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ABSTRACT

NUMBER-THEORETIC PROPERTIES OF THE BINOMIAL DISTRIBUTION WITH

APPLICATIONS IN ARITHMETIC GEOMETRY

Alina Bucur et al. showed that the distribution of the number of points on a smooth
projective plane curve of degree d over a finite field of order ¢ is approximated by a particular
binomial distribution. We generalize their arguments to obtain a similar theorem concerning
hypersurfaces in projective m-space. We briefly describe Bucur and Kedlaya’s generalization
to complete intersections. We then prove theorems concerning the probability that a binomial
distribution yields an integer of various certain properties, such as being prime or being
squarefree. Finally, we show how to apply such a theorem, concerning a property P, to
yield results concerning the probability that the numbers of points on random complete

intersections possess property P.
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CHAPTER 1

INTRODUCTION

The binomial distribution is a probability distribution that indicates the probability of
obtaining ¢ successes, given n independent trials with probability of success a. That is, if

we fix n and «, we have the distribution

n

Prob(X =1t) = By ,(t) = (t

)a%1—aw4.

The starting point for my research is a paper by Alina Bucur et al. [3]|, concerning
the distribution of the number of points on a smooth projective plane curve of degree d
over a finite field of order q. Adapting arguments of Poonen [14], they showed that, in a
suitable sense, this distribution is approximated by a particular binomial distribution, whose
parameters n and «a depend on ¢q. More precisely, they proved, for each ¢, that the probability
of choosing a curve with ¢ points gets arbitrarily close to the estimate given by the binomial
distribution, provided that d and ¢ approach infinity and d is large relative to q. My first
work was to understand their result and see that their arguments could be generalized to
obtain a similar theorem concerning hypersurfaces in projective m-space.

My other work attempts to obtain information on the probability that the number of
points on a complete intersection (or on multiple complete intersections chosen indepen-
dently) will have a certain property. For instance, we might try to estimate the probability
that the number of points will be prime, squarefree, and so on. There are two steps to this
process. First, we consider picking an integer according to the binomial distribution, and
we prove a theorem concerning the probability that this integer will be (say) prime. Second,

we see that this theorem, together with the results concerning complete intersections, tells



us about the probability of picking a complete intersection with (say) a prime number of
points.

I will now describe the progress made along these lines. J. E. Nymann and W. J. Leahey
show [11] that the probability that k integers chosen according to the binomial distribution
are relatively prime is 1/((k). This result is not directly applicable since Nymann and
Leahey assume that the parameter « is fixed, whereas in our application we need it to
vary with g. However, their arguments can be generalized to allow « to vary (with certain
restrictions), and this provides a strong enough result to apply to complete intersections.
We also present an argument giving the probability that an integer chosen according to the
binomial distribution is kth-power free, which again turns out to be 1/{(k). Jerry Hu has
determined the probability that s integers chosen according to the uniform distribution are
k-wise relatively prime [18]. His proof can be adapted to give an analogous result concerning
the binomial distribution.

Using these results we can prove, for instance, that the number of points on a smooth
hypersurface in P™(F,) of degree d is squarefree with probability 6/72, provided that ¢ and
d increase to infinity appropriately. See Chapter 4 for more general and precise statements.

It is more difficult to analyze the probability that an integer chosen according to the
binomial distribution is prime. Ideally, we would find an analogue of the prime number
theorem. After some time, I came up with the following plan. First, we will assume that
the parameter « is constant, and let the number of trials n vary. Consider, for each n, the
probability that an integer chosen according to the binomial distribution with n trials and
parameter o will be prime. Form the exponential generating function from the sequence of
probabilities for various n. We then wish to show that this generating function is admissible

in a sense defined by W. K. Hayman [6]. This requires verifying some analytic properties



of the function. Hayman showed that once these properties have been proved, we obtain an
asymptotic expression for the coefficients of the generating function. This would give our
“binomial” prime number theorem. If we could get a sufficiently good error term, we might
even be able to apply this to counting points on hypersurfaces or complete intersections.

Section 3.8 describes this in more detail.



CHAPTER 2

THE NUMBERS OF POINTS ON HYPERSURFACES AND

COMPLETE INTERSECTIONS
2.1. INTRODUCTION

Bjorn Poonen, in [14], analyzed the limiting probability that an intersection of a hyper-
surface with a given quasiprojective scheme of dimension m (over a finite field) is smooth of
dimension m — 1, as the degree of the hypersurface tends to infinity. Bucur et al. [3] used
Poonen’s ideas to show that the distribution of the number of points on a smooth projective
plane curve is approximated by a binomial distribution. They did this by determining the
error terms that arise in Poonen’s argument. In Section 2.2 we follow Bucur et al., showing
that essentially the same argument applies to the distribution of the number of points on
a smooth projective hypersurface. At some points we have been more explicit about the
hypotheses required for the various lemmas.

In a later paper [4], Alina Bucur and Kiran S. Kedlaya proved a similar result about

complete intersections. We discuss this result in Section 2.3.

2.2. HYPERSURFACES

Fix m > 1. Let S; be the set of homogeneous polynomials F(Xo,...,X,,) of degree
d over F, and let S}° be the subset of polynomials corresponding to smooth hypersurfaces
Hp = F(Xo,...,X;n) =0,

For a prime power ¢, we let n, = #P™(F,) =14+ q+¢* +--- + ¢™. We also denote by p

the characteristic of F,.



Let Z be a finite subscheme of P™. Let U = P™\ Z. Then U is smooth of dimension m.
We also let T denote a subset of HY(Z,Oz). Let r denote a real number. Let U., be the
closed points of U of degree less than r and U, the ones with degree greater than r. Also,
let s = #U_,.

Let Py, ={F € S;: F|z € T and HpNU is smooth of dimension m—1 at all P € U, }.

(We consider Hp to be smooth of every dimension at any point it does not contain.)

LEMMA 2.1. For any subscheme Y C P™, the map ¢q : Sq = H(P™, Opn(d)) —>

HO(Y, Oy(d)) is surjective for d > dim H°(Y, Oy) — 1.
PrROOF. Lemma 2.1 in [14]. O

LEMMA 2.2. Ford > (m+ 1)rs+dim H*(Z,0z) — 1, we have

#Pu, #T .
55, ~ Fmzoy 1 -,

PeUc,

PROOF. For each P € U_,, let mp be the ideal sheaf of P on U, and let Vp be the closed
subscheme of U corresponding to the ideal sheaf m%. That is, Vp is a first-order neighborhood
of P; the restriction of a function f € H°(U,Oy) to Vp contains the information not only
of the value of f at P but the first-order derivative at P. Then, dim H(Vp, Oy,) = (m +
1)degP < (m+ 1)r. Let V. =J Vp.

Consider the map

¢a: Sq = H°(P™,Opn(d)) — H°(V U Z,Ovuz(d)) =~ H(Z,05) x H H(Vp,Oy,),

P€U<7'



where we pick a (noncanonical) isomorphism between H(Vp, Oy, (d)) and H°(Vp, Oy,).

Then, the dimension of the codomain of ¢4 is

dim H°(Z,0z7)+ Y (m+1)deg P < dim H"(Z,07) + (m + 1)rs.

PeUc,

Thus, since d > (m + 1)rs + dim H%(Z,0z) — 1, Lemma 2.1 implies that ¢4 is surjective.
Now, Hp is not smooth of dimension m — 1 at P if and only if the restriction of F to a

section of Oy, is 0. Thus, Py, is the inverse image of

T x H (HO(VP7 OVP) \ {O})

PeUc,
under ¢,.
We can conclude that

#Pay  #IT % Tper, (Ve OVp) \ {0)]
#54  #H(Z.02) < [peyr, H(Ve Oy,

#T —(m+1)deg P
= —— 1-— 7).
#H(Z,0y) Pl;[T( q )

O

PROPOSITION 2.3. To each P € P™(F,), associate a random variable Yp taking the value
1 with probability 1/q and the value 0 with probability (q—1)/q, and let the random variables

be independent. Then, for d > n, —1 andt >0,

#{F € Sa: #HF(Fq) = t} _ _
5, = Prob (t—ZYp> )



PRrOOF. Take Z to be an mp-neighborhood for each point P € P"(F,). Thus

(Z OZ H Op/mp.

