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ABSTRACT

CRACKING OPEN THE BLACK BOX: A GEOMETRIC AND TOPOLOGICAL ANALYSIS
OF NEURAL NETWORKS

Deep learning is a subfield of machine learning that has exploded in recent years in terms
of publications and commercial consumption. Despite their increasing prevalence in perform-
ing high-risk tasks, deep learning algorithms have outpaced our understanding of them. In this
work, we hone in on neural networks, the backbone of deep learning, and reduce them to their
scaffolding defined by polyhedral decompositions. With these decompositions explicitly defined
for low-dimensional examples, we utilize novel visualization techniques to build a geometric and
topological understanding of them. From there, we develop methods of implicitly accessing neu-
ral networks’ polyhedral skeletons, which provide substantial computational and memory savings
compared to those requiring explicit access. While much of the related work using neural net-
work polyhedral decompositions is limited to toy models and datasets, the savings provided by
our method allow us to use state-of-the-art neural networks and datasets in our analyses. Our ex-
periments alone demonstrate the viability of a polyhedral view of neural networks and our results
show its usefulness. More specifically, we show that the geometry that a polyhedral decomposi-
tion imposes on its neural network’s domain contains signals that distinguish between original and
adversarial images. We conclude our work with suggested future directions. Therefore, we (1)
contribute toward closing the gap between our use of neural networks and our understanding of
them through geometric and topological analyses and (2) outline avenues for extensions upon this

work.
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Chapter 1

Introduction

‘Machine Learning’ are two words that buzz in the technology world today. Many people out-
side of related fields may be familiar with the idea of machine learning either through (a) movies
that depict the most advanced of its capabilities or ones that do not yet exist or (b) experience
with existing products that leverage machine learning—Ilanguage learning programs that adapt to
student mistakes, athletic training software to prevent injury, the customization of media content
based on viewing history, assisted sports betting technology, and self-driving cars—to name a few.
One of the truths not conveyed in these movies and products about deep learning in particular, a
subdiscipline of machine learning whose algorithms heavily rely on neural networks, is that ex-
perts in the field do not know why they break with relative ease. Despite this, the success of deep
learning in a variety of tasks has led to a technological frenzy: the introduction of one neural
network or training scheme is almost immediately outperformed by another that borrowed similar
building blocks but made a couple of ad hoc tweaks that made it better in some capacity (often
in memory/computational requirements or accuracy). These types of unexplained improvements
have been praised in the field and leveraged in many products today. Historically, this has been
acceptable. Historically, we have used deep learning in low-risk environments and for very specific
tasks that do not require advanced features like robustness to adversarial attack or extrapolation to
effectively handle new situations. After all, who would try to thwart your efforts to learn a new
language? Or why would this technology need the ability to extrapolate? If you got question A
wrong, maybe you need to revisit the material covered in question A. Deep learning’s portfolio of
applications has recently begun to shift to ones of high risk, thereby requiring the aforementioned
advanced features. However, these applications have significantly outpaced the theory grounding
them. Uncovering the mystery of their underlying mechanics—cracking open the black box—has
become an increasingly daunting task. If we rely heavily on this technology, to the point of entrust-

ing it with our money and even our lives, should we not understand how it works and how it can



be fooled? To this end, we strip neural networks down to their scaffolding and answer the ques-
tions, “What is a neural network and how does the learning process shape it?” First, we give some
relevant background, both mathematically (in Chapter 2) and in the particular models and datasets
we use (in Chapter 3). Then, we show in Chapter 4 that the foundational structure underlying
every neural network is a polyhedral decomposition and that the training process is nothing more
than a procedure to allocate its polyhedral and input-output Jacobian norm resources. We leverage
this understanding in Chapter 5 to design algorithms that efficiently explore the underlying struc-
ture imposed by the polyhedral decomposition, algorithms which we use to identify differences
between original and adversarial data. Next, we address some loose ends and interesting future

directions of our work in Chapter 6 and conclude our work with Chapter 7.

Portions of this work have been

* presented at the Colorado State University Department of Mathematics’ Data Science Sem-

inar,

* presented at the 2022 Rocky Mountain Celebration of Women in Computing Conference,

* presented at the Colorado State University 2022 Graduate Student Showcase where it was

recognized with the “College of Natural Sciences Outstanding Scholar Award”,

* presented in the 2022 and 2023 DARPA Geometries of Learning (GoL) PI Meetings,

* published in 2022 IEEE International Conference on Big Data Workshop GTA3 [4],

 published in 2023 IEEE CVF Conference on Computer Vision and Pattern Recognition
Workshops (CVPRW) [1], and

* published in 2023 International Conference on Machine Learning Topology, Algebra, and

Geometry (TAG) Workshops [3].



Chapter 2

Mathematical Background

2.1

High-Dimensional Space is Counter-Intuitive

Because we live in a physically three-dimensional world, most of us do not have an intuition

for high-dimensional spaces. In this section, we provide some facts about high-dimensional balls

and spheres with the primary goal of encouraging the reader to abandon certain spatial intuitions

that may be somewhat misleading in our exploration of shapes in RY, for some large N. A few

mind-bending implications of the equations and theorems presented in this section are listed below.

The volume of a hyperball is very small in large dimensions. For instance, the volume of the

1000-dimensional unit hyperball is roughly 1.5 x 107883

The volume of a 1000-dimensional hyperball with radius R = 7.635 has roughly the same
volume as a 1000-dimensional unit hypercube. In Figure 2.1, we visualize these objects to

scale in three dimensions to show how counter-intuitive this is.

If you inscribe a 1000-dimensional hyperball of diameter 1 inside of a 1000-dimensional unit
hypercube, a randomly chosen point from the hypercube also lies inside of the hyperball with

a probability of roughly 1.4 x 101184,

If you center-inscribe a 1000-dimensional hyperball of radius 0.99 inside of a 1000-dimen-
sional unit hyperball, a randomly chosen point from the unit hyperball also lies inside of the

radius-.99 hyperball with a probability of roughly 4.3 x 107°.

If you pick two random points on the n-dimensional unit hypersphere, then their expected
dot product is (n+ 1)_1/ 2. As a consequence, random high-dimensional vectors are expected

to be very close to orthogonal.



Figure 2.1: A unit cube nested inside of a sphere with radius R=7.635, to scale.

Beyond these being intriguing facts, we call back to some of them in Section 5.2. The last theorem
we present about high-dimensional space can be leveraged toward a dimensionality reduction tool,

tools covered further in Section 2.2.

2.1.1 Concentration of Volume

To establish some relevant terminology, we denote by B(n,R) the n-dimensional hyperball (or
n-ball) with radius R centered at the origin (thus B(n,R) = {x € R" :||X||, <R}). B(n,R) has a
volume of V(n,R) where V(n,R) = %R” with I'(+) denoting the gamma function [5]. Note
that if n is an integer then ['(n+1) =n!and I'(n+1/2) = (n—1/2)(n—3/2)---(1/2)I'(1/2) and
that I'(1/2) = /7. This implies that after achieving a maximum at n = 5, V(n, 1) interestingly

approaches zero as n approaches infinity. After an arbitrary choice of north pole on the surface

of the n-ball and letting p denote the vector from the n-ball center to this north pole, the n-ball’s



equator Bg(n,R) is the set
Bg(n,R) ={X€ B(n,R) : X-p=0},

which is an (n — 1)-dimensional ball. Let B, ;)(n, R) denote the portion of B(n,R) given by thick-
ening the equator by 2b (b in the direction of both p and -p) and removing a core with a radius of a
from the center of this thickened equator. More formally, if we arbitrarily define p = [1,0,...,0] T,

then
B(up)(n,R) = {)_c’e B(n,R) : HProjI—,»)?HZ <bandR—a< H[O,xz,...,xn]THz < R}

and call B(, ) (n, R) the (a,b)-annulus of B(n,R). Let V(4 ;) (n, R) denote the volume of B(, (1, R).
Call Bg )(n,R) the ball’s 8-thickened equator. For illustrative purposes, consider a ball in three

dimensions. The equation for the volume of its d-thickened equator is

)
Virs)(3.R) =27 / R — pldp,
0

which is equal to the volume of the ball without either of its spherical caps with heights of R — 6.
As n approaches infinity, V(g 5)(n,R) approaches V(n,R). In other words, in high dimensions, a
ball’s d-thickened equator contains the majority of its volume. We state this more specifically in
Theorem 2.1.1 whose statement and proof are adapted from those of Lemma 2.2 in [6]. Given
an n-ball with radius R, its 8-thickened hypersphere B(s gy(n,R) is the portion of the ball lying
within & of its exterior. As n approaches infinity, Vs ) (1, R) approaches V(n,R), or the volume
of a hyperball concentrates about its surface with the increase of dimension, as stated in Theorem

2.1.2 whose statement and proof are formalized from discussion in Section 2.2.4 of [6].



Theorem 2.1.1. For n >3 and 0 = ﬁ, ¢ > 1, the &-thickened equator of the n-dimensional

. . _2 . : .
unit ball contains at least a 1 — %e c*/2 fraction of its total volume; i.e.,

1_%e—c2/z<v(l’5)(”>1)
c - V(nl)

Proof. We have that

= Vi) (n, 1) =V(n,1) = (V(n, D\V(1,5)(n, 1))
Vi1.6)(1,1) V(n,1)\V sy(n,1)
- ) -1 et

(n,)\V(1,5)(n,1)

. . . Vv .
Therefore, it remains to show that %e"’z/ 2 is an upper bound for Vind) , the fraction of the

c

volume of B(n, 1) lying outside of its §-thickened equator with § = N Vc > 1. By symmetry,

.. . 2
it is sufficient to show that %e‘c /2

is an upper bound for the fraction of the volume of H(n, 1),
the northern hemisphere of B(n, 1), satisfying {X € H(n,1) : ProjzX > 8} = T(5y(n,1); i.e., that
Vol (T(5)(n,1)) /Vol(H(n,1)) < %e‘cz/z where Vol(x) denotes the volume of x. We do this by
showing that Vol (T(s(n,1)) < o and Vol (H(n,1)) > B where 5= %e’cz/z.

Find o such that Vol (T{5)(n,1)) < o.

(n=1)/2 i3
(e*p2> dp because Pmaj”x > 1 VX in the region




Therefore, define o = ﬁV(n —1, 1)e_%52.

Find f such that Vol(H(n,1)) > 8 and % _ %e—c2/2.
n—1g2

We require that & = %e*CZ/Z with @ = mV(rz —1,1)e""29

. Consequently, we require 3 =
gV(n —1,1) after choosing 6 = \/% Therefore, it remains to show that Vol (H (n,1)) > gV(n -
1,1). Since the volume of H(n,1) is greater than any cylinder it contains and using the fact that

V(n,R) = R"V(n,1), then

Vol(H(n,1)) >V(n—1,1)(1 —hz)%h forh <1

>V(n—1,1)(1-25tr*)h since (1—x)*>1—ax,a>1,

which thereby requires that 5~ 1 > 1 or that n > 3. If there exists a choice of & < 1 such that

(1 — ”;zlhz)h > g we are done. Letting h = \/’% satisfies the given inequality, concluding the

proof. [

Theorem 2.1.2. Given V(n,R), the volume of an n-dimensional hyperball with radius R, the frac-

tion of the volume of V (n,R) contained in its 6-thickened hypersphere Vs gy(n,R) has the upper

bound:
Vorm(MmR) _\  _sur.
V(n,R)
Proof. We have that
V(n,R—03)+Vi5g)(n,R) =V(nR)
= rR(mR) =V(n,R)-V(n,R-§)
- v<n(R> IR Tk
=1- (nfR)S)
= (1 — —) because ng(’f’;)‘s) — (RE,?)” _ (1 _ %)”

<1-—(e 5/R) because 1 +x < e*

<1 — e /R



2.1.2 Concentration of Surface Area

The surface of the (n)-ball is the (n — 1)-sphere S(n — 1,R) also with radius R and centered
about the origin (thus S(n —1,R) = {¥ € R" : [|¥||, = R}). The surface area of S(n — 1,R),
A(n—1,R), is the derivative of V(n,R) with respect to R. After choice of p, the hypersphere’s

equator Sg(n— 1,R) is the set
Se(n—1,R)={xeS(n—1,R) : X-p=0}.

Let S5)(n — 1,R) be the intersection of the §-thickened equator of B(n,R) and S(n— 1,R), so
Sis)(n—1,R) =B 5)(n,R) N S(n—1,R),

and let A(s)(n — 1,R) denote its surface area. Call S(s)(n—1,R) the hypersphere’s 6-thickened
equator. As n increases, the surface area of a hypersphere concentrates about its equator, formally

stated in Theorem 2.1.3 whose statement and proof are adapted from those of Lemma 2.3 in [6].

Theorem 2.1.3. Forn>4, 6 = \/% and for any ¢ > 0, the d-thickened equator of the (n—1)-

. 2 . . .
sphere contains at least a 1 — %e /2 fraction of its total surface area; i.e.,

1 %e_cz/z < A((;)(n— 1,1)
c - A(n—1,1)

Proof. The proof of Theorem 2.1.3 is almost identical to that of Theorem 2.1.1, so some details
that can be found in the earlier proof are left out here. The main difference between the two proofs
is that previously, we considered n-dimensional balls, which have slices (used in integration) that

are (n— 1)-balls, while here, we consider (n — 1)-dimensional spheres, which have slices that are



(n —2)-dimensional spheres. We have that

A(g)(l’l—l,l) . A(n—l,l)\A(g)(n—l,l)

Aln—1,1) A(n—1,1)

and that it is sufficient to show that SA(T((S)(n, 1)) < aand SA(H(n,1)) > B where % = %e‘cz/z

and SA(x) denotes the surface area of x.

Find o such that SA (7(5)(n,1)) < a.

Therefore, define o0 = ﬁA(n —1,1)e 7

Find j such that SA(H(n,1)) > B and § = 20412,

C

vVn=2'
SA(H(n,1)) > gA(n —1,1). Since the surface area of H(n,1) is greater than any cylinder it

We require that f = %A(n —1,1) after choosing 6 = Therefore, it remains to show that

contains (given two nested convex shapes, the surface area of the inscribed shape is less than that

of the circumscribed one) and using the fact that A(n,R) = R"A(n, 1), then

SA(H(n,1)) >A(n—1,1)(1—h2)" noforh<1
>A(n—1,1)(1—"520*)h since (1 —x)4 > 1 —ax,a > 1,requiring that n > 4,
> gA(n —1,1) after choosing i = nl—z’
concluding the proof. O



2.1.3 Orthogonality of Large Random Vectors

The fact that high-dimensional vectors are nearly orthogonal is common knowledge in the
fields of computational science and statistics (based on its frequent mention without citation or
being called a ‘well-known’ fact [7—12]). To be more formal than ‘nearly orthogonal’, two vectors
X #y, x,y €V, a finite-dimensional Euclidean vector space, are €-quasiorthogonal if the cosine
of their angular distance is between —¢€ and €; i.e. if cos 6, € [— €, 8] . Therefore, two random
vectors in high dimensions have a high probability of being €-orthogonal, for some small €. This
is a result of Theorem 2.1.1 [13]. Given an € € [0, 1), the €-quasiorthogonal dimension is the max-
imum cardinality of a set of €-quasiorthogonal vectors in #". The seemingly first work analyzing
the relationship between orthogonality and ambient dimension shows that €-quasiorthogonal di-
mension grows exponentially with the increase in the dimension of ¥ [14]. Other work quantifies
the probability that 6, , lies above some arbitrarily small threshold [15]. More recently, it has been
shown that the dot product between two distinct uniformly random vectors converges to 0 with the
increase in their dimension [7]. We formally state this in Theorem 2.1.4. Regardless of the precise
statement of this theorem, it can be leveraged to define a basis for a low-dimensional representation
of high-dimensional data. Namely, if an intrinsically k-dimensional representation is desired, one
can generate k random vectors in the large ambient dimension and use them as a basis for the data.

Dimensionality reduction is a well-researched area of mathematics which we cover next.

Theorem 2.1.4. Given two distinct vectors x,y € R™,

(x,y)
[[x[] - [[y]| m—see

2.2 Dimensionality Reduction

There are many notions of dimension—intrinsic, ambient, fractal, Hausdorff, correlation, and
embedding dimensions to name a few—and precisely defining their interplay can be quite nu-
anced [16]. To side-step this mathematical tongue twister, we illustrate some of these notions of

dimension with an example. Consider a unit 2-sphere in R> given as the slice of a unit 4-sphere
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with two hyperplanes:

5 S N\ 1/2
S:{xER :(in> :landx4:x5:O}.
i=1

Its ambient dimension is five because any point on its surface is of the form x = [x; ,X2,X3,X4,X5]T,
which has five components. Meanwhile, its intrinsic dimension, the minimum number of parame-
ters required to represent S without loss [17], is three because this sphere is the same as the object
described by the equation b% + b% + b% = 1 where b; provide an orthonormal basis of R3. Lastly,
this sphere has a topological dimension of two because its tangent space is a two-dimensional man-
ifold; i.e., for any small local region, the sphere is approximately a plane. If we densely sample this
sphere, this collection of data points inherits the dimensions of the sphere on which they lie. The
introduction of noise or sparsity to these data introduces some ambiguity: at what point is a higher-
dimensional manifold better suited to approximate the data than the sphere? Caculating the intrin-
sic dimension of data is still an open area of research with a substantial literature base [17-38].
While the geometry, topology, and dimension of data are important to our research (we will show
that the structure of training data fundamentally impacts the neural network returned after training)
the dimensionality reduction we use is not intended to be without loss. Our data is densely present
in RY, for large N, so we simply define an intrinsically two-dimensional subspace P of R" and vi-
sualize the data intersecting P. We will define P by choosing a basis consisting of two orthonormal
vectors which each consist of N components and the boundaries of P. Put differently, after choice
of two orthonormal vectors, u; and u;, and their respective upper and lower bounds, oy, Qu, Bip,
and B, we define P = {x €RN : x=auy +Puy and o € [y, ], B € [ﬁlb,ﬁub]}. Therefore
we are interested in methods for generating these orthonormal vectors u; and u;. In this section,

we define methods that we use in addition to the theorem in Section 2.1.3 to define the bases of

input space landscapes in Section 5.3 and loss landscapes in Section 6.3.3.
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2.2.1 Singular Value Decomposition (SVD)

Theorem 2.2.1. If A € R n>m (lfm > n then consider AT), then there exists an n X n
orthogonal matrix U, an m X m orthogonal matrix V, and an n x m “diagonal” matrix ¥ =
diag(oy,...,0,) where 61 > --- > G, > 0 such that A= UZV . The columns uy,...u, of U
are called left singular vectors, the columns vy,...,vy, of V are the right singular vectors, and the

diagonal entries ©; of X are singular values [39].

Considering A € R™™ as a mapping from R” to R”, Theorem 2.2.1 provides a basis for R,

the columns of V, and a basis for R”, the columns of U':

A: R™ — R"
w w
x=Yi Bvi = Ax=Y7, 0P

After constructing A by horizontally stacking points from the input space (as column vectors), the
first k columns of U can be used to define a k-dimensional subspace of R”. The multiplication of
any orthogonal basis with any non-zero scalar still results in an orthogonal set of vectors. Choosing
this scalar to be —1 does not change the length of the basis vectors, and therefore, if we start
with an orthonormal set of vectors, multiplication of any of the vectors by —1 still results in an
orthonormal set. SVD suffers from “sign indeterminacy,” the resulting basis is unique up to a sign
change. Implementations of the algorithm, including the one we use in Python, give results that
differ by a sign while keeping the input matrix A unchanged. Therefore, when using SVD, it is
important to either save the basis used so that it can be loaded and used again if needed or to devise
a method of checking the sign compatibility of a new basis with the one used to represent previous

data in low dimensions.
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2.2.2 Gram-Schmidt

Theorem 2.2.2. Given A € R"™" n > m, a matrix with full column rank, there exists a unique or-
thogonal matrix Q € R™"™ and a unique upper triangular matrix R € R™*"™ with positive diagonal

entries such that A = OR [39].

