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ABSTRACT

TAIL DEPENDENCE: APPLICATION, EXPLORATION, AND DEVELOPMENT OF NOVEL
METHODS

The study of multivariate extreme events is largely concerned with modeling the dependence
in the tail of the joint distribution. The understanding of extremal dependence and methodology
for modeling that dependence has been an active research field over the past few decades and we
contribute to that literature with three projects that are detailed in this dissertation.

In the first project we consider the challenge of assessing the changing risk of wildfires. Wild-
fire risk is greatest during high winds after sustained periods of dry and hot conditions. This
chapter is a statistical extreme event risk attribution study which aims to answer whether extreme
wildfire seasons are more likely now than under past climate. This requires modeling temporal
dependence at extreme levels. We propose the use of transformed-linear time series models which
are constructed similarly to traditional ARMA models while having a dependence structure that is
tied to a widely used framework for extremes (regular variation). We fit the models to the extreme
values of the seasonally adjusted Fire Weather Index (FWI) time series to capture the dependence
in the upper tail for past and present climate. Ten-thousand fire seasons are simulated from each
fitted model and we compare the proportion of simulated high-risk fire seasons to quantify the
increase in risk. Our method suggests that the risk of experiencing an extreme wildfire season
in Grand Lake, Colorado under current climate has increased dramatically compared to the risk
under the climate of the mid-20" century. Our method also finds some evidence of increased risk
of extreme wildfire seasons in Quincy, California, but large uncertainties do not allow us to reject
a null hypothesis of no change.

In the second project we explore a fundamental characterization of tail dependence and develop

a method to classify data into the two regimes. Classifying a data set as asymptotically dependent

il



(AD) or asymptotically independent (Al) is a necessary early choice in the modeling of multivariate
extremes. These two dependence regimes are defined asymptotically which complicates inference
as practitioners have finite samples. We perform a series of experiments to determine whether a
finite sample has enough information for a convolutional neural network to reliably distinguish
between these regimes in the bivariate case. Along the way we develop a new classification tool
for practitioners which we call nnadic as it is a Neural Network for Asymptotic Dependence/
Independence Classification. This tool accurately classifies 95% of test datasets and is robust to a
wide range of sample sizes. The datasets which we are unable to correctly classify tend to either
be nearly exactly independent or exhibit near perfect dependence, which are boundary cases for
both the AD and Al models used for training.

In the third project we consider the challenge of using likelihood methods for models developed
for the tail of the distribution. Many multivariate extremes models have intractable likelihoods thus
practitioners must use alternative fitting methods and likelihood-based methods for uncertainty
quantification and model selection are unavailable. We develop a proxy-likelihood estimator for
multivariate extremes models. Our method is based on the tail pairwise dependence (TPD) which
is a summary measure of the dependence in the tail of any multivariate extremes model. The TPD
parameter has a one-to-one relationship with the dependence parameter of the HR distribution.
We use the HR distribution as a proxy for the likelihood in a composite likelihood approach. The
method is demonstrated using the transformed linear extremes time series (TLETS) models of

Mhatre & Cooley (2024).
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Chapter 1

Introduction

Many natural disasters can be thought of as events coming from the tail of some distribution.
These events are rare but have an outsized impact on livelihoods, infrastructure, and ecosystems.
Studying these multivariate events often involves statistical modeling which captures the depen-
dence in the tail of the distribution and thus most non-extreme models are ill-suited. Central to
many standard mulitvariate, time series, and spatial methods is the notion of covariance; PCA,
LDA, linear time series analysis, factor analysis, and kriging are all based on covariance. How-
ever, covariance is not designed to capture dependence in the region of concern: the tail. The
statistical field of extreme value theory has garnered much attention over the past few decades as
it focuses on these tail events (see, e.g., Davison & Huser, 2015 for a review of some of the key
ideas and Coles (2001) for an accessible introduction to the field). A fundamental aspect of any
extreme value analysis is that it uses only a small fraction of the data, retaining only data which
inform about extreme behavior.

Much of the development in extreme value theory is driven by the desire to estimate the proba-
bility of an event which is more extreme than any observed in the data. The well-developed study
of univariate extremes began with the asymptotic study of block maxima which converge to the
max-stable distributions. This field was expanded to consider threshold exceedances which con-
verge to generalized Pareto distributions. Justifiable extrapolation for multivariate events rests on
models which capture the dependence in the tail. Early work in multivariate extremes extended the
univariate framework of block maxima into the study of componentwise maxima, which converge
in distribution to the class of multivariate max-stable (equivalently, multivariate extreme value)
distributions. These distributions have univariate max-stable margins and thus the advancement
is in the understanding of the dependence structure. This dependence structure does not have a
finite parametrization and the sparsity of information exacerbates the modeling challenges. The

understanding of extremal dependence and methodology for modeling that dependence has been



an active research field over the past few decades and we contribute to that literature with three
projects that are detailed in this document.

The dependence in multivariate max-stable distributions has been characterized by the so-
called exponent function V' (seen in Chapter 4), Pickands dependence function (Pickands, 1981;
Marcon et al., 2017), and angular measure / (seen in Chapters 2 and 4). While the dependence
space cannot be covered by a finite dimensional parametric family, several parametric models have
been developed. These models have angular measures that smoothly transition between perfect
dependence and independence by adjusting the dependence parameters. In other words, scalar
summary measures of the dependence from these models can take on any possible value and thus,
in some sense, the models can capture any "level" of dependence despite merely covering a finite
dimensional subspace of the full space of models (Figure 3.8).

Geffroy (1958) and Sibuya (1960) demonstrated that properly re-scaled block maxima from a
bivariate Gaussian distribution with any p < 1 converge to a separable (i.e., independent) bivariate
extreme value distribution. This observation, and the further observation that max-stable models
are either asymptotically dependent or exactly independent, led to the recognition of two different
tail dependence regimes which are termed asymptotic dependence (AD) and asymptotic indepen-
dence (AI). This distinction, which has been the subject of much research and discussion in the
field, is the subject of Chapter 3.

The mathematical framework of regularly varying functions (see, e.g., Resnick, 2008a) is often
used to study tail events. This framework is naturally tied to max-stable models because multivari-
ate regular varying distributions comprise the domain of attraction for the multivariate max-stable
distributions with heavy-tailed margins. In addition, the exponent measure and angular measure are
concepts that arise through the framework of regular variation. Regular variation is a broader class
of models than max-stable models as it is also found in heavy-tailed multivariate representations
of threshold exceedances and thus it is commonly used for modeling large values. However, these
regularly varying models are also AD and thus are viewed as insufficient in some cases which led

to the development of hidden regular variation (Resnick, 2008b) and of so-called sub-asymptotic



or Al models (Ledford & Tawn, 1996, 1997). Determining when these AD models are insufficient
is a challenging problem that is the focus of Chapter 3.

When the underlying margins are heavy-tailed, the dependence structure of multivariate regular
variation naturally describes the dependence in the tail. We can use this dependence framework
to describe the dependence in the tails even when the margins are not heavy-tailed. In that case, a
marginal transformation to heavy tails is performed before modeling. This is similar to a copula
approach but instead of transforming to uniform margins we transform to heavy-tailed margins.
We discuss regular variation in Section 2.2 and rely on it in Chapters 2 and 4.

Much of the recent work on extremes, including the work in this volume, is motivated by
environmental applications and thus models that describe random processes have been a focal
point for the community over the past few decades. That work is largely spatial. See Davison et
al. (2012); Cooley et al. (2012); Huser & Wadsworth (2022) for summaries of some of the most
important advances in spatial extremes and extensive additional references.

The work in Chapters 2 and 4 focuses on times series models which capture dependence in the
upper tail. The literature in this sub-field is different from the spatial literature. Two recent volumes
on time series for extremes, (Kulik & Soulier, 2020; Mikosch & Wintenberger, 2024), demonstrate
that this literature is often heavier on theory. This literature seems to be more common in financial
applications than environmental applications.

The projects in this document are presented in chronological order of completion. However,
when considering a new analysis one could start with applying the method detailed in Chapter 3
to classify data as either AD or Al. We see this as a necessary early step in a principled analysis
which focuses on the tail of the distribution as it narrows the library of models available to the
practitioner and thus is part of checking model assumptions. Chapters 2 and 4 are strongly related.
In chapter 2 we detail an application of extremal time series models to real data which includes
transforming the margins, handling seasonality, and performing inference. The model selection
in chapter 2 is subjective which motivates development of more principled techniques in Chapter

4. That final project develops a likelihood-like model-selection and fitting technique which we



develop with respect to the same time series models used in Chapter 2, even though the method
can be used with any regularly varying model.

In addition to the projects in this dissertation, I have spent considerable effort under the ad-
visement of Dr. Ben Shaby on developing and applying methods to probabilistically identify genes
associated with Parkinson’s disease during my time at CSU. A primary challenge in this work is
that each experiment, taken individually, may contain too little information to distinguish some
important genes from incidental ones. Our method is built on a hierarchical three-groups mixture
of distributions which describes the gene labels (beneficial, deleterious, or null). A Dirichlet dis-
tribution apportions prior probability of gene label assignment which leads to natural multiplicity
correction. Modeling each data type as conditionally independent given the gene labels allows for
modular inclusion of heterogeneous data types in a single coherent probability model. Our method
results in parsimonious inference with enhanced power to detect signals. Simulation studies show
that our method performs at least as well as commonly used tools for GWAS and RNA-seq, and in
some cases it performs better. We applied our method to publicly-available GWAS and RNA-seq
datasets and discovered novel genes as potential therapeutic targets. A manuscript is available on

arXiv (Wixson et al., 2024) and has been submitted for review.

1.1 Outline

This dissertation details three advancements that target challenges in the modeling of extremal
dependence with an eye towards principled application of previously developed models. We briefly

introduce the projects and the major challenges they address in this outline.

1.1.1 Modeling season-long extreme events for risk assessment

The Colorado Division of Fire Prevention and Control reported that “20 of 20 largest wildfires
have occurred in the last 20 years (since 2001)" and the three largest fires, which burned more than
500,000 acres, occurred in 2020 (State of Colorado, 2023). We seek to quantify how much more

likely a season as extreme as 2020 is under current climate than past climate. Wildfires are not a



point-in-time event and the risk of extreme wildfires rises and falls with differing weather condi-
tions. The most extreme risk is built over time as high temperatures and low moisture dry out fuels
and high winds allow for rapid spread. The time-dependent nature of wildfire risk requires a more
nuanced study than previous extreme attribution studies which typically estimate and compare very
high quantiles of marginal distributions under different climate regimes.

In Chapter 2, we treat weather-related wildfire risk as a seasonal quantity and develop a method
to model the upper tail of an entire wildfire season. This requires using time series models built
to capture the dependence in the upper tail. Before we can fit these models, we need the data to
be plausibly tail-stationary, which is achieved through handling the seasonality in the wildfire risk.
To apply our method we develop a model selection method for these time series models. We fit
models of several different orders with a method of moments type estimator and model selection
is performed subjectively through diagnostic plots and assessing whether the fitted models can
reproduce summary statistics. This work has been published in the Journal of Applied Meteorology

and Climatology (Wixson & Cooley, 2023).

1.1.2 Classifying finite samples into asymptotically defined regimes

The study of extremes relies on intermediate asymptotics. In the threshold exceedances setting,
this means that the sample size n — oo and the number of retained order statistics & — oo but
the ratio k/n — 0. These mathematically defensible results are hard to apply, as practitioners
have finite sample sizes and convergence is often slow. This challenge is inherent to the difficulty
in determining whether a dataset is AD or Al. These regimes are defined asymptotically and the
best classification methods suffer from the slow convergence and the paucity of information in the
tail. Many developed models describe the dependence of one regime and thus classification is an
important exploratory step in the analysis of multivariate extremes.

In Chapter 3 we perform a series of experiments to determine whether there is enough infor-
mation in finite sets of data to reliably classify them into their respective tail dependence regime.

We use a supervised learning approach to develop a classifier that is trained on finite sets of data



that are labeled AD or Al and test whether the classifier can reliably distinguish between these
asymptotically-defined regimes. Our classifier is a convolutional neural network (CNN) that is a
priori agnostic about which regime is more likely and was developed as a finite sample classifier
by which we mean that error rates are not expected to decrease with sample size. Our CNN is rea-
sonably robust to a variety of sample sizes and correctly classifies at least 95% of testing datasets.

This work has been submitted for review.

1.1.3 Using a proxy for the likelihood to fit models without densities

Likelihood methods are prized in statistics for their many nice properties including efficient
use of data, natural uncertainty quantification, and model selection methods. Many multivariate
extremes models are hard to fit with likelihood methods. Sometimes this is due to the dimension
of the problem, which is an issue because the number of terms in the likelihood of any max-stable
model grows combinatorially with the dimension. Other times it is because the density does not
exist or does not have a closed form. The time series models used in Chapter 2 have both of these
challenges.

In Chapter 4 we develop a proxy-likelihood method for multivariate extremes models that are
built on the framework of regular variation. The method uses a regularly varying model with a
likelihood as a proxy for the likelihood in models with intractable densities. The link between
the two different models is a summary measure of the dependence known as the tail pairwise
dependence (TPD, Cooley & Thibaud, 2019). We fully develop the method for use with the time
series models from Chapter 2 but comment along the way how it can be adapted for use with other
models. This method is the first to link the Hiisler-Reiss distribution (and related Brown-Resnick

process) to linear methods for extremes.

1.1.4 Conclusion

We close the dissertation with a summary of the contributions and a brief discussion of areas

for future work.



Chapter 2
Attribution of Seasonal Wildfire Risk to Changes in

Climate: A Statistical Extremes Approach

2.1 Introduction

The Sixth Assessment Report of the IPCC suggests, with high confidence, that climate change
has led to warmer and drier conditions which have increased wildfire risk in North America (Hicke
et al., 2022). These worsening conditions have led to “increased burned area in recent decades in
western North America" and thus in “the USA, annual costs of federal wildland fire suppression
have increased by a factor of 4 since 1985" (Hicke et al., 2022, pg 1948). These national and
regional trends have been echoed at state levels. The Colorado Division of Fire Prevention and
Control reported that “20 of 20 largest wildfires have occurred in the last 20 years (since 2001)"
and the three largest fires, which burned more than 500,000 acres, occurred in 2020 (State of
Colorado, 2023). Data from the California Department of Forestry and Fire Protection (State of
California, 2023) show that 18 of the 20 largest fires, 19 of the 20 most destructive fires, and 11 of
the 20 most deadly fires in CA history occurred between 2003 and 2021. Abatzoglou & Williams
(2016) state that the “increased forest fire activity across the western continental United States
(US) in recent decades has likely been enabled by a number of factors, including the legacy of fire
suppression and human settlement, natural climate variability, and human-caused climate change."
The focus of this study is the climate signal; we do not consider questions of forest management,
fuel availability, or the impact of more people in the wildland-urban interface. This chapter is an
extreme event risk attribution study which aims to quantify how much more likely these extreme
fire seasons are now than they were previously, due to observed changes in climate.

To narrow our focus to the climate signal we use the well-recognized Canadian Forest fire

Weather Index (FWI) as the object of this study (Van Wagner, 1987). The FWI system is a series
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Figure 2.1: Daily FWI values from 2020, ERAS5 data near Grand Lake, CO.

of equations which takes month, latitude, 24-hour precipitation, noon wind-speed, noon relative
humidity, and noon temperature as inputs. These location and weather variables are used daily to
compute the fine fuel moisture code (FFMC), duff moisture code (DMC), and drought code (DC)
which represent dryness, and thus fuel availability, at differing levels of depth and time scales. The
FFMC is combined with wind-speed to compute the initial spread index (ISI). The build up index
(BUI), which represents fuel availability, is computed from the two longer range moisture codes
(DMC and DC). Daily FWI values are computed from the ISI and BUI. The FWI was designed to
represent the energy which would be released at the edge of a fire but can be interpreted in several
ways including fire intensity risk. FWI is based on weather variables and thus changes discovered
in the analysis are due to changes in observed climate.

The 153 day time series of FWI values for the 2020 fire season near Grand Lake Colorado
is shown in Figure 2.1. Highlighted are the 14 days with FWI values above the 0.975 empirical
quantile of present climate. Each highlighted, high-risk day was the result of processes like the
drying of fuels through extended periods of low precipitation coupled with hot days and high
winds. The time-dependent nature of wildfire risk makes it clear that simple estimation of some
high marginal quantile would not capture the phenomenon we are concerned with. Wildfire risk,
though quantifiable on smaller time scales (e.g. daily), is more sensibly thought of as a seasonal
quantity and thus our aim is to model entire wildfire seasons.

We perform statistical attribution; a statistical model for entire wildfire seasons is built and fit to
each climate period (past and present). The fitted models are used to simulate wildfire seasons. The
proportions of simulated high-risk seasons from each period are compared to make our attribution

statement. We consider a season to be high-risk if it has at least as many days above a high quantile



as were observed in the most extreme year in the region. These years, 2020 in Colorado and 2021
in California, are used to define high-risk seasons so that communication of results is simple and
relatable.

This study uses a reanalysis product and weather station data. Use of these data sources allows
us to directly make within-product comparisons as we can use the 2020 (2021) season from each
source to define high-risk. However, these data sources could have confounding factors. Reanal-
ysis products are a data-assimilation of model output and global observational data from ground
sensors and satellites but satellite data are only available in the present period. Weather station data
collection methods transitioned from manual to automated measurements during the study period
and there may have been changes in the location of the measurements. Additionally, weather sta-
tion data has the usual challenges inherent in true observational data; missing observations, short
historical records for some variables, and the noisiness expected with truly local measurements.

