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FOREWORD

This report is Part II of a preliminary study in connection with the
Wind-tunnel Project under contract with the ONR to be carried out by the
Hydraulics Laboratory of thé Colorado Agricultural and Mechanical College,
Fort Collins, Colorado. Asi@e from Section F of Chapter IV, which is the
work of the present writer, it is entirely a review of existing literature,

Review of much of the existing literature for Chapters II and IV was
done by Dr. K. C. Kuo at Fort Collins in the summer of 1949. This work has
greatly facilitated the preparation of these two chapters.

Due to the immensely diverse subjects treated in this report, it is
impossible to maintain consistency of notations without either violating
well-established conventions or making the resulting notations undesirably
cumbersome. Efforts have been made to achieve the maximum amount of con-
sistency such that what inconsistencies still remsin are unlikely to cause
confusion. It may be mentioned here that bars in general denote mean values,
single primes denote fluctuations and double primes the standard deviation
of these fluctuations. Although primes are also used sometimes to denote
differentiations, it is believed that this inconsistency will not introduce
confusion. Often, for simplicity, subscripts x and y are used to denote
partial differentiation with respect to the particulr variable or variables
indicated by the subscripts, especially in differential equations. That
the subscripts x and y in Ry and Ry cccurring in Karman's ‘theory of
isotopic turbulence do not denote differentiations is self-evident.,

The writer has found it possible to devise a general symbol to denote
the various correlation coefficients in the statistidal theory of turbulence.

R(ﬁ,ﬁ,f;f)[u’,w'j

The symbol
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denotes the correlation between u' and v' taken at two points whose cartesian
coordinates differ by';§ 3 q s and j respectively, and at a time differ-
ence 75 « That this symbol can be extended to include triple correlations or
correlations of even higher orders is obvious. The correlations generally
encountered in existing theories, however, do not usually call for such
generality of representation. In the first place, the quantities whose
correlation is being considered are often understood, and so the brackets with
their contents can be omitted. Then as a rule only one of the quantities § ’
f} s :f is different from gzero, and from the context it is often obvious
which one does not vanish. Thus, if the correlation is between simultaneous-
quantities, the symbol Ro(s) is often sufficient, where 8 may denote either
£ .!7 , or § , and the subscribe 2 implies simultaneity., Similarly,
Ry (T ) denotes the correlation between two understood quantities taken at
the same point at the time interval T apart. Thus, elements of Karmdn's
correlation tensor as well as his Ry and Ry- belong to the Ry, category.
To guard against any possible confusion, let it be demonstrated here that
Karmén's Ry is actually R(§ »0,0, 0 ) [ ur, u'] and his Ry is
actually R (;_‘0,0; o)[vi,v] or R (§,o,o; 0 )[wl, wt] i
In the text, the simplest symbols and the conventional symbols are used as
much as possible, the general representation being used only where it cannot
be avoided without the risk of incurring confusion,

Since complete consistency of notations cannot be properly achieved
anyh&w, and since all notations are sufficiently defined in the text, it seems
that a table of notations can be advantageously omitted without causing con-
fusion. This has been done in the present report.

The writer wants to express his thanks to Dr. D. F. Peterson, Head of the

€ivil Engineering Department of the College and Chief of the Civil Engineering
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Section of the Experiment Station, for critical reading of the manuscript and
many valuable suggestions. Professor T, H. Evans is Dean of Engineering of
the College and chairman of the Engineering Division of the Experimental
Station,

The present work has been done under the supervision of Dr. M. L.
Albertson, Head of Fluid Mechanics Research, to whom the writer owes many
valuable discussions and suggestions, and much assistance in preparing this
report,

To Mr. Don Thorson, Graduate Assistant, who has rendered indispensable
assistance with his fine draftsmanship, and to the Kultigraph Office of the
College, which has kindly lent its able service, the writer also wants to

express his appreciation,
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PART II., FORCED CONVECTION, TURBULENT CASE
CHAPTER I, THEORIES OF TURBULENCE

The theories of turbulence can be roughly divided into two categories,
namely the transfer theories and the statistical theories, both of which will
be presented in detail in the present Chapter. It will be seen that while
the transfer theories are now generally considered as unsatisfactory, the
statistical theories have not been sufficiently developed for application to
practical problems.

A, Transfer Theories

In turbulent flow, the velocity fluctuations introduce apparent
turbulent stresses in addition to the stresses due to molecular viscosity.
These stresses, however, cannot be related to the distribution of the mean
velocity without some assumption the validity of which cannot be ascertained

a priori. Boussinesq (75,1887) introduced the eddy viscosity € in analogzy

to the kinematic viscosity \) . The apparent stresses are then
3 - p€(0% 48V
6;:2665'; Txg'6€(5-j+ax)

and seven other elements of the stress tensor, where e is the density,

u and Vv aré the mean velocity-components in the x- and y-directions
respectively. The Navier-Stokes equatdon can then be used with \) changed
to \) * f.

The idea of eddy viscosity is oftentimes helpful. It suffers, however,
from the deficiency that the spatial distribution of € is not known, except
that near the'solid boundaries € must vanish and in certain special cases
it should be constant. The following transfer theories represent efforts to
correlate € with properties of the mean flow,

1, Prandtl's momentum~transfer theory

In analogy to the mean free path of molecules in the kinetic theory of

gases, Prandtl ( 1L8, 1925) proposed a mixing length for fluid particles
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and developed the momentum-transfer theory. Essentially the mixing length

signifies the length through which a fluid particle must travel with its

original mean velocity before it assumes the mean velocity of its new environ-

ment, Denoting the mixing length by 1 , one has, for parallel plane motion,
-11_1_' = (Y]_) " u (373_ - l ) (v'>0)

where the prime denotes a fluctuational quantity, and the bar denotes a mean

quantity,

w23 Gy - 1) - () (vt ¢0)
and

e Wl D) = 1] (55 @

where ( -g—‘—"- ) » denotes the velocity gradient at the elevation yy
LJ i
Since u' and v' are of the order of magnitude,
pa—. YiX
(vt = Rl (2)
Y
The quantity u'vi, being negative for positive mean velocity gradient, can
be put equal to -C |;h‘| lv*] . Thus utyt = - kcl ( )
The constant ck can be absorbed in the mixing length, and one can write
P 2 iy o\
ulvt z = 1 itf)
| dy
and the shear stress as
- =i 2 syl
C=-evv= el (32
or, more generally,
bb-. x
Vi1 45 (3)
which gives the proper sign to Z‘ for an existing velocity gradient.
Boussinesq's eddy viscosity can be written
2 3
€w] |32 (L)
34y
This affords a connection between E and the mean velocity gradient, but the
quantity Z_ still has to be determined.

It may be noted that since A

'Z‘ ..(u'.‘;;‘:(yv’f J

1

|

" g
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by virtue of Eq 1, the relation .éj - ..b_;?. yields
o R
_g_g & |1<'1u ) (5)

3

where D dendt es the mean pressure,
The momentum-transfer theory outlined in the foregoing can be easily exe

tended to cover the axillary-symmetric case.

2. Taylor'!s vorticity-transfer theory

Consider again the parallel plane flow with a steady mean motion. The

equation of motion

%'T(ﬁm')g'* v A.LI}S:.&}&_')_ .-=..;_%£
¢ ox
where p = D + p'! can be written as
b 2 " (] - ———l
L4 B Bt det 2y e 28 4T

where

Assuming u'2 + V12 to be constant in the x-direction and taking mean values

with respect to time, one has

1l dp Py
E,' F=2vY¥
If one considers the vorticity to be transported in the same way as the

momentum is transported in Pradtl's momentum-transfer theory, then

l i | du)
dy ? dy
where & é gu is the vorticity for the mean motion. Thus one has
J
1, 5 &% (6)

as compared with Eq 5. Here

é=|;'3l (7)

The vorticity-transfer theory is due to G, I, Taylor(l91,1915; 194,1932) .

L)

[
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3. Taylor's generalized vorticity-transfer theory

Taylor's generalized vorticity-transfer theory (19h,1932?3was later
improved in representation by Goldstein (100,1935) s In the following, a com-
bination of the two versions will be presented. Denoting the mean vorticity

components as

¢ = 17w v

3™ 2bE i)

h 3 W

| = Eag'ﬁ)
3V - 55\

WA

- ZOx v/
and the turbulent vorticity componts as
=3(dz- )
ANY )

etcey the equations of motion can be written as (37,1L5, pe578, egs 6 )

X -10P g, gdi, 580,13 (12 . 2 (win-v%) (8)
Fix 3E 37 Z 2 8% ( =3
where q'2 - ut? ¢ yie +'w?2, and two similer equations. It may be mentioned

here that since

one has

Suppose now that a particle which occupied the pesition (a,h,c) and

had the mean vorticity components _gz ’i7° ; ‘50 at time t, occupies
the position (x, ¥y, 2z) and has the mean vorticity components '§ ,13 7-§ at
time te The first vorticity component at (x, ys z), according to the history

of the particle, would be equal to (37, 19L5, Egs 3, pe 205)

3 X
§a3a+roab gg e
The difference of this quantity from 5 is the turbulent part of § s hence

)

ane has

3+ = ;,;*‘L + ifé (9)
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and two similar equations for the other two vorticity components.

On the other hand, if the quantities

Ll =X = a, L2 =Y = b, L3 = - C (10)
are small, the Taylor's expan31on of gives, approximately,
T b $ 3 o3
$=3 ¢ b ks 3+L3T2 (11)
From Eqs 9 and 11, one obtains
LT/ X\, m X LT ax 8% ¥, 3 (12)
S_ go Aa ‘)-"no—;-—l) +Sa ic L'Ax le& LSAZ

The Lagrangian form of the equation of continuity being

h(x: Vs a) e

b (a, by ¢) © 1 Elé)
. \ (ag b, C) =
d (x: ¥, 2) (1L)

for incompressible fluids, one has

3X _ o) 3p de de¢ b i Asz aLsJ__L_ [, (19
ﬁﬂ 3(:'-32\ éf:l A2 A({AZ "j—_é“

If the second-order terms in the L's and their derlvatlves are omitted,

Eq 15 becomes

%E: dLa %};} "
=TTy Toz a6)
and Eq 15 can be written, in view of Eq 16 as
X _ bL 1
& | 4 (17)
Similarly,
dx _ 4L 3X .4la
gAY &bl 8
i " g ac  dZ i

and, in view of Egs 11, 17 and 18, Eq 12 can be written as

JL, ﬂ_{,z‘L_. o 3L _ 53 3§ (19)
g § ?étjfféz Ll)x LHq

if second order terms in the L!'s are omitted.

B
1 Z

. ~Since the dilatation of the vorticity must vanish by continuity,

3§ bf (20)
+2 Zﬁ 120

Se
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and Eq 19 can be ﬂritten as

i= (Lq L -5LEL,F) (21)
Two similar equations can be written for f7 and :5 s So that in vector forms,

¢cne has
- /= _._...)

W’ = corL (fxuw. (22)

where ¥ - N
w':ﬁ(-ﬁ”-k@ R

L(+L,j+Lsk
40 ] 3

Eq. 22 embodies the generalized vorticitys=transfer theory.

H

\

It can be shown that this generalized theory contains both Taylorts
vorkicity-transfer theory and Prandtl!s momentum=~transfer theory. When the

mean motion is confined to the x-direction, and U is a function of y only, one

has JLL o =
= = Z.Cf‘j ’ r) = g <0

Then from Eg 19 and similar equations, one has

/ = ro M / 4dC2 l:a 23)
2 UQ ~wn' =) v (UJ? iy 2 (
5~ JE 94
ory, from Eq 21, on the assumption that le' dces not vary with x and that
Low! does not vary with gz,
I 'ch~.. 2
2 u'§-wn (Ll (L2 L“x) (2L)

where the partial differentiations have been changed to ordinary ones since

in this particular instance the correspending quantities differentiated are

functions of ¥y onlye.
If now the turbulent motion is two-dimensional in the x-y plane, the

last term on the right of Eq 23 goes out, and Eq 8 becomes, assuming there is

no extraneous force and that (q')2 does not vary with x,

s _.a._r_) - L / C‘iad
€ 3x 1V du*
which is identical to Eq 6, so that Taylor's vorticity-transfer theory is

included aa a special case.
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On the other hand, if Juw ) v/ éuJ‘
§x T dXx T AX
so that lines of particles parallel to the x-axis move as a whole, the last

=8 (25)

term on the right of Eq 2L goes outy and Eq 8 becomes, under the same assump-

tions as before 5P ~ —‘<L o
(’ X dy 1V dy

which is identical to Eq 5 of Prandtl!s momentum~transfer theory.

4. Taylor's modified vorticity-transfer theory

If
éx__byaézﬂl
ya =~ yb e
DX _ dx Eya zbz

b-b_é{::aa . @ TE:

then Eq 9 and similar equations yield

-— / — — /I = — I —
-— = £ -
et =, . N¥N=No, §+5 =5, )
which express the fact that the vorticity=-components are transferable in

the sense that heat is transferable.

Equations similar to Eq 21 give

7. T T t)ﬁ __é_:‘- "___:6 __'“—""'té._s
U —w n -‘:L,W &X+L {1+L3W s Z L'V-JX
= ’___5_ ’ .?
L 5 L o (21)

This and two other equations obtained by permutation, in conjunction with
Eq 18, constitute the modified vorticity-transfer theory (198, 1935 and 1937).

When the turbulence is isotropic, one has

Ipwt = Dowt = Tgvt = L

3V! - Lgu' - LBU.‘ - 0

and

Iqut = Lov' = L3W'. K (Say)

so that

e
¥ . -
vigi-wtry oK az MJ)
which, in the case of one-directional flow, is simply

:r§—-wf _k(‘m g—%‘-Kvau (28)
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X
where <?is the Laplacian ( < +_q,ﬁ\
g E
] J

£

B. Evaluation of the Transfer Theories

The boundary layer equations of Prandtl are still valid of the kinematic
viscosity ) is replaced by p Lo In general, the £'S determined by
the different transfer theories (with the help of one experimental datum) to
fit the experimental data are different. The test of the virtue of these
theories lies then in their application to heat trznsfer or vapor transfer with-
the &5 thrs determined. It will be shown that although certain theories with-
stand this test in specific cases, none retain their validity in general.
1. Vakes

As an immediate example of the above statement, the temperature distribu-
tion in the plane wake of a heated bedy will be considered. Let the free
stream velocity be |) , the mean longitudinal velocity in the wake be U -
where u is the deficiency of velocity in the wake, and the mean transverse

velocity be ve Assuming
&2 (y)
= X h'g 2

where X is measured along the a xis of symmetry from some point in the wake,

i 3
and q.-.-. y x°?, y being measured from the symmetry axis in a perpendicular

direction. The equation of continuity

"9 (U oV (30)
.~ A =
X ( ) ¥ 3y T 0
can be integrated with the boundary condition v = o0 at y = o to yield
o=l oyl fnt ) (31)
U I
The equation of motion according to the momentum-transfer theory is
~uY o 2 du (32)
Usk = 35 (€ i‘g)

where the pressure gradient as well as the other quantities of smaller
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magnitude are neglected. In terms of I’) s BEq 32 becomes

1l d -
73 (0§) =~ &M

which when integrated with the boundary condition fi(o) = 0, gives
%.I? f :-éf'(t'?)

or

=-nf 33
€ _€}§ (33)

Now, taking z - ax%, by means of Eq L
€ = - alft (3L)
From Eqs 33 and 3L
ne=2 a(f1)?2
which can be integrated to
(f)% = (18 &a.r“)“%T 173/2' + constant
Let u vanish at ) =),  The above equation can then be written as

2 ad)Enlt q- gt (35)

= 7h,

If the maximum value of u is denoted by up..,
¥ 2

This result is in good agreement with the experimental results of Schlichting

where

(170, 1930 ) and of Fage and Falkner (95,1932).
Now let T denote the temperature at any point in the wake, T, denote
the temperature of the ambient flow, and @ = (T - To)/'l'o.

The energy equation is

29 - d (g 38
e aq(eau) (37)
Letting = x:-i CP ( r‘)) s integration of the above equation is
| (38)

c.-hé
€74
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Comparing Eqs 33 and 38, one has
]

2
or ¥

¢ (l‘)) = conste f(h)

u £
- T

which means
0 - 3, \ 2
/smx = 0 - § 2 ) (39)

This, however, is not in rood agreement with the experimental results of
Fage and Falkner (95,1932).

Now, according to the vorticity-transfer theory, the equation of motion

- S
is S _ Cé\u.
—— -—-—h-_-_""'—'l

3% 4

which in terms of r) becomes

1. d (R £) = =€ £11
zH " €
So that
f-nhi
“ET “smi (LO)
If the same assumption for the mixing length l is made as before Eq LO

can be written as

a2t £ 01
- L

which can be integrated into
Nt= Aa2(£1)2

and 3

2= (90} @ - g% (1)

where vo and § have the same meaning as before. Eqs 35 and Ll are identical.
a2
& . B
Also, one has u/umax = (1 E )
which is identical to Eq 36.

This may at first sight create the impression that the vorticity=-

transfer and momentum~transfer theories always yield the same result. That
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this is not true is evidentl when one calculates the temperature distribution.
1
With the substitution & = x"icﬁ (Fr), Eq 37 can again be integrated to

yield Eq 38. Egs 38 and LO then give

| ‘1—7{“
AL
/o €+n¢’
which can be integrated intso
) - 1
log ¢ :Jn nf d'l. + constant (L2)
o f-tn¢€!
When Eq L1 is substituted into Eq L2, one obtains
3
log ¢ = log (1 - § 42) + constant
or
o) 3/
T A (L3)

The experimental results of Fage and Falkner (95, 1932) are in good
agreement with Eq L3. The reason for the difference between Eq 39 and L3
lies in the difference of the mixing lengths in the two theories. Since Egs.
35 and L1 must necessarily be identical, the quantity a in Eq Ll isyZ
times as large as that in Eq 35, The larger a corresponds to a larger
mixing length, and consequently to the curve expressed by Bq L3, which is
less concentrated than that expressed by Eq 39.

Calculations for the velocity and temperature distributions in the wake
behind a row of heated parallel bars can be found in (19,1938) « Experiments
have been carried out by Gran Olsson (1L0,1936) . The momentum=transfer

theory gives the velocity distribution

3
A =1 L

where JA is the spacing of the bars, Z is the mixing length, and F is

determined by the equation
. A _dF (15)
¥ (138.5)% ) (- F2)"3

other quantities having the same meanings as in the case of a single wake.

The vorticity-transfer theory gives

@ A3 i
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with an 2: being ]/E—times as large as the Z for the momentum~transfer
theorys The distributions given by Egs Ll and L6 are exactly the same, and
zheck with Olsson's experiments very well.

The temperature distribution can be found directly from the velocity
distribution according to each theory., The theoretical distribution accord-
ing to the vorticity~transfer theory is too high as compared with Olsson's
experimental results, while that according to the momentum transfer theory is
too lows Attempts were made to compute the temperature distribution
independently by assuming constant 6: + The result, being the same accord-
ing to both theories, is too low. Thus, it appearé that neither the momentum-—
transfer theory nor the vorticity-transfer theory is satisfactory.

The three dimensional wake behind a symmetric heated body has been
treated by Goldstein (101,1938) and Tomotika (203,1938) who used the
modified vorticity-transfer theory. Experimental results of Hall and Hislop
{105,1938) agree well with the modified vorticity-transfer theory except near
the edge of the wakeo

The discussions on heat wakes apply also to evaporation wakes.

2. Jets

As a second example of the invalidity of the transfer theories; the
problem of turbulent jets will be considered.

Iet u and v be the longitudinal (in the x-direction) and
transverse (in the y-direction) velocity components, respectively, at any
point in a plane jet. Under the assumptions that

1l There exists similarity between sections perpendicular to the X-axis.

2. The mixing length and the width of the jet at any section are
proportional to x,

and with the substitutions

l=e0 n=vx Y= PE()



THECRIES OF TURD'LENCE 13.

where %/ is the stream-function, the eguation

Ju d 44 p) 2
A BEE o s d
Wix+v 7y = J%EZng)]

can be transformed, by virtue of the relations

r

¥

vedl JaAxEF
T
. 4 A -L . s
V=% =EX (e F-F)
into the equation
F'2 o FF" = 2¢2 %5 (Fn)?2 ‘ (L7)

Eq.47 can be integrated to give

FF! = 2 c(Fn)? (L8)
the constant of integration being zero since F(o) and F"(l) are both zero.
With the substitution

) g = W;/QLE(:E}}E

Eq LB can be transformed into

FF! = (F1)2 (L9)
where the primes now denote differentiation with respect to the new variable §

Eq L9 with the boundary conditions F'(o) = 1, F(o) = 0, and F! = 0
at the edge of the jet has been solved by Tollmien (201,1926) whose result
shows that at the edge f = 2.412., Experiments have been conducted by
Forthmann (96,193L).. Comparison of the theory with the experiments show
that ¢ = 0.0165, and Z/Y = 0.17 where Y corresponds to u = % Uyay.

The agreenent is good.

It must be noted here that the vorticity-transfer theory will yield
exactly the same velocity distribution, The only difference will lie in the
value of ¢ and hence the value of 1 « This difference will be reflected in
the calculation for the temperature distribution.

The temperature distribution has been carried out by Howarth (109,193@

both according to the momentum~transfer theory and the vorticity-transfer

theory., According to the momentum-transfer theory, the temperature and
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velocity distributions are identical, whereas according to the vorticity-
transfer theory the temperature-distribution function is the square root of the
velocity-distribution function. This situation has been illustrated in the
case of wakes treated in the last section. No experimental results for the
plane heated jet have been reported.

