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ABSTRACT

ALGEBRAIC INVARIANTS OF TENSORS: ALGORITHMS AND DECOMPOSITIONS

This dissertation studies algorithmic techniques and decomposition theories for the algebraic

invariants of tensors. Tensors are multiway grids of numbers encoding multilinear data, with

widespread use across the sciences. Algebraic invariants of tensors, such as its derivation alge-

bra, give structural insights to the tensor. The first result is a novel algorithm for computing these

algebraic invariants. For tensors satisfying a regularity condition, our algorithm computes their

derivation algebra in O(n4.5) arithmetic operations, improving on the currently known O(n7) al-

gorithm and coming within a factor of n1/2 of the deterministic verification cost. The second

result is a decomposition theorem for tensors arising as a product of two tensors. This theorem

characterizes the derivation algebra of such a tensor using the algebraic invariants of its factors.
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Chapter 1

Introduction

A scalar records one measurement. A vector often records a magnitude and direction, so it

has one axis, where an axis means an independent mode of access. A matrix has two axes, and

many scientific and engineering settings record measurements with three or more axes. Tensors

encapsulate all of these abstractions in one unifying concept. For instance, a matrix may be called

a 2-tensor, a cube of numbers a 3-tensor, and so on. The number of axes is also called the valence

of the tensor. This tensor abstraction is used in various disciplines to record information for some

fixed reference frame. Some complementary perspectives studying tensors include [Bro97] [KB09]

[Lan12] [RS18] [DLDMV00] [Tuc66]. Below we give two real world examples.

The first is the stress tensor in mechanics. For an object such as a steel beam supporting traffic,

we can track how the internal force depends on the orientation of a surface element inside the

material. At each point, with respect to a coordinate system, we have a 3× 3 Cauchy stress tensor,

where diagonal entries capture normal compression and tension, while off-diagonal entries capture

shear [Irg08, p. 52]. Higher valence tensors are needed to model constitutive laws. For instance

the generalized Hooke’s Law for the stress tensor T and strain tensor E is a relationship given by

Tij = SijklEkl, where S is a 4-tensor called the elasticity tensor [Irg08, Eq 7.2.23].

The second comes from recommender systems, of which the Netflix tensor is the most famous.

The starting point is to store a user × movie matrix of ratings. The factorization of this matrix

was central to recommenders competing for the Netflix Prize [KBV09]. But recommendation

systems may need more axes, for example, by considering preferences over time, and considering

multiple devices. This necessitates higher valence tensors, for instance with axes user × movie ×

time. Tensor factorization methods explicitly model and work with these higher valence tensors

[Kar+10].

Now we motivate studying tensors using algebraic techniques. For the rest of this introduction

F will denote a field. Let A be a F-algebra, meaning it is a F-vector space with a bilinear multi-
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plication A× A↣ A (↣ for bilinear). After choosing a basis of the underlying vector space, the

structure constants associated to the multiplication form a 3-tensor. The algebra A has invariants

that are independent of the basis choice. For instance, does A have zero divisors or split as a direct

product of smaller algebras? Looking at the multiplication tensor for A allows us to understand

them. For example, let F = F13 and let t ∈ F2×2×2 be the tensor with slices

t∗∗1 =



10 5

5 6


 t∗∗2 =



11 8

8 0


 .

This is the multiplication tensor of the algebra F[x]/(x2 − 3x+ 2) in the basis {3 + 4x, 7 + 10x}.

If we instead use the basis b̃ = {1, x}, then using the basis change matrix with columns 3+4x and

7 + 10x written in the b̃ coordinates, we get a tensor t̃ with slices

t̃∗∗1 =



1 0

0 −2


 t̃∗∗2 =



0 1

1 3


 .

We display it more suggestively to showcase the multiplication rules.

1 x

1 1 x

x x 3x− 2

Finally, x2 − 3x+2 factors as (x− 1)(x− 2) over F. If e = x− 1 and f = 2− x, then e+ f = 1,

e2 = e, f 2 = f , and ef = 0. Hence e and f are complementary orthogonal idempotents, and by

the Chinese Remainder Theorem, F[x]/(x2 − 3x+2) ∼= F[x]/(x− 1)×F[x]/(x− 2) ∼= F×F. In
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the adapted basis {e, f}, the multiplication tensor is the table

e f

e e 0

f 0 f

.

The above example is found through an algebraic invariant of the tensor called the centroid [Wil16,

Proposition 6.4] [Mya90, Proposition 3.1]. More generally, the structure in the tensors representing

not just multiplication tables is seen through these algebraic invariants. For example over F = F997,

let t ∈ F2×2×2 with

t∗∗1 =



978 724

700 739


 , t∗∗2 =



682 660

51 689




Using the adjoint algebra (middle nucleus), we find change of bases matrices M and N satisfying

M =



643 1

421 1


 , N =



111 836

886 836


 , M(t∗∗1)N

−1 =



516 0

0 443


 , M(t∗∗2)N

−1 =



35 0

0 332




so in the language of [BKW24], t splits into two independent 1×1×2 face blocks. The Multilinear

Algebra library in Magma [BCP97] and the Julia package OpenDleto [The26] provide algorithms

to find these algebraic invariants and decompose tensors.

1.1 Main Results

We briefly describe results on the two main problems tackled by my dissertation.

The first is on computing of algebraic invariants of tensors, which have been key to discovering

basis-independent cluster patterns in tensors [BKW24], decomposing p-groups [Wil09], comput-

ing endomorphisms of modules [BL08], and advancing isomorphism testing [IQ19], [BMW17]

[BW12] [BMW22].

Suppose we are given a 3-tensor T ∈ Fm×n×r which represents trilinear measurements in a

fixed basis. Let the (i, j, k)th component be denoted T [i, j, k], and let T1, . . . , Tr ∈ Fm×n be slices
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using the Matlab inspired slice notation, where Ti := T [:, :, i]. For X ∈ Fm×m, Y ∈ Fn×n, and

Z = (zji) ∈ Fr×r, define tensors XT , TY , and TZ by their slices

(XT )i := XTi, (TY )i := TiY, (TZ)i :=
r∑

j=1

Tjzji.

Equations for the key algebraic invariants we study are as

(left nucleus) L(T ) := {(X,Z) ∈ Fm×m × Fr×r : XT = TZ},

(middle nucleus) M(T ) := {(X, Y ) ∈ Fm×m × Fn×n : XT = TY },

(right nucleus) R(T ) := {(Y, Z) ∈ Fn×n × Fr×r : TY = TZ},

(centroid) C(T ) := {(X, Y, Z) ∈ Fm×m × Fn×n × Fr×r : XT = TY = TZ},

(derivation) Der(T ) :={(X, Y, Z) ∈ Fm×m × Fn×n × Fr×r : XT + TY = TZ}.

(1.1)

Each corresponds to a linear system. Our first main result, Theorem B, shows that for tensors

T ∈ Fn×n×n satisfying a regularity condition, the derivation algebra of T can be computed in

O(n4.5) time. This is an improvement over the currently known O(n7) algorithm.

The second result is about understanding structure when we combine two tensors into one via

multiplication. Multiplication is a natural way to inductively build up data from smaller pieces.

For instance, if A and B are F-algebras, then A ⊗ B is again a F-algebra. An example of this is

the extensions of scalars construction A⊗ L given a F-algebra A and a field extension L/F.

We define a product of tensors that serves the same role by combining interactions while pre-

serving multilinearity. Our definition is most naturally stated for bilinear maps b : U × V ↣ W .

After choosing bases of U , V , and W , the map b is encoded by its multiplication table, and stored

as a 3-tensor. We define the product bilinear map for s : U2 × U1 ↣ U0 and t : V2 × V1 ↣ V0 as

s⊗ t : (U2 ⊗ V2)× (U1 ⊗ V1) ↣ U0 ⊗ V0

on pure tensors by (s⊗ t)(u⊗ x, v ⊗ y) := s(u, v)⊗ t(x, y), and extended bilinearly.
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Example 1.1. A classical result for Hamilton’s quaternion algebra H is the C-algebra isomorphism

H⊗R C ∼= M2(C), given on basis elements by

1⊗ 1 7→



1 0

0 1


 , i⊗ 1 7→



i 0

0 −i


 , j ⊗ 1 7→




0 1

−1 0


 , k ⊗ 1 7→



0 i

i 0


 .

Let u = iH ⊗ iC. Then u2 = (iH)
2 ⊗ (iC)

2 = (−1) ⊗ (−1) = 1, so u is a splitting element.

Hence e = 1+u
2

and f = 1−u
2

are orthogonal idempotents with e2 = e, f 2 = f , ef = fe = 0, and

e+ f = 1.

Concretely, u corresponds to the matrixE22−E11, so e corresponds toE22 and f toE11, and we

recover E12 and −E21 by multiplying with the image of j⊗ 1. Thus extending the coefficients can

turn a division algebra into a matrix algebra. This splitting phenomenon is studied by the Brauer

group of central simple algebras (simple finite-dimensional associative algebras whose center is

the base field) [Pie82].

Example 1.2. Below we give a bigger computational example using the multiplication structure.

Consider the algebras F[x]/(x2 + 1) and F[y]/(y2 + 5y + 10). Their tensor product is the algebra

F[x, y]/(x2 + 1, y2 + 5y + 10).

Similarly, their multiplication tables are each given as a 2 × 2 × 2 table, and their combined

multiplication is as shown below.

1 x

1 1 x

x x −1

⊗
1 y

1 1 y

y y −5y − 10

=

1 x y xy

1 1 x y xy

x x −1 xy −y

y y xy −5y − 10 −5xy − 10x

xy xy −y −5xy − 10x 5y + 10

The product bilinear map’s multiplication tensor is on the right, displayed as a 4 × 4 × 4 tensor,

with four slices indexed by the basis {1, x, y, xy}.
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Our second main result, Theorem D, states that given bilinear maps s and t, we can understand

Der(s ⊗ t) by individually understanding the algebraic invariants of s and t. This allows for

characterizing Der(s ⊗ t) using much less information than what one would otherwise expect.

The bilinear map s⊗ t preserves multilinearity at the cost of multiplicative dimension growth. For

instance, given s : Fm×Fn
↣ Fl and t : Fp×Fq

↣ Fr, the product s⊗t : (Fm⊗Fp)×(Fn⊗Fq) ↣

Fl ⊗ Fr requires (mp)(nq)(lr) coordinates to describe. Yet our theorem allows for the individual

understanding of the algebraic invariants of s , which is specified using only mnl coordinates, and

t, which is specified using only pqr coordinates, to fully characterize Der(s⊗ t).

This result extends earlier results in matrix algebras by Benkart and Osborn [BO81] as well as

in non-associative algebras by Brešar [Bre17]. Recall that for an algebra A, its derivation, Der(A),

consists of linear maps δ ∈ Hom(A,A) such that δ(xy) = (δ(x))y+x(δ(y)). Benkart and Osborn

show that Der(Mn(A)) is a sum of two pieces. First, derivations ofA applied entrywise to matrices,

and second, inner derivations coming from commutators over the nucleus of A - meaning in the

algebra Mn(Nuc(A)) [BO81, Corollary 4.9].

As we show in Remark 5.5, the Benkart-Osborn result is a special case of Theorem D when

s is the multiplication tensor of the algebra A and t is the multiplication tensor of Mn(F). Then

s⊗ t is the multiplication tensor of Mn(A) ∼= A⊗F Mn(F), and the diagonal pieces of the tensor

derivations of s⊗ t correspond to the algebra derivation pieces of Mn(A).
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Chapter 2

Preliminaries and Prior Work

Given F-vector spaces U, V and W , a function f : U × V → W is additive if f(u + u′, v) =

f(u, v)+f(u′, v), and f(u, v+v′) = f(u, v)+f(u, v′) for all u, u′ in U and v, v′ in V . A function

f is F-bilinear if f is additive and satisfies f(cu, v) = f(u, cv) = cf(u, v) for all c ∈ F, u ∈ U ,

and v ∈ V . We write f : U × V ↣ W (↣ for bilinear). When context is clear, we elide the prefix

F.

Example 2.1. Examples of bilinear maps include:

1. If A is an F-algebra, then multiplication map µ : A× A↣ A is bilinear.

2. For positive integers m,n, p, the rectangular matrix multiplication map Fm×n × Fn×p
↣

Fm×p given by (X, Y ) 7→ XY is bilinear.

3. For U = F2 and V = F3, any bilinear form b : U × V ↣ F can be represented by a matrix

B ∈ F2×3 via b(u, v) = uTBv for a fixed choice of bases of U and V .

The above extends to explain F-trilinear and F-multilinear in general. Given a bilinear map

b : U × V ↣ W , fix bases for U , V , and W . Then evaluating b on basis vectors of U and V ,

and evaluating the output against the dual basis in W ∗, we may identify b with a trilinear form in

Fm × Fn × Fl
↣ F where m = dimU , n = dimV , l = dimW . This trilinear form is identified

as a 3-tensor (as an element of Fm×n×l), and thus throughout this dissertation, F-bilinear, trilinear,

and multilinear maps are also called tensors.

Definition 2.2. For vector spaces U and V , the tensor product of U and V is the vector space

U ⊗ V with the canonical map φ : U × V ↣ U ⊗ V , such that for every bilinear map f with

domain U × V , there is a unique induced linear map f̂ satisfying f = f̂ ◦ φ. [Gre12, p. 10]

For vectors s ∈ U and t ∈ V , the notation s ⊗ t denotes the image of (s, t) under φ. The

elements s⊗ t are called pure tensors, and U ⊗ V is spanned by pure tensors.
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Remark 2.3. Let U = Fm and V = Fn with their standard bases. Then U ⊗ V may be realized as

m× n matrices by sending ei ⊗ fj to the elementary matrix Eij .

Next we describe subspaces of a tensor product space. For subsets A ⊆ U and B ⊆ V , define

[A⊗ B] := span{a⊗ b : a ∈ A, b ∈ B} ≤ U ⊗ V.

The notation [A⊗B] indicates this space is built internally as a subspace of U⊗V . This distinction

is needed as if A ≤ U and B ≤ V are subspaces, then there is also the external tensor product

space (A⊗ B,φ : A× B ↣ A⊗ B).

Lemma 2.4. Let U, V be vector spaces, and A ≤ U and X ≤ V be subspaces. Then [A ⊗X] =

[U ⊗X] ∩ [A⊗ V ] as subspaces of U ⊗ V .

Proof. Let ιA : A →֒ U and ιX : X →֒ V be the inclusion maps. The intersection [U⊗X]∩[A⊗V ]

is the pullback of the external tensor product spaces U ⊗X and A⊗ V along their inclusion maps

into U ⊗ V . Hence it suffices to show the following square is also a pullback:

A⊗X U ⊗X

A⊗ V U ⊗ V

ιA⊗idX

idA ⊗ιX idU ⊗ιX

ιA⊗idV

Let T be a vector space with maps q1 : T → A⊗V and q2 : T → U⊗X such that (ιA⊗ idV )◦q1 =

(idU ⊗ιX) ◦ q2. We must construct the unique u making both triangles commute in the below

diagram.

T

A⊗X U ⊗X

A⊗ V U ⊗ V

q2

q1

u

ιA⊗idX

idA ⊗ιX
idU ⊗ιX

ιA⊗idV

8



This is done by showing Im(q1) ≤ Im(idA ⊗ιX). Since idA ⊗ιX is injective, any such factorization

is unique. Since tensoring over a field preserves exact sequences, tensoring 0 → X
ιX−→ V

q−→

V/X → 0 with A gives

0 → A⊗X
idA ⊗ιX−−−−→ A⊗ V

idA ⊗q−−−→ A⊗ (V/X) → 0.

So we must show Im(q1) ≤ Ker(idA ⊗q), or (idA ⊗q) ◦ q1 = 0. This fact follows by the below

commutative square.

A⊗ V U ⊗ V

A⊗ (V/X) U ⊗ (V/X)

ιA⊗idV

idA ⊗q idU ⊗q

ιA⊗idV/X

Indeed, as elements in Hom(A⊗ V, U ⊗ (V/X)),

(idU ⊗q) ◦ (ιA ⊗ idV ) = (ιA ⊗ idV/X) ◦ (idA ⊗q), (2.1)

because both sides send the pure tensor a⊗ v to ιA(a)⊗ q(v).

Applying idU ⊗q to (ιA ⊗ idV ) ◦ q1 = (idU ⊗ιX) ◦ q2, the right-hand side vanishes because

(idU ⊗q) ◦ (idU ⊗ιX) = idU ⊗(q ◦ ιX) = 0. Hence (idU ⊗q) ◦ (ιA ⊗ idV ) ◦ q1 = 0, and by (2.1),

(ιA ⊗ idV/X) ◦ (idA ⊗q) ◦ q1 = 0. Since ιA ⊗ idV/X is injective, (idA ⊗q) ◦ q1 = 0 as needed. Thus

we find the unique u such that q1 = (idA ⊗ιX) ◦ u.

Finally, for u to make the upper triangule commute, we must show q2 = (ιA ⊗ idX) ◦ u. We

have

(idU ⊗ιX) ◦ (ιA ⊗ idX) ◦ u = (ιA ⊗ idV ) ◦ (idA ⊗ιX) ◦ u

= (ιA ⊗ idV ) ◦ q1

= (idU ⊗ιX) ◦ q2,

9



Therefore (idU ⊗ιX)◦
(
(ιA⊗idX)◦u−q2

)
= 0. As idU ⊗ιX is injective, we get q2 = (ιA⊗idX)◦u

as needed.

Remark 2.5. For ιA : A →֒ U and ιB : B →֒ V inclusion maps, the induced map ιA ⊗ ιB :

A ⊗ B → U ⊗ V is injective, and we identify the external tensor product space A ⊗ B with its

image, which is precisely the span of {a⊗ b : a ∈ A, b ∈ B} = [A⊗B]. This clarifies the notation

A⊗ B when A and B are subspaces of ambient vector spaces.

2.1 Algebras and Actions on bilinear maps

Existing work such as [Jac37], [Mya90], [BW14], and [Wil16] highlights the role of the alge-

bras in Equation (1.1). In this subsection, we expand on that and describe some operations that we

need for the future sections.

Let U , V , and W be finite-dimensional F-vector spaces for the remainder of this section. Let

End(U) = Hom(U,U) be the F-linear endomorphisms of a vector spaceU , and let b : U×V ↣ W

be a bilinear map. We will also use the notation Bil(U, V ;W ) for the F-vector space of bilinear

maps U × V ↣ W . For α ∈ End(U), β ∈ End(V ), and γ ∈ End(W ), define the bilinear maps

resulting from operators acting on axes as

b •2 α : U × V ↣ W, (u, v) 7→ b(αu, v),

b •1 β : U × V ↣ W, (u, v) 7→ b(u, βv),

b •0 γ : U × V ↣ W, (u, v) 7→ γ(b(u, v)).

Definition 2.6. The left, middle, and right nuclei of b are respectively

L(b) := {(α, γ) ∈ End(U)× End(W ) : b •2 α = b •0 γ},

M(b) := {(α, β) ∈ End(U)op × End(V ) : b •2 α = b •1 β},

R(b) := {(β, γ) ∈ End(V )× End(W ) : b •1 β = b •0 γ}.
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Here End(U)op is the opposite algebra of End(U), meaning composition order is reversed. The

reason for using End(U)op in M(b) is that if (α, β), (α′, β′) ∈ M(b), then b((α′α)u, v) =

b(αu, β′v) = b(u, (ββ′)v), so the product is (α, β)(α′, β′) = (α′α, ββ′). Notice M(b) is the

coordinate free description of the adjoint algebra in Equation (1.1).

The centroid of b is

C(b) := {(α, β, γ) ∈ End(U)× End(V )× End(W ) : b •2 α = b •1 β = b •0 γ},

and the derivation algebra of b is

Der(b) := {(α, β, γ) ∈ End(U)× End(V )× End(W ) : b •2 α + b •1 β = b •0 γ}.

Remark 2.7. Each of L(b), M(b), R(b), C(b), Der(b) is an F-vector subspace of the correspond-

ing product of endomorphism spaces. Furthermore, L(b), M(b), R(b), and C(b) are associative

algebras, with C(b) also commutative when b is fully nondegenerate, while Der(b) is a Lie algebra.

[BMW20, Section 1.2].

2.2 Radicals and non-degeneracy of bilinear maps

Let b : U × V ↣ W be a bilinear map. For u ∈ U and v ∈ V , define

b(u, V ) := {b(u, v′) : v′ ∈ V }, b(U, v) := {b(u′, v) : u′ ∈ U},

b(U, V ) := span{b(u′, v′) : u′ ∈ U, v′ ∈ V }.

The left radical, right radical, and coradical of a bilinear map b are respectively RadL(b) := {u ∈

U : b(u, V ) = 0}, RadR(b) := {v ∈ V : b(U, v) = 0}, and Corad(b) := W/b(U, V ).
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We call b fully nondegenerate if RadL(b) = RadR(b) = 0 and Corad(b) = 0. Now define the

axis actions

Λb
2 : End(U) → Bil(U, V ;W ), α 7→ b •2 α,

Λb
1 : End(V ) → Bil(U, V ;W ), β 7→ b •1 β,

Λb
0 : End(W )op → Bil(U, V ;W ), γ 7→ b •0 γ.

The superscript is suppressed when context is clear.

Lemma 2.8. If b : U × V ↣ W is fully nondegenerate, then Λ2, Λ1, and Λ0 are injective.

Proof. If Λ2(α) = 0, then b(αu, v) = 0 for all u ∈ U and v ∈ V , so αu ∈ RadL(b) for every u.

Since RadL(b) = 0, we get α = 0. The proof for Λ1 is analogous. For Λ0, if Λ0(γ) = 0, then

γ(b(u, v)) = 0 for all u, v, so γ vanishes on b(U, V ) = W . Hence γ = 0.

Fact 2.9. [Wil15, Section 8.3] For any bilinear map b : U ×V ↣ W , there is a canonical induced

fully-nondegenerate bilinear map

b/
√
b :
(
U/RadL(b)

)
×
(
V/RadR(b)

)
↣ b(U, V ),

defined by
(
b/
√
b
)(
u+ RadL(b), v + RadR(b)

)
:= b(u, v).

The algebraic invariants of b/
√
b gives us an understanding of the invariants of b. For instance,

the left nuclei gives the following exact sequence of vector spaces

0 → Hom(U,RadL(b))× Hom(Corad(b),W ) → L(b) ρL−→ L(b/
√
b) → 0, (2.2)

where ρL(α, γ) := (ᾱ, γ|b(U,V )) and ᾱ is induced by α on U/RadL(b). We justify this exact

sequence. First, for well-definedness of ρL, we prove (α, γ) ∈ L(b) satisfies α(RadL(b)) ≤

RadL(b), and γ
(
b(U, V )

)
≤ b(U, V ). Let u ∈ RadL(b). Then b(u, v) = 0 for all v, so γ(b(u, v)) =

12



γ(0) = 0. But γ(b(u, v)) = b(αu, v) as well, so αu ∈ RadL(b). The proof for γ(b(U, V )) ≤

b(U, V ) is analogous.

