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ABSTRACT OF THESIS 

POPULATION SIZE ESTIMATION USING THE MODIFIED 

HORVITZ-THOMPSON ESTIMATOR WITH ESTIMATED SIGHTING 

PROBABILITY 

Wildlife aerial population surveys usually use a two-stage sampling technique. 

The first stage involves dividing the whole survey area into smaller land units, 

which we called the primary units, and then taking a sample from those. In 

the second stage, an aerial survey of the selected units is made in an attempt 

to observe (count) every animal. Some animals, usually occurring in groups, are 

not observed for a variety of reasons. Estimates from these surveys are plagued 

with two major sources of errors, namely, errors due to sampling variation in 

both stages. The first error may be controlled by choosing a suitable sampling 

plan for the first stage. The second error is also termed "visibility bias", which 

acknowledges that only a portion of the groups in a sampled land unit will be 

enumerated. 

The objective of our study is to provide improved variance estimators over 

those provided by Steinhorst and Samuel (1989) and to evaluate performances of 

various corresponding interval procedures for estimating population size. For this 

purpose, we have found an asymptotically unbiased estimator for the approximate 

variance of the population size estimator when sighting probabilities of groups are 

unknown and fitted with a logistic model. We have broken down the approximate 

variance term into three components, namely, error due to sampling of primary 

units, error due to sighting of groups in second stage sampling and error due 
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all three components separately in order to get a better insight to error control. 

Simplified versions of variance estimators are provided when all primary units 

are surveyed and for stratified random sampling of primary units . Third central 

moment of population size estimator was also obtained. 

Simulation studies were conducted to evaluate performances of our asymp-

totically unbiased variance estimators and of confidence interval proc dures such 

as the large sample procedure, with and without transformation, for constructing 

90% and 95% confidence intervals for the population size. Confidence intervals 

for the population size were also constructed by assuming that the distribution of 

log( f-T) is normally distributed, where f is the population size estimate and Tis 

the number of animals seen in a sample obtained from a population survey. From 

our simulation results, we observed that the population size is estimated with neg-

ligible bias (according to Cochran's (1977) working rule) with a sample of at least 

100 groups of elk obtained from a population survey when sighting probabilities 

are known. When sighting probabilities are unknown, one needs to conduct a 

sightabili ty survey to obtain a sample, independent of the sample obtained from 

a population survey, for fitting a logistic model to estimate sighting probabilities 

of sighted groups in the sample obtained from the population survey. In this case, 

the population size is also estimated with negligible bias when the sample size of 

both samples is at least 100 groups of elk. We also observed that when sighting 

probabilities are known, we needed a sample of at least 348 groups of elk from a 

population survey to obtain reasonable coverage rates of the true population size. 

When sighting probabilities are unknown and estimated via logistic regression, the 

size of both samples is at least 428 groups of elk for obtaining reasonable coverage 

rates of the true population size. Among all these confidence intervals, we found 

that those approximate confidence intervals constructed based on the assumption 
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that log( f - T) is normally distributed and using the delta method have better 

coverage rates and shorter estimated expected interval widths. 

Confidence intervals for the population size using bootstrapping were also 

evaluated . We were unable to find an existing bootstrapping procedure which 

could be directly applied to our problem. We have, therefore, proposed a couple 

of bootstrapping procedures for obtaining a sample to fit a logistic model and a 

couple of bootstrapping procedures for obtaining a sample to construct a popu-

lation size estimate. With 1000 pairs of independent samples from a sightability 

survey and a population survey, each sample of size 107 groups of elk and us-

ing 500 bootstrap iterations , we obtained reasonable coverage rates of the true 

population size. 

Our other problem is model selection of a logistic model for the unknown 

sighting probabilities . We evaluated the performance of the population size esti-

mator and our variance estimator when we fit a simpler model. For this purpose, 

we have derived theoretical expressions for the bias of the population size estima-

tor and the mean-squared-error. We found, from our simulation results of fitting 

a couple of models simpler than the full model, that the population size was still 

well estimated for the fitted model based only on group size but was severely 

overestimated for the fitted model based only on percent of vegetation cover. For 

both fitted models, our variance estimator overestimated the observed variance 

of 1000 simulated population size estimates. We also found that the approxi-

mate expression of the expected value of the population size estimator we derived 

for a fitted model simpler than the full model has negligible bias (by Cochran 's 

(1977) working rule) relative to the average of those 1000 simulated population 

size estimates. The approximate expression of the variance of the population size 

estimator we derived for this case somewhat underestimated the observed variance 

of those 1000 simulated population size estimates. Both approximate expressions 
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apparently give us an idea of the expected size of the population size estimate and 

its variance when the fitted model is not the full model. 
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1. INTRODUCTION 

1.1 Two-Stage sampling 

Suppose a population can be divided into a number, say N, of smaller, non-

overlapping units. A sample of n units is chosen. Suppose further that the it\ 

i = 1, 2, ... , n, selected unit can be subdivided into , say Mi, subunits and a sample 

of, say mi, subunits is selected. This technique is called subsampling ( Cochran, 

1977), since the selected uni t is not measured completely but is itself sampled. 

Mahalanobis called it two-stage sampling, because the sample is taken in two 

steps . The selected units are often called primary units and the selected subunits 

from the chosen primary units are called the second-stage or secondary units. 

1.2 Population surveys of wildlife population 

In a population survey of a wildlife population, the entire survey area is first 

divided into smaller, non-overlapping land units and a sample of these primary 

units is selected using say, simple random sampling. Within each primary unit or 

selected land unit, groups or clusters of animals are observed, usually via aerial 

surveys for ungulate populations. Of these observed groups, certain characteristics 

or measures such as the group size of the group, degree of vegetation or snow cover 

under which the group is observed, are recorded. 

Estimates from these surveys of animals are typically plagued by two major 

sources of sampling errors. The first major error is due to first stage sampling 

of the land units. The choice of sampling units and sampling designs are the 

primary means for controlling this variation. Caughley (1977a) describes basic 



types of alternative primary sampling units including systematic sampling, strip 

transects, large quadrats, and small quadrats. In section 3.3, we will consider 

the special case of using stratified random sampling. The second major source of 

error is due to second stage sampling of groups within a sampled land unit. In 

second stage sampling, since some groups are missed during the aerial surveys, 

the collected data are sometimes called the incomplete or missing data ( Cochran, 

1983). This type of missing data is called a unit nonresponse. The most obvious 

consequence of nonresponse is that a smaller sample of data is available for making 

the estimates than was originally planned. There is often reason to believe that 

nonrespondents differ systematically from respondents (Deming, 1950). Thus, 

in making estimates from the available respondent data, the sampler may face 

biases that are essentially unknown in size and direction. This error is hence, also 

termed "visibility bias" where only a portion of the groups within the selected 

land unit will be enumerated. In this context, visibility is viewed as analogous 

to the probability of response in a nonresponse problem where missed groups are 

viewed as nonresponse. 

Readers should note that in this context, a sampling frame such as simple 

random sampling without replacement for second stage sampling is not available. 

Clusters of animals, or of any subjects in general, have their respective sighting 

probabilities or visibilities which could be defined by a sightability model in terms 

of their group size or characteristics such as degree of vegetation cover. 

1.3 Early population size estimator 

This paragraph is quoted from section 2.1 of Steinhorst and Samuel, 1989: 

"The application of survey sampling methods to the task of estimat-

ing wildlife population parameters was practically nonexistent prior to 

1964. At that t ime, Siniff and Skoog (1964) provided the first signifi-
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cant application of sampling techniques by using a stratified random 

design to estimate the size of a caribou population. Later, Jolly (1969) 

provided the foundation for applying survey design methods to the 

special problems of aerial survey. Jolly described the population esti-

mators for stratified sampling based on equal or proportional selection 

probabilities. Caughley (1977a) described the use of systematic sam-

pling designs and contrasted sampling with or without replacement. 

This application of survey procedures allowed the calculation of a ma-

jor component of sampling error- namely, that due to the variation 

between sample units . However, in the interim, increasing evidence 

indicated that undercounting of animal groups had a substantial im-

pact on estimates of population size (Caughley, 1974, 1977)." 

Early population estimators did not adjust for visibility bias . This results in 

underestimating population size. Caughley (1974) used corrected counts to allow 

correction of the population estimator for missed groups . Caughley, however, did 

not consider the case of unknown sighting probabilities. Oh and Scheuren (1983), 

working on nonresponse in sample surveys, developed procedures for a modified 

Horvitz-Thompson estimator which relates to our problem. 

Steinhorst and Samuel (1989) extended Oh and Scheuren's work to the gen-

eral case of first stage sampling of primary units and a second stage sighting of 

clusters or groups within sampled primary units. Samuel and Steinhorst have 

presented modified Horvitz-Thompson population size estimators for the case of 

known sighting probabilities and the case of unknown sighting probabilities. In 

both cases, they showed that their population size estimators are unbiased and 

they derived expressions for the variance of the population size estimator in both 

cases. 
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for the case of unknown sighting probabilities, the sightability model is as-

sumed to be a logistic model (see (2.1.3)). In the context of 'sighting' of groups 

in the second stage sampling, a group is either sighted (responded) or not sighted 

(nonresponse) with some sighting probability. Under the assumption that the 

sighting probability is determined by certain characteristics, such as the group size 

which is assumed to be recorded without error, during the sampling (or sighting) 

process , it is natural to consider using logistic regression to fit the sightability 

model, where the responses are a set of Bernoulli observations. When sighting 

probabilities are unknown and are estimated using logistic regression, the unbias-

ness of the modified Horvitz-Thompson population size estimator and the variance 

of this estimator can be justified based on the asymptotic normality of the maxi-

mum likelihood estimators of the parameters of the logistic model (Steinhorst and 

Samuel, 1989). 

For the case of known sighting probabilities, Samuel and Steinhorst (1992) 

derived an unbiased estimator for the variance of the population size estimator. 

Steinhorst and Samuel (1992) have also presented a modified Horvitz-Thompson 

ratio estimator for the population age or sex ratios . For the case of unknown 

sighting probabilities, using the asymptotic normality of maximum likelihood es-

t imators of the parameters of the sightability model, Steinhorst and Samuel (1989) 

presented an estimator, not unbiased, for the variance of the population size esti-

mator . 

Thompson and Seber (1994) extended Steinhorst and Samuel's work by writ-

mg the modified Horvitz-Thompson population size estimator as a function of 

estimated sighting probabilities instead of reciprocals of estimated sighting prob-

abilities . Their estimated sighting probability was not explicitly stated. Using 

the delta method, they derived an approximate third error component, i.e. error 

due to estimation of sighting probability, of the variance of the population size 
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estimator, Like Steinhorst and Samuel, they did not give an unbiased estimator 

for each error component or for their approximate variance. 

1.4 An outline of our study 

Our objective is to provide an appropriate estimator for population size as 

well as the variance of this population size estimator, where a two-stage sampling 

survey is employed. The examples we will be looking at and our simulation studies 

in the later chapters will be based on data obtained from elk ( cervus elaphus) 

populations. The procedure we developed, however, is not restricted to wildlife 

populations. It could be used for other types of populations where it is appropriate 

( see assumptions listed in section 2.1). 

Our work is an extension of Steinhorst and Samuel's modified Horvitz-Thompson 

estimator for population size. In chapter two, we present Steinhorst and Samuel's 

population size estimator for cases of known sighting probabilities and unknown 

sighting probabilities estimated via a logistic model (see notation in (2.1.1) and 

the definition in (2.1.3)) . We also present an unbiased estimator , derived by Stein-

horst and Samuel (1992), for the variance of the population size estimator for the 

case of known sighting probabilities . 

As an extension to their work, we will develop an asymptotically unbiased es-

timator for the variance of the population size estimator for the estimated sighting 

probabili ties case (see section 2.2) . With the assumption that we have a perfect 

count of detected groups, our derivation is a variation of Thompson and Seber's 

(1994) work and was obtained before their work appeared in print. Without the 

delta method, the variance of the population size estimator will be written x-

plicitly as a sum of three error components, namely, the error due to sampling of 

primary units, the error due to sampling of groups within the selected primary 

units and the error due to estimating sighting probabilities. New results are given 
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in the form of an asymptotically unbiased estimator for each of the three error 

components. We will explain the difference between Thompson and Seber (1994) 

and our methods in more detail in section 2.2. In section 2.3, we will begin with 

a brief description of an example of real field work, explaining how data are col-

lected from a finite wildlife population and how estimators presented in sections 

2.1 and 2.2 are applied to the collected data to estimate population size. We 

will then briefly discuss some problems of aerial surveys and based on the past 

experience of some elk sightability surveys (Samuel et . al.,1987), we will look at 

a couple of influential characteristics of groups in fitting a sightability model. In 

the last section of chapter 2, section 2.4, we will extend Steinhorst and Samuel's 

(1992) estimator for the variance of the ratio of two modified Horvitz-Thompson 

population size estimators of known sighting probabilities to the case of estimated 

sighting probabilities. 

In chapter three, under the same assumptions, we look at the modified 

Horvitz-Thompson population size estimator for three special cases. In section 

3.2 of the special case of a complete census of primary units , using simplified no-

tation, we present simplified formulae of the population size estimator and of an 

asymptotically unbiased estimator of the variance of this population size estimator 

as a sum of unbiased estimators of the variance components. In section 3.3 of the 

special case of stratified random sampling of primary units , with an extended set 

of notation, we give explicit expressions for the population size estimator and an 

asymptotically unbiased estimator for the variance of this population size estima-

tor, also as a sum of unbiased estimators of the variance components. Optimum 

allocation of stratum sample sizes for stratified random sampling of primary units 

is given in subsection 3.3.3. In section 3.4 of the third special case, we present 

the modified Horvitz-Thompson population size estimator based on the compos-

ite data of several replicated population surveys for both simple random sampling 
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and stratified random sampling of primary units . Variance of the population size 

estimator is again stated as a sum of variance components and an unbiased es-

t imator of each variance component is derived. Optimum allocation of stratum 

sample sizes in stratified random sampling of primary units for the third special 

case is given in section 3.4.3. Steinhorst and Samuel (1989) did not discuss the 

third special case and thus, this is also an extension of their work . In many stud-

ies of wildlife populations , biologists have conducted several replicated surveys 

over the years. If it is reasonable to assume that the sightability model did not 

change over a period of time, the data collected from several sightability surveys 

conducted over that period of time can be combined into one composite data set, 

giving more information. As for combining several replicated population surveys, 

groups of animals might have restructured over that period of time; however , it 

should have no sigificant impact on the estimation of the population size. It is 

therefore useful to present expressions of the population size estimator and the 

variance of the population size estimator in detail. 

In chapter four , we will use a conditional expectation technique to derive ex-

plicit expressions for the third central moment of the modified Horvitz-Thompson 

estimators for both cases of known and unknown sighting probabilities. Results, 

conclusions and discussions of an evaluation study of the population size esti-

mator and its variance estimator for small populations are described in chapter 

five. Considering the case of a complete census of primary units and a sightabil-

ity of three independent variables (see (5.2.1) , (5.2.2)), we generated 4 simulated 

populations. Various cases of this simulated population are studied to evaluate 

the performances of the population size estimator and the variance estimator we 

derived. We use procedure LOGISTIC in SAS to fit models. Evaluation of the 

performance of the population size estimator is based on the bias of the average 

of a set of simulated population size estimates with respect to the true population 
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size. Evaluation of performance of the variance estimator will be based on the 

bias of the average of a set of variance estimates with respect to, say the sam-

pling variance of the corresponding set of population size estimates . Confidence 

interval estimates at 90 and 95 percent confidence levels for population size are 

constructed assuming the large sample theory (normali ty) for the sampling dis-

tribution of the population size estimates and for the sampling distribution of the 

transformed population size estimates . Since we observed in earlier trials that the 

sampling distribution of the population size estimates is positively skewed, we also 

considered confidence intervals based on four transformations, namely, the natu-

ral log, the reciprocal, square root of the reciprocal and power of three halves of 

the r ciprocal. Approximate expectations and the variances of these transformed 

population size estimators were derived using the delta method. 

We also constructed confidence intervals by assuming that the sampling dis-

tribution of ( f-T) , where f is a population size estimate and Tis the total number 

of animals or subjects in a phase 2 sampl (see section 2.3), is log-normally dis-

tributed. In this case, exact expressions for the expectation and the variance of 

log( f - T) can be worked out and a Taylor series approximation is not needed to 

obtain a confidence interval estimate for population size T. 

In chapter six, confidence interval estimates for the population size using 

bootstrapping are evaluated. We are unaware of any bootstrap method which 

has been developed for finite population sampling with estimated sighting proba-

bilities. We have therefore proposed modifications of the existing bootstrapping 

pro <lures to handle this problem. To study these procedures, we first consid-

ered the case of a complete census of primary units and generated a simulated 

population. This simulated population has a sightability model involving just one 

independent variable ( see ( 6.4.1)). We also extend our bootstrapping procedures 

to the case of stratified random sampling of primary units . 
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Finally, in chapter seven, we will address the problem of (logistic) model 

selection for the unknown sighting probabilities. Our purpose in this chapter, 

like all other model selection problems, is to choose an appropriate parsimonious 

subset of the full model. For simulation, we will use the simulated population we 

generated in chapter five. We will fit the full model and a couple of subsets of t he 

full model, which we called the short models, to the simulated samples . To check 

and compare the adequacy of these selected models, we use some conventional 

measures , namely the Akaike Information Criteria or AIC and the test of the 

hypothesis that a parameter is set to zero. In addit ion to those conventional 

measures , we also evaluate the performances of the population size estimator and 

its variance estimator the same way we did in chapter five. For this purpose, 

we have derived expressions to obtain, iteratively, the expected value of estimated 

parameters of a fitted model simpler than the full model, and an expression for the 

estimated covariance matrix of the estimated parameters of a fitted short model. 

We also study two-way scatter frequencies plots of influential predictors. 

In the final chapter, chapter 8, we end this report with a summary and 

conclusion of our work , and some suggested topics for future research. 
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2. MODIFIED HORVITZ-THOMPSON ESTIMATOR OF 

POPULATION SIZE 

In the first section, we present the modified Horvitz-Thompson population 

siz estimator and estimator of the variance of the population size estimator de-

veloped by Steinhorst and Samuel (1989). In the second section, we will provide 

an improved estimator for the variance of the population size estimator with un-

known sighting probabilities estimated using logistic regression. We will then look 

at how these estimators can be applied to real data set in the third section. Fi-

nally, we will extend the results of Steinhorst and Samuel (1992) on estimating 

population age and sex ratio by providing a ratio estimator and an unbiased esti-

mator of the approximate variance of the ratio estimator when unknown sighting 

probabilities are estimated via logistic regression. 

2.1 Development of the population size estimator 

Consider the problem of estimating the size of a wildlife population. An unbi-

ased, modified Horvitz-Thompson estimator for the population size was developed 

by Steinhorst and Samuel (1989) based on the following five assumptions: 

( 1) the population is geographically and demographically closed, 

(2) groups of animals are conditionally independently observed, given the 

selection of primary sampling units, 

(3) observed groups are completely enumerated without error and ob erved 

only once, 

( 4) the survey design for primary uni ts can be specified, 



(5) the probability of observing a group is known or can be estimated with a 

data set , assuming some model. 

The notation given in Thompson (1992) is used in our following presentation. Let 

N = the number of primary units in the population, 

n = the number of primary units selected, 

Mi = the number of groups in the i th primary unit , i = 1, 2, ... , N , 

mi = the number of groups observed or sighted in the ith selected primary 

unit, where i = 1, 2, ... , n, 

Yij = the number of animals in the jlh group in the ith primary unit, 

where j = 1, 2, ... , Mi, 

Ti = the number of animals in the ith primary unit , Ti = Z7=;1 Yij, 

h 1 t . · "\'N "\'M· 
T = t e popu a 10n size, T = ui=l u i = '1 Yij, 

I i = 1 if the ith primary unit is selected and O if the ith primary unit is not 

selected, thus I i is an indicator random variable for sampling of the ith 

primary unit , 

7ri = P(Ii = 1) is the probability that the i th primary unit is selected, 

1rii' = P(Ii = 1, I i, = 1) is the probability that the ith and the i'th primary 

units are both selected, 

Z ij = 1 if, in the ith primary unit , the jlh group is sighted and O if the Ph 

group is not observed, thus Z ij is an indicator random variable as to 

the sampling of the Ph group in selected primary unit i, and 

9 ij = P( Z ij = 1 !Ii = 1 ) , is the probability that the Ph group in the ith 

selected primary unit is observed or sighted; thus , 9 ij is 

the response probability or visibility or sightability or sighting 

probability of that group, 

11 



(2.1.1) 

2.1.1 When sighting probabilities are known 

Using the modified Horvitz-Thompson approach, and assuming gi/s are known, 

an unbiased population size estimator is 

(2 .1.2) 

2.1.2 When sighting probabilities are unknown 

This section summarizes results given in Steinhorst and Samuel (1989) when 

the 9 ij 's are unknown. A logistic model for the 9 ij is used , 

9ij = ex:if3 
1 - 9ij ' 

(2.1.3) 

where x~i3 = /Jo + /J1x1,ij + ... + /Jp-1Xp-l ,ij is a suitable regression function , with 

those Xk,ij fork= 1, 2, ... ,p-1, being the covariates such as group size, vegetation 

cover, snow cover, etc. From (2 .1.1), 

0 1 1 + -X' ./3 ij = - = e •1 • 
9ij 

Define 

0- 1 + - X'/3~ -X' EX,3 /2 
ij = e '3 ' 3 , 

where /3 1s an estimator of /3. Assume that the distribution of /3 1s the Jr 

dimensional normal distribution Np( /3 , I:) with I: being the p x p covariance 

matrix for jj . Then E(0ij) = 0 ij · Thus, 0 is asymptotically unbiased if jj is 

asymptotically (mult ivariate) normally distributed. 

For the subsequent results, it is assumed that jj ~ Np(/3, I:). Then the 

variance of e ij is 
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and the covariance between two 0 's is 

where x 1 and x 2 are vectors of covariates of two different groups whose sighting 

probabili ties are 0 1 and 0 2 . We also assume that all covariates are recorded 

without error. If in addit ion, J and t are independent and t for large 

samples, the following are (asymptotically) unbiased estimators of the preceding 

quantities, 

0~ 1 + -X' J-x' E X ij /2 
ij = e ' 3 '' ; 

With the assumption that /3 , I i and Z i j,i = 1,2, ... ,N,j = 1, 2, ... , Mi, are inde-

pendent, an (asymptotically) unbiased population size estimator is given by 

(2.1.4) 

where the subscript LR stands for logistic regression. 

2.2 Development of an unbiased estimator for the variance of the pop-
ulation size estimator 

We will now proceed to use condit ional expectation techniques to write the 

variance of the population size estimator explicitly as a sum of error components . 

2.2.1 When sighting probabilities are known 

The variance of f-7r of (2 .1.2) when sight ing probabili ties are known can be 

written as a sum of two error components, 

(2.2.1) 
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where 

is the first error component, the error due to sampling of primary units, and 

is the second error component, the error due to the sampling of groups within a 

primary unit such that var( f-rr ) = v1 + v2 • An unbiased estimator of the first error 

component v1 is 

and an unbiased estimator for the s cond error component v2 is 

Then, an unbiased estimator for the variance (Samuel et. al. , 1992) of the popu-

lation size estimator is 

M Z ·y ·· w h re f-. = ·~ ::::21.l!.!.l_ . 
. i L...,J -1 9ij 

2.2.2 When sighting probabilities are unknown 

When the sighting probabilities are unknown and are assumed to satisfy a 

logistic model, the variance of the population size estimator of (2.1.4) can be 

expressed as 

14 
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where f-71" denotes the population estimator with sighting probabilities g i j known. 

Steinhorst and Samuel (1989) did not give an unbiased estimator for each of the the 

variance components. An estimator for the variance, not unbiased but consisting 

of components related to the three variance components, was given by Steinhorst 

and Samuel (1989) as 

- ( A ) 1 - 7l" i l • 2 7l"ii ' - 1ri 1ri 1 I I A A var TLR = L.,, --2 - i Ti + L.,, ---- i i 'Ti Ti ' 
i=l 7ri i :;t: i ' 1l"ii 11ri 1ri 1 

As as extension to their work, we will express the variance explicitly as a 

sum of three error components and find an (asymptotically) unbiased estimator 

for each variance component . This is the major contribution of our thesis. Using 

conditional expectation techniques , we have 

var(hR) varr(Ez,eir(fLR)) + Er(varz,eir(fLR)) 

varr(Ez1r(E011,z(TLR))) + Er[varz1r(E011,z(TLR)) + Ez1r(var0 11,z (TLR))] 

N l · . N I M; 
varr(L :Ti)+ L 1r · varz1r(L Z ij Yi j 0 ij ) + Er(Ez1r (var011,z(TLR))) 

i=l t i=l t j =l 

V1 + V2 + V3, (2 .2.3) 

where those three variance components, starting from the left, correspond to errors 

due to primary units sampling, sampling of groups within primary units , and 

estimation of g ij . We will develop unbiased estimators for those three components. 

We see that the first component is 

To develop an unbiased estimator for this component, consider 

(2.2.4) 
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where 'Ti = I:;~l ZijYij e ij • The expectation of expression (2 .2.4) is 

( )] (~ Im) 1 - 7T"i ( A ) E [ 2.2.4 = var L.,, - + L., --var Ti 
i=l 7T"i i=l 7T"i 

(~ l iTi) 1 - 7T"i ( A ) ( A A ) = var L.,, - + L., --var Ti + cov Ti, Ti' . 
i=l 7T"i i=l 7T"i 

We therefore need to develop unbiased estimators for var(-h) and cov( Ti, Ti' ) so 

that unbiased estimators of their corresponding terms can be subtracted from 

expression (2 .2.4) . We note that 

where 
M; M; 

varz (E01z(fi)) = var(I: ZijYij 0 ij ) = LYfj (0 ij -1) , 
j=l j=l 

(2.2 .5) 

and 

M ; M; 

Ez(var01z(Ti)) = Ez[L Zij Y;jvar(0ij ) + L Zij Zij'YijYij 'cov(0ij 0 ij') ]. (2.2.6) 
j=l j-::/;j' 

Thus 
M ; M; - '°' '°' 2 ~2 -varz( L.,, ZijYij 0 i_i ) = L., ZijYij [0 ij - 0 ij - var(0iJ], 
j=l j=l 

provides an unbiased estimator for expression (2 .2.5). An unbiased estimator for 

expression (2.2.6) is given as 

Addition of the two unbiased variance component estimators gives var( Ti) where 

M; M; 

L 2 ~ 2 I: var(f·) = Z· ·y--(0- - - 0 ··) + Z· ·Z · ·,y · ·y ··,cov(0 ·· 0 ··,) t tJ tJ tJ tJ tJ tJ tJ tJ tJ ' tJ ' 
j =I jf.j' 
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is an unbiased estimator of var(fi) - Now, 

MM , 

cov(fi, f;,) = :t t 9ij9i'j'YijYi1j1Cov(Gij, e i'j ' ), 
j=l j'=l 

and 
M; M;, 

cov(f;,fi,) =LL Z ;j Z i1j'YijYi1j1COV(0;j, e i1j1 ) 

j=l j'=l 

is a corresponding unbiased estimator. Hence , 

N M; 

L i- rr; L - --I Z Z ·,y · ·y· ·,cov (0 · · 0 · ·,) 2 i tJ tJ iJ tJ tJ , 'J . 7f. . . 
i=l ' J f. J ' 

is an unbiased estimator for the first component v1 of expression (2 .2.3). 

T he second component v2 of expression (2.2.3) is 

An unbiased estimator of this expression is 

As for the third component , we have 

N I ·I · M; M; , 

L ',, LL + - Z · Z ·, ·,y · ·y ·, ·,cov(0 · · 0, ·,)] .. 1fi7f "I . . tJ tJ tJ tJ tJ) tJ 
, f. , ' ' J=l J'=l 
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(2.2.11) 

An unbiased estimator is found by replacing variance and covariances terms for 

the 0 i j by their unbiased estimators and dropping the expectation operator in 

expression (2.2.10) . 

Thus 

Finally, we combine all three unbiased variance component estimators in 

expressions (2.2.7) , (2.2.9) , (2.2.12) to obtain 

- (A ) 1 - 7r; A2 'lri i' - 7r; 7r;, I A A var T£R = --2 -l;Ti + ----Ji i'Ti Ti' 
i=l 7r; i =/=i ' 7r;;,7r; 7r; , 

an unbiased estimator for var( 7£R)-

(2.2.12) 

(2.2.13) 

Thompson and Seber (1994) wrote T£R as a function of 9 ij instead of its recip-

rocal, 0 ;j . They did not assume any particular model for estimating th unknown 
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9ij and just let gij be some estimate of 9ii, without stating it explicitly. By apply-

ing the delta method , they have obtained an approximate third error component 

for the variance of the population size estimator in terms of gij . They presented 

an estimator, not unbiased, for the approximate variance and like Steinhorst and 

Samuel (1989), they did not give an unbiased estimator for each of the three error 

components. 

We, on the other hand, saw that in our logistic regression setting, it is natural 

to write TLR as a funct ion of eij • In this case, the delta method was not n eded 

for our derivation. Unlike Thompson and Seber (1994), we presented the variance 

of the population size estimator as a funct ion of 0ii . We then derived an unbi-

ased estimator for each of the three variance components. By taking the sum of 

unbiased estimators of the variance components, we gave an unbiased estimator 

for the variance of the population size estimator. 

2.3 Estimation of the population size of a finite population 

In this section, we will begin with a brief description of a field example, 

explaining how data are collected from a finite, wildlife population and how es-

t imators presented in sections 2.1 and 2.2 are applied to the collected data to 

estimate population size. We will then discuss some problems of aerial surveys. 

Th .n, based on the past xperience of some elk sightability surveys (Samu 1 et. 

al., 1987) , we will look at a couple of influential characteristics of groups in fitting 

logistic sightability models. 

2.3. 1 Example of how real data are collected and how population size 
is estimated using modified Horvitz-Thompson estimat or 

Two techniques have been used by researchers to collect data to estimate elk 

population size. Th first technique breaks both survey and estimation process 

into two phases. The sightability survey, or phase I, is to collect data for estimating 
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the sightability model. In phase I, some elk in the study area were fitted with 

radio collars. A fixed-wing flight is conducted to locate radio-collared animals. A 

helicopter survey of the primary units containing these animals is then conducted . 

Helicopter observers are informed of the (primary) units containing specified radio-

collared animals and their radio frequencies. However , they do not know the 

location of collared animals within the unit. Typically a single radio-collared 

animal might be searched for in 2 uni ts or 2 animals might be searched for in 2-3 

units . The helicopter observers survey the required units and record group size, 

vegetation cover, etc. for each group seen that contains a radio-collared animal. 

Upon completion of the search, radio-collared animals not seen are located using 

a receiver in the helicopter . Group size, vegetation cover, etc. for each group 

that contained a missed radio-collared animal ar recorded. This entire process , 

from radio-collaring of the animals to recording data of missed animals , is called 

the sightability survey or referred to as phase I. The data collected, of seen and 

missed animals , will be referred to as a phase I sample. A sightability model 

is fitted based on a phase I data. Researchers can enlarge the size of a phase I 

sample by conducting a sightability survey several times over a certain period, for 

example three years, possibly with different collared animals at different times. 

After an estimated sightability model is obtained, a population survey or 

phase II is conducted to collect data for estimating the population size. In phase 

II, data are collected using a two-stag sample design as we described in the first 

paragraph of section 1.2. This data set, or the phase II sample, is independent 

of the phase I sample. Similarly, researchers can enlarge the size of a phase II 

sample by conducting a population survey several times, also ov r a certain period. 

Based on the phase II sample and the estimated sightability model obtained in 

phase I, a population size estimate is computed using (2.1.4). A single population 
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size estimate obtained using the first technique requires 2 independent samples, 

namely, phase I and phase II samples. 

Note that for the first technique, a sightability survey and a population sur-

vey are conducted independently at different t imes. For example, a population 

survey may be conducted a few days or months after conducting the sightability 

survey. So it is likely that the phase II sample is collected under some underly-

ing conditions different from those related to estimating the sightability model. 

Researchers will have to assume that both the sightability survey and population 

survey are conducted under the same underlying conditions. 

An alternative technique overcomes this problem by conducting both sighta-

bility survey and population survey simultaneously. For this technique, some 

animals are again assumed to be selected from the study area and radio-collared. 

Then the sample frame of primary units comprising the survey area is constructed. 

A helicopter survey is conducted only on the sample of selected primary units. 

Regardless of whether there is a collared animal contained in an observed group, 

group size, vegetation cover, etc. are recorded for the group . Upon completion of 

this survey, the helicopter returns to the sample survey primary units to locate 

the groups containing radio-collared animals not observed, to record their group 

size, vegetation cover, etc. Therefore, using this technique, there is only one data 

set . From this data set, data of groups that contained a collared animal are used 

to fit a sightability model. Based on this estimated sightability model and the 

entire data set, a population size estimate is obtained using (2.1.4). If the study 

area is censused, the population size of groups with collars is known. We would 

only estimate the number of elk in groups with no collars. 

One problem with this alternative technique is that there may be an insuf-

ficient number of groups containing a collared animal in the sample of primary 
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units. Thus sightability data sets would need to be collected over several surveys 

before a population size estimate could be constructed. 

2.3.2 Some problems of aerial surveys 

Failure to observe all animals or "visibility bias" is generally a major cause 

of underestimating the population size (Caughley, 1974, 1977) . Samuel et. al. , 

(1987) has discussed some problems of aerial surveys that might influence the 

visibility. Samuel et . al. (1987) also suggested some ways to correct the visibility 

bias. The following paragraphs are summarized from Samuel et . al. (1987), 

describing some problems of aerial surveys and some suggestions to correct the 

visibility bias: 

"Aerial surveys are an important method for estimating populations. 

However, aerial surveys underestimate animal abundance (Caughley 

1977). A major goal for the improvement of aerial survey estimates 

is to determine the number of animals missed during surveys . Failure 

to observe all animals, as stated in section 1.2, is called visibility bias 

and is generally a major cause of inaccuracies in aerial surveys (Caugh-

ley, 1974, 1977). The magnitude of visibility bias depends on numer-

ous factors , including habitat characteristics such as animal behavior 

and dispersion, weather (for example, migration, animals scatter more 

widely during light snow, etc.), vegetation cover, and the observers and 

equipments. Visibility bias also may confound the estimation of age 

and sex ratios when males, females , or young have different visibility 

factors. 

