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ABSTRACT

SOME OBSERVATION DRIVEN MODELS FOR TIME SERIES

We begin by reviewing generalized state-space models and the two categories into
which they are typically divided, parameter driven and observation driven models.
Since the models considered throughout the remainder of the thesis are observation
driven, several examples of processes of this type are given. In Chapter 2 stationarity
properties for two families of observation driven models are derived using results from
Meyn and Tweedie (1993). The first family of models, BIN models, were developed
by Rydberg and Shephard (1999) to analyze the number of trades occuring within
a given time interval. We also consider a class of GLARMA models for modeling
time series of counts. We show that a particular variant of a GLARMA model is
uniformly ergodic. This enables us to use a procedure known as exact sampling
to sample from the stationary distribution. In Chapter 3 we develop stationarity
properties for a process used by Rydberg and Shephard (1998) for modeling stock
prices. In the final Chapter, we return to the GLARMA models of Chapter 2. We
calculate the maximum likelihood estimates of the model parameters and derive
their asymptotic distribution. We also look at simulations as well as fit this model
to a data set of asthma counts in order to determine how the theory applies in

practice.

Sarah Streett

Department of Statistics
Colorado State University
Fort Collins. Colorado 80523
Fall 2000
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Chapter 1

INTRODUCTION

1.1 Motivation

Recent developments in models for describing non-Gaussian time series have
been the motivating factor behind much of the thesis. Generalized state space
models. which provide a flexible framework for representing data of this type, have
become popular for modeling time series. State-space models are characterized by
two equations: the observation equation and the state equation. The observation
equation describes the evolution of the observed variable at time ¢ as a function
of the state variable at time ¢. If we let Y; represent the observation variable. W,
represent the state variable, Y{) = (Yi,... .Y} and W® = (W.... .W,), then

the observation equation satisfies the following relationship:

flye|we) = f(yclw(‘).y("”). t=1.2.....

That is, Y;. conditioned on the past and present states and the past observations,
depends only on the present state. and is “independent” of the past states and
observations.

The state equation governs the manner in which the state variable evolves based
on past states and observations. The form of this equation depends on whether the
model is parameter driven or observation driven. the two categories into which
generalized state-space models are typically divided as discussed by Cox (1981).

For observation driven models, the evolution of the state vector depends on past
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observations. This is not the case for parameter driven models. For these models, the
dependence results from an underlying latent process. Although the basic properties
for each model type will be described in this introduction, the focus of the thesis is

on models which are observation driven.

1.2 Parameter Driven Models

A similar independence assumption as that used in defining the conditional
density of the observation variable is made for the state variable in a parameter
driven model. Here we assume that the conditional density of W,.| given W, is the

same as the conditional density of W,,, given (W), Y je..

f(lUH.lILUg) = f(wg.{..[lw(t),y(t)). t = 1.2,... .

Note that this implies that the state process, {W;}, is Markov.
Assuming that the initial state W, has probability density f,, the joint density

of the observation and state variables can be computed as follows:

f(yh- o s Yn Wyt .wn) = f(ynlwneW(n_”.y("‘l))f(wn.w("—l).y(n-l))
= f(ynln) flwa|w=D. y =) f(y (=D ln=b)

= f(!/n'“-’n)f('.b'nllun_l)f(y(n—l). w(n-l))

= (Hf(yjle)) (Hf(wjle—l)> filwr),

Jj=2
and since W, is Markov,

f(ylv"‘ vynlwlvn- 7wn)

(ﬁf(yjle)) -

=1
Therefore, Yi,...Y;, are conditionally independent given Wi....W,. Equivalently,
the dependence of the observation variables arises from an unobservable latent pro-

cess involving the state variables.
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One of the drawbacks in choosing a parameter driven model is that the com-
putation of the likelihood function is usually quite complex. To see this, consider

the forecast equation

f(yH_lly(‘)) = /f(yt+llwt+1)f(wt+lly(t))dﬂ(wtﬂ)- (1.1)

To compute this, we need a means of computing f(w.41]y!"). Using the indepen-

dence assumption made above, this conditional density can be computed as follows:

f(w,HIy(‘)) =/f(wH.lIw,)f(wtly(‘))du(w,).

However. this requires calculation of f(w,|y*). Using the independence assumption

again. as well as Bayes' theorem. we arrive at a recursive solution.

f(w,ly(')) = f(y,lwt)f(wfly“’”)/f(g,]y("”).

To solve these recursions. it is assumed that f(w,|y©®) = fi(w,). It is easily seen
how computation of the likelihood function can be complicated by these recursions.
As a result. estimation of the model parameters as well as prediction of future obser-
vations can be difficult for parameter driven models. Although there are simulation
based techniques for calculating the recursions involved in computing the likelihood,
they are not easily implemented. complicating the model selection process for this
class of models.

One of the benefits from using a parameter driven model is that the observation
process typically inherits properties such as stationarity and ergodicity from the
state process. Asymptotic results for estimates of the parameters in the model are
therefore usually easier to derive for parameter driven rather than observation driven
models.

Another benefit arising from the use of this class of models is that the pa-
rameters often have meaningful interpretations. This is a result of the marginal
expectation of the observation variable often being a function involving only the

parameters of interest to the researcher.
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1.3 Observation Driven Models

For models from this class, we allow the state variable to depend on past ob-

servations. The conditional density of the state variable is specified as follows:

f(.wH'lly(t)) = fFV,_',llY(‘)(wt'i'lIy(t))? t= 01 17 sy

where f(w|y®) := fi(w,) for some specified initial density fi(w,). By defining
the conditional density of the state variable in this manner. we are able to compute
the forecast density (1.1) directly. This simplifies computation of the likelihood

function.

Flyn-oya) =[] flwi Ly,
=1

Therefore, estimation of the model parameters using maximum likelihood and pre-
diction of future observations are generally easier for observation rather than pa-
rameter driven models.

One of the major drawbacks to using observation driven models is that estab-
lishing properties such as stationarity and ergodicity for the observation process is
not a trivial matter for this class of models. A large part of the thesis is devoted to
proving asymptotic results of this nature for observation driven models where the
conditional density of the observation variable given the state variable is a member
of the exponential family.

Another drawback to models from this class is that the marginal expectation
of the observation variable often involves unknown parameters of the state pro-
cess. Thus, meaningful interpretation of the model parameters. a key component of

interest to the researcher, may be quite difficult.

1.4 Exponential Family Models

A convenient and flexible choice for the conditional distribution in the observa-

tion equation is the exponential family of distributions. Many we!l-known statistical
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distributions such as the binomial, Poisson, exponential, gamma and normal distri-
butions belong to this family. The following canonical form for the density of an

exponential family member will be used throughout the dissertation:
F(yelwe) = exp [(yew, — blwe)) o™ +d(y.)] -
With this parameterization, it follows that (see McCullagh and Nelder (1989))
E(YIW,) = pe = bW, V(YW = ob(WY).
where b and b denote the first and second derivatives of the function b(-).

1.5 Examples of Observation Driven Models

In subsequent chapters. the concentration will be on developing conditions un-
der which the properties of stationarity and ergodicity may be obtained for observa-
tion driven models. For this reason. several examples of observation driven models
and their applications are given below. In these examples. the distribution of the
observation variable is a member of the exponential family. The dependence of the
state variable on the observation variable is specified through a link function, g(-),
on 5( W:). Thus. in the examples that follow, the state equation has the following

structure:

g{b(W2)} = xiB + e,

where X, is a vector of covariates and ¢, is a function of the observation vector, Y(),
and possibly also of the state vector. W(¢=!) and past covariate values. The link

function used in most of the examples is the canonical link. the special case where

g{b(z)} = .
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1.5.1 Observations with Constant Coeflicient of Variation

For modeling outcomes with constant coefficient of variation, Zeger and Qagqish
(1988) assume that the conditional density of the observation variable at time ¢ is
gamma with mean g, and variance y?/r. They use the canonical link for the gamma

distribution, i.e., g(z) = 1/z, to define the state equation. Thus,
f(y:{wz) — e(yrw:—h’l we)(—r)+rin(ry)~lny.~InC(r) (1 »))

and

P
We=pit =xiB+ ) fil(max(Yiei0)™ — x;_ 8]

i=1
where c is a positive constant. Realizations of the observation process (Y;) with
;8 =1.p=l.c =0.05,0 = 0.8 and scale parameter r = 1.25,100 are shown in
Figure 1.1. Notice that as r increases. the realizations become closer to Gaussian.
Zeger and Qaqish applied this model in analyzing the interspike times of a motor
cortex neuron of a monkey as studied by Dr. A. Georgopoulos of Johns Hopkins
University. Their objective was to estimate the average time between spikes as well
as the time dependency among successive spikes. The Gaussian assumption was
clearly not met for this time series. A plot of the data (see Zeger and Qagish (1988))
shows that the variance is much larger when the interspike times are large and that
the data is skewed toward greater time lapses between spikes. The data also appears
to be correlated. They note that although a logarithmic transformation validates
the assumption of normality in the case of studying a single neuron. a typical study
involves several neurons and this approach is not reasonable. Instead. they suggest
applying the model given by equation (1.2) using a quasi-likelihood approach to
estimate the parameters. They fit two second order Markov models with ¢ = 0, one
with just an intercept term, the other with an intercept and linear trend regression
term. Due to the structure of the state process, the parameters have meaningful

interpretations in this modeling framework. Here, the intercept is interpreted as
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Figure 1.1: Realizations of an observation process with constant coefficient of vari-
ation. Equation 1.2 with x}8 =1, p = l,c¢ = 0.05,0 = 0.8 and scale parameter
r = 1.25,100.

the expected neuron firing rate and the coefficient of the covariate as the change in

firing rate due to an additional spike.
1.5.2 ARCH Models

Engle (1982) developed the Autoregressive Conditional Heteroscedastic

(ARCH) regression model for modeling volatility in economic data. An ARCH
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model is defined by the following equation:

P
(Yi-x8) = |ao+ Y ai(Yiei = x_B)? - Z, (1.3)
=1

where {Z,} is a sequence of independent, identically distributed standard normal
random variables. In addition to the ability of the ARCH process to model changing
variability in the data, it also models other behaviors common to financial time series
well. These behaviors include little or no correlation present among observations
but high correlation among the absolute values and squares of the observations.
heavy-tailedness. and threshold exceedances which appear in clusters.

When p = 1. various stationarity results hold for {¥; — x}3} depending on the
values of «;. For a; = 0. {}; — x}8} is iid noise. For |a;| € (0.1).{}; — x{B} is
strictly stationary with finite variance: hence. it is also weakly stationary. Lastly.
for | < a, < 2¢". (v represents Euler’s constant). {¥; — x}8} is strictly stationary
with infinite variance. Stationarity properties are much more difficult to establish
when p > 1. The reader is referred to Engle. (1982) for further background and
discussion of ARCH processes.

A simulated sample path from Equation 1.3 with p = l.ag = 0.75.a; = 1.5
and x,8 = 1 is shown in Figure 1.2. The corresponding sample autocorrelations
for the simulated values, the absolute value of the simulated values and the square
of the simulated values are given in the figure as well. Upon comparison of the
autocorrelations. one can see that there is very little correlation among the observed

values but quite strong correlation among the absolute values and squares of the

data.
1.5.3 GLARMA Models

In a recent paper, Rydberg and Shephard (1998) consider modeling price move-

ment for a given asset traded on a stock exchange. They decompose this process
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Figure 1.2: Realizations and ACF of an ARCH process. Equation 1.3 with p =
l.ag = 0.75,a; = 1.5 and x}8 = 1. The autocorrelation function for the series, the
absolute value of the series and the squared values of the series are also given.

into three pieces: a process modeling activity (whether or not the price changes),
a process modeling the direction of the price changes, and a process modeling the
magnitude of the price changes.

They use an autologistic model for the parameter of the Bernoulli process which

describes whether or not a price change has occurred. Thus, if N, € {0,1} is the
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10
event of a price change at time t, then

P(N, = 1|6;) = p(8,) = the probability that the price moves at time ¢, and
P(N, =0|6,) = 1 — p(6,) = the probability that the price does not move at time t,

where

el

g,) =
p( !) ].+ee‘

. 0: =Xiﬂ+€g.

Note that the canonical link for the Bernoulli distribution. the logit function is used
as the link function for this case.
Rydberg and Shephard suggest using a generalized linear autoregressive moving

average (GLARMA) model to model ¢,. The GLARMA they employ is as follows:

14 q
€ = Z Oi€—; + oV + UZ(SJ‘(‘E_}. c>0
i=l =1
where

Ney — p(6e-1) .
\/IT(Gt-l)(I = p(0e-1))

This model has the desirable property that {V;} is a martingale difference sequence

V, =

with unit conditional variance. At this point, it is natural to question under what
conditions a stationary solution. . exists for the process {¢;}. In addition. if such a
solution exists, at what rate does the chain converge to this distribution? Answers

to these questions will be discussed in Chapter 3 for a variation of this model.

1.5.4 BIN Models

The next model we introduce was also proposed by Rydberg and Shephard
(1999) as part of their modeling framework for analyzing the return rate of an
investment. Defining p(¢) to be the price of an asset at time ¢. they model p(¢) as

follows:

N(¢)

p(t) = p(0) +Z Z;.
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where {V(t)}:>0 gives the number of trades recorded up to time ¢ and Z; is the price
change associated with the i** transaction. Their proposed model for the process
{Z,} was introduced in Section 1.5.3 and is discussed in more detail in Chapter 3.

A function of the process {p(t)} which is of particular interest is

pe= p((t+ DA =) = p(ta)
N{(t+1)a-) N(tA-)
= Y z-> z
=1 =1
Ni(e+1)a-]
-y =
i=N(tA-)+1

where \ > 0 is a specified length of time. Note that p, models the rate of return on
the investment over a fixed time period.

From the definition of p,. it is obvious that the process .V, := NV[(t + 1)A-] —
N(t\). the number of transactions occuring in the interval {[nA. (n + 1)A), plays
an important role in the modeling framework. It is this process. {:V;}. on which we
focus our attention in Section 2.1. Note that if A is small, little or no information
will be lost by studying the process {V.} rather than {NV(t)}. The idea behind
this modeling approach is that we “bin” our time interval into sections of the form
[tA. (¢ + 1)) and count the number of trades in each (given by .V;). Therefore,
Rydberg and Shephard refer to their proposed models for {.V,} as BIN(p.q) models.

These models take the following form:

N. | Fia- ~ Poisson(A,).
P q
A= at Y GNei+ ) Ghe,
1=1 =1

where a.7;,4; > 0, 1 € j < max(p,q) and Fia_ is the information available up
to an infinitesimal time before ¢A. The BIN(1):=BIN(1,0) model and the BIN(1,1)

model are discussed in greater detail in Section 2.1.
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1.5.5 Models for Count Data

Observation driven models are also very useful for modeling time series of count
data. There are many models which have been specified in this case, several of these

are discussed below.

Wong (1986) suggests the following model for analyzing count data:

Y:|W, ~ Poisson(u.).
where

pe =W, = p[l +e®0Y=1] 9,5 0. (1.4)

One of the drawbacks to this model. as discussed in Zeger and Qaqish (1988), is
that the previous outcome can affect the present conditional expectation by at most
a factor of 2u. However. this constraint also allows ergodicity of the chain to be
established without much difficulty.

Zeger and Qaqish (1988) propose two alternatives to Wong's model. For both,
they use the canonical link for the Poisson distribution. the logarithmic function.
The tirst model they suggest is as follows:

q
log(pe) = W, =x,8 + Z fi(log(max(Y:—;. c)) — x;_,0]
i=1
where c. satisfying 0 < ¢ < 1, prevents 0 from becoming an absorbing state. In the
case where ¢ = 1. ¢ determines the probability that y, > 0 given y,—, = 0. The
other alternative they propose is

q
log(u,) = Wy =xi8 + Z 8:{log(Y:_i + c) — log[e*e—® + }.

