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ABSTRACT

ALGEBRAIC INVARIANTS OF TENSORS: ALGORITHMS AND DECOMPOSITIONS

This dissertation studies algorithmic techniques and decomposition theories for the algebraic
invariants of tensors. Tensors are multiway grids of numbers encoding multilinear data, with
widespread use across the sciences. Algebraic invariants of tensors, such as its derivation alge-
bra, give structural insights to the tensor. The first result is a novel algorithm for computing these
algebraic invariants. For tensors satisfying a regularity condition, our algorithm computes their
derivation algebra in O(n??) arithmetic operations, improving on the currently known O(n7) al-

2 of the deterministic verification cost. The second

gorithm and coming within a factor of n'/
result is a decomposition theorem for tensors arising as a product of two tensors. This theorem

characterizes the derivation algebra of such a tensor using the algebraic invariants of its factors.
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Chapter 1

Introduction

A scalar records one measurement. A vector often records a magnitude and direction, so it
has one axis, where an axis means an independent mode of access. A matrix has two axes, and
many scientific and engineering settings record measurements with three or more axes. Tensors
encapsulate all of these abstractions in one unifying concept. For instance, a matrix may be called
a 2-tensor, a cube of numbers a 3-tensor, and so on. The number of axes is also called the valence
of the tensor. This tensor abstraction is used in various disciplines to record information for some
fixed reference frame. Some complementary perspectives studying tensors include [Bro97] [KB09]
[Lan12] [RS18] [DLDMVO00] [Tuc66]. Below we give two real world examples.

The first is the stress tensor in mechanics. For an object such as a steel beam supporting traffic,
we can track how the internal force depends on the orientation of a surface element inside the
material. At each point, with respect to a coordinate system, we have a 3 x 3 Cauchy stress tensor,
where diagonal entries capture normal compression and tension, while off-diagonal entries capture
shear [Irg08, p. 52]. Higher valence tensors are needed to model constitutive laws. For instance
the generalized Hooke’s Law for the stress tensor 7' and strain tensor £ is a relationship given by
T;; = SijuEr, where S is a 4-tensor called the elasticity tensor [Irg08, Eq 7.2.23].

The second comes from recommender systems, of which the Netflix tensor is the most famous.
The starting point is to store a user X movie matrix of ratings. The factorization of this matrix
was central to recommenders competing for the Netflix Prize [KBV09]. But recommendation
systems may need more axes, for example, by considering preferences over time, and considering
multiple devices. This necessitates higher valence tensors, for instance with axes user X movie x
time. Tensor factorization methods explicitly model and work with these higher valence tensors
[Kar+10].

Now we motivate studying tensors using algebraic techniques. For the rest of this introduction

F will denote a field. Let A be a [F-algebra, meaning it is a [F-vector space with a bilinear multi-



plication A x A — A (— for bilinear). After choosing a basis of the underlying vector space, the
structure constants associated to the multiplication form a 3-tensor. The algebra A has invariants
that are independent of the basis choice. For instance, does A have zero divisors or split as a direct
product of smaller algebras? Looking at the multiplication tensor for A allows us to understand

them. For example, let F = i35 and let ¢ € F2*2*2 be the tensor with slices

10 5 11 8
t**l = t**? =
5 6 8 0
This is the multiplication tensor of the algebra F[x]/(2% — 3z + 2) in the basis {3 + 4z, 7 + 10z}.

If we instead use the basis b = {1, z}, then using the basis change matrix with columns 3 + 4z and

7 + 10z written in the b coordinates, we get a tensor t with slices

We display it more suggestively to showcase the multiplication rules.

1 T

111 T

rz|lx 3x—2

Finally, 72 — 3z + 2 factors as (x — 1)(zx —2) over F. If e=z —land f =2 —z,thene+ f =1,
e? =e, f2= f,and ef = 0. Hence e and f are complementary orthogonal idempotents, and by

the Chinese Remainder Theorem, F|z]/(z* — 3z + 2) 2 Flz]/(z — 1) X F[z]/(z —2) 2 F x F. In



the adapted basis {e, f}, the multiplication tensor is the table

e f
ele 0
F10 7

The above example is found through an algebraic invariant of the tensor called the centroid [Wil16,
Proposition 6.4] [Mya90, Proposition 3.1]. More generally, the structure in the tensors representing
not just multiplication tables is seen through these algebraic invariants. For example over ' = Fygg7,

let t € F2*2%2 with
978 724 682 660

t**l = s Lo =

700 739 ol 689

Using the adjoint algebra (middle nucleus), we find change of bases matrices M and N satisfying

643 1 111 836 516 0 35 0
M = , N = , M(twa) N7 = , M(to)N7! =

421 1 886 836 0 443 0 332
so in the language of [BKW?24], ¢ splits into two independent 1 x 1 x 2 face blocks. The Multilinear
Algebra library in Magma [BCP97] and the Julia package OpenDleto [The26] provide algorithms

to find these algebraic invariants and decompose tensors.

1.1 Main Results

We briefly describe results on the two main problems tackled by my dissertation.

The first is on computing of algebraic invariants of tensors, which have been key to discovering
basis-independent cluster patterns in tensors [BKW24], decomposing p-groups [Wil09], comput-
ing endomorphisms of modules [BL08], and advancing isomorphism testing [IQ19], [BMW17]
[BW12] [BMW22].

Suppose we are given a 3-tensor 1" € F™ ™" which represents trilinear measurements in a

fixed basis. Let the (7, j, k)th component be denoted T'[i, j, k|, and let T}, . .., T,. € F™*™ be slices



using the Matlab inspired slice notation, where 7; = T:,:,i]. For X € F™™ Y € F"*", and

Z = (zj;) € F™*", define tensors XT', TY, and T by their slices
(XT); = XT, (TY); =TY, (T%)i=> Tz
j=1

Equations for the key algebraic invariants we study are as

(left nucleus) L(T):= {(X,Z) € F™™ x F™*": XT = T?},
(middle nucleus) M(T) = {(X,Y) e F™" x F**" . XT =TY},
(right nucleus) R(T):= {(Y,Z) € F*" x F™*" . TY = T4}, (1.1)
(centroid) C(T):= {(X,Y,Z) € F™™ x F" x ™" . XT =TY = T4},

(derivation) Der(T) :=={(X,Y, Z) € F™™ x F™*" x F™*" . XT +TY = T%}.

Each corresponds to a linear system. Our first main result, Theorem B, shows that for tensors
T e Fr™*™ satisfying a regularity condition, the derivation algebra of 7' can be computed in

O(n*9) time. This is an improvement over the currently known O(n') algorithm.

The second result is about understanding structure when we combine two tensors into one via
multiplication. Multiplication is a natural way to inductively build up data from smaller pieces.
For instance, if A and B are F-algebras, then A ® B is again a [F-algebra. An example of this is
the extensions of scalars construction A ® L given a F-algebra A and a field extension L /F.

We define a product of tensors that serves the same role by combining interactions while pre-
serving multilinearity. Our definition is most naturally stated for bilinear maps b : U x V »— W.
After choosing bases of U, V, and IV, the map b is encoded by its multiplication table, and stored

as a 3-tensor. We define the product bilinear map for s : Uy x Uy = Upand ¢ : V5 x V} — Vj as
s@t: (U@ V) x (U1 @ Vi) — Uy ® Vy

on pure tensors by (s ® t)(u ® z, v ® y) = s(u,v) ® t(z,y), and extended bilinearly.



Example 1.1. A classical result for Hamilton’s quaternion algebra H is the C-algebra isomorphism

H ®gr C = M,(C), given on basis elements by

10 0 0 1 0 1
1®1— , 11— , 1 , k®1—

01 0 —i -1 0 1 0
Let u = ig ® ic. Then u? = (ig)? ® (ic)? = (—1) ® (=1) = 1, so u is a splitting element.
Hence e = HT“ and f = 1_7“ are orthogonal idempotents with e? = e, f2 = f, ef = fe = 0, and
e+ f=1
Concretely, u corresponds to the matrix Eys — E'j1, so e corresponds to Fys and f to Fyq, and we
recover F'5 and — E5; by multiplying with the image of j ® 1. Thus extending the coefficients can
turn a division algebra into a matrix algebra. This splitting phenomenon is studied by the Brauer

group of central simple algebras (simple finite-dimensional associative algebras whose center is

the base field) [Pie82].

Example 1.2. Below we give a bigger computational example using the multiplication structure.
Consider the algebras Flz]/(x? + 1) and F[y]/(y* + 5y + 10). Their tensor product is the algebra
Flz,y]/(xz* + 1,4* + by + 10).

Similarly, their multiplication tables are each given as a 2 x 2 x 2 table, and their combined

multiplication is as shown below.

1 =z Y Ty

1 =z 1 Y 111 =z Y Ty

11 2 [®1]1 Yy =lxz|x -1 Ty —y
r|lr —1 yly —bdy—10 y |y xy —dy—10 —bry— 10z

xy | vy —y —dry— 10x oy + 10

The product bilinear map’s multiplication tensor is on the right, displayed as a 4 x 4 x 4 tensor,

with four slices indexed by the basis {1, z, y, zy}.



Our second main result, Theorem D, states that given bilinear maps s and ¢, we can understand
Der(s ® t) by individually understanding the algebraic invariants of s and ¢. This allows for
characterizing Der(s ® t) using much less information than what one would otherwise expect.
The bilinear map s ® t preserves multilinearity at the cost of multiplicative dimension growth. For
instance, given s : F™ xF" »— Fland t : F? xF¢ ~— F", the product s®t : (F"QFP) x (F*@F9) »—
F! @ F" requires (mp)(nq)(Ir) coordinates to describe. Yet our theorem allows for the individual
understanding of the algebraic invariants of s, which is specified using only mnl coordinates, and
t, which is specified using only pgr coordinates, to fully characterize Der(s ® t).

This result extends earlier results in matrix algebras by Benkart and Osborn [BOS81] as well as
in non-associative algebras by Bresar [Bre17]. Recall that for an algebra A, its derivation, Der(A),
consists of linear maps 6 € Hom(A, A) such that 6(zy) = (6(x))y + 2(6(y)). Benkart and Osborn
show that Der(M,(A)) is a sum of two pieces. First, derivations of A applied entrywise to matrices,
and second, inner derivations coming from commutators over the nucleus of A - meaning in the
algebra M,,(Nuc(A)) [BO81, Corollary 4.9].

As we show in Remark 5.5, the Benkart-Osborn result is a special case of Theorem D when
s is the multiplication tensor of the algebra A and ¢ is the multiplication tensor of M, (F). Then
s ® t is the multiplication tensor of M, (A) = A ®r M, (FF), and the diagonal pieces of the tensor

derivations of s ® ¢ correspond to the algebra derivation pieces of M, (A).



Chapter 2

Preliminaries and Prior Work

Given F-vector spaces U,V and W, a function f : U x V' — W is additive if f(u + v',v) =
f(u,v)+ f(u',v), and f(u,v+v") = f(u,v)+ f(u,v’) forall u, v’ in U and v, v" in V. A function
f is F-bilinear if f is additive and satisfies f(cu,v) = f(u,cv) = cf(u,v) forallc € F, u € U,
andv € V. We write f : U x V »— W (— for bilinear). When context is clear, we elide the prefix

F.
Example 2.1. Examples of bilinear maps include:

1. If Ais an F-algebra, then multiplication map x4 : A x A — A is bilinear.

2. For positive integers m, n, p, the rectangular matrix multiplication map F"™*" x F™*? »—

F™*P given by (X,Y) — XY is bilinear.

3. For U = F? and V = I3, any bilinear form b : U x V — [ can be represented by a matrix

B € F**3 via b(u,v) = u’ Bu for a fixed choice of bases of U and V.

The above extends to explain F-trilinear and F-multilinear in general. Given a bilinear map
b:UxV — W, fix bases for U, V, and W. Then evaluating b on basis vectors of U and V,
and evaluating the output against the dual basis in W*, we may identify b with a trilinear form in
F™ x F* x F! ~— F where m = dim U, n = dim V, [ = dim W. This trilinear form is identified
as a 3-tensor (as an element of F™*™*!) and thus throughout this dissertation, [F-bilinear, trilinear,

and multilinear maps are also called tensors.

Definition 2.2. For vector spaces U and V/, the tensor product of U and V' is the vector space
U ® V with the canonical map ¢ : U x V »— U ® V/, such that for every bilinear map f with

domain U x V/, there is a unique induced linear map f satisfying f = f o . [Grel2, p. 10]

For vectors s € U and t € V, the notation s ® ¢ denotes the image of (s, ) under . The

elements s ® t are called pure tensors, and U ® V' is spanned by pure tensors.



Remark 2.3. Let U = F™ and V = F" with their standard bases. Then U ® V' may be realized as

m X n matrices by sending e; ® f; to the elementary matrix F;;.

Next we describe subspaces of a tensor product space. For subsets A C U and B C V, define
[A® B] =span{a®b:ac A, be B} <UQRV.

The notation [A® B] indicates this space is built internally as a subspace of U ® V. This distinction
is needed as if A < U and B < V are subspaces, then there is also the external tensor product

space (A® B,p: Ax B— A® B).

Lemma 2.4. Let U,V be vector spaces, and A < U and X < V be subspaces. Then [A ® X| =
U ® X]N[A® V] as subspaces of U @ V.

Proof. Letiy : A — Uandiy : X — V be the inclusion maps. The intersection [U ® X]N[ARV]
is the pullback of the external tensor product spaces U ® X and A ® V along their inclusion maps

into U ® V. Hence it suffices to show the following square is also a pullback:

A X A% e x

id 4 ®LxJ/ J/idU RLx

AQV ——— UV
LA®idy

Let 7" be a vector space withmaps ¢; : 7" — A®V and ¢; : T — U ® X such that (14 ®idy)og =
(idy ®tx) o g2. We must construct the unique v making both triangles commute in the below

diagram.




This is done by showing Im(¢;) < Im(id4 ®¢x ). Since id4 ®¢x is injective, any such factorization
is unique. Since tensoring over a field preserves exact sequences, tensoring 0 — X =% V %

V/X — 0 with A gives
05 A X 49% gy 1% 4o (V/X) = 0.

So we must show Im(q;) < Ker(ids ®q), or (ids ®q) o ¢ = 0. This fact follows by the below

commutative square.
LARidy

ARV UV

idg ®ql lidU ®q

AG (V/X) s U (V/X)

Indeed, as elements in Hom(A ® V, U @ (V/X)),

(idy ®q) o (ta ®idy) = (14 ®idy)x) o (ida ®q), (2.1)

because both sides send the pure tensor a ® v to t4(a) & q(v).

Applying idy ®q to (14 ® idy) o ¢; = (idy ®tx) o ¢o, the right-hand side vanishes because
(idy ®q) o (idy ®ix) = idy ®(g o tx) = 0. Hence (idy ®q) o (14 ®idy ) o ¢; = 0, and by (2.1),
(ta®idy/x)o (ida ®q) 0 g1 = 0. Since 14 ® idy,x is injective, (ida ®q) o g1 = 0 as needed. Thus
we find the unique u such that ¢; = (ids ®tx) o w.

Finally, for u to make the upper triangule commute, we must show ¢z = (14 ® idx) o u. We

have

(idy ®tx) o (La ®idx) ou = (14 ®idy) o (ida ®tx) ou
=(ta®idy)oq

= (idy ®tx) o ¢a,



Therefore (idy ®ux)o ((ta®idx)ou—gs) = 0. Asidy ey is injective, we get go = (14 ®idx)ou

as needed. ]

Remark 2.5. For 14 : A — U and 15 : B — V inclusion maps, the induced map 14 ® tp :
A® B — U ® V is injective, and we identify the external tensor product space A ® B with its
image, which is precisely the span of {a®b: a € A,b € B} = [A® B]. This clarifies the notation

A ® B when A and B are subspaces of ambient vector spaces.

2.1 Algebras and Actions on bilinear maps

Existing work such as [Jac37], [Mya90], [BW14], and [Wil16] highlights the role of the alge-
bras in Equation (1.1). In this subsection, we expand on that and describe some operations that we
need for the future sections.

Let U, V, and IV be finite-dimensional F-vector spaces for the remainder of this section. Let
End(U) = Hom(U, U) be the F-linear endomorphisms of a vector space U, and letb : UxV — W
be a bilinear map. We will also use the notation Bil(U, V'; W) for the F-vector space of bilinear
maps U x V — W. For o € End(U), f € End(V), and v € End(W), define the bilinear maps

resulting from operators acting on axes as

beya : U XV — W, (u,v) — blau,v),
be 3:U XV — W, (u,v) — b(u, fv),
begy:U XV — W, (u,v) — y(b(u,v)).

Definition 2.6. The left, middle, and right nuclei of b are respectively

L(b) = {(a,7) € End(U) x End(W) : bey v = b g v},
M) ={(,8) € End(U)® x End(V') : beg v = b ey 5},

R(OD) ={(8,7) € End(V) x End(W) :be; 3 =Dbey7}.

10



Here End(U)°P is the opposite algebra of End(U), meaning composition order is reversed. The
reason for using End(U)° in M(b) is that if («, f), (o/, ") € M(b), then b((d/a)u,v) =
b(au, f'v) = b(u, (65")v), so the product is (a, B)(c/,5) = (¢, 55"). Notice M(b) is the
coordinate free description of the adjoint algebra in Equation (1.1).

The centroid of b is
C(b) = {(a,B,7) € End(U) x End(V) x End(W) :beya =be; 5 =begv},
and the derivation algebra of b is
Der(b) == {(a, 8,7) € End(U) x End(V) x End(W) : bes v +be; 3 =begv}.

Remark 2.7. Each of £L(b), M(b), R(b), C(b), Der(b) is an F-vector subspace of the correspond-
ing product of endomorphism spaces. Furthermore, £(b), M(b), R(b), and C(b) are associative
algebras, with C(b) also commutative when b is fully nondegenerate, while Der(b) is a Lie algebra.

[BMW20, Section 1.2].

2.2 Radicals and non-degeneracy of bilinear maps

Letb: U x V »— W be a bilinear map. For u € U and v € V, define

b(u, V) = {b(u,v") : v € V}, b(U,v) = {b(u',v) :u' € U},

b(U, V) == span{b(v/,v") : v/ € U, v € V}.

The left radical, right radical, and coradical of a bilinear map b are respectively Rad (b) .= {u €

U :b(u,V) =0}, Radg(b) == {v eV :b(U,v) =0}, and Corad(b) = W/b(U, V).

11



We call b fully nondegenerate if Rady(b) = Radg(b) = 0 and Corad(b) = 0. Now define the

axis actions

AY: End(U) — Bil(U,V; W), o~ beya,
AY :End(V) — Bil(U,V; W), B+ be 3,

Al End(W)°P — Bil(U, V; W), v+ beyr.
The superscript is suppressed when context is clear.

Lemma 2.8. If b : U x V — W is fully nondegenerate, then Ay, A;, and A are injective.

Proof. If Ay(a) = 0, then b(avu,v) = 0 forall w € U and v € V, so au € Rady(b) for every u.
Since Rady(b) = 0, we get & = 0. The proof for A; is analogous. For A, if Ag(y) = 0, then
v(b(u,v)) = 0 for all u, v, so y vanishes on b(U, V') = W. Hence v = 0. O

Fact 2.9. [Will5, Section 8.3] For any bilinear map b : U x V — W, there is a canonical induced

fully-nondegenerate bilinear map
b/Vb: (U/Rady (b)) x (V/Radg(b)) — b(U, V),

defined by (b/V/b) (u + Rad(b), v + Radg(b)) = b(u, v).
The algebraic invariants of b/ /b gives us an understanding of the invariants of b. For instance,

the left nuclei gives the following exact sequence of vector spaces
0 — Hom(U, Rad (b)) x Hom(Corad(b), W) — L(b) 2 L£(b/V/b) — 0, (2.2)

where pr(o,7y) = (&, 7|sw,v)) and & is induced by a on U/Rady(b). We justify this exact
sequence. First, for well-definedness of pj, we prove (a,v) € L(b) satisfies a(Rad (b)) <

Radp(b), and v(b(U, V) < b(U, V). Letu € Radp(b). Then b(u,v) = 0 for all v, so y(b(u, v)) =

12



7(0) = 0. But v(b(u,v)) = b(au,v) as well, so au € Radp(b). The proof for v(b(U,V)) <
b(U, V') is analogous.

