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ABSTRACT

In this report the design of a digital band pass filter is discussecd.
It consists of an approximation to the ideal rectangular frequency
filter. The data are convoluted with a truncated Sinc function.
Theoretically, the Fourier transform (Frequency response) of the
Sinc function is the ideal low pass filter in the frequency domain.
The difference of two such low pass filters of different cut-off
frequencies gives a band pass filter with a suitably chosen narrow
bandwidth., A band pass filter consisting of a truncated Sinc function
does not have ideal shape, but by keceping the truncation limits 6 to 8
times wider than the main lobe of the Sinc function, this filter has a
sharper cut-off than that used by Blackman-Tukey,

The filter is applied to the determination of properties of
particular frequency components of wind water waves. These com-
ponents are filtered from the original record of water surface dis-
placement with the aid of a digital computer, In this manner the
statistical properties of the water surface, which include wave
spectra, auto-correlation, and space-time correlation were studied.

The variance calculated from a filtered time series of particular

frequency component represents the wave energy at that filtered

iii



frequency band. Spectra constructed by this technique are in good
agreement with those obtained by the Blackman-Tukey method.
Filtered space-time correlations showed that the propagation speed
of a water wave is independent of frequency component, and is

governed by the dominant frequency of original time series only.
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Chapter I

INTRODU CTION

1.1 Purpose

When wind blows over the surface of moving or standing water,
waves will be generated, These waves have different properties at
different fetches or wind velocities. Part of these properties, such
as the energy spectrum, and the basic propagation speed of the waves
can easily be obtained from the original wave record by calculating ,
respectively, the variance spectrum of the record and the cross-
correlation between simultaneous records taken at stations a short
distance apart., These techniques do not permit inferring all the
properties of the random water wave data associated with a particular
frequency component. The wave record is mostly characterized by
the wave components near the peak of the energy spectrum. However,
freql;ency components associated with the first and second harmonic
of the frequency of the peak also play a very important role in
describing the wave shape.

For studying therﬁ, it is necessary to isolate a time series
associated with a particular frequency component from the given
original time series., In the time domain, if we introduce a weight

function W(t) and apply it to the origina’ wave record yl(t) a weighted

running mean or convolution is obtained:



X, (W, t)) :tf 4oty W (-t )dt 1-1)

The Fourier transform of Eq. 1-1 is found, by the convolution

theorem of Fourier integral theory to:

Aecwd = [ A ] T (et (1-2)

For this study, a weight function » j(t) is chosen which yields a
low pass filter, with a cut-off frequency of wj, say , repeating the

filtering with a different cut-off frequency ., and taking the differ-

2)
ence of the two filtered functions, then a band pass filtered time series

x(w, t) is obtained:

X(wt) = X (w,t)- Xy (w;,t) . (1-3)

where amplitude spectral density is given to

Alw, ~w,) = A (w) [ F.T_(w,<t> - wz<t>)] ) (1-4)

where the term in {} yields aband pass filter with center frequency
(0 + w,) i "
1 2//2 and band width about Wy w
An ideal band pass filter which passes only the frequency com-
ponents within the band requires a weight function which extends from

- » <t< o, Consequently, some compromise has to be made,



In this thesis, most of the effort is directed towards designing a
filter whose properties resemble those of the ideal filter, The
weight function chosen is the truncated sinc-function, and a major

problem was to obtain its Fourier transform.,

1.2 Literature Review

Holloway (1958) combined most of the pertinent information of
filtering and smoothing into a concise, simple form. He discussed
different filters. The frequency response function of a filter is defined
as the transform function R(f) of a given weight function w(t) with

which the data record is convoluted, It is given as:

e

Rf) = Re[ / w(ﬂexpczmﬁ)d‘.]

“-@

r‘@
= Jl Ww(t) Cos (Z‘tt)('t)d't 7 (1-5)

-

where R(f) is frequency response function, and w (t) is weight
function.

Holloway discussed the theoretical frequency response of the
following low pass filters:

(a) The equal weight filter which is defined by:
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where 4 is the height of the weight function,

(b) The filter defined by the normal probability curve:

()

Wiet) = (2T A ) exp (~t*/2?

where a 1is the standard deviation, and
(c) The filter given by the exponential function:

() y TN O

Wit = 1
(XN expct/xy t £

where ) is the lag coefficient,

The frequency response curves of (a}, (b), and (c) are shown in
Fig. 1. Unfortunately, none of these curves is ideal, because they do
not give a sharp cutoff frequency. (Usually, the cutoff frequency is
taken as the frequency where the response drops to 1 or 2 percent.)
Furthermore, large side lobes of the filter cauée a leakage into bands
beyond the cutoff frequency. If a band pass filter is constructed from
these stated weight func.tions, its shape is even less satisfactory thar
that of low pass filters. Theoretically, the ideal low pass filter must

be a rectangular window:
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Fig. 1. Comparison of frequency response curves of equal weight,
norrnal probability, and exponential curves.



RiCt) = {
L o , s

Unfortunately, the corresponding weight (filter) function is:

w(t) :f R(fyexpc 2mift)df

fe
= 2[ Cos (Zﬂff)df

- _Stne2mfdt o,
sy (25

ZJ(C Sin (2f<'t) ’ (1-6)

which extends from - « to + ». In discussing this weight function,
Holloway states: ''This smoothing function is a damped wave extending
forward and backward in time from the origin. However, because the
damping is rather slow, this function wil- often be impractical to use,
since it will extend over so much of the series to be smoothed. The
function can, of course, be tak.en to be zero (truncated) at some con-
venient distance on each side of the origin, but this alters the response
in an undesirable way, and the closer to the origin it is truncated, the
less desirable the response becomes.' Figure 2 shows the comparison
of frequency response of Sinc, truncated Sinc (truncated beyond the
first negative lobes on either side of central positive lobe), and normal _

curve smoothing function.
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For application to weather records, which are influenced by a
solar cycle of about 11 years, Brier (1961) designed an empirical band
pass filter function, which has a unit frequency response at a period
of 11 years, decreasing to zero at 22 years and 5.5 years. By this
particular weight function, he obtained a satisfactory analysis of
weatherArecords.

Besides Holloway and Brier, Wiener (1949), Blackman-Tukey
(1958), Jenkins (1961), Parzen (1961), Goodman (1962) made important
contributions to the development of optimum filter shapes.

None of these authors gave a further detailed discussion of the trun-
cated Sinc function, Although this function oscillates about the zero
axis and converges only slowly, a fairly good frequency response func-
tion can be obtained from it if it is truncated at a suitable distance
from both sides of the origin. The limitation of the truncation distance
is imposed by the number of data points discarded because of the
filtering process, and by the computing time of the digital computer,
For example, if the digitized time spacing of a time series is 0.025
seconds and the time series to be filterec out has a central frequency

f Hz, then the number of points to be discarded is:

where a is the ratio of the length of Sinc function to the length of the



main lobe of that function (cf., Sec. 2.1, Fig. 3), B is the band width in
terms of the filtered central frequency I. Egquation 1-3 shows that the
smaller values of «, B and larger frequencies will give a smaller
number of discarded points. Practically, if f =2, 8=1/4, and @ = 8§,
the total number of discarded data points (corresponding to the length
of the Sinc function) will be about 200. For a long piece of record,
say 2000 points, the discarded points (1C0 points on both ends of the
record) is a small portion, which is inversely proportional to the
filtered central frequency.

