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I, THE SAMPLE SIZE PROBLEM

One of the most important statistical problems is estimating the
value of an unknown parameter in a given frequency function, If a
peint estimate is desired and the sample size is not fixed in advance
then the experimenter must decide how large a sample should be taken,
For most problems the cost of an experiment increases with the sample
size. This increase in cost may be in financial terms or perhaps in
terms of time or effort. On the other hand, a decrease in sample size
may increase the variance of the estimate (loss of precisien) or
decrease the "closeness" of the estimate to the true value of the
parameter, i.e., the probability that the estimate is within a given
distance of the true value decreases. Thus the problem is to devise
some procedure for determining the smallest sample size which still
allows the experimenter to obtain an estimate of the parameter with
certain restrictions on precision, closeness, or some other criterion,

An experimenter may prefer to obtain an interval estimate of the
unknown parameter, The desirability of small sample size is the same
as in the point estimation case. For interval estimation a reduction
in sample size will in general increase the width of fhe interval or
decrease the confidence coefficient. The problem is to cbtain the
smallest sample size possible with certain restrictions, determined
by the experimenter, on the width or confide§ce coefficient of the

interval estimate.



When the experimenter has limited financial resocurces or time, it
is possible that he might be forced to relax desired restrictiomns to
reduce sample size, In this case the experimenter must evaluate
relative losses between increased sample size and decreased usefulness
of the results, This indicates that the quality of results in experi-
ments is often related to financial resources and time restrictions.

Dantzig [12] in 1940 was the first to show that not all sample
size problems can be solved by a one-step procedure. In particular,
Dantzig's results showed that a one-stsp procedure cannot be devised
to test "student's" hypothesis such that its power function is inde-
pendent of the variance.

For the class of all distributions for which the mean exists,
Bahadur and Savage [3] have shown that a purely sequential sampling
scheme is not sufficient to provide a universal procedure for interval
estimation of a mean with specified width and confidence coefficient,
Also it has been shown by Farrell [1u4] that for estimation of the
median, within the class of distributions possessing a unique median,
a purely sequential scheme is both necessary and sufficient.

Sequential tests of statistical hypotheses as discussed by Wald
[32], are described as "apy statisticel test procedure which gives a
specific rule, at any stage of the experiment (at the nth trial for
each integral value of n), for makirg one of the following three
decisions: (1) accept the hypothesis being tested (null hypothesis),
(2) to reject the null hypothesis, (3] to continue the experiment by
making an additional observatiem." Thus, after éach trial in a

succession of trials one of three decisions is made. Either decision



(1) or (2) is made, terminating the procedure, or (3) is made and
another trial is performed. Some of the work in this field is con-
tained in the set of references [2], [7]1, [11], [221, [231, [2u], [258],
[31], and [32].

Even though a sequential procedure may result in the smallest
sample size possible for a given problem, the sequential method does
present certain difficulties. It is not always possible or practical
to sample from a population at an indefinite number of different times
as must be done with this method, The same populatien may not be
available to take more than a limited number of samples or it may be
too costly to take samples at different times.

For certain problems it is possible to find a one-step procedure,
The advantage of taking only one sample is obvious. Greenwood and
Sandomire [20] have solved one such problem which is amenable to this
type of sampling procedure, Their procedure gives the sample size
required such that a confidence interval can be placed on the standard
deviation of a normal population within 100p percent of the true
value. Given p and o , their method determines the sample size n

such that

P L] Gn -0 <psl>l-a

where

A - 2 1/2
o = [Z(X, -X)" / (n - 1)1

and the X, are n independent observations from a normal density

with mean u and variance o2 , Graybill and Connell [17] give a



one-step procedure to obtain sample sizes such that the ratlio of
variances from two independent normal populations can be estimated
within 100p percent of the true ratio with specified confidence
coefficient. Similarly Epstein [13], using a one-step procedure,
has estimated the mean in the exponential distribution within 1008
percent of its true value with specified confidence coefficient.

In many common densities it is possible to comstruct a one-step
procedure to estimate a parameter within a given percent of its true
value.

A two-step sampling procedure for estimation of an unknown
parameter can be defined as a procedure for computing an estimate,
under certain desired restrictions, based on a sample of size n,
where n is determined by a first or preliminary sample. Some
writers use the terms two-stage sampling, two-sampling, or double
sampling to mean the same as two-step sampling.

Blum and Rosenblatt [9] give sufficient conditions for the
existence of a two-step procedure for constructing confidence inter-
vals of prescribed widths and confidence coefficients. Let G be a
family of distribution functions and let 6(.) be a real-valued
functional defined on G, It is desired to make an interval estimate
of 6(F) based on a sample from [ € G, For each positive integer
k let Fk denote the product distribution function on Euclidean
k-space induced by F. The corresponding probability measure is

denoted by Pp . Let G(m, v, ) = [Fe G : m(F, v, §) 2 m] where
n

m(F, v, 6) is the smallest positive integer such that for all

n > m(F, vy, §) we have



PFntl 6, (XgpereaX ) = 6(F)| <6 1> 1= a.

Using this notation, Blum and Rosenblatt give the following theorem:
Suppose there exists a decreasing sequence [Nj] of Borel
subsets of RK such that

and 1lim P~ [H.,1 =0 for every F € G,
F
Jroo k 3

and

(ii) There exists vy e (o, o) and for each integer j
a positive integer nj such that

inf Pp [Nj] > (1 = a)/(L = v).
' G(nj,y,é) k

Then there exists a two-stage procedure with k observations

in the first stage for constructing a confidence interval for

8(F), of length 28 and confidence 1 - a.
A generalization of this theorem is also given for sufficient conditions
which require an n-step procedure. Sufficient conditions for the
existence of a two-step procedure for constructing confidence intervals
of preassigned widths and confidence coefficients using only one obser-
vation in the first step are given by Abbott and Rosenblatt [1]. .

The first two-step procedure was given in 1945 by Stein [30] for
estimating the mean u from a normal population. In this procedure
d, m, and o are specified and the sample size n is determined

from a preliminary sample of size m such that

P[lpy-1]<d>1-a Qi



where ﬁ is the mean of the combined sample. He also generalizes his
method to confidence regions for means of several normal populations
with equal but unknown variance.

Four years after the publication of Stein's article Ruben [28],
working in ignorance of Stein's [30] results and using a different
type of argument, rediscovered them. Ruben's results were achieved
more simply and directly and have the advantage that the method
generalizes quite naturally to deal with the more difficult problem
of sampling from normal populations with unequal and unknown variances.

Procedures to determine the preliminary sample size in Stein'’s
procedure have been given by Seelbinder [29] and Moshman [25]. These
methods require some estimate of the range for the variance o? of
the population and are concermed with minimum expected sample size.

In Stein's two-step procedure to estimate the mean of a normal
population the experimenter specifies d and 1 - a in (1.1) in
advance and the *total number of observations is a random variable., In
this case the cost of the experiment is not predetermined and may ex-
tend beyond the experimenter's resources. To exercise some control
over cost Wormleighton [36] generalizes Stein's procedure so that a
first sample can be taken to give an estimate of the variance after
which the experimenter can decide on the total number of observations
and the number of units the estimate of the mean may differ from the
true value with a given confidence coefficient. Using Wormleighton's
procedure the experimenter is still able to use all his data in making
the estimate. Stein's results are extended by Chapman [10] to test

hypotheses concerning the ratio of means of two normal populations



with power independent of the unknown variances. To do this, Stein's
procedure is used for each population, under certain restrictions
dependent upon the hypothesized ratio, and a test invelving the differ-
ence of two student's t-variables is given. Also Chapman uses Stein's

technique to test the hypothesis

in the regression problem where the Y, are independent random varia-
e

bles with OY unknown and
i

E(Y.) = a + bx. .
& i

In this case the power is shown to be a function of (b'-bo)(xlme)/ij,
where D' 1is the true value of b, 3 and x, are the x values

at the ends of the range which are used in the first step of Stein's
procedure, and 2z can be chosen to obtain any prescribed power given

b' . This power function is independent of oy ~as desired.

Healy [21] also extends Stein's results an; gives two-step proce-
dures to construct simultaneous confidence intervals of prescribed
widths and confidence coefficients for the following: (1) all
normalized linear functions of means, (2) all differences between means,
and (3) means of k independent normal populations with common unknown
variances. A partial generalization of (2) has been given by Ghurye
and Robbins [15]. The method estimates the difference between means
from normal populations with different variances. The second sample

size, restricted by a cost constraint, is determined on the basis of

the size of the preliminary sample and estimate of variance. The



variance of the estimate is given and is shown to be asymptotic to the
minimum variance which would be obtained if the variances were known.

