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FOREWORD 

This report is Part II of a preliminary study in connection with the 

Wind-tunnel Project under cqntractwith the ONR to be carried out by the 

Hydraulics Labora.tory of the Colorado Agricultural and Mechanical College, 

Fort Collins, Colorado. Asiqe from Section F of Chapter IV, .which is the 

work of the present writer, it is entirely a revi9"N of existing literature. 

Review of much of the existing literature for Chapters II and IV was 

done by Dr. K. c. Kuo at Fort Collins in the summer of 1949. This work has 

greatly facilitated the preparation of these two chapters. 

Due to the immensely diverse subjects treated in this report, it is 

impossible to maintain consistency of notations without either violating 

well-establ.i.shed conventions or making the resulting notations undesirably 

cumbersome. Efforts have been made to achieve the maximum amount of con-

sistency such that what inconsistencies still remain are unlikely to cause 

confusion. It may be mentioned here that bars in general denote mean values, 

si ngle primes denote fluctuations and double primes the standard deviation 

of these fluctuations. Although primes are also used sometimes to denote 

di fferentiations, it is believed that this inconsistency will not introduce 

confusion. Often, for simplicity, subscripts x and y are used to denote 

partial differentiation with respect to the particulr variable or variables 

indic~ted by the subscripts, especially in differential equations. That 

the subscripts x and y in Rx and Ry occurring in Karman•s ·theory of 

isotopic turbulence do not denote differentiations is self-evident. 

The writer has found it possible to devise a general symbol to denote 

t he various correlation coefficients in the statistical theory of turbulence. 

The symbol 

i 



FORE'mRD ii 

denotes the correlation between u 1 and v' taken at t wo points whose cartesian 

coordinates differ by j , ~ , and ~ respectively, and at a time differ-

ence t That this symbol can be extended to include triple correlations or 

correlations of even higher orders is obvious. The correlations generally 

encountered in existing theories, however, do not usually call for such 

generality of representation. In t he first place, the quantities whose 

correlation is being considered are often understood, and so the brackets with 

their contents can be omitted. Then as a rule only one of the quantities 3 
0 , ) is different from zero, and from the context it is often obvious 

which one does not vanish. Thus, if the correlation is between simultaneous : 

quantities, the symbol R2(s) is often sufficient, where s may denote either 

-~ , lJ , or ) , and the subscribe 2 implies simultaneity. Similarly, 

R1 ("() denotes the correlation between t wo understood quantities taken at 

t he same point at the time interval l apart. Thus, elements of Karman 1s 

corr elation tensor as well as his Rx and Ry belong to the R2 category. 

To guard against any possible confusion, let it be demonstrated here that 

Kfu.man ts Rx is actually R( 1 , d t o; 0 ) [ ut, u' J and his Ry is 

actually R (j,0 1 0; o ) [ v 1 , v 1 ] or R Cf, o, 0; 0 ) [ w 1 , w 1 ] . 
In t he text, the simplest symbols and the conventional symbols are used as 

much as possible, the general representation being used only where it cannot 

be avoided without the risk of incurring confusion,, 

Since complete consistency of notations cannot be properly achieved 

anyhow, and since all notations are sufficiently defined in the text, it seems 

that a table of not a.tions can be advantageously omitted without causing con-

fusi on. This has been done in the present report. 

The writer wants to express his thanks to Dr. D. F. Peterson, Head of the 

Gl i vi l Engineering Dep art ment of the College and Chief of the Civil Engineering 

' 
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Section of the Experiment Station, for critical reading of the manuscript and 

many valuable suggestions. Professor T. H. Evans is Dean of Engineering of 

the College and chairman of the Engineering Division of the Experimental 

Statione 

The present work has been done under the supervision of Dr. M. L. 

Albertson, Head of Fluid Mechanics Research, to whom the writer owes many 

valuable discussions and suggestions, and much assistance in preparing this 

report. 

To Mr. Don Thorson, Graduate Assistant, who has rendered indispensable 

assistance with his fine draftsmanship, and to the rvrultigraph Office of the 

College, which has kindly lent its able service, the writer also wants to 

express his appreciation. 
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PART II. FORCED CONVECTION, TURBULENT CASE 

CHAPTER I. THEORIES OF TURBULENCE · 

The theories of turbulence can be roughly divided into two categories, 

namely the transfer theories and the statistical theories, both of which ·will 

be presented in detail in the present Chapter, rt will. be seen that while 

the transfer theories are now generally considered as unsatisfactory, the 

statistical theories have not been sufficiently developed for application to 

practical problems. 

A, Transfer Theories 

In turbulent flow,. the velocity fluctuations introduce apparent 

turbulent stresses in addition to the stresses due to molecular viscosity. 

These stresses, however, cannot be related to the distribution of the mean 

velocity ·without some assumption the validity of which cannot be ascertained 

a priori. Boussinesq (75, 1887) introduced the eddy viscosity f in analogy 
'I to the kinematic viscosity V • 

· 6U 
°x=Zf€vx 

The apparent stresses are then 

r _ £ cau + o'v \ 
>< 'J- f alJ Jx J 

and seven other elements of the stress tensor, where e is the density, 

u and v are the mean velocity-components in the x- and y-directions 

resp:ecti vely. 
\ 

The Navier-Stokes equaumon can then be used with V changed 

to v .,. f. 
The idea of eddy viscosity is oftentimes helpful. It suffers, however, 

from the deficiency that the spatial distribution of E is not known, except 

that near the solid boundaries E must vanish and in certain special cases 

it should be co~stant. The following transfer theories represent efforts to 

correlate € with properties of the mean flow~ 

1. Prandtl 1 s momentum-transfer theory 

In analogy to the mean free path of molecules in the kinetic theory of 

gases, Prandtl ( l48, 1925) proposed a mixing length for fluid particles 

1. 
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and developed the momentUJI1-transfer theory, Essentially the mixing length 

signifies the length t hro~gh which a fluid particle must travel with its 

original mean velocity before it assumes the mean velocity of its new env:i_ ron-

ment. Denoting the mixing length by l , one has, for parallel plane motion, 

-u l ' : u ( Yl) -u ( Yl -l ) (v' > 0) 

where the prime denotes a fluctuational quantity, and the bar denotes a mean 

quantity, 

(vt<,O) 

and 

where 

I u' I :.: ½( I 
( ~ [;. )  , denotes 
~ lj I 

1: I+ I u2 1 I ) = 1 } ( .9E) I 
d Lj I 

t he velocity gradient at the elevation Yl 

Since u1 and v~ are of the order of magnitude, 
- p_ JiL 
~'l = ~-2~ 

The quantity u1v1, being negative for posi ti v-e mean velocity gradient, 

be put equal to Thus 
- 2.(~G. 2 
u h,H - - kc l -) 

- - <l 1 
The constant ck can be 

u1vt _ -

and the shear stress as 

absorbed in the mixing 

{ ( j ~ )l 
d '1 

length, and one can write 

- )2(~ZZ, 2. 
( = -f u'v' :: ( L d '1 ) 

or, more generally, 

)
2
/ it;_ di: 

T = et ~ ~ 
which gives the proper sign tor for an existing velocity gradient. 

Boussinesq1s eddy viscosity can be written 

r .,ii ~~  
C = ( J½ 

(1) 

(2) 

can 

(3) 

(4) 

This affords a connection between f and the mean velocity gradient, but the 
quantity ( still has to be determined. 

It may be noted that since 

T •--( u'v' 
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by virtue of Eq 1, the relation O ~ = 6 P yields 
6 y ti X 

.! dp == 5L < v7l a u ) -e c1x dy J y (5) 
where p denct es the mean pressure, 

The momentum-transfer theory outlined in the foregoing can be easily ex~ 

tended to cover the axillary-symmetric case. 

2. Taylor's vorticity-transfer theory 

Consider again the parallel plane flow with a steady mean motion. The 

equation of motion 

~ (u + u 1 ) 

~ y 

where p ~ p + p 1 can be written as 

where 

't'' = ½ ( 6 v 1 _ ~ Y') 
J 6x ily 

Assuming ut 2 + v 12 to be constant in the x-direction and taking mean values 

with respect to time, one has 

1 dp -;- , - -ax=2.V) e 
If one considers the vorticity to be transported in the same way as the 

momentum is transported in Pradtl 1 s momentum-transfer theory., then 

where ·t. 1 du is the vorticity for the mean motion. Thus one has 2 dy 

as compared with .Eq 5. Here 

t :;j v'1\ 

( 6) 

(7) 

The vorticity-transfer theory is due to G, I. Taylor ( 191,1915; 194,1932) • 
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3. Taylorts generalized vorticity-transfer theory 

Taylort s generalized vorticity-transfer theory (194,1932 ·)was later 

improved in representation by Goldstein (100,193.5) Q In the following, a com-

bination of the t wo versions wUl be presented. Denoting the mean vorticity 

components as 

i  -j-

and the turbulent vorticity componts as 

etc., the equations of motion can be written as (37,145, po578, eqs 6) 

(8) 

where qr2 = ut2 ~ v12 ~ wi2j and two simil~r equations- It may be mentioned 
here that since 

one has 

r = ri I ::: ~ - / = 0 
Suppose now that a  particle ·which occupied the position (a, b,c) and 

had the mean vorticity components 7 - 17 e SD 1 o,;_ Jv 
at time t

0 
occupies 

the position (x, y j z) and has the mean vorticity components f, 'l , 5 at 
time t. The first vorticity component at:(x, y, z), according to the history 

of the particle, would be equal to (37, 1945, Eqs 3, P• 205) 

> ~~ i-I;.\ ~ xb + p J X 
)o a\A,. i o o , )o 6 C. 

'fhe difference of this quantity from ! is the turbulent part of ~ , hence 

one has 

( 9) 
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and two similar equations for the other two vorticity components. 

On the other hand, if the quantities 

13: Z - C 

are small, the Taylor's expansion of r gives, approximately, 

+ L ~$ 

or 

-_- ~I ~1 3 - ? 0 + L I ~)( + L :l - ~ ~Ti 

The Lagrangian form of the equation of continuity being 

\ (x, y, a) 
~-i'----+' = 1 -rra) b, c) 

\ (a, b 3 c) : 1 · d (xs - y, z) 

for incompressible fluids, one has 

(10) 

(11) 

(12) 

(14) 

~ x :: Ji!~> ~ ~-Q ,\~ ~ ~ t ~ = ( I - ~ 1 j_ I - <IL] )- ~ L, li.: ( 1S) 
Ja. j(~ .1:) J,1 a:l dl d dr J'j J l J~ t~ 

If the second-order terms in the L's and their derivatives are omitted, 

Eq 15 becomes 
dL \L~ JL3 .---+~ +-- =o 
~X ~~ dZ 

and. Eq 1S can be written , in view of Eq 16 as 

Jx = l + ?i L, 
c\Gt d X 

Similarly, 
6~ JL , JX _ ~L'). 
,1 P ::; d <.~ ' a C - d i. 

and, in view of Eqs 11, 17 and 18, Eq 12 can be written as 
1_-~L, - J L, -~L, Jf Jf ~f r --~ ~ + ? ~ t r Ji: - J_., -;x -L J T~ - R 

<j 

if second order terms in the L's are omitted. 

·· , :--Since the dilatation of the vorticity must vanish by continuity, 

(16) 

(17) 

(18) 

(19) 

(20) 
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and Eq 19 can be written as 

Two similar 

( J ( .,_ - ) ~ ( - -) 
5 :::- ~ l1 LI '7 ~ L,._ ~ - ~ l L 3 ~ - L I 5 ( 21) 
equations can be written for ? ' and ) ' , so that in vector forms, 

c,ne has 

where 

/ ~ .-...) c uRL c_L x. uJ 

~I = 31i -+ 1/j + ) / ~ 
·r -Lil -t L2 j + L3 k 
w=~I+0..1+Iiz 

Eq . 22 embodies the generalized vorticityutransfer theory. 

(22) 

It can be shown that this generalized t heory cont ains both Taylor's 

vorticity-transfer theory and Prandtlt s momentum-transfer theory. When the 

mean motion is confined to the x-direction, and u is a function of y only, one 

has Ji;, 
)=- -..L -

2. d <j 
, 'J =~~a 

Then from Eq 19 and similar equations, one has 

z I..T 1
{) -W I '::: L V- 1 cl~-(_ 'd[1 _ 1 t1L2.) }~ (23) 
) ( 2 ~<j .. IF~~ W j1;- cl l.j 

or, from Eq 21, on the assumption that 11v 1 does not vary with x and that 

12wr does not vary with z, 

Z v' e - l,;' ~' = } 1 (Li.. u-' <;Ji;.. -(L Jv·'_ L ~,) cl~ (24) 
.) . I O 'i d 'j I JX l 4 X . d '1 

where the partial differentiations have been changed to ordinary ones since 

in t his particular instance the corresponding quantities differentiated are 

functions of y only. 

If now the turbulent motion is two-dimensional in the x-y plane, the 

last term on the right of Eq 23 goes out, and Eq 8 becomes, assuming there is 
2 no extraneous force and that (qt) does not vary with x, 

- 1 6 P - ·--, cit~ e Jx - L1v c1"1J-
which is identical to Eq 6, so that Taylor's vorticity-transfer theory is 

included aa a special case. 
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On the other hand, if 
(25) 

so that lines of particles parallel to the x-axis move as a whole, the last 

term on the right of Eq 24 goes out.,, and Eq 8 becomes, under the same assump-

tions as before I 6P _ d ( :--, dii 
f ~ - ~ L,._1.T d~) 

which is identical to Eq S of Prandtl's momentum-transfer theory. 

4. Taylor's modified vor·ticity-transfer theory 

If 

• • 

then Eq 9 and similar equations yield 

which express the fact that the vorticity-components are transferable in 

the sense that heat is transferable. 

Equations similar to Eq 21 give -
---, ----··- - --, tJ f} --- I di°'/ 
lf /) - w 'r, I :: LI w d X t- L 2. w T1j +-L ,.;i_~h - --- J) 

1 vv a l - L ' V-' <l x 
- L----;;, J s --L I J f 

V - - (r -). dlj "3 );~ 

This and two other equations obtained by permutation, in conjunction with 

(26) 

( 27) 

Eq 18, constitute the modified vorticity-transfer theory (198, 1935 and 1937). · 

When the turbulence is isotropic, one has 

and 

so that 
I I 

vt f - wt 0 
·which, in the case of one-directional flow, is simply 

if I 5 '- vJ 117' =- k ( J 11 .;.. ~ s -;: K -v ;J_ u d~ .)tj (28) 
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where 1y2 is the Laplacian 

B, Eval~~tiol2,_gf the Transfer Theories 

The boundary layer equations of Prandtl are still valid of the kinematic 

viscosity ~) is replaced by J) -r (:; •. In general, the f; 's determined by 

the different transfer theories (with the help of one experimental datum) to 

flt the experimental data are different. The test of ·the virtue of these 

t heories lies then in their application to heat transfer or vapor transfer with · 

the f's tht.s determined. It will be shown tha t although certain theories with-

stand this test in $pecific cases, none retain t heir validity in general. 

1. Wakes 

As an immediate example of the above statement, the temperature distribu-

tion in the plane wake of a heated bcdy will be considered. Let the free 

stream velocity be U , the mean longitudinal veloctty in the wake be lJ -v_ 

where u is the deficiency of velocity in the wake, and the mean transverse 

velocity be v •. Assuming 

where x is measured along the a xis of s yrnmetry from some point in the wake, 
1 

(29) 

and -~; y x-2 ,. y being measured f rom the symmetry a.xis in a perpendicular 

direction. The equati on of continuity 

. .1... ( u -u-.) + av - 0 
"ax ~ - . 

(30) 

can be integrated with the boundary condition v : o at y _ o to yield 

..:!._ =-½ x- 1 fi f ( Y1 ) 
L) I I 

(31) 

The equation of motion according to the momentum-transfer theory is 

-u Q.~ = - }_ ( E· ~_g) 0 2) ax olJ _ o~ . 
where the pressure gradient as well as t he other quantities of smaller 

. : ·.~ 
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magnitude are neglected. In terms of '7 ,. Eq 32 becomes 

1 d ( c ) d( . ··. '2" ey '7 J = - ey 'fl,) 
which when integrated with the boundary condition fl(o) = o, gives 

or 

1 
NowJ takihg L ~ ax2 , by means of Eq 4 

f = _ a2ft 

From Eqs 33 and 34 

7 f : 2 a2(f' ) 2 

which can be integrated to 

cri :: (18 a2)--½ 7312 "" constant 

Let u vanish at r, -:: 110 ,. The above equation can then be written as 

(33) 

(34) 

1 1/ V 2. 
ft = (18 a2)-21

6 
'- (1 - J 11

) (35) 

where 

If the maximum value of u is denoted by ~ax' 
31. 2 

u/ umax = ( l - ~ , ) (36) 

This result is in good agreement with the experimental results of Schlichting 

(170, 1930)and of Fage and Falkner (95_.,1932). 

Now let T denote the temperature at any point in the wake, T0 denote 

the temperature of the ambient flow, and 0 = (T .- T0 )/T
0

• 

The energy equation is 

u J_Q :: _l_ (E- ..£2 )' 
6.x ~y - ay (37) 

Letting 0-= x-± <p <r;) , integratton of the above equation is 

(38) 
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or 

Comparing Eq3 33 and 38, one has 
,h. I 
'+' ... ft 
- -1 1 

<1> (~) = const. f(~) 

which means 

This, however, is not in r ood agreement with the experimental results of 

Fage and Falkner (95;1932 ). 

10. 

(39) 

Now, according to the vorticity-transfer theory, the equation of motion 

is <l /.,L -u-dX 

which in terms of 17 

So that 

becomes 

f - I; ft 
2fl I 

If the same assumption for the mixing length 1 is made as before Eq 40 

can be written as 

= f 'I'" 'l f' 
2 flt 

which can be integrated into 

') f ;: Aa2(ft ) 2 

and 
f= (9a2)-1 r'}: (1- ~ J~ )2 

(40) 

(41) 

where ? 
0 

and 3 have the same meaning as before. Eqs 35 and 41 are identical. 

Also, one has 

which i's identical to Eq 36. 

This may at first sight create the impression that the vorticity-

transfer and momentum-transfer theories always yield the same result,· That 
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this is not true is evfq.enti when one calculates the temperature distribution. 

Wit~ the substitution G = x-½ 1 (1), Eq 37 can again be integrated to 

yield Eq 38. Eqs 38 and 40 then give 

q> i , 0f" 
l q> - (+ 1( ' 

which can be integrated into 

log 4 = s· ~ h, f '\::/ _'l. 'f" constant ( 42) 
0 f-ti)t' 

When Eq 41 is s1Jbstituted into Eq 42, one obtains 

log 1 = log (1 - j 31
2.) ... constant 

or 

e~ = 1 -J 3/z /cjM,;;,,,x 

The experimental results of Fage and Falkner (95, 1932) are in good 

agreement with Eq 43... The reason for the difference between Eq 39 and 43 

(43) 

lies in the difference of the rpixing lengths in the two theories. Since Eqs·. 

35 and 41 must necessarily be identical, the quantity a in Eq 41 is~ 

times as large as that in Eq 35e The larger ~ corresponds to a larger 

mixing length, and consequently to the curve expressed by Eq 43, which is 

l ess concentrated than that expressed by Eq 39. 

Calculations for the velocity and temperature distributions in the wake 

behind a row of heated parallel bars can be fo1.1nd in (19,1938) • Experiments 

have been carried out by Gran Olsson (140,1936) • The momentum-transfer 

theory gives the velocity distribution 
J 

u A 'F( ) -1 ( 44) U : 184~ 7 tt y X . 

where 1\ is the spacing of the bars, l is the mixing length, and Fis 

determined by the equation 

other quantities having the same meanings as in the case of a single wake. 

The vorticity-transfer theory gives 
~1 

'12.'J Z •t 

( 45) 

( 46) 
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with an . ( being 1/2 tiines as large as the l for the momentum-transfer 

theoryll The distributions given by Eqs 44 and 46 are exactly the same, · and 

::heck with Olssonts experiments very well. 

The temperature distribution can be found directly from the velocity 

distribution according to each theory. The theoretical distribution accord-

ing to the vorticity-transfer theory is too high as compared with Olsson 1 s 

experimental results, while that according to the momentum transfer theory is 

too low. Attempts were made to compute the temperature d;i.stribution 

independently by assuming constant E The result, being the same accord-

ing to both theories, is too lowr. Thus, it appears that neither the momentum-

transfer theory nor the vorticity-tr ansfer theory is satisfactoryo 

The three dimensional wake behind a symmetric heated body has been 

treated by Goldstein (101,1938) and Tomotika (203,1938) who used the 

modified vort icity ... transfer theoryo Experimental results of Hall and Hislop 

( 105,1938) agree well with the modif ied vorticity-transfer theory except near 

the edge of the wakeo 

The discussions on heat wakes apply also to evaporation wakes. 

2. Jets 

As a second example of the invalidity of the transfer theories, the 

pr oblem of turbulent jets will be considered. 

Let u and v be the longitudinal (in the x-direction) and 

transverse (in they-direction) velocity components, r espectively, at any 

point in a plane jet. Under the assumpt i ons that 

1. There exists similarity between sections perpendicular to the X-axis. · 

2. The mi xi ng length and the width of the j et at any section are 

proportional to x, 

and with the substitutions 

l = ex, 1 = y/x. 
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where y.; is the stream-function, the equation 

(,{, ~ ~ 4- tr ~ ~ -:;_ - _l_ [ ) ,2 ( t) IA )J. J 
o>'> 4~ Ji..j C. J<j 

can be transformed, by virtue of t .e relations 

biJI U:-. bJ 
V ~ }.!t• - aX 

into the equation 

F12 T FF": 2c 2 ~ (F11 ) 2 
dy 

Eq. 47 can be integrated to give 

the constant of integration being zero since F( o) and F" (1) are both zero. 

Wi th t h e substitution 
I )/ . 5 :: ~,/(2 C. z }/3 

Eq 48 can be transfonned into 

FF 1 : (F11 ) 2 

(47) 

(49) 

where t e p rimes now denote differenti ation with r espect to the new variable 5 
Eq 49 with the boundary conditions F 1(o): 1, F(o) ~ o, and F' = 0 

at the edge of the jet has been solved by Tollmien (201,1926) whose result 

shows t hat at the edge J • 2. 412, Experiments have been conducted by 

Forthmann (96,1934) •. Comparison of the theory with the experiments show 

that c = 0,0165, and l /Y : · 0, 17 where Y corresponds to u = ½ Umax· 

The agreement is good. 

It must be not ed .e re that the vorticity-t ransfer theory will yield 

exactly t he same velocity distribution. The only difference will lie in the 

value of c and hence t h e value of l . This difference will be reflected in 

the calculation for t h e temperature distribution. 

The temperature distribution has been carried out by Howarth (109 ,193 8) 

both according to the rnomentum-'trans fer theory and the vorticity-transfer 

t heory. According to the moment um ... tran:;.fer theory, t he temperature and 
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velocity distributions are identical, ·v.r hereas according to the vorticity-

transfer theory the temperature-dist ribution function is the square root of the 

velocity-distribution function. This situation has been illustrated in the 

case of wakes treated in the last section. No experimental r esults for the 

plane heated jet have been reported. 

The velocity distribution for the axially symmetrical jet has been cal-

culated by Tollmien ( 201,1926) on the basis of the momentum-transfer theory. 

The r esult is in good agreement with the experimental data of Ruden ( 169 ,1933) 

and Kuethe t 127, 1935). On the basis of the vorticity-transfer theory, Howarth 

( 109,1938) has computed the velocity distribution under the assumptions that 
) - ' r - I 1 -'3/2, . ( , ....., and that rv r , there being no real integral corresponding to 

a constant l . He also computed the velocity distribution on t he basis of 

the modified vorticity .... transfer theory under the assumption of constant L . 
All of his calculated results are not in good agreement with the experimental 

results of Ruden and Kuethe. 

