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ABSTRACT OF DISSERTATION

PERIODIC EXISTENCE THEOREMS IN OPTIMAL CONTROL

This paper considers existence theorems for the optimal control problem

T
min  1u(a(0),2(T)) + / folts 2(t), £(8), u(t))
z,u) 0

subject to: Z(t) = f(¢,z(t), u(t))
(z(0),z(T)) e B
(z(t),u(t)) e F

z € A.[0,T)
u € Ly{0,T]

Using the results of R.T. Rockafellar this problem is reformulated into a
problem in which the control and the constraints are absorbed into the objec-
tive function. Rockafellar has established a general existence theorem for such
control problems. This existence theorem requires finding bounds on a Hamil-
tonian function. In his work Rockafellar specialized his results to certain initial
value problems.

The central new theorems in this paper specialize Rockafellar's geueral the-
orem to periodic problems in optimal control. These theorems are then coupled
with results of R.E. Gaines and J. Peterson which give necessary conditions for
a finite minimum.

Colleen Livingston
Mathematics Department
Colorado State University
Fort Collins, CO 80523
Fall 1999
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Chapter 1

Introduction

This paper considers existence theorems for the optimal control problem

T
min  ly(z(0),z(T)) + / Folts 2(8), £(8), u(t))
(z.u) 0

subject to: £(t) = f(t, z(t),u(t))
(z(0),z(T)) € B
(z(t).u(t)) e F
z € An[0.7)
u € Ly[0,T]

The function z is called the state variable, while the function u is the control
variable.

Chapter 2 reviews the concepts of a subdifferential, the Fenchel Transform,
and a Hamiltonian differential inclusion. In addition, it reviews some founda-
tional existence theorems from analysis. Chapter 3 reformulates the control
problem. This reformulation, due to R.T. Rockafellar, results in a problem in
which the control and the constraints are absorbed into the objective function.
This chapter also briefly establishes the equivalence of the reformulation to the
original control problem. Next, a general existence theorem for control problems
is stated. Here the minimum may be infinite. This existence theorem requires
finding bounds on a Hamiltonian function. The chapter concludes with a few
examples which are intended to motivate our thinking about existence theorems.

In Chapter 4 we state two existence theorems due to Rockafellar. Both of
these theorems are applicable to certain initial value problems. Next, similar
theorems are proved for periodic control problems. These existence theorems
are then applied to the set of examples previously considered.
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In Chapter 5 necessary conditions for a finite minimum due to R.E. Gaines
and J. Peterson are given. These necessary conditions are extended to a more
general quadratic Hamiltonian than that considered by Gaines and Peterson.
Chapter 6 relates our existence theorems to conditions for finite minimums.
Finally, Chapter 7 concludes with an application to a problem from water man-
agement.

Notation

Unless otherwise stated, all integrations are with respect to t. The subscript
indicating the size of the space often will be omitted.

Ca[0,T] = {z : [0, T] — R"|z is continuous on [0, T| } with |lzllc = sup.ejo.7)llz(}li

CL0.T) = {z : [0,T] — R"|z and Z are continuous on [0,7] }

An[0,T) = {z : [0,T] — R"|z is absolutely continuous on [0,7] }

La[0,T) = {z:[0,T] — R"| x is Lebesgue measureable on [0, T}

LL0.T) = {z : [0,T] = Rz € La[0,T] and [ |lz]| < o0 } with izl = [ |z

L3[0,T) ={z:[0.T] - Rz € Lx[0.T} and ||z]|ec < 00}, where ||z||oc = esssup,(o,r)llz(t)ll

<z,Y>= E:;l T;Yi, that is an inner product in R".
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Chapter 2

Mathematical Background

This chapter reviews terminology from the study of control problems. In partic-
ular, it examines the subdifferential, a tool in the analysis of nondifferentiable
real-valued functions; the nature of Hamiltonian systems of differential inclusion;
and the Fenchel transform, an extension of the Legendre transform of mechan-
ics. The final section reviews the pertinent analysis. The primary resources for
this material are (1], [3], [7], [15], and [16].

2.1 Subdifferentials

For the convex function F(z) = |z| the derivative F'(0) is undefined in the
traditional sense. Consider the slopes of the those lines which lie on or below
the graph of F and which intersect the graph of F at (0,0). These slopes
are the elements of OF(0), the subdifferential set. Each such slope is called a
subgradient. In particular, 8F(0) = {~-1,1].

Let V be a locally convex topological vector space and V* its topological
dual space.

Definition 1 Let F : V — R be a conver function. The subdifferential of F at
Z is denoted by OF(Z). We have

z" € 9F (z) if and only if F(Z) is finite and

(z—%,2°)+ F(Z) < F(z) forallz e V.

The element z* is called a subgradient. The function F is said to be subdiffer-
entiable at T provided dF(Z) # 0.

e Note that 3F : V — V*, and JF is a set-valued function.
e If F has no subgradient at Z, then 8F(Z) = 0.
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The subdifferential of a function F : R — R at a point £ can be visualized
as the set of slopes of the continuous affine minorants, that is, those lines which
lie on or below the graph of F' and which intersect that graph at (Z, F(Z)). In
the case of a convex function, the subdifferential consists of values between the
left- and right- handed derivatives at a point.

Let F : V — R. If it exists, the directional derivative of F' at Z in the
direction u will be denoted by DF, (%) provided the directional derivative exists.

Proposition 1 The set F(Z) is closed and convez.

Definition 2 The function F is said to be Gateauz differentiable at T provided
there ezists an z* € V* such that for all u € V, we have DF,(Z) = (z*,u). In
this case the Gateauz derivative is z* which is denoted by F'(I).

Proposition 2 If F is a conver function and Gateauz differentiable at 2 € V
then it is subdifferentiable at Z and 8F(Z) = {VF(Z)}. Conversely, if F is
continuous and finite at T € V' and has o unique subgradient then F is Gateauz
differentiable at T and OF (Z) = {VF(Z)}.

Proposition 3 Let F1:V —Rand Fo: V —R. Let A>0. Ateveryz eV
(a) 8(AF)(Z) = AGF (%), and
(b) OF\(Z) U OF3(Z) C O(Fy + Fa)(Z).

Proposition 4 Assume F is convezr. F(Z) = nga F(z) if and only if0 € OF (Z).

2.2 Hamiltonian Systems

Let H(t,z,p) be C' on R x R* x R". A Hamiltonian system of ordinary differ-
ential equations has the form

. oH

T = E(t,:np)

. oH

p = - 9t (tvva)'

Hamiltonian systems are particularly tractable in the autonomous case.
Clearly the critical points of the function H(z,p) occur where £ = p = 0,
that is at the fixed points of the dynamical system.

Theorem 1 If H(t,z,p) = H(z,p) is autonomous, then the orbits of the Hamil-
tonian system lie along the level curves of H.
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Assume that H (¢, z, p) is concave as a function of z and convex as a function
of p. This will be the case for many of the the Hamiltonian functions which will
be considered. We let 8,H(t,z, p) denote the subdifferential of H at p for each
(t,z). Likewise, we let —8;H(t,Z,p) denote the subdifferential of —H at Z for
each (t, p). More precisely,

8pH(t,z,p) = {p" € R"|H(t,z,p) + (p - §,p") < H(t,z,p) VpeR"}
-0 H(t,z,p) = {z° € R"|H(t,E,p) + (£ ~z,2") > H(t,z,p) VzeR"}
A Hamiltonian system of differential inclusions has the form
T € 0,H(t,z,p)
p€ -0 H(t z,p).

Example 1 Consider the Hamiltonian function

_Jpz-p, forp<0 _
Hap) ={Fo 0 P S0 =+l

The differential inclusion is

-1, forp<O
:i:eaHp(a:,p)={[:z:—1,z+1[, forp=0
z+1, forp>0

p € —0H:(z,p) = -p

2.3 The Fenchel Transform

Consider a strongly convex C! function F : R — R, eg. F(u) = u®. The
Legendre Transform of F at v is given by L(v) = uv - F(u), where v = VF(u).
At the point (u,F'(u)), v is the slope of the tangent line to the graph of F'
and —L(v) is the vertical intercept of this tangent line. The Fenchel Transform
extends this definition to general functions. Properties of the Fenchel transform
are described extensively in [1], [7] and [15]. We include a few properties for
completeness.

Definition 3 Let F : V — R. The Fenchel transform of F is a function
F* :R" — (—00, +00] defined by

F(v) = Sl;gw{(v'u) - F(u)}

u€

For F : R — R recall that 8F(Z) is the set of the slopes of all the continuous
affine minorants at Z. The Fenchel Transform F* can be thought of as the
vertical intercept of one of these minorants as a function of its slope.
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Definition 4 Let I',(R") be the set of functions F : R® — (—o0, +o0| which
are conver and lower semicontinuous and for which

D(F)={z e R":F(z) < +o0} #0.

Proposition 5 IfF € [,(R") then (F*)" = F. This expresses a duality between
F and F*.

Proposition 6 If F € [,(R™), then F* is conver and lower semicontinuous.
Proposition 7 If F} € [,(R") and F; € [,(R") and F\ < F3 then F} > F5.
Proposition 8 If F € I',(R™), then the following are equivalent:

(a) v € OF (u)

(b) F(u) + F*(v) = (v, u)

(c) u € OF*(v).
The equivalence between (a) and (b) indicates that

F'()= sup {(v,u) - F(u)}
u€domF

is attained when v € 8F(u).

2.4 Analysis Background

This section provides a review of the fundamental analytical techniques for
demonstrating the existence of a minimizer. This material is described in depth
in [15].

Theorem 2 Let f: S — R. If f is lower semicontinuous and S is a sequentially
compact normed space then f attains its minimum on S.

Definition 5 Let f : A[0,T] — R. A sequence {z,} € A[0,T] is said to be a
minimizing sequence for f provided f(z,) — ir;f f(z) as n — oo.

Definition 6 The function f is weakly lower semicontinuous at T provided
lim,, .o f(za) 2 f(zo)
whenever T, converges weakly to T.

