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ABSTRACT

COMPUTATIONAL METHODS FOR THE ANALYSIS OF CELL MIGRATION AND

MOTILITY

Collective cell migration (CCM) is necessary for many biological processes, such as in the

formation or regeneration of tissue, fibroblast movement in wound healing, and the movement of

macrophages and neutrophils in the body’s immune response, to name a few. CCM is commonly

modeled with PDEs, however these equations usually model the population density, rather than

the displacement field describing the movement of any arbitrary cell. One unknown aspect of this

movement is the various methods that cells use to facilitate communication to each other. Chemical

communication plays a substantial role in directed cell movement, however, other mechanical

methods, such as the propagation of stresses through a shared substrate to neighboring cells and

cell behavior in a crowded environment, also play an important role which is less understood. The

quantification of the kinematic and dynamic characteristics in CCM would present several novel

advancements in understanding the collective cell behavior.

First, the dynamic mode decomposition (DMD) framework is utilized. DMD allows for the

recovery of a dynamic system, in the form of an ODE or PDE, by sampling the states of a system.

In the context of the cell migration, the displacements of fibroblasts during a scratch-wound assay

are obtained, which result in a governing PDE through the DMD process. This PDE is used

in conjunction with modern optimal control theory to develop a 2D and 3D trajectory for the

migration of controllable cells to a target.

On an individual level, with the hybrid use of modern static structural optimization and simple

non-linear control, a cell’s cytoskeleton during migration can be studied, providing for the quan-

tification of the traction force exerted on the substrate. The results of this analysis are compared

with stress and structural optimization models in ANSYS and FEBio, which uses the finite ele-
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ment method, so that a reasonable range of these stresses during CCM can be provided. To further

study the individual mechanics of cell migration, the proposed hybrid model is extended to a fully

dynamic model which predicts the cytoskeletal stress fiber formations over time that require the

minimal amount of material with the use of optimal control theory. The results of this research

could provide useful applications in many real-world situations, from the generating of a trajectory

for microrobots during drug delivery to the study of the collective migration of organisms including

cells.
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Chapter 1

Introduction

1.1 Overview

This dissertation presents several advancements in the modeling of cell migration, giving in-

sight to both collective and individual cell movement. This progress is largely achieved through

the combination of image-based microscopy with a mathematical framework for the discovery of

the rules of dynamical systems, called Dynamic Mode Decomposition (DMD) [1], modern optimal

control theory, nonlinear control theory, and finite element analysis.

1.2 Interests in Collective Cell Migration

Cell migration plays an important role in many biological functions, such as during the forma-

tion or regeneration of tissue, osteoclast movement in bone formation, embryogenesis, fibroblast

movement in wound healing, the movement of macrophages and neutrophils in the immune re-

sponse, cancer metastasis, tumor invasion, and sustaining life [2–4]. CCM is also critical in tissue

engineering applications where the cells must infiltrate through a scaffold and bypass obstacles to

reach an intended target. CCM can be extended to larger biological systems, such as herd migra-

tion in different organisms from bacteria to large animals [5]. Therefore, the development of a

predictive biophysical model of the characteristics and key parameters of migrating entities would

be beneficial to the scientific community.

Mathematical equations, such as the diffusion equation and the Fisher-Kolmogorov-Petrovskii-

Piskunov, shown in Eq. (1.1), are being used to model collective cell migration, where ρ represents

the population density, D is the diffusivity, λ is the proliferation rate, and K is the carrying capacity

density [6–8]. Most models in the literature using the density as the field variable of consideration

in the mathematical model, rather than the individual position of a cell over time. Making progress

to close this gap in mathematical modeling could give important contribution to the biomechanics
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community.

∂ρ

∂t
= D

∂2ρ

∂x2
+ λρ(1−

ρ

K
) (1.1)

1.3 Dynamic Model Discovery

In the literature, Dynamic Mode Decomposition (DMD) is a method that has been developed

and used to obtain the governing dynamical equations of a system, both ODEs and PDEs, for many

well-known systems such as the Van der Pol oscillator and Burgers’ equation [1] with only the use

of spatio-temporally obtained data obtained through sampling the system. While the DMD process

hasn’t been applied to biological system as frequently as other systems studied in scientific and

engineering fields, the success of this method in these other fields serves as encouraging evidence

that this framework will work for biological systems as well.

Additionally, research have been done in the literature that integrates DMD and control theory

[9]. Some studies have integrated cell migration with optimal control [10]. Here, the authors

combine optimal control theory with phase field equations of equilibrium to model cell shape

and deformation. Further studies, including those done in this dissertation, will need to look at

multicellular systems as well as consider alternative models that include the various components

within the cell’s cytoskeleton.

1.4 Experimental Methods for Cell Migration

Directed cell migration happens through means including haptotaxis, chemotaxis, topotaxis,

and galvanotaxis [11]. Internally, cell migration happens through an expansion, protrusion-adhesion-

deadhesion-contraction cycle with the extra-cellular matrix, which is often just the substrate [4,12–

14]. In order to study the forces that are generated by the cell during these processes, experimental

methods have been developed in order to quantify some of the dynamic properties of cell migration.

One such experimental method is known as deformation microscopy, which is a methodology that

leverages conventional imaging and an automated hyperelastic warping algorithm to investigate

strain history, deformation dynamics, and changes in structural heterogeneity within the interior of
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cells and cell nuclei [15]. Another popular experimental method for determining the forces during

cell migration is known as traction force microscopy [16]. This process can produce stress maps

during cell migration by observing the displacement of beads immersed in an extra-cellular matrix

(ECM) of known material properties during migration and mapping these deformations to stresses

through constitutive laws and stress-strain relations.

1.5 FEM-based Models for Cell Migration

Physical systems, specifically cellular systems, can be and are frequently modeled by PDEs.

Analytical methods exist that can solve many types of PDEs, such as through separation of vari-

ables, for example. However, non-linearities and complicated boundary conditions are a couple

of issues that can quickly make analytically-based solutions infeasible. For such situations, nu-

merical methods are sought. Several methods exist for numerically solving ODEs and PDEs, such

as the finite difference method, finite volume method, and finite element method. The finite ele-

ment method, developed largely over the 20th century, has become the most popular and lucrative

method for solving such equations in engineering and physics. For cellular systems, finite element-

based models have been used in order to quantify substrate stress [17], model cell motility [10,18],

focus on the mechanical forces, using a reaction-diffusion model that emphasizes cell protrusion,

adhesion, and contraction with the substrate [2,14,18–20]. Literature on cell migration shows that

dynamic tensile forces drive cell migration [21]. Cell to cell communication through the shared

substrate, an important aspect of collective cell migration, could possibly be better quantified with

the use of sophisticated finite element models.

1.6 Modern Optimization

Trajectory optimization, which traces its roots to Bernoulli’s brachistrochone problem, started

in the late 17th century, has laid the foundation for modern optimal control that was developed in

the 1950’s. Optimal control is a powerful and flexible framework that has been hugely success-

ful for the controlling of complicated dynamical systems, from robotic and aerospace systems to
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controlling the spread of a pandemic [22]. For biological systems at the cellular level, practical ap-

plications of optimal control exist in the field of medical treatment services that involve magnetic

micro-robots, such as drug delivery with a micro-robot [23].

Optimization extends past human-based engineering and includes optimizations in nature. For

example, swimming in schools helps fish to swim more efficiently [24,25] and birds fly together in

a V-shape to reduce each bird’s individual drag force. This type of interaction between members

of a system is key to achieving an optimal behavior. In microscopic applications, one questions

whether or not the cells communicate with each other through the substrate, which acts as a kind

of mediator for cell-to-cell communication, in order to collectively move in an efficient manner.

One can use optimal control to develop a metric for how well the systems perform under under a

variety of conditions.

1.6.1 Structural Optimization

One important component of cell migration is the means by which cells communicate mechan-

ically. The quantification of the traction forces during cell migration serve as valuable information

for cell mechanosensing and understanding the driving components to cell migration [26]. The

stress fibers that are produced as a part of the cytoskeleton serve as the key structure in moving the

nucleus during migration. The stress fiber orientation has been studied in the literature [27, 28].

Different predictive models have been created to study the formation of these stress fibers as the

cell ambulates, as well as the forces that these stress fibers exert on the substrate. The method

proposed in this dissertation suggests that the use of modern structural optimization advancements

could hold the key to quantifying these unknowns. The structural optimization problems are posed

similarly to the optimal control formulation shown in Eq. (1.2), with similar methods of solving.

The quantification of these traction forces and orientation and formation of the stress fibers during

migration would be beneficial to the scientific community.

4



1.6.2 Optimal Control

Mathematically, optimal control problems are posed as in Eq. (1.2), where the cost functional

J to be minimized is the Bolza cost function including the Mayer term, Φ[·], and the Lagrange

term, L[·], which is subjected to constraints on the system, where f(x(t), t), ϕ(x1, t1,x(tf ), tf ),

and C(x(t), t) represent the dynamics, boundary constraints, and path constraints, respectively.

The state vector, x, is constructed based on the context of the problem. For example, if the motion

of only one migrational cell is of consideration, then x ∈ R
1×1. If the motion of i cells is of

consideration, then x ∈ R
i×1.

minimize
u

J = Φ(x(t1), t1,u(tf ), tf ) +

∫ tf

t1

L(x(t), ẋ(t),u(t), t)dt

subject to: Dynamic Constraint: ẋ(t)− f(x(t),u(t), t) = 0

BCs: ϕ(x(t1)), t1,x(tf ), tf ) = 0

Path Constraint: C(x(t),u(t), t) = 0

(1.2)

Optimal control problems are commonly solved with a variety of methods shown in Fig. 1.1:

indirect, direct, and hybrid methods. Indirect methods seek to formulate the necessary and suf-

ficient conditions of optimality for Eq. (1.2) with the use of calculus of variations. This system

of PDE are solved analytically. Indirect methods will be impractical to solve such a complicated

optimization problem that will be posed here; therefore, direct or hybrid methods will be the ap-

propriate approach. So-called hybrid methods work by first obtaining the same necessary and

sufficient conditions as the indirect method, however the resulting PDE are solved numerically,

rather than analytically, through methods such as with shooting methods. Direct methods do not

seek to formulate the necessary and sufficient conditions. Instead, direct methods will seek to dis-

cretize Eq. (1.2) first, and then optimize the resulting formulation numerically. While the hybrid

methods tend to be more accurate than the direct methods, the hybrid methods tend to be harder to

pose and solve. Additionally, direct collocation methods tend to be better for problems that involve

complicated control and path constraints. Due to these intricacies of the problems posed in this

dissertation, direct collocation is used.
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Cost Functional: J + Constraints

Direct Methods

Plug J into fmincon

Hybrid Methods

Get Necessary & Suff. Cond.’s

Solve Numerically w/ 2PtBVP

Indirect Methods

Get Necessary & Suff. Cond.’s

Solve Analytically

Figure 1.1: Tree Diagram of Optimal Control Methodologies

1.6.3 Direct Collocation Method - Optimization Through Dynamic Program-

ming

The optimization problem formulated in Eq. (1.2) is a continuous-time formulation, which is

commonly transcribed into a discretized set of equations that approximates the original formula-

tion as part of the direct collocation method [29]. First, the integral in the cost functional to be

minimized can be approximated with a quadrature formulation, shown in Eq. (1.3), where n rep-

resents the number of nodes that comes from the temporal discretization; this is commonly done

with the trapezoidal method, however, more sophisticated methods are also commonly used for

increased accuracy. The integral has been successfully converted into an algebraic expression.

∫ tf

t1

L(x(t), ẋ(t),u(t), t)dt ≈
n∑

j=1

L(x(tj), ẋ(tj),u(tj), tj)∆tj (1.3)

The dynamics are also discretized, which is commonly done with a finite differencing scheme

such as the one presented in Eq. (A.11); however, the finite volume method, finite element method,

or other numerical methods can alternatively be used. For practical implementation, MATLAB’s

ode45 is used with Runge-Kutta numerical integration for improved stability and accuracy pur-

poses. A rudimentary illustration of the transcription of the ODE dynamics into a system of alge-

braic equations that approximates the dynamics is shown in Eq. (1.4).
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ẋ(t)− f(x(t),u(t), t) = 0 →












1 0 0 0

−1 1 0 0

0 −1 1 0

0 0
. . .

. . .


















x2

x3

...

xn







+







x1

0

...

0







= ∆t







f(x2)

f(x3)

f(x4)

...







(1.4)

The Lagrangian cost will need to be selected; this cost is typically chosen based on the context

of the problem. The expressions for different common cost formulations are given in Eq. (1.5),

which will seek to minimize the final time, energy expended, error, and action, respectively. Note

that T and V in these equations represent the kinetic and potential energies, respectively. In sit-

uations where no clear Lagrangian term is to be chosen, selecting a minimum energy approach

in the context of biological applications may be well suited, however, more testing is needed to

demonstrate this.

L =







1 Min. Time

1
2
ẋTM ẋ Min. Energy

xf − x Min. Error

T − V Min. Action

(1.5)

After the application of the quadrature scheme, Bellman’s Principle of Optimality can be ap-

plied, which state that the optimal trajectory between two nodes also lies on the optimal trajec-

tory for the entire trajectory; this will allow the construction of a dynamic optimization problem

from many consecutive static optimization problems. MATLAB’s fmincon function optimizer is

commonly used to solve for the minimum of the resulting cost subject to the system algebraic

constraint equations, which will solve the static optimization problems with the use of algorithms

such as interior-point, trust-region-reflective, sqp, or others [30].
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Chapter 2

Specific Aims

The overarching goal of this research was to mathematically quantify cell migration, both in-

ternal to the cell as well as with a group of cells, and many of the parameters that play an important

role during this process. In order to find answers to these unknowns, the following specific aims

were formulated.

2.1 Quantify Kinematic Parameters of Cell Migration

The primary aim was to apply the DMD framework that has been previously developed to

collective cell migrational systems with the goal of obtaining a mathematical expression with the

displacement as the field variable pertaining to the movement of the cells during migration.

2.2 Build a Trajectory Optimization Framework for Biological

Systems

The primary aim was to use trajectory optimization techniques that are common in the optimal

control community to develop an optimal trajectory for the study of cell migration in biological

functions like the immune response as well as with the use of microrobots for therapeutic treatment.

The goal is to integrate the dynamic models that were discovered with the DMD process with

modern optimal control theory.

2.3 Predict Cytoskeleton Structure During Migration

The primary aim was to use modern structural optimization techniques to predict the cytoskele-

tal stress fiber formations during cell migration using both a static and dynamic formulation for the

governing equations of equilibrium.
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2.4 Quantify the Forces Throughout the Cytoskeleton Struc-

ture During Migration

The primary aim was to use modern optimal control and nonlinear control theory in conjunction

with structural optimization to predict the forces in the cell’s stress fibers during migration for

comparison with the forces obtained with other methods common in the field.
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Chapter 3

Optimization-Based Synthesis with Directed Cell

Migration

Collective behavior of biological agents such as herds of organisms and cells is a fundamental

feature in the systems biology and in the emergence of new phenomena in the biological environ-

ment. Collective cell migration under a physical or chemical cue is an example of this fundamental

phenomenon where individual cell migration is driven by the collective behavior of the neighbor-

ing cells and vice versa. The goal of this research is to discover the mathematical rules of collective

cell migration using experimental data and testing the predictive nature of the models in indepen-

dent experimental data. Such insight is made possible in this work with the hybrid use of dynamic

mode decomposition (DMD) and optimal control theory. Both single and also multi-cellular sys-

tems are investigated, including obstacle courses, using this framework. The result of this work

show how cells collectively behave during their migration and opens the possibility of designing

robotic cells for possible therapeutic purpose where the cell trajectory can be controlled.

3.1 Introduction

Collective cell migration is a fundamental event in nature for many biological processes in-

cluding the formation and regeneration of tissues. Specific examples include collective move-

ment of cells during the developmental stage, fibroblast migration in wound healing, movement

of macrophages and neutrophils in the immune response and cancer metastasis [4, 31]. Collective

migration is also critical in tissue engineering applications where the cells must infiltrate through

a scaffold and bypass obstacles such as extracellular matrix fibers to reach an intended target. The

conceptual framework of collective cell migration can be extended to larger biological contexts,

such as herd migration in different organisms from bacteria to large animals. Therefore, the devel-
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opment of a predictive biophysical model of the characteristics and key parameters of migrating

entities can be applied to a large array of scientific problems that extend beyond cell migration.

Currently existing approaches to model cell migration include the potential/phase-field/gradient

methods which uses the population density as the field variable that limits our ability to predict the

kinematic variables such as cell position and velocity [32–34]. Here, the prediction of such kine-

matic variables is made from the knowledge that cells have finite resources to achieve the goal

of migrating from one place to another. For example, studies suggest that leukocytes, a type of

blood cell, migrate efficiently with a minimum energy expenditure [33]. Accordingly, a hybrid

utilization of dynamic mode decomposition (DMD) and optimal control theory is sought to de-

velop a new predictive biophysical model for cell migration that relies on the efficient use of cell’s

resources.

Optimal control frequently appear in a wide variety of scientific problems, such as robotic

trajectory generation, satellite orbit transfer problems, and the regulation of the spread of disease

in a population. Commonly, the goal of such problems is to find a control input that will drive the

states to a particular value while also minimizing the control effort, time, or some other function.

For example, in a recent study [22] the authors used masks, social distancing, etc. as the controls to

minimize the number of people infected and hospitalized with coronavirus during the COVID-19

pandemic while minimizing parameters such as economic impact.