Recognition of and correction for visibility bias have been subjectively 

and quantitatively used to adjust wildlife population surveys . Graham 

and Bell (1969) contended that visibility of animals was influenced 
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by environmental conditions and by factors attributable to the ob-

servers. However , assessment has generally focussed on those factors 

that can be controlled during the survey: observer factors ( Caughley 

1974, LeResche and Rausch 1974) and aircraft factors (Caughley et. 

al. 1976) . Even when these factors are rigorously standardized consid-

erable flight-to-flight variability is possible. In part, this variability is 

due to environmental factors that cannot be controlled by the survey 

technique, including cover type (LeResche and Rausch 1974, Floyd et . 

al. 1979, Biggins and Jackson 1984, Gasaway et. al. 1985) , animal 

group size (Cook and Martin 1974, Samuel and Pollock 1981 , Gasaway 

et. al. 1985), animal behavior (Gasaway et. al. 1985), snow conditions 

(Lovaas et. al. 1966, LeResch and Rausch 1974, Biggins and J ackson 

1984), and weather (Anderson 1958) . In some recent aerial surveys 

of the elk population for example, there is considerable evidence that 

counts from the ground or from the air do not enumerate all the elk. 

Increasing the intensity of search effort is commonly believed to in-

crease the proportion of animals seen and may reduce the effects of 

some environmental factors such as weather, lighting and snow condi-

tions . Thus, there appears to be a distinct advantage of using inten-

sive helicopter quadrat surveys over transect surveys with fixed-wing 

aircraft (Gasaway et. al. 1985) . Helicopters further enhance the ob-

servers ' ability to minimize terrain and cover problems (Kufeld et al. 

1980). In addition, the noise of the helicopter generally causes animals 

to move (perhaps increasing visibility) and may be used to flush ani-

mals from patches of cover (Kufeld el al. 1980). Helicopter also may 

reduce observer fatigue problems by minimizing disorientation and air-

sickness (Kufeld et . al. 1980) and by allowing more frequent breaks 
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(for more frequent refuelling). There is little doubt that sightability 

will vary due to the experience levels of observers and pilots or to the 

type of aircraft used. 

In some surveys, white radio collars were used to enhance the iden-

tification of marked animals from the helicopter once the animal is 

located and to avoid the possibility of visually locating an animal due 

to a bright-colored collar. In some situation, it was found (Gasaway 

et . al. 1985) that bedded radio-collared moose were more likely to 

missed during intensive fixed-wing surveys. 

There is therefore a need to design an appropriate sampling strat-

egy, such as the stratified random sampling, for conducting surveys. 

Applications of a sightability model in conjunction with a sampling ap-

proach should also consider the minimum sampling area or the number 

of groups required to produce reliable estimates . Of primary impor-

tance in any survey design will be a clear formulation of objectives, 

a careful choice of the required level of precision, and a knowl dge of 

population distribution. For example, optimum counting conditions 

for elk are likely to occur during winter ( or early spring) when animals 

occur in larger groups and in areas of open habitat." 

2.3.3 About the sightability model 

During the sighting process in second-stage sampling, a group is either sighted 

(responded) or not sighted (nonresponse) with some sighting probability. The 

responses are thus a set of Bernoulli observations. In addition, as observed in 

previous studies that visibility bias depends on numerous habitat characteristics 

of the groups as stated above, it is therefore natural to consider using logistic 

regression to fit sightability model. 
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Past experience (Samuel et . al. , 1987) with elk populations has found that 

group size, vegetation cover and snow cover were primary factors influencing ob-

servability. The study also found that many factors influencing sightability are 

interrelated using a multivariate approach. Group size is generally believed to 

be an important factor influencing sightability. The inability of some studies to 

m asure group size may have caused related factors to appear as important influ-

ences on sightability. In some cases, the natural log transformation of the group 

size might give a better fit . The importance of vegetation cover has been stressed 

by nearly every study that has attempted to examine visibili ty. Previous authors 

have suggested dividing a study area into discrete habitats or cover types and 

estimating visibility in each type (Floyd et. al. 1979) . Such an approach might 

require substantially more data to estimat a separate sightabili ty function for 

each habitat . In addition, problems may arise from assuming uniform vegetative 

cover within a habitat. Both of these problems are avoided by estimating percent 

vegetative cover directly. Further, taking this approach offers the possibility that 

sightability functions developed in one area may be applicable over broad areas. 

Further research in other habitats might broaden the applicability of the models 

or identify habitats that require a more complex approach. As for snow cover , 

there were controversial findings for different animal populations (Samuel et . al. , 

1987) . Snow cover may interact with other factors such as group size and behav-

ior. Further, the effect of snow cover may be reduced during the intensive quadrat 

surveys conducted. Another reason that th snow cover factor was not significant 

in some studies may be partially due to the limited range over which these factors 

were evaluated. 
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2.4 R atio est imator 

Samuel et . al. (1992) developed a modified Horvitz-Thompson estimator for 

a population age or sex ratio . Given the same assumptions as section 2.1 , define 

Ta = population size of a type animals, 

Tb = population size of b type animals, 

Ta1r = population size estimator of a type animals when sighting probabili t ies 

are known, 

fb1r = population size estimator of b type animals when sighting probabilities 

are known, 

TaLR = population size estimator of a type animals when sighting probabilities 

are unknown and are estimated via a logistic model , 

'TbLR = population size estimator of b type animals when sighting probabilities 

are unknown and are estimated via a logistic model, 

aij = the number of a type animals in the jth group of ith primary unit , 

bij = the number of b type animals in the jth group of ith primary unit, 

and with the notation defined in the last section, an estimator for the ratio 

R = Ta/Tb, using (2.1.2) when sighting probabilities 9ij are specified , is 

(2.4 .1 ) 

Using (2.1.4) when the 0 ij = 1/gi/s are unknown and are estimated via a logistic 

model, the ratio estimator is 

(2.4.2) 

By applying the delta method, 

(2.4.3) 
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In (2.4.3), Ta, Tb are Ta1r, Tb1r (see (2.1.2)) if sighting probabilities are known and 

they are TaLR, T"bLR (see (2.1.4)) if sighting probabilities are unknown. Thus, we 

obtain an approximate variance of a ratio estimator as 

(2.4.4) 

To obtain an (approximate) estimator of var(.R) in (2.4.4), we replace the ratio, 

the population sizes, variances and covariances of the population size estimator 

by their respective unbiased estimators. We have already derived (approximate 

and/or asymptotic) unbiased estimators for the ratio, the population sizes (see 

(2 .1.2) and (2.1.4)) and variances of the population size estimator (see (2.2.2) and 

(2.2 .13)). Therefore, to extend the results of Samuel et . al. (1992), we only need 

to find an unbiased estimator for the covariance term. To do so, we write 

(2.4.5) 

Then, the expression Ta fb - Tab, where Tab is an unbiased estimator of TaTb, is 

an unbiased estimator of the covariance term in (2.4.5) . To find an unbiased 

estimator of Ta Tb, we note that 

N M; N M ; N M ; N M; M; , N M ; M ;, 

Ta Tb= (E E a ij )(E L bij) =LL a ;j bij +LL L aijbij ' +LL L a ij bi ' j '· 
i=l j =l i=l j=l i=l j =l i=l j=l j'=l i# i ' j =l j'=l 

Hence, an unbiased estimator for the covariance term in (2.4.5) is 

N I M; z b N I M; z z b -(A A) - A A " i " ijaij ij " i " ij ij 'a ij ij ' 
COY Ta, Tb - Ta1rTb1r + L.., - L.., --- + L.., - L.., 

i=l 'Tri j=l 9ij i=l 'Tri j::pj' 9i j 9 ij ' 

N I I M ; M ;, z z b + I: __i__!::._ I: I: ij i ' j'aij i'j ' , 

i#i ' 'Tri i ' j =l j '=l 9 ij 9 i ' j ' 
(2.4.5) 

for the case of known 9ij 's. 
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For the case of unknown 0 ij 's estimated via a logi stic model , an unbiased 

estimator for the covariance term in (2.4 .5) is 

(2.4 .6) 

28 



3. MODIFIED HORVITZ-THOMPSON ESTIMATOR OF THE 

POPULATION SIZE FOR THREE SPECIAL CASES 

3.1 Introduction 

In the last chapter, we presented formulae for estimating the population size 

when the sighting probabilities are known, f"' of (2.1.2), and when the unknown 

sighting probabilities are assumed to satisfy a logistic model defin din (2.1.3) , 'TLR 

of (2.1.4) , for a general two-stage sampling design. We also derived explicit ex-

pressions (2.2.1) and (2.2.3) of the variances of these population siz estimators in 

terms of error components . We developed (asymptotically) unbias d estimator for 

those error components separately and combined them to obtain (asymptotically) 

unbiased estimator of the variances (see (2.2.2) and (2.2.13)) . 

In this chapter , we look at three special cases - two sp cial cases of the first 

stage sampling design and the special case of combining data of several r plicated 

population surveys. Sections 3.2 and 3.3 give simplified versions of those formu-

lae, under the same assumptions listed in section 2.1, for two particular first stage 

sampling designs, namely, the case of a complete census of primary units and 

the case of stratified random sampling of primary units. Using the technique of 

conditional expectations, we express the variance of the population siz estimator 

in terms of error components and develop unbiased estimators for ach error com-

ponents. Optimum allocations for stratified random sampling of primary units is 

given in subsection 3.3.3. 

In section 3.4, we look at the special case of obtaining a modified Horvitz-

Thompson population size estimate based on the composite data of several repli-



cated population surveys. This is important because researchers sometimes con-

duct several replicated population surveys over a period of time. For this special 

case, we consider simple random sampling and stratified random sampling of pri-

mary units. Optimum allocations for stratified random sampling of primary units 

is stated in subsection 3.4.3. 

3.2 Case 1: Complete census of primary units 

If all primary units are sampled, we see that the notation N, subscript i, 

variable I i and, thus, the probabilities 1ri, 1Tii' defined in (2.1.1) are no longer 

needed. The notation for this special case is: 

M = the number of groups in the entire survey area, 

Yj = the number of animals in the /h group, j = 1, 2, ... , M , 

T = the population size Yj, 

Zj = 1 if the jlh group is sighted and O if the /h group is not observed, thus, 

Zj is an indicator random variable as to the sampling of the lh group , 

and 

gj = P(Zj = 1) , is the response probability or visibility or sightability or 

sighting probabili ty of the /h group. 

3.2 .1 When sighting probabilities are known 

When the g/s are known, the unbiased estimator for the population size is 

given as 

(3.2.1) 

The variance of f1r is 

( 

A ) 1 - gj 2 var T1r = ~ --yj, 
j =l % 

(3 .2.2) 

which is the error due to sampling of groups (that is , only sighting some of the 

groups) in the second stage of sampling. An unbiased estimator for the variance 
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lS 

- ( A) ~l-gj z 2 var T1r = --2 - j Yj . 
j =l 9j 

(3 .2.3) 

3.2.2 When sighting probabilities are unknown 

When the sighting probabili ties are unknown and are assumed to satisfy a 

logistic model, 
gj x'f3 -- = e, 

1 - gj 
(3 .2.4) 

as in (2 .1.3) , where x j(3 = /30 + /31x1,j + ... + /3p -l Xp-l,j is a suitable regression 

funct ion, with Xk ,j for k = l , 2, ... ,p - 1, being the covariates such as group size, 

vegetation cover , etc. Define 

and 

where (3 is the maximum likelihood estimator of (3. Thus, 0 j is asymptotically 

unbiased. With the same assumption that j3 ~ Np((3 , ~) as before, expressions 

for the variance of 0 j and covariance between two different G 's are similar with 

the subscript i removed (see section 2.1.2) . 

If, as before, j3 and f; are independent and for large samples, ex-

pressions for an asymptotically unbiased estimator 0 j of 0 j, and asymptotically 

unbiased estimators of var(0j) and cov(0 1 , 0 2), the covariance between two dif-

ferent 0 's, are similar , with the subscript i removed (also see section 2.1.2). The 

unbiased estimator for the population size is th n given as 

M 

TLR = L Zjyj0 j, (3.2.5) 
j =l 

where 0 j is the unbiased estimator of 0 j . The variance of 'TLR can be written as 

the sum of two error components, namely, the variance due to sampling of groups, 
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given by 

M M 
e1 = varz(E01 z(TLR)) = varz( L Ziyi 0 J = L Y}( 0 i - 1) , (3 .2.6) 

j =l j=l 

which is (asymptotically) unbiasedly estimated by 

M 

e1 = varz(Eeiz(TLR)) = L Zjy}[E>; - ej - var(0j)], (3 .2.7) 
j =l 

and the variance due to estimating 0 j, given as 

(3 .2.8) 

which is (asymptotically) unbiasedly estimated by 

M M 
A2 = Ez(vare1z(TLR)) = L ZjyJvar(Gj) + L ZjZj 1YjYj 1cov(Gj, 0 j') - (3 .2.9) 

j=l jf.j' 

3.3 Case 2: Stratified random sampling of primary units 

The area of interest is divided into primary sampling units (land areas) . These 

primary units are then assigned uniquely to one of L strata. A stratified random 

sample of primary units is then selected. The following notation is used : 

L = the number of strata in the population, 

N = the number of primary units in the population, 

Nh = the number of primary units in the hth stratum, so that 

nh = the number of primary units sampled in the hth stratum, h = 1, 2, ... , L , 

M .hi = the number of groups in the ith primary unit in the hth stratum, 

i = 1, 2, ... ,Nh, 

mhi = the number of groups observed or sighted in the ith select d primary 

unit in the hth stratum, i = 1, 2, ... , nh, 
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Yhij = the number of animals in the /h group in the ith primary unit in the 

h,th stratum, j = 1, 2, ... , Mhi, 

Thi = the size number of animals in the ith primary unit in the ht h stratum, 

"'Mhi 
Thi = L..., j =l Yhij' 

Th = the number of animals in the hth stratum, Th = I:~1 Thi , 

T = the population size, T = I:f=1 Th, 

hi, Zhij are indicator random variables where 

h i = 1 if, in the hth stratum, the ith primary unit is select d and O if the i th 

primary unit is not selected, 

Zhij = 1 if, in the ith primary unit in the hth stratum, the /h group is sighted 

and O if the /h group is not observed, 

such that 

1fhi = P(hi = 1) = !JI;;, is the probability that the ith primary unit in the hth 

stratum is selected, 

1fhii' = P(h; = 1, h i'= 1) = !JI;;~=~, is the probability that both ith and 

i' th primary units in the hth stratum are selected, and 

ghij = P(Zhij = llhi = 1), is the probability that the /h group in the ith 

selected primary unit in the hth stratum is observed or sighted. It is 

the visibility or sightabili ty or response probability or sighting 

probability of that group . 

3.3.1 When sighting probabilities are known 

An unbiased estimator for the population size when ghij 's are known is given 

as, 
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where 'Th i = I:,~hi Zhi jYhij/ghi j is an unbiased estimator of TJii• The variance of f1r 

JS 

ow 

where 

Mhi 1 
( 

A ) " - ghij 2 ( (3 2 2)) var Thi = y hij see . . , 
Nh ( - )2 

S2 _ " TJii - Th 
1i- ~ N ' 

i= l h - 1 j=l ghi j 

and 

as zhij' zhi ' j ' are independent . Let 

L 1 1 
V1 = L Ni(- - -N )S~ 

h=l nh h 

and 
N1i ( A ) N1i 1 - ghij 2 v2 = - var TJii = - Yhij . 

h=l n1i i=l h=l n1i i=l j =l ghi j 

Then var( f1r) = v1 + v2 . The first error component v1 is due to the stratified 

random sampling of primary units. The second error component v2 is associated 

with sampling of groups within primary uni ts. We obtain an unbiased estimator 

of var( f 1r ) by constructing unbias d estimators of each variance component. 
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To obtain an unbiased estimator of v1 , we need an unbiased estimator of Sf 

Consider 

The expected value of s1 is 

Now 

nh N,. 
E(I:, fiJ E1(Ez11( L, h i7ii)) 

i=l i=l 
Nh Nh 
L, Er(hiE(f-£ill)) = L, !!.!:__E(f-£J 
i=l i=l N1i 
Nh 
L, r;; [var(f-1ii) + (E(f-1ii))2] 
i=l h 
Nh 
L, ;h [var(hi) + Tli] , (3 .3.1) 
i=l h 

and 

E(r~) 
N,. A 

E1(Ez11(( L, hi Thi )2)) 
i=l nh 

Therefore, 

E(s~) 
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h , ------;(, ·) _ ------;(, ) _ '\"'Mhi 1-ghij z .. 2 w ere var Thi - var T1r - L.Jj=l 2 hiJYhij 
ghij 

(see (3 .2.3)). Hence, an unbiased 

estimator for Sl is given by 

Then an unbiased estimator of v1 , the error component due to stratified random 

sampling of primary units, is 

Now the second error component v2 due to sampling of groups within the selected 

primary units is 

L N Nh L N N,. M,. , l _ g . . '°' h '°' ( , ) '°' h '°' '°' hiJ 2 V2 = 6 - 6 var Thi = 6 - 6 6 Yhij . 
h=l nh i= l h=l nh i= l j =l ghij 

An unbiased estimator can be written as (see (3.3.2)) 

L N2 N,. M,., 1 .. 
, '"' h '"' J '"' - ghiJ z 2 V2 = 6 -2 6 hi 6 2 hij Y hi.i · 

h=l nh i=l j=l ghij 

Hence, 

is an unbiased estimator of var( f-1r ). 

3.3.2 When sighting probabilities are unknown 

In the case where a logistic model (see (2 .1.3)) is assumed for the unknown 

ghi j 's , and with all the assumptions for and between ('jj, f) and hi, Zhi.i identical 

to those stated in section 2.1.2, an unbiased estimator for the population size Tis 
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where 'Thi = L,%hi zhijYhijehij is an unbiased estimator of Thi · The variance of 'TLR 

can be written as 

var( 'TLR) 

where 

and 

Therefore, 

Nh Nl [ 2 Nh cov(hi,'Thi') ] L Nh Nh, A A - L N Sh - N h L N ( N _ ) + L L L cov( Thi, T/i'i') 
h=I h i::j:i ' h h l h::j:h' i=l i '=l 

Now (see (3.2.6) and (3.2.8)) 

var(f-hi) = L,%hi Ytj ( 0 hij - 1) 

Mhi Mhi 
2 + Ez[L., zhii Yhij var(0 hij )+ L... z hij z hij'YhijYhij 1 Cov( 0 hij, e hij' ) ] 

j =l j=/=j' 

which can be unbiasedly estimated by (see (3 .2.7) and (3.2.9)) 

vai(f-hi) = L,%"{ Z hij Ytj [fJtj - f) hij - vai(0hij )], 
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Also 

cov( Thi, Thi') 

(3.3.3) 

and 

cov( Thi , Th'i' ) 

where cov(0hij, ehi' j' ), cov(0hij, eh'i' j') are unbiased estimators of cov(0hij, ehi' j' ), 

cov( 0 hi.i, 0 h'i' j ' ) respectively. The unbiased estimators of the covariances between 

population size estimators of 

MhiMh 1 i1 

cov( Thi, Tk'i') = L L zhij zh'i' j' YhijYh'i'j 1COV(0hij, eh'i' j') for h = h' or h i=- h'. 
j =l j '=l 

To find an unbiased estimator of var( TLR), we expressed it as a sum of three 

error components , var( TLR) = v1 + v2 + v3 . The first error component v1 , due to 

stratified random sampling of primary units , is 

which is exactly the same as the first error component of var( T1r) when sighting 

probabilities are known. If, as before, we consider st we obtained the same 

expression for E('2:,7;_1 T£;) (see (3.3.1)) but 
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Therefore, 

E(sD 

Hence, an unbiased estimator of S~ is 

1 n h 1 n h 
S~ 2 2 "' -(A ) --'°' -(A A ) h = sh - - L-1 var Thi + ( ) L-1 COY Thi, Thi ' . 

nh i=l nh nh - 1 i =/= i ' 

Thus, an unbiased estimator of the first error component is 

A _ N2 ( 1 1 ) 5~ 2 
V 1 - L-1 h - - - h · 

h=l nh Nh 

The second error component v2 , due to sampling of groups within selected primary 

unit , is 
L N Nh Mhi 

V2 = L --'2_ LL Ytj(0hij - 1). 
h= l nh i=l j=l 

An unbiased estimator for v2 is 

The third error component, v 3 , due to estimation of 0 hij is 
L N N,. Mh i • 2 Mhi '°' h '°'['°' Yhi j ( '°' Yhi j Yhij ' 

V3 = L-1 ;:- L-1 L-1 0 var 0 hij) + 0 .. 0 .. , cov(0 hi.i, 0 hij ' )] 
h=l h i=l J=l hiJ J=/=J' hiJ hiJ 

An unbiased estimator for v3 is 

"'L !!l "'Nh I I -( A A ) "'£ NhNh , "'Nh "'Nh , I I -( A A ) + L,h=l L,i =/= i ' hi hi' COV Thi, Thi ' + L,h=/=h' nhn' L,i=l L,i'=l hi h'i 1 COV Thi, Th' i ' 
h h 
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3.3.3 Optimum allocations 

Optimum allocation of sampling effort assummg that survey costs are a linear 

function of stratum sample sizes (nh), satisfies (Cochran, 1977) 

nh Nh5jj./Cfi 
n - ~f:1 Nh5jj ./Cfi ' 

where n 1 + n2 + ... + nh = n and ch is the cost of sampling a primary unit , 

which may vary from stratum to stratum, and 5ii d pends on whether sighting 

probabili t ies are known or estimated via a logistic model. 

3.3.3.1 When sighting probabilities are known 

We have 
Nh ( A ) 5*2 - 52 var Thi 

h - h +L..., N ' 
i=l h 

3.3.3.2 When sighting probabilities are unknown 

When sighting probabilities are unknown and are assumed to satisfy a logistic 

model defined in (2.1.3) with all the assumptions described in section 3.3.2, we 

have 
Nh ·( A ) Nh ( A A ) 

5 *2 = 5 2 L var TJii _ L cov Thi , TJii' 
h h + i=l Nh i =/: i ' Nh(Nh - 1) ' 

where expressions of var( Thi) and cov( Thi, Thi') can be found in (3 .3.2) and (3.3 .3). 

3.4 Case 3: Population size estimator based on the composite data 
of several replicated population surveys 

If a phase II sample is the composite data of r replicated population surveys , 

there are three possible scenarios. The first scenario is the case of a complete cen-

sus of primary units . In this case, we simply divide the population size estimate by 

r and the estimates of error components by r 2 to obtain the required estimates. 
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The second scenario is when sample primary units of r population surveys are 

selected without replacement and are thus , all different . In this case, we could 

simply treat the composite data as a data set from one population survey and use 

the population size estimator presented in chapter 2 or in section 3.3. Population 

size estimation based on population surveys conducted on primary units sampled 

without replacement will probably be more precise t han the population size es-

timation based on population surveys conducted on primary units sampled with 

replacement, which is the third scenario described in the following paragraph. 

The third scenario is when same sample primary units are surveyed r times. 

In this case, we will be combining data of replicated population surveys. One 

example of this case is the Colorado elk data collected from 2 population surveys 

conducted on 132 miles2 of winter range in Game Management Unit (or GMU) 

42, South of Rifle and Newcastle, Colorado on 15-20th January and from 29th 

Frebruary to 3rd March 1996. In the following subsections , using the notation 

defined in section 2.1 and in section 3.3, we present the population size estimator 

for simple random sampling and stratified random sampling of primary units under 

the th ird scenario. Under the third scenario, we allow the likely possibility that a 

replicated sample primary unit may consist of different number of groups during 

different population surveys. 

In all three scenarios of this special case, it is possible that the population ( or 

groups of animals) has restructured over a period of time. For example, frequencies 

of group size could change over time. However, combining data coll cted over a 

period of time should not have a big impact on the population size estimation. 

3.4.1 Simple random sampling of primary units 

The modified Horvitz-Thompson population size estimator in this case is 

r' r N J ' N11· , NJ 
A - " Ti - " " j Ti j - " j " Tij - " j ~ . T - L..,, - - L..,, L..,, -- - L..,, - L..,,- - L..,, -T1 , 

i=l r i=l j=l 7rj r j =l 7rj i=l r j =l 7rj 
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where f ij is the size estimator of the /h primary unit based on the ith population 

survey and fj = Li=l ~. We will show that var( f) = V1 + v2 + V3 when sight-

ing probabilities are unknown and estimated via logistic regression. If sighting 

probabilities are known, we have var(f) = v1 + v2 . 

First , 

Now , 

But 

So, 

where 

var( f) 

I j -
var(-fJ 7r . 

J 

N I -
var(I: _!_fJ 

j=l 7r j 

L
N I j - LN 1 - -var(-f) + -cov(I·f · I ,f ,) J I J Jl J J • 

j=l 7rj ji=j' 7rj7rj 

1 r 

2 var(L Tij ) 
r i=l 

[t var(fij ) + t cov(fij, f i'j)] . 
r i=l icpi' 

M;j M;,1 

cov(I: Z ijkYijk e ijk, L z i' jk'Yi' jk'ei'jk' ) 
k=l k 1=1 
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k,k' 

L YijkYi'jk' [E(Zijkzi' jk 1 )cov(E>ijk, ei'jk' ) + cov(Zijk 0 ijk, z i'.ik' 0 i'jk 1 )] 

k,k' 
YijkYi1jk' L 0 0 cov(0 ijk, 0 i'jk') , 

k,k'=l ijk - i'jk' 

given that Z ijk and Z i' jk' are independent. Therefore cov( Tij, f i'j) 

sighting probabilities are known. Second, 

1 ,. r 

2 LL cov(IjTij, l j , f i'j') 
r i=l i'=l 

0 when 

1 r r 

2 LL [E(cov(IjTij, I j,fi'j'l l j l j1 )) + cov(E(IjTij llj), E(Ij,fi'j 'llj,))] 
r i=l i'=l 

where 

1 r ,. 

2 LL [E(Ijlj1 )cov(fij, fi'j' ) + cov(IjTij, l j,Ti'j')] 
r i=l i'=l 
1 r r 

2 LL [1rjj1Cov(fij , f i'j ') + Tij Ti'j'cov(Ij ,lj,)] 
r i= l i '= l 
1 r r 

2 LL [1rjj1cov(fij, f i'j') + (1rjj' - 7rj 7!"j,)Tij Ti'j'] , 
r i=l i'=l 

M -- M -, -, 
A A •J • J YijkYi'j'k' 

cov(Tij, Ti'j' ) ="'f:. L 0 0 cov(0 ijk, 0 i'j'k' ), 
k=l k'=l - ijk - i' j'k' 

is zero when sighting probabili ties are known. 

3.4.1.1 When sighting probabilities are unknown 

We have 
M;j 

Tij = L zijkYijkeijk • 
k=l 

The first error component due to sampling of primary units is 

To find an unbiased estimator v1 , consider 
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Expectation of the above expression is 

v1 + 
1
\ t (1 

: .7rj [t var(f;j) + t cov(f;j,Ti 1j)l 
j =l J i=l i;ci 1 

N r ) 1fjj1 - 11"j11"j l ' • + cov( Tij, Ti'j') L.., 71" · 71" ·1 L.., j :;cj' J J i,i' =l 

Thus, an unbiased estimator for the first error component v1 is 

where 

M,j 
-(A A ) COV Tij , Ti 1j = L Z ijk Z i1jk 1YijkYi'jk 1 wv(0ijk, ei'jk') 

k,k'=l 

and 
M,j 

-(' ' ) COV T · · T·, ·, -ZJ) z J - L ZijkZi1j'k'YijkYi' j 'k 1WV(0ijk , e i'j'k' ) 
k,k'=l 

are unbiased estimators of var( fij ) ( see section 3.2.2), cov( Tij, f i,;) and cov( Tij, fi'j' ) , 

respectively. The second error component due to sampling of groups is 

An unbiased estimator for v2 is 

The third error component due to estimation of 0 ijk is 

LN 1 Lr [ML;; Y[jk - ML,; Yij kYijk' - ] - - --var(0ijk) + 9 ijk9 ijk 1 ---''----"--- COV( 0 ;jk, 0 ;jk') 
r 2 7r • 0; ·k 0 ; ·k0; 'k' j=l J i=l k=l J k:;ck' J .1 

N r N r 
1 ( ' , ) 1 11"j j' ( ' • ) + L.., - 2- L.., COY Tij, Ti'j + L.., z L.., --COV Ti.i, Ti'j' . 

j =l 7' 11"j i:;ci' j :;cj' 1• i,i'=l 11"j 11"jl 
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An unbiased estimator for v3 is 

v3 = t r;:2 [t t Z,jkY;jk ~-(0,jk) + t Z,jkZijk'YijkYijk 1 ~(0,jk, 0,jk' )] 
j = I J i = I k=I k ,k'=I 

N r N r 

+ L ;j 2 L ~(f,j,f;,j)+ L :jlj, L ~(f,j,f,,j,)-
i=l ,~ 7fj i#i' j # j 1 r 7rJ'7rj' i,i 1=1 

3.4.1.2 When sighting probabilities are known 

We have 
M ,j 

A - "'"' Z ijk Yijk 
Tij - L., . 

k=l 9 ijk 

The first error component due to sampling of primary units is 

N l N 
"'"' - 'lfj_2 "'"' 'lf jjl - 'lfj'lf j l - -

V1 = L., ---Tj + L., - ----T j Tj'• 
j=l 'lr j jfj ' 'lrj'Trjl 

To find an unbiased estimator v1 , consider 

Expectation of the above expression is 

1 Nl-7r · r 
V1 + 2 L 1 L var(fij) -

r j=l 'lrj i=l 

Thus , an unbiased estimator for the first error component v 1 is 
N N N r 

A L 1 - 7rj -,,-2 L 7rjj 1 
- 7rj7rj 1 

-;,- -;,- 1 L 1 - 7rj L - A v1 = --? -IJ T J· + -"-'--~-Ij l j,Tj T j' - - 2 --2 -Ij var(Tij), 
7r~ 1r · ·,7r •7r• , 1· 7r . . i=l J j ~ j' JJ J J j =l J i=l 

where var(f;j) = I:~{ 1
-fiik ZijkY[jk is an unbiased estimator of var(fij ) (see sec-
9,jk 

tion 3.2.1) . The second error component due to sampling of groups is 

N l r M ,j 1 g 
V2 = I: -2- I: L - ijkY[jk· 

j=l r 7r j i=l k=l 9 ijk 

An unbiased estimator for v2 is 
N · M; · 

A "'"' 1 j 1 - 9ij k 2 
V2 = L., 22 L.,, 2 Z ijk Yi jk· 

j=l r 7r j k=l 9 ijk 
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3.4.2 Stratified random sampling of primary Units 

The population size estimator in this case is 

L Nh " 
A '"' N '"'I Thj T = h hj-, 

h=l j =l nh 

r A --;;:- '°" Thji Thj = ~--
i=l r 

where Thj i is the size estimator of /h primary unit in the hth strata based on the 

ith population survey. Then 

var( f) 

Now, 

where 

and 

such that 

cov( Thji, TJi ji' ) 

var(rhj) 

r _ '°" Thji 
Thj - ' 

r A 

( '"' TJi ji ) var ~--
i=l r 

i=l r 

1 r r 

2 [L var( Thji) + L cov ( Thji, Thji' )] 
r i=l i =/: i ' 

Mhji M,,j, 1 

cov( L ZhjikYhjikehjik , L Z hjik'Yhjik'e hjik' ) 
k=l k'=l 

L Y hjikYhjik1 Cov( Z hjik ehjik, Z hjik' e hjik') 
k,k'=l 
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L YhjikYhjik' [ E( cov( Zhjikehjik, Zhjik' ehjik' I Zhjik) Zhjik')) 
k,k'=l 

+ cov( E( Zhj ik ehjik I zhjik), E( Zhjik' e hjik' I Zhj ik') ) ] 

L YhjikYhjik' [ E( Zhjik zhjik' )cov( 0 hjik, ehjik') 
k,k'=l 

+ cov( Zhjik e hjik, Zhjik'ehjik' )] 

YhjikYhjik' 
L.,; 0 0 cov(0 hjik; 0hjik' ). 

k,k'=l hjik - hjik' 

(3.4.1) 

Therefore cov( Thji, Thj i' ) = 0 when sighting probabilities are known. Also, 

(3.4.2) 

is zero when sighting probabilities are known. Similarly, 

nh nh' - ---cov(fh · fh, .,) 
N N Jl J ) 

h h' 

where 

1 r r Mhj i Mh 1j' i 1 

-::;- -::;- YhjikYh'j ' i'k' cov( Thj , Th' j ') = 2 L.,; L.,; L.,; L.,; 0 0 cov(0hjik, 0 h'j ' i'k' ) , 
r i=l i '=l k=l k'=l - hjik - h' j ' i ' k' 

(3.4.3) 

is zero when sighting probabilities are known. 

3.4.2.1 When sighting probabilities are unknown 

We have 
Mhj 

Thji = L zhjik Yhj ik ehjik 
k=l 
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and 

var( f) 

+ 

+ 

+ 

= V 1 + V2 + V3 

The first error component due to sampling of primary units is 

which is exactly the same as the first error component when sighting probabilities 

ar known. To find an unbiased estimator of St consider 

Then, 

such that 

48 



Nh 1 -:-2 Nh 1 A A L 2E(E(hj Thj lhj ) + L 2E(E(hjhj1ThjThj 1 lhj, h j 1 )) 

j= I nh j-:/:j' nh 

~E(hj)E(F!J + ~E(hjhj,)E(fhjfhj') 
j=l nh j-:/:j' nh 
Nh Nh l L nh [var(f) + (E(f!J)2] + L Nn(; ) [cov(f hjf hj') + ThjThj '] -
j=I Nh #j' nh h h - 1 

Therefore, 

where 

Mh j; 111h i i' 

cov(Thji, 'Thj i ') = L L ZhjikZhji 'k'YhjihYhji'k 1COV(81ijik , ehj i 'k' ) , 
k=l k' =l 

and 
r Mh ji Mh j 1 i 1 

- - 1 
cov(TJ.j , Thj') = -2 r L L L ZhjikZhj'i'k'Yhj ikYhj' i 'k 1 COV(0hjik, ehj ' i ' k'), 

i ,i'=l k=l k'= l 

are unbiased estimators of var(fhji ) (see section 3.2.2), and of cov(fhji,Thji' ) and 

cov(f1ijJhj' ) previously derived in (3.4.1) and (3.4.2). Hence, an unbiased 

estimator for si is 
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and thus, an unbiased estimator for the first error component v1 is 

The second error component due to sampling of groups is 

and an unbiased estimator for this component is 

The third error component due to estimation of sighting probabilities is 

+ 

and an unbiased estimator for this error component is 

+ 

+ 

where 

is an unbiased estimator of cov(fhj,fh'j') previously derived in (3 .5.3) . 
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3 .4.2.2 When sighting probabilities are known 

We have 

and 

var(f) 

Mhj 

'Thji = I: zhjikYhjikehjik 
k=l 

The first error component due to sampling of primary units is 

To find an unbiased estimator of St consider st as before. We have 

E(sD 

Hence an unbiased estimator for Sl is 

1 n,. r - ( A ) 

5~ 2 _ 2 __ var Thji 
h - Sh 2 • 

nh j=l i=l r 

Then an unbiased estimator for v1 is 

A - N2 ( 1 1 ) 5~2 V1 - h - - - h · 
h= l nh Nh 
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The second error component due to sampling of groups is 

An unbiased estimator for v2 is thus , 

L N2 Nh r -- ( A ) 

A _ '""" ____!3:_ '""" I . '""" var TJi ji 
V2 - 2 hJ 2 , 

h=l nh j =l i=l r 

where var(fhji) = L,'::t Zhj ik Y~ jik( 0 ~jik - e hjik) (s e (3 .2.3)) is an unbiased esti-

mator of var(f1iji) = "Z,~T y~j ik( 0 hjik - 1) (see (3 .2.2)). 