An alternative and often used attribution approach employs climate models which were run
under factual and counterfactual worlds (i.e., without anthropogenic forcings). Our year-specific
definition of high-risk makes it difficult to use climate model output in the estimation of the propor-
tion of high-risk seasons. Comparing climate model output to observed conditions in 2020 (2021)
would require accounting for model bias but model bias is not well understood for FWI. A recent
attribution approach studies specific events using custom climate model runs which were set up
to adequately reproduce the event (e.g., Patricola & Wehner (2018) study fifteen tropical cyclones
with an emphasis on hurricane Katrina). These studies require extensive computing resources and,
to our knowledge, none have studied season-long events. An advantage of our method is its sim-
plicity; we use available data. A disadvantage is that our attribution statement can only reference
differences between past and present climate and cannot speak causally about an anthropogenic
effect.

This study compares the proportion of high-risk seasons expected under past climate to the
proportion expected under present climate. We define past climate as the 20 earliest available

years (1959 to 1978) and present climate as the years from 2002 to 2021. Our definitions of past



and present climate do not consider the potential effects of cyclical climate patterns (ENSO, etc.).
Additionally, each climate period only has 20 observed seasons and thus uncertainty (computed
through bootstrapping) is large. Within each climate period we consider a fire season to be June
1 through October 31 (153 days). We first consider an area north of Grand Lake, CO which was
burned in the East Troublesome fire in 2020 and then repeat the analysis on a region just outside
the burn area of the 2020 North Complex and 2018 Camp fires in California.

We use time series models to capture dependence throughout the fire season. Classical linear
time series models (like ARM A models) are based on the autocovariance function (ACVF) which
averages the linear relationship around the mean and thus may not accurately capture the depen-
dence at extreme levels. We characterize tail dependence with the tail pairwise dependence func-
tion (TPDF) and employ the transformed-linear extremes time series models (TLETS) of Mhatre
& Cooley (2024). These models resemble the familiar ARM A models from classical time series
but are tied to regular variation (a common framework in extremes) and thus are a natural choice
for this study.

This attribution study fits into the EEA framework of Jézéquel et.al. (2018) as a "risk-based"
study because we focus on computing an increase in risk rather than explaining the link between
climate change and the physical processes which led to the event. We compute how much more
likely a high-risk season is now than in a past climate and thus are interested in a "class of events".
This differs from studies which are focused on computing the probability that a single event (i.e.,
the 2020 fire season in Colorado) was caused by climate change. Finally, while some studies
condition on sea-surface temperature, greenhouse gas concentrations, etc., our study uses the ob-
servational record to compute the changes in risk based on any detectable changes in climate and
thus is considered "unconditional".

This chapter is organized as follows. We review regular variation which is the framework
for the models that we use in Section 2.2 and introduce the models in Section 2.3. Our method is
explained in detail as it is applied to ERAS data from one location inside the East Troublesome burn

area in Colorado in Section 2.4. We discuss the data and pre-processsing in Section 3.1, estimation
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of the pairwise dependence and model fitting is Section 3.2, and simulation from the models and
attribution is Section 3.3. In Section 2.5 we apply our method to weather station observations
(RAWS data) from the same location as in Section 3. In Section 2.6 we apply our method to ERAS
data from a location near the 2020 North Complex Fire in California. We conclude the paper with

discussion of the benefits and some limitations of our method.

2.2 Regular Variation and Dependence

To model dependence in the upper tail of our time series, we rely on the framework of regular
variation. One way to understand the tail of the distribution function £’ of a random variable X is
to consider the rate of decay of the survival function F'(z) = 1 — F(x) as * — co. The framework
of regular variation naturally considers this decay.

Regular variation is a property of some functions which intuitively says that the function decays
like a power function in the neighborhood of some value. We say that f is a regularly varying
function at infinity if there exists an « € R such that lim; ., f{tz) _ y—a We denote this f e

f@)
RV,. Random variable X is regularly varying if I € RV,,a > 0. Resnick (2007, Theorem

3.6) showed that F' € RV, if and only if there exists a sequence {b,} with b, — oo such that
n]P’(% € ) > v,(-) where > denotes vague convergence in the space of nonnegative radon
measures M (0, oo and v, (z, o0] = z7%.

This second definition of univariate regular variation generalizes well to multiple dimensions.
Resnick (2007, Section 6) demonstrates that random vector X € R? is multivariate regularly

varying if there exists a sequence {b, } with b,, — oo and a Radon measure v on the space E =

[0, 00]% \ {0} such that in M (E)

nP(? € > Sv(). 2.1)

n

The limiting measure v has scaling property v(cB) = ¢ “v(B) for any ¢ > 0 and set B C

R?. This scaling property highlights the independent decomposition of  which shows that these
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random vectors have an independent pseudo-polar decomposition at infinity. Let || - || be a norm
and define the unit ball S_; = {x € R : [|x|| = 1}. Let C(r, B) = {x € R : [|x]| > r, ﬁ}
for some radial value » > 0 and Borel set B C S;_;. Then v[C(r, B)] = r~*Hx(B) where Hx
is an angular measure on S; ;. This angular measure contains all of the dependence information.
Finally, it should be noted that b,,, v, and Hx are not uniquely determined by (2.1) as b,, can be
scaled by any positive constant and this will be absorbed into the limiting measure.

The dependence structure of regular variation is found in characterizations of multivariate ex-
treme value distributions which makes it a natural and common mathematical framework for the
study of extremes. The definition only describes the joint tail behavior and thus it is only useful to
characterize the joint tail of our data. Additionally, regular variation is a useful framework for cap-
turing asymptotic dependence (see Chapter 3 or Coles, 2001, Section 8.4 for further discussion),
which loosely implies that variables can be at their most extreme levels at the same time. Our FWI
time series appears to exhibit asymptotic dependence at short lags.

Intuitively, a d-dimensional random vector must have heavy tails in each dimension to be a
multivariate regularly varying random vector. The decay rate of those tails is described by the
tail index a. The distribution of a regularly varying random vector at infinity can be decomposed
into independent radial (distance from the origin) and an angular (the point where the vector in-
tersects the unit ball) components (Figure 2.2). We use this near-independent (in the large but not
limiting case) decomposition to describe the pairwise tail dependence between the dimensions of
the random vector. Consider a two dimensional random vector X = (X7, X5) which has positive
components with probability 1 (i.e., the random vector takes values in the first quadrant of the
xy-plane). Further assume that X is large in at least one component. Information about the tail
dependence between components of the vector is contained in the angular measure Hx which de-
scribes the distribution of angles (between 0° and 90°). If there is strong tail dependence we would
expect that when X is extreme X5 will also be extreme. In this case Hx will have mass near 45°
and we would expect to see points like A in Figure 2.2. When the tail dependence is weak (or

zero) knowing X is extreme tells us little about X, . This suggests X, will likely be in the bulk
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Figure 2.2: Polar decomposition of points A and B. The radial component is the norm of the point and the
angular component places the point on the unit ball. We expect points like A (large together) under strong
tail dependence and points like B (large separately) under weak tail dependence.

of its distribution (which is near the axis due to the distribution’s heavy tail) and we would expect
extreme points to be like point B in Figure 2.2. In this case the mass of the angular distribution
Hx is concentrated near the axes.

Tail dependence of a d-dimensional X continues to be described by its angular measure Hx,
but estimating or modeling this measure which lies on the d-dimensional unit ball becomes in-
creasingly difficult as d grows. Multivariate models tend to be employed in, at most, moderate
(d =~ 5) dimensions.

When analyzing time series we treat the vector of observations as a single (partial) realization
of an infinite dimensional random vector. In our analysis we consider each season as an observa-
tion from the climate of that period, and thus we have 20 (partial) realizations of length 153 (the
number of days in our definition of a fire season). The advantage of taking a time series approach
over simply viewing the data as realizations of a 153-dimensional random vector is that we can
characterize and model dependence as a function of lag (time difference between variables). Clas-
sical (non-extreme) time series analysis generally assumes a time series is weakly stationary and
restricts focus to characterizing only pairwise dependencies through the autocovariance function.

Here, we summarize the angular measure using a pairwise metric analogous to the autoco-
variance function, but which characterizes tail behavior. Our pairwise metric is the TPDF (2.2)

which is the time series analogue to the tail pairwise dependence matrix (TPDM) introduced
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by Cooley & Thibaud (2019) and employed by Jiang et al. (2020) to perform extremal prin-
cipal component analysis for US precipitation. Let the time series {X;} be regularly varying
with tail index o = 2 for all £ = 1,2, ... and tail stationary (Mhatre & Cooley, 2024); that is,
the TPDF is a function of lag only. Define the two dimensional unit ball in the positive orthant
ST ={X € R?: 21,25 > 0and ||X]||s = 1} (where ||.||2 is the euclidean norm) and for each lag

h, let the radial component r, = ||(x, 244 4)]||2- The TPDF is

o(h) = o(Xy, Xi1p) = /S sisadx,x,,,(9) 2.2)

where s is the angular component of (X, Xy15): s1 = T and s = =

Although regular variation assumes the data are heavy tailed, it can be used as a dependence
model for data which are not heavy tailed. We will transform data such as the FWI data so that
they can be assumed to come from a tail-stationary regularly varying time series with tail index
a = 2. This idea is not uncommon in classical extreme value analysis where characterizations
of the extreme value distributions are typically made assuming a particular marginal distribution
(de Haan & Ferreira, 2006, Section 6.1.2), and is similar in spirit to transforming time series data
(such as applying a square root or logarithmic transformation) to make it appear more Gaussian in
order to fit traditional time series models. Our assumption that « = 2 is made for convenience,
Kiriliouk & Zhou (2022) recently extended the definition of the TPDM for a general tail index, but

its definition includes « in the integrand.

2.3 Transformed Linear Extremes Time Series Models

We want models specifically designed to fit the upper tail as this is when fire risk becomes a
concern. The TLETS models of Mhatre & Cooley (2024) are analogous to classical ARMA models
(see, e.g., Brockwell & Davis, 2002 for an introduction) but are built to capture the dependence in
the upper tail. Classical ARMA models are built out of linear combinations of white noise and it
is standard, but not necessary, to consider Gaussian noise. The TLETS models use transformed-

linear combinations of regularly varying noise noise. Additionally, classical ARMA models are
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investigated based on the second-order property of covariance. TLETS models also consider a

second-order property but in this case that property is the TPDF.

2.3.1 Transformed-linear Operations

Standard estimators of tail dependence average across the unit ball which results in biased
estimates if the dependence is not symmetric. Often the extremes that we care about occur in one
tail and thus TLETS models were specifically designed to fit the upper tail (other tails can be easily
considered through rotations). TLETS models only fit the upper tail because the random processes
only exist in the positive orthant as they are constructed with the transformed-linear operations of
Cooley & Thibaud (2019). Transformed-linear operations are defined component-wise and involve
a map, f, from the real line to the positive half line. For any two vectors in the positive orthant,
X1, X, € R%, transformed-linear addition, denoted ¢, is performed by mapping the components
of X, and X, back to the real line, adding the two vectors, and then transforming the components
back to the half-line: X; @ Xy = f{f1(X;y) + f~!1(Xy)}. Transformed-linear multiplication,
denoted o, works similarly: a o X = f{af~}(X)}. We use the function f(z) = log{1 + exp(z)}
as it has a negligible effect on the upper tail (i.e., lim, @ = 1) and thus regular variation is
preserved under these operations (Cooley & Thibaud, 2019). Transformed-linear time series are
constructed using transformed-linear operations in the place of classic arithmetic operations on a

noise sequence Z; of independent, tail stationary, regularly varying o« = 2 random variables.

2.3.2 TLETS MA(q) Models

Transformed linear time series are constructed using transformed linear operations in the place
of classic arithmetic operations on a noise sequence Z; of independent, tail stationary, regularly
varying o = 2 random variables. We say that { X, } is a transformed-linear moving average process

of order ¢ (denoted T'L — M A(q)) if, for all t,

q
X, =502 (2.3)
j=0
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for0; € R, 6y = 1, and 6, > 0. The TPD at lag-h from a T'L — M A(q) is 0 whenever h > ¢. For

h < g, When the marginal distribution of X, has scale 1, the TPD is

L, 00
o(h,0y,...,0,) === L Jlh (2.4)
' ! >l 07

where a”) = max(a, 0), and the last i terms in the sum in the numerator are 0.

For any transformed linear ARM A(p, q) process:
Xi@(—1)oXi1® @ ()0 Xsp =201 0Z 1B Bby0Zy, (2.5)

there exists an equivalent 7L — M A(oo) process. Due to this equivalence, and the ease of fitting
T L — M A(q) models for arbitrarily large g, we restrict our attention to the 7', — M A(q) processes.
Other models are considered in more detail in Chapter 4.

In classical time series the innovations algorithm can be used to recursively compute the one
step predictors and then uses the associated prediction errors (innovations) to estimate that steps’
M A coefficients. The transformed-linear extremes innovations algorithm (Mhatre, 2022) is similar
and is used to fit the T'L — M A(q). Mhatre (2022) showed that even if the underlying model is not
a transformed-linear model, use of the extremal innovations algorithm will result in a transformed-
linear model with a TPDF that closely matches the TPDF of the underlying model and thus the

pairwise dependence will match even if the model is not the correct one.

2.4 Application to ERAS Data in Colorado

2.4.1 Data and Pre-processing

We first apply our method to a reanalysis data product (ERAS from the Copernicus Climate
Change Service) (European Centre for Medium-Range Weather Forecasts, 2023) on one grid-box
in Grand Lake, Colorado. ERAS data are produced on a globally complete, hourly, 30 km grid from

1959 to about two months prior to access. The grid-box we considered includes latitude 40.27

16



and longitude -105.84 which is the location of a Remote Automatic Weather Station (RAWS)
and is in the burn area of the East Troublesome Fire. Proximity to a weather station will allow
us to repeat analyses performed on ERAS data using observed weather for comparison (Section
2.5). The weather variables downloaded were the hourly ten meter wind component in the eastern
and northern directions (used to calculate wind speed), two meter dew point temperature (used to
calculate relative humidity), two meter air temperature, and total precipitation. The time series of
noontime measurements for wind speed, relative humidity, and temperature were combined with
the time series of 24-hour precipitation to compute daily FWI values for the season.

An early task in any time series analysis is the assessment of seasonality. It is reasonable to
expect that wildfire risk changes as each wildfire season progresses (Figure 2.3) and thus we must
address the seasonality before assessing the dependence. We consider each day of the wildfire
season to have its own distribution under two simplifying assumptions. First, we assume there is
no meaningful trend within each defined climate period. Exploratory analysis does not provide
evidence against this assumption. Second, we assume that the marginal (daily) distribution of
FWI changes throughout the year in a smooth manner. This assumption, while untested, seems
reasonable as we do not expect the distribution of fire risk on July 15" to be meaningfully different
than the distribution on July 16™. This smoothness assumption allows us to borrow strength from
nearby days in the estimation of each day’s marginal distribution without introducing much bias.

Seasonal behavior was explored with daily high quantile plots (0.975 in Figure 2.3) which
were computed and smoothed using a (2k 4 1)-day moving window. Exploratory analysis led us
to choose k = 14 resulting in a 29-day window (e.g., FWI values for July 1% through July 29'" are
used to estimate quantiles for July 15"). As anticipated, seasonal behavior was evident and will
need to be accounted for via marginal transformation. However, the bimodal sub-seasonality seen
in high quantiles of the FWI in Figure 2.3 was unexpected, and was apparent across a wide range
of window sizes (smaller windows exhibited the predictable increase in noise). Investigating this
bimodality further, we found that the high quantiles of the DMC exhibit similar bimodality. This

high quantile bimodality is not as evident in the FFMC and is not in the DC. The DMC captures
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dryness of mid-depth fuels, retains moisture information for around two weeks, and precipitation
less than 1.5mm is considered too little to reach these fuels. Estimated precipitation quantiles
(between 0.05 and 0.9) are largest between mid-July and early-August which suggests that precip-
itation large enough to dampen the DMC is more common at this time than during the rest of the
season.

The marginal shift in high quantiles shown in Figure 2.3 suggests an increase in fire risk;
values at the past climate 0.975 quantile are now observed more frequently. We sub-sampled
years for both periods and computed the 0.975 quantile for each day to test whether the quantiles
were significantly different. Subsampling seasons allows the bootstrap to account for temporal
dependence in the data. With each of these 500 bootstrap samples we computed the differences
(for each day) of the quantiles and computed 95% bootstrap intervals for the difference. Only the
intervals for June 1% through 3, June 17%, July 8" through 12", and October 13" through 31*
contained zero. To illustrate uncertainty in Figure 2.3, day-wise confidence bands plotted were
computed using the method of Goldstein & Healy (1995), and overlap of these confidence bands
closely mimics the dates found by our hypothesis test. We will see that the tail dependence is
similar between climate periods (Figure 2.4) which suggests that most of the increase in risk that
we will find is due to this marginal shift of extreme levels.

Quantile plots of the underlying sub-indices, moisture codes, and weather variables were ex-
plored to better understand the meteorological drivers contributing to this observed change in FWI.
This shift towards more extreme values under current climate than under past climate is evident
across BUI quantiles. ISI quantiles have also increased, but that increase fades in mid-October.
These sub-index increases can be traced back through the FFMC, DMC, and DC to an increase in
temperatures and a decrease in moisture. The median change between study periods in daily 0.975
quantile of temperature is 2°C". A similar increase in temperatures is evident across quantiles. De-
creases in the distribution of precipitation and relative humidity are also apparent. For example,

the 0.5 quantile of daily precipitation under past climate has a similar seasonal pattern and level to
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Figure 2.3: Daily 0.975 quantile of the ERAS FWI time series from Grand Lake, CO for both past and
present periods with day-wise confidence bounds computed through bootstrapping. The confidence bounds
correspond to 95% intervals for the differences between periods. Quantiles were computed by borrowing
strength from surrounding days using a 29-day moving window. The marginal distribution at high quantiles
seems to have shifted up in a nearly uniform fashion.

the 0.6 quantile under present climate. Windspeed quantiles appear relatively unchanged between
periods.