The velocity distribution for the axially symmetrical jet has been cal-
culated by Tollmien (201,1926) on the basis of the momentumptransfer theory.
The result is in good agreement with the experimental data of Ruden (169,1933)
and Kuethe {127,1935). On the basis of the vorticity-transfer theory, Howarth
(109,1938) has computed the velocity distribution under the assumptions that

2 ~ lﬂ" and that 2_“v kf%Q s there being no real integral corresponding to
a constant 1 .« He also computed the velocity distribution on the basis of
the modified vorticity-transfer theory under the assumption of constant 1, .
A1l of his calculated results are not in good agreement with the experimental
result s of Ruden and Kuethe.

For the temperature distribution for the axially symmetrical jet all
calculations have been carried out which are analogous to those for axially

symmetric wakes (see 19,1938)., Small-scale graphs of the velocity=- and

temperature distributions have been published by Ruden (169,1933). The

T
observed ‘snrﬁ1qx (AT =T - To’ T0 being the temperature of the environ-
ment) is greater than the observed dff}— s so that the momentum-transfer. the
AX . i

according to which the velocity and temperature distributions should be
identical, is not valid, although it leads to a satisfactory velocity dis -
tribution. The vorticity-transfer theory leads to result s completely at
variance wi th experiments. The modified vorticity=transfer theory under the
assumptions of isotropic turbulence and constant 1 gives a satisfactory
temperature distribution, but as has been remarked in the last paragraph,

does not give a velocity distribution in agreement with experiments.
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The velocity distribution in the mixing region of a parallel stream flow-
ing over a still fluid has been‘calcﬁlated by Tollmien (201, 1926) on the basis
of the monentum-transfer theory. The result is in good agreement with-experi-
ments., Calculations for the temperature distribution can be found in
(19,1933). The vorticity-transfer theory gives a temperature distribution in
better agreement with the experimental data of Ruden (169,1933) than the
momentum-transfer theory.

Remarks on preheated jets apply also to pre-moistened jets.

From the foregoing, it seems that attempts to calculate the temperature
distribution from the velocity distribution according to the transfer theories
without deeper considerations of the characteristics of turbulent motion have
not consistently led to satisfactory results. Consequently the virtue of

these transfer theories is doubtful.

C. Statistical Theories

l. Taylor's theory

The statistical theory had its beginning as early as 1915, when Taylor
(191)published his "Eddy Motion in the Atmosphere" which showed that turbulent
motion is capable of diffusing heat and other diffusable properties throughout
the fluid in much the same way that molecular agitation zives rise to molecular
diffusion. This paper is followed by another by the same author in 1921 (193)
in which diffusion by continuous movements was treated mathematically in the
Lazrangian manner. Fourteen years later in 1935 and 1936, the same author
published his "Statistical Theory of Turbulence" (197, in which the scale
anu the degree of istropic turbulence as well as the mean square of the
turbulent pressure gradient im isotropically turbulent flow were correlated
with the size of the mesh of the grid in the wind tunnel. These correlations
hare been excellently verified by experiments in the U.S., Germany, and

Enyland.
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(a) Fundamental considerations. Suppose that one observes the value
P1s D2 .++ Pp of a quantity p ef a large number of successive times ty, to «v.tp,

and suppose that the mean of the squares of pj, po, ... j denoted by

n

—————

Ny \2 ’
as well as (%) for any n is constant., If further one observes the

values pj + Jpp p2 * Jpg; see pn-rJ'pn, at times 13 +dt, Ty » ab 5 wei

At

th + dts where ¢t is a smell interval of time, then since p2 is constant,

it must be equal to (to the first order)

1 . g
F (R et e gt e 507}

- d :
p p a% Jt (50)

It appears bherefore that the quantity in the square bracket can be differen-

—

tiated. The constancy of p2 then requires that

dp _ (51)
PE%_Q

Differentiating Eq 51, one obtains

4% . sdpy:
pd_t% (E‘E) 0 (52)

2
Hence the correlation of p and %Eg_ is, by definition and by virtue of

Eq 52:
2 &5 apy2
m [p - idz_:;: . ':_(_%;_7_ (53)
p2 ;ﬁf}) EQGT%}J

which shows that the correlation between p and its second derivative with

respect to time must be negative.

Similarly, sinze (%%)2 is consta t,

dp d% _ (5L)

aE g2 -0
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Differentiating,
dp d’p PG ;
®@ ¢ ogr O (55

So d s
P oy~ = O (56)

Differentiating Eq 56; one has, by virtue of Eq 55,
gl a2p2 (57)
p &R - (BB =0

Proceeding in this way, it can be.shcwn that

a2 rat & 8

b —"—dtgﬁ = (-1)° (—-—g:fl (58)
d2n+-

p rry ;e —F (59)

In analysing an actual curve, it may be tedious to obtain the standard
deviations of p and its derivatives. Taylor offers, however, another method
of defining the statistical properties of the curve vhich is equivalent to
that given aboﬁe, but which is likely to be more manageable. In presenting
this method, Egs 58 and 59 will be of use,

Suppose that one takes, as before, the values P1s Pp -+« P, at a large
number of times tj, tg,rr.tn. Let these values of p be correlated with
the values py!, pq‘, vess Pp' at times 1y g s to +g " sl 'bn-rg ’
where g is a finite interval of time which may be positive or negative.
Let the coefficient of correlation so found be Rl(g). Then Rl(g) must
evidently be a function of g .

If pi- is the value of p at time t, and p that at time % 4+ ¢ , then
v by 5

Wy =my) {ml [P s

by definition
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and since by hypothesis p2 is constant,

Ry(Y) = Bybeag /% (60)
Now expand p - in powers of § 5
i
& p d 5 & . - @
Pt--;-:g' Py % gd_:_ + ﬁ%% + (61)

Hence

——— 2 —
—_ 2 dp _§__ 42 -
p‘bthr% Py "r g P 3t + 21 P Eg + -

and, by virtue of Egs 58 and 59, and the defition of R, (¥),

. (B} ™ (Sh)
m(3)= 1- % l.dg ----+(-1)n357\-! F—E?*“* (G2)

It will he seen that R‘(E) is an even function of E s, as might have been
expected.

Now let the quantity p under consideration be the fluctuational velocity
component v! inthe y-direction (which, in case v = o, is just the instantaneous
velocity v.), Then

?t—'_;’? =R (g— t) vy 12

If vi2 is constant, one has, since Rl(g- t) is an even function § -ty

o

"z {dy = v° St R, (y-£)dg = V7~ Stre\u-mE

=7 \ =R (£-1) 44 -3) =97 R

t : (63)
Also,
TS % e L ATH
v, v d% = v ’ = V) 3% Y (6L)
R W - TR
— Tt
Y =2v? SO &0 R.(3)d% 4t (65)

where Y is the distance traversed by a particle in time T in the y-direction,

v being assumed to be zero.
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When T is so small that Rl(g) does not differ appreciably from 1 during

the interval T, Eq 65 becomes
;é= v12 .« T2

or Y2 yn . T (66)
where V! = |v12 | Eq 66 states that the standard deviation of a particle
from its initial position is proportional to T when T is small,

The correlation coefficient Ry( E) canbe ewpected to fall to zero for
large values of g . On the assumption that

.ot
L im ga R(3)dg = 1 (finite)

toyn
a time T, can be defined such that for T > Ty,

-r
\, RiDAY = T
Then, for T T4 after the beginning of the motion,

i g.ﬁ Yo2 v21 - (67)
so that Y2 increases at a uniform rate, In the limit vhen Y2 is large
\ﬁﬁ = v" J 2IT (68)
so that the standard deviation of Y is proportional to the square root of
T.
The trends of Eqs 66 and 68 have been verified by Richardson (160,1920)
who performed sime experiments on the diffusion of smoke emitted from a fixed

noint in a wind,

From Eq 67

Y vl = v12 7
Hence, utilizing Eq 68, the correlation coefficient of Y and v! is, for

very large T,

. X . I
Rl [Y’ V'J = (i_-a)“-‘iv“ il 27 (69)

——

If ¥° is measured, the equation

p————

.
%Ez 222 v12 R (%) (70)
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which is a consequence of Egs 63 and 6L, permits Ry ( é_,) to be computed,

(b) Theory of isotropic turbulence. From Egs 63 and 6L,
o 3
1l 4d - J
1LV S Ry(F) A% (70)

[¥]

where bars again indicate mean values, one can define a length 1 s such
I

that

3 (T g

LR = Sc R.(3)4% =3 gz (¥") (72)
It will be seen from Eq 71 that the length Ll defined as

L, = Vv* SZR‘LE)Q (72)
bears the same relationship todiffusion by turbulent motion that the mean
free path does to molecular diffusion. In this sense it is very similar
to the mixing-length 7 of Prandtl, but with the important difference that
the hypothetical process of mixing involved in Prandtl's theory does not
occur in its definition.

The length ?’I can be considered as the mean free path of particles in
turbulent motion, in the Lagrangian system. It is also possible to define a
length LZ. which will indicate the scale of turbulence in the Eulerian
systems If one imagines that the correlation Rybetween the values of u!
(fluctuational velocity component perpendicular to v'!') at two points distant
y apart in the direction of y has been determined €or various values of

ys and that R, falls to zero vhen y 2 ¥, then L, can be defined as

@ : §
1, = SRg(y)dy= goRg(y)dy (73)

The length ?,1 may be taken as a possible definition of the average size of
the eddies. 1

The lengths 2,| and lz can be computed if S ;l'(g)dg and Ro(y) are
measured, the former of which can be obtained by moeasuring %1'-: Y2 and the

2

latter of which can be obtained by measuring u and uy'u!(y) by hot

wire anemometers, and also by an electric dynamometer in the case of uo'u'(y).
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Yet another method due to Prandtl is to pass the currents from the two
hot wires (at distant y a?art) through coils whidh cause deflections of a
spot of light in two directions at right angles to one amother. If the two
hot wires are identical and so close that the correlation is nearly 1.0, the
spot of light moves over a very elongated elliptic area, the long axis of
which is at U5° to the deflections caused by either of the wires in the absence
of disturbances from the other. By measuring the ratio of the principal axes
of the elliptical blackened areas produced on a photographic plate by the
moving spot of light during a prolonged exposure, it is possible to calculate
R}. This method is specially suitable for measurements when the correlation
is very high, i.e., 1 = Eg(y) is small, For small correlations the electric
dynamometer method gives better results.

It may be mentioned that since at small t©

s,

ye =t

and since t = % where U is the mean velocity of flow,

]
x = 1 (7h)

at small x, which permits the measurement of the degree of turbulence by
measuring the standard deviation of Y at distance x.

Now the diffusion phenomenon will be studied when the turbulence is
decaying. Since ;;E is now not constant, the diffusion eguation should be

Eq 6L instead of Eq 70, or, by an easy transformation,

1 S t (75)
1d42 dy = vy S v, . dg
2 ;E ’ t -
where Y & S vi dg = S v! d
= Tk §__; t-% 3
Writing v§ for [v ¢ il for [ v2 , and Ryiv!, v for the
T 2 'b-g tmg 1 -3
coefficient of corrclation between v't and v't 3 s one has
(7€)

o

LT o gl D
Z 3t | “V‘C& Y-y R‘("’t"’t-ﬂ"‘?
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when v* is not constant, it is not possible to proceed beyond Eq 76, but
the existing experimental evidence seems to indicate that turbulent diffusion
is proportional to the mean speed, and that if matter from a concentrated
source is diffused over an area cowm-stream from the source, an increase in the
speed of the whole system (i.e. proportional increases in turbulent and mean
speed) leaves the distribution of matter in space unchanged, though the
absolute concentration is reduced. The condition that this may be so is
that Rl{vlt, v't- S‘k is a function of ¥ only where

dg =z v dg = ( v'/U) dx (77)

and x = Ut is the distance down-stream from the source.

The equation which represents the lateral spread of matter or heat
from a concentrated source is therefore

- (5
%’ %‘n %'X" (Yz) =ik ‘S RB(S')dS (78)
where ’

-2

v"
= —
S Sﬁ 3 ax
and R3(§) is the correlation between the velocities of a particle at times
t
2
ty and t, when s S vhdt, If R3(’5) falls to zero at a finite value
of § , say § = 5, , and remains zero for all greater values of © g
s ! 7
SDR3(S) dg is finite., If 11_‘,‘ be written for goﬁB(s) dg then

Eq 78 becomes, for sufficiently large x,

1B
7 ¥n % (12) - 1?; £79)
This is the same expression as Eg 71 found for turbulence which is not
decaying.
Eq 78 may be expressed in the form
1 4 el Sg
3 E-,S (Y°) = 033( “;)d Y (80)
Tihen g‘ is small so that essentially RB(‘S) = 1 over the range from O to
xy Eq 80 gives 1 d (;5) = T (81)

.fdg



THEORIES OF TUREULENCE 23.

from which, by integration,
i = gl or f?z: - g (82)

When the turbulence is constat ‘S;—, x v"/U so that Eq 82 reduces to
Eq 7L, If the turbulence is not constant and if Y2 and v"/U are measured
at a number of values of x, then bothg' and %_ g_" %x_ (-;'-::‘). can be found,
Thus SBR:;(S)dS can be plotted against & and RB(S) can be found graphically
from thias experimental curve,

One now proceeds to study the dissipation of energy, the principal
agents in which are the eddies of very small scale, The rate of dissipation
of energy at any instant depends only on the viscosity and the instantaneous
velocity in the following way (37,1945, p.580) if the mean velocity U is

1
constant and is in the x-direction: ( uy = % eAc. )

(e e

= — T TN R
W=py 20l vz 2wy + T ruy)

+(Wh vy o+ (W, 2wy ¥ ]T
Wy tve) T M) (83)

If, therefore, the representation of the essential statistical properties

of the velocity field can be expressed by the Ry curve and similar correlation
curves it must be possible to deduce from them the rate of dissipation of
energy. This would in general involve a complicated analysis, but the
problem can be much simplified if the field of turbulent flow is assumed to

be isotropic, in which case

DA l? 2 4
W, = Vg = WIE
——— ——— 2 3
u’ﬂz = u;' = Vi = ovyl = owit = w?
and
A
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so that

—\;V- _,5 r 2 ' 2

5 = (n(u,( + Uy o+ vug) (8L)
Consider the most general possible expression for the mean value of any

guadratic function of the nine first order partial derivatives of the velocity

componénts. The following table will show the number of terms in each of the

ten different groups, the total number of terms being 9(8) . 9 = 13
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From the equation of continuity and the condition of isotropy it can be
obtained that
a, = -2 - (85)

On rotating the reference axes by L5° in different ways, the condition of
isotropy of turbulence furnishes

8y =8, =85 =237 =89 =810=0 (86)

a] -ay=-ag-ag=0 (87)
One more equation is needed in order that all the non-vanishing a!s can be
expressed in terms of one of them, a3,say. This can be obtained by noting

that (37, 1945, p. 581)

—

e

Sgg(g’Jr e e ay az - §{ L (a2 as

; V' om?
s
3
= V\-";} - \fy
cEfl: W' & v,v.*w,z

n is measured in the direction of the normal to bhe surface S enclosing the

’

| dS (88)

+

2]
w
where T;

g ete,

volume, and the integrals are taken over S and the enclosed volume. If S
is large compared with the scale of the turbulence, the surface integrals

are small compared with the volume integrals and can be neglected. Hence,
taking the mean, values of all quantities in Eq 88,

W _ § §+F =6a,-6ag (89)
Egs 84 and 89 then give

i -

63.1 +* 633 + 638 = 68.3 - 6&8

or
a] - 2ag 30 (90)

Using Eqs 85, 87, and 90, one has

a) = 323 = =234 = -2ag (91)
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and -
_’f_\[ = = é...g'_’.
7 7.5 a3 ?aS(‘”) (92)
From Eq 62, one has in this case
. .
=1. 1 £ auy 1 oghoodwy (93)
Yy o Z G ) "F;z(ayz) *
from which
Defining }\zi as the r adius of curvature of the Ry curve at y = 0, one has
L -2 1lim 1 - Ro(y)
)‘Il y-r0 ("""—'z_—y )
or, on putting » = N/A2
2 - lim (1 -Ro(y) (95)
%1 y=0 K y2

A physical interpretation of X may be found by describing the parabeola
which touches the R,(y) curve of the origin, This parabola will cut the axis
Rp(y) = O at the point y = )\ » O\ may be regarded roughly as a measure of
the diameters of the smallest eddies which are responsible for the dissipation
of energy.

Combining Egs 92, 9L, ‘and 95:

Ve \Sp W/ (96)
If T’*I-; .1-1-?5, and A" can be measured independently, the last equation offers a
check on the theory. It may be noticed also that if the Reynold'!s stresses in
geometrically similar fields of flow are proportional to 1:-'—5 = u"z, W is
proportional to un3 , and N to (u")"%.' Since )\.z is proportional to the
curvature of the RY curve, the latter must be proportional to ﬁ". " In the
limit of very high values of u", the Ry(y) curve may be expected to have a

pointed top.
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The question may be asked about the relation between ) and Z a
where 1 is some linear dimension defining the scale of the turbulence system.

So far as changes in linsar dimensions, velocity, and density are concerned:

3

W = constant A .\D__E._ )97)

!

Combining Eqs 96 and 97
X 0 v
T =C
Taking 1 as the mesh length li,

o P
T® Al (98)

where A 1is assumed by Taylor to be an absolute constant for all grids of a
definite type;, e.g:, for all square-mesh grids or honeyccmbs.

One is now in a position to predict the way in which turbulence may be
expected to decay when a definite scale has been given to it as the air stream
passes through a regular grid or honeycomb,

The rate of loss of kinetic energy of the turbulence per unit volume is,
in isotropic turbulence, S

_.i'..fuc_g; (:}_ﬁq-v'z«- w' ) - "-35 (—"Udé; (U'z)
This must be equal to the rate of dissipation W, so that
-—;-r-u,;d;(??) = 15 U/ N
which becomes, by virtue of Eq 98,

- ney .
-7 & (u )"Allﬁ

Integrating,

%,, :'-% + constant (99)

That is, U/u" increase linearly with x
The space gradients of pressure fluctuations in isotropically turbulent
flow will now be investigated. Eemembering the variable = defined by

Eq 77, Eq 62 gives , on substituting v! for the general quantity p and §
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for t¢

(100)

: -R3 (%
(Eif = 2 yr2 lim (‘ 22 /
Mvo T
where Dv'/Dg is the rate of change of v with respect to < as the particle

moves domnstream with memm velocity U, and v'2 is written for v'2, If v is

constant (non-decaying),

pyi .o 1 Dpvt
= = TTH . =
T Dk% %) v It
and
(Dv')? < synlt 14n (1 - R3(s))= , b (101)
w, o) gt ?\é.

Now Dv!/Dt is simply the acceleration of a particle in the direction ¥
expressed in the Lagrangian manner., The Lagrangian eguation of motion in the
4-direction is in this case:

I Bp' Dv1

P oy T Dt (102)

Thus the last two equations give

(_iz..P.’ 2 o2 Y (103)
DY 4 7
This is an important result because “the disturbing effect of turbulence on
the laminar boundary layer at the surface of a solid moving in a stream of
fluid might be ascribed to the pressure gradients which accompany turbulent
motion,

It is natural to inguire about the relation of )\gand A e In the

Fulerian system,

lap' dv! 1_3__ 2 2 2y _ ywl_ 9v' 1 OW_ Jdul
£iy ot PRy U AVTew) owiE- S vw(ER 35

Taylor made the assumption that ]_(
? 234
as 1} (L (q1)2
by (37 @)
which in isotropic turbulence is equal to

L o
3y

which in turn must be of the same order of magnitude as

j’ is of the same order of magnitude
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29,
which.in turn must be of the same order of magnitude as
| T2 T2y
2 OV
VA (59)
Tay lor therefore scsumed that in isotropic turbulence
"2 2V
j(lf_) BB{J\/V‘ X (10L)
QY

where B 1is a constant which is expected to be of order of magnitude unity.

From Eqs 103 and 10l,

Bz " 2£¢ (105)
where G rg Wy
(%’)’- =a,=2a, = _;,L‘%Lﬂg)a _ -\_/—;_z (106
by Eqs 91, 94 and 95, Thus , AN
B = "E%" (;\7\_;') (107)

The assumption represented by Eq 104 is therefore equivalent to the
assumption that }hg:is constant multiple of N .
Experiments quoted in Taylor's paper (197,1935) showed that
1l =0.1H
1,z 0.2 M
and verified Eqs 96, 98 and 99, the value of A being found to be approximately

2. Few experiments have been done on the pressure fluctuations.

experiments (175,1935) gives B =

The set of
0.9L, so that Eq 104 is eqivalent to

\ = approximately., All these experimental results are subject to
A

the restriction that Z,u“/% s the Reynolds number of turbulence, is

greater than some number which must be determined by experiment.