3.4.3 Optimum allocations 

Optimum allocation of sampling effort assummg that survey costs are a linear 

function of stratum sample sizes ( nh), satisfies ( Cochran, 1977) 

n1i NhSij~ 
n - "Z,f:=1 NhSij ' 

where n 1 + n 2 + ... + nh = n and ch is the cost of sampling a pnmary unit, 

which may vary from stratum to stratum, and Si. depends on whether sighting 

probabilities are known or estimated via a logistic model. 

3 .4.3.1 When sighting probabilities are known 

We have 

3.4.3.2 When sighting probabilities are unknown 

When sighting probabilities are unknown and are assumed to satisfy a logistic 

model defined in (2.1.3) with all the assumptions described in section 3.3.2, we 

have 

52 



4. THIRD CENTRAL MOMENT OF THE MODIFIED 

HORVITZ-THOMPSON ESTIMATOR FOR POPULATION SIZE 

4.1 Third central moment in terms of conditional moments 

In this chapter, we derive the third central moment of the modified 

Horvitz-Thompson Estimators. The motivation of this derivation is to explore 

the possibility of improving confidence interval estimates of the population size 

by incorporating the third central moment . The following derivations are done 

analytically by hand. 

Recall that in section 2.2, we obtained explicit expressions and d veloped 

unbiased estimators for variances of the population size estimators via conditional 

distributions of indicator funct ions I i and Zii · We will use the same method to 

find the third central moment . We shall begin with deriving the third c ntral 

moment of an arbitrary random variable X in terms of its conditional moments 

conditioned on another arbitrary variable Y. 

Now 

E[(X - E(X))3] = E(X3
) - 3E(X)var(X) - (E(X)) 3 

E(X3
) - 3E(X)E(X2

) + 2(E(X))3. 

Then the third central moment of X conditioned on Y = y is 

E[(X - E(XIY))31Y] 

E(X3 IY) - 3E(XIY)E(X2 IY) + 2(E(XIY))3 

E(X3 IY) - 3E(XIY)var(XIY) - (E(XIY))3, 

(4.1.1 ) 



where var(XIY) = E(X2 IY) - (E(XIY))2. So 

E(M3(X IY)) = E(X3) - 3E[E(XIY)var(XIY)] - E[(E(XIY))3]. ( 4.1.2) 

On the other hand , 

E [E(XIY) - E(X)]3 

= E[E(XIY)]3 - 3E(X)E[E(XIY)] 2 + 2[E(X)]3 

= E[E(XIY)]3 - 3E(X)E(X 2
) + 3E[E(X)var(XIY)] + 2[E(X)]3, 

(4.1.3) 

since in line 2, [E(XIY)] 2 = E(X2 IY)-var(XIY) . Therefore, the sum of equations 

(4.1.2) and (4.1.3) is 

E(M3(XIY)) + M3(E(XIY)) = M3(X) - 3cov(var(X IY), E(XIY)). 

Hence, 

M3(X) = E(M3(XIY))+M3(E(XIY))+3E[var(XIY)(E(XIY)-E(X))]. (4.1.4) 

4.2 Third central moment of the modified Horvitz-Thompson estima-
tor of population size 

We will now proceed to find the third central moment of the modified Horvitz-

1 hompson estimators of the population size defined in (2.1.2) when sighting prob-

abilities are known and in (2.1.4) when sighting probabilities are unknown. 

4.2.1 When sighting probabilities are known 

When sighting probabilities gi/s (see definition of notation in (2.1.1)) , recall 

that the unbias d population estimator (see (2.1.2)) is 

N I M; z 
_ "' i "' ii Yii T7r - ~ -~---

i=l 7ri j =l gij 
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In addition to the set of notation introduced in (2.1.1 ), we define the joint prob-

ability 

(4.2.1) 

to be the probability that primary units 11 , 12 and / 3 are all selected in the first 

stage sampling. Following ( 4.1.4), we will have, firstly, 

E (Ma(fir ll)) 
E[E [( rir - E(fir ll)) 3 ll]] 

N M; N M ; 
= E [E [(L l ;. L Z;j.Yij - LI;. LYij )31I)] 

i = l 11", j =l g,J i =l 11", j =l 

N M; 

E [E [(L ! i. L( Zi j - l)Yij ) 3 II]] 
i =l 'j=l g,J 
N M ; 

= E [E ['°' !i_ ('°'( Z;j - l ) Yij) 3 
L1ra Lg·· 
i=l i j = l 'J 

M ; l M 12 

+ 3 " l ;J ;2 ('°' (zid - l)Yid )('°'( zi2j - l)Yi2j ) 2 L 1r · 1r2 L g · . L g · . 
i 1 ;t i2 ' 1 i2 j = l ' 1J j=l ' 2J 

( 4.2.2) 
Since the Zi/s are independent and E( Zij lli) = gij, the above expression is simply 

- '\'N 1 '\'M; 1 E [( Z ·. . ·) 3 11] 3 - '\'N 1 '\'M; 1- 3g;, + 2gf; 3 
- L.., i = l ,r2 L.., j = l ::rg. . 'J - g,J Yij - L.., i = l ;> L.., j =l g? . Yij · 

l lJ t IJ 

(4.2.3) 
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Secondly, 

N J-
M 3 ( -...:-' --.:.r;) 

L.., rr · 
i =l ' 

N I N I 
-...:-' i 3 ( -...:-' i ) 3 E((L., ------:-r;) ) - 3rvar L.., --;,r; - T 
i =l rr, i =l ' 

N 1 
L 3 3 I: 7l'i 1i , . 2 + I: rr, 1•2•3 

-T· + 2 r,, Ti T, l r ,2 Tj3 
rr 2 ' rr· rr. 2 rr · rr · rr · 

i =l I i1;ti 2 ' 1 ,, i ,;ti , ;t i3 ' 1 ' 2 ' 3 

N N 
3(L 1 - rr; 3 L 1 - rr; , . 2 L 7ri 1i2 - rr; 1 7ri2 . 2 

---Tj + T, 1 T;
0 

+2 ------T, 1 T; 
rr· rr; 2 - . . rri , rr; 2 

2 
i= l ' i ,;ti 2 , , ;t ,2 

+ L Tj l Tj2 Ti3 

i ,;ti2 ;ti3 

1- 3rr; + 2rr; 3 -...:-' 3(rr; 1i 2 - rr; 1 rr; 2)(l - 21r; 2 ) . 2 L., ___ 2 ___ T; + L., 2 T, 1 T;, 

i =l 7ri i1;ti2 7l' j l 7ri2 

+ 

(4.2 .4) 
Fim:.lly, the last term of ( 4.1.4) is three times 

N M N I- ' 1 - g ·· -...:-' I 
E [var(frr ll)(E(f,,. II) - E(r,,.))] = E[(L rr~ I:-___ •J YTj )(L., rr'· Ti - r)] 

i =l i j =l g,J i = l ' 

N M; 
-...:-' 1 - 'lri -...:-' 1 - 9iJ 2 L.., --2 - r; L., ---yij + 
. 'Ir; 9iJ 
•=I J = l 

N M, 
-...:-' 1 - 1r; [-...:-' 1 - 9 ij 3 -...:-' 1 - 9i j, 2 . . l L., --2 - L., --. - Yij + L., --. _-Yi11 Y•J2 + 
. 'Ir; g,_, . . 9•J1 
•=l 7= 1 J11' J2 

( 4.2 .5) 
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Hence the third central moment of the population size estimator is 

M3(i-,1r ) = (4.2.3) + (4.2.4) + 3 x (4 .2.5) . 

4.2.2 When sighting probabilities are unknown 

When sighting probabilities are unknown and are assumed to satisfy a logistic 

model defined in (2 .1.3), the population size estimator (see (2.1.4)) is 
NJ. M ; 

TLR =I:~ I: z ijYij e ij • 
i=l 7l"i j =l 

Following (4.1.4) , the third central moment of TLR is, firstly, 

E(M3(T£RI I , Z)) = E[E[(hR - E(hRI I , Z))31I, Z]] 

= E[E[(I::~1 I::~1 ZiiYii(E>ii - 0 ij))3 1I]] 

= E[E[I::~1 ,-(I::~1 ZiiYii (E> ii - 0 ii))3 

• 

With the definitions in section 2.1.2, we note that 

0~ 0 -X' . a ( -X' ·(a_a)-X' E X ;;·/2 1) ij - - ij = e •1 fJ e •1 fJ fJ •1 -

and that E( e('/3- f3 )) = ex :iEX;i/2. Therefore 

E (0ij - 0 ij )3 = e- 3x :i f3 E(e-x:1({3-{3)-x:iEX ;; /2 - 1)3 

e- 3x :i f3 E( e- 3x ;i('/3- f3)- ½x :iEX;i _ 3e-2X;i('/3-f3)-x:iEX ;1 

+ 3e-x ii ('/3- f3)-x :i EX;j/2 _ l) 

e- 3x :1f3 (e3x :iEX;1 _ l) + e-3x :i f3 (- 3ex :i EX;i + 3) 

e-3x:i f3 (e3x:iEX;i - l) + 3(- e- x :i f3 )e-2x:if3(ex ;iEX;i - l) 

e- 3x:1f3 (e3x :iEX;i - 1) + 3(1 - 0 ij )var(0iJ -
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Next 

E(0: ·· - 0 · )2(0 · - 0 ··) tJ1 tJ 1 tJ2 tJ2 

- -
e- 2x :;J 3- x :h /3 E [(e-x :h(/3- /3)-x :hEX;i]/2 - 1)2(e- Xi12 (/3 - /3)-x :hEX;12/2 -1)] 

e - (2 X;JI + X ;n )' /3 E[e- (2 X;JJ + X ;h )'(fJ- /3 )-x :h EX ;]I - x :hEX ,12 /2 _ e -2x :Ji ({J- /3 )- x :J, EX ;]! 

- -_ 2e -( x ,11 +x ,12 )'(f3 - f3 )-x ;11 i::; x ,11 /2-x:12 i::; x ,12 /2 + 2e - x :11 (f3-f3 )-x ;11 i::; x ,11 /2 

- x ' .. (f3-f3)-x ' .. i::; x ,1-2 / 2 ] +e •12 •12 - 1 

(2X .. + X · )'/3 ( X' . EX,3· +2x 1
. EX;3· X',·3· EX ;3·, 2 x ,'3· EX ;3·2 + 2) = e- ']I '12 e ']! I ']I 2 - e I - e I 

(2"' · +"' ·· )'/3 ( X' - EX· +2X' - EX ·· ) X' /3 2X' /3 ( X' EX· ) = e- "' •J1 "' •n e •J1 ' 31 •J1 ' 32 - 1 - e- •h e- iii e •h '31 - 1 

+2( - e- x :h /3 )e- (Xih +X ;12)'/3 ( ex :h EX,12 - 1) 

= e-(2X;iJ +X ,12 )'f3 (e x :hEX;ii +2x :hEX;h - 1) + (1- 0 ;jJvar (0 ;jJ 

+2(1 - 0 iji)cov(0 ij1 , 0 ;jJ, 

Finally 

E(0 ·· - 0 ·· )(0 ·· - 0 ·· )(0 · - 0 ··) tJJ tJJ tJ2 tJ2 tJ3 tJ3 

- X ~. E X ;it 13_ /3 X 1 .. EX ;;2 = e-( X;;, +x ,12 +X,;a)'/3 E [(e-x:;, (/3 - /3 )- ,,, 2 - l)( e -x:12( - )- •n 2 - 1) 

*(e-x:;J{J - /3 )- x:;. ~X, ;3 - 1)] 

Xii2 EX;i2 Xii3 EX;j3 
2 2 

- X' e x X' c X -· - X '. . CX ·· 
• • . • 1 /3 /3 ;;2 ii2 ij3 133 -:J!' .. (/3 - /3 )- ,,1 "1 1 - e-(x,12 +X,13) ( - )- 2 2 + e ,,, 2 
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Hence, in ( 4.2.6) which is the first term of the third central moment , we have 

N M · Y
3

· - 1(3 3:z: '. .E :z: ·· = '°'. 1 ('°' . ' .::.!L(3(1 - 0 · ·)var(0) + e- 3:z: (e •1 ' 1 - 1)) L.... t=l ;?{ L....1=l 0r; 'J tJ 

Similarly, 
(4.2.8) 

M i 1 M i2 

E [E [I: I;J ;; (I: zi ,jYi,j(ei,j - 0 i,j )) 2 (I: zi,j Yi2j (ei,j - 0 ;,1 ))11, zn 
i1 ici2 1r;, 1r;, j=l j =l 

+ '°'M , , '°'Mi, Yi,i)Y •-,i,Yi,ia [(1-0 · · )cov(0'.:', · 0'.:', · ) + (1-0 · · )cov(0'.:', · 0-=-- ·) L..J1·1 =l L.J1·, -1-1·3 0 · · 0 · · 0 · · •1J1 •2J2> •2Ja •2J2 •lJ1, •2J3 
-,.... 1 1 1 1 1212 1213 

+(1- 0 ;,13 )cov(0;,j1, 0 ;212 ) 

Also, 
(4.2.9) 

M i 1 M i2 /vh3 

E [E [ L I;J ;, I;, (L Z;,1(G;,j -0i,j )Yiii HL Z;2_i (e;,1-0;,1 )Yi,1H L zi3j (G;,j -0i31 )Yi,1) II , Z]] 
i1 ici2 '1' i3 'Ir; , 1r;, 1r; 3 j =l j =l j=l 

(4 .2 .10) 
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The second term of the third central moment ( see ( 4.1.4)) of hn is 

Finally, the last term of the third central moment of hn is three times 

E [var(hn ll , Z)(E(hnll , Z) - E(hn))] = E [var(hn/ I , Z)(i-'ll" - T)], (4.2.11) 

where 

Hence, the third central moment of the population size estimator is 

M3 (hn) = [(4.2.8) + 3 x (4.2.9) + (4.2.10)] + M3 (i-7r ) + 3 x (4.2.11). 

The complexity of those expressions of the third central moment, especially 

with estimated sighting probabilities, makes it difficult to find an unbiased ( asymp-

totically) estimator for the third central moment. One possible bias estima-

tor of the third central moment is obtained by simply replacing true values of 

Ti, /3 , I:, 0 , variances and covariances of 0 's by their (asymptotically) unbiased 

estimators (see sections 2.1 , 2.2 and 3.2) in expressions of M3 ( i-'ll") and M 3 ( hn) . If 

it is possible to improve the confidence interval estimates for the population size, 

it would be worthwhile to attempt to find an (asymptotically) unbiased estimator 

for the third central moment of the population size estimator. 
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5. SIMULATION STUDY OF THE POPULATION SIZE 

ESTIMATOR AND THE UNBIASED ESTIMATOR OF THE 

VARIANCE OF THE POPULATION SIZE ESTIMATOR 

5.1 Introduction 

In this chapter, we want to evaluate small sample size performance of the 

modified Horvitz-Thompson estimator of the population size and small sample 

size performance of asymptotically unbiased estimators for the variance compo-

nents and the variance of the population size estimator. As error ( or variation) 

due to sampling of primary units can be controlled by the choice of sampling 

units and sampling design (Samuel and Steinhorst, 1989, Caughley, 1977), we 

consider the special case of a complete census of primary units (see section 3.2) 

to get a further insight of the control of error due to sampling of groups and 

error due to estimation of sighting probabilities . We will assume, for our simu-

lated population, that the sighting probabilities {gj} 's satisfy the logistic model 

defined in (3 .2.4) . The population size estimators in this special case are stated in 

(3.2. 1) when sighting probabili ties are known and in (3.2.5) when unknown sight-

ing probabilities are estimated via logistic regression. Variance of the population 

size estimator is (3.2.2) when sighting probabilities are known and when unknown 

sighting probabilities are estimated via logistic regression, variance of the popu-

lation size estimator is the sum of the first error component due to sampling of 

groups expressed in (3 .2.6) and the second error component due to estimating 

the sighting probabilities expressed in (3.2.8) . An (asymptotically) unbiased es-

timator for the variance is (3.2.3) when sighting probabilities are known and is 



th sum of (3.2.7) and (3 .2.9), respectively, when unknown sighting probabilities 

are estimated via logistic regression. Expressions given in (3 .2.7) and (3.2.9) are 

(asymptotically) unbiased estimators for the first and second error components 

respectively. 

We will only simulate the scenario where the needed data are collected in 2 

phases (see subsection 2.3.1), i.e. conducting sightability and population surveys 

separately. Phase I data collection or sightability survey is for estimating the 

sightability model and phase II data collection or population survey is for esti-

mating the population size via the fitted model obtained in phase I. So a single 

population size estimate requires two independenet samples - a phase I sample 

and a phase II sample. We will use the fitted model of the data collected from 

five aerial surveys of elk in Pennsylvania as the true sightability model of our 

simulated population (see section 5.2). A sighting trial, in both phas s, is the 

process through which a sample is collected. During a simulated sighting trial, 

U(O, 1) random numbers {uj} are generated, jointly independent, for the groups . 

Group j is sighted if Uj is less than its true sighting probability g j . 

We use SAS for programming the simulation. A sample of the program 

is li sted in the Appendix. Models are fitted using procedure LOGISTIC. This 

procedure gives results of measures including the likelihood ratio test and Akaike 

Information Criteria (AIC) , estimates of parameters '/3 of the fitted model and 

estimated covariance matrix f: of the estimated parameters. 

5.1.1 Measure performances of estimators by bias 

The performance of the population size estimator will be measured by bias 

of the mean of a set of simulated population size estimates relative to the true 

population size of the simulated population. To measure the performances of 

asymptotically unbiased estimators of the error components and the variance by 
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I 
I . 

bias , we need to approximate the true covariance matrix E of t he estimated pa-

rameters '[3 of the sightability model. Two approximations were used. First, we 

let E be I: 1 , the sample covariance matrix of a set of estimated parameters '[3 
and second, we let E be :E2 , the mean of the set of estimated covariance matrices 

E of those estimated parameters . Sample covariance matrix I:1 is an unbiased 

and a consistent estimator of the true covariance matrix E. By the weak law of 

large numbers , the mean of a set of covariance matrix estimates, f;, converges in 

probability to the expectation of the covariance matrix estimator. The covariance 

matrix estimator in this case is a maximum likelihood estimator and thus, 1s a 

consistent estimator of the true covariance matrix E . 

Cochran (1977) stated that "the effect of bias on the accuracy of an estimate 

is negligible if the bias is less than one tenth of the standard deviation of the 

estimate. If we have a biased method of estimation for which B/CJ < 0.1 , where 

B is the absolute value of the bias , it can be claimed that the bias is not an 

appreciabble disadvantage of the method. Even with B / CJ = 0.2, the disturbance 

in the probability of the total error is modest ." We will use this working rule to 

evaluate the significance of bias in estimating the population size. 

Cochran (1977) also stated that we usually measure the precision instead 

of the accuracy of estimates. Precision refers to the standard deviation of the 

observed ( or sampling) variance of the estimates . Vi.Te will report the observed 

variance of simulated population size estimates and compute bias of the mean of 

a set of simulated variance estimates of the population size estimator relative to 

the sample variance of the corresponding set of population size estimates . Another 

way of evaluating oor( TLR) is to measure bias of oor( TLR) relative to the sample 

( or observed) variance of the corresponding set of population size estimates . By 

the weak law of large numbers, as stated before, the sample variance is expected 

63 



to be close (asymptotically) to the true variance when the number of population 

estimat ion trials, denoted by k, is large. 

5.1.2 Construct confidence interval estimate for population size 

We further enhance our evaluation of the estimators by constructing 90% and 

a 95% confidence interval estimates for population size and study the coverage rate 

of these confidence interval estimates. 

We will use the large sample theory (normality) to construct confidenc inter-

val estimates for the true population size T. Furthermore, as indicated in section 

1.4, in an earlier trial run of our simulation, we observed that the sample dis-

tribution of population size estimates is positively skewed. We have therefore 

considered four transformations of the population size estimate, namely, the nat-

ural log lnhR, square root of the reciprocal +-1/ 2 , the reciprocal +-1 and power 

of three halves of the reciprocal +-3/ 2. We construct the confidence interval es-

timates by assuming large sample theory for sample distributions of transformed 

population size estimates. To obtain an approximate variance of the transformed 

population size estimator , we apply the delta method. For example, 

or 

The interval ln TLR ± Za. /2 

var(ln TLR) ~var( TLR)-
T 

~J:Ln) is then back-transformed. Hence, we obtain an 
TLR 

approximate 100(1 - a)% confidence interval estimate (+ e- z0 12 cv ,+ez0 12 cv) for the 

true population size T , where f = TLR, cv2 = vai(f)/f-2 and Za. / 2 is the 100(1- %)lh 

percentile of the standard normal distribution. Likewise, we obtain three other 

approximate 100(1 - a)% confidence interval estimates for T from the other three 

transformations of the population size estimator . They are back-transformed as 
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( ¼ - c; za; 2, ¼ + C: za; 2) from the reciprocal transformation, (-;:rr - /Jr. za; 2, -j:; + 

2;fe za;2) from the square root of the reciprocal transformation and ( .,}72 - 2!~72 Za/2, .,.3172 + 
2!~72 za; 2) from the three halves of the reciprocal transformation of population size 

estimates respectively. 

In addition (also stated in section 1.4) , we have assumed that the sampling 

distribution of (hn - T), where Tis the total number of sighted animals in a 

phase II sample, is lognormally distributed. This was suggested by Dr . Kenneth 

Burnham of the Colorado Cooperative Fish & Wildlife Research Unit , Colorado 

State University. In this case, exact expressions of expectation and variance of 

ln( 'TLR - T) can be worked out as follows. 

We know that if a random variable, say X , is lognormally distributed or lnX 

is normally distributed as lnX ~ N(µ, a-2), its expectation and variance are 

With X = 'TLR - T , we therefore obtain the following equations , 

and 

Solving this pair of equations for µ and a-2 , we have 

2 ( var(hn) ) 2 
a- =ln 1+ (T-T) 2 =ln(l+ cv ), 

h 2 var(f ) d w ere cv = (-r-T) 2, an 

µ 
0"2 

ln(T -T) - -
2 

1 
ln( T - T) - 2ln( l + cv2

) 

T-T 
ln ----;::::==· + cv2 
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Thus, 
lnrm(f-T)-ln~ 

jln(l + cv2) = Zo/z, 

where z0 ; 2 is the 100(1 - % lh percentile of the standard normal distribution. If 

we estimate cv2 by replacing var( T£R) with var( T£R) and T with T£R, we obtain a 

100(1- a)% confidence interval estimate of T as (T + [( hR-T)/C]Jl + cv2 , (T + 
[( T£R - T)C]Jl + cv2) where C = exp[z0 ; 2 jln(l + cv 2 )] . We will use the label 

f192 to denote this confidence interval estimator. A simpler but possibly lower in 

coverage 100 ( 1 - a)% confidence interval estimate of T is ( T + ( T£R - T) / C, T + 
( T£R - T) C) obtained by the delta method on ln( f - T). We will use the label f1 09 

to denote this confidence interval estimator. Note that confid nee interval f1n 2 

is shifted and expanded, compared to confidence interval f1 09 . Both confidence 

interval estimates will have a lower bound of at least T , the number of seen 

animals in a phase II sample. Confidence interval estimates constructed from the 

sampling distribution of T£R and from the reciprocal transformations might have 

a lower bound less than T . 

To test if the coverage rate of confidence interval estimates is significantly 

different from the nominal level, we apply the hypothesis test of the expected 

value of 100(1 - a)) is equal to a given value. Standard error for the z-statisti cs 

is lOOja(l - a)/k%, where k is the number of population estimation trials or 

equivalently, number of phase I samples (or phase II samples) , for a 100(1 - a)% 

nominal level. For example, let a = 0.1 and k = 500. Coverage rate 1-=-a is 

not different from the 90% nominal level at 0.05 level of significance if (1-=-a -

0.9)/j0.9(1 - 0.9)/500 is between -1.96 and 1.96. For our simulation studies in 

this chapter , we will apply the hypothesis test at 0.05 level of significance. Then, 

for k = 500, coverage rate is not significantly different from the nominal level 

of 90% if it is within 90% ± 2.68% and from 95% if it is within 95% ± 2%, both 
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inclusive. Fork= 1000, the bounds are 90%±2% and 95% ±1.4%, both inclusive, 

for nominal levels of 90% and 95% respectively. 

By comparing coverage of various (approximate) confidence interval estimates 

of the population size T, we will be able to determine if we should transform the 

population size estimates and if so, which transformation( s) is( are) better. 

5.2 Simulated populations 

We assume that there are M groups in the population. We also assume that 

the sighting probabilities gj for j = 1, 2, ... , M satisfy the following model , 

(5 .2.1) 

where parameters and independent variables are 

/3 = (/30, /31, /32, /33) = (2.4132, 0.1322, -1.8224, -0.0423), 

x j,I = group size, 

Xj, 2 = behavior of the group, 0 if resting and 1 if active, 

Xj,3 = degree of vegetation cover (in percent from Oto 100, in increments 

of 5 or 10) . 

This is a special case of (3 .2.4). The data set listed in Table 5.1 was used as a 

basis for the generated population used in the simulation study. This data set is 

a composite of five aerial surveys of elk in Pennsylvania conducted by biogolists 

of the Pennsylvania Game Commission. The model defined in (5.2.1) is th fitted 

model of this composite data. 

We randomly generated a number ( = 116) to use as the number of groups 

in a simulated population. Nine groups were added to the 107 listed groups of 

Table 5.1 to obtain a simulated population of 116 groups , listed in Table 5.2. The 

population size is T = I::!16 Yi = 866 animals . This simulated population has 

a structure differ nt from that of the simulated population of composite (raw) 
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data of 107 groups . The independent variables were randomly ordered to form 

the population. Specifically, the groups are indexed from 1 to 116. For each 

independent variable, we randomly assign a rank (1-116) to ach generated value 

so that it can attached to a group whose index matched its rank. We have thus 

constructed a simulated population of M = 116 groups. The three covariates 

are hence, mutually independent . The frequency distribution of the simulated 

population is listed in Table 5.2. The stem-and-leaf graphs of group size and 

v getation cover of the simulated data are displayed in figure 5.1. 

We use the fitted model defined in (5.2.1) of the composite (raw) data (M = 

107 groups) as the true sightability model for determining the sighting probabil-

ities for our simulated population. For the composite data, the three covariates 

have low correlations between them (see footnote under Table 5.1). The covari-

ates are pretty much mutually independent . The sighting probabilities {gj} of 

these 116 groups ranged from 0.0357 to 0.9971 and the first, second (Median) and 

third quantiles are 0.3150, 0.6280 and 0.8236 respectively. The average sighting 

probability is 0.5770. 

We have also simulated two subpopulations from this simulated population. 

• The first one is obtained by excluding groups in high vegetation cover, ie. 

vegetation cover more than 50 percent . This subpopulation, which will be 

referred to and labeled as veg, has 82 groups and size 573. With low vegeta-

tion cover, the groups in this population ar expected to have higher sighting 

probabilities. The sighting probabilities ranged from 0.2210 to 0.9971 , and 

the first , second and third quantiles are 0.4726, 0.6905 and 0.8934 r spec-

tively. We see that the sighting probabilities are at least 0.2 . The average 

sighting probability for this population is 0.6771. The stem and leaf graphs 

of group size and vegetation cover is displayed in figure 5.2. 
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Table 5.1 Frequency distribution of t he composite data from Pennsylvania 1 

No. of groups 
Percen t Visibility 

Variable Missed Seen Total (Total/107) (Seen/Total) 
Group size 

1 14 4 18 16.8 0.22 
2 5 5 10 9.3 0.50 
3 9 7 16 15.0 0.44 
4 4 5 9 8.4 0 .55 
5 1 6 7 6.5 0 .85 
6 2 3 5 4 .7 0.60 
7 2 2 4 3 .7 0. 50 
8 3 3 6 5.6 0.50 
9 1 3 4 3.7 0.75 
10 2 2 4 3 .7 0.50 
11 2 2 4 3 .7 0.50 
12 0 3 3 2.8 1.00 
13 0 1 1 0.9 1.00 
16 0 1 1 0.9 1.00 
17 0 1 1 0.9 1.00 
19 1 0 1 0.9 0 .00 
20 0 1 1 0.9 1.00 
21 0 1 1 0.9 1.00 
22 0 2 2 1.9 1.00 
24 0 1 1 0.9 1.00 
25 1 1 2 1.9 0.50 
27 0 2 2 1.9 1.00 
29 0 1 1 0 .9 1.00 
3 1 0 1 1 0.9 1.00 
34 0 1 1 0.9 1.00 
43 0 1 1 0.9 1.00 

Behavior 
0 6 28 34 31.8 0.44 
1 41 32 73 68 .2 0 .82 

Vegetation cover 
0 0 7 7 6.5 1.00 
5 0 1 1 0 .9 1.00 

10 3 12 15 14 .0 0 .80 
20 4 7 11 10.3 0.63 
25 2 5 7 6.5 0.71 
30 3 10 13 12. 1 0.77 
35 2 0 2 1.9 0.00 
40 5 3 8 7.5 0.37 
50 3 6 9 8.4 0.66 
60 4 6 10 9.3 0.60 
70 9 0 9 8.4 0.00 
80 3 3 6 5.6 0. 50 
85 2 0 2 1.9 0.00 
90 5 0 5 4.7 0.00 
95 2 0 2 1.9 0.00 

1There is a total of 107 marked groups , of which , 60 groups (56 percent) are sighted. cor(gp 
size,behav)=-0 .024, cor(gp size veg cover)=-0.146, cor(behav ,veg cover)=0 .153. Fit full model, 
with gp size, "jj = (-2.4132, -0.1322, 1.8224, 0.0423), std err= (0.7 , 0.04, 0.6, 0.01). Fit full 
model, with log(gp size) , "jj = (-1.8828 , -0.9694, 1.7704, 0.043) , std err= (0.7 , 0.3 , 0.6, 0.01). 
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Table 5 .2 Frequency distribution of simulated population 

Variable No. of groups Percent (out of 116) 
Group size 

1 20 17.2 
2 11 9.5 
3 18 15.5 
4 10 8.6 
5 8 6.9 
6 6 5.2 
7 5 4.3 
8 6 5.2 
9 4 3.4 
10 4 3.4 
11 4 3.4 
12 3 2.6 
13 1 0.9 
16 1 0.9 
17 1 0.9 
19 1 0.9 
20 1 0.9 
21 1 0.9 
22 2 1.7 
24 1 0.9 
25 2 1.7 
27 2 1.7 
29 1 0.9 
31 1 0.9 
34 1 0.9 
43 1 0.9 

Behavior 
0 38 32.8 
1 78 67.2 

Vegetation cover 
0 8 6.9 
5 2 1.7 

10 17 14.7 
20 12 10.3 
25 8 6.9 
30 15 12.9 
35 3 2.6 
40 8 6.9 
50 9 7.8 
60 10 8.6 
70 9 7.8 
80 6 5.2 
85 2 1.7 
90 5 4.3 
95 2 1.7 
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Group Size Vegetation Cover 

Stem Leaf # Stem Leaf 
43 0 1 95 00 
42 90 00000 
41 85 00 
40 80 000000 
39 75 
38 70 000000000 
37 65 
36 60 0000000000 
35 55 
34 0 1 50 000000000 
33 45 
32 40 00000000 
31 0 1 35 000 
29 0 1 30 000000000000000 
28 25 00000000 
27 00 2 20 000000000000 
26 15 
25 00 2 10 00000000000000000 
24 0 1 5 00 
23 0 00000000 
22 00 2 ----+----+----+----+ 
21 0 1 
20 0 1 
19 0 1 
18 
17 0 1 
16 0 1 
15 
14 
13 0 1 
12 000 3 
11 0000 4 
10 0000 4 

9 0000 4 
8 000000 6 
7 00000 5 
6 000000 6 
5 00000000 8 
4 0000000000 10 
3 000000000000000000 18 
2 00000000000 11 
1 00000000000000000000 20 

----+----+----+----+----+---

Figure 5.1 Stem-and-leaf graphs of group size and degree of vegetation cover for the 
simulated population of M = 116 groups 
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• The second subpopulation is obtained by excluding large groups, ie. group 

size of 10 or more. This subpopulation, which will be referred to and labeled 

as small , has 88 groups and size 331. With small group sizes, most groups, 

especially those with high vegetation cover, in this population are expected 

to have smaller sighting probabilities. The sighting probabilities ranged from 

0.0357 to 0.9674 and the first , second and third quantiles are 0. 2738, 0.5285 

and 0. 7462 respectively. We observed that 17% and 37.5% of the groups 

have sighting probabilities less than 0.2 and 0.4 respectively. The average 

sighting probability for this population is 0.5133. The stem and leaf graphs 

of group size and vegetation cover is displayed in figure 5.3 . 

