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ABSTRACT

ELECTROMECHANICAL AND CURVATURE-DRIVEN MOLECULAR FLOWS FOR

LIPID MEMBRANES

Lipid membranes play a crucial role in sustaining life, appearing ubiquitously in biol-
ogy. Gaining a quantitative understanding of the flows of lipid membranes is critical to
understanding how living systems operate. Additionally, the mechanical properties of lipid
membranes make them ideal material for nanotechnology, further motivating a need for accu-
rate computational models. This thesis is organized in three projects that model important
features of lipid membranes.

First, we define the mechanical energy of vesicle lipid membranes and propose a fast
numerical algorithm for minimizing this energy. The mechanical energy is well known,
and existing computational techniques for minimizing this energy include solving the Euler-
Lagrange equations for axisymmetric shapes [91] or approximating the minimization problem
by minimizing over a subspace of membrane configurations. We choose the latter approach,
making no restrictive symmetry assumptions. Specifically, we use surface harmonic functions
to parameterize the membrane surface, drastically reducing the degrees of freedom compared
to similar existing approaches. Numerical equilibrium shapes are presented, including con-
formations exhibited by red blood cells. The numerical results are verified against analytical
values of axisymmetric shapes.

Second, we develop the electrostatic potential energy for lipid bilayer membranes in
the context of lipid-protein interactions. We extend the electrostatic potential energy of a
protein-solvent system in [62] to include charged lipids in a protein-membrane-solvent system.

Here, we model the bilayer membrane as a continuum with general continuous distributions



of lipids charges on membrane surfaces. Key geometrical properties of the membrane surfaces
under a smooth velocity field allow us to apply the Hadamard-Zolésio structure theorem of
shape calculus, and we compute the electrostatic force on membrane surfaces as the shape
derivative of the electrostatic energy functional.

Third and finally, we develop the mathematical theory and the computational tools for
curvature-driven flow of proteins within lipid membranes. Recently, much attention has been
devoted to understanding curvature generating and curvature sensing properties of proteins
in vesicle membranes. That is, certain proteins prefer regions of specific curvature and natu-
rally flow to these regions. We develop the mathematical theory for curvature-driven diffusion
along these membranes, which involves a variable diffusion coefficient. Finite element and
finite difference methods have been used to solve diffusion equations on surfaces, but these
methods require costly spatial resolution and adaptive mesh refinements for dynamic mem-
brane surfaces. Instead, we use a phase field model with Fourier spectral methods so that
no explicit tracking of the surface is required. Furthermore, the spectral accuracy allows for
uniform mesh with no refinement near the boundary. The numerical solution of the diffu-
sion equation and the numerical solution of the membrane shape equation is performed in a
consistent framework to allow for the coupling of membrane shape with the curvature-driven

surface diffusion. Results which capture the curvature preference are presented.
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CHAPTER 1

INTRODUCTION

1.1. MATHEMATICS PRELIMINARIES

Before reading this thesis, the reader should be familiar with some basic calculus formulas.

Recall the formula for integration by parts:

(1) /QVU-VdX:/aQ(uv)-ndS—/QuV-VdX.

The divergence theorem is a realization of integration by parts with u = 1,

(2) / V-ndS:/V-VdX.
G Q

For a scalar-valued function f : R®™ — R and a vector valued function V' : R® — R", the

divergence operator satisfies the product rule,
(3) V-(fV)=f(V-V)+V (V).

On a two dimensional surface, the surface gradient and surface divergence can be defined
by subtracting off the normal components from the usual gradient and divergence. For a

scalar valued function g : R? — R, the surface gradient is

(4) Vsg=Vg—(Vg-n)n.

Also, for any vector-valued function W : R? — R?, the surface divergence is defined as
(5) Ve W=V-W—n-(VWW)n.

The reader should also be familiar with the calculus of variations. As a refresher, we

provide a simple computational formula. Given a functional F[¢] : M — R, where M is a



manifold, the functional derivative of F'[¢] with respect to ¢ is defined by

oF

(6) k=5,

v dx

OF
The functional derivative is the quantity 17 and it can be computed by the formula (6).
The quantity 0 F is called the first variation of F'.

Now we are ready to begin.

1.2. WHAT ARE LIPID VESICLES?

Lipid bilayers play a crucial role in sustaining life. They serve as boundaries of cells
and cell organelles such as the endoplasmic reticulum, Golgi apparatus, mitochondria, and
transport vesicles. Primarily, lipid bilayers act as interfaces between the enclosed structure
and the surrounding aqueous environment and serve as smart controls for the transport of
specific ions, sugars, amino acids, and vitamins in and out of the enclosed structures [66].
The membrane is flexible and permits the flow of these metabolic products by stretching,
bending, merging and separating in specific locations. The control of flow through the
membrane is precisely regulated by different proteins and other macromolecules, each with
its own specific function.

Lipids are amphiphilic molecules. They are composed of two structured groups, a hy-
drophilic “head” and a hydrophobic “tail.” Therefore, when placed in aqueous solution, the
head groups of the lipids aggregate in such a way to protect the tail groups from the wa-
ter, forming a bilayer membrane automatically, as shown in Figure 1.1. Each layer of the
membrane is called a leaflet. A cell vesicle is an example of an organelle formed by a lipid bi-
layer structure. Vesicles primarily serve as transport vehicles, carrying cellular products and
wastes to specific locations. Like any organelle, the membrane includes more than just the

lipid bilayer. Numerous proteins and cholesterols may be attached or embedded in the lipid



membrane. A cell vesicle with its numerous attachments is shown in Figure 1.1, alongside a

depiction of a vesicle without any attachments.

Hydrophilic head % NAVAVE

Pl = f
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Figure 1.1: Left: Self assembly of lipid bilayer. Middle: Lipid bilayer forming a liposome
vesicle with no protein attachments [77]. Right: Cell vesicle with attachments [99)].

In principle, the flow through the lipid bilayer membrane is regulated by two major types
of membrane deformations. One type of deformation occurs directly at the location of trans-
port. Two examples are endocytosis and exocytosis. In endocytosis, the membrane bubbles
inwardly, creating a vesicle that engulfs certain substances. In exocytosis, the membrane
bubbles outwardly, creating a vesicle that excretes certain substances. Another type of flow
is caused by indirect membrane deformations through mechanosensitive channels. A stim-
ulus away from the transport site may induce membrane deformations, signaling proteins
embedded in the membrane to open or close, in turn allowing or disallowing certain products

to pass through. Both of these major types of transport are illustrated in Figure 1.2.

poq  DOUDIE yere dmembmne

‘@@
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Figure 1.2: Left: Illustration of transport through endocytosis [40]. Middle: Transport
through of exocytosis [70]. Right: Transport through a mechanosensitive ion channel opening
in response to membrane tension.
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Investigating the forces on lipid membranes is essential to study membrane deformations
and flows, and ultimately understand the complex activities of cells and organelles. In
addition, the mechanics of lipid membranes is critically important for drug encapsulation

and delivery [84].

1.3. MATHEMATICAL MODELS: AN OVERVIEW

The underlying theme for these problems in mathematical biology is energy minimization.
The geometric structure to which a molecule, ion, phase, membrane, etc. assumes often
corresponds to a configuration with minimum energy. This is due to a fundamental concept
in physics, chemistry, and biology: the second law of thermodynamics. That is, the entropy
of a closed system always decreases and is maximized at equilibrium. As a simple example,
a ball placed on the side of a hill will roll to the bottom without being pushed, minimizing
its gravitational potential energy.

In relation to lipid membranes, the bending, stretching, merging, and separating of the
lipid membrane incurs some associated energy cost. The equilibrium membrane shapes
should appear in configurations which minimize these energies. Defining the energy of a
membrane with no external forces is discussed in Chapter 2. Later, in Chapter 5, we inves-
tigate the total energy when the the lipid membrane is placed under an external field, e.g.,

electrostatic field generated by protein-membrane interactions.

1.3.1. AromisTIC MODELS. There are many methods one can choose to model the dy-
namics and equilibrium configurations of lipid membranes. Probably the most straightfor-
ward is molecular dynamics simulations (MD). In MD, each atom is explicitly defined in
space, and all the bonded and nonbonded interactions are calculated at each time step.
These interactions produce forces, causing the atoms to move, and new forces for the new
positions must be computed on each atom. The process continues, simulating the dynamics
until equilibrium. While this method is conceptually precise, it certainly has its setbacks.
If a large deformation is sought, in either length or time, MD simulation is too computa-

tionally expensive. Moreover, we're really only interested in the movement of the lipids, but



MD requires computations on every atom in the simulation, including the water molecules
in the solvent. Much computation time is spent on simulating the movement of the water
molecules, which isn’t really the problem of interest. Other methods of membrane simula-
tion include Monte Carlo (MC) and Brownian dynamics (BD), but these methods also have

similar drawbacks.

1.3.2. CONTINUUM MODELS. In this thesis, a continuum model describing large and
meso-scale deformations of lipid bilayer membranes is established, specifically for vesicle
membranes. Lipid vesicles are typically 50nm in diameter, while other membranes (e.g.
cell membranes) can be 100pm in diameter. The lipid constituents have heads that are
0.8-0.9nm in diameter with tails that are 2-2.5nm long [76, Ch. 2|. The size discrepancy
between the vesicle configuration and the individual lipids justifies the continuum assump-
tion. Continuum mechanical properties of the membrane, including the bending modulus,
have been measured under sufficiently long time scales (for example 10-60ns for a system
with 1024 lipids) and agree nicely with experiment [65]. Moreover, lipid membranes modeled
in continuum electrostatic contexts are in agreement with atomic simulation [16]. However,
this treatment cannot capture some short time and specific local interactions, and in some

applications hybrid implicit-explicit approaches may be necessary [64].

1.4. OUTLINE AND CONTRIBUTION OF THESIS

The rest of the thesis is organized in three major sections. The specific contributions are
highlighted for each section.

We begin in the next chapter by defining the mechanical forces on a vesicle. In fact,
a very common vesicle serves as a good test against a model with only mechanical forces:
red blood cells. We review the derivation for the total mechanical energy of vesicles with
its rich history. This mechanical energy includes curvature terms, and some differential
geometry will be discussed. In Chapter 3, we propose a variational problem to minimize
the mechanical energy over membrane configurations which are physically relevant. We use

surface harmonic functions to parameterize the membrane and solve the variational problem



in an efficient way. This is novel work and is a simplification from the use of spherical
harmonic functions as in [52]. Chapter 4 gives the numerical results of the parameterized
problem, comparing the results against analytical solutions.

In Chapter 5, we define the electrostatic forces on a vesicle, induced by a charged protein
located outside of the membrane. The chapter culminates in an expression for the electro-
static potential energy for the protein-membrane-solvent system. The novelty of this chapter
is the introduction of charged lipids on the membrane, extending the functional in [62] for
protein-solvent systems. Chapter 6 defines the dielectric boundary force on the vesicle mem-
brane using the electrostatic potential energy from Chapter 5. The calculation is rigorously
justified through techniques of shape calculus and is physically verified by the use of the
Maxwell Stress Tensor.

The third and final section models topological vesicle deformations. In Chapter 7, the
mechanical energy defined in Chapter 2 is cast in an Fulerian framework. Rather than track-
ing the position of the membrane explicitly, we track the membrane implicitly as a level set of
a 3D function called a phase field function. A new energy minimizing procedure is proposed
and solved, which minimizes the curvature energy (mechanical energy) of the membrane(s).
Chapter 8 uses this framework to model curvature-driven protein localization within a mul-
ticomponent vesicle membrane, which is novel work. Proteins, this time embedded in the
membrane itself, may diffuse laterally along the membrane, just as the lipids do. However,
the protein may prefer a region of specific curvature. Numerical results of this model are
presented in Chapter 9.

A concluding chapter summarizing the results and proposing extensions from these works

is presented in Chapter 10.



CHAPTER 2

BIOMOLECULAR MECHANICS

Red blood cells (RBCs) are highly deformable in flow conditions, but at rest, they are
biconcave discocytes. Understanding why RBCs take their biconcave shape has been a
very active problem in the last century. Since RBCs have no nucleus, their shape must
be regulated by a balance of forces on the cell membrane. Figure 2.1 shows a photograph

of a red blood cell using an electron microscope. We wish to model the membrane of a

Figure 2.1: Red blood cells have biconcave discoidal shape in the absence of external force.

red blood cell in a physically justifiable way. Some clues to this model are attained from
experiment. In blood flow, the RBC passes through narrow blood vessels and can deform
into long finger-like cylinders, all the while maintaining constant thickness. For example,
an 8 um diameter RBC has been observed to squeeze through inter-endothelia slits that are
0.2-0.5 pum in width [8]. Yet, after these deformations, the RBC can return to its original
discoidal shape. Therefore, the RBC membrane possesses elastic deformation properties.
Some attempts have been made in the 1900s to attribute an accurate model to the RBC
shape. In 1965, Murphy suggested that the RBC shape was related to variations in the dis-
tribution of cholesterol in the membrane [74]. However, this is not supported by experiment
[89]. In 1968, Fung and Tong treated the RBC as a fluid-like shell, where the thickness of
the membrane varied to regulate the biconcave shape [39]. This contradicts the experiments
mentioned above. In the same year, Loepz et. al. suggested the charge distribution on the

membrane could influence the shape [67]. But a uniform charge distribution was shown on



the surface of RBCs by Greer and Baker [44]. By and large, the failure of these theories is
that they did not recognize the liquid crystal state of the membrane.

In 1970, Canham suggested that the RBC shape was determined completely by the
bending elasticity of the membrane [13]. This was a major breakthrough in the research.
However, the model leads to other shapes not observed in RBCs. Refining this model, in
1973, Helfrich proposed that the lipid membrane acts like a homeotropic nematic liquid
crystal, where the normal to the surface is the preferred orientation [47]. He based the
expression of the energy density of a lipid membrane on the derivation for uniaxial liquid
crystals developed by Frank in 1958 [38]. A heuristic derivation for the total mechanical
energy of a lipid membrane is given in the following sections, culminating in Section 2.3. A

more in depth approach, following the work of Frank [38] is given in Section 2.5.

2.1. STRETCHING AND SHEARING

The energy cost due to stretching/compressing the membrane from area Ay to a new
area A is given by

1 A— Ap)?
(7) Estretch - Ejg/stretch%7
where Hyeten 18 the stretching/compression modulus of elasticity. The lateral stress (or

tensile stress, or tension), i.e. force per unit area, is calculated by the derivative of the

energy,

aEstretch % A— AO %
= = stretch - stretch €,

(8) “ 9A A,

where ¢ is the normalized displacement, or the strain,

A— A

9) €= 1

This formula (8) is well known as Hooke’s Law. The value of J#een can be calculated for
large unilamellar vesicles (e.g. soap bubbles), and the value is approximately 250 erg/cm?

[86]. Under experiments, the membrane ruptures at only a few millinewtons per meter. Since



Histreten 18 80 large, this means the change in area A — Ay must be small to avoid rupture. In
other words, the membrane cannot sustain much stretching force.

To understand why this is the case, let’s consider the molecular nature of the lipids,
specifically the hydrophobicity of the lipid tail (hydrocarbon chain). The concentration of
free lipid molecules in aqueous solution is typically 1-100 molecules per cubic micron [69].
In other words, for bilayers, the solubility of lipids is low. Therefore, the total number of
lipids in the membrane is by-and-large constant. The flip-flop of lipids from one leaflet to
another is rare compared to lateral diffusion, since the polar head group must pass through
the inner hydrophobic region. Since the number of molecules within the membrane leaflets
are fixed, the area must also be fixed. Therefore, it is the constant composition of lipids in
the bilayer which provides the area constraint.

The energy due to the area stretching and compression is on the order of S etenAo-

Using the typical values for large vesicles, where Ag = 1000 pm?, the energy is of the order

erg (100cm 2
Estretch = t%/stretchAO = 20— ( 1 ) - 1000 /LmQ <

cm? m

2
105 ,um) ~ 10 erg = 10719

The energy from bending the membrane (to be discussed in Section 2.3) is on the order of
the bending modulus #¢, which takes values 7z ~ 107! erg = 1071° J [33]. Comparing
the bending energy to the stretching energy above, we see that the energy from stretching
is on the order of ~ 10°.#;. The stretching energy is nine orders of magnitude larger, and
therefore we can treat the surface area of the membrane as constant, effectively keeping the
area difference of equation (9) fixed. Following equation (7), we use the tensile stress o as a

Lagrange multiplier to write an effective area constraint,

(10) Earea = U/ dsv
T

where I' is the membrane surface and dS is a differential surface area element.
While the membrane cannot withstand large stretching force, it cannot sustain any shear-
ing force. The lipids are free to diffuse laterally throughout the membrane, and therefore

any shear will be absorbed by the fluidity of the membrane.



2.2. OSMOTIC PRESSURE

Another constraint comes from the fact that lipid membranes are relatively impermeable
by ions. This means that the volume of a vesicle is relatively constant, regulated by osmotic
pressure. Osmotic pressure is the pressure required to resist osmosis and maintain equilib-
rium volume. Osmosis is the flow of solvent molecules through semi-permeable membranes
to a region of higher solute concentration in efforts to equalize the concentrations on either
side of the membrane. The low permeability of the membrane (and corresponding high resis-
tance to osmosis) serves as a volume constraint. If we let R, be the gas constant, R, ~8.31
J/(mol-K), and assume an ideal solution, then the pressure difference of the inside to outside

volume p = pin — Pout 1S given by
p= RgT(”/V - C)?

where the quantity n/V — ¢ represents the concentration of impermeable molecules inside
the vesicle (n/V') minus the concentration of impermeable molecules (e.g. sugar) outside the
vesicle (c¢) in moles per unit volume. A typical value for the sugar concentration is 107
mol/m3. The energy corresponding to this pressure is found by integrating the pressure over

the volume from the initial volume V{ to the final volume after the pressure is exerted V/,

E, - /Vp(v) dv — /V R,T(n v —¢) dv

Vo Vo

= R,T (nIn(V/Vy) —c(V = Vo))

Since we assume the volume difference is small, V' & V;, we have V/V; —1 < 1, which allows

for the Taylor approximation to In(z) ~ (x — 1). This gives

By ~ RyT(n(V/Vo — 1) — eV = V)
— R,T(n— V) (V/Vo — 1)

~ R,TcVy/2,
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where the last equality was obtained by using the number of molecules as an average of the
number of molecules of the initial volume and the final volume, n ~ ¢V/2 + ¢V;/2, which
is valid since V' = Vj. The energy here is calculated using typical values for a sphere-like

vesicle of radius 10 pum, at room temperature 295 K,

R,TcV, 4 1 J
QTCO ~ ~7(10 x 107%m)?(295 K) (104 22

—)(8.31
m3)(83 mol - K

)/2 ~10710].

w

Compared to the bending energy, this energy is three orders of magnitude larger. That
is, using the same bending modulus of J#o ~ 10719.J, the osmotic energy is of the order
~ 103%#¢. This means that the bending energy cannot account for the osmotic pressure
from the presence of insoluble sugar molecules in the exterior solution. Because of this, the
enclosed volume of the vesicle is controlled by the condition that no osmotic pressure builds
up. We use the pressure difference as a Lagrange multiplier to write an effective volume

constraint,

(11) Evolume :p/ d‘/a

where the integral is computed over the 3D domain of the enclosed membrane. Note that
since a surface can be parameterized in two variables, this integral can be reduced to two

dimensions after a proper parameterization.

2.3. BENDING

In this section, we provide a formula for the energy due to bending the membrane. Since
the energy of membranes does not depend on the frame of reference, it must arise from
the invariants of the shape operator only. These invariants are the mean and Gaussian
curvatures. We must express these quantities as dimensionless strains to be consistent with

the elasticity theory. The bending energy of the membrane up to quadratic order is given

by

(12) Bhena[T] = 25€ / (202 ds + 26 / K dS,
2 Jr 2 Jr

11



where ¢ is the bending modulus (or bending/flexural rigidity) and % is the Gaussian
saddle-splay modulus (or Gaussian rigidity). A derivation of this equation is provided in
Section 2.5. Notice that the integral of the square mean curvature and the Gaussian curvature
with respect to the surface area are dimensionless quantities ([H]| = 1/L,[K] = 1/L? [dS] =
L?), so we can think of the curvatures as a measure of strain due to bending.

The bending energy equation (12) holds for membranes with symmetric lipid distributions
on each leaflet. However, in most bilayer membranes, this is not the case. A modification
needs to be made to account for naturally arising asymmetry. Based on the chemical bonds in

the hydrocarbon chains, lipids have an intrinsic curvature, illustrated in Figure 2.2 [83]. If the

Positive curvature Zero curvature Negative curvature

Figure 2.2: Different lipid species have different intrinsic curvature. Photo from [83].

lipid composition in each leaflet is symmetric, the overall curvature of the membrane will not
be affected by the lipids themselves, since the curvatures will cancel each other out. However,
if the lipid composition in each leaflet is different, the membrane might be spontaneously
curved in one direction. Equation (12) is modified to account for this spontaneous curvature
resulting from asymmetric lipid compositions, which occurs often in real biological systems.
The spontaneous curvature Cy depends on the lipid species present, but it is difficult to
measure. Note that the spontaneous curvature may be different at different positions along
the membrane. The result is the spontaneous curvature model, developed by Canham [13],

Helfrich [47], and Evans [31]:

JZ/C/(QH Co)? dS+—/KdS
r

We now have a minimization problem subject to area and volume constraints. Note that

(13) E[l] =

the second term in (13) is constant for surfaces with the same topology according to the

12



Gauss-Bonet formula, so the variation is zero and it has no effect on the minimization of the

mechanical energy (see [25] for the Gauss-Bonet theorem).

2.4. LIPIDS: MATERIAL FOR NANOTECHNOLOGY

Before deriving the bending energy formula, we pause to examine the relationship between
the bending modulus and the stretching modulus for a single elastic sheet, given by

Y h3

(14) He = 12(1 — 1?)

(single elastic sheet),

where Y is the (3D) Young’s modulus, A is the thickness of the membrane, and v is Poisson’s

ratio. The Young’s modulus can be expressed in terms of the stretch modulus by
(15> Y = Ji/stretch/h'

If you stretch an elastic material in one direction, the other two directions will experience
some compression. Poisson’s ratio is used to transfer the axial strain in one dimension to the
other two dimensions. We assume the vesicle structure is incompressible, and so we simplify

by setting v = 0.5. Therefore, in terms of the stretching modulus, the bending modulus is

2
o %strotchh

(16) He 9

(single elastic sheet).

It should be emphasized that the equation for the bending modulus (14) is valid for a single
elastic sheet only. However, we have a lipid biayer, so there are really two elastic sheets
involved. Assuming the thickness of the full bilayer is the same (h), we should modify
(14) by considering two sheets of thickness h/2 each. Since we are bending two sheets, we
multiply the right-hand side by 2. Furthermore, we replace h with h/2 and use (15) with

the assumption that v = 0.5 to get

_ Y(h’/2)3 _ Yh3 _ f%/stretchh2 .
(17) %_212(1—1/2) S WI-057 36 (bilayer).

One important question in deriving the model is which value of h we should use to calculate

Jo in (17). Is it the distance between headgroups of lipids, or just the hydrophobic core?

13



This difference may be small, but since h is squared, it may be important. Therefore, (17)
should not be taken to be absolutely reliable in this context, but it does serve as a reasonable
estimate. Using a stretching modulus of 0.25 N/m as before and a bilayer thickness of

h = 5nm, we obtain

1 N
Ko~ %0.25— -(5x107%m)? ~ 1.7 x 107 ~ 42 kT,
m

where kg ~ 1.38 x 1072J /K is the Boltzmann constant and T is the temperature in Kelvin
(experiments taken at normal room temperature, ~ 295K). The product kg7 is called the
thermal energy and is used as a standard scaling factor for energies on the molecular scale.
This estimate is quite accurate compared to experimental values (see for instance, Table 7.3
in [9]), including the estimate we have been using since Section 2.1 from [33]. This energy is
large enough to withstand thermal fluctuations without rupturing the membrane, but is not
too much bigger than the thermal energy, so it is small enough to be deformed by nanoscopic

sources of energy. Therefore, lipid bilayers are ideal material for nanotechnology [24].

2.5. DERIVATION OF MECHANICAL ENERGY

In this section, we derive the bending energy (12) using elasticity theory. The math-
ematical elasticity of solids is based on the analysis of a differential element of the solid.
The element is deformed, and restoring forces, including forces that oppose displacement
of neighboring points in the material, are considered. Constitutive relations between stress
and strain, such as Hooke’s law, are applied to determine the strain. Assuming a linear
stress-strain relation, the energy is a quadratic function of the strain.

We begin by following Frank’s seminal work [38]. In the elasticity theory of liquid crystals,
there are no forces that oppose the displacement of neighboring points in the material. There-
fore, for a differential element of the liquid crystal, restoring torques are considered, which
oppose changes in the curvature. An analog of Hooke’s law is applied to these curvature-
strains using a linear constitutive relation, resulting in an energy that is quadratic in the

curvature-strain. The elastic moduli are the linear constants of proportionality.
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Take a differential (surface) element of the lipid membrane, considered as a liquid crystal
with orientation in the normal direction. We define a local coordinate system on the surface
patch, where the z-axis is parallel to the normal at the center of the patch. Of course,
away from the center, the normal direction may change, but if the size of the patch is small
enough, this discrepancy becomes negligible. We define six components of curvature-strain,

based on this local coordinate system: two splays, two twists, and two bends.

on on

(18) Splays : 51 = 5 2= (9_;’
. on on,,

(19) Twists : t; = —8—;, ty = oy
ong on

(20) Bends : b = 5, by = a—zy

From the equations, a splay (short for the word “display”) is a deformation parallel to
the axis; a twist is an deformation orthogonal to the axis on the surface, and a bend is a

deformation orthogonal to the surface. These deformations are illustrated in Figure 2.3.

1. Splays 2. Twists 3. Bends

Figure 2.3: The three curvature-strain deformations from [38].

The expression for the (unit) normal vector to the surface at any point on the patch is

given as a linear expansion of the curvature strains in each coordinate direction,

(

ng = a1x + agy + azz + O(r?),

(21) ny = @z + asy + agz + O(r?),

n, =1+ 0(r?).
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This approximation is on the order of 72 = 2% + y? + 22 for points within some radius r of
the center of the patch. Notice that the director n is still a unit vector, since we assume
that the patch size is very small, so that the normal does not change very much under the
deformation and hence n ~ (0,0, 1). The coefficients a; are just the splays, twists, and bends.

By (18), (19), and (20), we can see that

a; = =3 Qg = =
1 0$ 1, 2 ay 2
on on
22 — r _ 2 _
(22) as 9> b1, ay e ty,
on on
B=p, T =g =k

Next, assume an analog of Hooke’s Law, that the “torque-stress” is linearly proportional to
the curvature-strain, yielding an energy which is a quadratic function of the curvature-strain.
We will take this as our assumption, that the energy density e is a quadratic function of the

curvature coefficients a;, t =1,--- | 6.
1
(23) e = k:z-ai + Ekijaiaj,

where summation is implied over matching indicies (Einstein summation convention). This
gives a system of 6 linear coefficients a; and 36 quadratic coefficients a;;. However, not all of
these coefficients are nonzero, and not all of them are unique. Next, we make simplifications
to the system based on symmetry requirements.

The first simplification comes from expanding the quadratic terms. In the expansion,
there will be two terms corresponding to a;a; when i # j. The coefficients k;; and kj;; must
be equal, since a,a; is the same term as aja; physically. This simplification is known as minor
symmetry.

The next simplifications are made based on the fact that different coordinate systems
should give the same energy, provided the normal axis (preferred orientation of the bilayer)
is maintained. Any rotation of the coordinate system about the z-axis should give the

same energy. Furthermore, since the normal vector to a bilayer of lipids can point in either

16



direction, it is permissible to transform n’ = —n. Following Frank [38], we choose 2’ = z
and y = —y, and 2z’ = —z in addition to n’ = —n to maintain a right-handed coordinate

system. Then, the linear expansion for (21), keeping the coefficients a; the same, is

Ny = —Ng = —n, =— (10 + agy + azz) = — (mx’ — agy’ — azz’) = —a12’ + azy’ + az?’,
(24)
i

Ny = =Ny = Ny = a2 + asy + ae2 = a2’ — asy’ — agz’.

The new expression for the energy (23) will have different coefficients, but must be equivalent

to the original expression due to the invariance of the energy under this transformation.

Looking at the linear terms, the old and new linear parts of the energy are

(25) €lin = kl&l -+ k‘gag + kg&g + k4a4 + k5a5 + kﬁd@,
(26) e{in = —k1a1 + k2a2 -+ k:3a3 + ]{74CL4 — k5a5 — k6a6.
a in . 8 ¢ . . .
Equating Glin - igh Solin gives the following relations,
8ai 8a2-
]{51 = :l:k’l,
(27> k5 = :i:k57
ke = tkg.
From these relations, we can see that
(28) k1= ks = kg = 0.

For the quadratic part of the energy, one can expand all 36 terms of g, and g}, and
0 eiin
8ai8aj

coefficients multiplied, we can just multiply the linear equations (28) to find the quadratic

take

for each 7,5 = 1,...,6, but since the quadratic coefficients are just the linear

relations. For example, k1o is the coefficient of ajas. The coefficient of a; is ki, which must
satisfy the sign change according to (27), but the coefficient of ay does not have a sign change;
therefore, we have k1o = k1ko = —k1ko = 0 (as is ko3 = 0 by minor symmetry). On the other

hand, the coefficient of ay; is not zero, since ki1 = kiky = (—k1)(—k1) = k1k1. In the end,
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we have the following zero terms,

(29) k1o = ki3 = kiy = kos = kog = kss = ksg = kus = kys = 0

After these simplifications, the system is characterized by 3 independent linear components

and 12 independent quadratic components,

0 by 0 0 0 kus kgl
ks 0 koo koz koy O O
(30) b ks . 0 hys kss ks O 0
2 0 Koy kag kg 0O O
0 kis 0 0 0 ks ks
0 kg 0 0 0 ks ke

The system can further be simplified by assuming the absence of enantiomorphy. That is,
the lipids themselves possess reflection symmetry, so our choice of a right-handed coordinate
system was not necessary. If we transform the coordinates to 2’ = z,y = —y, 2 = 2z, and
keep the normal vector the same, the curvature-strains are now

Ny = Ny = 1T + Ay + a3z = a1’ — asy’ + as?’,

(31)
Ny = —Ny = — (a4ﬂj + asy + CI,GZ) = _(I4ZL'/ + GB?/ - QGZ/‘

Following the energy invariance argument as before, the linear coefficients which change sign

must be zero, Removing the redundant constraints, we have additionally that
In the quadratic terms, we have

(33) k16 - /{23 - k34 - k56 - 0
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Now, there is only 1 linear coefficient and 8 quadratic coefficients.

0 kv 0 0 0 ks O
0 0 kyp 0 ky 0 O
k 0 0 &k 0O 0 0
(34) k’z . ’ 5 kij - %
0 0 koy 0 kyy O O
0 ks 0 0 0 kss O
0 0O 0 0 0 0 ke
Next, we rotate the coordinates about the z-axis by 90° clockwise, giving ' = y,y =

—x,7 = z. Then, the curvature-strain relations are

Ny = Ny = @ + asy + agz = asx’ — agy’ + ag?’,
(35)

/ / /
ny = —ng = — (T + agy + azz) = —axx’ + a1y’ — az?’.

Again, by the energy invariance, we have

kl - k57
(36) ky = —ku,
]{53 = :l:k’(;

From the last relation in (36) and (28), we can conclude that

(37) ky = k¢ = 0.

For the quadratic terms, we have the additional constraints

(38) ki1 = kss, koo = kaa, k33 = kes.
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At this point, we have removed all the linear coefficients, and have only 5 remaining quadratic

coefficients,

(39)

]fn 0 0 0 /C15
0 k22 0 k?24 0

0 k24 0 k’gg 0
/ﬂ15 0 0 0 kll
0 0 0 0 0 ks

0
0
0O 0 k3 0 0 O
0
0

o
I
o o o o o o
o
<
I

Finally, we rotate the coordinates about the z-axis by 45° clockwise so that o' = (v/2/2)x +

(\/5/2)247 y, -

—(V2/2)x + (V2/2)y, ' = z, or equivalently, x = (v/2/2)2' — (v/2/2)y/, y =

(vV2/2)z' + (v/2/2)y', z = 2. The work is a bit more tedious in this case. The curvature-

strain relations are

(

(40)

ol

(a4 + asy + ag2)

+ ay <£$ + — V2, ) —|—a32’>

(a1 + agy + azz) +

[ (%

Ny =

MI& |

ﬂv

2
o3 (oo (-G ) e (o G ) )
1 ;1 / 2 /
= §(a1 +as + a4 + az)x —|—§(—a1 +as — a4+ az)y +7(a3+a6)z,

D) 2
Ny = —g (arz + agy + azz) + \/7_ (asw + asy + agz)

— _g (al (?x’ — \/75‘7/> + as (ix + — V2, ) +a32')
(o) () )

1 1 2
= 5(—a1 —as +as+as)r’ + =(ay —as —ayg + as)y’ + L_(—ag + ag)?’