The particular goal of the Gram-Schmidt algorithm varies slightly in the literature: it has been
used to compute the QR-decomposition of a matrix toward a least squares solution [39] and as
an orthogonalization process [40]. These two are equivalent: the QR-decomposition of a matrix
A finds the matrices Q and R from Theorem 2.2.2 where the columns of Q provide orthonormal
vectors that span the same space as A. We provide the Gram-Schmidt procedure in Algorithm
1, noting that r; ; are saved only if the QR-decomposition is desired. Gram-Schmidt is known to
be numerically unstable when the columns of A are nearly linearly dependent [39]. By using the
original columns of A to update the columns of Q, round-off errors accumulate with each iteration
of the inner for-loop and can result in a non-orthogonal matrix Q. Instead, the updated columns
of Q can be used to define the elements of R (replacing r;; = ¢ a; with rj; = q] q;), resulting in
a mathematically equivalent algorithm that does not accumulate round-off errors, Modified Gram-
Schmidt (MGS) (see Appendix A for proof of equivalence). To clearly distinguish between the
two algorithms, Algorithm 1 is often called Classical Gram-Schmidt (CGS). Therefore, when m
(the ambient dimension of the input space) is small enough that Theorem 2.1.4 no longer guar-
antees near-orthogonality between two random vectors, MDS can be used instead to more stably
determine an arbitrary k-dimensional representation of high-dimensional data (after initializing a

random A € R’"Xk).
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Algorithm 1 Gram-Schmidt [39]

Let A € R™" ™ be a full column rank matrix; i.e., a matrix whose columns are some basis &/ =

{ai,...,am}.
fori=1,...,mdo
qi = 4a;
for j=1,....i=1do
”j,iICI]Tai
qi=4qi—Tjiq;j
end for
riji = [lqill,
if 7, ; = 0 then quit
end if
qi = %
end for
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Chapter 3

Models and Datasets

3.1 Introduction

Here, we continue to lay the groundwork for the experiments to ensue by defining relevant
models and datasets. Beyond simple and small feed-forward neural networks (FFNNs) that are
introduced as needed, our experiments use pretrained ResNet models: ResNet-18, ResNet-50,
ResNet-56, and ResNet-56-noshort. The first two of these were pretrained using ImageNet, while
the latter pair underwent training with CIFAR-10. We present these architectures and the datasets
that molded their learning. We additionally introduce two adversarial datasets, one of which was
created using the VGG-19 model, thereby warranting the introduction of the VGG architecture as
well. The models and datasets we use are part of what set our work apart—most machine learning
research of a polyhedral flavor like our own does not move beyond basic FFNNs, low dimensional

data, or a combination of the two.

3.2 Models

3.2.1 VGG

The Visual Geometry Group (VGG) at the University of Oxford developed VGG-19 [41] for the
ImageNet Challenge 2014, winning the localization and classification category of the competition
with an impressive performance. Their classification error rate was half that of the second-place
contender. Their model, VGG-19, consists of 19 non-pooling layers and has a simple forward pass
flow: the output of one layer is exactly the input of the subsequent layer. The precise architecture
is given in Figure 3.2a, which was created directly in I&TEX using the examples from the GitHub
page associated with [42] as a starting point. Breaking the model into 8 blocks (as shown in
Figure 3.2a), Blocks 1 and 2 consist of two convolutional layers followed by a max pooling layer;

Blocks 3, 4, and 5 consist of four convolutional layers followed by a max pooling layer; and
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Blocks 6, 7, and 8 are linear layers. All layers in Blocks 1-7 use the ReLLU activation function
while the final layer of the neural network uses the Softmax activation function. Table 3.1 shows
that this model is significantly larger (in terms of the number of parameters) than the ResNet
architectures that perform at least as well after PyTorch’s pretraining as VGG-19. We observe
that to linearly and exactly express this neural network, the only necessary adjustments involve
substituting the softmax activation function in the final layer with a linear activation function.
Following these minor modifications, linearization becomes straightforward: one can utilize the
GitHub code associated with [43] to linearize both the convolutional and pooling layers.

As is common practice, transforms were done on data before training VGG-19. This prepro-
cessing is usually specific to the dataset used to train the model of interest and is important to keep
in mind. To effectively use a model, these same transforms should be applied to any data taken as
input. VGG-19 input images are expected to have dimensions of at least 32 x 32. This flexibility
of input size is common among neural networks and is why ‘I’ is used to denote the convolutional
layer sizes in Figure 3.2 where [ indicates the image size. Images are then expected to be converted
from RGB to BGR, then channel-wise mean-centered with respect to the ImageNet dataset (which
has an RGB channel-wise mean of [123.68,116.779,103.939] if entries are scaled between 0 and
255, as images are), without scaling (without the use of a specified standard deviation). Resizing
is not part of the pre-built keras.applications.vgg19.preprocess_input function, so freedoms can be
taken in the resizing step of input preprocessing. In the creation of our dataset of interest intro-
duced in Section 3.4.1 (the sole reason we introduce the VGG-19 model), inputs were made to
be of size 224 x 224 using bilinear interpolation. The remainder of the preprocessing steps are

completed by keras.applications.vgg19.preprocess_input.

3.2.2 ResNet

A year after the introduction of VGG, the residual network (ResNet) architecture was pre-
sented in [44] and entered in the ImageNet Challenge 2015 where it achieved almost a 30% im-

provement in classification from the performance of VGG-19. Despite this difference in accuracy,
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the elements and their order in ResNet are actually very similar to those of VGG-19. Consider-
ing ResNet-18 in particular, its architecture differs from VGG-19 in that batch normalization is
applied after convolutional layers and before the ReLLU activation function, Blocks 1, 6, and 7
were removed along with all of the max pooling layers, and each of the convolutional layers of
the remaining blocks have half as many filters as their VGG-19 counterparts. These changes sig-
nificantly contribute toward the increased computational simplicity of ResNet-18 from VGG-19:
for a single forward pass, ResNet-18 performs 1.81 billion floating-point operations per second
(GFLOPS) while VGG-19 performs 19.63 GFLOPS. These differences and their benefits aside,
the distinctive flow of ResNet’s architecture is its most distinguishing feature. The output of every
other layer is added to the output two layers later with the use of skip connections. In this way,
information from previous layers trickles into later layers. The exact architecture is given in Figure
3.2b. These skip connections substantially cut the number of parameters required by the model and
the number of computations it performs. To express ResNet-18 in a simple feed-forward fashion
would require the strategic stacking of identity matrices on the layerwise weight matrices and of
zero vectors on the layerwise bias vectors to preserve the output of each block so that it can be
added to the output of the next block. By using skip connections, we do not need to perform these
many multiplication and addition operations, but instead directly feed outputs where they are re-
quired. We also forego defining these larger weight matrices and bias vectors that simply apply
the identity function. After ResNet-18, deeper versions such as ResNet-50 have been introduced.
In some of our work assessing the effects of skip connections (Section 6.3.3), we also consider
ResNet-56 and ResNet-56-noshort. ResNet-56-noshort is identical to ResNet-56 but removes the
skip connections, so its architecture ends up being virtually a VGG model.

As mentioned in Section 3.2.1, transforms are often done before training models. The ResNet
architectures we use are no exception. As indicated in Table 3.1, the ResNet-18 and ResNet-50
models we use were pretrained on the ImageNet dataset and are made available by PyTorch. The
preprocessing done to the dataset before training is as follows: center-cropping or padding images

with zero entries to the size of 224 x 2224, scaling values between 0 and 1, and normalizing them
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Table 3.1: Summary of model sizes, accuracies, and the training data used to obtain the pretrained weights.

Model Training Data Acc@1 | Acc@S5 | Parameter Count

ResNet-18 IMAGENETI1K_V1 | 69.758% | 89.078% 11.7M
ResNet-152 IMAGENETI1K_V1 | 78.312% | 94.046% 60.2M
ResNet-56 CIFAR-10 21.78% | 78.60% 0.86M
ResNet-56-noshort CIFAR-10 10.00% | 52.46% 0.85M
ResNet-50 IMAGENETI1K_V2 | 80.858% | 95.434% 25.6M
Wide ResNet-50 IMAGENETI1K_V2 | 81.602% | 95.758% 68.9M

VGGI19 (PyTorch) | IMAGENETIK_V1 | 72.376% | 90.876% 143.7M

VGG19 (TensorFlow) | IMAGENETIK_V1 | 71.3% 90.1% 143.7M

such that the RGB channel means are 0.485, 0.456, and 0.406! and the channel standard deviations
are 0.229, 0.224, 0.225, respectively. Three examples of ImageNet images before and after these
transforms are included in Figure 3.3. The ResNet-56 and ResNet-56-noshort models we use were
pretrained on the CIFAR-10 dataset and are made available by the authors of [9] who preprocessed
the images by normalizing them to have a channel-wise mean of [125.3,123.0,113.9] and standard

deviation of [63.0,62.1,66.7], and then scaling their values between 0 and 1.

K b K P y P y + y +

Ie luti Batch: Li Li ith Max Adaptive Addition of a
onvolution atchnorm inear inear wi . .

i . A Output  skip connection
Convolution with ReLU with ReLU with ReLU Softmax Pooling P‘(;?)ll‘iar;g; utpw p

Figure 3.1: Legend for model architecture diagrams where K is the number of convolutional filters, z gives

the layer input size (z X z),and y .

Note that these channel means are identical to those provided in Section 3.2.1 once they are scaled between 0 and 1.
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Figure 3.2: The VGG-19 and ResNet-18 architectures as they are made available by TensorFlow and PyTorch, respectively (see Figure 3.1 for the
legend).
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3.3 Natural Image Datasets

3.3.1 MNIST

The Modified National Institute of Standards and Technology (MNIST) dataset is a collection
of 70 thousand 28 x 28 black and white images of hand-written digits [45]. Due to the uniqueness
of integers between 0 and 9, the limited variability among different samples of the same class,
and the unrealistically pristine quality of the data (devoid of noise, occlusions, poor croppings,
backscatter, and the like), one can reasonably expect that MNIST has a rather simple structure.
While classes are not linearly separable [45], images that are close to each other in Euclidean
space likely belong to the same class [46]. As a result of its simplicity, MNIST’s primary utility
lies in acquainting novices with fundamental machine learning concepts, rendering it less relevant
for cutting-edge research in the field. Observations made, performance levels achieved, and con-
clusions drawn using MNIST often do not translate to other datasets. Results that are included in

Section 5.3.1 contest claims made from experiments skewed, in part, by this dataset.

3.3.2 CIFAR-10

A decade after MNIST was introduced, the Tiny Images dataset [47] was created and addressed
some of the shortcomings of MNIST. This dataset was created by scraping the web for a total of
80 million images, about 3000 results for each of the non-abstract English nouns in the WordNet
hierarchy [48]. WordNet establishes 12 subtrees (mammal, bird, fish, reptile, amphibian, vehi-
cle, furniture, musical instrument, geological formation, tool, flower, fruit), each containing 5247
“synonym sets”/“synsets” or subclasses with labels that are hyponyms of their respective subtree’s
label. Since the images in the Tiny Images dataset were pulled from the internet using automated
methods, they are not characterized by the same artificial uniformity of MNIST. Also as a conse-
quence of the data collection process, and more specifically, the imperfection of search engines, the
labels of the data are unreliable—so much so that the dataset contains some offensive content and
has been withdrawn from public availability. While this dataset was still accessible, two datasets

were made from it, CIFAR-10 and CIFAR-100 [49], an effort that was funded by the Canadian
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Institute for Advanced Research (CIFAR). CIFAR-10 is a set of 60 thousand 32 x 32 color images
equally divided into 10 non-overlapping classes: airplane, automobile, bird, cat, deer, dog, frog,
horse, ship, and truck. The images in each class were chosen by first manually iterating through the
3000 images in the analogous class of the Tiny Images dataset, and then iterating through classes
belonging to hyponyms of the original class until 6000 correctly labeled images were collected.
CIFAR-10 is split up into a training set and a test set where the training set consists of 5 batches
of 10 thousand images and the test set contains the remaining 10 thousand images. All 5 batches
of training data were used to pretrain ResNet-56 and ResNet-56-noshort [9]. Due to the size of the
CIFAR-10 images (3 x 32 x 32) and the number of classes in the subset of data used in training

(10), the mapping done by these networks is

F - R3><32x32 s ]Rlo

w w 3.1
X — y
where Softmax(y) can be interpreted as a probability distribution on {1, ..., K} where the training

set consists of K classes (here K = 10), so softmax(y); indicates the likelihood that x belongs to
class i [50]. Given the number of classes in this dataset, we note that ‘Acc@1’ and ‘Acc@5’ in
Table 3.1 associated with models that were trained on CIFAR-10 indicate the percentage of the test
data whose true label is among the top 10% and 50% of predicted labels, respectively. Despite the
relaxed criteria implied by ‘Acc@1’ and ‘Acc@5’ within the CIFAR-10 context compared to those
within the ImageNet context, the percentage of CIFAR-10 test data achieving these criteria using
ResNet-56 and ResNet-56-noshort is significantly lower than the percentage of ImageNet test data

achieving them with pretrained PyTorch models.

3.3.3 ImageNet

The ImageNet dataset was introduced in 2009 as one of the largest, most diverse, and most

accurate datasets at the time (in terms of correct labels being assigned to its images, in contrast
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with the unreliable labeling of the Tiny Images dataset mentioned in the previous section) [51].
It consists of 224 x 224 mostly color images and also uses the WordNet hierarchy. At the time
of publication, ImageNet consisted of 3.2 million images in total subdivided into the synsets of
WordNet, with approximately 600 images in each synset. The dataset has grown to now contain
between 732 and 1300 images in each synset. There remains plenty of opportunity for it to continue
to grow into the WordNet hierarchy which consists of around 80 thousand synsets. The creators
of the dataset aim to have the dataset grow to be tens of millions of quality-controlled and human-
annotated images.

Unlike MNIST, the size and quality of ImageNet make it perfect for training neural networks
for competitive performance. Many widely used neural network architectures have been trained
on a subset of ImageNet (called ‘IMAGENET1K_V1’ in PyTorch and in Table 3.1 which spans
1000 object classes and consists of 1281167 training images, 50 thousand validation images, and
100 thousand test images) most of which are 3-channeled color images, that are unequally sub-
divided into 1000 classes. More specifically, 105 of the classes contain between 732 and 1299
images, while the remaining classes have 1300 images. Another commonly used version of Ima-
geNet used to train widely available networks is a refined version of IMAGENET1K_V1 (called
‘IMAGENET1K_V2’ in PyTorch and in Table 3.1) [52]. Due to the size of the ImageNet images
(3 x 224 x 224) and the number of classes into which they are subdivided (1000), the mapping

done by these networks is

F . R3x224x224 [R 1000
W W 3.2)
X — y

where, again, Softmax(y); indicates the likelihood that x belongs to label i. Given the dimension of
the neural network’s output space, we note that ‘Acc@1” and ‘Acc@5’ in Table 3.1 associated with
models that were trained on ImageNet indicate the percentage of the test data whose true label is

among the top 0.1% and 0.5% of predicted labels, respectively.
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Figure 3.3: Three ImageNet images before (top) and after (bottom) preprocessing required by PyTorch
pretrained models ResNet-18 and ResNet-50.

3.4 Adversarial Datasets

Adversarial attacks have been defined in many ways. Here, we define an adversarial attack
to be any alteration to an image with the intent of compromising a neural network or its output,
regardless of the success of the attack. Attacks can take place during the training process of the
targeted neural network or to the inputs of the model once it has been trained. In our work, we con-
sider the latter of these. Therefore, by our definition of adversarial attack, the difference between
data augmentation during training and an attack that takes place during training is intent: while the
goal of data augmentation is to increase model robustness and generalizability, that of an attack is
to decrease the model’s accuracy in some capacity. Our definition is also independent of the out-
come of the attack. We make this choice with the philosophy that the success of an attack depends
on the severity of the attack and the resilience of the network, rather than simply the occurrence of

an attack on the model. In this section, we introduce two altered versions of the ImageNet dataset.

3.4.1 DAmageNet

The DAmageNet dataset presented in [53] and later rigorously defined in [54] was created by

particularly altering, or ‘DAmage-ing’, the 50 thousand ImageNet validation images implying a
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natural one-to-one mapping between ImageNet validation images and DAmageNet. We call an
ImageNet validation image together with its DAmage-ed version an ImageNet-DAmageNet pair.
These image pairs have a natural ordering; their naming convention is ‘ILSVRC2012_val_000####
# (ImageNet-DAmageNet pairs have the same name and only differ in file extension, ImageNet
images are .PNGs and DAmageNet images are .JPEGs) where the digits at the end of the name
range between 00001 and 50000. Although adversarial images need not be mislabeled by the
network of interest, DAmageNet was created in a way that forces a change in the predicted label—
given an image x from the ImageNet validation set, Ax is a perturbation such that the classification
of x+ Ax is different from that of x by VGG-19 pretrained on ImageNet made available by Tensor-
Flow (the VGG-19 architecture made available by PyTorch slightly deviates from that by Tensor-
Flow). Ideally, Ax is as small as possible to avoid detection. The attack used to create DAmageNet
minimizes this Ax while still misclassifying x. The precise mathematical details of the attack are
given in [54]. Figure 3.4 provides three ImageNet-DAmageNet pairs. Given the visual similarity
in these image pairs, it is not surprising that the root mean squared deviation between all image
pairs is about 3.8 [53]. However, we use DAmageNet in the context of PyTorch’s ResNet models,
so we first preprocess these images as training data was preprocessed before training these partic-
ular models (see Section 3.2.2 for preprocessing details). The distribution of Euclidean distances
between ImageNet-DAmageNet pairs after preprocessing them ranges between 47.08 and 1550.59

and is given in Figure 3.5.

3.4.2 ImageNet-FGSM

We perform the Fast Gradient Sign Method (FGSM) [55] to alter ImageNet, creating ImageNet-
FGSM. Unlike DAmageNet, we do not ensure that the change made to each of the original images

caused a change in the model’s predicted label. FGSM produces a perturbed image, X, from an
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Image 0
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Image 2

Figure 3.4: Examples of particular ImageNet images and their DAmageNet versions.

original image, x, given a neural network F by

£ =x+exsign(V,C(0,x,y)) where € is the perturbation parameter (€ € R),
C is the cost function used to train F,

(3.3)
0 are the model variables from F, and

y=F(x).

The authors of [55] found that the method caused misclassifications among a variety of models.
Setting (1) € = 0.25 resulted in (a) the misclassification rate of 99.9% with an average confidence
of 79.3% of a shallow softmax classifier and (b) the misclassification rate of 89.4% with an average

confidence of 97.6% of a maxout classifier, both on an FGSM-perturbed version of MNIST [45];
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Figure 3.5: The Kernel Density Estimate of the Euclidean distances between all preprocessed ImageNet-
DAmageNet pairs.

and (2) € = 0.1 resulted in the misclassification rate of 87.2% with an average probability of 96.6%
of a maxout classifier on an FGSM-perturbed version of CIFAR-10 [49]. We do not explore the
error rates of our perturbation datasets but use FGSM as a method of traversing the input space of

a neural network.