=1

x:8 [ Yioi+c :lal

#t =€ 7
ex-1P 4 ¢

When g = 1,

and ¢ may be thought of as an “immigration” rate. Ergodicity for {W;} can be

established in both cases when x/3 = >0, ¢=1and 0 < 0, < 1 using results for
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Markov chains found in Meyn and Tweedie (1993). For both models, estimation of
the parameter c could be difficult. Also, aside from the case ¢ = 1, the meaning of
¢ is not clear.

Davis, Wang and Dunsmuir (1999) consider yet another variation. They pro-

pose the following model for Poisson counts:

log(,u,) =W, = x:ﬂ + Z TiCt—y (15)
=1
where
e = 1t — B X >0 fixed (1.6)
Hy
and

P

ir,- = (l - Zoi:'>-l(l +i0i:‘) -1
i=1

N = é(:)'l()z:) - 1. (1.7)

Observe that 5 - rie,—; is the one-step ahead predictor of e, based on an

ARMA(p.q) model. As this model is quite similar to the one proposed by Shepard
(Section 1.5.3). we will also refer to it as a GLARMA model.

Note that {e, : t < s—1}, given initial conditions {. : — max(p,q)+1 <t <0}

is equivalent to {Y; : ¢t < s—1} or {u::t < s —1}. It then follows that the e, form

a martingale difference sequence since
E(es|Fs_y) =0.

where F¢_, is the o-algebra generated by {e, : ¢ < s — 1}. Hence, the e, have zero

mean and variance
E(e?) = E[E(€}|u)] = E[uy™Y,

which. for A = 0.5, is unity. Also from the martingale difference property we have

that the e, are uncorrelated.
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From the above properties we have, for any A,
E(W:) = z,3
which is a desirable property for the log mean. Also,
Var(Wy) = 3 m2E{ul=2

and for s=t+10.1>0.
Cov(W.. W,) = Z rris E[uiZHY.
=1
Again. if A = 0.3, the covariances do not depend on time ¢{.

Conditions for stationarity and ergodicity for models of this type will be dis-
cussed in Chapter 2. Realizations of the process (1.5) with p = 0. ¢ = 1, i3 =
0. A € {0.5,1} and 8, € {0.25,0.75} are given in Figure 1.3. Note that as 6, in-
creases. the dispersion increases. For the Poisson distribution, the estimated disper-
sion should be close to 1. Here, however, for 6, = 0.75. the dispersion is estimated

to be 13.27. This gives a simple illustration of the advantage that these types of

models have in analyzing data which is over-dispersed.

1.6 Overview

The remainder of the thesis focuses on developing asymptotic properties for
the models discussed in Sections 1.5.3-1.5.5. In Chapter 2, we consider models
where the observation process has a Poisson distribution whose mean is a function
of the state process. Specifically, we study the models discussed in Sections 1.5.4
and 1.5.5. Using results from Meyn and Tweedie (1993), we show that a unique
stationary distribution exists for the BIN(1) and BIN(1,1) models (Section 1.5.4).
We also derive stationarity properties for two variations of the GLARMA models for

Poisson counts defined in (1.5). For one of these variations, we are able to establish
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Figure 1.3: Realizations from a model for count data. Equation 1.5 with p =
0. g=1, x;, 8 =0and A = 0.5, 6 = 0.25 (top, left), 8, = 0.75 (top, right),
A= 1.6, =0.25 (bottom, left), §; = 0.75 (bottom, right).
that the process is uniformly ergodic. This enables us to use a procedure created
by Murdoch and Green (1998) to sample exactly from the stationary distribution.
In Chapter 3. we consider Rydberg and Shephard’s GLARMA models (1998)
for modeling price activity. Again, we are able to establish the existence of a unique
stationary distribution. Here, the key element of the argument is to show that the

process has transition probabilities which are equicontinuous.
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In the last chapter, we return to the models for count data given by (1.5). We
consider maximum likelihood estimates for the model parameters and derive their
asymptotic distribution. Simulations are then considered to support the derived
theory. Lastly, we fit these models to a data set consisting of asthma cases recorded
at a hospital outside of Sydney, Australia. The data is presented in Figure 1.4.
Upon inspection, it is easily seen that this is a good candidate for these models due
to the overdispersion present in the data. One might also note the presence of a

seasonal trend. This data set is discussed further in Chapter 4.

12

10

Counts

1990 1991 1992 1993 1994
Year

Figure 1.4: Asthma Data
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Chapter 2

THE POISSON PROCESS

In this chapter, we derive stationarity results for two types of observation driven
models for time series of counts. The first family of models we consider are BIN
models which were introduced in Section 1.3.4. The second model family, which we
call GLARMA models after Rydberg and Shephard (1998), were described in Section
1.5.5. As well as establishing stationarity properties for these models, we show how
to sample from the stationary distribution exactly for the case of the existence of a
unique stationary distribution using an algorithm called the “mutigamma” coupler

(Murdoch and Green. 1998).

2.1 BIN Models

As mentioned in Section 1.5.4. the task of modeling the rate of return on an

investment can be modeled as

Ni(n+1)A-]

Pn = Z Z,‘,

i=N(nA=)+1
where Z; is the price change associated with the i** transaction, N(n) gives the
number of trades recorded up to time ¢ and A is a fixed unit of time. The process
on which we focus our attention in this section is V, := N [(n+ I)A—] —N(nA), the
number of trades occurring in the interval [nA, (n+ 1)A). Because their modeling
procedure involves partitioning the time interval into “bins”, Rydberg and Shep-

hard (1999) refer to these models as BIN(p,q) models. Recall the BIN modeling
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framework:

Ny | Fra- ~ Poisson(A,), (2.1)
P q
/\n = a+ Z 7jN‘n—j + Z Jj’\n—ja
=l =1

where a.7;,6; >0, 1 < j < max(p,q) and F,a- is the information available up to

an infinitesimal time before nA.

2.1.1 BIN(1) Model

We first consider the BIN(1) model:

’\n = a+ 3.\",1_[.

—_—
[
(B

~

o and 3 > 0. 3 < 1. Replacing N, by An + tn. un := .V, — A\, and noting that {u,}

is a Martingale difference sequence. E(u, | F.a—) = 0. it follows that

N, = Ay + u,

=a+ ‘31\["_1 + Un,
is a weakly stationary AR(1) type process with

E(N,) = E[E(Nn | Faa-)]

= E[E(a+ BNazy + tn | Fra-)]

- E [E(a f: F+ i Fttni | m_)]

1=0 1=0
o«
T1-5
and
afM
C ./Vn, NM-. = s
o Sl fy) Gy
since
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Var(u,) =E[Var(u, ]f,u;_)] +0

= E[E((Na = M)? | Fas-)]
= E()\)

= E(,/Vn == un)

_ (a

=

Thus. the process {:V,} defined by (2.1) with A, as defined in (2.2) is weakly sta-
tionary. In the next section, we show that the BIN(1.l) model. which includes the

BIN(1) model. is strictly stationary.
2.1.2 BIN(1,1) Model

Here we define the state process {A,} as follows:
Aﬂ =a+ aN'n—l + A/’\n—l-, (23)

a.3.y 2 0. 3+ < L. It is easily seen that A\, > - by considering the following

form for A, :

A = a+ 3V +v(a+ Y2+ Aas2)

: xc x
= ad ¥ +3) Vs
=1

1=0
4 = ;
= —+8) Y'Y

Since 3.7 > 0, it follows that A, > ;2=. We use results from Meyn and Tweedie
(1993) to establish the existence of a unique stationary distribution. The condition
of w-irreducibility (Definition A.2.2) is an important one for establishing the exis-
tence of a unique invariant probability measure. However, when it is not known

whether a chain possesses this property, one can show the existence of at least one
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stationary distribution by verifying that the chain is bounded in probability on av-
erage (Definition A.2.12). In addition, if the chain is an e-chain (Definition A.2.17)
and a reachable state exists, the stationary measure is unique (Theorem A.2.18). We
will begin by establishing that the mean process {A.} has equicontinuous transition

probabilities and is therefore an e-chain.
Proposition 2.1.1 The Markov chain {\,} is an e-chain.

Proof: [t suffices to show that for any continuous function f with compact support
and & > 0. there exists an € > 0 such that |P*f — P¥f| < §for |z — 2| < €
and k = 1.2..... For § > 0 given, choose ¢’.,¢ > 0 sufficiently small such that
&+ 2= < dand |f(r) - f(z)] < & if |r — z| < €. Note that such a ¢’ and ¢ exist
since f is uniformly continuous. Without loss of generality. we may assume |f] < 1.

since otherwise. divide f by its maximum value. Let lr - :l < € and recall that

p(n|r) = <==. Then. for the case k = 1.
|Pf = P.f] = i: [P(nlf)f(a +8n + vz) = p(n|z) fla + 3n + ‘/:)]\

< ip(nh‘) |fla+3n +7z) - fla + 8n + =)
yr
+£: |p(nlz) = p(n]z)| |fla + 3n +7z)|

< 2 = | flo+ Bn +92) = fla+ Gn +32)]
+ ‘; fla+ 8n +v2)] |5 . e

= [+IL

Since |(a +drn+vx) — (a +,L3n+‘7:)| = /|.1: - z| < e wehave [ < ¢
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Now, for any = > z, we have

i |e—zzn —e " 4 e T — e-z:znl

II < '
n.
n=0
oo '
|€-x _ e-—:lzn e—rlzn — znl
< ) [ )
n=0

= (e —eF)e*+eF(ef —€") =21 — eIz,

The same bound is also valid for the case = > z. Combining the inequalities given

for I and II. it follows that
|P.f = P.f] <& +2(1 —e=7). (2.4)

Now consider the case k = 2:

P <)

P2f = P2f| = |P(Pf) = P.(PH)| =Y |p(nlz) Purf — plnlz) Puf],

n=0

where 1/ = a + 3n +yr and ' = a + 3n + 7=,
= Y (p(nle) |Paf = Pof| + Puf [pinla) = p(nl:))

n=0
< & +21-e ) £ 2(1 = e77) (from 2.4)

= & +2(1 —e ) $2(1 - e,

Inductively. we obtain

|PEf— PEf] = |P(P¥'f)— P.(PFL )]
< 3 [ptnla) | P57 = P57 £ + PE Ipale) = plnle)l]
n=0
n—-1
< §+2Y (1-ekod)
=0
n—1
< FH2) (1-e)
i=0
n—1
< F42Y [1-(1=etolv))]
1=0
n—1
< 5’-{-262 ‘
%
< &+ <é
-7
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(3]

which completes the proof. O

The next step toward obtaining our result is to show that the process {An}
is bounded in probability on average. To do so. results from Glynn and Meyn
(1997) will be used. The idea behind this theorem, stated as Theorem A.2.15 in the
appendix. is that uniform integrability of the return time to a properly chosen set
A C X is sufficient for establishing tightness of the averaged transition probabilities
assuming certain restrictions on the set A. The third condition of the theorem places
the necessary structure on A while the first and second conditions verify the uniform

integrability condition.
Proposition 2.1.2 The chain {A,} is bounded in probability on average.

Proof: It will suffice to show that the conditions of Theorem A.2.15 hold.
Condition 1: There exists a non-negative function V" such that AV(z) := EV(zr)—
V(r) < =1 +bl4(r). whereb=1+aand A = [l—‘_l; l—_g—l'—)] .

To see this. define V'(r) = r and recall that the state space is [1—37 oc). Then.

AV(zr) = E[/\n ] A1 = .L'] —r
= E[a + 8Y1 + vAa-r | Aot = I] -z

= a+z(B+v-1)

IA

~1,
a-l
for r > _t_'l-(;a+~,)'

Condition 2: lima_, supgey Eof|An]fir,5n)] = 0. where A = [If_w 1—-2(3%—7)]

First note that by Cauchy-Schwartz,

lim sup E[|/\n| [iz ;>0 I Ao = a]

n—x 2€4

< lim sup EV2[[Aa]? | do = a| P (14 > n | Ao =1a).

=0 24
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Focusing on the first term, we have

E[X2 ]| Ao = a]
= E[(e+ 8Yar +72n0)’ | do =4
= E[E(a® + 208Ya_, + 207 Ancs + 82V, +267Yn 1Ay

+ 92 I An-t) l Ao = a]

= E[a® + dnct (2a(8 + 1) + 8Y) + X (3 +7)° | A = 0
=a’+ (23 +7) + B)E[Mr | o =a] + B+ E[M, | do =d].
Now.
E{An=t | Ao = 4]
= E[E(a+ 3Yaoz2 + 7Anc2 | Ano2) | do =]

= E[a+ (3+7)An-2

1\0 = (1]

=a+(3+ “/)E[An_g l Ao = a]

—a+(8+v)[a+(ﬂ+~/)[a+(.'3+~/)---(3+~/)[a+(,3+7)a]---]]

=§:ad+‘/ +(B+7)" "a

=
a

ST-@Ta ¢

Therefore,

ENildo=d Sa+@+1)EMN_d=0q)

n-1
=q Z(J +4)% + (3 +7)"a?
1=0
Ci 2
—m——+a° 1= ¢y,
ST (B+7) ’

where ¢, = a? + (2a(3 + v) + 5%) (IT("Z__*’T) + a) . It then follows that

lim sup E[I/\ | fir y>n] | Ao = a] < 02/ lim sup p'/? (ra>n | Ao = a).

n—=X 3e4 =X g4
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Applying Theorem A.2.16, we have

Ea(ra) _ Via)+(L+a)

n+1l n+1

P(T‘4>n|A0=a)<

a€ A
from which we obtain the desired result:

1/2
lim sup £[[Aulfir5ni | do=0] < & lim sup (’a = +a))

R e d T n=x a€A n -{'- 1
a4+l 1/2
< & pim (EEELT L 0
= 2 o n+1l

Condition 3: The family of probability measures {1l/m 3 /., P*(a.-) : a € A} is
tight for each m > 1.
Since {A,} is weak Feller (Definition A.2.8) and A = [TE? l—:‘%‘m] is a compact
set, Condition 3 follows from Theorem A.2.14. Therefore, the chain is bounded in
probability on average.O

Lastly. it remains to show that the chain possesses a reachable state. The proof

is straightforward if the process is recursed backward until it depends solely on the

previous counts and initial condition.
Proposition 2.1.3 The point {Tf—,y} is a reachable state of the process {\.}.

Proof: First note the following form for A, :

M=at+ Vat 1 =ad 7 43) YTl + 9"

=1 =1
n—oo

Now.if Y;=0foralli<n,A,= all'_": +7"A — % Thus, if O is an open set

containing t2-. we may choose M such that z, := a4~  + 9" € O for all

n > M. Then.

PM(y.0) Ao = y)

P(Am €O

> P =z, Ma=22,....Au =Ty | Ao =y)
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= P(/\M =IM I Ar-1 = l'M-l) P(/\l = l Ao = y)
= P(Yyor=0|Ayor=zy-1)-- P(Yo=0] X =y)

> 0.

Therefore, {ﬁ} is a reachable point.
Having shown that the process {\,} is an e-chain, is bounded in probability
on average and possesses a reachable point, we obtain the desired conclusion that a

unique stationary distribution exists for the chain {A,}.

Theorem 2.1.4 By Theorem A.2.18, the process {\,} has a unique stationary dis-

tribution.

2.2 GLARMA Models

Let {Y:} be the observation driven process defined by the following equation:

—ue, YUt
€™M 1

plye | we) = p(y: | W(t)~y('—l)) = y! Lo,y (4e)-
te

Recall the model for the process {W,} defined by equations (1.5), (1.6) and (1.7):

Wi = log(u) = xiB + ) _ mier
=1

where
e,=L_\£-'—, A 2> 0 fixed
Hi

and

0 p _ q

ZT, = (1 —Zcp’,-:') l(1 + 20,:') ~1

=1 i=1 =1

=¢(z)7'0(z) - 1.

In this section. we establish the existence of a stationary distribution for a subset of
these models with x;8 = 3 and p = 0. Thus, the models we consider in this section

have state equations of the following form:

(8
(V1]
h

q
W, = log(u) =3+ Z Yi€t—is (2.
=1

where
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e, = & ;\’“, A > 0 fixed, (2.6)
t

and W, is a given initial condition.

For ¢ = 1, {W,} is a Markov process with
EW,) = 8+ E[E(W,|W,_1)]

= B+ E[ne W E(Yio, ~ €V | Wilt)]

= 3. (2.