Theorem 3 If {z} is a weakly convergent minimizing sequence for f and f is
weakly lower semicontinuous, then the weak limit T of {zx} minimizes f.
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Theorems of Berkowitz and Macki and Strauss ([2] [3] [14]) demonstrate the
recurring themes of convexity and a priori bounds on the successful responses.
In addition, we point out that in these theorems, both the objective function and
the feasible set must satisfy specified requirements. Although the approaches
differ in the various theorems, the proofs typically utilize the foundational the-
orems of existence theory.
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Chapter 3

Optimization Background

This chapter begins with a statement of the optimal control problem which we
will consider. A reformulation via infinite penalties absorbs the control and the
constraints. We then demonstrate the equivalence of this reformulated problem
and begin to consider related existence theorems. This work is due to R.T.
Rockafellar and is processed in detail in [17] and [18].

3.1 The Optimal Control Problem

We state a general optimal control problem as
T
min Lo(z(0),2(T)) + | fot2(t)3(2). () (3.)
' 0

subject to: Z(t) = f(t, z(t), u(t))
(z(0),z(T)) e B
(z(t),u(t) e F

T € Anl0,T)
u € Ly[0,T]

The function z is called the state variable, while the function u is the control
variable.

3.2 The Infinite Penalty Reformulation

In this section, we follow the reformulation of the control problem by Rockafellar.
The use of infinite penalties absorbs the constraints and the boundary condition.
We define two functions {(a,b) and K(t,z,v,u) via infinite penalties.
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l,(a,b), for (a,b)€B
+o00, otherwise

I(a,b) = {

K(t,z,v,u) = foo  for v=f(t,z,u) and (z,u) € F
T 400,  otherwise

Define ®(z,u) = {(z(0),z(T)) + j;r K(t,z,z,u) This changes the original
optimal control problem to

(min)<I>(:z, u) (3.2)

subject to: € Ay[0, T
u € L,[0,T).

The next step of the reformulation involves suppressing the dependence on u.
We define the function L as

L(t.z,v) = inufK(t,J:,v,u). (3.3)

Setting ¥(z) = {(z(0), =(T)) + fOT L(t,z, z) we consider the reformulated prob-
lem
min ¥(zx) (3.4)

subject to: = € A,[0,T)

The reformulated problem (3.4) is said to have a minimizer provided there
exists £ € An[0,T] such that ¥(Z) < ¥(z) for all z € Ap[0,T]. In Chapter 5 we
will discuss the possibility that ¢(z) = +oc.

The Fenchel transform H of L with respect to v is defined as

H(t,z,p) = sup {(p,v) - L(t,z.v)}.
vER"

The function H is called a Hamiltonian function. In the next example we will see
that H incorporates both the objective function and the constraints. The study
of this Hamiltonian function will lend insight into the existence of a minimizer
for 4. Under our later assumptions we will see that, provided [, is convex,
( 3.4) is akin to a convex problem of Bolza with extended real valued functions
permitted.

Next, we introduce an important necessary condition for an optimal control.

10
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Theorem 4 If there erists a minimizer for the reformulated problem 3.4, then
the following differential inclusion has a solution

T € 0pH(t,z,p) ae.

-f’ € a::H(t. I,P) a.e.

(p(0), —p(T)) € 8L(z(0), =(T))-

This is an extension of the classical Euler-Lagrange equation from the cal-
culus of variations. Proofs can be found in [2] and [18]. We will return to this
system of differential inclusions in the fifth chapter where we consider conditions
which guarantee finite minimums.

Assuming [, = 0, for an initial value problem with £(0) = z, we have

0. for a =z,
+0c, otherwise.

I(a,b) = {

and so
0 for z(0) =z,
+0oc, otherwise.

U(2(0). =(T)) = {

For a periodic problem with z(0) = z(T') we attain

0, for a=b
+00, otherwise

l(a,b) = {

and so
0 for z(0) = z(T)
+00, otherwise.

iz(0),z(T)) = {
Example 2 Consider
~T
min / fo(z)
(z.u} Jo
subject to: Z(t) = f(z) +u
z(0) =z,

lu(t)l <1

Reformulating, we obtain

0 fora =z,
+oc, otherwise

I(a.b) ={
K(z,v,u) = {f"(”)' forv= f(z)+uvand Jul <1

+00, otherwise

11
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folz), for f(z)—1<v< f(z)+1

L(z,v) = iﬁfK(t, I,v,u) = {.4_00’ otherwise

The Hamiltonian, then, is

H(z.p) =sup (p — fula)} = { D =20 PS8~ ot i ote)

Theorem 4 states that if there is an optimal control we will have a solution
to the following differential inclusion.

flz) -1, forp<0
& € 8,H(t,z,p)(z,p) =< [f(z) -1, f(z) +1], forp=0
f(z)+1, forp>0

p € -8:H(t.z,p)(z,p) = —pf'(z) + fo(z)

(50). ~5(7)) € 3L 0),a(7)) = { &V € ST B =) = =

We look for orbits in the (z, —p) phase plane which satisfy
(z(0), p(T)) = (z,,0).

3.3 Questions

Certain questions arise when working with the infinite reformulation. In partic-
ular we ask the following:

1. Does the reformulation preserve the minimum of the original control prob-
lem?

2. When do the functions A and L have finite integrals?

3. Does 1 have a minimum and is it finite?

3.4 Assumptions

This section presents assumptions which permit answers to these questions. The
information in the remainder of this chapter is covered in detail in [17].

We begin with several definitions and then place five assumptions on our
original problem and the reformulation process. Throughout this material as-

sume that
F:[0,T] x R —» RU {+00}.

12
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Definition 7 A subset of [0, T} x Rk is £ x B measurable provided it is in the o-
algebra generated by products of Lebesgue measurable subsets of [0,T] and Borel
subsets of R¥.

Definition 8 The function F is L x B measurable provided F is measurable in
(t, z) with respect to the o-algebra generated by products of Lebesque measurable
subsets of [0, T) and Borel subsets of R¥.

Definition 9 The function F is a normal integrand provided that F is L x B
measurable and F' is lower semicontinuous in z for a fized t.

Definition 10 The function F is proper provided F # +oc.

Assume the control problem (3.1) and the reformulation satisfy the following
five assumptions.

Assumption 1 i F is a nonempty, closed set.

i. fo, is continuous in (z,u) and measurable in t. This is known as the
Caratheodory condition.

1. f is continuous in (z,u) and measurable in t.
Assumption 2 i B is a nonempty closed set.
1. 1, is lower semicontinuous.

Assumption 3 (inf-boundedness condition) For all bounded sets D C R"*x R"
and any @ € R, for all t € [0,T) the set

C(D,a.t) = {u € R™|3(z,v) € D with K(t.z,u.v) £ a}
is bounded.
For the control problem (3.1) this translates to
C(D,a,t) = {u € R™|3(z,v) € D with v = f(t,z,u).(z,u) € F and f,(t,z,u) < a.}

In the proof the Equivalence Theorem below this condition permits a compact-
ness which, when combined with the lower semicontinuity of K(¢,z,v,u) in
(z,v,u), yields the existence of minimum for the integral of L(t,z,v,u).

Assumption 4 (Convexity Condition) The function L is convez in v for
each (t, ).

If K(t,z,v,u) is convex in (v, u) then Assumption 4 will be satisfied.

Assumption 5 (Basic Growth Condition) Forallp € R™ and any bounded
subset S C R" there exists a Lebesgue integrable function ¢ : [0,T] — R such
that

H(t,z,p) < o(t) fort € [0,T) a.e. and x € S.

13
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3.5 An Equivalence Theorem
Lemma 1 If Assumption 1 holds then K is a proper normal integrand.

Lemma 2 If F is a normal integrand and z(t) is Lebesgue measurable, then
F(t, z(t)) is Lebesque measurable.

This lemma will give the measurability of the functions K and L since the
mapping t — (z(t), Z(t), u(t)) is measurable in our case.

Lemma 3 If Assumption 2 holds then the function ! is a proper lower semi-
continuous function.

Definition 11 Let T : [0.T] — P(RF) = 2%, The function T is a measurable
multifunction if T(t) is closed for each t, and the graph of T = {(¢,z)|z € T'(¢)}
is L x B measurable. Here Dom(T) = {¢|['(t) # 0}.

Definition 12 Let f : R* — RU {+oc}. The epigraph of f, denoted epi(f) is
the set
{(z.a) € R x R*|f(z) < a}.

For f: R — RU {+oc}, epi(f) contains the points lying above the graph of f.

Lemma 4 The function f described above is lower semicontinuous if and only
if epi(f) is closed.

Lemma 5 The function F is a normal integrand if and only if
L(t) = {(z.a) € R x R*|F(t,z) < a} = epiF(t,")
is a measurable multifunction.

Theorem 5 (Castaing) Let T : [0,T] — P(RF) be a closed-valued multifunc-
tion. Then I is measurable if and only if there erists a countable sequence of

measurable functions {2} such that '(t) = {zi(t)} for allt € dom(T).

In the proof of the Equivalence Theorem, given any = € A[0, T} with ¥(z) < +00
a corollary to this theorem allows the selection of a measurable function u so
that ®(z, u) = ¥(z).

Lemma 6 Under assumptions I and 3, L is a proper normal integrand, lower
semicontinuous in (z,v).

We now state an Equivalence Theorem due to Rockafellar.

14
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Theorem 6 [Equivalence Theorem/ Suppose that Assumption 3 (inf-boundedness
condition) is satisfied. By the previous lemma L is £ x B measurable and lower
semicontinuous. The infimum in the definition of L is always attained (hence
never —oc). Thus, the functional ¢ is well-defined.

Furthermore for all z € A|0,T] we have

Y(z) = min_ ®(z.u)

T weLloT]
where the minimum is attained by at least one measurable function u.

In this sense the reformulated problem (3.4) is equivalent to (3.2) The function
K in Rockafellar’s paper is designed to permit the absorption of the constraints
via infinite penalties so that (3.1) and (3.2) are equivalent.

3.6 An Existence Theorem

Having discussed the equivalence of the reformulation to the original optimal
control problem, we now turn our attention to the existence of a minimizer. We
begin with a few lemmas.

Lemma 7 Assumptions I and 3 imply that H is convez and lower semicontin-
uous in p.

Lemma 8 Assumptions I, 3, and 4 imply that
L(t,z,v) = sup {(p,v) - H(t.z,p)}.
pER"
That is, L is the Fenchel transform of H giving a duality relationship between
these two functions.