3.5 Conclusion

We have introduced VGG-19, four ResNet architectures (ResNet-18, ResNet-50, ResNet-56,
and ResNet-56-noshort), and the MNIST, CIFAR-10, ImageNet, DAmageNet, and ImageNet-
FGSM datasets. Some of these neural networks will be examined to identify geometric differences
between original images and their adversarial counterparts. Meanwhile, others will be probed for
topological information about their respective datasets, shedding light on how architectural de-
cisions influence neural network topology. Before performing these analyses in later chapters,
it is important to first understand a particular representation of a neural network: its polyhedral

decomposition.
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Chapter 4

Polyhedral Decompositions

4.1 Introduction

All neural networks have associated polyhedral decompositions that express their actions on
input data. Polyhedral decompositions are partitions that span the neural network’s entire input
space and are composed of as many distinct regions as the number of unique neural firing patterns
the model produces for all points in the input space. Each polyhedron defines a distinct composite
function in terms of the neural network parameters from the input space to the output space. A
linear neural network is exactly the piecewise union of all these functions [56,57], so we formally
define them and their respective domains from the parameters of the neural network in Section 4.2.
It is worth mentioning that our formulation of these domains implies their convexity, a property
that has been claimed [57, 58] and proven [59]. The only difference among these composite func-
tions characterizing all polyhedra is the effect of their unique respective firing patterns or binning
vectors, so we say that binning vectors label their respective polyhedra. These binning vectors
impose a geometry on the input space which we quantify with the Hamming distance, which is
equivalent to counting the number of entries in which two binning vectors differ. Thus, any poly-
hedral decomposition has an equivalent graph representation where the nodes are the polyhedra
labeled by their bit vectors and the edges between any two nodes are weighted by their Hamming
distance. We explore these graphical representations in Section 4.5. This graph exactly summa-
rizes its associated neural network if (a) the neural network can be expressed linearly and (b) the
chosen activation functions are piecewise linear (e.g. ReLU), and is approximate otherwise [3].

Combinatorially, the upper bound for the number of unique binning vectors (and, consequen-
tially, the upper bound for the number of distinct regions of the polyhedral decomposition and the
upper bound for the Hamming distance between any two bit vectors) is 2 where & is the num-

ber of neural nodes in the network. Often, the number of polyhedra that emerge after training a
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neural network is well below this upper bound. Due to the relationship between the number of
these distinct regions and the expressivity of the associated network, some work has been done to
predict how many will emerge after training a network with a particular architecture [56,59-63].
Regardless of the exact number of polyhedra, they are a limited resource of the neural network to
accurately handle its training data during the learning process. We show in Section 4.3 that train-
ing, more than anything, is the strategic allocation of these resources. Therefore, the size and shape
of polyhedra are also very relevant in the conversation about the fundamentals of neural networks.
To approximate their sizes, the authors of [58] demonstrate that these partitions correspond to a
power diagram and compute each tile’s centroid and radius. We also explore polyhedral size and
shape in Section 4.4 with the explicit use of a polyhedral decomposition. The geometric analysis
of polytopes has also been done by implicitly using polyhedral decompositions, a topic we save

for Chapter 5.

Novel contributions in this chapter:

 formally define the set of linear inequalities satisfied by all points within the same polyhedra
(published in 2023 International Conference on Machine Learning Topology, Algebra, and

Geometry (TAG) Workshops [3]),
* extend the above work to be applicable to other activation functions,

* show that the input-output Jacobian norm tends to increase in polyhedra that contain or are
near the neural network’s learned decision boundary (and can therefore be used to quantify
neural network uncertainty) and that refined polyhedra tend to outline the decision boundary,

and

* represent polyhedral decompositions as graphs to show the above behavior regarding poly-
hedral refinement and to quantify polyhedral proximity to polyhedra with high input-output

Jacobian norms.
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4.2 Formulation

4.2.1 Feed-Forward Neural Networks

Consider the feed-forward neural network (FFNN) F : R" — R" described in (4.2) with L+ 2
layers (L hidden layers, an input layer, and an output layer) each of which is h;-dimensional,

L
ho =m, h; 1 =n, and Y, h; = h. We can equivalently express F' as the composite function
i=1

F:FL_HOfLOFLO...OflOFl (41)

where passing information from the (i — 1) layer to the i layer is described by the composition
of the activation function f; with the affine map F;. Each of the last L+ 1 layers of F is equipped
with weight matrix, w i) g Rhixhi-y , and a bias vector, pli) € Rhi , both used to express F; as the
weighted sum defined in (4.3). We denote the output of F; and f; by x() = [xsi), . ,xﬁl?] ' and
#) = [~§i), . 7)2}(1?} T, respectively. For ease of notation, x\) = () for i = 0, only true for other i

if f; = I, the identity map.

F: R 0o RM oo R T RE i, e
1 L
W w W W W (42)
P O R T S < — XD
where
£ = £,(x9) :f,-<Fl-()E(i’l))) = (WO L p0) fori=1,... L. 4.3)

We can express the activation functions in terms of linear operations as we have done for the affine

mappings. All that is needed is to discretize the f;’s appropriately for their particular inputs, x0),

29



We introduce a diagonal matrix A() € R%+1*" and vector a')) € R% toward the discretization of f;:

fi(x(i)) = A0 4 40) (4.4)
where
NN .
R R
Y forj=1,....h,i=1,...,L. 4.5)
AE’)J =0, ay) = ﬁ(xy)) otherwise

with xg.i) = ZWJ(l,z )?y_l) + by) from (4.3). Now f; can indeed be expressed in terms of linear
k=1
operations

i) = A0 g = 4D (WO | 50 4 40 = D | 50 4.6)

where

W =AOW O and ) = AR 1 41, (4.7)

L+1)

With this, the final neural network output, x &) can be explicitly expressed by

HEH) = PO =) (W0 (WO RO 150) 450) 4 5O) 4501 @)
and layerwise outputs, x(i), by

D =Fofii...ofioF(x9). (4.9)

4.2.2 Binning Vectors and Activation Functions
Rectified Linear Unit (ReLU)

Once an activation function is chosen, its discretization defined by (4.4) and (4.5) can be sim-

plified. Due to the piecewise linear nature of ReLU, we consider it first and build intuition as we
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go. Let x(@0) denote the g™ point in the input space where x(2:0) gets mapped to x4 and £49) in
the i™ layer of the neural network before and after the activation function is applied, respectively.
Let x(29) denote the particular set of points in the input space {x(q,O) 1 q € 2}. As an illustrative

example, consider the rectified linear unit (ReLU) activation function

x ifx>0
ReLU(x) = max{x,0} = , (4.10)

0 otherwise
which is applied component-wise if x is multi-dimensional. Say that the i layer uses this activation
function, so f; =ReL.U. Consider the two cases presented in (4.5).
Case 1: If x(.q’i) = 0, split into two subcases: either (a) x(.q’i) > 0 or (b) x(-q’i) < 0. If (a) holds,
then fi(x(-q"i)) — x\2) , which implies that A(q Do Otherwise, (b) holds and fl( e ) =0 and

J

A§]) 0. For both (a) and (b), a"’ —0.

Case 2: I x\"" = 0, then A'"Y) = 0 and a'*" = f;(x'?") = 0.

Thus, 5 ) =0 Vxl49, 50 we can restate (4.4) and (4.5) as

fi (x(q,i)) — A@)(a:0) 4.11)

where

Al =1 if 2o 0
for j=1,....h;, i=1,...,L, g €N, (4.12)

A(Qvi)

Y =0 otherwise

Then (4.11) and (4.12) implicitly show that the collection x#0) where

= {x®0: x&) >0 = x*k:) >0,k £k, and
(4.13)

xbii) <0 = xtk2l) <0,k # ko, Vh1, ko € K}
get treated the same by the neural network at ReLU layer i. In this way, the ReL.U layer implicitly

bins together nonnegative values and those that are negative. We make this binning explicit by

introducing a label of ‘1’ for the bin of nonnegative values, a label of ‘0’ for the bin of negative
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values, and a binning vector, s(@i) ¢ R% indicating the component-wise binning of #44) where

1 if #2050
(q,8) _ J
s\ = | (4.14)
0 if )ZE.W) —0

or
s\ = / (4.15)

0 if £\ <o,
In the particular case of ReLLU or any other activation function from which two bins emerge, we
synonymously call these binning vectors, binary vectors or bit vectors. Without loss of generality,
we demonstrate in Figure 4.1 what happens when we take the j point, x:0) a5 input and have

ReLU as the activation function of the first layer.

w(l), (1) w (L), p(L) WALAL) p(LA41)
R Rhl iy A RhL—l Rh[‘ Rn
%fl 7,
W W W w W
200 —= i) —  — zi1-1) 20 2(iE+1)
-(3,0
2.0
G0
209 [ (D00 4 pD) = 0D
l,/(tjvo)
.0
\7;\/# S _
200 26D 76D binary vector

Figure 4.1: The process by which bit vectors are constructed for layers of a neural network that use the
ReLU activation function.
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— diag(s(@) (W (@i-1) 1 pl0) (4.16)

(@) _ 4(a:)

Also using the fact that s j j.j » We can restate (4.8), the mapping given by a FFNN, more

explicitly for specifically a ReLU FFNN as

wal+1) F(x(q,O)) w D diag (s

NpL) 4 pL+D) (4.17a)

—Ax© 1+ B (4.17b)

where (4.17a) and (4.17b) are analogous to the definitions given by (3) in [64] and (3.3) in [57],
respectively. We also give this as an iterative algorithm in Algorithm 2 for simplicity of imple-
mentation. This algorithm also highlights the significance of bit vectors in defining polyhedra’s
affine mapping from a neural network’s input space to its output space: they are the only difference
between any two distinct mappings. We can stack these s\@1) to form a composite binning vector
(also called the activation pattern in [60]), s@ = |s@)T @l ! € R”, that describes the
path that x(29) to0k through the neural network. If the neural network of choice only uses ReLU
as its activation function, then this composite vector describes the firing pattern of the network’s
neurons when x(¢9) is taken as input, also noted in [65]. The neural network’s input space, R™, can
be partitioned into convex polytopes where the points belonging to each polytope have the same
corresponding composite binning vector. Note that because these composite bit vectors are made

up of an h-long combination of zeros or ones, there are 2" possible
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Algorithm 2 Layer-wise outputs of a ReLU feed-forward neural network

Given a neural network F : R™ — R” with layer-wise weights W) and biases bV for i =
1,....L+1, choose x0) e R™ with the layer-wise binary vector s for i = 1,...,L defined by
the firing pattern of x(9) through F.
Initialize W(©) = L,., s = 1,51, 50 = 0,51
fori=1,...,L do

*0) = WOy =1 x0) L w@piE=1) 4 p0)

W = diag(s@)w O (-1

b)) = diag(s)yWDHI=1) 4 diag(s())p()
end for

KL+ — p(L+1),(L) —|—b(L+1)

bit vectors a model can produce. Therefore, we say that the neural network has finite ‘polyhedral
resources’ that it can use to partition the input space into convex regions. More explicitly, the

points belonging to a polytope defined by a particular composite binning vector satisfy the system

@) _ )

diag (s’ (4))W(47L)x(q’0) < diag (s’ (q”'))l;(q’L) where s %) =

1 if s
J
if s

(
J
(¢:d) _
—1 y= 1
W@ — w0 A=y @i-1

= W(l)dlag (s(qvifl))W(qvifl)’
g(qvi) — W(l) (A(qvi_l)g(qvi_]) _|_ a(q7i_])> _|_ b(l)

= wdiag (s(qvi_l) ) plai=1) L p)

and we initialize W (4:0) = Imxm,s(%o) = lmxl,@(q’o) =0y, so that W@l =w®) and pl@D) = p(1),
Therefore, for any polyhedron of a polyhedral decomposition, there exists an A and ¢ where A =

[Al JAg, ... ,Ah} T and c= [cl ,C2yn e ,ch} T with AieR™and¢; eR (explicitly formulated above)
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such that the polyhedron can be defined as the set of points in the input space satisfying Ax < ¢ or
Alx<cifori=1,... h.

This formulation of each polyhedron of a polyhedral decomposition as a system of linear in-
equalities highlights their consequential convexity since the feasible region of every linear program
is convex. Also, we note that each bit of the bit vector indicates whether the input point of interest
satisfies a particular linear inequality. This embeds in bit vectors rich geometric information that
we explain and harness in Section 5.2.1. We can also view bit vectors as a code summarizing
the neural network’s response given a particular input, codes whose similarities can be quanti-
fied with the Hamming distance. The Hamming distance H (s(@),s()) is equivalent to counting
the number of bits in which s@ and s(b), the bit vectors of x(@ and x(b), differ. We say that
H (s(“) , s(b)) =H (x(“) ,x(b)) for simplicity. We will use this interpretation of bit vectors in Section
5.2.2. Therefore, both interpretations are useful, which we will demonstrate with applications. In
essence, input space decomposition is precisely what FFNNs do. Figure 4.2 depicts the polyhe-
dral decomposition of R? given the trained neural network F : R? — R3 — R3 — R trained in the
unit square about the origin to approximate the function x> 4 y* — % The figure is restricted to the
square of side length of six centered about the origin for visualization purposes only; the peripheral
polyhedra extend infinitely. Because of the linearity of the ReLU activation function, these com-
posite binning vectors exactly describe the path their corresponding points took through the neural
network, and therefore, these partitionings also precisely characterize their ReLU FFNNs. In con-
trast, the partitionings from neural networks using continuously differentiable activation functions

are approximate.

Parametric ReLU (PReLU)

We next consider the Parametric ReLU (PReLU) activation function due to its similarity to

ReLU.

x ifx>0
PReLU(x) = max{x,0} + amin{0,x} = (4.18)

ox otherwise
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Dictionary associating polyhedral
labels and their bit vectors

1: (1,1,0,0,0,0) 13: (0,0,1,1,0,0)
2: (0,1,0,0,0,0) 14: (1,0,0,0,1,0)
3: (0,1,1,0,0,0) 15: (0,0,1,1,1,0)
4: (0,0,1,0,0,0) 16: (1,0,1,1,1,0)
5: (1,0,1,0,0,0) 17: (1,0,0,1,1,0)
6: (1,0,0,0,0,0) 18: (1,1,0,1,1,0)
7: (1,0,1,0,1,0) 19: Cﬂ,l,ﬂ,l,l,ﬂ.)
8 (1,1,0,0,1,0) 20: (0,1,1,1,1,0)
9: (1,0,1,1,0,0) 21: (1,0,0,1,1,1)
10: (1,1,0,1,0,0) 22: (1,1,0,1,1,1)
11: (0,1,0,1,0,0) 23: (0,1,0,1,1,1)
12: (0,1,1,1,0,0) 24: (0,1,1,1,1,1)
13: (0,0,1,1,0,0) 25: (0,0,1,1,1,1)
14: (1,0,0,0,1,0) 26: (1,0,1,1,1,1)

Unlabeled center triangle: Ci,l,l,0,0,0)

-3 -2 =1 0 1 2 3

Figure 4.2: The polyhedral decomposition of the ReLU FENN F : R?> — R3 — R3 — R after training in the
unit square with each polyhedron labeled by its binary vector.

where o is a tuneable parameter. Leaky ReLU (LReLU) is the specific PReLU function where
o = 0.01. Naturally, we define the binning vector identically as we did for ReLLU. The points

belonging to a polytope defined by a particular composite binning vector satisfy the system
a diag (s/(Q)>W(q,L) x(@0) < ¢ o plaL) (4.19)

where © denotes the Hadamard product.

Sigmoid

The Sigmoid function is defined

e’
Sigmoid(x) = S(x) = EERE (4.20)

While the binning vectors for ReLU encode the firing pattern of the network’s neurons, those for
sigmoid encode the magnitude at which the neurons fired or the component-wise percentage of

layer outputs passed on to the next layer because 0 < S(x) < 1 Vx € R. Choosing f; = S and
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defining g; (x) = )—1CS (x) = we reformulate (4.4) and (4.5) as

ﬁ(x(qi)) — A (ai) 4 4(a) 4.21)

where A(@1) € Rhi+1%hi i5 a diagonal matrix, a(@%) € Ri+1%! and

(Q7l) (QJ) (QJ) . 1 (q7l) x('%i) (qvl)
Al =g1(x"), a" =0 ifx;"e +x"£0 )
A%’-l) =0, al? — s (xg-q’l)) otherwise.

) ) ; NYNCE) . . .

We have that xgq’l)equ +x§-q’l) = xﬁ-q’ ) (ex/q + 1) has two roots: at xg.q”) that satisfy (a) x&q’l) =0
(a:i) ; .

or (b) equ + 1 =0, but (b) only holds if x&q’l) = 1i € C. We know that xg.q’l) € R Vi, j,q, so only

(a) can hold and we reformulate (4.22) as

A = g () gl =0 et £ 0

(4.23)
As.?ji’) =0, ag.q’l) = % otherwise
Now the layerwise outputs can be expressed
100 — vy (a:0),(a.0) 4 p(a:0) (4.24)

with W@ = wAl@i-Dyy(gi=1) i) = wiA@i-Dpai-1) L wigai-1) 4 () and we
initialize A@Y =1, W@ =1, . 59 =0,.;, a?® =0, so that WD) =w1)
and b2V = p(1).

As shown in Figure 4.3, we define the binning vector

stV =01 g Al s e (4.25)
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Figure 4.3: The Sigmoid activation function and a demonstration of how an associated binning vector can
be defined.

or equivalently

" = g (4.26)

and the composite binning vector

2 if — (W(q7l‘)) .x(%o) < _5 +I;§'q’L)

j,l:m

1t (WD) xla0) < g plad)
T W D ' (4.27)

and — (W(Q,L)) .x(%o) < 5 _}_E(.%L)

Jj,lim j

0 if (Wleh) J

J,lim

where £ is a parameter tuned to produce sufficiently many distinct binning vectors.  After ex-
perimentation with our particular network, we chose & = 1 because it provided sufficient distinct

T T
binning vectors. Define s/(9) = [sll(q)T,...,s;l(q)T € R?*! and §"(9) = slll(q)T,...,sZ(q)T] c
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RZh x (h+1) where

and

( 1(q)

S/{(q) = 02><(h+1) with

11(g)
j (57

( S"(q)

S; )1:2,1 -

j )1:2,1 -

j )1:2,1 -

(4.28)

if s§q> —1 (4.29)

Given a particular composite binning vector s\, the points of the input space, x(@0) whose

path through the network it describes satisfy the 24 equations in the following system

diag(s'))

x20) < (@)

(4.30)
B(L)

This however is not a linear set of inequalities if L > 1 because W) and bH) depend on x(@0) in

this case, deriving their dependence from A@L) and (%1, To formulate (4.30) as a linear system,



we define S(x), a linear approximation of S(x) :

(

1 ifx>€
SW) =S Ex if E>x>—& =Ax+a .31)
0 if —&>x
where

; (

0 if xj>¢ I if xj>¢
5(8)—S8(=%) ; 7
§=" g A= E ez > -8 =) &> ¢

0 if —&>x; 0 if —&>x;

\ \

Now the composite binning vector, 5, and utility vectors ¥4 and () are defined by slightly

modifying (4.27), (4.28), and (4.29):

4

2 if —(Wb),

J,l:im

it (Web)) . .x@0) < g plab)
5;0 = W ! (4.32)
and — (W(%L))Ll:m xla0) < ¢ +[;§.617L)

0 if (Wieb)

\ Jlim 210 < ¢ _EE'%L)

where W(¢) = wAl@i-Dyy(gi=1)  plai) — wOA@i-Dpai-1) 4 wglai-1) L p()  and we

initialize A@90) W@ p@0) 7(40) just as we initialized A(49) W (2:0) p(@:0)  and q(49),

(

1,07 ifs\? =2

7= 1,-1T s =1 (4.33)

1,07 ifs? =0,
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and

(Eljl(q)) 12,1 —

J!(a) J1(a)

A\ 4 = 02><(h+1) with (S] )1:271 =

! if §§.") —1 (4.34)

(‘s_‘/j/(q)) 1:2,1 -

So (4.30) can be linearly approximated by

diag (5'9)) : 0 < 1) ° (4.35)

Choice of Activation Function

We now compare a few of the most commonly used activation functions introduced earlier
in this section. Historically, the Sigmoid activation function was the default choice in the 1990s.
However, very early in training after random initialization, the sigmoid activation values in the last
layer approach their lower saturation value of O while those in the remaining layers have a mean
above 0.5, increasing in value as the layer number increases [66]. This saturation problem in the
last layer makes the network’s predictive task difficult. We can restate this problem through the
new lens of polyhedral decompositions using binning vectors: the partitioning of the input space
defined by a neural network using the Sigmoid activation function would be relatively coarse. A

collection of data takes fewer distinct paths through the network than with symmetric activation
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functions. This prevents gradients from flowing backward, preventing earlier layers from learning
useful features [66]. This has also been observed with the RelLU activation function [1]. The
authors constructed representational dissimilarity matrices (RDMs) between two classes of images
(tench and thunder snake) from the ImageNet dataset using Hamming distance as their distance
metric. As shown in Figure 4.4, the network can only begin to distinguish between the two classes

(to some low degree) by the 9" ReLLU layer of ResNet-50 pretrained on ImageNet-1K. [67] showed
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that symmetric variants of the Sigmoid function, like hyperbolic tangent (Tanh), tend to converge
faster. By the early 2000s, Tanh replaced sigmoid as the default activation function. Both are
susceptible to the vanishing gradient problem, which can thwart model training altogether. Despite
this, it was actually the computational expense of evaluating Tanh for layerwise outputs of a neural
network, an expense that grows with network size which has exploded in recent years, that led the
authors of [67] to suggest using an approximation of Tanh defined by a ratio of polynomials. One

such approximation, Softsign (Softsign(x) ), converges more slowly to its asymptotes at 1

— X
T 14
and —1, which helps avoid the saturation behavior seen with Sigmoid and Tanh [66].

