
INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI films 

the text directly from the original or copy submitted. Thus, some thesis and 
dissertation copies are in typewriter face, while others may be from any type of 
computer printer.

The quality of this reproduction is dependent upon the quality of the

copy submitted. Broken or indistinct print, colored or poor quality illustrations 

and photographs, print bleedthrough, substandard margins, and improper 

alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete manuscript 
and there are missing pages, these will be noted. Also, if unauthorized 
copyright material had to be removed, a  note will indicate the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by 

sectioning the original, beginning at the upper left-hand comer and continuing 

from left to right in equal sections with small overlaps.

Photographs included in the original manuscript have been reproduced 
xerographically in this copy. Higher quality 6" x 9” black and white 

photographic prints are available for any photographs or illustrations appearing 

in this copy for an additional charge. Contact UMI directly to order.

Bell & Howell Information and Learning 
300 North Zeeb Road, Ann Arbor, Ml 48106-1346 USA 

800-521-0600

R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .



DISSERTATION

SOME OBSERVATION DRIVEN MODELS FOR TIME SERIES

Submitted by 

Sarah Streett 

Department of Statistics

In partial fulfillment of the requirements 

for the degree of Doctor of Philosophy 

Colorado State University 

Fort Collins. Colorado 

Fall 2000

R e p ro d u c e d  with perm iss ion  of  th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .



UMI Number: 3002102

___ ®

UMI
UMI Microform 3002102 

Copyright 2001 by Bell & Howell Information and Learning Company. 
All rights reserved. This microform edition is protected against 

unauthorized copying under Title 17, United States Code.

Beil & Howell Information and Learning Company 
300 North Zeeb Road 

P.O. Box 1346 
Ann Arbor, Ml 48106-1346

R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .



COLORADO STATE UNIVERSITY

August 31. 2000

WE HEREBY RECOMMEND THAT THE DISSERTATION SOME OBSERVA­

TION DRIVEN MODELS FOR TIM E SERIES PREPARED UNDER OUR SU­

PERVISION BY SARAH STREETT BE ACCEPTED AS FULFILLING IN PART 

REQUIREMENTS FOR THE DEGREE OF DOCTOR OF PHILOSOPHY.

Committee on Graduate Work

Committee Member

Committee Memberuem oer 

__________ Member

------

C'o-adviser

H j J  g .  £ * .
Adviser

tL l
Department Head

i i

R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .



ABSTRACT

SOME OBSERVATION DRIVEN MODELS FOR TIME SERIES

We begin by reviewing generalized state-space models and the two categories into 

which they are typically divided, parameter driven and observation driven models. 

Since the models considered throughout the remainder of the thesis are observation 

driven, several examples of processes of this type are given. In Chapter 2 stationarity 

properties for two families of observation driven models are derived using results from 

Meyn and Tweedie (1993). The first family of models, BIN models, were developed 

by Rvdberg and Shephard (1999) to analyze the number of trades occuring within 

a given time interval. We also consider a class of GLARMA models for modeling 

time series of counts. We show that a particular variant of a GLARMA model is 

uniformly ergodic. This enables us to use a procedure known as exact sampling 

to sample from the stationary distribution. In Chapter 3 we develop stationarity 

properties for a process used by Rvdberg and Shephard (1998) for modeling stock 

prices. In the final Chapter, we return to the GLARMA models of Chapter 2. We 

calculate the maximum likelihood estimates of the model parameters and derive 

their asymptotic distribution. We also look at simulations as well as fit this model 

to a data set of asthm a counts in order to determine how the theory applies in 

practice.

Sarah Streett 
Department of Statistics 
Colorado State University 
Fort Collins. Colorado 80523 
Fall 2000
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Chapter 1

IN T R O D U C T IO N

1.1 M otivation

Recent developments in models for describing non-Gaussian time series have 

been the motivating factor behind much of the thesis. Generalized state space 

models, which provide a flexible framework for representing data of this type, have 

become popular for modeling time series. State-space models are characterized by 

two equations: the observation equation and the state equation. The observation 

equation describes the evolution of the observed variable at tim e t as a function 

of the state variable at time t. If we let V't represent the observation variable. Wt 

represent the state variable, =  (V't , . . .  ,Y'()' and =  (H T .... . ITt)', then

the observation equation satisfies the following relationship:

f(yt\wt) = /( i/i |w (0 . y {£" 1)). t =  1.2........

That is. V'f. conditioned on the past and present states and the past observations, 

depends only on the present state, and is "independent" of the past states and 

observations.

The state equation governs the manner in which the state variable evolves based 

on past states and observations. The form of this equation depends on whether the 

model is param eter driven or observation driven, the two categories into which 

generalized state-space models are typically divided as discussed by Cox (1981). 

For observation driven models, the evolution of the state vector depends on past
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observations. This is not the case for parameter driven models. For these models, the 

dependence results from an underlying latent process. Although the basic properties 

for each model type will be described in this introduction, the focus of the thesis is 

on models which are observation driven.

1.2 P aram eter D riven M odels

A similar independence assumption as that used in defining the conditional 

density of the observation variable is made for the state variable in a parameter 

driven model. Here we assume that the conditional density of VVt+i given Wt is the 

same as the conditional density of VFt+i given (W^*, Y ^ '), i.e..

f { w t+l\wt) =  / ( U 7f + l | w (0 , y (<)) .  t =  1 .2 ,-----

Note that this implies that the state process, {VFt}, is Markov.

Assuming that the initial state Wy has probability density f \ ,  the joint density 

of the observation and state variables can be computed as follows:

=  / ( j / n k « , w ‘n- I, . y ‘n- l » ) / ( lrn . W(n- I , . y (n- l ) )

=  / ( t / I l i u ’n ) / ( u ' n | w ( n - 1) . y ( n - l , ) / ( y ( n " l ) - w ( n - l ) )

=  / ( ' / n k ’„ ) / ( ^ „ | i c n_ 1) / ( y (n" 1) . w (rl' l ) )

= (n /(&K) j (n /k  K-i) j m tt?i)’

Therefore, V j,. . .  Yn are conditionally independent given JF i,. . .  Wn. Equivalently, 

the dependence of the observation variables arises from an unobservable latent pro­

cess involving the state  variables.

/ ( < / ! -------   1/n.  ̂ 1 ........... Wn)

and since Wt is Markov.

/ ( t/1, - - * ,y n |w i,. . .  ,u;n)
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One of the drawbacks in choosing a parameter driven model is that the com­

putation of the likelihood function is usually quite complex. To see this, consider 

the forecast equation

f ( y t+ i|y(0) = J  f (y t+i\wt+i)f(u}t+i \ y lt))dn(wt+i). (U)

To compute this, we need a means of computing f { w t+i|y*^). Using the indepen­

dence assumption made above, this conditional density can be computed as follows:

/ ( “'f+ ily ^ ) =  j  f ( w t+i\wt) f ( wt \y{t))dit(wt).

However, this requires calculation of /(u> t|y^). Using the independence assumption 

again, as well as Bayes' theorem, we arrive at a recursive solution.

/M y"1) = /(if. I<t-,)/(ti'.ly'—1 > ly'*”1 >)-

To solve these recursions, it is assumed that f { w i|y^0)) =  /ifitq ). It is easily seen 

how computation of the likelihood function can be complicated by these recursions. 

As a result, estimation of the model parameters as well as prediction of future obser­

vations can be difficult for parameter driven models. Although there are simulation 

based techniques for calculating the recursions involved in computing the likelihood, 

they are not easily implemented, complicating the model selection process for this 

class of models.

One of the benefits from using a parameter driven model is that the observation 

process typically inherits properties such as stationarity and ergodicity from the 

state process. Asymptotic results for estimates of the parameters in the model are 

therefore usually easier to derive for parameter driven rather than observation driven 

models.

Another benefit arising from the use of this class of models is that the pa­

rameters often have meaningful interpretations. This is a result of the marginal 

expectation of the observation variable often being a function involving only the 

parameters of interest to the researcher.
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1.3 O bservation D riven M odels

For models from this class, we allow the state variable to depend on past ob­

servations. The conditional density of the state variable is specified as follows:

f i wt+i |y (t)) =  /vrt+l|Y<,)('u,t+ i|y (f))? * =  o , i , . . . ,

where /(uq |y*0') :=  /i(u q ) for some specified initial density f i (wi ) .  By defining 

the conditional density of the state variable in this manner, we are able to compute 

the forecast density (1.1) directly. This simplifies computation of the likelihood 

function,
n

/(</. l
1 = 1

Therefore, estimation of the model parameters using maximum likelihood and pre­

diction of future observations are generally easier for observation rather than pa­

rameter driven models.

One of the major drawbacks to using observation driven models is that estab­

lishing properties such as stationarity and ergodicity for the observation process is 

not a trivial m atter for this class of models. A large part of the thesis is devoted to 

proving asymptotic results of this nature for observation driven models where the 

conditional density of the observation variable given the state variable is a member 

of the exponential family.

Another drawback to models from this class is that the marginal expectation 

of the observation variable often involves unknown parameters of the state pro­

cess. Thus, meaningful interpretation of the model parameters, a key component of 

interest to the researcher, may be quite difficult.

1.4 E xponential Fam ily M odels

A convenient and flexible choice for the conditional distribution in the observa­

tion equation is the exponential family of distributions. Many well-known statistical
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distributions such as the binomial, Poisson, exponential, gamma and normal distri­

butions belong to this family. The following canonical form for the density of an

exponential family member will be used throughout the dissertation:

f {yt \wt) =  exp [{ytwt -  b{wt) )o~l + d{yt)] .

W ith this parameterization, it follows that (see McCullagh and Nelder (1989))

E(Yt\Wt) b(Wt), V(Yt\Wt) =  ob(Wt).

where b and b denote the first and second derivatives of the function 6(-).

1.5 E xam ples o f O bservation D riven M odels

In subsequent chapters, the concentration will be on developing conditions un­

der which the properties of stationarity and ergodicity may be obtained for observa­

tion driven models. For this reason, several examples of observation driven models 

and their applications are given below. In these examples, the distribution of the 

observation variable is a member of the exponential family. The dependence of the 

state variable on the observation variable is specified through a link function, g(-), 

on ^(Uq). Thus, in the examples that follow, the state equation has the following 

structure:

g{b(Wt)} = x't(3 + et.

where x ( is a vector of covariates and et is a function of the observation vector, Y ^ ,  

and possibly also of the state vector. and past covariate values. The link

function used in most of the examples is the canonical link, the special case where 

g{6(j)}  =  x.
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1.5.1 O bservations w ith  C onstant C oefficient o f  V ariation

For modeling outcomes with constant coefficient of variation. Zeger and Qaqish 

(1988) assume that the conditional density of the observation variable at time t is 

gamma with mean fit and variance $ /r.  They use the canonical link for the gamma 

distribution, i.e.. g(x)  =  l / x ,  to define the state equation. Thus,

f ( y t \ lCt ) =  e ( » " t' ' - , n “,< ) ( - r ) + r i n ( r y < ) - l n y ( - l n r ( r )  ( 1 . 2 )

and
p

Wt = fj.;l = x'/3 + 0,[(max( Y'f_;.c))~l -  x'_,/3].
i=i

where c is a positive constant. Realizations of the observation process (Yt) with 

x't/3 =  1. p =  l.c  =  0.05,0 =  0.8 and scale parameter r =  1.25,100 are shown in 

Figure 1. 1. Notice that as r increases, the realizations become closer to Gaussian.

Zeger and Qaqish applied this model in analyzing the interspike times of a motor 

cortex neuron of a monkey as studied by Dr. A. Georgopoulos of Johns Hopkins 

University. Their objective was to estimate the average time between spikes as well 

as the time dependency among successive spikes. The Gaussian assumption was 

dearly not met for this time series. A plot of the data (see Zeger and Qaqish (1988)) 

shows that the variance is much larger when the interspike times are large and that 

the data is skewed toward greater time lapses between spikes. The data  also appears 

to be correlated. They note that although a logarithmic transformation validates 

the assumption of normality in the case of studying a single neuron, a typical study 

involves several neurons and this approach is not reasonable. Instead, they suggest 

applying the model given by equation ( 1.2) using a quasi-likelihood approach to 

estimate the parameters. They fit two second order Markov models with c =  0, one 

with just an intercept term , the other with an intercept and linear trend regression 

term. Due to the structure of the state process, the parameters have meaningful 

interpretations in this modeling framework. Here, the intercept is interpreted as
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Figure 1.1: Realizations of an observation process with constant coefficient of vari­
ation. Equation 1.2 with x[(3 =  1, p =  l ,c  =  0.05,0 =  0.8 and scale parameter 
r =  1.25,100.

the expected neuron firing rate and the coefficient of the covariate as the change in 

firing rate due to an additional spike.

1.5.2 A R C H  M odels

Engle (19S2) developed the Autoregressive Conditional Heteroscedastic 

(ARCH) regression model for modeling volatility in economic data. An ARCH
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model is defined by the following equation: 

{Yt ~  x't(3) =
\

OtQ
1= 1

where {Z t} is a sequence of independent, identically distributed standard normal 

random variables. In addition to the ability of the ARCH process to model changing 

variability in the data, it also models other behaviors common to financial tim e series 

well. These behaviors include little or no correlation present among observations 

but high correlation among the absolute values and squares of the observations, 

heavy-tailedness. and threshold exceedances which appear in clusters.

When p =  I. various stationarity results hold for {V’( — x't/3} depending on the 

values of «[. For Qt =  0. {Yj — x',/3} is iid noise. For |cii| € (0. 1). {Y‘, -  x'tj3} is 

strictly stationary with finite variance: hence, it is also weakly stationary. Lastly, 

for 1 < Qi < 2 e \  (7 represents Euler’s constant). {Y't — x'tj3} is strictly stationary 

with infinite variance. Stationarity properties are much more difficult to establish 

when p > I. The reader is referred to Engle. (1982) for further background and 

discussion of ARCH processes.

A simulated sample path from Equation 1.3 with p =  1 .q 0 =  0.75. a t =  1.5 

and x[(3 = 1 is shown in Figure 1.2. The corresponding sample autocorrelations 

for the simulated values, the absolute value of the simulated values and the square 

of the simulated values are given in the figure as well. Upon comparison of the 

autocorrelations, one can see that there is very little correlation among the observed 

values but quite strong correlation among the absolute values and squares of the 

data.

1.5.3 G L A R M A  M odels

In a recent paper, Rvdberg and Shephard (1998) consider modeling price move­

ment for a given asset traded on a stock exchange. They decompose this process
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Figure 1.2: Realizations and ACF of an ARCH process. Equation 1.3 with p =  
1. qq =  0.75, cq =  1.5 and x(/3 =  I. The autocorrelation function for the series, the 
absolute value of the series and the squared values of the series are also given.

into three pieces: a process modeling activity (whether or not the price changes), 

a process modeling the direction of the price changes, and a process modeling the 

magnitude of the price changes.

They use an autologistic model for the param eter of the Bernoulli process which 

describes whether or not a price change has occurred. Thus, if iV* € {0,1} is the

R e p ro d u c e d  with p e rm iss ion  of  th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .



10

event of a price change at time t, then

P(.V[ =  1|0() =  p{9t ) =  the probability that the price moves at time f. and

P( <Vf =  O|0t) =  1 — p{0t) =  the probability that the price does not move at time t,

where

P(#f) =  - , g ' 9t = x ' tl3 + t t.1 +  ea‘

Note that the canonical link for the Bernoulli distribution, the logit function is used 

as the link function for this case.

Rvdberg and Shephard suggest using a generalized linear autoregressive moving 

average (GLARMA) model to model ct. The GLARMA they employ is as follows:

p v

£( =  Oi£(_, +  crVt +  a  ^  5j v;_j. a  >  0
.=i j=i

where

V =
v /p(0t - i )(1 1))

This model has the desirable property that {V)} is a martingale difference sequence 

with unit conditional variance. At this point, it is natural to question under what

conditions a stationary solution, tt. exists for the process {et}. In addition, if such a

solution exists, at what rate does the chain converge to this distribution? Answers 

to these questions will be discussed in Chapter 3 for a variation of this model.

1.5.4 B IN  M odels

The next model we introduce was also proposed by Rydberg and Shephard 

(1999) as part of their modeling framework for analyzing the return rate of an 

investment. Defining p{t) to be the price of an asset at time t. they model p(t) as 

follows:

• V ( 0

p{t) =  * 0) + 5 >
i=i
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where { N ( t ) } t>0 gives the number of trades recorded up to time t and Z, is the price 

change associated with the ith transaction. Their proposed model for the process 

{Z(} was introduced in Section 1.5.3 and is discussed in more detail in Chapter 3. 

A function of the process {p{t)} which is of particular interest is

Pt =  p{{t +  1)A -  ) - p { t A )
i V [ ( H - l ) A - ]  jV(t A —)

= E E z'
£=i  ; = i

•Vf(£ +  I ) A —]

=  e  * •
i = . V ( £ A - ) + l

where A > 0 is a specified length of time. Note that pt models the rate of return on 

the investment over a fixed time period.

From the definition of pt. it is obvious that the process ,Vt :=  N[{t +  1)A —] — 

.Y(fA). the number of transactions occuring in the interval [nA. (n +  I)A), plays 

an important role in the modeling framework. It is this process. {:V(}. on which we 

focus our attention in Section 2.1. Note that if A is small, little or no information 

will be lost by studying the process {iV*} rather than (iV(f)}. The idea behind 

this modeling approach is that we "bin” our time interval into sections of the form 

[£A. (t +  1)A) and count the number of trades in each (given by .Vf). Therefore, 

Rvdberg and Shephard refer to their proposed models for {.V<} as BIN(p.q) models. 

These models take the following form:

A’( | J~t&— ~  Poisson(Af).
p <z

A( =  a  +  ^  7j A[_j +  ^  SjXt-j,  
j = i  j = i

where q . 7j .Sj  > 0, 1 <  j  < max(p.g) and a -  is the information available up 

to an infinitesimal time before £A. The BIN(1):=BIN(1,0) model and the B IN (l.l) 

model are discussed in greater detail in Section 2.1.
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1.5.5 M odels for C ount D ata

Observation driven models are also very useful for modeling time series of count 

data. There are many models which have been specified in this case, several of these 

are discussed below.

