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ABSTRACT OF DISSERTATION 

CHARACTERIZING THE SEVERITY OF HYDROLOGIC DROUGHTS 

Planning and management studies of water resources systems generally take into 

account the temporal and spatial variability of hydrological processes such as 

streamflows, particularly periods of extreme floods and droughts. This dissertation 

concerns with research on multiyear droughts that may occur in a given river system. 

One may obtain some relevant information about droughts from the observed 

streamflows of the river basin under consideration, however it has been shown in 

literature that the information one may obtain from the observed records is quite limited 

and uncertain because of the typical short sample sizes that are generally available.

The main objective of this research is to characterize the severity of multiyear 

drought events at one or more sites in a river basin. In particular, mathematical models 

are developed to determine the return period and risk of extreme droughts. Also 

simulation experiments are conducted to verify the results obtained from the models. A 

deficit occurs where the yearly streamflow is smaller than a certain threshold water 

demand, otherwise surplus occurs. A drought of a given length I occurs where a 

consecutive number of deficits persists over the time period I. The sequence of surplus 

and deficit has been modeled by a discrete autoregressive or discrete autoregressive 

moving average processes. The single year deficit and the drought amount over the 

length I have been fitted using the beta distribution function. The drought occurrence 

probability in a given time period (risk) has been determined assuming that the first
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Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



occurrence probability of drought is geometric. Furthermore, approximate expressions 

for determining the return period of drought have been developed. The results obtained 

from the referred models have been compared and verified using simulation experiments 

based on annual streamflow data of the Poudre, Colorado, and Niger rivers. It is 

concluded that the models developed are quite reasonable and provide fairly good 

estimates of drought properties. In addition, the referred models have been extended to 

characterize regional droughts and it is concluded that the proposed models give fairly 

good estimates of drought properties on a regional context.

Lastly, tree ring indices have been utilized to reconstruct streamflows. A 

multivariate multiple linear regression model (MREXTN) including an autoregressive 

term and the random (noise) component was developed in such a way that streamflow 

variances, autocorrelations, and cross-correlations are properly taken into account. In 

addition, a procedure was developed that enables one selecting a single reconstructed 

flow sequence at each site from the multiple sequences that may arise because of using 

the noise term. The proposed model was tested against competing models using 

simulation experiments. It is concluded that model MREXTN compares favorably versus 

alternative models. Furthermore, the model was applied to reconstruct flows at the 

Colorado River system. It has been shown that the reconstructed flows provide useful 

information that enables one to analyze drought properties more accurately than using 

historical records alone.

Zeyad S. Tarawneh 
Civil Engineering Department 
Colorado State University 
Fort Collins, CO80523 
Summer 2006
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CHAPTER I

INTRODUCTION

1.1 Summary on Drought Characterization

Over time natural water supply systems may fall short to fulfill the water 

requirements for urban, agricultural, industrial uses, and environmental needs. This 

water shortage may extend for several years and cover large areas leading to considerable 

economic and social consequences. Technically, the word “drought” has been used for a 

long time to describe water shortage over time and space. The frequent and irregular 

occurrence of droughts has been the motive behind a considerable number of studies 

aimed at understanding and better characterizing the severity of droughts, quantifying 

drought risk and estimating the return period of droughts.

Many operational definitions of drought have been proposed in literature. For 

example, Yevjevich (1967) defined the drought event as a succession of consecutive 

periods at which the water supply remains below the threshold where that consecutive 

periods are preceded and succeeded by at least one period at which the water supply is 

equal to or greater than the threshold. On the other hand, a drought event may be defined 

following the definition of runs as in Feller (1968). In that case, a drought is defined as a 

run of successive periods at which the water supply remains below the threshold as long 

as these runs are not overlapped. Alternatively, Fernandez and Salas (1999) employed 

the definition of runs as in Schwager (1983) to define the drought as a run of consecutive

1
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periods at which the water supply remains below the threshold regardless where the run 

starts as long as it satisfies the continuity. The later definition may be useful to capture 

droughts of extreme magnitudes regardless where the event starts. In this study, the 

characterization of drought events will be made considering that drought events are 

defined according to the third definition (to be called the alternative definition of drought 

events).

The characterization of extreme drought events is made mainly through 

evaluating drought properties like the occurrence probability, return period, and the risk 

of drought occurrence during specified time span. Generally, the return period of an 

event can be defined in different ways for different applications (Fernandez and Salas, 

1999; Douglas et al, 2002). It can be defined as the expected value of the waiting time 

for a specified event to occur for the first time, or it can be defined as the expected value 

of the interarrival time between any two recurrent events of specific criteria (Fernandez 

and Salas 1999). The risk is defined as the probability that a specified event has occurred 

at least once during a given time span (Chung and Salas 2000).

Centering the attention on the drought length and considering that drought events 

are defined according to the alternative definition, Fernandez and Salas (1999) derived 

the distribution of first occurrence time, the recurrence time, return period, and the risk of 

single time step drought events given that these events arise from either independent or 

simple Markov process. Likewise, Chung and Salas (2000) found the distribution of the 

first occurrence time and the distribution of the recurrence time, the expected value and 

the variance of the first arrival time of drought events, and the risk of drought events 

assuming that these events arise from either simple Markov process or processes that

2
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exhibit longer time dependence structure, i.e. DARMA(1,1) process. Summarizing, the 

studies mentioned above (e.g. Fernandez and Salas,1999; Chung and Salas, 2000) 

focused on characterizing drought events considering only the length of the drought. 

Studies that consider both the length and magnitude have been also developed (e.g. Shiau 

and Shen, 2001; Gonzalez and Valdes, 2003, Salas et al, 2005). One purpose of this 

study is to extend the mathematical procedures developed so far to include both the 

length and the magnitude of drought in characterizing extreme drought events.

The magnitude of a drought event is quantified by accumulating the single deficits 

over the length of the drought (Salas et al, 2005). Since deficits are correlated, deriving 

the distribution of the drought magnitude, i.e. the sum of the single deficits, is a complex 

problem (unless single deficits are normally distributed). Also the distribution of drought 

magnitude can be obtained by fitting the empirical distribution obtained from the 

historical data using certain probability distribution function (e.g. Shiau and Shen, 2001; 

Gonzalez and Valdes, 2003). Alternatively the single deficits may be assumed to be 

independent and identically distributed and in this case the distribution of their sum 

conditioned to the fixed length of the drought event can be found under certain conditions 

(e.g. Salas at al, 2005). Generally, distributions such as the gamma and the exponential 

are employed to represent the drought deficit (e.g. Shiau and Shen, 2001; Gonzalez and 

Valdes, 2003, Biondi et al, 2005, Salas et al, 2005). However since the single deficits or 

their conditional sum are bounded by lower and upper values, then the upper tail 

unbounded distributions such as the gamma or the exponential may not represent well the 

distribution of the single deficits or their sum. In this research, the single deficits and 

their conditional sum will be fitted using the Beta distribution.

3
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Droughts are also characterized by their spatial extent. Generally, a regional 

drought event is defined as the continuous time interval during which the deficit area 

equals to or greater than a predefined critical area (Tase, 1976). In literature, many 

attempts have been made to characterize regional droughts by describing this temporal 

and spacial variability (e.g. the Palmer Drought Severity Index, Palmer Hydrological 

Drought Index, and Drought Monitor). However, these drought indices do not give 

information about the frequency or the recurrence time of drought events (Rossi and 

Cancelliere, 2003; Salas et al, 2005). Statistical techniques have been employed in 

literature for the purpose of better characterizing regional droughts. In general, two main 

approaches have been suggested in literature for characterizing regional droughts. The 

first considers the proportion of the area covered by the regional deficit (e.g. Tase, 1976; 

Sen, 1980; Santos, 1983; Kingery, 1992; Shin and Salas, 2000; Hisdal and Tallaksen, 

2003), while the second considers the joint analysis of the study variable at many sites 

under drought conditions (e.g. Yevjevich, 1972; Guerrero-Salazar and Yevjevich, 1975; 

Sen, 1979; Sen, 1998; Bayazit and Onoz, 2005).

In characterizing regional droughts based on areal deficit concept, the study 

region has to be divided into grid cells and then to be analyzed for the occurrence of 

deficit at each cell separately (e.g. Tase, 1976). The regional drought event is considered 

to occur when the sum of the cells (sub-areas) where deficits are observed exceeds certain 

critical area, i.e. the deficit area A  exceeds a certain critical area. Also other useful 

indices were introduced in the literature for analyzing regional droughts (e.g. Tase, 1976; 

Santos, 1983). The probability distribution functions of the deficit area A, the areal 

deficit D, and their joint distribution were developed in other studies (e.g. Sen, 1980).

4
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The concept of joint analyzing many sites under drought condition is an 

alternative procedure to characterize regional droughts. Assuming bivariate processes of 

simple Markov each that are serially and mutually dependent, a new process was defined 

such that a deficit would occur in the new process when deficits occurred simultaneously 

in the given original processes (e.g. Guerrero-Salazar and Yevjevich, 1975). The 

attractiveness of such concept appears when dealing with many sites at the same time for 

the purpose of characterizing extreme regional droughts. This study also provides other 

useful procedures to characterize the spatial development of regional droughts making 

use of the possible conversion of the deficit occurrence in many processes to deficit 

occurrence in single process based on the work of Guerrero-Salazar and Yevjevich 

(1975).

The characterization of droughts at either single site or regional basis can be made 

through the analysis of the available streamflow records. However, when the observed 

records are relatively short, like the case of most observed streamflow records, then the 

characterization of the extreme hydrologic droughts may not be reliable because only a 

few drought events may be observed (Salas et al, 2006). The characterization of droughts 

can be improved using longer records that can be generated using stochastic simulation 

models (Salas et al, 2005). Likewise, extending the short records back in time using 

longer tree ring records as proxies enhances the reliability of drought characteristics over 

what can be achieved when using the observed flows only (e.g. Woodhouse, 2001; 

Gonzales and Valdes, 2003; Salas et al, 2006).

Many record extension models are used in literature to reconstruct streamflows 

back in time using tree ring indices. Among these is the traditional linear regression

5
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model with least squares (e.g. Cleaveland, 2000; Meko et al, 2001; Woodhouse, 2001; 

Gedalof et al, 2004). Generally, reconstructed streamflows using the traditional 

regression models underestimate the natural variability and persistence in the observed 

streamflows. Other modified regression models (e.g. Meko, 1995; Gonzales and Valdes, 

2003; Salas et al, 2006) have tackled problems of the underestimation and persistence by 

adding a noise term and term to account for previous flows.

The record extension model REXTN that has been developed by Salas et al 

(2006) to generate and select a single reconstructed streamflow trace will be expanded in 

this study to consider the reconstruction of streamflow records at many sites 

simultaneously while maintaining most of the key statistics of the original short 

streamflow records. The extended reconstructed flows will be used to characterize 

hydrologic droughts. Drought properties obtained from analyzing the reconstructed 

flows will be compared with properties obtained from analyzing the observed flow 

records.

1.2 Objectives of the Study

Two main objectives are considered in this study. The first objective is to 

develop mathematical models to characterize the severity of hydrologic droughts at the 

single site and regional scale assuming that the process behind the occurrence of deficits 

and surpluses is either DAR(l) or DARMA(1,1) process. The second objective is to 

improve the characterization of severe hydrologic droughts utilizing reconstructed 

streamflow records that can be obtained using tree ring indices data as the source of 

information over the extension period. The specific objectives of this study are:

6
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1- To model the distribution of drought deficits using more realistic probability 

distribution function that has been utilized before. In addition, mathematical 

expressions to estimate the mean and the variance of deficits sum as a function of 

the single deficits moments will be developed. Analytical procedures will be 

developed to estimate the first occurrence and occurrence probabilities, return 

period, and the risk of drought events considering jointly the magnitude and the 

length of droughts.

2- To extend the mathematical procedures to be developed in 1 above to characterize 

regional hydrologic droughts, i.e. obtaining their first occurrence and occurrence 

probabilities, return period, and risk of regional droughts. In addition, probability 

of regional drought growth from one given region towards other regions will be 

provided.

3- To develop a record extension model that can be used to reconstruct streamflow 

records back in time at many sites simultaneously. The reconstructed streamflows 

will be used to characterize the severity of hydrologic drought events and the 

obtained results of drought properties will be compared with the results obtained 

from the analysis of the relatively short observed streamflow records.

4- To apply the procedures to be developed in 1 -  3 above to drought analysis and 

streamflow reconstruction using the Colorado River, Poudre River, and the Niger 

River flows.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1.3 Summary of the Study Chapters

Chapter 2 reviews the definitions of drought events provided in the literature. The 

basic characteristics of the low order autoregressive moving average processes, i.e. 

DAR(l) or DARAM(1,1) processes, that can be used to model the series of deficits and 

surpluses resulted from truncating the original process is also reviewed. Focusing the 

attention on the alternative definition of drought events (e.g. Schwager, 1983; Fernandez 

and Salas, 1999), the characterization of the single site drought events as a single deficit 

event and as a run of many consecutive deficits is utilized through evaluating the 

occurrence probability, return period, and the risk considering only the length of the 

drought event. The main approaches and procedures that have been used to characterize 

regional drought are also reviewed in Chapter 2. Moreover, summary on existing record 

extension models and procedures used to reconstruct streamflow records back in time 

using tree ring indices as information source is also provided in the last section of 

Chapter 2.

Chapter 3 presents the development of mathematical procedures that can be used 

to characterize droughts for evaluating the occurrence probabilities, return period, and the 

risk when the drought event is characterized by the length only and assuming the series of 

deficits and surpluses in which drought events arise is modeled using DAR(l) or 

DARMA(1,1) process. The developed analytical procedures have been generalized to 

include the magnitude of the drought event besides its length as well and have been used 

to characterize the severity of the multiyear hydrologic droughts that may occur in the 

Poudre, the Colorado, and the Niger River basins.

8
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Introducing the new process Zt that represents the occurrence of the regional 

deficit, the characterization of the regional hydrologic droughts has been approached in 

Chapter 4 through converting the multi-sites deficit occurrence to single case deficit 

occurrence in the process Zt. Mathematical procedures to estimate the mean and the 

variance of the process Zt are also provided and verified using simulation experiments. 

The procedures developed earlier in Chapter 3 have been extended to evaluate the 

occurrence probabilities, return period, and the risk of regional droughts. Procedure to 

evaluate the probability in which the regional drought may grow from one region to the 

other is provided in Chapter 4. The developed procedures have been used to characterize 

regional hydrologic droughts in the Upper Colorado River basin.

In Chapter 5, the generalization of the record extension model REXTN is made to 

consider the reconstruction of streamflow records at many sites simultaneously back in 

time using tree ring indices as information source over the extension period. The 

multivariate version of the record extension model REXTN developed here was used to 

reconstruct streamflows of the Colorado River back to the year 1490 for the purpose of 

improving the characterization of droughts in the Colorado River basin. Finally, Chapter 

6 outlines the summary of results, conclusions and recommendations.

9
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CHAPTER n

LITERATURE REVIEW

2.1 Introduction

The term drought has been used intensively in literature to refer to the natural 

phenomenon in which the water supply falls short to fulfill the demand for water over the 

time, i.e. days, weeks, moths, or years. In literature, the definitions of the term drought 

are categorized into conceptual definitions and operational definitions based on the 

purpose of the researcher. The conceptual definitions are mainly used to help in 

understanding the concept of drought, for example, drought is defined as the period of 

time lasting weeks, months or years, during which the actual moisture supply consistently 

falls short of the climatically expected moisture supply (Ponce et al, 2000). On the other 

hand, the operational definitions are aimed at characterizing droughts by referring to the 

beginning, end, and the degree of drought severity, for example, referring to one of the 

operational definitions, drought event is defined as a succession of consecutive periods 

(runs) at which the water supply remains below the demand in which the run is preceded 

and succeeded by water supply that is equal to or bigger than the demand value (Salas et 

al, 2005). Ultimately, the operational definitions of droughts are of most interest because 

the degree of water shortage (severity) and the length of shortage time affect the urban 

water supply, modem complex industries, economic and social sectors, and the natural 

habitats (Heim, 2002).

10
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All recent studies consider the drought to be the most complex hydrologic 

phenomenon. Thus for the purpose of quantifying droughts, drought indices as 

quantitative measures have been developed. The most common drought indices used in 

the United States are the Palmer Drought Severity Index, the Standardized Precipitation 

Index, and the Drought Monitor, however drought indices are not suitable to characterize 

extreme historical droughts (Rossi and Cancelliere, 2003; Salas et al, 2005). 

Alternatively, other studies have made attempts toward characterizing droughts 

employing statistical techniques that are ultimately enable one to obtain frequency 

statements regarding properties of severe droughts based on single site analysis (e.g. 

Yevjevich, 1967; Sen, 1980; Sharma, 1997; Fernandez and Salas, 2001; Shiau and Shen, 

2001; Gonzalez and Valdes, 2003; Salas et al, 2005) and based on regional analysis of 

droughts (e.g. Guerrero-Salazar and Yevjevich, 1975; Tase, 1976; Santos, 1983; Kingery, 

1992; Sen, 1998; Shin and Salas, 2000; Hisdal and Tallaksen, 2003; Bayazit and Onoz, 

2005).

When the observed hydrologic data, i.e. streamflow or precipitation, is used to 

characterize extreme historical droughts then one may obtain unreliable drought 

properties in the light that only few drought events may be observed when analyzing the 

relatively short observed records. Therefore, one may use longer proxy data to reliably 

extend the length of the short observed records for the purpose of improving the 

characterization of extreme droughts. One purpose to do so is the utilization of the long 

record tree ring indices to reconstruct long hydrologic records through reliable record 

extension models (e.g. Woodhouse, 2001; Gonzalez and Valdes, 2003; Salas et al, 2006).

11
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The general purpose of this chapter is to review the literature related to drought 

characterization procedures based on single site and regional analysis. In addition, 

review on the basics of the discrete autoregressive moving average processes used to 

model the sequence of wet and dry states is also included. Moreover, procedures related 

to streamflow reconstruction techniques used for the purpose of improving drought 

characterization are also reviewed.

2.2 Definitions of Drought Events: Review and Basic Concepts

Let Y, be the time series of the hydrologic variable under consideration 

(streamflow or precipitation). If the series Yt is truncated at the level ya, then series of 

deficits when Yt < y0 and surpluses when Y, > ya is resulted. The continuous time interval 

when Yt < y0 is called a run of deficits. Generally in literature, drought events are defined 

conceptually according to the way the run of successive deficits is considered. Yevjevich 

(1967) defined the drought of length I as the event that is made of a run of I successive 

deficits that are preceded and followed by at least on surplus. Figure 2.1 depicts three 

typical drought events defined following the first definition, i.e. one two years, one three 

years and one four years drought event. This definition of drought events has been used 

widely in literature to characterize the severity of extreme droughts (e.g. Sen, 1976; 

Dracup et al, 1980; Sen, 1980; Sharma, 1998; Shiau and Shen, 2001; Cancelliere et al, 

2003; Salas et al, 2005).

The second possible definition of drought events is to the definition of runs as in 

Feller (1968). The I years drought is defined as the event that is made of any possible run 

of I successive deficits as long as runs do not overlap each other. Figure 2.2 shows 4

12
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typical two years drought events labeled A, B, C, and D defined according to the second 

definition. On the other hand, the third definition of drought events is basically derived 

from the alternative definition of runs (e.g. Schwager, 1983; Fernandez and Salas, 1999). 

It defines the drought event of length I as the event that is made of any possible run of I 

successive deficits regardless where the run starts as long as it satisfies the continuity of I 

successive deficits. In this case it differs from the second definition by allowing adjacent 

runs to overlap each other. Figure 2.3 shows possible two years drought events defined 

according to the third definition, i.e. the events labeled A, B, C, D, E, and F.

Regardless of the definition used, the main components of the drought event, i.e. 

the length L  and the magnitude D (Figure 2.1) are defined the same. The first is defined 

as the period of time during which the variable of interest is continuously below the 

truncation level, while the later is defined as the amount of the deficit over the drought 

length. These components are random and show to be significantly correlated to each 

other (Shiau and Shen, 2001; Salas et al, 2005). If the variable Y, is truncated at the level 

y0, then the single year deficit d, is (Salas et al, 2005):

d , = y 0 -Y ,  (2.1)

Related to the single deficits d, the drought magnitude D is given as:

0  = (2.2)
i=i

Besides its length and magnitude, drought events may also be characterized by its 

initiation, termination, return period and spatial extent (Salas et al, 2005). The return 

period of an event can be defined in different ways for different applications (Fernandez 

and Salas, 1999; Douglas et al, 2002). It can be defined as the expected value of the

waiting time N  to the first occurrence of an event that is greater than or equal particular

13
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event (Fernandez and Salas, 1999). It can be defined also as the expected value of the 

interarrival time W  between any two successive occurrences of an event that is greater 

than or equal particular event (Fernandez and Salas, 1999). Figure 2.4 shows typical 

definition of the first arrival time N  and the recurrence time W between recurrent drought 

events. Moreover, drought event is associated also with risk of occurrence during the 

time span S. Chung and Salas (2000) defined the risk as the probability that the particular 

drought event has exceeded the critical event at least once during the time span S. If the 

underlying variable Y, is truncated at the level y„, then the resulted sequence Xt of deficits 

and surpluses is defined as follows:

where the state 0 denotes the occurrence of deficit and the state 1 denotes the occurrence 

of surplus. The main characteristics of the discrete autoregressive moving average 

(DARMA) processes used to model the 0,1 process X, will be discussed next.

2.3 Review on DARMA (p, q) Models

The family of the discrete autoregressive moving average DARMA(p,g) models 

were developed by Jacobs and Lewis (1977, 1978a, 1978b) with p  as the order of the 

autoregressive component and q as the order of the moving average component. The 

DARMA(p,<7 ) models are the discrete counterparts of the well known ARMA(p,g) 

models (Chung and Salas, 2000). When q the order of the moving average component is 

zero, then the DARMA (p,<y) process reduces to the DAR(p) process. If the process Xt has 

finite discrete state space D, then the DAR(l) process is given by:

when Yt < yo 

otherwise
(2.3)

X ( =VfX,_1 + ( l - v ,)Yt (2.4)

14
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where V, is an independent Bernoulli (0,1) process with parameter A such that 

P[V, = 1] = A with 0 < A < 1, and Yt is an independent identically distributed random

variable such that P[Yt = i] = n i with 0 < 7% < 1. When the discrete state space Dg {0,1}

then each of variables Vt and Yt is 0,1 process and consequently Xt is a 0,1 process too. 

The process Xt can be written as (Chung, 1999):

X.  =
[X,_j with probability A 
| / ,  with probability 1 — A

(2.5)

the expected value of the process X, is given as (Chung, 1999):

E[X,] = £[y, ] = ][> * „ (2.6)
a<=D

and the variance of Xt is (Chung, 1999):

(  V
V[X t ] = E [ X ? ] - { E [ X t]}2 = y£ a 27ta -

\ a s D  )aeD
(2.7)

the autocorrelation function of the of the process X, is (Chung, 1999):

p k(X)  = Ak for fc > 1 (2.8)

The DAR(l) process Xt given by (2.4) is a first order Markov chain with transition 

probabilities (Chung, 1999):

f(l - A ) n j i ± j
P[Xt+1 = j \ X , =  i] = p„=-

A + (1-A)t t j  i = j
(2.9)

and for i , j  e  {0, 1} the transition probability matrix Q is:

Q =
A + ( \ - A ) n 0 {X-A)jtx 

( l - A ) t r 0 A + i l - A ) ^
(2 .10)

The DARMA(1,1) process is expressed as follows (Chung, 1999):

X t = U tYl + ( l - U , ) Z t_i (2.11)
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where, Ut is an independent Bernoulli (0,1) process with parameter /?, such that 

P[U, = 1] = P  with 0 < (3 < 1, and Yt is as defined previously, and Zt.\ is a DAR(l)

process with parameter A as in (2.4). The variables Xt, Yt and Z, are stationary and have 

the same probability distribution Tto and n\. The DARMA(1,1) process Xt can be written 

as (Chung, 1999):

[Yt with probability f3

[Z(_j with probability 1 -  p

The expected value and variance of the DARMA(1,1) process X,can be obtained 

using (2.6) and (2.7) respectively. Its autocorrelation function is (Chung, 1999):

p k(X)  = cAk~1 for k > 1 (2.13)

where c is a coefficient that is given by (Chung, 1999):

c = (l -  j3)(A + J3- 2 A/3) (2.14)

If the discrete state space D  is defined as D ={0,1}, then each of Yt, Zt , and Xt is

0,1 process. The DARMA(1,1) process Xt defined by (2.12) is not Markov chain (Chung, 

1999), however the bivariate sequence {Xt , Z,} is Markov chain. For any u, v, k and m 

the transition probabilities of this bivariate sequence may be expressed as (Chung, 1999):

H k(u,v) = P[Xl+l = * ,Z (+1 = v | X ,  =m,Z, = u ] (2.15)

referring to (2.11), the pair (X t , Zt) is independent of X t_x, thus:

H k{u,V) = P[Xt+l = k , Z l+l = v | Z ,  = 11] (2.16)

The one-step transition probability matrices of the two-state bivariate Markov 

chain are (Chung, 1999):

H 0{u,v) = M l  - p )  + [l -  M i  ~ f liWo  (i -  M i  ~
y^(l -  X)7lx

16
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and

# ,(w , v ) =
PAnx j3{\- A)nx
_ (1 -  m  -  A)x0 A(l -/?) + [ ! -  A(l -  /?)]*,

(2.18)

The two-state bivariate sequence {Xt, Zt) can be converted into four state simple 

Markov chain W, by setting Wt = 2 X t + Z t . The values of Xt, Z, and the corresponding 

values of Wt are (Chung, 1999):

X, Zt The corresponding values of Wt

0 0 0
0 1 1
1 0 2
1 1 3

The four state simple Markov chain Wt has transition probabilities given as 

follows for a, b e  {0, 1, 2, 3}:

p w(a,b) = P[Wt, l = b \W t =a] (2.19)

for example the probability p w(0,l) is obtained as follows:

p w(0,1) = p[wt+l =l|W f =o] = p [x t+l = 0,Z,+1 = 11 X( = 0,Zf = 0] 

= p[xl+1=o,z,+1= i | z t =o] = ff0(o,i)

following the same concept, the transition probability matrix Q of the univariate Markov 

chain Wt becomes (Chung, 1999):

Q  =

0
0
1
2
3

H 0(0,0) t f 0(0,l) # ,(0 ,0 ) #,(0,1)'

# 0(l,0) # 0(l,l) # ,(1 ,0) #,(1,1)
# 0(o,o) # 0(o,i) #,(0,0) #,(0,1)
# 0(1,0) # 0(l,l) # ,(1 ,0) #,(1,1).

(2.20)

and the marginal distribution of the state 0 in the process Wt is obtained as:

17
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t-'\w: = o] = f [ x ,  = o ,z , = o]

=p[x,  =o,z, = o |z M=o]p[z_, =0]
+ p[x, =0,Z, = 0 | Z m =iMz, - i  =1] 
= J?0(0,0)®-o + Ho(l,O)®-,

following the same concept, the complete results are (Chung, 1999):

p [w<= o] = « 0(o,oK + h 0(i ,oK
p[w, = l\ = H 0{0,l)x0 + H 0{l,l)xx 

P[w, = 2] = /^1(0,0K + f f 1(l,0K  
F[W( =3] = H l{0,l)7T0 + H l (1,1)^

(2 .21)

From the Markov process VF( the states 0 and 1 imply the state 0 in the process Xt, 

while the states 2 and 3 imply the state 1 in Xt. The marginal discrete probability n a, 

where aeD,  is estimated as follows (Chang et al, 1984):

where Ta is the mean run length of state a. If the discrete state space D  e  {0,1} then the 

marginal discrete probabilities 7t0 and 7ix can be estimated by 7T0 and fcx using (2.22) as 

- T 0 /(T0 +TX) and n x = Tx /(T0 +TX) respectively. The parameter A of the DAR(l) 

process may be estimated from (2.8) by replacing the sample autocorrelation 

coefficientp x(X )  at lag k =1 and solving for A.  For the DARMA(1,1) process, the 

parameter c may be estimated from (2.13) by replacing the sample autocorrelation 

coefficient p x(X )  at lag k =1 as follows (Chung, 1999):

substituting (2.23) in (2.13), the parameter^ for the DARMA(1,1) process may by 

estimated as (Chung, 1999):

(2.22)

c = p x(X ) (2.23)

18
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:i _ p 2{X) _ p 2(X)  
c p f X )

(2.24)

Buishand (1978) used the high order autocorrelations to estimate the parameter A 

for the DARMA(1,1) process that minimizes the equation:

Chung (1999) used the Newton-Raphson technique with the initial 

guess A = r(2) / r(l) to solve for the param eter^. The parameter f t  can be estimated 

using (2.14) by substituting the proper values for/I and c (Chung, 1999).

2.4 Characterization of Single Year Drought Events

The single year drought event is defined as the event that is made of a run of one 

year where the study variable (precipitation or streamflow) is below the truncation level 

(Chung and Salas, 2000). Assuming stationary process, Fernandez and Salas (1999) 

provided analytically the distribution of the first arrival time, the distribution of the 

recurrence time, return period, and the risk of the single time step drought event when the 

underlying 0,1 process Xt is either independent or simple Markov, i.e. DAR(l) process. 

