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FBSTRACT

: iha potential function for waves emanating
Fyom it scvrce, oguations were develeped that permit
covdt o lewtaticon of the water surface in a rectangnlar
gnre bocin having several finite lengih displacement type
veve pencraters in series along the walls of the basin,
ihe lincarized vave theory is wtilized throughont. A dis-
crete weve amplitude and freguency is assumed for each
generater, but o two generators necessarily put ont the
same wave.

The theory, extended to several finite length gemer-
ators ench ccnsidered as a sonrce of a periodic function,
will be presented in fnture reporis ncw nnder preparation.
Calculaticnz for circular basins wiil also be reported.
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nry be wornthwhile concerning the procedure followed

in th’» gcfc‘ G A firzt simple fundamental solution of the hydrodynamic
cauaticns was couphit wWiich could be uged as a basis for comstructing the more
cizlorate cascs reculned fox the preosent purpeses. This simple sclution

ates to the troin of woves diverging frfom an isclated point source in water
of any depth when tho ¢isturbance at the source is of a simple, harmenic type.

e cas
effecis p roducad Ly zimple solutions of uniform strength and distributed uni-~

forwly along the lenzth of the wave generatcr. The amplitude of the wave train
pcoduced is eianted te the displacement produced by the wave generatecr. The
coluticn thus Dtalned represents the behavior of an isolated generator from

which waves are free to progress in any dirxection,

A differeat case is presented, however, by a wave generator operating in
an experimental wave basin since the walls of the basin interfere with the
proge2ss of the waves in certain directions. It is proposed to account for
these boundaries by using the method of images. In this way the effect of
cperating the wave generator adjacent to a wail, in a corner, within a rec-
tangular strip or within a rectangular basin can be found. In all these cases
the same set of simple formulas can be used,
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a wave amjfitude 2t the radiugs ¢ from am isolsted point source L
the peint r, by two,
L
ropagation of the waves L/T
ich 8 wavg height is to
L
the variable volume displaced by a wave generater L3
a displecsment computed at the radius ¢ ” 1*
the displacenent computed at the origin L*
the maximum value reached by the variable displacement Do L?
‘acceleration of gravity L/T?
depth of a basia : - L
and Yo Bessel’s functicns of ordef zero, as tsbulated in
Reference €6)
length of a3 wave generatox o » L
2 quaatity determined from Bq. (8) or (10) |
.the maximun volume d}splacement produced by a linear wave generatoz LS
?radius ‘ L
‘the distance from the center of 2 linear wave generator to the point
at which a wave amplitude is toc be computed. L
separation of two sources L
time ‘ ‘ T
éthe pericd of a wave. The time interval between passage of crests. T
velocity, positive in the directicn of r . L/T
‘unit weight of the liguid F/L®
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zero ot the water surface and measured

vassing throngh two sources and a radiz
ange of thea.

the length of a long wave geaerater and
utward from the center of the wave generator.

phase angie separation

the height of the surface of a wave above the undisturbed level

a distance from the center of a linear wave generator, as Shown
in Fig. 2

the wave length. The distance between successive crests

velocity poctential
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f3 & basic for tle develeprnont of cquations for wave wotions produced
by ¢ lincar wave generator Lt will bo nseful te have available the expres-
sicrs reiesting ¢ ine waves emanating from 2 point scurce, because the
foonu for tae moce conplicated €252 canm thes be built up by the process
of mositise, Thoe folloawing davilopmernt relates to waves emanating from
& SOULCe.

Consider the velocity potential,
7 g

¢ = fgfg;i}(tﬂ,r) Sinotl . Yo(nf)(;oso?t](oshn(ﬂh) A1)

This expression satisfies LaPlace’s equation (Ref. 7, p 76)

2% . 1 o4 . 2% _
arz + r or L aZZ O AN ¢))

To be acceptable for the purpose desired it must also satisfy the
conditions (Ref. 7, pp 73 and 74.)

