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Abstract

Coupled Static Fields in Magneto-electro-thermoelastic Spheres

Smart/ intelligent materials form an integral part of adaptive and structural systems

that have the capability to modify their material properties under the application of ex-

ternal stimuli. This study focuses on a laminated layered hollow sphere with a multi-field

coupled material composed of piezo-electric and piezo-magnetic phases. When combined,

these configurations create new features and properties that are absent in their constituents.

The analysis of these materials requires careful consideration of the effects of interaction of

the multi-field effects. In particular, the behavior of the field variables through laminate

thickness is of primary interest.

In this research, a discrete-layer model is presented and applied to layered anisotropic

spheres under the coupled effects of elastic, electric, magnetic, and steady-state temper-

ature fields to study its static behavior. The model is developed in spherical coordinate

system based on discrete-layer lamination theory that solves the weak form of the governing

equations for the individual fields and specific boundary conditions. The through-thickness

behavior of the hollow sphere was investigated by introducing Ritz-based approximations

to each of the fields, which are represented layer-wise in the radial direction of the hollow

sphere. The accuracy of the model is determined by comparing the results to those of exact

solutions. The model is further investigated for effect of three-layer laminate scheme under

various surface conditions and new results are presented for the effect of imposed thermal

fields.
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CHAPTER 1

Introduction

1.1. Motivation

In recent years, smart/intelligent materials have drawn attention from scientists and en-

gineers for their ability to exhibit coupling between multi-physical phases. These materials

creates new coupling coefficients and functions, which are completely absent in their con-

stituents [1]. Piezoelectric material exhibits coupling between electric and mechanical fields

such that it creates an electric field when deformed, and it is deformed when an electric field

is applied, giving an example of two-way coupling.

In a similar fashion, a magneto-electro-thermoelastic material having piezoelectric and

piezomagnetic phases exhibits coupling between mechanical, electric, and magnetic fields

in the presence of a thermal environment. In addition to the piezoelectric, piezomagnetic,

dielectric, electromagnetic, and magnetic permeability coefficients which are not present in

its constituents, there are also pyroelectric, pyromagnetic coefficients that will not develop

otherwise. The coupling occurring in this class of materials through interaction between

various phases, giving rise to the so-called product property (Figure 1.1). These materials

provide the product property strong enough to offer widespread industrial applications in

various fields such as the electronics industry, nuclear industry, smart structures, biomedical

devices and, superconducting devices in devices such as sensors, actuators and adaptive

structures.

The magnetoelectric(ME) effect in most of the single phase multiferroic materials have

been observed to be very small, which makes these materials unfit for most applications. In

order to strengthen the ME effect, composites composed of piezoelectric and piezomagnetic
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Figure 1.1. Product Property

phases have drawn major attention. Barium Titanate(BaTiO3) is an important material

with piezoelectric properties because of its high dielectric constant and low dielectric loss

[2]. Cobalt Ferrite(CoFe2O4) is known to have the most substantial magnetostriction among

the all of magnetic materials [3]. Hence, BaTiO3 and CoFe2O4 make the perfect choice for

piezo-electric and piezo-magnetic phase, respectively.

A smart composite material can consist of multiple layers sandwiched together, integrat-

ing piezo-electric/piezo-magnetic layers [4]. In such composites, there is a need to accurately

determine the inter-laminar discontinuities due to jump in material properties at each in-

terface. This study primarily focuses on the through-thickness behavior of the composite

material, using a method that captures this behavior.

A temperature concentration in composite material causes reduction in both strength and

stiffness [5],[6]. This reason makes it important to determine the temperature concentration

in a composite laminate under given boundary conditions.
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Discrete layer theories have been applied to numerous of geometries such as beams,

cylinders, and shells. In this theory, a single coordinate is isolated and separated out from

the remaining independent coordinate variables so as to allow discontinuity in the gradient of

the displacement and potentials at the interfaces [7]. Across an interface, the radial normal

and shear stresses are continuous, as is the radial components of electric displacement and

magnetic induction. This implies that there is a break in slope as one moves across the bond

line, a break that cannot be modeled with global or continuous approximation functions. By

splitting this function out of the total approximation, the discontinuity can be accurately

modeled. This study is based on the idea that an approximate model based on the discrete

layer theory could be developed for studying the through-thickness behavior of a hollow

MEE layered sphere.

1.2. Objectives

The primary objectives of this research are,

• To develop a computational model based on discrete-layer theory that combines with

finite-element approximations through the hollow sphere thickness using Lagrangian

interpolation polynomials in the radial direction.

• To study the through-thickness behavior of the hollow sphere made up of piezoelec-

tric material using the proposed model.

• To determine the effect of various laminate schemes under a traction-free boundary

conditions.

• To determine the response of hollow sphere under a axisymmetric loading to the

varying laminate scheme.
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• To study the effect of thermal field on the hollow sphere made up of a MEE material

through thermoelastic coupling.

1.3. Structure of the Report

A smart material exhibits coupling between two or more different physical effects. Fo-

cusing specifically on the elastic, electric, magnetic and thermal effects, the necessary back-

ground information required to construct an approximate model where these multi-physical

effects come into play will be elucidated in Chapter 1. A review of all literatures that gives

us a deeper understanding of the smart materials and discrete layer models will be annotated

in Chapter 3. First part of this chapter begins with overview of magnetoelectric effect and

second part discusses the discrete layer models for a general laminated media, followed by

review of various studies that considered magneto-electro-thermoelastic media for further

understanding of the coupling effects in these materials. Discrete layer model is an approx-

imate model that can include the coupling of physical effects and study the inter-laminar

response of the composite material. Theoretical developments required towards building the

discrete layer model will be presented in Chapter 3. Chapter 4 will illustrate various exam-

ples, that are solved by applying the approximate model developed. Chapter 5 will discuss

the results and conclusions driven out of this study. Appendix will provide the element

matrix in Ritz-based model for the coefficient matrices in the spherical coordinate system.
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CHAPTER 2

Literature Review

This section includes a review of related studies regarding both smart materials and

discrete layer models for general laminated media.

2.1. Piezomagnetic effect

The magneto-electric(ME) effect is a phenomenon in which a magnetic polarization is

obtained by applying a external electric field and, vice versa. The ME effect was first

speculated in 1894 by Piere Curie [8] and the term magnetoelectric was invented by Peter

Debye [9]. The linear coupling of electric polarization and magentization was formulated

in the famous series of theoretical physics by Landau and Lifshitz [10] with experimenta-

tion done by Astrov [11]. Following these studies, many others observed this effect which

soon enough led to the an organization named Magnetoelectric Interaction Phenomenon in

Crystals (MEIPIC). Theoretical and technological developments over the years led to heavy

investigation on magneto-electric effect.

