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ABSTRACT OF DISSERTATION

EVALUATION OF THE METHOD R PROCEDURE FOR ONE-WAY
RANDOM EFFECTS MODELS

Method R (MR) is procedure (Reverter et al., 1994) for variance component
estimation. It is best applied in situations where the computation of the preferred
methods of ML and REML is infeasible or impossible to implement. Computation-
ally, MR requires only the empirical best linear unbiased predictors (EBLUP’s) for
the random effects from the mixed model equations (MME). A single MR estimate
for a variance component is the value for which the slope of the linear regression
of the random effects EBLUP’s from all the data, on the random effects EBLUP’s
from a sub-sample of the data, equals its expected value. Typically, the median of

MR values obtained from repeated sub-sampling of the data is used.

To date, properties of the MR estimator are still poorly understood. Our in-
vestigation of balanced and unbalanced one-way random effects models reveals MR
estimators to be conditional REML estimates based on the whole and sub-sample
means in the balanced case, but not for the unbalanced case. Simulations of MR for
the one-way balanced random effects model demonstrate the robustness of the me-
dian estimator of MR estimates for multiple sub-samples. The large sample variance
of the MR estimator for the balanced one-way random effects model is decomposed
into two components, the true MR variance and variance due to sub-sampling. From
the derived expressions, it is shown that for the intra-class correlation coefficient,

the asymptotic efficiency MR relative to the MLE is 1. Our large sample results also
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demonstrate that the sub-sampling variance for 50% sub-sampling, is not a suitable

estimator for the true MR variance in general, contrary to the assumption used in

Mallinckrodt et.al. (1997).

The Bivariate MR procedure proposed by Reverter (1994) is shown to be equiv-
alent to performing a multivariate regression of EBLUP’s from all the data on
EBLUP’s from a sub-sample of the data. For the bivariate one-way random ef-
fects model, the MR, procedure provides a conditional REML estimator for matrix
of regression coefficients.

Sean Mahabir

Department of Statistics
Colorado State University
Fort Collins, Colorado 80523
Fall, 2003
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Chapter 1

BACKGROUND
1.1 Introduction

Understanding the sources of variability in data is one of the defining elements of the
Science of Statistics. The class of linear models encompasses a very broad collection
of statistical models in which variance component estimation is an important con-
cern. In this dissertation, our focus will be the sub-class of mixed linear models. In
Section 1.2 we present a very brief history of variance component estimation leading
up to likelihood based estimation, which has in recent time, become the preferred
method of estimation for variance component models. This directly coincides with
the advent of high speed computers that facilitate the ability to perform the often

difficult and complex calculations involved in obtaining likelihood based estimates.

Despite the considerable progress made in computing likelihood based variance com-
ponent estimates, there exist applications, in particular for unbalanced data, where
the number of observations and/or the number variance components become so large
that the use of conventional algorithms becomes infeasible. This situation is not an
uncommon occurrence in animal breeding, where mixed linear models are often used
for genetic prediction models for commercial livestock, where records are of the or-
der of several millions. To appreciate the effort involved in computing likelihood
based estimates, we review a few of the more popular algorithms used. In Section

1.3 the formulas required for likelihood based estimation are presented. Section
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1.4 summarizes algorithms requiring derivatives and Section 1.5 summarizes deriva-
tive free algorithms. Section 1.6 addresses the relative attributes of the algorithms
presented and introduces the Method R (MR) variance component procedure (Re-
verter (1994b)) as a procedure that can be used to obtain variance components when
conventional algorithms may fail. What MR is, and what it’s properties are, will be

primary focus of the chapters to follow.

1.2  An Abbreviated History of Variance Component Estimation

Early Work, Pre-1900

Good accounts of the early history of variance components can be found in Schefté
(1956) and later in Anderson(1978,1979). These reviews trace fundamental con-
cepts in variance component estimation to Astronomy. In a discussion by Plackett
(1972), the method of least squares can be attributed independently to Legendre
(1806) and Gauss (1809). According to Scheffé (1956), the first evidence of a math-
ematical model using variance components was by the astronomer Airy (1861), who
formulated a one-way random effects model. Chauvenet (1863) also used a one-way
random effects model, and derived the variance for the overall sample mean for the

balanced model.

1900-Present

The introduction of the terms “variance” and “analysis of variance” was due to
Fisher (1918). Kempthorne (1977) refers to Fisher’s 1918 paper as “the basic and
seminal paper in the theory of quantitative genetics” Fisher’s paper implicitly em-
ploys variance component models and defines ratios for total variance in a trait,

relative to variance attribute to constituent causes (Anderson (1978)).
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In his book Statistical Methods for Research Workers, Fisher (1925a) lays the foun-
dation for variance component theory and several subsequent methods of estimation.
The principle of estimation arose through the demonstration of using analysis of vari-
ance to obtain an estimate of the intraclass correlation coefficient for the one-way
balanced random model. The procedure equated sums of squares from the analy-
sis of variance to their expected values, from which a set of equations in terms of
the unknown parameters, the variance components, was constructed. Fisher’s book
extended the analysis of variance from the one-way model with unbalanced data to
the two-way crossed model; however, estimation of variance components was not

addressed.

The balanced and unbalanced one-way ANOVA was made clearer by Tippett (1931).
Urquhart, Weeks and Henderson (1973) note that Fisher did not use linear models
to explain analysis of variance. Tippett, however, did use linear models to explain
the concept of analysis of variance. Tippett (1931) also dealt with the problem of
optimal sampling designs for the one-way random model. Yates & Zacopanay (1935)
made significant contributions for higher order sampling designs in their designs in
cereal experiments. Neyman, Iwaszkiewicz & Kolodziejczyk (1935) examined the
comparative efficiency of randomized block designs and Latin square designs. They

made extensive use of linear models, including mixed linear models.

Daniels (1939) appears to have been the first to use the term “components of vari-
ance”. Daniels (1939) and Winsor and Clarke (1940) both use an operator for ex-
pectation, whereas Fisher (1925a) uses expectation, but he does not use a specially

defined operator for it.

Strategies for dealing with unbalanced data did not appear until Cochran (1939) and
Winsor and Clarke (1940). Winsor and Clarke specifically addressed the problem
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of estimation of variance components for the one-way model with unbalanced data,
while Cochran’s paper was directed at the usefulness of variance components in

selecting optimal designs.

Ganguli (1941) and Crump (1946,1947) extended the Winsor-Clarke method to
higher order designs. Both noted the deficiency in analysis of variance method
of producing negative estimates and suggested that such estimates be replaced by

Zero.

Also of note during this period was the work by Satterthwaite (1940) who obtained
approximate sampling distributions of variance component estimates, and Wald
(1940,1941), who addressed interval estimation for ratios of variance components

for the 1-way and 2-way analysis of variance models with unbalanced data.

The 1950’s brought in the first books to contain in in depth treatment of the subject
of variance components. First in Anderson and Bancroft (1952), then later on in

Bennett and Franklin (1954).

Henderson (1953) dealt with the difficult problem of using unbalanced data to esti-
mate variance components. The paper presents three ways of using unbalanced data
from random or mixed models. All three methods are adaptations of the ANOVA
method of equating sums of squares to their expected values. For unbalanced data,
Method I uses sums of squares of data that are analogues of those used with bal-
anced data. It is applicable only to random effects models; Method II adjusts the
data for the fixed effects in the model, and then uses Method I on the adjusted data.
It can be used for mixed models, but does not allow for interactions between fixed
and random effects; Method III is based on sums of squares resulting from fitting

the linear model and it’s sub-models. All three methods yield unbiased estimators,
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and in the balanced case reduce the ANOVA method. Henderson’s Methods I,IT

and III have all been used extensively in a broad variety of applications.

For balanced data, Graybill (1954) studied the sampling variances of ANOVA es-
timates of variance components for k-fold nested and random effects models. He
showed that in the class of quadratic functions of the data that are unbiased estima-
tors of the variance components, ANOVA estimators have minimum variance and
are thus best quadratic unbiased estimators (BQUE).With the added assumption of
normality, Graybill and Wortham showed that for balanced random effects models,
ANOVA estimators of the variance components are also uniformly best unbiased
(BUE). Graybill and Hultquist (1961) extended Graybill (1954) for all balanced
random effect models, without requiring distributional assumptions. Albert (1976)
showed that these properties also hold for the class of balanced mixed linear mod-
els. Thus for balanced data, ANOVA estimators for variance component models are

BQUE, and under normality are BUE.

In contrast to balanced data, variance component estimators that are uniformly best
do not exist for unbalanced data. This is problem is well documented in Scheffé
(1959, Sec. 7.2). Schefé also states that for unbalanced data, even under normal-
ity, the distribution theory becomes much more complicated. He also points to the
problem of the a “general lack of uniqueness” of the ANOVA method for unbalanced
data. As a result, there is an absence of the ability to determine relative optimality
of ANOVA estimators for unbalanced data. The shortcomings of ANOVA estima-
tors for unbalanced data eventually led to the consideration of maximum likelihood

estimation.

The method of maximum likelihood was derived by Fisher (1922,1925b), but received

little attention until the landmark paper by Hartley & Rao (1967). The reason for

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



this neglect is attributed primarily to the complexity of the computations associated
with arriving at solutions for the likelihood equations. The earliest use of the method
of maximum likelihood for variance components models was Crump (1947,1951),
who considered balanced and unbalanced one-way random effects models. He also
derived formulae for calculating large sample variances of the maximum likelihood
estimators. Herbach (1959) derived explicit formulas for maximum likelihood (ML)
estimators for certain balanced data models. MLE’s for variance components for
several balanced data models are summarized in Corbeile and Searle (1976). Miller
(1973,1977) worked on ML estimation for the 2-way random effects model for both
the balanced and unbalanced cases, with or without interaction. Miller provided
equations for maximum likelihood estimation, for which analytical solutions are
unavailable. He also looked at the asymptotic properties of the estimators. Searle
‘(1970) derived an expression for the large-sample dispersion matrix of ML estimators

in the general unbalanced case.

W.A. Thompson (1962) proposed the idea of maximizing the part of the likelihood
that is invariant to the fixed effects. This procedure is sometimes called marginal
likelihood estimation, but is more commonly known as restricted maximum likeli-
hood (REML). The procedure was formally introduced in a broad basis in Patter-
son and Thompson (1971). As with maximum likelihood, widespread application of

REML was not immediate due to difficulty associated with computing solutions.

Townsend (1968), Harville (1969) and Townsend and Searle (1971) made signif-
icant contributions toward finding minimum variance quadratic unbiased estima-
tors of variance components. This was followed by the work on minimum vari-
ance estimation by LaMotte (1970,1971,1973a,b,1976) and the papers on minimum-
norm quadratic unbiased equation (MINQUE) by C.R. Rao (1970,1971,a,b,1972).

MINQUE gives estimators that are unbiased, but the minimality property applies

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



only to the a priori values used for the variance components. Iterative use of
MINQUE, using the successive solutions as a priori values until convergence is
reached, is called I-MINQUE, whose solution is the same as that of REML (Hocking
and Kutner, 1975), and are normally distributed under large sample theory (Brown,
1976). Indeed, the MINQUE solution for the initial set of a priori values is equiv-
alent to the first round iterate from REML. For this reason, MINQUE is not often
recommended as practical means of estimating variance components. A comprehen-
sive treatment of the subject of MINQUE can be found in the book by Rao and
Kleffe (1988).

Hill (1965,1967) dealt with estimation of variance components using Bayesian prin-
ciples for the balanced 1-way random effects model. Several other similar works are
reviewed in Khuri and Sahai (1985 pp. 283-284). Searle, Cassella and McCulloch
(1992, Ch.9) also address this topic.

Several papers have been offered that compare the various procedures available for
unbalanced data, for example Townsend and Searle (1971), Corbeile and Searle
(1976), Swallow and Monahan (1984) and Li and Kotz (1978). In general, the
recommended methodology is ML or REML. REML is often preferred for several
reasons, one in particular being that it accounts for the “loss in degrees of freedom”
attributable to estimating the fixed effects. Publications such as Harville (1977) and
Searle, Cassella and McCulloch (1992) have brought increased attention to REML.
Also with the introduction of available software, ML and REML are quite often the

method of choice for variance component estimation.
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1.3 Likelihood Based Estimation

Likelihood based estimation procedures have come to the forefront of the proce-
dures available for variance component estimation. Maximum likelihood (ML) and
Restricted maximum likelihood (REML), once computationally prohibitive, have
become fairly routine with modern high speed computers. The optimal properties
of these estimators make them an obvious first choice for many researchers, and is

the reason this class of estimators will remain the focus of this discussion.

Commonly used algorithms for computation of ML/REML estimates include
Newton-Rhaphson (NR), method of scoring (F'S), EM-algorithm (EM) (Dempster,
Laird and Rubin, 1977) and more recently, Derivative free (DF') methods (Smith and
Graser, 1986; Graser, Smith and Tier, 1987) and Average information (Al) methods
(Johnson and Thompson, 1995).

In applications where extremely large data sets are involved, matrix inversion neces-
sary for ML/REML computation can often prove to be difficult or infeasible. Many
techniques are available for reducing the computation necessary for ML/REML
(Harville, 1977; Jenrich and Sampson, 1976; Hemmerle and Hartley, 1973; Lind-
strom and Bates, 1988), nearly all rely on exploiting on some aspect of the structure
of the matrices to be manipulated in order to speed iterations. Matrix inversion and

storage can be particularly costly when dealing large data sets.

1.3.1 The Mixed Linear Model

The mixed linear model is given by

y=Xvy+Zu+e (1.3.1)
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where y is a N x 1 random vector of observable data points; X is the N x p design
matrix corresponding to the fixed effects; ~ is the p x 1 vector of fixed effects
parameters; Z is the N x g design matrix corresponding to the random effects; u is
the g x 1 vector of random effects parameters, and e is the N x 1 random vector of

unobservable random errors.

To denote that a random vector y follows a distribution with a given mean and
covariance, we will write y ~ (.,.). The first argument specifies the mean vector
and the second argument, the covariance matrix. To denote the mean, or expected
value, we will use E(.). To denote variance and covariance, we will use var(.) and

cov(.,.), respectively.

For the above mixed model we will assume that u ~ (0,D), e ~ (0,R) and
cov(u,e) = 0, where D is the ¢ X g covariance matrix for u , and R is the N x N

covariance matrix for the random vector e.

From the above it follows that E(y) = X~ and var(y) = ZDZ'+ R = V. The
covariance matrix V can be considered to be a function of an unobservable parameter
vector ¢ = (¢, da,. .., ¢:), with the ¢;’s (i = 1,...,¢) representing the covariance
parameters that define the structure of the dispersion of the random vector y.

Under the assumption that u and e are multivariate normal, the likelihood function

for the mixed linear model is
L= (2n) ¥V Herp |5y ~ X7)V Ay ~ Xv)| (1.32)

The log-likelihood function is
= —§ [Nlog(2m) +log[V| + (y - X0/ Vi(y - Xv)] . (13.3)

V! can sometimes be difficult to obtain, depending on the size and complexity

of the model. In instances where R™! and D~! are both easier to compute than

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



10

V! the result below, proved by Henderson et al. (1959), may be of assistance in

computation.

VI=R'-R'Z(ZR'Z +D)'Z'R.

1.3.2 First And Second Order Partial Derivatives

The maximum likelihood estimates (MLE’s) are values for the unknown parameters
that maximize the likelihood function. Since the relationship between the likelihood
function and the log-likelihood function is monotonic, the MLE’s can be derived by
maximizing the log-likelihood function. To this end, we will need the first and second
order derivatives of the log-likelihood function (Searle, Cassella & McCulloch(1992),
Sec. 6.3).

The first order partial derivatives for the vector of fixed effects and covariance pa-

rameters are

ol .

o =XV (y - X~) (1.3.4)

al 1 -1 xr—1 -1

a¢i——§[tT(V Vi) —(y - Xy) V7V, Vi(y - Xv)],
i=1,....c (1.3.5)

where V; = STY"

The second order partial derivatives for the vector of fixed effects and covariance

parameters are
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0%l

-1
§F:~XV X (1.3.6)
L _ ~X'VIV,V(y - X¥) (1.3.7)
Oy '
———82[ =w; /2 —(y—-Xy)(VIV.Vviv,v-!
0pi0¢; ! Z
+ VIV VIV, V) (y — X)/2, (1.3.8)
h,y=1,...,¢

where w;; = tr(V-1V,V71V,).

The elements of the information matriz can then be obtained by taking expectation

of the negative second order partial derivatives,

g (-2 _xrvix (1.3.9)
57 ) = 3.
82l |
E (-878@) =0, i=1,...,c (1.3.10)
E(— il )~ 312, Q=1 (1.3.11)
06:04, =wi; /2, 1,3=1,...,c 3.

Except in certain special cases, solving for MLE’s will typically require numerical
computation of the first and second order partial derivatives. If asymptotic vari-
ance estimates are required, the elements of the information matrix will also be
needed. All of these require computing and storing V=1 and V’s at each iteration.
Thus, depending on the size and complexity of the problem, ML estimation can be

computationally expensive.
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1.3.3 Restricted Maximum Likelihood Estimation

Assume that the rank(X) = r. Let K be a non-unique (N — r) x N matrix whose
rows form an orthonormal basis for the orthogonal complement of the column space
of X. Then KX = 0. Also, let X, be a non-unique N X r matrix, whose columns

form a basis for the column space of X. Define the transform z as

K Ky
zZ = X/ V-l y = X/v—ly )

with distribution

N 0 KVK' 0
z X,V7iXy )7\ 0 X(VT'X,

The random variables Ky and X.V~'y are independent random random vectors.

Their respective log-likelihood functions {; and [, are as follows,
1

h=-3 [(N = r)log(2m) — log] KVK'| — yK'(KVK')"'Ky] (1.3.12)
and

[, =— % (N —1)log(2m) — log| X! VX! | —

(y = X))V IX (X, VX)XV (y — X¥)]. (1.3.13)

The likelihood of X/ V~'y depends on both the fixed effects parameters and on
the covariance parameters. The likelihood of Ky depends solely on the covariance
parameters, and sometimes referred to as the REML log-likelihood function. The
values of the covariance parameters that maximize the REML log-likelihood function
are the REML estimates of the covariance parameters. When REML estimates
of the covariance parameters are evaluated, REML estimates for the fixed effects

are determined from the likelihood function of X!V~ly treating the estimated

covariance parameters as known quantities using their REML estimates.
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Now KK’ = Iy_, and K'(KK')7'K = K'K = I — X(X'X)~X/, the projection
matrix on the column space of the orthogonal complement of X. From this, it is

easy to show that
K'(KVK)'K = V™! - VIX(X'VIX)" X'V~ (1.3.14)
Using the following identity from Searle (1979).
loglKVK'| = log| V| + log| X'V X], (1.3.15)

We are now able to write the REML log-likelihood as a function independent of K,

denoted by [, as follows.
lp = —% [((N =1)log(2m) + log|V| + log|X'VIX]| 4+ y'Py], (1.3.16)
where P = K'(KVK')'K.

The derivations of the necessary first and second order partial derivatives given
below, can be found in Searle, Cassella & McCulloch (1992), Sec. 6.6. The first

order partial derivative for the ¢** covariance parameter is

gif = —% (tr(V:P) —y'PV,Py), i=1,...,c (1.3.17)

The second order partial derivative involving the ¢ and j** covariance parameters

18

0*lp 1
= ~tr(V,PV.P) — yPV.PV,
8¢28¢J 27‘( VJ ) yPVzP ]PY7

L,y=1,...,c (1.3.18)

The corresponding element of the information matriz is then
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0?lR 1
El- =——tr(V,;PV,P), ¢73=1,...,c 1.3.19
(~ppa) = -30(VEVIP)L ij=lic  (1319)
As with maximum likelihood, REML estimates must typically be evaluated through
iterative computation. At each iteration V~! and V,;’s must be computed and
stored. Once again, depending on the size and complexity of the problem, compu-

tation could be a formidable task.

1.3.4 Henderson’s Mixed Model Equations

Henderson et al. (1959) developed a set of equations called the mixed model equa-
tions (MME), for which the solutions give simultaneously a best linear unbiased
estimator (BLUE) for X+ and a best linear unbiased predictor (BLUP) for u. The
mixed model equations were derived by maximizing the joint density of y and u for
known D and R. An interesting aspect of the MME is that they can be used to set
up iterative procedures for computing ML, and REML estimates (Henderson (1973);
Graser, Smith and Tier (1987); Gilmour, Thompson and Cullis (1995)).

Henderson’s mixed model equations (MME) are given below.

X'RIX Z'RX v\ _( XRly 1.3.20
ZR?X ZR'Z+D?' J\u) T\ ZR'y /- (1:3:20)
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1.4 Computational Methods for ML/REML: Derivative Based

In this section, we will review a few of the more commonly used algorithms for com-
puting ML/REML estimates that utilize partial derivatives of the likelihood.These
methods typically use an iteration strategy of the following form (Searle, Cassella

and McCulloch, 1992).

. : 1 Ol
gli+1l — gl + 3[1]M[1]_55|0:6m (141)

Here 8 is the estimate of the parameter vector at the i iteration. The scalar s
the value of step size at the 7** iteration. The matrix Ml is the modifier matrix at
the ! iteration and % is the vector of first derivatives of the log-likelihood evaluated

at 1 .
1.4.1 Newton-Raphson

In the Newton-Raphson (NR) algorithm MU is the inverse of the matrix of second
order partial derivatives for the log-likelihood. The scalar s the value of step size at
the s** iteration is usually set at a value of 1. Thus, effort goes into computing and
storing the first and second order derivatives, which requires at each iteration, the
computation and storage of V™!, the V,’s, the partial derivatives of V with respect

to the covariance parameters, and traces of matrices of the form V-1V, V-1V,

NR generally converges in a few iterations; however, the solution may not necessarily
be a global maximum and it is possible to obtain estimates outside the parameter

space. I'inal estimates may also be affected by poor starting values.
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1.4.2 Method of Scoring

Method of Scoring (FS) uses the inverse of the information matrix, I(6ll) for M
and sl = 1. As with Newton-Raphson, effort goes into computing and storing first
order derivatives and the expected values of the second order derivatives at each
iteration, which requires at each iteration, the computation and storage of V!, the
V.’s, the partial derivatives of V with respect to the covariance parameters, and

traces of matrices of the form V-1V, V-1V,

As with Newton-Raphson, method of scoring converges in a few iterations, but is

more robust to poor starting values than Newton-Raphson (Jenrich and Sampson

(1986)).

1.4.3 Average Information REML

Average Information REML (ATREML) is a more recent procedure that was first
proposed by Johnson and Thompson (1995). The algorithm combines observed
and expected information to update estimates. MM is replaced by the inverse of
the average information (AI) matrix, which is obtained by taking the average of
the matrix of second derivatives (observed information) and the information matrix

(expected information).

8%y g
Al(¢i, ¢j) = % [aqs,-aqu + B (_ a?sfa@-)] (1.4.2)
= y'PV.PV,Py, ij=1,....c

The steps for AIREML are the following.
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step 0 Decide on starting values for the elements of ¢.

step 1 Solve the mixed model equations (MME) to get estimates of ¢ and ~.

Store the residuals e = Py.
step 2 Solve the MME replacing y with [V;Py, 1 =1,...,¢|.

step 3 Compute the Al matrix and the elements of the inverse of the coeflicient

matrix necessary for computing ?9[7’;

step 4 Update estimate of ¢.

step 5 Check for convergence. Repeat steps 1 through 5 until a solution has

been reached.

As with Newton-Raphson and Fisher-Scoring algorithms, computation and storage
of V71, the V,’s, the partial derivatives of V with respect to the covariance pa-
rameters. However, the use of average information matrix eliminates the need for
evaluating the traces of matrices of the form V™'V, V~1V,. The algorithm involves
more steps per iteration but like Newton-Raphson and Fisher-Scoring, it generally

converges in a few iterations.