_%4,; = O Wheh Z = - h
oz

6 = _L.. _a_é_ ' on the free surface s4s(3)
g ot

.%% - e ;é.g._ on the free suzface

02

From (1) by differentiation:

gi" - %*9‘ [Jo (nr)Sinct - yo(nr)G’SOt]” Sinhn(zth)

Since a¢ is the vertical component of velocity and this
'5“"'2 Do Y

expression becomes zero at the bottom, when 2z 2 <h, ‘the first condition
is satisfied. =

The second condition yields

B m A[X(nr)@sot , Y,(nr)Sinot] Cosh nh s



To satisfy the third condition with

25 _ AcG {_.L(nr‘) Sin 6L + Yo (nr)Gs GC]G)sh nh..(s)

e ——a D

2t

and

- .g;%, a_.,ﬁ;?,,@o(nr) SincC _Y,(nr)Gso t]n Sinh nh.()

It is required that

Ao Cosh hh = %i n Sinh nh

' By rearrangement and multiplication of both sides of the expression
by the factor h this relation can be put into the form

ho® = hh tanh nh .. (8)
9

This is the basic relaticn connecting the values of & and n . These
two quantities are associated with the period of the wave, its wave length
and its speed of propagaticn, or celerity, as will be seen later. If the
period is to be specified by selecting a vaine for 0 the corresponding
value of n can be determined immediately through the use of Fig. 1.

At a distance from the source sufficient to make the quantity nr large
compared to unity, the Bessel functions Jo{nr) and Yo(nr) take the
approximate forms: (Ref. 6, p 202)

2 Cos(m" _ A
T nr 4

Jo(neg) =
[ 2 .Sin(nr_ _L_.l-)
Yolnr) =  IInNr 4 .o e(9)

If nr> 1.

Under these conditions a wave length can be specified singe

n = R .-(10)
A .
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Bq. (9) can be used to establish some additional important relation-
ships. Under the condition stated above, Bq. (5) for the wave height takes
the form

2 . . ,
B =A m‘[&os(nr_‘tﬂ,)Cos ot + Sm(nr‘-zﬁ)&ndt].
If nr >> I COSh nh

and then can be written

u A ﬁ;n?- [Cos(nr_at_%)]Cosh nh ..o

If nt'>> 1,

If attention is fixed on a certain part of the wave, this form of the
expression shows that r must increase with time if the same phase position
is to be maintained. This follows from the requirement that if cos(nr = Ot =

%) is to have a fixed valwe, the quantity (nr - gt = %) must likewise
have a fixed value. To mecet these requirements set

(nr o A) _

where the value of the constant k is chosen to give the guantity
cos(nz =0t - %) the desired value. Then it follows that this phase position
will travel outward at a rate determined from the relation:

Suppose, for example, one chooses to watch the cezest. This will require
that the cosine term will have a maximum value and this imposes the relation

" Nr—0C - 1l = m 21T

HN

where m is some whoie number. By differentiation of this expression the
relation is obtaineds

= _ O
dt n

which can be interpreted as the rate at which the crest progresses. This
is the wave velocity C . This relation can be combined with expressions
(8) and (10) to obtzin a formula for the wave propagation velocity:
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2 . 9N tanh 2mh » ... (12)
217 N
If nr >> 1.

Although these relaticns are approximates, a scrutiny of the roots of
the Jo and Yo Bessel functions will indicate that they shouid hold
closely enough for most engineering purposes beyond two wave-lengths distance
from the source. N

In ozder to produce waves of a specific amplitude it is necessary to~
know how much volumetric displacement is neaded at the source to maintain
them. The displacement volume is given by an integral of the type

(&)
D =2mr, | udzde

29
or

—h where u =—"—

‘ This can be evaluated in the form

n, = 2eA9 [Jo'(nfo)c"sﬁt-r Yo'(""o) S!hﬁgSinhnho.ua)
(4

Since the product (nrco)Jo' {nro) approaches zero as (nro) approaches
zero and the product (nro)Yo' (nzo) approaches (2/7f ) as (nro) approaches
zero the value of D3 converges toward its value at the origin:

po = FAI . Sihot Sinh nh 2ea(14)
Nno# .

