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tJ3STH.!'-,.CT 

_ .  LH:: potential function for \! ves emanating 
i: r:· • 1. - t sc .. ;,·cc. cq,,ations were developed that permit 

> .;:--·� _ · c •:.atic:n of the water snrface in a rectangnlar 

11:: :e t ··:in !:.<:wing several finite 1 ength qisplacement type 
�,.,.,.€ gc;,c-r;:ttol.'S in series nlong the walls of the basin. 
"ihc inca.cized v:, ve theory is 11tilized thro11ghouto A dis·= 
e:b:etc: w•we ampli t!l<.le and f i"equency is asstlmed for each 
gene�.· ate•&'. btit no tl'l-o generators necessarily put out the 
s arne \tJ� 1•e o 

The theoE:y� e.Jctend d to several finite length gener­
ators e:,ch considered as a so"rce of a periodic function. 
will be presented in f ntm:e repotts nctll nnder preparation. 

Calculations for circular basins will also be reported, 

\\,\\\\\\\l�\\\\\l\\\\l\�\\\�\\i\\\\\'\'\\1\\\\\\\IU\\\I\ 
Ulo8401 0590879 



... �!:��� (::.--::;�_c·;..,:-�c:�� .
-� �;;3C!�i'Gc:-d !:�r ... .:.n hu-:c t>ccn 1�.::·::ctcd to prc-:Jlding t."�ad}r 

n.::-::1�-i fc..:: c:.�}.c-,.1 � t..:.r":: �:be cf..:�1rnct:e1."iw-tic3 of �'!C'.JJ;:: t�·<�ins prod,tced by W�\ .. � 
c:....n.:.�-�t-<�:.":· ri: : . .:!1 r:-� t·:� r:&._··:�Gt��ing \"Clt:��� c"i.;;:'l:;r:co-.·nts aJcng a linenr inter<;» 
v:.:.� I� !;?:.!3 b�cn :c:::.�·tc:� tr·.at.th<; utiHty of the final r�sults is of pl:'.>:n­
r:;.c;_:ct :.�-:�..:;.:t�:rrc,�, �-r; '. fu: this rc���m �pp•·cxlmntic. £ h:?.VC been used \'Jhe�eve� 
c-:;:::.··.::�·��i.:;;·, �,zc,c�.�-·;: �·:; c-::::i!ld be siF�pJ·' �i�J b;.' their &doption. 

1\ t•XJ':d of (;}i:!•1 :·c:.:::-::::.on mr:y be "'�'· t:wmile concen�ing the p.roccdt�re followed 
in tJ�:�� ctc·!c.'i.op•.;�c�:< J\ ficst simiJ!C ftmdamental solution of the hyd.rodynami�t 
c���nticnG vm::; :wu(1·�: u; -�c-l could be used as a basis fot: constructing the IT.cCl:e 
clr.�o.:n�c cases .:cc;nLf.'ci fo;.,· the przs�nt purposes. This simple solution 
:-dates to the �:�·Lin of v.r�·res diverging fJCom an isolated r..oint source in watet· 
cf <my depth wl�cn th:: 05.s·�m:bance at the sou;:ce is of a simple0 harmonic type. 
'l'bc ca�c of a wnve g-:!nei'atoi: of length L was then obtained by summing the 
cff ects produced by .:dnple solutions of unifo£"m strength and distribut�d uni ­
fo::mly ill<.nlt; the ler.3th of the wave generatoK'. The amplitude of the wave tra.i.n 
produ::.:e.-:1 is related to the displacement produced by the wave generator. The 
t>olut.Lon thus obtained represents the behavior of an isolated generator from 
dlich waves are free to pr:ogress in any direction. 

A diff eX"ent case is presented o however, by a wave generator operating in 
an expedment£�..1 wave basin since the walls of the basin interfere with the 
progress of the waves in certain directions. It is proposed to acco unt for 
these boundaries by using the method of images. In this way the effect of 
operating the wave generator adjacent to a wall 0 in a corner, within a rec� 
tangula!: strip or lfli thin a rectangula£ basin can be found. In all these cases 
the sruue set of sin1ple foJ:mulas can be used. 