For the temperature distribution for the axially symmetrical jet all 

calculations have been carried out which are analogous to those for axially 

symmetric wakes ( see .19 ,1938). Small-sc?].e graphs of the velocity- and 

temperature distributions have been published by Ruden (l69,1933). The 
~T 

observed .,6 T- (AT _ T - T0 , T being the temperature of the environ-
l'-14x 0 

. . (A. 
ment) is greater than t he observed --- , so that the momentum-transfer_. theu,1, U. mAx.~ 
according to which the velocity and temperature distributions should be 

identical, is not valid, although it leads to a satisfactory velocity dis · 

tri bution. The vorticity-transfer theory leads to results completel y at 

variance ,,Ill th experiments. The modified vorticity-transfer theory under the 

assumptions of isotropic turbulence and constant l gives a satisfactory 

temperature distribution , but as has been remarked in the last paragraph, 

does not give a velocity distribution in agreement with experiments. 
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The velocity distribution in the mixing region of a parallel stream flow..: 

ing over a still fluid has been calc~lated by Tollmien (201, 1926; on the basis 

of the monentum-transfer theory. The result is in good agreement with,experi-

ments., Calculations for the temperature distribution can be found in 

(19,1938). The vorticity-transfer theory gives a temperature distribution in 

bet t er agreement with the experimental data of Ruden (169,1933) than the 

momentum-transfer theory. 

Remarks on preheated jets apply also to pre-moistened jets, 

From the foregoing, its eems that attempts to calculate the temperature 

distribution from the velocity distribution according to the transfer theories 

without deeper considerations of the characteristics of turbulent motion have 

no.t consistently led to satisfactory results. Consequently the virtue of 

these transfer theories is doubtful. 

C. Statistical Theories 

lo Taylor's theory 

The statistical theory had its beginning as early ~s 191.5, when Taylor 

( 19l)published his "Eddy Motion in the Atmosphere" which showed that turbulent 

motion is capable of diffusing heat and other diffusable properties throughout 

the fluid in much the same way that molecular agitation gives rise to molecular 

diffusion. This paper is followed by another by the same author in 1921 (193) 

in which diffusion by continuous movements was treated mathematically in the 

La.israngian manner. Fourteen years later in 193.5 and 1936, the same author 

published his "Statistical Theory of Turbulence" (197 ), in which the sc.ale 

anu the degree of istropic turbulence as well as the mean square of the 

tu~bu..lent pressure gradient iB isotropically turbulent flow were correlated 

with the size of the mes.h of t he grid in the wind tunnel, These correlations 

hare been excellently verified by experiments in the U,s., Germany, and 

Eni';land, 
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( a) Fundamental cons id~rations. Suppose that one observes the value 

p1 , P2 .. , Pn of a quant ity p af a large number of successive times t1, t 2 ••• tn, 

and suppose that the mean of the squares of P1, p2, ..• Pn, denoted by 

as well as (
dllp )2 
dtn 

' for any n is constant. If further one observes the 

·values Pl .f. Jp1, 
) 

P2 + J P2, • • , Pn + d Pn, at times ti + cf t, t 2 .,. J t , 

tn + J t, where J t is a small interval of time, then since ~ is constant, 

it must be equal to (to the first order) 

! (( P1 + dpl b t) 2 + ( dp '2 \ 
n dt P2 + - 2 i t) "'" • , • ( Pn + dpn j t) 2 { 

~ . ~ ) 

= p2 ... 2 p dp Jt 
dt (50) 

It a __ pears therefore that the quantity in the square bracket can be differen-

tiated. The constancy f ? then requires that 

P dp - 0 
dt -

Differentiating Eq 51, one obtains 

Hence the correlation of p and ~!~-is, by definition and by virtue of 

Eq 52, 
- ~ 

p dti 

? (d2p ".l 
p- dt2 ') 

which sh~ffs that the correlation between p and its second derivative with 

r espect to time must be negative. 

Simi larly, s inze ( ! ) 2 is constm t, 

(51) 

(52) 

(53) 

(54) 
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Differentiating, 

Anti differentiating Eq 52, 

ct2p 
+ dt2 la 0 

p ct3p + 2 .dp d2p 
dt3 dt dt2 ; 0 

So ·d?;--. 
p ciO- = 0 

Differentiating Eq 56, one has, by virtue of Eq 55, 
-. ~ _ (d2p)2 
p dt4 dt2 = 0 

Proceeding in this way, it can be shown that 

2n- ---
. d p - ( ... 1)n (~)2 1:1 dt2n - dtn 

p d2n+lp 
= 0 dt2n,.1 

17 . 

(.55) 

(56) 

(57) 

(58) 

(59) 

In analysing an actual curve, it may be tedious to obtain the standard 

deviations of p and its derivatives. Taylor offers, however, another method 

of defining the statistical properties of the curve ~h ich is equivalent to 

that given above, but which is likel y to be more manageable. In presenting 

this method, Eqs 58 and 59 will be of use~ 

Suppose that one takes, as before, the values p1 , p2 .•• Pn at a large 

number of times t1, t2,~•.tn• Let these values of p be correlated with 

the values Pl r, Pq 1 , , •• , Pn I at times t1 t ~ , t 2 + 5 , ..• , tn + ~ , 
where \ is a finite interval of t i me which may be positive or negative. 

Let the coefficient of correlation so found be R1 ( 5 ) . Then R1 ( ~) must 

evidently be a function of S 
If Pt- is the value of pat time t, and Pt+~ that at time t + 5 , then 

by definition 

Pt Pt+~ 
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and since by hypothesis p2 is constant, 

Now expand pt+\ in powers of ~ , 

-sl 
pt . = Pt ~ t dp + ~ 2~ + . 

+·~ '> dt 11. dt 
. . 

Hence 

PtPt+1s = Pt
2 r, ~ p dP + 

~ dt 

and, by virtue of Eqs 58 and 59, and the defition of2_1 (~), 
1. ~l Pl ~1

1
" -d!Jpj'2 

R1 ( r ) _, 1 - ~ dt .. . . + ( -1) n _ ( cttn + __ _ 
:, - 2 2.V\ I -2~ p · P2 

It will be seen that R, Cs) is an even function of s ' as mi ght have been 

expected. 

(60) 

(61) 

( 62) 

Now let the quantity p under consideration be the fluctuational velocity 

component v 1 int he y ... direction (which, in case v : o,- is just the instantaneous 

velocity v. ) , Then 

vt' vg' ; : R1 <g-t) vtt2 

If vs 2 is constant, one has, s:i,.nce R1 ( s- t) is an . even function S -t, 

t_ l (t 
~ 0 v:i: vi ds = "' 2 

\ R, l\-t)o~ = ~) r<:t+--\) d§ 
0 . O 

Also, 

( 64) 

So 

(65) 

where Y is the distance traversed by a particle in time T in t he y-direction, 

v being assumed t o be zero. 
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When T is so small that R1 (S) does not differ appreciably from 1 during 

the interval T, Eq 65 becomes 

y2 :::: vt2 • T2 

or j y2 = vn • T 

where v" = Jvt2 . Eq 66 states that the standard deviation of a particle 

from its initial position is proportional to T when T is small. 

The correlation coefficient Ri ( ~) can be e:ip ected to fall to zero for 

iarge values of S . On _the assumption that 

~

. t, 
\; m R, l \) d ~ --t...., Q<3 0 

1 
a time T1 can be defined such that for T > T1, 

"T 
\ R1l~)c\' I ., o 

Then, for T T1 after t he beginning of the motion, 

~ y2 :: 2 v12 I -

(finite) 

so that y2 increases at a unifonn rate, In the limit 111Jh en 
F v y2:: v" fm 

Y2 is large 

so t hat the standard deviat ion of y is propor tional to the square root 

T. 

of 

(66) 

(67) 

( 68) 

The trends of Eqs 66 and 68 have been verified by Richardson ( 160,1920) 

who performed sibme experiments on the di ffusion of smoke emitted from a fixed 

point in a wind. 

From Eq 67 

Hence, utilizing Eq 68, the correlation coef ficient of Y and v• is, for 

very large T, 
y v' -\-_i2--( .... 2v_11 __ = 

If y2 is measured, the equation 

( 69) 

(70) 
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which is a consequence of Eqs 63 and 64, permits R1 ( ~) to be computed. 

(b) Theory of. isotropic turbulence. From Eqs 63 and 64, 

20. 

½ ~t y2 =-;; C R1 (5) d s (70) 

where bars again indicate mean values, one can define a length L , such 
. I 

that 

rt will be seen from Eq 71 that the length 1., defined as 

l,-=- Vv12 ~~rZ1l~)d3 
bears t he same relationship · to diffusion by turbulent motion that the mean 

free path does to molecuJa r diffusion. In this sense it is very similar 

to the mix~ng-length l of Prandtl, but Vii. th t h e important difference that 

the hypothetical process of mixing involved in Prandt1·1 s theory does not 

occur in its def inition. 

( 72) 

The length 1 can be considered as the mean free path of particles in 
I 

turbulent motion, in the Lagrangian system. It is also possible to define a 

l ength 1 which will indicate the scale of turbulence in the Eulerian 
2. 

system. If one imagines that the correlation Rybetween the values of 11:' 

(fluctuational velocity component perpendicular to v 1 ) at t wo points distant 

y apart in the direction of y has been determined ~or various values of 

y, and that Ry falls o zero 11\hen y ~ Y, then Lz. can be defined as 

(73) 

The length i
2 

may be t aken as a possible definition of the average size of 

the eddies. 

The lengths 
.i 

i, and 22 can be computed if l ;,(~)d3 
0 

measured, the former of which can be obtained by measuring ~ y2 and the 
dt 

latter of which can be obtained by measuring u2 and u0 tut(y) by hot 

wire anemometers, and also by an electric dynamometer in the case of u0
1u 1(y). 
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Yet another method due to Prandtl is to pass the currents from the two 

hot wires (at distant y apart) through coils whidh cause deflections of a 

spot of light in tV\o direct:i,ons at right angles to one mo.other, If the two 

2L 

hot wires are identical and ~o close that the correlation is nearly l._o,_ the 

spot of light moves ·over a very elongated a1liptic area, the long axis of 

which is at 45° to the deflections caused by either of the wires in the absence 

of disturbances from the other. By measuring the ratio of the principal axes 

of the elliptical blackened areas produced on a photographic plate by the 

moving spot of light during a prolonged exposure, it is possible to calculate 

Ry- This method is specially suitable for measurements when the correlation 

is very high, i ~e., 1 - ~2(y) is small. For small co1Telations the electric 

dynamometer method gives better results. 

It may be mentioned that since at small t 

J y2 :::; v11 t 

and since t; X where u is the mean velocity of flow, u 
h2 v" - u X -

at small x, which permits the measurement of the degree of turbulence by 

measuring the standard deviation of Y at distance x. 

( 74) 

Now the diffusion phenomenon will be studied when the turbulence is 

dec aying, Since vr2 is now not constant, the diffusion e~uation should be 

Eq 64 instead of Eq 70, or, by an easy transformation, 

1 d2 ~t - Vt I )t VI · d' (75) V t vt d"s 2 city :; t ~ ~ " t ·s 0 

~t )t . where Y::: v\ d\ - v't-~ d ·'S 
0 _ O 

11friting v" for[~ -, v" for ~ , and R1 t_v{, vf-~l for the t t-s u-5 
coefficient of corrLlation between v't and v't , one has 73 

( 76i) 



THEORIES OF TURBULENCE 22. 

vv hen vn is not constm t, it is not possible to proceed beyond Eq 76, but 

the existing experimental evi~ence seems to indicate that turbulent diffusion 

is proportional to the mean s~eed, and that if matter from a concentrated 

source is diffused over an area down-stream from the source, an increase in the 

speed of the whole system (i.~. proportional increases in turbulent and mean 

speed) leaves the distribution of matter in spac e unchanged, though the 

absolute concentration is reduced, The condition that this may be so is 

that R1(v\, v\_
3
\ is ·a function of 5 only where 

d 5' = v 11 d 3 : ( v"/U) dx 

and x: Ut is the distance down-stream from the source. 

The equation ·which represents the lateral spread of matter or heat 

from a concentrated source is t h erefore 

where 
- :t. 

~ = ( !" dx Jc u 

(77) 

(78) 

and R3(~) is the correlation between the velocities of a particle at times 
(:t2 

t 1 falnd t 2 when S" = J v11 dt. If R3( 5) falls to zero at a finite value 
t, 

7; = '$
1 

, and remains zero for all of S , say 

~~ RJ()) d5' is finite. If 1."S' be written for 

Eq 78 becomes, for sufficiently large x, 

l U d ( 2) 1 2 vn dx Y = t 'S '79) 

This is the same expression as Eq 71 found for turbulence which is not 

decaying. 

Eq 78 may be expres sed in the form 

1 ~.,, (-y'l) - f R
3

( '5")d '$ 
2 d~ )0: ( 80) 

Vdhen "S" is small so that essentially R3 ('$) _ l over the range from O to -x, Eq 80 &ives 1 d (Y2) :; ?'."" ( 81) 
2 ds ~ 
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from which, by integration, 
2 'l Y .:;: 5 or ( 82) 

When the turbulence is constait "5;. x v 11 /U so that Eq 82 reduces to 

Eq 74. If the turbulence i~ not constant and if Y2 and v"/U are measured 

at a number of values of x, then both'$ and ! Q ~ (y2) can be found. 
~ . 2 ~ ~ . 

Thus ~ R3(S)d$ can be plotted against 'S° and R3 (5) can be found graphically 
0 

from this experimental curve. 

One now proceeds to study the dissj_pation of energy, the principal 

agents in which are the eddies of very small scale. The rate of dissipation 

of energy at any instant depends only on the viscosity and the instantaneous 

velocity in the following way (37 ,1945, p,580 ). if the mean velocity U is 

constant and is in the x~direction: 

( ,, , )2 \ • , )2 + W '1 + V 2 + (.}. i -1- W 'f... \ 
.) ( 83) 

If, therefore, the representation of the essential statistical properties 

of the velocity field can be expressed by the R curve and similar correlation y 

curves it must be possible to deduce from them the rate of dissipation of 

energy, This would in general involve a complicated analysis, but the 

problem can be much simplified if the field of turbulent nm-,, is assumed to 

be isotropic, in whic h case 

and 

, L 
w ~ 

I I 

W'1 Vi 

I l 
v ~ 

{) I \A,'' 
-i. 1. 
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so that 
w -~ 

, ----. 
+ LA ,'j ._ 4- V; V. ~ ) (84) 

Consider the most general possible expression for the mean value of any 

guadratic function of the nine first order partial derivatives of the velocity 

components. The following table ,.~rill show the number of terms in each of the 

ten different groups, the total number of terms being 

I '>"' 
1? 

I ,>~ 
' .,._ 
':l 

I -:?' I~,( 

co m 

C"-
ctl 

'° ctl 

(\J 
ctl 

9( 8) ·2 .;. 9 = 45. 
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From the equation of continuity and the condition of isotropy it can be 

obtained that 

~: -2a6 

On rotating the reference axes by 45° in different ways, the condition of 

isotropy of turbulence furnishes 

a2 = a4 = a5 = a7 = a9 _= a10 = 0 

. a1 - a3 - a6 - as :: O 

One more equation is needed in order that all the non-vanishing afs can be 

expressed in tenns of one of them, a3' say. This can be obtained by noting 

that (37, 1945, P• 581) 

~) \; dxdydi = m <?+ ,12 

T 2 s ~ H' 
·where 

~ - w~ - v; 

f'\'I 

v' 

1 
~,2..:: ud + v 1'+ w'-z. 

etc. 

(85) 

(86) 

( 87) 

( 88) 

n is measured in the direction of the normal to the surface S enclosing the 

volume, .and the integrals are taken over S and the enclosed volume. If S 

is large compared 1.llfith the scale of the turbulence, the surface integrals 

are small compared with the volume integrals and can be neglected. Hence, 

taking the mean.values of all quantities in Eq 88, -
Eqs 84 and 

'ft = ? ;-~ + ~2 

89 then give 

( 89) 

or 
a1 - 2as = 0 (90) 

·Using Eqs 85., 87, and 90, one has 

a1 ~ ½a3 u -2a6: -2as (91) 
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and 
2 ? : 7 o 5 a3 IS 7 4 5 (!; f) 

From Eq 62, one has in this case 

from which 

Ry= 1 - 1 y2 
2T ~ µ 

(~ur)1:: 2 u2 
'- a Y 

L t 
y....,,, 0 

26. · 

(92) 

(93) 

(94) 

Defining \. 2 
"i as the r adius of curvature of the Ry curve at y = o, one has 

-~- _ 2 lim 
;>-it y~o 

or, on putting \ - >,.. /{2 
_l_ : lim ( .1 - R2( y)) 
)\1.. y~o \ y2 

(95) 

A physical interpretation of )\ may be found by describing the parabola 

vvhich touches the R2(y) curve -0f the origin. This parabola will cut the axis · 

~2(Y): 0 at the pointy: )\. }\maybe regarded roughly as a measure of 

the diameters of the smallest eddies v.hich are re·sponsible for the dissipation 

of' energy. 

L:ombining Eqs 92, 94, ·and 95:· 

W: (96) 

If W, u' 2, and /\ 7... can be measured independently, the last equation offers a 

check on the theory. It may be noticed also that if the Reynold ts stresses in 

geomet rically similar fields of flow are proportional to u' 2 : u112 , W is 
. 3 ~ )~ ~ proportional to u" , and " to (u" 2 • • Since )\ is proportional to the 

curvature of the Ry cur ve, the latter must be proportional to u 11 , In the 

limit of very high values of u 11 , t he R2(y) curve may be expected to have a 

pointed top. 
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The question may be asked about the relation between )\ and l , 
where I is some linear dimension defining the scale of the turbulence system. 

So far as changes in linaar dj_mensions, velocity, and density are concerned: 

0 . ,, '!. I 
W = constant ··l \ { )97) 

Combining Eqs 96 and 97 
"2. y 

r- ·- C r - Lu'' 
Taking l as the mesh length M, 

~ : AJ~., (98) 

where A is assumed by Taylor to be an absolute constant for all grids of a 

definite type, e.g., for all square-mesh grids or honeycombs. 

One is n-ow in a position to predict the way in ,~h ich turbulence may be 

e x:pected ·to decay when a definite scale h as been given to it as the air stream 

passes through a regular grid or honeycomb. 

The . rate of loss of kinetic energy of the turbulence per unit volume is, 

in isotropic turbulence, 
I d -- ~ --z ~ ) 3 J ( -l)---;z) -2('Udf -( v' +v' ~ W' - .::: -7 ruax 

This must be equal to the rate of dissipation -W, so 
d ---

- l.. r> U ~ ( u' z) -2 I . cJ'I. 
j :J-f ·u. I 7./ 'r,_'l-

'Wh ich becomes, by virtue of Eq 98, 

Integrating, 

U d 2 
- u" 2 ax· (_u" . ) = 10 11M 

.!! ·- :· S.x + t t u" .. A2M cons an 

,, 

That is, U/u11 increas e linearly with x 

that 

(99) 

The space gradients of p res sure fluctuations in isotropically turbulent 

flow will now be investigated. Remembering the variable S defined by 

Eq 77, Eq 62 g ives, on substituting v' for the general quantity p and $ 
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for t: 

( 
\) V ' ) 2 - 2 I I 2 \ . '1 ( \ - R 3 ( ~ ) ) - -- -- V ' V\' • . .. PS' l'"\-90 -r;- (100) 

where Dvi / D5' is the ra:.e of change of ?~ with respect to $ as t he particle 

moves downstream with mem velocity U: and vi:2 is written for v 12• If v" is 

constant (non-decaying), 

and 

(101) 

Now .Dvl/Dt is simply the acceleration of a p article in the direction y 

expressed in the Lagrangian manner. The Lagrangian equ at:i,on of motion in the 

~-direction is in t h is case: 

(102) 

Thus the last t wo equations give 

1 i:) P t)Z 2 vi14 (103) 
\ 0 y = 2f --;:y-

This is an important resuJt because \he disturbing effect 6f turbulence on 

the laminar boundary layer at the surface of a solid moving in a stream of 

fluid might be ascribed to the pressure grn.dients wh ich accompany turbulent 

motion. 

It is natural to inquire about the relation of ;>,. and )\ • 
s 

Eulerian system, 

In the 

- . 1 3 P.' _ cl v 1 1 d 2 2 2 \. wt !I v 4 i wt 'ut 
. p ';:y- - :i t 4- - - ( U I · ,lo VI ... WI ) - W l ( 0

_ - t}__ ) + U I (-V- - ..;!_ ) 
\ V v 2oY oY oz ~x ·dY 

Taylor made the assumption that "f !7!.J'f is of the same order of magnitude 

1 I ( s c · >~ }'; '1 
·2···~ oY qt 

as 

mich in isotropic turbulence is equal to 

l)(~'f . 
which in turn must be of the sa:ne order of magnitude as 
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which .. in turn must be of the same order of magnitude as 

Teyler therefore as sumed that in isotrop j_c tu rbule!lce 

(104) 

where B is a constant which is expected to be of order of magnitude unity. 

From Eqs 103 and 104, 

2 v" 4 

where 
-;;1. ( ~ v")i:. 

0·1 
.J.i 1 u'J2 
2 \ dj -

The assumption represented by Eq 104 is therefore equivalent to the 

assumption t hat /\~ is constant multiple of 7' • 

Experiments quoted in Taylor·rs paper (197,193.5) showed that 

l : 0.1 M 
I 

l : O. 2 M 
2 

(105) 

(lo6 

(107) 

and verified Eqs 96, 98 and 99, the value of A being found to be approximately 

2. Few experiments have been done on the pressure fluctuations. The set of 

experiments (175,1935) gives B = 0,94, so that Eq 104 is eqiivalent to 

/\ = 2 )\1$ approximately. All these experimental r esults are subject to 

the r estriction that 1 u11 /v , the Reynolds number of turbulence, is 

greater than some number which must be determined by experiment. 

The essential features of diffusion in isotropic (non-decclf ing) 

turbulence are, according to Taylorts theory: 
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1. For time interva.ls which are small in comparison with the ratio. of 

1, to u 11 :: Jur 2, the dHfusing qµantity N spreads at a unifonn rate propo-r-

tional to u 11 , and the rate does not depend on i . ~ 
I 

2., For time intervals which are large i:'.1 c01,1p2.:::·:: s0n w.ith the r atio of 
r) _ Li to u11 , the diffusing quantity N sp "'.'eads j_n accordance with the usual 

diffusion e~1ation 

with a constant coeff · cient 
~ 

as ~ R1 (s) d s 
\) 

of diffusion K equal to 1 u", 
' 

2 being defined 
I 

3. For intermedi ate intervals, the diffusion depends on R1.( ~) • 

If the turbulence is decaying, similar conclusions may be drawn, accord-

i ng to Taylor's theory, by replacing l with l and by 
I >s 

l$ u11 , where u11 is now varying and l~ is defined as 

being defined as 

) 

1,.. .. v · ~-= ·-· dj__ 
::> 0 U 

redefining K as 

"° ) R3( '5')d $" , °S 
0 

and u bei'iig the mean vel ocity which is. in the x-direction. 

For later developments of Taylor's theory, see (200, 1938), and 

( 10h, 1938 ). 

_2. · van Karman' s theory -- ---- -----
In isotropic turbulence the correlation tensor has spherical synunetry 

and the several components are functions only of the distance r between 

the t wo points, and of the time t. Denote by u'l' v1~ wt 1 and u 1
2, vt 2 , 

w 12 the components of the velocity fluctuations at the points Pi and P2 having 

coordi~ates (x 1i, o,i:o,) and (xi 2, o,o) respectively. Suppose that u 1
1

2, 
-2 --2 - ·. . . 
v 11 , wt 1 , which by ·sotropy are equal, are independent of position and 

equal to u 1 /. Then 
~-2 --- -.-T ,.....;-7 --:-'"2~ ~ -
u' 1 · = v 1

1 : w11
2 = ur 2 : vt 2 :: wr 2 = u 1 . 
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The correlation coefficients R22 = v 1
1vi 2 / ;"i"2 and R33 :; w 11w,;/ ~ 

1vill be identical because of isotropy and will be a function g(r,t) of r 

and t. The correlation coefficient R11 = u91u! 2/ ur2 will be a function 

f(r,t). All the other correlation coefficients can be shown to be zero by 

rotations and reflections, remembering the isotropy of turtulence. Thus the 

correlation tensor is, for the particular points chosen:-

f(r,t) 

0 

0 

0 

g(r,t) 

whi.ch can be decomposed to 

1 

(r(r,t) - g(r,t)1 0 

0 

where I is the unit tensor. 