A multiferroic smart material which generally occurs in single phase is quite rare [12],and

shows reasonably large ME effect only far below room temperature [13]. Hence many hetero-

geneous composites are developed where an artificial ME coupling is engineered between the

order parameters of ferroelectric and ferromagnetic components, which separately do not per-

mit the ME effect [14]. In these materials, strain is induced in the piezoelectric phase by the

application of magnetic field that is mechanically coupled to induce stress in the piezoelectric

phase which generates an induced voltage [15] A composite made out of piezoelectric and

piezomagentic material was first reported in 1972 by Suchtelen [16] who explained the ME
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effect that results from interactions between the two phases with dissimilar properties. Mu-

tilayered composites consisting of stacked layers of piezoelectric/piezomagnetic phases found

to have many applications in sensing and actuating due to their low density and superior me-

chanical properties [17]. The ME effect was further explored by Boomgaaed[18], particularly

in BaTiO3-CoFe2O4 composite. Various studies related to magneto-electro-elastic materials

were studied using variational principles by Lee [19], He [20], and Qing et al [21].

Numerous studies have been conducted on laminated plates made up of magneto-electro-

elastic(MEE) materials ([22]-[23]). A general solution procedure was constructed through

analytical solutions for simply-supported and multilayered magneto-electro-elastic plates by

Pan[24] and Pan and Heyliger[25]; for magneto-electro-elastic plates with polygon inclusions

by Jiang et al[26]; general solutions to magneto-electro-elastic solids based on ritz-based

approximations by Heyliger and Pan[27] and Heyliger et al[28].

2.2. Discrete Layer Theory

Plates and shell structures made out of laminated composite materials were ofter modeled

as an Equivalent Single Layer (ESL) based on the Classical Laminate Theory (CLT), in which

the out-of plane stress components are not considered [29]. In CLT, it is assumed that plane

sections before deformation remain plane and normal to the mid plane even after deformation

and normals to the middle surface have no extensions. However, this theory was applied to

laminate composite structures. But it has been proved that such theories when applied to

anisotropic composites suffer 30% or more errors in deflections, stresses, and frequencies

[30]. In order to overcome these errors, various laminate thoeries were proposed based on

CLT theory by Koiter (1960) [31]. For modeling 2D multilayered structures with laminates,

sandwiched panels, and smart structural systems with piezoelectric layers, required revision
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to Koiter’s theory [32]. Adjustements such as continuity of displacements, tranverse shear,

normal stresses interlaminar continuity at the interface between two adjacent layers were

necessary. Significant research concerning the 3D analysis of layered plates and shells were

developed confirming the significance of interlaminar continuity such as Srinivas et al, 1970

[33], Pagano and Reddy, 1994 [6], and Bhaskar et al [34].

Another refinement to CLT by taking the shear stresses into account, Reissner-Mindlin

theory or the First Order Shear Deformation Theory (FSDT) achieved as an addition to lami-

nates, which provides a global response for deflections, stresses and frequencies in rather thick

composites when compared to CLT. But, both CLT and FSDT thoeries consider their layers

as a single anisotropic layer. Both theories assume that shear stresses remain unchangeable

between the layers, which make it inappropriate. However, Higher-Order Theories(HOT)

presented by Reddy and Liu, 1985 [35] and Reddy,1990 [7] were able to overcome some of

these defects. But again, due to dissimilar material properties at an interface, HOT also

suffers from mismatch in transverse shear and normal stress at the interface. Hence, it can

be concluded that ESL theories makes it impossible to accurately model the response of a

laminate structure.

To obtain a accurate response at the layer level, there needs to be a model that applies

the CLT, FSDT or the HOT theory to each individual layer. Garcao et al [36] modeled based

on higher-order displacement theory to study the interlaminar and intralaminar effects of the

laminate. Even then, research shifted towards methods with less computational effort , such

as Zig-Zig theory (ZZT). In ZZT, a certain displacement or stress model is assumed in each

layer and then compatibility and equilibrium conditions are used at the interface to reduce

the number of unknown variables and keep them independent of the number of layers used.
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This method is complicated and cumbersome since it becomes difficult to assume a continuity

requirement priori for a multilayered anisotropic sphere. Preferably, a discret layer method

is adopted, which allows to introduce the displacement and out-of-plane stresses continuity

posteriori, by means of a through-thickness assembly of repeatable single layers. This is the

approach of the present work.

Significant research was focused on the development of variational approaches to get the

governing equations for these solids. There exists partial mixed theories, where the displace-

ment fields are expressed in terms of generalized displacements and generalized surface and

transverse stresses have been used on beams and plates (Rao et al (2001)[37], Rao and De-

sai (2004) [38]). In contrast, Hamilton’s principle is a variational principle employed where

no mixed theories are considered. This present work further extends such a principle to a

multilayered MEE hollow sphere.

2.3. Magento-electro-thermoelastic Hollow sphere

In early 1974, Mindlin [39] was the first person to formulate the governing equations for

a 3D linear thermo-piezoelectric medium. Later, Nowacki [40] developed general theorems

and models of thermo-piezoelectricity which serves as basis of various numerical models.

Altay and Dokmeci [41] constructed Euler-Lagrange equations of discontinuous thermo-

piezoelectric fields. They introduced with principle of virtual work and modified it through

Friedrich’s transformation and equations were presented in variational form.

A smart composite made up of piezoelectric and piezomagentic material exhibit magneto-

electro-thermoelastic coupling effect which was proposed by Harshe, Nan and Benveniste

([42],[43], [44]). This assumes that such an effects does not exist in a single phase piezoelectric

or piezomagnetic material. The coupling that is present between thermoelastic and electric

8



field in a piezoelectric material acts as a medium to sense thermomechanical disturbance

from the measurement of induced electrical potential and magnetic induction.

The generic solution to an isotropic magento-electro-thermoelastic material is derived

from the heat conduction equation priori, and then it is included separately to it [45]

. However, it can also be included in the general model, as it id done here in this re-

search. Smittakorn[46] studied the steady-state behavior of hygrothermopiezoelectric lam-

inated plate for simply supported condition using three-dimensional discrete layer model.

Akbarzadeh[4] developed a multi physics model to study the behavior of heterogeneous

magnetoelectroelastic media under a steady state hygrothermal field. Recently, Ootao and

Ishihara [47] developed the exact solution of a transient thermal stress problem if multilay-

ered magento-electro-elastic hollow cylinder in plain strain under two conditions; unsteady

and uniform surface heating. They also investigated the effect of stacking sequence, position

of the interface in the stresses, electric and magnetic potential, and the effects of coupling

between magnetic, electric and thermoelastic fields.

2.4. Significance of this research

A discrete layer model for a hollow sphere composed of piezoelectric and piezomagnetic

phases under a steady-state thermal field is formulated in static condition and to study the

effects of coupling between magnetic, electric and thermoelastic fields. The through-thickness

behavior of the radial and azimuthal displacement, electric and magnetic potentials and the

thermal changes are measured. To best of knowledge of the author, this is the first time

a computational model is developed for a multilayered MEE hollow sphere using discrete

layer theory. Additionally, the effect of stacking sequence, electric and magnetic boundary

conditions and an axisymmetric loading are also investigated.
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CHAPTER 3

Theory

In this chapter, the theoretical formulation for the magneto-electro-thermoelastic hollow

sphere are presented. The governing equations are presented for general static response in

spherical coordinates. Hamilton’s principle is used to obtain the weak form for the magneto-

electro-thermoelastic hollow sphere. Discrete-layer models are used to solve the equations

resulting from the weak form. The layerwise theory of Reddy[7] is based on the idea that

primary displacement components are represented as a linear combination of product of

functions of the in-place coordinates and the functions of the thickness coordinate. This

approach is used to represent the electric potential, the magnetic potential and the thermal

change, in addition to the displacement components.