The essential features of diffusion in isotropic (non—decaying)

turbulence are, according to Taylorts theory:
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1. For time intervals which are small in comparison with the ratio. of
2’: to u" - J—ﬁ » the diffusing quantity N spreads at a uniform rate propor-
tional to u", and the rate does not depend on ?’r
2, TFor time intervals which are large in ccupexison with the ratio of
’l, i to u", the diffusing quantity N spreads in accordance with the usual

diffusion equation

DN a Y )
Tt 3,(“4 ) “ %; ‘E(K%{)

with a constant coefficient of diffusion K equal to l‘u", 21 being defined
o2

o (s o3
3.v For intermediate intervals, the diffusion depends on Ry.{ g) "
If the turbulence is decaying, similar conclusions may be drawn, accord-
ing to Taylor's theory, by replacing 1 with 1 and by redef:u.nmg K as
15, u", where u" is now varying and 1‘5 is defined as S R3(‘§')d7;' s §

being defined as x

. N
| S =), g 9
and U being the mean velocity which is'in the x-direction.
For later developments of Taylor's theory, see (200, 1938) , and
(10l, 1938).

s
2. ‘von Karman's theory
————

In isotropic turbulence the correlation tensor has spherical symmetry
and the several components are functions only of the distance r between

the two points, and of the time +t. Denote by u'i, v'l w'!, and u‘z, v!2,

L
w!s the components of the velocity fluctuations at the points Py and P2 having

coordinates (x'q, o,@,) and (x'z, 0,0) respectively. Suppose that u'lz,

v!lz, wtla, which by isotropy are equal, are 1ndependent of pos:Ltlon and
equal to u'22. Then
u'12‘ .—. V'12 = W'lz = u'22 - V|22 = W'22 = u'?
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The correlation coefficients Rop = ;T;L_‘;—’—z / u'? and R33 = m/ ;Q'
will be identical because of isotropy and will be a function g(r,t) of r
and t. The correlation coefficient Rj] = ;31;?;7 ;TE will be a function
f(r,t). All the other correlation coefficients can be shown to be zero by
rotations and reflections, remembering the isotropy of turbulence. Thus the

correlation tensor is, for the particular points chosen:

f(r,t) 0 0
0 g(r,t) 0
0 g(r,t
0 »t) }

which can be décomposed to

1 0 0
(£(x,t) - g(r,5)] 10 0 0 .l +  glr,t) I
0 0 0

i

where I 1is the unit tenéor. If a rotation is given to the coordinate axes,
such that the points (x'l, 0.0) and (?*2, 0,0) assume their new coordinates
(%95 ¥1s zl) and (xp, Yos 2p)s it can be readily seen from the methods of
tensor calculus that the correlation tensor will assume the form in the new

ccordinate system:

By Rip Rygy S I - A
i
1 Rpy B2 RBp3 §= 2(x,t) - e(r,t) |0 Y2 vz ( 4 e(rst) I (108)
* 1 2

vhere X = X, = X3, Y= y2 =¥l 2= 29 - 29, rla X2+Y2e22 - (xig-x'l)e,
and where the first subscript of R corredponds to the velocity component at
(%1, ¥ys zl), the second to those at (xg, Vo 22), the subscripts 1, 2, 3
of the Ris correspond to the velocity components ut!, vt, wt.

The equation of continuity is

dUz v, Wy
+ dVa ” 3 z =0
axL al-jz azz

Multiplication by u'l/u‘2 which is independent of xp, tp, 25, gives
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'aRH, )RIZ BEI.S
3IX T 3Y T 3z

Taking the R's from Eq 108, one obtains
x {2(£-g) 4+ (2 2/3 1) J =0

Since S is arbitrary,

=Q

2f(r,t) - 2g(r,t) = -r %;Egéig)

Defining
% v
1 Sa Ry dx go g(ryt,) dr

L= g:"Rx X = g:"f(r,t,) dr

where Ry = g(r,t,), R, = f(r,t), one has

% % © R S‘”’ Ix
= . 1 x X b &
L Lx ) ga r-z-r? dr: 2 go X ‘S—i—o dx: ) oRx dx -—-—-2
-or 2L =z Ly

Since f and g are even functions of r,
£21480 0224 ..,
gg=14+g r?/2- .
where the quantities fg, gls ete. are functions of time only.
From Eq 110, 2i‘g - gg s whence for small values of r,
(14 (g /2 2] 14 (£ - g/2)FT

(s -3 PR

R

The second derivatives are, for very small r,
2

L
i A ek

o’Ryy _ Ry
il X+

= similar terms by permutation = 2 fg

2 12
}L R £
-a*‘-;[g%z‘ = similar terms by permutation = - _©

32,

(109)

(110)

(111)
(112)

(112)

(11h)
(115)

(116)

(117)

(118)

(119)



THECRIES OF TURBULENCE 33.

A1l others, e.g. Ej_r;_'_z?_ etc. are zero

Von Karman (121 »1937) points out that the correlation tensor is of the
same form as the stress tensor for acontinuous medium when there is spherical
symmetry, In the analogy f(r) corresponds to the principal radial stress at
any point, g(r) to the principal transverse stress, and the several R's to the
stress components over planes normal to the coordinate axes. The relation
between f and g given by the continuity equation corresponds to the condition
for equilibrium of the stresses.

Eq 110 has been checked experimentally at the National Physical
Laboratory (200, 1938).

The correlations of the derivatives of the velocity components are found

by noting that the velocity components at point 2 are independent of the

coordinates of point 1, and vice versa. Thus, one has
/ a uf ) Sopliel e 8
¥ TR = ALy vz ) o r* 0 Rys ot Rz
] S =
and 28 2 A, RE
i e e 4
T T AR S T 17 j= —oF 3 R
2X, Y, ay, ~ F 3 X Y
So that, letting points 1 and 2 coincide, one has
!
' e g by s i ¥
' v T a2 R}?) o T =5fu'z (120)
> Y -y \ XY Z
| - X=
by virtue of Eq 119. By similar reasoning,
(121)
aUJ‘z avihe M P e oantil T
(ﬁ)) - \ dv ) i ( sz / u ‘S’o
rOM 2 = simila r terms by permutation = =2 ut? : (12l a)
vy
and d )
i (122
%_a_‘i = Q&IM ._BU'aw, —._-li.;.‘.z‘&”
oy 7Y 22 b T 2 e
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Thus the relations between the quantities a1, a3, 234 and ag in Taylor!s
theory are found in a simpler and more elegant way.
Since gg is the curvature of the g-curve or the Ry—curve, from Eq 95

one sees that

"
gy =

and si [T
ny smce?fo_go,

%

1
BEE (123)

so that all the mean values of the products of the derivatives can be ex-
pressed as multiples of M2/ x%

To investigate the propagation of the correlation with time, assume
that the velocity fluctuations satisfy the Navier-Stokes, equations of

motion, such that

au/ Caw cdu ,ows o iap
% T W 7, + v, 59, + W oS-~ 7 %, 47y (12h)

Multiplying by u'2 and taking mean values, one has, on the assumption that
the triple correlations as well as the term involving the pressure are zero,
9 ’ ;
s R, u"?) =20 W ¢2R,,
Identical equations for the other elements of the correlation tensor can be
obtained, and all of these equations including the above one can be replaced

by the single equation

2
P 2 s = ?i_i i?.:& :

ﬁ[guu ) = 2P0 ('L‘-T’z + g J (125)

But f(o,t) = 1 for all time, and (3_"5) =0 so Eq 125 becomes

-‘Hz , il & L C/

%‘L”-t‘ = - fop u? f; = ~lop w2 (126)

where d has replaced i because u!? is a function of time only,

dt ot

Eliminating u'? from Egs 125 a.nd 1262

B§ 4 4 i
SE ZPL.)‘(; + r% )\2'31 (127)
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This equation determines f(r,t) for all subsequent times, if f is given
at t ¢z 0 for all values of r. »

If the initial shape of the correlation function f(r,t) is arbitrary
its shape will in general change with time. However, there are special cases
in vwhich the shape of the correlation function remains similar. This will

occur if f(r,t,) is a function of the dimensionless variable ‘gs - r/fv_'k only.

Then Eq 127 is reduced to S

d’$ 4 $\ d st

I (E+4)O\g+ ) (128)
From this equation, on making ‘§,~:ro , one has, since f is an even

: T
function of 2 »

d*s R L
5-(___’32— — S'I)t

dgz

or

Dt

4 - .
LS i = (Sl nae & - 2T

Thus
A = &L Pt (129)
which means » increases linearly with time, if the shape of the correlation
function remains similar, The numerical factor ® , which determines the
rate of increase, is given by the initial shape of f,
One is now in a position to discuss the decay of turbulence, under the

restriction that the shape of f remains similar. From Eqs 126 and 129

MIIZ HZ
Gld'& = {00l __u‘_t{_.:___
i.e.
atg L " =constant \ (130)
wo = ?led. (C .

Supposing the fluid to be moving wi th uniform speed U in the direction

of the x-axis. If t = t, when x-z o so that t 2 %, » %.. s

Eq 130 gives % ook
ur = w1+ 36, (131)
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With ), corresponding to t_, Bg 129 gives

)\Z:D(V(Jco*“"é’)::)\z +ol1?"'3 :X:(\—F -—-i-—)

(132)

G. I. Taylor's result contained in Eq 99 c an be written as

T const o
et i

This is a special case of Eq 131, with ® = 5 Also Egs 131 and 132

b8
5 B
ive
5 " 7\1 - x )l-SDL

u‘o ?*2‘ ( 0

According to Taylor's assmmption expressed in Eq 98, u" }\l/l)

should be constant. This is true again only when S.= 1

5
Later (1938), von K&rmén and Howarth (12L and 125) also considered
the triple correlations

vi u!
h(r,t) = L~ % 2

1.2
hy(r,t) = 21 u!s

ull

ho(rst,) = “‘1;"111';5
where the two points 1 and 2 are lined along the direction of u'. He then
shored that the general t riple correlation tensor T is a function of X, ¥, Z,
and t, that in isotropic turbulence T is expressible interms of h(r,t,),
hl(r,‘b)_; and hy(r,t,), and that the development of these functions in

pav ers of r begins with the r3 term. The equation of continuity permits

the expression of hy and hy in terms of h by the relations:

hy = =2h (133)
h,=-h-X do
g0 5 ar (13L)

Thus the tensor T can be expressed solely in terms of the scalar function

h(r,t).
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To investigate the propagation of the correlation with time, the

fluctnations are assumed to satisfy the equations of motion, namely,

U, r QU ‘ (ju. _ _!____f____
% +VT“+W| 3 r = P ix ’)VU

(135)

and two other eguations obtained by permutation. Multiplying this equation

by ué and introducing X, Y, and Z, and taking mean

1, DUy au:."q_.;)* 2(wviul) p(ulw vl _ 1 X_E?+V(3 2 (136)
at ax' 3\( az - Pa:{‘ = ‘\Xfta\’g-a?z. lr\ {_l‘;_
By a By a similar procedure:
, Uy . o(uz u/) +}3(u;v_:'u‘ Tod(uw,u)) __taw o A -
Nt w R AR YRS O LT (137)

Von Karmén showed that the pressure terms vanish. Adding the last two

equations and introducing the correlation coefficient F\DH , (remembering

that ui'zug' = —u2'2ul', ete.), one has:

.....é-- dfz a3 § t_-,i Z 2 C‘; T a r —1 : Bz
3t CUTRL ) = ZL55 (ol o & (vl udy 50w, “”i“’p(ax fep)” ?138)

This equation may be expressed in terms of the functions f, g, sho s and

he Remembering the relation between hy hoand h, a relation between f and h is

obtained,
o '.?U“l.) n3 2‘!‘ 4'4 nZ ?j_i .‘i ___,5;
e saut (e = aput(SE ) (139)

This equation expresses the change of f with t but cannot be solved without

some knowledge of the function h.

3. Taylor's spectrum theory

"The description of turbulence in terms of intensity and scale resembles
the description of the molecular motion of a gas by temperature and mean

free path, A more detailed picture can be obtained by considering the dis=-
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tribution of energy among eddies of different sizes, or more conveniently the
distribution of energy with frequency, Just as a beam of white light may be
separated into a spectrum by the action of a prism or grating, the electric
current produced by a hot wire anemometer subjected to the speed fluctuations
may be analyzed by means of electric filters into a spectrum." -- Dryden ;
(92, 1913) .

The spectrum analysis offers a good field for the application of
Fourier transforms. As far as the present writer is aware, G. I. Taylor
(199, 1938) was the first to develop a spectrum theory of turbulence.

Tith :;Té » 2 expressed in the form
a? w2 (" Fnyan (100)
where F(n) is the controibution from frequencies between n and nkdn and
where
~7
50 Fln)én = 1 (1l2)
The function F(n) plotted against n gives the spectrum curve, Expressing

u! in the form of a Faurier integral,

| ro° w
u! = *%'S S u'cos ¢J (t-t!) dt?! & (142)
0 A
where @3> = 2 7wn is the angular velocity associated with n, and writing
i 2 g i .
Il C S S u! coswt db = . & u! cos 2n Wt dt (1L3)
~4 2
-T "-T
| i o
In = -—-S u! sint dt 5 \ ut sin 2n Wt dt (1Lb)
n ), T [ -

one seeks to express F(n) in terms of I, and I,. This can be done in a
simple manner by breaking u'(t) into two parts, one being am even and the
other an odd funciion of t.

ut(t) = E(t) + 0(t)

where

B(t) o W(t) & ul(-t) . o( t) = BM(t) - ul(=t) (1L5)
? 2
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The Fourier cosine transform for the even function E(t) is

glw) = JE gm E(t) coswt dt
Q

T
{ v ) ¥
@ e uf(t uf(=t)|coswyt dt
5 @) 4+ i) cosugt &
= Jm-‘-— g"’u?(t) coswt dt = Jzﬁ lim I, (146)
2T L Twe
Similarly, the Fourier sine transform of the odd function O(t) is:
he) = 27 lin I, (147)
T

Now, according to a theorem in Fourier integrals which corresponds

to the Farseval's theorem in Fourier deries,

® . i @ 3 N
go Edt -‘-'_‘li:; Su E d't = &u 9“0)0‘&3-*-271'“'!_“::; &o I.t’/l(‘.) (1L48)
Similarly
w 2 T s (1L9)
- bis
So LO ({i"dt 2m T—a:O Eo ! dw
But "
i T F (T o+ [w(-0)
tl i "'-"g 2+ 3 o I}w -—“‘g I_U :
T_:ao - D(E 0)dt Jim ), 5 d+
i
. | & A% il
= L 5 | (Wl = ue 50
So by virtue of the last three equations,
2 L (7T v  dha’ o g
uw'= 27 bim — 1% T Vdw = ‘@ R
i s \0 (I,+ I, Ydw = 27 ! Jr-;;o( - )dq’_)
o0 T T
:4—Trz§ lien ( Lt ‘)dn (151)
® Tpos ~ °T
Comparing Eq 151 and 1LO
(152)

2 2
F(n) = B_T_rz 1im 41" *-Is
ut2 T.;QO T

When the fluctuations are superposed on a stream of mean velocity U and
are small compared with U, the changes in u' at a fixed point may be
regarded as due to the passage of a fixed turbulent pattern over the point,

that is, it may be assumed that

U= (t) = d(a/y) (153)
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where x is measured upstream from the fixed point, and d)(x/U) may be con=-
sidered to be the instahtaneous space distribution of u'! at time % = O.

The correlation Ry between the fluctuations at time t aad t 4 x/U is defined by

R = PO dr+aly) _ S_T¢ft)¢(++—é_)dt

X " Z

(15L)

7 1
A" T2 2T

A theorem in the theory of Fourier transform states that if g(w) and
h(w) are the Fourier cosine transforms, respectively, of the even functions
E1(t) and Eo(t), then
o oo
{ o) n6) = | By(0) By() @ (155)
A similar tzeorem exists for thoe odd functions. By expressing 4}3(1:) and
¢ (t + x/U) as sums of an even and an odd function, it can be proved by virtue
of these theorems that
Y%(t) Dt 4x/) at = g T,?Stj(cll? + 1) cos (277 nx/U) dn (156)
Prom Wich ons dhbeins, Witk By 152 s 15T,

e gﬁF(“) el ik (157)
0
and vl

(0]
In other words, the correlation coefficient Ry and UF(n)/ J 81 are

Fourier cosine transforms, If either is measured, the other may be computed.
The correlation coefficient Ry is actually the function f in von Karman!s

theory, so that the length A is related to Rx by

1

ez 2 1im —z}}“‘

'S Ying, X (159)

TThen n and x are small
cos 2TnXx . 9 _ 2""'|'2n2'{2
u - U2
Hence 2 o

1 _ LT 2P0 an (160)
N L
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If the turbulence is self-preserving, the shape of the correlation curve
is a function of the Reynolds number of the turbulence. Hence the spectrum
curve is also a function of the Reynolds number of the turbulence. Introduc-

ing the longitudinal scale

o X
0
in Eq 160
5 o0
Ly® o) w2 rnlx ¥ UE(n) 4 an)
N2 m S(_ﬁ_') L ( U (161)
and in Eq 158,
)
UF(n) 2ynlx x %
L0 SR L T
I, -4 g B oos (<% £} 4 (5 (162)
0
both of which are expressed in the dimensionless parameters _7_\__ ,
L
X

nLy/U, UF(n)/Lx, x/Ly, and Ry, The mean speed U enters only in fixing
the frequency scale, Typical curves of UF(n)/Ly vs. nL /U obtained by
the National Bureau of Standards and by the National Physical Laboratory
show, havever, that the relation between the two variables is not
independent of U at large values of nLy/U. Since from Eq 161 the
value of Lx/A is determined largely by the value of UF(n)/L, at large
values of an/U, Lx/ » must not be independent of U, as is known to be
true. Indeed it was from this established dependence of Lx/)\ on U that
the scatter of the UF(n)/L, vs. nly/U curves at large values of
1L, /U was attributed to the influence of. U,

“lhen the Reynolds number of turbulence is large, )\/LX becomes
small., Experimental measurements show that both Rx and R.Y curves approach

exponential curves, and Eq 162 for the corresponding spectrum curve becomes:

UE(n) _ L . (163)
L, = TF Zma2Lge/ue

This can be used to give a reference spectrum curve to compare with
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experimental data, As U decreases, A increases, and the departures from
Eq 163 at large values of an/U become greater. The changes in the total
energy of the fluctuations associated with these departures in the spectrum at
high frequencies are extremely small.

Using Eq 163, it is possible to compute the effect of varying the cut-off
frequency of the measuring equipment on the measured value of the energy of
the fluctuation. If the equipment passes high frequencies but cuts off

sharply at a lower frequency nys the measured total energy is

0 ;
éruuis 4(Lx/99d? :(kp-§%$adﬂ£l&ﬁ -Jl—{-’[j‘"z (16L)
b/ Lrama Ly /ot ; WL 47

Similarly, if the equipment passes low frequencies but cuts off sharply at a

higher frequency mny,, the measured total energy is

-} e G2 165
?T‘f +6w (L!W\"\Li [u) - -_{-!f—"u (15)

In Taylorts discussion of discontinuous random motion (193,1921) the
exponential function was found to be the limiting form of the correlation
coefficient of small paths. Th:zrefore, the fact that the correlation curves
are of the exponential type at high Reynolds numbers of turbulence can be
interpreted as meaning that, at such high Reynolds number of turbulence,

turbulence is a phenomenon of pure chance,

L, Burgers! spectrum theory

Due to the limitations on the extent of the present work, it is impossible
to include all of the numerous and beauytiful works of Professor Burgers. The
following sections pertaining to the spectrum of turbulence are taken from
his lecture notes issued while he was visiting at the California Institute
of Technology between December 1950 and Moy 1951, For his other works one

is referred to (?7, 19293 77a, 19L8; 776, 1950; 77c, 1950),
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(a) The instantaneous spectrum 95 2 turbulent field, Restricting to a

single coordinate y, the velocity of fluctuation v'!'(y,t) in the Eulerian

description can be represented as (at a single instant)

b= (7 Ly (166)
vi= e et™ug
from which the amplitude function Lp(ﬁ%} is obtained:
M wids
pifr= =, Ve Tay (167)

where only values of v! in the region -li<y £ M are ccnsidered. Since v’
is redl , the amplitude function must satisfy the relation
fi-t) = 9%+, o

vhere the asterisk denotes the complex conjugate. The amplitude function is
in fact a function of k and of time +t. One will, for the time being,
restrict one's considerstions to the single instant.

To obtain the Eulerian correlation function Ry(n) = R (r‘l s 0) (where
the zero means the time interval is zero and consequently the correlation is

between simultaneous values only), one forms

L . Lo d(ﬁtf‘ﬁ?l)h+(\ﬂ?r\ (169)
th\/; - ‘(Lmdﬁl g md'ﬁz Lp(ﬁl)‘()({%z)e

\Ta;kijx)g mean over M £y <y Ownd using M, >M (M) 1 wsed suce Vizo tov
Al

Wi = = a7 ok, wikechy e s eabom
\ V2 M) Y » R, ( ‘ 32) _€1]+_ezz (17C)

Writing k for kj and kg for ky & kp, and using Eqs 167 and 168:

g v g b
V|‘V2’ = \ 3t \P(‘&)(—_’t&r}g d%stp(ﬁg_&}eL N S\ﬂﬁ;HJ
Loo . :

!

: %,
=y " L NI 3t

— ’ 'Lﬁq = Q 5 S 3 1 . =k ?s“ 4

2rM (J-odd‘% (P[‘ﬁ?)e g—v"olﬁ3 - ﬁg V[V\V(:J\'e dﬂ

iU 00 _('&: ?
M S_\.gdfq fih) e WLW«.)