The maximum value of the displacement D, is reached when sin t = 1.
Thens

D = 4A9  Sinh nh .0 .(15)
n o2

The value of A may then be obtained in terms of the maximum displacement
as

N 02 Dm
49 Sinh nh

DIFFRACTION PATTERN PRODUCED BY TWO SOURCES

A= «a.(16)

In some cases it is desired to propagate a wave train of limited width
and this may be accomplished with some effectiveness by making use of the
possibilities of interference. Suppose, for example, that two equal, in
phase sources are operating at a separaticn S of one=haslf a wave length.
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It can be expected that the wave motiom in the dircection of the lime join-
ing the sources would be almwost completely amnulied because the waves from
the two scurces would be of almost equal amplitude and wenld be 180 degrees
out of phase. Along a normal to this lime, drawn from a point midway between
the sources, however, the wave motion wonld be emhanced because the waves
from the two sourcas woild be nearly in phase. The wave crests would be
nearly circular irn form but their height wonld vary in each quadrant from a
maximum to nearly zero. In this way a very definite concentration of the
wave motion into a portion of the surface area can be accomplished. It will
be of interest to develop the case of the two sources somewhat more fully.

if represents an angle between a radius drawm from one of the sources
and the iine which passes through both of them, a point at radius r from
one sonrce will liz= at the distance C; from the other source where, by the
cosine law

Ci = Ve ¥ S% = 258 cosex

If © is large compared to the separation S the square of S may be
discarded so that approximately

————
Ci S nf1

T ot If £ ))s.

Since the quantity S/r “is, undet tnese conditions, small compared to
unity it will be permissible to expand the radical by the binominal theorem
and, again as an approximation, discard all of the terms except the first two,
then approximately

Ci=z2¢r =8 cosx

If r>> S.

Since (¢ - Cx) = S cos X 2e0(17)

1f :>> s. |

The angular phase separation is

27T(r“ Ci) o _2?7__L,§_Co_s¢c : ...(18)
A A - If t>a> S.

The amplitude of a resultant wave formed by the superposition of two

waves of amplitude Ao and separated by the phase angle]‘? is, again by
the cosine law .

A w2 Ao |f 1+ Cos8 vo0(19)



The cembination of (18) and {19) yieids

Acc = \Z ko \JT + cos{ 2l SCoSE o0 2{20)
( A )If z))s.

The following table shows a computation of wave heights following a
circular path with its center at a point midway between the two sources.
The coaputation extends through ene guadrant., The other three guadrants
are similar.

TABLE 1.

Cemputaticn of relative wave amplitudes produced by two, in phsase,
sources one-half wave length apart. The amplitude A at the radius r
end angle o€ is expressed in terms of A. The amplitude produced at the
radius © by one of the sources. The amplitude Ao can best be computed
by use of formulas (29) or (31).

2Tis (a s cosOC) Acc
g coscT COS mﬁ"”“’_

= cos o¢ A Ao
0 1,000 3.1416 -1.0000 0.0000
10° .9848 3,0938 =0, 9989 0.0469
200 .9397 2.9522 <0.9821 0.1892
30° .8660 2.,7206 =0,9127 0.4178
490 , 7660 2.4065 -0,7418 0.7187
50° 6428 2.0194 -0, 4338 1.0640
60° . 5000 1.5708 0.0000 0.4142
70° . 3420 1.0744 0.4763 1.7182
80° .1736 0.5454 -0.8549 1.9261
%o 00000 Oeowo -lum ZQmw
Note: ==an = .==2na = m
FY 2



WAVE MOTICN PROPAGATED FROM A LONG WAVE GENERATOR

It is desired to find the wave pattern produced by a linear wave gen-
erator of length L , as shown in Fig, 2, if it produces a volume displace-
ment Qp distributed uniformly throughout its length, but sinusoidal in
time, with a pericd T . To find this pattern the differential displacement

T~ d , originating in cach element of length an , will be treated as the

displacement producing a wave propagated from a center, as previously de-
scribed, and the effect of these differential disturbances will be integrated
over the length L to find the effect of the whole wave generator. The
results obtained will apply to an isolated generator from which waves can
progress freely in all directions. It wili be shown later how these results
can be adapted for computations of the performance of wave generators installed
in tanks.