Lemma 9 Assumptions 1, 3, 4, and 5 imply that H is upper semicontinuous
in (z,p) and £ x B measurable.

The following theorem from [17] will play a central role in the existence
theorems.

Theorem 7 Let f : [0,T] x R* — RU {+o0} be a proper normal integrand and
let
g(tv w(t)) = sup {‘lL’ TE- f(tv 2)}' (3'5)
zERK

(a) If ij f(t,2(t))dt < +oc for at least one z € L™, then for any w € L}{0, T
we have

T T
[ sttuend = s { [ o2 - fe 2ty 30)
0 zEL= 0

15

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



o) If fon(t,z(t))dt < 400 for every z € R*, then for every z € L™ and
B € R the set

T T
S={wecl!: / g(t, w(t))dt < B + /0 {w(t) - 2(t) }dt (3.7)
1]

is compact in the weak topology on L', and hence bounded in the norm
topology on L.

Lemma 10 Assumptions I, 2, 3, 4, and 5 imply that ¢ is weekly lower semi-
continuous on A[0.T).

Proof. Let z,, — Z weakly. From the basic growth condition
H(t,zn(t),p(t)) < ¢(t) Vn where ¢ € L£}{0,T)-

Hence, H(t,z,(t),p(t)) € L![0,T] for all n. Since —H(t,z(t),p(t)) is lower
semicontinuous in (z, p), we have

—H(t,z,p(t)) < lim,_ o, — H(t,za(t), p(t)).

By Fatou'’s lemma,
T T
/ —H(t.2,p(t))) < lim, . / —H(t.za(t), p(t)) whenever z, — Z weakly .
1] 0

Hence, ij —H(t,z(t),p(t)) is weakly lower semicontinous.

We note that since i is weakly lower semicontinuous, proving that ¢ has a
bounded minimizing sequence will demonstrate the existence of a minimizer for
¥. This is the goal of the following two results.

Theorem 8 Foranyr >0 anda € R,
D = {z € A0, T|l4(z) € a and [lzflc < T}
is compact in the weak topology on A[0,T].
Proof. See [17]. Theorem 7 is used in this proof.

Lemma 11 If {z,} is a minimizing sequence for ¢ and there ezists 8 such that
|Znlle € 8 for all n, then there ezists a minimizer for .

Proof. Let a, = infy(z). If @, = +oo then any I is optimal. Suppose
@, < 00. By the previous theorem

D = {z € A[0,T||¥(z) < ao +1 and ||z[le < B}

16
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is compact in the weak topology on A[0,T]. Let {z.} denote a subsequence
which lies in D. Then that subsequence {z,} forms a bounded minimizing
sequence. Since ¥ is weakly lower semicontinuous, ¥ has a minimizer.

We summarize the above results by stating verbatim the corresponding the-
orems from Rockafellar. The proofs are given in detail in [17].

Theorem 9 [Semicontinuity Theorem| Suppose L and H satisfy the converity
and basic growth conditions, respectively. Then, for all real numbers o and r
the set

{z € A[0, T|}W(z) < o, |zlleo < T}

is compact in the weak topology of A[0,T] and hence also compact as a subset
of C[0,T) in the norm topology of C[0,T).

In particular, ¥ is lower semicontinuous relative to the norms of A[0,T| and
C[0,T) and weakly sequentially lower semicontinuous relative to A[0, T).

Theorem 10 [Eristence Theorem 1.] Suppose L and H satisfy the convezity
and basic growth conditions, respectively. If there etists a minimizing sequence
{zn} for ¥ and a real number 8 such that {|zpllec < B. then there is a subse-
quence converging in both the norm topology of C(0,T| and the weak topology of
A[0,T] to an = € A[0, T| minimizing w. That is, there is an £ which is optimal
for ¢.

In particular, ¥ attains its minimum over A[0,T) if there is an r > 0 such
that

L(t,z,v) < +oc implies |z| < 1.

The following corollary is central to the proof of our second existence theorem
for periodic problems, proved in Chapter 4.

Corollary 1 If for all & € R there exists a 8 : R — R such that ¥(z) < «
implies ||zlle < B(a) then there ezists an £ which is optimal for .
3.7 Periodic Examples

We conclude this chapter with several motivating examples. Each of these one-
dimensional periodic examples is free from a control. For each example we
discuss the convexity of the objective function, the compactness of the feasible
set and the existence of a solution.

Example 3 r
min / z(t)dt
* Jo

subject to: (t)=0

17
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z(0) = z(T)

Here, the objective function is not strictly convex. The feasible set, which con-
sists of the constant functions, is not compact. Clearly there is no minimizer.

Example 4 -
min / jz(t)|dt
T Jo
subject to: Z(t) =0
z(0) = z(T)

Although the feasible set is not compact, the convezity of the objective function
gives rise to a minimizer for this problem, namely z(t) = 0.

Example §
T
min / z(t)dt
* Jo .
0, forjz] < M
subject to: =S r—-M, forz>M
z+ M, forz<-M
z(0) = (T
where M > 0. Even though the objective function is nonconvez, the compactness
of the feasible set {z : |z} < M} permits a minimum, namely z(t) = -M.
Example 6

T
min / —z(t)dt
0

z

0. forr < M
- M, forz>M

2(0) = z(T)

where M > 0. Here the objective function is nonconver and the feasible set
{z : x < M} is not compact, however, a minimizer still ezists, namely z(t) = M.

subject to: & = {

The final example above is particularly interesting, since we have neither
a convex objective function nor a compact feasible set, and yet a minimizer
still exists. This indicates an interplay between the objective function and the
solutions to the differential equation. In the next chapter this interplay will be
accessed via a Hamiltonian function which involves both the objective function
and the constraints.

18
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Chapter 4

Existence Theorems

This chapter begins with two theorems of Rockafellar which apply to certain
initial value problems. We then consider general control problems with peri-
odic constraints. Two existence theorems are proved. Examples are given and
compared with the usual compactness/convexity conditions.

4.1 Initial Value Problems in Optimal Control

The initial value problem in optimal control is given as

T
min {Lo(a(0),2(T)) + [ fult,(t). 300 u(®)) (4.1)
p973 0

subject to: () = f(¢t,z(t), u(t))
z(0) = =z,

T € Aq[0.T)
u € Lny[0.7)
Reformulating we obtain
T
min {{(z(0),z(T)) +/ L(t,z,%)} (4.2)
0
subject to: = € A,[0, T}

L, for z(0) = z,
+00, otherwise

(2(0), 2(T)) = {

We now state two existence theorems. The theorems give bounds on H which
admit the existence of an optimal control. The proofs rely on Corollary 1 of
Theorem 10.

19
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Theorem 11 Suppose there erist functions
6:[0,T] x [0,+c0) =R and

j:[0,+00) = R
and a nonnegative constant n such that

H(t,z,p) < 8(t.|pll) and
LA p) 2 5D = nllell

where 6 is
i) £ x B measurable
1) integrable in t for fired s
iti) convez, lower semicontinuous and nondecreasing in s.

and j satisfies

i) j is continuous and nondecreasing in s
iz} lim J—(-s—) = +00
§—0o0 S
Then ) attains a minimum.
Proof: The proof is relatively straighforward, seeking to access Corollary 1 of

Theorem 10. (See [17]).
Assume a > ¥(z) = I(z(0),z(T)) + j;)T L(t,z,z). Accessing the duality of L

and H we have (p,v) — H(t,z,p) < L(t, z,v) for all p € L. Therefore

T
1(z(0), z(T)) + /0 [(p(t), £(2)) ~ H(t. z(t), p(t))]dt for all p € L=

R
v

T
F(llz(@)N) = nll=(TH + /0 [(p(t), £(t)) - 6(¢, llpl)]dt for all p € L.

v

Let s > 0. Setting p(t) = “32”((:))" gives ||pll = s and (p, Z) = s||Z|| and so

R
v

T
3z = nll=(T)Il + /0 [sllZ(e)| — 6(t, s)]dt
T

Fll=(0)l) ~ nll=(THN + /0 g(t, w(t)),

v

where
g:Rx R — Ris defined by

20
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g(t.€) = sup{sl¢| — 6(t. )}
>0

and w(t) = £(t)]l

Since

T
lzleo < ()]l + /0 o (+)
we have
T
/o stwd) < a-i(lzO)]) +nlzDl
< a-F(I=O)]) + 1l
T
< o= (=) + n[l=O) + /0 TN
T
< a+ [1lzO)] - i(lz@))] + /0 ).

By the properties of j there exists ¥ € R such that n||z(0)|| - 7(Jlz(0)||) £ v and
SO

T T
[ steund<asy+ / ().
(4]

0
By Theorem 7 the set of w(t) satisfying this statement have an £! bound, that

is, [ l£(¢)]l is bounded.
From the above we also have

T
iz = nlz@) € e+ /0 [ru(t) = g(t, w(e))]
T
< a+/ é(t,n) < +o0.
0

Using the properties of j it is easy to show that ||z{0)|] is bounded. By (*) then

Izlloc is bounded and so, applying Corollary 1, ¥ attains its minimum.
Q.E.D.

Theorem 12 Assume
H(t,z,p) < 6(t,llpll) + a@®)lizll + 7)ol

where o and T are nonnegative integrable real-valued functions and

{(A 0) 2 3(IIAI) = nllel

where 8, j, and 1) are as in the previous theorem. Then ¢ atteins a minimum.
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Proof: The proof is an extension of the previous proof (See [17]). As before, the
goal is to find a bound on ||z]|o.- We begin with an initial estimate. Define the
functions:

9(t,§) = 5;‘;!3{3|§| - 8(t,s)}
w(t) = maz{0,|iZ(t)] — r(t)lz(t)II}
r(t) = e Ji e,

Almost everywhere we have
((t). z(t))
%nz(t)n = { =@ ¢ erl=@l>0
0, for |z(t)l =0

and so d
Ellx(t)ll = 7(t)llz()] < w(t).

