0.60 0.0 0

Residual Soil +20% 0.12 0.39 0.63

Moisture Content -20% 0.14 0.44 0.00

Field Capacityl +20% 0.12 0.30 0.63

Moisture Content -20% 0.13 0.34 0.45
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As shown in Table 4.7 and Figure 4.13, the impact o f perturbations in porosity and 

eftective hydraulic conductivity on runoff volume is most significant (RMSD > 0.7 mm) 

except in the case o f K.s with -20%  perturbation which has RMSD = 0.58, a value that is 

still quite large. The impact o f initial soil moisture content. Manning’s n, and wetting 

front suction is moderate (0.35 mm < RMSD < 0.63 mm), while impact o f the rest o f the 

parameters is negligible (RMSD < 0.2 mm). Perturbations in porosity. Manning’s n, and 

effective hydraulic conductivity lead to the most significant changes in the peak flow 

(RMSD > 1.9 m^/s). The most important parameters for the time to peak flow are 

Manning’s n and porosity (RMSD > 2.0 min).

4.3.4 Calibration 

Choosine Calibration Parameters

A very crucial part o f model calibration is to choose appropriate calibration 

parameters. Efforts need to be made to strike a balance between over-parameterization 

and under-parameterization. Over-parameterization refers to the situation when 

calibration parameters are highly correlated or redundant parameters are used in 

calibration. Under-parameterization occurs when there are not enough calibration 

parameters to represent the various aspects o f the model (Goodrich, 1990).

It is learned from the sensitivity analysis that the coefficient o f variation o f effective 

hydraulic conductivity, field capacity, and residual soil moisture content are insignificant 

parameters to watershed response. These three parameters are thus removed from the list 

o f calibration parameters to avoid over-parameterization. Instead, the coefficient o f 

variation o f Ks is fixed as 1 in all calibration and verification cases in the rest o f this
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chapter, and field capacity and residual soil moisture content are determined from Ks by 

using eqs. (4.38) and (4.39).

Wetting front suction is highly correlated to effective hydraulic conductivity. In fact, it 

is derived from Ke through a regression relation in this study. It will lead to identifiable 

problem and over-parameterization if both Ke and wetting front suction are included as 

calibration parameters. Since Ks is a more important parameter compared to wetting 

front suction and will be taken as a calibration parameter, the latter will be determined 

from Ks by using eq. (4.40).

Initial soil moisture content has a moderate impact on watershed response in the 

DIMBRR model. It is a combined result o f residual soil moisture content, field capacity, 

and Ks. It is also partially estimated from the 10-day rain history prior to the rain event of 

interest. Because o f its complicated nature and the concern o f parameter interaction, it is 

decided to exclude initial soil moisture from calibration.

Manning’s n is an important parameter for peak flow and time to peak, but has a minor 

effect on runoff volume. Since m noff volume is the main target for calibration, decision 

is made that Manning’s n is not included in the calibration process.

Porosity and Ks play dominant roles in determining runoff volume. A regression 

analysis on Ks and porosity values o f the USDA 11 soil classes yields an value o f

0.0678, i.e., the two parameters are essentially uncorrelated. Thus the pair is chosen to be 

calibration parameters.

Porosity is assumed to be constant for each soil type (sandy loam or sand). A uniform 

multiplier is applied to porosity throughout the watershed during calibration. The 

calibration o f effective hydraulic conductivity, however, is somewhat more complicated.
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As introduced in Section 4.3.2, there are six Ks categories at WGl 1. Each category has a 

unique Kg value as given by Goodrich (1990) (Table 4.2). When these “default” values 

are applied to the DIM BRR model as the mean o f the lognormally distributed Kg in each 

region, some interesting phenomena are observed. For instance, intense rain in certain 

areas always results in serious overestimates o f runoff volume while heavy rain in some 

other areas will lead to underestimates o f runoff volume. This sensitivity o f runoff 

volume to intense rain on different regions calls for the individual adjustment o f Kg value 

for each sub-region. Tlierefore, a new approach is adopted where the six Kg categories 

are tested individually to determine their relative magnitude. Then a uniform multiplier is 

applied in calibration with the fixed relative magnitudes among the Kg regions. With the 

knowledge about the soil characters and vegetation (Table 4.2) that determine the Kg 

values o f the six categories, combined with a detailed study on the interaction between 

runoff and rainfall pattern, a set o f Kg modifiers are chosen for the six categories: 0.4, 1.0, 

3.5, 0.4, 1.0, 1.0. The first and the forth categories correspond to very gravely sandy 

loam soil and either bush or grass covered land while the third category has extremely 

gravely sandy loam and grassy land. Compared with the first and the forth categories, 

both the soil and the vegetation in the third category render larger effective hydraulic 

conductivity. Thus it is physically reasonable to assume a set o f Kg modifiers as given 

above.

Evaluation Methods

A few measures are adopted in this study to evaluate model performance. The most 

important one is the coefficient o f efficiency, E. The concept was first introduced by 

Nash and Sutcliffe (1970). The definition o f coefficient o f efficiency is

95

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



E ( a - e , y
£  = 1 - ^ 7 ---------------------------------------------------------(4.43)

K a - e ) ’
L (=1

where is simulated model variable, Qi is observed variable, and Q is mean o f Qi for

all events (i = 1 to n). If a model predicts observed variables with perfection, E = I . If  E 

< 0, the model’s predictive power is worse than simply using the average o f observed 

values. It should be pointed out that when E is used to evaluate discharge from a single 

event, a slight shift in the timing of simulated hydrograph from the observed one would 

lead to un-proportionally large E.

The second measure is the mass conservation between rainfall, runoIT and infiltration. 

The relative error that reflects mass conservation is defined as

^  rain -  ^  runoff -  ^  infiltration
e (%) =  2i----------------X 100

^ r a i n
D,t

where ̂ rep resen ts  the summation over space and time. Note that evaporation and
m

transpiration are not considered in the DIMBRR model. A small relative error indicates 

that the model is able to follow the principal o f mass conservation.

Another statistics included in the analysis is Root Mean Squared Error (RMSE)

KMSE = (‘*■45)

where Qi is simulated flow and ^, is observed flow, n is the number o f observations. 

RMSE measures the fitness between the observed and the simulated hydrographs. It also
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suffers the same inherent weakness as coefficient o f efficiency when there is a slight shift 

in the timing between the simulated hydrograph and the observed one.

The common mean and standard deviation are also used to judge the calibration 

results. In addition, visual inspections o f the simulated hydrographs and the comparisons 

o f the calibration quantities in the form o f scatter plots are provided.

Calibration Results

The final calibration parameters are porosity and Kg. The Kg modifiers for the 

six sub-categories are 0.4, 1.0, 3.5, 0.4, 1.0, and 1.0. Two uniform multipliers Mpgi and 

Mks are then applied to the porosity and Kg field respectively. The multipliers are varied 

systematically to test the watershed responses in each calibration event. Figure 4.14 

shows the contour plots o f the coefficient o f efficiency for the three calibration variables,

i.e. runoff volume, peak flow, and time to peak flow, in the dual-multiplier space. The 

search ranges o f the multipliers are set so the calibration parameters will have physically 

meaningful values. The criteria for choosing multipliers are for the calibration 

parameters to produce the best possible coefficient o f efficiency (E = 1 for perfect 

simulation) for runoff volume, and good coefficients o f efficiency for peak flow and time 

to peak flow within the search ranges. Based on the above considerations, a pair o f 

multipliers is chosen:

Mpsi = 0.80

Mks = 0.96

The porosity multiplier corresponds to the following parameters.

^ K sa n d y jo a m  ~ 0.36

Vsand ~ 0.35
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Figure 4.14 Contour plots o f  the coefficient o f  efficiency fo r  (a) runoff volume, (b) peak  
flow, and (c) time to peak flow. Mjcs and Mpsi cire multipliers fo r  effective hydraulic 
conductivity and porosity, respectively.
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The mean K., values corresponding to the Ks multiplier are given in Table 4.8.

Table 4.8 Effective Hydraulic Conductivities fo r  the Six Categories

Cat. A C a t B G a t e C a t D Cat. E Cat. F

Orig. Ks (cm/hr) 0.757 0.838 0.884 0.798 0.831 21.082

Ks category 

modifier
0.4 1.0 3.5 0.4 1.0 1.0

Ks uniform 

multiplier
0.96 0.96 0.96 0.96 0.96 0.96

Ks (cm/hr) 0.2907 0.8045 2.9702 0.3065 0.7978 20.2387

From Rawls and Brakensiek (1985), the mean porosity for sand is 0.437 with the + one 

standard deviation about the mean being 0.374 ~ 0.500. The mean porosity for sandy 

loam is 0.453 and the + one standard deviation about the mean is 0.351 ~ 0.555. The 

porosity for sandy loam used in this study is within one standard deviation range of the 

mean porosity given by Rawls and Brakensiek (1985). While the porosity o f sand falls 

just outside the one standard deviation range of the mean as given in literature, its value, 

however, is close enough to the lower range to be considered physically acceptable. The 

saturated hydraulic conductivity given by Rawls and Brakensiek (1983) is 23.56 cm/hr 

for sand and 2.18 cm/hr for sandy loam. The latter is much larger than the effective 

hydraulic conductivities obtained by Goodrich (1990) for the sandy loam category at 

WGl l .  Goodrich’s (1990) K, values are first derived from a regression equation based 

on soil information and the Ks values from Rawls and Brakensiek (1983), and then 

corrected for rock and vegetation cover. Since this study employs Goodrich’s Kj data as
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base line, the Ks values tend to be much smaller than the Ks values reported by Rawls and 

Brakensiek (1983). With the physical considerations going into the procedure to derive 

Ks in Goodrich’s (1990) study, the Ks values used here are assumed to be acceptable.

Applying the above multiplier pair to DIMBRR model and the five calibration 

rainfall-runoff events, the following statistics can be drawn from the model results,

i) Coefficient o f efficiency 

The following coefficients o f efficiency are obtained for the five calibration events.

Runoff volume; Ey -  0.87 

Peak flow rate: Eqp = 0.79 

Time to peak: Eip = 0.68 

Table 4.9 lists the coefficient o f efficiency for discharge from each event.

Table 4.9 Coefficient o f  Efficiency fo r  Discharge

Event # E o f Discharge

1 0.81

2 0.92

3 0.08

4 0.65

5 0.88

The runoff volumes o f the calibration set have a coefficient o f efficiency o f 0.87 which is 

good considering all the uncertainties involved in the field data collections on a 

watershed o f this magnitude. The coefficient o f efficiency for peak flow is 0.79 and for 

time to peak flow is 0.68. These numbers are also acceptable for calibration variables
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with less importance. O f the five coefficients o f efficient for discharge shown in Table 

4.9, three are larger than 0.8 which are considered good given that E = 1 represents the 

perfect model simulation. The E o f discharge for Event 4 (8/21/1973) is 0.65. This is 

primarily caused by a slight shift in the timing o f simulated hydrograph from the 

observed one (Figure 15). Among all the calibration events, event 3 (9/24/1974) suffers 

the worst E o f discharge. This event has the smallest runoff volume among all the 14 

rainfall-runoff events that are used for calibration and verification (Table 4.3). The less 

than satisfactory simulation results for this runoff event could be caused by one or both of 

the following reasons: 1) too large an uncertainty in the calibration data, 2) the model’s 

inability to capture runoff dynamics when there is little rainfall. Fortunately, it is the 

large rainfall-runoff events that are most important from the point o f view o f watershed 

management. Overall, the above coefficients o f efficiency are considered satisfactory for 

the calibration set.

ii) Mass conservation

Table 4.10 Mass Relative Error o f  Calibration Set

Event # e(%)

1 3.7

2 2.2

3 -0.2

4 3.4

5 5.5
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The mass relative errors for the five rainfall-runoff events are all less than or equal to 

5.5%. Such small errors indicate that the DIMBRR model preserves mass balance well,

iii) Root mean squared error (RMSE)

Table 4.11 RMSE o f  Calibration Set

Event # RM SE{ixfls)

1 4.43

2 1.35

3 1.94

4 3.75

5 0.99

Mean 2.49

RMSE measures the agreement between the observed and the simulated hydrographs. 

The large RMSE for Event 1 and 4 are mainly caused by a slight shift between the timing 

o f the observed and simulated hydrographs (Figure 4.15) and the relatively high flows 

from these events. As explained in earlier text, this is an inherent weakness o f RMSE as 

a measure o f goodness o f fit.

iv) Mean and standard deviation

Table 4.12 Mean and Standard Deviation o f  Calibra tion Set

Obs. V 

(mm)

Sim. V 

(mm)

Obs. Qp

(m^/s)

Sim. Qp

(m^/s)

Obs. Tp 

(min)

Sim. Tp 

(min)

Mean 3.27 3.04 11.82 9.28 83.00 76.40

St. Dev. 1.88 2.32 8.20 7.64 20.80 14.29
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The mean and standard deviation o f the three calibration variables are comparable 

between the observation set and the simulation set. This further confirms that the choices 

o f the uniform multipliers are suitable to the model and the watershed,

v) Hydrographs and Hyetographs at Rain Gage 90
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Figure 4.15 Observed and simulated hydrographs o f  calibration set: (a) event 1,
8/5/1968, (b) event 2, 8/12/1971, (c) event 3, 9/24/1974, (d) event 4, 8/21/1973, and (e) 
event 5, 9/6/1976. Time t = 0 in all graphs correspond to the time when rainfall starts.
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vi) Scatter plots
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Figure 4.16 Scatter plots o f  observed and simulated variables o f  calibration events: (a) 
runoff volume, (b) peak flow, and (c) time to peak.
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The values in Figure 4.16 are computed using the 45° line as a “regression line”. 

The values indicate how well the model simulates the observed variables. I f  = 1, the 

data points will fall on the 45° line, indicating a perfect simulation. Based on values, 

runoff volume and peak flow exhibit better simulation results than the time to peak flow 

while the latter is still acceptable with an R^ = 0.72.

In summary, the analysis o f the calibration results show that choosing the uniform 

multipliers to be Mpsi = 0.8 and Mks = 0.96 can lead to satisfactory model results that 

reasonably replicate watershed responses for the calibration rainfall-runoff events with 

the exception o f the very small event on September 24, 1974 (Event 3). The model 

simulates runoff volume with the highest accuracy, peak flow the next and time to peak 

the least. To further prove the acceptance o f the model as the rainfall-runoff model for 

later study on scaling properties o f watershed processes, a complete verification 

procedure needs to be performed.

4.4 Model Verification

As listed in Table 4.3, the verification set is composed of nine rainfall-runoff events 

between 1971 and 1977. The set covers a wide range o f event sizes, initial conditions, 

and hydrograph types. Even though the number o f events makes it impossible to include 

all the possible rainfall patterns and to excite all runoff dynamics on a large watershed 

like WGl 1, the coverage is descent enough to capture the general behavior of the model 

under given conditions and helps with the understanding o f how well the model can 

reproduce real events.

4.4.1 Data Preparation
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Most o f the data used for verification are the same as for calibration with the exception 

o f rainfall data and initial soil moisture content. As explained in Section 4.3.2, initial soil 

moisture content is determined by soil properties and rainfall history. Soil properties 

include residual soil moisture and field capacity. They are derived from saturated 

hydraulic conductivity via regression relationships (Section 4.3.2). Figure 4.17 shows the 

10-day rain history prior to the nine verification events. Factor d, which is estimated 

based on rain history (eq. (4.43) and the text that follows), represents the dryness of the 

soil. Table 4.13 lists the factor d  set for the verification events.

Table 4.13 Factor d fo r  Verification Rainfall-Runoff Events

8/24/

1971

7/12/

1973

7/16/

1973

9/13/

1975

9/3/

1975

9/5/

1975

9/7/

1975

7/27/

1976

6/22/

1977

Overland 4 3 3 3.5 4 1 1.5 4 00

Swale 4 3 3 3.5 4 1 1.5 4 00

Incised

Channel
00* 00 4 00 00 1.5 3 00 00

* Dry condition corresponds iod=<x>.

4.4.2 Verification Results 

Applying the unitbrm parameter multipliers obtained from calibration to the 

verification events, the following statistics can be derived from the model results for the 

verification set.

Runoff volume: Ey = 0.66 

Peak flow rate: Eqp = 0.53 

Time to peak; Eip = 0.97
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Figure 4.17 Ten-day rain event history at RG90 prior to verification rain event: (a) 
8/24/1971, (b) 7/12/1973, (c) 7/16/1973, (d) 9/13/1975, (e) 9/3/1975, (f) 9/5/1975, (g) 
9/7/1975, (h) 7/27/1976, and (i) 6/22/1977.
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Table 4.14 lists the coefficient o f efficiency for discharge from each verification event.

Table 4.14 Coefficient ofEfficiency fo r  Discharge

Event # E of Discharge

1 0.44

2 0.26

3 0.74

4 0.71

5 0.50

6 0.82

7 0.66

8 0.92

9 0.73

Recall that the coefficients o f efficiency for calibration set are: Ev = 87, Eqp = 0.79, and 

Ei p = 0.68. The runoff volumes and the peak flows from the nine verification events 

have smaller coefficients o f efficiency than the calibration set while the times to peak 

show much better simulation results. The coefficients o f efficiency for discharge from 

most verification events are well above 0.5, showing fairly good results for verification 

cases. To have a reference for the model performance, Table 4.15 compares the 

calibration and verification results described here and those by Goodrich (1990). 

KINEROS model (Woolhiser et a l,  1990) was calibrated and verified using data from 

Walnut Gulch including data from W G ll in Goodrich’s (1990) work. While there is 

some overlapping in the runoff events used between the two works, Goodrich (1990)
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used more events along with some other difference in various aspects o f his work. So 

this comparison is meant to be a general reference rather than precise assessment o f the 

differences between the two studies. Compared to Goodrich’s (1990) results, the 

coefficients o f efficiency from this study prove that DIMBRR model performs well 

enough to be applied to scaling studies o f watershed processes.

Table 4.15 Comparison o f  Calibration and Verification Results from  Two Models

KINEROS DIMBRR

Calibration parameters
Ks, Manning’s n, 

coeff. O f variation of K„
Ks, porosity

Variables used in 

calibration & verification
volume, peak flow

volume, peak flow, 

time to peak flow

Calibration Ey 0.86 0.87

Calibration Eqp 0.84 0.79

Calibration Tp ™ 0.68

Verification Ey 0.49 0.66

Verification Eqp 0.16 0.53

Verification Tp — 0.97

ii) Mass conservation

The mass relative errors o f the verification events are given in Table 4.16. Similar to 

the ealibration events, the verification set also has very small mass relative errors except 

event 6 which has the largest runoff volume and peak flow among all the calibration and
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verification events (Table 4.3). This signals that the model might not be able to uphold 

the principle o f mass conservation very well for exceptionally large runoff events.

Table 4.16 Mass Relative Error o f  Verification Set

Event # e(%)

1 2.3

2 2.9

3 2.2

4 3.6

5 1.5

6 6.6

7 1.3

8 3.0

9 2.4

Similar to the calibration events, the verification set also has very small mass relative 

errors except event 6 which has the largest runoff volume and peak flow among all the 

calibration and verification events (Table 4.3). This signals that the model might not be 

able to uphold the principle o f mass conservation very well for exceptionally large runoff 

events.

iii) Root mean squared error (RMSE)

The RMSE of the flow rate of the verification events are given in Table 4.17. Caution 

needs to be taken when interpreting the value o f RMSE. Both low peak flow and good 

agreement between observed and simulated hydrographs can lead to small RMSE. For
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instance, event 5 has a small RMSE that is caused by low flow while the small RMSE for 

event 7 reflects a relatively good fit between the hydrographs. It is also noted that large 

RMSE may be a result of large discrepancy in the hydrographs either in magnitude or in 

timing.

Table 4.17 RMSE o f  Verification Set

Event # RMSE (m"/s)

1 2.44

2 4.04

3 1.46

4 4.30

5 1.01

6 4.85

7 1.24

8 1.91

9 2.33

Mean 2.62

iv) Mean and standard deviation

Table 4.18 Mean and Standard Deviation o f  Verification Set

Obs. V 

(mm)

Sim. V 

(mm)

Obs. Qp 

(m^/s)

Sim. Qp

(m^/s)

Obs. Tp 

(min)

Sim. Tp 

(min)

Mean 3.81 2.81 12.56 8.86 82.56 81.67

St. Dev. 2.79 2.01 9.19 6.50 38.74 37.91
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From Table 4.18, the discrepancies between the means and the standard deviations of 

the simulated runoff volumes and peak flows and those o f the observed ones are 

noticeably larger than the discrepancies in times to peak. Nevertheless, the agreement 

between the simulations and the observations is still acceptable as far as verification 

result is concerned.

v) Hydrographs

Figure 4.18 compares the observed and simulated hydrographs o f all the nine 

verification events under the watershed conditions either set by calibration or by the 

events’ unique circumstances. The hyetographs at Rain Gage 90 are also shown in 

Figure 4.18. It is worth noting that the fifth event has a multi-peak hydrograph. This 

pattern is generally followed by simulated hydrograph with the exception o f very small 

peaks and the magnitude o f the peaks, possibly due to low flow. It proves that the model 

is capable o f simulating multi-peak hydrographs for moderate runoff events.

vi) Scatter plots

Figure 4.19 displays the scatter plots o f the verification events. The values in 

Figure 4.19 represent how well the model simulations fit the observed verification events. 