3.1. Governing Equations

In spherical coordinates, the displacement components and the potentials are defined in

the radial (x1 = r), azimuthal (x2 = ζ), and circumferential (x3 = θ) directions. They are

denoted as U1 = Ur = u(r, ζ, θ), U2 = Uζ = v(r, ζ, θ), U3 = Uθ = w(r, ζ, θ), φ = φ(r, ζ, θ),ψ =

ψ(r, ζ, θ)(Figure 3.1). The equations of equilibrium in the absence of body forces are:

∂σrr
∂r

+
1

r sin ζ

∂σrθ
∂θ

+
1

r

∂σrζ
∂ζ

+
2σrr − σθθ − σζζ + σrζ cot ζ

r
= 0 (3.1.1)

∂σrζ
∂r

+
1

r sin ζ

∂σθζ
∂θ

+
1

r

∂σζζ
∂ζ

+
3σrζ + (σζζ − σθθ) cot ζ

r
= 0

∂σrθ
∂r

+
1

r sin ζ

∂σθθ
∂θ

+
1

r

∂σθζ
∂ζ

+
3σrθ + 2σθζ cot ζ

r
= 0
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where σij’s are the stress components in the spherical coordinates. The stress matrix is

given by














σrr σrζ σrθ

σrζ σζζ σθζ

σrθ σθζ σθθ















Figure 3.1. Spherical coordinate system

The quasi-static Maxwell equations in the absence of electric and magnetic sources are

given in terms of the components of electric displacement Dr, Dθ, Dζ and magnetic induction

Br, Bθ, Bζ as
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∂Dr

∂r
+

1

r

∂Dζ

∂ζ
+

2Dr

r
+

1

r sin ζ

∂Dθ

∂θ
+

cot ζ

r
Dζ = 0 (3.1.2)

∂Br

∂r
+

1

r

∂Bζ

∂ζ
+

2Br

r
+

1

r sin ζ

∂Bθ

∂θ
+

cot ζ

r
Bζ = 0 (3.1.3)

Additionally, the steady state head conduction equation without internal heat generation

is given as

1

r2
∂

∂r

(

r2kT
11

∂T

∂r

)

+
1

r sin ζ

∂

∂ζ

(

sin ζkT
22

1

r

∂T

∂ζ

)

+
1

r sin ζ

∂

∂θ

(

kT
33

r sin ζ

∂T

∂θ

)

= 0 (3.1.4)

The above equation of the thermal problem is from the well known Fourier’s heat cond-

cution law, which states that the heat flux is proportional to the gradient of temperature:

q = −k ·∆T (3.1.5)

(or)

qi = −kTij
∂T

∂rj

where kT denotes the second order thermal conductivity tensor. The negative sign indicates

12



that the heat flows from higher temperature to lower temperatures.

3.2. Constitutive Equations

The constitutive equations for the class of solid considered in this study are given below.

In the constitutive equations in Eq.(5), the temperature field does not fully couple with the

magneto-electro-elastic field. In other words, the magnetoelectroelastic field can be affected

by the temperature field through constitutive relations but the temperature field is not

affected by the magneto-electro-elastic field [4] .

σij = CijklSkl − ekijEk − qkijHk − βijT (3.2.1)

Di = eijkSij + ǫijEj + αijHk + γiT

Bi = qijkSij + αijEj + µijHk + τiT

where Skl, Ek, Hk, T are the strain tensor, electric field vector, magnetic field vec-

tor,and temperature change,respectively. Cijkl, ekij, qkij are the fourth-order tensor of the

elastic moduli, third-order tensor of piezoelectric and piezomagnetic coefficients,respectively.

ǫij, αij, µij, βij, ξij are second-order tensor of dielectric, electromagnetic, magnetic perme-

ability,and thermal stress,respectively. γi is the the pyroelectric coefficent, and τi is the

pyromagnetic coefficent.

Here we represent a linear theory, which implies

Cijkl = Cijlk = Cklij = Cjikl, eijk = eikj, qijk = qikj, ǫij = ǫji, αij = αji, and µij = µji.

13



The notation can be contracted in standard fashion by noting that a single subscript for

the stress components can represent the double subscript notation. Hence the fourth-order

stiffness tensor Cijkl can be written as a matrix Cαβ which is of second order by standard

mapping for tensor indices (Figure 3.2).

Figure 3.2. Standard Mapping for Tensor Indices

In final form, the rotated elastic stiffnesses are given by C11, C22, C33, C44, C55, C66, C12, C13,

and C23. The rotated piezo-electric coefficients are e11, e12, e13, e35, e26 and the rotated piezo-

magnetic coefficients are q11, q12, q13, q35, q26. The rotated thermal stresses are β11, β22, β33 and

the rotated hygroscopic stresses are ξ11, ξ22, ξ33. The coupling coefficients which are generated

from the product property, that remain non-zero due to rotation are ǫ11, ǫ22, ǫ33, α11, α22, α33,

µ11, µ22, µ33, γ11, γ22, γ33, χ33, τ11, τ22, τ33. The strain-displacement relations can be written in

spherical coordinate system as

Srr =
∂u

∂r
(3.2.2)

Sζζ =
1

r

∂v

∂ζ
+
u

r

Sθθ =
1

r sin ζ

∂w

∂θ
+

cot ζ

r
v +

u

r

Sζθ =
1

r sin ζ

∂v

∂θ
+

1

r

∂w

∂ζ
−

cot ζ

r
w

Srθ =
1

r sin ζ

∂u

∂θ
+
∂w

∂r
−
w

r

Srζ =
1

r

∂u

∂ζ
+
∂v

∂r
−
v

r
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Here Srr, Sθθ, Sζζ are the components of the linear strain tensor, and Sζθ, Srθ, and Srζ are

the components of engineering shear strain.