[
-1
~

and
Var(W,) = Var[E(W, | Wioy)] + E[Var(W, | Wioy)]
= yPE[Var((Yio) — e=t)e Wit [ W)
- 7?E[e‘2"w“‘ew'-‘]

= FIE[eWe- (-2, (2.8)
Note that the variance of W, is constant for A = 1/2. Additionally,

Wt = ["tft, “eey I’t’yt_q+1], (2.9)
is a ¢'* order Markov chain with components

q
W, = 3+ Z i (Yiei — €Vt ) e Wemr (2.10)

=1
satisfying equations (2.7) and

7

Var(W,) = Z 7‘?5[6‘0}_‘(1—2.\)].

=1

2.2.1 Model 1

We begin by letting A = 1 in (2.6) which corresponds to standardization of the
mean corrected Poisson counts by their conditional variance. For these models, we
are able to establish that the process {I¥;} defined by (2.5) is uniformly ergodic.
We first show this to be true for the 1°¢ order Markov chain, ¢ = 1, and then extend

this result to the ¢** order process.
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2.2.1.1 1* Order Markov

When ¢ = 1, the state process W, is bounded in one direction. This is easily

seen when the process is written in the following form:

W, = 3—5+7Yi_e (2.11)

<8—-4., fory <0,
>3—~. fory>0.

Under these constraints, we are able to establish that the process is uniformly er-
godic (Definition A.2.21). This is done by showing that the chain satisfies Doeblin’s
condition (Definition A.2.22) and is strongly aperiodic (Definition A.2.4). Uniform
ergodicity then follows from Theorem A.2.23. This property is vital for develop-

ing asymptotic results for the parameter estimates. These estimates are derived in

Chapter 4.

Theorem 2.2.1 The process {W,} as defined by equation (2.11) satisfies Doeblin’s

Condition and is strongly aperiodic: hence, the process is uniformly ergodic.

Proof: In order to establish Doeblin's Condition. we must show that there exists

a probability measure v satisfving the property that for some m > 1. € < 1 and

Jd > 0.
v(A)>e=> P™(x,4) 24, forallz e X.

We consider the two cases ¥ < 0 and v > 0.

Case 1: v <0

From (2.11), it is easily seen that W, has an upper bound of 3 — v when v < 0.
Define the measure v to have unit point mass at {3 —v}. It then suffices to only

consider Borel sets B with 3 —+ € B. Then. forall z < 3 — 7,

P(z.B) = P(W,e B|W,_, =)
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> P(Wy=f8~v| Wi =2)
= P(Yt—l =0 I Wi = l‘)

—e't

= €

> e_eﬁ—'v

Hence. Doeblin’s condition is satisfied for this case.
Case 2: v >0
For + > 0. recall that W, has a lower bound of 3 — 4. As in Case 1, we will take
the measure v to have unit mass at {3 —~}. Let C' = [3 — 7. max(e, 3 + v)|, where
¢ > 0. Then. for all £ € C and Borel sets B containing 3 — .,
P(e.B) = P(W,e B|W.,_=1)
Z P("‘/’g = 3— i | """g_[ = I)
= P(Yio1=0|W,_, =1)

-

= e
> e~ ™ 2 g, (2.12)
and
P¥z.B) > P(Wq=8-W,=8-7|Wi =1)
= PWyp=8-7|W,=3-y)(We=3-7|W_ =1)
> 4§
On the other hand if r ¢ C. then z > max(e. 3 + 7) and we have
P(z.C) = P(W,eC|Wiy=1x)
> P(B—v<W, <3+7| Wi =1)
= P(|W,=3| <7y | Wi =1z)
> 1 —~+"%Var(W, | Wi—; = r) (by Chebyshev’s Inequality)
= 1 —~2%eF

> 1 — e maxeft) = 4, (2.13)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Therefore,
P*z,B) = P(W:e B|W,,=1z)
> P(W,e B,W,., €C|Wi2=1)

= Y PW.€ B.Wey=y|Weo=1)

yeC
= Y P(W,€ B|Wey=y)P(Weey =y Wiy =)
yeC
> 61) P(Wiy=y|Wip =12)
yeC

= (SLP("Vg_l € CI"Vt—'Z = l')

v

,42.

Thus. Doeblin’s condition is also satisfied for the case v > 0.

For either case the chain {W,} is strongly aperiodic since

P3-v.8-7) = PW,=3-7|Wi1=3-7)

= P(Yie, =0 |W._, =3-7)

—ad=

> 0.

We conclude that {I¥,} must be uniformly ergodic.O
It follows from Theorem A.2.25 that {W,} is geometrically mixing.

Having shown that the chain is uniformly ergodic and geometrically mixing, we
will be able to develop asymptotic results for the parameter estimates in this case.

This is considered in detail in Chapter 4
2.2.1.2 ¢** Order Markov

Using similar steps, it can be shown that the q** order Markov chain defined

by (2.9) and (2.10) with A = 1, v > 0, [8| < >_!_, % is uniformly ergodic. Thus,
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in this section we will consider the existence of a unique stationary distribution for

the process W, defined below.

Wz = [Wts cv e g "‘/g_q.{..[]I, (2.14)
where

q
W, = B+ Z vi (Yo — eV ) e Ve, (2.15)

=1
Theorem 2.2.2 The process {W,} as defined by (2.14) and (2.15) satisfies Doe-

blin’s Condition and is strongly aperiodic; hence, the process is uniformly ergodic.

Proof: Recall from Section 2.2.1.1 that in order to establish Doeblin’s Condition,
we must show that there exists a probability measure v satisfying the property that

for some m > 1. e <1 and § > 0.
v(d)>e= P"(x.d) >4, forallxe X.

Define v(-) to have point mass at (3 — n), where n = >_7_ +. Also define
C =C%"=[3-n, 3+ n]° Note that W, > 3 —n: thus, if W, &€ C, W, > 3 + 1.
To show Doeblin's condition, we only need to consider sets B € B(X) satisfying

(3 —n), € B. First, we will consider the case x € C. Here,
P?(x.B)

=P(W,€ B| W, =x)

> P(W.=(3-1n) | Wig =X)

= P(i“’t =...= ‘/Vt—q+l = ’3— n I “rt_.q =x)
— P(Wy= 3= Wiy = ... = Wi = 3= . Wi, = X)
. P(L‘/’t—-l =...= I’Vg_q+1 = .3 —-n I Wg_q = X)

q=2
= (H P("Vg_; = B -n I "Vg_.,‘..l =.,..= "Vg_q.}.l = /3 -1, Wg..q = X)>

1=0
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- P(Wieq1 =8 -1 | Wiy =x)

q-1
(HP(Yt-x == Yt-i—q-)-l = 0‘ "Vt-i == "Vt—q+l = ﬁ —nswt—q = X))
=1

. P(};_q =...= Y;_gq.‘.l =0 l Wg_q = X)

> (e—(q—l)e'g-"e—e"‘””’) (e_(q_g)cd—ne_2e5+n) . (e_qed+n)

- -1 q .
— e—ed " Z?:l le~cd+',2|=l t

— 6_6—"7,1((1—l)/2e—¢3+"Q(Q+l)/2 = Jl

and

P*(x.B) 2 P(W, = (3 = n)g Wieeg = (3= 1)y | Wiegg = x)
= P(Wz =(8-n)g| Wiy = (3 - '7)‘7)
P(Wi_g = (3 =1)g | Wiz = (3 = 1))

> &2
Now. suppose X € C. Then z; > 3 + n for at least one i = L,...,q. It follows that

Pi(x.C) = P(W, €C|W,_, =X)
(

= P "Vt e C, ces g I"/}_q+1 6 C I Wt_q = X)

= Y PWieC.... Wigya € C.Wimgir = Yot | Weey = %)
yq-—lec

= Y PW.eC.... Wigya €C|Wiegs1 = g1, Weg =X)
.’Iq—lec

P(Weegst = You1 | Weeg = x)

S Y [P e C Wi =yiees Wamgir = 4yt Weg = X)
Yq-1EC nec
q—2

. H (P(Wt-i = Yi | Wemict = Yit1s- - Wigp1 = Yg-1, Weg = X))

=1

P P(Weegir = You1 | Wi = x)]-
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Consider P(W, € C|W,-, = w,_;). Define W, _, and w; _, to be a reordering
of W,_; and w,_,, respectively, such that the first r elements of w},_, have values

in C' and the last ¢ — r elements of w/,_, have values in C¢, 0 < r < q. We may then

WI

write W, = 3+ 3.0 vi(Ya_i—e€ t—-)e'wf'--, where the elements of ¥ = (yi,... ,¥)*

and Y,y = (Ya_1,....Ya—g)" have been re-arranged according to the ordering of

W’ _, described above to obtain 4’ and Y],_,. Thus,
P(W,eC| W, =wn)
(o A~ e 0 k)
Now. for r = q. each element of w/,_; € C. Hence.

P(W,€C |Wai = Wa_y)
>p(3+z (Vi = M) e = 3= [ W = W)
=P(Y_, =..=Y_ =0|W,  =w.)

> g—9e?*n

For r < q.

P(”n eC | W= wn—l)

> P( n—-t = = }r:-r =
q
3+ 3 YL~ eMam)e "-'—Zm 8- 3+4] | Wi =w,_)
i=r+l1
q
> e—red+"P< Z (Y.,:_., W,’,_.)e—w,"_.
t=r41
q
6[—2‘/; Z/'*‘ ]\W’1=w;-1)
i=r+4l =1 i=r4+1
q q q
2 (Y AV m et [« 3 3 ] [ Wi =)
i=r41 i=r+l i=r+l1
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> et (1 z(n-r-:l vile ):_'>’ (by Chebyshev’s inequality)
- 1}
i=r+l1 Vi

2 6..r83+'7 (l _ _(ﬁ'*'n) Zx—r-{rl ‘y‘ >’
(Zx-ri—l /l)

since w!,_;, > 8+ nfor r+1 < i < q. Thus, if we define r; to be the number of

elements of W,_; with valuesin C, i =1,...,q, and

2
&, 1= (Z?u‘\m})
e—qe3+v‘ ri = q.
(note that &, > 0 for all i = 1.... .q). we obtain
(r.C) > Z Z [5”

yq-1€C n€cC
=2
L (PWeci = w1 Waic = s - Wegas = g1 Wiey = )

=1

P(Weegi1 =Ygt | Weeg = x)]

24 ), ) [P( et €EC Wiy =ya, .o Wiegir = Yg-1, Weeg = X)

q=-2

: H (P("Vt-i =Y | Wicict = Yists- oo - ‘/Vt—qi—l = yq-x,W:-q = x))

=

) P(W’t-qﬂ = Yg-1 | We—g = x)]

1
> ]
=1
Thus. for x € C,

P*(x.C) = P(W, € B|W;_3 =X)
2 P(Wt € B, Wt_q € CIWg_2q =X)

=ZP(W¢ € B'Wg_q =y) P(Wt—q =Y|Wt-24 =X)
yec

> 6 Z P(Wg_q eC I W:-zq = X)
yeC
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25112[6,‘ > 0.

=1

Therefore, Doeblin’s condition is satisfied. The chain is strongly aperiodic since

P((J = N)g, (B — '7)7)

= P(Wt = (}3 - r’)q I Wt—l = (:3 - r’)'l)

=PW,=3-n,... Wegn=383-n|We=3-n,... Wi ,=3-n)
= P(W,=3~n|Wei=3-1.... Wi, =3—1)
=P(Yo=...=Yy=0| Wiy =3~n,... W,=3-n)
= gttt
>0.

Thus. it follows from Theorem A.2.23 that {W,} is uniformly ergodic.O

By Theorem A.2.25, we also obtain that {W,} is geometrically mixing, i.e.. strong

mixing at a geometric rate.
2.2.1.3 Exact Sampling

Having shown that the chain {W,} defined by (2.5) and (2.6) with A = 1 is
uniformly ergodic, it is possible to sample directly from its stationary distribution
using an algorithm developed by Murdoch and Green (1998). In this section. we
give an overview of their algorithm and then apply it to the first order Markov
chain. ¢ = 1. with no regressors present, 3 = 0, and with v > 0, discussed in Section
2.2.1.1.

The algorithm we employ is based on a construction created by Murdoch and
Green called the “mutigamma” coupler. The idea behind the algorithm is to start
the chain in the infinite past and consider all possible paths. From time to time,
two of the paths will couple. If all possible paths have joined by time 0, the draw

at time 0 will be from the stationary distribution (see Propp and Wilson (1996)).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



35

In practice, one must find a backward coupling time, ¢., such that if the chain is
started from any possible state, £ € X, at time —¢,., all possible sample paths will
have joined by time 0, giving a draw from the stationary distribution.

Recall that when a Markov chain is uniformly ergodic, there exists a probability

measure v such that for some k > 1, p > 0 the chain satisfies
P*(z,-) = pv()

for every &£ € X (A.2.23). This condition meets the assumptions necessary to
employ the multigamma coupler algorithm. For the case & = 1, we simulate from
the chain by first drawing a sequence {U,} of iid {/(0.1) random variables and a
sequence {1} of random variables with distribution v. Then. if U,+; < p. we define
Wast = Vs F oy 2 p, we define Wiy to be the value obtained by a draw from

R(X,.:):= [P(.\'n. ) = pu(-)]/(l — p). the “residual” distribution. Since

P(Wst S o] W = w) = pu(z) + (L = p) R(w, z)
= pv(z) + P(w.x) — pv(z)
=P(w, ),

it is clear that W, 4, has the appropriate distribution. When applying this algorithm,
it is imperative that the set of uniform random variables which were used to find
the backward coupling time are the same ones that are used in determining from
which distribution to draw the next value.

For the process {W,} defined by (2.5) and (2.6). & = 2. Thus, we must modify
the sampling algorithm described above. From (2.12) and (2.13), it is clear that for

any rI.
P(z.C)> min(l —e™. ™).

It is also easily seen that once the chain is in the set C, the chain takes the value —y

—e?

at the next step with probability e~¢". This allows us to find a backward coupling
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time, t., for which we know the value of the chain at time —(¢. — 2). Thus, for this
case, it is not necessary to first compare the uniform random variable to the value p
before deciding from which distribution to draw. Here, the next value of the chain,

IW; is obtained from the previous value as follows:

1. Yo, = Pois‘_([f,-_l.ew'-‘),
the smallest integer n, n > 0, such that P(Y < n) > U,_;, Y ~ Pois(mean =

ei-t).

2. W= y(Yio — eVr)e e,

Figure 2.1 displays a histogram of the stationary distribution of {W,} for a
sample of size 10,000 for ¥ = 0.25, and v = 0.75. Also shown are corresponding
histograms of the values obtained by running a simulation of the process with a
chain length of 10,000. For the simulations. varying values were given as the start-
ing point: however. there were no detectable changes. As can be seen by comparing
the simulations to the “exact” sample, the process converges to its stationary dis-
tribution quite rapidly, there is negligible difference between the exact sample and
the simulation.

The time it took before a backward coupling time, f., could be guaranteed
(W_itemt) € C. W_(.=2) = —7) grew larger as 4 increased. Table 2.2.1.3 gives the
mean and standard deviation (rounded to two decimals) of the backward coupling

times for v = 0.23, 0.5 and 0.75.

Table 2.1: Backward Coupling Time Statistics

~+ || mean | std. deviation
0.25 || 20.24 18.71
0.5 || 32.06 30.50
0.75 || 76.95 75.39
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Figure 2.1: Exact Sampling. Top left: exact sampling with ¥ = 0.25; top right:
exact sampling with v = 0.75; bottom left: simulation with v = 0.25: bottom right:
simulation with ¥ = 0.75.