The best fit is for time to peak with R^ = 0.97, followed by the runoff volume with R^ = 

84, and then by peak flow with R^ = 0.74. The order o f the goodness o f fit among the 

three variables is consistent with the findings fi'om other evaluation methods used above. 

The scatter plots for runoff volume and peak flow reveal that the multipliers for porosity 

and Ks as chosen from the calibration will generally lead to underestimations o f runoff 

volume and peak flow even though the overall statistics remain acceptable.
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Figure 4.18 Observed and simulated hydrographs o f verification set: (a) event 1,
8/24/1971, (b) event 2, 7/12/1973, (c) event 3, 7/16/1973, (d) event 4, 9/13/1975, (e) 
event 5, 9/3/1975, (f) event 6, 9/5/1975, (g) event 7, 9/7/1975, (h) event 8, 7/27/1976, and 
(i) event 9, 6/22/1977.
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As mentioned at the beginning o f the calibration section, the goal o f the calibration and 

verification o f DIMBRR model is to test the suitability o f the model for application in the 

scaling studies in the next chapter. The above analyses on the verification results have 

shown that the DIMBRR model can reproduce the time to peak of runoff events with a 

high degree o f accuracy and the runoff volume and peak flow with acceptable accuracy. 

This result instills a sense o f confidence that the model can reasonably replicate the 

distributed watershed processes such as infiltration and runoff over a watershed -  making 

it an acceptable rainfall-runoff model for the scaling studies that follow.
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Chapter 5

EFFECTS OF MULTIFRACTAL RAINFALL AND SATURATED HYDRAULIC 
CONDUCTIVITY ON INFILTRATION

This chapter presents the research carried out on the infiltration processes in the

framework o f universal multifractal. Rainfall and soil fields with various characteristics,

either scaling or non-scaling, are fed to the DIMBRR model and the resulting space-time

surface infiltration rates are analyzed. The impacts o f rainfall and soil fields on the

watershed process are thus revealed through these numerical experiments, and the results

are shown in two main parts: steady rainfall field (Section 5.3) and space-time

multifractal rainfall field (Section 5.4). A brief discussion about the impact o f average

rain rate on infiltration is also given at the end of the chapter.

5.1 Study Area

A 15 km^ square area on the Lindstrom Farm near Sterling, Colorado is chosen to be 

the study area for the numerical experiments (Figure 5.1). The choice o f the area was 

made based on the following factors:

i. Climate similarities between the study area and the Walnut Gulch subwatershed 11 

(W G ll), which was used for the model calibration and verification in Chapter 4; both 

areas are semi-arid with high-intensity summer thunderstorms.

ii. Hydrological similarities between the study area and W G ll subwatershed; both 

watersheds have ephemeral streams where Hortonian overland flow is the predominant
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mechanism for runoff generation.

iii. Consistency with the locations o f USDA-ARS experimental sites; Fig. 5.1 shows the 

relative location of the study area to USDA-ARS experimental sites near Sterling, Colorado.

iv. Requirement o f the universal multiffactal framework; both the generation of scaling 

fields and the estimation o f universal multifractal parameters require the use o f fast 

Fourier transform (FFT). This constrains the study area to be 2" x 2” pixels, where n is an 

integer and should be at least 7 (corresponding to 128 x 128 pixels) for meaningful 

analysis.

North Field

I We;

■ r
West Field

Study Area
South Field

4485000 

4484000 

4483000 

4482000 

4481000 

4480000 

4479000
660000 662000 664000 666000 668000 670000

X(m)

Figure 5.1 Locations o f  the study area and the USDA -  ARS experimental sites on the 
Lindstrom Farm near Sterling, CO

A set o f 7.5-minute DEM data named Buffalo Ranch NE was downloaded from USGS 

online data source (http://edc.usgs.gov/Droducts/elevation/dem.html) which corresponds 

to latitude 40°22'30" ~ 40°30'00", longitude 103°00'00" ~ 103°7'30". It includes

approximately 338 x 453 pixels, each with a size o f 30 m x 30 m. Because of 

computational limitations with respect to rainfall simulation, and the constraint o f FFT, a
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partial area 128 x 128 pixels is used as the study area. The size o f the study area is thus 

about 1475 ha. The main soil type in the area is loam.

As stated in Chapter 4, channels in a watershed can be defined based on contributing 

area and a contributing area threshold. The channels in the study area are determined 

using a contributing area threshold o f 110 pixels for optimal fittings of the defined 

channels to the observed ones. Figure 5.2 (a) displays the channels and the subwatershed 

used in the study area. Some corrections were made to conform the defined channels to 

the observed channels including minor changes to the DEM data and the removals o f a 

few non-existent channels. There are 514 channel pixels and 15870 overland pixels in 

this area. Figure 5.2 (b) shows the channels in the study area obtained from a county 

survey (USDA Soil Conservation Service, 1974). The agreement between the two sets of 

channels is fairly good.

(a) (b)

\

0 2 0 4 0 6 0 80 100 120
X (x 30 m)

Figure 5.2 (a) Defined channels in the Sterling study area; (b) Channels in the Sterling 
study area from  county survey (reproducedfrom USDA Soil Conservation Service, 1974)
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5.2 Choosing Model Parameters

The choice o f model parameters is an important issue for producing realistic 

infiltration fields. Two models are utilized in this study; the UM model for 

generating most rain rate and Ks fields, and the DIMBRR model for simulating the 

watershed responses (infiltration and runoff) to the rainfall. Sections 5.2.1 and 5.2.2 

respectively introduce the UM model parameters chosen for generating the rainfall 

and the Ks fields used in this study. Section 5.2.3 describes the various DIMBRR 

model parameters adopted for the Sterling study area.

5.2.1 Rain Rate Model Parameters

Both conservative and non-conservative rain fields have been observed in nature 

(e.g. Tessier et al. 1993, Fecknold et al. 1993, Harris et al. 1996). Tessier and 

coworkers (1993) reported that the scaling parameters for radar rain fields are a  = 

1.35, Cl = 0.3, and H = 0 (i.e. homogeneous); and the parameters from raingauge data 

are a  = 1.35, Ct = 0.2, and H = 0. Based on this information, the rain rate model 

parameters are chosen to be a  = 1.2 -  1.8, Ci = 0.2 -  0.4, and H = 0 -  0.5, where 

non-zero H is used to simulate non-conservative (non-homogeneous) rain field.

Typical spatial resolution for rain rate measurements are on the order o f a few 

hundred meters to a few kilometers or even larger. Because o f  the constraint o f the 

DEM data used here, the resolution o f the study area for this research is 30 m. This is 

a very high resolution for rain fields. However, some radar rain data have shown that 

rain rate fields could be multiscaling at a resolution o f 30 m to 120 m (Tessier et a l ,  

1993; Menabde et a l ,  1997). This observation serves as the justification for the high 

resolution used in this study.
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5.2.2 Ks Model Parameters

Some studies report that Ks and In(Ks) data are multifractal in the horizontal and/or 

the vertical directions (e.g. Liu and Molz, 1997; Tennekoon, 2003). It is also known 

that some geophysical fields and processes closely related to Ks, such as soil moisture 

and topography, are multifractal (Rodriguez-lturbe et al., 1995; Lavallee et al., 1993). 

It is thus reasonable to speculate the multifractal nature o f Ks field. In this study, the 

horizontal Ks field is assumed to be multifractal and conforms to the universal 

multifractal concept. The following parameters are used in the numerical 

experiments: a  -  1.5 -  2.0, C] -  0.01 -  0.05, and H = 0 -  0.5 where a  = 2.0 

corresponds to the lognormal multifractal case. The small Ci values are taken 

because usually natural Kg field is known to have very little sparseness except in cases 

such as many rock outcrops.

5.2.3 DIMBRR Model Parameters

Since the dominant soil type at the Sterling study site is loam, the porosity for 

loam, 0.463 cm^/cm^ (Maidment, 1992, Chapter 5), is applied throughout the study 

area. Factor d  (Section 4.3.2) for computing the initial soil moisture content is set to 

be 3 for overland and oo for channels. These correspond to the following initial soil 

moisture contents

d:
{^/ overland

, channel

where 6̂  ̂is field capacity, and 0  ̂ is residual soil moisture content. These two

parameters and the wetting front suction are computed at each overland pixel from Kg 

using the regression equations (4.38) to (4.40). The three parameters are set to be

120

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



constants at all channel pixels as follows: 6 f = 0.27 cmVcm^ ^,.= 0.117 cmVcni^ and

\|/ = 8.89 cm. These are the typical parameter values for loam (Maidment, 1992, 

Chapter 5). For the computation o f perimeter, the cross-section o f the channels is 

assumed to have trapezoidal shape and both banks have a uniform slope o f 30°. 

Channels bottom width is assumed to be proportional to the contributing area at the 

channel pixel with the minimum width being 2 m and the maximum 6 m. Manning’s 

n is set to be 0.035 overland (field crops) and 0.033 in channels (natural, clean, 

basically straight channels) (Chow et al., 1988, Chapter 2).

The above settings are employed for all the rainfall-runoff experiments carried out 

in Chapters 5 and 6 so that the effect o f  rainfall and Ks on the watershed responses 

can be examined without the complications from other hydrological factors. It 

should be stressed that different choices on the parameters, such as the factor d  for 

determining the initial soil moisture content, will result in different behavior o f  the 

infiltration processes and thus possibly different scaling features. It would be 

interesting to study the effects o f these parameters on the scaling properties o f  the 

various watershed processes, but this topic is beyond the scope o f this research 

effort.

5.3 Analysis o f Infiltration Under Steady Rain

The first group o f rainfall-runoff experiments is performed under the assumption of 

steady rainfall, that is, rain rate field that is variable in space but constant in time. 

Both scaling and non-scaling rain and Ks fields are tested for their effect on 

infiltration processes.
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In the remaining study, the input parameters o f the scaling rain and K, fields are taken 

to be the real parameters o f the generated fields. This assumption is made based on two 

considerations:

1) The studies carried out in Section 3.3.4 show that the input parameters a  and Ci of 

the conservative fields are reproduced with fairly high accuracy (Figures 3.12 and 

3.13). It is also shown there (Figure 3.16) that the input parameter H o f the non­

conservative fields can be estimated precisely in most cases. A non-conservative 

field is generated Irom its underlying conservative field through a fractional 

differentiation o f order H. This process does not change a  and Ci. Hence, all the 

three input parameters are well reproduced in the non-conservative field.

2) The conclusions about the influence of the rain and the Ks scaling parameters on 

infiltration is largely in qualitative rather than quantitative terms. Therefore, the 

small discrepancy between the input and the actual parameters o f the rain and the Ks 

fields does not pose a serious problem to the conclusions reached in this study.

To be consistent with the notations adopted in Chapter 4, the following symbols are 

used hereafter: aR, C ir, and H r represent the input and the actual scaling parameters of 

the rain fields; aRs, Cirs, and Hrs indicate the input and the actual scaling parameters of 

the Ks fields; and at, Cu, and Hj are the estimated scaling parameters o f the infiltration 

fields. Furthermore, Rr^, Rrs^, and R,  ̂represent R^ of log-power spectrums o f rain, Ks 

and infiltration fields, respectively.

5.3.1 Experim ental Set-up 

Unless otherwise noted, the following set-ups are applied in the experiments carried 

out in this chapter.
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i) Average rain rate is 3 cm/hr. This is a fairly large value for average rain rate in the 

field. However, as shown at the end o f this chapter, rain with higher intensity will 

essentially lead to the same behavior in infiltration as with low intensity rain except such 

behavior is more stable in the former case. Such large average rain intensity is used to 

make clear the characteristics of the watershed processes.

ii) Average Ks is 1.32 cm/hr. This is the Ks value for loam as given by Rawls and 

Brakensiek (1983). This number is taken because the dominant soil type at the Sterling 

study area is loam.

iii) Rain duration is set to be 150 min. for the cases where both rain and Ks are scaling 

fields because, combined with the large rain rate used, it is long enough for infiltration 

and runoff processes to become well developed and exhibit their characteristics. Rain 

duration is set to be 1000 min. if  either rain or K  is non-scaling field because it could 

take longer time for the infiltration fields to manifest scaling behavior under these cases.

iv) Twenty-five runs (or samples) are used for each case studied and the average statistics 

are used for analysis (Section 3.3.5). This quasi-Monte Carlo approach is adopted to 

ensure more accurate representations o f the processes being studied as a large degree of 

uncertainty is involved in such numerical experiments.

5.3.2 Effects of Non-Scaling Rain and Scaling Kg

In this set o f experiments, non-scaling rain and scaling K  fields are used to examine 

the effect the driving fields have on watershed infiltration processes. Twenty-five 

lognormally distributed random rain fields with 128 x 128 pixels are generated with a 

mean o f 3 cra/hr and a standard deviation o f 3 cm/hr. The random fields are generated by 

assigning a lognormally distributed random number series o f 16384 values to a square
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area o f 128 x 128 pixels row by row. The rain fields are white noises and have an 

average radial power spectrum with p = -1.02 (Figure 5.3). A scaling Ks field is 

generated using the UM model for the experiments with a mean o f 1.32 cm/hr and the 

following scaling parameters: aKs = 2.0, C iks = 0.01, and Hks = 0.2. Its power spectrum 

has a P = 1.32 and Rkŝ  = 0.97 (Figure 5.3). Therefore the Ks field is indeed a scaling 

field. Each of the 25 (steady) rain fields and the scaling Ks field are input to the 

DIMBRR model to derive the corresponding space-time infiltration processes. The rain 

duration for this set o f runs is 1000 min so that there is enough time for the infiltration 

processes to develop. The rainfall-runoff model is run for 1050 min so the behavior o f 

the infiltration field after the rain stops can be examined.

Figure 5.3 shows the offset average power spectrum of the infiltration fields at several 

points in time, along with the average power spectrum of the steady rain fields and the 

power spectrum of the Ks field. It is observed in Figure 5.3 that the power spectrum of 

the infiltration field resembles that o f the steady rain field at the beginning of the 

infiltration process, and gradually becomes more similar to that o f the K* field (before 

rain stops) especially at lower wavenumbers. This observation is in agreement with the 

known fact that rain field has a dominant effect on surface infiltration in the early stage o f 

an infiltration process, and Ks (soil) becomes a more important factor than rain in 

determining the properties o f infiltration field as rainfall continues. The slopes and the 

(modified) Ri  ̂o f the average infiltration power spectrums are plotted in Figure 5.4 (note 

the dual Y-axes). The slopes are computed using the full length o f the power spectrums. 

Recall that the two criteria for a scaling field are: 1) linear log-log power spectrum 

(reference R  ̂ > 0.9 for this study); and 2) slope o f the power spectrum is less than 0
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(Section 3.2.1). Even though Rj^ is quite large in the first 50 min or so in Figure 5.4, the 

slope o f the power spectrum is greater than 0 and thus the infiltration field is non-scaling 

in this period. As time progresses, the value o f Rj  ̂ decreases to just around the 0.9 

reference value and stays stable until rain stops. The slope o f the power spectrums stays 

negative during this time and, combined with the high R, ,̂ indicates that the infiltration 

fields are scaling. The slope increases rapidly and becomes greater than zero soon after 

rain stops -  revealing that the infiltration fields are no longer scaling after rain stops.
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Figure 5.3 Average power spectrums o f  infiltration fields under non-scaling rainfall and 
scaling Ks fie ld  (the lines have been offset fo r  clarity).
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Figure 5.4 Slopes and Rj o f  the average power spectrums o f  infiltration fields under non­
scaling rainfall and scaling Ks field.
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It is concluded from this set o f experiments that a non-scaling rain field determines the 

non-scaling nature o f its corresponding infiltration field in the early stage of the process. 

This ‘early’ stage may actually last for a long period of time. However, such an 

infiltration field may eventually become scaling if  the Ks field is scaling.

5.3.3 Effect of Scaling Rain and Non-Scaling K*

To test the effect o f scaling rain and non-scaling Ks on infiltration, 25 lognormally 

distributed random Ks fields are generated with a mean of 1.32 cm/hr and a standard 

deviation o f 0.7 cm/hr. The average power spectrum of the Ks fields has P = -1 (Figure 

5.5), i.e. the Ks fields are realizations o f white noise. The scaling rain field used in these 

experiments is generated using the UM model. It has a mean of 3 cm/hr and the 

following parameters: aR  = 1.5, C ir = 0.2, and H r = 0.5. Its power spectrum has a P = 

1.59 with Rr^ = 0.97 (Figure 5.5) which confirms that the simulated rain -is a scaling 

field. The duration o f the steady rain is 1000 min for this set o f experiments. Each o f the 

25 Ks fields and the rain field are fed into the DIMBRR model and the average power 

spectrums of the 25 resulting infiltration processes at a few time points are shown in 

Figure 5.5. The time series o f the slopes and the o f the average power spectrums are 

presented in Figure 5.6. The power spectrums o f the infiltration fields show a dominant 

effect from the rain field at the very early stage and a gradually stronger influence from 

the Ks field as time progresses especially at the high wavenumbers (Figure 5.5). The 

(= 0.76 at 20 min.) and the slopes o f the power spectrums show that the infiltration field 

is scaling then close to be scaling for a short period o f time at the beginning o f the 

infiltration process because o f the influence from the scaling rain, and rapidly becomes 

non-scaling as time increases (Figure 5.6). These results show that an infiltration process
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will be scaling at the early stage if  the rainfall field is scaling, but will become non­

scaling in time as long as the Ks field is non-scaling.

P_rain= 1.59 

rail = 0.97

e

-0.31.5 1.3 -0.9 -0.7 -0.5 - 0.1 0.1

logio(k)

Figure 5.5 Average power spectrums o f  infiltration fields under scaling rainfall and non­
scaling Kg fie ld  (the lines have been offset fo r  clarity).
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Figure 5.6 Slopes and o f  the average power spectrums o f  infiltration fields under 
scaling rainfall and non-scaling Kg field.

5.3.4 Effects of Scaling Steady Rain and Scaling on Infiltration

The last two sections examined the general influences that either non-scaling rain 

or non-scaling Ks has on infiltration process. This section will be devoted to more
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in-depth studies o f  the impacts o f steady scaling rain and scaling K., fields on 

infiltration.

5.3.4.1 Effects of Rain a

To examine the eifect o f model parameter Ur o f multifractal rain field on infiltration, 

three sets o f experiments are executed. Each set includes three aa: 1.2, 1.5 and 1.8, and 

different rain parameters C jr and H r as listed below.

S e tl:  C iR  = 0.1, H r  = 0.2 

Set 2: C ir = 0.2, H r  = 0.2  

Set 3: C ir  = 0.2, H r = 0.35 

The rain parameters are so chosen in the three sets that not only aR covers a wide range 

for the study o f impact o f aa , but there are also two values for each o f C ir and H r  to 

ensure that only the common phenomena among all the sets are analyzed and the 

conclusions drawn from the experiments are applicable for at least the ranges o f rain 

parameters that are used here. Twenty-five experiments are carried out for each 

combination o f the rain parameters. The average results of the 25 experiments, such as 

the average infiltration rate and average estimated scaling parameters, are used in the 

following analysis. The scaling Ks field used in the experiments is generated using the 

UM model with parameters aRs -  2.0, Cirs = 0.01, and Hrs = 0.2. For a visual 

inspection. Figure 5.7 shows the infiltration field in one o f the experiments in Set 2 at 10 

min and 150 min after rain starts. The white spot at the upper-right comer o f the study 

area has little infiltration as a result o f very low rain intensity in the region. However, 

infiltration in the channels in this area is still noticeable because 1) excess rainfall 

concentrates into the channels throughout the region; and 2) excess rainfall originated
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from areas outside the low rain intensity region is transported into the region through the 

channels.

(a) (b)

0 .0  2 .0  4 .0  6 .0  B.O c m /h r

Figure 5.7 Infiltration fields at (a) 10 min, and (b) 150 min after rain starts. Rain fie ld  
parameters are Ur = 1.2, Cm = 0.2, and H r = 0.2; and Kg parameters are a^s = 2.0, C iks 
= 0.01, and Hk.s = 0.2.