Wong (19S6) suggests the following model for analyzing count data:

Yt \Wt ~  Poisson(^t)-

where

Ht = Wt =  fi[ 1 +  0, > 0. (1.4)

One of the drawbacks to this model, as discussed in Zeger and Qaqish (1988), is 

that the previous outcome can affect the present conditional expectation by at most 

a factor of 2fx. However, this constraint also allows ergodicity of the chain to be 

established without much difficulty.

Zeger and Qaqish (1988) propose two alternatives to Wong's model. For both, 

they use the canonical link for the Poisson distribution, the logarithmic function. 

The first model they suggest is as follows:

log ( y t ) =  Wt =  x(/3 +  ^0 ,[log (m ax(V ;_ ,.c )) -  x'(_t/3]
i=i

where c. satisfying 0 < c <  1, prevents 0 from becoming an absorbing state. In the 

case where q =  1. c determines the probability that yt > 0 given yt- i  =  0. The 

other alternative they propose is

log [fit) = Wt =  xjj3 +  ^  0,{log(V;_l +  c) -  log[ex'—̂  +  c]}.
1=1

When q = 1,
«i

x'QHt =  ex‘p
Ft_i +  c

and c may be thought of as an "immigration" rate. Ergodicity for {W’t} can be 

established in both cases when x't/3 =  y > 0. q =  1 and 0 <  0i < 1 using results for
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Markov chains found in Meyn and Tweedie (1993). For both models, estimation of 

the param eter c could be difficult. Also, aside from the case <7 = 1, the meaning of 

c is not clear.

Davis, Wang and Dunsmuir (1999) consider yet another variation. They pro­

pose the following model for Poisson counts:

00

log(pt) = Wt =x!tf3 -F T{e t - t (1.5)
i=i

where

et =  ——r-—. A >  0 fixed (1.6)
Pi

and

( i + £ > • ) - .
i = l  i = l  i = I

= o ( - - r i0( - ~ ) - i .  (i.7)

Observe that r,-ef_i is the one-step ahead predictor of e< based on an

ARMA(p.q) model. As this model is quite similar to the one proposed by Shepard 

(Section 1.5.3). we will also refer to it as a GLARMA model.

Note that {e( : t < s — 1}, given initial conditions {fj.t : — max(p, q)-t-1 <  t < 0} 

is equivalent to {V't : t < s — 1} or {fj.t ■ t <  s — 1}. It then follows that the et form 

a martingale difference sequence since

E{ea\ 7 U )  =  Q.

where is the <r-algebra generated by {e£ : t < s — 1}. Hence, the et have zero 

mean and variance

E{e]) =  E[E(e-\fi t )\ =  E[nlt ~ %

which, for A =  0.5. is unity. Also from the martingale difference property we have 

that the et are uncorrelated.
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From the above properties we have, for any A,

E( Wt) = x't0

which is a desirable property for the log mean. Also,

CO

V ar(»’, ) = ^ 7 , 2% ; - “ ]
1=1

and for s = t + I. I > 0.

X

Cov(»-„ »•,) -  £  r.7S«£W:i“l-
1=1

Again, if A =  0.5, the covariances do not depend on time t.

Conditions for stationarity and ergodicity for models of this type will be dis­

cussed in Chapter 2. Realizations of the process (1.5) with p = 0. q =  1, x't/3 = 

0. A € {0.5,1} and 9\ 6 {0.25,0.75} are given in Figure 1.3. Note that as 61 in­

creases. the dispersion increases. For the Poisson distribution, the estimated disper­

sion should be close to 1. Here, however, for =  0.75. the dispersion is estimated 

to be 13.27. This gives a simple illustration of the advantage that these types of 

models have in analyzing data which is over-dispersed.

1.6 O verview

The remainder of the thesis focuses on developing asymptotic properties for 

the models discussed in Sections 1.5.3-1.5.5. In Chapter 2, we consider models 

where the observation process has a Poisson distribution whose mean is a function 

of the state process. Specifically, we study the models discussed in Sections 1.5.4 

and 1.5.5. Using results from Meyn and Tweedie (1993), we show that a unique 

stationary distribution exists for the BIN(l) and BIN(1,1) models (Section 1.5.4). 

YVe also derive stationarity properties for two variations of the GLARMA models for 

Poisson counts defined in (1.5). For one of these variations, we are able to establish
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Figure 1.3: Realizations from a model for count data. Equation 1.5 with p =  
0. q =  1. x ' (3 =  0 and A =  0.5, =  0.25 (top, left), = 0.75 (top, right),
A =  1. =  0.25 (bottom , left), =  0.75 (bottom, right).

that the process is uniformly ergodic. This enables us to use a procedure created 

by Murdoch and Green (1998) to sample exactly from the stationary distribution.

In Chapter 3. we consider Rydberg and Shephard's GLARMA models (1998) 

for modeling price activity. Again, we are able to establish the existence of a unique 

stationary distribution. Here, the key element of the argument is to show that the 

process has transition probabilities which are equicontinuous.
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In the last chapter, we return to the models for count da ta  given by (1.5). We 

consider maximum likelihood estimates for the model parameters and derive their 

asymptotic distribution. Simulations are then considered to support the derived 

theory. Lastly, we fit these models to a data set consisting of asthm a cases recorded 

at a hospital outside of Sydney, Australia. The data is presented in Figure 1.4. 

Upon inspection, it is easily seen that this is a good candidate for these models due 

to the overdispersion present in the data. One might also note the presence of a 

seasonal trend. This data set is discussed further in Chapter 4.

Figure 1.4: Asthma Data
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Chapter 2

T H E  PO ISSO N  PRO CESS

In this chapter, we derive stationarity results for two types of observation driven 

models for time series of counts. The first family of models we consider are BIN 

models which were introduced in Section 1.5.4. The second model family, which we 

call GLARMA models after Rydberg and Shephard (1998), were described in Section 

1.5.5. As well as establishing stationarity properties for these models, we show how 

to sample from the stationary distribution exactly for the case of the existence of a 

unique stationary distribution using an algorithm called the "mutigamma” coupler 

(Murdoch and Green. 1998).

2.1 B IN  M odels

As mentioned in Section 1.5.4. the task of modeling the rate of return on an 

investment can be modeled as

.V[(n - j - l )A - ]

P n =  Y ,  Z i ' 
t '= iV ( n A - ) + l

where Z, is the price change associated with the itk transaction, N(n)  gives the 

number of trades recorded up to time t and A is a fixed unit of time. The process 

on which we focus our attention in this section is N„ :=  iV[(n +  l ) A —] — iV(nA), the 

number of trades occurring in the interval [nA, (n +  1)A ). Because their modeling 

procedure involves partitioning the time interval into "bins” , Rydberg and Shep­

hard (1999) refer to these models as BIN(p,q) models. Recall the BIN modeling
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framework:

An | ^nA- ~  Poisson(An), ( 2 -1 )

P <7

An — O' +  ^   ̂7jA n-j +  ^  ^

where a. ^ j . S j  > 0, 1 <  j  < m ax(p,q) and F nA -  is the information available up to 

an infinitesimal time before nA.

a and 3 > 0. 3 < 1. Replacing ;V„ by An +  un. un := \ n -  An and noting that {un} 

is a Martingale difference sequence. E{un | .Fn-i-) =  0. it follows that

Afn = ^n "F Un

=  a  +  l3An_[ +  Un,

is a weakly stationary AR(1) type process with

2.1.1 B I N ( l )  M odel

We first consider the BIN(l) model:

A„ — Q ■(■ 3 . \ n—i .

E(iVn) = E [ E ( N n | ^ nA_)]

=  E [ E ( a  +  ,3Nn-l +  Un I ^ 4 - ) ]

1 = 0 1 = 0

a
1 - 3 '

and

Cov(iVn, Nn+h) =

since
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Var(un) = £[V ar(u„  | .F„a- ) ]  + 0

=  £[E ((iV n - A n)2 |:F nA_)] 

=  E(Xn) 

=  E ( N n -  un)

a
1 - 3 '

Thus, the process { Nn} defined by (2.1) with An as defined in (2.2) is weakly sta­

tionary. In the next section, we show that the B IN (l.l) model, which includes the 

B lN (l) model, is strictly stationary.

2.1.2 B IN (1 ,1 )  M odel

Here we define the state process {A„} as follows:

q. 3.  - > 0 .  3 + 7 < 1. It is easily seen that An >  ^  by considering the following 

form for An :

Since 3.~j > 0, it follows that An >  y^-. VVe use results from Meyn and Tweedie 

(19931 to establish the existence of a unique stationary distribution. The condition

tence of a unique invariant probability measure. However, when it is not known 

whether a chain possesses this property, one can show the existence of at least one

A„ — q +  3 i \n~i +  *7 An—i , (2.3)

An =  q +  + 7(0 + 3Yn-o +  An_2)

OO

of c-irreducibility (Definition A.2.2) is an important one for establishing the exis-
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stationary distribution by verifying that the chain is bounded in probability on av-

and a reachable state exists, the stationary measure is unique (Theorem A.2.IS). We 

will begin by establishing that the mean process {An} has equicontinuous transition 

probabilities and is therefore an e-chain.

P ro p o s it io n  2.1.1 The Markov chain {An} is an e~chain.

P ro o f: It suffices to show that for any continuous function /  with compact support 

and 6 > 0. there exists an e > 0 such that |P ^ f  — P~f \  < 5 for |x — c| < e

and k  =  1.2 For S > 0 given, choose 8' ,e >  0 sufficiently small such that

S' +  < 6 and |/ (x )  -  / ( c ) | < S' if |x — r | < e. Note that such a S’ and e exist

since /  is uniformly continuous. W ithout loss of generality, we may assume | / |  <  1. 

since otherwise, divide /  by its maximum value. Let |x — c| < t  and recall that

erage (Definition A.2.12). In addition, if the chain is an e-chain (Definition A.2.17)

p(n|.r) =  e Then, for the case k — 1.

OC

< ^ p ( n | i )  | / ( a  -I- 3n  -f- 7c) -  / ( a  +  3n  +  -yc) |

OOoo

+ 5 2 l p ( n ix ) \ f ( a + & n + i s )\

< E e ;  \ f ( a  + 3n + ~ ( x ) - f ( a  + l3n + -(z)\

=  I +  11.

Since |(q  +  ,3n +  yx) — (a  +  <3n +  yc)| =  y |x  — rj <  e, we have I <  S'.
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Now. for any x >  z, we have

|e-£xn — e~zzn +  e~xz n — e '“ * E
71=0

n = 0

nl

\e~x -  e~z\zn e~x\xn -
+n\ n\

=  (e~z -  t~x)ez +  e~x(ex -  ez) =  2(1 -  e-1* - ' 1).

The same bound is also valid for the case z > x. Combining the inequalities given 

for I and II. it follows that

\ P r f - P j \ < S '  + 2 { l - e ~ ^ ) .  (2.4)

Now consider the case k =  2:
OO

\ P t f ~ P ? f \  =  \ P r ( P f ) ~ P A P f ) \  = X > ( n |x ) P r, / - p ( n |~ ) R « / | ,
n = 0

where x 1 = a  + 3n + ~fx and z' =  a  +  3n  +  7z,
OO

=  £  (p(n |x) \P , . f  -  P , f \  +  P ,,f  |p (n |x ) -  p (n |.-)|)
n = 0

< <f' +  2 (l - e " 11' - ' ' 1) + 2 (1  - e - |x" s|) (from 2.4)

=  S' +  2(1 -  e"11- ' 1) +  2(1 -  e - ^ - ' 1).

Inductively, we obtain

| p * /  -  e f / |  =  \ P A P i - ' S ) - P A P ’c- ‘f ) \

<  E  [ p ( " | x ) | p y 7 - r t - 7 |  +  t * r ' f  W " k )  - p M - - ) I
n = 0

n —I

< 5' + 2 ^ ( 1 - e " - 1,11- ' 1)
1=0

<  S’ + 2 ^ ( 1 -« -■ ■ )
i=0 
n—L

<  «y, +  2 ^ [ l - ( l - 7 ,'c +  o(72i))
1=0
n — t

<  £' +  2e 7 '
i=o

<  +
1 - 7
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which completes the proof. □

The next step toward obtaining our result is to show that the process {An} 

is bounded in probability on average. To do so. results from Glynn and Meyn 

(1997) will be used. The idea behind this theorem, stated as Theorem A.2.15 in the 

appendix, is that uniform integrabilitv of the return tim e to a properly chosen set 

.4 C .V is sufficient for establishing tightness of the averaged transition probabilities 

assuming certain restrictions on the set .4. The third condition of the theorem places 

the necessary structure on .4 while the first and second conditions verify the uniform 

integrabilitv condition.

P ro p o s itio n  2.1.2 The chain {An} is bounded in probability on average.

P ro o f: It will suffice to show that the conditions of Theorem A.2.15 hold. 

C o n d itio n  1: There exists a non-negative function V  such that A F’̂ )  := EV{x)  — 

V W  < “ 1 +  where 6 =  1 +  a  and .4 = l-V

To see this, define V’(x) =  x  and recall that the state space is x )- Then.

A V ( r )  -  E [ X n | An_i =  x]  -  x

= E[a + ,dV„_i +  7 An_i | An_t =  x] — x 

=  a  -f x ( p  + 7 -  1)

< - 1,

for x —
l ° r  X -  L — (,i3 + '7) *

C o n d itio n  2 : limn-^^ supa6A £a[|A„|/[T/t>n]] =  0. where A = 

First note that by Cauchy-Schwartz,

lim sup £[|A n| I[TA>n] | A0 =  a]

a-H
1 - 7 ’ 1—(/3— 7 )

a 6.-A
<  lim sup E 1̂ 2 [|An |2 | A0 =  a ] P ^ 2( r 4 > n \ A0 =  a).

a6 .4
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Focusing on the first term , we have

E[X2n \ X0 =a]

— E  (a  + (3Yn- i  4- 7 ^n-i) | Ao = a 

= E  [e(q2 + 2a/3Yn- i  4- 2 a7 AB_l + 32Y 2_, + 2 /3 7 rn_lAn_l 

+  7 2 A2_t | An_i) | Ao =  a 

=  E a 2 +  An_i (2a(/3 4- 7 ) 4- ,32) +  A 4- 7 )2 | An_ t =  a 

= a* 4- (2a(/i + 7) + /i2)£ ’[An_i | Ao = a] 4- (3 + 7 )2£'[A2_ 1 | Ao

Now.

f f A n - i  | Ao =  a]

=  E [ E ( a  + 3Yn- 2 4- "7A„-2 | An_2) | A0 =  a]

=  E [a  4- ( 3 4- 7 )A„_2 | Ao =  a]

=  oc 4- (3  4- 7 )£'[An_2 | Aq =  a]

=  a  4- {13 4- 7 ) [a 4- (i3 + 7 )[q 4- (/? 4- 7 )
a —2

=  ^ a ( /3 +  7 ), +  (,J +  7 r la

•(^  +  7 )[a  +  (/? +  7 )a]

i = 0

<

Therefore,

a

l - W  + 7)
4- a.

E  [A2 | A0 =  a] <  ci 4- (,J 4- 7 )‘ £'(A2_[ | A0 — a)
n —I

=  c i £ ( , i  +  7 ) 2 ‘ +  ( 3  +  7 ) 2V

i = 0

< 4* a C2,
1 ~ ( 3  +  i ) 2

where Cl =  a 2 4- {'2a(,3 + 7 ) 4-132) (iq f+ ^y  4- a )  . It then follows that

lim sup E [|An |/rTA>n] I A0 =  a] <  c/ 2 lim sup P 1̂ 2( ta > n  | Ao =  a).
n - to o  a g_4 n -*oo a£ A
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Applying Theorem A.2.16, we have

n/ _ .v \ ^ E*(ta ) ^ V { a )  +  (l  +  a)
P ( ta > n I Ao =  a) <  ^ ------- , a € A

from which we obtain the desired result:

lim sup £'[|An|/fr >„i I A0 =  a] <  c j 2 lim sup ( *   ̂ ^ —- ] a€.4 J c.6-4 V n + 1 /

n —fee V fl +  I

C o n d itio n  3: The family of probability measures { l/ra^™ =l P k(a.-) : a 6 .4} is 

tight for each m > 1.

Since {Aa } is weak Feller (Definition A.2.S) and A  = is a compactI »" l-(/3-Hr)

set. Condition 3 follows from Theorem A.2.14. Therefore, the chain is bounded in 

probability on average.□

Lastly, it remains to show that the chain possesses a reachable state. The proof 

is straightforward if the process is recursed backward until it depends solely on the 

previous counts and initial condition.

P ro p o s it io n  2.1.3 The point { 737} *s a reachable state of the process {A„}. 

P ro o f: First note the following form for An :

71 71

A n  =  q  +  3Y'n-i  +  7 - V i - i  =  oc ^  71-1 +  3 ^  7 1-1 V n _,- +  7 r‘ A 0 .
;=i 1=1

Now. if V; =  0 for all i <  n. A„ =  +  7nA0 n=̂ ° 737. Thus, if O is an open set

containing 737, we may choose M  such that xn :=  7 ,_l +  7nAo € 0  for all

n > M.  Then.

P M {y.O)  =  P{XM e O \  Ao =  y) 

>  P(Ai =  x t , A2 =  x2, . . .  , A;V/ =  x\ i  | A0 =  y)
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=  P{^M = XM | 1 =  XM-l)  ' ’ ’ P (^ l =  x I | -̂ 0 =  y)

=  P(Vjv/_i =  0 | \ \ i - i  =  i,v ;-i) • • • P(Vo =  0 | A0 =  y)

>  0.

Therefore. { 737} is a reachable point.

Having shown that the process {An} is an e-chain, is bounded in probability 

on average and possesses a reachable point, we obtain the desired conclusion that a 

unique stationary distribution exists for the chain {An}.

T h e o re m  2 .1 .4  By Theorem A .2.18, the process {An} has a unique stationary dis­

tribution.