0 0 

l 0 0 + g(r,t) I 

0 0 

If a rotation is given to the coordinate axes, 

such that the points (x •1 , o.o} and (yt2, o,o) assume their new coordinates 

(x1, Y1, z1) and (x2, y2, z2), it can be readily seen from the methods of 

tensor calculus that the correlation tensor will assume the form in the new 

coordinate system: 

\ R11 R12 R13 \ ( x2 XY xz I 

i R21 R22 R23 i:; f (r,t_) - I y2 ~z ' + g(r, t) I (108) g(r, t) 
1 

YX 

R33 ~ r l R31 RJ2 ( zx zy z2 ) 

where X : Xz ... x1, Y: Y2 - Yl, Z: z2 - z1, r2:; x 2.,.12.,.22 - (x '2-x '1)2, -
and where the first subscript of R corredponds to t he velocity component at 

(x1 , y1, z1), t he second t o t hose· at (x2, y2, z2), t he subscripts 1, 2, 3 

of t he RI s correspond to t he velocity components u 1 , vt, w'. 

The equation of continuity is 

~w.; 
~ =o 

. 2 

Multipl ic ation by u '1/u12 which i s independent of x2, t2, z2, gives 
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0 R., I ·+ 
~ x + dR,3 __ 0 

oZ - . 

Taking the R's from Eq 108, one obtains 
X {2(f-g) + r( o f/"iJ r) J ·= 0 

Since Sis arbitrary, 

2f(r,t) - 2g(r,t) • -r ·tr<~.,t) 
Defining 

QC> .V(:) 

L _ t, Ry dx = f
0 

g.( r, t,) dr 

Lx= r'° Rx dx :: f'° f( r, t,) dr 
0 0 

where Ry ~ g( r, t, ) , Rx ,:a f( r, t), one has 

... 1 (o,;, 'o1 1( 00 xo~ .i (
00 

-or 

L - Lx - 2 J a r ¥ dr = 2 ~ o o 1 dx =- -½ Jo R x 

21: Lx 

Since f and g are even functions of r, 

.f - 1 + f 11 r 2 /2 + ... 0 

gg: 1 + gn r 2/2 ~ 
0 

... 

. " " 

dx __ Lx 
- 2 

where the cpantities fg, g~, etc. are functions of time only. 

From Eq 110, 2f11 - g" , whence for small values of r,. 
0 - 0 

R : (1 t (g" /2) r 2] I + (f11 - g11 /2) t'f 
0 0 0 

... ( l t f" r 2) I - f~ rt 
0 -2-

The second derivatives are, for very small r, 

:: s i milar terms by pennutation : 2 f" 
0 

f" 
similar terms by permutation: - o 

2 

(109) 

(110) 

(111) 

(112) 

(112) 

(114) 

(115) 

(116) 

(117) 

(118) 

(119) 
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,1r< 
All others, e.g. 0 ' 12 etc. are zero 

oX1 Z 
Von Karman (121,1937) points out that the correlation tensor is of the 

same form as the stress tensor for a continuous medium when there is spherical 

symmetry, In the anal ogy f(r) corresponds to the principal radial stress at 

any point, g(r) to the prin·cipal transverse stress, and the several R1s to the 

stress components over planes normal to the coordinate axes. The relation 

between f and g given by the continuity equation corresponds to the condition 

for equilibrium of the stresses. 

Eq 110 has been checked experimentally at the National Physical 

Laboratory (200, 1938) . 

The correlations of the derivatives of the velocity components are found 

by noting that the vel ocity components at point 2 are independent of the 

coordinates of point 1 , and vice versa. Thus, one has 

and 
-u·2 d'«,z. 

- 0 X. 

= 

So that, letting points 1 and 2 coincide, one has 

( 1 ) f" --- - - · R .. = , .. ' - - ,2. c) . '.+ = ...::!;.£. ~ 
Lll'1_ V~ - l), '\ Q '>(~')" 2 . 

· X=Y== o 
by virtue of Eq 119. By similar reasoning, 

(121) 

:= { ov')l::: (~""\2 = _ 11 2 C 1
' \ () 'j J ~ ~ _, U 10 

:: similar terms by permutation:;. -2 ur2 

and 
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Thus the relations be~ween the quantities al' a3, a6 and aa in Taylor's 

theory are found in a simpler and more elegant way. 

Since g~ is the curviture of the g-curve or the Ry-curve, from Eq 95 
one sees that 

g" 2 
0 = -;._, 

and fll I 
since 2 - gtt, 

0 - 0 

flt 1 
0 ... >.:1. 

so that all the mean values of the p roduct s of the derivatives can be ex-

pressed as multiples of ulf 2/ Al. 

To investigate the propagation of the correlation with time, assume 

that the velocity fluctuations satisfy t he Navier-Stokes, equations of 

motion, such that 

(123) 

"llJ.1.1 ·::,. I () + l,\ ,' _IJ_t.t_,_ 
at o ><, 

I ~ u.' + w, ~ = (' ~ s: + v v\1,' (124) 

Multiplying by u 12 and taking meai. v a lues, one has, on the assumption that 

t he triple correlations as well as the term involving the pressure are zero, 
..,_ . 

0 ( C, I f 2 ) - C- f'11 I.,,\ {),., . 

Identical equations for the other elements of the correlation tensor can be 

obtained,, and all of these equations including the abo ve one can be replaced 

by the single equation 

where 

d . 
it ( ~ u''i) 

2 r 4 _f. 
• ) :; 2. ( ~- + - Q-2 ) 2 y (} .. ,> r z 1,.. 'br-·· . 

But f(o,t) = 1 for all time, and 

~L:~ = ·- /ov u" 2
· f " == 

v L. 0 

d has r eplaced d because 
cit ot 

( ~) y-;; O so Eq 125 becomes 

-lo v lJ '11/~2 

~, 2 is a f unction of time only. 

Eliminating u" 2 from Eqs 125 and 1 26: 

~t 
ot 

,, o .. f + 
2 •'>1 -. -- v L a r 2 

4 0~· I 
t" or T 

(125) 

(126) 

( 127) 
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This equation determines f(r,t) for all subsequent times, if f is given 

at t = 0 for all values of r. 

35. 

I f the initial shape of the correlation function f(r,t) is arbitrary 

its shape will in general change with time. However, there are special cases 

in which the shape of the correlation function remains similar. This will 

occur i f f(r,t,) is a function of the dimensionless variable S: r/{vf only. 

Then Eq 127 is reduced to 
<J 2

~ t 4 i \ c,l~ c~\ t2 + \"T + 4J Jf + (128) 

From this equation, on making ~ ~ o , one has, since f is an even 

function of 

or 

say. 

Thus 

(129) 
.., 

which means 'J',. increases linearly with time, if tne shape of the coITelation 

function remains similar. The nu.merical factor C:X, which determines the 

rate of increase, is given by the initial shape of f. 

One is now in a position to discuss the decay of turbulence, under the 

restriction that the shape of f remains similar. From Eqs 126 and 129 

-1 ool.. 
i.e •. t 

l,l' 1 2 = ~ - ( C :constant) t 101( , 
(130) 

Supposing the fluid to be moving "Wi. th unifo:r:-m speed U in the dir~ction 

of the x-axis.. If t • t 0 when x-_- o so that t - t .,. x . . .... 0 u'"", 

Eq 130 gives -:A. loOl u'' i./ ( I ..i. ....:-- \ 
0 · vto j (131) 
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With \
0 

corresponding to t
0

, iq ·129 gives 

G. I. Taylor's result contained i n Eq 99 can be written as 

..l,_ = ..1.... + consto.2-
u" u11 U 

0 
I This is a special case of Eq 131, with I';)(= 

5 
• 

give 
u11 "7--

2 
= ( 1 2-) l-5ct 

u" 'I. 1. \ + U t 
0 ro . o 

Also Eqs 131 and 132 

According to Taylor's assmmption expressed in Eq 98, u" )\ 1./v 
should be constant. This is true again only when 

36. 

(132) 

Later ( 1938), von K&rma.n and Howarth (124 and 125) also considered 

the triple correlations 

h(r,t) 

h ( t) u'1v'1u'2 2 r, ' = • u"J -~ 

where the two points 1 and 2 are lined along the direction of u'. He then 

sh a'led that t he general triple correlation tensor T is a function of X, Y, Z, 

and t., that in isotropic turbulence T is expressible int erms of h( r, t,), 

h1(r,t); and .h2(r,t,), and that the development of these functions in 

p~r ers of r begins with the r3 term~ The equation of continuity permits 

the expression of hi and h2 in terms of h by the relations: 

h1 = -2h (133) 

h2: -h - -¥ : · (134) 

Thus the tensor T can be expressed solely in t erms of the scalar function 

h(r,t). 
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To investigate the propagation of the correlation with time, the 

fluctuations are assumed to satisfy the equations of motion, namely, 

37, 

I d f' 1 

2 - - --+·)17 u1 rox, · y j 

(135) 

and two other equations obtained by pennutation. Multiplying this equation 
I 

by u2 and introducing X, Y, and z, and taking mean 

LA~ ou;· - cl ( Ll;t~) - ~( ui'v. '1A~) _o( u,'w,:·v; .) - - ~- ~t,-u I +.) ( t 1/ /l I .~136) 
at. a X " Y ~ - (" a :i., .2. .... ox.n '~y l ~1·/ u, u ... 

By a By a similar procedure: 

Von Karman showed that the pressure terms vanish. Adding the last t wo 

equat ions and introducing the correlation coefficient 
2 2 tha t ui' u2' = -u2

1 u1' , etc,), one has: 

R , ( r emembering 
I I 

This equation maybe expressed in terms of the functions f, g,hi. , ~ , and 

h. Remembering the relation between hy h2 and h, a relation between f and h is 

obtained, . 
(139) 

This equation expresses the change of f with t but cannot be solved v:!i thout 

some knowledge of the function h. 

3, Taylor I s spectrum theory 

"The description of turbulence in t erms of intensity and scale resembles 

the description of the molecular motion of a gas by temperature and mean 

free path. A more detailed picture can be obtained by considering the dis- ..... 
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tribution of energy among eddies of different sizes, or more conveniently t he 

distribution of energy with frequency. Just as a beam of white light may be 

separated into a spectrum by the action of a prism or grating, t he electric 

current produced by a hot wire anemometer subjected to the speed Uuctuations 

may be analyzed by means of electric filters into a spectrum. 11 -- Dryden ;--

(_92, 19431 . 

The spectrum analysis offers a good field f or the application of 

Fourier transforms. As far as t he present writer is roffare, G. I. Taylor 

(199, 1938) was the first to develop a spectrum theory of turbulence. 

1·1ith ut2 ij u"2 expressed in the form 
(JO 

u"2 :; u,112 ) F(n)dn 
0 

where F( n) is t he contribution from frequencies betV'reen n and nl-dn and 

where 

(140) 

~~ 

j F(n)dn ::: 1 ( 141) 
0 

The function F(n) plotted against n gives the spectrum curve. Ex-pressing 

u' in the form of a Faurier integral, 

where <i ): 

u' :: -; ( ci<> \oQ u'cos W (t- t 1 ) dtt d·: w 
\ j<) ].A 

2 rrn is t he angular velocity associated with n, 

I 1 ~ _1_ ) . ..,. ui 
z Ti 

-T 

j 
COSk)t dt :. _I_ \ u' cos 2n n t dt 

21T \-, 
"'T 

I2 : J_ ( u' sinwt dt :a 
2. 11 j ~, 

I 

_:_ \.,. u r sin 2n 1T t dt 
in L, 

and writing 

one seeks to express F(n) in terms of r1 and r 2• This can be done in a 

(142) 

(143) 

(144) 

simple manner by breaking u: ( t) into t wo parts, one being a11 even m d the 

other an odd function oft. 

u 1(t): E(t) + O(t) 

where 

E(t) = u'(t) _+
2
u 1(-t); 0( t) = ut(t) - u'(-t) 

2 . 
(145) 
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The Fourier cosine trans form for the even function E(t) is - ({)(, 
g(w) :: J-½ Jo E(t) cos wt dt 

.,. J t_ (9&t(t) + ut( .. t)] cos~t dt 
2.1 1 t _ 

= J-·' ('10uV(t) ccrs,ot dt = f2n lim I1 (146) 
2 \\ )_~ T ~c,a 

Similarly, t he Fourier sine trans f orm of the odd function O(t) is:· 

h(~) = 
Now, according to a theorem in Fourier integrals which corresponds 

to the Parseval 1s theorem in Fourier series, 

(oOE 'cH: ::= 1·,w-, (' t \ 1t = \'v'l.J2(w)Jc,J ::..2iT l,vvi (TI,'~h0 10 T-;11,;,c )
0 

- o T--11'.?Q Jo 

Similarly 

But 

I i t'II \ 

Ii VV'I 
2T 17C.<:l 

So by virtue of the l ast three equations., 
2. ' 

(147) 

(148) 

(149) 

(150) 

II 2 () .=- I . f \' 7.. z "" ~~ I +1 " 2. iT I W\ -:;:- (11 + I"2. ) cl C.c.J = 1 TI \ iw'I ( -1-2 )d(.{) 
l-) tA · 0 ' 0 T71)0 ' I 

- 4 Tri ~ 00 \ ' m 
0 1 7 ~ 

Comparing Eq 151 and 140 

"2 2. ( I.: ! z ) d h 
I 

-- 4 rr2 
F(n) lim 

uit 2 ""f ..;100 

(151) 

(152) 

When t he f luctua.tions are supe1•posed on a stream of mean velocity U and 

are small compared w:i. t h u, the changes in u' at a fixed point may be 

regarded as due to th e passage of a fixed turbulent pattern over the point, 

that is, it may be assumed that 

u' = ~ ( t) :;; <P( :t.J u) (153) 
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where x is measured upstream from the fix ed point, and ~ (x/U) may be con-

sidered to be the instantaneous space distribution of u 1 at time t : O. 

The correlation ·Rx between t he fluctuations at time t aid t + x/U is defined by 
-,-

)-:T ct,( t) ¢( f t- -b) 0 t (154) -ct>( -l: ) ¢ ( -t -1- -:J, I U ) 
u." 2 2 T u11Z 

A theorem in the theory of Fourier transform states that .if g(w) and 

h(1,.0) are the Fourier cosine transforms, respectively, of the even functions 

oO 

~ g(w) h~1) d:w: 
c::,o 

) Ei_(t) E2(t) dt (155) 
- o Q, 

A similar theorem exists for the odd functions. By expressing 'P ( t) and 

~ (t + x/U) as sums of an even and an odd function, it can be proved by virtue 

of these theorems that 

r1<t) ~<t -t x/ul dt = II rr'fr1
2 + ril cos (2-,rnx/u) dn 

from Vlhich one obtains, with Eq 152 and 154, 

and 

Rx : ( F( n) cos ( 2TI nx/u) dn 

rP 
F(n) :; ( 4/u) ~ Rx cos ( 2 ,,- nx/u) dx 

c) 

In other words~ t he correlation qoefficient Rx and UF(n)/{arr 

(156) 

· ( 157) 

(158) 

are 

Fourier cosine transforms, If either is measured, the other may be computed. 

The correlation coefficient Rx is actually the function f in von Karmin ! s 

theory, so that the length A is related to Rx by 

...L =- 2 lim "t. x -"">c 

When n and x are small 

cos 

Hence 
1 -. .... 

...,.. ... 

2 1T nx 
u ::' 1 -

00 

4 1.Z·( n2 F(n) dn 
u2 J 

0 

(159) 

(160) 
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If the turbulence is self-preserving , the shape of the correlation curve 

is a function of the Reynolds number of the turbulence. Hence the spectrum 

curve is also a function of the Reynolds number of the turbulence. Introduc-

ing the longitudinal scale 

in Eq 16o 

L 2 
_!._:; 
},.2-

and in Eq 158, 

UF(n) _ 4 L -X 

LX = r l½c dx 

UF(n) 
-Lx 

( 21Tn1x 
cos \ u X'd(X) 

Lx f \. Lx 

both of wlnich are expressed in the dimensionless parameters 

(161) 

(162) 

(\ 
LX ' 

nLx/U, UF(n)/Lx, x/Lx, and Rx• The mean speed U enters only in fixing 

the freqtiency sea.le. Typical curves of UF(n)/Lx vs. nLx/U obtained by 

the National Bureau of Standards and by the National Physical Lagoratory 

show, ha,vever, that the relation between the t wo variables is not 

independent of U at large values of nLx/U, Since from Eq 161 the 

value of Lx/7' is determined largely by the value of UF'(n)/Lx at large 

values of nLx/U 51 Lx/ A must not be indep'endent of U, as is known to be 

true. Indeed it was from this established dependence of Lxh' on U that 

the scatter of the UF(n)/Lx vs, nLx/U curves at large values of 

nLx/U was attributed to the influence of . U, 

'7hen the Reynokl s number of t urbulence is large, A /Lx becomes 

small. Experimental measurements show that both Rx and Ry curves approach 

exponential curves, and Eq 162 f or the corresponding spectrum curve becomes: 

UF(n) 
-1-- = 

X 

4. - C 

This can be used to give a reference spectrum curve to compare with 

(163) 
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experimental data. As U decreases , /\ increases, and the departures from 

Eq 163 at large values of nLx/U become gr eater. The c~anges in the total 

energy of the fluctuations · associa.ted vlli th these departures in the spectrum at 

high frequencies are extremely small. 

Using Eq 163, it is possil:;ile to compute the effect of varying the cut-off 

frequency of the measur ing equipment on the measured value of the energy. of 

the fluctuation. If the equipment passes high frequencies but cuts off 

sharply at a lower frequency n0 , the measured total energy is 

4 ( L J{ / u) 0 ,, - C \ 4 I - \ 2 T1" \~ )l J \ p .,i. _ - - ~ r, V\ ' \ 0 - I I 1." 2.. ..... . ]\)\ l +4-rr''- \, L~ /u'- n u .. , 
( 164) .; 

Similarly, if the equipment passes l ow· frequencies but outs off sharply at a 

higher fr equency nh, the meas:ured total energy is 

4 _\( -- "t--0 v \ 2 IT V' l __. I IJ ) 
ZiT "' .k 

1 
• J_ ,0 {) /I 2_ 

2 / 
(165) 

In Taylor's discussion of discontinuous random motion (193,1921) the 

exponential function was found to be the limiting for,n of the corr elation 

coefficient of small paths. Th;:.refore , the fact that the correlation curves 

are of the exponential t ype at high Reynolds numbers of turbulence can be 

interpreted as me aning that , at su ch hi gh Reynolds number of turbulence, 

tur bul ence is a phenomenon of pure chance. 

4. Burgers I spectrum theory 

Due to the l imitations on the extent of t he present work , it · is impossible 

to include all of the numerous and beautiful works of Professor Burger s . The 

following sections pert a ining to the spectrum of turbulence are taken from 

his lecture notes i ssued while he was visiting at the California Ins titute 

of Technolo gy bet ween December 1950 and May 1951. For his other VIIDrks one 

is r eferred to (77, 1929; 77a, 1948; 776, 1950 ; 77c, 1950). 

••••• p 
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( a) The instantaneous spectrum of ~ turbulent field. Res t ricting to a 

single coordinate y, the velocity of f luctuation vt(y,t) in the Eulerian 

description can be represented as (at a single instant) 

v, = [,. lf'< fc l e cf, \J fl~ (166J 

from which the amplitude function <f C~, ts obtained: 

1 )M -( -ti \.j ( 6 ) lD( f<.) =:- ~ VI (l-1) e . . (j ~ J. 7 
i' -i. 1, -rv\ ·' ..j 

where only values of vt in the re gion - M~ y !, M are considered. Since ·v' 

is r eal, the amplitude function must satisfy the rel ation 

(168 ) 

1,,h ere the asterisk denotes the compl ex conjugate . The amplitude function i s 

in fact a function of k and of time t. One will, f or th e time being , 

restrict one's consider tions t o the single instant. 

To obtai n the Eulerian correlation function R2(f1) = R (r'l , 0) (wher e 

the zero means t he time interval is zero and consequently the correlation is 

between simultaneous values only), one forms 

2 TT ( ,,C::\f 1 .p ) l O '\t J) , v. , J D 
-+ ~ \ \ r-< 1' ( ~q_ J L.-ff.2_ ·r~ i, I (.) l'?" U ) M,.......;,~ (171) 

Si nce lin1~~
00 

\-{{'\)(~-;" .-f< 1M/f~~ .)J ~3 =- Tfl=°(o) O V\ci lp( -fi ) :::l(\ ·f2.) 
lv\,7QQ 
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Hence 

where 

l ( c,O 

= V ,2 Jo r ( ~) t.m, fv·) d "k 

tf C ~) (f '(-ei) 
Since R2(\jJ, and therefore r(k), should by nature be independent of M, 

1 f (k) must be proportional to M 2. 

For 

so that 

~ = 0 ' 

V'2 
:;:: s~ r ( f,~) d f~ 

the kinet ic energy of turbulence is 
I f(f) 

E = i )
0 

r(-k) cl~ 
and the function r ( k) gives the ener gy spectrum of t he turbul ence • . 

44. 

(172) 

(173) 

(174) 

(175) 

If R2(9) is known, r (k) can be obtained from the inversion of Eq 172: 
2 v·,i r v0 _f)_ 

r(~. )-=: -=rr le,, f<z(~) Cos~~ cl~ (176) 

It must not be f org ~tter. that Eqrs 166 to 175 refer to a single instant 

and t h e energy spectrum is an instantaneous spectrum, 

(b) Spectrum of a homogeneous and stationary turbulence fi eld, The -- . - . ..... -
expression for v'(y,t) can be gener.alized to 

v, == L: cl fi. \:, d w fr fu;)) e u f> :! + 0 * J < m J 

Thi s r epresentation shc;l.11 be val;i.d for ... M < y < + M; - T -?.. t <: T, 

outside of this domain vt is assumed to vanish. 

The complete Eulerian correlation function can be sholJlm to be (the 

derivation being the same a~ that for Eq 171) 

(179) 
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_1. 

G~ 211 ...C ... c 
-( R' U)) == MT J ( ~ / -w ) J ( - f~, ci) ) 

For 1:-= o, R (~,t) becomes R(i1, o) or R2(~) and 

F'or v1 : O 
r ( -h ) ::- ) : J v) [ fl~ ,w ) -+ ~ l.fi , u) ~ 

R . I ~~ 
t ( ·rJ :::. Ii( ( 0,. "C) ::: --;,, d W r'tc W) t.os c.u -C 

V o where 

The inverse of Eq 182 is 
>V'. '2V''' \~ r ( w > =--,;:-- ) I) d t R, Ct) (bs w-c. 

The function r•cw) gives the energy spectrum with reference to 

freqi encies in time, wh ereas r(k) gives the spectrum with reference to 

frequencie·s in ·space . 

(c) Physical interpretation of the rel8tion between the spectrum and --------~------ - -. -. ---- ---- --- --------

(181) 

(182) 

(183) 

(184) 

the correlation function. The electrical signal obtained from the hot-wire 

anemometer, after havinE b~en amplified, is passed through an electric filter. 

The transmitted s ignal can be applied to a thenno-cross, by means of which 

its mean square can be · determined. The relation between the .incoming electric 

signal v 1(t) and the outgoing signal y(t) is 

ct2y · dy 2 dv 1 --+2pw.. + dt2 · ct£ w, Y =- r~ cit 
(185) 

where w, p, and are quantities depending on the circuit. It has been 

supposed that the incoming signal operates throu6h induction, so that only 

dvl appears in Eq 185. 
dt 

When, in particular, 

v' ( t) = Aeint 
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A, ~nr., 
tid- V\ e j ~*)= . 