While the average rain rate remains the same in all the cases, the spatial structures o f 

the rain fields can be quite different depending on the scaling parameters. Figure 5.8 

compares the average relative frequencies of the rain fields from Set 2. Figure 5.9 shows 

some o f the corresponding rain images. As expected, rain tield with larger aR has 

stronger singularity, i.e. rain is more concentrated in smaller areas and leaves most o f the 

region with lower rain intensity. This is not a very effective rain structure for generating 

large field average infiltration. Thus, a rain field with lower aR will lead to more 

infiltration than a rain field with higher aR does, provided all other aspects of the rain fields 

are the same. Figure 5.10 compares the time series of the average infiltration rate in the 

study area with three rain scenarios from Set 2. Rain field with smaller parameter aR 

clearly produces larger average infiltration. Figure 5.11 shows the average pow er
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Figure 5.8 Average relative frequencies o f  steady rain fields

(a)

is

(c)

0.0 2.0 4.0 6.0 a.O cm/hr

Figure 5.9 Steady rain fields with parameters (a) a  = 1.2, Cj = 0.2, and H  = 0.2; (b) a  = 
1.5, Cl = 0.2, a ndH  = 0.2; and (a) a  = 1.8, Ci = 0.2, andH  = 0.2.

spectrums o f the infiltration fields at a few points in time under the three rain fields from

Set 2. Also shown in the figure are the average power spectrum of the steady rain field

and the power spectrum o f the Ks field. Under the influence of two scaling fields -  rain

and Ks, the power spectrums of infiltration fields show good linearity throughout the

process. Figure 5.12 shows the Ri  ̂time series o f the power spectrums.
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rain: alpha=1.2, C 1=0.2, H=0.2 

rain: alpha=1.5, C 1=0.2, H=0.2 

rain: alpha=1.8. Cl =0.2, H=0.2
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Figure 5.10 Effect o f  ur on the fie ld  average surface infiltration rates under steady 
scaling rain fields and scaling Ks fie ld  (uks -  2.0, Cjks = 0.01, and Hks = 0.2)
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Figure 5.11 Power spectrums o f  infiltration fields under steady scaling rain fields: C r 
0.2, FIr ~ 0.2 and (a) ur = 1.2, (b) aR = 1.5, and (c) Ur = 1.8; and scaling Ks field: Uks 
2.0, CiKs = 0.01, andHKs = 0.2.
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Combined with the scaling Ks field, all three scaling rain fields yield scaling 

infiltration fields as the high values o f the Ri  ̂o f the power spectrums indicate good log- 

linearity o f the power spectrums. The three Rj  ̂ time series in Figure 5.12 are all well 

above the R^ reference line -  showing that the infiltration fields resulted from the three 

steady scaling rain fields are strongly scaling. The infiltration fields from the other two 

sets o f experiments are also strongly scaling. Specifically, the minimum Ri  ̂ is 0.92 for 

the first set and 0.91 for the third set.

0.95 -

0.9X

0.85 -

0.8

alpha_R=l .2, C 1_R=0.2, H_R=0.2 
-s»-alpha__R=1.5, C1_R=0.2, H_R=0.2 
-*-aiplia___R=1.8, C1_R=0.2, H_R=0.2 
—  R square reference line

25 50 75
t (min)

100 125 150

Figure 5.12 Effect o f  Ur on o f  the infiltration fields under steady scaling rain and 
scaling Kg fields (uks = 2.0, Ciks = 0.01, and Hrs = 0.2)

The P-technique (Section 3.2.2) is employed to check for the fitness o f the UM model 

to the infiltration fields. Figure 5.13 compares the estimated P o f the infiltration power 

spectrums with the ‘theoretical’ p o f the three rain fields from Set 2. The ‘theoretical’ P 

is calculated using eq. (3.25) and the parameters (ai, Cn, and H j )  estimated from the non­

conservative infiltration fields. As illustrated in Section 3.3.4, the estimation of 

parameters from a non-conservative field introduces some error. Therefore, the 

‘theoretical’ p is essentially an estimate itself. Moreover, the estimated P is very
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sensitive to the range of wavenumbers used to derive the param eter. The power 

spectrum corresponding to the 10 lowest wavenumbers are used here to estimate p.

(a) (b)
1.6

1.2

1.1

1.6

•tw
estm 1.5

1.4
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rmse = 0.13
l.l

100 125 15(; 0 25 50 75 100 125 150
t(nin) t(m in)

(c)
1.6

1.5

1.4

1.3

1.2

l.l
0 25 50 75 100 125 150

t(nm)

Figure 5.13 Comparisons o f  the theoretical and the estimated f t  o f  the infiltration fields 
under steady scaling rain fields: Cm = 0.2, H r  = 0.2 and ( a )  Ur = 1.2, ( b )  aR = 1.5, and  
(c) aR = 1.8; and scaling Ks field: aKs ~ 2.0, C/ks ~ 0.01, andHKs = 0.2.

No criterion is given here for fitting the UM model because o f the above-mentioned 

uncertainties. However, a measure o f  the ‘goodness-of-fit’ is given in Figure 5.13 -  

RMSE o f the estimated p (taking the ‘theoretical’ p as the true value) o f the infiltration 

fields at 10 min interval (hereafter denoted as rmse_Pi where pi stands for P o f infiltration 

field). This value gives a general idea o f how close the two P's are. Figure 5.14 shows the 

estimated P time series o f the three infiltration processes and their respective rmse_Pi, 

The rmse_Pi o f the infiltration processes are 0.12, 0.13, and 0.15, respectively. Figure
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5.14 reveals that rain field with lower aR leads to larger Pi for the three cases tested. It is 

also observed that Pi generally increases in time. It is noted that large pi indicates that 

large-scale structures, rather than fine features, dominate the infiltration fields. From eq. 

(3.25), p is  proportional to H and inversely proportional to a  and Ci. Thus, in the 

language of universal multifi*actal, large Pi means one or more o f the following: increased 

Hi (homogeneity), decreased ai (singularity), and decreased Cn (sparseness). The effect 

o f Pi is illustrated in Figure 5.15 with two infiltration fields from the same process but at 

two different points in time.

1.45

ca

1.25 -

-«-alpha_R=1.2, C1_R=0.2, H_R=0.2: mise=0.12 

alpha_R=l .5, C 1_R=0.2, H_R=0.2: rmse=0.13 

- A -  alpha_R=l .8, C 1_R=0.2, H_R=0.2; ntise=0.15

25 100 1500 50 75 125
t (min)

Figure 5.14 Effect o f  aR on fii o f  the infiltration processes under steady scaling rain and 
scaling Ks fields (aKs -  2.0, Ciks = 0.01, andHKs = 0.2).

The analysis shown above is based on the results o f the Set 2 experiments. Similar

conclusions can be drawn from the results o f the Set 1 and Set 3 experiments. For

instance, the rmse p, from the three rain fields o f Set 1 are 0.16, 0.16, and 0.18; and fi'om

the rain fields o f Set 3 are 0.08, 0.09, and 0.08.

Figures 5 .1 6 -5 .1 8  present the estimated infiltration scaling parameters from the three

sets of experiments. The following conclusions are drawn based on the figures.
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0 .0  2 .0  4 .0  6.0 a.O cm /h r

Figure 5.15 Infiltration fields at (a) 20 min; and (b) 150 min under steady scaling rain 
(an = 1.2, C]R = 0.2, and H r = 0.2) and scaling fields (aKs = 2.0, Cjks = 0.01, andHKs 
= 0.2).

i) The impact o f a a o n  infiltration ai is weak (Figure 5.16). It is observed in 

Figure 5.16 that the change of a , is not always unidirectional with aR, This is an 

indication o f non-linearity in the relation between a a  and as.

ii) The impact o f a a  on infiltration Cu is also weak (Figure 5.17). The variation 

o f Cu with a a  is unclear.

iii) The impact o f a a  on Fli is weak (Figure 5.18). The variation o f Hi with a a  is 

also associated with non-linearity.

In general, the impact o f a a  on infiltration parameters is weak.

5.3.4.2 Effects of Rain Ci

To explore the influences o f rain model parameter Cia on the scaling parameters of 

infiltration process, three sets o f experiments are designed with the following rain 

parameters.
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Figure 5.16 Effect o f  Ur on a,- under scaling Ks field: a^s = 2.0, Ciks = 0.01, andHKs = 
0.2; and steady scaling rain fields with an = 1.2/1.5/1.8 and (a) C ir = 0.1, H r = 0.2; (h) 
Cm = 0.2, H r = 0.2; and (c) Cm = 0.2, H r = 0.35.
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Figure 5.17 Effect o f  an on C/, under scaling Ks field: aKs = 2.0, Ciks = 0.01, andHKs = 
0.2; and steady scaling rain fields with an = 1.2/1.5/1.8 and (a) Cm = 0.1, H r = 0.2; (h) 
C,R = 0.2, H r = 0.2; and (c) Cm  = 0.2, H r = 0.35.
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Figure 5.18 Effect o f  Ur on Hi under scaling field: axs = 2.0, Ciks = 0.01, andHKs = 
0.2; and steady scaling rain fields with aR = 1.2/1.5/1.8 and (a) C ir = 0.1, H r = 0.2; (h) 
CiR = 0.2, H r =  0.2; and (c) C ir = 0.2, H r = 0.35.
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S e tl:a R = 1 .2 ,H R  = 0.2 

Set 2: ttR = 1.2, Hr = 0.35 

S e t3 :a R =  1.5, Hr = 0.35 

Parameter C ir compared in all the experiments are C ir = 0.1, 0.2, and 0.3. Twenty-five 

experiments are conducted for each combination o f the three rain parameters. Figure 

5.19 compares the average relative frequencies o f the rain fields used in the first set, and 

Figure 5.20 shows some o f the corresponding rain images.

-®-alpha=1.2, C 1=0.1,11=0.2 
-S- alpha=1.2, C 1=0.2, H=0.2 

alpha=1.2, C 1=0.3, H=0.2
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Figure 5.19 Average relative frequency o f  steady rain fields

0 .0  2 .0  4 .0  6.0 8 .0  cm /h r

Figure 5.20 Steady rain fields with parameters (a) Ur = 1.2, C ir = 0.1, and H r = 0.2; 
(b) gr -  1.2, C ir = 0.2, and H r = 0.2; and (c) gr = 1.2, C ir = 0.3, and H r = 0.2.
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As illustrated in Figures 5.19 and 5.20, a rain field with smaller C ir has a larger area 

covered with high rain intensity {i.e. less sparseness) than a rain field with larger C ir. In 

other words, the former case is more evenly spread out in space than the latter one. Thus, 

a rain field with smaller C ir will have more available water for infiltration and lead to 

more developed infiltration process. This is demonstrated in Figure 5.21 with the average 

infiltration rates o f the infiltration processes under the three rain scenarios from Set 1.

3

- - - rain; alpha=1.2, €1= 0 .1 , H=0.2 

— rain: a lpha= l.2, €1= 0 .2 , H=0.2

—  rain: alpha= 1 .2 ,01= 0 .3 , H=0,2
2.5

2

1.5

1
0 25 50 75 100 125 150

t (min)

Figure 5.21 Effect of Cr on the fie ld  average surjace infiltration rates under steady 
scaling rain and scaling Kg (a^s = 2.0, Cijcs -  0.01, and Hks -  0.2)

Figures 5.22 and 5.23 respectively show the average Ri  ̂ and the pi time series o f the 

infiltration processes from the Set 1 experiments. The large Rj  ̂ values signify that the 

infiltration fields in the three rain cases are strongly scaling. The minimum R,  ̂ is 0.91 for 

both the Set 2 and the Set 3, i.e. the infiltration fields from the other two sets are also 

strongly scaling. The rmse_Pi o f the three cases are respectively 0.16, 0.12, and 0.18. 

The values indicate (to a certain degree) how well the UM model fits to the infiltration 

fields. The rmse_Pi o f the three cases from Set 2 and 3 are respectively 0.11, 0.08, 0.08; 

and 0.08, 0.09, 0.09 (figures not included). Figure 5.23 also demonstrates that: 1) smaller 

CiR leads to larger Pi; and 2) p, increases in time. Large pi means that the infiltration 

field is dominated by large-scale features.

140

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



0.95 -

S6

alpha_R=1.2, C1_R=0.1, H__R=0.2 
alpha_R=1.2, C1_R=0.2, H_R=0.2 
alpha_R=1.2, C1_R=0.3, H__R=0.2 
R square refereixie line

0.85 -

25 500 75 100 125 150
t (min)

Figure 5.22 Effect o f  Cm on o f  the infiltration fields under steady scaling rain and 
scaling Kg fields (uks = 2.0, C iks == 0.01, andHns = 0.2)
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Figure 5.23 Effect o f  Cir on fii o f  the infiltration processes under steady scaling rain 
and scaling Ks fields (oks = 2.0, Cjks = 0.01, and Hks -  0.2)

Figures 5.24 -  5.26 show the estimated scaling parameters o f infiltration processes 

from the three sets o f experiments. The following conclusions are drawn from the figures:

i) There is a weak to moderate correspondence between C ir and ai. The two 

parameters are positively correlated for the most part.

ii) Parameter C ir has a moderate impact on Cu. The latter is proportional to the 

former although the correlation becomes weak as C ir  becomes large.
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Figure 5.24 Effect o f  Cm on ai under scaling Kg field: afCs = 2.0, Cms = O.OI, and Hks = 
0.2; and steady scaling rain fields with C m  ~ 0.1/0.2/0.3 and (a) an = 1.2, H r = 0.2; (b) 
ttR = 1.2, H r -  0.35; and (c) ur = 1.5, H r = 0.35.
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Figure 5.25 Effect o f  Cir on Cn under scaling field: aKu = 2.0, Ciks ~ 0.01, and Hks 
= 0.2; and steady scaling rain fields with Cm  = 0.1/0.2/0.3 and (a) ur  = 1.2, H r = 0.2; 
(b) Ur = 1.2, H r = 0.35; and (c) Ur = 1.5, H r = 0.35.
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Figure 5.26 Effect o f  Cm on Hi under scaling field: a^s = 2.0, Cms = 0.01, and Hks = 
0.2; and steady scaling rain fields with Cm = 0.1/0.2/0.3 and (a) an = 1.2, H r = 0.2; (h) 
Ur = 1.2, H r = 0.35; and(c) ur = 1.5, H r = 0.35.
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iii) The impact o f C ir on Hj is weak. The association between the two parameters 

is strongly non-linear.

The influence o f C ir on infiltration parameters is weak to moderate.

5.3.43 Effects of Rain H

Three sets o f experiments are carried out for the study of the impact o f H r on 

infiltration. They have the following rain parameters: H r = 0.0, 0.1, 0.2, and 0.5; and

Set 1: ttR = 1.2, C]R — 0.1 

Set 2: ttR= 1 .5 ,C ir  = 0.1 

Set 3; ctR = 1.5, C ir  = 0.3 

It is noted that a zero H r means that the rain field is conservative or homogeneous. 

Figure 5.27 compares the relative frequencies of the rain fields from Set 3. Some o f the 

corresponding rain fields are shown in Figure 5.28.

0.5 1

-o-alpha=1.5, C l=0.3, H=0.0 

e  alpha=1.5,Cl=0.3,H=0.1 

•^a lpha= 1 .5 , C l=0.3, H=0.2 

X alpha=1.5,Cl=0.3,H=0.5

0.4 -

0.3 -

0.2 -

0 2 3 4 85 6 7

Rain Rate (cm/hr)

Figure 5.27 Average relative frequency o f  steady rain fields 

Figures 5.27 and 5.28 reveal that larger H r leads to more area with high intensity 

rainfall than smaller H r, and hence gives rise to more developed infiltration field as 

shown in Figure 5.29.
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Figure 5.28 Steady rain fields with parameters (a) an -  1.5, C ir = 0.3, and H r = 0.0; (h) 
Ur = 1.5, CjR = 0.3, and H r = 0.1; (c) Ur = 1.5, C ir = 0.3, and H r = 0.2; and (d) aR = 
1.5, CiR = 0.3, and H r = 0.5.

rain: alpha=l .5, Cl=0.3, H=0.0 
rain: alpha=1.5, Cl=0.3, H=0.1 
rain: alpha=1.5, Cl=0.3, H=0.2 
rain: alpha=1.5, Cl=0.3, H=0.5

< 1.6 -

t (mm)

Figure 5.29 Effect o f  H r on the fie ld  average surface infiltration rates under steady 
scaling rain and scaling Ks (ors -  2.0, Ciks = 0.01, and Hrs = 0.2)

Figure 5.30 presents the average time series o f the infiltration processes from Set 3. 

Majority o f the infiltration fields have greater than 0.9 and thus are strongly scaling. 

The same conclusion applies to the other two sets of experiments. Only the infiltration
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fields at the very early stage in the cases where H r = 0.5 are shown to be weakly scaling. 

The Pi time series o f the infiltration processes are displayed in Figure 5.31 along with the 

values o f the rmse pi. The rmse pi o f the three sets of infiltration processes are: 0.40, 

0.18, 0.16, and 0.09; 0.39, 0.26, 0.16, and 0.08; 0.45, 0.30, 0.18, and 0.13. Figure 5.31 

also shows that 1) larger H r leads to larger Pi; and 2) Pi increases in time. Therefore, an 

infiltration field will have smaller a\, Ch, and/or larger Hi if  it is subject to a rain field 

with larger H r or lasting for prolonged period o f time. Figure 5.32 -  5.34 show the 

estimated infiltration parameters from the three sets o f experiments. They lead to the 

following conclusions:
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Figure 5.30 Effect o f  H r on 7?/ o f  the infiltration fields under steady scaling rain and 
scaling Ks fields (uks = 2.0, Ciks = 0.01, and Hks = 0.2)
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Figure 5.31 Effect o f  H r on f t  o f  the infiltration processes under steady scaling rain and 
scaling Ks fields (oks = 2.0, Ciks = 0.01, andHKs = 0.2)
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Figure 5.32 Effect o f  H r on Uj under scaling field: afCs = 2.0, C iks = 0.01, and H rs =  

0.2; and steady scaling rain fields with H r = 0.0/0.1/0.2/0.5 and (a) aR = 1.2, C ir = 0.1; 
(b) aR = 1.5, CiR = 0.1; and (c) aR = 1.5, Cm = 0.3.
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Figure 5.33 Effect o f  Hr on C u under scaling Ks field: uks = 2.0, Ciks = 0.01, and Hrs = 
0.2; and steady scaling rain fields with H r = 0.0/0.1/0.2/0.5 and (a) ur = 1.2, C ir = 0.1; 
(b) an = 1.5, Cir = 0.1; and (c) aR = 1.5, Cm = 0.3.
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Figure 5.34 Effect o f  H r on Hi under scaling Ks field: Uks = 2.0, C iks = 0.01, and H ks = 
0.2; and steady scaling rain fields with H r = 0.0/0.1/0.2/0.5 and (a) an = 1.2, C jr = 0.1; 
(b) aR = 1.5, CiR = 0.1; and (c) ur -  1.5, C ir = 0.3.
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i) Homogeneous (H r = 0) and close to homogeneous (H r is close to 0) rain fields 

prove to be a special class o f rain which is characterized by quite different 

behavior from non-homogeneous rain with larger H r. The threshold H r value 

is a function o f both the infiltration parameter being analyzed and the values 

o f aR and Cjr. The differences between the two types o f rain are discussed in 

the following context.

ii) H r has a moderate to strong impact on ai. In the small H r range including H r 

= 0, tti increases with H r . A s H r gets larger, ai will become inversely 

proportional to H r .

iii) The impact o f H r on C u appears to be proportional to C ir. In a small range of 

Hr  close to Hr = 0, Cu is positively proportional to Hr and becomes inversely 

proportional to H r as H r moves out o f this range. However, Cu is inversely 

proportional to H r throughout the range of H r tested if C jr is large.

iv) While the values o f Hi are small when H r is zero, they are nonetheless non­

zero and hence show that homogeneous rain field does not lead to 

homogeneous infiltration fields.

v) The impact o f H r on Hj is strong. The two parameters are positively 

correlated.

In summary. H r has a moderate to strong impact on infiltration parameters.

5.3.5 Effects o f Scaling Ks on Infiltration under Steady Rain

Besides rainfall, saturated hydraulic conductivity, Ks, is another variable that plays a 

very important role in determining surface infiltration. It is not only an explicit part of 

the equation that is used to compute infiltration capacity (eq. 4.6), it also determines

151

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



some other variables that are related to infiltration, such as wetting front suction, through 

empirical regression relations (eqs. 4.38 -  4.40) in this study. This section is devoted to 

the study o f the impact o f scaling Ks field on surface infiltration.

5.3.5.1 Effects of Ks a  

Three Ks fields are generated and supplied to the DIMBRR model for the study o f the 

effect o f Ks a  (aKs) on infiltration. The three fields have the same average value (1.32 

cm/hr), CiKs (0.01), and Hks (0.2) but different aKs (otKs = 1-5, 1.75, or 2.0). The fields 

are presented in Figure 5.35. The same scaling rain fields are used in all three cases with 

a a  = 1.2, C]R = 0.2, and H r = 0.3. Twenty-five experiments are conducted for each 

combination o f Ks parameters.

(b)

0  1 2  3  4 cm /h r

Figure 5.35 fields with parameters (a) Uks = 1-5, Ciks = 0.01, H ks = 0.2; (b) axs = 
1.75, CiKs = 0.01, Hks = 0.2; and (c) uks = 2.0, Cjk, = 0.01, Hks = 0.2.