To see the image of py, lies in £(b/+/b), we check forallu € U, v € V,

(b/Vb) (@(u + Rady (b)), v + Radg(b)) = b(au, v) = v(b(u, v))

= A (5/VD) (1 + Rady (5), v + Rad(0) ),

50 (&, Y|pwv)) € L(b/Vb). We now show py, is surjective. Given (&, 7o) € L£(b/v/b), choose the
lift & € End(U) of & with |gaa, ) = 0, and choose v € End(W) with |y,v) = o and v = 0

on a chosen complement of b(U, V') in W. Then forall uw € U and v € V,

b(au,v) = (b/Vd) (a(u + Rad. (b)), v + Radg(b))

Hence («,y) € L(b) as needed. The kernel of p; are all pairs of endomorphisms where the
first component is the zero morphism modulo Rad (b) (hence a(U) C Rady (b)) and the second
component is zero restricted to b(U, V). Thus, Ker(pr) = {a € End(U) : a(U) C Rad(b)} x
{v € End(W) : v|pw,vy = 0} = Hom(U, Rad (b)) x Hom(Corad(b), W), and Equation (2.2) is

exact.

2.3 Product of tuples of endomorphisms

For k € {0, 1,2}, let Uy and V}, be finite-dimensional F-vector spaces. Let xj : End(Uy) ®
End(Vi) = End(Uy, ® Vj), defined by xip(a ® f)(u ® v) = au® fvforallu € Uy andv € V;,
denote the Kronecker isomorphisms. We introduce the following for combining two tuples of

endomorphisms.

13



Definition 2.10. Let K be finite. For each £ € K, let Uy, V}, be finite-dimensional [F-vector spaces.

Define

X : ( I1 End(Uk)> x ( I] End(Vk)> = [] End(Ux @ ),

keK
by the mapping for a = (g )rex and b = (fi)rex as a ¥ b = (kr(r @ fi))rek-

For example, let K = {2,1,0}, then for a = (ag, a1, ap) € End(Us) x End(U;) x End(Uy)
and b = (fs, f1, fo) € End(V3) x End(V;) x End(Vp), then a Wb = (ka(as @ fa), k1(a1 @
f1), ko(co @ fo)), and is an element of End(Us ® V) x End(U; @ V1) x End(Up @ Vj).

For subspaces A <[], End(Uy) and B < [, ., End(V}), define

AR B =span{a®b:a € A, be B} < [[ End(Ui @ V2).

keK

2.4 Product of bilinear maps

As previously described, there is a need to combine two bilinear maps into one using a product

construction.

Definition 2.11. Fix two bilinear maps s : Uy x U; — Uy, and t : V5 x V| — V{. The tensor
product bilinear map

st (Uy@ V) x (U @ V) — Uy @V

is the unique bilinear map defined in pure tensors as (s ® t)((us ® v2), (u; @ v1)) = s(ug, u1) ®
t(vq,v1) and extended bilinearly. When context is clear or we want to reserve the word tensor

product, we will also refer to s ® t as the product bilinear map.
Lemma 2.12. If s and ¢ are fully-nondegenerate bilinear maps, then s ® ¢ is fully nondegenerate.

Proof. Define the curried functions \s : Uy — Hom(Uy, Up) by Ag(ug)(u1) == s(ug,uy) and A, :
Vo — Hom(Vy, Vi) by Ai(v2)(v1) = t(ve,v1). Then Rady(s) = Ker(\;) and Rad(t) = Ker(\;),
so full nondegeneracy of s and ¢ implies that A\, and \; are injective. Identify Hom(U;, Uy) ®

Hom(V3, Vi) with Hom(U; ® Vi, Uy ® V;) by the Kronecker isomorphism. Under this identifica-
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tion, the curried map U; ® Vo — Hom(U; ® Vi, Uy ® V) associated to s ® t is the map A\ @ A;.
Since tensoring over a field preserves injectivity, A\; ® ); is injective, so Rady(s ® t) = 0. The
argument for U; ® V; is analogous.

Since Corad(s) = Corad(t) = 0, we have s(Us,U;) = Uy and t(V5,V}) = V,. Thus for

arbitrary ug € Uy and vy € Vj, write ug = ) . s(us,;, u1,;) and vy = Zj t(vs,;,v1;). Then
uy ® vg = (Z s (U2, Uu)) ® (Z t(va, ULj)) = (s ®@1)((u2; @ v2), (ur; @ v1;)),
i j i.j
0(s®t)(Uy® Vo, Uy ® Vi) = Uy ® Vp. This concludes Corad(s @ t) = 0. O

Remark 2.13. If s and ¢ are fully nondegenerate, then the axis action maps A5%, A5®*, and A®

are injective by Lemmas 2.8 and 2.12.

Next we come to a key correspondence that allows us to analyze axis actions on product bilinear
maps by linear algebra techniques. Recall for X, Y vector spaces, and the tensor product space
of X and Y, denoted (X @ Y, : X XY — X ®Y), the element p(z,y) € X ® Y is the pure
tensor most often written as * ® y. As the notation x ® y can be ambiguous when z and y are
themselves bilinear maps, we use (z, y) when referring to the pure tensor element in the tensor
product vector space.

LetU = Bil(Uy, Uy; Up), V == Bil(V3, Vi; V4), and define the bilinear map
O:UXV — Bil(U; @ Vo, U; @ Vi; Uy ® Vy), O(s,t) = s ®t as the product bilinear map.
The universal property of the tensor product space ¢/ @ V gives a unique induced linear map
O:URY — Bil(Us @ Vo, Uy @ Vi; Uy @ Vp).

By currying, there are isomorphisms &/ = Hom(U, ® Uy, Up), V = Hom(V, ® Vi, V4), and
Bil(Uy @ Vo, Uy @ Vi; Uy @ V) = Hom((Uy @ Vo) @ (U @ V1), Uy @ V). So O is the Kronecker
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[

isomorphism composed with the associator and swap isomorphisms (U; ® U;) ® (Vo ® V]) =
(Uy ® V3) ® (Up ® Vi), and thus is a bijection.
We fix the notation = := ©~!. Also recall the Kronecker isomorphism x;, : End(Uy) ®

End(Vy) — End(Uy, ® Vi) given by k(o ® f)(u®@v) = au ® fuv.

Lemma 2.14. Following the notation above, let s € U, t € V be bilinear maps, and (U @ V, ¢ :
U xV— U®RYV) the tensor product space of U with V. For all k € {0,1,2}, o € End(Uy), and
f S End(Vk),

E((s@t) o, /ik(Ck@f)) = p(sepa,tef).

Proof. By definition of ©, we have é(gp(s o, a,t o f)) = O(s e a,t @ f). Evaluating both
the bilinear map O (s o) o, t o f) and (s ® t) e, k(v ® f) on pure tensors shows they agree, so

applying = gives the claim. 0

Corollary 2.15. For k € {0, 1,2} and z € End (U, ®V;) with decomposition z =  _ rx(a; @ f;),

linearity gives

E((s Q1) e 91;) = ZE((S ®t) o k(o ® f])) = Z (s e, t e fj). (2.3)

J

2.5 Prior work

Existing research shows that the algebras in Equation (1.1) encode structural information about
tensors. Myasnikov, Wilson, and others in [Mya90], [Will6], [Will2], [MM10], [Wil09] prove
that, for a bilinear map b, the algebras Adj(b) and Cen(b) control direct sum decompositions and
automorphisms of b, using them to prove properties for the originating algebraic structures. The
most famous special case for the middle nucleus equation is the theory of Kronecker modules,
which in our terminology corresponds to tensors in F™*"*2 [Kro90]. Recent work [BKW24]
shows that derivations also control the original tensor’s null patterns, limiting the subspaces on

which the tensor is non-zero.
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There has also been prior work on understanding derivations of tensors coming from the prod-
uct construction in Definition 2.11. Leger and Luks study generalized derivations, quasiderivations,
and quasicentroids as extensions of algebra derivations [LL0OO], and Novotny and Hfivnak study
(e, B,7)-derivations together with associated invariant functions [NHO8]. Closer to our results,
BreSar studies derivations of tensor products of nonassociative algebras [Brel7]. Benkart and Os-
born study derivations and automorphisms of nonassociative matrix algebras [BO81], and Azam

studies derivations of tensor products of algebras [Aza08].
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Chapter 3

Algorithms for nuclei and derivation equations

The descriptions of the algebras in Equation (1.1) are linear in the unknown matrix entries. So
each can be solved as a large system of linear equations. In collaboration with Joshua Maglione
and James B. Wilson, we obtain an asymptotically faster algorithm for computing the adjoint al-
gebra in certain scenarios, inspired by analogous results for matrices known as the Bartels-Stewart
algorithm [BS72]. In this chapter, I state and prove results from this joint work using a novel
approach. I also state and prove my own original result, which concerns the derivation algebra,

following a similar approach.

Theorem A. Let F be a Sylvester regular family of tensors as defined by Defi-
nition 3.34, meaning each problem’s solution space is completely determined by
a restricted subsystem. Furthermore, assume we have a black-box algorithm to
find this subsystem. For each (R, S,T) € F with R € Frxv*c § ¢ Faxs*¢ and
T € F©¢ setn := a + b+ ¢+ r + s. Then SimultaneousSylvesterSystem
instances from F are solved in arithmetic cost O(n*). This gives an algorithm for
the Sylvester regular family with the same order of arithmetic cost as determin-
istic verification, and an improvement to the O(n") cost of solving the full linear

system.
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Theorem B. Let F be a derivation regular family of tensors as defined by Defi-
nition 3.41, meaning each problem’s solution space is completely determined by
a restricted subsystem. Furthermore, assume we have a black-box algorithm to
find this subsystem. For each (R, S,T) € F with R € Frxbxe G ¢ Fexsxe and
T € Fox"¢ setn := a+b+c+r+s+t. Then DerivationSystem instances from
F are solved in arithmetic cost O(n?). This gives an algorithm for the derivation

1/2

regular family within a factor n'/? of deterministic verification cost O(n?), and an

improvement to the O(n") cost of solving the full linear system.

In both cases, the black-box algorithm for choosing the restricted subsystem can be imple-
mented efficiently in practice with heuristics or randomized techniques. Furthermore, tensors in
the regular families satisfy a condition that contains many natural classes of tensors. Examples
include generic cubic (n X n X n) tensors, tensors arising from algebras with bounded solution
dimension, and tensors without solutions whose inconsistency can be detected on a smaller portion
of the coordinates. In the rest of this section, we will reduce each problem to a set of smaller linear

algebra problems. Their solutions are affine subspaces, which we define below.

3.1 Preliminaries

An affine space is a pair (A, U) where A is a non-empty set and U is a vector space acting on
A by a fixed-point free and transitive action. Write the action as + : A x U — A, (a,u) — a + u.
We call U the direction space of A. When U is clear from context, we also say “A is an affine

space”.

Lemma 3.1. Let (A, U) be an affine space. For any a,b € A, there is a unique u € U such that

a + u = b. We denote this vector by b — a.

Proof. Existence follows from transitivity. If a +u = b = a+v, then a+ (u —v) = a. Fixed-point

freeness gives u — v = 0, so u = v. [l
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Let (A,U) be a d-dimensional affine space. An affine frame is a tuple (ay, ..., aq) in A such
that {a; —ao, . ..,aq—ap} is abasis of U. Every a € A has unique coordinates A = (A1, ..., \g) €
Fé with a = ag + 3%, Ai(a; — ap).

An affine frame may also be described by a base point ay € A together with a basis of U.
Convention 3.2. For computation, we encode an affine space by an affine frame.

Let (A,U) and (B, V) be affine spaces. A map f : A — B is an affine map if there exists a
linear map L : U — V such that f(a +u) = f(a) + L(u) foralla € Aand u € U. We call L the
underlying linear map of f. Below we list some properties of affine spaces and maps that we will

use in following sections without further comment.
1. Every vector space V is also an affine space with direction space V.
2. If A, B are vector spaces and f : A — B is a linear map, then f is also an affine map.

3. If (A,U) and (B, V) are affine spaces, then (A x B,U x V) is an affine space with action

(a,b) + (u,v) == (a +u,b+v).

4. An affine map f : A x B — C has an underlying linear map L : U x V — W with
f((a,0) + (u,v)) = f(a,b) + L(u, v).

5. Let U and V' be vector spaces, and let L. : U — V be linear. If (A, W) is an affine subspace

of U, then L|4 : A — V is affine, with underlying linear map L|y .

Example 3.3. Let A = R3, ag = (1,2,3), and W = {(x,y,0) : x,y € R} < R3. Then ag + W is
the plane z = 3, an affine subspace of (R?, R?).
As an example of (5) above, if L : R* — R is the linear map L(z,y,z) = = + y + 2z, then

Lluy+w is the affine map (z,y, 3) — x+y—+3, with underlying linear map L|w : (z,y,0) — z+y.

Finally, we describe how we analyze algorithms and our notation for indexing and accessing

tensors. Throughout, for n a positive natural number, [n| denotes the set {1,...,n}.
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Convention 3.4. For functions f, g : N — N, we write f € O(g) if there exist constants C, ng € N

such that f(n) < C g(n) for all n > ny.

Convention 3.5. We always use the standard basis for coordinate vector spaces F". For u =

(u1,...,u,) and v = (vy, ..., v,), we use the bilinear pairing (u,v) := Y. u,v;.

Convention 3.6. We analyze algorithms by their arithmetic complexity, meaning the number of

field operations over [ (addition, subtraction, multiplication, and division).

Definition 3.7. Let T € F****¢ be a tensor, let I C [a], J C [b], and let k € [c]. We use the slice

notation

T, k) e FIxb T J k] e VI T[1, 0, k] e BV

For M € F**® a matrix, we write

MII,:) e Bt M J) € T

The indexing of sliced tensors and matrices is by the fixed ordering of the slicing sets. For instance,
for I = {iy < --- <i;} C [al, the restricted matrix X |[I,:] € F**" has X[I,:][j, k] = X[i;, k]. We

use this convention for all restricted tensor and matrix indexing.

1 2 5 6
Example 3.8. Let 7' € F?*?*2 be defined by T'[;,:,1] = ,T[: 2] = ,. We have
3 4 7 8
2 9 10 11
TH{1},:1] = [1 2] ,and T'[;, {2}, 1] = . In the matrix case, let M = € F2x3,
4 12 13 14

10 11
Then M[:,{2,3}] = € F2x2,
13 14
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Definition 3.9. We define vectorization for matrices and tensors. For M = (m;;) € F*<,

vec(M) € F* for (i, j) € [a] x [b] by
vec(M) i (j—1)a = Mij.
For T' = (t;;) € F**?*¢ define vec(T') € F* for (i, j, k) € [a] X [b] X [c] by
vee(T') it (j—1)at(k—1)ab = Lijk-
Example 3.10. For

1 23 1 2 5 6
M = € 23, T e F¥22 T 1] = . T2l = ,
4 5 6 3 4 7 8

we have vec(M) = (1,4,2,5,3,6), and vec(T) = (1,3,2,4,5,7,6,8).

3.2 Linear Algebra subroutines

Lemma 3.11. Let (A,U) and (B, V) be affine spaces, let f : A — B be affine with underlying
linear map L : U — V, and let (S, W) be an affine subspace of B. Then the preimage, f~(5) C

A, is either empty or an affine subspace of A.

Proof. If f~1(S) = @, there is nothing to prove. Assume f~!(S) # &, choose ag € f~!(S), and
set Up := L™Y(W) < U. Foru € U, f(ag+ u) = f(ag) + L(u). Since f(ag) € S and S has
direction space W,

flag+u) €S <= Lu) e W < u e U,.
Hence f~1(S) = ag + Uy, so f~1(S) is an affine subspace. O
Problem LinSolve(F).
Given [F-vector spaces U,V ,alinearmap L : U — V,andv € V.
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Return If a solution exists, a computational encoding of the affine solution space {u € U :

L(u) = v}. Otherwise @.

Proposition 3.12. LinSolve([F) returns either an empty set or an affine subspace of U.

Proof. The map L is affine and {v} is an affine subspace of V' with direction space {0}, so the

solution set is L™'({v}). Applying Lemma 3.11 concludes the proposition. O

Proposition 3.13. A coordinatized instance of LinSolve(F), with

U =F", V =TFmx¢ L(X)=MX, M e Fmen,

is solvable in cost Ty (m, n, ¢) € O(min{m, n}* max{m,n} + mnf).

This is the standard dense Gaussian-elimination bound for one shared coefficient matrix and ¢
right-hand sides. Next is the workhorse for our solution strategy, allowing us to lift subproblem

solutions to solutions of the whole problem.

Problem LinearEqualsAffine([F).

Given [F-vector spaces U, W, a linear map L : U — W, an affine space (O, V'), and an affine map

N:6—-W.
Return If a solution exists, a computational encoding of the affine solution space {(u, ) € UxO :

L(u) = N(0)}. Otherwise @.

Proposition 3.14. The solution set of LinearEqualsAffine(IF') is either empty or an affine subspace

of U x O©.

Proof. Define F': U x © — W by F(u,0) := L(u) — N(0). Let M : V' — W be the underlying
linear map of N. Then for all (u,0) € U x © and (v/,v) € U x V,

F((u,8) + (v',v)) = Llu+u) = N(# +v) = F(u,0) + (L(u) — M(v)),
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so F'is affine with underlying linear map (u’,v) — L(u’) — M(v). The solution set is F'~'({0}),

which is empty or an affine subspace by Lemma 3.11. [
Proposition 3.15. For an instance of LinearEqualsAffine(F), let p : W — W/im(L) be the
quotient map and define the feasible parameters

Ofeas := {0 € O : p(N(0)) = 0}.
Then (u, 0) satisfies L(u) = N () if and only if 6 € Ore,s and u € uo(0) + Ker(L) for some fixed
uo(0) such that L(ug(0)) = N(0).

Proof. For fixed 6, solvability is N(6) € im(L), which is exactly p(N(0)) = 0. If uy(0) is one
solution, then for any other u, L(u) = N(#) if and only if L(u — uo(¢)) = 0 if and only if
u —up(f) € Ker(L). O

Proposition 3.16. Given a coordinatized instance of LinearEqualsAffine(IF), with
U =F", W =Fm™¢ L(X)=MX, M e Fmn,

and with affine-frame coordinates # € [F¢ for © and N () = Ny + Zle 0;N;, having N; € W,
where

K := dim Ker(M7), 7N = dim Ofeps if Oreas # &, and 0 otherwise.

The problem is solvable in cost

Tpa(m,n, 0,€,m, k) € O(Zan + Ekml + (Hf)ﬁi—f— mn? 4+ n*¢

~
feasible parameters kernel of L

+\(n+1)£m€+mn2+(n+1)mn€>.

TV
affine frame solve
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Proof. The first term is the cost to solve for feasible parameters. Compute a basis wy, ..., w, of

Ker(MT) in O(mn?). Since Ker(M ") = im(M )+ under the standard pairing,
x €im(M) < (w;,x) =0foralli € [K].

Let C be the matrix with rows wy, ..., w,. Applying columnwise to N (#) means p(N(f)) = 0
exactly when C'N(f) = 0. Recall N () is coordinatized as N(0) = Ny + Zle 0;N;. Thus we
solve the inhomogeneous system Ay + Zle 0;A; = 0 with A; := C'N;. Hence the three costs in
the feasible-parameters term are O(mn?) to compute w;, O(£xml) to form A;, and O((k€)£?) to
solve the (k) x & system.

The second term is to compute a basis for the kernel of L. Compute a basis uq, ..., u, of
Ker(M) in O(mn?), where v := dim Ker(M). Since L(X) = M X acts columnwise, a basis for
Ker(L) is given by the matrices u;e] fori € [v] and j € [¢]. This costs O(vnl) C O(n?().