1.5 Computational Methods for ML/REML: Non-Derivative Based

In this section, we will review a few of the algorithms for computing ML/REML

estimates that do not require the direct computation of derivatives.
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1.5.1 ML/REML Estimates from Mixed Model Equations

Henderson (1973) gives an algorithm using solutions the MME given below, for

setting up an iterative procedure for computing ML and REML estimates.

X'R'X Z'R'X v\ _ [ XRly (15.)
ZR'X ZR'Z+D' J{u ) T\ ZRy i

Here ¢ represents the vector of variance components parameters. Z; is the compo-

nent of Z corresponding to the ;% random effect, u;, with ¢; levels.

1

gl = (ﬁ.[m]’ﬁi[ml + ¢£.’”]tr(T;;.)) Jgii=1,...,c—1. (1.5.2)

Pl = y/(y — X4 — Zam) /N (1.5.3)

where T7; is the lower diagonal element of (I + Z'R™'ZD)~! that corresponds to
u;. Starting with an initial estimate for parameter vector ¢[o] and iterating until

convergence yields the maximum likelihood estimate for ¢.

The corresponding equations for REML estimation are

i

A (ﬁ[mJ’ﬁgml + qbgm]tr(Tn’D Jgii=1,...,c—1. (1.5.4)

Pt = 'y — XA _ Zam /(N - ), (1.5.5)

where T;; is the lower diagonal element of (I + Z’SZD)~! that corresponds to u;, and
S=R!-RIX(X'R!X)"X'R~!. REML estimate of ¢ is obtained as above.

For both ML and REML estimation, for each iteration R™! must be stored and
computed as well as the inverse of a ¢ X ¢ matrix before computing the trace of T;;

*
or T7,.
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1.5.2 EM Algorithm

The expectation-mazimization (EM) algorithm obtains maximum likelihood estima-
tors by alternating between computing conditional expected values and maximizing

the likelihood function.

Again, take ¢ to be a vector of variance components parameters and Z;, u; and ¢; as
defined previously. Consider the entire data set to be the observed y together with
the unobservable random vector u . For the augmented data [ z :l, the maximum

likelihood estimators under normality are
&-:u{ui/qi, izl,...,c. (156)

From which

X4 = X(X'X)" X/ (y - iZu) (1.5.7)

Starting with initial estimates for the parameters, we first compute the conditional
expected values of the sufficient statistics of the complete data, uju;, given the
incomplete, data y (expectation). The conditional expected values computed are
then used in place of the sufficient statistics to obtain improved estimates of the
parameters (representing MLE’s for the complete data) (maximization). The new
parameter estimates can then be used to compute new conditional expectations.

This procedure is repeated until convergence.

For ML the steps for EM algorithm are the following.

step 0 Decide on starting values for the parameters, v and ¢, Set m=0.
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step 1 (E-step) compute conditional means

= ¢ "y — XA (V)T ZZ((VI) T (y - Xy
s = By — S Zowily) |y gim ]
Xy 4 g (V) Hy = Xv7)
step 2 (M-step) Maximize the likelihood of the complete data.
[m+1]  _ g[m], _
b = bl 1=1e (1.5.10)

XA+l = X(X/X) X5

[m+1]

step 3 If convergence is reached, set (,75 = ¢ and 4 = 'y[m+1]. Otherwise

increase m by 1 and return to step 1.
EM for REML uses same arguments, in which case the complete data is the vector

]

For variance components, EM will always generate estimates that are within the
parameter space. While the steps for EM are relatively simple, the algorithm is
generally slow to converge and effort goes into computing and storing V! for each

iteration (the E-step).

1.5.3 Derivative Free REML (DFREML)

The derivative free (DF) algorithm described by Graser, Smith and Tier (1987) finds
REML estimates of the elements ¢ by doing a direct search over the log-likelihood

surface.
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To compute the log-likelihood DFREML uses the following form of the REML log-

likelihood equation.

Ir = —log|C| + log|R| + log|D| + y'Py (1.5.11)

where C is the coefficient matrix from the MME.

The difficult parts of the log-likelihood to calculate are log|C| and y’'Py. Assem-
bling C requires computing and storing R™ and D~! and computing P requires
computing and sorting V~!. Algorithms implemented for DFREML achieve these

computations by solving the following augmented MME.

X'R-1X ZR-'X X'R-ly 1
ZR'X ZRZ+D ZRYy | =( . WERY 59
yR'W yR™ 'y
y/R-—1X y’R”l Z y’R_ly
where W = [X:Z].

Gaussian elimination automatically produces a known multiple of y'Py. The sum
of the log of the non-zero pivots (using the same ordering in each evaluation) gives

log|C]|.

DFREML works well for models with small number of covariance parameters. For

multiple trait analyses the method may converge slowly.

Boldman and Van Vleck (1991) used subroutines in SPARSPAK to substantially de-
crease the time to calculate the log-likelihood. SPARSPAK (George et al.,1980; Chu

et al.,1984)) is based on Cholesky factorization rather than Gaussian elimination.

DF solution has half the accuracy in significant digits of the likelihood function being
maximized (Press, Flannery, Teukolsky and Veterling, 1989). As the the number of

variance components in the model increases, the accuracy is likely to decrease.
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1.6 Summary

For small to moderate sized data sets NR and FS are preferred because of quick con-
vergence and variance estimates are generated. For larger scale problems DFREML
has become popular because of its computational feasibility. Gilmour, Thompson
and Cullis (1995) report that computational requirements are similar for EM and
AT and three times that for DF. They also report that convergence in Al appears
to be similar to F'S. Convergence for Al is faster than for both EM and DF. This
makes for a good case for using Al as a computing strategy for likelihood based

estimation.

For all of the algorithms discussed, the size and complexity of the problem may
pose a formidable task with respect to computation and storage of large matrices.
In cases where the expense of computation and storage is too great, alternative
methods of variance component estimation must be used. One such procedure is
Method R (MR) Reverter et al.(1994b). The MR procedure for variance component
estimation uses an iterative strategy that is based on a simple linear regression of
estimates for the random effects for all the data on estimates of the random effects
from part of the data. At each iteration of MR, the empirical BLUP’s (EBLUP’s)
for all the data and for a subset of the data are computed. This requires solving
the MME, which is a system of p+q equations. D! and R™! must be computed.
The MME can then be solved by using a linear solver to obtain the EBLUP’s. This
circumvents the need to compute and store the inverse of the coefficient matrix.
MR does not provide ML, or REML estimates of the covariance parameters; however,
situations such as in some applications in animal breeding, the number of covariance
parameters ¢ and value of ¢ can be quite large. It is not unusual for these data sets
to be so large that algorithms for computing ML/REML estimates, such as those

in Sections 1.4 and 1.5, become infeasible. In these instances, the MR procedure
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offers a means of computing reasonable estimates of the covariance parameters. To
date, the properties of estimators derived from the MR procedure are still unclear.
In the following chapters we will attempt to shed additional light on some of the

characteristics of the MR procedure.
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Chapter 2

METHOD R PROCEDURE

2.1 Introduction

Method-R (MR) is an iterative procedure for estimating variance components in
mixed linear models. The algorithm is based on a simple linear regression of ran-
dom effect estimates from all the data on random effect estimates from part of the
data. The estimates of the random effects are empirical best linear unbiased predic-
tors (EBLUP’s) obtained by solving Henderson’s mixed model equations (MME).
The procedure was first proposed by Reverter (1994b) as a technique for estimating
heritability for the single trait animal model. What makes MR attractive is the
simplicity of it’s implementation, but more importantly, the feasibility of it’s com-
putation in contrast to maximum likelihood estimation procedures and other more
traditional variance component estimation procedures when extremely large data

sets are involved.

In this chapter the MR procedure for estimating variance components is defined
formally for the univariate mixed linear model. The procedure is derived from the
result that the covariance between BLUP’s from all the data (whole sample BLUP’s)
and the covariance of the BLUP’s from a subset of the data (sub-sample BLUP’s)
are equal. It will also be established that the MR procedure can also be defined

from the simple regression through the origin of whole sample BLUP’s on sub-
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sample BLUP’s. An outline of an algorithm to compute MR estimates of variance

components is presented toward the end of the chapter.

2.2 The Mixed Linear Model

Consider the mixed linear model given below.

y=Xvy+Zu+e, (2.2.1)

where y 1s a N x 1 random vector of observable data points; X is the N x p design
matrix corresponding to the fixed effects; =y is the p x 1 vector of fixed effects
parameters; Z is the N X ¢ design matrix corresponding to the random effects; u
is the ¢ x 1 vector of random effects parameters and e is the N x 1 random vector
of unobservable random errors. Assume that u ~ (0,D) and is independent of
e ~ (0,R), where D is the ¢ x ¢ covariance matrix for u , and R is the N x N
covariance matrix for the random vector e. The covariance matrices D and R are
typically functions of a small number of covariance parameters. The the covariance

matrix for y is then,
var(y) =V =ZDZ' + R. (2.2.2)

Assuming that D and R are non-singular matrices, Henderson’s mixed model equa-

tions (MME), Henderson (1950), can be written as,

(2.2.3)

X'R!X X'RZ ~]1  [XRly
ZR'X ZRIZ+D'||u| T | ZRy |’

As mentioned in Chapter 1, in instances where D=1 and R™! are less costly to obtain

than V=1, the following result due to Henderson et al.(1959) can be helpful.

V!'=R'-RZ(ZR'Z+D ) 'ZR. (2.2.4)
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From Christensen (1987), theorem 12.3.1, for known D and R, if [ z } is a solution
to the mixed model equations, then X4 is a BLUFE of X+, and 0 is a BLUP of u.
Solving the MME, the BLUFE of ~ is given by

A =XV X)XV ly, (2.2.5)

and the BLUP of u is

i =DZ/(I— (X'VIX)"X'V1y. (2.2.6)

In practice, the covariance matrices D and R are typically unknown. Replacing the
true covariance matrices with estimated covariance matrices in the above equations,
gives an estimator for X+ that is not a BLUFE but an empirical best linear unbiased
estimator (EBLUE), and a predictor for u that is not a BLUP but an empirical
best linear unbiased predictor (EBLUP). We will denote these estimators as [ ‘:)’ ] )

Q
where the estimator of D and R used will be made clear from the context.

2.8 Definition of Method R

Let i be the BLU P for u based on all the data,y, denoted by BLU P(uly). Similary,
for a sub-sample of the data, y,, of dimension M(M < N), let @ be the BLUP for
u based on y;, denoted by BLU P(uly).

The MR procedure relies on the the result from the following theorem from Reverter
(1994a), included here for completeness. The proof is essentially that presented by
Reverter (1994b), with minor corrections in notation, and adjusted for the univariate

case. The theorem for the multivariate case will be presented in Chapter 6.
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Theorem 2.1 Let G be the BLUP for u using all the data, and let @ be the BLUP

for u from a subset of the data. Then the following holds,
cov(,0) = var(d).

Proof. lLet y be the entire N x 1 observable random vector of responses and u
the ¢ x 1 unobservable vector of random effects. Then without loss in generality,
the elements of y can be re-ordered and written as a partition, y = [ z; ], with
y1 an M x 1 random vector, and y; an (N — M) x 1 random vector. Let & =
BLUP(uly) and let @t = BLUP(uly1). Let matrices X and Z represent the design
matrices corresponding to fixed and random effects, respectively, for the re-ordered
data vector. Also, let the matrices D, R and V represent the covariance matrices
corresponding to the re-ordered random vectors u, e and y, respectively. Then the

mean and variance of [ 31’ ] are

- () Lo D)

Let C = cov(y,u) = ZD. Then with respect to the partition on y,

C:[Cl}:{cov(yl,u)]'

Cg cov(yz,u)
Y1
Then the mean and variance of | y, | are
u
Y1 X1y Vi1 Vi G
Y2 | ~ X7y |, Va1 Vi G, )
u 0 Cc, C, D
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where V;;’s are the resulting partition on V for the re-ordered data vector, y.
From Schott (1997) theorem 4.3, there exists a triangular N X N matrix T having
non-negative diagonal elements, such that, V = T'T'. Further, since V is a positive
definite matrix, T is unique with positive diagonal elements. Then T can be written

with respect to the partition on y as

Ty O
T= .
[ T2 To2 ]

Let z = T~'y. Then the model for the transform z is
z =T 'X~vy+T 'Zu+ T e

The partition on z corresponding to that of y is

7 = Z1 | _ Tt 0 - yi |
Zo T2 Ta2 y2
Let W = T71X with partition
wo[ W] [T 0 7%,
W, T2 Ta X,

and let B = cov(z,u) = T7'ZD with partition

s (R )- [y ][5 )8

Z
Then the mean and variance of | zy | is
u
VAl Wl‘)’ Im 0 B1
Zz | ~ Wovy |, 0 Iy_» B:
u 0 B, B, D
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Since i = BLUP(uly) = BLUP(u|z), solving the MME for u with respect to the

transformed data vector z gives

& = D(T'Z)(L, — W(W'W)- Wz
= D(BD (L, — W(W'W) Wz 2.5.1)
= B(L, - W(W'W) W)z i
B'P
where
P = Iy- WWW) W
_ L, — W;(W{W,;)"W/ —Wl(W’1W2)-W'2
—WQ(W’2W1)‘W’1 IN—-m — W2(W/1W2)_W/2 (232)
_ [ Pu Py
P21 P22

Similarly, if we let &t = BLUP(ulyy) = BLUP(u|z;), solving the MME for u with

respect to z; gives

u = (( m ) )(Im = Wi (Wi W)~ W)z,

= D((I. (L — Wi(WIW, )W)z,

_ ( ) — WL (W, W)W )z, (2.3.3)

= W1 W/ Wl) W’ 1)21

= B 1P1121

Therefore
var(ﬁ) = B,1P11VGT(Z1)P11B1

= B’]PIIImPHBl (234)
- B/1P11B17

since Py, is symmetric and idempotent, and
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cov(i,u) = B'Pcov(z,z,)P11B:
== BIP < (:g >P11B1
PPy (2.3.5)
= B B
P21P11> 1
Py

== B/ )Bl

0

Since Py belongs to the row space of Wy, and Py; is the projection matrix onto

the null space of Wy, it follows that Py Py; = 0. Therefore

Il

B’ P;;B;

= wvar(Q).

cov(l1, )

(2.3.6)

The above theorem will now be used to derive the condition on which MR estimation

is defined.

From Theorem 2.1 it follows that
trlcov(, 0)] = trvar(d)]

q q
= _Elcov(&i,&i) = Zlvar(fu).
= 1=

Since F(4;) = E(4;) =0, it follows that

(2.3.7)
In matrix notation,

E(&'1) = B(i'). (2.3.8)
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Also note that if D! is used as a weighting matrix, with elements d;;, for 7,7 =

1,...,9. Then

q
E(@D1) = E ( 3 a@-dijaj)

7,j=1
q q
= FE (Z udu) +E (Z aid,-jaj>
i=1 i£]

q q
=1

1]
q q
i=1 i#j
= E(i’'D™'a) (2.3.9)
In the case that D = Ac?Z, equation 2.3.9 reduces to the identity in Reverter (1994a),
E(0'A~14) = E(W'A71q).

The identity in equation 2.3.7 is the motivation for the following definition of MR.
The MR estimates for the covariance parameters are defined to be the values of
the covariance parameters for which the EBLUPs, & and fi, satisfy the following

equality.

DM =4 D4, (2.3.10)
where D is estimate of D generated from the estimates of the covariance parameters.
Alternatively, MR can be defined through the regression function @ on 1. Using the

general result for linear models from Rao (1973) section 8a.2, the regression function

derived from the conditional expectation of 0 given 1 for fixed D and R is,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



32

E(G]d) = FE(Q)+ cov(d, t)var(d)~ (4 — £(1Q))

= BP;B:(B1P;B) 0
(P11B1)'[(P1:B1) (P11 By)] " (P11B1)'z: (2.3.11)
(P11B1)/Z1

= u.

Thus the regression function for @ on @ is the simple linear regression function

through the origin with slope 1, given by,
i=1+e, (2.3.12)

where ¢ is a ¢ X 1 random vector with € ~ (0,var(ii|Q)). We will denote the slope
of the regression function by Baz = 1. If D and R are estimated, the least squares

estimator for the slope of the regression of {i on fi, denoted by /Bﬁlﬁ is

Bijy = ot (2.3.13)
Thus, an alternate definition for MR is the following. The MR estimates of the

covariance parameters are defined to be the values for the covariance parameters for

A

which 3;; = 1.

Ml

In Chapter 6, the two approaches to defining MR estimates of the covariance pa-
rameters for the bivariate mixed linear model will be presented, and the question of

their equivalence will be addressed.

2.4 Computing Method-R Estimates

The single trait animal model used by Reverter (1994b) will be used to describe the
steps in the algorithm for MR. Let D = Ao? where A is a known g x ¢ matrix. A is

commonly referred to as the “relationship matrix”. The elements of A describe the
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genetic relationships among the ¢ random effect components (for example, sires or

individual animals). Here we will assume that R = Iyo?. The MME for this model

are

X'X X'Z vl [ XYy
ZXZ(AA*—#WZ)] [u} “‘[zsr}’ (2.4.1)

where A = ¢2/a2. One parameter of interest for this model is the proportion of total

variation for the trait (y) that is inherited, denoted by

o2 1
f = ¢ = . 2.4.2
P Rl | (242)

The parameter 0 is referred to as heritability in genetic prediction models. In more

general mixed linear models @ is known as the intraclass correlation coefficient.

What follows is a description of the steps required for computing a MR estimate of
¢ based on a single random sub-sample of the data (Reverter, 1994a), denoted by
Orr. The iterative procedure uses a simple bisection of the parameter space of 8,

the interval (0,1). An outline of the steps is included at the end of this section.

STEP 1: Let (¢,d) denote the interval to be bisected. Set the initial interval to
be, (¢®,d®) = (0,1). The initial value for 8, denoted by (), is set at 6(©) =
éo—)%& = .5. The inverse of the relationship matrix A is computed. A is typically a
sparse matrix and may be large depending on the order of the problem (number of

individual animals). An Algorithm has been developed for the efficient computation

of A~! (Henderson (1975); Quaas (1975)) and need only be computed one time.

STEP 2: The MME for the whole and sub-sample data are built using the current
value of 0 for iteration j, 8). Solutions for @i and @ are obtained ( which we will

now refer to as @ and 1 for the remaining discussion of the algorithm) for notational
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simplicity. For large data sets this can be done efficiently by solving the linear system
of equations using a Gauss-Siedel algorithm or some similar algorithm for solving
a linear system of equations that does not require computation or storage of the
inverse of the coefficient matrix. In contrast, many of the more traditional methods
reviewed in Chapter 1 require computation and storage of inverses for potentially

large matrices at each iteration.

STEP 3: The slope for the simple linear regression of i on @ without intercept is

computed. For the MR solution, we want the #-value that satisfies
E(0'A7'0) = E(W'A™'d).

Replacing the above by empirical moments, the MR estimate of § must satisfy
GO ATG0 = GO AT GO,

ie. ﬁflj‘é =1.If B‘(ﬁi # 1, then 6 is either over-estimated or under-estimated. If
,3:(1% > 1 then

AU AW > gW AT G0 (2.4.3)
which implies that 6 is under-estimated. If 31(1],33 < 1 then

A A1GD < g0 A-LGE) (2.4.4)

which implies that 6 is over-estimated. The above is well established for the one-way
random effects model in Chapter 3. Models with covariances carrying properties sim-
ilar to that of the one-way random effects model, also satisfy the above inequalities

for the same reasons as the one-way model.

STEP 4: The next estimate of 8, 8U*+1) is adjusted according to whether 8 was over-

estimated or under-estimated using the bisection method. If § was under-estimated,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



35

(VD) di+D) = <c(]) + 9(1)790‘)) .

’ (2.4.5)

If 0 was over-estimated,
(c(j+1)’ d(j+1)) = <9(J’), '9___(]) ; dm) ) (2.4.6)

Steps 2 through 4 are iterated until the desired precision, &, for computing Orir is

achieved, i.e. when |§\0) — fyp| < ¢ is satisfied.

The following is an outline of the steps described above.

Outline For Computing a MR Estimate From a Single Sub-Sample

1. Choose a starting values for 6, 8. Use initial end points, (c(o),d(a)) = (0,1).

Compute AL,

2. Compute EBLUPS 4% and @) by solving the MME for 8 = 1) at the jt

1teration.

. 505 AU A-150
3. Compute the regression slope ﬁl(flg.l = 28—,2‘:—;%%

- if ﬂAl(lljlz'l > 1 then 0 was under-estimated. i.e. 80 < dy5.

- if Bl(jz‘l < 1 then 6 was over-estimated. i.e. ) > éMR.
4. Update estimate of 6 using bisection algorithm.

- if # was under-estimated, (c(j“),d(j“)) = (g(j)_;&(ﬂ;)’g(j)).

- if 0 was over-estimated, (clt), dU+1)) = (Q(j), &;d@).

Iterate steps 2 through 4 until until |é(j) — éMR| < €, where ¢ is the desired

level of precision.
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Chapter 3

METHOD R ESTIMATION FOR THE ONE-WAY RANDOM
EFFECTS MODEL

3.1 Introduction

To better understand the properties of MR estimator, we will examine the one-way
balanced random effects model in some detail. The simplicity of this model allows
for convenient comparison of the MR estimator to the ML and REML estimators.
In particular, we will focus on estimating the intraclass correlation coefficient, § =

o2/(a? + o2), referred to as heritability in genetic prediction models.

The vectors for the whole-sample and sub-sample BLUP’s for the one-way balanced
random effects model are each factored into two parts. One part consisting of
insufficient statistics depending only on the data, the second part, a function of the
unknown variance components. Regressing the vector of whole-sample insufficient
statistics on the vector of sub-sample insufficient statistics, we are able to show that
the least squares estimator of the slope is a conditional MLE, given the sub-sample
group means. In addition, since # can be expressed as a function of the expected
value of the slope of the regression function for the insufficient statistics, the MR
estimator of # can be derived from the least squares estimator of the slope, and
by the invariance property of MLE’s, is also a conditional MLE of 6, given the

sub-sample group means.
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From the unconditional distribution of the estimator of the slope of the regression
function of the insufficient statistics, we derive the unconditional distribution of the

MR estimator of 0, dpr, and show it is median unbiased.

Finally, for the unbalanced one-way random effects model, it is established via
counter-example, that the MR, estimator of # is not a conditional MLE, given the

sub-sample group means.

3.2 The Balanced One-Way Random Effects Model

In this section we begin by presenting the balanced one-way random effects model.
The MME are constructed and solved to obtain expressions for the BLUP’s for the
random effects vector. We then introduce notation for defining the corresponding
BLUP’s for a 100p% random sub-sample, obtained by taking random proportion, p,

of the data in each group.

The balanced one-way random effects model is given by
Vg =pF+uite;, t=1,....k j=1,...,n (3.2.1)

For the above linear model, the fixed effects parameter is the scalar, x4, and the
design matrix is given by, X = 1y, where N = kn. The random effects vector, u,
has corresponding design matrix Z = I ® 1,. The covariance matrices for u and
e are D =I;0? and R = Iyo?, respectively, with u; ~ N(0,02), independent of

62']‘ ~ ]V(0,0'z).

3.2.1 MME for the Balanced One-Way Random Effects Model
The MME for the balanced one-way random effects model are

L [XX X'z ]l 1 [XYy
o Z'X (n-i—)\)lk u —0'3 Z/y ’
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which simplify to
ko nlly g1y
[ nly (n+ M ] [ u ] - { yi ] J (3.2.2)

where A = 02/02, y. = Ef:l E?zl yi; and yi. is a k x 1 vector of group totals with

rthelement vy, = dicy Yy for m=1,... k.