Bechhofer, Dunnett, and Sobel [5] give a tweo-step procedure to
rank several normal populations according to their means vhen these
populations have equal but unknown variance. This method is similar
to Stein's. They also extend their solution to the more general case
where the variances are unequal but the ratios are known. For the
case of known variances Bechhofer [4] gives a single-sample multiple
decision procedure,

Weiss [33] gives a two-step procedure for obtaining a confidence
interval of preassigned width and confidence coefficient for quantiles
of a continuous distribution. The only assumption is that the density
function is unimodal.

Graybill [16] gives sufficient conditions for two-step estimation
in certain parametric cases. The sample size is determined such that
the probability is B2 that the width of a confidence interval, with
prescribed confidence coefficient 1 - o, will be less than some
preassigned value d. Graybill's theorem is as follows:

Let the chance variable X be the width of a confidence

interval on a parameter u based on a sample of size n.

Suppose that X depends on n and on an unknown paranmeter

6(6 may be the parameter u). Suppose also that there exists

a function of X, 6, and n, say g(X; 6, n), such that if

Y = g(X; 6, n), then the distributien of Y deces not depend

on any unknown parameters except n. Let f(n) be a function

of n such that



P(Y < f(n)] = B for any 0 <g <1,

Let the solution of the equation g(x; 6, n), = f(n) for
x be x = h(6, n), and suppose the following are true for
x > 0:
(é) g(x; 6, n) 1is monotonic increasing in =z for
every n and 6 .
(b) h(8, n) 1is monotonic increasing for every n.
(¢) h(8, n) is monotonic decreasing in n for every 6.
(d) z 1is random variable which is available from step
one of the procedﬁre such that P[t(z) > 8 1 =28
for 0 <8 <1, where t(z) 1is a function of =z
which does not depend on any unknown parameters or
on mn,
Let d and B be specified in advance. Then if n is such

that the equation
h{t(z), n]l <d

is satisfied [t(z) is known] then the following inequality is

true:
P(X < d) 2 B?

This is a two-step procedure which is applicable for many common distri-
butions, In particular, this procedure is applied to the variance of a
normal distribution by Graybill and Morrison [19].

Birnbaum and Healy [8] attacked the sample size problem by giving

rules for sampling in two steps so as to obtain an unbiased estimator
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of a given parameter, having variance equal to, or not exceeding, a
prescribed bound. They assume conditions satisfied by many distribu-
tions, It is applied to the means of the binomial, Poisson, and
hypergeometric distributions, scale parameters in general and of the
gamma distribution in particular, the variance of a normal, and a com-
ponent of variance. This procedure can be applied to problems of
interval estimation in two-steps by the use of Tchebycheff's inequality.
Graybill and Connell [18] give a two-step procedure to estimate

the parameter in the uniform density,
f(u) =1/8 3 o©<u<é6,

within d units of the true value with specified cenfidence coeffi-
cient. This procedure is shown to give smaller sample sizes than that
possible with Birnbaum and Healy's method using Tchebycheff's inequal-
ity.

Another type of sample size problem has been solved graphically
by Birnbaum and Zuckerman [6]. To determine the smallest sample size
for which the minimum and the maximum of a sample are the 100 8 %
distribution-free tolerance limits at the probability level a, one

has to solve the equation

neV 1 - -1V =1 -

given by Wilks [34], The graph presented makes it possible to solve
this equation with sufficient accuracy for almost all useful values
of B and a

The preceding is a resume of the type of work that has been done

in the sample size problems. In this dissertation two estimation
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problems will be solved with two-step procedures. In Chapter III a
two-step procedure will be given to estimate the variance of a normal
distribution within d wunits with a specified confidence coefficient
using an inequality derived in Chapte> II. With minor modificatioms,
the results of Chapter III can be extended to estimate the mean of the
gamma distribution. A two-step procedure derived by a different type
of argument will be given in Chapter IV to estimate the mean of a
Poisson distribution within 'd units with a specified confidence
coefficient. The results in both Chapters III and IV are compared
with Birnbaum and Healy's [8] method using Tchebycheff's inequality.
It is anticipated that the techniques used in this dissertation can

be applied to other similar types of problems. Chapter V presents
some of the sample size problems whicna have not yet been solved and
discusses some of the problems which are associated with the solutions

in Chapters III and IV,



II, A TCHEBYCHEFF TYPE INEQUALITY FOR GAMMA

2.1 Introduction

A Tchebycheff type inequality is useful in many situations in
statistics, but for certain densities it may be impreved upon. For
example, in Chapter III it's desirable to sharpen the inequality some-
what for the gamma density. The purpose of this chapter is to find
an inequality that is an improvement of Tchebycheff's inequality for
a random variable that is distributed as gamma with parameters r and

A.

A(xA)FL

Let f(x)

i
[
-
kA
A\
o]

I'(r)

The problem is to prove that

-aV’ 2p-
P( | x-2/A | <apr/h)>1-e al2e-1/ Vr

for all a>o, v >1/2, and X > o. Let v = Ax/r, r =n/2,

Then the problem is equivalent to showing that

l+a
Jf -ah-1/ /7 (2.1)

fl(V) dv > l-e
l-a
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for all a > o and n > 1, where fl(.) is the density of a chi-square
divided by n, its degrees of freedom. Also, the inequality in (2.1)

will be compared with

l+a 9
J( fl(v) dv > 1 - 2/a"n
l-a

which is Tchebycheff's inequality fer this preblem. We shall assume

n given, In the proof we shall use y “~ z to mean yz > o.

2,2 Solution

By definition

(n/2)P/2
fl(v) 2 —— y(n/2)-1 -(n/2)v y © <V <w®
I'(n/2)
= o ym® <V <o,
Let
v n-1
f2(v) = exp [ - | v-1| /a-1/V1 ] =2 <v <=,

2V

Define h(a) by

l+a
h(a) = j’ L £,(v)-£,(v) 1dv, a 20, n2 Ll
l-a

Thus (2,1) is true if

h(a) > o fer all ¢ <a <« and n > 1. (2.2)
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From Wilton [35] we obtain

m+l/2 e—(m+l/2)

I'(m+l) < V2 7 (m+l/2) s m > =1/2
If we let m = n/2 - 1 we find that
(n/2)P/2 Va-1
e §~B/2 , n>1l., (2.3)
r'(n/2) 2V

g (v) = [fl(l-v) + fl(l+v) ] /2f2(l+v), V2o,
From (2.3) we obtain
gl(o) > 1 " n>1,
Equation (2,2) is true, which implies (2.1) is true, if there exists

a vl such that

d >0, 0 <V <V

1
—_ gl(v) (2.4)
dv < 0, V. <V <
- l—
since
d
—n(a) vgla-1 , o<ac<e
da
and

h(») = o ,
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We shall show that a Vi exists such that (2.4) is true. By

definitien

p[(1-v)P"L &(APIY 4 (14v)P"L &(aP)V ] o <v <1
g (v) =
. r(1+v)P-1 e(a-P)V , l<v <o

where p =n/2, q= Vn-1/Y1 , r= pP eP/qg T (p) .
Thus

d e~V g
— g.(v) v — — g, (v)
dv 1 r dv o

PV

-2
[(q#1) = (p+q) v 1 (1-v)F "~ e

.
[(q-1) = (p=q)v ] (l+v)p e PV sy 0<v <l

]
I
-+

_2 -
[(g-1) - (p=q) v ] (1+v)P™* &P L l<v<w,

\

By definitien p > q2 which implies

(q+l) / (p+q) > (q=1) / (p=q) , n > 1.
Therefore

d

—g(v) S0 , v 2 (q+l) / (p+c) (2.5)
dv

To show the existence of such a vy in (2.4) we have proved (2.5)

that v, must be less than or equal to (q+l) / (p+q). To find vy

we shall discuss three cases.
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Case (i) : 4 <n <o
Let
g,(v) = [(1-v) / (1#v)] P72
g,(v) = eV [(g-1) - (p-q) v] / [(qt1) - (p+q) v1 .
Hence
E}.gl(v) v g, (v) +gg(v) , o <V <(qtl) / (pta) (2.6)
v

Differentiating we obtain

d g,(v) = (p-2) [(1~v) / (1)) P=3 [ 2/(1+)? 1 <0,
dv
and
d - -2pv
- —_galv) = -2p g3(v) - e (p=q) / [(q+l) - (ptq) v ]
dv

+ e 2PV (prq)[(g-1) = (p-q)v] / [(q+l) = (ptq)v]?
n -p[{g-1) = (p-a)v] [(q+l) - (p+q)v] = p + q2
= -p(p2 - q2)v2 + 2pgq(p-1)v - q2(p-l)

-p(p2 - q2) [q(p-1) / (p2 - q2)]2

A

+ 2pq(p-1) [q(p-1) / (p2 - q2)] - q2(p—l)

~v -p + q2 <o .
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Using (2.5), (2.6}, and the knowledge that

g2(0) + g3(0) > o

d
qemnall ! gQ(V) tg(v) 1<o, osvc< (q+1) / (p*+q) ,
dav

we see that there exists a v, < (q+l) / (p+q) such that (2.4) is

true, implying (2.1) is true for this case,
Case (ii) ¢+ 1 <mn <2

In this case it can be shown that (2.4) is true for v, = 1,

implying (2.1) is true,
Case (iii) : 2 <n <4

By similar, though tedious, manipulations it can be shown that (2.4)
is true for some v in the interval (q/p, (gq+l) / (p+q)) .