A by 1:':.�' 

c the C•F:lel"�.·.,;y f � ·:;n<i�c the spc�. of p.ropagntion of the waves 

D the va£iablc volume displaeod by a wave generator 

a dizp_ c•�ent computed at the radius 

Dn th� displacement computed at the origin 

r 0 

Dr� the ma:dmum value reached by the variable displacement Do 

g ·acceleration of gravity 

h depth of a basin 

Jo and Yo Bessel's functicns of o�de� ze�o, as tabulated in 
Reference (6) 

L 

L 

LIT 

L 

L:l1 

L 

L ·length of a wave generato1: L 

n m quantity dete�mined from Bq. (8) or (10) L=1 

� , the maximum volume d�splacement produced by a lineaE: wave generate� L� 

� :radius L 

R :the distanll:t! f &'om the cente&' of a lin eat wave genera to a' to the point 
at which m wave amplitud� is to be computed. L 

S separation of h"D sources L 

t :time T 

T ;the pericd of a wa:ve� The time interval bet111een passage of crests.. T 

u velocity, 1�sitive in the di�ecticn of r o 

unit weight of thE liquid 



Not�tion (cont�nu�l) 

z � coozdin3-::c tt�tich is ::cro nt the watex: surface and measured 

C?'C 3-l"1Gle bet·::.:;en ;;. J.ine pac::sing through tvro sonrces and a radial 
1�.nc £1!.·�-,·.-m f<:"l'l crw of thea1. 
An :.m2le b,:!tt"itcn the length of a long wave generator and 
� linG dra�m outward from the center of the wave gene�ator. 

ph?.se angl"' separation 

the height of the sudace of a v1ave above the undisturbed level 

a distance fzom the center of a. linea£" wave generator o as shown 
in Figo 2 

;1 the wave lengtha The distance between successive c�ests 

tj vdoci ty pctentia! 

2fl! 
T 

Unit� 
� 

L 

L 

L 

L 

L 



Ac, (; be.s·:s fG· tk� dc·n1cp111cnt Gf eq1:r:tions for wave motions produced 
by r linear �:.:ave ec.1e::at.::-i' it i;illl be us�ft:l to have available th� expres­
".ion; r.el<lting to 'i.h� "'C:."'.'�S emanating from a point source, because the 
f.:a:r:t:.1:1 fui" t;1c F..::J:f! CGETlicatct:. c��:.'>3 can then be built up by the process 

i r:'-1)0::_::::osi ti8r�" n�._:: fc.lLJ�:inf, �cv-.:lopmer:.t relates to \'laves emanating from 
rt t-'Ciut S'JUi:C{;o 

This expression satisfies LaPlace0S equation (ft�f. 70 p 76) 

a2¢ 
i· . _L ()</> + o�¢ 0 0 z.2 -a..-2 r ar 

To be acceptable for the purpose desired it must also satisfy the 
conditions (Ref. 70 pp 73 and 74.) 

o¢ 
�::-·;. �o when Z -- h 

oz 
-� - I a;, - on the f�ee surf�ce 9 at. 

0� - 0� on the free surface at az 
ftom (1) by differentiation� 

0 0 0 ( 2) 

- �9 [10(nr)s,nat- Y0(nr)CD�at ]ns,'nh n(u�.<4> 
Since ()t/J (fZ 

expression becomes 
is satisfied. 

is the vertical component of velocity and this 

zero at the bottom0 \tlhen z 8 ..,b, ·the first condition 

The second condition yielda 

B 811 A [..J0(nr)Coscrt + 'fo(nr) .San o t] Cosh nh 
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To satisfy the third �ondition with 

o B _ Ao- C�(nr) 5Dn at+" 'fo(nr)wsat]G:>sh nh.<6> at t 
and 

It is required that 

Aa Cosh nh 

· By rearrangement and multiplication of both sides of the expression 
by the factor h this relation can be put into the form 

This is the basic relation connecting the values of <1' and n • These 
two·quantities are associated with the period of the wave, its wave length 
and its speed of propagaticn, or celerity, as will be seen later. If the . . 
period is to be specified by selecting a value for (j the c orresponding 

value of n can be determined imroediately through the use of Fig. 1. 