PePm(Fy)

Now, the isomorphisms Op/mp = F, give an isomorphism
(2.1) H(Z,07)= & F,

Thus, we see that dim H°(Z,0z) = n, and #H°(Z,0z) = ¢". For a € H*(Z,0y), let
ap € F, denote the value of the P-component of the direct sum (2.1). (Note: we can interpret
a as a function on Z, and ap as the value of the function at P.) Suppose R C P™(F,) has

cardinality t. We want to count all hypersurfaces Hp such that Hp(F,) = R. Let
T={a€ H(Z,0y):YP € P"(F,) ap=0<« P € R}.

Then #7 = (¢ — 1)~ *. By taking r = 0 in Lemma 2.2, we see that, when d > n, — 1,

{#F € S;: Hp(F,) = R} _ #Pao _ #1 _ (g — 1)t
#S4 #Sa  #H(Z,0z) q"
- (1) (E) T Prob(Yp =1 < P € R).
q q

If we sum over all R C P™(F,) with #R = t, we obtain

#{F € Sd . #HF(]Fq) = t}
75

= Z Prob(Yp =1« P € R) = Prob ( ZYP>
#R=t



LEMMA 2.4. For any sequence {z;} of nonnegative real numbers with > x; < 1, we have

= 1
< l—g) < ————.

PRrOOF. The first inequality is evident. To prove the second, for any k, we have

k [e%S)
a a ; 1
(IR | DL D DR 5 RSNV EE

=1 j=0 at,...,ar >0
Letting k increase to infinity, we obtain the result. 0]

Define

CU(Z) _ H (1 . q—zdegP)—l

P closed point of U

PROPOSITION 2.5. The product (y(z) converges absolutely for Re z > m.

ProoF. Fix z such that Rez > m. The number of closed points of degree e in U is

less than 2¢™. Hence, for any r > 0, we have Y, |g7*%8"| < 237 ||, which

j>r
converges since Re(m — z) < 0. Thus, we can choose r so that Y, |g7*%8F| < 1. To

prove the absolute convergence of (;(z), it suffices to prove this with finitely many terms

removed from the product. Thus, since

[T 10—g ==y < I (a—lg=erp

PeUs, PeUs,

converges by Lemma 2.4, the result is proved. 0
LEMMA 2.6. We have, for r > log, % and d > (m+ 1)rs + dim H*(Z,0y) — 1,

#Pdr/ < 2q—7"
— #S; /) Cu(m+1) #HO(Z Oyz) 1—qt—2¢"




PROOF. Suppose first that r is an integer. Similarly to Proposition 2.5, since the number

of closed points of degree e in U is less than 2¢™¢, we have that

. 2q7"
—(m+1)deg P —-Jj —
E q <2§q —1_q_1<1.

deg P>r j>r

Then, by Lemma 2.4,

1 2
1 < H (1 . q—(m-l-l)degP)—l < — = 1+ = —
deg P>r 1 - 1:]q_1 1- q - 2q
Thus,
2q7"
1< 1 1 — g (mthdesPy < :

P€U<r

If r is not an integer, we can obtain the same inequality by applying the above reasoning to

[7]. To complete the proof, compare this with Lemma 2.2. O
Note: In the previous lemma, if we only care about integral values of r, then for ¢ = 2 we

have the condition r > 3, for ¢ = 3 the condition » > 2, and for ¢ > 4 the condition r» > 1.

LEMMA 2.7. For a closed point P € U of degree e < d/(m + 1), we have

#{F € Sy: HrNU is not smooth of dimension m — 1 at P} _ D)
#54

e

PROOF. Special case of Lemma 2.3 of [14]. O

Let Qg4, be the set of all F' € S; such that there exists a closed point P € U with

r <degP <d/(m+1) and Hr N U not smooth of dimension m — 1 at P.

LEMMA 2.8.

#Qd,r < 2q—'r
#Sq4 ~— 1—qV




PROOF. As in the proof of Lemma 2.6, by replacing r by [r] we reduce to the case where

r is an integer. We have, by definition of Qg4,,

#Our < Z #{F € S;: Hr NU is not smooth of dimension m — 1 at P}
#Sd o #Sd .

PeU,r<deg P<d/(m+1)

Thus, using Lemma 2.7 and the fact that the number of closed points of degree e in U is

bounded above by 2¢™¢, we have

d/(m+1

#Qdﬂ" < Z —(m+l)e 9 Z : —e < Qi —e __ 27"
#S4 ~ s e
PeU,r<deg P<d/(m+1) e=r e=r
O
Let A<, denote the set of polynomials in Fy[zy, ..., x,,] of degree at most d.
LeEMMA 2.9. If P € A™(F,) is of degree e, then
#{f € Aﬁd : f(P) = O} < q—min(d+1,e)'
#A<d

PROOF. Lemma 2.5 in [14]. d

In what follows we will use the following notation. Let v = [(d—1)/p| and n = |d/p]. If
we have polynomials fo € A<g4, g1,...,9m € A<y and h € A<, then we define the polynomial
fe€Acaby f = fot+giz+- -+ gl wm+ hP. The ith partial derivative is given by D; = 6%1_.
Define Wy = U and, for each 1 < i < m, define W; = U N{D,f =--- = D;f = 0}. Notice
that D;f = D;fo+ ¢¢ for 1 <1i < m, so even if we have only specified fy and g, ..., g;, the

partial derivatives D;f,..., D;f (and hence the schemes Wy, ..., W;) are determined, even

though f itself is not. Hence the statement of the following lemma makes sense.

10



LEMMA 2.10. If we have 0 < i < m and have fixed fy and ¢1,...,g; so that dimW,; <

m — 1, then

#{giﬂ c AS’Y : dim VVi+1 = dim WZ} <

d—1)qg L.
Yy (d—1)q

Proor. If dim W,y = dim W;, then (W1 ;),eq must contain some (m — i)-dimensional
component of (W;)eq. By Bézout’s theorem, the number of such components is at most
(d—1)% as deg D;f < d—1 and degU = 1 (where U is the Zariski closure of U.). Consider
some (m — i)-dimensional component V. Since dim V' > 1, there is some coordinate z; such
that z;(V) is a 1-dimensional subscheme of A'. Then, since any nonzero polynomial in z;
does not vanish on all of A, such a polynomial does not vanish on V. From the formula
D;f = D;fo+ g”, we see that the set {gi+1 : (Wit1)rea = V'} is either empty or a coset of
the subspace {g;11 : gix1(P) = 0,¥P € V}. Since this subspace cannot contain nonzero
polynomials in the variable z; alone, its dimension is at most dim A<, — (y+1). Since there
are at most (d—1)" choices for V, the number of choices for g; 1 for which dim W;,; = dim W

is at most (d — 1)g¥™ A<y =0+ This proves the result. O

LEMMA 2.11. If we have fixed fo and g1, ..., gm so that dim W, = 0, then

#{h e Ay Hr N Wy, N Usgjimsr) = D} <

d— 1) — min(n+1,d/(m+1))
Y. (d—=1)"q

ProoF. For any P € Wy, N Usq/(m+1), the set {h € A<, : P € H;} is either empty or a

coset of {hy € A<, : ho(P) = 0}. Hence, by Lemma 2.9,

#{h € A<, : P € Hy} < g minCr LA/ (me 1))
#Aﬁn B

By Bézout’s theorem, #W,, < (d — 1)™. The proof is complete. O

11



Define thgh to be the set of all F' € S; such that there exists a closed point P € U with
d

deg P > d/(m + 1) and Hr NU not smooth of dimension m — 1 at P.