From row 1 of the MME :

k
kng +n E U = Y. (3.2.3)
1=1
From the ** row of the MME:
np+m+Nu =y, 1=2,...,k+1. (3.2.4)

Summing rows 2 through k£ + 1 of the MME gives

k
knp + (n+ ) Z U =y (3.2.5)

=1

Subtracting equation (3.2.3) from (3.2.5) we obtain the following.

k
)\Zu, = O,
=1

which implies that the BLUE for y is

=
Il
|

Substituting /i for p in equation (3.2.4) and solving for u; we get,

. Yi. — nfL n _ _ .
;= = - , =1,...,k. 2.
“ n-+ A (n—}— /\> . -7.) ¢ k (3.2.6)

In matrix notation, the BLUP of u is
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39

n 1 1
—Z'y — —1;1]
n—l—A(n Y nkkNy>
1

1
(hot - fue)y

1 1
[(Ik — EJk) & 1;} y.

(3.2.7)

Let Pgyr = (I — %), and By = P ® 17, Then G = ﬁBy. We now define

the k x 1 vector of insufficient statistics of group mean deviations from the overall

mean as

v = By.

3.2.2 100 p % Sub-sampling per group

(3.2.8)

Suppose m observations are randomly sampled from each group of size n. Let the

resulting sampled response vector be y*.

r T

Y1

Yim

Yk

Ykm

Here y;;’s are relabeled for convenience, so that y* contains the first m responses in

each group. Then the BLUP of u given y* can be written as
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Define the matrix as G = I, ® L Omx (n—m)

O(n—m) Xm O(n—m)x(n—m)

Then ) )
Y1
Yim
On—m
Y.~ %y*
GYNXI = = BGy - 5
Yk — %yk
Ykt
Ykm
L On—m

where B is defined as above. The sub-sample BLU P for u can be written in terms of
the whole data vector y as &1 = m;HBGy. Analogously, we can define the statistic

Vix1 for the sub-sample as

(3.2.9)

<2
ll
s
9]
=

3.3 Regression of the whole sample insufficient statistics, v, on the sub-
sample insufficient statistics, Vv

In this section we will derive the regression function of ¥ on V. We begin with

deriving the joint distribution of ¥ and V. The regression function is then derived

from the conditional distribution of ¥ given v.

3.3.1 Joint distribution of v and v

The joint distribution of ¥ and v is

) e o RSE )]

VRN
< <

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



41

Evaluating the elements of the the above covariance, we have the following.

BV = (Po1))[(l@d A" + (Lo L)’
= AP R1L)+ (P oL
= (A1 + 1) (P®1))o?

BVB' = (nA7'+1)(P®1,)(P®1,)
= n(nA7! 4+ 1)Ps?
/ I, O
BG = (P®1) {Ik@)( 0 0 )]
= (Po1),
where 1% = (17| 0—rm))-

BV(BG)

Il

AT+ D)(PR 1P Q1L))o?
= m(nA~! +1)Po?

(BG)V = P1)[(LeJ)A" + (1 & L,)]0?
mA T (P®1;)+ (P®1;)]0?
(mA™'+ DH)(P® 1;/)062

Il

(BG)V(BG) = (mA '+ 1)(PQ1)(P@1:)s?
m(mA~! +1)Po?

Il

Using the above results, we can express the covariance of v and v as

cov(V,V)

[ n(nA=! + 1) m(nA=t+1)

m(nA™ +1) m(mA~! 4 1) ] ® Po;. (3.3.1)

3.3.2 Conditional distribution of ¥ given v

Using the general result for linear models from Rao (1973) Section 8a.2, the condi-

tional expectation of ¥ given V is

E(¥V|V) = (E(\Z);— cov(l\;,PV) ()v(ar(f/)()_)(\{f - Z‘igi’/)%? |
m(nA™ + DPo?) (m Y (mA™ + 1)"I1P- 0 8 v
AL 4 1)1 (3.3.2)

I
8
>
L
-+
—
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and the conditional variance of ¥ given Vv is

var(V | V) = wvar(V) — cov(¥,¥) (var(v))” cov(v,V)

[n(rA™r + 1) — m2(rA~ 4+ 1)2m~ Y (mA™t + 1)1 Po?

(A7 4+ D[n — m(rA™ + 1)(mA™ 4+ 1)7'|Po? (3.3.3)
(AL 4+ D(mA™ + D7 mnd ™t + 0 — mrA™t — m|Po? M
(AL + D)(mAt + 1) n — m)Po?

= ”:AA( m)Po?.

I

Thus, the conditional distribution of ¥ given V is

A A
V|V~ N <;i)\9,:@1)\(n—m)Paz) )

and the linear regression function of ¥ on Vv is
V=0V + ey, (3.3.4)

where 4 =

~ N (0, j_’}\( — m)Po?).

Let g% = 2+

2 (n— m)o? and Ygjy = o’P. Then the weighted least squares estimator
of ,8;,[{, is

-1

Bopg = (vzv,v) ¥y
= (WP 0%

awV
'PY),
since P is a projection onto the space orthogonal to 15, VPV = V'V and v'PV = v'V.

It then follows that,

<
<>

Bofe = (3.3.5)

<t
&

Thus, the weighted least squares estimator and the ordinary least squares estimator

of B are identical.

Note that as a result of P being a singular matrix, the conditional likelihood function
for ¥ | ¥ does not exist. Since P is symmetric idempotent, from Graybill(1976)

Theorem 1.2.50, there exists an orthogonal k£ x k matrix C such that P = CDC/,
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where D is the diagonal matrix of eigenvalues for P, i.e. Dyxx = Diag(1s-1,0),
from Graybill(1976) Theorem 1.7.2. Let Cf,_,,,, matrix resulting from deleting the
last row of C. Applying C* as a linear transform on v, the conditional distribution
of C*¥ is Ny_y (BC*¥,0%I;_,), since 02C*PC* = o2C*C'DCC* = 0I;_;. The
corresponding least squares estimator of 3 based on the regression of C*V on C*v

is

(C¥)(C) _ ¥C e
(C*V)(C*¥)  ¥'C¥C*v
VAR
Ty T

since C*C* = P and PV = ¥. Under the assumption that C*éqy is multivariate
normal, it follows from Result 7.4 in Johnson and Wichern (1992) that ,5’\”;, is
the MLE for 3 based on the whole and sub-sample insufficient statistics. Further,
B ~ N(3,0%(¥'%)7") and is independent of the MLE of o2,

6% = (C*&q) (C*égpe)/(k — 1)
_ ég]\-,C*'C*éﬂ;,/(k —1)
= &yePee/(k - 1)

= &lope/(k - 1),

where &g = V — ,é';,qu/. Also, recall that v = (P ® 1)y = kPy, where ¥ is the
vector of whole-sample group means. Therefore kC*V = kC*Py. The matrix kC*P
has full row rank, equal to the dimension of the error space for the design matrix of
the fixed effects , X = 1. Thus, from Section 1.3.3, BA;,F, is the conditional REML

estimator for B3, based on the whole and sub-sample group means.

It should be noted that since o2 is a function of 8 and o2, an estimator for o2 is

r2 &’
g. =

’ (n— m)/;)ﬂv'
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It follows from the invariance property of MLE’s that the above expression gives a
conditional MLE for o2, only if B{,IV > 0. Otherwise, 62 falls outside its parameter
space. As our main parameter of interest is 6, the problem of dealing with MR
estimates outside the parameter space will be addressed with respect to estimating

¢ in the following section.

3.4 Method R estimator for 8

In this section we a derive the MR estimator for 8 from /é\“,l",, the MR estimator for
3. Further, the MR estimator é, for 0, is shown to be a conditional MLE given the

sub-sample groups means.

Recall that the parameter § = o2/(0? + ¢2), which can be written in terms of

22
A =o?/o} as,

1
= —r. A.
T (3.4.1)
I'rom Section 3.3.2, 8 = (n + A)/(m + A). Thus, A as a function of 3 is
n —mf
A= : A.
51 (3.4.2)
Substituting for A in equation 3.4.2 into equation 3.4.1, 0 as a function of 3 is given
by
n—mfB\
=11
(1+527)
__ b=l
- B—14+n-—mp
-1
= . 3.4.3
(i 1)~ (m—1)p (343
Note: Since 02 = o2/\, a MLE of o? is available as a result of the invariance
property of MLE’s. This estimator has similar problems to that for o* mentioned
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at the end of Section 3.3, and for the same reason stated above, a resolution is

addressed with respect to estimation of 0.

From equation 3.4.3, the MR estimator for # can be obtained by replacing 8 by
it’s MR estimator, /é‘"/l‘"" Figure 3.1 illustrates the functional relationship between 6
and 3 from equation 3.4.3. From figure 3.1, we see that if § is outside the interval
(1,n/m), 0 is outside it’s parameter space, (0,1). While replacing 5 in equation
3.4.3 with Bgl{, would seem to be a logical means for estimating 0, the possibility of
B{,’{, falling outside the interval (1,n/m) could pose a problem. One solution would

be to define the MR estimator for 8 in terms of /é\"l\" as follows.

07 B{,IV <1

0 Bojg—1 A

= ) g 1< Pww <n/m (3.4.4)
17 ,BVIV > n/m

Notice that if § were unrestricted, by the invariance property of MLE’s, it would
also be a conditional MLE given the insufficient statistics. From equation 3.4.4, it
is not obvious that § would remain a conditional MLE, as the function in 3.4.4 is
not 1 — 1. What follows covers the three situations that could arise. Here L(.) is
the likelihood function for 3, which under the assumption of normality, is unimodal
with maximum at 8 = ﬂA;,W . As a result, we have the following.

1. Bopg <1, then L(Boig) > L(1)>  L(B) = 6 =0is the MLE for .
{8: 1<@<n/m}

2. 1< ﬁqlq < n/m, then 4 = _ Dot is the MLE for 6.

n—l—(m—l)ﬁvw
3. feg > n/m, then  L(B) < L(n/m) < L(By) = 0 =
{8: 1<8<n/m}
1 is the MLE for 6.
Thus, we have established that é, the MR estimator for 8, as defined in expression
3.4.4 is a conditional MLE of 0 | based on the insufficient statistics Vv and V and a

conditional REML estimator of 0, based on the whole and sub-sample group means.
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Figure 3.1: Graph of # versus 8. @ falls outside it’s parameter space, (0,1), when (3
falls outside (1,n/m).

In the following section, we wish to obtain the unconditional sampling distribution
of f. From the unconditional distribution of § we seek a characterization of the MR,
estimator of § over all possible sub-samples. First, the unconditional distribution of
the MR estimator of 3 is obtained. The resulting random variable will be referred

to simply as §.
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3.5 Unconditional Distribution ofﬁ’

Under the assumption of multivariate normality for the regression residuals in Sec-

tion 3.3, the distribution of ng 1s multivariate normal with mean,

Blba) = (35

Vv

= (VV)"WE{F | V)

n+ A

m+ N

=0, (3.5.1)

= (V'¥)7IV'Y,

and variance,

o2, (3.5.2)

Recall from equation 3.3.1, ¥ ~ N(0,m(mA~' + 1)Po?). Let ¢* = m(mA~! + 1)o’.
Let z = ¢7'V. Then z ~ N (0, P). Since P is a symmetric idempotent matrix with

rank = k — 1, it follows (Graybill, theorem 4.7.1 pg. 140) that z'z ~ x%_,. Let

Q = V'V. Then Q ~ ¢*xi_,. Let 0% = 7’:”\ (n — m)o?. Then we can write simply

FyY
that /3\'4‘7 ~ N(B,0%/Q).

For the remaining of this chapter we will refer to the distribution of ﬂA‘—,,;, as the

distribution of B|¥.

Now Bv £ B|lQ ~ N(8,02/Q) . Let 8 = QY3 — B)/o. Then B|Q ~ N(0,1).
Since the conditional distribution of B’ given () does not depend on @), it follows
that & and Q are independent. Therefore unconditionally 3’ ~ N (0,1), from which

we have the following result.
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o Qr-s)e
GQINVET QA VET

= ZVE—1(8—8) ~ tr_s. (3.5.3)

Qe

Let T ~ t;_q, then
g
¢

Thus, the unconditional distribution of B is a scaled central t-distribution with

B~ Z(k—1)"""T 4 8.

k — 1 degrees of freedom, shifted by 3 i.e. £ has a location scale t-distribution, with

location parameter @ and scale parameter ‘;—z(k —1)7", denoted as

B~ iy ([3, ;—z(k — 1)-1> .

The unconditional density of 3 is given by

fo(e) = —\j—g(k 1)1 (g(k _ 1)—1)_1/2 F((Iﬁ/f))ﬂ_) L+ (k(; 1(:1_0;);/)3)2 -
2 ~k/2
-7 () s [@ S 1]
The unconditional mean of 3 is E(8) = 8 and the unconditional variance of § is
var(f) = ;—j(k - 1)-1(_];%%
= L mie? [ 0ol (359

A(n 4+ A)(n —m)
m(m+ A)?(k—3)

Further, since the distribution for B is unimodal and symmetric about 3, it is both

mean and median unbiased. Let 3.5 denote the median of the sampling distribution
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of @ and 49A.5 denote the median of the sampling distribution of . Then there are

three possible cases to consider.

1. 3s¢€ (1,n/m): in which case there is a 1-1 relationship between B and 6, and

B.S-_—/B = é,5:9.
2. (35 <1:in whichcase 8<1 = 05 =0and §=0.
3. ﬂA.5>n/m: in which case 8 > n/m = OA‘5:1 and 6 = 1.

Thus, it follows from the above arguments that 9.5 — 0. Therefore # is a median
unbiased estimator for §. Also, since the distribution of f is asymmetric in general,

§ will not in general be mean unbiased.

3.6 Unconditional Distribution of 8

The unconditional distribution of # and it’s moments will now be derived from

unconditional distribution of 3. Recall that

0 B<1

A_ ﬁ"_l A

0= F—p—r—ry ,1A< B<n/m
1 ,B>n/m

Therefore the density for 0 in terms of the density of B is

Jolz) = Fy(0) + fo(w) - Loy(x) + Ly(1)
= [l fp(w)du- Io)(w) + iﬁ—f’ 150) - Lon(@) + [y fa(w)Su - Lny(2).

The first and second moments about the origin are ,

Eé(X) =0- Pg(O) + /1 :cfg(:v)(gac +1- Pé(l), (3.6.1)
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and
1
E;(X?) = 0%- P;(0) +/ 22 f;(z)dz + 12 P;(1)
0
Therefore the variance of 8 is
vary(z) = E;(X?) — [By(X)]* (3.6.2)

Figure 3.2 displays the densities for 6 when n = 8 k = 8,20,50 and 0 =
.0588, .5,.9488. Notice that when the true value of 8 is close to 0, the distribu-
tion of 6 is skewed right, with noticeable point mass at g = 0 and small probability
mass at § = 1. When the true value of 8 is 0.5, the distribution of § becomes more
unimodal and less asymmetrical. When the true value of 8 is close to 1, the distri-
bution of 6 is skewed left, with noticeable point mass at =1 and small probability
mass at § = 0. We can also see from figure 3.2 that as the value of k increases, the
point masses at the endpoints of the parameter space are gradually reduced, and

the mean-biasedness is also reduced in all cases.

3.7 Large Sample Properties of 6

In this section we will give attention to the large sample properties of MR for a single
sub-sample. From equation 3.4.3, § can be expressed as a differentiable function of

8. First and second order partial derivatives with respect to 3 are

oy @ _ n—m
R R T e 10
£8) 520 _ 2(n —m)(m —1) . (3.7.2)

"9 [(n-1)—(m-1)FP

From Serfling (1980), Taylor’s theorem is as follows.
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)

theta_hat]

1

f(theta_hat)
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Densities for 6 forn =8

Figure 3.2
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Theorem 3.1 Let the function f have finite nth derivative ™ everywhere in the
open interval (a,b) and (n-1)th f™=Y continuous in the closed interval [a,b]. Let
z € [a,b]. For each point y € [a,b], y # =z, there exists a point z interior to the

interval joining © and y such that

Applying Theorem 3.1, an approximation for the large sample mean for 6 will now

be derived.

E(6) = EIf(D))

A

5 var(f)

= fIEP)+ — F'E®)]
_ 1 Aln+A)(n —m) 2(n —m)(m — 1)
2m(m+ A)(k=3) [(n—1) — (m — 1)ﬁ1_§]3 (3.7.3)

An+A)n=m)E(m—-1) (m+2A)?
m(m + A\)%(k —3) (n—m)3(1 4 )3

An 4+ X)(m + M) (m—1)

m(n —m)(1+ A)3(k—3)

=0+

Once again, applying Taylor’s theorem, an approximation for the large sample vari-

ance for 8 is

~

var(9) = var[f(B)]

= var(8)f'[E(B))”
_ An 4+ A)(n—=m) (n —m)?
m(m + A2k —=3) [(n — 1) — (m — 1)2£4]" (3.7.4)

_ Aln + A)(n — m)3 (m+ A)?
m(m 4+ A)?(k—3) (n —m)4(1 + \)*
A+ A)(m + A)?
m(n—m)(14+ A4k —3)
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For m =1 or as k —» oo, the first order bias term in equation 3.7.3 vanishes. For

fixed n and k, the large sample approximation for var(éMR) in equation 3.7.4 is

n\
n+2x°

minimized for m = Also, as A — 0,m — 0, and as A — co,m — n/2.

3.7.1 Asymptotic Relative Efficiency of MR for single sub-sample to
MLE

From from Donner and Koval (1980), the large sample variance for the MLE of 0 is

A 20%(n + \)?
as = . 7.5
vaTasy(Orrrp) nk(1 + N)i(n — 1) (3.7:5)
The ARE of 9MR with respect to éMLE as k — o0 18
ARE 2+ N)? An+N)(m+r2 17
MBMEE = k(14 M)4n — 1) [m(n — m)(1+ \)*(k — 3)
_ 2mA(n + A)(n — m) (3.7.6)

n(n—1)(m+X)?

Figure 3.3 displays ARE as a function of 8 for n = 4,8,20,100 and m = 1,n/2,n —
1. For all of the observed examples, the AREyprmr < 1. This reflects the loss
in information in MR, as a result of only using a single sub-sample of the data.
However, by taking multiple sub-samples we can increase the amount of information
about 9. The mean and the median values of § -values for multiple sub-samples are
natural choices as estimators. These new MR based estimators will be used in

simulations presented in Chapter 4.
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Figure 3.3: Graph of ARE(MR,ML) versus 0, for n = 4,820,100 and m =
L,n/2,n—1.
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3.8 Unbalanced One-Way Random Effects Model
3.8.1 Introduction

In the previous section it was established that for a single sub-sample, the MR
estimator of 6 is a conditional MLE given the sub-sample group means. In this
section, it will be shown through counter example, that this property does not hold

for the unbalanced one-way random effects model.

The model for the unbalanced random effects model is given by
Yy =ptuite;, t=1,...0k J=1,...,n:. (3.8.1)

Reverting to linear algebraic notation, let the response data vector be y. Let design

k
matrix for the fixed effects parameter be X = 1y, where > n;, = N. Let u be the
1=1
k

random effects vector with the design matrix Z = @ 1,,. And let the covariance
i=1

matrices for u and e be, D = I;02 and R = Iyo?, respectively.

Then the MME for the unbalanced one-way random effects model reduced to

. SF n (1, ny - -y 1) } [u] _ % [ y. } (382)

¢l (niymnayeeynp) Ted + diag(ng,ng, ... ng)

42/ 2
where A = ¢2/02,

From row 1 of the MME :

k k
,uzni + anuz =Y.
1=1

=1

From the (7 + 1)** row of the MME:

i+ (ni + )\)lh =y, 1=2,...,k+ 1. (383)
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Summing rows 2 through k£ + 1 of the MME gives

uZn, + Z n; + A)u ZyZ =y.. (3.8.4)

Solving (1.8.3) for u; gives the BLUP of w;, 4; as

LYo ne

Solving for x in (1.8.4) gives the BLUE for u, [ as

~ Y. — j=1 Uy _ n;

Solving for £ in terms of i,’s,

_ E n; ni —
/,)/ y - Zz_]_ ]\;n +Ayl
Sk ni_m
1 Zi:l N ni+X
1 k — k n? —
Y [Zizl nilYs, — 24:1 itA yi.}
1 k ) k n?
:_"=1 n; [Zz:l ng — Zi:l nz—z—k]
k A =
= A 3
E{c s,
1=1 ni+A

Yy
1=1 n;+A

(3.8.7)
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Notice that the equations for & and #;’s depend on the unknown parameter A, which
is a function of the unknown variances, ¢2 and ¢Z2. Unlike the balanced model, where
Orrp was computed from a closed form solution, éMR for the unbalanced model must
be computed using the iterative methods. Closed form solutions for estimates of ¢

do not exist for either ML or REML.

To show that for the unbalanced random eflects model, éMR is not a conditional
MLE, we will compute Opr and compute the conditional MLE of § when regress-
ing whole sample group means on sub-sample group means. Before presenting the
results, we will give the equations for the conditional mean and covariance, and

likelihood function, for the whole sample means given the sub-sample means.

3.8.2 Conditional Likelihood for Whole Sample Means Given Sub-
Sample Means

Assuming that the distribution of the whole data vector y is multivariate normal,
with mean Xy and covariance V,,. In terms of the variance components, the covari-

ance of y is

V,=ZDZ +R

k
i=1 7 i

(L, + A‘lJm)} :

LD
+
-
2
ql\')

e

<
|

I
Q
[~ 3N N

o=
—
3
+
Q
(ORI )
XGRS
[
3

e
.

Il
c'oqw
| ov—|
P

<.
il

1

Let the vector of whole sample means be denoted by ¥, with
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L., 0
0 O

vector of sub-sample means, denoted by ¥, can be written in terms of y as

k
Let the selection matrix for the sub-sample data be G = @1 <

) . Then the

5, — : = dZag(l/mz)f:IZ,Gy

Computing the elements of var ( g ),

var(y) = diag(1/n;)e, Z'VZ diag(1/n;)5,,
var(y) = diag(l/mi)i-“=1 7Z’GVGZ diag(l/mi)i-“:l,
CO'U(S’" 5’) = dlag<1/n2)ic=1 Z/VGZ dla’g(l/ml)f:l

The conditional mean for ¥ given y is

E(F|¥) = E®y)+ coo(y,¥)var(§)" (¥ — £(F))
= diag(1/n:i)=y Z'Xp + diag(1/ni)le; Z'VGZ diag(1/m:)i,
diag(m:)i, (Z'GVGZ)~ diag(mi)i,

(¥ — diag(1/ms)i, Z'GXp)

k
= diag(1/mi)y(n)lyp + diag(1/ns)k, {aidmg (m (—ji)) }
=1

{azczwg (e (252)) } " aglm) (5 —diag(1 ), (mof )

=1

. m; n; + A k -
= 1ip + diag <—— ) (¥ — Lin)
g My —I_ A =1
: A(n; —my) F . mini+A\° .
= d _ 7 1 d — ;
v (m(mz‘ + )‘))izl o dag (m m; + /\>,~=1 Y

(3.8.8)
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The conditional variance for ¥ given ¥ is
var(y | §) = var(y) — cov(y, ¥ )var(§)” cov(¥,¥)

. k . nz+)\ k . k 2
— diag(1n)idiag (n22) diag(1/m)tso?

=1

— diag(1/n))E diag (m,&—;—_—é) diag(1/m;)5 o2
1=1

k
diag(mtesdiog (mi 2y dinglm)ior?

ml+ =1
A
diag(1fm)udiag (™2 ) diag(1/n)io?
=1

(Continues on the following page.)

7| ¢ ' ni +2\* : m; (ng + 221\
wor(§19) = diog (%52) ot —dieg (HOIAET) o

=1 n; t=1 )
i+ A i N ¢
=02 diag [ni t (1__721_11 +)\)J
i n; A n; m; + A i=1
. (3.8.9)
(n; + A )\(nz — ml)
| A ni(mg+ )
[(ns —mi)(ni + M)]*
ni(mi+ )

=1

1=1

As a side note, for the balanced random effects model, the conditional mean and

variance of ¥ given y are

ey Aln—m) m (n+A) .
and
ey (n=m)(n+]A) ,
var(y | ¥) = T —— oIk (3.8.11)

Therefore the simple linear regression function of ¥ on y is
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YV =180 + Y51 + €55,

where 3y = u% and §; = %(:;’/\\) and egg ~ Ni(0, %ﬁ;—paglk) . Notice

that 8, = 264s.