( c02 - ~ "? ) "T ~ i. ~ V\ w 

one h as 

Hence, if p < < 1, the only frequencies which are transmitted through the filter 

are those which differ only slightly fromw. The band of transmitted frequencies 

has a width proportional towp. If one takes n : w, the above equation becomes 

_o{ __ A
0

Lrit 
-Z.f w '-

so that in order to have a constant scale factor, one must take ~ proportional 

to w. 
For arbitrary v•(t), the particular solution of Eq 184 can be derived in 

the fallowing ·way. First , it is easy to show that the complementary solution 

is, vd th E: denoting an arbitrary angle, 

~(-t) =ce-fw\~(0~J1-f>i 4-t) :.:.Ce.-1.,wt(AJ\-:\(-U 
where 

. 1(t)~ w-t. ~1-f,. "' & 
Try the particular solution 

(186) 

Then 

and integrating by pa.rts, 

"- I "\ - A. I \ QO I -rw*, J t > - v c.o> e:: - A JO J. t v ct- t, ) e C ~ w c.o~ ~Ct,) +w fi"- pi s: V\ ~l-\ )1 
Further 

~
11(-t) = />1 *'~)E - Av ' (rl-u~~<: 4 w.J1~~1 Si\'\ t) 

( v<\ -pl.\) t ( 1. . _'\1- . ~ -t(L-;-\ +A )
0 

d1t'l 1 (-t-t,) e ' (.2p1.w"l-w )tos1t~J -~2w pv1-r-s;"' J r1)) 

so 
01.j , Jy c\'1 1 I · 
~ -\.1\)v..>rt-\.cv':1=AnUj~t +Awv'(p.U~t-'n-p1

· Sii.d~J 
This should be equal to cJ., J v 1 

ot 
in order that Eq 185 is satisfied, so that 

s;1,l::.=? 
Thus the partidular solution sought is 

cJ.._ ~ O<:) - pw 't I r.-:-:; t <;. . -1 ) 'jl-t.> = ,~ cl-t v'(t- t) e t.o<:. ( wt v 1-t'~ . 1 ~ f (187) 
V\-r'" 0 

1 
I 
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Since when ~'-
0 

the outgoing signal y(t) is identically zero, the 
dt -

complimentary solution is eliminated from consideration; 

The correlation function for the outgoing signal is then 

where 

f( t) ::.c..0 t .;1-;2 t sin.,..lp 

Eq 187 can be transformed by introducing ~ = t2 t t 1 , and a : t2 - t 1 to 

the following form 

47. 

(189) 

where 

Ri(t) = vt(t) v'(t - t) 
vtf2 

Putting "G : o arid letting p be so small that 

cos E = ri-:? = 1 

one obtains 

o?v"l. ( 00 -rwa 
j -z - '"f ,h> ) o & 8 K\ ( 8 ) e <:.o ~ ( ~ cl ~ '"= ) c i90 ) 

If nmv one writes ~ -pc..0-c · 
rl ( L0) = So d ,:. R, ( t .) e U)'i. c..u ~ 

v".l . ~PcJ"1.. . "\ 
r1!(w)::;: \_

1 
d.t ~,l-c:l e SiYiw"'C. 

t hen from Eq 182, for p < < 1, r, · (w) will differ only slightly f rom 1-;f(w), r 
so long as W · is not so large that pc6.~wi.ll become comparable to 1 in the 

range where R1 ( t) has not yet dropped to zero. Usually one may expect that 

11 < ~-, If one now arranges the circuit so that ()I.. is proportional 
TI. r 

to (,0 Jp , one has 

~ _:_ U)1,,, stQV1~ . C ri ( W) - \'\'1! { w)1 (190a) 

so that if p is sufficiently small (i.e. the filter is sufficiently selective) 

y2 is nearly proportional to ½_(W ) or to ry(w). 
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( d) Heat transfe!:,• Vapor transfer in a turbulent medium follows much 

the same laws as momentum transfer. Certain details of heat transfer, however, 

require separate considerntion. 

If the temperature of an element of volume is T, the transport of heat, 

per unit area and in unit time, is given by cv ~ wherf cv is the specific 

heat at constant volume and w is the instantaneous velocity of the particle 

in the z-direction, or its fluctuations if the mean value of w is zero. 

At the same time, work is done by the pressure to the amount 

pw: R pwT 
I 

by virtue of the equation of State p : R p T., R being the gas constant. 

Hence the total transport of energy is given by 

where Cp = cv + R is the specific heat at constant pressure. 

The temperature of an element of volume, during its random movement, 

does not only change through conduction b.l,t also in consequence of expansion 

or contraction as it comes into regions of different pressure, There will be 

a systematic effect connected with the mem pr essure gradient in the field, 

which itself is connected wi. th gravity. 
1:.1. 

T "-'' p "l 

For adiabatic processes, 

1/'rhere From the above proportionality one has 

0 -, -r cl?_ -r ? J.t -
-y_ .. \' G h = - ~ .~w == -,··w 

where 'ri __ . --r- 1 
0 is the adiabatic lapse rate of the temperature, R 

\ - y{~ :J 
being the gas cons tant, and T the mean v alue of T . 

Denoting b r T the absolute temperature of a particle and T the temperature 

of its surrounding, the rate of change of T is 

(191) 
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where )\ is a coefficient inversely proportion.?il to the conductivity of the 

fluid, and 4' takes into account the influences of radiation er of condensa;"' 

tion. 

Denoting by b t he quantity dT , the mem temperature at the level 
dz 

where the particle finds itself at the instant t ... t 1 is rt I T (t - t1) : c ;- bzp - b \, w (t ·- t2) dt2 

·where zp denotes the elevation at which the particle finds itself at time t. 

Eq 191 can then be integrated to yield 
- \QC -)-t, 

T - T ::: ... ( b + r' ) .) dtl e w( t - t1) + 
0 

(~ _).. .le., I 
.) dA E. lV(t 

C 
The net transport of heat across the horizontal plane containing z is then p 

in which has been taken out of the averaging sign since the error 

introduced by doing can be neglected. The last equation shows qualitatively . J 

at least the effect of conductivity on the transport of heat. , 

5. A remark on Reichardt's inductive method 

In 1942, Hans Reichardt at Gcittingen published a paper (156) describing 

an inductive method for studying the characteristics of free turbulence. 

Essentially, the velocity components are decomposed i nto t wo parts; the mean 

value and the fluctuation, In this way the Navier-.Stokes equati,ms of motion 

and the equation of continuity, coupled with the as.sunption of similarity , 

provide certain relationships involving the mean values and the fluctuations. 

By measuring the primary quantities, a.11 the other quantities of interest 

ca,n be computed. This method does not seek to predict as the transfer 

theories, nor does it reveal the microscopic structure of the turbulence as 

t he statistical theories since only mean values are measured, and consequent-

l y is in nature largely empirical. 



CHAPTER II. REYNOLDS I ANALOGY AND I TS EXTEl'JSI ONS 

According to Reynolds (157, 1874) there is a complete analogy between 

momentum transfer and the transfer o.f heat or of vapor in turbulent flow. 

In Reynolds I analogy, the effect of t he b oundary layer ( which consists of the 

laminer sub-layer and the buffle zone) is not considered, thus introducing 

errors which are not negligible when the Prandtl number is large. Extensions 

of Reynold's analogy by various research ~orkers represent different ways of 

improving the analogy by taking the boundary layer into account. Since among 

other things pressure gradient has not been considered in these extensions, 

they in turn have their limitations. This will be pointed out in detail 

after Reynolds' analogy and its extensions are presented in the following. 

A. Reynolds' Analogy 

It has already been remarked that if the eddy viscosity is adopted, the 

quantity E: + ~ shotiJd replace ,J in the equations of motion and the 

quantity i) / 6' +t s ould replace .£ ( <:s being the Prandtl number) in the 
G" 

energy equation or the equation of di f fusion. Observing that E: is very 

much l arger than V or ~ , Reynolds (157, 1874) made the statement that 
() 

the velocity-distribution is the same as the distribution of the quantity 

under d iffusion, i.e. there exists a complete analogy betv,een momentum 

transfer , heat transfer, and vapor transfer. That this is not always true 

was remarked in Part I. Reynolds I analogy does not hold when there is a 

pressure gradient, ,and when the conditions f 77V and E:: -,.7 ~ are not satisfied 
(J 

t hroughout the fluid. Thus, Reynolds' analogy is invalid near a solid 

boundary. 

In order to e:xplain the Reynolds analogy in more detail, the following 

t wo e quations for parallel mean motion will be considered: 
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-c:. - M ~ - p LA'v 1 (192) / clj · 

t) ~ - ~ £g + C f ~/ T-; ( 193) 

whe re q denotes the rate of heat transfer per unit area per unit time,. k 

is the thermal conductivity, c iis the specific heat (at constant pressure 

for gases), T is the temperatur e, primes denote f1 uctuations, and bars have 

been omitted from the mem quantities. Adopting f: , Eqs 192 and 193 can 

be writ ten as 

(194) 

.(195) 

where ~ = C')I... = 0 . 

a priori that E: 

It is of course not cleor 

should be the same in Eqs 19~ and 195, but preliminary 

experiments with t wo-dimensional air flow by Corcoran, Roudebush, and Sage 

( 80, 1947) seem to confirm that the same G can be used, 

If then v : CX ( or cf: 1), and the physical situations are completely 

similar, Eqs 194 and 195 guarantee the analogy between ,::; and q/c, and 

between u and T , ~nd f:i ve 

(196 ) 

where u1 and u2 are t wo velocities and T1 and T2 the co r responding 

temper atur es, The condition ~ -:::.<:j. can be replaced by the conditions t-'J-'?V 

and t >,,..~ 

Let the dimensionless coefficients Cf and CH be. defined by the 

following: 

pc 1)4-1 

(197) 

(198) 

"vhere u· is a rep resentative velocity and ~, a representative temperature 

difference. Eq 196 becomes, since the velocity at the boundary is z,ero, 
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which yields 

(199) 

This i mportant formula has two important consequences 

(i) If t- rv U n, then q rv Un-l 

(ii) Roughness increases t he friction and heat transfer in the same 

ratio. 
B. Taylor-Prandtl 1s Extension 

In case V and ex are very different, as in the case of liquids, and 

when their effects cannot be neglected, Reynolds' analogy will e- longer be 

valid without some extension. The first attempt was made by G. r. Taylor 

( 192, 1916) • Denoting by TO the wall temper a ture and by L\5 and TO the 

velocity and temperature 9-t the outer edge of t he laminar sub-layer, one 

obtains from Eqs 

and t herefore 

us 
t 

In the turbulent 

c:.( T~ -Tc) 
- . [ o-
zone, Eq 196 provides 

( 200) 

( 201) 

when U and Tm are the mean vEl ues of u and T over the pipe section, 

Eliminating T ~ between Eqs 200 and 201, one obtains 

c( TM -1~) 
or '6 

t, ( I -t-~ ( o - I)] 
f u ( 202) 

This result was obtained by Taylor in 1916 (192). Taylor, starting from qn 
011 

equationAeddy formation by H. A. Lorentz, obtained uJ/U : 0.38 for flat 

surfaces, but 0.56 from Stanton and Pannell' s experiments for the flow in tubes. 
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The weak point in the above equation is the ratio Uo/U~ about which there 

is a whole literature, see (192, 1916), (150, 1928), (112, 1933),(74, 1936), 

(107, 1937) and (38~ 1942). Prandtl (150, 1928) took 

-I/<? uo/U -= BR ' 
with B: 1.74 (but considered B = 1.1 to 1.2 as better), and obtained 

Setting ~ 
:J.., 

(\_1 =-( C 3 / .4) ..._ __ ... I _
1 

.,, ·--
-¼ · I + I · 7 4 R /a- ( G" _ \ ) 

~ 0.04R. - , he further obtained 
3/4 

0-04 R o 

(203 

( 204) 

( 205) 

where N~ = it is the Nusselt number, L being a length, k being the 

thermal conductivity, and h, the coefficient of heat transfer, being equal to 

~/ .6 T. It can be easily checked from Eq 198 that Nu :, C/ rs. 
l 

In general, it can be assumed that uJ/Ct/f)Z is a universal constant 

for smooth surfaces, On the other hand, 
I J. u/c-r/r J2 = ( 2./c~ )2 

So 

U0/LJ : constm t 

and 
J. 

I/CH ~ ( '). /Cf ) + Cl>v< s +cn1 t ( .2/ C 3 ) " ( 6" - I ) ( 206) 
It may be noted that in the Taylor-Prandtl analogy, E- ¼-0 at the junction of 

t he laminar and turbulent regions, so that there is a discontinuity of the 

quantity y +t at that p]a ce. 

t.xperiments show that Eqs 204 and 206 are good only for ff::; lo For larg:,~r 

values of (5" , the increasing discrepancy is to be avoided by taking account 

of the transition zone between the laminar and turbulent regions. 

c. I I • von Karman 1s Extension 
J. 

Assuming that u/(T,/ p )°:I is a universal function of 
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von Karm.'an (35, 1939) obtained 

(207) 

or 

-c )) 
-(.) OU - ~(V\) 
I 7JJ' JI 

On the other hand, from Eq 194 follows 

(208) 

-r/ f ~j =-~i-e (209) 

Thus, from the last t wo ~quations, one obtains 

( 210) 

for the transition zone. 

Assuming constant 'C , Eq 207 leads to 

Similarly 

Uo :=.(Vp)½ ~~ -f'(~Jd1 

'• -T,, :::. c (ci:;P)1 \ ~J-, -~\ _[._ 
I t> G· ·f (~) 

( 211) 

(212) 

where ~tis somewhat arbitrary, but is the same for similar flov'TS. Since the 

integral in Eq 211 is a pure number and that in Eq 212 a function of ~ only, 

one obtains 

C p(_T~-T~J -F ul =- (_ p )"i ( B(S) -Al 
% t ~t ~ 

.i!'or the turbulent zone, Reynolds' analogy, gives 

re u -Gq) c r c T1~1 -T&) 
-c. 6" 

From the last two equations it follows that 

or 

cc(T~,,-To) ru p .L 

lJ -~ :: ( "=t."" ) _z. ( 6 ( C5" > -A l 

In order to determine B (6') -A, it must be noted that 

(i) in the J.aminar sub-layer, 

l 

IA I \ t.f f ) 7. = 1 
(ii) in the turbulent zone, t he veloGity has the usual logarithmic 

( 213) 

( 214) 

(215) 

( 216) 

( 217) 
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distribution 

(218) 

(iii) . in the d.ransition zone, the velocity distribution must be continuous 

!ith those in the laminar and turbulent zones . 
/ I von Karman used 

(219) 

in the transition zone to connect Eq 217 at ~ ~ 5 with the same slope and 

Eq 218 at ~: 30 with a discontinuity in the slope, giving rise to a dis-

continuity in ~ +t; at the same place, by Eq 2090 This discont;i.nuity, 

however, occurs at a larger 1 ( and larger v + t ) than the ~ (: 13) at which 

the jump in Vt~ occurs in the Taylor-Prandtl extension of Reynolds I analogy •. 

Since only the recip;nocals of Vt t and ~ t €- occur in the integr ation 

of u and T from Eqs 194 and 195, the discontinuity in von Karmfui 1s exten-

sion is less detrimental, 

Substituting Eqs 217 and 219 into 211 and 212, one finds 

A-- 5(1 1- ln 6). B: 5 ( 6" + ln ( 1 + 5 6' ) l - ) 

Hence 

( 220) 

For (J :::i 1 

as is 

_i_ - J_. cH - c1 to be expected fr m Reynolds' analogy. For values of G' very neair 1, 

expansion of the logarithmic function gives, approximately, 
I :2. ~ ..L . -:-- = - + r (- ) 2 ca,, ) C1--, C1 C-\ 

which is Eq 206 of the Taylor-Prandtl extension. 

Taking 2 -
cf -

It 

l o.o4 R-4 , one obtains from E& 220: 
3/4- -

Q , Olf-R · 0 
(221) 

ixperimental r esults of Dittus and Boeter (87, 193) gave the following 



REYNOLDS' ANALOGY AND ITS EXTENSIONS 56. 

average equation for cooling and heating; 

Nu= O, G254 R0 ' g (5""" o, 3s· ( 222) 

In comparison with Eq 222, Eq 205 bives r esults altogether too lo ir, while 

Eq 221 shows ver y good agreement for S' ·-~ /0 • 

For v ery l arge 6- , the asymptotic forms of Eqs 205 and 221 are 

r espectively: 
7/<:J N - 0.023 R u-

7/g 
Nu : : OJ.04 R 

No experiments for ver y l a rge CJ have been reported to check t he validity of 

t he last t wo equations. 
, / 

For modifications of von Karman I s conversion formula, see the vio rks of 

Reichardt (155, 1940), who remeasured the universal velocity distribution 

in the transition zone, of Boelter and co-authors (72, 1941)_,and of 

Martinelli (133, 1947). 

D. Hofmannfs Extension 

Based on Ni kuradse' s data, E. Hofmann ( 27, 1940) assumed the f ollowing 

velocity profile~ 

f =~ for 

f=~ ... 0.00173 ( 1 -2) 3 for 14,3 

lf = 3 + 7 log101 Ior 14.3 ~1 ~ 25 

where <f .;:; u / vt , 
,; I 

being t he same as in von Karman's extensi on, 

and v * .:: ~-r/ f i s t he shear velocity, The t hickness of the boundary 

layer corresponds to Y"l = 25. 
., , 

Comparison of von Karmm I s and Hof1I1ann' s , 

velocity distributions f or turbulent f low with Nikuradse 1s data is s hown 

in Fig. 1. 

Resolving the shear into t he turbulent and l aminar components: 

( 223) 
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one has 

on the assumption that "'(, is equal to the shear stress -'t"0 on the wall 

throughout the boundary layer nea1J the wall. But from Eqs 233, 

where 

a(.,{ v~i c "8 ::; - i7 ) ( 11 ) 

-f(~·1 j :;:: t 

Therefore 

1(1\)-= 0 cnq" +o. 20?t) --o,oofl9•f· 
T(Y)} = 5 · o 't-/ r] ' 
T,t; L : 1 - f( '1 > 

0 ~ 1 ~ -2 

:). ~V) ~ 14--~ 
It+. 3 ~ t} ~ ~ '"i-

with the -h1) defined as above. 

so tha.t 
z 'L s... l v.,_ _ \ - "J ~-11 ) 

Si milarly, 
j) 1. - -i 2( ~if 

danoting by q the rate of vapor transfer per unit time per unit 

area, and by p the difference c-c0 where c and c0 are the vapor 

concentrations at any point and at the surface, 
9- 1 · i , z. ct v_ -Ji -~ 'a i ~ ( L

1 v; c -+ ) d {> 15 ::: -z} ~ 'f ~ l -v 'j o 'j -t 5' °- j -:. cf D p i. 7, 1) "'I ~ YLj 

=- £ ( Cl~ ~ ) + I ' ~ ~ ~ _CI:~:-.J~~JJ..~_:-!~ ~ . 
G . fl-~) ) ; u'-j u "'1 l1)) uj 

( I n heat transfer p snould be replaced by pcF and fb should stand for 

T - T0 ). Introducing the dimensionless variable L?, :::: .f Vr f / [ , the 

last equation becomE)s ( In heat transfer o/ should be .'.2 Vt- I Cf/ ! ) 
d~ e--f~ 
·oi) -=- ~-=-;<1'1 )!.<f:,5·-

Integrating, section by section, one has the following cases: 

Case 1. 

) ~ 
I ~ - 0 .0 -0 11 ~ 

\. 3 + rl I 03 I
O

~ 

( }, -~1 - 'l, ' . ' ;.. .I 

0~1!..2. 
'- ~~ 5.1 lt·3 
I Lf-. ~ ~I) ~ 2 s-
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( 0-1 0 :;-t1 ~2. 

I - \ r:-L/.~ ..... 1_-2 _ 1 ,s-. ci i (5" I 0~ \ + o ,012c1- ..1. ) ll=cf ] . 
l \ J JU ,,( I ~ - 'Sfl ~ 11+,.3 -,- -I 1- o ( I -(01 V> lo I - 0· 07.2. (~ -iJ11-ir 

llloj Y'\+~·o4(1/o-JL+ ~ (14 . 3-io---'l:~)16'"'1 l+c·~8',v\:G-
I O 14·3+3:04(1/o-1) ¾-G" L ~ Oj,o \-0-i gb ,JT:cr- llf; 3~1-r:;)5°' 

When ('\ = 25, 

12 ,-19 (='f2s) o=- \ 

\\ -.P~5 

and 

U2 5" : r z. 5" Vt = I) . 7 q V ~ 
In the fully turbulent zone ~ ? 25, by Reynolds I analogy 

:[>"'. -f ~- - . U - u z<; - - Q ·- I,. .. 71 V-tt 
(f -:- t - "C t: 

rs- 7 ( 

('fL.j ( 224) 

(225) 

where cm and U are the mean concentration and the mean velocity over the 

pipe section. The ~bove equation may be written: 

J>,,., - ~ +- l ~ - I ~' I q ) V ,! ~i,· - -c · 1..s -c 
from which follows , after multiplication by f U 

P'! ~"'? . = faUZ + jf)t/2 { I{) - 1, ·79) i ' 1: . '1: \ 25" , 
or, remembering the defition of Cf and Ce ;;.. i / f U f,w, ;, 

( 226) 
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E. Mattioli ts Extension 

Mattioli (134, 19.40)\ started from the stress tensor, used several 

empirical relations, and fina:).ly arrived at the conversion formula 

C5/'--C == ( 227) \ ~ ( C1s/1)t (Cf·4-C, cs-o··-,2~.Lf.6 ~vi-f -1) 
where C may be, of course, CH or Ce • This formula agrees very well 

I I · ,:-With those of von Kannan and of Hofmann for v.c( 1, as shown in Fig. 2. Eq 220, 

226 and 227 are alloof the form 

c- C -t / J. 

It is f( G.) that is plotted in Fig. 2. 

F. Conversion Formulas Based on F..xperiments 

Kraussold' (126, 1933) correlated the data available at the time of his 

wcrrlrk and recommended for heating of fluid in :• ipe flow the formula 

Nv ... 0.024 Ro,'8(3" O·~l 

and for cooling 

(228a) 

( 228b) 

The res1.,1.lts of Dittus-Boelter are expressed by Eq 222, which does not differ 

very much from the above two equations. Since it can be easily verifi~c that 

C = tlu aR o-) 

one has, by taking the exponent of G" as Oo35, 

from 11\hich 

-o·~ ,>- _c:,,~ _2/?, C ... constant R CT - 0 • ~ constant R G 

-o-i., 
same constant R 

Thus experimental data yield the conversion formula 

C ...:.. Cr. -2./3 - _, (5 
:L 

It is interesting to recall at this moment Pohlhausen 1 s solution for 

( 229) 
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the laminar heat trans fe r from a heated plate, His result gave 

so that 

.l. 
C-5 / ,_, - o , G , ~ R - i 

and 

which is identical with Eq 229. This agreement must be considered as a 

coincidence, however, since ©nly laminar flow is considered in Pohlhausen 1 s 

solution. 

G. Agreement of the Conversion Formulas 

Since the conversion formulas of von Karman, of Hofmann, and of }ffattioli 

are more recent and refined than those of Reynolds and Taylor-Prandtl, only 

Eqs 221, 226 and 227 ¥rill be compared w.ii.th Eqs 228a and 228b, which express 

the experimental data of Kraussold. The result is shown in Fig. J. For 

()~I the conversion formulas do not differ much from each other, as shown in 

Fig. 2. Furthermore, they are in good agreement with Eqs 222, 228a and 228b. 