In order to fit the models of Mhatre and Cooley (2022), we transform so the data exhibits weak
tail stationarity and the marginal distribution is regularly varying with tail index a@ = 2. We first
transform the marginal distribution to be uniform and, in doing so, handle the observed seasonal
behavior.

We do this daily with the same 29-day moving window as we used to plot the daily FWI high
quantile. Each day’s marginal distribution, F}, is estimated with the empirical cumulative distri-
bution function (ECDF) below the 0.975 quantile, 1;, and a fitted generalized Pareto distribution
(GPD) above. The GPD is a common model for exceedances above a threshold, p, and can be
defined with the conditional survival function P(Y > y|Y > pu) = {1 + &(y — p) /¢ } /¢ where
¢ € R is the shape parameter and i) > 0 is the scale parameter (Coles, 2001). Our estimated daily

semi-parametric marginal distribution is

- {np(2k + 1)+ 13730 S LTl <y) oy < if
F(y) = ) N (2.6)
10,025 {1+ &y — i) v} y > i,

where yfj is the observed FWI from day j of year ¢ in period p (past or present), n,, is the number of

years in that period, and 2k + 1 accounts for the 29-day moving window. The denominator of the
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ECDF is increased by one so that the observed maximum does not have ECDF value one (Coles,
2001, Definition 2.4) and the scaling by 0.025 in the GPD arises from modeling exceedances over
the 0.975 quantile. Likelihood ratio tests do not provide evidence against the null hypothesis that
the scale and shape parameters of the daily GPD were the same for each day in the year. Mean
residual life plots confirm the use of the daily 0.975 quantile as the threshold parameter of the
GPD. The inverse Frechet CDF, 2, = log(1/u,)~"/2, is applied to the time series with uniform

marginals to make it regularly varying with tail index o = 2.

2.4.2 Dependence Estimation and Model Fitting

To estimate the dependence we use the natural TPDF estimator of Cooley and Thibaud (2019).
We reparameterize the lag-h pairs of points (x;, z41p), t = 1,...,n — h with polar coordinates
(Figure 2.2). The radial component is the Ly-norm: r; = ||(z4, 2414)||2- The angular component
s = (8¢, St4n) = (24, x14n) /7 places the point on the unit ball. The TPDF estimator under this
parameterization is

n—h

Z seSppnll(ry > 7“0), 2.7

t=1

2

?;h I(ry > 7o)

6(h) =

where the two arises from the known (after transformation) marginal distribution. This estimator
replaces the angular measure by its empirical estimate and considers only points above some high
threshold ry (we used the 0.975 quantile).

The estimated TPDF (Figure 2.4) is similar between the two climate periods. It is well known
that extremal dependence measures are biased when tail dependence is weak (see e.g. Huser et al.
(2016)) and this bias was noticed and explored in Mhatre (2022). We follow Mhatre’s suggestion
and subtract off the mean of the time series before estimating the dependence. This correction
reduces, but does not eliminate, bias. Our tail-dependence estimates decrease with lag, but they
appear to level off around 0.1 near lag 15 presumably because of remaining bias. Simulations of
TL— M A(q) time series (¢ = 3, 5, 10) had TPDF values, after bias adjustment, beyond lag ¢ close

to 0.1.
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Figure 2.4: Empirical and fitted TPDF for past (top) and present (bottom) periods of transformed CO ERAS
FWI time series. Our fitted model captures the empirical dependence well. The dependence appears similar
between periods. We note that the plots appear nearly constant around 0.1 after 10-15 lags.
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The order g of our TL — M A(q) is chosen by fitting and comparing several orders. The
extremal innovations algorithm is used to estimate the parameters of 'L — M A(q) models for ¢ =
1,2, ..., 30. Comparing the estimated TPDF plots to the theoretical TPDF from each iteration of the
innovations algorithm demonstrates that our fitted model has very similar pairwise tail dependence
as our data and is our first step in model choice (Figure 2.4 compares the empirical TPDF to the
fitted T'L — M A(15)). The empirical TPDF appears to level off between lag 10 and 15 under both
past and present climate which suggests that the unbiased TPDF would likely be zero somewhere
between lag 10 and 20. We compare the ability of these models to reproduce summary statistics
(mean run length above high quantiles and high quantile of sum of 5 consecutive terms) and note,
once again, that models of order 10 through 20 are reasonable. Due to the leveling off of the

empirical TPDF after lag 15 we continue the analysis with the 'L — M A(15) for both periods.

2.4.3 Simulation of Seasons and Attribution

Once we have fit our chosen models we simulate 10,000 seasons from each period. To simu-
late seasons we first generate a noise sequence of 168 (length of the season 153 plus model order
15) independent Frechet random variables with scale one and shape two. This independent noise
sequence is iteratively put through (2.3) with ¢ = 15, 0y = 1, and 0; (j = 1,2, ...,15) equal to

the coefficients that were estimated using the extremal innovations algorithm for the given period.
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This ensures the pairwise tail dependence of the simulated season matches what was observed. To
reintroduce the observed seasonality into these 10,000 stationary simulated seasons we perform a
two step back transformation. We first use the ECDF to transform to a uniform marginal distribu-
tion. We then use the inverse of (2.6) to transform the uniform marginal time series into seasons
on the original FWI scale.

Attribution is done by comparing probabilities of observing high-risk seasons under past and
present climates. We consider a season to be high-risk if it had at least as many days above a high
threshold as were observed in 2020. Our thresholds were the 0.95, 0.975, and 0.99 quantiles of
the observed present climate FWI time series (34.41, 39.47, and 44.94 respectively) (Table 2.1).
In 2020 there were 22, 14, and 6 days over the respective thresholds. Under past climate 31 of
the 10,000 seasons had at least 22 days with FWI values above 34.41 compared to 322 simulated
present climate seasons. The ratio of the point estimates (10.39) suggests that a season as extreme
as 2020 is more than ten times as likely under present climate as it was under past climate. The
ratios for the 0.975 and 0.99 quantile thresholds were 4.33 and 8.77 respectively.

Uncertainty in our estimates is reported with intervals computed through bootstrapping. Each
bootstrapped estimate was computed by sampling 20 years, with replacement, from each climate
period. We use the observed data from these 20 years to estimate the marginal distribution (2.6),
transform to be regularly varying, estimate the TPDF, fit the T'L — M A(15), simulate 10,000
seasons, and compute proportion of high-risk seasons.

The uncertainty bounds computed from these bootstrapped results are large, due to only having
20 observed seasons with which to estimate all aspects of our method. Despite the width of the
confidence intervals, the ratios are entirely above one, and the change in attributed seasonal risk
is significant. The bootstrapping is computationally intensive, but simple to implement. Five
hundred full analyses (minus model order selection) were completed with each using less than
0.5 GB of RAM running on a single thread and thus the analysis could be completed on a laptop

computer. Access to a computer with 64 2.7GHz cores and 128 GB of RAM, combined with the
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Table 2.1: Results from Grand Lake, CO ERAS data using a transformed-linear 7L — M A(15) for past
and present climate. Columns 1 and 2 report three high thresholds of the present climate and the number
of days in 2020 which exceeded those high quantiles is in column 3 (definition of high-risk season). The
proportion of simulated high-risk seasons are in columns 4 and 5 for the respective periods. Column 5 is the
multiplicative change from past to present (ratio of columns 3 and 4). Bootstrapped 95% CI’s are reported
in parenthesis.

Quantile | Threshhold | # in 2020 Past Present Ratio
0.95 34.41 22 0.003 0.032 10.39
(0.000, 0.007) (0.001, 0.097) (5.96, 00)
0.975 39.47 14 0.012 0.050 4.33
(0.001, 0.035) (0.009, 0.174) | (2.46,51.56)
0.99 44,94 6 0.023 0.201 8.77
(0.000,0.092) | (0.074,0.388) | (2.33, 00)

embarrassingly parallel nature of the bootstrapping, allowed for rapid results from all 500 analyses
(each bootstrap analysis took around 12 minutes to complete on this machine).

Sensitivity to model order was explored by completing the analysis with 7' — M A orders 10
and 20. The ratios of proportion of extreme fire seasons (present to past) were 24, 20.68, and 9.88
respectively when using the fitted 7L — M A(10) to simulate seasons. There were fewer simulated
high-risk seasons with the 7L — M A(10) than either of the other models but the ratio is increased
as there were proportionally fewer high-risk seasons in the past as in the present. When using the
fitted 7L — M A(20) to simulate seasons the ratios were 8.02, 4.94, and 9.79 respectively which
are similar to those obtained with our chosen model. We expect the ratio estimates to be relatively
stable between models of orders that accurately capture the tail dependence.

We summarize our findings with the following attribution statement. Applied to FWI data
generated from ERAS output, our method estimates that a wildfire season like the one observed
in 2020 near Grand Lake Colorado is 4 to 10 times more likely under recently observed climate
than under the climate of roughly 50 years ago. Our method rejects the null hypothesis that the
risk of observing a season like 2020 is unchanged between these two periods. Figures 2.3 and 2.4
indicate that this increase in risk is due to a shift in the marginal distribution of risk, not the tail

dependence.
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2.5 Application to RAWS data in Colorado

2.5.1 Data and Pre-processing

We apply the same method to RAWS weather station data (National Interagency Fire Center,
2023) from Harbison Meadow (NWS ID 050402) which is located within the grid-box used for
the ERAS analysis in Section 3. The analysis is repeated on weather station data to allow for
comparison with reanalysis products and is easily explainable to a broader audience. The RAWS
data for Harbison Meadow were downloaded from National Wildfire Coordinating Group (NWCG)
Cognos portal (https://famprod.nwcg.gov/cognos11).

The present period had a nearly complete record but the past period had only 12 years of
usable data. Harbison Meadow has data recorded from 1964 to the present but the years from 1972
through 1974 were deemed unusable for two reasons: approximately half of the data in each year
was missing and the maximum FWI value for those years was 0.47 which is well below the next
lowest maximum value of the past period, 16.04, and is the 0.56 quantile of the past period.

Seasonal behavior of the RAWS FWI time series was explored in the same manner as was
done with the ERAS data. The FWI daily high-quantile (Figure 2.5) again shows a clear shift in
the marginal distribution at the highest quantiles which is often larger in magnitude than it was in
the ERAS data. The maximum difference between present and past estimated 0.975 quantiles in
the ERAS data was 18 units. There were 62 days in RAWS data (40% of the season) which had
differences that were greater than 18 units. The present period indicates bi-modality in the highest
quantiles but the second peak is missing in the past period. The 0.975 quantile does not remain at
its highest values for as much of the season in the RAWS data as it did in the ERAS data but these
highest values are greater than what was observed in the ERAS data. We expect that some of this
difference is due to the different spatial scales and model bias. Exploration of high quantiles of
FWI components indicated extreme temperatures are hotter, extreme wind-speeds are faster, and
humidity is lower in the current period than in the past period. Additionally, high quantiles of all
three fuel moisture codes (FFMC, DMC, and DC) and of the fire behavior sub-indices (ISI and

BUI) show an increase in risk.
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Figure 2.5: Daily 0.975 quantile of the FWI time series computed from the RAWS Harbison Meadow data
as in Figure 2.3.
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Figure 2.6: Empirical and fitted TPDF for RAWS Harbison Meadow FWI time series as in Figure 2.4.

The high quantiles for past and present climate are significantly different. This was determined
using joint daily 95% bootstrap intervals which only overlap at the end of the season (Figure 2.5).

The TPDF for the past period appears to differ from the present period TPDF (Figure 2.6)
which was not apparent in the ERAS data (Figure 2.4). This suggests that there may be a change
in the dependence as well as a change in the marginal distribution. We explore the effects of this
by fitting models of orders 10, 15, and 20 to both periods. The results were similar in all cases
including when we compared different orders for the two periods. The following results are from

the T'L — M A(15) fitted to both periods because that matches the previous analysis.

2.5.2 Attribution

Table 2.2 summarizes results from the analysis of the RAWS data. The 0.95, 0.975, and 0.99
quantiles of the present climate RAWS data were 34.96, 42.97, and 51.54 respectively. In 2020

there were 32, 24, and 11 days with FWI values above those respective high thresholds. Out of
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Table 2.2: As in table 2.1, results from Harbison Meadow, CO RAWS data using a transformed-linear
TL — MA(15) model.

Quantile | Threshhold | # in 2020 Past Present Ratio
0.95 34.96 32 0 0.0078 o0
(0, 0) (0.001, 0.032) (00, 00)
0.975 42.97 24 0 0.0104 o0
(0,0.0004) | (0.001,0.118) | (101.40, oc)
0.99 51.54 11 0 0.0951 00
(0,0.007) | (0.020,0.398) | (22.63, c0)

10,000 simulated present climate seasons there were 78, 104, and 951 that were high-risk. Zero of
the past climate seasons were high-risk. The GPD used to transform the upper tail of the simulated
past climate seasons has a bounded tail that is below each high quantile for the majority of the
season. This suggests that the FWI values observed in 2020 were not plausible under past climate.

An additional analysis was performed which ensured that the extreme FWI values observed in
2020 were possible under past climate. We repeated the analysis but enforced Gumbel (unbounded
but light) tails on the GPD. This has the added benefit of assessing sensitivity to the GPD parame-
ters in the back-transformation. When the GPD is restricted in this manner there were 0, 0, and 8
simulated past climate seasons out of 10,000 that were high-risk.

As before, we summarize with the following attribution statement. Applied to RAWS data, our
method estimates that the extreme fire weather observed in the 2020 was not possible under the
observed climate of roughly 50 years ago. Our method rejects the null hypothesis that seasonal
wildfire risk is unchanged between the two studied periods. When reanalyzed using an approach
that forces a possibility of observing high-risk seasons under past climate, the method estimates
that the risk of observing a season like 2020 is at least 138 times greater under the recently observed
climate. The increased risk appears to be due to a shift in the marginal distribution at high quantiles

(Figure 2.5) and an increase in the tail dependence (Figure 2.6).
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Figure 2.7: Daily 0.975 quantile of the FWI time series computed from the ERAS data from Quincy Cali-
fornia as in Figure 2.3.

2.6 Application to ERAS data in California

2.6.1 Data and Pre-processing

We apply our method to an ERAS grid-box containing Quincy California. This grid-box was
burned in the 2020 North Complex fire (over 300,000 acres burned) and is adjacent to a grid-box
burned by the 2018 Camp Fire, the deadliest fire in California history (Reyes-Velarde, 2019). There
is a RAWS weather station in the grid box (Quincy Rd. station, NWS ID 040910) which could be
used for comparison (this comparison was omitted for brevity).

The high quantile seasonality observed in Quincy, CA (Figure 2.7) is unimodal and does not
show the large marginal shift between periods which we noticed in Colorado. The statistically
significant change in the marginal distribution is that the season is longer; that is, the FWI time
series are at the highest levels for a longer period of time in the present period than in the past
period. Exploratory analyses show that the high quantiles of temperature are at the highest levels
longer and precipitation and relative humidity quantiles are at their lowest levels for longer periods
under present climate than they were under past climate.

We note that the tail dependence in the California region (Figure 2.8) seems to level off at
shorter lags than in Colorado (Figures 2.4 and 2.6). This is likely because the dependence estimated
by the TPDF is in the 'residuals’ after accounting for seasonality. Compared to Colorado, there is
less season-to-season variation in the FWI in California, and TPDF values seem to be driven more
by variables (like ISI) with shorter time scales. TPDF values also appear slightly stronger and

longer lasting under past climate than present climate. This may be attributable to the observed
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Figure 2.8: Empirical and fitted TPDF for Quincy, California ERAS FWI time series as in Figure 2.4.

Table 2.3: As in table 2.1, results from Quincy, CA ERAS data using a transformed-linear 'L — M A(10)
model.

Quantile | Threshhold | # in 2021 Past Present Ratio

0.95 67.51 22 0.0081 0.0148 1.82
(0.001, 0.022) (0.002, 0.034) (0.34,9.45)

0.975 70.12 12 0.045 0.055 1.22
(0.005, 0.092) (0.003, 0.101) (0.43,3.41)

0.99 72.33 5 0.163 0.283 1.73
(0.067, 0.302) (0.077, 0.436) (0.79, 2.68)

change in the fire behavior sub-index related to dryness (BUI) which has stronger and longer lasting
tail dependence under current climate and thus may be included while accounting for seasonality.
To assess sensitivity to model order, we have completed the analysis on models with order 5 and 10

and found similar results. The reported estimates are from using model order 10 for both periods.

2.6.2 Attribution

Table 2.3 shows results from our attribution study. The 0.95, 0.975, and 0.99 quantiles of the
present climate ERAS data in California were 67.5, 70.1, and 72.3 respectively. In 2021 there
were 22, 12, and 5 days with FWI values above those respective high thresholds. Forty-five of the
simulated past climate seasons were classified as high-risk at the 0.975 quantile compared to 55 of
the present climate seasons.

Applied to FWI data generated from ERAS output for the grid cell containing Quincy, Cali-

fornia, our method estimates that a wildfire season like the one observed in 2021 is 1.22 to 1.89
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times more likely under recently observed climate than under the observed climate of roughly 50
years ago. However, bootstrap confidence intervals contain one and thus our method fails to reject
a null hypothesis of no change. It appears that under current climate, high quantiles of FWI are at
higher values for a longer portion of the season, and bootstrap-based hypothesis tests support this

conclusion.

2.7 Discussion

This chapter develops a relatively simple, computationally inexpensive, theoretically justifiable
method to quantify how much more likely an extreme fire season is now than it was 50 years ago.
We quantify the increase in risk in reference to a well-recognized high-risk season which enables
easy communication of results; that is, we perform extreme event attribution of seasonal risk. Our
method relies on time series models that specifically focus on extreme behavior. Because these
models capture the pairwise tail dependence well, and because the method treats the two time
periods in the same manner, our approach is useful for making meaningful comparisons.