y ———r ==

" ( wave gencrafor

Fig. 2




If B (16) is substituted (5] expression fer

the waves propagated from a center, in terms of the generating displacement.
This expression takes the form:

£ D.%%Qm _J'O(m')Cosc(: + )g(rvr)ﬁn Gt] Coth nh ...c2»)

Then the increment of wave height at the distance Ci from an element of

displacenent %? da , originating at y = n, as shown in Fig. 2, is

d8 - ﬂfQﬂ[%(ﬂC,)Cos O’t_,, Y, (nC,) S Gt]Cof'h nd dq“.(zz)
49L |

If R is large comparcd to % then R is large compared t011 and, to a

first approximation, the cosine law -

C,2 = R?* ; 'lz - RN cosec .20(23)

can be expressed -as

C: = yR® = ZR'ZCOSaCA 000(24)

by discarding 2 a3 small compared to R? . Then by hsing the binomial

theorem and discarding all but the first two terms
C: = RQ1 ‘%’% cosoec)
then
(R = C) = N cosoe ‘ ... (25)

If one neglects /] as being small compared to R and refers phase positions
to the phase position at the center of the wave generator, then approximately:

2 —
dbx _hd_%%m_[q,(nr) Cos(ot _ 2MAGsex )

Yolr)Sin (o€ _ 210 ;\LC_O;SOL)]CoTh nh dn....c20

and

o

B . MZQ"‘ Goth nh J (hR)Cos O'C._Zn/"lCoSoc d#
| o b (WR)Cos o30¢) i

!
m|:\



L

f 7
+ HGZQm%CO#n nh }(’)(ﬂF?)an(O't_ M)Jféw(zv)
aql , - N
- L
or 2
2
B ~ na®@mGoth nh A n o
i n P [__'l:?(nR)Sa (GC_NALC soC

+ JO(V\Q)SM (C"C + .EALCOSOC)
+ YO(VI R)Cos(ct — I%—_—_Cosoc)

- Yo(nR)Gos (5t 4 Tk Cos o )]

If use is made of Eq. (8) and the well known formulas for the sine and
cosine of the sum of two angles, this relation can be put in the forms

. /TIL
5 n’@m 5"1('7;7 Cosex) J.(nR)Gsct L Y, (R)Sm al|...c28)
4 (R Cozag) LT

The maximum amplitude is:

6 =~ ZQ,,;, Sl.n('%[\LCOSCC) | 2 N2 o
" S T B Cone) (ORISR

If (nR) is large compared to unity:

RNa (YenR)E = 2
\/(Jo(“ )7+ (Y (nR)) [-TT(nR) .(30)

And approximately

B _ nQum Sin(TECose) >

4 L nmnk
<T Cosoc) Valid if )R » -12‘—

(nR) D> 1.

000(31)




= 1 -

T
The ratic Sin | SA Cosox can be read from Fig. 3.
(-LL‘ COSCC)
AN
When waves from scveral generators arc {o be added it will be advan-
tageous to keep the sine and cosine terms separate because this will permit

a sirpler evaluation of resultant amplitudes and phase positions than would
be possible otherwise. The approximate form required for this purpose is:

2 . (OL
B nQm 5‘”(71 iy 2 [Cos(nR_ﬂ_)CosOt
4 (-E)\—L-Coscc‘) ﬁ(HR) 4
£ S (MR IT)Sinot | ..(32)
L
2
(nR) P) 1.

Valid if R ))

If it is suspected that R is not sufficiently large to make this
formula yield as close an approximation as desired a test can be made by
dividing the wave generator into two parts, computing for each part sep-
arately and superimposing the results. If the computation made in this
way does rnot agree well with the result obtained by computingLfor the wave
generator as a whole it indicates that the ration of R to 3 is not large

enough in the computation based upon the whole length. In such cases the
computation based upon the halves gives the preferred results, The accuracy
of the computations could be improved still further by dividing the wave
gererator into four or more parts and summing the results obtained from
computations based upon each part separately, but it is believed that a need
for such computations will arise omnly rarely, if at all, in practice.