For single year events arise from the simple Markov process Xt, the probability f n e that

the event e occurs for the first time at the nth trial is (Fernandez and Salas, 1999):

The return period T  as the expected value of the first occurrence time N  is 

(Fernandez and Salas, 1999):

(2.25)
k= \

0

fn , e  = j Po

fo r n  — 0 
f o r  n = 1 (2.26)

{ l ~ P o ) P u 2Pio f a r  n > 2
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T = E{N) = 1 + — ^  
Pio

(2.27)

where the probability p, = P[Xt = i] is the state i unconditional probability of Xh and the 

probability p t] = P[X, = j  | Xt.\ = /] is the conditional state probability of Xt, i.e. the 

probability to get the state j  given that the previous state is i. The unconditional 

probability p, of the simple Markov process X, can be determined using (2.22), i.e.

For the two states process, Sen (2003) suggested that p, can be determined as the 

ratio N j /(Ni + N j ) where N t and Nj  are respectively the number of occurrences of 

states i and j  in the process Xt. The conditional probabilities p ^ , p 01, p l0 and p u can 

be determined using (2.10) for the simple Markov process Xt. As an alternative to (2.10), 

the probability p m can be evaluated as (Cramer and Leadbetter, 1967):

where p 0 = p[Yt < yB] =P[ x,  = 0] and z is the dummy variable of the integration, p  is 

lagl serial correlation coefficient of the process Yt , and the constant qc is defined as the 

quantile of the cumulative normal distribution such that qc = <E>-1(P[Yt < y j ) .  The 

probability p m can be evaluated as l - p ^ .  As an alternative to (2.10), the probability 

p l0 can be found as (Sen, 1976):

(2.28)

Pio = ~ r ± -  ( i - P o o )
! - P o

(2.29)
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and the probability p n = 1 -  p l0. For single events arise from the Markov process Xt, the 

occurrence probability f w e of the recurrent event e is (Fernandez and Salas, 1999):

„  w - 2
.F0 1 F 11 Fio

for  w = 0 

f o r w  = 1 

fo r  w>  2

(2.30)

The return period as the expected value of the recurrence time W  is T  (Fernandez 

and Salas, 1999):

For single events, if the process Xt is independent, then (2.27) and (2.31) state 

clearly that the expected value of the first occurrence time is the same as the expected 

value of the recurrence time, i.e. T = E(N)  = E ( W) = l / p 0. This result is expected 

because, for the single event e, the probability of the first occurrence is the same as the 

probability of the occurrence when X, is independent. In that case, the probability f we 

does not depend on the history at or before w-1 time steps, i.e. does not depend on the 

initial conditions as in (2.30) so basically f w e is the same as f n e. The risk Re that at

least one single drought event e has occurred during the time span S is given as 

(Fernandez and Salas, 1999):

If the process Xt is not Markov, then (2.26) and (2.30) cannot be used to 

characterize the single drought event arises form Xt. Let Xt be DARMA(1,1) process, 

then as mentioned previously, the two-state bivariate sequence {X, , Zt) can be converted 

into four state simple Markov chain by defining Wt . Chung and Salas (2000) gave the

T = E { w ) = p m + ^ { l + p w) (2.31)

R e = 1 ~ (l ~ Fo X1 _ PlO )S * (2.32)
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probability distribution of the first occurrence time of the single drought event A as 

follows:

f n . A  =

0

P(A)

fo rn  = 0 

fo rn  =1 (2.33)

where P(A) = P[W, = 0] + P[Wt = 1], P{B) = P[W, = 2 ] + P[Wt = 3], and the event B is

defined as non-drought event. The expected value of the first arrival time N  of the event 

A is (Chung and Salas, 2000):

r(A) = £(A0 = !> /„ ,„  =1 + P(B)
G(B,A)

(2.34)

The probability distribution of the recurrence time of the event A is (Chung and 

Salas, 2000):

f w ,  A

0
G(A,A)

fo r  w = 0 
fo r  w = 1

G(A,B)G(B,B)W~ZG(B,A); f o r w > 2

(2.35)

and the expected value of the recurrence interval of the event A is (Chung and Salas, 

2000):

T(A) = E(W) = £  w/w,a = G(A, A) + 1 + G(fl, A)]
w=0 G(B,A)

(2.36)

The probability G(I, J ) is defined as the probability to arrive to J  from I, which

is given as:

=fc]g(1)(fc,r)
G(I,  J )  = P[W(+1 g 7 I W( 6 /]  = ------------------------- (2.37)

and generally the probability g (n) (/, j )  is:
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(2.38)

f o r n = l ,  g w (i, j )  is given by (2.19).

The risk RA that at least one single drought event A  has occurred within the time 

period 0 - S is given as (Chung and Salas, 2000):

2.5 Characterization of Multiyear Drought Events

The multiyear drought event is defined as the event that spans over many years 

where deficits are continuously observed. The drought event of interest is the event { A, } 

where exactly there are a run of I years continuous deficit regardless where the run starts. 

The first occurrence probability f n Ai of the multiyear drought event { At } is defined as

the probability that the drought event { A ,} occurs for the first time at the nth trial 

(Fernandez and Salas, 1999). For drought events arise from simple Markov process Xt, 

the probability f n ^  for the multiyear drought event { A, } is (Fernandez and Salas, 1999):

The term ujn is defined as the probability that run I does not occur at or before 

trial n on which state j  was observed,

s
(2.39)

0 for  n < l

(2.40)
i-i

U 0 ,n - l  PoO U l ,n - l  Pw PoO ^  f  n - i  A. P o O  fo r  t l  > I > 2

(2.41)

and
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U \,n U 0 , n - l P o i  +  U l , n - l P l \  (2.42)

The initial probabilities are w0, = p 0 and ux l = p {. For the drought event { A ,}, 

the risk R{ (S) that event { A; } has occurred at least once at or before the trial n = S is 

(Chung and Salas, 2000):

v s ) = i x « ,  <2-43>
n =  0

If the process Xt shows to have longer memory dependence structure, for example 

Xt is DARMA(1,1) process, then (2.43) can not be used to evaluate the risk of multiyear

drought events arising from the DARMA(1,1) process Xt. Assuming that X,, is

DARMA(1,1) process, then it has been shown that the two-state bivariate sequence {X, , 

Zt) given by (2.11) can be converted into four state simple Markov chain Wte  {0,1,2,3}, 

with states 0 and 1 in Wt imply state 0 in the process Xt, and states 2 and 3 in W, imply 

state 1 in X,. Since the drought event is defined as run of dry states, then this run can be a 

run of all Os, all Is or any combination of Os and Is, i.e. there are 2l run patterns of dry 

states, therefore the I year drought event is possible to occur if any of the 2l run patterns 

occur (Chung and Salas, 2000). Moreover, the first occurrence of the multiyear drought 

event is sensitive to the type of the run pattern (the type of the 0, 1 mixture) where some 

runs could have shorter first occurrence time and hence higher risk of occurrence while 

other patterns could show longer first occurrence time and hence lower risk of occurrence 

(Chung and Salas, 2000). Based on that Chung and Salas (2000) considered the weight 

w(l) of each run pattern i in deriving the analytical procedure to calculate the risk R*̂  (S)
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of the multiyear drought event{ A ,} when the process 0,1 process X, is DARMA(1,1). 

The risk R^ (5) is given as (Chung and Salas, 2000):

2i

K ,  (S) = 1 -  f l  [l ■- (S )] (2.44)

For the run pattern i the risk R (̂  (S) is given by (2.43) while the weight w(,) is 

given as (Chung and Salas, 2000):

n r (m )
( A *  - - x

T 0) is the expected first arrival time of run of pattern i, and T (m) is the shortest expected 

first arrival time among all patterns given by (Chung and Salas, 2000):

r (m) = m in [ r (1), r <2), .... , r (2,)] (2.46)

The expected first arrival time T {,) of the run of pattern i can be evaluated using 

the algorithm proposed by Schwager (1983) for runs in Markov dependent process which 

can be summarized as follows: Let the run r of the pattern i be the run of length I that 

appears in simple Markov process where the outcome probability at certain trial depends 

only on the outcome of the previous trial. Define p(h, j ) as the transition probability to

reach state h given that the previous state is j ,  while ujn as probability that run r does not

occur at or before trial n where state j  was observed. The probability that the last j  entries 

of run r occur while the last (j+l) th trial is h is given by:

q(h ,j )  = p [ h , r ( l - j  + 1)] \ \ p [ r { k  - l ) ,r (k )]  j < l  (2.47)
k = l - j+ 2
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with r{k) as the £th entry of the run r that has the length I and the pattern i. For the initial

conditions, Schwager (1983) assumed h = 0, thus the first occurrence of the run of I 

entries is given by (Schwager, 1983):

/ ( « >  _
fo r n  < I 

fo r n  = I

' Z u htn_lq ( h - , l ) - ^ f in-k)q[r(k), l ]/q[r(k) , l -k]  f o r n > l
h=1 keK

and the probability uj n is given by:

Uy,n =

S uh,n-1 j ) ; fa r  j  * r ( l ) , n > 2
h=1

Z u Kn-1 P( h > f ° r  J = K0
h =1

where the upper limit v is the total number of possible states, and

K  = { k \ l < k < l - l ,  r(k + l,l) = r ( l , l - k ) }  

The expected first arrival time of run pattern i is:

r (i) = E(N)  = Z n/ <n)
n = 0

(2.48)

(2.49)

(2.50)

Given that the process X, is DRAMA(1,1) and the risk R*̂  (5) from (2.44), the 

first occurrence probability f n , for the multiyear drought event { A ,} is (Chung and

Salas, 2000):

fn,Ai
R*Al (n) n = 1

R* (n) -  R* (n - 1) n > 2
(2.51)
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2.6 Characterization of Multiyear Regional Droughts

Droughts as extreme events are characterized by having random magnitude that is 

associated to the random length, however in reality droughts are considered to be regional 

incidents as result of having the ability to develop randomly in the space, i.e. droughts are 

characterized also by spatial coverage. Therefore, the definition of drought events should 

include the areal coverage aspect (Hisdal et al, 2000). The characterization of regional 

droughts has been a major concern for many researchers over the past few decades that 

resulted in developing several procedures for characterizing regional droughts. Among 

procedures that can be used to describe the time and space variability of droughts are the 

drought indices. However, they fall short to provide frequency statements on drought 

occurrences (Salas et al, 2005). Statistical techniques have been used to characterize 

regional droughts considering the areal aspect of droughts. Two main approaches have 

been suggested in literature in which the characterization of regional droughts 

incorporates the regional aspect of droughts. The first relies on the proportion of the area 

covered by the regional deficit, i.e. the study area is divided into cells where the study 

variable is analyzed per cell, ultimately reasonable analysis on regional droughts may be 

utilized by referring to the proportion of the area covered by the drought relative to some 

reference (e.g. Tase, 1976; Sen, 1980; Santos, 1983; Kingery, 1992; Shin and Salas, 

2000; Hisdal and Tallaksen, 2003). On the other hand, the second relies on the joint 

analysis of the study variable at sites where regional drought conditions are observed 

(e.g. Yevjevich, 1972; Guerrero-Salazar and Yevjevich, 1975; Sen, 1979; Sen, 1998; 

Bayazit and Onoz, 2005).
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2.7 Defining the Areal Aspect of Regional Droughts

The first consideration of the areal aspect in characterizing regional droughts was 

introduced through the work of Tase (1976). Dividing the study region into grid of sub- 

areas (cells) of the same size and considering precipitation as the study variable, Tase 

(1976) introduced the areal aspect of regional droughts through the analysis of deficits in 

each cell. In that case, a regional drought occurs if the sum of the single cells where 

deficits are observed exceeds certain critical area. The deficit area A  is defined as the 

number of grid cells at which deficit occurs, i.e. with precipitation below certain 

threshold (Tase, 1976):

Other useful indices were introduced also by Tase (1976), for example the areal 

deficit D, and the maximum deficit intensity I. On the basis of random fields concept and 

probability theory, Sen (1980) gave theoretically the probability distribution functions of 

the deficit area A, the areal deficit D, and their joint distribution under the assumption 

that the random field is consisting of spatially independent hydrological variable at the m 

sites forming the whole region under study. Considering the work of Tase (1976) as a 

base line, Santos (1983) elaborated more in characterizing regional droughts by 

redefining and creating new set of indices that are called the auxiliary variables of the 

regional droughts. These indices were used to define the regional drought properties, i.e. 

the drought duration, the regional areal deficit, the proportion of temporal drought area,

M

A - ' T j 1 (2.52)
1=1

where / ( ^  )(£,•) is an indicator function describing the presence of deficit in the site i:

(2.53)
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and the temporal total regional areal deficit. Complete analytical framework that shows 

the first two moments of the auxiliary variables and regional drought properties besides 

their approximate distribution functions can be found in literature (e.g. Santos, 1983).

Regardless of the magnitude of the regional deficit, generally the regional drought 

event can be defined as the continuous time interval during which the deficit area equals 

to or greater than a predefined critical area (Santos, 1983). This critical area can be 

defined as a significant proportion of the total region area, where values as large as 50% 

or 75% of the total region area may be taken as the critical area (Santos, 1983).

2.8 Joint Analysis of Multi-Sites Under Drought

In characterizing regional hydrological droughts, i.e. the study variable is 

streamflow, dividing the study area into cells of the same size may not be utilized easily 

due to the nature of the flow contributing drainage areas, i.e. usually flow drainage areas 

are irregular in shape and have different size. Therefore, the concept of joint analysis of 

many sites under drought conditions seems to be more realistic than the concept of the 

areal aspect, i.e. grid of cells of equal size, to characterize regional hydrologic droughts.

Considering the concept the joint analysis, Guerrero-Salazar and Yevjevich 

(1975) introduced the bivariate case of joint analysis. Assuming that the 0,1 processes 

Xt(i) and X,(2) at sites (1) and (2) respectively are simple Markov each resulting from 

truncating the normally distributed variables Ff(1) and Y,(2) at the levels y0(1) and y0(2) 

respectively, and that Yr(1) and Xt(2> show to be serially and mutually dependent, 

Guerrero-Salazar and Yevjevich (1975) aimed at obtaining the probability distribution of 

the longest negative run for such case by defining the variable Z, such that:
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Z( = l - [ ( l - X ((1)X l - Z t(2))] (2.54)

The occurrence of deficit in Xt(,) ,{/ = 1, 2} is assigned the value 0 therefore the 

process Zt will take the value 0 whenever deficits occur at Xtm  and Xt(2) at the same time 

and takes 1 otherwise. Later, considering the joint analysis of truncated hydrological 

variable at n sites, Sen (1979) derived analytically the probability of occurrence that n 

sites are under drought conditions considering different cases of the serial and mutual 

correlations. However for the case that n series are serially and mutually dependent, the 

analytical procedure provides an approximate solution.

Based on an independent dry and wet spell occurrences, Sen (1998) investigated 

theoretically through two different probabilistic models the probability distribution 

function of the regional drought spatial and temporal extents. The first model assumes 

that once the drought hits part of the region then that part will remain under drought 

conditions and then as the time passes the drought will hit a new sub area until the whole 

region is covered. The second model assumes that drought stricken area might recover 

and have a wet period during the coarse of time, i.e. as the time passes some dry spells 

may stay dry or may become wet.

Bayazit and Onoz (2005) assumed that the probability distribution of the regional 

drought length could be modeled as geometric with parameter 9 . The parameter 0  was 

derived theoretically assuming that truncated flows in many sites are cross-correlated and 

first order Markov process each.
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2.9 Drought Characterization Through Using Tree Ring Reconstructed Flows

The characterization of severe hydrologic droughts may be utilized through 

analyzing the historical streamflow records if they are long enough. However, the 

historical records are limited in their length and they may not provide a reliable picture 

about the total natural variability that affects the characterization of extreme hydrologic 

droughts (Woodhouse, 2001). Therefore it is extremely important to reliably lengthen the 

short historical streamflow records to a length much longer than the length of the current 

historical records (Salas et al, 2006). One useful technique to lengthen short records is to 

build using the current historical flows a stochastic model that synthesizes long series of 

streamflows that may yield and exhibit additional features and scenarios of possible 

extreme events that may occur in the future (Salas et al, 2005). Another useful technique 

that has been suggested in literature is to extend short historical flow records back in time 

based on reliable record extension model using tree ring indices as a source of 

information over the extension period (e.g. Woodhouse, 2001; Gonzales and Valdes, 

2003; Salas et al, 2006).

Tree ring data have proven to be useful proxies for extending short records of 

hydrologic variables back in time (Loaiciga et al, 1993; Woodhouse, 2001; Salas et al, 

2006). The usefulness of trees as proxies in reconstructing streamflows comes from 

being sensitive recorders to the natural climate variability. Usually trees assimilate into 

their growing rings the same set of climatic factors like precipitation and 

evapotranspiration that affect the amount of streamflow (Meko et al, 1995). Besides of 

being good recorders of the climatic variability, tree ring data has other advantages over 

other types of proxy data by being more accurate dating to the year and have the ability to
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preserve the low frequency and high frequency variations (Meko et al, 1995). The 

extension process of short records can be utilized through using different record 

extension models for different purposes. One practical purpose behind extending the 

short streamflow records at one or many sites utilizing the information that is contained 

in nearby sites with longer records is to improve the characterization of extreme 

hydrologic droughts. This can be achieved through the improvement in the reliability of 

parameters estimates. The reliability of parameter estimator is measured by the variance 

of that estimator. Generally the lower the variance of the estimator the better the 

corresponding parameter estimate represents the population parameter.

In literature it has been found that there are two main objectives behind extending 

short records. One objective is to improve the estimates of the population parameters of 

the underlying variable (e.g. the mean and the variance of the short record variable) while 

the other has been to maintain (preserve) the estimates of the parameters of the short 

record. Thus, several record extension models were proposed focusing on one objective 

or the other. The following section reviews record extension models that can be used to 

extend short streamflow records at many sites using information contained in longer tree 

ring records for the purpose of improving the characterization of droughts.

2.10 Multi-site Record Extension Methods for Reconstructing Streamflows

For extending one short variable given one long variable, a comprehensive and 

collective review on the purposes and procedures of the extension can be found in the 

literature (e.g. Salas et al, 2006). In summary, consider a short record denoted by the 

variable y, , t=  1, N\ and a longer record denoted by the variable x t , t= l, . . . ,N \ ,N \+\ ,
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N\+N2 where N\ and N 2 are the lengths of the short and long records, respectively. 

Assuming that the variables yt and xt are bivariate normally distributed Matalas and 

Jacobs (1964) suggested a linear regression model with a noise term to extend the short 

records. They gave the unbiased estimators of the population mean and variance and the 

criteria so as to improve the estimators of he mean and the variance of y t . However, 

Matalas and Jacobs’ model neglected the serial correlation of y t and the use of the noise

term leads to multiple records extensions. To overcome the latter limitation, Hirsch 

(1982) introduced the MOVE1 and MOVE2 extension models intended to maintain the 

basic key statistics of the short record while Vogel and Stedinger (1985) introduced the 

MOVE3 and MOVE4 extension models that are considered an improvement over the 

MOVE1 and MOVE2 models, respectively. Also Grygier and Stedinger (1989) 

suggested the generalized MOVE (GMOVE) for extending short records intended to 

preserve the serial correlation of the short record and the cross correlation between y t

and xt .

Salas et al (2006) developed recently a record extension model (REXTN), which 

is a linear regression model that includes an autoregressive term to account for the effect 

of the previous flows (serial correlation) and the noise term. The suggested model 

REXTN yields an extended record that maintains the basic statistics of the original 

series y t , such as the mean, variance, and serial correlation, and the cross correlation 

between xt and y t . In addition, the method includes a procedure for selecting a single 

record extension from the many traces that may be generated using the random term.
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Consider the case of p  short records ( p  streamflow sites) defined by the vector y t 

-  [y,01 y ? ] ' ' '  yfP) ]r having with the length N i and m longer records ( m tree ring indices)

defined by the vector x t = [xt(1) x (t2) • • ■ x^m)]T having the length N  = N\ + N2 . The 

multivariate version of the extension procedures described above should be used to 

extend all short variables y t simultaneously considering all the x t variables. Such a 

multivariate multiple linear regression model may be expressed as:

where y x is the vector of means of y t over the period N\, b = [bx ]T is a vector of

the model parameters with the superscript T  stands for the transpose, and x x is the vector 

of means of the longer records x t over the period N\. The least squares estimate of the 

vector b is given by (Johnson and Wichem, 2005):

where the superscript -1  stands for the inverse of the matrix. Model (2.55) with least 

squares estimators will be referred to as MLRLS. Fiering (1962) studied the case where 

p= 1 and m=2 and derived the maximum likelihood estimators of the mean and the 

variance of the short record.

Gilroy (1970) studied the record extension problem where p = 1 and m > 1. In 

this case the mean of the combined series yt = {yx, y 2,---,yNi , y N+i,--,yN+N } with y t 

obtained from (2.55) is the maximum likelihood unbiased estimator of the population 

mean, while the variance of yt is a biased estimator of the population variance. Gilroy 

(1970) extended the work of Matalas and Jacobs (1964) and derived the expressions for

(2.55)

b = [(xt -  x x)T(x t - x x)Y l (x, - f  ( y t -  y x) (2.56)
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the unbiased estimators of the population mean and variance. It required that model

(2.55) includes the error term et . Thus the record extension model is given by:

where s 2x is variance of the short record y t over the period N\, R 2 is the multiple

correlation coefficient of yt and x t , andf, is a normally distributed noise with mean 0 

and variance 1.

The maximum likelihood unbiased estimators of the population mean jUy and 

variance a 2 are given by (Gilroy, 1970):

where x 2 is the sample mean vector of x t over the period N 2 , S uv represents the lag-0 

covariance matrix between variable vectors U and V T, and the coefficient a  is given

in which the coefficient a  has been added to the regression equation (2.55) in order to 

remove the bias in the estimation of the population variance. Moran (1974) noticed that 

the unbiased estimator of the population variance given by Gilroy (1970) could be 

expressed in a less complicated form as

y, = y, +bT(x t - x i ) + a ( l - R 2)U2syl£t (2.57)

(2.58)

and

2
l  ( tf , -1 ) syl2 + (N 2 -1  )b TS x2x2 b + (N 2 - l ) a 2( l - R 2) Sy2

s
y

N - l )  + M ^ b T( x 2 - x 1) ( x 2 - x l )Tb
(2.59)

N

by:

1 /2
N 2{Ni - 2 m - 2 ) ( N 1 -1 )

(2.60)
(N 2 - 1  )(JV, - m - 2 ) (iV,- m - 1)
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s ] = b TS J > + 1
m(N — m — 2) 2

(2.61)

where is variance-covariance matrix of x t defined over the whole period N, and s 2yx 

is the residual mean square for the regression of yt on x t that is given by 

syx = - b TPxy]/(N1 - m - 1), in which Pxy is the cross product of x t and y, over the 

concurrent period N\, i.e. P  = (jc, -Xj ) (y ,  - y j ) r .

Hirsch (1982) noticed that although the extension model of Matalas and Jacobs 

(1964), i.e. the bivariate case of (2.57), can be used to extend the short record over the 

extension period (Afc) which leads to the unbiased estimates of the population mean and 

variance, however, that procedure is based on adding a noise term which is not practical 

because it will lead to multiple record extensions. Moreover, that referred extension 

model does not preserve the serial correlation (Hirsch, 1982). Similarly, one would 

conclude the same for the multivariate extension model (2.57). Salas et al (2006) 

developed a record extension model that includes the noise term and an additional term to 

account for the serial correlation. The model denoted as REXTN is defined as (Salas et 

al, 2006):

where a, b, and c are the model parameters, and£, is the noise term that is normally

distributed with mean 0 and variance 1. The parameters a, b, and c are given by (Salas et 

al, 2006):

y, = y i + a ( y t - i - y i ) + b T( x , - x 2) + c e t (2.62)

fl = [SylyI( l ) - S , 1Jtl s ; l x S xlyl(l)][Sylyi- S Txlyl(l)S-Jxl S xiyi(l)]-1 (2.63)

(2.64)
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and
c2 = S ylyl( X ) - a S Tylyl( l ) - b S xlyl (2.65)

where the notation S uv was defined previously and S(/vO) represents the covariance 

matrix between variable vectors Ut and VM (i.e. lag-1 covariance). Note that 

S xlyl = S^lxl and when p  = 1 then S vlvl (1) is the lag-1 covariance of yt over the period 

Ni.

Since (2.62) includes the random term et multiple record extensions are possible. 

Salas et al (2006) detailed a procedure for selecting a single realization among the many 

possible realizations based on the statistical information that can be extracted from the

y_ x 7 S~2 S j _
longer record xt . Considering the ratios ~ z r , ^ r ,  - L~,  and , where xn  sxl and x 2,

y 1 x l syl sxl

sx2 are the means and the standard deviations of xt over the periods N\ and iV2 

respectively, and y ,, .vvl and y 2, s-y2 are respectively, the means and standard deviations 

of y t based on the extended record and the short record. Salas et al (2006) suggested 

that, among many possible extensions of y t over the extension period N 2 , one could 

select the extended series y t such that the quantity

0.5 x + 0.5x sn  sxi
3i * 1 Syl SxX

is minimum, where |A| stands for the absolute value of A, and 0.5 is the weight 

considered. Salas et al (2006) showed that the REXTN model performed quite well and 

compared favorably against competing record extension models.
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The record extension methods discussed above have considered the extension of 

one short variable y t , i.e. p  = 1, using one or more longer records x t , i.e. m > 1.

However, there are many practical cases where one may need to extend several (short) 

variables jointly. Grygier and Stedinger (1989) considered this case and introduced the 

multivariate record extension model GMOVE as:

y, = J i  + A OVi - y i )  + B (x, - x 2) (2.67)

where the parameters matrices A  and B  can be estimated by:

S ylyl- S ylxl S~Jxl S Tylxl = A [ S ylyl- S Txlyl( l ) S ; 1lxl S ^ ( l ) ] A r (2.68)

f i = [ S yU1- A S [ lyl(l)]S ;i1ll (2.69)

As noted, model (2.67) considers the term y t_ 1 but does not consider the random term es. 

Salas et al (2006) compared the performance of model (2.67) for the case where p -  1 and 

m = 1 relative to those of other record extension models using simulation experiments. It 

has been found that GMOVE estimates efficiently the mean, variance, and the cross­

correlation between the short and longer records but its performance is less efficient for 

reproducing the lag-1 serial correlation and predicting the extended record.

In many cases the length of the observed streamflow data is limited relative to the 

total number of parameters to be estimated using multivariate record extension models 

for extending streamflows at a large number of sites, i.e. the model may have a large 

number of parameters to be estimated relative to the available data and consequently the 

principle of parameters parsimony may not be preserved. For example, this may be the 

case of the Colorado River system where record extensions may be needed at the 

majority of the 29 sites. In these cases, a more reasonable approach may be to use a
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multivariate record extension model to extend the streamflows at a few sites (e.g. at 

certain key stations) then the streamflows at the remaining sites (substations) can be 

obtained using spatial disaggregation models. Letz, be the vector of flows at some key 

stations obtained using a parsimonious multivariate record extension model and y t the

vector of flows to be estimated at the substations. The spatial disaggregation model to 

estimate the flows at the substations is (Salas et al, 1980):

y t = A z t + B e ,+ C y ,_ x (2.70)

where it is assumed that the means have been subtracted from z, and y t , and A, B,  and C 

are the model parameters, which are given by:

A = [Syltl - s ylyl(V)S-ylylS Tzlyim s tia - S zlyl(l)S-;iyl S Tzlyl(l)]-1 (2.71)

c  = [Sylyl (1) -  A S zlyl (1)] S (2.72)

B B T = S ylyl- A S zlyl- C S Tylyl (1) (2.73)

a procedure for estimating B  from B B r can be found in Bras and Rodriguez (1993).

The parameters A, B,  and C  may be estimated by (2.71)- (2.73) using the sample 

estimates of S uv and S uv (1) for any U and V. However, Lane (1982) reported that the 

use of the sample estimates S ,1>a (1) and S ylJ,,(l) instead of the population S ZY (1) and 

Syy (1), respectively would result in model parameters A, B, and C that may not preserve 

the linear relationship between z, and y , . Thus, Lane (1982) suggested that the 

covariance matrices Sz r(l) and 5^,(1) in (2.71)-(2.73) must be estimated as:

Szr(V = S zUia)S-zL S zlyl (2.74)
and

S yy CD = S ylyl (1) + S yia S~'zl [Szy (1) -  S ayl (1)] (2.75)

39

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



The flows y t obtained from the disaggregation model (2.70) do not necessarily

preserve the spatial proportion between the flows at the upstream stations (substations) 

and the flows at the downstream stations (key stations). Therefore, the flows obtained 

from model (2.70) may need to be adjusted to achieve the spatial proportionality. 

Denoting by y((i) the t-th flow value at substation i, the adjusted flow y*0) may be 

obtained as:

y?> = 5 f  + ( ? £  - S y , 01) f {l) (2.76)

7=1

n
where z, is the flow at the key downstream station, ^  y (tJ> is the sum of the flows for

y=i

the n upstream stations, &2(i) is the estimated variance of yf(,). The term rt over the 

period of the extension can be obtained by simulating the ratios rt using a model, e.g. the 

AR(1) model, that can be fitted to the observed historical flows recorded at the key and

n
substations. The sequence ratio rt is determined as rt = ( ^  y (, J))/  z , , where z, and

7=1

y {tJ) are the r-th observed flow values at the key and the j -th substation, respectively.