The electric field components Ei are related to the electrostatic potential φ(r, ζ, θ) using

the relations

Err = −
∂φ

∂r
(3.2.3)

Eζζ = −
1

r

∂φ

∂ζ

Eθθ = −
1

r sin ζ

∂φ

∂θ

Similarly, the magnetic induction components Bi are related to the magnetic potential

Ψ(r, ζ, θ) using the relations

Brr = −
∂Ψ

∂r
(3.2.4)

Bζζ = −
1

r

∂Ψ

∂ζ

Bθθ = −
1

r sin ζ

∂Ψ

∂θ

3.3. The Weak Form

A variational approach, in which either principle of virtual work or the minimum of the

total potential energy of the system is used to derive the governing equations and boundary

conditions, thereby to obtain the approximate solution. This is method is applicable to

either linear or nonlinear theories. In this context, the principle of virtual work is used to
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derive the governing equations of the layered hollow sphere. The weak form of the balance

laws written in the earlier section can be written using an integral statement of virtual work

for linear materials as

δ

∫

V

H (Sij, Ek, Hk, T ] dV +

∫

S

(

T̄iδui − Q̄δφQ̄δΨ
)

ds = 0 (3.3.1)

Here δ is the variational operator, which is denoted by a variation in a given quantity and,

V and S are the volume and surface of the solid, T̄i, Q̄e, and Q̄m represent specified traction

and surface charges, and H is the electric enthalpy per unit volume. This latter term can be

expressed in terms of the strain and electromagnetic-field components as

H (Sij, Ek, Hk, T ) =
1

2
CijklSijSkl − ekijEkSij − qkijHkSij − αijEiHj −

1

2
ǫklEkEl−

1

2
µklHkHl − βijTSij + γiTEi + τiTHi +KTTT

(3.3.2)

The weak form of the governing equations can be found out by substituting the elastic strain-

displacement, the electric field-electric potential, magnetic field-magnetic potential relation

and heat conduction relations and by using the δ, the variational operator on the Hamilton’s

principle.
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Figure 3.3. Projections in Spherical Coordinate System

0 =

∫

V

{ C11

∂u

∂r

∂δu

∂r
+ C12

∂u

∂r

(

1

r

∂δv

∂ζ
+
δu

r

)

+ C13

∂u

∂r

(

1

r sin ζ

∂δw

∂θ
+
δu

r
+

cot ζ

r
δv

)

+

(3.3.3)

C21

(

1

r

∂v

∂ζ
+
u

r

)

∂δu

∂r
+ C22

(

1

r

∂v

∂ζ
+
u

r

)(

1

r

∂δv

∂ζ
+
δu

r

)

+ C23

(

1

r

∂v

∂ζ
+
u

r

)

(

1

r sin ζ

∂δw

∂θ
+
δu

r
+

cot ζ

r
δv

)

+ C13

(

1

r sin ζ

∂w

∂θ
+
u

r
+

cot ζ

r
v

)

∂δu

∂r
+

C23

(

1

r sin ζ

∂w

∂θ
+
u

r
+

cot ζ

r
v

)(

1

r

∂δv

∂ζ
+
δu

r

)

+

C33

(

1

r sin ζ

∂w

∂θ
+
u

r
+

cot ζ

r
v

)(

1

r sin ζ

∂δw

∂θ
+
δu

r
+

cot ζ

r
δv

)

+
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C44

(

1

r sin ζ

∂v

∂θ
+

1

r

∂w

∂ζ
−

cot ζ

r
w

)(

1

r sin ζ

∂δv

∂θ
+

1

r

∂δw

∂ζ
−

cot ζ

r
δw

)

+

C55

(

1

r sin ζ

∂u

∂θ
+
∂w

∂r
−
w

r

)(

1

r sin ζ

∂δu

∂θ
+
∂δw

∂r
−
δw

r

)

+

C66

(

1

r

∂u

∂ζ
+
∂v

∂r
−
v

r

)(

1

r

∂δu

∂ζ
+
∂δv

∂r
−
δv

r

)

+ e11
∂φ

∂r

(

∂δu

∂r

)

+

e12
∂φ

∂r

(

1

r

∂δv

∂ζ
+
δu

r

)

+ e13
∂φ

∂r

(

1

r sin ζ

∂δw

∂θ
+
δu

r
+

cot ζ

r
δv

)

+

e35

(

1

r sin ζ

∂φ

∂θ

)(

1

r sin ζ

∂δu

∂θ
+
∂δw

∂r
−
δw

r

)

+ e26

(

1

r

∂φ

∂ζ

)

(

1

r

∂δu

∂ζ
+
∂δv

∂r
−
δv

r

)

+ e11
∂δφ

∂r

(

∂u

∂r

)

+ e12
∂δφ

∂r

(

1

r

∂v

∂ζ
+
u

r

)

+

e13
∂δφ

∂r

(

1

r sin ζ

∂w

∂θ
+
u

r
+

cot ζ

r
v

)

+ e35

(

1

r sin ζ

∂δφ

∂θ

)

(

1

r sin ζ

∂u

∂θ
+
∂w

∂r
−
w

r

)

+ e26

(

1

r

∂δφ

∂ζ

)(

1

r

∂u

∂ζ
+
∂v

∂r
−
v

r

)

−

ǫ11
∂δφ

∂r

(

∂δφ

∂r

)

− ǫ22

(

1

r

∂φ

∂ζ

)(

1

r

∂φ

∂ζ

)

− ǫ33

(

1

r sin ζ

∂φ

∂θ

)(

1

r sin ζ

∂φ

∂θ

)

q11
∂Ψ

∂r

(

∂δu

∂r

)

+ q12
∂Ψ

∂r

(

1

r

∂δv

∂ζ
+
δu

r

)

+ q13
∂Ψ

∂r

(

1

r sin ζ

∂δw

∂θ
+
δu

r
+

cot ζ

r
δv

)

+

q35

(

1

r sin ζ

∂Ψ

∂θ

)(

1

r sin ζ

∂δu

∂θ
+
∂δw

∂r
−
δw

r

)

+ q26

(

1

r

∂Ψ

∂ζ

)

(

1

r

∂δu

∂ζ
+
∂δv

∂r
−
δv

r

)

+ q11
∂δΨ

∂r

(

∂u

∂r

)

+ q12
∂δΨ

∂r

(

1

r

∂v

∂ζ
+
u

r

)

+

q13
∂δΨ

∂r

(

1

r sin ζ

∂w

∂θ
+
u

r
+

cot ζ

r
v

)

+ q35

(

1

r sin ζ

∂δΨ

∂θ

)

(

1

r sin ζ

∂u

∂θ
+
∂w

∂r
−
w

r

)

+ q26

(

1

r

∂δΨ

∂ζ

)(

1

r

∂u

∂ζ
+
∂v

∂r
−
v

r

)

−

µ11

∂δΨ

∂r

(

∂δΨ

∂r

)

− µ22

(

1

r

∂Ψ

∂ζ

)(

1

r

∂Ψ

∂ζ

)

− µ33

(

1

r sin ζ

∂Ψ

∂θ

)(

1

r sin ζ

∂Ψ

∂θ

)

+

α11

∂φ

∂r

∂δΨ

∂r
+ α22

(

1

r

∂φ

∂ζ

)(

1

r

∂Ψ

∂ζ

)

+ α33

(

1

r sin ζ

∂φ

∂θ

)(

1

r sin ζ

∂Ψ

∂θ

)

+
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α11

∂Ψ

∂r

∂δφ

∂r
+ α22

(

1

r

∂Ψ

∂ζ

)(

1

r

∂φ

∂ζ

)

+ α33

(

1

r sin ζ

∂Ψ

∂θ

)(

1

r sin ζ

∂φ

∂θ

)

−

β11
∂δu

∂r
T + β22

δu

∂r
T + β33

δu

∂r
T − γ1

∂δφ

∂r
T + τ1

∂δΨ

∂r
T+

kT
1

r4

(

r2
∂T

∂r
+ 2rT

)(

r2
∂δT

∂r
+ 2rδT

)