2 2
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The linear part of the energy is expanded by

1 1 2
gllin = 5(&1 + as + a4 + Cl5)k’1 + 5(—(11 + a9 —aq + (15)162 + g(ag + ag)k:g,
(41)
1 1 V2
+ 5(—(11 —ag + ag + as)ky + §(a1 —ag — ay + as)ks + 7(—613 + ag) k.

Differentiating (41) with respect to certain a; gives

%(kl—kQ—k4+k5):k1,
%(k1+k2—k4—k5):k2,
%(kl—k2+k4—k5):k4,
%(k1+k’2+k4+k5):kz5.

Using this, we have

A(k1y — k15 — koo — kog)
= (k1 — ko —ky+ ks) (k1 — ko — kg + ks) — (k1 — ko — kg + ks5) (k1 + ko + kg + k5)
— (k1 + ke — kg — k5)(ky + ko — kg — ks) — (k1 + ko — kg — ks)(ky — ko + ky — ks)
= —2(ky — kg — ka4 ks)(ka + ka) — 2(ky + ko — kg — k5) (k1 — k5)

= —2ky1 — 4kio + 4k15 + 2k + 4koy + 2kyy — 4kys — 2ks5.

But, from (38), we have ]{511 = /{355, ]{?12 = 0, k‘22 = ]{?447 and ]{?45 = 0. So the equality above

simplifies to
4(k11 — kis — koo — koa) = —4(k11 — k15 — koy — kog) = 0.
The final relation we have follows immediately:

(42) k15 = kll - k22 - k24-
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After all these simplifications, we have 0 linear terms, and only 4 independent quadratic

terms.
0 kll 0 0 O kll - k‘gg - k24 0
0 0 koo 0 Koy 0 0
0 0 0 kss O 0 0
0 0 Koy 0 koo 0 0
0 kg — koo —koy 0O 0 0 ki1 0
0 0 0 0 0 0 ka3

Now, the matrix notation is superfluous, so we write the energy density term-by-term using

(23) and (43),

1
(44) e = 5 [kll(CL% + (Ig) + kgg(ag + ai) + k’gg(&% + a%)} + (kll — k22 — k24)CL1(I5 + kg4a2a4.
In terms of the splays, twists, and bends in (22), the energy density (44) becomes

1
(45) e = 5 |:k?11(8% + S%) + k’gg(t% + t%) + k?gg(b% + bg)] + (kll — k22 — ]ﬁ24)$182 — k24t2t1

1 1 1
= 51411(51 + 89)% + 514522(751 +19)* + §k33(b% + b3) — (koo + koa) (5189 + t1ta).
The total energy is given by
1 5 1 o 1 2, 2
(46) E[F] = . 5’611(81 + 82) + 5]{?22(151 + tg) + 5]{?33([)1 + b2) - (k22 + k324)(8182 + tltg) ds.

We proceed from here following Helfrich’s work in [47]. Since n is the unit normal vector,

the quantities s1, s9, t1, and 9 are related to the principle curvatures ¢; and cy. Specifically,

Ong  Ony
s1+ 82 = +ta-=ate
(47) ox dy
5150 4 £1ts = Ong Ony _8nx8ny e
o2 12_8x8y 0y8x_12
Now consider the surface of the vesicle membrane z = f(x,y) as the zero-level set of

h(z,y,z) = z— f(z,y). Then the normal vector to the surface is given by n = Vh. The curl

22



of the gradient is always zero, hence,
(48) V xn=0.

The above equation (48) in component form is

on, On on on on on
4 z Yy T z _ Ulby z _
(49) oy Oz 0 0z Oz 0 or Oy 0

The z-component of (49) can be written in terms of the twists,
(50) ty+ 1t =0.

The = and y-components of (49) can be simplified, since z = 1 is constant in both n, and

n,. Hence,

Ony _ o O

0z 0Oz

(51) =0.

But these are the exact expression for the bends, so we have
(52) by = by = 0.

Using (47), (50), (52), the total energy (46) is simplified to

1 1
(53) E[T] = / SHoler + ) + 5 Haleres) dS,
I

where ¢ = ki1 and Ag = —2(kag + koy). This matches the form of the bending energy (12)

exactly, since the mean curvature H = %(cl + ¢3) and the Gaussian curvature K = ¢jcs.

2.5.1. NOTE ON THE TERM BENDING ENERGY. The energy given by equations (12) and
(53) is called the bending energy, and in the derivation, it was discovered that the bends
by = by = 0 per equation (52). When we say in English bending energy, we mean that it is
the energy caused by any change in the curvature of the shape. It is not equivalent to the

mathematically defined bends b; and by used in the derivation.
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2.6. TOTAL MECHANICAL ENERGY

Now we have all of the pieces of the total mechanical energy of the membrane. The total
energy includes bending energy modified by the spontaneous curvature (13) with added

energy constraints for the surface area (10) and volume (11),
e e
(54) E[F]:—C/(QH—CO)QdS+—G/KdS+p/ dV+a/ ds.
2 Jr 2 Jr Q r

To determine how the membrane takes its shape, we minimize the energy by setting to zero
the variation with respect to any membrane position. The form of this equation, known
as the shape equation, depends upon the parameterization of the membrane surface. For
surface parameterizations, we will need to establish some basic concepts from differential

geometry.

2.7. SOME DIFFERENTIAL GEOMETRY

In its most general form, the membrane is treated as a 2D sheet in a Monge parameteri-
zation, x(u,v) = (u,v, f(u,v)). Using this parameterization, one can obtain formulas for the
mean and Gaussian curvatures and express the mechanical energy (54) in terms of f(u,v).
To compute the total area of this surface, we consider breaking the surface into infinitesimal
parallelograms with lengths of the tangent vectors x, du and x,dv, where the subscripts
denote partial differentiation. The area of a parallelogram is given by the length of the cross
product of the vectors, ||x, X X, || dudv. Conveniently, in a Monge parameterization, a lot of

simplification occurs:
Xu:(laoyfu)a XU:(0717.}C’U)’

so the cross product is x, X X, = (—fu, —fu, 1) and hence ||x, x x,|| = (1 + f2+ f2)"/2. The

differential area element is then

(55) dS = /14 (Vf)? du dv.
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Integrating over the entire surface gives the total surface area,

(56) A(F) :/F\/1+f3+f3 du dv.

Before going too far with a Monge parameterization, what we really want to do is con-
struct an equation for the mean curvature H in terms of any parameterization. We begin
with two vectors x, and x, that lie on the tangent plane to the surface. Since the cross
product of two vectors is always perpendicular to the vectors themselves, the unit normal to

the surface is given by

X, X X
(57) U= JuXX
% X X, ]|
Define E, F, G, by
EF=x, x,, F=x, x,, G =x, - X,.

We note that this E should not be confused with the energy functional E[I'] in (54). It
should be clear from context whether we are using E for geometry purposes or the total
mechanical energy E[I'], but to remove any doubt, when we refer to the total mechanical
energy, we will always write it as E[I'] rather than just E. Let a(t) = x,(t) + x,(t) be a
curve parameterized by ¢ such that « is has unit speed. That is, if o/ is the vector tangent

to the curve, it has magnitude 1. Then,

(58) 1= |o|
= (x,u + x,0") - (x,u" + x,0)
=Xy - Xt 2 F (X - Xy + Xy - X)) UV X, X0
= Eu'? + 2Fuv + Gv'?,
and so E, F, and G are named the coefficients of the first fundamental form. (The first

fundamental form is the inner product of two vectors in the tangent space of a surface.) The
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first fundamental form is the following linear operator with these coefficients,

E F
F G

(59) I =

Because of (58), we can define an arc length element ds to be
(60) ds* = E du® + 2F dudv + G dv*.

As the equation (60) shows, the first fundamental form describes how a surface distorts
the length of a vector in R3. One can write equations (55) and (56) in terms of the first

fundamental form as well,
(61) dS =VEG — F? du dv.

Often, the elements of the first fundamental form is given in tensor notation. Let the matrix

I = I;; in (59) be defined by
(62) In=E, Ly=In=F I»n=0G.

Denote the determinant of the 2 by 2 matrix I by w,
Ly L

(63) w = det =det(I) = VEG — F?2.
Iy Ip

One may also rewrite the unit normal vector (57) in terms of w, by

(64) U= XXX

w

Similarly, we can define the coefficients of the second fundamental form by

L=-x,-U,, 2M = —(x, - U, +x, - Uy), N = —x, - U,.
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The second fundamental form is

L M
(65) I =
M N

Now let o be a curve parameterized by ¢ (of any speed). Since ' is tangent to the surface,
it is perpendicular to the normal U. Thus, (o/ - U) = 0. But,
0=(a"-U)
=" - U+d-U.
Therefore, the component of the acceleration o that is normal to the surface, o’ - U =
—a/-U'. Since this is true for any curve with velocity o/, the normal curvature is determined

completely by the bending of the surface. This gives a natural definition for the normal

curvature in the w direction,

k(w)=a"-U.
Using this definition and taking a curve o with unit speed,
k(w)=a"-U
=—a U
= —(x,u' +x,0') - (U + U0
= —x, Uu'? — (x, - Uy, + %, - U)u'v) — x, - U ?

= Lu'? + 2Mu'v' + Nv' 2,
In tensor notation, we can write define I/ = II;; in equation (65) by
(66) IIH:L, ]Ilngfgle, IIQQIN.

Again, let w; and ws be any two perpendicular unit vectors with normal curvatures k; =

k(wy) and ko = k(wy), respectively. The local mean curvature of the surface is defined by
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to be the average of these normal curvatures k; and ks. The local mean curvature can be

expressed in terms of the coefficients of the fundamental forms as follows:

EN +GL —2FM
2(EG — F?)

(67) H= o (ki + k) =

The derivation of (67) is straightforward but very standard, so we refer the reader to find
it in any (good) differential geometry text (see [25, 80, 57] for example). An important fact
about (67) is that it shows that the mean curvature does not depend on the choices of the
vectors w; and wy, and therefore does not depend on the choice of normal curvatures k; and
ko. This means we can take the curvatures k; and ks to be the principal curvatures of the
surface, which are defined to be the maximum normal curvature and the minimum normal
curvature. The principal curvatures are also the eigenvalues of the second fundamental form
(65). The Gaussian curvature is defined as the product of the principle curvatures,

LN — M?

For completeness, we note that one can obtain the two curvatures as the trace and determi-

nant of the two fundamental forms,

Tr(I - adj(11))

(69) H=—qam
_ det(I1)
(70) K-SR

where the adjoint of 1 is defined as the transpose of the cofactor matrix,

M
adj(I1) =
-M L

We now have the tools necessary to compute the shape equation for the mechanical energy

(54).
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2.8. THE SHAPE EQUATION

Recall that the shape equation is épE[I'] = 0. The second term in (54) is constant for
surfaces with the same topology according to the Gauss-Bonet formula, so the variation is
zero and it has no effect on the minimization (see [25] for the Gauss-Bonet theorem). How-
ever, we must ensure invariant topology to avoid any discontinuities in the energy equation.
The variation will include the first term of (54) and the constraint terms. The form of the
variation depends on the parameterization used for I'. Zhong-can and Helfrich have done
this using a Monge parameterization I' = x(u, v) = (u, v, f(u,v)) and expressed dr E[I'] back

in terms of the curvatures in [107]. They obtained the following equation:
(71) p—20H + H:(2H + Co)(2H? — 2K — CoH) + 24-AH = 0.

The derivation is complicated and will not be repeated here; a full treatment is found in
[107].

Even after obtaining the shape equations, solving it for the general shape I' is an ex-
tremely challenging problem. To attack it, various approaches have been made. One ap-
proach, requiring a simplification which may be assumed in certain applications, is to require
the surface have symmetry about an axis [90, 91]. This reduces the complexity of the shape
equation to a system of ordinary differential equations. The analysis is done by Seifert et. al.
in [91]. Another approach that does not restrict to axisymmetric surfaces is to minimize the
energy over a smaller subspace of membrane configurations. For example, the vesicle surface
can be approximated by a linear combination of basis functions, and the coefficients are ad-
justed to minimize the energy. This can be accomplished either by Rayleigh-Ritz procedures
[13, 45, 46], or finite element methods [37, 68], for example. These methods also have their
restrictions. If the curvature is large in a given area of the surface, mesh refinement may
result in a large number of basis functions, increasing the computational cost.

The approach we will take in the next chapter follows the subspace idea. However,
instead of a Cartesian triangulation or Monge parameterization of the surface, we exploit

the vesicle structure by using surface harmonic functions as the choice of basis functions.
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These functions are a special case of spherical harmonic functions, and provide a natural
basis for vesicle-like shapes, which can greatly reduce the number of degrees of freedom
required to solve the shape equation. For this approach, we will recast the energy functional
(54) by treating the surface area and volume terms as fixed quantities. This is justified by the
separable energy scales, as explained in Section 2.3. Therefore, our goal is to minimize the
total mechanical energy (13) over membrane configurations which have continuous curvature
and preserve the total surface area and volume. In the next chapter, we state this variational

problem precisely.
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CHAPTER 3

SURFACE HARMONIC PARAMETERIZATION

In this chapter, we introduce the surface harmonic parameterization for vesicles, and
provide formulas for the total mechanical energy (54) according to this parameterization.
This is done in efforts to solve the following variational problem motivated by the previous

chapter.

3.1. VARIATIONAL PROBLEM

Our goal is to minimize the bending energy of a membrane (13) over membrane config-
urations which have continuous curvature and preserve the total surface area and volume.

The space of admissible membrane configurations is therefore

(72) HgAV(F) ={x:2€ H*"),Ss(z) =S, V]x] =V},

where H? = W?2?2 is the standard Sobolev space of square integrable functions with square
integrable partial derivatives through second order. The functionals S4[z] and Vx| are the
surface area and volume of the membrane, respectively, and S and V are the prescribed
surface area and volume, respectively. The variational problem to be solved is

(73) min  E[I.

z€HE (T)

To be clear, the membrane position is denoted I' = I'(z). To compute the total energy and
account for the area expansion/contraction and osmotic pressure, the constraints for the
conservation of the surface area of the membrane and the total volume enclosed are enforced
as penalty terms. The minimization problem (neglecting any other sources of energy for

now) with the penalty functions is given by

(74) min T [T,
ks kv .,
(75) I = B+ Z(Sa =5+ 5 (V= V)",
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where kg and ky are large constants to enforce the constraints to a chosen degree of precision.

3.2. CHOICE OF PARAMETERIZATION

The computation of the terms in the total energy (75) and the terms in its variation de-
pends on the choice of parameterization of the membrane surface. A convenient consequence
of the bending energy of lipid bilayers is that the energy functionals are independent of the
surface parameterization [14]. Therefore, we choose to parameterize the surface not by brute
force using local Cartesian coordinates, but rather by using a global basis of surface harmonic
functions. Since lipid vesicles are sphere-like structures, the choice of surface harmonics to
represent the surface is natural, and this choice reduces the number of terms necessary for
the computation.

We find an approximate solution to the original problem (74) by minimizing the total
energy over membrane configurations determined by a linear combination of surface har-
monic functions. That is, the exact membrane I'(Z) is approximated by I'(d@), where the
real-valued coefficients @ are chosen such that the bending energy I[I'] is minimized. The
surface harmonics functions are an infinite dimensional basis; however, for the numerical
implementation, we only use a finite number (N + 1)? of surface harmonic functions. Stated

mathematically, the new minimization problem is

(76) _in (@),
(77) I(@)] = E[L(a@)] + %(SA[CI] —8)? + %V(V[a] - V)2

Equation (76) is the problem we solve here. The minimization of (77) leads to the shape

equation,
(78) SrI[T] = 6r B[] + ks(Sa — S)0Sa + ky (V — V)§V = 0.

Next, we introduce the surface harmonic parameterization, and provide formulas for the
terms in (77). Surface harmonic functions are a real-valued version of spherical harmonic

functions. In the following section, we briefly review spherical harmonics first.
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3.3. SPHERICAL HARMONIC FUNCTIONS

Spherical harmonics are solutions to Laplace’s Equation in spherical coordinates. The
solution can be obtained through separation of the variables 6 and ¢; however, a more
convenient way to construct spherical harmonics is to use a generalization of Legendre poly-
nomials. Legendre polynomials, also called Legendre functions of the first kind, Legendre
coefficients, or zonal harmonics, are solutions to the Legendre differential equation. The

Legendre polynomial can be defined by the contour integral

1
(79) P(2) = — f (1 =2tz 4+ t2)~V2 1 gt

2mi
Another useful representation utilizes Rodrigues respresentation,

1 d°
P = — (22 = 1",
(80) w(@) = g (@ = 1)

The associated Legendre polynomials generalize Legendre polynomials, provided m # 0, are

defined by

(31) Pr(a) = ()" = e P @), m A

If m = 0, the associated Legendre polynomial is just the Legendre polynomial. By Rodrigues’

formula,

8) R = U (Gt ) o

It is convenient to introduce the change of variables i = cos(f). In this way, the partial
derivatives with respect to the polar angle 6 € [0, 7] may be computed. Here, we use the
physics notation for the angles, where 6 € [0, 7| is the polar or zenith angle extending from
the positive z axis, and ¢ € [0, 27| is the azimuthal angle in the zy-plane extending from the
positive x-axis. Using this notation, normalized spherical harmonic functions are defined by

(83) >T@@:¢C%+”m“mvwmwm,

4 (n +m)!

33



where P () is the associated Legendre polynomial evaluated at p = cos(6).

Since spherical harmonics form an orthonormal basis for L?(R?), we can use linear combi-
nations to parameterize vesicle surfaces. We parameterize the surface in spherical coordinates
(0,0,7(0,0)), where the radius r is expressed in terms of spherical harmonics,

o0 n
(84) r0,0) = > aivio,0)
n=0 m=—n
The a]"* are the coefficients of the linear representation. These coefficients can be determined

by the following formula:

(85) ar = /0 W/Oﬂr(e, »)Y, (0, ¢)sin(0) db dop

where Y (6, ¢) is the complex conjugate of Y"(6, ¢). Since a real surface is desired, r must
be a real number. Clearly the spherical harmonic function Y,*(6,¢) at fixed 6 and ¢ is
complex, thus every coefficient a,,, must also be complex, provided m # 0. In fact, since
Anm is defined through the complex conjugate of Y in formula (85), the complex part of
Anm Will cancel with the complex part of Y, yielding » € R if m # 0. When m = 0, both

Y? and a,g are real, so r € R for every n and m.

3.4. SURFACE HARMONIC FUNCTIONS

The coefficients defined by (85) guarantee a real-valued surface. However, if the coeffi-
cients a;"* are poorly chosen so that the complex parts of a]* and Y, do not cancel, the radius
parameterizing the object (84) will be complex. In an optimization routine, the coefficients
are perturbed numerically, so any nonzero perturbation in the complex part will result in
a complex surface. Since we seek a real-valued surface that minimizes the potential energy
(77), we use only the real parts of the spherical harmonics to ensure that the surface under
the energy minimization is real. These are surface harmonics.

Since spherical harmonics are just the angular portion of the solution to Laplace’s equa-
tion, the real and complex parts of the spherical harmonics are also solutions to Laplace’s

equation. We will state this as a lemma.
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LEMMA 3.4.1. Let z = x + iy be a solution to Laplace’s equation in spherical coordinates

(V2f =0). Then, x and y are also solutions.

Proor. Write Laplace’s equation in spherical coordinates as

,0f 1 of 1L &f
2 . =
Vif0.¢) = 7’2 or < (97“) * r2sin 6 60 (sm@ae) " r2sin” 6 0p? !

Since V2(z) = V2(z)) = 0 = 0, the complex conjugate z is also a solution. The real part of

zis x = (2 + Z)/2 and the imaginary part is y = (z + 2)/(2i). Each are linear combinations

of solutions z and Zz, and hence are also solutions by the linearity of V2(-). O

By Euler’s formula, each spherical harmonic function can be rewritten as

(86) Y (0,9) = [ P (1) (cos(me) + isin(mg)).

where f]" is the normalization factor

" 2n +1)(n —m)!
(87) & :\/(< 47r(n)<+m)! ))'

By Lemma 3.4.1, we define the surface harmonics as

fi By () cos(mo), if m >0,
(88) Si(6,9) =
FM P () sin(|m] ), if m < 0.

We now parameterize the radius of a smooth surface by a linear combination of the surface

harmonics S™ (6, ¢),
(89) Hai00) =Y 3 arsye
n=0 m=—n

The current form matches the form of (84). Another representation of the radius of a surface

that avoids the sign changes in m is

n

r(A" B0 Z ( cos(m¢) + B sm(mé))f;”Pf(u),

n=0 m=0
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where
A if m >0,

a,;’ =
B, it m < 0.
Now the radius r(f,¢) may be defined by summing m over nonnegative values. If the
N n
series is truncated at some N, there are up to (Z Z 1> nonzero coefficients of A™. By
n=0 m=0
straightforward calculations,
N n N N N
N(N+1)
1= 1)=1 H)=N+1 =N+4+14+——=
WL IIIINES YIRSIERSSE DI PRREL
n=0 m=0 n=0 n=1 n=1
_(N+2)(N+1)
= 5 .

For the B coefficients, notice that if m = 0, sin(m¢) = 0 for any angle ¢. Therefore, the

coefficients BY are irrelevant. Then, the maximum number of nonzero coefficients B™ is

given by

N n N

N(N +1)
YI)IES TR
n=0 m=1 n=0
N +2)(N +1 N(N +1

The total number of coefficients in a truncation is therefore (N + )2( +1) + ( 2+ ) =
(N + 1)

3.5. DISCRETIZING THE SURFACE

We now need to discretize the surface. Each surface point ¥ = (x,v, 2) € R? is expressed
in terms of spherical coordinates Z = (rsin(6) cos(¢), rsin(f) sin(¢), r cos(#)). The value of
r is determined by the surface harmonic coefficients a'. Thus, for fixed values of 6 and
¢ on the surface mesh, a surface point 7' is uniquely determined by the surface harmonic
coefficients.

We begin with n; values of 6 and n, values of ¢ for a total of N' = n;-n, points. Since N/
can be a very large number, performing pointwise calculations on the mesh can be computa-
tionally costly. Under the surface harmonics parameterization, the surface is approximated

by truncating the infinite sum in (89) at some number N. This reduces the computation
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cost since there are far fewer surface harmonic functions required to approximate a surface
than a curvilinear Cartesian grid of mesh points due to the uniform convergence property of
surface harmonic approximations. Our numerical results confirm that (N +1)* << A/. This
truncation also allows us to represent the radius (89) through a single index 4, rather than
two indicies n and m.

Let @ be a vector of all of the surface harmonic coefficients,
(90) a= [Aga A[l)a A%? B117 Ag? A%: A%? B%? 8227 T A?\fv T A%a le\h T B]]\\”T'

The size of @ is (N +1)? x 1, as discovered in the previous section. There is a convenient way
to convert between the index ¢ and the indicies n and m. For the surface harmonic mode

a; €a,i=0,1,2,--- (N + 1) — 1, the corresponding n and m is given by

(91) n(i) = |Vl

i —n?, if (i —n?) <n,
(92) m(i) =
n?+n—1, otherwise.

With this organization, we can write

(N+1)2-1

(93) r(a; 0, ¢) = a;S;(0, ).

i=0
In terms of the surface harmonic coefficients, a fixed point on the surface can be expressed

in Cartesian coordinates by

rr1(ai; O, ¢1) sin(0x) cos(r)
(94) T = Z(Ok, o1) = rri(a;) sin(0x) sin(¢)

ri(a;) cos(Oy)

37



Let X be the vector of all of A/ points on the surface mesh, each expressed as a Cartesian

triple. The size of X is 3N x 1.

¢ [T =T T ~T ~T —T ~T T
(95) X = [Zo0, Tor, -+ 5 T mp—1L105 " s T, —15""" s Tpy—105 """ 7xnt—1,np—1] -

3.6. ENERGY FORMULATION IN TERMS OF SURFACE HARMONIC PARAMETERIZATION

In this section, we will finish the parameterization of the mechanical energy (77). To
accomplish this, we will need expressions for dS, Sa, V', H, K, and their variations in terms

of the surface harmonic mode coefficients through r(a;). We will do this in several steps.

3.6.1. DERIVATIVES OF 7(a;; 0, ¢). First, we need to compute the derivatives of r(a;; 0, ¢)
with respect to the independent variables 6 and ¢. The derivatives with respect to ¢ are
straightforward, since the dependence of the surface harmonic function SI™*(6,¢) appears
directly. The subscripts in the following formulas denote partial derivatives and should not

be confused with mesh positions £ and [.

(96) ro =303 (= m AT sin(mo) +m By cos(me) ) Py (1)

N
n=0 m=0
N

(97) ras = >3 (= mPAT cos(me) + —m? By sin(me) ) £ Py (1)

The derivatives with respect to 6 are

(98) Z Z (Am cos(md) + B 51n(m¢)) £ P (1),
(99) Z Z ( cos(mo) + B s1n(m¢)>f$agp,?(u),
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n

Mz

(100) T = Top = ( —m A} sin(me) +m B, cos(mqb)) f0g P (1)

0 m=0

i L

3
Il

I
Mﬁz

where 0p P (1) is given by the recurrence relation for the derivative of the associated Le-

gendre polynomial P (u),

(101) Op P (1) = ((n+ 1) cos(O) P (1) — (n —m+ 1) P (1)

sin(0)

and 93 P™™(u) is computed directly from (101) as

(102) O3 P™(u) = ((n + 14 (n+1)%cos® )P (u) — 2cosO(n —m +1)(n+ 2) P, (1)
1

+(n—m+1)(n—m+ 2)Pﬁ2(u)>m.

3.6.2. FUNDAMENTAL FORM COEFFICIENTS. Now we compute the coefficients of the

first fundamental form in terms of the surface harmonic parameterization.

(103) E=rj+r?

(104) F = rory,

(105) G =7} + 1 sin’(9),

(106) L= -7y Uy,

(107) M= (@ Uy + 7y Uy),
(108) N = —Z4- U,

where ¥ is a surface vector in spherical coordinates, and U is the unit normal to the surface

at &, given by (57) with independent variables u = 6 and v = ¢. We define
(109) R = |fg X f¢|

for notational convenience.
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The derivatives of the surface vector ¥ are

(110) Zy = [rysinf cos ¢ — rsinfsin ¢, rysinfsin ¢ + rsin cos ¢, 4 cos 6],

(111) 2 = [rcos B cos ¢ + rgsin  cos ¢, r cos(f) sin(¢p) + rg sin(h) sin(¢), rg cos @ — rsin 4].

The components of the unit normal vector are given by

(

J
Il

" [rm sin ¢ — 77y sin @ cos 6 cos ¢ + 12 sin’ § cos gb] ,

3
I

R—l
(112) ,=R! [—rm) cos ¢ — rrgsin @ cos 8 sin ¢ + 12 sin® 6 sin qﬂ ,
R—l

U.

\

[7’7‘9 sin? 0 + 12 cos 0 sin «9] )

(Note that the subscripts in (112) represent coordinate components and not partial deriva-
tives!) The coefficients (106), (107), and (108) can be expressed in terms of r through (110)

and (111) and through differentiating (112). The derivatives of (112) are given in components

by
( 88% = R~ (—r2 cos(8) sin(6) cos(¢) + 77 5in(¢) + 3rar cos(¢) — drgr cos(¢) cos?(6)
—r7p cos(6) sin(6) cos(¢) + 17 sin(¢) + 2 cos(8)r? sin(0) cos())
(113) % = R (=12 cos(6) sin(6) sin(6) — rors cos(6) + 3rorsin(9) — 4rer sin(6) cos*(9)
—7rrgg cos(0) sin(f) sin(¢) — rrag cos(¢) + 2 cos(6)r? sin(6) sin(¢)) ,
\ aa% = R (4rgrsin(0) cos(0) + 2r% cos*(0) + 72 sin®(0) — rreg sin?(6) — r?) ,
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and

( 8@% — R (—rgry cos(6) sin(8) cos(¢) + 12 sin(g) + 3rry cos(¢)
— 2747 cos?(B) cos(¢) — 17, cos(0) sin(8) cos(¢) + ror cos(B) sin(6) sin(¢)
+174 5in(¢) — 12 sin(¢) sin?(9)) |
(114) % — R (—rgry cos(B) sin(9) sin() — r2 cos(¢) + 3rry sin(g)
— 2141 cos?(0) sin(¢) — 74 cos(0) sin(0) sin(¢) — rer cos(0) sin(6) cos(¢)
— g cos(¢) + 12 cos(¢) sin®(6)) ,
\ 88[{; = R (rgry sin®(0) + 2ryrsin(0) cos(6) + rry, sin*(0)) -

Remarkably, despite the complexity of the normal derivatives in (113) and (114), the expres-
sions simplify nicely to
(115) L = R (=2rrjsin() + r’regsin(6) — r® sin(6)),
116 M = R (2rryrgsin(0) — r’ros sin(8) + r’ry, cos()),
@ ¢ ¢
117 N = R Y(—r?sin®(0) + r2r4e sin(6) + r2ry cos(6) sin?(0) — 2rr2 sin()).
ol ¢

3.6.3. SURFACE AREA, VOLUME, AND MEAN CURVATURE. We can now easily obtain a

formula for the differential surface area element (61) using (103), (104), and (105):

dS = VEG — F2 df do

(118) — \/(rg +12)(r2 4 r2sin®(0) — ror? df do

= r[r} + g sin®(0) + r* sin*(0)]"/* d6 do.

From this, the surface area of I is

2w ™
Sa= / / rlr} +rgsin®(0) + r? sin?(0)]/2d0dg.
o Jo
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For simplicity in later calculations, we define the determinant of the covariant metric tensor

as in (63) to be
(119) w = rlry +rysin®(0) + r? sin?(0)]Y/2,
so that dS = w dfd¢, and

(120) Sp = /027r /Oﬂw dfde.

The volume enclosed by the membrane is given by

27 m  rr(0,0) 2 s r(0,0)
Vo / / / dv — / / / P2 sin(8) dp d6 do,
0 0 0 0 0 0

which can be evaluated in its first integral to obtain

1 27 ™ 5 .
(121) V= 3/0 /0 r°sin(6) df de.

Next, we obtain the local mean curvature and the Gaussian curvature from (67). In terms

of r,

(122)  H(0,¢) = %R_l [3rgr? sin®() — 1574 sin(f) — rir cos(d) sin®(A) + 8rr sin(6)
+ 2rtsin®(0) — 13744 sin(0) — r°rg cos(6) sin?(0) + 37’27’3> sin(6)
—7’;7’7"99 sin(0) — r3rgg sin®(0) — 2ryrerre, sin(6) + 27“357“97" cos(@)}

/ [—7’3 sin?(0) — rrj sin?(9) — rri] )

The Gaussian curvature is equally messy, but equally straightforward, so its computation is

left out.

3.6.4. VARIATION OF THE DERIVATIVES OF 7(a;;0,¢). Now we need to compute the

variations of the surface area, volume, and curvature. We will first need the variations of
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r(a;; 0, ¢) and all of its partial derivatives. The variation of r is given by

or

(123) =5
From (96) and (97), we obtain
4]
(124) 52? = —mS™,
or 08
(125) 60‘;? = —m25a‘.
The variations of ry, rgg, and ry, are
)
o | s = cosmorfrory (), m=0,
T n
(126) 5a9' ) or
Z = sin(jm|e) fMop P (p),  m <0,
5B
0
5 i = cos(m) [T P () m =0,
T0 n
(127) =
da; )
' = = sin(lmlo) MG (), m< 0,
3B
) o
o= S = —msin(me) [Py (). m =0,
50@ a 5T@¢ . 5T¢9 . |m| ‘m‘
SBm ~ oBm —mcos(|m|9) f," O Py (1), m < 0.

3.6.5. VARIATION OF THE FUNDAMENTAL FORM COEFFICIENTS. Now we compute the

variation of the coefficients of the first and second fundamental forms. The first set are seen
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directly from the variations of r and its derivatives,

oF org or
12 =2 2
(129) da; "5a '+ T&lz”
or §r¢ org
(130) ba  "%a; a4
4G dre o .
(131) 5a, = 2ry 5, + 27“6% sin“(0).

Next we compute the variations of L, M, and N. To perform these calculations, we will
need the variation of R as defined in (109). Since R is defined in terms of a norm, we first

compute the derivative of a norm in general.

Using this result and the derivative of a cross product,

R 6
132 = T
( 3 ) 5@2' (5(1,‘
1 — — 5 — —
= —|j”9 » f¢| (I‘g X ZL’¢) 5ai (139 X I’¢)
| 0Ty 0T
:E(Ig X L) - 50, X Ty + Ty X 50, )

If one prefers, we may write (132) in terms of dot products using the Cauchy-Binet identity,

which states that (@ x b) - (Ex d) = (@-&)(b-d) — (@-d)(b- &). Applying this, (132) becomes

orR 1 L 0T\ . . L L 0%y

L o[~ 0T L 0Ty L
+ (%o - Tp) (%' 52%) - (xe' 52?) (%'xe))-
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The variations of ¥ and ¥y are computed directly from (110) and (111).