Within the context of the present work, a framework for predicting collective cell migration

has been developed, which is a ubiquitous problem in biology. One of the many ideals of such a

collective cell migration system is the most efficient migration of individual cells in the crowded

environment. Additionally, the same framework is applied to design robotic systems for drug de-

livery, such as a microrobot, in a cellular environment for therapeutic applications as described in

several previous studies [35–37]. Such a robotic drug delivery system has a minimal impact on

the surrounding tissue as the microrobot traverses the Extracellular Matrix (ECM). For both situa-

tions, any optimal control signal should include a constraint that penalizes excessive contact within

multiple cells or between cells with fibers in the ECM. The obstacle avoidance of the microrobots
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or cells with the surrounding fibers/cells relies upon an accurate prediction of the cell environment,

which arises from the Dynamic Mode Decomposition (DMD) of the cells. An inequality constraint

prevents the penetration of the cells or robotic entities with the surrounding structures as well as

pushing the cells off their natural trajectory.

To achieve the goals stated above, a governing ordinary differential equation (ODE) for a single

cell, or partial differential equation (PDE) for a collection of cells in tandem is developed and used

to model cell migration in the direction defined by a gradient. A hybrid model, based on optimal

control, is used in conjunction with the associated ODE or PDE for a synthesis allowing for the

study of cell migration in a two-dimensional space.

In literature, DMD has been used to obtain the governing dynamic equations, both ODEs and

PDEs, for many well-known systems such as the Van der Pol oscillator and Burgers’ equation [1].

This serves as encouraging evidence that this same methodology can be applied in biological sys-

tems. To illustrate this, consider the diffusion equation in Eq. (3.1), which is a parabolic PDE

that is common in multiple fields of physics to model phenomena such as thermal, chemical, and

particle diffusion. Similar equations, such as the diffusion equation with a different diffusion

coefficient and the Fisher-Kolmogorov equation, were preiously used to model collective cell mi-

gration [6–8]. Artificial data can be generated with MATLAB’s ’pdepe’ solver for the diffusion

equation presented in Eq. (3.1) with the associated boundary conditions (BC) and initial condition

(IC) in Eqs. (3.2) and (3.3), respectively.

∂u

∂t
=

∂2u

∂x2
(3.1)

u(0, t) = 0 u(1, t) = 2cos(4t) (3.2)

u(x, 0) = 2sin(
5π

2
x) (3.3)

The solution of Eqs. (3.1-3.3) can be visualized via a surface plot Fig. 3.1. The recovered

PDE is also shown for comparison. The successful reconstruction of the governing equations of
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motion for these dynamic systems provides the rationale that the same methodology can be applied

to biological systems, specifically for collective cell migration.

(a) (b)

Figure 3.1: (a) Surface plot generated from Eqs. (3.1-3.3). (b) Surface plot generated from the recovered

PDE and Eqs. (3.2-3.3).

3.2 Experimental Data

Experimental data of cell migration was generated utilizing the traditional scratch wound assay

by culturing a monolayer of murine fibroblast cell line (NIH 3T3) in an 8-well plate (ibidi 80821),

as described in our recent work [38]. A scratch was applied using a pipette tip on the confluent

layer of cells. Subsequently, time-lapse images of the cell migration during the wound closure

were recorded using a Zeiss LSM 980 confocal microscope with environmental chamber which

mimics the physiologically relevant conditions such as temperature, humidity and carbon di-oxide

level. The automated cell tracking was done on nucblue stained nuclei to collect quantitative data

of the cell migration using TrackMate in Fiji [39]. The image sequence files were utilized to track

hundreds of cells in the field of view. The TrackMate coordinate system and a sample data set

are shown in Fig. 3.2, where the positive x-direction is horizontal and pointed to the right and

the positive y-direction is vertical and pointed downwards. Cells show mostly directed migration

along the x axis, with some deviations where they partially move in the y direction as well. Modes

of directed cell migration include a gradient and based on the specific mechanism they are named

as haptotaxis, chemotaxis, topotaxis, and galvanotaxis [11]. From the nature of this experiment,
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the cells are assumed to migrate in the direction toward the center of the scratch due to a chemical

attractant.

𝑥

𝑦

(a)

#

_x1

_x2

(b)

Figure 3.2: (a) Live cell imaging and automated tracking before wound closure shown of murine fibroblasts

for a sample control group illustrating the scratch wound assay. (b) Tracked cell trajectory for an individual

cell of interest after thresholding the image.

3.3 Dynamic Equations

The methodology for discovering the dynamics is outlined in [1] and reproduced in Appendices

A.1, A.2, A.3, A.4, and A.5 in order to apply in the cell systems presented in this work. The

formulation starts with Eq. (3.4), where u is the displacement, the A-matrix consists of the library

of candidate dynamic functions, and ξ consists of the coefficients of the functions in the A-matrix.

The larger the library of terms in the A-matrix is, from Eqs. (A.19) and (A.23), the more robust

the model can be, e.g. 1, O1, O2, ..., u′, u′′, ... Solving this equation will allow the formulation of a

differential equation that serves as the governing equation for the cell migration in the x-direction.

The system solution can be obtained by solving the matrix system shown in Eq. (3.4).







|

ξ

|







= A+







|

∂u
∂t

|







(3.4)
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Note that in Eq. (3.4), A+ represents the appropriate inverse of choice. The sparse solution

for ξ was obtained in MATLAB. A sparse or parsimonious solution is preferred since it allows for

the identification of the dominant terms that are driving the dynamics. An argument from intuition

suggests that the recovered equation should likely contain the fewest number of terms since this

is the structure that is found in many important governing PDEs such as the Korteweg–De Vries,

diffusion, reaction-diffusion, Burgers, Schrödinger, Navier-Stokes, Kuramoto–Sivashinsky, wave,

Laplace, and Poisson equations. Thresholding to achieve sparsity can be done to eliminate some

of the more insignificant elements of ξ. A first approach to thresholding is outlined in the process

shown as follows:

1. Assume ξ ∈ R
ζ×1, where ζ is large. This is equivalent to assuming a large number of the

potential functions in Eq. (A.2).

2. Solve Eq. (3.4) for ξ using the Moore-Penrose pseudoinverse for a least squares solution.

3. Inspect elements of ξ whose magnitude is smaller than a specified threshold value, typically

a small number defined by the user.

4. Remove the terms from the A-matrix in Eq. (A.2) that correspond with the small ξ value

from the thresholding.

5. Solve Eq. (3.4) with the new A-matrix.

6. Repeat this process until no terms in ξ are below the defined threshold.

There exists additional thresholding options for eliminating these small terms if the method stated

above is undesirable. The Lasso algorithm can be used for automatically thresholding the solution

of Eq. (3.4). Another option is to use MATLAB’s "\" to solve the system of equations. If a

scenario arisess that A is a non-square matrix, MATLAB’s "\" will resort to a QR decomposition

solver, which will promote sparsity. The results in this paper were obtained using this last process

due to ease of implementation.
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3.3.1 Single-Cell System

With the formulation stated above, the methodology is ready to be applied to the single-cell and

multi-cell systems. The dynamical equations of the single-cell system are shown in Eqs. (A.25),

(A.26), (A.28), and (A.30). The plots of the trajectory of the cell for the different dynamic systems

is shown in Fig. A.2.

3.3.2 Multi-Cell System

A method is needed that discovers the partial differential equations of a collective cellular

system of the form shown in Eq. (3.5).

∂u

∂t
= N(u,

∂u

∂x
,
∂2u

∂x2
, ..., x, t) (3.5)

The dynamics are recovered as shown in Eq. (3.6), where the terms with relatively small

coefficients are omitted such that the dominant terms are shown.

∂u

∂t
≈ 0.0085

∂u

∂x
︸ ︷︷ ︸

Convection

+1.1635
∂2u

∂x2
︸ ︷︷ ︸

Diffusion

(3.6)

Eq. (3.6) takes the form of the convection-diffusion equation; however, the sign of the con-

vection coefficient is opposite to the sign of the convection coefficient in the standard convection-

diffusion equation. The solution suggests that the convective term serves as a model for some

amount of migration of the cells in the direction opposite to the scratch, which is consistent with

experimental data where a bulk retraction of the cell layer is observed; the diffusion term serves as

a model for the migration of the cells towards the scratch due to a chemical gradient.

a posteriori Dirichlet BCs

The initial condition (IC) for all of the simulations of this PDE is given in Eq. (3.7).

u(x, 0) = 0 (3.7)
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The boundary conditions (BC) are obtained from TrackMate from the trajectories of the cells

at the two boundaries. For implementation, the data is interpolated to fit a smooth polynomial with

the structure given in Eqs. (3.8) and (3.9), where the value of ν is chosen according to the user’s

discretion.

u(x = x1, t) =
ν∑

µ=1

αµt
µ (3.8)

u(x = xm, t) =
ν∑

µ=1

βµt
µ (3.9)

The data of the original experiment is shown in Fig. 3.3. Comparing the surface plot of the

original data with a surface plot of the data generated by the DMD framework shows an overall

similar shape.

(a) (b)

Figure 3.3: (a) Surface plot of Eq. (3.6), subject to the BC in Eqs. (3.8) and (3.9) and IC in Eq. (3.7).

Waterfall plots of the trajectories obtained from the TrackMate data are included. (b) Surface plot of the

original data. The final time used in the simulation is the same as in the experiment.

Velocity-Based Dirichlet BCs

Dirichlet BC can be constructed based on the first few time points of the cell trajectory. The

construction of the Dirichlet boundary condition relies upon the assumption that one can obtain

the trajectory of the cells at least upon the completion of the first time step, specifically in the

form of the time derivative of the position. The first-order time-derivative approximation of the

displacement, shown in Eq. (3.10), can be constructed with a forward-biased stencil, where δ
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represents a difference approximation to a derivative [40].

(δtui)
j =

uj+1
i − uj

i

∆t
≈

∂uj
i

∂t

∣
∣
∣
xi,tj

(3.10)

Eq. (3.10) is utilized when only data from the initial time step is available. However, more

advanced stencils can be used for a more accurate approximation of the first derivative if data

from multiple time steps are accessible. Examples of these advanced stencils are provided in Eqs.

(A.31), and (A.32). For all of the stencils, the values of xi are x1 for the left boundary (wall) and

xm for the right boundary (scratch-wound interface); j = 1 in all cases.

In addition to the derivatives, the development of an approximation of the amount of time that

it takes for the cells at the scratch wound interface to reach the center of the scratch, as shown

in Eq. (3.11), can be developed. For two representative data sets, the final times of the simula-

tion as predicted by Eq. (3.11) are an order of magnitude larger than the final time of the actual

experiment.

tn =
u(xm, tn)

ẋm(t1)
(3.11)

The numerator in Eq. (3.11) can be experimentally determined once the scratch in the scratch

wound assay is created and imagedd. Note that for the simulations in Figs. 3.4 - 3.6, the final time

of the actual experiment is used for the simulation in order to draw a comparison. Using either Eqs.

(3.10), (A.31), or (A.32), one can develop the boundary conditions that are given in Eq. (3.12).

Note that this same expression is used for the BC at the scratch-wound interface and the cell at the

well’s wall; hence, xi = x1 (at the wall) and xi = xm (at the scratch-wound interface).

u(xi, t) =
∂uj

i

∂t

∣
∣
∣
(xi,t)

t i = 1,m (3.12)

The approach outlined here is anticipated to be the most versatile of all of the approaches, due

to the fact that it does not need the information of the global position of cells. The results of this

method are shown in Fig. 3.4.
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Figure 3.4: Surface plots of Eq. (3.6), subject to the BC in Eq. (3.12) and IC in Eq. (3.7). Waterfall plots

of the trajectories obtained from the TrackMate data are included. For the simulation: (a) The 1st data set is

used with experiment’s final time. (b) The 1st data set is used with experiment’s predicted final time, found

from Eq. (3.11). (c) The 2nd data set is used with experiment’s final time. (d) The 2nd data set is used

with experiment’s predicted final time, found from Eq. (3.11). (e) Error bars of the difference in the PDE’s

prediction with respect to the experimental displacement in (a). (f) Error bars of the difference in the PDE’s

prediction with respect to the experimental displacement in (b).

Zero-Displacement and Velocity-Based Dirichlet BC

The BC at the right end can be constructed from Eq. (3.12). The BC at the left end will

be assumed to be a zero-displacement BC. The goal here is to provide BCs that will allow the

prediction of the cell motion by using the trajectory of the cells during the first time step. The first

boundary condition, given in Eq. (3.13), is obtained by assuming the trajectory of the immediate

interior cell to the cell positioned at x = x1 (at the wall).

u(x1, t) = 0 (3.13)

The simulation results of this approach are shown in Fig. 3.5. It should be noted that for

some situations, the BC presented in Eq. (3.13) can be problematic. For simulations containing a

cell whose location with the lowest x-value, x1, is at the wall of the well, then Eq. (3.13) is the
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appropriate BC. However, for cases where the lowest x-value, x1, is far removed from the wall,

then the BC representing zero displacement should not be applied.

(a) (b) (c)

(d)

Alternative Data Set #1

0 - 1
79

180 - 3
59

360 - 5
39

540 - 7
19

720 - 9
00

Starting x-Value of the Cell (  m)

-20

0

20

40

A
v
e

ra
g

e
 E

rr
o

r 
(

 m
)

(e)

Alternative Data Set #2

0 - 1
24

125 - 2
49

250 - 3
74

375 - 4
99

500 - 6
24

Starting x-Value of the Cell (  m)

-60

-40

-20

0

20

40

A
v
e

ra
g

e
 E

rr
o

r 
(

 m
)

(f)

Figure 3.5: Surface plots of Eq. (3.6), subject to the BC in Eqs. (3.12) and (3.13) and IC in Eq. (3.7).

Waterfall plots of the trajectories obtained from the TrackMate data are included. For the simulation: (a)

The 1st data set is used with experiment’s final time. (b) The 1st data set is used with experiment’s predicted

final time, found from Eq. (3.11). (c) The 2nd data set is used with experiment’s final time. (d) The 2nd data

set is used with experiment’s predicted final time, found from Eq. (3.11). (e) Error bars of the difference in

the PDE’s prediction with respect to the experimental displacement in (a). (f) Error bars of the difference in

the PDE’s prediction with respect to the experimental displacement in (b).

Mixed (Dirichlet/Neumann) BCs

The BC for the right-hand side from Eq. (3.12) is used again. The second BC is constructed

from the spatial derivative of Eq. (3.13), as shown in Eq. (3.14). This BC is generated as an

assumption that the neighboring cell to the x1 location will approximately move the same as the

one positioned at the x1 location.

∂u

∂x

∣
∣
∣
(x1,t)

= 0 (3.14)

The results of this approach are shown in Fig. 3.6. This approach is anticipated to serve as the

second most robust approach after the velocity based Diricchlet BCs.
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Error bars have been added to Figs. 3.4 - 3.6, where the error is defined pointwise as the

difference between the DMD prediction and the experimental data. The error is averaged over

time by computing the difference between the PDE and experimental data displacement over time

for the respective amount of cells used; 20 cells for the first alternative data set and 5 cells for

the second alternative data set. The errors are partitioned and grouped together based on their

corresponding cell’s starting x-value for graphing purposes. Standard deviation bars of the average

error in each partition are added to the bar graphs. Some of the error bars do not have standard

deviation because there was only one cell to be analyzed in that range of x-values.
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Figure 3.6: Surface plots of Eq. (3.6), subject to the BC in Eqs. (3.12) and (3.14) and IC in Eq. (3.7).

Waterfall plots of the trajectories obtained from the TrackMate data are included. For the simulation: (a)

The 1st data set is used with the experiment’s final time. (b) The 1st data set is used with the experiment’s

predicted final time, found from Eq. (3.11). (c) The 2nd data set is used with the experiment’s final time. (d)

The 2nd data set is used with the experiment’s predicted final time, found from Eq. (3.11). (e) Error bars of

the difference in the PDE’s prediction with respect to the experimental displacement in (a). (f) Error bars of

the difference in the PDE’s prediction with respect to the experimental displacement in (b).
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3.4 Optimization

The movement of the cells in the direction towards the scratch was studied in the previous sec-

tions. In order to study the motion of cells perpendicular to the direction of the scratch, which is

of particular interest when investigating the 2D and 3D trajectories of the cells subjected to obsta-

cles such as other cells, an understanding through an optimization framework is sought. Optimal

control relies upon this mathematical framework in order to construct optimal trajectories.

3.4.1 Direct Collocation Method - Optimization Through Dynamic Program-

ming

The optimization problem is formulated in Eq. (5.1), where the cost functional J to be min-

imized is the Bolza cost function including the Mayer term, Φ(·), and the Lagrange term, L(·),

which is subjected to constraints on the system, where f(x(t),u(t), t), ϕ(x1, t1,x(tf ), tf ), and

C(x(t),u(t), t) represent the dynamics, boundary constraints, and path constraints, respectively.

The state vector, x, is constructed based on the context of the problem. For example, if the motion

of only one cell is considered, then x ∈ R
2×1 in order to include both the x and y positions. If

the motion of i cells is considered, then x ∈ R
2i×1. For the optimization performed on the cells

in Figs. 3.7 and A.3, there is no control input, u, in the traditional sense of optimal control theory.

However, one of the states, particularly the Cartesian coordinate y, is a parameter of the system

that can be adjusted in order to minimize the value of the cost, which is sometimes referred to as

a decision variable. For the cells in Fig. 3.8, both the x and y coordinates serve as the decision
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variables. Therefore, the term "optimal control" is used for this optimization.

minimize
x,ẋ,t

J = Φ(x(t1), t1,x(tf ), tf )

+

∫ tf

t1

L(x(t), ẋ(t),u(t), t)dt

subject to: ẋ(t)− f(x(t),u(t), t) = 0

ϕ(x(t1)), t1,x(tf ), tf ) = 0

C(x(t),u(t), t) = 0

(3.15)

Note that the formulation presented in Eq. (5.1) is a continuous-time formulation, which means

that it needs to be converted into an approximate formulation for the direct collocation through

transcription into a nonlinear program. First, the integral in the cost functional to be minimized

can be approximated with a quadrature formulation. For example, using the trapezoidal method,

the integral given in Eq. (5.1) can be converted into an algebraic expression. The quadrature

conversion used in the simulations presented in this study is presented in Eq. (5.9).

n∑

j=1

L(x(tj), ẋ(tj),u(tj), tj)∆tj (3.16)

The dynamics was discretized, done with a finite differencing scheme such as the one presented

in Eq. (A.11); however, for more accurate results, MATLAB’s ode45 was used to numerically in-

tegrate the equations. MATLAB’s fmincon function solved the resulting system of algebraic equa-

tions; therefore, solved the static optimization problems with the use of algorithms such as interior-

point, trust-region-reflective, sqp, or others [30]. Finally, once applying this quadrature scheme,

Bellman’s Principle of Optimality is applied, which states that the optimal trajectory between two

nodes also lies on the optimal trajectory for the entire trajectory. This allows the construction of a

dynamic optimization problem from many consecutive static optimization problems.
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Using this method, several simulations are performed and included as follows. Simulations

without obstacles are included Fig. A.3. Simulations with obstacles are presented in 3.4.1 and

3.4.1.