&

& gng_ . ‘P({Q)LF*(&) Cona 12 r‘ldﬁ as M, 0 (171)

Since \mgi Fle)GmtyM/ g Ydk; = TF(0) ond Y(-f2) =4¥ ()

M=
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Hence
i Vlj'\/-,;r _ } % g
Kooy = 7 M “;,'T:’&O M) Los fv]o\& 172)
where
M%) = 5.4 LP('E‘L)(P*(‘BQ) (173)
M

Since RZ("\)! and therefore r‘(k), should by nature be independent of M,

lP(k) must be proportional to M 3,

For q =0 3
0
= § nitdfe (xrly
so that the kinetic energy of turbulence is
e
—_ 175)
E=7{ riik (

and the function (k) gives the energy spectrum of the turbulence.
If Rp(n) is known, [ (k) can be obtained from the inversion of Eq 172:
Nk) = zw § R2n) COS‘?{qu\ (176)
It must not be forg stter that Eys 166 to 175 refer to a single instani
and the energy spectrum is an instantaneous spectrum,

(b) Spectrum of a homogeneous and stationary turbulence field. The

expression for v'(y,’o) can be generalized to
v’:S dﬁg dwf(ﬁ ) 6“{)’&3 b (177)
This representat;.on shallbe valid for «lMe¢y « 4M3 -T £ t < T,
outside of this domain v! is assumed to vanish,
The complete Eulerian correlation function can be shown to be (the

derivation being the same as that for Eq 171)

g |

T 5 _Z )
RO = 1§ d St ot -ope 4RO

® P
g T:'E S dh \D dw[F(ﬁ,w)us(ﬁqf-wU +G(f.w) U'J(&r]—wt]] (178)

where u* = V'Y ced

Flh,w = 2T b (179)
s F(h.w) $(-f )
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T % .
Gfk.w) = -,a{':' F(f-0) T(-h ) AR
For T=0, R (v\,t) becomes R(n, o) or Rg(r\) and
w (181)
MO = 0w [Fiho) + 6 (e w))
For y)= 0
0
K (U=R(ov= —‘-:18 4o D) coged T (182)
where Vv 0

©
("%(oo): Sodf&{‘\:(ﬁ 0) + §(f W) (183)

The inverse of Eq 182 is

RV

A
Fhw) =220V dt R oasor (26L)
T 0
The function ]1*}53) gives the energy spectrum with reference to

frewencies in time, whereas fﬂ(k) gives the spectrum with reference to

frequencies in 'space.

(c) Physical interpretation of the relstion between the spectrum and

the correlstion function. The electrical signal obtained from the hot-wire

anemometer, after having been amplified, is passed through an electric filter.
The transmitted signal can be applied to a thermo-cross, by means of which

its mean square can be determined. The relation between the incoming electric
signal v'(t) and the outgoing signal y(t) is

d2y

+ 2 paw dy LS dv! (185)
dt? do dt
where w, p, and are quantities depending on the circuit. It has been

supposed that the incoming signal operates through induction, so that only
dv! appears in Eq 185.

dt

’ When, in particular,

vi(t) = Aeint
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one has y wng,

Awdne
Y= Ty
(LP-nt) 21 ‘)nUD
Hence, if p ¢ ¢ 1, the only frequencies which are transmitted through the filter

are those which differ only slightly from¢y. The band of transmitted frequencies

has a width propertional togyp, If one takes n z() the above equation becomes
j("i) = -——-—---;;(w Aeuﬂ'
so that in order to have a constant scale factor, one must take ™ proportional
to W,
For arbitrary v!(t), the particular solution of EqQ 18k can be derived in
the following way. First, it is easy to show that the complementary solution

is, with & denoting an arbitrary angle,
Y = Ce~¥e qus(@"l\h -p2 +e)=Cef % Cos J 0
There o= Dt =gt + ¢

Try the particular solution

W _
uo = A dk vig-toe T g sk - (se)

dviit-+) —put
C Ak,

Then
' -
Yo = ~A "¢

and integrating by parts,

s S(E)

h s - , v ) -pw,
J0= Aviws e “P\Soc\‘hv (=¢. )@ ! wac,ogg({d-i—w\[?st:n‘kH\ﬂ

Turther

Ut) = Ajt Cas € = Av' (pudCos & + Wi-pt Sin &)

AV 8 v -1 & POV (2t cos Stk 42 pITE S H(E)

S0

%11 “\'ZPWJT( 4®13=A%w5& +P\®v'(pwse-m‘_ Sink )

This should be equal teo o dv' in order that Eq 185 is satisfied, so that
¥ .t d_ d‘

Sin & =P Aeme = T

Thus the partidular solution sought is

-pwt e
Y(4) =ﬂ-—i'_'—‘-_‘; S:ch-t, Vit-tye T s (wt impt HSiWTR) (e
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Since when dv!'_ s the outgoing signal y(t) is identically zero, the
dat =
complimentary solution is eliminated from consideration;,

The correlation function for the outgoing signal is then

ot? ~pw(ttta)

SRy —, So\tg Bt Vit t) ikttt € tessctiw it

where

£(t) =@t 1p? + sin~lp
Eq 187 can be transformed by introducing (3 = tp + ty, and S = to - t'l to
the following form

v » u){ (189)
Yo Yy(tro) = 4F\°‘43tr——J ch (ﬂ'é)‘*ﬁ’ (¢~ 3‘.\]6’ 55J

where

Ry(t) = vi(t) v'(t - t)
vi2

Putting © = o and letting p be so small that
Tep®a 1

cos@ =

one obtains

2 nt 73
- *f——& 45 \?‘(S)Q—P@SCDSLLDS-"G\ (190)
0
If now one writes D '
M) = Svnd‘t.R(t) e ¥ c,osu)'c.

Mr(w) = & dx R e sindt #
then from Eq 182, for p ¢ < 1, r‘ (W) will differ only slightly from {'(w),

so long as G is not so large that pwgwill become comparable to 1 in the

range where Rl(t) has not yet dropped to zero. Usually one may expect that

"L

to JT;‘ s one has

Ut 2 , (190a)
Y* = Cowstont - [T"I(_c,o)—\of‘j [Lo)‘k
so that if p is sufficiently small (i.e. the filter is sufficiently selective)

y2 is nearly proportional to r;‘(LO) or to I"”'(ca) .

“ I « If one now arranges the circuit so that ¢, is proportional
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(d) Heat transfer. Vapor transfer in a turbulent medium follows much

the same laws as momentum transfer, Certain details of heat transfer, however,
require separate consideration.

If the temperature of an element of volume is T, the transport of heat,
per unit area and in unit time, is given by cv‘ﬁﬁT where c, is the specific
heat at constant volume and w is the instantaneous velocity of the particle
in the z-direction, or its fluctuations if the meen value of w is zero.

At the same time, work is done by the pressure to the amount
=R ol
by virtue of the equaticn of state p=~FR P T, R being the gas constant.

Hence the total transport of energy is given by

Q= °p Pmﬂ
where Cp = Cy + R 1is the specific heat at constant pressure.

The temperature of an element of volume, during its random movement,
does not only change through conduction tat also in consequence of expansion
or contraction as it comes into regions of different pressure, There will be
a systematic effect connected with the meaa pressure gradient in the field,

which itself is connected with gravity. For adiabatic processes,
-

TP
where ’X = cp/cv. From the above proportionality one has
T A TR A T ode v, P Ty
A T B’ F
) |
——-lwaw T w

where (i. _. is the adiabatic lapse rate of the temperature, R

Qﬂ
being the gas constant, and T the mean value of T
Denoting b7 T the absolute temperature of a particle and T the temperature

of its surrounding, the rate of change of T is

dT — . 191
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where ) is a coefficient inversely proportion?l to the conductivity of the
fluid, and LI.J takes into account the influences of radiation er of condensa:.
tion,
Denoting by b the quantity %T_ s the meam temperature at the level
where the particle finds itself at tﬁe instant t - t; is
T (¢ - 1) =c+bzp
where zp denotes the elevation at which the particle finds itself at time t.

1
-b g w (t - tn) dt
0 ( 2) 2

Lg 191 can then be integrated to yield
- o ->t, x ¥
T-Tz~(bt+7) Sdtle w(t - tp) » Sd?\@. \.\J(t-tl)
b o
The net transport of heat across the horizontal plane containing zp is then

R 5
gdtl € Y(t=ty) wlt

o

- ™ Sk ek
Ha=(b+[) cpp S dty @77 w(tmty) W(t) + op
U

in which E; has been taken out of the averaging sign since the error
introduced by doing can be neglected. The last equation showsJ qualitatively

at least’ the effect of conductivity on the transport of heat.

5. A remark on Reichardt's inductive method

In 1942, Hans Reichardt at Gottingen published a paper (156) déscribing
an inductive method for studying the characteristics of free turbulence.
Essentially, the velocity components are decomposed into two parts; the mean
. value and the fluctuation. In this way the Navier-Stokes equations of motion
and the equation of continuity, coupled with the assumption of similarity,
provide certain relationships involving the mean values and the fluctuations.
By measuring the primary quantities, all the other quantities of interest
cgn be computed. This method does not seek to nredict as the transfer
theories, nor does it reveal the microscopic structure of the turbulence as
the statistical theories since only mean values are measured, and conseguent-

ly is in nature largely empirical.
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CHAPTER II. REYNOLDS' ANALOGY AND-ITS EXTENSIONS

According to Reynolds (157, 187L) there is a complete analogy between
momentum transfer and the transfer of heat or of vapor in turbulent flow.
Tn Reynolds' analogy, the effect of the boundary layer (which consists of the
laminer sub-layer and the buffle zone) is not considered, thus introducing
errors which are not negligible when the Prandtl number is large. Extensions
of Reynold's analogy by various research workers represent different ways of
improving the analogy by taking the boundary layer into account. Since among
other things pressure gradient has not been considered in these extensions,
they in turn have their limitations. This will be pointed out in detail

after Reynolds' analogy and its extensions are presented in the following.

A. Reynolds' Analogy

It has already been remarked that if the eddy viscosity is adopted, the
quantity € + ) should replace ;) in the equations of motion and the
quantity D/ f¢ should replace é) ( < being the Prandtl number) in the
energy equation or the equation of diffusion. Observing that ¢ is very
mich lerger than ) or Egi s Reynolds (157, 187L) made the stat ement that
the velocity=-distribution is the same as the distribution of the guantity
under diffusion, i.e. there exists a complete analogy between momentum
transfer, heat transfer, and vapor transfer. That this is not always true
was remarked in Part I. Reynolds! analogy does not hold when there is a
pressure gradient, and when the conditions 677;) and E':*?_ﬁ are not satisfied
throughout the fluid. Thus, Reynolds' analogy is invalid near a solid
boundary,

In order to explain the Reynolds analogy in more detail, the following

two equations for parallel mean motion will be considereds



REYNOLDS!' ANALOGY AMD ITS EXTENSIONS : 51,

T _-./u % - PW' (192)
%“'ﬁg%““ c(.\v’-r—' (193)

where q denotes the rate of heat transfer per unit area per unit time, k
is the thermal conductivity, ¢ iis the specific heat (at constant pressure
for gases), T is the temperature, primes denote fluctuations, and bars have
been omitted from the mean quantities. Adopting £ , Eqs 192 and 193 can

be written as

'C/P = 9-1-&,)%‘ (194)

{ep = (&) 53 -
where Fp': =L = ﬁkﬁis the thermal diffusivity. It is of course not clea
a priori that ¢  should be the same in Egs 19K and 195, but preliminary
experiments with two-dimensional air flow by Corcoran, Roudebush, and Sage
(80, 19L7) seem to confirm that the same £ can be used.

If then ) =0t (or G = 1), and the physical situations are completely
similar, Eqs 194 and 195 guarantee the analogy between T, and g/e, and
between u and T , and give

(U-u) /T =c£Tz—T',)/% (196)

where uj and up, are two velocities and T and T2 the corresponding

4
temperatures. The condition )) =@ can be replaced by the conditions 7y
and € >>¢l .

Let the dimensionless coefficients Cg and Cy be defined by the

following:

~=Cs(5uy) (157)
C‘b - CH ()C UL\T (198)

where U is a representative velocity and & | a representative temperature

difference. Eq 196 becomes, since the velocity at the boundary is zero,
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which yields
CH = Cf /2 (199)
This important feormula has two important consequences
(1) If s~ D, then qn~s UL
(ii) Roughness increases the friction and heat transfer in the same

ratio.
B. Taylor-Prandtl!s Extension

In case P and O4 are very different, as in the case of liquids, and
when their effects cannot be neglected, Reynolds' analogy will be longer be
valid without some extension. The first attempt was made by G. I. Taylor
(192, 1916). Denoting by T, the wall temperature and by ué and T5 the
velocity and temperature at the outer edge of the laminar sub-layer, one

obtains from Eqs 19L and 195 by omitting € @

3
Uaztgo%

3
-ré_Tq: S_G:__C_l_é_
o

and therefore o P
ug _ e(Ts-T) (200)
5 G

In the turbulent zone, Eq 196 provides
(U-ug)/z = «(T-Tg)/% (1)
when U and T, are the mean vé ues of u and T over the pipe section,

Eliminating T between Eqs 200 and 201, one obtains
3

C(Tm“—ra) e 34 ua’
o g R
AL A U
i cf(‘*—u‘“(ﬁ'—lﬂ (202)

This result was obtained by Tayler in 1916 (192), Taylor, starting from gn
on .
equation eddy formation by H, A. Lorentz, obtained uJ/L) = 0.38 for flat

surfaces, but 0.56 from Stanton and Pannell's experiments for the flow in tubes.
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The weak point in the above equation is the ratio ua /U s about which there
is a whole literature, see (192, 1916), (150, 1928), (112, 1933),(7L, 1936),

(107, 1937) and (38, 1942), Prandtl (150, 1928) took

-8 20
Ys/U = BR .
with Bz 1.7h (but considered B = 1.1 to 1.2 as better), and obtained
Cn =(C - ' 20l
n =Cg/2) TR e (20L)

1
Setting % = 0,04R* , he further obtained

34
N\A £ 0-04 R G~ 205)
| + 1714 R %6 -1) (2
where N;t = ,Z-L- is the Nusselt number, I being a length, k being the

thermal conductivity, and h, the coefficient of heat transfer, being equal teo
ﬁ/a T. It can be easily checked from Eq 198 that N, = CHRG'.
|
In general, it can be assumed that uJ/(t/(,\)'z' is a universal constant

for smooth surfaces. On the otker hand,

) L
i U/Ct/e)? = (2/C¢)?

ué/U = constat
and
- g 6)
/€y = (2/Cs) + coustant (/05 )2(6-1) (20
It may be noted that in the Taylor-Prandtl analogy, € +0 at the junction of
the laminar and turbulent regions, so that there is a discontinuity of the
quantity ) 4¢ at that place.
bxperiments show that Eqs 204 and 206 are good only for G = 1. For larger
values of G , the increasing discrepancy is to be avoided by taking account

of the transition zone between the laminar and turbulent regions.

¢ 7 i
C. von Karman's Extension

x ™
Assuming that u/(n/P )? is a universal function of q :(t/fl) 2 j/l)'

u/(t/p)

1
]
D

=35)
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von Kérman (35, 1939) obtained

" )%_ .
g% -c/p) 5(q /P s E;;%(q) (2a7)
or
1: A
7o —r &kq) (208)
On the otherlland, from Eq 194 follows
o pdh = pre - &2

Thus, from the last two gquations, one obtains

= (/5w ~1) (210)
for the transition zone.

Assuming constant [ , Eq 20? leads to
é (211
g =(%p)* Y Fndy) )

¥ (b dv
TJ'T?::cf(T/f’ﬁ( '

L -
where qsis somewhat arbitrary, but is the same for similar flows. Since the

Similarly

(212)

n;
S £

integral in Eq 211 is a pure number and that in Eq 212 a function of @ only,

one obtains

¢ P T u L
¥or the turbulent zone, Reynolds! analogy,gives
PU-us) _ cpP(Tn-Ts! (21k)
< " ¥ '
From the last two equations it follows that
cp(Tw-T) QU L 215
c— = = (F)ee-ay O
or "
! 2 2 %
— N omm— + e - )
< A (q) [Bw)-A] (216)

In order to determine B (@) - A, it must be noted that
(i) in the laminar sub-layer,

M/KM”%=q (217)

(ii) in the turbulent zone, the velocity has the usual logarithmic
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distribution
U/(X/p)? = 55 +2:5 L1 (218)
(iii) in the transition zone, the velocity distribution must be continuous
7ith those in the laminar and turbulent zones .
von KArmin used
u/( t/f’)é =4 [ ""1”%)] (219)
in the transition zone to c‘:onnect Eq 217 at f] 5 with the same slope and
Eq 218 at f]: 30 with a discontinuity in the slope, giving rise to a dis-
continuity in +£ at the same place, by Eq 209, This discontinuity,
however, occurs at a larger Y] (and larger P +¢& ) than the Yl (= 13) at which
the jump in V-}- (- occurs in the Taylor-Prandtl extension of Reynolds' analogy.
Since only the recipmocals of |)+ € and -GZ' + ¢ occur in the integration
of u and T from Eqs 194 and 195, the discontinuity in von Kirmin's exten~
sion is less detrimental,
Substituting Eqs 217 and 219 into 211 and 212, one finds
Az 5141n6). Bz 5(6 +1m(1456))

Hence
L _ 2 FEL "
Cu ™ 'E'{:' +§(Cﬂ§)1 {6"""?'”“""2;(6\-")—_‘} (220)
For G =1 .
| SR *
W

as is to be expected from Reynolds! analogy. For values of G very near 1,

expansion of the logarithmic function gives, approximately,

TR 2 \3
ta T T +3—(C{) (67-1)
wthich is Eq 206 of the Taylor-Prandtl extension,
- 1
Taking -r,—2- = 0,04 E™4, one obtains from E§ 220:
v 3/4‘
0.04R G
Ny = Ry — (221)
L+ R™E o1+ L [1 4560
Experimental results of Dittus and Boeter (87, 193) gave the following

Hy
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average equation for cooling and heating:

N, = 0.025} R® -0 3F (222)
In comparison with Eq 222, Eq 205 .ives result s altogether too low, while
Eq 221 shows very good agreement for (B < /D .

For very large (5 , the asymptotic forms of Eqs 205 and 221 are
respectively:

N, = 0.023 R7/8
Ny = 030hL 7%
No experiments for very large O have been reported to check the vaidity of
the last two equat;ions.

For modifications of von Karmin's conversion formula, see the works of
Reichardt (155, 1940), who remeasured the universal velocity distribution
in the transition zone, of Boelter and co-authors (72, l9h1)3and of

Martinelli (133, 19L7).

D, Hofmann's Extension

Based on Nikuradse's data, E. Hofmann (27, 19L40) assumed the following

velocity profile:

(P =f] for 0 < t'! < 2
\qu.-o.oorn (1 ~2)3 for 2 £¥ £ 13 (223)
£ <
LP =3+17 logmy\ Tor 1L.3 &N £ 25
where LP = u i Vs t’l being the same as in von Karman's extension,

and v,' - 1:/? is the shear velocity. The thickness of the boundary
layer corresponds to q = 25. Comparison of von Karma 's and Hofmana's -
velocity distributions for turbulent flow with Nikuradse's data is shown
in Fig. 1.

Resolving the shear into the turbulent and laminar components:

T = _':Jc_‘l"C.L
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one has
l) ou

Te/T =i-1 e =17~ 'Dj
on the assumption that T, is equal to the shear stress T, on the wall
throughout the boundary lsyer nea® the wall. But from Eqs 233,

g _ Ve

29 = 5)
where

jcr.q):i a%h <32

) = 094792 +o. 2091 —c-005191" 2 &1 £14-3

ﬂ‘]) = 3-°‘#/r R EY
Therefore ] M5 "P] 25

T/t = |- F9)
with the '}(V‘) defined as above,

By the mixing-length theory of Prandtl,

FV* =FU=TrTy *f? (Du\n+f)‘> —rJLl —-j‘z(q)-ﬂ')yg 51,11}]

So that
_‘_Lz Vi V- 5)
pr RN

Similarly, denoting by g the rate of vapor transfer per unit time per unit

area, and by P the difference c-C, where ¢ and ¢, are the vapor

concentrations at any point and at the surface,
FobihorB2 2
- F- — + par= t—
- r 1? 99 "5 a ( 5
= \ o ‘ ) d 1
el (GN__'___S:(___VL)' +1 ) ’Tg - ._ﬁ _(;)j_,._j.(:l}ig,._—-— D
G $09) /o4 G
(In heat transfer 2 should be replaced by (Jc and g should stand for

‘SU}: aj

T - T,)e Introducing the dimensionless variable LL v, P/ z\, s the

last equation becomes (In heat transfer ll/ should be 2 V4 (ch’ / E_ )
W . _63Y)
o) G - 5miEe-1)

Integrating, section by section, one has the following cases:

Case 1. G =1

2 ;

0
l,t)—LP - S { \3 q
= I -0.00173 (9-2) A &4 £
(3+”] Iogmq 53
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Case 22 (3 >|

G 0¥ £2
1388 - . —
\L = GLZ rl (G- ‘JS;' on I(O'O'?"J'(b"ﬂ‘) | )] & EF AH“S
ﬂ+30+(js -1) G L 13-986 ‘;‘L?L“ .
e (a6-14-3 4 T ton (o, §9ET )]
Case 3. el
0n C=) <9
n-ﬂ 15 93§ | | +0.072(1-2)/i-G
Lll’ 6 {2 (V-2 “Jie I'-D-O?J_(E]-I)\r;-—q“l = &‘]5‘%'3
Tloq —ix2ok{g-1) & 3-95- 1509%6,  1+e-88CVIG
hs 14-3+304 (1fg-) 1°S [,4 Vi-e log o ogse | -0-856 V75 k3 oy
When r]:. 25,
g 219 (549,.) 6= |
7-22.6 +1 a 13.8867,, = o T
\ 4. : §86VE-1)
Lﬁ. lotj'o Yoy + = (16‘ 4.3 4 — +on (0 §86VE-1) | vl 4
7.22G + ! G ¢ SRS L 14 {+ 0 35C V1 (22L)
and %o 3 7056 -+ 451“--\‘-“.‘S = Vi-G Do 1-0. ‘g%ﬁ W

Uy = ij,_g“'r = 12-79 vy
In the fully turbulent zone V]> 25, by Reynolds' snalogy

@w- 3 §z$' - U ) iﬁ‘_‘__ e U

Vi
9, = T = T -l (225)
where Oy and U are the mean concentration and the mean velocity over the
pipe section. The above equation may be written:

Taa Lo Wyt ap) 2

from which follows, ai‘t.er multlpllcatlon by lOU

f}%i;__ +jﬁy_‘(¢zs. 12-79)
ors remembering the defit:.on of C; and Cg % /PU §WI
Cg/2
.5 - 206
€ |+ (Cs/2)2 (de-12-79) v

where 43.5' is given by Eq 22,
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E. Mattiolil's Extension

Mattioli (13hL, 19L0) started from the stress tensor, used several
empirical relations, and finally arrived at the conversion formula
¢ = Cg /2 " ;
=% L =k 227
V& CCo/2)% (4466 19,46 8 -7) ‘

where C may be; of course, Cy or Ce « This formila agrees very well

with those of von Karmdn and of Hofmann for G«l, as shown in Fig. 2. Eq 220,

226 and 227 are alloof the form
& = Cs/2
TG fie)

It is f(G) that is plotted in Fig, 2,

F. Conversion Formulas Based on Experiments

Kraussold! (126, 1933) correlated the data available at the time of his
wokk and recommended for heating of fluid in :ipe flow the formula
Nu = 0.024 % %G @37 (228a)
and for cooling
Ny = 0,02l Ro'a’g-"'” - " (228b)
The results of Dittus-Boelter are expressed by Eq 222, which does not differ
very much from the above two equations. Since it can be easily verified that

C=VNufrRo)
one has, by taking the exponent of (5 as 0.35,
il ~ o> 22
(" = constant R i g " €5" 2 constant R’ ZS‘ /3
from vhich
-0,
i — R
.C{ Fa CG=: —  same constant
Thus experimental data yield the conversion formula
4 € -2/3 '
C = _ij G (229)

It is interesting to recall at this moment Pohlhausen's solution for
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the laminar heat transfer from a heated plate, His result gave

Mu= 0 664 R™26 3

so that
3 ", -'z'
C=MNu/Re) = 0664 R 263
‘ A
Cs/a = 0664 R ¢

and

Yy

C=(C5/2)6&
which is identical with Eq 229, This agreement must be considered as a
coincidence, however, since dnly laminar flow is considered in Pohlhausen's

solution,.