2.2 G L A R M A  M odels

Let {V'f} be the observation driven process defined by the following equation:

Tpiy t  | w t ) =  p ( y t | w U). y (t_l)) = -----
yt-

Recall the model for the process {Hq} defined by equations (1.5), (1.6) and (1.7):
CO

Wt =  log(fCt) =  +  ^ 2  Ti6t~i
i=l

where

and

et =
P't

—— A > 0 fixed

E i . - ( i - £ * - T ( 1 + 5 > ) - i
i=i 1=1 1=1

In this section, we establish the existence of a stationary distribution for a subset of 

these models with x'(/3 =  B and p =  0. Thus, the models we consider in this section 

have state equations of the following form:
1

w t = iog(/i,) = 0 + C 2-5)
1=1

where
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and Wq is a given initial condition.

For q — 1, {VF(} is a Markov process with

E ( Wt) = i 3 + E [ E ( W t \ W t- x)]

= 3 + E [7 le- uv' - 1 E{Yt-i  -  ew'- ‘ | Wt. x)]

= 3.  (2.7)

and

Var( W t ) =  Var [E( Wt | W t. x)] +  E [Var( W t | Wt- X)]

= 7?E[Var((V't_1 -  ew''- ‘ ) e -uv'‘- ‘ | W U ) }

=  7 ? E [e -2'UV' - e lv''-1]

=  7fE [e ,v'- < l- 2A>]. (2.8)

Note that the variance of Wt is constant for A =  1/2. Additionally,

W t =  [VFt, . . . ,V F t_ ,+1]' (2.9)

is a qth order Markov chain with components

Wt = ,J +  £  7,(V ;-1- e vv‘' - ) e - w ' -  (2.10)
t=i

satisfying equations (2.7) and

Var(Hf1) =  ^ 7?E [e ,,' - ,“ ' ” 1]-
t = l

2.2.1 M odel 1

We begin by letting A =  1 in (2.6) which corresponds to standardization of the 

mean corrected Poisson counts by their conditional variance. For these models, we 

are able to establish that the process {IFt} defined by (2.5) is uniformly ergodic.

We first show this to be true for the 1st order Maxkov chain, q =  1, and then extend

this result to the qth order process.
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2.2.1.1 l a‘ Order Markov

When q — 1, the state process Wt is bounded in one direction. This is easily 

seen when the process is written in the following form:

w t = .d- 7 + 7y;_ie-^ -‘ (2.11)
f <  @ ~  7 - for 7 <  0.
|  >  3 — 7 , for 7 > 0.

Under these constraints, we are able to establish that the process is uniformly er- 

godic (Definition A.2.21). This is done by showing that the chain satisfies Doeblin’s 

condition (Definition A.2.22) and is strongly aperiodic (Definition A.2.4). Uniform

ergodicitv then follows from Theorem A.2.23. This property is vital for develop­

ing asymptotic results for the parameter estimates. These estim ates are derived in 

Chapter 4.

T h e o re m  2.2.1 The process { Wt} as defined bp equation (2.11) satisfies Doeblin’s 

Condition and is strongly aperiodic: hence, the process is uniformly ergodic.

P roof: In order to establish Doeblin's Condition, we must show that there exists 

a probability measure v  satisfying the property that for some m  >  1. t  < 1 and 

8 >  0 .

i/(A) >  e =>• Pm{x, .4) > 8, for all x €  -V.

We consider the two cases 7 < 0 and 7 >  0.

C ase 1: 7 <  0

From (2.11), it is easily seen that Wt has an upper bound of (3 — 7 when 7 <  0.

Define the measure u to have unit point mass at {(3 — 7 }. It then suffices to only

consider Borel sets B  with 3 — 7 E B.  Then, for all x <  3 — 7 ,

P ( x . B )  = P {W t 6 B  | W t- t  = x )
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> p ( W t = 3 -  7  | Wt-i  = x) 

=  P ( r t_ l = 0 |  Wt- X= x )

=  e e

> e‘

Hence. Doeblin’s condition is satisfied for this case.

C ase  2: 7 > 0

For 7 > 0. recall that Wt has a lower bound of 3 — 7 . As in Case 1. we will take

the measure 1/ to have unit mass at {3 — 7 }. Let C  =  [3 — 7 . max(e, 3  +  7 )], where

e > 0. Then, for all x 6 C and Borel sets B  containing 3 — 7 ,

P( x . B)  = P{Wt € B  | VF(_t =  x)

>  P{Wt =  3 -  7 | W t- i  = x)

=  P(V't_ l =  0 | Wt- i  =  x)

= e~e*

> Su ( 2 . 12)

and

P 2( x . B)  > P{Wt+l= 0 - i , W t = 3 - f \ W t- l =x )

= P{Wt+l = 3 ~  7  I Wt = 3 ~  7) = 3 ~  7 I W -i = x)

> %■

On the other hand if x £ C.  then x  > max(e. 3  +  7 ) and we have

P( x . C)  = P (W t € C  | H’£_t =  x)

> P{3 — 7 < Wt < 3 + 7 I Wf_i = x)

=  < 7  I M'-e.L = x )

> 1 — 7 - 2Var(VVt | Wt_i. =  x) (by Chebyshev’s Inequality)

=  1 — 7 _272e_x

>  1  _  g — m a x ( « , / 3 + - > )  ^  ( 2 . 1 3 )
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Therefore,

P2( x , B)  =  P (W t G B  | W t- 2 =  x)

=  5 1  P ( Wt e  B ' Wt~l = y 1 W t~2 =
y€C

= Y  p ( w < € B I H/‘-i = y ) P { W t -1 = y I ^-2 = *)
y e C

> ^l ^ P ( V K (_ l =  t/|VF(_2 =  x)
y€C

= <J1P (V ^ .1 € C | ^ _ 2 =  i )

> Si So.

Thus. Doeblin's condition is also satisfied for the case 7 >  0.

For either case the chain { Wt} is strongly aperiodic since

P(/3 -  7 . [3 -  7 ) =  P{W t =  3 -  7 | ITt-t =  d -  7 )

=  p ( v ; _ t =  0 | U’(_ l =  5 - 7 )

= e -* " '

> 0.

We conclude that {M7 } must be uniformly ergodic.□

It follows from Theorem A.2.25 tha t {W£} is geometrically mixing.

Having shown that the chain is uniformly ergodic and geometrically mixing, we 

will be able to develop asymptotic results for the param eter estimates in this case. 

This is considered in detail in Chapter 4

2.2.1.2  q th Order Markov

Using similar steps, it can be shown that the qtk order Markov chain defined 

by (2.9) and (2.10) with A =  1, 7,- >  0, \0\ < 7 is uniformly ergodic. Thus,
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in this section we will consider the existence of a unique stationary distribution for 

the process W ( defined below.

(2.14)

where
9

(2.15)
i = l

T h e o re m  2.2.2 The process {W f} as defined by (2.14) and (2.15) satisfies Doe- 

blin's Condition and is strongly aperiodic; hence, the process is uniformly ergodic.

P ro o f: Recall from Section 2.2.1.1 that in order to establish Doeblin’s Condition, 

we must show that there exists a probability measure u satisfying the property that 

for some m > I. e < I and 5 > 0.

z/(.4) > e => P m(x, .4) >  S. for all x  € .V.

Define u{-) to have point mass at (3  — q)q where q =  •'̂ ŝo define

C =  C"1 =  [3 — q, 3 + r/]T. Note that Wt >  3 — q: thus, if W t C , Wt > 3  +  g.

Pq( \ .  B)

= P{W t 6 f l | W t. ,  =  x) 

> P ( W t =  (3 — q)q | W t_, =  x)

=  P ( W t = . . .  =  Wt. q+i =  3 - q  I W t_, =  x) 

= p ( \Y t =  3 - q  I Wt_ t =  . . .  =  W(_?+1 =  3 — q, W (_, =  x) 

• P {W t. l = . . .  = W t-q+l = 3 - q  I W £_, =  x)

To show Doeblin's condition, we only need to consider sets B  € B ( X )  satisfying 

(3 — q)q € B.  First, we will consider the case x  € C. Here,

i = 0

't- .- i =  . . .  =  Wt-g+i = 3  -  q , W t- q =

R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .



31

■P{Wt. q+1= 3 - i 1 \ W t. q =  x)

=  ( n  p ( y ; - = •  • • = y ; — ’ + i = °  i W t ~ i = • • • = ^ - " + i = 13  -  ^ W f - ? = x 0

• P{Yt-q =  . . .  =  V't_2 , + 1  = 0 I W,_, = x)
> ^ - ( 9 - 1 ) ^ - ^ - ^ + ^  ^ -(9 -2 )^ -”e- 2 . .  .

=  e - ^ - ' , E?=il ' e -«d+’, E L l *

_ e-«-,'7(?-l)/2g- ^ +"9(9+l)/2 <ji

and

P"f,(x. P) > P (W £ =  (P -  »/)„ W t_, =  (3  -  n h  I W (_2, =  x)

= p(W, = (/?-'?)9 |Wt_, = (d?-r?),)

• P (W t_, =  (a? -  n)q I W t_2, =  {,3 -  i/),)

>*?•

Now. suppose x  £  C. Then X{ > 3 + t] for at least one i =  1 , . . .  , q. It follows that

p7(x.C) = p(w£eC |w £_, = x)

=  P { Wt € c \ . . . ,  w £_ ,+l € C I w t., =  x)

= E  p(W€C W(-g+2 e c. w’t_,+l = t/,-i | w,_, = x)
yq- i € C

= E  P {w ‘ e  C ,. . .  , H'’f_,+2 € C' I W’t_,+1 =  y,_i, W £_, =  x)
y,-i £C
•P (W i- ,+ l = y , - 1 |W t_, =  x)

= ^  ••‘ E  [ W € C | l V t_1 =y 1 ,...,Wi_,+ l=y,-i ,w f-, = x)
y<j—i £C yi€C

• JJ (p(Wt_,- = y,1 Wt- i - V = yi+1, . . . .  w t. q+l =  W£_, = x))
;=i

P(VTt_7+l = y,_1 |W£. ,  = x)
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Consider P { W n G C \ W n- i  =  w n _ t ) .  Define and w ' ^  to be a reordering

of W n_! and w n _ L, respectively, such that the first r elements of w ^ _ t have values 

in C and the last q —r elements of w^_t have values in C c, 0 <  r < q. We may then 

rite Wn =  i3 + Y?i=i — where the elements of 7 =  (7,-,... , 7,) 'vv

and Y„_i =  (Y’n_ i , . . .  , Y^-,)* have been re-arranged according to the ordering of 

W '_ , described above to obtain 7' and Y ^_t . Thus.

P(li;GC|W n _ 1 =w„_,)

= P ( i3 + - £ 1 ' ^  -  €C|W1_, = w'„_,).
1= 1

Now. for r — q, each element of w^_t G C. Hence. 

f’(H'„€C|W„_l =w„-,)

1=1
=  P K - ,  =  • ■ =  K - ,  =  0 i w '„_ , =  < _ , )

4+ij

For r < q.

P { Wn G C | W n_, =  wn_ t)

>p(Y-'_l = ... = Y;/_r = o,

3  +  5 1  % '( V n - ,  -  ewr» - ) e _l|r» - -  Y l  7,' € [(3-  7 . 3 + 7 ] W'n_t =
i = r + l i= 1

i=r + 1

?

“  2 S 7>+  S  7‘
■ = r+ l i=l i = r + l

w '„_ , =  w'„_.

> ^ * ' p (  E  lIK-i -  s f -  E  7!, E  7,'1 | WU, = w u )
'  i = r + l  *• i = r + l  i = r - H

R e p ro d u c e d  with perm iss ion  of  th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .



33

> e 1 -
Z - , t = r + l  It e n~'

, (by Chebyshev’s inequality)

> e

( E U . i . 0

i 2 l \

V ( E U . t f )2 / ’

since u /^ , > [3 +  rj for r  +  1 <  i < q. Thus, if we define r,- to be the number of 

elements of W (_< with values in C , i = 1 ,. . .  ,q, and

e-r'ed+"(1---------------------). n < q ,
&r, := V (T.U.+t-i',) )

- qeJ+n

(note that dr_ > 0 for all i = I . . . .  .</). we obtain

p ' u x ) >  y . - - ' E h
i / ,_ i  € C  y i€ C  

7 - 2

■ f j  (P(1T(_, = </,■ | W-,-.! = yi+l, ... . irt _ v +1 = y,_1? W,_, = X ) )

i=i
.P ( ^ . ,+l= tf, . l |W1., = x)

> (Jri P̂(Wt_i € C | VV't- 2  — !J2t  • • ^t—g-t-t = 1/7- 1. Wt. ? = x)
1/7 - 1  € C  w € C

•  ^P( W ( _ j  =  J / i  |  W t - i - 1  =  i / i + l i  •  •  •  •  W f — 7 + 1  =  U q - l i  W ( _ ,  =  X ) )

i= 2

• P ( W t - q+i =  y ,- i  | w t_, =  x)

> i k
1=1

Thus, for x  £  C.

P2q{x.C) = P(Wt € B | Wt_2, = x)

> P(Wt € fl, Wt_, 6  C | Wt_2, = x)

=  Z  P (W ‘ €  B 1W t - * =  y ) P (W ‘"< =  y  1 W t - 2" =  x )
y ec

> ^ ^ P ( W e_ , 6 C |W t_2, = x )
yec
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t=i

Therefore. Doeblin’s condition is satisfied. The chain is strongly aperiodic since

P {(3 -'?)?, ( 3  -  n)q)
=  P ( W ( =  (/i —  q)q |  W (_! =  ( 3  —  tj) , , )

=  P { W t =  3 - r , , . . . , W t- q+l = # - T } \ W t- l =  3 - r , , . . . , W t- q = j 3 - T J) 

=  P { W t =  j3 - t] \  w t - x =  3 - 1 1 , . . . ,  Wt. q =  3 - n )  

= p(v;_x = . . .  = v;_, = o |  w t. x =  3 - n, . . . . w t. q =  3 - n)

=  e ~ q e ! 1 ~ n  

>o.

Thus, it follows from Theorem A.2.23 that {W,} is uniformly ergodic.□

By Theorem A.2.25, vve also obtain that {W t} is geometrically mixing, i.e.. strong 

mixing at a geometric rate.

2.2.1.3 E xact Sam pling

Having shown that the chain {IT't} defined by (2.5) and (2.6) with A =  L is 

uniformly ergodic, it is possible to sample directly from its stationary distribution 

using an algorithm developed by Murdoch and Green (1998). In this section, we 

give an overview of their algorithm and then apply it to the first order Markov 

chain. <7 = 1. with no regressors present, 3  =  0, and with 7 >  0, discussed in Section 

2 .2 . 1. 1.

The algorithm we employ is based on a construction created by Murdoch and 

Green called the “mutigamma” coupler. The idea behind the algorithm is to start 

the chain in the infinite past and consider all possible paths. From time to time, 

two of the paths will couple. If all possible paths have joined by tim e 0, the draw 

at time 0 will be from the stationary distribution (see Propp and Wilson (1996)).
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In practice, one must find a backward coupling time, tc, such that if the chain is 

started from any possible state, x  € X ,  at tim e — tc, all possible sample paths will 

have joined by time 0, giving a draw from the stationary distribution.

Recall that when a Markov chain is uniformly ergodic, there exists a probability 

measure v such that for some k > 1, p > 0 the chain satisfies

P*(x,-) > pv{-)

for every x  € A' (A.2.23). This condition meets the assumptions necessary to 

employ the multigamma coupler algorithm. For the case k =  1, we simulate from 

the chain by first drawing a sequence {(/„} of iid U(0 . 1) random variables and a 

sequence {V„} of random variables with distribution u. Then, if L’n+i < P~ we define 

:=  I ’n+i- If L’n+1 > p. we define l i ’n+i to be the value obtained by a draw from 

R ( X n.-) : =  [ /}(A'„,-) — pv{-)\ /{\  — p). the "residual" distribution. Since

F(fFn+1 <  x  | Wn =  tv) = pu(x)  +  (1 -  p)R(w, x)

=  pu{x) + P(w. x)  — pv(x)

=P[iv, x) ,

it is clear that fF„+i has the appropriate distribution. When applying this algorithm, 

it is imperative that the set of uniform random variables which were used to find 

the backward coupling time are the same ones that are used in determining from 

which distribution to draw the next value.

For the process {Hq} defined by (2.5) and (2.6). k  =  2. Thus, we must modify 

the sampling algorithm described above. From (2.12) and (2.13), it is clear that for 

any j .

P(x,  C)  > min( 1 — e-7 . e "^ ) .

It is also easily seen that once the chain is in the set C, the chain takes the value —7 

at the next step with probability e~e\  This allows us to find a backwaxd coupling
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time, tc, for which we know the value of the chain at tim e — (tc — 2). Thus, for this 

case, it is not necessary to first compare the uniform random variable to the value p 

before deciding from which distribution to draw. Here, the next value of the chain, 

Wi is obtained from the previous value as follows:

1. =  Pois

the smallest integer n, n > 0, such that P ( Y  < n) > U,-i. Y  ~  Pois(mean =

- •  Wi =  7 ( V ; - l - e vv', - ‘ ) e - i r - 1 .

Figure 2.1 displays a histogram of the stationary distribution of {FF«} for a 

sample of size 10,000 for 7 =  0.25, and 7 =  0.75. Also shown are corresponding 

histograms of the values obtained by running a simulation of the process with a 

chain length of 10,000. For the simulations, varying values were given as the start­

ing point: however, there were no detectable changes. As can be seen by comparing 

the simulations to the "exact” sample, the process converges to  its stationary dis­

tribution quite rapidly, there is negligible difference between the exact sample and 

the simulation.

The time it took before a backward coupling time, tc, could be guaranteed 

(IV-(tc-i) € C, W -(tc. 2) =  —7 ) grew larger as 7 increased. Table 2.2.1.3 gives the 

mean and standard deviation (rounded to two decimals) of the backward coupling 

times for 7 =  0.25, 0.5 and 0.75.