Static Obstacles

For the trajectories generated here, the Lagrangian was chosen such that the minimum-energy

solution is obtained. This is done to seek a trajectory for the moving cell that resembles a natural

system since the agents in biological systems tend to expend the least amount of energy. With the

initial position of the cell and the displacement data obtained from solving the PDE in Eq. (3.6)

subject to the IC and BC of choice, DMD can be used to generate an ODE that describes the motion

of the cell’s x-directional movement. An example ODE resulting from this process is shown in Eq.

(3.17).

minimize
y,ẏ,t

J =

∫ tf

t0

1

2
m(ẋ2 + ẏ2)dt

subject to: ẋ ≈ (5.5 ∗ 10−4)
µm

s
+ (5.6 ∗ 10−7µm

s2
)t

− (6.2 ∗ 10−11µm

s3
)t2

+ (1.6 ∗ 10−15µm

s4
)t3

ẏ ≤ 0.0033
µm

s

robs,k ≤
√

((x− xobs,k)2 + (y − yobs,k)2)

x1(0s) ≈ 309µm x1(tf ) ≈ 332µm

x2(0s) ≈ 476µm x2(tf ) ≈ 495µm

t0 = 0s tf = Free

(3.17)

The optimization could be performed in the presence of obstacles, specifically static cells.

The simulation for this scenario is shown in Fig. 3.7. While the results presented in Fig. 3.7

partially match the experimental trajectory, the correlation is not perfect. As is the nature with

systems experiencing stochastic movement, the migration of any one particular cell can be difficult
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to predict exactly. In this case, a cell is shown that has a very large migrational displacement

as found from the experiment, whereas the DMD does not predict that it would have been so

large. This highlights one of the limitations of such an approach; however, simulations can still be

constructed with a high amount of accuracy since most cells would not be outliers.
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Figure 3.7: (a) Actual trajectory of the cell of consideration, as obtained from TrackMate. (b) The hybrid

DMD-optimization model, resulting in an optimal trajectory, with the discovered dynamics from Eq. (3.17).

Dynamic Obstacles

From the experimental data derived cell trajectories, it was evident that some cells barely move

while other migrate fast. Those barely mobile cells are treated as dynamic obstacles. The simula-

tions in Fig. 3.7 assume that the obstacles are static, and hence the obstacles don’t move through

the entirety of the simulation. Using the results from the previous sections, a more realistic simula-

tion is included for comparison to the static case. The other cells are assumed to move according to

the PDE discovered from the DMD. The controlled cells move according to an optimization policy,

specifically a minimum energy approach. Each cell is allowed to arrive at the goal at their own final

time; they do not have to arrive at the goal location at the same time. The results of different cases

of dynamic optimizations with single cell or two cells in 2D and 3D settings are shown in Fig. 3.8.

Similar simulations have been done [34] with the use of a potential field approach; however, such

approaches do not use an optimization-based framework.
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3.5 Discussion

This paper demonstrates a new framework for the discovery of the rules of cell migration

through the synthesis of a hybrid approach with DMD and optimal control. The mathematical

model frames the cell migration in terms of a predictive displacement field rather than population

density, which is the approach practiced by most current models. Like many PDEs in physics,

the discovered PDE only relies upon a few terms to reasonably model the dynamics. While many

terms were allowed to be in the dynamics, only a few terms appear in the result.

The DMD allows for the successful description of the one-dimensional movement of a single

cell and multiple cells. This differs from a linear interpolation of the migrational data since it relies

upon existing spatio-temporal data and thus cannot predict the global level population behavior.

While the governing equation shown in Eq. (3.6) contains a diffusion equation that represents the

migration of the cells towards the scratch, a convection term is also present that represents bulk

migration in the direction opposite to the scratch, possibly attributed to the bulk retraction of the

cell monolayer during the migration. When simulated, the PDE will have the same IC as presented

in Eq. (3.7); however, the BC will vary depending on the context of the experiment. Eq. (3.12)

can be used when the global position of the cell furthest from the scratch is unknown. Eqs. (3.12)

and (3.13) can be used when the cell furthest from the scratch is known to be located at the well

wall or in the context of tissue - far from the wound in the context of wound healing where no

directed cell movement occurs. Eq. (3.13) and (3.14) can be used when the other methods fail due

to limitations in calculating the time derivatives at the beginning of the experiment. It should be

noted that there are several limitations and challenges to the application of DMD. While the DMD

can be used with a noisy system, such as the small Brownian motion of a cell during migration,

the recovered governing equation will not predict such random fluctuations. Another limitation of

DMD of this experiment relates to the availability of a fine spatio-temporal grid where the finite

differencing is performed. These limitations arise from the number of cells when taking the spatial

derivative and the number of time points due to the allowable sampling frequency of a cell system

with a microscope relevant for temporal differentiation. Due to these constraints on the system, the
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solution of the PDE shown in Fig. 3.3 is imperfect, whereas the recovered system in Fig. 3.1 much

more closely resemble the original system which is free from noise. For cell migration systems,

constructing a governing equation with this DMD process is not always possible, especially when

the sampling frequency of the imaging is too sparse or when a very limited number of cells exist

in the field of view.

The DMD technique is independent of the cell type and the only input that it requires is a

time lapse imaging, due to the "top-down" nature of the DMD framework. For any clinical or

experimental imaging setting, the only requirement for this technique to be successful is knowledge

of the trajectory of the organism’s cells over time, which comes from the DMD, and it is solely

limited by the quality of the experimental data. Besides, the method is agnostic of the cause

of migration such as any physical or chemical gradient. Although this work relies on the data

from a scratch wound assay where the cells migrate by a chemical gradient, the methodology can

be applied to cells moving under any physical gradient or even though cells move without any

gradient which is common for aggressive cancer cells. However, for a reliable and successful

implementation of this technique, higher resolution in the time points, both experimentally and in

the optimization simulation, will be required. Additionally, the method cannot account for the cell

division by mitosis process.

Using a hybrid DMD/optimal control-based model for a single cell with nearby obstacles, an

optimal path in two-dimensions was developed. The simulated cell in Fig. 3.7 does not move as

far in the x-direction as the cell from the experiment due to the large displacement of this particular

cell in the experiment; actual cell’s movement is abnormally large. A minimum-energy path is still

generated with a notably similar trajectory to the experimental cell’s trajectory, which demonstrates

the strength of this technique.

The optimization was further performed to predict the optimal path in a dynamic environment

in two dimensions for one cell or multiple cells. This optimization shows the capability of predict-

ing the optimal path of a cell in two-dimensions with respect to the other cells in the population
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that are following the path defined by the DMD. Observing the control policy generated by the

optimization, a bang-bang control type is obtained for the cells that are controlled.

The initialization for the states of the optimization is very important for obtaining meaningful

results for methods like those presented in this paper. The final solution of the optimization can be

sensitive to the initial guess; with a poor guess, the solution can converge to an inferior minimum.

For this paper, the cells for which the optimal trajectory was generated were given an initial guess

for their trajectory which is formed from a linear interpolation of their initial position to their goal

location. Since the cells are modeled as first-order systems here, this is a reasonable assumption.

For refinement, h-methods were used to attenuate the error and thereby converge the solution

to the optimal trajectory; p-methods were not considered due to the capabilities of numerically

integrating with MATLAB’s ode45.

The hybrid DMD/optimization method is limited due to a high computational cost. Since the

time to complete the simulation on a 2018 MacBook Pro with 16 GB of RAM is approximately one

hour and 24 hours for the simulations presented in Fig. 3.8 (e) and (f), respectively, this method

cannot be used quickly in real-time in the current state. However, with a more powerful computer

it can be possible. Since the computational cost rises significantly with the number of nodes, one

possible way to alleviate this long simulation time is to perform a simulation with a fewer number

of nodes and then use a method that is not computationally expensive, such as gradient descent

with potential functions, in order to guarantee an obstacle avoidance.

A simulation of a moving cell governed by second order dynamics was not included due to the

need to quantify the force bounds with which the cells exert themselves on the substrate. Data from

this experiment provided velocity only; however, future works will focus on the quantification of

cell traction forces and the system might need more simulations for refinement.

Depending on the context, either the single cell migration or collective cell migration can be bi-

ologically more relevant, and the framework presented here can be applied accordingly. Single cell

migration is more common in leukocyte movement whereas cancer cells move en masse. While

the study of both single and multicellular migration can be insightful which is possible with the

28



present framework, the results suggest that the technique provides more robust and reliable pre-

diction of cell trajectory in multicellular system. The experimental data shows that the migration

of the cells is strongly dependent upon the BCs and IC of the system as the biological situation

demands. Also, the cells are subject to random microscopic fluctuations, which can make the tra-

jectory of any individual cell challenging; however, the prediction of the overall global pattern of

the collective migration can be made.

Practical implementations of such a model exist in the field of therapies that involve magnetic

micro-robots, such as drug delivery with a micro-robot [23].Research has been done to develop

automated control and path planning of micro-robots [41]; it is expected that the research outlined

in this paper will allow for the solving of a similar problem but from a different approach. Many

cutting edge technologies for cell therapy and drug delivery employs robots that are externally

controlled by electrical and magnetic fields, that include cargo transportation, cell manipulation,

toxic substance removal, and micromanipulation [37, 42, 43]. For example, Huang et al reported a

novel approach with magnetized cartilage ECM-derived scaffolds for osteoarthritis therapy, utiliz-

ing human bone marrow mesenchymal stem cells and decellularized porcine cartilage ECM [44].

Additionally, the use of degradable microrobots has been shown to enable the precise delivery of

engineered stem cells for cancer therapy, demonstrating therapeutic efficacy in preclinical tests

[45]. Although these technologies are at infancy, the control framework described in this work is

needed for their eventual use. The optimization framework presented in this paper will also open

possibilities into research related to studying cell migration at the individual level, which can be

utilized by systems biologists.

3.6 Conclusion

This work demonstrates a new framework for the discovery of the rules of cell migration

through the synthesis of a hybrid approach with Dynamic Mode Decomposition and optimal con-

trol. The mathematical model frames the cell migration in terms of a predictive displacement field,

rather than on population density, which is the approach practiced by current models. Like many
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PDEs in physics, the discovered PDE only relies upon a few terms to reasonably model the dy-

namics. While many terms were allowed to be in the dynamics, only a few terms appear in the

result. The model is utilized to predict cell migration trajectory in cells that migrate alone, and in a

complex environment where extracellular matrix obstacles and other cells are present. The frame-

work can be utilized to discover the fundamental physics of cell migration and also for developing

actuated microrobots that can be used for targeted cell or drug delivery.
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Figure 3.8: (a) An individual cell’s trajectory to a prescribed final location. (b) An individual cell’s trajec-

tory through an obstacle course of static obstacles. (c), (d), (e) and (f) An individual cell (c and e) or two

cells (d and f) traversing through a 2D obstacle course of both moving and non-moving obstacles, where (c)

and (d) are simulated with 5 collocation nodes and (e) and (f) are simulated with 20 collocation nodes. (g)

an individual cell and (h) two cells traversing through a 3D obstacle course of both moving and non-moving

obstacles. For the 2D simulations in (a - f), the red dots represent static obstacles or cells, the blue dot(s)

represents the microrobot(s), and all other dots represent moving obstacles whose motion is governed by

the DMD. For the 3D simulations in (g - h), the red and green dots represent static obstacles, the blue dot(s)

represents the microrobot(s), and all other dots represent moving obstacles whose motion is governed by the

DMD.
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Chapter 4

Mechanical Analysis of Cell Migration Using Hybrid

Structural Optimization

Cell migration requires the dynamic formation and dissolution of mechanical structures inside

the cytoplasm. Stress fibers are made of F-actin during cell migration driven by the strategic local-

ization of focal adhesion complexes at the cell-substrate interface. The nucleus is also strategically

positioned in the cell during the migration and the stress fibers wrap around the nucleus possibly

to carry the nucleus with the cell. Cell migration is energetically demanding and should require

strategic utilization of resources such as the F-actin stress fiber formation at specific locations so

that they generate enough force by actomyosin contraction at the cell-matrix adhesion sites for a

directed movement. In this work we propose a structural optimization based biophysical model to

predict the strategic localization and sizes of F-actin fibers that supports the nucleus and the cyto-

plasm during migration. With the use of a nonlinear controller via a Newton-Euler-based model

of the generated design, we further quantified the force in the stress fibers during migration, with

results close to those obtained through experimental methods such as traction force microscopy.

The predicted force decreases for a cell that migrates slowly due to a pharmacological perturbation.

Such quantification of forces only require the information of the trajectory of the cell that can be

readily obtained from time lapse microscopy. With novel microscopy techniques emerging, such

biophysical model framework can be combined with traction force microscopy data to achieve un-

precedented mechanical information inside and outside cells during migration, which is otherwise

not possible by experiments only.

4.1 Introduction

Cell migration is a fundamental biological phenomenon. Prokaryotes migrate as a single or-

ganism to find resources and in this process the cell-cell communication might be critical if the
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cell is the part of a colony. In eukaryotes, cells migrate to achieve a systemic goal such as tissue

formation and regeneration. Immune cells migrate to rescue tissues from infection and cancer cells

migrate to metastasize from a primary location to a secondary location [4, 31]. In some situations

cells migrate alone and based upon the need, cells migrate together showing some specific at-

tributes of collective cell migration where mechanical and chemical communication between cells

occur [46,47]. For example, a few leader cells are shown to drive the follower cells in the collective

cell migration and the follower cells take turn to be the leaders when the previous leaders run out of

the energy [48,49]. Mechanically, cells can communicate with each other via the compliant matrix

thus having possible effects in the collective cell behavior [50], such as the speed of individual cell

migration. Traction force generated by cells are shown to be different when cells are away from

each other compared to when they are closer [51], thus possibly contributing to cell migration by

cell-cell mechanical communication.

Structures inside the cell such as F-acin protein in the cytoskeleton and the focal adhesion

complex at the cell-matrix interface are critical for the energetically demanding cell migration

process. On an individual level, cell movement can be divided into a few stages: protrusion of

the leading edge of the cell, adhesion of the leading edge with the matrix (in 3D) or substrate (in

2D), release of the cell from the matrix or the subsrate at the cell body and rear, and cytoskeletal

contraction to pull the cell forward [52]. The force from the actin polymerization drives the cell

membrane forward - the protrusion stage. Subsequently the polymerized F-actin connects to the

substrate at focal adhesion points. The contraction, where the bulk of the trailing cytoplasm is

drawn forward, is executed by the protein myosin. Thus, the actomyosin contraction and the

resultant cytoskeletal forces are mechanically important factors in cell migration. Experimental

image of a migrating cell shows such F-actin cytoskeletal structures, called stress fibers Fig. 4.1.

Cytoskeletal forces in the stress fibers are related to the traction force created by the cell at the cell-

matrix interface. The quantification of the traction forces during cell migration serve as valuable

information for cell mechanosensing and understanding the driving mechanical components to cell

migration [26]. Because cell migration is energetically demanding requiring the cells continuously
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forming and dissolving structures, it is anticipated that structures are optimally created inside the

cell for most efficient utilization of the resources expending least amount of energy.

(a) (b) (c)

Figure 4.1: Confocal microscopy images of a migrating murine fibroblast (NIH 3T3 cell). (a) 3D recon-

struction of the raw image stack showing the actin (green) and nucleus (blue). (b) Segregated image shows

the actin stress fiber with the nucleus and (c) showing the actin stress fibers only.

The nucleus also plays a critical role during the cell migration as recent studies indicate [38].

During the migration, the nucleus must be moved with the cell which possibly dictates the location

of the centrosome during cell migration [53]. The stress fibers that are produced as a part of the

dynamic cytoskeleton serve as the structure in ’carrying’ the nucleus during migration. Previous

studies have investigated the stress fiber orientation [27, 28], and different predictive models have

been created to study the formation of the stress fibers as the cell moves, as well as the forces that

these stress fibers exert on the substrate [54–56]. However a critical knowledge gap exists regarding

the understanding of cell migration - (1) where the stress fibers are strategically formed that meets

the cell’s demand to move forward with the nucleus and (2) what forces those stress fibers create

to move the cell forward along with the nucleus? Answering these questions utilizing experiments

will require high resolution live microscopy combined with stress calculation inside and outside

cells which is currently limited. Biophysical model can be utilized to fill this knowledge gap,

which is the primary focus of the present study.
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4.2 Materials and Methods

4.2.1 Modeling of a 3 × 3 cell array under resting state using FEM

To quantify the stress distribution in cells a 3 by 3 cell array in two dimensionm was created

in FEBio. Tetrahedral elements were used to mesh the combined model of the cytoplasm and the

nucleus. The cytoplasm of the cells are made with a neo-Hookean material, with ρ = 1g/µm3,

E = 0.5kPa and ν = 0.35 for the density, Young’s modulus and Poisson’s ratio, respectively.

A prescribed isotropic active contraction was included in the material property, with a contractile

stress value of T0 = 0.01kPa. The nuclei of the system are made with a neo-Hookean material,

with ρ = 1g/µm3, E = 1.2kPa and ν = 0.35 for the density, Young’s modulus and Pois-

son’s ratio, respectively. The substrate of the system is made with a neo-Hookean material, with

ρ = 1g/µm3, E = 5kPa and ν = 0.35 for the density, Young’s modulus and Poisson’s ratio,

respectively.