In the second paragraph of subsection 2.3.3 , it was stated that from the past 

experience of some elk sightability surveys (Samuel et . al. , 1987), the natural log 

transformation of group size might give a better fit in some cases. In addit ion to 

the model defined in (5.2.1), we fitted , to the composite data from Pennsylvania, 

a similar model to (5.2 .1 ) but with the group size natural-log transformed. This 

model is defined as follows. 

where parameters and independent variables are 

/3 = (f3o, /31, /32, /33) = (1.8828, 0.9694, -1. 7704, -0.043) , 

x j, l = natural log of group size, ie. log(group size), 

Xj, 2 = behavior of the group, 0 if resting and 1 if active, 

(5.2.2) 

Xj,3 = degree of vegetation cover (in percent from Oto 100, in increments 

of 5 or 10). 
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Group size Vegetation Cover 

Stem Leaf # Stem Leaf 
34 0 1 50 000000000 
33 1 45 
32 40 00000000 
31 0 1 35 000 
30 30 000000000000000 
29 0 1 25 00000000 
28 20 000000000000 
27 15 
26 10 00000000000000000 
25 0 1 5 00 
24 0 1 0 00000000 
23 ----+----+----+----+ 
22 00 2 
21 0 1 
20 0 1 
19 0 1 
18 
17 0 1 
16 0 1 
15 
14 
13 
12 00 2 
11 000 3 
10 0 1 

9 000 3 
8 00 2 
7 000 3 
6 00000 5 
5 00000 5 
4 000000 6 
3 00000000000000000 17 
2 000000000 9 
1 00000000000000 16 

----+----+----+----+----+---

Figure 5.2 Stem-and-leaf graphs of group size and degree of vegeta tion cover for the 
subpopulation veg of M = 82 groups 
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Stern Leaf 
9 0000 

Group size 

8 000000 
7 00000 
6 000000 
5 00000000 
4 0000000000 
3 000000000000000000 
2 00000000000 
1 00000000000000000000 

----+----+----+----+----+---

# 
4 
6 
5 
6 
8 

10 
18 
11 
20 

Stern Leaf 
95 00 
90 00 
85 00 
80 00000 
75 
70 00000 
65 

Vegetation Cover 

60 000000000 
55 
50 00000000 
45 
40 00000 
35 000 
30 00000000000 
25 000000 
20 000000000 
15 
10 000000000000 

5 00 
0 00000000 

----+----+----+----+ 

Figure 5.3 Stem-and-leaf graphs of group size and degree of vegetation cover for the 
subpopulation small of M = 88 groups 
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Model (5.2.2) will also be used to determined the sighting probabilities of 

those M = 116 groups in the simulated population to obtain a second simulated 

population and hence, a second set of subpopulations veg and small. We will 

also use models (5.2.1) and (5 .2.2) to determine the sighting probabilities of the 

composite data from Pennsylvania to obtain a third and a fourth simulated pop-

ulations. Note that the AIC of fitting model (5 .2.2) to the composite data is a 

little lower (101.274 < 103.113) than fitting model (5.2.1) to the composite data, 

indicating that model (5 .2.2) might be better. 

5.3 Simulation 

A single population size estimate in the simulation study requires 2 indepen-

dent samples from the simulated population. The phase I sample is obtained by 
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making one or more complete passes through the population. In a single com-

plete pass through the population or a sighting trial, a group is determined to be 

sighted or not by comparing a randomly generated uniform random number, Uj 

(generated jointly independent for the groups) , with the corresponding sighting 

probabili ty gj. Ifuj S gj, the/h group for j = 1,2, ... ,M is said to be sighted. A 

single pass in phase I generates 116 observations for estimating the parameters of 

the sightability model. We enlarge the size of a phase I sample by increasing t he 

number of passes in phase I. 

For phase II, a sample is obtained by making one or more complete pass 

through the population as in phase I. A phase II sample only consisted of sighted 

groups. Sighting probabilities of these sighted groups are estimated using the fitted 

model obtained in phase I. With group sizes and estimated sighting probabilities 

of these sighted groups, estimates of the population size (see (3.2.5)) and the error 

components (see (3.2.7) and (3.2.9)) whose sum is the variance of the population 

size estimator , are obtained. We enlarge the size of a phase II sample by increasing 

the number of passes in phase II. 

Theoretically, if a phase I sample is enlarged by, say, making two complete 

passes through the population, the estimated covariance matrix f; of estimated 

parameters '/3 would be halved as explained as follows. 

Let X = [xj,i]M x4 be the matrix of covariates such that X j ,o = 1 (see (5.2.1) 

or (5.2.2)) . Maximizing the likelihood function, the estimating equation of the 

parameters (3 is 

X'(Z - g) = 0 

where Z is the matrix of indicator functions Zj (see section 3.2) and g is the 

matrix of gj . The estimated covariance matrix of the estimated parameters S 
based on a sample obtained from one complete pass through the population, is 
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then 
- - ---- -- 1 ~(1,1) = rrncov({J) = (X'v-x)- , 

where v- is the diagonal matrix with gj(l - gJ on the diagonal. If we make two 

complete passes through the population, we will have 

[xx]' [ ~- J-] [ ~] = 2x'v-x 

Hence, the estimated covariance matrix of the estimated parameters based on this 

larger sample is , 

Similarly, if the phase I sample is enlarged by, in general, making r complete 

passes through the population, the estimated covariance matrix of estimated pa-

rameters would be divided by r . 

A phas I sample obtained from a sightability survey is for estimating the 

sightability model. Therefore, enlarging the size of a phase I sample will not affect 

the first error component e1 , the error due to sampling of groups, but will affect 

the second error component e2 , the error due to estimating sighting probabilities. 

Indeed, we see that the derived expression (3 .2.6) for e1 does not involve esti-

mated sighting probabilities (or involve~)- The derived expression (3.2.8) for e2 

consists of variances and covariances of 0/s ), the reciprocal of estimated sighting 

probabilities gj, where 

- 2x 1 {3 X' E X · var ( 0 j ) = e - i ( e j 1 - 1) , 

and 

To compute two approximate 'true' second error components, we replace~ in each 

of the above variance and covariance terms by fi and by (see section 5.1.2). 
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To see how the variance and the covariance terms are affected when a phase I 

sample is enlarged, we use Taylor's expansion to the first order. We have 

If we make two passes through the population in phase I, we will reduce, as shown 

before, E by half or E/2. So 

Thus, both variance and covariance terms are approximately halved. This approx-

imation has an error of about 0.04 when xjI:x1 is 0.5, i.e., (e0·5 -1)/2-e0 ·25 0.04. 

The smaller the term xjI:x1, the smaller is the error of the approximation. From 

(3.2.8), we see that the second error component is the expectation of the total 

of two sums. One sum sums the product of the variance term and the square of 

the respective group size while the other sum sums the product of the covariance 

term and the respective group sizes. Hence, the approximate ' true ' second er-

ror component is reduced by half approximately if we make two complete passes 

through the population to obtain a phase I sample. Similarly, in general, if we 

maker complete passes through the population in phase I, the approximate 'true' 

second error component will be reduced by r times ( or divided by r) compared 

to the approximate 'true ' second error component obtained based on 1 complete 

pass through the population in phase I. 

On the other hand, a phase II sample obtained from a population survey 

is for estimating the population size based on the estimated parameters and the 

stimated covariance matrix already obtained in phase I. If we enlarge the phase II 

sample by making, say, 2 complete passes through the population, the population 

size estimator in (3.2.5) now sums from j = 1 to j = 2M. Therefore, to obtain 

the required estimates, we need to divide the population size estimate by 2 and 
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estimates e1 , e2 (see (3.2.7) and (3 .2.9)) of both error component by 22 = 4. 

To obtain the required true error components, we also need to divide both error 

components e1 , e2 by 22 = 4. This is an example of the first scenario of the third 

special case described in section 3.4. 

However, we notice that in fact, the expression (3 .2.6) for e1 , now sums from 

J = 1 to j = 2M, is just twice the sum from j = 1 to j = M. So to obtain 

the required e1 , dividing th new e1 (summing from j = 1 to j = 2M) by 4 is 

exactly the same as taking half of the old e1 ( summing from j = 1 to j = M). In 

other words, making 2 complete passes through the population in phase II, the 

required e1 is just half of the old e1 based on making 1 complete pass through 

the population. As for expression (3.2.8) for e2 , we first notice that the first sum 

now sums the product of the variance term and the square of the respective group 

size from j = 1 to j = 2M, which is twice the sum from j = 1 to j = M . For 

the second sum that sums the product of the covariance term and the respective 

group sizes, since the M groups are repeated, the second sum is now consisted of 

twice the old first sum ( summing from j = 1 to j = M) and four t imes th old 

second sum (summing from j = 1 to j = M). Hence, the new e2 (not the required 

e2 ) is now four times the old e2 . In other words, the required e2 , which is the new 

e2 divided by 4, is exactly equal to the old e2 . 

Similarly, in general, if we make r complete passes through the population in 

phase II, to obtain the required estimates, we need to divide the population size 

estimate by r and estimates of the error components by r 2 • To obtain the required 

true error components , we only need to divide the true first error component 

computed based on 1 complete pass through the population by r while the second 

true error component remains unchanged. 

For one iteration of the simulation to obtain one population size estimate and 

one set of the error component estimates, we denote the number of complet passes 
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through the population in phases I and II by r 1 and r 2 respectively. We will refer to 

and label this as (r 1 , r 2 ). For example, (1, 1) denotes r1 = 1 complete pass through 

the population in phase I and r 2 = 1 complete pass through the population in 

phase II, while (2, 1) denotes r1 = 2 complete passes through the population in 

phase I and r 2 = 1 complete pass through the population in phase II , etc. We use 

the notation ( oo, r 2 ) to denote the case of known sighting probabilities, indicating 

that sampling is not needed in phase I because there is no need to estimate the 

sightability model and r 2 complete passes through the population in phase II. 

We consider the following cases for our simulation. 

• (1) The simulated population of M = 116 groups, with sightability mod-

els (5.2.1) and (5.2.2) as true models, with phase I and phase II sampling 

specified as (oo, 1), (1, 1), (1, 2) , (2, 1), (2, 2) and (4, 1) , 

• (2) Subpopulation veg of M = 82 groups, with sightability models (5.2 .1) 

and (5.2.2.) as true models, with phase I and phase II sampling specified as 

(1 , 1) , (2,1), (2,2), (4,1) and (4,2), 

• (3) Subpopulation small of M = 88 groups, with sightability models (5.2.1) 

and (5 .2.2) as true models , with phase I and phase II sampling specified as 

(1 , 1), (2,1), (2,2), (4,1) and (4,2), 

• ( 4) The population of M = 107 groups and size T = 834 ( the composite 

data from Pennsylvania listed in Table 5.1), with sightability model (5 .2.2) 

as the true model, with phase I and phase II sampling specified as ( oo, 1 ), 

(1, 1), (1, 2) , (2, 1) , (2, 2) and (4, 1) , 

• (5) The population of M = 107 groups (the composite data from Pennsyl-

vania) , with sightability model (5 .2.1) as the true model , with phase I and 

phase II sampling specified as (oo, 1) , (oo, 2), (oo, 3), (1, 1) and (4, 2) . 
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We will refer to the population of M = 116 groups and the subpopulations as 

the simulated population, subpopulat ion veg and subpopulation small. We will 

label the population of M = 107 groups as the population P enn . 

We want to evaluate small sample size performances of our estimators for 

stimating the population size, the error components and hence, the variances, 

which depends on the asymptot!c properties of the maximum likelihood estima-

tors of the parameters (3 of the sightability model. We know that by enlarging 

the sample size, we will reduce noise during simulation. With a larger phase I 

sample, we will obtain better parameter estimates, '/3, whose performances could 

also be measured in terms of bias relative to their true values, which in turn could 

improve estimation of population size, 'TLR and estimation of variance var( f) of 

the population size estimator, including confidence interval estimates of popula-

t ion size (see subsections 5.1.1, 5.1.2 on performance measures). In some cases, 

increasing the size of the phase I sample may not be sufficient to provide desirable 

estimates for the population size, the variance of the population size estimator 

and the confidence interval estimates of population size. In these cases, increasing 

the sample size for phase II would also be necessary. 

We would also like to know how those point and confidence interval estimators 

perform for some particular types of population such as subpopulation veg of 

groups with low vegetation cover and higher sighting probabilities on average, 

and subpopulation small of small groups with lower sighting probabilities on 

average, compared to a more general population such as our simulated population 

of M = 116 groups. By looking at various combinations (r1 , r2) for different types 

of small population, we hope to give some general suggestion on the sample sizes 

for both phase 1 and phase II. 
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5.4 Results of the simulation 

We generated k = 500 or 1000 population estimation trials for each listed 

phase I-phase II sample sizes (,1 , , 2 ) . In Tables 5.3A, 5.3B, 5.3C, 5.7 A, 5. 7B , 

5. 7C, 5.10 and 5.13, we have used , symbols e1 to denote true error component 

1. In addition, we used e21 , var1 and e22 , var2 to denote true error components 

2 and true variances computed using E1 and E2 respectively. We used e1 ( T£R) , 

e2 ( TLR) and var( hR) denotes mean of 500 or 1000 estimated first, second error 

components and variance of 'TLR· Notation bias(x,y) denotes bias of x relative to 

y, i.e., bias(x,y) = (x~y) 100. We have labelled the observed (or sample) variance 

of 500 or 1000 population size estimates as obs var( hR). The estimated expected 

interval width in parentheses next to coverage rates of the true population size in 

Tables 5.4, 5.5, 5.8, 5.9, 5.11 , 5.12, 5.14 and 5.15 is calculated using the average 

population size estimate, the average estimate of the variance of population size 

estimator and the average number of animals seen of 500 or 1000 estimation trials. 

SAS programs for obtaining true error components and variances are also 

attached in the Appendix. 

5.4.1 Simulation results of the simulated population of 116 groups 
and the subpopulations with sightability model (5.2.1) as the 
true model 

Assuming model (5.2.1) as the true sightability model, results of all listed 

(,1 , , 2 ) of the simulated population of M = 116 groups are presented in Table 

5.3A , results of the subpopulation v eg are presented in Table 5.3B, and results of 

the subpopulation small are presented in Table 5.3C. Coverage of 500 90% and 

95% confidence interval estimates of the population size T for all listed (,1 , r 2 ) of 

the simulated population and the subpopulations are presented in Tables 5.4 and 

5.5. In the column labeled f1 09 , we listed the coverage of the confidence interval 

estimates (T +( hR-T)/C, T+( hR-T)C) and in the column labeled f192 , we listed 
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the coverage of the confidence interval estimates (T + [( hR-T)/C]Jl + cv 2 , (T + 
[( 'TLR - T)C]Jl + cv2 ) . These confidence interval estimates were not computed 

when sighting probabilities were known. In Tables 5.3B, 5.3C, 5.4 and 5.5, we have 

used prefixes veg and small on the notation (r1 , r2 ) to indicate that subpopulations 

veg and small were used. Note that we only listed coverage of confidence interval 

estimates f 109 and f192 for veg(4, 1) , veg(4, 2) , small(4 , 1) and small (4, 2). We 

will not list the bias of estimated parameters /3 relative to the true parameters 

/3 . We are more interested in bias of population size estimates, estimates of error 

components and variance of the population size estimator . 

Averages of 500, original and transformed population size estimates, and of 

500 corresponding estimates of the error components and variance are obtained 

by utilizing procedure UNIVARIATE of SAS. This procedure also gives the (ob-

served) sample variance of those 500 population size estimates. Standard errors 

of these averages were also listed in the output of procedure UNIVARIATE. 

We have observed that for one complete pass through the population of 116 

groups, the average sample size was 67 groups or about 58% and average number 

of seen animals was 629 for the simulated population, the average sample size was 

56 groups or about 68% and average number of seen animals was 465 for sub-

population veg, and, the average sample size was 46 or about 52% and average 

number of seen animals was 180 for subpopulation small . As expected, subpop-

ulation veg (M = 82) generates a larger sample on average than subpopulation 

small ( M = 88) for one complete pass through the population as the groups in 

subpopulation veg have higher sighting probabilities on average (0.6771 > 0.5133). 

We immediately see, in Tables 5.3A, 5.3B and 5.3C, that the (asymptotic) 

population size estimator performed, on average, extremely well in all cases . The 

largest bias observed was 1.7% for small(l, 1) in Table 5.3C. 
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Table 5.3A Simulation results of 500 popu lation estimation trials for listed (1·1, 1·2) of the 
simulated population of M = 116 groups and r = 866 , with sightabili ty model (5.2.1) as the 

true model2 

Case 
Statistic (oo, 1) (oo, 2) (oo,3) (1 , 1) (1, 2) 

TLR 867. l (3.2) 867.7(2 .3) 866 .3(1.9) 864.2(5.3) 864.3(4.8) 
bias(hR) 0.1 0.2 0.1 -0.2 -0.2 

e1 5344.1 2672.1 1781.4 5344.1 2672.1 
e1(hR) 5347.6(79.3) 2686.5(26.1) 1765.6(14.6) 5536.25(276.6) 2734.62(146 .6) 
bias(e1) 0.1 0.5 -0.9 3.6 2.3 

e21 9317.2 8437.8 
e22 8129 .5 7975.7 

e2 (hR) 8214.5(1026 .2) 8457 .7(2000.5) 
bias(e2,e21) -1 1.8 0.2 
bias(e2,e22 ) -1.1 6.1 

var1 5344. 1 2672.l 1781.4 14661.3 11109.9 
var2 5344.l 2672.l 1781.4 13473.6 10647.8 

var( hR) 5347.6(79.3) 2686.5(26 .1) 1765.6(14.6) 13750.7(1279.6) 11210.3(2140.2) 
bias( var, var1) 0.1 0.5 -0.9 -6 .2 0.9 
bias( var, var2) 0.1 0.5 -0.9 2.1 5.3 

obs var( TLR) 5236.6 2537.9 1810.5 13925.8 11310.9 
bias(var1, obs var) 2.1 5.3 -1.6 5.4 -1.8 
bias( var2, obs var) 2.1 5.3 -1.6 -3.3 -5.9 
bias( var, obs var) 2.1 5.9 -2 .5 -1.3 -0 .9 

Case 
Statistic (2, 1) (2,2) ( 4, 1) ( 4, 2) 

TLR 866.9(4.3) 862.3(3.2) 867.9(3.6) 863.8(2.9) 
bias(hR) 0.1 -0.4 0.2 -0.3 

e1 5344.1 2672.l 5344.l 2672.l 
e1 ( 'TLR) 5614.2(180.9) 2689.2(67.9) 5398.9(120.9) 2671.4(49.8) 
bias(e1) 5.1 0.6 1.0 -0.l 

e21 3151.1 3151.1 1660.9 1609.2 
e22 3183.3 3183.3 1452.3 1481.7 

e2 (hR) 3222.3(166.6) 2813.8(112.3) 1421.9(49.1) 1322.1(35.9) 
bias(e2, e21 ) 2.3 -10.7 -14.4 -17.8 
bias(h e22) 1.2 -11.6 - 2.l -10.8 

var1 8495. l 5964.8 7005.1 4281.2 
var2 8527.4 5997. l 6796 .3 4153.7 

var(hR) 8836.4(343.1) 5502.9(179.0) 6820.9(168.5) 3993.4(85.1) 
bias (var , var1) 4.0 -7.7 -2.6 -6.7 
bias(var , var2) 3.6 -8.2 0.4 -3.8 

obs var( TLR) 9177.5 5223.3 6551.3 4061.7 
bias(var1,obs var) -7.4 14.2 6.9 5.4 
bias(var2, obs var) -7 .l 14.8 3.7 2.2 
bias(var, obs var) -3 .7 5.3 4.1 -1.6 

2 All estimates shown here are averages of 500 simulated estimates. Bias is in %. Numbers in 
parentheses are the standard errors of the average of 500 simulated estimates. Average sample 
size is 67 groups and average number of seen animals is 629 in a (1 ,1). 
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Table 5.3B Simulation results of 500 population estimation trials for listed ( 1·1, 1·2) of the 
subpopulation veg of M = 82 groups and r = 573, with sightabili ty model (5.2.1) as the true 

model 3 

Case 
Statistic veg(l , 1) veg(2 , l) veg(2 , 2) veg(4, 1) veg(4,2) 

'TLR 567.5(2.5) 572.3(2.1) 569.8(1.7) 567.5(1.9) 572.9(1.4) 
bias(hR) 0.9 -0 .1 -0.5 -0.9 -0.01 

e1 1428.7 1428.7 714.3 1428.7 714.3 
e1 (fLR) 1309.6(45.6) 1405.7(39.1) 687.5(16.9) 1353.7(23.8) 713 .2(11.4) 
bias(ei) - 8.3 -1.6 - 3.7 -5.2 -0 .2 

e21 2880 .0 895.l 895.l 444.6 413.6 
e22 2731.5 928.5 928.5 414.2 405.7 

e2 (T£R) 1488.7(96.6) 738.8(32.6) 690.7(26.3) 334.8(9.2) 351.3(8.0) 
bias( e2, e21) -48.3 -17.4 - 22 .8 -24.7 -15.1 
bias( e2, e22) - 45.5 -20 .4 -25 .6 -19.1 -13.4 

var1 4308.7 2323 .8 1609 .5 1850.3 1127.9 
var2 4160.2 2357.2 1642.8 1819.8 1120.l 

var(hR) 2798.3(139.3) 2144.5(71.0) 1378.3( 42.8) 1688.53(32.7) 1064.5(19.3) 
bias(vai- , var1) -35.0 -7.7 -14.3 -8.7 -5.6 
bias( var, var2) -32.7 - 9.0 -16.l -7.2 -4.9 

obs var( 'TLR ) 3128.8 2354.9 1481.3 1861.3 1015.3 
bias(var1, obs var) 37.7 -1.3 8.6 -0.6 11.1 
bias(var2, obs var) 32.9 0.1 10.9 -2.2 10.3 
bias(var, obs var) -10.5 -8.9 - 6.9 -9.3 4.8 

3 All estimates except those of veg(l , 1) shown in above tables are averages of the 500 simu-
lated estimates. Bias is in %. umbers in parentheses are the standard errors of the average of 
500 simulated estimates. For subpopulation veg, average sample size is 56 groups and average 
number of seen animals is 465. For subpopulation small , average sample size is 46 groups and 
average number of seen animals is 180. 
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Table 5 .3C Simulation results of 500 population estimation trials for listed (1·1, 1·2) of the 
subpopulation small of M = 88 groups and T = 331 , with sightability model(5.2.l) as the true 

model 4 

Case 
Statistic small(l , 1) small(2 , 1) sma11(2, 2) small(4 , 1) mall(4, 2) 

TLR 336.5( 4.1) 333 .7(3 .2) 335.4(2.6) 332.6(2.8) 332.8(2.1) 
bias(hR) 1.7 0.8 1.3 0.5 0.5 

e1 2870.8 2870 .8 1435.4 2870.8 1435.4 
ei(hR) 2978.5(185 .5) 3057.8(153 .2) 1581.9(67.9) 2982.0(110.8) 1492.9(42.8) 
bias( €1) 3.7 6.5 10.2 3.8 4.0 

e21 3939 .4 1804.0 1804.0 801.3 871.7 
e22 4127 .2 1771.2 1771.2 824.6 818.l 

e2(T£R) 5996 .0 (801.4) 2235.5(194.8) 2102.0(183.4) 924 .0 (59 .3) 820.7(35 .0) 
bias(e2, e21) 52.2 23 .9 16.5 15.3 -5 .8 
bias(e2, e22) 45.2 26 .2 18.6 12.0 0.3 

var1 6810 .3 4674.9 3239.4 3779 .9 2307.2 
var2 6998.1 4642 .0 3206 .6 3803.2 2253.5 

var(hR) 8974.6(976.4) 5293.4(343 .9) 3683.9(247.6) 3906 .0(167.5) 2313 .6(77 .3) 
bias( var , var1) 31.8 13 .2 13.7 3.3 0.3 
bias(var, var2) 28.2 14.0 14.8 2.7 2.6 

obs var(hR) 8511.6 5410.l 3484.7 3915.l 2300 .5 
bias( var1 , obs var) -19.9 -13.6 -7.0 -3.4 0.3 
bias( var2, obs var) -17.8 -14.2 -7.9 -2 .8 -2.0 
bias( var , obs var) 5.4 -2.l 5.7 0.2 -0 .5 

4All estimates except those of veg(l , 1) shown in above tables are averages of the 500 simu-
lated estimates. Bias is in %. Numbers in parentheses are the standard errors of the average of 
500 simulated estimates. For subpopulation veg, average sample size is 56 groups and average 
number of seen animals is 465. For subpopulation small , average sample size is 46 groups and 
average number of een animals is 180. 

85 



Table 5.4 Coverage of 500 simulated 90% confidence interval estimates that contained r for 
all (r1, r 2) listed in Tables 5.3A,5.3B , and 5.3C4 5 

Case 'TLR lnhR f -17 2 f-1 f-37 2 ft og f1g 2 

(oo , 1) 89(241) 88(242) 89(243) 89(245) 89(248) 
(oo, 2) 90(171) 91(171) 91(171) 90(172) 91(174) 
(oo, 3) 90(138) 90(139) 90(138) 91 (139) 92(140) 
(1 , 1) 85*(386) 85*(389) 86*(395) 86*(406) 86*(422) 
(1 , 2) 84*(348) 85*(351) 85*(355) 85*(363) 85*(374) 86*(360) 87*(395) 
(2 , 1) 86*(309) 87*(311) 87*(315) 87*(320) 87*(326) 
(2 , 2) 85*(244) 86*(245) 87*(246) 87*(249) 87*(253) 
( 4, 1) 85*(272) 86*(273) 88(275) 88(279) 88(283) 
( 4, 2) 88(208) 88(209) 89(209) 89(210) 90(213) 90(211) 90(218) 

veg(l , 1) 82*(174) 82*(175) 83*(176) 83*(178) 83*(181) 
veg(2 , 1) 87*(152) 87*(153) 87*(153) 87*(155) 88(157) 
veg(2 , 2) 87*(122) 86*(123) 87*(123) 87*(124) 87*(125) 
veg(4 , 1) 87*(135) 87*(136) 86*(136) 87*(137) 88(139) 87*(139) 88(150) 
veg(4, 2) 91(107) 90(108) 90(108) 90(109) 90(109) 89(109) 90(114) 

small(l , 1) 84*(312) 84*(323) 86*(348) 85*(396) 85*(506) 
sma11(2, 1) 85*(239) 84*(244) 85*(256) 85*(275) 85*(308) 
small(2 , 2) 88(200) 89(202) 89(208) 89(219) 88(235) 
small(4, 1) 86*(206) 87*(209) 86*(216) 87*(227) 87*(245) 86* (212) 88(229) 
small(4, 2) 90(158) 89(160) 89(163) 90(168) 90(175) 89(161) 89(169) 

5Notation Tt og and f1g2 (see subsection 5.1.2) in both Tables 5.4 and 5.5 refer to the confi-
dence interval estimates derived from the assumption that TLR-T has a log-normal distribution , 
where Tis total count of animals in the sample. Coverage of these confidence interval estimates 
were not listed in some cases because simulation for these cases were done before we implemented 
the computation of these confidence interval estimates in our SAS program . Coverage rates with 
* are different from nominal levels at 0.05 level of significance as they are not within 90%±2.68% 
and 95% ± 2%, respectively. Numbers in parentheses are estimated expected interval widths. 

86 



Table 5 .5 Coverage of 500 simulated 95% confidence interval estimates that contained r for 
all (1· 1 , 1·2) listed in Tables 5.3A,5.3B,5.3C 6 

Case 'TLR lnhR f-1 72 f-1 f-372 Tlog f1g2 
(oo, 1) 93(287) 94(288) 94(291) 95(294) 95(300) 
(oo, 2) 94(203) 95(204) 95(204) 95(206) 95(208) 
( oo, 3) 94(165) 94(165) 95(165) 95(166) 95(167) 
(1 , 1) 89*(460) 90*(465) 91*(476) 91*(495) 92*(523) 
(1 , 2) 88*(415) 89*(419) 90*(428) 90*(441) 91*(459) 93(444) 92*(487) 
(2, 1) 90*(368) 91*(372) 91*(377) 91*(385) 92*(399) 
(2 , 2) 90*(291) 92*(292) 92*(295) 92*(300) 92*(306) 
( 4, 1) 91*(324) 92*(325) 94(329) 94(335) 95(344) 
( 4, 2) 93(248) 93(248) 94(250) 94(253) 94(257) 95(255) 95(264) 

veg(l , 1) 86*(207) 87*(209) 87*(211) 88*(215) 88*(220) 
veg(2,1) 92*(182) 92*(182) 92*(184) 92*(187) 92* (189) 
veg(2,2) 91*(146) 91*(146) 91*(147) 91*(148) 91*(150) 
veg(4,1) 91*(161) 91*(162) 92*(163) 92*(164) 92*(166) 93(170) 93(184) 
veg(4,2) 94(128) 94(129) 94(129) 94(129) 95(131) 95(132) 95(138) 

small(l, 1) 88*(371) 89*(391) 89*(435) 92*(534) 92*(861) 
small(2, 1) 88*(285) 90*(294) 91*(313) 92*(349) 92*(421) 
small(2, 2) 93(238) 94(243) 94(254) 95(272) 94(304) 
small(4, 1) 91*(245) 91*(250) 93(262) 93(283) 93(320) 93(260) 93(280) 
small(4, 2) 93(189) 95(191) 95(196) 95(205) 95(219) 95(196) 95(205) 

In Table 5.3A containing simulation results of the simulated population, estima-

tors of the first error component, which is the error due to sampling of groups, 

also performed well on average. The largest bias observed was 5.1% of (2, 1). In 

columns ( oo, 1 ), ( oo, 2) and ( oo, 3) when sighting probabilities are known, the first 

rror component is the variance. In this case, since there is no need to estimate 

the sighting probabilities, the second error component which is the error due to 

estimating the sighting probabilities is zero. From Tables 5.4 and 5.5, we see that 

when sighting probabilities are known, we need a phase II sample size of at least 

200( > 116 x 1) for coverage rates of confidence interval estimates and levels to be 

not significantly different . 

6 otation Ttog and f1g2 (see subsection 5.1.2) in both Tables 5.4 and 5.5 refer to the confi-
dence interval estimates derived from the assumption that 'TLR -T has a log-normal distribution , 
where T is total count of animals in the sample. Coverage of these confidence interval estimates 
were not listed in some cases because simulation for these cases were done before we implemented 
the computation of these confidence interval estimates in our SAS program. Coverage rates with 
* are different from levels at 0.05 level of significance as they are not within 90% ± 2.68% and 
95% ± 2%, respectively. Numbers in parentheses are estimated expected interval widths. 

87 



In Table 5.3A, for (1, 1) , we observed from some basic statistics that simu-

lated values of both estimated error components, and of the estimated variance, 

fluctuated in a very wide range ( see large standard errors under ( 1, 1)). These 

basic statistics, which will not be listed, include the average, the three quantiles 

and some percentiles at both ends of the frequency plot of the simulated values . 

These basic statistics are available from the output of procedure UNIVARIATE 

in SAS. We observed that maximum simulated values were more than 10 times 

and minimum simulated values were only about 10 percent of the average val-

ues. More than 50 percent of the simulated values were less than the average 

values. This could be due to a high correlation between the population size es-

timate and the variance estimate of the population size estimator. Increasing 

the sample size has shortened the range of the simulated estimates of both error 

components and the variance. The average values were quite close to the true val-

ues (Table 5.3A: bias(e1) = 3.6%, bias(e2, e21) = -11.8%, bias(e2, e22) = -1.0%, 

bias(var( TLR) , var1) = -6.2, bias(var( TLR), var2) = 2.0). 

We have computed the bias of the approximate variances relative to observed 

variance of 500 population estimates, i. e. bias(var1, obsvar) and bias(var2, obsvar) . 

The largest of these bias observed in Table 5.3A were 14.2% and 14.8% for (2 , 2) . 

In terms of bias , our approximate variances were quite close to the observed 

variance observedvar for the simulated population. We have also tabulated the 

bias of var( TLR) relative to obsvar( T£R) in the last row. The largest of all entries of 

bias(@( TLR), obsvar) was only 5.3% of (2, 2) . Largest bias of var( TLR) relative to 

approximate 'true' variances var1, var2 was -8.2%. In terms of bias , the estimated 

variance var( hR) seems to perform well whether it is compared to obsvar( hR), the 

observed variance of population size estimates or to var1, var2 , the approximate 

'true' variances. If we further look at the coverage of the confidence interval 

estimates in Tables 5.4 and 5.5 for the simulated population, we see that we need 
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a phase I sample size of at least 500(> 116 x 4) and a phase II sample size of at 

least 200( > 116 x 1) for coverage rates of confidence interval estimates to be not 

differ significantly from nominal levels. 

The confidence interval f1 09 performs uniformly better and has the shortest 

expected interval width compared to those constructed using reciprocal transfor-

mations and of f192 . 

In Tables 5.3B and 5.3C for subpopulation veg and subpopulation small re-

spectively, the first error components was unbiasedly estimated (largest bias was 

10.2% of small(2, 2)). On the other hand, for all cases except veg(4, 2), small(4, 1) 

and small( 4, 2), there was a severe underestimate and overestimate of the ap-

proximate 'true' second error components e21 , e22 . For example, bias(e2 , e21 ) and 

bias(e2 , e22 ) under veg(l, 1) were -48.3% and -45.5% and under small(l , 1) were 

52.2% and 45.2%. This resulted in severe underestimation and overestimation 

of the approximate 'true' variances var1 , var2 . For example, bias(var(hR), var1 ) 

and bias(var(hR), var2 ) under veg(l, 1) were -35.0% and -32.7% and under 

small(l , 1) were 31.8% and 28.2%. We also observed that there was significant 

bias when the approximate variances were compared to the observed variance 

obsvar( T£R) of the simulated population size estimates. The average estimated 

variance of the population size estimator var( 'TLR) had much smaller bias when 

compared to the observed variance obsvar( T£R) of the simulated population size 

estimates. Normally, since the approximate 'true' variances were computed us-

ing the estimated covariance of the estimated parameters, we would expect the 

estimated variance of the population size estimator, var(hR), to be closer to the 

approximate 'true' variances than to the observed variance obsvar( TLR) of the sim-

ulated population size estimates. However, in our simulation, the results went the 

other way except for veg(4, 1) , veg(4 , 2) and small(4 , 2). This phenomenon was 

also observed in Table 5.3A for the simulated population except for ( oo, 1) and 
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( 4, 1 ). Note that in ( oo, 1 ), when sighting probabilities are known, there was no 

need to approximate the 'true' variance since there was no second error component 

involved. 

To verify that e2 was poorly estimated due to noise, i.e. probably due to 

small sample size, we repeated the k = 500 simulation runs of veg(l, 1), veg(2, 1), 

veg(2, 2) and small(l, 1), small(2, 1), small(2, 2) for another 3 times . Results for 

all 3 simulations were similar to what was tabulated in Tables 5.3B and 5.3C. 

We will not list the individual biases in percentage as before. Instead, we list 

the standard errors of the average of 500 simulated estimates of population total, 

error components 1 and 2, and of var( TLR) in the following table . 