As shown in Figure 5.35, Ks field with larger aRs has more concentrated areas with 

large K„ i.e. stronger singularity, than field with smaller aRs- Similar to the case with 

rain aa, a field with high aas does not have an efficient structure for generating large 

field average infiltration. Rather, Ks field with smaller aas will yield more developed
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infiltxation fields than field with larger aKs- Figure 5.36 illustrates this point with a plot 

comparing the time series o f the average infiltration rates of the three cases. It is seen in 

Figure 5.36 that this effect is more obvious when aKs becomes larger ( -> 2.0). The 

average time series are shown in Figure 5.37. The infiltration fields are strongly 

scaling from the highest aKs and weakly scaling from the other two Ks fields. Figure 5.38 

shows the Pi time series along with the rmse_Pi values. The following inequality holds 

for most infiltration fields: Pi(aKs=2.0) < Pi(aKs=1.5) < pi(aKs=l-75). This shows that Pi is 

connected to aKs through a non-linear relationship. All Pi time series in Figure 5.38 have 

increasing trends. The rmse_pt o f the three infiltration processes are 0.1, 0.09, and 0.07.

-  -  Ks:alpha=J .5 ,01= 0 .01 , H=0.2

—  Ks: alpha=l .75 .01= 0 .01 , H=0.2 

—— Ks; a ipha=2.0 ,01=0.01, H=0,212 2.4 -

Ef
i.

0 25 50 75 100 125 150

t  (min)

Figure 5.36 Effect oJoks on the fie ld  average surface infiltration rates under steady 
scalingrain (aR -  1.2, C ir = 0.2, and H r = 0.3) and scaling Ks fields

Figure 5.39 shows the scaling parameters o f the infiltration processes from the above- 

mentioned Ks and rain fields. The following discoveries are made from Figure 5.39.

i) The effect o f aKs on a i is weak in the early stage o f the infiltration process (30

min. or so). The former also has little impact on the latter throughout the

process if aKs is less than 1.75. However, ai is strongly influenced by aKs as the

latter becomes larger 2.0). Parameter ai increases monotonically with aKs-
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ii) Similar conclusions as i) apply to the relation between Cj, and aKsI namely, 

larger aKs brings about larger Cn if  ass is large. The effect o f a^s on Cu is 

weak for smaller aKs and for the early part o f the infiltration process. The 

variation o f C u with aKs is unidirectional (Figure 5.39 (b)).

iii) The impact o f aKs on H, is weak to moderate. It is perceived that Hi is 

inversely correlated to aKs especially as the latter becomes large (Figure 5.39 (c)).

Overall, the impact o f aKs on infiltration is moderate to strong for large aKs, and the 

variations o f the infiltration parameters with aKs are usually unidirectional
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Figure 5.37 Effect o f  aKs on o f  the infi ltration fields under steady scaling rain (aR
1.2, C ir = 0.2, and H r = 0.3) and scaling Kg fields
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Figure 5.38 Effect o f  axs on pi o f  the infiltration fields under steady scaling rain (aR 
1.2, C ir = 0.2, and H r = 0.3) and scaling fields
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Figure 5.39 Effect o f  aKs on the estimated infiltration parameters (a) au (b) Cu, and (c) 
Hi, under steady scaling rain fie ld  (aR = 1.2, Cm = 0.2, and H r = 0.3) and scaling Ks 
fields.
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S.3.5.2 Effects o f K* Ci

Three scaling Ks fields are used for this study, each with different C iks (0.01, 0.05, or 

0.1) but the same axs (2.0) and Hks (0.2). Twenty-five experiments are conducted for 

each combination o f the Ks parameters. Figure 5.40 shows the time series o f the field 

average infiltration rates resulting from the three Kg fields. Smaller C[Ks clearly leads to 

more infiltration on average.

3

2.8 Ks: alpha=2.0, C 1=0.01, H=0.2 

Ks: alpha=2.0, C 1=0.03, H=0.2  

Ks: aipha=2.0, C l =0.05, H=0.2
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Figure 5.40 Effect o f  Ciki on the fie ld  average surface infiltration rates under steady 
scalingrain (ur -  1.2, Cm = 0.2, and Hr = 0.3) and scaling Ks fields

The Ri  ̂ time series are plotted in Figure 5.41. The figure shows that all infiltration

fields are strongly scaling. The Pi time series shown in Figure 5.42 reveal that smaller

CiKs produces larger Pi. Being consistent with all the infiltration processes studied so far,

the three Pi time series also have an increasing trend. Hence, smoother infiltration fields

will result from Ks field with smaller C iks and/or prolonged rainfall. Figure 5.43 presents

the estimated scaling parameters o f the infiltration processes corresponding to the three

Ks fields. The findings from the figure are:
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Figure 5.41 Effect o f  C jks on i?, o f  the infiltration fields under steady scaling rain (ur
1.2, C ir = 0.2, and H r = 0.3) and scaling Ks fields
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Figure 5.42 Effect o f  Ciks on o f  the infiltration fields under steady scaling rain (aR = 
1.2, C ir = 0.2, and H r = 0.3) and scaling Ks fields

i) Parameter Ciks has a weak impact on a i (Figure 5.43 (a)). While it is obvious 

that a i decreases as Ciks increases from 0.01 to 0.03 and 0 .05 , the trend is 

rather obscure as Ciks becomes larger than 0.03.
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Figure 5.43 Effect o f  Cjks on the estimated infiltration parameters (a) ai, (b) Cn, and (c) 
H i ,  under steady scaling rain fie ld  (aR = 1 . 2 ,  C i r  =  0 . 2 ,  and H r  =  0 . 3 )  and scaling K s  

fields.
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ii) Parameter C iks also has a weak impact on Cy (Figure 5.43 (b)). Even though 

the variation o f Cy with C iks is not very clear, it is discemable that the two 

parameters are inversely correlated.

iii) The influence o f C iks on Hi is weak as shown in Figure 5.43 (c). Hi increases 

with CiKs as the latter shifts from 0.01 to 0.03 and 0.05 even though the trend 

is ambiguous in the C iks range o f 0.03 and 0.05.

In summary, C iks has a weak impact on the scaling parameters o f infiltration process.

5.3.5.3 Effects of K , H 

Four Ks fields are employed for analyzing the impact of Ks H (Hks) on infiltration. 

Parameter aKs and C iks for all the four fields are 2 .0  and 0.01 , respectively. Parameter 

Hks is 0.0 , 0 .1 , 0 .3 , or 0 .4  for each of the Kg field. It is noted here that Hks = 0 yields a 

conservative or homogeneous field. Twenty-five experiments are performed for each 

combination o f the Ks parameters. The time series o f the field average infiltration rates 

resulting from the four Ks fields are shown in Figure 5.44. Essentially, no difference is 

observed in all the time series o f the field average infiltration. This demonstrates that Hks 

has very minor impact on the field average infiltration. Figure 5.45 displays the Ri  ̂ time 

series o f the infiltration processes. Infiltration fields from the first three Ks fields are 

shown to be strongly scaling. Most part o f the time series from the highest Hks (0 .4 ) 

is lower than the R  ̂ reference line. However, the Ri^ values are stable and fairly close to 

the reference line. Therefore, the infiltration process from this case is considered weakly 

scaling. The time series o f Pi are presented in Figure 5.46 along with their rmse pi 

values. It is observed that Pi increases with Hks except tor the first 100 min. or so in the 

case of homogeneous Ks field (Hks = 0). The time series of Pi also have increasing trend
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in all cases. The rmse pi values for the four infiltration processes are 0.06, 0.09, 0.08, 

and 0.09, respectively.
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Figure 5.44 Effect o fH ki on the fie ld  average surface infiltration rates under steady 
scalingrain (aR -  1.2, C ir = 0.2, and H r = 0.3) and scaling Ks fields
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Figure 5.45 Effect o fH ks on Ri o f  the infiltration fields under steady scaling rain (aR =
1.2, C ir = 0.2, and H r = 0.3) and scaling Ks fields

Figure 5.47 compares the estimated infiltration parameters fi’om the four Ks fields. The 

results are:

i) There is an adjusting period o f about 20 to 30 min. at the beginning o f the 

infiltration processes. The variations o f the infiltration parameters with the
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rain parameters behave differently inside and outside this period. The same 

adjusting (transition) period is also observed in Figures 5.12 and 5.39.

ii) A special zone develops close to Hrs = 0 (homogeneous Ks field) in the 

second part o f the infiltration process where ai increases with Hks- Otherwise 

tti is inversely proportional to Hks after the initial adjusting period. The 

impact o f Hks on the singularity o f the infiltration field is moderate.

iii) Hks has a weak impact on Cu. The latter increases with Hks in the vicinity o f 

Hks = 0, and decreases with Hks outside the small zone.

iv) Intiltration parameter Hi is moderately influenced by Hks- It decreases with 

the latter in the vicinity o f Hks = 0, and monotonically increases with Hks 

outside the small zone.

v) Homogeneous Ks field (Hks = 0) does not lead to homogeneous infiltration 

field.

Overall, Hks has a weak to moderate impact on the scaling parameters o f infiltration 

process.
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Figure 5.46 Effect ofHfCs on Pi o f  the infiltration fields under steady scaling rain (ur
1.2, CiR = 0.2, and H r = 0.3) and scaling Ks fields
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Figure 5.47 Effect o/H jo on the estimated infiltration parameters (a) «„ (h) Cu, and (c) 
Hi, under steady scaling rain fie ld  (ur = 1.2, Cir = 0.2, and Hr = 0.3) and scaling Ks 
fields.
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The analyses performed so far have shown that the scaling properties o f infiltration 

processes under the condition o f steady rain are a combined result o f rain and soil scaling 

(or non-scaling) properties and the interactions between rain and soil, among other 

factors. It is concluded that infiltration process will eventually become scaling as long as 

the embedded Ks field is scaling. All the infiltration fields examined in this section are 

shown to be scaling. Figure 5.48 shows the rmseJ3i of the 33 scaling infiltration 

processes used in this part o f the study, and Table 5.1 lists the input scaling parameters o f 

the corresponding rain and Ks fields. It is observed that the majority o f the rmse pi are 

less than 0.2 -  indicating that the UM model fits in the infiltration data with reasonable 

accuracy. The infiltration processes corresponding to the large rmse pi (> 0.2) are the 

results o f homogeneous or close to homogeneous rain fields (Table 5.1). In summary, 

rain parameter H r tends to be an important factor in determining the scaling parameters 

o f infiltration process while a  of Ks only plays a significant role if  the parameter is large 

(-^  2.0). A more complete description o f the findings fi-om this section is provided in 

Chapter 7.

0.5

0.45 '

0.35 -

03.

0.05 -

0 5 15 20 3025

Case Number

Figure 5.48 The r m s e o f  all the scaling infiltration processes under steady scaling 
rain and scaling Ks fields.
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Table 5.1 Scaling Parameters o f  Steady Rain and Ks Fields from  Section 5.3.4

Case # aR ClR H r aKs CiKs H ks

1 1.2 0.1 0.0 2.0 0.01 0.2
2 1.2 0.1 0.1 2.0 0.01 0.2
3 1.2 0.1 0.2 2.0 0.01 0.2
4 1.2 0.1 0.35 2.0 0.01 0.2
5 1.2 0.1 0.5 2.0 0.01 0.2
6 1.2 0.2 0.2 2.0 0.01 0.2
7 1.2 0.2 0.35 2.0 0.01 0.2
8 1.2 0.3 0.2 2.0 0.01 0.2
9 1.2 0.3 0.35 2.0 0.01 0.2
10 1.5 0.1 0.0 2.0 0.01 0.2
11 1.5 0.1 0.1 2.0 0.01 0.2
12 1.5 0.1 0.2 2.0 0.01 0.2
13 1.5 0.1 0.35 2.0 0.01 0.2
14 1.5 0.1 0.5 2.0 0.01 0.2
15 1.5 0.2 0.2 2.0 0.01 0.2
16 1.5 0.2 0.35 2.0 0.01 0.2
17 1.5 0.3 0.0 2.0 0.01 0.2
18 1.5 0.3 0.1 2.0 0.01 0.2
19 1.5 0.3 0.2 2.0 0.01 0.2
20 1.5 0.3 0.35 2.0 0.01 0.2
21 1.5 0.3 0.5 2.0 0.01 0.2
22 1.8 0.1 0.2 2.0 0.01 0.2
23 1.8 0.2 0.2 2.0 0.01 0.2
24 1.8 0.2 0.35 2.0 0.01 0.2
25 1.2 0.2 0.3 1.5 0.01 0.2
26 1.2 0.2 0.3 1.75 0.01 0.2
27 1.2 0.2 0.3 2.0 0.01 0.0
28 1.2 0.2 0.3 2.0 0.01 0.1
29 1.2 0.2 0.3 2.0 0.01 0.2
30 1.2 0.2 0.3 2.0 0.01 0.3
31 1.2 0.2 0.3 2.0 0.01 0.4
32 1.2 0.2 0.3 2.0 0.03 0.2
33 1.2 0.2 0.3 2.0 0.05 0.2

5.4 Analysis of Infiltration under Space-Time Rain

Rainfall in the real world is characterized by variations both in space and in time. 

Thus, it is essential to add the temporal dynamics in rain field in the study o f infiltration 

process. In the absence o f a practical space-time rain model that fits into the framework
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o f universal multi fractal, a series o f “space-time” rain fields is generated using the UM 

model as explained below.

First, a large rain field with 2048 x 2048 pixels -  the largest scaling field that can be 

generated with the available computer resources -  is generated using the UM model. 

Then consecutive cutouts from this large field with the size o f 128 x 128 pixels are taken 

as ‘space-time’ rain fields at one pixel apart. This in effect adds advection to a steady 

rain field. If advection is assumed to be 10 m/s, moving one pixel at a time translates to a 

time step o f 3 s, and a total o f 96 min rainfall can be extracted from the large rain field. 

Figure 5.49 shows 6 such “space-time” rain fields at 6 min apart with some overlapping 

on the edges o f the images. They compose a strip o f the large rain field from which these 

rain fields are cut out.

5.4.1 Experimental Set-up

Unless otherwise noted, the following set-ups are employed in the experiments carried 

out in this section.

i) Average rain rate for the rain fields with 2048 x 2048 pixel is 3 cm/hr.

ii) Average Kg is 1.32 cm/hr.

iii) Rain duration is 90 min.

iv) Twenty-five experiments are conducted for the analysis on space-time rain

impact on infiltration and ten experiments for the study on the influence o f Kg

on infiltration. The average statistics (field average, scaling parameters, etc.) 

are used in the analysis.

5.4.2 Effects of Space-Time Scaling Rain on Infiltration

5.4.2.1 Effects of Rain a
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(d) (e) (f)

Figure 5.49 Space-time rain fields at (a) 7 min, (b) 13 min, (c) 19 min, (d) 25 min, (e) 31 
min, and (f) 37 min.

Three types o f rain fields are used for the study on the impact o f an on infiltration. 

The rain parameters are

Rain field 1: a a  = 1.2, Cm = 0.2, Hr = 0.5 

Rain field 2: ttR =  1.5, Cm = 0.2, H r = 0.5 

Rain field 3: a a  = 1.8, Cm = 0.2, H r = 0.5 

Figure 5.50 compares the average rain relative frequencies tfom the three rain types. It 

is shown that smaller a a  corresponds to more area with high rain intensity and thus 

produces a larger average infiltration rate (Figure 5.51). This is consistent with the 

findings from the steady rain. Figure 5.52 shows the Rj  ̂ time series resulted from the
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three rain fields. The Ri  ̂ series are shown to be above the reference line and indicate 

that the infiltration fields subject to space-time scaling rain and scaling Ks fields are 

strongly scaling. Figure 5.53 presents the three Pi time series along w-ith their respective 

rmse_Pi values.

0.28

alpha=1.2,Cl=0.2,H=0.5 
alpha=1.5, Cl=0.2, H=0.5 
alpha=1.8, Cl=0.2, H=0.5
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60 2 4
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8

Figure 5.50 Average relative frequency o f  space-time rain fields

 rain; alpha=1.2, Cl=0.2, H=0.5
— -rain: alpha=1.5, Cl=0.2, H=0.5
—  rain: alpha=l.8, Cl=0.2, H=0.5
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«  2.5

20 400 60 80
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Figure 5.51 Effect o f  ctr on the fie ld  average surface infiltration rates under space-time 
scaling rain and scaling Ks fields (uks = 2.0, Ciks = 0.01, and Hks = 0.2)

167

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



0.95 H

«  0 .9 -

0.85

0.8

a^ha_R=1.2, C1_R=0.2, H_R=0.5 
<.i--alpha_R=1.5, C1_.R=0.2, H__R=0.5 
nfc-alpha„R=1.8, C1_R=0.2, H__R=0.5 
—  R_square reference line

10 20 30 40 50 60 70 80 90
t (min)

Figure 5.52 Effect o f  Ur on the R, o f  the infiltration fields under space-time scaling rain 
and scaling Ks fields (axs -  2.0, C iks = 0.01, and Hks = 0.2)
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Figure 5.53 Effect o f  an on the o f  the infiltration fields under space-time scaling rain 
and scaling Ks fields (axs = 2.0, Ciks = 0.01, and Hks = 0.2)

A  common trend found in the three time series in Figure 5.53 is that Pi o f the 

infiltration processes decrease after a certain period o f time -  indicating that infiltration 

fields become more singular, more sparse in its mean process, and/or more homogeneous 

in time under the condition o f scaling space-time rainfall and scaling Ks fields. Although 

higher aR leads to smaller Pi in the first part o f the infiltration process, all rain fields yield 

similar p, after a certain time. It is speculated that the reason for the observed
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phenomenon is the transition from rain-dominated to soil-dominated infiltration process. 

The rmse_Pi o f the three processes are respectively 0.10,0.17, and 0.32.

Figure 5.54 presents the estimated scaling parameters o f the infiltration processes irom 

the three space-time rain scenarios. The following conclusions are derived from the 

figure:

i) Rain parameter aR has little effect on a[.

ii) Rain parameter aR also has little effect on Cn.

iii) Rain parameter aR has a weak and non-linear impact on Hj.

iv) Both ai and Cn generally increase in time while Hi does not have a clear

trend. These trends state that under the rain fields as given, infiltration fields 

become more singular in time and have increased sparseness in their mean 

processes. Their homogeneity, on the other hand, does not change 

monotonically in time.

Overall, the impact o f aR on the scaling parameters o f infiltration is weak.

S.4.2.2 Effects of Rain Ci

Three groups o f rain fields are used for this study with the following parameters.

Rain field 1; aR =  1.2, C ir  = 0.2, H r = 0.5

Rain field 2: a R  = 1.2, C ir  = 0.3, H r =  0.5

Rain field 3: a R  =  1.2, C m  = 0.4, H r =  0.5

Figure 5.55 shows the time series of the field average of the infiltration processes resulting 

from the three rain fields. Smaller Cm is seen to lead to more infiltration on average -  a 

finding consistent with the steady rain case. The three time series o f Ri  ̂are displayed in 

Figure 5.56. The high Ri  ̂values reveal that the infiltration fields are strongly scaling.
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Figure 5.54 Effect o f  an on the estimated infiltration parameters (a) «/, (b) Cn, and (c) 
Hi, under space-time scaling rain fie ld  and scaling fields (uks = 2.0, Ciks = 0.01, and 
Hk. = 0.2).
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Figure 5.55 Effect o f  Cm on the fie ld  average surface infiltration rates under space-time 
scaling rain and scaling Kg fields (aKs = 2.0, Ciks = 0.01, and H ks -  0.2)
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Figure 5.56 Effect o f  Cir on the o f  the infiltration fields under space-time scaling
rain and scaling Kg fields (aKs = 2.0, C iks = O.OI, andHKs = 0.2)

Figure 5.57 shows the Pi time series and their rmse_Pi values. Smaller C ir 

corresponds to larger Pi in the early stage o f the infiltration process. However, little 

difference is observed in Pi from the three time series after a certain time length (about 60 

min). All series show a decreasing trend from this point on. Hence, larger C ir and 

prolonged rainfall will produce more singularity, more sparseness, and/or more 

homogeneity in the infiltration fields under the space-time rainfalls and the scaling Ks 

fields used.
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Figure 5.57 Effect o f  Cir on the o f  the infiltration fields under space-time scaling rain 
and scaling Ks fields (aKs = 2.0, Ciks = 0.01, andHKs = 0.2)

Figure 5.58 shows the time series o f the estimated infiltration parameters. The 

observations from the figure are summarized below.

i) Parameter C ir has a weak to moderate impact on a i depending on the 

developing stage o f the infiltration process.

ii) Parameter C ir has a weak impact on Cj.

iii) Parameter C ir has a weak and non-unidirectional impact on Hj.

iv) Both and C h show generally monotonically increasing trend under the three

rain fields used in this study and indicate increased singularity and sparseness

with time. No universal conclusions can be drawn for Hi from the cases run 

here.