LINB SOURCB GENERATORS IN A RECTANGULAR BASIN

The case of a wave generator operating near a wall, as shown in Fig. 4,
can be obtained from the solution for the isolated case if a second wave
generator, having the characteristics of the first, is located where the
image of the first generator would be formed if the wall were a mirror.

Real wawve generator

| AW 5wy VVq!I;)

e /////////////.//////////////////f'

i

. Imc;ge of real wave

genera lTor

Fig, 4. Wave generator near a wall.
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Wall

J

=.16<=

The boundary cocndition at the wall requires that there be no normal
component of velocity at its surface. Two identical wave generators would
produce this condition along the line midway between them if they operated
in a water surface area of unlimited extent. Two solutions for the isolated
case, used in this way, will therefore reproduce the boundary condition
imposed by the wall,

rd

Wall [/

L

/

i

/

rd

P

ra

»

e
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Reql wave gener for L/

/

/s

1 7
-~ A ' —
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L :‘I )N
N o

Images

Rig. §S. Wave generator in a corner.

The case of a wave generator in a corner may be reproduced by the
arrangement of images shown in Fig. 5. This will insure that there will
be no normal component of wvelocity at either wall.

The case of a wave generator in a rectangular strip is a little more
complicated. The condition is shown in Fig. 6. Here the fiest images in
wall (1) will result in the proper boundary conditions being met along
wall (1) but will not do for wall (2)., If the real generator, its image
in the end, and the two first images in wall (1) are now imaged in wall (2),
the required conditions along wall (2) will be met, but at the expense of
a slight interference with the boundary condition at wall (1).
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Imqgc n end Second timages 1n wall (1)

Pig. 6. Wave generator in a rectangular strip.

To remedy this one can introduce the second images in wail (1). These
will completely restore the boundary conditions at wall (1) but in turn,
upset them slightly at wall (2). Continunation of this process leads to an
infinte series of terms. The series is generally, however, rapidly

convergent,

If the strip of Fig. 6 had an upper end to convert it into a rectangu~
\ lar tank the real wave generator and its images as described could be imaged
in the far end to meet the boundary conditions at the far end. Successive
imagings in the two ends would then permit satisfaction of the boundary con-
ditions at the ends without upsetting the boundary conditions at the walls.
This process leads to a doubly infinite series of which, generally, only a
few terms are needed to obtain a close approximation.

These descriptions have assumed that there is no absorption of energy
at the wall, If energy absorbers are arranged along a wall it is believed
permissible to consider that wall absent. To the approximation contemplated
herein, it is permissible to compnte the wave motion by superposing the effects
of the real wave generator and its images. For this purpose Egs. (28) and (3)
should be used to obtain the sine and cosine amplitnde separately. When all
of these have been obtained the maximum amplitude can be computed by taking
the square root of the sums of the sine and cosine amplitudes squared.

REMARKS

The developments described herein imply that the wave height is very
small compared to the wave length. This limitation is present in nearly



21l treatments of surface waves because of the mathematical difficulties
which beset atiempts to treat waves of finite height. Investigators of
exceptional ability, among them Stokes, Rayleigh, Gerstner, Rankine, Levi-
Civita and Michell, have been abie to extend the analyses of wave motion to
some cases in which the wave height is someé finite part of the wave length.
The results of many of these investigations are summarized in paragraphs
250 and 251 of Lamb’s Hydrodynamics, Ref. 3.

It is found that the celerity of wave propagation increases somewhat
with wave height and that, for irrotational surface waves, the crests grow
sharper and the troughs flatter as the wave height increases. The investi-
gaticns of Stokes and Michell indicate that such waves can attain an extreme
height of 0.142 where the crests become sharp and include an angle of 120°,
For this extreme form the wave velocity is 1.2 that for waves of infinites-
imal height. Gerstner’s rotational waves can, apparently, have sharper
crests than the irrotational waves.

Because of the mathematical difficulties mentioned, the contributions
which analytical developments can make to wave experimentation work may be
expected to be of the nature of first approximations, and this statement is
especially true if the formulas to be used are simple enough to keep the
computations from becoming burdensome. Some final adjustments of the wave
generators on an experimental basis may therefore be needed to compensate
for the shortcomings of the computed wave patterns.
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