(134) 0T = ory sin 6 cos ¢ — or sin 6 sin <;§, " sin 8 cos 0, ors cosf|.
da; da; da; i a;
dxg | Or org or . org .
(135) Sa, [5017, cos 6 cos ¢ + 50, % sinf cos ¢, — S cos(0) sin(¢) + 50, sin(6) sin(¢),

ore or .
5, cosf — 5, sin 9] .

Finally, we compute the variations of L, M, and N. From (115),

L —10R . : :
S = 50 (—27‘7‘3 sin(9) + r’rgg sin(f) — r° Sm(ﬁ))
1 Ty . org
+ }—%< — 256Li rgsin(6) — 4rrg 5, sin(0)
or . 5070 . o 0T
+2r 5a g sin(d) + r Sa sin(f) — 3r 50l sm(Q)).

Notice that the first line contains a term of L and we obtain a simplified expression

5L —16R. 1
(136) =Lt sm(e)( —9

or dry or 5 0T0g o 0T
5air9 — 47’7‘967% + 27’5—%7"9.9 +r 5, —3r 56%‘).

Similar simplifications can be done to obtain §M and dN. From (116) and (117),

oM —160R 1 or 0Ty (57“9
(137) Sa. ~ Roal TR (Sm(e) (25% 5,
or 57"9¢ or 25T’¢
— 27"(5(1Z Top — 17 5, > + cos(0) (27"5% re+T 5%) ,
5N i —1 5R 1 . 2 5’/" . 9 5 5T‘¢¢
(138) 7 féaiN + = sin(6) ( 3r 50l sin”(6) 50, 50,

or _ org _ or 0Ty
+ 27“6% 19 cos() sin(6) + 7 50, cos(f) sin(f) — 25—%7“3S —4drry 6%) :
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3.6.6. VARIATION OF SURFACE AREA, VOLUME, AND CURVATURE. The variation of the
surface area with respect to a surface harmonic mode a; can be computed directly from (120)

as

2 s (SUJ
1 0S4 = df d
(139) sai= [ 5o doae,

where the variation of w is computed from (119),

dw or

(140) s = g[r; + 72 sin?() + r?sin?(0)]/?
or ore . or .
T 2ry 5@‘1’ + 27y 5, sin?(6) + 2r 50, sin?(6)
2 \/r?zﬁ + rZsin?(0) + r2sin®(0)

Similarly, the variation of the volume can be computed directly from (121),

27 T 57"
(141) 5vz/ /725 sin(6) df de.
0 0 Q;

The expression for the mean curvature H is given by (122). There are many products and
quotients of r in (122), so the variation § H will involve using the product and quotient rules
multiple times. This direct computation is straightforward but exceedingly messy, and hence
is not given here. Instead, and in practice, we compute the variation of the mean curvature

H via (67) using the variations of the fundamental form coefficients. The variation is given

by
6—EN+E5N—|— 5GL+G5L -2 6FM—{—F5M
(142) 0H . 5ai 6@1' (SCL,L' (SCLZ' (5(1@' 6@1'
Sa; 2(EG — F?)
(EN +GL—20M) (2226 4 228 _ 4pL
5@1' 5611' 5CLZ‘

A(EG — F2)?

3.6.7. VARIATION OF MECHANICAL ENERGY. Finally, we are ready to numerically solve
the shape equation. To do this, we assume that the Gaussian modulus #¢ is uniform over

the membrane surface, and so the Gaussian curvature integrates to a constant fr KdS =
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47(1 — g), where g is the genus of the membrane topology, according to the Gauss-Bonet
Theorem [95]. Thus, the variation of the total mechanical energy with respect to a surface

harmonic mode q; is

(143)  OrE[N(@):0,6] = /

r

[%2(21{ — Co)(0H) w + %%(21{ — Cp)?(6w)| dode

+ kg(Sa — S)(SSA + ky(V — V)(SV

With the surface I' expressed in terms of the surface harmonic coefficients @, the new shape

equation is completed by setting (143) to zero.
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CHAPTER 4

BIOMOLECULAR MECHANICS: NUMERICAL RESULTS

In this chapter, we numerically solve the variational problem (76) parameterized by
surface harmonics and present results. We emphasize that this algorithm for solving the
equilibrium shapes of vesicle membranes is fast, due to the reduced number of degrees of
freedom compared to other methods, and the choice of nonlinear conjugate gradient method,

which requires only the first derivative (no computation of the Hessian matrix is required).

4.1. NONLINEAR CONJUGATE GRADIENT (NCG)

We employ a Fletcher-Reeves type nonlinear conjugate gradient (NCG) method to min-
imize the total energy functional (76). For the parameter 3, we chose the Hestenes-Stiefel
formula. For a description of the method, please refer to [78]. Psuedocode is provided below.
We found that K = 14 in line 18 of Algorithm 4.1 and «,, = 0 and aj; = 0.15 on line 1 of

Algorithm 4.2 provide optimal results.
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Algorithm 4.1 Nonlinear conjugate gradient (NCG)

1: Define initial SHF modes a

2: Define tolerances €, €,, €g, M

3: Compute Ey <« I(dy), go < orl(dp)

4: Define direction d} — —qo

5 k<« 0

6: for k from 1 to M do: .

7: Compute step size oy «— LineSearch(ay, dy)

8: Step in direction dgiq «— aj + akCE@

9: Update energy and gradient Ey 1 < [(dgy1), Grr1 < Ord(aks1)
10: if ||Gk+1 — Gkl| < €, then:

11: break for

12: end if .
13: Compute By, — (771 (Frt1 — Gr))/ ((Ges1 — Gi) " dk)
14: Update direction cf;c+1 — —Grs1 + ﬁkd;c

15: if ||ak+1 — ak|| < €, then:

16: break for

17: end if

18: if |Exy1 — Fg|/Ers1 < €p and k > K then

19: break for
20: end if
21: k—k+1
22: end for

23: return aj
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Algorithm 4.2 Line Search (@, d)

1: Define ay,, apr, M, €
2: Compute E,, — 1(@+ oy, - d), By — 1(@ + ayg - d)
3: if E,, < E); then:
QU Qu; Qo+ Qg
Ey— Ep; By — En
else
Qp <= Qpp; Qo <= Ay
end if
10: for ¢ from 1 to M do:
11: ap — (g + ay)/2
12: Et<—[(6+at-@
13: if £, > FE; then:

14: Qy, < O

15: else .
16: Gg—orl(@+a;-d)
17: (D¢) — G- d

18: if (Do) - (ay — ;) > 0 then:
19: ap <— O

20: else

21: Oy, < O O <— Oy
22: end if

23: E, — E;

24: end if

25: if |, — oy < € then
26: break for

27: end if

28: end for

29: return oy
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4.2. EXPANSION MODES AND QUADRATURE

Numerically, the surface is approximated by truncating the surface harmonic expansion
at some appropriate value N, as in equation (93). The uniform convergence properties of
spherical harmonics are shared by surface harmonics, and so we expect the result to become
more accurate as N gets large. Too large of a value will result in a slow numerical procedure,
so we want to choose N small enough for computation time, but large enough for accuracy.

To determine an appropriate truncation value NN, we reconstructed three surfaces and
examined the root mean square error in the surface reconstruction pointwise, and the relative
error in the volume, surface area, and energy. For many vesicle structures, increasing N
achieves higher accuracy in the energy as well as in the pointwise error. However, for some
vesicle structures, increasing N transiently actually gives a worse approximation for the
energy, which is the problem of interest. Choosing N is not quite as simple as it looks.

The first surface we reconstructed was an energy minimizing axisymmetric prolate from
Seifert et. al., [91]. Instructions for reconstructing this surface can be found in Appendix B
of [91], with choice of parameters P = 0.1, ¥ = —1.1P?3 Cy = 0, and U(0) = 0.56. Next,
we reconstructed statistically fitted parameterizations of a red blood cell (RBC) from [32].

The height of the profile of the surface is given by

05
=%

(144) h(x) (1 —2?)(Cy + Cya® + Cyz?) xr € |[-1,1].

Table 4 in [32] includes values for Ry, Cy, Cy, and Cy for producing RBC shapes with tonic-

ities 300 and 217 mO. The values are reproduced here in Table 4.1. We chose two linear

Table 4.1: Shape coefficients for average RBC

Tonicity (mO) || Ry (um) | Cy (pm) | Cy (pm) | Cy (pm)
300 3.91 0.81 7.83 ~4.39
217 3.30 2.10 7.58 “5.59

combinations of the parameters given for averaged shapes from the ones in [32]. The profiles
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for the three sample surfaces and their reconstructed surfaces with N = 4 are included in

(oo CcT

Figure 4.1: Profile of various test surfaces (black) and their reconstructions using surface
harmonics with NV = 4 (green). The full surfaces are generated by rotation about the y-axis.
Left: prolate from [91], middle and right: RBC from [32] with 50% and 90% weight on
tonicity 217 mO coefficients, respectively.

Figure 4.1.

The coefficients of the surface harmonic parameterizations of these three surfaces are

computed using the formula

21 s
(145) an = /0 /0 (6, 6)ST (0. 6) 6 do.

For the reconstruction, the integration was computed numerically over 230 cubature points.
Using the coefficients from (145), the reconstructed radius 7 was determined by (93). The
root mean square distance error in the reconstruction is defined over the cubature points by
280
Ermsa = Z ﬁ[f(@, ¢i) = (0, ¢)]°.

i=1
The pointwise error and the relative error in the volume, surface area, and energy are provided
in Tables 4.2-4.4 for various V.

For the prolate surface, the reconstruction accuracy increases in all categories as N
increases. The most relevant observation to this work is that the error in the energy is less
than 1% using N = 2 and greater. For a simple prolate structure, only (N + 1)? = 9 modes
are necessary to achieve 99% accuracy.

For the RBC structures, initially the errors decrease as N increases, but increasing the
number of modes beyond a certain threshold actually increases the error in the energy com-

putation. For RBC 1, the best possible error in the energy is 5.34%, with N =4 or N =5
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Table 4.2: Error from truncation in surface harmonic expansion for prolate sample surface.

=

ETTTLS

EVol

Ega

EE'ng

2.06 x 1071

2.57 x 1072

2.22 x 1072

3.73 x 1072

8.59 x 10~*

222 x 1074

1.08 x 1072

837 x 1073

8.59 x 1071

2.22 x 1072

1.08 x 1072

8.37 x 1073

5.02 x 1077

2.56 x 107°

1.11 x 1072

7.19 x 1073

5.06 x 1077

2.56 x 107°

1.11 x 1072

7.19 x 1073

1.46 x 1077

2.76 x 1076

1.11 x 1072

718 x 1073

1.53 x 1077

2.76 x 107°

1.11 x 1072

718 x 1073

O | O T = W DN —

3.35 x 1078

2.76 x 107°

1.11 x 1072

7.18 x 1073

Table 4.3: Error
sample surface.

from truncation

in surface harmonic expansion for RBC 1 (50% weight)

Erms

EVol

Ega

EEng

9.80 x 1072

4.00 x 1071

4.20 x 1071

4.21 x 1071

6.65 x 1073

4.80 x 1072

4.99 x 1072

8.36 x 1071

6.65 x 1073

4.80 x 1072

4.99 x 1072

8.36 x 107!

2.29 x 1073

1.93 x 1073

1.72 x 1072

5.34 x 1072

2.29 x 1073

1.93 x 1073

1.72 x 1072

5.34 x 1072

1.39 x 1073

4.94 x 1073

8.35 x 1073

1.62

1.39 x 1073

494 x 1073

8.35 x 1073

1.62

OO\]CTAO"»&C«O[\DD—‘Z

4.13 x 1074

3.29 x 107°

1.44 x 1072

7.97 x 1071

Table 4.4: Error
sample surface.

from truncation

in surface harmonic expansion for RBC 2 (90% weight)

Erms

Egy

713 x 102

3.12x 1071

2.06 x 1073

9.60 x 1073

2.06 x 1073

1.35 x 1072

9.60 x 1073

3.96 x 107!

1.26 x 1073

3.36 x 1073

5.71 x 1073

7.75 x 1072

1.26 x 1073

3.36 x 1073

571 x 1073

7.75 x 1072

3.07 x 107%

1.92 x 1073

5.79 x 1073

4.24 x 1071

3.07 x 1071

1.92 x 1073

5.79 x 1073

4.24 x 1071

OO\]CDO"»&OJ[\DHZ

2.15 x 1074

1.21 x 1073

7.14 x 1073

9.97 x 1072

modes. For RBC 2, the best error is 7.75% with the same N. We suggest the reason for
this is because higher modes contain more bulges than the lower modes, akin to Runge’s

phenomenon in high order polynomials. In the reconstruction, the coefficients are chosen to
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minimize F,,,,. While transiently increasing N does improve the accuracy of E,,s, it may
introduce local oscillations, near § = 0 (which presents a singularity in (140) when r4 = 0,
for example). Since the energy is a function of the square mean curvature, these oscillations
contribute significantly to the curvature energy. In Figure 4.2, RBC 1 is reconstructed with

N =4 and N = 12, for comparison.

Figure 4.2: Effect of large N for RBC 1. The analytical surface is in black, the reconstructed
surfaces for N = 4 and N = 12 are in green and red, respectively. Increasing N from 4
improves the pointwise accuracy especially near the edges, but also introduces small oscilla-
tions near the center with high energy cost. For N = 12, the pointwise error in the surface
is improved at 1.18 x 10~*, but the error in the energy is 258%.

4.3. EXAMPLES: REDUCED VOLUME

In this section, we provide numerical examples to test our method. First, observe that
the integration of the square local mean curvature (2H — C)? is a dimensionless quantity.
The mechanical bending energy (76) is completely governed by this dimensionless quantity
and is therefore scale-invariant. Thus, for vesicle shapes with Cy = 0, the minimum energy
is completely determined by a single dimensionless quantity called the reduced volume v.
If we denote the current vesicle volume and surface area V' and Sg4, respectively, then the
reduced volume scales the current volume V' by the volume of a sphere with surface area Sy.
Since spheres maximize volume for a given surface area, the reduced volume satisfies v < 1.

The reduced volume is given by the formula

Vv

146 -
(146) ! 47t /3RS’
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where Ry = y/Sa/4m. In terms of the surface area, the reduced volume is

_6yV
(147) = ChiE

Seifert et. al. have compiled a library of reduced volumes and their corresponding mini-
mum energies for axisymmetric shapes in [91] by solving the Euler-Lagrange equations using
a parameterization of the vesicle shape with an axis of symmetry. For verification purposes,
we compare our axisymmetric results for various reduced volumes to theirs. We set the con-
straint volume V' to be proportional to V by the (projected) reduced volume v. The volume
constraint is in violation and NCG begins to change the shape to relax this configuration.
If we begin with a perfectly spherical vesicle, NCG will simply scale the sphere to a sphere
with a smaller volume, and the final reduced volume will be 1. Therefore, we take a slightly
perturbed sphere to be our initial configuration. After NCG has converged, we calculate the
final reduced volume v and the final energy E scaled by the energy of a spherical vesicle
Ey = 8n%¢.

From the reconstruction examples, N = 4 is a reasonable truncation for the surface
harmonic expansion. During the iterations of NCG, 20 quadrature points are used in each
dimension, for a total of 400 points. We have three criteria for convergence. We say that
NCG converges if (i) the Ly norm of the change in gradient is less than e, = 107, (ii) the
change in the modes is less than ¢, = 1075, or (iii) the relative change in the energy is less
than e = 10~* provided a minimum number of iterations is reached (K = 15). When the
final configuration is achieved, the total energy is evaluated with 64 quadrature points in each
dimension to provide a more accurate computation and to ensure that enough quadrature

points are used.

4.3.1. OBLATES. We present examples for the case when Cy = 0. In the line search
(Algorithm 4.2), we chose «,,, = 0 to ensure that the step size is positive. If the step is
negative, then the algorithm may step in a direction toward the gradient, rather than away
from the gradient (recall the gradient direction is the direction of greatest increase). With

this choice, our algorithm gives strictly oblate shapes. An oblate is a spheroid where the
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polar axis is shorter than the equatorial diameter. A familiar oblate spheroid is a football.
A prolate is a spheroid where the polar axis is greater than the equatorial diameter. The

two shapes are contrasted in Figure 4.3.

Figure 4.3: Oblate (left), sphere (middle), and prolate (right) shapes.

RBCs are biological examples of oblates which exhibit zero spontaneous curvature, and
thus serve as great model verification. For reduced volumes above approximately v = 0.75,
the numerical energy is within 10% of the analytical values calculated by Seifert et. al. (see
Table 4.5). However, for reduced volumes less than this, the error exceeds 10%. If the
number of modes is increased to N = 6 (since N = 5 gives the same numerical results as
N = 4 as demonstrated in Tables 4.2-4.4), the relative error is reduced. However, there
is a significant difference between the energy evaluated at 20 quadrature points than at 64
quadrature points at the final iteration. This is because the added oscillation from the higher
order modes is not absorbed by NCG with only 20 quadrature points. Using 30 quadrature
points when N = 6, the relative error is less than 1% when compared to 64 points. For
surfaces with reduced volume 0.65 < v < 0.75, using N = 6 and 30 quadrature points per
dimension, the relative error in the final energy is less than 10%. For surfaces with reduced
volume 0.5 < v < 0.65, we determined that 40 quadrature points are needed with N = §;
however, the error is still above 10%, and the use of N = 8 fared no better than N = 6.
Our method could not reconstruct surfaces with these reduced volumes well. These data are
plotted in Figure 4.4, overlayed by the analytic solution from Seifert [91].

In summary, for surfaces with 0.75 < v <1, we used N = 4 and 20 quadrature points in

each dimension, for surfaces with 0.65 < v < 0.75, we used N = 6 and 30 quadrature points
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Figure 4.4: Vesicle energy vs. reduced volume for oblate vesicles in comparison with [91].
Left: All data points used to determine cutoff values for N given a reduced volume v.
Right: Kept data according to the cutoff values. All data points are within 10% error of the
appropriate analytical curve.

in each dimension. The results using this cutoff are overlayed by Seifert’s data in Figure 4.4.

Finally, the surfaces corresponding to the data in Table 4.5 are shown in Figure 4.5.

Table 4.5: Oblate vesicle energy vs. reduced volume.

v 1.0 0.91 0.82 0.75 0.72 0.65
E/Ey, [91] 1.0 1.19 1.43 1.62 1.72 1.98
E/Ey, SHF 1.0 1.19 1.41 1.56 1.65 1.83
Rel. error 0.00% | 0.14% | 1.60% | 4.24% | 4.41% | 8.79%
Iterations 1 48 30 40 46 64

Figure 4.6 shows an actual RBC photographed with a scanning electron microscope in
comparison to the model energy minimizing shape.

We note that the results of the numerical procedure may be only local minima and
therefore only locally stable. With enough perturbation through some external force, another
configuration with a lower energy may be achieved. In the range of 0.64 < v < 1, oblate
shapes are local energy minimizers, but prolates are global minimizers for axisymmetric
shapes. However, it may be possible to obtain a non-axisymmetric shape with lower energy

than a prolate.
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Figure 4.5: Oblate vesicles with various reduced volumes. Organized by row, v =
1.00,0.90;0.81,0.76;0.70,0.65. The shapes here correspond to the data in Table 4.5. The
full volumes are angled slightly down, while the profiles are not angled.

= &

Figure 4.6: Real RBC (left) compared to model RBC (right).

4.3.2. PROLATES. Our model is capable of producing prolate shapes as well (see Figure
4.3 (c)). Interestingly, this is accomplished by allowing the step size «,, to be negative.
This means that the algorithm can step in a direction that increases the energy. We offer
the following explanation: since the algorithm produces local extrema, it may be possible to
obtain a different local extrema, but a transient increase of energy is required to overcome
the energy barriers. Furthermore, in the regime 0.58 < v < 1, prolate shapes are better
minimizers of the energy than oblate shapes. Table 4.6 shows the results for prolate shapes
with similar reduced volumes as obtained in the algorithm for oblate shapes. Sometimes,
more iterations are required to produce these shapes. If the algorithm is moving in the
direction of an increase in energy to overcome an energy barrier, this makes sense. The
shapes corresponding to the data in Table 4.6 are shown in Figure 4.7. The reduced volume

vs. energy plot is shown in Figure 4.8.
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Table 4.6: Prolate vesicle energy vs. reduced volume.

v 1.0 0.90 0.79 0.76 0.71 0.65
E/Ey, [91] 1.0 1.20 1.40 1.49 1.61 1.81
E/E,, SHF 1.0 1.20 1.42 1.52 1.63 1.91
Rel. error || 0.00% | 0.20% | 1.40% | 2.46% | 1.49% | 5.42%
Iterations 1 56 44 60 124 168

)
!
8

Figure 4.7: Prolate vesicles with various reduced volumes. Organized by row, v =
1.00,0.90;0.79,0.76;0.71,0.65. The shapes here correspond to the data in Table 4.6.

In summary, our model is able to reproduce both prolate and oblate shapes. The data

from Tables 4.5 and 4.6 (also Figures 4.5 and 4.7) are combined in Figure 4.9.
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Figure 4.8: Vesicle energy vs. reduced volume for prolate vesicles in comparison with [91].
The SHF results correspond to the data in Table 4.6.
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Figure 4.9: Vesicle energy vs. reduced volume for both oblate and prolate shaped in compar-
ison with [91]. The SHF results correspond to the data in Tables 4.5 and 4.6 (also Figures
4.5 and 4.7).
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CHAPTER 5

BIOMOLECULAR ELECTROSTATICS

The classical theory of bilayer mechanics, introduced in Chapter 2 has been notably
successful in modeling very large deformations of the membrane under external mechanical
forces or constraints [37, 68]. We have further demonstrated the success of this model with
the results in Chapter 4 [72]. In this chapter, we wish to introduce electrostatic interactions to
the classical mechanical model. Consider a system with a vesicle and an external protein. The
lipids on the vesicle membrane are charged, and the protein is also charged. Both the vesicle
and the protein are placed in an ionic solvent. The mechanical energy given by equation
(13) is on the same order of magnitude as the electrostatic potential energy, therefore the
electrostatic interactions between the lipids, ions, and protein will play a significant role to
the total energy of the system. Therefore, we wish to extend the mechanical model developed
in Chapter 2 to an electromechanical model.

Suppose a protein and a lipid vesicle are placed in solvent. Denote the volume of the
solvent by the open set 0, C R3. This region appears outside of the protein and the vesicle
as well as in the interior of the vesicle. The enclosed a volume of the vesicle is denoted
Q,, C R®. The volume the protein occupies is denoted by the open set Q, C R®. The entire
containment region will be denoted by 2. The interior boundary of the vesicle is called the
cytosolic face and the exterior boundary is the exoplasmic face. Let the boundary of any
domain be denoted I' C R? with appropriate subscripts, and let 9§ be the exterior boundary
of 2. Let n be the unit outward normal vector to any interface I'. See Figure 5.1 for a picture
of the domains.

In keeping with the theme of this thesis, we want to investigate the flow of the lipid
membrane. As before, the flow is determined by the forces on the membrane, which includes
the electrostatic force. To determine the electrostatic force, we need an expression for the
electrostatic potential energy, which will be derived in this chapter. To compute the elec-

trostatic potential energy in a continuum framework, dielectric permittivities are assigned
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Figure 5.1: A mathematical description of the described solvation system. The volume of
the membrane is €2,,, contained by I'. and I'. representing the headgroups of each leaflet.
The solvent both inside and outside of the vesicle is €2;. The protein is €2, with boundary
I',. The unit outward normal to any surface I' is n.

to the interior of the membrane and the exterior, hence the membrane acts as a dielectric
interface. The position of the membrane determines the electrostatic field, and this field
determines the electrostatic potential energy. We first review some preliminary theory in

electrostatics, covered in the following sections.

5.1. DIELECTRICS

To begin, we treat the protein, lipid membrane, and the solvent as dielectrics. A dielectric
is an insulating material that can be polarized by an electric field E. The atoms within a
dielectric material have a net neutral charge and their electrons are positioned randomly.
But, when an electric field is applied, the electrons rearrange according to the direction of
the applied field, as in Figure 5.2. This rearrangement, or polarization, creates an internal
electric field which reduces the applied field. There are different degrees to which a material
is polarizable. This is quantified by the relative permittivity, which will be denoted by &,.
(This term may sometimes be referred to as the “dielectric constant,” but this terminology is
deprecated in the physics and engineering communities, since ¢, is often not a constant in the

mathematical sense.) Every non-conducting medium has an associated relative permittivity.
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Figure 5.2: Polarization of a dielectric in an electric field E [106].

For instance, a vacuum has ¢, = 1, air has €, = 1.00059, and water has e, = 80.4 (values
taken at 20°C) [106]. The higher the relative permittivity, the greater the material’s ability
to be polarized, which reduces the effective strength of the electric field in the material.

Within the framework of the problem at hand, depicted in Figure 5.1, the lipids, protein,
and solvent have different relative permittivities. This creates a discontinuity in the relative
permittivity €, at each interface I'c, I'e, and I',. The relative permittivities of the protein and
membrane are denoted ¢, and &,,, respectively, and usually range between 1 < ¢, &, < 10.
On the other hand, the relative permittivity of the solvent, e, is much greater, around 80,
approximately the relative permittivity of water in normal conditions.

The dielectric is assumed to be isotropic and homogeneous in each distinct domain (e.g.,
the protein, membrane, and solvent). While the dielectric ¢ is often a three dimensional
tensor, it is reduced to a (piecewise) scalar under these assumptions. We use the following

definition for :

€4 if x € Q,
(148) e(x) =1 g, if z € Q,,
Em if v € Q,,,

where e, ~ 80 and ¢, = ¢, = 2.
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5.2. ELECTROSTATICS IN HOMOGENEOUS DIELECTRIC MEDIA

In this section, we derive Gauss’ Law to describe electrostatics in dielectric media. We
start with something simple. Coulomb’s Law gives a physical description of the electrostatic
interaction between two electrically charged particles. In a continuum model, it is more
useful to consider the electric field generated by each point charge (from Coulomb’s law)
and then integrating over the whole space. The electric field E generated by a particle with
charge ¢ located at the origin is given by

(149) Br =17

Amer?’

where 7 is the displacement vector from the point charge, ¢, = /|| is the unit vector
in the direction of 7, » = |7] is the distance from the point charge, and e is the absolute
dielectric permittivity, € = e¢e,, where gy is the permittivity of free space and ¢, is the
relative permittivity of the material. For materials that do not have constant dielectric e,
like ours with the discontinuities on each interface I', it is more convenient to derive Gauss’

Law using a linear constitutive relation for the displacement field,
D(f) = eE.

If the point charge is located at some other point § € €2, then Coulomb’s Law is merely

a shift of (149),

B B q r—5 q(r"—9)
D) =B = e d ~ =

Notice that 5(77) points in the direction of 7 — s appropriately. The total displacement field
at position 7 is obtained by integrating the individual electric fields from each point § € €.
Replacing the charge ¢ by the charge density p(5),

B =+ | ?Eﬂgd“
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Taking the divergence of both sides gives,

= p(7).
This is the differential form of Gauss’ Law,
(150) V- D(7) = p(7),
or alternatively,
(151) V - eE(F) = p(7).

Thus, from Coulomb’s Law, Gauss’ Law is derived. To obtain the integral form, integrate

the above result over any volume {2 and apply the divergence theorem,

/p(F) 7 — / V. B(R) &F
Q Q
= / D(F) - it &°F,
r
where I' is any closed surface in €2 and 7 is the unit normal to the surface I'. The integral
form of Gauss’ Law states that for a surface I' that encloses a region 0 C R3, the total flux
of electric field is proportional to the total enclosed charge. That is,

(152) /F E(F) -7 dS = / o(7) dV.

Q

Gauss’ Law concerns the flux of an electric field, (E - n) dS through some surface element
dS. Suppose that a charge lies outside of the enclosed surface. The electric field from this
charge will pass through one end of the surface dS; and then through the other dS;. The
net outward flux is zero due to the cancellation in the flux through dS; and dS,. Now

suppose that some distribution of charges lie inside the enclosed surface. No matter how the
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charges which create the electric field are distributed, they may be treated as a single change
emanating from a point enclosed in a (Gaussian) sphere. The electric field due to this point

charge is given by (152). The left side of the equation reduces to

= - q -
/FgEQ(F)ndS:m/FerndSZQ7

since €, and 77 are parallel unit vectors, and the surface area of a sphere is 4772, By super-

position, the total flux is a sum of all of the charges inside the surface,

N
/sﬁ(F) idS = q,  G€S
r i=1

It is also convenient to write the electric field as the gradient of the electrostatic potential,

E = —V¢. If the field is emanating from a point charge, the potential is given by

(153) 6(r) = —

dmer’

This can be seen by taking the gradient of (153) with respect to 7 and obtaining (149). It is
usually simpler to work in terms of ¢ rather than E , since the potential is a scalar quantity.
Using the differential form of Gauss’ Law, Poisson’s Equation is obtained. From (150),

p7)

(154) V- (Vo) = Ap=——

If £ is discontinuous, then Poisson’s equation must follow (151),
(155) V- (eVg) = —p(7).

The derivation of Poisson’s equation (155) can be found in any good book on electrostatics,

e.g. [98, 51].

5.2.1. INTERFACE CONDITIONS. Suppose a surface I" separates two regions with different
dielectrics, as our model does. Let the relative permittivity of the interior be £, and that of
the exterior be €. Now consider a cylindrical Gaussian surface () intersecting the boundary.

The height of the cylinder is taken to be small so that the only contributions to the outward
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flux from the cylinder come from the top and bottom faces. The displacement field on the
top face is denoted D, and the displacement field on the bottom face is D;. Suppose for now

that the boundary carries no charge, so that p = 0 inside the Gaussian cylinder. By (150),
/ V-DdV =0.
Q
By the divergence theorem (2),
/ﬁ-ﬁdv—ﬁl~ﬁ1+52~ﬁ2_0.
r

Since the normal vectors point in opposite directions, the above equation reduces to

(156) Dy it = D, - .
This is our first boundary condition, which may be applied to the protein-solvent boundary

I',, since this boundary is uncharged. In terms of the electrostatic potential, (156) becomes
(157) 81V¢1 = 82v¢2 7.

The condition (156) states that the displacement field is continuous across the interface I'.
However, the electric field is clearly discontinuous since the dielectric is discontinuous.

For the second boundary condition, consider a rectangular contour v, denoted ABC'D
that spans the interface, where the edge AB is in the exterior (with dielectric e5) parallel
to I', and the edge DC is in the interior (with dielectric €1) perpendicular to I'. Define di
to be the length of the rectangle so that dl = |AB| = |DC|, and define dw to be the width
of the rectangle so that dw = |AD| = |BC|. The electric field is conservative, so no work is
done along the contour v traversing the rectangle. Let Eﬁl) be the electric field parallel to
the surface along DC' and E|(|2) be the electric field parallel to the surface along AB. Then
consider the contour integral

%E dl = Eﬁl)dl — E|(|2)dl 1+ Edw + Edw = 0.

~
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If we take dw — 0, the electric field contributions from sides BC' and DA are negligible, and

hence

(1) _ )
(158) EY = E?,

which implies that the tangential component of the electric field is continuous across the
boundary. This condition (158) applies to all boundaries I" in our setup, for it remains

unchanged with charged interfaces. In terms of the electrostatic potential, (158) becomes

(159) $1 = .

If the boundary T is itself charged (such as the boundaries where the charged lipid heads
lie, I'. and I';), the first boundary condition must be modified. The continuity of £ and ¢
remains the same. However, the displacement field condition must be modified to include

the surface charge density o,

(160) Dy-1n—Dy-11=o0.

In terms of the electrostatic potential, the boundary condition modified from (157) is
(161) —e1Voy -1 =—e3Vpy -+ 0.

We use the notation p for a distribution of lipids on the surface I', and I'., and hence p has
dimensions 1/Length?. The charge per lipid ¢, has units of charge, C. Then, o, the charge

density per unit area is defined as o = pq;, hence the boundary condition
(162) e1Vy -1l = 3V - 1l — pg;.

This condition applies to the membrane boundaries I'. and I'.. Our final interface conditions

in terms of the electrostatic potential are (157), (159), and (162).
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5.2.2. MOLECULAR INTERFACES. There are several different ways to determine the po-
sition of the interface of a molecule upon which the boundary conditions discussed in Section
5.2.1 are imposed. Three common methods are discussed here.

The simplest way to model the interface of a molecule is by its van der Waals surface.
This idea is to consider each atom of the molecule and its van der Waals radius, which are
often determined by the atomic spacing between unbounded atoms in crystals. This radius
is of course a hypothetical value. Each atom in the molecule is given a van der Waals radius
and pieced together to create a van der Waals surface. The green line in Figure 5.3 shows
the van der Waals surface, and Figure 5.4(a) illustrates an example of the van der Waals

surface for a particular molecule.