In general, Cm has a weak influence on the scaling parameters o f infiltration process. 

S.4.2.3 Effects of Rain H

Four types o f rain fields are generated for this study. Their model parameters are 

Rain field 1: aR = 1.2, Cm = 0.2, H r -  0.0
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Figure 5.58 Effect o f  Cir on the estimated infiltration parameters (a) (b) Cn, and (c)
Hi, under space-time scaling rain field and scaling Ks fields (uks = 2.0, C ik.s = 0.01, and
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Rain field 2: a R =  1.2, C ir -  0.2, H r -  0.1 

Rain field 3: a a  = 1.2, C ir -  0.2, H r = 0.3 

Rain field 4: u r  -  1.2, C ir = 0.2, H r = 0.5 

Figure 5.59 compares the field average infiltration rates from the four rain cases. It is 

observed that the higher average infiltration rates correspond to the smaller H r at the

beginning o f the process but to the larger H r after\vards. Recall that the average

infiltration rate is universally proportional to H r under steady rainfall (Figure 5.29). The 

difference between the two cases is obviously caused by the added rain dynamics in the 

former case. Increased Hr effectively ‘smoothes out’ a scaling rain field by (non- 

linearly) increasing smaller values o f the rain field and decreasing larger values. 

Therefore, a small Hr (including H r = 0) corresponds to a rain field with significant rain 

intensities over a small area, but very low rain intensities over the majority o f the field 

(Figure 5.27). Since infiltration capacity decreases over time if there is enough rainfall, 

steady rain fields with small H r offers an inefficient water supply field where little water 

is available for infiltration over most area and rapidly diminished infiltration capacity at 

the points with high rain intensities would prevent high infiltration rates from lasting very 

long. In the case o f space-time rain, however, the points with high rain rates move 

through the study area and lead to much infiltration along their paths. This effect is most 

clearly seen at the early stage o f the infiltration process when the infiltration capacity is 

high. As the soil absorbs more water, infiltration capacity reduces and so will the 

effective infiltration. This process accelerates for smaller Hr  and is responsible for the 

phenomenon observed in the later part o f the infiltration process in Figure 5.59.
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Figure 5.59 Effect o f  H r on the fie ld  average surface infiltration rates under space-time 
scaling rain and scaling Ks fields (uks = 2.0, Ciks = O.OI, andHKs -  0.2)

Figure 5.60 shows the time series o f the Rj  ̂ o f  the four infiltration processes. The

larger Hr’s are shown to produce strongly scaling infiltration fields. The infiltration

fields from the smaller Hr’s tend to be weakly scaling at the beginning and gradually

become strongly scaling. The rmse pi values shown in Figure 5.61 further show that the

UM model fits to the infiltration fields. Figure 5.61 also presents the four Pi time series.

It is shown that Pi increases with Hr. This is the consequence o f the decreased ai, Cn,

and increased H, as Hr becomes larger (Figure 5.62). The rmse_Pi values for the four

infiltration processes are 0.08,0.23, 0.10, and 0.08, respectively.

Figure 5.62 presents the estimated infiltration parameters from the four rain fields.

The conclusions derived from the figure are:

i) H r  has a strong and non-unidirectional impact on a ,. Similar to steady rain, a

special zone exists close to Hr = 0 (homogeneous rain field) where ai is

proportional to Hr. The two parameters become inversely correlated as Hr

becomes larger.
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ii)

iii)

iv)

V)

H r has a strong and non-unidirectional influence on Cn. Similar to the case of 

tti, there is a special zone close to H r = 0 where Cn increases with H r and 

becomes monotonically decreasing with H r  as the latter increases.

Hi takes heavy influence from H r . The former decreases with the latter in a 

small range o f H r close to zero, and increases unidirectionally with the latter 

outside this range. The same behavior is observed in the steady rain case. 

Homogeneous space-time rain did not produce homogeneous infiltration fields 

in the cases examined.

Both ai and Cn decrease in time if  H r is smaller than about 0.3. Otherwise, 

the two parameters will reverse the trend and increase in time. The latter case 

is what was observed in the study on the impact of aR and Cir. 

vi) Opposite to the changing trend o f ai and Cii, Hi increases in time if H r is 

smaller than about 0.3. The trend is unclear if H r is larger than 0.3.

The influence o f H r o f space-time rain field on the scaling parameters o f infiltration 

process is very strong.
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Figure 5 . 6 0  Effect o f  H r  on the R j  o f  the infiltration fields under space-time scaling rain 
and scaling Kg fields fcfc = 2.0, C m  = 0.01, andHKs = 0.2)
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Figure 5.61 Effect o f  H r on the o f  the infiltration fields under space-time scaling rain 
and scaling Ks fields (uks -  2.0, Cjks -  0.01, andHKs = 0.2)

5.4.3 Effects o f Scaling K, on Infiltration under Space-Time Rain

5.4.3.1 Effects of Ks a

Three types o f Ks fields are employed for this study. Their scaling parameters are 

Ks field 1: ttKs = 1.5, C,ks = 0.01, Hrs = 0.2 

Ks field 2: ors = 1-75, C iks = 0.01, H rs = 0.2 

Ks field 3: = 2.0, C iks = 0.01, H rs = 0.2

The UM model parameters o f the space-time rain fields used are a a  = 1.2, C ir = 0.2, H r 

= 0.3. The studies o f the infiltration processes produced from the above Ks and rain 

fields yield the following results (figures are not included): 1) smaller urs leads to more 

field average infiltration throughout the infiltration process; 2) Ri  ̂values indicate that the 

infiltration fields are generally strongly scaling with a brief period o f weak scaling at 

about half-way o f the infiltration processes; 3) the estimated pi is proportional to 

parameter aRs; and 4) the rmse Pi o f the three infiltration processes are 0.22, 0.14, and 

0.08 which shows that larger aRs produces infiltration fields that can be better described 

by the UM model. Figure 5.63 shows the estimated scaling parameters o f the three 

infiltration processes. The following conclusions are drawn from the figure.
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Figure 5.62 Effect o f  Hu on the estimated infiltration parameters (a) or,-, (b) Cn, and (c) 
Hi, under space-time scaling rain fie ld  and scaling Ks fields (aKs =2.0, C iks = 0.01, and 
Hks = 0.2).
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i) The impact o f axs on a\ becomes stronger with time. The two parameters are 

positively correlated.

ii) Parameter aKs has a moderate influence on Cn in the later part o f the process, 

and the two parameters are positively correlated at this stage.

iii) The influence o f aKs on Hj is weak and generally unidirectional.

iv) Both ai and Cn generally decrease in time for the range o f Ks tested. The 

change is more rapid with smaller aKs- This means that infiltration rate 

becomes more evenly distributed in time over the field with less sparseness on 

average.

The effect o f aKs on infiltration is mixed from a strong influence on ai to a weak 

influence on Hi.

5.43.2 Effects of Ks Cl 

The scaling parameters o f the three sets o f Ks fields used for this part o f the study are 

listed below.

Ks field 1: aKs = 2.0, Cms = 0.01, Hks = 0.2 

Ks field 2: aKs ~ 2.0, C iks ~ 0.02, Hks ~ 0.2 

Ks field 3: aKs = 2.0, C iks = 0.03, Hks = 0.2 

The parameters o f the space-time rain fields used are aR = 1.2, Cir = 0.2, Hr = 0.3. The 

studies performed in this part show (figures are not included) that: 1) smaller C iks 

corresponds to larger field average infiltration; 2) Ri^ values for all the infiltration 

processes are above 0.9, indicating that the infiltration fields are strongly scaling; 3) 

different C iks makes little difference to the estimated Pi time series; and 4) the RMSE of 

the Pi time series are 0.08, 0.11, and 0.12, respectively. Figure 5.64 shows the estimated
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Figure 5 . 6 3  Effect o f  Uks on the estimated infiltration parameters (a) «/, (h) Cu, and (c) 
H i ,  under space-time scaling rain fie ld  ( a a  = 1 . 2 ,  C i r  =  0 . 2 ,  and H r  =  0 . 3 )  and scaling 
Ks fields.
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infiltration parameters. The results are summarized below.

i) Parameter C iks has a weak to moderate impact on ai considering the small 

range o f C jks used. The two parameters are positively correlated.

ii) CiKs has a strong and unidirectional impact on C h.

iii) The impact o f C iks on Hj is weak and unidirectional.

iv) Parameter ai decreases in time in all cases. No temporal trend is detected in

Cu and Hj except a decreasing trend for C h in the case o f C iks = 0.01.

In summary, C iks has a mixed impact on infiltration parameters from a strong impact 

on Cii to a weak impact on Hj.

S.4.3.3 Effects of K* H

The scaling parameters o f the four types o f Ks fields used for this study are 

Ks field 1: ate, = 2.0, C.ks = 0.01, Hrs = 0.0 

Ks field 2: aRs = 2.0, C,rs = 0.01, H r., = 0.1 

Ks field 3: aRs = 2.0, Cirs = 0.01, Hrs = 0.3 

Ks field 4; aRs = 2.0, C,rs = 0.01, Hrs = 0.4 

where the first type o f Ks field is homogeneous with Hrs = 0.

The studies o f the infiltration fields ifom the four Ks fields result in the following 

findings (figures are not included): 1) Hrs essentially makes no difference to the field 

average infiltration; 2) the highest Hrs (0.4) leads to weakly scaling infiltration fields 

while the other three Ks fields produce mostly strongly scaling infiltration processes; 3) 

the estimated pi is proportional to Hrs; and 4) the rmse_Pi o f the four infiltration 

processes are respectively 0.22, 0.14, 0.16, and 0.26.
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Figure 5.64 Ejfect o f  C iks on the estimated infiltration parameters (a) au (h) Cu, and (c) 
Hi, under space-time scaling rain fie ld  (an = 1.2, Cir — 0.2, and Hr = 0.3) and scaling 
Ks fields.
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Figure 5.66 shows the estimated scaling parameters o f the infiltration processes from 

the four Ks fields. The conclusions are as follow:

i) The influence o f Hks on aj is weak.

ii) Hks also has a weak impact on Cn-

iii) The impact o f Hks on H, is weak. Although the correlation o f the two

parameters is rather obscure, it is discemable that they are proportional to 

each other.

iv) Homogeneous Kg field will not produce homogeneous infiltration field.

v) There is a decreasing temporal trend in ai in most cases tested while no clear

trend can be detected in the other two infiltration parameters.

vi) Overall, the impact o f Hks on infiltration is weak.

Table 5.2 lists the 16 sets o f UM model parameters o f the rain and Ks fields used in 

this part o f the study, and Figure 5.66 shows their corresponding rmse_Pi. Most cases 

have relatively small rmse_Pi (< 0.2) and indicate good fit o f the UM model to the 

infiltration fields. The infiltration processes with large rmse_pi values correspond to the 

following cases: large aR, small aKs, large Hk.„ or homogeneous Ks field.

Because o f the dynamics introduced to the rain fields, the infiltration processes under 

space-time rainfalls exhibit some different characteristics from the steady rain cases 

while retaining some other properties. Two findings are worth mentioning here. One is 

the temporal trend assoeiated with the infiltration parameters under space-time rainfall. 

The directions o f the trend for the three infiltration parameters are determined by rain 

parameter Hr. The experiments performed on the effect of rain field parameters showed 

that both ai and Cn decrease and Hi increases in time if  Hr is small (about 0.3), which
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Figure 5.65 Effect ofHKs on the estimated infiltration parameters (a) at, (b) Cu, and (c) 
Hi, under space-time scaling rain fie ld  (aR = 1.2, C ir = 0.2, and H r = 0.3) and scaling 
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Table 5.2 Scaling Paramters o f  Space-Time Rain and Ks fields from  Section 5.4

Case # ttR ClR Hr ttKs ClKs Hks
1 1.2 0.2 0.0 2.0 0.01 0.2
2 1.2 0.2 0.1 2.0 0.01 0.2
3 1.2 0.2 0.5 2.0 0.01 0.2
4 1.2 0.3 0.5 2.0 0.01 0.2
5 1.2 0.4 0.5 2.0 0.01 0.2
6 1.5 0.2 0.5 2.0 0.01 0.2
7 1.8 0.2 0.5 2.0 0.01 0.2
8 1.2 0.2 0.3 1.5 0.01 0.2
9 1.2 0.2 0.3 1.75 0.01 0.2
10 1.2 0.2 0.3 2.0 0.01 0.2
11 1.2 0.2 0.3 2.0 0.02 0.2
12 1.2 0.2 0.3 2.0 0.03 0.2
13 1.2 0.2 0.3 2.0 0.01 0.0
14 1.2 0.2 0.3 2.0 0.01 0.1
15 1.2 0.2 0.3 2.0 0.01 0.3
16 1.2 0.2 0.3 2.0 0.01 0.4

0.4

0.35 -

0.25 -

0.15 -

0.05 -

2 4 6 108 12 14 16

Case Number

Figure 5.66 The rm se jfi o f  all the scaling infiltration processes under space-time 
scaling rain and scaling fields.

causes the infiltration field to be less singular, more space filling and less homogeneous. 

As Hr increases, the above trends in a; and Cii reverse and the resulting infiltration field 

becomes more singular and sparse even though Hi does not have clear temporal trend in 

this case. The studies o f the impact o f the Kg parameters support the above findings.
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The second finding is the difference betw een in filtra tion  processes produced by 

homogeneous and non-homogeneous rainfalls and Ks fields. Inside a small range o f H r 

and Hks close to zero (homogeneous field), the scaling parameters o f infiltration process 

are often observed to behave differently from outside the range (non-homogeneous) such 

as varying with H r or Hks in opposite directions. This fact shows that homogeneous 

tbrcing is a special case for infiltration process. More detailed conclusions derived in this 

section are summarized in Chapter 7.

5.5 Effects of Average Rain Rate 

Three sets o f 10 experiments are designed to examine the effect o f average rain rate on 

the scaling properties o f infiltration under the condition of space-time rainfall. The rain 

fields have the same scaling parameters but different average rain rate as follow.

Rain field 1: average RR = 3 cm/hr, ur = 1.2, Cir = 0.2, Hr = 0.5

Rain field 2: average RR = 2 cm/hr, aR = 1.2, Cir = 0.2, Hr = 0.5

Rain field 3: average RR = 1 cm/hr, aR = 1.2, Cir = 0.2, Hr = 0.5

where RR stands for rain rate. The rain duration is 90 min. The same scaling Ks field is

applied in all the experiments with parameters aKs = 2.0, C iks = 0.01, Hrs = 0.2, and 

average Ks = 1.32 cm/hr. It is noted that the average rain rate o f the third group o f rain 

fields is lower than the average Kj.

Figure 5.67 presents the R{̂  o f the infiltration processes resulted from the three rain 

fields. All Ri  ̂time series are above the reference R^ line and indicate that the infiltration 

processes are strongly scaling including the infiltration fields resulted from the lowest 

rain intensity fields. Figure 5.68 shows the pj time series of the three scaling infiltration 

processes. The three time series show similar variations, although the magnitude o f the
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variations is larger in the Pi time series corresponding to the rainfalls with lower average 

rain rates. The rmse_Pi o f the three time series are 0.28 for average rain rate equals 1 

cm/hr, 0.09 for average rain rate equals 2 cm/hr, and 0.11 for average rain rate equals 3 

cm/hr. The large value from the first case shows that the UM model does not fit the 

infiltration fields from low rain intensity (lower than Ks) as well as the infiltration fields 

resulting from high rain intensity.
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—  R_square reference line

0.85 i

20 40 60 700 10 30 50 80 90
t ( m i i i )

Figure 5.67 Effect o f  rain intensity on the R f  o f  the infiltration fields under space-time 
scaling rain ( ur = 1.2, Cr = 0.2, and H r = 0.5) and scaling Ks fields (uks = 2.0, C iks = 
0.01, andHKs = 0.2)

ca
I£

—®— avrg rain rate = 1 citvTir: nn.se=0.28 
—a™ avrg ram rate = 2 enVlir: rrnse=0.09 
- t r -  avrg rain rate = 3 cm/lir: nuse=0.11

0.9 -

0.7
10 20 30 700 40 50 60 80 90

t (min)
Figure 5.68 Ejfect o f  rain intensity on the estimated f i  o f  the infiltration fields under 
space-time scaling rain (aR  = 1.2, Cr = 0.2, and H r = 0.5) and scaling Ks fields (aKs 
2.0, CiKs = 0.01, andHKs -  0.2)
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Figure 5.69 displays the estimated scaling parameters o f the infiltration processes 

produced from the three groups o f rain fields. It is concluded that the scaling parameters 

o f the infiltration processes fi-om the different rain intensities are comparable. However, 

higher average rain rates will lead to smoother time series o f the infiltration scaling 

parameters -  indicating more stable infiltration fields.

As discussed in Section 5.2.3, the same set o f initial soil moisture content values are 

used for all the experiments in this study. However, it is expected that the choice o f 

initial soil moisture content will have an impact on the scaling behavior o f the infiltration
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Figure 5.69 Ejfect o f  rain intensity on the estimated infiltration parameters (a) au (h) 
Cii, cmd (c) Hu under space-time scaling rain fie ld  (ur = 1.2, Cm = 0.2, and H r = 0.5) 
and scaling Ks fie ld  (axs = 2.0, Cjks = 0.01, andHKs -  0.2)
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processes. With a set o f initial soil moisture content values that are smaller than the set 

used in this study, rain will be in control o f the infiltration field for longer period o f time 

before the influence from soil becomes the dominant factor. It will also take longer time 

for the infiltration fields to develop to the same stage than the infiltration fields shown in 

this chapter. For instance, the infiltration field under space-time rain will likely be more 

singular, less space filling and more homogeneous in a drier field if the rain field has a 

low degree of heterogeneity (refer to Figure 5.62). If the initial soil moisture contents are 

higher than what were used in this study, it is predicted that the infiltration field is more 

developed at the beginning of the rainfall-runoff process than its counterpart infiltration 

field in this chapter. Hence, the scaling parameters o f the infiltration field will start at 

more advanced points in their respective time series (refer to Figure 5.62). Using the 

same example as above, a more saturated field under space-time rain will likely be less 

singular, less sparse, and more heterogeneous if the rain field has a low degree of 

heterogeneity.

Topography is also expected to have an impact on the infiltration process. For 

instance, a steep hillside field will receive less infiltration than a flat plane in the same 

area under the same rainfall due to faster runoff on the hillside. Thus, it is speculated that 

the infiltration field will be more developed in the latter case. Channels also play a role 

in the scaling characteristics o f infiltration field. Since the infiltration rate in channels 

tends to be high, channels usually represent singularity in infiltration field. Hence, the 

infiltration field on a topography with many major channels will likely be more singular 

than an infiltration field on a more homogenized topography.
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Much more work can be devoted to the study o f the conneetions between infiltration 

and other hydrological fields and processes in the framework of scaling. This research 

serves as a humble first step in that direction.
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Chapter 6 

Effects o f Multifractal Rainfall and Saturated Hydraulic Conductivity on Surface 

Runoff and Channel Streamflow

This chapter focuses on the study o f surface runoff and channel streamflow in the 

framework of universal multifractal. Runoff and infiltration are the only two 

mechanisms in the DIMBRR model available for dispersing water from rainfall. Excess 

rainfall becomes surface runoff and is routed to its downslope pixels. The water mass 

eventually feeds to streamflow in the channel network if it is not infiltrated along the 

way. The runoff field being analyzed in this chapter is the instantaneous flow rate in the 

form of surface runoff on the overland and streamflow in the channels.

The same Ks fields and steady rain fields are used for the study of runoff as for 

infiltration in Chapter 5. The analytical tools employed in Chapter 5 are also used in this 

chapter such as modified R  ̂and the methods for estimating scaling parameters.

6.1 Effects of Non-Scaling Rain and Scaling K, on Runoff

A set o f 25 steady non-scaling rain fields is generated as described in Section 5.3.2. 

The steady rain lasts 500 min. and the DIMBRR model runs for 600 min. Figure 6.1 

displays the power spectrums o f the runoff fields at a few points in time. The slope and 

the modified R^ o f the power spectrum (hereafter denoted as Rq )̂ are shovra in Figure 

6.2. The slope stays negative and the Rq  ̂ is above the R  ̂ threshold throughout the rain 

period, indicating that the runoff field is strongly scaling during the rainfall. Both the slope

191

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



and the Rq  ̂ time series have an adjusting period o f about 60 min. at the beginning o f the 

rainfall-runoff process. They are stable after the period until rainfall stops at 500 min. 