+

−ρu̇δu̇− ρv̇δv̇ − ρẇδẇ} r2 sin ζdrdθdζ

3.4. Discrete-Layer Approximations

The approximations are set according the general laminate theory of Reddy[35] for an

elastic laminate for displacements. This theory is further extended to include the electric

potential , the magnetic potential, and the temperature change. The approximations for the

displacement components and the potential variables, using finite linear combinations are of

the form

u (r, ζ, θ) =
n
∑

j=1

ujN
ur
j (r)Nus(ζ, θ) δu = Nur

i (r)Nus(ζ, θ) (3.4.1)

v (r, ζ, θ) =
n
∑

j=1

vjN
vr
j (r)N vs(ζ, θ) δv = N vr

i (r)N vs(ζ, θ)

w (r, ζ, θ) =
n
∑

j=1

wjN
wr
j (r)Nws(ζ, θ) δw = Nwr

i (r)Nws(ζ, θ)

φ (r, ζ, θ) =
n
∑

j=1

φjN
φr
j (r)Nφs(ζ, θ) δφ = Nφr

i (r)Nφs(ζ, θ)

ψ (r, ζ, θ) =
n
∑

j=1

ψjN
ψr
j (r)Nψs(ζ, θ) δψ = Nψr

i (r)Nψs(ζ, θ)
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T (r, ζ, θ) =
n
∑

j=1

TjN
Tr
j (r)NTs(ζ, θ) δT = NTr

i (r)NTs(ζ, θ)

where u,v,and w are the displacement components in the r, ζ and θ coordinate directions

respectively in the, φ is the electric potential, ψ is the magnetic potential and T is the

temperature change. uj, vj, wj, φj, ψj are constants, and the N ’s are the approximation or

basis functions.

In the above expressions, it can be seen that the one dimensional Lagrangian Inter-

polation polynomial Nur
j (r) is used to represent the through-thickness approximation for

displacement in the radial direction, same representation is used for other variables as well.

And approximations for the spherical surface is given by two-dimensional functions in (ζ, θ).

There are a total of n layers and (n+1) interfaces through the thickness. Finally, the gov-

erning equations can be expressed in a matrix form by replacing the variables with the

corresponding approximating functions, as shown in Eq.(3.4.2).

The explicit nature of [K] is a function of the approximation functions used. Depending

on these functions, a combination of analytic and numerical integration techniques are used

to evaluate the individual elements of these matrices. Numerical integration is particularly

useful when the elastic stiffnesses vary as a function of position and the resulting integrals

are difficult to evaluate in closed form. For the problem considered in this thesis, purely

analytical intergration was sufficient. The explicit forms of the coefficient matrices for the

spherical coordinate systems are given in Appendix.
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CHAPTER 4

Numerical Examples and Results

Several example problems are considered to demonstrate the accuracy of the computa-

tional model developed in this study under varying boundary conditions. The examples

initially use purely elastic and piezoelectric hollow sphere, with later examples including

magneto-electro-elastic(MEE) layers. A thermal field is applied to hollow sphere composed

of MEE layers. A hollow MEE sphere consisting of n layers and n-1 interfaces that is con-

sidered in this study is shown in Figure 4.1, based on which all the problems below are

solved.

Figure 4.1. A hollow MEE sphere made of n layers and n-1 interfaces, with
its inner radius at ra and outer radius rb subjected to surface loading q. Both
surfaces are subjected to induced traction boundary conditions
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4.1. Hollow Elastic Sphere under Uniform Pressure

In this section, the analytical solution for pressurized purely elastic hollow sphere is

examined to verify the discrete-layer model with the exact solution. This example is chosen

because there is an exact solution for the displacement of pressurized hollow sphere(Section

4.1.4)[48]. By comparison, the present model can be validated.

A homogeneous hollow sphere is assumed to be made up of a purely elastic material with

no body forces acting on it. The inner radius of the sphere, ra is half of the outer radius rb

and a uniform external pressure q is applied on the outer surface of the sphere.

A fortran code is written to find out the displacement field in the radial direction accord-

ing to the discrete layer theory for a purely elastic hollow sphere. Material coefficients used

for this problem are listed in Table 4.1. The radial displacement in its dimensionless form is

given by urC44/rbq. Here, ur is the only non-zero variable.

It was evident that the results obtained matched explicitly with the exact solution with

a fairly small number of layers (10 layers), having accuracy to within 5 decimal places.

Figure 4.2 shows the results obtained from analytical and theoretical solution of displace-

ment field in the radial direction. By solving this problem, the accuracy of the our model

was checked and it served as a basis for solving other problems with many other variables

and complicated boundary conditions.
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Table 4.1. Properties for purely elastic material. The units of Cij’s are N/m2

Property Purely Elastic Material

C11 3.5
C12 1.5
C13 1.5
C22 3.5
C23 1.5
C33 3.5
C44 1.0

Figure 4.2. Plot demonstrating the variation of radial displacement
urC44/(rbq) along the radial direction(r/rb) in a hollow sphere made up of
purely elastic material applied with an uniform external pressure of σ0/Cmax
on its outer surface rb

4.2. Hollow Elastic Sphere with Thermal Load

Similar to the previous problem, this section aims to check the accuracy of the model

under a steady state thermal load. There is an exact solution for the displacement and

thermal change in a hollow sphere (Section 4.1.6)[48]. A uniform temperature distribution

is applied to the outer and inner surfaces of the homogeneous hollow elastic sphere. The
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boundary condition is imposed as

T (0.4R, ζ, θ) = 0 T (R, ζ, θ) = 1.0 (4.2.1)

The material properties used for this problem are listed in Table 4.1. The only non-

zero variables for this problem are ur and T. The dimensionless radial displacement and

temperature change obtained by discrete layer (analytical) model is presented in comparison

to the exact solutions in Figures 4.3a and 4.3b, respectively. The results obtained were a

perfect match to that of the exact solution by using 30 number of layers upto 5 decimal

places.

(a) Variation of radial displacement in purely elastic hollow sphere
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(b) Variation of temperature in purely elastic hollow sphere

Figure 4.3. Plot demonstrating the variation of (a) dimensionless radial
displacement urC44/(qrb) and (b) dimensionless temperature change (T/TR)
along the radial direction(r/R) in a purely elastic hollow sphere applied with
an uniform temperature distribution along its radial direction.

4.3. Hollow Piezoelectric Sphere with Uniform Pressure

As a special case of the general formulation, the case of a piezoelectric hollow sphere is

considered. This problem has been treated by Chen et al [23],[49]. This problem was chosen

as an idea to replicate the results by Chen and to study how our model behaves under an

electric boundary condition. For this problem, a hollow sphere composed of piezoelectric

material is considered.The sphere is hollow with its inner radius ra exactly half of the outer

radius rb. The magnetic and thermal fields are exactly zero. On the inner face of the sphere,

the electric displacement Dr = 0 and the face is also traction-free and hence σrr = 0. On

the outer face, Dr = 0 σrr = -q. Hence, ur and φ remain non-zero variables for this problem.