ReLU is currently the recommended default activation function and is, therefore, our focus
for the remainder of this work. Their similarity to linear units make them easy to optimize. The
image of half of their domain is 0, keeping the derivatives large for active nodes. Gradients are
large and consistent, avoiding the vanishing gradient problem. Where ReLU is differentiable (Vx €
R, x # 0) the second derivative is 0, and its derivative for x > 0 is 1. Therefore, no second-order
effects are introduced and the gradient direction is more useful for training [68]. As a big bonus
toward making the work contained herein feasible, its bimodal nature allows its binning vectors
to be represented with boolean elements, providing significant speed-ups and memory savings.
In addition to the saturation problem previously mentioned, a drawback of the ReLLU function is
that they cannot learn via gradient-based methods on examples that do not activate the network’s
neurons. Generalizations of ReLU have been defined which overcome this by guaranteeing a

gradient for all nodes [68—72]. Some work has been done to show that the saturation problem is

not necessarily inherent to activation functions but could be attributed to poor model initialization.

4.3 Polyhedral Decompositions During Training

In this section, we conduct an observational study on how polyhedral decompositions morph
during the learning process of their neural networks. Such visualization techniques appear to be
very new in the field [43], so it is no surprise that leveraging them to understand the training process

led to novel insights. Training can be thought of as an allocation procedure of ‘polyhedral’ and
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‘Jacobian resources’ where they are suspected to help decrease the network’s error rate with respect
to its loss function. Continuing with this metaphorical language to best depict what is happening
in very high dimensions, the training process can be more specifically thought of as the neural
network developing a water pipe system. The pipes run along decision boundaries and carry input-
output Jacobian norm resources along them instead of water and are encased by a dense layer of
polytopes rather than metal or plastic. The state inside of tubes can be quite volatile, mirroring the
neural network’s prediction of multiple classes there, while the outside remains relatively stable.
Analogous to observing a lengthwise cross-section of a water-filled tube would look like a strip
of water outlined by the pipe material, our two-dimensional visualizations show that polyhedral
refinement tends to outline regions of high input-output Jacobian norms. In short, we show that
polytopes containing decision boundaries tend to have relatively high input-output Jacobian norm
values, therefore making the input-output Jacobian a candidate metric for prediction uncertainty,
and that the polytopes enveloping the decision boundaries tend to refine.

Let us now briefly define the input-output Jacobian norm of a polyhedron. We have shown in
(4.17) that every ReLU FFNN input-output pair (x,y) satisfies the relationship y = Ax+ B for a
particular A and B explicitly given in (4.17). So the input-output Jacobian % of a ReLU FFNN is
simply A (and the input-output Jacobian norm is then the norm of A), which has embedded in it the
neuron firing patterns resulting from that particular input. We reiterate that this firing pattern is the
only thing that makes these A and B different for each polyhedron. Therefore, the firing patterns of
polyhedra with high input-output Jacobian norm, are at least approximate maximizers of A from
(4.17). In practice, we do not actually compute A, but cast the neural network as a function and take
its partial derivative with respect to all the neural network variables. This makes the calculation
of the input-output Jacobian free from the need or even the ability to express a particular neural

network linearly.
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Figure 4.5: Polyhedral decomposition during training, colored by the input-output Jacobian norm values
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with a color scale between 0 and 64, until one batch of training data is perfectly predicted.
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Figure 4.6: Polyhedral decomposition during training, colored by the input-output Jacobian norm values
with a color scale between 0 and 11, trained until one batch of training data is perfectly predicted.
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With this in mind, we proceed with our observational study. In Figures 4.5, 4.6, and 4.7,
notice that the input-output Jacobian norm indeed increases in or close to polyhedra containing
the decision boundary (which can be inferred from the locations of the correctly and incorrectly
classified data) and polyhedral resources tend to be pulled toward these boundaries as training
progresses. What seems to differ among the different chosen data shapes is the time at which
this allocation process stops and the polyhedral decomposition stabilizes. We formally explained
why the polyhedral resources are limited in Section 4.2.2. From this we can make sense of the
stabilizing of the allocation of polyhedral resources: the neural network has run out of resources
with which to dissect the input space in an attempt to improve prediction accuracy. Notice that
the polyhedral decomposition trained with the interleaving half circles tends to stabilize in early
epochs. In Figure 4.8, we see that the polyhedral decompositions at epochs 110 and 1000 look very
similar to each other. On the other hand, polyhedral resources continue to condense around the
decision boundary of the neural network trained on the cluster-shaped data as shown in Figure 4.9,
subfigure (d) and (f). This is because more linear segments are required to approximate a function
with high curvature like the line separating class O from class 1 for the interleaving half circles data
than are needed to approximate a line that adequately separates class O from class 1 for the cluster
data. Here we somewhat hand-wave our way through the hypothesis that the input-output Jacobian
norm seems to be also a semi-limited resource of the neural network by again comparing the results
from the interleaving half circles and the cluster data. Notice that the input-output Jacobian norm
in Figure 4.8 quickly stabilizes, not achieving a value above 45 despite longer training on more
noisy data. Meanwhile, extending the training of our network on the cluster-shaped data (despite
the lack of performance improvement) grows the disparity in the input-output Jacobian norm of the
polyhedra about the decision boundary and the rest of the decomposition as shown in Figure 4.9
subfigure (d) and (f). The long skinny polyhedra in subfigure (f) with high input-output Jacobian
norm become so skinny that they are no longer visible in our plot but achieve values over 1200.
We hypothesize that the input-output Jacobian norm ceases to increase for the polyhedra in Figure

4.8 because there are more polyhedra required to share the network’s Jacobian resources (because
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Figure 4.7: Polyhedral decomposition during training, colored by input-output Jacobian norm values
with a color scale between 0 and 8.5, trained until one batch of training data perfectly predicted.
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more polyhedra contain the decision boundary), while in Figure 4.9, the majority of the Jacobian
resources can be given to one or two polyhedra. A network trained on a more complicated data
structure (in terms of linear separability), like the interleaving half circles, is required to come up
with a handful of bit vectors that produce relatively high input-output Jacobian norm values and
then must contort itself such that these roughly align with a sensible decision boundary, while one
trained on a more simple structure (highly linearly separable) is only required to produce one or
two such bit vectors.

Since polyhedral size and shape as well as the input-output Jacobian norm of their mappings
change during training based on the geometry of the data being learned, we explore these further

in the following two sections.

4.3.1 Implementation Details

All of the datasets used in this section were created using the sklearn.datasets package’s
make_circles, make_moons, and make_blobs functions. Unless otherwise specified, the concen-
tric circles training data was created using a standard deviation of 0.05 and a scale factor between
the inner and outer circles of 0.8, the interleaving half circles training data was created using the
same standard deviation value, and the cluster data has a standard deviation of 1.0. Each of the

training datasets consists of 500 samples per class.

4.4 Polyhedral Size and Shape

We are interested in the size and shape of a single polytope and of a collection of polytopes in
a local region of the input space, so we provide methods of exploring both. With access to a neural
network’s polyhedral decomposition, one could find the A and ¢ that define the polytope, reduce
them down to their minimal sets, use these (or their equivalent representation as a collection of
hyperplanes or vertices depending on the algorithm of choice) and geometry to find the volume
of the polytope. While this sounds simple enough, computing the volume of a convex polytope

has been an active area of research [73—79]. The largest number of dimensions that seem to be
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experimentally considered in the literature so far is 500 [79], but we are interested in the volume of
polyhedra in over 150,000 dimensions. Computing this, developing a new approximation method
for this, or shaving off fractions of decimal places of existing proxies’ errors could very well prove
to be an entire dissertation topic of its own. We instead turn our attention to metrics that convey in-
formation about polyhedral shape and size that can be used to compare those of different polytopes.

Considering a single polyhedron, the term Chebyshev center has been used to refer to the center

Figure 4.10: (a) A polyhedron of interest in the neural network’s polyhedral decomposition. (b) The largest
circle inscribed in the polyhedron of interest (in red), the smallest circle containing the polyhedron of interest
(in blue), and the polyhedron’s vertices.

of both the maximum inscribed hypersphere [80] and the minimum enclosing hypersphere [81,82]
of a convex region (see Figure 4.10). Since the current nomenclature does not differentiate these
two, we call them the inscribed Chebyshev center and the circumscribed Chebyshev center, re-
spectively. Often, algorithms computing these also compute their associated radii, which we call
their inscribed Chebyshev radius and circumscribed Chebyshev radius. Computing the inscribed
Chebyshev center and its radius is an easily implemented linear program (given in Algorithm 3)

that remains tractable in high dimensions. On the other hand, the algorithm for
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Algorithm 3 Inscribed Chebyshev Center and Radius
Choose a point of interest in the input space, x € R”, which belongs to the polytope satisfying

Ax <ec.

Step 1. Define & = [1,0,...,0}T eR* ! and A; =
A;
Step 2. Solve the linear program

minimize —&'z

subject to (Ai+HA,-H2§T)z§c,- fori=1,...,5

where z = [r, Vigeons yn}T, and r and y € R" are the inscribed Chebyshev radius and center,

respectively [80].

computing the circumscribed Chebyshev center and its radius given in Algorithm 4 scales with
the number of vertices in the polytope of interest. Formally enumerating vertices of polytopes is
a #P-complete problem [83, 84]. Theoretical analysis shows that the number of vertices explodes
as the dimension increases, shown in Figure 4.11. That is to say that Algorithm 4 becomes in-
feasible in high dimensions, but the use of Algorithm 5 to reduce the size of the problem to be
solved can at least provide a speed-up. Since the shape of polytopes seems to inherit some struc-
ture from the data on which the neural network was trained, the ratio between these two radii
may be of interest. In our small dimensional examples, relatively long and skinny polyhedra out-
line the neural network’s learned decision boundaries. These rectangular polytopes would have
a relatively large difference in radii while more square-shaped ones would have more similar in-
scribed/circumscribed Chebyshev radii. Now, consider the case in which polyhedral size is desired
for a particular region of the input space, the region about some polytope, P*. Define G4 (P*)\E,
the a-Hamming-hypersphere about P*, (or equivalently, about any point x(©) contained in P) to be
the collection of polyhedra within a Hamming distance of o from P* for some positive integer «;

Go(P*)\E ={P: H(P,P*) < o} (this choice of notation is made clear in Section 4.5). See
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Algorithm 4 Circumscribed Chebyshev Center and Radius

Choose a point of interest in the input space, x € R"”. Given a neural network F, identify the
polytope P that contains x.
Step 1. Find the polytope’s vertices, the set of points: ¥ = {vi,...,vp}.
Step 2. Perform Welzl’s Algorithm on 7#":
Initialize i = 1,%; = {v;},B; = v;, where B j denotes the minimum covering ball of points

Vi,...,vj, described by two parameters: its center c(B;) and its radius r(B;).
while 7; C 7 do
i=i+1
Vi="Yi1U{vi}
ifv; € B;_| then B; = B;_;
else define B; such that it contains B;_; and v; is on the boundary of B;.
end if

end while

return c(B;), r(B;)

Figure 4.12 for an illustrative example. Let dGy(P*)\E denote the boundary of Gy (P*)\E;
0Go(P*)\E = {P: H(P,P*) = a}. When a =0, Go(P*)\E = dG4(P*)\E = P*. To get an
idea of the size of the polyhedra within a Hamming distance of a from P*, we can produce a
distribution of Euclidean distances in the following way. We first calculate c*, the center of P*
(either the inscribed or circumscribed center will do). Then, collect the polytopes belonging to
dGq(P*)\E, find their centers, and calculate their Euclidean distances to c¢*. If we perform this
procedure iteratively with increasing o values, we consider larger local regions of the input space
and can monitor how polyhedral sizes change. This is outlined in Algorithm 6. Notice that this
provides a statistic that is proportional to the size of the polyhedra in the region of interest; for

large polyhedra, the Euclidean distances between their centers will also be large. Algorithms 3, 4,
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and 6 require that (a) the associated neural network be linearly represented and that (b) the system
of inequalities describing the polyhedron of interest be computed beforehand, a process which has
been outlined in [3]. Although work has been done to perform (a) with relative ease [43], the
authors’ available code base appears only to accommodate simple linear architectures (as opposed
to ResNet [44] or DenseNet [85] architectures). Therefore, (a) and consequently also (b) are un-
realistic requirements which we circumvent with algorithms presented in Chapter 5 that implicitly

access a neural network’s polyhedral decomposition.
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Algorithm 5 Reduce Linear System to Minimal Set [86]

Consider a linear system Ax < ¢, A = [A},A,,... ,Aq]T and ¢ = [cq,c,. .. ,cq}T where A; €
R™! and ¢; € R. Initialize Ay = A, cmin = ¢, and indices= {}.
fori=1,2,...,qdo

Step 1. Define Aandé by removing the i row of Apip and Apin, respectively.

Step 2. Solve the linear program

minimize —A]x

subject to Ax <@é.

if min(—AiTx) < ¢; then remove the i row of Ay, and A, and indices = indices U{i}.
end if
end for

return A in, Cmin, indices

Figure 4.12: A polyhedral decomposition of a trained neural network with a Hamming-hypersphere with a
radius of 1 outlined in green.
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Algorithm 6 Polyhedral Width Statistic Using Exact Width Measurements

Select (a) a point of interest x() in the neural network’s domain, which belongs to polytope P*
and (b) a Hamming distance a* which together define a local region of interest, G+ (P*)\E.
Initialize a = 0, G¢(P*)\E = P*, and an empty list & (@), Compute c*, the center of P*.
while o < o do
a=o+1
Step 1. Collect the polyhedra belonging to dGy(P*)\E by (a) getting s*, the bit vector of
P*, (b) getting the linear system Ax < ¢ defining P*, (c) finding the active bits of s* (‘in-
dices’ from Algorithm 5), and (d) flipping the entries of s* in the locations of the active
bits.
Step 2. Find their centers (either using Algorithm 3 or 4).
Step 3. Compute go(f) the set of Euclidean distances between the centers found in Step 2 and

c*.

Step 4. £ = [£0), &)
end while

return &)

4.5 Polyhedral Topology

As alluded to in Section 4.1, polyhedral decompositions have equivalent graph representa-
tions where each node represents a distinct polyhedron and the edges can describe any number of
relationships between these nodes. Before getting to the specifics, we first introduce some rele-
vant notation. Let Gy (P) be the graph including nodes with a degree of separation from P that
is less than or equal to & (whose collection of nodes are simply the graph itself with the edges
removed, G (P)\E). Let dGy(P) denote the subgraph of G (P) only containing its peripheral
nodes, those whose degree of separation from P is exactly o. This notation may seem familiar as

it was introduced in Section 4.4 using different language. Here, we emphasize their underlying
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graph structure, which was indirectly used in Section 4.4. Further, let |G| denote the cardinality of
the graph or the number of nodes it contains.

Now, the edges among the nodes of Gy(P) can be drawn in one of three ways. Firstly, they
can be unweighted and undirected (or equivalently, directed with bi-directional connections), only
connecting nodes that have a Hamming distance of one. Secondly, they can be weighted by a
symmetric metric (like the Hamming distance) and therefore undirected. Lastly, the edges can be
weighted by a metric that does not have the symmetric property, resulting in a directed graph. In
the last two cases, the edges can either connect all nodes or only those whose weight is below
a certain threshold. In this section, we train a single neural network architecture given in (4.36)
using data of three different shapes: concentric circles, interleaving half circles, and clusters. After
training, we form the resulting neural networks as (a) undirected and unweighted graphs that only
connect nodes whose Hamming distance is one and (b) directed weighted graphs where edges are
weighted by the input-output Jacobian norm of the destination node and exist only between nodes
whose associated bit vectors have a Hamming distance of one. The primary function of graphs
of type (a) is to show the concentration of polyhedral resources. Indeed, observe that in Figures
4.13, 4.14, 4.15, the graph nodes concentrate in a way that outlines the neural network’s learned
decision boundary. Meanwhile, we use the graphs of type (b) to compute the proximity of a
particular polyhedron of interest to those with high input-output Jacobian norms. The results of
such computations can be found in Figures 4.16, 4.17, and 4.18. By construction, these analyses
focus on a particular polyhedron’s Hamming distance to polyhedra with high input-output Jacobian
norm rather than on its Euclidean distance. In particular, observe that in Figure 4.18, subfigures
b and ¢ make nodes 327 and 35 seem roughly the same distance from the uncertain region of the
input space. Node 327 (approximately located at x = 0, y = 5) is relatively close to the decision
boundary in Euclidean space, but there are many tiny polyhedra between it and node 174, which
contains the decision boundary. Meanwhile, node 35 (approximately located at x =9, y = —12)

lies much farther away from the decision boundary. Refer to Appendix C for more plots. This

58



80

70

60

u
s
orm

I8
S

Input-output Jacobian n

w
S

20

Figure 4.13: The neural network’s polyhedral decomposition (after 80 epochs of training on the two-class
concentric circles data, as shown in Figure 4.5) visualized graphically where the node colors in (a) reflect the
input-output Jacobian norm of the affine mapping prescribed by the associated polyhedron and (b) reflect
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Figure 4.14: The neural network’s polyhedral decomposition (after 29 epochs of training on the two-class
interleaving half circles data, as shown in Figure 4.6) visualized graphically where the node colors in (a)
reflect the input-output Jacobian norm of the affine mapping prescribed by the associated polyhedron and
(b) reflect whether or not the associated polyhedron contains training data.
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Figure 4.15: The neural network’s polyhedral decomposition (after training on the two-class cluster data)
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mapping prescribed by the associated polyhedron and (b) reflect whether or not the associated polyhedron
contains training data. Plots (c) and (d) are identical to (a) and (b), respectively, but are zoomed out to
include a larger area of the domain.
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emphasis on Hamming distance might be useful if one suspects their neural network is targeted by

a bit vector-altering attack.
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Figure 4.16: The shortest path (in terms of the inverse of the input-output Jacobian norm) along the edges
of the graph given in Figure 4.13 from P to the polyhedra in dG(P) where the x-axis gives & and the y-axis
gives path lengths. Polyhedron P (a) lies inside of the nested circles of training data, (b) contains training
data, and (c) lies outside of the outer circle of training data.

While it is mathematically interesting to form polyhedral decompositions as graphs (what in-
sights can graph theory offer?), we point out a couple of drawbacks of this approach. First, we

come back to the difference between Euclidean and Hamming distances and their importance in
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Figure 4.17: The shortest path (in terms of the inverse of the input-output Jacobian norm) along the edges
of the graph given in Figure 4.14 from P to the polyhedra in d G (P) where the x-axis gives o and the y-axis
gives path lengths. Polyhedron P (a) lies close to the learned decision boundary between classes, (b) and (c)
lie away from the learned decision boundary.
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Figure 4.18: The shortest path (in terms of the inverse of the input-output Jacobian norm) along the edges
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different adversarial attacks. Some attacks are bound by Euclidean distance from the original data
to avoid detection, in which case, the data’s Euclidean proximity to regions of uncertainty would
be of higher interest. Second, we point out the huge memory demand that saving a neural network
as a graph would be. One could expect to have millions of nodes and significantly more edges. If
the edges are weighted, that is yet more information to save, and if they are weighted by a non-
symmetric metric, that doubles the memory requirement of the edges. Lastly, even computing a
piece of a model’s graph would require immense computational resources. The collection of the
nodes of interest would be the most tasking part and could be done by iteratively performing Step

1 of Algorithm 6.