Table 5 .6 Standard errors of 500 simulated estimates of some cases listed in Tables 5.3B and 
5.3C 

4.4 226.9 
small(l, 1) 4.7 219.8 

4.3 292.0 

3.4 175.2 
small(2, 1) 3.2 126.2 

3.3 130.2 

2.5 56.8 
small(2 , 2) 2.7 83.1 

2.5 55.4 
2.3 47.1 

veg(l,l) 2.4 47 .7 
2.5 46.5 

2.2 32.0 
veg(2,l) 2.1 34.3 

2.0 39.7 

1.7 15.4 
veg(2,2) 1.7 15.5 

1.7 16.6 

1526 .3 
1675.6 
1372.1 

211.7 
147.9 
147.4 

115.7 
168.8 
131.8 
94.8 
112.l 
111.3 

24.1 
29.8 
37.2 

25 .5 
22 .9 
25.5 

1733.8 
1877.0 
1656.4 

384.5 
270 .2 
275.4 

170.9 
250.3 
185.4 
139.4 
156.6 
153.9 

55.6 
63.1 
76 .0 

40.5 
38.0 
41.7 

Notice that for small(l , 1) , the standard errors were very large in estimating the 

second error component and thus the variance, almost as large as that of ( 1, 1) in 

Table 5.3A of the simulated population. These standard errors of small (l, 1) were 
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also large compared to those of small(l , 1) tabulated in Table 5.3C (801.41 for e2 

and 976.4 for var( TLR)). These much smaller standard errors could be outliers or 

could be due to small sample size. The standard error of other cases in Table 5.6 

was pretty much the same as what was tabulated in Tables 5.3B and 5.3C under 

the same case. Standard errors were reduced considerably after increasing the 

sample size (also see (4, 1) and (4, 2) in Tables 5.3B and 5.3C) . So the poor bias 

we obtained was probably mainly due to noise during simulation and we need to 

increase the sample size to control it . 

We also see that, in Tables 5.4 and 5.5, coverage of the confidence interval 

estimates was poor for veg(l, 1) due to the severe underestimation of the variance. 

On the other hand, coverage rates for the small(l , 1) were better than (1 , 1) of the 

simulated population because of the severe overestimation of the variance. The 

estimated variances were so large that the confidence interval estimates covered 

the true population size close to the nominal level. As we increase the sample 

size, coverage improves for both subpopulations. There were satisfactory results 

for ( 4, 2) of both subpopulations where coverage rates of at least one confidence 

interval estimates were not significantly different from nominal levels. In other 

words, for both subpopulations, we need a phase I sample size of at least 400(> 

88 x 4) and a phase II sample size of at least 200(> 88 x 2). 

In Tables 5.4 and 5.5 , we noticed that overall , approximate confidence in-

terval estimates obtained from the three reciprocal transformations of population 

size estimates had better coverage for the simulated population and for both 

subpopulations. Both confidence interval estimates f-1 09 and f-192 also gave good 

coverage. The confidence interval f-1 09 performs uniformly better and has the 

shortest expected interval width compared to those constructed using reciprocal 

transformations and of f-192 . 
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For the simulated population and the subpopulations, we have also observed 

that approximate 'true' second error components e21 ,e22 of (2, 1) were less than 

half ( about a third) of that of (1 , 1) ( see theoretical explanation in third paragraph 

of section 5.3) . The approximate 'true' second error components for (4, 1) were 

about half of that of (2, 1) , agreeing with the theory. This implies that the larger 

the sample size, the smaller the term :v5I::vj (and less noise in the simulation) and 

the better is the approximation of halving the 'true' second error component. 

5.4.2 Simulation results of the simulated population of 116 groups 
and the subpopulations with sightability model (5.2.2 ) as the 
true model 

In this subsection, we assume sightability model (5 .2.2) , taking log of group 

size, as the true model for the simulated population of M = 116 groups and the 

subpopulations veg, small . Simulation results of all listed (r1 , r2 ) are tabulated, 

using the same notation as before, in Tables 5. 7 A, 5. 7B and 5. 7C. Coverage of 90% 

and 95% confidence interval estimate of population size are tabulated in Tables 

5.8 and 5.9 . 

For this simulated population, sighting probabilit ies ranged from 0.0185 to 

0.9884 and the three quantiles are 0. 3332, 0.6440 and 0.8309. The average sight-

ing probabili ty is 0.5814. One complete pass through the population generates an 

average sample size of 68 groups or about 59%) and the average number of seen an-

imals was 616 . For subpopulation veg, sighting probabilities ranged from 0.1669 

to 0.9884 and the three quantiles are 0.4898 , 0. 7326 and 0.8730. The average 

sighting probabi lity is 0.679. One complete pass through subpopulation veg gen-

erates an average sample size of 56 groups or about 68% and the average number 

of seen animals was 470. For subpopulation small , sighting probabilities ranged 

from 0.0185 to 0.9781 and the three quantiles are 0.2804, 0.5268and0. 7674. The 

average sighting probability is 0.5229 . One complete pass through subpopulation 
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Table 5 .7A Sirnu lation results of k = 1000 population estimation trials for listed (1·1, r2 ) of 
the simulated population of M = 116 group and size r = 866 , with sightability model (5.2 .2) 

as the true model 7 

Case 
Statistic (oo, 1) (oo , 2) ( oo, 3) (1 , 1) (1 , 2) 

'TLR 867.8(2.6) 864.1(1.8) 866.1(1.5) 869.8(4. 1) 870.5(3.7) 
bias(hR) 0.2 -0.2 0.1 0.4 0.5 

e1 7309 .8 3654.9 2436.6 7309.8 3654.9 
e1(TLR) 7 424.0(92.6) 3604. l (32 .5) 2432.5(18.4) 7666.1(412.5) 3888.8(154.7) 
bias(e1 ) 1.5 -1.3 -0.l 4.8 6.4 

e21 8802.7 9777.4 
e22 8606 .0 8625.3 

e2 ( T£R) - 10681.1(1553 .6) 9973.6(829.8) 
bias(e2, e21) 21.3 2.0 
bias(e2,e22) 24.l 15.6 

var1 7309.8 3654.9 2436.6 16112.5 13432.3 
var2 7309.8 3654.9 2436 .6 15915.9 12280.2 

vai-(hR) 7424.0(92 .6) 3604.1 (32.5) 2432.5(18.4) 18347 .2(1948.9) 13862.4(972.5) 
bias(var, vari) 1.5 -1.3 -0.l 13.8 3.2 
bias(var, var2) 1.5 -1.3 -0 .1 15.2 12.8 

obs var(hR) 7055.8 3534.0 2485.2 17085.8 14226.3 
bias(var1, obs var) 3.6 3.4 -1.9 -5 .7 -5 .5 
bias(var2, obs var) 3.6 3.4 -1.9 -6.8 -13 .6 
bias(var, obs var) 5.2 1.9 -2.l 7.3 -2.5 

Case 
Statistic (2 , 1) (2 , 2) ( 4, 1) ( 4, 2) 

'TLR 868.7(3.5) 868.4(2.7) 870.3(3 .1) 864.6(2.2) 
bias(hR) 0.3 0.2 0.5 -0 .1 

e1 7309.8 3654.9 7309 .8 3654.9 
e1(T£R) 7505.9(210.8) 3671.8(77. 7) 7621.6(164.0) 3628.4(56.3) 
bias(e1 ) 2.6 0.4 4.2 - 0.7 

e:n 3821.1 4056.5 1949.7 1748 .0 
e22 3815 .0 3809.5 1824.5 1805.8 

e2 (hn) 4147.3(195 .0) 3683.7(107.6) 1945.1(59.0) 1697.3(36 .7) 
bias( e2, e2i) 8.5 -9.1 -0.2 -2 .9 
bias(e2, e22) 8.4 -3 .3 6.6 - 6.0 

var1 11131.0 7711.5 9259 .5 5402.9 
var2 11124.9 7464.5 9134.3 5460.7 

vai-(hR) 11653.3(399.7) 7355.6(183.9) 9566.8(221.5) 5325.7(92.3) 
bias(var , vari) 4.6 -4.6 3.3 -1.4 
bias(var , var2) 4.7 -1.4 4.7 -2.4 

obs var(hR) 12567.1 7298.7 10075.9 5081.7 
bias(var1 , obs var) -11.4 5.6 -9.1 6.3 
bias(var2 , obs var) -11.4 2.2 -9 .3 7.4 
bias( var , obs var) -7.2 0.7 -5.0 4.8 

7 All estimates shown here are averages of 1000 simulated estimates. Bias is in %. Numbers 
in parentheses ar the standard errors of the average of 1000 simulated estimates. Average 
sample size is 68 groups and average number of seen animals is 616 in a (1,1). 
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Table 5 .7B Simulation results of 1000 population estimation trials for listed cases of the 
population veg of M = 82 groups and r = 573, with sightability model (5 .2.2) as the true 

model 8 

Case 
Statistic veg(l,l) veg(2 , l) veg(2, 2) veg(4, l) veg(4 , 2) 

TLR 569.4(1.7) 571.0(1.4) 572.1(1.2) 573.4(1.3) 573.8(1.0) 
bias(hR) -0.6 -0.3 -0.1 0.1 0.1 

e1 1389.6 1389.6 694 .8 1389.6 694.8 
e1(1'£R) 1294.9(30.5) 1354.0(21. 7) 673.1(10.5) 1383.9(14.3) 689 .8(7.3) 
bias(e1) -6 .8 -2.5 -3.1 -0.4 -0.7 

e21 2046.4 834.1 818 .3 342.5 395.6 
e22 1827.4 777.4 769.8 355.5 357.9 

e2 (1'£R) 1477.8(75 .1) 694.1(19.8) 667 .3(17.0) 336.7(5.1) 331.2(4.9) 
bias(e2, e21) -27.8 -16 .8 -18.5 -1.6 -16.2 
bias(e2, e22) -19.1 -10.7 -13 .3 -5.2 -7.4 

var1 3435.8 2223.7 1513.l 1732.l 1090.4 
var2 3217.0 2167.0 1464.6 1745.l 1052.7 

var( 1'£R) 2772.7(102.1) 2048.2(40.5) 1340.5(27.2) 1720.7(19 .3) 1021.1(13 .1) 
bias( var , var1) -19.3 -7.9 - 11 .4 -0.6 -6 .3 
bias(var, var2) -13.8 -5.5 -8.5 -1.4 -3.0 

obs var( TLR) 3040.l 2175.6 1483.3 1703.4 1036.7 
bias(obs var , vari) -11.5 -2.l -1.9 -1.6 - 4.9 
bias(obs var , var2) -5.5 0.4 1.3 -2.4 -1.5 
bias(var, obs var) - 8.8 -5.l -9.6 1.0 -1.5 

8All estimates except those of veg(l , 1) shown in above tables are averages of the 1000 
simulated estimates. estimation trials. Bias is in %. umbers in parentheses are the standard 
errors of the average of 1000 simulated estimates. For subpopulation veg , average sample size is 
56 groups and average number of seen animals is 470. For subpopulation small , average sample 
. ize is 46 groups and average number of seen animals is 194. 
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Table 5.7C Simulation results of 1000 population estimation trials for listed ( 1·1, 1·2) of the 
population small of M = 88 groups and r = 331 , with sightability model (5.2 .2) as the true 

model 9 

Case 
Statistic small(l , 1) small(2 , 1) sma11(2 , 2) small(4, 1) sma11(4 , 2) 

TLR 336 .5(2.4) 333.4(2.2) 332.4(1.5) 327 .8(1.6) 328.8(1.2) 
bias(hR) 1.6 0.7 0.5 -0.9 -0 .6 

e1 2168.3 2168.3 1084.1 2168.3 1084.1 
ei( 1"£R) 2198.1(81.8) 2434.1(190.1) 1119.2(28.0) 2135.9(50.4) 1056.5(19.6) 
bias(ei) 0.9 12.2 3.2 -1.5 -2.5 

e21 3806.5 1367.3 1426.6 650 .1 613.1 
e22 3315.9 1370.2 1365.9 638 .7 637.2 

e2 (T£R) 4995 .8(593.9) 2246.3(596 .8) 1430.4(60.7) 653.8(28.9) 580 .1(16.7) 
bias( e2, e21 ) 31.2 64.3 0.3 0.6 -5 .3 
bias( e2, e22) 50.6 63.9 4.7 2.4 - 9.9 

var1 5974.8 3535.7 2510.8 2818.4 1697.2 
var2 5484.3 3538.5 2450.1 2807.0 1721.3 

var(hR) 7194.0(659.2) 4680.6(782 .3) 2549.6(88 .0) 2789.8(78.2) 1636.7(36 .1) 
bias(var , var1) 20.4 32.4 1.5 -1.0 -3.6 
bias(var, var2) 31.17 32.27 4.06 -0.61 -4.92 

obs var( TLR) 6137.6 5226.0 2500.8 2856 .95 1610.47 
bias(obs var , var1) 2.72 47 .81 -0.40 1.37 -5 .11 
bias( obs var , var2) 11.91 47.69 2.07 1.78 -0.06 
bias(var, obs var) 17 .21 -10.44 1.95 -10.76 1.63 

9 All estimates except those of veg(l , 1) shown in above tables are averages of the 1000 
simulated estimates. estimation trials . Bias is in %. Numbers in parentheses are the standard 
errors of the average of 1000 simulated estimates. For subpopulation veg , average sample size is 
56 groups and average number of seen animals is 470 . For subpopulation small , average sample 
size is 46 groups and average number of seen animals is 194. 
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Table 5 .8 Coverage of 1000 simulated 90% confidence interval estimates that contained r for 
all (r1 , 1·2) listed in Tables 5.7A, 5.7B and 5.7C 10 

Case 'T°LR lnhR f-17 2 f-1 f-372 f1 og f1g2 
(oo, 1) 88(283) 88(284) 88(288) 88(291) 88(297) 
(oo, 2) 89(198) 89(198) 89(199) 90(200) 90(202) 
(oo, 3) 89(162) 89(163) 90(163) 91(164) 91(165) 
(1 , 1) 84*(446) 84*(450) 85*(461) 85*(477) 85*(501) 85*(467) 84*(529) 
(1 , 2) 84*(387) 84*(391) 84*(398) 84*(407) 83*(423) 84*(402) 85*(443) 
(2 , 1) 85*(355) 87*(357) 88(362) 87*(370) 88(382) 88(367) 88(398) 
(2 , 2) 88(282) 87*(283) 88(286) 88(289) 88(296) 88(288) 88(305) 
( 4, 1) 87*(322) 87*(324) 87*(327) 87*(333) 87*(341) 85*(330) 85*(354) 
( 4, 2) 89(240) 90(241) 90(242) 89(245) 89(248) 89(245) 89(254) 

veg(l , 1) 85*(173) 84*(174) 84*(176) 84*(177) 83*(180) 85*(182) 86*(205) 
veg(2,1) 88(149) 87*(149) 88(150) 88(151) 87*(154) 87*(155) 87*(169) 
veg(2, 2) 86*(120) 86*(120) 86*(121) 86*(122) 87*(123) 88(123) 88(131) 
veg(4, 1) 90(136) 90(136) 91(138) 91(138) 91(140) 89(141) 88(151) 
veg(4, 2) 88(105) 88(105) 89(106) 89(106) 89(107) 89(107) 88(112) 

small(l , 1) 84*(279) 86*(287) 86*(305) 86*(337) 86*(400) 86*(295) 85*(343) 
small(2 , 1) 86*(225) 87*(230) 86*(238) 87*(254) 87*(280) 87*(235) 87*(261) 
small(2 , 2) 87*(166) 87*(168) 88(172) 89(177) 88(186) 88(170) 88(181) 
small(4 , 1) 85*(174) 85*(176) 85*(180) 85*(187) 86*(197) 85*(179) 7*(193) 
small(4, 2) 87*(133) 88(134) 89(136) 89(139) 89(143) 89(135) 88(142) 

10 otation f1 og and f1 g 2 in both Tables 5.8 and 5.9 refer to the confidence interval estimates 
derived from the assumption that 'T°LR -T has a log-normal distribution , where Tis total count 
of animals in the sample. These CI were not computed when sighting probabilities are known. 
Coverage with * are different from nominal levels at 0.05 level of significance as they are not 
within 90% ± 2% and 95% ± 1.4%, respectively. umbers in parentheses are estimated expected 
interval widths 
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Table 5 .9 Coverage of 1000 simulated 95% confidence interval estimates that contained r for 
all (i·1 , r 2) listed in Tables 5.7A,5.7B,5.7C 11 

Case 'TLR lnhR +-172 +-1 + - 372 fl og f1g2 
(oo , 1) 92*(338) 93*(340) 93*(345) 93*(351) 93*(361) 
(oo, 2) 94(235) 94(236) 94(238) 94(240) 94(243) 
(oo , 3) 94(193) 95(194) 94(195) 95(195) 95(197) 
(1 , 1) 90*(531) 90*(539) 90*(557) 91*(585) 91*(632) 92*(582) 92*(660) 
(1 , 2) 87*(462) 89*(467) 89*(478) 90*(496) 90*(524) 91*(496) 92*(546) 
(2 , 1) 90*(423) 91*(428) 91*(436) 91*(450) 92*(471) 93*(450) 94(490) 
(2 , 2) 92*(336) 93*(338) 93*(343) 93*(349) 93*(359) 93*(350) 93*(370) 
( 4, 1) 91*(383) 92*(386) 92*(393) 93*(403) 93*(418) 92*(404) 91*(433) 
( 4, 2) 93*(286) 93*(288) 93*(290) 93*(295) 94(300) 94(295) 94(308) 

veg(l, l) 87*(206) 88*(207) 89*(210) 89*(213) 89*(218) 91*(226) 92*(256) 
veg(2 , 1) 91*(177) 92*(178) 92*(180) 92*(182) 93*(185) 93*(190) 93*(208) 
veg(2 , 2) 91*(144) 92*(144) 92*(145) 92*(146) 92*(147) 93*(150) 94(160) 
veg(4, 1) 94(163) 95(163) 95(164) 95(166) 95(168) 93*(172) 93*(185) 
veg(4, 2) 94(125) 94(126) 95(126) 95(127) 94(128) 94(130) 94(135) 

small(l , 1) 87*(332) 90*(346) 91*(377) 91*(440) 92*(596) 93*(371) 93*(432) 
small(2 , 1) 90*(268) 92*(275) 92*(291) 93*(320) 93*(374) 94(290) 94(323) 
small(2 , 2) 91*(198) 93*(201) 93*(207) 92*(217) 93*(234) 93*(207) 94(221) 
sma11(4, 1) 89*(207) 90*(210) 92*(218) 93*(230) 93*(249) 92*(219) 93*(235) 
sma11(4, 2) 92*(159) 93*(160) 93*(164) 94(169) 94(176) 94(164) 94(171) 

small generates an average sample size of 46 groups or about 52% and the average 

number of seen animals was 180. In this subsection, we simulated k = 1000 

population estimation trials . The simulation results showed all the phenomena we 

observed in the simulation results of the simulated population and subpopulations 

with sightability model (5.2.1) as the t rue model. This time, however , when 

sighting probabilities are known, we need a larger phase II sample size of at least 

300(> 116 x 2) for the coverage of confidence interval estimates of population 

size of the simulated population for coverage rates to be not significantly different 

from nominal levels (see coverage under (oo, 1) and (oo, 2) in Tables 5.8 and 5.9). 

When sighting probabilities are estimated, we also need a larger phase II sample 

11 Notation f1 09 and f1g2 in both Tables 5.8 and 5.9 refer to the confidence in terval estimates 
derived from the assumption that 'TLR -T has a log-normal distribution, where Tis total count 
of animals in the sample. These CI were not computed when sighting probabilitie are known. 
Coverage with * are different from nominal levels at 0.05 level of significance as they are not 
within 90% ± 2% and 95% ± 1 .4%, respectively. umbers in parentheses are estimated expected 
interval widths 
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than when we assumed sightability model (5.2 .1 ) for coverage rates of at least one 

confidence interval estimates to be not significantly different from nominal levels. 

The size of phase I sample needed to be at least 500( > 116 x4) and the size of phase 

II sample needed to be at least 300(> 116 x 2). In Tables 5.8 and 5.9, we noticed, 

again, that approximate confidence interval estimates obtained from the three 

reciprocal transformation of population size estimates had better coverage for 

the simulated population and for both subpopulations. Both confidence interval 

estimates f1o9 and f192 also gave good coverage. Again, the confidence interval 

f 109 performs better uniformly and has the shortest expected interval width when 

compared to that of f192 and of confidence intervals constructed from reciprocal 

transformations. 

For the simulated population, the standard errors of all except population size 

estimates and e2 of (2, 2) in Table 5. 7 A were larger than the respective standard 

errors in Table 5.3A. For example, the standard error of e1 was 276.6 in Table 5.3A 

and was 412.57 in Table 5. 7 A. Also note that the error components and hence the 

variance in Table 5. 7 A were larger. Recall that when sighting probabilities are 

known, the variance of population size estimator (see (3 .2.1)) and th asymptot-

ically unbiased estimator of the variance (see (3.2.2)) are sums of product of the 

square of the group size and the reciprocal of the sighting probability. Therefore, 

both the variance and its estimator will be dominated by larger group sizes. If 

sighting probabilities of larger group sizes are proportionally larger and the ma-

jority of the groups are large groups, both the variance and its estimator will be 

smaller. We have observed for the simulated population that for group sizes of at 

least 20, the sighting probabilities are larger when we assumed sightability model 

(5.2.1). Although there are only 13 out of 116 groups (13/116 11 %) with group 

size of at least 20, the variance and its estimate under ( (X), 1) and the true first er-
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ror component e1 under other listed (r1 , r2 ) were smaller in Table 5.3A compared 

to their respective values in Table 5.7 A. 

When sighting probabili ties are estimated, the true second rror component e2 

is also dominated by large group sizes and consisted of var(0j) and cov(0j1 , 0j2). 

If we compare simulation results obtained using models (5.2.1) and (5.2.2) as 

true models, it is not obvious when the variance of the population size estimator 

will be smaller. For the simulated population of M = 116 groups when sighting 

probabili t ies are estimated, the variance and its estimate were smaller for all 

listed ( r 1 , r2 ) in Tabl 5.3A than their respective values in Table 5. 7 A. Later in 

the following subsection, when we look at the simulation results of population 

Penn of M = 107 groups, we will see that this is not true. 

In Tables 5.7B and 5.7C, standard errors of all except e2 and var(hR) of 

small(2, 1) were smaller than those in Tables 5.3B and 5.3C . Another two simu-

lation runs of k = 1000 for small(2, 1) gave standard errors 100.56 and 119.57 for 

e2 and 168.98 and 190.85 for var( TLR) - These standard errors were smaller than 

or close to those tabulated in Table 5.3C and Table 5.6. So the standard errors 

we obtained from the first simulation run of small(2, 1), tabulated in Table 5.7C, 

could be outliers . 

5.4.3 Simulation results of population Penn - the composite dat a of 
107 groups from Pennsy lvania, with sightability models (5.2 .1) 
and (5.2.2 ) as t rue models 

In this subsection, we perform simulation based on population P enn, the com-

posite data of M = 107 groups from Pennsylvania. We first assumed sightability 

model (5 .2.2) . The simulation results are presented in Table 5.10 and coverage 

of confidence interval estimates for population size are tabulated in Tables 5.11 , 

5.12 as follows. 
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Table 5.10 Simulation results of 1000 population estimation trials for listed (r1, 1·2) of 
population P enn of M = 107 groups and size r = 834, with sightabili ty model (5.2 .2) as the 

true model12 

Case 
Statistic (oo, 1) (oo , 2) (oo, 3) (1 , 1) (1 , 2) 

TLR 836.0(2.5) 835.7(1.8) 838.2(1.4) 840.8(4.2) 836.3(3.6) 
bias(T£R) 0.2 0.2 0.5 0.8 0.2 

e1 6707.0 3353 .5 2235.6 6707 .0 3353.5 
e1 (fLR) 6777 .0(90 .8) 3372 .2(33.4) 2268.5(18.0) 7099 .7(333.3) 3327 .6(152.1) 
bias(e1) 1.0 0.5 1.4 5.8 -0.7 

e21 10232.0 8947.8 
e22 9053.0 8911.4 

e2(TLR) - 12577.3(1403 .1) 11139 .9(1213.4) 
bias(e2, e21) 22.9 24.5 
bias(h e22) 38.9 25.0 

var1 6707.0 3353.5 2235.6 16939.0 12301.3 
var2 6707 .0 3353.5 2235 .6 15760.0 12264.9 

var (T£R) 6777.0(90.8) 3372.2(33.4) 2268 .5(18.0) 19677.1 (1719.2) 14467 .5(1359.2) 
bias( var , var1) 1.0 0.5 1.4 16.l 17.6 
bias( var , var2) 1.0 0.5 1.4 24.8 17.9 

obs var( TLR) 6708 .1 3301.5 2197.2 18116.3 13571.8 
bias(var1 , obs var) -0 .2 1.5 1.7 - 6.5 -9.3 
bias(var2, obs var) -0 .2 1.5 1.7 -13 .0 -9.6 
bias(var , obs var) 1.0 2.1 3.2 8.6 6.6 

Case 
Statistic (2, 1) (2 , 2) ( 4, 1) ( 4 , 2) 

TLR 841.3(3.4) 830.9(2.6) 838.3(3 .0) 833 .8(2.2) 
bias( TLR) 0.8 -0 .3 0.5 -0.l 

e1 6707.0 3353 .5 6707.0 3353.5 
e1 ( TLR) 7247.6(245.0) 3373.3(86.4) 7074.0(147.8) 3366.1(56.2) 
bias(e1) 8.0 0.5 5.4 0.3 

e21 3892.2 4018.9 1805.4 1706.0 
e22 3904.3 3883.5 1828.3 1828.6 

e2(TLR) 4825.4(355.4) 3817.5(157.9) 2001.8(62.7) 1722.7(44.3) 
bia. (e2, e21) 23.9 -5.0 10.8 0.9 
bias(e2, e22) 23 .5 -1.7 9.4 -5 .7 

var1 10599.2 7372.4 8512.4 5059.5 
var2 10611.3 7237.0 8535.3 5182.l 

vai:(T£R) 12073 .1(590 .5) 7190.9(242.4) 9075.9(209.0) 5088.8(99.8) 
bias(var , var1) 13.9 -2.4 6.6 0.5 
bias( var , var2) 13.7 -0.6 6.3 -1.8 

obs var(TLR) 11597 .3 7208.6 9156.1 4847.5 
bias( var1, obs var) - 8.6 2.2 -7.0 4.3 
bias(var2, obs var) - 8.5 0.3 -6.7 6.9 
bias(var , obs var) 4.1 -0.2 -0.8 4.9 

12 All estimates shown here are averages of the 1000 simulated estimates. Bias is in %. 
Numbers in parentheses are the standard errors of the average of 1000 estimates. Average 
sample size is 61 groups and the number of seen animals is 614 in a (1 ,1). 
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Table 5.11 Coverage of 1000 simulated 90% confidence interval estimates that contained T 

for all ( r1 , r 2 ) listed in Table 5 .1013 

Case 'TLR lnhR f-17 2 f-1 f-37 2 ftog f1g2 
(oo, 1) 88(271) 88(272) 89(27 4) 88(278) 88(283) 
(oo, 2) 90(191) 90(191) 90(193) 90(193) 90(195) 
(oo,3) 90(157) 90(157) 90(157) 90(158) 90(160) 
(1 , 1) 82*(462) 83*(467) 84*(479) 84*(499) 83*(529) 85*( 490) 86*(576) 
(1 , 2) 83*(396) 84*(399) 84*(407) 85*(419) 84*(437) 86*(415) 87*(472) 
(2 , 1) 87*(361) 88(364) 87*(369) 87*(379) 87*(392) 87*(377) 86*(418) 
(2 , 2) 85*(279) 86*(280) 86*(283) 86*(287) 86*(293) 87*(287) 87*(308) 
( 4, 1) 86*(313) 86*(315) 85*(319) 85* (325) 85*(333) 85*(324) 85*(352) 
( 4, 2) 89(235) 89(235) 89(237) 89(240) 89(243) 90(239) 90(251) 

Table 5.12 Coverage of 1000 simulated 95% confidence interval estimates that contained T 

for all (r1 , 1·2) listed in Table 5.10 13 

Case 'TLR lnhR f-17 2 f-1 f -37 2 ftog f, 2 
(oo, 1) 92*(323) 93*(325) 93*(329) 94(335) 94(344) 
(oo, 2) 94(228) 95(228) 95(230) 95(232) 95(235) 
(oo, 3) 95(187) 95(187) 95(187) 95(189) 95(190) 
(1 , 1) 87*(550) 89*(560) 90*(580) 90*(616) 91*(674) 92*(618) 92*(726) 
(1 , 2) 87*(472) 89*(478) 89*(491) 89*(512) 90*(545) 93*(518) 93*(589) 
(2, 1) 90*(431) 91*(435) 91*(445) 92*( 461) 91*(485) 93*(466) 93*(517) 
(2, 2) 89*(332) 91*(334) 91*(339) 91*(346) 92*(357) 93*(351) 94(376) 
( 4, 1) 90*(373) 91*(377) 91*(383) 91*(393) 92*(408) 92*(397) 91*(432) 
( 4, 2) 92*(280) 93*(281) 93*(284) 94(287) 94(293) 95(290) 94(305) 

Sighting probabilities ranged from 0.0518 to 0.9884 and the three quantiles are 

0.2217, 0.5712and0.8947. The average sighting probability is 0. 5610. One com-

plete pass through th population generates an average sample size of 61 or about 

57% and the average number of seen animals was 619. 

Everything we observed from the simulation results of the simulated popu-

lation of M = 116 groups, presented in Table 5.3A and Table 5. 7 A, were again 

observed in the simulation results in Table 5.10 of this population P enn. For in-

tance, it took a phase I sample size of at least 500( > 107 x 4) or ( 4, 1) to half the 

13 otation Ttog and f192 in both Tables 5.11 and 5.12 refer to the confidence interval stimates 
derived from the assumption that T£R -T has a log-normal distribution , where Tis total count 
of animals in the ample. These CI were not computed when sighting probabilities are known. 
Coverage rates with * are different from nominal levels at 0.05 level of ignificance as they are 
not within 90% ± 2% and 95% ± 1.4%, respectively. Numbers in parentheses are estimated 
expected interval widths. 
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'true' second error component e2 of (2, 1) and the 'true' second error component 

of (2, 1) was also about a third of that of (1, 1) , contradicting the approximation 

theory. Except for (oo, 1) and (4, 2), the estimated variance of the population size 

estimator was closer to the observed variance of population size estimates than to 

the approximate ' true' variance, as observed in Table 5.3A and Table 5. 7 A. 

In Table 5.10, as before, the asymptotically unbiased estimator e1 of the first 

error component did well with the largest bias of 8.0% under (2, 1). Notice however 

the significant bias of e2 , the asymptotically unbiased estimator of the second error 

component, under (1 ,1),(1,2) and (2,1) (see bias(e2 , e21) and bias(e2 , e22)) . This 

significant bias affected the performance of the asymptotically unbiased estimator 

of the variance (see bias(var(hR), var1 ) and bias(var(hR), var2 )). This situation 

has improved considerably when we tried (2,2). Under (2,2), (4,1) and (4,2), 

bias of estimates of second error components relative to the approximate ' true' 

second error components, and bias of estimates of the variance relative to the 

approximate 'true' variances were much smaller (largest was bias( e2 , e21 ) = 10.8 

under (4 , 1)). 

From Tables 5.11 and 5.12, when sighting probabilities are known, we need 

a phase II sample size of at least 200( > 107 x 1) for coverage rates of at least one 

of the confidence interval estimates to not be significantly different from nominal 

levels. When sighting probabilities are unknown and are estimated, we need a 

phase I sample size of at least 500( > 107 x 4) and a phase II sample size of at 

least 300(> 107 x 2) for coverage rates of at least one confidence interval estimates 

to be not significantly different from nominal levels. Once again, the approximate 

confidence interval estimates obtained from the three reciprocal transformations 

of population size estimates and both confidence interval estimates constructed 

with the assumption that ( f -T) is lognormally distributed gave better coverage. 

The confidence interval f1 09 performs better uniformly and has the shortest 
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Table 5 .13 Simulation results of 1000 population estimation trials of population P enn of 
M = 107 groups and sizer= 834, with sightability model (5.2.1) as the true model 14 

Case 
Statistic (oo, 1) (oo, 2) (oo,3) (1 , 1) (4 , 4) 

TLR 836 .8 (2 .5) 834.4(1.8) 835.89(1.4) 838.2(5.1) 833.4(1.7) 
bias(hn) 0.3 0.1 0.2 0.5 -0.1 

e1 6604.5 3302.2 2201.5 6604 .5 1651.1 
e1(hn) 6585.7(123.7) 3329.9(44.4) 2219 .5(24.2) 7331.6(480.1) 1666 .3 (29 .1) 
bias(e1 ) -0.2 0.8 0.8 11.0 0.92 

e21 12079 .9 1634.2 
e22 9983.9 1822.7 

e2(hn) 16675.2(2820.l) 1527.2(35.9) 
bias(e2,e21 ) 38.0 -6.5 
bias(e2, e22) 67 .0 -16.2 

var1 6604.5 3302.2 2201.5 18684.4 3285.3 
var2 6604.5 3302.2 2201.5 16588.4 3473.9 

vai-(f-LR) 6585.7(123.7) 3329 .9 (44.4) 2219.5(24.2) 24006.9(3246 .5) 3193.5(64.5) 
bias(var, vari) -0.2 0.8 0.8 28.4 -2.8 
bias(var, var2) -0.2 0.8 0.8 44.7 -8.1 

obs var(hn) 6695.6 3451.7 2162.1 26329 2989.3 
bias( var1, obs var) -1.3 -4.3 1.8 -29.0 9.9 
bias(var2 , obs var) -1.3 -4.3 1.8 -37.0 16.2 
bias (var , obs var) -1.6 -3 .5 2.6 -8.8 6.83 

Table 5.14 Coverage of 1000 simulated 90% confidence interval estimates that contained r 
for (1·1,r2) listed in Table 5.13 15 

Case TLR lnhn f--172 f--1 f--372 f-tog Ttg2 
(oo, 1) 86*(267) 87*(268) 86*(271) 87*(274) 85*(279) 
(oo , 2) 87*(190) 87*(191) 87*(191) 87*(192) 87*(194) 
(oo , 3) 89(155) 89(156) 89(156) 89(157) 89(157) 
(1 , 1) 80*(510) 80*(518) 79*(534) 79*(562) 78*(605) 80*(548) 83*(670) 
(4 , 4) 89(186) 88(186) 88(187) 88(189) 89(190) 90(188) 90(195) 

14All estimates shown here are averages of the 1000 simulated estimates. Bias is in %. 
Numbers in parentheses are the standard errors of the average of 1000 respective simulated 
estimates . Average sample size is 61 groups and the number of seen animals is 619 in a (1 ,1). 