Chen and co-wokers [49] use the material properties of Dunn and Taya [51], but their paper
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contains a typo for the piezoelectric coefficients of BaTiO3. The corrected values are given

in Table 4.2.

The approximations for radial displacement ur and electric potential φ are taken to

be constant in the (ζ,θ) directions ie., Ni(ζ, θ) = 1. Only the radial variation Nj(r) is

captured by the discrete-layer approximation. A total of 30 layers was used to represent the

thickness variation of these two variables. The resulting distributions of dimensionless radial

displacement and radial stress are shown in Figure 4.4a and Figure 4.4b, respectively. These

results are virtually identical to the solutions obtained by analytical methods [49, 23].

(a) Variation of radial displacement in hollow piezoelectric sphere subjected to uniform pressure q
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(b) Variation of radial stress in hollow piezoelectric sphere subjected to uniform pressure q

Figure 4.4. Plot demonstrating the variation of (A) dimensionless radial
displacement urC44/(qrb) and (B) dimensionless radial stress σrr/qC44 along
the radial direction(r/rb) in a hollow piezoelectric sphere composed of BaTiO3

applied with an uniform external pressure q on its outer surface rb

4.4. Layered MEE Hollow Sphere under Uniform Pressure

The problem of the coupled magneto-electro-elastic layered sphere has recently been

considered by Chen and co-workers [23]. One of their examples has also been studied by

a different model by Chen [49]. Each of these provides a good means of comparison for

three of the fields considered in this study (elastic, electric, and magnetic fields). The

spherically symmetric case of a sphere composed of dissimilar piezoelectric, magnetostrictive,

or magnetoelectroelastic spheres are considered. For these analyses, there are three material

types: BaTiO3 (denoted subsequently by B), CoFe2O4 (denoted subsequently by F), and a

material designated as MEE that is assumed to be composed of 50 percent BaTiO3 and 50

percent CoFe2O4 [50]. All properties for these materials are given in Table 4.2.
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A uniform pressure on the outer surface of the sphere is specified as σrr =-σ0=-q. The

inner surface of the sphere is traction free. On both inner and outer surfaces, the electrostatic

potential and magnetic potentials are both specified to be zero.

The hollow sphere has an outer radius of R and an inner radius of 0.4R. When layered,

constant thicknesses of 0.2R are assumed for each layer of the material. Three different

physical lamination schemes are considered: 1) a 3-layer system of B/F/B, 2) a 3-layer

system of F/B/F, and 3) a single homogeneous layer of MEE material. The three laminate

schemes are presented in the Figure 4.5.

Once again, the (ζ,θ) dependence of the radial displacement and the two potentials can

be approximated with a single term since there is no variation in pressure over the exterior

surface and Ni(ζ, θ) = 1 for all the variables. For this problem ur, φ and ψ are the non-zero

variables. Hence for n layers there are a total of 3*(n+1) equations and unknowns that need

to be solved. The dimensionless results are shown in Figures 4.6a to 4.6f. The two vertical

dashed line represent the interfaces of the layered MEE sphere. There is excellent agreement

with the results of chen [23]. It can be clearly seen from Figure 4.6a, 4.6b and 4.6c that the

radial displacement, electrostatic and magnetic potential have an effect due dissimilar layers

of B/F/B and F/B/F through the laminate thickness. Whereas, these results did not see a

drastic change in its slope through the thickness of the homogeneous MEE laminate scheme.

It is important to note that the boundary conditions that were set at zero electrostatic

field and magnetic fields for this problem has been satisfied, which again proves our model

to be legitimate.
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(a) B/F/B Laminate (b) F/B/F Laminate

(c) MEE Laminate

Figure 4.5. Each of the three types of laminate schemes above consists of
combinations of piezoelectric barium titanate BaTiO3 and magnetostrictive
cobalt ferrite CoFe2O4, integrated together to form a smart composite.

Further from Figure 4.6d, it is evident that the radial stresses have been impacted the

least at the interfaces of the layered schemes when compared to the homogeneous MEE lam-

inate. From Figure 4.6e and 4.6f, it is observed that MEE laminate has the most significant

values for electric displacement and magnetic induction when compared to the other layered

laminates.
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(a) Variation of radial displacement component in layered hollow sphere composed of MEE materials
subjected to uniform external pressure q

(b) Variation of electric potential component in layered hollow sphere composed of MEE materials
subjected to uniform external pressure q
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(c) Variation of magnetic potential component in layered hollow sphere composed of MEE materials
subjected to uniform external pressure q

(d) Variation of radial stress component in layered hollow sphere composed of MEE materials
subjected to uniform external pressure q
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(e) Variation of radial electric displacement in layered hollow sphere composed of MEE materials
subjected to uniform external pressure q
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(f) Variation of radial magnetic displacement in layered hollow sphere composed of MEE materials
subjected to uniform external pressure q

Figure 4.6. Plot demonstrating the variation of (A) dimensionless ra-
dial displacement urC44/(qr2), (B) dimensionless electric potential φemax/σ0,
and (C) dimensionless magnetic potential component ψqmax/σ0 (D) di-
mensionless radial stress σrr/σ0, (E) dimensionless radial electric displace-
ment DrCmax/σ0emax, and (F) dimensionless radial magnetic displacement
BrCmax/σ0qmax along the radial direction(r/R) in hollow sphere composed
of magneto-electro-elastic(MEE) materials applied with an uniform external
pressure of q on its outer surface rb.
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4.5. Layered MEE Hollow Sphere under Axisymmetric Loading

For this problem, the layered MEE hollow spheres (Figure 4.5) are considered from the

previous section. But a more complex loading of axisymmetric external loading (Figure 4.7)

on outer radius rb is applied, which is of the form:

σrr(R, ζ, θ) = σoP
0

2
(cosζ) = σo

1

2
(3 cos2 ζ − 1) (4.5.1)

Figure 4.7. Variation of radial magnetic displacement in layered MEE hollow
sphere subjected to uniform external pressure q.

This example can serve to show the sequential ordering of approximation functions as

loadings become more complex. In this case, there is no θ dependence on the loading, and

hence all fields should also depend only on the radial and azimuthal coordinates. Lower

order terms in ζ can be included in the approximations for ur, uζ , φ, and ψ. These are built
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as follows:

Nus
1
(ζ) = N vs

1
(ζ) = Nφs

1
(ζ) = NΨs

1
(ζ) = 1 (4.5.2)

Nus
2
(ζ) = Nφs

2
(ζ) = NΨs

2
(ζ) = cos ζ

N vs
2
(ζ) = sin ζ

Nus
2
(ζ) = Nφs

2
(ζ) = NΨs

2
(ζ) = (3 cos2 ζ − 1)

Structuring the approximations in this order is formulated so that approximations are

built sequentially and helps to ensure that low-order response in terms of spatial complexity

is captured. For this family of approximations, there are 3 approximations for the 3 of the

variables and 2 approximations for the azimuthal displacement. Hence in general, for n

layers, there are a total of (3)(3)(n+1) + (2)(1)(n+1) or 11(n+1) equations and unknowns.