Solvent
Accessible
surface

probe

Solvent
Excluded
Surface

protein
atoms

Figure 5.3: The van der Waals, solvent excluded, and solvent accessible surfaces [58].

rb 5B s

. Van-der-Waals surface ). Solvent Accessible Surface ). Solvent Excluded Surface

Figure 5.4: Illustration of van der Waals, solvent excluded, and solvent accessible surfaces
for a sample molecule [58].
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The solvent excluded surface is obtained by smoothing out the van der Waals surface.
This smoothing is calculated in a specific way. A sphere of solvent with a particular radius,
called the probe sphere, is rolled across the van der Waals surface of the molecule. If the
probe sphere touches the van der Waals surface, then the solvent excluded surface is the
same as the van der Waals surface at that point. When the probe sphere gets caught in
between two or more atoms from the molecule, it traces a smooth connecting line in between
the atoms. Therefore, the solvent excluded surface always encompasses more volume than
the van der Waals surface. The solvent excluded surface is sometimes simply called the
molecular surface. The red line in Figure 5.3 shows the solvent excluded surface, and Figure
5.4(c) illustrates an example of the solvent excluded surface for a particular molecule.

A third way to describe the molecular interface is by the solvent accessible surface. Like
the solvent excluded surface, the solvent accessible surfaces traces a smooth connection be-
tween the van der Waals spheres by using a probe sphere of solvent. The point of connection
is not the point of contact, but rather the center of the probe sphere. That is, the solvent
accessible surface is just the solvent excluded surface increased by the radius of the probe
sphere, and again, the solvent accessible surface always encompasses more volume than the
solvent excluded surface. The blue line in Figure 5.3 shows the solvent accessible surface,
and Figure 5.4(b) illustrates an example of the solvent accessible surface for a particular
molecule.

We prefer the solvent excluded or solvent accessible surface for our model so that the

surfaces are smooth.

5.3. POISSON EQUATION

Now we piece together the electrostatic theory for our particular problem. We developed
the partial differential equation for the electrostatic potential ¢ in (155), namely, the Poisson
equation. We also developed the boundary conditions (159) for every boundary I', (157) for
the protein boundary I',, and (162) for the lipid boundaries I'. and I'.. We define a function

g € W2>(Q) for the electrostatic potential on the containment boundary 952, where W
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is the Sobolev space of twice differentiable functions whose derivatives up to second order
are essentially bounded (i.e. bounded up to a set of measure zero). Assembling all of these

equations together, we obtain the Poisson equation with boundary conditions for our system,

.

V- (€v¢) = =P, in Q7
[¢] =0, on I'c, T, T,
a¢s B a¢m
(163) Es = Emg — pllqr, on I'c, I,
9¢° _ _0¢” r
“on  Pon o e
o=y, on 0f2.

\
The notation [¢] denotes the jump in ¢, i.e. [p] = ¢1 — ¢, where ¢;, i = 1,2 is the value
of ¢ on each side of the boundary. This boundary condition in (163) is equivalent to saying
that ¢ is continuous across the boundary as in (159).

We still need to describe the distribution of charges pg in the first equation of (163).
This term accounts for the distribution of charges in the volumes Q,Q,,Q,, C Q C R
This includes the charges from the ions in the solvent ()5 as well as the charges from the
atoms in the protein €2,. Since the charges from the lipids are modeled on the headgroups

I'. and I',, there is no charge distribution arising from (2,,,. Therefore, we have

(164) po = pp+ pi,

where p,, describes the distribution of charge in the protein, and p; describes the distribution
of charge in the solvent. In the next section, we discuss the distribution of charge in the
protein p,. In the following section, we define a Boltzmann distribution for p;. With these

two results, we finish the first equation of (163) to describe the term pq.
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5.4. PROTEIN STRUCTURE AND CHARGE DISTRIBUTION

In this section, we model the distribution of charge in a protein, p,. Proteins are rigid
structures, meaning that the position of the atoms and hence the charges associated are
fixed. For review, we briefly discuss protein structure next.

When atoms bond with other atoms, they form a primary structure of amino acids.
While there are hundreds of different amino acids, there are only 20 that play a role in
the formation of proteins. Amino acids can bend and fold into regular patterns known
as secondary structures such as a-helices and f[-sheets (these two structures are the most
common in protein formation). When several of these secondary structures are assembled
together, a tertiary structure, or polypeptide chain is made. These can look quite complex,
but are essentially just the folds of secondary structures that place them into an energy
minimizing position. These tertiary structures are subunits of a quaternary structure, which

is the full protein complex. An illustration of the protein structure is found in Figure 5.5. Of

Figure 5.5: The structure of proteins. From left to right: Primary structure of amino
acid residues, secondary structure of an a-helix, tertiary structure of a polypeptide chain,
quaternary structure of assembled subunits [75].

course, all of the linking, bending, and merging will move the charges to different positions in
space. Most proteins are overall weakly charged, however, even if the net charge of a protein
is balanced to zero, a protein may still be polar, and charges from one side of a protein may
be relevant.

We model a protein composed of N atoms located at the points x1, x5, . .. xx with charges

Q1,Qs,...,QnN, respectively. The charge of each atom is located in the atom’s center. We
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assume the protein will not make any conformational changes, and therefore the charge

distribution will remain fixed at the atoms’ centers. Such a description is found in [4, 5],

47T€
(165) kBT Z QZ $ - xz

where e, is the charge of an electron, kg is the Boltzmann constant, and T' the temperature
so that the product kgT is the thermal energy of the system. The delta function ensures
that the charge is located at the atom’s center x; for each 1.

The form of equation (165) assumes that the charges arise from the centers of each
atom in the protein. This function p, € L*(Q), since the distribution d(xz) € L'(Q2), but
pp & H'(Q), a condition that will be needed in the computation of the dielectric boundary
force. Therefore, the model given by (165) is not used in our definition of the electrostatic
potential energy, but instead, a smooth approximation of the delta function is used, such as
those in [60, 94, 85]. In this way, the analysis of the energy functional is easier to treat [62].
We assume the charge follows some nonzero distribution across the entire van der Waals
surface. This way, p, € H'(Q2), as desired. To further satisfy some distance requirements to
be made later in equation (210), the boundary I' should be defined by the solvent accessible
surface, rather than the van der Waals surface. (See Figures 5.3 and 5.4 for a depiction of

the van der Waals and solvent accessible surfaces.)

5.5. BOLTZMANN DISTRIBUTION

In this section, we describe the charge distribution of ions in the solvent, p; in (164) to
complete the Poisson equation (163). Recall that the membrane-protein system is placed in
an ion-concentrated solution (solvent). Ions are atoms with an unbalanced number of protons
and electrons, and therefore possess electric charge. We model the distribution of ions as a
Boltzmann distribution, assuming that (i) all particles are equivalent, (ii) the particles are
indistinguishable, (iii) there are no particle-particle interactions except to transfer energy in

brief collisions, and (iv) the particles are in thermal equilibrium.
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Consider a system with N equivalent, indistinguishable particles (ions) with no inter-
actions between them except for very brief collisions in which they exchange energy and
momentum. We seek the distribution of particles in thermal equilibrium. We will compute
the entropy of this system and assume that the distribution of particles maximizes entropy,
in accordance with the second law of thermodynamics. (Entropy is a measure of the number
of ways a system can be arranged, or equivalently, a measure of disorder.)

The particles can assume K distinct energy levels, and assume N is large. Denote the
energy of each energy level by e;. We take the fundamental assumption of statistical ther-
modynamics (also called the fundamental postulate of statistical mechanics), which states
that the probability of a particle occupying any microstate is equally likely. To expand on
this assumption, suppose that the distribution of the particles in the K energy levels is ran-
dom. The particles are moving around, each with some speed. When two particles collide,
they transfer energy to each other, resulting in a change of energy level. The probability
of increasing the energy of a given particle is equally likely as the probability of decreasing
in energy, and since there are so many particles (NN is large), the particles are continuously
changing energy levels. Next, suppose there are n; particles in each energy level ¢ so that
Zfil n; = N. The n; is called the occupation number of the energy level 7. The total energy

of the system is
K
(166) E=> em.
i=1

The number of ways of selecting n objects from a set of N is (]Z) = N!/(n!(N —n)!). Here,
we have K distinct “energy sets” from which to pick. Select n; objects from N and place
them in set 1 (energy level e;), then from the remaining N —n; objects, select ny objects and
place them into set 2 (energy level e3), and so on. The remaining N —n; —ng — -+ —ng_1

objects are placed into set K (energy level ex). The total number of ways this can be done

74



18

N! (N—’le)' (N—nl—ng——nK_l)'
167 W =
(167) ni!(N —nyq)! 8 no!(N —ny — ny)! T ng! (N —ny —ng — -+ —ng)!
N!

C omnglng! - ng!

The equation simplifies by telescoping terms on the denominator with the corresponding
term on the subsequent numerator, and knowing that the term in the final denominator
(N —ny —ng — - —ng)! = 1 since 31 n; = N.

Before we continue, we need to make a correction to (167) concerning the degeneracy of
energy levels. In quantum mechanics, an energy level is said to be degenerate if it corresponds
to two or more different measurable states or distributions. Denote the degeneracy of the ith
energy level by ¢g;. This means there are really g; ways to express the energy e;, rather than
just one. This will affect our probability calculation, since the number of ways of placing
elements into the set ¢ must be increased by the number of ways n; can be distributed into
the degenerate levels g;. If the particles on each sublevel are indistinguishable, this number
is ¢;"", where the superscript denotes exponentiation. If the energy of level i can be expressed
in g; different ways, and n; particles belong in level i, then there are g; choices for particle
1, g; choices for particle 2, and so on, and g; choices for particle n;, for a total of ¢;" choices.
Therefore, the total number of ways N particles can be distributed into their energy levels,

including degenerate states, is
K e
= NI Ji
(168) w=nNT] e
i=1

We can use (168) to compute the entropy of the system.

Entropy is a fundamental concept in thermodynamics, and is a measure of the number
of ways a thermodynamic system can be arranged. Entropy is an additive measure, meaning
that if we have two systems of with corresponding entropies S; and Ss, then the entropy
of the two systems should be S; + S;. But, the number of ways the full system is not the

number of ways system 1 can be arranged plus the number of ways system 2 can be arranged.
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Instead, the number of ways a system can be arranged grows combinatorially. In the 1870s,
Ludwig Boltzmann showed that the entropy S of a system is logarithmically related to the

number of ways the system could be arranged (168) in his fundamental equation,
(169) S=kglnW.

Logarithms exchange multiplicative problems (such as counting the number of ways two
systems can be arranged) into additive problems, making entropy an additive quantity, as

desired. Using this feature of natural logarithms, the entropy of the system is

(170) S =kgpln (N! ﬁ f:) =kp <1n(N!) + i [n;1n(g;) — ln(ni!)]> :

i=1
Since N is large, we assume that each n; is also large, so we can apply Stirling’s approximation

to both N and each n;. Stirling’s approximation says

(171) In(n!) = nln(n) —n + O(In(n)).
This gives
(172) S~ kp (Nln(N) — N+ [niln(g;) — niIn(n;) + ni]) .

Gibbs noticed that (172) does not give the correct entropy, known as Gibbs’ paradox. The
problem is that the particles considered are distinguishable, but in the calculation, we as-
sumed they were indistinguishable. For instance, two particles may have different momenta,
but the same energy. Hence, they are distinguishable. With this correction, we carry out
the counting problem again. This is called Bose-Einstein statistics. Then, if w(n;, g;) is the
number of ways of distributing n; distinguishable particles in g; sublevels, it is given as a

number of permutations,
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Then, the number of ways of arranging the entire system is the produce of the w(n;, g;) for

each i,
K
(174) W = H w

This distribution requires a temperature above 0K and low density, so we have the approx-
imations 1 < n; < ¢;, and hence we can still apply Stirling’s approximation, but this time

we will use the form,
(175) n! = V2rnn"e™"

Using this approximation on (n; + ¢;)!, n;!, and g;!, Equation (174) becomes

(ni + 9:)'g:

w

—-

1

.
I

2m(ni + gi) (ni + g))" e i 9,

T V2mn ntemiy/2mg; gfte9 (n; + g;)

(ni +g:)" "9 g,
ngl ni+gi

=

[

L

=1

The latter fraction g;/(n; + ¢g;) = 1 since n; < g;. Then, divide both the numerator and the

(nit+gi)

denominator by g, to get

K .
W = | | | | : : .
n; gl Pl n;t

Recall the limit definition for the exponential function

(176) e = lim (1+ %)n

n—oo

This form appears in the numerator of W above, e ~ (1 + n;/g;)% since g; > n;. Using

this, and using Stirling’s approximation (175) in reverse, we have

K
(177) W~ T
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With this, so-called correct Boltzmann counting, the entropy is (using Stirling’s approxima-

tion (171) yet again)

(178) = kpln (H ) ki (Z n;In(g;) — In(n; ))

~ kg <Z n;In(g;) — n;In(n;) + nz> )
i=1

The distribution of particles maximizes entropy, and so we look for values of n; which
maximize equation (178), while keeping the total number of particles and the total energy
(166) fixed. For clarity, we use N and E to denote the respective fixed values. Using the

method of Lagrange multipliers for the constraints, we maximize the following function,

f(ny, - ng) = (Z n;In(g;) — n; In(n;) +ni> + « (N — an> + 0 (E — Zemi>

i=1 i=1
K

(179) = (Z n;In(g;) — n; In(n;) + n; — an; — ﬁeim) +aN + BE.
i=1

Taking partial derivatives with respect to n;, we require

8 set
oL~ Infg:) — Iu(r) — o+ 9e;) =

(180)
Solve (180) for each n; to get

(181) n; = g e (a“"ﬁet)
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Now, using (181), we have

In(W) = Z n;1n(g;) — n; In(n;) + nz)

=1

K
=[S gie @50 In(g;) — gre (@45 In(ge(+50) 4 gie(awei))
=1

K
= Zgief(a‘i’ﬂei)(a + /361) + gie(a+6ei)>

=1

K
=1
= (a+1)N + SE.

If we rearrange this and differentiate, we get

1 a+1
182 E=—In(W)— N,
(182) 3 W)= =3
1 1
(183) dE = = dIn(W) — 2= an.
B s
But (183) is just the second law of thermodynamics,
(184) dE =T dS + pudN = T d(kgIn(W)) + u dN,

so by matching terms in (183) and (184), we have kg7 = 1/5 and = —(a+ 1)/3. Solving
for 8 =1/(kgT) and o = —p/(kgT) — 1 allows us to rewrite (181) explicitly,

(185) n; = g; exp (Mk;;i + 1) :

This equation (185) defines the form of a Boltzmann distribution. A Boltzmann distribution

is defined to be a distribution that takes the form,

(186) p(z) = cope VD),
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where ¢, is some constant of proportionality called the bulk number density, U is the free
energy usually written as the product of the electrostatic potential ¢ with the charge ¢, and
the constant § = 1/(kgT) is the inverse thermal energy.

For our purposes, we assume that the solvent contains M distinct ionic species. These
counterions (so-called because they produce electric neutrality to the membrane-protein-

solvent system in Figure 5.1) are modeled by a Boltzmann distribution as in [2, 20],

(187) i g e Pl

7j=1
where ¢ is the electrostatic potential, ¢;° is the bulk concentration, g; the charge, and the
subscript j represents the jth particular ionic species. We assume the condition of charge

neutrality in the bulk, which is a reasonable assumption away from any charged surfaces,

M
(188) > g =0
j=1

One may generalize (187) as in [10, 5, 56] by enforcing ion-excluded volume effects, or
steric effects. Steric effects occur when atoms come so close together that their electron
clouds overlap. The steric potential, scaled by the inverse thermal energy, is added to the
exponential of (187) is to ensure that the atoms from the protein, lipids, and the counterions
do not overlap.

The results of this section can be found in any good textbook on statistical mechanics,

g. [71].

5.6. POISSON-BOLTZMANN EQUATION

We use a Boltzmann distribution (187) for p; to complete the Poisson equation (163).
This leads the the Poisson-Boltzmann equation, which is equation governing the system. We

restrict the distribution (187) to the solvent domain €, by the characteristic function
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which is 1 on €, and 0 elsewhere and define (as in [62])
(189) B(¢) =" (e P —1).

Then, p;(z) = —B’(¢). Using this notation, the Poisson equation (163) becomes the Poisson-

Boltzmann equation,

(

V- (Eng) - XSB/(¢) = —Pp; in €,
[¢] = 07 on Fmrearp?
d¢*  do™
(190) € o gma—n — [F]ql, on I, I,

€ % = % onI

“on  Pon’ P

¢ =y, on 05,

\

where again, ¢ is the dielectric permittivity for each region defined by (148), ¢ is the electro-
static potential, p, is the distribution of charges in the rigid protein which shall be assumed
to be a sufficiently smooth and compactly supported approximation to (165), n is the out-
ward unit normal vector to any interface I, p[['] is the distribution of lipids on the vesicle
membrane (to be defined later), ¢; is the charge of a lipid, and g € W°°(Q) is the value of
¢ at the containment domain’s boundary.

We remark that the Poisson-Boltzmann equation (190) is equivalent to the following

elliptic interface problem.
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( epAG = —p, in Q,,
EmAp =0 in Q,,,
cAG — B(1h) =0 in Q.

(191) 0] =0 onI',,T'., T,
esVP* -n=¢e,Ve¢¥-n on Iy,
eV n=enVo" -n—pllg  onT.T,,
=g on 0f).

A proof of the equivalence can be checked in [61] with appropriate inclusions for the lipids.

The Poisson-Boltzmann equation (190) is the standard equation for describing electro-
static forces on boundaries. The only term that does not have a formula is the distribution
of lipids on the membrane surfaces I'. and I'.. In the following section, we define this distri-

bution p[I'] and complete (190).

5.7. LIPID DISTRIBUTION

The drift-diffusion equation, also called the electrodiffusion equation, is used to model the
movement of particles that are transferred due to the processes of diffusion and convection.
Both processes are relevant in our system, since the lipids experience “drift” due to the
electric field E = —V¢ and may freely diffuse on the surface of the membrane. When an
electric field is present, the lipids drift according to the direction of the field and the sign of
their charge. Positively charged lipids drift in the opposite direction as negatively charged
lipids. The drift-diffusion equation is

Op _

(192) 5 =

V- (DVp + DBqpV),

where p is the concentration of lipids, D is the diffusion coefficient, ¢ is the charge of a lipid,

and ¢ is the (electrostatic) potential.
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The distribution of lipids should satisfy the drift-diffusion equation in its steady state.
That is, the concentration of lipids is determined once the processes of drift and diffusion

have settled into equilibrium. Therefore, p satisfies
(193) 0=V -(DVp+ DBqpVe).

To solve (193), it is convenient to represent ion concentration p using a “Slotboom variable”

[93],

(194) u = pel?®.

This variable transforms (193) to an equivalent, symmetric form,
(195) 0=V (De V),

since the term inside the divergence operator matches,

De Pty = Defﬂqd’V(peﬂqd’)
— De% ((Vp)e™® + Bgpe®s®(V))

= DVp+ DBqpVe.

One solution to the drift diffusion equation given by (195) is u = ¢ for some constant c. It

is quick to check this is a solution, since Vu = 0. Then, by (194), we have
(196) c = peli9.

Solving (196) for p gives us

(197) p = ce P

If we let ¢ = ¢*°q, then (197) matches the Boltzmann distribution (187) for a single species.

Indeed, lipids are often arranged as a Boltzmann distribution on membranes [15]. We now
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wish to determine an appropriate ¢ for the lipid distribution if the lipids do not satisfy the
ideal Boltzmann distribution.

The practical distribution of lipids is subject to other constraints such as finite sizes and
entropy conditions and may not follow the ideal Boltzmann distribution [53, 55, 108]. We
generalize the distribution of lipids given by (200) in the following way.

The integration of the lipid concentration over the membrane I' gives the total number
of lipids on a leaflet. By the discussion in Section 2.1, this quantity is conserved. Using a

Boltzmann distribution, we have

(198) T = / pdS = / ce™9% ds.
I I

We can factor the constant ¢ and solve

T

/e—qﬁ¢ dS.
r

Plugging (199) back into (197), we have the distribution of lipids with an ideal Boltzmann

(199) c=

distribution,
Te_Q5¢
(200) pll) = —————.
/eqﬂ¢ ds
r
For the generalization, define
—Cv'(9)

(201) pll'] = :
Ba / +(¢) S

where C'is a dimensionless quantity related to 7" (the total number of lipids), and v : 2 — R

captures the generalization. Notice that if

(202) 1(g) = e,

and if C' = T, then the general lipid distribution (201) follows the Boltzmann distribution
(200).
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With (201), we have a formula for every term in the Poisson-Boltzmann equation (190).
In the next section, we use (190) to define the electrostatic potential energy for the protein-

membrane system.

5.8. ELECTROSTATIC POTENTIAL ENERGY

In the calculus of variations, the stationary functions of a functional are the solutions
to the Euler-Lagrange equation corresponding to that functional. In our context, we seek
an energy functional whose Euler-Lagrange equation is the Poisson-Boltzmann equation. In
this way, the electrostatic potential energy ¢ that satisfies the Poisson-Boltzmann equation
(190) will be a stationary solution to the energy functional. In this section, we define an
energy functional for the electrostatic potential energy and prove that the stationary solution
to the functional is also a weak solution to the Poisson-Boltzmann equation.

Consider the following electrostatic potential energy,

203) GIrio] = [ [<51V0F + 0~ x.B(@)] d2 = G o ( [ as / | dS) ,

where the notation I'., = I'. UT'. emphasizes that the integration of the lipid distribution
only occurs in the lipid membranes (and not on I')).

We remark that this energy functional is concave down, and so a stationary function
of this electrostatic potential energy will be the mazimizer of the energy functional. This
may seem confusing, since we try to perform energy minimizing computations. However it
is conventional to define the electrostatic potential energy in this way. It is easy to find the

energy minimizing solution by simply negating (203) above. E.g.,

208 GIriol = [ [SIVoF o x.BO)] d2 + G ( / a0y as / / ds).

This energy formulation is concave up, so a stationary function will be the energy minimizer
of G*. This form is in accordance with Dirichlet’s principle for energy minimization (e.g.,

see Section 2.5.5 of [34]). We proceed with the conventional electrostatic energy in (203).
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The reader should keep in mind that energy mazximization can be easily replaced with energy
minimization with the use of (204).

We also remark that if v(¢) = 1, then +/(¢) = 0, and so by (201), there are no lipids on
the membrane surface. In terms of the energy, the second term will be zero, since In(1) = 0.
Note that if v = ¢ for ¢ # 1, there will be no lipids, yet there will be an energy cost of
C'/B1n(c). Therefore, we require that v(¢) be a non-constant function of ¢.

In addition, consider the notation for the Hilbert space with boundary,
(205) HIQ) = {6 € H'() | 6 =g on 00},

where H! = W12 is the usual Hilbert space whose functions are square integrable and have
square integrable partial derivatives up to first order.

We justify our choice of the energy function (203) by the following theorem.

THEOREM 5.8.1. Let the electrostatic potential energy G be given by (203), where I is
any smooth boundary in €. Then there exists a critical point 1y € H;(Q) of G[I'; | which is

also the weak solution of the nonlinear Poisson-Boltzmann equation (190).

PROOF. Let ¢ € Hg(€2). Consider the variation of the electrostatic potential energy:

= 2 ([ 5196 + t0)F — xubto-+ t0) + (o + )] a0

S [roras [ [Las))|
c /F7 ¢+ t)y dS

- / —EV(6+ 1) (V) — B0+ t0)u + 0+ ) d2 =
o ﬁv¢+w

dG[I'; ¢ + ]
dt

t=0

Cy'(@)y

= [ ~=(¥6)- (V0) = B0)0 + > a0+ [ pllla as.

:ié—dvm-ww»—hB%mw+mwdﬂ—
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In the computation above, the notation I' is used to indicate any boundary on which the
integrand is defined (i.e., both I, and I',). Critical points of the electrostatic potential energy

are obtained by setting the result above to 0,

( | —=(vo)-(vvyan- [ o [ ow dQ)

(206)
n / oL dS + / oIl Jar dS = 0.

Standard calculations show (206) has a solution ¢ = 1y and that this critical point v is the
unique maximizer of G[I';-]. The ideas follow the proof in [62], which proves the result for
uncharged surfaces.

Next, we will show that (206) is equivalent to the weak form of the Poisson-Boltzmann

equation (190). The weak form of the Poisson-Boltzmann equation for a smooth test function

Y:Q—Ris

(207) [v-evopde- [ s@van- [ -p0a
Q Q Q
Splitting the first integral in the domains €2, €2,,,, and €2,,, and using the product rule gives

(/V“@Vﬁ@dﬂ—/sﬁ%ﬂ~wwd9+/ V- (e V6™b) dO
Qs Qs Q

m

- /Q (VO™ - (V1)) A2 + /Q V- (e, V) dO /Q £, (V) - (V) d2

-/ o) o= | = ac.

Now combine the second, fourth, and sixth integrals and use the divergence theorem on the

first, third, and fifth integrals to get

-:Agmw)«v¢)am+/‘@wawﬂ-nds— (V6 - dS

o0 re

—/swwﬁymw—/ewwwymw+/&wwwwnw
e T

P e

+[ﬁmwwwnw+£fwwwymw—/

Qs

B2 =~ [ po o,
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Since the test function v is compactly supported on 2, the boundary integrals over 0f2 are
zero. Combine the boundary integrals over I' and obtain
(— [ v vvan- [ Bewans [ o0 dQ)
Q Qs Q

+ < Y(EmV ™ — e,V - n dS) + ( V(EmV ™ — e, V) -1 dS)
T

Te

+ < Y(e, VP — e Vo°) - n dS> = 0.
FP

Next, apply the boundary conditions to the last three integrals to obtain (206), the variational
form of the electrostatic potential energy. Therefore, the maximizer v of G[I'; -] is also the

weak solution to the nonlinear Poisson-Boltzmann equation. 0

As a consequence of Theorem 5.8.1, the Euler Lagrange equation for the energy functional
(203) is the Poisson-Boltzmann equation (190).
We define the maximization of the electrostatic potential energy to be

(208) GII| = mmae GIT59] = G v

Finally, we give a brief summary of the terms in the potential energy (203). The first
term, |V¢|?> describes the energy from the electric field potential, since E = —V¢. The
second term, p,¢ describes the energy from the charges in the protein. The third term,
B(¢) describes the energy from the mobile ions in the solvent. The final term involving v(¢)
describes the energy from the charged lipids on each leaflet I'. and T'..

We have now established the electrostatic energy functional for the protein-membrane
system. In the next chapter, we compute the dielectric boundary force on the boundaries of

the vesicle membrane I', and I'.. This force governs the flow of the membrane.
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CHAPTER 6

DIELECTRIC BOUNDARY FORCE

In this chapter, we compute the dielectric boundary force on the vesicle membrane. The
results of this chapter are published in [73]. Recall the physical set up of the system depicted
in Figure 5.1. The dielectric boundary force describes the movement of the membrane based
on the electrostatic potential energy (203). In order to compute this force, we use techniques
from shape calculus as in [62]. To compute the shape derivative, we define a diffeomorphism
that perturbs the boundaries of the membrane. This perturbation is in the normal direction
of the membrane. Then, important properties of this diffeomorphism are established in terms
of its effect on volume elements of {2 and on surface area elements of I'. Equipped with these

properties, we establish the dielectric boundary force.

6.1. TRANSFORMATION AND VELOCITY OF THE SURFACE

The deformation of the vesicle membrane is governed by a smooth velocity field that
vanishes at distances away from the membrane surfaces. We define the velocity function
V € C*(R3,R?) by the following dynamical system,

dx

d_ = V(.T)7 vVt > 0,
(209) t

z(0) = X,
where X is the original position of the membrane and z is the transformed position. We
require V' to be compactly supported near the bilayer membrane surfaces. In other words,

V(z) =0 if dist(z, ') > d for some d > 0 where I is either I'. or I, and
1
(210) d< 5 min {dist (e, 082),dist (I';, supp (pp)), dist (I, supp (pp))}.

The condition (210) prevents the exterior membrane surface from stretching beyond the
containment domain €2 and also prevents either membrane leaflet from overlapping the atoms

within the protein.
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The solution to (209) defines a diffeomorphism 7} : R?* — R?® which sends the old co-
ordinates X to the new coordinates x in the time ¢. We denote this transformation by
Ty(X) = x(t, X). We get an approximation for the transformation by computing a Taylor

expansion of the velocity field centered at ¢t = 0,
(211) T,(X) = a(t, X)
= 2(0, X) + t0,2(0, X) + O(?)
=X +tV(2(0, X)) + O?)
=X +tV(X) + O(t?).
In this way, the map T;(X) agrees with the perturbation of the identity up to the leading
term.

The membrane configuration under the transformation 7;(X) results in a new electro-

static potential energy,

@12)  Giol= [ [=5IVoR+p0 - xB(O)] dr + Sin ( | Aty as / /Ftds),

where each of the functions are computed over the transformed regions ; = T3(Q), I'; =
Ti(I"). As in (203), the integration on the membrane is not performed on the protein I'y,
since no lipids are distributed here. Similar to the proof in Theorem 5.8.1, there is a unique
maximizer ¢y € H,(€2) N L>(Q) that maximizes (212) over H,(2). The maximum is

(213) Gl = ¢£1?}()<Q)G[Ft; ¢] = G[L'y; ).
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The same ), is also the unique weak solution to the transformed boundary value problem of

the Poisson-Boltzmann equation, given by

p

\E (€V¢) - XSB/((b) = —Pp; in Qta
[¢] - 07 on ch Fet? Fpta
0¢* B o™
(214) 55%7 = Em% - P[Ft]% on Fcﬂ Fet,
99> _ _ 0¢* on T
gsﬁn_gpﬁrﬂ e
»=g, on 0f).

\
Notice that equation (214) is identical to the Poisson-Boltzmann equation (190), except that
the domains are transformed by 7;. The transformation 73(X) defined by (211) acts on
volumes and surfaces within 2. Some useful properties of the transformation are outlined

next.

6.1.1. PROPERTIES OF THE TRANSFORMATION ON VOLUMES. The following are prop-
erties of the transformation T;(X) given by (211) on a volume element dX € R3. These
properties will be used in the computation of the shape derivative and their justifications

are found in [22], among other sources.

(T1) Let X € R® and ¢ > 0. Let VT3(X) be the Jacobian matrix of T} at X defined by
(VT,(X));; = 0,T}(X), where T} is the ith component of T} (i = 1,2,3). Let

(215) J,(X) = detVT,(X).

Then, for each X, the function ¢ — J;(X) is in C* and at X,

dJ
(216) d—tt = J,(V-V)oT,.

At t = 0, since no time has passed, VI = [ for any = and so Jo(X) = 1. The

continuity of J; at t = 0 implies .J; > 0 for ¢ > 0 small enough.
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(T2) Define A(t) : @ — R for ¢ > 0 small enough by
(217) A(t) = J(VT)"H(VT) ™,
where the notation (-)~7 denotes the inverse transpose. At each point in (,
(218) A)=[((V-V)oT) = (VL) (VV) o T) VT,
— (VL) (VV) o 1) (VIY)] AQ).
(T3) For any u € L*(Q) and t > 0, uo T, ' € L*(Q). Moreover,
(219) limuoT; =u  and 1%1107?1 =u in L*(Q).

(T4) Let t > 0 and u € H(S). Then both u + uwo T, and u + u o T} are one-to-one
and onto maps from H'(Q) to H'(Q;) = H'(Q) and H,(Q) to H,(£2), respectively.

Moreover, for any u € H'(),
(220) VoI )= (VI;HY ' (Vuo T ) and  V(uoT,) = (VT (VuoTy).
(T5) For any u € H'(Q) and ¢ > 0,
d
(221) %(u oTy) = (Vu-V)oT,.

The properties are proved in Chapter 9.4 of [22].

6.1.2. PROPERTIES OF THE TRANSFORMATION ON AREAS. In Section 6.1.1, the proper-
ties of the transformation of a volume element were derived. Because our energy functional
(203) contains an integral over a 2D surface I', an analogous transformation of a surface el-
ement must be derived. In this section, we compute a useful property of the transformation

T, on a surface element dS € R%. Define the Jacobian of the surface transformation by
(222) Jo(X,t) = (det VTL(X))| VT, "n(X)],
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as in [17], where n(X) is the normal unit normal vector at X. Note that at time ¢ = 0,
Js(X,0) = (detI)|Ing| = |no(X)| = 1, since n(X) is a unit vector. Analogous to the
transformation on a volume element, the differential surface element is transformed by ds =
JsdS. The surface transformation property we wish to establish is stated as the following

theorem.

THEOREM 6.1.1. The time derivative of the Jacobian of the surface transformation J, at

t =0 s given by the surface divergence of the velocity,

dJ,
(223) ~-V, V.
dt |,

PRrOOF. Recall the formula for the Jacobian of the surface transformation given by (222).

The derivative of (222) is given by

dJs
dt

det VTt

V7]

(VT Tn)- 4 (VT Tn).