LEMMA 2.12. Suppose d > 3. Then,

# Qgigh
#5S4

< (m+1)(d — 1)mg~ ™A L o(m 4 1) (d — 1) g

PrRoOOF. We can find a bound for Qgigh by assuming that U C A™ and multiplying the

result by m + 1. We will pick fo, g1,...,9m, and h uniformly at random, in that order.
This determines f itself uniformly at random, since for each fixed choice of ¢4, ..., g, and
h, each f is determined by exactly one f;. We are looking to bound the number of f € A<y
such that f is not smooth of dimension m — 1 at some P € Us4/(m41). For each P, this is
equivalent to asserting that f(P) = (D1 f)(P)=--- = (D f)(P) =0,0r P € HNW,,. We

thus seek to bound Prob(Hy N Wy, N Usg/m+1) = @), which is bounded above by
Prob(dim W,,, > 0) + Prob(H; N Wy, N Us.q/(m+1) = @|dim W,,, = 0).

Now, dim W,, > 0 implies that W; = W,,; for some ¢. Thus, by summing the result of
Lemma 2.10 for all 0 <7 < m, we obtain an upper bound for the first summand in the above
expression. Lemma 2.11 gives an upper bound for the second summand. Thus by combining
Lemma 2.10 and Lemma 2.11 we determine the desired upper bound. (To obtain a simpler

expression we replace 1+ (d — 1) + -+ + (d — 1)™ ! with 2(d — 1)™"1)) 0

Let P denote the set of all F' € S; such that Hr N U is smooth of dimension m — 1 and
F‘Z eT.

Let ¢d,r - (#Qd,r + #Qgigh> /(#Sd)

12



LEMMA 2.13. Suppose d > 3. Then, we have

-r

1—q!

0 < ¢d,r < + (m + 1)(6[ . 1)mq— min(n+1,d/(m+1)) + 2(m + 1)(d . 1)m—1q—'y—1'

Moreover, for r > log, = 24 gnd d > (m+ 1)rs+dim H(Z,0z) — 1,

4p 4T 2
1< - <1 .
= <#Sd T, > M )ER(Z,0,) S T T e

PRrROOF. Since P = Py, \ (Qyr U Qh’gh) this is the result of combining Lemmas 2.6, 2.8,

and 2.12. U

Let ¥4 = @a,(1og, d)/(m+1)-

The next lemma estimates the probability that a hypersurface is smooth.

LEMMA 2.14. If d > 3, then

o~1/(m+1)

0<Yyy< ——
Vi< o

+ (m+1)(d — 1)ng ™LA OED) L9 (m + 1) (d — 1) g

Moreover, there exists d,, depending only on m such that for all d > d,,,

#Sns . 92d~1/(m+1)
1§<#Sd +q | [ Cpm(m+1) §1+1—q—1—2d—1/(m+1)'

PROOF. Let r = qu  Ifd > 4™ then d > (2¢/(¢—1))™"", so that r > log, —ql Also,
from s < 2¢™" and log, d < log,d, we obtain (m + 1)rs < 2d™/ ™ log, d, which is o(d) as
d — 0o. Hence, if d is sufficiently large, we may apply Lemma 2.13 with Z = @ and T' = {0}

to obtain the result. O

THEOREM 2.15. To each P € P™(F,), associate a random variable Xp taking the value

1 with probability (n, — ¢™)/n, and the value 0 with probability ¢ /n,, and let the random

13



variables be independent. Then, for d > (m+ 1)n, — 1 and t > 0,

#{F € 55 : #Hr(F,) = t}/(#55°)

Prob (t =3 Xp) -1

< th(d—l/(m+1) + (d . 1)mq— min(|d/p|+1,d/(m+1)) + (d . 1)m—1q—L(d—1)/pj—1)’

where ¢ depends only on m.

PROOF. Take Z to be an mp-neighborhood for each point P € P™(F,). Thus

H(Z,0z)= ] Or/m}.

PePm(F,)

Now, consider the F,-module isomorphisms Op/m% = Iﬁ‘qm“ given by
(bO + bll‘l +o 4+ bmxm) = (b07 bla s 7bm>7
where we have chosen coordinates so that P = 0. These give an isomorphism

(2.2) H(Z,05)= & F*.

PeP™ (F,)

Thus, we see that dim H%(Z,0y) = (m + 1)n, and #H°(Z,0y) = ¢™*Y. For a €
HY(Z,0y), let ap = (apg,...,apm) € IF;”“ denote the value of the P-component of the
direct sum (2.2). Suppose R C P™(F,) has cardinality ¢. We want to count all hypersurfaces

Hp such that F is smooth and Hp(F,) = R. Let

T={a€ H(Z,0z):VP € P"(F,) (ap # 0 and (apy =0« P € R))}.

14



log, d

Then #T = (¢™ — 1)(g — 1)"a g™~V Let r = mt1

. By using these values of Z, T', and

r in Lemma 2.13, we find (for d > (m + 1)n, — 1)

(2.3) 1< (#{F < SES%ZF@) — Ry ¢d) /Y <14 M,

where
2d—1/(m+1)

M= 1— g1 — 24~V /m+D)

and

_ # 1
C Cu(m+1D)#HNZ,0z)

We want to combine this with Lemma 2.14 to find an estimate for (#{F € S3*: Hp(F,) =

#{FeSms:Hp(F,)=R}

R})/(#5S5°). Now, using (2.3), we can find an upper bound for s, , and using
Lemma 2.14 we can find a lower bound for %. By dividing these, we find that
FeSy:Hp(F)=R 1+ M — 42
#{ S d nj( q) }/(YC m(m+1>> S Y )
#54 1 — tgCpm(m + 1)
The latter expression is equal to
M — %4 4 9pgCem(m + 1
(2.4) 14 M= ¥ Yalem(m £ 1)
1 — glpm(m + 1)
From this, we find that an upper bound for (2.4) is
(2.5) 1+ Cl(d—l/(m-i-l) + (d . 1)mq— min(|d/p]+1,d/(m+1)) + (d . 1)m—1q—L(d—l)/pJ—1)_

for some ¢; > 0. (The denominators appearing in (4), in M and in the upper bound for ¢g4

are bounded away from 0, so by making ¢ large enough we may omit them.)

15



Similarly, to obtain a lower bound, we find that

#{F € Sy : Hp(F,) = R} / 1§
#55° (Y Gm(m+1)) 2 1+ M —¢aCpm(m+1)’

which equals

M = yGem(m 1) +
1+M—wdgpm(m+1) ’

Now, Y is a rational expression in ¢ of degree —t. From this, we find that a lower bound for

the above is
(2.6) 1— Cth<d—1/(m+l) + (d o 1)mq—min(l_d/pJ+1,d/(m+1)) + (d _ 1)m—1q—L(d—1)/pJ—1>7

for some ¢y > 0.

Cpm(m+1) B 1 gt \ T
Gmen) A= <1—Q‘m‘1> N <q’”*1 —1) ’

Since

we have

m+1 Ng (.m _ 1\t(, _ 1\ng—t ,m(ng—t)
q (¢"=1D"(g=1)""q
Yg]Pm (m + 1) - (qm+1 _ 1> q(erl)nq

m\ t m\ Tqg—t
_ (a9 ) (1
( g ) ( Nq >
= Prob(Xp =1 P € R).
If we sum the latter expression over all R C P™(IF,) with # R = t, we obtain Prob (t = ) Xp).

Now, Y (pm(m + 1) multiplied by (2.5) is an upper bound for

#{F € Sy :Hp(F,) = R}
#5F |

16



and so summing over all R with #R = ¢, we find that Prob (¢ = ) Xp) multiplied by (2.5)

is an upper bound for

#{F € Sy : #Hp(F,) = t}
#S |

Similarly, Prob (t = > Xp) multiplied by (2.6) is a lower bound for the same expression.

This completes the proof. 0]

2.3. COMPLETE INTERSECTIONS

While the work in the previous section was being done Alina Bucur and Kiran S. Kedlaya,
in [4], proved a result about complete intersections analogous to the prior result of [3] about

plane curves. Here we simply record the special case we will use.