G. Agreement of the Conversion Formulas

Since the conversion formulas of von Kérmén, of Hofmann, and of Mattioli
are more recent and refined than those of Reynolds and Taylor-Prandtl, only
Egs 221, 226 and 227 will be compared with Eqs 228a and 228b, which express
the experimental data of Kraussold, The result is shown in Fig, 3. For
Q«| the conversion formulas do not differ much from each other, as shown in
Fig, 2, Furthermore, they are in good agreement with Eqs 222, 228a and 228b,

In plotting Egs 226 and 227, it should be noted that

C= Nu /(RG')
and that, according to Blasuis
n 1 - V.# T —AEF
Ce/a, = TpU") = (‘U‘) = 0- 0395 R
so that Eq 226 can be vritten
-
= =1
| +o 199 RE (Y -12:74)

Similarly, Eq 227 can be written in a corresponding form for the plotting of
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Fig- 3:

3
N = Q- 03 qg‘ R 4'6-‘ (2273)
‘ + O‘IqﬁR-J/f(q.%cfc 722 4—6 Zhﬁ -7)

u
The Blasius drag formula has been used because Kraussoldls experiments

were performed in a Reynolds-number range in which the Blasius drag formula
is valid. For higher R ( joe' <R -.'_‘(09 )s the following drag formulas
should be used:

i
Cf = 0,074 R e (Power Law)

@r = 0, 472 (sehlichting)
(log R) 258
Cp = 0. k27 (Schultz=Grunow)

(=0,L07 + loghR) 2.6l

’ 0]
He von Karman's Conversion Formulas
for Evaporation at High Reynolds Numbers

For Reynolds numbers in the range 106< R < 109, substituti on of the
last three drag formulas and (= 0.6 in Eq 220 yields the following three

conversion formulas:

-'ét“ 27.-0 RI/S~ O R Ao (220a)
e
\+29
1 = 4.24(leg R )1 e 230 (183,,R) (220b)
CQ ’ (n k32

: 2.
-3’2 = 469 (—orfoT +leg, R) — g-74(~0 iR )(2zoc)
the last two of which can be used for evern higher R and can be replaced

by the following two, respectively, with very little deviations:

_ o-So3
Ce = (log,, R > o
0 1355 (220e)

i

©= o
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I. Remarks

As has been noted, Eq 196 is valid only when the physical situations for
momentum transfer and for heat transfer are strictly similar; in particular
there shall not be any pressure gradient if there are no corresponding heat
sources in the field of flow, Since in deriving Eqs 201, 21L and 225 a similar
equation in Mattioli's extension, Eq 196 has been utilized, the validity of
these equations is subject to the same restrictions, Furthermore, strictly
speaking, if (4| these equations cannot really be derived from Eq 196,
since the mean values of u, T, or aé are taken over the entire pipe
section which contains a boundary layer where Eq 196 is not valid. However,
since the layer is thin for sufficiently large Reynolds numbers, the errors
invelved are small for ordinary temperature or concentration diffefences. In
the case of flat plates, since the ambient values of u and of T or §§ are
used instead of their mean values, this difficulty does not occur. Consequent-
ly, the application of Reynolds analogy or of its extensions to heat or vapor
transfer in pipe flow lacks a sound theoretical basis, and any verification
resulting from such an application should be treated with reserve. Taylor
himself is aware of this limitation of Reynolds' analogy, and has criticized
(63, 1930) the work of Eagle and Ferguson (93, 1930) on this basis. Jakob
states in a footnote on page 506 of his book (32, 19L9) that "Deviations from
similarity (between the distribution of velocity and that of temperature)
occur, but are not verys ignificant in most cases." Therefore, theoretical
justification is guaranteed only when one is applying the conversion formulas
to cases where the pressure gradient is zero or negligible, as in the case of
flat plates, provided the empirical formulas for pipe flow utilized in these

conversion formulas apply also to these cases.



REYNOIDS! ANALOGY AND ITS EXTENSION 63,

It may be mentioned that the assumption of constant shear and if
throughout the boundary layer is exactly satisfied only in the case of flat
plates. If the empirical formulas for the velocity distribution in pipe flow
can be applied to plates, the conversion formulas can certainly be applied
thereto with much more justification. Of course, in the definition of Cf
and Cy or Ce s the ambient velocity, temperature and vapor contentration

should be used instead of the mean values used in the case of pipe flow,
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Chapter III. RATIONAL SOIUTIONS OF SPECIFIC PROBLEMS IN
TURBULENT FLOW
The rational solutions for wakes and jets having been presented in
Chapter I, one now turns to consider some simple cases of turbulent flow
where solid boundaries are present, among which one has notably the flow in

pipes and the flow along flat plates.

A. Smooth Boundary

As a preliminary, one considers first the general case of flow along a
smooth flat wall, and endeavors to find the characteristics of turbulent flow
near the boundary. Measuring x in the flow direction and along the wall, and
¥ in a direction perpendicular thereto, it can be assumed that near the wall
the mixing-length is proportional to y:

1= ky (230)
where k is to be determined from experiment. Assuming further that the shear

stress t 1is constant in the entire flow region, the shear velocity defined

V* - J—-——‘j;;.

is also constant., If one neglects the laminar friction, then according to

as

Eg 3:
du 2
or
g..‘l....:: v!i‘
dy Xy

integration of which yields
v
= _E* Iny + constant (231)
The constant of integration in the above equation is to be determined from
the condition that u= o for y= y, where y, is different from zero since

Eq 231 cannot be expected to apply up to the wall, near which there exists
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a laminar sub-layer. Thus
v
u= =& (Iny = 1ny,)
If the yet unknown distance - is set proportional to P/ Vg o

there results

= 55l 2 - lep)

where J5 is the number of proportionality and k = O.L from experiments,
The last equation can be put in the dimensionless form
V.
1B P A.L 3 ¥ { .
=~ ZAln=—]— +B = - 232)
where "] - 3 Vy /P . This logarithmic velocity distribution is valid
near the wall at large Reynolds numbers. For smaller Reynolds numbers, where

the laminar friction also has an iniluence, tests gave the power law for the

velocity distribution:

- T n
_J-v = CV"

B, Smooth Pipe
Let d be the diameter of the pipe., Consider a length L at the ends
of which the preagures are denoted by P1 and pp + Let the mean velocity be
U .and the dimensionless pipe resistance coefficient ) be defined by the

equations

L - d 2
Blasius (71, 1911) gave from experiments at moderate Reynolds numbers
|
4 Ud\" % 233)
N=o.31(4( ‘T) (

from which the shear stress at the wall is

1~ Pa an » p U?_

I T 7 My gy -\ 4 2
LE 2= 2 pUte o 03asspU R Y G
where v, 1s now defined to be Jﬂ;[/P s since the shear stress v is not

constant over the pipe cross-section. From the above eguation one obtains

/
Y -¢.99 (-V—‘f;ﬁ)l?

Vi (235)
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where r 1is the radius of the pipe.
Based on the measurements of Nikuradse (136, 1932), the maximum velocity
U, in the pipe is equal to 1.25 U.  Hence

236)
Vwin, m g, 71, [ 22XY"7 (
Vg >
I1f the last equation is assumed to be valid for any distance y from the wall,

one obtains

'S Ve 4 /7 Y1
o = 8.7 ( ——-13—-) = 874 1 (237)

This is the so-called seventh-pover law for the velocity distributionk and

is in good agreement with the measurements of Nikuradse (136) up to a

Reynolds number of 105, within the range 5 ﬁ_v] < 30

—_

From Eq 237,
PY
v, ® 0,150 uw(q} d (238)
v = p vf, = 0.0225 P u"4 (_-g-)',4 (239)

As the Reynold s number increases, the power decreases from 1/7 .
Nikuradse (136, 1932) has found the law
o= 25 1n (Vyp)s 5.5 (240)
for U(10)2 € R < 3,24 (10)6. The ranges of validity of the
logarithmic and the seventh-power laws overlap somewhat. It should be
nct ed that Eq 2U0 agrees in form with Eq 232, in spite of the assumption
of constant shear stress made in deriving the latter. Comparing them, one

has k z 0,400 and [3 z 0.111,

From Eq 2L0 it can be shown by integration that

U= Vy (l"’; LVI'\:‘;‘\;':’;' +1-7%) (2l1)
From Eq 23k,
_ ", B
x= 30T (242)

and from the last two equations

7= = 2035 log (M) —oal (215)
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while Nikuradse's measurements give a slightly different formula,

-—‘-—. — Ud L]
o =20l (5-JX ) -o-¥0 (2h)
From Eq 234 one obtains A= L Cps and the above equation can be written

as

|
5:4'0\%10(.‘2@)_0'40 (245)
which is the univergal law for smooth pipes.

Eq. 239, which is the Blasius law of resistance based on the seventh-
power law of velocity distribution, is in good agreement with Eq 2L5, which
is the resistance law based on the logarithmic law of velocity distribution,
up to a Reynolds number 105. Beyond this Reynold s number deviation occurs.
Since the logarithmic velocity distriibution hoXs for any arbitrarily
large values of the Reynolds number, Eq 25 holds for the same values and
is therefore applicable to smooth pipes for the entire range of the Reynold s
number within which the flow is turbulent. It is called the universal
resistance law for smooth pipes.

As has been mentioned in the Remark of Chapter II, the conversion
formula s provided by the Reynolds analogy and its various forms to calculate
the heat transfer, strictly speaking, do not apply to the usual problems of
pipe flow,

There is abundantexperimental data in connection with heat transfer in
turbulent flow in pipes. Eq 222 is a good representative of the experimental
formulas, in which the power of the Reynolds number is always 0.8, but the
power of the Prandtl number varies ffom 0.3 to O.L, and the coefficient also
vary slightly. For highly viscous fluids, McAdams (38, 1942) recommended
the following formula based on the data of Sieder and Tate (182, 1936):

N = 0027 % 5;% ( ﬁ&)" 4 (2L6)

s
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where the subscripts s and a refer to the surface temperature and the
arithmetic mean of the entrance temperature %, and the exit temperature tL
after the exist fluid is thoroughly mixed. “hen the influence of the starting
length cannot be neglected, the last eguation should be replaced by the follow=-

ing one given by Nusselt (139, 1931) based on the experiments of Burbach (76,

1930):

Ny = 0,036 R:'gqj’_ ( Z;;Z )O.H(_—-E-)I/is (2h7)
The influence is mich snaller than in the laminar range, where

Ny = 1.86 (P2, )2 (%: )0' . (:-E )‘/3 (2L8)

According to Cholette (79, 19L8), the coefficient 0.1 should be used instead of
the 1/18 used in Bg 247.

The local heat-transfer coefficients for different hydrodynamic and thermal
states of establishment in pipe flow were given semi-theoretically by Latzko
(128, 1921). His formulas have recently been checked by Boeter, Young, and
Iverson (73, X9LB)., The agreement is generally quite good.

The problem of evaporation in pipe flow does not usually occur in practicsg.

C. Rough Pipe

Since the thickness SL of the laminar sublayer is proportional to
the effectiveness of roughness of a certain grain size k, which depends on
k/ 51 , must depend on kv,/) . ILxtensive work by Nikuradse (137, 1933) who
used sand roughness (ks) in his experiments has shown that

1, When 0 £ ks“}/b’ £ 5§, where kg 1s the grain size of the sand
roughness, or, equivalently, for small Reynolds numbers, all roughnesses lie
within the laminar sublayer. In this case roughness does not increase the

drag tich depends on the Reynolds number alone, and the pipe is hydraulically

smooth,
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2« when kg vk/' 2 10, or when the Reynolds number is very large, all
roughnesses project from the laminar sub-layer., A purely square law of form
drag applies. The drag now depends only on the relative roughness ks/r and
not on the Reynolds number, and the roughness is fully developed.

3. when 5 <£ kg !;r/l) £ 70, or when the Reynolds number is medium,
the drag will depend on both k./r and the Reynolds number.

For fully developed roughness flow, Nikuradse found

us vi(g,s 1u %; + 8.5) (219)

integration of which gives

o R

‘,‘—
us v‘y (205 L;\"‘E‘s “\‘ )4175) (250)
Hence
- l (251)
5= g S oo = :

Direct measurements of vy and u by Nikuradse gave

I (252)
(2-0 Iog—_"é;s +1-74)?

No experiment on heat transfer in turbulent flow through rough pipes

}\:

with special emphasis on the influence of roughness has been reported. But if
the conversion formulas apply approximately to smooth pipes, they should also

apply approximétely to rough pipes.

D. Smooth Plate

Assume that the flow is turbulent from the start. The boundary=-layer
thickness 8 (x) increases with x (measured along the plate) and corresponds
to the radius of the pipe in pipe flow, The free stream velocity U R
corresponds to the maximug velocity up.. in the pipe. Denoting by W(x) the
drag per unit width of the plate up to a point x, the momentum equation

yields
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%L A0
W(x) =& to(ijdi :{J So ) (U—u)dbl

q (253)
-}JU Ju; (I—-—} - 5)
the symbols used in the eqmition having the same meanings as in Blasius flow

treated in Report I. Assuming the seventh-power law

G = ()7 (%)
Eq. 253 becomes

W(m_—:-ﬁ% pPU din) (255)
from which

d Wi(1) 2dd0)
T:o = ‘d j(- :'-72 u d j (256)

On the other hand, by analogy to pipe flow, the following equation can

be assumed:

V. v
T, = 0-022% pu (= (257)
C?
Hence the differential equation for 5 (x) is cbtained
l
7 dd 258
7~2PU3”T'"O oQﬂSPU (‘3‘) A
Integration and simplification of the above egquation yields
- O35 FR 5
where R, z Ux/p . Thus g( ~. 1 for the turbulent boundary layer,
while for the laminar boundary layer da) ~ i V2 "
Substitution in Eq 255 yields
W(x) = Cg _ji U%x (260)
2
where
-1/s
C, = 0,072 R (261)
Comparison with tests results shavs that for 5(105) < R < 107,
]
Ce = 0.07Th Ry ¥ (262)

If the initial laminar flow on the front part of the plate is taken into

consideration, then according to Prandtl

F = 0,074 RX”VS ~ 1700/ Rx (263)
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for the same range of Ry o
For larger Reynolds numbers the logarithmic velocity distribution must

be assumed. Taking

=249 1n(1+8.937) (26L)

-
#4
which is a slightly modified form of

%= 2.5m + 5.5 (265)
e
where 17 = Vg y/3) » it may be shown that the momentum equation yields the

interpolation formula

c - Oo h72
g & m—
(log R )*-% (266)

Though the method of derivation applies to arbitrarily large values of Ry,
the interpolation formula itself is valid only in the range 106 <R < 107.
Comparison with test results shows that the agreement improves if Eq 266 is
slightly changed:

C,= _QlS5 10® < R_ < 109 267
£T Togpotss 0 Tk ) e

which is the Prandtl-Schlichting plate drag law.
The laminar approach length may again be taken into consideration by

subtracting the same amount before, thus

0,455 6
Cs = - - 1700 10 R < 107 268
¥ ( lo%onx)z—ﬁs D e ( e s ) (268)

The limit 109 is high enough for practical purposes

Very recently Schult z-Grunow (176, 19L0) measured the velocity distribu-
ticn in the plate boundary layer. Based on the measurements the following
interpolation formula was proposed:

('On hOT ™ 1ngRx) Folide

vthich, however, does not differ much from the Prandtl-Schlichting law,

The corresponding axially symmetrical problem, that is, the turbulent
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boundary-layer problem for a body of revolution at zero incidence, was
treated by C. B. #illikan (135, 1932).- The seventh-power law of the velocity
distribution was taken as basis. Application to the general case has not yet
been made,
If the plate is heat ed so that the difference between the temperature of
the plate and that of the free stream is '.[‘S - To =AT. Then assuming a
seventh-power law for the temperature distribution in analogy to the velocity
distribution:
ToT, - .;_\T(-g—) 7 (270)
Latzko (128, 1921) utilized Eq 259 z-md the principle of continuity to arrive
at the relation
Nu, = 0,036 & B 8 (271)
Eq 270 is of course valid only when the seventh-power law holds for the
velocity distribution and only when the Prandtl number is unity. Therefore
it differs from von Kirman's conversion formula (Eq 221) which is based on
the logarithmic distribution of velocity, and any value of ¢° . However,
the influence of O on the validity of Eq 270 is not great if ¢~ does not
differ appreciably fvom unity, as in the case of air, Hence Eq 271 can be
expected to hold if ¢ is near unity and the velocity distribution follows
the seventh-~power law. 7
Jacob and Dow (33, 19L46) took into consideration the influence of the
unheated length of approach x,. Their experimental results on air can be
represented by the formula

Nu, = 0.0280 RXO'B [; + o,zro(.;(?q)‘??f’- \ (272)

where Nuy = h x/ka, h being the coefficient of heat transfer, k a being

the thermal conductivity of air at the mem temperature (Tg + T )/2.
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The expefimental work of Juerges' (p.556 and p. 557, 32) gave a formula
similar to the last one but with 0.0280 changed to 0,0322, the difference
being possibly due to side effects. The experimental work of Elias (1L4,1929)
gave an exponent 0.9 for the Reynolds number. Jakob (32, 19L9) believes this
might be due to the fact that the flow was changing from laminar to turbulent
over a considerable portion of Elias plate, during which tramsition the
exponent of R is highef than both exponents 0.5 and 0,8 for laminar
and turbulent flows respectively.

While the great majority of experimental work in heat convection has been
done on nipe flow, what experiments have been done in eveporation have been
exclusively performed on plates and cylinders. Aside from those which have
been superceded by later and more careful ones, the earliest extensive work
on air was done by Carl Rohwer (166, 1931) under controlled and natural
conditions. Denoting by E +the evaporation in inches per 24 hours, eg the
saturated vapor pressure at the temperature of the water surface, in inches cof
mercury, eyq the vapor pressure of the ambient air, in the same units, U
the mean wind velocity in miles per thour at a specified small height above
the ground and 3 the mean barometer reading, in inches of mercury at 329 F,
he obtained under controlled conditions

E =( O.bk + 0118 U )(eg - eq) (273)
and under natural conditions,

E = (1.L65 - 0.0186 B) (0.kb + 0.118 U) (eg =~ eg) (274)
for reservoirs of diameters less than 9 ft, and

E = 0.77 (1.L65 = 0,0186 B)(0.Lk + 0.118 U)(eg - e4) (275)
for reservoirs of larger diameters. The limit of validity which has been
taken at 9 ft. is of course somewhat arbitrary, It may be mentioned that
Eqs 273 and 274 were obtained from experiments on a 3 ft sguare evaporation

tank and Eq 275 was obtained from experiments on a reservoir of 85 ft
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diameter, and that experiments at other locations have been used in obtaining
Eqs 27L and 275. Edge effect was not considered. For the reservoir the rim
depth is so small compared with the diemeter that its effect can certainly be
neglected.