4.2.2 Methodology to quantify the distribution of cytoskeletal material in

cell

Modern optimization theory has revolutionized various engineering disciplines by enhancing

capabilities in tasks such as generative design of structural systems for improved efficiency, such

as minimizing mass while maintaining structural integrity, and facilitating dynamic path planning

for enhanced system performance. Utilizing calculus of variations, both static and dynamic opti-

mization problems are commonly formulated. These problems can be addressed through different

methods, namely indirect, direct, and hybrid approaches. Indirect methods aim to establish and

solve the necessary and sufficient conditions analytically, which is suitable for simpler systems but

becomes complex rapidly. Hybrid methods, on the other hand, numerically solve these conditions,

often employing shooting methods. Direct methods eschew formulating the necessary and suffi-

cient conditions, instead opting to discretize the system and employ minimization algorithms for

solution-seeking. In this paper’s optimization implementation, direct methods are employed.
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To begin the optimization, the problem will first need to be posed within a specific framework.

Eq. 5.1 shows an example of how fully dynamic optimization problems are typically posed [29].

The cost J to be minimized is the Bolza cost that includes the Mayer term, Φ(·), and the Lagrange

term, L(·), which is subjected to constraints on the system, where ε(·), β(·), and Π(·) are the

vectors that represent the equations of equilibrium, also referred to as the dynamics, boundary

constraints, and path constraints, respectively. Contrast ε with ϵ, where the latter represents the

strain tensor.

minimize
∆={S,F}T

J = Φ(U(X, t1), t1,U(X, tf ), tf )

+

∫ tf

t1

L(U(X, t), U̇(X, t),F(t), t)dt

subject to: EoE Ü(X, t)− ε(U,U′,U′′,∆,E, t) = 0

BCs: β(t1,U(t1)), tf ,U(tf )) = 0

PC: Π(U(X, t),F, t) = 0

(4.1)

In Eq. 5.1 for the case of the 1D stress fibers the vector U(X, t) ∈ R
2×1 is the vector represent-

ing the displacement field of the system, as shown in Eq. 4.2, where X is the vector containing the

global coordinates of the system, i.e. X = {X, Y, Z}T . Contrast the U with u(p) ∈ R
2×1 which

represents the local displacement of the pth stress fiber of an element in the finite element method

(FEM) - based construction. The vector x(p) ∈ R
2×1 represents the spatial coordinates expressed

in the local coordinate system of the pth stress fiber.

U(X, t) = X(t)−X(t0) (4.2)

The vector F ∈ R
2×1 represents is the open-loop control, which in this context is a distributed load

that causes the contractile or tensile stress fiber forces from the chemical reaction of the nucleotide

adenosine triphosphate (ATP). The vector f (p) ∈ R
2×1 is reserved for the distributed load across
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the pth stress fiber. S ∈ R
2p×1 is the vector containing a certain set of states of the system; for this

paper, these states are the cross-sectional areas and lengths of the stress fibers, grouped as defined

in Eq. 4.3.

S = {A . . . ℓ}T (4.3)

A ∈ R
p×1 is the vector that contains all p cross-sectional areas of the stress fibers. The vector

ℓ ∈ R
p×1 contains the lengths of the stress fibers. The vector E ∈ R

p×1 represents the modulus of

elasticity of all p stress fibers. In this paper, the cost in Eq. 5.1 will be proportional to the collective

mass of the stress fibers, specifically the volume of the stress fibers, due to the finite resources from

the biological limitations of the cell. The volume is formulated as the product of the length and

cross-sectional areas of the stress fibers. The vector ∆ represents the parameters of the system

that can be adjusted in order to minimize the value of J , in the literature called decision variables,

which are formulated depending on the context of the problem.

4.2.3 Static Structural Optimization

The equations of equilibrium in Eq. 5.1 take the form of a partial differential equation (PDE),

specifically in a structure similar to the wave equation, however for some systems, such as the

ones presented here in Eq. 4.4 and later in the Newton-Euler model, the equation of equilibrium

is an ordinary differential equation (ODE), rather than a PDE. The full equation of motion for an

axial bar is given in Eq. 4.4, where A, E, and ρ represent the cross-sectional area, modulus of

elasticity, and mass-density of the stress fibers; f represents a distributed load on the stress fiber.

This equation establishes the relationship that the forces in the stress fibers have on the remaining

decision variables.

−
∂

∂x
(AE

∂u

∂x
) + ρA

∂2u

∂t2
= f (4.4)

For statically-modeled systems, the time-dependent terms, such as Ü or ü, will not appear in

the static formulations, however the spatially-dependent terms will still appear. Static structural

optimization problems are commonly posed in some variation of the way shown in Eq. 5.1, where
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the Lagrange term is left null and the Mayer term is commonly chosen as a function that represents

the compliance, so as to maximize the stiffness, commonly to minimize the displacement of the

structure.

One-Dimensional Elements

The cellular system of consideration with stress fibers consists of one-dimensional elements,

no cytoplasm contribution, and modeling the nucleus as a point mass is illustrated in Fig. 4.3,

where both the protruding and non-protruding stances are considered.

The optimization problem is posed as shown in Eq. 4.5, where the objective is to minimize

the collective mass of the stress fibers. Note that the lengths of the stress fibers are not included

in S since this is a static optimization problem and hence the lengths are fixed. It is assumed that

the same value for the maximum allowable stress is the same in each stress fiber. The governing

differential equation for the displacement of an axial bar is given in the constraints. Buckling

constraints are also considered in this model, where the inequality constrains the axial load in

the bar to be less than the critical buckling load. Note that the lowest modeshape of buckling is

considered due to the fact that the fibroblasts move very slowly and as such the higher frequency

buckling modes will not be expected at any point. The boundary conditions (BCs) are Dirichlet

and defined such that the displacements at the nodes located on the ECM are zero.

minimize
∆=A

J = ℓTA

subject to: f (p) = −
d

dx
(A(p)E (p)du

(p)

dx
)

|σ (p)| ≤ σ (pallow)

f (p) ≤ π2E
(p)I(p)

(L (p))2

BCs

(4.5)
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Three-Dimensional Elements

For a higher-dimensional model, particularly in three dimensions, the structural optimization

problem can be posed in Eq. 4.6, where J is the cost function to be minimized and m is the

mass of the system. The governing equations of equilibrium, stress-strain relations, and strain-

displacement relations that act as a constraint on the system are expressed in indicial form, where

i, j, and k correspond to the x, y, and z components. For a planar model, i = 1,2 and j = 1,2. For a

three-dimensional model, i = 1,2,3 and j = 1,2,3.

minimize
∆=m

J = m2

subject to: σij,j + fi = 0

σij = Cijklϵkl

ϵ =
1

2
(ui,j + uj,i)

σ ≤ σallowable

Euler Buckling

BCs

(4.6)

4.2.4 FEM-Based Transcription Method

The formulations presented in Eq. 5.1, and hence Eqs. 4.5 and 4.6, are continuous-time formu-

lations, which means that they will have to be converted into an approximate discrete formulation

for the direct collocation through transcription into a nonlinear program, similarly to the process

in [57]. The transcription will result in a system of equations that take the structure of Eq. 4.7,

where M, K, G, and F represent the mass and stiffness matrices, respectively, and the gravita-

tional force and other force vectors, respectively.

MÜ+KU+ G = F (4.7)
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Using this method, several solutions to the structural optimization are obtained and included in

this paper. Here, the structural optimization was solved in MATLAB with the use of ’fmincon’.

1D FEM-Based Transcription Method

Only the intermediate region of the cell that is bounded by the nucleus and the cell membrane,

and not the nucleus was optimized. The connection of the stress fibers (SF) to the extra-cellular

matrix (ECM) and the nucleus is modeled with a pin-joint connection. The connection of the

stress fibers to the nucleus is modeled at the center of the nucleus for simplicity. The goal was to

minimize the total mass of the stress fibers. This optimization formulation is chosen because the

cell has finite resources with which to construct the actin stress fibers, hence we should expect the

cell to seek the usage of the minimum mass possible for the construction of each stress fiber.

The equations in Eq. 4.5 were re-expressed, through transcription, before the optimal solution

was obtained with MATLAB’s fmincon. This process involves the converting of the ODE into

an approximately equivalent set of algebraic equations, which can be done with several methods;

here, the finite element method is used. For a small system like this, the stiffness matrix can be

easily obtained and assembled ; the building block for each stress fiber’s contribution is given in

Eq. 5.23. It was assumed that the modulus of elasticity will be the same for all of the stress fibers.

Note that this matrix is formulated from the use of linear shape functions. Complete details of the

finite element-based transcription are reported later 4.2.5.

The reduced matrix, which is obtained upon applying the boundary conditions of zero dis-

placements at all of the nodes located at the substrate side, was used in Eq. 4.8. The buckling

criteria was re-expressed in terms of the displacements and cross-sectional areas. The stress con-

straints was re-expressed in terms of the displacements. Note that |σp| ≤ σallow is mathematically

the same as −σallow ≤ σp ≤ σallow; the latter formation was used so that the stress constraint

could be inserted into fmincon. Values for the material properties, particularly the breaking force,

cross-sectional radius, and the modulus of elasticity of the stress fibers were assumed as 377 nN,

100 nm, 1.45 MPa, respectively [58]. Therefore, the ultimate tensile strength of the stress fibers

was assumed to be 12 MPa. The stress fiber length could vary in length, from 10 to 100 µm;
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typical stress fiber lengths are around 100 µm [59]. Also, the stress fiber length was ≥ 20µm [28].

The cross-sectional area of the stress fibers can range from 0.001 µm2 to 0.04 µm2, whereas the

focal adhesion cross-sectional areas can vary from approximately 0.75 µm2 to approximately 4.5

µm2 [59]. Values of the traction forces during cell motion range from roughly 0 nN to roughly

120 nN [26]; 120 nN was used in the simulation. The optimization problem posed in Eq. 4.5 was

converted into a roughly equivalent optimization problem, shown in Eq. 4.8.

minimize
∆=A

J = ℓTA

subject to:







Fa

0







=
7∑

p=1






A(p)E(p)

L(p) (c(p))2 A(p)E(p)

L(p) (c(p))2(s(p))2

A(p)E(p)

L(p) (c(p))2(s(p))2 −A(p)E(p)

L(p) (c(p))2












u8x

u8y







cpu8x + spu8y ≤
πAp

4Lp

− σpallow ≤
Ep

Lp

(cpu7x + spu7y) ≤ σpallow

(4.8)

4.2.5 FEM Formulation - 1D Element

A numerical solution was obtained with the use of the finite element method. The weak form

was obtained as shown in Eq. 5.10, where ζ(x) represents the weighting function. Note that the

superscript denoting the pth element is not shown; the finite element formulation is the same for

each stress fiber, so the superscript here is omitted.

0 =

∫ xq

xp

ζ(x)(−
∂

∂x
(AE

∂u

∂x
) + ρA

∂2u

∂t2
− f)dx (4.9)

Regardless of the order of the time derivative, there is no integration by parts in time. The final

expression for the semi-discrete weak form is shown in Eq. 4.10.

0 =

∫ xq

xp

(AE
∂ζ

∂x

∂u

∂x
+ ρAζ

∂2u

∂t2
− ζf)dx−

[

− ζ(AE
∂ζ

∂x
)
]xq

xp

(4.10)
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The displacements and weighted residuals are defined in terms of the shape functions as shown

in Eqs. 4.11 and 4.12.

ζ = Ψi u =
2∑

j=1

ujΨj (4.11)

Ψ1 = (
xq − x

h
) Ψ2 = (

x− xp

h
) (4.12)

Inserting these equations into the former expression for the semi-discrete weak form will result

in the system of ODEs in Eq. 4.13.

[

m

]{

ü

}

+

[

k

]{

u

}

=

{

F

}

(4.13)

The values of the entries of the mass matrix, stiffness matrix, and force vector are given in Eqs.

4.14-4.16.

mij =

∫ xq

xp

ρAΨiΨjdx (4.14)

kij =

∫ xq

xp

AE
dΨi

dx

dΨj

dx
dx (4.15)

Fi = −
[

Ψi(AE
dΨi

dx
)
]xq

xp
︸ ︷︷ ︸

Pi

+

∫ xq

xp

Ψifdx (4.16)

The system was converted using the parent-coordinate formulation in order to formulate the

mass matrix. This is shown for the mass matrix in Eqs. 4.17 and 4.18.

m11 =

∫ h

0

ρA(1−
s

h
)(1−

s

h
)ds =

ρAh

3
(4.17)

m12 =

∫ h

0

ρA(1−
s

h
)(
s

h
)ds =

ρAh

6
(4.18)

Assembling this results in the mass matrix for a single element as shown in Eq. 4.19.

mij =
ρAh

6






2 1

1 2




 (4.19)
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4.2.6 FEM Formulation - Rotated Element

For the purposes of the combined stress fiber/nucleus system, the finite element formulations

were expressed in the global X, Y, Z system, as opposed to their local coordinate systems, in order

to formulate the global mass and stiffness matrices as well as the global gravitational and force

vectors. Performing the coordinate system transformation resulted in the system of equations for

the static case shown in Eq. 4.20, where m and n represent the left and right nodes on the one-

dimensional finite element, respectively. The stiffness matrix of the rotated bar element is kp and

cp = cos(θp), sp = sin(θp).







Fmx

Fmy

Fnx

Fny







=
A(p)E(p)

L(p)












(c(p))2 c(p)s(p) −(c(p))2 −c(p)s(p)

c(p)s(p) (s(p))2 −c(p)s(p) −(s(p))2

−(c(p))2 −c(p)s(p) (c(p))2 c(p)s(p)

−c(p)s(p) −(s(p))2 c(p)s(p) (s(p))2












︸ ︷︷ ︸

k(p)







umx

umy

unx

uny







(4.20)

4.2.7 FEM Formulation - Combined System

The finite element formulations for each element are used to assemble the reduced global sys-

tem of equations in a succinct manner that arise from the application of the boundary conditions.

The matrix M in Eq. 4.21 is known as the reduced mass matrix of the discretized system, which

is full rank and invertible and obtained after applying the boundary conditions. This is contrasted

with the global mass matrix, which is not full rank and hence not invertible.

M =









mn +
7∑

p=1

m
(p)
22 cos

2(θp)
7∑

p=1

m
(p)
22 cos(θp)sin(θp)

7∑

p=1

m
(p)
22 cos(θp)sin(θp) mn +

7∑

p=1

m
(p)
22 sin

2(θp)









(4.21)

The matrix K in Eq. 4.22 is known as the reduced stiffness matrix of the discretized system,

which like the mass matrix, is full rank, invertible, and obtained after applying the boundary con-
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ditions. Like the mass matrix, this can be seen in contrast with the global stiffness matrix, which

is not full rank and not invertible.

K =









7∑

p=1

k
(p)
22 cos

2(θp)
7∑

p=1

k
(p)
22 cos(θp)sin(θp)

7∑

p=1

k
(p)
22 cos(θp)sin(θp)

7∑

p=1

k
(p)
22 sin

2(θp)









(4.22)

The vector G in Eq. 4.23 represents the contribution due to gravitational forces that arise when

considering gravity in the vertical direction with the nucleus’ being modeled as a point mass at the

end of the stress fibers, where mn represents the mass of the nucleus.

G =







0

mng







(4.23)

Lastly, the F in Eq. 4.24 represents the forces produced by the stress fibers that support the

nucleus and carry the nucleus along the desired trajectory.

F =







7∑

p=1

cos(θ(p))
(

f (p)x(p)
q +

f (p)((x
(p)
p )2 − (x

(p)
q )2)

2h(p)

)

7∑

p=1

sin(θ(p))
(

− f (p)x(p)
p +

f (p)((x
(p)
q )2 − (x

(p)
p )2)

2h(p)

)







(4.24)

3D FEM-Based Transcription Method

The optimization problem posed in Eq. 4.6 can be converted into an approximately equivalent

form, by expressing the constraint equations as a system of algebraic equations; one possible

way to do this is through the finite element method. By applying the boundary conditions, the

reduced matrix system, with corresponding stiffness matrix K, can be obtained. Subsequently, the

optimization problem can be posed in Eq. 4.25, where U, V, and represent the global horizontal
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displacement, vertical displacements, and volume of the system, respectively.

minimize
∆=

J = m2

subject to: K







{U}

{V}







=

{

F

}

σ ≤ σallowable

Euler Buckling

BCs

(4.25)

4.3 Results

4.3.1 Finite element method predicts significantly different stress distribu-

tion in the cell based on cell-substrate contact model

Mechanical stress and strain in the cell can be modeled utilizing the Finite Element Method

based techniques. Previous works modeled such mechanical quantities in a resting cell utilizing a

material model in the cell and the nucleus, along with a suitable boundary condition such as the

traction forces [60]. One approach is to define a traction force field as a continuous field variable

at the cell surface. A second approach is to define the traction force at individual points where

the cell matrix adhesion is formed. Traction force is the result of cell contractile force which is

not common in modeling cell mechanics but can capture more fundamental aspects of the physical

forces in cells compared to the traction force. In the present work we applied a contractile stress

inside cells to model the resting mechanics inside the cells using FEBio, a nonlinear finite element

analysis software created specifically for biomechanics and biophysics applications [61]. The goal

is to investigate the stress distribution inside cells.

In our model we incorporated the provisions to investigate the stress and strains inside the cell,

the nucleus and the substrate in the three-dimensional setting. Nine cells were arranged in a 3

× 3 array with the distance between cells being a possible parameter that can be changed. For
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visualization purpose only a planar slice is shown 4.2. In the first case (a), continuous surface

contact was assumed and in the second case (b), specific contact areas were modeled utilizing

’feet’ under the cells to mimic the focal adhesion, similar to the model considered in [62]. The

results reveal that when the "feet" are included, the stress is concentrated largely at the end regions

of the cell, with smaller amount of stress in the middle, as opposed to the continuous distribution

observed when the cell makes a continuous flush contact with the substrate.