To see the image of ρL lies in L(b/
√
b), we check for all u ∈ U , v ∈ V ,

(
b/
√
b
)(
ᾱ(u+ RadL(b)), v + RadR(b)

)
= b(αu, v) = γ(b(u, v))

= γ|b(U,V )

((
b/
√
b
)(
u+ RadL(b), v + RadR(b)

))
,

so (ᾱ, γ|b(U,V )) ∈ L(b/
√
b). We now show ρL is surjective. Given (ᾱ, γ0) ∈ L(b/

√
b), choose the

lift α ∈ End(U) of ᾱ with α|RadL(b) = 0, and choose γ ∈ End(W ) with γ|b(U,V ) = γ0 and γ = 0

on a chosen complement of b(U, V ) in W . Then for all u ∈ U and v ∈ V ,

b(αu, v) =
(
b/
√
b
)(
ᾱ(u+ RadL(b)), v + RadR(b)

)

= γ0

((
b/
√
b
)(
u+ RadL(b), v + RadR(b)

))
= γ(b(u, v)).

Hence (α, γ) ∈ L(b) as needed. The kernel of ρL are all pairs of endomorphisms where the

first component is the zero morphism modulo RadL(b) (hence α(U) ⊆ RadL(b)) and the second

component is zero restricted to b(U, V ). Thus, Ker(ρL) = {α ∈ End(U) : α(U) ⊆ RadL(b)} ×

{γ ∈ End(W ) : γ|b(U,V ) = 0} ∼= Hom(U,RadL(b)) × Hom(Corad(b),W ), and Equation (2.2) is

exact.

2.3 Product of tuples of endomorphisms

For k ∈ {0, 1, 2}, let Uk and Vk be finite-dimensional F-vector spaces. Let κk : End(Uk) ⊗

End(Vk) → End(Uk ⊗ Vk), defined by κk(α ⊗ f)(u ⊗ v) := αu ⊗ fv for all u ∈ Uk and v ∈ Vk

denote the Kronecker isomorphisms. We introduce the following for combining two tuples of

endomorphisms.
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Definition 2.10. LetK be finite. For each k ∈ K, let Uk, Vk be finite-dimensional F-vector spaces.

Define

⊠ :
(∏

k∈K

End(Uk)
)
×
(∏

k∈K

End(Vk)
)
→
∏

k∈K

End(Uk ⊗ Vk),

by the mapping for a = (αk)k∈K and b = (fk)k∈K as a⊠ b := (κk(αk ⊗ fk))k∈K .

For example, let K = {2, 1, 0}, then for a = (α2, α1, α0) ∈ End(U2) × End(U1) × End(U0)

and b = (f2, f1, f0) ∈ End(V2) × End(V1) × End(V0), then a ⊠ b =
(
κ2(α2 ⊗ f2), κ1(α1 ⊗

f1), κ0(α0 ⊗ f0)
)
, and is an element of End(U2 ⊗ V2)× End(U1 ⊗ V1)× End(U0 ⊗ V0).

For subspaces A ≤
∏

k∈K End(Uk) and B ≤
∏

k∈K End(Vk), define

A⊠ B := span{a⊠ b : a ∈ A, b ∈ B} ≤
∏

k∈K

End(Uk ⊗ Vk).

2.4 Product of bilinear maps

As previously described, there is a need to combine two bilinear maps into one using a product

construction.

Definition 2.11. Fix two bilinear maps s : U2 × U1 ↣ U0, and t : V2 × V1 ↣ V0. The tensor

product bilinear map

s⊗ t : (U2 ⊗ V2)× (U1 ⊗ V1) ↣ U0 ⊗ V0

is the unique bilinear map defined in pure tensors as (s ⊗ t)((u2 ⊗ v2), (u1 ⊗ v1)) = s(u2, u1) ⊗

t(v2, v1) and extended bilinearly. When context is clear or we want to reserve the word tensor

product, we will also refer to s⊗ t as the product bilinear map.

Lemma 2.12. If s and t are fully-nondegenerate bilinear maps, then s⊗ t is fully nondegenerate.

Proof. Define the curried functions λs : U2 → Hom(U1, U0) by λs(u2)(u1) := s(u2, u1) and λt :

V2 → Hom(V1, V0) by λt(v2)(v1) := t(v2, v1). Then RadL(s) = Ker(λs) and RadL(t) = Ker(λt),

so full nondegeneracy of s and t implies that λs and λt are injective. Identify Hom(U1, U0) ⊗

Hom(V1, V0) with Hom(U1 ⊗ V1, U0 ⊗ V0) by the Kronecker isomorphism. Under this identifica-
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tion, the curried map U2 ⊗ V2 → Hom(U1 ⊗ V1, U0 ⊗ V0) associated to s ⊗ t is the map λs ⊗ λt.

Since tensoring over a field preserves injectivity, λs ⊗ λt is injective, so RadL(s ⊗ t) = 0. The

argument for U1 ⊗ V1 is analogous.

Since Corad(s) = Corad(t) = 0, we have s(U2, U1) = U0 and t(V2, V1) = V0. Thus for

arbitrary u0 ∈ U0 and v0 ∈ V0, write u0 =
∑

i s(u2,i, u1,i) and v0 =
∑

j t(v2,j, v1,j). Then

u0 ⊗ v0 =

(
∑

i

s(u2,i, u1,i)

)
⊗
(
∑

j

t(v2,j, v1,j)

)
=
∑

i,j

(s⊗ t)((u2,i ⊗ v2,j), (u1,i ⊗ v1,j)),

so (s⊗ t)(U2 ⊗ V2, U1 ⊗ V1) = U0 ⊗ V0. This concludes Corad(s⊗ t) = 0.

Remark 2.13. If s and t are fully nondegenerate, then the axis action maps Λs⊗t
2 , Λs⊗t

1 , and Λs⊗t
0

are injective by Lemmas 2.8 and 2.12.

Next we come to a key correspondence that allows us to analyze axis actions on product bilinear

maps by linear algebra techniques. Recall for X, Y vector spaces, and the tensor product space

of X and Y , denoted (X ⊗ Y, φ : X × Y ↣ X ⊗ Y ), the element φ(x, y) ∈ X ⊗ Y is the pure

tensor most often written as x ⊗ y. As the notation x ⊗ y can be ambiguous when x and y are

themselves bilinear maps, we use φ(x, y) when referring to the pure tensor element in the tensor

product vector space.

Let U := Bil(U2, U1;U0), V := Bil(V2, V1;V0), and define the bilinear map

Θ : U × V → Bil(U2 ⊗ V2, U1 ⊗ V1;U0 ⊗ V0), Θ(s, t) := s⊗ t as the product bilinear map.

The universal property of the tensor product space U ⊗ V gives a unique induced linear map

Θ̃ : U ⊗ V → Bil(U2 ⊗ V2, U1 ⊗ V1;U0 ⊗ V0).

By currying, there are isomorphisms U ∼= Hom(U2 ⊗ U1, U0), V ∼= Hom(V2 ⊗ V1, V0), and

Bil(U2 ⊗ V2, U1 ⊗ V1;U0 ⊗ V0) ∼= Hom((U2 ⊗ V2)⊗ (U1 ⊗ V1), U0 ⊗ V0). So Θ̃ is the Kronecker
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isomorphism composed with the associator and swap isomorphisms (U2 ⊗ U1) ⊗ (V2 ⊗ V1) ∼=

(U2 ⊗ V2)⊗ (U1 ⊗ V1), and thus is a bijection.

We fix the notation Ξ := Θ̃−1. Also recall the Kronecker isomorphism κk : End(Uk) ⊗

End(Vk) → End(Uk ⊗ Vk) given by κk(α⊗ f)(u⊗ v) = αu⊗ fv.

Lemma 2.14. Following the notation above, let s ∈ U , t ∈ V be bilinear maps, and (U ⊗ V , φ :

U × V ↣ U ⊗ V) the tensor product space of U with V . For all k ∈ {0, 1, 2}, α ∈ End(Uk), and

f ∈ End(Vk),

Ξ
(
(s⊗ t) •k κk(α⊗ f)

)
= φ(s •k α, t •k f).

Proof. By definition of Θ̃, we have Θ̃
(
φ(s •k α, t •k f)

)
= Θ(s •k α, t •k f). Evaluating both

the bilinear map Θ(s •k α, t •k f) and (s ⊗ t) •k κk(α ⊗ f) on pure tensors shows they agree, so

applying Ξ gives the claim.

Corollary 2.15. For k ∈ {0, 1, 2} and x ∈ End(Uk⊗Vk) with decomposition x =
∑

j κk(αj⊗fj),

linearity gives

Ξ
(
(s⊗ t) •k x

)
=
∑

j

Ξ
(
(s⊗ t) •k κk(αj ⊗ fj)

)
=
∑

j

φ(s •k αj, t •k fj). (2.3)

2.5 Prior work

Existing research shows that the algebras in Equation (1.1) encode structural information about

tensors. Myasnikov, Wilson, and others in [Mya90], [Wil16], [Wil12], [MM10], [Wil09] prove

that, for a bilinear map b, the algebras Adj(b) and Cen(b) control direct sum decompositions and

automorphisms of b, using them to prove properties for the originating algebraic structures. The

most famous special case for the middle nucleus equation is the theory of Kronecker modules,

which in our terminology corresponds to tensors in Fm×n×2 [Kro90]. Recent work [BKW24]

shows that derivations also control the original tensor’s null patterns, limiting the subspaces on

which the tensor is non-zero.
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There has also been prior work on understanding derivations of tensors coming from the prod-

uct construction in Definition 2.11. Leger and Luks study generalized derivations, quasiderivations,

and quasicentroids as extensions of algebra derivations [LL00], and Novotný and Hřivnák study

(α, β, γ)-derivations together with associated invariant functions [NH08]. Closer to our results,

Brešar studies derivations of tensor products of nonassociative algebras [Bre17]. Benkart and Os-

born study derivations and automorphisms of nonassociative matrix algebras [BO81], and Azam

studies derivations of tensor products of algebras [Aza08].
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Chapter 3

Algorithms for nuclei and derivation equations

The descriptions of the algebras in Equation (1.1) are linear in the unknown matrix entries. So

each can be solved as a large system of linear equations. In collaboration with Joshua Maglione

and James B. Wilson, we obtain an asymptotically faster algorithm for computing the adjoint al-

gebra in certain scenarios, inspired by analogous results for matrices known as the Bartels-Stewart

algorithm [BS72]. In this chapter, I state and prove results from this joint work using a novel

approach. I also state and prove my own original result, which concerns the derivation algebra,

following a similar approach.

Theorem A. Let F be a Sylvester regular family of tensors as defined by Defi-

nition 3.34, meaning each problem’s solution space is completely determined by

a restricted subsystem. Furthermore, assume we have a black-box algorithm to

find this subsystem. For each (R, S, T ) ∈ F with R ∈ Fr×b×c, S ∈ Fa×s×c, and

T ∈ Fa×b×c, set n := a + b + c + r + s. Then SimultaneousSylvesterSystem

instances from F are solved in arithmetic cost O(n4). This gives an algorithm for

the Sylvester regular family with the same order of arithmetic cost as determin-

istic verification, and an improvement to the O(n7) cost of solving the full linear

system.
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Theorem B. Let F be a derivation regular family of tensors as defined by Defi-

nition 3.41, meaning each problem’s solution space is completely determined by

a restricted subsystem. Furthermore, assume we have a black-box algorithm to

find this subsystem. For each (R, S, T ) ∈ F with R ∈ Fr×b×c, S ∈ Fa×s×c, and

T ∈ Fa×b×t, set n := a+ b+ c+ r+ s+ t. Then DerivationSystem instances from

F are solved in arithmetic cost O(n4.5). This gives an algorithm for the derivation

regular family within a factor n1/2 of deterministic verification cost O(n4), and an

improvement to the O(n7) cost of solving the full linear system.

In both cases, the black-box algorithm for choosing the restricted subsystem can be imple-

mented efficiently in practice with heuristics or randomized techniques. Furthermore, tensors in

the regular families satisfy a condition that contains many natural classes of tensors. Examples

include generic cubic (n × n × n) tensors, tensors arising from algebras with bounded solution

dimension, and tensors without solutions whose inconsistency can be detected on a smaller portion

of the coordinates. In the rest of this section, we will reduce each problem to a set of smaller linear

algebra problems. Their solutions are affine subspaces, which we define below.

3.1 Preliminaries

An affine space is a pair (A,U) where A is a non-empty set and U is a vector space acting on

A by a fixed-point free and transitive action. Write the action as + : A× U → A, (a, u) 7→ a+ u.

We call U the direction space of A. When U is clear from context, we also say “A is an affine

space”.

Lemma 3.1. Let (A,U) be an affine space. For any a, b ∈ A, there is a unique u ∈ U such that

a+ u = b. We denote this vector by b− a.

Proof. Existence follows from transitivity. If a+u = b = a+v, then a+(u−v) = a. Fixed-point

freeness gives u− v = 0, so u = v.
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Let (A,U) be a d-dimensional affine space. An affine frame is a tuple (a0, . . . , ad) in A such

that {a1−a0, . . . , ad−a0} is a basis of U . Every a ∈ A has unique coordinates λ = (λ1, . . . , λd) ∈

Fd with a = a0 +
∑d

i=1 λi(ai − a0).

An affine frame may also be described by a base point a0 ∈ A together with a basis of U .

Convention 3.2. For computation, we encode an affine space by an affine frame.

Let (A,U) and (B, V ) be affine spaces. A map f : A → B is an affine map if there exists a

linear map L : U → V such that f(a+ u) = f(a) + L(u) for all a ∈ A and u ∈ U . We call L the

underlying linear map of f . Below we list some properties of affine spaces and maps that we will

use in following sections without further comment.

1. Every vector space V is also an affine space with direction space V .

2. If A,B are vector spaces and f : A→ B is a linear map, then f is also an affine map.

3. If (A,U) and (B, V ) are affine spaces, then (A × B,U × V ) is an affine space with action

(a, b) + (u, v) := (a+ u, b+ v).

4. An affine map f : A × B → C has an underlying linear map L : U × V → W with

f
(
(a, b) + (u, v)

)
= f(a, b) + L(u, v).

5. Let U and V be vector spaces, and let L : U → V be linear. If (A,W ) is an affine subspace

of U , then L|A : A→ V is affine, with underlying linear map L|W .

Example 3.3. Let A = R3, a0 = (1, 2, 3), and W = {(x, y, 0) : x, y ∈ R} ≤ R3. Then a0 +W is

the plane z = 3, an affine subspace of (R3,R3).

As an example of (5) above, if L : R3 → R is the linear map L(x, y, z) = x + y + z, then

L|a0+W is the affine map (x, y, 3) 7→ x+y+3, with underlying linear map L|W : (x, y, 0) 7→ x+y.

Finally, we describe how we analyze algorithms and our notation for indexing and accessing

tensors. Throughout, for n a positive natural number, [n] denotes the set {1, . . . , n}.
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Convention 3.4. For functions f, g : N → N, we write f ∈ O(g) if there exist constants C, n0 ∈ N

such that f(n) ≤ C g(n) for all n ≥ n0.

Convention 3.5. We always use the standard basis for coordinate vector spaces Fn. For u =

(u1, . . . , un) and v = (v1, . . . , vn), we use the bilinear pairing ⟨u, v⟩ :=∑n
i=1 uivi.

Convention 3.6. We analyze algorithms by their arithmetic complexity, meaning the number of

field operations over F (addition, subtraction, multiplication, and division).

Definition 3.7. Let T ∈ Fa×b×c be a tensor, let I ⊆ [a], J ⊆ [b], and let k ∈ [c]. We use the slice

notation

T [I, :, k] ∈ F|I|×b, T [:, J, k] ∈ Fa×|J |, T [I, J, k] ∈ F|I|×|J |.

For M ∈ Fa×b a matrix, we write

M [I, :] ∈ F|I|×b, M [:, J ] ∈ Fa×|J |.

The indexing of sliced tensors and matrices is by the fixed ordering of the slicing sets. For instance,

for I = {i1 < · · · < it} ⊂ [a], the restricted matrix X[I, :] ∈ Ft×r has X[I, :][j, k] = X[ij, k]. We

use this convention for all restricted tensor and matrix indexing.

Example 3.8. Let T ∈ F2×2×2 be defined by T [:, :, 1] =



1 2

3 4


, T [:, :, 2] =



5 6

7 8


 ,. We have

T [{1}, :, 1] =
[
1 2

]
, and T [:, {2}, 1] =



2

4


. In the matrix case, letM =



9 10 11

12 13 14


 ∈ F2×3.

Then M [:, {2, 3}] =



10 11

13 14


 ∈ F2×2.
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Definition 3.9. We define vectorization for matrices and tensors. For M = (mij) ∈ Fa×b,

vec(M) ∈ Fab for (i, j) ∈ [a]× [b] by

vec(M) i+(j−1)a = mij.

For T = (tijk) ∈ Fa×b×c, define vec(T ) ∈ Fabc for (i, j, k) ∈ [a]× [b]× [c] by

vec(T ) i+(j−1)a+(k−1)ab = tijk.

Example 3.10. For

M =



1 2 3

4 5 6


 ∈ F2×3, T ∈ F2×2×2, T [:, :, 1] =



1 2

3 4


 , T [:, :, 2] =



5 6

7 8


 ,

we have vec(M) = (1, 4, 2, 5, 3, 6), and vec(T ) = (1, 3, 2, 4, 5, 7, 6, 8).

3.2 Linear Algebra subroutines

Lemma 3.11. Let (A,U) and (B, V ) be affine spaces, let f : A → B be affine with underlying

linear map L : U → V , and let (S,W ) be an affine subspace of B. Then the preimage, f−1(S) ⊆

A, is either empty or an affine subspace of A.

Proof. If f−1(S) = ∅, there is nothing to prove. Assume f−1(S) ̸= ∅, choose a0 ∈ f−1(S), and

set U0 := L−1(W ) ≤ U . For u ∈ U , f(a0 + u) = f(a0) + L(u). Since f(a0) ∈ S and S has

direction space W ,

f(a0 + u) ∈ S ⇐⇒ L(u) ∈ W ⇐⇒ u ∈ U0.

Hence f−1(S) = a0 + U0, so f−1(S) is an affine subspace.

Problem LinSolve(F).

Given F-vector spaces U, V , a linear map L : U → V , and v ∈ V .
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Return If a solution exists, a computational encoding of the affine solution space {u ∈ U :

L(u) = v}. Otherwise ∅.

Proposition 3.12. LinSolve(F) returns either an empty set or an affine subspace of U .

Proof. The map L is affine and {v} is an affine subspace of V with direction space {0}, so the

solution set is L−1({v}). Applying Lemma 3.11 concludes the proposition.

Proposition 3.13. A coordinatized instance of LinSolve(F), with

U = Fn×ℓ, V = Fm×ℓ, L(X) =MX, M ∈ Fm×n,

is solvable in cost Tp1(m,n, ℓ) ∈ O(min{m,n}2 max{m,n}+mnℓ).

This is the standard dense Gaussian-elimination bound for one shared coefficient matrix and ℓ

right-hand sides. Next is the workhorse for our solution strategy, allowing us to lift subproblem

solutions to solutions of the whole problem.

Problem LinearEqualsAffine(F).

Given F-vector spaces U,W , a linear map L : U → W , an affine space (Θ, V ), and an affine map

N : Θ → W .

Return If a solution exists, a computational encoding of the affine solution space {(u, θ) ∈ U×Θ :

L(u) = N(θ)}. Otherwise ∅.

Proposition 3.14. The solution set of LinearEqualsAffine(F) is either empty or an affine subspace

of U ×Θ.

Proof. Define F : U ×Θ → W by F (u, θ) := L(u)−N(θ). Let M : V → W be the underlying

linear map of N . Then for all (u, θ) ∈ U ×Θ and (u′, v) ∈ U × V ,

F
(
(u, θ) + (u′, v)

)
= L(u+ u′)−N(θ + v) = F (u, θ) +

(
L(u′)−M(v)

)
,
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so F is affine with underlying linear map (u′, v) 7→ L(u′) −M(v). The solution set is F−1({0}),

which is empty or an affine subspace by Lemma 3.11.

Proposition 3.15. For an instance of LinearEqualsAffine(F), let ρ : W → W/ im(L) be the

quotient map and define the feasible parameters

Θfeas := {θ ∈ Θ : ρ(N(θ)) = 0}.

Then (u, θ) satisfies L(u) = N(θ) if and only if θ ∈ Θfeas and u ∈ u0(θ) + Ker(L) for some fixed

u0(θ) such that L(u0(θ)) = N(θ).

Proof. For fixed θ, solvability is N(θ) ∈ im(L), which is exactly ρ(N(θ)) = 0. If u0(θ) is one

solution, then for any other u, L(u) = N(θ) if and only if L(u − u0(θ)) = 0 if and only if

u− u0(θ) ∈ Ker(L).

Proposition 3.16. Given a coordinatized instance of LinearEqualsAffine(F), with

U = Fn×ℓ, W = Fm×ℓ, L(X) =MX, M ∈ Fm×n,

and with affine-frame coordinates θ ∈ Fξ for Θ and N(θ) = N0 +
∑ξ

i=1 θiNi, having Ni ∈ W ,

where

κ := dimKer(MT ), η := dimΘfeas if Θfeas ̸= ∅, and 0 otherwise.

The problem is solvable in cost

Tp2(m,n, ℓ, ξ, η, κ) ∈ O
(
mn2 + ξκmℓ+ (κℓ)ξ2︸ ︷︷ ︸

feasible parameters

+mn2 + n2ℓ︸ ︷︷ ︸
kernel of L

+ (η + 1)ξ mℓ+mn2 + (η + 1)mnℓ︸ ︷︷ ︸
affine frame solve

)
.
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Proof. The first term is the cost to solve for feasible parameters. Compute a basis w1, . . . , wκ of

Ker(MT) in O(mn2). Since Ker(MT) = im(M)⊥ under the standard pairing,

x ∈ im(M) ⇐⇒ ⟨wi, x⟩ = 0 for all i ∈ [κ].

Let C be the matrix with rows w1, . . . , wκ. Applying columnwise to N(θ) means ρ(N(θ)) = 0

exactly when CN(θ) = 0. Recall N(θ) is coordinatized as N(θ) = N0 +
∑ξ

i=1 θiNi. Thus we

solve the inhomogeneous system A0 +
∑ξ

i=1 θiAi = 0 with Ai := CNi. Hence the three costs in

the feasible-parameters term are O(mn2) to compute wi, O(ξκmℓ) to form Ai, and O((κℓ)ξ2) to

solve the (κℓ)× ξ system.

The second term is to compute a basis for the kernel of L. Compute a basis u1, . . . , uν of

Ker(M) in O(mn2), where ν := dimKer(M). Since L(X) = MX acts columnwise, a basis for

Ker(L) is given by the matrices uie
T

j for i ∈ [ν] and j ∈ [ℓ]. This costs O(νnℓ) ⊆ O(n2ℓ).

The third term is to solve on an affine frame of the feasible parameters. We evaluate N on this

affine frame of (η + 1) points in O((η + 1)ξ mℓ), row-reduce M once in O(mn2), and solve the

(η + 1) right-hand sides with that reduction in O((η + 1)mnℓ).

Example 3.17. In the following example, we have m = 3, n = 2, ξ = 2, and ℓ = 2. And set

M =




1 2

0 1

0 0



∈ F3×2, N : F2 → F3×2, N(θ1, θ2) = N0 + θ1N1 + θ2N2,

N0 =




2 3

1 4

−1 −2



, N1 =




1 0

−1 0

1 2



, N2 =




0 −1

0 2

1 2



.