Thus (2,1) is true for all n > 1.

2,3 Comparison With Tchebycheff's Inequality

Let the density of v be fl(e), a chi-square divided by n,

its degrees of freedom., By Tchebycheff's inequality
2
P[|v-1]|<alz>1-2/an. (2.7)

In this chapter, by(2.,1l), the corresponding inequality is

-av¥n-1//1 .

PL|v-1]|<al>1l-e (2.8)
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Consider the ratio of e~@ VP-1/ /7 ana 2/a%n, i.e.

k(n, a) = .5a%ne”2 fo-1/ 4

If k(n, a) <1, then (2.8) provides a better (larger) lower bound than
(2,7), We shall show the values of a and n where k(n, a) <1 and
hence where the method described in this chapter is better than
Tchebycheff's inequality for the gamma density. Figure 2.1 shows that
k(n, a) > 1 only in a limited region. For instance k(n, a) <1 for
n>7 and o <a <. Also, k(n, a) <1 for o <a <1.36 and

lf_n<°°o

a
‘i// (2, 6579)
6
5_
4 (3, 3,95)

3 - ///’ (4, 2.86)
(5, 2.25)
2 l.usS
- Z e

l l { 4
1 - (2, 1.55) (3, 1.46) (4, 1,40) (5, 1.37) (6, 1.37)

‘ ] | I i |

5 6
/// k(n, a) > 1 k(n, a) <1

Figure 2.1




III, SAMPLE SIZE REQUIRED FOR ESTIMATING

THE VARIANCE WITHIN d UNITS OF THE TRUE VALUE

3.1 Introduction

The problem of estimating the variance (¢?) of a normal popula-
tien arises in many experimental situastions. J. A, Greenwood and
M. M, Sandomire [20] have presented a means of obtaining the sample
size required to estimate the variance of a normal population within
a given per cent of its true value. An investigator may prefer to
estimate the variance within a given number of units. This chapter
will provide the sample size required to” solve that problem,

Assume a preliminary sample of size m; Z1sZps0002Zs is taken

from a normal density with variance c2, The unbiased estimator of

2

the variance, s,

-1 =
is computed by the formula s; = (m-1) Z(zi-z)2 R
and d and 1 - o are specified in advance., It is desired to

determine n, on the basis of the preliminary sample, such that

2 2
P[[sn+l 02| <dl>1-a (3.1)
n+l — 9
where S§+l is equal to (1/n) (yi - y)° and where

i=1

Vi YoseeesY4q is a random sample of size n+l, frem a normal

s s . ]
density with variance o<,
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The tables in sectien 3,3 provide the sample size n+l, such

that (3.1) is true, for

l-a = .90, .95, .99
m = 5(5)20(10)50(25)150(50)300(100)500(250)1000,
.
2 = ,33, .5, .67, 1(1)5(5)20, 30.
d

The only other known methed for seolving this problem is given in

[ 8] which requires the use of Tchebycheff's inequality. It can be
shown that the method presented in this chapter provides a significantly
smaller sample size than does [ 8], For some comparisons with [ 8],

see Table 3.4,

3,2 Solution

Equation (3.1) may be written as

2 _ 2 - B .
P[ | s, 0 | <a] = E {P[(1-a) <v < (1+a) | nl}
® (1+a)-
= jﬂ g(n) j’ fl(v) dv dn
(1-a)
1
2
’ . " d Sn+l
where E, 1s expectation with respect te nj; a = = y V= 3
2
g o

g(.) 1is the density of n, and fl(') is the density of a
chi-square variable divided by n, its degrees of freedem, We shall
restrict n such that n > 1. By definitien

n
) 2

¢(n/2 - 1) -(n/2)v 6 <V <
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In Chapter II it was shown that

l+a l+a
f £,(v) av > f fo(v) v, for all a > 0, n > 1,
l-a l-a

where
Vn-1 -vABzl | yo1 |
f2(V)= e /' g = ® <v < ®
2
and

|

l+a a
J[ f(v)dv=1-¢e" /n

l-a
If a were known, we might let n be equal to

T log2 o
=_ %15
a

since in that case we would have

Pl | 82

. 1l+a
a2
ey ~ & | <a] > E f £,(v) dv

l-a

1]

E (1-2)

= l-a .

Because a is assumed unknown let

n=w logza k2s; + 1 (3.2)
d2



22

where k is some constant, independent of a, such that

l+a
;n f fz(v) dv =1 - a,

l-a

and where

vy l log a|
R= —— k
m-1

V1 log(l/a)
= K
m-1

and
= 2
(m-1) sy

g2

The density of u 1is chi-square with m-1 degrees of freedom; that is

l (m—l)_l x
£4(u) = u 2 e.(l/2}UL s U0
m-1
== r|m=l
2 2 2
But
a(n-l)l/2
u = i
R
e a(m /2 (m-1)/ (a/2R)(n-1)1/2
_ = m-1)/4 - 1 -(a/2R)(n-
g(n) = rra— : (n-1) e sy > 1,
2 2 m=4
2 R r 2)
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Therefore
l+a
E ,( f2(v) dav
n
l-a
Yn-1
. a
= E l-e 2
n
alm-1)/2 n
=z ] - f (n_l)(m‘l)/"" - 1 .
mtl m-1  (m-l l
2 2 )
2 R
a(n-1)1/2  a(n-1)/2
) 2R oo
e
= ] - 1
m-1 m-1 0
- 2 p(m=l
2 R 2
= ] - 1
m-1 m-1 m-1
2% p2 [frtR ?
2R V7
" _(m—!’
=1-[1+ log(l/a)k] 2
(m-1)
If we set
__Z_Y
(m-1) | (1/a)™Y _ 1
k=
2 log (1/a)
we have
l+a
En -f. f2(v) dv =1 - a,
l-a

.

ww(m—l)/2 -1 e-(1/2R+1//7F)w

dw

(3.3)
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Thus if we substitute k in Equation (3,3) into Equation (3.2) we get

r ] n

" (m—gl) 2 m
n+l = — | (1/a) -1 (m-1)?2 2
n

d2

+ 2 (3.4)
We have proved that if the sample size n+l, iven in Equation (3.4)

is used for the second step sample, the following inequality is

satisfied:

P[ | 82 - o2 | <d] > l-a.
The expected sample size in Equation (3.4) is

i 2 72 o
E (n+l) = — [(l/a)(m'l) -1 J (m-l)(m+l)'";- + 2 (3.5)
n 4

d

3.3 Sample Size Tables

The sample size n+l as given in Equation (3.4) insures that
(3¢:1) is true, To find the sample size, compute si/d, where si
is available from the preliminary sample of the procedure and d is the
desired allowable deviation from the true variance, and use Table 3,1 ,
3,2 , or 3,3 depending on the appropriate 1l-a level (m is the
sample size on which s; is computed in the preliminary sample),

To find n+l for values of s;/d other than those in Tables

31 4 3.2 , and 3.3 wuse Table 3.4 as follows. Compute s;t/d2

multiply by the entry in Table 3.4 which corresponds to the appropriate

l-a level and m, and add 2.
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Table 3.5 shows some comparisons between the sample size given
in (3.4) and the sample size obtained in [ 8]. The quantities tabled

are

n-1 m =1}
s ——m(m-s)(m-s)[(J./ot)Q/(m " s 33 i m>6

n'-1 8

h(m,a) =

where n+l is given in (3.4) and n' is the sample size given in
[8]. It is noted that
E(n-1)

h(m,a) = ————
E(n'-1)

It can be demonstrated that
h(m,a) < h(m,ao)

< lim h(m,a )
o R

ome 2

¥ .85
where a, = — « This shows that the sample size using
m-1
(3.4) is never more than 85% of the sample size obtained by using the

method in [ 8 7.
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7]
Q-lgr\)