The third term is to solve on an affine frame of the feasible parameters. We evaluate N on this
affine frame of (n + 1) points in O((n + 1) m), row-reduce M once in O(mn?), and solve the

(n + 1) right-hand sides with that reduction in O((n + 1)mn¥). O

Example 3.17. In the following example, we have m = 3,n = 2,{ = 2, and ¢/ = 2. And set

M=10 1 GFSXQ, N : F? —>F3X2, N(el,QQ) :N0—|—01N1+02N2,

0 0
2 3 1 0 0 -1
No= 1|1 4|, Ny=|-1 0], Ny= 10 2
-1 -2 1 2 1 2

In the three-part process
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1. Feasible parameters. Here im(M) = {(u,v,0)" : u,v € F}, so feasibility is exactly
vanishing of the third row of N (61, 65). This is accomplished by the condition #; + 6, = 1.
Hence Gfeas = {(91,(92) € FQ . 61 -+ 92 = 1}

2. Kernel. Ker(M) = {0}, so Ker(L) = {0}.

3. Solve on an affine frame of O,,.. Take frame points #(*) = (1,0) and §*) = (0, 1). Solving
MX = N(#®)and MX = N(W) gives

vo_ |3 P o —10

0 4 1 6

Therefore parametrizing 6 € O, as 6 = (1 — X, A), we conclude X (6) = X @ + \(X 1) —
X)),

Remark 3.18. If L has a left inverse G, then for each € O, L(u) = N(#) has exactly one
solution, u = G(N(6)).

The last linear algebra subroutine solves the compatibility criterion that arises when lifting

subproblem solutions.

Problem AffinePullback([F).
Given F-vector spaces U, V, W and affinemaps f: U — W,g:V — W.

Return If a solution exists, a computational encoding of the solution space P := {(u,v) € UxV :

f(u) = g(v)}, and otherwise &.

Remark 3.19. The solution space P is affine. Define the map h(u,v) := f(u) — g(v). Then
P = h7'({0}). So it suffices to prove h is an affine map. Let L; and L, be the underlying
linear maps of f and g, and define L;, : U x V. — W by L, (v/,v") := L¢(u') — L,(v"). Then
h((w, 0)+ (W', 0') = flutu) =g(o+0) = fu)+Ly(u) = (g(v) + Ly(v') = h(u, v)+ Ln(u', V).

This concludes #h is affine and that P is either an empty set or an affine subspace.
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Proposition 3.20. Given a coordinate instance of AffinePullback(F) with
U=F V=F, W=F" f(u)=Au+a, gv)=DBv+p,

given by A € F™*4 and B € F™*¢, it is solvable in cost T;(m, d + ¢, 1).

-
Proof. The condition f(u) = g(v) is the block linear system [ A — B] {u v} = 8 — «, which

is one instance of LinSolve(IF). ]

3.3 Simultaneous Sylvester Equations for nuclei of tensors

We work towards Theorem A in this section. Throughout, a, b, ¢, r, s will be natural numbers,
and we use the notation

X = Faxr7 y — stb,

to denote vector spaces. This notation may have subscripts to indicate restricted solution spaces.
As an example, for I C [a],

Xy = FlTbr,

Problem SimultaneousSylvesterSystem.
Given Tensors R € F"*vx¢, § ¢ Foxsx¢ and T € Faxbxe,

Return If a solution exists, the affine subspace
{(X,Y)e X xY:(Vkeld) XR[:,:, k| + S[:,, k| Y =T[,:,k]},
and otherwise @.

This problem is named as a generalization to the single matrix Sylvester equation X A+ BX =
C [Syl84]. It can be solved using LinSolve([F) with m = abc, n = ar + bs, and ¢ = 1. For a tensor
A € Foxb*e taking (R, S,T) = (A, —A,0) with r = a and s = b computes the middle nucleus
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of A. To compute the left nucleus, apply the Knuth-Liebler shuffle [FMW20, Section 7.1.5] to A

along its second and third axes to get A € F**<*®_ Then taking (R, S, T) = (A, —A,0) withr = a

and s = ¢ computes the left nucleus of A. The right nucleus is computed in the same fashion, by

first swapping the first and third axes to get A € Fexbxa gng taking (R, S,T) = (Z, _A, 0) with

r=cand s = b.

Example 3.21. Below is an example of laying out the equations for SimultaneousSylvesterSystem

to solve using LinSolve(F). Take a = 2, b = 2, ¢ = 2, r = 3, and s = 4, with slices

1 0 1
R[:’:7 1] = O _1 Y R[:’:72:| = 1 1 )
2 11 -1 1
10 3 0 o 1 7 -1
Sl 1) = :
11 10 -1 1 -1 -4 1
1 19 —10 4
T, 1] = ,
—-11 4 8 2
The corresponding augmented linear system is shown in Figure 3.1.
T11  ®12 13 | T21  x22 Y22 Y32 Y42 t
1 0 2 1
0 1 —1 —10
5 -1 11 0 3 0 19
1 1 1 1 7 —1 4

—11

= oo

Figure 3.1: An augmented matrix for the Simultaneous Sylvester System in Example 3.21.

We describe an alternative approach, culminating in the following.

Theorem A. Let F be a Sylvester regular family of tensors as defined by Definition 3.34, meaning

each problem’s solution space is completely determined by a restricted subsystem. Furthermore,



assume we have a black-box algorithm to find this subsystem. For each (R,S,T) € F with
R € Frxbxe § ¢ Faxsxc and T € F**P*¢ setn := a + b+ ¢ + r + s. Then Simultaneous-
SylvesterSystem instances from F are solved in arithmetic cost O(n?*). This gives an algorithm
for the Sylvester regular family with the same order of arithmetic cost as deterministic verification,

and an improvement to the O(n") cost of solving the full linear system.

Example 3.23. We use the following running example throughout Section 3.3. Work over F = Q,

witha =b=7r = s = 2 and ¢ = 2. Define

R[:,:, 1] =S[;,:,1] = T[:,:, 1] = diag(1, 0),

R[:,:,2] = S[,:, 2] = diag(0,1), T7:,:,2] = diag(0,2),
where diag(u,v) is a 2 X 2 matrix with the elements u and v on the diagonal. The full solution
family is 2-dimensional, parametrized by o, § € Fas X = diag(«, §), and Y = diag(1—a«,2—7).

Our strategy for SimultaneousSylvesterSystem is to solve smaller systems with a subset of the

constraints, and then lift them. We start with the following.

Problem DoubleRestricted.

Given Tensors R € Frxbx¢ § ¢ Faxsxe T ¢ Fob*c andindex sets I C [a], J C [b] with |I| = a’

and |J| =10'.

Return If a solution exists, the affine subspace

SDR = {(X],YJ) S X[ X yj . (Vk’ S [C]) X[R[I, J, k’] + S[I, Z,]{I]YJ = T[I, J, k’]}7

and otherwise <.

To solve, vectorizing yields an instance of LinSolve(IF) which costs T, (m = a'b'c, n = a'r +
b's, £ = 1). We refer to this cost as Tpr(a, b, c,r, s,a’,b’), or when context is clear, just Tpg. By

Proposition 3.12, the returned solution set is affine.
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Example 3.24. In the running example, take / = J = {1}. Thena’ = ' = 1, and

n

X[ = |:1'1 1‘2:| € F1X2, YJ = € F2X1.

Y2

Here DoubleRestricted gives the constraint x; + y; = 1, with no other constraints on (s, y2).

Hence

1—«
Spr = {a ﬁ}, ca,B,v€TF
Y

Problem RowRestricted.

Given Tensors R € Fr<0x¢ § ¢ Foxsxe T ¢ Fo¥%¢ and index sets I C [a], J C [b] with |I| = a’

and |J| =10'.

Return If a solution exists, the affine subspace
S ={(XY)eX; xY:Vkeld) XiR[:,:,k] + S[I,, k|Y =T[I,:, kl|},

and otherwise &.

Proposition 3.25. For fixed / C [a] and J C [b], RowRestricted is solved by solving DoubleRe-

stricted and then LinearEqualsAffine(F'), with cost

O(Tp(m=abte, n=adr+Vs, (=1)+dcarb-1)

+Tp(m=cd,n=s(=b-V,{=d, n=ng, k=kKpg)).

where o' = |I|, b’ = |.J|, d is the dimension of the solution set of DoubleRestricted (d = dim Spg),
and (ng, kr) are the feasible parameter dimension and the left nullspace dimension respectively in

the LinearEqualsAffine(IF) instance (d, ng, and kg are all 0 if & is returned for DoubleRestricted)
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Proof. Algorithm. Step 1. Solve DoubleRestricted. If it returns &, return & and stop.
Step 2. Set J := [6]\ J and define an affine map Ny : Spg — F(@)*(=Y) a5 well as an element

My € [F(ca’)xs by

T[I,J,1] — X;R[:, J, 1] S[I,:,1]
Np(X1,Y)) = : € Flea)x (=) My = : c Flea)xs
T[I,J,c] — X;R[:, J, | S[I,:, ¢
3.1

Apply LinearEqualsAffine(F) to

U — y:]\7 W — IE‘*(CG,/)X(b—b’)7

(Lp:U =W, Y MgY), ©=38g N=Npg

This returns either @, in which case our algorithm stops, or an affine subspace Ar C Spr X Y5 of
pairs ((X;,Y;),Y) satisfying MY = Ng(X;,Y)).

Step 3. For each ((X,,Y;), 57) € Ag, form the unique Y € Y such that Y[:, J| = Y and
Y[;, J] = Y. Return the affine subspace of X; x ) obtained by sending each ((X;,Y;),Y) € Ag
to (X7,Y).

Timing. Step 1 is one call to DoubleRestricted, costing Tpgr(a, b, ¢, 7, s,a’,b’). Step 2 has two
contributions. Recall dim(Spr) = d, and we are given an affine frame (X;;, Y;;)% . Building
the resulting coordinatized affine map Ny from Equation (3.1) costs O(dca'r(b — b')), because
each of the d matrices has size a’ x r, each R[:, J, k] has size r x (b — V'), and we compute ¢
multiplications between them.

Invoking Proposition 3.16 on (Mg, Ng) adds Tpo(m =ca’, n =s, L =b -V, { =d, n =
Nr, k = kr). Adding the three steps gives the desired cost.

Correctness. Step 1 gives exactly Spg, i.e. all (X, Y;) that satisfy the (7, .J)-restricted equa-

tions. Step 2 gives exactly the elements Y for which the combined Y; and Y satisfy the row
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restricted equation. Step 3 combines (Y;,Y) into Y, so Sy is exactly the set of row-restricted

solutions. O]

Example 3.26. Continue the running example with / = J = {1}, so J = {2}. From Exam-

ple 3.24, write

11—«
X1 = {a ﬁ] ; Y, =
v
Step 2 of Proposition 3.25 computes
10 0
MR: ) NR(XIaYJ):
0 0 —f

~ ~ 0
Solving MY = Ng(X;,Y;) forces Y = and 5 = 0. Therefore
)

l1—a 0
SR: [O[ O:|7 :0577)56]1?
voo0

Next we describe and solve an analogous variant of the row restricted problem, where instead,

we restrict the columns of the original tensors.

Problem ColumnRestricted.

Given Tensors R € Fr<0x¢ § ¢ Foxsxe T ¢ Fo*b%¢ and index sets I C [a], J C [b] with |I| = d’

and |J| =10'.

Return If a solution exists, the affine subspace

Se=1{(X,Y;) € X x Yy : (Vk € [c]) XR[:, J, k] + S|, k]Yy = T[:, J, K]},
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and otherwise <.

Proposition 3.27. For fixed I C [a] and J C [b], ColumnRestricted is solved by solving Dou-

bleRestricted and then LinearEqualsAffine(F), in cost

O(Tp(m=da'te, n=dr+bs, {=1)+dc(a—d)st/

+Tpm=c,n=r,l=a-d, {=d, n=nc, k=Fkc)).

where ' = |I|, b’ = |J|, d is the dimension of the solution set of DoubleRestricted (d = dim Spg),
and (n¢, k¢ ) are the feasible parameter dimension and the left nullspace dimension respectively in

the LinearEqualsAffine(IF) instance (d, ¢, and k¢ are all 0 if @ is returned)

Proof. Algorithm. Step 1. Solve DoubleRestricted. If it returns &, return & and stop.
Step 2. Set I := [a]\ I and define an affine map N : Spr — F(?)*(@=4) a5 well as an element

M¢ € (et xr by

Apply LinearEqualsAffine(IF) to

U = F'rx(a—a’)7 W = ]F(cb/)x(zz—a/)’

(Le:U =W, X McX), ©=38g, N=Nc.

This returns either &, in which case our algorithm stops, or an affine subspace A- C Spr X
Fr>(a=a') of pairs ((X;,Y;), X) satisfying Mc X = Ne (X, Yy).

Step 3. For each ((X;,Y)),X) € Ac, form the unique X € X such that X[I,:] = X; and
X|I,:] = X7. Return S, the affine subspace of X x ), obtained by sending each ((X;,Y;), X) €

AC to (X, YJ)
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Timing. The same cost accounting as Proposition 3.25. Step 1 costs Tpr(a, b, c,r,s,a’,b'),
Step 2 has cost in O(dc(a— a)st +Tpp(m=c/, n=r,{=a—d,{=d, n=nc, k= ffc)).
Adding the three steps gives the desired cost.

Correctness. Same as Proposition 3.25. [

Example 3.28. Continue the running example with I = J = {1}, so I = {2}. From Exam-

ple 3.24, write

11—«
Xr = {a ﬁ] ; Y, =
v
Step 2 of Proposition 3.27 gives
10 ~ 0
Mc = ; McX = No(X1,Ys) = :
00 —y
with X as the unknown. Solving gives X = and 7 = 0. Therefore
€
a f 1—«
SC = ) e /67 €¢c F
0 e 0

The final problem is the following.

Problem LiftRestricted.

Given Solutions to RowRestricted and ColumnRestricted.

Return If a solution exists, the affine solution space of SimultaneousSylvesterSystem, and other-

wise &.
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Solving RowRestricted and ColumnRestricted gives Sg € A7 x Y and Sc C X x Y;. For

zp = (X1, Y) € Sgand z¢ = (X, Y)) € Sc, define projections

WJIXIXJ)—)X]XJ;J, TI'J(ZR) = (XI,Y[I,J]),

W[ZXXJ}J%X]XJJJ, W[(Zc)I:(X[I,Z],YJ),

for which we want restricted solutions to agree on.

Proposition 3.29. Let Sg C A} x YV, and S¢c C X x ); be the solutions of RowRestricted and

ColumnRestricted. Let the pullback of the projection maps be defined as

P = {(zr,2¢) € Sg X Sc : m;(2r) = m1(20)},
the output map be defined as
UV:P— XX, U((X,Y),(X,Y)) = (X,Y),
and the error map be defined as

Err: X x Y — Faxbxe, Err(X,Y) := (XR[:, ., k] + S[:, ., k]Y =TT, , kz])ke[d.

Then {U(z) : z € P and Err(¥(z)) = 0} is the solution set to LiftRestricted.

Proof. The restricted pairs agreeing from Sk and Sc are exactly P. For each z € P, U(z) is a
candidate solution. This candidate is in the solution set of SimultaneousSylvesterSystem exactly

when its residual is zero. ]

Proposition 3.30. Let Sk, Sc be the outputs of RowRestricted and ColumnRestricted. If Sg # @

and S¢ # @, let

d := max{dim Sg, dim Sc}, P :={(zr,2c) € Sk X Sc : mj(zr) = 71(20)},
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7 :=dim P if P # &, and 0 otherwise.

Otherwise set both d and 7 equal to 0.
As a reminder, R € Frxtxc G ¢ Foxsxc and T € Fe*b*¢ are the input tensors to the problem,
the unknown matrices are X € F**" and Y € F**®, and the chosen index sets I C [a] and J C [b]

have sizes a’ and &’. Then LiftRestricted is solvable in cost

Tue(a,b,c,r, 8,0, d, 7) € O((a’r +bs)d* + (1 +1)cab(r+s)

+ Tpi(m =abe, n=r1, { =1)).

Proof. Algorithm.

If either RowRestricted or ColumnRestricted returns &, then we return & and stop.

Step 1 (compute the candidates). From the outputs of RowRestricted and ColumnRestricted,
we get the affine frames (zgy, . .., 2rq4,) C Sk, and (zcp, - - -, 2c.4.) C Sc.

Solve AffinePullback([F) with

U=Fir vV =Fc W=2xx),,

f:U—=W, A= mi(xr(N), g:V =W, p m(xe(n)),

where yr : Fi® — Sg and y¢ : Fé¢ — Sc are the coordinate maps. If P = &, return &.
Otherwise output the frame (py, ..., p;) C Sg X Sc from the coordinate pullback solutions.

Step 2 (compute the error map on a frame). For each t € {0, ..., 7}, compute
(X4, Y:) = VU(py), E, := Err(X,,Y;) € Foxbxe, er = vec(E;) € Fobe,

If 7 = 0, this means at most one solution exists. We check if eg = 0. In the case ¢y # 0, return

@. When e = 0, the solution is the unique point ¥ (py).
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Else, 7 > 0, so we solve the inhomogeneous linear system Mx = —e(, where the columns of
M € Fe*7 are given by vectors e¢; — ey for i € [r] via LinSolve(F). If it returns &, return &.
Otherwise output the frame of solutions in X x )/ by applying ¥ to the coordinate solutions.

Timing. Step 1 is one instance of AffinePullback(F), with d = dg, e = d¢, and m = a'r + sb'.
Under the assumptions that dg, d¢ are O(d), Proposition 3.20 takes O(d*(a’r + sb')) operations.
Evaluating Err at one point costs O(ca b (r+s)), so all 7+1 evaluations cost O((7+1) ca b (r+s)).
Solving Mx = —ey is one call to LinSolve(IF) with m = abc, n = 7, and ¢ = 1, so it costs
Tpi(m=abc, n=r7, { =1). O
Example 3.31. From Examples 3.26 and 3.28, a compatible pair in the pullback has the form

a 0 l1—a 0
X = Y = , for a, €, 6 € F. Step 2 checks

0 e 0 )

Err(X,Y) = (XR[:,:, k] + S[:, 5, kY = T[:, -, k])

kef2)’

and the remaining condition is € + § = 2. Therefore LiftRestricted returns the same solution as
solving the full linear system after renaming € to (5, namely X = diag(«, 8), and Y = diag(1l —

a,2— ) fora, B €F.

Now we combine the above to solve SimultaneousSylvesterSystem.

Theorem 3.32. Let [ C [a] and J C [b]. Then SimultaneousSylvesterSystem is solvable in cost

Tpr + Trr + Tcr + Tt

where Tpg is the doubly restricted solve cost defined above, Trg and Tcgr are the remaining row
and column restricted costs from Propositions 3.25 and 3.27, not including the doubly restricted

solve, and Ty is the lift cost from Proposition 3.30.

Proof. By correctness of DoubleRestricted, we obtain the doubly-restricted solution family for

(I,J). By Propositions 3.25 and 3.27, the row- and column-restricted families computed from
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that data are exactly the solutions of RowRestricted and ColumnRestricted. Then LiftRestricted is

applied to these two families. Its correctness means we solve SimultaneousSylvesterSystem. [

An end-to-end example can be found in Example A.1.

While Theorem 3.32 gives the correct solution for any choice of I and .J, we describe a class

of problems on which this solve-and-lift algorithm performs best.

Definition 3.33. Let R € Frxbxc § ¢ Foxsxe T ¢ Fexb*¢ and C be a positive integer. We say
that (R, S, T') is Sylvester-C-regular if there exist index sets I C [a] and J C [b], with | /| = ¢’ and

|J| =¥, suchthata’ < C, ¥ < C,a'b'c > a'r + Vs, and either Spgr = &, or else

dimSpr < C, Ng(Spr) € im(Mg), Ne(Spr) C im(Me), Ker(Mpg) = Ker(M¢) = {0}.

These conditions ensure the doubly-restricted system is either infeasible, or the solution space
has bounded dimension. They also ensure each doubly-restricted solution admits a unique row lift
and a unique column lift.

The existential dependence on the index sets / and J keeps the regularity condition weak,
since we only require some subsystem to have the desired lifting properties. To obtain the claimed
arithmetic complexity speedup for SimultaneousSylvesterSystem requires computing those index

sets, which is the following problem.

Problem ChooseSylvesterRestriction.

Given Tensors R € F"*vx¢, § ¢ Foxsx¢ T ¢ Fa*b*¢ and a positive integer C'.

Return If (R, S, T) is Sylvester-C-regular, index sets / C [a] and J C [b] satisfying the require-

ments of (R, S, T) being Sylvester-C-regular, otherwise &.