(224) y

= (J(V-V)oT,)|VT; "n| +

The derivative in (224) was computed using the product rule, (216), and the fact that the

—

derivative of |Z| for any vector z(t) € R? is given by

d|Z| d /
dl’l d$2 dIg

= —(2% + 25+ x%)’1/2(2:v1% + 23:2% + 2953E)

DN | —

1, dF

so that
1
‘VTt_Tn{

(VT Tn) - (9T Tw).

d v
a VTl = dt

We proceed by simplifying (224). The derivative with respect to t of (VT 'n) is

(226) VT ) =

dn
g
n+ VT, o

d(vT; ")
dt

93



There is another way to express (226) that will prove easier for further calculations. Let

@ = VT, "n so that n = VT['d@. Then, computing the derivative of n,

dn  d(VTT@) d(VIT) oda
dt dt a + VI dt

Therefore,
da dn  d(VTF)
A v4s i W (R Sk 204 I
dt (V) (dt dt a)

Replacing @ gives the alternative form of (226),

(227) VT ) = (VT (2—? - %(Wﬁ)u) -

This equation is more advantageous than (226) because (226) involves computing the deriva-
tive of VT, T whereas (227) only requires the derivative of VT;'. We compute the derivative
of VT}" with respect to time ¢ next.

First note that the velocity V(x) (209) is V(z) = dx/dt. The transformation is defined
through the velocity as T;(X) = . Then,

AT(X))

Vel = V(LX) = 4

We want to keep track of which variable, z or X, is the variable of differentiation when
writing V(-). Write T;(X) = T'(t, X) to emphasize T is a function of X and ¢ (but not x).
This allows for the subscript notation of partial derivatives. We adopt the notation V,(-)
or Vx(-) to denote the variable of spatial differentiation x or X when computing VT'(¢,-).

Computing the derivative with respect to time of VxT'(¢, X) yields

d d dT;

= ViV (X).
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Then,

o, oV ov oy oVy ov Ory  Ory On

8X1 8X2 an 8I1 81’2 81’3 8X1 8X2 8X3
VxV(X) = : : = : : : :

oVs oVs oVs 0Vs Oxs Oxs

= (V. V(2)(VxT(t, X)).
This establishes

(228) %VXT(t, X) = (V. V(@) (VxT(t, X)).

From (228) and the fact that the derivative of the transpose of a matrix is the transpose of

the derivative,

(229) SVIT = (VYT

The equation (229) may be substituted in (227), which may in turn be substituted into (224),
but we choose to substitute everything at the end of the section for neatness.
Next, we establish a formula for the normal derivative dn/dt at time ¢t = 0. Let u and v

parametrize a surface in R and define the surface by

(230) (u,v) = (z(u,v),y(u,v), z(u,v)).

With this parameterization of the surface, the transformation 7; acting on the surface can
be defined as

(231)
Ti(x(u,v), y(u,v), z(u,v)) = (z(u,v) + a(u,v,t),y(u,v) + B(u,v,t), z(u,v) + vy(u,v,t))

= 7(u,v) + 5(u, v, 1),
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where §(u,v,t) = (a(u,v,t), (u,v,t),vy(u,v,t)). Note that § depends in ¢ but 7 is indepen-

dent of ¢. Next, define the (initial) normal vector to the surface by the identity

(232) n(X,0) = 2T

70 X 10|’

where the subscripts denote partial derivatives. Then, at any time ¢t > 0, the transformed

normal vector is calculated by applying (231) to the initial normal vector (232),

(T + Su) X (1 + Sy)
|(7y + 8u) X (14 + 80)|

(233) n(X,t) =

For simplicity, let ¢ = (r, + s,) X (r, + S,). Next, the initial time rate of change of (233) is

computed,
dn(X,0) d [ ¢
(234) 3~ a (m)
(i a (@),
¢] dt Iq
Define

1 d¢ 1
__% d
qa M@= <|<|)

dP
The time derivative ’ can be computed using the product rule for cross products,

(235) %(A x B) = (% X B) + (A X %f)

Then the derivative of P at t = 0 is

dP 1d
’r . = ma((ru + 84) X (1y + 8p)) .
() reree (b
— 1 <@><(r +8,) + (7 +s)><d8v)
|(70 4 Su) X (ry + 8)| \ dt v o dt )|,

1 ds, N dsv
- —— X Ty + Ty X .
|7 X 7y| \dt dt
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To compute the initial time derivative of @, first notice that by using (225) and the chain

i i ___1 fd_f
dt \|z|) |7 dt )

Using this result for 1/|C], the initial derivative of @ is

rule, we have

dq _ My
— » = ((ru + 8u) X (14 + 5v)) dt (|C’> t=0

= (90 % (ry+3) R )

= (rux ) (x-S x 2
= (ry X1y R E Ty X Ty g X TetTex .

Now we have a formula for dn/dt,

dn(X,0) 1 @xrjtr x@ N
dt - raxor, \odt T T dt

+ (r xr)—_l (ry X 1) @XT +7r x@
T e xr, P dt YTt '

(236)

To simplify, we define

R:%xrv+rux%.
Hhen dn(X,0) 1 1
n _
’ = R u v)T . |2 u v R
dt |7u X 7] +(r XT)\TuerF’ ((ru ) - )
_ 1 R Tu X Ty ruXrU.R
7w X Ty |70 X 1] \ |70 X 74
1
= —[R—n(X X,0)- )
R X0 (n(X.0) - B)
That is,
dn(X,0) 1
2 = —n(X X,0) - .
(287) T = o R X0 (n(X,0) - )

To finish simplifying the formula (224) requires substituting (229) and an expression
lengthier than (236) into (227) and substituting the result into (224). The final expression
dJs
for — for arbitrary ¢ > 0 would be exceedingly long, and the expression is unnecessary for

dt

the calculations of the shape derivative of GG5. In fact, only the derivative of .J; evaluated at
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t = 0 is useful. To compute this quantity, we notice that by (229) it follows

(238) iVTT

y = (VV)(VT)" = (VV)",

t=0

where the V operator acting on T (X) is with respect to X and the one acting on V(z) is
with respect to z. Now, substituting (227), (238), and (237) into (224) when ¢ = 0 gives the

result,
t=0
+ (et V) [ e (VT Ty - L (v Ty
N\ V1] i =0

:V-V+( — (VT n)

oo ( (S )

V(L )

)

V. Vi4n-— (R—n(n-R)—n-(VV)n

7w X Ty

where n = n(X,0) is the initial unit normal. Notice that n(n - R) is the component of R
in the direction of n. Then, R — n(n - R) is the component of R perpendicular to n. Thus,
n-(R—n(n-R))=0. This leads to

dJ
dt |,_,

(239) =V-V-n-(VV)n

Next, notice that for any matrix A and vector #, z - AT2 = o - Ax. This formula can be
verified by expanding the matrix-vector product in component form and rearranging the
terms. This reduces (239) to

dJs

(240) o

=V-V—-n-(VV)n.

t=0
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Finally, notice that this is the formula for surface divergence, as in (5). This leads to the

final form of the initial time derivative of Jj,

dJ
(241) =V, V.
dt |,_,

We conclude this section with a useful property for closed surfaces.

LEMMA 6.1.1. The surface divergence of any continuous function F on a closed surface

18 0,

(242) / /F (V- F)dS =0.

PRrROOF. The proof follows directly from the 2D divergence theorem,

(243) //(V-F)dS:]{ F-ndoz/ F-nlda—i—/ F - ny do,
r or ar ar

Since I is a closed surface, the outward normal directions to the boundary OI" are opposite

in sign. Therefore, the two integrals in (243) cancel, giving the desired result. O

6.2. SHAPE DERIVATIVE COMPUTATION

In this section, we compute the shape derivative of the electrostatic potential energy with
respect to the boundary. This computation provides a convenient way to extract F),, the
normal component of the dielectric boundary force, through the Hadamard-Zolésio structure

theorem of Shape Calculus:

THEOREM 6.2.1. Consider the functional G with sufficiently smooth domain I'. Then,

for F,, € LY(T'), the shape derivative of G with respect to T' in the direction of V is
(244) 5rGIT] = / _F,(V -n) dS,

r
where n is the unit normal to the surface.
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PROOF. A proof of this theorem can be found in [23, 98]. O

We point out that under these conditions, the shape derivative is in the direction normal
to the velocity of the deformation; therefore, only the normal component of the dielectric

boundary force determines the motion on the boundary. We will prove that the force is given

by

83 s E:’In m m S m
(245) F, = _§|V¢0|2 + 7|V¢0 |2 - 6m|v¢0 -n|2 +em(Vipg - n) (Vg - n)

— B(to) = apl1(VY5 - n),

which is the main result of this chapter.

To set up the theorem, let V € C*°(R3 R3) be a smooth map that vanishes outside a
small neighborhood of the membrane surface I'. That is, V(X) = 0 if dist(X,I") > d for
some d > 0 satisfying (210). Let the transformations T3(t > 0) be defined by (209). For
t > 0 the electrostatic free energy is given by (213), where the functional G[I'y; ] is given in
(212) and 9 is the weak solution to (214). For ¢ = 0, the electrostatic free energy is given
by (208), where the functional G[I'; -] is given in (203) and v is the weak solution to (190).

THEOREM 6.2.2. Let p, € H'(Q). Then the shape derivative of the electrostatic free

energy G[I'] given by (203) in the direction of V' is given by
53 s E:m m m S m
(246) orG[I'] = / (5|V¢0|2 - 7|V¢0 >+ em| Vg - nf? — em(VY5 - 1) (Vg - n)
r

+ B(o) + aip[I1(VY5 - n)) (V'-n)dS.

PROOF. The proof is divided into four steps:

i First, the energy functional is computed in the transformed coordinates through a new
function z(¢,¢). A change of variables brings z back to the reference coordinates, and
then z is differentiated with respect to time.

ii Second, the difference quotient corresponding to the shape derivative is squeezed between

two realizations of 0;z.
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iii Third, the inequality is passed to the limit as ¢ — 0 and it is shown that the two
realizations of 0,z are identical in the limit, and hence equal to the shape derivative.

iv Fourth and finally, the result is simplified to match the final form.

The computations to determine the shape derivative of (203) is completed in two calcu-

lations by splitting (203) into two components,

(247 Gills6) = [ [=5199F + 5o = x.B()] X

and

(248) Gg[r;qs]:—%m (/ +(6) dS(X) / / dS(X)),

where G[I'; ¢] = G1[I'; ¢] + G2[I'; ¢]. We have the analagous splitting for (212),

(249 Gilts) = [ [-51967 + 6~ xuB(0)]

and

(250) Gall'ié) = =5 In ( JRCESE / / ds<x>>.

Step 1. The energy functional is computed in the transformed coordinates through a new
function z(t,¢). A change of variables brings z back to the reference coordinates, and then

z 18 differentiated with respect to time.

Let t > 0 be sufficiently small. Since each ¢ € H, gl(Q) corresponds uniquely to ¢ o T, ' €
H}(Q), ie., the map ¢ € H}(Q) — ¢ o T, ' € HX() is an isomorphism, then by (213), we
have

G| = ¢g}1?€<9) G[Ty, ¢ o T7H.
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This takes the transformed coordinates x = T;(X) back into the original coordinates, for

which information is known. Let ¢ € H'(Q) N L>(Q) and ¢ > 0 and denote
(251) #(t,¢) = Gl oo T,.

The function z is split into two components, z1, corresponding the functional G (247), and

29 corresponding to the functional Gy (248).

(252) z(t,¢) = Gily, ¢o T,
(253) 29(t, ¢) = Go[['y, ¢ o T; 1],
(254) 2(t,0) = z1(t, 9) + (L, 9).

The function z;(t, ¢) is considered first.

Remember that J; =det(VT(X)) by equation (215). Since t — J;(X) is continuous and
Jo(X) =1ateach X € Q, 37 > 0 such that J;(X) >0Vt € [0,7] and VX € Q. Let ¢t € [0, 7]
and ¢ € H'(Q) N L>=(2). Consider

z1(t,¢) = G1[Ty, o T; 1], by (252),
= [ [F5IV@o T OF + oo T~ xlBe) o 71 d, by (249),
- / SV T+ (00 T7) = xu(B(@) o T;7)| o, by (220),
= /Q :—gA(t)Wﬁ Vo + (pp o Ty) oy — XSB(qﬁ)Jt} X, by z = Ty(X),

where A(t) is given by (217). The details of the transformation are not obvious. Note that
the functions are transformed according to ¢ o T; '(z) = ¢(X) and p,(z) = p,(TH(X)) =

pp o Ti(X). Remember that the gradient operators also need to be transformed. The details
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of the transformation of the first term is shown below.

/Q V(60 T, V) (@) di = / V,6(X)? det(VTy) dX

2

0X1  0Xp  0X3 09
811 8x1 (9&?1 aXl

= / S 09 || det(VT) dX
Q 0Xo
(2.6} 0X3 04
Oxs e Oxs 0X3

- /Q (VxT) T (Vo) det(VT;) dX
= [ (VT)1V9)" - (V1) T 90) der( V) dx
_ /Q (Vo) (VL) (VT) T (Ve) det(VTy) dX.

Now, since (VT;) "1 (VT;)~T is symmetric, we can move it to the end and use A(t) as in (217)

to get the desired result,
[ (V6 (VT (VB (0T ax = [ (V6)!(V6) det(VT(VT) N (VE) T dxX
~ [ (Vo' (V) ax
- /Q AV - Vo dX.

This shows the details of the first term in the change of coordinates. The other terms in
21(t, @) above are found in a similar fashion.

By properties (T1), (T2), and (T5), each term in the integrand of z (¢, ¢) is differentiable
with respect to t. Note that ¢(X) does not depend on ¢t. The following derivative is later

proven to be the shape derivative at ¢t = 0,
€ /!
0a(t,0) = [ [~5A0090- Vot (@ulpy o T + (50 T)00u — X.B&)OLI] X
Q

= [ [F5A090- V6 + (T V) o T)6Ji + (0 TGV -V) 0 T

~XsB(®)((V-V)o T»Jt] X,
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where A'(t) is given by (218). The second term follows from (221) and the third and fourth

from (216). Continuing the calculation,

(255) Do (t ) = /

j 54OV Vo + (V- (V) 0 Ty

= XsB(@)((V - V) o Th)J;| dX.

The middle terms reduced due to the product rule of the del operator (3), and for arbitrary

functions f,g,h, (fg)oh = (foh)(goh).
Next, the form of zy(t,¢) is established. Using (253), (248), and a transformation of

coordinates x = T;(X),

(256)  z(t, ¢) = GalTy; o T; Y]

C 1
=~ ( / (60 T)(@) dS ) / / dS(x))
C
=5 (/F (X)) Jo(X, 1) dS(X)//FO Jo(X, 1) dS(X)) 7

where the formula for J, is given by (222). Differentiating with respect to t,

o [ ot asco [ R as)

(257)  O(t,9) = —— -

Then, the full form of 0,z(¢, ¢) is given by combining (255) and (257),

(258)  0z(t, 0)

| [F5410V6-Fo+ (- (1) 0 T = x.B)(V - V) o Ty 1] dX

o 36 2. ) /F—d‘]ﬁf’” 45(X)
< )

/F (6)J(X, 1) dS(X) JL(X.1) dS(X)

To
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Step 2. The difference quotient corresponding to the shape derivative is squeezed between

two realizations of 0z (258).

Let t € (0,7]. Since ¢, € H(Q) N L®(R2) and vy € H,(2) N L>(Q) maximize G[T', ]

and G[I', -], respectively, over H ;(Q) we have

(259) G[l, tho o T, '] < G[Ty, 4] = G[IY],
(260) G[L, ] < G[I', o] = GIITY,
(261) G[I' by o )] < G[I' h] = GI.
By (259),
G[Ly, 9 0 Tt_l] — GI[T', o] < G[I] — G[I
t - t '
By (261),
G[Ft] - G[F] < G[Ftﬂﬂt] - G[Fa Py o Tt]
t - t '

Putting the two inequalities together with the definition in (251) gives

<(tv) = 2(0,4h) _ GIN) =Gl _ =(t, 0 T) = 20,40 7))

262
(262) t t t

Notice that the far left expression of the inequality (262) is the secant line of z(-,y)
from 0 to ¢t < 7, and the far right expression is the secant line of z(-, ¢, 0 T;) from 0 to t < 7.
Since z is differentiable on ¢ > 0, we can apply the Mean Value Theorem to each expression.

That is, there exists £(¢),n(t) € [0,t] for each ¢ € (0, 7] such that

G[IY] - G[1

(263) Bz(£(1), o) < < O2((t), 0Ty, Vit e (0,1].

Step 3. The inequality (263) is passed to the limit as t — 0, and it is shown that the

two realizations of 0,z are identical in the limit and hence equal to the shape derivative.
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We claim

(264)

(265)

lim 9;2(£(), o) = 0:2(0, ¢ho),

lim &;2(n(1), ¥r © Tr) = 0,2(0, ¢y

As in Step 1, the the proofs of (264) and (265) are split into the corresponding z; and

29 components,

(266)
(267)
(268)

(269)

lim 0,21 (&(t), vo) = 021 (0, v),
%I_I)% 8tzl (’I’](t), ¢t o E) = atzl (07 7~/}0)7
lg% @22 (S(t)7 ¢0) = at22(07 w())v

lim 0,2 (1(t), ¥ © T4) = 022(0, o).

We will prove (269) here. The proofs for (266) and (267) are proved in [62] and the proof of

(268) is similar and easier than (269). Let n(t) € [0, ¢] and consider passing 0;z9(n(t), ¢y 0 T})

to the limit as ¢t — 0,

atz2<77(t>7 Q/Jt o E)

dJs(X, n(t)) dJs(X, n(t))

o f oG aseo [ ST asen

g / iy o T)Ju(X. (1)) dS(X) /FJS<X,n<t>> 45(X)

dJ,(X,0) dJ,(X,0)

. /Fovw—dt 45(X) /Fo—dt 45(X)

_ —

8 / () Ju(X, 0) dS(X) /FJ8<X,0> 45(X)

= @22(0, ?ﬂo)-
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This establishes (269). Now take the limit of the inequality (263) as ¢ — 0 and use (264)
and (265), with the computation (258) to get the shape derivative of G,

©10) 5G] = Jim S =G

t—0 t

= 0,;2(0, 1)
- /Q [_%A/<O)V¢0 Vo + (V- (V)b — XsB(t0)(V - V) | dX

/ 1) 0 a5(x) / PO 4x)

|
= Q

[ awnoase [ o) dse)
Fo 1—‘O
Step 4. The final step is to simplify (270) to match the final form (246).

As in the previous steps, we begin the simplifications with z; and then move to those for

2o. The combined results will give the shape derivative. The first part of (270) is

3

=5 A OVt - Vo + (V- (V)0 = s Bo)(V - V)] dX.

o (0.0) = [ [

Q

Since A’'(0) = (V -V —2VV)A(0), and A(0) = I, the above equation can be reduced to

(271) 8,521 (0, @Z)g) = /

(V)T T dX + / S(VV)Viy - Vi dX
Q Q

n / (V- (V)0 dX — / BW)(Y-V) X,
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Consider the third term of (271). By applying the product rule for the divergence operator

(3) successively,

L7 ax
_/Qpp(v.vmo dX+/QV~(Vpp)1p0 X
= [ ¥ i ax = [ v Tv0) ix + [V (Tpinax
:/Qv.(ppv%) dX—/QW/Jo'VPp dx
- /Q ooV - Vo) dX + /Q V- (Vop)o dX.

Notice that the second and fourth terms on the right-hand side cancel. Finally, use the

divergence theorem (2) to see

[ @ ax = [ V(i) ax = [ (v v0 ax
— [ Vi) was— [ (v v ax.

But since V' = 0 on 0%, and since p, is only defined on €2, the third term of (271) reduces

to

(272) [ v ax == [ p v v ax

QP
Next, consider the final term of (271) disregarding the sign in front. Again by applying the

product rule of the divergence operator (3),

/ BWo)(V-V)dX = [ V- (BuoV)dX — [ V- (VB()) dx

Qs Qs
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Now use the divergence theorem (2) again, noting that 23 has more than one boundary,

namely 02 and I" (where I' includes I',, I'c, and I'}).

/QS B(4o)(V - V) dX = /v B(y)V) dX — / - (VB(%))
:/aQB(¢O)V-ndS—/FB(wg)V-ndS—/QSV'(VB(%)) aX

Notice that the second integral above is negative. This is because each n on I' is defined to
be the outward normal to €2, and €, but n is directed inwardly as observed from € (see
Figure 5.1). Now, since V' = 0 on 02, the first integral above is 0. Furthermore, we can
apply the chain rule to B and rearrange the order of the dot product in the third integral

above to see

(273) / Bo)(V-V) dX = — / Bo)V - dS - / B (1) (Vo - V) dX

Next, consider the first term of (271) restricted to €2 disregarding the sign in front. Using
the same technique of applying (3) and (2), and keeping in mind the normal outward normal

to €2, is actually —n,

88 s s 85 S
| 30 vivuvusax = [ S0 v)vu ax
Es s Es s
:/ EV' (V‘V¢0|2) dX — EV -V (|V¢o|2) aX
Qs Qs

= [ S ivur) nas - [ S WveR)nas— [ Svev () ax
50 2 T 2 Qs 2

Again, the first integral above is 0 since V' = 0 on 0{2. Write the final integral above in
component form. Let V* and n; be the ith components of V' and n, respectively. Using the

Einstein summation convention, consider
Es s €s 7 S s
/ SV (1945 dX:/ SV (2 anzpo(a;in%)) dX
Qs Qs

Qs
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Then, the first term of (271) restricted to €2 is

€s s s €s s 7 S S
/Q —§(V VIV - Vb dX = /F EIVQ/JOP(V - n) dS+/Q sV 8Xj¢08§(jxiz/10 dX.

By similar constructions, the first term of (271) in full is

(274) /Q —g(v V)V - Vi dX

—— [ ZIVRW ) ds + [ o0 008, vh dx
Fp

Qp

+/ %|V¢3\2(V-n) dS+/ eV Ox, 505, x, 05 X
r

c,e,p s

Em m ) m m
—/ 7|V¢0 I2(V - n) dS+/ eV Ox, 05 0%, x, 05" dX,
Lee

where the notation I'.., = I': UT'c UT', emphasizes all three boundaries contribute to the
solvent potential, and I'., = I'. UT'. emphasizes that only the boundaries of the membrane
contribute to the membrane potential. The reason why the first and fifth integrals in (274)
is negative is because from the domain (2, and €2,,, the normal n is already the outward
normal.

Finally, we reduce the second term of (271). As with the first term of (271), consider
the second term restricted to €2,

/ e (VV)VS - Vb dX
Qs

— [ e0x,V)(0x, D) Ox5) dX
Qs

:/ 638Xj(viaxngaxi¢8) dX—/ €svi8Xj(an¢SaXi¢8) dX
Qs Qs
Qs Qs

=/ esV - (VUgV'0x, ) dX—/ esV'(0%, x,Y50x, ¥ + Ox, 0%, x, ¥5) dX.
Qs Qs
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Leave the second integral in the above equation as it is and work on the first by applying

the divergence theorem (2), remembering that there are multiple boundaries for €,

/ esV - (VYsV'ox,5) dX = esVUS (V' Ox,08) -n dS + | esVYs(Vidx,ws) - (—n) dS
Qs r

o0N

Notice that the normal to I is the opposite direction of the normal to 0f2, so it is negative.

We have
/ eV - (VYsViox, ) dX = — / eV (Viox,05) - n dS
Qs

FC,E,P

- _/r es(V'0x,45) (VY5 - ) dS

c,e,p

_ /F eV - V3V - n) dS.

c,e,p

Therefore, the second term of (271) restricted to €, reduces to

| evvives v ax

s

— / es(Vs - n)(V - Vbs) dS — / eV (0%, x, V50x. 05 + Ox,050%, x,45) dX.
r

c,e,p s

Following the same logic, we reduce the second term of (271) in full form to

(275) / e(VV)Vig - Vb dX
Q

= [ TV V) dS = [ ek x, o + 0x, 08, 08 dX
Fp

Qp

- / (V- n)(V - V) dS — / V(O3 5 U50x, 0 + O, U503, 15) AX
T

c,e,p s

+ / Em(VYT - n)(V - V') dS — / em V' (0%, x, 05" Ox, 05" + Ox, 05 0%, x, 05" dX.
T

c,e m
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Now we have simplified each term of (271). Combining the reduced terms from (274),
(275), (272) and (273), we have

0:21(0, o)

=
o
1—‘cep

— / VYV - n) dS + / emV ' Ox, U5 0% x5 dX

Qm

DTV ) S+ / e Vit UBO% ik dX

P QP

€s s 7 s s
§|V¢0’2(V -n) dS —|—/ eV 8Xj¢08§(jxiw0 dX

Qs

/ (VU - n)(V - VR) dS — /apw (0% x UhOx, U8 + O, Uh 0% uE) dX

eV - n)(V - V) dS — / E V(02 x U30x 0 + O, U508, 15) dX

F(,ep

/ W(VUT ) (V- V) dS — / eV (0%, U DX + Ox BT O U AX

m

po(V - Vi) dX+/ B(to)(V - n) dS+/ B' (1) (Viho - V) dX

Q, Teep .
Thankfully, this simplifies as well. The second term cancels with the latter part of the eighth
term, and the fourth term cancels with the latter part of the tenth term, and the sixth term

with the latter part of the twelfth term. So we have

at21 (07 wO)

=—/ S <v~n>ds+/ S vV ony dS — [ SRRV n) dS
r 2 2

Teep 2 Tec

+ | e, (VYE - n)(V - Vb)) dS — / epV' 0%, x, Vo Ox, Yf dX
Qp

P

\’—J\

e (Vs - n)(V - Vs) dS — / e V0% x U0x, v dX

1—‘cep

em(VUT - n)(V - V) dS — / EnV'O% x W Ox, 0 dX

c,e m

po(V - Vi) dX+/ B(to)(V - n) dS+/ B'(40)(Viho - V) dX

Fc,e,p s

+

|
S— S—

P
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Putting everything back into vector form and combining terms gives

atzl <O7 wO)

3

I
|
p\
IR

Es s Em m
VAPV s+ [ SR as— [ PP ds

c,e,p

+

|
S~ 5

WU n)(V - Vu)as - [ e Au(Vin- V) dx

Qp

=

(Vg m)(V - Vo) as - |

53Awo(vw0 . V) dX
Qs

€D

em(VUT ) (V - VI dS — / EmAo (Vi - V) dX

+

|

=

m

B(o)(V - n) dS+/

Q

pp(V - Vo) dX +/

Fc,e,p

B'(1o) (Vi - V) dX

I
|
—

&g Es s Em m
VAPV wy s+ [ FIVEE o as— [ PRy ds

c,e,p

_l’_
—

=

(Vg - n)(V - Vi) dS — es(Vyg - n)(V - V) dS

Fc7eup

+

n(VU5 (V- Tup)S [ (600 + ) (Ve V) dX

Qp

(%Awo - B’(¢o))(v¢o : V) dX — (€mAw0)(v¢0 : V) dX

S Qm

+

|

o
Sl

B(to)(V - n) dS.
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By the elliptic interface conditions in (191), we have e,Ag = B'(¢y) in Qs, €,A00 = —p,

in €, and €,,A¢y = 0 in Q,, which leaves us with
(276) 8tzl (0, w0>

:_/r,,

[ av v Vi) ds - [ e(Tugn v ve) as
r r,

p

%’ngﬁ(v 1) dS+/

FC,E,P

Es s Em m
SIVEPVn)ds — [ RV n) s

Fc,e
[ en(vu v as - [ e(Tug v Vi) ds
Fc,e Fc,e
+ / B(to)(V - n) dS.
Fc,e,p
By the boundary conditions in the Poisson-Boltzmann equation (190), there is continuity
of 9y across I'.¢,,. That is, the tangential components are equal, but the normal components

are not equal. Any difference occurs only in the direction of n. In terms of the jump across

the membrane interfaces,

(277) VW —48) = (Vg -n— Vg -nmn on Lo,
Similarly, across the protein interface,

(278) V(W - v5) = (Ve -n— Vg5 -m)n on T,

There are two equally correct approaches from here. Consider the second line of (276)

(where the integrals are on I',). Substituting the boundary condition in (191) on I', and
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using (277) gives

/F VU m)(V - Vuf) S~ [ e (Vg (V- ) dS

Tp

- / e (VUL - m)(V - V) dS — / (VUL - n)(V - Vi) dS

_ / ep(Vh - n)(V - V(W — 43)) dS

P

:/F (VU - n)(V - (Vi - n — Vb - n)n) dS

P

- / &) IVUE -0 (V- 1) — (V2 - n)(Valg - n)(V - n) dS.

Similarly, consider the the third line in (276) (where the integrals are on I'.. ). Substituting

the boundary condition in (191) on I'.. and using (278) gives,

/F e (VU ) (V - V) dS — /F e (VU - n)(V - V) dS

(VO ) (V- V) dS — / (e Vg - 1 — pT)an) (V - V455) dS

em(VUg - n)(V - V(05" —¢5)) + plla(V - Vig) dS

em(VYF - n)(V - (Vi - n — Vg -n)n) + p[Llq(V - Vi) dS

I

em |VOT - n)* (V- n) — e (VOI - 0) (VS - n)(V - n) + p[D]q(V - Vib3) dS.
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Substituting these term back into (276) and combining terms will lead to the final result for

at217

0:21(0, o)

—— | VR mas+ [

P FCYEYP

Es s Em m
IV -n) dS — | ZHVYgE(V -n) dS

Fc,e

4 [ VU0 (V) = (Ve - m) (Vg m)(V ) dS

Ty

" / e [VEE - 12 (V 1) — e (VO - 0) (V48 - ) (V - ) + plT)a(V - V5g) dS

+ /r B(to)(V - n) dS.

c,e,p
Since we are interested in the dielectric boundary force of the membrane and not the protein

boundary, we restrict our attention to I'... Then the final result for 0,2, is

(279) 8tzl (0, 1/}0)

Fc,e

— [ [GIvie = vl + enlvug ol
Fe,e
— (VU5 ) (V5 ) + B(go) ) (V- ) + plTlai(V - V)| d.

An alternative form of (279) can be obtained by substituting the boundary conditions of
(191) and keeping the solvent term (e,V§ - n) rather than the term corresponding to the
membrane.

Next, the shape derivative from 0,z will be simplified. Evaluating (257) at t = 0 and

¢ = 1y gives

o[ A asex [ RO gs(x)
Op22(0,09) = —— | =2 =

p /F Y(1o) Jo(X,0) dS(X) /F J5(X,0) dS(X)

We emphasize again that I'y corresponds to the non-transformed boundaries of I'... The
time derivative of J; at t = 0 is the surface divergence of the velocity, as calculated in (241).

Recall from Section 6.1.2 that J¢(X,0) = 1. Using these two facts, the above equation is
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equivalent to

. /FOV(%)(Vs'V) 4S(X) /F0<v5-v> 15()
250)  Oa(0.0) =~ _
[t asx) [ asix)

By Lemma 6.1.1, since the velocity V' is a continuous function, the second term of (280) is

zero. Applying the product rule (3) to the remaining term,

o (] T i) =V - (9artn)) ds(x)
- =g /F 7(tho) dS(X)

By applying Lemma 6.1.1 again to (281) to remove the surface divergence of the continuous

function Vy(1)y), and by expanding the surface gradient in the remaining term, we have

o (] V-0 as)
(282) 0122(0, %) = —E :
[t ascx)

_ /F pITla(V - Vo) dS(X),

where the last step uses the definition of p[I'] in (201) at ¢ = vy.

Finally, combine (279) and (282) for the full form of the shape derivative,
6FG[F] - atZl (07 wO) + atz2(07 ¢0)
55 S Z.:m m m m S
= [ (G190 = VR + nlVai - nf = en(Vai - m) (V5 )
0

+B(¢0)) (V- n) + p[[a(V - wg)} dS—/ Pl (V - Vi) dS.

o
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By continuity of 1y, we have 95 = 9" = 1y on I'g, and hence the last two terms reduce,

using the definition of surface divergence in (5),

[ omia(v e as— [ rla(v - ) ds
ZLpWMV%V%—Vﬂ®dS
= [ ANl - (95 = (945 = (V65 - m)a]) dS
- /F PIL)a(V5 - n)(V - ) ds.
Using this result, the shape derivative is simplified to the final result,

2s9) oGl = [ (%wwsﬁ—%wmuemwww—emws-n)(vwz?-n)

+ B(o) + aip[I'1 (VY5 - n)> (V-n)dS.

The alternative form of épG[I'] based on the alternative form of (279) is given by

(284) &qu_/

To

88 K] 8771 m s s m
<5|V¢0‘2 - 7|V¢0 |2 — 6| Viy - n|2 +es(Vapg - n) (Vg - n)

+ B(to) + aiplT) (Vi n>> (V) dS.
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Notice that the two forms are equivalent, since subtracting (283) from (284) using the inter-

face condition over I'. . in (190) results in zero.

sG] — 6pGIT] =

= (( — 2| VUG 0l + £ (V5 ) (V5 n) + o[V - n))
— (enl Vg nl? = (V05 - )T 1) + @[T (V5 n))) (v-n)
- ( — 2| VUGl + & (VU - ) (VU ) + (em(VUg ) = e,(V05 - m) ) (Vo4 )

— |V 2+ (VS - ) (VO - 1) — (sm(wg” 1) — ey (VS - n)) (wg - n>> (v : n)
—0.
O

Using the result of Theorem 6.2.2, we can extract the dielectric boundary force as (245)

by Theorem 6.2.1.