In addition to the point {—+}, the process {W,} possesses many other reachable
states (Definition A.2.9). It is interesting to consider the sequence of Poisson counts
through which the chain arrives at these states. although it is not surprising. A
table listing the states to which the chain returned on more than 50 occasions

(rounded to 4 decimals), the number of visits made to the state and the sequence

of Poisson counts leading the chain to the state are given in Table 2.2.1.3 for the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



38

Table 2.2: Reachable States

v =0.25 v =0.75
Preceding Preceding

State | # Visits | Poisson Counts State | # Visits | Poisson Counts

-0.25 3560 {...,0} -0.75 4033 {....0}
0.0710 1342 {...,0,1} || 0.8378 1176 {...0,1}
0.3920 572 {...,0,2} || -0.1010 205 | {...,0.1,2}
-0.0171 490 {..,0,1,1} | 2.4255 275 {...,0.2}
0.2157 237 {...,0,1,2} || -0.4255 240 {....0.1,1}
0.0043 189 {...,0.1,1,1} || 0.2235 236 {....0.1,3}
-0.0811 154 {....0,2,1} || 0.5480 128 | {....0.1.4}
0.0878 144 {....0.2.2} || 0.0797 104 {....0.1.2.1}
0.7130 132 {....0.3} || 0.3978 95| {....0.1.1.1}
-0.0485 97 | {....0,1.2.1} || -0.1502 74| {...0.1.3.1}
0.2536 30 {-..,0.1,1.2 0.8726 58 {....0.1,5}
0.4486 m {...0.1,3} || 0.4495 56 | {....0.1.3,2}
0.2563 69 {....0,2.3} || 0.9094 531 {....0.1.2.2}
-0.0011 67 | {....0,1.1,1,1}
0.0211 36 {...,0,2.1,1}
0.1530 32 {-..,0,1,2,2

two cases v = 0.25 and 0.73. For example, when v = 0.25, the value Wy = 0.2157
was “drawn” 237 out of 10.000 times. The corresponding Poisson counts which led
to this state were as follows: Y_3 =0, Y_2 = 1 and Y_; = 2. The table illustrates
the importance of our ability to bound the chain {I¥,} in at least one direction.
When Y;_; = 0 we know that the next value of the chain will be W, = —~. It is this
result which enabled us to establish that the process is uniformly ergodic. When we
are not able to bound the chain, establishing stationarity properties for the process

becomes much more difficult as will be seen in Section 2.2.2.
2.2.2 Model 2

For the case A = 1/2, 3 =0, ¢ =1 and v > 0 the process defined by (2.5) and

(2.6) becomes

We = y(Yioy — e?et)e /2o, (2.16)
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and the situation is much more complicated. Here, we can only establish the ex-
istence of at least one stationary solution. We give two proofs of this result using

vastly different methods.
2.2.2.1 Direct Approach

Here the process will be approached directly and results from Appendix A will
be used to guarantee the existence of at least one stationary solution. First note
that the chain satisfies the weak Feller property (Definition A.2.8). Using Theorem
A.2.15 it will be shown that the process defined by (2.16) is bounded in probability
on average. and hence, by Theorem A.2.13, the chain has at least one stationary

solution.

Theorem 2.2.3 The chain {W,} is bounded in probability on average: therefore,

there erists at least one invariant measure.

Proof: In order to verify that the chain is bounded in probability on average. it
suffices to verify the three conditions of Theorem A.2.15.
Condition 1: There exists a non-negative function V" such that AV(z) := EV(r) -
Vir) < =1 +bl4(z) where b= |1 +2v| and A = {a:a € [-b,b]}.
Defining V'(r) = [z|. we have
AV(z) = E[|[W | Wy =z - |z

= E[ng[w,m] | Wiy = 1:] + E[— Wiliw,<q | Wio1 = .r] |z
E[(Y: = €)™ fyizeq) | Weer = 1]

+E[v(ef = Y)e ™ [yices) | Weer = 2] — 2. (2.17)

We will now consider two cases: i) £ > 0 and ii) z < 0.

casei): £ 20

(2.17) = e E[(Y; = &) fipizes) + (€ = Yi)(1 = [yizes)) | Weer = 2] = |2
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= 76"/2E[‘2(Y; — € ) y,>er) | Wiy = .‘B] + et — E'[Y} | Wiy = a."] - |z|

= 2"]’6‘:/2E[(Y¢ - er)[[Y¢2e‘} l "Vt—l = .'L'] - |.’L‘|

< 2BV - P | Wiey = 2] B[Sy | Wier = ] - lal
(by Holder’s inequality)

< 2ve~T2EV3 [(Y, — &) | Wy, = ;r] — |z

= ve %P — |z

< 2y —|z| for £ 2 0.

case ii): r <0

(217) = E[3(Y: - €)™ 5 | Weet = 2]
+E[y(eF = Vi)™ iy,=q) | Weey = 2] = ||
= 1ePE[(Yi = €)(1 = ymq)) = (Yi = €) [yyicq) | Wimy = 2] — 2|
= —2ve~*PE[(Y: - €)y,=q) | Weer = 2] = |2]
= 2ve e — |z

< 2v—|z| for x <0.

Therefore, AV'(z) < =1+ bl4(z).
Condition 2: limu e SUp,ea Ea[|Wn|[[,.A>n]] =0, where A= {a:a € [-b.b]}.

By the Cauchy-Schwartz inequality, we have

lim sup E[IW',‘II[TD,‘] | Wo = a]

n=—2g ’ZEA
< lim sup EM[|W,|? | Wo = a]PY?(r4 > n| Wy = a).

n—xX a€A
Now.
E(W." |Wo=a] = E[E[Wil* |Wan] [Wo=d]
= E[E[A(Y,— e )2t [ Wasi] | Wo = d

= "/2.
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Whence,

lim sup E'/? [IW'n

n—2c a€A

W= al P‘/2(T.4 > n|Wo = a) = lim sup*/P‘“(rA > n).

n-—o0 G.EA

Using Markov's inequality and Theorem A.2.16, it follows that

E(ra) _ Via)+b

< - .
Pi(ta>n) < Tl S Thrl for a € A
and hence.
| ‘ _ V(a)+b)”2
lim sup £, ([Wallp>m] < 7 lim sup { ~———
nl_'n;ilég [l ra> 1] = /niwci:g ( n+l
95 \ 12
< 0t lim ( = )
n—oc l’l'{’1

= 0.

Condition 3: The family of probability measures {I/m Y j_, P¥(a.:) : a € A} is
tight for each m > 1.
By Theorem A.2.14, Condition 3 holds. Therefore, we conclude that there exists at

least one invariant measure!.0
2.2.2.2 Addition of Noise Approach

Here. we will establish the existence of a stationary distribution by adding
independent Gaussian noise with variance o? to the original series. Then. as o?
decreases to 0. properties of the original series can be recovered.

We will use the following set-up for this analysis: Let {W, s} follow the Markov

recursions given by

Wie = (Yo, —eVs)e V/Wme 4 7, (2.18)

with

'Through a personal correspondence with William Dunsmuir and Ben Goldys. it was shown
that the process satisfies a condition stronger than bounded in probability on average. Inspired
by their observation, a simpler proof of the existence of a stationary distribution is included as an
addendum to this chapter.
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Y|Wieik ~ Poisson(e®-1x),

Zix ~ N(0,0}),

and Y}, Z, are independent. Since the value of o} is irrelevant in showing that the
chain is uniformly ergodic, we set 0? = 1 in order to establish this property. For
this case. we will denote {W,x} as {W,} and {Z.+} as {Z,}.

To establish the existence of at least one stationary measure, we will show
that for any choice of o2, the process defined by (2.18) is uniformly ergodic. This
will be accomplished using Theorem A.2.23. It is necessary to show that the chain
is aperiodic and that Doeblin’s condition is met. Once this has been established,
we will show that the sequence of stationary measures {uq,} corresponding to a
sequence of variances {o}} decreasing to 0 is tight (Definition A.2.11). By tightness,
it then follows that the limit of these measures is a stationary solution to the process
defined in (2.16). However. it does not give us the existence of a unique stationary

solution.
Proposition 2.2.4 For any § > 0,C := [-4.0] is a petite set (Definition A.2.6).

Proof: Note that z € C if and only if —ve*/? € [—v€*/?, —ve~3/%]. Define fs(-)
to be the probability density function of a normally distributed random variable
with mean § and variance 1. Set f(z) = min (f5.(z), fs+(z)) with é. = —v€*/? and

5" = —~e~%/2, Now define v(dz) = e“‘f(x)d:z:. Then, forallz € C

P(z.B) = P(W.€ B|W., =z)

P(y(Yioy — e¥-t)e™™=1/2 4 Z, € B | Wiy = 1)

v
o
2
o
H
I
+
N

€ B)e

Y,
1.1
|
[1 3
P
e
Q.
Ly

i v
T (1)
~— |
n
=

-
—~

[ ¥

e

by
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Therefore, with

K.(z, B)

= n 1, forn=1,
Z P*(z, B)a,, where a, = { 0, forn>2,

n=1
we have

K,(z,B) > v(B).
Hence. C is a petite set.0
Proposition 2.2.5 The process defined in (2.18) satisfies Doeblin’s condition.

Proof: Choose a such that a®> > 4% + 0%, Let A = [—a.a]. Define f,(-) and
v(dr) as in the proof of Proposition 2.2.4: define f,(-) to be the probability density
function of a normally distributed random variable with mean = a and variance
= 1. set f(r) = min(fa,(z), far(2)) with a. = —ve*/? and a* = —7e~*/2. and define
v(dz) = e~ f(r)dzr. By Proposition 2.2.4, we have that P(z,B) > v(B) for all

r € A. Now consider the case when r ¢ A.
P(z.4) = P(W.€ AW, = z)
= P(|Wi < alWe, = z)
> 1 ~1/a®E(W?|W,-i = z) (by Chebyshev's inequality)
= 1= 1@ [E(yPe (Vi - &) + E(22)]
= 1-1/a*(y* + %)

= 51 > 0.
Hence.

P*(z,B) = P(W, € B|W.,=2z)
> P(W, € B,Wi_, € AW, = z)
= P(VV: € B, "Vt_l(l') € AIW}_Q = I),

where W,_,(z) represents the random variable W,_, given W,_, = .
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- /4 P(W, € BIW,1(z) = y) P(Wer(2) € dy)

> I/(B)/ P(W._i(z) € dy)
A
- V(B)P(L‘/’g_l € ."”"/’1_2 = I)

> v(B)d, for every z € X.

Thus, the chain {IV,} satisfies Doeblin’s condition.O
The chain is strongly aperiodic since the set A defined in the previous proof is a

small set with positive v measure (Definition A.2.7).
Theorem 2.2.6 The process defined by equation (2.18) is uniformly ergodic.

Proof: Since the chain is strongly aperiodic and satisfies Doeblin’s condition. by
Theorem A.2.23. the chain is uniformly ergodic.O
To establish that the process given by (2.16) has at least one invariant measure,

it remains to show that the sequence of measures {u — o} is tight.

Proposition 2.2.7 The sequence of stationary probability measures {yi,: k € Z 4}
for the set of processes {Wy} defined by (2.18) with corresponding noise variance
{0k} satisfying oy = l.ox = 0 as k — oc. is tight: i.e. for each € > 0. there erisis

a compact subset C' C X such that
Ue (C) 21 —€ forall k.

Proof: Let C = [—c,c]. Given € > 0, set €, = ¢/2 and €; = €?/4. Choose N, M and

¢ large such that 3% S >1-g, PN

i=1 t!

—e—M e-A\h

< €, and
P[— c+7(€;)""?* < Z < min (¢~ */(q)"/z, c—v(N - e""w)e‘w?)] > 1 —e€,

where Z is a normally distributed random variable with mean= 0 and variance= 1.

Then.

fe (C) = /P(W, € C | Wiey = 7)o, (dz)
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[ PGttt = e + 20 € C) ()

=/ ZP (i = &) + Z, € C) P(Yiey = i)ty (d2)

1—0
+ / ZP (i —€%)e -2 4 Z, € C) P(Yi—1 = i)o, (dz)
;—'0
= [+1L
Now. defining S; := {i : € — e*/%¢ 12 < j < e 4 e5l2] P,

[ > / Z P (y(i — €")e™*/* + Z, € C) P(Yioy = i)pto, (dx)
r>0

€S,
_ vy v
> / Yop (—C—+—f‘—— <z< f—i—) P(Yiet = i), (dz)
- r>0 Ok Ok
€
> / (1 — ) P(—e 2 < Yioy — € < €20 g, (dx)
x>0

> / (1 —€)(1 = (€1/€7)e" g, (dz) (by Chebyshev’s inequality)
>0
= (l- ‘Cl)zudk(os m)v

and

I = / P(—ve** + Z, € C)P(Yioy = 0o, (d2)

/ ZP (Yier = i) P(3(i = €5)e™2 + Z: € C)pagy (do)

> [ e <—c+7 <7< i) P(Yier = O)pts, (dz)
<0 Ok Tk
" P(Yiey = i)P (’_‘S <z ez)e—m) o (dz)
+-/1:50i2=[: e = o~ T ™
> / (1 =€) P(¥iet = 0)ptoy (d2)
r<0
N — - V —pT z/2
+/ P(Yc1=z)P(~£_<_Z<C (el )uak(dr)
r<0 ;- Tk Tk
> / (1 = &) P(Yizt = 0)ptoy (d2)
r<0

Ck Ok
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N
> [ (-a)Pli =)+ [ 3 P(Fin = i1 - e ()
r<0 M<z<0 1
N N
> / (I—e) ) P(Yiy =i)y,k(dz)—/ Y P(Yiy = i)o, (da).
£<0 prs z<-M T
Now. if ¥ ~ Poisson(};) and X ~ Poisson(1l), 0 < A £ L. then
. = M) aaNel o= ATV
P(Y > N) = 'Z g Py g
i=N+1 i=N+1
G l <
=\
< e Y 7 < Z P(X > N).
i=N+1 =N+

since €~*r is an increasing function with a maximumat z =1 for 0 <r < 1. Note
that this implies that P(Y < N) > e™! E o 7~ Now. if Y’ ~ Poisson(};) and X ~

Poisson(A;). 0 <A < A <1, then

N e—\l’\z /\x—
P(1<Y<KN) = Z _\'MZT
=1 =1 )
i—1
< e Z-————P(1< X < N).
Thus.
N e_l A% e_e—A\le_A"!"
n > / l —¢ — g, (dz —/ —_— (dr
:50( I)Z; il H© k( ) :S—M; 1 Hoy )
2 (1 - 61)2#6k(_x!0] — €2.
Therefore.

Heo(C) > (1-€a)—e=1-¢

Hence. the sequence of probability measures {uo, : k € Z.} is tight for any sequence

{o+} satisfying oy = 1.0k — 0 as k — 00.0

Theorem 2.2.8 The process {W,} defined by (2.16) has at least one invariant mea-

Sure.

Proof: Follows by Theorem 2.2.6 and Proposition 2.2.7.0
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2.2.2.3 Reachable Point

One approach we have considered for establishing the uniqueness of a stationary
solution concerns the theory of e-chains. Although we have not been able to establish
that the sequence of transition probabilities is equicontinuous, we have been able to
show that the chain is bounded in probability on average (Section 2.2.2.1, Theorem
2.2.3) and that the chain possesses a reachable point. The proof of the latter is the

focus of this section.

Proposition 2.2.9 The process defined by (2.16) has a reachable point (Definition

A.2.9). z=. where z° is defined as the unique solution to the following equation:
r = —~el? (2.19)

Proof: We will first show that the n'? iterate of g(xg) := —~€"/? converges to r* by
showing that the sequences {z;,} and {r;.4+1} converge to x*, where r, is defined
to be the n't iterate of g(zo). Without loss of generality. we will assume rq < z*.
[t is easily seen that under this assumption, r2, < 2° < Z2n4 for all n.

Define h(-) to be the inverse function of g(-) (i.e., the reflection of g(-) about

the line y = z). Then hA(z) = 2In ('7") Since g(-) is strictly decreasing, we have

l. for x < z*. h(z) > g(x)

(8]

. for x> 2*, h(z) < g(z)
3. if g(z) = h(y) then

(a) c<yifr<ucr,
by z>yifz >z,

(c)z=yifzr=2z".

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



48

Combining these results we obtain 72, < Z2n42 and Iyn41 < Z2n-; for all n since
h(Tont2) = Zonp1 = 9(T2x) and h(Z2a41) = ZTan = g(T2a-1). A graph depicting
g(z), h(z) and y = z is given in Figure 2.2. The above relationships are seen more
easily upon examination of the graph.