Several record extension models have been employed in literature to extend 

streamflow records using tree-ring indices data. For example, Woodhouse (2001) used 

multiple linear regression models and the stepwise regression technique to select the tree- 

ring indices to be used for reconstructing the streamflows of the Middle Boulder Creek -  

Colorado. Likewise, Meko et al (2001) applied Principal Component Analysis (PCA) to 

reconstruct streamflows and selected a model that gave the lowest mean square error for 

validation. Hidalgo et al (2000) used the t-test and sign test to select the most effective
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principal components to be included in the reconstruction model, while Gedalof et al 

(2004) selected principal components of tree-ring variables with the criterion that only 

principal components with eigenvectors that exhibited physically meaningful loadings 

and had eigen-values that were statistically greater than 1.0 were selected in the final 

streamflow reconstruction model.

The reconstruction models discussed previously assumes a linear relationship 

between the independent variable (e.g. streamflow) and the explanatory variables (e.g. 

tree-ring indices). For several variables it may be necessary that the underlying variable 

be transformed to normal to improve the relationship between the independent and the 

explanatory variables. For example, Meko et al (2001) used log-10 transformation for 

flows to adjust for the heteroscedasticity (a feature that is visible as increased scatter at 

higher flows in plots of flow against tree-ring indices) in the relationship between 

streamflows and tree-ring data. Cleaveland (2000) used a multiple linear regression 

model with quadratic transformation of the tree-ring data and the model accounted for 

68% of the total flow variance compared to a model using untransformed data, which 

accounted for 62% of the total variance. Also Salas et al (2006) used a model based on 

the log-transformed flows of the Poudre River, which explained around 60% of the 

variance compared to 53% obtained without transforming the data.

The reconstructed streamflow records enable one observing a wider range of flow 

scenarios that may be obtainable from the historical records alone. For example, 

Woodhouse (2001) observed that the reconstructed streamflows of the Middle Boulder 

Creek showed that the low flow events that occurred in the past were more persistent than 

those found from the analysis of the historical records. Similar other studies of tree ring
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reconstructed flows indicate that droughts of more severe magnitude and longer durations 

had occurred in the past compared to droughts occurred during the historical period (e.g. 

Meko et al, 1995; Meko et al, 2001; Gedalof et al, 2004; Salas et al, 2006).

In literature, usually the process of building flow reconstruction model goes 

through several statistical procedures (e.g. Woodhouse, 2001; Gonzalez and Valdes, 

2003; Salas et al, 2006). Chapter 5 shows a detailed procedure that can be followed in 

building and testing the skills of the reconstruction model. Summarizing, firstly the 

relationship between the variable to be reconstructed (independent variable) and the tree 

ring variables (predictors) is assessed, for example through cross correlation. Secondly, 

predictors that statistically explain significant part of the variance of the independent 

variable are selected using proper statistical procedure, for example the stepwise 

regression analysis. Finally, the reconstruction model is calibrated and then validated 

using selected statistics. The validation statistic that is usually used to assess the 

performance of reconstruction models is the reduction error R E . It measures the skill of 

the model to produce reasonable predicted streamflows. The RE  statistic is defined as:

£ ( y , - y , ) 2
RE = 1 - g --------------  (2.77)

E(y, ~yc) 2
t=l

where, N v is the size of the validation sample, yc is the mean of the flow data used in 

the calibration period and yt is the predicted value within the validation period based on 

the model.

The examination of the previous studies dealing with streamflow reconstructions 

based on tree ring indices indicate that the record extension models utilized have been
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applicable for one dependent variable, e.g. the streamflow data at a given stream gaging 

station. However, in practice it may be necessary to reconstruct the streamflows at many 

sites simultaneously. In this study the record extension model REXTN developed by 

Salas et al (2006) will be generalized to consider the reconstruction of streamflows at 

many sites simultaneously using tree ring indices as predictors.
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Yt *

L = 3

L = 2 Duration L = 4

Deficit D

Time t (years)

Fig 2.1 Typical drought events defined according to the first definition (Yevjevich 
1967). The figure shows one 2 years, one 3 years, and one 4 years drought with 
the basic components of drought event shown on the far right event.

Time t (years)

Fig 2.2 Typical two years drought events defined according to the second definition 
(Feller 1986). The figure depicts the 2 years events labeled A, B, C, and D.
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Time t (years)

Fig 2.3 Typical two years drought events defined according to the third definition 
(Schwager 1983, Fernandez and Salas 1999). The figure depicts the 2 years 
events labeled A, B, C, D, E and F.

N  --------- ►

Fig 2.4 The definition of first arrival time N  and the interarrival time W  between repeated 
drought events. Possible drought events are shown by the rectangles.
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CHAPTER HI

CHARACTERIZATION OF DROUGHTS: SINGLE SITE ANALYSIS

3.1 Introduction

Drought is a complex natural phenomenon that originates from deficiency in the 

water supply over certain time period to meet the demand. Usually droughts of long 

duration and severe magnitude could lead to significant impacts and consequences such 

as failure to meet the demand for agriculture and municipal uses, deterioration in the 

water quality of rivers and lakes, the ensuing failure to meet the standards for aquatic life, 

recreation, etc. Consequently, characterizing severe drought events that may occur 

during the project life of any water resources system provides useful information for 

designing and operating such system (Sen, 1980). The characterization of the severe 

multiyear droughts is considered a complex physical and mathematical problem in which 

the complexity may be associated to several reasons such as the random evolution of the 

drought phenomenon, the strong correlation between drought components, i.e. the 

duration and the magnitude, the influence of the large-scale atmospheric-oceanic 

variability, and the relative short historical record lengths that make the estimation of 

extreme drought properties unreliable and less informative at higher drought lengths.

In literature many attempts were dedicated towards characterizing the severity of 

multiyear droughts (e.g. Yevjevich, 1967; Sen, 1980; Loaiciga et al, 1992; Loaiciga and
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Leipnik, 1996; Sharma, 1997; Shiau and Shen, 2001; Gonzalez and Valdes, 2003; 

Cancelliere et al, 2003; Salas et al, 2005). The forgoing studies defined drought events 

according to the definition of runs as in Yevjevich (1967).

Schwager (1983) developed an algorithm to evaluate the first occurrence 

probability of a run of specific outcomes that satisfies certain length when the underlying 

process is either independent or has simple Markov structure. Based on that and focusing 

on drought duration, Fernandez and Salas (1999) derived the distribution of the first 

occurrence time and retrun period of single year and multiyear droughts arising from 

Markov dependent trials. Chung and Salas (2000) extended the work of Fernandez and 

Salas (1999) to include drought events arising from process that exhibits longer time 

dependence structure. In this chapter, drought events are defined according to the 

definition of runs as in Schwager (1983). Mathematical procedures to evalaute the first 

occurrence probability, occurrence probability, return period, and risk of multiyear 

drought events will be derived considering the length and the magnitude of the drought. 

The analytical procedures developed will be used to characterize the severity of multiyear 

droughts in the Poudre, the Colorado, and the Niger river basins.

3.2 Occurrence Probability of Run of Deficits

At a certain year t, if the underlying process Yt (precipitation or streamflow) is 

below specified truncation level y0, then the year t is a deficit year. Let Xt be the 

sequence resulted from truncating the underlying process Yt at the level y0 such that Xt 

takes 0 whenever the year t is a deficit year and takes 1 otherwise,

otherwise
(3.1)
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Following the alternative definition of runs (e.g. Schwager, 1983), the drought 

event { A,,} is said to occur whenever a run of I successive deficits occurs starting at the 

position t. Based on that, the probabilityP[Al t ] that a run of I successive deficits (/

successive 0 states) occurs starting at the time t is:

P[Au ] = P [ X t = 0 , X IH = 0 ,....,X t+M =0] (3.2)

The occurrence probability P[A, J  can be obtained mathematically knowing the 

characteristics of the 0,1 process Xt. If X, is assumed to be simple Markov stationary 

process, then using the law of conditional probability the probability P[A, , ] is written 

as:

P\AU] = P[X, =0]{P[Xl+l= 0 \ X ,  = 0 )M (3.3)

Since Xt is assumed stationary, then time index t can be dropped from the 

expression P[Al t ] and in general the occurrence probability P  [A , ] of the drought event

{ A  } is:

F[A,]= p 0( p j - '  (3.4)

where p Q = P[XI = 0] and = P [ X t̂  = 0 1 X t = 0] . If the drought event { At } arises 

from the process Xt that is independent then (3.4) can be used to evaluate the probability 

P[A,] noting that Poo= Po- &1 general (3.4) is similar to the expression of the

occurrence probability of drought defined according to the definition of runs as in 

Yevjevich (1967) as shown by other studies (e.g. Loaiciga and Leipnik, 1996; Shiau and 

Shen, 2001; Salas et al, 2005).
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If the stationary process Xt shows to have longer time dependence structure, for 

example X, is DARMA(1,1), then (3.4) can not be used to evaluate the occurrence 

probability P[At], Assuming that X, is DARMA(1,1) process, then it has been shown

that the two state bivariate sequence { X t ,Z t } given by (2.11) can be converted into a

four states simple Markov chain Wt, such that Wt e { 0,1,2,3}. The states 0 and 1 in W, 

imply the state 0 in Xt while the states 2 and 3 in W, imply the state 1 in X,. Since the 

multiyear drought event { At } is defined as a run of I continuous dry states, then this run

appears in the simple Markov process Wt with pattern of either Os at all I steps, 1 at all I 

steps, or any possible combination of Os and Is.

Assuming Xt as DARMA(1,1) stationary process, then the occurrence probability 

P[Al t ] of the multiyear drought event { A , } given by (3.2) is written as:

= 0 1 = 0,.... X, = 0]P[X,„_2 = 0 1 X,„_, = 0,..., X, = 0]
. . . .PlXnt = 0 | X ,  = 0 ]xP [X , = 0)

The probability P[Xt = 0] can be obtained easily from the characteristics of Wt, 

i.e. since the states 0 and 1 in Wt imply the state 0 in Xt, then P \ X t = 0] is calculated as:

P[Xt = 0] = P\Wt = 0] + P\Wt = 1] (3.6)

substituting (3.6) in (3.5) and noting that the sequence Xt defined by (2.11) can form the 

bivariate Markov chain { X t ,Z t } and that the pair (Xt, Z,) is independent ofX,_, , then 

(3.5) can be written as:

m  . , ] = f w  =0][p(X „, =0 , Z„ ,  = 0 | Z ,  = 0 ) + p ( x , „  = 0 , Z W = 1 | Z ,  = 0 ) f -  

+ m ,  = 1][P(X„, = 0,z„, = 0 1Z, = 1)+ P{XM = 0 ,ZM = 11Z, = l ) f ‘
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replacing the equivalent terms from (2.21) and (2.16) in (3.7), then the occurrence 

probability P[At ] of the multiyear drought event { At } when X, is DARMA(1,1) 

stationary process is:

P[At ] = [H0 (0,0 K  + H 0 (l,0 K  ]x [H0 (0,0) + H 0 (0,1)1"' g

+ [//o(0,lK  + /f0(l,lK  ]x[//0(l,0) + //0(l,l)]M

where the transition probability H k (i, j ) , for i, j ,  and h e  {0 , 1}, are given in (2.17) and

(2.18).

3.3 Distribution of Drought Deficits

When the 0,1 process X,(3.1) takes 0, i.e. Y, is below the level y0, then the amount 

of the single year deficit dt is given by:

d , = y , - Y ,  (3.9)

In this case, the single deficit random variable dt takes minimum value of 0 when 

Yt = y0 and maximum value of y0 when Y, = 0. If continuous single deficits are observed 

over the length I of the drought event { A , }, then the magnitude D of the drought is the 

accumulated deficits over the length /,

D = j ^ d t (3.10)
i=i

It is convenient to define a specific value of the deficit D0 as:

D0 = y y o (3.11)

where y  is constant. Since the drought event { A ,} is defined as the run over which the

deficits are observed, then the magnitude D  that is given by (3.10) is the sum of the

autocorrelated single deficits d, over the length I because dt is originated from Yt that is
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autocorrelated (Salas et al, 2005). Since deficits are autocorrelated, deriving the 

distribution of the drought magnitude D, i.e. the sum of the autocorrelated single deficits, 

is a complex problem unless the single deficits are normally distributed (e.g. Shiau and 

Shen, 2001; Gonzalez and Valdes, 2003; Salas et al, 2005). The distribution of the 

drought magnitude can be obtained by fitting the empirical distribution obtained from the 

historical data using certain probability distribution function (e.g. Shiau and Shen, 2001; 

Gonzalez and Valdes, 2003). Alternatively, the single deficits may be assumed to be 

independent and identically distributed and in this case the distribution for their sum 

conditioned to the fixed length of the drought event { A,} can be found under certian

conditions (e.g. Salas at al, 2005).

Generally, the gamma and the exponential distributions are employed to fit the 

distribution of the single deficits and their sum (e.g. Shiau and Shen, 2001; Gonzalez and 

Valdes, 2003; Biondi et al, 2005; Salas et al, 2005). However since the single deficit 

random variable and its sum is bounded by lower and upper values as can be seen from

(3.9), then the unbounded upper tailed distributions such as the gamma or the exponential 

may not represent well the single deficits and consequently their sum D. Referring to

(3.9), the single year deficit random variable dt is bounded by lower value of a=0 and 

upper value of b=y0 (Figure 3.1), therefore one may assume that the single deficit random 

variable dt is Beta distributed with density function given by:

f ‘ W m  (312) 

where a and b are the lower and the upper bounds respectively and a  and fd are two 

additional parameters. It should be noted that deriving an exact expression to represent 

the distribution of the deficits sum conditioned to the occurrence of the event A,, i.e. the
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distribution of D | Al , considering all the features of the underlying process is not an easy 

task. To simplify the derivation, the single deficits dt may be assumed to be independent 

and identically distributed (e.g. Salas et al, 2005) and therefore knowing the moment 

generating function of the single deficit random variable dt, the distribution of the random 

variable D  (the sum of the iid single deficits) can be derived exactly for some 

distributions, for example the Gamma distribution. The moment generating function of 

the Beta distributed variable dt is rather complex function that can not be handled easily 

to derive the moment generating function of the variable D  | A ,, consequently the

derivation of the exact distribution of the variable D \ Al assuming that the single deficit 

is Beta distributed may not be utilized here. However the random variable D \ A, is also 

bounded by lower value of zero and an upper value of lb, where b equals the amount of 

the truncation level ya (Figure 3.1).

Apparently, the assumption that the random variable D  | At is Beta distributed 

with parameters («}, fiu a, lb) appears to be plausible. The probability density function of 

the Beta distributed variable D \ A, is:

/p|A (■*) = \ a.+J  , a < D < l b  (3.13)
1 (s - a ) a‘ 1 (lb -  s f  1

B f a M  (lb -  a)a,+̂ ~l

Eventually, the probability distribution of the conditional deficits p [d  > Da | A, ] can

be evaluated as:

*  ( 3 I 4 )

The parameters a l and of the Beta distribution can be estimated using the 

method of moments given the estimates of judÂi and , i.e. the mean and the variance
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of the deficit D  corresponding to the drought event { A ,} of the fixed length I. The 

moments juD̂  and < 7^ can be determined either empirically using the observed data

assuming the number of drought events is sufficiently large or using the long synthetic 

data (e.g. Shiau and Shen, 2001) or as a function of the mean and the variance of the 

single deficits, i.e. jud and crd that can be determined from the historical data. Assuming 

that the series of the soingle deficits d ,  is AR(1) process, then the moments M d \a ,  and 

<7 'd\a, ° f the deficit D corresponding to the drought event of the fixed length I are given 

as (Sen, 1980):

Md\a, ~ I Md (3-15)

and

l { l - p ) - { l - p ‘)}

(i- p )2
o-piA = a ] \ l  + 2p  ■ J  \ 2 H ’ ) (3.16)

where p  is the lagl serial correlation of the AR(1) single deficits. If the series of deficits 

is ARMA(1,1) process, then it can be shown that the mean p D̂  of D  is given by (3.15)

and the variance <72D̂  of D  is (Appendix 3A):

a-cn = ĵl + } <3-17)

where p l is the lagl serial correlation between the deficits and (p is the autoregressive 

parameter of the deficits ARMA(1,1) process. The relation between <j> and the lag-k 

autocorrelation coefficient is p k =(ppk_x, for k > 2. If the deficit D, De  [0, lb], is
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adjusted to D ,  such that Z )e[0 ,l], with mean and variance of m ^ A and s 2-^  

respectively, then the moment estimators of the Beta parameters a t and /?, are given as:

m 2~u (1 -rtif:.. )
&l = ^  (3 1 8 )

S d \a ,

Pi = --------   (3.19)
m D\A,

For any I, the mean and variance of D are related to mean and variance of D as

^ D \  A, ,  2  ^ D i A ,= — — and s~IA =
DIA l b  D\A, ( l b y  ■

3.4 Occurrence Probability of Multiyear Drought Events

In general, drought events are characterized by the run length I over which deficits 

are observed that is associated with the magnitude D of the drought. The characterization 

of droughts based on the separate analysis of the drought length or the drought magnitude 

alone cannot reveal the significant correlation between them (Shiau and Shen, 2001). 

Similar to Salas et al (2005), to characterize droughts considering the joint analysis of 

both drought components, i.e. the length / and the magnitude D, one may define the 

drought event { D > Dg n  A , } as the event that is made of a run of the length I that has 

total deficit D that is greater than the critical deficit Dn. Given the drought event 

{ D > Da n  A, } the drought occurrence probability P[D > Do n  A, ] can be evaluated 

using the law of the conditional probability. Assuming that the probability distribution 

P[D > D0 \A t] of the deficits sum conditioned to the occurrence of the event { A ,} that
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has the fixed length I is known, then given the occurrence probability of the drought 

event { A , }, i.e. P[A, ] , the occurrence probability P[D > Do n  A, ] is be written as:

P[D > Do n  A,] = P [A,]P[D> Do \A l] (3.20)

The conditional probability P [ D > D 0 \A,] is the probability distribution of D 

conditioned to the occurrence of { A ,} that can be evaluated using (3.14). Assuming that 

X, is stationary process, then the occurrence probability of the event { D > D0 n  A, } is:

* * » * > •  " 4 1 -* 4 1  ^  < 3 ' 2 1 >

w hereP[A J is given by (3.4) and (3.8) for X, as simple Markov and DRAMA(1,1) 

process respectively.

3.5 Risk of Multiyear Drought Events

The risk that particular multiyear drought event occurs within a specified time 

period 0 - S  is defined as the probability that the drought event has occurred at least once 

within the time period 0 -  S  (Chung and Salas, 2000). The time period S  can be the 

project design life or any period of time in which the decision maker is interested. If the 

0,1 process Xt is simple Markov and considering drought events are characterized by the 

run length I only, i.e. the event { A ,}, the risk RAi ( S )  that the event { Az} has occurred at 

or before the trial n = S  is given as (Chung and Salas, 2000):

« * (« )  = £ / „ . *  (3-22)
n=0

where f n Ai is the probability that the event { A, } occurs for the first time at the trial n 

which is given by (2.40) assuming that the process X, is either simple Markov or an
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independent process (Fernandez and Salas, 1999). In fact f n Ai given by (2.40) gives the 

distribution of the first arrival time N  for the event { A, } considering just the length I

assuming that the time domain is discrete, however obtaining the distribution of N  

considering both the length I and the magnitude D of the drought and following the same 

algorithm at which (2.40) was obtained seems to be rather complicated. An approximate 

distribution for the time N  will be used as the approach to obtain an expression to 

evaluate the risk of the multiyear drought event { D >  Do r\ At ) considering both the 

length and the magnitude of the drought.

From the basics of the stochastic theory, if the event { B  } occurs in continuous 

time domain, then the number of occurrences of the event { B  } can be assumed as 

Poisson process and in that case the distribution of the time M  required for the event { B } 

first occurrence is exponential (Taylor and Karlin, 1998). If drought events occur on 

discrete time domain, then the time N  required for the drought event { A ,} to occur for 

the first time at the trial N  = n is a discrete random variable that takes values between I to 

i.e. N  E [/, °°). Moreover, referring to the definition of N  it can be assumed that the 

drought event { A, } that occurs for the first time at N  = n is independent from drought 

events occurred in the past (many years before the beginning of the time N). Therefore, 

considering the drought event { A ,}, the assumption that N  is geometrically distributed

with parameter 0A might be justified, i.e. the counter part of the exponential distribution 

of the first arrival time M  in the continuous time domain (Taylor and Karlin, 1998). The 

parameter 0^ may be defined as the probability associated to the occurrence of the event
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{ Al } within the time period 0 - 5 .  Knowing that the variable N  e [/, °°), the probability 

that N  = n is given as:

P[ N = b] = ^ | (3.23)

the probability P[N < 5] is:

S n - /

P[Af<S] = £ f l , J l - 0 j  (3.24)
n=l

and using the algebra of the power series (3.24) is written as (Appendix 3B):

p [;v < s] = l - [ l - 0 j s+1"' (3.25)

Referring to the definition of the risk, the probability RA (S ) is equivalent to the 

probability p [ n  < 5 ], i.e. RAi (S) = P[iV < s], therefore (3.25) is written as:

(S) = 1 -  [l -  ' (3.26)

Rearranging (3.26), the unknown parameter 0Ai can be evaluated as:

0A = l - [ l - R Ai(S ) \1KS+1~n (3.27)

the term RA/ (S ) can be calculated using (3.22). When the drought event { D > Da n  A, }

is under consideration, then following the same approach one may still assume that N, i.e.

the first arrival time for the event { D > Da r> A ,}, is geometrically distributed with

parameter 0D>D nA . For drought event { D > Do n  A, }, the parameter dD>D n,Ai can be

assumed for simplicity as:

W *  = Pd( W a, (3-28)

where the parameter dAi is calculated using (3.27) and the probability PD(l) is the 

conditional probability p [d  > Da \A l ] that is given by (3.14). Similar to (3.26), the risk
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Rd>d nA, (^) ^ at drought event { D > D0 n  Al } occurs at least once within the time 

period 0 -  S is:

Replacing (3.27) in (3.29) and rearranging, the risk RD>DofAAi (S ) that the event 

{ D > Da n  A , } occurs at least once within the interval 0 -  S is:

Similar to Chung and Salas (2000), knowing the probability RD>DonAi (n) at any 

time step n, one may be able to evaluate the first occurrence probability f nAD>D nÂ ] for 

the drought event { D > Da n  Al } as:

If the process X, is DARMA(1,1), then the risk RD>D nAt (S ) of the drought event 

{ D > Dg n  A, } is given by (3.30) replacing RAi (S ) by the total risk R’ (S ) that is given 

by (2.44), and then the first occurrence probability f n [D>D nA)1 is computed using (3.31).

3.6 Return Period of Multiyear Drought Events

The return period of the drought event is defined in different ways for different 

applications (Fernandez and Salas, 1999; Douglas et al, 2002). It is defined as the 

expected value of the time interval N  required by the drought event to occur for first time, 

or it is defined as the expected value of the interarrival time IF between recurrent drought 

events of the same or different kinds. The return period of the drought event

(3.29)

<s) = 1 -  [i -  po ( ')+ p„ (On -  *4 ( S ) f  s*w> (3.30)

^ D>D0n A , (W) n = 1
(3.31)

n > 2
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{D > Da n  Al } based on the first definition is given mathematically similar to Fernandez 

and Salas (1999) as:

T  = E(N ) = f , n f ^ >Dnv (3.32)
n=0

where the probability f nAD>DnAl} for the drought event { D >  Do r\ A{ ] is given in

(3.31).

To analytically evaluate the return period of the drought event { D > Da n  A ,} as 

the expected value of the interarrival time W  between recurrent drought events, the 

concepts of the renewal theory is applied on drought as renewal phenomena (Loaiciga et, 

al 1992). The fundamental result of the renewal theory states that the expected number 

E[N{D>D0nA,},n] ° f  drought events of the kind { D > Do C\ A, } in a given time period n

divided by the period n converges to 1 IT  assuming that the time period n is sufficiently 

large, where T  is the expected value of the renewal time W  (Loaiciga et al, 1992). 

Following the alternative definition of drought events (e.g. Schwager, 1983), the number 

N {D>D0nA,),n ° f  drought events { D > Do n  A, \ that may arise from the sequence of the 

length n is:

n -l+ l

^ {D >D 0r \A t },n ~ ^  (3.33)
t=l

where I, is an indicator function that is defined as:

(1 when {D > Z) O A ,} occurs starting at the time t
0 ' (3.34)

0 otherwise

The upper limit of the sum term in (3.33), i.e. n-l+l, is the maximum number of 

drought events of the type { D > Da n  A( } that may occur in a sequence of length n when
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these events are defined following the alternative definition (e.g. Schwager 1983). The 

expected number of drought events E[N{D>D̂nAi) n] in the sequence of length n can be 

obtained by taking the expectation on both sides of (3.33):

E[N{D>DonAiU] = ( n - l  + l)E[lt ] (3.35)

and the expected value £[I, ] is:

E[I , ] = X 1' p V' = *1 = p &  > Do n A i~\ (3-36)
<€{0,1)

If n is sufficiently large, i.e. n ~ n-l+l, then based on the fundamental result of the 

renewal theory the return period of the recurrent drought events of the type 

{ D > Da n  A , } as the expected value of the interarrival time W is:

T = E(w)  = ----------------  = -----    (3.37)
E[N{D>DMn] P[D > Do n A l ]

The probability P[D > Do n  At ] of the recurrent drought events is given by

(3.21). Generally, equation (3.37) is valid regardless of the structure of the process at 

which the drought event evolves.

3.7 Applications

The mathematical procedures developed here will be used to evaluate the first 

occurrence probability, occurrence probability, return period and risk of multiyear

drought events that are characterized by the length I and the magnitude D  assuming

drought events are defined following Schwager (1983). The derived procedures will be 

used to characterize droughts in the Poudre, the Colorado, and the Niger river basins. 

The annual streamflow series of the Poudre, the Colorado, and the Niger rivers are shown
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in Figures 3.2a, 3.2b, and 3.2c respectively. The long term mean of each streamflow 

series is also shown.

The annual streamflow series of the Poudre river at the mouth of Canyon gaging 

station consists of 119 annual streamflow observations covering the period 1884 -  2002. 

The basic streamflow statistics of the mean, standard deviation, skewness, lag-1 

autocorrelation coefficient and longest drought are 299011 acre-ft, 106512 acre-ft, 0.98, 

0.153 and 8 years respectively. The annual streamflow series of the Colorado river at the 

Lees Ferry gaging station consists of 98 annual streamflow observations covering the 

period 1906 - 2003 with mean, standard deviation, skewness, lag-1 autocorrelation 

coefficient and longest drought as 15076151 acre-ft, 4444186 acre-ft, 0.17, 0.259 and 5 

years respectively. The annual streamflow series of the Niger river at Koulikoro covers 

the period 1907 -  1999 shows mean, standard deviation, skewness, lag-1 autocorrelation 

coefficient, lag-2 autocorrelation coefficient and longest drought as 1373.66 CMS (Cubic 

Meter/Second), 395.9 CMS, 0.17, 0.66, 0.63, and 14 years respectively.

For the purpose of drought characterization, each streamflow series was truncated 

at the level of the long-term mean of the observed data. The resulted series of deficits 

and surpluses was converted to series of 0s and Is by assigning the state 0 when deficit is 

observed and the state 1 otherwise. The unconditional and conditional state probabilities 

of the truncated annual streamflow series for each of the Poudre and the Colorado rivers 

were determined according to the procedure described in section 2.3. The parameter A 

was estimated using (2.8) while the marginal discrete state probabilities 7t0 and n x were

estimated using (2.22). The conditional state probabilities p l} for i j  e  {0,1} were 

estimated using (2.9) given X , 7t0, and 7ty. For example, given the Poudre streamflow
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data, the 0,1 process X, is obtained at first by truncating the annual streamflow of the 

Poudre river at the long term mean, then the parameter 1  is estimated from (2.8) by 

replacing the lagl sample autocorrelation coefficient p x (X) of the D AR(l) process X,.

From Poudre data, A = 0.0961 while =T0/(T0 +7’,)=  0.563 and n x =TX/(T0 + TX) = 

0.437. The unconditional and conditional state probabilities are p 0 -  0.563, p x = 0.437

and the states transition matrix is given by Poo Poi 0.605 0.395'

_Pl0 Pn. 0.509 0.491

0.50 and Poo Poi" '0.583 0.417'=
_PlO Pll- 0.417 0.583

Similarly, for

the Colorado river p 0 = 0.50, p x = 0.50 and

The annual streamflow series of the Niger river was converted to a sequence of 0s 

and Is by truncating the series at the level of the long-term mean. The state 0 denotes the 

dry state while the state 1 denotes the wet state. The marginal discrete probabilities of 

the dry and wet states, ttq and n x respectively were estimated using (2.22). The

marginal discrete probability of the dry state is fi0 = 0.462 while for the wet state is n x = 

0.538. For the same river, with the annual streamflow series that covers the period 1907 

-  1990, Chung and Salas (2000) showed that the DARMA(1,1) is the best model to fit the 

0,1 sequence resulted from truncating the annual streamflow series of the Niger river at 

the long-term mean. Therefore, DARMA(1,1) model was fitted to the 0,1 sequence 

resulted from truncating the annual streamflow of the Niger river over the period 1907 -  

1999 at the long term mean of the observed flows. The parameters A and of the 

DARAM(1,1) process were evaluated using (2.25) and (2.14) respectively. The estimates 

of A and /3 are 0.848 and 0.242 respectively. The one-step transition probability 

matrices of the two-state bivariate Markov chain are given by (2.17) and (2.18), thus:
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H 0(u,v) =
0.8077 0.0621 0.1103 0.0198

0.0534 0.8348

The discrete marginal probabilities of the simple Markov process W, were estimated 

using (2.21) and the estimated values are P | W = 0 ]  = 0.3825, P[W = 1]= 0.0797, 

P[W = 2]= 0.0797, and P[W = 3] = 0.4581.