Multiple simulations were performed, where the contractile stress T0 inside the cell was per-

turbed in order to investigate the effect of different contractile stress values on the stress magnitude

field shown in the color plot in Fig. 4.2. Such parametric study changes the magnitude of the stress

field inside the cell, but it does not change the shape of the stress field, therefore results from mul-

tiple simulations are not included since the purpose of this particular model is to look at the shape

of the stress distribution that arises from the cell’s contraction during migration, not the magnitude.

Overall this results indicate that only specific areas of the cell experience an elevated amount of

stress and they are close to the outer periphery of the cell whereas inner locations undergo lower

amount of stress. The F-actin tread milling is a mechanical stress dependent process therefore the

stress fibers are most likely formed at those adhesion points near the cell periphery and connecting

the cell across with fiber formations as shown in the images from the experimental data in Fig. 4.1.

(a) (b)

Figure 4.2: Distribution of ’stress magnitude’ inside the cell, nucleus and substrate under resting state

modeled with cell contractility inside the cytoplasm (a) with the cell modeled under perfect contact with the

substrate and (b) with focal adhesion points that contact the substrate at specific locations marked by the

’feet’.
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4.3.2 Stress fiber thickness is optimally defined by cells at strategic locations

during migration as revealed by a planar cell model

A handful of stress fibers are formed during cell migration that build the mechanical structure

to carry the cell forward as shown in Fig. 4.1. The nucleus is connected to the cytoplasm via the

F-actin fibers and the nucleus also moves with the cell in a coordinated manner [63]. Therefore, it

is expected that the F-actin fibers carry the nucleus. This leads us to the question - how only a few

stress fibers are mechanically able to carry the nucleus. This is logical though because the F-actin

fiber formation is energetically demanding and cells will try to optimize the stress fiber formation

at strategic locations and numbers with a goal to carry the cell and the nucleus forward.

Table 4.1: The values of the parameters of the simplified model in Fig. 4.3.

SFp θp Lp (µm) Ep (MPa) A
∗

p (µm2) Ep (MPa) A
∗

p (µm2) Ep (MPa) A
∗

p (µm2)

Symmetric

1 15◦ ≈ 100.5 4.5 ∗ 106 4.5 ∗ 106 4.5 ∗ 106

2 40◦ ≈ 40.4 0.75 ∗ 106 0.75 ∗ 106 0.75 ∗ 106

3 65◦ ≈ 28.7 | 0.75 ∗ 106 | 0.75 ∗ 106 | 0.75 ∗ 106

4 90◦ 26 0.5 3.160 ∗ 106 1.45 3.14 ∗ 106 2.4 3.135 ∗ 106

5 115◦ ≈ 28.7 | 0.75 ∗ 106 | 0.75 ∗ 106 | 0.75 ∗ 106

6 140◦ ≈ 40.4 0.75 ∗ 106 0.75 ∗ 106 0.75 ∗ 106

7 165◦ ≈ 100.5 0.45 ∗ 106 4.5 ∗ 106 4.5 ∗ 106

Protruding

1 90◦ 26 3.143 ∗ 106 3.142 ∗ 106 3.140 ∗ 106

2 102.5◦ ≈ 26.6 0.75 ∗ 106 0.75 ∗ 106 0.75 ∗ 106

3 115◦ ≈ 28.7 | 0.75 ∗ 106 | 0.75 ∗ 106 | 0.75 ∗ 106

4 127◦ ≈ 32.8 0.5 0.75 ∗ 106 1.45 0.75 ∗ 106 2.4 0.75 ∗ 106

5 140◦ ≈ 40.4 | 0.75 ∗ 106 | 0.75 ∗ 106 | 0.75 ∗ 106

6 152◦ ≈ 56.3 0.45 ∗ 106 4.5 ∗ 106 4.491 ∗ 106

7 165◦ ≈ 100.5 0.45 ∗ 106 4.5 ∗ 106 4.4499 ∗ 106

Therefore we attempted to predict the thick stress fiber formations at specific focal adhesion

site locations by solving an optimization problem that seeks to minimize the collective mass of

the stress fibers. The model of the cell is shown in Fig. 4.3 where the model is similar to some

used in the literature [62], specifically with the connections that the stress fibers make with the
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substrate and the nucleus being modeled as pin joints. The top panel shows the configuration of

the cell at resting (a) and protruding states (b). The thin lines represent the possible locations of

the stress fibers. Subsequently the optimization problem was posed and executed to calculate the

requirement and thickness of the fibers, sufficient to carry the nucleus subjected to a force Fa. in

this case, Fa is chosen to be 120 nN, the magnitude of the force was derived from the literature [26].

The numerical values of the lengths of the stress fibers and their orientations are given in Table 4.1.

MATLAB’s ’fmincon’ was used in order to optimize the system under such mechanical loading

demand which provides the optimal cross-sectional areas of the stress fibers. The values of the

areas from the optimization, as well as the parameters of the model, are presented in Table 4.1.

Note that the (·)∗ represents the optimal solution. After thresholding, we get that A(2) ≈ A(3) ≈

A(5) ≈ A(6 ≈ 0, which leaves just the contribution from stress fibers 1,4, and 7. The resulting

system is shown in Fig. 4.3 c and d. The thicknesses of the fibers have been scaled for visualization

purposes. It should be noted that Fa can be varied within the neighborhood of this value, however

the distribution of the three principal stress fibers remain the same, suggesting that an exact value

of this force is not critical. Overall this results agree with the experimental observation that only

a few thick stress fibers are formed in the cell to carry the nucleus forward. A three dimensional

counterpart of this model is also framed and presented in Fig. A.4 in the appendix.

4.3.3 Prediction of traction forces from the cell trajectory

Dynamic model to predict the cell trajectory

The results presented so far were obtained by applying a static structural optimization on the

cell’s cytoskeleton. However, a more sophisticated model is desired that accounts for a dynamic

system by utilizing the trajectory of the nucleus. The trajectory was used to quantify the posi-

tion, velocity, and acceleration of the nucleus, so dynamic equations were generated using a tech-

nique we previously described [57], that utilizes the dynamic mode decomposition (DMD) method.

Equations for such trajectories that represent position, velocity and acceleration are presented be-

low in Eq. 4.26. The cell (or nucleus) trajectories were derived from our previous experimental
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Figure 4.3: (a) Model of the simplified cell with the possible locations of stress fibers and associated focal

adhesion points shown for (a) the symmetric case and (b) the protruding case. The cell with the stress fibers,

with thicknesses shown to scale after the static structural optimization, and associated focal adhesion points

presented in (c) before protrusion and (d) during protrusion. For complete description of stress fiber areas

after optimization refer to Table 4.1.

work [38], where murine embryonic fibroblast line NIH 3T3 cells were visualized during migra-

tion in a scratch wound assay. We utilized the data from an experimental perturbation where a drug

Trichostatin-A lowers the cell migration velocity by inhibiting the chromatin condensation [38].
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q8d(t) = 7E−6 + 4.859E−9t− 3.400E−13t2 + 1.348E−17t3 − 2.092E−22t4

q̇8d(t) = 5E−9
− 7E−13t+ 4E−17t2 − 8E−22t3

q̈8d(t) = −6.759E−13 + 8.051E−17t− 25.054E−22t2
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







q8d(t) = 7E−6 + E−8(−0.1440t+ 5.9793E−5t2 − 3.7387E−9t3 + 6.9E−14t4)

q̇8d(t) = E−8(−0.1397 + 1.1959E−4t+−1.1216E−8t2 + 2.76E−13t3)

q̈8d(t) = E−8(1.1959E−4
− 2.2432E−8t+ 8.28E−13t2)

(4.26)

In order to illustrate the resemblance between the experimental data obtained from ImageJ’s

TrackMate [39] and the resulting DMD process, the trajectories of both for the control and drug-
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treated (TSA treated) cells are shown in Fig. 4.4. Procedures towards developing a desired trajec-

tory that will be used in the control selection can take multiple approaches; here, the DMD-based

trajectory is used for it’s higher Ck continuity, where here k represents the kth derivative, com-

pared to the experimental trajectory. A smoother desired trajectory function helps in eliminating

any jerky movement of the system as well as it allows the easier formulation of the desired kine-

matic trajectories.
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Figure 4.4: (a) Plot of the experimental data where the starting x-values of both plots have been adjusted

to start at 7 µm for trajectory comparison and (b) the plot of the approximated trajectory obtained through

dynamic mode decomposition based on the experimental data.

Newton-Euler hybrid-based model to represent the stress fibers as robotic elements

One approach towards obtaining a dynamic model is to construct a multi-link Newton-Euler

based "robotic-like" system as a model for the cell. The benefit of such an approach includes the

ability to apply well-established control theory methods to this system. The "robotic-like" model of

the cell is shown in Fig. 4.5. The coordinate directions are defined by the inertial reference frame

N, where the orthonormal unit vectors that define the basis of the right-handed spatial coordinate

system are N̂1, N̂2, and N̂3.

The dimensions of all of the lengths of the rigid bodies in this robotic representation of the cell,

as well as all of the initial values of the generalized coordinates, are shown in Table 4.2, where Ln

represents the length of the nth element and qn represents the nth generalized coordinate. The size
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Figure 4.5: Coordinate system diagram of the "robotic-like" model of the cell with three actuator-based

stress fibers. The connections to the actuators at both the substrate and nucleus are modeled as pin joints.

The generalized coordinates representing translational or rotational position are represented by q1...q9. The

body-attached frames for each rigid body are A = [Â1, Â2, Â3, ], ... , G = [Ĝ1, Ĝ2, Ĝ3, ], where Â1,...,Ĝ

represent the orthogonal set of unit vectors defining each frame. Relevant lengths of the rigid bodies are

given as L1,...,L9. All bodies, including the substrate, are assumed to be completely rigid.

of the nucleus of a fibroblast ranges between 500 µm3 to 1000 µm3 [64]; the size of the nucleus in

this work is assumed to be 513.13 µm3. The mass of the nucleus is assumed as 2.29 ng [65]; the

mass of the cell is assumed to be 22.9 ng.

Table 4.2: The parameters of the three-link "robotic" model of the cell shown in Fig. 4.5, at its initial states.

white n Ln qn(t0)
1 20 µm 90◦

2 20 µm 6 µm
3 20 µm ≈ 150.58◦

4 20 µm ≈ 32.926 µm
5 20 µm ≈ 134.90◦

6 20 µm ≈ 12.759 µm
7 7 µm 0◦

8 2.5 µm 7 µm
9 60 µm 26 µm

Several classical mechanics methods exist that can produce the governing differential equations

of motion, such as with the Newton-Euler equations, Lagrange’s method, D’Alembert’s principle,
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Kane’s method, etc. Here, Kane’s method was used with the help of Autolev motion analysis

software [66] in order to generate the equations of motion. The governing equations for the system

are represented in joint space in Eq. 4.27, and are subject to the kinematic constraints on the system

obtained from the development of kinematic chains shown in Eq. 4.28.

A(Q)Q̈+B(Q, Q̇) +G(Q) = Γ =






0

GT
T




Υ (4.27)

c(Q) = 0 (4.28)

In the equations above, Q, Q̇, and Q̈ ∈ R
9 are the vectors containing the generalized co-

ordinates that define the configuration of the system, velocities, and accelerations, respectively,

A(Q) ∈ R
9×9 is the inertial matrix of the system, B ∈ R

9×1 is a vector containing the Coriolis

and centrifugal terms, G ∈ R
9×1 is the matrix containing the terms due to gravity, Γ ∈ R

9×1 is

the vector containing the actuator force and torque values, GT ∈ R
9×3 is the transmission matrix,

and Υ ∈ R
3×1 is the vector containing only the actuator forces. It is noteworthy that the equa-

tions stated above are second-order, nonlinear differential equations that describe the motion of the

robotic model of the stress fibers in the cell. The degrees of freedom (DOF), sometimes referred

to as mobility, of the system can be determined with the Chebychev–Grübler–Kutzbach criterion

in Eq. 4.29, where R, J1, and J2 represent the number of rigid bodies, joints of type 1, and joints

of type 2, respectively.

DOF = 3(R− 1)− 2J1 − J2 = 3 (4.29)

The kinematic constraints on the system, represented by the vector c(Q) ∈ R
6×1, are formu-

lated here from vector loops or kinematic chains of the configuration.

Nonlinear control of the configuration space equations to quantify the forces in stress fibers

Once the robotic model of the stress fibers were built, we quantified the forces in the stress

fibers. To build a classical controller, various methods can be utilized. Here, the equations in Eqs.

4.27 and 4.28 were combined through constraint embedding in Autolev and expressed in a single
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set of equations, as represented in Eq. 4.30, where q, q̇, and q̈ ∈ R
3×1 are the vectors containing

the generalized coordinates, generalized velocity, and generalized acceleration that remain after the

constraint embedding. The matrix a(q) ∈ R
3×3 represents the reduced mass matrix, b(q) ∈ R

3×1

is the vector containing the Coriolis and centrifugal terms, g(q) ∈ R
3×1 is the vector containing

the gravitational terms, and gTT ∈ R
3×3 is the reduced transmission matrix.

a(q)q̈+ b(q, q̇) + g(q) = gTTΥ (4.30)

An operational space controller was developed in order to specify the constraint on the move-

ment of the nucleus. Typically, the Jacobian matrix needs to be formulated in order to convert

between textcolorredconvert between does not sound right - use some other phrase the joint space

and the operational space, if the coordinate of consideration is rotational. However the generalized

coordinate representing the nucleus is already expressed in the translational coordinate system, so

no Jacobian is needed. The computed torque method was used in order to develop a controller

that drives the movement of the system. We selected the following control in order to linearize the

dynamics in Eq. 4.31,

Υ = (gTT )
−1
(

b(q, q̇) + g(q) + a(q)Υ∗
)

(4.31)

where:

Υ∗ = q̈d +Kv(q̇d − q̇) +Kp(qd − qd) (4.32)

which gives the resulting error dynamics are shown in Eq. 4.33, where Kp and Kv are the propor-

tional and derivative gains.

(q̈d − q̈) +Kv(q̇d − q̇) +Kp(qd − qd) = 0 (4.33)

The values of the gains Kp and Kv are selected at the discretion of the user. These gain values

will determine if the error dynamics behave in an overdamped, critically damped, or underdamped

fashion. The gain selection in Eq. 4.34 guarantees that the the error dynamics will behave in
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a critically damped manner; the proportional gain is selected to be Kp = 1. This is a common

heuristic model of control that doesn’t necessarily guarantee optimal solution.

Kv = 2
√

Kp (4.34)

It can be noted that this type of controller can be demonstrated to asymptotically converge the

system to the desired trajectory with the use of a Lyupanov-based analysis, even with a variety of

gains. To show this, a Lyupanov candidate function for this system is proposed in Eq. 4.35, where

E and Ė represent the error, defined as E ≜ qd − q and time derivative of the error, defined as

Ė ≜ q̇d − q̇, respectively.

V =
1

2
ĖT Ė +

1

2
ETKpE (4.35)

Note that the gain matrix, Kp, is a positive-definite matrix. The candidate function V satisfies

the criteria for a Lyupanov function, namely V is zero iff E and Ė are zero and V is greater than

zero iff E and Ė are not zero. Differentiating Eq. 4.35 gives Eq. 4.36.

V̇ = ËT Ė + ĖTKpE = −ĖKvĖ ≤ 0 (4.36)

The expression in Eq. 4.36 is zero only when E and Ė are zero, and negative when E and Ė

are nonzero, therefore asymptotic convergence of the system to the desired position is guaranteed

with the use of any positive-definite gain matrix Kv.

The biological insight received from this model is stated below and in Fig. 4.6. Trajectory of

the control cell (that moves faster) and the TSA treated cell (that moves slower) are shown in Fig-

ure 6 (a) and (c) respectively. The cells were tracked for almost 7 hours. It is clear that the control

cell moved a larger distance along the x axis (straight line) over the same total tracking time. The y

component is zero and rotation (θ) is also zero because the nucleus was moving in an approximated

straight line. The nonlinear controller is able to converge the position (black line) to the desired

trajectory (purple line) in both cases, which is consistent with the Lyupanov-based prediction. The
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force in the individual controllers (stress fibers) change over time but not drastically, which is ex-

pected. The distance travelled by the cells in this situation is fairly small - between 30 microns

(TSA) to 47 (control) microns which is almost same as the length of cell. Therefore, if we consider

a full cycle of cell migration consisting protrusion, contraction and stabilization, the force in indi-

vidual fibers won’t change much during this timeframe. The comparison of the values of forces in

the stress fiber compare remarkably closely with the experimental data derived from traction force

microscopy, which reports the traction force in the range of tens of nanonewtons [26].
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Figure 4.6: (a) Trajectory of the states of the control cell. (b) Actuator forces from the nonlinear controller

of the system for the control cell, where the forces in the left, middle, and right actuators start at 42.97 nN,

-66.10 nN, and 53.56 nN; the actuator forces, from left to right, finish at 52.75 nN, -57.41 nN, and 42.62

nN. (c) Trajectories of the states cell with TSA treatment. (d) Actuator forces from the nonlinear controller

of the system with TSA treatment, where the forces in the left, middle, and right actuators start at 42.97 nN,

-66.10 nN, and 53.56 nN; the actuator forces, from left to right, finish at 36.45 nN, -32.32 nN, and 36.76

nN.
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4.4 Discussion

The goal of this research is twofold: to exploit the use of modern optimization techniques in

order to predict the orientation and size of F-actin stress fibers networks within the cytoskeleton and

to quantify the forces in the stress fibers during cell migration. The migration event was posed as an

optimization problem that allows for the cell to achieve a desired motion in a particular direction,

subject to a finite actin mass supply constraint. The assembly of the cell’s internal organization at

this level during migration is currently unavailable due to the limitations of even the most cutting

edge microscopy. Computationally derived quantification of the stress in fibers, that can provide

the information of the traction forces is also achieved using the present framework. Only the

cell trajectory is the input in this framework which is experimentally obtainable by time lapse

microscopy. This can be especially useful when cells are moving in clusters as in those situations

quantification of the traction force at the single cell level will require many assumptions. Therefore,

to investigate the cell-to-cell communication via mechanosensing in a dense environment we can

use the current framework which only relies on the trajectory tracking, which is much easier using

time lapse microscopy. However, it should be noted that the method provided in this study is not

meant to replace the traction force microscopy, rather to complement that technique to provide the

force information both inside and outside the cell.