Then, 4 J
Z F®lIz®I] = v Zlz@l - r@)liz@] < we)

since r is decreasing. Integrating from 0 to ¢t

t
Ol - =) < | wiede
and so, taking the supremum over ¢ € [0, T}
1 T
lells < o5 1O + [ wie)ee]. (4)
Deducing bounds on |jz(0)|| and fOT w(€)dé will complete the proof.
As before we assume a > ¥(z) = {(z(0),z(T)) + foT L(t,z,%). Accessing

the duality of L and H we have (p,v) ~ H(t,z,p) < L(t,z,v) for all p € L.
Therefore, for all p € L™ we have

[0

[\

T
1(z(0), z(T)) + /0 [(p(t), (t)) — H(t.z(t), p(t))]

v

3(ll=(0)l1) — nll=(THll + i [(p(t), £t)) — 8(t, llpll) — o @)zl = r(&)lzlllipl]-
(4]
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Let s > 0. Setting p(t) = fﬂf(—(tt))l—l gives |lp|| = s and (p. ) = s||Z}| and so

T T
a 2 j(llz(0)]) ~ lIzlle [ +/0 a(t)] +/o {s{iz@)l - r@)lIz®)l] - 8(t, 5)}-

From (A) and the definitions of w(t) and g(¢, w(t))

_ T m+Jg a(t)dt] [T

o 2 iz - [le@l+ [ wi)] T ZE= e [ gt uie)
T
2> J(ll=(0))) - sllz(O)ll +/0 [g(t, w(t)) — Sw(t)] (B)
T
where § = I’Lrj&;’i_
By the properties of j there exists v € R such that §||z(0)|| - 7(llz(0)]}) < v
and so

T T
/ gtwt)) <a+v+ §/ w(t).
0 0
By Theorem 7 the set of w(t) satisfying this statement have an £! bound, say
T
/ w(t) < D. (€)
0
From (B) and the definition of g(t, w(t))
T
(O - A= < o+ [ 6(t.8) < 4.
Via the properties of j we can show this implies that there exists D such that
lz(0)]| <€ Da. (D)
Equations (A), (C) and (D) imply

Izlloo < ;(iﬁwz +Dyl.

By Corollary 1 of Theorem 10, ¥ attains its minimum.
Q.E.D.

Let us briefly examine the role of the requirement on the endpoint element
of the objective function:

A p) 2 5 (I = nllell-
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In both examples, we consider an initial value problem z(0) = z,. Then

lo(A,p) for A=z,
+00, otherwise

(A p) = {

It is easy to satisfy the requirement at A # z,.

Example 7 Assume lo(\,p) = 0. Then, letting j(s) = (s — z,)2 and n = 0
satisfies the requirement.

Example 8 On the other hand, if l,(\, p) = —p® we would need
U(z(0), p) = —p* 2 F(llz(O))) ~ nllall,

which cannot occur on an infinite p-interval. Notice, however, that if (T) were
constrained to a finite interval, we could select an appropriate n to satisfy the
requirement.

4.2 Initial Value Problem Examples

We now apply Theorems 11 and 12 to four one- dimensional linear examples.
In each example locating the optimal control is straightforward. These four
examples demonstrate the success of the preceding existence theorems for initial
value problems in optimal control.

Example 9 r
min / [z(t)|dt
r Jo

subject to: Z(t) = u(t)
z(0) =0
lu(t)l <1

Here H(z,p) = |p| —|z| < |p| = 8(|p|) so that Theorem 11 predicts the existence
of a minimizer. Clearly the optimal control in this case is u = 0.

Example 10 r
mzin /0 z(t)dt
subject to:  Z(t) = u(t)

z(0) =0

lu(t)l <1
Here H{z,p) = |p| — = < |p| + |z| = 8(|p|) + |z| so that Theorem 12 predicts the
eristence of a minimizer. The optimal control in this case is u = —1.
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Example 11

T
min / z(t)dt
= Jo
subject to: Z(t) = z(t) + u(t)

z(0)=0

u(t) <1
Here H(z,p) = |pl —z + zp < 8(|p|) + Iz| + |z||p| so that Theorem 12 predicts
the eristence of a minimizer. The optimal control in this case isu = —1.

Example 12 .
mzin/O ~r2(t)dt
subject to: Z(t) = u(t)
z(0)=0
lu(t) <1

Here H(z,p) = |p| + =2 which cannot be bounded by a function of the form
8(Ipl) + x| + |z|lpl. Hence Theorem 12 does not predict the eristence of a
minimaizer.

In this ezample the Hamiltonian system of differential inclusions is

[-1,1). forp=0

-1, forp<0
z={
1, forp>0

p=-2z

((0),p(T)) = (0.0).

The orbit diagram indicates a fized point at (z,p) = (0,0) at which point the
objective function has a value of 0. If, however, z(t) = t, the objective function
has value —=1/3. This occurs when u(t) =1 and is the minimizer.

4.3 Periodic Problems in Optimal Control

In this section we state and prove two existence theorems for periodic problems
in optimal control. These theorems are similar to those in the preceding section.
The proof of the second periodic theorem, however, differs in the approach to
its proof.

We state the periodic optimal control problem as follows:
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T
min  {1,(z(0),2(T)) + /0 folt 2(8). (), u(t) } (43)

subject to: Z(t) Ft, z(t), u(t))

z(0) = =z(T)
z € A,[0,T]
u € Ln[0,T)
The reformulated problem is
T
mzin{l(:l:(O),:c(T))-%-/0 L(t,z,%)} (4.4)

subject to: x € An[O,T]

where Liab), & ,
_ [ lo(a,b), for a=
{(a,b) = {+oc, otherwise
Theorem 13 Suppose

(1) There ezists a C' function V : R® — R, a positive real number v and a
real valued function & € L[0,T)| such that

H(t,z,-VV(z)) < -7zl +6(t),
(2) H(t.z,p) < O(¢, |Ipll) + olizll + Tlizll|pl| where o and T are nonnegative real
numbers and @ is

i) £ x B measurable
it) integrable in t for fized s

iit) convez, lower semicontinuous and nondecreasing in s.
(3) I(), p) > —B, where (3 is constant, and
(4) L(), p) < +o0 implies A = p.
Then ¢ attains a minimum.

Proof: The proof seeks to apply Corollary 1 by finding bounds on ||z
via £! bounds on z and on a carefully selected function w which fits into the
context of Theorem 7.
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Assume a > ¥(z) = fOT L(t,z(t), z(t))dt + I(z(0),z(T)). By (4), then
z(0) = z(T) and accessing the duality of L and H we have

(p,v) — H(t,z,p) < L(t,z,v) for all p € L.

Therefore
T T
a> / (p(t), 2(t))dt —-/ H(t,z(t),p(t))dt — B forallpe L. (A)
0 0
Setting p(t) = —VV (z(t)) gives:

Q

v

T T
/ (=VV(z(t)).z(t))dt - / H(t,z(t), -VV(z(t))dt - 3
0 0

v

T T
~[V(&(T)) - V(=(0))] + /0 Ylildt /0 5(t)dt — 8

T T
7A"ﬂﬂ-£6mﬁ—ﬂ

Thus, we have an £! bound for z(t):

Aﬁmm5$k+ﬂxma+ﬂ (B)

We now seek an £! bound on #(t). We claim that

T T
- - 3. (o}
o> /0 ot w(t))dt - o /0 lzldt - 3 (C)

where
g(t,€) : R x R — R is defined by

g(t.§) = sup[s-&—6(t s)]
>0
w(t)
Then, from (A) and (2), for all p € £L>= we have

max[0, ||| - rflzf]].

v

T
/0 [(p(t). £(1)) — H(t, (), p(e)]dt ~ 3

(o3

v

T
/0 [(p(t), 2(t)) - 6(t. lipl)) - olizll - rlizllipl]dt - B..
or

T T
/0 [(p(t). 2(t)) = ilzlllipl - 6(t. lpl)]dt < @+ /0 lzildt +8. (D)
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There are two cases to consider. -
ST
Case 1. If w(t) = ||| - 7||z|| then we let s > 0 and set p(t) = —=

= Teon e
lpll = s and (p(t), £()) = sl In (D) then

T T
/ (sllizll = lzl] - 6(t.5)}dt S a+o / Izl dt + 3
0 0

so, taking the supremum over s > 0

T T
/ gtw(t))dt <a+o / lzllde + 5
Y 0

Hence (C) holds and
£l = w(t) + izl (E)

Case 2. If w(t) = 0 then g(¢, w(t)) = sup,{—6(t,s)} = —6(¢.0). Settingp =0
in (D) we have

T T T
/ —-0(t,0) =/ g(t.w(t))dt < a +cr/ llz||dt + 3
0 0 0
implying that (C) holds. In this case w(t) = 0 implies
Izl < 7lizll- (F)

In both cases (C) holds, and so

T T
/ glt,w(t))dt < a+ a/ iizlldt + 3.
0 0

Theorem 7 implies that there is an a priori bound on the £! norm of w(t) and
in (B) we found an £! norm for z(t). Hence, (E) and (F) imply that in either
case we have a bound on the £! norm of #(t).

Now z(t) = z(0) + f(; z(s)ds so we have

¢ T
Izl = 12(t) - /0 #(s)ds]) < ()] + /0 lé(s)lds.

Integrating from 0 to T

T T T ,T
/o Iz < /0 Iz + /o /0 lé(s)lldsdw < N

for some N > 0 since both z and # have £! bounds. Hence ||z(0)] < % so we
have a bound for [jz(0)|.
Finally, since z(t) = z(0) + f; #(s)ds we have a bound on ||z]jeo.
Applying Corollary 1 gives the existence of an £ which is optimal for .
Q.E.D.
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Theorem 14 Suppose there ezist functions
(a) W : R* — R, nonnegative and C' with W(z) — 20 as [jz]| — oo,
(b) V : R* — R, nonnegative and C' with V(z) — oo as |lz|| — oo,
(c) o € L]0, T} with o(t) > 0 and [ o(t)dt <1,

(d) Q:R* - R, C* with Q(z) > —vV(z) + p where p € R and
v<1- [T a(t)dt,

(e) 6 € L0, T} with 6(t) >0,
(f) v € £}[0.T) with ~(t) >0,
(9) 6 € L0, T) with 6(t) >0,
such that
(1) H(t,z, -VV(z)) £ -7 ()W (z) + (),
(2) H(t,z.VQ(z))) < a(t)V(z) + 6(t),
and there erists a nonnegative constant 3 satisfying
(3) I(M p) 2 -8B, and
(4) I(A, p) < +o00 implies A = p.
Then ¢ attains ¢ minimum.