Table 2.1: Backward Coupling Time Statistics

7 mean std. deviation
0.25 20.24 18.71

0.5 32.06 30.50
0.75 76.95 75.39
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-0.2 0.0 0.2 0.4 0.6 0.8 1.0 
Perfect Sample, g=0.25
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Perfect Sample, g=0.75

-0.2 0.0 0.2 0.4 0.6 0.8 1.0 -1 0 1 2 3 4
Simulation, g=0.25 Simulation, g=0.75

Figure 2.1: Exact Sampling. Top left: exact sampling with 7 =  0.25; top right: 
exact sampling with 7 =  0.75; bottom  left: simulation with 7 =  0.25: bottom right: 
simulation with 7 =  0.75.

In addition to the point {—7 }, the process {IFf} possesses many other reachable 

states (Definition A.2.9). It is interesting to consider the sequence of Poisson counts 

through which the chain arrives at these states, although it is not surprising. A 

table listing the states to which the chain returned on more than 50 occasions 

(rounded to 4 decimals), the number of visits made to the state  and the sequence 

of Poisson counts leading the chain to the state are given in Table 2.2.1.3 for the
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Table 2.2: Reachable States

7  =  0.25 7  =  0.75

State #  Visits
Preceding 

Poisson Counts State #  Visits
Preceding 

Poisson Counts
-0.25 3560 { . . . , 0} -0.75 4033 { . . . , 0}

0.0710 1342 { . . . , 0, 1} 0.8378 1176 { . . . . 0, 1}
0.3920 572 { . . . , 0, 2} -0.1010 295 {. . .  . 0. 1. 2}

-0.0171 490 { ...  , 0, 1, 1} 2.4255 275 { . . . , 0, 2}
0.2157 237 { . . . , 0, 1, 2} -0.4255 240 { .. . 0. 1, 1}
0.0043 189 {• .. , 0. 1, 1, 1} 0.2235 236 { .. .0 .1 ,3}

-0.0811 154 { . . . . 0, 2, 1} 0.5480 128 { .. .0 .1 .4}
0.0S7S 144 { . . . . 0. 2. 2} 0.0797 104 {•• . 0 . 1. 2. 1}
0.7130 132 { .. . .0 .3 } 0.3978 95 . 0. 1. 1. 1}

-0.04S5 97 {• .. . 0, 1. 2. 1} -0.1502 74 {•• .0 .1 .3 ,1}
0.2586 SO { .. , 0. 1, 1. 2} 0.8726 58 { .. .0 .1 ,5}
0.4486 77 { .. . ,0 .1 ,3 } 0.4495 56 {•• .0 .1 .3 ,2}
0.256S 69 { .. . ,0 ,2 .3 } 0.9094 53 {•• . 0. 1. 2. 2}

-0.0011 67 { ... . 0, 1. 1, 1, 1}
0.0211 56 { . . , 0, 2. 1,!}
0.1530 52 { . . , 0, 1, 2, 2}

two cases 7 =  0.25 and 0.75. For example, when 7 =  0.25, the value H'0 =  0.2157 

was "drawn" 237 out of 10.000 times. The corresponding Poisson counts which led 

to this state were as follows: V'_3 =  0, V'_2 =  1 and V'_t =  2. The table illustrates 

the importance of our ability to bound the chain {W(} in at least one direction. 

When V,_t =  0 we know that the next value of the chain will be Wt =  —7. It is this 

result which enabled us to establish that the process is uniformly ergodic. When we 

are not able to bound the chain, establishing stationarity properties for the process 

becomes much more difficult as will be seen in Section 2.2.2.

2.2.2 M odel 2

For the case A =  1/2, ,3 = 0, <7=1 and 7 > 0 the process defined by (2.5) and 

(2.6) becomes

Wt = 7 (2.16)
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and the situation is much more complicated. Here, we can only establish the ex­

istence of at least one stationary solution. We give two proofs of this result using 

vastly different methods.

2.2.2.1 D irect Approach

Here the process will be approached directly and results from Appendix A will 

be used to guarantee the existence of at least one stationary solution. First note 

that the chain satisfies the weak Feller property (Definition A.2.8). Using Theorem 

A.2.L5 it will be shown that the process defined by (2.16) is bounded in probability 

on average, and hence, by Theorem A.2.13, the chain has at least one stationary 

solution.

T heorem  2.2.3 The chain {VUJ is bounded in probability on average; therefore, 

there exists at least one invariant measure.

Proof: In order to verify that the chain is bounded in probability on average, it 

suffices to verify the three conditions of Theorem A.2.15.

Condition 1: There exists a non-negative function V' such that AV"’(x) := EV{x)  — 

V'(jr) < -1  +  bIA(x) where 6 =  |1 +  2~/| and .4 =  {a : a € [—&,&]}.

Defining V{x) = |x |, we have

AV(x) =  E[ \ Wt \ \ W t- i = x ] - \ x \

=  E [W tI[wt>o] | W t- \  =  x] + E[  — Wi/[w,<o] I W t~i =  x] — |x|

=  E [ i (Y t -  ex )e~rl2I ^ ]  | Wt. v = x]

+ E [1 (ex -  Yt)e-x' 2l ^ <tI] | Wt. x =  x] -  |x |. (2.17)

We will now consider two cases: i) x >  0 and ii) x < 0.

case i): x > 0

(2.17) =  7 e~r/2E[(Yt -  O / p ^ i  +  (gr -  ^ H 1 ~  f e ' l )  I W - i  =  *] "  M
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= ye~x^2 E\2(Yt -  e * ) / ^ ]  | = *] + e* -  E[Yt \ Wt_t =

= 2i e - ^ E [ ( Y t -  e*)I{Y'>e*] I W<-i = x] -  |*|

< 27 e~ r / 2 £ l /3 {Yt -  ex)3 \ Wt = * 

(by Holder’s inequality)

£ 2 / 3

( V i  -  e ' ) 3  I =  X -  *<  2 7  e~x/2 E l /3 

=  27e~r/2er/3 -  |*|

<  27 — |*| for * >  0.

case ii): * < 0

(2.17) =  E[7(Vt - e" ) e - ^ 2/ [y[>OI 1 ^ ^ = * ]

+  E [ 1 {ex -  V ; ) e - ^ 2 / [v- = o) I W t. y  =  * ]  -  |* |  

=  7 e " r / 2 E [ ( V ;  -  e r ) ( I  -  Ifyt = 0 ] ) -  ( V t -  e x ) / [y , = 0 ] | W t _ ,  

=  - 2 7 e - x /2 E [(V't -  ex ) [ [Yt=Q] | W t-y  =  * j  -  |* |

= 27 ert2e~e* — |*|

< 2y  — |*| for * < 0.

= x

Therefore, AV’(*) < —1 + bIA(x).

Condition 2: limn_>co supa € 4  £7a [ | | / [ta >„1 ] = 0- where A = {a : a G [- 

By the C’auchy-Schwartz inequality, we have

lim sup E[\Wn\I[TA>n] | Wo = a]

< lim sup £ l/2[|W„ | 2 | W0 = ci]P1/2{ta > n \ I
n-*oc a g  4

Now.

£ [ | W „ | 2 I Wo = a] = E\E[\Wn\2 \ Wn- y ] \ W Q = a

E[y2(Yn - e w^ ) 2e - w^  \W n.y] | W0

= 7

*] -  |*|

] -  k l

6 . 6]}.

0 =  a).
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Whence.

lim sup E lt2 \Wn\2 | Wo =  a P 1̂ 2( t \  >  n|W 0 =  a) =  lim sup7 P l/,2(V.4 > n \
n - f c o  aeA \  /  n -+ oo  a g  4  V /

Using Markov’s inequality and Theorem A.2.16, it follows that

rw  .  N ^  Ea ( ^ )  ^  V(a) + b e _ ,Pa( r .4 > n) <---------— <----------— for a € .-1.
v ’ n +  I n +  1

and hence.

lim sup Ea [|W’n|/[T >n]j <  7 lim sup ( 4 —^
rl-*'oc a€.4 aeA \  n +  1 /

1 / 2

lim
26

n-Kc yn  +  I 

=  0.

Condition 3: The family of probability measures {1 /m. Pkia-') : a £ ls 

tight for each m > 1.

By Theorem A.2.14, Condition 3 holds. Therefore, we conclude that there exists at 

least one invariant measure1.□

2.2.2.2 Addition o f N oise  Approach

Here, we will establish the existence of a stationary distribution by adding 

independent Gaussian noise with variance a 2 to the original series. Then, as <r2 

decreases to 0. properties of the original series can be recovered.

We will use the following set-up for this analysis: Let {Wt,fc} follow the Markov 

recursions given by

W tJk =  7 (Vrt_ i - e ,K,- ,-fc)e -1/2Wr*-,-fc +  Z„ (2.18)

with

1 Through a personal correspondence with William Dunsmuir and Ben Goldys. it was shown
that the process satisfies a condition stronger than bounded in probability on average. Inspired 
by their observation, a simpler proof of the existence of a stationary distribution is included as an 
addendum to this chapter.
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Vt|VVt-i,jfc ~  Poisson(eM','“ l *),

Z iM ~  N(0, a 2),

and Yt . Z t are independent. Since the value of a 2 is irrelevant in showing that the 

chain is uniformly ergodic, we set — 1 in order to establish this property. For 

this case, we will denote {Wu-} as {Wq} and { Zt,k} as { Zt}.

To establish the existence of at least one stationary measure, we will show 

that for any choice of <72, the process defined by (2.18) is uniformly ergodic. This 

will be accomplished using Theorem A.2.23. It is necessary to show that the chain 

is aperiodic and that Doeblin’s condition is met. Once this has been established, 

we will show that the sequence of stationary measures corresponding to a

sequence of variances {cr*} decreasing to 0 is tight (Definition A.2.11). By tightness,

it then follows that the limit of these measures is a stationary solution to the process

defined in (2.16). However, it does not give us the existence of a unique stationary 

solution.

P ro p o s itio n  2 .2 .4  For any S > 0 ,C  :=  [—£,5] is a petite set (Definition .4.2.6).

P ro o f: Note that x  € C  if and only if —7er /2 6 [—7C5/2, —ye~si2]. Define fs(-) 

to be the probability density function of a normally distributed random variable 

with mean S and variance 1. Set f ( x )  =  m in ( / j . ( i ) ,  fs ' {x))  with S. =  —^esi2 and 

Sm =  —7 e-5/2. Now define u(dx) = e~e>f (x )dx .  Then, for all x  6 C

P ( x . B )  =  P ( Wt €  B  | Wt-.i =  x)

=  P (  7 (V;_! -  ew^ ) e - w‘- l/2 +  Zt €  B \ W t_ t =  x)

> P ( V 2 +  z t e e ) e - (I

>  e " eX f  f ( z ) d =
J b

>  e~'S f  } { z ) d z
J b

= u{B).
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Therefore, with

K a( x , B)  :=  j r P n( x , B) an, where an =  [  J ’ n >  2 
n = l  I  ’  —

we have

K a( x , B)  >  u(B).

Hence. C  is a petite set.D

P ro p o s itio n  2.2.5 The process defined in (2.18) satisfies Doeblin's condition.

P ro o f: Choose a such that a2 > 72 +  a 2. Let A =  [—a.a]. Define /„(•) and 

u{dx) as in the proof of Proposition 2.2.4: define /<,(•) to be the probability density 

function of a normally distributed random variable with mean =  a and variance 

=  1. set f ( x )  =  m in ( /„ .(x ) ,/a*(-r)) with a.  = —7 e“/2 and a* =  —7 e-a/2, and define 

v(dx) = e~gaf (x)dx .  By Proposition 2.2.4, we have that P ( x , B )  > v{B)  for all 

x € .1. Now consider the case when x ^ A.

P(x.  A)  =  P {W t € A \W t-t  = x)

=  P (|W t| < a|W'£_t =  x)

> 1 — l / a 2E { W f \ W t-\  =  x) (by Chebyshev’s inequality)

=  1 -  1/a 2 [E (72e-"(V;_1 -  er )2) +  E { Z f )

= 1 -  l / a 2(72 +  cr2)

=  ^ > 0.

Hence.

P2[ x , B)  =  P{W t € B\W t- 2 = x )

> P{W t € B, Wt_! € A\W t- 2 =  x)

=  P{ Wt & B , W t- l{ x ) € A \ W t. 2 ^ x ) ,  

where H q .^ x ) represents the random variable Wt~ 1 given W t- 2 =  x,
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/  P {W t € B l W t - ^ x )  = y) P i W t - ^ x )  G dy)

> v(B)  [  P i W t - ^ x )  G dy)

= is(B)P{Wt- l e  A \Wt_2 = x )

> u{B)8\ for every x G -V.

Thus, the chain {lTrt} satisfies Doeblin’s condition.□

The chain is strongly aperiodic since the set A defined in the previous proof is a

small set with positive u measure (Definition A.2.7).

T h e o re m  2.2.6 The process defined by equation (2.18) is uniformly ergodic.

Theorem A.2.23. the chain is uniformly ergodic.□

To establish that the process given by (2.16) has at least one invariant measure, 

it remains to show that the sequence of measures [p — cr̂ .} is tight.

P ro p o s itio n  2 .2 .7  The sequence of  stationary probability measures {p<jk: k G Z+} 

for the set of  processes { if’t./;} defined by (2.18) with corresponding noise variance 

{<Tfc} satisfying (T\ =  l.CTfc —> 0 as k —> oc. is tight: i.e. for each e > 0. there exists 

a compact subset C' C A' such that

P ro o f: Let C =  [—c, c]. Given t  > 0, set ei =  e/2 and e2 = e2/4. Choose N. M  and

P ro o f: Since the chain is strongly aperiodic and satisfies Doeblin's condition, by

Pck{C) > 1 — e for all k.

c large such that ^  >  1 -  eL, YliLi —  "  <  £2, and

P — c + <  Z  < min (c — 7 (ei)-1 2̂, c — 7(iV — e~M)eM/2) >  1 — Ci,

where Z is a normally distributed random variable with m ean= 0 and variance= 1.

Then.
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= J  P (7 (V;_t -  ex)e~x!2 + Zt € C) ^ k(dx)

= f  p ( 7( i - e T r/2 +  ^ € C ) f ( K M = i X ( ^ )  
J*>* ,=o

+ /  T  P (7(* -  e")e-x/2 + Z( 6 C) P(Yt- 1 =
'*<0 i=0 

=  I +  11.

Now. defining Sx :=  {2 : ex — e < i < ex +  ex!2t l l 2̂},

1 ^  /  £  P (7(*‘ -  er )e"*/2 + Zt € C) PtY',-! = i K ( ( / x )
“' i>0 iesx/* /  , - 1/2 _  - 1/2 \

> /  V p U ± ^ - < z < - — p( v; _l = 2K fc(dx)~  A > 0 , f e  V  * *  * *  )
> /  (1 -  £l)P(-e^2£7l/2 < v;_t -  e* <

Jx>Q

> j  (1 -  e 1)(1 -  {ci/ex )eI )fi(Tk{dx) (by Chebvshev’s inequality)
'  r > 0

=  (1 -  c O V ^ k ^ o o ),

and

II =  f  P{ — 7ex/2 +  Z, € C )P(rt_! = OKJrfx)
Jx< 0

+  f  £  p (y‘- ‘ =  ' ) p w i' -  e r )e_x/2 +  Zt G c ^ dx^
J*<° i=1

> [  p f - i ± I < Z < — V ( ^ _ ! = 0 W fc(rfx)
Jr<0 V ** * * /

+  /  £  n r - ,  =  O P ( -  <  z  <  c ~ 7(i ~  eX)e" , / ; )  w
Jx<o f r f  V«7fc ** /

> f  (I ~Ci)P{Yt-i  = 0)fiak{dx)
Jr <  0

+ [  y  Ptr,-. = i ) p ( - < z  < c ~ 7(;V ~ eJ)e~r-/;)
J x < o j r t  \CTfc ° k  J

> f  ( l - t l )P(Vt..l = 0)Li<rk(dx)
J r <  0

+  /  £  P ( V ,,  -  OK
J-M<X< o j l f  V 0-* crk J
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> [  (i - ei)P(y;_i = okj^x) + f  V  p [Y t- x =  *)(i -  dKjrf*)
J x <  0 J - X f < x <  0 1=l

. N r N
> /  (i -  e o V  P(v;_i =  i K ( d i )  -  5 1  =  O / ^ W -

J  x <0 |= q J x <  — \ f  *= ^

Now. if V ~  Poisson(Ai) and .V ~  Poisson(l), 0 <  Ai < I. then

■* \i y ~ N~l
P ( V > , V )  =  f ;  — r i  =  e - ' 'A -^ ‘ £

■ = ^ + 1  ‘ i= :V + l

< e-'-A , E  i < « -  £  i  =  P (-V > ,V ).
i= ;V + l  ' i= jV + l

since e ' r i  is an increasing function with a maximum at x  =  L for 0 <  x <  1. Note 

that this implies that P ( Y  < N)  >  e~l Now. if Y  ~  PoissonIA!) and .V ~

Poisson(A2). 0 <  At <  A2 < 1, then

V ^  A*-e A1 „-Ai \ A1•V =-Ai\i J L  \ ‘“ l

r  = e'
AT , , - 1

P ( 1 < V '< ;V )  =  £  _ _ L  =  e - M ,  £ - 1 j-
i = t  1 = 1

<  e - '2A2 £ * 2 _  =  P ( 1 < .Y <  N).
i: i=i

Thus.

f  v g-l /• ~v g-e_Ue--Wi
ii > /  ( i - c i ) V — ^ fc(</x)-  /  5 ^ — ^

7 i < 0  , _ o  Jr<-M  1 = l *•

> (1 -  ei)V<7k(-oc.O ] -  e2.

Therefore.

A ^ (C ’ ) >  ( l - e i )2 - e 2 =  l - e .

Hence, the sequence of probability measures : k G Z+} is tight for any sequence 

{cfc} satisfying <Ti =  I, crjt —>• 0 as A: —> oc.D

T h e o re m  2.2 .8  The process {IT'(} defined by (2.16) has at least one invariant mea­

sure.