In plotting Eqs 226 and 227, it should be noted that 

and that, according to Blasuis 

so that Eq 226 

N -u -

can be 'i":ritten 
O·osqs- R314 <S _ 

\ . + o, 111 q R- 'Ii C LJ;i.r - 12 · 7 q) 
(226a) 

Similarly, Eq 227 can be ~rritten in a corresponding form for the plotting of 
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Fig. 3: 

N -u - I -+ ti· I q 9 R-'lf(et .. 4<o<:ro·77._J.,4,~ 'LVI 6- -1) (227a) 

I G""-1 . 
The Blasius drag fonnula has been used because Kraussoldts experiments 

were performed in a Reynolds .. number range in which the Blasius drag formula 

is valid. For higher R ( Job < R ~ fo9 ) 1 the following drag formulas 

should be used~ 

(Power Law) 

6f:: 0,472 
Clog R) 2.se 

lo 

(Schl:i,chting) 

0.427 Cr :!!I ----------

(-o.4.07 ~ log R) 2•64 
lo 

(Schultz-Grunow) 

I I 

H. von Karman 1 s Conversion Formulas 
for Evaporation at High Reynolds Ni,mibers 

• • • V - - • ~ v 

For Reynolds numbers in the range 106 < R < 109, substitution of the 

Jast three drag fonnulas and G"': Oo6 in Eq 220 yields the following three 

conversion formulas: 

the last t wo of which can be used for evern higher R and can be replaced 

by the following two, respectively, with v ery little deviations: 

( 22) d) 

(220e) 
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I, Remarks 

As has been noted, Eq 196 is valid only when the physical situations for 

momentum transfer and for heat transfer are strictly similar; in particular 

there shall not be any pressure gradient if there are no corresponding heat 

sources in the field of flow. Since in deriving Eqs 201, 214 and 225 a similar 

equation in Mattioli 1 s extension, Eq 196 has been utilized, the validity of 

these equations is subject to the same restrictions. Furthermore, strictly 

speaking, if (J .;\; I these equations cannot r eally be derived from Eq 196, 

since the mean values of u, T, or ~ are taken over the entire pipe 

section which contains a boundary layer wh ere Eq 196 is not valid. Hovrnver, 

since the layer is thin for sufficient ly J.arge Reynolds numbers, the errors 

involved are small f' or ordinary temperature or concentration differences. In 

t he case of flat plates, since the ambient values of u and of T or ~ are 

used instead of their mean values, this difficulty does not occur. Consequent-

l y , th e application of Reynolds analogy or of its extensions to heat or vapor 

tra sfer i n pipe flow lacks a sound theoretical basis, and any verification 

resulting from such an application should be treated with reserve. Taylor 

himself is awar e of this limitation of Reynolds' analogy , and has criticized 

( 63, 1930) the work of Eagle and Ferguson (93, 1930) on t h is basis. Jakob 

states in a footnote on page 506 of his book (32, l949) that "Deviations from 

similarity (between the distribution of velocity and that of tempe rature) 

occur, but are not v ery s i gnifi cant in most cases," Therefore, theoretical 

justification i s guaranteed only when one is applying the conversion formulas 

to cases ~here the pressure gr adient is zero or negligible, as in the case of 

flat plates, provided t he empirical f orrm,1las for pipe flow utilized in these 

cn:mvers ion formulas apply also to these cases, 
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It ma.y be mentioned that the assumption of const ant shear and 

throughout the boundary l ayer is exactly satisfied only in the case of fl at 

pl ates. If the empirical formulas for the velocity distribution in pipe flow 

can be applied to plat es, the convers i on f ormuJa s can c ertainly be applied 

t hereto with much more justification, Of course, in the definition of Cf 

and CH or Ce , the ambient veloci ty., temperature and vapor concentration 

should b~ used instead of the mean values used in the case of pipe flow, 



Chapter III. RATIONAL sorm·roNS OF SPECIFIC PROBLEMS I N 

. TURBUIENT FLOW 

The rational solutions for wakes and jets having been presented in 

Chapter I, one now turns to consider some simple cases of turbulent now 

where solid boundaries are present, among wfuich one has notably the flow in 
,: 

pipes and the flow along flat plates, 

A, Smooth Boundary 

64. 

As a preliminary , one considers first t he general case of flow along a 

smooth flat wall, and endeavors to find the characteris tics of turbulent flow 

near the boundary~ Measuring x in the flow direction and along t he wall, and 

y in a direction pe r pendicular thereto, it can be assumed that near the wall 

t e mi xing-length is proportional toy: 

l: ky (230) 

where k is to be determined from experiment. As swning further that the shear 

stress t is constant in the entire flow region, the shear velocity defined 

as 

V -)~\ 
;l,r - p 

is also constant, If one neglects the laminar friction , then according to 

Eq 3: 

or 

du = v'f 
dy ky 

integ_ration of which y i elds 
V 

u: _l lny ~ constant 
k ( 231) 

The constant of integr ation in the above equation is to be determined from 

the condition that u :: o . for y :. y0 where y0 is different from zero since 

Eq 231 cannot be expected to appl y up to the wall, near which there exists 
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a laminar sub-layer. Thus 

u = ~.L. (In y -i lny0 ) 

If t he yet unknown distance y0 is set proportional to V/V~ , 
t here results 

""f ( l ;1·v+ l f ) U::-- n---CM k i) 

where fa is the number of proportionality and k = 0.·4 from exp eriments. 

The last equation can be put in the dimensionless form 

65.· 

-
u L ~ v1 
\/1' ::. A VI 7 + 8 =- A 411 1 + 13 ( 232) 

where This logarithmic velocity distribution i s ·valid 

near the wall at large Reynolds numbers. E'or smaller Reynolds numbers, where 

the laminar friction' also has an influence, tests gave the power law for the 

velocity distribution: 

B. Smooth Pipe 

Let d be the diameter of the pi pe. Consider a length Lat the ends 

of which the p:reasuree are denoted by Pl and p2 , Let the mea1 velocity be 

U ~and t he dimensionless pipe resistance coef ficient A be defined by the 

equat ion: 
p. ~ P, 

L 
Blasius (71, 1911) gave from experiments at moderate Reynolds numbers 

I 

I' = o , '3 I 't ( UJ)~ ) - -+ 
from which the shear stress at the wall is 

( 233) 

-Co :::. 
r, - r'z. 

L 
· 7/ 1/. -t/4- 2 ~::: ~ fU1

t: o . o'3q55"JU Lf-jJ 
4d =fv11 (234) 

where v't is now defined to be /ir:ovp. , since the shear stress T, is not 

constant over the pipe cross-section. From the above equation one obtains 

( 235 ) 
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where r is the radius of the pipe. 

Based on the measurements of Nikuradse (136, 1932), the maximum velocity 

¾lax in the pipe is equal to 1.25 u. Hence 

U.""c\-i.. ~ 8•7'4 ( v..,_ r )'/1 
\/ -t. i.> . 

(236) 

If the last equation is assumed to be valid for any distance y from the wall, 

one obtains 
\.\ ( V:1 '1 )1/7 
V;,.: 8.74 ,-µ :: 8. 74 ~1/7 ( 237) 

This is the so-called seventh-p~~er law for the velocity distribution~ and 

is in good agreement ~ith the measurements of Nikuradse (136) up to a 

Reynolds number of 1o5, within the range 5 ~ V1 !: 300 

From Eq 237, 
7/t. v )'/'? v1 -:.-.. Ocl50 u ( j · ( 238) 

2 7/Lf- ( J )' I 4 
'to = r v., - 09 0225 f u . \. -g- (239) 

As the ReynoJds number increases, the power decreases from 1/7. 

Nikuradse (136, 1932) has found the Jaw 

1..-~ ( • 
~ ; 2o5 ln V,t.1.j/1))+ 5o5 ( 240) 

for 4(10)3 ~ R ~ 3.24 (10) 6• The ranges of validity of the 

logarithmic and the seventh-power laws overlap somewhat. rt should be 

ncted that Eq 240 agrees in form with Eq 232, in spite of the assumption 

of constant shear stress made in deriving the l atter. Comparing them, one 

has k : o.., hoo and ~ :.~ 0.111. 

From Eq 240 it can be shOW'n by integr at ion that 

From Eq 234, 
U ( l 'rV.., 

:::: Vit \2•5° Vl )3'"" t \,1$") 
(241) 

'I' ::. ~ ( 0 )2 ( 242) 

and from the last two equations 

# = .{·03:>- \03 10 ~ Uj ~) -0.9\ (243) 
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while Nikuradse's measurem,emts give a slightly different formula, 
·' I C) . l { Ud. \ '5 ==-o<·O ~,

0 
\ ~ {5: ) --c· fO 

From Eq 234 one obtains ·)',...: 4 Cf, and the a½ove equation can be written 

as 

«; =:. 4. 0 L~j IO ( \<. ~ CJ ) - 0 . 4 0 

which is the universal law for smooth pipes. 

( 245) 

Eq, 239, whi_ch is the Blasius law of resistance based on the seventh-

power law of velocity distribution, is in good a greement ,vith Eq 245, which 

is the resistance law based on the logarithmic law of velocity distribution, 

up to a Reynolds number 105. Beyond this Reynolds nu.,nber deviation occurs. 

Since t he logari t hmic velocity dist~ibution hoJds for &ny arbitrarily 

large values of the Reynolds number, Eq 245 holds for the same values and 

is therefore applicable to smooth pipes for the entire range of the ReynoJd s 

number within vit, ich the flow is turbulent. It is c alled the universal 

resistance law for smooth pipes. 

As has been mentioned in the Remark of Chapter II, the conversion 

formula s provided by t he Reynolds analogy and its various forms to calculate 

the heat transfer, strictly Sfeaking, do no t apply to the usual problems of 

pipe flow. 

There is abundantexperimental data in connection with heat transfer in 

turbulent f low in pipes. Eq 222 is a good representative of the experimental 

formulas, in which the power of the Reynolds number is always 0,8, but the 

power of the Prandtl n~i1ber varies from 0, 3 to o. 4, and the coefficient also 

vary slightly. For highly viscous fluids, McAdans (38, 1942) recommended 

the fol l owing formula based on the data of Sieder and Tate (182, 1936): 

I 

Nv = 0.027 R
0
'~ e5:·3 

~ 0.. 0.. 

(246) 
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where the subscripts s and a refer to the surface temperature and the 

arithmetic mean of the entrance temperature ~o and the exit temperature J. 

"L 

after the exist fluid is thoroughly mixed. 1;Jhen the influence of the starting 

length cannot be neglected, the last equation should be replaced by the follow-

ing one given by Nusselt (139, 1931) based on the experiments of Burbach (76, 

1930): 
0 g ..!... Ma )0·14 D 1/18 

N-u : 0.036 Rc.i.. G': ~ ( ~ . ( - ) 
~ ~ ' rS 1 ~ 

(247) 

The influence is much smaller than in the laminar range, where 

N~
0

: 1.86 ( ffe.~ y± ( ~: )°' l't ({- rs (248) 

According to Chelette (79, 1948), t he coefficient 0.1 should be used instead of 

the 1/18 used in ~q 247. 

The local heat-transfer coefficients for different hydrodynamic and thermal 

states of establishment in pipe flow were given semi-theoretically by Latzka 

(128, 1921). His formulas have recently been checked by Boeter, Young, and 

Iver son (73, 1948). The agreement is generally quite good. 

The problem of evapora.tion in pipe flow does not usually occur in practic~. 

Ce Rough Pipe 

Since the thickness $1 of the laminar sublayer is proportional to 

the effectiveness of roughness of a certain grain size k, which depends on 

k/ ~L , must depend on kv"/~ . Extensive work by Nikuradse (137, 1933) who 

used sand roughness (ks) in his experiments has sho~m that 

le When O ~ k5vt/~> ~ 5, ,,;,here ks is the grain size of the sand 

roughness, or, equivalently, for small Reynolds numbers, all roughnesses lie 

within the laminar sublayer. In this case roughness does not increase the 

drag ~ich depends on the Reynolds number alone, and the pipe is hydraulically 

smooth. 
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2, when ks vi'/ ~ 70, or when the Reynolds number is very large, all 

roughnesses project from the laminar sub-layer, A purely square law of form 

drag applies. The drag now depends only on the relative roughness ks/r and 

not on the Reynolds number, and the roughness is fully developed, 

3. when 5 k8 \ / i) : 10, or when the Reynolds number is medium, 

the drag will depend on both ks/r and the Reynolds number. 

For fully develoi:e d roughness flow, Nikuradse found 

u = v (2.5 lu L + 8.5) 
l ks 

integration of which gives 

Hence 

( V 1. 'f{ I )\ = <is \ _u11-) == __ __,.......::;..._----=- - -------~ 
( ~.·5" L~{-; + 4-lS"t (..<·O \~ 10i;_,+l·hf).! 

Direct measurements of vt and u by Nikuradse gave · ·• 

'>-.-I, -
~ .z · 0 lo~ 1's +I· l lf )1 

No experiment on heat transfer in turbulent flow through rough pipes 

( 2Lr9) 

( 250) 

(251) 

( 252) 

with special emphasis on the influence o.f roughness has been reported. But if 

t he conversion formulas apply approximately to smooth pipes, they should also 

apply approximately to rough pipes. 

D~ Smooth Plate 

Assume that the flow is turbulent f r om the start. The boundary-layer 

thickness 6 (x) increases with X ~measured along the plate) and corresponds 

to the radius of the pipe in pipe flow. The free stream velocity U ·· . 'f:. ...... 

corresponds to the maximuw velocity Ufnax in the pipe. Denoting by W(x) the 

drag per unit width of the plate up to a point x, the momentum equation 

yields 
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(2S3) 

the s ymbols used in t he eqaation having the same meanings as in Blasius flow 

treated in Report r. Assuming the seventh-power law 

_g_ - (..i.)1/7 u - o 
Eq. 2S3 becomes 

from which 
_clWC)J _ _ L U'dJC~.J 

-co - (; 1. · - 7.? F °" j._ 

( 2SS) 

(2S6) 

On the other hand, by analogy to pipe f low, the following equation can 

be assumed: • J 1; 71~( v v4 
-C == O· 0 C'l 15-? (_) -Z- I 0 -'- . 0 

Hence the differ ential equation for f (x) is obtained 

7 . 2 d r 7/4- v .1. 
72 (' u d ~ =- O · 0 2 '- S' f u. ( T )4 

Integrat ion and simplification of the above equation yields 

O· 37,l_ 
R'IS 

where Rx ::; U:x/ i,) • Thus 6 tx.t'""" l/r for the turoulent boundar y layer, 

vrhile for the laminar boundary layer J ( l J ,~v j '12 

Substitution in Eq 2SS yields 

W(x) :. Cf 

where 

C - 0 072 R - l/5 
f - , · X 

Comparison with tests results shOJ1rs that for 5(10S) "Rx< 107, 

If the initial laminar f low on the front part of' the plate is taken into 

consideration, t hen according to Prandt], 

er = 0. 014 R;"'l/s - 1700/F<x 

( 2S7) 

( 2SB) 

(2S9) 

( 260) 

( 261) 

( 262) 

( 263) 
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for the same ra.nge of Rx • 

For la.rger Reynolds numbers the logarithmic velocity distribution must 

be assumed. Taking 

u -....... 2. 49 ( 26h) 
v~t 

ln(l+B.9317) 

which is a slightly modified form of 

2.S 71 + 5.S ( 265) 

where r, = v* y/y , it may be shown that the momentum equation yields the 

interpolation formula 

cf = o~472 _ 
(log R ) 2.58 

,,., X ( 266) 

Though the method of derivation applies to arbitrarily large values of Rx, 

the interpolation formula itself is valid only in the range 106 < Rx < 109. 

Comparison with test results shows that the agreement improves if Eq 266 is 

slightly changed: 
r, 
V -f - (log Ii y2.sa 

IO X 

0.,455 

which is the Prandtl-Schlichting plate drag law. 

The laminar 8.pproach length may again be taken into consideration by 

subtracting the same amount before, thus 

Cf= 
o~4SS 

(log . R )2.58 
10 X 

1700 
Rx . 

The limit 109 is high enough for practical purposes 

(267) 

( 268) 

Very recently Schultz~Grunow (176, 1940) measured the velocity distribu-

tion in the plate bounda ry layer. Based on ·the measurements the following 

interpolation formula was proposed: 

(269) 

which, _owever, does not differ much from the Prandtl-Schlichting law. 

The corresponding axially SYl11Jlletrical problem, that is, the ·turbulent 
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boundary-layer problem for a body of revolution at zero incidence, was 

treated by c. B. Hillikan (13S, 1932). The s-eventh-power law of the velocity 

distribution was taken as basis. Application to the general case has not yet 

been made. 

If the plate is heat ed so that the difference between the temperature of 

the plate and th at of the free stream is T - T - ..6. T. S O - Then assuming a 

seventh-power law for the temperature distribution in analogy to the velocity 

distribution: 

( 270) 

Latzko (128, 1921) utilized Eq 259 and the principle of continuity to arrive 

at t he relation 

N11x = o .. 036 o Rx o.a (271) 

Eq 270 i s of course valid only when the seventh-power law holds for the 

velocity distribution and only when the Prandtl number is unity. Therefore 

it differs from von Karman 1 s conversion formula (Eq 221) which is based on 

the logarithmic distribution of velocity, and any value of CJ. However, 

the influence of cr" on the validity of Eq 270 is not great if er· does not 

differ appreciably f;z:,om unity, as in the case of air. Hence Eq 271 can be 

expected to hold if er' is near unity and the velocity distribution follows 

the seventh-power law. 

Jacob and D01~ (33, 1946) took into consideration the influence of the 

unheated length of approach xtl. Their experimental r esults on air can be 

repres ented by the formula 
0 ,8 

Nux: 0.0280 R . X 
rL' + O.LJ o( -~C?.)2.75-\ . t )<.. .• 

( 272) 

where Nux :. h x/ka, h being the coefficiept of heat transfer, ka being 

the thermal conductivity of air at the mem temperature (T 8 + T0 )/2. 
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The expe~imental work of Juerges 1 (p.556 and p. 557, 32) gave a f ormula 

similar to the last one but 1.~ th 0.0280 changed to 0.0322, the difference 

being possibly due to side effects. The exp erimental work of Elias (14,1929) 

gave an exponent 0.9 for the Reynolds number. Jakob (32, 1949) believes this 

might be due to the fact that the flow was changing from laminar to turbulent 

over a considerable portion of Elias plate, during which transition the 

exponent of R is higher than both exponents O. 5 and O, 8 for laminar 

and turbulent flows respectively. 

While the f~reat majority of experimental work in heat convection has been 

done on ~ipe f lows what experiments have been done in evaporation have been 

exclusively performed on plates and cylinders. Aside from those wh ich have 

been superceded by later and more careful ones, the earliest extensive work 

on air was done, by Carl Rohwer (166, 1931) under controlled and natural 

conditions. Denot ing by E the evaporation in inches per 24 hours,, es the 

saturated vapor pressure at the temperature of the water surface, in inches of 

mercury., ed the vapor pressure of the ambi .ent air, in the same units., U 

the mean wind velocity in miles perfuour at a specified small height above 

the ground and B the mean barometer reading, in inches of mercury at 32° F, 

he obtained under controlled condit i ons 

E ~l 0.44 + 0.118 ~ )(es - ed) 

and under natural conditions, 

E = (1,465 - 0,0186 B) (0,44 + 0~118 U) (es - ed) 

for reservoirs of diameters less than 9 ft, and 

E = 0.77 (1~465 - 0.0186 B)(o.44 + 0.118 U)(es - ed) 

( 273) 

(274) 

( 275) 

for reservoirs of larger diameters. The limit of validity Wlich has been 

taken at 9 ft. is of course somewhat arbit r ary. It may be mentioned that 

Eqs 273 and 274 were obtained from exp eriments on a J ft SCFUare evaporation 

tank and Eq 275 was obtained from experiments on a reservoir of 85 ft 
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diameter, and that exp eriments at other locations have been used in obtaining 

Eqs 274 and 275, Edge effect was not considered. For the reservoir the rim 

depth is so small compared with the diameter that its effect can certainly be 

neglected. 

The experiments made by Shepherd, Hadlock and Brewer (178, 1938) on 

evaporation from a free water surface and from saturated sand in pans l ft 

square placed in a wind tunnel gave data that can be represented by the 

formula 
Nu :: ?,• 103 R o. 7 5 (276) 

Yihere Nu is now the Nusselt number of evaporation. Hichox (106, 1939) 

correlated Rohwer Is data with the above formula. On reducing Rohwer is results 

(Eq 273) to a rela tion between Nu and R , he could find very little agreement 

between Eqs 273 and 276, but believed the formula 

Nu : 0 , 1 R o. 7 5 ( 277) 

should not be very far from the actual relationship. 

In 1935, POilrell and Griffiths (146) published their experiments on 

evaporation from a plane surfaoe.. In a later paper (145 ,1940) s Powell showed 

that his 1935 resu] :ts can be arranged to indicate very convincingly the re~a-

tionship between the Nusselt number of evaporation and the Reynolds number o 

In the 1940 paper he also published some oteer very interesting results. For 

a wetted cylinder of diameter 4. 36 cm placed along the direction of wind, his 

experimental results can be summarized by the formula 

_ _gj__ : 3,17 X 10-8 ( LJ l) 0. 8 
P..,.,. - Po 

( 278) 

-where e is the rate of evcp oration in g rams per sec per sq cm, Pw and Pa 

are vapor pressures on the wetted surface and in the ambient air, respectively, 

in mm mercury, Z is the exposed wetted length in cm, and U is the wind 

velocity in cm per sec. The starting unwetted length is 9 cm. The above 

formula describes PoweJ,lls l935 results for plates within a maximum error of 
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seven percent. Hoffman's work on heat transfer from cylinders (26, ~935) gave 

~. f rmula similar to the above one. 

From exp eriments on circular discs with a diameter ranging from 5. 4 to 

22.l cm, all facing wind, Powell obtained the forrm1la 

eel ;: J. J x 10-7 (Ud) 0 ·65 (279) 
P.., - p • ., 

and showed that the difference in t he rates of evaporation from discs facing 

windward, facing leeward, and tengential to wind has a maximum value at 

Ud :ii' 500 sq cm per sec (no smaller U:d was recorded) of 40 percent based on 

the windv1ard evaporation (largest) but decreases to 17 percent for Utd :; 10,000 

sq cm per sec. Further expe riments on rectangular plate1; ·showed that the 

maximum evaporation is obtained when the wetted surface is facing leeward 

and when the plate makes an angle of from 10° to 4o 0 or more with the_ cross-

wind, di.11ection, depending on the dimens ions of t he plate and possibly on the 

Reynolils number. Powell also showed that when a baffle is erected at the 

star t of the wetted cylinder placed along the wind, its effect is a mrudJnum 

when the ratio h/1. is an optimum, where h is the height of the baffle 

measured in the same unit as I 

The most recent work on evaporation from a plane surf ace was done by 

Albertson (3, 1948). Denoting by x and x I respectively the distances 

of a point from the hydrodynamical and evaporation leading edges, h is results 

shQWed that in the range of validity of the power law for the velocity 

dis ribution, 

" 
Ce = _.9-.... 

· -6.C U;t. ' 
O, 067(:· )- 0

.
37(Pe,<.)1(:')'"- J 

(280) 

where Q is the rate of evaporation per unit width from the surf ace up to 

the wetted length xt , Ac is the difference between saturated concentration 

and the actual concentration of vapor in the ambient air, and the subscript xi 

means th~ dimensionless parameter conc erned is based on x•. If the 
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logarithmic law of' velocity distribution is valid, his results showed 

( 281) 

The Peclet number in Eqs 280 and 284 may be converted easily into the Reynolds' 

number. F· 11 d t· b B ina --Y, eno J .. ng y the Peclet number based on xt and on the 

shear velocity ~7'~/p- , he obtained 

CeS ::. O. 5 B 4;.6" ( 282) 

for the laminar and the turbulent cases alike. Comparison of Albertson's data 

with the Eqs 220a, 220b, and 220c based on von Karm~n I s conversion formula is 

shovm in Fig. 4, where the Reynolds number is based on the length ,J xx' and 

the ambient velocity" 

Evaporation from a plane surface was also investigated by Huss (110, 1940) 

and Wade (204, 1942). Evaporation from Lake Hefner near Oklahoma City is now 

being investigated by t he U.S.B.R., the u.s.a.s., the u.s. ¼eather Bureau, 

and other governmental agencies. Since it is known that the oottom of Lake 

Hefner does not leak water, and since the occasional inflov, of the streams 

feeding the lake can be measured accurately, Lake Hefner serves as a prototype-

sized evaporation pan, and furntshes an ideal site for evaporation studies. 