Our method was applied to FWI data from two different locations and two different data
sources. In the Grand Lake area of Colorado, our method estimates a dramatic increase in the
risk of observing a fire season like the one observed in 2020, and this was seen in both reanaly-
sis and weather station data. This increased risk is mostly attributable to an upward shift of the
quantiles of the marginal FWI distribution. In California, our method’s point estimates suggest
an increase in the risk, but uncertainty associated with these estimates does not allow one to re-
ject a null hypothesis of no change in seasonal risk. It is possible that analyzing a different fire
weather index could result in different results. The FWI was developed in Canada for use with
forests that are primarily Jack and Lodgepole pine, and it may not be the best index to summarize
weather-driven fire risk in California. Fortunately, our same analysis could readily be repeated
with any other indicator of fire risk. As this chapter only considers the fire risk associated with the

meteorologically-derived FWI, it focuses specifically on risk due to changes in observed climate
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and does not directly consider other factors such as past forest management which could contribute
to overall fire risk.

Like any analysis, our method requires several modeling choices. Perhaps chief among these
is the selection of the T'L — M A(q)’s order. Our order selection method was based on subjectively
interpreting TPDF plots; fortunately, sensitivity analysis showed that so long as ¢ was chosen to be
sufficiently large, conclusions were not affected. Another choice was to fit an T'L — M A(q) rather
than a T'L — ARM A(p, q), which possibly could capture the dependence seen in the TPDF with a
smaller number of parameters. We chose an T'L — M A(q) because we employed the innovations
algorithm to fit our model, and model fitting of general 7L — ARM A models was an area for
future investigation (see Chapter 4 for more). Our approach also employs a two-step estimation
method, first fitting the marginal and transforming, and then assessing the dependence. This two
step approach propagates any error from the first step forward; however our bootstrap method for
assessing uncertainty accounts for this error propagation. One observed shortcoming of our model
is that in Colorado, we observed seasons where the FWI remained moderate for the entire season,
and simulated seasons all were extreme at least once during a season. This concern is consistent
between climate periods and thus past-to-current comparison should still be relevant. As model
fitting uses only large observations, our approach should only be used to assess extreme behavior
and should not be used to assess quantities associated with the bulk of the distribution.

This chapter uses ERAS data (European Centre for Medium-Range Weather Forecasts, 2023)
which were accessed from the Climate Data Store (https://cds.climate.copernicus.eu/) and RAWS
data (National Interagency Fire Center, 2023) which were downloaded using the "Weather Data"
link on https://www.wildfire.gov/application/fire-and-weather-data-extract. Raw data and format-

ted files can be accessed on https://github.com/twixson/seasonal_wildfire_risk_attribution.
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Chapter 3
Neural Network for Asymptotic
Dependence/Independence Classification: A Series of

Experiments

3.1 Introduction

Asymptotic dependence/independence is a property which summarizes the behavior in the joint
tail of pairs of random variables. Consider the continuous bivariate random vector (X, Y") with

marginal distributions F'y and Fy and define

x(u) = P(Fx(X) >u | Fy(Y) > u). 3.1

The pair of variables are asymptotically dependent (AD) if x = lim,,_,; x(u) > 0 and asymptoti-
cally independent (Al) if y = 0. Intuitively, this fundamental characterization of tail dependence
describes whether the elements of a random vector can be at their most extreme at the same time.
Deciding whether a dataset is AD or Al is an interesting classification problem as the distinction
occurs in the limit, but the classification must be based on a finite sample. Classification as AD
or Al is also important as extremes studies often aim to extrapolate into the tail beyond the range
of the data; for example, to assess risk of the combined effect of extreme precipitation and storm
surge. Modeling an AD random vector with an Al model will result in smaller magnitude predicted
extreme events than an AD model, which could result in infrastructure design which is inadequate
to withstand the combined effect of the variables. Conversely, using an AD model when the data
are in fact Al would overestimate the magnitude of an extreme event and could result in overbuild-

ing infrastructure: an unnecessary expense.
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Characterizing tail dependence into these two regimes arises naturally from classical bivariate
extreme value distributions (BEVDs) which can capture any level of AD but are only Al in the
degenerate case of exact independence (i.e., a separable joint distribution function) (Coles, 2001).
Consequently, classical extremes models such as the bivariate logistic (Gumbel, 1960), or max-
stable process models (Kabluchko et al., 2009; Brown & Resnick, 1977) exhibit AD. More recent
work has sought to develop models suitable for the Al setting, like the inverted max-stable models
of Wadsworth & Tawn, 2012. Classification is a necessary precursor when choosing between mod-
els that are either AD or Al. Motivated by the difficulty of making an AD/AI decision, very recent
work has led to more complex models intended to encompass both regimes (e.g., Wadsworth et al.,
2017; Huser et al., 2017; Huser & Wadsworth, 2019; Bopp et al., 2021). Even with the availability
of these regime-crossing models, we believe that AD/AI classification is a useful exploratory step
due to the complexity of these models and their fitting procedures, and a clear answer to the AD/AI
question can allow practitioners to use the more common and simple models.

A common approach to infer whether a data set comes from an AD (or AI) model is to plot
empirical estimates of y(u) at increasing levels u as u approaches 1 (Coles et al., 1999). Unfortu-
nately, as © — 1, the number of points used to estimate x(u) goes to zero and thus the estimates
that we are most interested in are the noisiest. Recognition that , and similar extremal dependence
measures, were unable to describe the strength of dependence in the Al case led to the develop-
ment of more nuanced measures of dependence in the Al case (e.g., n in Ledford & Tawn, 1996
and Y in Coles et al., 1999). Like y(u), an estimate of y can be plotted for increasing quantities
of u, but each of these plots can only give evidence for one regime and thus practitioners may
be left with seemingly conflicting or inconclusive evidence due to extrapolation from the noisiest
quantiles (see, e.g., the wave-surge example in Coles et al., 1999). Another principled approach
is hypothesis testing, which requires setting one regime as the null. This approach goes back as
far as Gumbel & Goldstein (1964), and Dey & Yan (2016, ch. 17, 18) gives a review of several
different tests (the null is AD in Draisma et al., 2004 and Einmabhl et al., 2006 and is Al in Tawn,

1988, Ramos & Ledford, 2005, and Zhang, 2008). Hypothesis testing may provide evidence that
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the null regime is implausible enough to choose the other regime but it cannot provide evidence for
the null regime. These tools are useful but the challenge of distinguishing between asymptotically
defined dependence regimes is inherently hard as information about the tail is sparse.

Our novel approach attempts to classify data sets as AD/AI using a supervised machine learning
method. This machine learning approach differs from diagnostic plots and hypothesis testing in
that we have not structured the classifier using the definition of AD but instead allow the classifier
to learn the distinction from the training data. We want to see if machine learning methods can be
a useful addition to the practitioner’s toolkit as they try to determine which of these asymptotically
defined regimes to use in the modeling of their finite sample.

In similarly motivated work, Ahmed et al. (2022) use a machine learning method to classify
spatial processes as either AD or Al. There are a couple notable differences between these two
investigations. First, we investigate bivariate data, whereas the classifier of Ahmed et al. (2022)
learns from dependence behavior at multiple spatial distances. The information input into the
classifier also differs: Ahmed et al. (2022) input tensors of x(0.975) and X(0.975) computed for
all pairs of locations across realizations of the generating process, whereas we input the original
data. Both investigations however choose to use a convolutional neural network (CNN) as CNN’s
can take advantage of known structure in the data: the tensor structure in Ahmed et al. (2022) and
the bivariate structure of our data.

Another recent area of work that combines extremes and machine learning uses neural networks
as parameter estimators in a so-called amortized learning framework (see, e.g., Sainsbury-Dale
et al., 2024 and references therein). Neural network-based estimation is particularly useful for
extremes as many models have intractable likelihoods and these estimators are amortized in the
sense that training is computationally expensive but, once trained, estimation is extremely fast and
thus the per-use training cost can be minimal. While both our work and neural-network based
estimation combines extremes and machine learning, the work differs in several important ways.
First, the space that we explore is much larger than a single parametric family and, as such, we

know that our training cannot cover the entire space. Instead, we use flexible parametric models
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that cover dependence within regimes from independence to complete dependence and we assess
perfomance with experiments on an expanding training and testing space. Second, the root of our
challenge is not computational. We want to learn about the tail of the process underlying the data
and use neural networks as universal function approximators to define a map between our finite
sample and these asymptotically defined regimes.

In Section 3.2 we review the models used in the training data (Section 3.2.1) and the structure
of the CNN that we used (Section 3.2.2). Section 3.3 details our first experiment in which we
consider whether a CNN can distinguish between familiar models in each regime. Section 3.4 tests
the generalizability of our trained CNN from Section 3.3 with additional models in both out-of-
sample and in-sample settings. Section 3.5 considers generalizing our CNN to account for different
sample sizes. In Section 3.6 we consider whether our CNN agrees with expert opinion. Finally we

discuss limitations and our R package, nnadic in Section 3.7.

3.2 Preliminaries

3.2.1 Models Used in Training

In an effort to keep the current study at a reasonable length we have limited ourselves to the
four following models: the Gaussian, Logistic, Inverted Logistic, and Asymmetric Logistic. The
bivariate Students ¢ distribution is included in this section as it is referenced in the paper but it is
not used in the training of the CNN. The models should be understood as determining only the de-
pendence structure (i.e. copula), as a transformation will standardize the marginals. Model/copula
information is not included in the training of the CNN; the dependence regime (Al or AD) is the
sole response.

The familiar bivariate Gaussian distribution is parameterized by the correlation parameter p €
[0,1]. This family is perfectly dependent when p = 1, Al for all p < 1, and independent when

p = 0. We do not consider negative dependence. The Gaussian model has y = 0 and Y = p unless
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it is perfectly dependent and can be defined using the pdf

% — 2pxy + 2

1
aussian\ L, = — 5 /——=6€xp
omsan ) =5 2= /7)

Perhaps the most common AD model is the logistic model of Gumbel (1960). The upper tail
of this flexible one-parameter model can be perfectly dependent (o« = 0) or independent (o« = 1)
and is AD as long as o < 1. Notice that increasing « results in decreased dependence. The logistic
model has y = 2 — 2% and Y = 1 except under independence. On Frechet margins this model has
CDF

G Logistic(Z, y) = exp {— (x> + y‘l/"‘)a} x>0, y>0, ae(0,1].

The inverted logistic model of Wadsworth & Tawn (2012) is essentially the lower tail of the
Logistic model. To generate samples from the inverted logistic model with exponential mar-
gins we first draw bivariate logistic random vectors and then invert them [i.e., for (X7, X5) ~
Logistic(a), (1/X1,1/X3) ~ Inverted Logistic(a)]. The inverted logistic model has y = 0 and
X = 2% — 1 unless it is perfectly dependent and thus it is Al for all @« > 0. We can define the

inverted logistic model by its survival function
Crawertea(w,y) = exp { = (@ + )"} 2 >0, y>0, ae (1)

A natural expansion of the Logistic model is to relax the exchangeability of the two variables

which is done in the asymmetric logistic model of Tawn (1988). It has CDF

GAsymmetric<x’ y) =€exp {_(1 - tl)m_l - (1 - tQ)y_l - ((I/tl)_l/a + (y/tQ)_l/a)a} ’

x>0, y>0, a,t,ts € (0,1].

The model simplifies to the logistic model when the asymmetry parameters t; = t, = 1. Itis
ADunless o = 1,¢; = 0, or £, = 0. The asymmetric logistic model has = t +t, — (£1/* +£5/%)®

and Y = 1 unless it is independent.
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The generalization of the Student ¢ distribution to the bivariate case is a distribution which is
AD for all p > —1 and finite degrees of freedom v but which converges to the bivariate Gaussian
asv — oo. Withfinite vand p > —1, x = 2 *t,4 (— (v + 1)%) where ¢, 1s the lower tail
of a t distribution with m degrees of freedom (Embrechts et al., 2002). We define the bivarate ¢

distribution with the pdf

£l y) = T[(v +2)/2] [1 22 — 2pzy + y2:| —(v+2)/2
o T(v/2)vmy/1— p? v(l—p?) .

The preceding models do not have parameters that are directly comparable. In order to present
results we use analytical x and ' (Coles et al., 1999) values to group models by their strength
of dependence. We note that in all cases (except the Student ¢ distribution) the boundaries of the
dependence parameters (and thus of y or ) indicate independence and exact dependence: as the

dependence parameters approach either boundary AD and Al models become more similar.

3.2.2 Structure of our Convolutional Neural Network

Neural networks are commonly used to approximate unknown non-linear functions. A deep
neural network f is a composition of .J simpler functions f) which are termed layers. These sim-
pler functions typically pass a linear combination of the inputs to a non-linear activation function
le.g., f¥)(z) = max (0, WUz + bU)) which has weight matrix W), biases b\, and a ReLU
activation fuction (Jarrett et al., 2009, referred to as "positive part")]. The resulting composition of
functions can be represented as a network of so-called neurons and edges. Possible introductory
sources include Bishop (2006) and Goodfellow et al. (2016). Our neural network is designed to
approximate the mapping from a set of m observations of the joint tail of a bivariate random vector
to the asymptotically defined dependence regime of the generating model (AD or Al). We train the
neural network on K sets of m two-dimensional points where the ith observation from the kth data
set is denoted (z;, yx;) and each data set is preclassified as AD or Al based on the kth generating

model.
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Because the classification of a set of data into either the Al or AD regime is a problem where
the bivariate structure of the data is fundamental, we choose to use a CNN. A fully connected
neural network would not know the bivariate nature of the data and thus would have unstructured
vectors of values which include all of the x;’s and yy;’s as inputs. A fully connected neural
network would first have to learn the bivariate structure in order to perform the classification task
in accordance with our statistical understanding of the problem. We use a CNN to ensure that our
network exploits the relationship between the dimensions of each point by restricting the learning
so that it first considers each (xy;, yx;) as a point.

Choices regarding the structure of our CNN were made in an ad hoc manner, which were
tweaked until good results were obtained. Our CNN includes four convolutional layers and seven
fully connected layers. Convolutional layers output 32, 32, 16, and 8 features respectively. Each
convolutional layer uses one dimensional filters, and thus the first two layers output vectors of
linear combinations of each point’s dimensions. These linear combinations highlight different
features of the distribution of (Xj, Y)). Layers two, three, and four include a max-pooling step
which, for layers three and four, allows for cross-point linear combinations. Outputs from the final
convolutional layer are stacked and input into the first fully connected layer. Fully connected layers
output dimensions are 32, 32, 32, 16, 16, 8, and 1 respectively.

All layers except the final layer are activated with the leaky relu function (Maas et al., 2013).
The last layer is activated with the sigmoid (logistic) function which ensures output values are be-
tween zero and one. The middle five fully connected layers include 50% dropout to avoid "memo-
rizing" the inputs. Parameter weights for our CNN are initialized with a uniform distribution that
has limits set according to He et al. (2015) and initial bias terms are all 0.01. These weights and
biases are optimized with the RMSprop algorithm (Tieleman & Hinton, 2012) with gradients com-
puted using binary cross-entropy loss (i.e., Bernoulli log-liklihood). The learning rate is halved
after 50 training epochs without improvement in the validation loss. We regularize (i.e., inhibit
the learning to increase generalizability) the CNN by allowing for early stopping based on vali-

dation loss. We call our CNN nnadic as it is a Neural Network for Asymptotic Dependence/
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Independence Classification. The final anatomy can be seen in detail in the code available on the
nnadic github page.

In an attempt to improve results beyond our ad hoc approach, we performed an iterative grid
search on number of layers, layer sizes, inclusion of bias on initial parameter weights, inclusion
and proportion of dropout, learning rate, batch size, and optimizer. This iterative search gave
similar results across most iterations (including networks with fewer layers); however, our ad hoc
network outperformed the final iterative grid search network.

To generate training, validation, and testing data for the CNN we draw each model’s depen-
dence parameters uniformly from their support, simulate n = 10000 data points from each dis-
tribution on the natural margins for each dependence parameter, and then transform the margins
to be unit-exponential. The [,,-norm is used to select the most extreme m = 500 points (5% of
generated points) from each set of simulated data. This process is demonstrated for one dataset
from the Gaussian and Logistic models with dependence parameter set to 0.5 in Figure 3.1 and
with another in Figure 3.2.

All of the following results reflect output from our final chosen CNN anatomy fitted to the
datasets available in that experiment. These results are similar to results initially obtained using
differing anatomies and allow for easier replication. This study used the keras R package for all
neural network fitting and computing was done on a high performance computer and on Google’s

Colaboratory servers. Training took less than one hour to complete for each CNN.

3.3 Experiment 1: Can a CNN distinguish between bivariate

Gaussian and Logistic data?

In our first experiment, we use bivariate Gaussian and logistic data and test whether a CNN
can distinguish between these two models. Figure 3.2 demonstrates that this task may not be
straightforward as column three has a datasets from each model and the dependence in the upper
tail is not immediately distinguishable. We simulate 10000 Gaussian and 10000 logistic datasets as

explained in Section 3.2.2. The datasets are randomly split into three groups: 80% were used for
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Figure 3.1: Scatterplots from Gaussian (top row) and Logistic (bottom row) copulas with dependence
parameter set to 0.5 demonstrating the data generation and pre-processing steps. Column one shows 10000
points generated on the natural margins and column two shows the data after marginal transformation to
unit-exponential. Column three indicates the large points that will be kept for training, validation, or testing
with our CNN.
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Figure 3.2: Scatterplots as in Figure 3.1. Here we set the dependence parameters so that the difference in
the large points is less obvious to the human eye.
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Figure 3.3: Proportion of test datasets accurately classified in experiment 1 (Section 3.3); black indicates
correct classification and red indicates incorrect classification. The first plot includes logistic (AD) datasets
split by analytic x-values. The second plot includes Gaussian datasets (Al) split by analytic -values. Each
vertical bar represents an interval (i.e., the first bar in the left plot includes results from test datasets generated
from the logistic model with x € [0, 0.05)).

correct

correct

incorrect

Classification results
Classification results

incorrect

training (thus K = 0.8 % 10000 * 2 models = 16, 000 datasets), 10% (2, 000 datasets) for validation,
and 10% for testing. A quick check suggested that approximately half of each group was Gaussian
and histograms of dependence parameters for each group (not shown) appeared approximately
uniformly distributed.