15Notation f-tog and f-1g2 in both Tables 5.14 and 5.15 refer to the confidence interval estimates 
derived from the assumption that TLR -T has a log-normal distribution , where Tis total count 
of animals in the sample. These CI were not computed when sighting probabili ties are known . 
Coverage rates with * are different from nominal levels at 0.05 level of significance as they are 
not within 90% ± 2% and 95% ± 1.4%, respectively. Numbers in parentheses are estimated 
expected interval widths. 
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Table 5.15 Coverage of 1000 simulated 95% confidence interval estimates that contained r 
for (1·1 , r2) listed in Table 5.13 16 

Case 'T'LR lnhR f- 172 f-1 f-372 fl og f1g 2 

(oo , 1) 91*(318) 91*(321) 91*(324) 92*(330) 92*(339) 
(oo , 2) 92*(226) 92*(227) 92*(229) 93*(231) 92*(233) 
( oo, 3) 94(185) 94(185) 95(186) 95(187) 95(189) 
(1 , 1) 82*(607) 84*(621) 84*(650) 84*(699) 85*(786) 89*(701) 90*(857) 
(4 , 4) 93*(222) 93*(222) 94(224) 94(226) 94(228) 95(227) 95(235) 

expected interval width when compared to that of f-192 and of confidence intervals 

constructed from reciprocal transformations. 

Tables 5.13, 5.14 and 5.15 give simulation results based on population Penn 

with sightabi li ty model (5.2.1) as the true model. Sighting probabilities ranged 

from 0.0460 to 0.9977 and the three quantiles are 0.2699,0.5545 and 0.8754. The 

average sighting probability is 0. 5545. One complete pass through the population 

generates an average sample size of 61 groups or about 57% and the average 

number of seen animals was 619 . 

The asymptotically unbiased est imator of the first error component also per-

formed well for this fourth simulated population. When sighting probabilities 

are estimated, under (1,1) , bias of the asymptotically unbiased estimator of the 

second error component relative to approximate ' true ' second error components 

were significant (38.04% and 67.02%) as observed in Table 5.10 for our thi.rd sim-

ulated population. The estimated variance had, thus , significant bias relative to 

approximate 'true' variances (28.49%, 44. 72% ). Coverage of all confidence inter-

val estimates were very low (see Tables 5.14,5.15) . When we tried ( 4, 4) , all bias 

were no longer significant. Also, coverage rates of confidence interval estimates 

16Notation f1 09 and f1 9 2 in both Tables 5.14 and 5.15 refer to the confidence interval estimates 
derived from the assumption that 1"£R -T has a log-normal distribution , where Tis total count 
of animals in the sample. These CI were not computed when sighting probabilities are known. 
Coverage rates with * are different from nominal levels at 0.05 level of significance as they are 
not within 90% ± 2% and 95% ± 1.4%, respectively. umbers in parentheses are estimated 
expected interval widths. 
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f 109 and f192 were acceptable when compared to nominal levels . This implies we 

need a phase I sampl size of at least 428( > 107 x 4) and a phase II sample size 

of at least 428(> 107 x 4) . When sighting probabilities are known, it needed 

a phase II sample size of at least 321(107 x 3). For both sighting probabilities 

known and estimated case, as before, confidence interval estimates obtained from 

the three reciprocal transformation of population size estimates and both con-

fidence interval estimates f1 09 and f192 gave better coverage. The approximate 

confidence interval estimates obtained from the three reciprocal transformations 

of population size estimates and both confidence interval estimates constructed 

with the assumption that ( f - T) is lognormally distributed gave better cover-

age. The confidence interval f1 09 performs better uniformly and has the shortest 

expected interval width when compared to that of f192 and of confidence intervals 

constructed from reciprocal transformations . 

We have noticed, as in our simulated population of M = 116 groups , that 

for population Penn, sighting probabilities of groups with sizes of at least 20 are 

a little larger (the difference is not as much as those of the simulated population 

of 1\1[ = 116 groups) when we assumed sightability model (5.2.1) than when we 

assumed sightability model (5.2.2) . There are 13 such groups (13/107 12%). As 

we compare the 'true' first error component e1 of Tables 5.10 and 5.13, we see that 

e1 in Table 5.13 is slightly smaller (6604.52 < 6707.01). However, if we compare 

the observed variance observed var( T£R) of population size estimates under (1 , 1) 

of both tables, we see that observed var( TLR) in Table 5.13 is a lot larger (26329 > 

18116.3) . This result differs from the result we observed from simulation results of 

the simulated population of M = 116 groups earlier. We obtained similar results 

for another 2 simulations of (1, 1) of this simulated population. 
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• 

5 .5 Dominant factor in the variance estimator 

From (3.2.2) and in our simulation results, we have observed, for a com-

plete census of primary units, that large group sizes dominate the variance of the 

population size estimator when sighting probabilities are known. When sighting 

probabilities are estimated, from (3.2. 7) and (3.2.9), it is uncl ar what is dominant 

in the variance estimator. To get a better understanding of how e2 is dominated 

by large group sizes, we assumed, for the composite data of M = 107 groups, 

the sightability model defined in (5 .2.1) but with the signs of the parameters 

switched, i. e. /3 = (-2.4132, -0.1322, 1.8224, 0.0423) . We refer to this sighta-

bility model as model (5.2.3). With sightability model (5.2.3) as the true model , 

sighting probabilities were totally backwards. Large groups have extremely small 

sighting probabilities ( < 0.1) even when they were moving and were under low 

vegetation cover ( eg. 10) during the sighting trial. On the other hand, small 

groups have extremely high sighting probabilities ( close to or more than a 0.9) 

even when they were stationary and were under high vegetation cov r (eg. 80). In 

this 'abnormal ' case, small groups were sighted and large groups w re missed most 

of the time. Thus, the population size estimates were too low ( average of 1000 

estimates was about 700) most of the time and the estimates of both error com-

ponents were extremely large (both average over 20000). Although the estimated 

variance of the population size estimator was large ( average ov r 40000), coverage 

rates of approximate and confidence interval estimates f-1 09 and f-192 were still very 

low. With a sample size of (10, 10), coverage for 90% and 95% confidence levels 

were only about 75% and 80%. We saw that the second error component could 

get very large when sighting probabilities of large groups are extremely small al-

though, when we studied the estimated sighting probabilities of large groups of 

20 population estimation trials , we observed that sighting probabilities of most 
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large groups were overestimated. We also saw that the second error component 

could be blown up with large var(0j) and cov(0j1 , 0j2 ) and we did observed that 

for some large groups, var(0j) and cov(0j1 , 0 j2 ) were larg (>> 500). When we 

assumed sightability models (5.2.1) and (5.2.2) as true models for the composite 

data of M = l 07 groups , we found that for large groups ( size > 20) , var( 0 j) is 

small ( < 10). Also, when at least one of the two groups is a large group, the ma-

jority of cov(0j1 , 0 j2 ) were close to 0 and none of them is > 10 or < -10. These 

observations indicate that when unknown sighting probabilities are estimated via 

logistic regression , for the variance of the population size estimator ( or both error 

components) not to blow up , it is important for large groups to have large sighting 

probabilities when they are expected to have large sighting probabilities. 

5.6 Estimation of elk population size in Pennsylvania 

The composite data of M = 107 groups from Pennsylvania is a phase I 

sample obtained from 5 sightability surveys conducted on the lk population. 

Also, 5 replicated population surveys were conducted on the elk population to 

obtain an independent phase II sample. A total of 82 groups were sighted. This 

is an example of a complete census of primary units with replicated primary 

units (see section 3.4) . The phase I sample and the phase II sample would be a 

(r1 , r 2 ) = (5, 5) using our notation defined for the simulation study. The following 

table shows the population size estimates, estimates of both error components 

and variance of the population size estimator for using both sightability models 

(5.2.1) and (5.2.2) as fitted models. We see that both fitted models gav the same 

population size estimates of 189. There was little difference between the estimated 

variance components and the estimated variance of the population size estimator. 

The variance of population size estimator estimated based on fitted model (5 .2.2) 

with natural log of the group size was 453.94, about 5% less than 478.28, the 
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Table 5.16 Population size estimates, estimates of error components and variance of the 
population size estimator for the composite data of 82 sighted groups of 5 independent elk 

population surveys from Pennsylvania 

Estimates (5.2.1) as fitted model (5.2.2) as fitted model 
Population size, TLR 189 189 
Error due to sampling of groups , e1 217.53 198.82 
Error due to estimation of gi , e2 260.75 255.13 
Variance of population size estimator, var( TLR) 478.28 453.94 

variance estimated based on fitted model (5.2.1) without transformation of group 

size. Confidence intervals of 90% and 95% are constructed using reciprocal trans-

formations of the population size estimate and from the assumption that (f-T) , 

where T = 834/5 167 is the average total elk count of the 5 population surveys , 

has a lognormal distribution is are presented in the following tables. 

Table 5.17 A 90% confidence interval of the population size of elk in Pennsylvania 
constructed from the population size estimates, with reciprocal transformations and from 
assumption that ( f - T) is lognormally distributed, obtained based on the composite data 

with fitted models (5.2.1), (5.2.2) 17 

Sightabili ty model f-1 / 2 f- 1 f - 3/2 fl og f1 g2 
(5 .2.1) (158 , 23 1) , 73 (159 , 234) , 75 (160 , 237), 77 (173 , 254) , 81 (175 , 289) , 114 
(5.2.2) (159 , 230) , 71 (160 , 233) , 73 (161 , 235) , 74 (173, 251) , 78 (176 , 284) , 108 

Table 5.18 A 95% confidence interval of the population size of elk in Pennsy lvania 
constructed from the population size estimates, with reciprocal transformations and from 
assumption that ( f - T) is lognormally distributed , obtained based on the composite da.ta. 

with fitted models (5.2.1), (5.2 .2) 17 

Sighta.bili ty model f - 1/2 f-1 f-3 / 2 fl og f1g2 
(5 .2.1) (153 , 241) , 88 (155,245) , 90 (156 , 250), 94 (172, 279) , 107 (174, 325) , 151 
(5.2 .2) (154 , 234) , 80 (155 , 243) , 88 (157 , 248) , 91 (172 , 276) , 104 (174, 318) , 144 

Intervals constructed based on fitted model (5 .2.2) is shorter. From our simu-

lation results, we have observed that coverage rates of confidence interval estimates 

were poor ( too low) when both phase I and phase II samples have less than 200 

17The number next to Lhe interval is the interval width 
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groups. Therefore, these confidence interval estimates in Tables 5.17 and 5.18 

constructed based on a phase I sample of 107 groups and a phase II sample of 82 

groups might not include the true population size. Our simulation results sug-

gested that it requires a phase I sample of at least 464 and a phase II sample of at 

least 464 groups to obtain a confidence interval estimate with reasonable coverage 

rate . 

5. 7 Discussion 

From the simulation results, we have made the following conclusions. 

• The largest bias of population size estimates obtained was 1. 7% for the case 

of subpopulation small , M = 88 groups and size T = 331 with model (5 .2.1 ) 

as the true sightability model. When sighting probabili t ies are known, all 

ratios B/0' = l(f - T)/Jobservedvar(hR) I were less than 0.1. According 

to Cochran's (1977) working rule, the bias were negligible. When sight ing 

probabilities were unknown and estimated via logistic regression , all ratios 

B/0' except for veg(4, 2) were less than 0.1. For veg(4, 2), the ratio was 0.13. 

Therefore, all bias of population size estimates were negligible and modest 

for veg(4, 2). 

• As expected, increasing the sample size decreases the variance of the popu-

lation size estimator or increases the precision of estimating the population 

size. Increasing the sample size also gave us a better estimate of the variance, 

reducing noise and standard errors of estimates of both error components . 

Coverage rates of confidence interval estimates of the population size are 

not different from nominal levels at 0.05 level of significance when phase I 

and II sample sizes are large. 
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• The sampling distribution of the population size estimator was positively 

skewed. Approximate confidence interval estimates obtained from trans-

formations +-1 , +- 1/ 2 and +-3/ 2 of population size estimates gave better 

coverage rates . Confidence interval estimates constructed from the assump-

tion that ( f - T) has a lognormal distribution also gave better results than 

f ± za;2Jvar( TLR)- The confidence interval f1 09 performs better uniformly 

and has the shortest estimated expected interval width when compared to 

that of f 192 and of confidence intervals constructed from reciprocal transfor-

mations. 

• By excluding groups with smaller sighting probabilities, estimation of e2 , the 

error component due to estimation of sighting probabilities, given subpopu-

lation veg did not perform well. Approximate 'true' second error component 

e2 was severely underestimated and coverage rates of confidence interval es-

t imates for population size were low for veg(l, 1), veg(2, 1), veg(l, 2) . When 

we increased both phase I and phase II sample sizes to veg( 4, 2), bias of 

estimating the second error component were reduced considerably (under or 

close to 10%) and coverage rates of confidence interval estimates were not 

significantly different from nominal levels. 

• By only including groups with smaller sighting probabilities , estimation of 

e2 given subpopulation small did not perform well. Approximate 'true' sec-

ond error component was severely overestimated with high standard errors 

for small(l , 1), small(2 , 1), small(2 , 2). As a result, confidence interval esti-

mates of population size covered the true population size most of the time 

and thus, nominal levels were close to nominal levels. When we increased 

both phase I and phase II sample sizes to small ( 4, 2), bias of estimating the 

second error component were reduced considerably (under or close to 10%) 
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and coverage rates of confidence interval estimates were not significantly 

different from nominal levels. 

• We have shown (in section 5.3) that in phase I, if we make 2 complete passes 

through the population, the approximate 'true' second error component will 

be half of that of making 1 complete pass through the population. A larger 

sample size was needed to simulate this theoretical approximate 50% reduc-

tion in the second error component. It requires a phase I sample size of at 

least 464 ( or ( 4, 1)) to simulate an approximate 'true' second error compo-

nent that is half of the approximate 'true' second error component simulated 

based on half the phase I sample size (or (2, 1)) . To test this conclusion, 

we have tried to simulate the theoretical 50% reduction with another two 

subpopulations, groups with sighting probabilities of at least 0.4 and 0.6 

respectively. Our simulation results agreed with this conclusion. 

• We have also shown (in section 5.3) that in phase II, if we make r 2 > 

1 complete passes through the population, to obtain the first true error 

component e1 , we divide the first true error component computed based on 

making r 2 = 1 complete pass through the population by r 2 . The number 

of complete passes through the population in phase II has no effect on the 

second error component e2 , i.e. e2 is the same for r 2 = 1, 2, .... 

• Based on the simulation results of all 4 simulated populations ( M = 116 

and M = 107 groups, with (5.2.1) and (5.2 .2) as true models) and both 

subpopulations veg and small of the simulated population of M = 116 

groups, we found for the choice of sample size in both phase I and phase 

II, coverage rates of at least one of the confidence interval estimates we 

constructed to not be significantly different from nominal levels at 0.05 level 

of significance. When sighting probabilities are known, it requires a phase 
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II sample size of at least 348. When sighting probabilities are estimated via 

logistic regression, it requires a phase I sample size of at least 464 and a 

phase II sample size of at least 464. 

• When the sighting probabilities are known, the first error component due to 

sampling of groups is the variance of the population size estimator since there 

is no second error component due to estimating sighting probabilities. From 

expressions (3.2.2), we see that the variance of the population size estimator 

is dominated by large groups. The variance will be smaller if the majority of 

the population is large groups with larger sighting probabilities. Similarly, 

when sighting probabilities are estimated via logistic regression, the first er-

ror component e1 in (3.2.6) will be smaller if the majority of the population 

is large groups with larger sighting probabilities. We observed this result 

when we compared e1 of (oo,1) and (1,1) in Tables 5.3A, 5.7A and when 

we compared e1 of (oo, 1) and (1, 1) in Tabl s 5.10 and 5.13. When sighting 

probabilities are estimated, it is not obvious when the second error compo-

nent e2 , which is also dominated by large group sizes (see (3.2.8)), will be 

smaller b cause terms such as var(0j) and cov(0j1 , 0 j2 ) are involved. From 

simulation results obtained based on the 'abnormal' simulated population, 

We have observed that when unknown sighting probabilities are estimated 

via logistic regression, it is important for large groups to have large sighting 

probabilities when they are expected to have large sighting probabilities so 

that the estimate of the variance of the population size estimator ( or both 

error components) will not get too large. This also implies that if you don 't 

see most of the animals, estimators will do poorly. 
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6. BOOTSTRAP CONFIDENCE INTERVAL FOR THE 

POPULATION SIZE 

6.1 Introduction 

In chapter 5, we reported on the performance of confid nee intervals for the 

population size constructed using the large sample theory and various transfor-

mations of the population estimate or by assuming that ( TLR - T) has a lognormal 

distribution. In this chapter, we report on the performance of confidence inter-

vals for population size constructed using bootstrap methods. We were unable to 

find an existing bootstrapping procedure which could be directly applied to our 

problem, namely, a finite population of animal groups whose unknown, unequal 

sighting probabilities satisfy a logistic model (2.1.3) . It is not appropriate, in our 

case, to apply the usual bootstrap simple random sample with replacement given 

our phase I and a phase II sampling schemes . Recently, Booth et . al. (1994) and 

Sitter (1992) have proposed sampling without replacement procedures to obtain 

bootstrap samples for stratified random sampling and the Rao-Hartley-Cochran 

method of unequal probability sampling (PPS sampling) of a finite population. 

Neither of these sampling schemes is applicable to our problem. We have therefore 

proposed some procedures for obtaining bootstrap samples for our problem. 

We shall begin with t he case of a complete census of primary units. 

6.2 Case 1: A complete census of primary units 

Vve assume that the needed data to construct a single population size estimate 

are collected in 2 phases. Phase I data coll ction is for estimating the sightabili ty 



model and phase II data collection is for estimating the population size via the 

fitted model obtained in phase I. A single population size stimate thus requires 

2 samples, assumed to be independent, from the population. 

We proposed independent bootstrapping procedures in each phase of sam-

pling. Only bootstrapping in phase II is needed when sighting probabilities are 

known. 

6.2.1 Bootstrapping in phase I 

When we refer to the ' true' sighting trial or ' true' sample, we mean the 

sighting trial is conducted on a real population or on our simulated population. 

When we refer to an empirical sighting trial or empirical sample, we mean sampling 

from an empirical population we generated from the ' true' sample. 

Suppose there are M groups in the 'true ' phase I sample. In the case of a com-

plete census of primary units , these M groups would form the entire population. 

We proposed two bootstrapping procedures in phase I : 

• (1) After the 'true' sighting trial, add to the 'true ' phase I sample the values 

of the indicator function Zj (1 if group j is sighted and O otherwise) , for 

j = 1, 2, ... , M, as a characteristic of the groups. Thereafter, to obtain a 

bootstrap phase I sample, select a simple random sample with replacement of 

size M from the ' true' phase I sample. A new sighting trial is not conducted 

on this empirical population of M groups, rather , the attached indicator 

variable values are used in fitting a sightabili ty model. 

• (2) After the 'true' sighting trial , fit a sightability model based on a 'true ' 

phase I sample and then use it to estimate sighting probabili ties {gJ} of 

all groups in the sample, i.e. for j = 1, 2, ... , M . These estimated sighting 

probabilities {g;} are then attached to the groups, as though they were the 

' true ' sighting probabilities. Then to obtain a bootstrap phase I sample, an 
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empirical sighting trial is conducted with new , independently generated uni-

form random variable values { u1} and the estimated sighting probabilit ies 

{gJ}. In an empirical sighting trial, a group is determined to be sighted or 

not by comparing a randomly generated uniform random number , u1 (gener-

ated jointly independent for the groups), with the corresponding estimated 

sighting probability gJ. If u1 g1, the /h group for j = 1, 2, ... ,M is said 

to be sighted. 

The first procedure is an imitation of the usual bootstrap procedure , i.e. 

simple random sampling with replacement. The second procedure, on other hand, 

is somewhat different from the usual bootstrap method. It uses the fitted model 

of the ' true' phase I sample to obtain the bootstrap phase I sample. We shall 

refer to procedures 1 and 2 as the nonparametric and the parametric procedures, 

respectively. The estimated parameters obtained from bootstrap iterations will 

be refered to as the bootstrap parameter estimates. 

6 .2.2 Bootstrapping in phase II 

Let '/3 0 (see (3.2.4)) be the estimated parameters obtained from the ' true' 

sighting trial of phase I. Also let /3i for i = 1, 2, ... , b be the bootstrap parameter 

estimates of b bootstrap iterations obtained in phase I from either nonparametric 

or parametric procedure. The 'true ' phase II sample is obtained in a second 'true' 

sighting trial conducted independently from the phase I 'true' sighting trial. 

We also proposed two methods to obtain a bootstrap phase II sample. 

• ( 1) - A single empirical population is constructed and independent empir-

ical sighting trials conducted using the phase 1 ' true' sighting parameter 

estimates to estimate sighting probabili t ies for each group of the phase II 

'true' sample. An empirical population is constructed for phas II sampling 

using these estimated probabilities and for selecting the bootstrap phase II 
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samples. Then a bootstrap phase I sample and a bootstrap phase II sample 

are used to construct a population size estimate. 

To construct the empirical population, we used the /30 obtained in phase 

I to get 0oj = 1/ [Joj where [Joj is the estimated sighting probability of the 

Ph sighted group (using '{30 for model (3 .2.4)) in the 'true' phase II sighting 

trial. Then we replicated the Ph sighted group by [0oj + 0.5) times. This 

replication was repeated for all sighted groups in the 'true' phase II sample 

to create an empirical population. The notation [x) where x is a positive real 

number is the largest integer less than x . Next, to obtain a bootstrap phase 

II sample, we used {§oj} as 'true' sighting probabilities for th corresponding 

group in the empirical population. An independent empirical sighting trial 

was then conducted for each bootstrap iteration i for i = 1, 2, ... , bin phase 

II. For each group in the ith bootstrap phase II sample, we used the ith 

phase I bootstrap sample estimated parameters /Ji to construct its sighting 

probability, and hence, to obtain TLR (see (3.2 .5)) and viir(hR) (sum of 

(3 .2.7) and (3.2.9)) . 

• (2) - Procedure (2) differs from procedure (1) only in how the empirical 

population was generated. For each bootstrap phase II sample, a poten-

tially different empirical population was generated. For this procedure, the 

/h sighted group in the 'true' phase II sighting trial was replicated in the 

following way. 

First we generated a U( O, 1) random variate p5. The p1i sighted group was 

replicat d [0o.il times if p5 < l - dec(0oj) and ([0oj] + 1) times otherwise, 

where dec(00J is the decimal part of 0oj-

Since PJ for group j in procedure 2 is a random variate generated indepen-

dently for each phase 2 bootstrap sample, different empirical populations could 
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have been generated for each bootstrap iteration whereas in procedure 1, there is 

only one empirical population for all the bootstrap iterations. 

We shall refer to t he first procedure as procedure (1) and the second proce-

dure as the selection rul . A population size estimate obtained from a bootstrap 

iteration will be referred to as a bootstrap population size estimate. 

6.3 Case 2: Simple random sampling without replacement of primary 
units 

Suppose the survey area is divided into N primary units and a sample of n 

units is selected using simple random sampling. We want to g nerate an empirical 

population of primary units from the sample. We will employ one of the methods 

proposed by Booth et . al. (1994) to generate the empirical population of primary 

units . The method is stated as follows: 

• If N = m is an integer, replicate each selected primary unit m times to get n 

an empiri cal population of m x n = N primary units. 

• If : is not an integ r, replicate each selected primary unit [~ ] = m times. 

Since this will not give us an mpirical population of N primary units , we 

have to fill up the remaining (N - m x n) units . We do that by selecting 

without replacement (N - m x n) units from the sample of n uni ts . 

For each bootstrap iteration, we take a simple random sample without re-

placement of the n primary units from the empirical population to get a sample 

of n primary units. To get an empirical population for the next bootstrap itera-

tion, we simply repeat the step( s) described above. For each bootstrap iteration, 

use the empirical sample of n units and the 'true' sample of secondary units for 

the population size estimator defined in (2.1.2) or (2 .1.4) and the respective unbi-

ased estimator of the variance of the population size estimator derived in (2.2.2) 

or (2 .2.12). 
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The method we just described for bootstrapping the first-stage sampling could 

be easily extended to the case of stratified random sampling. As stated in Booth 

t. al. (1994), simply use this method to generate empirical strata or subpopula-

t ions. 

6.4 Simulation study 

We want to evaluate, using the Monte Carlo method, small sample perfor-

mance of our proposed bootstrapping procedures. In order to study our ideas 

more closely, we examine the case of a complete census of primary uni ts and use 

a smaller simulated population with NI = 54 groups. 

In our sampling scheme, both phase I and phase II samples are obtained by 

making one or more complete passes ( denoted by r 1 in phase I and r 2 in phase 

II) through the population. We will use the same notation (r1 , r 2 ) defined in 

s ction 5.3 to denote the number of complete passes made in phase I and phase II , 

respectively, to construct a single population size estimate. Computer programs 

for this simulation study are listed in the Appendix. 

6.4.1 Simulated population I 

We randomly selected M = 54 groups from the composite data of A,1 = 107 

groups of the Pennsylvania elk data. This simulated population has a population 

size of 422 (Ef=754 Yi = 422) . To make things even simplier, we consid red the 

following sightability model : 

gj 
log -- = /Jo+ Xj/31-l - gi 

(6.4.1) 

where Xj is the group size of group j . This is asp cial case of the model defined 

in (3.2.4) where there is only one independent variable involved. 
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6.4.2 Phase I 

In phase I, we evaluate the credibility of our proposed procedures by mea-

suring the bias of the average of a set of b bootstrap parameter estimates jji for 

i = 1, 2, ... , b relative to /30 , the parameter estimates obtained from the 'true' 

sighting trial of phase I. 

One hundred 'true' phase I sighting trials (S = 100) with r 1 = 1 were con-

ducted on the simulated population and these S = 100 'true' phase I samples 

were used to valuate both nonparametric and parametric procedures. Based on 

each ' true' phase I sample, we obtained b = 1000 bootstrap parameter estimates 

/3i for i = 1, 2, ... , 1000. The average of these 1000 bootstrap parameter estimates 

is then compared with (3 0 , the parameter estimate obtained from fitt ing the 'true' 

phase I sample to get a bias in %. 

Table 6.1 shows, for both procedures, the mean and the standard errors of 

100 estimates of bias in %, i.e. ('/3~~0 100) . 

Table 6.1 Mean and standard error of 100 biases on S = 100 ' true' phase I samples with 
r-1 = 1, using nonparametric and parametric procedures of phase I 

Nonparametric 

Variable S Mean 

BETA_O 
BETA_1 

Parametric 

100 -7.79 
100 13.60 

Variable S Mean 

BETA_O 
BETA_1 

100 - 7.24 
100 23.72 

Std Err 

0.49 
1. 22 

Std Err 

1.02 
3 . 14 

HO: bias=O 
z - stat 

-15.90* 
11.15* 

p- value 

0.00 
0.00 

HO: bias=O 
z -stat 

- 7 . 10* 
7.55* 

p-value 

0 . 00 
0 . 00 

We compute a z-statistic to test the equality of average bias b tween two pro-

cedures for both parameters. The z-statistics are -0.486 for {30 and -3.001 
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for /31 . Therefore, the difference between average bias of bootstrap estimates of 

(30 obtained using nonparametric and parametric procedures is not significant at 

o: = 0.05 level However , the average bias of bootstrap estimates of /31 obtained 

using parametric procedure is significantly larger than that obtained using non-

parametric procedure at o: = 0.05 level. We repeated this run with various sets of 

100 'true' phase I samples and we obtained similar results. According to Cochran's 

( 1977) working rule ( see subsection 5 .1.1) , since the ratio B / a = bias/ std err is 

more than 0.7 for simulation results in Table 6.1 , bias of bootstrap parameter 

estimates obtained using either of the procedures is not negligible. 

We further evaluate these two procedures by considering r 1 = 2, making 

two complete passes through the population. By doing so, we have increased the 

sample size. The simulation results for S = 100 ' true ' phase I samples are as given 

in Table 6.2 . 

Table 6.2 Mean and standard error of 100 biases based on S = 100 'true' phase I sighting 
trials with r 1 = 2, using nonparametric and parametric procedures of phase I 

Nonparametric 

Variable S Mean 

BETA_O 
BETA_! 

Parametric 

100 -3.81 
100 6 . 43 

Variable S Mean 

BETA_O 
BETA_ ! 

100 -3 . 74 
100 12.56 

Std Err 

0.17 
0 .32 

Std Err 

0 . 09 
0 . 15 

HO: bi as==O 
z-stat 

-22.41* 
20.09* 

p-value 

0.00 
0.00 

HO: bias=O 

z-stat 

-41. 56* 
83 . 73* 

p-value 

0 . 00 
0.00 

Average bias is about half of that in Table 6 .1 when r 1 = 1. The z-statisti cs for 

tes ting equality of average bias between the two procedures are -0.341 for /30 and 

-17.433 for /31 . Therefore, the difference between the average bias of bootstrap 
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estimates of /30 obtained using nonparametric and parametric procedur s is not 

significant at a = 0.05 level. However, the average bias of bootstrap estimates of 

/31 obtained using parametric procedure is significantly larger than that obtained 

using nonparametric procedure at a = 0.05 level. 

The ratio B / a > 2 ( Cochran, 1977) indicates that bias of bootstrap param-

eter estimates obtained using either of the procedures is still significant . This 

observation, however, does not explici t ly indicate that these procedures will be 

unsuccessful in estimating sighting probabilities. We now proceed to test the two 

procedures we proposed for phase II. 

6.4.3 Phase II 

To evaluate the procedures we proposed for phase II without phase I, we as-

sume that the sighting probabilities are known. We conducted 1000 'true' sighting 

(r2 = 1) trials on our simulated population of M = 54 groups. In other words, 

we make r 2 = 1 complete pass ( or ( oo , 1) using the notation we defined in chapter 

5) of the simulated population to obtain one phase II sample. For each sample, 

we ran b = 500 bootstrap iterations to obtain 500 bootstrap +1r (see (3.2 .1 )). \Ve 

also evaluated var(hR) (see (3 .2.3)). With the (5t/1, 95 th ) percentiles and (2.5t\ 

97.5 th ) percentiles of the sampling distribution of 500 bootstrap +1r, we form a 

2-sided 90% and a 2-sided 95% bootstrap confidence intervals for T, the true pop-

ulation size. This will be referred to as the percentile method (Efron, 1981a, 1982). 

We also obtained bootstrap t- statistics (Booth et. al., 1994) for those bootstrap 

f 1r 's as follows: 
T -To t - --;::'Tr=== 

- Jvar( f 1r)' 
(6.4.3) 

where f0 is the population size estimate obtained using the 'true' sample. Note 

that the bootstrap t-statistic does not necessarily has the distribution of the 

student t-statistic. To get confidence intervals for T, we use th 5th , 95th , 2.5th , 
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97 .5th perc ntil s of the sampling distribution of 500 t-statistics , with f0 and 

var( f0 ) to compute the bounds. To obtain another set of confidence intervals, we 

replace var( f0 ) with the observed standard variation &1r of those 500 bootstrap +1r . 

If our proposed bootst rap procedures are appropriate, coverage rates of t hese 

confidence intervals for the true population size ( =422) should be close to their 

respective actual levels. Simulation results are tabulated in Table 6.3. 

Table 6 .3 True population size coverage rates of 1000 bootstrap confidence intervals 
constructed based on 1000 'true' phase II samples, using 500 bootstrap iterations , when 

sighting probabilities are known1 

Using bootstrar:1-t statist ic 
with Jvar(fo) with &" 

Con f idence level 90 95 90 95 90 95 
Procedure 1 89.4 93.0* 86.5* 91* 86 .3* 90.9* 

Met hod 
Selection Rule 92.5* 96.7* 91.4 94.0 92.7* 94.9 

Recall, from subsection 5.1.2, that for k = 1000 population estimat ion trials , a 

coverage rate is not different from the actual level at 0.05 level of significance if 

i t is within 90% ± 2% and 95% ± 1.4%, both inclusive, for 90% and 95% actual 

levels respectively. The results in Table 6.3 show that coverage rates of boot-

strap confidence intervals constructed using the selection rule and the bootstrap 

t-statistic with Jvar( f0 ) , the estimated variance of the population size estimate 

obtained based on the 'true' phase II sample, were reasonable. Coverage rates of 

other bootstrap confidence intervals were different from respective nominal levels 

at 0.05 level of significance. To obtain the results in Table 6.3, we have used a 

small phase II sample of 54 groups and population size 422. 

1Coverage rates with * are different from actual levels at 0.05 level of significance as they 
ar not within 90% ± 2% and 95% ± 1.4%, respectively 
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6.4.4 Combining phase I and phase II 

vVe combine each bootstrap procedure of phase I with each bootstrap pro-

cedure of phase II, thereby giving us 4 possible methods to obtain a bootstrap 

confidence interval for population size when unknown sighting probabilities are es-

timated using logistic regression. The simulated population is the composite raw 

data from Pennsylvania with (5.2.2) as the true sightabili ty model. The sightabil-

ity model has three pr dictors : the natural log of group size, the behavorial code 

and percent vegetation cover. There are M = 107 groups in the population and 

the population size is T = 834. We consider (1 , 1) , i.e. we make 1 complete pass 

through the population in phase I and 1 complete pass through of the population 

in phase II. 

We simulate 1000 pairs of 'true' phase I and phase II samples. Based on 

each ' true' phase I sample, one set of 500 bootstrap estimated parameters are 

obtained using the nonparametric procedure or the parametric procedure. This 

set of bootstrap estimated parameters ar matched with 500 bootstrap phase II 

samples generated using by procedure 1 or the selection rule from th paired 

' true' phase II sample to construct 500 bootstrap population size estimates . A 

bootstrap confidence interval is then constructed using the percentile method. This 

is repeated for 1000 pairs of 'true' phase I and phase II samples to give us 1000 

bootstrap confidence intervals . Coverage rates for the true population size of these 

1000 bootstrap confidence intervals are tabulated in Table 6.4. 

In addition, for each bootstrap iteration in phase II, we constructed log( fb -

n), where fb is the bootstrap population size estimate and n is the number of 

animals seen in the bootstrap phase II sample. We then constructed a boot-

strap interval using percentiles (st\ 90 th percentiles for a 90% confidence interval 

and 2.5t\ 97.5th percentiles for a 95% confidence interval) from the sampling dis-

tribution of 500 log( fb - Tb) with T0 , the number of animals seen in the 'true' 
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phase II sample. For example, a 90% bootstrap confidence interval would be 

( xp(log( f-b - n)o.05) + To , ( exp(log( Tb - n)o.95) + To). The reason for considering 

this method is we have observed from our simulation results in chapter 5 that 

interval estimates constructed by assuming log( f- -T) is normally distribut d had 

reasonable coverage rates for true population size and shorter estimated interval 

widths. Coverage rates of these bootstrap confidence intervals are also reported 

in Table 6.4. 