The experiments made by Shepherd, Hadlock and Brewer (178, 1938) on
evaporation from a free water surface and from saturated sand in pans 1 ft
square placed in a wind tunnel gave data that can be represented by the

formula
N, = 0,103 e (276)

ilhere Nu is now the Nusselt number of evaporation. Hichox (106, 1939)
correlated Rohwert!s data with the above formula., On reducing Rohwer's results
(Eq 273) to a relation between Nu and R , he could find very little agreement
between Eqs 273 and 276; but believed the formula

PR (277)

Nu=0.1R
should not be very far from the actual relationship,

In 1935, Powell and Griffiths (1L6) published their experiments on
evaporation from a plane surface. In a later paper (1L5,19L0), Powell showed
that his 1935 resulis can be arranged to indicate very convincingly the rela-
tionship between the Nusselt number of evaporation and the Reynolds number.
In the 1940 paper he also published some other very interesting results. For

a wetted cylinder of diameter L.36 cm placed along the direction of wind, his

experimental result s can be summarized by the formula

el ~8 0.8
=8 217 10V 278)

Pw'Pa (Ul') (
where e is the rate of evgporation in grams per sec per sq cm, pw and pg
are vapor pressures on the wetted surface and in the ambient air, respectively,
in mm mercury, ] is the exposed wetted length in em, and U is the wind

velocity in cm per sec. The starting unwetted length is 9 cm. The above

formula describes Powellls 1935 results for plates within a maximum error of
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seven percent. Hoffman's work on heat transfer from cylinders (26, 1935) gave
g formula similar to the above one,

From experiments on circular discs with a diameter ranging from 5.4 to *
22.1 cm, all facing wind, Powell obtained the formula

_ed 3,3 x107 (va)°8° (279)
F. = P«

and showed that the difference in the rates of evaporation from discs facing
windward, facing leeward, and tengential to wind has a maximum value at
Ud & 500 sq cm per sec (no smaller Ud was recorded) of LO percent based on
the windward evaporation (largest) out decreases to 17 percent for Uid = 10,000
sq cm per sec, Further experiments on rectangular plateés ‘showed that the
maximum evaporation is obtained when the wetted surface is facing leeward
and when the plate makes an angle of from 10° to LO® or more with the.cross-
wind direction, depending on the dimensions of the plate and possibly on the
Reynolds number. Powell also showed that when a baffle is erected at the
start of the wetted cylinder placed along the wind, its effect is a maximum
when the ratio h/1 is an optimum, where h is the height of the baffle
measured in the same unit as | .

The most recent work on evaporation from a plane surface was done by
Albertson (3, 1948). Denoting by x and x' respectively the distances
of a point from the hydrodynamical and evaporation leading edges, his results
showed that in the range of validity of the pawer law for the velocity
distribution,

+
T

)u _ (280)

- Q ey N'-! 4 — ﬁ Y
Ce 220, 7 e 0.067 (%)

i(.zs'
,

: X
Pe%)ﬁ
where Q 1is the rate of evaporation per unit width from the surface up to

the wetted length x!' , ac is the difference between saturated concentration

and the actual concentration of vapor in the amhient air, and the subscript x?

means the dimensionless parameter concerned is based on x', If the
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logarithmic law of velocity distribution is valid, his results showed

<! )- Q. 144

Ce? =[615(% log Ge Péy | = 2 (261)

The Ptclet number in Eqé-280 and 28l may be converted easily into the Reynolds!
number, Finally, denoting by B the Péeclet number based on x! and on the
shear velocity &EEZ%;_’ he obtained

CeS = 0.5 s Ys (282)
for the laminar and the turbulent cases alike. Comparison of Albertson's data
with the Eqs 220a, 220b, and 220c based on von Karmin's conversion formula is
shown in Fig, L, where the Reynolds number is based on the length d?ﬁﬁ" and
the ambient velocity.

Evaporation from a plane surface was also investigated by Huss (110, 19.0)
and Wade (20L, 1942). Evaporation from Lake Hefner near Oklahoma City is now
being investigated by the U,S.B.R., the U.5.G.S., the U.5. Weather Bureau,
and other governmental agencies. Since it is known that the tottom of Lake
Hefner does not leak water, and since the occasional inflow of the streams
feeding the lake can be measured accurately, Lake Hefner serves as a prototype-

sized evaporation pan, and furnishes an idesl site for evaporation studies,

E. Rough Plate
The conversion from pipe resistance to the plate drag may be carried out
in much the same manner as previously described for the smooth plate, Based on

Nikuradse's data on rough pipes and starting from the eguation for pipe

u = v (2.5 |n %;— + B) (283)
where B has been determined by Nikuradse (137, 1933) to be a function of
Vi k,/pY . Prandtl and Schlichting (153, 193L) arrived at a relation between
the drag coefficient Cp and the Reynolds number UL/} , with L/kg as a

parameter, T/hen the Reynolds number is large enough, Cf depends only on
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L/kgt

%; )“2'5 (28L)

No work on heat transfer or evaporation from a rough plate has been

Cr = (1.89 + 1.62 log

3 / I
reported. However, the conversion formulas of von Karman, Hofmann, and

Mattioli are expected to give fairly accurate results.

F., Free Turbulence

The study of free turbulence is generally divided into three groups,
namely; jets, wakes, and the free jet boundary. Although the first two groups
have been discussed in some detail in chapter I, in connection with the
transfer theories of turbulence, certain characteristics of their spread
warrant further discussion. The free jet boundary will also be discussed.

le Jets

Although the velocity distribution in plane and round jets must be
obtained experimentally (No theory can guarantee a correct prediction--see
Chapter I), the salient characteristics of spread can be obtained from the
equation of motion on the assumptions of constaht pressure and of similarity
for different sections.

For the two-dimensional jet, the eauation of motion is

uuy Vi, = -‘é- ":y ‘ ‘ (285)
where T denctes the shear stress and the subscr gt s denote differentiation,
Integrating with rcspect to y from = o to+ee , and remembering that

vanishes at both limits and that wuy, + v = 0, one has

oo %0 e oo v
f‘-"*’xd_‘/ ¥ vuycly -f Y Uy ely +vu‘m+ju de‘j
- w 7~ 20 -¢D

= _f.’.fuzdyzo

= L dX ) g

(286)

fco Pu"dg = constant = M
-9



RATTCNAL SOLUTIONS OF SPECIFIC PROBLEMS IN TURBUIENT FLOW 78.

vhere M is the constant momentum flux, Similarly, by multiplying kg 285

by fDLJ and integrating, one has

o e - B s e
a’ijtﬁchj + Pfldvujcfy:J"fUC}j = TU' © “J‘ /fuffd‘j
-0 -0 -0 - -

..-._..__.j 3: Iou V} h___. uluxdy CIXJ 35’3 jTUyCJ}j

which expresses the rate of decay cf kinetic energy as a result of the dissipa-

(287)

tion by shear (first into turbulent kinetic energy and finally through
viscosity into heat),

The assumption of dynamic similarity requires that

e 2o 288
- £() (288)

in which

where b 1is some characteristic lateral jet dimension used as a reference
length, and that
T+ u,,9(n) (269)
Substituting Egs 288 and 2689 into 286 and 217, one obtains the following

simultaneous equations for Upay and s:

Useco = M/ P |, (290)

I 3
na = "2 -3 u‘ma
C’X Umax ) = Iy g (291)

where
,cc

PRSI
1:2 jfsdq
gqu

-0
Simultaneous solution of Eqs 290 and 291 :ives (remembering that

I

Upax — ©© 28 X ——» o for infinitesimal slit)
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_ M (292)
b, =1 e
max \j |fo 'Iax
and
k= 242 5¢ (293)
12

so that wup,y is proportional to x*? and b to x,
The foregoing analysis is after Corrsin, who gave a similar analysis
for the three-dimensional jet in the discussion (80h, 1948) of a paper by

Albertson, Jensen, Dai, and Rouse (68a, 19L8), wi th the results

ummmd% . (29L)
and
b~ X (295)

where M denotes the total momentum flux of the round jet,

Egs 292 and 293 and proportionalities 294 and 295 are verified by
Albertson and co-authors (68a). who found that for the plane jet the velocity
distribution follows the Gaussian law:?

rEw 2

which gives

\1 e
and
b 20,52 x
where b is the standard deviation of the velocity distribution curve (which
represents the Gaussian function), and that for the round jet the velocity

distribution is again Gaussian:

log,, | LE ux =0.79-33 £2
which gives 4 M X2

Umax = 6.2 ;i:g ,;(

and

b =0.12 %
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where b has the same meaning.

Exactly the same method of analysis can be applied to heated jets, with
the results that for the plane jet (H denoting the heat flux per unit length

and Cp the specific heat at constant pressure)

S "~ X
Tma:{ -rg \ pcp ~ b
and that for the round jet (H now denoting total heat flux)
H } '
. _ e LAY et
Ta"hax To \ pcp ~ b X
where T0 is the ambient temperature, T .. is the temperature on the center-

line, and b’ is some characteristic lateral dimension of the heat jet used as
a reference length. In the analysis of the heat jet, the energy equation

instead of the equation of motion should be used.

*.  Ctrictly similar remarks apply to the vapor jets.

2. Wakes

For the plane turtulent wake, the equation of motion is approximately

Uu,, '; a4 4 %296)

B

where U is the ambient velocity (in the x-direction), and u is the

differente between U and the zctual velocity. Integrating Eq 296, one has

-
or

oufudj \"A% (297)

where W is the total drag per unit width on the two-dimensional body whose

weke is under investigation.” Mulfiplying Eq 296 by u and integrating, one

oQ 0
,_g_(ouijuzcltj:—f’f Ujd‘;{ (298)
2 dX ~cD - 0
If now one assumes dynamic similarity, one has

=f(n)

has

len;“
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where

and

where

Solving Eqs 299 and 300 simultaneously, one has

i

i M i

4 |
V4RI I, X

maoax

-

L 2 M 12X
\NCIVEE R P

For the three-dimensional wake, one works with the equation

Va, 2 _.i._.(T/n’")
« g P
and obtains

H

Uy ™ (E’_L\g
J

and |

by e W X ) 3

where i is now the total drag on the three-dimensional body.

(299)

(300)

A similar an-lysis can be given to heat wakes and vapor wakes, using

the energy equation znd the diffusion equation respectively.

It can be shown
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that Thax ~ T, varies with x in the same manner as Unaxs and St varies with
X in the same manner as S, for both plane andaxially symmetric wakes. An
analozous remark applies to vapor wakes,

3. Free jet boundary

“ It is sufficient to discuss the case where a free fluid stream with
uniform velocity U mixes with the same fluid at rest. Integrating Eq 285

between the boundaries of the mixing regiocon, one has

Ib _'@_pu?__ dj: & (301)
oot A%

where b measures the spread of the mixing region into the free stream, and
o b measures that into the fluid at rest., Due to similarity for différent
sections, the number o is constant.

Since b is a function of x, Eq 301 can be written

b ;
[ Tputdy-politdb - o (302)
X Jonb J d X

from which it is clear why finite instead of infinite limits are used for the

integral, since otherwise the integral will not converge. There is, however,
another way of overcoming this difficulty as will be discussed later.

Tith

=
|

= Uf(n ) (303)

and

n=y //b (30L)

Eq 302 can be written
\

e r % ol , i b
C“’ EP | .E__ = O
(j-o(f ! cl X

Discarding the trivial solution &2 . ~ , one has

dx
/ EC’,. g (305)
[ian+

Multiplication of Eq 285 by P u and integration gives

b b
c 43 P (306)
[ & lp) dy -] Tuydy

which determines of .
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With

this becomes

which means db
dx

| g i =@U29(f]) (307)
g2([F2n7)=-2[ 3

is constant and b~ X

The foregoing analysis is due to H, W, Liepmenn and J, Lanter,

There is enother way of arriving at the results where infinite limits are used.

Since infinite limits have been used for jets and wakes, for the sake of

uniformity it is thought desirable to oresent the alternative analysis.

The equation corresponding to Eq 301 is

which by virtue

Paru? Hy = 0
- oX ¥
of Egs 303 and 30L; can be written
TS TR O o W
—zputdh | {1'ndn

d*); 120

Discarding the trivial case ¢h _ one has
- == s :

vhich imposes a

e o e
Jl:_}i_cp'{fr}c{] XS,

condition on ¥ and in particular determines X in Lipemann

and Laufer's analysis, and is obviously equivalent to Eq 305.

Eq 306 together with Egqs 303. 30L and 307 yields

where

I,

I3
Hence b ~ X,

manner in which

for large f?

3_2. - 213 = constant
Iz

]
T
& 2
!
A
3
Q_
.y

= I: gf'dq

The convergence of I75 Ips and 13 depends of course on the

ft—> o0 as )7-—a- & 5 and since this requires only that

e
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while ordinarily f' is supposed to vanish exponentially as r}——+<33, the
integrzls can be safely consideredias convergent.
A similar analysis can be civen for the spread of heat or of vapor when

the free stream is heated or has a higher content of vapor,

G. The Turbulent Boundary-Layer in

Accelerated and Retarded Flow

Since the equations governing turbulent flow have not been properly
formulated, there exists no method, exact or approximate, for the computation
of velocity profiles in the turbulent boundary layer attached to arbitrarily
shaped bodies. However, the momentum equation furnishes an integral condi-
tion that must be satisfied, This integral condition and some empirical
relations obtained from systematic experimentation constitute the equations by
means of which the important unknovms can be computed. In the following
Grushwitz's (102, 1931) method will be presented.

Grushwitz made the assumption that the velocity profiles of the %urbulent
boundary=-layer for pressure drop and rise can be represented as a one-
parameter family, if u/U is plotted against y/.9 , where & is the
momentum thickness defined ﬁy

U2’9 - ISU(U" u)cly

$ being the boundary-layer thicknesg. For the definition of 5‘, 51" ,G'”"' 5 i
(vhich will be used in the following), reference is made to Report I, p. 3L
and p. 35.

As form parameter one selects
1= 1= (4
u,

where u(a?) denotes the velocity u at y -,9, and u, as before denotes
the pobential velocity just outside of the boundary layer, all in a direction

along the solid boundary, That r] actually is a serviceable form
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parameter has been experimentally justified by Gruschwitz. Gruschwitz found
from his experiments that the turbulent separation point is c¢iven by
r'] = 0.8
The form parameter I’] is analogous to the parameter A of Fohlhausen for the
laminar boundary-layer. A considerable difference exists between r’] and A ,
however, since for the laminar boundary-layer the following analytical relation
exists R
A =9 dU
VY dX (308)

while such a relatign is thus far lacking for the turbulent boundzry-layer,
as in general an analytical expression for the turbulent velocity profiles does
not exist. One needs therefore an empirical relation equivalent to Eq 308.

Since, as has been remarked at the beginning of this chapter, the
equations governing turbulent flow have nct been nroperly formla ted, the
velocity d@istribution cannot be determined in an analytic wgy, and the calcula=-
tion will be limited to the determination of the four characteristics of the
turbulent boundary-layer, namely r'l ) To ; 5 * and '19

Precisely as for the laminar boundary layer, the momentum theorem yields

the first equation

f(o - G"IB F(l ) & duz
IV 2- Y U? X
The second equation is yielded by the equation
H(n)

obtained by Gruschwitz by evaluation of the measured velocity profiles (102,

1931) and rogarded as generally valid,
The empirical relstion between H = 3§/5 and q found by Gruschwitz
may also be represented analytically, according to Pretsch (15L,1938), who set

up a power law of the form

with n=1/6, 1/7, 1/8, ... , according to the experiments so far, As the
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Reynolds number increases, n will decrease and the velocity distribution
will finally approach the logarithmic form. But as long as a power representa-
ticn is adequate, the following will be true no matter what is the actual
value of n. From the definition of S‘*—(see Report I, p. 34), one has

oty L
__g_zj%’g u)dd - ((;

' )
Furthermore
.3 |
Y. = ... C' (...__. j=n"
S ) u, Jrj ( ) d* (n+|)(2n+i)
1§°
(309)
Hence, from the last two equations, one obtains by division,
* 10
H= 8" =2n+ (0
22
Substituting the last equation into Eq 309:
&

_ H=1
-_5-" H(H % 1)

Then from the definition of q :

2 Q \2h Fl-1
= 1= (M9 - = = |- | _H-!
q (7&, ) [ S ) E—I(H+J)_ (311)

This result is in perfect agreement vi th Gruschwitz's experimental data, and

is tabulated belows:

H 1 L 1.2 Ak X6 218 2.0 2.2 2.4 2.6 2.8 3.0

0 0,270 0.Lok 0.573 0.688 0.772 0.833 0.88L 0.916 0.9L1 0.959 0.972
The third eguation was empirically derived by Gruschwitz from his measure-

ments, He considered that the energy variation of a particle moving parallel

to the wall at the distance v = ,1? is a function of u(»;?), Uy s -'\9, ‘]J

Dimension considerations suggest the following relation:

o ds_ F(n, R
s dx
where Q= pu.z 2 : 9’ z jo+ 9[“‘(“9‘[V2 s and R is the
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Reynolds number. The test results show no dependence on R , and that

° clg 0.008 )
'3 - o, 41 — 0.0046I (312
T cix 941

Furthermore,

-
- - p+ P yr- -~ P A . P oy2 -/uhy)
%79, prgutp~ L sl Rulfifela g
where i:’ je+ [-’uf/z = constant. On putting % I’) = g s one has therefore

dey 4
o =3
and, substituting into Eq 312,

o
a g3 =-0.0089L § 4 0,00L61 q (313)

The fourth equation is still missing and is replaced by an estimation of

’fo. According to the calculati ons for the plate in 1ong1tud1nal flow,
.1_0_:0.04@25(“4?) = 00,0225 (RE) :4_
PUE

If one assumes vhat is true for the seventh-power velocity distribution,

5*2—&%-5) qp-'?gg

R

namely,

cne can write EqQ 311 in the following manner: (31h)

: -
;uc 0.01338(Rs*) 7= 0.01266(Ry) *
Thus, for the calculation of A% and (‘, (or of ;\9 and ¥ ), one must

solve simultaneously

d‘?

4+ 0.00894 5 = 0.0461 8
dx <

7S
C"\Q ( 3 H) 1.9 CI% - /[/o
cx % dx RU?
where q = pulz/?_’, H, f[’o/(oU‘ are functions of x, of t’] z S/%

and of q9 and x, respectively, q being calculated by any method applicable to

potential flow, H and ’[:,/PU.I respectively from Egs 311 and 312. If the

X s

dimensionless parameters iy % 1;7’, ’bo e A _5_ {4 2}’]
7 ’ ( )

) y Ly U
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are used, where t is a representative length and U the velocity of approach

of the free stream, one has the dimensionless equations:

/ 2
d¥ + o 8 0004964\ L
= 000894’19' 46.\()) gy

u
_c_fﬁ 2(1+H\ QU d(.ﬁi) = To
- e Dbk ol

In solving the above equations the initial values of the unknowns have
to be determined. For 19’ the initial value is taken to be that for the
laminar boundary-layer at the transition point, and ‘§’ 'i{s determined from
- the initial valiue of r‘ s which is taken by Gruschwitz to be 0.1l. According
to Uruschwitz, a different initial value of r'l will make very little
difference. wWith these initial vaiues the equations may be solved by the
isocline method. A first approximation for 45" 'is dbtained by first solving

the second ecuation with constant values for ’[/o /OU,‘?and He
_Le - 0.002 Hz=]l5
pPuz
This first approximation 12 '(x') is then substituted into the first equation
to obtain a solution ‘g:(x'), which gives a first approximation for I’I and
hence for H(r‘l). Also T, can be improved with q9|‘ according to Eq 31l
rTheSe newly cbtained values of H and ’2’, are then substitutéd into the second
equation to find 42'(15') 5 and the process continues until the differences
between two successive values of .9 and of T_f become insignificant.
The method converges so well that the answer is essentially attained in the
second approximation.
According to Czuber the isocline method for the solution of the

differantial equations can be applied in the present case in the following

manner, Both differential eqﬁations having the form
cly e
LY 4 £ 4 ='g(X)
they have the property that all line elements on a straight line
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X = constant radiate from one point, as can be easily shown. The coordinates

of this pole are:
g K+ ) r) 9(”()
f(*) f(x)
Thus one has only to calculate a sufficient number of these poles and can
then easily draw the integral curve.
The separation point is given by y] = 0.8
It should be mentioned that the calculation for the turbulent boundary=-
layer must be performed separately for each R = Ut/i), whereas only one
calculation is necessary for the laminar boundary-layer. The reasons are,
first, that the transition point travels with R, and second, that the
initial value ofaf?/t further varies with R at the transition point since

there

:gl Jﬁ— = constant
for the laminar boundary-layer, as can be shown by making the laminar boundary=-
layer equation not only dimensionless, but also free from R.

It must be noted that the values cbtained for TZ becomes incorrect in
the neighborhood of the separation point. At the separation point 7: should
be zero, whereas according to Eq 31k, Qf; is never zero.

In the case of flat plates, q(x) = constant, and Eq 313 can be written

3 0%3— = ~0.00894 1) + 0.00LL (315)

A trivial solution is

_ 0,00L61
r} = '5:'658'9'11 = 0-516

Since the initial value of n is 0.1, and since according to Eq 315
dr?/dx =~ 0, n must approach 0.516 asymptotically from below., If the
velocity profile follows the seventh-power law, n = 0.L487, as can be

computed from Eqs 310 and 311, The profile attained asymptotically for
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uniform pressure therefore almost agrees with the seventh-power law that was
previously avplied to the plate in longitudinal flow,

For examples of calculation, see (172, 1942).