Proof: Assume that 1 does not attain a minimum. Then, there exists an
a and a minimizing sequence {z,} for ¥ so that ||¥(z,)| < a for all n and
|Znlles — +00 as n — oo. Extend all functions of ¢ periodically with period T.
Then z,(0) = z,(T) and for all n and all p € L™= we have

T T
(%) a+p 2/ (p.z’:n)dt—/ H(t,zn,p)dt.
0 0

Fix n and define z,(tn,) and z,(tn,) by
in (V +Q)(zalt)) = (V + Q)(@n(te,)

SE% Vizna(t)) = V(za(tn,))-
Without loss of generality, assume ¢,, < tn, and let I, = [tn,,tn,]. Let IS
denote the complement of I, relative to [0, T}, that is IS = [0,¢n,] U [tn,, T)-

Let
-VV(za(t)), for tel,

Palt) = {VQ(zn(t)), for te IC.
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Then, in (*), using (1) and (2), we have

a+B > - /I (V) )+ /, (VQ(@n) 20
— [ Ht, 20 -VV(za))dt - / H(t, 20, VQ(zn))dt
In Ie
> V(Zaltn)) = V(En(tns)) + QE(T)) = @@nltns)) + @(Zn(tn,)) — Q(n(0)

+/l.. [y(t)W (zn) — 6(t)])dt - /;S[a(t)V(zn) + 6(t)]dt

Rearranging and applying (d) and the definition of ¢,, we have
a+ B+ [y 8(t)dt + [} 6(t)dt + V(Tnltn,)) + Q(Zn(tn;))

T
> V(gn(tn,) + Q(zalta,)) + /1 (&)W (za)dt ~ /0 o (&)V (zn)dt
T n
> V(zn(tn))[1 - v - / o(t)dt] + .
0

Let tg}g.}:‘] Zn(t) = zn(™). As n — oo we have the following string of impli-

cations:

Izalle = 00 = [Iza(7a)ll — o0,

V(zp(mn)) — o0, by hypothesis (b),

V(zn(tn,)) — oo,

(V + Q)(zn(tp,)) — oo by the last inequality,

(V + Q)(zn(t)) — o0 uniformly in ¢,

lzn(t)ll — oo uniformly in ¢, by the continuity of V + Q,
W(zn(t)) — oc uniformly in ¢, by hypothesis (a).

A R 2R

Finally, letting pn(t) = —VV{(z.(t)) in (*) gives
T T
a+ﬂ+/0 &(t)dt 2/0 V()W (zn(t))dt

The right-hand side of this equation approaches oc as n — oo, which contradicts
the boundedness of the left-hand side.
Hence, there is a minimizer for .

Q.E.D.
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Theorem 15 Suppose there erist W, V,6.v,6,0and 3 as de;cﬁbed above, and
e function Q(z) < vV(z) + 1 where p € R and v < 1 — [ o(t)dt, satisfying
H(t,z,VV(z)) < —v(t)W(z) +6(t) along with (2), (3), and (4) above. Then ¢

attains a minimum.

Proof: The proof is similar to that for the above theorem, defining zy(tn,) by

min (V - Q)(za(t)) = (V — Q)(Zn(tn,))-

te(0.7T]

Q.E.D.

4.4 Periodic Problem Examples

In this section we consider numerous examples of periodic problems in optimal
control. The first four examples return to the motivating examples discussed
at the end of Chapter 3. For each example we discuss the convexity of the
objective function, the compactness of the feasible set and how the two periodic
theorems apply.

Example 13
T
min/ z(t)dt
z Jo
subject to: #(t) = 0
z(0) = z(T)

Also, the function H(z,p) = —z, cannot be made less than —yW(z) + § for
suitable W. Consequently we cannot satisfy the conditions of Theorem 14. The
Hamiltonian system associated with this problem is

T
-p =1

p(0) = p(T), z(0) = =(T)

which also has no solution. Here, the objective functions is non-convez, and the
feasible set, {z : £ = constent} is not compact. There is no solution to this
optimization problem.
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Example 14 T
min / lz(t)|dt
T Jo

subject to: x(t) 0
z(0) = z(T)

The function H(z,p) = —|z(t)| easily satisfies the conditions of Theorem 13 by
setting V(z) = z2. The Hamiltonian system associated with this problem is

=0

1, forz <0
75={[—1.1}. forz=0
-1, forz >0
p(0) = p(T), z(0) = =(T)

for which £ = 0 is a solution. Although the feasible set, {z : = constant} is
not compact,the convezity of the objective function gives rise to a minimizer for
this problem, namely z(t) = 0.

Example 15 r
min / z(t)dt
* Jo

0, for jz) < M
subject to: £ =¢ - M, forz>M
z+ M, forz<-M

z(0) = z(T)
where M > 0. The Hamiltonian is
-z, for |z <M
H(z,p)=< plz-M)-z, forz>M
plz+M)-z, forz<-M

Setting V(z) = 22, Q(z) = 0 and W(z) = |z| satisfies the conditions of
Theorem 14. Even though the objective function is nonconvez, the compactness
of the feasible set {z : |z| < M} permits a minimum, namely z(t) = —M.

Example 16 r
min / —z(t)dt
= Jo

0, forz <M

subject to: £ = {1: -M, forz>M

32

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



z(0) = z(T)
where M > 0. The Hamiltonian is

q [z forzr <M
(z,p) = plz-M)+z, forz>M

Setting V(z) = z2 and Q(z) = 0 and W(z) = |z| satisfies the conditions of
Theorem 14. Here the objective function is nonconver and the feasible set
{z : = £ M} is not compact, e minimizer still erists, namely z(t) = M.

Recall that in the final example we had neither a convex objective function
nor a compact feasible set, and yet, a minimizer still exists. The theorems seem
to successfully decipher the interplay between the objective function and the
solutions to the differential equation.

We now apply Theorems 13 and 14 to three additional one- dimensional

examples each involving a control.
Example 17
1
min / lz(t)ldt
T Jo

subject to: E(t) = u
z(0) = z(T)
lut)l < 1.

Here H(z,p) = |p| —|z|. Setting V(z) = /4., we have H(x,-VV(z)) = —;—ﬁ»lxl
and so Theorem 13 predicts the eristence of an optimal control, which in this
case isu = 0.

Example 18
1
min/ z(t)dt
= Jo
subject to: z(t) = u
z(0) = z(T)
lu(t)] < L

Here, if u = 0 then = would be a constant, say k and jg z(t)dt = _[;)1 kdt = k

which cannot be minimized. For this problem H(z,p) = |p| — x. If Theorem 14

held there would exist appropriate V(z), W(z), v and é so that
H(z,-VV(z))=|-VV(z)| —z < -yW(z) + ¢ (*)

which would imply | - VV(z)| < z - yW(z) + 6. Since W(z) — o0 as |z| — oo,
we have z — YW (z) + 6 — —oc as z — oo which contradicts the positivity of
the left hand side of (*). A similar argument shows that Theorem 13 does not

apply.
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Example 19 .
min / z(t)dt
z Jo

subject to: %(t) = z+u
z(0) = z(T)
@) < 1.

The set u =1 and T = -1 provides a minimizer. We have
H(z,p) = |pl - = + zp.
Setting V(z) = z2 gives H(z, -VV(z)) = H(z,2z) = 2|z| — = — 2x% which is

easily bounded by a function of the form —v|z|+ 6. Hence Theorem 138 predicts
the etistence of an optimal control.
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Chapter 5

Associated Hamiltonian
System

We include this discussion of the Hamiltonian system associated with the pe-
riodic problem because when the Hamiltonian system has a solution then the
solution to the optimal control problem is finite. The Hamiltonian system also
gives us insight into the nature of the solution.

This chapter opens with an example for which Theorem 14 predicts the
existence of a minimizer but for which the minimum is +oco. It then consid-
ers theorems of Gaines, Gupta and Peterson ([9] [10]) which guarantee finite
minimums and extends these theorems to a general quadratic Hamiltonian.

5.1 The Periodic Problem

Example 20 Consider the one-dimensional example
T
min / z*
(z.u) Jg

subject to: £ = 1
z(0) = z(T)

Here H(z,p) = p — z%. Setting V = z2, Q = 0, and W = z? satisfies the
conditions of 14 , and so a minimum for ¢ is attained. Since the periodic
boundary values cannot be satisfied ¥ = +oc and hence the minimum is not
finite.

We will consider a general Hamiltonian system which can be associated with
the periodic problem in optimal control.
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t € 8,H(t,z,p) = f(t,z,p) ae. on([0.7T)
—p € 8:H(t,z,p) = g(t,z,p) a.e. on[0,T] (5.1)
z(0) = z(T), p(0) = p(T)

where [0, T) is fixed with 0 < T < oo.
Assume f,g:[0,T] x R* x R® — 2®" and satisfy the following assumptions:

Assumption 6 For all (t,z,p) € [0,T] x R* x R", f(t,z,p) and g(t,z,p) are
nonempty, compact and convez subsets of R™.

Assumption 7 Forallt € [0,T}, f(t,.,.) and g(t. .,.) are upper semicontinuous
on R x R".

Assumption 8 For all (z,p) € R" x R", f(t,z,p) and g(t.z,p) are measurable
multifunctions on [0, T).

Assumption 9 If K C R" x R" is compact, then there is an a € L}(0,T) such
that if (z,p) € K, u € f(t,z,p), v € g(t.z.p), and t € [0, T}, then

(lli® + 121%) 2 < aft).

Assumption 10 There are positive constants a,b.c.d and e such that for all
(z,p) € R" x R", ifu € f(t,z,p), and v € g(t,z,p) then

(i) (-2,v) + (pu) 2 allfull® + [2I%)/2 = b(llzl? + P22 -~ c.
(i) (=2,v) + (p.u) 2 d(llzl* + o) /2 - e.

Theorem 16 (Finiteness) Under the above assumptions the periodic Hamil-
tonian system 5.1 possesses a solution. See [10].