For the complexity statements, we assume a black-box algorithm for the above problem. The
reason is that we do not presently have a deterministic strategy beyond brute-force search for find-

ing precisely which subsets / C [a] and J C [b] satisfy the regularity condition. In practice, these
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index sets may be efficiently chosen by heuristic or randomized methods given some knowledge

of the source of the tensor data.

Definition 3.34. A collection F of tensor triples is called a Sylvester regular family if there exists

a positive integer C' such that every (R, S,T) € F is Sylvester-C-regular.

Now we are ready to prove Theorem A, which states that Sylvester regular family instances can
be solved in lower arithmetic complexity as compared to solving the full linear system, assuming

we have a black-box algorithm for finding the restricted index sets.

Proof of Theorem A. Let F be a Sylvester regular family, and let (R, S, T) € F with R € Frxbxe,
S € Fo¥sx¢ and T € F**¥*¢, Let C be as in Definition 3.34, and apply the black-box algorithm
for ChooseSylvesterRestriction to choose I C [a] and J C [b] such that (R, S, T) is Sylvester-C-
regular. Recall that |/| = o’ and |J| = b'. For the doubly-restricted step, Sylvester-C-regularity

gives a’b/'c > a'r + b's, and hence

Tpr € O((a'Vc)(a'r +V's)?).

Letn := a+b+c+r+s. The above cost is O(n?) since a’, b’ < C. If the doubly-restricted system
has no solution, then the full system has no solution as well, and the algorithm stops here within
the claimed O(n*) bound. Otherwise, let Spr denote its affine solution space. Since (R, S,T) is
Sylvester-C'-regular, both feasible parameter spaces equal Spgr, meaning 17z = 7¢ = dim Spr < C.
For the row and column restricted steps, after excluding the already counted doubly-restricted

solve, the remaining costs are

stage T2 parameters additional term cost
RowRestricted ~ (m,n,¢,&,n,k) = (cd’, s, b=V, dpr, Nr, KR) dprca'r(b—1) O(n?)
ColRestricted (m,n, 0, &,n, k)= (cb, r,a—d, dpr, nc, Kc) dprc(a—a’)sb’ O(n?)

Here a,b,c,r, s < n, so in each case above m,n,¢ € O(n), {,n < C, and K € O(n). Recall
from Proposition 3.16 that T, has cost bounded by sum of the terms mn?, {kmd, (k0)E2, n?Y,

(n + 1)émd, and (n + 1)mn. In both the row and column restricted case, mn?, Exmt, n?l, (n+
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Lymnt € O(n?), and (k0)&2, (n + 1)éml € O(n?), so Tps € O(n?®). Each displayed additional
term is also O(n?), so the cost of each stage is O(n?), as reflected in the cost column. Therefore
RowRestricted (Trg) and ColRestricted (Tcgr) each cost O(n?).

Being Sylvester-C'-regular means each point of Spr has a unique row lift and a unique col-
umn lift, so Sg and S¢ agree on the overlap, meaning the pullback P has the same dimen-
sion. Hence dimSg = dimSc = dim P = dimSpr < C, and therefore 7 < C. Recall

d = max{dim Sg, dim Sc} in Proposition 3.30, we conclude

Tute(a, b, c,r,s,a', b, d, T) € O((a’r +bs)d* + (1 +1)cab(r+s)

+ Tpi(m = abe, n =7, { =1)).

Here (a'r+V's)d*> € O(n), (t+1) cab(r+s) € O(n*),and Tp1 (m = abe, n = 7, £ = 1) € O(n?),
so Ty, € O(n*). This gives the total solve-and-lift cost as O(n*).

Full deterministic verification checks all abc constraints and has cost O(abc(r + s)) = O(n?).
Therefore, instances of SimultaneousSylvesterSystem from a Sylvester regular family F are solved

in arithmetic complexity O(n?). H

3.4 Derivation Equations for derivations of tensors

In this section, we work towards Theorem B with a similar strategy as the Sylvester case.

Throughout, a, b, ¢, r, s, t will be natural numbers, and we denote the spaces
X :=F>",  Y:=F*  Z.=F

This notation may have subscripts to indicate restricted solution spaces. As an example, for [ C

[a], X} is the space F!/I*". For a matrix Z € F**¢, define 77, the outer action of Z on T, by
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specifying its slices for k € [] as

(TH)[:y o K] =Y T 4] Z[5, K.
Jelt]
For K C [c] with |K| = ¢ and Zg := Z[:, K] € F**¢, we likewise write TZx € Fo*0*¢ with

slices indexed by [¢/] in the induced order on K.

Problem DerivationSystem.

Given Tensors R € Frxbxc g ¢ Faxsxc T ¢ Faxbxt,

Return If a solution exists, the affine subspace
{(X,Y,2) e X xY x Z:(Vk €lc]) XR[:,:, k] + S[:, 1, k] Y = (T7)[:,:, k] },

and otherwise &.

This problem can be solved using LinSolve(F) with m = abe, n = ar + bs + ct, and ¢ = 1.
For a tensor A € F**¢_ taking all three input tensors equal to A and setting 7 = a, s = b, and
t = crecovers the derivation algebra of A. We describe an alternative approach, culminating in the

following.

Theorem B. Let F be a derivation regular family of tensors as defined by Definition 3.41, meaning
each problem’s solution space is completely determined by a restricted subsystem. Furthermore,
assume we have a black-box algorithm to find this subsystem. For each (R,S,T) € F with
R € Frxbxe § ¢ Faxsxe and T' € F****! setn := a + b+ ¢+ r + s + t. Then DerivationSystem
instances from F are solved in arithmetic cost O(n*?). This gives an algorithm for the derivation

1/2

regular family within a factor n'/? of deterministic verification cost O(n?), and an improvement to

the O(n") cost of solving the full linear system.

As in the above section, we solve the derivation system by solving on a smaller subsystem, and

then lifting those solutions.
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Problem TripleRestrictedDer.

Given Tensors R € Frxvxe G ¢ Faxsxe T ¢ Fox0%t and index sets I C [a], J C [b], and

K={k <---<kg} Clc],with |I| =d/,|J| =V,and |K| = (.

Return If a solution exists, the affine subspace

Dryx ={(X1,Y;, Zk) € X1 x V5 x Zk :

(Vj € [CID XI R[:v J7 kj} + S[Iv :7kj] YJ = (TZK)[[7 J?j]} )
and otherwise &.

This is a dense linear system with ra’ + sb’ + t¢’ unknowns and a'b’c’ equations. Hence it is
solvable in cost

Tp(m =d't'd, n=rd +sb' +td, £ =1). (3.2)

We now describe three restricted systems which give solution families for X, Y, and Z, re-
spectively.
Problem ColDepthRestrictedDer.

Given Tensors R € Fxbx¢ § ¢ Foxsxe T ¢ Foxbxt and index sets I C [a], J C [b], and

K={k < - <ko} Clcwith |[I| =d,

J|=V,and |K| = .

Return If a solution exists, the affine subspace

D[a],J,K = {(X,YJ,ZK) € X x yJ X ZK .

(Vj S [Cl]) XR[:v J, kj] + S[:v :7kj] Y, = (TZK)[:v J,j]}7

and otherwise <.

Problem RowDepthRestrictedDer.
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Given Tensors R € Fxtx¢ G ¢ Foxsxe T ¢ Foxbxt and index sets I C [a], J C [b], and

K={k < - <ko} Clcwith |[I| =d,

J|=V,and |K| = .
Return If a solution exists, the affine subspace

Drpx = {(X1,Y,Zg) € Xy x Y X Zx

(Vj € []) Xt Rl 1 ky) + S[L, o k)Y = (T79)[1,1, 4]},
and otherwise &.

Problem RowColRestrictedDer.

Given Tensors R € Frxvxc § g Fexsxe T ¢ F*0%! and index sets I C [a], J C [b], K C [c]

with |[I| =d/, |J] =V, and |[K| = (.

Return If a solution exists, the affine subspace

DI,J,[C} = {(X],YJ,Z) € X[ X yJ X Z

(Vk € [d]) X1 R[:, J,k] + S[I,+, k| Y; = (T7)[1, J, K]},

and otherwise &.

Proposition 3.36. Each of the problems ColDepthRestrictedDer, RowDepthRestrictedDer, and

RowColRestrictedDer are solved by TripleRestrictedDer followed by LinearEqualsAffine(IF).

Proof. All three restricted problems are solved by first computing Dy _; i using TripleRestrictedDer

(this is only done once and the solution is shared), and then LinearEqualsAffine(I).
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We detail RowDepthRestrictedDer. Let J = [6] \ J, and write K = {k; < --- < ky}. Define
the affine map Ng : Dy jx — F@e)x0=) and Mp € F¥¢*S by

(T7)[1,J,1] = X1 R[:, J, k1] SIL,: k]
Ngr(X;,Y;, Zk) = : € F@'exO=0)  prp .o : c Fla’c)xs,
(T%<)[I,J,¢] = X R[:, J, ke S[I,:, ke
3.3)

Then, for each (X, Y, Zx) € Dr.j x, we solve the corresponding LinearEqualsAffine(F) instance
with coefficient matrix Mg and right-hand side Ng(X7, Y, Zk). The solution triple (X, Y, Zx)
is formed by combining Y; and Y, in a fashion identical to the Sylvester case.

The problem ColDepthRestrictedDer is solved similarly with matrices N¢ and M, while Row-
ColRestrictedDer requires some new notation to set up the system. Write K = {{p < -+ <
(e} =[]\ K. Define a matrix Mp € F¥*! by specifying its jth column Mp[:, j](j € [t]) as
vec(T|I, J, j]) € Fe'V.

Then we define the affine map Np : Dy jx — o't * (=) by specifying the jth column of its

output:

ND(X[, YJ, ZK)[,]] = VeC(X[ R[Z, J, gj] + S[I, . @] YJ) (] € [C — CI])
Now solving for 7 € Ftx(e=<)in M DZ = Np(X1, Yy, Zk) using LinearEqualsAffine(F) con-
cludes the solution. O

Proposition 3.37. Let d := dimD; ;x and let (ng, kr), (N, kc), and (1z, kz) be the corre-
sponding feasible parameter dimension / left nullspace dimension parameter pairs in the three
LinearEqualsAffine(IF) instances solving Proposition 3.36. Write Trg := T, (m = d'b'd/, n =

a'r + sb' +tcd, ¢ =1). Then the cost of each stage is as follows.
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stage step 1 step 2 step 3

RowDepth Trgr dda(b=V)(r+t) Tpm=ddn=sl=b-0V,£=d,n="nr,k=KR)
ColDepth TTR dcd (CL— a’) b (S+t> sz(m = b,C/,TL = T‘,g =a — CL/,E = dﬂ] ="Nc,k = HC)
RowCol TTR dc=d)dV (r+s) Tpm=dbn=tl=c—Cd,E=dn=nzkK=kyz)

where summing each stage gives the cost of the corresponding restricted problem.

Proof. Each stage’s cost is the sum of the contributions from the three steps. The first step is the
shared triple restricted solve, the second is cost to build the affine map, and third the cost of the
corresponding LinearEqualsAffine(IF) instance.

We explain the step 2 cost for RowDepthRestrictedDer. Using Equation (3.3), we get for
each j € [], X; € F**" multiplies R[:, J, k;] € F*®=) and TZx[I, ], j]is an a’ x (b — V)
block formed from Zx € F**¢ and the ¢ slices of 7. Hence each block costs a'(b — ¥')(r + t),
with ¢’ blocks per frame point and d frame points, giving dc a'(b — b')(r + t). The ColDepth
RestrictedDer and RowColRestrictedDer bounds are obtained in the same way from their stacked

block dimensions, and summing across gives the stated total cost. [

Problem LiftRestrictedDer.

Given Solutions to ColDepthRestrictedDer, RowDepthRestrictedDer, and RowColRestrictedDer.

Return If a solution exists, the affine solution space of DerivationSystem, and otherwise <.
The overall strategy is the same as for LiftRestricted. Each lifted solution space has a restriction

map to Dy ; i, for which we want the overall solution to agree on. Namely, define restriction maps

px : Dux — Drox, (X,Y),Zk) v (X[I,:],Y;, ZK),
py : Drpwx = Dryx, (X1,Y,Zk)— (X1, Y[, J], Zk),

pz :Dryjqg — Drix, (X1,Y5,2)— (X1,Y;, Z[:, K]).

We first form the 2-way pullback as an instance of AffinePullback(F) by solving Q) xy := {(u,v) €

Dy sk X Dy @ px(u) = py(v)}. This gives compatible partial solution triples (X, Y, Zx).
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Then as a second pullback calculation, we solve for @ := {((u,v),w) € Qxy X Dy s : px(u) =
py(v) = pz(w)}.

Define Upe, : Q@ = X xYxZby Upe, ((X,Y), Zk), (X1,Y, Zk)), (X1,Y), 2)) = (X,Y, Z),
which outputs candidate solution triples. What remains is to find candidate triples whose solutions

are correct on all the constraints. This is done by defining

Err: X x Y x Z — Faxbxe, Err(X,Y, 2)[:,:, k] .= X R[:,:, k] + S[:, 1, k] Y — (T)]:, :, k],

and solving for the candidate solutions satisfying Err = 0 in a linear system.

An end-to-end example can be found in Example A.2.

Proposition 3.38. Let D; ; i, Dig),1,1> D1y, x> and Dy ;| be the outputs of TripleRestrictedDer,
ColDepthRestrictedDer, and RowDepthRestrictedDer, and RowColRestrictedDer respectively. If

none of these outputs is empty, let () xy and () be the two pullbacks built in LiftRestrictedDer, and

d:=dim Dy g, dx := dim Dy sk, dy = dim Dy p k, dz = dim Dy j g,

mrg = a'r+sb +td, dyy :=dimQyy, 7:=dim Q if Q # @, and 0 otherwise.

Otherwise, let each of d, dx, dy, dz, mTr, dxy, and 7 equal to 0.

As a reminder, R € F7*t*¢ G ¢ Foxsx¢ and T € F****? are the input tensors, the unknowns
are X € F*" Y € F**°, and Z € F*¢, the chosen index sets I C [a], J C [b], and K C [c] have
sizes d’, b/, and ¢ respectively.

Then LiftRestrictedDer is solvable in cost

Ty, € O(Tpl(m =mrr, n=dx +dy, { =1)+ Ty (m =mrr, n=dxy +dz, {=1)

+(T+ 1) abe(r+s+t) + Tp(m=abe, n =7, { =1)).
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Proof. If any of the four input spaces is &, return & and stop. The first two T,; summands are the
costs of the two applications of AffinePullback([F). In both pullbacks, the common codomain is the
space X X )V X Zk of dimension mrr. After the second pullback, we evaluate the Err map on an
affine frame of size 7 + 1 via Wp,,. Each evaluation costs O(abc(r + s +t)), since for each k € [c]
we must compute X R[:,:, k], S[:,:,k] Y, and (T#)[:, :, k]. Finally, solving for the coordinates of
@ that satisfy Err(Wp..(q)) = 0 requires an application of LinSolve(F) with m = abc, n = 7, and

¢ =1. ]

Theorem 3.39. Fix [ C [a], J C [b], and K C [c|. Then DerivationSystem is solvable in cost

Trr + Tep + Trp + Tre + Tise

where Ty is the TripleRestrictedDer cost from Equation (3.2), Tcp, Trp, and Trc are the three re-
maining restricted lift costs from Proposition 3.37, not counting solving the triple restricted system,

and Ty is the cost of computing compatible solutions from Proposition 3.38.
Proof. Same reasoning as Theorem 3.32. 0

While Theorem 3.39 gives the correct solution for any choice of /, J and K, we describe a

class of problems on which this solve-and-lift algorithm performs best.

Definition 3.40. Let R € Frxbxc § ¢ Faxsxe T ¢ Fexb>t and let C be a positive integer. We say
that (R, S,T) is derivation-C-regular if there exist index sets / C [a], J C [b], and K C ¢, with

1| =d,

J| =V,and |K| = ¢, witha' < Ca®5, b < Cb*5, ¢ < Cc5,and a'V'c > a'r+sb/ +tc.

We also require for the choice of I, J, K, that D; ; i = &, or else

dimD[,J’K S C,
Nr(D1yx) Cim(Mg), Ne(Dryx) Cim(Mc), Np(Drix) Cim(Mp),

Ker(Mpg) = Ker(M¢) = Ker(Mp) = {0}.
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These conditions ensure the triple-restricted system is either infeasible, or the solution space
has bounded dimension. They also ensure each triple-restricted solution admits unique lifts to the
three restricted families.

The existential dependence on the index sets 7, ./, and K keeps the regularity condition weak,
since we only require some subsystem to have the desired lifting properties. To obtain the claimed
arithmetic complexity speedup for DerivationSystem requires computing those index sets, which

is the following problem.

Problem ChooseDerivationRestriction.
Given Tensors R € F"*vx¢, § ¢ Foxsxe T ¢ Foxb*t and a positive integer C.

Return If (R, S, T) is derivation-C-regular, index sets I C [a], J C [b], and K C [¢] satisfying

the requirements of (R, S, T) being derivation-C-regular, otherwise &.

For the complexity statements, we assume a black-box algorithm for the above problem. The
reason is that we do not presently have a deterministic strategy beyond brute-force search for
finding precisely which subsets I C [a], J C [b], and K C [¢] satisfy the regularity condition.
In practice, these index sets may be efficiently chosen by heuristic or randomized methods given

some knowledge of the source of the tensor data.

Definition 3.41. A collection F of tensor triples is called a derivation regular family if there exists

a positive integer C' such that every (R, S,T) € F is derivation-C-regular.

Now we are ready to prove Theorem B, which states that derivation regular family instances can
be solved in lower arithmetic complexity as compared to solving the full linear system, assuming

we have a black-box algorithm for finding the restricted index sets.

Proof of Theorem B. Let F be a derivation regular family, and let (R, S, T) € F with R € Frxbx¢,
S € Fo¥sx¢ and T € F**¥*! Let C be as in Definition 3.41, and apply the black-box algorithm

for ChooseDerivationRestriction to choose I C [a], J C [b], and K C [¢] such that (R, S, T) is
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derivation-C-regular. Recall that |I| = @/, |J| =V, and |K| = ¢, and letn == a+b+c+r+s+t.

For the triple-restricted step, derivation-C-regularity gives a't'c’ > a'r + sb’ + tc/, and hence

Trr = Tp(m = d'V'd, n=dr+ st +td, { =1) € O((a'V')(a'r + sb' + t')?).

Since a’, b, ¢ € O(n!/ %) with constant depending only on C, and r,s,t < n, the above cost is
O(n*9). If the triple-restricted system has no solution, then the full system has no solution as well,
and the algorithm stops here. Otherwise, let D, ; x denote its affine solution space. Since (R, S, T)
is derivation-C-regular, each point of D; ; x has a unique lift to each restricted family. Hence the
three feasible parameter spaces all have dimension equal to dimD; j i, SO N = N = Nz =
dimD; jx < C. Alsod = dim Dy ; x < C. For the three restricted lift stages, after excluding the

already counted triple-restricted solve, the remaining costs are

stage T2 parameters additional term cost

RowDepth (m,n,0,&,n,k) = (dc, s, b—"V,d, ng, kr) dda(b=V)(r+t) O(n?)
ColDepth (m,n, 0,&,n, k)= ', r,a—d, d, ne, ko) dd(a—a )b (s+t) O(n?)
RowCol (m,n, 0,&,n, k)= (b, t,c—7,d, ng, kz) d(c—c)a'b' (r+s) O(n?)

Here a, b, c,r,s,t < n, so in each row of the table m,n,¢ € O(n), {,n < C,and Kk < m €
O(n). Recall from Proposition 3.16 that T, has cost bounded by the sum of the terms mn?, Ekmd,
(k0)€E2, 20, (n + 1)émL, and (n + 1)mnl. In all three stages, mn?, Exml, n*l, (n+ 1)mnl €
O(n?), and (k£)&%, (n + 1)éml € O(n?), so Tz € O(n?). Each additional term is also O(n?),
so the cost of each stage is O(n?), as reflected in the final column. Therefore RowDepth (Tgp),
ColDepth (Tcp), and RowCol (Trc) each cost O(n?).