Table 6.4 True population size coverage rates of 1000 bootstrap confidence intervals 
constructed based on 1000 pairs of (1 ,1) ' true' phase I and phase II samples for the composite 
data of M = 107 groups and size r = 834 from Pennsylvania with (5.2.2) as the true model, 

using 500 bootstrap iterations . 2 

Nonparametric procedure of Phase I with 

Confidence 

Phase I I method 
Procedure 1 

Average interval width 
Selection Rule 

Average interval width 

90 
87.0*(11.7) 

597 
90.7(6.4) 

606 

95 
93.0*(6.7) 

811 
95.8(3.3) 

815 

Parametric procedure of Phase I with 

Phase II method 
Procedure 1 

Average interval width 
Selection Rule 

Average interval width 

90 
81.7*(17.9) 

475 
89.6(9.7) 

494 

Con fidence 

95 
87.7*(12.0) 

634 
93.8(6.1) 

661 

Level 
Using log( r - T) 

90 95 
84 .7*(9.5) 91.7*(5.5) 

549 754 
85.1*(8.9) 90.8*(5.6) 

547 748 

Level 
Using log( r - T) 
90 95 

82.5*(15.5) 88.9*(10.1) 
424 575 

84.6*(13.2) 90.2*(9.0) 
433 590 

W see that for both nonparametric and parametric procedures in phase I when 

combined with the selection rule in phase II have observed coverage 1 v ls that 

are not significantly different from nominal levels. All other bootstrap confidence 

2Coverage rates with * are different from actual levels at 0.05 level of significance as they 
are not within 90%±2% and 95%± 1.4%, respectively. Numbers in parentheses are percentages 
of intervals with an upper bound lower than the true population size. 
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intervals have coverage rates 5 - 10% lower (p < 0.05) than nominal 1 vels . We 

also see that intervals constructed using the nonparametric procedure in phase I 

are longer on average and coverage rates have improved, though not very much 

improvement for those using log( f - T) . We noticed that on average, lower and 

upper bounds of intervals constructed using the nonparametric procedure were 

about 20 and 100 more than lower and upper bounds of intervals constructed 

using the parametric procedure. So, for using nonparametric procedure, the per-

centage of confidence intervals not covering the true population size because the 

upper bound is too low ( compare parenthesized numbers) has decreased, quite sig-

nificantly in some cases. For using the nonparametric procedure, sine the average 

lower bound is also higher, the percentage of confidence intervals not covering the 

true population size because the lower bound is too high has also increased a little. 

We have observed that at least 90% of the time, the number of groups and 

animals seen in a bootstrap phase II sample generated using procedure I in phase 

II is less than those in a phase II sample generated using the selection rule. We 

also noticed that for using the parametric procedure in phase I, among those 

intervals that did not cover the true population size, majority of them have an 

upper bound lower than the true population size (see parenthesized numbers next 

to coverage rates). 

We have also constructed bootstrap t confidence intervals as described in 

subsection 6.4.3. For this method, we need to estimate variance of the population 

size stimator for each bootstrap phase II sample. Using SAS coding on U IX 

System V Release 4.0 SunOS 5.5 machines, the CPU time required to obtain one 

bootstrap-t confidence interval is about 15 minutes. This is at least 8 times the 

CPU time required to obtain one bootstrap interval using the percentile method. 

The longer CPU time is due to the computation of estimated variance of the 

population size estimator of a bootstrap phase II sample. For this method, since 
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it is time consummg, we generated only 300 pairs of (1,1) phase I and phase 

II samples. Table 6.5 contains the preliminary simulation result of using the 

parametric procedur in phase I with 500 bootstrap iterations. 

Table 6.5 True population size coverage rates of 300 bootstrap t confidence intervals 
constructed based on 300 pairs of (1,1) ' true ' phase I and phase II samples for the composite 
data of M = 107 groups and size r = 834 from Pennsylvania with (5.2.2) as the true model, 

using 500 bootstrap iterations.3 

Parametric procedure of Phase I with 

Phase II m ethod 
Procedure 1 

Average interval width 
Select ion Rule 

Average interval width 

Con fidence Level 
with var( fo) 

90 95 
68.0*(32.0) 71.3*(28 .7) 

538 669 
75. 7*(24.3) 77. 7*(22 .3) 

584 726 

with ULR 
90 

73.3*(26.7) 
955 

82.7*(17.3) 
1004 

95 
76.0*(24.0) 

1191 
87.3*(12 .7) 

1253 

The notation &in denotes the standard deviation of the 500 population size es-

timates construct d based on 500 bootstrap phase I and II samples . Notice how 

poor these coverage rates are although average interval widths are longer than 

those in Table 6.4. These bootstrap t confidence intervals are shifted to the left. 

lower (much lower than the number of animals seen in the 'true' phase II sample 

and are negative when we use the bootstrap t-statistic with &LR) than those 

of confidence intervals constructed using the percentile m ethod and by assuming 

log( f - T) is normally distributed whose coverage rates are in Table 6.4. Average 

upper bounds of these bootstrap t confidence intervals are also about 300 - 400 

lower than those of confidence intervals whose coverage rates are in Table 6.4. 

These bootstrap t confidence intervals are so shifted to the left that all intervals 

not covering the true population size have upper bounds less than the true pop-

ulation size (see parenthesized numbers in Table 6.5). We think that this shift is 

3Coverage rates with* are different from actual levels at 0.05 level of significance as they are 
not within 90% ± 3.5% and 95% ± 2.5%, respectively. umbers in parentheses are percentages 
of intervals with an upper bound lower than the true population size. 
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due to t he inconsistency of the estimated variance of the population size estima-

tor . We observed in chapter 5 that one needs a phase I and phase II sample of 

at least size 464 each to get a confidence interval of reasonable coverage rate. For 

the simulation result in Table 6.5, we used a phase I and phase II sample of 107 

each. We will probably have to increase the sample size to improve the bootstrap 

t intervals. That will require a longer CP U time to compute estimated variances 

of the population size estimator and thus, to obtain bootstrap t confidence inter-

vals. Using a lower level computer language such as Fortran or C+ could speed up 

simulations of bootstrap t confidence intervals. We also think that using the non-

parametric instead of the parametric procedure in phase I, bootstrap t confidence 

intervals will probably give similar coverage rates. This conclusion is based on the 

observation from Table 6.4 that coverage rates of confidence intervals constructed 

using both parametric and nonparametric procedures in phase I are similar. 

6 .5 D iscussion 

Results from the simulation study of our proposed bootstrap procedures in 

phase I and phase II were encouraging. We summarized our simulation results as 

follows. 

• Obtained using both nonparametric and parametric procedures in phase I, 

biases of bootstrapped estimated parameters of fitted logistic models ar not 

negligible according to Cochran's (1977) working rule. This simulation result 

is obtained based on 1 and 2 complete passes through a simulated population 

of 54 groups and size 422 elk with a t rue one predictor, which is the group 

size, sightability model. However, this result does not explicitly imply that 

these procedures will be unsuccessful in estimating sighting probabilities. 

In fact, when we combined these phase I bootstrap procedures with those 

phase 11 bootstrap procedures, based on another simulated population, we 
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obtained bootstrap confidence intervals with reasonable coverage rates of 

the true population size. 

• Based on 1000 complete passes for population size estimation only ( or ( oo, 1)) 

of the same simulated population of 54 groups of elk (sighting probabilities 

are known), coverage rates of confidence intervals constructed using the se-

lection rule in phase II and the bootstrap t-statistic with / var( To) is not 

different from nominal levels at 0.05 level of significance. Note that var( To) 

is the estimated variance of population size estimator obtained based on the 

'true' phase II sample. Coverage rates of confidence intervals constructed 

using the percentile method were too high for the selection rule. Cover-

age rate of the 95% confidence interval constructed using procedur I and 

the percentile method was low. We saw later when we combined bootstrap 

procedures in phase I and phase II, based on another simulated population, 

coverage rates of confidence intervals constructed using the percentile m ethod 

were reasonable for the selection rule and much lower for procedure I. 

• When sighting probabilities are not known and estimated via logistic re-

gression, we used the simulated population (the composite raw data from 

Pennsylvania) of 107 groups and size 834 elk with (5 .2.2) as the true sighta-

bility model. In addit ion to using the percentile m ethod, we constructed a 

bootstrap confidence interval based on the assumption that log( Tb - T6) is 

normally distributed, where Tb and n are the population size estimate and 

the number of animals seen of a bootstrap phase II sample. We saw that 

when both nonparametric and parametric procedures in phase I are com-

bined with the selection rule in phase II, observed coverage levels are not 

significantly different from nominal levels . All other bootstrap confidence 

intervals have coverage rates 5 - 10% lower than nominal levels. W also 
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see that intervals constructed using the nonparametric procedur in phase 

I were longer on average and coverage rates have improved but are still low 

when confidence intervals are not constructed using the s lection rule with 

the percentile m ethod. We observed that for using the parametric procedure 

in phase I, among those intervals that did not cover the true population size, 

majority of them have an upper bound lower than the true population size 

( see parenthesized numbers next to coverage rates) . 

• vVe observed that possibly larger phase I and II samples are needed to ob-

tain a bootstrap t confidence interval of reasonable coverage. With smaller 

phase I and II samples, the bias correction method of Efron (1987) with an 

acceleration constant may provide improved bootstrap intervals constructed 

by the percentile m ethod and by assuming that log( f - T) is normally dis-

tributed using a smaller sample. This improved bootstrap bias-correction 

method is called the BCa method. Efron (1987) has proved and demon-

strat d that the BC a method gives second-order correct ( asymptotically in 

Edgeworth expansion) intervals under reasonable conditions. He also gave 

examples where the BCa endpoints match those of the corresponding ex-

act intervals. However, he also showed that if this second-order accuracy is 

desired, it requires a lot more bootstrap replications , on the order of 1000. 

For a preliminary result of Efron 's bias correction method , we simulated 100 

pairs of (1,1) phase I and II ' true' samples and for each pair of phase I and II sam-

ples, we ran b = 3000 bootstrap iterations with the parametric method in phase 

I and both bootstrap . We estimated the acceleration constant a by taking one 

sixth of the estimated skewness of the 3000 population size estimates constructed 

based on bootstrap phase I and II samples. We restricted the acceleration con-
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stant and the bias correction constant z0 to between -0.2 and 0.2 (Efron, 1987). 

The simulation results are in Table 6.6. 

Table 6 .6 True population size coverage rates of 100 bias-corrected BCa confidence intervals 
constructed based on 100 pairs of (1 ,1) ' true' phase I and phase II samples for the composite 
data of M = 107 groups and size T = 834 from Pennsylvania with (5 .2.2) as the true model, 

using 500 bootstrap iterations. 4 

Parametric procedure of Phase I with 

Phase II m ethod 
Procedure 1 

Average interval width 
Selection Rule 

Average interval width 

90 
91.0(3.0) 

2563 
92.0(2.0) 

2604 

Confidence 

95 
96.0(2 .0) 

3290 
96.0(2.0) 

3332 

Level 
Using log( f - T) 

90 95 
80 .0*(8.0) 90.0*(5.0) 

834 1316 
80.0*(8.0) 90.0*(5.0) 

822 1280 

Coverage rates of confidence intervals constructed usmg the percentile m ethod 

using procedure I in phase II have improved and ar now not significantly different 

from nominal levels. For confidence intervals constructed with the assumption 

that log( f - T) is normally distributed, coverage rates did not improve. For all 

confidence intervals , average lower bounds are much larger than those without bias 

correction. At least half of those confidence intervals that did not cover the true 

population size have lower bounds larger than the true population size. Average 

upper bound and average interval width of confidence intervals constructed using 

the percentile method are much larger ( up to a couple of thousands) than those 

without bias correction. It looks like upper bounds constructed using this bias 

correction are blown up too much. For those constructed with the assumption 

that log( f -T) is normally distributed, average upper bound and average interval 

width are a few hundreds larger than those without bias correction. We noticed 

that average lower bound constructed with the normal distribution assumption 

4 Coverage rates with * are different from actual levels at 0.05 level of significance as they 
are not within 90% ± 6% and 95% ± 4.4%, respectively. Numbers in parentheses are percentages 
of intervals with an upper bound lower than the true population size . 
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are higher (about 40 more) and average upper bound are much lower than (about 

half) those constructed without the normal distribution assumption. Therefore, 

in this case, lower bounds need to be adjusted lower and upper bounds need to be 

blown up a little bit more to have a better coverage rate of the true population 

size. 
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7. LOGISTIC MODEL SELECTION FOR UNKNOWN SIGHTING 

PROBABILITIES 

7.1 Introduction 

When sighting probabilities are unknown, we assume that a useful sightability 

model is a logistic model defined in (2.1.3). Although in reality the true model is 

much more complex than any other fitted model can be, we want to fit a logistic 

model that is not only useful and suitable but also parsimonious. This involves 

choosing appropriate independent variables and in some cases, transforming some 

or all of those independent variables. Some conventional measures for logistic 

model selection are the AIC (Akaike Information Criteria), Likelihood Ratio test 

and p-values for hypothesis testing specified parameters are zero. 

Group size and percent vegetation cover were found to be influential indepen-

dent variables in 3 elk sightability data sets (Colorado Department of Wildlife, 

Pennsylvania Game Commission and Idaho Department of Fish & Game). How-

ever , use of the natural log of group size might give a better fit (Samuel et. al., 

1987). In view of this, for the simulation study in chapter 5, we have used sighta-

bility model (5 .2.1 ) with group size and model (5.2.2) with natural log of group 

size for both the simulated population of M = 116 groups and size T = 866, 

and the composite data of M = 107 groups and size T = 834 which is labeled as 

population P enn (see section 5.2) . We use these simulated populations again for 

our simulation study of logistic model selection. 

During estimation of sightabili ty model in our simulation study, we consider 

the full model (with all 3 independent variables) and 2 one-predictor models with 



group size ( or natural log of group size) and percent vegetation cover as the only 

independent variable. This is because it was found that group size and percent 

vegetation cover are two influential independent variables. We will refer to both 

one-predictor models as the short models. In addition to comparing AIC , we 

want to diagnose the adequacy of all three models by evaluating the performances 

of asymptotically unbiased estimators of the population size and the variance 

of the population size estimator in terms of bias relative to the expected value 

and variance of the population size estimator. We will also compute the bias of 

estimated variance of the population size estimator relative to the observed or 

sample variance of simulated population size estimates. Confidence intervals for 

population size will also be constructed as described in section 5.1.2. 

7 .1.1 Expectation and covariance matrix of estimated parameters when 
the fitted model is simpler than the full model 

vVhen sighting probabilities are unknown and are estimated using logistic 

regression, error components of variance of the population size estimator presented 

in chapters 2 and 3 were derived under the assumption that the fitted model is 

the full model and E(0) = 0 (asymptotically). Under this assumption, the 

population size estimator and the estimator of each error component of variance 

of the population size estimator stated in chapters 2 and 3 are (asymptotically) 

unbiased. Fitting a simpler model than the full model, such as the short model, 

violates this assumption because we may not have E('/3) = /3 , where /3 are true 

the parameters. When '/3 is biased, our population size estimator will no longer 

be unbiased. Also, our expressions for the error components of variance of the 

population size estimator may be incorrect and hence, the estimator for each error 

component may no longer be unbiased. 

When, say, a short model is fitted to a phase I sample, to derive theoretically 

the bias and the mean-squared-error in estimating the population size relative to 
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fitting a full model, we need to know E('/3) and cov('/3). If we have expressions for 

xpectation and covariance matrix of the estimated parameters, we will be able 

to derive approximate expectation and variance of the population size estimator 

using the delta method. Derivation of E('/3) and cov('/3) will not be as direct as that 

for linear models because for logistic models, estimated parameters obtained by 

maximizing the likelihood function are iterative reweighted least square estimates. 

So, E('/3) will also be obtained iteratively. 

From ( 4.32) in Agresti (1990), the iterative expression for obtaining ,a(t+l) of 

the ( t + 1 )lh iteration is 

(7 .1.1 ) 

where X is the matrix of covariates, v-i(t) is the diagonal matrix with {gJt)(l -

gY)n on the diagonal , y is the vector of indicator functions z.i of the /h group 

in a phase I sample and m(t) is the vector of {gY)}. Recall that 9i is the sighting 

probability of th /h group in a phase I sample and Zi is 1 if the /h group is 

sighted and O otherwise. So gy) is the estimated sighting probability of the /h 
group obtained based on ,a(t) of the fh iteration. In our simulation study, the 

matrix of covariates for :fitting the full model is X = (1, Xj, 1 , Xj, 2 , Xj,3)~1 where 

x j, I =group size or natural log of group size, Xj,2=behavioral code and Xj,3 =percent 

vegetation cover (see (5 .2.1 ), (5.2.2)) of the /h group while the matrix of covariates 

for the short models are X = (1, Xj, 1 ) and X = (1, X j,3 ). The expectation of (7 .1.1 ) 

lS 

(7.1.2) 

where E(y) is the vector of E( Zj) = 9i · With the same initial values and conver-

gence criteria procedure LOGISTIC in SAS used for obtaining 'jj by convergence 

of (7.1.1), we obtain E('/3) by convergence of (7.1.2) . The estimated covariance 
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matrix wv("jj) of estimated parameters of a fitted model is 

(7.1.3) 

where v- 1 is the diagonal matrix with {gj(l - gj)} on the diagonal such that 

gj is the estimated sighting probability obtained based on E("jj) and v-1* is the 

diagonal matrix with {gj( l - gj)} as diagonal elements. If we fit the full model, 

(7 .1.2) will converge to the true parameters. Also, v -i(t) will converge to v- 1* 

and thus, (7.1.3) will reduce to wv("jj) = (X'V-1* Xt 1 , the estimated covariance 

matrix of estimated parameters of a fitted full model. We have therefore derived 

expressions to obtain E("jj) iteratively and wv(bda) for estimated parameters "jj 

of a fitted model simpler than the full model. 

1. 1. 1.1 Simulation study 

We evaluated, for th short models, the performance of E("jj) obtained from_ 

(7.1.2) and wv("jj) obtained from (7.1.3) by comparing their values to the average 

of 1000 estimated parameters and the sample covariance matrix of these estimated 

parameters obtained based on k = 1000 simulated phase I samples. We considered 

the four simulated populations we used in chapter 5. They are : 

• (l)The simulated population of .A1 = 116 groups and size T 

sightability model (5.2.1) as the true model, 

• (2)The simulated population of M = 116 groups and size T 

sightability model (5 .2.2) as the true model, 

• (3)The simulated population of M = 107 groups and size T 

sightability model (5 .2.1) as the true model, 

• ( 4)The simulated population of M = 107 groups and size T 

sightability model (5.2.2) as the true model. 
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As in chapter 5, we considered the case of a complete census of primary units 

(see section 3.2.2). Each phase I sample is obtained with 1 complete pass through 

the simulated population. For fitting the short models , the following tables show 

the bias (%) of E('/3) relative to (/Jo, /J1), the average of 1000 (iJo , 'ff;_) , for all 4 

simulated populations. In other words, we compute ( E(/'JJ-@) 100. Results in 

Table 7.0A are for fitting the group size (or log(group size)) short model and and 

results in Table 7.0B are for fitting the vegetation cover short model. 

Table 7.0A Considering the short model of taking the group size or the natural log of group 
size as the only predictor , bias(%) of E(fJ) , obtained from computing (7 .1.2) iteratively, 

relative to the average of 1000 estimate parameters obtained based on 1000 phase I samples 

Simulated population E(fJ) (f3o , f31) Bias(E(f3) , f3) 
Average of 1000 (Po, P1) 

1 ( -0.3254, 0.0963) (-0.3512 , 0.1018) (7 .35, -5.40) 
2 (-0.6256 , 0.6532) (-0.6321 , 0.6644) (1.03 , -1.69) 
3 (-0.5831 , 0.1232) (-0.6148, 0.1318) (5 .16 , -6.53) 
4 (-1.0593 , 0.8709) (-1.0791, 0.8852) (1.83 , -1.62) 

Table 7.0B Considering the short model of taking the percent vegetation cover as the 
independent variable, bias(%) of E(fJ), obtained from computing (7 .1.2) iteratively, relative to 

the average of 1000 estimate parameters obtained based on 1000 phase I samples 

Simulated population E(fJ) (f3o ' fJi) Bias(E(fJ) , :0) 
Average of 1000 (Po, P1 ) 

1 (1.4849 , -0.0297) (1.5187, -0.0306) (-2 .23 , 2.94) 
2 (1.4988 , -0.0296) (1.5286 , -0.0301) (-1.95 , 1.66) 
3 (1.9999 , -0.0428) (2 .0526 , -0.0439) (-2 .57 , 2.51) 
4 (1.9994 , -0 .0427) (2 .0477 , -0.0440) (-2 .36, 2.96) 

In Table 7.0A, standard errors of the average of 1000 estimated parameters are 

0.0077, 0.0095, 0.0088 , 0.0106 for /Jo and 0.0010, 0.0056 , 0.0013 , 0.0063 for /J1 for the 

4 simulated populations respectively. In Table 7.0B, standard errors are 0.0110519, 

0.0110807 , 0.0131172, 0.0125918 for /Jo and 0.00027701 , 0.00021242, 0.00023082 , 

0.000284954 for /j1 respectively. We can see from above tables that E('/3) was very 

close to the average of 1000 estimated parameters. The largest bias was 7.35% of /Jo 
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in Table 7.0A. We will not list the bias of cov('/3) obtained from (7.1.3) with respect 

to the sampling covariance matrix of 1000 (/Jo, /J1 ). We observed that cov('/3) was 

fairly close to the sampling covariance matrix in terms of bias. In Table 7.0A, bias 

is less than a two tenth of the (observed) standard deviation of the estimate, i.e. 

i/Ji - E(/Ji )l/a-(/Ji ) < 0.2 for i = 0, 1. In Table 7.0B , i/Ji - E(/Ji)j/a-(/Ji ) < 0.15 for 

i = 0.1. According to Cochran's (1977) working rule, the bias is at most modest . 

We will use those values of E('/3) and cov('/3) we obtained to compute ap-

proximate values for E(hR), the expectation of population size estimator, and 

var( TLR), the variance of population size estimator, of fitt ing the short models . 

We could then compute approximate values of the bias and the mean-squared-

error ( = var( TLR) + bias2
) in estimating the population size of fitting a short 

model relative to a full model. 

7 .1.2 Expectation and variance of the modified Horvitz-Thompson es-
timator when the fitted model is simpler than the full model 

Consider the special case of a complete census of primary units. When a 

short model is fitted based on a phase I sample, the expectation and variance of 

the modified Horvitz-Thompson population size estimator (see (3 .2.5)) are 

M 
E(hR) = L gj yjE(0 j ), (7.1.4) 

j=l 

and 
M M 

var(hR) L var(ZjyjE\) + L cov(Zjy/3j, Zj'Yj'E>j') 
j=l jf-j' 

M M 
L [gjvar(0j ) + gj (l - g_7)(E(0j)) 2

] + L 9j9j 1cov(E>j , 0 j,), (7 .1.5) 
j=l jf- j ' 

wh re 0 j = 1/'fii = 1 + e- x')3 -xrExi/2 such that '/3 are estimated parameters of a 

fitted short model and E is the covariance matrix of the estimated parameters. We 
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will use the delta method to derive approximate expressions for E(0i), var(0j) 

and cov(0i, 0i') in terms of E('jj) and ~ -

To begin with , we assume that cov('jj) and so, our task is reduced to de-

riving approximate expressions for E( e-x'J3), var( e-x'J3) and cov( e-x'J3 , e-x>f3) . 

With Taylor's expansion to the first order, we obtain 

( 
x' f.l ) 2x' E(f.l) 1 var e- j /J ~ e- j /J x -~x · ~ J J) 

and 

Thus, we have 

(0- ) 2x' E( f.l ) x' Ex · 1 _, var - · ~ e- j /J - j 1 X ·LiX · J ~ J ]) 

and 

(0- 0- ) -(xj+x1 ,)E({3)-x1'-Exj/2-x'.,Ex1-,/2 1 _, 
COV - j, - j' e 1 X jLiX j ' • 

We used the value of E('jj) obtained from the convergence of (7.1.2) and let 

cov('jj) obtained from (7.1.3) for above approximate expr ssions. We then used 

these approximate values for (7.1.4) and (7.1.5) to obtain approximate values of 

E( hn) and var( hn). These results can be extended easily to the case of simple 

random sampling of primary units in chapter 2 and the other 2 special cases in 

chapter 3. In expressions of E(0i), var(0j) and cov(0j, 0 5), simply replace 0 j 

and Xj by 0 ij and Xij where subscript i indices the primary units. ote that 

we did not find approximate expressions for individual error components of the 

variance of the population size estimator. 
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7.2 A simulation study 

Consider the case of a complete census of primary units. For each simulated 

population, we generated k = 1000 (r1 , r 2 ) = (1 , 1) population estimation trials. 

In other words, for each population estimation trial, we make r 1 = 1 complete 

pass through the population to obtain a phase I sample and r 2 = 1 complete 

pass through the population to obtain a phase II sample. Based on the phase I 

sample, 3 estimated sightabili ty models ( fitting the full and both short models) 

are obtained. Then, with each fitted mod 1 and the phase II sample, we compute 

population size estimates (see (3.2.5)) . Along with each population size estimate, 

we compute estimates of both error components (see (3.2. 7) and (3.2.9)) and thus , 

estimated variance var( hR) of the population size estimator. For each simulated 

population, we also computed approximate values of E( hR) and var( hR) for the 

short models. As we did not have explicit expressions for the two error compo-

nents, we will not evaluate their performances . We evaluate the performance of 

E(hR) by computing its biases (%) relative to the true population size T and 

relative to the average of 1000 population size estimates . We evaluate perfor-

mances of the estimated variance var( hR) and the approximate variance var( TLR) 

by computing their bias relative to the sample variance of 1000 population size 

estimates . 

7 .3 Simulation result 

Approximate values of E( T£R), var( T£R) and averages of 1000 simulated esti-

mates of the population size, TLR, and 1000 estimated variances of the population 

size estimator, var(hR), are tabulated in Tables 7.lA, 7.2A, 7.3A and 7.4A for 

4 simulated populations respectively. As in chapter 5, notation bias( x, y) de-

note the bias (%) of x relative to y, i .e. x-u 100%. Coverage rates of 90% and y 

95% nominal confidence interval estimates for population size are tabulated in 
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Tables (7.lB,7.lC), (7.2B ,7.2C), (7.3B,7.3C) and (7.4B,7.4C) respectively. In 

all tables, we use labels full, group and veg to refer to fitting the full and 

both short models. In Tables 7.lA, 7.2A, 7.3A and 7.4A, we listed the ra-

tios lhR - TI/Jobserved var(hR)I and IE(hR) - hRI/Jobserved var(hR)I- By 

Cochran's (1977) working rule, the first ratio is to evaluate the bias of the pop-

ulation size estimate relative to the true population size and the second ratio is 

to evaluate the bias of the approximate value of E( T£R) as an estimate of the 

expected population size estimate. We also listed the approximate estimated 

mean-squared-error ( MSE = var( T£R) + ( T£R - T )2) of estimating the population 

size based on a fitted short model. 

In Tables 7.lA, 7.2A, 7.3A and 7.4A, we see that fitting the short model group 

with group size as the only predictor gave a population size estimate as good as 

fitting full, the full model. Largest bias was only -1.28% and the ratio lhR -

Ti/Jobserved var was 0.14 in Table 7.2A for estimating the population size T = 

866 of the simulated population of l\ll = 116 groups, with sightability model 

(5.2 .2) as the true model. According to Cochran's (1977) working rule, the bias 

of 'TLR relative to the true population size T is at most modest. Standard errors 

(parenthesized numbers right next to the average population size estimate) of the 

mean of 1000 population size estimates were also smaller than ( about half) their 

respective values of fitting the full model. The sampling or observed variance of 

1000 simulated population size estimates were about a third of that fitting the 

full model in Tables 7.lA, 7.2A, about a sixth of that fitting the full model in 

Table 7.3A and about a fourth of that fitting the full model in Table 7.4A. These 

smaller sampling variances in Tables 7.lA, 7.3A and 7.4A were even smaller than 

those obtained from fitting a full model with a ( 4, 2) or a ( 4, 4) (see obs var( T£R)) 

under (4,2) or (4,4) in Tables 5.3A, 5.10 and 5.13 respectively). The sampling 

variance 5997.14 under the short model group in Table 7.2A was a li ttle larger 

140 



( about 15%) than the sampling variance 5081. 78 in Table 5. 7 A obtained from 

fitting a full model with a ( 4, 2) . The approximate estimated mean-squared-error 

or MSE of fitting the short model group were also much smaller than that of 

fitting t he full model. 

The other short model veg with percent vegetation cover as the only predictor 

did not perform well. Population size was severely overestimated. The least bias 

was 33.50% in Table 7.2A. Standard errors of the mean of 1000 population size 

estimates were larger than ( about 1.5 times) their respective values of fitting the 

full model. All ratios lhR - TI/Jobserved var were above 1.0 indicating that the 

bias of estimating the true population size with 'TLR is significant (Cochran, 1977) . 

Cochran (1977) stated that when this ratio is more than 0.5, it is not stri ctly 

correct to compare the MSE. Instead, one should just compare the variances for 

evaluating the precision of the population size estimator. So, we will not compare 

the MSE of the veg model to that of the full model. Instead, we noticed that all 

var( 'TLR) and sampling variances for fitted short model veg were very much larger 

than those obtained for fitted full model. 

We have explained in section 7.1.1 that expressions (3 .2.6) and (3 .2.8) might 

not be the expressions for true error components of fitting a short model and 

estimators stated in (3 .2.7) and (3.2.9) may no longer be unbiased. When we 

measure the bias of the estimated variance var( TLR) relative to the sample or 

observed variance ovar , i .e. bias(var , observedvar) , for both short models, we 

see that there are signs of overestimation. The overestimation of the sampling 

variance for fitting both short models indicates that our expression for var( TLR) 

as a sum of (3.2. 7) and (3.2.9) could be biased and overestimated the true variance 

of population size estimator when fitting a short model. 

For fitting the short model veg, var( TLR) severely overestimated the observed 

variance. Nominal levels of confidence interval estimates constructed based on the 
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Table 7.lA Simulation results of k = 1000 (1 ,1) population estimation trials of the 
simulated popu lation of M = 116 groups and size r = 866 with sightability model (5.2.1) as 

the true model, fitting the full model and both short models to each phase I sample1 

Model 
Statistic fu ll g1·ottp veg 

'TLR 874.4(4.2) 858.1(2.2) 1267.2(6.3) 
bias( TLR, r) 1.0 -0.9 46.3 

E(fLR) 866 862.6 1256.7 
bias(E(hR) , TLR) -1.0 0.5 -0.8 

bias(E(fLR), r) - 0.4 45.1 
var(fLR) 15415.2(1288.7) 5609.2(80.2) 86143.1(2491.3) 

observed var( TLR) 17877.1 5015.4 40347.7 
bias(var, observed var) -13.8 11.8 53.2 

var(hR) 14644.7 4403.5 30568.9 
bias( var( TLR) , observed var) -18.1 -12.2 -24.2 

lhR - rl/Jobserved var 0.06 0.11 1.99 
IE(fLR) - fLRI/Jobserved var 0.06 0.06 0.05 

MSE 14715.1 4466.1 191529.4 

Table 7.1B True population size coverage rates of 1000 confidence interval estimates of 90% 
confidence level for population size r = 866 of the simulated populat ion of M = 116 groups 

with sightability model (5 .2.1) as the true model2 

Model 
full 

group 
veg 

86*(408) 
89(246) 
76*(966) 

lnhR 
85*(412) 
89(247) 
43*(989) 

f-1/2 
85*(419) 
89(249) 

33*(1039) 

84*(432) 
90(251) 

26*(1130) 

83*(450) 
90(255) 

21*(1292) 

1'log 

84* (427) 
90(251) 

18*(1001) 

1'lg2 

83*(478) 
91(265) 

13*(1102) 

Table 7 .lC True population size coverage rates of 1000 confidence interval estimates of 95% 
confidence level for population size r = 866 of the simulated population of M = 116 groups 

with sightability model (5.2 .1) as the true model2 

Model 
full 

group 
veg 

89*(487) 
93*(294) 

97*(1151) 

90*(493) 
94(295) 

68*(1191) 

91*(506) 
94(298) 

55*(1279) 

90*(527) 
95(303) 

44*(1449) 

90*(561) 
95(309) 

34*(1817) 

f10 

90*(529) 
95(305) 

32*(1235) 

1'lg2 

90*(594) 
96(321) 

22*(1360) 

1 All estimates shown here are averages of 1000 simulated estimates. Bias is in %. Numbers 
in parentheses are standard errors of the mean of 1000 simulated estimates . 

2Coverage rates with * are different from nominal levels at 0.05 level of significance as they 
are not within 90% ± 2% and 95% ± 1.4%, respectively. umbers in parentheses are estimated 
expected interval widths 
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Table 7.2A Simulation results of k = 1000 (1 ,1) population estimation trials of the 
simulated population of M = 116 groups and size r = 866 with sightability model (5.2.2) as 

the true model, fitting the full model and both short models to each phase I sample3 

Model 
Statistic full g1·oup veg 

'TLR 866.3(4.2) 854.9(2.5) 1156.1(6.1) 
bias( TLR , T) 0.1 -1.3 33.5 

E(hR) 866 861.5 1162.5 
bias(E(hR) , TLR) -0.l 0.8 0.6 

bias(E(hR) , r) -0 .5 34.2 
var( 'TLR) 17946.1 (1314.6) 7065 .5(92 .3) 55038.2(1876.0) 

observed var( TLR) 17952.9 5997.1 36780.9 
bias(var , observed var) -0.l 17.8 49.6 

var(hR) 16183.9 5606 .3 31579.3 
bias(var(hR) , observed var) -9 .8 -6.5 - 14.l 

lhR - var 0.002 0.14 1.51 
IE (hR) - var 0.002 0.09 0.03 

MSE 16184.0 5729.3 115748.9 

Table 7.2B True population size coverage rates of 1000 confidence interval estimates of 90% 
confidence level for population size T = 866 of the simulated population of M = 116 groups 

with sightability model (5.2.2) as the true model 4 

Model 
full 

g1·oup 
veg 

83*(441) 
89(277) 

81*(772) 

lnhR 
83*(446) 
90(277) 
57*(786) 

f--1/ 2 
83*(456) 
90(280) 

51*(816) 

83*(471) 
91(284) 

46*(869) 

83*(495) 
92(289) 
42*(954) 

84*(462) 
92(283) 

33*(798) 

85*(524) 
92(300) 

40*(869) 

Table 7.2C True population size coverage rates of 1000 confidence interval estimates of 95% 
confidence level for population size T = 866 of the simulated population of M = 116 groups 

with sightability model (5.2 .2) as the true model4 

Model 
full 

grnup 
veg 

89*(525) 
94(330) 
96(920) 

lnhR 
89*(533) 
95(331) 
78*(944) 

90*(550) 
95(335) 
67*(997) 

90*(579) 
95(342) 

58*(1092) 

90*(623) 
95(352) 

53*(1271) 

ft og 

91*(576) 
96(344) 
51*(981) 

f 1g2 

91*(653) 
96(365) 

43*(1070) 

3 All estimates shown here are averages of 1000 simulated estimates. Bias is in %. Numbers 
in parentheses are standard errors of the mean of 1000 simulated estimates. 