THEOREM 2.16. Let 1 < j < m be an integer, and consider tuples d = (dy,...,d;) of
positive integers such that (m + 1)n, —1 < dy < --- < d;. For any f = (f1,....f;) €
Say X +-» X Sq,, let He = Hp N ---Hy. Consider some R C P™(F,) of size t. Suppose
q,dy, . ..,d; vary such that dy — oo, dy > (m + 1)n, and d; = o((q™/max(m+Lp))L/m) — Thep
the probability that a smooth Hg of dimension m — j contains the points of R but no other

point of P™(F,) is

( q7L(q,m, j) )t ( 1-q’ )nq_t
1— q_j —+ q_]L(q, m,]) 1-— q_j + q_]L(qa maj)

—+ O((dl —ng + 1)(—2j—1)/m + d;nq—ah/max(m—i—l,p))7

where
j—1

L(gm, j) = [[(1 =g ).

=1

ProoF. This follows from Theorem 1.2 and Corollary 1.3 of [4]. (Our notation is a bit

different.) m
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CHAPTER 3

STATISTICS ON BINOMIAL DISTRIBUTIONS
3.1. INTRODUCTION

In the previous section, we saw that the distribution of points on a random smooth hyper-
surface (or, more generally, a smooth complete intersection) is approximated by a binomial
distribution. This provides a possible avenue of answering various statistical questions about
complete intersections. For instance, if we wish to determine the probability that the number
of points on a complete intersection is squarefree, we could determine the same probabil-
ity for integers chosen according to a binomial distribution, and we will obtain the same
probability (in the limit) for complete intersections. See Chapter 4 for more details on this
process.

Throughout Chapter 3, we will consider « € (0,1), and put § =1 — a.. For each n > 0,

the probability measure of the binomial distribution is

Bualfth) = (oo

on the set of nonnegative integers. This gives the probability of ¢ successes when running n
independent trials, each of whose probability of success is a. To simplify the notation, we
will generally write just B,(t). Thus, in the theorems that follow, we allow « to vary with
n, which is necessary for our application. (We do, however, assume that « is bounded away
from 1, since allowing « to approach 1 would be not be useful for us.) We will write «,, and

B, to emphasize the dependence on n.
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Sometimes, it will be convenient to approximate the binomial distribution with a normal
distribution, with pdf

Ny(z) = (27manﬁn)_l/26_%“2(x),

where u(z) = (x — a)/o, 0 = (nay,B,)"?

, and a = ayn. (Here a and o are the mean and
standard deviation, respectively, of N,,.) The relationship between the binomial distribution

and the normal approximation is given by the following.

THEOREM 3.1. There is a constant Ay € R such that,

D IBu(@) = Na(@)] = B — anlo ™" Xa + O(07?).

TEZL

PROOF. This is Theorem 3 of [15], which also determines explicitly the value of Ay. O

3.2. COPRIME INTEGERS

Nymann and Leahey [11] calculated the probability that integers chosen according to
the binomial distribution are coprime. However, they assumed that a was constant as n
approached infinity. This is unsuitable for us, so here we generalize their argument to allow
a to vary, with certain restrictions.

Our result in this section is the following.

THEOREM 3.2. Suppose that o, is bounded away from 1, and that o, = w((logn)®/n),
where b=1if k>3 and b =2 if k = 2. Then, as n goes to infinity, the probability that k
integers chosen according to the binomial distribution, with n Bernoulli trials with probability

of success a,, are coprime tends to 1/((k).

The lower bound on «, could probably be improved. However, the result fails for

a, = 1/n (see Section 3.7), so we are close to the true range in which the theorem holds.
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Throughout this section, we will assume, unless stated otherwise, that the restrictions on
a, hold. Note that for £ = 2 there is a stronger hypothesis on «,,. Most of the time, this
stronger hypothesis is not needed. The places where we must appeal to it are explicitly
noted.

Let I, = {m € Z : 0 < m < n}. If P, is a probability measure on [, and k is a
positive integer, then P is the k-fold product measure on I*. Let S* = {(zy,...,2;) € I¥:

ged(zy, ..., o) = 1}. For an integer d > 0, let A,(d) ={j € I,:j=0 (mod d)}.

LEMMA 3.3. Let n > 1. For any probability distribution P, on I,,, we have

Pr(Sy) =D uld) [(Pa(Au(d)* — (Pa({0})*] -

PROOF. Lemma 1 of [11]. O

From now on we specialize to the binomial distribution B,. Fix an integer k > 2. Let

en(d) = Bn(A,(d)) —d™.

LEMMA 3.4.
BYSY = u(dyd* + 3 ( ) S @ E M d) — (1 - a3 ().
=1 j=1
ProoF. By Lemma 3.3,
BE(SE) = p(d) [(d7" + en(d)* — BE] .
d=1

We obtain the result by applying the binomial theorem to the first term in the brackets. [

The first summand in Lemma 3.4, Y ),_, u(d)d ", approaches 1/¢(k) as n — oo. Thus,

Theorem 3.2 will be established if we show that the remaining terms go to 0.
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LEMMA 3.5.

: kn o
lim_f3, ;H(d) =0.

PROOF. Let u, = a;,'. We have, for all sufficiently large n,

< nﬁsn — n(l . u;l)unankn

BN u(d)
d=1

—klogn 1-k

—onkn < e =n"",

< ne

which goes to 0 as n — o0. 0

LEMMA 3.6. If o, is bounded away from 1 but has no other restrictions, we have |e,(d)| =

O((a,n)™Y2) uniformly in d as n — co.

PROOF. Nymann and Leahey show, in the proof of Lemma 3 of [11] that
len(d)| < 3By (s),

where s = |a,(n + 1)]. The result follows from Theorem 3.1. O

LEMMA 3.7. For1 < j <k,

Jim 3 p(d)dH (z(d)) =0,

d=1
PROOF. It suffices to show that >~ d’~*|e,(d)]? — 0. Suppose first that j — k > 1. By
Lemma 3.6, the sum is O((a,,n)~/?), which is o((log n)~7/2) by our hypothesis on a,,. Hence
the value approaches 0. If j — k = 1, the sum is O((a,,n)™7/?logn), which again approaches

0. (If j = 1, then k = 2 and we use our stronger hypothesis on «,,.) 0
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We will fix a function h : N — R with the property that \/(logn)/a,, = o(h(n)) and
h(n) = o(y/n). (For instance, we could take h to be the geometric mean.)
For the next lemma we will, like Nymann and Leahey, need the following theorem ([10],

p. 266):

THEOREM 3.8. Let { X} }1<k<n be independent random variables. Put S =" | Xy. Let
s be the standard deviation of S and let ¢ be the mazimum value of | Xy/s|. Fiz some e >0
such that ec < 1. Then,

Prob(S/s > £) < exp (-% (1 - %)) .

The next lemma shows that the probability of being a certain distance from the mean

decays more rapidly than 1/n.

LEMMA 3.9.

> B, (k) = o(n™").

lk—annl>anh(n)nl/2

PrROOF. To apply the theorem, for each 1 < k£ < n, let X} be a random variable taking the

value 1—q,, with probability «,, and —c«,, with probability 1—a,. (Thus the X}, are identically

distributed with mean 0.) Let ¢ = h(n)y/a,/(1 — a,). We have s = \/na,(1 — a,) and

¢ = a/s, where a = max(a,,1 — o). Thus, we see that ec = ah(n)n='/? < 1 for n > 0.
Hence, Theorem 3.8 applies, and yields

h2(n)a, ah(n)n=1/2
Prob(S > a,h(n)n'/?) < exp (—2(%)&”) (1 - L))

< exp(an(h®(n)n™Y2 — h%(n))).
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We claim that the last expression is o(n™!), which is equivalent to claiming that
anh®(n)n=Y? — a,h*(n) + logn

tends to —oo. Our hypotheses on h show that h%(n) = w(h?(n)n='/?) and a,h?(n) =
w(logn), so this is true. Now, the random variable S is a sum of n random variables taking
either the value 1 — «a, or —a,, and S itself has the value k — a,,n, where k is the number
of times that 1 — «,, was chosen. Moreover the probability that S has this value is B, (k).