P ro o f: Follows by Theorem 2.2.6 and Proposition 2.2.7.□
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2 .2 .2 .3 R eachable Point

One approach we have considered for establishing the uniqueness of a stationary 

solution concerns the theory of e-chains. Although we have not been able to establish 

that the sequence of transition probabilities is equicontinuous, we have been able to 

show that the chain is bounded in probability on average (Section 2.2.2.1, Theorem 

2.2.3) and that the chain possesses a reachable point. The proof of the latter is the 

focus of this section.

P ro p o s itio n  2 .2 .9  The process defined by (2.16) has a reachable point (Definition 

A.2.9). .r". where x “ is defined as the unique solution to the following equation:

x =  - 7 ex/2. (2.19)

P ro o f: We will first show that the nth iterate of g(x0) := —7 er°/i converges to x" by 

showing that the sequences {x2n} and {x2n+i} converge to x ',  where x n is defined 

to be the nth iterate of <?(x0). W ithout loss of generality, we will assume x0 < x \  

It is easily seen that under this assumption, x2n < x ’ < x 2n+i for all n.

Define h(-) to be the inverse function of g(-) (i.e., the reflection of g(-) about 

the line y =  x). Then h(x)  =  2 In Since g{-) is strictly decreasing, we have

1. for x <  x*. h(x) > g{x)

2. for x >  x '.  h(x) < g{x)

3. if g(x)  =  h(y) then

(a) x < y if x < x‘ ,

(b) x > y if x > x ',

(c) x =  y if x =  x*.
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Combining these results we obtain x2n <  x 2n+2 an(i ^2n+i <  ^2n-i for all n since 

h{x2n+2) =  x2n+l =  g{x2n) and h(x2n+i) = x 2n = y(x2n_i). A graph depicting 

g (x ), h(x) and y = x is given in Figure 2.2. The above relationships are seen more 

easily upon examination of the graph.

To show that {x2xl} and {x2n+l} converge to x*, suppose lim^oc, x2n =  6 and 

limn^.lX, x2n+l =  a. Now, a =  g(b) =  h(b) and 6 =  g(a) =  h(a). From 3c. this implies

that a = b = x*. Thus, {x2n} and {x2n+l} converge to x “ from which it follows that

{xn} converges to x".

Now. let O be an open set containing x". Since {xn} converges to x “. we may 

choose M satisfying x.v/ € O. Then

Ps , (y .O) = P (W m  6 0  | H/'o =  y)

> P{ Wi = x t , W2 =  x2, . . .  , W\[ =  x ;V/ | W0 =  y)

= P(W M = x.u | Ŵ w-1 =  iM -i) • • • P{W,  =  x t I Wo =  y)

=  P (K u -l =  0 | =  x iU_t) • • • P(Y0 = 0 | WQ =  y)

>  0.

Therefore. Pn(y , 0 )  >  0; hence, x ' is reachable.D

2.3 A d d en d u m

Here we show that a stronger "tightness” condition holds for the GLARMA 

models of Section 2.2 with \ ' t{3 =  0, p =  0, q = i and 1/2 <  A < 1 using 

Chebvshev's inequality. This condition provides a more concise means of establishing 

the existence of a stationary distribution and will hopefully aid in proving that the 

process is an e-chain. We begin by stating the results for a general Markov chain 

and conclude by showing that the conditions are met for the GLARMA models of 

Section 2.2 under certain assumptions.
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•1x*

—  y=x
■1.5

Figure 2.2: Reachable point: Poisson Process. g(x)  =  —1.5exl 2.h(x)  =  21n(y-|)

P ro p o s itio n  2.3.1 //{X „}  is a weak Feller chain and if for any e > 0 there exists 

a compact set C' C -V such that

P(x,  C c) <  e, for all x  6  -V,

then {Xn} is bounded in probability; thus, there exists at least one stationary distri­

bution for the chain.

P ro o f: Assume that for any e >  0 there exists a compact set C C such that 

P{x. C c) < e for all x  € -V. If Pk(x,-)  denotes the fc-step transition probability of 

the chain starting from state x then.

P k{x. C c) =  j  P(y, C c)Pk~l [x . dy)

<  t .
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Thus, the chain is bounded in probability. In fact, the tightness of the k-step 

transition probabilities holds uniformly in x. It follows tha t the chain is bounded 

in probability on average and hence, by Theorem A.2.13, there exists a stationary 

distribution.□

P ro p o s itio n  2 .3 .2  Let

Yt ~  Poisson(eM',‘),

where

Wt =  7

1/2 < A < 1. Then the chain is bounded in probability, and therefore, admits an 

invariant measure.

P ro o f: First note that the chain is weak Feller. Define C  :=  [—c. cj. Then.

P ( x .C 'c) = P (W t 6 C | Wt^  =  x)

=  P [7 (V;_i -  € [-c , c]e | Wt-i  =  x],

which, by Markov’s inequality,
f (7 /c )2e -2ArVar[V', | W t- i  =  * ] ,  x >  0 

-  \  (7 /c )e -Ar£[|V't_i — ex | | =  x ] . x < 0

(7 /c )2e^l~2'^x, x > 0
<  i  (1— [ 2(7 /c)e 1̂ A*r . x < 0

< r (7/c)2.
-  1 2(7/c).

x > 0 
x  < 0.

Thus, given e >  0 choose c large such that max (2(7 / 0), (7/c)2) < e. The result 

follows from Proposition 2.2.9.□
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Chapter 3

TH E  B E R N O U L L I PR O C ESS

3.1 Background

The focus of this chapter will be on a component used in the modeling frame­

work of Rydberg and Shephard (1998) for price activity, previously mentioned in 

Section 1.5.3. Recall that they suggest modeling the price change of a given stock 

by considering three separate processes: one which models whether or not the price 

of the stock has moved (activity); one modeling the direction of the price change 

(direction); and one modeling the magnitude of the change (size). The model they 

favor for analyzing the price activity is a GLARMA model. Recall that .Vt € {0.1} 

is the event of a price change at time t. If represents the er-field generated by 

{.Vr . x <  f}. the conditional probability of V, given T%-\. is given by

p(Nt = n \ F t_ l ) = P ? ( l - p t )l~nW « ) ,  

where pt = e9t (1 +  efl' ) _1. 9t =  +  et, x t is a vector of exogenous variables, and

p  ?

ft =  ^ 2  + vUt +  <r ^ 2  SjUt-j , a  > 0.
j=i j=i

with

Ut =  .iVt~ l ~  P t ~ l  = .  t > 1. (3.1)
-  P t - i )
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[  N t - P t

. y / p t {  1 ~ P t )
v ' t - 1

Note that {Ut} is a  martingale difference sequence:

E [ U t + i  \ F t ] =  E  

=  0.

with

Var[ Ut +i  | F t ]  =  E [ ( p t ( l  -  P t ) ) ~ l { N t  ~  P t ) 2 I F t ]

=  ( p t ( i  ~ P t ) ) ~ l p t ( l  -  P t )  =  I -

In this chapter, we show that the process {£’(} has a unique stationary distri­

bution for the special case of the GLARMA model where ,3 =  p =  q = 0. In this 

case.

pt = eair'{ l  + e aUt)~l . (3.2)

where Ut is given by (3.1). Results from Meyn and Tweedie (1993) will be applied

to prove the above.

3.2 A sy m p to tic  R esu lts

In order to establish the existence of a unique stationary distribution for the 

process {£ t}, we will show that the conditions of Theorem A.2.18 are met. In other 

words, we need to show the following:

1. The process {Ut} is an e-chain (Definition A.2.17). tha t is. its transition prob­

abilities are equicontinuous.

2. The chain possesses a reachable point (Definition A.2.9).

3. The chain is bounded in probability on average (Definition A.2.12). Alone,

this condition provides a means for establishing the existence of a stationary
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distribution for weak Feller chains without the requirement of irreducibility.

Coupled with the conditions given by (1) and (2) above, boundedness in prob­

ability on average provides us with a tool for verifying the existence of a unique 

stationary distribution.

3.2 .1  E -cha in

T h e o re m  3.2.1 The process {Ut} defined by (3.1) and (3.2) is an e-chain.

P ro o f:

In order to establish equicontinuitv of the transition probabilities, it is necessary 

to show that for any continuous function /  with compact support, the functions

P ^ f . k  =  1.2 are equicontinuous on every compact set C. We will first derive a

more convenient expression for | P* f  — P ^ f  |. Now,

n o = 0

no =0

where

\e~axt-i/2 _  e<7x,_t/2

and

: =  n  j _ i (  1 +  e',<rzt- _  ecz,-i/2

Note that

(3.5)

and
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p(n,- =  0 | x,) =  ( l+ c ~ r l, (3.6)

with similar relations holding with x, replaced by r,. Throughout the remainder of 

the proof, we shall assume x,- and r, evolve according to (3.4) for the same set of 

no ,n ! Replacing /  with P f  in (3.3), we have

-  X i  {  | p ( n » l x ° )  “  P ( " o | - ’ o ) |  I P . , / 1  + P ( « o | * o ) | P i , / -  P : , / | )
n0 = 0  '

-  5 Z  {  I^C00 lX°) - P ( n° I ~ ° ) |  ? ( " !  I ; ! )  ! / ( ^ 2 ) |
n0,n i = 0

+ p{n0 | x 0 ) ( | p ( n t | x O  -  p{ni | xL)| \ f { z 2)\ +  p ( « i  | x l ) | / ( x 2 ) -  f { z 2i

= 5 1  |  ( lp(n° I xo) - P ( no I co)| p K  |- i )
n 0 , n i = 0

+  p ( n 0 | x 0 ) | p ( n i  | x i )  - p { r i i  ) ~ i ) | )  j/ (->) J +  p ( n 0 | x 0 ) p( rc i  j x , )  | / ( x 2 ) — / ( -  j 

I t e r a t i n g ,  w e  o b t a i n

p kj - p-J\

< £  j|p<n0 |*„) -p(nol--o)| |P>r'/| +P(no|xo)|P‘- ‘/ -  P?r‘/ | }
no = 0  ^ '

< 5 1  | | p ( n o | x 0 ) - p ( n 0 | - o ) | p ( n i | - i )  \P;2~2f \n0.n I = o
+ p ( n „  I X „ ) ( | p ( n ,  | x.) -  ?(«. I |P‘ - V |  +  P(". I * .) | /* T V  -  ' t ’V l)  }

-  5 1  I {\p(no\xo)-p{no\zo)\p{nl\~l)---p{nk-l\zk-i)
no l =0 '
+  p{n0\x0) | p ( n !  | X ! ) — p{n\ | x t ) |  p ( n 2 | ~2 ) • • • p ( n fc_ l \ zk-i)
+  . . .  +  p(n0 | x 0 ) • • - p ( n f c-2 | z f c - 2 ) | p ( n fc- i  k f c - i )  ~  P ( « f c - i  I £ f c - i ) | ) l / ( - f c ) l  
+  p{n0 | x 0 ) - - - p ( n fc_ 1 | x fc_ i )  | / ( x fc) - / ( x fc) |  J
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fc-i f 1
=  ] C l  S  | / ( « f c ) | p (” 0 I * o ) ' I  X f _ | )

i= 0  n o ,...,r ifc _ i= 0

• |p(n,- | x,-) — p(n,i | z,-)| p(ni+i\zi+l) ■ ■ ■ p{nk- i  | 2fc-i)j

+  ^  P(no | xo) • • • p(nk-i I Xk-l) \ f { x k) — /(-Jt)|? (3.7)
no. - .nfc_i =0

where p(n, | x,) • • • p(n,_L | x,-_i) := 1. In order to extend this bound, it will be 

necessary to bound |p(rc; |x ,) — p(n,-1 r,) | and |x ,+i — c,+t |. An application of the 

Mean Value Theorem gives us the following bounds:

|p(rz, | x . ) - p ( n ,  | - , ) |  =
J | ( l  + eax')~ l -  (1 + e ff- '')- l |. if nt =  0.

_  J (t+e^i )2 lx ' i f n , —0.
C C - < T C 2

c
x, -  Z i  , if n, =  L.

_  I (e-^t/^+e^i/2)2 lX‘ ~‘T  >(n i — 0-

1  (ear-l l2 Jt.c~ac-I2)2 !X|  ~  ' ' ' I ’ =

< (cr/4 )|ii — x,|, (3.S)

since e 1 +  er > 2, and

M-  t’+ l  ~ t + l

- 1

|effr>/2 _  eaz'!2\, n; =  0.
\e-°*>n -  e~az'l% rii = I.
| e<rc3/2jx . _  =  0.
| e - ^ / 2 | x . _  -.1 n; =  1, (3.9)
2

where c,. i = 1 , . . .  ,4, are constants between x t- and Z{.

W ithout loss of generality, we will assume supr€C |/(x ) | < 1 since / .  being 

continuous with compact support, is bounded. Upon combining these assumptions 

with (3.8), the bound on | Pj?Qf  — P ^ f  ] may be extended as follows:

fc-i ,  l
PtJ  -  P - J \  <  (o ,/ 4 ) 5 3 |  5 Z  ( p ( n Q I ^o) ' ' ‘ P ( n i - l  I x i - l ) | x , ’ — r;|

1=0 n o  nk — l = 0

•p(n1+i|x1+1) • • -p{nk- i  | -fc_i)

l
+  5 ^  P (n o |x 0)-*-p(n*-i |x fc_ i)|/(* fc)-/(zfc)|- (3*10)

n o ,... ,n it_ i= 0
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For the remainder of the argument, we require that a  be such tha t there exist two 

solutions, yi < yu, to the equation =  |x|. Note tha t for a  =  2 /e , there exists

exactly one solution to the equation, namely, x =  e. Therefore, it is required that 

a  < 2/e. Define ym := so ln (^ (e<Tlxl/2) =  1). Since y(x) :=  ea x̂^ 2 is convex, x > g(x) 

for yi < x < yu. and x <  g(x) for x G (0 ,yi) U (yu,oc). It is useful to indicate the 

following:

yi > 1 for er > 0. (3.11)

and

(<r/2)y, =  (<x/2)e(' /2)s" <  (<7/ 2)e(ff/2>^ =  1. (3.12)

One might also note tha t — yi > —yu are the two solutions to —g(—x) =  —x and 

—ym = s o ln (^ (— e-crlxl/2) =  1). The functions g ( x ) ,—g(—x)  and h{x) :=  x along 

with ±yi.  ± y m and ± y u are plotted in Figure 3.1 for the case a  =  1/2. There are four 

separate cases of initial values to consider: |xo|. |co| <  yi, yi <  |x0|, |~o| 5: */m. ym < 

j  x o I - 1 ~o | < yu and |x0| . | r 0| >  yu- Note that because the distance between x0 and 

r0 can be chosen to be arbitrarily small, if [x0|. |-o( are not in the same case, they 

must be in adjacent ones. Thus, since each case includes its boundaries, it is not 

necessary to consider any additional cases.

Before proceeding with the proof of the four cases, it is helpful to point out two 

key characteristics of the realizations {xjt}.

cl. First, since the sequences {xjt} and {c*,} are driven by the same sequence of 

observed values of the Bernoulli random variables, {njt}, it is easily seen from 

(3.4) that x; and xt- have the same sign for i > 1. Thus, we will assume without 

loss of generality that x0, zQ >  0 throughout.

c2. Now. if we define gn(x ) to be the n th iterate of g(x) :=  e*7̂ / 2. with go(x) := |x|. 

it can also be seen from (3.4) that |x„| =  yn(^o) (which is >  1) if and only
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Figure 3.1: E-chain cases. h(x)  =  x ,g(x)  =  e^ 4

if sign(x,) ^  sign(ar,_i) for all i < n. If sign(x,) =  sign(xj_i) for some i < n. 

say i =  s. and sign(x,) ^  sign(x,_i) for all i < s, then |x ,| =  e- ^ 2̂ 1-1* < 

e(fr/2)|r3_t| _  e(o-/2)3,_i(r0) _  ^a(Xo). Therefore, by (3.4), |xa+t| < =

o) _  ^s+1(x0), from which it follows that |x„| <  ^„(x0). for all n > 0.

Throughout the proof, we will denote the first i >  1 such that sign(x,) =  sign(x;_[) 

by t a .

case 1: |x0|, |x0| <  yi
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We begin by noting that |x;|, |x,-| <  yi for all i > 1 when xo, -o <  yi (recall from 

cl that x0, z0 >  0 by assumption). To see this, recall (3.4):

_ eax,-i/2' n i _ t  _  

e - < r r , _ , / 2 > n { _ i  _  ^

It follows tha t for 0 <  x,_i <  y/,

X, =  <
V

Likewise, for — yi < x,_! <  0,

*[—1. —e~ayi^2], n,-_i =  0.

rc.-i =  1-

Thus. |x,| <  yi for ail i > 1 if xo <  y;.

Now. since eac/2 < eayit2 =  yi for c <  y/, and y/ > 1. we see from (3.9) that

. .J 1"1—
\ l  i-yil.

|xi+i ~i+i| < {cr/2)yi\xi -  =i\. (3.13)

Combining this result with the bound for | P^Qf  — P̂ of  | given by (3.10). we obtain:

K f - p £ f \
k — i /  i

< ( c r / 4 ) ^ <  ^  ^p(n0 | x0)- - -p (n t_i | Xi_i)(o-'///2)‘l-r o ~ -o |
i=0  ̂ no njt_|=0

‘ P ( n , + l  l - i + l ) ’ "  P ( n k - l  | - i - l ) ) j  

1
+  ^  p(n0 |x o )---p (n fc_L |x fc_i) | / ( x fc) -  f ( z k)\.

no  n fc_ i = 0

Since .... n * _ 1= 0 P ( n o k o ) - - - p ( « t - i  |*«-i)p(rc«+iki+i)’ • - p ( « f c - i  U a-i) =  2. we

have

p k, j  -  pU \

< (<x/2)|x0 -  --0| y^(<rgi/2)' +  ^  p(n0 |x 0) -• -p (« i- i  I X4-i) |/(* fc) -  /(* * ) |
A—1 L

i= 0  n o ,...,n /fe_ i= 0

< a \*° ~  -°J. +  y  p(no \x0) - - -p (n k. l \ x k. l ) \ f ( x k) - f { z k)\. (3.14)
2 - ^ '  n 0 . . . . ^ _ 1 = 0
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Recall from (3.12) that (a/2)yi  <  1 which implies 2—ayi > 0. Therefore, given S > 0, 

we may choose e such that for |ar0 — | < e, < $ / -  and |/(-To)—/ ( )  | < <V’~-

Since (cr/'2)yi < 1. it follows by (3.13) that |xfc — s*] < |x0 — r0| <  e, and hence,

\ P k, J - P - J \  <  < 5 /2  +  < * /2  =  <S.