Theorem 17 Suppose that Assumptions 1, 3, and 4 of Chapter 3 are satis-
fied. Also suppose that for any bounded sets S, and S, in R" there erists an
a € L}[0,T) such that

|H(t,z,p)| < aft) forallz € S;,p € So.

If (z,p) satisfies a periodic Hamiltonian system of differential inclusions, then
P(z) < +o0.

Proof. Since £ € G,H(t, z,p) we have
H(t,z,p) +(q—p, %) < H(t,z,q) for all g € R".

and so
(p,2) — H(t,z,p) 2 (g, %) — H(t,z,q) for all g € R™. (a)
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By Lemma 8 of Chapter 3
L(t, z,v) = sup{(p,v) — H(t,z,p)}
p

Taking the supremum over g on both sides of (a) gives
(p.z) — H(t,z,p) 2 L(t.z, ). (b)

By hypothesis
—a(t) < H(t.z.p)-

Multiplying by —1, adding (p, Z) and taking the supremum over p gives
(p.2) + oft) 2 L(¢, z. ). (c)

Integrating (c), since & € L}[0, T} we obtain

T
/ L(t,z,£) < +oo.
0

Since we are assuming the periodic conditions are satisfied we also have {(z(0),z(T)) < +oo.

Hence ¥(z) = [(z(0),2(T)) + [ L(t.z,) is finite.
QE.D.

The canonical example in the Gaines/Peterson paper [10] is the Hamiltonian
H(z,p) = p® -~ z2. We seek to extend this to a class of general quadratic
Hamiltonians.

5.2 The Quadratic Hamiltonian
Consider the general quadratic Hamiltonian
H:[0,T|xR"xR* =R
defined by
H(t,z,p) = (Az,z) + (Bz,p) + (Cp.p) + (9,2) + (D) + 5

where A and C are symmetric n X n matrices and A and C are negative and
positive definite respectively, ¢ and r are n x 1 matrices and s € R. The values of
all the variables may depend on ¢. This yields the linear system of 2n differential

T B B

Theorem 18 The problem stated above has a periodic solution.
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Proof. Assumptions 1-4 of Theorem 16 are easily satisfied. We define the
function f(z,p) by

f(Irp) = (—:x:,v) + (pv u)
(—24z,z) + (2Cp,p) - (¢, T) + (1, D)

The critical point (Z,p) of f(z,p) is found by solving
f: = —4Az—-q=0
fp = 4Cp+r=0.

yvielding 2 = 3LA7'q, 5 = F2C~'r, and f(7.5) = F{A7!q,q) — (C~'r,7).
Since

flap) - fEF) = (~24z.2) ~ (0,2) - 5(A70,0) + (2Cp.p) + (r,p) - 5(C'r,7)

= (=2A(z+ -;—A"lq),:x + %A“q) +(2C(p+ iC'lr), p+ %C'lr)
> 0

for all (z, p) # (Z,P) we have that (Z, §) is a minimizer for the quadratic function
f(x,p). This is sufficient to show that there exist a,b > 0 such that

(=z,v) + (pu) > a(llz)® + lIpl?) - b

which satisfies Assumption 5 of Theorem 16. If a and b are functions of ¢t we

can select their minimum and maximum values on [0, T}.
Q.E.D.

Theorem 19 Let R : R* — R™. Let P : R* — R be invertible and set
Q = PRP-}. Consider the linear systems

(i) £ = Rz +r(t), z(0) = =z(T) and
(i) £ = Qz + Pr(t), z(0) = =(T).
The function u is a solution to (i) iff Pu is a solution to (ii).
Proof. Since u is a solution to (i),
@ = Ru+r(t)
Pi = PR(P 'P)u+ Pr(t)
(Pu) = Q(Pu)+ Pr(t)

Hence Pu is a solution to (ii). Note that in this theorem the n x n matrices are

independent of ¢t.
Q.E.D.
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Theorem 20 (a) If D : R* — R™ and E : R* — R™ are both symmetric.
If both E is positive definite and D + DT is sign definite, then there ezists a
nonsingular matriz P : R?® — R?" such that

D E 4. [ B ¢
- Ll Ay

where A is negative definite and symmetric and C is positive definite and sym-
metric.

(b) Similarly, assume D : R® — R® and E : R"® — R™ are both symmetric.
If both E is negative definite and D + DT is sign definite, then there exists a
nonsingular matriz P : R?" — R2" such that
D 0 -1_| B C
Pl % |-l =)
where A is negative definite and symmetric and C is positive definite and sym-
metric.
. | I o -1_1l] bl 0
Proof: (a)LetP—[ ].ThenP _b[—al I

al bl
p[D E_]lpi_1L bD - aE E [ B ¢
0 -DT “b| ab(D+DT)-a®E @E-b6DT | T~ | -4 -BT |-

Let b > 0. Clearly B and C satisfy the requirements. We have

| -and

A= %[aZE — ab(D + DT)].

We wish to show that a and b can be selected so that A is negative definite.
Assume that D + DT is negative definite. We must have a < 0.

Let u = minyzj=1{a(Ez,z) - b{(D + DT)z,z)}. We can select a and b so
that u > 0. Let y be any vector and let d = ||y||. Then

_ Ty, o = (ol L. ¥ - Y U\] 5 g2
a(Ey,y) = b(D + DT)y,y) = & [o( EZ, 2) - 6((D + D)2, 1) 2 du > 0
and so A is negative definite.
In the case where D + DT is positive definite the proof is similar.
al bl

For part (b), use P = 0 I

] . and proceed similarly.
Q.E.D.

Theorem 21 (a) Assume that D and E are symmetric. If E is positive definite
and D + DT is sign definite, then the system

=18 ]
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has a periodic solution.
(b) Assume that D and E are symmetric. If both E and D+ DT are negative

definite, then the system

z |_|D O Tl |
-p| | E DT P v
has a periodic solution.

Proof. Rewrite the system as

HEEIHE-

Apply Theorem 20 to obtain a matrix Q satisfying

_po|D E 4_[ B C
Q=Ply —DT]P '[-A -BT]

where A and C are symmetric and negative and positive definite respectively.
Let .

ME
[5]-15 #][5]+ 5]

has a periodic solution by Theorem 16. Apply Theorem 4 to complete the
proof. The proof to part (b) is similar.

Then the system

Q.E.D.

To summarize, if
H(t,z,p) = (Az,z) + (Bz,p} + (Cp,p) + (q.Z) + (r,p) + s
the corresponding Hamiltonian system
T B 2C z T
5 1-[a E ]G] [E]
has a periodic solution in each of the following three cases:

1. A and C are symmetric, A is negative definite, and C is positive definite,
2. A is symmetric and negative definite, B + BT is sign definite, and C =0,
3. C is symmetric and positive definite, B + BT is sign definite, and A = 0.
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Chapter 6

Compatibility of the
Existence and Finiteness
Theorems

This chapter investigates the compatibility of the Periodic Existence Theorems
13 and 14 of Chapter 4 and 16 of Chapter 5.

The relationships between the various elements of our problem are reviewed
below. We assume that the hypotheses of Theorem 17 hold.

(1) If ¥ has a minimizing pair (z,p) then the associated (z,u) pair minimizes
the original optimal control problem. (This minimum need not be finite.)
(Theorem 6)

(2) If ¥ has a minimizing pair (z, p) and the minimizer is finite, then (z, p) will
solve the associated Hamiltonian differential inclusion also. (Theorem 4)

(3) Under certain inequality assumptions the Hamiltonian system of differential
inclusions has a solution. (Theorem 16)

(4) If (z, p) solves a periodic system of differential inclusions and H is appro-
priately bounded then (z,p) must be finite. (Theorem 17)

(5) If ¥ attains its minimum and if the associated Hamiltonian system of
differential inclusions has a solution, then ¥ has a finite minimum. (This
results directly from (4).)

We first consider the canonical quadratic example considered by Gaines and
Peterson ([10]).
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Example 21 .
: La, 2
mxm/(; (Zu + %)

subject to: T = u
z(0) = z(T)

Here H(z,p) = p? — 22 < p? + |z|. Setting V(z) = }z2 gives
1

H(z.-VV(z) = H(z, ~32) = -iizz < —vlz| +6

for some v, § > 0. and so, by Theorem 13 ¢ attains its minimum. The
associated Hamiltonian system is

r = 2p
-p = -2z
(0 = z(T)
p(0) = p(T)

Assumption 4 of the Finiteness Theorem 16 requires the eristence of an a
such that

Vdp? + 4z° < o whenever (z,p) € K where K is compact.
Assumption 5 requires the ezistence of positive constants a,b,c,d, e such that
(z,p)

(i) —z(~2z) + p(2p) = 2z° + 2p? > a\/4p? + 422 — b\/2% + p? —c,
(ii) 222 +2p® > d\/z2 +p? —e.

These conditions, along with Assumptions 1, 2, 3 of the Finiteness Theorem
can be satisfied easily. Here, the Eristence and Finiteness Theorems together
predict the ezistence of a finite minimum for 1.

The next example was discussed previously at the end of Chapter 4.

Example 22
1
min / z(t)dt
T Jo
subject to: I(t) = zT+u
z(0) = z(T)
lu(t)] < 1.
42

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



We showed previously that H(z,p) = |p| — = + zp, and that ¢ attains its mini-
mum. The associated Hamiltonian system is

z+1, forp>0

z={[x—1,z+1], forp=0

z-1, forp<0
-p=p-1

p(0) = p(T), =(0) = =(T)-

Assumption 5 requires the eristence of positive constants d and e such that
for all (z,p)

(i) z£p>d\/z? +p? —e.

Setting p = z in (ii) gives

2z, forp2>0
d\/_2.|:t|—e${0' forp<0

which cannot be satisfied for any positive d and e. Consequently Theorem 16
does not guarantee that a minimum value of ¥ is finite. Nevertheless, z = -1,
p = 1 solves the differential inclusions and hence ¥ has a finite minimum. We
can see that (z,u) = (~1,1) is the minimizer for the optimal control problem.