TABLE 3.1
Sample Size n+l such that P[ | s§+l -02 | <415 1-a
l-0 = ,90
33 5 +67 : A 1,33 2 3
8,40 16.68 28,37 60,75 105,92 237,01 530,78
5.09 9,09 14,74 30,39 52,22 113,58 257,56
4,54 7,83 12,48 25,35 43,30 95,41 212,18
4,32 733 11,57 23,32 39,72 87.31 193,96
4,13 6,89 10,78 21,56 36.60 80,25 178,07
4, 0u 6.69 10,42 20,76 35,19 7,06 170,89
3,99 6.57 10,21 20,31 34,49 75,24 166,80
3,93 6,43 9.95 19,73 33.36 72,92 161,58
3,90 6,36 9,83 19,45 32,87 71.81 159,07
3,88 6.32 9,76 19,28 32,58 7i.15  157.59
6.29 9,71 19,18 32,39 70.72  156.62
6,26 9,65 19.0% 32,15 70,18  155.u2
6,24 9,61 18,98 32,01 69,87 154,70
6422 9,59 18,9° 31,92 69,66 154,23
6,21 9,56 18,84 31,80 69,39 153,64
6,20 9,54 18,81 31,73 69,24 153,29
6,18 9,52 18,75 31,64 69.03 152,83
6,18 9,51 18,73 31,59 68,93 152,59
4 5 10 15 20 39
942 1471 5877 13222 23503 52880
456 712 2842 639_ 11360 25559
376 586 2337 5257 9343 21020
343 535 2135 480_ 8534 19198
315 491 1958 4404 7828 17610
302 471 1879 . 4224 7508 16891
295 460 1833 4122 7326 16482
286 445 1775 3992 7095 15960
281 438 1747 3929 6983 15709
279 434 1731 3892 6917 15562
277 432 1720 3868 6874 15465
275 428 1707 3838 6821 15344
273 426 1699 3820 6789 15273
273 425 1694 3808 6768 15226
272 423 1687 3793 6742 15167
271 422 1683 3784 6726 15132
270 421 1678 3773 6706 15085
270 420 1675 3767 6695 15062
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TABLE 3.2
Sample Size n+l such that P[ | S§+l - o2 | <adl] > 1-a
l-a = .95
*n
d » 33 e .67 1, 1.33 2 3
18,49 39.87 70,00 153,49 269.98 607,98 1365.47
8,19 16,22 27.55 58,91 102.68 229,67 514,26
6.78 12,97 21,71 45,91 79.68 177,66 397.25
6.24 11,74 19,49 40,96 70,92  157.87 352,70
5,78 10.69 17,61 36,78 63,53  1lu4l.15 315,09
5,58 10,23 16.78 34,94 60.26. 133,76 298,46
5.47 9,97 16,32 33,90 58,42 129.60 289,10
5,33 9,64 15,73 32,58 56,10 124,35 277.29
5.26 9.49 15,45 31.96 55.00 121.84% 271,65
5,22 9,39 15,28 31,59 54,35 120.38 268,35
5548 9,33 PP ) 31,35 53.92 119,41 266,19
5.16 9.26 15.04 31,05 53,40 118.23 263,52
5.14 9,22 14,96 30,88 53.08 117,52 261,93
5,138 .19 14,91 30,76 52,88 117.06 260,89
511 9,15 14,84 30,62 52,62 116,48 259,58
5,10 9,13 14,80 30,53 52,47 116,13 258,81
5.09 9.10 14,75 30,42 52,27 115,68 257.78
5,08 9.09 14,73 30,36 52.17 115,45 257,27
st
— 4 5 10 15 20
d
2426 3789 15152 34089 60601
913 1425 5694 12809 22769
705 1100 4394 9883 17569
625 976 3899 8770 15589
559 872 3481 7829 13917
529 826 32986 7414 13178
512 800 3192 7180 12762
491 767 3061 6884 12237
481 751 2998 6743 11987
476 742 2962 6661 11840
472 736 2937 6607 11744
467 728 2908 6540 11625
4oy 724 2890 6500 11555
462 721 2879 6474 11508
460 718 2864 ouL2 11450
59 715 2855 6422 11416
B57 713 2844 6397 11370
456 711 2838 6384 11348
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TABLE 3.3
Sample Size n+l such that P[[s§+l - o? | <d] > 1-a
l-0 = .99
2
sm
m \_d .33 ¢5 .67 1 1,33 2
5 112,84 256,46 458,92 1019.87 1802.52 4073.51
10 24,01 52,53 92,74 204,14 359,57 810.58
15 16,52 35,33 61,85 135,34 237,86 535.36
20 14,01 29,58 51,52 112,32 197,14 4u3,28
30 12,05 25,07 43,43 94,30 165427 FFL 2
L0 11,23 23,19 40,05 86,76 151,94 341.06
50 10,78 2216 38,19 82.64 144,64 324,56
75 10,22 20,88 35,91 77,55 135,64 304,21
100 9,96 20,29 34,84 Tl 131.43 294,69
125 9,81 19,94 34,22 73.79 129,00 289,18
" 150 9,72 19,72 33,82 72,89 127.40 285,58
200 9,60 19. 44 33.33 71.79 125.45 281.17
250 9,52 19.28 83,03 71.14 124,30 278,57
300 9,48 18.17 32.84 70,71 123.55 276,86
400 9,42 19.04 32,60 70,18 122.61 274.73
500 9,39 18.96 32.46 69,86 122,05 273,47
750 9,34 18,86 32,27 69, U45 121,31 271,80
1000 9,32 18,81 32,18 69,24 120,94 270,97
S
m d 3 L 5 10 15
5 9162,90 16288 25449 101790 229025
10 1821.30 3236 5056 20217 45485
18 1202,07 2135 3336 13336 30004
20 994,88 1767 2760 11034 24824
30 832,73 1479 2310 9232 20770
Lo 764,89 1358 2121 8479 19074
50 727,76 1292 2018 8066 18146
75 681,98 1211 1891 7557 17002
100 660,57 1173 1831 7319 16466
125 648,16 1151 1797 7182 16156
150 640,07 1136 1774 7092 15954
200 630,14 1118 1747 6981 15706
250 624,29 1108 1731 6916 15559
300 620,44 1101 1720 6874 15463
400 615,65 1093 1707 6820 15343
500 612,82 1088 1699 6789 15273
750 609,06 1081 1688 6747 15179
1000 607,19 1078 1683 6726 15132
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TABLE 3.4

Entries are (m/4)[(1/0)2/(m=1)_11%(p-1)2

l-a 5 10

15 20 50 100 200 500 1000

.90 | 58,75 28,40

.95 151,50 56.92
<99 1017.88 202.1%4

Comparison of sample

23.35 21,33 18,31 17.45 17,05 16.81 16.73
43,82 38,97 31,80 29.96 29,06 28.53 28.36
133.34 110.32 80.64 73,17 69,79 867,87 67.24

TABLE 3.5
size: n+l given in (2.3), n' given in [1]

n-1 E(n-1)
himga) = o'

-1 - E(a'-1)
m\o .01 .05 10
10 437 .615 613
100 . 34k . 704 .820
1000 .33L .705 .832




IV, SAMPLE SIZE REQUIRED TO ESTIMATE THE PARAMETER
IN THE POISSON DISTRIBUTION

4,1 Introduction

In this chapter some two-step procedures will be presented to estimate
the Poisson Parameter within d wunits with a specified confidence coeffi~-

cient, The Poisson density is

e_AAx

P(x3A) = ¢ %2 01200 ne (4s1)
x1

Let m, d, and l-¢ be specified in advance and let X ,X,y000%, Dbe
a preliminary sample of size m from P(,3;A). The problem is to deter-
mine n, the size of a second sample Yye¥peeeos¥y from P(.j3A), based

on the values of the first sample, as m, d, and 1l-e, such that

Pef|A_ - A [ <dl>1l-¢ (4e2)

A

where A, is some function of the second sample. If n were fixed the
maximum likelihood estimator of A is ;; s the mean of the second sample.
Since n 1is a random variable the maximum likelihood estimator of )
depends on the density of n, In this chapter n is not defined in

explicit terms and the actual maximum likelihood estimator cannot easily

be found. Theorem 4,1 shows that

A = y (4,3)
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is an unbiased estimator of A. Equation (4.3) will be used as the
definition of Xn throughout the remainder of this chapter. Theorem
4,1 assumes n 1is a proper random variable whose range consists of
all the positive integers. Later in this chapter n will be a contin-
ucus random variable, but by letting the second sample size be the next
largest integer for fractional values ¢f n, a new random variable is
defined replacing n. In this case, equation (4.2) will be true if it
was true for n.

Although ;h is computed on the basis of a random sample of size
n, the unconditional distribution of the random variable §h is

independent of n. For convenience the subscript n has been added.

Theorem 4,1: Let An = ;h. the mean of the second sample Y1s¥20c00 ¥y

from P(:3;A). Then

Proof:
By definition
E(A,) = E(F) .