In the three-part process
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1. Feasible parameters. Here im(M) = {(u, v, 0)T : u, v ∈ F}, so feasibility is exactly

vanishing of the third row of N(θ1, θ2). This is accomplished by the condition θ1 + θ2 = 1.

Hence Θfeas = {(θ1, θ2) ∈ F2 : θ1 + θ2 = 1}.

2. Kernel. Ker(M) = {0}, so Ker(L) = {0}.

3. Solve on an affine frame of Θfeas. Take frame points θ(0) = (1, 0) and θ(1) = (0, 1). Solving

MX = N(θ(0)) and MX = N(θ(1)) gives

X(0) =



3 −5

0 4


 , X(1) =



0 −10

1 6


 .

Therefore parametrizing θ ∈ Θfeas as θ = (1− λ, λ), we conclude X(θ) = X(0) + λ
(
X(1) −

X(0)
)
.

Remark 3.18. If L has a left inverse G, then for each θ ∈ Θfeas, L(u) = N(θ) has exactly one

solution, u = G(N(θ)).

The last linear algebra subroutine solves the compatibility criterion that arises when lifting

subproblem solutions.

Problem AffinePullback(F).

Given F-vector spaces U, V,W and affine maps f : U → W , g : V → W .

Return If a solution exists, a computational encoding of the solution space P := {(u, v) ∈ U×V :

f(u) = g(v)}, and otherwise ∅.

Remark 3.19. The solution space P is affine. Define the map h(u, v) := f(u) − g(v). Then

P = h−1({0}). So it suffices to prove h is an affine map. Let Lf and Lg be the underlying

linear maps of f and g, and define Lh : U × V → W by Lh(u
′, v′) := Lf (u

′) − Lg(v
′). Then

h((u, v)+(u′, v′)) = f(u+u′)−g(v+v′) = f(u)+Lf (u
′)−(g(v)+Lg(v

′)) = h(u, v)+Lh(u
′, v′).

This concludes h is affine and that P is either an empty set or an affine subspace.
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Proposition 3.20. Given a coordinate instance of AffinePullback(F) with

U = Fd, V = Fe, W = Fm, f(u) = Au+ α, g(v) = Bv + β,

given by A ∈ Fm×d and B ∈ Fm×e, it is solvable in cost Tp1(m, d+ e, 1).

Proof. The condition f(u) = g(v) is the block linear system

[
A −B

] [
u v

]T
= β − α, which

is one instance of LinSolve(F).

3.3 Simultaneous Sylvester Equations for nuclei of tensors

We work towards Theorem A in this section. Throughout, a, b, c, r, s will be natural numbers,

and we use the notation

X := Fa×r, Y := Fs×b,

to denote vector spaces. This notation may have subscripts to indicate restricted solution spaces.

As an example, for I ⊆ [a],

XI := F|I|×r.

Problem SimultaneousSylvesterSystem.

Given Tensors R ∈ Fr×b×c, S ∈ Fa×s×c, and T ∈ Fa×b×c.

Return If a solution exists, the affine subspace

{(X, Y ) ∈ X × Y : (∀k ∈ [c]) X R[:, :, k] + S[:, :, k]Y = T [:, :, k]} ,

and otherwise ∅.

This problem is named as a generalization to the single matrix Sylvester equationXA+BX =

C [Syl84]. It can be solved using LinSolve(F) with m = abc, n = ar+ bs, and ℓ = 1. For a tensor

A ∈ Fa×b×c, taking (R, S, T ) = (A,−A, 0) with r = a and s = b computes the middle nucleus
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of A. To compute the left nucleus, apply the Knuth-Liebler shuffle [FMW20, Section 7.1.5] to A

along its second and third axes to get Ã ∈ Fa×c×b. Then taking (R, S, T ) = (Ã,−Ã, 0) with r = a

and s = c computes the left nucleus of A. The right nucleus is computed in the same fashion, by

first swapping the first and third axes to get Ã ∈ Fc×b×a and taking (R, S, T ) = (Ã,−Ã, 0) with

r = c and s = b.

Example 3.21. Below is an example of laying out the equations for SimultaneousSylvesterSystem

to solve using LinSolve(F). Take a = 2, b = 2, c = 2, r = 3, and s = 4, with slices

R[:, :, 1] =




1 5

0 −1

2 11



, R[:, :, 2] =




0 1

1 1

−1 1



,

S[:, :, 1] =



1 0 3 0

1 1 10 −1


 , S[:, :, 2] =



0 1 7 −1

1 −1 −4 1


 ,

T [:, :, 1] =




1 19

−11 4


 , T [:, :, 2] =



−10 4

8 2


 .

The corresponding augmented linear system is shown in Figure 3.1.

x11 x12 x13 x21 x22 x23 y11 y21 y31 y41 y12 y22 y32 y42 t
1 0 2 1 0 3 0 1
0 1 −1 0 1 7 −1 −10
5 −1 11 1 0 3 0 19
1 1 1 0 1 7 −1 4

1 0 2 1 1 10 −1 −11
0 1 −1 1 −1 −4 1 8
5 −1 11 1 1 10 −1 4
1 1 1 1 −1 −4 1 2

Figure 3.1: An augmented matrix for the Simultaneous Sylvester System in Example 3.21.

We describe an alternative approach, culminating in the following.

Theorem A. Let F be a Sylvester regular family of tensors as defined by Definition 3.34, meaning

each problem’s solution space is completely determined by a restricted subsystem. Furthermore,
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assume we have a black-box algorithm to find this subsystem. For each (R, S, T ) ∈ F with

R ∈ Fr×b×c, S ∈ Fa×s×c, and T ∈ Fa×b×c, set n := a + b + c + r + s. Then Simultaneous-

SylvesterSystem instances from F are solved in arithmetic cost O(n4). This gives an algorithm

for the Sylvester regular family with the same order of arithmetic cost as deterministic verification,

and an improvement to the O(n7) cost of solving the full linear system.

Example 3.23. We use the following running example throughout Section 3.3. Work over F = Q,

with a = b = r = s = 2 and c = 2. Define

R[:, :, 1] = S[:, :, 1] = T [:, :, 1] = diag(1, 0),

R[:, :, 2] = S[:, :, 2] = diag(0, 1), T [:, :, 2] = diag(0, 2),

where diag(u, v) is a 2 × 2 matrix with the elements u and v on the diagonal. The full solution

family is 2-dimensional, parametrized by α, β ∈ F asX = diag(α, β), and Y = diag(1−α, 2−β).

Our strategy for SimultaneousSylvesterSystem is to solve smaller systems with a subset of the

constraints, and then lift them. We start with the following.

Problem DoubleRestricted.

Given TensorsR ∈ Fr×b×c, S ∈ Fa×s×c, T ∈ Fa×b×c, and index sets I ⊆ [a], J ⊆ [b] with |I| = a′

and |J | = b′.

Return If a solution exists, the affine subspace

SDR := {(XI , YJ) ∈ XI × YJ : (∀k ∈ [c]) XIR[:, J, k] + S[I, :, k]YJ = T [I, J, k]} ,

and otherwise ∅.

To solve, vectorizing yields an instance of LinSolve(F) which costs Tp1(m = a′b′c, n = a′r +

b′s, ℓ = 1). We refer to this cost as TDR(a, b, c, r, s, a
′, b′), or when context is clear, just TDR. By

Proposition 3.12, the returned solution set is affine.
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Example 3.24. In the running example, take I = J = {1}. Then a′ = b′ = 1, and

XI =

[
x1 x2

]
∈ F1×2, YJ =



y1

y2


 ∈ F2×1.

Here DoubleRestricted gives the constraint x1 + y1 = 1, with no other constraints on (x2, y2).

Hence

SDR =







[
α β

]
,



1− α

γ





 : α, β, γ ∈ F




.

Problem RowRestricted.

Given TensorsR ∈ Fr×b×c, S ∈ Fa×s×c, T ∈ Fa×b×c, and index sets I ⊆ [a], J ⊆ [b] with |I| = a′

and |J | = b′.

Return If a solution exists, the affine subspace

SR := {(XI , Y ) ∈ XI × Y : (∀k ∈ [c]) XIR[:, :, k] + S[I, :, k]Y = T [I, :, k]} ,

and otherwise ∅.

Proposition 3.25. For fixed I ⊆ [a] and J ⊆ [b], RowRestricted is solved by solving DoubleRe-

stricted and then LinearEqualsAffine(F), with cost

O
(
Tp1(m = a′b′c, n = a′r + b′s, ℓ = 1) + d c a′r(b− b′)

+ Tp2(m = ca′, n = s, ℓ = b− b′, ξ = d, η = ηR, κ = κR)
)
.

where a′ = |I|, b′ = |J |, d is the dimension of the solution set of DoubleRestricted (d = dimSDR),

and (ηR, κR) are the feasible parameter dimension and the left nullspace dimension respectively in

the LinearEqualsAffine(F) instance (d, ηR, and κR are all 0 if ∅ is returned for DoubleRestricted)
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Proof. Algorithm. Step 1. Solve DoubleRestricted. If it returns ∅, return ∅ and stop.

Step 2. Set Ĵ := [b]\J and define an affine mapNR : SDR → F(ca′)×(b−b′) as well as an element

MR ∈ F(ca′)×s by

NR(XI , YJ) :=




T [I, Ĵ , 1]−XIR[:, Ĵ , 1]

...

T [I, Ĵ , c]−XIR[:, Ĵ , c]



∈ F(ca′)×(b−b′), MR :=




S[I, :, 1]

...

S[I, :, c]



∈ F(ca′)×s

(3.1)

Apply LinearEqualsAffine(F) to

U = YĴ , W = F(ca′)×(b−b′),

(LR : U → W, Ŷ 7→MRŶ ), Θ = SDR, N = NR.

This returns either ∅, in which case our algorithm stops, or an affine subspace AR ⊆ SDR ×YĴ of

pairs ((XI , YJ), Ŷ ) satisfying MRŶ = NR(XI , YJ).

Step 3. For each ((XI , YJ), Ŷ ) ∈ AR, form the unique Y ∈ Y such that Y [:, J ] = YJ and

Y [:, Ĵ ] = Ŷ . Return the affine subspace of XI × Y obtained by sending each ((XI , YJ), Ŷ ) ∈ AR

to (XI , Y ).

Timing. Step 1 is one call to DoubleRestricted, costing TDR(a, b, c, r, s, a
′, b′). Step 2 has two

contributions. Recall dim(SDR) = d, and we are given an affine frame (XI,i, YJ,i)
d
i=0. Building

the resulting coordinatized affine map NR from Equation (3.1) costs O
(
d c a′r(b − b′)

)
, because

each of the d matrices has size a′ × r, each R[:, Ĵ , k] has size r × (b − b′), and we compute c

multiplications between them.

Invoking Proposition 3.16 on (MR, NR) adds Tp2(m = ca′, n = s, ℓ = b − b′, ξ = d, η =

ηR, κ = κR). Adding the three steps gives the desired cost.

Correctness. Step 1 gives exactly SDR, i.e. all (XI , YJ) that satisfy the (I, J)-restricted equa-

tions. Step 2 gives exactly the elements Ŷ for which the combined YJ and Ŷ satisfy the row
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restricted equation. Step 3 combines (YJ , Ŷ ) into Y , so SR is exactly the set of row-restricted

solutions.

Example 3.26. Continue the running example with I = J = {1}, so Ĵ = {2}. From Exam-

ple 3.24, write

XI =

[
α β

]
, YJ =



1− α

γ


 .

Step 2 of Proposition 3.25 computes

MR =



1 0

0 0


 , NR(XI , YJ) =




0

−β


 .

Solving MRŶ = NR(XI , YJ) forces Ŷ =



0

δ


 and β = 0. Therefore

SR =







[
α 0

]
,



1− α 0

γ δ





 : α, γ, δ ∈ F





.

Next we describe and solve an analogous variant of the row restricted problem, where instead,

we restrict the columns of the original tensors.

Problem ColumnRestricted.

Given TensorsR ∈ Fr×b×c, S ∈ Fa×s×c, T ∈ Fa×b×c, and index sets I ⊆ [a], J ⊆ [b] with |I| = a′

and |J | = b′.

Return If a solution exists, the affine subspace

SC := {(X, YJ) ∈ X × YJ : (∀k ∈ [c]) XR[:, J, k] + S[:, :, k]YJ = T [:, J, k]} ,
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and otherwise ∅.

Proposition 3.27. For fixed I ⊆ [a] and J ⊆ [b], ColumnRestricted is solved by solving Dou-

bleRestricted and then LinearEqualsAffine(F), in cost

O
(
Tp1(m = a′b′c, n = a′r + b′s, ℓ = 1) + d c (a− a′)sb′

+ Tp2(m = cb′, n = r, ℓ = a− a′, ξ = d, η = ηC , κ = κC)
)
.

where a′ = |I|, b′ = |J |, d is the dimension of the solution set of DoubleRestricted (d = dimSDR),

and (ηC , κC) are the feasible parameter dimension and the left nullspace dimension respectively in

the LinearEqualsAffine(F) instance (d, ηC , and κC are all 0 if ∅ is returned)

Proof. Algorithm. Step 1. Solve DoubleRestricted. If it returns ∅, return ∅ and stop.

Step 2. Set Î := [a]\I and define an affine mapNC : SDR → F(cb′)×(a−a′) as well as an element

MC ∈ F(cb′)×r by

NC(XI , YJ) :=




(T [Î , J, 1]− S[Î , :, 1]YJ)
T

...

(T [Î , J, c]− S[Î , :, c]YJ)
T



∈ F(cb′)×(a−a′), MC :=




(R[:, J, 1])T

...

(R[:, J, c])T



∈ F(cb′)×r.

Apply LinearEqualsAffine(F) to

U = Fr×(a−a′), W = F(cb′)×(a−a′),

(LC : U → W, X̂ 7→MCX̂), Θ = SDR, N = NC .

This returns either ∅, in which case our algorithm stops, or an affine subspace AC ⊆ SDR ×

Fr×(a−a′) of pairs ((XI , YJ), X̂) satisfying MCX̂ = NC(XI , YJ).

Step 3. For each ((XI , YJ), X̂) ∈ AC , form the unique X ∈ X such that X[I, :] = XI and

X[Î , :] = X̂T. Return SC, the affine subspace of X ×YJ obtained by sending each ((XI , YJ), X̂) ∈

AC to (X, YJ).
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Timing. The same cost accounting as Proposition 3.25. Step 1 costs TDR(a, b, c, r, s, a
′, b′),

Step 2 has cost in O
(
d c (a− a′)sb′ + Tp2(m = cb′, n = r, ℓ = a− a′, ξ = d, η = ηC , κ = κC)

)
.

Adding the three steps gives the desired cost.

Correctness. Same as Proposition 3.25.

Example 3.28. Continue the running example with I = J = {1}, so Î = {2}. From Exam-

ple 3.24, write

XI =

[
α β

]
, YJ =



1− α

γ


 .

Step 2 of Proposition 3.27 gives

MC =



1 0

0 0


 , MCX̂ = NC(XI , YJ) =




0

−γ


 ,

with X̂ as the unknown. Solving gives X̂ =



0

ϵ


 and γ = 0. Therefore

SC =










α β

0 ϵ


 ,



1− α

0





 : α, β, ϵ ∈ F





.

The final problem is the following.

Problem LiftRestricted.

Given Solutions to RowRestricted and ColumnRestricted.

Return If a solution exists, the affine solution space of SimultaneousSylvesterSystem, and other-

wise ∅.
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Solving RowRestricted and ColumnRestricted gives SR ⊆ XI × Y and SC ⊆ X × YJ . For

zR = (XI , Y ) ∈ SR and zC = (X, YJ) ∈ SC, define projections

πJ : XI × Y → XI × YJ , πJ(zR) := (XI , Y [:, J ]),

πI : X × YJ → XI × YJ , πI(zC) := (X[I, :], YJ),

for which we want restricted solutions to agree on.

Proposition 3.29. Let SR ⊆ XI × Y , and SC ⊆ X × YJ be the solutions of RowRestricted and

ColumnRestricted. Let the pullback of the projection maps be defined as

P := {(zR, zC) ∈ SR × SC : πJ(zR) = πI(zC)},

the output map be defined as

Ψ : P → X × Y , Ψ
(
(XI , Y ), (X, YJ)

)
:= (X, Y ),

and the error map be defined as

Err : X × Y → Fa×b×c, Err(X, Y ) :=
(
XR[:, :, k] + S[:, :, k]Y − T [:, :, k]

)
k∈[c]

.

Then {Ψ(z) : z ∈ P and Err(Ψ(z)) = 0} is the solution set to LiftRestricted.

Proof. The restricted pairs agreeing from SR and SC are exactly P . For each z ∈ P , Ψ(z) is a

candidate solution. This candidate is in the solution set of SimultaneousSylvesterSystem exactly

when its residual is zero.

Proposition 3.30. Let SR,SC be the outputs of RowRestricted and ColumnRestricted. If SR ̸= ∅

and SC ̸= ∅, let

d := max{dimSR, dimSC}, P := {(zR, zC) ∈ SR × SC : πJ(zR) = πI(zC)},
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τ := dimP if P ̸= ∅, and 0 otherwise.

Otherwise set both d and τ equal to 0.

As a reminder, R ∈ Fr×b×c, S ∈ Fa×s×c, and T ∈ Fa×b×c are the input tensors to the problem,

the unknown matrices are X ∈ Fa×r and Y ∈ Fs×b, and the chosen index sets I ⊆ [a] and J ⊆ [b]

have sizes a′ and b′. Then LiftRestricted is solvable in cost

Tlift(a, b, c, r, s, a
′, b′, d, τ) ∈ O

(
(a′r + b′s)d2 + (τ + 1) c a b (r + s)

+ Tp1(m = abc, n = τ, ℓ = 1)
)
.

Proof. Algorithm.

If either RowRestricted or ColumnRestricted returns ∅, then we return ∅ and stop.

Step 1 (compute the candidates). From the outputs of RowRestricted and ColumnRestricted,

we get the affine frames (zR,0, . . . , zR,dR) ⊆ SR, and (zC,0, . . . , zC,dC ) ⊆ SC.

Solve AffinePullback(F) with

U = FdR , V = FdC , W = XI × YJ ,

f : U → W, λ 7→ πJ(χR(λ)), g : V → W, µ 7→ πI(χC(µ)),

where χR : FdR → SR and χC : FdC → SC are the coordinate maps. If P = ∅, return ∅.

Otherwise output the frame (p0, . . . , pτ ) ⊆ SR × SC from the coordinate pullback solutions.

Step 2 (compute the error map on a frame). For each t ∈ {0, . . . , τ}, compute

(Xt, Yt) := Ψ(pt), Et := Err(Xt, Yt) ∈ Fa×b×c, et := vec(Et) ∈ Fabc.

If τ = 0, this means at most one solution exists. We check if e0 = 0. In the case e0 ̸= 0, return

∅. When e0 = 0, the solution is the unique point Ψ(p0).
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Else, τ > 0, so we solve the inhomogeneous linear system Mx = −e0, where the columns of

M ∈ Fabc×τ are given by vectors ei − e0 for i ∈ [τ ] via LinSolve(F). If it returns ∅, return ∅.

Otherwise output the frame of solutions in X × Y by applying Ψ to the coordinate solutions.

Timing. Step 1 is one instance of AffinePullback(F), with d = dR, e = dC , and m = a′r+ sb′.

Under the assumptions that dR, dC are O(d), Proposition 3.20 takes O(d2(a′r + sb′)) operations.

Evaluating Err at one point costsO(c a b (r+s)), so all τ+1 evaluations costO((τ+1) c a b (r+s)).

Solving Mx = −e0 is one call to LinSolve(F) with m = abc, n = τ , and ℓ = 1, so it costs

Tp1(m = abc, n = τ, ℓ = 1).

Example 3.31. From Examples 3.26 and 3.28, a compatible pair in the pullback has the form

X =



α 0

0 ϵ


, Y =



1− α 0

0 δ


, for α, ϵ, δ ∈ F. Step 2 checks

Err(X, Y ) =
(
XR[:, :, k] + S[:, :, k]Y − T [:, :, k]

)
k∈[2]

,

and the remaining condition is ϵ + δ = 2. Therefore LiftRestricted returns the same solution as

solving the full linear system after renaming ϵ to β, namely X = diag(α, β), and Y = diag(1 −

α, 2− β) for α, β ∈ F.

Now we combine the above to solve SimultaneousSylvesterSystem.

Theorem 3.32. Let I ⊆ [a] and J ⊆ [b]. Then SimultaneousSylvesterSystem is solvable in cost

TDR + TRR + TCR + Tlift,

where TDR is the doubly restricted solve cost defined above, TRR and TCR are the remaining row

and column restricted costs from Propositions 3.25 and 3.27, not including the doubly restricted

solve, and Tlift is the lift cost from Proposition 3.30.

Proof. By correctness of DoubleRestricted, we obtain the doubly-restricted solution family for

(I, J). By Propositions 3.25 and 3.27, the row- and column-restricted families computed from
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that data are exactly the solutions of RowRestricted and ColumnRestricted. Then LiftRestricted is

applied to these two families. Its correctness means we solve SimultaneousSylvesterSystem.

An end-to-end example can be found in Example A.1.

While Theorem 3.32 gives the correct solution for any choice of I and J , we describe a class

of problems on which this solve-and-lift algorithm performs best.

Definition 3.33. Let R ∈ Fr×b×c, S ∈ Fa×s×c, T ∈ Fa×b×c, and C be a positive integer. We say

that (R, S, T ) is Sylvester-C-regular if there exist index sets I ⊆ [a] and J ⊆ [b], with |I| = a′ and

|J | = b′, such that a′ ≤ C, b′ ≤ C, a′b′c ≥ a′r + b′s, and either SDR = ∅, or else

dimSDR ≤ C, NR(SDR) ⊆ im(MR), NC(SDR) ⊆ im(MC), Ker(MR) = Ker(MC) = {0}.

These conditions ensure the doubly-restricted system is either infeasible, or the solution space

has bounded dimension. They also ensure each doubly-restricted solution admits a unique row lift

and a unique column lift.

The existential dependence on the index sets I and J keeps the regularity condition weak,

since we only require some subsystem to have the desired lifting properties. To obtain the claimed

arithmetic complexity speedup for SimultaneousSylvesterSystem requires computing those index

sets, which is the following problem.

Problem ChooseSylvesterRestriction.

Given Tensors R ∈ Fr×b×c, S ∈ Fa×s×c, T ∈ Fa×b×c, and a positive integer C.

Return If (R, S, T ) is Sylvester-C-regular, index sets I ⊆ [a] and J ⊆ [b] satisfying the require-

ments of (R, S, T ) being Sylvester-C-regular, otherwise ∅.

For the complexity statements, we assume a black-box algorithm for the above problem. The

reason is that we do not presently have a deterministic strategy beyond brute-force search for find-

ing precisely which subsets I ⊆ [a] and J ⊆ [b] satisfy the regularity condition. In practice, these
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index sets may be efficiently chosen by heuristic or randomized methods given some knowledge

of the source of the tensor data.

Definition 3.34. A collection F of tensor triples is called a Sylvester regular family if there exists

a positive integer C such that every (R, S, T ) ∈ F is Sylvester-C-regular.

Now we are ready to prove Theorem A, which states that Sylvester regular family instances can

be solved in lower arithmetic complexity as compared to solving the full linear system, assuming

we have a black-box algorithm for finding the restricted index sets.