Hence, we have shown that

> B,(k) = o(n™Y).

k—anpn>anh(n)nl/2

By repeating the same argument with X} replaced with — X}, we obtain the result. U

LEMMA 3.10. If 1 < d < n such that no multiple of d lies in (c,(n — h(n)n'/?), ay,(n +

h(n)n'/?)), we have, uniformly in d, that |,(d)| = O(d™").

ProOF. Consider the sum >, _; (04 4) Bn(k). The previous lemma shows that the sum

is o(n™1), and since n=! < d~ !, we are done. O

LEMMA 3.11. If K, is the number of integers d € [a,h(n)n'/?, a,(n — h(n)n'/?)], for

which some multiple lies in (o, (n — h(n)n'/?), oy, (n + h(n)n'/?)), then
K, = O(anh(n)n*?log(n'/?/h(n))).

PROOF. Let u = a,n, v = a,,h(n)n/?, and s = (u+ v)/v. Suppose kd € (u — v,u + v).
Since d < u — v, k > 2. Also, since d > v, we have kv < u + v, and so k < s. Thus there

are s — 1 possible values for k. For each possible k, the corresponding d’s lie in the interval

23



((u —v)/k, (u + v)/k)), which contains at most 2v/k + 1 integers. So, a bound for K, is

given by

Z(%/k +1) <2vlogs + (s — 1) = 2a,h(n)n'?log(n'/?/h(n) + 1) + n'/?/h(n)

= O(anh(n)n*?log(n'/?/h(n))).

PROOF OF THEOREM 3.2. By Lemmas 3.4, 3.5, and 3.7, it suffices to show that

lim g len(d)|F = 0.
n—o0
d=1

To do this, define n; = [a,h(n)n'/?|, ny = |a,(n—h(n)n'/?)], and ny = |a,(n+h(n)n'/?)].
For sufficiently large n, we have nq; < ny < ng < n, so we can express the sum as
n ni no ns n
PIEDIEID DD DD DI
d=1 d=1 d=ni-+1 d=no+1 d=ns3+1

We will show that each of these four sums goes to 0.

First sum. Lemma 3.6 gives
3" = O(mi(ann)™2) = O(m(awn)™) = O(h(n)n~?).
d=1

Second sum. We further divide this sum into two components. The first is that over
those d for which no multiple lies in (a,(n — h(n)n'/?), a,,(n + h(n)n'/?)). By Lemma 3.10,

this sum 1is

(a,n)1=0/20 (Z d1> = O((0yn) =02 log n),

ni+1
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which goes to 0. (If £ = 2, we use the stronger hypothesis on «,.) For the rest of the d’s,

we apply Lemma 3.11 to find that the sum over those d’s is

O(oznh(n)nl/2 log(nl/z/h(n))(oznn)’kﬂ) = O(h(n)Tfl/2 log(nl/Q/h(n))).

We will show that the latter expression goes to 0. To do this, for each n > 0, define the
function g, (r) = xlog(n'/?/x) for > 0. The functions g, are increasing on (0,n'/%/e).
Now, by hypothesis, we have h(n) = o(n'/?). Hence, for any £ > 0, we have h(n) < en'/? for
sufficiently large n. So if we further have ¢ < 1/e, we find that h(n)n="/2log(n'/?/h(n)) <
n~Y2g,(en'/?) = —cloge, which goes to 0 as € — 0.

Third sum. Similar to first sum.

Fourth sum. Apply Lemma 3.10 as in the first part of the second sum. O

3.3. INTEGERS THAT ARE k-FREE

For k > 2, a positive integer is said to be k-free if it is not divisible by the kth power
of a prime. Nymann and Leahey determined in [12] the probability that an integer chosen
according to the binomial distribution is k-free, assuming that « is constant. Here, we prove
the same by a different method, while allowing « to vary. We will call a quantity negligible
if it is O((a,,n)~¢) for all ¢ € R. In this section, we make use of the normal approximation
N,, to the binomial distribution, discussed at the beginning of Chapter 3. N,, decays quite
rapidly as the distance from the mean increases. In particular, if a function f(n) has the
property |f(n) — ayn| > (a,n)Y/?*5, then N,(f(n)) is negligible. If P is a polynomial and
f(n) is negligible, then f(n)P(a,n) is also negligible, and (provided «,, is bounded away

from 1) N,(n)P(n) is negligible.

25



THEOREM 3.12. Let av, be bounded away from 1, and suppose oy, = w(1/n). Asn — oo,

the probability of an integer chosen according to the binomaial distribution being k-free tends

to 1/¢(k).

PROOF. Let Si(x) be the set of all k-free integers at most x and fi(z) the number of k-
free integers at most x. Using Theorem 3.1, we have B,,(Sk(n)) = N, (Sk(n)) +O((a,n)~Y?).
Applying summation by parts, we have

V5) = Nalmfn) = [ 5200 (i + )

where Ry (t) is a remainder term to be described. The term N, (n) fx(n) is negligible. More-
over,

—/j N;L(t)ﬁ dt = ﬁ (—(Nn(n)n — N, (1)) + /j N, (1) dt) :

Here, N,(n)n and N, (1) are negligible. In order to show

n

(3.1) lim [ N,(t)dt =1,

n—o0 1

perform a change of variables t = ov + a to obtain

1,2
e 2V dv.

1 /(n—a)/o
V21 J(-a)/o
Since the restrictions on «,, show that the limits of integration approach —oo and oo respec-

tively as n — oo, (3.1) is established.
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Now we consider the remainder term. We have Ry (t) = O(t'/*) ([16], p. 213). So the

error is at most a constant times

/ln RAGIRA= /la N ()% at — /an N/ ()t at,
which is, ignoring negligible terms,
2N, (a)a'/* — %/In N, ()t *= 1 at.
The term on the left is O((a,,n)/¥/2). For the integral on the right, we may replace it with

/ N, (t)t* 1 at,
¢

where £ = a — a®*. (The error is negligible since the integrand is negligible on the excluded
interval, and the width of the excluded interval is less than a.) This latter integral is bounded

above by

(LRl / N, (t) dt,
l

which goes to 0 since ¢ increases without bound. Hence, provided £ > 2, we have our
result. To handle the case k = 2, we use the stronger bound R(t) = O(f(t)) where
f(t) = t'2exp(—Alog'/?t) for some A ([16], p. 213). Thus, in this case, the error is at
most a constant times

/1 SN () d.

Since f(t) = o(t'/?) and f'(t) = O(t~'/?), we may make a similar argument to show that

this integral goes to 0. U
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3.4. THE NUMBER-OF-DIVISORS FUNCTION

The result here is not a probability calculation, but it is of a similar flavor, and we will
use it later. It concerns the function 7(n), the number of divisors of n. For a function f,
we write fiy(x) = f(x + 1) — f(z) for the first differences of f. Similarly f(s) denotes the
first differences of f(;). The mth derivative of f will be denoted f (m)  In this section we will

denote N,, by simply N. We will write

Dirichlet showed that

T(x) =xlogz + (27 — 1)z + A(x),

where A(z) = O(y/x) and v is Euler’s constant [17]. We will establish an analogue of this
for the binomial distribution. Our argument here is similar to that of the previous section,

but more complicated. First, we need the following.

LEMMA 3.13. For a,, bounded away from 1 and o, = w(1/n), and fort € Z and c € R,

ZN(JB) =14+ O((a,n)™).

PRrROOF. What follows is similar to pp. 43-44 of [5], but we give the complete argument.

Fix an integer m > 0. The Euler-Maclaurin summation formula ([5], pp. 40-42) yields

/N )dx + = (N Zm: Ba N(2k 1)() N(Qk—l)(t))

/ N Bzm(l’—[ﬂ)d’ _
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where By, (the Bernoulli numbers) and Bs,,(z) (the Bernoulli polynomials) satisfy
(3:2) | Bam(x = [2])] < | Bal.

For each j > 0, the jth derivative of N is of the form N (z) multiplied by a polynomial. This

shows that the error terms are negligible, with the exception of the integral

R= /tn N(zm)(w)w dx.