To show that {z;,} and {z;.4+1} converge to z*, suppose lim,~ T2, = b and
limy 0 L2041 = a. Now, a = g(b) = h(b) and b = g(a) = h(a). From 3c. this implies
that a = b = z*. Thus, {r2.} and {z2.+1} converge to r* from which it follows that
{rn} converges to r*.

Now. let O be an open set containing z°. Since {r,} converges to r*. we may

choose M satisfying £y € O. Then

PM(y.0) = P(WyeO|Wy=y)
> PWi=xo, ,Wo=uy,... Wy=uoy|Wy=y)
= PWy=zy|Wuar=zya) - P(Wy =12, | Wy =y)
= P(Yy1=0| Wy =zy-1) - P(Yo=0|W,=y)

> 0.

Therefore. Y P"(y, O) > 0; hence, z* is reachable.0

2.3 Addendum

Here we show that a stronger “tightness” condition holds for the GLARMA
models of Section 2.2 with x};8 =0, p =0, ¢ = 1l and 1/2 < A < | using
Chebyshev’s inequality. This condition provides a more concise means of establishing
the existence of a stationary distribution and will hopefully aid in proving that the
process is an e-chain. We begin by stating the results for a general Markov chain
and conclude by showing that the conditions are met for the GLARMA models of

Section 2.2 under certain assumptions.
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Figure 2.2: Reachable point: Poisson Process. g(zr) = —1.5¢*/* h(r) = 2In (%)

Proposition 2.3.1 [f{X.} is a weak Feller chain and if for any ¢ > 0 there erists

a compact set C C X such that
P(z, C°)< e, forallzre X,

then {X,} is bounded in probability; thus, there exists at least one stationary distri-

bution for the chain.

Proof: Assume that for any € > 0 there exists a compact set C C X such that
P(z. C¢) < e for all z € X. If P*(z,-) denotes the k-step transition probability of

the chain starting from state r then.

Pz, C°) = /P(y, Co) Pz, dy)

< €.
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Thus, the chain is bounded in probability. In fact, the tightness of the k-step
transition probabilities holds uniformly in z. It follows that the chain is bounded

in probability on average and hence, by Theorem A.2.13, there exists a stationary

distribution.O
Proposition 2.3.2 Let

Y; ~ Poisson(e'?),
where

W, = (Yiy — eVemt)e™ Vet

1/2 < XA < 1. Then the chain is bounded in probability, and therefore. admits an

invariant measure.

Proof: First note that the chain is weak Feller. Define C := [—c. ¢]. Then.

P(r.C%) = P(W,€C|Ww = 1)
= Ply(Y-1 - eVe-t)e Wit ¢ [—¢, o] | Wimy = 1],

which. by Markov's inequality,

(v/c)’e ¥ Var[Y, | W,y = ], r>0
< =iz - 4

(y/c)e E[|Y,_l —e I | Wi = .7:], r<0

o [ (/P 20
20y/c)et =Y. <0

< (v/c)®. 20
- 2(v/c), r<O.

Thus. given ¢ > 0 choose ¢ large such that max (2(v/c),(7/c)?) < €. The result

follows from Proposition 2.2.9.0
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Chapter 3

THE BERNOULLI PROCESS

3.1 Background

The focus of this chapter will be on a component used in the modeling frame-
work of Rydberg and Shephard (1998) for price activity, previously mentioned in
Section 1.5.3. Recall that they suggest modeling the price change of a given stock
by considering three separate processes: one which models whether or not the price
of the stock has moved (activity); one modeling the direction of the price change
(direction); and one modeling the magnitude of the change (size). The model they
favor for analyzing the price activity is a GLARMA model. Recall that .V, € {0.1}
is the event of a price change at time ¢. If F,_| represents the o-field generated by

{V..z < t}. the conditional probability of .V, given F,_| is given by

p(Ne = n | Feor) = pi(L = p)' " oy(n),

-1 . .
where p, = eo'(l + ea‘) . 0. =x8+ €, x, is a vector of exogenous variables. and

P q
€ = Z‘)’jft—j + ol +UZJJ'U¢—J" c>0.

j=1 j=1

with

Vet = Pre
U= ——tsL2Pl >, (3.1)

VoL =peor)’
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Note that {U,} is a martingale difference sequence:

_ Ny — pe r
E[UH-l I}.t] - E[ pe(l — pt) Lt_l]
= (p(1 = p)) "2 (E[N, | Ussk] = p2)

= 0,

with
Var[Upt | Fil = E[(pe(1 - p) " (Ve —pe)* | 7]

= (p(l "Pt))-ll’t(l -p) =1L

In this chapter. we show that the process {{’;} has a unique stationary distri-
bution for the special case of the GLARMA model where ;3 = p = ¢ = 0. [n this

case.
pe= eV (l+et)7, (3.2)

where (', is given by (3.1). Results from Meyn and Tweedie (1993) will be applied

to prove the above.

3.2 Asymptotic Results

[n order to establish the existence of a unique stationary distribution for the
process {{’,}. we will show that the conditions of Theorem A.2.18 are met. In other

words. we need to show the following:

L. The process {{’;} is an e-chain (Definition A.2.17), that is. its transition prob-

abilities are equicontinuous.
2. The chain possesses a reachable point (Definition A.2.9).

3. The chain is bounded in probability on average (Definition A.2.12). Alone,

this condition provides a means for establishing the existence of a stationary
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distribution for weak Feller chains without the requirement of irreducibility.
Coupled with the conditions given by (1) and (2) above, boundedness in prob-
ability on average provides us with a tool for verifying the existence of a unique

stationary distribution.

3.2.1 E-chain
Theorem 3.2.1 The process {U,} defined by (3.1) and (3.2) is an e-chain.

Proof:

[n order to establish equicontinuity of the transition probabilities, it is necessary
to show that for any continuous function f with compact support. the functions
P¥f.k = 1.2.... are equicontinuous on every compact set C. We will first derive a

more convenient expression for |Pff - P:“'fl. Now,
IProf—P:ofl
1=|Eqo [f(U1)] = E[f(OL)]]
!
> {ptno l z0)ftz0) = p(no| zo)f(:l)}‘

ng=0

1
< Z {lP(no | £0) — p(no | 20)| | f(z1)] + p(na | 20)| f(21) = f(:,)l}. (3.3)

ng=0
where
I = n,-_‘(l + eax._l)e—az._lﬁ _ eaz:._‘/’z
and
i = Tl,‘_.l(]. + 75t )6—6:'—1/2 - eo':._l/z.
Note that
_ea::.'_.l/2, if nj_y =0,
T = {e'”z"‘/2, if i =1, (3.4)
€T .
-\ — -
p(ni=1lz;) = m=(1+€ )", (3.5)
and
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p(n; =0|z;) = (1+€=)7, (3.6)

with similar relations holding with z; replaced by z;. Throughout the remainder of
the proof. we shall assume r; and z; evolve according to (3.4) for the same set of

ng,ny..... Replacing f with Pf in (3.3), we have
P2, f = Pof]

1
< 3" {1ptnal20)  pinal )} [P 1]+ tna 0 e - 211}
ng=0
1

< Z {Ip(nol.ro) — p(no | 30)| p(ny|z1) lf(zz)l

ng,ny =0

+ P(”OIIO)(|P(U1 | 1) — p(ni |31)| lf(22)| + p(ny |I1)|f(l"z) - f(:'z)l)}
1

= Z {(|p(n0 | £0) — p(no | So)l p(ni|=1)

ng.ny =0

+ plno| ro)|p(ny | xy) — p(n I:l)l)lf(zz)l + p(no|ro)p(nyfry) | f(e2) = f(le)l}-

[terating. we obtain

| Pef = PrS]

1
<Y {IP(no|l‘o) — p(no] z0)| | P~ f] + p(no | zo)| P57 f = Pf;‘fl}

ng=0
1

< ) {|p(no|xo)—p(nol:o)lp('nllzl)leff |

ng,n; =0

+ p(no |1'0)(|P("1 lz1) = p(ny | 210)| |PE72 ] + plna | 20) | P2 S — P:kz-zfl)}

1

< Z {(Ip(no | z0) — p(no | z0)| P(n1 | 21) -+ P(rimr | 2k-1)

NQvees Ny =0

+ p(nofzo) |p(n1 | 1) — p(ny z0)] p(n2 | 22) - - p(nk—t | k1)
+ ...+ p(no|za) - - p(nk—z | Tk—2) |p(ni=1 | Z-1) — P(Re—y Izk-x)l)lf(:k)l

+ p(no|zo) - - p(nk-1 | Tk=1) If(Ik) "f(zk)l}
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k=1
=S { % Il prol o) plre im0
1=0 ngyeee Mg =0
: lP(ni |z:) = p(ni | Zi)l P(nig1]zig1) - p(ni—t lzk—l)}
1

+ Z p(no | zo) - - p(nk—1 | Ta—1) | F(z) = f(zk)|s (3.7)

ng .o M-y =0
where p(n;|z;) - p(nicy|zi-1) := 1. In order to extend this bound. it will be
necessary to bound Ip(n,- | z;) — p(ni| z,-)| and |m,~+l — :,~+1|. An application of the

Mean Value Theorem gives us the following bounds:

or,\—-1 _ oz, \—1 . o
|p(ni | 1:) = p(ni | i) {|(1+e ) (L+em)7!. if n, = 0.

[(1+eo=)=t = (L +eo™)7 Y. ifni =1L,

dc1

{T+eec1 )2 l.l‘, - -,l. lf n; = 0.
lf ny, = L.

—acy

{(l+c“"2)2 [I‘ - ”‘l’
_ {er,-.,;l, if n; = 0.
- —,,7,_}_7,;7,T|z.—~;|, if n; = 1.
< (o/4 |:L‘l ,.‘l, (3.8)

since e~ 4+ e > 2, and

llfi+1 - :i+1| =

|ear./2 _ ea:,/2|’ n; = 0.
|e

-0z, /2 _ e—o:./2|

€73 /2|p. — . L=
={ el m=0 (3.9)

e” |.r,-—:;|, n; =1,

~|Q~

where ¢;. i = 1,... ,4, are constants between z; and z;.
Without loss of generality, we will assume sup,¢c|f(z)] < 1 since f. being
continuous with compact support, is bounded. Upon combining these assumptions

with (3.3). the bound on ,szof - P';f] may be extended as follows:

1

k-1
|Phf-PEf] < 0/4)2{ > (ptnolzo) - plnict | zect)|ei = =
1=0

nQyeee Ak -] =0

P(nis1|zigr) - p(ne-t | zk—l))}
1

+ Y plnolzo) - p(recy |25-r)| f(2) = F(24)]- (3.10)

ng,... Mk—1=0
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For the remainder of the argument, we require that o be such that there exist two
solutions, y1 < y., to the equation e1*//2 = |z|. Note that for o = 2/e, there exists
exactly one solution to the equation, namely, z = e. Therefore, it is required that
o < 2/e. Define yn := soln(Z(e”1/2) = 1). Since g(z) := e”¥I/? is convex. r > g(z)

for yy < < yu. and £ < g(z) for £ € (0,y1) U (yu, o). It is useful to indicate the

following:
y > lforo >0, (3.11)
and
(o/2)y = (0/2)e?/D¥ < (a/2)elo/P¥m = |, (3.12)
One might also note that —y; > —y, are the two solutions to —g(—r) = —r and

—Ym = soln(%(—e“’l"m) = 1). The functions g(zr), —g(—z) and h(z) := r along
with +y;. £y, and +y, are plotted in Figure 3.1 for the case ¢ = 1 /2. There are four
separate cases of initial values to consider: |zo|.|z0| < y. ¥ < |Tol. |Z0l € Ym+ Ym <
|zol. |20l < y. and |xo|.|z0] = yu.. Note that because the distance between rqo and
= can be chosen to be arbitrarily small, if |zg].|z0| are not in the same case. they
must be in adjacent ones. Thus, since each case includes its boundaries. it is not
necessary to consider any additional cases.

Before proceeding with the proof of the four cases, it is helpful to point out two

key characteristics of the realizations {zx}.

cl. First, since the sequences {zx} and {zx} are driven by the same sequence of
observed values of the Bernoulli random variables, {n;}, it is easily seen from
(3.4) that z; and z; have the same sign for ¢ > 1. Thus, we will assume without

loss of generality that zq,z9 > 0 throughout.

2. Now. if we define g,(z) to be the n*? iterate of g() := €°l7V/2, with go(z) := |z|.

it can also be seen from (3.4) that |z,| = gn(zo) (which is > 1) if and only
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Figure 3.1: E-chain cases. h(z) = z,g(z) = e*/4

if sign(z;) # sign(z;-1) for all i < n. If sign(z;) = sign(z;-,) for some : < n.
say | = s. and sign(z;) # sign(z;_;) for all i < s, then |z,| = e~(e/Nr1l <

6(0/2”::-[[ — e(alz)g!-—l(ro) - gs(l.o)' Therefore’ by (3.4). I‘L‘S‘f'll .<_ 6(0/2)|I,| —

lo/Naslz0) = ¢ . (z5), from which it follows that |z,| < g.(zq). for all n > 0.

Throughout the proof, we will denote the first { > | such that sign(z;) = sign(zi-y)
by T4.

case 1: |zo|, |20l S w
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We begin by noting that |z;|,|z;| < y for all i > 1 when zo, 20 < 1 (recall from

cl that zo, zo > 0 by assumption). To see this, recall (3.4):

_ea.z:._l/Z, ni1 = 09
I; = e_g.r,_[/2’ Ni_y = 1'
It follows that for 0 < z;_; < yi,
[_yle —1]’ ni, = 0'
IL; €
[e—ay1/2’ 1] n,_ = l.
Likewise, for —y; < z;-; <0,
c [__]_._e-ayl/z]. ni.\ =0.
Iy
[ Ll ni—y = L.

Thus. |r| <y forall: > 1if 2o Sy

Now. since €7¢/2 < ¢?%/2 = y, for ¢ < y;, and y; > 1. we see from (3.9) that

|1'i+l - 3i+1|

Combining this result with the bound for |

o/2)yi|zi —

-~
~g|e

(3.13)

Pt f - PE f| given by (3.10), we obtain:

| Pe,f~Piof]
k=1 1 .
3(0/4)2{ > (p(rol o)+ plnict | ziz)ow/2) |z = 20
=0 ng,s... k- =0
s p(nigr]zign) o p(Re—y lsk-x))}
1
+ Y p(nolz)- - plnk-t | Te-) | k) = F(2)]-
nQye.. Ng—1=0
Since 3, . —op(nolzo): - p(rict [Zic)P(Rist|zied) - P(rk-t | zer) = 2. we
have
|Pr,f = P f]
|1‘0—~0|Za'yl/) ) + Z p(no| zo) - P(mi-1 | zx1)| flzi) = f5)]
=0 o Ng-1=0
- 1
”_';:_;' - Z p(nolza) -+ plre-y | ze1)| fze) — F(z0)]- (3.14)
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Recall from (3.12) that (a/2)y; < 1 which implies 2—oy; > 0. Therefore, given § > 0.
we may choose € such that for |zo—zo| < €, M < &/2 and | f(zo)~ f(z0)| < 8/2.

2-ay;

Since (o/2)y; < 1. it follows by (3.13) that |l‘k - Zkl < ‘1:0 - :QI < €, and hence,
|PEf—PEfl<8/2+6/2=04.

Thus. for |zg|, |z0| < yi, the transition probabilities are equicontinuous.

case 2: y; < |ro|,|20| £ ym
Here we will use the fact that ﬁ(e”lz) = (0/2)e’*? < | for y; < < ym and
%(_5“”/'3) = (0/2)e7?%/? < ] for —ym < = < -y (see Figure 3.1) to show that

the successive distances between the sequences {z\} and {z} contract. From (3.9)

and the preceeding statement. we have
%e”°1/2|x0—20|. n;=0
e-af = {00 _
2
< ,l’o - 30!-, (3.13)

where again. c,.c, are constants between zo and zo. In this case, it is possible for
lci| = ym which would imply (¢/2)e?!/2 = 1. Thus. it is necessary to carry this
bound a step further. Similar to case 1. it is easily shown that |z;| < el®/2)¥~ for all

i > 1if |zo} € ym. From (3.4), we have that for y; < zi-1 < Ym :

I € [—el/2vm, —y], Ri-t =0,
4 [e—(d/2)y’m’e‘(0/2)yl]’ n;-1 = 1,

and for —ym < zioy < —yi:
ne [_e""(”/z)yl’ _e-(0/2)ym]’ Nio = 0,
‘ [yl’e(dﬂ)ym], ni_; = 1.