For about 60 min. after rain stops, Rq  ̂ decreases and slope increases and yet they both 

still meet the scaling criteria. A close examination o f the runoff fields reveals that only a 

handftil o f major channels still sustain some water at 560 min., and the maximum runoff 

is less than 0.6 m^/s. The slope and Rq  ̂ time series loose the consistency in their 

variations after 560 min. and the spectrum becomes smooth and flat -  revealing a runoff 

field that is physically trivial and no longer scaling.
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Figure 6.1 Average power spectrums o f  runofffields under non-scaling rainfall and  
scaling fie ld  (the lines have been offset fo r  clarity)
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Figure 6.2 Slope and Rq  ̂o f  the average power spectrums o f  runofffields under non­
scaling rainfall and scaling Kg fie ld
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6.2 Effects of Scaling Rain and Non-Scaling on Runoff

The same lognormal Kj and scaling rain fields are used for this study as for the study 

on infiltration with non-scaling Ks field (Section 5.3.3). Figure 6.3 shows the power 

spectrum of the runoff fields, and Figure 6.4 presents the slope and the Rq^ time series. 

Figure 6.4 shows that the slope o f the runoff power spectrum stays negative and the Rq^ 

time series is above the R^ reference line throughout the process, i.e. the runoff process is 

strongly scaling despite a non-scaling Ks field.
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t=200 m in  t-5 0 0  min

e  0

1 - 0 . 5

1,5 1.3 -0.9 -0 .7 -0.5 -0.3 - 0.1 0.1
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Figure 6.3 Average power spectrums o f  runofffields under scaling rainfall and 
non-scaling Ks fie ld
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Figure 6.4 Slope and Rq  ̂o f  the average power spectrums o f  runofffields under 
scaling rainfall and non-scaling Ks fie ld
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6.3 Effects of Steady Scaling Rain on Runoff

Steady rainfalls are employed for the analysis o f the effect o f multiffactal rainfall on 

runoff. The experimental set-ups are basically the same as for the study on infiltration 

and are briefly reviewed here again. The average rain rate in all the experiments is 3 

cm/hr with 150-minute rainfall duration. Scaling Ks fields have an average o f 1.32 cm/hr. 

Ten instead o f twenty-five experiments are conducted for each set o f combinations o f 

rain scaling parameters because little difference is observed among the experiments.

Analysis performed in this study reveal that the initial estimates o f runoff parameter H 

(hereafter denoted as H q)  are close to zero in all combinations o f rain scaling parameters 

that are tested. Figure 6.5 shows the initial H q time series Irom some of the rain fields. 

The experiments performed in Section 3.3.4 demonstrated that the initial H q ’s are greater 

than the true H q ’s in the majority cases, and the only cases where the initial H q ’s 

underestimate the true H q ’s are when the latter are large. Thus, the low initial H q values
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Figure 6.5 Time series o f  initial estimates o f  runoff parameter H. 

observed in Figure 6.5 indicate low true H q of the runoff fields. Since H q is small in all 

the cases regardless o f the non-homogeneity o f the rainfall and Ks fields applied, all 

runoff fields are taken as homogeneous, and only a  and Cj o f the runoff processes
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(hereafter denoted as aq  and Ciq, respectively) will be estimated in the rest o f this 

chapter.

6.3.1 Effects of Rain a

Three sets o f rain fields are used for this study. Their parameters are

Set 1: C ir = 0 .1 ,H r = 0.2 

Set 2: C ,r  = 0.2 ,H r = 0.2 

Set 3: C,r = 0 .2 ,H r =0.35  

Parameter aR values for these sets are 1.2, 1.5, and 1.8. Ks parameters are aRs = 2.0, Cjks 

= 0.01, and Hrs = 0.2. Runoff fields at two different times from one o f the experiment are 

displayed in Figure 6.6. As can be seen in the figures, channel flow dominates the runoff 

field in magnitude. Since higher values will make more of a contribution to moments 

than lower values, it is expected that the space-time structures o f channel streamflow are 

the main cause o f results obtained from moment based analysis such as the estimation o f 

the UM model parameters.

(b)

\

□ 1 2 3 4 5
Figure 6.6 Runofffields at (a) 20 min, and (h) 150 min. after rain starts. The scaling 
parameters o f  the steady rain fie ld  are or = 1.2, C m  = 0.1, and H r  = 0.2, and the 
scaling parameters o f  the Ks fie ld  are uks = 2.0, Ciks = 0.01, and Hks = 0.2.
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The Rq  ̂ time series o f the runoff processes from the second set o f rain fields are 

displayed in Figure 6.7. The corresponding estimated Pq time series are presented in 

Figure 6.8 along with their respective rmse ^Q (the RMSE o f the Pq time series). The 

runoff fields are shown to be strongly scaling in all cases. The rmse Pq of the three sets 

o f runoff processes are: 0.07, 0.09, 0.11; 0.05, 0.10, 0.14; and 0.06, 0.11, 0.15, 

respectively. Judging from the rmse Pq values, the runoff fields fit to the UM model 

reasonably well. Figure 6.9 compares the average hydrographs o f the second set o f 

rainfall-runoff events at the outlet o f the subwatershed inside the study area (Figure 5.2).
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Fisure 6.7 Effect o f  an on Rn^ o f  the nm offfields under steady scaling rain and scaling
K. fields ( a f  = 2.0, C ,„  4 .0 1 .  a n d n j i  0.2)
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S 0 .2  -
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Figure 6.8 Effect o f  ur on Pq o f  the runoff fields under steady scaling rain and scaling 
Ks fields (aKs = 2.0, C m  = 0.01, andHics = 0.2)
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The hydrographs are indicative o f the development o f the runoff process over the whole 

study area. As expected, higher ur leads to larger runoff. All rain fields deposit the 

same amount o f water into the study area because o f the equal average rain rate. 

DIMBRR model assumes that any rainfall water that does not infiltrate will become 

runoff. It was learned from Chapter 5 that higher a a  corresponds to lower average 

infiltration (Figure 5.11). Hence, what is shown in Figure 6.9 is an expected result.

25 -

20 -

"s.
a

- • - > rain:ali5ha=l.2, C 1=0.2, H=0.2 

„  »— rain: alpha=l .5, C 1=0.2, H=0.2 

—  —  rain: alpha= 1.8, C 1=0.2, H=0.2/J

0 20 40 60 80 100 120 140
t(min)

Figure 6.9 Impact o f  rainfall parameter ur on average hydrograph 

The estimated runoff parameters from the three sets o f rain fields are shown in Figures 

6.10 and 6 .11. The behavior o f the parameters is consistent in all three cases. Parameter 

oq appears to decrease monotonically with aR, i.e. strong singularity in rain field 

translates to weak singularity in runoff field. Another finding from Figure 6.10 is that aq  

increases monotonically with time. Thus, runoff process becomes more singular as it 

progresses. On the other hand, parameter Ciq is positively correlated with aR. It has a 

decreasing trend in time. Thus, large singularity in rain field brings about large 

sparseness in the mean runoff process while the sparseness decreases as the runoff 

process develops. Larger aR also leads to larger runoff.
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Figure 6.10 Effect o f  ur on aq under scaling Ks field: aKs = 2.0, Ciks = 0.01, and Hks = 
0.2; and steady scaling rain fields with Ur = 1.2/1.5/1.8 and (a) C jr -  0.1, H r = 0.2; (b) 
Cm = 0.2, H r = 0.2; and (c) Cm = 0.2, H r = 0.35.
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Figure 6.11 Effect o f  on Ciq under scaling Ks field: uks = 2.0, Ciks = 0.01, and Hks 
= 0.2; and steady scaling rain fields with aR = 1.2/1.5/1.8 and (a) C ir = 0.1, H r = 0.2; 
(h) CiR = 0.2, H r = 0.2; and (c) Cm -  0.2, H r = 0.35.
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6.3.2 Effects of Rain Ci

Three sets o f experiments are carried out for this study. Rain parameter Cm are 0.1,

0.2, and 0.3 for all sets. The other two parameters are as below.

Set 1: a  = 1 .2 ,H - 0 .2  

S e t2 :a =  1.2, H = 0.35 

Set3: a =  1.5,H = 0.35 

Since the three sets o f experiments have similar results, only one set o f experiments is 

discussed here. Figure 6.12 displays the average hydrographs of the rainfall-runoff 

events from the first set. As the complement o f infiltration (Figure 5.22), runoff shows 

positive correlation with C ir.

25 -

20 -

10 - - - rain: a^jha=1.2,C 1=0.1,11=0.2

—  rain: a^5ha=l .2, C 1=0.2,11=0.2 

■— rain: a(plm=l .2, Cl=0.3, H=0.2

0 20 40 60 100 120 140

Figure 6.12 Impact o f  rainfall parameter Ci on average hydrograph 

Without showing the figures, the study on the power spectrums o f the runoff processes 

reveal the following; I) the runoff fields are strongly scaling in all cases; 2) the runoff 

fields fit into the UM model reasonably well with the rm sej^q for the three sets being 

0.07, 0.05, 0.04; 0.08, 0.06, 0.05; and O.IO, 0.11, 0.12, respectively. The estimated 

scaling parameters o f runoff process are shown in Figure 6.13. Parameter oq is inversely
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proportional to C ir while C iq is positively correlated to C ir, i.e. increased sparseness in 

the mean o f the rain field leads to less singularity and more sparseness in the mean o f the 

runoff process. Such change in the rain scaling parameter also corresponds to increased 

runoff both in flow rate and volume. Parameter aq  increases and parameter Ciq 

decreases in time.
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Figure 6.13 Effect o f  Cm on runoff scaling parameters (a) ccq, and (b) C iq under steady 
scaling rain and scaling Ks fields (uks = 2.0, Cik.s = 0.01, andHtcs = 0.2)
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6.3.3 Effects of Rain H

Three sets o f rain fields are employed for this study. Parameter values for H r used in 

all sets are 0.0, 0.2, 0.35, and 0.5. The other two rain parameters are given below.

S e t l : a = 1 .2 ,C i  = 0.I 

Set 2: a  =1.5 , Cl = 0.1 

Set 3: a  =1.5 , Cl =0.3 

Figure 6.14 compares the average hydrographs from the rain fields in the third set. 

The figure shows that larger H r induces less runoff.

35 T
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Figure 6.14 Effect o f  rainfall parameter H r on average hydrograph 

Study o f the power spectrums o f the runoff process shows (figures are not included) 

that: 1) the runoff fields from the three sets o f rain fields are strongly scaling; and 2) the 

runoff fields fit into the UM model reasonably well with the following rmse pg: 0.06, 

0.07, 0.08, 0.08; 0.08, 0.09, 0.10, 0.09; and 0.08, 0.11, 0.12, 0.13. Figures 6.15 and 6.16 

present the estimated runoff parameters from the three sets o f rain fields. Figure 6.15 

shows that there is a period at the beginning o f the runoff process when aq  is inversely
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proportional to Hr . After this time period, a q  becomes positively correlated to H r . The 

time when this transition occurs appears to be more of a function o f C ir than of aR. The 

larger the C ir, the earlier the transition will occur. Parameter a q  increases monotonically 

in time. Larger H r corresponds to more rapid change in a q . For the time period tested. 

Hr  has less impact on the infiltration param eters when C ir is small. Parameter Ciq 

has similar behavior but with a reversed trend for the most part. It increases with H r 

early on and decreases with the parameter after some time. The transition time is also 

mainly dependent o f C ir . A monotonically decreasing temporal trend can be seen in C iq. 

Larger Hr leads to more rapid change in C iq  in time. Compared to aR and C ir, H r 

clearly has less impact on runoff parameters even though such impact is more complex.

6.4 Effects of Scaling Ks on Runoff

It was demonstrated in Chapter 5 that Ks has a significant impact on surface 

infiltration. This section is devoted to the study on the influences o f Ks field on runoff 

process. The basic set-ups o f the experiments are the same as in the last section, i.e. the 

steady scaling rains have an average rain rate o f 3 cm/hr with 150 min. rainfall duration 

and the following scaling parameters; aR = 1.2, C ir = 0.2, and H r = 0.3; average Kg is 

1.32 cm/hr; and ten experiments are conducted for each set o f combinations o f Ks scaling 

parameters.

6.4.1 Effects o f K* a

Three Ks fields are employed for this study. Parameter aRs used in all cases are 1.5, 

1.75, and 2.0. The other two parameters are Cirs = 0.01, and Hrs = 0.2. Figure 6.17 

compares the average hydrographs resulting from each Ks field. The figure reveals that 

aRs has a positive correlation with runoff especially if aRs is larger than at least 1.75.
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Figure 6.15 Effect o f  Hr on ag under scaling Kg field: axs = 2.0, C jks -  0.01, and Hks 
0.2; and steady scaling rain fields with H r = 0.0/0.2/0.35/0.5 and (a) Ur = 1.2, C ir = 
0.1; (b) aR = 1.5, Cm -  0.1; and (c) aR = 1.5, Cm = 0.3.
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Figure 6.16 Effect o f  Hr on Ciq under scaling field: aKs = 2.0, Ciks = 0.01, and Hks 
= 0.2; and steady scaling rain fields with H r = 0.0/0.2/0.35/0.5 and (a) aR ~ 1.2, C ir = 
0.1; (b) aR = 1.5, C ir = 0.1; and (c) aR = 1.5, Cm = 0.3.
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Figure 6.17 Effect o f  aKs on average hydrograph 

The studies o f the power spectrum of the three runoff processes show (figures not 

included) that: 1) the runoff fields are strongly scaling throughout the processes with Rq^ 

values well above the reference threshold; and 2) the runoff fields fit to the UM model 

with the following rmse Pg; 0.03, 0.03, and 0.05. Figure 6.18 shows the estimated 

scaling parameters o f the runoff processes. The fact that only larger axs has some 

appreciable effect on runoff also manifests itself in Figure 6.18 (a), the effect o f aKs on 

Oq. The two parameters are positively correlated. Compared to the effect o f  rainfall on 

runoff (Section 6.3), it is clear that axs has a very minor influence on runoff 

parameters. As in all the other cases shown so far, aq  has an increasing trend and Cjq has 

a decreasing trend in time.

6.4.2 Effects of K ,C i 

Three C iks are used for this study: O.Ol, 0.03, and 0.05. The other two parameters are 

aKs = 2.0, and Hks = 0.2. Figure 6.19 compares the average hydrographs resulted from 

the three Ks fields. It shows that larger C iks leads to larger runoff both in flow rate and 

volume. Studies o f the power spectrums o f the runoff processes show (figures not

206

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



included) that 1) the runoff fields are strongly scaling throughout the processes; and 2) the 

runoff fields conform to the UM model with the following rmse pg: 0.05,0.06, and 0.07.
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Figure 6.18 Effect o f  uks on (a) ag, and (b) Ciq under steady scaling rain fie ld  (ur = 
2.0, CiR = O.OI, and H r = 0.2) and scaling Ks fields

Figure 6.20 presents the estimated runoff parameters fi'om the three Ks fields. 

Parameter ag  appears to be positively correlated to aKs- The impact o f aKs on Cig, 

however, is rather weak. The temporal trends in a g  and C ig  are consistent with previous 

findings, i.e. the former increases in time and the latter decreases in time.
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Figure 6.20 Effect o f  Ciks on the estimated runoff parameters (a) ag, and (b) Cigunder 
space-time scaling rain fie ld  ( ur = 1.2, C ir = 0.2, and H r = 0.3) and scaling Ks fields.
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6.4.3 Effects of KsH

Four types o f Ks fields are examined for this study. They have the common parameters 

aKs = 2.0, and C iks = 0.01, and different Hks with values o f 0.0, 0.1, 0.3, and 0.4. Figure 

6.21 demonstrates the impact o f Hks on runoff in the form of a hydrograph. Larger Hk$ is 

shown to produce more runoff. However, the effect is rather weak. The runoff power 

spectrum studies show (figures not included) that: 1) the runoff fields are strongly scaling 

throughout the processes; and 2) the runoff fields fit to the UM model with the following 

rmse Pq: 0.05, 0.05, 0.05, and 0.06.

Figure 6.22 presents the estimated scaling parameters o f runoff processes fi’om the four 

types o f Ks fields. It is concluded from the figure that Hks has little impact on the scaling 

parameters o f runoff processes.
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Figure 6.21 Effect o f  Hks on average hydrograph
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Figure 6.22 Effect o f  H k s  on the estimated runoff parameters (a) a q ,  and ( b )  C i q  under 
space-time scaling rain fie ld  ( u r  -  1.2, C i r  = 0.2, and H r  = 0.3) and scaling fields.

6.5 Scaling of Contributing Area

Since the runoff field is closely related to the contributing area field (a field whose 

value is the contributing area at each pixel), the scaling properties o f the contributing area 

field are analyzed herein to explore the link between this field and the runoff field.

Figure 6.23 shows the contributing area tleld o f the study area. The power spectrum of 

the field is displayed in Figure 6.24. The slope o f the logarithm of the power spectrum is 

less than zero and the is 0.99 -  indicating that the contributing area is scaling. Further

210

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



analysis shows that the initial H parameter is 0.096, i.e., the contributing area is 

homogeneous or close to homogeneous. The other two UM model parameters are 

estimated and the result is a  = 1.35, and Ci = 0.54. These values are comparable to the 

values o f the corresponding runoff parameters after the runoff field is well developed. 

This finding reveals that the scaling properties o f the contributing area field are good 

indicators o f  the scaling behavior o f the runoff field after it is well developed, i.e., the 

dominant channel streamflow is established within the channel network.
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Figure 6.23 Contributing area fie ld  o f  the study area
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Figure 6.24 Power spectrum o f  the contributing area fie ld  o f  the study area
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In summary, runoff field is homogeneous and scaling after an adjusting period even if 

rain rate and Ks fields are not scaling. However, the length o f the adjusting period 

is dependant on the rain and Ks fields. The scaling properties o f  steady rainfall 

field have much stronger influence on runoff than Ks field does. Runoff parameters a  

and C] tend to change in opposite directions, both in their variations with the scaling 

parameters o f rain and Ks, and in their temporal trends. This means that a runoff process 

always becomes more singular and yet more space filling in time; this is shown clearly in 

Figure 6.6. Finally, the scaling properties o f the contributing area and the well-developed 

runoff field are closely related. Chapter 7 includes a more in-depth review of the findings 

from this chapter.

For a field that is drier than what was used in this research, there will be more 

infiltration hence less rainfall excess for runoff, leading to a longer time for streamflow to 

develop in the channels. Therefore, the time it takes for the runoff field to become scaling 

is expected to be longer than the corresponding runoff field in this study. Moreover, the 

scaling parameters o f the runoff field in the drier case are likely to start at an early point 

in their respective temporal trends (for example, refer to Figures 6.10 and 6.11), that is, 

the runoff field will be less singular and less space filling in a drier field than a wetter 

one. For a field that has higher initial soil moisture content values than what were used in 

this study, the reverse conclusions fi'om the drier case can be expected. The runoff field 

will become scaling faster and is more singular and less sparse than in the latter ease.

Section 6.5 shows that runoff field is also under strong influence o f topography. 

Besides the effect o f contributing area (determined by topography) on runoff, channel 

network also plays an important role in determining the scaling properties o f runoff field.
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Channels are not only responsible for the upward temporal trend in the singularity of 

runoff field, but also for the large sparseness observed in runoff fields in this chapter. 

Thus it is speculated that a topography with distinguished channels will lead to runoff 

fields that are more singular and sparser than a runoff field on a more homogenized field. 

Another example o f the possible effect o f topography on runoff is that a steeper field will 

result in more runoff, yielding a more developed runoff field that becomes scaling earlier 

and is more singular and less sparse.

The above discussions touch on just two important watershed properties that could 

have strong influences on runoff field, but which were not included herein. More 

thorough studies on the effect o f various fields and processes on runoff could be 

interesting topics for future research.
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C hapter 7 

SUMMARY AND CONCLUSIONS

The stated objective o f this research is to study the space-time properties o f surface 

infiltration and runoff and the effect o f rainfall and saturated hydraulic conductivity (Ks) 

on these watershed processes within the framework o f universal multiffactal model. 

There are two core components o f this study: 1) models for generating rainfall and Ks 

fields, which act as driving forces to watershed processes; 2) a rainfall-runoff model to 

derive space-time infiltration and runoff processes, which are the watershed responses to 

the driving forces.

A universal multiffactal (UM) model (Chapter 3) is chosen for the generation of 

multiifactal rainfall and Ks fields. This model completely characterizes a multiffactal 

field using only three parameters (a , Ci, and H). By varying the three parameters within 

their respective ranges, which are predefined based on physical considerations, rainfall 

and hydraulic conductivity fields with various characteristics are obtained. After an 

introduction to the UM model, a detailed analysis is conducted in this chapter to define 

the criteria for scaling field in general, and for fitting the UM model in particular. The 

criteria are based on the radial power spectrum of the field being examined. Specifically, 

a field has to have linear log-power spectrum with negative regression angle for it to be a 

scaling field. The linearity is measured by a modified value o f the power
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spectrum. The criteria for a field to fit to the UM model are the agreement between the 

(negative) regression angle o f the power spectrum and its theoretical prediction obtained 

from the three UM model parameters (In reality, the theoretical prediction o f (3 is also an 

estimate itself because it is computed from the estimated UM model parameters (Section 

5.3.4.1). The double trace moment technique is employed in this study to estimate the 

UM model parameters o f a conservative (or homogeneous) field. An approach was 

developed in this study for more accurately estimating the parameters o f non­

conservative (or non-homogeneous) fields. It was found that if the underlying 

conservative field o f a non-conservative field is derived by fractional differentiation o f 

order H, where H is initially determined in this study using structure function, then 

parameter a  o f the conservative field is highly sensitive to the value o f H when the H 

estimate falls into a very narrow range that encloses the true H. This finding was taken 

advantage of, and a trial-and-error approach was taken to find more accurate values o f the 

three parameters o f a non-conservative field. The estimation approaches are evaluated in 

the last part o f Chapter 3, and it is concluded from the results that the UM model 

parameters o f conservative fields can be reproduced and estimated with significant 

accuracy. Additionally, the approach developed in Chapter 3 can estimate the UM model 

parameters o f the non-conservative fields that are in either good or excellent agreement 

with the true parameters.