R* - RY -5 RY 5RO -5 R S R! (4.36)

4.6 Conclusion

We have formally presented neural networks with different activation functions as partitioning
schemes of their domains and as linear (or approximations of linear) mappings from their input to
output spaces. We observed how these partitionings morph throughout training. This yielded two
neural network characteristics, polyhedral size and input-output Jacobian norm, as being highly
impacted by the geometry of the training data, and therefore, insightful of the neural network’s
learned representation of it. Consequently, we presented algorithms that explicitly use a polyhedral
decomposition to probe its associated neural network regarding these two features. Meanwhile, our
detailed formulation of neural networks’ equivalent mappings emphasizes the crucial role neuron
firing patterns play in distinguishing one polyhedron’s mapping from another. Digging deeper into
binning vectors, polyhedral size, and input-output Jacobian norms for the network’s insights on the
data that produced them is a large part of the research we discuss next.

In the next chapter, our research shifts from explicitly to implicitly accessing neural networks’
polyhedral decompositions. The inequalities Ax < ¢ with A € R x € R™*! ¢ € R"*! that define

each region of neural networks are huge in practice. For reference, 7 = 1.6M and m = 3 x 224 x 224
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for ResNet-18, which is one of the smaller pretrained networks made available by PyTorch at
https://pytorch.org/vision/stable/models.html. The sheer size of polyhedral decompositions makes
them cumbersome, at best, to explicitly formulate and manipulate. At worst, they are impossible
to define because their neural network cannot be expressed linearly. Therefore, tools to implicitly

access them are essential.
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Chapter 5

Implicit Use of Polyhedral Decompositions

5.1 Introduction

Due to the difficulty of explicitly accessing a model’s associated polyhedral decomposition,
we develop tools to do so implicitly which we will use in experiments guided by the fundamental
observations made in the previous chapter. In Section 5.2.1, we harness the geometric information
in bit vectors to accurately distinguish between original and adversarial images. Throwing away a
lot of the spatial data encoded in bit vectors as we do in Section 5.2.2, by viewing them as codes
conveying the similarity of neural firings given two domain points of interest, we show that faint
remnant signals distinguishing original and adversarial images survive. Using this interpretation
of bit vectors, we developed the first algorithm to measure polyhedral widths up to numerical pre-
cision. Lastly, we introduce the first use of input space landscapes in Section 5.3 to visualize the
neural network’s stability with respect to predictions and Jacobian norms under perturbations in

the input.

Novel contributions in this chapter:

* present a classifier based on bit vectors that classify ImageNet images from ImageNet-FGSM
ones with over 90% accuracy (published in 2022 IEEE International Conference on Big

Data [4]),

* define the first algorithm to measure the exact polyhedral width without the explicit formu-

lation of a polyhedral decomposition,

* develop input space landscapes as a tool to more thoroughly explore neural network stability

in regions of interest in their domain, and using these we
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* show that the behavior of the input-output Jacobian norm about training images is much

more complex than previously thought, and

* show that the predictive stability about ImageNet and DAmageNet are surprisingly similar.

5.2 Geometry Imposed on Data

5.2.1 Bits and Splines

Dictionary associating polyhedral
labels and their bit vectors

1: (1,1,0,0,0,0) 13: (0,0,1,1,0,0)
2: (0,1,0,0,0,0) 14: (1,0,0,0,1,0)
3: (0,1,1,0,0,0) 15: (0,0,1,1,1,0)
4: (0,0,1,0,0,0) 16: (1,0,1,1,1,0)
5 (1,0,1,0,0,0) 17: (1,0,0,1,1,0)
6: (1,0,0,0,0,0) 18: (1,1,0,1,1,0)
7: (1,0,1,0,1,0) 19: (0,1,0,1,1,0)
8: (1,1,0,0,1,0) 20: (0,1,1,1,1,0)
9: (1,0,1,1,0,0) 21: (1,0,0,1,1,1)
10: (1,1,0,1,0,0) 22: (1,1,0,1,1,1)
11: (0,1,0,1,0,0) 23: (0,1,0,1,1,1)
12: (0,1,1,1,0,0) 24: (0,1,1,1,1,1)
13: (0,0,1,1,0,0) 25: (0,0,1,1,1,1)
14: (1,0,0,0,1,0) 26: (1,0,1,1,1,1)

Unlabeled center triangle: (1,1,1,0,0,0)

Dictionary associating colors to
bits and their associated splines
of the polyhedral decomposition

(s, s s, 57, 50, 52)

-3 -2 -1 0 1 2 3

Figure 5.1: The polyhedral decomposition of the ReLU FENN F : R? — R? — R — R after training in the
unit square with each polyhedron labeled by its binary vector. The dictionary at the top right associates bit
vectors to polyhedra and the dictionary at the bottom right associates each bit of the bit vectors to splines in
the input space [3].

In Section 4.2, we alluded to the geometric information encoded in the bit vectors of a neural
network, which we explain further here. We established that the i entry of a polyhedron’s bit vec-
tor defines whether or not that polyhedron satisfies the linear inequality A;x < ¢;. Synonymously,
each bit has a corresponding spline and the bit value indicates the input point’s relative location to
it. For this reason, points belonging to neighboring polyhedra (ones that share a polyhedral face)
only differ by one bit, namely the bit associated with the spline defining the boundary between the

two polyhedra. For illustration, consider Figure 5.1. Without loss of generality, notice that any
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polyhedron lying to the left of the red spline has a bit vector whose first bit is one (e.g. polyhedra
26 and 22) while those lying to its right have a bit vector starting with a zero (e.g. polyhedra 25
and 23). Also, the bit vector of polyhedron 22 differs from that of 23 only in their first bit since its
associated spline is the one separating them.

The set of inequalities defined, in part, by bit vectors often overdetermines a polyhedron. Con-
sider polyhedron 19 in Figure 5.1, and say it satisfies the inequality Ax < c. Since polyhedron 19
is uniquely determined by the first, third, fifth, and sixth bits in its bit vector (or equivalently by
its relative location to the red, purple, green, and blue splines), then only A;,¢; fori =1,3,5,6 are
required to define it. We call the system of inequalities defined using these particular rows of A and
entries of ¢ the minimal set of inequalities defining polyhedron 19 and call bits 1, 3, 5, and 6 the
active bits of its bit vector. The active bits of a bit vector correspond to the inequalities that define
the bounding edges of its polyhedron. The process of reducing a linear system to its minimal set is
provided in Algorithm 5. With this geometric understanding of each bit of a neural network’s bit

vectors, we turn to an application.

ImageNet versus ImageNet-FGSM

Here, we use this geometric interpretation of bit vectors to distinguish original images from
adversarial ones, ImageNet from ImageNet-FGSM, given a network of interest, ResNet-50. We set
out to identify particular bits that correspond to splines that separate original data from adversarial
data. We determined that no splines do this perfectly, so we try to find ones that do so with
high accuracy. Equivalently, we search for bits where the bit vectors of most original data differ
from those of most adversarial data. More specifically, we are interested in identifying a set By
of bits whose firings indicate a relatively high probability that the input image was an ImageNet
image. This can be because many of the ImageNet images make this particular neuron fire OR
because many DAmageNet images do not make this neuron fire. We are also interested in the
converse: in the indices B, of bits whose failure to fire indicates a relatively high probability that
the input image was an ImageNet image, either because many ImageNet images do not make

these particular neurons fire OR because many DAmageNet images do. Collecting these special
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bits, we can compare the bit vector of any image of interest in these locations, looking for ones
in the bits of By and for zeros in those of B,. If 50% of the bit values of our image match the
values of our special bits, we predict that the image is an original image; otherwise, that it is
adversarial. We experiment with the threshold meant by ‘relatively high probability.” We do not
consider threshold values higher than 0.77 since no single neuron discriminated ImageNet images
from DAmageNet images with 78% accuracy or better. Taking this threshold to mean at least 51%
had our classification method attain 91% accuracy in predicting whether an image is adversarial or
not, the highest accuracy we observed in our experiments. Further details can be found in [4]. Now

we experiment with the second geometric notion of bit vectors induced by the Hamming distance.

5.2.2 Hamming Distance

Comparisons between the binning vectors of distinct polyhedra induce a metric with respect to
a particular neural network. Mentioned in [60] is a length metric equivalent to counting the number
of polyhedra encountered or the number of bit vector ‘transitions’ along a particular trajectory. The
authors do not ensure that their traversal method hits all polyhedra encountered along a particular
trajectory, rather, they define a small step size and count the number of unique binary vectors seen
at all steps. Interestingly (but less immediately relevant to our work), they provide layer-wise
estimates for the Euclidean stretch or compression of a trajectory along the input space as it passes
through the network. They also show that length (in terms of the number of polyhedra encountered)
grows exponentially with model depth, which speaks to our point that these deeper neural networks
have more polyhedral resources at their disposal. The work in [65] uses ‘transition density,” which
is computed by counting the number of polyhedra encountered along a trajectory and normalizing
based on the Euclidean length of the trajectory. Again, only equidistant samples are drawn from
the trajectory, so this metric is approximate. The authors claim that polyhedra about training data
tend to be small, but their experiments used MNIST, which lacks complexity as mentioned in
Section 3.3. Additionally, they heavily used data augmentation and an unconventional training

scheme, which make the function that the neural network is trained to fit highly nonlinear (because

69



of the pre-existing lack of linear separability of MNIST [45]) and force the training to continue
for extended periods of time. In Section 4.3, we showed that these two things together will result
in polyhedral refinement about training data, refinement that their results indicate. The only work
that explicitly count polyhedra along a trajectory are [62] and [86]. [62] does so by explicitly
formulating the polyhedral decomposition of their relatively small neural networks, layer by layer.
The authors also approximate the size of a single polyhedron rather than those in a local region by
calculating the distance of a point of interest to the nearest polyhedral bounding edge. Meanwhile,
[86] foregoes the need for an explicit formulation of a polyhedral decomposition by sampling along
a trajectory while ensuring that consecutive samples have bit vectors that only differ in one entry,
thereby implying they belong to distinct polyhedra and that these polyhedra are neighbors.

At the heart of all of this work is the exploration of polyhedral size, either that of a collection
of polyhedra in a local region or of a single polyhedron. Unexpectedly, there does not exist an
algorithm that measures the width of a polyhedron along an axis of interest, so we present a method
do to so in Algorithm 7. In this procedure, we use the Hamming distance, yet another proxy for
the number of polyhedra between two points of the input space.We adapt the Bisection Method
from [86] into an algorithm that measures the exact width of a polyhedron. While the Bisection
Method’s aim is to sample all polyhedra along a designated line segment of the input space, our
goal is to shrink a line segment in the input space until both endpoints are within a specified
tolerance of each other (we use 1.0 x 10_]0) and the Hamming distance between them is one,
implying that they straddle an edge of the polyhedron of interest. We do this in two opposite
directions, save either one of the endpoints from both directions (we choose to save the endpoint

lying within the same polyhedron as the point of interest) and measure
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Algorithm 7 Exact Polyhedral Width

Given a neural network F, a point x@ inside of a polyhedron of interest, and a direction of
choice vy, ||vi|| = 1, define the list directions = [v{,v,] where vo = —v1, tol=1.0 x 10719, and
initialize 2" = 20, 21] = [0,0] so that .2; are of the same dimension as x(*). Then:
ford=1,2do

v = directions[d]

Initialize 6 = 1.

Step 1. Set x®) = x(@) 4 § xv.

Step 2. Compute 5@ and s, the bit vectors of x(¢) and x(?), respectively.

Step 3. Compute the Hamming distance between s() and s(*), H(s(@ s(®)).

if H(s@ s®)) =1 and wa) —_ x®) H < tol then 2 = x(®).

else ifH(s(a),s(b)) > 1then § =0.5%0, returnto Step 1.

else x(@ =x(®)

end if

end for

return || 2y — 21 ||

their Euclidean distance from each other, providing the polyhedral width along a particular axis
through the given input point. In practice, we do this for a random sample of directions rather
than just a single direction which produces a distribution of measurements rather than a single
measurement. Figure 5.2 shows a toy example of this computation for a neural network with a
two-dimensional input space. We show results using two different points inside the polytope to
show how the distribution of widths can change based on this. It is worth noting that, because of
the concentration of volume in large dimensions about boundaries (covered in Section 2.1), the
points we sample from our input space will almost always lie close to polyhedral boundaries. This

will consistently give means that are an underestimate compared to those returned if the inscribed
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Chebyshev center were used instead. Due to the consistency of this phenomenon, we consider the

resulting width measurements comparable among polyhedra of the same ambient dimension.

Random Polyhedral Widths

e  Width in random direction
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Probability distribution
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Figure 5.2: (a) 100 random axes through p; = (0, 1.5) to the surface of a hypersphere about p; of the same
dimension as the input space (i.e. a circle in this case). (b) The exact widths along the axes in (a) in blue,
their corresponding probability distribution plot, and the inscribed Chebyshev diameter in red. Plots (c) and
(d) are similar to (a) and (c), respectively with p, = (—1,2.1) to demonstrate variations in the distribution

of widths depending on the point’s location with respect to the polyhedron’s boundaries. See Figure 4.10
for the polyhedron of reference.

Measuring the exact widths of a polyhedron, as in Algorithm 7, can be computationally ex-

pensive. Additionally, Algorithm 6 (from Section 4.4) requires that the linear inequality defining
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the polyhedron of interest is reduced to its minimal set (which implies that the neural network
is first expressed linearly and then that 4 linear programs are completed for each polyhedron in
G+ (P*)\E). Therefore, we are interested in deriving a procedure that more efficiently measures
some notion of the size and shape of either a single polyhedron or those present in a local region
of the polyhedral decomposition. With this motivation, we harness the speed of the Hamming dis-
tance computation in Algorithm 8, wherein we perform persistent hamm-ology if you will. Notice
that this provides a statistic that is inversely proportional to the size of the polyhedra in the region
of interest; for small polyhedra, the Hamming distance between two points will be large. The
choice of € and D for Algorithm 8 depends on (a) the choice of neural network and (b) whether
the size of the single polyhedron containing the point of interest or the sizes of the polyhedra in its
vicinity are of interest. In particular, the choice of D depends heavily on the dimension of the input
space. Recall the concentration of measure that occurs in high-dimensions included in Section 2.1.
We show in Figure 5.3 that the points in 7| do, in fact, concentrate about the equator 2. To truly
sample the surface of a hypersphere, not just the portion close to the equator, one must sample
a number of points that grow exponentially with dimension®. However, we are not interested in
ensuring a dense sampling of the unit hypersphere, but rather, that we have a distribution %(i)
whose mean is stable under variations of D.

Similar to some of the aforementioned previous work, we also look at polyhedral size along an
intrinsically one-dimensional trajectory, but we do so toward identifying the change in polyhedral
size with increasing potent FGSM attacks on ImageNet validation images. We scale up to ex-
periments within hyperspheres about an image of interest using Algorithm 8 and the DAmageNet
dataset. We experiment with values of D toward choosing one for which our resulting distribu-
tion is stable in high dimensions and with values of € toward, again, identifying differences in

polyhedral size in the vicinity of ImageNet images and their adversarial variations.

ZWe point the interested reader to [8] for similar visualizations showing the growing concentration of samples about
the equator with an increase in dimension.

3We point the interested reader to [87] for some theoretical background on high-dimensional convex geometry.
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Algorithm 8 Inverse Polyhedral Width Statistic Using Hamming Distances

Given a neural network F, a point x\) inside of a polyhedron of interest, choose a value €, a
(i)

number of directions D, and initialize .77z’ = {}, a set where a distribution of D Hamming dis-

tance will be saved. Once this set is populated by these D measurements, %(i) = {,%’fe(’j) for j =
L,...,D} = A0,

Step 1. Produce #, a set of D random samples on the unit hypersphere about the origin.

Step 2. Shift 2, so that it is centered about x(1); @fi) ={p; +x@ pj€ P forj=1,...,D}.
Step 3. Scale the points in @1@ by € so that they lie on the surface of a hypersphere with desired

radius, €: @s(i) = {8p§~i) :py) € ng(") for j=1,...,D}.

Step 4. Compute the pairwise Hamming distances between antipodal points:
ford=1,....Ddo j‘é(i) = %(i) UH(epg), —epg))
end for

return %(i)

Sphere in dimension 150528, D = 3200
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-0.4 -0.2 0.0 0.2 0.4
Latitude (in degrees from equator)

Figure 5.3: The angle between the equator (after the arbitrary choice of north pole to be [1,0,...,0]") and
D = 3200 points on the unit sphere of 150528 dimensions that we use to define &7, ; for j =1,...,D in
Algorithm 8.
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ImageNet versus ImageNet-FGSM.

Here, we use the Hamming distance to show how polyhedral size changes with the employ-
ment of the FGSM attack. Given an ImageNet image of interest /, we conduct experiments with
its associated ImageNet-FGSM counterpart of varying corruption levels. To produce these images
using the FGSM attack given in (3.3), take F' to be PyTorch’s pretrained ResNet-18, 6 to be our
model’s pretrained parameters, C the cost function used during training, and &y the perturbation
parameter. So x = I(&) and y = F(x). Starting at I(&), we traverse in the sign(V,C(0,x,y)) and
—sign(V,C(0,x,y)) directions a distance of & and compute the Hamming distance between the
resulting images, /(¢&;) and I(—¢;), and the original image /(&p). This experiment is summarized in
Figure 5.4 and the results are given in Figure 5.5. The increasing rate of change in the Hamming
distance between the original image and an image created with an increasingly small € value im-
plies that the polyhedral mesh is more refined about the original image. Conversely, the decreasing
rate of change away from € = 0 implies a less refined decomposition as we move away from the
original image. The symmetry of Figure 5.5 implies some level of symmetry in the polyhedral

decomposition in these directions.

—€n —€1 €9 €1 €n

Figure 5.4: Summary of Experiment 1.
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Hamming distance between original image, /{0)
and adversarial image, /()

T T T T T T T T T
-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
&

Figure 5.5: Hamming distances between the original ImageNet image and its ImageNet-FGSM versions
created using a range of perturbation parameters from Experiment 1.

The second experiment we performed is constructing two roughly parallel lines in R3*224x224,
Take I(&y) from the previous experiment and call it I(1,&p). Horizontally flip I(1, &) and call
the resulting image /(2,¢&p). Starting with x; = I(1, &) traverse in the sign(V,,C(0,x1,y;)) and
—sign(Vy,C(0,x1,y1)) directions a distance of &. Simultaneously, starting with x, = 1(2, &),
traverse in the sign(Vy,C(0,x2,y2)) and —sign(V,,C(0,x2,y2)) directions a distance of & and
compute the Hamming distance between the resulting images, between I(1,¢;) and 1(2,¢;), and
between I(1,—¢;) and (2, —¢;). This experiment is summarized in Figure 5.6 and its results are
given in Figure 5.7. These results again support the claim that the polyhedral mesh is more refined
toward original images than adversarial ones. There is an interesting dip at € = 0; we hypoth-
esize that this is because the original image may lie close to a decision boundary which would

corroborate our story in Section 4.3.
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Figure 5.6: Summary of Experiment 2.
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Figure 5.7: Hamming distances between I(1,¢€) and /(2, €) from Experiment 2.
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Figure 5.8: Results from performing Algorithm 8 using € = 0.01 and varying D between 10 and 3200
where the input points of interest correspond to an ImageNet-DAmageNet pair. The x-axis is the Hamming
distances of antipodal points on the hypersphere with radius € and the y-axis is the frequency in which they
occur.
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Figure 5.9: Results from performing Algorithm 8 using D = 3200 varying € between 0.001 and 512 where
the input points of interest correspond to an ImageNet-DAmageNet pair (which are separated by a Euclidean
distance of about 496). The x-axis is the Hamming distances of antipodal points on the hypersphere with
radius € (after scaling by their Euclidean distance of 2¢) and the y-axis is the frequency in which they occur.
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ImageNet versus DAmageNet.