Detailed calculation of the filter shane of the truncated Sinc func-

tion and its application will be discussed in later chapters.
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Chapter II

THEORETICAL BACXGROUND

2.1 Filter Characteristics

2.1.1 Moving Average with Filter

Theoretically, the Fourier transform of Sinc function is a
rectangular window. Based on this, the Sinc function is chosen to
be the ideal low pass filter. If the length TS of the main lobe of the
Sinc function is suitably set, then by the definition of the running
mean, the time series Ql(wl’ t), which consists of all different
frequency components from zero up to «,, would be:

1

. 53 .
X,(k).,t&) = lim _ﬁf g_l(t)ﬂ;nc(_i_l_:;_t_) dt

To =~ T}—%'
..L
= §,¢t) Sinc ( : ) (2-1)

where w, = 21r/TS , and To is the lengta of the rectangular window

(see Fig. 3). Furthermore, if the lengta of the main lobe of the Sinc

function is changed to (Ts + 2 At), then

X (e ty) = g<“5“C(T+ZAf) » (2-2)

where wo = 0 - Aw = 27r/(TS +24t), and Aw is the bandwidth,

The time series ?{2( w,, t) contains all frequencies from zero

2’

to o the rest are filtered out by the filter function. If we subtract
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322 from 'fl , the desired, filtered time function x(w , t), which

contains frequency components from w, to w4 is then obtained:
&

X(W,t) = X, (w, 1) = Xz (wy,t) (2-3)

If the bandwidth of the filter Aw | is small enough, then x(w,t)
could be considered to be a time series solely at a central frequency
w, w =(wl+w2)/2.

2.1.2 Truncated Sinc Function

By introducing an ideal low pass filter (Sinc function) in the
time domain, a spectrum in the frequency domain will be found which
is flat from the very high frequency component down to the cutoff
frequency. Practically, to obtain a true rectangular filter, the Sinc-
function must be extended over a very long record, requiring prac-
tically an infinite length of a record of time series for the application
of Sinc function. This is clearly impossible, Also, from an economic
point of view, a short length of record is desired. For these two
reasons, a moderate length of Sinc function is chosen, which is suf-
ficiently long so as not to materially affect the accuracy.

In order to have a limited length of Sinc function, we are forced

to introduce a rectangle function in Eq. (2-1) (see Fig. 3):
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Construction of band pass filter by truncated Sinc function,
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S = ‘t.- t; -t
X wot) = LTf 4.(x,t) Sinc (—Lit—)ﬂ(—‘-ﬁ—)dt

) (2-4)

Equation (2-4) is a convolution integral. Sirce the Fourier transform
of the convolution of the two functions X and Y is equal to the pro-
duct of the Fourier transforms of X and Y (see Ron Bracewell,
"The Fourier Transform and Its Application', p. 111). The Fourier

transform of Eq. (2-4) becomes:

Adwd = [ A | F T Csime (U2t T (32Ey) (2-5)

The width of the main lobe of the Sinc function is (TO +2At). Then

the Fourier transform of Eq. (2-4) becomes:

T % o
fecwn) = [ At | BT Csine (R ) I (H55)) (2-6)

The spectrum at central frequency v (w=(w;+w,)/2)is given by:

A)( (('07. “’wl)

= A {FT.[sime (M (A2t )]-F.T[s:nc(*"';t)][(ﬁ%)]} (2-7)

Tt
This result is applied in this thesis for filtering wave data., The

details of Eq. (2-7) are discussed in the remainder of this chapter,
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2.1.3 Frequency Response of Truncated Sinc Function

Consider the function:
S w %
F(t) = Sine (2—1};—)_“ (—T—D)

The Fcurier transform of this function is given by:

A, (w00 =f Sinc (%) I ("%)CXP (-lwt) dt

-0

i)
)

=.fT F ) exp (-fwt) ot

2

(2-8)
As To approaches infinity:
T
Arc (@) = 3 T(3) (2-9)
where II(1/2) is a rectangular window with unit height and base,
Actually, To is finite, so that
p— 1; 2] o -e )
A= Elsm (B3 + s (F-19)) (2-10)

where Si is a function discussed during th= detailed derivation of

Eq. (2-10) in Appendix 1,

Let o =T /T
O s

ratio of length of rectangular function to the length
of main lobe of the Sinc function.

Rewriting Eq. (2-10) in terms of o  we get:

Ar, (. 2%[5: (T + “—29 )+ Si(mot- 2B

ST )] (2-11)
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Since @ Ts = 2T = Const, then w=2nf = 21r/Ts. For any
value of TS, the cutoff frequency w is obtained.

2.1.4 Filter Shape and Error Estimation

If the length of the main lobe of the Sinc function Ts in Eq.

(2-8) is changed to TS + 2 AT, then Eq. (2-11) becomes:

Ts +24¢ . X (T +24at)w
A (Wa) = 5% [S'(’rtd+ > )
S (Mo~ ALTmr208) 0 3] (2-12)
and the filter shape (FYS) is:
FS(warw) = A (W) - Ap (w2) (2-13)

To solve (2-13) numerically, we can rewrite (2-8) as:

WAT; \2 WaTs
(Tat+=3+) o R
D) = ‘*’UT 2
Ar, @) = g% [ (Tas 955 )[ s 551 ]
uodt«. WAT &
_WNT (M - —5— ) (Lot - 5 )
R b e R e | T

(To- L2Ty> (o -25E ")‘f_ y ]

W) = T; _-—t-
Ay (w2) {(‘(Co(-t )[ 3t 575

, _ WOz _ WA T\
W Ty >[(_('ﬂi°‘ 2 )+ (Tt > ) _ _]} (2-15)

+ (M-
(m > 33 55
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where Ts = TS + 2 At, and the filter shape will become:

FS(Wanwi) = Ap(wid) = Ay (W)

WATs 2 WA T3 4

= B (o s QI [ _(rd+ =57y (R +—) ]

= 2% { (T =5E)[ a1 5-5|
o\ Wo Ty
TR e o L e o ]}
TS5 )[‘ 33 ° 55|

——13-,{(1'[01»(‘0“3"’ )[ (- (ol +w——1——dn)z (de——wjn—)“_ ]

27 2 3-3) 5.5
Wt T a w 4

+ (‘[d—ml)[“' (cd - 2. s) . (o - °2l_‘;)4‘_‘._.]

2 3.3 5-5)

(2-16)

For a detailed derivation of Eq. 2-16 see Appendix 2,

2.2 Practical Consideration During Filter Application

2.2.1 Filter Function (Sinc Function)

The Sinc function curve is computed from its definition:

Sin(mx)
mX

Sinc(x) =
where m = 3,141592654. The computer program for Eq. (4.2) is
shown in Appendix 3 and its results are shcwn in Table 1, Comparfson
of these computed results and those given in mathematical tables

shows that the errors are less than 0.1%. The computed Sinc function

curves for central frequency equals 1 Hz are shown in Fig. 3.



Table 1.

SINC(IMI=
6.1R56693E-03
=3,9229632E-02
«2.3179994E~n¢
34469270 7E=-02
4,)875RQ0F-n¢2
=2.2731519E~02
5. 70534e9E=-0¢
2+5056214E-03
6.9096915E~-02
2.h7896RK1E=-02
=T«3R51372E=02
=6He5739458E~02
6.5R20653E-n2
12235897E-01
=3.b6U1581E~0¢
=2.1382438E=01
-4.7423454E=02
4.,8756829E-01
9.5037976E-01
B.9044615E~=01
3.b67883y1E=01
=1+1715475E~01
=1.9651743E=-01
6.2095840E=03
1.2832284E=-01
3.4154972E=02
-8.1K25201E-02
«5.7426973E-02
4.4547109E=02
6.2333358E=02
=14641964E=-07
=5,7698772E=n2
~B.3688464E=03
4.6753124E-02
2+44368712E=-02
=3.2184801E=02
=3e3443910E=0¢2