Proof of Theorem A. Let F be a Sylvester regular family, and let (R, S, T ) ∈ F with R ∈ Fr×b×c,

S ∈ Fa×s×c, and T ∈ Fa×b×c. Let C be as in Definition 3.34, and apply the black-box algorithm

for ChooseSylvesterRestriction to choose I ⊆ [a] and J ⊆ [b] such that (R, S, T ) is Sylvester-C-

regular. Recall that |I| = a′ and |J | = b′. For the doubly-restricted step, Sylvester-C-regularity

gives a′b′c ≥ a′r + b′s, and hence

TDR ∈ O
(
(a′b′c)(a′r + b′s)2

)
.

Let n := a+b+c+r+s. The above cost isO(n3) since a′, b′ ≤ C. If the doubly-restricted system

has no solution, then the full system has no solution as well, and the algorithm stops here within

the claimed O(n4) bound. Otherwise, let SDR denote its affine solution space. Since (R, S, T ) is

Sylvester-C-regular, both feasible parameter spaces equal SDR, meaning ηR = ηC = dimSDR ≤ C.

For the row and column restricted steps, after excluding the already counted doubly-restricted

solve, the remaining costs are

stage Tp2 parameters additional term cost

RowRestricted (m,n, ℓ, ξ, η, κ) = (ca′, s, b− b′, dDR, ηR, κR) dDR c a′r (b− b′) O(n3)

ColRestricted (m,n, ℓ, ξ, η, κ) = (cb′, r, a− a′, dDR, ηC , κC) dDR c (a− a′)sb′ O(n3)

Here a, b, c, r, s ≤ n, so in each case above m,n, ℓ ∈ O(n), ξ, η ≤ C, and κ ∈ O(n). Recall

from Proposition 3.16 that Tp2 has cost bounded by sum of the terms mn2, ξκmℓ, (κℓ)ξ2, n2ℓ,

(η + 1)ξmℓ, and (η + 1)mnℓ. In both the row and column restricted case, mn2, ξκmℓ, n2ℓ, (η +
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1)mnℓ ∈ O(n3), and (κℓ)ξ2, (η + 1)ξmℓ ∈ O(n2), so Tp2 ∈ O(n3). Each displayed additional

term is also O(n3), so the cost of each stage is O(n3), as reflected in the cost column. Therefore

RowRestricted (TRR) and ColRestricted (TCR) each cost O(n3).

Being Sylvester-C-regular means each point of SDR has a unique row lift and a unique col-

umn lift, so SR and SC agree on the overlap, meaning the pullback P has the same dimen-

sion. Hence dimSR = dimSC = dimP = dimSDR ≤ C, and therefore τ ≤ C. Recall

d = max{dimSR, dimSC} in Proposition 3.30, we conclude

Tlift(a, b, c, r, s, a
′, b′, d, τ) ∈ O

(
(a′r + b′s)d2 + (τ + 1) c a b (r + s)

+ Tp1(m = abc, n = τ, ℓ = 1)
)
.

Here (a′r+b′s)d2 ∈ O(n), (τ+1) c a b (r+s) ∈ O(n4), and Tp1(m = abc, n = τ, ℓ = 1) ∈ O(n3),

so Tlift ∈ O(n4). This gives the total solve-and-lift cost as O(n4).

Full deterministic verification checks all abc constraints and has cost O(abc(r + s)) = O(n4).

Therefore, instances of SimultaneousSylvesterSystem from a Sylvester regular family F are solved

in arithmetic complexity O(n4).

3.4 Derivation Equations for derivations of tensors

In this section, we work towards Theorem B with a similar strategy as the Sylvester case.

Throughout, a, b, c, r, s, t will be natural numbers, and we denote the spaces

X := Fa×r, Y := Fs×b, Z := Ft×c.

This notation may have subscripts to indicate restricted solution spaces. As an example, for I ⊆

[a], XI is the space F|I|×r. For a matrix Z ∈ Ft×c, define TZ , the outer action of Z on T , by
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specifying its slices for k ∈ [c] as

(TZ)[:, :, k] :=
∑

j∈[t]

T [:, :, j]Z[j, k].

For K ⊆ [c] with |K| = c′ and ZK := Z[:, K] ∈ Ft×c′ , we likewise write TZK ∈ Fa×b×c′ , with

slices indexed by [c′] in the induced order on K.

Problem DerivationSystem.

Given Tensors R ∈ Fr×b×c, S ∈ Fa×s×c, T ∈ Fa×b×t.

Return If a solution exists, the affine subspace

{
(X, Y, Z) ∈ X × Y × Z : (∀k ∈ [c]) X R[:, :, k] + S[:, :, k]Y = (TZ)[:, :, k]

}
,

and otherwise ∅.

This problem can be solved using LinSolve(F) with m = abc, n = ar + bs + ct, and ℓ = 1.

For a tensor A ∈ Fa×b×c, taking all three input tensors equal to A and setting r = a, s = b, and

t = c recovers the derivation algebra of A. We describe an alternative approach, culminating in the

following.

Theorem B. Let F be a derivation regular family of tensors as defined by Definition 3.41, meaning

each problem’s solution space is completely determined by a restricted subsystem. Furthermore,

assume we have a black-box algorithm to find this subsystem. For each (R, S, T ) ∈ F with

R ∈ Fr×b×c, S ∈ Fa×s×c, and T ∈ Fa×b×t, set n := a+ b+ c+ r + s+ t. Then DerivationSystem

instances from F are solved in arithmetic cost O(n4.5). This gives an algorithm for the derivation

regular family within a factor n1/2 of deterministic verification cost O(n4), and an improvement to

the O(n7) cost of solving the full linear system.

As in the above section, we solve the derivation system by solving on a smaller subsystem, and

then lifting those solutions.
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Problem TripleRestrictedDer.

Given Tensors R ∈ Fr×b×c, S ∈ Fa×s×c, T ∈ Fa×b×t and index sets I ⊆ [a], J ⊆ [b], and

K = {k1 < · · · < kc′} ⊆ [c], with |I| = a′, |J | = b′, and |K| = c′.

Return If a solution exists, the affine subspace

DI,J,K := {(XI , YJ , ZK) ∈ XI × YJ ×ZK :

(∀j ∈ [c′]) XI R[:, J, kj] + S[I, :, kj]YJ = (TZK )[I, J, j]
}
,

and otherwise ∅.

This is a dense linear system with ra′ + sb′ + tc′ unknowns and a′b′c′ equations. Hence it is

solvable in cost

Tp1(m = a′b′c′, n = ra′ + sb′ + tc′, ℓ = 1). (3.2)

We now describe three restricted systems which give solution families for X , Y , and Z, re-

spectively.

Problem ColDepthRestrictedDer.

Given Tensors R ∈ Fr×b×c, S ∈ Fa×s×c, T ∈ Fa×b×t, and index sets I ⊆ [a], J ⊆ [b], and

K = {k1 < · · · < kc′} ⊆ [c] with |I| = a′, |J | = b′, and |K| = c′.

Return If a solution exists, the affine subspace

D[a],J,K := {(X, YJ , ZK) ∈ X × YJ ×ZK :

(∀j ∈ [c′]) X R[:, J, kj] + S[:, :, kj]YJ = (TZK )[:, J, j]
}
,

and otherwise ∅.

Problem RowDepthRestrictedDer.
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Given Tensors R ∈ Fr×b×c, S ∈ Fa×s×c, T ∈ Fa×b×t, and index sets I ⊆ [a], J ⊆ [b], and

K = {k1 < · · · < kc′} ⊆ [c] with |I| = a′, |J | = b′, and |K| = c′.

Return If a solution exists, the affine subspace

DI,[b],K := {(XI , Y, ZK) ∈ XI × Y × ZK :

(∀j ∈ [c′]) XI R[:, :, kj] + S[I, :, kj]Y = (TZK )[I, :, j]
}
,

and otherwise ∅.

Problem RowColRestrictedDer.

Given Tensors R ∈ Fr×b×c, S ∈ Fa×s×c, T ∈ Fa×b×t, and index sets I ⊆ [a], J ⊆ [b], K ⊆ [c]

with |I| = a′, |J | = b′, and |K| = c′.

Return If a solution exists, the affine subspace

DI,J,[c] := {(XI , YJ , Z) ∈ XI × YJ ×Z :

(∀k ∈ [c]) XI R[:, J, k] + S[I, :, k]YJ = (TZ)[I, J, k]
}
,

and otherwise ∅.

Proposition 3.36. Each of the problems ColDepthRestrictedDer, RowDepthRestrictedDer, and

RowColRestrictedDer are solved by TripleRestrictedDer followed by LinearEqualsAffine(F).

Proof. All three restricted problems are solved by first computing DI,J,K using TripleRestrictedDer

(this is only done once and the solution is shared), and then LinearEqualsAffine(F).
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We detail RowDepthRestrictedDer. Let Ĵ := [b] \ J , and write K = {k1 < · · · < kc′}. Define

the affine map NR : DI,J,K → F(a′c′)×(b−b′) and MR ∈ Fa′c′×s by

NR(XI , YJ , ZK) :=




(TZK )[I, Ĵ , 1]−XI R[:, Ĵ , k1]

...

(TZK )[I, Ĵ , c′]−XI R[:, Ĵ , kc′ ]



∈ F(a′

c
′)×(b−b

′), MR :=




S[I, :, k1]

...

S[I, :, kc′ ]



∈ F(a′

c
′)×s.

(3.3)

Then, for each (XI , YJ , ZK) ∈ DI,J,K , we solve the corresponding LinearEqualsAffine(F) instance

with coefficient matrix MR and right-hand side NR(XI , YJ , ZK). The solution triple (XI , Y, ZK)

is formed by combining YJ and Ŷ , in a fashion identical to the Sylvester case.

The problem ColDepthRestrictedDer is solved similarly with matricesNC andMC , while Row-

ColRestrictedDer requires some new notation to set up the system. Write K̂ = {ℓ1 < · · · <

ℓc−c′} = [c] \K. Define a matrix MD ∈ Fa′b′×t by specifying its jth column MD[:, j](j ∈ [t]) as

vec(T [I, J, j]) ∈ Fa′b′ .

Then we define the affine map ND : DI,J,K → Fa′b′×(c−c′) by specifying the jth column of its

output:

ND(XI , YJ , ZK)[:, j] := vec
(
XI R[:, J, ℓj] + S[I, :, ℓj]YJ

)
(j ∈ [c− c′])

Now solving for Ẑ ∈ Ft×(c−c′) in MDẐ = ND(XI , YJ , ZK) using LinearEqualsAffine(F) con-

cludes the solution.

Proposition 3.37. Let d := dimDI,J,K and let (ηR, κR), (ηC , κC), and (ηZ , κZ) be the corre-

sponding feasible parameter dimension / left nullspace dimension parameter pairs in the three

LinearEqualsAffine(F) instances solving Proposition 3.36. Write TTR := Tp1(m = a′b′c′, n =

a′r + sb′ + tc′, ℓ = 1). Then the cost of each stage is as follows.
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stage step 1 step 2 step 3

RowDepth TTR d c′ a′(b− b′) (r + t) Tp2(m = a′c′, n = s, ℓ = b− b′, ξ = d, η = ηR, κ = κR)

ColDepth TTR d c′ (a− a′) b′ (s+ t) Tp2(m = b′c′, n = r, ℓ = a− a′, ξ = d, η = ηC , κ = κC)

RowCol TTR d (c− c′) a′b′ (r + s) Tp2(m = a′b′, n = t, ℓ = c− c′, ξ = d, η = ηZ , κ = κZ)

where summing each stage gives the cost of the corresponding restricted problem.

Proof. Each stage’s cost is the sum of the contributions from the three steps. The first step is the

shared triple restricted solve, the second is cost to build the affine map, and third the cost of the

corresponding LinearEqualsAffine(F) instance.

We explain the step 2 cost for RowDepthRestrictedDer. Using Equation (3.3), we get for

each j ∈ [c′], XI ∈ Fa′×r multiplies R[:, Ĵ , kj] ∈ Fr×(b−b′), and TZK [I, Ĵ , j] is an a′ × (b − b′)

block formed from ZK ∈ Ft×c′ and the t slices of T . Hence each block costs a′(b − b′)(r + t),

with c′ blocks per frame point and d frame points, giving d c′ a′(b − b′)(r + t). The ColDepth

RestrictedDer and RowColRestrictedDer bounds are obtained in the same way from their stacked

block dimensions, and summing across gives the stated total cost.

Problem LiftRestrictedDer.

Given Solutions to ColDepthRestrictedDer, RowDepthRestrictedDer, and RowColRestrictedDer.

Return If a solution exists, the affine solution space of DerivationSystem, and otherwise ∅.

The overall strategy is the same as for LiftRestricted. Each lifted solution space has a restriction

map to DI,J,K , for which we want the overall solution to agree on. Namely, define restriction maps

ρX : D[a],J,K → DI,J,K , (X, YJ , ZK) 7→ (X[I, :], YJ , ZK),

ρY : DI,[b],K → DI,J,K , (XI , Y, ZK) 7→ (XI , Y [:, J ], ZK),

ρZ : DI,J,[c] → DI,J,K , (XI , YJ , Z) 7→ (XI , YJ , Z[:, K]).

We first form the 2-way pullback as an instance of AffinePullback(F) by solvingQXY := {(u, v) ∈

D[a],J,K × DI,[b],K : ρX(u) = ρY (v)}. This gives compatible partial solution triples (X, Y, ZK).
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Then as a second pullback calculation, we solve for Q := {((u, v), w) ∈ QXY ×DI,J,[c] : ρX(u) =

ρY (v) = ρZ(w)}.

Define ΨDer : Q→ X×Y×Z by ΨDer

(
((X, YJ , ZK), (XI , Y, ZK)), (XI , YJ , Z)

)
= (X, Y, Z),

which outputs candidate solution triples. What remains is to find candidate triples whose solutions

are correct on all the constraints. This is done by defining

Err : X × Y × Z → Fa×b×c, Err(X, Y, Z)[:, :, k] := X R[:, :, k] + S[:, :, k]Y − (TZ)[:, :, k],

and solving for the candidate solutions satisfying Err = 0 in a linear system.

An end-to-end example can be found in Example A.2.

Proposition 3.38. Let DI,J,K , D[a],J,K , DI,[b],K , and DI,J,[c] be the outputs of TripleRestrictedDer,

ColDepthRestrictedDer, and RowDepthRestrictedDer, and RowColRestrictedDer respectively. If

none of these outputs is empty, let QXY and Q be the two pullbacks built in LiftRestrictedDer, and

d := dimDI,J,K , dX := dimD[a],J,K , dY := dimDI,[b],K , dZ := dimDI,J,[c],

mTR := a′r + sb′ + tc′, dXY := dimQXY , τ := dimQ if Q ̸= ∅, and 0 otherwise.

Otherwise, let each of d, dX , dY , dZ , mTR, dXY , and τ equal to 0.

As a reminder, R ∈ Fr×b×c, S ∈ Fa×s×c, and T ∈ Fa×b×t are the input tensors, the unknowns

are X ∈ Fa×r, Y ∈ Fs×b, and Z ∈ Ft×c, the chosen index sets I ⊆ [a], J ⊆ [b], and K ⊆ [c] have

sizes a′, b′, and c′ respectively.

Then LiftRestrictedDer is solvable in cost

Tlift ∈ O
(
Tp1(m = mTR, n = dX + dY , ℓ = 1) + Tp1(m = mTR, n = dXY + dZ , ℓ = 1)

+ (τ + 1) abc(r + s+ t) + Tp1(m = abc, n = τ, ℓ = 1)
)
.
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Proof. If any of the four input spaces is ∅, return ∅ and stop. The first two Tp1 summands are the

costs of the two applications of AffinePullback(F). In both pullbacks, the common codomain is the

space XI ×YJ ×ZK of dimension mTR. After the second pullback, we evaluate the Err map on an

affine frame of size τ +1 via ΨDer. Each evaluation costs O(abc(r+ s+ t)), since for each k ∈ [c]

we must compute X R[:, :, k], S[:, :, k]Y , and (TZ)[:, :, k]. Finally, solving for the coordinates of

Q that satisfy Err(ΨDer(q)) = 0 requires an application of LinSolve(F) with m = abc, n = τ , and

ℓ = 1.

Theorem 3.39. Fix I ⊆ [a], J ⊆ [b], and K ⊆ [c]. Then DerivationSystem is solvable in cost

TTR + TCD + TRD + TRC + Tlift

where TTR is the TripleRestrictedDer cost from Equation (3.2), TCD, TRD, and TRC are the three re-

maining restricted lift costs from Proposition 3.37, not counting solving the triple restricted system,

and Tlift is the cost of computing compatible solutions from Proposition 3.38.

Proof. Same reasoning as Theorem 3.32.

While Theorem 3.39 gives the correct solution for any choice of I , J and K, we describe a

class of problems on which this solve-and-lift algorithm performs best.

Definition 3.40. Let R ∈ Fr×b×c, S ∈ Fa×s×c, T ∈ Fa×b×t, and let C be a positive integer. We say

that (R, S, T ) is derivation-C-regular if there exist index sets I ⊆ [a], J ⊆ [b], and K ⊆ [c], with

|I| = a′, |J | = b′, and |K| = c′, with a′ ≤ Ca0.5, b′ ≤ Cb0.5, c′ ≤ Cc0.5, and a′b′c′ ≥ a′r+sb′+tc′.

We also require for the choice of I, J,K, that DI,J,K = ∅, or else

dimDI,J,K ≤ C,

NR(DI,J,K) ⊆ im(MR), NC(DI,J,K) ⊆ im(MC), ND(DI,J,K) ⊆ im(MD),

Ker(MR) = Ker(MC) = Ker(MD) = {0}.
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These conditions ensure the triple-restricted system is either infeasible, or the solution space

has bounded dimension. They also ensure each triple-restricted solution admits unique lifts to the

three restricted families.

The existential dependence on the index sets I , J , and K keeps the regularity condition weak,

since we only require some subsystem to have the desired lifting properties. To obtain the claimed

arithmetic complexity speedup for DerivationSystem requires computing those index sets, which

is the following problem.

Problem ChooseDerivationRestriction.

Given Tensors R ∈ Fr×b×c, S ∈ Fa×s×c, T ∈ Fa×b×t, and a positive integer C.

Return If (R, S, T ) is derivation-C-regular, index sets I ⊆ [a], J ⊆ [b], and K ⊆ [c] satisfying

the requirements of (R, S, T ) being derivation-C-regular, otherwise ∅.

For the complexity statements, we assume a black-box algorithm for the above problem. The

reason is that we do not presently have a deterministic strategy beyond brute-force search for

finding precisely which subsets I ⊆ [a], J ⊆ [b], and K ⊆ [c] satisfy the regularity condition.

In practice, these index sets may be efficiently chosen by heuristic or randomized methods given

some knowledge of the source of the tensor data.

Definition 3.41. A collection F of tensor triples is called a derivation regular family if there exists

a positive integer C such that every (R, S, T ) ∈ F is derivation-C-regular.

Now we are ready to prove Theorem B, which states that derivation regular family instances can

be solved in lower arithmetic complexity as compared to solving the full linear system, assuming

we have a black-box algorithm for finding the restricted index sets.

Proof of Theorem B. Let F be a derivation regular family, and let (R, S, T ) ∈ F with R ∈ Fr×b×c,

S ∈ Fa×s×c, and T ∈ Fa×b×t. Let C be as in Definition 3.41, and apply the black-box algorithm

for ChooseDerivationRestriction to choose I ⊆ [a], J ⊆ [b], and K ⊆ [c] such that (R, S, T ) is
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derivation-C-regular. Recall that |I| = a′, |J | = b′, and |K| = c′, and let n := a+ b+ c+ r+s+ t.

For the triple-restricted step, derivation-C-regularity gives a′b′c′ ≥ a′r + sb′ + tc′, and hence

TTR := Tp1(m = a′b′c′, n = a′r + sb′ + tc′, ℓ = 1) ∈ O
(
(a′b′c′)(a′r + sb′ + tc′)2

)
.

Since a′, b′, c′ ∈ O(n1/2) with constant depending only on C, and r, s, t ≤ n, the above cost is

O(n4.5). If the triple-restricted system has no solution, then the full system has no solution as well,

and the algorithm stops here. Otherwise, let DI,J,K denote its affine solution space. Since (R, S, T )

is derivation-C-regular, each point of DI,J,K has a unique lift to each restricted family. Hence the

three feasible parameter spaces all have dimension equal to dimDI,J,K , so ηR = ηC = ηZ =

dimDI,J,K ≤ C. Also d = dimDI,J,K ≤ C. For the three restricted lift stages, after excluding the

already counted triple-restricted solve, the remaining costs are

stage Tp2 parameters additional term cost

RowDepth (m,n, ℓ, ξ, η, κ) = (a′c′, s, b− b′, d, ηR, κR) d c′a′(b−b′)(r+ t) O(n3)

ColDepth (m,n, ℓ, ξ, η, κ) = (b′c′, r, a− a′, d, ηC , κC) d c′(a−a′)b′(s+t) O(n3)

RowCol (m,n, ℓ, ξ, η, κ) = (a′b′, t, c− c′, d, ηZ , κZ) d(c− c′)a′b′(r+s) O(n3)

Here a, b, c, r, s, t ≤ n, so in each row of the table m,n, ℓ ∈ O(n), ξ, η ≤ C, and κ ≤ m ∈

O(n). Recall from Proposition 3.16 that Tp2 has cost bounded by the sum of the terms mn2, ξκmℓ,

(κℓ)ξ2, n2ℓ, (η + 1)ξmℓ, and (η + 1)mnℓ. In all three stages, mn2, ξκmℓ, n2ℓ, (η + 1)mnℓ ∈

O(n3), and (κℓ)ξ2, (η + 1)ξmℓ ∈ O(n2), so Tp2 ∈ O(n3). Each additional term is also O(n3),

so the cost of each stage is O(n3), as reflected in the final column. Therefore RowDepth (TRD),

ColDepth (TCD), and RowCol (TRC) each cost O(n3).

For the final lifting stage, recall mTR = a′r + sb′ + tc′, so mTR ∈ O(n3/2). Because the three

lifts extend the same triple-restricted solution, they agree on their common restricted data, so each

point of DI,J,K determines unique compatible points in QXY and Q. Hence dX = dY = dZ =

dXY = τ = dimDI,J,K ≤ C. Using Proposition 3.38, we get

Tlift ∈ O
(
Tp1(m = mTR, n = dX + dY , ℓ = 1) + Tp1(m = mTR, n = dXY + dZ , ℓ = 1)
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+ (τ + 1) abc(r + s+ t) + Tp1(m = abc, n = τ, ℓ = 1)
)
.

Here the first two Tp1 terms are O(n3/2), (τ + 1) abc(r + s + t) ∈ O(n4), and Tp1(m = abc, n =

τ, ℓ = 1) ∈ O(n3), so Tlift ∈ O(n4). This gives the total solve-and-lift cost as O(n4.5). There-

fore, instances of DerivationSystem from a derivation regular family F are solved in arithmetic

complexity O(n4.5).

Full deterministic verification checks all abc constraints and has costO(abc(r+s+t)) = O(n4),

so the solve-and-lift algorithm is within an n0.5 factor of deterministic verification.

3.5 Performance Benchmarking

We conclude this section with implementation performance comparisons for the solve-and-lift

algorithms against the baseline algorithm of solving the full linear system. The first two experi-

ments draw tensors from the regular families described in Theorems A and B. To show the algo-

rithm’s applicability outside of the regular family regime, we include a third case where we use the

Sylvester system to compute the mid-nucleus of a single tensor. This last comparison also allows

us to compare versus OpenDleto [The26], which contains a currently unpublished algorithm that

is faster than the baseline linear system solver.