Thus

1]

E(A ) = E_[E(y, | n)]

i

Eq[A]

1]
>

o

It is further noted that ;; given the value of n is the
traditional estimator for A. It is the minimum variance unbiased

estimator and also is a squared error consistent estimator of A,



32

Let

ty(nsa,d) = Pe[[A, - A | <d | n]

[na+nd] e A (ny)V
= E —
v=[ni-nd]+1 \2! (b.u)

where [k] means the integral value of k. The density of n§£ given
n is P(.3nAn), i.e., nyh given n is Poisson with parameter na,

Thus

Prl|X, - A | <d) = EgfPrl |2, - x | <d | nl}

Ep, {Pr[ | ny - nx | <nd | nl}

1

E {t;(n3x,d)}- (4.5)

In Section 2 we shall prove certain monotonic properties of t; and a
generalization of t; which will lead to a determination of n, the
size of the second sample.

Sections 3, 4, 5 and 6 present various methods for determining n,
The procedure in Section 3 is the easiest to use and demonstrates the
basic technique employed in this chapter to determine n., Section 4 gives
a second solution which leads to a smaller sample size n but the confi-
dence coefficient is not predetermined. This difficulty is removed by a
similar solution in Section 5. This solution allows for a preassigned
confidence coefficient and reduces sample size compared with the solu-

tion in Section 3 but is more difficult to use. The basic solution is
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further generalized in Section 6 but the confidence coefficient is not
preassigned.

In Section 8 some comparisons of the results of Sections 3 and 5 are
made with the solution to this problem which can be obtained by Birmbaum
and Healy's [8] method using Tchebycheff's inequality. These comparisons
show a significant reduction in sample size.

To apply the results of this chapter some examples are given in
Section 9 along with sample size graphs for procedures developed in
Sections 3 and 5. Also Section 7 shows how to use this chapter's
methods to estimate the mean in a Poisson stochastic process.

In the remainder of this chapter the following definitions for z,

Eg. and H will be used:

where Eg is the mean of the preliminary sample, and

z e %(cz)V
H(ec3z) = L —— (4.6)

Also,

avhb
will mean that a and b have the same sign,

4,2 Monotonic Properties

Equation (4.4) can be rewritten as

{nA+nd]
t;(n32,d) = z P(v;n)) (4.7)
v=[ni-ndl+1l
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P(vynA) 1is defined by (4.l). Consider
hl(v) = P(v+l;nA)/P(vini)
= nA/(v+l)

) >1, Vv<ni-~-1

} <1ly, v >mnix -1,
\

Thus, for integral values of v, the function P(vini) is monotonic

increasing in v for v>[nA] and is monotonic decreasing for v>[niA].

Thus the mode of P(.3nA) is [nAl, If nA is an integer, then

P(.3nA)

Let

where

and it

let t

is bimodal with modes at ni-l and nAx since

e~ DA (ny)RA-L

P(n)-13nl)
(ni=1)!

P(niznd) .

i n)\{'nd" 'l 5

t(nj3i,d) = J‘ f(vini)dv (u.8)

nA-nd+.5
£(vi;a) = (L-v+[vDIP(LvI;A)+(v-[v])P(LvI+1i;A)

is assumed that nd 1is greater than or equal to 2, Otherwise

be zero, The following two theorems show the relationship of
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t(njAr,d) to tl(n;k,d) and some monotonic properties of t essential

to the determination of n.

Theorem 4,2: Let t, and t be defined by (4.7) and (4,8) respectively.
Then

En{t(n;A,d)} >1l-c¢
implies equation (4,2) is true, i.e.,
Pr[]in -2} <dl > 1 - e

Proof: From (4.8) we observe that f(vini) consists of straight lines
joining the values of P(vjnd) at adjacent integral values of v,
Therefore

k+l
Jr f(vynrldv = ,5{P(kjna)+P(k+1l;nr)}
k

for integral values of k., Also,

[nA-nd+1.5]
Jr f(vinAi)dv = 5{[nA-nd+1.5]-(nA-nd+.5)} {f(nr-nd+.54nl)

ni-nd+.5

+P([nA-nd+1.5]3n))}.
Thus, if [nA-nd+1l.5] = [nA-nd+l], then

[nA-nd+1,.5]
Jr f(vinA)dv<,5(.5){f(nA-nd+.5;n))+P([nA-nd+l]l;nr)}

ni-nd+.5

<o25{f([nA-nd+1];nA)+P([nA-nd+1l];nr)}

=,5 P([nA=nd+1l];na),



36

since f(v;n)A) 1is monotonic increasing for v less than [nA]. Otherwise

[nA-nd+1,5] = [nA-nd+2], which implies

J,r[nA--nd+105]

ni-nd+.5

[nA-nd+2]
f(vinA)dv < jr f(vini)dv
[(nA-nd+1]

< ,5{P([nA-nd+2];nA)+P([nA-nd+1];nA):

Similarly, if [nA+nd-.5] = [nA+nd], then

n>\+nd"o 5

jr[nk+ndm°5]

since f(v;nA)

the case where

ni+nd-, S
f [nA+nd-.

f(vyni)dv

.5{(nA+nd-.5)~-[nA+nd-,5]1}{P([nA+nd-,.5];n))

+f(ni+nd-.5;nA1)}

A

»5(+5){P([nA+nd]l;ni)+f(ni+nd-.5;n1)}

S

«25{P([(nA+nd]jni)+£([nr+nd]l;ni)}

»5 P([ni+ndl;n)),

is monotonic decreasing for v greater than [ni]., In
[nA+nd-=,5] = [nA+nd-1], then
[nA-nd]

f(vini)dv iljr f(vini)dv

5] [nA+nd-1]

< o5{P([nA+nd-11;nA)+P([nix+nd]l;ni)}.
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Therefore
ni+nd-.5

J( f(vini)av
ni-nd+.5

[nA+nd]
< 3 P(vind)
v=[ni-nd]+1

t(nj;i,d)

= tl(n;x,d)u
Hence

PeLA - A | <dl = E_{t,(n;2,d)}
> En{t(n;A,d)}c

If nd is less than 2,then the inequality is still true which completes

the proof.

Theorem 4,3: Let t(nj;A,d) be defined by (4.8). Then assuming nd > 2,

we have
(a) 2L » 0
od
(b) %; <0

(¢) X0,

Proof:

(a) Differentiating t with respect to d we obtain

8t - nf(ni+nd-.53nA)+nf(ni-nd+.53n)

ad
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(b) Also
a‘t (' n:\‘\""nd"a 5
7 nf(nx+nd-,S;nA)-nf(nA-nd+,5;nA)fj %%iv;nk)dv,
n)\‘nd+e 5
where

,};(v;nm = (l-v+[v]).§_§’.(EVJ;n>\)+(V-EVJ)%P([v]+l;n>\)e

But

aP(v;nA) -n)P(vini)

v
oy

nP(v-1;ni)-nP(vini),
Thus

T (vinM)=n(1-v+[vDP(LvI-15nA)#n (- (1-v+[vD)+(v-[vD) }B([vI;nA)
-n(v-[v1)P{([v]+1l;nAr)
=n{(1=-v+[v])P([vI-13n2)+(v=-[v])P([v];nAr) }-n{(L-v+[v])P([v];n))
+(v-[v])P([v]+linA)}

=nf(v-1ljnA)-nf(vind).

Therefore
n>\+nd— [ 5
;; = nf(nx+nd—e5;nk)-nf(nA-nd+,5;nA)+?[. {f(v-13n))-f(vini)ldv
niA-nd+.5
nA-nd+.5 ~ni+nd=-.5
- -nf(nA—nd+.5;nA)+§j‘ f(vyni)dv —-?/ f(vini)dvenf(ni+nd-,53nx)
nA-nd-.5 nA+nd-1,5
<0,

since f(vind) is monotonic increasing for v in the interval
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(nA-nd-,5, nA-nd+.5) and is monotonic decreasing in the interval
(nA+nd-1.5, ni+nd-.5),

(¢) Finally, differentiating with respect to n we have

3t ‘*nA+nd-65
St = (A+d)f(nA+nd-.5;nA)-(A-d) F(nA-nd+,5;nA)+ 2 £(vina)dv,
on ni-nd+,509n

where

;E(v;nx) = Af(v-1;nA)=Af(vinA)
n
since n appears everywhere A does in f(vyniA) and from part (b)

af(v;nk) = nf(v-13nd)-nf(vini).