6.3. EQUIVALENCE TO THE MAXWELL STRESS TENSOR

In classical electromechanics, the force on charged interfaces is given by the jump in the
divergence of the Maxwell stress tensor [41, 59, 92, 98]. The Maxwell stress tensor is defined
by

(285) M=c¢E®QFE— g]EFI B,

where £ = —V1) is the electric field, not to be confused with the bending energy. Since ¢
and V1) are discontinuous across the membrane interfaces I'. ., the Maxwell stress tensor M
is also discontinuous. In the domains (2, and €2, we refer to the Maxwell stress tensor as
M™ and M?, respectively. We verify that the force F), computed by the shape derivative

(246) as in Theorem 6.2.2 can also be expressed as the jump in the divergence of the Maxwell
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stress tensor [11],

(286)  Fp,=n-Mn—n-Mm"n

= (&9l = VYR = o BW)) = (enl VO™ -l = G0 )

= =SV + VY 4 e Vel = e VT nf? = B(y)

=~V + VTR 4 2 (T n)(Ve' ) = en(TH" - 0)(Ve* - n)
+ (V" 1) (V™ 1) = (Ve - n) (V™ ) = B(Y)

= VPP VT = eV 4 (T ) (Ve )
= B) + (V9" - n) = en(Ve™ ) ) (Ve - n)

= VY + VT — eVl 4 (VY 0) (TP )
— B(Y) = apll)(V" - ).

This matches (245) exactly, suggesting that our definition of the electrostatic forces on

charged dielectric interfaces is physical.
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CHAPTER 7

TOPOLOGICAL VESICLE DEFORMATION

7.1. INTRODUCTION

When a protein induces a force that produces a topological change to the membrane
surface, such as the merging or separating of membranes, the sharp-interface model fails.
Recall that the integration of the Gaussian curvature over a closed surface is a topological
constant. Changing the topology creates a discontinuity in the energy functional (12). More-
over, a change in topology requires the surface to be discontinuous for a moment, which is
impossible to model using an explicit parameterization. An effective way to treat topological
changes is to increase the dimensionality of the problem and track the surface as a level set
of a 3D function. This method is called the phase field method or diffuse-interface method
[27, 28, 100]. The membrane is defined by a level set of a phase field function, ¢, and the
motion of the membrane is governed by the motion of the phase field function. In this way,
the membrane is never explicitly tracked, and topological changes can occur. This approach
has the obvious advantage over sharp interface models since it provides a way to describe
topological changes to the membrane. However, a disadvantage of this method is that it is
difficult for this method to describe local forces on the membrane. If local forces need to
be modeled, one should use the sharp-interface method. Furthermore, this method requires
solving a higher dimensional system, since the energy functional is computed over the entire
space Q C R3 rather than just a manifold I' € R?. This is the price we must pay to describe

membrane merging and separating.

7.2. LAGRANGIAN AND EULERIAN FORMULATION

A simple version of the mechanical bending energy (13) is given by the Lagrangian

formulation,

(287) E, = / k(H — Cy)? dS,
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where H is the mean curvature of the membrane I', Cj is the spontaneous curvature of
the membrane, and k is the bending modulus. The above equation neglects surface tension
and stretching rigidity. The surface tension is constant in vesicles with fixed surface area
giving justification of our simplification [28]. We refer the reader to [27] for adding stretching
rigidity to (287). The Lagrangian formulation above is derived from basic physical principles
in Chapter 2. For the phase field model, we recast the energy functional in an Eulerian
formulation through a function ¢ which separates the interior of the membrane from the
exterior in the following way. Let {2 be a domain containing a membrane I'. Let €2; represent
the region interior to I" and €2, be the region exterior to I'.  We require a phase function
with following properties: the set {x : ¢(z) = 0} represents the membrane I', the set
{z : ¢(x) > 0} represents points inside the membrane, z € €;, and the set {z : ¢(z) < 0}
represents points outside the membrane, x € 2.. These properties are illustrated in Figure

7.1.

Figure 7.1: Properties of phase function ¢ within the domain 2.

Define the phase field function by

(288) P(z) =q <@) ,

€

where ¢ is some nonlinear function. The function d(x) is a signed distance for any point
x € Q to the surface I'. It satisfies the properties that d(xz) = 0 for z € I', d(z) > 0 for
x € Q. and d(x) < 0 for x € €;. The parameter 0 < ¢ < 1 is a parameter adjusting the

transition of ¢ across the membrane. The dilation 1/e gives ¢ a steep sigmoid shape.
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Define the Eulerian formulation of the bending energy by

2
(289) Ep :/Q% A¢p — 612(& —1)(¢+Ce)| dx

where C' = /2C,. If we substitute (288) into (289) and take the limit ¢ — 0, the La-

grangian formulation (287) is recovered [26]. Thus, the minimization of the Lagrangian

formulation is equivalent to the minimization of the Eulerian formulation. The details of

the substitution are shown below. Notice that Vq(d(z)/e) = ¢/(d(x)/€)1Vd and Aq =

q"(d(z)/€)% + ¢'(d(x)/e)*Ad since |Vd(x)| = 1 for signed distance functions'. Note that in
d(z)

the next equation, when we write ¢, we mean g(==).

2

k 1
Eo= | S |Aq— = (1) (g+Ce)| du
qQ 2 €
ke //1 /1 1 2 ’
S |a A (@~ (g +Ce)| do
ke |l [/ 1 1 2
= [ == (q”— +qAd =~ ((¢" = Vg +(¢" - 1)C€)> dr
Q 2 |€ € €
k ’ 1 " 2 2 ’
= [ qu+—(q — (g —1)q>—0(q —-1)| da.
Q 2€ €

1

—(* = 1)g)]*. If Eg

is to be minimized, this term must vanish as ¢ — 0. Solving the second order differential

The leading order term of the Eulerian formulation for small € is |(g

equation
(290) " —(*—1)qg=0

yields ¢(x) = tanh(z/v/2). Therefore in the minimization of Ep as ¢ — 0, ¢(-) — tanh(-/v/2).

Plots of tanh(z/(1/2¢)) are shown in Figure 7.2 for different e. Numerically, we use the phase

ITo justify |Vd(z)| = 1, consider the path from a point z € Q to its nearest point zr € I'. The shortest
path connecting these two points is a vector that points from x to xp. This is the path of steepest descent,
so —Vd is the direction of the vector from = to zr. The length of the vector is the shortest distance, |d(x)|.
Using this, the decomposed vector from z to xr is given by 7 = d|Vd|. The length of 7 can also be expressed
as |F] = |d||Vd|, but we already know the length of 7 is |d|. Solving this equality, we see that |Vd| = 1. We
must be careful in that this only holds when z has a unique point closest to the interface, xr. However,
|[Vd(x)| ~ 1 for these points, [81].
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field function

(291) ¢ = tanh (‘fgi) :

which approaches the Heaviside step function for a sharp interface as ¢ — 0.

1, if v >0,
—1, it x < 0.
That is, as € — 0, ¢(z) = 1 if x € Q; and ¢(x) = —1 if © € Q.. This is a sharp interface

from €2; to .. Next we show the convergence of the Eulerian form of the bending energy

Phase function withe = 0.1 Phase function with € = 0.01

0.5 0.5

o
o

Figure 7.2: Plots of a phase function ¢ as € — 0. Notice that ¢ — H_;(x) as ¢ — 0, giving
a sharp interface.

(289) to the Lagrangian form of the bending energy (287). Consider,

L,
Vo=-¢Vd,  Ap=_7q
€ 2€

¢ () = d% tanh(z/v/2) = sech?(x/V2)/V2 = (1 — tanh®(x/V2))/V2 = (1 - ¢*(2))/V2,

1
”Vided + —q’Ad,
€

¢"(x) = —2tanh(z/V2) sech®(2/v2) = ~2¢()(1 — ¢*(x)).
By the above relations, we find that

Ad = (A¢ - ziq”vidvjd> .

€
€2 q
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Replace Vd with (V)e/q' and ¢” with —2¢(1 — ¢?) to get
Ad=< ¢—3 2Q(1—Q)V¢ Vo~ >
€ ¢(1 - ¢ )
=—|Ap— —-—=VipV;0 ).
7 (a0 g vovie
Now replace ¢’ with (1 — ¢?)/v/2 and factor to get

V2 q(1—¢*)
Al=Tg <M’ - q%?/zwvﬂ“b)

€
¢

2 2
_ V2 <A¢ _ Vngvjqﬁ)
1—q?
Finally, replace ¢ with ¢ to get
V2e 20
(293) Ad = = o2 <A¢+ o |Vq§| )

The unit normal vector to the interface is given by n = Vd and the mean curvature is
defined as H = —1/2 V - n; therefore, the above quantity (293) is proportional to the mean
curvature. Using this, and the fact that |V¢|* = 2 (1= ¢*)? = 55(1 — ¢?)?, we have

H =~ Ad
_ V2e 20
~ - <M’ -1V >
(294) = % (Aqﬁ = 612¢(¢2 = 1)) :
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Consider the integral

/_Z <1_q (\/_6))2 dsz/oosecm <\/_6) )
\/3_6 (3 sinh (\/_e) + sinh (\/_e)> sech?® (%) -
5 o () o (5) o ()

26 <3 x x 1 _3z 2 3
= — lim —<eﬁe—e\/§e)+_e\f6 — eV — —
3 T—00 2 2 67\/56 + 67\/55

V2 . (46\%6 + Lower order terms) B 4/ 2¢

= —— lim
Bz
3 a—oo | i + Lower order terms 3

By the above computation, the two forms for the bending energy are equivalent up to

constant multiple:

i - o [ () o fuor-cors
:4556/:(1—&(9:))2 da:/rk<2<¢f€ >( 6 506"~ >)—co)2 da

4?/]2/@() b’ (W( ¢—— (¢* —1))—00)2d:p

( ——¢¢—1) \/§(¢2—1)OO>2dx

<6A¢ ( ¢+oof> (¢ — 1))2 dx

8\/_6

8\/_6
3

-5 5 (Aqs (64 0O - 1))2 s = =By

To justify the combination of integrals in line 3 above, note that the surface I' can be
continuously dilated and contracted in €. Therefore the combination of integrals can be
thought of as integrating over the surface infinitely many times until it fills the domain. The
approximation to the integral over () is justified since the integrand (1 — ¢?)? essentially has
compact support, i.e., the integral from —oo to oo is essentially the same as the integral

from one end of the boundary of 2 to another, provided (2 is sufficiently large.
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In addition to the Eulerian formulation for the bending energy, we define the following

area and volume constraints. The volume constraint is given by

(205) A(p) = / o(x) da

Notice that the integral defined by (295) gives

/gbdx—/ (/bdx+/ ¢ do — - ld:r—i—/ﬂe—lda:,

That is, A(¢) approaches the difference between the interior and exterior volumes. The

surface area constraint is defined by

(296) 5(o) = [ (5196 + (- 17) do

For small ¢, the integrand of (296) is significant only near the interface I', and as € — 0,
o(z) = q(d(z)/€) — tanh(d(z)/(v/2¢€)), so that B(¢) — 2v/2/3 - area(T). This computation
can be done by decomposing the integral over €2 into an integral over I' and a 1D integral,

the latter of which will have two terms that each integrate to v/2 /3,

5o) = [ (§1V0F + 401 22) da
H/_(:%(q’(ﬁ))li(l (\/—E))2 /dS

_ Oog ) Y L (1 22 drarea(n)
/_oo (( \/§6>\/_6 V/2e

€42 1 1 4v/2¢ 22
:<5 REE R )'Meam = area(D).

(207)

7.3. GRADIENT FLOW

To ensure a decrease in the energy while keeping the surface area and volume enclosed

fixed, we require that the motion of ¢ in time is governed by gradient flow,

0E 0ER \oA 0A 0B

50 T o0 TMee T M

(298) ¢t =
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where A\; and Ay are Lagrange multipliers for the volume and area constraints. Next, we

compute the functional derivatives. For simplicity, define

h=A(¢+ 1Y)+ é(qb + 7+ Ce)(1 — (¢ + T)?),

(299) ful9) = ebd — —(6? = 1)(9 + Ce),
(300 £(6) = A6 = (&~ 1)o,
(301) (0) =k (A~ 36+ 200 1)1, ).

Then, using (6), we compute the functional derivative of Er with respect to ¢,

ke h (dh
— [ Zop 2 (2 4
/Qz I (d) g

_ /leh. (Aw + 612 [0 = G+ 70)) + (6+ 70+ C(-2(p+ wm]) de

d

d kC 2
) S
L Euo+ri) = o [ S pP e

7=0

7=0

= / k (eAcb - %(cb +Ce)(¢? — 1)) <A¢ + 61210[1 — ¢+ (o + Ce)(—2¢)D dx
Q

_ / kS (mp - 12¢[3¢2 +2Ceh — 1D do
Q €

_ /Q KV, Vi d — /Q ké@b[iﬁaﬁ? +2Ce) 1|/ da

_ /mec@z} da — /Q k:é@b [36? + 206 — 1] f. dr,

where the last two lines are obtained using integration by parts (1), assuming the test function
¥ is compactly supported in 2. (Note that the test function need not be zero on I, since
the interface is not a boundary for the phase function ¢, 0f2 is the boundary.) Therefore,

the functional derivative is

(302) % =k (Afc — 612(3¢2 +2Cep — 1)fc> —=g.
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Similarly, the functional derivatives for the boundary conditions are

A

5o "

5B 1

I —eAg + E(ﬁbQ —1l)o=—F.

Therefore, the equation for gradient flow is simplified to
(303) or = =79+ A+ Aof.

To derive expressions for the Lagrange multipliers, we integrate (303) over the contain-
ment domain 2. Since the integral of ¢ over Q is the volume constraint A(¢), which is

constant, [, ¢, dz = 0. Therefore, integrating (303) over Q2 gives

(304) /\1|Q|+/\2/fda::7/gdx.
Q Q

Similarly, since B(¢) is proportional to the surface area, which is also constant, the time

derivative is also zero,

d

0= 5 B(0) = /Q V6 Voy+ (¢~ )0 dr

_ . N 12
_ /meqst(w n) do /Q e, i+ /Q (6~ 1)pp, do

- /- (eA¢—%<¢2—1>¢) b da
:/Q—f@ dx
—/Qf@ dz,

since V¢ - n = 0 on the boundary of 2. Now, substituting in (303) above gives

(305) 'y/Qfgd:B:)\l/Qfdx—l—Az/Qdex.
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Equations (303), (304), and (305) give the system

(079 — M = Xf =0,

(306) /\1|Q|+)\2/fdx—7/gdx:0,
Q Q

/\l/fdx+)\2/f2dx—7/fgdx:0.
\ Q Q Q

Recall that f and g are given by (300), and (301), respectively.

Given some initial value ¢(x,0) = ¢o(z) and boundary conditions for 02, the system
(306) defines the deformation of vesicles under curvature-driven membrane flow. As in [28],
we apply periodic boundary conditions so that the Fourier transform is easier to apply.
Figures 7.1 and 7.2 show why this is an acceptable boundary condition. The computation
domain {2 is large enough so that the phase function ¢ is always close to -1 on the boundary
0. Therefore, although a Dirichlet boundary condition of ¢|sq = —1 is perhaps a more nat-
ural condition, periodic boundary conditions are justifiable when (2 is large enough, allowing
us to use Fourier transforms.

As a verification of the numerical procedure, we derive the energy dissipation law as
follows. By taking the time derivative of (289),

dEp [ 0Bpd¢ |
Tat )y 00 dt dx_/ggd)td”

The last equality was obtained using the fact that the functional derivative of Eg is g. Then,

by using the first two equations of (306), the energy dissipation law is

(307 S =[S etn ) 6 do
1, 1
= —— d — [ M+ A ¢ d
~ [ e [ O ranon ds
1

= —;/Q <7g—/\1—/\2f>2dx.
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The first line is obtained by substituting g using the first equation of (306), and the third line
is obtained by substituting ¢; using the first equation then and employing the second equation

on the second integral. This result will serve as a numerical check in the implementation.

7.4. NUMERICAL IMPLEMENTATION

For the numerical solution to the system (306), we follow the procedure of [28] and use
the Crank-Nicholson method for the time discretization coupled with the Fourier spectral
method for the spatial discretization. Since nonlinear systems are introduced with the time
discretization, interior iterations are introduced to use an implicit method on the linear terms

and an explicit method on the nonlinear terms.

7.4.1. THE FOURIER TRANSFORM. The Fourier Transform of a multivariable scalar-

valued function f(Z) € L'(2), £ € Q C R? is defined in this context as

(308) F(1®)(€) = /Q F(@)e 2T g

Using the definition (308), integration by parts and the fact that f € L', the familiar

property on derivatives holds

(309) F (%—?) = (2miu) F(f(Z)),

where u is the frequency in the z-component, i.e., if # € R3, & = [u, v, w].

For the second derivatives,

(310) F (aZf (f)> = AT F (f(T)).
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We can use these properties to derive properties for vector calculus. Let f: Q C R® — R be

a multivariate real-valued absolutely integrable function. Then,

(311) f(A¢):;r<82¢ O 5’2¢>

0x? + 0y? + 022
= (27iu)*F(¢) + (2miv)* F(¢) + (2miw)*F (o)

= —471*(u® + v° + w?) F(9).

Similarly, A%¢ can be computed from

o 0o 0 N0} loR0) N0}
2 _
(312) FlAe)=F (6’:174 * oy* + 0z4 * 281'23/2 * 283:222 * 28y222)

= (2miu)"F(¢) + (2miv) F(¢) + (2miw)  F(¢)

+2 ((2mi)uo? + (2mi)utw? + (2mi) v w?) F ()
= 167" (u? + v! + w' + 2u*? + 2uPw? + 20*w?) F(0)
= 167*(u® + v + w?)*F(9).

We chose these properties out of convenience for our application, but other properties that

may be derived are similar.

7.4.2. TIME DISCRETIZATION. To begin, we average the functions in the first equation

in (306) over the current and next step ¢, and ¢,1, and use a linear approximation on the

derivative to obtain,

(313) % +79(Dnt1, On) — A1 — Ao f(Png1, n) = 0,

where the averaged functions are defined using the Crank-Nicholson method

(314) f(¢n+17 ¢n) = %A(¢n+1 + (bn) - i(¢121+1 + (bi - 2)(¢n+1 + ¢n)7
(B15) 40w 0w) = SA (fe(dwn) + £:(60))

- % (Dn1+ Sn16n + G5+ CclSnrn + 0n) = 1) (foldnir) + foln)) .
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and the function f.(-) is defined in (299), unchanged. We want to solve this system for ¢, 1,
but note that the functions (314) and (315) are nonlinear in ¢, 1. To treat the nonlinearities,
we define an interior iteration ,,, where ¥, — ¢, 11 as m — oco. Then, replacing ¢, 1 with
¥, in the nonlinear parts and ,,.; in the linear parts, we have the predictor-corrector

scheme:

merl - (bn

(316) 5

+ 79(¢m+1a wma ¢n) — A1 — A2f(¢m+la ¢m> ¢n) = 07

where the new averaged functions are defined by

€

BIT) F W, Y 9n) = 50 mes +60) = (6 + 62— Db + 60),
B18) it s 60) = 5D +60) = (0, + 6 — 2)(tm + 6 + 20,
B19) mirs s 0) = D (s, Vs 60)
L (2 + i + 62— 1 el + 64) (Flthn) + £el).

The single variable function f.(-) appearing at the end of (319) is still defined in (299). We
first iterate over the interior index m. Numerically, once |[t;,21 — ¥p|| is less than some
tolerance, we say that 1, has converged and update ¢,,.1 = 9,,. Then, we advance over the

index n and repeat the process until convergence.

7.4.3. SPECTRAL METHODS. To solve the system (316) for v, 1, we define intermediate

functions to separate out the terms involving ¥, 11,

(320) Frin(ms1) = gAme,

(B21)  fuin(Wm 60) = G00n — (W + G~ D+ 00,

(322)  fh,(mi1) = 50%mi,
(323) fénlm (wm7 ¢n) = gA(bn - i(wi + sz - 2)(1% + ¢n + 206),
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(324) Glin = Afélm (Ymi1),

Cnlin

b (R i+ 02— 1 Ol 4 60) (Felt) + £(6,)

The implicit scheme for (316) is now given by

(326) wm%t_(bn = >\1 + >\2 (flzn + fnlzn) - (glin + gnlin) .

Now, gathering all the terms with .1, using the formulas for f;;, and g;;,, we have

¢m+1 - )\QAtflzn + ’7Atglzn - ()\1 + )\anlin - ’ygnlzn) At + ¢na

€ €
(327) (1 — M A=A + 7At§A2> Brmir = (A1 + Ao fotin — VGniin) AL+ G-

Since the left-hand side of (327) is linear in 9,11, we can use Fourier transforms to solve the

equation. Take the Fourier transform of both sides of (327) and use (311) and (312) to get

(1 _ AzAtg (—4m(u? + v + w?)) + vAtg (167" (u? + 02 + w2)2)) F(thmi1)

= F((M + Ao futin — YGniin) At + ¢n).

Finally, divide and take an inverse Fourier transform to obtain the iterative method,

(328) A ( F (M1 + Ao fotin = YGniin) At + ¢5) ) |

14 2m2eXo At (u? 4 v2 4+ w?) 4 8mtey At (u? 4 v2 4 w?)?
7.4.4. LAGRANGE MULTIPLIERS. For the computation of the Lagrange multipliers in
(306), we use the implicit scheme analogous to (313). The conditions for the Lagrange

multipliers are modified from the second and third equations in (306) to

M9+ g / F (s ) d — / 9(thms bu) d = 0,
(329) “ “

A /Q F (s ) dz + Do /Q 2t ) it — /Q F (s 6)9 (s 60) diz = 0,
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where the functions f and ¢ follow

(330)  F(ms00) = SOWm + 60) + 1+ G~ D+ 60,

o6 60) = S (felthn) + £:(61)
k
2

(331)

We can solve (329) for \; and \s easily as a system of two equations. Define intermediate

variables
(332) a =9,
333 b= ms On) dx,
(333) | $ns00)
(334) A= [ Ponsrion) da,
Q
(335) v =7 /Q 9(Ym, Pn) dz,
(336) Vg =W/Qf(¢m,¢n)g(¢m,¢n) dz.

The variables that are integrals can all be computed quickly by using the zero-frequency
component of the Fourier transform of the respective integrands. Then, (329) is equivalent

to the linear system,

a b )\1 (%1
(337) = ,
b d )\2 (%)
whose solution is given by
Vo — dUl/b
)\1 )
b—ad/b
(338)
N\ = ve — bui/a
2T d—t%ja
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7.4.5. CONSERVATION AND DISSIPATION LAWS. We can write the expression dA/d¢ = 1

in discrete form

Anir) = Aln) = [ (611 =60) do
==t [ (300601100 = M = Xaf (G001,6,) da

=0.

The second equality is from (313), and the result is zero by the first equation of (329), since
Um — ¢nr1. The equality guarantees that the total volume is conserved. In a similar way,

the surface area is conserved, since dB/d¢p = —f,

B(bns1) — Blé) = — / (Guss — 6u)f(Gurns ) da
= _At/ (79(¢n+17 Cbn) e /\Qf(gbn—&-h ¢n)>f(¢n+1a gbn) dx
Q

=0,

where the minus sign is added to match the form of the conservation law for the volume
constraint. Here, the second equality is from (313) as before, and the result is zero by the
second equation of (329), since 1, — ¢,41. Finally, we can apply the same procedure to

derive the discrete form of the energy dissipation law (307):

Bo(0n1) = Bo(0n) = [ (Gui1 = 0,)a(0n:1.6,) do
==t [ (190011:60) = M = Xaf (Bt 00) ) 96011 64) d
Q

A
- ‘Tt o (19601 6) = M = Xaf (B2, 60) ) d.
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7.4.6. FULL ALGORITHM FOR PHASE FIELD METHOD AND RESULTS. The complete al-

gorithm is given by

wm—i-lAt_ an + ’Vg(wm+17 wma (bn) — A — )\Qf(merla djm; ¢n) =0,

MR [ o 0) dz = [ g(um.6,) do =0
(339) @ @

A / F (s B0) dz + Ao / 2 (s ) A — 7 / F (s 609 (s b0) i = 0,

\ an—i—l - wm

The algorithm is summarized as follows:

Algorithm 7.1 Computing phase field function ¢,

1: Define initial phase field function ¢q via (291)

2: Compute constraints (295) and (296) using zero frequency component of FFT
3: Compute initial energy F(¢o) by (289)

4: for n from 0 to N do:

5: m <« 0

6: Initialize ., < ¢,

7 while |[¢11 — ¥]]? > 1077 do:

8: Compute (1, ¢n) and g(¢,,, ¢,) using (330) and (331)
9: Compute \; and Ay by (338)

10: Compute fpn and g, using (321) and (325)

11: Update 1,1 using (328)

12: Update m «— m + 1

13: end while
14: Update ¢,p1 «— U
15: end for

We run a few numerical tests to illustrate the method. In each of the tests, we use a
64 x 64 x 64 grid over the domain Q = [—m, 7|>. We chose € = 0.1 and used a timestep of
At = 2.5 x 1075, We matched the choice in [103] with the Lagrange multiplier v = 3.

First, we begin with two spheres of equal radius, separated by a small distance. Note that
there is no force that brings the vesicles closer together in this model (yet). Electrostatic
forces may drive the vesicles closer together until they touch, and then our model can simulate
the curvature energy minimization from this point. After running Algorithm 7.1, the spheres

merged together to minimize the curvature cost. The results are show in Figure 7.3. The
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interior iterations converged in 7 steps initially, but then quickly converged in 3 steps as time

P 9 IO
DD

Figure 7.3: Two spheres merging according to Algorithm 7.1.

elapsed.

Next, of course, what’s more interesting than two spheres... three! Figure 7.4 illustrates
the merging of three spheres under Algorithm 7.1. The interior iterations converged in 7

steps initially, but then quickly converged in 3 steps as time elapsed.

VY
LA

Figure 7.4: Three spheres merging according to Algorithm 7.1.

Finally, perhaps more biologically interesting is the merging of a smaller vesicle into a
larger one, similar to the process of endocytosis. This is demonstrated in Figure 7.5. The
interior iterations converged in 6 steps initially, but then quickly converged in 3 steps as time

elapsed. Of course, this description is an oversimplification of endocytosis, since it neglects
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000
000

Figure 7.5: “Endocytosis” according to Algorithm 7.1.

the inversion of the membranes. The merging process, however, is well-captured.
We note that there are many other interesting configurations that can be described under
this method, as well as a variety of other applications for phase field models. We extend the

model in the following section.
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CHAPTER 8

CURVATURE-DRIVEN PROTEIN LOCALIZATION

In practice, vesicles are not strictly composed of a single species of lipids. Experiments
suggest that multiple species of lipids arrange themselves into distinct domains called rafts,
which play an important role in protein activity [48, 101, 102]. Modeling multiple species
on the vesicle membrane requires an extension of the single phase-field function model of
Chapter 7. Du, et. al., have modeled two lipid species by using two phase functions [103].
The phase functions are orthogonal and their intersections define the separation of the two
lipid species. They have been able to reproduce numerous vesicle shapes, such as the ones

shown in Figure 8.1. While this approach has produced results matching experiments [7],

Figure 8.1: Various shapes of two-component membranes [103]. The different colors corre-
spond to the two components.

the model is limiting in the following way. Lipid species may arrange themselves into distinct
phases; however, proteins do not necessarily form phases [54]. Therefore, a dual phase field
model may account for multiple lipid species, but it cannot account for the effect of diffusive

proteins in lipid membranes.

8.1. PROTEINS AND MEMBRANE CURVATURE

Experiments suggest that diffusive proteins within lipid membranes play a significant
role in membrane curvature [6, 109, 3, 19, 82, 96, 50]. A fraction between 30% and 90% of
all membrane proteins can freely diffuse along the membrane [35, 54]. A few mechanisms

of protein induced curvature are presented in Figure 8.2. In Figure 8.2 (a), rigid proteins
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a Scaffolding b Hydrophobic insertion

C Oligomerization d steric effects

Figure 8.2: Mechanisms of protein-induced membrane curvature [6].

such as those in the BAR (Bin/Amphiphysin/Rvs) domain family can act as a scaffold to the
membrane. These proteins have an intrinsic curvature and, upon attachment, the membrane
bends to match the protein curvature. Similarly, in Figure 8.2 (c¢), several proteins can
oligomerize to create a rigid shape and bend the membrane. Protein coats such as clathrin,
COPI (COat Protein I) and COPII (COat Protein II) are examples of this type. Other
proteins may insert themselves into the membrane as shown in Figure 8.2 (b). There may
be a difference between the length of the hydrophobic region of a membrane protein and
the thickness of the hydrophobic core of the lipid bilayer in which it is embedded, thereby
inducing curvature in the membrane [82]. Epsin proteins do this by forming an a-helix
known as HO upon binding to the membrane, and this helix inserts itself into the membrane
[6]. Finally, local protein crowding of peripheral proteins can cause membrane bending by
creating an asymmetry of the monolayer areas and thereby curling the membrane away from
the side which the crowding occurred, as shown in Figure 8.2 (d). This effect is experimentally
demonstrated in [96].

Further illustrating the importance of proteins in membranes, Schmidt et. al. showed

that the M2 protein plays an essential role in generating regions of high curvature in the
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influenza A virus membrane [88]. This specific protein accumulates in regions of negative
Gaussian curvature and can generate curvature in the membrane itself, allowing the virus to

replicate. The process is depicted in Figure 8.3.

A Extraviral

1
N-Terminal

Transmembrane
Domain

Membrane

C-Terminal
Helix

C-Terminal
Tail 197]
Intraviral

Figure 8.3: (A) Structure of M2 protein, (B) The neck of a bud, (C) M2 protein in membrane.
Figure from [88].

While these examples should provide sufficient motivation to include proteins to the
model, we note that all endocytosis and exocytosis processes are promoted in one way or
another by proteins. Therefore, any viral replication process requires proteins. Antagonizing
the curvature effects of proteins is a viable antiviral strategy [88]. Mathematically modeling

these processes is beneficial toward this end.

8.2. SURFACE DIFFUSION MODEL

As stated previously, a phase field method simulates topological changes successfully,
but a more physically relevant model for vesicle budding and scission must include proteins
which diffuse along the surface of the membrane but do not form separate phases. Dual
phase field models always produces phase separation, so we must use a different approach
to model the diffusive proteins on the membrane.

To describe effect of the proteins in a continuum framework, we treat the proteins as

diffusive particles on the membrane surface. Both the proteins and lipids follow some mass
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conservation law incorporating the effects of diffusion and advection on the membrane. A
continuum model is physically justifiable by the relative length scales of the proteins em-
bedded in the membrane, which are typically 4-5nm. thick, to the cell, which can be up to
100 pgm in diameter. (In the aforementioned virus replication example, the spherical virions
produced from the budding are typically 100nm in diameter [87].) At such length scales, we
may consider the proteins as diffusive particles that are attracted toward necking regions.
Notice that in Figure 8.3 (C), the protein is embedded in the membrane and induces
some curvature to the membrane. We call this induced curvature the spontaneous curvature
of the diffusive protein species, just as we have defined separate spontaneous curvatures for
the lipids. This can be calculated by measuring the curvature difference in the membrane
when the protein is embedded to that of the membrane without the protein, as depicted in

Figure 8.4.

oy —— upper
c
o " Ihu(r,e) leaflet
P =---- = = = 10

3 “ h\(r»e)f L,

/ N ) 2l H lower

Positive curvature Negative curvature leaflet
0 r, increasing r —

Figure 8.4: Left: Depiction of lipid spontaneous curvature [105]. Right: Depiction of protein
spontaneous curvature in the sense that the membrane bends after protein insertion [12].

We wish to solve the advection-diffusion equation on a surface. Various techniques have
been established for this purpose. Dziuk used finite element methods to solve elliptic partial
differential equations on stationary surfaces [29]. This work was expanded with Elliott for
parabolic equations on moving surfaces [30]. This work was extended even further with
Deckelnick and Heine by solving the equation using a narrow band around the surface [21].
Other approaches for PDEs on surfaces include [100, 43, 1, 104, 79] and references therein. In
all of the aforementioned approaches, mesh refinement is required to accurately resolve the

numerical solution. These methods work well for stationary surfaces, but mesh refinement
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for dynamic surfaces can be a significant computational challenge, since the mesh must be
changed with each movement of the membrane.

For this reason, we use the Fourier spectral method as we did for the solution of the
shape equation of the membrane in Chapter 7. Fourier methods have so-called exponential
convergence, meaning that the error decreases faster than any power of the grid size [97].
Therefore, mesh refinement near the interface is not necessary in Fourier (global) approaches
as it is in finite element and finite difference (local) approaches. Since the surface is given
as a level set of the phase function ¢, no explicit tracking of the surface is necessary, and
no parameterization of the surface is required. Finally, since the framework is consistent,
we may solve the diffusion equation on surfaces given by Algorithm 7.1. That is, we may
simultaneously solve for the shape of the membrane and the concentration of diffusive species
on the membrane. The results of this coupled procedure should produce effects that are not
easily observable in experiments.