E. Rough Plate 

The conversi.on from pipe resistance to the plate drag may be carried out 
• 

in much the same manner as previously described for the smooth plate. Based on 

Nikuradse I s data on rough pipes and starting from the equation for pipe 

where 

u - v~ ( 2. 5 I n ~ 4- B ) 
s 

B has been determined by l~ ikuradse (137, 1933) 

( 283\ . I 

to be a function of 

Prandtl and Schlichting (153, 1934) arrived at ·a relation between 

the drag coefficient Cf ~d the Reynolds number UL/y , 1Ni th L/k6 as a 

parameter. mien the Reynolds numbe:r is large enough, Cf depends only on 
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L -2.5 cf= (1.89 + 1.62 log -k ) (284) 
/0 s 

No work on heat transfer or evaporation from a rough plate has been 

reported. 
/ ,, 

However, the conversion formulas of von Karman, Hofmann, and 

Mattioli are expected to give fairly accurate results. 

F. Free Turbulence 

The study of free turbulence is generally divided into three groups, 

namely, jets, wakes, and the free jet boundary. Although the first t111'o groups 

have been discussed in some detail in chapter I, in connection with the 

transfer theories of turbulence, certain characteristics of their spread 

warrant further discussion. The free jet boundary will also be discussed. 

Although the velocity distribution in plane and round jets must be 

obtained experimentally (No theory can guarantee a. conect prediction--see 

Chapter I), the salient characteristics of spread can be obtained from the 

equation of motion on the assuJnptions of constant pressure and of similarity 

for different sections. 

For the t wo-dimensional jet, the equation of motion is 

( 285) 

where "t' denotes the shear stress and the subscii p; s denote differentiation. 

Integrating with r t. spect to y from - C>O to -1- co , and remembering that ~ 

vanishes at both limits and that Ux + vy = o, one has 
o0 f~ oo Joo f ll Ux d!J +- v LI~ ely =1o0,L,( I.A')( c/'1 + VtA t~ +- I.A Ux c:l J 

-~ -~ -~ -~ 

or 
= -.!L (~ 2 dlj = 0 

d~ )_ct) 

(286) 
constant. = M 
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(287) 

which expresses the rate of decc'l.y of kinetic energy as do r esult of the dissipa-

tion by shear ( first into turbulent k inetic energy and final.ly throu gh 

viscosity int o heat ). 

The assumption of dynamic similarity requires t hat 

in which 

h -l , I - b 

( 288) 

where b is some characteris t ic later al j et dimens ion used as a reference 

length, and that 

~ = Pu 2 9(n) "' I mo>; . / · ( 289) 

Substituting Eqs 288 and 2 89 int o 286 and 2D 7, one obtains the following 

simultaneous equations for ~ax and s: 

u2 lo= M/,t:J 1l n'l&I,( 
·( 290) 

( 291) 

where 
cc 

1 = r .c 2 r;' \"). 
- I - ) - (;() ) - . - ., 

l =f 009 f 'cl Yl 3 t,O 

Simultaneous solution of Eqg 290 and 291 f:ives ( remembering that 

Umax - - oe as x - o for infin:i,.tesimal slit) 
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( 292) 

and 

b :: ( 293) 

so that Umax is proportional to b to x. 

The foregoing analysis is after Corrsin, who gave a similar analysis 

for the three-dimensional jet in the discussion ( 80h, 1948) of a  paper by 

.Albertson, Jensen, Dai, and Rouse (68a,·1948), 1M.th the r esults 

and 

I 

X 

vvhere M denotes the total momentum flux of the round jet, 

( 29L) 

( 295) 

Eqs 292 and 293 and proportionali ties 294 and 295 are verified by 

Albertson and co-authors (68a), who found that for the plane ,jet the velocity 

distribution follows the Gaussian law: 

,----- 2 
u \'! f:'X : 0.36 -1. 84 ~ 

I IV/ X 

which gives 
r--

and 

Umax = 2.2\1 ~ ~ 

b ~0.52 X 

where b is the standard deviation 'of the velocity distribution curve (which 

represents the Gaussian function), and thB.t for the round jet the velocity 

distribution is again Gaussian: 

which gives 

and 

loc, r;;-p U X = 0. 79 -3.3 
-''
0 

~ 4 IVI 

Umox = 6.2 \c..q M 1 

I 77",0 X 

b ::0,12 X 



RATIONAL SOLUTIONS OF SPECIFIC FROBLEES IN TURBUIENT F'LOW Bo. 

where b has t h e s ame meaning. 

Exactly the same method of anal ysis can be applied to heated jets, with 

the r esults that for the plane jet ( H denoting the heat flux per unit length 

and cp the specific heat at constant pressure) 

I H i,...' ,,.._,rv 
T - T:0 ,,__.,, \ /')Cp - - rv /'--n1c.1 ;! 1~ A 

and that for the round jet (H now denoting total h eat flux) 

H 
. \ PCp )( 

b'-- X 

where '1'
0 

is the ambient temperature, T max is the temperature on the center-

line, and b' is some characteristic lateral dimension of the heat jet used as 

a r efer ence l ength . In the anal ysis of the heat jet, t he energy equation 

instead of t h e equation of motion should be used. 

~ et:rictly similar remarks apply to the vapor jists. 

2a Wakes 

For the plane turt ulent wake, t he equation of motion is approximately 

Uu ::: .l 'L 4 
X f) J 

}296) 

where U is the ambient vel oci ty ( in the x-dir E"ction), and u is the 

diff erence b et ween U an d t he a.ctual veloci ty. Integrating Eq 296, one has 

,oU er( I:d'j = 0 
or puJJ, cJ'j - w c291) 

where 1iJ is the tot al drag pe r unit width on the t lJo- dimensional body whose 

wake is un-tler inves tigation. -- .Mult,iplying Eq , 296 by u and integr ating, one 

has 

(298) 

If now one assumes dynamic simil arity , one has 
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wh ere 

and 

~ 
lo . 

2 
Umox 

Eqs 297 and 298 then become 

_£_( 2 b -dx LJ men: ) -
n L 3 - ;,t I mt.~ 

l.J 
where 

Solving Eqs 299 and 300 s imulta:1eously, one has 

umc;1x 

b -- 1-4 ~1 ··1 ·/?< 
'~r-"5u211l2 

For the three-dimensional wake, one works with the equation 

and obtains 

and 

Uu":: _ ,_· (-r'r),.-
Pr 

} 

U ~ (WU )3 ,.,,,a)( ,<J ?(2 J 
I 

b , .. __, c::a)3 
where ;;, is now t 1e tot al drag on the three-dimensional body. 

A similar an..,l ysis can be given to heat wakes and vap or wakes, using 

Bl.. 

( 299) 

(Joo) 

the energy equation and he diffusion equation r espectively. It can be shown 



RATIONAL SOLUTIONS OF SPECIFIC PROBLEYS I N TURBUIENT F101r.1 82. 

that Tmax - To. varies with x in t he same manner as Umax' and S ! varies with 

x in the same manner as S, for both plane and axially symmetric wakes. An 

analogous remark applies to vapor wakes. 

3. Free jet boundary 

· It is sufficient to discuss t he case where a free fluid stream with 

unif onn velocity U mixes with the same fluid at rest. Integrating Eq 285 

between t h e boundaries of t he mixing region, one has 

I lo _q_rOu~ cl~ :: 0 
-~b ax 

(301) 

where b measur es the sp r ead of t he mixi ng re gion int o t he free stream, and 

o< b measures t hat j_nto the f l uid at rest . Due to similarity for diff erent 

sections, the number (X. is constant. 

Si nce b is a function of x, Eq 301 can be written 
rt · 

cf )' fJ cl · a''j - ;0 U2 ..dl2.. = 0 (302) 
cl?'- - rx b d X 

from which it is clear why fini t e instead of inf inite limits a r e used for t he 

integr al, since other wi se t h e integral will not converge. There is, however, 

another way of over c omi ng t his di fficulty a s will be discussed later. 

With 

and 

., = ~/b 

Eq 302 can be written 

( - ( ' f Z cf r/ - ; ) db = 0 
, J-t>f.. I cl x 

Discarding the trivial solution <j h - 0 , one has 
dX -

,m ich deter mines 0( . 

Multiplication of Eq 285 by p u and i ntegr at ion gives 

[
h It) _, £ ("1u 3 ) dw = - "Yu c/L( z ax ,- _J 'j J 

. ~b _ifb . 

(303) 

(304) 

(305) 

(306) 
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With 

r( = p u 2:3 ( 1 ) (307) 

this becomes 

~~ u: f3 c11-1) = -z t1 f'c/1 
which means db is constant and b rv ?( 

dx 
The foregoing analysis is due to H~ 1v. Liepma.nn and J. Lanter. 

There is another way of arriving at the results where infinite limits are used. 

Since infinite limits have been used for jets and wakes, for the sake of 

uniformity it is thought desirable to :Jresent the alternative analysis. 

The equation correEp anding to Eq 301 is 

rco a,ou2 , _ 
) -- . --- ·· G/i/ - 0 
-~ oX J 

which by virtue of Eqs 303 and 3041 can be written 

-2pU2 _d_b .\o0f {'ndn 
c/X. ..,i-'i:,o . I I 

Discarding the trivial case t r~ -: o, one has 
CDC . 

,-if. 

I ; = j_cr-. f-F1r c/17 = o 
which imposes a conditio:-i o::.;. .;:- and in bart:::..cular determines o< in Lipemann 

and Lauferis analysis, and is obviously equjvalent to Eq 30.5. 

where 

Eq 306 together with Eqs 303? 304 and 307 yields 

db 
dx :.: 

I2 = r: f' f ' f'J cf /'"j 
I3 = f: 5f'd1 

~ constant 

Hence b "'' x. The convergence of Il' r2, and r3 depends of course on the 

manner in which ft-,,. o as • ']-CD j and since this requires only that 

for large · '7 
f I :; 
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while ordinarily ft is supposed to vani sh exponentially as 1-co, the 

integr als can be safely considered, as convergent. 

84. 

A simil ar analysis can be &,i ven for the spread of heat or of vapor when 

the free stream is heated or has a higher content of vaporo 

G. The Turbulent Boundary-Layer in 

Ac.celerated and Retarded Flow 

Since t h e equati ons governing turbulent flow have not been properly 

formulated, there exists no method, exact pr approxi mate, for the computati on 

of velocity prof iles in the turbulent boundary layer attached to arbitrarily 

shaped bodies. However, the momentum equation furnishes an integral condi ... 

tion that mus t be satisfied, This integra.l condition and some empirical 

relations obtained from systematic expe r imentat ion constitute the equations by 

means of which the important unknovms ·can be computed. In the following 

Grushwitz' s (102, 1931) method will be presented. 

Grushwitz made t he assumption t hat the velocity prof iles of the turbulent 

boundary-layer for pressure drop and rise can be represented as a one-

parameter family, if u/U is . plotted against y/,9 , where ,$ is the 

momentum t hickness defined by 
S' u 2:J, { u(U-u)cl'j 

~,,_ 
S being the boundar y-layer thickness. For the definition of 8 2) ond C: ,, ,/ p, 0 

(vh ich will be used in the following), reference' i s made to Report I, p. 3h 

and p . 35. 

As form par ameter one selects 

where 

fl :: I -
u(,8) denotes t he velocity 

z (~J~9)_) 
u at y: ,t9 , and u1 as befor e denotes 

the potential vel ocity" just outside of the boundary layer, all in a direction 

alQng the solid boundary, '!'hat 1 actually is a serviceable form 
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parameter has been experimentally justified by Gruschwi tz. Gruschwitz found 

from his experiments that the turbulent separation point is ~iven by 

= o.8 

The form parameter 11 is analogous to the parameter A of Fohlhausen for the 
laminar boundary-layer. A considerable difference exists betvreen 11 and A , 
however, since for the laminar boundary-layer the following analytical relation 

exists 
dU 
cl?< (308) 

while such a relati~n is thus far lacking for the turbulent bounda:ry-layer: 

as in general an analytical expression for the turbulent velocity profiles does 

not exist. One needs therefore an empirical relation eq1.;Livalent to Eq 308, 

Since, as has been remarked at the beginning of this chapter, the 

equations governing turbulent flow have not been properly forrnu.Ja. ted, the 

velocity ci:listribution cannot be determined in an analytic way, and the calcula-. 

tiion will be lirni ted to the determination of the four characteristics of the 

~ 
turbulent boundary-layer, namely ri I t., 0 1 

and 

Precisely as for the laminar boundary layer, the momentum theorem yields 

the first equation 

. 'fo .::: c1,J + (t + _!..._ ~~¥)-~ d u2 
p U z d 'X. 2 ,,$ U 2 vi ?( 

The second equation is yielded by the e quation 

obtained by Gruschwitz by 

~L. 

~ ~, :: H (11 ) 
evaluation of the measured velocity profiles (102, 

1931) and r sgarded as generally valid. 
~~  

The empirical relation between H = .0 // S and ri, found by Grusahwitz 
may also be represented analytically, according to Pretsch (154,1938), who set 

up a pm"ler l @rl of the form 

~l .. { g ) n = zn 
with n -:.1/6., l/7, l/8, ... , according to the experiments so far. As the 
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Reynolds nwnber i ncreases, n will decrease and the velocity distribution 

will finally approach the logarithmic form. But as long as a power representa-

ticn is adequate, the following will be true no matter what is the actual 

* . value of n. From the definition of ~ (see Report I, p. 34), one has 

Furthermore 

n 
(n+ 1) (Z n+I) 

Hence, from the last t wo equations, one obtains by division, 
J, 

H=~-=2.n+1 
11 

Substituting the last equation into Eq 309: 

1,Q _ H - 1 T - H(H -t l; 
Then from the Elefini tion of ~ . : 

z o. 2n li -t-1- 1 '1 = I - ( -uuf ~, 1) .= .t - I 11 ) - J - . 1-1 - 1 I 
~ T - 1_-1<i-1+1) J 

(309) 

(310) 

(311) 

This result is in perfect agreement wi. th Gruschwi t7., ts experimental dat a, and 

is tabulated below: 

H 1 1.4 1.6 1.8 2.0 2.2 2.4 2.6 2.8 3.0 

·') o o. 270 o. tro4 o. 573 o. 688 o. 772 o. 833 o. 881 o. 916 o. 941 o. 959 o. 972 

The third equation was empirically derived by Gruschwitz from his measure-

ments. He considered that the energy variation of a particle moving parallel 

to the wall at t h e distance y ~ {l is a function of u( J ) , ul' ,t9 , JJ 
Dimension considerations suggest the following relation; 

where 
) 

cl9, = 
dx 

, and R is the 
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Reynolds number. 'I'he test r esults sh ow no dependence on R , and that 

/\..9 c/<J I -·- 0. 00894 r1 - 0. 0046 I (312) 

Furthermore, 
·i ci-x 

3 - 9 ::: r + £ u,z - P 
o I 2 

where ~,;-= JO+ f U,
2/z. ::: constant. On putting D '7 = '5 , one has t herefore 

dgl ds> 
ctx =--ax 

and, substituting into Eq 312, 

,,J ~ ! = -0. 00894 '!f + o. 00461 q (.313) 

'rhe fourth equation is still missing and is replaced by an e stimation of 

-1'0. According to the calculations for the pl ate in longitudinal flow, 
J I 

:~ . .::: o.o~ 25 ( Uy~ r 4 ::: o. 022'5 (R 6 y 4 

If one assumes what is true for the seventh-power velocity distribut i on, 

namely, <:°*_ I C' 0 - -o) 
8 

one can write Eq 311 in the following manner: (314) 
I I 

;~)\ = 0. 0/338(R;/)-~ = o. o I 2 6 6 (r~,J) r 4 

Thus, for the
1 

calculation of r.J and r/ (or of J and "S ) , one must 

solve simultaneously 

cl~ ~ - + o. 00894 _::, clx- ~9 
0 

- 0.0461..£... ..., Q 
'l·· 

cl$ + (i + J:i.) 1.9 __ c/ <& "fo 
cl?< 2 '6- dX Pu/ 

where q:. pu12/2, H, ~/f>u,2. are .functions of x, of '7 = s/ 1) 
and of ,9 and x, respectively, q being calculated by any method applicable to 

potential flow, H and 1i/pu, 1 respectively from Eqs 311 and 312. If the 

I "" o'_ (} 
X = -;-, V ·-~-- I 

dimensionless parameters 
~ ~ _'J_ -(~)z'7 ' p 1 -~--U u 

2 
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are used, where t is a representative length and . U the velocity of approach 

of the free stream, one has the dimensionless equations: 

d '51/ + f' 2 I 0 .00894 := 0.00461 ( ~·-) 
cJ X' ,8 I 

r!) I 

d( ~l) 
~ 

d'8' u 1a + 2 (1 +Ji.) J' 
clx.' ' 2 u, ·dx' pu,2 

In solving the above equations the initial values of the unknowns have 

to be determined. For ,(}' the initial value is taken to be tha t for the 
I 

laminar boundary-layer at the transition point, and ~ is determined from 

the initial va.l.ue of r'J , which is taken by Gruschwi tz to be Oo l. According 

to Gruschwi tz, a different initial value of 1 will make very little 

difference. With these initial vaJ ues t he equations m.ay be solved by the 

isocline method. A first approximation for '1.IQ I is cbtained by first solving 

the second equation with constant values for rfo;f:>u,~ and H: 

_I(" = 0. DOR. H = /, 5 pu2 
This first approximat{on ,iJ. 1 

( x•) is then substituted into the first equation 
I 

to obtain a solution'5:(x'), which gives a first approximation for ri and 

hence for H( rp. Also r( 0 can b~ impr:oved with ,{}/ according to Eq 314. 

These newly obtained values of H and i are then substituted into the second 

equation to find ~' (x') , and the process continues until the differences 

between two successive values of ,9 and of 'f become insignificant. 

The method converges so 1,1\/'ell that the answer i .s essentially attained in the 

second approx imation. 

According to Czuber the isocline method for the solution of the 

differential e ·1.uations can be applied in the present case in the following 

ma11ner. Both differential equations having the form 

~1; +· f ("-) '1 = ·9(x) 
they have the property that all line elements on a straig,ht line 
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x = constant radiate from one point, as can be easily s hown. The coordinates 

of this pole are: 

?(+ _I_ 
f (:<) ) 

'7 - _:J(x) 
f(x) 

Thus one has only to calculate a sufficient number of th ese poles and can 

then easily draw the integral curve. 

The separation point is gi.ven by '1 : O. 8 

It should be mentioned that the calcula.t ion for t he turbulent boundary-

layer must be performed separately for each R :. ut/.,_J, whereas only one 

calculation is necessary for the laminar boundary-layer. The reasons are, 

first, that the transition point travels with F·,, and second, that the 
,. 

initial value of.{} /t further varies with R at the· transition point since 

there 

,8 JR : - constant t ~ -
for the laminar b oundary-layer, as can be shown by making the laminar boundar y-

layer equation not only dimensionless, but also free from R. 

It must be noted t hat the values cbtained for 1~ becomes· incorrect in 

the nei ghborhood of the s eparation point, At the separation point 7o should 

be zero, whereas according to Eq 314. t(() is never zero. 

In the case of flat plates, q( x ) = constant, and Eq 313 can be writt en 

.J d '1 ;: uO. 00894 n + 0. 00461 (315) d?< . I . 
A trivial solution is 

0.00461 
(] - 0~ o6'89Ti = o. 516 

Since the initial value of '1 is 0.1, and since according to Eq 315 

d1 /dx > O, 1 must appro~ch 0.516 asymptotically from below. If the 

velocity profile follows the seventh-power law, '1 .: O. 487, as can be 

computed ·from Eqs 310 and 311~ 'rhe profile attained a.symptotically for 
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uniform pressure therefore almost agrees with the seventh-power law that was 

previously applied to the plate in longitudinal flow. 

For exarnples of calculation, see ( 172, 1942). 

The turbulent heat boundary layer for arbitrarily shaped bodies has been 

treated by Kalikhman (115, 1946) who considered not only compressibility but 

also the variations of density and viscosity with temperature. The method is 

too complicated to be presented here. Suff ice it to mention that it involves 

the ·process of successive approximation and the use of t he concepts of eddy 

viscosity and mixing length, and of Eq 230. For the turbulent vapor boundary 

layer the variations of the physical constants can be neglected in ordinary 

cases, and a method of calculation analogous t o t hat of Gruschwi tz for the 

turbulent flow boundary layer can be developed-

. ' 
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Chapter IV. MASS-TRANSFER IN THE ATMOSPHERE 

Ao Suttonts Theory for Still Air 

·when there is no mean mot ion in the atmosphere, the Lagrangian correlation 

coefficient can be assumed to be 

R =-/ a )n s l u''s' 
according too. G. Sutton (186, 1932), a being a constant length and 

., 
u 

bei ng the root mean square of the velocity fluctuations. Asf ~o, Sutton 

assumed R~ ~ 1, but did not specify the wa.y in which it does so. Sub-
J 

stituting the above form of R in .l!iq 6S for the case n < 1, one obtains, on 

replacing T by t in the final r i::sult, 

·xz = 2an (u''t)2-n=_' k/(ll''t)z-n 
( 1- n ){Z-n) z 

It should be noted that the error committed in the above expression is ~mall 

only when the contribution of R~ at small values of S is negligible, This is 

true only for values of n less than 1. For such values i t is immediately seen 

that x2 increases as a power of t higher than the first, thus taking into 

account the obser ved increase of t h e effective eddies with time. However, if 

n < 1, the integral 1Rsd,g will diverge. This is a defect of Sutton's 

the ry. 

The concentration of matter in space resulting from an instm taneous point 

source is required to satisfy the following conditions 

( i) as t -,,.~, C ---'> 0 

(ii) as t ~o, c--o except at the origin 

(iii) j2 =- ;\u··-t.yz-n , whereJx2 is the 

concentrat ion-distribution curve. 

(iv) Total amount of matter= constant= Q 

These conditions are satisfied by the solution 
Q ' 

c : ,r-½ b3 (u''t )3m/2 exp (-
where m :. 2-n. 

standa.rd deviation of the 

(316) 
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Solutions for continuous sources are obtained from the above equ·:, tion by 

integration. Noteworthy is the fact that the concentration has not been 

required to satisfy the differebtial equation of diffusion. 

B. Sutton 1 s Theory for Uni-Directiona_l Wind and 
.:imooth 0urf aces -

1. Correlation and interchange coefficients 

When there is wind and the 'iii nd is in a certain direction, the Lagrangian 

correlation coefficient can be modified to the following form, according to 

o. G. Sutton (186, 1934): 

Re-( Y. )n 
~ - ·v,-t--w"~if1 (31?) 

where\i) has not yet been identified with the kinematic viscosity, and where 

n is j a function of the thermal gradient in the vertical direction and of the 

surfa?e-roughness, of wh ich no more than an empirical determinatfon is at 

. presept possible. Using Eq 317, one now has, with T1 denoting the time 

int eryal beyond which R; is negligible, • 

V' 7 :¾ V ,, 2 f T,f. Y. )~/ ~ = V. 11 · I( 1-{ + W ,,2 To y-1~ Y. ,.hJI ,._ ;..,{ n (\A!'' 2 -,:)' ; - 17 
. 0 l--; +w 1·.z5 ':> 1-n ,_ ' __ 1-11 . (318) 

the t erms neglect ed being of the order of y at the most. This approxima-
1 

tion really amounts to neglecting molecular forces in comparison with eddy 

forces. Substituting Eq 317 into Eq 65 and changing Y into z, one has 

further 

Z z ,.., ~ j n;: ,,2 --Jz-n '.".(.. v, ~vv I 

(, - n ) (2 -n ) w 11 2 

Since z2 is positive and since i t must inc-rease wi. th time, Sutton concludes 

that n must be between zero and one in mai:nitude. This will, hCJV1rever, make 

the integral of R 5 with respect to 5 from zero to infinity divergent, and 

will again constitute a defect of Sutton's theory .. 
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It does not appear possible to give a rigorous expression for \N 1
'
2 T in 

J 

terms of u and z unless orn:i knows how w" depends upon the boundary 

conditions and the stability of the motion, and the manner in which u depends 
. 

upon the height. A fair approxi.mat,ion, however, can be obtained by using the 

ideas of Prandtl and of Karman. rt has been shown by Hesselberg and Bjordkal 

(lOSa~ 1929) that the distribution of the velocity fluctuation w' is 

Gaussian. Writing 

1-·1 71 _dCi I W i - G/Z I (319) 

and using the well ... known relationship for a variable with a Gaussian distribu-

tion 
vv /I 

2 
.:: vv '' :?. ::: •• IT (lw'T) 2 

2 
one has 

\N' /I 2 = .!I.. l 2 / cl D. ) 2. 
Z ( \ d 2 (3 20) 

where ordinary differentiation is used because u is supposed to vary only 

with z in Sutt.en's theory. The time Tl' corresponding to ( , is g iven by 
T, = ),--1·, 1 d l (321) 

z \N' 
Replacing w 1 by its mean absolute value 1w: I , one has, approximately, 

T, =_]_ =(/du1')-1 
iwT cl Z I; 

(322) 

Hence 
z. c1-

\J\/ I I t O = -' 1T ( ( i -'.: I (3 23 ) 
z d'J 

It has been shown by K~rman (118, 1930) that the assumption that eddy 

velocities at different points are dynamically similar leads to a particularly 

simple expression for l . Making this aSSU'T'ption, one has Karman' s 

expression 
d - I ;2-?. = I< ___!:!_/ _::_ l4 _ 
d'l/ cJ 'j2 (324) 

where k is Karman I s universal constant 1"!hich is approximately equal to o. 4. 