SINC (M) =
1.2143601E=02
441937644 TE=02
3.9805455E=03
4.,77752R5E=-02
«2.4702507E=02
-4,7276634E=02
5.1226399E~02
3.7365279€E=-02
«8.40918859E~=0¢
=1.2317141E=02
1.2821359E~01
=4.5177K10E=0¢
=2.1008606E=01
245023565E=01
9. 1R7B104E=01
He228BE24E-01
14U929260E=01
«2.1613515F-01
1+2332591E=-n2
1. 1839GK2E=0)
=4 45R76(R4E=D¢
-HeT7333102E-0G2
S.hR1BES2E~D¢
3.2151519E=-02
=5.6001239E=02
-6 2T4TE9BE=03
4.5632742E~02
=1e21907R4E~02
=3.7074C11E=-02

-l qRURNHHKIHE =0
ELRT A LR R R P
1,210 796 =02
4 2Ra 050k =02
1,1 7200198 =0y
3, N79NBNGF =0 )
«R,2n 128 |05 =n>
Zenloe)186=n>
7,08 AN520c =)
LR CNALLLEN R
=R ,839R24F =0
b JSHTANAGF=ND
Q.218h38b6F =2
1.0A33329¢ =0
R ,4h63T94F =02
=2.1A238215=n
3.RATNIT7TE=np
6,0443551F=n|
9,R745347F =0
Re10331965=01)
2.50239h5F=n)
«1.hR7S570F=01
=1.67052009F=n
4,hRIVI6N2E=N?
1.2657281F=0)
B,39472455=073
«8,37755345=02
«3,7534378¢=072
5.R303007F=n>
5412753995 =02
«3.01274525=n>
*5.4n59052FE=n2
6.1963226F=n3
4,90nA2R5F=n2
1.24996411F=n?
-3.R6872365=n>2
=2.5305133F =02

«1.5645429F=n3
-4 ,1h8551KF=n>
1.9419094F=n2
4,NRTSHGNE=nD
b o 0739366F=N>
«3.721336665=0)2
A 4 764H41F=07
1.27204372F=0)
-2,1201285¢=02
2454046335 =02
1.22398075 =0
=1.01243255=0)
=1474K0120F=n)
4,020 73695 =01
Q.7931094F=n)
Ae98A4E5HF =0
=1.23425065 =07
=1495651743F=0)
6423495513F=02
9.53770775=n2
=741K450935=n?
-4 ,34R16427F=np
S HNHKSCHIF=NP
1.00595227=n2
«%,T743IRTT2F =07
1422317645 =0>
4435511736 =np
=?.,59K5814F=n>
~2.7834974F =02
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Computer vesulls ol Sine function

-1 .56AR1aNE=N?
~4 19156 TE=02
=1, 305150At =10
a,151¢23hkE=n2
1. 9HHTHRKOE=DC
-4 ,A96505E=-02
-4 PHT220KE~02
j.ATakIQ1E~D2
6,7218283E~n2
-1.5771220E=n2
-9,09456R25 =02
=2.0277243E=n2
1.12030647E=01
H,04642742E=-n2
-1.29616%2E=-n1
-2,0166932E=01
1.3921362E=01
7.1358549%=91
1.0000000E4+00
7.1354549E=01
1.3921352E=-n1
-2.0166352E=01
=1.2961662E=01
R,0R42762E=n2
1.1203047E=01
-2.02772R83E=02
=9,0945642E=n2
=1.5771220E=n2
6,7213283E=02
3.6746701E=02
=4,287220KE=n2
-4,6534505E=-02
1.98876K0E=n2
4.7572386E=02
=1.3051506E~10
-4,1375617E=n2
=1.5668180E=-n2

-1.5468180E-n2
=3,6193504E=n2
3,3345049E-n2
2.R3a07KTE=N2
=5,22808R7E=02
=1.22665045=02
7.0735530k=02
=1.5771220E=n2
-R,7134812E=n¢
6,2877688E-n2
1.0003515E=n1
=1.545R3%52E=n1
=1.0827726E=01
5.5301093E=-1]
11.0000000E+00
5.5501093E=-n]
-1,0827726E=n1
=1.5583852E=n1
1.00039155=n1
A 297 /68HE=)Z
-8,71348128=n2
=1.577122nE=n¢
7.0735530E=n¢
=1.2266504E=02
=5,22KNRRTE=ng
2.8580747E=02
3.3345049E=0¢
-3.6193506Z=0¢
=1.5464180E=n2

=2+5305)133F=n2
=3,R587234KF =02
1.74994)15=n2
4,900R2855=n2
6.195822h7 =03
=5.4059052F=02
=3,n127452F=02
5.1226399F =02
5.R303007F=02
=3,7934978F =02
~8.,977553AF =07
H.396472455=n3
1424572R1F=n1
4,45839602F=n2
=1.5705209F=01
=1.4875570F=01
2.5023965F=n1
8,103319AF=n1
9,8745347E~-01
5.0443551F~01
3.9870977¢ =02
-2,1623621F=01
=8,66643794F=n2
1.0639329¢=n1
9.2156364KF=02
=-4,58760R6E=02
=-A4,5396242F =02
6.206796AF=03
7.1835520F =02
2.0074115F=02
~5.2032519F=02
=~3.5796664F=n2
3.1720513¢=n2
4,2649050F=n2
=1.2190784F=n?
=4.21K99]19F =07
=4.,4986894F =03

~2.7834974F=n?
=2.5985814r=0?
4,3551179¢=n2
1.7231764E=02
=5,169R7T72F=02
1.0059522¢=n2
5,3065089F=n?
=4,3481427F=0?
=7.1645093F=n?
3.5377077F=02
5.23645513F=n2
=1.,9651743F=n)
=1.234250AF=02
5,9864654F=0)
3.7931094F=n1
4,02073h3c=n]
=1,74A0120F=n1
=1.1394325e=n]
1.7235807F =01
2.56404433F=n2
=3,12012R5F=n2
1.7234372F =07
$.4764R415=02
~3,?21384448c=n>
=4 ,n13936KF=0p
4,"87599nr=n>
1.3419094F=n2
-4,1685514c =02
=1.5645429F=n3

*343441910F=9>
=3,2186801E=0n>
?2.6168712F=n>
4eh753124F=n>
=8,34R3464F =93
“5,74937T72E=np
“144h61964F=n>
5e2333358FE=n>
4e6547109E=0>
~5.7425973E=n>
=R.1A25201F=n>
3.0154972E=n2
1.2832284F =n)
6+2n95840F=n1
=1e9A51743E=n
“1e17153675E=0
3.6788301€-m
B.9n64615E=0
9.5037976E=n1
4.A754829E=0)
=4.T7623454E=n02
=2.13824836E-n)
=3.84N01541F=n>
1.42235807E=01
6./R2NAKA3E=N2
=heh733456E=0)
=7.3851372F=n2
2.47836K1F=1>
549N959]15E=n>2
2.505%21%E=n3
*5.7053449E=n>
=2.2731519F=n>
4.0RB75890F=n2
J.4R92707E=02
=2+31739954F=n>
=3.9223632F=n2
6.1854633F=n7

=3.7074011E=n>
“1e?1907R4E=01D
4 RKIPTU2E=nD
“he?T747658F=n17
=5.6nhK1239FE=n>
342)51519F=n>
S5«hK18652F=n>
=6.7333102E=-n>2
=445978084F=n>
1+)833962F=n
142332991F=92
=2.1613915F=m
10923240k =0
ReP2RRE24F =0
Q.1P78104F=1
2.8123965E=0
«2.1008b06E=N"
“4.5177610F =02
1e2821359k=0
“1e21714])E=n>
=3.4n91339E=12
3.73A3279E=0>
5.41224399E=n>
“4,T274434F =02
=2.47N250/E=n>
4. 77732K5F=n>
3.5403455 =217
~4.19376067F=n>
1+421636015~0>
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2.2.2 Filter Shape