T—
Thus
snA-nd+.5 nA+nd-.5
3t = (A+d)f(nr+nd-.5;nr)-(A-d)F(nA-nd+.5;n1)+) f(v;nk)dv—k[’ f(vyni)dv.
e J nA-nd-.5 J ni+nd-1,5
Let
L = nA ,
D=nd,
and
_ _ /L#D+.5
8, = & (L#D)F(L+D+.5;L)+ Lf _ f(viLldv .
R Lip—l+n5
Therefore
3t o pot
n on
= S+ + S-
let s, =L+D+ .,5-[L+DF¥.5]
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For convenience the subscript on s will be deleted below., Hence

8, = +(L#D) {(1-8)P([L+D¥,5]3L)+sP([LtD+.51+13L)}
+L{.5(1-8)£(L4D-1¥.5;L)+.5(1-s)P([L+D+,51;L)
+.5sP([L+D+.5]3L)+.5sf (L+D+.5;L)}
= F.5L(1-8)?P([L#DT.51-1;5L)

+{(L+D)(1-8)-.5L(1-s)s-.5L-.5Ls(1-s) }P([L+D+.5];L)

+{(L#D)s-,5Ls2}P([L+D¥.51+15L).

But
[L+D¥,5]
P([L+D+.51-1;L) = P([L+D+.5];L)
L
(L+D¥.5-s) _
= —————P([L+DF.51;L).
L
Hence

S, v 28

i+

+

+{-(L+D¥. 5-s)(1-s)2+2(L3:_D)(1-:~:)-2Ls(1-s)-L}P([L_+_D'+'° 51;L)

+{2(L#D)s-Ls? }P([L+D¥, 51+1;L)

i

(28,)L/P([L+D+.5]+13L)

+{(-28+82)L+(1-8%)D+(s+.5) (1-5)2 }(L#DF . 5+1-5)

1{(25—52)L1?sD}L
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= LD+(,5Ts+s?)L#(1-52)D2
+{17s-(371)s%+253}D+(s+.5) (1-5)°(1-s7.5)
= LD+{.5%s(1-8) }L+(1-5)(1+s)D2+s(1~s)D
+(1-8) (1¥s-252)D+(1-5)2(s+.5) {1-(s+.5)}
> LD+,25L=D?-,25

= (L-D)D+,25(L~1)

Therefore

ot
— S+ + S
on -

which completes the proof,

4,3 One Point Solution

Let m, d, o« and B be specified in advance and observe a pre-

liminary sample X a%ppenoXy o Define n, such that

t(ny32,d) = 1 - a (4.9)
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(note Figure 4.1),

t(nya,d)
1 - o fﬁmﬂ~"
’ //,/,/w”'fﬁiz;2ji:;;
— 7 .
0 n;

Figure 4,1

Determine the value n of the random variable, the size of the second

sample, such that

t(n;czg;d) = 1-a (4.10)
where t is defined by (4.8), H by (4.6), and C is defined by
H(c3z) = B & (4,11)
From (4,9) and (4,10) we have
t(ng34,d) = tnjoxg,d). (4.12)
Thus, using Theorem 4.3 (c) and (b), we obtain

Pr(n > nl)

Prlt(n;A,d) > t(ny3A,d)]

Prit(n;Ar,d) > t(n;c§h,d)]

It

Pr(A < cxp) . (4.13)
Theorem 4,4: Let H(cjz) be defined as in (4.6). Then

Pp()l < cgg) = 1 - H(cj2z).
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Proof: The random variable mih is distributed as Poisson with mean
m. Therefore

PP(Xm > )\l_B) = l - 8 s
where Al-B is defined such that

mA

1- -\

g e ™MmnY =g
v=0 v!

This implies that
Pr(X < A') =1 -8

where A' is defined by

mx -mi !
e mn)Y g

v=0 v!

Hence _
- L O - i
Pr(A <cx)=1- z= e"*mimexy)
2 v=0 v!
= 1 = H(ejz),

since A' and B are in a one to one correspondence with each other,
thus completing the proof,

Therefore, from (4.,11), (4.13) and Theorem 4.4, we cbtain

Pr(n > nl) 1 - H(ej2)

1 -8 (4,14)
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From Theorem 4.3 (c¢) we obtain

J 0 s 0 <n<ny

t(njA,d) >
Wut(nl;k,d), n>ny

which is depicted by the shaded area in Figure 4.1. Thus, by choosing
n as defined in (4.10), we obtain
Ejft(n;A,d)] > 0 « Pr(0 <n <my) + tng;A,d)Pe(n > ny)
= (1 - a)(1 - B),
by (4.9) and (4,14), From Theorem 4.2 we conclude that
Prl|A, - A | <dl>1-¢,

where

1 -¢=(1~-a)(l~-2B8).

Graphs are given in Section 9 to find n for various values of

m, d, Eg and 1 - ¢ ,

4.4 Two Point Solution:

Let m, d, a, B, and § be preassigned and let X1 9% a0 009Xy

be a preliminary sample. Define nj40) such that

1]

(a) t(ng3r,d) = y(1 - a)
(4.16)

(b) t(n2;A,d) l-a

where Y 1is calculated by (4.19) (note Figure 4.2).



45

Figure 4,2

Define CyicCy such that

(1 -6)8

(a) H(cl;z)
(4,17)

(b) H(ey32) = B.
Determine the value n of the random variable, the size of the seccnd

sample, such that

(4,18)

¥
[

I
Q

t(n;c2§%,d) z

and calculate vy using

t(n;cl§5,d) = y(1 - a). (4.19)
Proceeding as in Section 3 and using (4.16), (4.18) and (4.19) we have
t(ni;A,d) = t(n;ci-ﬁ,d), i=1,2,

Thus, by Theorem 4,3(c) and (b), we obtain

Pr?(n - ni) Pr[t(n;k,d) > t(ni;kgd)]

Prit(n;Ar,d) > t(n;cizh,d)]

it

Pr() < ciEQ), i=1,2.
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Hence, by (4,17) and Theorem 4.4, we have

Pr(n > ny) = 1-(1-8)8 (4.20)
and
Pp(n > n2) =1-8
which implies that
Pr(n; <m <mny) =1-(1-6)8~(1~38)
= 88 (4,21)

From Theorem 4.3 (c) we obtain

0 0 <n_§nl
t(n3i,d) > t(nl;x,d), n; <n <mny
t(ny32,d), n > ny

This is represented by the shaded portion in Figure 4.2, Thus by (4.16),

(4,20) and (4.21) we conclude that
E (t(n;A,d)]1 > 0 - Pr(0 <n <nj) + t(ng;2,d)Pr(n; <n <ny)
+ t(nz;A,d)Pr(n > m,)

y(1 - a)s8 + (1 - a)(1 - 8)

(L - a)(1 -8+ y88) .
By Theorem 4.2 this implies

Pr{A, -2 | <dl>1-¢
where

l-e=(1l-0a)(1l=-8+YB).
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The value of n 1is determined by (4.18) and it is observed that this

would result in the same value as determined in the one point solution
assuming o and B are the same. The value of 1 - e, the confidence
coefficient, is increased however. The amount of increase depends upon
Y which is calculated after the value of n is determined., Thus the
confidence coefficient is not preassigned as would normally be desired.

Section 5 shows one way to avoid this difficulty.

4.5 Two Point Solution with Preassigned Confidence Coefficient

Specify m, d, and o, B, v, § such that (1 - a)(1 -8 + yS8)
equals some prescribed value, say 1 - €. Let R1sRQ9c004%y be a

preliminary sample. Define ni,n, as in (4.16) and as in

2 €10,

(4.17). Determine the values n',n" of two random variables such

that

(a) t(n‘;cl;%.d) = y(1 - a)

(4,22)
(b) t(n"je % ,d) = (1 - a),
From (4,16) and (4.22) we have
(a) t(n,3r,d) = t(n';c x_,d)
i oy (4,23)

1]

(b) t(ng;3A,d) t(n";czgg,d)

Thus, by Theorem 4,3(c) and (b) we obtain

(a) Pr(n' > n;) = Prlt(n';2,d) > t(ng;51,4)]

Pr{t(n';A,d) > t(n';clEQ,d)]
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Pr() < Cl;ﬁ)

(b) Pn(n" > n,) = Polt(n";1,d) > t(ny;2,d)]

Prlt(n'";Ar,d) > t(n";c2§;,d)]

Pr(d < cpx ) .