The CNN returns a value between zero and one for each dataset in the testing group. This value
can be thought of as the CNN’s predicted probability that the dataset was generated from a model
which is Al. We use a cutoff of 0.5 to turn these outputs into a prediction of AD or Al, but our
results are not sensitive to this cutoff as the CNN is very confident in its predictions: less than 10%
of the output values are between 0.1 and 0.9.

Trained on these data, our CNN is able to accurately classify over 97% of test datasets (Figure
3.3). There are 19 Gaussian datasets which are classified as logistic and 35 which are misclassified
in the other direction. The majority of datasets which are not accurately classified have parameter
values close to the boundaries and thus are very close to being exactly dependent or independent.
These cases are clearly the most difficult to distinguish as the two copulas become identical when
the dependence parameter reaches either extreme as indicated by Figure 3.4. Output values from
the CNN reflect this uncertainty: 29 of the 54 incorrect classifications have output values between

0.2 and 0.8.
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Figure 3.4: When dependence is very strong or very weak the copulas become identical. Scatterplots as in
column three of Figure 3.1. Plots one and three are from the Gaussian model with dependence parameters
0.995 and 0.05 respectively. Plots two and fourare from the Logistic model with dependence parameters 0.1
and 0.94 respectively.
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Figure 3.5: Scatterplots of the four models used in Experiment 2 on unit-exponential margins.

3.4 Experiment 2: How does the CNN perform on other mod-

els?

3.4.1 Can the CNN predict AD/AI for models outside its training set?

We begin this three-part experiment with an assessment of the generalizability of the CNN that
was fit in Section 3.3. We use the CNN trained only on Gaussian and Logistic data to classify
asymmetric and inverted logistic datasets. This out-of-sample test mimics real-world use as practi-
tioners data are not generated in the same manner as training data. One example of a dataset from
each model can be seen in Figure 3.5.

The CNN accurately classifies 86% of these 2,000 test datasets (Figure 3.6). The misclassified
datasets are primarily asymmetric logistic datasets (213 of the 288). This model has three parame-

ters and each has a boundary which, when reached, results in independence. All hyperparameters

41



0.2 025 0.3 0.35 0.4 0.450.50.550.6).65.0.76.8.858.95 0 005 0.1 015 0.2 0.25 0.3 0.35 04 045 0.5 0.55 0.6 0.65 0.7 0.75 0808509 0.95

0.15

01 015 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.550.60.650.7 0.750.8 0.85 0.90.95 0 005 0.1 015 0.2 0.25 0.3 0.35 0.4 045 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 095

0 005 | I ||
X

Figure 3.6: Proportion of test datasets accurately classified in experiment 2.1 (Section 3.4.1). Top: Out-of-
sample classification results of asymmetric and inverted logistic test datasets. Bottom: Classification of all
test datasets (i.e., combining Top with 3.3) for comparison with 3.7. Each vertical bar represents an interval
(i.e., the first bar includes results from asymmetric logistic test datasets with x € [0, 0.05)).
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are independently generated from a uniform distribution and thus the y-values are skewed toward
the smaller values (10% are smaller than 0.05). In addition to these very small y-values we note
that a larger proportion of inverted logistic datasets with large y-values are misclassified. Com-
pared to experiment 1, the CNN is much more confident in these incorrect predictions, as over half

of the misclassified datasets have output values smaller than 0.1 or greater than 0.9.

3.4.2 Does training with more models improve the results?

While we hope to learn something about the two asymptotically-defined regimes, the results
from Section 3.3 and Section 3.4.1 may tell us more about the Gaussian and Logistic copulas than
they do about the dependence regimes. We continue the learning by training CNN’s on all four
models in two ways. First we perform a two-stage training wherein we take the parameter values
from the fitted CNN in experiment 1 as the initial values in the training of a CNN with all four
models. Second we train a new CNN from scratch using the same anatomy as in experiment 1.
The difference in results between the two training methods is negligible and thus we only report
results from the two-stage CNN which correctly classified 5 more datasets than the all-at-once

approach.
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Figure 3.7: Proportion of test datasets accurately classified in experiment 2.2 (Section 3.4.2). Two-stage
training with all four test sets by x (left) and  (right). Each vertical bar represents an interval (i.e., the first
bar includes results from asymmetric logistic test datasets with x € [0, 0.05)).
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The CNN is able to accurately classify more than 95% of the test datasets (Figure 3.7) after
inclusion of the asymmetric and inverted logistic datasets in the training. Here, the CNN is less
confident about the misclassified datasets than before; over 85% of the misclassified output values
are between 0.2 and 0.8. Just under a third of the misclassified outputs are Al datasets which is
due, in part, to the disproportionate number of AD datasets which are nearly exactly independent
(i.e., very small x values). Of the 174 misclassified datasets 93 were asymmetric logistic, 34 were

inverted logistic, 26 were logistic, and 21 were Gaussian.

3.4.3 How does the CNN perform with the bivariate ¢ distribution?

We continue this exploration of other models with an experiment using data generated from a
bivariate ¢ distribution. This distribution does not have the independence copula on the boundary
of the p parameter space but converges to the Gaussian distribution as v — co. We fix p = 0.7 and
generate 2000 test datasets at each of three different degrees of freedom (v = 2, 10, and 30). These
parameter combinations have analytic x values of 0.52, 0.19, and 0.03 respectively. The CNN that
is trained on the four models from in Section 3.4.2 correctly classified all 2000 of the datasets
that had two degrees of freedom, about a third (627 datasets) of the datasets with ten degrees of
freedom, and only 21 of the datasets with 30 degrees of freedom. We believe the CNN is unable to
distinguish data arising from a ¢ distribution with 30 degrees of freedom from the asymptotically

independent data generated from a Gaussian distribution.
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3.5 Experiment 3: Can we generalize to different sample sizes?

Experiments 1 and 2 were run with training, validation, and testing datasets which contain the
most extreme (by /,,-norm) m = 500 points from a sample of n = 10000 points. This helps
answer whether a machine can accurately distinguish between AD and Al in one specific finite-
sample case but it does not reflect practitioners’ use. In practice one does not have the luxury of
pre-selecting the sample size, and varying the input size of a CNN is challenging: we do not want
to re-train the CNN for every sample size. For this third experiment we consider whether the CNN
from Section 3.4.2 (nnadic) can perform well on datasets with fewer/more than 10000 points.
In addition to assessing the generalizability across sample sizes, this experiment assesses whether
increasing the sample size increases classification accuracy.

Central to this experiment is an investigation of how best to go from different size datasets
to the 500 points needed to input into the trained CNN. We investigate when both n is larger or
smaller than 10000. For each sample size n, we generate 2000 test datasets from each of the four
models used in training. These datasets are then subset with several methods to assess how to
automatically provide nnadi c with the most useful 500 points for classification. The methods we
investigate are zero-padding, largest 500, and variations on sub/resampling methods.

It is common practice with CNN’s to pad inputs with zeros when the test data dimensions
are smaller than the training data. We investigate a zero-padding method which takes the largest
0.05 * n points and fills in the other 500 — 0.05 * n points with zeros. Padding with zeros performs
poorly, likely because adding points at the origin introduces input points in the test data sets which
are unlike any points appearing in the training data. The zero-padding method resulted in AD
predictions for almost all datasets, and we do not report further results from this method.

Another straightforward method uses the largest 500 points as nnadic inputs, regardless of
whether n is larger or smaller than 10000. Results appear in Table 3.1. Classification performance
for nnadic declines as n decreases from 10000. One aspect of this is likely due to the situation,
common to extremes, that it becomes increasingly difficult to characterize a distribution’s (joint)

tail as sample size decreases. However, another affect arises in that retaining the largest 500 points
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Table 3.1: Results from experiment 3. Columns are the total number of points generated in each dataset (n);
the number of points above the 0.95 quantile (m); the accuracy across the 8000 test datasets (2000 from each
of four models) when the largest 500 points from each dataset are used as the test points; and the accuracy
when using the Re/Sub-sampling method of getting 500 test points.

n m  Largest 500 Re/Sub-sample

500 25 0.50 0.79
1000 50 0.50 0.85
2500 125 0.56 0.91
5000 250 0.87 0.93
7500 375 0.94 0.94

*10000 500 0.95 .
12500 625 0.94 0.94
15000 750 0.93 0.94
20000 1000 0.91 0.94
30000 1500 0.90 0.94
50000 2500 0.88 0.95

* This row is the original testing data which is the correct dimensions so that no re/sub sampling is needed.

as n decreases means that points are retained whose joint values differ considerably from the
training data which all had [,,-norms greater than the empirical 0.95 quantile. nnadic is is
barely better than random chance when using the method which retains the largest 500 points from
datasets of size 2500. This marginal mismatch also appears to affect performance as n increases
away from 10000. When n = 50000, the only 88% of the datasets were correctly classified,
compared to 95% when n = 10000 and matched the training sets’ size. This is interesting not only
because statistical methods’ performance typically improves with sample size, but also because
retaining the largest 500 points from a larger data set implies that this data should be less affected by
higher order effects that interfere with estimating asymptotic quantities like x or Y. This illustrates
how nnadic is a non-asymptotic classifier in contrast to traditional methods like plotting () or
X(u).

The method with best classification performance obtains 500 points in the tail by resampling
the largest 0.05 * n points when n < 10000 and subsampling the points above the estimated
0.95 quantile when n > 10000. We explored three different methods of resampling which results
in repeated points: (1) randomly drawing 500 points with replacement from the largest 0.05 % n

points, (2) including the first 0.05*n points and then resampling those same points to fill in the rest,
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and (3) taking the largest multiple of 0.05 * n which is not larger than 500 (i.e., [500/(0.05 % n) |)
and including that number of copies of all large points, then randomly filling any remaining slots.
Method 3 is the most balanced in the sense that all large points (those with [,,-norms greater
than the empirical 0.95 quantile) are included the greatest number of times possible. The largest
difference in accuracy between the three resampling methods is less than three percentage points
and thus results in Table 3.1 are from the best (and simplest) method (1) which re-samples the
largest 0.05 * n points 500 times with replacement.

For data sets with smaller sample sizes (n < 10000), nnadi c is able to accurately classify data
from reasonably small sample sizes using the resampling method (Table 3.1). The accuracy drops
off as the sample size decreases but is still nearly 80% when the top 25 points from datasets with
sample size 500 are re-sampled. When n > 10000, the subsampling method results in datasets
which are similar to our training data (but with a better estimate of the 0.95 quantile), and the
correct classification rate seems to be about 95% regardless of sample size. It is again interesting to
contrast this behavior with a more typical statistical procedure whose performance should improve
as a larger sample provides improved evidence for tail characterization. We note that the nnadic
package (see Section 3.7) allows for practitioners to test whether different re/sub-samples give

different results on their data.

3.6 Experiment 4: Does nnadic agree with expert opinion?

Our final experiment applies the re/sub-sampling method from Experiment 4 to several data
sets which have appeared in the literature and in which the authors chose between AD and Al
regimes. The aim of this experiment is to see if nnadic chooses the same regime as the author.
We consider six datasets from four papers: the rainfall and wave-surge data from Coles et al. (1999)
(accessible in the 1 smev R package), the Santa Ana wind speed and negated relative humidity data
from Cooley et al. (2019), the Danube river basin data in Asadi et al. (2015, and others), and the
summer and winter air pollution data from Heffernan & Tawn (2004) (accessible in the t exmex

R package). Table 3.2 summarizes the results which are explained in detail below.
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Table 3.2: Comparison of expert opinion and nnadic output on five different datasets. The Danube river
basin numbers represent station numbers.

Rainfall ~Wave-surge  Santa Ana  Danube  Danube  Summer Summer  Summer

1-2 11-12 03-NO NO-PMjo, 8others

Expert Al AD* AD AD AD Al Al Al
nnadic prediction Al AD AT* Al AD AD AD Al
Number AL 100 0 71 100 0 0 0 800

* Indicates evidence leans toward this regime.

Coles et al. (1999) uses x(u) and Y (u) plots to classify a dataset of daily rainfall amounts at
a location in England. These data are a time series so we consider lag-1 pairs of points of which
there are 17530. The authors conclude that these data are Al. Points are sub-sampled 100 different
times and input into nnadic, and all 100 datasets are classified as Al with our method (Table 3.2).

Coles et al. (1999) also investigates a dataset of 3-hourly measurements of wave height and
storm surge from Newlyn, England. The authors consider the x(u) and X(u) values as inconclu-
sive, and choose an AD model. These data consist of 2894 bivariate observations and we re-sample
the points above the empirical 0.95 quantile 100 times to get 100 datasets with 500 large points
each. This allows us to assess the sensitivity to which points are duplicated. All 100 datasets are
classified as AD (Table 3.2).

The Santa Ana wind dataset consist of 3902 daily observations of windspeed and negated
relative humidity at a weather station in southern California. These data are classified as AD in
Cooley et al. (2019) using a x(u)-plot which is truncated at a large quantile beyond which they
determine there is too much noise in the empirical estimates. We re-sample 100 different datasets
which each have 500 points that are above the empirical 0.95 quantile. nnadic classifies 71 of
the 100 datasets as Al

The Danube river basin data are modeled in Asadi et al. (2015) using a max-stable process
which assumes AD. The dataset contains 4692 daily observations at 32 stations and include both
spatial and temporal dependence as the different variables are stations which are in the same basin
and lie up/downstream of other stations in the dataset. We look at daily observations from pairs of

stations. Stations 1 and 2 which lie directly downriver from one another are classified by nnadic
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to be Al in all 100 datasets. However, stations 11 and 12 which also lie directly downriver are
classified as AD in all re-sampled datasets.

The air pollution data in Heffernan & Tawn (2004) consist of daily observations of five pollu-
tants from Leeds city centre, UK: O3, NO5, NO, SO,, and PMyy. The data are split into summer
and winter datasets which have 578 and 532 observations respectively. The authors conclude that
all pairs of pollutants in the summer season are Al, whereas nnadic classifies two of the ten
summer pairs (O3 - NO and NO - PM;) as AD in all 100 re-sampled datasets. In the winter season
(not shown in Table 3.2) the authors state that there is only evidence of AD in the NO, - NO,
NO, - PMyg, and NO - PMy pairings. Our method classifies five of the ten winter pairs as AD,
and only one of these five AD pairs (NO, - PM;() agrees with the opinion of the experts. These
data provide the most disagreements between nnadic classifications and expert opinion, which
probably demonstrates that determining the dependence regime of datasets of less than 600 points

is quite challenging.

3.7 Discussion and R package

In this chapter we have discussed a series of experiments which were aimed at determining
whether a CNN can accurately classify data as AD or AI. We find that our CNN performs very well
on data generated from the models used in its training. We note that nnadic struggles under very
high or very low dependence and these cases (easily checked with a scatterplot) demand caution.
The classification accuracy, across dependence parameters, of our CNN is robust to reasonable
changes of sample size.

Our classifier differs from hypothesis testing in that it is a priori agnostic about regime. The
definition of these asymptotically defined regimes was not used in the training of nnadic and,
in turn, increasing the sample size does not decrease the expected error rate (Table 3.1). This
differs from both diagnostic plots where increasing the sample size will decrease noise at high
quantiles and from hypothesis testing where larger sample size leads to increased power. Because

our approach does not rely on asymptotic definitions or benefit from increased sample sizes, our
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Figure 3.8: Heuristic map of dependence paths between exact independence and exact dependence.

CNN is a finite-sample classifier. While nnadic’s accuracy is not tied to sample size the use
of this tool requires the practitioner to assume that the tail dependence structure of their data
is sufficiently close to something in the training data to give useful results. In addition to any
evidence provided by nnadi c or any other tool, the practitioner should consider the consequences
of choosing the wrong modeling regime.

It is tempting to think of Al and AD as existing on a spectrum since, as Y — 0 one approaches
asymptotic independence, and as Y — 1 one approaches asymptotic dependence. However for
many AD models, as the model’s dependence parameters drive the value of x toward zero, the
model approaches exact independence. Likewise, for many Al models as  is driven toward 1, the
model approaches perfect dependence. Our CNN results highlight the fact that different models
exist on different continuous paths from exact dependence to independence, as we try to illustrate
in Figure 3.8.

On the other hand, the bivariate ¢ distribution does not fit nicely into Figure 3.8. For fixed p >
—1, the bivariate ¢ distribution is AD for any finite v and it approaches asymptotic independence
(but not exact independence) as ¥ — o0o. As seen previously nnadic cannot reliably distinguish

between the two regimes with vanishing x and the bivariate ¢ distribution is no exception (Section
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3.4.3). We note that an important distinction between the bivariate ¢ distribution and the other AD
models used here is that it is not max-stable.

Our CNN is an addition to the array of tools that practitioners can use to inform their deci-
sion regarding the asymptotic dependence regime of their data. As such, we have developed a
package which seamlessly transforms the marginal distribution, re/sub-samples the largest points,
and classifies the data. The get_nnadic_input () function prepares data according to the
users preferences and the nnadic () function classifies the dataset(s) and plots a histogram
of the output values. The package, download instructions, and a brief tutorial are available at
https://github.com/twixson/nnadic.