Thus, the conditional maximum likelihood estimator of @ based on the regression of

¥ on ¥ is derived by maximizing the conditional likelihood of ¥ given ¥,

1 _ el (e
= = [klog2n + log|Vyg| + (7 = pyig) V(5 = isi)|

or equivalently, minimizing

log|Vyiz| + (¥ — p315) V(T — 313)- (3.8.12)

3.8.3 Counterexample

A small data set is used to illustrate that for the unbalanced random effects model,
the MR estimate of § for a single sub-sample is not the same as the conditional
MLE of @ based on the conditional distribution of whole sample means given the
sub-sample means. It is also shown for this data set, that by increasing the degree

of unbalancedness, the discrepancy between the two estimators also increases.

The algorithm outlined in Section 2.4 was used to compute the MR estimate of
0. The conditional likelihood function of ¥ given ¥, equation 3.8.12 was maximized
using Maple V, with respect to p and A. 0 was then evaluated from 3\, using equation

3.4.1.
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Maple V was used to compute both the MR estimates and conditional ML estimates
of §. The sub-sample for each case, were generated by taking a 50% random sub-

samples from each group.

The first data set used was balanced, which served as a check for the results in
Section 3.4. Unbalanced data sets of were then generated from the first by simply
eliminating observations. For simplicity, group sizes kept at even values. Table 3.1

summarizes the results for the 4 data sets of increasing degree of unbalancedness.

Table 3.1: Method R and ML estimates of 8 for data sets of increasing unbalanced-

ness.

Whole Group Sizes

61

GMR

Omr

|9MR — éML|

8,8,8.8
8,8,8,6
8,3,6,6
8,8,6,4

From table 3.1, we see that for the balanced design, estimates are equal to order
1077. For all the unbalanced designs, the two estimators are clearly not the same.

As the degree of unbalancedness increases, it appears that so too, does the absolute

0.6819744368
0.6795280231
0.6470206082
0.8209108412

error between the two estimators.

0.6819744470
0.6811937246
0.6511951541
0.7986876067

0.0000000102
0.0016657015
0.0041745459
0.0222232345
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Chapter 4

SIMULATIONS FOR THE ONE-WAY MODEL FOR SMALL TO
MODERATE SAMPLE SIZE

4.1 Introduction

In this chapter simulated data sets are used to evaluate the performance of MR
in comparison to ML. and REML for small to moderate sized samples. Data sets
were generated for the one-way random effects model for several values of § =
g and for six different error distributions. In Section 3.7.1 the motivation for
multiple sub-sample based MR estimation was pointed out. The mean and median
of MR estimates from repeated sub-samples were used as MR based estimators. For
simulated data sets the comparative attributes of the two MR estimators, ML and
REML, are examined through their derived empirical sampling distributions. In the
latter part of this chapter MR based interval estimation for the one-way random

effects model is discussed and illustrative results for bootstrap confidence intervals

for the one-way model are presented.

4.2 Data Simulation

I'or the one-way balanced random effects model, data sets were simulated for each
combination of number of groups £ = 4,8,20; group size n = 4,8,20; standard
deviation pairs (o,,0) = (1,4),(1,3),(1,2),(1,1),(2,1),(3,1),(4,1). For all simu-

lations, the random effects vector was simulated so that ugxy ~ N(Ogxy, Ix0?). The
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residual vector eny; was simulated so that e;; = o.(w;; — E(wi;))/+/var(w;), where

w;;’s are 11D random variables from one of the following distributions.

e Normal

wy~N(0,1) fori=1,...,k;j=1,...,n; E(w;) = 0 and var(w;;) = 1.

o Student’s-t, df=3
For df = v, wiyj~t, fore=1,...,k;7=1,...,n; E(,)=0 and

var(t,) =v/(v —2).

o Chi-square, df=38 and 5
For df = v, wij~x2fori=1,...,k;j=1,...,n; E(w;) = v and

var(w;;) = 2v.

o Contaminated normal (p = .1,¢=3) and (p = .5,c = 3)
Let z;; ~ binomial(N,p), z1;; ~ N(0,1) and 22;; ~ N(0,1), withz,;, 21,

and z2;; mutually independent random variables. Then
w;; = Tzl + C(l - xz-j)zzz-j.

has a contaminated normal distribution with parameters p and c, with

E(wi;) = 0 and var(w;;) = ¢ — (¢* — 1)p.

1000 data sets were generated for all combinations of n, k, 6 and the error dis-
tributions above. ML and REML estimates for #, denoted by éML and éREML,
respectively, were computed under the normal likelihood for each data set. For the

MR estimator, 1000 sub-samples of size kn/2 (m = n/2 from each group) were

obtained for each data set. The mean and median of the §,,z-values generated for
1000 sub-samples, denoted by éMR_AVG and éMR_MED, were used as the MR based

estimators for 6.
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4.3 Simulation Results

In this section, the results for the simulations described in Section 4.2 are presented.
The first set of figures included illustrate how the four estimators perform with
respect to median bias and mean bias. Next we examine performance with respect
to measures of dispersion, through the standard error and root mean square error for
selected estimators. The last part of this section looks at the relationship between

dispersion and sub-sample size.

4.3.1 Median Bias

Figures 4.1-4.6 display the medians of the empirical distributions for the four point
estimators of § plotted against 6 for six different error distributions, n = 4,8, 20 and
k = 4,8,20. The error distributions used are normal, {s), X??’), X?5), contaminated

normal with p = .1, ¢ = 3 and contaminated normal with p = .5, ¢ = 3, respectively.

For all error distributions, the most striking attribute of these plots is the decrease
in median bias as k increases. In contrast, the relationship between median bias and
n does not appear to be as noticeable. Of the four estimators the éMR_ AVG appears
to be the most erratic. éMR—MED and éREML perform consistently well in almost

all all cases. )7, appears to have median bias that is always greater in magnitude

than Oy r-pmEp and Orpyi.

The behavior of median bias is relatively consistent over all the simulated error
distributions, with the exception of the #(3) and the contaminated normal with p =
1, ¢ = 3. For the #() there is an overall slight positive shift in median bias. In
the case of the contaminated normal with p = .1, ¢ = 3, the shift the median bias
appears to be downward, and more dramatic than for any of the simulated error

distributions.
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4.3.2 Mean Bias

Figures 4.7-4.12 display the means of the empirical distributions for the four point
estimators of  plotted against 0 for six different error distributions, n = 4, 8,20 and
k = 4,8,20. The error distributions used are normal, #(), X%a)» X%s)v contaminated
normal with p = .1, ¢ = 3 and contaminated normal with p = .5, ¢ = 3, respectively.
For all error distributions, as with median bias, mean bias decreases as k increases,
but does not appear to be affected noticeably by n. Mean bias also appears to be
influenced by §. For small  the mean bias appears to be to the right of that of
the median bias, and to the left of median bias for large §. This no doubt reflects
the asymmetry in the empirical sampling distributions for these estimators. As
observed with median bias, the error distributions that most effect mean bias are
the ¢(3) and contaminated normal with p = .1, ¢ = 3 distributions. A slight positive
shift in mean bias is noted with the (3 error distribution, and a more notable
downward shift in mean bias with the contaminated normal with p = .1, ¢ = 3 error

distribution.

4.3.3 Standard Errors for REML and MR-MED

As éREML and éMR_MED, are consistently the two best estimators of 8, with respect
to median and mean bias, further comparisons will be confined to only these two
estimators. Figures 4.13-4.18 display the standard errors of the empirical distribu-
tions of éREML and éMR_MED plotted against 0, for six different error distributions,
n=4,8,20 and k = 4,8,20. As before, the error distributions used are normal, #(3),
X?3)7 X(25)7 contaminated normal with p = .1, ¢ = 3 and contaminated normal with

p = .95, ¢ = 3, respectively.

For all error distributions, the standard errors of the two estimators decrease as both

n and k increase. In fact they appear to converge to the same values at k = 20. For
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small n and &, the standard errors for REML appear to be consistently lower than
that of MR-MED for small to moderate values of 8. However, at values of € close
to 1, the standard error for MR-MED is almost identical to that for REML, with
the exception for the normal distribution, where the standard errors for REML are

uniformly smaller than that for MR-MED for n = 4.

4.3.4 Root Mean Square Errors for REML and MR-MED

Figures 4.19-4.24 display the root mean square errors of the empirical distributions
of éREML and éMR—MED plotted against 8, for six different error distributions, n =
4,8,20 and k£ = 4,8,20. As before, the error distributions used are normal, %),
X%3)7 X%&;)? contaminated normal with p = .1, ¢ = 3 and contaminated normal with

p =.5, ¢ =3, respectively.

For all error distributions, as with the standard errors, the root mean square errors
of the two estimators decrease as both n and k increase, and appear to converge
to the same values at & = 20. For small n and k, the standard errors for REML
appear to be consistently lower than that of MR-MED for small to moderate values
of §. However, at values of 8 close to 1, the standard error for MR-MED is almost
identical to that for REML, with the exception for the normal distribution, where
the standard errors for REML are uniformly smaller than that for MR-MED for
n =4.

4.3.5 Sub-Sample Size Relationship With Dispersion

Figure 4.25 attempts to look at the effect that the sub-sample size, m, has on the
precision of the MR based estimators, éMR_MED and éMR_Avg. Plotted are the

values of the standard errors and the root mean square errors for the two estimators
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X%B) random error simulation: standard errors for Opyp, Oremr,
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Figure 4.16: X(s) random error simulation: standard errors for éML, éREML,

HMR MED and GMR Ava, plotted against 6, for n = 4,8,20 and k& = 4,8, 20.
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Figure 4.17: Contaminated normal (p = .1, ¢ = 3) error simulation: standard errors
for HML, ‘9REML; Orrr—mED and Orr Ava, plotted against 6, for n = 4,8,20 and
k = 4,8,20.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



84

se(hn2 est.) se(h"2 est)) se(h2 est)
00 0.05 0.10 0.15 020 025 0.30 0.0 005 0.10 0.15 0.20 0.25 0.30 0.0 005 010 0.15 020 025 030
o ° o
o o (=]
. O « 0O . (=]
« o ﬁ . o 5 « o 5
1l il
R <o 8 R <o ® 3 S &
= =
T [ I
L > I
o e o N o ©
o 2] 88 ° _ %) sg ® o 5| 88 e
o8 : 22 22
& 33 .o PO 33 . o qQ B8 3R . o Q
§ =z 3 ﬁ 3 = 3 3 =
& Sm o o 3m Q = 3o ]
o Nz = o Pz g o o= 3
[ =2 3 b= =25 = ==
g~ = g =y g =
& = o = o
it n )1
[ o o
g . ° g © C"3 g ) CI?
& © @
= =
o ~— o . =13
(=] Qe L ]
2 5 s
se(h"2 est.) se(h2 est.) se(h~2 est)
0.0 005 0.10 015 020 025 030 00 005 0.10 0.15 020 025 0.30 0.0 005 010 0145 020 025 030
° ° °
o (=] (=3
© « 0 ©
© -TID b S b 3
1 1}
2 © B 2 v0 © 2 ) >
= b3
g L L
o o * ©@ - o * o o *
L =] 88 ° . =]g 2 ® . = 88 ¢
22 @ 22 22
s 38 w o N 33 w g % 3% .o Q
: | =3 2% | =3 3 i |33 3
[=3 =z Q o = 3 o Pz
o] 5T 3 o1 SE 3 >] 5C 3
& =) & S g =)
bt i I
. o [3)]
o b -
g © ? g © i'? g - ?l)
& [ &)
= =
[=1] ~ [ ©
> o L=
P b 5
se(h2 est.) se(h"2 est.) se(h2 est.)
00 005 010 0.15 020 025 0.30 00 005 010 0.15 020 025 0.30 00 0.05 0.10 0.15 020 025 030
o ° °
o (=] o
L] © [ =]
© =] © ] © S
9 Il I
-g © o g < ..;‘: ‘,3 Y] »
=
T i il
I N n
o * (=] o * © o * ©
N @ N ww o < wo o
3 N ? 3 S 2% T 3 - 1
PR . R ST - S :
g z3 Q £ z 5 £ z 3
@ 30 2 ° b-Ju o Im S
o = [=] o = = o = =
51 =8 3 =l 22 3 »] =& 3
g 3 2 = g =
= E<) =~ he] = kel
1] n n
o o o
2 ) «ﬁ =4 © ?I) S © ﬁ,
. ke) o &£ o £
© © ©
z 5 s

Figure 4.18: Contaminated normal (p
standard errors for Oy, OrErmr, Omr-MmED and Oyp—_ave, plotted against 6, for
n =4,8,20 and k£ = 4,8, 20.

5,¢ = 3) random error simulation:
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Figure 4.19: Normal random error simulation: root mean square errors for éML,
HREMLa HMR—MED and GMR——AVG, plotted against 0, fOI‘ n = 4,8,20 and k‘ = 4,8,20.
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Figure 4.20: #(3) random error simulation: root mean square errors for Ourz, OrEMmL,

Orr—mep and éMR_Avg, plotted against 8, for n = 4,8,20 and k = 4,8, 20.
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Figure 4.21: X%a) random error simulation: root mean square errors for 0ys7, brErL,

éMR_MED and éMR__AV(;, plotted against 8, for n = 4,8,20 and k£ = 4,8, 20.
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Figure 4.22: X(5) random error simulation: root mean square errors for OML, HREML,

HMR MED and GMR ava, plotted against 8, for n = 4,8,20 and k = 4,8, 20.
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Figure 4.23: Contaminated normal (p = .1,¢ = = 3) random error simulation: root

mean square errors for HML, QREML, Orvr—ymED and QMR Ava, plotted against 0, for
n=4,820 and k = 4,8, 20.
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Figure 4.24: Contaminated normal (p = .5,¢ = 3) random error simulation: root

mean square errors for GML, HREML, 0MR MmED and HMR Ava, plotted against 6, for

n =4,8,20 and k£ = 4,8, 20.
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for 0 = .9414,.5,.0588, over values of m from 1 to 20, for fixed n of 20. For all
0 values, the éMR_MED appears to be the more stable of the two estimators with
RMSE and SE that are consistently close in value, indicating low bias. Both the
RMSE and SE of 8yr_mEp decrease as 6 decreases, and appear to increase only
when m approaches n. In contrast, éMR_ Ave shows considerably high bias, that
increases with m, when 0 is close to 0 or 1. When 6 is close to 0.5, éMR—AVG has

relatively stable bias, with increasing precision as m approaches n.

4.3.6 Summary for Balanced Random Effects model

Of the MR based estimators, éMR_MED is to be recommended over éMR_Avg. Of
the four estimators studied, éMR_AV(;', is the most susceptible to extreme values,
and thus the least stable. For our simulations of data of small to moderate sizes
éMR_MED performs well as a point estimator of § when compared to éREML. For
small n the RMSE for éMR_MED compares well to that for éREML for large values of
8, but is inferior to REML otherwise. For moderate to large n and & the éMR_MED
performs just as well éREML- Finally from the error distribution simulations, REML
and MR-MED are both quite robust estimators for small to moderate n and k, but
may have problems with bias in the case where the population is multimodal or

heavy tailed.

In practice, the likelihood methods are to be preferred for the optimality properties
and relative ease in computation, for small to moderate sample sizes. The sim-
ulations demonstrate that MR based estimators are a viable means of estimating
parameters that compare well to likelihood based estimators, and even for small
to moderate sized samples, these simulations have shown them to be robust esti-

mators. These results are encouraging, as they demonstrate the credibility of MR
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based estimation and it’s use in cases where likelihood based estimation is no longer

feasible.

4.4 Method-R Based Interval Estimation for the Balanced One-Way
Random Effects Model

4.4.1 Introduction

In this section we will look at MR based interval estimation for ¢ in the one-way
balanced random effects model. In particular, bootstrap confidence intervals using
MR, and the problems associated with them are discussed. Comments on a proposed
method for bootstrap confidence intervals (Mallinckrodt, 1997) will also be included.
The exact confidence interval for § under normal distribution theory will be used a

reference for the performance of the methods included in this section.

Normal Theory Exact Confidence Interval for 6

From Burdick and Graybill (1992), for the balanced one-way model under the as-

. . . 2 . .
sumption of normality, an exact confidence interval for § = %2 is given by
’ o2+o3

( S S ) (4.4.1)

S3F1_a/2inin O3 Fa/2mimm
where S} and S? are the treatment and error mean squares, respectively, and
Fi_ajamim, and Fi_ajam, ., represent the quantile values for the central F-
distribution with numerator degrees of freedom n; and denominator degrees of free-

dom n,.
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4.4.2 Bootstrap Confidence Intervals for Method-R

Bootstrap methods of interval estimation provide a means of constructing good
approximate confidence intervals even in situations where the sampling distribution
of the estimator of interest is unknown or complex in nature (DiCiccio and Efron,
1996). This is precisely what makes bootstrap methods appealing, as a means of
obtaining MR based confidence intervals. Recall that the MR estimator based on
multiple sub-samples, involves statistics that are highly correlated. In Chapter 5, we
will see that even for the simplest of models, deriving an expression for the variance
of the MR estimator of 6 quickly becomes a messy endevour. Efron and Tibshirani
(1993) present several procedures for constructing bootstrap confidence intervals.

Only two are presented here. The bootstrap percentile method and the BCA method.

Bootstrap Percentile Method

In order to compute the bootstrap percentile confidence interval for 8, we must first
obtain a large number of bootstrap samples. A bootstrap sample is a random sam-
ple of observations from the data vector, y, with replacement of size N. Let the
number of bootstrap samples drawn be denoted by BS. Then we will denote the
BS bootstrap samples by y3,¥3,...,¥g5s- The estimator of interest, say éMR_MED,
is then computed for each of the bootstrap samples. These estimates will be de-
0

%
2MR-MED) """ HBSMR—MED

noted by, o

1pMRrR-MED?

make up the bootstrap distribution
of éMR_MED. The 100 (1 — @)% percentile bootstrap confidence interval for 4 is

then given by,

(H;WR—MED,Q/27 0;\4R—MED,1—a/2)7 (442)

where 9}‘\/{R_MED’Q/2 and é;(\/[R—MED,l—a/w denote the a/2 and 1 — /2 quantiles for

the bootstrap distribution of éMR_MED.
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Bootstrap Bias Corrected Method (BC)

The bootstrap bias corrected (BC) method gives an adjustment for skewness 0 in
the bootstrap distribution. The limits are constructed as in the percentile method,
except that BC replaces the quantiles «/2 and 1 — /2 with quantiles oy and a;

given by,

504 a2
1= (%0 + 2072)

. 30 + 2(17/2)
Qg = ® <ZO + 1 — (20 T Z(l——a/?)) 5

(4.4.3)

s a1 [ #64p<d
where zg = ® <—BS .

4.4.3 Illustrative Calculations

Figures 4.26-4.28 show some preliminary results for percentile bootstrap confidence
intervals for = .0588, .5,.9412, respectively, based on MR-AVG and MR-MED for
20 data sets. Also included are the exact normal theory confidence limits. BCA
bootstrap confidence intervals were attempted, but failed, due to undefined values
for Zy. The table below summarizes the observed coverage for the three methods.
As the number of data sets used is small, the observed coverage is not expected to
be an accurate estimate of coverage for these procedures, but is descriptive for this

illustration.

Table 4.1: Percent Coverage for 95% confidence intervals for 6

Percentile Percentile

0 Exact MR-AVG MR-MED

.0588 95 100 100
5 100 95 100
9412 100 15 95
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From the above results we see that the percentile limits based on MR-AVG performs
quite poorly for § = .9412, However coverage is adequate for small to moderate 6.
In contrast percentile limits based on MR-MED performs just as well as the exact
method for these preliminary results. In terms of the widths of the confidence
intervals. for small #, the precision of the exact intervals is consistently smallest,
followed by that of the percentile limits based on MR-MED, then the percentile
limits based on MR-AVG. In the case of § = .5, precision appears to be fairly similar
among the three sets of intervals. For large 6, precision appears to be best for the
exact intervals, while that of the two sets of percentile limits appear to be similar,

with the percentile limits based on MR-MED being slightly more conservative.

4.4.4 Remarks

The percentile method works best when the shape of the bootstrap distribution is
symmetric. In the instance that the bootstrap distribution is not symmetric, BC
makes appropriate adjustments. While this method is appealing, computational
problems arise due to the likelihood of drawing a value from either mass-point of
the sampling distribution of éMR, for which “**” is undefined. Another drawback
of bootstrap procedures in general, is that applied to MR, they require a nested
series of sampling. First we have sub-sampling for single MR estimates, repeated r
times to generate a single estimate of say, OrR_MED. Finally we have the sampling
necessary to generate s bootstrap sample of estimates. Considering that both r and
s are necessarily jlarge values (minimum of 1000), cumulatively, the effort involved

can be non-trivial for even moderate sized data sets.

MR based bootstrap confidence intervals were proposed by Mallinckrodt et al.
(1997). The procedure in Mallinckrodt et al. (1997) relies on the assumption that for

50% sub-sampling, the sample variance of MR estimates from repeated sub-samples,
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is an adequate estimator of the bootstrap variance, as defined by Efron and Tibshi-
rani (1996). Reverter et. al (1998a) present an approach for confidence regions for
a vector of genetic parameters for a univariate full animal model. This procedure
are similar to those in Mallinckrodt et al. (1997), in that they both assume that
the bootstrap variance can adequately be approximated using the variance of MR
estimates from repeated 50% sub-samples. Further discussion on this assumption

and this approach to bootstrap confidence intervals will be addressed in Chapter 5.

In closing, for additional empirical works that compare MR to REML, see Can-
tet et.al.(2000), in which performance under selection is evaluated. Duangjinda
et.al.(2001) examine performance under selection for four different animal breeding
models. Both articles report the MSE for MR were higher than those for REML.
Similar conclusions were drawn in Schenkel and Schaeffer (2000). Reverter(1998b)

also reports on the optimality of MR.
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Chapter 5

LARGE SAMPLE PROPERTIES OF THE METHOD R ESTIMATOR
FOR THE BALANCED ONE-WAY MODEL

5.1 Introduction

The previous two chapters addressed the properties of the MR estimator in the bal-
anced one-way ANOVA model for small to moderate samples sizes. In this chapter
we focus on the MR estimator for large samples. The variance of the MR estima-
tor based on a single sub-sample is decomposed into two parts, variation between
independent data sets, and variance due to sub-sampling within a fixed data set.
Expressions for the between and within components are derived. For large k£, MR
was shown to be asymptotically unbiased. Thus for large sample case, we will focus
on the MR-AVG estimator. The asymptotics performed in this chapter involve let-
ting the number of MR sub-samples go to infinity, thereby making the contribution
of the within component of variance for the MR-AVG estimator go to zero. The
between component of variance is studied for a fixed group size, n, as the number
of groups, k, increases. The major result of this chapter is that the asymptotic
variance of the MR estimator in the balanced one-way random effects ANOVA is
the same as that of the variance as the asymptotic variance of the MLE given by
Donner and Koval (1980). That is, the asymptotic efficiency of MR, relative to the
MLE, in the balanced one-way model is 1, as the number of MR sub-samples and

number of groups increase to infinity.

To obtain the variances, we first show that for large &, BA\~,|,-, can be approximated

by BMW = (yWW)/(+WW), where W and W are vectors of non-centered group totals
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for the whole sample and sub-sample data, respectively. This provides a more
mathematically tractable means for deriving the large sample approximation for the
variance of /3’;,1;,. The multivariate version of Taylor’s theorem is applied to find
first, the asymptotic variance of BAM«,, based on the moments of %WW and %v‘(/v?/.
The univariate version of Taylor’s theorem is then applied to obtain the asymptotic

variance of heritability, éMR.

In the latter part of the chapter we examine the relationship of the between variance
of Oyg to sub-sample size, and the relationship of the between variance of Orvir
to the number of groups, k. These results provide evidence that for large k, the
within component of variance for Onr is not in general a good approximation for the
between component of variance for 0nrr. This contradicts the claim by Mallinckrodt
(1997), in which the within component of variance is used to estimate the true MR

variance for constructing MR based bootstrap confidence intervals for fx/n.