The short observed streamflow records may not provide a reliable picture about 

the total natural variability that affect the characterization of extreme hydrologic droughts 

that may last for many years, thus it is extremely important to reliably lengthen the short 

observed streamflow records to a length much longer than the length of the current 

observed records (Salas et al, 2005). A useful technique to lengthen short records is to 

build using the current observed records a stochastic simulation model that generates long 

records of synthetic streamflows that may yield and exhibit additional features and 

scenarios of possible extreme events that may occur in the future (Salas et al 2005). In 

order to generate long synthetic flows, a suitable ARMA(p,q) model was first fit to each 

of the annual streamflow series under consideration based on its characteristics and 

consequently 50000 annual streamflow points were generated for each of the rivers under 

consideration. For example, annual streamflows of the Poudre river can be sufficiently 

generated using AR(1) model (e.g. Salas et al, 2005), annual streamflows of the Colorado 

river can be generated using AR(1) model (e.g. Tarboton, 1995), while annual 

streamflows of the Niger river can be sufficiently generated using ARMA(1,1) model 

(e.g. Chung and Salas, 2000). Empirical results of drought properties obtained from 

analyzing the generated data will be used to verify the results obtained from the derived 

mathematical procedures.

63

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3.8 Results and Discussion

Considering the multiyear drought event { D > D0 n  A, } that is characterized by

the length I and the magnitude D, analytical procedures to evaluate the first occurrence 

probability, occurrence probability, return period and the risk have been developed here 

assuming that the sequence of deficits and surpluses Xt is either DAR(l) or DARMA 

(1,1) stationary process. To include deficits in characterizing the severity of hydrologic 

droughts jointly with the length of the drought, assumptions on the distribution of the 

single year deficits and drought amount over the length I is required.

Because it is bounded, the single year deficit variable is assumed to be Beta 

distributed with parameters (a , /?, a, b) with a = 0 and b = y0 (Figure 3.1). The 

distribution of the deficit D, i.e. the sum of single deficits conditioned to the occurrence 

of the drought event { A, }, is also assumed to be Beta with parameters {ah P , a, lb)

where a and b are as defined previously. The parameters &i and P  were determined using

(3.18) and (3.19) respectively given the mean m ^A and the variance s 2- ^  of D ,

D e  [0,1]. The mean m5|A and the variance of D are related to the mean n D\A, and

the variance cr^|A of the deficit D, D e  [0, lb], that can be obtained using (3.15) and (3.16

or 3.17) respectively as a function of the mean jud and the variance crj of the single

deficits obtained from truncating the observed flows at its long-term mean. Given the 

deficits series resulted from truncating the Poudre river flows, the estimated values of 

jud, <7d , and p  are 74257 AF, 47865 AF, and 0.082, while using the Colorado river 

flows the estimated values of p d , crd, and p  are 3.64 MAF, 2.29 MAF, and 0.18. Given 

the deficits series resulted from truncating the flows of the Niger river the estimated
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values of p d , a d , p x, p 2, and <p are 328.5 m3/sec, 47405 m3/sec, 0.44, 0.39, and 0.88 

respectively. The estimated values of and /?/ are not shown here.

Given the length of the drought, once the event { D > D0 n  Al } has a magnitude 

D  that exceeds D0 then it is considered severe event and will be accounted for 

characterization. At y  values of 0, 0.5 and 1.0 the occurrence probability of the 

multiyear drought event { D > Da n  A, } was obtained using (3.21) given the truncated 

annual streamflow series of the Poudre, the Colorado, and the Niger rivers. Figures 3.3a 

-  3.3c show the occurrence probability for the drought event { D > Da n  A ,} at y  values

of 0, 0.5 and 1.0. Generally it can be seen from the figures that the analytical procedure

(3.21) to evaluate the occurrence probability gives reasonable results when compared 

with the empirical occurrence probability results obtained from analyzing droughts using 

the 50000 simulated and observed streamflows to some extent. Generally Figures 3.3a -  

3.3c indicate the uncertainty in estimating the occurrence probability of droughts using 

only the short historical flows. For example, it can be noticed that using the historical 

flows, the estimated values of the occurrence probability depart from expectations, i.e. 

theoretical results and results from simulation, which can be explained as a result of the 

limited number of droughts obtained from analyzing the historical flows. Moreover, 

estimates of the occurrence probability from analyzing the historical flows were not 

available when the drought length is relatively large, i.e. more than 5 years (Figure 3.3b).

For drought events considering only the length I, i.e. y  -  0, the occurrence

probability P[A, ] decreases as the drought length I increases. This results is expected 

since droughts become more extreme and hence their occurrence probability decreases as
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the their length increases. On the other hand, considering the magnitude D of the drought 

besides its length I, i.e. y > 0, then as the magnitude D increases to exceed the increasing 

D0 (the increasing y ), generally droughts become less frequent to occur which is expected 

due to the high unusual drought magnitude. Moreover, given specific critical drought 

level D0, then at short length (say 1 year) droughts are considered more extreme (less 

frequent) and after that as the drought length I increases droughts become more frequent 

to occur, i.e. at moderate drought lengths (say 2 - 4  years) droughts occur more often, 

however at longer drought lengths (say 6 years or more), droughts become less frequent 

as a result of the extreme drought length. In that case, the magnitude of the drought event 

is not critical in making droughts as extreme events.

Besides enabling one to estimate the chance that the drought event 

{ £> > £>0 n  A, } occurs, the occurrence probability shown in Figures 3.3a, 3.3b and 3.3c

show an other useful application by enabling one to extract information about the length 

of the most frequent drought. For example, referring to Figure 3.3a, it can be noticed that 

at y -  0.5, the most frequent drought event has a length of 2 -  3 years. Moreover, it can 

be noticed that varying the amount of the critical drought, i.e. varying y , would result in 

different lengths of the most frequent drought. Table 3.1 shows the results of such 

analysis. Generally, streamflows that show long persistence in their dependence 

structure, for example the streamflows of the Niger river, the length of the most frequent 

drought is higher than that in streamflows that show short persistence in their dependence 

structure like the streamflows of the Poudre river for example. Similar results regarding 

the length of the most frequent drought were obtained from analyzing both the Poudre
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river and the Colorado river, which is expected since both rivers mainly belong to the 

same climatic region.

The approach used to derive the risk expression (3.30) is based on the assumption 

that the first arrival time N  of the drought event is geometrically distributed with 

parameter PD>D>r)Ai. To assess the robustness of that assumption, the empirical

distribution of the first arrival time N  required for the drought event { D > D0 n  A ,} to 

occur for the first time obtained from simulation was compared with the theoretical fit of 

N  as geometric with parameter dD>D nAi estimated using (3.28). For simulation purposes, 

annual flows of the Poudre river were simulated using AR(1) model until the first event 

{ d > d q n  A ,} has occurred and then the time N  associated to the event first occurrence 

was recorded. At each of the desired lengths of 1 and 8 years and magnitude D that 

exceeds Da with y=  0.5, this simulation procedure was repeated 10000 times leading to a 

10000 simulated values of N. Figures 3.4a and 3.4b show the empirical probability P[N 

= n] obtained from simulation versus the theoretical P[N = n] obtained by fitting N  as 

geometric with parameter 0o>D nA estimated using (3.28) for I = 1 and 8 years

respectively. Generally, it can be concluded from both figures that the assumption that N  

is geometrically distributed appears to be quite reasonable as compared with results from 

simulation that may justify the approximation made in deriving the risk equation (3.30).

The risk that the multiyear drought event {D > Da n  A , } occurs during the 

project life 5 is obtained using (3.30). Assuming that S = 25 years, the results obtained 

using (3.30) are compared with the results obtained from the empirical analysis using the 

simulated and observed streamflows (Figures 3.5a -  3.5c). The results from figures show
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generally when y  = 0, the risk of drought occurrence decreases as the drought length 

increases. Moreover, increasing the magnitude of the drought (increasing y ) the risk that 

the event { D > D0 n  Al } occurs decreases, while within the same level of the critical 

drought (same y > 0), the probability that an extreme drought occurs is low compared to 

the most frequent droughts, i.e. droughts of moderate lengths (nearly 2 - 3  years at y =

0.5 and nearly 3 - 4  years at y  = 1) as shown by Figure 3.5b for example. Extreme 

droughts here are referred to drought events of short length and considerable magnitude 

( y  > 0) or drought events of long duration (6 years or more) regardless of the magnitude. 

Comparing Figures 3.5a and 3.5c it can be concluded that droughts arise from series of 

deficits and surpluses of longer time persistent show to have higher risk especially for 

droughts of longer duration (6 years or more). Figures 3.5a -  3.5c generally indicate the 

uncertainty in characterizing droughts using the short historical flows when compared 

with the more reliable results obtained from the analytical procedures or simulation.

The return period as the expected value of the first arrival time of the drought 

event { D > Da n  A, } to occur, i.e. T = E(N), was obtained using (3.32) considering the 

critical drought of magnitude D0 at y  = 0, 0.5 and 1. Figures 3.6a -  3.6c show the return 

period T  of the multiyear drought event { D > Da n  A, } arising from truncating the 

annual streamflows of the Poudre, the Colorado, and the Niger rivers respectively. 

Generally, the results obtained from the analytical procedure (3.32) developed to evaluate 

the return period as the expected value of the first arrival time for the drought event of the 

kind { D > D0 n  A ,} to occur agree with the results obtained from the empirical analysis 

of the simulated streamflows. The results shown in Figures indicate generally that the
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return period of drought events increases by increasing the drought magnitude resulted 

from increasing the level D0, i.e. increasing y ,  which is expected because droughts 

become more extreme and consequently their return period will be high. Moreover, the 

return period increases as the drought length I increases where at long drought lengths 

(say 6 years or more) the magnitude of the drought D  under the given values of D0, i.e. 

y , is not contributing to make the drought as an extreme event, while the case may be the 

opposite with droughts of short lengths ( 1 - 3  years) where the effect of the magnitude D 

is considerably huge.

For drought events of the kind { D >  Do n  A ,} ,  the return period T  as the

expected value of the interarrival time E(W) between recurrent droughts was determined 

using the mathematical procedure (3.37) at y  values of 0, 0.5 and 1. Figures 3.7a -  3.7c 

show the return period T  as E(W) for the referred drought event arising from truncating 

the annual streamflows of the Poudre, the Colorado, and the Niger rivers respectively. 

Generally, the results obtained from the procedure (3.37) agree with the results obtained 

from the empirical analysis of the simulated and the observed streamflows to some 

extent. The results shown in Figures 3.7a -  3.7c indicate generally that the return period 

of droughts increases by increasing the magnitude D due to the increase in the level D0,

i.e. increasing y ,  which is expected because droughts become more extreme and 

consequently their return period will be high. Generally, the return period increases as 

the drought length I increases where at long drought lengths (say 6 years or more) the 

magnitude D  of the drought is not contributing in making the drought event an extreme 

event, while the case may be the opposite with droughts of short length ( 1 - 2  years) 

where the effect of the magnitude D is considerably huge. Comparing Figures 3.7a or
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3.7b with 3.7c, the effect of streamflow persistence on the return period is clear, for 

example, comparing Figures 3.7a and 3.7c one observes that the average interarrival time 

of drought events arise from truncating streamflows of longer time persistence is much 

shorter. This is expected due to the longer persistence in the flows, i.e. a year of low flow 

would have more chance to be followed by another year or years of low flow as flows get 

more dependence in their structure (more persistent). The General behavior of the return 

period as shown in Figures 3.7a -  3.7c is similar to the findings of other studies (e.g. 

Salas et al 2005) although using different definition of drought events.

Comparing results obtained for the return period using the two definitions stated 

above, generally it can be noticed that the return period calculated as E(N) is always 

greater than or equal to the return period calculated as E(W). This conclusion is 

expected, because the waiting time N  to the event first occurrence is a random variable 

that takes minimum value of I (the length of the of the desired drought event) but not less 

than, whereas the interarrival time W  between the recurrent drought events may take 

minimum value of 1 year regardless of drought length I, i.e. recall that recurrent drought 

events are defined according to Schwager (1983) where events may overlap. Thus it is 

expected that T = E(N )  is always greater than or equal to T -  E(W ) .

Generally results shown by Figures 3.3, 3.5, 3.6, and 3.7 indicate the uncertainty 

in characterizing the severity of hydrologic droughts when observed streamflows are used 

alone in the analysis of droughts. The uncertainty is associated to the short length of the 

observed flows where usually only few historical drought events may be observed when 

using the observed streamflows for the analysis of the extreme hydrologic droughts. In 

fact, in some cases droughts of higher lengths may not be observed at all within flow
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records of around 100 years. Referring to Figure 3.7a it can be seen from the results that 

the return periods obtained using the observed flow records depart from their expectation,

i.e. from the analytical results or simulation results, specially when y -  1 and become 

less reliable and less informative as the drought length increases. Similar conclusions are 

also found from the results of the occurrence probability and the risk for the referred 

rivers flows.

The analysis of hydrologic droughts obtained using the analytical procedures to 

estimate drought properties based on the assumption that the drought deficits are Beta 

distributed. To assess the robustness of fitting the deficits as Beta distributed compared 

to other distributions used in the literature, for example the Gamma (e.g. Shiau and Shen 

2001, Gonzalez and Valdes 2003, Salas et al 2005), the return period as E(W) has been 

estimated using (3.37) for the event {D  > D0 n  A, } assuming that deficits are Beta 

distributed in one case and Gamma distributed on the other. Figure 3.8 shows the return 

period as E(W) of the event { D > Da n  A, } arises by truncating the annual streamflow of 

the Poudre river at the long term mean. At y  values of 0, 0.5 and 1.0, the figure shows 

the analytical solution (3.37) assuming deficits are Beta distributed in one case while 

Gamma distributed on the other versus the empirical results obtained from analyzing the 

observed and the 50000 simulated flows.

Generally it can be noticed from Figure 3.8 that at y = 0.5 both distributions quite 

well represent the deficits, however when y = 1, the return period obtained from (3.37) 

with deficits as Beta distributed are more closer to the empirical results obtained from 

simulation than those obtained from (3.37) with deficits as Gamma distributed. In fact 

when y = 1, the analytical solution (3.37) with the deficits as Gamma distributed results
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in return period for the drought event { D > y0 n  A1}, i.e. the drought event that has 1

year length and magnitude D  greater than ya, of around 1300 years which is practically 

unrealistic since any single year drought event can not have a deficit that is greater than 

ya (Figure 3.1). This result is expected because theoretically the Gamma distribution 

furnishes a probability value greater than 0 to the single deficit to have a magnitude 

greater than y„ which is practically unrealistic, i.e. that probability should be zero because 

the magnitude of the single deficit is bounded by a maximum value of ya.

3.9 Summary and Conclusions

The multiyear drought event of length I is defined as a run of I consecutive 

deficits regardless where the run starts as long as the run satisfies the continuity. One 

reason to follow the referred definition of drought events is the ability to capture extreme 

hydrologic droughts regardless where the event starts, i.e. there could be a particular 

drought event that is extreme in terms of the magnitude and not necessarily is headed and 

followed by at least one surplus that is a requirement of other definitions. The multiyear 

drought events under consideration are characterized by the fixed length I and the 

magnitude D  that exceeds given critical deficit. Mathematical models to evaluate the 

occurrence probability, return period, and risk of multiyear droughts are presented here. 

The series of deficits and surpluses resulted from truncating the annual flows is modeled 

using low order discrete autoregressive moving average processes. The bounded drought 

deficit is assumed to be Beta distributed with parameters (% and p .

The developed mathematical procedures were used to characterize the severity of 

extreme hydrologic droughts in the Poudre, the Colorado, and the Niger river systems.
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Drought properties in terms of the occurrence probability, return period, and risk 

estimated empirically from analyzing the historical streamflows of the referred rivers 

have shown to be quite uncertain, i.e. they deviate from the expectation, especially for 

droughts of short duration and considerable magnitude ( y  >0) .  Moreover, estimates of 

the referred drought properties were not available from analyzing the historical flows 

when the drought length is relatively large, i.e. 5 years or more for the Colorado River 

case.

The analytical procedures developed here provide more reliable estimates of 

drought properties when compared with the uncertain and the less informative results 

obtained from analyzing the historical streamflow, therefore these procedures can be used 

to characterize the severity of multiyear extreme droughts. Drought properties obtained 

from the analytical procedures were verified through comparison with empirical results 

obtained from simulation. In addition, results of the return period analysis show in 

general that fitting deficits as Beta improves the characterization of short extreme 

droughts, i.e. droughts of short length and considerable magnitude ( y  = 1), as compared 

to other distributions used in literature like the Gamma. However when droughts get 

longer (6 years or more) the estimated drought properties were not sensitive to the kind of 

deficits distribution and the extremeness in the drought properties is associated only to 

the extreme drought length.
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Table 3.1 The duration of the most frequent drought event { D > Dg n  A; } at y  values
of 0.5 and 1 obtained from the procedure (3.21) using annual streamflows of 
the Poudre, the Colorado, and the Niger rivers.

Annual Streamflow of
Duration the most frequent drought (years)

II o t/i y = l
The Poudre River 2 - 3 4

The Colorado River 2 - 3 4
The Niger River 3 - 4 5 - 6

a = 0  ‘

D \ A t

b =jo_

Fig 3.1 The bounded single deficit random variable d  and the variable D  | A/ (the 
conditional sum of deficits). The lower bound of d and D \ Ai is a = 0, the upper 
bound of d is b = y0 while the upper bound of D | A/ is lb = lya.
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2a The annual streamflow series of the Poudre river at the mouth of canyon gaging 
station covering the period 1884 - 2002. The line represents the long-term mean 
of the observed streamflows.
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Fig 3.2b The annual streamflow series of the Colorado river at Lees Ferry gaging station 
covering the period 1906 - 2003. The line represents the long-term mean of the 
observed streamflows.
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Fig 3.2c The annual streamflow series of the Niger river at Koulikoro gaging station 
covering the period 1907 -  1999. The line represents the long-term mean of the 
observed streamflows.
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Fig. 3.3a Occurrence probability of the multiyear drought event { D > Da n  At } arises 
from truncating the annual streamflows of the Poudre river at the long term 
mean. At y  values of 0, 0.5 and 1.0, the figure shows the analytical solution 
(3.21) versus empirical results obtained from analyzing the observed and the 
50000 simulated flows.
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Fig. 3.3b Occurrence probability of the multiyear drought event { D > Da n  A, } arises 
from truncating the annual streamflows of the Colorado river at the long term 
mean. At y  values of 0, 0.5 and 1.0, the figure shows the analytical solution 
(3.21) versus empirical results obtained from analyzing the observed and the 
50000 simulated flows.
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Fig. 3.3c Occurrence probability of the multiyear drought event { D > Da n  A ,} arises 
from truncating the annual streamflows of the Niger river at the long term 
mean. At y  values of 0, 0.5 and 1.0, the figure shows the analytical solution 
(3.21) versus empirical results obtained from analyzing the 50000 simulated 
flows.
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Fig. 3.4a Empirical distribution of the first arrival time N  obtained from simulating the 
Poudre River flows to the event { D  > 0.5 yG n  A ,} first occurrence versus the

geometric fit of N  with parameter &D>DonAi estimated using (3.28). Drought
length I = 1 year.
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Fig. 3.4b Empirical distribution of the first arrival time N  obtained from simulating the 
Poudre River flows to the event { D > 0.5yo n  At } first occurrence versus the 
geometric fit of N  with parameter dD>DonAi estimated using (3.28). Drought 
length I = 8 year.
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Fig. 3.5a Risk of the multiyear drought event { D > Da n  A, } arises from truncating the 
annual streamflows of the Poudre river at the long term mean. At y  values of 
0, 0.5 and 1.0 the figure shows the analytical result using (3.30) versus the 
empirical results obtained from analyzing the observed and the 50000 
simulated flows. The time span S =25 years.
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Fig. 3.5b Risk of the multiyear drought event { D > Da n  A, } arises from truncating the 
annual streamflows of the Colorado river at the long term mean. At y  values 
of 0, 0.5 and 1.0, the figure shows the analytical result using (3.30) versus the 
empirical results obtained from analyzing the observed and the 50000 
simulated flows. The time span S =25 years.
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Fig. 3.5c Risk of the multiyear drought event { D > Da n  A, } arises from truncating the 
annual streamflows of the Niger river at the long term mean. At y  values of 0, 
0.5 and 1.0, the figure shows the analytical results using (3.30) versus the 
empirical results obtained from analyzing the 50000 simulated flows. The time 
span S =25 years.

82

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Re
tu

rn
 

pe
ri

od

1000

Y= 1.0
100

y = 0.5

10

•  Simulation 
 Eq(3.32)Y = 0

0 1 2 3 4 65 7 8 9 10 11

Drought length (/ years)

Fig. 3.6a Return period of the multiyear drought event { D > D0 n  A, } arises from
truncating the annual streamflows of the Poudre river at the long term mean. 
At y  values of 0, 0.5 and 1.0, the figure shows the return period as E(N) 
obtained using (3.32) versus empirical results obtained from analyzing the 
50000 simulated flows.

83

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Re
tu

rn
 

pe
rio

d

1000

100 y = 1.0

•  Simulation 
— Eq(3.32)Y = 0

0 1 2 3 4 6 8 95 7 10 11

Drought length ( I years)

Fig. 3.6b Return period of the multiyear drought event { D > D0 n  A, } arises from 
truncating the annual streamflows of the Colorado river at the long term mean. 
At y  values of 0, 0.5 and 1.0, the figure shows the return period as E(N) 
obtained using (3.32) versus empirical results obtained from analyzing the 
50000 simulated flows.
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Fig. 3.6c Return period of the multiyear drought event { D > Da n  A ,} arises from 
truncating the annual streamflows of the Niger river at the long term mean. At 
Y values of 0, 0.5 and 1.0, the figure shows the return period as E{N) obtained 
using (3.32) versus empirical results obtained from analyzing the 50000 
simulated flows.
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Fig. 3.7a Return period of the multiyear drought event { D > D0 n  Al } arises from
truncating the annual streamflows of the Poudre river at the long term mean. 
At y  values of 0, 0.5 and 1.0, the figure shows the return period as E(W) 
obtained using (3.37) versus empirical results obtained from analyzing the 
observed and the 50000 simulated flows.
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Fig. 3.7b Return period of the multiyear drought event { D > D0 n  At } arises from 
truncating the annual streamflows of the Colorado river at the long term mean. 
At y  values of 0, 0.5 and 1.0, the figure shows the return period as E(W) 
obtained using (3.37) versus empirical results obtained from analyzing the 
observed and the 50000 simulated flows.
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Fig. 3.7c Return period of the multiyear drought event { D > Da n  A, } arises from 
truncating the annual streamflows of the Niger river at the long term mean. 
At y  values of 0, 0.5 and 1.0, the figure shows the return period as E(W) 
obtained using (3.37) versus empirical results obtained from analyzing the 
50000 simulated flows.
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Fig. 3.8 Return period of the multiyear drought event { D > Da n  At } arises from 
truncating the annual streamflows of the Poudre river at the long term mean. 
At y  values of 0, 0.5 and 1.0, the figure shows the return period as E(W) 
obtained using (3.37) with deicits as Beta and as Gamma versus empirical 
results obtained from analyzing the observed and the 50000 simulated flows.
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3.10 Appendix 3A

Assume that the series of deficits, d\, d2 , d^, ..., d, is ARMA(1,1) process. The 

deficit D  as the sum of single deficits conditioned to the drought length / is given as:

D = £ j ,  (3.38)
<=i

Taking the expectation on both sides of (3.38) then:

E[D] = E[d, ] + E[d2 ] + ... + E[dt ] (3.39)

then assuming stationarity in the series of deficits then E[d{ ] = E[d2 ] = E[dt ] = jud and

Md\al = fad (3.40)

The variance of D  is:

V [ D ]  =  f j j ^ C O V [ d i , d J]
i=i j=i

= lV[di] + 2(1 -  \)COV[dl,, ] + 2(1 -  2 )COV[di,d i_2] + ... + 2COV[dl. ,d . _ , +1 ]

then assuming stationarity in series of deficits, then

V[D] = V[dt ] {/ + 2(1 -  1)A  + 2(1 -  2 )p2 +... + 2 px_x ] (3.41)

where p k is the lag-k autocorrelation coefficient. (3.41) can be written as:

=(T2d{l + 2 ^ ( l - k ) p k] (3.42)
k= 1

For ARMA(1,1) process, the lag-k autocorrelation is p k = <(> p k_x for k > 2 or 

simply can be written as p k = p x(j>k~x. Then (3.42) is written as:

=(T2d{l + 2p l£ J(l-k)</>k-'} (3.43)
k = 1
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for simplicity, the sum term ^ ( l - k ) $ k 1 in (3.43) is written as:
k= l

k= l

(3.44)

/ i-i
E
Jfc=l j = 0

the term ^ I 0 k 1= , and by changing variables, i.e. j  = k- 1 , then from the

i - \

analytics of the power series the term 1 ^ 0 1 can be written as:
7=0

1

l ^ 0 j =l
j=o } - $  H

then changing variables one more time, i.e. m = j  - 1, then

c t * ‘ =i

(3.45)

j = 0

1
+5

1

1

=  1

i

I

i

1--
-- 1

3 
r

i> 
i

o 
L

i

11

(3.46)

Similarly, using the analytics of the power series then it can be shown that the

term

Z m ‘-‘ (3.47)
* = 1 ( 1 - 0 ) 2 1 - .

Combining (3.46) and (3.47) in (3.44) and later substituting (3.44) in (3.43) and 

simplifying, the variance is:

l ( l - 0 ) - l  + 0 l
° d\a, = a U l  + 2p l - (3.48)
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3.11 Appendix 3B

Assuming that the first arrival time N  for the event A, to occur is geometrically 

distributed with parameter 0^  and assuming that events arrived independently, the 

probability P[N < 5] is written as:

k - l  „  k - l

P[W <S] = X ed 1- ® J  (3.49)
k= l k = S + 1

let j  = k -  (5+1), then k = j  + S + 1 and (3.49) becomes:

p[N < s ] = 1  -  j r  0A (i -  0^ = i -  £  ̂  (i -  e J  (i -  e )sis+i-/
M A -(v

J = 0  j= 0

j = 0

Thetenn V ( 1 - 9 * ) 1 = --------------- = - t - , th u s
U  1 - C 1 - 9 . )  0.A ' A

P[jV<5] = l - ( l - 0 A)5+w (3.50)
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CHAPTER IV

CHARACTERIZING REGIONAL HYDROLOGIC DROUGHTS

4.1 Introduction

Regional hydrologic droughts are extreme events that are characterized by 

regional deficits that cover large area and may extend over long time. The degree of 

water deficiency and shortage time dramatically affect natural habitats, economic and 

social sectors, urban water supply, and the modem complex industries (Heim, 2002). 

Generally droughts as extreme hydrologic events are characterized by having random 

magnitude that is associated to its random duration. However, in reality droughts are 

considered to be regional phenomenon as result of having the ability to develop randomly 

in space, i.e. droughts have spatial coverage, therefore the definition of droughts should 

include the areal coverage aspect (Hisdal et al, 2000).

The characterization of regional droughts can be made using drought indices (e.g. 

the Palmer Drought Severity Index, the Palmer Hydrological Drought Index, the Drought 

Monitor). In general, drought indices are useful tools to monitor and describe the spatial 

variability of droughts, however common weaknesses of current drought indices have 

been reported in literature (e.g. Byun et al, 1999). Moreover, drought indices are not 

suitable tools to characterize historical droughts in terms of the disability to provide 

statements on how droughts frequently occur (Rossi and Cancelliere, 2003; Salas et al, 

2005). Alternatively, the characterization of regional droughts can be made effectively
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using statistical approaches. In that case, regional droughts can be described by the 

occurrence probability, average recurrence time, and risk of occurrence given fixed time 

period. Two main statistical approaches that incorporate the regional aspect of droughts 

have been suggested in the literature. The first approach focuses on the proportion of the 

area covered by deficit as the key term in characterizing regional droughts (e.g. Tase, 

1976; Sen, 1980; Santos, 1983; Kingery, 1992; Shin and Salas, 2000; Hisdal and 

Tallaksen, 2003). The second approach relies on joint analyzing the study variable at 

many sites where simultaneous deficits are observed as the key term in characterizing 

regional droughts (e.g. Yevjevich, 1972; Guerrero-Salazar and Yevjevich, 1975; Sen, 

1979; Sen, 1998; Bayazit and Onoz, 2005).

For regional hydrologic droughts, i.e. when the study variable is streamflow, the 

characterization of regional droughts with areal aspect following the first approach (e.g. 

Tase, 1976; Santos, 1983) may not appear an attractive approach in the essence that 

dividing the study area into grid of uniform cells may not be utilized easily, i.e. usually 

streamflows are measured or calculated at gaging stations at which the flows contributing 

areas are not uniform in shape nor equal in the size. Therefore, in this Chapter the 

proposed analysis to characterize regional hydrologic droughts will be based on the 

second approach, i.e. the joint analysis of simultaneous deficits that appear by truncating 

the streamflow at many sites, following Guerrero-Salazar and Yevjevich (1975).

The characterization of multiyear regional hydrologic droughts will include the 

evaluation of the occurrence probability, return period of the regional events, and the risk 

that specific regional drought may occur at least once within given time horizon. The 

probability that the regional drought evolves spatially from one sub-region towards the
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other will be also utilized for the purpose of characterizing the spatial patterns of regional 

droughts. The procedures developed here will be used to characterize regional 

hydrologic droughts in the Upper Colorado River basin.