The restricted index sets are taken to be [a′] ⊂ [a], [b′] ⊂ [b], and [c′] ⊂ [c]. The code to

reproduce these experiments is available at https://github.com/cliu587/fast-der

-solver, and the timings were collected on an Apple M1 CPU with 16 gigabytes of RAM.

3.5.1 Simultaneous Sylvester Equation Solving Results

We create instances from a Sylvester regular family (Definition 3.34). The performance using

the solution strategy described in Theorem A is compared to solving the large linear system as laid

out in Example 3.21. See Figure 3.2 for the performance numbers.

50

https://github.com/cliu587/fast-der-solver
https://github.com/cliu587/fast-der-solver


Figure 3.2: We see the performance improvements of the fast solve-and-lift algorithm as compared to

solving the full linear system. Each algorithm was run 5 times for some chosen side lengths, with the results

given as a scatterplot.
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3.5.2 Derivation Equation Solving Results

We create instances from a derivation regular family (Definition 3.41). The performance using

the solution strategy described in Theorem B is compared to solving the large linear system as laid

out in an analogous fashion to Example 3.21. See Figure 3.3 for the performance numbers.

Figure 3.3: We see the performance improvements of the fast solve-and-lift algorithm as compared to

solving the full linear system. Each algorithm was run 5 times for some chosen side lengths, with the results

given as a scatterplot.

3.5.3 Non-Regular Family Mid Nucleus Solving Results

We also benchmark a non-regular family of instances where the solution dimension is un-

bounded. For each n, we choose an n × n matrix M whose minimal polynomial has degree n,

which means there exists v such that {v,Mv, . . . ,Mn−1v} is a basis of Fn. Since this is a basis,

for any n×n matrix X , there is a polynomial f satisfying Xv = f(M)v. If X commutes with M ,
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then XM iv = M iXv = f(M)M iv for all i. Since X and f(M) evaluate to the same outputs on

a basis, X = f(M). Because X is any matrix commuting with M , the centralizer of M is F[M ].

We form an n × n × n tensor A whose slices are sampled from F[M ] so that they generate

F[M ], and then apply random row and column changes of basis to the slices. Then we let R = A,

S = −A, and T = 0, so the solution space of the Sylvester system gives the mid nucleus of the

tensor A, which corresponds to the centralizer of F[M ], which is dimension n. Three methods are

compared: the full linear system solving baseline, OpenDleto’s unpublished solution strategy that

reduces the number of constraints, and the solve-and-lift implementation.

Figure 3.4: Implementation performance for a non-regular family of the solve-and-lift strategy compared

to solving the full linear system as well as using OpenDleto to compute the mid nucleus of a tensor. The red

show the full linear system baseline, the orange show OpenDleto, and the green show solve-and-lift. The

plot shows that OpenDleto improves substantially over the baseline, while solve-and-lift remains faster on

these instances even though the mid-nucleus dimension grows with n. Each algorithm was run 5 times for

the chosen side lengths, with the results given as a scatterplot.
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Chapter 4

Nuclei of Product of Bilinear Maps

As a reminder, for a bilinear map b : U × V ↣ W , its left nucleus is L(b) = {(α, γ) ∈

End(U) × End(W ) : b •2 α = b •0 γ}. The middle and right nucleus, M(b),R(b), are defined

analogously.

In this section, we work towards the below theorem.

Theorem C. Let s : U2 × U1 ↣ U0 and t : V2 × V1 ↣ V0 be fully nondegenerate

bilinear maps. Then

L(s⊗t) = L(s)⊠L(t), M(s⊗t) = M(s)⊠M(t), R(s⊗t) = R(s)⊠R(t).

As a result of this theorem, we also have the following.

Corollary 4.2. Let s : U2 ×U1 ↣ U0 and t : V2 × V1 ↣ V0 be fully nondegenerate bilinear maps.

Then C(s⊗ t) = C(s)⊠ C(t).

4.1 Previous results

Proposition 4.3 ([Wil09, Propositions 7.8 and 7.9]). Let d : U × U ↣ C be a nondegenerate

HermitianC-form and b : V ×V ↣ W a k-bilinear map. Then d⊗b is Hermitian and Adj(d⊗b) =

Adj(d)⊗ Adj(b).

In our notation, Adj(b) = M(b). In the Hermitian setting, the adjoint ring is faithfully rep-

resented on one axis, so the notation Adj(d) ⊗ Adj(b) is unambiguous. Theorem C recovers this

case via M(d⊗ b) = M(d)⊠M(b).
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4.2 Algebra preliminaries

Definition 4.4. Let U, V be finite-dimensional F-vector spaces, and t ∈ U ⊗ V . Define

ΦL : U ⊗ V → Hom(V ∗, U), ΦL(u⊗ v)(φ) = φ(v)u,

ΦR : U ⊗ V → Hom(U∗, V ), ΦR(u⊗ v)(ψ) = ψ(u)v

ImL(t) := Im(ΦL(t)) ≤ U, ImR(t) := Im(ΦR(t)) ≤ V.

Proposition 4.5. Let U, V be finite-dimensional F-vector spaces and t ∈ U ⊗ V . Then t ∈

ImL(t)⊗ ImR(t) ≤ U ⊗ V .

Proof. Let A := ImL(t) ≤ U , and X := ImR(t) ≤ V . Fix a basis v1, . . . , vn of V with dual basis

φ1, . . . , φn. Then t =
∑n

j=1 ΦL(t)(φj)⊗ vj ∈ A⊗ V , since each ΦL(t)(φj) lies in A.

Fix a basis u1, . . . , um of U with dual basis ψ1, . . . , ψm. Then t =
∑m

i=1 ui⊗ΦR(t)(ψi) ∈ U ⊗

X , since each ΦR(t)(ψi) lies inX . Therefore by Lemma 2.4, t ∈ (A⊗V )∩(U⊗X) = A⊗X .

Remark 4.6. Let U, V be finite-dimensional F-vector spaces. Let {ui} be an ordered basis of U

and {vj} an ordered basis of V . Then t can be uniquely written as t =
∑

i,j Tij ui ⊗ vj ∈ U ⊗ V .

This identifies t with the matrix T = (Tij).

Example 4.7. Let U = F2 with standard bases e1, e2 and V = F3 with standard basis f1, f2, f3.

Let t = e1 ⊗ f1 + e2 ⊗ f1 + e2 ⊗ f2. Then t corresponds to the matrix T =



1 0 0

1 1 0


.

Definition 4.8. Let U, V be finite-dimensional F-vector spaces and t ∈ U ⊗V . The rank of t is the

minimum number r such that t can be written as a sum t =
∑r

i=1 ui ⊗ vi, for ui ∈ U , and vi ∈ V .

The sum
∑r

i=1 ui ⊗ vi is called an minimal rank decomposition of t. [KB09, Section 3.1]

We’ll use the observation that for t ∈ U ⊗V , the rank of t is less than or equal to the minimum

of dimU , and dimV , as we can always expand t either in a basis of U or a basis of V .

Lemma 4.9. Let t =
∑r

i=1 ui⊗ vi in U ⊗V , for r = rank(t). Then {u1, . . . , ur} and {v1, . . . , vr}

are linearly independent, and ImL(t) = span{u1, . . . , ur}, ImR(t) = span{v1, . . . , vr}.
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Proof. Set W := span{u1, . . . , ur} and X := span{v1, . . . , vr}. Since t ∈ W ⊗ V , the above

observation gives rank(t) ≤ dimW . Since W is spanned by r vectors, dimW ≤ r. Together

with rank(t) = r, this gives dimW = r, so {u1, . . . , ur} is linearly independent. An analogous

argument gives dimX = r, so {v1, . . . , vr} is linearly independent.

Extend v1, . . . , vr to a basis of V , and let φ1, . . . , φr ∈ V ∗ be the corresponding dual function-

als. Then ΦL(t)(φi) = ui, so W ≤ ImL(t).

For the reverse inclusion, we see for all φ ∈ V ∗, ΦL(t)(φ) =
∑r

i=1 φ(vi) ui ∈ W , so ImL(t) ≤

W . Hence ImL(t) = W . An analogous argument concludes ImR(t) = X .

Remark 4.10. Suppose
∑r

i=1 ai ⊗ xi =
∑r

i=1 bi ⊗ yi are two minimal rank decompositions of the

same element t ∈ U ⊗ V . Fix ordered bases of U and V , and let A,B be matrices whose columns

are coordinates of ai, bi, and X, Y be matrices whose rows coordinates of xi, yi. In these fixed

coordinates, we get the equality AX = BY . By Lemma 4.9, the columns of A and B are two

ordered bases of the same space ImL(t), so there is a unique M ∈ GLr(F) such that B = AM .

Then AX = BY = AMY , and since the columns of A are linearly independent, X = MY , so

Y =M−1X .

Example 4.11. Take F = F5, U = V = F3, and r = 2. Define in the standard basis

A =



a1 a2



=




1 0

2 1

0 1



, X =




x1

x2


 =



1 2 0

0 1 1




B =



b1 b2



=




1 2

0 3

3 4



, Y =




y1

y2


 =



3 2 1

4 0 2


 .
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A direct multiplication verifies

AX = BY =




1 2 0

2 0 1

0 1 1



,

meaning a1 ⊗ x1 + a2 ⊗ x2 = b1 ⊗ y1 + b2 ⊗ y2. As per Remark 4.10, we find

M =



1 2

3 4


 , M−1 =



3 1

4 2


 ,

satisfying

AM =




1 2

0 3

3 4



= B, M−1X =



3 2 1

4 0 2


 = Y.

4.3 Key reduction

We’ll use Lemma 2.14 to reduce an equality about the image of axis actions to a matrix

factorization statement. As a reminder for U, V finite dimensional vector spaces, the map κ :

End(U)⊗ End(V ) → End(U ⊗ V ) is the Kronecker isomorphism.

Lemma 4.12. Let s : U2 × U1 ↣ U0 and t : V2 × V1 ↣ V0 be fully nondegenerate bilinear maps.

Let K ⊆ {2, 1, 0} be nonempty, and w ∈ Bil(U2, U1;U0)⊗Bil(V2, V1;V0) be an element such that

for each k ∈ K, there is some xk ∈ End(Uk ⊗ Vk) satisfying

w = Ξ
(
(s⊗ t) •k xk

)
∈ Bil(U2, U1;U0)⊗ Bil(V2, V1;V0).

Fix a minimal rank decomposition w =
∑r

i=1 ui ⊗ vi. Then for each k ∈ K, there exists {αk,i ∈

End(Uk)}ri=1 and {fk,i ∈ End(Vk)}ri=1 such that for all i ∈ {1, . . . , r}, we have ui = s •k αk,i, and

vi = t •k fk,i, with xk =
∑r

i=1 κk(αk,i ⊗ fk,i).

57



Proof. Fix k ∈ K and any decomposition xk =
∑

j κk(αj ⊗ fj). Corollary 2.15 gives w =
∑

j φ(s•k αj, t•k fj), so w ∈ Im(Λs
k)⊗ Im(Λt

k), with ImL(w) ≤ Im(Λs
k), and ImR(w) ≤ Im(Λt

k).

Since w =
∑

i ui⊗ vi is a minimal rank decomposition, apply Lemma 4.9 to conclude for each

i that the elements ui ∈ ImL(w) ≤ Im(Λs
k) and vi ∈ ImR(w) ≤ Im(Λt

k) are images of axis actions

on s and t respectively. Specifically, there exist αk,i ∈ End(Uk) and fk,i ∈ End(Vk) such that

ui = s •k αk,i, and vi = t •k fk,i.

Finally, for each k, set x′k :=
∑r

i=1 κk(αk,i⊗fk,i). Since Ξ((s⊗t)•kxk) = w = Ξ((s⊗t)•kx′k)

and Ξ is an isomorphism, the images of axis actions are equal. The injectivity of Λs⊗t
k then gives

xk = x′k.

4.4 Proof of Theorem C

Proof. We first prove the middle nucleus case, M(s⊗ t) = M(s)⊠M(t).

(⊆) Let (x, y) ∈ M(s ⊗ t), meaning (s ⊗ t) •2 x = (s ⊗ t) •1 y. Set w := Ξ
(
(s ⊗ t) •2

x
)
= Ξ

(
(s ⊗ t) •1 y

)
∈ Bil(U2, U1;U0) ⊗ Bil(V2, V1;V0). Fix a minimal rank decomposition

w =
∑r

i=1 ui⊗vi. Apply Lemma 4.12 with K = {2, 1}. We obtain α2,i =: αi ∈ End(U2), α1,i =:

βi ∈ End(U1), f2,i =: fi ∈ End(V2), f1,i =: gi ∈ End(V1) such that s •2 αi = ui = s •1 βi,

t •2 fi = vi = t •1 gi, and x =
∑r

i=1 κ2(αi ⊗ fi), y =
∑r

i=1 κ1(βi ⊗ gi).

Hence (αi, βi) ∈ M(s) and (fi, gi) ∈ M(t) for each i, so we have the desired conclusion

(x, y) =
r∑

i=1

(
(αi, βi)⊠ (fi, gi)

)
∈ M(s)⊠M(t).

(⊇) Let (α, β) ∈ M(s) and (f, g) ∈ M(t). Then

(s⊗ t) •2 κ2(α⊗ f) = (s •2 α)⊗ (t •2 f) = (s •1 β)⊗ (t •1 g) = (s⊗ t) •1 κ1(β ⊗ g).

So (α, β)⊠ (f, g) = (κ2(α⊗ f), κ1(β⊗ g)) ∈ M(s⊗ t). Since M(s)⊠M(t) is the span of such

⊠ terms, we get M(s)⊠M(t) ⊆ M(s⊗ t). The left and right nuclei case are analogous.

58



A worked-out nucleus decomposition example is in the appendix (Example C.1).

Now we wrap up this chapter with the proof that C(s⊗ t) = C(s)⊠ C(t).

Proof of Corollary 4.2. We prove the direction C(s⊗ t) ⊆ C(s)⊠C(t). Let (x2, x1, x0) ∈ C(s⊗ t).

Then (s⊗ t) •2 x2 = (s⊗ t) •1 x1 = (s⊗ t) •0 x0. Let w := Ξ
(
(s⊗ t) •2 x2

)
∈ Bil(U2, U1;U0)⊗

Bil(V2, V1;V0) be the element in common. Fix a minimal rank decomposition w =
∑r

i=1 ui ⊗

vi, and apply Lemma 4.12 with K = {2, 1, 0}, then follow the same argument as the proof of

Theorem C.

The direction C(s⊗ t) ⊇ C(s)⊠ C(t) is analogous to the proof of M(s⊗ t) ⊇ M(s)⊠M(t)

in Theorem C.
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Chapter 5

Derivation of Product of Bilinear Maps

The main result of this section is the following.

Theorem D. Let s and t be fully nondegenerate bilinear maps. Then

Der(s⊗ t) =Der(s)⊠ C(t) + C(s)⊠Der(t)

+ ι20(L(s)⊠ L(t)) + ι10(R(s)⊠R(t)) + ι21(M(s)⊠M(t)),

(5.1)

where ι20(α, γ) = (α, 0, γ), ι10(β, γ) = (0, β, γ), and ι21(α, β) = (−α, β, 0).

The strategy is similar to the nuclei case, where we relate equations of axis actions on tensor

product bilinear maps to equalities in the tensor product of vector spaces.

5.1 Previous results

In this subsection, algebras are finite-dimensional over F, and not necessarily associative. For

an algebra A, its derivation algebra refers to

Dalg(A) := {d ∈ End(A) : ∀x, y ∈ A, d(xy) = d(x)y + xd(y)}.

Brešar proved the following.

Theorem 5.2 (Brešar, Theorem 3.1 [Bre17]). Let R and S be nonassociative unital algebras. Sup-

pose that either at least one of R and S is finite-dimensional or they are both finitely generated.

Then every derivation d of R⊗ S can be written as

d = ad(u) +

p∑

j=1

λzj ⊗ fj +

q∑

i=1

gi ⊗ λwi
, (5.2)

where u ∈ Nuc(R)⊗ Nuc(S), zj ∈ Z(R), wi ∈ Z(S), fj ∈ Dalg(S), and gi ∈ Dalg(R).
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Proposition 5.3. Let R and S be unital algebras over F, with multiplication maps µR, µS . Then

Theorem D implies Theorem 5.2 in the case both R and S are finite dimensional.

Proof. See Appendix B.

Specialization to Matrix Algebras. Let A be a unital finite-dimensional F-algebra. As a vector

space, Mn(A) ∼= Fn×n ⊗ A, and the multiplication on Mn(A) is defined by (X ⊗ a)(Y ⊗ b) =

XY ⊗ ab.

Theorem 5.4 (Benkart–Osborn, Corollary 4.9 [BO81]). Assume charF ̸= 2, 3 and n > 3. Then

for any unital algebra A, Dalg(Mn(A)) = Dalg(L
′
n(A)) = Dalg(Kn(A)) = (Dalg(A))

# + adMn(N).

Remark 5.5. Notation wise, in Theorem 5.4, N denotes the nucleus of A, Ln(A) is Mn(A) under

the Lie product, L′
n(A) = [Ln(A), Ln(A)], and Kn(A) = L′

n(A)/Z(L
′
n(A)). Also, (Dalg(A))

#

denotes entrywise application of derivations of A. Thus in the notation of this chapter,

N = Nuc(A), (Dalg(A))
# = In ⊗Dalg(A), adMn(N) = ad(Mn(Nuc(A))).

So Theorem 5.4 proves Dalg(Mn(A)) =
(
In ⊗Dalg(A)

)
+ ad(Mn(Nuc(A))).

Benkart–Osborn notes “It should be commented that in showing DerMn(A) = Der(A)# +

adMn(N) no restrictions on charΦ or on n are necessary.” [BO81, Page 425]. As a result, we have

the following.

Proposition 5.6. Theorem D implies Theorem 5.4.

Proof. Theorem D implies Theorem 5.2 in the finite dimensional case by Proposition 5.3, and

Theorem 5.2 implies Theorem 5.4 by [Bre17, Cor. 4.2].

5.2 Preliminaries

The following decomposition definition features prominently. Throughout this subsection, U

and V are always finite dimensional F-vector spaces.
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Definition 5.7. Let p, q, r ∈ U ⊗ V be nonzero tensors satisfying p+ q = r. Let

A := ImL(p), B := ImL(q), C := ImL(r),

X := ImR(p), Y := ImR(q), Z := ImR(r),

where p ∈ A ⊗ X , q ∈ B ⊗ Y , r ∈ C ⊗ Z by Proposition 4.5. A (p, q, r) locally independent

unified decomposition (LIU decomposition) consists of a natural number n, and vectors

ai ∈ A, bi ∈ B, ci ∈ C, xi ∈ X, yi ∈ Y, zi ∈ Z,

for i ∈ [n], satisfying the following:

• Decomposition equality.

p =
n∑

i=1

ai ⊗ xi, q =
n∑

i=1

bi ⊗ yi, r =
n∑

i=1

ci ⊗ zi.

• Local equality. For all i ∈ [n], ai ⊗ xi + bi ⊗ yi = ci ⊗ zi.

Example 5.8. Let U = V = F2 with bases u1, u2 and v1, v2. Define p := u1 ⊗ v1 + u1 ⊗ v2,

q := u2 ⊗ v1 − u1 ⊗ v2, and r := u1 ⊗ v1 + u2 ⊗ v1. Then p+ q = r, and A = span{u1}, B = U ,

C = U as subspaces of U , and X = V , Y = V , Z = span{v1} as subspaces of V . Now let

a1 = u1, b1 = u2, c1 = u1 + u2, x1 = y1 = z1 = v1,

a2 = u1, b2 = −u1, c2 = 0, x2 = y2 = v2, z2 = v1.

Then for each i ∈ {1, 2}, ai ⊗ xi + bi ⊗ yi = ci ⊗ zi, and

p = a1 ⊗ x1 + a2 ⊗ x2, q = b1 ⊗ y1 + b2 ⊗ y2, r = c1 ⊗ z1 + c2 ⊗ z2.

Thus this is an LIU decomposition of p+ q = r.
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5.3 Existence of a LIU decomposition of the equation p+ q = r

Convention 5.9. For the remainder of this subsection, whenever given nonzero tensors p, q, r ∈

U ⊗ V satisfying p+ q = r, let

A := ImL(p), B := ImL(q), C := ImL(r),

X := ImR(p), Y := ImR(q), Z := ImR(r).

It is always the case that A+ B ≤ U and X + Y ≤ V . We also assume without loss of generality

that U := A+B, V := X + Y , because it is always the case that

p ∈ A⊗X ≤ (A+B)⊗ (X + Y ) ≤ U ⊗ V

q ∈ B ⊗ Y ≤ (A+B)⊗ (X + Y ) ≤ U ⊗ V

r ∈ ImL(r)⊗ ImR(r).

Furthermore, ImL(r), ImR(r) satisfies

ImL(r) = ImL(p+ q) ≤ ImL(p) + ImL(q) = A+B,

ImR(r) = ImR(p+ q) ≤ ImR(p) + ImR(q) = X + Y.

So we may redefine U to the space A+B, and redefine V to the space X + Y .

Lemma 5.10. Let U be a F-vector space, and let A,B,C ≤ U with U = A+B. Define U (1) ≤ U

by

U (1) := A ∩ B ∩ C.

Define U (2) ≤ A ∩ B, U (3) ≤ A ∩ C, and U (4) ≤ B ∩ C by choosing complements

A ∩B = U (1) ⊕ U (2), A ∩ C = U (1) ⊕ U (3), B ∩ C = U (1) ⊕ U (4).
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Define U (5) ≤ A and U (6) ≤ B by choosing complements

A = (U (1) + U (2) + U (3))⊕ U (5), B = (U (1) + U (2) + U (4))⊕ U (6).

Then

U =
6⊕

i=1

U (i), A =
⊕

i∈{1,2,3,5}

U (i), B =
⊕

i∈{1,2,4,6}

U (i).

Proof. Let di := dimU (i) for 1 ≤ i ≤ 6. By construction, dim(A ∩B) = d1 + d2, dim(A ∩C) =

d1 + d3. Using the fact dim(X + Y ) = dimX + dimY − dim(X ∩ Y ), with X = A ∩ B,

Y = A ∩ C, we get

dim
(
(A ∩B) + (A ∩ C)

)
= (d1 + d2) + (d1 + d3)− d1 = d1 + d2 + d3.

Since A = ((A ∩ B) + (A ∩ C)) ⊕ U (5), this gives dimA = d1 + d2 + d3 + d5. Similarly,

from B = ((A ∩ B) + (B ∩ C)) ⊕ U (6), dimB = d1 + d2 + d4 + d6. Finally, as U = A + B,

dimU = dim(A+B) = dimA+ dimB − dim(A ∩ B) =
∑6

i=1 di.

Recall

U = A+B =
6∑

i=1

U (i), A =
∑

i∈{1,2,3,5}

U (i), B =
∑

i∈{1,2,4,6}

U (i),

and the fact that for any finite family of subspaces {Wi}, dim(
∑

iWi) ≤
∑

i dimWi, with equality

if and only if the sum is direct. Applying this to the spaces U,A,B concludes

U =
6⊕

i=1

U (i), A =
⊕

i∈{1,2,3,5}

U (i), B =
⊕

i∈{1,2,4,6}

U (i).