5.2 Outline for the Procedure used to Obtain Asymptotic Variances

What follows is an outline of the approach taken to obtain the asymptotic variances

for ﬁAc,lq, and éMR, and their respective between and within components.

1. Define the statistics W and W as the whole and sub-sample totals, respectively.
Express W and W as functions of the raw data, the ¥;;’s, and indicator vari-
ables, the X;;’s, used for sub-sample inclusion/exclusion. Show that B\"'IV can
be approximated by BWIW for large k. [Section 5.3

2. Express BWI,;, as the ratio of the two statistics §; = %v“v'\‘fv and 0, = %VV\TV.

Apply the multivariate version of Taylor’s theorem to obtain a large sample

approximation to the mean and variance of By in terms of the moments
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0, and ;. Then apply Taylor’s theorem once more to obtain a large sample
approximation to the variance of 6 in terms of the moments 6, and 6. [Section

5.4]

3. Decompose the variance of fyr over multiple sub-samples for repeated data
collections into between and within components. The true MR variance is
defined to be the between component of variance. Decompose the covariance
of §, and ég, 2o, into it’s between and within components and use it to derive
expressions for the between and within components of var(B) in terms of
the moments 0; and f,. Then use the components of var([i) to derive the
expressions for the between and within components of var(é) in terms of the

moments 8; and 6. [Section 5.5]
4. Present formulas for the elements of the covariance of © expressed in terms of
the unconditional moments for 6; and 6, and expectations with respect to the

Y;;’s of conditional expectations of 6, and 0, given the Y;;’s. [Section 5.6]

5. Evaluate expectations of products of the X;;’s and Y;;’s required for evaluating

the unconditional and conditional expectations of 6, and 6,. [Section 5.7]

6. Evaluate expectations of products of él and é2 required for determining the

elements of ¥y and its between and within components. [Section 5.8]

7. Evaluate the elements of ¥4 and its between and within components using the

equations in Section 5.6 and 5.8. [Section 5.9.1]
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8. Evaluate the formulas for the large sample approximations for the mean B,
variance of B and the between and within components of the variance of /3

using the results in Section 5.9.1. [Section 5.9.2]

9. Evaluate the formulas for the large sample approximations for the variance of 0
and the between and within components of the variance of § using the results

in Section 5.9.1. [Section 5.9.3]

5.3 Large Sample Approximation for B(,lf,

In this section we will show that for large k, ﬁA,«,‘q can be approximated by the
simpler function, B‘;;,,ﬁ, = (}Ww)/($WW), where W and W are vectors of non-centered
group totals for the whole sample and sub-sample data, respectively. This simple
approximation provides a more mathematical tractable means of deriving a large
sample approximation for the variance of ,é{,](,. Ultimately, we seek a large sample

approximation for the variance of Orir through the large sample approximations for

the moments of ,@;,[\7.

Let X;; be the indicator random variable that is 1 if ¥;; is included in the random
sub-sample and 0 otherwise. For a sub-sample of size m, the probability mass

function for X;; is given below.

Pr(Xij = i) = {1 o (5.3.1)

The statistics V'V and V'V in terms of the z;; and y;; values, can be written as

follows.
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k n 2
2% Z (Z TijYij — Zmeyz]) (5.3.2)
Vv

=1 j=1 i=1 j=1
k n

= (Z ZijYi — sz”ym> (Z vi = % ZZ%) (5.3.3)
=1 7=1 i=1 j=1 i=1 j=1

From above, Bﬂ;, is a non-linear function of the statistics V'¥ and v'V, which in turn
are functions of the X;;’s and Y;;’s. An expression for the variance of éMR can be
derived from our knowledge of the X;;’s and Y;;’s. However, the complexity of the
functional relationship between éMR and the X;;’s and Y;;’s, makes for a formidable
task. Large sample properties of equations 5.3.2 and 5.3.3 allow us to approximate
[}gw with a simpler function of the X;;’s and Y;;’s. The following arguments provide

justification for using this simpler form.

A n ~ n A ~ 1A A
Let 2i5 = TijlYsy, Wy = Ej:l Yis and w; = Zj:l TiiYijy and 91 = WW/k and (92 =

w'W/k. Treating n as fixed and w.l.o.g. we take u = 0.

3

;le
<5z
il
wlrﬂ

k LA 2
Z S Z Zij)
i=1 z 2
Zij — %Z?) (5.3.4)
= ’ M & = n? [ & ’
Z ( ' Zz'j) % ZZ zij + 1z (Z Z’.)
i=1 =1

X
3

Il
| =

©
Il
—
[
I
—
-
i
—

?rlr—*
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As k — oo,
1 k k 2 2 1 k
15 ((5)] - 1o
=1 =1 1=
k- 2
n _
- Z k Op(k 1)
=1
k
= Z Op(k_z)
=1
= Op(k_l)’
and
1 2n -
2 {‘;:Z 2 } Z%O E%)0,(1)
=1 =1 7=1
k
1 1/2
= % ; Op(k / )
= 0, (k™%
Therefore
%W = %v’if’ﬁ'v + [0,(k7Y) + O, (E71/%)]
= %v’ir'v‘ir +0,(k7/%)
- %ww +o0,(1)
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Similarly,
1~“ 1 k n 1 kE n n 1 k n
EVVZEZ ZZU—EZ Zz'j)(z:yij_%z yw)
=1 \j=1 =1 j=1 j=1 i=1 j=1
1 k n n k n n k
S (La- 1) (Sw-iyw)
=1 \j=1 =1 j=1 =1
1 E [ n n n k n n k n
= EZ Zzij Yis — (E Zgz Yij + ZZ—L Zzy)
=1 Ls=1 Jj=1 1=1 =1 1=1 j=1 (5 3 5)
9 k k o
EYaY
=1 1=1
1., 1g LI WS LI
1 k n B 1 k n
—n(;}jz vii + 7 )i z)}
=1 1=1 1=1 5=1
As k — oo,
1 : 2 1 : = 1 : = 1 : 2 1/2 1
E; n E; i E;yz =—;n [O(k~%) 0y (k™))
k n2
= ?Op(k_l)
1=1
k
:ZOp(kﬁ)
1=1
= 0,(k71),
and

I =
TI.M»
-
—
3
TN
T =
ﬁM?r
A
N
3
=
Ly
+
I =
-
w|
’ 3
pN
N
Ly
\/
[
il
| =
-
I
—~
@)
<3
—~~
o
L
~
»o
N’
QO
)
~
fum—t
S’

1
= > nOy(k7M?)
=1
1 &
= L Z Op(k_l/g)
=1
= p(k—lﬂ)
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Therefore
]_,__,/A_l,,,A —1 _1/2
Lo = L 4 [O,(k71) + O (k)
L.,
= EW’W + 0, (k7/?)
1
= —W'W + 0,(1)
k
For large k, the above arguments allow us to approximate %{7’(’/ and %\7’\7 with %v‘(f’v'(f
A A _l_wlw
and %VV’VAV, respectively. Thus, for large k, we can estimate 0y with Ogw = $75-

k)

5.4 Large Sample Approximation for Moments of [3 and 6

In this section we will first derive expressions for large sample approximations to
mean and the variance of Bv;,]q, by applying the multivariate version of Taylor’s
theorem to BW'W as a function of the statistics %V~V/V'V and %v"v’v'i/. We then derive

an expression for a large sample approximation for the variance of Omn by applying

univariate Taylor’s theorem to 0xr as a function of Byw.

5.4.1 Taylor Series Approximations for E([i) and var(,@’) in terms of the
moments of §; and 6,

W'W and 0, = LW%'W. Then from Section 5.3, for fixed n and large k,

A=

,é\“,]v = 2—;—. For the remainder of this chapter, we will refer to g—l as B , and the
2

corresponding estimate of heritability as § = (B —1/[(n=1)=(m— 1),@] Also, let
6 = (0,,0,) ~ (1o, Xg), where

E() o} o1
\ = A d¥s={ :
te <E<02> >a“ 6 (au o3

From Serfling (1980), the multivariate version of Taylor’s theorem is as follows.
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Theorem 5.1 Let the function f defined on R™ possess partial derivatives of order
n at each point of an open set S C R™. Let x € S. For each point 'y, y # X, such
that the line segment L(x,y) joining x and y lies in S, there exists a point z in the

intertor of L(x,y) such that

-1 m m
— 1 AW f(t tm) k
- 3.3 ot (e — g
f(y) f(X) + k! atzl at, t— ].=1(yj x])
k=1 i1=1 =1 =x
1 & I f(ty tn)| &
. T IT (y;. i
T nlzz_jl 12—:] attl atz t=2z Zl(y] :CJ)

5.4.2 Large Sample Approximation for £(8) and var(f)

Since B is a function of O, we can use Theorem 5.1 to derive a Taylor series ap-
proximation for 3 about the point © = pig. Let 3'(0) be the vector of first order
partial derivatives of,[g’ with respect to the elements of © with B;(C:)) = 8@/89} for
t=1,2. And let G”(@) be the matrix whose elements are the second order partial
derivatives of 3 with respect to the elements of O, with Al’g((:)) = 82,3/60:-89} for

i,7 = 1,2. The derivatives needed are the following,
BHO) = 7 03(0) = =G Bii(0) =0; B(0) = 55 By(0) = — 4.

Applying Theorem 5.1, a large sample approximation for E(ﬂA) can be obtained by
taking expectation of a second order Taylor series expansion of /3) about the point

O = ug.
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B(3) = B{HO)los, + [116)] louy 6 o)
+ (6= 1) F'(O)owy, (6 - m}

{ Al@ﬂ@_{_Za_ ' )l@ Ko

2,2 (0 — EG)BYO)ls-,.,
(5.4.1)

0y~ B0)) 0~ B0, |
= Hlss) +;Zo,6 (o) +§Zv 6.8 (1) + cov(Br, Ba)(uo)
_ E6) war(fy) var(ég)ZE(él)  con(d- 8 1
= ) y 0ty E(0,) (6’1’92)12(9})2

L ) ),)? ) 0,) — cov(l,, 0 )
- E(é2)3 (E(HI)E(QQ) + var(@z)E(Ol) (01,02)E(02)>

Once again, by applying Theorem 5.1, a large sample approximation for var(ﬁ) can
be obtained by computing the variance for the first order Taylor series expansion of

3 about 6= Le-

- Z var(6;) [Bg(g)@_# ] + 2cov(fy, 0,) {Bl(é)az(é)ézué}, from 5.3.7
= var ) — E(él) 2’0(1 _ E(é )CO’U

E(6y)2var(8y) + E(6,)var(By) — 2E(6:)E(6)cov(fy, éz)] :

I
&=
~
m,b—-‘%r—a
pavg SN’
[ [:8]
[ —

(5.4.2)
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5.4.3 Large Sample Approximation for var(é)

Recall that 6 as a function of 8 can be written as § = (3 —1)/[(n — 1) — (m — 1)4],
with first order partial, 80/883 = (n — m)/[(n — 1) — (m — 1)3]2. The first order
Taylor series approximation for var(éMR) about the point © = E(é) is then written

as,

.. var(B) [ 90 i
var(0) = — . 5.4.3
) 2 (85) ©=E(8) ( )

5.5 Between and Within Components of Variation for (9](&};)

In this section the variance of the MR estimator based on a single sub-sample is
decomposed into two parts, variation between independent data sets, and variance
due to sub-sampling within a fixed data set. The between component is true variance
of éMR, while the within component is the true measure of variability among MR
estimates from the same data set. This is of particular interest, because the current
practice (Reverter(1994b) and Mallinckrodt et al.(1997)) is to use the sample vari-
ance of éMR for repeated sub-samples, as an estimator for the true variance of éMR

for a single sub-sample.

5.5.1 Decomposition for var(éMR) into Between and Within Components

Let the MR estimate from the s** sub-sample of the r** data collection, or experi-
ment, be denoted by é](&’};), withr=1,...,Rand s =1,...,5. Here R represents
the number of independent experiments, and 5, total number of sub-samples drawn

from each experiment. A one-way ANOVA model for HA](\Z’;) is
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é%{’}?:uéMR—&Dr—l—(”, r=1,...,R; s=1,...,5. (5.5.1)

The unconditional mean of fyp is given by the parameter p; . The random
variable D, represents the random effect corresponding to the r* experiment, with
D, % (0,063), r=1,...,R. The D,’s are independent of (’s, which are dependent

random variables with conditional variance, given the data for experiment r, as 02,

and {s~(0,02), s =1,...,5. The variance of HAI(\Z’};) is given by

Uar(é](\ff’g)za%%—ﬁ, r=1,...,R; s=1,...,5. (5.5.2)

The variance component o% is the parameter representing the “between” experi-
ment component variance of éMR, and is also the true variance of 9MR for a single
sub-sample for a given data collection. The variance component UZ is the parameter
for the “within” experiment component of variance of Ovr. In practice, it is more
common than not, for R to be 1, due to the cost involved in performing a single
experiment. In contrast, the cost in obtaining Onrr for multiple sub-samples, will in
general be less expensive, being dependent on the invested effort in computer pro-
gramming required to obtain MR estimates for repeated sub-samples. In situations
where R=1, it is not possible to estimate ¢, however, an estimate for 02 is readily

available through MR estimates obtained from repeated sub-samples.

In Section 5.4.3 we derived a large sample approximation to equation 5.5.2. Now we
seek similar expressions for large sample approximations for the between and within
components of variance of Orrr. To accomplish this we first decompose Ly into its
respective within and between components. The large sample approximations for

the components of variance for var(3) are derived simply by replacing X4 by it’s

partitioned form in equation 5.4.2. Similarly, the large sample approximations for
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the components of variance for var(éMR) are derived simply by replacing var(ﬁA) by

it’s resulting partitioned form in equation 5.4.3.

5.5.2 Decomposition for ¥y into Between and Within Components

Let © = ( O > and let pg denote E(0) = < E(6) ) From equation 5.5.1, the
6 E(0,)

corresponding model for © can be written as follows.
6rs) =peg+tor+ns r=1... R s=1,...,5. (5.5.3)

For the above model, pg is true mean vector of ©(2). The random effects vector

corresponding to the r** experiment is given by o, = ( zl’r ) 0 (0,%;), and the
2,r

residual random vector is 7, = < Zl’r ) ~ (0,%,), where %, is the conditional co-
2,r

variance of 7, given the data for experiment r. The covariances ¥, and X,, represent

the between and within components for the covariance of @(’"’s), with
2
A ) gy = T 2w
O126 T4 %120 T2
From the above, it follows that var(é(”s)), which we will denote by

2
Se = ( oo ) , (5.5.4)

012 (o2

and
Zé =X+ X (555)

In the following sub-sections we will use the above decomposition for Xy to derive

the large sample approximations for the decompositions of var(8) and var(fyr),

respectively.
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5.5.3 Decomposition for var(ﬁ’) into Between and Within Components

A

The large sample approximation for var(3) in equation 5.4.2 can be expressed in

terms of the partition of ¥y in equation 5.5.5 as follows.

var() = [#(1e)] (% + )8 (1o)

= [5'(%)},&3'(#@) + [ﬁ’(u@)}lzw[&'(ué) (5.5.6)

= var[b](,@) + ’Uar[w](ﬂA).

From the above, it follows that

A A A

var () = ——— | B0 varp(01) + B(6:) vary(8s) — 2B(6,) B(6y)covy (61, 6,)|

E(0,)*
(5.5.7)
and
Uar[b]([}) = E(lA Y {E(@Ag)%ar[b](él) + E(él)2var[b](é2) — QE(él)E(éz)cov[b](él,ég)} .
(5.5.8)

5.5.4 Decomposition for var(fyz) into Between and Within Components

A

Applying the partition on var(8) in equation 5.5.6 to the equation for the large

sample approximation for var(éMR) in equation 5.4.3, we have the following.

~

3 . 2
var(Oyr) = varg(8) + varg(5) 891\{13
’ o8 O=E(6)
A A 2 N R 2
_ varp,)(3) <8HMR) 4 varp(3) (80MR) (5.5.9)
? 9 ) o-pe) ? 98 ) 6-5®)

= var[w](éMR) + var[b](éMR).

Thus, it follows that
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. . 2
var[w](éMR) = var[;,](ﬂ) (aZA{R) (5510)
Z 6=F(6)
and
~ - 2
vary(Oyr) = ”“”2”](’6) (ag@) (5.5.11)
p 6=E(®)

Note that all of the large sample approximations for the var(B) and var(éMR) and
their respective between and within components are in terms of the moments for
0, and ég, which are still to be evaluated. In the following section, the functional
relationship between él and éQ and the X;;’s and the Y;’s, will be used to derive
the moments for §; and 6, needed to evaluate the large sample approximations for

the variances given in Sections 5.4 and 5.5.

5.6 Between and Within Components of Covariance for the Elements
of Z@

Let statistics él and ég be defined as in Section 5.4, both of which are functions

the z;;’s and y;;’s. Then the decompositions for the variances, var(éi), ¢t =1,2 and

cov(fy,0;) can be expressed as follows

A

var(6;) = Elvar(6;]Y)] + var[E(6;|Y)], i = 1,2. (5.6.1)

cov(by,0;) = Elcov(by,0,Y)] + cov[ E(8,|Y), E(6,]Y)]. (5.6.2)

The first term in equation 5.6.1,E[var(6;|Y)], is the variance of the values of §; for
single data set, and will denoted as var[w](é,') = o7, from Section 5.5.2 . The second
term in equation 5.6.1, var[E(6;|Y)], is the variance of the mean §; values for all

datasets, and will be denoted by var[b](éi) = o}, from Section 5.5.2 . The two terms
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comprising the decomposition of cov(él, ég) have similar interpretations. The first
term in equation 5.6.2, E[cov(él, é2|Y)], is the covariance between 8, and 8, values
for a single data set, and will be denoted as cov[w](él, 92) = 012,» from Section 5.5.2
. The second term in 5.6.2, cov[E(é1|Y), E(é2|Y)] is the covariance between mean
0, and &, values for all datasets, and will be denoted as cov[b](él,éz) = o3, from

Section 5.5.2 .

Now,
var,(8:) = Efvar(6:]Y)]
= BEOIY)] - E{[EG:Y)]*} (5.6.3)
= E(07) — E{[E(4:|Y)]"}, and
vary(0;) = var[E(6,Y))]
= B{[E@GIY)]*} — {E[EG[Y)]} (5.6.4)
= E{[E@Y)I"} — [E@)]*.
Also,
covp(01,82) = Elcov(by, 05]Y)]
= E[E(0,0,]Y)] — E[E(6,]Y)E(6,]Y)] (5.6.5)
= E(0u02) — E[E(BY)E(0,]Y)),
and

covpy(01,82) = cov[E(6,]Y), E(8,|Y)]
= E[E(0:]Y)E(0:]Y)] — E[E(0:|Y)|E[E(6,]Y)] (5.6.6)

A

= B[E(0,|Y)E(8,]Y)] — E(6:) E(6,)

Therefore expressions for var[w](éi) and var[b](éz-) can be found through E(6;), E(6?)
and E{[E(6;]Y)]?} (: = 1,2). Similarly, covpy) (81, 0) and covp(0y,05) can be found
through E(6y), E(8;), E(610,) and E[E(6;|Y)E(6,]Y)).
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In the next section we will evaluate the expectations for the functions of the X;;’s
and Y;’s, so that we can in turn evaluate the expectations of functions of 0, and
f,, and then finally, we evaluate the large sample formulas for var(ﬁA) and var(éMR)

and their respective decompositions.

5.7 Preliminary Work for Evaluating Moments for él and é2

The statistics 91 and 92 involve products of sums of the X;;’s and Y;;’s. To reduce
the complexity of the analytic arguments that follow, we will define a few new

functions of the z;;’s and y;;’s. Let A4; = Z;;l zij and B; = Z?zl Yyij- Unless
k
otherwise specified, }, will be used to denote ), and er will be used to denote

1r=1
>, where 7 = 1,...,4. In similar fashion, the operand . ., will be used to

Jr=1

k k k non o on

denote ZE Z and Zh#%“#r will be used to denote ZE Z Expectations of
11 #12... Fir J1#j2FEr

products of the A;’s and B;’s will be evaluated below.

5.7.1 Expectations of X;; products

X;; was defined to be the indicator random variable that has a value of 1 if ob-
servation y;; is included in a random sub-sample, and 0 otherwise. The statistics
6, and 6, are functions of X;;’s of order 1 and 2, respectively. Thus, in order to
evaluate first and second order central moments for §; and 92, we need expectations

of X;; products for up to, and including order 4. In cases where the X;;’s are in

the same group, sampling is with replacement. Therefore E(X;;, X;;,) = 22=L if

n—17
Ji # J2. In the instance that j; = j;, F(X;;,Xyj,) = E(X% ) = (m)2_ X;j's in

(N n

different groups are sampled independently, and as such, are independent variables.

Therefore E(X¢1j1Xi2j2)=E(Xiljl)E(Xizh), lf il 7& ig.
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Listed below is a summary of the expectations of X;; products of all types for up

to, and including four terms.

m
E(X;; —
) (5.7.1)
E(X~ X 4): (%)2 UL F b2
11 14N 1202 (%) 77711_—11 72'1 =12, J1 # j2 (572)
(2)° VU1 F Uy F U3
E(XiljlxizjzxisjE.) = (%)2 7::__11 7i1 =12 # Z.37‘7'1 7é j2
mA el m—2 : : . . ) (5.7.3)
(2) (533) =5 s =td2 =13, 51 # Ja # Js
E(Xilj1Xi2j2Xisjin4j4)
() i fin # s F iy
_ (%—)3 - i1 =1y F i3 F 14, J1 F J2 (5.7.4)
(%)2 =) 22 i1 = Uy = i3 £ 14, J1 7 J2 # J3
(2) (52) (32) 222 i =ie=is=io, 1 # 52 # Ja # Ja

5.7.2 Expectations of products Y;;’s

We will now evaluate expectations of products of the Y;;’s, up to and including

terms of order 4. Adopting the assumptions from Section 3.1, we have that u;’s

2 N(0,02)

are u; X N(0,02) for i = 1,...,k, and independent of ¢;’s, with ¢; , 0

7

for:=1,...,k and y = 1,...,n. From this, we have E(ule},) = E(u])E(e3;) for

rys =1,...,4, where
0, if r is odd 0, if s is odd
E(ul) = o2 if r=2 and similarly, E(efj) = o2, if s=2
3ot if r=4 3ot if s=4
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As a result of the above, if r or s is odd, the product of the expectations is 0. For

the following, let £ (H’gzlyf,f) be denoted by firiry. sy

p1=F(yu) = E(u1 + e11) = 0.

(5.7.5)
2 = E (1) = var(yu) = o + oZ.
(5.7.6)
pu = E (yuyie) = E (w1 + e11) (u1 + €12)]
=F [U% + ug (€1 + az) + 611612]
= E(u?) (5.7.7)
= o2,
pa = E (y3) = E [(u1 + en)’]
=k (u‘i’ + 3’!1,%611 + 3U16%1 + 6?1)
= B(u) (5.7.8)
= 0.
por = FE (yflym) =FE [(Ul + 611)2 (ur + 612)]
= E [(u} + 2urers + €1y) (u1 + €12)]
, (5.7.9)
=5 (u1 + 2uiery + €fur + uierg + 2ureri€rg + 631612)

0.

i
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pann = B (yuyreyis) = E (v + en) (1 + €12) (u1 + €13)]
=F [(U% + U1(€11 + 612> + 611612) (u1 + 613)]

= E|u} + uj(ern + €12 + €13) + ur€rier
(5.7.10)

+ ug(enn + €12 + €13) + €r€rz€rs

pa = B(yh) = E [(w + enn)']
=5 (u‘l1 + 4udeyy + 6uled, + duge; + 6‘111)
= B(u) + 6E(uiel;) + BE(ey,) (5.7.11)

= 302 + 6020 + 352,

par = E(yhyls) = E [(w + en)” (wr + e12)’]
= E(u] + uie}, + uie], + €l ely)
= E(uy) + E(ulet,) + E(uiel,) + E(liely) (5.7.12)

_ .4 2 2, 4
= 3o, + 20,0, + 0..