One of the main objectives of this study was to calculate the fre-
quency response of the truncated Sinc function. This was attempted
by two different methods. First, a combination of Si function can
- be obtained in current mathematical tables for only a short range of
frequencies (See Standard Mathematical Tables, p. 356). The author
was, therefore, forced to adopt a numerical method. As detailed in
Appendix 2, the Fourier transform of the truncéted Sinc function was
first expanded about the origin and then integrated. The computer
program for the solutions of Eq. (2-14) and Eq. (2-15) is shown in
Appendix 4. Because of the limited capacity of the CDC 6400 digital
computer of Colorado State University, the frequency responses of the
truncated Sinc functions could be calculated only up to the cutoff fre-
quencies with the results shown by the solid curves in Fig., 4. The
computed results of each term of the power series of Eq. (2-14) and
(2-15) showed that this infinite series diverged roughly for the first 50
terms and then converged. For calculated frequencies greater than the
- cutoff frequency, the maximum yalue of the first terms of the series
before convergence is always greater than 1030, while the number of
significant digits of the computer is only 28 (at double pfecision).
Thus, during the calculations, if the value of any term is greater
than 1024, part of the value will be neglected by the computer because
it calculates by mantissa. This caused the results to be inaccurate

beyond the cutoff frequency.
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As a second approach, the author tried to expand the power series
of Eq. (2-14) around the cutoff frequency in order to obtain a better
estimation of the frequency response beyond cutoff., However, this
proved fruitless because the expansion was found to be most compli-
cated and was finally abandoned.

Theoretically, the Fourier transform of the truncated Sinc
function beyond the cutoff of frequency should oscillate about the zero
axis and die out at larger frequencies as shown by the dashed curves
in Fig. 4. Hence, no error estimation of the filter shape can be given,
The solid curve in Fig. 5 is the calculated band pass filter shape ob-
tained with the present limited computer cepacity, while the dashed
curve in that figure is the estimated theoretical filter shape. Some
day, when a computer with a greater number of significant digits is
available, the shape of the band pass filter can be obtained, and thus a
precise error estimation can be given,

The Fourier transform of the Sinc function is a rectangular
window. Intuitively, the longer the truncated Sinc function is, the
less the error will be, as shown in Fig. 6 (for a = 4, and o = 6),
The computed results for several cases indicated the above hypothesis.
The number of oscillations in the frequency response curves were
found to be always « /2. They largely affect the errors of the filter.

A larger o has larger number of oscillations and smaller errors.
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The band width of the filter also affects the precision of the filter,
Theoretically, the best band pass filter is one with a minimum band
width., The computer results indicated that the normalized filter
shape is independent of frequency. Furthermore, if 2/ o is
employed for the constant ratio band width of the frequency, the best
filter shape was obtained (Figs. 4, 5, 6). If the band width is much
greater than (2/ a)f, the filtered time series will be interfered with
by other frequency components, If it is too small, large errors will
be introduced because of the large side lobes of the low pass filter
shape (Fig. 6). Experimentally, 2/a is chosen for the constant ratio
band width.

For the spectrum and correlation calculations, o = 8 and a band
width of (1/4f were used. Undoubtedly, thz band pass filter shape is
much better than that shown in Fig. 5 (¢ = 6, B.W. = 1/3f), but the
limitations mentioned above of the computer do not permit a

comparison,
|

2.2,3 Choice of Time Steps

The time spacing between adjacent points is 0. 025 seconds for
the manually digitized data., This time spacing is small enough fof
low frequency waves, but for high frequenzy components, such a
large time spacing might lose some information of wave energy.
This phenomenon can be seen in Fig. 10: there are some phase

shifts in the filtered data at large t. Theoretically, the period of
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a certain particular frequency component must be constant. The
phase shift might be caused by the interference of higher or lower
frequency components around the filtered central frequency, because
a certain band width is used. If the data is digitized by ADDCS
(Chapter 3. 3), the time spacing can be chosen as small as 0.000015
seconds., With such small time spacings, the present technique can

also be applied to high frequency air turbulence studies.

2,3 Applications

2.3.1 Space-Time Correlation

For progressive waves, the irrotational propagation speed of

infinitesimal gravity, deep water waves of frequency f is given as:

c=[F = , (2-17)

2w f

where c is wave speed, K is wave number and f is frequency.
Theoretically, according to equation (2-17), the wave speed is in-
;/ersely proportional to the frequency. The wave speed was actually
measured by the following technique involving space-time
correlations.

As shown in Fig. 7, wave data are taken simultaneously with two
probes a distance § apart along the direction of wave motion, then
the cross-correlation function, or the space-time correlation, of

these time series is given as:
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7
V(8. 7) = “"“‘zj?f YOty Y (x+ 8ty TH St
T4l o
= %Y, (x+It+T) > (2-18)

where yl(x, t) and y2(x + §, t) are time series measured with the
upstream and downstream probes respectively.

The correlation coefficient is given as:

O (X,t) B (x+6,t+T) : (2-19)

R tt

where 9, and o, are the standard deviations of ) and Yo

respectively.

Although the shapes of water waves vary not only in time but also
in space, their propagation speed can be cbtained from the space-
tirﬁe correlation curves, if the distance & , between the two probes is

not too large:

_ 4§
C = K | (2-20)

where 1 is the time delay of the maximum cross correlation coef-
ficient, If a particular frequency component of time series y1f and
Yo, can be identified (filtered out) from the original time series Yy
and Yo respectively, then the propagation speed of that particular

frequency component can be obtained in the same way.
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Fig. 7 Experimental set-up of space-time correlation
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Fig. 8 Spectrum density of random time function
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2.3.2 Spectrum Analysis

By taking the Fourier transform of the auto-correlation function,

the frequency spectrum of water waves is obtained,
S (
Sx, (W) = ﬂ-_f Rux (T) exp (wT) dT
-0

Since Sxx(w) is real and Rxx(r) is even, the Wiener-Khintchine
relations yield: (see Y. W. Lee, ''Statistical Theory of Communi-

cation, ' pp. 56-58)

S (W) = “liff Rx (T) Cos (T AT (2-21)

where Sxx( w) is the frequency spectrum, and Rxx(t) the auto-
correlation of ¥, OT Yg-

The band pass filter of this study gives a means of reducing the
side lobe leakages of a low pass filter and to make a more accurate
Spéctrum estimation than, say, the Blackman-Tukey method.‘ This
follows from the definition of the spectrum, according to which the
variances associated with the frequencies lying in the spectral band
dw with center frequency w are given as

A = Su (W) dw (2-22)
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Consequently, the total variance is

Thus, the power spectrum can be interpreted in terms of vari-
ances of uncorrelated data, If the uncorrelated data is a filtered
stationary random time function at a particular frequency, then the
variance would be the spectrum associated with the frequency lying
in that spectral band (see Fig. 8).

For both filtered space-time correlations and spectrum analysis,
one faces the same problem, namely, how to filter a particular fre-
quency component w out of a stationary time function,

So, the spectral density associated wizh a central frequency w
and a band width Aw is obtained by:

ot

Su (W) = N = = (X (w.ty-m*) (2-24)

where m = x(t), and n is the scale factor, obtained by dividing the

total spectrum and the accumulated spectrum density.
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Chapter III

3.1 Wind-water Tunnel

The experiments were performed in -he wind tunnel flume
combination located in the Fluid Dynamics and Diffusion Laboratory
of Colorado State University. The wind water tunnel, shown in
Fig. (€), has been described in detail by Plzte (1965). It contains
a truss-supported plexiglas channel of the t2st section about 12
meters long, and 0. 61 meters wide by 0. 76 meters high. The inlet
section, where the water enters the facility, consists of honeycomb
screens, which serve as diffusers for the incoming water. The
sloping aluminum honeycomb beach at the outlet acts as a wave dissi-
pating beach. A smoothly sanded aluminum flat plate, standing
10. 6 cm above the floor of the tunnel is extended from the inlet of the
tunnel to 5.0 m of the test section. The plzte is introduced so that
the air flow can develop to an equilibrium condition while approaching
the water surface. The water is blocked by a vertical aluminum wall
at the junction point for obtaining standing water. When the air blows,
the water depth is adjusted so that a smooth and continuous transition
from the plate to the water surface is provided. An axial fan draws
the air through a fiberglas inlet bell and a set of screens, into a
contraction section and the air smoothly enters the test section

through a honeycomb screen. The outlet is a fan section, which is
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supported independently of the test section. If it is desirable, the
inlet bell and fan section can be exchanged to reverse the air flow

direction.