Our model is summarized as follows. The total energy for the system is defined and
minimized using the phase field approach formulated in Chapter 7. Multiple lipid and
protein species are allowed to diffuse and advect on the surface of the membrane, governed by
a curvature-driven diffusion equation similar to (192). The difference between this diffusion
equation and (192) is that the flux should be proportional to a diffusion potential which is
governed by the curvature energy (287). The movement of the diffusive species will induce
a curvature on the membrane through the spatially variable and concentration dependent

spontaneous curvature.

8.3. ENERGY FORMULATION

The total energy of the system is now composed of the membrane bending energy in
Eulerian form (289), modified to include the effects of the multiple lipid and protein species
on the spontaneous curvature and the entropic energy from the sizes of the lipids and proteins.
Eventually, we should include the electrostatic potential energy arising from the charges on

the proteins, lipids, and ions. This will be a future project. We remove the electrostatic
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contribution of the energy for now so that the Poisson equation does not need to be solved.

Consider the following energy,
(340) Etot - Emem + Eent-

The membrane energy (289) is modified through a density dependent spontaneous cur-
vature C' as follows,

2

(341) P = [ 5|80 = 56" = D@+ Cloi?. 7)0)|

2

where p}ip is the concentration of lipid species [, [ = 1,...,m, and pP™ is the concentration of
the single protein species. Throughout our notation, we use subscripts to denote the species

number and superscripts to denote the species type, i.e., the concentration of lipid species [

pro

. i . . .
is p; 7. the concentration of the proteins is and the concentration of ion species 7 is 10“.
l

We consider only one species of protein; however, the model can easily be extended with the
use of subscripts. The explicit function for C' ( , pP™°) is defined by the weighted average of

the spontaneous curvatures of the contributing species,

m

Z hp 2 llp Cpro pro\2  pro
o (a”)p

(342) Co = — , vV € €,

m

Z hp 2 hp pro\2 pro
(@) p

=0

where C} is the spontaneous curvature of lipid species [ and C5™ is the spontaneous curvature
of the protein at each point Z in the domain Q [6]. The scaling C' = v/2C} is maintained to
include the spontaneous curvature (342) into the curvature energy (341) with the equivalence
to the 2D energy (287) in the sharp interface limit. The ahp are the effective sizes for the
charged lipids [ = 1, ..., m; m is the total number of charged lipids in the bilayer; and agp is
the effective size of the neutral lipids. Each lipid is modeled as a hard disk occupying some
surface area in the membrane, hence we take (al P)2 for an effective surface area. Similarly,
the aP™ is the effective size of the protein embedded in the membrane, occupying some

surface area (aP™)%. The concentration of particles on the membrane cannot exceed the
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available space, so the concentrations must satisfy the equation

m

(343) > (@0 + (a7°)pP = 1.
=0

This equation (343) simplifies the spontaneous curvature (342) to

(344) Co =D Cola”)*n)" + CF™°(a™™)*p™™, VI € Q,
=0

(345) C = V2C,.

In the spirit of (169), the entropic energy for the membrane with embedded proteins is
defined by

(346) Eeny = % / (Z p™ [In (" (a™)?) — 1]) dz
d(w ) o

+ B/ﬂ (ppm [ln (ppm(apro) ) — 1}) dx,

where £ is still the inverse thermal energy 3 = 1/(kgT) [108]. The al*® are the effective
ion sizes for 7 = 1,...,r, r is the total number of ionic species in the solvent, and aX™ is
the effective size of the solvent molecules. Each ion is modeled as a sphere occupying some
volume in the solvent, hence we take (ai°*)® for an effective volume. The concnetration of
the ions in the solvent cannot exceed the available space, therefore the effective ion sizes

must satisfy
(347) 1on 1on + Z 1on 1on -1

Note that there are no functions which depend explicitly upon the phase field function
¢ in the entropic energy (346). Therefore the gradient flow equations given by (328) remain

= 0. The entropic energy is defined without the use of any surface

the same, since 5?—;’“

delta functions, as the domain restrictions are imposed by the initial conditions and the
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differential equation. We require the initial distribution of ions to be localized in the bulk,
away from the membrane, and the flux shall only occur in the bulk. This restricts the ions
to the bulk, away from the membrane. Similarly, we require the initial distribution of lipids
and proteins to be localized to the membrane, away from the bulk, and the flux shall only
occur on the membrane. In this way, no delta functions are required in the entropic energy

equation. This is consistent with the framework of the curvature energy (341).

8.4. M ASS CONSERVATION LAW

We begin with a mathematical treatment for the diffusive lipids and proteins. Different
species are allowed to advect and diffuse across the membrane. The concentrations of lipids

and proteins satisfy a general mass conservation law for a general concentration p,

(348) %jLU-Vp:—V-J, x €Q,

where v is the velocity of the surface I', and J is the surface flux. A constitutive relation for

the flux is given by the Nernst-Planck formula as an extension of Fick’s first law,
(349) J = —DérfpVp,

where g is the diffusion potential and D is the diffusion coefficient [108]. Note that this
diffusion potential is based on the curvature energy; therefore the flux is curvature-driven.
The flux is restricted by the surface delta function dr so that diffusion is nonzero only on the
the membrane I', rather than the entire domain €. The surface delta function dér is defined

by the property

(350) /F f(z) dl = /Q F(@)or da.

There are many choices to use for the surface delta function. A good catalog can be found
in [60]. A good choice must maintain the property that [, drdz o area(T'), as in (297). It

may be convenient to choose a function without a |V¢| term for the sake of the simplicity
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of the variation computations with respect to ¢, (e.g., in equation (302)). We present our
choice later in equation (441).

Finally, note that there is a corresponding mass conservation equation (348) and a corre-
sponding Nernst-Planck flux (349) for each lipid species, ion species, and the proteins, using

the appropriate subscripts and superscripts. For the ion species, however, the flux is given

by
(351) J = —D(1 — 6r)BpVp,

since the flux of ions should only occur outside of the membrane.

8.4.1. VELOCITY COMPUTATION. The fact that the surface deformation is driven by
energy minimization requires the smallest possible velocity for any deformation. That is,
any component of the velocity that is tangential to the surface will cost unnecessary energy
for the deformation. Therefore, v must be normal to the surface. The velocity of the
deformation is nonzero only in a small neighborhood of the surface I'.

The velocity in the diffusion equation (348) can be computed by considering two realiza-
tions of the surface ¢ = 0, one at time ¢ and position z, and another at a later time ¢ + dt

and at the deformed position x 4+ dx. Consider a first order Taylor expansion for ¢ about

(¢, 2),

(352) ¢(x + dw,t + dt) = ¢(z,t) + ¢y(z,t) dt + Vo(z,t) dov + O(dt*, dz?).

We are only interested in the surface, where ¢ = 0, so (352) up to first order becomes
(353) 0=¢;dt +Vo¢dx.

From (353), we can see that

(354) Vo—

o = o
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Then we can define the normal component of the velocity using the fact that the surface

normal is given by n = V¢ /|Vé|,

dv. Vo dr — —

dt  [Veldt [Vl

(355)

Up =N

The formula for the normal velocity (355) is the formula for the velocity under our assumption
that the tangential velocity is zero. In fact, there are no computational techniques to our
knowledge for the computation of the tangential velocity using phase field methods, but we

do not require one for our model.

8.4.2. SURFACE FLUX AND DIFFUSION POTENTIAL. The diffusion potentials are defined

as the functional derivatives of the total energy (340) with respect to the appropriate con-

centrations,
. 0 FE, 8Fmem  0Fun
(356) ;on — .t t ! . t) _ 1’ o
5p;on (5p;.0n 5p;0n
ip_ 0B _ O SE
li tot mem ent
(357) e = = I=Lem
P Py P
(358) pro _ 0Bt 0Bmem | 0Fent
5ppr0 5ppro 5ppro .

For the computation of the diffusion potentials, we can solve (347) and (343) for pi°™ (aif™)?
and ppP(ag”)? respectively and substitute these quantities in the entropic energy (346) to
obtain an easier form for differentiating. For convenience, we also split the entropic energy
into two components: one for the ion contribution to the volume, and the other for the lipid

and protein contribution to the surface area. Define

1 1 ! : ; 3 - ion/ .ion\3
— B/Q ((&gm)g (1 - ;,oéon(a;on) ) lln (1 — ;pi (@) ) — 1]

+ Zp;on [ln (p;on(aion)S) . 1} ) dflf,
i=1

Eion

ent

(359)
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; 1 1
360 Eélff = _ / —— [ 1= pP( pro hp llp
( ) t ﬁ 0 ( (agp)z ( E 1%

% lln (1 pro pro thp hp > - 1]

" thp [ ( li (g lipy2 ) B 1} + o7 [In (pP°(a¥™)?) — 1] ) dz,

where Eoy = E'°" + E'®  We emphasize that the notation EXY includes both the entropic
energy from the lipids and the proteins, since both reside on the membrane. First, it should
be clear that 6 Fpen/dpi® = 0 and cSE};npt /op™ = 0, and so pi® depends only upon the

ionic entropic energy. The diffusion potential for the ions is the same as in [108]. The

computations are

sERr 1 1
ent __ - . 1on 1 1— 1on 1on 1
5p10n ﬁ ((abon):i ( ( [n ( Zp ) ]

L _ - ion aipn 3 —(CLZ )3
+ (aioon>3 <1 jzlpj ( J ) )) [1 _Z] lp;on( 1on)3]

) ) ion\3
[ln( 1on(a}ion)3) o 1:| _|_p§onm(nal—m)n)3>

P (a;
1 (10n .
= — 111 1-— 1on 10n —|—111 10n a%‘m 3 s \V/Z = 1,...77‘.
5<(m ( E pj ) (™ ( )))

Therefore,

1on ion &;OH 5 - ion/ ion .
In (p(al™)?) — Eagm;?) In <1—ij (aj )3>]) , i=1,...,m
j=1

(361) i = (kBT

The diffusion potential for the ions should be nonzero only where the ions are present,
i.e. only on Q/T". We do not add any restriction to the function to accomplish this (e.g.
multiplying the equation by (1 — dr)). This restriction is enforced by the initial condition
and the diffusion equation. The initial concentration of ions is to be distributed only along
the domain without the membrane, and the ion flux (351) is restricted to the bulk by a

(1 —ér) term.
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For the lipid diffusion potential, §Ei"/ 5p}ip = 0. The nonzero contribution includes the

ent

entropic energy and the membrane energy. The first is

5Eélnpt 1 1 lip\2 pro pro - 1p hp
o =3 ) [ R )

7j=1
m li
+ 1 1— pP(al™) Z ip( hp —(a”)” R
(agp)z = 1 — ppPro(ab™ 2_Zm pl}p(al}p)2

Jj=1ry J

+ i@y - 1] + o )

P (@)
1 lip\2
_ 2 —(il P (1= o) thp PP +mpP(@)?) ], Vi=1,..r
g (aop)

The variation of the membrane energy with respect to the concentration requires a bit more
thought. Recall that the membrane energy FEpenm, given in 3D by Equation (341) is an
approximation to the two-dimensional curvature energy penalty in Lagrangian formulation
Ep, given by Equation (287), i.e. Epem — Er as € — 0. We really only want to track the
curvature of the zero level set of the phase field function, yet the 3D energy (341) is defined
everywhere. Rather than computing the diffusion potential from the 3D energy functional
which is only an approximation, we will compute the variation from the 2D energy functional

and then approximate. The variation of Ey, is given by

0EL 0Co

362 —2(C LN
(362) v A= )Mlp

As for the 3D analog, we have an expression for the mean curvature H given by (294);
however, this expression is only valid near the ¢ = 0 level set. Therefore, we really want
to restrict the mean curvature with a surface delta function so that it is only computed
on (a narrow band around) the surface. The mean curvature at other level sets of ¢ could
be extremely temperamental and give numerical troubles (and they do!). Using this idea

with the phase field approximation to the mean curvature in (294) and the variation of the
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spontaneous curvature (344), we have

5Emem ip 1
(363) 5o ~2C)(a,")” <Co - m <A<Z5 - 5_2¢(¢2 - 1)) 5F) :
Therefore,
hp _ (a}ip)21 pro pro @ p hp 1 lip / lipy2
(364) kT e Z +1In(p"(0,")%)
0 =1

+ 20 (a?)? (00 - ¢§(¢+—1) <A¢> . 5_2¢(¢2 - 1)> 5F) .

Similar to the diffusion potential for the ions, the diffusion potential for the lipids is defined
over all of 2, but should be nonzero only near the membrane I'. We do not introduce any dr
term multiplying all of (364) to enforce this condition; however, there is a or term acting on
the mean curvature as motivated above. The concentrations are initially distributed on the
membrane only, and it is clear in (349) that the flux is restricted to the membrane only so
these terms will remain zero away from I'. This is also the case for the spontaneous curvature
Cy, since it depends upon the concentrations. However, the mean curvature may be nonzero
away from I'; since this computation depends only upon ¢, but we are interested only in the
¢ = 0 level set. Therefore, we introduce a surface delta function to this term only to avoid
large and nonphysical mean curvatures away from the ¢ = 0 level set.

Finally, for the protein diffusion potential, § £ /6 pP™ = 0, and the nonzero contributions

are
5E<lalnpt _ l( 1 (_(apro)Z) lln <1 pro PI“O iphp llp ) 1]
pro - lip 2 J
5p B (ag”) j=

1
1 - . 11 (apro)2
+ oo (1 —pP O(ag 0)2 p ) ) L o (g21°)2 m  lip/ lipyg
(ag") p ) — Z]:l Pj (aj )

+ (o (@P®)) — 1] + g <apf°>2 )

ppro(apr0)2
L[f- (apro ) 2 pro/  Pro - ip, lip pro/ , pro
:B<W1n<l_p (ag )2—;/7;(1 )>+ln( (a )2)),
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OBmem o cropro I (W Y
5/)?“) 20 (CZ ) (CO \/§(ng _ 1) (A¢ &2 ¢(¢ 1)) 5F>

Therefore,

m

ﬂ In (1 o pprO(agro>2 . Zpﬁlp( llp) > + 111( pro(aprO)Q)]

1
(ao")? e

2070 (aP)? <co _ m (Acb - éd)(w - 1)) 5p) |

The appearance of dr in (365) is for the same reason as cited for that on (364). We have

(365)  pP° = kgT

now described the terms in the conservation equations (348).

8.5. CURVATURE-DRIVEN PROTEIN LOCALIZATION

In this section, we give a simple formulation for protein localization. Rather than cou-
pling the phase field function with the protein localization and allowing the membrane to
deform with the mass conservation equations simultaneously, we simplify our model by fixing
the boundary and solving the curvature-driven diffusion equation on a fixed membrane. The
membrane is still defined as a level set of the phase function. Solving the curvature-driven
diffusion equation using Fourier spectral methods is novel work even with this simplification
of a fixed boundary. Eventually, we should solve the concentration equations on a moving
boundary (with electrostatics!). For now, we wish to solve the curvature-driven surface dif-
fusion equation (348) for p}ip and pP* with fixed ¢ (neglecting the bulk). First, we introduce

a few temporary variables to stay organized. Define
(366)  L™(p") = In(p"(a")?),

lip\2 m

ip/ I ro —\q 10/ _pro i i

(367 RGP >=—<§hp)’ 1n< - >2—Zp;p<azp>2>,
0

(368) LPre(pP™?) = In(p™(a™)?),

J=1

1 TO apro 2 rO 1”0 — 1
(369)  R™(p",p" >——((ahp>3 In (1 prlag Z " (a”) )
0

153



@10) Pl ) = (Gl ) - s (80 e 1) o).

The notation is indicative of leading order terms for the lipids and proteins (L), remaining
terms corresponding to the size restrictions (R), and a term corresponding to the curvature
determined by the phase field function (P). Using (366)-(370) and suppressing the notation

describing each function’s independent variables, the diffusion potential (364) becomes
(371) ' = ;(th + R") 4+ 20! (a,")2P,

and (365) becomes

(372) pPre = %(Lp“’ + RP™) + 205" (a™) P.

Then we have

1
(373) Vi = S(VL® + VR) + 2C)(a)" VP,
1
(374) Vi = S(VIP - VRY) 4+ 20 VP
where
lip
(375) VI — V#’
ip
P
B R R SRR
(376) VRiP — —(Cllzlp) =1 7
(aop) 1— ppro pro Z pllp hp
pro
(377) vV LPro — vp ’
pPro
_(agrO)vapro _ Z(a;ip)QVp;ip
ro\2 -
(378) VRP = ((Of;)) =L |
a TO i i
0 1 — ppro(al™©)2 — Zp;p(a;py
j=1
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(379) VP =VC,— V(Hér),

(380) VCy = Ci(a;")*Vp,® + CF(aP)*V .
1=0
To make our final equation simpler, define the constants

(381) M® = 23C}(a®)?,

(382) MP™ = 2308 (aP™)?.

Substituting (373) into the diffusion equation (348) for the lipids with the assumption of a
fixed phase field ¢ gives

op)”

(383) o

- D"y {%}ip(w“p FVR) 4 M}iparp?pvp}'

Now substitute the derivative of the leading order term (375) directly into (383) to get

lip

Ipy
ot

(384) — DV . {cwp}ip + 0rpPV R + M;iparp}ipvp}.

The derivation for the protein conservation equation is similar and results in

o ppro
ot

(385) = DPY . {5pvppr° + SppPOV R + MPOSE ppmvp}.

8.5.1. VARIABLE DIFFUSION COEFFICIENT. The equation (384) is organized such that

the leading order term appears first. For simplicity, define
(386) H}(p”, p°, ¢) = orp;"VR™ + M;Porp "V P

so that (384) may be written as

li
op,*

(387) o

= D"V - {orVl® + HP}.
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Expanding the divergence operator in (387) gives

li
ap,*
ot

(358) = DPV eVl + 1" } = DI {6r 20" + Ve - Vpl? + V- H)"}

The first term in (388) is the leading order term in the variable for we wish to solve (p}ip),
and it involves a product with the surface delta function dr. We cannot directly employ the
same procedures as in Section 7.4 on this equation, since the Fourier transform of a product
of two spatially variable functions is the convolution of the Fourier transforms. Therefore
we cannot perform a simple division to obtain a formula akin to (328).

To perform numerical computations on (387), we use the technique developed in [18],
where a treatment of elliptic equations with variable coefficients is provided. There are two
modifications we make to this scheme as we have two characteristically different features in

our equation (387) to that in [18]. In [18], the equation solved is
(389) f=V-(aVu),

where f, a, and u are multidimensional functions. In their treatment of (389), division by
the coefficient a is necessary. But applying this step to our problem (387) is troublesome,
since our variable coefficient, dr, is zero almost everywhere in 2. Therefore, we first modify

our equation to

dpi® I i i
(390) Ll = PV {61 = 1)vp® + m*}
= DIV - {8:V i} - DI apl? + DIV -
where
(391) f=or 1.

In this way, the delta function in shifted up by one, so that it is never close to zero, making

division by df. possible.
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The second difference is that equation (389) is an elliptic equation, and our equation
(390) is parabolic. Therefore, we treat the time derivative using Crank-Nicholson methods
to transform (390) into an elliptic equation before applying the technique. If this is not
done, the problem of convolutions remains. For simplicity, use the notation pl, = p}lp( t) and
Pl = p°(t+ At). Similarly, let wa% be the average of (386) at times ¢ and ¢ + At. Using
Crank-Nicholson in time gives

I !
Prnt1 — Pn _ Alip - lip A 1 lip 1
Pt =P — Dy <5van+%) — D*Agl, y + DIPV - H

th
th i
- (Ap, + Aply) + DPV - H£L+2

Next, we isolate the terms for p,;; on the left-hand side, except for the terms within H fz L1
2

(we will treat these with extra care later). This gives us

hpAt
:Oln+1 9 (5* Aanrl + Vor - V/)nﬂ APLH)

. thA

(6rApl, + V67 - Vi, = Apl,) + DPALV - H] .

Divide the entire equation by /d; and obtain

hp lip * hp
o At DAL VS _ At
392 . \/ 5*A _— -V
( ) \/6_F pn+1 2 \/E pn+1 + 5; pn+1
gl DPAt DPAtVE D}ipAt DAt

Apl + V-H

— 6*Al = =" .
VAR I I M

Now use the fact that

VOiAp = A(V/5ip) = 2V/67 - Vp — A\/Gip
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for the second term of (392) on both the left-hand and right-hand sides to obtain

1 11
(393) \/g—i - < Vo Pn+1 —2V/op - VP£L+1 — Ay (Sprﬁ-l)
r
D?PAt Vop g Di"At thAt
9 \/ﬁ pn-l—l 2\/— pn-i—l
1 hp
= \/5—* < \/5 pn QV\/(SFVp%n_A\/(SFpiL)
DlipA * DlipA thA
l tV(SI; -Vl — = *tApil-l— ! *tV-HTlLJrl.
2\ /of 24/05 \/Of 2
Finally, notice that two terms cancel on each side of (393) since
V0 = \/5_*V(5*
This gives us
1 lip lip
oy, Dy At - - D" At
(394) \/—(;—i - ( V0 Pn+1 —Ay/o Pn+1) 5 Apfu—l
r

l thAt thAt DIPAt
Pn ( (v/opL) — A«/(;fipil>—2l Aph+ L=Vl

VR RV

Now define w! = |/&%p! with appropriate subscripts for the time step to obtain the following

iterative procedure, based on (394),

l lip ALSOF l
(395)  nl DAt (Awgﬂ— L — A <—””+1>>

5 2

Wl DPAt A\/d_* 1 w! DPAt
=14 L | Auwl — Lot A - +—t=v.H ..
b P (- - e () )

Rearranging the left-hand side according to the order of derivative, we have

DIPAt hpAt 1 DPAtA/6;
(396) a l2 A LH A( n+1> " <_+ \/_> “nt1

200 \Vor ) \or 2 /o

Wl DPAt A\/é_* 1 w! DAt
_n + Aw; . I l n + l V- Hl
i B (- - o () - T
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In (396), notice that the product on the leading order term with a spatially varying function
is now removed, so that we can treat Aw!,_; with Fourier transforms. However, there is a
nonlinear product with d;: on the second and third terms that we must handle. To take care
of this, we use the interior iteration in m for w' with the notation v/, where v/, — Wl as
m — oo. In our scheme (396), we treat the nonlinear terms using only previous interior
step v/, and the linear terms using the current interior step v/, ;. (Of course, we are not
replacing any appearances of w!.) Note that since the higher order term H fl i given by

(386) is entirely nonlinear, it will only depend upon w!, and ¢/, and not on v/, ;; therefore,

it remains entirely on the right-hand side. The iteration scheme for finding w!, 41 18

(307) — D"At DAt < v ) . ( 1 D;ipAtA\/(S_l’i>

l
Vm

w2 e

Vpa1 T -
2 oo Vo
DAt A7 1

——7114— (Awl— Lol — A(CUL))—F%V H (W, V)
i \M TR T e\ ) T Y el

Now isolating (397) for v/, on the left-hand side, with all other terms on the right-hand

side, and applying the scheme developed in [18], we have

D' A¢ 1 D'PAtA\/oF DAt !
(398) — l2 Ayﬁ,LHjLKyf?M:_(_Jrl— F—K)I/l L A<Vm>

02 Vo "o\

L DAt AL/ 1 l DAt
_|_&_|_l—<Awl — qull_ A d + =L V- H l(wmym)a
2

i U E T e Ve

where K is added so that the form of the iterative scheme matches the form of (396). That

is, in both equations there is a second order term and a zero-order term on v,, ;. This

parameter K is optimally defined as in [18] as

1 D}ipAtA\/E} +max{ L D}ipAtA\/ED

1
399 K== min{ —+ —
(399) 2<mm{5;: 2 Jor w2 o

For an efficient numerical implementation of the scheme in (398), we wish to solve for the

terms that do not include the interior iteration /!, outside of the iteration in m. Therefore,
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the practical scheme is given by

lip lip A /5*
(400) _ D 2AtAufn+l +Kvl =~ <i - Dy At LA K) V!

T ym )

DlipA l D“pA
! tA(Vm>+ L2l L () + Gl n),

2V0p  \WVor)  Vor

where G'(w,,) is defined by

l lip ALSOE l
401 R e e N N
(401) " n

As promised, we now handle H:i% appearing in the scheme (398) with special care. This
term was split in (400) and (401). The term H (wy) is the portion of H' i that only includes
terms with w,,, and the term H' (w,,,,) is the portion of H i 1 that includes terms with v,,
(and may also include terms with w,). A complete separation of terms cannot be performed
due to the nonlinearity of (366) and (367) appearing in H:fr L Instead, we isolate as many

terms involving v, as we can, and define the splitting
li
(402) Hni%(wn, Um) = H! (w,) + H.,(Vm, wn).

Now we derive the splitting (402) above. To match the iteration scheme, we must apply
the scaling w' = \/ﬁpl to the definition of H' in (386). This scaling involves the new delta
function given in (391), whereas the definition involves the original delta function without
the additional factor to allow division. Therefore, we first rewrite (386) in terms of the new

delta, df:, and then perform the scaling.

l * 1 l l l lip ¢x 1 lip 1
(403) HL .\ = 0ppl A VR, = pl WVRL L+ MGt VP, = ML VB
l ! wi”‘% ! lip ! lip wi”%
= Vorw, VR, = T3 VB T M ey VPusy = MP TV P,
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The terms of (403) are given below:

1
(404) Ot = 5 (@n + Vi),
1
(405) Vi, 1 = 3 (Vwl, + Vi),
wprol m wj L
ro nt3 i nts
[ () e ()
106) VR, = @) A i
T ()2 (@ o om (@) |
1— 20 2P, W
\/5—i’k‘ n+2 ]Zl 5; n+§
(407) VP, 1=VC,1 — V(Hép),
(408) Cory =D Cola™) 1 + Gy (@) oy
=0
(409) VCM_% = Z C(l)(a}ip)QV,Olm_% + Cgro(apro)vazT%‘

N
I
o

Note that VRil L1 is a nonlinear function of w,, and v,,, and therefore cannot be separated.
2
However, VP, | 1 is a linear functions of w,, and v,, and can be separated. The separation

is allowable through the spontaneous curvature, so we begin here,

1
(411) Calwn) = 3 Ch(al®)2pl, + OB (a7™)2 i,
1=0
(412) Crn(Vm) = Z C(Z)W}ip)z/)izﬂ + C(I))TO(apm)QPng-
=0

It is simpler in the implementation to retain the original coordinates p rather than w and

v. In (412) above, p,i1 = v, /+/0f for each species. Next, we split the gradient of the
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spontaneous curvature.

1
(413) VO =3 (VC’n(wn) + vcm(ym)),
(414) VCo(wn) = Co(a")*Vph, + CF(aP°)>V b,
=0
(415) VCn(vm) =Y Col@®) Vi y + CF ()P V).

=0

As before, in (415) above, p,41 = vm/+/05 for each species, and similar transformations are

made for (414). Define the separation by

(416) VP,,1 = VP(w) + VPo(Vm),
where

(417) VP, (w,) = %von — V(Héy),
(418) VP (V) = %vom.

Now we can finally split Hfl 1o T he part that does not include any interior iterations is
2
defined by

lip

M
(419) Hy(wn) = = <5FpLVPn—pLVPn>,

where VP, is defined in (417). Similarly, the part involving the interior iteration in m is

I
W'
"3 o pl
=VR

/ n+2
lip

M
+ Tl (ﬁpWPm + é}k‘piz—}—lvpn-i-% - prVPm - pln+1vpn+§> :

(420) H (U, wn) = 5;w;+%m; b1

These equations define the split in (402).
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This completes the terms required to solve the iterative scheme in (400). The iterative
scheme corresponding to the concentrations of the proteins are defined in a similar fashion.
We can solve (400) using Fourier transforms as before using the property (311).

The derivation of the protein concentration equations is similar, with appropriate changes
in subscripts and superscripts. The governing equation is given by
(421) - Dp:AtA vty + Kbt = — ((%* + DPZAIS A\/\é_f_F - K) vPre

r r
 prear <ﬁﬁ+pmm

V- HP(wn, Vi) + G (wn),

o \Vor)  Vor
where G(w,) is defined by
pro DproAt A 5* 1 pro
(422) GP™(w,) = wn* + AwPr — L_ngro L Wn
A NN
DPeAt
V/Or
The parameter K in (421) is given by
1 1 DPOAL AL/6f 1 DPONAt A/ 07
(423) K=_-(min{ -+ 1AV +max{ — + tAVO :
2 w2 o 2 o

The higher order term for the proteins is defined similarly as well and results in

V- HP(w,).

pro

(424) HE(w,) = @WWP ﬁWR>

where VP, is the same as defined in (417). Therefore, the only differences between (424)

for the proteins and (419) for the lipids are the concentrations and spontaneous curvatures.

The interior iteration remainder term is given by

pro

w
(425) HE (U, ) = /G0 VR, nts — = VR,

VAR

<5* n OV P+ 0Vt = PN B — p i VE, n+;>-

pro

+
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The equation for VRfol previously given by (406) needs to be updated with appropriate
2
changes to match the protein equation to finish the formula in (425). Finally, in the formulas

(421)-(425), the concentrations are given by

(426) W — SR,
(427) V' — wgl—t}l = 5FPET1-

8.6. TWO SPECIES MODEL

In the numerical simulations, we solve the concentration equations for two competing
species, one diffusive, the other background. To simplify the notation, let the diffusive
species have concentration pdif with spontaneous curvature C3f, and the background species
have concentration pP?* with spontaneous curvature C§#. Other terms are notated simi-
larly. By using a two species model, we only need to solve one governing equation, since
the concentration of the second (background) species can be computed directly from the
concentration of the diffusive species, p" = (1 — (a®)?pdit) /(aP?¥)? according to equation
(343).

To further simplify things, we also consider only the leading order diffusive term (L,
(366)) without the correction term accounting for the size effect (R (367)); however, we

do consider the correction term accounting for the curvature effect (P (370)). With these

assumptions, the overall spontaneous curvature is now given by

(428) Co = Ct (qBif)2pdif - Obak(1 — (gd)2pdify
(429) _ (Cgif . C(l)oak) ( adif)Z pdif + Cgak
(430) = (fracpdif | obak Vi e Q.
where

(431) Clree — (O — %) (aF)2.
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Note that if C§if = Cbak then (430) reduces to the constant Cy = C§f = Cp**, otherwise the

spontaneous curvature is spatially dependent. The splitting of C' is given by (410), where

(432) Culwn) = O + O,

(433) Cm(Vm) C«frac d1f1 + Cbak
The splitting of VC' is given by (413), where

(434) VC,(wy,) = Cracy pdit

(435) VCn(vim) = C(f)racvp?zi—f-l'

The splitting of VP is still given by (416) with terms matching the forms of (417) and (418).
This leads to the splitting of the correction term, which takes the same form as (419). One
important note is that the constants defined in (381) and (382) will be different, due to the

change in (430). There is only one, and it is defined by
(436) Mdif — 26( dlf) (Cdlf Cé)ak).

This will affect the conservation equation in (419). The splitting of the correction term

involving the interior iteration in m is different, since the R terms are removed:

dif
(437) HY 1y, w,) =

(5;:pgifvpm + Ot VP — PRV Py, piLVPnJr%).

8.7. MASS CONSERVATION

In the scheme as stated so far, there is no guarantee that the solution p,; will converge
to p* for each time step ¢. This is because p = p* + C' for any constant C' is also a solution
0 (390). Therefore, the method may converge to p,.1 = p* + C, where C is some unknown
constant. To get the desired result, we impose the conservation of the total mass on €2. For

each time t,
(438) / P (Z,t) dQ) = / po(Z,0) + D}ipv -HY(Z,t) dQ = M,
Q Q
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where M is the total mass of the initial concentration plus the added mass due to the
source term. In other words, the mass at is conserved. This condition (438) can be enforced
using Fourier transforms, since the zero-frequency component of the Fourier transform is the
integral of a function. This fact can be seen from the definition (308) when £ = 0.