~us = E(yfiyiz) = B [(w1 + en)” (ur + e2)]
= E [(4] + 3ulers + 3uzel, + €y)(u1 + €r2)]
= E(u} + 3ule?)) (5.7.13)
= E(u}) + 3E(u3c))

_ .4 2 2
= 30, + 30,0
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Mo11 = E(y1213/12y13) =F {(U1 + 6)2(u1 + €e12)(ug + 613)]
= B(uj +uely)
= E(u}) + E(uc) (5.7.14)

_q. 4 22
= 30, + 0,0¢

tair = E(ynyizyisyia) = E[(ur + e11)(wr + e2)(ur + e13) (w1 + €14)]
= E(u‘ll) (5.7.15)

_ .4
= 3o,

5.7.3 Sums of products of Y;;’s

This section includes sums of products of Y;;’s that will be used in evaluating

expectations for 6, and 0,.

_ (z]: yz-j) 2 =3 vinvi,

J1 g2
- Z Yij, + Z Yij Yijo (5.7.16)
J1#d2
{11—32}

2
Bl i = (Z yw‘) >_v
J J J
=D D iyl (5.7.17)

i J2 I3

Zyul + Z yzgl yz]g + 2 Z yl]1y2]3 + Z yl]lyljzyzjs
J1#is J1733 N#I2#93

{J1 =j2=j3} {n=s2} {i1=Ja;52=7a}
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2 2
B> vl = (Z Yirin yiljz) > vk
J2 {i1542} J1 Js
= Z Z Z Yirg yi1j2yi22j3
J1 J2 g3
— 2 2 2
- Z Z Y11 Y255 + Z Zyiljl YirjaYizjgs
J1 Ja J1#j2 I3
{n=32}

(5.7.18)
4
B = (Z yij)
;
=3 Y 3 v vis

J1 J2 I3 Ja

_ 4 .3 2 .2
= E Yij, T 4 E Yijs Yij, + 3 E Yiji Yij
J J1#j2 N#J2
{ih=r2=j3=ja} { J1 = J2 = Jaij1 = J2 = Ja; {f1=j2;51=43351=J4 }
J1 = Js =J43j2 = J3 = Ja

+ 6 Yij yz]zyijs + Yij1 Yija Yigs Yija
N#Je#ds NFJeFEisFia
{ JU=J2501 = J3501 =
J2 = J33J2 = J43J3 = Ja

(5.7.19)
2 2
B} B} (iziry = (Z yml) (Z yizjz)
J1 J2
= Z Z Z Z Yirji YirgoYizgs Yinsa
J1 J2 Ja Ja
(5.7.20)
=D D VhaVhi +2 ) D vaitanvl;,
F IR Ji#J2 I3
{51=42.3a=34} {j1=d2.0a#5a501 #2303 =54}

+ Z Z Yiria YivgaYiojgs Yisga

J1#J2 Jatia
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5.7.4 Expectations of sums of products of X;;’s and Y;;’s

In this section expectations of sums of products of X;;’s and Y;;’s are derived in

the following Section 5.8 to evaluate expectations for 6; and 6.

<))

=Y v B(X)
d (5.7.21)

r 2
E(A}Y) =E (Z Zn’)

)1

=B\ >z,

Y)
g2

_ 2 PV
=FE E :Zijl + E Zijy %ija
J

Y)
J1#72

1
= Z y?jl m Z Yii Yii (X5, X, )
i

T

~m 9 mY/m-—1
—gzyuﬂr <g><n_1> Zyiy‘lym

J1#52

(S 5 )+ (2) () 5

S

=)= () ) S

(5.7.22)
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')

E(A;, A, lY) {H#Zz} - (Z Z Zij2®ij2

J1 J2
=D i, B(Xi, ) E(Xyy,),  applying 5.7.1,
A je
o 2 (5.7.23)
= (';) Zzyi1jlyi2j2'
J1 J2
) = £ S5 Y
Ji J2 3
= ( Zz?ﬂ + 3 Z zz-jlz?jz + Z %31 %isy Ziga Y)
'J'l o S MEIPEIE
{f1=92=43} { J1 = d2301 = ga; }
J2 =7Js
- ZymE(Xm )+3 Z Yiin yz’zjz XUlejz) (5.7.24)
J1#J2 o
+ D by B(Xi X, X ), applying 5.7.3,
J1#J2 £
() 5) Dt

#g2

m
* (g)(n—1)< > Z Yij1 Yija Yigs -
Nn#i2#ss
[ 2
E(AilA?Z,’Y) (i) = F Z g1 (Z Zi2]’2)

Y}
L 51 J2

=F § : E : E :Ziljl Rizja %izjs

’)

J1 J2 J3
=E(Y’ Z Ziin By D Y Zia BinjaZinis Y)
J1 J1 J2#7s
{J2 Js}

(continues on neat page)
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E(AG ALY) thgiy = DY Yan ¥, B(Xi i) E(X2,)

a2

+ Z Z yiﬂlyizjzyiz]'aE(Xiljl)(Xizjzxizjs)
J1 J2#Js

applying 5.7.1 and 5.7.2

2
= (%‘) Zzyhjlyizgj;)

o J2

+ (%>2<7:_—11> DD Vialhi
E(AYY)=E r(z Zij

J1 Je#Js
4
J

=E{ >3 3>z i i

Y)
J1 J2 3 s

_ 4 3 2 2
=Bl Y & 4+ 4 25, + 3w, +
7 J1#52 J1#52

{i1=j2=43=44} { J1=J2 = 43301 = ja = Ja; } {i1=d2;51=43351=J1}

J1=J3 =Jajd2 =Ja = Ja
Y)

(5.7.25)

2
6 E Ziji Zijy Zig, T E Zijy Zijy Zija Zij
J1FJ2#7s J1FJ2FTs#ja
{ J1=J2351 = J3; 01 = ja }

J2 = J3id2 = Jas g3 = Ja

= Z y?le(X?jl) +4 Z Yij yszE(Xijx X?jg)
5

J1#752
2 2 2 2
+3 Z Yin Yisn £ (X355, X55)
J1#52
2
+6 Z yijlyijzying(Xijl XijzX?ja)
N #j2#I3
+ Y Vi Vi Yis B (X Xij, X, X, ),
NF#i2#isFla

(continues on next page)
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applying 5.7.4

E(ANY) = Zym +4< )(n—l) > iy,

n=1 J1#2

(3 (Gr) S

n#j2

m m—1
+6<z><n—1)(n_2) Z yz]lyljzyzm
N1#J2#753
m\/m—-1\/m-=2\/m-3
+<g)(n—1>(n—2><n_3)' Z .yijlyijzyijsyijy

JF2F I3 E s

(5.7.26)

(A2 A2 'Y) {ii#ia} = (Z Z Z Z iy j1 %412 %o ja Fia ja

Y)
J1 J2  J3 4

— 2 2 2
- E(Zzzilﬁziﬂs +2 § : E :Zhjlzluzzigjg,

J1 Ja N#dj2 I3
{i1=42,43=34} {i1#52,03=44;51=42.33FFa }

+§ E Ziy gy Zivia Fings Finja Y)

1772 J3F#J4

= Z Z yizlh y?zjs E( 1171 )E(szjs)

J1 s
+2 Z Z yi1j1yi1j2yi22j3E(Xiljlxiljz)E(ngjs)
n#i2 I3

+ Z Z Yivjr Yiria Yioja Yioja E(Xiljl Xi1j2 )E(Xi2j3Xi2j4 )7

FJ2 J3F#ia

(continues on next page)
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applying 5.7.2,

2
m
E(A? AZIY) (i) = ('n‘) Znymyih

F T

2
m m—1

J1 J2#ds

2 2
m m—1
+ (7{) <n — 1> § : E : Y11 Yir152Yizgs Yinga-

J1#32 JaFia

5.8 Moments for Evaluating Conditional and Unconditional variances
and Covariance for §; and 0,

In this section the results from Section 5.7 are used to derive the first and second
order marginal and conditional expectations needed for obtaining the within and

between variances of #; and 6,.

5.8.1 Moments for él

- Te(zn)
(

%) (%) SENDY vh + ) i ym)
J1

J1#32

(continues on next page)
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applying 5.7.6 and 5.7.7,

. 1m

bj

E(0:) = ¢—k(npa + n(n = L) (5.8.1)
= m(uz + (n — Dp1r).
1
E{E[E(ZAB> (ZAB) }
E( ZA“B A, Bi, )
(Z A232 —+ ZAMB Ai, By,
11 =12 115102

‘)

Z B '1|Y) + Z B’ilB’izE(AhAiz{Y):ia

11—22 Z'1#1.2

applying 5.7.22 and 5.7.23,
(B)GE)m s () (=5 o
|

{z
+Y BB, (%)2 SN i ym} }

11=12
i174y g2

- () EE) T () () T

2
m
() Do

i15542

= ]j (_> (m "‘f)kn[/m +4(n — Dps +3(n — Dua

n —

+6(n — 1)(n — 2)pans + (n — 1)(n — 2)(n — 3)p1111]

+ ( > ( >kn[,u4 + (n — 1)ugs + 2(n — 1)ps

n (ﬁfk(k — D)n?[u2 4+ 2(n — Dpapg + (n — 1)2#31]}-

n

+ (n — 1)(n — 2)/1211]

(5.8.2)
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=y

EE(CEE Susmsanaans)

22 J1 J2 J3 J4

2
%}) [Z (Z Yirjy T4 Z y’”ly’l” +3 Z yzmym?

J1#72 J1#72

2
+6 Z yiljlyhjzyiljg + Z yi1j1yi112yi1j3yi1j4>

J1#J2# JF#J2#Ja#a

+3 (Z D UhaVhn t2 DY iVt

t#d ~ J1 Ja J1#J2 s

+ Z Z yiljlyiljéyiw'syizjz;)}

J1#J2 J3F#7a
1 /m\2
e (;) [k (n““ +4n(n — L)pis + 3n(n — 1)paz
+ 6n(n — 1)(n — 2)pa1y
+n(n —1)(n = 2)(n - 3)#1111)
THE-D (n2ﬂ§ +2n*(n — pon + n?(n - 1)2Mf1>}
m2
~ In [(’u“ +4(n — sy +3(n — paz +6(n — 1)(n — 2)pan

+(n—1)(n—2)(n— 3)#1111)

(k= 1) (4 + 200~ Vs + (0 - V3 )|
(5.8.3)
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5.8.2 Moments for 0}

- s[p ()

_ %E {Z B(A2|Y)|, applying 5.7.22

Ar{rfrma ()2 g o)
e[ (1) )z}
-{rfrra () ]

= ——kn (M + 1 (n— 1)#11)

m (p2 + (m — 1)par) .

en-of ()
e ()

:%E( (ZZAW )}

%1 12

:%E <ZA +yaza

’L1 #12 )

1
= —~E{ <Z E(ALY) + Z E(A? A |Y)> }, applying 5.7.26 and 5.7.27,

11 #i2

(continues on next page)
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m —
(n - 1) > vy,

J1#J2

m —1
(TL -1 ) (n — 2) Z yz]ly'lhyms

J1FI2 ¥

JOICDICIC IR

J1#J2FI3F 4
~ § :§ :yzulyzws
n

no s

N

+

2(%) (n 3 > Z Z Yir y7'1.72y12]3

11712 Js

+ <%) (n 1 ) Z Z Yiig yuhyizjsymM:I }

J1#J2 JaFI4

e EY .
+ 6(%) (7::11) (7:»:—_22>(" — 1)(n — 2)pens
+ (%‘—) (:_’112) (’Z:;) (; = g)(n —1)(n = 2)(n— 3)um}
= () i 2(2) (25 ) o0 Do

(continues on next page)
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+ (k- 1)n%‘- [ug +2(m — Dpaipg + (m — 1)%] }
= %{ [#4 + 4(m — 1)pay + 3(m — 1) a2 + 6(

-um—Mm—mm~mMm}

(k= m {4 200 = Vs + (= 17

m — 1)(m - 2)/1211

J1#72
mm — 1

o Gl T )
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w2 () e Sk
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() (522) (St 2 wosse)|
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() e
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+<7:> (n—l) Zzyzmyme”,
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(continues on next page)
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applying 5.7.19, 5.7.17,5.7.20 and 5.7.18,

BEGIYY] = (T—)(m ‘f)kn([m 4 4(n — Djpss +3(n — Vs

k2 n n—

+6(n —1)(n — 2)pona

+(n = 1)n = 2)n = )

+2 (%)2 o znl)_(?;); m)k" [M +(n — 1D)paz + 2(n — 1)pa

+(n—=1)(n— 2)/1211}
+ (%)2 <T;__T>2kn [m t(n— 1)u22]
+ k(k — 1)n?

(G (=3 (e s -0

ST

@) (Y]

(5.8.6)
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5.8.3 Cross-Product Moments

E 91«92

E( A;B; /kZA2/k )}
1=1 =1
1 T ,
= ﬁE ZAilBilAh Y
- %E (Z ALBy + Y AuBL ALY

x o))

—kle (ZB E(AZIY)+ ) ByE(A;, ALY ))}

11 £y

applying 5.7.24 and 5.7.25,

m m
= k?E ZB“ (;Zy?uz +3<;><n_1) Z y21]1y21]2
! J2

N#2

m m—1 m — 2
i (71—) <n -1 ) (n — 2) . Z _ yiljlyilhyhja)
J1F#J2#73

LE (BT

11 %42 J2 73

+ ( ) (n — 1) Z Z yzl]?ym]iﬂy@h):l

J2 Ja#is

(continues on next page)
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E(,6,) = 1 {Z[ (Zy,m+zymym)

N#i2
2 2 3
+ 3(g> (n 1 ) (Z Yir52Yirss + Z YiriaYijs
J27£J3 J2#33
+ Z yiljlyilj'zyi?ljg)
J1#EJ2# s
m\/m-—1
EEDED 5,
J1FJ2#d
+ Z yiljlyiljzyiljsyi1j4):l
NFEjeFis#la
m? 2,2
+ Z [(ﬁ) (Z Zyiljgyizjs + Z Zyiljlyi1j2yi22j3>
11#4p J2 Js J1#J2 Js
mA 2
() s
J2 J3Fia

+ Z Z yhhyhjzyizjsyizj:l):l}

J1#d2 J3F#74

= %{k" [% (/M +(n - 1)M31>

#3( %) (257 (1= D+ (0= D + (0= )~ Dy

n—1

() (221) (222) (360 - vt~ 2

#n= 1= 20 = ) )|
+ (k — 1)n? {(%)2 (ug +(n— 1)#11#2)
SO -
= %{ <u4 +(n - 1)u31> +3(m - 1)</m + iz + (n — 2)um)
= 1)m = 2) (300 + (0~ Bypan

+m(k—1) {/ﬂ + (n — Dpaapz + (m — 1)</“‘2”” +(n—1 Ml)] }
8.7)
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BLE([Y)E(6,]Y)] = E{%(%) S B Z[%(ZL: i )B
2220 )
- (@ ey (e = )]
-5 () e (i e k)
1

i1 742
applying 5.7.19.,5.7.17,5.7.20 and 5.7.18,
1 2 -1

k? \n n—

+ 6(7’L - 1)(’)’L - 2)/1211

(1= ) = 2o~ B

n—m
+kn<n——1> <u4+(n—1)u22+2(n—1)u31

Fn—T1)(n - 2>u2u)

m— 1

n—1

+k(k — 1)n2[ (ﬂ% +2(n — Dpripe

+(n - 1)2/»?1)

+ Z:T (ﬂ% +(n— 1)H11#2>] }
(5.8.8)

5.9 Evaluation of Expressions for Large Sample Approximations for ié,
3 and # and their Respective Components of Variance

In this section expressions for large sample approximations for the moments of 6, and

0, from Section 5.8 are evaluated and presented as functions of the data in Section
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5.9.1. These expressions are then used first to evaluate the mean and components
of variance of ﬁ in Section 5.9.2, and then finally the components of variance of g

in Section 5.9.3.

5.9.1 Expressions for Variances and Covariances of él and ég and Their
Between and Within Components

Using the results for first and second order moments for 91 and 92 from Sections 5.8,
the expressions for the overall,between and within variances and covariance for b,
and 0, from the equations in Sections 5.6 were evaluated and simplified in Maple 6

as given below.

From the first and second order central moments for él, 5.8.1 and 5.8.2, respectively,

var(f;) = %(naz + 03 (no? + mo? + 2mno?l). (5.9.1)

Applying 5.8.2 and 5.8.3 to 5.6.3,

varg)(1) = %(n —m)(no; +ol)a?l. (5.9.2)

Applying 5.8.1 and 5.8.3 to 5.6.4,

A 2m?

var[b](ﬁl) = W. (593)

From the first and second order central moments for ég, 5.8.4 and 5.8.5, respectively,

) 92
var(6y) = —%—(03 + ma?)?. (5.9.4)

Applying 5.8.5 and 5.8.6 to 5.6.3,

~ 2(n — m)m?*c2(2mno? + no? — 20? — 2mo? + mo?
varg)(0;) = ( e Py — ) (5.9.5)
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Applying 5.8.4 and 5.8.6 to 5.6.4,

A 2m?(m?n?c? — m2ain + 2m*nolo? + not

varg)(6) = kn(n —1)

2 + m2ot — 2mo? — 2m?olc?)

(5.9.6)

Using the first order central moments of él, 0, and their cross product expectation,

5.8.1, 5.8.4 and 5.8.7, respectively,

) = 2 (07 4 no?)(o? + mo? 5.9.7
cov(fy,0;) = - (07 + noi)(o: + moy). (5.9.7)

Applying 5.8.7 and 5.8.8 to 5.6.5,

A oA 22

covpy) (01, 04) = —k—(n —m)(o? + no?)o?. (5.9.8)
n
Applying 5.8.8, 5.8.1 and 5.8.4 to 5.6.6,

3

AoA 2m
covp) (64, 62) = —%(Uz + naZ)z. (5.9.9)

5.9.2 Expressions for the Variance of,é and its Between and Within
Components

From Section 5.8 and 5.9 we have the moments and components of variance and
covariance for §; and 0, required to apply the formulas for the Taylor series approx-
imation for the mean and variance of B in Section 5.4 and the components of the
variance of 3 from Section 5.5., the expressions for the mean of 3 and overall, within

and between variances for ﬂA, as simplified in Maple 6, are as follows.

Substituting 5.8.1, 5.8.4, 5.9.4 and 5.9.7 into 5.4.1,

(02 + 2n)

(02 + ma3)

E(8) = = 4. (5.9.10)
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Substituting 5.8.1, 5.8.4, 5.9.1, 5.9.4 and 5.9.7 into 5.4.2,

2

(0 + ogn)(n — m)o;

var(f) = mk(o? + o2m)

_ (n=m)fo. (5.9.11)

o mk

Substituting 5.8.1, 5.8.4, 5.9.2, 5.9.5 and 5.9.8 into 5.4.2,

var(B) = o2(0? + o?n)(n — m)(m*n?ol + nlol — maln

3 — no: — Inmo? (5.9.12)

2. 2.2 2
+ 2m®nojo; — 2mno;o .

+ 2m*0l)/ (m(o? + mol)*k(n — 1)n) .

€

Substituting 5.8.1, 5.8.4, 5.9.3, 5.9.6 and 5.9.9 into 5.5.8,

s 2(n—m)*(0? + oln)iol
= = = =3 9.1
’UCZT’[b](/@) kn(n _ 1)(0_3 + agm)“ (5 9 3)
The first order partial derivative of § with respect to 5’ is
) 2 2)2
i (0, + ma,) (5.9.14)

95 (n—m)(oZ+ o2

5.9.3 Expressions for the Variance of § and its Between and Within
Components

From Section5.9 we have the moments and variances and covariance for él and ég
required to obtain the Taylor series approximation for the variance of g and it’s
components as a function of ,5’ in Section 5.5. The expressions for the overall, within

and between variances for é, as simplified in Maple 6, are given below.

Substituting 5.9.11 and 5.9.14 into 5.5.9,

(02 +mal)*(o? + oln)o?
km(n — m)(o2 + o2)4

var(f) = (5.9.15)
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Substituting 5.9.12 and 5.9.14 into 5.5.10,

2

var[w](é) = (0'62 + 02")(7”20'2?1 — m2a§n — 20’2nma2

[

+202m2oin + oin? — oln — 20%mn (5.9.16)

e

+2mPod)ol/ [(02 + 02)*(n — m)n(n — 1)mk] .

Substituting 5.9.13 and 5.9.14 into 5.5.11,

. 2( o2 2,)2 44
var[b](0 _ (Ue +Uan) Ue

)= kn(n —1)(o2 + 02)4’ (5.9.17)

It is interesting to note here that the approximation for var[b](é) depends on both
variance components and n, but is completely independent of m, whereas var[w](é)
depends on both variance components, and both m and n. The section that follows
will be concerned with the validity of the expressions derived for the within and

between variances for 9.

5.10 Simulation Checks for Between and Within Variance Approxima-
tions

Simulated data sets were used to check the results for the between and within
variance expressions for 0 from the previous section. 1000 data sets were simulated
for 0 = .0588,.2,.3509,.4019, .5, .6491, .8,.9412, with n = 8 and & = 1000. For each

data set, MR estimates were computed for each of 4 sub-samples for m =1,2,...,7.

SAS was used to compute estimates for the between and within variance estimates
for 4 by analyzing one-way ANOVA’s, treating the independent data sets as levels
of a single random factor and sub-samples as the levels for reps. Expected mean
square for the random component was used to estimate the between variance, and

the MSE used to estimate the within variances.
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Figure 5.1 plots var[w](é) against sub-sample size, m, for each simulated value of 0.
The theoretical within variances plotted using “T” as a symbol, and within values
estimated from the data simulation plotted as an “S”. The closeness of the simulated
and theoretical values for var[w](é) indicate that there is a high degree of agreement
between two, giving support to validity of the theoretical expression derived for
var[w](é).

Figure 5.2 plots var[b](é) against sub-sample size,m, for each simulated value of
0. At each value of 0 a single point in the graph represents the value of var[b](é)
a single sub-sample, corresponding to one of the values of m. The smooth curve

A

represents the value of the theoretical varp) () derived in the last section. This

A

graph indicates that the calculated values of vary(f) for the simulations conform
reasonably well to the function for the theoretical var[b](é). There is, however, a
great deal of variability among the simulated values, particularly so in the mid-region

of the parameter space.

To understand the nature of the variability within the simulated values for var[b](é)
for fixed m values, var[b](é) is plotted against m for each value of 8 in figure 5.3. The
graphs in this figure seem to indicate a moderate degree of variability among the
simulated var[b](é) values at each value of m. Furthermore, there appears to be no

functional relationship between the simulated var[b](é) and m, which is consistent

with the theoretical expression of var[b](é) derived, which is independent of m.

Collectively, figures 5.1, 5.2 and 5.3 give good support to the validity to the expres-

sions for the within and between variances for € derived.
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Figure 5.1: Variance of 8y plotted against sub-sample size (m) for several values of
0.
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Figure 5.2: Variance of 05 plotted against 6 for multiple values of m.

5.11 Asymptotic Relative Efficiency of MLE to MR for Single Sub-
Sample

From Donner and Koval (1980), an expression for the asymptotic variance of the

MLE of 6 is given by

2/\2(71 + A)?
E(1+X4n—-1)

var(Oye) = - (5.11.1)

From the previous section, the asymptotic between variance for the MR estimator

of 0 is
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. 2(0? 4 o?n)?a?
varp(Omr) = (624 o2)*n(n — 1)k
2(A +n)iolo?
- nk(l + A)*o8(n —1)
2(n + X)2AN?
- nk(l14+ A)*(n —1)

= var(éMLE)

Therefore the ARE of Or (pooled estimate from multiple experiments) to the MLE
1s 1.