For the final lifting stage, recall mrg = a'r + sb’' + tc’, so mrr € O(n*/?). Because the three
lifts extend the same triple-restricted solution, they agree on their common restricted data, so each
point of Dy ;x determines unique compatible points in ()xy and ). Hence dx = dy = dz =

dxy = 7 = dim Dy ;x < C. Using Proposition 3.38, we get

T]ift € O(Tpl(m = MmMTR, N = dX —de, g = 1) +Tp1(m = MTR, N = dXY —l—dz, f = 1)
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+ (T +1)abe(r +s+1t) + Tp(m=abe, n =7, £ =1)).

Here the first two T, terms are O(n%/2), (1 + 1) abe(r + s + t) € O(n*), and Tp1(m = abe, n =
7, £ = 1) € O(n?), so Ty, € O(nt). This gives the total solve-and-lift cost as O(n?). There-
fore, instances of DerivationSystem from a derivation regular family J are solved in arithmetic
complexity O(n'5).

Full deterministic verification checks all abc constraints and has cost O(abe(r+s+t)) = O(n?),

so the solve-and-lift algorithm is within an n%-% factor of deterministic verification. 0

3.5 Performance Benchmarking

We conclude this section with implementation performance comparisons for the solve-and-lift
algorithms against the baseline algorithm of solving the full linear system. The first two experi-
ments draw tensors from the regular families described in Theorems A and B. To show the algo-
rithm’s applicability outside of the regular family regime, we include a third case where we use the
Sylvester system to compute the mid-nucleus of a single tensor. This last comparison also allows
us to compare versus OpenDleto [The26], which contains a currently unpublished algorithm that
is faster than the baseline linear system solver.

The restricted index sets are taken to be [a'] C [a], [b'] C [b], and [¢/] C [¢]. The code to
reproduce these experiments is available at https://github.com/cliub587/fast-der

—-solver, and the timings were collected on an Apple M1 CPU with 16 gigabytes of RAM.

3.5.1 Simultaneous Sylvester Equation Solving Results

We create instances from a Sylvester regular family (Definition 3.34). The performance using
the solution strategy described in Theorem A is compared to solving the large linear system as laid

out in Example 3.21. See Figure 3.2 for the performance numbers.
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Solving a Simultaneous Sylvester System with Regularity Conditions

200
(]
150 ¢
(5]
Ty [ ]
O
c
o
g 100 | o
- §
&,
E
et
50 !*
J
¥ solve-and-lift
* @ baseline
0 MflckAk K K K *

0 220 440 660 880
cube side length (n)

Figure 3.2: We see the performance improvements of the fast solve-and-lift algorithm as compared to
solving the full linear system. Each algorithm was run 5 times for some chosen side lengths, with the results
given as a scatterplot.
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3.5.2 Derivation Equation Solving Results

We create instances from a derivation regular family (Definition 3.41). The performance using
the solution strategy described in Theorem B is compared to solving the large linear system as laid

out in an analogous fashion to Example 3.21. See Figure 3.3 for the performance numbers.

Solving a Derivation System with Regularity Conditions
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Figure 3.3: We see the performance improvements of the fast solve-and-lift algorithm as compared to

solving the full linear system. Each algorithm was run 5 times for some chosen side lengths, with the results
given as a scatterplot.

3.5.3 Non-Regular Family Mid Nucleus Solving Results

We also benchmark a non-regular family of instances where the solution dimension is un-
bounded. For each n, we choose an n X n matrix M whose minimal polynomial has degree n,
which means there exists v such that {v, Mv, ..., M" v} is a basis of F". Since this is a basis,

for any n x n matrix X, there is a polynomial f satisfying Xv = f(M)v. If X commutes with M,
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then X M'v = M'Xv = f(M)M'v for all i. Since X and f(M) evaluate to the same outputs on
a basis, X = f(M). Because X is any matrix commuting with ), the centralizer of M is F[M].
We form an n X n X n tensor A whose slices are sampled from F[)/] so that they generate
[F[M], and then apply random row and column changes of basis to the slices. Then we let R = A,
S = —A,and T' = 0, so the solution space of the Sylvester system gives the mid nucleus of the
tensor A, which corresponds to the centralizer of F[A/], which is dimension n. Three methods are
compared: the full linear system solving baseline, OpenDleto’s unpublished solution strategy that

reduces the number of constraints, and the solve-and-lift implementation.

Comparing OpenDleto and solve-and-lift on a non-regular Sylvester family
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Figure 3.4: Implementation performance for a non-regular family of the solve-and-lift strategy compared
to solving the full linear system as well as using OpenDleto to compute the mid nucleus of a tensor. The red
show the full linear system baseline, the orange show OpenDleto, and the green show solve-and-lift. The
plot shows that OpenDleto improves substantially over the baseline, while solve-and-lift remains faster on
these instances even though the mid-nucleus dimension grows with n. Each algorithm was run 5 times for
the chosen side lengths, with the results given as a scatterplot.
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Chapter 4

Nuclei of Product of Bilinear Maps

As a reminder, for a bilinear map b : U x V — W, its left nucleus is £L(b) = {(a,v) €
End(U) x End(W) : b ey o« = b ey y}. The middle and right nucleus, M (b), R(b), are defined
analogously.

In this section, we work towards the below theorem.

Theorem C. Lets: Uy x Uy — Uy and t : V5 x Vi — V|, be fully nondegenerate

bilinear maps. Then

L(s®t) = L(S)RL(L), M(s0t) = M(s)BM(L), R(s@t) =R(s)BR(?).

As a result of this theorem, we also have the following.

Corollary 4.2. Lets : Uy x Uy — Uy and t : Vo x Vi »— 1V} be fully nondegenerate bilinear maps.
Then C(s ® t) = C(s) X C(t).

4.1 Previous results

Proposition 4.3 ([Wil09, Propositions 7.8 and 7.9]). Let d : U x U ~— C be a nondegenerate
Hermitian C-formand b : V xV »— W a k-bilinear map. Then d®b is Hermitian and Adj(d®b) =
Adj(d) ® Adj(b).

In our notation, Adj(b) = M(b). In the Hermitian setting, the adjoint ring is faithfully rep-
resented on one axis, so the notation Adj(d) ® Adj(b) is unambiguous. Theorem C recovers this

case via M(d ® b) = M(d) X M(b).
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4.2 Algebra preliminaries

Definition 4.4. Let U, V' be finite-dimensional [F-vector spaces, and t € U ® V. Define

&, :U®V — Hom(V*,U), O (u®v)(p) = ¢(v)u,
$p:U®V — Hom(U", V), Pr(u®v)(y) =P(u)v

Imy () == Im(®,(t)) U,  Imp(t) = Im(®p(t)) < V.

Proposition 4.5. Let U,V be finite-dimensional F-vector spaces and t € U ® V. Then t €

Proof. Let A :=1Imy(t) < U, and X = Img(t) < V. Fix a basis vy, ..., v, of V with dual basis
@1, n- Thent =370 | (1) (p;) @ v; € A® V, since each @1, (t)(i;) lies in A.

Fix a basis w1, . . ., u,, of U with dual basis ¢, ..., ¢,,. Thent = > u; @ Pg(t)(v;) € U®
X, since each ®p(t)(1);) lies in X . Therefore by Lemma2.4,t € (AQV)N(URX) = A®X. O

Remark 4.6. Let U, V' be finite-dimensional [F-vector spaces. Let {u;} be an ordered basis of U
and {v;} an ordered basis of V. Then ¢ can be uniquely writtenas t = >, ; T} u; ® v; € U® V.

This identifies ¢ with the matrix 1" = (T3;).

Example 4.7. Let U = F? with standard bases e, e, and V' = F3 with standard basis fi, fo, fs.

1 00
Lett =61 ® f1 +e3® f1 +e3® fo. Then t corresponds to the matrix 7' =

1 10
Definition 4.8. Let U, V' be finite-dimensional [F-vector spaces and ¢ € U ® V. The rank of t is the
minimum number 7 such that ¢ can be written as a sum ¢t = 22:1 u; @ v, foru; € U,and v; € V.

The sum Z;l u; ® v; is called an minimal rank decomposition of t. [KB09, Section 3.1]

We’ll use the observation that for ¢ € U ® V, the rank of ¢ is less than or equal to the minimum

of dim U, and dim V/, as we can always expand ¢ either in a basis of U or a basis of V.

Lemma4.9. Lett =)'  u;®v;inU®V, forr = rank(¢). Then {uy,...,u,} and {vy,..., v}

are linearly independent, and Imy, (t) = span{uy,...,u,}, Img(t) = span{vy,..., v, }.
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Proof. Set W = span{us,...,u,} and X = span{vy,...,v,}. Since t € W ® V, the above

observation gives rank(t) < dim W. Since W is spanned by r vectors, dim W < r. Together

with rank(t) = r, this gives dim W = r, so {u4, ..., u,} is linearly independent. An analogous
argument gives dim X = r, so {vy, ..., v, } is linearly independent.
Extend vy, ..., v, toabasis of V, and let 4, ..., ¢, € V* be the corresponding dual function-

als. Then @ (t)(p;) = w;, so W < Imy ().
For the reverse inclusion, we see for all o € V*, @1 (t)(¢) = >, p(vi) u; € W,soImy(t) <

W. Hence Im(t) = W. An analogous argument concludes Imp(t) = X. O

Remark 4.10. Suppose Z;l a; Qx; = 22:1 b; ® y; are two minimal rank decompositions of the
same element ¢t € U ® V. Fix ordered bases of U and V', and let A, B be matrices whose columns
are coordinates of a;, b;, and X,Y be matrices whose rows coordinates of z;,y;. In these fixed
coordinates, we get the equality AX = BY. By Lemma 4.9, the columns of A and B are two
ordered bases of the same space Imy,(¢), so there is a unique M € GL,(IF) such that B = AM.
Then AX = BY = AMY, and since the columns of A are linearly independent, X = MY, so
Y =M1X.

Example 4.11. Take F = F5, U = V = 3, and r = 2. Define in the standard basis

o
2 120
A= ajlas | = |21, X = = |7
Ta 011
o
12
U1 321
B = bl bg =103}, Y = =
Y2 402
il
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A direct multiplication verifies

1 20
AX=BY =2 0 1|,

011

meaning a; ® 1 + as @ o = by ® Y1 + by ® yo. As per Remark 4.10, we find

1 2 31
M = , M1t = ,
3 4 4 2
satisfying
1 2
3 21
AM = |0 3| =B, MX = =Y.
4 0 2
3 4

4.3 Key reduction

We’ll use Lemma 2.14 to reduce an equality about the image of axis actions to a matrix
factorization statement. As a reminder for U,V finite dimensional vector spaces, the map ~ :

End(U) ® End(V) — End(U ® V) is the Kronecker isomorphism.

Lemma 4.12. Let s : Uy x U; — Uy and t : V5 x Vi — Vj be fully nondegenerate bilinear maps.
Let K C {2,1,0} be nonempty, and w € Bil(Us, Uy; Up) ® Bil(Va, V1; Vp) be an element such that

for each k € K, there is some z;, € End(Uy, ® V}) satisfying
w = E((s ® ) e xk) € Bil(Us, Uy; Up) ® Bil(Va, Vi; Vo).

Fix a minimal rank decomposition w = »_;_, u; ® v;. Then for each k € K, there exists {oy,; €
End(Uy)}i_, and { fr; € End(Vj)}_, such thatforalli € {1,...,r}, we have u; = s e oy, and

v; =t oy fri withay =307 k(o @ fi)

57



Proof. Fix k € K and any decomposition zy = >, rx(a; @ f;). Corollary 2.15 gives w =
> p(sepay teg f;), sow € Im(Af) @ Im(A}), with Imy (w) < Tm(A), and Tmp(w) < Tm(A}).

Since w = ), u; ®v; is a minimal rank decomposition, apply Lemma 4.9 to conclude for each
i that the elements u; € Imy(w) < Im(A§) and v; € Img(w) < Im(A}) are images of axis actions
on s and ¢ respectively. Specifically, there exist oy,; € End(Uy) and f;; € End(V}) such that
Uu; = s o oy, and v; =t o fi ;.

Finally, for each k, set 2}, == >\ k(g ® fri). Since Z((s@t) opxy) = w = E((sQt) of ),
and = is an isomorphism, the images of axis actions are equal. The injectivity of A;*" then gives

T = ). O

4.4 Proof of Theorem C
Proof. We first prove the middle nucleus case, M(s @ t) = M(s) K M(t).

(Q) Let (z,y) € M(s ®t), meaning (s ® t) ey = (s®t) ®; y. Setw = Z((s @ t) o
z) = Z((s ® t) &1 y) € Bil(Us,Uy;Up) @ Bil(Va, Vi; Vp). Fix a minimal rank decomposition
w=Y_,u;®v;. Apply Lemma 4.12 with K = {2, 1}. We obtain az; = «; € End(U3), ay; =
Bi € End(Uy), fo; = fi € End(Va), fi; = g; € End(V}) such that s e ; = u; = s &1 [3;,
tey fi=vi=terg,andz =3 kol ® f;),y =Y ki(fi @ i)

Hence (o, ;) € M(s) and (fi, g;) € M(t) for each i, so we have the desired conclusion

T

(z,y) = Z((O‘iaﬁi> 5 (f;,9i)) € M(s) B&M(t).
(2) Let (o, 8) € M(s) and (f, g) € M(t). Then

(s@t) ey rg(a® f)=(sea)@(teyf)= (s B) @ (teg) =(s@t) e k1 (B®g).

So (o, B)X(f,g9) = (k2(a® f),k1(B®g)) € M(s®t). Since M(s) X M)(t) is the span of such
X terms, we get M(s) X M(t) € M(s ® t). The left and right nuclei case are analogous.
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A worked-out nucleus decomposition example is in the appendix (Example C.1).

Now we wrap up this chapter with the proof that C(s ® t) = C(s) K C(t).

Proof of Corollary 4.2. We prove the direction C(s®t) C C(s)XC(t). Let (xq, x1,x0) € C(s®1).
Then (s @ t) @ 25 = (s @) &1 21 = (s @ t) 8 zg. Let w := Z((s @ t) @ x5) € Bil(Us, Uy; Up) @
Bil(V3, Vi; Vo) be the element in common. Fix a minimal rank decomposition w = Y | u; ®
v;, and apply Lemma 4.12 with K = {2,1,0}, then follow the same argument as the proof of
Theorem C.

The direction C(s ® t) 2 C(s) K C(t) is analogous to the proof of M(s®t) 2 M(s) XK M(t)

in Theorem C. O]
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Chapter 5

Derivation of Product of Bilinear Maps

The main result of this section is the following.

Theorem D. Let s and ¢ be fully nondegenerate bilinear maps. Then

Der(s ® t) =Der(s) K C(t) + C(s) X Der(t)

+ 120(L£(5) BL(E)) + 110(R(s) WR(t)) + ta1(M(s) B M(2)),
(5.1)

where to0(a, ) = (@, 0,7), t10(8,7) = (0, 8,7), and 19 (v, B) = (=, 5,0).

The strategy is similar to the nuclei case, where we relate equations of axis actions on tensor

product bilinear maps to equalities in the tensor product of vector spaces.

5.1 Previous results

In this subsection, algebras are finite-dimensional over [F, and not necessarily associative. For

an algebra A, its derivation algebra refers to
Dyg(A) == {d € End(A) : Vz,y € A, d(zy) = d(x)y + zd(y)}.

BreSar proved the following.

Theorem 5.2 (Bresar, Theorem 3.1 [Brel7]). Let R and S be nonassociative unital algebras. Sup-
pose that either at least one of R and S is finite-dimensional or they are both finitely generated.

Then every derivation d of R ® S can be written as
p q
d=ad(u)+ > A @i+ > i ® A, (5.2)
j=1 i=1

where u € Nuc(R) ® Nuc(S5), z; € Z(R), w; € Z(S), f; € Dug(S), and g; € Dye(R).
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Proposition 5.3. Let R and S be unital algebras over [F, with multiplication maps pg, pts. Then

Theorem D implies Theorem 5.2 in the case both R and S are finite dimensional.
Proof. See Appendix B. 0
Specialization to Matrix Algebras. Let A be a unital finite-dimensional F-algebra. As a vector

space, M, (A) = F"*™ ® A, and the multiplication on M,,(A) is defined by (X ® a)(Y ® b) =
XY ® ab.

Theorem 5.4 (Benkart—Osborn, Corollary 4.9 [BO81]). Assume charF # 2,3 and n > 3. Then
for any unital algebra A, Dye(M,,(A)) = Dyo(L},(A)) = Dag(Kn(A)) = (Dug(A))# + ada, (v)-

Remark 5.5. Notation wise, in Theorem 5.4, N denotes the nucleus of A, L, (A) is M,,(A) under
the Lie product, L (A) = [L,(A), L,(A)], and K,,(A) = L/, (A)/Z(L],(A)). Also, (Dyg(A))*

denotes entrywise application of derivations of A. Thus in the notation of this chapter,

N = Nuc(A), (Dag(A)# = I,, ® Dyg(A), adyy, vy = ad(M,(Nuc(A))).

So Theorem 5.4 proves Dy, (M,,(A)) = (I, ® Dug(A)) + ad(M,(Nuc(A))).

Benkart—Osborn notes “It should be commented that in showing Der M, (A) = Der(A)# +
ad s, (vy no restrictions on char ® or on n are necessary.” [BO81, Page 425]. As a result, we have

the following.
Proposition 5.6. Theorem D implies Theorem 5.4.

Proof. Theorem D implies Theorem 5.2 in the finite dimensional case by Proposition 5.3, and

Theorem 5.2 implies Theorem 5.4 by [Brel7, Cor. 4.2]. 0

5.2 Preliminaries

The following decomposition definition features prominently. Throughout this subsection, U

and V are always finite dimensional F-vector spaces.
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Definition 5.7. Let p, ¢, € U ® V' be nonzero tensors satisfying p + ¢ = r. Let

A=TImg(p), B:=Img(q), C:=Img(r),

X =Img(p), Y :=Img(q), Z:=Img(r),

wherep € A® X,q € BY,r € C® Z by Proposition 4.5. A (p, q,r) locally independent

unified decomposition (LIU decomposition) consists of a natural number n, and vectors
aiEA,biEB,CiGC, .TZ'GX,yZ'GY,ZiEZ,

for i € [n], satisfying the following:

* Decomposition equality.
p=Y a®m, g=) b®y, r=) 6oz
i=1 i=1 i=1

* Local equality. Forall: € [’I’L], a; ® xr; + bz RY; = ¢ R 2.

Example 5.8. Let U = V = [F? with bases u, us and vy, vs. Define p == u; ® v1 + u; @ v9,
q = us ®v; — U ® Vg, and r == uy ® v1 + ug ®vy. Then p+ ¢ =r,and A = span{wu, }, B =U,
C' = U as subspaces of U, and X =V, Y =V, Z = span{v; } as subspaces of V. Now let

ay = u1, by = ug, c1 = uy + Uy, T = Y1 = 21 = Uy,

ay = uy, by = —uy, c3 =0, To = Yo = V2, 22 = V1.
Then for eachi € {1,2},a;, ® z; + b; ® y; = ¢; ® 2;, and
P=a1 QT +a®T2, ¢=b1 @Y +b@ys, T=0cQ2 +C2Q 2.

Thus this is an LIU decomposition of p + g = r.
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5.3 Existence of a LIU decomposition of the equation p +¢qg = r
Convention 5.9. For the remainder of this subsection, whenever given nonzero tensors p, q,r €

U ® V satistying p 4+ g =, let

A=Tmg(p), B:=Img(q), C :=TImg(r),

X =Img(p), Y :=Img(q), Z:=Img(r).

It is always the case that A + B < U and X + Y < V. We also assume without loss of generality

that U := A+ B,V = X + Y, because it is always the case that

PEARX<(A+B)@(X+Y)<UQV
EBRY<(A+B)@(X+Y)<U®V

r € Imy(r) ® Imp(r).
Furthermore, Imy (r), Impg(r) satisfies

Imp(r) = Img(p+ q) < Img(p) +Imz(q) = A+ B,
Img(r) = Imgp(p + q¢) < Img(p) + Imp(q) = X +Y.
So we may redefine U to the space A + B, and redefine V' to the space X + Y.

Lemma 5.10. Let U be a F-vector space, and let A, B,C' < U with U = A+ B. Define U") < U
by
UV =ANnBNC.