However, the nature of the loading and approximatons is such that the submatrices that

connect the various approximations are all zero except for those with the third approximation

for ur, φ, and Ψ and the second approximation for uζ .

The dimensionless results are shown in Figures 4.8a -4.8f. In this case, from Figure 4.8a,

it can be noted that radial displacement is not affected by layering of the laminate. However,

from Figure 4.8b and 4.8c, it can be observed that the electrostatic potential and magnetic

potential have significant effects due to the layered laminate schemes of B/F/B and F/B/F

when compared to homogeneous MEE laminate. It is interesting to note that this case to

have seen different behavior for electric displacement and magnetic induction from previous

section with uniform pressure loading. Here, the lamiante sequence B/F/B
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showed the most significant electric displacement and F/B/F laminate exhibited highest

magnitude of magnetic induction, which was true for both the cases on the innermost layer.

Once again, the radial stress did not show any visible change in its behavior with 3-layered

laminate schemes when compared to the homogeneous MEE layer.

(a) Variation of radial displacement component in layered hollow sphere composed of MEE materials
subjected to uniform external pressure q
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(b) Variation of electric potential component in layered hollow sphere composed of MEE materials
subjected to axisymmetric external pressure q

(c) Variation of magnetic potential component in layered hollow sphere composed of MEE materials
subjected to axisymmetric external pressure q
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(d) Variation of radial stress component in layered hollow sphere composed of MEE materials
subjected to axisymmetric external pressure q

(e) Variation of radial electric displacement in layered hollow sphere composed of MEE materials
subjected to axisymmetric external pressure q
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(f) Variation of radial magnetic displacement in layered hollow sphere composed of MEE materials
subjected to axisymmetric external pressure q

Figure 4.8. Plot demonstrating the variation of (A) dimensionless ra-
dial displacement urC44/(qr2), (B) dimensionless electric potential φemax/σ0,
and (C) dimensionless magnetic potential component ψqmax/σ0 (D) di-
mensionless radial stress σrr/σ0, (E) dimensionless radial electric displace-
ment DrCmax/σ0emax, and (F) dimensionless radial magnetic displacement
BrCmax/σ0qmax along the radial direction(r/R) in hollow sphere composed of
magneto-electro-elastic(MEE) materials applied with an axisymmetric exter-
nal pressure of q on its outer surface rb.

4.6. Hollow MEE sphere under Thermal Load

In this section, a homogeneous hollow MEE sphere is subjected to steady state thermal

loads. A uniform temperature distribution is applied to the outer and inner surfaces of the

hollow sphere of the previous examples. This is imposed as

T (0.4R, ζ, θ) = 0 T (R, ζ, θ) = 1.0 (4.6.1)
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As in the case of a uniform pressure, a single term in (ζ,θ) can be used for the four

non-zero field variables (ur, φ,Ψ,T) that are all equal to unity. Hence the radial variation is

captured by the dicrete layer approximations.The pyroelectric and the pyromagnetic terms

are equal to zero, since only the elastic and the thermal terms are coupled. For this prob-

lem, a homogeneous MEE layer composed of BaTiO3 and CoFe2O4 with 20 percent volume

faction Vf , whose material properties are listed in Table 4.2. The dimensionless results are

presented in Figure 4.9a- 4.9d. From Figure 4.9a, we observe that there is a very significant

magnitude of radial displacement increase with the increase in the temperature distribution

along through the thickness of the hollow sphere. The radial displacement is only governed

by steady state thermal loading directly and this influences the electric and magnetic poten-

tials indirectly. This behavior can be concluded from the Figure 4.9b and 4.9c. But these

indirect effects are negligible.

(a) Variation of radial displacement in purely elastic hollow sphere subjected to uniform pressure q
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(b) Variation of radial displacement in purely elastic hollow sphere subjected to uniform pressure
q

(c) Variation of temperature in purely elastic hollow sphere subjected to uniform pressure q

42



(d) Variation of temperature in purely elastic hollow sphere subjected to uniform pressure q

Figure 4.9. Plot demonstrating the variation of (A) dimensionless radial
displacement urC44/(qr2) and (B) dimensionless temperature change (T/TR)
along the radial direction(r/R) in a purely elastic hollow sphere applied with
an uniform temperature distribution along its radial direction.
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Table 4.2. The material properties used in this study for the piezoelectric
(BaTiO3), magnetostrictive (CoFe2O4), and MEE (50/50 mix) materials. The
units of Cij are 10

9N/m2, eij are C/m
2, qij are N/Am, ǫij are 10

−9 C2/(Nm2),
µij are 10−6 Ns2/C2, αij are 10−12 Ns/VC βij are 106 N/m2K, kTij are N/sK

Property BaTiO3 CoFe2O4 MEE(Vf=0.5) MEE(Vf=0.2)

C11 162.0 269.5 207.0 241.3
C22 166.0 286.0 213.0 254.0
C12 78.0 170.5 113.0 144.5
C13 78.0 170.5 113.0 144.5
C23 77.0 173.0 113.0 144.5
C33 166.0 286.0 213.0 144.5
C44 44.5 56.5 50.0 50.0
C55 43.0 45.3 49.9 45.0
C66 43.0 45.3 49.9 45.0
α11 0.0 0.0 2750.0 2162.0
α33 0.0 0.0 -5.23 2.8
e11 18.6 0.0 8.86 3.412
e12 -4.4 0.0 -2.71 -1.212
e13 -4.4 0.0 -2.71 -1.212
e35 11.6 0.0 0.15 -
e26 11.6 0.0 0.15 -
ǫ11 12.6 0.093 6.37 2.622
ǫ22 11.2 0.08 0.24 0.33
ǫ33 11.2 0.08 0.24 0.33
q11 0.0 699.7 292.0 516.2
q12 0.0 580.3 222.0 417.2
q13 0.0 580.3 222.0 417.2
q35 0.0 550.0 185.0 -
q26 0.0 550.0 185.0 -
µ11 10.0 157.0 83.9 130.5
µ33 5.0 590.0 201.0 -
β11 - - - 5.60
kT
11

- - - 1.2
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CHAPTER 5

Summary and Conclusions

In this study, approximate solutions to the weak form of the governing equations of equi-

librium, electric flux, magnetic flux, heat flux are obtained for a hollow sphere containing n

layers , that is made up of anisotropic magneto-electro-elastic material in a steady-state ther-

mal field under static condition. On application of a load, the sphere undergoes deformation

and, there is a coupling of these fields and the conversion of energy from one form to an-

other is represented by consideration of the independent ritz-based approximations for each

of these fields. By setting these variables unknowns layer-wise though the thickness in an

approximate discrete-layer model, the unknowns are found out. As numerical illustrations,

results have been presented for one-dimensional and two-dimensional analysis for three lay-

ered hollow sphere composed of piezoelectric barium titanate BaTiO3 and magnetostrictive

cobalt ferrite CoFe2O4 and the single layer MEE material under external uniform pressure

and axisymmetric loading conditions. The study of the effects of physical laminate schemes

of B/F/B, F/B/F and the MEE spheres. The influence of layer sequence, number of layers,

multiphase couplings due to elastic, electric, magnetic and thermal fields are illustrated. The

results obtained from the present model will serve as valuable reference to the analysis of

multilayered magneto-electro-thermoelastic sphere based on various analytical methods.