Thus finally 
\N 11Z T. 

I ·- o. 08T[ 1~131 d1u,-2 
dZ. c;ll (325) 
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approximately. The interchange coefficient is then 

A(z)-:; {) W i-= f:Y.n(w''2 T, )'-n=(o . .2s,)'·p,--([1· du 13, d2u 1-2.j- 1-n 
' I - n 1- n cl l I Id 2 2 

(326) 

2. Variation of wind vr.i.th height 

Assuming a power function for the velocity distribution 

u - (A , - % -- - - ( 2 )1-" . z . (327) 

where u1 :; u( ZJ_), one can deduce that sine e the flow ls parallel and the 

pressure does not vary in the direction of the vr.i.nd 

1 ::: A ( z:) diJ = c 0113f ar; f (328) 
dz 

in the lower layers of the atmosphere. Subetituting Eq 326 for A( z) in the 

above equation, one has 

(0 . 2.51)'_,,, n(clif ,4- 3n(-· d2iJ )2t?-2 
-- f V, --;t -- = Constant 

I- n cl 2 dz 2 / 
(329) 

From Eqs 327 and 329, it can be ea1ily shown that q .::: ( 2-n) /n and 
n 

U :: u , (:.) z-n (330) 

Actual measurements show that 0 -,n , l. 

In problems involving flow ln pipes and wind-tunnels, thermal inf luences 

are absent, and n is a function of the Reynolds number and the roughness 

·alone. Experiments on smooth pipes up to a Reynolds number of lc9 show that 

the velocity distribution follows the seventh-power law: 

c~rr0sponding ton= 1/4. 

orie has 

The experimental r e sult is 

where ~) is the kinematic 

- (Z )_..±_ u = U, __ 7 
\ 2, (331) 

Substituting Eqs 326 and 331 and n = ¼ in Eq 328 

d= ov"'-:i 1¼ -t¼ L · ~ J P 1---· /·•-r U, /~, 
Z 1/4 

I 

viscosity. Thi~ enaoles one to identify y
1 

1Ni th y. 
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3, Evapcration from n~tural water bodies 

After dealing with the vi±nd structure, one is now in a position to study 

the evaporation from water surfaces occurring in nature. The aim will be the 

determination of the effect of the size and the shape of the water body and 

the effect of the mean wind velocity on the rate of evaporation. 

To fix ideas, let the evaporation surface be level v'li. th the ground, and 

let it be of such dimensions that it produces no sensible variations in the 

normal wind structure, and also such that the increase in the vapor content of 

the ai·r, 9.S it flows over the surface, is never large enough to affect the 

rate of evaporation from the leeward side of the surface. In practice this 

latter limitation, owing to the rapid mass exchange taking place normally over 

the surface, would exclude from consideration only very large water surfaces. 

where 

Substituting Eq 330 in Eq 326, the exchange coefficient is 
2 (, _ ,..,) 

A (z) = (JO u, ,-n Z -r-,:;---· 

a- (o.2s1) (z-n) n z 1-n ,-n , . ., I n 

(1-n) (2n-2) Z(1-n) IV , 
n 1 -n 
2-n 

(332) 

(333) 

depends only on n, zi' and -v, and can be treated as a constant. Substituting 

Eq 332 into the diffusion equation 

u oiJ. == _!_ 2- jArz) ~-'?] ax (0 ol vi;. 
(334 

where .f2 = c-<;0 is the excess of vapor concentration at any point over that 

of the ambient air, one obtains 

([:.;jnz;,, a~:: 2-
~ q?< o? 

m = n/(2..:n) ~ l,l~, or, writing 
(U.>'1 Of1 - -M a - __ z -
0 c))( az (335 

the boundary conditions being, with x0 denoting the length of the surface in the 

direction of the 1Ni.nd, 
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( i) limn: (x, z) =no = cs - c0 , cs being the value of c at z = O. 
Z..;, 0 ( o ~ )( ~ )((;) 

(ii) lim.Q .(x,z) = 0 
i.~ C> 

(iii) lim.D (x, z) : 0 
X-+ 0 

(0 5 x ~ x0 ) 

(0 < z) 

One now makes the t ransforrnations 

( 
·- n )_!_ m -i · ...!.. cb:: n · 

I - ) 

. ..{1.o 
such that Eq 335 becomes 

with the bound.,r y conditions 

c 1:) lim· ch (r: -~) = I 
~-+O I ') } 

( ii ) lim (b ( e re ) - o 
~.+c,() I ') > J 

(iii)¾~~ cp (~ 
1 

~) :: o 

'$:: -~- z. z z 
a X 0 

I cJq> ----- --
(2 n1 -t 1) ~ a~ 

( O< ~~I) 
(o~~f1) 
(o< ~) 

The evaporation surface is now defined by 

O~s~/ 1 $=0 
In Eq 336 write 

where p: m/(2m+l)!:"n/(2tn), so that O<p<l/3 since O<n<l. 'I'hen the 

equation for lf' is 

a~ = o 2 
t.f-; + _ a~, - -~ LU 

a~ a~z ~ o '$ ~ 2. 7 
the solution of which is ...,, · 

IJ / ) - c :: (- ~
2 + 4ot 2 ) • (ex'€ ) l (s1~ - r~ Lxp - 4(s~-h). j(pl ~-h 

for every h, o( , and C, where KP is the modified Bessel function of the 

(336) 

second kind. Taking h ; O, and choosing C as a suitable function of o( > one 

is led _to the expression 

~ (~1 ~)=~PY,, (1*','~) = 2~ /'71' jt~« i';x{ ~"+t}k,,~ 'f~c/;, 
Using this, one can show by means of the expansion of w'°k,Jw)near Q = o, and 

the asymptotic expansion of Kp(c.,.,) for large w , that the boundary 

···!, 
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conditions for ¢ are satisfied. 

The total evaporation per unit wi. dth over the length . x
0 

is then 

(f.J 00 n"H· I 00 I 

E=(u.ndz=n.,u.(i!,.,.,©(1,~)dz= znou, ( u, 11)-z,~,.-, r¢(1 f)~ 2,n+cl~ JO i!.'.,, )~ I (2rn -I t)z,m Q "Xo )n J 

· 11 1- !2.l..:1!!.1L r. ~ - / o (337) :' =-·- .Q.U, 2.m, 1 10.X 0 ):n .... ( z,= . 
11,rhere 

(338) 

is a constant independent of ul' a, and x • The expressions Sutton obtained 
0 

for E and K are different from the above, and seem to be in error. Furtunately, 

the discrepancies do not invalidate the experimental verifications which Sutton 

cited for h is t heory, as will be presented in the next section. 

Hence 

Since m: n/t2 -n) one has 

n-, + I 
zm-,.1 

2 z~,., ) ~- n(m+d = 
2m+1 

.;- n - ·-z-1-n 

(339) 

A few special examples may now be mentioned. The r esults are obtained by 

direct integr ation of Eq 339, remembering that lateral diffusion is neglected. 

( i) RectanguJa r lake 

. (ii) 

-....!:.. 2-f" ..L 
E =- f) o z, 2. 'l u. :z +,., ( a x" ) 2 +n <j o I< 

Elliptic lake 9 One has, 
n ;?-n 2 

d[ = (20-;_;2-.;; U, z -:-n (cix)2+-rt /( dlj 

Then writing (r1 being the semi-a.xis dovm wind, r 2 being that 

crosswind) 

one has n i-r, 2 ?. 
f:.n.oz, ~-nu. 2 ·P

1 (2aF ',(· J1 r, 2
.j.() 12 l<k' 

(340) 

(341) 
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(111) 

(343) 
In general, for similar shapes, 

4 -i- n 
E---'LZ+n 

where Lis a representative lengtho It must be noted that Sutton's expression 

for E in Case (ii) above is based on the wrong expression 'X. = v·, (1 +- Co $ e ) J 

and is in error o '!he same applies to case (iii)., Eqs ~ 341 to 343 are the 

corrected. forms . Again, Sutton's errors do not invalidate his deduction 
4 +1'1 

E -- Lz::11 
4o 9ompariscn with experi ments~ observa~~ 

Concerning the effect of size, experiments were performed by Gellenkamp 

(99a, 1919) by rotating the ev~poration surface on a cross at a low speed 

so that the relative velocity at any point is between½ and l m per sec. 

At these low speeds the flow is laminar; and Sutton claims n; le According 

to theory E ,,...._, 7<: }4 lj o on e! E __. r ,·.6 7 

for the rectangular and the circular lakes respectivelyo Experimental results 

X o. 6 011,;i .,- ( / . 6 
show, respectivel y E ,,........,, o ~o :. -

indicating good agreement with theory~ Sutton ~lso claims trat the experiments 

of Thomas and Ferguson (200a, 1917) support his theoryc He has not, however; 

cleared the difficult introduced by n a 1 in the case of Gellenkamp's experi~ 

ments~ When n: 1, Eqs 326 and 332 are invalid, and the theory breaks down. 

Concerning t he effect of wind velocity, the wind-tunnel experiments of 

Himus (106a) give [ ,,..__, un,0
· 71 , and those of Hine (106b, 1924) on nitrobenzene, · 

tolene, m-xylene , and chlorbenzene give [ ~ u,11 °' ?B rather conclusively. 
_ - 7(9 ·-- 7/ 9 • - o. ? 8 

Here n = ¼, and the theory gives E ..-,J U, · -.... Um .:::::. LI,,,,, , in good 

agreement with the experiment~ ~ 
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5 ~ ~ developments 

lateral diffusion which was neglected by Oc Go Sutton has been considered 

by Davies (82, 1947); 83J 1950) Q The weak point of Davies' theory lies in 

the uncertainty of the magnitude of the lateral diffus.i vity l"ela tive to that 

of the vertical diffusivityo Pavies 1 expression for the lateral diffusivity 

has not been undisputably verified by experiment. 

Oe G. Sutton's equation of diffusion~ Eq 335, has been thoroughly dis-

cussed from a mathematical point of view byW. G. Le Sutton (187, 1943)0 

CQ Pasquill's Modification of Sutton's Theory -
Pasquill (143, 1943) changed the 1) in Sutton's theory just presented 

to K_, the vapor diffusivity, and obtained 
2n 

£ /0 :: <S- 2 -< 11 [_ S 

((Y ~ ~) 

the subscripts P and S denote the authors according to whom the Eis evaluated. 

In comparison with the experiments which Pasquill carried out in the wind-

tunnel (for which n = f ) , Es is too large and ~ too small, though the 

deviations are both smallo Kuo, who reviewed the works of Sutton and Pasquill 

while working for the present project, suggested using 

instead of iJ or K~ Kuo's suggestion gives good agreement with Pasquill's 

experiments; as shown in Table 1., 

Do Sutton's Theory for Rough Surfaces -
le Velocity Prc,fi.2.e --·· _..,... __ ,_ ~ --·· ... ·-

It has been shown before that the velocity distribution over a smooth 

surface can be adequately represented by the logarithmic formula 

(3u4) 

It seems that for a rough surface the following analogous formula can be used: 

u = 2.5 Jn(-4-) ¼, J/;o 

(345) 

where z0 is the constant of integration determined by 
U-: 0 al 
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and is usually called the roughness lengtho Measurements .in sand pipes show 

that ;?0 = 3~s where ks is the average diameter of tre sa1d grains. 

According to Nikuradse, t.he su;·face mE,y be considered as 
v'* l<s 4 aerodynamically smooth for -y- < or 

in the transition Zone for 4 <::: 

fully rough for V-ff ks ......_ 7,., 
· · - ;;, or y ---v >2 c5 

An alternative form for the velocity distribution due to Rossby and Montgomery 

(166a, 1935) is ~ if :::: z. 5 ·In (Z ;o Z_o) (346) 

Bot h Eqs 345 and 346 do not reduce t o Eq 344 as z~ approaches zero. O. G, 

Sutton (186a, 1949) proposed t he f ollowi ng fo rm vh ich will reduc e to 

Eqs 344 and 345 dependi ng on the roughness of the surface . 

LA _ Z . .5 In ( ~*~-~) v:* ( t\) ," l--1/9 , 

and the following one 

u = 2. 5 I 11 ( \/ * Z + N ) 
v:ii N + Y/9 

reducible to Eqs 344 and 346 .. 
According to Schlichting j the surface is 

smooth for N < Oc,l31J::::. 0 ,.02 cm2 sec-l 

rough for N > 2 •. 5 v.:.. o .. 4 cm2 sec-1 

. 
(347) 

(348) 

When the surface is fully rough, the velocity profil e can be approximated 

by the power form 

U = [(Zt/z:)10_ I j [(l/?o)'° - IJ (349) 

or by the following form corresponding to Eq 346s 

u , = [(~;1~r-,J Ki! ;o"·r -~ 
(350) 

fhe kinematic viscosity may be introduced to take care of the transition·from 

smooth to rough flow o When ~o is small, the above two formulas reduce to the 
usual power form - (-z )'° U :: U, Zo (3S1) 
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It may be noted that the loga:d.thmic prcfiles as well as their approxi-

mations are not adequat e for ~\. grer,;ter than 2 or 3 meters, according to 

observations ;. and that r,0 w:'.tl:i. r.ot only increase with roughness but also 

inerease wi t,h the rate of in.ve:esion in the atmosphereo 

For the Lagrangian correlation cQefficient, Sutton proposed the form 

R =( N+ v )n 
'; N + v -+ w·t~ (. n 70) (352) 

where ordinarily N >> }.) o An inconsistency of the theory lies in the fact 

that in the above equation N ""J) corredponds to V, a,- Y in Eq 317, while in 
I 

Eq 347 N~· i,J corresponds to ..Y in Eq 344, and in regard to Eq 348 a 
9 9 

correspondence cannot be established,~ 
3 · 2 Provided that N is not excessively large, say not greater than 10 cm 

sec-1$ the development of the present theory proceeds exactly as in the 

original smooth surface development· presented in B, the condition of constant 

shear again leading to the relation 

2o Ve:rt~al ~~sivi\ '! 

Following the same development ·as in. the case of smooth surface, ' the 

vertical diffusj.•;i.ty is 
(rr;,~ k2J'-n 1\1 n I( 1 u )3 ·(12~)-2] , . .,, 

1--n UCiZ, dZ-
A (z) = 

where k is again Karman's constant~ Substituting Eq 350 with p:;n/(2-n) 

where 

( ) (,;,:. I< 2) I - h f1 I - n ( 2 _ ,.,)'- n 
a /') = _r.;.:;"~-~-----·----( 1-n J ( 2-.z n) ,.4., 

fr om which one has the following table a 

n 

a(n) 

O~l Ool5 

00025 o.o,o 
0 ,,20 

0.,086 

0,.,25 

OelJ8 

0~30 

0 .0 212 

(353) 
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3a Diffusion in two dim~ions. 

Substituting Eqs 350 and 353 into Eq Jj4, one has 
- f, ,,, ] ,1'1-/-l'l 2 ( . 

[( , ;:);, " - 1] t' ;:, ~ );:;,;- I ~~ = [ (L.' z. /;,'t :. 7,. "r g }iz•l, ) 1'.;;' ~~}354) 

which for uniform u becomes 
N n - , - n z (1- ,., J u, 6fl = o{n) u, _q__ (2. ~ an) 

o-;< [(Z+Zo).!){.1,-.,?o n,4 .,.,] ,_,., ol oz (355) 
and for the power distribution of u becomes 

u,(2 )ma~ = __ 0(1'1) 1\1 1,,u, ,_,, o (i- 211 ·n)_ an) (356) 
fi( n_,,. 11/. ]. 1- n - L ;-n --Z. o )(. [ :a: -;. 2 ,J ? · ,~ - Zo /t ·n O i! o Z 

For a steady constant line source, the boundary conditions are 

(i)Il -~ O as x ~ dO for s: ~ 0 
a.n. (ii) A - -~ 0 as z .- 0 for x > 0 (impervious ground) oz 

(iii) .n. ~ c0 at X :: Z :: 0 

and the continuity condition i.s 
I co 

(iv) Jo ui1d Z = Q :: strength of source, for all x > 0. 

(357) 

the solutions of F,qs 355 and 356 are, to a satisfactory degree of approximation, 

respectivelyg 

fl (?<. 1 :z) = -- ______ C? __ ·----------ex i?>.. u.n 4 (~,, (358) 
!L)2-r, 1:-i(4 -n)"dr,2-n, - , . ..,_;,,z 'l>t1/ f(2-,...) 'r1_g_)2 f 
(2-11 2 ~ LA. ~\. l.c-,, o(X 

B (m, n' o< , u, ) 
xr,,,.., .,.,)(2 - nl/(2+.2m - m 11) r -n m+-2- l ex.JO - __ u_, i:! z -n 

( rM ""·· L .) 21)(. X 7 m 2·1"1 z::., 

where B denotes a somewhat canplicated expression whose value is easily 

obtained by applying condition (iv) . 

(359) 

Measurements at Porton., England, were quoted by Sutton to support Egs 358 

and 3590 It should be noted that the value n in Sutton's theory is always 

obtained from the velocity profile, even though in one of the approximate 
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solutions the velocity is assumed to be constant. Sutton did not mention 

how this constant velocity was to be chosen. 

4. Approximate formulae for J~dimensional diffusion 
' ........... . . -

Sutton aSslUI!ed the lateral and vertical diff'usivities to be 
C Z.:: 4 N11 2(, - n) 

· IJ (1-n ?(z-i.,)U" :J~ (360) 

where 

C ~ - 4 N,, . 2(,-,,,> _ ( )z C 2 
~ - (. - I~ ) ( z -n ) a I') '3 e - 9 ~ I 9 '1 'j 

(361) 

9:1 ~ ~ v 'Yu·1 , 92 = ~w:, 2 u.,. 
Assuming constant u, but again obtaining n from the velocity profit.e, 

the approximate solutions for a point source and a line source are,. respective-

ly, 

(363) 

Measurements made at Portcn on diffusion from a point source were quoted 

by Sutton to support his theory. It should be noticed however that F.qs 

360 and 361 are not dimensionally correct. 

5. Experimental '!erifi.cation ,2!· ~~~the Lasran~ian correlation 

coeffic!ent. 

Measurements made by P, A. Sheppard at Porton in 1936 ~howed that the 

form of Eq 352 was verified with n c 0.15, Na lOO cm? sec-1, and u12: 6510 ~2 

sec-2 at z1:;: 2m., 

Integration of F.q 352 between the time limits O and 2 gives 
A{z,) = u'2(~ di; ... Nn (z°?) ,-ri (364) Jo lf 1-11 

at z1: 2m, neglecting a term of higher order in N as compared with the term 

retained. With the measured n, N, and u' 2, A(z1) can be computed from Eq 364 . 

to be 8100 cm2 sec-l. On the other hand, with the ine.asured u' 2 and R 5) 
A(z

1
) ean be computed from the same ~quatien to be 8600 cm2 sec-1. 'Ibis 
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verifica·tion is, however, quite superfluous after the form of the Lagrangian 

correlation coefficient has been verified. It may be remarked in .this connec-

tion that any verification of R 5 is more meaningful if n and N are 

obtained independently from the velocity profile. 

E, Frost's Theory 

l e Ma~transfer from~ plane boundary. 

Assuming 
(o<rn<t) (365) 

where z is the height, Zo is a length that bears some relation to the rough-

ness of the surface considered, and ( is Prandtlf s mixing length. 

obtained (97, 1946) 

~ 2-;11">1 - 2. 
. l :: f> z £0 (~ ) 

c)Z, 

Frost 

(366) 

(367) 

It has been shown .in 1933 by Ertel from observations that the quantity 

ri/p is practically constant for z < 100 ft. Hence by integrating the last 

equation 

(368) 

or 

u I (-z ) f'°Yl 
z, 

u (369) 

where u1 corresponds to a standard height Z, , This is the usual power law 

and m is not far from 1/7. Using the above expression for u, the expres-

sions for E and r( become 
/ • 1'>'1 2 1-ri - 111 

C -:: 1'11 ,Z ,Z O u I z / (370 ) 

(371) 
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For Z, = 15 meters, m = 1/7, the measurements of Rossby-Wust over the 

rough ocean surfaces gave "T =: Z. b x I 0- 3 f U,_
2 

which corresponds to z0 = 1 cm~ Ov~r the plain, for z1 ; JO ft 0 and m == 1/7,. 

Taylor I s measurements gave /(' ~ 2. 7 >< Jo - 3 p u,2 corresponding 

to z O :: 2 ~ 6 cm. · 

Observations of Sverdrup (1936) of wind velocities; temperatures and 

vapor pressures at various heights over a snow surface showed that eddy 

viscosity and the eddy diffusivities, thermal or vapor, obey the same power 

law and moreover. are identical, 

With E given by Eq(370) the diffusion equation 

: _£_ (c c) C·(o) .. az a i! 
can be solvede By the substitution 

-,a z2m + I 
r) -:;:- -

t "J'l z?c, l '"'X 
Eq 372 wi th ( given by Eq 370 b ecomes 

(._R/7'1+/)
2 5 c/ 2

(c -c,.,) + 1?2/11 ·fl)(11?+J) + ~ d(C: · Co)= 0 
c1s2 df 

A first integration gives 

where G is 

r7'1-> I 1; 
- - - - ---· i clrc-c~) ==--( c~ - c .. ) G ~ cm+I e (.?n1 ·H) 

c/ 5 ~ 

a constantQ A second integration gives ~ 

C.> C o = ( Cs - Co)Gf
00 5-2::..1.e .. ,' e - (z m+1}Zc/f 

5 
where G is .. determined by the boundary condition C = c· 5 when 5 : o 

to be 

(372) 

(J.73) 

(374) 

(375) 

(376) 

(377) 

where r denotes the gamma-function~ The result can be simplified by the 
z 

transforma.t.ion 5 := ( ,Z n1 -II) '1 (378) 

to the form 
(379) -

/' 
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Table 2 gives various values of (c-c0 )/(cs-c0 ) for different values of '1 e 

For m .:: 1/7, io = 1 cma 

Significant is the fact that ( c-c0 )/( cs-c0 ) is a function of r7 alone 

and does not depend on the magnitude of the ambient velocityo One cannot 

expect this to be true w en the ambient velocity is very small" 

From the solution, the local rate of evaporation is 
111,;.1 m 

- 1- _ _!!J... ( 2m,2111+1 - ~-
e{X} = /,m (-€ oC ) ~ (2m ·+1) 2n:~' -~~n,+/ mzo J U. i:, -- (cs .. Co) 

z-~ o oz r ( z,~;;~.;-) 
(380) 

and the rate of evaporation from a strip of length x0 and unit width is 
. X ;1m 1-2 3m) ,..,.,.,., - -n'I --J .:>( ) 1 -v' _ r'2rn+1) :rnrr;- (1n Xo IZL, · .2~, u,~ __ 1c - c ) E - <2 ';<.. C ,, - ------~-· --- ------ - \.. s o 

( n'"I +- I ) j-, ( -· ..12~-- ) o • 2tn-.-1 (381) 

When m ~ 1/7, 7 0 ~ 1 cmo 
2 8/ ,-; ) - 7! · '/7 E :::: 2 ~85 >< IO - X CJ t cs -C o, <A , z::. . 