Thus, for |x0|, |20| < yi, the transition probabilities are equicontinuous.

c a s e  2: y t <  | x 0 |, N  <  Vm

Here we will use the fact that ^ ( e 17̂ 2) =  (crj'2)eai!2 < 1  for yi < x < ym and

j ^ ( —e~ax^2) =  (cr/2)e_ITr/2 <  1 for — ym < x < —yi (see Figure 3.1) to show that

the successive distances between the sequences {xjt} and {-;.} contract. From (3.9)

and the preceeding statem ent, we have

■ | _  /  | e <rci/2|xo — r01. n, =  0
|  | e- ^ / 2|Xo- c 0|. n ,=  l

<  |xo — -ojf (3.15)

where again. C[.c2 are constants between x0 and so- In this case, it is possible for

|c,| =  ym which would imply (cr/2)e<T,c,'/2 =  1. Thus, it is necessary to carry this

bound a step further. Similar to case 1. it is easily shown that |x,| <  for all

i > 1 if |x0| < ym. From (3.4), we have that for yi <  x,_i <  ym :

( [~e{al2]ym, -yi],  n .-i =  0,
X, €  | [ e - W 2 ) ^ , e - W 2 ) y , ] ,  n i _ l =  l ,

and for - y m < x t_i <  - y i  :
( [_ e-W 2)yq _ e-(»/2)#m]5 =  0.

X‘ G \ [ i r t , e (' /2)ym], n,--i =  1.

Hence. |x,| <  e{(T/2)ym =  gi(ym) for all i >  1 if |x0| <  ym. Thus, for c between |x t | 

and |ci|. we obtain the following:

|x2 -  z2\ < (cr/ 2)e<rc/2|xi -  Zi |

<  ( a ^ J e ^ ^ ^ l x !  -  XL|

<  (<7/ 2)e‘r3l(y’")/2|x0 -  s01 (by 3.15).
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Note tha t since gi{ym ) < J/m (see Figure 3.1), (cr/2)easil‘ym^ 2 < 1. This implies 

1̂ 2 — - 2! <  |xq — ~o|- It then follows from (3.9) that for all i > 1,

Hence, given 8 > 0, we may choose e >  0 such that for |-r0 — ~o| < 

c. |/(j:o) -  / ( -0 ) I <  8/2, and ( <t / 2 ) | x 0  -  ~o| [1 +  (1 -  r ) _ l] < 8/2. Then, 

since \xk -  c*| <  |x0 -  ro|. | PxQf  ~  P-0f  \ < £  for ko  “  ~o| < e-

case 3: y m < |x0|, |x0| < y u

The remaining two cases are quite similar. In this case, given 8 > 0. we will 

choose k ‘ such that <  8 /4. Next select et satisfying |/ ( x )  — /(~ ) | < 8/4 for

|x — z\ < e! and choose c2 such that for |xq — ̂ o| <  ^2, maxo<,<jf-i |<7t(£o) — <7i'(^o)| <

We will first consider the case k < k ‘ . Recall tha t r .4 =  j  if and only if s ign(ij) =  

sign(xj_i) and sign(x,-) 7̂  sign(x,_i) for all i < j.  Assume ta =  j  < k m. Then, since x t-

\xi -  ~,| <  {(<r/2)e"3' ^ 2y - l \x„ -  x0| :=  r - l |x0 -  x„

Thus, from (3.10), we have

k- 1

+

<  (<r/2) |x0 — ^o| +
(<r/2)|x0 -  -01

1 — r

+

minin  ( 2^  » m ax0< i< jf  |gi{x0) - f f , - ( x 0)| < and i ^ \ x o ~  *o| < £/4.
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and Z{ have the same sign (recall c l), it follows from c2 that |x ,— z,-| =  |5,(x0)—5,(20) | 

for all i < j ,  and

\xj - z j \  = (<r/2)e _<r|e|/2|xj_i. -  |

=  i ? /*-)e_<T|c|/2|5 j- i(xo) - 5 j - i ( - o ) |

<  |5j-i(*o) - 5 j - i ( - o ) |,

where c is a constant between Xj_i and z j- i .  Also, note that |x_,| and |2j| < 1. and 

hence. < yi. It follows by case 1, for all i > j .

|xi -  2, | < (cryi/2) |x,_i -  2,'_ 11 

— I^t—1 11

< |ffj-i(^o) - 9 j - 1 (-0) j -

Thus, for all i < k < k ‘. |x< — -;| < max0<n<f_L |5n(x0) -  5„(20)| <

max0<„<fc. |5a(x0) -  5n(~o)| for ta < km. Now suppose ta = j  > k m. Then 

|j, — | = |5,(x0) — 5;(20)| for all i < k < k~. It follows that |x, — 2,| <

max0<n</f-t |5n(*o)-5n(*o)| for i < k" and |xfc-2jt| < maxo<„<fc. |5n(-ro) ~5n(-o)|- 

Hence, for k < k', it follows from (3.10) that

\Pr0f - P : Qf \  ^  ( a / 2) ^ o<max_i |5n ( x o ) - 5n(^o)|
i = 0  ~  -  

1
+  5 Z  p ( n ° I X°)  ' " P ( n k - l  I JPJfc-l) \ f ( Xk )  -  f ( S k )  I

"o "fc-i=0
<  (<r / 2) r o<max_i |5„(x0) -  5n(~o)| +  S/4

<  S/2.

For k > k ‘ . a different approach will be taken. Note that for x0 > 0. rA = j  if 

n0 =  0. Hi ni- i  for i < j  — 1 and nj =  Thus, given x0 >  0, ta — j ,  it follows
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from (3.4) that x,- =  ( — i y e ^ x' - ‘^2 for 1 < i < j  and Xj =  ( — 1)J le alxJ-d /2. Now, 

consider the following expression for \P£0f  — P ^ f  |:

Y  Exo [f(Uk) | TA =  j ] PIq{ta = j )  
j = i

00

- £ M / ( C * ) k 4 = . j ] f W ( 7 \ 4 = j )

oo

E {E*. IT-< = J'l -  E» l/CMt) i ̂  =  j]} =  j)
j=i

00

- E = J> “ P'» (T-4 = J)}£» Lf, c *>1 '■>=
>=i

< Y  P*°{TA =  •?') Ex° [/ ( ^  I '•* =  j \  ~  E--o LW *) I ^  =  j!
j= i

+ Y  | P;o(r .4 =  j )  ~  Pr0{TA =  j )
J=L

= I + 11. (3.16)

First we will consider I: 
k ’

i < E p«(r-< = j>!e» i rj=j] - E--° wt;‘> irj=j'I
7=1

oo

+ J] 2/3xo(ta =i).
J = k - + l

Note that the sets {t/0 =  ta — j }  and {UQ =  xQ.Ui = x i . . . .  . i'j =  Xj} are 

the same, where x0 > 0 by assumption, x, =  ( — l) ‘e^ r—ll/2 for 1 <  i < j  and 

Xj =  ( —1 y ~ le~<T̂ 1- 1̂ 2 (note that this implies |x j| <  1). It then follows by the 

Markov property of the U'ts that

k -  m

i < E p»(̂ =-’)£i.wcr‘-Ai-£=,i/(tr*-j)i + E 2P«(̂ =j)
j = i

fc*
J = k ‘  + 1

= Y. p̂ r*=̂ ft Jf- p̂ if+ E 2p»(̂ =j)
j=i j=**+i

:=  ^  Pro(T.4 =  J >  +  6. (3.17)
i=i
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Since |x j|, |x,-| <  1 < yi if rA =  j , to obtain a bound for a. we can use the same idea 

as in case 1. From case 1, (3.14), we have

a : = p k - j  f  _  p k - j  r
xi J j

i ' 1<7 X ,  -  -
< —r 1— —  +  T  p("j |x j)  —  p(nfc_i | n - i )  | / ( x t ) - / ( r t )|.

2 -  „,....tr_,=o

Now. for c between and *j_i, where recall. x;_ t and Xj_i have the same sign, 

we have

\x j ~  =  | e ' (<r/2)|x2- 11 -

= / - ) \ g j - i i x o) — <7j-iUo)l 

-  (<J/ 2 L ^ : X , k ‘ (-ro) - 5 i ( ~ o ) | -0<f  <Ar* — I

Thus.

a <
-  9 _ a y i  o<i <k

max k ( x 0) -  g i { z o ) \

+ Y I  P(Wj I  p(l2fc_i | JTfc-l) |/(j?fc) — /(-fc)|
n}  n * _ i = 0

< S / 4 + 8/4 = 8/2,

since \xk -  zk\ < \xj -  zj\ <  maxb<;<fc* |flr«(*o) -  fir,(-o) | <  Q-

We will use the fact that the probability of observing the sequence {rq : rc, =

1 — n,_!. i > 1} decreases as z increases in order to bound b. Recall,

OO
b:= Y ,  2Pro(TA = j ) = 2 P Xo(TA > k - ) ,

j= fc * + 1

and ta >  k '  if and only if rz0 =  0 and n, ^  n,_i. for 1 <  t <  k '  (x0 >  0 by

assumption). It follows from (3.5) and (3.6) that

Pr0(rA > k ‘ ) =  [(l +  e " ° ) ( l  + e <r3llro)) - - - ( l  +  e<rSfc*-‘(io))]
- i
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where gi{xQ) =  |j ,| =  < (fr-i(Jo) for 1 <  i < k '  <  rA, x 0 >  Dm- Note

that for jq  >  yi, gi(xo) > yi for 1 <  i <  ta . Hence,

b <  2(1 +  
•2

<

Therefore.

(1 +  ea* )km 

< S/4.

k'
l < ^ P I„(rJ = j ) i /2  +  <S/4 

j= 1 
<  3(5/4.

It remains to bound II. By the Mean Value Theorem, |P .0( r 4 =  j )  — P* 0 (T4 = 

j ) I =  P'c{t a  =  j ) | j 0 -  r 0 | where P'c{t a  =  j )  =  £ P A t a  =  j ) \ £=e- a n d  c  i s  a  v a l u e  

between Jo and ro. Now, for Jq > 0.

PIo(ta = j )  =  [(1 + e <Tro)(l +  e<T3l(xo)) - - - ( l  +  e ^ - 2(ro))(l +  e - ^ - l(ro,)]_l .

from which it follows that

P ^ ta = i )  =  n  ( l + * '“ “ »>)
t  n ® I. — ni=0 k =0

fc# i
J -  2

But,

d f  d

= a e <T3' { x ° ) a / 2 e { c / 2 ) 3 " - l ^ o ) A .  ( j 0))

=  <7 ( <7 / 9 y e <T3*(r o l + l <r/ 2 )5 ' - d I o ) + —+ ( o - /2 ) g i ( r o ) + ( o - /2 ) x o _
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Therefore,

p' “2(T■4 = J ) 5 s ; ( e”5' (' 0,)  f t  ( l + e" * (' , , )
Jt = o 
k ^  i

, )' ) [ ( l  +  e<,I° ) ( l  +  e<T3l(ro> ) - - - ( l + e <r3- l(lo))
d x 0 v /  L

• ( 1  +  g ff3 i ( * o ) ) 2 ^  g O - S . + i f - r o ) ) . . .  ( 1  e ff3 j - 2 ( - c ° ) ) (  1 _|_ g - ^ j - i l ^ o )  j

=  cr(cr/2)‘ ( e - ^^2'Xo +  e l<7̂ 2'10) • • • ( e _(<7/ 2*3—l(r°* +  g(ff/ 2)s.-i(^o)^

• ( e - ^ / 2*3 ' ^ 0) +  e (ff/ 2 )j*(i o ) j 2 ^  _j_ g<73.+l(-ro)j . . . ^  _j_ e <rgj -2(xo)^ j g - a ' J j - l  (^o) J

cr(or/2)‘

-1

2' • 4 • 2-'~‘-2 • 1
<r{*/'2Y

9j

and

P,-2(r .A=j)

cl

clxr

~ { e~c3j~iixo))  n  o + eĉ ^ ■̂̂o,)

_ ^ g - ^ - l ( r o ) j  ^  + e " 0 ) ( 1  + e » » l ( r o ) ) . . . ( 1  +  g ^ ; - 2 ( ^ o ) ) ( 1 +  g - ^ , - 1  < r 0 )

=  a{a/2 )J~l (e- ^ / 2̂ 0 -f e(<r/,2,r°) • • • (g-W 2) ^ - ^ )  +  e^/^)si-2(^o)^

. ^g(a/2)3j —i(x0) e-(o-/2)3J_l(r0)̂ 2

<7((7/2)

- t

- I

J - l

-  2 J-i -4
cr(cr/2 )J~l 

9j

It then follows that

j - 2

| ^ = i ) |  <  ^ E ( - / 2)‘ +  - /2)
i=0

-  S I > / 2>'

j - l

t= 0
cr

-  9 j - i (2  -  cr)'
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These results give us a bound for II:

OO
II =  \ P x o { t A = j )  -  P:0i rA = i ) |

7 = 1
OO

= = j )IIi o - z °I
7 =  1

i = i  v '

< 6 /4.

Therefore, the transition probabilities are equicontinuous for |x0|, ko| < yu-

case 4: |.r0|. |r0| > yu

Here, given S > 0, choose k * satisfying l̂+egyu^» < <5/4. Next, select t\  such that 

| f { x )  -  / ( r ) |  < 6/4 for |x -  z\ < et and c2 such that for |x0 -  c0| <  e2- |^ f - i ( - r u) -  

< min ( j f e ,  S{22a? ‘})-  ^ k o - 2o| <<5/4 and |y*.(x0) -  </*-(~o)| < d . 

For this case, note the following:

( <̂7*1/2 r ,  .   n
n l. |x1+1| =  |  e- axJ 2 n' . - i  -  e‘rk,l/2 -  e<T5,(xo)/2 := y 1+1(x0) (by c2).

and y,+i(x0) >  9i(z0) since t axl2 >  x for x > t/u. It follows that gi{xQ) >

g0{x0) =  x0 > yu for all i > 0.

n‘2. Since £ { e ar/2) > I for x >  yu > ym, it follows from (nl) and the Mean Value

Theorem that for c between y,(x0) and gi(z0),

|s .+ iko ) - 0i+i(*o)| =  |e^ (l0)/2 _e^.(-'o»/2|

=  (<7/2)effc/2|yi(xo) - y d - o ) |

>  | s f ; ( * o ) - y « k o ) | -
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n3. As shown in case 3,

k«- -  -«| <  kn(xo) -  9n(■*<)) |

=  |ffjf-i(xo) — ^ f- i(^ o ) | (by n2),

for all i < k — 1, and

\xk -  - t | <  max |ir„(xo) -  5n(-o)|
0 <n<Jc*

=  Ififfc-(-to)-5fc*(-o)| (bv n2 ).

Thus, for k < k m, it follows from (3.10). (n2) and (n3) above that

\Pr0f - pZ A  ^  (<r/'2)km\ 9 k - - i [ x o ) - g k - - d * ) \ + 5 / 4  

< 6 / 2,

since |^ ..(x 0) -  <7t-U o)| <  and (<r/2)A:“|flrjk-_ l (x0) -£te*-i(~o)| < 4.

For k > k m, the same approach will be used as in case 3. The expression 

\ P U - P l f \  is broken into two pieces which we will call I and II (see (3.16)). I is 

then further divided into a and 6 (see (3.17)). Here, similar to case 3. we find

\xj -  Zj\ <  (<t/2) Ift—t ( x 0 ) -& - i(~ o ) |

<  (W 2) Ifffc’-iU o) - 9 k - ~ i(so)|.

by (n3) since j  < k m. Thus, from (3.14).

<  f i£ j— a l +  y '  p(no \ i 0) ■ ■ ■ p fm,. ,  | x , - i )  | / ( x t ) - f ( : t ) \
2 -  ”y‘ w . . . X , = o

(<̂ J/2 ) l s » " - i ( io )  - S k ' - i ( s o ) l

a  =

<
2 — cryi

+  ^  p ( n 0 \ x 0 ) - - - p i r i k - i  | x f c _ i )  | / ( x j b )  — / ( * f c ) |

n o ,...  .n * _ [ = 0

< 5/4  +  5/4 =  5/2 ,
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since (<r /2)\3k--i^o\-gk’-i(^)\ <  and |Xfc _  <  \x . _  z .\ <  |^ . ( x 0) _ ^ fc. ( r 0)| <

5/A.

Recall that b :=  2PI o(ta >  k ’ ) and PXo[ta > k")  =

[(1 +  e"-170)(1 +  e£r9lir°l) • • • (1 +  e°'a,!‘-d 'ro')j l . By (n l) it follows that b < 2( L + 

e " ° ) - r  < <  i/4 - Thus,

Jt*
I < £  Pro( r 4 =  j)5 /2  +  5/4 <  35/4.

j=i

The same proof used to bound II as given in case 3 applies to this case. There­

fore. for k > k m, | PfQ -  P* | < 5  for |x0 -  x0| <  e2, |x0|, |~o| >  «/u-

Since we have established equicontinuity of the transition probabilities for all 

four cases, it follows that the process {Ut} defined by (3.1) and (3.2) is an e-chain.

3 .2 .2  R ea c h ab le  P o in t

P ro p o s itio n  3.2.2 Ut defined by (3.1) and (3.2) has two reachable points. x m and 

x ., where x '  and x .  are defined as the unique solutions to the following equations, 

respectively:

x = e~ax/2 (3.IS)

x =  - e ffx/2 (3.19)

P ro o f:

Only the proof for x* will be given, the proof for x . being similar. First we will 

show that the nth iterate of <7(x0) :=  e~ox°l2 converges to x* by showing that the

sequences {x2n} and {x2n+i} converge to x*. where xn is defined to be the nth iterate

of g(x0). W ithout loss of generality, we will assume x0 <  x*. It is easily seen that 

under this assumption, x2n <  x* <  x2n+i for all n.