Hence, |z;| < el?/2¥m = g,(yn) for all i > 1 if |zo| < Ym. Thus, for ¢ between |z,
and |z;|. we obtain the following:
izz - :2| < (0/2)6“/2‘;1:1 - :li

< ((.,./2)e«fsn(.rrm)/i’'x1 — 3[|

IA

(0’/2)6”9‘(y’“)/2|1:0 - :ol (by 3.153).
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Note that since g;(ym) < ym (see Figure 3.1), (0/2)e’®¥m)/2 < 1. This implies

|z2 — 22| < |zo — 20]- It then follows from (3.9) that for all : > 1,
o =~ =] < ((0/2)e70m2) 7 g — 2] 1= ' 2o — o).

Thus, from (3.10), we have

i

|P’k0f_P:ﬁf| 3(0/4){ Z IJ’O_zOl p(ry | =) - p(nk-t | 2k-1)

ng,...ng—-1 =0

k-1 1
+Z Z (P(noll‘c)“‘P(ni-l | zict) r'™" |20 — 2o
1=1 ng,...,Rg—1 =0
cp(nigr]zizn) o p(ne—t | 3k—l)> }
1

+ Z p(no | L)+ p(ni-r | ze-1) [f(xk) — f(z4)|

nY e Mgy =0

(0/2)]zo = =o|

< (0/2) |zo — 20| + -

1

+ Y plnolxo)- - plrky | zear) | F(zi) = F(z0)]-

nQ v Ag=1 =0

Hence. given § > 0, we may choose ¢ > 0 such that for Il'o - :ol <
6. |f(zo) ~ f(z0)] < 4/2, and (0/2)|z0 — 2|l +(1—r)""] < &/2. Then.

since Irk - :kl < ]1'0 - zol, IP_fof - Pf;f] < 4, for |zg — 20| < €.

case 3: yn < |zol. |zl € Yu

The remaining two cases are quite similar. In this case, given § > 0. we will

choose k* such that (1773’7)—"' < &/4. Next select €, satisfying [f(;t) —f(:)[ < 6/4 for

|z — =} < €1 and choose €; such that for |zg—z¢| < €2, maxo<icre—1 |gg(1‘o) —_([,'(Zo)l <
min (2,% 5-(2'2——;&)'), maxogi<ks |6i(T0) — Gi(20)| < €1 and £Z |z — 20| < §/4.

We will first consider the case k < k*. Recall that 74 = j if and only if sign(z;) =

sign(zx,-;) and sign(z;) # sign(z;-1) for all ¢ < j. Assume 74 = j < k”. Then, since z;
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and z; have the same sign (recall cl), it follows from c2 that |z;—z;| = |gi(z0) —gi(z0)]

for all ¢ < j, and
|z; — =] = (a/?)e'”'cl/zlxj-l -z
= (U/g)e-am/zlgj—l(l‘o) - 9j—1(30)|
< |gi-1(z0) — gj-1(=0)],
where c is a constant between zr;_; and z;_,. Also, note that |z;| and |z;| < 1. and

hence, < y;. It follows by case 1, for all ¢ > j,

|zi — =] < (ow/2)|zic1 - zict]

< lIi-l - 3i-1l

< e — 3
< |gj~1(z0) — gj-1(z0)|-

Thus. for all ¢ < k& < k* |z; — =] £ maxos"sk-_;|gn(ro) —g,,(:o)l <

MaXo<n<ke |gn(Ta) — gn(:0)| for 74 < k™. Now suppose 74 = Jj > k°. Then

r; — 3] = lgi(zo) — gi(z0)| for all i < k < k*. It follows that |r; — =} <

MaXo<n<ke -1 |gn(1:o) —gn(zo)| for i < k™ and |ri — x| < maxo<n<ke

gn(Zo) —gn(:O)l-
Hence. for & < k=, it follows from (3.10) that

k-1
|PLF=PES| < {0/ max |gu(z0) = galzo)]

0<n<k*—1

1

+ Z p(no|zo) - p(nk—-1| zk-1) If(fk) 'f(zk)l

NQrese k=1 =0

< (0/2)k" _max |gn(zo) = ga(z0)| +8/4

< 4/2.

For k > k*. a different approach will be taken. Note that for rg >0, 74 = if

ng =0, n; # n;_; fori < j—1and nj = nj_,. Thus, given o > 0, 74 = J. it follows
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from (3.4) that z; = (—1)'e”®-1/2 for | <i < j and z; = (=1)"'e~"1=-11/2, Now,

consider the following expression for [P,_‘of - P:’;fl:

|Prf— PEf| = ij [f(Ux) |74 = j] Peo(7a = J)
j=1
—f}Em U0} 73 =31 Polra = )|
= S { Bl 17 = 1= B S0 17 = 1} Pl =
et
fj{P (T4 = J) = Peylra = )} Exg [F(U3) [ 74 = J]
pr
< ipzo(‘rl—] Er [f(Uk)lma =J] = E5 [f(Ui) |74 =J]1
pr
+§:\P°u—1 :.,(m—J)l
-4 (3.16)

First we will consider I:

B
1< Y Polra = )| Ezo [F(Ue) |74 = J] = Exg [f(Ui) | 74 = ]

+ ) 2P(ra=1).

J=k*+1
Note that the sets {Uy = o, T4 = j} and {Up = 2o. U\ = zy.... . = 1} are
the same. where zo > 0 by assumption. z; = (—1)"6"“""1/2 for | < ¢ < Jj and
r; = (=1)~te olm-11/2 (note that this implies |z;] < 1). It then follows by the

Markov property of the Us that

k* o
[ <Y Pelra = 5)|Ex, f(Uoj)] = Es, [f(U5)] | + Y 2Pe(ma =)

=1 j=k*+1
k* . . oo

= N Pl =P - P+ Y 2P (ra =)
=1 J=k*+1
k*

= ZP T4 =j)a+b. (3.17)
i=1
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Since |z;|,|zj] £ 1 < yi if T4 = j, to obtain a bound for a, we can use the same idea

as in case 1. From case 1, (3.14), we have

a = Pf)‘jf - lej'jf

1

olr; — z;
< ‘.I,J_—Uyljl+ Z p(nj|z;) - p(nk—y | Teor) | fze) = f(2k)]-
= Ny gy =0

Now. for ¢ between z;_; and zj_;, where recall. r;_, and z,_, have the same sign.

we have
2z = |enClDEnl e/l
= (/2™ z; -z
< (0/2)|zje1 = 251
= (0/2)|gj-1(z0) — gj-1(20)
< 2 + i — gi{ < .
< (0/2) max |gi(o) - gi(=o)|
Thus.
(0/2)

2 - oy 055’2%3(-1 lgi(l'o) - gi(30)|

1

+ Z p(n; | £;) - plrk=t | Tear) | flz) = Fl2k)]

n.J yose .nk_|=0

< §/4+48/4=4/2.

since |rx — k| < |z; — 251 < maxogi<ke |gi(To) — g;(zo)l < €.
We will use the fact that the probability of observing the sequence {n; : n; =

l —n;_y. i > 1} decreases as i increases in order to bound b. Recall,

0

bi= Y 2P (ra=j)=2Py(ra > k"),

=k +1
and 74 > k* if and only if ng = 0 and n; # n;_; for 1 < i < k™ (2o > 0 by

assumption). It follows from (3.3) and (3.6) that

Po(ra > k) = [(L+e)(1 +e)). (1 4 mtermle))] T
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where gi(zo) = |zi| = el?/D9-1(¥) < g. \(z4) for 1 < i < k* < 74,20 > yYm. Note

that for 9 > y1. gi(za) > yi for 1 <7 < 74. Hence,

b < 2(1+e¢79k'—1(&'0))—k'
9

4

<

= (14 eou)k

< §/4.
Therefore,

kl

[ < ) Puo(ra=5)6/2+ /4
i=1
< 346/4.

[t remains to bound [I. By the Mean Value Theorem, IP;O(TA =J) = Pr(ta =

| = Pita = j)lro — 20| where Pl(ry = j) = LP(ra = j)|z=c. and c is a value

C

between rg and zg. Now, for rg > 0.
-1
Pry(7a = j) = [(1+€72)(L 4 €7) - (14 020 (1 4 700t ))] 70,

from which it follows that

Pi(ta=Jj) = —P3(ra =j){ g %{;(6”‘(“)) jjo (1 + e”g"(’”)
k£
+£_(e-¢91-1(1'0)) ﬁ (1 + edyk(ro)) }
0

k=0

But,

_d_(ew-(ro)) = eag'(IO)Uﬁ-(gi(l’O))

dl‘o 0

= aeoy.(ro)O./Qe(d/?)g._x(ro)

dio (gi—l(l‘o))

_ a(a/:‘_))iedy-(-‘l-‘o )+{(e/2)gi-1(z0)+--+(/2)g1(z0)+(c/2)x0
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Therefore,

pr—o2( _J)d (ag-(ro)) l-:-[ (1+669k(ro))
k#i

= _d_(eag‘(:o)) [(1 + eaxo)(l + eagl(ro)) c (1 # eag,-l(zo))
d.l‘o

(1 + 669'(1‘0))2(1 + 609.+1(ro)) (L4 6091‘2(“))(1 + e-'fg,-n(ro))] -

= o(0/2)’ [(e—(0/2)1'0 4 elo/D0y . (e=(o/Dami(z0) o lo/Daimi(xo))

. (e-(U/'Z)g.(ro) + 6(0/2)9-(1‘0))2(1 + edg.a,x(ro)) . (1 + eay,—z(ro))(l + 6-09;-1(%))] -

< _ 0'(0'/‘24)‘
=20 4.2
_ o(a/2)
= =5
and
d i
~20 -0~ (<o)
P73 (ra =) E(e 09, l(l‘o)) H (1 + g% o)
k=0
d (<o) —og,-1(z0)y2] 7
= | (emme) {1+ @)1 4 et (1 ermmateol)(1 4 emromtton)
— 0.(0./-_2)2-! [(e—(f'/?)ro + 6(0/2)10) L. (e-(ﬂ/i’)g,-z(ro) + 6(0/2)g,-z(ra))
(/D50 e—(a/ng,-l(zo))z] -
< ola/2)7
= Toimt .y
< ola/2)™
<=5

It then follows that

=2 9\s-1
Plra =3 < T3 (os2r + ZOLTT

IA
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These results give us a bound for II:

K

I =
1

.
1

M

1

.
Il

NgE

1
20

J

2—0

< §é/4.

| P

2-1(2

66

-ag

(ra=j) = Py(ra =1J)|

|Pi(7a = 7)||z0 — =o|

20— 2
)

= - |z0 — 20

Therefore. the transition probabilities are equicontinuous for |rol, |20 < Yu-

case 4: |zo|. |20l > Yu

Here. given é > 0, choose k" satisfying “—+e72;)7 < d/4. Next. select ¢ such that
|f(z) = f(z)| < 8/4 for |z — z| < € and €; such that for |ro — 20| < €. |gre—1(x0) —
gk--1(30)| < min (2;;‘;., &%’ﬂl) 227"0|1'0 — 2| < 4/4 and |gk-(.ro) - gk-(:o)l < €.

For this case. note the following:

eax./2

n; =0
nl. |J_‘i+l| = { N

n,~=l

and gi41(xg) > gi(xo) since e?*/2 > 1 for £ > y,. It follows that gi(zo) >

go(xo) = 10 2 y, forall ¢ > 0.

n2. Since f;(e“/?) > 1for £ > Yy > Ym, it follows from (nl) and the Mean Value

S ealr.l/? S e”gl(ro)/2 = gl+l(‘r0) (by C:Z)-

Theorem that for ¢ between g;(zo) and gi(zo),

|gi+1(l'o) —gi+1(zo)l

|e7au(z0)/2 _ granlza)r2|

(0/2)€°"?| gi( xa) — gi(=0)|

|gi(z0) — gi(z0)|-
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n3. As shown in case 3,

loi ==l < | max |(z0) — gn(0)|
= |gke-1(z0) — gre-1(20)| (by n2),

forall: <k -1, and

|zp — 2k| < max

0Snhe gn(To) — gn(30)|

= |gk-(.l,‘0) —gka(.-'.’o)l (by n?).
Thus. for & < k~, it follows from (3.10). (n2) and (n3) above that

|PEf—PEFl < (0/2)k"|gre-1(20) — gre1(30)]| + 8/4

< 4/2,

since ng-(.l.'()) - gk-(:0)| < € and (0'/2)/c'|gk-_1(;r0) - gk°—1(20)| < d/4.
For k& > k*, the same approach will be used as in case 3. The expression
| P f — P f| is broken into two pieces which we will call I and II (see (3.16)). Lis

then further divided into @ and b (see (3.17)). Here, similar to case 3. we find

IN

(0/2) |gj-1(z0) = gj-1(=0)|

lz; — =

< (0/2) |gke-1(0) = gee—1(0)]-
by (n3) since j < k*. Thus. from (3.14).

a= Pf}"f - P:k)'jf

1

S%I‘I“‘ 3" blnolzo): - plrecy | zect) | Flzk) = flz)]

NnQyeee k-1 =0

(02/2)|gk-—1(1‘0) — gko-1(z0)|
2—-oy

INA

1

+ Z p(no| zo) - - p(nk—1 | Tk-1) If(l'k) _f(zk)|

ng ... k-1 =0

< 8/4+8/4=46/2,
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(02/2)1gks~1(zo)—gie —1(z0)l

since = < §/4 and |z - 2| < Jzj — 25| < |gie(20) = gre(20)] <

5/4.

Recall that b:= 2P, (T4 > k*) and P, (74 > k™) =
[(l + €750 )(1 + e79rlzo)y ... (1 -i~e"-”"‘-'(‘°))]—l . By (nl) it follows that b < 2(1 +
6”10)_k' < —2),‘—. < 5/4 Thus,

= (1teo%u

k.
1<) Pey(ra=4)5/2+58/4 < 36/4.

i=l
The same proof used to bound II as given in case 3 applies to this case. There-

fore, for k > k=,

PE — P¥| < & for |0 — 20| < €3, |7ol. |20| 2 Y.
Since we have established equicontinuity of the transition probabilities for all

four cases. it follows that the process {U,} defined by (3.1) and (3.2) is an e-chain.

3.2.2 Reachable Point

Proposition 3.2.2 [, defined by (3.1) and (3.2) has two reachable points. x* and
I., where r* and r. are defined as the unique solutions to the following equations.

respectively:

r = e o (3.18)

r = —e’? (3.19)

Proof:
Only the proof for z* will be given, the proof for z. being similar. First we will
show that the nt iterate of g(zy) := e~?%°/2 converges to z* by showing that the
sequences {Ts,} and {Tan41} converge to 2, where z, is defined to be the n'® iterate
of g(zo). Without loss of generality, we will assume ro < z*. [t is easily seen that
under this assumption, 2, < £* < T,4 for all n.

Define A(r) := —% In z which is the inverse of g(-). Since g(-) is strictly decreas-

ing, we have the following:
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o

. for z < z*, h(z) > g(z)

[SV]

. for z > z*, h(z) < g(z)
3. if g(z) = h(y) then

(a) z<yifzr< iz,
(by z>yifz >z,

(c) r=yifr=r2z".

Combining these results we obtain ry, < Ian42 and rang; < Ian-y for all n since
h(z2n+2) = Tone1 = 9(z2n) and h(z2,41) = T2n = g(Ton-1) . Figure 3.2 depicts the
functions g(r) and h(z) when ¢ = 1. The above results are seen more easily upon
examination of the graph. To show that {z,,} and {z2.+} converge to z*. suppose
lim, T2, = b and limp4a0 Z2241 = a. Now a = g(b) = h(b) and b = g(a) = h(a).
From 3c, this implies that a = b = r*. Thus, {r2,} and {z2.41} converge to z* from

which it follows that {z,} converges to z*.