Data are available on https://github.com/twixson/nnadicTestData and every-
thing is available at ht tps://zenodo.org/records/10870040. References for data used

in Section 3.6 are included in that section.
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Chapter 4
A Proxy-likelihood Estimator for Multivariate

Extremes Models with Intractable Likelihoods

4.1 Introduction

Some models for extremes cannot be fit with likelihood methods because the density does not
exist or is unknown. Some of these models have broad appeal due to the simplicity of construction,
ease of simulation, or interpretability. One such example is the family of max-linear models. These
models have discrete angular measures with mass on £ points (Figure 4.1). Fougeres et al. (2013)
showed that any angular measure can be approximated arbitrarily well by the angular measure of
a max-linear model if the number of point masses is large enough and thus any regularly varying
model can be approximated by a max-linear model. Max-linear models show up in causal extremes
(see, e.g., Gissibl & Kliippelberg, 2018), k-means clustering of extremes (Janfen & Wan, 2020),
and others. The discrete angular measure of this popular family shows up as a maximum operator
in the exponent measure of the distribution and thus the derivative (and therefore density) does not
exist. Without a likelihood, practitioners must use alternative fitting methods, like least-squares
estimators (see, e.g., Einmabhl et al., 2018).

The transformed linear extremes time series (TLETS) models of Mhatre & Cooley (2024)
(employed in Chapter 2) are a second class of models which cannot be fit with likelihood methods.
TLETS models are ARMA-like but are combinations of regularly varying noise terms (Section
2.3). In particular, these noise terms are regularly varying with tail index 2 as this simplifies the
tail dependence metric and allows for some covariance-like properties (Cooley & Thibaud, 2019;
Mhatre & Cooley, 2024). The challenge in this case is because the distribution of a transformed-
linear sum of regularly varying random variables with tail index o = 2 is unknown. In general, it

is hard to convolve regularly varying random variables with tail index v = 2 as this is a boundary
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Figure 4.1: Max-linear models have discrete angular measures. Point clouds were generated with 10000
points from max-linear modes with k£ = 5,15, 25 point massess respectively.

point where sums converge to be normal and thus there is no a-stable distribution with tail index 2
(see, e.g., Nolan, 2020). The transformed-linear operations (Section 2.3.1) complicate the picture
beyond the challenge which comes from this boundary. These operations are employed in the
TLETS models as they enhance flexibility and ensure that the time series is non-negative (Mhatre
& Cooley, 2024). These models have been fit with method-of-moments (Chapter 2) and least-
squares-type methods (see, e.g., Mhatre & Cooley, 2023) which lack some of the nice properties
of likelihood methods including natural model selection methods.

We seek a likelihood-like model-fitting method that can be used with extremes models with
intractable likelihoods. Our method involves obtaining an objective function that can be treated
like a likelihood for fitting and model selection. We use the likelihood from a second parametric
family of models as a proxy for the likelihood of the model(s) that we want to fit. This family
of proxies must have the same marginal tail behavior as our desired models (and our transformed
data). The proxy model is linked to our desired model through the tail pairwise dependence (TPD,
Cooley & Thibaud, 2019) which is a second-order summary of the dependence in any regularly
varying model and is defined in (2.2). The proxy model must have a likelihood and, because we use
the TPD as a link, both models must be regularly varying. Fitting in this way can be thought of as

minimizing the KL-divergence between the misspecified model and the data. We will demonstrate
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our method on the TLETS models from Chapter 2 but our method can be readily applied to any
regularly varying model.

Both max-linear and TLETS models are useful models with nice properties but the angular
measures often do not match angular measures in data. Figure (4.2a) shows the scatter plot from
the lag-1 Fire Weather Index time series in Wixson & Cooley (2023). Figure (4.2b) shows lag-1
data generated from the TLETS ARMA(1, 1) model fitted to the data in Figure (4.2a). The angular
measure for TLETS models are concentrated on point masses though this concentration is fuzzy
in observations of the series because of the transformed-linear operations (in Figure (4.2b) mass is
concentrated near the horizontal axis, near the identity ray, and near the ray with slope four).

Many models for multivariate extremes, like the bivariate Hiisler-Reiss (HR) distribution which
we will introduce in Section 4.3, have continuous angular measures. The angular measure of these
models may match the data better than models with discrete angular measures. Figure (4.2c) is a
scatter plot from a bivariate HR distribution that has the same TPD as the fitted TLETS ARMA
model at lag-1.

In this work we focus on capturing a second-order property of the dependence. The angular
measures in Figure (4.2) are all different but the point clouds have the same second-order de-
pendence as measured by the TPD; the model TPD in Figures (4.2b) and (4.2c) is the same as the
estimated TPD in Figure (4.2a). The TPD (termed TPDF in Section 2.2 and equation 2.2) is a sum-

mary measure of the dependence in the pairwise tail of any multivariate regularly varying random
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vector and is analogous to the autocovariance in classical time series models. We want to perform
likelihood-like fitting and inference based on this second-order property of the dependence of any
multivariate regularly varying model.

Focusing on second-order properties is a common practice in the statistical literature. Least-
squares estimators in regression and time series analyses focus on these properties and only assume
a model for the error when needed for estimating the uncertainty. In this way the Gaussian like-
lihood is often thought of as an objective function which provides useful information whether or
not we are actually willing to assume the errors are Gaussian. We view our method in the same
framework. Recall that knowing the covariance in the Gaussian case means that you know the full
dependence structure but knowing covariance in general does not fully describe the dependence.
This same idea holds when considering tail dependence as can be seen in Figure (4.2). It will be
seen below that the TPD determines the full dependence structure of our chosen proxy-likelihood.

This chapter uses the HR distribution as our proxy model. The primary reason we chose the
HR model (besides having a likelihood) is because it is parameterized in a manner that eases the
translation between our desired model parameters and the parameters of the proxy model. The
HR distribution (and related Brown-Resnick process) is parameterized by a dependence matrix
(function) that has a parameter for each pair of variables. In other words, the ij entry of the ma-
trix describes the dependence between the i'* and j'* components of the model. Furthermore,
the model has a closure property by which we mean that lower dimensional margins of a d > 2
dimensional HR distribution are HR distributions with dependence parameters equal to the respec-
tive entries in the higher-dimensional dependence matrix. This closure property suggested that the
TPD information is contained in the bivariate parameter because Mhatre & Cooley (2024, propo-
sition 2.2) showed that the TPD computed from the bivariate marginal distribution of a regularly
varying random process is equal to the TPD computed from any higher dimensional marginal dis-
tribution. We will see in section 4.3.1 that there is a bijection between the dependence parameter

of a bivariate HR distribution and the TPD (figure 4.3).
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Using the HR model as a proxy for our desired model allows us to write down a likelihood
but it does not overcome the challenge which faces all max-stable processes; the number of terms
in the likelihood grows combinatorially with the dimension of the problem. Many authors have
devised approximate likelihood methods (see, e.g., Huser et al. 2016 and references therein) that
have similar properties but are less efficient than full likelihood methods. One common approach
that was popularized by Padoan et al. (2010) is to use a composite likelihood, which considers
the product of lower-dimensional (e.g., pairwise) likelihoods as an approximation of the full joint
likelihood. We follow suit and rely on the pairwise composite likelithood approach to overcome
this challenge.

We emphasize that building an objective function out of bivariate HR distributions does not
give us a likelihood as the model is misspecified and the composite likelihood approach overuses
the data. Instead we term the objective function a proxy-likelihood as we use it in place of the
likelihood for fitting the models and selection of a parsimonious model that fits well without over-
fitting. We expect that, despite the misspecification, this method will prove useful for the given
tasks. Development of the method suggests a way to construct confidence intervals based on
the surface of the loss function which is a common motivation for likelihood methods. Initial
simulations indicate that intervals created with standard arguments are heuristic at best.

The rest of this chapter is as follows. In section 4.2 we review the desired models that we
will use to demonstrate our method (TLETS models) and define their TPD functions. In section
4.3 we describe our proxy model and the TPD link. Section 4.4 defines our composite likelihood
and section 4.5 discusses model selection. In section 4.6 we discuss two methods of ensuring
large points inform about the tail dependence. Simulations and application to the wildfire data of

Chapter 2 are in section 4.7 and we close the chapter with a discussion of the method.

4.2 Transformed Linear Extremes Time Series

The transformed-linear extremes time series models (TLETS) of Mhatre & Cooley (2024) are

the motivating family of models for this work. These models are built on the framework of regular
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variation (Section 2.2) and are introduced in Section 2.3. Here we introduce the transformed linear

auto regressive and transformed linear auto regressive moving average models.

4.2.1 Auto Regressive Model

A time series { X} is a transformed-linear auto regressive process of order 1 (denoted 7'L —
AR(1)) if, for all t,
Xe =00 Xy 1@ Z 4.1

where |¢| < 1. When the marginal distribution of X} has scale 1 the TPD at lag-h from a T'L —
AR(1) is
o(h, $) = max(0, p"). (4.2)

4.2.2 Auto Regressive Moving Average Models

The transformed-linear auto regressive moving average models of order p = 1, ¢ = 1 (denoted

TL— ARMA(1,1))is given by
Xi® (=)o Xy 1 =2, ®0Z,4 4.3)
where ¢, 0 # 0 and 6 + ¢ # 0. The TPD function for the ARMA(1,1) model is

(
(p+6)9" 1 (1+¢6) if¢p>004+0>0

14200+ 02
0 ifp>0,0+6<0
% if¢ <0,0+6>0,hiseven

o(h,0,¢) = (4.4)

@O 02D i G < 0,6+ 6 > 0, his odd

@09 JUH0) i < 0, + 0 < 0, is even

0 if p <0,0+60 <0,hisodd.
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Here we note a difference in the TPD from what was computed in the supplement to Mhatre &
Cooley (2024). In case 1 (¢ > 0,¢ + 6 > 0) we have ¢"~! rather than their ¢". The derivation
in appendix A.5 of the version on arXiv (Mhatre & Cooley, 2021) has a mistake in the transition
from line two to line three. Since ¢ # 0 we can factor out ¢ as they did but this would leave a

1/¢ term not a 1/6 term. The result is simpler if instead we factor out ¢"~* from line two.

4.2.3 TL-ARMA models of other orders

Mhatre & Cooley (2024) showed that a causal 'L, — ARM A model of any order can be repre-
sented by a T'L — M A(oo) model. The TPD function of the 7L — ARM A model is given by the
coefficients of the 7', — M A(oo) representation. The same is done in the computation of the auto
covariance function for a classical ARM A(p, ¢) model in Brockwell & Davis (2002). In practice
if an ARM A(1,1) is not able to capture the dependence we can instead choose some large order

MA model.

4.3 Hiisler-Reiss Distribution

It is well known that block maxima of bivariate normal random variables with any constant
covariance less than one converge in distribution to a separable bivariate max-stable model (see
e.g., Geffroy, 1958; Sibuya, 1960). Hiisler & Reiss (1989) constructed a non-degenerate max-
stable distribution from block maxima of normal random variables by making the covariance p
increase with the sample size. If the covariance p(n) satisfies [1 — p(n)]log(n) — A? € [0, o0] as

n — oo then the distribution of block maxima is given by

_ e L2 =81\ —a 1= X2
F,\(xl,:cg)—exp{ e <I>(/\+ X ) e <I>(>\+ ) )} 4.5)

where ®(-) is the standard normal distribution function.
Hiisler & Reiss (1989) extend the result to the multivariate case. As with all multivariate max-
stable models, the distribution function can be written as exp[—V'(x)] where V' (x) is the exponent

measure. In this case V' (x) is in the form of a sum of a function of lower-dimensional margins. The
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sum is indexed by all possible combinations of indices from lower-dimensional margins. Let A be
the the symmetric, conditionally negative definite, matrix which parameterizes a d-dimensional
HR distribution. Let m = my,...,mywherel € 1,... . (d—1)and0 <my < --- <m; <d—1
such that m indicates which margins to include and [/ indicates the number of included indices (i.e.,
the lower dimension). The distribution function of the d-dimensional HR distribution, on Gumbel

margins, is given by

d—1

Fi(x) = exp { Z Z frma(Zmy, - - ,xml)}. (4.6)

=0 m:0<mp<---<m;<d—1

Here fim a is the [-dimensional component of the exponent measure that includes margins m.
For the full form of the multivariate HR distribution see Hiisler & Reiss (1989) or Engelke et al.
(2015). Equation (4.6) makes it clear that the number of terms in the exponent measure grows
combinatorially as the dimension of the problem grows. This result, and the multivariate integrals
required, demonstrates that the likelihood is onerous even at reasonably small dimensions.

Engelke et al. (2015) showed that, when the data are in the maximum domain of attraction of
F, the distribution of so-called extremal increments is multivariate normal. They use this normal
likelihood to perform inference. Their definition of extremal increments requires conditioning on
a fixed component being large which does not naturally fit our use case.

We rely on the closure property of the HR distribution; the lower dimensional margins of the
HR distribution are HR distributions with dependence parameters which are equal to the respective
components of A. This allows us to follow Padoan et al. (2010) and use a bivariate composite
likelihood approach. As such, we only consider the bivariate HR distribution.

The TLETS models are defined on regularly varying o = 2 margins (e.g., Frechet(2)) so we
transform the margins of the HR distribution (4.5) to be Frechet(2). For notational convenience let

Qi = a(xi,xj, )\”) = )\ij — 10g<l’l/ﬂf])/)\l] and Qj; = a(a:j,xi, )\U) = )\ij — log(:ic]/ajl)/)\” Let
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G, (zi,z;) = Hy,, (log(x7), log(x3)) which has Frechet(2) margins and is given by

G, (@i, ;) = exp {—27°® (ay;) — 27°® (a51) }

:exp{—V(xi,xj,/\ij)} . (47)

Hereafter we suppress the arguments for /. The density is

92
0 0 0?
=G T, i)\ 5 - 4.8
GA” (33 ZL']) <8ZEZV6$]V (%18% v) ( )
where the derivatives in (4.8) are
0 —2 1
agjlv xlg (a2j> )\Z] ?gb(a/z]) + Azszx?gb(aj ) ( 9)
0° —Aj; —log * —\} —log &
= ~p(aij) + ——5—59(a;). 4.10
0x;0x v Awda; aij) + A ?(j:) (4.10)

4.3.1 TPD link

The basis of our method is the link between the ;" parameter of the HR distribution and the
ij" TPD parameter (03;) which is defined in (2.2). In order to compute the TPD from the HR
model we need to first obtain the angular measure H.

Following Theorem 1 in Coles & Tawn (1991) we note that we can obtain the angular density
hjij (+) by taking partial derivatives of the exponent measure V' and transforming to pseudo-polar
coordinates. As mentioned above, it is convenient for the models that we will work with to use the
Lo-norm and for the margins to be Frechet(2). This means that we cannot simply apply Theorem
1 from Coles and Tawn. In their case the Jacobian of the transformation is the L;-norm (z; + x;)
whereas ours includes an extra term. Let r = [[(z;,2;)|ls = (/27 + 23 and s = (s4,5;) =
(x;, z;)/r so that r is the radial component of each point and s is the pseudo-angular component.

Theorem 1.1 in Song and Gupta (1997) show that the Jacobian is r/s;. We have already taken the
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derivatives in (4.8) which we rewrite in anticipation of the pseudo-polar change of variables

82
oz, axj vV :M(dxij )

—A} —log 7+ —\2 —logZ
_{ N 231 ~p(ai;) + #W@ji) dx;j

i )\3@ 8
~\2 —log nily/Tite] zi
— ) xX 2 xX 1 .’,U2 IQ
= (:c2—|—$) 2 s/ +2¢ Aij — — log ;;r] -+
Nyt (2 + ) %
i
_)\2 lo CCJ/1/I +a: @
T; 2 :c \/ T3 22 z
(1’2 +£L’2~)72 / - ¢ )\ij — —log - dXij.
? J 3 3 —2 )\
Magad (x? +a2)” ij 2+x.

To transform to polar coordinates we include the Jacobian

,LL(dXij) :J(Xij — T, S) (d?" X dS)
—\j; — log & 1
T, p
—— Y s _
5 { X555, (M VR 2

j
—\2. —log i 1
v S
— 0 <)\ij — —log ) }drds
)\?jsis? >\z] S;
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Here we note that h,,,(s) is a density on the one dimensional Lj-ball in the positive quadrant of

R? and thus it is equivalent to

2 S
(o) 1 )\Z»j—Hog —1—312@5 \

- A\S;) = P,
W T T2 | A siy/1— o2

N2, + log Y2 1 152
v Si i
)\3 \/ﬁia ¢ )\ij — )\— IOg —5- . (413)

The ij*" parameter of the HR distribution has 7" TPD parameter

1
045 :/ S; 1— S%h)\ij (Si)dSi
0

A2+ log —2—
1t i V1-s2 1 ;
:—/ S; ! ! ¢ )\Zj —_ log —S ‘I’
2 Jo A3.s3./1 — 3? Aij 1 — s?

1j 1

)‘sz + log i-ﬁsg 1 1— s?
)\3 1 123 ¢) Al] — )\— ]_Og S— dSi. (414)
’LjSl \/ - Sl ) ?