The optimal location and size of the stress fibers were revealed in this study as shown in Figs.

4.2 and 4.3. Although the study was done on a vertical cross-section of the cell (4.3) to quantify the

size of the stress fiber, it still captures the requirement of the cell to create only a few thick stress

fibers which matches the experimental observation. A more detailed three-dimensional model with

the same technical framework as shown in Fig. A.4 also captures the same biological insight. Ad-

ditionally, the location of stress fibers are concentrated at the periphery of cells which is captured

by the high stress concentration in specific locations as shown in Fig. 4.2.

The quantification of stress fiber forces not only resemble the previously described experimen-

tal data, it also shows that the control cells which move faster has a higher value of stress fiber

force compared to the TSA treated cell which moves slower. The computational framework only
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relied on the cell trajectory that was derived from the experiment and the Dynamic Mode Decom-

position. The benefit of such an analytical biophysical model as compared to experimental models

(traction force microscopy), is that the parameters of the model can be adjusted based on the cell

type to obtain the forces in stress fibers.

The framework presented here also exists for dynamic structural optimization problems, how-

ever current models are commonly centered around dynamic optimization from a frequency per-

spective through the augmentation of a frequency constraint [67], such as the one in Eq. 5.7,

where K, ωr, and M represent the global stiffness matrix, rth eigenvalue, and global stiffness ma-

trix, that imposes an eigenvalue problem-type constraint, in place of the equation of equilibrium

in Eq. 5.1 [68]. The solution more closely resembles that of a static optimization problem solved

in this paper, since the geometry is not designed to change over time. Further improvement of

this framework will allow us to predict the redistribution of the cytoskeletal material during the

dynamic process of cell migration

(

[K]− ω2
r [M ]

)

Ur = 0 (4.37)

The results presented in this paper set the framework for simulating more sophisticated cell

migration behavior. Future work will focus on using the complete equations of equilibrium, as

opposed to the reduced static equations, which will allow for a more robust model of cell migra-

tion due to the dynamic nature and more elaborate model. This paper also lays the groundwork

for allowing more sophisticated three-dimensional model of cytoskeletal material distribution, as

presented in Fig. A.4. Future work can also add additional constraints to the robotic Newton-Euler

model of the cell, specifically by adding frictional or adhesion constraints at the stress fiber attach-

ment points, rather than assuming that these points remain in contact through the entire motion.
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4.5 Conclusions

The outcome of this paper demonstrates a methodology for the creation of a biophysical model

that estimates the stress fiber forces and hence it can insinuate the traction forces during cell mi-

gration. Additionally it predicts the position and size of the cell’s stress fibers during this process.

Therefore, with the power of structural optimization, nonlinear control, and the finite element

method, a novel dynamic model of cell migration is achieved, with expected impacts in the field

of biomechanics, cell migration and applied optimization sciences.
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Chapter 5

A Mechanical Analysis of Cell Locomotion - a

Dynamic Structural Optimization Approach

The goal of this research is to exploit the use of modern structural optimization to suggest the

shape of a biological cell’s cytoskeletal actin stress fiber orientation and focal adhesion sites during

locomotion that allows the cell to achieve maximum motility in its desired migrational direction.

Such a biophysical model would allow the prediction of cellular motion during migration and

ambulation, which is otherwise unobtainable due to the limitations of modern microscopy. The

proposed model also allows quantification of the traction forces during migration, which is a crucial

part of cell-to-cell communication via mechanosensing.

5.1 Introduction

Collective migration plays an important role in the movement of many biological systems,

from bacteria to large animals [5]. The migration of cells is crucial for many biological pro-

cesses, including morphogenesis during embryonic development, tissue and skeletal cell genera-

tion, fibroblasts during wound healing, and the movement of immune cells during a response to

infection [4, 31]. Mechanical forces regulate a wide range of these biological activities, and the

field of mechanobiology seeks to understand the mechanisms by which cells sense and respond to

mechanical signals. A couple of large mechanical factors of collective cell migration that affect

cell-to-cell communication include the sensing of the propagated stress through a shared compliant

extra-cellular matrix (ECM) (in 3D) or substrate (in 2D) [50] and the proximity of the neighboring

cells to one another [51].

Internal to the cell, the cytoskeletal structure plays an important role in cell locomotion due

to the force generation that is created to drive the cell in the direction of its motion caused by the

chemical reaction of the nucleotide adenosine triphosphate (ATP). An illustration of the internal
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components of a simplified 2D cell is given in Fig. 5.1, where Ωn, Γn, Ωc, Γc, Ωsf , and Γsf repre-

sent the domain and the bounding surface of the nucleus, cytoplasm, and stress fibers, respectively.

These internal components play an important role in cell locomotion during migration, which can

Ω!
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Ω#$ 	
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Figure 5.1: The continuous simplified 2-D model of the cell.

be divided into a few general stages: protrusion of the leading edge of the cell, adhesion of the

leading edge, deadhesion at the cell body and rear, and cytoskeletal contraction to pull the cell

forward [52]. The force from the actin polymerization drives the plasma membrane forward cre-

ating the lamellipodium, called protrusion. Tension builds that moves the cell forward. A protein

called actin in the cytoskeleton connects to the substrate at focal adhesional points, serving as a

scaffold to support the inertial components and cell shape. Myosin, a motor protein, attaches to

the filamentous actin (F-actin) and draws the bulk of the trailing cytoplasm during the contraction

stage, although myosin can create both tensile and contractile forces in stress fibers [69].

An in-depth study of the internal mechanics of the cell will allow the quantification of the trac-

tion forces generated by the stress fibers, which in turn play an important role in collective cell

migration via mechanical communication, called mechanosensing. A method known as traction

force microscopy seeks to experimentally determine the traction forces during migration by ob-

serving the displacement field of beads embedded in an ECM or substrate with known material

properties during migration and later calculating the stress fields through a known constitutive law.

Experimental methods are limited largely due to sampling thresholds of the microscope in order

to avoid greatly disturbing the cell system. One way to combat these limitations are with the use

of analytical mathematical methods to predict stress fiber orientation, such as in [27, 28]. Mathe-

matical methods, particularly with the use of optimal control, are commonly used to solve a wide
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variety of difficult problems, including applications in aerospace engineering and robotics; they

have also been used in biological applications, such as regulating the spread of a disease within a

population, as in [22], where the authors used decision variables like social distancing and masks to

limit the spread of the COVID-19 virus while also minimizing economic impact. Limited research

has been done on applying this optimization framework to study structurally dynamic systems,

particularly those capable of dynamic generative design, where the geometry is capable of chang-

ing over time, which in this case is made possible from a cell’s growing limbs as it ambulates. This

lack of research is possibly due to the recent development of the field of optimal control theory and

limited applications to a system capable of dynamic generative design, however the novel approach

presented in this paper could lead to models seeking to study cell migration and morphogenesis in

more complex environments.

5.2 Methods

Eq. (5.1) shows an example of how dynamic optimization problems are typically posed [29].

The cost J to be minimized is the Bolza cost that includes the Mayer term, Φ(·), and the Lagrange

term, L(·), which is subjected to constraints on the system, where ε(·), β(·), and Π(·) are the

vectors that represent the equations of equilibrium, also referred to as the dynamics, boundary

constraints, and path constraints, respectively. Contrast ε with ϵ, where the latter represents the

strain tensor. The selection of J is context-dependent. Previous studies have chosen to minimize

energy [70] and stress fiber volume [71] for cell migrational problems. For the study presented

here, the volume of the stress fibers is minimized due to finite resources of the cell F-actin and

myosin motor proteins; this is the same logic as in [71].
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min
∆={S,F}T

J = Φ(U(X, t1), t1,U(X, tf ), tf )

+

∫ tf

t1

L(U(X, t), U̇(X, t),F(t), t)dt

subject to: EoE: Ü(X, t)− ε(U,U′,U′′,∆,E, t) = 0

BC: β(t1,U(t1)), tf ,U(tf )) = 0

PC: Π(U(X, t),F, t) = 0

(5.1)

The simplified 2D model presented in Fig. 5.1 is further simplified to the model shown in Fig.

5.2 and all variables presented in Eq. (5.1) will be related in terms of the variables in this diagram.

In the research presented in this paper, the cell’s stress fibers are modeled as 1D bar elements and

are not formed at the nuclear envelope; instead, the nucleus is modeled as a point-mass with the

stress fibers connecting to the nucleus at this point. The components of the focal adhesion that help

to link the stress fiber and the substrate are well documented [16] and are composed of an integrin

node with ligand receptor bonding [12]. Simplified models are considered, such as in [27], which

models the focal adhesions with multiple connected springs. The model presented here is similar

to others used in the literature, such as in [62]; specifically, the stress fibers are simply connected

to the substrate and nucleus with a pin-joint connection.

In Eq. 5.1 for the case of the 1D stress fibers the vector U(X, t) ∈ R
2×1 is the vector repre-

senting the global displacement field of the system, as defined in Eq. (5.2), where X is the vector

containing the global coordinates of the system, i.e. X = {X, Y, Z}T .

U(X, t) = X(t)−X(t0) (5.2)

The displacement field of the eth element expressed in the global coordinates is shown in Eq. (5.3).

U(e)(X(e), t) = X(e)(t)−X(e)(t0) (5.3)
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Figure 5.2: (a) Simplified model of the cell composed of 1D elements and (b) The global nodes of each

element.

Contrast these displacement expressions with the displacement of the eth stress fiber, expressed

in the local coordinate systems, denoted as u(e) ∈ R
2×1, is defined in Eq.(5.4), where the vector

x(e) ∈ R
2×1 represents the spatial coordinates expressed in the local coordinate system of the eth

stress fiber.

u(e)(x(e), t) = x(e)(t)− x(e)(t0) (5.4)

Additionally, u
(e)
n ∈ R

1×1 represents the displacement of the nth node of the eth element. In the

context of this paper, linear shape functions will be used to approximate the displacement field; as

such, the stress fibers will contain only two nodes. This relationship is defined in Eq. (5.5).

u(e)
n =







u
(e)
1

u
(e)
2







(5.5)

The vector F ∈ R
2×1 represents the open-loop control, which in this context is a distributed

load that causes the contractile or tensile fiber forces from the reaction of ATP. The vector f (e) ∈

R
2×1 is reserved for the distributed load across the eth stress fiber. S ∈ R

p×1 is the vector contain-

ing a certain set of states of the system that are allowed to be changed in the optimization design

process; for this paper, these states are the cross-sectional areas of the stress fibers, A ∈ R
e×1. The
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vectors ℓ ∈ R
e×1 and E ∈ R

e×1 contain the lengths and elastic modulus of the stress fibers, respec-

tively. In this paper, the cost in Eq. 5.1 will be related to the collective mass of the stress fibers,

specifically the volume of the stress fibers, due to the finite resources from the biological limita-

tions of the cell, where the volume is formulated as the product of the length and cross-sectional

areas of the stress fibers. The vector ∆, in the literature called decision variables, represents the

parameters of the system that can be adjusted to minimize the value of J , which are formulated

depending on the context of the problem; here, the decision variables are the cross-sectional ar-

eas and forces generated by the stress fibers. The lengths are geometrically constrained while the

nucleus moves its prescribed path; hence, they are not design variables.

The equations of equilibrium given in Eq. (5.1) are written in terms of partial differential

equations (PDE). Note: For other systems, such as those governed by ordinary differential equa-

tions, the dynamics will take the form of one or multiple ordinary differential equations (ODE).

Shorthand notation of (·)′, (·)′′, ˙(·), (̈·) represent the first and second-order spatial and temporal

partial derivatives, respectively. Also, note that for statically modeled systems the time-dependent

terms, i.e. Ü, will not appear in the static formulations; however, the spatially-dependent terms

will appear.

5.2.1 Static Structural Optimization

Static structural optimization problems are commonly posed in some variation as shown in Eq.

(5.6), where the Mayer term is commonly chosen as a function that represents the compliance (to

maximize the stiffness) or as a function to minimize the displacement of the structure; the Lagrange

term is left null due to the static nature of the problem [67]. The stress bounds are included such

that the stress, σ(e), of any individual stress fiber does not exceed the material property threshold

for tension and compression. Euler buckling constraints are included since the stress fibers are
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allowed to be in compression, where I(e) represents the moment of inertia of the stress fiber.

min
A

J = ℓTA

subject to: f (p) = −
d

dx
(A(p)E(p)du

(p)

dx
)

|σ(p)| ≤ σ(pallow)

F (p) ≤ π2E
(p)I(p)

(L(p))2

BCs

(5.6)

5.2.2 Dynamic Structural Optimization

Similar formulations exist for so-called dynamic structural optimization problems; however,

current models are commonly centered around dynamic optimization from a cyclical response or

frequency perspective through the augmentation of a frequency constraint, such as the one in Eq.

(5.7), where K, ωi, and M represent the global stiffness matrix, ith eigenvalue, and global mass

matrix, that imposes an eigenvalue problem-type constraint [68].

(

[K]− ω2
i [M ]

)

Ui = 0 (5.7)

The approach towards using Eq. (5.7) more closely resembles that of a static structural opti-

mization problem, since the geometry is not designed to change over time. In other words, this

approach does not include the ability for a dynamic generative design of the structure, such as the

changing cytoskeletal structure of a cell during migration. The dynamic structural optimization

problem solved in this paper is formulated in Eq. (5.8), where in place of a dynamic frequency

constraint, the true dynamics can be used, where the model dynamic equation is used where A,

E, and ρ represent the cross-sectional area, modulus of elasticity, and mass-density of the stress

fibers; f represents a distributed load on the stress fiber.
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min
A

J =

∫ tf

t0

ℓTAdt

subject to: −
∂

∂x
(A(e)E(e)∂u

(p)

∂x
) + ρ(e)A(e)∂

2u(e)

∂t2
= f (e)

|σ(e)| ≤ σ(eallow)

F (e) ≤ π2E
(e)I(e)

(L(e))2

Boundary Conditions

(5.8)

5.2.3 Collocation Method

Optimization problems with cost functions similar to the one presented in Eq. (5.6) that are

subject to algebraic constraints are commonly solved numerically with solvers like MATLAB’s

fmincon [30]. Note: The formulations presented in Eqs. (5.1), (5.8), and (5.6) contain non-

algebraic equations either in the constraints, cost, or both, which means that to solve the opti-

mization problem numerically with a solver like fmincon, the problem will be converted into an

approximate discrete formulation for the direct collocation through transcription into a nonlinear

program. First, the integral in the cost functional to be minimized can be approximated with a

quadrature formulation. For example, using the trapezoidal method, the integral given in Eq. (5.1)

can be converted into an algebraic expression. The quadrature conversion used in the simulations

presented in this paper are given in Eq. (5.9).

∫ tf

t1

L(U(X, t), U̇(X, t),F(t), t)dt

≈

n∑

j=1

(X, t), U̇(X, t),F(t), t)∆tj (5.9)

The dynamics will also be discretized, which can be done with a finite differencing scheme

such as Euler forward. MATLAB’s fmincon function will solve the resulting system of algebraic

equations; hence, it will solve the static optimization problems using algorithms such as interior-

point, trust-region-reflective, sqp, or others. Finally, once applying this quadrature scheme, we

can apply Bellman’s Principle of Optimality, which states that the optimal trajectory between two
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nodes also lies on the optimal trajectory for the entire trajectory; this allows the construction of

a dynamic optimization problem from many consecutive static optimization problems. Using this

method, a solution to the optimization problem can be obtained.

5.2.4 FEM Transcription

The transcription process for the optimization problem presented in Eq. (5.8) will first involve

the conversion of the governing equation of equilibrium, here a PDE, into an approximately equiv-

alent set of ODEs. This spatial discretization can be done with several methods; here, the finite

element method will be used and shown. Next, the resulting ODEs can be temporally discretized

into a roughly equivalent system of algebraic equations; this conversion is commonly done with

the finite difference method; however, for better results, MATLAB’s ode45 will be used to numer-

ically integrate the equations that will serve as the dynamic constraints on the system. The finite

element system formulation process is shown in this subsection.

Build Element Coefficient Matrices

The equation of equilibrium has already been given in Eq. (5.8) and the cell domain has been

discretized into finite elements as shown in Fig. 5.2. The next step is to use the weighted residual

method, where ζ(x) is the weighting function and x refers to the local coordinate of the element

of consideration. The weak form of the equilibrium equation is shown in Eq. (5.10), where xp and

xq represent the beginning and ending nodes of the element, respectively. Note that the superscript

( · )(e) has been omitted from Eq. (5.10-5.18) since the derivation presented is for only one element;

starting at Eq. (5.20) the superscript indicating a particular element of the system is reintroduced.

0 =

∫ xq

xp

ζ(x)(−
∂

∂x
(AE

∂u

∂x
) + ρA

∂2u

∂t2
− f)dx (5.10)
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Regardless of the order of the time derivative, there is no integration by parts in time. The final

expression for the semi-discrete weak form is shown in Eq. (5.11).

0 =

∫ xq

xp

(AE
∂ζ

∂x

∂u

∂x
+ ρAζ

∂2u

∂t2
− ζf)dx

−
[

− ζ(AE
∂ζ

∂x
)
]xq

xp

(5.11)

The displacement and weighting functions in Eq. (5.11) are approximated with the shape

functions in Eq. (5.13). The shape functions are chosen to be linear shape functions; however,

more sophisticated functions could be used if desired.