4.2 Basic Definitions and Assumptions

Let the region under study consists of m streamflow gaging sites, i = 1, 2, ..., m, 

where Yt(,) is the study variable (streamflow) at site(i). If Y,(i) is truncated at the level , 

then the resulted 0,1 process Xt(i) for site(/) is defined as:

where the state 0 indicates the occurrence of single year deficit. The multiyear regional 

drought event is defined following the alternative definition of runs of deficits (e.g. 

Schwager, 1983). In that case, the multiyear regional drought event { A™ } that covers m

sites and has fixed length of I years occurs whenever m continuous runs each of I 

successive deficits occur jointly in the m sites starting at the time t. Figure 4.1 depicts 

two typical 3 years regional drought events that occur simultaneously in sites a and b 

assuming that the regional drought event is defined according to the alternative 

definition.

The regional deficit of the regional drought is defined as the sum of the m sites 

deficits over their common period of occurrence. Similar to the univariate case, the 

return period of the multiyear regional drought event is defined as the expected value of 

the time N  required for the specified regional drought event to occur for first time. It is 

defined also as the expected value of the time interval W between recurrent regional

otherwise
(4.1)
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drought events. Return period of regional droughts will be considered using both 

definitions stated above. Figure 4.1 shows a graphical definition of the first arrival time 

N  and the interarrival time W  between recurrent regional droughts. The risk that regional 

drought occurs within the time period S is defined as the probability that the multiyear 

regional drought event covers many sites occurs at least once within the time period S.

In any single site in the study region, the variable Yt(,) is assumed to have simple 

temporal dependence structure, i.e. can be sufficiently modeled using AR(1) model, and 

after truncating Yt(l) at the level the resulted 0,1 process Xt(i) is approximately simple 

Markov process. The variables F,(1), F/2), ..., F,(m) are assumed to be in space correlated 

and it is assumed that M AR(l) model is sufficient to generate flows to the desired length.

4.3 Converting Multi-Sites Deficit Occurrence to Single Occurrence

Referring to (4.1), at a certain time t if one observes deficits over m sites 

simultaneously, then regardless of the magnitude of the regional deficit, the case is 

considered as regional drought. If the variables Yt(i), i = 1, 2, ..., m, are mutually 

independent (uncorrelated in space), then the characterization of the regional drought can 

be obtained easily knowing the marginal probability of occurrence of the drought event 

{ A ,} that has the fixed length I at each site. The single site probability of occurrence of

the drought event { A ,} is discussed in Chapter 3. However in most cases, hydrologic

variables F,(,), i = 1,2, ..., m, show correlation in space. In that case, the characterization 

of multiyear regional droughts may be considered a simple task if one visualizes the 

multi-site deficits occurrence as a single deficit occurs in a single process which can be 

achieved considering the work of Guerrero-Salazar and Yevjevich (1975) as a basis.
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Let the bivariate 0,1 processes X,(l) and Xt<2\  i.e. m = 2, as defined by (4.1) be 

resulted from truncating the bivariate normally distributed variables T,(l) and Yt(2) at the 

levels y„(1) and y0(2) respectively. If X,(l) and X,(2> show to be serially and mutually 

dependent and assuming that each of X,(]) and X,(2) is simple Markov process, Guerrero- 

Salazar and Yevjevich (1975) derived the probability distribution of the longest negative 

run considering the bivariate case by defining the variable Z, such that:

Z ,= l - [ ( 1 - X , (1)) ( l - X ,(2))] (4.2)

Since the occurrence of deficit in each of X,(1) and Xt{2) is assigned the value 0, 

then referring to (4.2) the new process Zt takes 0 (deficit occurrence) at the time t 

whenever deficits occur simultaneously in Xt(]) and X,(2) at that time t, otherwise Z, takes 

1. The characteristics of the 0,1 process Z, can be obtained empirically given the 0,1

processes X,(1) and X,(2), however some characteristics of the process Z, can be obtained

also theoretically as a function of the characteristics of X((1) and X r(2). For example,

considering the bivariate case X ((1) and X t<2), and knowing that the Z( , X,(1), and

X (2>are all 0,1 processes then it can be shown (Appendix 4A) that the expected value of

the process Z, is:

E[Z, ] = 1 -  P[Y,(1) = 0]P[X,<2) = 0 ] -  rx ,x 2  Vp[Y ((,) =1 ]P[X,(1) =0]P [X (<2) = 1]P[X,(2) = 0]

(4.3)

where rx, 2 is the lag- 0  cross correlation coefficient between X ((1) andX , 2).

If Z,(1)andX ((2) are obtained by truncating the bivariate normal T((I) and Yt(2) at 

the level of the mean, then similar to Salas and Chung (2001), it can be shown that rx ,x2
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2
is related to r .  , as r , 2 = —sin 1 (r  , , )  and r lv, is the lag- 0  cross correlation between

Y Y A A /  / /  /

the pair F((1) and F,<2). Generally it can be shown that the &th moment of the process Zt is 

given by:

E[Z, ]k = P[Z, =1] for k= 1 ,2 ,3 , .......  (4.4)

and making use of (4.4), the variance of the process Z, is:

V[Z, ] = P[Z, = 1] -  (P[Z, = l ] ) 2 (4.5)

Moreover, the probabilities P[Z: = 0] and P[Zt =1] can be found easily from

(4.3) and (4.4) as:

P[Z, = 1] = 1 -  P[X ,(1) = 0]P[X,(2) = 0 ] -  rx l x 2  VP[X,(1) = 1]P[X,(1) = 0]P[A,(2) =1 }P[X(t2) =0]

(4.6)
and

P[Z, = 0] = P[X,(1) = 0]P[X,(2) = 0] + rx , x 2  ^ P [ X ^  = l]P[X,a) = 0]P[X,(2) = 1]P[X,(2) =0]

(4.7)

The lag-k serial autocorrelation coefficient p z (k ) of the process Z, can be found

as:

,4.8,
z V[Zt]

The expectation term E[ZtZ t_k] in (4.8) can be obtained as follows:

ElZ,Z,-»] = Z Z O 'n Z , _ ,  = i ,Z t = j] = P[Z:_t =1,Z, =1] (4.9)
1=0 7=0

then substituting (4.4), (4.5) and (4.9) in (4.8), the autocorrelation coefficient p z (k) is:
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P[Zt_k = 1,Z, = 1 ]-(P [Z , =1 ] ) 2 

P[Z, =1 ]- (P [Z , =1 ] ) 2
(4.10)

If the variables Z, and Z,_t are independent of each other for all k and they are 

identically distributed, then their joint distribution P[Zt_k =1 ,Z ( =1] simply equals the 

product of their marginal distributions P[Zt_k = l]x P [Z ( = 1] = (P[Z, =1 ] ) 2 and in that 

case the lag-k correlation coefficient p z (k) given by (4.10) is zero for all k. If the 

variables Z, and Z t_k are correlated, then referring to (4.2) it can be seen that the 

probability P[Zt_k -  1,Z, =1] is:

where i , j , n and o are all possible combinations of Os and Is the variables X,™ , X ^ k , 

X'(1), and X:<2) may take so that each of Z t_k and Z t takes the value 1. Table 4.1 shows 

such possible combinations.

The estimation of p z (k) in (4.10) requires the evaluation of the probability term 

P[Zt_k -  1,Z( =1] in (4.11) considering all the possible arrangements of i, j ,  n, and o 

(Table 4.1) the variables X f \  , X (2)k , X(0), and X (<2)may take. Since the variables X,™ , 

X ' 2)k , X,(1) and X;(2) are serially and cross correlated to each other, then the normal 

distribution may be employed to evaluate such joint probability. For example the 

probability term P[X (® = 0, X ^ l  =1, Xt(1) = 1, X (t2) =1] with i = 0 , j  = 1 , n -  l , a n d o =  1, 

i.e. the i j ,  n, and o combinations given by the first row in Table 4.1, can be evaluated as:

(4.11)

(4.12)
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If the variables Y™k , Fr(1), Y™ and F/2)are assumed to be joint normally 

distributed with vector of means fi and variance-covariance matrix □ as:

and

M =

~E[Ytm ] ~Ml~

Mi

E X 2)k ] Mi

e X 2)] Mi .

V[Y,m ] C[Y^k,Ytw ] C[Y">,Y%] C[Y%,Y,W ]r ( l )  y d ) (̂i) v<2>i

C[Y,W,Y™] V[Y™] C [T / \F ,^ ]  C[Y,W,Y,W ]

C [ Y ™ X - t i  C [ Y ^ X l)] V[F/2)] C [ Y ^ X 2>]

c [y ™ X U ]  c X 2)X l)] c X 2)X 2)k ] v X 2)]

(4.13)

(4.14)

and given the joint normal density function (Johnson and Wichem 2002):

1
f ( y )  = {In) m l 2  j ^  | l / 2

(4.15)

then probability P [ X {tl\  = 0, X (2)k = 1, Z,(1) = 1, X \ 2) = 1] of (4.12) can be evaluated as:

yJ1' oo oo oo

P[Xl% = 0 , X ™ = l , X t 1) = l ,X™  =1)= J  j  j  \ f { y ) d y  (4.16)
y'1’ y'2) ><2’

Similarly, the rest of probabilities that may result from other possible 

combinations of i , j ,  n and o (Table 4.1) can be evaluated. In that case, the lag-/: serial 

correlation coefficient p z (k) of the process Z, can be estimated theoretically under the 

assumptions stated above. The estimation of p z {k) either empirically given the 0,1 

processes X {tV) and X (2) or theoretically assuming Yta)k, Ytm , Yt(2k and F,(2) are normal as 

shown above may give one a clue about the dependence structure of the process Z ,. In
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general, if the process Z( is assumed to behave as low order DARMA process, i.e.

DAR(l) or DARMA(1,1), then one may use the analytical solution of the single site 

drought characterization developed in Chapter 3 to characterize regional hydrologic 

droughts considering two sites.

The bivariate case in (4.2) can be extended to handle the case of simultaneously 

observing deficits at m sites at the time t. The variable Z, is then defined as:

Z, = 1 -  [(1 -  X,(1) )(1 -  X,(2)) • • ■ (1 -  X,0_1) )(1 -  X l m))] (4.17)

Upon browsing (4.17), it can be seen that the multi-sites deficits joint occurrence in 

Xj(1), X {t2)... X \ m) has been converted to a single deficit occurs in Z t . The estimation 

procedures of Z( characteristics developed for the bivariate case can be extended to 

consider m sites, however one should expect rather complicated expressions for E[Zt ], 

V[Z, ] , and p 7 (k ) as the number of sites m increases over 2. The definition of the 

process Z, over m sites and therefore applying the single site drought characterization

techniques developed in chapter 3 would simplify the characterization of regional 

droughts over m sites. Even though it is rather complicated to obtain theoretically the 

properties of the process Z( , these properties can be estimated empirically given the 0,1

processes X t(,), X \ 2>... X , m). For the purpose of this study it will be assumed that the

processZ, resulted from X ((1), X (<2)... X {tm) is simple Markov, i.e. can be modeled as

DAR(l) process. The marginal probabilities P[Z, = i] and the transition probabilities

P[Zt = j  | Z(_j = i] for i , j  G {0,1} can be estimated using (2.22) and (2.10) respectively.
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4.4 Occurrence Probability of Run of Regional Deficits

At a certain time t, if the underlying processes Yt([>, y /2)... Ytim) are below their

truncation levels y , y (2), ... y (0m> then that year t is a single year regional deficit. 

Given the corresponding 0,1 processes X,(1), X (t2)... X (tm) from (4.1), the occurrence 

probability P[A,mJ  of the multiyear regional drought event { A™} that covers jointly m 

sites and has length of I years starting at the time t can be expressed as:

When streamflows are used to characterize regional droughts, then in the same 

region streamflows are usually spatially and temporally correlated. In that case close 

form solution to (4.18) under the assumption of serial and mutual dependence may not 

utilize easily. Alternatively, one may use the process Z, (4.17) to convert this 

complicated multi-deficits occurrence to single deficit occurs in Zt. Assuming that the 

resulted 0,1 process Zt is approximatly simple Markov stationary process, then (4.18) 

may be expressed as:

(4.18)

(4.19)

Employing the Markovian property, then:

(4.20)
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where, p (0Z) and are the unconditional and conditional probabilities of the 0  state in 

the process Z,. This approximate solution will be used to obtain the occurrence 

probability of the regional run of I successive deficits that occur jointly in m sites.

4.5 Distribution of the Regional Drought Deficit

Drought components, i.e. the length and the magnitude, are interrelated to each 

other and therefore it is required to consider the joint analysis of both components when 

characterizing droughts (Salas et al, 2005). The multiyear regional drought event 

{ D >  D a n  A,"1} is defined as the event that jointly covers m sites and have length of I 

years with regional deficit D  that exceeds the critical deficit D0. In this case, the critical 

deficit D0 is defined as the vector c o n t a i n i n g c o m p o n e n t s  for i = 1, 2, ...m where

D (o0 is defined by (3.11) for site i. The single year deficit d ,( 0  is:

d " = y ? ~ Y "  (4.21)

When continuous single deficits are observed in site i over the length I of the 

drought event, then the magnitude of the drought deficit D U) is measured by

accumulating the single deficits d (tl) over the length I,

D V) = Y j d?) (4.22)
t = 1

In any site i, it should be noted that the magnitude D u> (4.22) is the sum of 

autocorrelated deficits d {tl) over the length I (Salas et al, 2005). Unless the deficits are 

normally distributed, it is very hard to obtain the distribution of D 0) given that the single
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deficits are autocorrelated (Shiau and Shen, 2001; Salas et al, 2005). Usually, the 

observed or simulated data at site i is used to estimate empirical parameters of the fitted 

distribution (e.g. Shiau and Shen, 2001; Gonzalez and Valdes, 2003). Alternatively, 

single deficits d {t‘) may be assumed independent and identically distributed to derive the

distribution of D 0) (e.g. Salas at al, 2005). Generally for the single site case, the gamma

and exponential distributions are employed to fit the distribution of drought deficits (e.g. 

Shiau and Shen, 2001; Gonzalez and Valdes, 2003; Biondi et al, 2005; Salas et al, 2005).

In case that D U), i = 1, 2, ...m, are observed in m sites over the regional drought 

length I, then the regional drought deficit D  is the vector containing D u>, i.e. 

D  = [Da) D (2) • • • D (m) ]r where T  stands for the transpose. Similar to the single site case, 

since the distribution of D (,) can be approximated conditioned to the occurrence of the 

single site drought event { A , } of the fixed length I, then the distribution of D  conditioned

to the occurrence of the regional event { A,"1} that has the length I may be given as:

P[D > D a | A,m ] = P[Dm > D ™, D m > D™ ,...D(m) > D<"° | A,m ] (4.23)

If the variables Yt{l), Yt{1)... Yt(m) are mutually independent then it can be assumed 

that the deficits in sites are independent as well. Therefore the conditional distribution of 

D  in (4.23) is obtained as the product of the marginal distributions of D (l) conditioned to 

the occurrence of the drought event { A™ } of the fixed length I at the different sites as:

P[D > D a | A/” ] = P[Dm > D™ | A;m ]P[Da> > D f  \ A? ]...P[D(m) > D (om) | A/" ] (4.24)
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Usually in the same region, the streamflows y,(1), F(<2>... Y^m) are spatially 

correlated, therefore it is expected that the deficits £>(1), D (1},...,DU) will be spatially 

correlated as well which makes the evaluation of P[D > D 0 \ A™ ] in (4.23) a hard task.

Assuming that D (1), D (2),...,D (m) are joint normally distributed then (4.23) can be

evaluated theoretically, however the normal approximation of the joint distribution of

D m, D (2),...,D (m) conditioned to the length of the regional drought may not represent 

well the deficits since in reality deficits D (1), D m ,..., D (m) show to be highly skew.

Alternatively, modeling the single year regional deficit d '  and consequently their 

sum D'  appears an attractive option. The single year regional deficit d '  is defined as:

m

<  = £ < >  (4.25)
1=1

Over the regional drought length I, the regional drought deficit D'  is:

0 '  = 2 X  (4.26)
/=1

For the single site case, the single deficit dt0) and their sum D (l) conditioned to

the drought length can be fitted as Beta distributed in the light that deficit random 

variables is bounded by lower and upper values (Fig. 3.1). Similarly, it can be said that 

the single year regional deficit variable d '  is bounded by lower value of 0  and upper

m

value of b' = ^  y ‘° , i.e. the sum of the truncation levels over the m sites. Moreover, the
i=i

variable D'  conditioned to the occurrence of the regional event of the length I is also
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bounded variable that takes minimum value of 0 and maximum value of l b ' . Similar to 

the univariate case, assuming that D' \ A,m is Beta Distributed, then

where 5  is the dummy variable of the integration, a = 0 , b' is as defined above, a '  and

m

are the parameters of the Beta distribution, and D'a -  7 ^  y (r‘] with 7  as a constant.
1=1

The parameters a't and f}[ of the Beta distribution can be estimated using the 

method of moments given E[D'\  A;m] and V[D'\  A,m]. Similar to the univariate case, 

the moments E[D' \ A™ ] and V [D ' \ A™ ] can be determined either empirically using the

observed data or analytically employing (3.15) and (3.16) respectively as a function of 

the moments of the single year regional deficits, i.e. E[d '] and V[d'~\ that can be 

determined easily from the historical data.

4.6 Occurrence Probability of Multiyear Regional Drought Events

Considering the regional drought of length I and magnitude expressed by the 

regional deficit D'  observed over I, and defining the regional drought event 

{D' > D'0 n  A;m} as the event that jointly covers m sites and has length of I years and 

regional deficit D'  that exceeds the critical deficit D 'o, the occurrence probability 

P [ D '> D'a n  A;m ] can be evaluated employing the law of the conditional probability. 

Assuming that the probability distribution of the regional deficits sum D'  conditioned to
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the occurrence of the regional event { A;m } that has the fixed length I is available, i.e. 

P[D' > D'a | A,m ], and given the occurrence probability of the regional drought event 

{ A;m }, i.e. P[A,m( ], the occurrence probability P[D' > D'o n  A ” ] of the regional drought 

event {D' > D'o n  A/"} is:

P[D' > D'a n  A" ] = P[D' > D'0 | A/"]P[A/"] (4.28)

Substituting P[D' > D't) \ A™ ] from (4.27) in (4.28) then,

lb’ ,  (  A a , ' - 1  h i '  \ ^ - l

P[D' > D'a n  A,m ] = P[A,m ] f —̂ * - a ^ \  , 7— (4.29) 

where the probability P[A ” ] is given by (4.20) assuming that Zf is simple Markov.

4.7 Risk of Multiyear Regional Droughts

The risk of the multiyear regional drought event is defined as the probability that 

the drought event covers m sites in a region has occurred at least once within the time 

period 0 - S. The analysis of the regional drought risk is similar to the analysis developed 

for the single site case. The risk R^m (S ) that the multiyear regional drought event { A,m }

of the fixed length I occurs at least once within time period 0 -  5 is:

v « = i x -  <4-3°)
n = 0

where f n ^  is probability that the regional drought event { A,m } of the fixed length I

occurs for the first time at the step n. Similar to the case of the occurrence probability

(4.18), obtaining direct and close form solution to the regional drought first occurrence 

probability f n ^  considering the spatial and serial correlation seems to be rather
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complicated case. However, assuming that the occurrence of the regional drought in 

many sites simultaneously is well represented by the occurrence of run of deficits in the 

process Z, and assuming that Z, is approximately Markov process, then the probability 

f n A„ can be computed approximately as,

/  -J  n,AI"

fo r  n < I 

fo r  n = I

for  n > l >  2
k = 1

(4.31)

where «0n = u 0n_1p £ ) +uln_1 p \ f ’ -  f n A„ and uu  =u0n_lp f l > +uhn_lPf f .

Considering the magnitude of the regional drought expressed by the regional 

deficit D ' , then similar to the univariate case developed in Chapter 3, the risk 

RD’>D’r,v" (S) that the multiyear regional drought event {D' > D'g n  A;m} has occurred at

least once within the period 0 - S is:

(S) = 1 -  [l- P A ‘)+ rA l)n  -  ( S ) r * « ]" w (4.32)

where PD. (/) = P[D' > D'a | A f ]  and Ra„ (S ) are given by (4.27) and (4.30) respectively.

dz>

Given the risk of the regional drought event {D > Do n A " ) ,  then its first

occurrence probability f n {d,>d, is given as:

f ,n ,{D  >D0 ,A{ }

R D'> d ',a t^  n = 1
R / ( n ) - R  , ( n - l ) ,  n > 2

D>D0,A "  v 1 D > D 0, K

(4.33)
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In fact, solutions given by (4.32) and (4.33) are an approximate solutions for the risk and 

first occurrence probability of the regional drought event {D' > D'a n  A;m} respectively, 

due to the assumption that Z, is approximately Markov process.

4.8 Return Period of the Multiyear Regional Drought

The return period of the regional drought event can be defined as the expected 

value of the time N  (Figure 4.1) required by the regional drought event {D' > D'0 n  A,m}

to occur for first time. In addition, it can be defined as the expected value of the 

interarrival time W  (Figure 4.1) between recurrent regional drought events of the type 

{D'>D'0 n  A;m}. Following the first definition, the return period T is:

T = E iN ) = £ n . f ' ^ Knirt (4.34)
n = 0

where the probability f n {D,>D, A„} is given in (4.33).

Similar to the single site case, the return period as the expected value of the 

interarrival time W  between the recurrent regional drought events of the type 

{£)'>£>' n A ;m} can be evaluated applying the concepts of the renewal theory on 

droughts as renewal phenomena. In that case, the expected number E[N{D,>D, ^ )n] of

the regional drought event {D' > D'a n A " )  that has the fixed regional run length of I 

years and regional magnitude D' that exceeds D'a in a given time period n divided by the 

period n converges to 1 IT  when the time period n is sufficiently large (Loaiciga et al, 

1992). The number N [D,>D, A„]n of regional droughts that may arise from a sequence of

length n is:
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n - l+ l

= Z * :  <4 '35>
(=1

where I ' is an indicator function that takes 1 when I successive regional deficits occur in 

m sites starting at the time t with regional deficits D ' that exceeds D'0 and 0 otherwise. 

The expected number E[N{D,>D, A„, ] n ] of regional droughts of the kind {D' > D'0 n  A,m}

is:

£t V . n ^ , l  = ('| - I + 1) ^  (436)

and the E[I ']  is:

E [r ,]^P [D '> D 'o n A n  (4.37)

Assuming n is sufficiently large, i.e. n ~ n-l+l, then based on the fundamental 

result of the renewal theory the return period T  as the expected value of the interarrival 

time W  between recurrent regional drought events of the type {D' > D'o n  } is:

T  = E(W ) = ---------------   = - — ----------  (4.38)
P[D'>D'o n A n

The probability P[D' > D'a n  A,m ] of the recurrent drought event is given by (4.29).

4.9 Spatial Patterns of Regional Hydrologic Droughts

Besides the ability to evolve over the time, droughts in reality grow in space 

randomly. In this section, the proposed procedure to analyze the spatial development of 

regional droughts assumes that the regional drought starts at first at a specific sub-region 

and later with the time it grows toward other sub-regions in the main region. The 

objective behind this procedure is to evaluate in terms of probability the chance, based on
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yearly time scale, that drought develops from one specific sub-region towards the other, 

for example from the specific sub-region denoted by B towards the specific sub-region 

denoted by C. To evaluate such probability of drought growth it will be necessary to

assume that the year t -  2 was the end of the wet period over sub-regions B. In addition,

it is needed to assume that at the year t -  1 the regional drought has occurred in the 

specific sub-region B  only while region C is still under wet condition. At the year t, the 

interest is to evaluate the probability that the regional drought would evolves towards the 

specific sub-region C while the sub-region B is still under drought condition as well.

For the bivariate case, for example the sub-region B contains site 1 with 0,1 

process X (tn while sub-region C contains site 2 with 0,1 process X t(2). Assuming that

each of X;(1) and X t<2) is simple Markov process and that X r(1) is spatially correlated 

with X,(2), then under the assumption that drought has occurred firstly in sitel only in the 

year t -  1, the probability P ^ 2 that this drought would evolve from site 1 towards site 2 in 

the year t while site 1 is still under drought condition is given as:

P ^ 2 = P[(X ,(1) = 0, X,(2) = 0) | (X,® -  0, X,(2) = 1)] (4.39)

If the joint process Z((1,2) is defined from X,(l) and X t(2) using (4.2), then it can be said 

that P[Zta_? = 0] = P[X<1_\ = 0,X,(2) = 0] and that:

P[Z,a;2) = 1] = P[X,°; = 0, X,(2) = 1] + P[XfX = 1, X {2\ = 0] + P [X (, l_\ = 1, X,(2) = 1] (4.40)

Equation (4.40) shows all the possible combinations of 0s and Is the processes 

X(0) andX,(2) may take such that the joint process Z((1,2) takes 1 (non-drought).

I l l
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However, based on the fact that the conditioning term in (4.39), i.e. ( X  ® = 0, X™ -  1), 

is just one part of (4.40), then the probability P{̂ 2 in (4.39) may be expressed as the 

conditional probability P [Z f’2} = 0 1 Z,(lj2) = 1] corrected for the contribution of the case 

( =  0, X™  = 1) only. In that case:

P[X,°j = 0,X,(2) = 1] 
P \ Z l  f  =1]

P ^ 2 = P[Z; = 0 1 = l]x  (4.41)

where the probabilities P [Z f 2) = 1] and P[Z,<1,2) = 0 1 Z,°;2) = 1] can be found from the 

characteristics of the process Z((1,2) assuming it can be fitted as DAR(l) process, while 

the probability P[Xj(1) = 0, X,<2) =1] can be found empirically by jointly analyzing the 0,1 

processes X,(1) and X {2). However, when X t0> and X(<2) are originated from the 

bivariate normal pair [F,n>,F(<2)], then the probability P[X,(1) = 0 ,X {2) = 1] can be 

computed using the bivariate normal distribution as P[F((1) < , F,(2) > y (02> ].

The procedure (4.41) can be extended generally to evaluate the probability that 

the regional drought would grow spatially from one sub-region contains many sites to 

another different sub-region of many sites. For example, if drought has occurred at first 

in sub-region B that contains sites bl, b2, ... bm, and one would like to calculate the 

probability that this drought would evolve towards the sub-region C that contains sites c l, 

c2, ...cn, then similar to (4.41) this probability is:

P|77(B) - o TJ(C) = 11
=p[zrc) = o i z«r = i] x (4-42)

where the processes Z f ’c , f /(B and U f  are defined using (4.17) as follows:
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u ?  = 1 - [ (1 -X ,(W))(1 - X (("2))---(1 -X ((im))] (4.43)

U f  = 1 -  [(1 -  X,(cl) )(1 -  X ,(c2)) • • • (1 -  X \cn>)] (4.44)

Z f 'c = 1 -  [(1 -  X,(M) )(1 -  X f 2)) • • • (1 -  X,(im) )(1 -  X,(cl) )(1 -  X,(e2)) • • • (1 -  X,(cn))] (4.45)

If the processes, X (taV), ..., X t(am), X tm , ..., X ltbn> are simple Markov each and 

Z f 'c is assumed to be simple Markov, then the probability P [Z f,c = 0 1 Z f ’c = 1] and 

P[ZB’C = 1] can be found by fitting the 0,1 process Z B,C as DAR(l) process. The term 

P[t/,<B) = 0,t/,(C) = 1] can be estimated similar to the bivariate case P[X ((1) = 0, X(<2) = 1].

The probability PB̂ C gives the chance that a drought would grow from sub- 

region B  towards sub-region C. In addition, if the probability PB̂ C is compared with the 

probability PC_̂ B then one may be able to describe the regional drought growth direction 

that could be of interest in regional planning of water resources systems.

4.10 Application

Multiyear regional hydrological droughts that occur in the Upper Colorado River 

basin (UCRB) will be characterized by evaluating the first occurrence probability, 

occurrence probability, return period, and the risk using the proposed procedures 

developed in this Chapter. The UCRB consists of 20 streamflow gaging sites with annual 

streamflow records for the entire 20 sites cover the period 1906 -  2003 as estimated by 

the U. S. Bureau of Reclamation. Figure 4.2 shows the spatial distribution of the 20 sites 

over of the study area. The UCRB was selected as a study region for its importance as a 

source of water supply for agriculture, hydroelectric power generation, municipal, and
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industrial uses in the western United States. Many water resources projects like the Front 

Range Diversions in Colorado, Lake Powell and Lake Mead are located along the river.

The historical streamflow records of length 98 years are relatively short to reliably 

characterize droughts in the UCRB, therefore simulated streamflows of 50000 years long 

have been obtained for the 20 sites in the UCRB. Practically, the length of the observed 

streamflow data is limited relative to the total number of parameters to be estimated when 

using multivariate models to simulate at once the flows at all the 20 sites in UCRB, i.e. 

the principle of parameters parsimony may not be preserved. In that case, the reasonable 

approach is to use the multivariate model to simulate streamflows at few sites (e.g. key 

sites) and then streamflows at the remaining sites (subsites) can be obtained using the 

spatial disaggregation model (2.70). The key sites are selected spatially such that the 

spatial disaggregation schemes can be applied easily to get flows at the rest of the sites. 

In the case study, the selected key sites are 20 ,19 ,18 ,17 ,16 , and 8.