At a distance from the source sufficient to make the q11anti ty nr larg� 
compared to unity, the Bessel functions J0(nr) and Y0(nr) take the 
approximate formsz (Ref. 6, p 202) 

Jo(nr) 
Cos(nr -f) 

r:r- Sin ( n r _ .ll), 
� �� 4 . 

If nr ) 1. 

Under these conditions a wave length can be specified sinee 

--

• 0 0 ( 9) 

• • •  (10) 



< ' "' - - , < - 1 f- • , _,:_ � , -� 1 :: , ·• "' [. Ct.» J .. _. ....... \i,.o ·,. � "' � � � ,!. 0 o;. "' 

J:cla'l.:ion e l.fi be suhs':it1�'i:C:1l ini:... Rqo {I}) to fim.1 th� �- �,u-dty () 
tJi.11 0 in 'i::Jt:0.0 de'b:eF.',une the pe;:;:iod0 ftotil ti1':! :!:'e!:l.t.:lon 

2IT_ 
T , or -, 2. lf --�;.._ a 

Bq. ( 9) can be used to establish some additional important relation­
ships. Under the condition stated above, Bqo (S) for the wave height takes 
the form 

B �A {rr�r {!:os(nr-fJCos<rt .,_ 3in(nr-f:)Sh<rt J. 
If nr >> 1. Cosh nh 

and then can be written 

B- A/rr�r- [Cos(nr_at--fJ]Cosh nh • • •  (11) 

If nr )) 1. 

If attention is fixed on a certain part of the wave, this form of the 
expression shows ·that r must increase with time if the same phase position 
is to be maintained. This follo�"S from the requirement that if cos(nr "" C1' t = � )is to have a fixed va1ue0 the quantity (nr - U t -1> must like\'lise 

have a fixed value. To meet these requirements set 

where the value of the constant· k is chosen to give the quantity 

cos(nll:' = o- t ... �) the desired value.. Then it follows that this phase position 
will trav_el outward at a rate determined from the relation: 

][_ 
4 

Suppose, for example0 one chooses to watch the c�est. This will require 
that the cosine term wil l have a maximum value and this imposes the relation 

nr...;..a-t IT :s .  tn 2TT 4 
where m is some whole number. By differentiation of this expression the 
relation is· obtaine<h 

dr :: !J: 
dt n 

which can be interpreted as the rate at which the crest progresses. This 
is the wave velocity C .. This relation can be combined with expressions 
(8) and (10) to obtain a foJrmula for the wave propagation velocity: 
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3 = 

• • •  (12) tanh · 2.ITh 
1\ 

If nr )) 1. 

Although these �elaticns are avproximates, a scrutiny of the roots of 
the Jo arid Yo Bessel functions tdll indicate that they should hold 
closely enough for oost engineering purposes beyond t\'iO wave-lengths distance 
from the source. 

! 
In o4der to prodtice waves of a specific amplitude it is necessary to 

kno� how much volumetric displacement is needed at the source to maintain 
them. The displacement volume is �iven by an integral of the type 

o, 
0 =2nr0J1 ud2dt 

-h where u 

This can be evaluated in the form 

a</> - -:.--...;;;.. ___ _ or 

Since the product (nro)J� (nro) approaches zero � (nro) approaches 
zero and the product (nro)Y� (nro) approaches (2/TT · ) as (nr0) approaches 
zero the value of D1 converges toward its value at the origin: 

Do = 
4A9 
noz 

o o oCl4) 

The maximum value of the displacement Dm is reached when sin t :: 1. 
Thens 

D '"' m 
4A9 
n CJ 2. 

nh 
• • •  (15) 

The value of A may then be obtained in terms of the maximum displaceuent 
as 

A:::: n o 2. Dtn · 

DIFFRACTION PATTERN PRODUCED BY TWO SOURCES 

. • .  (16) 

In some csses it is desired to propagate a wave train of limited width 
and this may be accomplished with some effectiveness by making use of the 
possibilities of interference. Suppose, for exnmple0 that two equal0 in 
phase sources are operating at a separaticn S of one�hmlf a wave length. 