Define U < ANB,U® < ANC,and U® < BN C by choosing complements

ANB=UWaU®?, ANC =UYaU®, BNC=UYgqU®,
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Define U®) < A and U®) < B by choosing complements
A=UY +UP 41U oUu®,  B=WW+U? 4+ UW)pU®.

Then

v=Euv, A= P vY, B= P UY.

i=1 i€{1,2,3,5} i€{1,2,4,6}
Proof. Letd; .= dimU® for 1 < i < 6. By construction, dim(A N B) = d; + dy, dim(ANC) =
dy + ds. Using the fact dim(X + V) = dim X 4+ dimY — dim(X NY), with X = AN B,

Y =ANC, we get
dim ((ANB) + (ANQ)) = (di + do) + (di + ds) — dy = dy + d» + d5.

Since A = (AN B) + (AN C)) @ U®), this gives dim A = dy + dy + ds + ds. Similarly,
from B = ((ANB)+ (BNC))@U®,dimB = dy +dy + dy + dg. Finally, as U = A + B,
dim U = dim(A + B) = dim A 4 dim B — dim(AN B) = 3.9

=1

d;.

Recall

6
U=A+B=Y 0" A= Y v9 pB= Y UY,

i=1 i€{1,2,3,5} i€{1,2,4,6}

and the fact that for any finite family of subspaces {WV;}, dim(> . W;) < >°.dim W}, with equality

if and only if the sum is direct. Applying this to the spaces U, A, B concludes

v=guv, A= g v» B= P U O

i=1 i€{1,2,3,5} i€{1,2,4,6}

The above lemma is to prepare for below, which is the key one in proving the existence of a

LIU decomposition for the equation p + ¢ = r.
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Lemma 5.11. Let p, ¢, € U ® V' be nonzero elements satisfying p + ¢ = r, and

A=TImg(p), B:=Img(q), C:=Img(r),

X =Img(p), Y :=Img(q), Z :=Img(r).

Recall via Convention 5.9 that U = A+ B,V = X + Y. With respect to the decomposition in

Lemma 5.10, p, q, r satisfy:

pe VeV e UWeV®) e U®eVM)e (U® eV®)
e (U eV®),

e UV VM e UYeV®)e UYeVW)e (UPeV®)
® (UWeVHW),

re WMoV e UVev) e U®ev®)e (U®eV®)

D (U(4) ® ‘/’(4))7

Where U(.) = U(2) @ “ e @ U(ﬁ) and V(.) = V(z) @ “ e @ V(6)

Proof. Apply Lemma 5.10 to the spaces A, B,C’ < U and to the spaces X, Y, Z < V. From the
definitions, A = UD U@ o U® @ U® and B = UMY o U® ¢ U® @ U®, and similarly
X=VWaVPaV®aV®andy =VWaeVv@aevWaeVvO Letn; : UV - UDVV

be the block projections and write

6 6
Tie — E Tij, Tej = E Tij-
j=1 =1

Asp € A® X and A is a direct sum of spaces not including U¥) and U(®), we have 7,4, (p) =
Tee(p) = 0. Similarly, m54(¢) = 54(q) = 0, Tes(p) = Tes(p) = 0 and me3(g) = ma5(q) = 0.
For 1 < 1,5 <6, set p;; = m;;(p), ¢ij == m;;(q), and r;; = m;;(r). Applying m;; top+q =r

gives for (1 < 4,5 <6), p;j + q;; = ;5. This is a blockwise p + ¢ = r equality: if two entries in a
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block are zero, then the third is zero. Taking stock we visualize these relations below, where grey
means potentially nonzero, white means guaranteed to be zero. For instance, the above equations

says for p, the rows for U®), and U(®), and the columns for V®* and V(%) are 0, which are illustrated

below.
v yv(©@) yv@) @) (6 1(6) v v yv@) vy y6G) (6) v @) B3 @) 1/(6) 1/(6)
U U
U® U@
p: UG q: UG
U@ U@
u® U®)
U6 U

Row inferences. Since m3,(q) = 0, define s3 := m3,(p) = m34(r). Then s3 € U®) @ X and
s3 € UM @Z, hence s3 € UB @ (XNZ)=UP (VD aV®). Sorow U of p, r has support

only in columns V() V©®)_ The same argument with U®) gives row U® of p, r alsoin VD 1V ),

Since 744 (p) = 0, define ¢4 = T44(q) = T4a(r). Thent, € U @ Y and t, € UY ® Z, hence
t,eUYe(YNZ) =UYe (VY eVW). Sorow UY of ¢,r has support only in columns
VW V@ The same argument with U®) gives row U®) of ¢,r also in V) @ V), After these
row inferences, the potentially nonzero blocks are:

v (@) yv@) vy y(6) 1/ (6) v (@) B3 @) 1 (6) 1/(6) v (@) 63 (4 1/(6) 1/(6)
U
U®

q: U®
U«
U®)
U6

Column inferences. Since 7,3(¢) = 0, define us = To3(p) = Te3(r). Then uz € A ® V) and
us € C®@V® henceus € (ANC)@VE = (UM @ U®) @ VO, So column V® of p, r has
support only in rows UM U®),

Since To4(p) = 0, define uy = Tes(q) = Tes(r). Thenuy € B V® and uy € C @ VW,
hence us € (BNC) @ VW = (UMW @ UW) @ V. So column VW of ¢, has support only in

rows UM U™,
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Since ma5(q) = 0, define uz = Te5(p) = Ta5(r). Thenuz € (ANC) @V = (VW aU®) @
V). Combining this with the row-U®) and row-U®) restrictions above forces support in column

V) to lie only in row U™,

Since meg(p) = 0, define ug := Teg(q) = Teg(r"). Thenug € (BNC)@ VO = (VW UW)
V(). Combining this with the row-U ) and row-U(®) restrictions above forces support in column
V() to lie only in row U, After these column inferences, the potentially nonzero blocks are:

v v(©@) y63) 1) 1 (5) 1/(6) v (@) 6 1) y(5) 1/(6) v (@) B3 4 1/(5) 1/(6)
U U U
U U® U®
p: U® q: U® r: U®)
U@ U@ U@
U®) U®) Uu®
U©) U©) U©)

The U?) @ V(2 block relation. Set v, := 74,(7). By the previous inferences, row U of both p
and ¢ is supported in V(Y © V) = X N'Y, hence v, € U® ® (X NY). And also by definition,
r € C®Z, soprojecting, moe(r) = vy € UP ® Z. Thus v, € UP @ (XNY)NZ) =UP VO,
This means 799 = 0, which is the last zero to be inferred in the block equations.

What remains are the following support patterns, which we give as colored cells below. Here
blue is UM @ V), orange is UM @ V), cyan is U®) @ V), green is U® @ V), brown is

UB @ V3 and pink is UY ® V®, and blank entries are zero.

v (@) 63 @) 1 (5) 1/(6) v (@) 6 @) v (5) 1/(6) v (@) 63 @) 1/(6) 1/(6)
U U U
U2 U® U®
p: U® q: UB®) r: Uy®
U@ U@ )
U ) U®) U®)
U® U U®

This gives the claimed support pattern

pe VeV e UWev®)eU®ev®)e U®evV®) e U® eV,

g (UVeVMN e UVeV®) e U®evV®)eU®ev®)e UWe VW),
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re UV e UWev®) e U®Wev®)eU®eV®) e UWeV®).

Example 5.12. (This calculation was done by Magma, with the script available at https://gi

st.github.com/cliu587/0db323a55bec8£2d014e870844a18d71.)

Let F = Fgg7, let U = V = % with standard bases, and identify U ® V with F%*¢ via

u ® v — [u][v]T where [u] is the column vector of coordinates.

Let p,q,r € U ® V correspond to the 6 x 6 matrices below.

so that p + ¢ = r in F®*%, Using Magma, we find change-of-basis matrices M and N so that the

373 831 66 724 159 68_
772 812 372 663 579 209
155 549 499 757 500 64
218 733 547 132 342 122
859 708 25 767 78 648

992 398 894 611 169 953

176 355 631 671 759 955
252 645 740 978 500 638
308 485 963 867 212 39
146 830 155 854 264 14

30 375 193 887 38 692

107 281 218 640 676 450

_549 189 697 398 918 26
27 460 115 644 82 847
463 37 465 627 712 103
364 566 702 986 606 136
889 86 218 657 116 343
102 679 115 254 845 406

new coordinates are adapted to the decomposition U = @?:1 U®and V = @?:1 V@,

- 1 0 0 0 0 0 - -1
310 34 931 898 971 773 0
104 130 918 780 84 647 N 0
795 834 145 316 939 574 7 - 0
386 64 11 618 494 754 0
732 237 949 667 810 127 0

68

655
757
304
988
780
29

49 786 153 994

318 920 875 310

386 307 423 363

354 652 88 712

227 987 917 291

338 600 869 429



https://gist.github.com/cliu587/0db323a55bec8f2d014e870844a18d71
https://gist.github.com/cliu587/0db323a55bec8f2d014e870844a18d71

the transformed matrices p’ = MpN, ¢ = MqN, ' = MrN have the support patterns as de-
scribed by Lemma 5.11.

v (@) @) @) 1 (6) 1/(6) v (@) @) @) 1 (6) 1/(6) v (@) @) vy (6 1(6)

uMi3r3 16 259 0 968 0O U176 828 0 553 0 244 UMD | 549 844 259 553 968 244
U®}119 905 0 0 0 0 u®l607 92 0 0 0 0 U726 0 0 0 0 0
pP=U® 966 0 123 0 0 0 ¢=U® 0 o 0o 0 0 o0 v"=UBl9g6 0 123 0 0 O
uv®l o 0o o0 0 0 0 U®l 68 0 0 85 0 0 U®l68 0 0 815 0 0
U®l647 0 0 0 0 0 u®l o 0o o0 0 0 0 U®l647 0 0 0 0 0
uv®l o 0o o0 0 0 0 u®lo97o0 0 0o 0 0 0 u®l970 0 0 0 0 0

Lemma 5.13. Let p, ¢, € U ® V be nonzero tensors satisfying p + ¢ = r. Then (p, ¢, ) admits

an LIU decomposition.

Proof. Recall from Convention 5.9 the spaces A, B,C' < U,and X,Y,Z <V whereU = A+ B

and V = X 4+ Y. Decompose U and V' by Lemma 5.10, getting

6
UV = @U@@v(ﬂ.

i,j=1
Letmy; : U®V — U®D ® VU be the corresponding projections. And use the same notation as

Lemma 5.11, meaning we define

6 6
pu=m(p), Ppre = Zﬂ1j(p)7 De1 = Zﬂ'il(p)a P22 = m2(p), Ppaz = m3(p),
j=2 i=2

and analogously define qi1, Gie, o1, G22, Qua, and 711, T1e, Te1, 733, T44. By Lemma 5.11, all
other blocks vanish, S0 p = D11 + Pie + Pe1 + P22 + P33, ¢ = @11 + G1e + Qo1 + 22 + Gua, and

r =711 + 716 + Te1 + 733 + 744. Applying the relevant projections to p + ¢ = r gives equations

P11+ 11 =711 Dle T Qle = 710 Dol T Qo1 = Tel;

D22+ @2 =0 P33 =T33 Qaa = Ta4.

We build an LIU decomposition for each block to prove the lemma. In U @ V) (blue

block), choose bases of UM and V1), Writing p11, q11, 711 in that basis, gives coefficientwise local
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equalities. The U® @ V) (green block), U® © V3 (brown block), and U® ® V4 (pink block)
cases are specializations of the U M & VO (blue block) argument.

In UM ® V(*) (orange block), choose a basis {u,, }2_, of U") and write

d d d
plozzum@)fm’ Ch.:ZUm@gm, Tlozzum@)hm'
m=1 m=1 m=1

Since p1e + 1o = 716, We get that for all m in [d], U, @ frn + U @ G = U & hyy,. This gives local
equalities with a common left factor in AN BN C. The U® @ V() (cyan block) case is analogous.

Summing these six blockwise families gives the required LIU decomposition. [

Example 5.14. We demonstrate this splitting for Example 5.12. Recall all coefficients are in Fgg7,
and let u; and v; be basis vectors with U = (u;) and V) = (v;).

For UM @ V) (blue block), py1 = 373w @ vy, q11 = 176 u; ® vy, and 117 = 549 u; & vy, SO
P11+ qu = (3734 176) uy ® v1 = 549 u; ® vy = r13.

For UM @ V(*) (orange block), p1e = 11 ® (1609 + 25903 + 968vs5), and g1 = u; & (828vy +
5530y + 244v5), SO Pre + qre = U1 @ (84409 + 259v3 + 5530y + 968v5 + 244vg) = 11,.

Likewise, for U® @ V() (cyan block), pe1 = (119uy + 966us + 647us) @ v1, and qe; =

(607us -+ 68y +970ug) ©v1, hence pat +qe1 = (7265 +966u3+68uy +647us +970ug) vy = 1.

5.4 Proof of Theorem D

We apply the LIU decomposition to the images of axis actions and match each block to a
summand in Equation (5.1). First, we need to describe the partitioning of the index sets of a LIU

decomposition.

Remark 5.15. Given a LIU decomposition of p + ¢ = r produced by Lemma 5.13, with

n n n
p:Zai@mi, qzzbi®yu TZZQ’@?Z@',
i=1 i=1 i=1

70



and local equalities for all ¢ in [n], a; ® x; + b; ® y; = ¢; ® z; . Let I11, L1e, Le1, Ioo, I33, 144 be
the index sets coming from the six blockwise decompositions in the proof of Lemma 5.13. Then

these sets give a partition [n] = I17 U [14 U T41 U Too U I33 LI Tyy.

Proof. (C) We prove the inclusion

Der(s ® t) C Der(s) K C(t) + C(s) X Der(¢)

F1o0(L(3) BL®E)) + 110(R(8) BR(E)) + 101 (M(s) B M(2)).

Let (6©),6M §©) € Der(s ® t), and define

p=E((s®t) 83 6?), g =Z((s®t) e 6W), r=2((s®t) e o).

Then p + ¢ = r in Bil(Uy, Uy; Ug) @ Bil(Va, V1; Vp).

Ifr =0,then (s®t) 83 8? = —(s@t) o 6, 50 (=6, V) € M(s®t), and A*" is
injective so §(®) = 0. Thus (6@, 5" §©) = (62,51 0) € 15(M(s@)). The cases p = 0 and
¢ = 0 are analogous, obtaining elements of ¢1o(R (s ®t)) and 190(L(s @ t)) respectively. Applying
Theorem C proves the desired inclusion in all three cases. Hence for the remainder of the proof,
assume p, q, r are all nonzero.

The strategy is to apply Lemma 5.13 to p + ¢ = r, obtain a LIU decomposition, then lift the

local equalities to the axis operators. As a reminder, we’ve defined

A=Tmg(p), B:=Img(q), C:=Img(r),

X =Tmg(p), Y =1Img(q), Z:=Img(r),

wherep € A® X,q € BRY,andr € C' ® Z by Proposition 4.5. Let (a;, b;, ¢;, z;, yi, 2:)1-, be
the LIU decomposition by applying Lemma 5.13. By Remark 5.15, the LIU decomposition index
set [n] is partitioned into [n] = I11 Ll [14 U I4; U I9o LI I35 LI I44. Below we give a summary of how

we handle each index block as a summand in the decomposition of the derivation algebra of s ® .
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index block local equality support corresponding summand

I ai=b=c,zity=2z UDVD  C(s)XDer(t)

L. ai=bi=chzityi=z UMD VE®  C(s)XDer(t)

Te1 zi=yi=z,a+b=c U®@VD  Der(s)RC(t)

T2 a; =bi, i +y; =0 U @vE@ 15 (M(s) R M(t))
Is3 a; = ¢, T =z UGB @VE)  150(L(s) K L(L))
Isa bi = ci, Yi = 2z UMD @V®  1(R(s) RR())

ciel, (UY@V©®)yorie I; (UM @ VM) For each i, the local equality is

a; = b; = ¢, T+ Yy = 2,

with a;,b;,¢; € ANBNC,x; € X,y; €Y, 2, € Z. The I;; case deserves explaination.
The coefficientwise decomposition gives a local equality \u ® v 4+ pu ® v = vu ® v, which

we rewrite as u ® (Av) +u ® (pv) = u ® (vv).

By Lemma 2.14 and Proposition 4.5, we have

A <Im(A3), B<Im(A]), C<Im(A),

X <Im(AY), Y <Im(A}), Z <Im(A)).

So each of a;,b;, c;, x;,y;, z; has a preimage under the corresponding axis action maps.

Choose

o; € EHd(Ug), ﬁz € EHd(Ul), i S End(Uo)

fi € End(V3), g; € End(V}), h; € End(V})

suchthata; = s ey, by =s e 5;, c;=segvy;,andx; =t ey f;, vy, =t ey g;, z;, =teyh,.

Then (Oti,ﬁi,’}/i) S C(S) and (fi,gi, hz) € Der(t), SO (/@'2(0@®f2~), ﬁl(ﬁi®gi)7 lio(’%@hz)) €
C(s) X Der(t).
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e i€ I, (U®®VM): Here each local equality satisfies x; = y; = 2; and a; +b; = ¢;. Choose

a; € End(U,), B; € End(U), v € End(Up)

fi € End(V3), g; € End(V}), h; € End(V})

suchthatai = S 0y (0, bz = S e 51‘, Ci = S0y7; andmi :t.g fi, Yi :t.lgia Zi :t.ohi.
Then (o, B;,7:) € Der(s) and (f;, gi, hi) € C(t), s0 (k2(i®@ fi), K1(Bi®gs), ko(7i®hi)) €
Der(s) K C(t).

* ¢ € I99, I33, [44: these are the nucleus cases with one side equal to 0. We show the 55 case,
which has ¢; ® z; = 0. The local equality is a; ® x; + b; ® y; = 0, with a;,b; € AN B and

xi,y; € X N'Y. Choose operators
a; € End(Us), B; € End(Uy), fi € End(V3), ¢; € End(V})
satisfying a; = s ey oy, b; = s ey B, and x; =t e f;, y; =t e g;. Then for all 7,
(s®t) @ hz(i®f;) =a; @1 = —b; @y; = — (s ® 1) &1 K1 (Bi V).

Hence (—r2(0u®fi), £1(8;®g;)) € M(s®t), and therefore to1(—ka(;®f;), k1(8i®g;)) €
121(M(s®t)). Applying Theorem C, 191 (M (s ®t)) = 191(M(s) K M(t)), so the operator
triple lies in one of the summands on the right-hand side of Equation (5.1). The /33 and [44

cases are analogous.

For each i, let (5(2) 5 5(0)) € End(U;®V3) x End(U; ® Vh) x End(Up ® V4) be the resulting

7 ? ?

operator triple constructed corresponding to each block. Summing over ,

E(<s®t> -2269) =p=Z((s@1) 0207,
=1

= <(5 &® t) o Zéz(l)> =q= E((S X t) (3] (5(1)>,
i=1

73



5((5 ®t) o Zag‘”) —r=E((s®t) o o).
=1

Since = is an isomorphism and A5®*, A5®" A5®" are injective, we get

STaP =60 N0 =50 3760 =50,
i=1 =1 =1

As each is summing over the same indices, (6@, 5, §©) = S (6 6™ 6'°)). This proves

the desired inclusion.

(D) We prove Der(s @ t) D Der(s) K C(t) + C(s) X Der(t) + ta0(L(s) ¥ L(E)) + t10(R(s) X
R(t)) + t21(M(s) ¥ M(t)) by proving each summand on the right belongs to Der(s ® t).

For Der(s) XIC(t), take (o, 3,7) € Der(s), and (f, g,h) € C(t). This means s e « + s & 5 =
segyandte, f =te; g=1eyh.

By definition, (c, 8,7) B (f, 9, h) = (k2(a @ f), 5s1(8 ® g), ko(y ® h)), hence

(s@t)orhz(a® f)+(s@t) 01 k1(B@g) = ((se20) @ (te f)) + ((s 01 8) @ (te19))
~(mra) + (w3 Sl ook
= (s907) ® (t e h)

=(s®t)eg ko(y®h).