Using (3.2), the integral has magnitude at most

Bm n Bm 1/2—m u(n)
B2 l/ yN@m)(x)ydx:—’ 2m| ‘ /
(2m)! J, (2m)! u(®)

> 1,
d 2m67§y
Yy

dy,

where we have substituted x = oy + a. The integrand does not depend on n, and since

1/2—m)

the derivatives of f are bounded, so is the integral. Hence R = O((a,n) . Letting m

increase, we obtain

ZN((IJ) = /tn N(z)dz + O((ann)™c), ceR.

We may replace the range of integration with (—oo, +00) with negligible error, as in the

proof of Theorem 3.12. Thus, we are done. U

The main claim of this section is:

THEOREM 3.14. For a,, bounded away from 1 and (for some ¢ > 0) o, = w(n='7),

> Bali)r(3) = log(anm) + 27+ O((am) /).
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PRrROOF. By Theorem 3.1 and the estimate 7(z) = o(z") for any n > 0 ([2], p. 296), we

have

n n

> Bu()r(j) = Y N(@)r(@) + o((az,/2n~1/2)).

j=1 z=1

The restrictions on a,, show that the error term is O((a,n)~'/4). Summation by parts yields

Z N(z)r(x) = N(n)T(n) — i Ny (x)T (x).

The term N(n)T'(n) is negligible, so we are left to describe the asymptotics of
(3.3) > Nuy(a)T(z).
=1

Now we write T'(x) as xlogz+ (27— 1)z + A(z). Each of the terms yields a sum to examine.

First, we have

n—1 n—1
(3.4) - Z Nuy(z)xlogz = —N(n)nlogn + Z N(z 4+ 1)(xlogx)n),
=1 =1

Similar to before, —N(n)nlogn is negligible. As for the sum on the right, the mean value
theorem implies that log(z) +1 < (zlogx)) < log(z + 1) 4+ 1. Therefore, a lower bound for

this sum is
(3.5) > N(z)(log(z — 1) + 1).
=2
Writing log(x — 1) + 1 as (loga + 1) + (log(x — 1) — log a), the sum breaks up into

ZN(x)(loga +1),

r=2
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which by Lemma 3.13 is loga 4+ 1 with negligible error, and

ZN (log(z — 1) —loga).

With negligible error, we contract the range of summation to (a — a“ a + a), for some ¢
in (1/2,3/4). (Proof of negligibility: N(x) is negligibly small on the excluded intervals, the
logarithmic term is O(n), and the range excluded has length less than n. The restrictions
on o, imply that n = o((a,n)"¢)). By the mean value theorem, |log(z — 1) — log(a)| <
|(x — 1) — a|/a. For z in the new range of summation, |(x — 1) — a|/a < a“~! + 1/a. Hence,
the sum is o((a,n)~Y/4). Therefore, (3.5) converges to loga + 1 with error o((a,n)~4). A

similar argument shows that the upper bound

Z N(z)(logx + 1)

also converges to loga + 1 with the same error bound. Hence (3.4) itself does.

The second sum from (3.3) to examine is

—ZN )2y — Dz = (2y—1) ( n—l—ZN )

The term —N(n)n is negligible and so by Lemma 3.13 we obtain 2y — 1 in the limit.
So far, we have found the main term log(a,n) + 2. In analyzing (3.3) it remains to

examine the sum

(3.6) — > Nuy(@)A(x).
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We show that (3.6) is O((a,n)~*). To do this, we write it as

n—2

—Nay(n = 1)As(n—1) + Y Ny () As(a),

r=1

where Ag(7) = 370 A(y). As usual, —Ng)(n — 1)Ay(n — 1) is negligible. For the sum on

the right we use a result from [17]:

1 1
Ay(z) = §xlogx + (fy - Z) x4+ O(x¥4).

Again, after substituting for Ay(x), we divide into cases. First, letting f(z) = zlogx, we

have

n—2

n—2
Z Ney(z)f(x) = Noy(n = 1) f(n — 1) — Z Nay(z + 1) fa) ().
=1 =1

Here N1y(n — 1) f(n — 1) is negligible, and the expression that remains is

(3.7) —N(n)f(l)(n - 1) + N(?)f(2) + i N(ZL‘ + 1)f(2)(:r;).

r=1

Ignoring the negligible terms, we consider the sum that remains. By the mean value theorem,

foy(x) < sup  fl(y) < sup f7(2) =1/
yElz,x+1] z€[x,z+2]

(There is no ambiguity, because (f1))" = (f’)1).) Hence, by restricting the range of summa-

tion, we can prove that (3.7) is O(1/(a,n)). Next,
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is negligible, as x5y = 0. Finally, we must consider

This is bounded above by a constant times

n—2
(3.8) > [Ny (x) |z
r=1

Now, the mean value theorem implies that sup [Nq)(z)| < sup |N'(z)| = O(1/(a,n)). More-
over, N"(x) has exactly two zeros. Therefore, if we define S = {z € Z | sgn Ny (z) #
sgn N2)(z + 1)}, then the size of S is bounded above by a constant independent of n. Now,

(3.8) is bounded above by the sum of the usual negligible terms, and

n—2
2 _INoy(@+ D)2+ 3 [Noy(na + DI () )
zeS z=1

The left sum is O((a,n)~*). Since (z3/%)) < 27'/%, the sum on the right is, besides

negligible terms, bounded above by

n—2

2 Z N(z+ 1)z~ Y4+ Z N(z + 1)(1:’1/4)(1),

zelU r=1

where U = {x € Z | sgn N)(x) # sgn Nqy(z + 1)}. Since N'(x) has a single root at x = a,
the sum on the left is O((a,n)~%/4). By restricting the range of summation, we see that the
sum on the right is O((a,n)~>/4).

This completes the proof. 0
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3.5. INTEGERS k-WISE RELATIVELY PRIME

In [18], Lészlé T6th determined the probability that a tuple of s integers is pairwise
coprime. Jerry Hu, in [7], generalizes this to the situation in which any k of the chosen
integers are coprime. We here follow Hu, showing that his argument can be made to apply
to a binomial distribution instead of a uniform distribution.

A tuple of s integers is defined to be k-wise relatively prime if any & of them are relatively
prime, and to be k-wise relatively prime to an integer u if any k of them are prime to u. The
probability of s integers being k-wise relatively prime when chosen according to the binomial

distribution is the same as that found by Hu for the uniform distribution:

A =]] (1 -y B /p,n(m)> :

We use notation similar to Hu’s. Namely, for a tuple u = (uq, ..., ux_1), let Silz)(n) denote
the set of s-tuples of integers (aq, ..., as) in [1,n] that are k-wise relatively prime and i-wise

relatively prime to u; for 1 <7 < k — 1. Define
Sn) = Ba(S% (n).

For integers a,b > 0, Hu defines (a,b] to be the product, over primes p dividing a, of the

largest power of p dividing b. Put [b,a) = (a,b]. Define, for any positive integer j,

jxu— <U1(]} us) o Up—2(J, Uk—1) JUk—2 ) .
Goa] 7 Gowe] (TS 1 w) G wed]

(Here (x,y) denotes ged(z,y).) Importantly, if u is a pairwise coprime tuple of positive

integers, then so is 7 * u.
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LEMMA 3.15. For u pairwise coprime,

3

PRrOOF. Hu ([7], p. 1065) observes that

s 4+ 1 positive integers aq,as,...,as11 are k-wise relatively prime and are
i-wise relatively prime to w; for ¢ = 1,2,...,k — 1 if and only if the first
s positive integers aj, as, ..., as are k-wise relatively prime and are i-wise
relatively prime to u; and (asyq,u;41) fori=1,2,... k—2 and are (k—1)-
wise relatively prime to u,_; and as;1, and (asiq,u1) = 1...

This justifies the equalities

QW) = > Bulaw)Q ) = B,(/)Q% ™ (n),
as+1=1 Jj=1
(ast1,u1)=1 (Ju1)=1
where
j */ u= (ul(j7u2)a s 7uk—2(j7 uk—l)ajuk—l)-

To complete the proof, we need only show that Sg:u) (n) = Ss(f:u) (n). The argument is

contained in Hu [7]. (He only claims that the sets have the same cardinality, but his argument

shows that they are the same set.)