We now consider a more general periodic problem in optimal control.
T
min [ 1f,u(e) + file)les
¢ Jo

subject to: Z(t) = f(z(t))+u
z(0) = z(T)

Reformulating, we obtain

0 fora=1b
ia,b) = { +o0, otherwise

_ f fo(u) + fi(z), forv=f(z)+u
K(z,v,u) = { +00, ' otherwise

L(z,v) = inf K(z,v,u) = fo(v — f(z)) + fi(2).
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The Hamiltonian, then, is
H(z,p) = sup {pv = fo(v - f(z)) — f(z)}

Differentiating with respect to v shows that this supremum occurs when v = g(p)+ f(z)
where g = (f)~! assuming this inverse exists. Hence,

H(z,p) = plg(p) + f(z)] - folg(p)) — fi(z).

Theorem 4 states that if there is an optimal control and the minimizer is
finite, then we will have a solution to the following differential inclusion.

I € O,H(t z,p)(z.p) = g(p) + f(x)
-p € 8:H(t,z,p)(z.p) =pf'(z) - filz)
z(0) = z(T') and p(0) = p(T).

To show that this system has a solution it will suffice to show that there
exists a constant solution, that is there exists an (£, p) pair satisfying

(a) g(p) + f(z) = 0 and,
(b) pf'(z) - fi(z) =0.
From (a) we have
(¢) p =g~ (~f(2)) = fo(~f(z)).
Substituting into (b) gives
(d) fi(z) = fo(~f(z))f'(z).
If we assume that (d) has a solution, £, then (c¢) gives a p so that (%, p) satisfy

(a) and (b).
We now apply this idea to a specific problem.

Example 23 In the preceding set fo(u) = u?, fi(z) = 22, and f(z) = z3 to

obtain
T
min / [u? + 7|
Z.u 0
subject to: x(t) = z3+u
z(0) = z(T)
Then

H(z,p) = ip"’ -2 +pzd.
Setting Q(z) =0, V(z) = %:1:2, W(z)=|z{,6§=2,vy=1,08=0,0=1/2, and
v = T/4 will satisfy the conditions of Theorem 14 as follows:
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(c)v <1— [T o(t)dt, and

-T2

Q(z)=02 = -V (z) + p-

(1) H(z,-VV(z)) = H(z, ~z) = -.752% — 2% < —|z| + 2 = —yW(z) + 6 and
(2) H(z,VQ(z))) = H(z,0) = —z° < 0.2522 = aV(z) + 6.

Thus, we expect a minimizer for this problem.
The associated Hamiltonian system is

. 1
r = §p+:r
-p = -2+ 3pz®
z(0) = z(T)
p(0) = p(T)

Assumption 5 of Theorem 16 requires the eristence of positive constants d
and e such that for all (z,p)

222 +0.5p% - 2pz® > d\/z2 + p? —e.

Setting p = =, we can see that (ii) cannot satisfied for very large values of z.
since
lim 2.5z° - 2z% = 00 but
T——00
lim dv2|z| - 3 = +c0.
=400

Hence the finiteness of the minimizer is not guaranteed by Theorem 16.

Nevertheless, (z,p) = (0,0) solves the periodic Hamiltonian system and so
¥(0) is finite. Therefore, since there is a minimum, the minimum for ¥ must
indeed be finite. This solution, placed into the constraints generates a control
u=0.

To summarize, in the previous two examples, an Existence Theorem predicts
a minimizer, but the Finiteness Theorem does not guarantee a finite minimum,
despite the fact that the minimum is indeed finite! Consequently, the search for
compatibility is narrowed to even more specific examples.

Consider the problem for which f,(u) = 0. Note that fj is not invertible
so the formulation preceding example 23 does not apply. We have, however,
considered this example previously in Chapter 3.

T
min [ A@at
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subject to: £ = f(z)+u
z(0) z(T)
luf € 1

Theorem 22 Assume f(z) and f1(z) are both invertible with f and f, strictly
increasing and decreasing, respectively. If 1 € R(f) and f'(f~*(1)) # 0 and
F1(f~1(1) # O then the Hamiltonian system of differential inclusions associated
with the above problem has a constant solution.

Proof. From Example 1 in Chapter 3 the Hamiltonian is

H(z.p) = pf(z) + |pl = fi(z)

and the associated differential inclusion is

f(z)—l, fol'p<0
=4 [f(z)-1,f(z)+1], forp=0
f(z) +1, forp>0

-p = pf'(z) - filz)
2(0) = z(T) and p(0) = p(T).
A constant solution (£, ) must satisfy
£ =0
-5 = 0.
If -p=0thenpg= % < 0 from the monotonicity. Therefore£ = f(Z) -~ 1 =0
and so £ = f~1(1). Similarly, if f and f; are both decreasing or both increasing

and -1 € R(f) and f'(f}(1)) # 0 and f{(f}(1) # O, then the Hamiltonian
system has a constant solution.

QE.D.

Theorem 23 The above optimal control problem has a solution provided there
eristy, 6> 0,0 and 8 >0 with0 < oT <1 and 4T > 0 such that

(1) |z| - zf(z) — fi(z) £ —7lz| +6
(2) —fi(z) < oz +4.

Proof. Apply Theorem 14 using V(z) = 322, W(z) = |z], and Q(z) = 0.
Q.E.D.
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Example 24 If fi(z) = z then (1} in Theorem 23 requires f(z) to satisfy
flm) € ~(r+2)-2.x<0
flx) 2 o -f—r.r>0

where vy, § >0 and T 2 0. UsingT =1, v = % and 6 = %, the graph off(z:)

must lie in the region shown below. Clearly there are increasing functions f(r)
whose graphs lie in this region and which satisfy the hypotheses of Theorem 22.

-10.4

Consider the case where fo(u) = u2.

T
: 2
min [ 42 + fi(e)
subjectto: & = f(z)+u
z(0) = z(T)
47
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Theorem 24 The above optimal control problem has a solution provided there
erist ~. 6 >0. 0 and § >0 with0 <oT <1 and ~T > 0 such that

(1) 32 - zf(zx) - filz) < —viz| + 6
(2) -fi(z) < Loz + 6.
Proof. H(z,p) = 1p* +pf(z) - fi(z). Apply Theorem 14 using V(z) = ;22
)=

W(z) = |z|, and Q(z) = 0.
Q.E.D.

Example 25 From (2) fi(z) can be any linear or nonnegative function. Com-
putations of (1) indicate that choosing fi(x) = kz, k > 0 or choosing an fi(z) =
0 for r < Q prevent the use of functions f(zx) for which lim,_._ f(z) = +o0.
Using fi = £° for all = requires f(z) to satisfy

f(z) < —131'—7—%.r<0
-3 é

> J——— - >

fx) 2 T+ I.r_o

which permits greater flexibility in a selection of f(x). For ezample, usingT =1,
¥ = % and 6 = % the graph of f(z) must lie in the shaded region below.

[y
X
: 1 0 'l 1
-4 -2 ( 2 4
—5.‘-
-10]
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Theorem 25 For the problem
T
min / (u? + %)
z,u 0

subject to: ¥ = f(z)+u
z(0) = z(T)

If f(x) is a polynomial for which ¥ has a minimizer, then the optimal control
problem has a finite solution.

Proof. In this problem
H(z,p) = 37 - 2% + pf(@)
which yields the system
i) = zp+f@)

-p(t) = pfllz)-2z
z(0) = z(T)

p(0) = p(T)
This system has a constant solution p = —~2f(Z) where Z solves f(z)f'(z) = —z.
The function f(z)f'(z) is either an odd polynomial with a positive lead coeffi-
cient or it is the zero polynomial. In either case the equation f(z)f'(z) = ~z

has a solution. Since (Z,7) solves the system, by Theorem 17 ¥(Z,p) is finite
and so the minimum for v and hence for the optimal control problem is finite.
Q.E.D.

To summarize, in the problem
T
mip [ [fo(ule) + AlaENldt
" 0

subject to: £(t) = f(z(t))+u
z(0) = z(T)

we saw two examples for which the Existence Theorems predict a minimizer,
but for which the Finiteness Theorem fails to predict a finite minimizer. In
the final two theorems, we focused on the cases fo(u) = 0 and f,(u) = u® and
demonstrated restrictions on f(z) and f) (x) which suffice to allow the Finiteness
Theorem to predict a finite minimum.
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Chapter 7

Water Management
Example

7.1 The Water Management Problem

We conclude with a periodic example involving an irrigation system. After
explaining the problem we will apply the second periodic theorem, Theorem
14 and examine the problem in light of the finiteness theorems developed in
Chapter 5.

Consider the following diagram of a simple water management problem. The
arrows represent the direction of the flow of the water. The diagram indicates a
reservoir before the dam, a reservoir between a dam and a barrage, two canals
draining from the second reservoir, and three wells.

50

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



dam barrage o Wwell

We let the control and state be given by

73 Volume over dam
u=| up | = | Volume through canals and over barrage
u3 Volume out wells

K. Volume before dam
T=1 2z, | © | Volume between dam and barrage

We will let T represent one time period. We seek a model satisfying the follow-
ing:

(a) The states and the controls have volume units.

(b) The controls should be as close as possible to some target controls. The
target will be given by
ty
A= ta
t3

(¢) The state system should satisfy a mass-balance equation.

(d) The states at the beginning of each time period should be equivalent. This
imposes a periodicity on the states.

(e) Both the states and the controls are bounded. (Our model will not incor-
porate these bounds.)
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7.2 Linear Case

In addition to the above, we make the following assumptions:
(1.) The inflow from the river is a constant F'.

(2.) Seepage, evaporation, plant use, etc. affect water levels. Let f represent
the effect on the water volume before the dam, and g represent the effect
on the water volume between the dam and the barrage. We assume these
are linear functions given by

f(z1) = Mz,

g9(z1,z2) = =Nz + Pz,

where M, N, P > 0, so f is increasing in z; while g is increasing in z» but
decreasing in z;. Net loss out of the reservoirs will mean f,g > 0 while
net gain into the the reservoirs will be indicated by f,g < 0.