= 9 -

It can be expected th�t the wave motion in the di�cction of the·line join­
ing the sources wo11ld be almost completely annulled because the waves fr om 
the two sources l'rould be of almost equal amplitude and would be 180 degrees 
out of phase. Along a normal to this line a drawn from a point midway between 
the sources, however 0 the ��ave mot ion would be enhanced because the waves 
from the bro sources won!d be nearly in p hase. The wave crests would be 
nearly circular in form but their height would vary in ea.cb quadrant from a 
maximum to nearly zero. In this way a very definite concentration of the 
wave w�tion into a portion of the surface area can be accomplished. It will 
be of interest to develop the case of the two sources somewhat more fully . 

If represents an angle between a radius dra'l'm from on
·
e of the sources 

and the line which passes through both of them, e. point at radi1.1s r from 
one so,srce will lie at the distance C1 from the other sourc e where, by the 
cosine law 

If r is large compared to the separation S the square of S may be 
d iscarded so th at approximately 

If r )) S. 

Since the quantity . 
S/r :itt 0 under these conditions 0- small compared to 

unity i t will be permissible to expand the radical by tbe binominal theorem 
and0 again as an approximation, discar d all of the terms except the first two, 
then approximately 

Since ( r - C ) :: S cos 0( 1 

The angular phase separation is 

-
2iT 5 Cosoe 

If r)) S. 

If r)) s. 

·i\ · If r)) s. 

• • •  (17) 

• • •  (18) 

The amplitude of a resultant wave formed by the superposition of two 
waves of amplitude Ao and separated by th.e phase angle . ,8 is 8 again by 
the · cosine 1 aw 

A oc - {2 Ao { I + Cos ,$ • • •  (19) 



- 10 r 

The ccnbinntio •. of (18) cmd (19) 'jield� 

A. a<. = ,.j2 Ao \}1 �· cos(2U SC:os ex) 
It If r))s. 

The following table shm�s a coruputntion of wave heights fol1o\1ing a 
c.::::cular path with its center at a point midway between the two sources. 

T!'e computation extends through one quadrant. The other three quadrants 

are· similar. 

TABLE 1. 

Computation of relative wave amplitudes produced by twoe in phase, 
:;:;,urcca one-half wave length apart. The amplitude A at the radius r 
nnd a."1glc cC is expressed in terms of A. The amplitude produced at the 
�<-dius � by one of the sources. The amplitude Ao can best be computed 
by use of formulas (29) or (31) . 

� cosoC 

0 1.,000 

10° • 9848 

2()0 .9397 

300 .8660 

400 .7660 

soo .6428 

600 . 5000 

70° .3420 

800 .1736 

ooo .0000 

Note: 2flS 
= 

a 

2flS - �  cosoc 

3.1416 

3.,0938 

2.9522 

2.7206 

2.4065 

2.0194 

1.5708 

1.0744 

0 • .5454 

0.0000 

= 2IT;t :: Ti · 

� 

( 2 7Ts cosOC) 
��G 7\ 

-LOOOO 

-o.9989 

-<>. 9821 

...(). 9127 

-o. 7418 

-o.4338 

o.oooo 

to.4763 

�0.8549 

-1.0000 

AOC 10 
0.0000 

0 .0469 

0 . 1892 

0.4!78 

0.7187 

1.0640 

0.4142 

1.7182 

1o9261 

2.0000 
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�JAVB MOTION PROPAGATED FROM A LONG WAVE GENERATOR 

It is desired to f ind the wave pattern produced by a linear wave gen­
erator of length L , as shown in Fig. 2, if it p�oduces a volume displace­
ment Qm distributed uniformly throughout its length, but sinusoidal in 
time, with a pericd T • To find this pattern the differential displacement � dfl , originating in each element of length d'l , will be treated as the 

displacement producing a wave propagated from a center 0 as previously de­
scribed, and the effect of these differential disturbances will be integrated 
over the length L to find the effect of the whole wave generatoro The 
results obtained will apply to an isolated generator from which waves can 
progress freely in all directions. It will be. sho'lt.-n later how these results 
can be adapted for c omputations of the performance of \fave generators installed 
in tanks. 