Now. let O be an open set containing z*. Since {z,} converges to r~, we may

choose M so that ryr € O. Then

P.W(y? 0) = P(Uy € Ollo =vy)
2 P(Lfozy,Lfl=.l‘l,U’2=J;2’,,,’L’:w=ym)
= P(U0=y7~'vl= 1.5V2=]. ...... V 1\[:1)

> 0

Therefore. ), P*(y.O) > 0: hence, z* is reachable.
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15

=T
y=x : /

dlo 05 10 15
Figure 3.2: Reachable point: Bernoulli Process. g(x) = e~*/?,h(z) = —2Inz

3.2.3 Bounded in Probability on Average

Here we will use results from Glynn and Meyn (1997) to establish that the
process {(} defined by (3.1) and (3.2) is bounded in probability on average. The
applicable result is reproduced as Theorem A.2.15 in the Appendix. As shown
in Section 2.3. a stronger result actually holds; namely that {{;} is bounded in
probability uniformly in z. The proof of this result is similar to the proof given in

Section 2.3 for the GLARMA models of Section 2.2 and is not reproduced here.
Theorem 3.2.3 The chain {U,} is bounded in probability on average.

Proof:
The conditions of Theorem A.2.15 are shown to be satisfied.

Condition 1: AV(r):= EV(z) — V(z) < =1 + bl4(z).
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To see that this condition is met, define

V(z) = laf (3.20)
b = 2, and (3.21)
A = [-2,2]. (3.22)

Then,

A‘(JJ) = E[leI |U}-1 = .l'] - |.13|
— Etulivsn | Ues = 2] + E[ - Uuligen | Uit = 5] =

ed.?.'

+ E [( ¢ — ./Vt> (1 + e”r)e"dr/?[[.v'=u] | U, = l‘] _ i_];!

L+ eo=
2601/2
+ e
< 1-|z|.

Therefore, AV(z) < —1 4 bl 4(z).
Condition 2: limaoe sup,eq Ea[V(Un) iz >n)] =0, where A is as defined in (3.22)
and V'(-) is as defined in (3.20).
By Cauchy-Schwartz, we have
lim sup E{|Un|l iz 5n | Uo = a] < lim sup E'2[|UL* | U = a]P'*(ty > n).
N0 g€ ) X geq
Since E(U, | Us=1) = 0 and Var(U, | Ua—i) = 1, it follows that
E(\U.2 |Uy=a]=1.

By Markov's inequality,

and by Theorem A.2.16,

Eq(74) < V(a)+b for a € A.
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Combining these results we obtain:

li E,[V(Un) Itz 5n lim su )
Jirn, sup Eo[V(Un)Miryon] < n:m,,eg(
V(a)
n+
>l/2

< lim sup

n=pco a€A

)

Condition 3: The family of probability measures {1/m Y 1, P¥(a.-):a € A} is
tight for each m > 1.
Since the chain is weak Feller (Definition A.2.8), Condition 3 holds by Theorem
A.2.14. Thus, the chain is bounded in probability on average.

It has been shown that the process {U} is an e-chain. possesses a reachable
point and is bounded in probability on average. Applying Theorem A.2.18. we

conclude that the process has a unique stationary distribution. O
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Chapter 4

INFERENCE FOR GLARMA MODELS

We return to the GLARMA models discussed in Chapter 2 for analyzing time

series of Poisson counts:

Pl = kW) = —Flu.k)
where
log(pe) = Wi = x;["@ + Z Ti€t—is (4.1)
=1
with
o = L R a0 (4.2)
"
and

x P

Z T o= (1 - Zég:‘)—l (1 + Xq:gi:‘) -1 (+.3)
, i=1

=1 =1

= 6(2)70(z) - L.

In this chapter, we calculate the maximum likelihood estimates for the above model
parameters and derive the asymptotic theory for these estimates under specific con-
ditions. We also consider simulations to determine how well these asymptotic prop-

erties apply. Lastly, we fit this model to a data set of asthma counts.

4.1 Likelihood Calculations

Here we obtain formulas for the maximum likelihood estimates of 3 and 4 =

(07T, 87)T. the parameters of the model given above. Let § = (BT, v1)T and define
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L:(8) = log f(y¢|Fe-1). The log-likelihood can then be written as y_;_, L:(é) which,

upon ignoring terms which do not involve the parameters, becomes

n

L(8) =Y (YiWy(8) — "),

t=1

where

log(pe) = Wi(é —x,ﬂ+Zr, v)e—i(d

and

e = (Yi — pe)/pi-

First and second derivatives are given by the following expressions

L o W, & O,
-53'— — (Yt_#l) 05 —'X—: t/‘lt ()5
and
PL v a?w, UL
95957 ) 35867 ~H 56 et

>
E": [ \ O*W, 0W, é)W,]

ey 9308t M55 BeT

t=1

In order to calculate these. the following expressions are required. First note that

% - [ (1- \)W,_*_A ]au/t
Also
aw, _asT , 92
95 06 T 885
where

o
Z: = E Ti€t—i

=1

= (&(B)'0(B) — l)e:
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so that

P q

Z = Z 0i(Zi-i + €—i) + Z bie—;.

=1 =1
[t follows that
07, _ 2. 9¢; 2 . 9Z,-, 86’:—:‘)
Fg— - 05 (Zt—x+et ()'*'Z@l( E

=1

Z ez-; Zo de,_;

In particular:

aZ: _ 2 L 8Z¢_,' 86,_; ! .aet_,-
53, = 2% < 96. | 96, ) 3L

=]

()Zt OZ,_. 06,-. a€g_;
()éa_lt-a+e‘-a+201< ¢a )+Z

and

, p _ P -
gf‘ =Zo'(a§é ’+de‘“>+ z_a+20 ¢

The second derivatives are then

I
- [%(1 —A)elt=IWe /\%] 3?;
and
oW, _ 5T ez _ 98z
95967 — 9967 T B6sT ~ dedaT’
in which

aQZ: z 00; (0Z:-; Jey—; 0Z,_i aet—i) a¢i]
95957 = Z[aa(a&f * am)*( a5 T a5 ) 36T

=1

=1

aet t
+Zoaaaﬂ
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Asymptotic results for these estimates are given in the next section for the first

order Markov process presented in Section 2.2.1.1:
We = B—7+yYire ™.

We consider the following two methods of estimating the standard errors of the

~ -1
qu _ _ [9°L©)
D087

estimates. Let

and
~ . -1
0@ = (Z__) )
where
aL(’)_ LW,
3 = e g

The standard errors are then defined as

0 = (1) {.
&5 !l (4.4)
and
(2) (" 4=
G5, = Q (4.5)

4.2 Asymptotic Theory

In this section we establish asymptotic properties of the MLEs derived in the
previous section for the process defined by (4.1)-(4.3) with A =1. p=0, ¢g=1 and
x7B = 3. Uniform ergodicity (as established in Theorem 2.2.1) and stationarity of
{W,} are the key ingredients of the argument.

First replace W,(4) by

WH(8) = Wi(So) + (6 — &o)T Wi,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



77
where W, = %‘5@ and define a linearized form of the likelihood as
e =% (Y;W,"(é) - ewe'“)) :
t=1

Unless otherwise indicated, W; and W, are evaluated at &;. Now, reparameterizing

with the transformation u = n'/?(§ — &), we have

RY(u) := LY(8) — L¥(8g + un™"?)

n n
=—uTn/2 Z YW, + Z e (eurn_llzw‘ - 1)
t=1 t=1

=—yp~t/? Z (Y - ew‘) W, + Z eV (e"r"-mw' -1- uTn'l/'lW,) . (4.6)
t=1

t=1
Note that R!(u) is a convex function of u. The first term in (4.6) can be written

as —uT H, where

n
H,:=n"'? Z eete W,

t=1
and e, = (Y; — ew‘) /et Now this is a sum of a triangular array of vector martin-

gale differences

~-1/2
Me = N / etbh
where

by = Wie"t = Wip,.

In order to apply a martingale central limit theorem, it suffices to show (see Corollary

3.1 of Hall and Heyde (1980)) that

> E(nuenk | Feor) = V(&) (4.7)

t=1

where F, = o(Y,,s < t), and, for all ¢ > 0,

> E(menl(1nel > €) | Feer) 0. (4.8)

t=1
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We then have
H, % N(0,V),

where

n

= lim — Z 0L,(<50 9L(5) = lim LZefezw‘WzW}T.

n—+o n 351‘ n—oc N pyry

The second term in (4.6) is

u” [ Z e W, WT} u+ 0, ( -3/QZeW'(UTW,)3)

t=1 t=1

in which the second term converges to zero. Hence
Rt(u) S R(u) = —uTN(0.V) + uTVu/2,
where

V = lim —z W T

n=+x N

It then follows that &} =argminRt(u) < & =argminR(u). From the form of R(u),
we see that i = V=1N(0, V) ~ N(0, V'-1).

Next. we pass the convergence of R} (u) onto R,(u):= L(do) — L(un~'? + &).
Specifically. it suffices to show that L(un='/?+ &) — Lt(un=/% + &) £ 0 uniformly

for |u| < K. Writing § = un'/? + &, we have

= Z} Wl Zew‘(‘s) Z Yo (W + uTn™2W) + Z WekaTno1/230,

= Z Y, (Wil8) = Wi — uTn ™t V21,) = 3 (69 - enTn2i )

t=1

= Z &) (Wi(8) — W, — uTn~V/2i)
Y [ew‘(‘s) — eWeruTnt W _ W (I'V:(5) - W, - uTn—l/2DV¢)] . (4.9)

t=1
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The first term in equation (4.9) is

An Z(y &) (Wi(8) = Wi = uTn™ 21, )

= uT(2n)! {Zn:(; ") W, +Z vt ( (6')—W})}u

t=1

Since (¥; — €"V¢)W, is stationary and E[(Y; — eW‘ )W, = 0, A, — 0 uniformly for
lu| < A and for all A’ < oo, where ||§* — 8| < ||8 — do|| assuming W,(8*) — W, £o.

The second term is

n

B, = —Z[ew"“’_e"'wu’n-'“w._em (mw)—w,-uTn—u-zv'vz)].

t=1

which after expanding e"t®) e»""'*We and W,(8) in a Taylor series is
= =7 [ T A+ uT(20) 7O (WS + W)
—e (l +uTn™2W, + e°(‘2n)"uTW,2u)

—eW (W,+uTn-l/2W,+u (2n)" W (83)u = W, — uTn=Y/2W, )]

_uT(zn)—l{z We(§}) _ oW 5. +W 5.))

t=1

) (W
+Z W[ (o) - ewd) + (Walsy) - Wil -))]}u.

where 0 < ¢ < '—‘—W t(do) and ”5 "‘SOH

|6 = do|| for j = 1.2. Assuming each
average in the above expression converges to a finite quantity in probability. we
have that B, — 0 uniformly on compact subsets for u. Therefore. L(d) — L'(4) 50

uniformly for |u| < K, for all A’ < oc and we obtain the desired result:
Ra(u) 5 R(u) := —uTN(0.V) + uTVu/2.

We now consider establishing conditions (4.7) and (4.8). From (4.4) we see that

_ aw; W
W, = | & | =] 0
=& ]-[w]
[ Yioie™Wemt — 1 — 4Y,_ e We- pi/t—l,l ]

1 — Y e W VVt—l.2

,: U: + AcW':-l.l ] _ [ U+ Zf:.,,_ A AU

1 [>) y 4.10
L+ AWz L+ 372, Ao i ] ( )
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where U, = Yi_,e Wt — 1 and A, = —7Yi_e-"-1. Since W, is a function of

{W,,s < t}, it also is a strictly stationary ergodic process. Now,

n

& 1 L
Z E(unl, | Fir) = ;ZCW‘W,W':T,
t=1

t=1
which is a function of two stationary ergodic processes, {W,} and {W;}. By the

ergodic theorem we then have
‘,I;Z VW W 25 v = E(eVi W, W)
t=1

if E|e™) 1, W]T| < oc. Conditions under which this holds will now be derived for
a particular choice of parameter values of 3 and 4. It suffices to show E|e" Wfil <
>, ¢ = 1.2. First we will consider the case i = 1. Using || - |2 to denote the L,

norm, we have from (4.10),

o
1€ 2 Wenll2 < 1€V /202 + Z €%/ 4+ Aemigi Ui

=1

Using properties of the moment generating function for a Poisson distributed random

variable and the fact that the process W, is bounded below by 3 — +. we have

=Wey

e 200 = B [ e (Yiye W — 17

= E [E (e‘sz-ne'W"‘( ft'ile—2FV:-1 — 2}';_16—“}—1 +1) ‘ W'z—l)]

=Wit

- W
_ eB-A'E I:e_wt_le_“-w,_leew,_‘(en -1) + e'ch’W"“eeW“‘(c"’ t=1

-[)

4

- -y
_9gre Wit geMimi(ens T g | et “-1)]

- 63""E l:eewl—l (e.'c“vc—l_l) [1 + e,'e—“’g-l (e,.’e“vr-l + e-—‘Vg_l _ 2)]]
< eg_qeed-"r(cn-(ﬂ—w)_l) [l + e—ye—(ﬂ—‘v) (e-ye—(ﬂ-‘v) + e_(ﬁ_.,) _ 2)] = C.f,
Ble¥a? | Foei]

v - Wy ,
o s A R 1

- . . —We_
2 3=~ [G—W,_leqe—wr-lecwt—l(cn =iy + eg.w-“:—xee“:-l(eve ¢ 1_1)]

< .IZeﬁ—wee""'(c“_(g—ﬂ —l)e'ye'(""" (ewc‘("’") + e-(ﬁ-‘v)) = bf,
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E[A?| Fioi] = E [YPY2 et | Wiy
= 77 (1)
<431+ e‘(ﬁ“’))
and

E[U}|Fioa) = E [y?_le-zw,_l —2Wie W + 1| Wiy

_ e—Wr-l

—(B=v) ._ p2
< e B .= b;.
Applving these results. ||e"*/2A, .-+ 4,41 U,~:||2 may be calculated recursively:
o ; W, ;
wa'/th oAUl = (e™ A7 A?—i-{»lof—z‘)

E
= B[E (M AT AL UL | Fi)]
E

= E[A}, - A} UL E (" 4] Feer) ]
< E[ ’1? 1’ "?-.'4-10':2_; | ft—'l)]
= E[ 4?_,.4.10:—. ("lf—l l -7:!-2)]

< b1+ 6"('3""’)13 (AT AL U]

IN

(2 (1 + e ) T EE (Ueei | Frcic)]

IN

(1 + e~
Therefore,

“ W /2‘/‘/ ”2 < ¢ +c2z7 1+e~r—3)(i—l)/2.
i=1

where ¢, = byb,. Likewise,
[o o]
le¥ P Wealle < 1™+ ™24+ Az
=0
w - -
< cato ) 7N (L4

=1
where
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[eﬂ—’vee""’ (ere™ P —1)] 1z

and

(3~ 1/2
cy = [Alzeﬁ_qeci’—‘V(cwe (8 .”"l)e"e-(j—ﬂ (e.(c—(ﬁ—'v) +e"(5—“r))} / .

Therefore, E|e™ W, IWT| will be finite for y(1 + ¢*~%)!/2 < 1.
The convergence required in condition (4.8) is easily established using condition

(4.7) and the stationarity of {W,}. Now,

> E(nnmftl(lnm > ¢) | ,7-‘,_1)

t=1

| — . . N . .
- E [(Y,_l — VW I(|(Yoy — €)W > e\/ﬁ)m_l}
t=1

IA

1 < ] . ) ..
~) E [(y,_l — M WLWTI(|(Ye, - eV )W > M)lJ-',_l]
t=1

2% E (Vi — M) T L(|(Y - "W > M)

—>0as M = 0.