The turbulent heat boundary layer for arbitrarily shaped bodies has been
treated by Kalikhman (115, 19L6) who considered not only compressibility but
also the variations of density and viscosity with temperature, The method is
too complicated to be presented here. Suffice it to mention that it involves
the process of successive approximation and the use of the concepts of eddy
viscosity and mixing length, and of Eq 230. For the turbulent vapor boundary
layer the variations of the physical constants can be neglected in ordinary
cases, and a method of calculation analogous to that of Gruschwitz for the

turbulent flow boundary layer can be developed.
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Chapter IV. MASS-TRANSFER IN THE ATMOSPHERE

A, Sutton's Theory for Still pir

When there is no mean motion in the atmosphere, the Lagrangian correlation

coefficient coan be assumed to be

] 1"

=f{d =

Rz *(i5%) 5=

according to 0. G. Sutton (186, 1932), a being a constant length and u"”

being the root mean square of the velocity fluctuations. Asf -»0, Sutton

assumed Re —> 1, but did not specify the way in which it does so. Sub-
2

stituting the above form of R in &g 65 for the case n < 1, one obtains, on

replacing T by t in the final rosult,
X2=_2a" (y¢)¥ "= piurt)? "
(I-n)(z-n) 2
It should be noted that the error committed in the above expression is small
only when the contribution of R§ at small values of g is negligible. This is
true only for values of n less than 1, For such values it is immediately seen
that X2 increases as a power of t higher than the first, thus taking into
account the observed increase of the effective eddies with time. However, if
n <2 1, the integral Lg’gdg will diverge. This is a defect of Sutton's
thecry.
The concentration of matter in space resulting from an instantaneous point
source is required to satisfy the feollowing conditions
(i) ast —»w, ¢ —0
(ii) as t — 0, c¢— 0 except at the origin
(iii) X2 = —g-z(uﬂ‘f)z‘” s ‘-ﬂrheref?é is the standard deviation of the
concentration-distribution curve.
(iv) Total amount of matter = constant - Q

These conditions are satisfied by the solution

- Q s r#
KFib®(u"t)3/e ex"o( TbEur)™ ) (316)

where m g 2=,
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Solutions for continuous sources are obtained from the above ecu:tion by
integration. Noteworthy is the fact that the concentration has not been
regquired to satisfy the differehtial equation of diffusion.

B. Sutton's Theory for Uni_.-Directional Wind and
' omooth Surfaces

1., Correlation and interchange coefficients

When there is wind and the wind is in a certain direction, the Lagrangian
correlation coefficient can be modified to the following form, according to

0, G. Sutton (186, 193L):

F?g o ( _1_‘__)1______) n (317)
VrwEE,

where%V has not yet been identified with the kinematic viscosity, and where

n is'a function of the thermal gradient in the vertical direction and of the

surface-roughness, of which no more than an empirical determination is at

prese_nt possible. Using Eq 317, one now has, with T, denoting the time

interval beyond which RE is negligible, ,
VIR T’(_ Y _)ndg T !fl#w*"*n)"”—ﬂ"ﬁ;:L-i"(wue %)

_ 9 1-;‘+W“-?§: -n . LS g S (318)
the terms neglected being of the order of -;_{ at the most. This approxima-
tion really amounts to neglecting molecular forces in comparison with eddy

forces. Substituting Eq 317 into Eq 65 and changing Y into Z, one has

further Sacher y s
ZR2 o 2% (w'tT)
(1-n)f2-n)w"?

Since 722 is positive and since it must increase with time, Sutton concludes

that n must be between zerc and one in ma,nitude. This will, hovever, make
the integral of RE’ with respect to g’ from zero to infinity divergent, and

will again constitute a defect of Sutton's theory.
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It does not appear possible to give a rigorous expression for e T in
terms of u and 2z unless one knows how w" depends upon the boundary
conditions and the stability of the motion, and the manner in which wu depends
upén the height, A fair spproximation, however, can be obtained by using the
ideas of Prandtl and of Kdrmén. Tt has been shown by Hesselberg and Bjordkal
(105a, 1929) that the distribution of the velocity fluctuation w! is

Gaussian, liriting

—_ i
- 1|
dz | (319)
and using the well-known relationship for a variable with a Gaussian distribu-
tion 2
ik SR iy
wE =z wt s TwT)
2
one has
- 2 /di \*
W TC )4 fdu 20
z U3z i

where ordinary differentiation is used because U 1is supposed to vary only

with 2z in Sutton's theory. The time Tl’ corresponding to | , is given by

T, = J,? 1 dZ (321)
Replacing w' by its mean absolute value [wi| s one has, approximately,
el u - (322)
Hence ’W' (’ a% )
whRt = 1 df l (323)

It has been shown by Kirmdn (118, 1930) that the assumption that eddy
velocities at different points are dynamically similar leads to a particularly
simple expression for 2 e lMaking this assumption, one has Karman's

expression
- Kk dd /G
1=K dz//dgz' (32L)

where k is Kdrmdn's universal constant which is approximately equal to O.lL.

Thus finally
Wua-r- oosn‘ldd' |§'__| (325)
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approximately. The interchange coefficient is then

Alz)=w 1= LU (w2 T )z 250" 03) LE‘.‘:(\ Eﬁj—f‘i ] (326)
-N

2. Variation of wind with height

Assuming a power function for the velocity distribution

e -~ ok i

o= 4, (_5_)% (327)
where 1w z u(z), one can deduce that since the flow is parallel and the
pressure does not vary in the direction of the wind

71 = A () dd _ constant (328)

dZ

in the lower layers of the atmosphere. Substituting Eq 326 for A(z) in the

above equation, one has

'_ﬂ — 2 2’7'2
(o.251) PV (_E.‘i\l [d*a c Constant
I-n dz / cdz?

(329)

From Eqs 327 and 329, it can be eagily shown that q = (2-n)/n and

n
vIERTH (g_)z-ﬁ (330)
Z,

Actual measurements show that O<n<1,

In problems involving flow in pipes and wind-tunnels, thermal influences
are absent, and n is a function of the Reynolds number and the roughness
alone, Experimentson smooth pipes up to a Reynolds number of 105 show that

the velocity distribution followsthe seventh-power law:
— {
0= UfZ )";F
\Z (331)

]

corresponding to n = 1/L, Substituting Eqs 326 and 331 and n = + in Eq 328

one has ’_[, - 0.020 P })’ A J, 7
Z
The experimental result is
T= 0023 opkhg7
Z/4
where 7./ is the kinematic visuosﬂ;y. This enables one to ident:l.fy V with V
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3. Evapcration from natural water bodies

After dealing with the wiind structure, one is now in a position to study
the evaporation from water surfaces occurring in nature. The aim will be the
determination of the effect of the size and the shape of the water body and
the effect of the mean wind velocity on the rate of evaporation.

To fix ideas, let the evaporation surface be level with the ground, and
let it be of such dimensions that it produces no sensible variations in the
normal wind structure, and also such that the increase in the vapor content of
the aix, as it flows over the surface, is never large encugh to affect the
rate of evaporation from the leeward side of the surface. In practice this
latter limitation, owing to the rapid mass exchange taking place normally over
the surface, would exclude from consideration only very large water surfaces.

Substituting Eq 330 in Eq 326, the exchange coefficient is

=) 20+~ n)
A(z)=0aT, "z en (332)
where n*-n
J-ﬂ N o
a- | (e 25|) "(z-n)'" Z 2n
(1-n)(2n- 2)2(' h) vz (333)

depends only on n, Zs and 3/, and can be treated as a constant. Substituting

Eq 332 into the diffusion equation
uen - L2
ox = @ dZ

where {) = ¢c-co 1s the excess of vapor concentration at any point over that

/“Z)%%ﬂ (334

of the ambient air, one obtains

)Z"- 9L . o

— 20-n)
z 7£;7T' EB!&]
oZ

o ———

QX oZ
Or, Writing mez= n/(Z—n) = l/ﬂ, S
(@20 .z [z oL
g o4 : = | (335

the boundary conditions being, with x, deﬂbting the length of the surface in the

direction of the wind,
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Cq being the value of ¢ at z = 0.

(1) 1im:3(x,2) =8 = C. - C,»
Z-20 ® e (00X <%,)
(ii)zlj.gﬂ Ax,2) =0 (0 £x f—_xo)
(11i) 1im$? {x,z) = 0 (0 < 2)
A= 0
One now makes the t ransformations |
™ i gk
Cb: ﬁ o ad g: u'n Z'Zm z
.’ Ky ! axX,
such that Eq 335 becomes
aQS = 82¢ - I 845
2 o,
0§ oF (@m +13370% (336)

with the boundsry conditions
(%) L P(E,5)= | (o<E=1)
(ii) lin (p(g’ €)= o0 (0£E%1)
(iii) 11m ¢(€ g) =0 (o< g)
The evaporation surface is now defined by
OSELL, &0
$(g,8)=€" (€, 5)

where p = m/(2m+l) € n/(2+n), so that 0<p<1l/3 since O<n<1l1l. Then the

0"

1"

In Eq 336 write

equation for \,b is

aHL:aZ&.F;.g%_ *
J¢ 082 & 3%  e*

the solution of which is

LU( Ble S fyp( _E__‘f.i‘f_.) /“g )
for every h, o , and G, T-.fhere Kp is the modified Bessel functlon of the
second kind. Taking h = 0, and choosing C as a suitable function of « , one

is led to the expression

G)(‘?,ﬁ) p\-l/(g €)- 21‘“"’”"’?}}2”‘)@)(,0 i”g"‘ f( (C;._.)cfo{

Using this, one can show by means of the expansion of¢, kp(w)near Gz 0, and

the asymptotic expansion of Kp(m) for large cu , that the boundary
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conditions for d) are satisfied,

The t otal evaporation per unit vidth over the length X, is then

jundz e 3, $)dz 20.T (T ?”’“J’gb(z $)e™ e

o -y fE‘mH)Z”" ax,
= Lo y '~ ot (a_x )Tl (337)
z7 '
where

qu g)‘%“”"“d s | (338)

2m~H

is a constant independent of Uys 2y and X . The expressions Sutton ocbtained
for E and K are different from the above, and seem to be in error. Furtunately,
the discrepancies do not invalidate the experimental verifications which Sutton
cited for his theory, as will be presented in the next section.

Since m = nf(2-n) one has

m+1 2 j= nfmu)  @-n
2m=+i T pan ! 2m+1 ~ P2+n
Hence
gl o ?
Er L Z 77 W72 (a?( Y

(339)
A few special examples may now be mentioned. The results are obtained by
direct integrstion of Eg 339, remembering that lateral diffusion is neglected.

(i) Rectangular lake
"

- 2
E - ﬂoz L) zfn(axo)?m y" k (3L0)
- (ii) Elliptic lake, One has,
2=n 2

dE =0, 7% G, 57 (@x) 5 K dy
Then writing (ry being the semi-axis down wind, T, being that
crosswind)
Xz2FCes8, Y=1,S5me

one has e 2-1n 2 2

. e o T o AFRR o T '
£, 27RO (AR RIS GKE
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where
' 2 r " ! !
K =( T((Cca@)2+'1 Cos® clO= 7| 0 (1-520)2* psode = |(1-52)27d

s A

-
(111) cCircular lake with radius re P‘utting r = r2 in Eg 3Ll , one has
2-17

E = ﬂ Z‘_Jm ua*n(za).w-n r-ZH"J

In general, for similar shapes,

(3L3)
< 4+ N
E —~J L 2+n
where L is a representative length., It must be noted that Sutton's expression
for E in Case (ii) above is based on the wrong expression X = V| {! +Cos®),
and is in errorc The same applies to case (iii). Egse 341 to 343 are the

corrected forms: Again; Sutton's errors do not invalidate his deduction
g4

ENL.’?H“)

Li» Compariscn with experiments and observation.

Concerning the effect of size, experiments were performed by Gellenkamp
(99a, 1919) by rotating the evaporation surface on a cross at a low speed
so that the relative velocity at any point is between % and 1 m per sec.
At these low speeds the flow is laminar; and Sutton claims n = l. According
% 4 - . 2 BT
to 'bheory r—— M xo Ljo anei L r
for the rectangular and the circular lakes respectively. Experimental results
~x € and F o~ pl6
show, respectively E o yo _
indicating good agreement with theory. Sutton also claims that the experiments
of Thomas and Ferguson (200a, 1917) support his theory. He has not, however,
cleared the difficult introduced by n = 1 in the case of Gellenkamp's experi-
ments. When n = 1, Egs 326 and 332 are invalid, and the theory breaks down.
Concerning the effect of wind velocity; the wind~tunnel experiments of
Himus (106a) give F ~ 1,,“?”, and those of Hine (106b, 192L) on nitrobenzene,

of ?8

tolene, m~xylene, and chlorbenzene give [ ~ ,, rather conclusively.

5 i — 7/9 — ?/9 . — 0.72
Here n = 3, and the theory gives [~ U, ~ —~ U, 7 = U, » in good

agreement with the experiments.
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5. later developments

Lateral diffusion which was neglected by O: G. Sutton has been considered
by Davies (82, 1947); 83, 1950). The weak poiﬁt of Davies' theory lies in
the uncertainty of the magnitude of the lateral diffusivity relative to that
of the vertical diffusivity. Davies' expression for the lateral diffusivity
has not been undisputably verified by experimenﬁ.

0. G. Sutton's equation of diffusion, Eq 335, has been thoroughly dis-

cussed from a mathematical point of view by W. G. L. Sutton (187, 1943).

C. Pasquill's Modification of Sﬁtton's Theory

Pasquill (143, 1943) changed the 1) in Sutton's theory just presented
to K, the vapor diffusivity, and 2;E?ined (}Y ='i?i)
EosC 2R E g4
the subscripts P and S denote the authors according to whom the E is evaluated.
In comparison with the experiments which Pasquill darried out in the wind~-
tunnel (for which Y1=j-), Eg is too large and E; too small, though the

deviations are both small, Kuo, who reviewed the works of Sutton and Pasquill

while working for the present project, suggested using 41»)ﬁ/5’ = “7/W<
instead of }J or K. Kuo's suggestion gives good agreement with Pasquill's

experiments, as shown in Table 1.

D. Sutton's Theory for Rough Surfaces

1. Velocity Prefile

It has been shown before that the velocity distribution over a smooth

surface can be adequately represented by the logarithmic formula

a - V&Z‘ DR N~ 5 9VZ |
It seems that for a rough surface the following analogous formula can be useds:
Z - 2.5 In(-£.) (345)

Vi °

where z, is the constant of integration determined by

G-o0 o =z:27,
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and is usually called the roughness length. Measurements in sand pipes show

. K .
that Z .z gas— where kg 1s the average diameter of the sand grains.
According to Nikuradsey the surface mey be considered as

Vi K
aercodynamically smooth for *7.) g <)L or .\f:gi =20,13
=
in the tx ansition zone for L < ——%&?—sﬁ'ls or O-'3<—\-'£'%—}‘-9 < 2.5
K Vi 2o
fully rough for .L;‘)_?. =75 or jp'—“ >2:5

An alternative form for the velocity distribution due to Rossby and Montgomery
(166a, 1935) is M 2.5 n (Ehz;c) (346)

(" x5 ZO

Both Eqs 3L5 and 346 do not reduce to Eq 3Lk as 23 approaches zero. 0. G,
Sutton (186a, 19L9) proposed the following form vhich will reduce to

Egqs 3Ll and 345 dependina on the roughness of the surface.

= 2.5 Ilnf 2 (3L7)
(NM’/Q

Vﬁ‘

and the following one

U =2.5In( MeZ+N (318)

" N +¥/g
reducible to Eqs 3LL and 3L46.

According to Schlichting; the surface is
smooth for N <0.13p= 0.02 c:n"‘2 sec™t
rough for N >2.5Y= O.lj cm® sec™t
When the surface is fully rough, the velocity profile can be approximated
by the power form

- d, r (3L9)
-— [(Z'/Zo)!a" '] L(Z/Z:')P-"-]

<

or by the following form corresponding to Eq 3463 (350)
oy 350

W, = [2 2)0, [Zza-z, "J

The kinematic viscosity may be introduced to take care of the transition from

smooth to rough flow. When z, is small, the above two formulas reduce to the

u = u, Z. (351)

usual power form z )F’
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It mey be noted that the logarithmic prcfiles as well as their approxi—
mations are not adsquate for = c' greater than 2 or 3 meters, according to
observations; and that &, willi nol only increase with roughness but also
increase with the rate of inversion in the atmosphere.

For the Lagrangian correlation coefficient, Sutton proposed the form

. n
R? :.( N—P_'j\l_*_\;_j_le (n>0) (3E2)

where ordinarily N >> 1) » An inconsistency of the theory lies in the fact

that in the above equation N « M) corredponds to )) or 17 in Egq 317, while in
Eq 347 Ne V corresponds to ¥ 1in Eq 3Lk, and in regard to Eq 3L8 a
correspondence cannot be esta.bfishedx

Provided that N is not excessively large, say not greater than 103 ctr'n2
sec"ls the development of the present theory proceeds exactly as in the
original smooth surface development presented in B, the condition of constant

shear again leading to the relation

° = nSlz-n)

2c Vertical diffusivity

Following the same development as in the case of smooth surface, the
vertical diffusivity is K s
¢ n ol T
Alz) - k) N[ duye cru)z
) L dz dZ2

where k is again Karman's constant. Substituting Eg 350 with p=n/(2-n)

into the egquatiocn above, St
=i

¥ o— (-1 - bl
Alz) = a"ﬂN G, (Z+z) @n (353)
[{g %-n - Z, ‘7;7 '! hi
where e
4171 2
aln) = (% K) (2"”)
(1- ﬂ)(e zﬂ)
from which one has the following tables
n 0.1 Ools 0r~20 0:‘;25 0030

a(n) 0,025 0,050 0.086 0,138 0,212
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3o Diffusion in two dimensions.

Substituting Eqs 350 and 353 into Eq 384, one has

- -

— N - ]
L U, | /z+20\77 oL _ am)N U, o Iz, ?-—-l:Jé_ﬂ
[(F32)%n ] [(‘““z,, i '} OX (2 7) Vor 7B\ " OF 2)F7 52 350)

which for uniform u becomes e Bl £l
a, AN _ atmN" G, _(_3_ (3 zzw Q_.Q—_ (355)
O% [(Z+2o)Hn-z, %" """ oz oz

and for the power distribution of U becomes

J,(g_ )""an B} a(m) N" G, 2 (Z‘ 20 an (356)
Ox [(mez,)%r- 2, %"|"" 0 oZ

Z,
For a steady constant line source, the boundary conditlons are

1-n

(1)1 —> 0asx—® for =2 0

{
(11) A —g-—; ->0 as z—+0 for x> O (impervious ground)
(ii1) N —=> 0 atx=z =0

and the continuity condition is

©

(iv) fﬁﬂdz = Q = strength of source, for all x > 0.
o

Writing

Al2)= 0 "(z+z,) 77 = ol 245 (357)

the solutions of Eqs 355 and 356 are, to a satisfactory degree of approximation,

respectivelys ; 2
nNX,z): Y TR P ,Q T exp -_{i_?__t_:i} (358)
() P )i G R E e T G2
A(x z)- Blmnos @) _ oy, 07z "5 ) (359)
(T HIN2=0) A2a 2 - ) (m *-;,—?,;)20(?( Zzm

!
where B denotes a somewhat complicated expression whose value is easily
obtained by applying condition (iv).

Measurements at Porton, England, were quoted by Sutton to support Eqs 358
and 359. It should be noted that the value n in Sutton's theory is always

obtained from the velocity profile, even though in one of the approximate
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solutions the velocity is assumed to be constant. Sutton did not mention
how this constant velocity was to be chosen.

L. Approximate formulae for 3-dimensional diffusion

Sutton assumed the lateral and vertical diffusivities to be
2 " -
Cys 4N" g“ ") (360)
(1-n Yz-r}ur

A g 2 _ 2.2 (6
 cimmgw 3¢ =(9:/9) Cs

60, VT3, % VT

Assuming constant U, but again obtaining n from the velocity profile,

where

the approximate solutions for a point source and a line source are, respective-

1y,

2yl L Qo VLAY 1/ 2
C > ) &) TCyCz U X2n expfx (‘j/fj *2_7/(; )} (362)
= Q S = ?
Nix, z) TR exp{_‘x Z/(z } (363)

Measurements made at Porton on diffusion from a point source were quoted
by Sutton to support his theory. It should be noticed however that Egs

360 and 361 are not dimensionally correct.

5. Experimental verification of the form of the Lagrangian correlation

coefficient.

Measurements made by Ps A. Sheppard at Porton in 1936 showed that the
form of Eq 352 was verified with n = 0,15, N = 100 cm? see™l, and u'2= 6510 m?
sec™? at 2] = 2m.

Integration of Eg 352zbetween the time limits O and 2 gives
A(z)= J"""LRgds ’ﬂi\f;‘ (zu?)"" (36L)

at zyz 2m, neglecting a term of higher order in N as compared with the term
retained. With the measured n, N, and :Té, A(zq) can be computed from Eq 36l .
to be 8100 em? sec™l. On the other hand, with the measured u'2 and Rg}

A(z) can be computed from the same equation to be 8600 cm? sec~l., This
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verification is, however, quite superfluous after the form of the Lagrangian
correlation coefficient has been verified. It may be remarked in this connec~
tion that any verification of Rg» is more meaningful if n and N are

obtained independently from the wvelocity profile.

E. Frost's Theory

1. Mass-transfer from a plane boundary.

Assuming

m” (365)

1-

7 = 7 =z (o< m<t)

where z is the height. Zo is a length that bears some relation to the rough-
ness of the surface considered, and 2 is Prandtl?s mixing length. Frost

obtained (97, 19L6)

- R S-81m 207 4 T
€ =1%28 . =z "z " 3U (366)
27 2 =
2-2m = 2
T-pz Z(2%) (367)
DE

It has been shown in 1933 by Ertel from observations that the quantity

ff/ @ 1is practically constant for z < 100 ft., Hence by integrating the last

equation
g - \i ~ (,z,)"” (368)
i < zZ,
or
a = O, g_)“” (369)
Z,

where uy corresponds to a standard height Z, . This is the usual power law
and m is not far from 1/7. Using the above expression for U, the expres-

sions for E and ’T’ become
- bty BT T oD (370)

ErmE F, E

U
T - ,lpnqz‘z{ognq Jr2 Z A (371)
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For Z = 15 meters, m = 1/7, the measurements of Rossby-llust over the
rough ocean surfaces gave T= 2.6* 107 P J'z

which corresponds to zo = 1 cm. Over the plain, for z] = 30 ft. and m = 1/7,
Taylor's measurements gave Tz 2.7% 103 o G,'? corresponding
to z5 = 2.6 cm.