3.2 Measurement of Water Surface Displacement

The water surface displacement was measured with a capaci-
tance gauge, which consisted of a 32-gauge, nyclad insulated magnet
wiré, stretched vertically across the tunnel in the center of the cross
section, and a bridge circuit developed in the Engineering Research
Laboratories, at Colorado State University. The wire is not free of
capillary adhesion effects. To eliminate this effect, the wire was
submerged in water for more than one day and it was calibrated before
and after each series of experiments. The water and the magnet wire
were connected to the bridge circuit. Together they acted as a con-
densor whose capacitance varied proportionally to the water elevation.
The bridge circuit gives a voltage output, waich is fed to a brush

recorder or an Ampex F. M, tape recorder,

3.3 Digitization of Data

Two sets of data were used in this work. Set I was taken by
Chang and the author for spectrum estimation only. It contains the

two cases listed in Table (3. 3.1).
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Table 3.3.1

Case Fetch (m) Reference Air Velocity (mps)
1 8.5 Ta T
2 8.5 9.8

These data were recorded on magnetic tape, and were digitized
by the Analog to Digital Data Conversion System (ADDCS), Model 751,
produced by the Electronic Engineering Company of California at the
National Bureau of Standards, Boulder, Colorado. The time spacing
between succeeding points was chosen to be 0,0006 seconds. Details
of this technique have been described by Chang (1968). The digitized
data of the water waves were pre-smoothed before filtering by taking
an equal weight running mean of every 25 data points first. This
process removes most of the noise picked up by the signal during
the measuring, recording and digitizing process, but retains the real
energy produced by the water waves as stated by Chang (1968). After
the smoothing procedure, the time spacing becomes 0.0006 x 25 =
0. 015 seconds.

Data set II was taken for both spectrum and space-time correla-
tion analysis., Four different cases of data were taken from simul-

taneous measurements with two probes, as tabulated in Table (3. 3. 2).
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Table 3. 3.2

Case Fetch Reference Air Velocity
(m) (mps)
1 3.5 10. 67
2 9.0 10. 67
3 9.0 10. 67
4 9.0 10. 67

Distance Between Two
Probes (cm)
6.35
13.21
31.5
99.37

These data were recorded on a Brush Mark III strip chart

recorder and were digitized manually with 0.025 seconds time

spacing in the Engineering Research Laboratories, Colorado State

University. A filtered time series of a particular frequency com-

ponent was then obtained by taking a running mean of the Sinc function

from the original digitized data. Once the data was filtered it was

ready for space-time correlation and spectrum estimation by calcu-

lating cross correlation coefficients and variance, All the statistical

analyses were performed on the CDC 6400 digital computer of

Colorado State University.
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Chapter IV

EXPERIMENTAL RESULTS AND DATA ANALYSIS

4,1 Geometry of the Water Surface

Figure 10 is a typical record of unfiltered water surface displace-
ment, which shows how the water waves vary continuously and irregu-
larly with time. The waves appear in groups which usually contain
about 6 to 10 waves of nearly constant frequency.. The appearance of
a modulation envelope means that the waves oscillate many times
while their maximum amplitude slowly decreases and then increases
as a consequence of the interference among several Fourier
components,

Filtered water surface displacements of corresponding to particu-
lar frequency components of case 1, data Il are shown in Fig. 10 and
Fig. 11 for frequencies equal to 1, 4, 7, and 9, respectively. For a
fixed particular frequency component, the period remains the same
throughout the whole record, as demonstrated in the figures, Nearly
regular modulated envelopes also appear in the filtered data.

The spectrum showed that the dominant frequency of this case
lies at about 4 Hz. This property also can be easily seen from the
comparison of the filtered time series. At the dominant frequency,
the average wave amplitude occurs to be the maximum, while for

either higher or lower frequencies than the dominant one, the
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Fig. 10 Original and filtered water surface displacement

Fig. 1l Filtered water surface displacement
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amplitudes are smaller than that of the dominant frequency. Further-
more, the larger the deviation from the dominant frequency, the
smaller is the amplitude.

From the spectrum estimation (4. 2), the scale factor n (Eq.
2-11) is found to be 155.7, thus the amplitude scale factor of filtered
time series is (155, 7)1/2 = 12,48, Comparison of the original data
and the plotted, filtered time series at dominant frequency with the
correction due to the scale factor included, showed that the average
amplitude at the dominant frequency is about 0. 85 of that of the
original time series. The variance associated with spectrum at
center frequency 4 Hz, and 4/3 Hz of band width is about 0.7 of
the total variance. The square root of this value (0. 7) is very close
to the amplitude scale factor, as it should be., Calculation of the
scale factor and the spectrum density curve in rectangular coordinate
is shown in Fig. 12. The original and filtered time series at
frequencies equal to 1, 4, 7, and 9 Hz ar= shown in Tables 2 through
6. The amplitudes of the filtered time series are equal to amplitudes
of presented time series times 12, 48,

Comparison of original time series with the filtered time series
showed close correspondence at the frequency of the spectral peak.
Records corresponding to other frequency components, showed

quite different configuration than the original record.



Relative Spectrum Density

1200
1000+
800
600+
Total Variance= 2.394x10%
Area Under Curve =1.538x10°
s
400+ Scale Factor for Spectrum n= 2:394x10 =1557
1.538x103
Scale Factor for Amplitude N= VI55.7 =12.48
200+
0 T L | ! all |
0 2 4 (3 8 10 |12 14

Frequency (Hz)

Fig. 12 Calculation of scale factor



Tzble 2,

X(u) «
6,659E402
2,099£+02
$,789F+0?
3,1e9£%02
2.259€4+02
6.069E+02
*$.307e%01
T.193E%01
=2.501E402
«3,107E+01
*3 . BHIE*02

5.951E°02

*2.611£°02
6.429£°02
J.5HIES02

®3,4912402

“6.361E°02

=5,091E°02

*1.2316%02

=5,1n7E+01
3.459€902
9.319€%02
1.092€+03
9719502
T319E+02
4,239£002
3.139E%02

«8,507€+01

2.479E+02

6,329E+02
2.907€401
4,219€%02
1.869E402
4,239£°02
$.569E£402
3,985E+02
1.993E+01
6,T69E+02
8,779€%02
4,%09E%02

*6.211E%02

S8lE*Q2

+601E*02

=5,4818902

«7,371€+02

*4,651E402
1.389€+02
2.T93E%01

«T.TOTE*01

Table 3,

YAR (M) =

1,755€+00
«3,733E-01
el.873E+00
1.049E°00
2.207E%00
=l.120E%00
~2.003E%00
1.T21E*00
2,224E%00
=1.659E%00
=2.188E°00
1707400
2.2385400
“l.481E%00
~le679E400
1.350E%00
1.377E%00
=9¥,370E-y]
«7,811E=01
«751E-01

% 833E-u]
=l.B0aE=0]
=14509E=01
*9,003E-02
=l,0UBE~01
2, 287E=02
LeslTE=0L
le3u3E=01l
=l.911E=02
2, T60E=02