To enforce (438), we can perform the following procedure:

/ Pn+1 (fa t) dS2 M
(439) pri1(T1) = poga (T,1) — =2 + ;
/ ) / ds
Q Q

The final procedure is stated in Algorithm 8.1.

vt

Algorithm 8.1 Solve equation (390) with mass conservation

1: Define initial phase field function ¢y via (291)
2: Define initial concentrations pdif, pPak
3: Initialize n < 0

4: for n = 0 to T do:

5: Update current time ¢t « (n+ 1) - dt
6: Define stationary curvature term H! by (419)
7 Define parameter K using (399)
8: Define G(w,) using (401)
9: Initialize m « 0
10: Initialize v,, < w,
11:  while ||[tp41 — v > 1077 do:
12: Define variable curvature term H' by (437)
13: Update v+ using (400)
14: Update m «— m + 1
15: end while
16: Update w11 < vpy,
17: Scale back pdif | — w,1/v/a
18: Enforce mass conservation by (439)
19: Update n «—n+1
20: end for
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CHAPTER 9

CURVATURE-DRIVEN PROTEIN LOCALIZATION: NUMERICAL

RESULTS

9.1. CHOOSING INITIAL CONDITIONS AND DELTA FUNCTION

In order to use the Fourier spectral method, we must use an initial condition which is
smoothly distributed along the surface. Fourier methods exhibit Gibbs phenomenon when
applied to discontinuous functions [49]. There should be no discontinuities in the distribution
of the concentration, otherwise the spectral method fails. Furthermore, in order to capture
the derivatives numerically, we need to define the surface in a narrow 3D band around the
surface, rather than a 2D sheet. If the concentration is only defined on the 2D surface, there
would be a sharp transition from outside the surface, where the concentration is zero, to on
the surface, where the concentration is nonzero. We also want this transition to be smooth.
That is, the concentration should be near zero on the outer edges of the surface band, and
positive in the center of the band, where the surface is located. We define the narrow band

as the set of points at which
(440) op > 1+0b,

where b > 0 and df is given in (391). Recall that d; is 1 outside the surface and 2 on the
surface, with a smooth but sharp transition. We propose a new delta function in addition
to those sampled in [60], defined by

tanh(D(¢ + 1)), -1<¢<0,
(441) or =

— tanh(D(¢ — 1)), 0<¢<1l
The parameter D is chosen to be sufficiently large. Note that this function is continuous

at ¢ = 0; however, it does not have a continuous derivative. But, if D is large enough, the
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effect is negligible, since sech?(D) — —sech?(—D) as D — oco. A plot of (441) is given in

Figure 9.1 for various D.

0.8¢

0.6¢

(@)

0.4¢

0.27

1 -05 0 05 1
@

Figure 9.1: Plot of delta function defined by (441). Black: D = 10, Green: D = 5, Red:
D =2, Blue: D= 1.

Throughout the results, we consistently choose D = 10 for the definition of the delta
function (441) and used a bandwidth of b = 0.5 for the surface band (440). Additionally, we
choose € = 0.1 throughout the results as we did before, and we use a timestep of At = 1073

in each example.

9.2. PURE DIFFUSION

We being testing our algorithm using the simplest possible case: pure diffusion without
any curvature effects. In this case, we neglect any curvature effects and follow Algorithm 8.1
with Hdf = Ht = 0 for equations (419) and (437). Recall that there are no corresponding
Hﬁf}}; terms since the concentration of the background species follows immediately from the

concentration of the diffusive species.

9.2.1. DIFFUSION ON A SPHERE. For the simplest case of diffusion, we use the surface
of a sphere of radius 1 centered at the origin. We conduct our first computation over a

uniform grid of 64 x 64 x 64 points on a domain of [—m, 7]>. Various cross sections of the
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delta function for this surface are plotted in Figure 9.2. Notice that there are approximately

4-5 grid points in one dimension in the narrow band of the surface with b = 0.5.

Figure 9.2: Profile of delta function for a sphere with 64 x 64 x 64 mesh. Left: 1D profile
across the x grid points. Right: 2D profile across x and y grid points.

To create a smooth initial concentration which may be transformed accurately using

Fourier spectral methods, we define the initial concentration as follows,

(442) p(x,y,2z,0) =S -exp (—\/X2 +y2+(z— 1)2) (or — D),

where dr is given by (441) and b = 0.5, and S is chosen so that the maximum concentration
is exactly 1. In this way, the maximum concentration is given at the north pole of the sphere,
but is smoothly distributed along the surface according to the distance away from the north
pole. Also, at the edge of the band defining the surface, or = b; therefore, the concentration
smoothly transitions to 0 from the inside of the band to the outside.

We ran Algorithm 8.1 (neglecting curvature effects) using the initial condition (447).
The algorithm showed good convergence, using approximately m = 12 interior iterations at
each time step (n). Furthermore, the concentration behaves as expected, diffusing along the
narrow band around the sphere’s surface. Figure 9.3 shows these results. It is important to
note that due to the mass conservation in the narrow band, the concentration is always zero

outside of the surface band, and mass is conserved within the surface band. The bottom
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Figure 9.3: Concentration of diffusive species on surface and on a 2D cross section of sphere
governed by pure diffusion with 64 x 64 x 64 mesh. Times shown are t = 0,0.1,0.25,0.5, 1.0,
and 5.0. Bottom two rows: the color scale changes with each picture and does not correspond
to the colorbar for the top two rows.

two rows of Figure 9.3 shows the same results along a cross section, so that the transition

through the surface can be seen.

9.2.2. DIFFUSION ON TORUS. Next, we choose a more interesting (but still analytically
defined) surface: a torus. We choose a torus because it has regions of positive Gaussian

curvature and regions of negative Gaussian curvature so that we can eventually test the
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curvature effects. The surface is defined by

(443) (R —~ my +22 =7

where R and r are the major and minor radii, respectively. The major radius R is the
distance from the center of the tube to the center of the torus, and the minor radius r is the

radius of the tube. The torus may be parameterized by 6 and ¢,

(R + rcosB) cos ¢
(444) T=|(R+rcos)sing |,

rsin ¢

where the parameters 0 < 6,¢ < 27w. The angle ¢ is the angle made from the surface to
the positive z-axis (projected on the zy-plane), and the angle 6 is the angle made from the
surface the the center of the tube. We consider a ring torus, where R > r.

We need to choose the radii carefully so that enough resolution is provided for the deriva-
tives to be computed. We selected the torus with major radius R = 2.0 and minor radius
r = 1.1, solved over a grid of [—4,4]?, beginning with a 64 x 64 x 64 mesh.

The initial condition is chosen to be localized at the highest point of the positive y-axis,
smoothly distributed along the surface, and smoothly distributed from the surface to the

domain. We chose for the initial condition

p(‘ray7270) =5 eXp (_\/X2 + (y - R)2 + Z2)

- exp <—2 <r— \/(X—CX)2+(y—Cy)2—|—22)>.

The first exponential in (445) controls the smoothness of the concentration along the surface

(445)

of the torus, and the second controls the smoothness of the concentration from the torus to
the domain, akin to the term (dp — b) for a sphere. The point (c,, ¢, 0) is the center of the
torus tube at a given angle ¢. Finally, S is chosen so that the maximum of the concentration
is 1 on the torus surface.

The profile of the delta function for the torus is shown in Figure 9.4. The 1D cross section
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Figure 9.4: Profile of delta function for the torus with radii R = 2.0 and r = 1.1 with
64 x 64 x 64 mesh. Left: 1D profile across the x grid points. Right: 2D profile across x and
y grid points.

of the delta function as seen in Figure 9.4 shows that the surface is well resolved over the
y = z = 0 cross section. That is, there is a clear transition from the outside to the inside of
each ring, and the delta function settles to zero in the empty space.

The results of pure diffusion according to Algorithm 8.1 neglecting curvature effects are
presented in Figure 9.5. It is clear from Figure 9.5 that the concentration is not distributed
uniformly across the surface as expected, but seems to be stuck toward the inner ring of the
torus. This is more evident in the 2D plots along the x = 0 cross-section in the bottom
two rows of Figure 9.5. We attribute the unexpected result to numerical error due to a very
coarse mesh. The grid spacing in each dimension is Ax = 8/64 = 0.125, which is not very
small indeed. The radius of the torus tube is r = 1.1, giving only 8-9 points from one end of

the tube to the other.
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Figure 9.5: Concentration of diffusive species on surface and on a 2D cross section of the
torus, governed by pure diffusion with 64 x 64 x 64 mesh. Times shown are t = 0,0.25, 1.0, 2.5,

5.0, and 10.0. Bottom two rows: the color scale changes with each picture and does not
correspond to the colorbar for the top two rows.

9.2.2.1. Diffusion on torus with refined mesh. Moving to a finer mesh of 128 x 128 x 128,
we can double the number of points in the torus tube. The grid spacing is now Az = 8/128 =
0.0625. This is still not very small, but since the 3D computation can be very expensive
for a finer mesh, we did not increase the mesh past 128 grid points in each dimension. The

profile of the delta function for the torus with the “fine” mesh is shown in Figure 9.6.
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Figure 9.6: Profile of delta function for the torus with radii R = 2.0 and » = 1.1 under a
128 x 128 x 128 mesh. Left: 1D profile across the x grid points. Right: 2D profile across z
and y grid points.

The results of pure diffusion according to Algorithm 8.1 neglecting curvature effects with
the new mesh are presented in Figure 9.7. Figure 9.8 shows that the undesirable effect of

getting “stuck” in the middle of the torus is better resolved with this finer mesh.
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Figure 9.7: Concentration of diffusive species on surface and on a 2D cross section of
the torus, governed by pure diffusion with 128 x 128 x 128 mesh. Times shown are
t = 0,0.25,1.0,2.5, 5.0, and 10.0. Bottom two rows: the color scale changes with each
picture and does not correspond to the colorbar for the top two rows.
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Figure 9.8: Comparison of diffusion on a torus with 64 x 64 x 64 mesh (top) and 128 x 128 x 128
mesh (bottom). Time shown is ¢ = 10.0. Notice that the effect of getting “stuck” in the
middle is reduced with the finer mesh (even though it is still not completely resolved).
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9.2.3. DIFFUSION ON TWO SPHERES MERGED. Finally, we test pure diffusion on a more
interesting and more practical surface. This example illustrates the feasibility of eventually
solving the phase equation that defines the surface simultaneously with the concentration
equation. We take as a test surface the result from Algorithm 7.1 with a phase field initialized
by two spheres of radius 7/4. The merging of the spheres was illustrated in Figure 7.3. We
stopped the Algorithm after ¢ = 0.02 and used the result as the surface to test Algorithm
8.1 with pure diffusion. Using the coarse mesh of 64 x 64 x 64, the merged surface requires
a reinitialization of the phase function, since after advancing Algorithm 7.1, the inside of

the surface does not satisfy ¢ = 1 very well (see Figure 9.9). This can have detrimental

Profile of g across x

Figure 9.9: Left: Surface given by Algorithm 7.1 from two spheres merging, stopped at
t = 0.02 with 64 x 64 x 64 mesh. Right: 1D profile of surface. Notice the dip in ¢ near
x = 0. While this point is clearly inside of the surface (it is the center point), 0 < ¢ < 1,
rendering reinitialization necessary for the mesh of 64 x 64 x 64.

effects when evaluating the delta function with this ¢. Any input to the delta function that
is not sufficiently close to 1 or -1 is regarded as the surface band. Therefore, it is critically
important that the inside of the surface satisfy ¢ ~ 1 sufficiently close, and the outside
of the surface satisfy ¢ ~ —1 sufficiently close, so that none of these positions are treated
as surface points. A reinitialization of the tanh(-) profile of the phase field ¢ is performed

before running Algorithm 8.1. There are many methods of reinitialization, most employ a
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reinitialization to a signed distance function by solving the equation

(446) % = sign(dp)(1 — |Vd|).

This equation penalizes any deviation of the signed distance function d from satisfying the
Eikonal equation |Vd| = 1, while preserving the original sign convention of dy. The function
sign(d) is the sign function that is positive 1 when d > 0, negative 1 when d < 0 and
zero when d = (. There are other methods that preserve the profile by coupling the phase
equations with an energy penalty for the deviation of |Vd| from 1 [63, 103]. These methods
do not require reinitialization.

In efforts for something simpler, the reinitialization we chose is briefly described as follows.
We define a temporary function ¢ to be 1 if ¢ > 0 and 0 otherwise. This may be thought
of as a heat source that is located on and inside of the surface. Then, we solve the heat
equation Oy /0t = DA for a few time steps, where D;, > 0 is the diffusion coefficient.
There will be some level set of ¢ close to but less than 1 that will define the new surface.
There may still be a slight dip in ¢ in the center, since less “heat” is diffusing from the
center. Therefore, we scale the result by 11 = tanh(¢)+ 3). This also makes the profile more
like the original tanh(:) profile. Then we perform a linear scaling so that —1 < ¢y < 1.
This v, defines the new phase field function. Note that the longer time the heat equation is
solved, the smoother the profile, however a profile that is too diffusive may be very different
from the original phase field function. We want a profile smooth enough to include points in
the transition from inside to outside, yet we want it to maintain the tanh(-) shape. Figure
9.10 shows the profile after reinitialization, using spectral methods to solve the heat equation
with Dj, = 1 and At = 1073, for a total of 7 time steps.

With the reinitialized phase field function, we ran Algorithm 8.1. We used the initial
concentration similar to (447), but modified so that the concentration would be localized
toward the north pole of the leftmost sphere. The two phase field function was created from
two spheres of radius r = m/4, each initially displaced by m/4 + 0.025 from the origin on

either side. Therefore, the new initial condition is given by (neglecting the 0.025 separation
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Figure 9.10: Left: Reinitialized surface with 64 x 64 x 64 mesh. Right: 1D profile of reinitial-
ized surface. In comparison with Figure 9.9, the profile is certainly better maintained, but
the resolution along the transition region is sacrificed. This is intuitive since the transition
region is sharper.

and any slight variations due to the merging process),

(447) p(x,y,2,0) =5 -exp <—\/<X+ %)2 +y?+ (z — %>2> (or — b).

Again, S is chosen so that the maximum concentration is 1. The profile of the delta function

for the reinitialized surface is shown in Figure 9.11.

The results of the pure diffusion algorithm on the reinitialized surface and the z = 0 cross
section are shown in Figure 9.12. One may notice some small patches of higher concentrations
in the final figure, making the final distribution not perfectly uniform. This is a numerical
artifact and can be resolved with a finer mesh, or better reinitialized surface ¢. It is important
to keep in mind that the mesh size using 64 grid points over 1 dimension on [—7, 7| results

in a spacing of Az = 27/64 ~ 0.1.
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Figure 9.11: Profile of delta function across x with y = 2z = 0 for two spheres surface
(reinitialized) with 64 x 64 x 64 mesh. Left: 1D profile across the z grid points. Right: 2D
profile across x and y grid points at z = 0.

Figure 9.12: Concentration of diffusive species on reinitialized surface and on a 2D cross
section of two spheres merged, governed by pure diffusion with 64 x 64 x 64 mesh. Times
shown are ¢ = 0,0.1,0.25,1.0,2.5, and 5.0. Bottom two rows: the color scale changes with
each picture and does not correspond to the colorbar for the top two rows.
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9.2.3.1. Diffusion on two spheres with refined mesh. We now move to results on a finer
mesh, using 128 x 128 x 128 grid points. We find that the merged spheres surface does not
exceed the domain [—2, 2]3, therefore we restrict Q = [—2,2]® to reduce the grid spacing even
further. The spacing between nodes is now Ax = 4/128 = 0.03125 in each dimension. We
find that after advancing the phase field on this new domain with the new mesh, reinitializa-
tion of the profile was not as essential as before, and possibly unnecessary, as seen in Figure

9.13. With even further resolution of the mesh, reinitialization should be unnecessary.

6=0 Profile of g across x Profile of re-initialized ¢ across x
1 1
0.5 0.5
s 0 s 0
-0.5 -0.5
2 -1 0 1 2 2 -1 0 1 2
X X

Figure 9.13: Left: Surface given by Algorithm 7.1 from two spheres merging on = [—2,2]?
with 128 x 128 x 128 mesh, stopped at ¢ = 0.02. Middle: 1D profile of surface. Right:
Reinitialized profile of surface. Note that reinitialization is not as dramatic as in the 64 x
64 x 64 mesh.

The profile of the delta function for the surface under the “fine” mesh is shown in Figure
9.14. Upon inspection of the delta function profile in Figure 9.14, it seems that a better
choice for the domain is slightly greater than [—2, 2]3, so that the tails of the delta profile are
flat, giving no contribution to A\/(S—I’i in the algorithm, a term that appears in the diffusion
equation (400). Unfortunately, time did not permit such a numerical test, but this should

be done in the future.
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Figure 9.14: Profile of delta function (441) for the (reinitialized) two spheres surface with
128 x 128 x 128 mesh. Left: 1D profile across the x grid points. Right: 2D profile across =
and y grid points.

We use a consistent initial condition as (447), delta function (441), and bandwidth b = 0.5
for the 128 x 128 x 128 mesh. The results of pure diffusion on the surface and along the z = 0
cross section are presented in Figure 9.15. In spite of the restrictive domain, the pure diffusion
algorithm performed quite well. We note, however, that a careful choice of parameters was
made to find such good results as those in Figure 9.15, and slight perturbations from these
parameters results in unexpected behavior. In many cases, the concentration seems to be
“stuck” in the center of the two spheres merged, much like what occurred in Figure 9.5.
Again, this should be resolved with either (i) a larger domain than [—2,2]® giving the delta

function space to settle to zero, or (ii) a finer mesh.
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Figure 9.15: Concentration of diffusive species on surface and on a 2D cross section of two
spheres merged, governed by pure diffusion with 128 x 128 x 128 mesh. Times shown are
t=0,0.1,0.25,1.0,2.5, and 5.0. Bottom two rows: the color scale changes with each picture
and does not correspond to the colorbar for the top two rows.

9.3. CURVATURE EFFECTS

Now we test our full algorithm by including the curvature effects. That is, we give the
full version of Algorithm 8.1, and the correction terms HY and HY are given by (419) and

(437). We choose the same delta as defined in (441) with D = 10 and b = 0.5 consistently.

9.3.1. CURVATURE EFFECTS ON A SPHERE. We begin with the simple test case of cur-
vature effects on a sphere of radius 1 centered at the origin. We solve this consistently on a
grid of [—7,7]> and a mesh of 64 x 64 x 64 for comparison. Analytically, a sphere has mean
curvature H = 1/r everywhere, where r is the radius of the sphere. This is exactly what we
find when we plot the mean curvature given by the formula (294). A plot of the numerical
mean curvature is given in Figure 9.25.

Since the mean curvature is constant everywhere along the sphere, we should expect a

uniform distribution of the concentration for the equilibrium solution. Actually, the final
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Figure 9.16: Mean curvature of a sphere with 64 x 64 x 64 mesh. Top: 1D cross section of
delta function used to scale mean curvature. Bottom: 1D cross section of mean curvature of
a sphere, scaled by the delta function.

result should be even better than regular diffusion: since the mean curvature is smoothed
out by the delta function, the concentration will prefer positions where the curvature is
closest to 1/r = 1, which occurs in the center of the surface band. By setting the diffusive
species to have spontaneous curvature C{if = 1 and the background species to have curvature
Cpk = 0, we see exactly this. The plots of a 2D cross section are more revealing than the
surface visualization, since they show the preference of the diffusive species to the center of
the band, where the curvature is 1. These plots are shown in Figure 9.17. Compared to the
bottom two rows of Figure 9.3, the concentration of the diffusive species aggregates to the
center of the band, which is desirable for the narrow band method. Pure diffusion should
push the concentration away from the source, which causes leakage into the domain. This
curvature preference actually resists this numerical artifact, keeping the concentration near
the center of the narrow band.

On the other hand, if we set the diffusive species to prefer curvatures away from 1, the
concentration will try to escape the center of the band, rather than be attracted to it. Let

Ciit = 0 and Cp* = 1. On a sphere, the diffusive species has nowhere to travel to satisfy the
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Figure 9.17: Concentration of diffusive species along the surface of sphere under diffusion
with curvature effects using 64 x 64 x 64 mesh. The diffusive species prefers the curvature
Cf = 1.0 and the background species prefers the curvature Cp** = 0. The curvature is
exactly 1 in the center of the band. Times shown are ¢ = 0, 0.01, 0.1, 0.25, 0.5, and 1.0. The
color is scaled by the maximum concentration in each plot.

curvature penalty except toward the domain, where H = 0. But, due to the conservation of

mass, the diffusive species must stay inside the band. Figure 9.18 shows the results.

Figure 9.18: Concentration of diffusive species along surface of sphere under diffusion with
curvature effects using 64 x 64 x 64 mesh. The diffusive species prefers the curvature C3f = 0
and the background species prefers the curvature Cp¢ = 1. The curvature is exactly 1 in
the center of the band. Times shown are t = 0, 0.01, 0.1, 0.25, 0.5, and 1.0. The color is
scaled by the maximum concentration in each plot.
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9.3.2. CURVATURE EFFECTS ON A TORUS. Now we move to a more interesting example
of the torus, where the surface has variable curvature. We choose the same parameters
consistently for the torus as with the diffusive case. Analytically, the mean curvature of a

torus is given by

R+ 2rcos@

448 Horus = )
(448) ! 2r(R 4 rcosf)

where R, r, and 6 are given in the parameterization (444). At the outer ring of the torus
(with ¢ = 0), # = 0. Therefore the mean curvature is Hyyys ~ 0.6158. (On the other end
when ¢ = 7, the outer ring has angle 6 = —m, and the signs cancel to give the same mean
curvature, as expected by symmetry.) The outer ring is also a region of positive Gaussian
curvature, since both principle curvatures are directed toward the center of the torus (in the
same direction). At the inner ring of the torus, § = = (with ¢ = 0), and H;pys = —0.1010.
The inner ring is also a region of negative Gaussian curvature, since one principle curvature
is directed toward the center of the torus and the other is directed away from the center of

the torus. Numerically, a 1D cross section of the mean curvature is shown in Figure 9.19.

-4 -2 0 2 4
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Figure 9.19: Mean curvature of a torus with 64 x 64 x 64 mesh. Top: 1D cross section of
delta function used to scale mean curvature. Bottom: 1D cross section of mean curvature of
a sphere, scaled by the delta function.
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The plot matches the analytical values at the positions of the inner and outer rings well;
however, some oscillation of the mean curvature is observed elsewhere in Figure 9.19. This
is because the mean curvature H is approximated by equation (294), which depends on the
phase field function ¢ at all level sets, and not just on the surface ¢ = 0. The nonphysical
values of H are supposed to be scaled away by the delta function, but with this coarse of a
mesh, the delta function is not exactly zero in these regions. With a refined mesh, the mean
curvature should be better resolved.

To drive the diffusive species to the outer ring and the background to the inner ring, we

set the spontaneous curvatures C3f = 0.5 and Cp** = —0.1, shown in Figure 9.20. Recall
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Figure 9.20: Concentration of diffusive species on the torus governed by diffusion with cur-
vature effects using 64 x 64 x 64 mesh. The diffusive species prefers the curvature C3f = 0.5
(located on the outer ring) and the background species prefers the curvature Cp** = —0.1
(located on the inner ring). Times shown are t = 0,0.1,0.25,0.5, 1.0, and 5.0. The color is
scaled by the maximum concentration in each plot.
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that under pure diffusion, the diffusive concentration tended toward the inner ring due to
numerical error (see Figure 9.5). The curvature effect has this numerical error working
against it. The curvature preference overcomes this. It is easy to see in Figure 9.20 the
preference of the diffusive species toward the outer band.

Reversing the curvature preference, we now solve the equation with the diffusive species
Co = —0.1 and the background species Cp** = —0.1. This is more like the motivating
application of the M2 protein, preferring regions of negative Gaussian curvature (see Figure
8.3). The plots of the concentration with these curvature preferences together with the
corresponding cross sections are shown in Figure 9.21.
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Figure 9.21: Concentration of diffusive species on the torus governed by diffusion with curva-
ture effects using 64 x 64 x 64 mesh. The diffusive species prefers the curvature Cif = —0.1
(located on the inner ring) and the background species prefers the curvature Cpak = 0.5
(located on the outer ring). Times shown are ¢t = 0,0.1,0.25,0.5, 1.0, and 5.0.
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9.3.2.1. Curvature effects on torus with refined mesh. Next, we move to the 128 x 128 x 128
mesh. The plot of the mean curvature is resolved better when compared to that for the
64 x 64 x 64 mesh (recall Figure 9.19). The mean curvature with the new mesh is given in

Figure 9.22.

5=1-¢

w 0.5¢

-4 -2 0 2 4
X
Restricted Mean Curvature

Figure 9.22: Mean curvature of a torus with 128 x 128 x 128 mesh. Top: 1D cross section of
delta function used to scale mean curvature. Bottom: 1D cross section of mean curvature of
a sphere, scaled by the delta function above as in (370). Note the better resolution compare
to Figure 9.19.

Figure 9.23 shows both the concentration on the surface and the corresponding x = 0

cross section. The diffusive species prefer the outer ring of the torus.
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Figure 9.23: Concentration of diffusive species on the torus governed by diffusion with curva-
ture effects using 128 x 128 x 128 mesh. The diffusive species prefers the curvature Cgif = 0.5
(located on the outer ring) and the background species prefers the curvature CHa = —0.1

(located on the inner ring). Times shown are t = 0,0.1,0.25,0.5, 1.0, and 5.0. The color is
scaled by the maximum concentration in each plot.

Reversing the curvature preferences, Figure 9.24 shows the concentration on the surface
and the corresponding x = 0 cross section if the diffusive species prefers curvature toward

the inner ring.

189



1.0
0.8
0.6
0.4
0.2
0.0

1.00
0.75
0.50
0.25

Figure 9.24: Concentration of diffusive species on the torus governed by diffusion with curva-
ture effects with 128 x 128 x 128 mesh. The diffusive species prefers the curvature C§if = —0.1
(located on the inner ring) and the background species prefers the curvature Cp** = 0.5 (lo-
cated on the outer ring). Times shown are ¢ = 0,0.1,0.25,0.5, 1.0, and 5.0.

9.3.3. CURVATURE EFFECTS ON TWO SPHERES MERGED. Finally, we run diffusion with
curvature effects on the surface given by two spheres merged as the finale of the thesis. Since
the 64 x 64 x 64 mesh required reinitialization, we skip this choice and move straight to the
128 x 128 x 128 case (without reinitialization).

The plots of the mean curvature for the two spheres merged are given for two 1D cross
sections in Figure 9.25. The first plot is the cross section across x, with y = z = 0, traversing
the length of both spheres. The second plot is the cross section across z, with x = y = 0,
traversing the location of the merge. The mean curvature across the z-direction appears

to be very well controlled, with a maximum mean curvature of H = 1.27, and the mean
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Figure 9.25: Mean curvature of two spheres surface with 128 x 128 x 128 mesh. Left: 1D profile
across z-dimension. Right: 1D profile across z— or y— dimension (they are symmetric).

curvature is smoothly distributed across this dimension. However, the mean curvature does
rise to H = 0.05 in the center of the sphere (where there is no surface). Because we did
not reinitialize the surface, the delta function is greater than zero even in the very center of
the surface. This can be seen in both plots, but it is more noticeable in the second mean
curvature plot, since the maximum mean curvature across z is H = 0.128. The nonzero mean
curvature along the interior of the surface is due to numerical error in the phase function,
as seen in Figure 9.13. Even though there is only a slight “dip” in ¢ in the interior of the
surface, this error is propagated when the delta function is computed in equation (441).
Nevertheless, this is the surface we have to work with under the current resources.

We first set the diffusive species to prefer the curvature C§f = 1.25 and the background
species to prefer the curvature Cp** = 0.1. This should drive the concentration toward the

outer edges of the surface. The results are seen in Figure 9.26.
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Figure 9.26: Concentration of diffusive species on two spheres merged governed by diffusion
with curvature effects using 128 x 128 x 128 mesh. The diffusive species prefers the curvature
Cif = 1.25 (located on the outer edges) and the background species prefers the curvature
Cp* = 0.1 (located at the point of merging). Times shown are t = 0, 0.01, 0.1, 0.2, 0.4, and
0.5.

Finally, we reverse the curvature preferences and set C3f = 0.1 and Cp** = 1.2. The
diffusive species will prefer the region of the neck of the two spheres under these parameters.
We note that in this region, the Gaussian curvature is negative, since the surface is a saddle
here. This is exactly the feature we hope to capture with this model, matching the observa-
tion of the M2 protein [88]. The results are presented in Figure 9.27. Eventually, the model
should be extended so that the shape may change along with the concentrations. Under
the last set of parameters corresponding to Figure 9.27, the diffusive species aggregated in a
necking region of the surface. This model successfully reproduced curvature-driven protein

localization and is a promising start to many other applications.
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Figure 9.27: Concentration of diffusive species on two spheres merged governed by diffusion
with curvature effects using 128 x 128 x 128 mesh. The diffusive species prefers the curvature
Ciit = 0.1 (located at the point of merging) and the background species prefers the curvature
Cpak = 1.25 (located at the outer edges). Times shown are ¢t = 0, 0.001, 0.005, 0.01, 0.02,
and 0.1.
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CHAPTER 10

CONCLUSIONS AND FUTURE WORK

In this thesis, we have presented the mathematical theory and computational models for
electromechanical and curvature-driven flows in lipid bilyaer membranes. In Chapter 1, we
reviewed the biophysical background of lipid vesicles and motivated a need for continuum
models. The rest of the thesis was organized into three sections: mechanical flows for lipid
membranes, electrostatic flows for lipid membranes, and curvature-driven flows for lipid
membranes.

In Chapters 2-4, we model mechanical flows for lipid membranes by numerically solving
the shape equation using a surface harmonic parameterization [72]. Our method drastically
reduced the degrees of freedom compared to alternative approaches and produces results
which are physically relevant.

In Chapters 5 and 6, we model electrostatic flows for lipid membranes by computing
the electrostatic force on the membrane with techniques from shape calculus [73]. We ex-
tended the computation for protein-solvent systems to include electrostatic contributions
from charged lipids in a membrane-protein-solvent system. This work has a natural ex-
tension and coupling to the first project. It would be convenient to minimize the total
electromechanical energy, expressed as a sum of equations (54) and (203), using the efficient
surface harmonics parameterization and algorithm from Chapter 3. The variation of the
electrostatic force is computed in local Cartesian coordinates in Chapter 6, rendering the
numerical computation of the membrane shape from this force less efficient than the compu-
tation of the shape from the mechanical force. Furthermore, the electrostatic force is defined
on each leaflet of a bilayer membrane, whereas the mechanical force in Chapters 2-4 is com-
puted on a sharp-interface surface. To account for these differences, we first assemble the
electrostatic potential energy on a mid-plane of the membrane. This mid-plane corresponds

to surface I" on which the mechanical energy is computed. Then, we perform a change of
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coordinates on the electrostatic force given by equation (245) by a transfer matrix,

3G 0GoX

In the equation above, the variation of the electrostatic potential energy (245) is expressed
as 0G/ 6X , emphasizing that the computation is performed locally. With the variation in
terms of the surface harmonic coordinate system, Algorithm 4.1 can be extended to include
the electrostatic force.

In Chapters 7-9, we model curvature-driven flows for lipid membranes by solving a phase
field equation for the membrane shape and a diffusion equation for the flow of membrane con-
stituents. Chapter 7 reviews and reproduces existing phase field models of vesicle membranes
[28]. Then, Chapters 8 and 9 extend this framework to solve a curvature-driven diffusion
equation on vesicle membranes in a novel way. The results are presented for curvature-driven
diffusion on a fixed boundary; however, the mathematical framework is provided to compute
curvature-driven diffusion on a moving boundary. Since the numerical methods for the mem-
brane shape in Algorithm 7.1 and the numerical methods for the curvature-driven diffusion
equations in Algorithm 8.1 consistently use Fourier spectral methods, the two models can be
coupled using the techniques developed in Section 8.4.1. This will be our next project, and
we expect very exciting results. We hope to capture the dynamic effects of curvature-driven
diffusion on a moving interface, where the protein location contributes to the movement of
the vesicle shape.

Other extensions to the curvature-driven model of Chapters 8 and 9 may also be made.
We presented results for a single diffusive species, but the model allows for multiple diffusive
species. The additional computational cost is linear with each additional species, since each
additional diffusive species requires solving one additional diffusion equation. In addition,
a spatially variable diffusion coefficient D may be introduced to our model. This addition
should not pose a significant challenge, since the spatially dependent delta function is already
handled. Finally, the electrostatic energy may be added to this model. To accomplish this,

the dielectric permittivity should be defined as a continuous function of ¢. We suggest the
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function

39. <1 — tanh (¢+0'5)) v2,  ¢el-1,0]

€

39 . <1+tanh <¢_€0'5)) +2,  ¢elo1]

This function has the following properties. In the solvent, when ¢ ~ +1, £(¢) = 80, but in

(450) £(¢) =

the membrane, £(¢) sharply drops as —1 < ¢ < 1 so that in the middle of the membrane,
£(0) = 2. The head groups of the lipids are assumed to be positioned at ¢ = +0.5. Since
tanh(—z) = — tanh(x), the function is also continuous at the interface. A plot of (450) is

shown in Figure 10.1 with € = 0.01. The electrostatic potential energy may be defined as
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Figure 10.1: A plot of the dielectric permittivity as a function of ¢, (450), with e = 0.01.
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where ¢ is the dielectric permittivity, ¥ is the electrostatic potential, z}°® and zlhp are the
valences of the ions and lipids respectively, and e is the elementary charge. The inclusion of
the electrostatic potential energy will require the numerical solution of the Poisson equation

for W,

(452) 5V\Ij Zplon ion + Zpilpqilp + pproqpro.
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The diffusion (electrochemical) potentials should be updated as well with the additional
energy. With these additions, electrostatic forces may be included to the diffuse-interface

model.
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