Observations of Sverdrup (1936) of wind velocit-ies) temperatures and
vapor pressures at various heights over a snow surface showed that eddy
viscosity and the eddy diffusivities, thermal or vapor, obey the same power
law and moreover are identical.

With € given by Eq(370) the diffusion equation

a2 (c-co) & ( o (D (372)
o X QZ ¢
can be solved. By the substitution (373)

P Z2m+i
- =
Eq 372 with ¢ given by Eq 370 becom=5
2 2 g
(2m+1)g ﬁl_f‘_z;fs’ + [emsr)fmen + ,}.-] d-co) . o (37h)
deg - E

A first integration gives

2L, ke (375)
—C.-”'%;_‘.’:ﬂ _:__-»{"CS ‘Co)G g? 2m +i e (Qm-uj 2
&5
where G is a constant. A second integration gives
m s g (376)

ErCo = (Cs- c)Gfmf}m, e @minzde

where G is determined by the boundary condition C cg Twhen g* o

to be

[(BITJ'H Y 2"‘" ] (377)
where |' denotes the gamma-function. The result can be simplified by the
transformation ‘%’ = ( 21l )21’) (378)
to the form

(379)

~ i+

P o
_ (csdco)ﬂ., N e dn
I_' 3’;‘)’)-};—)
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Table 2 gives various values of (c-cg)/(cg=co) for different values of f’] .

For m=1/7, Z0 = 1 cm,
9z

” ”]=£‘—gjf——

Significant is the fact that (c-co)/(cg~co) is a function of ¥} alone

and does not depend on the magnitude of the ambient velocity. One cannot

expect this to be true when the ambient velocity is very small.,

From the solutiony; the local rate of evaporation is q
m*

ABEL D
(”mﬂ)‘"m'H > zm-u (mg )2'“”U.Z (

rl 2;1“14'! )

e(x)=lm ( (

Z-o0

.

and the rate of evaporation from a strlp of length X, and unit width is

-1

E = J ("*)GI“( {-?m"”)mﬁﬂxozn )2"'*‘ U, Z, (Cs Co)
o

(rm-H

I~ (E‘m-:-l

1/7, Z, =1 cm,
2.85 x 1072 X ¥ (¢C5-Co) U Z

When m

e

=
i

For small values of l’} s Bq 379 can be approximated by

M
N ZaeT
c=cy = (cg—Cp) -
! r—' (‘ v é—-ﬂ‘L‘ ) .
or
n
cg=¢ = (cg~Co) g

Iz:e i +1) 2 m Zowilf% r'(l ""2‘:; )

From the above equation and Eq 380,

AN —
l‘i"z T, U, (C.s ot ‘:2.)
z.?lﬂ

e(x) =

!
2¢ Mass=transfer from an infinite line source

The diffusicn equation is (wa th 2 =C- C,,)

zmo0 _ g a(z an
9 X

Co-Ca)

(380)

(381)

(382)

(383)

(38L)

(385)
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where a; = ngm, z, being the characteristic roughness of the surface. With
x measured from the line source, the boundary conditions are
(i) -0 as x=0 for z#O0
(i1)L—->0 as z —
and the co;tinuity relation for an impermeable ground surface is
{111)[&'(2 dz = Q = constant
Witl: the transformation L+ m

2 T TTwam [

where 2m-r |
e = 4
(zm+1)? g, X

Eq 385 becomes

@{”4' (@+flr12‘::1)( " !}:2‘: F 'y (38?)
or
+ hn c 3
(%‘é il G ))f-e
whence i

f(QJ Be 4 Ce'gf.g@@‘ 2 BN

Ba Ce (i) and (ii) require that{2— O when © =0, hence C = 0, and

77 e

xR0 e (388)

where B must satisfy the equation

o0 me
-

m+
e”“’Clz'"*'! (emﬂ

Frost claims that observations in England support the validity of Eq 388, with
the distribution of{] independent of the wind velocity.
With the solution for the line source given by Eq 388, the distribution

of {1 on land after a sea crossing can be obtained by integration to be

R bl R

(389)

where (2, =¢ -c,.
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For z = 0, Eq 389 can be reduced by the transformations

X7 bg , A=bgq

) m
to the following form O, :‘5: zmw Em Tl
05 2t SR CR PR
(2""* ) Mt o - .
:no ['l \ L ! ',.",z‘]?{'ﬁ(iﬂq)--;m-s.: ch,\I] (390)
FOI‘I’[I.. 1/7, { r‘/hqaa_)r‘ Z‘I::I’) _‘.
e % t
0L L' prsyeme J# n %01-n)" c,/m“l
which, on witing r_f = |- ,r) s becomes
I =B
..L/l _Qo ,'- I l 9 '§ d I
L (%)M (9s) ( ﬁ)
If one writes further E’: {+€ s one has
-
N0,

€9 = (2,(1-098€7)
S r($)r(8) l

where € = (x~b)/b, Frost gave an example showing that Bg 391 is 6,3% in

(391)

error, and attributed this error to the lack of consideration of the land

roughness. In the following section land roughness will be considered,

3. Distribution of water vapor over land .fter a sea-crossing

From Eq 382, after a sea-crossing of length b, {1 is given as a function

of z to a high degree of approximation by

| " zn-r ]
1 5Lt -~
[ P2t )Ezm-i-')“"d] 9":"-J o

2m

where a = mzg . Differentiation of the above equation with respect to z

gives the following equation for the intersection of land and sea:

*‘K(Z)ég}==Dflo (393)

where
D = mau, 2,

P(’ * LR -—_) [(2 m =+ J} 2(.7 b)-ﬂgi.%!

Over land, the differential equation to be satisfied is

-}
-~ copstant

270 20, 2 (27720

S X (39L)
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where aj = mﬁgm. In this equation x is measured downwind from the

leading edge of the land surface,

Writing
- et -1 e
s -a,u, Z, oN
9=z
(395)
the diffusion equation can be written as
2S5 . a z - i éa (}Z_n1595 )
o X (396)
with the boundary conditions
(i) S—Df2,as x-0
(i1) 8—0 as z2-0 for x>0
Make the transformation
o = sz-*-l
(2m+1)*a, X (397)
Eq 396 becomes
it na \ =
@S +(6‘f"2-'53'+—,“) 5 - O
(398)
the solution of which is
e & - .
S- Dﬂof o T g
m=
with all the boundary conditions satisfied. From Eqs 395 and 398 one has
, i " o
on . _ DR, Z™ J%-@e T 6
= a,a g m m+i
S M) (L00)
integration (by parts) of which gives
i -& Tl
n=03- D [z (6% mde+e™ [emniax] ]
me, U, &, ”’{"(;;;;;T) ‘e
L - e o 30
=) {1- az=z" 05’9@ “ImFl O 1@ gl:(_gm.;,u?a'x]gm-n \5 (Lo1)
o £
O et T (135 [k Jofs

m

:Qog—(_g__) .:rr;):_', (i)}??t‘r[e'e*e?% Ioe-Qe ZmEi d@]}

= K Ml +535) Vi)
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With m = 1/7

vo

. e ,
n-=0, {l = 0.98(%_) 3 go)% [e'aat 9@"{ e‘sc—?"gde)]}

(Lo2)
For small values of © the last equation becomes
n=0, {f - B, 98(%)@"(?)22%(: + _g..)}
o

For the same exa.;pli:which Frost used in the.previous section, and with
zo! = 2,6 cm, the computed {1 at 1.2 m above the ground is T.lL g/cu m
exactly the same as that measured, This verification; of course, will be
meaningful only if z} is indepently obtained from the wvelocity profile over
the land surface. As the wind sweeps from sea tc land the wind profile must
show a gradual change in the value of the roughness form z, to zle This
has not been considered by Frost. The foregoing verification therefore
should not be treated as conclusive,

The most serious defect of Frostis theory, however lies in the adequacy
of Be Co (i) of Eq 396, in view of the fact that Eqs 392 and 393 are only
valid for small values of z, In this connection it is worthwhile to note
one peculiarity of Eq 393 which constitutes Bo C. (i). The equation implies
that the vapor transfer at different elevations is the same, hence that the
concentration will be independent of X, contradicting Frost's own theory
since Eq 379 clearly shows the dependence of {L on F]f and hence on x, and
showing the inadequacy of Eq 382 or Eq 392 as an approximation to the
distribution of vapor concentrationa

Fe A Generalization of Sutton's Theory

Sutton!s theory can be generalized by considering the m and n occurring

in the diffusion eguation

(L03)

zmoec - D2 (7"o¢
- oX Da?( aq)
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where D = _AL__.___ZL_.'.‘:

u,
as independent:. The validity of the sclutions then depends only on the
adequacy of the power-function representations of u and A(z), and not on
the validity of Sutton's theory.

As a special feature of the present development, dimensional
considerations will be utilized in search for a similarity=-sclution
(fhnlichkeitslésung). These, in ccnjunction with considerations of the
powers of x; Ay, ﬁl » and z3, will afford in a systematic way the most adequate
transformations to be made in the cases treated in the following sections

(1) and (2), such that the solutions will be the simplest.

1. Diffusion from a line source embedded in a smooth surface.

Eq LO3 is to be solved with the following boundary ccnditions

(1) ic_,‘o at Z =0

ok
(11) c -y as Z —> 00
(iii) ec=-cq as X¥—>0 forgs>o0

and with the continuity equation
[+
(iv) jﬁ' (e=cy) dZ = Q = constant

o
where c¢g is the ambient vapor concentration, and Q is the strength of the

line source per unit length. Be C» (i) stipulates that the ground is
impervious to vapor. The pertinent variables are, in this case; the following:
C; co, Qg Al’ El’ 21, xg Zo

A dimensinal analysis yields the relationship

C-Co . 153 G, X Z, Z
P 0= %)

Teo obtain a similarity solution,; assume

€ o G, x \°/ 2, -
A= (R EERTE)

A

:l (LoL)
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where the exponents p, q; r; and s are to be determined.

Substituting Eq LOL in Eq LO3 and demanding equal powers in Ay, 23, W),
and x; one has the values of r and g as follows:

r:___.J___ Sz_L'_L
m-n+z2 '/ mien+2

which are independent of the values of p and q. The values of p and

g are obtained from condition (iv) the satisfaction of which requires that

= h-i = _h+m
P m-nr 42 % - +2
Thus; a similarity solution is possible with the transformation
n-Q A’f-nz‘n'l‘-h‘!)rn an = )mnu Z:l
AC (}”ﬂ1><lh+l (hOS)

Substituting Eq 405 into 1,03, one obtains, after cancelling terms,

the dimensionless equation

nL+iz f? T menr2 V} j. (P7 f. )

(L&)
where the primes denote differentiation with respect to the new variable
I
(Lor)
The boundary conditions become
(1) { (o) =

(ii) and (iii) g(w)=o if m=n+2>o0

and the continuity condition becomes

(1v) °°
v m
[ 17 =1
o (Lo8)
A first integration of Eq LO06 yields

(
- 1

the constant of integration being zero since both f and f' are finite

av F] = 03 A second integration gives s
tﬂ -n+

¥ =g eupl- (m TI) (109)
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where K is determined from Eq LOB and is given by

K~ [f’] EX]O( mn-J— )cjr} (m n+2) _4;%["'%-!-!

(M- +2) n+2) (L410)
This integral is convergent since m>o0. Eqs L05, L09, and L10 then

constitute the solution.

2. Diffusion from a smcoth surface.

Denoting by cg the saturated vapor concentration at the evaporation
surface, Eq LO3 is in this case to be solved with the following boundary
conditions:

(i) c=cg at Z=0

(ii) e=ecy, at Z=o0

(iii) e=¢c, at x =0for >0

In this case the parameter containing the unknown c¢ is

&s: Cs-C
€s~ce (k11)

and the parameter Q/(Ajc,) is eliminated from consideration, Since the

vapor flux is no longer constant, the integral condition (iv) of the

last secticn no longer exists. Hence, the values of p and q, which are

determined by that condition, shall now be chosen to satisfy the boundary

conditions listed above. Since B.C. (ii) requires that © =1 at y =0

irrespective of the values of Ay, 23, El, and x, the values of p and q

must both be zero.

Substituting therefore

S - h(q) (412)
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into Bq LO3 where ¢ can be replaced by © ; one has

m+’ wi
- =n"h"+nn""h'
n +2
(L13)
where the primes dencte differentiation with respect to q which is
defined by Eq LO7, The boundary conditions are now
(1) k (0) =
(ii) and (iii) h (e0) =1 ifm=n+2>0
Eq L13 may be written
- nN™"" _n .k
m-n+ 2 f] h'
a first integration of which gives '
- +2
3N exp (- (1)

A second integration yieids the solution

- =11

Bj G’X[o m-n-i-?.) "] BI"( n+t nm-nn){m_n_,_“ﬁ;‘rﬁ“rf

(m~ﬂ+2]‘ M-n.z (m_n+2)2 (MS)

where B is determined by h(e0) = 1 and is given by

<0
=N hEs -N + Pt
° _jﬂ “Xp (- (n?fma)dq p(:ﬂh;){m Gk Akl (116)

Egs L11, 112, 115, and L16 then constitute the solution, so long as

n>1 so that the integrals in Eqs L15 and l16 exist. Eq L1l5 may be written
h=p(znt_ ™" ) /(.
T -n+z n+42z (m n'r.l'] / F m-n+2

e Vapor concentration in the wake of an evaporating surface

(L17)

The solution for this case can be obtained from the results of the
last two sections by realizing that the evaporating surface can be
considered as a collection of line sources the strengths of which are
determined from the local rates of evaporation and that both the evaporation

surface and the dry surface can then be considered as impervious to vapore
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The strength of the elemental line source at x = A is

-0 (L18)

(cs—c,,)?_l-ﬁ_ I.m( ”8»”):!9\ (Cs- C)Ghm(q"h) “(C5-C.)GBd )

where |

o= (LATTG " maE
,7\l " Zm"!—n
Substitubting the exprebsién in Eq 117 for Q in Eq LO5 one has

e L “”ﬂ;,'(;zix)) ] “ ”

as the contribution of the elemental line=source to the value of

Iﬂl = (¢ - Co)/co at any value of x» If the evaporation surface has a

downwind length b, then for x>b one has, on integrating Eq L19

b |
£-Co . Bj (. : % i dA
Cs‘ca ‘[7(?\"‘1(?("})"1“) f(?) (hzo)
|

( w4 )}17‘111-22?
g (E=2

and where -g is given by Eq LO09,

where

(L21)

lie Diffusion in Couette flow

As an example for the theory developed in the previous sections, one
considers the diffusion in Couette flow, Herem =1, n = 0, and A =%=
constant, where ©£ is the vapor diffusivity,

The solution for the case of line-source is, from Eqs LO5, LO7, LO9,

and L10s

n3
C~Co . & n 3 exol-5)
Ce T %Co u‘)( ) KE<P( )qco(ux 33’"1( 9) (L22)

- i L_I; §
N (%z.mx) z

where

(L23)
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The solution for the evaporating surface is, from Egs L11, L12, 115,

and L16:
n3

r?3
cs=c . gfle3dn= L7
Cs—Co |, )

where ) is given by Tq L23.

From Eqs L09, L16, L19, and L20, the vapor concentration in the wake

of the evaporating surface of length b is given by

E‘E

, €3
E%Ee_:Bbe(___'___i)Te'?a’?\* ( )39 el
Cs~Co o \ A(X"2) r{s)p(__) A(X- )%

where

g (Zcx(x A) iz

It should be noted that since in this case n =0, A (0) = & 1is
different from zero and the singularity at f) = 0 for hi in Eq L1l does
not exist, so that there is no objections to the theory based on physical

considerations.

5, Remarks

It should be noted that along any generalized parabola
2= QX Fﬁ%ﬁ}
the vaiue for (cg =~ c)/(cg = €o) is the same for the case of diffusion
from a.smooth surface, and that on any two generalized parabolas of the
above type the values of (¢ = ¢,)/co bear the same ratio for any value of
x for the case of diffusion from a line~source. These facts provide the

reason why the related solutions are called similarity-solutions. The

(Lak)

(L26)

solution represented by Eq L20, however, does not belong to the similarity-

‘soluticn category.
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G» Thornthwaite=Holzman's Theory

Assuming the mixing length 7 to be proportional to the height 2Z:

1ok =

where k = 0,40 is Von Kdrmdn's constant, Thornthwaite (200 b, 1942)

obtained; according to Prandtii?s theory of momentum transfer:

2
. du
with the eddy viscosity
2
€= (k2) ﬂt)
(dz
/ (L28)
Integrating Eq L27 by assuming | constant; between two elevations Z ,
and Z#, P
g Uz -Uu, = i T ln Z2
k §~ 2,
where uy and up are the mean velocities at Z,and Zz 2 s respectivelys
Thus P =k U-u,
9 In _2: (L29)

and from Eqgs L27 to L29

= 2
E:{o(kz)%g _ Pk Z(u,-u)

jn X~

Having obtained the expression for ¢ , the rate of evaporation is

E=-¢€ cc
cz
from which one obtains
- Z
de . _E . _ _Elns
clz € K> 2(uy-)
so that, by integration,
£ | 5 z
C’ kyd C‘z = > n '&’. ’n _;;_2-
and K (U,- v, ) z
£= kK'E&-a)(wi-u) (130)

(ln ;")Z
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where cj and ¢, correspond to the elevations of z; and 2z, and have the same
dimension as (@, If ¢] and cp are teken at two different elevations z{ and

' za _;'
zb, then the denominator in the above formula should be replaced by Lnfiﬁ)!“(f?)

From the above formula, the rate of evaporation in inches per hour is
2
E = "34’( PG"C!)(U"-v u‘)

(t+4fa4)0nzz-hqzji
where P is the pressure in inches mercury, and T is in degree Fahrenheit.

The vapor pressure e or the absolute humidity /2 are connected with ¢ by

c = 0,622 e/p
)
c = 2
lihere Pa is the density of air. Vhen e and Pw are used instead of c, the

1a3L (cl-cz} should be respectively replaced by 833 (ej~ep) and 0:063(Fln‘fqag)
If the height of vegetation is considerable, assume a height <& such

that uy = o. Then the log~law becomes

Ug =ty = L[ T 2
k | R Z el
and
Uit In@amd) - In (=)
Ys-U In(23-d)- In(2,-d)

so that d can be determined by measuring u at three elevations, Egs

1130 and }j31 can then be applied by considering the ground to be situated
at z = d, i.e. by reducing all elevations by d,
The foregoing is for stable‘oonditionsn For unstable conditions,
Pasquill (1bLkL,19L9) obtained
Eo-p) K220 cous-u)

) ~
(2,"° - 2,"#)* (L31)
where 2,2 0.25cm and {3 1S given hy
unsa cm . 150 - Q.25 =R

Uzzsem 3725'""R. 025§ 73
Eg L31 is believed to give results within 20% in error.
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Chapter Ve CONCLUDING REMARKS TO PART IT

As The theory of turbulence is still in the formulation stage. Before
the theory is conclusively formulated, deductive mathematical solutions for
the three kinds of transfer are impossible, Future research will first be
toward, and then depend upon, a conclusive theory of turbulence which
naturally includes the theory of anisotropic turbulence-

Be The conversion formulas are based on measurements in pipe flow, where,
strictly speaking, the Reynolds analcgy does not apply (even to the turbulent
core)~ Since the Reynolds analogy has been used in the derivation of these
formulas, their validity for pipe flow is really not theoretically justified.
However,; if the measured velocity profile in pipe flow applies to flow along a
smooth plate, these formulas can be applied to plates with justification.

G- Although the effect of roughness on heat transfer has not been
investigated; the conversion formulas may be expected to be applicable,

especially for platess
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Table 1
o (m/sec) 1 2 3 b 5 6 .7 8 9
Eg (Sutton) 0,18 0.18 0467 0,84 100 1.16 1.31 145 1.59
Ep (Pasquill) 0.2Lh OcLl 0.58 0,72 0.86 1,00 1.11 125 1.37
F. (Kuo) 0.26 0.Lli 0,62 0,77 0,92 1.06 1.21 133 1.L6
Observed (Pasquill)j 0s25 0.l3 0,60 0.76 0,92 1,06 1.20 13L 1.L8



Table 2
-G C ~Co C-%o
"= 1N lewl N |es
0 12000 | 0,030 | 0.287 | 1.500 | 0.013
1022 | 0,951 | 0,040 | 0,265 | 1600 | 0,011
1011 | 0,937 | 0s050 | 0s247 | 1.700 | 0,010
10710 | 0,918 | 0,060 | 0232 | 1,800 | 0,008
10~7 0-89L4 | 0,070 | 0,220 | 1,900 | 0.007
10-8 0,86l | 0,080 | 0209 | 2,000 | 0,006
10~7 082 | 0,090 | 0199
106 | 0,772 | 0,100 | 0.190
10 | 0,706 | 0.200 | 0,13k
10h | o0.621 | 0,300 | 0.102
10-3 0,510 | 0,400 | 0,081
0.002 | 0:L471 | 0,500 | 0,065
0,003 | 0.Lh6 | 0,600 | 0,08k
0,004 | 05429 | 0.700 | 0.0L5
0:005 | Oollh | 0,800 | 0,038
0.006 | 0,402 | 0.900 | 0,032
0:007 | 00372 | 14000 | 0,027
0.008 | 0,383 | 1,100 | 0,023
04009 | 04375 | 1,200 | 0a020
0,010 | 0.368 | 1.300 | 0,017
0.020 | 0,318 | 1.Lo0 | 0,015

(6L56-51)

A31.
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