LEMMA 3.16. Suppose o, is bounded away from 1. Then, for integers w, m > 1 with

(m,u) =1, we have

> Bu(a) = plw) | O((ann)~0(u)),

mu

where O(u) is the number of squarefree divisors of .
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PROOF. The desired sum equals

SLICDIVTUES AT RS ST LN

d|(a,u) dlu §>1
m|a mla dlu md|j

Applying Lemma 3.6, this is

ZM (— + O((ann)l/Q)) L Z # + O((ann)~Y26(u)).
Since }_,, p(d)/d = p(u)/u, we are done. O

LEMMA 3.17. Define

S (3) (= 1>’“‘1‘m)
siki(Ui) = - =5
o =TT (1= S =0

plu;

and

Then, we have

s "J(d)
ey d)(°
fs,k,z(uz) :Z/’L( )(z> , i = 1’ ,k—2
fs,k,i+1(ui) i gs,i(d)
and
s W(d)
1(d) (k71)

fs,k,k—l(uk—l) = d|z m,

Uk —1

PRrOOF. This is Lemma 4 of Hu [7]. O

THEOREM 3.18. Let §(s, k) be the mazimum value of (5;1) for1 <i<k—1. Suppose

o, s bounded away from 1 and o, = w(n='¢). For s > 1 and k > 2, then uniformly in u;
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with the u; coprime, we have
k—1
Q) = Aus T fons ) + O((am)™20(ur) log" ¥ ).

=1

Proor. By induction on s. For s = 1, Lemma 3.16 shows that

Q) = 2 1 0((am)20(n),

Uy

from which the result follows since Ay = 1, firi1(u1) = ¢(u1)/uy and fip(uy) = 1 for
v > 1.
Next, we will prove the result for s + 1 assuming it for s. We obtain, using Lemma 3.15,

n

QWL = 3 B.()QYM(n)

j=1

(Jsu1)=1

_ a Ul(J,Uz)) JUg—1
o n skaSkz ( (]7u1] fskk 1 ((Hf;[]’ uz))(]) Uk_1]>
(jru1)=1
+ O(By(j)(ann)"?0(ur (j, u2)) log”**) n)
— Tk J U 1)) J

* = A, s,k (Ui T s,k k—
(*) kgfk (u;) ; H Forinl( ]’qu))f,k,k 1 <—Hf§[3,uz)>

(Jyu1)=1

+0 <(ann) 120 (uy) log® Sk)nZB )

Using Theorem 3.14, we have > 7 | B,(7)0(j) < >_7_; Bu(§)7(j) = O(logn). We also have

- - NYI(ERTY) j
. s,k,i\\J, Uit1
; Bn(])g fs,k,i+1((j7 ui+1>)fs,k,kfl (Hf:;[j’ ul)>
(Jyu1)=1
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n w d; s \w(dg—1)
B.( Yy Hde(L)
" s,i\Usg s k— di_
'J 1 =1 d;|(j,uit+1) 9 ( ) dy,_ 1‘7 9s.k 1( k 1)
(Jru1)=1 M )
k—1 s w(dﬁ)
. M(dz)()
d ---dZ:'< ( )11 9s,i(d;)
1 k—1€=J5Nn 1

di|(j,uiv1),i=1,....k—2

J
1| Gy D
(jvul)zl

_ ) ()™
N Z Z Balch dk_le)H gsi(di)

di-dg—1<n e<—n =1
diluig1,i=1,...k—2
(dk—lyui)7i:1 7777 k-1

Using Lemma 3.16, we have

- fskz ]auz+1)) J
Zl B H )fs,k,kfl (Hkl _>

fsk7,+1 ]7u1+1> i= 2[],1@)
(j7u1):1

ld)
= > H g“ 3 <u1d<f~@-lc)lk_1+O(<O‘nn)_1/2€(u1))>

did_1<n i=1

di\uz_;,_l 1=1,..., k—2
(dkfl»ui)yizl 7777 k—1

w L (dy) (5) <) s w(d)
- (’Oil : > H —Mgg)j;()di) +0 ((ann)_l/29(U1) > oot Zj—k) ) ;

didp_1<n  i=1
di|ui+1,i:1 ..... k—2
(dkflfu"i)’i:l ’’’’ k—1

as gs;(d;) > d;.

This may be expressed as

— s\w(di)

o) ) ()
Uy Z H .

(di—1,ui),i=1,....k—1

_ p(u) et o (zil) ) ( _ (lcil) )
w Q,H(l P o ()0 = 1) I P o () (0 = k1

Mul"'ukfl
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b () )(1_ o) )
H1I (1 SN EITEST==T) A U s S C e

i () )
Il (1 PEi () D)

together with the error terms

(5S+1,l€w(d) T§(s+1, (d) - s -
o (L) o (3 B ) L opge s,

d>n

by Lemma 3(b) of [18], and

5 D Ts(s+1,k
0] <(O‘nn)_1/29(u1) Z %) -0 ((Oénn)_l/20(u1) Z ( d )(d))

d<n d<n

= O((ann)_1/2€(u1) 10g6(s+1’k) n),

by Lemma 3(a) of [18]. We substitute into (*) to get

(u) n :As . (kil) >

4 m

N (2 )
[/t ]1 (1 RN T
()

1—
: ( P oz () (0 — 1)’“17”)

+ O(n~log?sth—1 n) 4+ O((ann) 20 (uy) log®+ bR )

+0 ((ann)_1/29(u1) Jog®(=:k)+1 n>

k—1
= Ast1k H fortpi(ui) + O((Oénn)_l/29(u1) 10g5(5+1,k) n).

=1

This establishes the claim for s + 1.
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COROLLARY 3.19. If o, is bounded away from 1 and o, = w(n='"¢), then the probabil-
ity that s integers chosen according to the binomial distribution are k-wise relatively prime

approaches Ay as n — oo.

3.6. PRIME NUMBERS

Let II be the set of all prime numbers. Here we seek information on the behavior of
B, (IT) as n — oco. We can show that B, (II) — 0. If we use the prime number theorem, we

can deduce a bit more:

THEOREM 3.20. If av, is bounded away from 1 and o, = w(1/n), then

lim sup B, (I1) log log(ca,,n) < 1.

n—oo

PROOF. (The germ of this proof is found in [1], pp. 101-103.) Let x = (a,n)"/2. For
any j denote by j# the primorial, the product of all primes at most j. Let p,, denote the
mth prime. For any n, let m be such that p,,# is the largest primorial less than x. Let
Y = pm+1#. Now, for m > 0, we have p,,# > p2, ., ([16], p 246). Therefore, for n >> 0, we

have ppq < /2, so y < 3/2. Write

BH(H) = Z Bn(p) + ZBn(p)-

2<p<y P>y
Using Theorem 3.1, we obtain
y y
> Bulp) Y Bu(i) = > Nulj) + O(can)™7?).
2<p<y Jj=2 Jj=2
3/4

The sum on the right is bounded by yN,,(y). Since y < a*/*, we see that yN, (y) is negligible.
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Now, for primes p > y, we have (p,y) = 1. Hence, by Lemma 3.16,

S B < Y Bal) = 2 1 0((aun)00))

P>y Jj=1
(Jy)=1

We know 6(y) = o(y*), so the error term is O((a,,n)~Y/%37¢). According to one version of the
prime number theorem ([2], p. 79), pmi1 ~ logy, so

QO m+1 pm+11 -1 1
7 1:[ <1__) B (X_: ;> - log pint1

7j=1
1 - 1 1
loglogy ~loglogxz  loglog(a,n)

3.7. THE CASE a,, = 1/n

In our results so far, we have assumed that if «,, goes to 0, then it goes to 0 more slowly
than 1/n. Indeed, it is known, and it is not difficult to prove, that if o, = A/n, and if S is
any set of nonnegative integers, then

i B9 = S

JES

(This fact is mentioned on pp. 152-153 of [9].) For example, if we put o, = 1/n and S =11,
the limiting value is expp(1)/e, rather than 0 as in Theorem 3.20. To get an intuitive
understanding of why there is a difference if «,, = 1/n, note that the mode of the binomial
distribution is approximately «,n. So, with «,, = 1/n, a significant part of the distribution
remains close to 1, whereas if v, goes to 0 more slowly, the mode goes to infinity. In general,

we cannot expect the same behavior in this case.
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3.8. FUTURE DIRECTIONS

Can we describe the behavior of B, (II) more precisely? One might think that one could
use a summation by parts, as in Theorem 3.12, to handle this question. Unfortunately, the
error term in the prime number theorem is not small enough for this to work, even if we

assume the Riemann hypothesis. To be more precise, we may define the logarithmic integral

1
LK@::/‘———ﬁ,
2

logt
and state the prime number theorem as
m(xz) = Li(z) + R(x).