37

Unfiltered time series, Case 1 data II
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14409Een?
6.A93Een]
=2+401E4n2
=54511€+02
~44691E0n2
3.379E4n2
=3.931E+n2
~54991E+92
«64511E+n2
0RlEen?
«3.371E%n2
=5¢821E€402
~7.981E+n2
44993E40]
S5+929E4p2
Tela9Een2
843098402
«2.281E402
«5.621En2
24189E4p>
B.639Een2
9.199E4n2
T4735E+n?
SenN4SE*n2
5.079E+02
5.919E+n2
7.509E4n2
2.799E4n2
=le011E2n2
9.139E+02
BeaaSEen2
Se149Een2
24R13E+n2
=5.507E%0]
=3.531En2
S.92RE+nn
2.928E400
14029En2
5.619E402
B8.489E4n2
7+509E+02
4.373E402
3.769E%n2
Se119E+02
«le671€2n2
wh.anlEen2
=8.371E+92
«TeBR1E*N2
«54221E+n2

1.497E+0n
=1+095Enn
=1.527E+nn
1e7215%00
1+804E0N
=le?74E*nn
=laa9vEenn
2.244E%00
1eST7E%00
=24308E¢0n
=l.h21E%00
2+304E400
leb22E%nn
=le900E*00
=14055E400

-8, H4NE=n]
e TSNE=N]
3.64052=01

=2.356E=01

=1e717E=N)
~1.630E=n]
=1«191E=n1
=1.217€=01

1e8135E=03
=2412/E=0?

=1a09% 1
Ha?BNE=n?

“2.971Fe02
A, 0T2FeCN
=3.051Ee02
-3.981E+02
=7.821F+02
-8.911E+02
1.569F+02
~6.721E402
=5.451F 02
=7.041%02
~1.481E402
<1.521E+02
“4.531E+02
“5.301F+02
=5.007F+01
2.627E402
3.579E+02
B.R&IES)2
2.569F+02
~6.007E+01
2.53%€402
6.019£402
4.AT3F02
2.503E+02
~5.807E0!
1.433E402
1.653€402
3.799E402
14833402
3.373E02
5.023E+02
4.139E002
31.R809E«02
«7.207Ee01
“2.h81E+02
«5.701E+02
=2.961E+02
«9.907E+01
2.019E402
2.075E02
3,359E+02
744295002
1.0025+03
1.023€+03
8.509E+0>
5.309E402
A.293E+01
=7.331E402
=9.931E+02
=5.501E+02

1.311F+00
=1.803E+00
=1.317€+0n
1.95%2E+00
1.520E+00
=2.071Eenn
=1+198E%0)
2.637Ee00
l.21ite00
-2.527E+00
=1.2%2E¢0n
2.077F+0n
1.223E+00
«2.0R3E+0n
=7.353E=-01
1.868Ee0)
S.10KE=01)
=1.392F 00
=3.5e9E=0]|
9.4R0E=0 |
J.107E=0]
“?2e371E=0.
=1.541E=n
=171 3F=0]
~1e235F=01
=1eN95F =01
=2.460F=02
=R,N22E=02
=l.83iF=n)
R,009E=0¢

=4,.581€402
=2,891F+02
*5.4515902
=4.23174+02
“H,831F402
=1.0925%0)
T.928F+00
=8,021F*02
=3.311%%02
«5.811F%02
2.473F402
2.273F%02
1.121%%02
=l.hl1F%02
=1.931F%02
=2.1715%02
=5,407F%0]
$5.589F¢02
5.0137402
4.933E%02
2.429E%02
2.029F02
=4,3075%01
“2,481F%02
“4,551F*02
=2.811F*02
=1.307F°01
5.92aF%0p
=6,N007F*0]
3.0736%0>
4,993F*0)
4.191F%0)
1.073F%02
*3. 6118202
“A,AT1F%02
=T.181E402
*5.3817¢02
=1.8815¢02
3,939F%02
=2.321F%02
“l.791F%02
4.169F402
1.032F%03
1.0275¢03
7.2997%02
1.012F%03
B.3437402
=3,781F402
=9.681£402
=4,371F%02

1.116F%nn
=l.h3eF*n0
=l.n4nceng
2.1245%00
1.182F*nn
=2.316F*nu
-8,527F=n]
2,534F%n)
Me2967=01
“2.h55F %00
=4,6395=0]
2.ANDE Sy
TeTenF=n|
=2.233%*nn
“4,n/3F=0]
(LR LRI
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~l.672c%0y
=2.133F=n|
9uninFeny
2.973F=n)
=2.224F=n]
=lel39e=n}|
@l NIAF=n)
=l.108%=n}
=2,2745=n02
=l.413F=np
=l.182F=n]
=2,?214F=r|
J.egoe=np

“S5.141Fen2
“4.591Fen2
*5.581F«n2
=3.781E*n2
«T.9a1Fen2
“2.411E402
“l.641Fen2
=le841Fen2
*1.511Fen2
4,13 Fen2
T 249%Fen2
A.029F+n2
5.479Fen2
4.94%Fen2
=2.611F*n2
=5.A51F+n2
=3.991Fen2
1.515Fen2
CLRKSFen2
ALa25Fen2
9.92EF enp
=2.8AFEen2
A TLLY L ALY
«6,131Fen2
“T.181Fen2
n21¥Fen2
“2.431Een2
«3.TT1Een2
=1.9317en2
T.79354n)
=3.9A1%en2
=3.3917en2
=1.9817+n2
“4.1717en2
*5.1717en2
«b,2a174n2
«b.43]17en2
*3.2417¢n2
2.0757en2
“5.n71ren2
=5.901Fen2
2.928F+n0
6.519F 402
T05%Een2
3.329Fen2
8.8)19%en2
L1e041Eend
2.829E¢n2
~8.0%1Een2
*1.891Fen2

Filtered time series of 1 Hz
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“5.691E%02
~2.751F%02
542297402
1+519£+02
=2.771E%02
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=7.711€%02
=A.1s1E%02
=6.971F+02
=5.211€%02
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=8,9331E%02
«85.711€402
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9.545E402
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A, RANF =0

V. 79%4F e
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=3,701€402
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*4,621E402
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=7.341E902
=5,881F402
=2.911£+02
2.529F02
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4,889F402
1.589F+02
=1.007E+01
=5,311r402
=4.571E402
~7,251£402
-8,051£402
-8,701F+02
~5,831E+402
=2.931£+02
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A,6395002
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-2 ,009F+00
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3.329F=01
2,437re00
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2.810FE%00
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,079Fe02
5.769E¢02
1.050E¢0)
“4,391E¢02
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4,029€402
=1.791F02
=5,171€+02
=4,251E6402
*1.,651F%02
=9, T07€001
“6,107F+p1
=3.,95]1€%02
=5.3318%02
=5,471E402
=2,861F*02
=3.301€%02
=5.281E¢02
=5,061F002
=2,8110¢02
4,299€902
5.809Fe02
=5.072E400
-2,881re92
“1,707€%01
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=2,381E%02
=2,791E+02
=2,901E+02
«2,007E%01
2.949E%02
7.5158%02
7.029£402
4,069E%02
1.093€%01
=1.651€¢02
2.309€%02
=2,871€+02
«7,931F%02
«9,771E%02
«8,121€902
*5,171E%02
=5.531F+02
=1,761€402
8,6295002
4,6298402
1.7098+02

=3,30 F=n2
«l.9483F#n0
5,277F=n1
2.316F N0
=l 1e6F=n)
=2,22nF*n0
L.3naFeno
2.474F*N0
=l.252F¢nn
=2.37HF 40N
Leanskenn
2,056F 0D
=l1.203F¢nn
=l.383F %00
1.073F*nn
1.564F¢90
=laTn3F=n]
=Y.h6]F=n]
(.373F=n1
3.T83F =n)
=9,997F=n2
=l.035F=n1
=< 350F=n2
«?,8N2F =n2
©.5A5F =12
2,233 =01
Cu1M9F =A1
=7,292F=n3}
=le313F=n]
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Table 4,