The second component o f this research, a physically based, distributed rainfall-runoff 

model, named DIMBRR model, was developed in Chapter 4. This model employs the D- 

infinity model to determine flow path at each pixel. A routing hierarchy is then defined 

throughout all the pixels o f the watershed under study. A model that can handle variable
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rainfall intensity is used to compute ponding time. Infiltration is calculated using the 

Green-Ampt model. The kinematic wave model is used to route Hortonian runoff and 

channel flow. Finally, an implicit finite difference scheme is applied for solving all the 

relevant equations numerically. As a fully distributed model, it can handle input rainfall, 

soil parameters, and other watershed properties that vary in space and/or time down to 

pixel scale (in this case, 30 m^). DIMBRR model was first verified against theoretical 

solutions for idealized overland plane with satisfactory results. It was then calibrated 

using rainfall and channel streamflow data collected from USDA-ARS Walnut Gulch 

experimental watershed. A sensitivity study was carried out to identify the most 

significant parameters in terms o f their sensitivities to runoff volume, peak flow, and time 

to peak flow (in order o f significance). Two variables, porosity and Ks, were chosen as 

calibration parameters based on the results o f the sensitivity analysis. A set o f porosity 

and hydraulic conductivity values were first determined from soil textures and vegetation 

conditions recorded at the watershed. Retaining the relative magnitudes of the values in 

the sub-regions within the watershed, two multipliers are applied to porosity and Ks, 

respectively, throughout the watershed during ealibration. By systematically varying the 

multipliers within their practical ranges, a pair o f multipliers was found to be able to 

reasonably reproduce the runoff volume, peak flow, and time to peak flow o f five 

rainfall-runoff events used for calibration. The duel multipliers were then applied to nine 

rainfall-runoff events from the same watershed for verification. The final results indicate 

that DIMBRR model is an acceptable rainfall-runoff model to use for the study on the 

effects o f rainfall and Ks on watershed processes.
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Chapter 5 is devoted to the study on surface infiltration. Rainfall and Ks fields with 

various characteristics are generated and inputted to the DIMBRR model to produce 

space-time infiltration processes. The scaling properties o f the infiltration processes are 

then analyzed to find the impact from the input fields. Non-scaling rainfall and hydraulic 

conductivity fields were first tested for their general influences on infiltration. The 

experiments were then followed by an in-depth analysis of the effect o f scaling input 

fields on infiltration. Two types o f scaling rain fields are applied in this study: steady 

rain, and space-time rain. In both cases, a quasi-Monte Carlo technique was used where a 

series o f experiments were conducted for every combination o f rain and Ks parameters 

and the average values were used for examination. Various analyses were carried out on 

the experiment results such as traditional statistics, power spectrum, and scaling analysis 

in terms o f the three scaling parameters. The effect o f rainfall field on infiltration was 

broken down to three parts: the impact o f rain a , Ci, and H. The same approach was 

taken for the study on the effect o f K*. The space-time rain fields were created from 

large-size steady rainfall fields, which are essentially steady rain fields with advection. 

The quasi-Monte Carlo approach was also taken in this part o f the study. Similar 

analyses were performed for the infiltration data as in the case o f steady rainfall.

Chapter 6 reported the research on the effect o f steady rainfall and Ks on surface runoff 

and channel streamflow. By design, infiltration and runoff are the only two mechanisms 

in the DIMBRR model that disperse water from rainfall. Rainfall in excess o f infiltration 

becomes surface runoff and eventually feeds into streamflow in the channel network. 

The runoff field being analyzed in this study is the instantaneous flow rate in the form of 

surface runoff overland and streamflow in the channels. Similar to the work on
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infiltration, non-scaling rainfall and K* fields were analyzed first, followed by more 

detailed study on the effect o f scaling rainfall and Ks fields on runoff. The analytical 

tools used for examining infiltration fields were also applied to the runoflf processes.

The analyses performed on infiltration and runoff processes yielded some interesting 

results. The conclusions from the study on infiltration are given below, followed by the 

conclusions about runoff. Unless otherwise noted, the conclusions apply to both steady 

rain and space-time rain.

1. As a result o f the complex interactions o f the underlying processes o f watershed, 

surface infiltration rate shows the effects o f the scaling properties of both rain and 

soil.

2. I f  rain field is non-scaling, but Ks field is scaling, the infiltration process will 

eventually become scaling. The infiltration field becomes non-scaling after rain stops.

3. If Ks field is non-scaling, infiltration process will be non-scaling for the most part 

even if  the rainfall field is scaling.

4. The infiltration processes are found to be either strongly scaling or weakly scaling 

for all the experiments where both rain fields and Ks fields are scaling.

5. The heterogeneity o f rain. Hr, is the most important rain parameter to determine 

the strongly or weakly scaling nature o f the infiltration field. More homogeneous 

steady rain and more heterogeneous space-time rain tend to produce stronger 

scaling behavior in infiltration.

6. The UM model can be fitted to the majority o f the infiltration processes with a 

high degree o f agreement. The largest fitting error stems from homogeneous or 

close to homogeneous steady rain and from one o f the following possible causes
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in the case of space-time rain: large rain singularity, small Ks singularity, large Ks 

heterogeneity, or homogeneous Kg field.

7. Less singular and less sparse scaling rain field lead to more field average 

infiltration. Larger heterogeneity fi’om steady rain field and from space-time rain 

field in the later part o f the infiltration process also give rise to more field average 

infiltration. The added rain dynamics in the space-time rain causes the inverse 

correlation between field average infiltration and rain heterogeneity in a certain 

period of time in the early stage o f the infiltration process.

8. Among the three rainfall parameters, rain heterogeneity has the strongest 

influence on the infiltration scaling parameters. Away from a small range in the 

vicinity o f H r = 0 (homogeneous rain), more heterogeneous {i.e. less 

homogeneous) rain field leads to more heterogeneous, less singular, and more 

space-filling infiltration field.

9. Homogeneous and close-to-homogeneous rain fields form a special class o f rain, 

which is responsible for different (usually just the opposite) behavior of 

infiltration scaling parameters from non-homogeneous rain in their variations with 

the rain field parameters.

10. Homogeneous space-time rain did not produce homogeneous infiltration fields in 

the cases examined.

11. Because o f the dynamics o f the space-time rainfalls, infiltration field has some 

different characteristics from the case o f steady rainfall. One such example is the 

clear temporal trends manifested in the infiltration parameters in the space-time 

rainfall cases. The trends are largely missing under steady rainfall. The
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directions o f the trends are determined by rain heterogeneity. With more 

homogeneous rain (Hr < 0.3), both the singularity and the sparseness of the 

infiltration field decrease and the degree o f heterogeneity o f the infiltration field 

increases in time. As the rain heterogeneity increases, the above trends in the 

singularity and the sparseness o f infiltration field reverse even though the 

infiltration heterogeneity does not have clear temporal trend in this case.

12. The degree of heterogeneity is the most important Ks parameter to determine the 

strongly or weakly scaling nature o f the infiltration field. Less heterogeneous Ks 

field will lead to stronger scaling behavior in infiltration.

13. Less singular and less sparse Ks field leads to more field average infiltration while 

Hks essentially has no effect.

14. Under steady rain, large Ks singularity has the most significant influence on the 

infiltration field. Large singularity in the Ks field will induce large singularity and 

sparseness and more homogeneity in the infiltration field.

15. Under space-time rain, the singularity o f Ks has a positive and progressively 

stronger influence on the singularity o f infiltration while the sparseness o f Ks 

shows a positive and strong impact on the sparseness o f infiltration.

16. Homogeneous Kg field did not produce homogeneous infiltration field in the cases 

examined.

17. Homogeneous Ks field is also a special case mainly with steady rainfall. The 

scaling parameters o f infiltration field from homogeneous Ks field and its vicinity 

behave differently from non-homogeneous Ks fields.
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18. The singularity and the sparseness o f infiltration field usually have the same 

changing trend while the heterogeneity o f infiltration field changes in the opposite 

direction. This means that if an infiltration field becomes less singular in time, it 

most likely also becomes less sparse (or more space-filling) and more 

heterogeneous, and vice versa. This finding reveals the internal connections 

among the scaling parameters o f infiltration process.

19. Rain fields with the same scaling parameters but different average rain rates will 

lead to infiltration processes that are scaling and comparable in their scaling 

parameters. However, high intensity rains will produce more stable infiltration 

fields and thus smoother time series o f the infiltration scaling parameters than 

weak rain fields do.

20. Surface runoff field is strongly scaling and homogeneous (H q = 0) after an 

adjusting period even if rain rate and Ks fields are not scaling. However, the 

length of the adjusting period is dependant on the rain and Ks fields. Hence the 

runoff field might not become scaling if  the adjusting period is longer than the 

duration o f the rain.

21. I f  a runoff field becomes scaling before rain ends, it will still be scaling for a 

certain period o f time after rain stops.

22. Channel streamflow dominates surface runoff field and is thus expected to be 

mostly responsible for conclusions about runoff process.

23. The scaling properties o f  the contributing area field are good indicators o f  the 

scaling properties o f the well-developed runoff field.
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24. As the complement o f infiltration, runoff shows some opposite behavior from that 

o f infiltration. One example is that more singular, sparser, and/or more 

homogeneous steady rain field lead to more runoff.

25. The scaling properties o f steady rainfall field have strong influence on runoff 

process. Runoff singularity decreases with rain singularity and rain sparseness, 

and runoff sparseness increases with the two rain properties. A transition phase 

exists for the singularity and the sparseness o f runoff in their variations with rain 

heterogeneity. The singularity o f runoff decreases and the sparseness o f runoff 

increases with the rain heterogeneity before the transition phase, and the changing 

trends reverse after the transition phase. The sparseness o f rain appears to be 

mostly responsible for when the transition occurs.

26. Under steady rainfall, more runoff results from more singular, sparser, and/or 

more heterogeneous Ks field.

27. The scaling properties o f runoff processes receive minor impact from Ks field 

compared to rainfall field, especially in its sparseness. The singularity o f runoff 

field increases slightly with the singularity and sparseness o f Kg field.

28. Contrary to infiltration field, whose singularity and sparseness have the same 

changing trend, the singularity and sparseness o f a runoff field tend to change in 

the opposite directions both in their variations with the scaling parameters o f rain 

and Ks and in their temporal trends. The singularity o f a runoff field always 

increases in time while its sparseness constantly decreases.

29. By definition, a scaling process is scale invariant. Therefore, the above 

conclusions regarding the scaling infiltration and runoff processes can be applied
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to a range o f scales, although more work is needed to define the ranges 

quantitatively.
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Appendix 3.1

PROOF OF UNIVERSAL MULTIFRACTAL GENERATOR BEING 1/F NOISE

The materials in this appendix are taken from Wilson et al. (1991). According to 

probability theory, if random variable g and function <Pg(q) are related as follows

(A3.1)

then (pg(q) is called the second Laplacian characteristic function of g. It is the logarithm 

of the Laplace transform of the probability density. It has the following property

n

= (A3.2)
i

Next, we will use Gaussian generator for the following demonstration. Levy generators 

can follow the same path. Suppose g is a sinusoid with wavenumber ^  amplitude f(k)uk 

and phase where Uk ~ N(0, o^) and (|)k is a uniformly distributed random variable over 

[0, 2%], i.e. gk = f(10uke"'’‘‘, then

h f ( L ) f  dk  (A3.3)

Let (k is resolution) be a multifractal field, then

£ [ * / ] - .I"-’ (A3.4)

where K(q) is the scaling exponent o f the q-th moment. Rewrite this equation as

E[e‘̂ "'̂  ̂] = (A3.5)
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It is therefore obvious that (pg (̂q) = Ku(q) InA, is the second Laplacian characteristic 

function o f In(sx), where Ku(q) is unnormalized moment function. Since Ku(q) = -o^q^/2, 

one can use the addition property o f the second Laplacian characteristic function and add 

random sinusoids with wavenumbers between 1 and X with f(k) chosen so that

A. A
J l  AM)  I"  dk = 2 ; r  | [ / ®  f \ k \ d \ k \ = \ n Z  ( ^ 3 . 6 )
1 1

Since 27i|fi^p |k| is simply the spectral energy E(k), the above equation can be written as

jE{k)d  I ^  =  J — c /  \k\=lnA  ( A 3 . 7 )
1 11 ^ I

i.e. the energy spectrum of the logarithm of a multi fractal field must be a "1/f noise" 

(have a wavenumber spectrum E(k) oc |k|" )̂.
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Appendix 3.2

UNIVERSAL MULTIFRACTAL FORMULA AND DERIVATIONS

The materials in this appendix are primarily taken from the following papers: Schertzer 

and Lovejoy (1987, 1991), Lovejoy and Schertzer (1990), Lavallee (1991), Lavallee et al. 

(1993), Wilson et al. (1991), and Tessier et al. (1993).

In discrete cascade models, the scale ratio is A = X.ô , where A > 0; Xo ( ^  > 0) is the 

fixed scale ratio for one step; and N (N is a positive integer) is the number o f steps. As A 

goes to infinity, singularities are observed: at some points, the generated scaling field 

goes to infinity (a singularity) whereas over most o f the space, it goes to zero (regularity). 

The resulting multifractal behavior o f the scaling field sa, at any intermediate scale ratio X 

(A, < A; in the discrete case, A = Ao"; n < N) can be determined either by the scaling o f its 

probability distribution, whose exponent is the codimension c(y) o f the corresponding 

singularity y, as

Pr(£, (A3.8)

or equivalently, by the scaling o f its different moments, with corresponding moment 

scaling function K(q), as

(A3.9)

where c(y) and K(q) are linked by a Legendre transform. For a multifractal field, there is 

an infinite hierarchy of c(y) and K(q). The difficulty of computing c(y) and K.(q),
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however, can be overcome easily in the framework o f the universal multifraetal by 

linking the codimension and the moment scaling function with the three universal 

multifractal parameters (H, Ci, a )  as described below.

As shown in eq. (A3.5), (pex(q) ^  Ku(q) ln>. is the second Laplacian characteristic 

function o f Gaussian (a  = 2) or Levy (0 < a  < 2) generator Fji. (= Insx), where Ku(q) 

(different from K(q)) is the unnormalized moment function. This means that (pEx(q) 

should have logarithm divergence in order for the ex field to be multi fractal, i.e. to satisfy 

eq. (A3.9). Define generator Tax(k) in the Fourier space as

T„Ak.)=m)Kik)

where f(k) is a non-random weighting function to be determined later, and Ucx(k) is a

Gaussian or Levy white noise. In the case o f a Gaussian generator, weighting function

flM can be derived from eq. (A3.6) asH V ; (A3.11)

and the second Laplacian characteristic fimction cp8x(q) be derived from eq. (A3.5) as

a * \  (A3.12)

because Ci = o^/2 and a  = 2. The generalized form of f(k) and (pEx(q) for the Levy

subgenerators are

(A3.13)

and

= (A3.14)

where
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(A3.15)

From the definition of cp6>.(q) and eq. (A3.6), the unnormalized moment scaling function, 

Ku(q), is derived as

=  (A 3 .1 6 )

To ensure the conservation o f the mean o f the scaling field at varying scales, a field 

produced from a cascade model needs to be normalized by its expected value E[sx] = 

^Ku(i) ^ normalized field whose scaling exponent is

K{g) = K ,(q ) - c iK ,m  = - ^ ( g " - g )  a * i  (A3.17)
a - \

From this equation, the codimension function can be obtained via a Legendre transform

c(r) = c, a ^ l  (A3.18)

By taking the limit as a  -> 1 o f eq. (A3.17) and (A3.18), the following formula can be 

derived for the case a  = 1

K{q) = C ,q\ogq a  = l (A3.19)

c(y) = C, exp(—  -1 ) or = 1 (A3.20)
Q

The above formulas o f K(q) and c(y) are for conservative multifractal fields for which 

the exponent o f power law filter, H, is 0. Next, the formulas are derived for the 

computation o f H, followed by the new forms of K(q) and c(y) with non-zero FI.

For a nonconservative multifractal field, AR

AR = £ ,A -’’ (A3.21)
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where is the underlying conservative field, the energy spectrum of the field has a 

power-law relationship with wavenumber, i.e.

E ( k ) ~ k - ^  (A3.22)

Since E(k) is the Fourier transform of the autocorrelation function which is a second 

order moment, the following equation can be obtained from eqs. (A3.9), (A3.21), (A3.22) 

and (3.17) from Chapter 3.

P  = \ - K { 1 )  + 2H  (A3.23)

Thus from eq. (A3.17)

P - \  + K(2) p - i ^ c , { r - 2 )
2 2 2 ( « - l )

(A3.24)

If H 0, the following relations can be derived from eqs. (A3.8), (A3.9), and (A3.21)

K { q ) ^ K { q ) - q H  ^^3.25)

and

y - ^ y - H

Thus the following formulas for K(q) and c(y) can be obtained

K { q ) - q H

C,
or - 1

Ci9 ôg(q), or =  1

and

c ( y - f f )
C,(7 ^

C i«  or

Cl e x p or =  1

(A3.26)

(A3.27)

(A3.28)

233

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Appendix 3.3

ESTIMATION OF UNIVERSAL MULTIFRACTAL PARAMETER H

The materials in this appendix are primarily taken from the following papers: Schmitt 

et al. (1995), and Liu and Molz (1997).

The universal multifractal parameter H can be estimated from structure function 

analysis. The following equation defines the q* order structure function
(A3.291

E{i^8,r]  = E[\8{z + h ) - s { z ) \^

where E[ ] is moment, e is a multifractal process, z is distance, and h is lag. If q = 2, the 

above equation defines variogram. For scaling processes, the scale invariant structure 

function exponent, ^(q), (Monin and Yaglom, 1975) is defined by tA3 301

E[{A8,y]  =

where A may be a function o f q but not h. The structure fimction exponent has the 

following form

(A3.311^{q) = q H  '— {q'‘ - q ) ,
a - \

Thus Thus H = ^(1).
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Appendix 4.1 FLOWCHART - OVERLAND FLOW ROUTING

NoPonding
No

Yes

No

Yes

No
Last pixel

Yes

No
,ast time step

Yes

End

Start

Next Pixel

Next Time Step

Lateral inflow; q/ = R* - i‘

Ponding threshold: =

i* =  m in ( ic ‘, R ‘+ h ‘,„ ,p /A t)

T  =  T'^‘+ i 'A t

Cumulative rain 
Rc' = R.'-^*+R'At + h\„p

O v e r la n d  f l o w  r o u t i n g  u s i n g  

q ‘ = R‘ -  i‘ and Qui' = q'sum

i ‘ = m i n ( i e ‘, R ‘+ h '-^ V A t)  

T  =  T'^‘+ i*A t

Overland flow routing using 
qj and Qj,] q sum

Combined upslope flow, q\ 
Averaged 

Averaged slope

sum

Routing using 0, Qi.i' = q‘s„m, 
and qi‘ = 0. Output is runon h‘tmp-
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Appendix 4.2 FLOWCHART - CHANNEL FLOW ROUTING

I Start

I
Next Time Step

Next Pixel

I
Upslope inflow:
Rout each upslope pixel inflow using 

-0, q;‘=0, and -0. Upslope 
inflow q*up is the combined Qs‘ from 
all such routing each divided by dx

Ponding

Routing using Qi‘“̂ -0, qi‘“̂ *=0, and 
qi‘ =  q*up. Output is mnon h*tmp.

Cumulative rain
Re' = Rc‘' ‘̂+ Ri'At + h',

Ponding threshold: jR, = i^(S, R̂ p)

i'=min(ie',R'+h'-“ /At) 
I' = I'- '̂+i'At

I
Excess rainfall: qe' = R* - i*

i'= R'+h'VAt 
I* = f^'+i'At

Lateral inflow: qi* = qe' - q„p‘

I

i' =  m in ( ie ' ,  R '+ h tm p /A t)

1' =  T"^'+i'A t

Channel flow routing using q,' 
and Qi-i' ~ upstream inflow

Channel flow routing
l‘up̂using qi'= q'up+ R' -  i'

Last pixej 

Yes

Last time steq 

Yes
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Appendix 4.3

FORMULAS FOR THEORETICAL HYDROGRAPH

All formulas in this appendix are taken from Eagleson (1970, Chapter 15).