ζ = Ψi u =
2∑

j=1

ujΨj (5.12)

Ψ1 = (
xq − x

h
) Ψ2 = (

x− xp

h
) (5.13)

Using the shape functions in Eq. (5.13), the so-called semi-discrete form of the system can be

obtained as a system of ODEs, shown in Eq. (5.14),

[

m

]{

ü

}

+

[

k

]{

u

}

=

{

F

}

(5.14)

where generally the [m] and [k] matrices are called the mass and stiffness matrices, respectively,

and { F } refers to the point forces and distributed load on the system. These terms are defined

explicitly using indicial form in Eqs. (5.15-5.16)

mij =

∫ xq

xp

ρAΨiΨjdx =
ρAh

6






2 1

1 2




 (5.15)

kij =

∫ xq

xp

AE
dΨi

dx

dΨj

dx
dx =

AE

L






1 −1

−1 1




 (5.16)
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Fi = −
[

Ψi(AE
dΨi

dx
)
]xq

xp
︸ ︷︷ ︸

Pi

+

∫ xq

xp

Ψifdx (5.17)

By evaluating the bounds in the first term of the right-hand side of Eq. (5.17), Fi can be further

expressed as in Eq. (5.18). Through a Hookean constitutive law, the functions inside the vector on

the right-hand side can be easily seen to be equivalent to any point loads on the system applied at

the nodal points. The elements in this vector will be considered in this sense during the formulation

of the equilibrium equations while forming the FBD of the system.

Fi =







AE du
dx

∣
∣
∣
xp

−AE du
dx

∣
∣
∣
xq







+

∫ xq

xp

Ψifdx (5.18)

Fi can be further expressed by evaluating the integral in the above term with the substitution

of the shape functions given in Eq. (5.13) into the integrand in Eq. (5.18). The anti-derivative is

evaluated and the result is given in Eq. (5.19).

Fi =







AE du
dx

∣
∣
∣
xp

−AE du
dx

∣
∣
∣
xq







+







f (e)x
(e)
q − f (e)

2h(e)

[(

x
(e)
q

)2

−
(

x
(e)
p

)2]

f (e)

2h(e)

[(

x
(e)
q

)2

−
(

x
(e)
p

)2]

− fx
(e)
p







(5.19)

Lastly, the system of equations in Eq. (5.14) will need to be transformed from their local

coordinate formulation into the global coordinate system counterparts. To do this transformation,

the transformation matrix, T , is first defined in Eq. (5.20), which relates a vector, in this case

the displacement expressed in the local coordinate system, in terms of the displacement in the

global coordinate system, where U (e) and V (e) represent the displacements in the global X and
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Y-directions, respectively.












U
(e)
1

V
(e)
1

U
(e)
2

V
(e)
2












︸ ︷︷ ︸

U(e)

=












cos(θ(e)) 0

sin(θ(e)) 0

0 cos(θ(e))

0 sin(θ(e))












︸ ︷︷ ︸

TT






u
(e)
1

u
(e)
2






︸ ︷︷ ︸

u(e)

(5.20)

Eq. (5.20) can be rearranged to isolate the local displacements. The result is shown in Eqs.

(5.21).






cos(θ(e)) sin(θ(e)) 0 0

0 0 cos(θ(e)) sin(θ(e))






︸ ︷︷ ︸

T












U
(e)
1

V
(e)
1

U
(e)
2

V
(e)
2












=






u
(e)
1

u
(e)
2




 (5.21)

Note: The same transformation can be used for the other vectors in this system of equations,

particularly with the force and acceleration vectors, to express them in their global vector counter-

parts. This transformation is used to re-express Eq. (5.14) into the form shown in Eq. (5.22).

T T [m] T
︸ ︷︷ ︸

M

üN + T T [k] T
︸ ︷︷ ︸

K

uN = T T f
(e)
i

︸ ︷︷ ︸

F
(e)
i

(5.22)

Finally, the building block for each stress fiber’s stiffness contribution expressed in the global

coordinate system is given in Eq. (5.23), where c(e) = cos(θ(e)), s(e) = sin(θ(e)), and k(e) is the

stiffness matrix of the rotated bar element. It will be assumed that the modulus of elasticity will

be the same for all the stress fibers. The global mass matrix for the eth stress fiber, M (e), takes a

similar structure.
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K(e) =
A(e)E(e)

L(e)












(c(e))2 c(e)s(e) −(c(e))2 −c(e)s(e)

c(e)s(e) (s(e))2 −c(e)s(e) −(s(e))2

−(c(e))2 −c(e)s(e) (c(e))2 c(e)s(e)

−c(e)s(e) −(s(e))2 c(e)s(e) (s(e))2












︸ ︷︷ ︸

k(e)

(5.23)

Assemble the Element Equations

The analysis considered previously assembled equilibrium equations from the finite element

method for each stress fiber and formed the framework for combining all stress fibers into a single

system of equations. The contribution of the nucleus will also need to be considered to get the final

equations of equilibrium of the cell system. To do this, first, the free-body diagram of the nucleus

is considered in Fig. 5.3.

"

#

""#

Figure 5.3: The free-body diagram of the nucleus with internal and external forces shown.

The paper focuses on the dynamics of the nucleus, and Newton’s laws are used to describe

its behavior, as indicated in the equations shown in Eqs. (5.24) and (5.25) to find its governing

equations. Equations regarding the rotation of the nucleus, specifically Euler’s law, are not included

since the nucleus is modeled as a point-mass; hence, the rotational inertia is zero.

∑

FX = mnucÜ8 = −P
(1)
8x − ...− P

(7)
8x (5.24)

∑

FY = mnucV̈8 = −P
(1)
8y − ...− P

(7)
8y −mng (5.25)
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Impose the BC’s

Next, the boundary conditions must be imposed to solve the system of element equations. The

boundary conditions for all the nodes are Dirichlet and given in Eqs. (5.26) and (5.27).

U1 = U2 = , ... , = U7 = 0 ∀ t (5.26)

V1 = V2 = , ... , = V7 = 0 ∀ t (5.27)

By imposing the boundary conditions, the singular global system of equations formulated be-

fore is reduced to the so-called reduced global system of equations, which are non-singular. The

reduced global system of equations are shown in Eq. (5.28).

M







Ü8

V̈8







+K







U8

V8







+G = F (5.28)

The matrices M and K in Eq. (5.28) are known as the reduced global mass and stiffness matrices,

respectively. The vectors G and F represent the contributions due to gravitational forces and the

forces produced by the stress fibers, respectively. Note: The summation terms appear due to the

combination of the contributions of each of the seven stress fibers.

M =






mn +
7

∑

e=1

m
(e)
22 cos2(θ(e))

7
∑

e=1

m
(e)
22 cos(θ(e))sin(θ(e))

7
∑

e=1

m
(e)
22 cos(θ(e))sin(θ(e)) mn +

7
∑

e=1

m
(e)
22 sin2(θ(e))




 (5.29)

K =






7
∑

e=1

k
(e)
22 cos2(θ(e))

7
∑

e=1

k
(e)
22 cos(θ(e))sin(θ(e))

7
∑

e=1

k
(e)
22 cos(θ(e))sin(θ(e))

7
∑

e=1

k
(e)
22 sin2(θ(e))




 (5.30)

G =

{
0

mng

}

(5.31)

F =







7
∑

e=1

cos(θ(e))
(

f (e)x
(e)
q +

f (e)((x
(e)
p )2 − (x

(e)
q )2)

2h(e)

)

7
∑

e=1

sin(θ(e))
(

− f (e)x
(e)
p +

f (e)((x
(e)
q )2 − (x
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Solve the Reduced Equations (Impose the ICs)

The equations will be used in the collocation method for the optimization, so the initial condi-

tions will be presented in Eqs. (5.33) and (5.34) that will be used in the optimization.

U1(t = 0) = U2(t = 0) =, ...,= U8(t = 0) = 0 (5.33)

V1(t = 0) = V2(t = 0) =, ...,= V8(t = 0) = 0 (5.34)

Conversion of Inequality Constraints

The inequality constraints given in Eq. (5.8) imposing the stress and buckling constraints will

be need to be re-expressed in terms of the displacement to be used in fmincon, as shown in Eqs.

(5.35-5.36). Note: |σ(e)| ≤ σ(eallow) is mathematically the same as −σ(eallow) ≤ σ(e) ≤ σ(eallow); the

latter formation will be used so that the stress constraint can be inserted into fmincon.

c(e)U8 + s(e)V8 ≤
πA(e)

4L(e)
(5.35)

−σ(pallow) ≤
E(e)

L(e)
(c(e)U7 + s(e)V7) ≤ σ(pallow) (5.36)

5.3 Results

With the framework presented, one can predict the dynamic structural optimization of the cell’s

cytoskeletal structure during migration using material constants and other known parameters from

the literature. The size of the nucleus of a fibroblast ranges between 500 µm3 to 1000 µm3 [64];

the size of the nucleus in this work is assumed to be 513.13 µm3. The mass of the nucleus is

assumed as 2.29 ng [65]; the cell mass is assumed to be 22.9 ng.

As is the nature of static and dynamic optimization problems with the methods in this paper,

both static and dynamic, initial guesses of the solution must be provided in the solver. For a static

system, only one guess is required per state. For the dynamic system, n guesses are required,

where n represents the number of nodal points in time, which is tied to the temporal democrati-
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zation process. As a general rule, a better guess will help the optimizer converge on the optimal

solution faster with more accuracy. Several methods exist for generating the starting point for the

states; one common process is to generate a preliminary trajectory with classical control, nonlinear

control, or other methods as the initial guess for the optimal solution. The optimization serves

as a refinement for the solution obtained from the other methods. The kinematic variables of cell

migration, particularly the position and velocity of the cell, which in this context quantify the de-

sired U8, U̇8, and Ü8, have been quantified in previous studies [70]. The force bounds of the stress

fibers from previous studies suggest forces in the range of 0 to 120 nN [26, 71]. These values will

be useful in supplying an initial guess of the kinematic and dynamic unknowns surrounding cell

migration for the optimizer.

It is assumed that the value for the maximum allowable stress is the same in each stress fiber.

Values in the literature for the material properties, particularly the breaking force, cross-sectional

radius, the modulus of elasticity, and the density of the stress fibers are given as 377 nN, 100 nm,

1.45 MPa, and 40 mg/mL, respectively [58, 72]. Therefore, the ultimate tensile strength of the

stress fibers could be assumed to be 12 MPa, however, there is evidence of a fluid-based models

for the mechanical properties of the cell undergoing dynamic strain, therefore the value of the

elastic modulus is chosen to be near zero [73]. The stress fiber length can vary from 10 to 100

µm; typical stress fiber lengths are around 100 µm [59]. The stress fiber length is ≥ 20µm [28].

Some studies show that the cross-sectional area of the stress fibers can range from 0.001 µm2 to

0.04 µm2, whereas focal adhesion cross-sectional areas can vary from approximately 0.75 µm2

to approximately 4.5 µm2 [59]. Additional studies show that the modulus of elasticity and cross-

sectional areas of the focal adhesions are approximately 1.45 MPa for smooth muscle cells and 300

kPa for endothelial cells assuming uniform structure and 0.05 µm2, respectively [74]. The results

of the 1D optimization with these parameters are shown in Figs. 5.4 and 5.5.

The results of the optimization present some interesting findings. The forces spike approxi-

mately double the values compared to those obtained using a nonlinear controller [71]. The opti-

mization results show that the stress fibers are heavily concentrated under the nucleus during the
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Figure 5.4: The areas from the dynamic structural optimization.
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Figure 5.5: The forces from the dynamic structural optimization.

entire migration, presumably to support the weight of the nucleus. Large stress fiber forces are

present under the nucleus and on the stress fibers on the protruding end of the cell, which are used

to pull the cell forward. For the reader’s convenience, an illustration of the stress fiber formations

is illustrated in Fig. 5.6.

5.4 Discussion

The results of the optimization simulation are consistent with the expectations from experi-

mental methods such as traction force microscopy and [71]. This is not surprising since [71] uses
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Figure 5.6: An illustration of the results from Fig. 5.6.

an optimization framework as well; the optimal force and areas serve as a form of refinement of

the system controlled by the nonlinear controller in [71].

The model presented in this paper has several limitations, nonetheless. First, more sophisti-

cated constraints could be imposed on the system to make the system more realistic, specifically

biochemical constraints that further limit the forces in the stress fibers to ATP synthesis. Sec-

ond, the model posed in this paper uses only 1D elements, which lacks the nuances of higher-

dimensional models. Higher-dimensional optimization models can be constructed using the same

framework presented in Eq. (5.1), shown in Eq. (5.37) in indicial form, where i and j = 1, and 2 for

a 2D model and 1, 2, and 3 for a 3D model. In this formulation, a viscoelastic constitutive model

can be used to model the cell cytoplasm while the stress fibers are still modeled with a Hookean
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constitutive law.

min
∆={S,F}T

J = Φ(U(X, t1), t1,U(X, tf ), tf )

+

∫ tf

t1

L(U(X, t), U̇(X, t),F(t), t)dt

subject to: EoE: σ
(e)
ij,j + f

(e)
i = ρ(e)u

(e)
i,tt

CL:
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
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σ
(e)
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(e)
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kl

σ
(e)
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ijklσ

(e)
lk,t = B

(e)
ijklϵ
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2
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(e)
i,j + u

(e)
j,i )

BCs: β(t1,U(t1)), tf ,U(tf )) = 0

PC: Π(U(X, t),F, t) = 0

(5.37)

5.5 Conclusion

The framework presented in this paper seeks to accomplish two goals: to estimate the optimal

traction forces of the cell on the substrate and the optimal positioning of the cell’s stress fibers

during migration. The outcome of this paper successfully demonstrated a methodology to create a

novel biophysical model built on an optimization framework that predicts the forces within a rea-

sonable range compared to data from other methods. The model presented here can be extended to

higher-dimensional complex ECM environments to study cell morphogenesis during this process.
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Chapter 6

Future Work

Extensions to the research presented in this dissertation could manifest in multiple ways. Future

projects could also provide solution to the same problems that are posed in this dissertation using

new methods.

6.1 Newton-Euler Optimal Model Extension

Future work can look at the construction of an optimal control policy for the Newton-Euler

model of the robot that was obtained from a static structural optimization that was presented in

this dissertation. Similar underactuated systems are presented as follows in order to illustrate the

capability of developing an optimal control for simpler mechanical systems.

Starting PositionFinal Position Intermediate Position

(a) Stroboscopic visualization of the cart-pendulum trajec-

tory generated from a linear quadratic regulator (LQR) -

based controller.

Starting Position

Final Position

Intermediate Position

(b) Optimal trajectory of the acrobot.

Figure 6.1: Optimal trajectories, with minimum energy-based functionals, used to stabilize the underactu-

ated systems of interest.
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6.2 Cell Migration with Finite Element Models

One of the major goals in the field of cell migration is to quantify the stresses in the shared

substrate of a group of cells that are produced while a cell or multiple cells migrate. Finite ele-

ment models could provide useful insight to the quantification of the stress, strain, and force field

variables.

6.2.1 Static Finite Element Models

Some static finite element-based models in FEBio have been produced, shown in Fig. 6.2, that

seek to quantify the stress that is propagated during migration to neighboring cells. The contact

between the cell and the substrate is modeled with a sticky contact. The contact between the

interface of the nucleus and the remainder of the cell is tied elastic. The cell material is made of

an isotropic active contraction with a neo-Hookean constitutive model.

(a) (b)

Figure 6.2: Stress magnitude distribution of contracting cells (a) with a large separation distance and (b)

with a small separation distance.

6.2.2 Dynamic Finite Element Models

The results from the previous sections that developed a predictive model for a cell’s spatio-

temporal motion will be used here with the dynamic finite element method-based solver from the

Ansys software package. In Fig. 6.3, a model of cells on a substrate is shown, with the effective

stress distribution. In literature, the nucleus, and specifically its stiffness, is studied in order to

determine the effects that it has on the migrational characteristics of the cell, specifically the speed

of the cell [4]. Future work could explore this question by using the framework presented here.
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(a) Maximum principal stress during migration. (b) Middle principal stress during migration.

(c) Mimimum principal stress during migration. (d) Von-Mises stress during migraiton.

Figure 6.3: Principal stresses and von-Mises equivalent stress during migration found using a dynamic

model in ANSYS.

6.3 Dynamic Cytoskeletal Optimization

The dynamic structural optimization presented in this dissertation has some limitations. The

framework presented can be improved with more sophisticated constitutive laws, using higher-

dimensional elements, and possibly from using better numerical methods in place of the finite

element-based transcription.

6.3.1 Viscoelastic Model

A Maxwellian viscoelastic model is shown in (6.1), where η represents the damping coefficient

and E represents the modulus of elasticity. Such a viscoelastic model could be used in place of the

Hookean constitutive law currently used in this dissertation.

η

E
σ̇ + σ = ηϵ̇ (6.1)
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6.3.2 Higher-Dimensional Elements

One major limitation is that the model presented in this dissertation is only made from 1D

elements. More sophisticated models, such as those with the nuances that come with 2D and 3D

elements, will produce more accurate structural optimization results. A 2D finite element model

can look like the one shown in Fig. 6.4.

Figure 6.4: Higher-dimensional finite element model composed of 1D stress fibers and 2D cytoplasmic

plate elements.

6.3.3 Material Point Method

One of the other major limitations of the current optimization framework presented in this

dissertation relates to the numerical scheme that is used to discretize the governing equation of

equilibrium, expressed as a differential equation, into a system of algebraic equations, through a

process called transcription. The current finite element formulation relies upon a small deformation

assumption for accurate results. Future work could focus on the use of other numerical methods

for solving differential equations, such as the material point method (MPM) which uses a mesh-

free approach. The MPM is very useful for solving systems with very large displacements, since

it avoids mesh tangling, unlike the finite element method [75].
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6.4 Dynamic Capability Equations

In robotics literature, the formation of the force and velocity ellipsoids and their correspond-

ing eigenvalues/eigenvectors using the principal axis theorem are a common way to estimate the

capabilities of a robotic manipulator, shown in Fig. 6.5a.