The integral in (4.14) is unknown and thus evaluating the map between the HR dependence param-

eter and the TPD requires numerical approximation. Let A(-) be the inverse function which takes
a TPD value and returns the bivariate HR dependence parameter (called \;; up until this point)
and A(-) matrix version of \(-). Figure 4.3 plots the function \(c) which demonstrates the bijec-
tion between the TPD and the dependence parameter of a bivariate HR distribution. This plot was
created through numerical integration and linear interpolation. Figure 4.4 shows an example HR
point cloud under weak and strong dependence respectively. Each point cloud has 10000 points.
Combining the TPD function from one of the TLETS models (4.2), (2.4), or (4.4) with \(-) gives a
map between the TLETS parameters and the HR parameter that has the equivalent TPD. Let 6 be
the parameter vector for the TLETS model that is being fit (e.g., a TL — ARM A(1, 1) model has
0 = (¢, 0)). This map is the link between the two models and results in a bivariate HR distribution

(like 4.8) which is a function of the TLETS parameters:
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Figure 4.3: Link between Hiisler Reiss dependence parameter () and TPD dependence parameter (o).
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Figure 4.4: Hiisler-Reiss point clouds (10000 points) with dependence parameter () and TPD parameter
().

0 0 0?
I (10} (Tns Tnin) =G{o(h,6)) (T, Tnin) (&C V&)x +hV T Or.drn V) (4.15)

where V =V {z,, 2,14, Ao (h, )] }.

4.4 Composite Likelihood

Our method combines the pieces shown above using a composite likelihood approach. Com-
posite likelihood approaches go as far back as Lindsay (1988) and are a useful alternative to full
likelihood inference when the full likelihood is analytically unavailable or computationally infea-

sible (see, e.g., Varin et al., 2011). The idea is to use a combination of valid likelihoods (e.g.,
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bivariate or conditional likelihoods) in the place of the full likelihood. We follow Padoan et al.
(2010) and use the bivariate margins as our likelihood components.

We adapt the composite likelihood to the time series context in the following manner. Let 0 be
the set of parameters for the full likelihood. Let x; = (x;11, Tito,- .., Tn)T where N is the length
of the observed time series. Let L, be the likelihood for the lag-h margin and wy, be user specified

weights. The bivariate composite likelihood for time series is

oo N—
La(6]x) = H Ln(0) 20, Tpin)]™". (4.16)

h=1 n=1

Here the first product is over lags (i.e., the bivariate margins we are considering) and the second
product is over the N — h observations of lag-h points. Time series are infinite dimensional and
thus the first product has infinitely many terms. In practice we consider some large maximum lag
value h,,,, which is equivalent to so-called tapered weights which set w;, := 0,Vh > R4, A
user could consider other weights such as weights which are inversely proportional to the lag (e.g.,
h~') but we have not found that useful in simulations and thus we consider unit weights for all
h < hyae in the following. When using the method for model selection h,,,,, must be the same in
all model fits.

This composite likelihood approach is necessary as the analytic form of the h,,,,,-dimensional
Hiisler-Reiss likelihood becomes unwieldy for even moderate dimensions. While necessary to
proceed in this manner, we think that this is a sensible approach because the parameters that we
are interested in are inherently bivariate and the composite likelihood enjoys many of the same
benefits of a full likelihood approach.

Replacing L; with the bivariate HR density (4.15) the composite log-likelihood is

h7VLU“L N h
la(B]x) = Z > w108 Grgor,0)) (Tn, Tntn)
h=1 n=1
wp, V+10g( 0 Vv 0 V — 0 V) (4.17)
h=1 n=1 axn axn+h 8$naxn+h
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where the derivatives are defined in (4.9) and (4.10). Equation (4.17) is what we term the bivariate
HR composite proxy-likelihood (proxy-likelihood for short). Many likelihood methods are able
to determine an analytic form for the likelihood estimator by solving the system of equations
generated by setting the score function equal to zero. This is not available to us as we do not have
closed forms for some components of the score function which will be discussed further in the next

section.

4.5 Inference and Model Selection

We acknowledge that our composite likelihood approach reuses data as it treats each bivariate
margin as if it were independent of all other margins. This results in a surface which, likely, has
more curvature than the true likelihood surface suggesting more confidence in parameter estimates
than indicated by the data. We correct for this with the sandwich variance estimator (Godambe,
1960) which is used in an estimating equations approach and in the composite likelithood approach
(see, e.g., Varin, 2008). We briefly review the estimating equations approach here in an attempt
to highlight the assumptions that we are making in this section. For a more thorough discussion
see, e.g., Boos & Stefanski, 2013. The estimating equation approach says that if one can come
up with a function v (x;, @) for a single point x; such that the unique solution to E[¢(x;,0)] = 0
is the parameter of the distribution 6, then we can use v to develop an estimator 6 which is
a function of the mean of v evaluated over several points such that, by the weak law of large
numbers, 6 % 6. Estimators developed this way are called M-estimators. Furthermore, standard

1

Taylor expansion arguments for - >""" | ¢)(x;, 8) around 6, demonstrate the asymptotic normality

of /(1)(@ — 6,) with variance H(0,)"'J(8,){H(,)'}" where H(8o) = E[—¢/(x;, 0))] and
J(00) = E[1h(xi, 00)1(xi, 00)"].

We naturally consider the derivative of (4.17) (the score function) as ¢ and thus H(0) is the
Hessian and J (@) is the covariance of the score function. Our context has a few challenges which

must be acknowledged.
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First, we do not know the data-generating likelihood; our method is designed to be useful as it
captures the second order tail dependence without knowledge of the likelihood. For this reason we
cannot show that the unique solution to the expected value of our v is 8. As such we do not claim
to have developed an M-estimator but we think that it is illuminating to think of our method in that
framework and that the correction to the variance estimator may be useful for model selection as
is done by Varin & Vidoni (2005).

Second, (4.17) includes the entire observed time series and thus we do not have replications.
Without replications we cannot average to get the WLLN result. The consistency of the estimator

relies on a consistent estimator for

th(LJ: N—h

J(Onrpr) = Var[S(éMPbX)} = Var Z Z Su(Orpr, Xns Xnin)

h=1 n=1

but this is challenging due to the lack of replicates. We cannot pull a sum out of the variance
because neither sum is over independent random variables. We follow Heagerty & Lumley (2000)
who suggest using the entire time series in the estimator 6 but then using subsets of the domain
1,..., N to compute the score. This allows us to estimate J (@) as the covariance of the estimated
scores computed over each sub-domain. Let m = 1,..., M index the subseries of length n,,, which

we treat as independent replicates. With these quasi-replicates we consider

hmaz nm—nh

M
J(Oupr) =Y Var| > " Sy(0rrpr, Xomn Xinnsn)
m=1

h=1 n=1

which allows us to use the natural estimator (the empirical variance over the subseries).

Finally, asymptotic normality of the estimator has to rely on a CLT for a-mixing processes as
our process is clearly not iid but the sub-series should satisfy a-mixing requirements. This is of
least importance because any claims of approximate normality are subject to the prior caveats and
thus we do not claim to have shown normality.

In practice we split our data into a small number of subseries (M € 10,--- ,20) as we need

to have tail dependence information in each. Let 0 MPL = (él MPLs -« - 0 kv pr) be the maximum
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proxy-likelihood (MPL) estimator for 8. The composite likelihood versions of the AIC (Varin &

Vidoni, 2005) and BIC (Gao & Song, 2010) are the natural tool for comparison across models:

CLAIC = — 20y(01;p1|x) + 2tr{J (O 1,p ) H  (O1sp1)} (4.18)

CLBIC = — 2€cl(é]\/[PL|X) + log(n)tr{J(@MpL)H_l(éMpL)}. (419)

While having straightforward uncertainty estimation through confidence intervals is always de-
sirable, and is a common motivator for likelihood methods, we do not prioritize uncertainty quan-
tification. One could use the estimated matrices J (9 mpr) and I:I(@ mpr) in a sandwich variance
estimator. Standard arguments could then be used to develop confidence intervals for the parame-
ters in the models that we fit. Initial investigation suggests that coverage of intervals made using
these standard arguments is poor. This is not a big concern for us because our primary concern is
the second-order dependence property (the TPD) not the parameters. If uncertainty quantification
is desired we suggest using bootstrapping.

The composite likelihood model selection techniques require us to estimate the Hessian (H)
and the variance of the score (J). We derive the score equations below which allows for natural
covariance estimation. We could write down an estimator of the Hessian through differentiating
the score function but it is easily obtained from many standardized computer optimization routines

which is what we use in practice.

4.5.1 Score function

The contribution of one point to the score function for some 6, € 0 is, by the chain rule, of the

form

0 0 0
——Lla(An|xn, Toan) =—A(0) =0 (h, 0). (4.20)
O

0
—{, [)\{O‘(B)}’xm xn—&-h] = Oo 89k

00y,
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Obtaining the first and third terms is done below but the middle term, 5%)\(0), is obtained numer-
ically as we do not have an analytic form of the inverse of (4.14). Notice that lag-h and lag-h’

points will both contribute to the score for 6, if the third term, -5-o (-, @), is non-zero for h and /'

’ ae
The first term in the contribution of a single point to (4.20) is the only component that includes
the data. It is in this component that the likelihood surface aligns the data with the HR distribution.
One could imagine simply finding the critical points of the HR likelihood surface, computing the
resulting TPD values, and finding the TLETS parameters that provide the closest match to those
TPD values. While attractive this process does not satisfy the goals that we set out to achieve
(namely natural uncertainty quantification and model selection). The parameter space that we are
interested in is the space of valid TLETS parameters which is a subspace of Rﬁm‘”, the space that
we would be optimizing over to find the best HR parameters. The set of TPD parameters that
we would find would not map directly to a set of TLETS parameters and thus we would almost
certainly not be at a critical point of the TLETS parameterized surface. Thus even though this is the
only component that directly involves the data, the solution is a weighted sum of these components.
To derive the analytic form of the first component (assuming unit weights) let
ap = a(Tp, Tpan, An) = Ap —log(x, /Tpn) /An and ap = a(Tpip, Tn, A\p) is defined by symmetry
so that a;, and a; are analogous to a;; and a;; used above. The first component of the score for one

lag-h point is

0
8_)\I1€cl(/\h|xn7$n+h) =
5 5 0 (i o2 )
. oA \ O 8J3n+h 8:cn8xn+h
x, 2 ——®(ap) — ;2 =—P(ay 5 5 5 . (42D
a)\h a>\ B_Vaz,th V - a$n8$n+h
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The derivatives in (4.21) are

0 1

0 0 0 0 o 0 0 g 0
8/\h (&Unvﬁxmh V) 78xn+hv <8Ah 8azn V) + 8$nv (8)\h a$n+h V)
0 0 -2 1 T,
a—Maan 1‘3 (1 + — )\2 lo og n+h) (ﬁ(@h)‘i‘

AN +1—% log2 Zn_
n+h ¢<ah)_

x3
A+ 1— log2 x;:h
— olan) (4.23)
nn+h
1 1 3 T 1 2 xn, 1 3 zn
9 92 V_1+E+(g+/\—%>logxn+h—glog ng—Elog P
O 0, 0Ty py B 95390n+h (ah)+

1+ é -+ (A% + %) log “nth 7 log2 Tnth _ < log3 x;:h

=

dlap) (4.24)

xiwn+h

The third term in contribution of a single point to (4.20) is model dependent. We give the forms
for each of our motivating models here. The 'L — AR(1) has one parameter typically denoted ¢

and has TPD function (4.2) which has derivative

%) 0
500 o(h,6,) = 59 b= hott (4.25)

The T'L — M A(q) has g parameters (61, ..., 6,) and TPD given by (2.4) which has derivative

8 9<+h +607, 20,30 006,

—o(h,0y,...,0,) = hoy
96, L0 (Lo 00

(4.26)

where one or both of 9,(22 , and 9,(;)_) , may be zero. The T'L—ARM A(1, 1) model has two parameters

typically denoted ¢ for the AR component and 6 for the MA component. The TPD is given by (4.4)
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which has derivative with respect to ¢

— 0

d¢

(hv 0, ¢) =

(

"2 (ho+h—0)(1+¢0)+"~10(4+6)
1+204+02

20(¢+0) "~ (1+¢0)
(1+2609+62)2

0

2(9+0)¢" +(¢+0)*he" 1
1—¢4+(4+6)>

(p4+6)29" (4¢3 4-2p+26)
{1-¢%+(¢+0)%}°

" 2{(h¢+h6—0)(1—¢*)+4¢°+46¢*}
1—¢4+(p+0)2

20" 1 (940)(1-¢*) (2¢° +¢+0)
{1=¢*+(o+0)%}°

"2 {(hg+h6—0)(146¢°)+30¢3 (¢+6)}
1462 ¢2+200°

209" ($+6) (1+6¢>) (6+3¢)
(1+62¢2+20¢3)2

The derivative of (4.4) with respect to 6 is

267

h,8,¢) =<

(

4

" (1490)(1+¢) _ 2(¢+60)%¢" ! (1+46)
14-20¢p+62 (1+209+62)2
2(¢+0) " 2(¢+6)3"

1=¢T+(@+0)?  (1-¢T+(4+6)%)?

" (1-¢h)  2e+0)¢"1(1-¢")

1—¢pA+(p+0)2

(1= +(¢+0)?)?

O (14+20¢°+6*) (14629 +204°)

14022 +20¢3
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if¢g>0,0+6>0

if¢g>0,0+6<0

ifo <0,0+6>0,hiseven

if $ <0,6+0>0,hisodd

ifp <0,0+6<0,hiseven

if ¢ <0,6+0<0,hisodd.

ifp>0,0+60>0
if¢g>0,0+60<0
if¢ <0,0+6>0,hiseven

ifp<0,0+6>0,hisodd

ifp<0,0+60<0,hiseven

if ¢ <0,6+0<0,hisodd.



4.6 Censoring approach to parameter estimation

Key to any analysis of extreme events is the idea that we need data which are extreme to
inform about the tails of the process. In other words, we do not want data from the bulk of the
distribution to bias the inference in the tails. As in any statistical analysis, we seek to retain as
much information as possible while ignoring the information in the bulk of the distribution that
would cause bias. Two common approaches are Euclidean censoring (see, e.g., Smith et al., 1997
and Huser et al., 2016) and only including data which are large where "large" is based on the
magnitude of the radial component. This second approach is commonly done in the estimation of
the TPD (see, e.g., Cooley & Thibaud, 2019). We briefly explore these two censoring schema as
our method can be employed with either.

Huser et al. (2016) show that using Euclidean threshold censoring in pairwise likelihood esti-
mation has lower bias and RMSE than other proposed likelihood estimators. The central idea be-
hind censoring is to transform the joint distribution of the data into a joint distribution of threshold
exceedance indicators and threshold exceedances. Consider the data vector (X7, --- , X,,) which,
after transformation, is marginally Frechet(2). Let u, be the ¢g-quantile of a Frechet(2) distribution
which will be our censoring threshold. Following Smith et al. (1997) we let §; = I(X; > u,) and
Y; = max(0, X; —u,). We then determine the joint distribution of (¢;, Y;, §;, Y;) from the bivariate

HR density on Frechet(2) margins and denote this censored density g5 (+):
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Where the derivatives in (4.27) are in

This censored likelihood requires

(4.9) and 9°Gy,, /0x;0x;(-) = g»,, (-) (from (4.8)).

a new first component of the score function (4.20). While

this censoring approach has four cases (both dimensions are small, the i component is small, the

th

7" component is small, or both dimensions are large) we only have two new cases to derive. The

two one-small cases are the same by symmetry and the both large case is the same as (4.21). The

case when both dimensions are small is

J .
E3\ a(Al6; = 6;

0

V(ug, ug) = —2uy ¢ (N). (4.29)

When one component is small (WLOG we assume 9; = 1) the score contribution is
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Radial censoring is employed in Jiang et al. (2020); Wixson & Cooley (2023) and others. This
method ignores all points which are not large when estimating the tail dependence which relies on
the independence between the radial and angular components in regularly varying random vectors
on polar coordinates. Consider (X;, X;) € RV, and transform to pseudo-polar coordinates as was
done in the derivation of the TPD from an HR distribution: let R = [|(X;, X)[|s = /X7 4+ X7
and S = (5;,5;) = (X;,X;)/R so that R is the radial component of each point and S is the
pseudo-angular component. Radial censoring involves fixing some large quantile of the radial
distribution 7y and including points in the analysis only if the radial component is larger than r.

While both approaches have their strengths we found that the simpler radial approach which
closely matches the estimation of second order dependence (our target) often performs better and
is less computationally expensive. Figure (4.5) shows two examples of time series of length 10000
which were fit using the two different censoring schemes. In general the radially censored model
fits the early lags better (because the TPD value is smaller) and the Euclidean censored model

decays to zero faster.

4.7 Simulations

Our method targets a second-order summary of the joint distribution and uses a model with

a continuous angular measure as a proxy for the discrete angular measure of the models that we
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(b) Strong Dependence

Figure 4.5: Comparison of radial and Euclidean censoring techniques.

wish to fit. We readily admit that the models that we want to fit are overly simple and thus there
will be some discrepancies between real data and the fitted models. An interesting aspect of our
method is that we believe that most data will look more like the proxy model than the models
that we are fitting. This angular measure mismatch makes simulation studies challenging because
the method was developed to target the TPD not the ability to distinguish between similar models
(e.g,aTL—AR(l)andaTL — ARM A(1, 1) with small ). We want a method to perform model
selection because we want to know which model best recreates the observed TPD, not because
we think we can find the true model. In all simulations below we gernerate time series of length
10000, use the 0.95 quantile of the radial components as the threshold, and use 20 subseries to
estimate the covariance of the score.

Figure (4.6) shows how similar two fitted models can be and demonstrates that both models
fit the data quite well. In this case both have two parameters though the causal representation of

the T'L — ARM A model has infinitely many M A coefficients. The 'L — ARM A model fit best
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Figure 4.6: Model TPD in black, empirical TPD from a time series of length 10000 generated from a
TL — ARMA(¢ = 0.2,0 = 0.5) in yellow, and TPD from fitted models. The fitted models are an T'L —
ARMA(1,1) in green, and T'L — M A(2) in pink.

using both CLAIC (151580.1 compared to 151582.1) and CLBIC (by 6.25 units). Repeating this
experiment we find that the CLAIC selects the T'L — ARM A over the T'L — M A(2) model in 51
out of 100 simulated time series (CLBIC selects the T'L — ARM A 29 times). Our method will
not be able to reliably determine that these data came from a 7L — ARM A model but will be
able find the parameters from each model that maximize the proxy-likelihood and choose the best
fitting model.