5.1. Conclusions

The following conclusions have been drawn from this research:
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• The radial displacement and temperature change obtained from the approximate

model proved to match explicitly with the exact solution for purely elastic sphere

subjected to thermal loads.

• The radial displacement, electrostatic and magnetic potential have been effected by

change in slope due to dissimilar layers of B/F/B and F/B/F through the thickness

of hollow sphere. But, the coupled MEE sphere did not suffer such an effect under

the uniform external pressure.

• It was observed that the homogeneous coupled MEE hollow sphere under the uni-

form external pressure has the most significant value of electric displacement and

magnetic induction when compared to the laminate schemes used in this study.

• The laminate sequence B/F/B showed the most significant electric displacement and

laminate sequence F/B/F exhibited highest magnitude of magnetic induction, which

was true for both the cases on the innermost layer when subjected to axisymmetric

loading.

• The radial displacement is only governed by steady state thermal loading directly

by thermoelastic coupling and this influences the electric and magnetic potentials

indirectly. But the indirect effects are negligible.

5.2. Future Work

• A fully coupled thermo-magneto-electro elastic hollow sphere could be studied to

investigate the other product properties such as pyroelectric and pyromagnetic co-

efficients.

• Moisture loads could be applied to the MEE hollow sphere to investigate its effects,
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in addition to the thermal loads.

• A behaviour of MEE sphere under transient thermal load could be studied.

• A free vibration analysis of the MEE sphere could be considered as MEE hollow

spheres are used in spherical acoustics
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APPENDIX

The elements of the coefficient matrices for the discrete-layer model are simplest to

express prior to the integration in radial direction. These include,
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∫

V

[

q11
∂Nu

i

∂r

∂NΨ
j

∂r
+
q12
r
Nu
i

∂NΨ
j

∂r
+
q13
r
Nu
i

∂NΨ
j

∂r
+
q26
r2
∂Nu

i

∂ζ

∂NΨ
j

∂ζ
+

q35
r2 sin2 ζ

∂Nu
i

∂θ

∂NΨ
j

∂θ

]

r2 sin ζdrdθdζ

K16

ij =
∫

V
−β11

∂Nu
i

∂r
NT
j r

2 sin ζdrdθdζ

K17

ij =
∫

V
−ξ11

∂Nu
i

∂r
NM
j r

2 sin ζdrdθdζ

K22

ij =
∫

V

[

C22

r2
∂N v

i

∂ζ

∂N v
j

∂ζ
+
C23 cot ζ

r2
N v
i

∂N v
j

∂ζ
+
C32 cot ζ

r2
∂N v

i

∂ζ
N v
j

C33 cot
2 ζ

r2
N v
i N

v
j +

C44

r2 sin2 ζ

∂N v
i

∂θ

∂N v
j

∂θ
+

C66

(

∂N v
i

∂r
−
N v
i

r

)(

∂N v
j

∂r
−
N v
j

r

)]

r2 sin ζdrdθdζ

K23

ij =
∫

V

[

C23

r2 sin ζ

∂N v
i

∂ζ

∂Nw
j

∂θ
+

C33

r2 sin ζ
cot ζN v

i

∂Nw
j

∂θ
+

C44

r2 sin ζ

∂N v
i

∂θ

(

∂Nw
j

∂ζ
− cot ζNw

j

)]

r2 sin ζdrdθdζ

K24

ij =
∫

V

[

e12
r

∂N v
i

∂ζ

∂Nφ
j

∂r
+
e13 cot ζ

r
N v
i

∂Nφ
j

∂r
+
e26
r

(

∂N v
i

∂r
−
N v
i

r

)

∂Nφ
j

∂ζ

]

r2 sin ζdrdθdζ

K33

ij =
∫

V

[

C33

r2 sin2 ζ

∂Nw
i

∂θ

∂Nw
j

∂θ
+
C44

r2

(

∂Nw
i

∂ζ
− cot ζNw

i

)(

∂Nw
j

∂ζ
− cot ζNw

j

)

+

C55

(

∂Nw
i

∂r
−
Nw
i

r

)(

∂Nw
j

∂r
−
Nw
j

r

)]

r2 sin ζdrdθdζ

K34

ij =
∫

V

[

e13
r sin ζ

∂Nw
i

∂θ

∂Nφ
j

∂r
+

e35
r sin ζ

(

∂Nw
i

∂r
−
Nw
i

r

)

∂Nφ
j

∂θ

]

r2 sin ζdrdθdζ

K35

ij =
∫

V

[

q13
r sin ζ

∂Nw
i

∂θ

∂NΨ
j

∂r
+

q35
r sin ζ

(

∂Nw
i

∂r
−
Nw
i

r

)

∂NΨ
j

∂θ

]

r2 sin ζdrdθdζ

K44

ij =
∫

V

[

−ǫ11
∂Nφ

i

∂r

∂Nφ
j

∂r
−
ǫ22
r2
∂Nφ

i

∂ζ

∂Nφ
j

∂ζ
−

ǫ33
r2 sin2 ζ

∂Nφ
i

∂θ

∂Nφ
j

∂θ

]

r2 sin ζdrdθdζ
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K45

ij =
∫

V

[

−α11

∂Nφ
i

∂r

∂NΨ
j

∂r
−
α22

r2
∂Nφ

i

∂ζ

∂NΨ
j

∂ζ
−

ǫ33
r2 sin2 ζ

∂Nφ
i

∂θ

∂NΨ
j

∂θ

]

r2 sin ζdrdθdζ(.0.1)

K55

ij =
∫

V

[

−µ11

∂NΨ
i

∂r

∂NΨ
j

∂r
−
µ22

r2
∂NΨ

i

∂ζ

∂NΨ
j

∂ζ
−

µ33

r2 sin2 ζ

∂NΨ
i

∂θ

∂NΨ
j

∂θ

]

r2 sin ζdrdθdζ

The element matrices for Elastic-Temperature Problem

K11

ij =
∫

V

[

C11

∂Nu
i

∂r

∂Nu
j

∂r
+ C12

Nu
i

r

∂Nu
j

∂r
+ C13

Nu
i

r

∂Nu
j

∂r

C12

∂Nu
i

∂r

Nu
j

r
+
C22

r2
Nu
i N

u
j +

C23

r2
Nu
i N

u
j

C13

r

∂Nu
i

∂r
Nu
j +

C23

r2
Nu
i N

u
j +

C33

r2
Nu
i N

u
j

]

r2 dr

K12

ij =
∫

V

[

−β11N
T
j

∂Nu
i

∂r
− β22N

T
j

Nu
i

r
− β33N

T
j

Nu
i

r

]

r2 dr

K21

ij = 0

K22

ij =
∫

V

[

−KT
1

(

∂NT
i

∂r

∂NT
j

∂r
+ 2

∂NT
i

∂r

NT
j

r
+ 2

∂NT
j

∂r

NT
i

r
+ 4

NT
i

r

NT
j

r

)]

r2 dr
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