L -�------� 

wove generator 

Fig. 2 



qo i:, � .tJ5-:..i·� ... �,- in�o E1o 5' en �i' .. i)J.·�-sicn �5 ottnine-G f � 
the waves propagate:l fzom a centeA: o in tell.'ii1.3 of the gcneifating displa.��meni:o 
This cxpA:ession takes the fo&-m: 

B :m. nCJ2 Om fJ0(rw)Co5CJt + '(,(nr)j3ncrt] Coth nh ... (2ll 

4g . 
Then the increment of \'iave height at the distance C1 from an element of 

displacement � dn , originating at y = n, as sholfn in Figo 2, is 

d 8 _ 44a-;�m [.J;,(nC,) Co5 6t.,.. V,.(nC,)S•n at.]C:Oth nd d'l·� .C22l 

If R is large compared to � then R is large compared to � and0 to a 
first approximation0 the cosine law 

can be express ed -as 

o o o ( 24) 

by discarding '1 a as small compared to R2 • Then by using the binomial 
theorem and discarding all but the first two terms 

C1 :: R(l 'C" � cosoG) 

then 

o o o (2S) 

If one neglects Yl as being small compared to R and refers phase positions 
to the phase position at the center of the wave generato.r 0 then ap proximately a 

and 

n<t2Qm [J (nr) Cos(o-t _ 2IT YlCo5oc} + 
4gl 0 A 

Y0(nr)s,·n (a-t_ 2ITRCoscx J]COth n'h dY(· ... <26l 

+t-
1 J;, (nR)Cos(at _ 2Tf!:{�sac) dfl 

L - -y-



't..!:._ 2 

+ h CT26lm Coth nh 
4gL 

'(,(nR ).Sin(cr t � 2IT!Jf>s/cl� .. C27J 

L --
or 2 

2. h 0" Glrn Coth nh 
49 

1\ IJ (nR).Sin(co-t- TT LCosoc 
2 IT LCo..soc t 0 l\ . 

+ J0(nRJ5a·n (crt.+ r� Cos01:) 
+ Yo(nR)Cos(ot_ TT�Cosoc) 

_ Yo(nR)Cos (at+ rrl\L Cos oc )] 
If use is made of Eq. (8) and the well known formulas for the sine and 
cosine of the sum of two angles, this relation can be put in the form: 

The maximum amplitude is: 

If (nR) is large compared to unity� 

And approximately 

gm :a· nz.Qm 5in(lk'=-cosoeJ. ���2----� 4 ( �L Cosoc}( IT(n R) L 
Valid if R )) z 

(nR))) 1. 

0 0 0 ( 30) 

0 .  0 ( 31) 



The ratio 
. t il eo <X) S1n L l\ 5 can be ( �Coso<) read from Figo 3. 

When waves from sevc�al generators are to be added it will be advan­
tageous to keep the sine and cosine te�ms separ ate because this will permit 
a si1 pler evaluation of resultant amplitudes and phase positions than would 
be po�sible othei:'l'Jise. The approximate form required for this purpose is: 

2. . ( !..!1: G>sO() B:;;: n Gm San 71. . I 2 . rcos(nR_ IT )Coso-t 4 ( � Coscx.) f} ( Vl R) L 4 

+ s,;., (n R _ �) s,;., at] ... (32> 

Valid if R )> � 
(DR) )) 1. 

If it is suspected that R is not sufficiently large to make this 
formula yield as close an approximation as desir ed a test can be made by 
dividing the wave generator into two parts0 computing for each part sep­
ar ately and soperimposing the results. If the computation made in this 
way does not agree well with the result obtained by computing for the wave 
generator as a whole it indicates that the ration of R to i is not large 

enough in the computation based upon the whole length. In such cases the 
computation based upon the halves gives the preferred results, The accuracy 
of the computations could be improved still further by dividing the wave 
ger.erator into four or more parts and summing the results obtained from 
computations based upon each part separately, but it is believed that a need 
for such computations will arise only rarely, if at all, in practiceo 

LINB SOURCE GENERATORS IN A RECTANGULAR BASIN 

The case of a wave generator operating near a wall, as shown in Fig. 4, 
can be obtained from the solution for the isolated case if a second wave 
generator, having the characteristics of the first, is located where the 
im age of the first generator would be formed if the wall were a mirroro 