Fitting M AR(l) model to the historical flows at sites 20, 19, 18, 17, 16, and 8, 

50000 years of simulated flows were firstly obtained. The generated flows at the key 

sites 8 and 16 were spatially disaggregated to obtain the 50000 years of generated flows 

at up stream subsites 15, 14, 13, 12, 11, 7, 6, and 2 (Figure 4.2). Similarly, the generated 

flows at rest of sites (the most up stream) were obtained by disaggregating the upper level 

flows.

4.11 Results and Discussion

This study targets the characterization of the multiyear regional drought event 

{D' > D'a n  A "} in the UCRB that has 20 streamflow gaging sites. For the multiyear
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regional drought event {A(m}, the occurrence probability P[A;m] that this event covers 

the UCRB, m = 20 sites, is given generally by (4.18). Usually in the same region, i.e. the 

UCRB, streamflows over space and through time show to be significantly correlated and 

in that case the close form solution of (4.18) if existed seems to be rather complicated. 

However, (4.20) is considered an approximate solution for (4.18) which can be obtained 

utilizing the predefined 0,1 process Zt given by (4.17). Specifically, one should be able to 

convert the multisite simultaneous deficit occurrence in the processes Xt(1), Xt(2\  ..., Xt(m) 

to an equivalent single deficit occurrence in Zt and consequently one can use the 

analytical procedures developed for the single site drought analysis to characterize 

multiyear regional droughts over the Colorado River.

Considering the bivariate case of 0,1 processes X,(1) and X,{2) that arise from 

truncating Yt(l) and U(2) at y„(1) and y0(2), then useful properties of the process Z, can be 

obtained theoretically given the properties of X,(1) and Xr(2). For example, the expected 

value and the variance of Z, can be obtained using (4.3) and (4.5) respectively given the 

characteristics of X,(1) and X,(2) and their cross correlation r ^ 2, while the lagk correlation

coefficient of Z, can be obtained using (4.10). To show the applicability of (4.3), (4.5), 

and (4.10) simulation experiments were used. For the purpose of simulation, the 

bivariate normal pair Y,0) and Yt(2) was generated using MAR(l) model to a length of 

50000 points. Both of U(1) and Y,(2) has mean = 0, variance = 1, and the lagl serial 

correlation 0 = 0.3, i.e. 0 (7 /1)) = 0(7,(2)) = 0.3. The lagO cross correlation r  (1) (2) between

the pair 7,(l) and 7,(2) was varying between 0 to 1. The 0,1 processes Xt{l) and X,(2) were 

obtained by truncating 7,(1) and Yt(2) at the mean level y„(1) = yn(2) = 0. The cross 

correlation between the processes Xt(l) and X,(2) was obtained given the lag-0 cross
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correlation rv(1)v(2) between the pair Y,(]) and Y,(2) using r , , = — sin 1 [r , , ] as shown by
r  r  x  a  n  r  r

Salas and Chung (2001). Figures 4.3, 4.4 and 4.5 show the expected value, the variance, 

and the lagl serial correlation coefficient of the process Zt obtained using (4.3), (4.5), and 

(4.10) respectively compared to the results obtained from simulation.

Generally, Figures 4.3, 4.4 and 4.5 indicate that when X,(1) and X,(2) are obtained 

by truncating the normally distributed pair F,(l) and yf(2) at the mean level y0(1) = y0(2) = 0, 

then (4.3), (4.5), and (4.10) well represent the expected value, the variance, and the lagl 

serial correlation coefficient of the process Z, given by (4.2). Moreover, Figures 4.3, 4.4 

and 4.5 reflect the variation in the E(Zt), V(Zt), and (|)( Zt) as the cross correlation r , 2

varies. For example, the E{Zt) varies linearly with rx,x2 from 0.75 when rx,x2 = 0  to 0.5 

when rxtx2 is nearly 1, while the V(Zt) varies non-linearly with rx,x2, i.e. negative 

polynomial of second order, from 0.1875 when rx,x2 = 0 to 0.25 when rx,x2 is nearly 1. 

The bottom line is, as long as the properties of Xt(1) and X,<2) are known from the historical 

data, then (4.3), (4.5) and (4.10) can still be used to obtain the E(Zt), V(Zt), and (|)( Zt) of 

the process Zt regardless of the distribution of Y,(]) and Y,(2). Generally as the cross 

correlation rx,x2 increases ( r  (t) (2) increases), the characteristics of the process Z, get

closer to the characteristics of Xr(1) and X,(2). This result may justify the general 

assumption that if X,(1) and X,(2) are simple Markov each and highly cross correlated, then 

the resulted process Zt may be well approximated by simple Markov process. However, 

to further investigate the structure of the process Zt, simulation beyond the bivariate case 

has been employed. In that case, using M AR(l) model, the normally distributed 

variables Tf(1), T/2), F,(3), and Fr(4) have been generated assuming cross correlation
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between any two variables r w U), for i *  j, is the same and varying at 0.25, 0.5, and 0.75.

The serial correlation in each variable (j)(F/°), i = 1,2, 3, and 4, has been considered to be 

the same and varying to take 0.1, 0.25, and 0.5. At each combination of the cross and 

serial correlation, the variables F,(1), Y,(2\  F,(3), and F,(4) have been generated to the length 

of 5000 points and then truncated at the mean to obtain the 0,1 processes X,(1), X,(2\  X ,° \  

and X,(4) and the concurrent 0,1 process Z, from (4.17).

The empirical autocorrelation function (ACF) of Z, has been fitted against the 

theoretical ACF assuming Z, as DAR(l) and DARMA(1,1) at the different values of cross 

and serial correlation as shown by the Figures 4 .IB -  4.3B (Appendix 4B). Generally, it 

can be concluded from Figures 4. IB -  4.3B that when the serial correlation in the 

variables Fr(1), F/2), F,(3), and F,(4) is low (0.25 or less) then the resulted 0,1 process Z, 

obtained by truncating the variables F,(l), F/2), F /3), and F,(4) may be approximated as 

DAR(l) and DARMA(1,1) process as well. However when the serial correlation in the 

variables Fr(1), Ft(2), F,(3), and F,(4) is high (more than 0.25) then the resulted process Z, 

may be approximated by DARMA(1,1) more accurately than the DAR(l). Moreover as 

the cross correlation between the variables F,(1), Ff(2), F /3), and F,<4) increases the resulted 

process Z, behaves as DAR(l) although it is well represented by DARMA(1,1) (Figure 

4.3B).

Beyond the bivariate case, i.e. the case of having m sites in the study region, the 

characteristics of the 0,1 process Zt can be obtained empirically given the input processes 

X,(1), Xr(2), ..., X,(m>. In the case study, since the UCRB contains 20 sites, i.e. m = 20, the 

main characteristics of the process Z, can be estimated empirically given the processes 

Xt(l), X,(2\  ..., X,(20) assuming that Z( is approximately simple Markov. The processes
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X,(l), Xt(2), ..., X,(20) were obtained by truncating the historical flows Fr(1), Y p \  ..., F,(20)of 

the entire 20 sites in the UCRB at the level of the long term mean for each.

To characterize regional hydrological droughts in the UCRB, the process Zt has 

been defined over the entire 20 gaging sites forming the river basin. Further check on the 

dependence structure at which the process Zt may take assuming that Xt(]), Xt{2\  ..., Xt(20) 

are simple Markov each has been carried out. Figure 4.6 shows the autocorrelation 

function (ACF) of the 0,1 process Z, obtained from the historical processes Xt{]), Xt{2\  ..., 

X,<20) of the UCRB versus the theoretical autocorrelation given by (2.8) and (2.13) 

assuming Zt is DAR(l) and DRAMA(1,1) process respectively. Generally, it can be seen 

from Figure 4.6 that approximating Z, as DAR(l) process is fair enough for the purpose 

of this study. Assuming that each of the 0,1 processes Xt° \  Xt(2\ . . . ,  X,(20) of the UCRB is 

simple Markov, then the result shown in Figure 4.6 may suggest that Z, is approximately 

simple Markov process. Furthermore, as shown by Chung and Salas (2000), if the 

process Zt is adequately fitted using DAR(l), then the run length distribution of the dry 

state (state 0) obtained theoretically from the characteristics of the process Zt as DAR(l) 

has to represent the run length distribution of the historical or the simulated dry states at 

the region. In Chung and Salas (2000) runs of dry state are defined according to the 

definition of Yevjevich (1967).

Figure 4.7 shows the run length distribution of the dry state obtained theoretically 

(e.g. Chung and Salas 2000) from the characteristics of Z, as D AR(l) compared to the 

empirical distribution obtained from simulation. Generally, it can be seen from Figure 

4.7 that, assuming Zt as DAR(l) process well represented the run length distribution of 

the dry state obtained by truncating the streamflows of sites 1 -  20 in the UCRB which
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also supports the assumption that Z, is approximately simple Markov process. The 

unconditional and conditional state probabilities of Z, as simple Markov process have 

been estimated using procedures shown in Chapter 2. For example, considering the 

entire region of the UCRB, the parameter X of the DAR(l) process has been estimated 

using (2.8) with estimated value of 0.23. The unconditional probability of the dry state 

p (0z> has been estimated using (2.22) to have 0.2653 while the conditional probability of 

the dry state p has been estimated using (2.10) to have 0.434.

The occurrence probability of the multiyear regional drought event P[A;m] , m = 

20, that covers the entire UCRB can be estimated using (4.20) given the characteristics of 

Zr. However, in reality it is desired to characterize multiyear regional hydrologic 

droughts in terms of the magnitude and the length. The magnitude D' (4.26) of the 

multiyear regional drought event is expressed by the total deficit over the area that is 

under drought. Given the expected value and the variance of the historical single year 

regional deficit E[d'] and V[d'], the expected value and the variance of the sum D'

conditioned to the occurrence of the regional drought of the length I, i.e. E[D' | A/"] and 

V [D' | A ” ], were estimated using (3.15) and (3.16) respectively. For the purpose of this 

study, the at site truncation level y g} has been taken as the long term mean of the 

historical streamflows, while the regional critical drought D'a has been calculated as

m
D'g -  y ^ j at Y values of 0, 0.5, and 1. Similar to the case of the single site drought

i= l

characterization, since the single year regional deficit random variable d '  and hence its 

conditional sum D' is bounded by lower and Upper values, the variables d '  and D'
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were assumed to be Beta distributed. The parameters of the Beta distribution have been 

estimated using the method of moments given E [D' \ A™ ] and V [D' | A;m ].

The occurrence probability of the multiyear regional drought event 

{D' > D'o n  A ™} that has the length I was computed using (4.29). Figure 4.8 shows the

occurrence probability of the multiyear regional drought event {D' > D'a n  A,m}, m = 20, 

that covers the entire UCRB evaluated using (4.29) versus the empirical occurrence 

probability obtained from analyzing the simulated and the observed flows. From the 

results shown in Figure 4.8, generally it can be concluded that regional drought properties 

obtained from analyzing the observed flows alone are quite uncertain. The analytical 

procedure to evaluate the occurrence probability of the referred regional drought event 

gives quite reasonable results as compared with the empirical results obtained from 

analyzing the simulated flows. The results show more specifically that, for regional 

drought events considering just the duration, i.e. y  = 0, the occurrence probability of the 

regional drought event decreases as the drought length increases. In that case, the 

regional drought becomes extreme as a result of the increasing length. On the other hand, 

when considering the magnitude of the regional drought with the length, i.e. y > 0, as the 

magnitude D' increases (due to the increasing y ) and the length increases then generally 

regional droughts become less frequent to occur. Moreover, given specific critical 

regional deficit D'a ( y  = 0.5), then at short drought length (say 2 years) droughts are 

considered less extreme (more frequent) and later to some extent as the drought length 

increases, droughts become less frequent to occur, i.e., at longer duration (say 4 years or 

more), regional droughts start becoming less frequent to occur due to their extreme
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length. In that case, the magnitude of the regional drought event is not contributing 

significantly like its extreme length to make droughts as extreme events.

In addition to estimate the chance that the regional drought event occurs, the 

occurrence probability shown in Figure 4.8 provides more information about the duration 

of the most frequent regional drought event. For example, referring to Figure 4.8 it can 

be noticed that at y  = 0.5, the most frequent regional drought event has length of 2 years, 

while at y  = 1 the most frequent regional drought event has length of 3 -  4 years. 

Moreover, it can be noticed that varying the amount of the critical deficit, i.e. varying y , 

would result in different lengths of the most frequent regional drought, which is expected 

due to the contribution of the drought magnitude.

The return period calculated as the expected value of the interarrival time W 

between recurrent multiyear regional drought events of the type {D' > D 'n  A,m} that 

covers the entire UCRB is given by (4.38). Figure 4.9 shows the return period as E(W) 

for the drought event {D' > D'0 n  A,m}, m = 20, that covers the entire UCRB obtained

from (4.38) versus the empirical return period obtained from the analysis the 50000 years 

simulated and the observed streamflows. Generally the results obtained through the 

analytical procedure (4.38) developed to evaluate the return period as E(W) agree quite 

well with the results obtained from the empirical analysis of the simulated streamflows 

and to some extent the observed. Generally the figure also indicates the uncertainty in 

the retrun period as estimated from the analysis of the observed flows alone.

Similar to the univariate case, the results from Figure 4.9 indicate that for regional 

drought events considering the length only, i.e. y  = 0, the return period increases as the 

drought length increases, which is expected because regional droughts become more
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extreme as the duration increases, i.e. droughts of longer duration has less chance to 

occur and therefore its return period will be eventually high and vise versa. Moreover the 

return period of regional droughts increases by increasing the magnitude of the drought, 

i.e. due to the increasing y , which is expected because droughts turn to be more extreme 

due to the severe magnitude and consequently their return period will be high, however 

the magnitude of droughts with length 4 years or more is not significant as their extreme 

lengths in making the regional drought as an extreme event. Practically, the results in 

Figure 4.9 show that droughts of length more than 4 years are less important for planning 

purposes since these droughts are less frequent to occur, i.e. their return period exceeds 

the practical planning horizons (most of the cases 50 years or less). For example, 

regional droughts of length 5 years or more have relatively long average recurrence time 

(more than 100 years) compared with droughts of 4 years or less that have average 

recurrence time nearly 50 years or less.

The return period as the expected value of the first arrival time N  needed for the 

multiyear regional drought event {D' > D'o n  A,m} to occur for the first time at the trial n 

is given by (4.34) where the probability f n {D.>D, is given by (4.33). Figure 4.10

shows the return period of the multiyear regional drought event { D '> D'0 n  A™}, m =

20, that covers the entire UCRB obtained as E(N) using (4.34) versus the empirical return 

period obtained from the analysis of the simulated streamflows. Generally, the results 

shown in Figure 4.10 obtained using (4.34) agree with the results obtained from the 

empirical analysis of the simulated streamflows. The results from Figure 4.10 indicate 

generally that the return period of regional drought events increases by increasing the
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magnitude of the drought, i.e. increasing y ,  because droughts become extreme events 

due to their extreme magnitude and consequently their return period will be high (less 

frequent), while at drought length of 4 years or more the magnitude of the regional 

drought is not contributing in making the drought event extreme, i.e. for regional 

droughts of length greater than 4 years, then regardless of the drought magnitude as the 

drought length increases the return period increases.

Comparing the results obtained for the return period shown in Figures 4.9 and 

4.10 using the two definitions of the return period then in general it can be noticed that 

the return period evaluated as E(N) is always greater than or equal to the return period 

calculated as E(W). This can be explained as result of the fact that the first arrival time 

for the drought to occur for the first time regardless of the past takes minimum value that 

equals the length of the desired drought but not less than. On the other hand, the 

interarrival time W  between recurrent regional events may take minimum value of 1 year 

regardless of drought length I simply because drought events are defined according to the 

alternative definition of runs (e.g. Schwager 1983) where runs of deficits may overlap. 

Therefore it is expected that T  = E (N )  is always greater than or equal to T = E(W ) .

The risk that the multiyear regional drought occurs during the project life is an 

important issue in the operation and the planning of water resources systems. For 

regional drought events that are characterized by the length only, i.e. the regional drought 

event {A,m}, then (4.30) can be used to evaluate the risk that such drought event has 

occurred at least once during the specified time span S. Assuming that the time span S is 

25 years, then for the regional drought event {£)'> £)' nA,™} the risk that such drought 

has occurred at least once within 25 years was obtained using the procedure (4.32). The
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risk results obtained from (4.32) for droughts of the kind {£)' > D ' n  A(m} are compared

with the results obtained from the empirical analysis using the simulated and the 

observed flows (Figure 4.11). Mainly, the results show that generally as the regional 

drought length increases, the risk that the drought occurs with time horizon of 25 years 

decreases. Moreover, as the level of the critical deficit increases, i.e. y  increases, the 

risk that the referred regional drought to occur within the 25 years decreases. Practically, 

the results show that regional drought events of length 5 years or more are less likely to 

occur, i.e. their chance to occur is very low (nearly 10%) and decreasing as I increases. 

When y  = 0, the regional droughts of lengths 1, 2, and 3 years are the most risky events 

that may cover the entire UCRB at least once within the 25 years period with 

probabilities of around 99%, 85%, and 50% respectively. While y  increases, the risk of 

occurrence during the time horizon of 25 years generally decreases, however when y  is 

less than 1, for example y  = 0.5, then regional droughts of 1 or 2 years get the chance in 

the range of 65 - 80% to occur in the UCRB at least once within 25 years.

In general, drought properties obtained from the analysis of the observed flows 

show to be quite uncertain when compared with results obtained from the proposed 

analytical procedures or from simulation. The uncertainty can be associated to the 

shortness in the observed flows to give reliable drought properties compared to their 

theoretical expectations specially when the case is extreme drought event. In fact, in 

some cases droughts of higher lengths may not be observed at all within the analysis of 

flow records of around 100 years, i.e. the case of the Colorado river. For example, 

referring to Figure 4.9 it can be seen that return periods obtained using the observed 

flows depart from their expectation, i.e. the analytical or simulation results, specially
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when y >0.  Moreover, the analysis of the observed flows is in fact less informative as 

the drought length increases (no information about droughts of length more than 4 years). 

Similar conclusions are also found from the results of the occurrence probability and the 

risk for the referred river flows.

To get a clue of how regional droughts may evolve spatially from one sub-region 

to the other, i.e. from sub-region B to sub-region C, the probability PB_+C that the

regional drought may extend from the sub-region B towards sub-region C can be obtained 

using (4.42). Considering the UCRB, if sub-regions B and C are defined such that the 

sub-region B  contains sites 2 ,4 , 5 and 6 while the sub-region C contains sites 7, 8, 14,15, 

and 16, then the probability PB̂ C that the regional drought grows this year from the sub- 

region B towards sub-region C has the value of 0.041 given that the past year only sub- 

region B was under drought condition, while the probability Pc_+B has the value of 0.011.

In general, the estimated probabilities PB̂ C and PĈ B seems to be almost the same and

low (0.04 or less) which indicates that most of times the regional drought occurs in both 

regions B and C at the same time after the wet season. Moreover, since sub-regions B 

and C are east west in direction relative to each other, then from the results of PB̂ C and

PĈ B one may conclude that there is no clear pattern about drought growth along the east

west direction in the UCRB.

The same analysis has been carried out to evaluate the probability that the 

regional drought may extend from sub-region D  that contains sites 9, and 10 towards sub- 

region E  that contain sites 11, 12, and 13, then the probability PD̂ E that the drought 

grows from the sub-region D  towards the southern sub-region E  has the value of 0.1,
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while PE_,D has the value 0. In this case, may be it can be concluded that in general

regional droughts in the UCRB may have clear pattern to grow along the north south 

direction. In particular, the probability PD_>E has a considerable value (10 %) compared

to PE_,D which indicates that the direction of the drought growth is north to south more

than south to north.

4.12 Summary and Conclusions

In this study, the regional hydrologic drought event is defined as the event that is 

made of a run of successive deficits occur simultaneously over many sites in a region. 

One main reason to follow this definition of drought events is due to its ability to capture 

extreme regional hydrologic drought events regardless where the events start, i.e. there 

could be a particular drought event that is extreme in terms of the magnitude and not 

necessarily is headed and followed by at least one surplus. The general objective is to 

characterize the multiyear regional hydrologic droughts. A single year regional deficit 

occurs, i.e. single deficit occurs in the process Z( , whenever concurrent single year

deficits in many sites in the region occur. If the structure of the process Z, is known, then 

one may use analytical procedures developed to characterize multiyear droughts at single 

site to characterize multiyear regional droughts.

Assuming that each of the spatially correlated 0,1 processes Z,(1), X,<2),.... X (t]> is 

simple Markov, the resulted 0,1 process Z, may be fairly approximated by simple 

Markov. The magnitude of the regional drought deficit D' is defined as the sum of the 

single year regional deficits d '  over the length of the regional drought. The single year
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regional deficit d '  and the regional drought magnitude D' are bounded by lower and 

upper values and therefore they were assumed to be Beta distributed with parameters a', 

and /3' . The parameters a '  and were determined using the method of moments

given the first two moments of D ' .

Analytical procedures developed to evaluate the occurrence probability, return 

period, and the risk were used to characterize the multiyear regional hydrologic droughts 

occurring in the Upper Colorado River basin. The proposed procedures show to give 

reasonable drought properties when compared with uncertain results obtained empirically 

from the analysis of the observed streamflows. The uncertainty in the properties of 

drought as obtained empirically from analyzing the observed streamflows is associated to 

the shortness of the observed flow records. The results obtained from the mathematical 

procedures were verified by results from simulation. In addition, procedure to analyze 

the spatial patterns of regional droughts has showed generally that regional droughts 

evolve spatially in the Upper Colorado basin most likely from north to south in direction.
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Table 4.1 Sets of possible 0,1 combinations the variables X ™ , X <2)k , X((l) and X t(2) 
may take such that Z t_k and Z t take the value 1.

1 J o n

0 1 1 1
0 1 0 1
0 1 1 0
1 0 1 1
1 0 1 0
1 0 0 1
1 1 0 1
1 1 1 0
1 1 1 1

128

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Fl
ow

Site a

Site b

Fig 4.1 Definition of the regional drought event. Two possible regional drought events 
of 3 years each defined according to the alternative definition (e.g. Schwager 
1983) that occur simultaneously in sites a and b are shown by dark rectangles. 
The first arrival time N  and the interarrival time W  between recurrent regional 
drought events are also shown.
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Colorado River System

Legend

•  F low S tes 

 River Reaches

Fig 4.2 The Colorado River basin. The upper Colorado basin contains streamflow gaging 
sites 1 - 2 0  while the lower basin contains streamflow gaging sites 2 1 -2 9 .
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Fig 4.3 The expected value of the process Z, defined from the pair Xt(l) and X,(2) that is 
resulted from truncating the normally distributed pair Ff(1) and Y,(2) at y0(1)= y 0(2) 
= 0. The dashed line represents E(X,(}) = E(X;<2)) = 0.5.
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Fig 4.4 The variance of the process Z, defined from the pair X,(i) and Xt(2) that is resulted 
from truncating the normally distributed pair F,(1) and Y,(2) at y0(1) = y0(2) = 0. The 
dashed line represents V(X;(1)) = V(X,(2)) = 0.25.
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Fig 4.5 The lagl correlation coefficient of the process Zt defined from the pair Xt(i) and 
Xt(2) that is resulted from truncating the normally distributed pair Yt and y /2) at 
y0(1) = y0(2) = 0. The dashed line represents <|)(Xt(1)) = <J) (Xr(2)) = 0.194.
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Fig 4.6 The autocorrelation function of the process Z, defined from the 0,1 processes 
resulted from truncating the flows of the entire 20 sites in the Upper Colorado 
River basin versus the theoretical autocorrelation function assuming Zt as 
DAR(l) and DARMA(1,1) process.

132

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Pr
ob

ab
ili

ty
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

O Run length distribution from simulation

Theoretical run length distribution from the 
characteristics of Zt as DAR(l)

3 40 1 2 5 6 7 8 9 10
Run length (years)

Fig 4.7 The run length distribution of the dry state obtained theoretically from the 
characteristics of Z, as D AR(l) process compared to the empirical distribution 
obtained from simulated flows of the 20 sites in the upper Colorado River 
Basin. Runs are defined according to the definition of Yevjevich (1967).
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Fig 4.8 Occurrence probability of the multiyear regional drought {D' > D'o n  A ™} arises 
from truncating the annual streamflow series of the 20 sites in the Upper 
Colorado River at the long term mean. At y  values of 0,0.5 and 1.0, the figure 
shows the analytical results (4.29) versus the empirical results obtained from 
analyzing the 50000 years simulated flows and the observed flows.
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Fig 4.9 Return period of the multiyear regional drought { D ' > D'a n  A;m} arises from 
truncating the annual streamflow series of the 20 sites in the Upper Colorado 
River at the long term mean. At y  values of 0, 0.5 and 1.0, the figure shows 
the analytical results (4.38) of T  as E(W) versus the empirical results obtained 
from analyzing the 50000 years simulated flows and the observed flows.
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Fig 4.10 Return period of the multiyear regional drought {£>' > D'o n  A ™} arises from
truncating the annual streamflow series of the 20 sites in the Colorado River at 
the long term mean. At y  values of 0, 0.5 and 1.0, the figure shows the 
analytical results (4.34) of T  as E(N) versus the empirical results obtained 
from analyzing the 50000 years of simulated flows.
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Fig 4.11 Risk of the multiyear regional drought \D ' > D'o n  A ” } arises from truncating 
the annual streamflow series of the 20 sites in the Colorado River at the long 
term mean occurs at least once within planning time of 25 years. At y  values 
of 0, 0.5 and 1.0, the figure shows the analytical result (4.32) versus the 
empirical results obtained from analyzing the 50000 years of simulated flows.
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4.13 Appendix 4A

Considering the bivariate case X ta) and X,(2>, the process Z t is defined as:

Zr = l - [ ( l - X , (1)X l-X ,(2))] (4.46)

and equation (4.46) can be written also as:

Z, = x f  + X,(2) -  X,(1)X,(2) (4.47)

Taking the expectation on both sides of (4.47), then:

£[Z, ] = £[X,(1) ] + £[X,(2) ] -  £[X,(1)X,<2) ] (4.48)

Since, X,(1) is 0,1 process, then the m moment is given by:

E[X™]= '£j a mP[X?) =a\  (4.49)
® =(0 ,1}

from (4.49), £[X,(1) ] = P[A,(1) = 1] (4.50)

and V[X,(1) ] = £[X,(1) ]2 -  (£[X ;(1) ])2

= £[X,(1) = 1] -  (p [X,(1) = l])2 = P[X,(1) = 1]£[X,(1) = 0] (4.51)

Similarly, £[X,(2) ] = P[X,(2) = 1] (4.52)

and V[X,(2) ] = P[X,(2) = 1]P[X,(2) = 0] (4.53)

The expectation term £[X,(1)X,(2)] of (3) can be written as:

£[X,(1)X,(2) ] = £[X,(1) ]£[X,<2) ] + rxtx2 ^ V [ X ^ ] V [ X ^ ]  (4.54)

replacing results of (5) - (9) in (3) and simplifying, then

E[Zt ] - 1  -  £[X,(1) = 0]P[X,(2) = 0] -  rxlx2 V f[X ,(1) = 1]£[X,(1) = 0]£[X,(2) = 1]P[X,(2) = 0]

(4.55)
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4.14 Appendix 4B
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Fig. 4. IB The autocorrelation function (ACF) of the 0,1 process Zt. Empirical results 
from simulation versus the theoretical as DAR(l) and DARMA(1,1) when the 
serial correlation in each of Yt(1\  Y,(2\  y (3), and y /4) is 0.1, (a) the cross 
correlation between Y,(l), Y,(2\  Y,{3\  and y /4) is 0.25, (b) the cross correlation 
between F,(l), Yt{2\  F,(3), and F,<4) is 0.5, and (c) the cross correlation between 
y (1), Y'(2\  y® , and r / 4) is 0.75.
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Fig. 4.2B The autocorrelation function (ACF) of the 0,1 process Zt. Empirical results 
from simulation versus the theoretical as DAR(l) and DARMA(1,1) when the 
serial correlation in each of f / V), Y,(2\  Y,(3\  and f / 4) is 0.25, (a) the cross 
correlation between F,(1), Y,(2\  F,(3), and Fr(4) is 0.25, (b) the cross correlation 
between F,(1), Fr(2), Ff(3), and F,(4) is 0.5, and (c) the cross correlation between 
Yt([), Yt(2), Yt° \  and F,(4) is 0.75.
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Fig. 4.3B The autocorrelation function (ACF) of the 0,1 process Z,. Empirical results 
from simulation versus the theoretical as DAR(l) and DARMA(1,1) when the 
serial correlation in each of F,(1), Ff<2), F,(3), and F,(4) is 0.5, (a) the cross 
correlation between Y,(l\  F,(2), F,(3), and F,(4) is 0.25, (b) the cross correlation 
between F,(1), F,(2), f / 3), and F,(4) is 0.5, and (c) the cross correlation between 
F,(1), F/2), F/3), and Fr(4) is 0.75.
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CHAPTER V

IMPROVING DROUGHT CHARACTERIZATION USING TREE-RING 
RECONSTRUCTED STREAMFLOWS

5.1 Introduction

Water resources operation policies and management plans of rivers rely most of 

the time on the current observed streamflows records. However, these streamflow 

records are limited in their length and can reflect only portion of the total of natural 

variability (Woodhouse, 2000). For example, the current length of the observed 

streamflow records of the Colorado River that is considered an important source of water 

supply for many users in the western United States extends to around 98 years coving the 

period 1906 -  2003. Ultimately, it can be urged that the short observed streamflow 

records may not provide a reliable picture of the total natural variability which affect the 

characterization of extreme hydrologic events like droughts that may last for many years, 

therefore it is extremely important to reliably lengthen the short observed streamflow 

records to a length much longer than the length of the current observed records (Salas et, 

al 2006). Using the observed records, stochastic simulation models can be built to 

provide reliable long records of synthetic streamflows that can be used to characterize 

extreme events like droughts (Salas et al, 2005).