If we assume the Riemann hypothesis, then we have R(z) = O(z'/?log ) ([8], p. 193). If we

proceeded analogously to Theorem 3.12, we would need to estimate the integral

!/nA%@ydﬂdt

When we substitute for m(z), the term Li(x) causes no difficulty, but R(z) does. We need

to use the upper bound for |R(z)| to obtain an upper bound for

/mAquﬂawdu

but since N (t) changes sign, doing this requires splitting the integral in two, and, similarly
to Theorem 3.12, we would obtain the term 2N, (a)R(a), which, using the estimate for R(x)

above, cannot even be shown to be o(1), and hence we obtain no information.

42



In the rest of this section we describe a different possible method of approaching this
problem, as well as the difficulties involved. If we define b, = B, (II), then the exponential

generating function of b, is

TL

= expri(anz) exp(fn2),

o
=0
where

epo Z Z_'

p

Hayman [6] defined a class of “admissible functions”, and gave an asymptotic formula for the
power series coefficients of such functions. Thus, if we show that the exponential generating
function F' is admissible, we will obtain an asymptotic formula for b, /n!, and hence for b,
by applying Stirling’s formula. We here give Hayman'’s result, as described in [13], pp. 1178-

1179. A function of the form

f2) =) fa2"
is admissible if

(i) f(z) is analytic for |z| < R for some 0 < R < oo,
(ii) f(») e Rif z € R for |z] < R,
(iii) for Ry < r < R,max.—, |f(2)| = f(r),

(iv) for
fr)’

there is a function 6(r) defined for Ry < r < R such that 0 < (r) < 7, and the

a(r) = b(r) = ra'(r)

following hold:

(a) f(re®) ~ f(r)exp(ifa(r) — 62b(r)/2) as r — R uniformly for |§] < §(r),
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(b) f(re’®) = o(f(r)b(r)~'/?) as r — R uniformly for 6(r) < |0] < T,
(c) b(r) — oo as r — R.

Then, Hayman proved the following.

THEOREM 3.21. If f is admussible, then
fr ~ (21b(r)) Y2 f (rp)r™ as n — oo,

where a(r,) = n.

We want to apply this to our function F. Conditions (i), (ii), and (iii) are obvious. In
order to verify condition (iv), we would need good information on the behavior of a(r) and
b(r), which devolves onto information about expy;. Unfortunately, obtaining such information
seems to be quite difficult. We would like to know how fast expp(x) grows as x — oo. If we
try to determine this using summation by parts, we run into essentially the same problem
we discussed above. Based on numerical computation, however, the function appears to
approximate exp(z)/log(x). Let us suppose we know that expp(z) ~ exp(z)/log(x). One
conclusion we could make is that all the derivatives of exp; have the same rate of growth as

expp. To prove this, we need the following.

PROPOSITION 3.22. Let
o xn
f(l’) = ZO anm7

and set

n
A, = E Q-
m=0

Suppose that, for some M, we have |A,| < M for alln. Then, f(z) = O(e*/\/z) as © — oc.
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PRrOOF. Applying summation by parts, we have

Jw) = iA’“ (%T a (/fi)!) = gs’“ (Z—T B (kxfl)!) ’

k=0

where s, = —M for 0 < k <z —1and sy = M for k > z — 1. Thus, applying summation by
parts again, f(z) < —M +2Mzl*=11 /([ —1])!, and the desired bound follows by Stirling’s

formula. The same argument establishes an upper bound for — f(z), so we are done. 0

Now we can show our claim. We have

oxppp(r)  _ expin(r) — expp()

expr () expr ()

By the preceding proposition, expf;(z) — expy(z) = O(e*/+y/x), and since this grows slower
than exp(z)/log(x), we have established, on the assumption that expy(z) ~ exp(z)/log(x),
that expy(x) ~ expf;(x). We can, of course, now make an inductive argument to show that
all the derivatives are also asymptotic to each other. Additionally, since

a(r) =r (w +6n) ,

expy (@)

we can conclude that a(r) ~ r. This, however, is where the chain of deductions stops. We

can compute b(r) to be

o(r) + (anr)gexp’n(anr) (expﬁ(anr) B exph(anr)) .

expr(anr) \expi(anr)  expp(anr)

Our assumption on the growth of exppy(x) implies that the expression in parentheses on
the right goes to 0. If we knew further that this expression is o(1/r), it would follow that

b(r) ~ r. T have not found a way to do this, however.
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In conclusion, this method of attack leads to difficulties similar to that of the more direct

method.
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CHAPTER 4

STATISTICS ON THE NUMBER OF POINTS ON COMPLETE

INTERSECTIONS

By combining the results in Chapters 2 and 3, we can obtain probabilistic information
about the numbers of points on complete intersections. When doing this, we need to make
restrictions on the behavior of the degrees of the hypersurface sections relative to the order

q of the field, so that the error term goes to 0. Here are two examples.

THEOREM 4.1. Fixm > 2 and 1 < j < m — 1. Suppose {q;}i>1 is a sequence of prime
powers increasing to infinity and suppose the integers d;y < --- < d; ; go to infinity in such
a way that d;y > 277/ gnd d; ; = 0((2’"%‘qfi’l/max(mﬂ’p))l/m). For a fized k > 2,

the probability that a smooth complete intersection (formed by intersecting hypersurfaces of

degrees d; 1, . .., d; ;) has the number of points k-free is, in the limit, 1/((k).

PROOF. For any n > ¢y, let the integer 7(n) be maximal such that n,, , does not exceed
n. Let a, = (QQi)L(Qr(n),m;j))/(l - qr_(i) + q,,_(i)L(Qr(n),m,j)). We have a,, = Q(n=7/™),
and so Theorem 3.12 tells us that as n — oo the probability of integers chosen according to
the binomial distribution being k-free approaches 1/((k). By Theorem 2.16, this is also true
of the number of points on a smooth complete intersection, since our hypotheses ensure that
the error term in the theorem (multiplied by 2"®  the maximum number of choices for R

in the theorem) goes to 0. O

THEOREM 4.2. Fixm > 2, s > 2, k> 2 and 1 < j < m —1. Suppose {¢;}i>1 is a
sequence of prime powers increasing to infinity and suppose the integers d;; < --- < d;; go
to infinity in such a way that d;; > 213™a/@i+Y and d;; = o((2*"%qdi’l/max(m“’p))l/m).

%
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The probability that s smooth complete intersections Hy, ..., Hs (formed by intersecting hy-
persurfaces of degrees d; 1, ...,d; ;) have the numbers of points on Hy,...,Hs to be k-wise

relatively is, in the limit, As .

PROOF. Similar to the previous theorem. U

The restrictions on ¢;, d; 1, ... ,d;; in the previous theorems depend heavily on the error
term in Theorem 1.2 of [4]. If a better error term were found, this would correspondingly
imply a relaxation on these restrictions. If j = m, these theorems do not apply. However, in
the case j = m = 1, the parameter in the binomial distribution is 1/(¢+ 1), and n, = ¢+ 1,

so we can take «a,, = 1/n and apply Section 3.7 instead.
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