We use Algorithm 8 in this section to probe a neural network for polyhedral size information
in the vicinity of ImageNet and DAmageNet images. We first experimentally show that the choice
D = 10 is sufficiently large for ResNet-18. We experiment with values of € ranging between 0.001
and 512 and values of D ranging between 10 and 3200. Fixing an € value and an ImageNet-
DAmageNet pair while varying the value of D, the respective means of the Hamming distance
distributions about the original and adversarial images remain relatively constant. Results from
this experiment on the third ImageNet-DAmageNet pair, whose Euclidean difference is about 496,
are shown in Figure 5.8. We also fix D = 3200 and an ImageNet-DAmageNet pair while varying €
to measure the Hamming distance of antipodal points of concentric hyperspheres, and then divide
these Hamming distances by the diameter of their associated hyperspheres, scaling them so that
results from hyperspheres of different sizes are comparable. Results from performing this experi-
ment on the third image pair are given in Figure 5.9. The mean Hamming distance (after scaling
by Euclidean distance) from measurements made about the DAmageNet image is smaller than that
of its ImageNet counterpart, implying that the polyhedra about the DAmageNet image are larger
than those about the ImageNet image. This is actually a highly distinguishing feature between
the original and adversarial images of an ImageNet-DAmageNet pair. Fixing € = 1, 87.05% of
6200 image pairs exhibit this behavior. As an interesting side note, the image pairs that have this
property are closer to each other in the input space than those that do not (the average Euclidean
distance between images satisfy Uyq, < Uorig 15 485.79 and 564.46 between those that do not).
Therefore, ImageNet and DAmageNet are accurately distinguishable by the local polyhedral de-
composition structure of ResNet-18 when considering a single image pair at a time. This is an
interesting fact since (a) ResNet-18 was not used to create DAmageNet and (b) no images from
any of the ImageNet-DAmageNet pairs were seen during the training of ResNet-18. We summa-
rize the results from 6200 image pairs for varying € values in Table 5.1. The distribution of means
of Hamming distances between 100 antipodal points on the hypersphere of growing radius for all

6200 image pairs is given in Figure 5.10, showing that it is necessary to consider one ImageNet-
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DAmageNet pair at a time to identify the adversarial sample by polyhedral size alone. Figure 5.10
also shows that polyhedra tend to get bigger away from the images in the 6200 image pairs (as seen

in the decreasing transition density, given by the x-axis, with an increase in hypersphere radius, €).

Table 5.1: (Column A) The percentage of ImageNet-DAmageNet pairs satisfying Uaq, < Horig for Ham-
ming distance measures between antipodal points of concentric spheres, (Column B) the Euclidean distance
between the images of an ImageNet-DAmageNet pair satisfying this condition, (Column C) the Euclidean
distance between the remaining image pairs.

Column A | Column B | Column C
€ =0.001 60.95 490.29 504.86
€=0.01 73.39 487.89 518.27
e=0.1 84.71 486.72 547.28
e=1 87.05 485.79 564.46
=2 86.87 485.74 563.73
e=4 85.44 484.29 564.53
=28 82.74 484.02 553.32
=16 74.69 484.54 529.72
=32 54.29 490.88 502.03
=064 37.05 512.15 486.46
=128 36.84 526.69 478.06
£ =256 49.00 522.47 470.52
£=1512 62.29 508.90 474.64

The results from Algorithm 8 can be post-processed in a way that isolates the polyhedral be-
havior in the concentric rings from that in the concentric spheres (see Section 5.2.3 for details).
Doing this post-processing for all 6200 image pairs previously considered, we observe a nuanced
difference between the polyhedral decomposition about the original and adversarial images. Fig-
ure 5.11 shows that (a) polyhedra get significantly larger away from these images (even larger than
Figure 5.10 seems to indicate), (b) between € = 2 and € = 64, the polyhedral decomposition about
DAmageNet images tends to actually be more refined than that about their ImageNet versions, (c)
between € = 64 and € = 128 their polyhedral decompositions tend to be fairly identical, and (d)
between € = 128 and € = 512 the polyhedral decomposition reverts to being less refined about the
DAmageNet images. Table 5.2 summarizes these differences. We speculate that this could be be-

cause the ImageNet validation images are closer than DAmageNet images to the neural network’s
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learned decision boundaries where we observed (in Section 4.3) that polyhedral decompositions

exhibit high polyhedral size variance.
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Figure 5.10: Results from performing Algorithm 8 for 6200 ImageNet-DAmageNet pairs using D = 50,
varying € between 0.001 and 512, and computing the mean of the resulting distributions. The x-axis is the
Hamming distances of antipodal points on the hypersphere with radius € (after scaling by their Euclidean
distance of 2¢) and the y-axis is the frequency in which they occur.
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Figure 5.11: Results from performing Algorithm 8 for 6200 ImageNet-DAmageNet pairs using D = 50,
varying € between 0.001 and 512, and computing the mean of the resulting distributions. The x-axis is the
Hamming distances of antipodal points of the ring whose outer sphere has radius € (after scaling by the

ring’s thickness) and the y-axis is the frequency in which they occur.
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Table 5.2: (Column A) The percentage of ImageNet-DAmageNet pairs satisfying tq, < Horig for Hamming
distance measures between antipodal points of concentric rings, (Column B) the Euclidean distance between
the images of an ImageNet-DAmageNet pair satisfying this condition, (Column C) the Euclidean distance
between the remaining image pairs.

Column A | Column B | Column C
€ =10.001 60.95 490.29 504.86
€=0.01 73.44 488.73 516.00
e=0.1 84.56 486.03 550.45
e=1 87.29 485.56 567.52
=2 86.15 484.88 564.99
=4 83.37 483.62 557.95
=28 76.90 484.55 534.01
=16 52.66 493.36 498.89
=32 25.34 516.70 488.94
=064 20.16 542.60 484.20
£=128 46.27 532.80 464.26
£ =256 78.58 497.55 490.19
£=1512 80.73 489.93 521.31

5.2.3 Implementation Details

Performing Algorithm 8 for several ImageNet-DAmageNet pairs with € = 0.001 frequently
yielded Hamming distances of 0, so we consider 0.002 a reasonable estimate for polyhedral widths
from the decomposition associated with PyTorch’s pretrained ResNet-18. Therefore, starting with
0 = 1 in Algorithm 7, we can expect about 10 iterations to be necessary (because a width of 0.002
is equivalent to a radius of 0.001, 0.001 ~ 2_9'97) in each of the two directions, or 20 iterations to
complete Algorithm 7. The initialization of § can be modified based on preliminary width mea-
surements for a particular neural network to save computation time. That being said, computing
an approximate polyhedral size statistic as in Algorithm 8 is faster than computing an exact poly-
hedral width as in Algorithm 7. This should be expected as Algorithm 7 is essentially the same as
iteratively performing Algorithm 8 until two conditions are met. Running Algorithm 7 1000 times
parallelized on 16 V100s took about 1400 seconds, so we estimate that without parallelization, it

would take 1400 seconds to do 62.5 of these computations or that each computation would take
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about 0.045 seconds. Meanwhile, running Algorithm 8 for 1000 directions without parallelization
took, on average, about 30 seconds, or 0.03 seconds each.

It is important to note that PyTorch does not automatically delete functions’ local variables
after executing them as Python does. Memory leaks impose huge and unnecessary memory de-
mands and computational slow-downs that can be avoided by explicitly deleting these variables
and clearing the cache. Consider performing Algorithm 7 for ResNet-18 with memory leaks: if 10
iterations are required and two bit vectors are calculated per iteration, then 32M bits of memory
are required to save the computed bit vectors alone!

When experimenting with the parameter D in Algorithm 8, we constructed | as a nested se-
quence: 1 1.; C P11« Vj < k. We did this for computational efficiency and repeatability of our

(i) (i)

results. When computing 7, 1 y we reused J7; ). i and only performed k — j new Hamming dis-

()

tance computations (namely, using the points p ji € &1 ,j+1:x) and appended these measurements
to %ﬂe(i). For repeatability, we fix the random seed with numpy . random. seed (0). After choosing
a seed and producing Ny and N; by drawing k and j random samples from the normal distribution
N(u,0) =N(0,1), the first j of the k samples in N will be identical to N; Vj < k, giving us the
nested property of our sets £?; 1.p with the increase in parameter D. We note that this nesting
quality implies that Figure 5.3 also conveys some information about how our particular samples
on the unit sphere of 150528 dimensions concentrate about the equator for not just D = 3200, but
also for D < 3200.

Lastly, we include details for the post-processing done on the results from Algorithm 8 that
were stated to “isolate the polyhedral behavior in the concentric rings from that in the concentric
spheres.” Given two of these concentric spheres centered at x) with radii & and g; with & < g,
since we fixed the directions we consider (with numpy.random.seed(0)), then the samples we
took from the sphere with radius & have a corresponding sample on the sphere with radius €.
Without loss of generality, consider the sample xy = €V on the sphere with radius & for some

direction v. Then its corresponding sample on the sphere with radius €; is x; = €v. To isolate the

portion of the polyhedral decomposition that is contained by the sphere with radius € from that
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which is contained also by the sphere with radius &, we can approximate the Hamming distance
between xg and x; by subtracting H (xo,x(i)) from H (x1 ,x(i)) . We can do this for all corresponding
pairs simultaneously by computing %@(") — %@(") which we consider instead of %@(”.

1 0 1

5.3 Input Space Landscapes

As alluded to in Section 2.2, input space landscapes are the result when we cut a two-dimen-
sional slice out of our high-dimensional input space and visualize the data that it intersects. For our
input space landscapes, these data are properties of the neural network when points lying on this
plane are fed through the model. We visualize these landscapes by coloring their corresponding
intrinsically two-dimensional planes according to the neural network property of interest, which
adds a third dimension to these objects. Therefore, input space landscapes are intrinsically three-
dimensional with an intrinsically two-dimensional parametric domain because we choose two or-
thonormal basis vectors to define the domain slice of interest. These landscapes are a method
of implicitly accessing the neural network’s polyhedral decomposition because the polyhedral de-
composition is required to exactly partition the input space by input-output Jacobian norm and to
draw exact decision boundaries, while here, we collect these data by coarsely sampling the input
space. We are interested in both global and local behaviors of neural networks and explore them,
in part, using input space landscapes. For globally/locally smooth input space landscapes, we say
that the corresponding neural network appears to be globally/locally stable—small perturbations
in the domain result in small perturbations in the metric of interest. Conversely, for landscapes that
are characterized by dramatic terrain, we say their models are unstable, unreliable, or chaotic.

R3 x224x224

The highest-dimensional input space we consider is , so the choice of parameter

space is no longer immediate, and in our particular work, they are also not unique. Since a hyper-

plane in the m-dimensional Euclidean space R” is defined in the form

ayxy +axxy + -+ amXm + a1 =0
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where a; are all constants, i = 1,...,m,3i such that a; # 0, and x; are variables for which

(X1 ey xm) €ER™,

n non-collinear points are required to define an n-dimensional hyperplane uniquely [88]. Substan-
tial resources would be required to produce this number of high-dimensional samples in some
cases, and in others, this number of samples does not even make sense (discussed in further
detail shortly). Consequently, we can leverage two classical algorithms and a theorem of high-
dimensional space to produce the basis vectors of high-dimensional parameter spaces of interest:
Singular Value Decomposition (see Section 2.2.1), Gram Schmidt (see Section 2.2.2), and Orthog-
onality of Large Random Vectors (see Section 2.1.3). In our work, we only use SVD, but these
other two methods could be used to make complementary visualizations to give a more complete
picture of neural network behavior in the region of interest. Since we seek intrinsically two-
dimensional representations of the input space to create input space landscapes, we choose k = 2
when using each of these three methods. In this section, we introduce two input space landscapes—
input-output Jacobian norm and prediction landscapes—and use them to analyze neural network

behaviors similar to the observational study in Section 4.3 but for a much larger model, ResNet-18.

5.3.1 Input-Output Jacobian Norm Landscapes

Because the input-output Jacobian norm seems to be a key feature of a neural network that
changes during training, we believe there is much to be learned from probing neural networks
for this information, research that does not yet seem to exist. The only other work that uses
input-output Jacobian norms of a given network computes them along a trajectory of the input
space [65]. They show that for their particular model—their model trained until perfect per-
formance on a data-augmented version of MNIST—the input-output Jacobian norm crashes at
training images and generally peaks in between those belonging to different classes. In Sec-
tion 4.3, we showed how polyhedral decompositions adapt as their respective models are trained.

We concluded that input-output Jacobian norms tend to increasingly spike at learned decision
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boundaries as training is prolonged. Using training data like MNIST that is not linearly sep-
arable, increasing the dataset’s size using data augmentation, and then demanding perfect per-
formance on this expanded training dataset is sure to lead to the allocation of substantial Ja-
cobian resources between classes, as shown in [65]. Modern training schemes, on the other
hand, specifically avoid over-fitting neural networks (most commonly with the use of dropout,
early-stopping, or some slight variant of these) to increase their generalizability [68, 89-93]. Py-
Torch’s pretrained ResNet models were trained for a predefined number of epochs (see https:
//github.com/pytorch/vision/blob/main/references/classification/train.py for details), so we do not
expect their ‘Jacobian resources’ to condense along classification boundaries to the same extent
as they would for overfit models. Indeed, we show that this is true. We show six Jacobian norm
landscapes in Figure 5.12, each going through three training images. One can see that there does
not exist an elliptical path through them that has the properties present in the results of [65]. What
we do consistently see in our plots (and in the polyhedral size plots in the Appendix D) is evidence
that the neural network has allocated significant resources during training about the origin, sug-
gesting that its results on dim images should be handled with caution. This same volatility about

the origin can be observed in prediction landscapes, which we discuss next.

5.3.2 Predictive Landscapes

Neural networks have long been known to be susceptible to adversarial attacks (see [94] for a
comprehensive survey of adversarial attacks and their success). This is because of their predictive
instability under perturbations in the input space. We explore the relationship between changes in
neural network domain and the neural network’s predictions with the use of predictive landscapes.
While the methods used in previous sections require access to a neural network’s architecture
(namely their bit values and the norm of the matrix A where y = Ax + B for some input-output pair
(x,y) and A, B are given in (4.17)), this method does not.

Consider the first image pair given in Figure 3.4. From these two images, we define three

planes in image space: planes through (a) both images, (b) five linearly independent variants of
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Figure 5.12: Input-output Jacobian norm landscapes through three ImageNet training images. The land-
scapes in plots (a)-(c) go through three images of the same class while the landscapes in plots (d)-(f) go
through images of distinct classes.
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the ImageNet image, and (c) five linearly independent variants of the DAmageNet image where
the linearly independent collection of images is produced by performing nonlinear transforms on
the image of interest (see 5.3.3 for details). These three planes are then discretized and sampled;
the predictions by ResNet-18 of all samples are recorded and visualized in Figures 5.13, 5.14, and
5.15, respectively. Notice that even a slight perturbation in the ImageNet image in the direction of
the DAmageNet image would lead to its misclassification. Additionally, a set of five images made
by perturbing an ImageNet image is shown to lie in the classification region of multiple classes.
Recalling that each polyhedron defines a distinct map through a neural network, the image (as in the
destination of this mapping) of regions with smaller polytopes has more potential for belonging
to multiple classes. In Section 5.2.2, we showed that polyhedra in the vicinity of DAmageNet
images tend to be larger than those about their ImageNet counterparts. Those two facts along with
the comparison of a few preliminary visualizations similar to Figures 5.14 and 5.15 lead us to
the question: do DAmageNet images lie in regions of higher predictive convexity than ImageNet
images?

To measure PC), the predictive convexity of the i image in an ordered set of K-many images,
we produce a collection of six images: the image of interest, five linearly independent variants,
together with the origin (an all-black image). We draw lines connecting all possible pairs of these
six images (resulting in C(n,k) = C(6,2) = 15 lines) and sample along each of them such that their
step size is as close to 1 as possible while ensuring that the endpoints are sampled. We ensure this
with the thought that the predictions of the images themselves should be taken into account in our
calculation. Say that this results in a total of N @ samples from all 15 lines, and we get the model’s

predictions for these N() images.
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Figure 5.13: Prediction landscape centered about the origin through an ImageNet-DAmageNet pair with
the ImageNet image at the top right and the DAmageNet image at the bottom right.
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Figure 5.14: Predictive landscape centered about the origin through four linearly independent variants of
the ImageNet image together with the ImageNet image itself.

From this collection of predictions, we identify which class is predicted the most, say it consists
of v(!) of the NU) predictions, then our predictive convexity statistic is given by PC() = v() /N,
To our surprise, this statistic yielded no difference between the ImageNet and DAmageNet datasets.
More specifically, we stacked the predictive convexity statistics of the ImageNet and DAmageNet
images into their own vectors, respecting the order given to their images, and subtracted the DAm-

ageNet vector from the ImageNet one. Due to the image ordering, this compared the predictive
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Figure 5.15: Predictive landscape centered about the origin through four linearly independent variants of
the DAmageNet image together with the DAmageNet image itself.

convexity between images belonging to the same ImageNet-DAmageNet pair. The result had a
mean of 0.016, a median of 0.013, and ranged between the values of —0.520 and 0.564. There-
fore, the stability of the prediction map of ResNet-18 seems very similar about ImageNet and

DAmageNet images.

5.3.3 Implementation Details

From a single image of interest, we produce a set of five linearly independent images by
retaining the image as it is, adjusting its pixel-value histogram such that a uniform distribu-
tion of grayscale values is achieved, applying the Power Law Transform, increasing its contrast,
and applying the sigmoid function to it. Each of these four nonlinear transforms is done using
pre-built functionalities: equalize, adjust_gamma with gamma=0.8, adjust_contrast with
contrast_factor=1.2 (which increases the contrast of the image by a factor of 0.2) all from the
torchvision.transforms.functional package, and torch.nn.Sigmoid (), respectively.

As mentioned in Section 2.2.1, SVD suffers from sign indeterminacy. To keep visualizations
consistent, we would ideally compute the basis vectors that define a plane through images of in-
terest and compute all landscapes at once. Of course, bugs occur and individual landscapes need

to be recomputed. To do this efficiently, we compute the basis vectors for our images of interest,
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produce a bounded plane using these basis vectors, and compare its boundaries to those in any one
of the correct visualizations (which we strip from the visualization using PyPDF2.PdfReader). If
the boundaries differ by a sign, we multiply both of our current basis vectors by —1, but if they are

numerically equal to each other, we keep them as they are.