38

Filtered time series of 4 Hz

3,397 en)
3.5925%))
3.557F40)
EPRLELET R}
315901
2.902F*n1
2.4397°%0]
L.R37F¢0)
Y.8745%09
Le735F%0
2.3015%n0
*.,680F %00
5.907Z*n0n
S.63585%n0
5.9537*nn
8.4745%00
1.2087%))
1.715F%n)
2.235F%01
2,5445E%n01
2.0435%01
l.n735%01

2.940E~01 =le132E*n0
2.623E+01 «9,3e58%00
2.4H2E+0) =l.186E%0)
2.172E+01 =1.1385+91
1.836E+01 =9.310F*n0
14997E+01 =2.RT05%00

YA3 (M) =
3,791€+01 2.803Ee01 3.512E4n0 “1.7927% 01 -
I, T32E+01 2.592E+01 4.2925%00 =1.940F+01 -
3,829E+01 2.4TREsNY 1.R53E400  =2.131Z+01 =
3.417E%01 2+022€+01 =1.232Ee00  =2.182Fe0] -
3,09%E°01 10627Een]  =%.115E+00  =2.252E+01 =
2,485E401 JeabTEenD  =9.485E+00 =2.831E40] -
1.982E401 4.555E+00 =le194E+01 =2.331E+01 .
14279E+01  =2.074Ee0n  =1.554E+n1 =2,203€+01) -
€e861E*00  =1.101Ee0 =1.943E%01 =1.8979E+01 -
“¥,798E°00 “2.166E00] =2.512E%01 =1.770E%01 -
=2, 119E+01  =3.838Es01 =3.401Ee0] =2.000E+01
*2,546E40] =3.594Een =3.393Een]) =14790E+01
*d,338E%01 =3.159E01 =2.720E+01 ~1+257E+0)
=1,5b5E201  ~1,838Eenl  =ls338Ee01  =3.875E+00
*8,9Z23E%00 =3.893E«90 1.148E%00 5.2172400
1.878E-01 8. Th6ESNN 1.453E0] 1.473E+01
2,343E%00 le#33E40] 2.184E+01 2.112E+01
wl,288E+00 1e266E+01 2.20ME*01 2.378E%01
=8,730E°00 Se994Ee00 1.895E+01 2.563F49)
el 3625001 3.193Ee0n 1.89RE01 2.753%+01
-9,420E+00 9ealaEepn 2.440E%01 2.8932+01
4,901E%00 2+455E%01 J.428E001 2.923E+01
2,321E°01 4.274E000 4.5]13Ee01
23E*01 3.571Fem Sel19E€en]
,316E401 Se852Ee0) 2.165E401
4,129€°01 S.500Ee0) S.TINESN]
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2.815£+01 3.939E+01 3.612E+01
2. 144E401 3.%84Ee0] 3.645Ee0]) 2.423E+01
1.645E201 3.230E+01 3.616E+0) 2.856E+0]
RUN «0CEANTRAL FREQUNNCY® &,000E+00

Table 5,

YAB(Mi®
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«3,020E+00
=3, 360E%00
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Le750E%00
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3.962E+00
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=9.554E900
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5.981E+00
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=3.1338+n0
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=7.933E+00
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4.753%000
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Filtered time series of 7
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1e127Fen]
2.730F<n0
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1.315Fsn1
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] 8TIF =]
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4,2 Spectrum Estimation

The computer program for calculating the spectrum is shown in
Appendix 5. This program contains the generation of filter function
(Sinc function), filtering process (taking the running mean of the filter
function), and variance calculation of the filtered stationary time
series. Spectra were obtained for the same data by both the
Blackman-Tukey method and the technique of this thesis. Results
are shown in Figs. 13 and 14 for case 1 and 2 respectively (cf. Chang
(1968)). Results of both methods compare very well., Moreover,
errors generated by this technique are smaller than those of the
Blackman-Tukey method. A constant frequency ratio for the band
width of the low pass filter is chosen as one third and one fourth of
the frequency. The figures show that tke errors decrease with the
band width.

The frequency spectrum of data II are shown in Fig. 15 for case
1, 2, and 3. Local maxima appear at fraquencies close to twice and
triple that of the dominant frequency fm. Three distinct regions at
high frequency end of spectra are observed where the resulting
slopes in a double logarithmic plot are different, but the average
slope is pretty close to -5 (cf. Chang 1968). In all the spectra, only
relative values of spectra densities are plotted instead of the true

spectrum.
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4,3 Space-Time Correlation

The original and filtered data at frequency components at frequen-
cies equal to 1, dominant peak frequency fm’ and first local maximum
frequency 2 fm’ were chosen for the auto and space-time correlation
analysis. Appendix 6 is the computer program of this analysis,
which consists of the generation of filter function, running mean of
filter function, calculation of variances of the filtered stationary
time series, auto-correlation coefficient and cross-correlation
coefficient.

4,3.1 Auto-correlation

The normalized auto-correlation coefficients of data II, casel
are shown in Flé 16. It shows that the smaller the filtered frequency
compor;ent, the longer is the time lag for which data are correlated
because the filtered time series at lower frequency components have
longer modulated envelopes, as observed in Figs. 10 and 11. The
length of these envelopes play a very important role in the correlation.
Practically, the correlation is nothing but that of the envelope.

The absolute magnitudes of the auto-correlation curves for the
same case are shown in Fig, 18, Of course, the maximum correla-
tion is obtained from the unfiltered time series which contains the

total energy, while that of the dominant peak frequency as stated in

(4.1) is about 0. 7 of the original one.
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Fig. 18 Auto-corrclation of filtered dominant peak
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Figure 17 shows the comparison of several cases of auto-
correlation coefficients at AOminant peak frequency. The character-
istics of these curves largely depend on the dominant peak frequency
and the fetch. That is, large and long correlation will be obtained
for small dominant frequency component and large fetch. Actually,
larger fetches have lower dominant frequencies.

4,3,.2 Cross-Correlation

Cross-correlation coefficients for the data set II, cases 1, 2,
and 3 are shown in Figs. 19 through 21. Figure 19 shows the
original data record while the other figures correspond to filtered
data at dominant frequency and at the first higher harmonic
frequency.

The maximum local maxima of the cross-correlation coefficients
occur for the dominant frequency components at 4.1, 2.7, and 2.7 Hz
(see Figs. 19, 20, 21). The period between adjacent local maxima of
the correlation functions for the filtered data remains constant, and
is very close to 1/Freq. This period compares with that of the
original data which for most anve groups is equal to the period of the
dominant frequency. However, phase shifts are observed between
adjacent wave groups, because of the interference of different
frequency components. The time lag at which the maximum correla-

tion is observed is found to be 0.12, 0.18, and 0. 435 seconds for

case 1, 2, and 3 respectively. These optimum time lags remain
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constant, for all frequency components of a particular case. This
means that the time lag for maximum correlation does not depend
on the frequency component. In other words, the propagation
speed of gravity deep water waves is inversely proportional to the
dominant frequency. This is the frequency which must be employed
when wave velocities are to be calculated by Eq. (2-17).

In case 3, the time lag for maximum correlation at dominant
peak frequency component is 0. 435 seconds while that of the original
data and local maximum frequency component shifted to 0. 825
seconds. This phenomenon is probably caused by the wave decay
and growth during its propagation between 2 large distance probes.
That is, the wave measured at downstream probe is a different wave
than that measured at the upstream probe. The dominant frequencies
at the two probes do not differ very much, but for other frequency
components the correlations drop rapidly and are quite different,
Th:lis phenomenon tends to be more pronounced at higher frequency
component and larger distances between the two measuring probes.