The above lemma is to prepare for below, which is the key one in proving the existence of a

LIU decomposition for the equation p+ q = r.
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Lemma 5.11. Let p, q, r ∈ U ⊗ V be nonzero elements satisfying p+ q = r, and

A := ImL(p), B := ImL(q), C := ImL(r),

X := ImR(p), Y := ImR(q), Z := ImR(r).

Recall via Convention 5.9 that U = A + B, V = X + Y . With respect to the decomposition in

Lemma 5.10, p, q, r satisfy:

p ∈ (U (1) ⊗ V (1))⊕ (U (1) ⊗ V (•))⊕ (U (•) ⊗ V (1))⊕ (U (2) ⊗ V (2))

⊕ (U (3) ⊗ V (3)),

q ∈ (U (1) ⊗ V (1))⊕ (U (1) ⊗ V (•))⊕ (U (•) ⊗ V (1))⊕ (U (2) ⊗ V (2))

⊕ (U (4) ⊗ V (4)),

r ∈ (U (1) ⊗ V (1))⊕ (U (1) ⊗ V (•))⊕ (U (•) ⊗ V (1))⊕ (U (3) ⊗ V (3))

⊕ (U (4) ⊗ V (4)),

where U (•) := U (2) ⊕ · · · ⊕ U (6) and V (•) := V (2) ⊕ · · · ⊕ V (6).

Proof. Apply Lemma 5.10 to the spaces A,B,C ≤ U and to the spaces X, Y, Z ≤ V . From the

definitions, A = U (1) ⊕ U (2) ⊕ U (3) ⊕ U (5) and B = U (1) ⊕ U (2) ⊕ U (4) ⊕ U (6), and similarly

X = V (1)⊕V (2)⊕V (3)⊕V (5) and Y = V (1)⊕V (2)⊕V (4)⊕V (6). Let πij : U ⊗V → U (i)⊗V (j)

be the block projections and write

πi• :=
6∑

j=1

πij, π•j :=
6∑

i=1

πij.

As p ∈ A ⊗ X and A is a direct sum of spaces not including U (4) and U (6), we have π4•(p) =

π6•(p) = 0. Similarly, π3•(q) = π5•(q) = 0, π•4(p) = π•6(p) = 0 and π•3(q) = π•5(q) = 0.

For 1 ≤ i, j ≤ 6, set pij := πij(p), qij := πij(q), and rij := πij(r). Applying πij to p + q = r

gives for (1 ≤ i, j ≤ 6), pij + qij = rij . This is a blockwise p+ q = r equality: if two entries in a
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block are zero, then the third is zero. Taking stock we visualize these relations below, where grey

means potentially nonzero, white means guaranteed to be zero. For instance, the above equations

says for p, the rows for U (4), and U (6), and the columns for V (4) and V (6) are 0, which are illustrated

below.

p :

V (1) V (2) V (3) V (4) V (5) V (6)

U(1)

U(2)

U(3)

U(4)

U(5)

U(6)

q :

V (1) V (2) V (3) V (4) V (5) V (6)

U(1)

U(2)

U(3)

U(4)

U(5)

U(6)

r :

V (1) V (2) V (3) V (4) V (5) V (6)

U(1)

U(2)

U(3)

U(4)

U(5)

U(6)

Row inferences. Since π3•(q) = 0, define s3 := π3•(p) = π3•(r). Then s3 ∈ U (3) ⊗ X and

s3 ∈ U (3)⊗Z, hence s3 ∈ U (3)⊗ (X ∩Z) = U (3)⊗
(
V (1)⊕V (3)

)
. So row U (3) of p, r has support

only in columns V (1), V (3). The same argument with U (5) gives row U (5) of p, r also in V (1)⊕V (3).

Since π4•(p) = 0, define t4 := π4•(q) = π4•(r). Then t4 ∈ U (4) ⊗ Y and t4 ∈ U (4) ⊗ Z, hence

t4 ∈ U (4) ⊗ (Y ∩ Z) = U (4) ⊗
(
V (1) ⊕ V (4)

)
. So row U (4) of q, r has support only in columns

V (1), V (4). The same argument with U (6) gives row U (6) of q, r also in V (1) ⊕ V (4). After these

row inferences, the potentially nonzero blocks are:

p :

V (1) V (2) V (3) V (4) V (5) V (6)

U(1)

U(2)

U(3)

U(4)

U(5)

U(6)

q :

V (1) V (2) V (3) V (4) V (5) V (6)

U(1)

U(2)

U(3)

U(4)

U(5)

U(6)

r :

V (1) V (2) V (3) V (4) V (5) V (6)

U(1)

U(2)

U(3)

U(4)

U(5)

U(6)

Column inferences. Since π•3(q) = 0, define u3 := π•3(p) = π•3(r). Then u3 ∈ A ⊗ V (3) and

u3 ∈ C ⊗ V (3), hence u3 ∈ (A ∩ C) ⊗ V (3) =
(
U (1) ⊕ U (3)

)
⊗ V (3). So column V (3) of p, r has

support only in rows U (1), U (3).

Since π•4(p) = 0, define u4 := π•4(q) = π•4(r). Then u4 ∈ B ⊗ V (4) and u4 ∈ C ⊗ V (4),

hence u4 ∈ (B ∩ C) ⊗ V (4) =
(
U (1) ⊕ U (4)

)
⊗ V (4). So column V (4) of q, r has support only in

rows U (1), U (4).
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Since π•5(q) = 0, define u5 := π•5(p) = π•5(r). Then u5 ∈ (A∩C)⊗V (5) =
(
U (1)⊕U (3)

)
⊗

V (5). Combining this with the row-U (3) and row-U (5) restrictions above forces support in column

V (5) to lie only in row U (1).

Since π•6(p) = 0, define u6 := π•6(q) = π•6(r). Then u6 ∈ (B ∩C)⊗V (6) =
(
U (1)⊕U (4)

)
⊗

V (6). Combining this with the row-U (4) and row-U (6) restrictions above forces support in column

V (6) to lie only in row U (1). After these column inferences, the potentially nonzero blocks are:

p :

V (1) V (2) V (3) V (4) V (5) V (6)

U(1)

U(2)

U(3)

U(4)

U(5)

U(6)

q :

V (1) V (2) V (3) V (4) V (5) V (6)

U(1)

U(2)

U(3)

U(4)

U(5)

U(6)

r :

V (1) V (2) V (3) V (4) V (5) V (6)

U(1)

U(2)

U(3)

U(4)

U(5)

U(6)

The U (2) ⊗ V (2) block relation. Set v2 := π2•(r). By the previous inferences, row U (2) of both p

and q is supported in V (1) ⊕ V (2) = X ∩ Y , hence v2 ∈ U (2) ⊗ (X ∩ Y ). And also by definition,

r ∈ C⊗Z, so projecting, π2•(r) = v2 ∈ U (2)⊗Z. Thus v2 ∈ U (2)⊗ ((X∩Y )∩Z) = U (2)⊗V (1).

This means r22 = 0, which is the last zero to be inferred in the block equations.

What remains are the following support patterns, which we give as colored cells below. Here

blue is U (1) ⊗ V (1), orange is U (1) ⊗ V (•), cyan is U (•) ⊗ V (1), green is U (2) ⊗ V (2), brown is

U (3) ⊗ V (3), and pink is U (4) ⊗ V (4), and blank entries are zero.

p :

V (1) V (2) V (3) V (4) V (5) V (6)

U(1)

U(2)

U(3)

U(4)

U(5)

U(6)

q :

V (1) V (2) V (3) V (4) V (5) V (6)

U(1)

U(2)

U(3)

U(4)

U(5)

U(6)

r :

V (1) V (2) V (3) V (4) V (5) V (6)

U(1)

U(2)

U(3)

U(4)

U(5)

U(6)

This gives the claimed support pattern

p ∈ (U (1) ⊗ V (1))⊕ (U (1) ⊗ V (•))⊕ (U (•) ⊗ V (1))⊕ (U (2) ⊗ V (2))⊕ (U (3) ⊗ V (3)),

q ∈ (U (1) ⊗ V (1))⊕ (U (1) ⊗ V (•))⊕ (U (•) ⊗ V (1))⊕ (U (2) ⊗ V (2))⊕ (U (4) ⊗ V (4)),
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r ∈ (U (1) ⊗ V (1))⊕ (U (1) ⊗ V (•))⊕ (U (•) ⊗ V (1))⊕ (U (3) ⊗ V (3))⊕ (U (4) ⊗ V (4)).

Example 5.12. (This calculation was done by Magma, with the script available at https://gi

st.github.com/cliu587/0db323a55bec8f2d014e870844a18d71.)

Let F = F997, let U = V = F6 with standard bases, and identify U ⊗ V with F6×6 via

u⊗ v 7→ [u][v]T where [u] is the column vector of coordinates.

Let p, q, r ∈ U ⊗ V correspond to the 6× 6 matrices below.

p =




373 831 66 724 159 68

772 812 372 663 579 209

155 549 499 757 500 64

218 733 547 132 342 122

859 708 25 767 78 648

992 398 894 611 169 953




q =




176 355 631 671 759 955

252 645 740 978 500 638

308 485 963 867 212 39

146 830 155 854 264 14

30 375 193 887 38 692

107 281 218 640 676 450




r =




549 189 697 398 918 26

27 460 115 644 82 847

463 37 465 627 712 103

364 566 702 986 606 136

889 86 218 657 116 343

102 679 115 254 845 406




so that p + q = r in F6×6. Using Magma, we find change-of-basis matrices M and N so that the

new coordinates are adapted to the decomposition U =
⊕6

i=1 U
(i) and V =

⊕6
i=1 V

(i).

M =




1 0 0 0 0 0

310 34 931 898 971 773

104 130 918 780 84 647

795 834 145 316 939 574

386 64 11 618 494 754

732 237 949 667 810 127




, N =




1 655 49 786 153 994

0 757 318 920 875 310

0 304 386 307 423 363

0 988 354 652 88 712

0 780 227 987 917 291

0 59 338 600 869 429




,
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the transformed matrices p′ = MpN , q′ = MqN , r′ = MrN have the support patterns as de-

scribed by Lemma 5.11.

p′ =

V (1) V (2) V (3) V (4) V (5) V (6)

U(1) 373 16 259 0 968 0

U(2) 119 905 0 0 0 0

U(3) 966 0 123 0 0 0

U(4) 0 0 0 0 0 0

U(5) 647 0 0 0 0 0

U(6) 0 0 0 0 0 0

q′ =

V (1) V (2) V (3) V (4) V (5) V (6)

U(1) 176 828 0 553 0 244

U(2) 607 92 0 0 0 0

U(3) 0 0 0 0 0 0

U(4) 68 0 0 815 0 0

U(5) 0 0 0 0 0 0

U(6) 970 0 0 0 0 0

r′ =

V (1) V (2) V (3) V (4) V (5) V (6)

U(1) 549 844 259 553 968 244

U(2) 726 0 0 0 0 0

U(3) 966 0 123 0 0 0

U(4) 68 0 0 815 0 0

U(5) 647 0 0 0 0 0

U(6) 970 0 0 0 0 0

Lemma 5.13. Let p, q, r ∈ U ⊗ V be nonzero tensors satisfying p + q = r. Then (p, q, r) admits

an LIU decomposition.

Proof. Recall from Convention 5.9 the spaces A,B,C ≤ U , and X, Y, Z ≤ V where U = A+ B

and V = X + Y . Decompose U and V by Lemma 5.10, getting

U ⊗ V =
6⊕

i,j=1

U (i) ⊗ V (j).

Let πij : U ⊗ V → U (i) ⊗ V (j) be the corresponding projections. And use the same notation as

Lemma 5.11, meaning we define

p11 := π11(p), p1• :=
6∑

j=2

π1j(p), p•1 :=
6∑

i=2

πi1(p), p22 := π22(p), p33 := π33(p),

and analogously define q11, q1•, q•1, q22, q44, and r11, r1•, r•1, r33, r44. By Lemma 5.11, all

other blocks vanish, so p = p11 + p1• + p•1 + p22 + p33, q = q11 + q1• + q•1 + q22 + q44, and

r = r11 + r1• + r•1 + r33 + r44. Applying the relevant projections to p+ q = r gives equations

p11 + q11 = r11 p1• + q1• = r1• p•1 + q•1 = r•1,

p22 + q22 = 0 p33 = r33 q44 = r44.

We build an LIU decomposition for each block to prove the lemma. In U (1) ⊗ V (1) (blue

block), choose bases of U (1) and V (1). Writing p11, q11, r11 in that basis, gives coefficientwise local
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equalities. The U (2) ⊗V (2) (green block), U (3) ⊗V (3) (brown block), and U (4) ⊗V (4) (pink block)

cases are specializations of the U (1) ⊗ V (1) (blue block) argument.

In U (1) ⊗ V (•) (orange block), choose a basis {um}dm=1 of U (1) and write

p1• =
d∑

m=1

um ⊗ fm, q1• =
d∑

m=1

um ⊗ gm, r1• =
d∑

m=1

um ⊗ hm.

Since p1•+ q1• = r1•, we get that for all m in [d], um⊗fm+um⊗gm = um⊗hm. This gives local

equalities with a common left factor in A∩B∩C. The U (•)⊗V (1) (cyan block) case is analogous.

Summing these six blockwise families gives the required LIU decomposition.

Example 5.14. We demonstrate this splitting for Example 5.12. Recall all coefficients are in F997,

and let ui and vj be basis vectors with U (i) = ⟨ui⟩ and V (j) = ⟨vj⟩.

For U (1) ⊗ V (1) (blue block), p11 = 373 u1 ⊗ v1, q11 = 176 u1 ⊗ v1, and r11 = 549 u1 ⊗ v1, so

p11 + q11 = (373 + 176) u1 ⊗ v1 = 549u1 ⊗ v1 = r11.

For U (1) ⊗ V (•) (orange block), p1• = u1 ⊗ (16v2 + 259v3 + 968v5), and q1• = u1 ⊗ (828v2 +

553v4 + 244v6), so p1• + q1• = u1 ⊗ (844v2 + 259v3 + 553v4 + 968v5 + 244v6) = r1•.

Likewise, for U (•) ⊗ V (1) (cyan block), p•1 = (119u2 + 966u3 + 647u5) ⊗ v1, and q•1 =

(607u2+68u4+970u6)⊗v1, hence p•1+q•1 = (726u2+966u3+68u4+647u5+970u6)⊗v1 = r•1.

5.4 Proof of Theorem D

We apply the LIU decomposition to the images of axis actions and match each block to a

summand in Equation (5.1). First, we need to describe the partitioning of the index sets of a LIU

decomposition.

Remark 5.15. Given a LIU decomposition of p+ q = r produced by Lemma 5.13, with

p =
n∑

i=1

ai ⊗ xi, q =
n∑

i=1

bi ⊗ yi, r =
n∑

i=1

ci ⊗ zi,
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and local equalities for all i in [n], ai ⊗ xi + bi ⊗ yi = ci ⊗ zi . Let I11, I1•, I•1, I22, I33, I44 be

the index sets coming from the six blockwise decompositions in the proof of Lemma 5.13. Then

these sets give a partition [n] = I11 ⊔ I1• ⊔ I•1 ⊔ I22 ⊔ I33 ⊔ I44.

Proof. (⊆) We prove the inclusion

Der(s⊗ t) ⊆Der(s)⊠ C(t) + C(s)⊠Der(t)

+ ι20(L(s)⊠ L(t)) + ι10(R(s)⊠R(t)) + ι21(M(s)⊠M(t)).

Let (δ(2), δ(1), δ(0)) ∈ Der(s⊗ t), and define

p := Ξ((s⊗ t) •2 δ(2)), q := Ξ((s⊗ t) •1 δ(1)), r := Ξ((s⊗ t) •0 δ(0)).

Then p+ q = r in Bil(U2, U1;U0)⊗ Bil(V2, V1;V0).

If r = 0, then (s ⊗ t) •2 δ(2) = −(s ⊗ t) •1 δ(1), so (−δ(2), δ(1)) ∈ M(s ⊗ t), and Λs⊗t
0 is

injective so δ(0) = 0. Thus (δ(2), δ(1), δ(0)) = (δ(2), δ(1), 0) ∈ ι21(M(s⊗ t)). The cases p = 0 and

q = 0 are analogous, obtaining elements of ι10(R(s⊗ t)) and ι20(L(s⊗ t)) respectively. Applying

Theorem C proves the desired inclusion in all three cases. Hence for the remainder of the proof,

assume p, q, r are all nonzero.

The strategy is to apply Lemma 5.13 to p + q = r, obtain a LIU decomposition, then lift the

local equalities to the axis operators. As a reminder, we’ve defined

A := ImL(p), B := ImL(q), C := ImL(r),

X := ImR(p), Y := ImR(q), Z := ImR(r),

where p ∈ A ⊗X , q ∈ B ⊗ Y , and r ∈ C ⊗ Z by Proposition 4.5. Let (ai, bi, ci, xi, yi, zi)
n
i=1 be

the LIU decomposition by applying Lemma 5.13. By Remark 5.15, the LIU decomposition index

set [n] is partitioned into [n] = I11 ⊔ I1• ⊔ I•1 ⊔ I22 ⊔ I33 ⊔ I44. Below we give a summary of how

we handle each index block as a summand in the decomposition of the derivation algebra of s⊗ t.
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index block local equality support corresponding summand

I11 ai = bi = ci, xi + yi = zi U(1) ⊗ V (1) C(s) ⊠Der(t)

I1• ai = bi = ci, xi + yi = zi U(1) ⊗ V (•) C(s) ⊠Der(t)

I•1 xi = yi = zi, ai + bi = ci U(•) ⊗ V (1) Der(s) ⊠ C(t)

I22 ai = bi, xi + yi = 0 U(2) ⊗ V (2) ι21(M(s) ⊠M(t))

I33 ai = ci, xi = zi U(3) ⊗ V (3) ι20(L(s) ⊠ L(t))

I44 bi = ci, yi = zi U(4) ⊗ V (4) ι10(R(s) ⊠R(t))

• i ∈ I1• (U (1) ⊗ V (•)) or i ∈ I11 (U (1) ⊗ V (1)): For each i, the local equality is

ai = bi = ci, xi + yi = zi,

with ai, bi, ci ∈ A ∩ B ∩ C, xi ∈ X , yi ∈ Y , zi ∈ Z. The I11 case deserves explaination.

The coefficientwise decomposition gives a local equality λu⊗ v + µu⊗ v = νu⊗ v, which

we rewrite as u⊗ (λv) + u⊗ (µv) = u⊗ (νv).

By Lemma 2.14 and Proposition 4.5, we have

A ≤ Im(Λs
2), B ≤ Im(Λs

1), C ≤ Im(Λs
0),

X ≤ Im(Λt
2), Y ≤ Im(Λt

1), Z ≤ Im(Λt
0).

So each of ai, bi, ci, xi, yi, zi has a preimage under the corresponding axis action maps.

Choose

αi ∈ End(U2), βi ∈ End(U1), γi ∈ End(U0)

fi ∈ End(V2), gi ∈ End(V1), hi ∈ End(V0)

such that ai = s •2 αi, bi = s •1 βi, ci = s •0 γi, and xi = t •2 fi, yi = t •1 gi, zi = t •0 hi.

Then (αi, βi, γi) ∈ C(s) and (fi, gi, hi) ∈ Der(t), so (κ2(αi⊗fi), κ1(βi⊗gi), κ0(γi⊗hi)) ∈

C(s)⊠Der(t).
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• i ∈ I•1 (U (•)⊗V (1)): Here each local equality satisfies xi = yi = zi and ai+bi = ci. Choose

αi ∈ End(U2), βi ∈ End(U1), γi ∈ End(U0)

fi ∈ End(V2), gi ∈ End(V1), hi ∈ End(V0)

such that ai = s •2 αi, bi = s •1 βi, ci = s •0 γi and xi = t •2 fi, yi = t •1 gi, zi = t •0 hi.

Then (αi, βi, γi) ∈ Der(s) and (fi, gi, hi) ∈ C(t), so (κ2(αi⊗fi), κ1(βi⊗gi), κ0(γi⊗hi)) ∈

Der(s)⊠ C(t).

• i ∈ I22, I33, I44: these are the nucleus cases with one side equal to 0. We show the I22 case,

which has ci ⊗ zi = 0. The local equality is ai ⊗ xi + bi ⊗ yi = 0, with ai, bi ∈ A ∩ B and

xi, yi ∈ X ∩ Y . Choose operators

αi ∈ End(U2), βi ∈ End(U1), fi ∈ End(V2), gi ∈ End(V1)

satisfying ai = s •2 αi, bi = s •1 βi and xi = t •2 fi, yi = t •1 gi. Then for all i,

(s⊗ t) •2 κ2(αi⊗fi) = ai ⊗ xi = − bi ⊗ yi = − (s⊗ t) •1 κ1(βi⊗gi).

Hence
(
−κ2(αi⊗fi), κ1(βi⊗gi)

)
∈ M(s⊗ t), and therefore ι21

(
−κ2(αi⊗fi), κ1(βi⊗gi)

)
∈

ι21(M(s⊗ t)). Applying Theorem C, ι21(M(s⊗ t)) = ι21(M(s)⊠M(t)), so the operator

triple lies in one of the summands on the right-hand side of Equation (5.1). The I33 and I44

cases are analogous.

For each i, let (δ
(2)
i , δ

(1)
i , δ

(0)
i ) ∈ End(U2⊗V2)×End(U1⊗V1)×End(U0⊗V0) be the resulting

operator triple constructed corresponding to each block. Summing over i,

Ξ

(
(s⊗ t) •2

n∑

i=1

δ
(2)
i

)
= p = Ξ((s⊗ t) •2 δ(2)),

Ξ

(
(s⊗ t) •1

n∑

i=1

δ
(1)
i

)
= q = Ξ((s⊗ t) •1 δ(1)),
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Ξ

(
(s⊗ t) •0

n∑

i=1

δ
(0)
i

)
= r = Ξ((s⊗ t) •0 δ(0)).

Since Ξ is an isomorphism and Λs⊗t
2 ,Λs⊗t

1 ,Λs⊗t
0 are injective, we get

n∑

i=1

δ
(2)
i = δ(2),

n∑

i=1

δ
(1)
i = δ(1),

n∑

i=1

δ
(0)
i = δ(0).

As each is summing over the same indices, (δ(2), δ(1), δ(0)) =
∑n

i=1(δ
(2)
i , δ

(1)
i , δ

(0)
i ). This proves

the desired inclusion.

(⊇) We prove Der(s⊗ t) ⊇ Der(s)⊠ C(t) + C(s)⊠Der(t) + ι20(L(s)⊠ L(t)) + ι10(R(s)⊠

R(t)) + ι21(M(s)⊠M(t)) by proving each summand on the right belongs to Der(s⊗ t).

For Der(s)⊠ C(t), take (α, β, γ) ∈ Der(s), and (f, g, h) ∈ C(t). This means s •2 α+ s •1 β =

s •0 γ and t •2 f = t •1 g = t •0 h.