5.4 Conclusion

In this chapter, we have given a few examples of how polyhedral decompositions can be implic-
itly accessed through their bit vectors and, less directly, through input space landscapes. Viewing
bit vectors in terms of the geometric implications of each individual bit, we identified splines that
tend to separate original images from adversarial ones. From these splines, we developed a clas-
sifier that differentiates between these two image types with over 90% accuracy. Not handling bit
vectors with this level of element-wise specificity as we do by computing the Hamming distance,
we also showed that polyhedra containing adversarial images tend to be bigger than those that
contain their original counterparts. More specifically, adversarially perturbing images move them
to regions of lower refinement in the polyhedral decomposition about 87% of the time. The goal of
this work was not necessarily to distinguish between original and adversarial images (if it were, we
would have trained a neural network specifically for this task), but to detect signals toward this end
that already exist in a neural network trained to perform an entirely different task. After these anal-
yses of polyhedral size, we also probed ResNet-18 for information about its input-output Jacobian
norm and decision boundaries, which the results in Chapter 4 indicate have a direct correlation. We
did this using input space landscapes which visually demonstrate the variability in neural network
predictions under perturbations in image space and the complexity of the input-output Jacobian
norm of a neural network trained on ImageNet using a state-of-the-art training scheme. Since the
observations we made in Chapter 4 with the explicit use of polyhedral decompositions are so new
to the field, we suspect that we have only seen the tip of the iceberg as far as what insights the

implicit access of polyhedral decompositions can offer about their respective neural networks.
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Chapter 6

Loose Ends

6.1 Introduction

Exploring intriguing, open-ended questions can frequently present obstacles that prompt us
to reframe the initial inquiry or shift focus. Even more often, we are led to follow-up questions
which tend to multiply with every found answer. This chapter compiles all such loose ends of
our research. Before taking a polyhedral approach to neural networks and reaping dividends to-
ward uncovering their underlying mechanics, we started with the data seriation problem, which
seeks to give an order to data of choice. This work is covered in Section 6.2. Availability (or lack
thereof) of data particularly relevant to this problem was a hurdle we faced, leaving some inter-
esting questions unanswered—substantial and likely proprietary data would be required to begin
to answer them. With this setback, we pivoted subject matter altogether to the analysis of neural
networks. The next and final section in this chapter, Section 6.3, investigates the generalizability
and trainability of models from a few different angles. Pulling inspiration from loss landscapes,
visualizations that convey the performance of a vast collection of model instances with the same
architecture, we look at (a) the trajectory of model parameters during training and (b) the level sets
of these landscapes which prescribe model parameter values for models of similar performance.
Also toward understanding model generalizability and trainability, we focus on the effects of two
architectural features: skip connections and model depth. In the early stages of these analyses,
we were interested in models’ input-output Jacobians. We handled and performed computations
with these massive objects which led to some interesting implications about skip connections. To
overcome some of the difficulties in manipulating these huge matrices, we proceeded to consider
merely their norms, which surprisingly still had a lot to say for themselves as we showed in Section
4.3. Next, we considered depth. The unanswered questions we pose regarding model depth are

ones that we find most exciting because they (a) show promise in the limited relevant literature and
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(b) pull on concepts from previous chapters, which will bring us to the end of our work.

Novel contributions in this chapter:

 present an implementation of a data seriation algorithm intended for data with a local intrin-

sic dimension of one and discuss two interesting applications of interest,

* treat each parameter value over the course of training as its own trajectory and compute its

curvature,
 formally express the optimization problem satisfied by models of a certain performance level,

* use network input-output Jacobians to explore the effects of skip connections on network

topology, and

* use loss landscapes to visualize the compatibility of different loss functions for fine-tuning.

6.2 Data Seriation

In this section, we consider data that is intrinsically one-dimensional with an inherent order
(like frames in a video) or a natural order after the choice of initial point and direction [95]. Can
a trajectory be constructed from a shuffled series of location data or can a video be reconstructed
after its frames have been shuffled? We first consider points densely sampled from a circle with
the addition of limited noise. For data such as this, our baseline Data Seriation algorithm, pictured
in Figure 6.1 and more formally given in Algorithm 9, will suffice. In this algorithm, we itera-
tively identify local regions of data by Euclidean proximity, assume that their principal curve [96]
is linear, and order the points based on their projections onto their principal curve, rectify this
ordering with the global order given to points previously seen in the algorithm, move along a cho-
sen direction of the trajectory, and repeat. Moving from smooth data in Figure 6.1 to real data,
what modifications to our baseline algorithm should be expected? Consider a video taken from a

relatively constant vantage point represented as a trajectory. For example, consider the video
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Figure 6.1: Baseline data seriation procedure Algorithm 9 after arbitrarily choosing one of the data points
(3.13, 0.13) as the starting point labeled by their corresponding step of the algorithm.
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Algorithm 9 Data Seriation (baseline)

Given a random initial point ¢;, i = 0, a choice of € and of projection constant k, a dataset
horizontally stacked into a matrix X € R initialize a dictionary ¥, where the global ordering
of the data will be saved, with d keys Y that are equal to the m-dimensional points in X. Let Y,
denote the values of Y.

while |Y,| < d do

Step 1. Let S; = {x € X : [|x —¢i||, < €} and let M be the matrix with the column vectors of
S; horizontally stacked together.

Step 2. Compute y;, the mean of M.

Step 3. Compute u; the principal component of M, its first left singular vector, and arbitrarily
choose its direction.

Step 4. Locally order the points of M with respect to u; by (a) defining a vector v; in the
direction of u#; with magnitude of at least 2¢€ centered through y;, (b) projecting the
points of M onto v;, and (c) giving them a local order with respect to their distance
from the source of v;.

Step 5. Rectify the local ordering with the global order in Y:
if i = O then the global order is exactly the local order.

else call k the last global index of the data in S;_1\S;.
if the ordering of §;_| N S; differ then rectify this difference by either (a) taking
the local ordering of S; to be the new global ordering starting with index k + 1
or (b) taking the average between v;_; and v; and ordering the points of S;_1 NS;
along it (as is done in Step 4).
end if
Call j the last index of the ordered data belonging to S;—1 N S;.
Order S;\S;— based on their local order starting with global index j+ 1.
end if
Step 6. Update ¢; | = y; +keuy andi =i+ 1.

end while
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(d) (e) ()

Figure 6.2: Frames from the walking_static dataset.

‘walking_static’ from a dataset made available by the Computer Vision Group of the Techni-
cal University of Munich (TUM) at https://cvg.cit.tum.de/data/datasets/rgbd-dataset/download#
freiburg3_sitting_static (a few frames are given in Figure 6.2) visualized in three dimensions in
Figure 6.3. This trajectory is characterized by instances of high acceleration or sharp kinks. Con-
sequently, we cannot expect that the data within a Euclidean distance of € belong to time steps
that are also close to each other. We have to come up with a way of defining local neighborhoods
of data that consider more than just Euclidean distance. For this, we turn to the calculation of

curvature from local SVD calculations from [97] which provides that

. . 21
Ki_z(t):ai_z(t)#ﬁ)(t)’ ai_z(t):H_(l_l)i-V l3 fori=2,....m (6.1)

where m is the ambient dimension of the data. A projection of the trefoil knot to R? leads to a

a self-intersecting, intrinsically one-dimensional trajectory that we consider to experiment with
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curvature’s effectiveness in identifying natural collections of data points. Notice in Figures 6.4 and
6.5 that the curvature crashes when even a single data point is included in the local neighborhood
that does not belong to the same region of the trajectory as the others. Therefore, the ball used
to define a neighborhood of data can be grown until the curvature of its contained points crashes.
Better yet, an ellipse whose principal axes are defined by the singular values of the neighborhood
of data can be expanded until this behavior is exhibited by the curvature. This modification is given
in Algorithm 10. Such an adaptive scheme was able to order video frames from portions of videos
from the TUM dataset whose low-dimensional representation were non-overlapping. One can
imagine that it is the artificial nature of the videos in this dataset that makes their low-dimensional
representations overlap. The background in the video is kept constant while two people are in
motion. As soon as they step out of the frame and then back into the frame, a self-intersection is
created. Meanwhile, I would imagine that video from an outdoor surveillance camera would not
have such self-intersections. I would expect the lighting and background objects to be changing
with relative frequency. The proprietary nature of such security footage proved to be a roadblock
to pursuing that avenue further. Another potential application of interest is one of kinesiology.
Repetitive motion, such as running or the swing of a bat, should also be able to be represented as a
trajectory whose ambient dimension is the same as the number of motion sensors on the subjects.
The trajectory taken by professionals in the sport should somehow be optimized for performance
while those of amateurs would be less so. One could compare the order of the data from an
amateur, the curvatures computed during the execution of the ordering algorithm, and the number
of data points belonging to each neighborhood to that of a professional or the average of several
professionals for improved performance. Professional athlete movement data also proved to be

unavailable for such analysis.

99



[511]
40
20

_20
~40

=]
_g80

50

v ) log
\® 15p

(a)

60
a0

20

_20
_a0

-g0

159
1°° Igg

85

()

100

150

(b)

()

Figure 6.3: The first 100 frames from the walking_static dataset visualized in 3D using the first three left
singular vectors, colored in chronological order.

~5p

50

I0g



Singular values

0.12

010

nos

Curvature
5 © o
g & 2

o
=]
=3

0175

0.150

0.125

0100

0.075 -

0.050

Singular values

012

010

Curvature

002

000

1’0 210 E:O
10 20 50
index
(a)
0.025 i
0.000 1
10 P Y 0
0 ) ) 0
index
(b)

-2

Data in the current neighborhood

Data in the current neighborhood

3 3 3, 0 1 H 3 4

Figure 6.4: The singular values and curvature given a selection of data from the trefoil knot in two dimen-
sions that (a) belong to the same local region of the intrinsically one-dimensional trajectory and that (b) do

not.

101




(%]
[}
(—:'; a6 Data in the current neighborhood
> 2
—_
E 04
3
(=)}
c 1
17) 02
00 }e-e-o0009 0
10 20 30 40 50
>
-1
0175
0.150
-2
@ 0125
—
3 0.100
e 3
2 oo7s -
3 -4 3 2 -1 0 1 2 3 a
O
0.050 X
0.025
0.000
10 20 30 40 50
index
(a)

s Data in the current neighborhood

Singular values

0.0 r o 0o sood

0175

0.150

0125

0100

-3
0075

Curvature

0.050 X
0.025

0.000

index

(b)

Figure 6.5: The singular values and curvature given a selection of data from the trefoil knot in two dimen-
sions that (a) belong to the same local region of the intrinsically one-dimensional trajectory and that (b) do
not.

102



Algorithm 10 Data Seriation with Curvature

Given a random initial point ¢;, i = 0; a choice of &, projection constant k, growth parameter
g > 1, and tolerance value ol for the curvature; and a dataset horizontally stacked into a matrix
X € R™*4 initialize a dictionary Y, where the global ordering of the data will be saved, with d
keys Yy that are equal to the m-dimensional points in X. Let ¥, denote the values of Y.

while |Y,| < d do

Step 1a. Let S; = {x € X: ||x— ¢/, < €}

Step 1b. Compute the curvature of S;.

Step 1c. Compute the first two principal components of S; and define an ellipse from them
that contains all the points in S;.

Step 1d. Iteratively grow the ellipse by a factor of g until the curvature of the points (cal-
culated using (6.1)) contained in the ellipse are no longer within rol of the curvature
from Step 1b.

Step 1e. Call S; the data points from the last iteration of Step 1d that were within fol of the
curvature from Step 1b. Let M be the matrix with the column vectors of ST horizontally
stacked together.

Steps 2—6. Perform Steps 2—6 from Algorithm 9.

end while

6.3 Model Generalizability and Trainability

Explaining a network’s performance on data not seen during the training process, or its gen-
eralizability, by exploring its parameter space is still an open area of research. The literature in
this area has taken on a topological flavor by reinforcing the concept that local regions of a net-
work’s parameter space at flat minima of the cost function tend to generalize better [9, 98, 99].
At around the time of these publications, [100] expressed reservations about the accuracy of this
claimed correlation and urged the rethinking of the meaning of ‘flatness’. The notion of flatness in

previous work varies: [98] and [99] consider local curvature information encoded in the eigenval-
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ues of the Hessian of the loss function, [100] use the spectral norm and trace of the Hessian, the
authors of [98] also introduce their own metric to quantify the ‘sharpness’ of a minimizer (which is
computationally less demanding to calculate than the eigenvalues of the Hessian). Loss landscapes
introduced in [9], work that we have mentioned in previous chapters, are used in this section. We
traverse the networks’ loss landscapes in a way prescribed by the learning scheme, step size, and
stop criteria under different initialization in Section 6.3.1. Toward understanding the topology of
the loss landscape in the vicinity of the trained models at the end of these trajectories, we define

level sets of parameter space in Section 6.3.2.

6.3.1 Training Trajectories

To start, we trained two small ReL.U FFNNs from scratch:

F:REPSR SRR (6.2)

and

B:R?oSR SR 5RO 5RO S RIO RIS RIO_ @0 LR SRS SR, (6.3)

Specifically, both were trained to approximate f(x,y) = x*> +2y* +x -+ 1 on the unit square. The
Adam optimizer and mean-squared error loss function were used. The model was trained under 10
different random initializations (using seed from the numpy . random package for reproducibility),
10 times for each initialization, until the loss value failed to decrease for 20 consecutive epochs.
The number of epochs required for each initialization is summarized in Table 6.1. Because we kept
the optimizer, learning rate, and stop criteria identical for all runs under each initialization, all of
their model parameter values from each epoch of training were identical. Thus, Table 6.1 does not
reflect the number of training epochs required for the convergence for one particular run, but for
arbitrarily many runs, keeping the training parameters constant. In this way, model initialization

immediately determines the model returned at the end of training for a particular set of learning
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parameters. This is because of the fixed topology of the neural network’s loss landscape. Two
resulting landscapes are given in Figure6.6. Training can be thought of as a traversal method of the
network’s parameter space. Assuming an appropriate basis is chosen for the loss landscape, this
walk in the model’s weight space can be projected onto its surface. Take, for example, Figure 6.8
which shows the loss landscape of Model 6.2 with the parameter values at each epoch of training
superimposed as a scatter plot from two different random initializations. The visualized training
trajectories corresponding to the maximum and minimum number of epochs seen in training Model
6.2 (as reflected in Table 6.1) and the basis vectors u; and u, are given by the SVD of the model

parameters from all epochs of training.

Table 6.1: Number of epochs of training required until convergence under different random seeds.

numpy .random seed | Model 6.2 | Model 6.3
67 739 148
68 267 74
69 68 156
70 201 101
71 90 182
72 104 170
73 169 41
74 184 112
75 173 129
76 263 41

Instead of viewing training as the progression of the entire parameter set, we could split up
the parameters and track each individually over the course of training. To illustrate, Model 6.2
has the parameters w® b i =1,2,3. Consider the first of these, W1, which can be projected
down to 3 dimensions and visualized as shown in Figure 6.7. We use local SVD to compute
the curvatures of this trajectory, using equations from [97] given in (6.1). We performed these
curvature computations for all of Model 6.2°s parameters and the results are shown in Figure 6.9.
We are interested in considering curvature as a metric to (1) quantify the non-convexity of a neural

network’s loss landscape (2) define adaptive step sizes in training to minimize its computation and
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time requirements and (3) predict whether or not the network attained at the end of training will

have certain desirable features.

Loss Landscape slice, seed(67) and seed(70) Loss Landscape slice, seed(67) and seed(74)
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Figure 6.6: Slices of the Model 6.2’s loss landscape through two trained models after using the initialization
defined by (a) seed 67 and (b) seed 69.

6.3.2 Level Sets of the Parameter Space

We unexpectedly found inspiration in the brief mention of parameter space work in [56]. More
specifically, they choose a neural network of interest, F', and consider a particular epsilon-ball of
parameter space about F with the interest of determining the robustness of the number of distinct
regions in F’s polyhedral mesh. Taking that idea further, if all training points lie within a poly-
hedron of the mesh (not on a bounding edge of a polyhedron for example) then surely there is a
small enough perturbation to the model parameters that preserves the binary vector labels of all
of the polyhedra, preserving the bits of the training data inputs that are required to map within
a certain threshold of their training labels. Then there must also be a small enough perturbation
in the weights and biases that does, in fact, keep the output of the network close enough to the
ground truth labels. A series of these small perturbations would produce a local collection of neu-
ral networks in the parameter space, but are there disconnected portions of the parameter space that

produce networks that perform just as well? The non-uniqueness of the solution to the optimiza-
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Figure 6.7: Model 6.2’s first weight matrix, w() e R3*2, from 739 epochs of training reduced to 3 dimen-
sions. The yellow point is from the first epoch, the ordering is natural thereafter.

tion problem iteratively solved during the training process of a neural network, the non-uniqueness
made apparent in Figure 6.6, encouraged us to formalize this optimization problem and study the
structure of its solution.

We start by considering models that train until perfect performance on »n training points in R".
It has been proven that the loss landscape of a two-layered ReLU FFNN has at least one global
minima of z =0 [101], results that extend to two-layered FFNNs that use an activation function can
be characterized as a max-affine spline operator (MASO) [57]. However, as perfect performance
on training data is not ideal for model generalizability, we will loosen this criterion to accuracy
above a certain threshold and add a constraint based on performance on a validation data set.
Based on the limited relevant literature [9], we hypothesized that the structure of the collection of
models of interest varies based on network architecture. The formal definition of these level sets
and the exploration of their structure might provide mathematical grounding to argue that certain
architectures are naturally more generalizable and trainable than others.

Take the two-layered neural network

R (6.4)
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seed 67. fined by seed 69.

Figure 6.8: Loss landscapes of Model 6.2 with respect to different orthonormal vectors.

which maps x(49 to x(@2) = W@ diag(v)W Dx(@0) + w@diag(v)b() + b3 Vg € N, where v is
the binary vector associated with x(@0) and
Wi

wi) = , W@ = {W3 W4} AR
W,

bs V1

, b = {]97} ,andv =
be

V2

Let 6 denote all of the tunable parameters of F'. Without loss of generality, take the training data
set of size t to be

%:{x(i’o) . x00) e R, i=1,...,t}

and associated labels

L=0" D eR i=1,... 1}
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Figure 6.9: Curvature of all six of Model 6.2°s parameters for all epochs of training after random initializa-
tion using seed 67.

Define the following cost function that quantifies the performance of F on the training set

c(6) :Zt:“x<i,2>_g<i) ?
i=0
:iHF(xW);e)_ 20 2 (6.5)

i=0
(2)-2]'[F(2)-2].

~

Theorem 6.3.1. (First-Order Necessary Condition) If x* is a local minimizer of C and C is contin-

uously differentiable in an open neighborhood of x*, then VC(x*) =0 [102].
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So we require that VC = 0 with

JF JdCJF JdCIF JCIF JCIF JCIF

FOW, OFOW, JFJdWs OJF W, OJF dbs OJF dbg

(o
s

VC = IF (6.6)

F db;

Q|
Q|

where 3—222[F(%)—$], aa—vl;l:Ww]%, ;_VIIZ:W“VZ‘%? g—vizvlwlf%—f—vlbwt,

aa_qu =W 2"+ vabgey, g_li = Wiy, g—[f; = Wy, g—g; =1l,ande;=1¢€ RI.

Definition 6.3.1. A square matrix A € R"*" is positive definite if there is a positive scalar o such

that x"T Ax > ax ' x, Vx € R". It is positive semidefinite if x' Ax >0, Vx e R*  [102].

Theorem 6.3.2. (Second-Order Necessary Condition) If x* is a local minimizer of C and H(C) =
V2C (H for ‘Hessian’) exists and is continuous in an open neighborhood of x*, then VC (x)=0

and V*C(x*) is positive semidefinite [102].

So, by definition of positive semidefinite, we require that pH(C)p" > 0 Vp where

2%C 2%C 2%C 2%C
ow(1)2 oWwWow@T — awgp)  gw()gp2)
2%c 9*C 2%C 2%C
H(C) = oW Tow (1) d(WT)2 oW@Top()  w@T9p2)
2%C 2%c 2%C 2%C
ab(Mow (1) ob(Now )T ab(1)2 ab(N9p(2)
2%C 2%C 2%C 2%C
L 9b@ow() b2 ow () b2 9p(1) 0b(2)2
20%C 2%C 2%C 2%C 2%C 2%C 2%C
OWZ  IW[W, | IW[OWs IWdWs | IWidbs  IWidbg | IWdby
2%C 2%C 2%C 2%C 2%C 2%C 2%C
8W28W1 8W22 &W28W3 8W2¢9W4 8W2<9b5 8W28b6 8W28b7
2%C 2%C 2%C 2%C 2%C 2%C 20%C
oWz0W;  dW30W, 8W32 OW30W, | dW30bs  OWzdbg | dW30by
_ J’c J*’C J*c J*’c J’c J’c J’c
OWioW, IW,0W, | OWs0W;5 W2 OWsdbs IWsdbe | OWsdby
9*C 2*C 9°C 2*C 2%C 9*C 9°C
0bsoW,  0bsoW, | dbsdW;  dbsoW, b2 dbsdbg | 9bsdby
9*C 9°C 9°C 9°C 9°C 2%C 9°C
0bgOW,  ObgoW, | dbgdWs  dbgoWs | 9bgdbs b2 0bgdb;
9C 9°C 9%C 9°C 9*C 9*C J%C
0b;0W;  9db70W, | db7:0W5  0b70W4 | db70bs  db;dbg 8b%
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Now that we have this optimization problem formally defined, exploring the geometry of the solu-
tion set(s) would be interesting. It might also be worthwhile to see how these solution sets change
with added constraints on the magnitude of the eigenvalues of H(C) as flat minimizers are desirable

and are characterized by small eigenvalues [98].