Define h(x) := —|  ln x  which is the inverse of g(-). Since g(-) is strictly decreas­

ing, we have the following:
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1. for x < x m,h(x ) > g(x)

2. for x > x*,/i(x) < g(x)

3. if g[x) =  h(y) then

(a) x < y if x < x*,

(b) x > y if x > x*,

(c) x =  y if x =  x“.

Combining these results we obtain x-2n < J 2n+2 and x2n+l < f°r all n since

h ( i 2n+2) = x 2n+i =  g(x2n) and h(x2n+1) =  x2n =  g(x2„-i)  . Figure 3.2 depicts the

functions g(x) and h(x) when a  =  1. The above results are seen more easily upon

examination of the graph. To show that {x2n} and {x2n+i} converge to x*. suppose 

lim,,-,.,^ x2n =  b and lim,,-,.,*, x2n+1 =  a. Now a =  g(b) = h(b) and b =  g{a) =  h(a). 

From 3c, this implies that a = b = x*. Thus, {x2n} and {x2n+i} converge to x* from 

which it follows that {xn} converges to x*.

Now. let O be an open set containing x*. Since {xn} converges to x*, we may 

choose M so that x \ f  € 0 .  Then

P xt(y .O)  =  P(UX f e O \ U 0 = y )

> P{U0 = y< U1 =  x t, U2 =  x2, . . .  , U\r =  y m )

=  P(Pq =  y- -Vi =  1. :V2 =  1......... N\[  =  1)

> 0

Therefore. P n{y. 0 )  > 0: hence, x* is reachable.
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y=x

Figure 3.2: Reachable point: Bernoulli Process. g{x) = e *l2,h(x)  =  —2 ln x  

3.2 .3  B ounded in Probability  on A verage

Here vve will use results from Glynn and Meyn (1997) to establish that the 

process { t 'J  defined by (3.1) and (3.2) is bounded in probability on average. The 

applicable result is reproduced as Theorem A.2.15 in the Appendix. As shown 

in Section 2.3. a stronger result actually holds; namely that {Ut} is bounded in 

probability uniformly in x. The proof of this result is similar to the proof given in 

Section 2.3 for the GLARMA models of Section 2.2 and is not reproduced here.

T heorem  3 .2 .3  The chain {Ut} is bounded in probability on average.

Proof:

The conditions of Theorem A.2.15 are shown to be satisfied.

C ondition  1: AV’(j ) :=  E V ( x ) — V(x)  < — 1 +  b l ^ x ) .
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To see that this condition is met. define

V{x) =  |x|. (3.20)

b = 2, and

A = [ -2 ,2 ] .

Then,

AV’(x) =  E[\Ut\ \Ut- i  = x ]  — |x|

=  E[UtI[Ut>o] | Ut- i  = x} + E [ -  Ut l[u,<o] I Ut-1 =  x] -  |x|

Therefore, AV'for) <  —1 +  &/4(x).

C ondition 2: limn-,.,*, supa£4 Ea[V(Un)l[rA>n\] =  0, where A is as defined in (3.22) 

and V'(-) is as defined in (3.20).

By Cauchy-Schwartz, we have

lim sup E[\Un\I<T̂ >n] | UQ =  a] < lim sup E l/2[\Un\2 | U0 =  a]Pl/2(rA > n).
n -fo o  a £  4 • n -fo o  a £ 4

Since E(U n \ Un- 1) =  0 and Var((7„ | (7„-i) =  T it follows that

+ £

E

2 e ° l / 2

I +
<

E[\Un\2 | =  a] =  1.

By Markov’s inequality,

and by Theorem A.2.16,

Pa(T-i) <  V(a) + b for a € .4.
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Combining these results we obtain:

/  E ( t

lim sup Ea[V(Un)I[TA>n]} < lim sup ( -° A ■ )
n-> oo  aeA n -+ oo  a£A \  Tl +  1 /

f V ( a )  + b \  1/2
<  hm sup ( -----——

n -> °°  a g ,4  \  n  +  1 /

(  :26 ' l / !
<  hm I ------- -

n-»cc  \ n  +  1

=  0 .

C o n d itio n  3: The family of probability measures { l / r n S ^ =l P k{a--) '■ a € .4} is 

tight for each m > 1.

Since the chain is weak Feller (Definition A.2.8), Condition 3 holds by Theorem 

A.2.14. Thus, the chain is bounded in probability on average.

It has been shown that the process {Ut} is an e-chain, possesses a reachable 

point and is bounded in probability on average. Applying Theorem A.2.18, we 

conclude that the process has a unique stationary distribution. □
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Chapter 4

IN F E R E N C E  FO R G L A R M A  M O D ELS

We return to the GLARMA models discussed in Chapter 2 for analyzing time 

series of Poisson counts:

p (Y ,= k \W < )  =

where

with

and

log (fit ) = Wt = x J P  + Y ,T ie t - i ,  (4.1)
;=i

e, =  —— A >  0 (4.2)
f*t

=  ( l - E * - • ' ) ’  +  ( U )
1=1 1=1 1=1

=  - I -

In this chapter, we calculate the maximum likelihood estim ates for the above model 

parameters and derive the asymptotic theory for these estim ates under specific con­

ditions. We also consider simulations to determine how well these asymptotic prop­

erties apply. Lastly, we fit this model to a data set of asthm a counts.

4.1 L ikelihood C alculations

Here we obtain formulas for the maximum likelihood estimates of (3 and 7  = 

(0 T, d T )T. the parameters of the model given above. Let S =  {(3T , ~fT)T and define
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Lt{8) = \o g f{y t \T t- i) .  The log-likelihood can then be written as Lt{8 ) which,

upon ignoring terms which do not involve the parameters, becomes

W) = E  (W,0S) -  e"''(S|) ,

where

and

t=i

log(/it) =  iy<(£) =  xJ/3 +  ^  T ih )e t-i(S)
1=1

e, =  (Vt -  fit)/n't-

First and second derivatives are given by the following expressions

OL A .. .  , dWt ^  xdWt

1=1
o s

( = 1
OS

and

d2L A
05d5T ~ ^  

1=1
n

-  Et=i •-

x 02Wt o w t o w t 
( 1 ^ 0808r  ^  08 0ST

' A 02Wt 0Wt 0Wt' 
ê ‘ 0808T ^  OS 08T

In order to calculate these, the following expressions are required. First note that

de‘ ____________ . \ e i £ i i ia f -  le +  Ae,| ^  .

Also

where

0Wt 0i3T 0Zt
d s  ~  d s X t +  d<r

i=i
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so that

p ?

Zt =  d>i{Zt-i  +  et-i) +  Oi^t-i-
i=i 1=1

It follows that

d z t \  ̂ ( d Z t- , t 5et_,
H  7w-(Zj-  +  ^ +  2 > *  I i r  +  ~ ^ ros z ^  d s y 1 ^  ‘ V ds 98
1 =  1 i = l

9 50, „ de£_t, V '  a o ' , a u e t - i
+ Y * - o i e' - i + z L 9i- w -t=i i=i

In particular:

d Z t , ( dZt-i de t~ i\ n det-i
w r t * ‘ \ - w + s s : ) +

a z £
30a

— Zt—a +  et-
, ( d Z t-i de t„ i \  ^  det~

• +  E f t ^ - 5 5 -  +  - S S - J + S * ' 8 S

and

0 Z  P
90a

■ = i

dZt-i d^t-i
- X > 1  de ’ + d0a J ' ^ - a ' f r ”‘ de.t+  e ‘ - “ +  H  ° l B O .  • 

1 = 1

The second derivatives are then 

32et =  [Cd -M ^ t , A i d2[Vt
dSdST 1 t ld8dST

r ^ ( 1 . A, + A | - d w t
as?

and

in which

92Z t
9898T

=  S ' \ ? + l (
98 \i=i L v

d2w t 923T 982Zt __ d82Zt
d8dsT ~ d8ds?Xt + dSdST ~  d8dsT'

d<t>i ( dZt-i det- i \  ( d Z t - i  de£_ , \  doi
d8T d8T ) + 98 + 98 J 98T

, ( 9 2Zt~i 9 2et~j \  y *
+ Zw ̂  I d898T 9898t J ^i=i x 7 i=i

96i 9 e t- i  t 9 e t~i 96i 
~98~9Pr  +  98 98T

, y d2et-,
+ z ^  '9898?' 1=1
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Asymptotic results for these estimates are given in the next section for the first 

order Markov process presented in Section 2.2.1.1:

Wt =

YVe consider the following two methods of estimating the standard errors of the 

estimates. Let

n«> =  _  ( i m T  
\ d 5 d s T )

and

A(S)_ a u i ) 9 L , 0 ) Y '

& « dST)
where

d Lt(S) AdVUt
a s  ~ etfit d s  ‘

The standard errors are then defined as

(4.4)

and

= M  ( « )

4.2 A sy m p to tic  T heory

In this section we establish asymptotic properties of the MLEs derived in the 

previous section for the process defined by (4.1 )-(4.3) with A =  1. p =  0. q = 1 and 

x j (3 =  J . Uniform ergodicity (as established in Theorem 2.2.1) and stationaritv of 

{ VVt} are the key ingredients of the argument.

First replace lUt(^) by

W*{6 ) = W t(S0) + ( S - S 0)T W t,
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where Wt =  3t^ l5°' and define a linearized form of the likelihood as

£ t( j)  =  £  (Y tW?(6 ) -  evv,’(5))  .
t=t

Unless otherwise indicated, Wt and Wt are evaluated at 50. Now, reparameterizing 

with the transformation u =  n l^2{8 — <Jo), we have

L*(8a)-L*(80 + u n - l/2)

=  _  u T n - 1/2 Y  YtW t + £  eWt ( e“r »-,/2^  -  l )
(=i t=i

=  -  uTn ~ l/2 ^  f a  ~  eW‘) W t +  £  eWt {euTn~"Hv' -  1 -  ur rT l/aW''f)  . (4.6) 
(=[ t=i

Note that /?£(u) is a convex function of u. The first term  in (4.6) can be written

as —uTHn where

Hn : = n - 1/2^ e fe ^ lU  
i = l

and et =  (V) — elVt) / ew‘. Now this is a sum of a triangular array of vector martin­

gale differences

Hm = n~l/2etbt,

where

bt =  Wtew‘ =  Wttit.

In order to apply a martingale central limit theorem, it suffices to show (see Corollary 

3.1 of Hall and Heyde (1980)) that

n

Y  E(wZ I * U )  V (4), (4.7)
£=1

where T t — v (Y , ,s  < t ), and, for all e >  0,

Y  E{wIA\n,A > 0  | * - . )  A  o. (4.8)
t = 1
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We then have

Hn 4 iV (0 ,V ) ,

where

V-= l im - y . a L ‘i f ° )dL3 ) =  lim
n —►oo n do do1 n - * x  n

t = l

The second term in (4.6) is

u + Op [n -* l2Sj r e w'[uTWt?
t=L

(2n )- l J ^ e w‘W tW?
t=i

in which the second term  converges to zero. Hence

Rl{u) A R{u) :=  - u T -V(0. V) +  uTV u / 2.

where

V  =  lim T e ' v,l i ; i i f .
n ->  oo n t=i

It then follows that =argmin/2)l(u) A  u =argmin/2(u). From the form of R (u ). 

we see that u =  V’- l /V(0, V’) ~  iV(0, V’-1 ).

Next, we pass the convergence of Rh[u) onto Rn{u) ’•= L(So) — L(un~ 1̂ 2 +  80). 

Specifically, it suffices to show that L(un~ l^2 +  <Jo) — L \ u n ~ 1̂ 2 +  <)o) A  0 uniformly 

for |u| <  K. Writing 8 =  un1!2 +  <J0, vve have

L(5) -  £ '( i )

=  Y ytW,{S) - Y  e “ ',m  -  Y  Y‘ {W‘ +  “ Ti _ , / H i'-,) +  Y  e 11' ' * " ' " ' 1" 11’'
t = l  f = l  ( = 1  f = l

=  t  Yt “  Wt ~  uTn~l/2Wt) -  S  {eW'{S) ~  eWt+uTn~U2'Vt}
t=i t=i

= i t  (y‘ -  eVv<) ~ w * ~  uTn~i/2w t)
t=i

-  [e1̂  -  eW i ^ n - ^ w t _  ewt ( w t{8 ) -  Wt -  uTn - l/2W t)
«=i

(4.9)
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The first term  in equation (4.9) is

A n =  ^ { Y t - e w' ) ( w t{8) - W t - u Tn - ll*W?l
( = 1

=  u7 (2n )_l Y ,  (V‘ -  eWt) W* +  £ 0 ^ -  *W') { W ( ^ )  “  Wt)
.<=1 !=1

Since (Vi — ew,)Wt is stationary and E[(Yt — ew*)Wt\ =  0, .4n —> 0 uniformly for 

|u| <  K  and for all K  < oo, where ||£* — 50|| <  ||£ — ^o|| assuming Mq(£“) — Wt A  0. 

The second term is

Bn = ~ Y  [eW,{5) -  elv,+ur7‘~l/2v̂ ' -  eWt ( w t{5) -  Wt -  uTn~l/2\Yt) .
t=i

which after expanding eiyd'J)j euTn l/2lv' and Hq(£) in a Taylor series is

=  -  Y  [eWt + uTn - ll2ew'W t +  uT(2n)~ len’tls' ) (l4/2(£n +  W i(^ )) u
t=i

—ew‘ ( l  +  uTn~l/2Wt +  ec{2n)~luTW 2u)

—e1̂ ' ( W t +  uTn~l/2Wt +  ur (2 n )-l t t ' ( £ >  -  W t -  uTn~l/2Wt)

=  - u T(2n ) - 1 | Y  {eWt{S’l) ~  eW‘) { w ? (S’i) +  * W ) )
I  t=  I

n

+ E e" '  [ ( ^ > - e‘ tv‘ )  +  ( > w > - h w ) )
t=i

where 0 <  c <  ^ f i 't ^ o )  and ||J" — ^o|| <  ||<£ — ^o|| for j  =  Assuming each 

average in the above expression converges to a finite quantity in probability, we
p

have that Bn —» 0 uniformly on compact subsets for u. Therefore. L{S) — L*{S) —> 0 

uniformly for \u\ <  A', for all K  <  oc and we obtain the desired result:

Rn{u) A  R(u) := - u r 'V(0. V) +  uTV u /2.

We now consider establishing conditions (4.7) and (4.8). From (4.4) we see that

W t = ad, 
L 80

11

L w *

0 t +
1 +  A tW t~ 1,2

Ut +  A t "  - At-i+iOt-i
1 +  At • • • At_,+i

(4.10)
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where Ut = Yt-\e  lv‘_l — 1 and At =  —̂ Yt- i t  Since Wt is a function of

{W'siS <  t }, it also is a strictly stationary ergodic process. Now,

| * U )  =  l- j ^ e w-WtW j .
1 = 1  t= 1

which is a function of two stationary ergodic processes, {W’t} and {Wt}. By the 

ergodic theorem we then have

-  ew‘ WtW j  ^ + V  = E{eWl Wx W j )
n (=i

if E\eWt(&̂ W i\V j \  < oo. Conditions under which this holds will now be derived for 

a particular choice of param eter values of 3 and 7. It suffices to show E\eWtW 2{\ < 

00. i =  1.2. First we will consider the case i =  1. Using || • H2 to denote the £ 2 

norm, we have from (4.10),
CO

< \\ew'n V<h + Y .  He“''/:U‘ ■ ■ ■
1 = 1

Using properties of the moment generating function for a Poisson distributed random 

variable and the fact tha t the process Wt is bounded below by 3 — 7 . we have

||eir,/2(/fH2 = E -  l)2

\E -  2V(_ le- lv' - 1 +  1) |

= ei3~',E - 1)

- I )

=  e ^ E  

< e/3_"re 1 +  e ye~̂ (e ,e~{0 1] +  e-̂ -̂  -  2)] : =  c 2 ,
elV‘-42 |

=  E 72e/3̂ V ;2_1e -2Vvr' - 1e7n- ie lV," ‘ | Wt. x

« 2 _/3—r =  7  e e- ^ _ l e7' - l V +  e2-,e~w'-l

ia +  e - W- ^  ;=  ^
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E [A? | IF,-,] = £ [72V',i,e-2"'-' I Wi-i]

=  12 ( l  +  e - " ' '" )

<  7J(1 +  e -18- ’ 1)

and

E  [Uf I = E  [v;2_ie-2ivr‘-1 -  2Yt-xe~w'-' + 1 | W t. {]

=  e-^ -1

<  :=  b22.

Applying these results. |e llr ,/;M . - - ■ .A,_l+,f ,_. [|2 may be calculated recursively:

= £[£(elv'.4;--..4';_,+1t?_, if-,.,)]

-  E [ 4 - ,  • • • - ■ » ? - » , I * - )  1
< k]E[E  (.4?_, • ■ • A?_i+,t?-i I F,-2) ]

= 4?£[A2. ,  • • • A l ^ U l , E  (.4?., I ]

< 6272(1 +  e - ^ —>)E[.4?_., • • ■ .4?_t+1C.-?_,]

<  6 ] ( 7 2 ( 1  +  e - ! ' 3 - ' ' ) ) )  £ [ £ ( U t - i  |  F , - , _ , ) ]

< 6;62(7!( l + e - ' '>- ’ »))‘- ' .

Therefore.

\eWtl2W t,ih  <  ct +  c2 £  7 i_I(l +
« • - L ) / 2I V *■ T  <- I

1 = 1

where c2 =  6i 62. Likewise,

\ew'n W t. i h  < ||e"'l/2||2 + ^ ||e ,v'«A,---.4,-,||2
1 = 0

< c3 + c4f ; 7 '-,(l + e-'-fl)<i- ,>'J,
1 = 1

where
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C3
1/2

and

c4 = 7 2e/3- ^ e^ - ' ' ( e1' H^"1,|- 1)e'ye-(‘3-'» ^e^ Hi3- ' 1 +  e -<>3—')X 1 1/2
')]

Therefore, E\e,v'WtW j \  will be finite for 7(1 +  e'~a)1̂ 2 < 1.