" %&'() "**+,-&+.

/)*&(+01 "**+,-&+.

(a) Force and velocity ellipsoids of the two-link

robotic manipulator.

(b) Arrows indicating maximum capability of a par-

ticular dynamic quantity of interest.

Figure 6.5: (a) Hypothetical force and velocity ellipsoids for the robotics two-link manipulator, based on

the configuration and actuator saturation limits and (b) Directional dependence of a hypothetical case of the

capabilities, as determined from Eq. (6.2).

To further develop models for cell migration, specifically with respect to the cytoskeletal for-

mation during locomotion, one avenue of analysis is through the so-called Dynamic Capability

Equations [76], which combine the analysis from the force and velocity ellipsoids with the contact

bound and dynamics constraints. This results in a system of inequalities shown in Eq. 6.2, that

form a hypersurface that quantify the performance bounds on a dynamic system. The hypersurface

represents the limitations on the system that arise from actuator saturation limits as well as fric-

tional slip limits. Algorithms can be used to search this system of inequalities for the maximum

of a particular quantity, such as force, acceleration, or velocity, which are known as the directional

DCE. A simple hypothetical illustration of the maximum values of any of these parameters is il-

lustrated in Fig. 6.5b. This knowledge has been harnessed in order to generate a gait for hopping

robots [77], where the governing equations take the form of the manipulator equations, which

can be obtained through the Newton-Euler method, Lagrange’s method, D’Alembert’s principle,
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Kane’s method, etc.

A







|v̇|

|ω̇|







+ F







|f |

|m|







≤ T (6.2)

Future work could focus on an extension of the dynamic capability equations for the cellular

systems with the use of flexible system dynamics, such as with those presented in this dissertation,

as opposed to the rigid-body models used in previous literature. The resulting equations can be use-

ful in analyzing the dynamic performance of the cell along its path, specifically through a motion

analysis that uses the worst-case direction information to avoid low performance configurations.
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Appendix A

Supplementary Mathematics

A.1 DMD

In order to illustrate these concepts, a popular dynamic system of consideration from the field

of physics, the Van der Pol Oscillator, will be considered in Eq. (A.1), where ẏ, ÿ, and µ represent

the time derivatives of the state, second time derivative of the state, and coefficient, respectively.

ÿ − µ(1− y2)ẏ + y = 0 (A.1)

A synthetic data set of this system can be generated in MATLAB, allowing the production of

spatiotemporal data of the two states of the system, x1 = y and x2 = ẏ. Using the methodology

already mentioned in the literature, as will be reproduced in this paper, the ODE can be recovered

[78]. The A-matrix in Eq. A.2 is used, which contains a library of functions that are assumed to

participate in the system’s dynamics.

A =






x1 x2 x2
1 x1x2 x2

2 x3
1, x2

2x1 x2
1x2 x3

2

...
...

...
...

...
...

...
...

...




 (A.2)
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Figure A.1: (a) Plot of the states of the Van der Pol oscillator with noise added to the system. (b) Recovered

states of the Van der Pol oscillator recovered dynamics from the DMD process.
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The plot of the original dynamics compared to the recovered dynamics are shown in Fig. A.1.

A.2 Data Set

A.2.1 Single-Cell System

The data obtained from TrackMate is arranged in an arbitrary order, where n represents the

number of time points. An example of this is shown in Eq. (A.3).

x =

{

x1(t = t1) x1(t = tn) . . . x1(t = t2)

}T

(A.3)

A.2.2 Multi-Cell System

The original data is gathered in a matrix similar to the following, where the columns are ar-

ranged in an arbitrary order. The ith column represents the x-values of the trajectory of the ith

biological cell in the system. The jth row of a ith column represents the ith biological cell’s x-

value at the jth time point. An example of this is shown in Eq. (A.4).

x_cell =

Cell # 1 Cell # 5 Cell # 2 Cell # 9





























x1(t1) x5(t1) x2(t1) x9(t1) . . . t = t1

x1(t2) x5(t2) x2(t2) x9(t2) . . . t = t2

x1(t3) x5(t3) x2(t3) x9(t3) . . . t = t3

...
...

...
...

...

x1(tn) x5(tn) x2(tn) x9(tn) . . . t = tn

(A.4)

For the multi-cellular case, m represents the number of cells and n represents the number of

time points for each cell. In general, the positions are monotonically increasing as in Eq. (A.5),

and for all strictly increasing time as in Eq. (A.6).

x1 < x2 < x3 < · · · < xm (A.5)

94



t1 < t2 < t3 < . . . tn (A.6)

A.3 Dynamic Model Discovery - Sol’n. Formulation

A.3.1 Single-Cell System

Organize the Data

The data of the positional points over time will be organized into the vector that is shown in

Eq. (A.7). The subscript on the x-value represents the biological cell’s number. The same process

for the y-direction will be repeated for this cell but is not shown here to avoid redundancy.

x =

{

x1(t = t1) x1(t = t2) . . . x1(t = tn)

}T

(A.7)

A.3.2 Multi-Cell System

Organize the Data

The matrix of positional vs. temporal data for each cell is given in Eq. (A.8).

x =









x1(t1) . . . x1(tn)

...
. . .

...

xm(t1) . . . xm(tn)









t changes

x
ch

an
g
es

(A.8)

The matrix of displacement data is given in Eq. (A.9).

u =









u(x1, t1) . . . u(x1, tn)

...
. . .

...

u(xm, t1) . . . u(xm, tn)









t changes

x
ch

an
g
es

(A.9)

This is the displacement matrix that corresponds to the displacement field of the cells, where the

displacement is defined as the difference between the current x-position of the biological cell and
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the original x-position of the cell, as shown in Eq. (A.10), where i = 1, 2, ...,m and j = 1, 2, ..., n.

u(xi, tj) ≜ xi(tj)− xi(t1) (A.10)

A.4 Finite Difference Method

Both spatial and temporal derivatives of the data will need to be calculated since they will be

going into the matrix in Eq. (A.23). Finite differencing is used to calculate the derivatives; how-

ever, it should be noted that more sophisticated differentiation techniques, such as total variation

of derivatives, can be used in order to improve the model. For this paper, simple differencing

schemes, such as Euler backward and the central difference method, as opposed to higher-order

stencils, are used to calculate the first and second-order derivatives, respectively. Although they

are simple stencils, they are sufficient to perform the differentiation.

A.4.1 Single-Cell System

The finite differencing is outlined in the multi-cell system solution so the process is not repeated

in order to avoid redundancy.

A.4.2 Multi-Cell System

First-Order Differentiation - Time Derivation

The finite difference differentiation scheme for a first-order time derivative is given in Eq.

(A.11).

u̇(xi, tj) ≜
∂uj

i

∂t
≈

uj
i − uj−1

i

∆t
(A.11)
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For implementation in this paper, the differentiation stencil expressed in Eq. (A.11) will be

expressed equivalently in matrix form in Eq. (A.12).







∂u2
i

∂t

∂u3
i

∂t

...

∂un
i

∂t







=
1

∆t












1 0 0 0

−1 1 0 0

0 −1 1 0

0 0
. . .

. . .


















u2
i

u3
i

...

un
i







+
1

∆t







−u1
i

0

...

0







(A.12)

The time derivatives are calculated for each biological cell throughout its entire trajectory,

which will result in a differencing matrix, shown in Eq. (A.12). After each cell’s trajectory is

numerically differentiated with respect to time, they are assembled into the matrix given in Eq.

(A.13), where u̇ ∈ R
m×n−1.

u̇ =









u̇(x1, t2) . . . u̇(x1, tn)

...
. . .

...

u̇(xm, t2) . . . u̇(xm, tn)









t changes

x
ch

an
g
es

(A.13)

However, since using higher-order derivatives in time, the last column from the matrix is omit-

ted to maintain compatible dimensions. For the same reason, the first and last rows will also be

omitted for the spatial derivatives. Therefore, an entire matrix for the time-derivative of u is ob-

tained, u̇ ∈ R
m−2×n−2, that takes the form given in Eq. (A.14).
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u̇ =









u̇(x2, t2) . . . u̇(x2, tn−1)

...
. . .

...

u̇(xm−1, t2) . . . u̇(xm−1, tn−1)









t changes

x
ch

an
g
es

(A.14)

First-Order Differentiation - Spatial Derivation

The finite difference differentiation scheme using Euler backward for a first-order spatial deriva-

tive, which assumes that the initial condition is known, is given in Eq. (A.15).

u′(xi, tj) ≜
∂uj

i

∂x
≈

uj
i − uj

i−1

∆x
(A.15)

For implementation in this paper, the differentiation stencil expressed in Eq. (A.15) will be

expressed equivalently in matrix form in Eq. (A.16).







∂u
j
2

∂x

∂u
j
3

∂x

...

∂u
j
m

∂x







=
1

∆x












1 0 0 0

−1 1 0 0

0 −1 1 0

0 0
. . .

. . .


















uj
2

uj
3

...

uj
m







+
1

∆x







−uj
1

0

...

0







(A.16)

Second-order differentiation - Spatial Derivation

The finite difference differentiation scheme for the central difference method for a second-order

derivative is given in Eq. (A.17).

u′′(xi, tj) ≜
∂2uj

i

∂x2
≈

uj
i−1 − 2uj

i + uj
i+1

∆x2
(A.17)
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For implementation in this paper, the differentiation stencil expressed in Eq. (A.17) will be

expressed equivalently in matrix form in Eq. (A.18).







∂2u
j
2

∂x2

∂2u
j
3

∂x2

...

∂2u
j
m−1

∂x2







=
1

(∆x)2












−2 1 0 0

1 −2
. . . 0

0
. . .

. . . 1

0 0 1 −2


















uj
2

uj
3

...

uj
m−1







+
1

(∆x)2







uj
1

0

...

uj
m







(A.18)

A.5 DMD Formulation

A.5.1 Single-Cell System

The finite differencing techniques for the singular cell will be similar to the multi-cellular

system. Both systems use a finite differencing scheme to approximate the derivative at particular

nodes, which will be needed in Eq. (A.20).







|

∂x
∂t

|







= A







|

ξ

|







(A.19)







| |

dx
dt

dy

dt

| |







=









| | | | |

1 O O2 O3 t

| | | | |









︸ ︷︷ ︸

A







| |

ξx ξy

| |







(A.20)

ẋ = fx(·) (A.21)
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ẏ = fy(·) (A.22)

A form of matrix A was originally shown in Eq. (A.2) for the Van der Pol system; here, the

matrix is chosen at the discretion of the engineer. Sample matrices are given in Section 3.3. The

system is solved, as shown in Eq. (3.4). The following list will illustrate the appropriate choice of

inverse when solving this system of equations.

1. If A has fewer rows than columns, then the system has infinite exact solutions that can be

found using the pseudo-inverse.

2. If A is square and full-rank, then the standard inverse can be used.

3. If A has more rows than columns, then no exact solution exists, but an approximate one can

be found using the pseudo-inverse.

A.5.2 Multi-Cell System

With time-history data of the trajectories and the derivative data of the cells obtained from

TrackMate, illustrated in Fig. 3.2, and the differentiation from the finite difference method, the

multi-cellular system of equations can be assembled, shown in Eq. (A.23).







|

∂U
∂t

|







=









| | | | | | |

U U2 U3 ∂U
∂x

∂U
∂x
U (∂U

∂x
)2 ∂2U

∂x2

| | | | | | |









︸ ︷︷ ︸

A







|

ξ

|







(A.23)

The structure given in Eq. (A.23) is made possible by reshaping the matrices into vectors that

are stacked on top each other, as is done in Eq. (A.24), for example, where u ∈ R
m−2×n−2 and

U ∈ R
(m−2)∗(n−2)×1.

U =







u(2, 2 : n− 1)T

u(3, 2 : n− 1)T

...

u(m− 1, 2 : n− 1)T







(A.24)
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A.6 Dynamic Equations

A.6.1 Single-Cell System

Several different structures for the A-matrix are explored here to study the effects of the accu-

racy of the recovered dynamics. The data from the trajectory illustrated in Fig. 3.2 is used for this

study.

Structure of A - Version 1

Using a matrix with one term, shown in Eq. (A.25), the dynamics are recovered as shown in

Eq. (A.25).

A =









|

x

|









→







ẋ

ẏ







= 10−5






1.11621 0

0.850172 0











x

y




 (A.25)

Structure of A - Version 2

Using a matrix with two terms, shown in Eq. (A.26), the dynamics are recovered as shown in

Eq. (A.26).

A =









| |

x y

| |









→







ẋ

ẏ







= 10−5






0.108295 4.31462

1.76421 −3.91278











x

y




 (A.26)

Structure of A - Version 3

The matrix containing four different terms is shown in Eq. (A.27).

A =









| | |

x y xy

| | |









(A.27)

The dynamics are recovered as shown in Eq. (A.28).
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





ẋ

ẏ







= 10−3






−0.0138 0.2372 −0.0003

0.0355 −0.2727 0.0004














x

y

xy









(A.28)

Structure of A - Version 4

The matrix containing four different terms is shown in Eq. (A.29).

A =









| | | | |

1 O O2 O3 t

| | | | |









(A.29)

The dynamics are recovered as shown in Eq. (A.30).
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(A.30)

The plots of the original TrackMate trajectory data, in addition to the plots from the solution of

the dynamics subject to the boundary conditions in Table A.1 obtained from the DMD, are shown in
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Fig. (A.2), where for the graphs on the right-hand side, the blue and red curves represent the x and

y-positions of the cell, respectively. It’s apparent that the trajectory from the DMD-based dynamics

approaches the trajectory of the cell obtained by TrackMate as the number of approximating terms

in the dynamics increases. This gives further confidence that the PDE regression solution will give

reliable results.

A.6.2 Multi-Cell System

(δtui)
j =

−3uj
i + 4uj+1

i − uj+2
i

2∆t
≈

∂uj
i

∂t

∣
∣
∣
xi,tj

(A.31)

(δtui)
j =

−11uj
i + 18uj+1

i − 9uj+2
i + 2uj+3

i

6∆t

≈
∂uj

i

∂t

∣
∣
∣
xi,tj

(A.32)

A.7 Optimization

A.7.1 ODE Optimization

The path constraint, C(x(t), t), is assumed to be zero since there will be no obstacles. The

kinetic energy of the cell is defined in Eq. (A.33), where mi represents the mass of the ith cell,

Ii represents the inertia tensor of the ith cell, ẋi represents the velocity of the ith cell, and ωi

represents the angular velocity of the ith cell.

Ti =
1

2
ẋT
i miẋi +

1

2
ωT
i Iiωi (A.33)

The relationship between force and the potential is defined in Eq. (A.34), where Fi represents

the traction force of the ith cell, Vi represents the potential field of the ith cell, and ui represents
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the displacement of the ith cell as defined in Eq. (A.10).

Fi = −
∂Vi

∂ui

(A.34)

Values of the traction forces during cell migration range from 0 nN to 120 nN [26]. The traction

force will be assumed to linearly decrease from this maximum to the minimum value during its

migration. The potential field is modeled in Eq. (A.35), where the c1, c2, and c3 terms arise as

constants of integration considering just one cell, i = 1.

Vi(ui) =
3∑

k=1

cku
k−1
i (A.35)

For the case of the cell’s motion that is governed by the ODE, Table A.1 gives the values that

are used in the simulation. The choice of 1, T, and T-V for the L(·) function is to find a minimum

time, energy, and action, respectively, for the cell migrational problem. The mass of the system is

given as m=2.29 ng [65]. The velocity bounds in Eq. (A.36) are obtained from experimentation.

-0.0033
µm

s
≤

√

ẋ2
i + ẏ2i ≤ 0.0033

µm

s
(A.36)

The optimized single-cell system is shown in Fig. A.3. The x and y directional motion of the

cells are fixed subject to the discovered dynamics; the vertical motion is free. The endpoints are

fixed in time and space. The results of these simulations from the hybrid synthesis presented serve

as good predictors of cell movement that are at the interface of the scratch. However, it is still

desirable to be able to predict the movement of the cells that are located on the scratch and wall

boundaries.

A.7.2 Optimization and Prediction of Multiple Cell Trajectories

With the framework developed, the trajectories of multiple cells can be obtained. The obstacles

could be represented by other cells or fibers in the extracellular matrix.
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Table A.1: The values of the states and time at the boundary.

State t0 = 0s tf = Unknown

x 354.060 µ m 438.904 µ m

ẋ 0 µ m/s Known from Eq. (A.25,A.26,A.27,A.29)

y 53.906 µ m 121.759 µ m

ẏ 0 µ m/s free

3D cell model predicts the stress fiber localization and thickness as a material

resource available to cells

A more sophisticated and realistic geometry of the cell can be considered by constructing

a model in three dimensions with a goal to predict the stress fiber formation in 3D space. A

problem like this can be solved with MATLAB’s fmincon as was done for the simplified cell model.

However, due to geometric complexity, the structural optimization is performed in Ansys Topology

Optimization. The optimization results from Ansys is shown in Fig. A.4. The optimization results

compare closely to the optimizations that were shown in Fig. 4.3. This serves as a verification that

the optimization results are converging on the appropriate solution.
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Figure A.2: (a) The original y(x) and (b) y(t), shown in red, and x(t), shown in blue, experimental data

from TrackMate is shown. The y(x) trajectories of Eqs. (A.25), (A.26), (A.28), and (A.30) are shown in (c),

(e), (g), and (i), respectively. The x(t), in blue, and y(t), in red, trajectories of Eqs. (A.25), (A.26), (A.28),

and (A.30) are shown in (d), (f), (h), and (j), respectively.
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Figure A.3: Graphs of the hybrid DMD-optimization trajectories for the single cell, with a Lagrangian cost

of (a) time. (b) energy. (c) action.

(a) (b)

(c) (d)

Figure A.4: Structural optimizations of the cells in ANSYS are shown. (a) The 2D model of the cell before

the optimization. (b) The minimum mass optimization results for the 2D case. (c) The 3D model of the cell

before the optimization. (d) The minimum mass optimization results for the 3D case.
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