The following table (4. 3.2) is a comparison of phase speed

obtained by Eq. 2-20 and Eq. 2-17.
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Table 4.3.2

@) (2) (3) (4) (5) (6) (7)

Case (inch) c(m/sec) c(m/sec) error c(m/sec) error
(by Eq.2-4) (by Eq.2-1) (%) (%)
1 2.5(6.35cm) 0.508 0. 38 32 0. 49 4
2 5.2(13. 21lcm) 0.734 0.57 28.8 0.70 5
3 12(31. 5cm) 0.721 0.57 26,5 0.70 3

The values in column (3) are much greater than the theoretical
values from Eq. 2-17 (values in column (4)). One reason for the
discrepancy lies in neglecting the surface drift velocity ug in
calculating the phase speed. Hidy and Plate (1966) stated, that a
comparison should be made only after taking the relative motion of

the water into account:

- o ) | + 2Cosh(2kd) }
C=C,{l+—= 1|+ B = — (4-1)

{ % [ 2 (%d) 4d Sinh (2 k) ]
where k¥ = 21/ X, u = water surface velocity, X = wave length

and ¢, = square root (g/k). However, if surface tension, finite wave
amplitude, and Stokes correction for gravity waves are introduced,
then the phase speed will be only 1 to 11% greater than <, (cf. Hidy
and Plate, 1966). Actually, Hidy and Plate (1966) have published
experimentally determined wave speeds c¢ for almost identical
conditions than those of the present study. If the speeds from their

curve are compared with the speeds calculated from the correlations,
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then excellent agreement is, indeed, found, as is seen by comparing
columns (3) and (6).

4,3.3 Space-Time Correlation

Figures 22 and 23 are the space-time correlation of case 2, 3,
and 4 of data II of filtered (at dominant frequency) and original data
respectively. Comparison of these two figures shows that for the
same distance and time delay, higher correlation was obtained from
the filtered data. This phenomena tells that the filtered dominant
waves are the most stable, even if compared with the original waves.

4,4 Wave Properties

Results of spectrum czalculations show that there are 3 different
ranges of energy content and different rates of energy absorption at
frequencies larger than the dominant one, The maximum cross
correlation versus frequency component curve is shown in Fig. 21.
Obviously, the maximum correlation also occurs at dominant peak,
1st local and 2nd local maximum frequency of spectrum estimation.

Growing from the high frequency component, the waves have a
constant energy absorption rate, down to the 2nd local maximum
frequency, where the energy content and correlation coefficient
come to a local maximum. Then the wave decays to a minimum
and then grows but with a higher rate of energy absorption until
the first local maximum comes. The process will repeat until the

dominant peak frequency, where the wave has the maximum energy
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content, From the dominant peak dowr to the zero frequency com-
ponent, the energy decreases at an almost constant rate (Fig. 24).
Generally, the spectrum and the cross-correlation curves

tell about the same properties of gravity, deep water waves.

4,5 Correlations Properties

In each case, if we measure the time lag of a constant per-
centage of maximum auto-correlation of different frequency com-
ponents, and plot its reciprocals against bandwidth of the filtered
central frequencies, then a linear relation will be obtained. Figure
22 is the typical results of case 1, data II, at 75, 50, and 20% of
maximum filtered auto-correlation at central frequencies equal to
one, dominant and first local maximum. Practically, larger band
width associates with higher frequency component but with lower
period in time domain, and so does the shorter length of correlation
time lag. So, actually the filtered auto-correlations or cross-
co:rrelations do not mean very much but give information about the

!
filter function., As stated in (4. 3.1) the properties of the filter

function also appear in the filtered time series, which contains

larger envelopes of wave groups for smaller band width,
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Chapter V

CONCLUSIONS AND DISCUSSIONS

5.1 Geometry of the filtered water surface data at dominant frequency

component is similar to that of the original data.

5.2 The filter of this study results in a better spectrum estimation

than is obtained by many other techniques.

5.3 The auto-correlation curves (Fig. 18) indicates that the filtered

data for any of the frequency components show higher correlation

than the unfiltered original data,

)

5.4 The correlation curves are amplitude periodic curves (Fig. 20).

The period is inversely proportional to the center frequency of

the band pass filter, The maximum amplitude always occurs at
maximum correlation, and the wave groups oscillate and then
damp out at large t.

5.5 The propagation speed of water waves obtained by this technique
is in excellent agreement with experimental results. This
technique is therefore a good way for measuring wave speed.

5.6 As far as can be ascertained the filter shape of the band pass
filter of this study is better than many other filters. The
accuracy of the filter shape can be adjws ted by suitably choosing

@ , which can, according to the desirad accuracy be chosen small

or large. In this thesis, a has been chosen 8, which gives satis-

factory results.
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5.7 Suggestions for further study:
5.7.1 For looking into more details of the wave growth and wave
decay, further experimental works is needed. It is desired to
extend the correlation curves with distance,
5.7.2 Find the error estimation of the digital band pass filter.
For this either a digital computer with more digits should be
used or a better way of solution of Fourier transform of trun-
cated Sinc function should be worked out.
5.8.3 Shorten the computing time., The computing time for the
analysis by the present technique is greater than that required by
Blackman-Tukey method. Some improvement of the computer
program may be desired which will reduce the computing time

greatly.
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Appendix 1

Let F(t)

sinc(2Y) 1 (5, then
T T
S (@]

= 2t t -iwt
[ sinc(z®) T () e

-0 s o

dt

(0)
Bp (o

To/2

= [ sinc(%E) e 1t at
-To/2 s

To/2 sint (2t/T_)

= f [coswt - i sin&t]dt
-TO/2 n(2t/Ts)

To/2

1 o (21t e g 2L
=z y sinlg - + et) + sin(g= - wt)lat

simr(2/Ts + w/m) [EE (2—
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$:21dt. +
™

0/2 sinnt(2/Ts- w/m) Ts 5
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w
TE(2/T_ - w/7) (7= T " 2)lat

H

To/2 sinnt(Z/Ts + w/n)

s ,2 w
=7 G * 7 7 dt +
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+ == (Z_ =y s at
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2 T, m g Tt (27T + /)
. EE (E_ _ o To/2 sin t‘2/’_I‘s - w/m) " 0
. Ts m _To/2 t(z/Ts = w/7) .
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Method A

Method B

I

Method A

In equation (1),

63

used in solving this problem:
By integration

By numerical integration.

2 Wy, _ . dx
let t(T; + ;) = X, then dt = n(2/Ts eyl
T T
when t = 79 i X = 20 (%— + %) .
S
2 Wy _ dy
T '
- _° = _0 (2 _w®
when t = 5 Y = 5 (Ts n) .
Substitute in Eq. (1):
T 132 (3_ =)
s ,2 w 2 T m’ sinX dx
A = — —— - S
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. nTo(g— ) 9_)
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o’ s
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AT (w) = 5= [Si(ma + 3 ) + Si(ra - 5 )] (2)

S
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Appendix 2
Method B:
2 W, _ 2 _w o
In Eq. (1), let "(T; + =) = A, W(T— -) = B, then
Eq. (1) becomes:
T -T—9 T 39
_ _s (2 sinAt s (2 sinBt
AT(m)—an dt+2"f = dt
S o (o]
T To 3 5 7
= S 1 (At) (At)~ _ (At)
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T 3'9 3 5 7
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T 2 3,2 5,4 7.6
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B t B
/2 m-BELBE CBE 4 Dat
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T 2 T, 4 ‘T 6
T ') (a2 (A2 (A
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2 2 3-31 5.51 771
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2 6
T (B2 (B52) (Bx2)
+ B =2 (1 2__ 4 _° 2 O]
2 3.31 5.51 771
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_ _S s 2 2
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