Taking span, Der(s) XIC(t) lies in Der(s ® t). Hence Der(s) X C(t) C Der(s ® t) by linearity.
The argument for C(s) X Der(¢) C Der(s ® t) is identical, and the argument for nucleus terms

is also analogous after setting one of the three terms to 0. [

A full derivation decomposition example is the Appendix (Example C.2).
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5.5 Non-existence for higher valence tensors

In this subsection, we demonstrate an obstruction to being able to decompose the product of
trilinear maps’ derivations using the techniques from this section. Let U = Tri(Us, Uy, Uy; Up),
and V = Tri(V3, V5, V1; Vp), where Tri indicates trilinear. Fix trilinear maps ¢; € U and t5 € V),
and let (6@, 6@ 5§ 5O € Der(t; ® t,), where t; ® t, is the product of trilinear maps defined
analogously to Definition 2.11. This gives tensors p,q,7,s € U ® V with p 4+ ¢+ r = s. We begin

with the four-term definition of the LIU decomposition.

Definition 5.16. Let U and V' be finite dimensional [F-vector spaces. Let p,q,r,s € U ® V be

nonzero elements satisfying p + ¢ + r = s. Let

A=1Img(p), B:=Img(q), C:=Img(r), D :=Img(s),

X =Img(p), Y =Img(q), Z:=Img(r), W :=Img(s),

wherep e AR X,qe BQY,re C® Z,and s € D ® W by Proposition 4.5.

A (p,q,r,s) LIU decomposition consists of a natural number n, and vectors
a; €A, bjeB, c;eC,d;eD, x,€eX,y; €Y, z,€Z, w, €W,

for i € [n], satisfying the following:

* Decomposition equality.

pzzai@)%i, q:Zbi®yi> TZZQ’@% SZZdi@)wi-
i=1 i=1 i=1 i=1

* Local equality.

ViE[nL al®xz+bz®yz+cl®zz:dz®wz

We shall show when p + ¢ + r = s, there may not exist a LIU decomposition of the quadru-

ple. As a LIU decomposition corresponds to decomposing a derivation of a product of trilinear
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maps by the algebraic invariants of the individual pieces, its non-existence rules out an analogous
decomposition theorem using this strategy.

A natural question is whether one can reduce the p 4+ ¢ + r = s case to the three-term case by
setting p = p + ¢, and applying Lemma 5.13 to both p 4+ = s and p + ¢ = p. However, separate
LIU decompositions of (p,r, s) and (p, ¢, p) do not guarantee a LIU decomposition of (p, ¢, 7, s).

Applying Lemma 5.13 to (p, r, s) gives

P=) ai®i, @& e lmy(p) @ Ima(p).

Choose the corresponding local terms for 7 and s, so for each ¢ we have a; ® T; + ¢; ® z; = d; @ w;.
The equation p + ¢ = p means Imy(p) < Imy(p) + Imy(¢) and Img(p) < Img(p) + Img(q).

To recover a (p,q,r,s) LIU decomposition, for each i we would have to refine this local
equality, with ¢; ® z; € Imy(r) ® Img(r) and d; ® w; € Imy(s) ® Img(s), to a local equal-
ity a; @ x; + b; @ y; + ¢; ® z; = d; ® w;. Therefore the following equation must be satisfied for

each 7:
G QT =a;@x;+b; @y (a; € Imp(p), x; € Img(p), b € Imr(q), vi € Img(q)),

but this is not guaranteed. Rank-one terms in (A + B) ® (X + Y') can contain cross blocks terms

in A®Y and B ® X. For example, with A = (e1), B = (es), X = (f1), Y = (fa),
(er1+e)@(fitfa)=a@fiter®fote® fi+e® fo

so this rank-one tensor has nonzero A® Y and B ® X parts and cannot be of the form a @ x +b®y

witha € A,z € X,be B,yeY.
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Lemma 5.17. Assume s # 0. Let p, g, 7, s be as the above definitions. If a LIU decomposition

exists, then the intersection space

H=A®X+BoY+C®Z)N(DeW)

contains a nonzero rank-one tensor.

Proof. Each local equality has right-hand side d; ® w; € D ® W and left-hand side in A ® X +
B®Y +C® Z, hence d; ® w; € H for every i. Since s = Z:.L:l d; ® w; # 0, at least one d; ® w;

1s nonzero, giving a nonzero rank-one tensor in /. 0
We now show that LIU decompositions may not exist.

Theorem 5.18. Let [F be a field such that char(F) # 2, and let J € F?*? be a matrix with an
irreducible quadratic minimal polynomial over IF. Let U = V' = [F* be vector spaces. Then there
exist nonzero elements p, ¢, 7, s € U®V satisfying p+¢+r = s such that the quadruple (p, ¢, , s)

admits no LIU decomposition.

Proof. Take U = V = [F* with standard bases {e;} and { f;}, and subspaces D = span{e;, ey} <
U, D' = span{es, ey} < U, W = span{fi, fo} <V, W’ = span{fs, f1} < V. Define isomor-

phisms

LDZD—>D/,€1I—>€3,EQP—)€4, LwiW—>W/,f1l—>f3,f2l—>f4.

For J € F?*2, use the fixed bases (ey,es) of D, (e3,e4) of D', (f1, f2) of W, and (f3, f1) of W’
to define linear maps Jp : D — D’ and Jy : W — W/, where Jp acts on columns vectors of
coordinates, and Jy on rows vectors of coordinates using the entries of .J. Write Jd = Jp(d) and

wJ = Jy (w). With this notation, define the subspaces

A={(d,ipd):de D} <U, X ={(w,tww) :we W} <V,

B ={(d,—pd):de D} <U, Y ={(w, —tpw) :we W} <V,
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C={(d,Jd):de D} <U, Z ={(w,w]) :weW} <V

As a reminder, we define the intersection space H == (AQ X+ BRY +CZ)N(D@W). We
prove H is not the trivial subspace, and nonzero elements in H are rank 2.
Let P,Q,R,S € F?*2 RelativetoU = D@D andV =W W', forpc AR X,qc BRY,

re(C®Z,ands e D® W, we have

— R RJ S 0
p= ; q= “ Q, r= ; 5= . (5.3)
P P —-Q Q JR JRJ 0 0

Hence p + g + r = s is equivalent to the matrix equation

P+Q+R P—-Q+RJ S 0
P-Q+JR P+Q+JRJ 00

meaning
P+Q+R=2S5, P—-—Q=—-RJ, P—-—Q=—-JR, P+Q=—-JRJ.

Using the second and third equations, RJ — JR = 0, so R and J commute. Using this fact on
the last equation, we get P + (Q = —R.J?. Substitution —R.J? for P + () in the first equation, we

conclude S = R — RJ?. This defines P, ), and R in terms of the fixed J and S as
1 1 2\-1
P:—§RJ(12+J), ngRJ(IQ—J), R=S(I,—J) . (5.4)

Since char(F) # 2 and the minimal polynomial of .J is an irreducible quadratic, it is separable,
so every matrix in 2% commuting with .J is a polynomial in J by [EG04, Thm. 3.1]. Hence

R € F[J] and since F[J] is a field, R is invertible whenever nonzero.
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As well, the matrices J, I, + J, I, — J, and I, — J? are invertible as the minimal polynomial of
J is an irreducible quadratic. Thus if S # 0, then also R # 0, so R, S, P, and () are all invertible
by Equation (5.4). So every nonzero element of A has rank 2.

To show H is not the trivial subspace, it is sufficient to find a solution with s # 0. Fix S = I,.

Then Equation (5.4) gives
1 1
P=—(L=T (L)), Q=5L=J)"(L=J),  R=(L-J)

We now find the tensors p, ¢, r, s whose coefficients are the matrices P, (), R, S in standard coor-

dinates. For the matrix P, Equation (5.3) gives

P P
p:
P P
1 010 0101 00 00 00 0O
00 0O 0000 1 010 01 01
= P + Prio + Py + Py
1 010 0101 0000 00 0O
00 0O 00 0O 1 010 0101

= Plia1 ® x1 + Pioa1 @ 29 + Po1ao ® 21 + Pasas ® 29

where the final equality used a; = (€1, e3), as = (es,€4), x1 = (f1, f3), and 25 = (f2, f4). Similar
equalities translate the coefficient matrices (), R, S to the tensors ¢, 7, s. Because P, (), R, S are
invertible, Imy (p) = span{ay, a2} = A and Img(p) = span{zy, z2} = X. Analogous arguments
give Imy(¢) = B, Img(q) =Y, Imy(r) = C, Img(r) = Z, Im(s) = D, and Impg(s) = W. This
gives a quadruple (p, ¢, 7, s) whose intersection space has all nonzero elements of rank greater than

1. Applying Lemma 5.17, we conclude (p, g, r, s) admits no LIU decomposition. [l
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0 4
Example 5.19. We apply Theorem 5.18 to get a specific example. Fix F = F5, J = , and

1 4
S = I,. We compute P, (), R from Equation (5.4):
11 3 2 o1 2 2
P = , Q = , R = (]2 —J )_ =
4 2 3 0 3 4
In the standard coordinates, we write down a quadruple (p, g, r, s) from Equation (5.3),
1 111 3 2 2 3 2 221 1 0/0 0
4 24 2 3020 3 4.4 3 0 1/00
pP= 1T, q=|\—1T|> r= |\, S= ||,
1 111 2 313 2 211 2 0 0/0 O
4 2.4 2 2 030 4 3 3 3 0 0/0 0

where for instance, p = Zijzl P;ja; ® x; where a; = (e;,tpe;), v; = (fi, tw f;) and so on. This
example was checked by hand, as well as through a Magma computation, which is available at this

gist.
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Chapter 6

Conclusion

This dissertation studies algebraic invariants of tensors from two perspectives. First, for tensors
from Sylvester and derivation regular families (Definitions 3.34 and 3.41), we develop new algo-
rithms for solving simultaneous Sylvester and derivation systems at a lower arithmetic complexity
than the status quo. Theorems A and B These include, as special cases, computing nuclei and
derivation algebras of tensors. The main idea contained in those theorems is that solutions to the
linear equations defining the algebraic invariants can be found by solving a smaller subsystem and
then lifting those solutions to full solutions, instead of solving the full linear system.

Second, we study algebraic invariants of products of bilinear maps. Specifically, Theorem C
proves that the nuclei of a product of bilinear maps are the X-products (Definition 2.10) of the
nuclei of the factors. Theorem D proves that the derivation algebra of the product of bilinear maps
is specified precisely by the algebraic invariants of the factors as laid out in Equation (5.1). This
result extends classical results in algebra [BO81, Corollary 4.9] when viewing algebras through
their multiplication tensors. The main idea contained in those theorems is that equations on product
bilinear maps can be analyzed by answering a easier decomposition problem in the tensor product
of vector spaces. We also prove an impossibility theorem on extending our approach to trilinear

maps in Theorem 5.18.

6.1 Future Directions

Algorithms for finding restricted index sets.

In Theorems A and B, we assume the existence of black-box algorithms for ChooseSylvester-
Restriction and ChooseDerivationRestriction, which return the restricted index sets used by the
solve and lift approach. A future direction is to find and analyze algorithms for computing these
restricted index sets. The core challenge is being able to bound the arithmetic complexity deter-

ministically without enumeration.
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Randomized algorithms for Sylvester and Derivation equation solving.

The purpose of the Sylvester and derivation regular families in Definitions 3.34 and 3.41 is
to be able to prove deterministic arithmetic complexity improvements using the solve and lift ap-
proach. Another paradigm is to analyze these algorithms allowing for randomization. For instance,
Freivalds’ algorithm for matrix product verification can be used in place of the deterministic veri-
fication procedure. It tests whether AB = C' in Monte Carlo O(n?) time [Fre79]. Analyzing the
arithmetic complexity of randomized variants of our solve and lift algorithms, and of algorithms

assuming an average case model of coefficients, is a related future direction.

Faster algorithms for algebraic invariants of higher valence tensors.

The solve and lift algorithms for Sylvester and derivation equations have been developed for
3-tensors. A natural question asks whether there exist analogous solve and lift algorithms for
higher valence tensors. Notation and theory have been established for higher valence tensors in

[BMW?20].

Analyzing the equation p + ¢ = r by Kronecker modules

Kronecker modules classify the indecomposables of a pair of matrices M, N up to change of
bases [Kro90]. The equation p + ¢ = 7 in the tensor product space U @ V' has data specified
by the pair of matrices p and ¢q. Thus the spaces given by the decomposition of Lemma 5.13
are constrained by the Kronecker module classification. More work is needed to understand what
constraints are placed on the dimension of the spaces U(") and V(). Furthermore, classifying triples
of matrices up to change of bases is considered wild [Rin10], meaning it is as hard as classifying
representations over arbitrary finite-dimensional algebras. Does the contrast between classifying
pairs of matrices as tame and classifying triples of matrices as wild under this equivalence relation
relate to our finding that a LIU decomposition always exists for the equation p + ¢ = r, but not for

p+q+r=s?

Decomposing the product of bilinear maps.
Our work in Chapters 4 and 5 deals with decomposing the algebraic invariants of the product of

bilinear maps. A next question is detecting whether a given bilinear map admits a decomposition
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r = s ® t. There are examples in algebra that suggest uniqueness and classification challenges,
for instance the algebra My (C) decomposes in two different ways as tensor products over R: both

H ® C and M(R) ® C are isomorphic to My (C).

Generalized products of multilinear maps.

In [FMW20], a (P, Q2)-tensor product is defined that generalizes the usual binary tensor prod-
uct. Given a sequence of vector spaces U, ..., U, and relations specified by polynomial recur-
rences using the ideal P C Flxy,...x,| and operators from the set Q@ C ], End(U;), we form
the vector subspace =(P,2) < U; ® ---U, described as the (P, (2)-tensor product space. This
method has been used to compress the search space for tensor isomorphism problems [BMW22].

Throughout this dissertation, we use the tensor product vector space in the special case P =
(xg — x1) and 2 = F. Future work can dig into what kinds of tensors arise from (P, §2)-tensor
products, and whether there are decomposition theorems for algebraic invariants of those tensors.

On a related front, we only analyze the derivation of products of bilinear maps due to the
obstruction found in the trilinear map case. Defining a generalized (P, (2)-product of trilinear and

higher valence tensors may allow their derivation and other algebraic invariants to be analyzed.
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Appendix A

Examples for Simultaneous Sylvester and Derivation

Equations

A.1 Simultaneous Sylvester Equation Example

Example A.1. LetF = Q, witha = b =r = s = 2 and ¢ = 4. Define

1 2
R[: 1] = ,

1 4

2 1
Sl 1) = ,

4 1
T, 1] =

24 25

Now run the solve-and-lift algorithm with / = J = {1}.

89




T
Double restricted. Set X; = [xl @] ,and Y; = {% yQ] . The restricted system is

It has the unique solution X; = {_1

Row restricted. With J = {2},

1 2 1- -xl- -11-
4 3 2| |22 19
21 0| |wl| |3

1 4 1_ Y2 _20_

.
1} ,andY; = {4 3] . Hence Spr = {(X1,Y))}.

2 1 5
3 2 8
Mg = ; Nr(X1,Ys) =
1 0 2
4 1 9
~ ~ 2 4 2
Solving MY = Ng(X;,Y;) gives Y = ,and Y = . So
1 3 1
4 2
SR - |:—1 1:| )
3 1
Column restricted. With ] = {2},
1 1 5
3 4 18
Mc = ; Ne(X1,Y)) =
3 2 12
01 3
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~ —~ 2 -1 1
Solving McX = No(X1,Y)) gives X = ,and X = . So
3 2 3
-1 1 4
SC = )
2 3 3

Lift to full. The pullback is P = {(zg, zc) € Sr X Sc : ms(2r) = m1(2¢)} = {po}, Where
Po = ((X17Y)7<X7YJ))7 XI:X[]7:L YJ:Y[’J]

Then Err(¥(po)) = (XR[:, 1, k] + S[:,:, k]Y — T[:, 1, k]) = Ogx2x4. Therefore LiftRestricted

kel4]

returns the unique solution (X, Y") above.

A.2 Derivation Equation

Example A.2. We illustrate the solution strategy on a 2 X 2 X 2 instance. Leta = b =c =1r =

s=t=2,and [ = J = K = {1}. Define the slices

1 0 00
R 1) =8, 1] =TI, 1] = , R[:, 2| =82 =T1],:,2] = ,
0 0 0 1
and let the unknowns be
Y T11 T12 7 v Y11 Y12 ’ 7 211 12
To1 T22 Y21 Y22 221 22

We solve the derivation equations by solving the large linear system. The constraints are, for

ke{1,2}, X R[:,:, k] + S[:,, k] Y = (T?)[:,:, k).
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1 0 10
For k = 1, this is X + Y =211 T[;,:, 1] + 201 T[:, 1, 2]. This gives the relations
0 0 0 0
tutyn Y| |2 0
Za1 0 0 2o

SO Y12 = X9l = Z91 = 0, and T11 + Y11 = 211- And for k = 2,

0 0 0 0
X + Y = 29T, 5, 1] + 200T[:, 5, 2],
0 1 0 1
gives the relations
0 Z12 z12 0
Yo1 T2 + Y22 0 22

SO 212 = X192 = Y21 = 0, and x99 + Y22 = 299. Combined, the solution space is

a 0 0 o+ 0
7 Y 7 g

0 B 04 0 B494

X = Y &’ 67 ’7’ 6 e F?
We now construct the solution space using the steps described in this section.

Step 1: Triple-restricted solve. With [ = = {1}, the unknown blocks are X; =
lxn fu]’ Y, = {yn y21} and Zy = {2’11 221} and the triple-restricted equation X R|[:
]+ S[1,:,1)Y; = (T#x)[1, J,1] is just the (1, 1)-entry of the k = 1 equation computed above.

This is the equation z1; + Y11 = 211.

Step 2: Column-depth lift. Recall 7 = [a] \ [ = {2} and X = X[I,:]T = [3521 xm} T. Using

the notation from above:

Mc

Il
=
=
~
=
| IS |
1
—_
)
| IS |
Z
la
<
N
o
~
N
=
~
~
=
=2
=
=
Iil
—
1
1
)
| IS |

92



-
So the equation MC)A( = No (X1, Yy, Zk) corresponds to the system {1 0] [xm @2} = [0],

concluding x5, = 0.
-
Step 3: Row-depth lift. Recall J = [b] \ J = {2} and ¥ = Y[:, J] = [yw yzz} . The matrices

to solve in the lift are

Mp = {5[1,:,1]1 = {1 o} . Ner(XpY), Zk) = {(TZK)[I,f,l] —XIR[:,JA,I]} = [0] :

.
So the equation M R? = Ng(X7,Yy, Zk) corresponds to the system [1 ()] [ym yQQ} = [0] ,

concluding ;5 = 0.
.
Step 4: Row-col lift. Recall K =[]\ K = {2} and Z = Z[:, K] = {m Zm] . The row-col lift

uses

Mp = |vec(T|I, J, 1]) mdﬂLLmﬂ::P 4,

ND(X[,YJ,ZK) = VGC(X[R[Z, J, 2] +S[I, Z,2]YJ> = |:O:| .

-
So the equation M DZ = Np(X;, Yy, Zk) corresponds to the system {1 0] {212 222} = [0],

concluding z15 = 0.

Step 5: Pullback and final residual solve. Using the three lifts and the pullback conditions, the

compatible candidates are

Tl T12 yii 0 T +yn O
X = . v = . Z=

0 @ Yo21 Y22 221 222

As a recap, Step 1 gives 211 = x11 + Y11, Step 2 gives x9; = 0, Step 3 gives y1o = 0, and Step 4
gives z1o = 0. Now apply the final lift condition Err(X,Y, Z) = 0, where Err(X,Y, Z)[:,:, k] =
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X R[:,:, k] + S[:,:, k]Y — (T?)[:, :, k]. For the candidate solution above,

X R[;,:, 1] =

X R[:,:,2] =

T11 0

0 0

0 T12

0 T922

0 O

0 299

221

Hence the & = 1 equation X R[:,:, 1] + S[:,:, 1]Y = (T?)]:,:, 1] forces 29; = 0, while the k = 2
equation X R[:,:,2] + S[;,:,2]Y = (T?)[:,:,2] forces z15 = 0, y21 = 0, and 230 = Ty + Yoo.
Using this information, the full derivation space matches what we computed initially as

a 0 0
X = , 7

0 B 0 6 0

o+ 0
Y = , 7 = 7 ,

B+9

a?/B’,y75€F7
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Appendix B

Proof of Proposition 5.3

As a reminder, throughout, ? and .S are finite-dimensional unital non-associative algebras with

multiplication maps iz and pg. We will use the following notation.