6.3.3 Architecture Considerations

The literature highlights two architectural features of neural networks that affect their trainabil-
ity, generalizability, and overall performance: skip connections and model depth. We give a brief

overview of each of these features and show the effects of these architectural differences.

Skip connections

Skip connections were introduced in light of the difficulties in training deep neural architectures
(difficulties covered in more detail later). Their effects are hardly noticeable with shallow networks
(e.g. ResNet-20 versus ResNet-20-noshort) [9] but their importance grows with network depth
[103]. For deep neural networks (e.g. ResNet-56 and ResNet-56-noshort), [9] shows that the use
of shortcut connections increases the stability of the neural network with respect to perturbations
in its parameter space and makes this association between performance and model configurations
increasingly convex. That is to say, shortcut connections make the neural network’s loss landscape
more smooth and more convex. This increases the chance that the model returned at the end of
training will be the global minima of the loss function or at least in its vicinity. Conversely, the
less stable the relationship between performance and model parameters, the more likely training
will get stuck in local minima, returning a model that does not achieve accurate performance.

In this section, we chime in on the ever-growing topological conversation about neural net-
works. Rather than considering many of the suggestions in the literature toward better-performing
networks that require modifications to different aspects of the training process [104—106], we focus
on the topological features already present in readily available pretrained neural networks. We look
at the input-output Jacobian norms of two neural networks, ResNet-56 and ResNet-56-noshort, to

observe the difference that skip connections make in some notion of ‘smoothness’ of the neural
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network. We fix trajectories along the input space of these networks, feed samples along them
through both networks, save each of their input-output Jacobians, and compute pairwise cosine
similarities among them. Since both of the networks of interest were trained on CIFAR-10, their
input spaces are 3 x 32 x 32 images. The two trajectories that we consider through the neural

network’s input space are:

* Trajectory 1 (Figure 6.10) is a sampling of 998 synthetic images along the line between two
distinct frog images from the CIFAR-10 dataset, including these two images as endpoints

for a total of 1000 images. Both images were correctly classified by both models.

* Similarly, Trajectory 2 (Figure 6.11) is a sampling of 998 synthetic images along the line
between two CIFAR-10 images, but these two images belong to two different classes: frog
and truck. Again, our sampling is a total of 1000 images and both endpoint images were

correctly classified by both models.

Figure 6.11: Trajectory 2

112



As stated in Section 5.3.1, it seems that the only work in the literature using the input-output Ja-
cobian of a neural network computes its norm along an intrinsically one-dimensional path through
its input space. Instead of condensing this high-dimensional information ((32 x 32 x 3 x 10)-
dimensional for ResNet-56 and ResNet-56-noshort) down to a single value, we preserve the topo-
logical richness of the data. The pairwise cosine similarities between all input-output Jacobians
with respect to ResNet-56 along both geodesics are given in Figure 6.12. We note that the diagonal
entries fade smoothly into the off-diagonals, implying that consecutive and nearby samples have
similar Jacobians, meaning that the network is relatively smooth along these trajectories. On the
other hand, Figure 6.14 is characterized by high contrast between diagonal and off-diagonal en-
tries, implying a more chaotic topology along these two geodesics. Due to the implicit association
between binary vectors and Jacobians, we also provide pairwise Hamming distances in Figures
6.13 and 6.15. While preserving the input-output Jacobians’ original dimensionality is insightful
and interesting, this becomes quite a grueling task whose memory requirements push the memory
capabilities of most machines. To produce an k X k cosine similarity plot for input-output Jaco-
bians like those given in Figures 6.12 and 6.14, k input-output Jacobians need to be saved, which
are (m x n)-dimensional matrices for a neural network F : R™ — R”", with either float or double
precision entries, and then k x (k—1)/2 cosine similarity computations are completed. In Section
4.3, we were surprised to find that condensing the input-output Jacobian down to its norm still
revealed interesting patterns. The huge memory saving this allows while still providing enough
information for interesting observations led us to pivot to focus on the input-output Jacobian norm

rather than the input-output Jacobian itself.

Model Depth

Convolutional neural networks (CNNs) are among the deepest types of neural networks [103].
The remarkable improvements achieved by increasing model depth are precisely what inspired the
term “deep learning” [103]. Improved performance from convolutional deep neural networks is
a well-known and thoroughly exploited phenomenon; contest leaderboards provide a concise and

compelling argument in their favor. The first of these results—which introduced AlexNet [107]
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Figure 6.12: Pairwise cosine similarities of input-output Jacobians with respect to ResNet-56 of 1000
samples along (a) trajectory 1 and (b) trajectory 2.
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Figure 6.13: Pairwise Hamming distances with respect to ResNet-56 of 1000 samples along (a) trajectory
1 and (b) trajectory 2.
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Figure 6.14: Pairwise cosine similarities of input-output Jacobians with respect to ResNet-56-noshort of
1000 samples along (a) trajectory 1 and (b) trajectory 2.
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Figure 6.15: Pairwise Hamming distances with respect to ResNet-56-noshort for 1000 samples along (a)
trajectory 1 and (b) trajectory 2.
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and established its decisive victory in the ILSVRC-2012 challenge by being the first to combine
model complexity, a huge dataset, and parallel processing power—was the catalyst for research on
the topic, the bang beginning the race toward publishing subsequent findings. Some of the most
notable work extended the material in [107] by proposing architectures including the VGG ar-
chitecture [41], ResNet [44], Inception-v4 and Inception-ResNet-v2 [108], DenseNet [109], which
are all still heavily used architectures. Others explore specific techniques: [110] proposed a region-
based CNN for object detection and segmentation and [91] improves upon model training by avoid-
ing overfitting. These are just a few among thousands of other publications that acknowledge the
foundational contributions in [107] to the field of deep learning.

Although there is a vast literature base on the topic of deep learning, only a fraction of this
work attempts to explain the reasons behind the improvement that comes with model depth [100].
One possible explanation is that increasing the number of nodes introduces implicit regulariza-
tion [111]. Model regularization can be explicit or implicit; explicit methods include data augmen-
tation, weight decay, and dropout, and implicit methods include training with stochastic gradient
descent (SGD), early stopping, and batch normalization. A good introduction to these and an anal-
ysis of their effects on model generalization can be found in [101]. Regularization may improve
model generalization but is neither necessary nor sufficient to control generalization error [101],
leaving more to be desired from this attempt at an explanation. Another potential reason for deep
models’ note-worthy performance is that they may be able to generalize better by accurately ap-
proximating solutions of lower “complexity” [111]. The exact measure of “complexity” has yet to
be determined [101] but does not appear to be among a few metrics from statistical learning theory
including VC dimension [112], Rademacher complexity [113], or uniform stability [101, 114].

There are a few disadvantages to deep neural networks, all of which have a hand in the lack of
research thoroughly exploring huge networks toward understanding how they really work. One of
these is that deeper neural networks are more difficult to train [44]. The most intuitive explanation
for this difficulty hinges on the difference in the topology of their loss surface as opposed to those

of more shallow networks. An increase in network depth has been observed to result in a relatively
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convex loss landscape morphing into a highly chaotic one [9]. Additionally, these larger networks
often consist of hundreds of thousands if not millions of nodes and require a substantial amount of
memory to store and computational power to use. For our methods of network analysis, we often
require the ability to store at least two binning vectors at a time. For a network with ReLLU layers,
the least demanding of all activation functions in terms of memory, this is equivalent to 2/ bits of
memory where / is the number of nodes in the ReLLU layers of the network. The smallest network
we consider is ResNet-18 which consists of 1,555,456 ReLU nodes. This high cost grows dispro-
portionately to its benefits beyond a certain point—*"“each fraction of a percent improved accuracy
costs nearly doubling the number of layers” when scaling models up to thousands of layers [115].
Rather than dampening the momentum in the machine learning community, these difficulties pre-
sented areas for improvement in the field. As was alluded to in Section 6.3.3, shortcut connections
(or skip connections) are among these improvements.

Cautioned by these disadvantages of deep neural networks, but sufficiently motivated by their
advantages, we proceed to explore them. In past chapters, we have examined polyhedral decom-
positions’ imposed geometry on the data in their input spaces. Here, we probe neural networks
using loss landscapes to see how much we can manipulate their polyhedral decomposition without
it proving detrimental to classification performance. A neural network’s loss landscape is con-
ceptually similar to its input space landscapes introduced in Section 5.3. While a model’s input
space landscapes’ domains are discretized slices of its input space, its loss landscapes’ domains
are discretized slices of its parameter space. In short, each point of a loss landscape’s domain de-
scribes a particular configuration of a model and summarizes that neural network’s performance.
More formally, we first choose a network architecture of interest, without loss of generality say
it has N tunable parameters, and define an intrinsically two-dimensional plane P through its pa-
rameter space by choosing two basis vectors v; and v, with ambient dimension N. The points s;
on the loss landscape, an intrinsically three-dimensional surface S, satisfy s; = (a;,b;,c;) where
pi = (ai,b;) = a;jvi + bjvo € P where the model prescribed by p; achieves an average loss value

of ¢; on the data of interest [9]. We expand the term ‘loss’ to refer to more than just the average
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loss of training data with respect to the objective function used to train the model of interest. Here,
we also use a custom loss ‘function” which computes the Hamming distance in batches between

training points belonging to the same class divided by their Euclidean distance. We train Model 1

R? 5RO L RIO RO, RIO I (6.7)

and Model 2

RZ N RIOOO N RIOOO N RIOOO s RIOOO N Rl (68)

on the interleaving half circles data introduced in Section 4.3 and give their loss landscapes in
Figures 6.16 and 6.17, respectively. We define the parameter space of their loss landscapes to
go through the initial and final models. By increasing model depth, the two loss functions (with
respect to the training objective function and the custom loss function) become more compatible
in the sense that a model can be found that reaches an equilibrium between the performance of
both loss functions. This motivates us to revisit our bit classifier from Section 5.2.1. Given the
size of ResNet-50 and the resulting flexibility of polyhedral resources, can we fine-tune it in such
a way that increases the accuracy of our classifier? We believe that the answer is yes. Fine-
tuning models such that the polyhedral decomposition has particular desirable properties (like
the increased accuracy of bit vector-specific classifiers) seems to be an untouched subject in the
field. [116] trains bits of particular layers of a neural network to be ‘invariant’ among images of the
same class, or by encouraging the neural firing pattern corresponding to the layer of interest to be
the same for these images. Their experiments provide striking evidence that these invariant neurons
help their neural networks generalize to unseen data. This further suggests that fine-tuning ResNet-
50 with respect to the special bits of our bit classifier would be a worthwhile endeavor. Namely,
the generalization of our classifier that distinguishes between ImageNet images from DAmageNet
ones; i.e. we might be able to better detect DAmage-ed images that were not used to build the

classifier. We believe that fine-tuning neural networks based on the observations we have made in
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previous chapters will become a more active area of research that will continue to improve model

generalizability or make them less susceptible to adversarial attacks.
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Figure 6.16: Loss landscapes of Model 1 (given in (6.7)) with respect to (a) classification loss and (b) the
custom loss function with the initial and final models superimposed as blue points, centered about the final
model.

6.4 Conclusion

In conclusion, Chapter 6 covered the topics of data seriation and neural network generalizabil-
ity and trainability. We presented a novel data seriation algorithm that uses the curvature from
local SVD that we have used to effectively order frames of non-intersecting video sequences. We
are curious to experimentally verify the efficacy of our algorithm in different domains including
kinesiology and surveillance, and identify unavailability or the proprietary nature of relevant data
as an anticipated roadblock in that endeavor. Transitioning to the domain of neural networks, we
delved into loss landscapes and their potential role in explaining model generalizability and train-
ability. We mathematically set the stage for meticulous analysis of training trajectories and level
sets of parameter space, which we believe would be a fruitful future direction toward identifying
fundamental properties of networks that can perform accurately on new data and can reliably learn

to achieve low loss values on an objective function of interest. Then, by examining the effects

119



Original Loss Landscape Custom Loss (1) Landscape

22.73 22.73

le7

13.61 17.5 13.61 4

S 4.50

-4.62 -4.62

-13.74 T T 1 -13.74
21.21 30.33 39.45 48.56 57.68 21.21 30.33 39.45 48.56 57.68

uy uy

(@) (b)

Figure 6.17: Loss landscapes of Model 2 (given in (6.8)) with respect to (a) classification loss and (b) the
custom loss function with the initial and final models superimposed as blue points, centered about the final
model.

of skip connections and model depth, we contributed to the ongoing discussion on architectural
considerations in neural network design. Moreover, our investigation into input-output Jacobian
norms provided novel perspectives on the influence of skip connections on network smoothness,
offering valuable insights into network topology. Lastly, we provide preliminary results that sug-
gest that an increase in model depth enables the manipulation of its polyhedral decomposition to
exhibit particular properties of interest that render the network less susceptible to adversarial attack
and increase its generalizability while still performing its task of interest accurately. In traversing
the interdisciplinary terrain of data science and neural network theory, we have contributed to the
existing body of knowledge and hopefully have paved the way for future research endeavors on

these topics.
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Chapter 7

Conclusions

As the technology of machine learning permeates high-risk applications, it becomes imperative
to comprehend the inner mechanisms of their components. We note, however, that the rapid pro-
liferation of machine learning technology has outpaced our understanding of its underlying princi-
ples. At the center of machine learning is the neural network, which is the focus of our research.
In this work, we set out to demystify the intricate workings of neural networks through an analysis
of polyhedral decompositions and the geometric and topological implications they have on their
respective models. Chapter 2 delved into the mathematical underpinnings of high-dimensional
spaces and dimensionality reduction methods, providing essential background for our subsequent
analyses. In Chapter 3, we introduced two widely used neural network architectures and datasets
whose complexity and size do not appear to have ever been used together in polyhedral-flavored
machine learning research. These two chapters together set the stage for Chapter 4 where we pro-
vide a detailed formulation of neural networks’ polyhedral decompositions and describe their role
in defining neural network behavior. We demonstrated how these decompositions evolve during
training, particularly with respect to polyhedral size and input-output Jacobian norm. Transition-
ing from explicit to implicit access to polyhedral decompositions, Chapter 5 showcased innovative
tools for probing neural networks’ geometry and stability. By harnessing bit vectors and input
space landscapes, we uncovered hidden insights into the behavior of these complex systems. Our
findings underscore the immense potential of implicit access to polyhedral decompositions in un-
raveling the mysteries of neural networks. As we push the boundaries of understanding, it becomes
evident that we have only scratched the surface of the insights that lie within. Finally, in Chapter
6, we include some loose ends with respect to a data seriation project and interesting preliminary
findings relating neural network input-output Jacobians to network smoothness and model depth
to a network’s capacity to achieve both accurate performance and exhibit particular properties in

its polyhedral decomposition. This chapter largely outlined a few interesting future directions. In
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conclusion, this work contributes to bridging the gap between theoretical understanding and prac-
tical applications of machine learning, paving the way for more robust and interpretable algorithms

in the era of high-stakes deployment.
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Appendix A
Equivalence of Classical and Modified

Gram-Schmidt (CGS/MGS)

The only difference between the two algorithms is the equation for r;; in the inner for-loop
(see Algorithm 1). The base case we consider is the first time the algorithm enters the inner for-
loop, which is when i = 2 and j = 1. In this case, CGS dictates that rj, = qu ap; and MGS that
ro= qu q>. When j =1, g; = a; because g; has not yet been updated, so r » are equal for CGS

and MGS. Suppose that after £ updates, the two algorithms are equal. Then
f]gai = QgTQi-

It remains to show that

G2 16i = qg 41 i- (A1)

After j updates (where j € N, j < i) in the inner for-loop, we have that ¢; = a; — Zi:l T'.iqk or that

a;=gq;+ 21];:1 rr,iqk- By substitution, the left-hand side of (A.1) becomes
- J
qey1(qi+ Y riar)
k=1

where Zi:l rr.iqk = 0 because they have been constructed to be mutually orthogonal. Therefore,

(A.1) holds and the two algorithms are equal by induction.
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Appendix B
Polyhedral Size
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Figure B.1: Histogram of Hamming distances before (left) and after (right) normalizing by Euclidean
distance.
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Appendix C
Shortest Path Length Plots

C.1 Circular Training Data

Shortest paths from node 1

Shortest paths from node 17
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Figure C.1: The shortest path in terms of the inverse of the input-output Jacobian norm from P to the
polyhedra in dGy(P) where the x-axis gives a and the y-axis gives path lengths. Polyhedron P lies inside
the nested circles of training data.
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Shortest paths from node 168

Shortest paths from node 122
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The shortest path in terms of the inverse of the input-output Jacobian norm from P to the

Figure C.2

polyhedra in dGy(P) where the x-axis gives o and the y-axis gives path lengths. Polyhedron P lies in the
trained region of the input space; polyhedra in plots (a)-(c) contain training data while those in plots (d)-(f)

do not.
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Shortest paths from node 353
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Hamming distance between source node and target node
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polyhedra in dG¢(P) where the x-axis gives o and the y-axis gives path lengths. Polyhedron P lies outside

of the concentric circles of training data.
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C.2 Interleaving Half Circles
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Figure C.4: The shortest path in terms of the inverse of the input-output Jacobian norm from P to the
polyhedra in dG¢(P) where the x-axis gives o and the y-axis gives path lengths. Polyhedron P lies outside
of the trained region of the input space.
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Figure C.5: The shortest path in terms of the inverse of the input-output Jacobian norm from P to the
polyhedra in dGy(P) where the x-axis gives o and the y-axis gives path lengths. Polyhedron P lies in the
trained region of the input space.
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Figure C.6: The shortest path in terms of the inverse of the input-output Jacobian norm from P to the
polyhedra in dGy(P) where the x-axis gives o and the y-axis gives path lengths. Polyhedron P lies in the
trained region of the input space.
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Figure C.7: The shortest path in terms of the inverse of the input-output Jacobian norm from P to the
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the trained region of the input space.
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Appendix D
Polyhedral Size Landscapes

We include a brief description of polyhedral size landscapes an two examples in Figure D.1.
Similar to the other input space landscapes, polyhedral size landscapes were created by first dis-
cretizing a region of interest of the neural network domain input. Then, for each point in this grid
of samples, the polyhedral size was approximated by performing Algorithm 8 with D = 10 and
€ =0.001 and then computing the average of the resulting distribution. The particular discretiza-
tions used to produce the landscapes given in Figure D.1 were of size 1200 x 1200. Therefore,
each of these plots required 14400000 Hamming distance computations, which appears to be in-
sufficient to determine any details in the polyhedral decomposition. Further refinement would be
required, which would increase the already significant computational expense of producing these
landscapes. We can, however, easily notice high refinement about the origin from these plots.

Polyhedral Size Landscape Polyhedral Size Landscape

423.21 877.74

213.85 500 459.13 800
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(a) (b)

Figure D.1: Polyhedral size landscapes through two ImageNet-DAmageNet pairs (where the ImageNet im-
age is denoted by a green ‘X’ and the DAmageNet image by a blue point) colored by the average Hamming
distance computed by Algorithm 8.
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Appendix E

Loss Landscape Slices
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Figure E.1: Loss landscapes through two models, the model after training with random initialization
given by seed 67 and all other random initializations.
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