For small values ?f r) , Eq 37 ~1'1 can be !-pproximated by 

[ 
11y;:;;-;, I c ... 0 0 = (cs-e0 ) · 1 - . ·-

'
-. (1 -1· ~-) _ . zm-+ I • • 

(382) 

or 

(383) 

From the above equation and Eq 380, 
z . .,,.,,,_ ( ) 

e ( X) ,.. ... l'Yl z t, U , C s - ck-... 
-r ,2 /'l''"t 

/.:. ' 
(384) 

2. Mass-transfer from an infinite line source --- . 
The diffusion equation is ( w, M .[2. = c- c.,) 

:."a,~ z an . ( ,_,,.,., ) 
dz oi (385) 
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2m where a1 = mz 0 , z0 being the characteristic roughness of the surface~ With 

x measured from the line source, the boundary conditions are 

( i)Q ~ 0 a,s x .... 0 for z# 0 

{ii)Cl.-40 as z --- oo 

and the continuity relation for an impermeable ground surface is . 00 .. 

'iii )L Ci D. dz = Q = constant 

With the transformation 1 + n,, 
_(1 :: {(e) 

where 2m-t-l e == z 
( 2 rn ·I· I ) 2 Q 

1 
7( 

Eq 38S becomes 

or 

( e L .,. 1 ·/. ,..,., ) r __j_ + I)· -( = o 
d6> I ~-2m ~dB 

whence 

B!t Co (i) and (ii) require thatn~ 0 when e --,)oO, hence C· : O, and 
-~ -0 .(2;8')( 2 m+I e 

where B must satisfy the equation 
. ( "c m+, 1 m+1 m+/ 

Q=J, Be ·e~ ·?m•,Cj U, z:"d( ~:~:'> = 8 Ci, z:1')'1(2m+1)~ a,2--;;;+, ,.., (c/1'1"1· I ) 

0 

(386) 

(387) 

(388) 

Frost claims that observations in England support the validity of Eq 388., with 

the distribution off1. independent of the wind veloc;i.ty. 

½ith the solution fo,r the line source given by Eq J88, the distribution 

of fl on land after a sea crossing can be obtained by integration to be 

(389) 

where. 
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For z; o, Eq 389 can be reduced by the transformations 

where f ::- (x-b)/b, Frost gave an example showing that Eq 391 is 6~3% in 

error, and attributed this error to the lack of consideration of the land 

roughness-=, In the following section land roughness will be considered., 

3c Distribution of water vapor over land uft er a sea-crQssing 
. --------------

108. 

(390) 

(391) 

From Eq 382, after a sea-crossing of lenp.th b, !1 is given as a function 

of z to a high degree of approximation by 

11::-.0 0 11 - P(• , ~ )~"' , .. 1 '" J 
L · z--;:;:;-::;:-; f:2 m ·:· , ) c, /J 2;;:,;t 

·where a~ mz~m. Differentiation of the above equati;n with respect to z 

(392) 

gives t he following equation for the intersection of land and sea; 

(393) 

where - 11'/ D-: mqu, 2, -------------- = consfon+ 
P( 1 .,_ m - ) [(2 m ·1• I) 2 a bJz·';?:,:; · cm.,_, .1 

Over land, the differential equati.on to be satisfied is 

(39h) 
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h ,2m w ere a1 .. mz 0 • In this equation xis measured downwind from the 

leading edge of the land surface~ 

Writing 

S - -n, 1-1·?'1 :.'::In_ 
= ·-QU7 Z u I ,.,_, az 

the diffus ion equation can be ~rr.·:i:::.ten as 

as 
ax 

I. l"Y1_ 0 ( . ,n O S ) ~ a,z ___ z __ az az 
with the boundary conditions 

(:l.i) s --o as z --')- O for x > O 

Make the transformation 

Eq 396 becomes 

I I (' (l'l ) I es+,e+2171 -+ 1 5 ::o 

·with all the boundary conditions satisfiedc From Eqs· 395 and 398 
on._ DI1"' Z m-, ----oz a, 0, z,·rn rr. m-1-1 -) 

\2H1+ I 

integration. (by parts} of which gives 

fl :[20 ['-

~no[' -

e ~ m i e-"'e ;~>, de 

. 109 . 

(39S) 

(396) 

(397) 

(398) 

(399) 

one has 

(400) 
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With m 1= 1/7 

fl, [2 0 [1 - 0.98(.: i ( t)~; [e- 0 + e i J:e·"e-.'Je]J 
(402) 

For small values of e the last equation becomes 
.. ,fl:: 1'1.0 [1 - o. 98(.'X 1~(-Z0 )1~ (t + e )} 

lo ) Z~ I ' 8 

F .)r the same exa.;:./i .. .:: which F~:0iJ~v used in the previous section, and with 

z0 t = 2~6 cm~ the comput ed£).. at l c2 m above the ground is 7o4 g/cu m, 

exactly the same as that measured$ This v-erification, of course, will be 

meaningful only if z0 is indepently obtained from the velocity profile over 

the land surface ,, As the wind sweeps from sea to land the wind profile must 

show a gradual change in the value of the roughness form z0 to zbc This 

has not been considered by Frosto The foregoing verification therefore 

should not be treated as conclusiveo 

The most serious defect of Frost ?s theory, however lies in the adequacy 

of B. Ca (i) of Eq 3968 in view of the fact that Eqs 392 and 393 are only 

valid for small values of z~ In this connection it is worthwhile to note 

one peculiarity of Eq 393 which constitutes Bo c. (i)o The equation implies 

that the vapor transfer at different elevations is the same, hence that the 

concentration will be independent of X, contradicting Frost's own theory 

since Eq 37 9 clearly shows the dependence of ..[l. on ti, and hence on x, and 

showing the inadequacy of Eq 382 or Eq 392 as an approximation to the 

distribution of vapor concentration. 

F. A Generalization of Sutton's Theory 

Suttonts theory can be generalized by considering them and n occurring 

in the diffusion equation 

7 i-Yl oC 
,;;:_ --ax (403) 
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where A 
/r,'1 - 11 D - _.i..£L_ __ _ 

U, 

as independent <: The validity of the solutions then depends only on the 

adequacy of the power•function representations of u and A(z), and not on 

the validity of Sutton's theory. 

As a special feature of the present development, dj,mensional 

considerations will be utilized in search for a similarity-solution 

(Ahnlichkeitsl'cisung)e These, in conjunction with considerations of the 

. 111. 

powe. s of x., A1 , ui, an~ zi, will a.fford in a systematic way the most adequate 

transformations to be made in the cases treated in the .following .sections 

(1) and (2), such that the solutions will be the simplest c 

1. Diffu sion from a line s ource embedded in a smo ot:hi surf ace . ----- ·- ~-
Eq 403 is to be solved with the following bo~ndary conditions 

(i) ac 
ai 

( ii) C -;.Co 

(iii) C-+Co 

= 0 at 

as 

as 

e: 0 

z~.oo 
x-o 

and with the continuity equation 

for z > o 

(iv-) so~ (c-co) dt = Q ,: constant 

where c0 is the ambient vapor concentration, and Q is the strength of the 

line source per unit length~ B. Co (i) stipulates that the ground is 

impervious to vapor J The pertinent variables are, in this case, the following: 

A dimeneinal analysis yields the relationship 
C-Co - F(Q 0:x --- --1--) 

Co A,CI) A, 
.2.!, J) 

X X . 

To obtain a similarity solution, assume 

(404) 
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where the exponents p, q~ rj and s are to be determined~ 

Substituting Eq 404 in Eq 403 and demanding equal powers in A1, z1, u1, 

and x$ one has the values of r and s as follows: 

r:: I 5 = n-m 
,::;,:-;,~ I m - I? + 2 

which are independent of the values of p and q~ The values of p and 

112. 

q are obtained from condition (iv) the satisfaction of which requires that 

P- n - I 
m - n -1- 2.. 

Q_ - I')+- rYl 
D m-n --l-2 

Thus, a similarity solution is possible with the transformation 

fl:: Q (_"::/- nz, n+11,)\l"l"J -ln +-z."f I( Ci, z n - m )"'-~H 2] 
A ,( > \-U, ,-n X rn~-, ~ A I X 

Substituting Eq 405 into l.i.03, one obtains, after cancelling terms, 

the di mensionless equat ~on 
1'"11 + I n rn_r I 

- m - J"I .,. z ' I ] - m - 11 .;z.- yY> + If I_ d ( r'1 ·f 1 

) 11 - d>i '1 

where the primes denote differentiation with respect to the new variable 

r, ; (_ u' Z, r, • M ) /"n • h + 2, z 
\ A, x 

The boundary conditions become 

(i) f (o) = o 

(ii) and (iii) f. (co ) = o if m - n + 2 > o 

and the continuity condition becomes 

(iv) 

A first integration of Eq 406 yields 
I m·/-1 f _ /1 ( I 

- rn - n + '"i- r'J ] - 1 J 
the constant of integration being zero since both f and ft are finite 

second i ntegration gives 
m-n+2. 

f = Kexp(- . 11 -) · (m - n+2)z 

(405) 

(406) 

(407) 

(408) 

(409) 
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where K is determined from Eq 408 and is given by 

K - ' =foot'/ rn e X p (_ 'l m-n H ) d n =:( m - ., + z ) ;..':'.\ ':>, 1•f m ±._!_) 
0 ~- (m -11+2..)z..J ·1 ~n+ 2 . (410) 

This integral is convergent since m:> Or. Eqs 405, 4091 and 410 then 

constitute the solutione 

2, Diffusion from ~ ~moot h surface . 

Denoting by Cs the saturated vapor concentration at the evaporation 

surface, Eq 403 is in this case to be solved with the following boundary 

conditions: 

(i) c = Cs at 

(ii) c = c0 at 

( iii) c = c0 at x = 0 for z > 0 

In this case the parameter containing the unknown c is 

and the parameter Q/(A1c0 ) is eliminated from considerationo Since the 

vapor flux is no l onger constant1 the integral condition (iv) of the 

last sect ion no longer exists ~ Hence, the values of p and q, which are 

determined by that condition, shall now be chosen to satisfy the boundary 

conditi ons listed above. Since B$C O (ii) requires that 0 = 1 at y = o0 

irrespect ive of the values of A1, z1, u1, and x, the values of p and q 

must both be zeroc 

Substituting therefore 

(411) 

(412) 
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into Eq 403 where c can be replaced by e , one has 

nm+1f,, r. h" n-'h' - _._, __ = r; +nn 
m-n+2. I 

where the primes denote differentiation with respect to '1 which is 

defined by Eq 407a The boundary conditions a~e now 

( i) h ( 0) ; 0 

(ii) and (iii) h (o0) = 1 

Eq 413 may be written 
r") m- n +1 

m-n + 2 
a first integration of which gives 

if m - n + 2> O 

- _[L = 

ti 

h , B -n ( I"' rn- n ·1-2 , 
-= h e X /0 - ...,...--.:..-1 -· ) ·1 (m-1'1+.z)z 

A second integration yields the solution 

:::. B n · n e x O '1 d I = Br - l'1 + h { '1 ( m-n +J. ) ( I 

0 
f I - ( m - n 1-2 } z 7 l'h - 11 .,. z 

where Bis determined by h(0Cl) = 1 and is given by 

1
0() 

- I - n /1''1-1112 ::-n->-1'1 B = r; exp (- 17 -)ci'1 -=r(-11 + 1 _ \{ rn -n+ z) ,-n-,'1,j-2 
0 u·n-,,, + l ).2. /1'1 - /'l .,_L. /\' 

Eqs 411., lrl2, 415, and 416 tnen constitute the solution., so long as 

(413) 

(414) 

(416) 

n > l so that the i ntegrals in Eqs 415 and 416 existe Eq 415 may be writ t en 

h = [' (..:_!:__"!..!._ 
'11 - ti -i- Z 

rn - n -fZ )/r r, . -n-t' 
J (M -n -1- 2) 2 I; r 0-n-n +?.. ) 

(417) 

3, Vapor concentration in the~ of ~ evaporating surface 

The solution for this case can be obtained from the results of the 

last two sections by realizing that the evaporating surface can be 

considered as a collection of line sources the strengths of which are 

determined from the local rates of evaporation and that both the evaporation 

surface and tne dry surface can then be considered as impervious to vaporo 
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The strength of the elemental line source at x ~ A is 

where 
. A I I l'I') - l") -/· 2.. G ;;: ' v,, 

(

,r ,,.,,-,. , - ,_,.., ) --

~ - 1-n Z 1"'" +-,,·/ 
t 

Substituting the expre·ssion in Eq 417 for Q in Eq 405 

Cs -Co 
Ca 

one has 

as the contribution of the elemental line.source to the value of 

fl~ (o - c0 )/c0 at any value of x~ If the evaporation surface has a 

downwind length b1 then for x > b one has, on integrating Eq 419 

where 
( U, 2 , r,- m )m-11+2. :z C A-\-,-(-X----?'-_)_ z 

and where f is given by Eq 4090 

4e Diffusion in Couette flow 

As an example for the theory developed in the previous sections, one 

considers the diffusion in Couette flow~ Herem = 1, n = o., and A ;:~:: 

constant, where o< is the vapor diffusivityo 

The solution for the case of line-source is, from Eqs 405, 407, 409, 
and 4101, 

where 

115. 

(420) 

(421) 

(423) 
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The solution for the evaporating surface is, from Eqs 411, 412, hl.5, 
and hl.6: 

'13 
,,(-' J -) 3 9 

l J.6. 

r c~) 3 (424) 

where fl is given by "F.q h23 (\ 

From Eqs 409, 416i hl.9; and 420, the vapor concentration in the wake 

where 

It should be noted that since in this -case n = 0~ A (0) = 0.. is 

dif:ferent from zero and the singularity at fJ ;;; 0 for b i in Eq -414 does 

not exist, so that there is no objections to the theory based on physical 

considerationse 

5~ Remar ks 

lt should be noted that along any generalized parabola 

77-a~-.c. ~ , /\ 19"!-11+ i 

' 
the value for (cs - c)/(cs - c0 ) is the same for the case of diffusion 

from a smooth surface, and that on any two generalized parabolas of the 

above type the values of (c - c0 )/c0 bear the saI!le ratio for any value of 

x for the case of diffusion from a l ine-sourceo These facts provide the 

reason why th~ related solutions are called similarity. sqlutionse The 

solution r epresented by Eq 420p however., does not belong to the sirnilarity-

·solution category, 
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G~ Thornthwaite-Holzmants Theory 

Assuming the mixing length 7 to be proportional to the height ;!. : 

7=/<Z 
where k a: 0.,40 is Von Karman' s constant, Thornthwaite ( 200 b, 1942) 

obta.ined~ according to Prand:tJ.. vs theory of momentum transf e:r: 

with the eddy viscosity 
T = f°(k 2)

2 
( ;: )

2 

E:: (k2) 2
[~) 
\ dz 

Integrating Eq 427 by assuming 1 constant, between two elevations Z, 
and Z 2 : 

U - U - I ~ r(- /,,.. ~i 2 I - - - ' '-/.: p 2, 

where u1 and u2 are the mean Yelocities at 2,and ?.1 ~ respectivelyQ 

Thus 
= k 

and from Eqs 

Uz. - LA, 

In 2z. 
:i! ' 

;0 I< 2 Z ( Uz. - I.A. ) 
,,,., ~ 

'2, 
Having obtained the expression for E , the rate of evaporation is 

from which one obtains 
de_ 
c/2 

so t hat, by integration~ 

E = ~ ( de 
c/2 

c , - C 2 ==-

and 

11.7. 

(427) 

(428) 

(429) 

(430) 
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where 01 and c2 correspond to the elevations of z1 and z2 and have the same 

dimension as (.:,0 If c1 and c2 are taken at two different elevations zf and 
lz ( 2~) 

z~, the:1 the denominator in the above formula should be rep~aced by ln("i"; }ln_ i:,.. .. 
Fr·om the above formula, the rate of evaporation in inches per hour i's 

'2. E= 1.34k PCf ,- cz}(u,_-u.) _ 
(t+459,4)(1n2: - ln?-,)z 

where P is t.he pressure in inches mercury, and -t is in degree Fahrenheit~ 

The vapor pressure e or the absolute humidi.ty Pw are connected with c by 

Ca: 0~622 e/p 
Pw 

C ~ PCi 
Where Po is the · density of airo When e and Pt.J are used instead of c, the 

1~34 (c1-c2) should be respectively replaced by 833 (e1-e2) and 0~063(P.....,,-f'c..1,1) 

I.f the height of vegetation is considerable, assume a height d such 

Then the log-law becomes 

" - LI = I ~T / n l -cl Vl2 I -.- · --
k fJ .'i!, · c/ 

and 
J.n ( ~ i. - d) - I n ( 2. - c1 ) -·- - -· . 

In (2- 3 - d) - In (2, - cl) 
so that d can be determined by measuring u at three elevations"' Eqs 

430 and li31 can then be applied by considering the ground to be situated 

at z = d, i.e~ by reducing all elevations by do 

The foregoing is for stable conditions o For unstable conditions, 

Pasquill (144,19u9) obtained 

where 

2 J. 2(, -13 ) £ .: (1 - (:}) J( Z O (c, - C z.) ( U i - v1, ) 
--- ( ._, I · Ir·-:·-; . 1- p \ 2 ·-• 

~l . L, ) 

'zJ o :: 0 , 2 5 C 1""1 a 11 c:f 

LA,1.0 •n 

U37,5c,,,,, -

(3 IS 91ve>l"l /o~ 
/50 J·-13 - 0 , 2 5 t-p 

37.5'·/J_ 0.25 1·/J 
Eq 431 is believed to give results within 20% in error~ 

(431) 
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Chapter V ~ CONCLUDING REMARKS TO PART II 

An The theory of turbulence is still in the formulation stage. Before 

the theory is conclusively formulated, deductive mathematical solutions for 

the three kinds of transfer are impossibleo Future research -will first be 

toward) and then depend upon, a conclusive theory of turbulence which 

naturally includes the theory of anisotropic turbulence ~ 

B" The conversion formulas are based on measurements in pipe flow, . ·vvhere, 

strictly speaking, the Reynolds analcgy does not apply (even to the turbulent 

core) ~ Since the Reynolds analogy has been used in the derivation Qf these 

formulas, their validity for pipe flow is really not theoretically justtfiedo 

H01rnver 1 H the measured velocity profile in pipe flow applies to flow along a 

smooth plate, these formulas can be applied to plates with justification~ 

Co Although the effect of roughness on heat transfer has not been 

investigated, the conversion formulas may be expected to be applicable, 

especially for plates~ 
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Table 1 
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u1cm (m/sec) 1 2 3 4 5 6 7 8 . 9 

E5 (Sutton) 0.18 o~h8 o,67 o~84 100 l q,16 1 @31 14.5 1 ,. .59 

Ep (Pasquill) I 0~24 0(\41 o~.58 Oc72 0'} 86 11'100 lcll '.1!2S 1,,37 

Fk ( Kuo) I 0.26 o.4L. 0.,62 o~n 0., 92 l e. 06 1.21 1J3 1~46 . I 
O.i25 Ol!> l1J 0"60 0.;; 76 Oo92 lo06 1 ~20 1..34 L,48 Observed (Pasquill) j .---.-...- ... 
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Table 2 
-

~--~ I . ~ 
c,- cl> 1 c-~ Y) -_.s, -(-c c~ -Co 

·---··-I· 
I I 
I I 

0 lc;,000 0.030 0"287 1,500 Oc-013 

10-12 01)951 0.040 OIP265 10600 0.011 

l(jll 00937 0 ;- 050 o~.247 1.,700 0"010 

10-10 0 .. 918 011>060 Oe232 lo800 O,a008 

10-9 0.,894 0.,070 00220 le900 0~007. 

10-8 
I 

0 .,864 Oe080 0 .. 209 ~.ooo 0.006 

10-7 Oa824 0'}090 Ocl99 

10""6 0,,772 0 ')100 0~190 I 
10-5 Oe706 0 ... 200 00134 

•,!.~ 

10-4 0 ,, 621 00300 0,,102 
-· 

10-3 o.s10 OehOO o~.081 . 
Oq,002 0~471 o • .soo o .. 06.5 

0.003 Oa446 0~600 o.oS4 

Oo004 0~429 • Oe700 o~o4.5 

O-:i005 o~41.4 0 () 800 00038 

0~006 Oi402 Oc.900 0~032 

0;007 00372 lt.000 0$027 

o.~ooe 0.383 1~100 Oe023 

0.009 0.375 1,.200 0-020 

0"010 0.368 1.300 0.017 

0.,020 O,f318 1 ,,400 0.01:S L_ 
( 6456-51) 



30 r 
I I I 

0 ·--·--~---_..._...._......_ _____ ...__.._ ____ _._ __ ..____. ___ _....__.___.._ ......... ...__ ___ __._, _____ ~~ 
I 10 100 

Fi 1 F r 



Or-

-1 

-z. - - -

-3 

.._ 

-5 

) 
-6 ,-

-1 --

-8 -

-1t 

0.2 

+ 

----r--. 
,· 

l 

, , 

I :'~ 
-- ___ ,! 1. _· --·---I I 

/;} i , ,1 
I, 

-- ----+ --

.. 

- . 
0.3 0.14,_ 0.5 

if 

~ 
,,.. _ _ 2 --
\ ~ - I+ ~(c-)lfcyz 

f, ·'-
r:of\~rA, .so OF F rr') 1, .. }Ff .... 1 F: ·, 

C0N1t.RS1o• • ,.... • .'J AS FCR a'~ 1 

l ---- ~ 

-L J . --+-

-- _J 

0.6 0.7 0.8 0.9 1.0 



!OCC. 

~ 

1 

6 
• 

lj 

-,, ..,,...-"' - - ---
1 - -· ----- . 

I ,.. ,;,,,~ y------- .. -I.. ,)_ •• -

(t' . 1-~1-f..) ~-_<.; • • !!'1> ,J;_ _.JV -: 
fJ!t~ , __ :...::-- ~ ~--...--r--··- -

- ,.. ... , --- J .;-:::' --- - -
- .., ·" ___ ...-1 .... 'I,;- - ... - - - ,/ L - - -- - ~.,, -----. - • • C - - - ___ ___... '''-~/jLJJ._ ..l.-'-I L 

3· ~ / .t- -_--:.: ;;--;·!'."°'. ,.. .. _. ..... ... ..--± _... Ra!>~.,.,, 
2 /~~-->/ ___ _.---: - - -- ... _,,,__..-

/2 ~ :-·:-;-::~--- .. 

~---

u 
'( 

9 

7 

---- R= 5 ,00 

.) -+ (, f 

i:- G . .3 
I 8 '"J I 

r 
' M,r .. . ' 

- :_ ,:-,, 
2 u 5 0 ij 100 z s Ii e 
(T 

,-
'.1 \ r ... , VR. '1 ... 1r ,_ AA 

-- ------·-
-- ----- __ __,.- -

Ii 7 



5 

II 

2.· 

7 

j ..j • 6 ., 
r u ,.--= -f I 
I \ y I I'\ 

C Cc~ .. A 
•• I 

• r • T r ' ~ . -. . . - J. 

(1) 

0 
0 
$ 
~ 

9 106 

.. .. _ 
' I • /..J Ir") I Q 

1 I 11 -r i 

r 

X/x 
0. 02.0 

0.040 
0.077 
0.143 
0 2.60 
0.40 

3 5 

I 1 • -(' ' ' . ..,, 

. 1 
- -, 

I 

-- -- ..t 

~ 

----

.. 

6 
J 

., b ., 10" 


	CERF_47-52_15_0001
	CERF_47-52_15_0002