5.12 Proposed Bootstrap Confidence Intervals for Method-R, Mallinck-
rodt (1997)

Bootstrap confidence intervals for MR estimates were proposed by Mallinckrodt et
al. (1997). Mallinckrodt states that the bootstrap variance for the MR estima-
tor of # is given by var[b](éMR). The procedure relies on an assumption that the
bootstrap variance can by approximated without constructing the bootstrap distri-
bution for the MR estimator. Specifically, it is assumed that for 50% sub-sampling,
var[w](éMR) ~ var[b](éMR). Mallinckrodt et al. (1997) simulated 500 data sets for
heritability values of § = .1,.2,.3, 4,.5 for each of two types of pedigree structure
(random and from real data). For each data set, sub-samples of size 10, 20 and
50 were used to compute compute confidence intervals for 4 at levels 80,80,95 and
99%. For the confidence intervals, T-intervals were computed for normalizing trans-
forms (square root, arcsine and Box-Cox) of 0rr. While reported overall coverage
levels appear to be acceptable, one of several questions that linger is whether that
var[w](éMR) adequately estimates var[b](éMR) to be called a bootstrap confidence in-
terval. To justify estimating var[b](éMR) with var[w](éMR) under 50% sub-sampling,

computed the ratio of the standard deviations (within/between) (reported), and also
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tested for differences between the variances using ANOVA F-tests (not reported).

Reported evidence on the empirical justification on approximating varp)(darr) with

var[w](éMR) is still ambiguous.

To further investigate whether fuar[b](éMR) can be estimated by var[w](éMR), we look
once again to the one-way model for additional evidence. 1000 data sets were simu-
lated for the one-way random effects model with fixed group size n = 4, number of
groups k = 4,8, 16,20, 36, 50, 76,100,500, 1000,2000 and heritability values

6 = .0588,.2,.3509,.4019,.5,.6491,.8,.9412. In each case, 0% values were com-
puted for the R = 1000 data sets, for S = 4 sub-samples. The expected mean
squares for the one-way ANOVA model 1.2.1 were used to estimate vary,;(frr) and
var[b](éMR). Figure 5.4 plots the ratio of between variability to within variability

varpy] (éMR)

for éMR, Ry, = ) against k. For k < 2000, Ry, appears to be close to

variu)(Gaca
1 only for § = .3509, and does so slowly as k increases. Indeed, over most of the
parameter space, Ry, can be quite far from 1. This would suggest that for the
one-way random effects model, var[w](éMR) is a poor estimator for var[b](éMR). In
light of these results, it would seem that in general, var[w}(éMR) is not an adequate

estimator of var[b](éMR), the bootstrap variance. And as such, confidence intervals

computed using var[w](éMR) should not be referred to as bootstrap intervals.
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Figure 5.4: Ratio of between variance to within variance for ¢ plotted against group
size (k), for values of 6.
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Chapter 6

BIVARIATE METHOD R
6.1 Introduction

In Chapter 2 the MR estimator was defined for the univariate case. In Chapter 3,
properties of the MR estimator were examined in some detail for the simple balanced
one-way random effects model. In this chapter, the arguments in Chapters 2 and
3 are extended in the study of the MR estimator for two traits. In particular,
for the bivariate case, the characterization of the MR estimation through equating
covariances between new and old predictions to covariances of “old” predictions, is
shown to be equivalent to performing a multivariate regression of “old” predictions
on “new” predictions. In the case of the balanced one-way bivariate MANOVA
model, the multiple trait MR estimator provides a conditional MLE, given the sub-
sample means, for the ratio of residual to genetic covariance matrices, A, where
A is the multivariate analog of A in the univariate case. An algorithm for this
multivariate regression approach to MR is provided and implications of its use is

discussed.

6.2 Bivariate Mixed Linear Model

The bivariate mixed linear model can be described as follows. Let y; be the response

vector of dimension n x 1 for trait ¢ (i = 1,2), with

yi = Xiv; + Ziu; + e;. (6.2.1)
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For trait i {¢ = 1,2}, ~, is the p x 1 fixed effects parameter vector with n x p
design matrix X;; u; ~ (0,D;;) is the ¢ x 1 random effects parameter vector. Z;
is the n x ¢ design matrix corresponding to the random effects parameter vector,
and cov(ug,uy) = Di2; €; ~ (0,Ry;) is the n x 1 random vector of residuals, and

cov(ey, e3) = Rya, and e;’s are independent of u,’s.

If we let

:-yl — 71 = U1 == el X— Xl 0 d
ot F IR B P Y R D P S
[z, o0

the model can be written as

y =X~y + Zu + e,

Dll D12
D12 D22

Rll R12

where var(u) =D = [ Ri2 Ry

| and var(e) =R = | | Then

var(u) =D = ZDZ' + R,

One special case of this model that we will use in this chapter is the two trait animal
model, for which u; ~ (0, Ac?), where A is the g X ¢ genetic relationship matrix;

cov(uy,uz) = Aoa; €; ~ (O,Iofi) and cov(ey, e;) = Io,,,.

6.3 Previous Work on Multiple Trait Method R

Method R estimation for multiple traits was first proposed by Reverter (1994c). For
the two trait animal model, the MR estimates for trait heritabilities were obtained
by equating the covariance between EBLUPS for whole and partial data to the

corresponding covariance for EBLUPS for partial data. Let u; and u; be the vectors

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



150

of the additive genetic random effects for traits ¢ and 7, respectively. Let @; and 1
be the whole sample BLUPS for traits ¢ and j, respectively, and let Gi; and ii; be the
sub-sample BLUPS for traits ¢ and j, respectively. Utilizing the result (see Section
6.4) that

cov(l;, 0;) = cov(Qy,1;), fore,7=1,2.

Reverter (1994¢) defines his multiple trait MR estimators of the covariance param-
eters, as the values for the covariance parameters that satisfy the condition that

R;; =1 for i,5 = 1,2, where R;; is defined as

WAE .
R;; = m, fori,7 =1,2. (6.3.1)

When a covariance parameter of interest is overestimated, the corresponding regres-
sion coefficient is expected to be less than 1. If it is underestimated, the regression
coefficient is expected to be greater than 1. As in Reverter (1994b), binary and
linear iteration strategies were proposed in Reverter (1994c) for the multiple trait
MR procedure. A multiplicative iterative algorithm for updating covariances was
also presented for traits ¢+ and j. If G” is the estimate of the genetic covariance

matrix at the n'* iteration, then G™*! is given by the equation below.

R R™
G™ = G" x [ i i ] , (6.3.2)
Ry R

where the above product is a Hadamard product. The regression coefficients R;;
and Rj;, are in general, not equal, so the average of the two was used to guarantee
symmetry. Convergence for this version of multiple trait MR was found to be quite
slow, requiring many rounds for convergence. Misztal (1997) used the secant method
to help reduce the number of rounds to convergence. Druet et.al.(2000), used a
modified version of (6.3.1), suggested by Reverter(2000), that updates G by splitting

the components of the regressions as follows.
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-1
G". (6.3.3)

T P s SIA-le AL
G+l AT uA u,] [uiA u; ;AT

WA~ AT WA AT
Druet(2000) reports that the the use of the above formula gives a G matrix that is

asymmetric during iteration, but approaches symmetry on convergence. G can also

be forced to be symmetric by averaging the off-diagonal components.

Publications applying multiple trait MR are still only a few in number. Aside from
those cited above, most recently Druet (2000;2001 and 2002) has addressed the
problem of covariance estimation across traits. Some analytical arguments for MR

estimates for simple random effects models for the single and two trait cases.

6.4 Definition of Multiple Trait Method-R

For the two trait animal model application of equation 6.2.1, let fiz4x1 = [ 21 } be
2

the BLUP for ugex1 = [ El ] based on all the data, yonx1 = [ zl ], denoted by
2 2

~

BLUP(uly). Let G551 = [ El } be the BLUP for u based on a subset of y. The
2

MR algorithm relies on the result from the following theorem from Reverter (1994a).

The proof provided is essentially that in Reverter (1994c), with minor corrections

in notation.

Theorem 6.1 For the bivariate mized linear model, Let & be the BLUP for u using
all the data, and let G be the BLUP for u from a subset of the data. Then the
following holds,

cov(,0) = var(i).
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Proof. Let y be the entire 2n x 1 observable random vector of responses and u the

2g x 1 unobservable vector of random effects. Then without loss in generality, the
Yu
Y12
Y21
Yoo

elements of y can be re-ordered and written as a partition, y = , where the

ya
32

1 random vector, for ¢+ = 1,2. Let &t; = BLUP(u;|y;) and let &; = BLU P(u;|yi1),

sub-vectory,; = [ ] Jfori =1,2; y;; an mx1random vector, and y;z an (n—m) x

for 1+ = 1,2. Let matrices X and Z represent the design matrices corresponding
to fixed and random effects, respectively, for the re-ordered data vector. And let
the matrices D, R and V represent the covariance matrices corresponding to the

re-ordered random vectors u, e and y, respectively. Then

- () Loe W)

Let C = cov(y,u) = ZD. Then with respect to the partition on y,

cov(yi1,u) Cu,i Ciip
C = COU(le,u) _ Ciz Cig,2
COU(}’zl,u) C21,1 Cz1,2
cov(yaz,u) | Coa1 Caap
)’1-
Then the mean and variance of | y, | is
u |
yu —Xu')’l_ —V11,11 V11,12 V11,21 V11,22 C11,1 C11,2—
Y12 X12‘)/1 V12,11 V12,12 V12,21 V12,22 C12,1 C12,2
yar | X217, Vo Va2 Vaar Vo Cag Coi
a2 X272 |’ Va1 Vaziz Vazar Vag Cor Cooo ’
U1 0 Cuy Cian Cua Chy Du Dy
[ U2 | | 0] | Chz2 Clo €4, Chy Dy Dy

where V;;’s are the resulting partition on V for the re-ordered data vector, y.

From Schott (1997) theorem 4.3, there exists a triangular N x N matrix T having
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non-negative diagonal elements, such that, V.= T'T'. Further, since V is a positive
definite matrix, T is unique with positive diagonal elements. Then T can be written

with respect to the partition on y as

T21 11 T21 12 T21 21 0
T22 11 T22,12 T22 21 T22,22

Let z = T~'y. Then the model for the transform z is
z=T'X~+ T 'Zu+ T le.

The partition on z corresponding to that of y is

z1 T 0 0 0 Y1
g = Z12 | _ Ti11 Taoe 0 0 Yi2
Z2 Ta1,11 T21,12 T21,21 0 ya
Z22 To211 Taone Taor Tagoo Y2

Let W = T-'X, with partition

Wll
W12
W21 ’
W22

(6.4.1)

and let B = cov(z,u) = T7!(I, ® Z)D with partition

cov(zy1,u) Bi1: B
B — cov(zy3, 1) _ Bi:: Bigg
cov(Zz21,1) By B
cov(Zzq, 1) Boi Baao
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Z11
Zi3
Then the mean and variance of 221 18
22
uy
- u2 —

i Z11 i i W11’7 i i Im 0 0 0
Z12 Wiy o IL,.,, O 0
Za1 Wzl")’ 0 0 Im 0
Zoo W22’7 ’ 0 0 0 In—m
u; 0 B/11,1 Bl12,1 B/21,1 B,22,1

L U2 L 0 i L Bl11,2 B,12,2 B,21,2 B/22,2

Dy
D21

D12

Dy, |

Since @ = BLUP(uly) = BLUP(u|z), solving the MME for u with respect to the

transformed data vector z gives

o>
I

D(T-1ZY(Iy - W(W'W)~W')z
D(BD ) (Iy - W(W'W)~W')z
B/(Iy - W(W'W)"W')z

= B'Pz,
where
P = Ixn-WWW)"W
= [Pz‘j,z"j’]; for ij, i/j/ = 11, 12, 21, 22,
with

Im - WZ],Z']'(WZ],Z/_]’WU,Z']’) W”’ll]/, 1f 1 =1 = ] = ]
Pijip = Inem = Wi (Wi i Wi )™ Wi, ifi =1, 5 =j’

—W,'j‘,'/jl (Wij,i/j/Wijyi/j: ) - Wij,i’j’ 5 otherwise.

(6.4.2)

(6.4.3)

(6.4.4)

Similarly, i = BLUP(ul|y1) = BLUP(u|(211,212)’). Solving the MME for u with

Z11 .
respect to [ } gives
Zy2
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i = B'lPl[Z”], (6.4.5)

72

where B/} = [ Bii Bug } and P; = [ Pua Pup } .

By, Baip Poiii Paa
Therefore
var()) = B'1P1Var<{:ll]>P1B1
12
= B'lPllnglBl
_ BPPB, (6.4.6)
Py 0
= B : B,
1[ 0 P21,21} !
since P; is symmetric and idempotent, and
cov(1,1) = B{Picov(z:,z)PB
I, 0 0 O
Y m
_ B1P1< n 00 O)ma
P 0o P 0
— B/ 11,11 11,12 > PB 647
"\ Py111 0 Py O ( )
Pyyir O
= B! ’ B
! 0 P21 !
= var(Q).
0

6.5 Derivation of Equations for Bivariate Method-R

In this section we will use the result of Theorem 6.1 to derive the conditions used

to define bivariate MR.

From equation 6.4.6 we have the following.

cov(;,0;) = cov(l;, 0;), for e =1,2; y=1,2.
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Therefore

E(ii;0

= B(iii)) = (i), (6.5.1)

since E(0;) = E(4;) =0, for ¢« = 1,2. From LHS of equation 6.5.1,

L=}

tT(E(ﬁ,ﬁ;)) = IEIE(ﬁilajl)
q

= E( ¥ ﬁilﬁﬂ)
=1

= E(tr(0;0}))

= E(tr(d}d;)), from theorem 1.8.1 in Graybill (1976),

= E(a.q,), fori=1,2; j =1,2.
Similarly, for the RHS, we have
tr(BE(4;4})) = BE(44;), fori =1,2; 5 =1,2,
Thus we have that
E(0la;) = E(Gi4,), fori=1,2; j=1,2. (6.5.2)

Also, for any symmetric ¢ X ¢ matrix of weights, W,

E( Wll] = (Z Uzrwrsujs)

r,s=1

= (Z ’LUTT’U/]T> + E (Z ﬁirwrsﬁjs>

r#s

= E wrr uzru]r + E w,s I uzru]s
r=1

r#s
q q
= Zwr,E (ﬁﬂ]z) + ZdijE (ﬁ U
=1 iAj
= E(QjWi,), for1=1,2; j =1,2. (6.5.3)
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For the bivariate animal model, W = A~!. Setting G!A~{; and GQ}A~'{i, to their
respective expected values, and computing the ratio of LHS to RHS, we have the

resulting statistic,

AI_A—I"‘
Ry=ot 1 fori=1,2 j=1,2 (6.5.4)

A,
For the bivariate animal model, the MR estimates of the covariance parameters are

the values of the covariance parameters that satisfy the system of equations specified

in (6.5.3).

6.5.1 Regression Characterization of Bivariate Method R

In this section we will look at the bivariate regression function of whole sample

BLUP’s given sub-sample BLUP’s and it’s relationship to bivariate MR.

Let random matrix of BLUPS for the two traits based on all the data be

A~

U,z = [l O3], and let the random matrix of BLUPS for the two traits based on a

subset of the data be ﬁqxg = [Uy, Us]. The bivariate regression model for Uon Uis
U =Unyp +&ppp (6.5.5)

Ny Is a 2 X 2 matrix of regression coeflicient parameters, with Mo = (171, 75),
where 1, (z = 1,2) are both 2 x 1 vectors, and eU'lU' is a ¢ X 2 random matrix of

regression residuals, with &g 5 = [€1,&,], where &; are both ¢ x 1 vectors (1 = 1,2).

The weighted least squares (WLS) estimator of 1y, 07, when using A~! as the

weighting matrix is

g = (UAT0)U'AT. (6.5.6)
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Applying the result from Rao (1973) Section 8a.2, the conditional mean of i; given

~

E(ty | &) = E(t1) + cov(iy, @) (var(d)) ™" (8 — E())
= u; + cov(iiy, 1) (var(@)) ™ (i — )
=uy + (I; | Ogxg)(G —u)
=uy + (4 —uy)

Similarly, it can be shown that E({; | @) = ;. Combining the conditional expec-

~

tations given 1, we have E(U | U) = U. Which implies that

E(fpp) = E [(ﬁ'A-lﬁ)—lﬁ'A—lﬂ]
= (UAT'0)'UATE(U | U)
= (UAI0)10'AIU
Equation 6.5.6 provides an analogous means of defining bivariate MR estimates of

the covariance parameters, as the values of the covariance parameters for which oo

equals its expected value, I,.

6.6 Equivalence of Method R definitions of Equating Covariances to
Multivariate Regression

In this section we will show that the approach to variance component estimation
through the conditions of Reverter (1994c), is equivalent to that of MR estimation

as defined through weighted multivariate regression.
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For the balanced bivariate animal model, Reverter’s conditions (from Section 6.3),

that R;; = 1 for 1,7 = 1,2, gives the set of equations below.

WA~ h = AT, (6.6.1)
WA, = G AT, (6.6.2)
Ay = 4,A710, (6.6.3)
WA, = A,A G, (6.6.4)

From the multivariate regression of Section 6.5, of i on 1, setting the weighted least

squares estimator of N o its expected value gives the system of equations below.
(UATO)' AU =1, (6.6.5)

The LHS of the above equation 6.6.5

M m NIA—lga w NT=l[ n s N A—l(A A
(G, 82) AT (T, 82)] 7 (81, T2) AT (4, Gz
T G T G T B B e ¥ DR T W
| UjATa AT, AT G UjAT G,
- ~/ -1~ o/ -1~ ~7 -1 ~/ -1
u,A7i g, ujAT IO, U,A7M0; 0,A70,
) A i~ r A1 UL ) A —1a o~y A1
_A-l a,AT,  —d5Ag, AT, 0jATG,
—0jATTh,  djATO A~ e, aLATNG, |

(6.6.6)
where A = (&, A1, ) (LA ~1ily) — (8, A~ ih,) (LA 1, ).

Equating the off diagonal elements of the RHS and LHS of 6.6.5, we have the

following.

From the upper right off-diagonal element of 6.6.6:
(ﬁgA_lﬁz)(ﬁllA—lﬁz) — (ﬁle‘_lﬁl)(ﬁ;A_lﬁz) = 0,
which implies that

(0,A~10,) (0] A~ ;) — (T,A 71, )(T,A 1,). (6.6.7)
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From the lower left off-diagonal element of 6.6.6:
(ﬁllA—lfll)(ﬁle_lﬁl) - (ﬁllA_lﬁQ)(ﬁllA_lﬁl) = 0,

which implies that

~7 A =12 \rml oA —1a ~r A=l Nixt oA —1a
(GJAT 0y )(GA7 0y ) = (G A7 4 (0] AT 0y). (6.6.8)
Let
5 AL 5 A-LG & A-1h T
R u; uq R u, Uq R u, u and R U, Us
n=ao—=Roe=o—RBu=or—+— 2= T
aA-1a,’ 0 A-1a,’ A0, 0, A1,

From equation 6.6.7 we have Ry; = Rjq, and from equation 6.6.8 we have R;; = Ra;.

Equating the diagonal elements of the matrix in 6.6.6 to 1, we have the following.

(L A~11,) (8, A1) — (LA 1, ) (A1)

= (i) A1y ) (@)A1 y) — (] A~ 0, ) (3, A1) (6.6.9)
= (] A7 )(G,A 7 h,) — (W AIG,)(T,A 1, -

From 6.6.9 we have,

(GHA ™M) (@A ) — (D] A™HEy)] = (G AT ) [(85A 7 0y) — (THA ™ y)]

— (ﬁ;A_lﬁz)(ﬁllA_lfll)(Rll - 1) = (ﬁllA_lﬁz)Z(Rzl — 1),
since Ry, = Rj1, we must have that

{(Tp A ) () A7 ) — (8 A7 10,) 2} (R — 1) = 0 (6.6.11)

——)A(Rll*l) =

Since U'A-1U is positive definite, A > 0. Therefore Ry = Ry = 1, which implies

equations 6.6.1 and 6.6.3.
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Similarly, from 6.6.10,

(8 A E)[(A ) — (A7 )] = (1A 5)[(J A7 0) — (A Gy)]

— (A1) (§A 7 0a) (Rae — 1) = (8,47 52)* (B2 — 1),

(6.6.12)
since Ity = Ry2, we must have that
{(0f A0y (A Dp) — (G1 AT )"} (Rye — 1) = 0 (6.6.13)

Once again, since U’A-1U is positive definite, A > 0. Therefore Ry = Ryy = 1,

which implies equations 6.6.2 and 6.6.4.

Hence, we have that the system of equations from the multivariate regression MR

criterion implies the system of equations 6.6.1-6.6.4 of Reverter (1994c).
Conversely, we have the following.

From 6.6.1 and 6.6.3, we have R;; = Ry, which
WA, a,ATN
flllA_lfll ﬁéA—lﬁl

— (W, A7) (DA ) = (@A™ 0, )(35A 1 d,) — 6.6.8.

Also, from 6.6.2 and 6.6.4, we have Ry; = Ry2, which
a,A 110, _ A G,
Us,A-ta, ajA'a,

— (T A7HE,) (G5A 1) = (G5A 10, (T AT ,) — 6.6.7.

Since A # 0, from 6.6.1 and 6.6.3 we have the following:

A(Ry;—1) =0 — 6.6.11 — 6.6.9.
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From 6.6.2 and 6.6.4,
A(Ry —1) =0 — 6.6.12 — 6.6.10.

Thus, Reverter’s system of equations implies the system of equations for the multi-

variate regression MR criterion. Therefore, the two approaches are equivalent.

6.7 Bivariate MR for Balanced One-Way MANOVA Model

6.7.1 Introduction and Outline

In this section we will look at the bivariate balanced random effects MANOVA
model. As in Chapter 3, the simplicity of this model allows for a convenient means
of investigating properties of estimators derived from the bivariate MR procedure.
The main result of this section is that the bivariate MR procedure gives a condi-
tional MLE given the whole and sub-sample means, for A, the ratio of the residual
covariance to the genetic covariance. Below is a brief outline of what is presented

in this section.

1. Present the balanced bivariate one-way MANOVA model, corresponding MME
and expressions for whole and sub-sample BLUPS. Define insufficient statistics

from BLUPS. [Section 6.7.2]

2. Derive expressions for mean and variance of the joint distribution of the whole

and sub-sample insufficient statistics.[Section 6.7.3]

3. Derive expressions for the conditional mean and variance whole sample insuf-
ficient statistics given the sub-sample insufficient statistics, and present the

resulting regression model.[Section 6.7.4]
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4. Present the multivariate regression function for whole sample insufficient statis-

5.

tics given the sub-sample insufficient statistics (analogous to multivariate re-
gression in Section 6.5. The least squares estimator of the matrix of regression
coefficients is shown to be the conditional MLE based on the insufficient statis-

tics. [Section 6.7.5]

Express the BLUP’s in terms of the insufficient statistics, then derive expressions

for the joint mean and variance for whole and sub-sample BLUP’s.[Section

6.7.6]

Derive expressions for the conditional mean and variance for whole sample
BLUP’s given the sub-sample BLUP’s, and present the resulting regression
model.[Section 6.7.7]

Revisit the multivariate regression model for whole sample BLUP’s on sub-
sample BLUP’s. The least squares estimator of the matrix of regression coef-
ficients is shown to be the conditional MLE given the whole and sub-sample

means.[Section 6.7.8]

The least squares estimator for the matrix of regression coeflicients of the
BLUP’s is defined in terms of the least squares estimator for the matrix of
regression coefficients of the insufficient statistics. A closed form expression

for the bivariate MR estimator for A is derived. [Section 6.7.9]

6.7.2 Bivariate Balanced One-Way MANOVA Model

The balanced bivariate MANOVA model can be described as follows. Let y; be the

response vector of dimension kn x 1 for trait ¢ (: = 1,2), with

Vi = pilen + Ziu; + e, (6.7.1)
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where for trait 1 = 1,2, u; is a scalar fixed effects parameter, u; is the £ x 1 random
effects parameter vector with design matrix Z; = I, ® 1,,, and e; is the kn x 1

random vector of residuals, independent of u;. Then the MANOVA model is

yi 1y, O p1 7 u; e
= 6.7.2
sl =z )] e
If we let y = [}’1} , = [’ul],u: [ul] and e = [el , the model can be
AP K2 uy €y |
written as
v=Lolmpr+ (@ Z)u+e, (6.7.3)

where var(u) = %y ® Iy, var(e) = X @ Iy, and the covariance matrices ¥y and Y,
2

2
. a 012 g g
are given by ¥, = 1 and X, = e Te
2 2
012 0y ez O,

The covariance matrix for y is then

var(y) = (12 ® Z)(Eu ® Ik)(I2 & Z/) + (Ee & Ik‘n)
= Cu®L®J,)+ (2. ® L,).

where J,, is a n X n matrix with 1’s as its elements.