Hence, by (4.,17) and Theorem 4.4, we have

(a) Pr(n' > nl) 1-(1L-6)8

(4,24)

(b) Pp(n" >mny) =1 -8,

Now choose the value n of the random variable, the size of the second
sample, such that

n = max(n', n"), (4,25)
Therefore, by (4.24), we have

(a) Pr(m > n;) > Pr(n' > n,)

=1 =-(1-68)8 (4.26)
(b) Pr(n > ny) 2 Pr(n" > n,)
=l_Bn
Define ni and n; such that
(a) Pr(n > ni) =1-(l-68)]8
(4.27)
(b) Pr(n > né) =1-8,
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which implies that

Pr(ni <n < n;) = 6B

(4.28)

comparing (4,26) and (4,27) it is seen that

t

(a) ny z ny

(b) n; 205,

which, by (4.16) and Theorem 4.3(c), implies

(a) t(ni;A,d) > t(nl;k,d)

= y(1 - a)
(b) t(né;A,d) > t(n2;A,d)
=1-a.
we have

From Theorem 4.3(c)

0 .
t(njr,d) > t(ni;k,d),

t(né;k.d).

(4,29)

0 <n b ni

!
nl<nf_n2

1

1
n>n2°

Thus, by (4,27b), (4.28), and (4.29), we

E [t(n;A,d)] > 0 « Pr(0 <n <nj) +

+»

Iv

obtain

t(ny31,d)Pr(n) < n < ny)

t(ny3A,d)Pr(n > ny)

y(1 - a)d8 + (1L - a)(l -~ 8)
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(1 - a)(1 ~8 + y8B)

l - €.

Thus, by Theorem 4.2, if n is determined by (4.25) we conclude
that

PrC[A - A [ <dl>1-¢,

a predetermined confidence ceoefficient.

This solution is more difficult to work with but yields smaller
second sample sizes. In Section 9 graphs are given for various values
of m, 4, EQ and 1 - ¢ , Thus, in using the graphs an experimenter

does not have to specify a, B, vy and &.

4,6 The k Point Solution

Let my, d, k, B; (i=1,2,...,k), and y; Dbe specified in

advance and define c;(i=1,2,..,,k) such that
H(ci;z) =By 11,2 4c00 4K (4,30)

Determine the value n of the random variable, the size of the second

sample, by (a),and vy;(i=2,3,...,k) such that

(a) t(nje X ,d) = v,
m (4.31)
(b) t(n;ci;m’d) - Yi, izz’s'oen’ko
Further define n;(i=1,2,...,k) such that
tlng32,d) = vi 3 151,2,000,4k (4,32)

(note Figure 4.3).
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t(njr,d)

»

Figure 4.3

From (4.31) and (4.32) it is seen that
t(ni;xld) = t(n;ci-;(-m.d)’ i=l'2’oeo’k

Thus, by Theorem 4.3(c) and (b), we obtain

Pr(n > n;) Prlt(n;A,d) > t(ng32,d)]

Prlt(nyr,d) > t(n;ci§£,d)]

Pr(A < cii;), 151,2,000 4k

Hence, by (4.30) and Theorem 4.4; we have
Pr(n > ng) = 1 - B;, i=1,2,...,k
which implies that

Pr(ni <n _<_ ni+l) = Bi+l = Bi’ i=l'2,o-¢,k (4033)



52

where we define
el ©

and
Brer = 1 .
From Theorem 4.,3(c) it is seen that
0
t(nl;X,d) sy 0] <n <mn,

t(n3r,d) > t(nz;k,d) » B, <n <ng

t(nk;R,d) » D2 my

(note the shaded portion in Figure 4.3),
Thus, by (4.32) and (4.33) we have
k

i§1 t(ni;x,d)Pr(ni <mn <ngq)

v

En[t(n;A,d)]

k

YiBipy = B5)
{s

By Theorem 4.2 this implies that
Pr[lin -2 | «dl> 1-¢

where

~

1l -¢= Yi(Bi+l -B3i) .



53

Since the Yi(i=2,3,n,a,k) are not determined in advance, the confidence
coefficient is not predetermined in this extension of the two point

solution in Section 4.

4,7 The Poisson Stochastic Process

In a Poisson stochastic process we have a counting process
{N(t), t > 0} such that {N(t), t > 0} has staticnary independent
increments and

Pr[N(t) - N(s) = k] = e_x(t_s)[k(t-s)]k, '3 2 [ I, TR
k!

To apply the method of this chapter to estimate A , pick some constant

T > 0, Then let the random variables X:

19 Yj! i=ls2’°°°. jzlgz,aao be

defined such that

X; = N(ti+1)-N(ti), Yj = N(sj+T)—N(sj)

where the intervals (t;, t;+t) and (sj, sj+r) for 1i=1,2,...,

j=14240., are disjoint. Therefore the X; and Y; are independent

and identically distributed as Poisson with parameter 7tA, Thus, to
estimate A within d; units use the method presented here with d=td; ,

with xj equal to the value of the random variable Xj, and y; equal

to the value of the random variable Y;. Therefore we obtain
PrCfth = 3| <714, > 1 -¢
which implies that

Pr|A- ¥ /1] <d;3>1-c¢
the desired result.
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4,8 Birnbaum and Healy's Solution

Birnbaum and Healy [8] give a two-step procedure to estimate XA with
the unbiased estimator §h having variance not exceeding a prescribed

bound. By using Tchebycheff's inequality their method gives

PLlAi, = A | <dl>1-c¢

n = (mia + 1)/med?, (4.34)

where 25 is the mean in a preliminary sample of size m.

Table 4,1 gives some comparisons of the second sample size when
determined according to Birmbaum and Healy's solution, the cne point
solution from Section 3, and the two point solution from Section 5 for
various values of 1 - ¢, m, d, and Ehe In these examples sample

sizes were reduced by varying amounts from 50 to 90%.
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TABLE 4.1

Comparisons of Second Sample Sizes

Column I gives n for Birnbaum and Healy's solution (equation 4.34),

Column III gives

Column II gives n for the one point solution (equation 4,10),

n for the two point solution (equation 4.25).

l-¢ m E; d I II n' a" III
.90 5 100 2 205,5 78 72 73 73
«95 "on " 501 112 g8 104 104
.99 LI " 2505 196 180 178 180
95 1 100 2 505 130 121 112 121
" 2 " " 502.5 120 109 108 109
o 5 " " 501 112 98 104 104
" w0 " " 500,5 108 gy 102 102
" 25 M " 500,2 104 91 100 100
" w " " 500 g7 84 97 97
.95 5 20 2 101 26 23,5 22 23,5
" " 50 " 251 58 53 53 53
" " 100 " 501 130 98 104 104
" " 250 " 1251 265 233 252 252
.95 5 100 1 2004 Ly 400 416 416
Y "o 2 501 112 as 104 104
" nooon 10 20,04 bl 4,0 4,2 4,2
95 1 10 1 220 g1 95 53 95
" 5 n " 204 60 55 47 55
" w " " 202 52 47 46 47
" 25 " " 200,8 47 42 T Ly
" w M " 200 40 34 40 40
.95 5 2 o1 4400 1800 1500 1230 1900
" 100 “ o 4200 1450 1440 1060 1440
" 25 v " 4080 1160 1130 340 1130
L w N " 4000 800 680 800 800
.95 56 2,23 o2 1125 285 250 245 250
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4.9 Second Sample Size Graphs

To determine the second sample size, first specify m, d, and
l-¢ in advance. Then take a preliminary sample of size m and compute
m§g. the sum of the m observations, If m§$ is less than 500 use
Figure 4.4 to find ¢ for a one point solution or te find ¢; and ¢y
if a two point solution is desired. For a one point solution the lower
curve labeled c¢ is to be used for 1l-e = ,90 or .95. Similarly the
upper curve labeled c¢ is tec be used for 1l-e = ,99, If a two point
solution is desired the value of 1l-¢ is immaterial. For m§% greater
than 500 the same procedure applies to Figure 4,5, Next compute c§ﬁ
or cl;; and czga. Consider the one point solution. If the ratio of
C;; to d 1is less than 30:1 for 1l-¢ =,99, 1less than 50:1 for
l-e =,95, or less than 60:1 for l-e =,90 use Figure 4.6, For larger
ratios it is necessary to use Figure 4,7, Plot a point of the form
(kd, kcxy), for some value of k, on the graph. The value of k chosen
is immaterial but the larger the value used the more accurate will be
the result., With a straight edge connect the plotted point with the
origin, At the point of intersection between this line and the appro-
priate curve, depending upon the size of 1l-¢ , record the value on
the horizontal axis. This value is nd and thus the second sample size,
n, is found by dividing this by ' d. The method to compute n', needed
for the two point sclution, is identical with the above except ¢, is
used instead of c¢. To determine n', Figure 4,8 is used for ratics of
clig to d less than 33:1 for l-e =,99, less than 54:1 for l-e =,95,

and less than 63:1 for 1l-e =.90, Larger ratios require Figure 4.9,

Again the procedure is the same as that for finding n'" except cy, 1is
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replaced by Cye Finally, to determine the second sample size in the
two point solution take the larger of n' and n'".
As an example, consider an actual experiment in which flowers were

exposed to low level irradiation and the number of discolered sectors

per petal were counted for 56 petals.