Alternatively, one may use reliable record extension models with tree ring indices 

as the source of information over the extension period to extend short observed records 

back in time for long enough to capture more extreme drought events than what can be
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observed from the historical records (e.g. Woodhouse, 2001; Gonzales and Valdes, 2003; 

Salas et al, 2006). Trees are useful for reconstructing streamflows because they are 

sensitive recorders to the natural climate variability. In addition to its accuracy to date to 

the year, usually trees assimilate into their growth rings the same set of climatic factors 

like precipitation and evapotranspiration that affect the amount of the streamflows (Meko 

et al, 1995).

Usually procedures for extending short variable records rely on the information 

that is contained in longer records, e.g. streamflows at other sites, precipitation, or proxy 

data such as tree ring indices. The quality of the information gain is related proportionally 

to the cross correlation between the variable to be extended and the variable(s) that will 

be used in the extension (Matalas and Jacobs, 1964). Generally, when streamflow 

records are short, the estimated parameters from such records may be poor estimates of 

the population parameters (Fiering, 1963). Therefore one motivation behind extending 

short streamflow records at one site or many sites simultaneously is to improve the 

reliability of parameters estimates. The reliability of the parameter estimator is measured 

by the variance of that estimator where the lower the variance of the estimator the better 

the corresponding parameter estimate represents the population parameter. In general, 

the objectives behind extending short records are either to improve estimates of the 

population parameters or maintain parameters estimates of the short record.

Several extension models have been employed in literature to reconstruct 

streamflows back in time using tree-ring data as source of information over the extension 

period. For example, the traditional multiple linear regression models is widely used to 

reconstruct streamflows at one site for several decades in the past using tree-ring indices
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as predictors (e.g. Cleaveland, 2000; Hidalgo et al, 2000; Meko et al, 2001; Woodhouse, 

2001; Gedalof et al, 2004). Except for the studies by Gonzalez and Valdes (2003) and 

Salas et al (2006) generally the traditional multiple regression models that are used in 

literature for reconstructing streamflows from tree ring indices do not incorporate the 

previous values of the streamflows, i.e. the serial correlation of the streamflow variable is 

not considered. Moreover, except for the studies by Meko et al (2001), Gonzalez and 

Valdes (2003), and Salas et al (2006), the traditional multiple regression models that are 

used in literature do not include the random term that is intended to capture the variability 

of the observed flows. However, record extension models that include the random term 

give multiple record extensions of the streamflow variable due to the random generation 

of the noise term. This is the procedure utilized by Meko et al (2001) and Gonzalez and 

Valdes (2003) for examining possible flow and drought scenarios that may have occurred 

in the past.

Practically among the multiple record extensions that are produced due to the 

noise addition, one may simply select one of the multiple record extensions. Yet another 

alternative may be to select a single record extension that meets certain statistical 

criterion as advocated by Salas et al (2006). In the latter study a criterion was developed 

to select a single record extension so that key statistics, such as the mean and the standard 

deviation estimated for the short record to be extended are maintained. This procedure is 

further developed in this study so as to include multiple sites and multiple variables.

Generally, the foregoing streamflow extension models consider the case of 

extending streamflow at one site using tree-ring. In this chapter, a multivariate version of 

the one site record extension model called REXTN (Salas et al, 2006) is developed to

144

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



extend the streamflows at many sites. In order to test the applicability of the proposed 

model its performance is evaluated and compared with alternative models based on 

simulation experiments. The evaluation is based on a number of key statistics that 

include the mean, standard deviation, serial correlation, and correlations between sites. 

The extension model with a spatial disaggregation schemes will be used to 

simultaneously extend the streamflows at some sites within the Colorado River using tree 

ring indices. In addition, the reconstructed streamflows are utilized to extract drought 

statistics and drought scenarios that may have occurred in the past centuries in the 

Colorado River basin. These drought statistics and scenarios are compared with those 

obtained from the short historical records.

5.2 Multi-Site Record Extension Model with Noise (MREXTN)

The record extension model with the noise term (REXTN) given by (2.62) can be 

used to extend the streamflows at one site (p = 1) using one or several predictor variables 

x t (m > 1). The record extension model (REXTN) can be generalized to consider the

extension of many short variables y t (p > 1) using one or many predictor variables j c ,  (m 

> 1). The multivariate record extension model MREXTN is given by:

9 , = y l + A ( y l_1- y l ) + B ( x , - x 2) + Cst (5.1)

where A, B,  and C are the model parameters, and the noise e, is multivariate normally 

distributed vector of p  terms that are serially independent with mean vector of elements = 

0 and variance-covariance matrix with diagonal elements = 1 and 0 for off diagonals, i.e. 

spatially independent. The parameters A, B,  and C are considered the general case for the 

parameters of the model REXTN given by (2.63) - (2.65). The estimates of the
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parameters A, B,  and C  can be obtained by generalizing the results in (2.63) - (2.65) as 

follows:

A = [S ylyl( l ) - S ylxlS-x!xlS xlyl( m S ylyl - S ^ i D S - ^ S ^ d ) ] - 1 (5.2)

B = [ S ylxl- A S Txlyl( l ) ] S: L  (5-3)

and
CC T = S ylyl(V > -A S Tylyl( l ) - B S xlyl (5.4)

The proposed model MREXTN may result in many simultaneous possible 

extensions of the short records y t due to the random generation of the noise term et . 

However a modified procedure that is based on the procedure described by Salas et al 

(2006) for selecting a single realization among many possible realizations of y , is

presented here by considering an additional weight a:J. The weight ai} is defined as the 

proportion of the explained variance of the variable y,(l) due to the contribution of the 

variable x(0) alone relative to the total explained variance of _y,(,) due to the contribution 

of all x t variables. If the proportion of the explained variance of the variable y,(,) due to

the contribution of the variable Jt(0) alone is defined by the R 20) which is the
y

coefficient of the determination resulted by regressing y(<0 on x (tJ> alone using (2.55), 

and if the total explained variance of y,(0 due to the contribution of all x t variables is 

defined by the R 2mx which is the coefficient of the determination resulted by regressing

yf° on x t using (2.55), then the weight a tj, for i = 1, 2, ..., p  and j  = 1, 2, ..., m, is 

given as:
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In Salas et al (2006), the criteria was to select a single noise sequence such that 

the equalities = - +  and — ^  hold or practically the quantity z defined in (2 .6 6 )
>>1 * 1  S xl

is minimum given that the extension model is used to extend one short variable yt . 

Similarly, one may redefine the quantity z to incorporate the weight ay that consider the 

part of y,(,) variance explained by the contribution of each xjJ) for j  -  1 , 2 , ..., m, noting 

that there are several short variables y t =[y,(1) y,<2) • ■ • y{p> ]r . The quantity z is given as:

z = 0.5
p ( -o*0 m

2

~
p ( s ? m  oO)

1

y  2
- 2 X

j = 1

+ 0.5

1

>2 Y a  Xl
U 11

7  O')
A ,  J s (i) 2-1 ij O) 

;'=i J
(5.6)

where |A| stands for the absolute value of A. In this case, the criterion is to select among 

many possible extensions of y , the unique extension that gives streamflows statistics

y ^  and over the period N 2 for 1 = 1 , 2 , ..., p  such that the quantity z is minimum.

Currently for the purpose of drought characterization, the streamflows at many 

sites, for example the Colorado River, can be extended using one of the following multi­

site record extension models: the multivariate GMOVE, the multivariate linear regression 

model with least squares (MLRLS), or the proposed multivariate record extension model 

with the noise (MREXTN). However, selecting one extension model that may result in a 

plausible streamflows is a crucial issue, i.e. it is required to extend the streamflows at 

many sites within the Colorado River for example such that the majority of the key 

statistics of the observed flows are maintained. In this case, the selection criterion of the
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extension model that will be used to extend the streamflows of the Colorado River will be 

based on the performance of each of the competing models mentioned previously.

5.3 The Performance of the Record Extension Model MRXETN

The performance of the model MREXTN (5.1) relative to other existing record 

extension models like the MLRLS (2.55) and the multivariate GMOVE (2.67) can be 

assessed in terms of reproducing some specified key (target) statistics using simulation 

experiments. It should be noted that in our case the key statistics to be reproduced are the 

statistics of the short record. For the purpose of the simulation, multivariate normal 

variables y((1>, y {2) and xt were generated considering that y((1) and y (2) are the short

records while xt is the longer record. The variable y((1) was assumed to have population

mean, standard deviation, and lag-1 serial correlation coefficient as: fi w = 100, <7 (I) =

35, and p l( y (l)) = 0.15, respectively, and the variable y {2) was assumed to have 

population mean, standard deviation, and lag-1 serial correlation coefficient as: f i  m =

200, <7y2) = 70, and p l( y (2>) =0.2, respectively, while the variable xt was assumed to

have population mean, standard deviation, and lag-1 serial correlation coefficient as: p x = 

50, a x -  20, and p x (x) = 0.3, respectively.

In addition, the population cross-correlation coefficient p  (1) (2) between yt(1) and
yt yt

y (2> was taken fixed at 0.8. For simplification, it was assumed that the population cross­

correlation coefficient p  m - p  (2) and that both takes the values 0.5, 0.7, and 0.9.xtyt xtyt

Furthermore, the length N\ of the short record yt was fixed at 50, while Nj  varied as 50,
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100, and 250. The Multivariate data generation was made for variables y,(1), y,<2) and xt

for the total record length N\+ 1V2. The short and the long records were utilized for 

estimating the parameters of a given record extension model. The generated records for 

y[r> and y (2> over the period N 2 were subsequently utilized to calculate the root mean 

square error (RMSE) of the extended records. For the referred experiment a total of 1000 

multivariate samples were generated for each combination of the parameters p  (1) and
x i  T/

N2.

Using the different record extension models, the short records y,(1) and y(<2) have 

been extended simultaneously over the length N 2 . The performance of the different 

record extension models has been assessed in terms of reproducing some specific target 

statistics such as the mean and the standard deviation, the lag-1 serial correlation 

coefficient of the short record, and the cross correlation between the concurrent short- 

short and short-long records. Let the whole combined record of the variable y,(0 be 

defined as:

y , l) far  t = l,2,.. . ,N1

(5.7)

y,(0 f o r t  = N i + 1,....... , N l + N 2

where yf0 , . . . , y ^  is the generated short record and y^+n- • • >S'w.+w, is the extended 

record for site(i). The performances of the different record extension models were made 

comparing the mean of the ratios y 0)/ y l l) , , r1(y (')) /r1(y l(0) ,

r_(1) ,2) / r  ,(1) ,(2) and r_(0 / r , which were determined from the 1000 simulated
y K ’y y } } y l v ' y y } x

extensions as obtained from the different record extension models. The statistics y (0,
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S 2{i) , and rx ( y lj)) are the mean, variance, and lag-1 serial correlation coefficient of y t0), 

respectively, r ,(y l(,)) is the lag-1 serial correlation coefficient of the short record yx° of 

length Nu  r  (1) (2) is the cross correlation coefficient between y,(1) and y,(2> over the 

whole length Ni + N 2 , while r  ,„ (2) is the cross correlation coefficient of the short 

records y,(1) and y (t2} over the length N\, and r _(1) is the cross correlation coefficient
x  y

between x t and yt0> over the whole length N\ + N 2 , while r  (j) is the cross correlation 

coefficient of the short record y((l)and x t of length N\. The statistics yx° and S 2lW are

the target (specified) mean and variance of y (tl) over the length N \ .

Since the motivation behind the extension of the short record yt(,) is that the 

specific target statistics of y,(0 are either maintained or improved and to preserve the lag- 

1 serial correlation of _y,(,) and the cross correlation between x t and each of yjl>, and 

between variables y((,) themselves for i = 1, 2, 3, ..., then the mean ratios as described 

above should have the value of 1. Therefore, the best model among the different models 

is the one that results in mean values close to 1. The results of the comparison are shown 

in Tables 5.1 -  5.3, while Table 5.4 shows the results of the same experiment shown in 

Table 5.1 except that p 1(x) = 0. Furthermore, an additional performance measure of the 

record extension models has been added by calculating the RMSE of the extended

(predicted) series y,(‘\  t = N x+l ,  , N i + N 2 relative to the corresponding generated

series. Thus for each extended record and corresponding generated sample the RMSE is 

computed as
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1 N2
RMSE  = -  y t ) 2 (5-8)

V^2 M

where y t denotes the generated series and y t the extended series for the period N 2 . 

Thus, based on 1000 generated samples and extended series the mean value of RMSE 

was determined, i.e. m(RMSE).

The results of the comparison of the performance of the various models based on 

the referred simulation experiments are shown in Tables 5.1 -  5.4. First of all, in relation 

to the target mean, it can be noticed that all models performed quite well across the range

of values tested for p  (i) and N 2 . Regarding the target variance, all the models perform
* ,y ,

adequately for p  (j) = 0.9. However, for lower values of p  (i) the MLRLS model
x ty> x ,y ,

underestimate the variance significantly noting that the underestimation in the variance 

increases as the N 2 increases. Also as N 2 increases the performance of the multivariate 

GMOVE appears to deteriorate regardless of the value of p  (i), while the MREXTN
x i yt

keeps performing well regardless of p  (1) and N 2 . Moreover, the performance of model
x ,y ,

REXTN compared to all other models stands out regarding the lag-1 serial correlation.

In all cases, and regardless of the values of p  ,0 and N2, the values of

m[r{ ( y (,)) /rx (y l(,))] for the MREXTN are significantly closer to 1 than those of the other 

models. Considering the cross-correlation, the performance of the multivariate GMOVE 

and MREXTN are quite good and comparable and they are significantly better than those 

for the MLRLS. Nevertheless the performances of all models improve significantly as 

p x̂  increases, in fact the values of m[r.(1)_(2) / r  l(1)ylW ] and are close to
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1 for the multivariate GMOVE and MREXTN when p  = 0.9. Finally, the comparison

of the values of m(RMSE) reveals that the model MREXTN performs somewhat better 

than the multivariate GMOVE and very comparable to the MLRLS model. In all cases 

and for all models m(RMSE) becomes smaller as Pxyw increases which is expected in

terms of the amount of the information that can be transformed from the long record to 

the short one. Summarizing, considering all the performance measures utilized herein, 

the referred simulation experiments have shown clearly the superiority of model 

MREXTN for extending short records which is similar to the findings of other studies 

that considered the bivariate case (e.g. Salas et al, 2006).

5.4 Reconstructed Streamflows of the Colorado River

The observed streamflow records for the Colorado River (Figure 4.2) span over 

the period 1906 -  2003 which are considered relatively short for the purpose of 

characterizing extreme hydrologic events like droughts. Based on the results obtained 

from the analysis of model performance using simulation experiments, the model 

MREXTN (5.1) will be used to reconstruct the streamflows at some sites within the 

Colorado River for the sake of improving drought characterization. Specifically, the 

annual cumulative streamflows at sites 8, 16, 20, and 29 within the Colorado River Basin 

(Figure 4.2) will be reconstructed using the extension model MREXTN (5.1) and the 

extension model MLRLS (2.55) with the tree ring indices as information source. 

Initially, the tree-ring data set that may be used to extend the annual cumulative 

streamflows at sites 8, 16, 20, and 29 of the Colorado River consists of a pool of annual 

tree ring data series (chronology residuals) at 55 different tree sites within the region of
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the Colorado Front Range (Figure 5.2). However, due to the different starting and ending 

times of the different tree-ring series, only the tree-ring data at 17 different tree sites that 

covers the period 1490-2002 were used in this study as a pool of possible predictors to 

extend the streamflows at sites 8, 16, 20, and 29 of the Colorado River. The tree-ring 

indices data that has been used in the extension was obtained from the Paleoclimatology 

Branch - NOAA - National Climatic Data Center, Boulder, Colorado.

Firstly, cross-correlation analysis was conducted between the annual streamflows 

at the selected sites within the Colorado River and the tree-ring indices at the 17 tree sites 

for the purpose of assessing the strength of the association between the independent 

variables (streamflows) and the predictors (Tree-ring indices). Moreover, because there 

may be a significant association between climate in a given year and tree growth in the 

preceding year and up to the 3 following years due to the biological lags in the tree 

response (e.g. Earle, 1993), cross-correlation analysis between the annual streamflows at 

the selected sites within the Colorado River and tree-ring indices at the 17 tree sites 

including lags of -2 ,-1 , 0, +1, +2, and +3 years of tree-ring indices relative to the given 

streamflow year was conducted. The result of the cross correlation analysis shows that 

the annual streamflow at the selected sites within the Colorado River and tree-ring 

indices are significantly correlated at zero lag only, whereas the correlations at lags 

different than zero are not significant.

In addition, to avoid over fitting problems in the record extension models due to 

including many predictors (tree-ring variables), the minimum number of predictors that 

can explain significant part of the total variability of the streamflows at each site were 

selected based on stepwise regression analysis. With the proper power transformation,
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the observed annual streamflows (1906 -  2002) at sites 8, 16, 20, and 29 were first 

transformed to the normal domain to be consistent with the tree-ring data that is 

approximately normally distributed. The stepwise regression analysis was applied 

considering the model (2.55) by regressing the annual transformed streamflows at each 

site separately on the 17 explanatory variables (tree ring indices). Only tree-ring 

variables with slope coefficient b that is significantly different from 0 at 5% significance 

level were selected as possible predictors for the streamflows at that specific site. The 

analysis shows that only 4 tree-ring indices (predictors) at tree sites indicated by the 

names PUM, ENC, SLK, and LAN (Figure 5.2) are needed to construct an efficient 

record extension model to extend the streamflows at the selected four sites within the 

Colorado River. The total variance explained of the transformed streamflows by the 4 

predictors was ranging between 66% for flows at sitel6 to 76% for flows at site 29 (Table 

5.5a). Generally, useful variance explained values typically range from about 40% - 70% 

(Woodhouse 2000), therefore the 4 tree-ring indices were subsequently used as predictors 

to simultaneously reconstruct streamflows at the referred sites within the Colorado River 

using the record extension model MLRLS and the model MREXTN.

To further assess the performance and the skills of the models MLRLS and 

MREXTN to reconstruct flows at the different sites over the period of the reconstruction, 

each model was first calibrated and then validated by calculating the appropriate 

validation statistics in the actual flow domain (i.e. modeling using power transformed 

flows, extending records in the transformed domain, and then inverting the flows back to 

the original domain). The calibration and validation was performed using the split 

sample procedure, i.e. both models was first calibrated over the period 1954 -  2002 and
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then validated over 1906 -  1953, and another time both models were calibrated over the 

period 1906 -  1953 and then validated over the period 1954 -  2002 so that estimates of 

flows during the validation is available for the period 1906 - 2002. The validation 

statistic that was used to assess the performance of both models is the reduction error RE  

as defined in (2.77) which measures the skill of the model. Table (5.5b) shows the 

validation statistics RE  obtained from the foregoing analysis using both models.

Fritts et al (1990) stated that positive values of the RE statistic that are close to the 

value of R 2 are an indication for extension model with good skills to reconstruct

streamflows using proxy data. Generally as shown by the results in Table (5.5b) the 

validation statistics RE  obtained are comparable for both models, MLRLS and 

MREXTN, which indicate a reasonable good skill for both models to reconstruct 

streamflow over the period where observed flows are absent. As an additional validation, 

one may consider the performance of both models to produce streamflow generates over 

the reconstruction period so that the key statistics of the observed flows like, the mean, 

standard deviation, skewness coefficient, and the lag-1 serial correlation coefficient are 

reproduced. For example, Tables 5.6a and 5.6b show generally that both models 

produces streamflow reconstructions so that the mean of the short observed record is 

reproduced, however, in terms of other statistics the model MREXTN performs much 

well in terms of reproducing the specific key statistics of the Colorado River observed 

flows.

With the proper power transformation, the original streamflows 1906 - 2002 were 

transformed to the normal domain and the parameters of the extension model MREXTN 

and MLRLS have been estimated. Over the period 1490 -  1905 when the observed flows

155

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



are not available, the extension models MREXTN and MLRLS were used to 

simultaneously reconstruct the transformed flows (normal domain) at sites 8, 16, 20 and 

29 with the 4 tree-ring indices used as information source over the reconstruction period. 

The reconstructed transformed flows were inverted to its original domain by the back 

transformation process and after that whenever needed streamflows were adjusted for the 

spatial proportionality (2.76).

The combination of the observed flows 1906 -  2002 and the reconstructed flows 

1490 -  1905 forms the combined flows 1490 -  2002 at each flow site. Figure 5.2 shows 

the combined flow series for the period 1490 -  2002 at each site obtained using the 

observed flows and the reconstructed flows resulted from the extension models 

MREXTN and MLRLS. The basic statistics, i.e. the mean, standard deviation, skewness 

coefficient, and the lag-1 serial correlation of the observed flows (1906-2002), the 

combined annual flows based on MREXTN (1490-2002) and the combined annual flows 

based on MLRLS (1490-2002) for sites 8, 16, 20, and 29 within the Colorado River are 

shown in Table 5.6a while the cross correlation between flows at sites 8, 16, 20, and 29 

using the observed flows (1906-2002), the combined annual flows based on MREXTN 

(1490-2002), and the combined annual flows based on MLRLS (1490-2002) are shown in 

Table 5.6b. Generally it can be concluded from the results in Tables 5.6a and 5.6b that 

the MREXTN model resulted in reconstructed streamflows and later combined flows that 

reproduce the basic key statistics of the short records more closely than those obtained 

from the combined flows of the model MLRLS. Specifically, the annual cumulative 

streamflows produced by the model MLRLS underestimate the mean and the standard 

deviation, which is expected due to the absence of the stochastic term (noise).
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Furthermore, the lag-1 serial correlation is not reproduced in the annual flows obtained 

using MLRLS compared to the annual flows obtained using MREXTN, which is 

expected because the model MREXTN includes a term that accounts for the previous 

flows while the model MLRLS does not.

5.5 Characterizing Droughts of the Colorado River

Although the observed annual streamflow time series may indicate a number of 

drought events, however the number of these events is still insufficient to estimate 

drought properties accurately. Therefore one may use stochastic models or record 

extension models with tree-ring data as information source to provide longer database 

from which one can obtain many more drought events and drought scenarios (Salas et al, 

2006). In this study, the reconstructed annual streamflows of the Colorado River will be 

used to improve the characterization of droughts within the Colorado River Basin. Two 

types of analysis of severe droughts of the Colorado River are described in this section. 

The first one was made to characterize severe droughts based on single site analysis 

considering the observed annual flows, the combined annual flows based on the model 

MREXTN, and the combined annual flows based on the model MLRLS for sites 8,16, 20 

and 29 (Table 5.7) where site20 (Lees Ferry gaging station) was selected for detailed 

analysis. In this study, drought events that are obtained by truncating the single site 

streamflow series are defined based on the theory of runs as in Yevjevich (1967), i.e. the 

first definition of drought events as shown in Chapter2. Generally, considering the single 

site analysis of droughts at each of the sites 8, 16, 20 and 29, then Table 5.7 shows some 

statistics of the detected drought events regarding the duration (L> 1 year) and the
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magnitude as obtained from the analysis of the observed annual cumulative flows, 

combined annual cumulative flows using MLRLS model, and the combined annual 

cumulative flows using MREXTN model for sites 8, 16, 20 and 29 of the Colorado River.

Comparing the basic statistics such as the mean, standard deviation of drought 

duration and magnitude it can be noticed generally that the statistics obtained from the 

analysis of the combined flows using the model MREXTN reflect the occurrence of more 

severe droughts in terms of duration and magnitude compared to what can be obtained by 

analyzing the observed streamflows only. For example, considering the drought statistics 

obtained by analyzing the flows at site 20, then one observes an average drought duration 

of 2.41 years and 2 years for droughts obtained from the analysis of the combined flows 

using the model MREXTN and the observed flows respectively, and an average drought 

magnitude of 8.49 MAF and 7.32 MAF for combined flows using the model MREXTN 

and the observed flows respectively.

Similar conclusion can be obtained by comparing the standard deviations of 

drought duration and magnitude when considering droughts resulted from truncating the 

combined flows using the model MREXTN and the observed flows. Furthermore, the 

longest observed drought has duration of 5 years while the longest drought detected by 

analyzing the combined flows obtained from the model MREXTN has duration of 9 

years. Moreover, the magnitude of the most severe observed drought (21.56 MAF) is 

much less than the magnitude of the most severe drought (30.44 MAF) as been detected 

by analyzing the combined flows using the model MREXTN. Similar results can be 

obtained by comparing the drought statistics at other sites (e.g. site 8, 16, and 29) as 

shown in Table 5.7. Generally, one would expect such results simply because the short
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observed records are insufficient to estimate drought properties accurately (Salas et al 

2006), i.e. the short observed flow records are incapable to capture the whole natural flow 

variability and therefore characterizing droughts from these short records would give 

underestimated values of the actual drought properties for that region. On the other hand, 

referring to Table 5.7, except for the case of the longest drought and the most severe 

drought magnitude, the analysis of the combined flows using the model MLRLS does not 

show much improvement in terms of the average drought duration and the average 

drought magnitude over what is available from the analysis of the observed flows only 

(1906-2002). For example, considering site20 again, then one observes an average 

drought duration of 2.08 years obtained from the analysis of the combined flows using 

the model MLRLS which is just a little higher than the average drought duration of 2 

years obtained from the analysis of the observed flows only (in some cases like site 16 

and 29 the case is even worse), and an average drought magnitude of 7.06 MAF and 7.32 

MAF for the combined flows based on the model MLRLS and the observed flows 

respectively.

Similar conclusion can be obtained by comparing the standard deviations of 

drought duration and magnitude when considering droughts resulted from truncating the 

combined flows using MLRLS model and the observed flows. Generally it can be 

noticed that there is an underestimation in the mean and standard deviation of both 

drought duration and magnitude obtained from analysis of the combined flows using 

MLRLS model compared to what is available from the analysis of the observed flows 

only noting that the combined flows using MLRLS is 5 times longer than the observed 

flows record. Specifically, that underestimation is clear for the case of drought
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magnitude, for example considering site 20, the average drought magnitudes are 7.062 

MAF and 7.323 MAF for the combined flows using MLRLS and the observed flows 

respectively observing the same result at other sites. The underestimation problem of 

drought statistics obtained by analyzing flows that are generated using traditional 

regression models has been reported by other similar studies (e.g. Salas et al 2006).

Considering the maximum drought duration and the corresponding maximum 

drought magnitude for the observed flows, the combined flows based on MREXTN, and 

the combined flows based on MLRLS (Table 5.7) it can be concluded that augmenting 

the short observed flows improves the characterization of severe droughts, however, 

preference may be given to the MREXTN model which generates reconstructed flows 

that gives more reasonable estimates of critical drought properties that may be expected 

in a period much longer than the historical period, i.e. the period 1490-2002 (513 years) 

compared to the observed 1906-2002 (97 years). Two main reasons why the model 

MREXTN may give reconstructed flows that provide more realistic drought properties 

and drought scenarios than the model MLRLS does are because the former model 

includes a noise term which serves in capturing the total natural variability of the flows 

and an additional term to account for the serial correlation at which both are not 

considered in the MLRLS model.

For the detailed single site drought analysis the observed annual cumulative 

flows, the combined annual cumulative flows using MREXTN model, and the combined 

annual cumulative flows using MLRLS model for site 20 were used. The annual 

cumulative streamflow data at site20 covers the period 1906-2002 (Figure 5.3), and the 

basic statistics are: long term mean = 15.13 MAF, standard deviation = 4.44 MAF,
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skewness coefficient = 0.15, lag-1 serial correlation coefficient = 0.24, longest drought 

duration = 5 years (1988-1992) that has the maximum total deficit of 21.56 MAF when 

the annual observed streamflow series was truncated at the level of the long-term mean. 

The drought analysis for site20 of the Colorado River has been carried out using the 

observed annual cumulative flows (Figure 5.4a) that covers the period 1906-2002, the 

combined annual cumulative flows using the model MLRLS that covers the period 1490- 

1905 (Figure 5.4c), and the combined annual cumulative flows using the model 

MREXTN that covers the period 1490-1905 (Figure 5.4d). The observed annual 

cumulative flows, the combined annual cumulative flows using MLRLS, and the 

combined annual cumulative flows using MREXTN were truncated at the level of the 

long-term mean for each.

Regarding the single year drought events, the analysis based on the observed flow 

records of site20 shows that the worst single year drought event has occurred in the year 

1977 having a magnitude of 9.72 MAF. On the other hand, the analysis of the combined 

flows based on the model MREXTN indicates that the 1977 observed drought event has 

been exceeded 6 times in the past 513 years where the worst single year drought had 

occurred in the year 1496 having a magnitude of 11.52 MAF. The analysis of the 

combined annual cumulative flows using MLRLS model shows similar result with the 

single year worst drought occurred in 1685 with magnitude of 11.5 MAF. Generally, in 

terms of the analysis of the single year drought, the extension of the observed flows with 

the tree-ring reconstructed flows improves the characterization of the single year drought 

where many single year drought events of magnitude greater than the critical observed 

1977 drought have been detected. Additional information regarding the severe drought
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events that had happened in site20 the Colorado River can be obtained from the 

frequency distribution of drought duration and magnitude as shown in Figures 5.5 and 

5.6. For instance, Figure 5.5 shows the frequency distribution of drought duration 

obtained from the analysis of the observed flows and from the combined flows derived 

from the MREXTN and MLRLS models for site20. The general pattern is an exponential 

decay of the frequency distributions that show drought durations obtained from the 

reconstructed flows extending beyond the longest drought of 5 years obtained from the 

observed flows (1906-2002). Figure 5.6 shows an exponential decay of the frequency 

distribution of drought magnitude extending beyond the observed maximum especially 

for the droughts derived from the combined flows using the model MREXTN.