The MME for the balanced bivariate MANOVA model is given by

nkze_l n(ze—l ® 12:) “l’ — (2;1 ® l;cn)y (6 7 4)
n(E71® 1) EM(nly + A QL) ul| | (EeLel)y |’ B
where A = X X1
Directly from the MME (equation 6.7.4),
(I @ 1)p + [n(Iz + A) @ IxJu = y;.. (6.7.5)
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Therefore
[(nI2 + A) & Ik]u =Yy — (n12 ® ].k);l, (676)
—u=[nL+A) QL] y:. — (nl: ® 1;)p], (6.7.7)
— 0= [(nLy + A7 @ Lly:. — (nIy ® 1;) ). (6.7.8)
Now

(nly ® 1)t = (nI, ® 1,)(nly ® 10, )y/(nk)

= (nl; @ 3, @ 1))y/(nk), (6.7.9)

which implies
1
yi. — (nly ® 1) o = [(I2 L:®1)— <12 ® EJ;C ® 1;)] y

1

As in Chapter 3, let P =1I; — +J; and let B=P ® 1/, then

i=[(nL+A)" ®L] (L®B)y

= [(nI;+A)"' ®B]y. (6.7.11)

For sub-samples of size m from n observations in each group, let the corresponding
I, O
0 o0

in Chapter 3. Then similar arguments as above, lead to the expression for the

BLUP be 4. Define G = [

] to be the “selection” matrix, as described

sub-sample BLUP,

i=[(ml,+A)" @ BG]|y. (6.7.12)

In Chapter 3, insufficient statistics were defined from the BLUP’s that, free of

dependence of the unknown covariance parameters. In the univariate case, this
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approach led to MR solutions free of the unknown covariance parameters and the
sampling distribution of the MR estimator for a case of a single sub-sample. We

will now define analogous insufficient statistics for the bivariate case

Define \72k><1 = (Iz & B)y —_ [ BY1 ] — [ Yl :l, and define 02k><1 = (13 & BG)y =

By, Va
BGy, | | w
BGy, IRRZEE

6.7.3 Joint Distribution of v and v

Since F(By;) = E(BGy;) = 0, the joint distribution of (¥/,¥')" is

A%

()~ [00)(daicmay Eadibsnsdy )]

where V =var(y) = Z(2, QIt)Z' + 2. @ Lix; Z =1, ® I; ® 1,,. Therefore

V=(LoLel,) t.L)(LoLel)+ X @1,

= (. QL ®@J,) + (Ze ® Lnx). (6.7.13)

Computing the elements of the variance-covariance matrix of (¥v/,v’)/,

var(Vv) = (I, ® B)V(I, @ B')
=(LoPe1)E.0Lel,)+2.0Ly)](I.®P®1,)
=n*(8, ® P) + n(Z. ® P)

=n(nA"" +1,)Z. @ P. (6.7.14)
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cov(¥,v) = (I, ® B)V(I, ® (BG)")
=(LEPOL)(Z. 0L @)+ (B ® Ly)](LeP®1})
=nmi, QP +mX. P
=mnE, @ P+ %X, ®P)

=m(nA™' +1,)¥,. @ P, (6.7.15)

where 1% = (1/,]0’_,.), i.e. 1% is an n-dimensional vector with m 1’s and (n — m)
0’s.
var(V) = [I; ® (BG)]V[L, ® (BG)']
=(LOPQL)[(Z.0Let)+ (Z.0Ly|(LeP o1}
=m*(Z, @P) +m(T. ® P)

=m(mA™ +1,)E, ® P. (6.7.16)
Thus var[(¥',¥)] can be written as

var (

(Z.®P). (6.7.17)

<y <>

) _ [ n(nA~' +1,) m(nA™' + 1)
- m(n/\‘l +1;) m(mA_l + 1)

6.7.4 Conditional distribution of ¥ given v

As in Section 3.3.2, applying the result from Rao (1973) Section 8a.2, the conditional

mean and variance of ¥ given Vv are given by

E(V V) = E{X) 4+ cov(¥,V)(var(v))” (V- E(V))
= 0+ [m(nA™' + L)% @ P][m(mA~! + 1), @ P}~ (v — 0)
= [(rATP+ L) (mAT + L) Q LV

where 3,,, = ( gli g;i ) = [(nA™' + L)(mA™! +1,)7"], and

(6.7.18)
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var(¥ | ¥) = var(V) — cov(¥,¥) (var(¥))” cov(¥,¥)
= [n(nA™ + L,)S. ® P] — [m(nA™" + I,)E. @ P
[m(mA™ + 1,)8. @ P]"[m(nA™" + 1), ® P]
= [n(rA™' + I)E, ® P] — [m(nA™! + L)(mA™" + L)~
(nA~! +1,)X. ® P]
= (AT + L)(mA™ + L) n(mAT + L) = m(nAT + L)|Z. @ P
= (AT F L) (mAT + ) (nl, - m)E. @ P
= —m)nAT + L)(mAT + L)' QP
=(n—-—m)BE.®P

=3 ®P,
(6.7.19)

where £¥ = (n —m)8%..

Note: The matriz BY. is symmetric and non-negative definite, thus X7 is symmetric and

non-negative definite.

The model corresponding to the regression function in equation 6.7.18 is
V=B eL)V+ey, (6.7.20)

where €515, ~ (0,%} @ P).

6.7.5 The Bivariate Regression Function for V|V

Let kag = [¥1, V2]. and let kag = [V1,V2]. The bivariate regression model for \%

on V is

V =V + o, (6.7.21)
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where By is a 2 X 2 matrix and Epp is a k x 2 matrix. The bivariate regression
model in (6.7.21) is essentially a model that collects the univariate multiple regres-
sions of V1 on the ¥;’s and ¥, on the ¥;’s (1 = 1,2). From the regression function in

(6.7.18), the multiple regression models are
V=V +ei=1,2, (6.7.22)

where 8, = (Bu,br2) and B, = (Ba1, B22)’. From (6.7.22), ﬂf/n‘/ = (B4,8;) and
ey = (€1,€2). Combining the models for ¥; and ¥, given V in (6.7.22) as a single

multiple linear regression model,

(5 ¢)(5)+(2)

= (LeV) ( g; ) n ( 1 ) : (6.7.23)

v

From (6.7.23) the weighted least squares (WLS) estimator of ( gl ) is
2

(3) -mevrsermeviGe e sr- (3

= (2 e VPV) (2 @ V'P) ( o )

Va

~ o~

{ (V’Vg“IV’ (V'V 1\7/] ( X; ) (6.7.24)

— (L ® (V'¥)1V) ( X; )
0
-

This implies that the WLS estimator for Bvﬂy is

= (V'V)"'V'V = BVW ; (6.7.25)
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where BVIVOLS is the ordinary least squares estimator (OLS) for By For the

remaining of this chapter we will use BV[V to denote the OLS estimator for ﬂf/n"/-

As in the univariate balanced on-way random effects model, var(¥|V) is singular,
and thus, the likelihood does not exit. From Section 3.3.2, P = CDC’, where D is
the diagonal matrix of eigenvalues for P, i.e. Dyyxx = Diag(1x-1,0). Let Cz‘k_l)xk
matrix resulting from deleting the last row of C. Consider the linear transform

(I ® C*) on ¥. The conditional mean and variance for (I, @ C*)¥ are given below.

E[(L@C )] =(LeC) (B L)V

(6.7.26)
= (B®CHV.
var[(I; ® C*)¥] = (I, ® C*)(X; @ P)(I, ® C*)
=@ C*PC”
(6.7.27)

=¥ ® C*¢’'DCC”
=3 @ Loy

The multiple regression model generated by the transform (I, ® C*) on multiple

regression function for ¥ from (6.7.23) is

C*\Afl >~ * o~ * 1
( G ) = [I, ® (C*Vy,C*¥y)] ( g; ) + ( 8; ) : (6.7.28)

The corresponding least squares estimator for (8}, 35,)’ is given by
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( gi ) = {[L ® (C*¥,,C )] (B @ L) [l ® (C*91, C*91)]}
2
o s \ C*v
I A (T iy

e ¥ IR R v cr C*¥4
= Zv & ( {/éc*l ) Ik_l(C Vl,C Vl)] I:Z,U ® ( {’,20*/ ):I ( C*{IQ
( (DL )] [z;; ® ( ne )} ( C ¥ )
VoVi VoV v,C C*¥y

I et [ V1CY C*¥y
= Le V) (vgc*' )} ( C*9,

(6.7.29)

note: Recall that C*' C* = P, PV, =¥, and Pv; = v;.

Thus, for the transformed bivariate regression model corresponding to (6.7.28)
(C*\A/l, C*\72) = (C*\‘vfl, 0*02)ﬂ‘7|‘7 + (C*El, C*Eg), (6730)

provided (C*Vy,C*¥3) is full rank, it follows from Result 7.10 in Johnson and
Wichern (1992), that if [(C*e;)’,(C*e2)’]" is multivariate normal, BVW/ is the
MLE for By based on the whole and sub-sample insufficient statistics, and
ﬂAVIV has a normal distribution with E(BV[V) = Byv and cov(ﬁi,ﬁk) =
o [(CF1, C0,) (C*¥y, C*%)] ' = 0%, (V'V)~! (from 6.7.29), where o7, is the 1k

element of the covariance matrix L. Also, ﬂA‘;IV is independent of the MLE of X

given by
$= _ (C*él,C*ég)'(C*él,C*ég)
Vo E—1
é’A ~éA - (6731)
_ SvweEviy
 k-=1
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A

where Epy = Vﬂ

Also, ¥ can be written as

v=1,® By
=(LePel))y

— (L, ® kP)y.

Therefore (I, @ C*)¥ = (I, ® kC*P)y. The matrix (I ® kC*P) has full row rank
equal to the dimension of the error space of the design matrix for the fixed effects,
(I ® 1kp,)- Thus, from Section 1.3.3, it follows that BVW and iq’j are also the REML

estimators for By and ¥ based on the whole and sub-sample means.

It should be noted that from equation 6.7.19, an estimator for 3. as a function of

BV]V is

1 ( \73 |V) (V Vﬂv|v) (6.7.32)
B T R

The result above is attractive for being a function of likelihood based estimators

for ﬁVtV and X*. It’s main drawback is that the result may not be symmetric or
positive definite. Imposing constraints such as those proposed in Section 6.3 may
provide usable estimates for covariance, but is not guaranteed to maintain optimality

properties.

6.7.6 Joint Distribution of i and 10

From the definition of the insufficient statistics, we are able to express the BLUP’s,
G and 4 as linear transforms of the insufficient statistics ¥ and ¥. In this section,
we will use expressions for @t and 11 in terms of ¥ and ¥ to derive the joint mean

and variance for 1 and 1i.
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From Section 6.7.2 we can write the BLUP’s, i and 11 in terms of ¥ and ¥ as follows.

= [(nly +A)" @ L9, (6.7.33)

i = [(ml + A) @ LJ¥. (6.7.34)

Since E(V) = 0 and E(V) = 0, and are linear functions of the whole and sub-sample
BLUP’s, respectively, it is easy to see that E(G) = 0 and E() = 0. From equation

6.7.17, we can compute the elements of var[(d’,0’)].

var(d) = [(nly + A)7' @ LiJvar(¥)[(nly + A) 7' @ L)
= (L + A)7 @ LH{[n(nA™ + L))(Ze @ P)}(nly + A) ™ @ L]

=nA7 T, (nI, + AV @ P. (6.7.35)

cov(G, ) = [(nIz + A)”l ® Ig]cov (¥, V) [(mlI; + /\)"l R L)
= [(nL+ A) 7 @ L{[m(rA™" + L)](5. @ P)}(mIy + A) 7V @ I

=mA7IE (ml, + A"V @ P. (6.7.36)

var(@) = [(mI + A)~! @ Llvar(¥)[(mI; + A" ® L]
= [(mL; + A)™' @ L{[m(mA™" + L)](Z @ P)}(mI + A)™" @ L]

=mAT' S (ml, + AV @ P. (6.7.37)

Therefore var[(d’,0')] can be written as

var <

which is consistent with Theorem 6.1, as cov(11, Q) = var(d).

s O

[ rATE. (L + ATV QP mATIE (mI, + ATV P
T mATIS(mL + ATV QP mATIS. (mL+ AV P |
(6.7.38)
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6.7.7 Conditional Mean and Variance of  given @

Following the arguments in Section 6.7.4, we now present expressions for the condi-

tion mean and variance of G given i1

E(alii) = E(Q) + cov(t, it) (var(@))” (it — E(i1))
= 0+ In(ii — 0) = ii. (6.7.39)
and
var(ili) = var(d) — cov(d, it) (var(i))~ cov(ii, )
= [nA7'S (I, + A)"Y @ P] — [mATI S (mIy + A)™Y @ P
(mAIS,(mL; + A)™" @ P]"[mA™ S (ml, + A)™V @ P,
= [RAT'E.(nLy + A)7Y @ P] — [mATIS (mI; + A)V ® P,

= AT (mIz + A)' = mA™ (m; + A)](ndz + A) 7 (mI; + A) TV © P
(6.7.40)

Now

[PAT (mIy + A) — mA™ (mIy + A)] = nmA™ + nATIA — mnAT — mATIA

=(n—-m)A"'A. (6.7.41)
Substituting equation 6.7.41 into 6.7.40,

var(ifi) = (n — m)AT A S (nIy + A) "V (mI, + AV @ P

= ®P, (6.7.42)

where ¥ = (n — m)A™'A'E.(nl; + A)_l'(mlg + A)“ll.

The model corresponding to the regression function in equation 6.7.39 is

where £ﬁ|ﬂ2k><1 ~ (0,3 @ P).
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6.7.8 Multivariate Regression model for BLUP’s

In Section 6.5 we defined Ugyy = [liy, 5] and Ugyy = [fiy, fz]. The bivariate

regression model for Uon Uis
U= Unyp + &
Ny is a 2 X 2 matrix with 9g5 = [0y, m,], where ; (i = 1,2), are both 2 x 1

vectors, and &g ;7 is a k X 2 matrix with £y y = [&1,&,], where &; (¢ = 1,2) are both

k x 1 vectors.

As in equation 6.7.23, the combined multiple regressions of iy and G, on U we have
a U o m 3
o= (o &) (5 )+ (¢
(I, ®U)< ) ( ? ) (6.7.43)
2

Repeating the arguments used in equations 6.7.24 and 6.7.25, it is easily seen that

ﬁUIIjWLs = ﬁmf/oLs (6'7'44)

Recall, that in Section 6.5, it was shown that F (ﬁmf]) = I,. Next we will show
that by setting ﬁUIU to it’s expected value, we can obtain an expression for the MR

estimator of A.

6.7.9 MR estimators for A

We can express U in terms of the insufficient statistics V as follows.

= (&,

. ) 1 ) )
[]nlz T A! (n + Xa2) V1 — Ap2¥2), m ((n+ A1) Ve — Ao V)
1 n+ A —Axn
=07 )|n12 + AI ( Az n+ A
= V(nL + A)7" (6.7.45)
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Similarly, U = V(mlg + A)~". Substituting for Uand Uin Moo+
g = (00)7'0'0
= [(mLy + A)"'V'V(mIy + A) V] Y (mly + AV V(nIy + A) 7]
= (mL + AY(V'V) (V'V)(nIy + A7

= (mILy + A) By (nIy + A) 7" (6.7.46)

Setting ﬁU[U equal to its expected value, we have,
I, = (mIy+ A)Byp(nL + A)7 (6.7.47)

Now we solve for A in terms of BV[V' From equation 6.7.44,
(n; + A) = (m1y + A Byyy
= (nly = mPByy) = N (Byy — 1)
— N = (I, = mByp) By — )"
Thus, the bivariate MR estimator for A is

~

A= By — 1) (nle — mByyy)' (6.7.48)

By the invariance property of MLE’s, it follows that if the residuals are multivariate
normal, the bivariate MR estimator of A is a conditional MLE given the whole and
sub-sample insufficient statistics, and conditional REML estimator given the whole

and sub-sample group means.

As was the case for ¥, in Section 6.7.5 we can write an expression for an estimator

for X, from equations 6.7.32 and 6.7.48.

A

3, = A7LS,

= (nl, — mﬁvlv)_ll(ﬁmff - 12)13‘;?‘7
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This result also may not be symmetric or positive definite, and as mentioned in

Section 6.7.5, imposing constraints will likely result in a loss in optimality.

6.8 Correlation Structure for the Balanced One-Way MANOVA Model

In this section we will take is a closer look at of the correlation structure for the
bivariate balanced one-way MANOVA model. In doing this, we are able to identify
trait intraclass correlations as elements of the the correlation matrix of the data

vector y.

For the balanced one-way MANOVA model, let the subscripts for the random vector
y for trait, group, observation be 1 = 1,2; j =1,...,k; [ = 1,...,n, respectively.

The covariance structure for y is as follows.

cov Y i, ym) = Uar(ywl) = 0'1'2 + Uzi - U(2i)

_ 2
cov ymhyml’) = a;

cov(Yiji, Yirjt) 5 O + Oc.., = Oir)

cov yz]ly Yy U ) i l;él' G5

cov(Yiji, Yirjrir ) =

(
(
cov(yiji, Yijw) | =
(
(
( il A A 0

The resulting correlation structure is as follows.

007"7’(%']'1, yijl) =1

cov .. Y] peond k2 — .
(ymla Yiji ) ot % Pi
corr(Yiir, Yis =
(et vigv) it Il
%G
'::é—" o) o' i)

corr(Yiji, Yirjt)
CO’I“’I“(yZ'jl, Yiriv ) —Zail = P
(

= P’y
itil ] 1¢1/ o(@a(@) —

corr i1l Bug paued 0
Yials Yiiv) il A
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The p; represents the intraclass correlation coefficient for trait i. p(;;r) will be referred
to as the “total” class inter-trait correlation coefficient for traits 7 and ¢’, and p;; is

the class inter-trait correlation coefficient for traits 7 and ¢'.

In terms of the elements of covariance matrices, ¥, and Y., the correlations can be

expressed in matrix form as follows.

< e ) = (Du + De)_1/22u<Du + De)—1/2 (681)
P12 P2
and
< L—p1  paz)— P12 ) = (Dy + D.)"?T(D, + D,)"'/? (6.8.2)
paz —p1z L —p2 )

where D, and D, are the diagonal matrices corresponding to the covariance matri-

ces, X, and Y., respectively.

In terms of the correlations, the covariance parameters can be expressed as follows
fore=1,2and ¢ =1,2.

of = PiU(Zi)

Ufi =(1- Pz‘)a(zi)

Tiit = Piir T ()T (i)

Iy = L) ()I(")

Oey = O(iif) — Oir — (P(m) - Pii')U(z’)U(w)
Thus, the covariance matrices X, and Y., can be written as follows:

. _ { (1= p1)o, (Pa2) = Prz)owyoe)
Y (Pa2) = pr2)oyo (1 - 102)0(22)

_ [ p1ofy pL2O(1)7(2)
P120(1)0(2) P20y
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Thus, the matrix A = X.X7! can be written in terms of elements of the correlation

matrix as follows:

A 1 (1= p1)p2 = (paz) — pr2)piz (prpqz) — Plz)%
P12 — Ly | (P2pazy — pr2) 5 (1= p2)or = (paz) — pr12)prz

R ]
)‘21 >\22 ’

which is not symmetric in general.

6.9 Outline for Bivariate Method R via Multi-trait Regression

The steps for estimation for Method R using multivariate regression of whole sample

BLUE’s on sub-sample BLUE’s are as follows.

1. Choose a starting values for ¥, and fix ¥, = I,. Compute A~!.

2. Compute the insufficient statistics V@ and VO for the j** iteration.

~ A~

3. Compute the matrix of regression coefficients BVU’/ = (VAT'V)"(V'A-IV)

for the ;% iteration, where V = V() and VvV =V,
4. Compute A using equation 6.7.47.

5. Estimate X, for the j'* iteration using one of the following.

(i) Using the MME residual sums of squares. In which case the estimator for

A

Y. should be positive definite.

(i) Use equation 6.7.32 to estimate X.. It follows from the invariance property

of MLE’s that this estimator is optimal provided the result is symmetric and
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positive definite. If it is not symmetric and positive definite, (6.7.32) does not
belong to the parameter space for f)e, and is thus not a MLE. In such a case
the elements of (6.7.32) can be adjusted by methods such as those proposed
in Section 6.3, to yield an estimator that is non-optimal, but is symmetric and

positive definite.

6. Estimate £, for the 5% iteration using one of the following.

(i) Use the current estimate of A and the estimate of MME residual sums of

squares. In which case the estimator for 5. should be positive definite.

(i1) Use equation 6.7.49 to estimate ¥,,. It follows from the invariance property
of MLE’s that this estimator is optimal provided the result is symmetric and
positive definite. If it is not symmetric and positive definite, (6.7.49) does not
belong to the parameter space for f]u, and is thus not a MLE. In such a case
the elements of (6.7.49) can be adjusted by methods such as those proposed
in Section 6.3, to yield an estimator that is non-optimal, but is symmetric and

positive definite.
7. Estimate the elements of the correlation matrix using equations 6.8.1 and 6.8.2.

8. [lterate steps 2 through 7 using the updated estimates of 5, and 3., continue

until

~ (541)

1(J’+1) (j)|’ o

=59 10227 = 00O, 1oy Y = pin V) <,

maz(|p —p1

where ¢ is the desired level of precision.

6.10 Remarks

The regression characterization of multi-trait MR, as in the univariate case, provides

some insight to the properties of the MR estimator in the multivariate setting. As
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seen for the balanced bivariate one-way MANOVA model, the MR estimates of the
matrix of regression coeflicients and A, provide a conditional MLE’s based on the
insufficient statistics and conditional REML estimators given the whole and sub-

sample means.

In Chapter 3, we saw that MR ceased to be optimal in the unbalanced case. This
result is no doubt also true for the bivariate unbalanced one-way MANOVA model.
The algorithm for the bivariate regression approach to MR in Section 6.9 may be of
use for future small to moderate sample sized simulations, similar to those presented

in Chapter 4.

The issue of out-of-bounds estimates received some attention for the univariate
case, in the discussion of the one-way balanced ANOVA model in Chapter 3. It
is reasonable to assume that out-of-bounds estimates will be a problem for small
to moderate sample problems. As the size of the sample increases, the incidence
of estimates outside the parameter space should decrease. Indeed, for practical
purposes, use multi-trait MR would be advised only for problems in which size of
the data set becomes a significant computational issue for more traditional methods
of multivariate estimation. These are precisely the situations in which we expect

the out-of-bounds problem to be of minimal concern.

In summary, the results for the bivariate one-way random effects model extend quite
nicely from the those observed for the univariate one-way random effects models.
More work is needed to understand the theoretical properties of the MR procedure
for more complex models. Logical extensions of this work would include expanding
the one-way model to a 2-factor mixed effects model, balanced and unbalanced, to
study the impact of estimating fixed effects; incoorperating different methods of
sampling (random vs. stratified); the study of nested models, mixed effects and

random effects, balanced and unbalanced, and so on.
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