By definition, (α, β, γ)⊠ (f, g, h) =
(
κ2(α⊗ f), κ1(β ⊗ g), κ0(γ ⊗ h)

)
, hence

(s⊗ t) •2 κ2(α⊗ f) + (s⊗ t) •1 κ1(β ⊗ g) =
(
(s •2 α)⊗ (t •2 f)

)
+
(
(s •1 β)⊗ (t •1 g)

)

=
(
(s •2 α) + (s •1 β)

)
⊗ t •0 h

= (s •0 γ)⊗ (t •0 h)

= (s⊗ t) •0 κ0(γ ⊗ h).

Taking span, Der(s)⊠ C(t) lies in Der(s⊗ t). Hence Der(s)⊠ C(t) ⊆ Der(s⊗ t) by linearity.

The argument for C(s)⊠Der(t) ⊆ Der(s⊗ t) is identical, and the argument for nucleus terms

is also analogous after setting one of the three terms to 0.

A full derivation decomposition example is the Appendix (Example C.2).
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5.5 Non-existence for higher valence tensors

In this subsection, we demonstrate an obstruction to being able to decompose the product of

trilinear maps’ derivations using the techniques from this section. Let U := Tri(U3, U2, U1;U0),

and V := Tri(V3, V2, V1;V0), where Tri indicates trilinear. Fix trilinear maps t1 ∈ U and t2 ∈ V ,

and let (δ(3), δ(2), δ(1), δ(0)) ∈ Der(t1 ⊗ t2), where t1 ⊗ t2 is the product of trilinear maps defined

analogously to Definition 2.11. This gives tensors p, q, r, s ∈ U ⊗V with p+ q + r = s. We begin

with the four-term definition of the LIU decomposition.

Definition 5.16. Let U and V be finite dimensional F-vector spaces. Let p, q, r, s ∈ U ⊗ V be

nonzero elements satisfying p+ q + r = s. Let

A := ImL(p), B := ImL(q), C := ImL(r), D := ImL(s),

X := ImR(p), Y := ImR(q), Z := ImR(r), W := ImR(s),

where p ∈ A⊗X , q ∈ B ⊗ Y , r ∈ C ⊗ Z, and s ∈ D ⊗W by Proposition 4.5.

A (p, q, r, s) LIU decomposition consists of a natural number n, and vectors

ai ∈ A, bi ∈ B, ci ∈ C, di ∈ D, xi ∈ X, yi ∈ Y, zi ∈ Z, wi ∈ W,

for i ∈ [n], satisfying the following:

• Decomposition equality.

p =
n∑

i=1

ai ⊗ xi, q =
n∑

i=1

bi ⊗ yi, r =
n∑

i=1

ci ⊗ zi, s =
n∑

i=1

di ⊗ wi.

• Local equality.

∀i ∈ [n], ai ⊗ xi + bi ⊗ yi + ci ⊗ zi = di ⊗ wi.

We shall show when p + q + r = s, there may not exist a LIU decomposition of the quadru-

ple. As a LIU decomposition corresponds to decomposing a derivation of a product of trilinear
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maps by the algebraic invariants of the individual pieces, its non-existence rules out an analogous

decomposition theorem using this strategy.

A natural question is whether one can reduce the p + q + r = s case to the three-term case by

setting p̃ = p+ q, and applying Lemma 5.13 to both p̃+ r = s and p+ q = p̃. However, separate

LIU decompositions of (p̃, r, s) and (p, q, p̃) do not guarantee a LIU decomposition of (p, q, r, s).

Applying Lemma 5.13 to (p̃, r, s) gives

p̃ =
∑

i

ãi ⊗ x̃i, ãi ⊗ x̃i ∈ ImL(p̃)⊗ ImR(p̃).

Choose the corresponding local terms for r and s, so for each i we have ãi⊗ x̃i+ ci⊗ zi = di⊗wi.

The equation p+ q = p̃ means ImL(p̃) ≤ ImL(p) + ImL(q) and ImR(p̃) ≤ ImR(p) + ImR(q).

To recover a (p, q, r, s) LIU decomposition, for each i we would have to refine this local

equality, with ci ⊗ zi ∈ ImL(r) ⊗ ImR(r) and di ⊗ wi ∈ ImL(s) ⊗ ImR(s), to a local equal-

ity ai ⊗ xi + bi ⊗ yi + ci ⊗ zi = di ⊗ wi. Therefore the following equation must be satisfied for

each i:

ãi ⊗ x̃i = ai ⊗ xi + bi ⊗ yi (ai ∈ ImL(p), xi ∈ ImR(p), bi ∈ ImL(q), yi ∈ ImR(q)),

but this is not guaranteed. Rank-one terms in (A+ B)⊗ (X + Y ) can contain cross blocks terms

in A⊗ Y and B ⊗X . For example, with A = ⟨e1⟩, B = ⟨e2⟩, X = ⟨f1⟩, Y = ⟨f2⟩,

(e1 + e2)⊗ (f1 + f2) = e1 ⊗ f1 + e1 ⊗ f2 + e2 ⊗ f1 + e2 ⊗ f2,

so this rank-one tensor has nonzero A⊗Y and B⊗X parts and cannot be of the form a⊗x+b⊗y

with a ∈ A, x ∈ X , b ∈ B, y ∈ Y .
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Lemma 5.17. Assume s ̸= 0. Let p, q, r, s be as the above definitions. If a LIU decomposition

exists, then the intersection space

H := (A⊗X +B ⊗ Y + C ⊗ Z) ∩ (D ⊗W )

contains a nonzero rank-one tensor.

Proof. Each local equality has right-hand side di ⊗ wi ∈ D ⊗W and left-hand side in A ⊗X +

B ⊗ Y +C ⊗Z, hence di ⊗wi ∈ H for every i. Since s =
∑n

i=1 di ⊗wi ̸= 0, at least one di ⊗wi

is nonzero, giving a nonzero rank-one tensor in H .

We now show that LIU decompositions may not exist.

Theorem 5.18. Let F be a field such that char(F) ̸= 2, and let J ∈ F2×2 be a matrix with an

irreducible quadratic minimal polynomial over F. Let U = V = F4 be vector spaces. Then there

exist nonzero elements p, q, r, s ∈ U⊗V satisfying p+q+r = s such that the quadruple (p, q, r, s)

admits no LIU decomposition.

Proof. Take U = V = F4 with standard bases {ei} and {fi}, and subspaces D = span{e1, e2} ≤

U , D′ = span{e3, e4} ≤ U , W = span{f1, f2} ≤ V , W ′ = span{f3, f4} ≤ V . Define isomor-

phisms

ιD : D → D′, e1 7→ e3, e2 7→ e4, ιW : W → W ′, f1 7→ f3, f2 7→ f4.

For J ∈ F2×2, use the fixed bases (e1, e2) of D, (e3, e4) of D′, (f1, f2) of W , and (f3, f4) of W ′

to define linear maps JD : D → D′ and JW : W → W ′, where JD acts on columns vectors of

coordinates, and JW on rows vectors of coordinates using the entries of J . Write Jd := JD(d) and

wJ := JW (w). With this notation, define the subspaces

A = {(d, ιDd) : d ∈ D} ≤ U, X = {(w, ιWw) : w ∈ W} ≤ V,

B = {(d,−ιDd) : d ∈ D} ≤ U, Y = {(w,−ιWw) : w ∈ W} ≤ V,
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C = {(d, Jd) : d ∈ D} ≤ U, Z = {(w,wJ) : w ∈ W} ≤ V.

As a reminder, we define the intersection space H := (A⊗X +B⊗ Y +C ⊗Z)∩ (D⊗W ). We

prove H is not the trivial subspace, and nonzero elements in H are rank 2.

Let P,Q,R, S ∈ F2×2. Relative to U = D⊕D′ and V = W ⊕W ′, for p ∈ A⊗X , q ∈ B⊗Y ,

r ∈ C ⊗ Z, and s ∈ D ⊗W , we have

p =



P P

P P


 , q =



Q −Q

−Q Q


 , r =



R RJ

JR JRJ


 , s =



S 0

0 0


 . (5.3)

Hence p+ q + r = s is equivalent to the matrix equation



P +Q+R P −Q+RJ

P −Q+ JR P +Q+ JRJ


 =



S 0

0 0


 ,

meaning

P +Q+R = S, P −Q = −RJ, P −Q = −JR, P +Q = −JRJ.

Using the second and third equations, RJ − JR = 0, so R and J commute. Using this fact on

the last equation, we get P +Q = −RJ2. Substitution −RJ2 for P +Q in the first equation, we

conclude S = R−RJ2. This defines P , Q, and R in terms of the fixed J and S as

P = −1

2
RJ(I2 + J), Q =

1

2
RJ(I2 − J), R = S(I2 − J2)−1. (5.4)

Since char(F) ̸= 2 and the minimal polynomial of J is an irreducible quadratic, it is separable,

so every matrix in F2×2 commuting with J is a polynomial in J by [EG04, Thm. 3.1]. Hence

R ∈ F[J ] and since F[J ] is a field, R is invertible whenever nonzero.
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As well, the matrices J , I2+J , I2−J , and I2−J2 are invertible as the minimal polynomial of

J is an irreducible quadratic. Thus if S ̸= 0, then also R ̸= 0, so R, S, P , and Q are all invertible

by Equation (5.4). So every nonzero element of H has rank 2.

To show H is not the trivial subspace, it is sufficient to find a solution with s ̸= 0. Fix S = I2.

Then Equation (5.4) gives

P = −1

2
(I2 − J2)−1J(I2 + J), Q =

1

2
(I2 − J2)−1J(I2 − J), R = (I2 − J2)−1.

We now find the tensors p, q, r, s whose coefficients are the matrices P,Q,R, S in standard coor-

dinates. For the matrix P , Equation (5.3) gives

p =



P P

P P




= P11




1 0 1 0

0 0 0 0

1 0 1 0

0 0 0 0




+ P12




0 1 0 1

0 0 0 0

0 1 0 1

0 0 0 0




+ P21




0 0 0 0

1 0 1 0

0 0 0 0

1 0 1 0




+ P22




0 0 0 0

0 1 0 1

0 0 0 0

0 1 0 1




= P11a1 ⊗ x1 + P12a1 ⊗ x2 + P21a2 ⊗ x1 + P22a2 ⊗ x2

where the final equality used a1 = (e1, e3), a2 = (e2, e4), x1 = (f1, f3), and x2 = (f2, f4). Similar

equalities translate the coefficient matrices Q,R, S to the tensors q, r, s. Because P,Q,R, S are

invertible, ImL(p) = span{a1, a2} = A and ImR(p) = span{x1, x2} = X . Analogous arguments

give ImL(q) = B, ImR(q) = Y , ImL(r) = C, ImR(r) = Z, ImL(s) = D, and ImR(s) = W . This

gives a quadruple (p, q, r, s) whose intersection space has all nonzero elements of rank greater than

1. Applying Lemma 5.17, we conclude (p, q, r, s) admits no LIU decomposition.
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Example 5.19. We apply Theorem 5.18 to get a specific example. Fix F = F5, J =



0 4

1 4


, and

S = I2. We compute P,Q,R from Equation (5.4):

P =



1 1

4 2


 , Q =



3 2

3 0


 , R = (I2 − J2)−1 =



2 2

3 4


 .

In the standard coordinates, we write down a quadruple (p, q, r, s) from Equation (5.3),

p =




1 1 1 1

4 2 4 2

1 1 1 1

4 2 4 2




, q =




3 2 2 3

3 0 2 0

2 3 3 2

2 0 3 0




, r =




2 2 2 1

3 4 4 3

2 1 1 2

4 3 3 3




, s =




1 0 0 0

0 1 0 0

0 0 0 0

0 0 0 0




,

where for instance, p =
∑2

i,j=1 Pijai ⊗ xj where ai = (ei, ιDei), xi = (fi, ιWfi) and so on. This

example was checked by hand, as well as through a Magma computation, which is available at this

gist.

80

https://gist.github.com/cliu587/bbf53192ede8dcecb33254afdf3f33ca
https://gist.github.com/cliu587/bbf53192ede8dcecb33254afdf3f33ca


Chapter 6

Conclusion

This dissertation studies algebraic invariants of tensors from two perspectives. First, for tensors

from Sylvester and derivation regular families (Definitions 3.34 and 3.41), we develop new algo-

rithms for solving simultaneous Sylvester and derivation systems at a lower arithmetic complexity

than the status quo. Theorems A and B These include, as special cases, computing nuclei and

derivation algebras of tensors. The main idea contained in those theorems is that solutions to the

linear equations defining the algebraic invariants can be found by solving a smaller subsystem and

then lifting those solutions to full solutions, instead of solving the full linear system.

Second, we study algebraic invariants of products of bilinear maps. Specifically, Theorem C

proves that the nuclei of a product of bilinear maps are the ⊠-products (Definition 2.10) of the

nuclei of the factors. Theorem D proves that the derivation algebra of the product of bilinear maps

is specified precisely by the algebraic invariants of the factors as laid out in Equation (5.1). This

result extends classical results in algebra [BO81, Corollary 4.9] when viewing algebras through

their multiplication tensors. The main idea contained in those theorems is that equations on product

bilinear maps can be analyzed by answering a easier decomposition problem in the tensor product

of vector spaces. We also prove an impossibility theorem on extending our approach to trilinear

maps in Theorem 5.18.

6.1 Future Directions

Algorithms for finding restricted index sets.

In Theorems A and B, we assume the existence of black-box algorithms for ChooseSylvester-

Restriction and ChooseDerivationRestriction, which return the restricted index sets used by the

solve and lift approach. A future direction is to find and analyze algorithms for computing these

restricted index sets. The core challenge is being able to bound the arithmetic complexity deter-

ministically without enumeration.
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Randomized algorithms for Sylvester and Derivation equation solving.

The purpose of the Sylvester and derivation regular families in Definitions 3.34 and 3.41 is

to be able to prove deterministic arithmetic complexity improvements using the solve and lift ap-

proach. Another paradigm is to analyze these algorithms allowing for randomization. For instance,

Freivalds’ algorithm for matrix product verification can be used in place of the deterministic veri-

fication procedure. It tests whether AB = C in Monte Carlo O(n2) time [Fre79]. Analyzing the

arithmetic complexity of randomized variants of our solve and lift algorithms, and of algorithms

assuming an average case model of coefficients, is a related future direction.

Faster algorithms for algebraic invariants of higher valence tensors.

The solve and lift algorithms for Sylvester and derivation equations have been developed for

3-tensors. A natural question asks whether there exist analogous solve and lift algorithms for

higher valence tensors. Notation and theory have been established for higher valence tensors in

[BMW20].

Analyzing the equation p+ q = r by Kronecker modules

Kronecker modules classify the indecomposables of a pair of matrices M,N up to change of

bases [Kro90]. The equation p + q = r in the tensor product space U ⊗ V has data specified

by the pair of matrices p and q. Thus the spaces given by the decomposition of Lemma 5.13

are constrained by the Kronecker module classification. More work is needed to understand what

constraints are placed on the dimension of the spacesU (i) and V (j). Furthermore, classifying triples

of matrices up to change of bases is considered wild [Rin10], meaning it is as hard as classifying

representations over arbitrary finite-dimensional algebras. Does the contrast between classifying

pairs of matrices as tame and classifying triples of matrices as wild under this equivalence relation

relate to our finding that a LIU decomposition always exists for the equation p+ q = r, but not for

p+ q + r = s?

Decomposing the product of bilinear maps.

Our work in Chapters 4 and 5 deals with decomposing the algebraic invariants of the product of

bilinear maps. A next question is detecting whether a given bilinear map admits a decomposition
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r ∼= s ⊗ t. There are examples in algebra that suggest uniqueness and classification challenges,

for instance the algebra M2(C) decomposes in two different ways as tensor products over R: both

H⊗ C and M2(R)⊗ C are isomorphic to M2(C).

Generalized products of multilinear maps.

In [FMW20], a (P,Ω)-tensor product is defined that generalizes the usual binary tensor prod-

uct. Given a sequence of vector spaces U1, . . . , Un and relations specified by polynomial recur-

rences using the ideal P ⊂ F[x1, . . . xn] and operators from the set Ω ⊂
∏n

i=1 End(Ui), we form

the vector subspace Ξ(P,Ω) ≤ U1 ⊗ · · ·Un described as the (P,Ω)-tensor product space. This

method has been used to compress the search space for tensor isomorphism problems [BMW22].

Throughout this dissertation, we use the tensor product vector space in the special case P =

(x2 − x1) and Ω ∼= F. Future work can dig into what kinds of tensors arise from (P,Ω)-tensor

products, and whether there are decomposition theorems for algebraic invariants of those tensors.

On a related front, we only analyze the derivation of products of bilinear maps due to the

obstruction found in the trilinear map case. Defining a generalized (P,Ω)-product of trilinear and

higher valence tensors may allow their derivation and other algebraic invariants to be analyzed.
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Appendix A

Examples for Simultaneous Sylvester and Derivation

Equations

A.1 Simultaneous Sylvester Equation Example

↑

Example A.1. Let F = Q, with a = b = r = s = 2 and c = 4. Define

R[:, :, 1] =



1 2

1 4


 , R[:, :, 2] =



3 1

4 3


 , R[:, :, 3] =



3 4

2 1


 , R[:, :, 4] =



0 2

1 0


 ,

S[:, :, 1] =



2 1

4 1


 , S[:, :, 2] =



3 2

5 2


 , S[:, :, 3] =



1 0

2 0


 , S[:, :, 4] =



4 1

2 3


 ,

T [:, :, 1] =



11 7

24 25


 , T [:, :, 2] =



19 10

44 23


 , T [:, :, 3] =



3 −1

20 15


 , T [:, :, 4] =



20 7

20 11


 .

The full system has the unique solution

X =



−1 1

2 3


 , Y =



4 2

3 1


 .

Now run the solve-and-lift algorithm with I = J = {1}.
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Double restricted. Set XI =

[
x1 x2

]
, and YJ =

[
y1 y2

]T
. The restricted system is




1 1 2 1

3 4 3 2

3 2 1 0

0 1 4 1







x1

x2

y1

y2




=




11

19

3

20




.

It has the unique solution XI =

[
−1 1

]
, and YJ =

[
4 3

]T
. Hence SDR = {(XI , YJ)}.

Row restricted. With Ĵ = {2},

MR =




2 1

3 2

1 0

4 1




, NR(XI , YJ) =




5

8

2

9




.

Solving MRŶ = NR(XI , YJ) gives Ŷ =



2

1


, and Y =



4 2

3 1


. So

SR =







[
−1 1

]
,



4 2

3 1










.

Column restricted. With Î = {2},

MC =




1 1

3 4

3 2

0 1




, NC(XI , YJ) =




5

18

12

3




.
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Solving MCX̂ = NC(XI , YJ) gives X̂ =



2

3


, and X =



−1 1

2 3


. So

SC =










−1 1

2 3


 ,



4

3










.

Lift to full. The pullback is P = {(zR, zC) ∈ SR × SC : πJ(zR) = πI(zC)} = {p0}, where

p0 :=
(
(XI , Y ), (X, YJ)

)
, XI = X[I, :], YJ = Y [:, J ].

Then Err(Ψ(p0)) =
(
XR[:, :, k] + S[:, :, k]Y − T [:, :, k]

)
k∈[4]

= 02×2×4. Therefore LiftRestricted

returns the unique solution (X, Y ) above.

A.2 Derivation Equation

↑

Example A.2. We illustrate the solution strategy on a 2 × 2 × 2 instance. Let a = b = c = r =

s = t = 2, and I = J = K = {1}. Define the slices

R[:, :, 1] = S[:, :, 1] = T [:, :, 1] =



1 0

0 0


 , R[:, :, 2] = S[:, :, 2] = T [:, :, 2] =



0 0

0 1


 ,

and let the unknowns be

X =



x11 x12

x21 x22


 , Y =



y11 y12

y21 y22


 , Z =



z11 z12

z21 z22


 .

We solve the derivation equations by solving the large linear system. The constraints are, for

k ∈ {1, 2}, X R[:, :, k] + S[:, :, k]Y = (TZ)[:, :, k].
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For k = 1, this is X



1 0

0 0


+



1 0

0 0


Y = z11T [:, :, 1] + z21T [:, :, 2]. This gives the relations



x11 + y11 y12

x21 0


 =



z11 0

0 z21


 ,

so y12 = x21 = z21 = 0, and x11 + y11 = z11. And for k = 2,

X



0 0

0 1


+



0 0

0 1


Y = z12T [:, :, 1] + z22T [:, :, 2],

gives the relations 


0 x12

y21 x22 + y22


 =



z12 0

0 z22


 ,

so z12 = x12 = y21 = 0, and x22 + y22 = z22. Combined, the solution space is

X =



α 0

0 β


 , Y =



γ 0

0 δ


 , Z =



α + γ 0

0 β + δ


 , α, β, γ, δ ∈ F,

We now construct the solution space using the steps described in this section.

Step 1: Triple-restricted solve. With I = J = K = {1}, the unknown blocks are XI =[
x11 x12

]
, YJ =

[
y11 y21

]T
, and ZK =

[
z11 z21

]T
, and the triple-restricted equation XIR[:

, J, 1]+S[I, :, 1]YJ = (TZK )[I, J, 1] is just the (1, 1)-entry of the k = 1 equation computed above.

This is the equation x11 + y11 = z11.

Step 2: Column-depth lift. Recall Î = [a] \ I = {2} and X̂ = X[Î , :]T =

[
x21 x22

]T
. Using

the notation from above:

MC =

[
(R[:, J, 1])T

]
=

[
1 0

]
, NC(XI , YJ , ZK) =

[
(TZK )[Î , J, 1]− S[Î , :, 1]YJ

]T
=

[
0

]
.
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So the equation MCX̂ = NC(XI , YJ , ZK) corresponds to the system

[
1 0

] [
x21 x22

]T
=

[
0

]
,

concluding x21 = 0.

Step 3: Row-depth lift. Recall Ĵ = [b] \ J = {2} and Ŷ = Y [:, Ĵ ] =

[
y12 y22

]T
. The matrices

to solve in the lift are

MR =

[
S[I, :, 1]

]
=

[
1 0

]
, NR(XI , YJ , ZK) =

[
(TZK )[I, Ĵ , 1]−XIR[:, Ĵ , 1]

]
=

[
0

]
.

So the equation MRŶ = NR(XI , YJ , ZK) corresponds to the system

[
1 0

] [
y12 y22

]T
=

[
0

]
,

concluding y12 = 0.

Step 4: Row-col lift. Recall K̂ = [c] \K = {2} and Ẑ = Z[:, K̂] =

[
z12 z22

]T
. The row-col lift

uses

MD =

[
vec(T [I, J, 1]) vec(T [I, J, 2])

]
=

[
1 0

]
,

ND(XI , YJ , ZK) = vec
(
XIR[:, J, 2] + S[I, :, 2]YJ

)
=

[
0

]
.

So the equation MDẐ = ND(XI , YJ , ZK) corresponds to the system

[
1 0

] [
z12 z22

]T
=

[
0

]
,

concluding z12 = 0.

Step 5: Pullback and final residual solve. Using the three lifts and the pullback conditions, the

compatible candidates are

X =



x11 x12

0 x22


 , Y =



y11 0

y21 y22


 , Z =



x11 + y11 0

z21 z22


 .