Therefore. the asymptotic distribution of the maximum likelihood estimates is

N(&. V™) where

V = lim l}:e”’d&o)w,W,T. (4.11)
t=1

n=oc n
4.3 Simulations

To illustrate the asymptotic properties of the parameter estimates, we simulate
from two models and compare the results with the theory obtained in the previous
section. Both models contain an intercept term and weset A =1, p=0and g=1
in (4.2) and (4.3). The second model also includes a simple linear trend. Thus, the

two models we consider are:

Wy =580+7(Yer - ei-t) e Ve (4.12)

and
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W= Bo+6it/30 +7(Yiey — emt)e Mo, (4.13)

Table 4.3 contains the results for the model defined by 4.12 for two choices of Fg
and v (4, and &,) with a sample size of n = 500 and N = 5000 replications. In
this table, we define n to be the simulation sample size, N to be the number of
simulations, [15) to be the average of the N estimates of ¢;, &31 to be the sample
standard deviation of the V estimates of 4;, s;,, to be the estimate of the standard
error of §;; as given by either (4.4) or (4.5), [L_,;J to be the average of the 35, and

&5, to be the standard deviation of the s; , where 8 = (87, +)7.
4§ ‘SJJ

J
Similarly, Table 4.3 contains the results for the model given by (4.13) for two
combinations of (3s. 31, ¥) = (8, 2. &3). Other values for n and .V were considered;

however. significantly smaller values of n resulted in greater bias and complications

in obtaining the maximum likelihood estimates.

Table 4.1: Simulations, no trend. n=500. N=5000.

parameters | g, | &, | A % 19655 [V | 65 \/1£1.96\/@n) | i,

h=15 1.4993 | 0.0263 | (1.4985, 1.5000) (0.0258, 0.0268) 0.0‘2%55
92 =0.25 0.2489 | 0.0403 | (0.2477, 0.2500) (0.03945, 0.0411) 0.0408

h=15 1.4989 | 0.0366 | (1.4979, 1.4999) (0.0339, 0.0373) 0.0364
92 =0.75 0.7502 | 0.0218 | (0.7496, 0.7508) (0.0214. 0.0222) 0.0218
6 =3 3.0000 | 0.0125 [ (2.9996, 3.0003) (0.0123, 0.0127) 0.0125
4, =0.25 0.2496 | 0.0431 | (0.2484, 0.2508) (0.0422, 0.0439) 0.0430
0 =3 2.9997 | 0.0175 | (2.9992, 3.0002) (0.0172, 0.0178) 0.0174
d; =0.75 0.7504 | 0.0270 | (0.7497, 0.7512) (0.0265, 0.0275) 0.0271

Notice that the “true” parameter value, §;. is very close to the estimated value.
f 5 in all cases and that the corresponding standard deviation of the estimates is
quitesmall. A comparison can also be made to evaluate the accuracy of our estimates
of standard error. We estimate V} ;, as defined in (4.11), by é’g}. This value can then
be compared to the average of our N estimates of standard error, /,233] . Again, these

values are very close, supporting the theory derived in the previous section.
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Table 4.2: Simulations, linear trend. n=500, N=5000.

parameters ||z | &5 | A £ 19685 /VN | 65\/1£1.96\/CfR) | s,

5 =1 1.0001 | 0.0286 | (0.9994, 1.0009) | (00279, 0.0291) | 0.0284
6,=05 | 0.5000 | 0.0035 | (0.4999,0.5001) | (0.0034, 0.0036) | 0.0034
55=025 | 02477 | 0.0420 | (0.2468,0.2491) | (0.0411,0.0427) | 0.0426
5 =1 0.9933 | 0.0795 | (0.9960, 1.0004) | (0.0787. 0.0819) | 0.0305
5, = —0.15 || -0.1502 | 0.0171 | (-0.1507, -0.1498) | ~ (0.0170, 0.0176) | 0.0173
5;=025 | 0.2475|0.0337 | (0.2465,0.2484) | (0.0332. 0.0346) | 0.0339

To further illustrate the theoretical properties of the parameter estimates de-

rived in the previous section, Figure 4.1 contains plots of the estimated densities

along with the appropriate normal density for one set of parameters from each of

the two models. We have chosen the example 35 = 1.5, ¥ = 0.25 for the first

model (4.12) and Fo = 1, 5

—0.15, ¥ = 0.25 for the linear trend model (4.13).

The normal densities which are given have mean 4, and variance 63 . The densities,

estimated and asymptotic, are very close in both examples.
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Figure 4.1: Estimated and Asymptotic Densities. Row 1: Model 4.12 with 3y =
1.5, ¥ = 0.25. Rows 2 and 3: Model 4.13 with 5o =1, 3, = -0.15, v = 0.25.
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4.4 Application to Asthma Data

In this last section of the thesis, we fit GLARMA models to a data set consisting
of asthma counts from a hospital in Cambelltown, outside of Sydney, Australia.
These daily counts are shown in Figure 4.2 for January 1, 1990 - December 31, 1993.
Upon examination, it is clear that there is a seasonal aspect to the data with higher
counts in the fall (March - May). [t also appears as if there may be an increasing
trend over time. This is most likely attributed to an increase in population and
pollution in the area. Another aspect of the data which is not clear from the figure
but is not difficult to explain, is the potential for a day of the week effect. As will
be seen in the analysis, there is a higher incidence rate recorded on Sunday and
Monday than for other days of the week. One of the more plausible explanations
for this phenomena is that family physicians are typically not available on Sundays;
thus, people seeking immediate medical attention must visit the hospital. Others
may choose to wait a day to see their private physician, but end up in the hospital
because their condition has worsened.

An exploratory analysis of this data set was performed by Davis, Dunsmuir
and Wang (1999). Several of the explanatory variables they considered include
a Sunday effect. a Monday effect, a linear trend term. and sinusoidal terms to
model the seasonal trends in the data. Initial estimates of the parameters were
found using a Poisson regression with the aforementioned terms as predictors. The
trend term was not found to be significant; however, the terms cos(27kt/365) and
sin(27kt/365), k = 1,2,3,4 along with terms for both a Sunday and Monday effect
were found to be significant. The log-likelihood under this model was -796.36. The
residuals from this fit exhibited significant correlation at lags 1,3,4,7.10. The @
statistic, which is a Portmanteau style test for the existence of a latent process (see
(Davis et al., 1999)) was 2.39. Under the null hypothesis that there is no latent

process, this statistic is normally distributed with mean = 0 and variance = 1.
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Figure 4.2: Asthma Counts
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The same explanatory variables were used to fit a GLARMA model of the form
(1.5) with p=0 and MA lags at 1,3,4,7,10. To initialize the recursions used to fit
the model, the Poisson parameter estimates were used along with zero initial values
for the ARMA terms. The resulting estimates are given in Table 4.4. The log-
likelihood for this model was -779.71 which indicates a substantial improvement in
the fit. Note that the MA coefficient at lag 4 is not significant. The model was refit
without this lag. The results from this model fit are also given in Table 4.4. This
model had a log-likelihood value of -781.03, a non-significant change from the model
with all 5 lags included. The Q statistic for this model was 1.82 indicating that
there is additional variance which is unaccounted for by the MA terms. However.
the @ statistic is significantly lower than that obtained by the Poisson regression.
Auto-correlation plots of the Pearson residuals indicate substantial improvement
was made in accounting for the serial correlation present in the data. These plots
are presented in Figure 4.3 for the Poisson regression model as well as the GLARMA
model with MA lags 1,3,7,10.

Series | Poisson Series : GLARMA

10
10

08
08

06

0 4ACF
0.4ACF 06

02
02

00
00

Figure 4.3: ACFs of residuals from Poisson and GLARMA fits
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Table 4.3: Parameter Estimates

MA(1,2,3,5,7,10) MA(1,3,7,10)
Term Parameter se | Parameter se
(Intercept) 0.531 | 0.030 0.533 | 0.029
Sunday effect 0.243 | 0.053 0.240 { 0.054
Monday effect 0.253 | 0.053 0.249 | 0.054
cos(2mt/365) -0.164 | 0.037 -0.162 | 0.036
sin(2wt/363) 0.362 | 0.036 0.362 | 0.035
cos(4mt/365) -0.065 | 0.038 -0.067 | 0.036
sin(47t/365) 0.024 | 0.035 0.023 | 0.034
cos(6t/365) -0.082 | 0.036 -0.083 | 0.035
sin(6mt/365) 0.011 | 0.036 0.009 | 0.033
cos(8mt/365) -0.156 | 0.035 -0.157 | 0.034
sin(8wt/365) -0.062 | 0.035 -0.062 | 0.034
6, 0.053 | 0.024 0.053 | 0.024
0, 0.064 | 0.024 0.061 | 0.024

0, 0.039 | 0.024
6~ 0.080 | 0.024 0.078 | 0.024
610 0.070 | 0.024 0.071 | 0.024

The analysis of the asthma data set given in this section is by no means meant to
be a comprehensive one. These results were included to indicate how the GLARMA
models of Section 2.2 might be applied in practice. Further improvements on this

model are the subject of ongoing research.
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Appendix A

PRELIMINARY RESULTS FOR MARKOV CHAINS

A.1 Introduction

This appendix provides several definitions and properties relating to Markov
chains. The proofs have been omitted for the theorems given below with one ex-
ception. The omitted proofs may be found in the indicated references. Additional

background material may be found in Meyn and Tweedie (1993)

A.2 Definitions and Properties

Definition A.2.1 A Markov chain {X,} with state space X is p -irreducible if
there exists a measure » on B(X) such that. whenever p(A) > 0. P(74 < ) >0

for all z € X.

Definition A.2.2 The Markov chain {X,} is called w-irreducible if it is -
irreducible for some ¢ and the measure ¢ is a marimal irreducibility measure satis-

fying the conditions of the following proposition.

Proposition A.2.3 (Proposition 4.2.2 of Meyn and Tweedie (1993))

If {X4.} is p-irreducible for some measure @, then there exists a probability measure

¢ on B(X) such that
(1) {Xgp} is ¥-irreducible;

(i) for any other measure ', the chain {Xy} is @'-irreducible if and only if v is

absolutely continuous with respect to ¢’ (Y(A) = 0 implies ©'(A) =0);
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(iii) if ¥(A) =0, then ¥{y: Py(ta < 00) >0} =0;

(iv) the probability measure i is equivalent to

s = [ Y P A ),
“* n=0

for any finite irreducibility measure '

Definition A.2.4 An irreducible chain on a countable space X is called strongly

aperiodic if P(z.z) > 0 for some ¢ € X.

Definition A.2.5 Aset C € B(X)is called a v,, —small set if there exists an m > 0.

and a non-trivial measure v,, on B(X). such that for all r € C', B € B(X).
P™(z.B) > vm(B).
Definition A.2.6 A set C € B(X) is called v,-petite if the chain satisfies
S P'(z, Bla(n) 2 va(B)
n=0

for all r € X, B € B(X), where v, is a non-trivial measure on B(X).

Definition A.2.7 A g-irreducible Markov chain on a general state space is called

strongly aperiodic if there exists a vy-small set A with v (4) > 0.

Definition A.2.8 A chain is said to be weak Feller if its transition probability

kernel P maps C'(X) to C(X), where

P(h(z)) = /Puﬁwmw.rex

and C(.X) represents the class of bounded continuous functions from X to R and

X is the state space of the chain.
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Definition A.2.9 A point z € X is called reachable if for every open set O € B(X)

containing r,
> PY(y,0)>0, ye X,
Definition A.2.10 A o-finite measure 7 is invariant if
m(A) = /\’rr(dz)P(J:, 4). A€ B(X).

Definition A.2.11 A sequence of probabilities {ur : k € Z;} is tight if for each

€ > 0. there exists a compact subset C C X such that
liminfue(C) > 1 —e
k=00

Definition A.2.12 A chain {X,} will be called bounded in probability on average

if for each initial condition z € X the sequence {} "%  Pi(z,-): k € Z,} is tight.

Theorem A.2.13 (Theorem 12.0.1 of Meyn and Tweedie (1993))
If {Xa} is a weak Feller chain which is bounded in probability on average then there

erists at least one invariant probability measure.

A proof of the following theorem is outlined in Glynn and Meyn (submitted for

publication) . an alternate proof relying solely on basic principles is given below.

Theorem A.2.14 If{X,} is a weak Feller chain, then for each m > 1 and compact
A, the family of probability measures {1/m Y ;. P¥(a,-) : a € A} is tight.

Proof:
For m > 1 fixed, let P*(a,-) = 1/mY_ -, P*(a,-). Now, by the weak Feller property,
given € > 0 and a € A, we may choose §, and compact C, such that

P*(a,C,) > 1—¢, and

P (z.C,) > l—eforjr—a|l<d,
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Since A € J, e Bs.(a) where Bs,(a) is an open ball of radius d, and A is compact,
A € Uj=, Bs., (a;) for some finite set &y, ... ,da,. Let C = (i, Ca,- Then C'is
compact and P*(z,C) > 1 — € for all z € A. Thus, for each m > 1, the family of

probability measures {1/m ¥ 1., P*(a,-): a € A, A compact} is tight.

Theorem A.2.15 (Corollary 2.2 of Glynn and Meyn (submitted for publication) )
Suppose that there ezists a measurable function V : X — [0,00) satisfying

(i) For some b < oo,

PV(z) < V(r)=1+bls(z), z€X;

(ii)

lim sup EL[V(Xa)ljry5n] =0

n=0 3e4

(iti) The family of probability measures {1/mY ., P¥(a.-) : a € A} is tight for
each m > 1.

Then the chain, {Xy}, is bounded in probability on average.

Theorem A.2.16 (Theorem 11.3.4 of Meyn and Tweedie (1993))
Suppose C € B(X), and V : X - [0, o] satisfies

AV(z) € —-1+4+bl(z), z € X.
then

E.rc] £ V(z)+blc(zx)
forall r € X.

Definition A.2.17 The Markov transition function P is called equicontinuous if
for each continuous function f with compact support, the sequence of functions
{P¥f : k € Z,} is equicontinuous on compact sets. A Markov chain which

possesses an equicontinuous Markov transition function will be called an e-chain.
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Theorem A.2.18 (Theorem 18.4.4(i) of Meyn and Tweedie (1993))
If {X4} is an e-chain which is bounded in probability on average then a unique

invariant probability measure ezists if and only if a reachable state =™ € X exists.

Theorem A.2.19 (Theorem 10.0.1 of Meyn and Tweedie (1993))
If the chain {X,} is recurrent then it admits a unique (up to constant multiples)
invariant measure ©, and the measure = has the representation. for any A € B¥(X)

7(B) = Arr(dw)Ew [i I[X, € B]j| . BeB(X)

n=1

Theorem A.2.20 (Theorem 13.0.1 of Meyn and Tweedie (1993))
If {X4} is an aperiodic Harris recurrent chain with invariant measure ™ and there
erists some petite set C, some b < oo and a non-negative function V' finite at some

one rq € X, satisfying
AV(z) := PV(z)-V(r) < ~l+blc(x), r€ X.

then there erists a unique invariant probability measure @ such that for every initial

condition z € X,

sup |P*(z.A)-=(4)|—0
A€B(X)

as n — oo.
Definition A.2.21 A chain {X,} is called uniformly ergodic if
sup ||P*(z,:)—7|| = 0, n — oo.
IeJY
Definition A.2.22 (Doeblin’s Condition)
Suppose there exists a probability measure ¢ with the property that for some m >

le<1,6>0
d(A)>e= P™(z,A) >4

for every z € X.
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Theorem A.2.23 (Theorem 16.0.2 of Meyn and Tweedie (1993))
A Markov chain {Xy} is uniformly ergodic if and only if the chain is aperiodic and

satisfies Doeblin’s condition.

Definition A.2.24 {X,} is geometrically mizing if there exists R < oc,p < | such

that

sup IEr[g({-’(ﬂ}k)h({Xn}n+k)] - El'[g({-xn}k)]Ez[h({‘¥n+k)]| < anv ne Z-{--,

where the supremum is taken over all k € Z4. and all ¢ and h such that

¢(z).h*}(z) <l for all z € X.

Theorem A.2.25 (Theorem 16.1.5 of Meyn and Tweedie (1993))

If {X4u} is uniformly ergodic then {X,} is geometrically mizing.
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