The analysis of the observed annual cumulative flows shows that the extreme 

drought in terms of magnitude is the 5 years drought that has happened in 1988 -  1992 

and has the maximum total deficit of 21.56 MAF. That particular drought of such 

magnitude or similar has occurred only once in the 97 years of observed flow record. A 

practical question that may arise is how frequently a drought of such magnitude or greater 

occurs? Answers to this question will be difficult or impossible to give based solely on 

the observed flow record. One may be able to improve the characterization of droughts 

and perhaps be able to answer the foregoing question by extending the observed records 

using reconstructed streamflows (Salas et al 2006). Therefore to have a better picture 

about the distribution of the magnitude of the critical drought in a 97 years time span (the 

length of the observed record), 417 overlapped sub-samples each 97 years long have been 

obtained from the combined flow records using the models MREXTN and MLRLS. 

Then the critical drought magnitude was obtained from each sub-sample and frequency
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plots were obtained as shown in Figures 5.7 and 5.8. Figure 5.7 shows the distribution of 

the critical drought magnitude derived from the combined flows using MREXTN model 

and it also shows the critical drought derived from the observed flow record for 

comparison purposes. Figure 5.7 shows clearly that the magnitude of the observed 1988- 

1992 critical drought has been exceeded about 75% of the time. The same analysis has 

been performed based on the combined flows using MLRLS model and the result is 

shown in Figure 5.8. The Figure shows that the magnitude of the 1988-1992 critical 

drought has been exceeded about 38% of the time. Also, the comparison of the 

frequency plots in Figures 5.7 and 5.8 show a wider variation of the critical droughts 

obtained from the MREXTN reconstructed flows compared to those obtained from the 

MLRLS reconstructed flows.

Besides characterizing the duration and magnitude of droughts, the return period 

of drought events obtained by truncating the observed flows and the combined flows at 

site 20 has been analyzed. The return period has been defined as the expected value of 

the interarrival time between drought events (Salas et al, 2005). In this study the drought 

event E  is defined as the event that has magnitude D  that exceeds the critical magnitude 

D0 and duration equals I years (I = 1, 2, 3,..), that is E ~ { D >  Do r\ L = l }. The critical 

magnitude D0 is defined as in (3.11). The return periods of the drought event E  at y  = 0, 

0.5, and 1 are shown in Figures 5.9 and 5.10 where ya has been taken as the long-term 

mean of the series being analyzed. In general as can be seen from Figures 5.9 and 5.10, 

as y  ° r I increases the estimates obtained from the observed data becomes quite uncertain 

or cannot be obtained. For example for y  = 1 only estimates of return period for I = 3 ,4 , 

and 5 can be obtained from the observed record. Also estimates of the return period for
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values of I > 4 years or y = 1 based on the combined flows using MLRLS model (Figure 

5.10) appear to depart from the expected curves which is expected since the MLRLS 

model results in flows with low variance and low serial correlation values compared to 

the observed or flows obtained from MREXTN model.

The second analysis relates to characterizing regional droughts over the Colorado 

River basin considering both the observed annual cumulative flows and the combined 

annual cumulative flows (observed plus extended) for sites 2, 6, 8, 9, 13, 16, 20, and 29. 

The observed annual cumulative flows data are available for sites 2, 6, 8, 9, 13, 16, 20, 

and 29 for the period 1906 -  2002. However as stated previously for the case of the 

single site drought analysis, the number of drought events obtained by analyzing the 

observed flows is still insufficient to estimate drought properties accurately and therefore 

longer records are required. The annual cumulative flows at sites 8, 16, 20 and 29 were 

extended using the MREXTN extension model with tree-ring as information source back 

to the year 1490. The annual cumulative flows at sites 2, 6, 9, and 13 were obtained by 

disaggregating the extended annual flows at sites 8 and 16 using the disaggregation 

model (2.70) and later the annual cumulative flows of sites 2, 6, 9, and 13 were adjusted 

for the spatial proportionality using the spatial adjustment procedure (2.76). In this case 

the combined annual cumulative flows that cover the period 1490 - 2002, i.e. observed 

1906-2002 plus extended 1490-1905, for sites 2, 6, 8, 9, 13, 16, 20, and 29 were utilized 

for the regional drought analysis.

The regional drought event of duration (L = I) is defined as the event that is 

resulted by the occurrence of simultaneous deficits in all sites within the study region. 

Figure 5.11 shows the frequency distribution of the regional drought duration obtained by
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analyzing the observed annual cumulative flows and the combined annual cumulative 

flows at sites 2, 6, 8, 9, 13, 16, 20, and 29 within the Colorado River basin. The general 

pattern is an exponential decay of the frequency distributions that show drought durations 

obtained from the combined flows extending beyond the longest regional drought of 5 

years obtained from the observed flows (1906-2002) at sites 2, 6, 8, 9, 13,16, 20, and 29. 

Furthermore, Figure 5.12 shows the analysis of the return period of the regional drought 

event E  (L = I) that occurs in sites 2, 6, 8, 9, 13, 16, 20, and 29 simultaneously. It is clear 

from Figure 5.12 that characterizing return periods of regional drought solely based on 

the observed flows is quite uncertain compared to what can be achieved from analyzing 

the reconstructed flows. Generally, it is clear that the characterization of the regional 

drought properties like the distribution of the regional drought duration and the return 

period of regional droughts is quite uncertain using the observed flows only compared to 

the results obtained by analyzing the longer extended records obtained by the record 

extension model MREXTN.

5.6 Summary and Conclusions

The record extension model with noise REXTN developed by Salas et al (2006) 

was devoted to reasonably extend one short variable given many predictors (tree ring 

indices). This chapter generalizes the univariate REXTN to the multivariate REXTN 

(MREXTN) to extend many short variables simultaneously using tree ring indices. The 

model MREXTN includes noise term that serves to capture the variability that exists in 

the natural records, and since the noise term may lead to possible reconstructed traces, a 

criterion to select a single extension among many is also presented. Simulation
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experiments are conducted in order to evaluate the performance of the proposed model 

and compared it with alternative models. The evaluation is based on a number of key 

statistics that include the mean, standard deviation, serial correlation, and correlations 

between sites. Tree ring residual chronologies were available for the use as information 

source to extend streamflows at sites 8, 16, 20, and 29 within the Colorado River back in 

time. Using stepwise regression, the tree-ring variables that may be used in the final 

reconstruction model were obtained so that most of the total variance at the selected 

individual flow sites is explained.

The skills of the reconstruction models MREXTN and MLRLS to reconstruct 

flows at the selected sites were measured through the validation process. Each model 

was first calibrated and then validated using the split sample validation procedure. 

Generally the validation statistics RE  obtained are comparable for both models, which 

indicate a reasonable good skill for both models to reconstruct streamflow over the period 

where observed flows are absent. With the four tree-ring data sets as possible predictors, 

the extension models MREXTN and MLRLS have been used to reconstruct the 

streamflows at sites 8, 16, 20 and 29 within the Colorado River back in time to the year 

1490. The combined flows (observed 1906-2002 plus reconstructed 1490-1905) for sites 

8, 16, 20 and 29 obtained using MREXTN and MLRLS models were available for 

characterizing droughts. Comparing basic drought statistics like the mean, standard 

deviation of drought duration and magnitude it can be noticed that statistics obtained 

from analyzing the reconstructed flows from MREXTN model reflect the occurrence of 

more extreme droughts than what is observed from analyzing the observed streamflows 

alone. On the other hand, drought statistics obtained from analyzing the reconstructed
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flows from MLRLS model do not show much improvement in terms of drought duration 

and magnitude over what is available from analyzing the observed flows. Based on that 

it can be concluded that the MREXTN model generates reconstructed flows that 

reasonable estimates of drought properties.

The analysis of the observed flows at site 20 shows an extreme drought in terms 

of magnitude is the 5 years drought (1988-1992) that has total deficit of 21.56 MAF. The 

distribution of the magnitude of 1988 - 1992 drought obtained by analyzing the 

reconstructed flows from MREXTN shows that the magnitude of the 1988-1992 drought 

has been exceeded about 75% of the time compared to 38% of the time when analyzing 

the reconstructed flows from MLRLS model. Analysis of the drought return period 

shows that generally as /I or I increases, estimates obtained from the observed data 

becomes quite uncertain or unavailable when compared with the tree ring reconstructed 

flows.
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Table 5.1 The performance statistics j ] , m[S2{i} J S ^(i)] , w[r1(}i(0) /r1(y l('))],

m[r_(1)_(2)/ r l<1)yl<2)], w[r_(0j/ r lyl(0], and m[RMSE] obtained from 1000

generated samples and record extensions for _y,(1) and y(<2> for the case 

p  to = P  (2) = 0.5. Other parameters used in the simulation include: N\ = 50,

p yW = 100, a yW= 35, p l ( y m ) = 0 1 5 > / V  = 200, a y(2)= 70, A ( y (2>)=0-2, 

= 50, <rx = 20, A  (jc) = 0.3, p  (1) (2) = 0.8, and AT2 = 50,100, 250.

Statistic n 2 ML!ZLS Multivariate GMOVE MREXTN

J,(1) y ,(2) ?,(2) y,0) )>,(2)

m

1 .
...

 
—

1

1 
1 50 0.999 0 . 9 9 9 1.007 0.997 0 . 9 9 9 1.000

100 1.001 1 . 0 0 1 1.001 1.002 1 . 0 0 1 1.001
250 1.001 1 . 0 0 1 1.001 0.999 0 . 9 9 9 1.000

m
~S~<o "y
S 2

. ylii>.

50 0.630 0.632 1.083 1.103 0.992 0.988
100 0.510 0.513 1.102 1.111 0.994 0.994
250 0.476 0.489 1.188 1.197 0.999 1.000

m

1 
1

✓ 
s—

1 
1 50 1.329 1.357 1.960 1.931 1.053 1.047

100 1.510 1.499 2.070 2.085 1.098 1.120
250 1.883 1.876 2.456 2.401 1.122 1.133

m
50 1.286 1.283 0.981 0.978 0.982 0.987
100 1.445 1.440 0.989 0.986 0.988 0.994
250 1.685 1.681 0.981 0.986 0.986 0.988

m

1 
1

jV> 
^

1 
1

50 1.000 1.045 1.000 0.987 1.000 1.001
100 1.000 1.076 1.000 0.979 1.000 1.001
250 1.000 1.125 1.000 0.970 1.000 1.001

m[RMSE]
50 15.02 32.47 19.56 41.29 15.32 30.01
100 15.12 33.74 19.55 41.97 15.72 32.78
250 16.36 33.96 20.44 41.96 16.06 32.91
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Table 5.2 The performance statisticsm[ y<0 j y ^ ], m[S20) j S y](i)] , m[r1( y 0))/r1(y l0))],

m[rf>)_m / r yiWyia)], m[r_(i)j[/ r lyl(()] , and m[RMSE] obtained from 1000

generated samples and record extensions for yfn and y {t2) for the case

P m —p  (2) = 0.7. Other parameters used in the simulation include: Ni = 50,
x t y i x ,y ,

p yW = 100, a yW = 35, p l ( y m )= 0.15, j iyin = 200, a ym = 70, p x{y(2)) =0.2,

H = 5 0 ,  crx= 20, /3j(x)=0.3, p  (1) m = 0.8, andiV2= 50, 100,250.
y i y t

Statistic n 2 ML!*LS Multivariate GMOVE MREXTN

* (2) ? , ( 1 ) y , ( 2 ) y , 0 ) y , ( 2 )

n
L y r J

50 1.000 1.001 1.004 0.999 1.001 1.000
100 1.001 1.002 1.000 1.000 1.000 0.999
250 1.002 1.002 0.999 1.000 1.001 1.000

m

m

s 2
.  y](0.

50 0.752 0.757 1.057 1.064 0.998 0.998
100 0.670 0.677 1.091 1.100 0.995 0.995
250 0.589

1.450
0.596 1.168 1.177 0.998

1.100
1.001

rt { y w ) '
r1(y l(0)_

50 1.426 2.042 2.066 1.124
100 1.640 1.662 2.250 2.313 1.145 1.147
250 1.830 1.792 2.455 2.487 1.166 1.158

m > x  

_rxly\u) _

50 1.172 1.169 0.979 0.986 0.986 0.989
100 1.247 1.240 0.972 0.977 0.989 0.990
250 1.341 1.333 0.988 0.989 0.984 0.986

m
ryWyW

ry\m y\m _

50 1.000 1.080 1.000 1.002 1.000 0.985
100 1.000 1.116 1.000 0.924 1.000 0.969
250 1.000

12.41
1.170 1.000 0.960 1.000 0.963

21.36
m[RMSE]

50 23.44 15.16 29.20 11.75
100 12.39 23.80 15.23 29.54 12.88 22.69
250 12.59 23.95 16.78 30.05 12.65 22.80
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Table 5.3 The performance statistics m[y (,)/ y 1(')] , m[S2U) j S yl(i)], m[rx( y 0))/rx(y l {,))], 

"»[r.(„.(2)/ r 1,I)yl„ ,], ”Ar-Wx/rxiylll)], and m[RMSE] obtained from 1000

generated samples and record extensions for _y,(1) and y (2) for the case 

P  ID -  P  (2) = 0.9. Other parameters used in the simulation include: N\ = 50,•*» Vi

jUyW= 100, <ryW= 35, p x( y m ) = 0.15, p /2) = 200, OyW= 70, p x( y m ) =0.2, 

/i  = 50, a x = 20, p x (x) = 0.3, p  (1) (2) = 0.8, and N2 = 50, 100, 250.yt yi

Statistic n 2 ML!ZLS Multivariate GMOVE MREXTN

?,(1) y ? y,(2) ?,<2)

rr

1 
...

...
.1

XI
 

^
i1

1 
1 50 1 .0 0 0 1 . 0 0 1 1.002 0 . 9 9 9 0.999 1 .000

100 1.001 1 . 0 0 1 0.999 0 . 9 9 9 1 .0 0 0 0.999
250 1.003 1.003 1 .0 0 0 0 . 9 9 9 1 .0 0 0 0.999

m
' s ? <0"y

S2
. yi<0 .

50 0.987 0.981 1.033 1.038 1.003 1.005
100 0.954 0.958 1.056 1.044 1.008 1.012
250 0.935

1.473
0.929 1.147 1.150 1.009 1.011

m
- r  1 50 1.471 2.222 2.194 1.152 1.487

Ln (y i(0).
100 1.793 1.787 2.355 2.421 1.167 1.168
250 2.047 2.046 2.564 2.581 1.172 1.178

m
rx\y\" _

50 1.089 1.082 0.988 0.990 0.991 0.992
100 1.122 1.111 0.978 0.981 0.975 0.973
250 1.158 1.145 0.975 0.986 0.963 0.964

m

1 ' 
1

vT 
WT

 

1 
...

...
1 50 1 .000 1.099 1 .0 0 0 1.002 1 .0 0 0 0.987

100 1 .0 0 0 1.135 1 .000 0.979 1 .0 0 0 0.974
250 1 .000 1.187 1 .000 0.959 1 .0 0 0 0.956

m[RMSE]
50 8.33 17.41 10.20 19.30 8.21 17.53
100 8.38 17.83 10.05 20.35 8.41 17.35
250 8.43 17.21 10.95 19.02 8.55 17.95
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Table 5.4 The performance statisticsm[ y (,)/ y x° ] , m[S2(j)j S 2l(i|] , m[r1(y (')) / r1(y l('))],

w[r.(1). (2)/ r l(I)yl(2)], m[rjii)x/ r xiyl(i)], and m[RMSE] obtained from 1000

generated samples and record extensions for y t(l) and y (l2> for the case 

P  ») = P  u) = 0.5. Other parameters used in the simulation include: N\ = 50,xiyi xt~yt
juyW= 100, cryW= 35, p l ( y m )= 0.15, p /2) = 200, <t /2) = 70, p x{y(2)) =0.2, 

p  = 50, a  -  20, p x (x ) = 0, p  (1) (2) = 0.8, and Â 2 = 50,100, 250.yt yt

Statistic n 2 ML1R.LS Multivariate GMOVE MREXTN

?,(2) y , ( 1 )  y ! 2) y , 0 ) y , ( 2 )

r (•5
1 

1 
Vj

jJ
> 

1 50 1.001 1.001 1.000 0.999 1.001 1.000
100 1.003 1.003 1.002 1.000 1.000 1.001
250 1.003 1.003 1.001 1.000 1.000 1.000

n
’ s~2„ " 

2

50 0.613 0.618 1.110 1.097 1.014 1.013
100 0.497 0.496 1.116 1.102 1.021 1.016
250 0.464 0.475 1.194 1.208 1.035 1.029

m
50 0.924 0.939 1.288 1.164 1.044 1.056

r1(y l<1))_ 100 0.901 0.917 1.378 1.297 1.089 1.123
250 0.827 0.862 1.434

0.951
1.393 1.133 1.175

m
50 1.317 1.312 0.969 1.037 1.022
100 1.501 1.485 0.952 0.961 1.032 1.022
250 1.783 1.749 0.963 0.957 1.039 1.035

m

1..........."H

J* 
\

50 1.000 1.045 1.000 0.970 1.000 0.973
100 1.000 1.078 1.000 0.971 1.000 0.974
250 1.000 1.136 1.000 0.969 1.000 0.974

m[RMSE]
50 15.12 31.55 18.47 41.06 15.27 31.03
100 15.11 31.86 18.51 42.12 15.75 31.31
250 15.89 32.45 19.22 43.04 16.49 32.37

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Table 5.5 The statistics R2 and the adjusted R2 obtained by regressing annual 
streamflows for sites 8, 16, 20, and 29 of the Colorado River on four tree- 
ring indices selected by stepwise multiple regression analysis. In addition 
the validation statistic RE  obtained by the split sample validation procedure 
are shown.

Site Statistics obtained from 
transformed flows

Statistics obtained 
from original flows

RE  statistic obtained from 
flows using Model

R2 Adjusted R2 R2 Adjusted R2 MREXTN MLRLS
8 0.738 0.724 0.721 0.706 0.606 0.629
16 0.656 0.637 0.638 0.618 0.624 0.634
20 0.753 0.740 0.741 0.727 0.537 0.519
29 0.756 0.742 0.743 0.729 0.665 0.684

Table 5.6 Basic statistic obtained from the observed annual cumulative flows (1906- 
2002), the combined annual cumulative flows using MREXTN (1490-2002), 
and the combined annual cumulative flows using MLRLS (1490-2002) for 
sites 8, 16, 20 and 29 of the Colorado River. Units of the mean and standard 
deviation are in MAF.

Statistics Flow record
Site

8 16 20 29

Mean
Observed 6.844 5.434 15.126 16.440
Combined-MREXTN 6.785 5.417 15.001 16.306
Combined-MLRLS 6.595 5.256 14.567 15.880

Standard
deviation

Observed 2.003 1.671 4.440 4.632
Combined-MREXTN 2.087 1.711 4.518 4.784
Combined-MLRLS 1.886 1.502 4.122 4.453

Skewness
coefficient

Observed 0.23 0.31 0.15 0.17
Combined-MREXTN 0.09 0.36 0.17 0.16
Combined-MLRLS -0.06 0.08 -0.04 -0.05

Lag-1 serial 
correlation 
coefficient

Observed 0.26 0.26 0.24 0.23
Combined-MREXTN 0.23 0.28 0.24 0.24
Combined-MLRLS 0.08 0.09 0.08 0.07
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Table 5.7 Cross correlation coefficient between the observed annual cumulative flows 
(1906-2002), the combined annual cumulative flows using MREXTN (1490- 
2002), and the combined annual cumulative flows using MLRLS (1490-2002) 
for sites 8, 16, 20 and 29.

Site Flow record
Site

8 16 20 29

8
Observed 1 0.853 0.974 0.968
Combined-MREXTN 1 0.867 0.974 0.973
Combined-MLRLS 1 0.942 0.99 0.988

16
Observed 0.853 1 0.923 0.908
Combined-MREXTN 0.867 1 0.953 0.95
Combined-MLRLS 0.942 1 0.975 0.971

20
Observed 0.974 0.923 1 0.995
Combined-MREXTN 0.974 0.953 1 0.999
Combined-MLRLS
Observed

0.99 0.975 1 0.999

29
0.968 0.908 0.995 1

Combined-MREXTN 0.973 0.95 0.999 1
Combined-MLRLS 0.988 0.971 0.999 1
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Table 5.8 Comparison of various statistics regarding the duration (run length) and 
magnitude of droughts derived from the observed and from the combined 
streamflows for sites 8 ,16, 20 and 29 -  Colorado River. The combined flows 
are based on observed flows plus reconstructed flows from MLRLS and 
MREXTN record extension models.

Statistics

Drought statistics obtained from

Observed flows at site Combined flows at site
ML!RLS MREXTN

8 16 20 29 8 16 20 29 8 16 20 29
No. of Events 24 21 24 23 120 120 120 119 110 104 108 107

D
ur

at
io

n

2.00 2.43 2.00 2.22 2.08 2.08 2.08 2.10 2.36 2.58 2.41 2.45
c a 1.19 1.47 1.22 1.28 1.40 1.37 1.42 1.44 1.64 1.73 1.61 1.62

Y 1.18 0.90 1.39 0.94 2.38 1.62 2.31 2.26 1.96 1.40 1.62 1.54
Cv 0.60 0.60 0.61 0.58 0.67 0.66 0.68 0.69 0.69 0.67 0.67 0.66

Longesta 5 6 5 5 10 7 10 10 10 9 9 9
Shortesta 1 1 1 1 1 1 1 1 1 1 1 1

M
ag

ni
tu

de

3.33 3.08 7.32 8.01 3.27 2.52 7.06 7.70 3.89 3.26 8.49 9.27
<7b 2.79 2.53 6.58 6.82 2.56 1.90 5.57 6.00 3.27 2.66 6.95 7.51

Y 0.93 1.06 0.87 0.71 1.16 0.95 1.07 1.06 1.25 0.86 0.92 0.91
Cv 0.84 0.82 0.90 0.85 0.78 0.75 0.79 0.78 0.84 0.81 0.82 0.81

Max b 9.42 9.49 21.56 20.95 13.30 8.54 27.88 30.30 15.42 12.04 30.44 33.16
Min b 0.30 0.17 0.53 0.55 0.05 0.05 0.03 0.43 0.24 0.06 0.38 0.44

p  = mean, a  = standard deviation, y = skewness coefficient, and Cv = coefficient 
of variation. a units are in years. b units are in MAF.
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Figure 5.1 The distribution of tree sites within the Colorado River basin. The circle 
indicates the 4 tree sites PUM, ENC, SLK, and LAN with tree-ring indices 
used to reconstruct the streamflows of the Colorado River.
(Source: http://www.ncdc.noaa.gov/paleo/streamflow/chronologies.html)
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Fig 5.2 Combined annual cumulative flows (observed plus reconstructed using MREXTN or MLRLS models) for sites 8, 16, 20 and 
29 of the Colorado River for the period 1490 - 2002 (flow units in acre-ft).
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Fig 5.5 Frequency of drought duration obtained from the observed annual cumulative 
flows and the combined annual cumulative flows based on the MREXTN and 
MLRLS models for site20 of the Colorado River.
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Fig 5.5 Frequency of drought magnitude obtained from the observed annual cumulative 
flows and the combined annual cumulative flows based on the MREXTN and 
MLRLS models for site20 of the Colorado River.
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Fig 5.7 Probability distribution of the magnitude of the critical drought obtained from 
417 sub-samples of length 97 years assembled from the combined annual 
cumulative flows based on the MREXTN model for site20 of the Colorado 
River. For comparison the critical drought obtained from the observed data is 
also shown.
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Fig 5.8 Probability distribution of the magnitude of the critical drought obtained from 
417 sub-samples of length 97 years assembled from the combined annual 
cumulative flows based on the MLRLS model for site20 of the Colorado River. 
For comparison the critical drought obtained from the observed data is also 
shown.
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Fig 5.11 Frequency of regional drought duration obtained from the observed and the 
combined flows for sites 2, 6, 8, 9, 13, 16, 20, and 29 of the Colorado River. 
The combined flows are the observed (1906 -  2002) plus extendeded 1490 -  
1905.
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Fig 5.12 Return period of the regional drought event (L = /) obtained by analyzing the 
observed annual cumulative flows, and the combined annual cumulative flows 
for sites 2, 6, 8, 9, 13,16, 20, and 29 of the Colorado River.
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CHAPTER VI

SUMMARY, CONCLUSIONS, AND RECOMMENDATIONS

Planning and management studies of water resources systems consider temporal 

and spatial variability of hydrological processes like streamflows, particularly periods of 

extreme droughts. The general objective of this research is to characterize the severity of 

multiyear hydrologic droughts at one or more sites in a river basin using mathematical 

models that estimate the return period and risk of extreme droughts. Additional objective 

is to build a reliable record extension model to reconstruct longer streamflow records at 

many sites in a river system using tree ring indices for the purpose of improving drought 

characterization. In this study, a drought event length I occurs where consecutive deficits 

persist over the time period I.

Considering that drought deficits are beta distributed, mathematical models are 

developed to characterize the severity of hydrologic droughts. Specifically the occurrence 

probability, return period, and the risk of drought occurrence are determined assuming 

that the sequence of deficits and surplus are represented by low order discrete 

autoregressive moving average processes, i.e. DAR(l) or DARMA(1,1) models. The 

mathematical procedures have been verified using simulation experiments and later used 

to characterize droughts in the Poudre, the Colorado, and the Niger River basins.

Utilizing the new process Zt that converts the joint occurrence of deficits in many 

sites to single process deficit occurrence, the developed mathematical procedures were
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extended to consider the characterization of regional hydrologic droughts. For bivariate 

case, mathematical procedures to evaluate E[Zt] and V[Zt\ of the process Z, are developed. 

The procedures have been applied to characterize regional hydrologic droughts in the 

Upper Colorado River system.

This study also developed a general record extension model that can be used to 

lengthen short records in one or more sites given longer records of tree ring indices. In 

particular, multivariate record extension model has been developed and verified using 

simulation experiments. Streamflows have been reconstructed using tree ring indices 

back to the year 1490 for many sites in the Colorado River. The reconstructed flows 

were used for the purpose of improving the characterization of hydrologic droughts in the 

Colorado River.

The general conclusion that emerged from this study is the applicability of the 

proposed mathematical procedures to estimate properties of multiyear droughts. The 

specific conclusions are:

1. Assuming the series of deficits and surpluses is represented by either DAR(l) or 

DARMA(1,1) process, analytical models were developed to estimate drought 

properties such as the occurrence probability, return period, and risk of hydrologic 

droughts. Drought properties obtained from analyzing the observed (historical) 

records are uncertain quantities especially for droughts of short length and 

considerable magnitude. In fact sometimes certain droughts properties cannot be 

calculated from the historical records because of the limited drought episodes that can 

be observed. The analytical models developed in this study were found to provide 

reliable drought properties. The results obtained from the analytical models were
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found to agree with the empirical results obtained from analyzing the simulated 

flows. Therefore the mathematical models developed in this study can be used to 

predict extreme hydrologic drought events.

2. The Gamma distribution has been widely used to fit the distribution of drought 

deficits. However, sometimes drought properties obtained under such case may be 

unrealistic especially for droughts of short length (1-2 years) and high magnitude. On 

the other hand, the results of this study show that fitting the deficits using the Beta 

distribution function improves the characterization of extreme droughts when 

compared with other distributions (e.g. Gamma) and gives realistic results. These 

results and conclusions have been verified using simulation experiments.

3. Drought properties obtained utilizing the definition of the new process Z, and the 

single site drought characterization procedures were found to be fairly good estimates 

of drought properties on a regional context when compared with properties obtained 

from analyzing the observed flows only. Considering the Upper Colorado Basin, the 

analysis of regional droughts growth patterns through the utilized procedure indicates 

direction of drought growth to be most probably north to south.

4. The multivariate record extension model MREXTN can be used to reconstruct 

reasonable streamflow records at many sites simultaneously using tree ring indices of 

longer records as proxy data. Based on several performance measures, the model 

MREXTN was found to perform well in terms of preserving the targeted key statistics 

compared to other existing record extension models. Drought properties obtained by 

analyzing the reconstructed streamflows obtained from MREXTN model show to be 

more reliable and much informative when compared with properties obtained by
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analyzing the short observed flows. In particular, the results indicate that droughts of 

longer durations and greater magnitudes have happened in the past than droughts 

observed from analyzing the historical records.

Lastly, with the contributions of other related past studies, it is believed that this 

study provides analytical procedures and approaches that can be reliably used to 

characterize droughts and ultimately help in understanding the phenomenon of drought. 

However in the light of the assumptions made, it is recommended that further studies to 

be carried out beyond the scope of this study. It is recommended to:

(a) Extend drought characterization procedures to consider the case of droughts under 

periodic processes such as the case of monthly precipitation and monthly 

streamflows.

(b) Investigate and quantify the uncertainties in drought properties such as uncertainties 

in drought return period and risk.

(c) Extend the characterization of regional droughts considering alternative methods.
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