X = Der(ug) ¥ C(us), Y = C(pr) X Der(us),

N = 190(L(pr) B L(1s5)) + t10(R(1r) W R(ps)) + tar(M(pr) ¥ M(ps)).

The argument starts from the decomposition Der(pur ® pus) = X +Y + N given by Theorem D.
Since algebra derivations are diagonal triples, it is enough to analyze the diagonal of X +Y + N.
We first show that the diagonal of X + Y + N is the sum of the diagonal triples of the three

summands, and then identify each piece with the corresponding terms in BreSar’s decomposition.

Lemma B.1. If A is a unital algebra and p1 : A x A — A is its multiplication tensor, then p is

fully nondegenerate.

Proof. The equalities p(a, 1) = a and 1(1, a) = a force both the left and right radical to be 0, and

span(u(A, A)) = A since every a € A equals p(a, 1). O

Applying Lemma B.1 to R and .S, we conclude the multiplication tensors pr and jg are fully
nondegenerate. The map d — (d,d, d) identifies the derivation algebra of A, Dy,(A), with the
diagonal triples of Der(p ). For x € A, write \,(a) = za and p,(a) := ax for the left and right

multiplication operators. Recall the definitions for a unital algebra A [Sch95, Ch. I, §2, p. 10]:

(left nucleus) Nucy(A) = {x € A:Va,be A, (xa)b= z(ab)},
(middle nucleus) Nuc,,(A) ={y € A:Va,be A, (ay)b=a(yd)},
(right nucleus) Nuc,(A) ={z€ A:Va,be A, a(bz) = (ab)z},

(nucleus) Nuc(A) = Nucy(A) N Nue,, (A) N Nue,.(A),
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(center) Z(A) ={c e Nuc(4) :Va € A, ca = ac}.

We do not separately define the centroid of an algebra A, since in the unital case it identifies

canonically with the center. The corresponding tensor invariants are as follows.

Proposition B.2. Let A be a unital algebra with multiplication tensor x. Then

M) = {(py; Ay) : y € Nucy (A)}, L(1) = {(Ae; A) 2 € Nuey(A)},

R(p) = {(p:,pz) : z € Nuc,(A)}, C(p) = {(Aes Aes Ac) s c € Z(A)}.

Proof. We prove M(u) = {(py, A\y) : ¥ € Nuc,,,(A)}.

For C, let (o, ) € M(u). Then for all a,b in A, (a(a))b = a(S(b)). Setting b = 1 gives
a(a) = af(l), so o = p, with y = [(1). Setting @ = 1 gives f(b) = a(l)b, so § = A\,
with y = «(1). Hence y = «(1) = £(1) and (ay)b = a(yb), so y € Nuc,,(A). Therefore
(o, B) = (py, Ay) is in the right-hand side.

For D, let y € Nuc,,(A). Then for all a,b € A, (p,(a))b = (ay)b = a(yb) = a(A,(b)), so
(Py> Ay) € M(p).

The equations for £(x) and R () are proved identically. Finally,

C(i) = (0, B,7) s posa = o f= oy}
— {(@.B.7) : (@, 8) € M(n), (c,7) € L(), (8,7) € R()}.

Using the previous three parts, let (o, 5,7) € C(u). Then (o, ) = (As, A2)s (5,7) = (p2, p2), and
(o, B) = (py, Ay) for some x € Nucy(A), z € Nuc,(A), y € Nuc,,(A). Hence A\, = p., Ay = py,
and p, = Ay, s02 =y = z =: cand A\, = p.. Thus ¢ € Nucy(A) N Nuc,,(A4) N Nuc,(A) and
ca = ac for all a. This means ¢ € Z(A).

Conversely, if ¢ € Z(A) then (A., Ae, Ae) € C(p). O
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Definition B.3. Let V be a vector space. For a subspace W < End(V)3, define Wdi#s .= {d €
End(V) : (d,d,d) € W} < End(V).

For u € Nuc(A), let ad(u) = A\, — p,. A standard fact from algebra gives ad(u) € Dyg(A).

The following proposition is key to identifying the ad(u) piece of Bresar’s decomposition.

Proposition B.4. Let A be a unital algebra with multiplication tensor x, and let N4 == 190(L (1)) +
1o(R(1)) + ta1(M (). Then N{*¢ = ad(Nuc(A)).

Proof. For D, let u € Nuc(A). By Proposition B.2, (A, A\,) € L(1), (pu, pu) € R(u), and
(Pus M) € M(p). Hence to9( Ay, Au) — t10(Pus pu) + t21(pu, Au) = (ad(u),ad(u), ad(u)) € Na,

so ad(u) € N,
For C, let d € N{®. Then (d,d,d) € N4, so (d,d,d) = tao(c,7) + t10(B,7') + 11 (e, 5).

By Proposition B.2, there exist a € Nucy(A), b € Nuc,(A), and ¢ € Nuc,,(A) with

(Oé, ’Y) = ()‘a’ /\a)7 (6’ '7,) = (pba pb)v (0/7 B/> = (pc’ /\C)

Therefore (d,d,d) = (Ao — pe; po + e, Ao + pp). Comparing components gives p, = —p,, and
Aa = Ae Since A is unital, left and right multiplication are injective, so a = ¢, and b = —c.
Hence ¢ € Nucy(A) N Nuc,,(A) N Nuc,.(A) = Nuc(A) and (d,d,d) = (ad(c),ad(c),ad(c)), so
d € ad(Nuc(4)). O

For the rest of this section, also let Ng = 190(L(pr)) + t10(R(ig)) + t21(M(ug)), and

Ns = 190(L(ps)) + t10(R(ps)) + tar(M(ps)).

For a unital algebra A, define the defect map

€4 : End(A)® — A% eala, B,7) = (a(la), 5(14)).

This definition extends to subspaces U < End(A)? as €4(U) = {ea(u) : u € U}. The following

shows the triples in Der(p4) with zero defect come from algebra derivations.
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Lemma B.5. (Der(u,) N Ker(eq))48 = Dy, (A).

Proof. Let d € (Der(ua) N Ker(ea))4e. Then (d,d,d) € Der(ua) and e4(d,d,d) = 0, so
d(14) = 0. Since (d,d,d) € Der(ua), we have d(z)y + xd(y) = d(zy) for all z,y € A, hence
d € Dye(A).

Conversely, if d € Dyo(A), then (d,d, d) € Der(ua). Settingy = 14 ind(zy) = d(z)y+xd(y)
gives d(z) = d(x)+zd(1,) forallz € A,soxd(14) = 0 forall z. Taking z = 1, gives d(14) = 0.
Thus (d,d,d) € Ker(ea), so d € (Der(ua) NKer(ey))28. O

Remark B.6. For any subspace W < Der(u), W N Ker(eq) = {(d,d,d) : d € W28}, Indeed,

if (o, 8,7) € W N Ker(ea), then substituting 1,4 in each slot of the derivation identity gives
a=vy=p0.

For A= R® S,if (o, 3,7) € End(R)? and (f, g, h) € End(S)>?, then evaluating €4 gives

ea((a, 8,7) B (f,9,h)) = (a(1r) ® f(1s), B(1r) @ g(1s)). (B.1)

We shall also need the following for the proof.

Remark B.7. If z € Z(9), then ulX(\,, \,, \,) € N forevery u € Ng. Analogously, if c € Z(R),
then (A, \., \.) K v € N for every v € Ng.

Proof. By Proposition B.2, z € Z(S) gives (A\,,\.) € L(us), (p2,p-) € R(us), and (p,, A.) €
M(ps). Writing u = ugg + uig + uz with ugy € 120(L(r)), w0 € t10(R(pr)), and uy €
to1(M(ug)), each u;; X (A;, A, A,) lies in the matching summand of NV, hence so does the sum.

The second statement is analogous. O

The following key lemma lets us understand the output of Theorem 3.39 in the context of algebra

derivations.

Lemma B.8. With the notation above,

(X +Y + N)diag _ Xdiag _'_Ydiag + Ndiag'
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Proof. The inclusion X i8¢ + ydiee - Ndias C (X +V + N)di8 js immediate.

We now prove the converse. Let d € (X + Y + N)48 and write (d,d,d) = = + y + n with
x € X,ye€Y,andn € N. Let Eg = eg(Der(ugr)), Fr = €r(Ngr), Es = es(Der(us)),
and Fs = e€5(Ng). Thus E and Ey are the defects of the full derivation algebra, while Fz and
Fg are the defects of the nucleus summands Np and Ng. This gives the relations Fr < Fr and
Fs < Es. Now view Er ® Z(S) as a subspace of A% by (a,0) ® z — (a® 2,b® z), and similarly
for Z(R) ® Es, Fr ® S, and R ® Fs. We prove a sequence of intermediate claims before putting

it all together.

Claim 1. We prove

ea(X) = Er® Z(9), ea(Y) = Z(R) ® Es. (B.2)

We prove the direction €4(X) < Er ® Z(S). Every element of X = Der(ug) X C(us)
is a sum of terms § X (A, A\,, A,) with § = («a,3,7) € Der(ug) and z € Z(S). By (B.1),
ea(0 B (A2, A2, 0.)) = (a(lr) @ 2, (1) ® 2) € Er ® Z(S), s0 ea(X) < Er ® Z(9).

Conversely, if €g(d) = (a,b) € Egand z € Z(S), then (a ® 2,b ® z) = ea(d ® (X;, A2, A.)),
and such pure tensors span Er ® Z(S). Hence €4(X) = Er ® Z(5), and the formula for €4 (Y")

is analogous.

Claim 2. We prove

EA(Y)—f—EA(N)SFR@S, EA(X)+€A<N)§R®FS (B3)

Let Z(R)? denote the subspace of R? whose two components lie in Z(R). We show Z(R)* <
Fr. Letc,d € Z(R) C Nuc(R), then (A, \.) € L(pr) and (pg, pa) € R(1r), so (¢,0) =
€r(too(Ae; Ae)) and (0,d) = €er(t10(pa, pa)), concluding (¢,d) € Fg. Every element of Y =
C(ur) X Der(ug) is a sum of terms (Ae, Ae, Ac) K 6 with ¢ € Z(R) and § = (f, g,h) € Der(us).
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By (B.1),

eA((Aes Ay A) KO) = (¢ ® f(lg),c®g(ls)) € Z(R)*® S C Fr® S,

soea(Y) < Fr®S.
If t = 199(u X v) withu = (a,y) € L(pug) and v = (f,h) € L(us), then €4(t) = (a(lr) ®
f(1s),0). Since er(t20(u)) = (a(1g),0) € Fg, this gives e4(t) € Fr ® S. The ¢19 and 197 cases

are the same, and the R ® Fjg case is analogous.

Claim 3. We prove

eAXNN)=Fr®2Z(S), ea(YNN)=Z(R)® Fs. (B.4)

For the inclusion e4(X N N) C Fr® Z(S),use XNN < X and X NN < N together with (B.2),
(B.3), and Lemma 2.4:

eA(XNN)C (Er® Z(S)) N (Fr® S) = Fr @ Z(S).

Let u € Ng and z € Z(S). Since z € Z(S), we have A\, = p., so (A, A, \.) € C(us). By
Remark B.7, ulX (X, A, \.) € X NN. Writing eg(u) = (a,b), (B.1) gives es(uB (A, Az, \.)) =
(a®2,b® z) € e4(X N N). Since such simple tensors span Fr @ Z(.S), this gives the reverse

inclusion. The second equality is analogous.

These claims imply

EA(X)ﬂ (GA(Y)+6A(N)) = €A(XﬂN), EA(Y)ﬁ (GA(X)—l-EA(N)) = EA(YﬂN). (B.5)

Indeed, e4(X) N (ea(Y) + €a(N)) C (Er® Z(S)) N (Fr® S) = Fr® Z(S) = ea(X N N),
and the reverse inclusion is immediate since X N N < X and X N N < N. The second equality

is analogous.
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Putting it all together. Since (d,d,d) € Der(u,) is diagonal, the proof of Lemma B.5 gives
(d,d,d) € Ker(ea),s0ea(z) = —€a(y) —€a(n) € €a(Y)+ea(N)and es(y) = —ea(z)—€a(n) €
€A(X)+e€a(N). Thus by (B.5), e4(z) € ea(XNN)ande4(y) € ea(YNN). Choose zy € X NN
andyy € Y NN with e4(zy) = €a(x) and e4(yn) = €a(y).

Let xg == =z — ay, Yo = Yy — yn, and ng == n + xy + yy. Then zy € X N Ker(ey),

yo € Y NKer(ey), and ng € N with

ea(no) = ea(n) +ea(rn) +ealyn) = ea(n) +ealz) +ealy) = ealz +y+n) =0,

so ng € N N Ker(eq). By Remark B.6, 2o = (dx,dx,dx), yo = (dy,dy,dy), and ny =
(dN,dN,dN) for dx € Xdiag,dy S Ydiag,dN € N922 Hence d = dx +dy + dy € X diag -+

ydiag + Ndiag a5 needed. O
Lemma B.9. With the notation above, X4 = D,,(R) ® Z(S) and Y48 = Z(R) ® Dyy(95).

Proof. We prove the formula for X8, The inclusion Dy, (R) @ Z(S) C X428 is immediate,

since in the unital case ¢ — (A, A, A.) identifies Z(.S) with C(us).

For the reverse inclusion, let v € X428 so (u,u,u) € X. Choose a basis 2y, ..., 2, of
Z(S). By Proposition B.2, the triples (\.,, A.;, A;;) form a basis of C(ug). Hence there exist
di = (dgﬁ', dl,iu doﬂ') c Der(,uR) such that

UU'LL <Zd2z®)\zlazdll®)\zlazd01®)\zl>-

Evaluating the three components on r ® 1g gives

Zd2z ®Zz Zdlz ®Zz Zd()z ®Zz

forall r € R, so dy; = dy,; = dp; for each i. Thus each d; is of the form d; = (J;, 6;, d;) with
i € Dyg(R),and u = >_1" | 6; ® 2; € Dyy(R) @ Z(S). The formula for Y€ is analogous. [
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Proof of Proposition 5.3. By Theorem D, Der(ug®pus) = X+Y+N. By the proof of Lemma B.5,

diagonal triples in Der(ug ® pg) are algebra derivations of R ® S. Using Lemmas B.8 and B.9,

Dye(R®S) = (X +Y + N)¥8 =Dy (R) ® Z(S) + Z(R) ® Dyy(S) + N2,
g

By Theorem C, N = 190(L(pr @ pts)) + t10(R(pr @ ps)) + t21 (M (g ® pis)), so Proposition B.4
gives N428 = ad(Nuc(R ® S)). Finally, the nucleus identity Nuc(R ® S) = Nuc(R) ® Nuc(S)

[Brel7, p. 2] gives

N2 — ad(Nuc(R ® S)) = ad(Nuc(R) ® Nuc(9)).

Therefore Dy (R ® S) = Dae(R) ® Z(S) + Z(R) ® Dygo(S) + ad(Nuc(R) ® Nuc(S)), which is

the subspace form of Equation (5.2). [

102



Appendix C
Tensor Product Bilinear Map Decomposition

Examples

C.1 Nucleus decomposition

Example C.1. We decompose (z,y) € M(s®t) as sum of terms from M (s)XM(t). Let F = 5.
Let s,t : F? x F? » F be given by 2 x 2 matrices S = E1; + E12 + Foyp and T = I, where E;

denote matrix units. Consider

1000 1010
0000 00 0 4
X = , Y = ,
0000 0000
0001 0001

for which we verify X (S ® T') = (S ® T)Y. Let z, y be the operators corresponding to X and
Y.Setp:=(s®t)eyxand q = (s®t) e y, where p = ¢q. Thus (z,y) € M(s®t). A direct

calculation gives

p=q=(E11+ E) ® E1y + Ey @ Eogs.

We read off local equalities:

P=q=u QU +Uy @V, u =L+ Eig, v1 = Eyy, ug = Eay, 9 = L.
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Choose

(a1, B1) = (B, B+ Ev), (f1, 1) = (B, En),

(a2, B2) = (B2, 4E15 + En), (f2, 92) = (Eag, Eas).

It suffices to check that u; = s ey a; = s e §; and v; = ¢ ey f; = ¢ & g; for each i € {1,2}.
Therefore x = k(v @ f1) + ko @ fo),and y = K1(B1 @ ¢1) + K1(F2 @ go).

To summarize, we’ve decomposed (z, y) as the sum (o, 1) K (f1, 91) + (aa, f2) K (fa, g2) in
M(s) B’ M(t).

C.2 Derivation decomposition

Example C.2. We decompose (6, 61 §(9)) € Der(s®t) as sum of terms from Der(s)XC(t) and
M(s)RM(t). LetF = F5. Let s, t : F2 X F? ~— F be given by 2 x 2 matrices S = E1; + Fo; + Ego

and T = I,, where E;; denote matrix units. Consider A = (A2 A AO),

1000 0000
0100 0000
A® ’ AL — 7 A — {1} ’
0010 0000
0100 0001

for which we verify A® (S@T)+(SQT)AD = (S@T)A”. Let§ = (62,60, 60)) € Der(s®t)
be the operators corresponding to A. Setp = (s®t)#,6?), ¢ == (s®t)e;61), and r = (st )06 ),

where p + ¢ = r. A direct calculation gives

p=(En+ Eyn)® I+ Exn® Eiy,
q=Ey ®Iy — Ey»® FE,

r=(Ey+ Ey+ Eyp)®L+0® E,
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so p + g = r. We read off local equalities:

p=a1 ®xr1+ax® Ty, ay = By + Eay, 1 = Iy, ay = By, 9 = By,
q="b @y + by ® yo, by = B, y1 = I, by = —FE9, yo = Ey,
r=c®2 +c® 2, c1 =08, 21 =1 co =0, z = .

They are chosen so a; @ x; + b; @ y; = ¢; ® z; forall © € {1,2}. Let ap = E11 + Es, fp =

Iy, Bp = Ess, gp = I, yp =1, hp = 1. Then
ay = s e ap, v1 =18 fp, bi=se [p, y1 =1 e gp, c1 =590 7D, 21 =t 8 hp,

with (OJD,ﬁD,’}/D) < Der(s) and (fD,gD, hD) € C(t)
Similarly, let anN = 4E21 + EQQ, fN = Ella BN = EQQ, gN = EH. Then g = S @y (U, To =

tey fn,and by = —se By, yo = te; gy, meaning (ay, Oy) € M(s), (fv,gn) € M(t). Therefore
(6@,6M,6©) = (ap, Bp, ) B (fp, 90, hp) — a1 ((an, By) B (fx, gn))-

This writes (62, 6V, 6() as the sum of a term from Der(s) K C(t) and a term from t5; (M(s) X

M(t)).

105



	Abstract
	Acknowledgements
	Introduction
	Main Results

	Preliminaries and Prior Work
	Algebras and Actions on bilinear maps
	Radicals and non-degeneracy of bilinear maps
	Product of tuples of endomorphisms
	Product of bilinear maps
	Prior work

	Algorithms for nuclei and derivation equations
	Preliminaries
	Linear Algebra subroutines
	Simultaneous Sylvester Equations for nuclei of tensors
	Derivation Equations for derivations of tensors
	Performance Benchmarking
	Simultaneous Sylvester Equation Solving Results
	Derivation Equation Solving Results
	Non-Regular Family Mid Nucleus Solving Results


	Nuclei of Product of Bilinear Maps
	Previous results
	Algebra preliminaries
	Key reduction
	Proof of thm:product-nuc

	Derivation of Product of Bilinear Maps
	Previous results
	Preliminaries
	Existence of a LIU decomposition of the equation p+q=r
	Proof of thm:product-der
	Non-existence for higher valence tensors

	Conclusion
	Future Directions

	Bibliography
	Examples for Simultaneous Sylvester and Derivation Equations
	Simultaneous Sylvester Equation Example
	Derivation Equation

	Proof of prop:der-specializes-to-bresar
	Tensor Product Bilinear Map Decomposition Examples
	Nucleus decomposition
	Derivation decomposition