"77/ 7 7 

Reo I wove .9enercitot-
rzzzzzzzzzth"zzzzzzzr · Wall 

7/77 7 777 7.7/7 7777777777 2 7 77 777r� 

Fig. 4� 

oF real wove 9enerolov-
W ave generator near a wall. 
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Wall 

6 = 

The boundary condition at the wall reqtnres that there be no normal 
component of velocity at its surf ace. Two identical wave g enerators m>uld 
produce this condition along th� line midway betwe en them if they ope�ated 
in a water surface area of unlimited extent. Two solutions for the isolat� 
case, used in this way, will therefore reproduce t he boundary condition 
impo::;ed by the wall. 
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Pig. S. Wave gener ator in a corner. 

The case of a wave generator in a corner may be reproduced by the 
j arrangement of images shown in Fig. S. This will insure that there will 

be no normal component of velocity at either wall. 

The case of a wave generator in a rectangular strip is a little more 
complicated. The condition is shown in Fig. 6. Here the first images in 
wall .(1) will result in the proper boundary conditions being met along 
wall (1) but will not do for wall (2). If the real generator0 its image 
in the end, and the twa first images in wall (1) are now imaged in wall (2). 
the required conditions along wall {2) will be metv but at the expense of 
a slight interference with the boundary condition at wall (1)� 
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Pig. 6. \'lave generator in a rectangular stdp. 

To remedy this one can introduce the second images in wall (1). These 
will completely restore the boundary conditions at wall (1) but in turno 
upset them slightly at wall (2). Continuation of this process leads to an 
infinte series of terms. The series is generally0 however, rapidly 
convergento 

If the strip of Fig. 6 had an upper end to convert it into a rectangu�· 
lar tank the real wave generator and its images as described could be imaged 
in t he far end to meet the boundary conditions at the far end. Successive 
imagings in the two ends would then permit satisfaction of the boundary con­
ditions at the ends without upsetting the boundary conditions at the walls. 
This process leads to a doubly infinite series of which, generally0 only a 
few terms are needed to obtain a close approximation. 

These descriptions have assumed that there is no absorption of energy 
at the wall. If energy absorbers are arranged along a wall it is believed 
permissible to consider that wall absent. Tb the approximatio9- contemplated 
herein. it is permissible to compute the wave motion by superposing the effects 
of the real wave generator and its images. For this purpose Eqs. (28) and (3) 
should be used to obtain the sine and cosine amplitude separately. When all 
of these have been obtained the maximum amplitude can be computed by taking 
the square root of the sums of the sine and cosine amplitudes squared. 

RBMARKS 

The developments described herein imply that the wave height is very 
small compared to the wave length. This limitation is present in nearly 
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:tl.l treatments of surface waves be�ause of -�he mathematical difficulties 
•mich beset attempts to t�:eat waves of finite height. Investigators of 
exceptional ability, among them Stokes, Rayleigh, Gerstner, Rankine, Levi­

Civita and Michell , have been able to extend the analyses of wave motion to 
some cases in which the wave height is so m� finite part of the wave length. 
The results of many of these investigations are summarized in paragraphs 
250 and 251 of Lamb's Hydrodynamics, _Uef. 3. 

It is found that the celerity of wave propagation increases some'lhat 
with wave height and that, for irrotational surface waves, the crests grow 
sharper and the troughs flatter as the wave height increases. The investi­
gaticns of Stokes and Michell indicate that such waves can attain an extreme 
height of 0.142 where the crests become sharp and include an angle of 120°. 
For this extreme form the wave velocity is 1.2 that for waves of infinites­
imal height. Gerstner •s rotational waves c an, apparently, have sharper 
crests than the irrotational waves. 

Because of the mathematical difficulties mentioned a the contributions 
which analytical developments can make to wave experimentation work may be 
expe\ted to be of the nature of first approximations, and this statement is 
especially true if the formulas to be used are simple enough to·keep the 
computations from becoming burdensome. Some final adjustments of the wave 
generators on an experimental basis may therefore be needed to compensate 
for the shortcomings of the computed wave patternso 
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