Discharge in kinematic wave model can be written as

Q{x,t) -  ah '"(x ,t) (A4.1)

where h is flow depth. Time o f concentration is

(A4.2)

L  is the length of the overland plane, and R* is rainfall excess, i.e.

R , = R - i  (A4.3)

where R  is rain rate and i is infiltration rate.

Runoff without infiltration

It is assumed that rain rate is constant and there is no infiltration. Denote tr as the 

duration of rainfall excess and C as the time o f coneentration. The following formulas 

ean be derived for flow depth at catchment outlet, hi.

Case tr < tr < oo:

hr =

R.t  0 < r < c  < c  

t < t <  t.
(A4.4)
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and

L  = [/z,i?r‘ + m{t - ) ]  <t , .<t  (A4.5)

Case tr < t-:

{ R j  Q < t < t < t ^

and

L  = + m{t - t ^ ) \  t < t (A4.7)

where

t = t ^ + L - L  (A4.8)
m

and

t ;  = --------- ^ --- (A4.9)
a { R j X

Runoff with infiltration

It is assumed that both rain rate and infiltration rate are constants. The following 

formulas exist for m = 2.

Case tr > t^:

U R - i ) t  0 < t < C < C  
' ^L=i , r .  . (A4.10)

\ ( R - i X

I
h , = { R - O n R { t - t r f + t " ( R - i ) f  - R { t - t ^  c  ^ t < t ,  (A 4 .ll)

and

/ i ^ = 0  t . < t  (A4.12)
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where

t, — + t M - n
(iRY

Case tr < t-

There are three possible situations; (I) ti > tp, (2) t, < tp, or (3) t\ = tp.

( l ) t i  =  tp

hi

t, =
kR j

(2) ti > tp

This is equivalent to tr > (i/R)*^ t̂c.

(A4.13)

(A4.14)

(A4.15)

h,
\ ( R - i ) t  0 < r < c

Ii?C “ h r,, < t < tp (A4.16)

h , = ( R - i n R i t - t , f + t f i R - i ) r - R ( t - t , )  tp < t < t ,  (A4.I7)

and

hi =0 t. <t

(3) ti < tp

This is equivalent to tr < (i/Rf^^tc.

{R - i ) t  0 < t <  t^
Rt^ -  it t  ̂ < t  < tf

0 t , < t

(A4.18)

(A4.19)

The above formulas are used to generate the theoretical hydrographs shown in Section 

4.2.
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Appendix 4.4

HYDROLOGICAL PROPERTIES CLASSIFIED BY USDA SOIL TEXTURE*

Texture Class

Saturated

hydraulic

conductivity

cm/hr

Water retained 

at -33 kPa 

cm^/cm^

Water retained 

a t-1500kP a  

cm^/cm^

Wetting front 

soil suction 

head

cm

Sand 23.56 0.091 0.033 4.95

Loamy sand 5.98 0.125 0.055 6.13

Sandy loam 2.18 0.207 0.095 11.01

Loam 1.32 0.270 0.117 8.89

Silt loam 0.68 0.330 0.133 16.68

Sandy clay loam 0.30 0.255 0.148 21.85

Clay loam 0.20 0.318 0.197 20.88

Silty clay loam 0.20 0.366 0.208 27.30

Sandy clay 0.12 0.339 0.239 23.90

Silty clay 0.10 0.387 0.250 29.22

Clay 0.06 0.396 0.272 31.63

* Taken after Rawi and Brakensiek (1983, 1985)
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Appendix 4.5 

RAIN DATA FROM EVENT 8/12/1973*

onth Day Hour Minute Cumulative Rain
from last recordii 

(in)
Gage 27

8 12 20 46 O.OOOOOOE+00
8 12 20 53 1.500000E-01
8 12 21 7 5.000000E-02
8 12 21 15 9.000000E-02
8 12 21 23 1.800000E-01
8 12 21 28 2.600000E-01
8 12 21 33 1.900000E-01
8 12 21 43 6.000000E-02
8 12 21 50 7.000000E-02
8 12 22 6 2.000000E-02
8 12 22 25 l.OOOOOOE-02
8 12 23 6 3.000000E-02
8 12 23 26 l.OOOOOOE-02

Gage 28
8 12 20 50 O.OOOOOOE+OO
8 12 20 53 6.000000E-02
8 12 20 57 1.300000E-01
8 12 21 8 9.000000E-02
8 12 21 16 1.300000E-01
8 12 21 26 l.lOOOOOE-01
8 12 21 31 2.700000E-01
8 12 21 38 1.800000E-01
8 12 21 49 4.000000E-02
8 12 21 56 6.000000E-02
8 12 23 3 3.000000E-02
8 12 23 48 5.000000E-02

Gage 31
8 12 21 0 O.OOOOOOE+OO
8 12 21 8 9.000000E-02
8 12 21 22 6.000000E-02
8 12 21 28 1.900000E-01
8 12 21 33 2.200000E-01
8 12 21 43 1.300000E-01
8 12 21 50 l.OOOOOOE-01
8 12 22 4 6.000000E-02
8 12 22 53 l.OOOOOOE-02
8 12 23 30 3.000000E-02

* Data source: (ftp://hvdrolab.arsusda. gov/pub/arswater/163/~)
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Rain Gage 32
8 12 21 0 O.OOOOOOE+OO
8 12 21 11 7.000000E-02
8 12 21 26 3.000000E-02
8 12 21 36 3.000000E-01
8 12 21 44 6.000000E-02
8 12 21 56 l.lOOOOOE-01
8 12 22 28 2.000000E-02
8 12 22 59 6.000000E-02

Gage 33
8 12 20 46 O.OOOOOOE+OO
8 12 20 54 7.000000E-02
8 12 21 6 7.000000E-02
8 12 21 18 5.000000E-02
8 12 21 29 3.300000E-01
8 12 21 37 6.000000E-02
8 12 21 45 9.000000E-02
8 12 22 43 3.000000E-02
8 12 23 9 3.000000E-02
8 12 23 43 2.000000E-02

Gage 38
8 12 21 15 O.OOOOOOE+OO
8 12 21 20 1.800000E-01
8 12 21 32 2.000000E-01
8 12 21 43 1.200000E-01
8 12 22 45 4.000000E-02
8 12 23 31 3.000000E-02

Gage 39
8 12 20 45 O.OOOOOOE+OO
8 12 21 8 6.000000E-02
8 12 21 22 2.000000E-02
8 12 21 33 2.200000E-01
8 12 21 54 1.700000E-01
8 12 22 21 2.000000E-02
8 12 23 21 4.000000E-02

Gage 40
8 12 20 30 O.OOOOOOE+OO
8 12 20 59 4.000000E-02
8 12 21 16 2.000000E-02
8 12 21 29 6.000000E-02
8 12 21 39 2.000000E-01
8 12 21 50 l.OOOOOOE-01
8 12 22 1 5.000000E-02
8 12 22 24 l.OOOOOOE-02
8 12 22 48 2.000000E-02
8 12 23 7 2.000000E-02
8 12 23 26 2.000000E-02

Gage 43
8 12 20 55 O.OOOOOOE+OO
8 12 21 19 4.000000E-02
8 12 21 29 3.900000E-01
8 12 21 37 2.100000E-01
8 12 21 49 1.300000E-01
8 12 22 35 6.000000E-02
8 12 23 48 3.000000E-02

Rain Gage 44
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8 12 20 30 O.OOOOOOE+OO
8 12 21 9 4.000000E-02
8 12 21 27 3.000000E-02
8 12 21 31 2.400000E-01
8 12 21 39 2.500000E-01
8 12 21 49 l.lOOOOOE-01
8 12 22 7 6.000000E-02
8 12 22 47 2.000000E-02
8 12 24 0 l.OOOOOOE-02
8 13 24 18 O.OOOOOOE+OO

Gage 45
8 12 20 30 O.OOOOOOE+OO
8 12 20 37 1.600000E-01
8 12 20 57 5.000000E-02
8 12 21 9 3.000000E-02
8 12 21 24 5.000000E-02
8 12 21 32 3.900000E-01
8 12 21 43 1.200000E-01
8 12 21 57 7.000000E-02
8 12 22 16 4.000000E-02
8 12 23 6 l.OOOOOOE-02
8 12 23 42 3.000000E-02

Gage 51
8 12 20 23 O.OOOOOOE+OO
8 12 20 56 4.000000E-02
8 12 21 6 2.000000E-02
8 12 21 21 2.000000E-02
8 12 21 28 3.300000E-01
8 12 21 38 2.600000E-01
8 12 21 50 2.000000E-01
8 12 22 45 O.OOOOOOE+OO
8 12 23 46 2.000000E-02

Gage 52
8 12 20 25 O.OOOOOOE+OO
8 12 20 36 1.200000E-01
8 12 20 58 2.000000E-02
8 12 21 22 2.000000E-02
8 12 21 28 2.700000E-01
8 12 21 34 1.700000E-01
8 12 21 44 l.lOOOOOE-01
8 12 22 1 7.000000E-02
8 12 22 48 l.OOOOOOE-02
8 12 23 41 5.000000E-02

Gage 54
8 12 21 15 O.OOOOOOE+OO
8 12 21 20 5.000000E-02
8 12 21 26 3.300000E-01
8 12 21 32 1.200000E-01
8 12 21 42 l.lOOOOOE-01
8 12 22 0 4.000000E-02
8 12 22 46 4.000000E-02
8 12 22 59 2.000000E-02
8 12 23 52 3.000000E-02

Gage 55
8 12 21 18 O.OOOOOOE+OO
8 12 21 24 1.300000E-01

243

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



8 12 21 29 2.600000E-01
8 12 21 37 7.000000E-02
8 12 22 27 5.000000E-02
8 12 23 4 6.000000E-02
8 12 23 47 3.000000E-02

Gage 56
8 12 20 28 O.OOOOOOE+OO
8 12 21 1 4.000000E-02
8 12 21 26 8.000000E-02
8 12 21 33 2.200000E-01
8 12 21 42 8.000000E-02
8 12 21 58 4.000000E-02
8 12 22 25 3.000000E-02
8 12 22 50 4.000000E-02
8 12 23 15 2.000000E-02
8 12 23 29 O.OOOOOOE+OO
8 12 23 48 2.000000E-02

Gage 57
8 12 20 30 O.OOOOOOE+OO
8 12 20 38 1.400000E-01
8 12 21 9 6.000000E-02
8 12 21 26 4.000000E-02
8 12 21 30 2.400000E-01
8 12 21 36 2.800000E-01
8 12 21 49 1.300000E-01
8 12 22 5 2.000000E-02
8 12 22 29 4.000000E-02
8 12 22 59 l.OOOOOOE-02
8 12 23 26 2.000000E-02
8 12 23 39 l.OOOOOOE-02

Gage 60
8 12 21 25 O.OOOOOOE+OO
8 12 21 32 l.lOOOOOE-01
8 12 21 38 1.400000E-01
8 12 21 51 8.000000E-02
8 12 22 46 4.000000E-02
8 12 23 48 5.000000E-02

Gage 62
8 12 21 35 O.OOOOOOE+OO
8 12 21 44 1.200000E-01
8 12 22 17 5.000000E-02
8 12 22 59 2.000000E-02
8 12 23 33 6.000000E-02

Gage 71
8 12 20 45 O.OOOOOOE+OO
8 12 20 49 1.600000E-01
8 12 20 59 6.000000E-02
8 12 21 14 6.000000E-02
8 12 21 22 3.200000E-01
8 12 21 29 3.100000E-01
8 12 21 39 l.OOOOOOE-OI
8 12 21 45 1.300000E-01
8 12 22 47 2.000000E-02
8 12 23 27 4.000000E-02

Gage 72
8 12 20 25 O.OOOOOOE+OO
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8 12 20 34 2.600000E-01
8 12 21 22 l.OOOOOOE-01
8 12 21 31 7.000000E-02
8 12 21 40 1.900000E-01
8 12 22 11 l.OOOOOOE-02
8 12 22 52 5.000000E-02
8 12 23 52 l.OOOOOOE-02

Gage 73
8 12 20 50 O.OOOOOOE+OO
8 12 20 58 4.000000E-02
8 12 21 15 2.000000E-02
8 12 21 22 3.200000E-01
8 12 21 28 1.700000E-01
8 12 21 45 1.800000E-01
8 12 22 46 4.000000E-02
8 12 23 38 2.000000E-02

Gage 74
8 12 20 48 O.OOOOOOE+OO
8 12 21 7 l.lOOOOOE-01
8 12 21 20 3.900000E-01
8 12 21 29 3.900000E-01
8 12 21 40 1.500000E-01
8 12 21 50 l.lOOOOOE-01
8 12 22 14 3.000000E-02
8 12 22 48 3.000000E-02
8 12 23 19 O.OOOOOOE+OO
8 12 23 33 2.000000E-02

Gage 80
8 12 20 45 O.OOOOOOE+OO
8 12 20 54 1.700000E-01
8 12 21 1 1.500000E-01
8 12 21 16 6.000000E-02
8 12 21 25 1.400000E-01
8 12 21 35 4.300000E-01
8 12 21 45 l.lOOOOOE-01
8 12 21 56 8.000000E-02
8 12 22 29 2.000000E-02
8 12 23 3 3.000000E-02
8 12 23 19 2.000000E-02
8 12 23 35 l.OOOOOOE-02

Gage 82
8 12 21 30 O.OOOOOOE+OO
8 12 21 37 3.000000E-02
8 12 21 45 1.500000E-01
8 12 22 7 5.000000E-02
8 12 23 13 6.000000E-02
8 12 23 53 4.000000E-02

Gage 87
8 12 20 55 O.OOOOOOE+OO
8 12 21 5 7.000000E-02
8 12 21 20 3.000000E-02
8 12 21 26 1.600000E-01
8 12 21 33 1.200000E-01
8 12 21 42 8.000000E-02
8 12 21 54 7.000000E-02
8 12 22 52 2.000000E-02
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8 12 23 36 3.000000E-02
Gage 88

8 12 20 15 O.OOOOOOE+OO
8 12 20 24 3.000000E-02
8 12 21 17 7.000000E-02
8 12 21 21 3.000000E-01
8 12 21 29 1.700000E-01
8 12 21 42 l.OOOOOOE-01
8 12 22 3 4.000000E-02
8 12 22 24 3.000000E-02
8 12 23 2 l.OOOOOOE-02
8 12 23 22 2.000000E-02

Gage 89
8 12 20 47 O.OOOOOOE+OO
8 12 21 13 l.lOOOOOE-01
8 12 21 22 5.500000E-01
8 12 21 35 2.900000E-01
8 12 22 2 6.000000E-02
8 12 23 12 3.000000E-02

Gage 90
8 12 20 29 O.OOOOOOE+OO
8 12 20 40 5.000000E-02
8 12 21 2 l.OOOOOOE-02
8 12 21 24 3.000000E-02
8 12 21 30 2.900000E-01
8 12 21 35 2.100000E-01
8 12 21 41 9.000000E-02
8 12 21 49 l.lOOOOOE-01
8 12 22 6 6.000000E-02
8 12 23 2 6.000000E-02
8 12 23 47 l.OOOOOOE-02

Gage 91
8 12 21 25 O.OOOOOOE+OO
8 12 21 34 3.400000E-01
8 12 21 50 1.200000E-01
8 12 22 10 5.000000E-02
8 12 22 46 2.000000E-02
8 12 23 17 2.000000E-02
8 12 23 43 3.000000E-02

Gage 94
8 12 21 22 O.OOOOOOE+OO
8 12 21 28 2.000000E-01
8 12 21 40 1.800000E-01
8 12 21 58 4.000000E-02
8 12 22 30 4.000000E-02
8 12 22 53 4.000000E-02
8 12 23 19 l.OOOOOOE-02
8 12 23 44 3.000000E-02

246

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Appendix 4.6

PARAMETER (O FOR RAIN FIELDS FROM RAIN EVENT 8/12/1971

Time Ct) Time 05 Time CO
(min.)

1 ■ 1772E-01
(min.)

46 ■3104E+00
(min.)

91 ■8264E+00
2 .1799E-01 47 .1815E+00 92 ■8241E+00
3 ■ 1800E-01 48 .1776E+00 93 ■8241E+00
4 .1800E-01 49 .1775E+00 94 .8241E+00
5 • 1772E-01 50 .1748E+00 95 .6471E+00
6 .1799E-01 51 .1528E+00 96 .2217E+00
7 .1800E-01 52 •1493E+00 97 • 1936E+00
8 ■ 1800E-01 53 .3926E+00 98 .1901E+00
9 .1875E-01 54 •4216E+00 99 .1931E+00

10 ■4299E-02 55 .4148E+00 100 .1490E+00
11 ■1308E+01 56 .4212E+00 101 .1514E+00
12 ■1328E+01 57 ■4366E+00 102 ■7086E-01
13 .1328E+01 58 .4369E+00 103 .6350E-01
14 ■ 1320E+01 59 ■5258E+01 104 .6477E-01
15 .1277E+01 60 .6329E+01 105 ■6377E-01
16 .1635E+01 61 .8265E+01 106 ■6668E-01
17 .1641E+01 62 .8181E+01 107 ■4964E-01
18 ■ 1641E+01 63 .1596E+02 108 .4943E-01
19 .1641E+01 64 .1604E+02 109 .4841E-01
20 .7244E+00 65 .1515E+02 110 ■3351E-01
21 •7357E+00 66 • 1672E+02 111 ■3403E-01
22 .6888E+00 67 .1139E+02 112 ■2353E-01
23 .3278E+00 68 .8872E+01 113 .1106E-01
24 .4757E-01 69 .9468E+01 114 .1086E-01
25 .4250E-01 70 .1280E+02 115 .1069E-01
26 .1581E-01 71 .1218E+02 116 .8336E-02
27 ■ 1540E-01 72 .9835E+01 117 .7563E-02
28 ■ 1539E-01 73 ■9602E+01 118 .7552E-02
29 ■ 1539E-01 74 .9996E+01 119 .7552E-02
30 .1515E-01 75 •8978E+01 120 .7171E-02
31 .1687E+01 76 .7963E+01 121 .7284E-02
32 .1675E+01 77 ■5649E+01 122 •5568E-02
33 .1692E+01 78 .6097E+01 123 .5410E-02
34 .1589E+01 79 ■5318E+01 124 .5408E-02
35 .4500E+00 80 .4569E+01 125 .5323E-02
36 .4484E+00 81 .3321E+01 126 .5407E-02
37 .4483E+00 82 .2162E+01 127 .5379E-02
38 .4483E+00 83 •2029E+01 128 ■5379E-02
39 .6114E+00 84 .1527E+01 129 ■5379E-02
40 ■6367E+00 85 ■8398E+00 130 .5234E-02
41 .6808E+00 86 .8532E+00 131 .6361E-02
42 •6793E+00 87 .8276E+00 132 .6379E-02
43 •3053E+00 88 .9549E+00 133 .7074E-02
44 ■2933E+00 89 .1096E+01 134 ■ 1048E-01
45 ■2944E+00 90 .9609E+00 135 •9145E-02
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Time CO Time (0
(min.) (min.)

136 .9705E-02 181 .6416E-02
137 .9712E-02 182 .6431 E-02
138 .9712E-02 183 .6724E-02
139 .9712E-02 184 .6729E-02
140 .9561E-02 185 .6313E-02
141 .9052E-02 186 .6411E-02
142 .9043E-02 187 .7075E-02
143 .9043E-02 188 .7098E-02
144 .9044E-02 189 .7099E-02
145 ■8903E-02 190 .6988E-02
146 •9041E-02 191 .7097E-02
147 ■9044E-02 192 .7421 E-02
148 •9044E-02 193 .7503E-02
149 ■9048E-02 194 .7504E-02
150 .8907E-02 195 .6890E-02
151 .8790E-02 196 .7105E-02
152 ■9043E-02 197 .7061 E-02
153 .9234E-02 198 .6950E-02
154 .9152E-02 199 .5726E-02
155 ■9009E-02 200 .5617E-02
156 .8368E-02 201 .5684E-02
157 .8358E-02 202 .5256E-02
158 .8154E-02 203 .5249E-02
159 ■7887E-02 204 .5196E-02
160 •7760E-02 205 .4997E-02
161 ■7881E-02 206 ■5076E-02
162 .7883E-02 207 .4642E-02
163 .7883E-02 208 .4022E-02
164 ■7883E-02 209 ■3645E-02
165 .5968E-02 210 .3411 E-02
166 .6062E-02 211 .3464E-02
167 .6063E-02 212 .3380E-02
168 •5508E-02 213 .3580E-02
169 ■5775E-02 214 .1290E-02
170 .5238E-02 215 • 1234E-02
171 .5320E-02 216 .1254E-02
172 ■5278E-02 217 .1254E-02
173 .5277E-02 218 .8467E-03
174 .5277E-02 219 .OOOOE+00
175 .5070E-02
176 ■5149E-02
177 .5150E-02
178 .5540E-02
179 .5577E-02
180 •5490E-02
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