Under these assumptions, we arrive at the following model:
T
min/ (u=A)-(u-A4A)
(z.u) Jo

subject to £(t) = Au+ Bz +¢q

where e )
-1 0 - M 0
q_[0]~A—[1 -1 _e]yB—[N —PJ'
z(0) = z(T)
Reformulating
K(z,v,u) = {(U—A) “(u—-4), for v = Au+Bzr+q
+00. otherwise
and

L{z,v) = inf K(z,v,u).
u
This is equivalent to the quadratic programming problem
min %uTQu —cTu+ATA
u

subject to Au =5

where

v —-F+ Mz

Q=2 b=v-Bzr-gq= [ vg — Nz, + Pzy

],c=—2A.
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The minimizer for this problem is
v=Q tAT(AQ'AT) [AQ 'c+ b - Qe

Using Maple V to compute the Hamiltonian we obtain

H(z,p) = (F—Maz ~ty~dtz3)p1 + (Nz1 - Pra + 1t —t2 —eta)pe
lie -l L Y2, (L2, 1) 2
+(2de 2)p1p2+(4d +4) 1+(4e +2 D3.

We first examine this problem in light of the second periodic theorem. Set-
ting V(z) = ex} + €23 where ¢ > 0 and defining

hz) = H(z,VV(z))
[-2Me + d%® + €%z? + [-2P¢ + e2e? + 2¢%]z3 + [2Ne + 2dee® - 26%|z1z,
+[2F€ - 2ty — 26dt3]1.‘1 + [2Et1 - 2ety — 258t3].'l.'2

Computing second partial derivatives and assuming that € < min{a%’—l, ﬁ%, -i:h;—e}

gives
hy = 2¢[-2M +d?= +¢€] <0

hop = 2¢[-2P + €% + 2] < 0
hi2 = 2¢[N + dee — €] > 0.

In order for h to attain a maximum we must also have a positive determinant
for the Hessian, that is
huflgg - h%’l > 0.

This would be the case provided —h;; > hj2 and —haa > k2. That is, we must

have
2M > N + (d% + de)e

and
2P > N + (de + €* + 1)e.

If 2M > N and 2P > N, by choosing £ small enough we can satisfy these
requirements. These restrictions are reasonable in light of the physical meaning
of M, N, and P. Hence, this choice of V gives a maximum for h(z) and so we
can satisfy the existence requirement

H(z,VV(z)) < -yW(z) + 6.
Additionally, if Q(z) = 0, we can satisfy
H(z,VQ(z)) < cV(z) +0
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and thus fully meet the conditions of the 2nd periodic theorem.
Next, we consider the finiteness of the optimal solution by examining the
four dimensional system of differential equations:

Iy [ -M 0 %4—%(12 %de--;— I F -t —dts
2 _ N -P -2-(18 - % -2'82 +1 To + t, — iy ~et3
—p1 - 0 0 -M N D1 0
—p2 | 0 0 0 -P D2 0
_ Iy F —t; —dt;
_ B C o)) + iy —tr —et3
~ o BT || nm 0
P2 0
Since
1 1
T _ T -d2 zde — 3
zCz = =z [‘de-—-‘- ijezﬁ-l]z
1
= (%-*-—-dz):z:; +(de -1 zlx2+(—e2+ 1)z3

1
= (—= 24 (— 24 1") > 0.
»/' f \/' \/'
the matrix C is positive definite.
Likewise, we must also show that B + BT is sign definite. If we continue to
assume that 2M > N and 2P > N then

r| -2M N
N =-2P

= -21%:1:% + Nzyzo ~ ?.P:z:%
< -N(z, - 3:2)2 <0,

B +BT)z =

Hence,by the results of Chapter 5 show that the Hamiltonian system of
differential inclusions has a system has a solution. The hypothesis of Theorem
17 are satisfied by H and so the problem has a finite minimum.

7.3 Nonlinear Case

We next consider a situation where f and g are nonlinear functions. We make
the following assumptions, akin to the linear case:
(1) The inflow from the river is a constant F.

(2) Seepage, evaporation, plant use, etc. affect water levels. Let f represent the
effect on the water volume before the dam, and g represent the effect on
the water volume between the dam and the barrage. We assume these are
nonlinear functions, with the following physically reasonable conditions:
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(i.) As in the linear case f is increasing in z, while g is increasing in z2
but decreasing in z;.

(ii.) Net loss out of the reservoirs will mean f,g > 0 while net gain into
the reservoirs will be indicated by f,g < 0.

(iii.) Since z, affects the change in volume before the dam more than
it does the volume between the dam and the barrage we can reason-
ably assume that f’(z;) > —gi(z1,z2). Likewise, since the volume
between the dam and the barrage is affected more by x> than by z;
we can assume g2(zy,Z2) > —g1(z1,Z2)-

(3) 9(z1,72) = g(x1) + G(z2)

Under these assumptions, we arrive at the following model:

T
min/ (u-A)-(u-4)
0

(z.u)

subject to £(t) = Au+ B(z) +¢

where
_| F |-t 0 -d _ -f(z1)
= [ 0 }'A—[ 1 -1 -e ],B(z:)— [ -g(z1,z2) |~
z(T) = z(0)
Reformulating
K(z,v.u) = (u=A)-(u-A)., for v=Au+B(z)+¢q
v +00, otherwise
and

L(z,v) = ir‘}f K(z.v,u).

This is equivalent to the quadratic programming problem

muin %uTQu ~cTu+ATA
subject to Au=0b

where
v = F + f(z1)

Q=2[,b=u—B:1:—q=[ u2+g(,1;1,1;2)

] ,c=—2A.
The minimizer for this problem is

u=Q 'AT(AQ'AT) Y AQ 'c+b] - Q 'c.
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The Hamiltonian, then, is

H(z,p) = [F-t1—dtz— f(z1)|p1 + [t1 — t2 — etz — g(z1, 22)|p2
Ly L Lo e (e 1) 2
+(2de 2)p1p2+(4d +4)p1+(4e +3 ) P2
We first examine this problem in light of the second periodic theorem. Set-
ting V(z) = ez} + <12 where £ > 0 and defining
h(z) = H(z.VV(z))
1 1,

1
= 25{ (;d2 + -2-) e:z:f + (56 + %—) 251:% + (de — 1)2exy29

[F =ty —dtz — f(z))]z1 + [t1 —t2 —ets -9(1-'1'1‘2)]-’132}

Computing second partial derivatives and assuming that

e min{ 2f'(z1) + z1f"(x1) + T2g11(T1, 22) 292(z1, T2) + T2g2a(zy, T2)
- d? +1 ! e+ 2 '
—Z2g12(Z1, T2) = 91(T1.ZT2) }
1 -de
gives
hu = =22f'(z)) + 21 f"(z1) + T2g11(T1, T2) — (4> + 1)} < 0
hza = -2¢[2g2(z),Z2) + T2g22(x1, T2) — (€2 +2)e] <0

hiz = 2e[-z2g12(z1,22) = g1(21,72) + (de ~ 1)e] > 0.

In order for h to attain a maximum we must also have a positive determinant
for the Hessian, that is
huhzz - h?z >0.

This would be the case provided —hq; > h12 and ~hge > hjg. That is, we must
select € > 0 so that

2f'(z1) > —gi(z1.22) — z1.f"(21) — T2[911(Z1, T2) + Gr2(T1, T2)] + (d° + de)e
and
292(z1,T2) > —g1(Z1.T2) — T2[g12(Z1, T2) + g22(z1, 22)] + (de + €2 + 1)e.

From condition (iii.) above, if the second partial derivatives are small enough
and appropriately bounded we can select € small enough to satisfy these two
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equations. Hence, this choice of V' gives a maximum for h(z) and so we can
satisfy the existence requirement

H(z,VV(z)) < —yW(z) +6.
Additionally, if Q(z) = 0, we can satisfy
H(z,VQ(z)) <oV(z) +6

and thus fully satisfy the conditions of the 2nd periodic theorem.
Simplifying the five conditions, € > 0 must satisfy

2f"(z1) + z1f" (z1) + T2911 (1, Z2)

(a) € < d?+1
2g2(x1, Za2) + T2g22(T1, T2)
(b) &< e2+2
-g1(z1, T2)
(c)e< —de
(d) e < 2f'(z1) + 1 f"(z1) + T291(T1, T2) + g1(T1, T2)
d? + de
(e) £ < 2g2(1, Ta) + Tag22(T1, Ta) + G1(T1, Z2)
de+e2+1

The denominators in (a)-(e) are always positive. Hence there exists an € > 0
satisfying (a)-(e) provided the numerator in each inequality is positive. This is
always the case in (c¢) since g is decreasing in z;. If f(z,),g(z1), and §(x;) are
all concave up then (a) and (b) are easily satisified. In this case, by assumptions
(2i) and (2iii) we also can satisfy (d) and (e).

Example 26 Consider the above nonlinear problem with

flz1) =22

1
g(z1,22) = —3% +z3.

These choices of f and g satisfy assumption (2i) but (2iii) is satisfied only for
> i and z3 > 1 and so (d) and (e) are not immediately satisfied. In this
ezample we must be able to select € > 0 so that

6.’121
d? +
6z
e2+2°

(a) e <

(k) e< ——=
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1
(c)e< ———2(1 —de)’
12z, -1
2(d? + de)’

(e) & < 12z, -1
2(e? +de+1)°

(d)e<

These equations must hold for all (zy,z2) and hence, to satisfy (d) and (e)
we must have T, > %2- and T2 > é These restrictions prevent the volumes in
either reservoir from getting too small. Hence, we woud ezpect to have a finite
minimum in this case.

Returning to inequalities (a) - (e), we note that (a2) and (d) both have positive
numerators if

z1 f(21) + Tagu (21, 22) > =2f'(71) — g1 (21, T2)
while the inequalities (b) and (e) both have positive numerators if

-gi(zy, z2) ~ 2g2(z1, T2
g22(z1.72) > g1(z) )I g2(Z1 ")'
2

By our earlier assumption (2iii), the right hand sides of these two inequalities
are negative. Hence f.§, and § may all be concave down to some extent.

Example 27 Consider the nonlinear problem with
flz1) = vou

9(z1,22) = —kzy + /T2
where k < 1 is small. Here, assumption (2i) is satisfied, and assumption (2iii)
and 2 <

is satisfied provided z; < Pe] which is reasonable for small

1
———— and k < 12,/ . 1
N and k < 12\/Tapq.- This

is placing an upper bound on the volume in the reservoirs. Such a choice of
k guarantees a positive numerator for (a)(b)(d)(e). Hence we expect to have a
finite minimum.

4k?
enough values of k. This implies that k <
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