The convergence required in condition (4.8) is easily established using condition 

(4.7) and the stationarity of {Wi}. Now,
n

5 3  E ( w i t 1 {font > «|) | ? t - l )
t= I

1 11
=  “ S 3  E [ ^ - 1  ~ eW'~')2WtW j ! { \ { \ U  -  ew'~')Wt\ >  c v ^ ) | ^ - i

t= I 

1 n
<  -  J ]  E [(Vi.! -  -  ew'~')W t\ >  M ) |^ _ t

t=i

^  E  [(Vi -  etv'I)2lT1lV1r /( |(V i — eWl )l'i'1| > M)

— > 0 as \ [  —> oo.

Therefore, the asymptotic distribution of the maximum likelihood estimates is 

N (6q, V'-1 ) where

V = lim - Y  ew'(Ŝ W tW j .n-»oo n (4.11)
(=i

4.3 Sim ulations

To illustrate the asymptotic properties of the parameter estimates, we simulate 

from two models and compare the results with the theory obtained in the previous 

section. Both models contain an intercept term  and we set A =  1, p =  0 and q =  1 

in (4.2) and (4.3). The second model also includes a simple linear trend. Thus, the 

two models we consider are:

Wt = i 3 o + l { Y t - l - e w' - ' ) e - w'- (4 .1 2 )

and
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Wt = {30 + /3l t/oO + 1 (Yt- l - e w' - ' ) e - w‘-K (4.13)

Table 4.3 contains the results for the model defined by 4.12 for two choices of Jo 

and 7 (<£i and £2) with a sample size of n =  500 and N  =  5000 replications. In 

this table, we define n to be the simulation sample size, N  to be the number of 

simulations, to be the average of the iV estimates of Sj, to be the sample 

standard deviation of the N  estimates of Sj, s j > to be the estim ate of the standard

error of <5j,, as given by either (4.4) or (4.5), jls. to be the average of the and

to be the standard deviation of the s$] t , where <5 =  (/3T, 7 )T.

Similarly, Table 4.3 contains the results for the model given by (4.13) for two 

combinations of ( J 0. Jir 7) =  (^i? S2, ^3). O ther values for n and .V were considered; 

however, significantly smaller values of n resulted in greater bias and complications 

in obtaining the maximum likelihood estimates.

Table 4.1: Simulations, no trend. n=500. N=5000.

parameters N , jkSj ±  1 .96^/n/A T agjy / l ± l . 9 6 y / ( 2 / n )

Si =  1.5 1.4993 0.0263 (1.4985, 1.5000) (0.0258, 0.0268) 0.0265
S2 =  0.25 0.2489 0.0403 (0.2477, 0.2500) (0.03945, 0.0411) 0.0408

=  1.5 1.4989 0.0366 (1.4979, 1.4999) (0.0359, 0.0373) 0.0364
S2 =  0.75 0.7502 0.0218 (0.7496, 0.7508) (0.0214. 0.0222) 0.0218
St = 3 3.0000 0.0125 (2.9996, 3.0003) (0.0123, 0.0127) 0.0125
S2 =  0.25 0.2496 0.0431 (0.2484, 0.2508) (0.0422, 0.0439) 0.0430
St = 3 2.9997 0.0175 (2.9992, 3.0002) (0.0172, 0.0178) 0.0174
S2 =  0.75 0.7504 0.0270 (0.7497, 0.7512) (0.0265, 0.0275) 0.0271

Notice that the Utrue‘’ parameter value, Sj, is very close to the estim ated value, 

in all cases and that the corresponding standard deviation of the estimates is 

quite small. A comparison can also be made to evaluate the accuracy of our estimates 

of standard error. We estim ate Vjj, as defined in (4.11), by This value can then 

be compared to the average of our N  estimates of standard error, . Again, these 

values are very close, supporting the theory derived in the previous section.
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Table 4.2: Simulations, linear trend. n=500, N=5000.

parameters h , % P’Sj ±  1-96criJy/N <7|jV / l± 1 .9 6 v /(2 /n )

^  =  1 1.0001 0.0286 (0.9994, 1.0009) (0.0279, 0.0291) 0.0284
82 =  0.5 0.5000 0.0035 (0.4999, 0.5001) (0.0034, 0.0036) 0.0034
S3 = 0.25 0.2477 0.0420 (0.2468, 0.2491) (0.0411, 0.0427) 0.0426
*l =  l 0.9983 0.0795 (0.9960, 1.0004) (0.0787. 0.0819) 0.0805
S2 =  -0 .15 -0.1502 0.0171 (-0.1507,-0.1498) (0.0170, 0.0176) 0.0173
S3 = 0.25 0.2475 0.0337 (0.2465, 0.2484) (0.0332. 0.0346) 0.0339

To further illustrate the theoretical properties of the param eter estimates de­

rived in the previous section, Figure 4.1 contains plots of the estim ated densities 

along with the appropriate normal density for one set of parameters from each of 

the two models. We have chosen the example 3q =  1.5, 7 =  0.25 for the first 

model (4.12) and l30 =  1, j3x =  -0 .15 , 7 =  0.25 for the linear trend model (4.13). 

The normal densities which are given have mean 8} and variance . The densities, 

estimated and asymptotic, are very close in both examples.
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with =  1, /3i =  —0.15, 7 =  0.25.
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4.4  A pplication  to  A sth m a D ata

In this last section of the thesis, we fit GLARMA models to a data  set consisting 

of asthm a counts from a hospital in Cambelltown, outside of Sydney, Australia. 

These daily counts are shown in Figure 4.2 for January 1, 1990 - December 31, 1993. 

Upon examination, it is clear tha t there is a seasonal aspect to the data with higher 

counts in the fall (March - May). It also appears as if there may be an increasing 

trend over time. This is most likely attributed to an increase in population and 

pollution in the area. Another aspect of the data which is not clear from the figure 

but is not difficult to explain, is the potential for a day of the week effect. As will 

be seen in the analysis, there is a higher incidence rate recorded on Sunday and 

Monday than for other days of the week. One of the more plausible explanations 

for this phenomena is that family physicians are typically not available on Sundays; 

thus, people seeking immediate medical attention must visit the hospital. Others 

may choose to wait a day to see their private physician, but end up in the hospital 

because their condition has worsened.

An exploratory analysis of this data set was performed by Davis, Dunsmuir 

and Wang (1999). Several of the explanatory variables they considered include 

a Sunday effect, a Monday effect, a linear trend term , and sinusoidal terms to 

model the seasonal trends in the data. Initial estimates of the parameters were 

found using a Poisson regression with the aforementioned terms as predictors. The 

trend term was not found to be significant; however, the terms c o s ( 2 t t A : / /365) and 

sin(27r/L</365), k =  1 ,2 ,3 ,4  along with terms for both a Sunday and Monday effect 

were found to be significant. The log-likelihood under this model was -796.36. The 

residuals from this fit exhibited significant correlation at lags 1,3,4,7,10. The Q 

statistic, which is a Portm anteau style test for the existence of a latent process (see 

(Davis et al., 1999)) was 2.39. Under the null hypothesis tha t there is no latent 

process, this statistic is normally distributed with mean =  0 and variance =  1.
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Figure 4.2: Asthma Counts
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The same explanatory variables were used to fit a GLARMA model of the form

(1.5) with p=0 and MA lags at 1,3,4,7,10. To initialize the recursions used to fit 

the model, the Poisson param eter estimates were used along with zero initial values 

for the ARMA terms. The resulting estimates are given in Table 4.4. The log- 

likelihood for this model was -779.71 which indicates a substantial improvement in 

the fit. Note that the MA coefficient at lag 4 is not significant. The model was refit 

without this lag. The results from this model fit are also given in Table 4.4. This 

model had a log-likelihood value of -781.03, a non-significant change from the model 

with all 5 lags included. The Q statistic for this model was 1.82 indicating that 

there is additional variance which is unaccounted for by the MA terms. However, 

the Q statistic is significantly lower than that obtained by the Poisson regression. 

Auto-correlation plots of the Pearson residuals indicate substantial improvement 

was made in accounting for the serial correlation present in the data. These plots 

are presented in Figure 4.3 for the Poisson regression model as well as the GLARMA 

model with MA lags 1,3,7,10.

Series : Poisson aeries : GLARMA

oo

LL_

CM

25O 10 ,15 20
Lag

305

oe> _j L l I— 1 1 j  ■ i_ iJ— i—̂ — i— i— j . |

O 5 10 .15 20 25 30
Lag

Figure 4.3: ACFs of residuals from Poisson and GLARMA fits
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Table 4.3: Param eter Estimates

Term
MA( 1,2,3,5,7,10) 
Param eter se

MA(1,3,7,10) 
Param eter se

(Intercept) 0.531 0.030 0.533 0.029
Sunday effect 0.243 0.053 0.240 0.054
Monday effect 0.253 0.053 0.249 0.054
cos(27rf/36o) -0.164 0.037 -0.162 0.036
sin(2/r</365) 0.362 0.036 0.362 0.035
cos(4/rf/365) -0.065 0.038 -0.067 0.036
sin(47r</365) 0.024 0.035 0.023 0.034
cos(67r f /365) -0.082 0.036 -0.083 0.035
sin(67rf /365) 0.011 0.036 0.009 0.035
cos(8;rf/365) -0.156 0.035 -0.157 0.034
sin(87r t /365) -0.062 0.035 -0.062 0.034

0.053 0.024 0.053 0.024
03 0.064 0.024 0.061 0.024
04 0.039 0.024
07 0.080 0.024 0.078 0.024
010 0.070 0.024 0.071 0.024

The analysis of the asthm a data  set given in this section is by no means meant to 

be a comprehensive one. These results were included to indicate how the GLARMA 

models of Section 2.2 might be applied in practice. Further improvements on this 

model are the subject of ongoing research.
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A p p e n d ix  A

P R E L IM IN A R Y  R E SU L T S F O R  M A R K O V  C H A IN S  

A .l  In tro d u c tio n

This appendix provides several definitions and properties relating to Markov 

chains. The proofs have been omitted for the theorems given below with one ex­

ception. The om itted proofs may be found in the indicated references. Additional 

background m aterial may be found in Meyn and Tweedie (1993)

A .2 D efin itio n s  a n d  P ro p e r tie s

D efin itio n  A .2.1 A Markov chain {X„} with state space .V is p -irreducible if 

there exists a measure p> on B{X)  such that, whenever y?(.4) > 0. P x ( ~ a  < oc) > 0 

for all i  £ A'.

D efin itio n  A .2.2 The Markov chain {Xn} is called P-irreducible if it is p- 

irreducible for some p> and the measure p  is a maximal irreducibility measure satis­

fying the conditions of the following proposition.

P ro p o s it io n  A .2.3 (Proposition 4.2.2 of Meyn and Tweedie (1993))

//{ X „}  is p>-irreducible for  some measure if, then there exists a probability measure 

!b on B ( X )  such that

(0  {Xn} is ib-irreducible;

(ii) for  any other measure p>‘. the chain {X„} is p'-irreducible i f  and only if P  is 

absolutely continuous with respect to p' (0(.4) =  0 implies (p'(A) =  0J;
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(iii) i f  ib{A) =  0. then ip{y : Py(rA <  oo) >  0} =  0;

(iv) the probability measure ip is equivalent to

* ' w - =  I E
J x  n = 0

for any finite irreducibility measure <p'.

D efin itio n  A .2.4 An irreducible chain on a countable space .V is called strongly

aperiodic if P( x . x )  > 0 for some x  G -V.

D efin itio n  A .2 .5 A set C 6 B( X)  is called a um—small set if there exists an m  > 0.

and a non-trivial measure um on B( X) .  such that for all x G C, B € 6 (-Y).

Pm( x . B ) > v m(B).

D efin itio n  A .2.6 A set C  € B( X)  is called ua-petite if the chain satisfies

OO

y  P n(x, B)a(n)  >  i/a{B)
71=0

for all x G X,  B  G B{X) ,  where ua is a non-trivial meeisure on B{X) .

D efin itio n  A .2.7 A ^-irreducible Markov chain on a general state space is called 

strongly aperiodic if there exists a i/i-small set .4 with t^i(.4) > 0.

D efin itio n  A .2.8 A chain is said to be weak Feller if its transition probability 

kernel P  maps C(A') to C (X ), where

P{h[x)) := j  P(x,  dy)h(y).  x  G -V,

and C'{X)  represents the class of bounded continuous functions from X  to R and 

X  is the state space of the chain.
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D efin ition  A .2.9 A point x €  X  is called reachable if for every open set O € B{X)  

containing x,

' £ p " ( y , 0 ) >  0, j , e .Y .
n

D efinition A .2.10 A a-finite measure tt is invariant if

7T(.4 ) =  J v(dx)P{x , A) ,  A  6 B( X) .

D efin ition  A .2.11 A sequence of probabilities : k 6 Z +} is tight if for each 

i > 0. there exists a compact subset C C X  such that

lim inf/ijt(C) >  1 — e.
k -foo

D efin ition  A .2.12 A chain {X n} will be called bounded in probability on average 

if for each initial condition x € X  the sequence {£ '%2i=l P ‘(x, •) : k  6 Z +} is tight.

T heorem  A .2.13 (Theorem 12.0.1 of Meyn and Tweedie (1993))

/ / { X .}  is a weak Feller chain which is bounded in probability on average then there

exists at least one invariant probability measure.

A proof of the following theorem is outlined in Glynn and Meyn (submitted for 

publication) . an alternate proof relying solely on basic principles is given below.

T heorem  A .2.14 / / { X n} is a weak Feller chain, then for  each m > 1 and compact 

. 4 ,  the family of probability measures {1  / m J 2 k = i  P k {a - ' )  : a  6  .4 }  is tight.

Proof:

For m >  1 fixed, let P*(a, •) =  1/m *)• N°wi by the weak Feller property,

given e >  0 and a €  .4, we may choose 8a and compact Ca such tha t

P m(a,C a) > 1 — e, and 

P ’ (x.Ca) >  1 — e for |x — a( < 8a
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Since A  C (Ja£A B$a(a) where Bsa{a) is an open ball of radius Sa and A is compact, 

.4 C UJ=l Bsaj{aj) for some finite set £ai, . . .  ,8an. Let C — (J"=1 Caj. Then C  is 

compact and P m(x , C)  > 1 — e for all x 6 .4. Thus, for each m >  1, the family of 

probability measures {1/rrz P k(ai') : a € A, .4 compact} is tight.

T h e o re m  A .2.15 (Corollary 2.2 of Glynn and Meyn (subm itted for publication) ) 

Suppose that there exists a measurable function V  : X  —> [0,oo) satisfying

(i) For some b < oo,

PV{x)  < V(x)  — 1 +  6/a(-t). J  € .V;

( i i )

lim sup Ea[V(.Vn)/[T4>„]] = 0
ag.4

(iii) The family of probability measures {1/m  Pk(a- ') : a € .4} is tight for  

each m > 1.

Then the chain, {X„}, is bounded in probability on average.

T h e o re m  A .2.16 (Theorem 11.3.4 of Meyn and Tweedie (1993))

Suppose C € B( X) ,  and V  : .V —> [0,oc] satisfies

± V { x )  < - l  + ble{x), x e X ,

then

Er[rc] < V { x ) + b l c {x)

for  all x € X .

D efin itio n  A .2.17 The Markov transition function P is called equicontinuous if 

for each continuous function /  with compact support, the sequence of functions 

{ P kf  : k  € Z+j  is equicontinuous on compact sets. A Markov chain which 

possesses an equicontinuous Markov transition function will be called an e-chain.
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T h e o re m  A .2.18 (Theorem 18.4.4(i) of Meyn and Tweedie (1993))

I f  {Xn} is an e-chain which is bounded in probability on average then a unique 

invariant probability measure exists i f  and only i f  a reachable state x* € X  exists.

T h e o re m  A .2.19 (Theorem 10.0.1 of Meyn and Tweedie (1993))

I f  the chain {X„} is recurrent then it admits a unique (up to constant multiples) 

invariant measure 7r, and the measure tt has the representation, for any .4 £ B +(X)

t a

tr(B) =  J  x(dw)Eu . B<=B(X) .E  f [-v « £
_ n = l

T heorem  A .2 .20  (Theorem 13.0.1 of Meyn and Tweedie (1993))

J7 {x«} is an aperiodic Harris recurrent chain with invariant measure ~ and there 

exists some petite set C , some b < oo and a non-negative function V  finite at some 

one x0 £ A', satisfying

AV’(x) :=  PV{x)  — V(x)  < —I + blc {x). x £ X.

then there exists a unique invariant probability measure ~ such that for  every initial 

condition x € -V.

sup \Pn{x. .4) — tt(.4)| -» 0
A GB( X)

as n —>• oc.

D efin ition  A .2.21 A chain {X„} is called uniformly ergodic if

sup H /^ x . •) — tt|| -* 0, n —► oo.

D efin ition  A .2.22 (Doeblin’s Condition)

Suppose there exists a probability measure 4> with the property that for some m > 

l .e  < 1,£  >  0

0(A) > e =► P m(x,A) > 6

for everv x £ X .
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T h e o re m  A .2.23 (Theorem 16.0.2 of Meyn and Tweedie (1993))

.4 Markov chain {X„} is uniformly ergodic i f  and only if the chain is aperiodic and 

satisfies Doeblin’s condition.

D efin itio n  A .2.24 {Xn} is geometrically mixing if there exists R < oo,p  < 1 such 

that

su p \Ex[ g ( { X n h ) h ( { X n} n+k)} -  Ex\g{ {Xn} k)]Ex[h( {Xn+k)\\ < R p \  n €  Z +,

where the supremum is taken over all k 6 Z+, and all g and h such that 

g2(x) , h2(x) < 1 for all x  6 X.

T h e o re m  A .2.25 (Theorem 16.1.5 of Meyn and Tweedie (1993)) 

is uniformly ergodic then {Xn} is geometrically mixing.
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