As a recap, Step 1 gives z11 = x11 + y11, Step 2 gives x21 = 0, Step 3 gives y12 = 0, and Step 4

gives z12 = 0. Now apply the final lift condition Err(X, Y, Z) = 0, where Err(X, Y, Z)[:, :, k] =
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X R[:, :, k] + S[:, :, k]Y − (TZ)[:, :, k]. For the candidate solution above,

X R[:, :, 1] =



x11 0

0 0


 , S[:, :, 1]Y =



y11 0

0 0


 , (TZ)[:, :, 1] =



x11 + y11 0

0 z21


 ,

X R[:, :, 2] =



0 x12

0 x22


 , S[:, :, 2]Y =




0 0

y21 y22


 , (TZ)[:, :, 2] =



0 0

0 z22


 ,

Hence the k = 1 equation X R[:, :, 1] + S[:, :, 1]Y = (TZ)[:, :, 1] forces z21 = 0, while the k = 2

equation X R[:, :, 2] + S[:, :, 2]Y = (TZ)[:, :, 2] forces x12 = 0, y21 = 0, and z22 = x22 + y22.

Using this information, the full derivation space matches what we computed initially as

X =



α 0

0 β


 , Y =



γ 0

0 δ


 , Z =



α + γ 0

0 β + δ


 , α, β, γ, δ ∈ F,
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Appendix B

Proof of Proposition 5.3

As a reminder, throughout, R and S are finite-dimensional unital non-associative algebras with

multiplication maps µR and µS . We will use the following notation.

X := Der(µR)⊠ C(µS), Y := C(µR)⊠Der(µS),

N := ι20(L(µR)⊠ L(µS)) + ι10(R(µR)⊠R(µS)) + ι21(M(µR)⊠M(µS)).

The argument starts from the decomposition Der(µR ⊗ µS) = X + Y +N given by Theorem D.

Since algebra derivations are diagonal triples, it is enough to analyze the diagonal of X + Y +N .

We first show that the diagonal of X + Y + N is the sum of the diagonal triples of the three

summands, and then identify each piece with the corresponding terms in Brešar’s decomposition.

Lemma B.1. If A is a unital algebra and µ : A × A ↣ A is its multiplication tensor, then µ is

fully nondegenerate.

Proof. The equalities µ(a, 1) = a and µ(1, a) = a force both the left and right radical to be 0, and

span(µ(A,A)) = A since every a ∈ A equals µ(a, 1).

Applying Lemma B.1 to R and S, we conclude the multiplication tensors µR and µS are fully

nondegenerate. The map d 7→ (d, d, d) identifies the derivation algebra of A, Dalg(A), with the

diagonal triples of Der(µA). For x ∈ A, write λx(a) := xa and ρx(a) := ax for the left and right

multiplication operators. Recall the definitions for a unital algebra A [Sch95, Ch. I, §2, p. 10]:

(left nucleus) Nucℓ(A) := {x ∈ A : ∀a, b ∈ A, (xa)b = x(ab)},

(middle nucleus) Nucm(A) := {y ∈ A : ∀a, b ∈ A, (ay)b = a(yb)},

(right nucleus) Nucr(A) := {z ∈ A : ∀a, b ∈ A, a(bz) = (ab)z},

(nucleus) Nuc(A) := Nucℓ(A) ∩ Nucm(A) ∩ Nucr(A),
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(center) Z(A) := {c ∈ Nuc(A) : ∀a ∈ A, ca = ac}.

We do not separately define the centroid of an algebra A, since in the unital case it identifies

canonically with the center. The corresponding tensor invariants are as follows.

Proposition B.2. Let A be a unital algebra with multiplication tensor µ. Then

M(µ) = {(ρy, λy) : y ∈ Nucm(A)}, L(µ) = {(λx, λx) : x ∈ Nucℓ(A)},

R(µ) = {(ρz, ρz) : z ∈ Nucr(A)}, C(µ) = {(λc, λc, λc) : c ∈ Z(A)}.

Proof. We prove M(µ) = {(ρy, λy) : y ∈ Nucm(A)}.

For ⊆, let (α, β) ∈ M(µ). Then for all a, b in A, (α(a))b = a(β(b)). Setting b = 1 gives

α(a) = a β(1), so α = ρy with y = β(1). Setting a = 1 gives β(b) = α(1) b, so β = λy

with y = α(1). Hence y = α(1) = β(1) and (ay)b = a(yb), so y ∈ Nucm(A). Therefore

(α, β) = (ρy, λy) is in the right-hand side.

For ⊇, let y ∈ Nucm(A). Then for all a, b ∈ A, (ρy(a))b = (ay)b = a(yb) = a(λy(b)), so

(ρy, λy) ∈ M(µ).

The equations for L(µ) and R(µ) are proved identically. Finally,

C(µ) = {(α, β, γ) : µ •2 α = µ •1 β = µ •0 γ}

= {(α, β, γ) : (α, β) ∈ M(µ), (α, γ) ∈ L(µ), (β, γ) ∈ R(µ)}.

Using the previous three parts, let (α, β, γ) ∈ C(µ). Then (α, γ) = (λx, λx), (β, γ) = (ρz, ρz), and

(α, β) = (ρy, λy) for some x ∈ Nucℓ(A), z ∈ Nucr(A), y ∈ Nucm(A). Hence λx = ρz, λx = ρy,

and ρz = λy, so x = y = z =: c and λc = ρc. Thus c ∈ Nucℓ(A) ∩ Nucm(A) ∩ Nucr(A) and

ca = ac for all a. This means c ∈ Z(A).

Conversely, if c ∈ Z(A) then (λc, λc, λc) ∈ C(µ).
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Definition B.3. Let V be a vector space. For a subspace W ≤ End(V )3, define W diag := {d ∈

End(V ) : (d, d, d) ∈ W} ≤ End(V ).

For u ∈ Nuc(A), let ad(u) := λu − ρu. A standard fact from algebra gives ad(u) ∈ Dalg(A).

The following proposition is key to identifying the ad(u) piece of Brešar’s decomposition.

Proposition B.4. LetA be a unital algebra with multiplication tensor µ, and letNA := ι20(L(µ))+

ι10(R(µ)) + ι21(M(µ)). Then Ndiag
A = ad(Nuc(A)).

Proof. For ⊇, let u ∈ Nuc(A). By Proposition B.2, (λu, λu) ∈ L(µ), (ρu, ρu) ∈ R(µ), and

(ρu, λu) ∈ M(µ). Hence ι20(λu, λu) − ι10(ρu, ρu) + ι21(ρu, λu) = (ad(u), ad(u), ad(u)) ∈ NA,

so ad(u) ∈ Ndiag
A .

For ⊆, let d ∈ Ndiag
A . Then (d, d, d) ∈ NA, so (d, d, d) = ι20(α, γ) + ι10(β, γ

′) + ι21(α
′, β′).

By Proposition B.2, there exist a ∈ Nucℓ(A), b ∈ Nucr(A), and c ∈ Nucm(A) with

(α, γ) = (λa, λa), (β, γ′) = (ρb, ρb), (α′, β′) = (ρc, λc).

Therefore (d, d, d) = (λa − ρc, ρb + λc, λa + ρb). Comparing components gives ρb = −ρc, and

λa = λc. Since A is unital, left and right multiplication are injective, so a = c, and b = −c.

Hence c ∈ Nucℓ(A) ∩ Nucm(A) ∩ Nucr(A) = Nuc(A) and (d, d, d) = (ad(c), ad(c), ad(c)), so

d ∈ ad(Nuc(A)).

For the rest of this section, also let NR := ι20(L(µR)) + ι10(R(µR)) + ι21(M(µR)), and

NS := ι20(L(µS)) + ι10(R(µS)) + ι21(M(µS)).

For a unital algebra A, define the defect map

ϵA : End(A)3 → A2, ϵA(α, β, γ) := (α(1A), β(1A)).

This definition extends to subspaces U ≤ End(A)3 as ϵA(U) := {ϵA(u) : u ∈ U}. The following

shows the triples in Der(µA) with zero defect come from algebra derivations.
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Lemma B.5. (Der(µA) ∩Ker(ϵA))
diag = Dalg(A).

Proof. Let d ∈ (Der(µA) ∩ Ker(ϵA))
diag. Then (d, d, d) ∈ Der(µA) and ϵA(d, d, d) = 0, so

d(1A) = 0. Since (d, d, d) ∈ Der(µA), we have d(x)y + xd(y) = d(xy) for all x, y ∈ A, hence

d ∈ Dalg(A).

Conversely, if d ∈ Dalg(A), then (d, d, d) ∈ Der(µA). Setting y = 1A in d(xy) = d(x)y+xd(y)

gives d(x) = d(x)+xd(1A) for all x ∈ A, so xd(1A) = 0 for all x. Taking x = 1A gives d(1A) = 0.

Thus (d, d, d) ∈ Ker(ϵA), so d ∈ (Der(µA) ∩Ker(ϵA))
diag.

Remark B.6. For any subspace W ≤ Der(µA), W ∩ Ker(ϵA) = {(d, d, d) : d ∈ W diag}. Indeed,

if (α, β, γ) ∈ W ∩ Ker(ϵA), then substituting 1A in each slot of the derivation identity gives

α = γ = β.

For A = R⊗ S, if (α, β, γ) ∈ End(R)3 and (f, g, h) ∈ End(S)3, then evaluating ϵA gives

ϵA
(
(α, β, γ)⊠ (f, g, h)

)
= (α(1R)⊗ f(1S), β(1R)⊗ g(1S)). (B.1)

We shall also need the following for the proof.

Remark B.7. If z ∈ Z(S), then u⊠(λz, λz, λz) ∈ N for every u ∈ NR. Analogously, if c ∈ Z(R),

then (λc, λc, λc)⊠ v ∈ N for every v ∈ NS .

Proof. By Proposition B.2, z ∈ Z(S) gives (λz, λz) ∈ L(µS), (ρz, ρz) ∈ R(µS), and (ρz, λz) ∈

M(µS). Writing u = u20 + u10 + u21 with u20 ∈ ι20(L(µR)), u10 ∈ ι10(R(µR)), and u21 ∈

ι21(M(µR)), each uij ⊠ (λz, λz, λz) lies in the matching summand of N , hence so does the sum.

The second statement is analogous.

The following key lemma lets us understand the output of Theorem 3.39 in the context of algebra

derivations.

Lemma B.8. With the notation above,

(X + Y +N)diag = Xdiag + Y diag +Ndiag.
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Proof. The inclusion Xdiag + Y diag +Ndiag ⊆ (X + Y +N)diag is immediate.

We now prove the converse. Let d ∈ (X + Y + N)diag and write (d, d, d) = x + y + n with

x ∈ X , y ∈ Y , and n ∈ N . Let ER := ϵR(Der(µR)), FR := ϵR(NR), ES := ϵS(Der(µS)),

and FS := ϵS(NS). Thus ER and ES are the defects of the full derivation algebra, while FR and

FS are the defects of the nucleus summands NR and NS . This gives the relations FR ≤ ER and

FS ≤ ES . Now view ER ⊗Z(S) as a subspace of A2 by (a, b)⊗ z 7→ (a⊗ z, b⊗ z), and similarly

for Z(R)⊗ ES , FR ⊗ S, and R⊗ FS . We prove a sequence of intermediate claims before putting

it all together.

Claim 1. We prove

ϵA(X) = ER ⊗ Z(S), ϵA(Y ) = Z(R)⊗ ES. (B.2)

We prove the direction ϵA(X) ≤ ER ⊗ Z(S). Every element of X = Der(µR) ⊠ C(µS)

is a sum of terms δ ⊠ (λz, λz, λz) with δ = (α, β, γ) ∈ Der(µR) and z ∈ Z(S). By (B.1),

ϵA
(
δ ⊠ (λz, λz, λz)

)
= (α(1R)⊗ z, β(1R)⊗ z) ∈ ER ⊗ Z(S), so ϵA(X) ≤ ER ⊗ Z(S).

Conversely, if ϵR(δ) = (a, b) ∈ ER and z ∈ Z(S), then (a⊗ z, b⊗ z) = ϵA
(
δ ⊠ (λz, λz, λz)

)
,

and such pure tensors span ER ⊗ Z(S). Hence ϵA(X) = ER ⊗ Z(S), and the formula for ϵA(Y )

is analogous.

Claim 2. We prove

ϵA(Y ) + ϵA(N) ≤ FR ⊗ S, ϵA(X) + ϵA(N) ≤ R⊗ FS. (B.3)

Let Z(R)2 denote the subspace of R2 whose two components lie in Z(R). We show Z(R)2 ≤

FR. Let c, d ∈ Z(R) ⊆ Nuc(R), then (λc, λc) ∈ L(µR) and (ρd, ρd) ∈ R(µR), so (c, 0) =

ϵR(ι20(λc, λc)) and (0, d) = ϵR(ι10(ρd, ρd)), concluding (c, d) ∈ FR. Every element of Y =

C(µR) ⊠ Der(µS) is a sum of terms (λc, λc, λc) ⊠ δ with c ∈ Z(R) and δ = (f, g, h) ∈ Der(µS).
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By (B.1),

ϵA
(
(λc, λc, λc)⊠ δ

)
= (c⊗ f(1S), c⊗ g(1S)) ∈ Z(R)2 ⊗ S ⊆ FR ⊗ S,

so ϵA(Y ) ≤ FR ⊗ S.

If t = ι20(u ⊠ v) with u = (α, γ) ∈ L(µR) and v = (f, h) ∈ L(µS), then ϵA(t) = (α(1R) ⊗

f(1S), 0). Since ϵR(ι20(u)) = (α(1R), 0) ∈ FR, this gives ϵA(t) ∈ FR ⊗ S. The ι10 and ι21 cases

are the same, and the R⊗ FS case is analogous.

Claim 3. We prove

ϵA(X ∩N) = FR ⊗ Z(S), ϵA(Y ∩N) = Z(R)⊗ FS. (B.4)

For the inclusion ϵA(X ∩N) ⊆ FR⊗Z(S), use X ∩N ≤ X and X ∩N ≤ N together with (B.2),

(B.3), and Lemma 2.4:

ϵA(X ∩N) ⊆ (ER ⊗ Z(S)) ∩ (FR ⊗ S) = FR ⊗ Z(S).

Let u ∈ NR and z ∈ Z(S). Since z ∈ Z(S), we have λz = ρz, so (λz, λz, λz) ∈ C(µS). By

Remark B.7, u⊠ (λz, λz, λz) ∈ X ∩N . Writing ϵR(u) = (a, b), (B.1) gives ϵA
(
u⊠ (λz, λz, λz)

)
=

(a ⊗ z, b ⊗ z) ∈ ϵA(X ∩ N). Since such simple tensors span FR ⊗ Z(S), this gives the reverse

inclusion. The second equality is analogous.

These claims imply

ϵA(X)∩
(
ϵA(Y ) + ϵA(N)

)
= ϵA(X ∩N), ϵA(Y )∩

(
ϵA(X) + ϵA(N)

)
= ϵA(Y ∩N). (B.5)

Indeed, ϵA(X) ∩
(
ϵA(Y ) + ϵA(N)

)
⊆ (ER ⊗ Z(S)) ∩ (FR ⊗ S) = FR ⊗ Z(S) = ϵA(X ∩ N),

and the reverse inclusion is immediate since X ∩ N ≤ X and X ∩ N ≤ N . The second equality

is analogous.
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Putting it all together. Since (d, d, d) ∈ Der(µA) is diagonal, the proof of Lemma B.5 gives

(d, d, d) ∈ Ker(ϵA), so ϵA(x) = −ϵA(y)−ϵA(n) ∈ ϵA(Y )+ϵA(N) and ϵA(y) = −ϵA(x)−ϵA(n) ∈

ϵA(X)+ϵA(N). Thus by (B.5), ϵA(x) ∈ ϵA(X∩N) and ϵA(y) ∈ ϵA(Y ∩N). Choose xN ∈ X∩N

and yN ∈ Y ∩N with ϵA(xN) = ϵA(x) and ϵA(yN) = ϵA(y).

Let x0 := x − xN , y0 := y − yN , and n0 := n + xN + yN . Then x0 ∈ X ∩ Ker(ϵA),

y0 ∈ Y ∩Ker(ϵA), and n0 ∈ N with

ϵA(n0) = ϵA(n) + ϵA(xN) + ϵA(yN) = ϵA(n) + ϵA(x) + ϵA(y) = ϵA(x+ y + n) = 0,

so n0 ∈ N ∩ Ker(ϵA). By Remark B.6, x0 = (dX , dX , dX), y0 = (dY , dY , dY ), and n0 =

(dN , dN , dN) for dX ∈ Xdiag, dY ∈ Y diag, dN ∈ Ndiag. Hence d = dX + dY + dN ∈ Xdiag +

Y diag +Ndiag as needed.

Lemma B.9. With the notation above, Xdiag = Dalg(R)⊗ Z(S) and Y diag = Z(R)⊗Dalg(S).

Proof. We prove the formula for Xdiag. The inclusion Dalg(R) ⊗ Z(S) ⊆ Xdiag is immediate,

since in the unital case c 7→ (λc, λc, λc) identifies Z(S) with C(µS).

For the reverse inclusion, let u ∈ Xdiag, so (u, u, u) ∈ X . Choose a basis z1, . . . , zm of

Z(S). By Proposition B.2, the triples (λzi , λzi , λzi) form a basis of C(µS). Hence there exist

di = (d2,i, d1,i, d0,i) ∈ Der(µR) such that

(u, u, u) =
( m∑

i=1

d2,i ⊗ λzi ,

m∑

i=1

d1,i ⊗ λzi ,

m∑

i=1

d0,i ⊗ λzi

)
.

Evaluating the three components on r ⊗ 1S gives

m∑

i=1

d2,i(r)⊗ zi =
m∑

i=1

d1,i(r)⊗ zi =
m∑

i=1

d0,i(r)⊗ zi

for all r ∈ R, so d2,i = d1,i = d0,i for each i. Thus each di is of the form di = (δi, δi, δi) with

δi ∈ Dalg(R), and u =
∑m

i=1 δi ⊗ zi ∈ Dalg(R)⊗ Z(S). The formula for Y diag is analogous.
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Proof of Proposition 5.3. By Theorem D, Der(µR⊗µS) = X+Y+N . By the proof of Lemma B.5,

diagonal triples in Der(µR ⊗ µS) are algebra derivations of R⊗ S. Using Lemmas B.8 and B.9,

Dalg(R⊗ S) = (X + Y +N)diag = Dalg(R)⊗ Z(S) + Z(R)⊗Dalg(S) +Ndiag.

By Theorem C, N = ι20(L(µR⊗µS))+ ι10(R(µR⊗µS))+ ι21(M(µR⊗µS)), so Proposition B.4

gives Ndiag = ad(Nuc(R ⊗ S)). Finally, the nucleus identity Nuc(R ⊗ S) = Nuc(R) ⊗ Nuc(S)

[Bre17, p. 2] gives

Ndiag = ad(Nuc(R⊗ S)) = ad(Nuc(R)⊗ Nuc(S)).

Therefore Dalg(R⊗ S) = Dalg(R)⊗ Z(S) + Z(R)⊗Dalg(S) + ad(Nuc(R)⊗Nuc(S)), which is

the subspace form of Equation (5.2).
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Appendix C

Tensor Product Bilinear Map Decomposition

Examples

C.1 Nucleus decomposition

↑

Example C.1. We decompose (x, y) ∈ M(s⊗t) as sum of terms from M(s)⊠M(t). Let F = F5.

Let s, t : F2 × F2
↣ F be given by 2 × 2 matrices S = E11 + E12 + E22 and T = I2, where Eij

denote matrix units. Consider

X =




1 0 0 0

0 0 0 0

0 0 0 0

0 0 0 1




, Y =




1 0 1 0

0 0 0 4

0 0 0 0

0 0 0 1




,

for which we verify X(S ⊗ T ) = (S ⊗ T )Y . Let x, y be the operators corresponding to X and

Y . Set p := (s ⊗ t) •2 x and q := (s ⊗ t) •1 y, where p = q. Thus (x, y) ∈ M(s ⊗ t). A direct

calculation gives

p = q = (E11 + E12)⊗ E11 + E22 ⊗ E22.

We read off local equalities:

p = q = u1 ⊗ v1 + u2 ⊗ v2, u1 = E11 + E12, v1 = E11, u2 = E22, v2 = E22.
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Choose

(α1, β1) = (E11, E11 + E12), (f1, g1) = (E11, E11),

(α2, β2) = (E22, 4E12 + E22), (f2, g2) = (E22, E22).

It suffices to check that ui = s •2 αi = s •1 βi and vi = t •2 fi = t •1 gi for each i ∈ {1, 2}.

Therefore x = κ2(α1 ⊗ f1) + κ2(α2 ⊗ f2), and y = κ1(β1 ⊗ g1) + κ1(β2 ⊗ g2).

To summarize, we’ve decomposed (x, y) as the sum (α1, β1)⊠ (f1, g1) + (α2, β2)⊠ (f2, g2) in

M(s)⊠M(t).

C.2 Derivation decomposition

↑

Example C.2. We decompose (δ(2), δ(1), δ(0)) ∈ Der(s⊗t) as sum of terms from Der(s)⊠C(t) and

M(s)⊠M(t). Let F = F5. Let s, t : F2×F2
↣ F be given by 2×2 matrices S = E11+E21+E22

and T = I2, where Eij denote matrix units. Consider ∆ = (∆(2),∆(1),∆(0)).

∆(2) =




1 0 0 0

0 1 0 0

0 0 1 0

0 1 0 0




, ∆(1) =




0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 1




, ∆(0) =

[
1

]
,

for which we verify ∆(2)(S⊗T )+(S⊗T )∆(1) = (S⊗T )∆(0)
. Let δ = (δ(2), δ(1), δ(0)) ∈ Der(s⊗t)

be the operators corresponding to ∆. Set p := (s⊗t)•2δ(2), q := (s⊗t)•1δ(1), and r := (s⊗t)•0δ(0),

where p+ q = r. A direct calculation gives

p = (E11 + E21)⊗ I2 + E22 ⊗ E11,

q = E22 ⊗ I2 − E22 ⊗ E11,

r = (E11 + E21 + E22)⊗ I2 + 0⊗ E11,
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so p+ q = r. We read off local equalities:

p = a1 ⊗ x1 + a2 ⊗ x2, a1 = E11 + E21, x1 = I2, a2 = E22, x2 = E11,

q = b1 ⊗ y1 + b2 ⊗ y2, b1 = E22, y1 = I2, b2 = −E22, y2 = E11,

r = c1 ⊗ z1 + c2 ⊗ z2, c1 = S, z1 = I2, c2 = 0, z2 = E11.

They are chosen so ai ⊗ xi + bi ⊗ yi = ci ⊗ zi for all i ∈ {1, 2}. Let αD = E11 + E21, fD =

I2, βD = E22, gD = I2, γD = 1, hD = 1. Then

a1 = s •2 αD, x1 = t •2 fD, b1 = s •1 βD, y1 = t •1 gD, c1 = s •0 γD, z1 = t •0 hD,

with (αD, βD, γD) ∈ Der(s) and (fD, gD, hD) ∈ C(t).

Similarly, let αN = 4E21 + E22, fN = E11, βN = E22, gN = E11. Then a2 = s •2 αN , x2 =

t•2fN , and b2 = −s•1βN , y2 = t•1gN , meaning (αN , βN) ∈ M(s), (fN , gN) ∈ M(t). Therefore

(δ(2), δ(1), δ(0)) = (αD, βD, γD)⊠ (fD, gD, hD)− ι21
(
(αN , βN)⊠ (fN , gN)

)
.

This writes (δ(2), δ(1), δ(0)) as the sum of a term from Der(s)⊠ C(t) and a term from ι21
(
M(s)⊠

M(t)
)
.
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