The TL — ARM A(¢ = 0.6,0 = 0.9) model has stronger dependence than the previous sim-
ulation; ¢(5) = 0.104 and ¢(10) = 0.008 whereas our previous simulation used a model where
o(5) = 0.008. Figure (4.7) highlights the longer range of dependence in this series and the similar-
ity between this model and competitors. In this simulation study we fit 7'L — M A models of orders
g=1,...,20,the TL — AR(1) model, and the T'L — ARM A(1, 1) model. The CLAIC selected
the TL — ARM A(1, 1) model in 82 of the 100 simulations. The generating model is chosen 94
times with CLAIC if we allow for a more parsimonious model to be selected when it is withing two
CLAIC units of the best score. The CLBIC selected the generating model 94 times. The estimated
parameters from the fitted true model are biased as # is underestimated and ¢ is overestimated.

In this simulation (and the following simulation) we consider a third method of penalizing
the objective function. This third method is motivated by the poor performance of the CLAIC
penalty in the applications to the wildfire data that are shown below. In those applications (Tables
4.2 and 4.3) the CLAIC penalty suggests unreasonable models so we consider the penalty applied

in the basic form of the AIC. This approach penalizes our objective function by two units for
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Figure 4.7: Model TPD in black, empirical TPD from a time series of length 10000 generated from a
TL—ARMA(¢ = 0.6,0 = 0.9) in yellow, and TPD from fitted models. The fitted models are an 'L —
ARMA(1,1) in green, TL — AR(1) in pink, and a TL — M A(10) in blue.

each parameter in the model. Akaike (1974) gives theoretical justification for this penalty but this
justification requires the correct likelihood. With this penalty the method selects the generating
model 62 times (75 times with the subjective relaxing of the criterion by two units).

Our final simulation generates data from a 7L — M A(15) with the coefficients set to the fitted
values obtained from the innovations fit to present climate ERAS5-derived FWI data in Colorado.
This is the fitted model from Section 2.4. We selected this model as it is an example of a believable
TPD from environmental data which does not decay as smoothly as transformed-linear models
with some AR component. We fit the same models as in the previous set of simulations. Figure
4.8 displays the model, empirical, and fitted TPDs from one simulation. We highlight the broad
agreement between the 7L — ARMA and T'L — M A models. In this set of 100 simulations
the generating model was chosen a plurality of times with the CLAIC (32 times) and CLBIC (32
times). The generating model is selected in 92 of the simulations with the basic AIC penalty. Table
4.1 shows the number of times that each fitted model is selected by the three criterion. When the
generating model was not chosen the selected models were either the T'L — ARM A model or a
T L— M A model of order 14 or greater. Each of these selected models can capture the longer-range

dependence of the data which has non-zero TPD values out to lag-15.
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Figure 4.8: Model TPD in black, empirical TPD from a time series of length 10000 generated from the
TL — MA(15) fitted in Section 2.4 in yellow, and TPD from fitted models. The fitted models are an
TL—ARMA(1,1)in green,aTL — AR(1) in pink, a T'L — M A(15) (the generating model) in blue, and

aTL — MA(20) in grey.

Table 4.1: Number of times (out of 100 simulations) that each model is selected by CLAIC, CLBIC, and
the penalty from basic AIC, when data are generated from 7'L — M A(15). Bold indicates the model with

the most selections from that criterion.

Model

CLAIC CLBIC AIC penalty

AR(1)
MA(1)

MA(13)
MA(14)
MA(15)
MA(16)
MA(17)
MA(18)
MA(19)
MA(20)
ARMA(1,1)

0
0

0
0

0
0

)

92

SN OO N A
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Figure 4.9: Tail Pairwise Dependence plot from past climate ERAS FWI in Colorado (as in Figure 2.4). In
black is the emperical TPD using the natural estimator (2.7). Each color is the model-based TPD from the
respectively fitted model.

4.7.1 Wildfire Data

We applied our method to the ERAS data from Colorado used to study wildfires risk in Chapter
2. This application demonstrates our motivation for the method as well as highlighting some areas
for further investigation. Recall that we perform a bias reduction step in the data pre-processing
(Section 2.4.2) before fitting models to this wildfire risk data. We take that pre-processed data and
add € = 0.0001 to values that were set to zero as the HR density evaluated on the axes is always
zero. We chose to include the bias reduction so that comparisons between this fitting and the
innovations fitting in Chapter 2 is possible. As in the previous simulation studies we fit T'L — M A
models of orders ¢ = 1,...,20, the TL — AR(1) model, and the TL — ARM A(1,1) model. We
use the 0.95 quantile of the radial components as the censoring threshold and use 20 sub-series
to estimate the covariance of the score. Each sub-series corresponds to a single wildfire season
and thus the treatment of the data as replications matches what was done in Chapter 2 and is
justifiable beyond being necessary for estimation of the covariance of the score. We expect that
many environmental applications will, similarly, have natural sub-series that can be used.

Our method captures the second-order behavior in the past climate quite well (Figure 4.9).
There is strong agreement between the fitted TPD values of the 7L — ARM A model and the
TL — M A models for many lags. This highlights that our method can be considered a TPD esti-

mator which differs slightly from the natural estimator (2.7). The apparent longer term dependence

77



Table 4.2: Scores are listed as difference from the the best score where “0" indicates the model with the best
score. Information from proxy-likelihood fitted models for Past Climate FWI time series from ERAS data
in Colorado. Models are transformed linear models; the T'L is left of for brevity. The second column is the
negative log-likelihood evaluated at the maximum proxy-likelihood estimate, the CL Penalty is the penalty
from (4.18), CLAIC is given by (4.18), Params indicates the number of parameters in the given model, and
Basic AIC is the objective function with the penalty from basic AIC.

Model —601(9 vpr) | CL Penalty CLAIC | Params Basic AIC
AR(1) 28.35 154.39 127.15 1 45.06
MA(1) 67.79 51.37 0 1 123.95
MA(Q2) 39.27 1151.28  2142.77 2 68.90
MAQ) 27.41 1597.83  3012.16 3 47.20
MA4) 19.43 143693 2674.41 4 33.24
MA(S) 15.99 1241.34  2276.33 5 28.35
MA(10) 3.18 4027.73  7823.51 10 12.74
MA(15) 2.99 4540.46  8848.57 15 22.35
MA(20) 0 6016.57 11794.81 20 26.37
ARMA(1,1) 4.82 23831.83 47434.97 2 0

indicated by the natural estimator is likely bias as discussed in Mhatre (2022) and in Section 2.4.2.
Our method appears to have less bias in these later lags. This method indicates an increase in
dependence at lag-9 which is not apparent in the innovations fit in Chapter 2. This is evidence
that any dependence indicated by the proxy-likelihood is captured in 7', — M A models of higher
orders. The T'L — AR fit highlights that when the model is not complex enough the fit is a balance
between early and late lags. Here that means that the fitted 7'L — AR overestimates dependence at
lag-1 and underestimates it in the following lags.

Table 4.2 gives an overview of the model selection information that is readily obtained from
our proxy-likelihood method. Values in the table columns entitled “—fcl(é vpr)"s “CLAIC", and
“Basic AIC" are the difference between the value of the objective function for that model and
the lowest (best) value of the objective function. The negative log-likelihood evaluated at the
maximum proxy likelihood estimate, —Ed(é mpL), shows the expected behavior; more complex
models have lower deviation from the best fitting model. In other words, as the order of the T'L —
M A increases, the value of the negative composite log-likelihood decreases. It is no surprise that

the most complicated model, the 'L — M A(20), has the lowest (best) value which was 50515.92.
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Our proxy-likelihood suggests that, despite the poor fit, the 7'L — AR model is a better fit than an
TL — M A(2) which has no dependence past lag-2 but a worse fit than the 'L — M A(3).

The penalties suggested by Varin (2008) and used in Padoan et al. (2010) are generally in-
creasing with model complexity (Table 4.2, column 3, labeled “CL Penalty") though they are not
monotonic. These penalties are very large and the penalty applied to the 7L — ARM A is an order
of magnitude bigger than that applied to any other model. This results in the method selecting a
TL — M A(1) as the best fitting model which is not appropriate. A T'L — M A(1) would have a sin-
gle non-zero TPD value at lag-1 which contradicts Figure 4.9. This observation led us to consider
a criterion that uses the penalty from the basic AIC (Akaike, 1974). This simpler penalty suggests
that the parsimonious 7L — ARM A(1, 1) model with two parameters is the best model for these
data, even better than highly parameterized 7' — M A models. Both penalized methods suggest
a more parsimonious model than the 7L — M A(15) used in Chapter 2 which we suspected was
possible but methods to fit 7L — ARM A models were not available at the time.

Investigation into the CLAIC penalties indicates that the curvature is higher inthe T’ L—ARM A
model and the values in the covariance of the score matrix (the J component of (4.18)) are two to
three orders of magnitude larger than those in the 7. — M A(2). When computing the covariance
of the score we use subsets of the data (Section 4.5) and thus the peaks of these 20 log-likelihood
surfaces will not be ampr- There is an expected balance between the H™! component (the inverse
of the curvature of the surface) and the J component (the covariance of the scores) as a more highly
curved surface will often coincide with larger derivatives on the sub-surfaces. That balance seems
to be off for our method as any practitioner would prefer the fit of the 7L — ARM A model than
that of the 7L — M A(1). Estimation of the covariance of the score is hard. In addition to the
usual complications with this estimation, our method uses psuedo-replicates which are made of of
fixed-length sub-domains that have differing numbers of large points. This example suggests that
the composite likelihood penalty proposed by Varin & Vidoni (2005) and used in Padoan et al.

(2010) is not well calibrated for our method.
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Figure 4.10: Tail Pairwise Dependence plot from present climate ERAS FWI in Colorado (as in Figure 4.9)

We apply our method to the ERAS data from Colorado under present climate and show the
results in Figure 4.10 and Table 4.3. The fitted models seem odd in that fitted 7', — M A models
suggest very little dependence from lags 6 to 9 and increasing dependence from lags 10 to 15. This
highlights that using our method as a TPD estimator may result in estimates that are quite different
than the natural estimates. One reason for this is that the natural TPD estimator (2.7) masks the
radial component for large points (and ignores small points) whereas that radial information is
included in the density-based fitting of this proxy-likelihood method. This is likely part of the
lower estimated long-range dependence observed in our proxy-likelihood method when compared
to the natural estimator which has known bias.

Table 4.3 demonstrates that the negative composite log-likelihood values perform as expected
with the 'L — M A(20) achieving the smallest (best) value of 44248.02. Here, as with the past
climate exploration, the CLAIC selects a model with one parameter which does not fit what we
expect practitioners to choose when given Figure 4.10. In this case the 'L — M A(15) has the
best score when using the basic AIC penalty, barely beating the TL — ARM A(1, 1) model by
one unit. The subjective methods that were used in Chapter 2 also resulted in a 'L — M A(15)
though the coefficients differ. Many practitioners would be happy to choose the model with 13

fewer parameters when the values of the objective function are this close.
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Table 4.3: Information from proxy-likelihood fitted models for Past Climate FWI time series from ERAS
data in Colorado as in Table 4.2. Scores are listed as difference from the the best score where “0" indicates
the model with the best score. Bold indicates more parsimonious models that are within 2 units of the best
score.

Model —Lo( 0.1rp r) | CLPenalty  CLAIC | Params Basic AIC
AR(1) 25.19 106.18 0 1 19.71
MA(1) 68.36 1025.47 192491 1 106.04
MA(Q2) 48.94 295.40 425.95 2 69.22
MAQ) 31.03 12673.75 25146.83 3 35.40
MA4) 19.94 1124.81  2026.75 4 15.20
MA(S) 14.49 134426  2454.78 5 6.31
MA(10) 14.02 1026.87  1819.05 10 15.37
MA(15) 1.33 12087.69 23915.31 15 0
MA(20) 0 943091 18599.09 20 7.32
ARMA(1,1) 14.85 11155.36  22077.71 2 1.04

4.8 Discussion

We have developed a maximum composite proxy-likelihood estimator for regularly varying
models that have intractable likelihoods and applied it to the TLETS models of Mhatre & Cooley
(2024). While developed in the context of these TLETS models adapting the method to other
models is straightforward as all that is needed is the map between the parameters of the model and
the TPD. Our method is able to capture the second-order tail behavior but, like all methods for
the tail, is affected by the challenges inherent to estimating an asymptotic quantity (the TPD) at
finite levels. The linking of two models through a summary measure implies an angular measure
mismatch which is a necessary feature. We expect this feature to allows for better fitting to real
data that do not have discrete angular measures but the mathematical implications of this feature
are not well understood.

Application to the wildfire risk data used in Chapter 2 indicates that the composite likelihood
penalties are not well calibrated and that using basic AIC penalties may be preferable as selected
models coincide with what we expect subjective methods to select. While the basic AIC penalty is
preferred in the real data application it performed worse in the second simulation study. Identifi-

cation and justification of a more appropriate penalty is an area of active investigation.
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While implementation of the method is intuitively simple optimization can be challenging. We
have found that optimization routines which require the user to specify initial values are somewhat
sensitive to the initial values in that they fail at some values and converge at others. In practice we
have found the most success with randomly generating initial values, testing for convergence, and
repeating if necessary.

Scripts for our method and for the simulations performed in this Chapter are available on

https://github.com/twixson/proxy—-lhood.
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Chapter 5

Conclusion

In this dissertation we contributed to the full analysis pipeline for the modeling of extremal
dependence. While these contributions could all be used in a single analysis they are only loosely
connected and thus application can be widespread. Classification of extremal dependence (Chapter
3) is part of an exploratory step and thus assumptions are minimal. When modeling the dependence
we rely on the mathematical framework of regular variation (Section 2.2). Specific modeling was
done with TLETS models (Section 2.3) though adjusting for seasonality (Section 2.4.1) and the
fitting methods of Chapter 4 are broadly applicable.

In Chapter 2 we quantified the increased probability of extreme wildfire seasons. The under-
standing of wildfire risk as a seasonal quantity necessitated the use of models which capture the
temporal dependence in the tail because that is the part of the distribution that concerns us. A
pre-requisite to the application of these models is that the data are plausibly tail stationary which is
not often the case in environmental data. We handled the apparent seasonality in the tail of our data
as a part of the marginal transformation which is a standard part of extremal analyses that rely on
regular variation. Novel application of the TLETS models required developing a method to select
the order of the model that would be used. We subjectively assessed model fit with diagnostic plots
and ability to recreate summary statistics.

This project has several natural applied and methodological extensions. We focused on one
location but clearly wildfire risk is a spatial phenomena. We used the FWI which is a function of
several weather variables. Perhaps another summary or modeling the variables themselves would
provide additional insight. Both of these extensions would require new models which are either
spatio-temporal or multivariate extensions of TLETS models. In addition, the model fitting and
selection is subjective. We have partially addressed this in Chapter 4.

In Chapter 3 we developed a finite-sample classifier for asymptotically defined tail dependence

regimes. Traditional approaches to this challenging problem suffer from the lack of information in
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the tail and require the practitioner to either specify a null or extrapolate beyond noisy quantiles.
Our method is a priori agnostic to the dependence regime, is easily automatable, and was designed
for the finite-sample case. There is no free lunch: this method requires the practitioner to determine
whether their data are close enough to something in the training set to believe the output. As
always, outside knowledge, expertise, and an understanding of the risks if the wrong regime is
chosen should be an active part of the classification and model-selection process.

This project could be extended with a plethora of new experiments (simulation studies). We
demonstrated that there is enough of a distinction between the models that, with simulated data
from the limiting models, we can to reliably distinguish between them. One interesting extension
would be to use methods like this to better understand when data are close enough to the limiting
models to be able to make that distinction. While additional training and testing would expand the
usefulness of the method one does have to consider at what point we have devoted enough resources
to the distinction between AD and Al. Some researchers have determined that the best way forward
is to develop models which can capture both regimes. These models are more complex which adds
flexibility and challenges.

In Chapter 4 we take a stab at the problem of fitting models for extremes that have intractable
likelihoods. Our approach consists of defining a model with a likelihood as a proxy for the in-
tractable likelihood and linking the two models through a summary of the dependence which exists
for both models. We use the composite likelihood approach of Padoan et al. (2010) and penalize
the likelihood with basic and composite likelihood AIC penalties for model selection.

This project has room for improvement and extension. Classical time series analyses consider
uncertainty quantification for the autocovariances. The analogous uncertainty quantification would
be on the TPD values. This could be obtained through bootstrapping and an analytic form could
be developed. Application of the method indicates that the CLAIC penalty is not well calibrated
for this method which is an area of active investigation. Implementation of the method requires

optimization which is challenging in even moderate dimensions. Our specific example of the
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method with TLETS models could be advanced through an explicit form for the TPD from 7'L —
ARM A(p, q) models where p, ¢ > 1.

Analyses in this dissertation were performed using R (R Core Team, 2022). We used the follow-
ing packages: cffdrs (Wang et al., 2017), chron (James & Hornik, 2022), evd (Stephenson,
2002), humidity (Cai, 2019), i smev (Original S functions written by Janet E. Heffernan with
R port and R documentation provided by Alec G. Stephenson., 2018), keras (Allaire & Chol-
let, 2023), knitr (Xie, 2014), lattice (Sarkar, 2008), lubridate (Grolemund & Wickham,
2011), ncdf4 (Pierce, 2021), texmex (Southworth et al., 2020), and t idyverse (Wickham et

al., 2019).
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