TABLE 4,2

Frequency Count | 0 1 2 3 b 5 6 7

Observed 7 11 16 11 8 2 Q 1
In this experiment m=56, ;; = 2,23 and s? = 2,22, Assuming this
follows the Poisson distribution the true value of A can be estimated
within .2 of a unit with confidence coefficient 1-¢ =,95 as fellows.
We compute m§h = 125, From Figure 4.4 we see that ¢ = 1.287 which
implies that c§% = 2,87, The ratio of cih to d is 14.35:1 enabling
us to use Figure 4.6. The largest value of k possible to use is 1000,
which corresponds to the point (200, 2870). The intersection of the
straight line joining this point with the origin and the 1l-¢ = ,95
curve has a value of nd = 57 on the horizontal axis. Thus the second
sample size for the one point solution is n=57/d=285, For the two point

solution ¢, and c, are read from Figure 4.4 as = 1,377 and

%1
¢y = 1l.122 implying cl;% = 3,07 and CZE% = 2,50, Again setting

k = 1000 we plot the point (200, 3070) in Figure 4.8, connect it to the
origin, and the intérsection with the 1l-e =,95 curve is at n'd = 49
on the horizontal axis. Thus n' = 49/d = 245, Similarly, plotting the
point (200,2500) in Figure 4.6 yields n'd=50 implying n"=50/d=250,

Therefore the two point second sample size is n=250.
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To derive the graphs for the one point solution various values of
B and o were tried for the particular case where m=5, §;=100, and
d=2 such that (1-8)(l-a)=1l-e., The optional values creating the
smallest sample size for 1-£=.99 were SQ.OOOS, 1-0=.9905. For
1-e=,90 and 1l-e=.95 the optimum values for B were so close that
B=,002 worked for both with negligible loss in sample size but a gain
in simplicity. The 1l-a values were therefore .902 and .952 respec-
tively, These values were used in Figures 4.4, 4,5, 4.6, and 4.7.

In the two point solution it was also necessary to optimize vy
and 6 (see Section 5). Again the case where m=5, X =100, and
d=2 was chosen to optimize. In particular, for 1l-e=.95 the optimum
was at 1l-e=,9520, B=,1379, Y=,9865, and 6=,999, This allowed the
use of the same graph as in the one point solution with 1-e=.95 teo
compute n". Therefore to optimize in the 1-¢=.90 case I set
1l-a=,902 and the other values were optimized at #=,1003, vy=.9800,
and 6=,998, Finally, to optimize for 1-e=,99 I set 1-a=.9905 and
(1-§)B=,0001 (in the 1-e=,90 case (1-8)8 optimized at .0002 and
for 1-e=,95 at .00014). This led to the optimum values B8=.0961,
y=.,9958, and &6=.999. Because the sample size is fairly insemnsitive
to small changes in B, a common value of B=.10 was chosen.,
Similarly, the same value of 6=.999 was used with negligible loss.
Thus (1-6)B=,0001 for all three cases. This consolidation then
forced new values of <y such that 1l-e=(l-a)(l-B+8yS) as desired.
The new values of Yy were Yy=.981, .981, and .996 for 1l-e=.30, 95
and .99 respectively. These changes greatly reduced the number of

graphs involved but did not materially change the sample size.



65

Figures 4.4 and 4.5 graph ¢ versus z for given values of H(c;z)
where H(c;z) 1is defined by (%4.6). In particular, the curves from top
to bottom represent H=,0001, ,0005, ;002, and .10, Figures 4.6 and 4.7
graph nc;% versus nd for various values of t(n;c?&,d) which is
defined by (4.8). This type of graph is practical because
t(n;czﬁ,d) = t(l;nc;%,nd). From left to right the curves correspond
to t=.802, .952, and .9905. Figures 4.8 and 4.9 are similar to
Figures 4,6 and 4.7 with the curves corresponding to <t=y(l-a)=,8849,
.9339, and .9865 from left to right.

The computations in Figures 4.4 and 4.5 were made from existing
tables for values of 2z < 50. Table 4.3 displays these. For larger
values of 2z the normal approximation to the Poisson was used. No
loss of accuracy was evident in several examples which were checked.
The values for Figures 4,6 - 4,9 were obtained by use of the IBM 1620
computer, using a program which computed the actual values by summation

of the appropriate Poisson distribution.

Table 4.3

mx 10 20 30 40 50
c1 2,785 2,120 1.870 1.730 1.638
-£=,99 2,525 1,968 1.753 1.636 1,556

jl
C
1-€=.90, .95 | 2.299  1.830  1.650  1.548  1.480

C, 1,550 1.354 1.277 1.234% 1.2086



V. UNSOLVED PROBLEMS

The two procedures given in Chapters III and IV clearly are an
improvement over existing methods. These solutiorns, however, raise
additional problems to be investigated.

Both procedures supply a lower bound but the upper bound should
also be given consideration. There is some information on an upper

bound in the Poisson problem. For instance, in the one point solution
Pr[fl—xn | <d] <1« Prln > n; J+(1-a)Prin < n,]
= 1+ (1-8)+(1l-a)8 = 1l-aB .

For 1=-e=.90, .95, .99 this gives upper bounds of .999804, ,.999904,
and ,99999525 respectively. These are not very useful. Since they
were obtained using the optimal values for o and B there exist
other values of o and B with (l-a)(1l-B)=l-c, that will yield
larger sample sizes and at the same time decrease the upper bound;
l1-a=1-8= 1-¢ for example. An upper bound for a large sample size
would also be an upper bound for a small sampie, thus the upper bound
could be lowered. Other techniques should be investigated to put
better limits on the confidence coefficient, since a confidence coef-
ficient much larger than the level desired increases sample size and
wastes resources.

Another problem left unanswered is whether or not more informa-

tion can be used. For instance, both procedures described here neglect
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the first sample once it has been used to determine the size of the
second sample., Could the preliminary sample be used somehow with the
second sample in the estimator? This seems to be a complex problem,
As a starting difficulty, what estimator should be used?

An important problem to consider is that of the size of the first
sample, To determine this some knowledge is needed of the approximate
size of the parameter. A three-step procedure may be required, where
the first step would be needed to find a first, rough approximation to
the size of the parameter.

In Chapter IV, Section 7, it was shown how to estimate the param-
eter in a Poisson process with a two-step procedure. It was necessary
to specify a constant T to do this. Some investigation should be
made to devise a scheme for picking the best value for 1. Perhaps a
three-step solution would be necessary. The first step would be used
to find 7.

The graphs in Section 9 of Chapter IV were derived by finding the
combination of a, B, Y,8 which minimized the second sample size for
the particular values m=5, d=2, and EErlOO. This is fully described
in Chapter IV, Section 9. If the second sample size was minimized for
each individual set of values of m, d, and ;g, reductions would be
made in sample size, The feasibility of doing this should be investi-
gated. For one indication of how good the particular optimization
procedure used is, for the two point solution, examine the difference
between n' and n". Table 4.1 shows that n’=95 and n'"=53 for
l-e=,95, m=1, ;£=10, and d=1, indicating the optimization was not

good for these values. In fact n 1is greater than the one point



solution sample size which is 91, Similar results cccur for 1-e=.95,
m=5, ;;=2, and d=.1l, It is noted though that larger values of m
reduce this difference in both cases and also decrease the two point
solution second sample size belew that of the one peint solution.

An investigation could be made into procedures for solving the
problems presented in Chapters III and IV by minimizing expected sample
size. This would require a different approach from those in Chapters
III and 1V,

Also of interest would be a Bayes' type of solution in which various
loss functions could be considered.

The solution for the variance of a normal problem in Chapter III
can be generalized to estimate the mean in the gamma distribution with
little modification. To solve other problems with this technique it
would be necessary to first derive improvements on Tchebycheff's
inequality for the distribution involved. The solution for the Poisson
mean problem in Chapter V seems to be very useful and the same technique
could be used in many problems requiring a two-step procedure. In fact,
it may result in lower sample sizes in estimating the variance of the
normal. This problem and many others should be investigated using the

technique in Chapter IV.
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ABSTRACT OF DISSERTATION

SOME TWO-STEP SAMPLING PROCEDURES

Two-step sampling procedures are presented to estimate the variance
of a normal distribution and the mean of a Poisson distribution within
d units with a specified confidence coefficient.

The procedure to estimate the variance of a normal is based on a
Tchebyéheff type inequality derived especially for the gamma distribu-
tion. A different type of argument, which could be applied to many
other distributions, was used to solve the problem for the Poisson
distribution.

Sampling sizes are presented in tables and graphs to implement the
two solutions, Also, favorable comparisons are made with existing

metheods.,
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