4Coverage rates with * are different from nominal levels at 0.05 level of significance as they 
are not within 90% ± 2% and 95% ± 1.4%, respectively. Numbers in parentheses are estim ated 
expected interval widths 

143 



Table 7.3A Simulation results of k = 1000 (1 ,1) population estimation trials of the 
simulated population of M = 107 groups and size r = 834 with sightabili ty model (5.2.1) as 

the true model, fitting the full model and both short models to each phase I sample5 

Model 
Statistic full group veg 

'TLR 838.2(5 .1) 825 .9(2 .1) 1169.8(6 .9) 
bias(hR, r) 0.5 -1.0 40.2 

E(hR) 834 835.2 1167.9 
bias(E(fLR) , TLR) -0.5 1.1 -0.2 

bias(E(hR) , r) 0.2 40 .l 
@( hR) 24006.9(3246.5) 5001.2(67.6) 38716.1(2318.0) 

observed var( TLR) 26329 .0 4169.9 48065.2 
bias(var , observed var) -8.8 19.9 71.8 

var(fLR) 18684.5 3732.3 37821.3 
bias(var(hR) , observed var) - 29 .0 -10.5 -21.3 

ITLR - ri/Jobserved var 0.03 0.12 1.53 
IE(hR) - T£Ri/Jobserved var 0.03 0.14 0.01 

MSE 18702.0 3797.2 150562.8 

Table 7.3B True population size coverage rates of 1000 confidence interval estimates of 90% 
confidence level for population size r = 834 of the simulated population of M = 107 groups 

with sightability model (5.2.1) as the true model 6 

Model 
full 

g1·oup 
veg 

80*(510) 
90(233) 
91(647) 

lnhR 
80*(518) 
91 (233) 

59*(655) 

f-1 / 2 
79*(534) 
91(235) 
50*(673) 

f- 1 f-3/ 2 
79*(562) 78*(605) 
91(238) 91(241) 

42*(701) 38*(744) 

ft og 

80*(548) 
92(238) 
26*(663) 

f1 g2 

83*(670) 
92(251) 
34*(704) 

Table 7.3C True population size coverage rates of 1000 confidence interval estimates of 95% 
confidence level for population size r = 834 of the simulated population of M = 107 groups 

with sightability model (5.2 .1) as the true model6 

Model TLR 
full 83* ( 607) 

group 93*(277) 
veg . 99*(771) 

84*(621) 
95(278) 

83*(785) 

f-1 / 2 
84*(650) 
96(281) 
69*(815) 

f-1 
84*(699) 
96(285) 

58*(866) 

f - 3/ 2 
85*(786) 
96(291) 
50*(949) 

f-1 0. 

89*(701) 
96(289) 

46*(807) 

f1g 2 
90*(857) 
96(305) 
37*(857) 

5 All estimates shown here are averages of 1000 simulated estimates. Bias is in %. Numbers 
in parentheses are standard errors of the mean of 1000 simulated estimates . 

6Coverage rates with * are different from nominal levels at 0.05 level of significance as they 
are not within 90% ± 2% and 95% ± 1.4%, respectively. Numbers in parentheses are estimated 
expected interval width 
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Table 7.4A Simulation results of k = 1000 (1 ,1) population estimation trials of the 
simulated population of M = 107 groups and size r = 834 with sightabili ty model (5.2 .2) as 

the true model, fitting the full model and both short models to each phase I sample7 

Model 
Statistic full group veg 

TLR 840.9(4.3) 830 .6(2.1) 1128.5(6.8) 
bias(hn , r ) 0.8 -0.4 35 .3 

E(hR) 834 835.6 1125.0 
bias(E(hR), TLR) -0.8 0.6 -0 .3 

bias(E(hn) , r ) 3.5 30.3 
var( hn) 19677.1(1719.2) 6044.8(75.9) 67114 .7(3498 .2) 

observed var( hn) 18116.3 4347.4 46034.7 
bias( var, observed var) 8.6 39.1 45.8 

var(hR) 16939.1 4085.8 36414.7 
bias( var( TLR) , observed var) -6.5 -6.0 -20 .9 

/TLR - var 0.05 0.05 1.37 
/E(hR) - var 0.05 0.08 0.02 

MSE 16986.5 4097 .6 123133.2 

Table 7.4B True population size coverage rates of 1000 confidence interval estimates of 90% 
confidence level for population size r = 834 of the simulated population of M = 107 groups 

with sightabili ty model (5.2.1) as the true model 8 

Model 
fu ll 

group 
veg 

82*(462) 
93(256) 
89(852) 

83*(467) 
94(256) 
64*(873) 

f-1 / 2 
84*(479) 
95(258) 

56*(916) 

f -1 
84*(499) 
94(262) 
49*(994) 

f-3/2 
83*(529) 
94(266) 

43*(1134) 

'Tl og 
85*(490) 
94(262) 
39*(889) 

86*(576) 
94(279) 

33*(996) 

Table 7.4C True population size coverage rates of 1000 confidence interval estimates of 95% 
confidence level for popu lation size r = 834 of the simulated population of M = 107 groups 

with sightabili ty model (5.2 .1) as the true model8 

Model 
fitll 

group 
veg 

87*(550) 
96(305) 

99*(1016) 

1nhR 
89*(560) 
97*(306) 

83*(1050) 

f-1 / 2 
90*(580) 
97* (310) 
72*(1126) 

f- 1 
90*(616) 
98*(316) 
64*(1273) 

f-3/ 2 
90*(674) 
98*(323) 

57*(1586) 

92*(618) 
97*(319) 

52*(1104) 

f1 2 
92*(726) 
97*(339) 

43*(1236) 

7 All estimates shown here are averages of 1000 simulated estimates . Bias is in %. Numbers 
in parentheses are standard errors of the mean of 1000 simulated estimates. 

8Coverage rates with * are different from nominal levels at 0.05 level of significance as they 
are not within 90% ± 2% and 95% ± 1.4%, respectively. Numbers in parentheses are est imated 
expected interval widths 
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sampling distribution of TLR were too high. On the other hand, due to the severe 

overestimation of the population size, nominal levels of approximate confidence 

interval estimates constructed based on transformations of population size esti-

mates were too low (see coverage under veg in Tables (7.lB ,7.lC), (7 .2B,7.2C), 

(7.3B,7.3C) , (7.4B,7.4C)) . Very often, lower bounds of confidence interval esti-

mates constructed from natural log and reciprocal transformations of population 

size estimates , and assuming that ln( f - T) is normally distributed were greater 

than the true population size. Since these confidence intervals were so much 

shifted to the left ( to larger values), coverage rates for the true population size 

were poor even though these confidence intervals were wider than those of fitting 

the full and group models. 

For fitting the short model group, nominal levels of confidence interval es-

timates were good compar d to fitting the full model in Tables (7.lB,7.lC) , 

(7 .2B ,7.2C) , (7.3B ,7.3C) when bias(var, observedvar) was no more than 20%. The 

nominal levels under group in Table (7.4B,7.4C) were a little too high when 

bias(var, ovar) was 39.05%. Under the fitted group model, average population 

size estimates were about the same and average estimated variances were :S 1/3 

of those obtained from fitting the full model. Confidence interval estimates were, 

therefore, shorter than thos of fitting the full model and yet, coverage rates were 

so much closer to or even higher than nominal levels. 

For both short models, the approximate value of E( TLR) computed from 

(7.1.4) was very close to the average of 1000 simulated population size esti-

mates . The largest bias was 1.11 % of group in Table 7.3A and the ratio IE( T£R)-

var was about 0.14, less than a 0.2. According to Cochran's 1977) 

working rule, the bias is at most modest. This implies that the approximat value 

of E( TLR) could give us an idea of how close the population size estimate obtained 

based on a fitted short model is to the population size estimate obtained based on 
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a fitted full model. For the short model group, the approximate value of var( TLR) 

was quite close to the observed variance. The largest bias was -12.2% in Ta-

ble 7.lA. For the short model veg, the approximate value of var(hR) was about 

20% less than the observed variance. This large bias could mean that we need 

a higher order Taylor's series when applying the delta method to obtain var(0i ) 

and cov(0j, 0 j,), The large bias could also indicate that the value of cov('f3) 

computed from (7.1.3) using E('[3) was not close enough to the tru covariance 

matrix. Further, note that our simulation study was based on (1 , 1) of the sim-

ulated population. Increasing the phase I and phase II sample size reduces the 

noise in simulation ( as observed in chapter 5) and in turn, may reduce this bias . 

Still, the approximate value of var( 'TLR) could at least give us some idea of how 

much the variance of the population size estimator based on a fitted short model 

would be. 

We also compared the AIC's of all 3 fitted models . We have randomly chosen 

10 (out of k = 1000) phase I samples for each simulated population. Based on 

these 10 chosen phase I samples, the AIC's of all three estimated models are pre-

sented in Tables 7.5, 7.6, 7.7 and 7.8 for the 4 simulated populations respectively. 

Table 7.5 AIC's of estimated full and short models based on 10 randomly chosen (out of 
k = 1000) phase I samples of the simulated population of M = 116 groups with sightabi lity 

model (5.2.1) as the true model 

Sample full group veg 
1 105.6 151.6 151.8 
2 114.2 152.3 140.6 
3 118.3 158.1 144.5 
4 113.4 148.7 142.3 
5 126.6 160.4 143.0 
6 129.1 145.3 153.5 
7 106.1 145 .7 140.7 
8 111.8 139.7 129.3 
9 131.1 144.7 158.7 
10 132.4 160.3 140.2 
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Table 7.6 AIC's of estimated full and short models based on 10 randomly chosen (out of 
k = 1000) phase I samples of the simulated population of M = 116 groups with sightability 

model (5.2.2) as the true model 

Sample full g1·oup veg 
1 102.3 147 .3 129 .1 
2 111.9 154.4 143.8 
3 121.5 152.8 150 .3 
4 122.0 152.0 138.6 
5 128.l 151.8 151.0 
6 88 .6 149 .5 148.7 
7 122.8 150.9 137.5 
8 120.0 154.9 149 .1 
9 136.8 158.4 137 .3 
10 105.l 150.5 143.8 

Table 7. 7 AI C's of estimated full and short models based on 10 randomly chosen ( out of 
k = 1000) phase I samples of the simulated population of M = 107 groups with sightability 

model (5.2 .1) as the true model 

Sample full g1·oup veg 
1 104.3 135.7 121.1 
2 90 .5 125.4 120.3 
3 82.0 122.9 117.4 
4 95.0 127.6 122.l 
5 106.0 133.3 124.l 
6 124.2 145.2 133.6 
7 91.0 140.0 110.6 
8 106.9 137.5 113 .1 
9 109.7 141.3 128.2 
10 80.3 144.8 113.2 

Table 7.8 AIC's of estimated full and short models based on 10 randomly chosen (out of 
k = 1000) phase I samples of the simulated population of M = 107 groups with sightability 

model (5.2.2) as the true model 

Sample full group veg 
1 91.7 134.9 121.1 
2 87 .7 136.6 101.5 
3 91.2 131.9 123.7 
4 85 .7 113 .2 126.7 
5 110.9 133.6 129 .5 
6 123.4 140.l 129.0 
7 111.3 136.l 124.0 
8 103.6 132.9 131.5 
9 101.4 134.2 121.4 
10 94.4 136.5 111 .2 
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As we can see in each table, for all 10 chosen phase I samples of the simulated 

population, the AIC of fitting the full model is much less than the AIC of fitting a 

short model. Also, for all except sample no. 9 in Table 7.6, p-values of hypothesis 

tests (Wald statistics) of estimated coefficients of group size and vegetation cover 

are significant at 0.05 level. Thus, both conventional measures suggested that we 

should use the full model. Between the two short models , all except samples no. 

1, 6, 9 in Table 7.5 and sample no. 4 in Table 7.8 suggested that we should choose 

veg over group. Both AIC and the Wald-statistic had selected the full model ( or 

the correct model) as the best ( or the most parsimonious) model that explains 

the variation in sighting probabilities. On the contrary, our simulation results 

indicated that the short model ( or the wrong model) group has done better than 

the full model with a much higher precision (a smaller observed variance of the 

population size estimator) in estimating the population size and with confidence 

interval estimates of coverage rates close to or even higher than nominal levels . 

7.4 Discussion 

To get a further insight of the model selection problem, we plotted, usmg 

frequ ncies, percent vegetation cover versus group size for the composite data of 

M = 107 groups in figure 7.1. The scatter plot for the simulated population of 

M = 116 groups is similar and so, it will not be displayed. 

In Table 7 .5, the data are first sorted by percent vegetation cover and then by 

group size within each category of percent vegetation cover. In Table 7.6, the data 

are first sorted by group size and then by percent vegetation cover within each 

category of group size. In both Tables 7.5 and 7.6, the column labeled PROBF 

refers to sighting probabilities determined by model (5.2 .2) . In Table 7.7, groups 

are listed in ascending order of group size. Note that values of behavorial code and 

percent vegetation cover were not listed in Table 7. 7 and our variable of inter st is 
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group size. The first column, labeled OBS, numbers the groups. Group sizes are 

listed in the second column labeled GROUP, followed by PROBF, and PROBG 

which are sighting probability determined by the fitted short model group. In the 

fourth column, labeled PROBY, are sighting probabili t ies determined by the fitted 

short model veg . The last 2 columns, labeled RG and RF, are %~g~~p ROBF and 

%~g~~p ROBF, respectively. Values of RG or RF should be approximately equal 

to the group size listed in column GROUP if PRO BG or PROBY is approximately 

equal to PROBF. So, comparing values of RG and RF as estimates of group sizes 

to respective true group sizes in column GROUP would help us to evaluate the 

fitted short models. 

1 1 1 
1 1 
2 1 1 1 

311111 

6 1 1 4 1 1 1 
C 
0 

5 2 1 1 1 2 1 a:i 
Cl 
Q) 
> 4 3 1 1 2 
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C. 2 1 2 1 1 1 

2 2 3 2 1 1 1 

1 2 1 1 1 3 1 2 1 
5 1 
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1 3 5 7 9 11 13 16 19 21 24 27 29 31 34 43 
group size 

Fig. 7.1 Freq plot of group size versus veg cover for the composite raw data of 

107 groups from Pennsylvania 
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Table 7.5 The composite elk data of 107 groups from Pennsylvania first sor ted by ascending 
percent veg cover and then by ascending group size within each category of percent veg cover 

OBS GROUP BEHAV VEG PROBF 
1 2 1 0 0.68661 
2 4 1 0 0.81096 
3 8 1 0 0.89362 
4 17 1 0 0.94578 
5 20 1 0 0.95331 
6 21 1 0 0.95537 
7 25 1 0 0.96205 
8 4 0 5 0.95310 
9 1 1 10 0.42126 

10 1 0 10 0.81043 
11 3 1 10 0.67861 
12 4 0 10 0 . 94250 
13 5 1 10 0 . 77601 
14 8 1 10 0.84530 
15 8 0 10 0 . 96978 
16 8 0 10 0.96978 
17 11 1 10 0.88152 
18 12 0 10 0.97940 
19 12 1 10 0.89005 
20 13 1 10 0.89742 
21 16 1 10 0. 91452 
22 22 1 10 0.93577 
23 43 1 10 0.96539 
24 1 0 20 0.73552 
25 1 1 20 0 . 32134 
26 4 1 20 0 . 64480 
27 4 1 20 0.64480 
28 4 0 20 0.91425 
29 6 0 20 0 . 94046 
30 6 0 20 0.94046 
31 10 0 20 0 . 96285 
32 11 1 20 0.82877 
33 12 0 20 0 . 96868 
34 34 0 20 0 . 98836 
35 1 0 25 0.69164 
36 3 0 25 0 . 86678 
37 3 1 25 0.52558 
38 4 0 25 0.89583 
39 5 0 25 0.91435 
40 7 0 25 0 . 93668 
41 19 1 25 0.86895 
42 1 1 30 0.23548 
43 1 1 30 0.23548 
44 2 1 30 0.37621 
45 2 1 30 0.37621 
46 2 0 30 0.77984 
47 3 1 30 0 . 47188 
48 3 1 30 0 . 47188 
49 3 1 30 0 . 47188 
50 3 0 30 0 . 83994 
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51 5 0 30 0.89595 
52 9 0 30 0.93836 
53 27 1 30 0.88261 
54 27 0 30 0.97786 
55 1 1 35 0 .19899 
56 1 1 35 0 . 19899 
57 1 1 40 0 . 16692 
58 1 0 40 0.54061 
59 1 1 40 0.16692 
60 2 1 40 0 .28178 
61 4 1 40 0.43445 
62 5 0 40 0.84851 
63 5 1 40 0.48815 
64 8 1 40 0 . 60066 
65 1 1 50 0 .11531 
66 1 1 50 0 .11531 
67 5 0 50 0.78465 
68 6 1 50 0 .42539 
69 9 1 50 0 . 52308 
70 10 1 50 0 .54848 
71 10 0 50 0 . 87707 
72 11 1 50 0 .57124 
73 22 1 50 0.72289 
74 1 1 60 0.07816 
75 2 0 60 0.49368 
76 3 1 60 0.19740 
77 3 1 60 0 . 19740 
78 3 1 60 0 .19740 
79 3 1 60 0.19740 
80 6 1 60 0.32505 
81 7 1 60 0.35865 
82 24 0 60 0 . 91557 
83 31 0 60 0 . 93287 
84 1 1 70 0.05227 
85 1 1 70 0 . 05227 
86 1 1 70 0.05227 
87 2 1 70 0 . 09747 
88 3 1 70 0 . 13793 
89 4 1 70 0.17455 
90 5 1 70 0.20794 
91 6 1 70 0.23855 
92 10 1 70 0 . 33951 
93 2 1 80 0.06564 
94 2 1 80 0.06564 
95 3 1 80 0.09427 
96 7 0 80 0.58156 
97 9 0 80 0.63941 
98 29 1 80 0. 48417 
99 2 0 85 0 .24969 

100 3 0 85 0 .33022 
101 3 1 90 0.06341 
102 8 1 90 0 . 14909 
103 9 1 90 0 . 16416 
104 11 1 90 0 . 19262 
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105 
106 
107 

25 
3 
7 

1 
1 
1 

90 
95 
95 

0 . 34587 
0.05178 
0 . 11044 

Table 7.6 The composite elk data of 107 groups from Pennsylvania first sorted by ascending 
group size and then by ascending percent veg cover within each category of group size 

OBS GROUP BEHAV VEG PROBF 
1 1 1 10 0 . 42126 
2 1 0 10 0 . 81043 
3 1 0 20 0.73552 
4 1 1 20 0 . 32134 
5 1 0 25 0 . 69164 
6 1 1 30 0.23548 
7 1 1 30 0.23548 
8 1 1 35 0 . 19899 
9 1 1 35 0 . 19899 

10 1 1 40 0 . 16692 
11 1 0 40 0 . 54061 
12 1 1 40 0.16692 
13 1 1 50 0 . 11531 
14 1 1 50 0 . 11531 
15 1 1 60 0.07816 
16 1 1 70 0.05227 
17 1 1 70 0.05227 
18 1 1 70 0.05227 
19 2 1 0 0.68661 
20 2 1 30 0 . 37621 
21 2 1 30 0.37621 
22 2 0 30 0 . 77984 
23 2 1 40 0 . 28178 
24 2 0 60 0 . 49368 
25 2 1 70 0.09747 
26 2 1 80 0 . 06564 
27 2 1 80 0 . 06564 
28 2 0 85 0.24969 
29 3 1 10 0.67861 
30 3 0 25 0.86678 
31 3 1 25 0 . 52558 
32 3 1 30 0 . 47188 
33 3 1 30 0 . 47188 
34 3 1 30 0 . 47188 
35 3 0 30 0 . 83994 
36 3 1 60 0 . 19740 
3 7 3 1 60 0 . 19740 
38 3 1 60 0 .19740 
39 3 1 60 0 . 19740 
40 3 1 70 0.13793 
41 3 1 80 0 . 09427 
4 2 3 0 85 0 . 33022 
43 3 1 90 0.06341 
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44 3 1 95 0.05178 
45 4 1 0 0.81096 
46 4 0 5 0.95310 
47 4 0 10 0.94250 
48 4 1 20 0.64480 
49 4 1 20 0.64480 
50 4 0 20 0 . 91425 
51 4 0 25 0 . 89583 
52 4 1 40 0.43445 
53 4 1 70 0 . 17455 
54 5 1 10 0 . 77601 
55 5 0 25 0 . 91435 
56 5 0 30 0.89595 
57 5 0 40 0.84851 
58 5 1 40 0 . 48815 
59 5 0 50 0.78465 
60 5 1 70 0.20794 
61 6 0 20 0 . 94046 
62 6 0 20 0.94046 
63 6 1 50 0.42539 
64 6 1 60 0.32505 
65 6 1 70 0.23855 
66 7 0 25 0.93668 
67 7 1 60 0.35865 
68 7 0 80 0 . 58156 
69 7 1 95 0 .11044 
70 8 1 0 0.89362 
71 8 1 10 0 . 84530 
72 8 0 10 0 . 96978 
73 8 0 10 0.96978 
74 8 1 40 0.60066 
75 8 1 90 0 . 14909 
76 9 0 30 0.93836 
77 9 1 50 0 . 52308 
78 9 0 80 0 . 63941 
79 9 1 90 0 . 16416 
80 10 0 20 0.96285 
81 10 1 50 0 . 54848 
82 10 0 50 0 . 87707 
83 10 1 70 0.33951 
84 11 1 10 0.88152 
85 11 1 20 0 . 82877 
86 11 1 50 0.57124 
87 11 1 90 0 . 19262 
88 12 0 10 0.97940 
89 12 1 10 0.89005 
90 12 0 20 0.96868 
91 13 1 10 0.89742 
92 16 1 10 0.91452 
93 17 1 0 0.94578 
94 19 1 25 0.86895 
95 20 1 0 0.95331 
96 21 1 0 0 . 95537 
97 22 1 10 0 . 93577 
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98 22 1 50 0.72289 
99 24 0 60 0.91557 

100 25 1 0 0.96205 
101 25 1 90 0.34587 
102 27 1 30 0.88261 
103 27 0 30 0.97786 
104 29 1 80 0.48417 
105 31 0 60 0.93287 
106 34 0 20 0.98836 
107 43 1 10 0 . 96539 

Table 7.7 The composite elk data of 107 groups from Pennsylvania first sorted by ascending 
group size and then by ascending percent veg cover within each category of group size 

OBS GROUP PROBF PROBG PROBV RG RV 
1 1 0 . 73552 0.25723 0 . 75836 2.85934 0.96988 
2 1 0.19899 0.25723 0.62286 0.77359 0.31948 
3 1 0.32134 0.25723 0.75836 1.24923 0.42374 
4 1 0.23548 0.25723 0.67166 0.91545 0.35060 
5 1 0.23548 0.25723 0.67166 0 . 91545 0 .35060 
6 1 0 . 42126 0.25723 0.82803 1.63766 0 . 50875 
7 1 0.16692 0.25723 0.57143 0 . 64891 0 .29211 
8 1 0.05227 0 .25723 0.26967 0 . 20321 0.19384 
9 1 0.81043 0.25723 0.82803 3.15056 0 . 97875 

10 1 0.19899 0.25723 0.62286 0.77359 0 . 31948 
11 1 0.07816 0.25723 0.36163 0 . 30385 0 .21614 
12 1 0.54061 0 .25723 0.57143 2.10164 0 . 94606 
13 1 0.05227 0 . 25723 0 .26967 0 . 20321 0 . 19384 
14 1 0 . 69164 0 . 25723 0 . 71701 2 .68877 0 . 96461 
15 1 0 . 11531 0.25723 0 . 46498 0.44828 0.24799 
16 1 0 . 16692 0.25723 0 .57143 0.64891 0.29211 
17 1 0 . 11531 0 . 25723 0 . 46498 0.44828 0.24799 
18 1 0 . 05227 0 . 25723 0.26967 0 .20321 0 .19384 
19 2 0.37621 0.38776 0 .67166 1.94043 1.12024 
20 2 0.06564 0 .38776 0.19399 0 . 33856 0 . 67675 
21 2 0.06564 0 .38776 0 . 19399 0 . 33856 0 . 67675 
22 2 0 .37621 0.38776 0.67166 1 . 94043 1 . 12024 
23 2 0.68661 0 . 38776 0.88077 3 . 54144 1.55913 
24 2 0.77984 0 . 38776 0.67166 4.02229 2 . 32213 
25 2 0.09747 0.38776 0.26967 0.50273 0.72288 
26 2 0.24969 0.38776 0.16270 1.28786 3.06940 
27 2 0. 28178 0.38776 0 .57143 1.45336 0.98621 
28 2 0 . 49368 0.38776 0.36163 2.54634 2.73034 
29 3 0.86678 0 . 47412 0.71701 5.48459 3.62663 
30 3 0.09427 0.47412 0 . 19399 0 . 59648 1.45784 
31 3 0.05178 0 . 47412 0.11242 0.32763 1. 38181 
32 3 0. 13793 0 .47412 0.26967 0 . 87275 1. 53441 
33 3 0.19740 0.47412 0.36163 1.24907 1.63761 
34 3 0 . 47188 0.47412 0.67166 2.98583 2 . 10767 
35 3 0.19740 0.47412 0 .36163 1.24907 1.63761 
36 3 0.47188 0.47412 0 .67166 2.98583 2.10767 
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37 3 0.47188 0.47412 0.67166 2.98583 2.10767 
38 3 0 .19740 0.47412 0.36163 1.24907 1. 63761 
39 3 0 .19740 0 . 47412 0.36163 1 . 24907 1.63761 
40 3 0 . 06341 0.47412 0.13560 0 . 40124 1.40287 
41 3 0.83994 0.47412 0 . 67166 5.31476 3.75164 
42 3 0.52558 0.47412 0 . 71701 3 . 32560 2.19902 
43 3 0.33022 0.47412 0.16270 2.08946 6.08894 
44 3 0.67861 0 . 47412 0.82803 4.29393 2.45866 
45 4 0 . 64480 0.53667 0.75836 4 . 80600 3 .40105 
46 4 0.64480 0 . 53667 0.75836 4.80600 3.40105 
47 4 0.43445 0.53667 0 . 57143 3 . 23813 3.04111 
48 4 0 . 81096 0 . 53667 0.88077 6.04446 3.68299 
49 4 0.91425 0.53667 0.75836 6.81431 4.82226 
50 4 0 . 95310 0.53667 0.85640 7.10386 4 . 45166 
51 4 0.89583 0.53667 0 . 71701 6 . 67698 4 . 99753 
52 4 0 . 94250 0.53667 0.82803 7.02484 4.55298 
53 4 0 . 17455 0.53667 0.26967 1 . 30099 2.58908 
54 5 0 . 77601 0.58450 0.82803 6 . 63832 4.68593 
55 5 0 . 20794 0.58450 0.26967 1 . 77876 3.85539 
56 5 0 . 89595 0 . 58450 0.67166 7.66427 6.66966 
57 5 0 . 84851 0.58450 0 . 57143 7 . 2585 7 . 4244 
58 5 0.78465 0.58450 0 . 46498 6 . 7122 8 . 4374 
59 5 0 . 91435 0.58450 0 . 71701 7.82 17 6.3761 
60 5 0.48815 0.58450 0.57143 4. 1758 4 . 2713 
61 6 0.42539 0 . 62247 0.46498 4 . 1004 5 . 4892 
62 6 0 . 32505 0.62247 0.36163 3 . 1331 5.3931 
63 6 0.94046 0 . 62247 0.75836 9.0651 7 . 4408 
64 6 0 . 94046 0.62247 0 . 75836 9.0651 7.4408 
65 6 0 . 23855 0 . 62247 0.26967 2 . 2993 5.3075 
66 7 0 . 93668 0.65346 0.71701 10.0339 9 .1445 
67 7 0 . 58156 0.65346 0.19399 6 . 2297 20.9852 
68 7 0.11044 0.65346 0 . 11242 1.1831 6 . 8771 
69 7 0 . 35865 0.65346 0 . 36163 3 .8419 6 . 9423 
70 8 0 . 14909 0.67931 0.13560 1 . 7557 8.7954 
71 8 0 . 84530 0.67931 0 . 82803 9.9549 8.1669 
72 8 0 . 89362 0 . 67931 0.88077 10.5239 8.1167 
73 8 0 . 96978 0.67931 0 . 82803 11. 4208 9. 3696 
74 8 0 . 96978 0 . 67931 0.82803 11. 4208 9.3696 
75 8 0 . 60066 0 . 67931 0.57143 7 . 0738 8.4092 
76 9 0.63941 0.70123 0 . 19399 8 . 2065 29 . 6650 
77 9 0.52308 0.70123 0.46498 6 . 7135 10 . 1245 
78 9 0. 16416 0 . 70123 0. 13560 2 . 1069 10 . 8952 
79 9 0.93836 0.70123 0 . 67166 12 . 0434 12.5737 
80 10 0 . 54848 0.72009 0 . 46498 7 . 6168 11.7957 
81 10 0.87707 0 . 72009 0.46498 12.1799 18.8623 
82 10 0 . 33951 0.72009 0 . 26967 4 . 7148 12.5899 
83 10 0 . 96285 0 . 72009 0.75836 13.3712 12 .6965 
84 11 0 . 8 2877 0.73651 0 . 75836 12 . 3778 12.0213 
85 11 0 . 57124 0 . 73651 0.46498 8.5316 13. 5138 
86 11 0 . 19262 0 . 73651 0 . 13560 2. 8768 15 . 6251 
87 11 0 . 88152 0 . 73651 0.82803 13 . 1657 11. 7107 
88 12 0.97940 0 . 75095 0 . 82803 15 . 6505 14 . 1938 
89 12 0.89005 0.75095 0 . 82803 14.2227 12.8989 
90 12 0.96868 0 . 75095 0 . 75836 15.4792 15.3281 
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91 13 0.89742 0 . 76376 0 . 82803 15 . 2750 14.0895 
92 16 0 . 91452 0 . 79482 0.82803 18 . 4096 17.6714 
93 17 0 . 94578 0 . 80330 0.88077 20.0152 18 . 2548 
94 19 0.86895 0.81816 0.71701 20.1796 23.0262 
95 20 0.95331 0.82471 0 . 88077 23 . 1188 21. 6474 
96 21 0.95537 0 . 83077 0 . 88077 24 . 1498 22.7789 
97 22 0.93577 0 . 83639 0 . 82803 24 . 6141 24.8626 
98 22 0 . 72289 0 . 83639 0.46498 19.0147 34 . 2027 
99 24 0 . 91557 0 . 84649 0.36163 25.9584 60 . 7629 

100 25 0 . 34587 0 . 85106 0.13560 10 . 1601 63. 7660 
101 25 0.96205 0 .85106 0.88077 28 . 2604 27 . 3072 
102 27 0 . 88261 0.85936 0.67166 27.7307 35 . 4800 
103 27 0 . 97786 0 . 85936 0.67166 30.7232 39.3088 
104 29 0.48417 0.86671 0.19399 16.2002 72 .3802 
105 31 0.93287 0.87328 0 . 36163 33 . 1156 79 . 9690 
106 34 0.98836 0.88192 0.75836 38 . 1035 44 . 3116 
107 43 0 . 96539 0.90161 0.82803 46.0421 50 . 1336 

We first look at the scatter plot with group size on the x-axis and percent 

vegetation cover on the y-axis. We see that in each of the categories of 25, 30, 

50, 60, 80 and 90 percent vegetation cover, group sizes are either small or large. 

For example, given 25 percent vegetation cover, group sizes are either ::; 7 or 

2: 19. When percent vegetation cover is low, such as 25 and 30 percent , sighting 

probabili ties (PROBF) of some small and large groups are not very different. 

For instance, in Table 7.5, two groups under 25 percent vegetation cover with 

sizes 7 and 19 have sighting probabilit ies 0.94 and 0.87. Also, in Table 7.5, three 

groups under 30 percent vegetation cover with sizes 9, 27 and 27 have sighting 

probabilities 0.94, 0.88 and 0.97. However , when percent vegetation cover is high, 

large groups have much larger sighting probabili ties on average than small groups. 

For example, in Table 7.5, under 60 percent vegetation cover , 3 groups with sizes 7, 

24 and 31 have sighting probabilities 0. 36, 0.92 and 0. 93. We know that if the fitted 

model has only 1 predictor, estimated sighting probabilities of all groups in one 

category are the same and is sort of an average of their true sighting probabilities . 

Th n , sighting probabilities of large groups under high percent vegetation cover 

will be severely underestimated and, thus, will result in overestimating the number 

of animals in these large groups. In Table 7.7, in the column RV, we see that using 

157 



the fitted short model veg expands the group with group size 24 und r 60 percent 

vegetation cover (OBS no. 99) to 61 animals and the group with group size 

31 under 60 percent vegetation cover (OBS no. 105) is expanded to 73. Since 

the population size estimate is dominated by large group sizes, the severe over-

expansion from the large sized groups is probably the reason why the population 

size estimate obtained under the fitted short model veg was inflated ( 30%) . 

On the other hand, if we look at the scatter plot with group size on the 

y-axis and percent vegetation cover on the x-axis, we immediately see that for 

group sizes :::; 13, except for size 11, group sizes are well distributed across the 

range of percent vegetation cover. In Table 7.6, with group size 11, the group 

with 50 percent and the group with 90 percent vegetation cover have sighting 

probabilities 0.57 and 0.19. If we cross reference these two groups in Table 7. 7 

(OBS no. 85 and 86), we se that the difference of about 0.4 in their true sighting 

probabilities results in a severe over-expansion of the sighting probability of the 

group with 90 percent vegetation cover when the fitted model is the short model 

group ( estimated sighting probability is 0. 73 under PRO BG compared to the true 

sighting probability of 0.19). Thus, fitting the short model group underestimates 

the group size of this group. However, since group size 11 is not large, the bias 

( estimated group size is 3) contribution to the total population size estimate is 

small. 

From Table 7.6, in categories of group sizes 13, except for group sizes 22, 

25 and 27, there is only one group in each category. Both groups of size 27 are 

under the same percent vegetation cover and so their sighting probabilities do not 

differ much (0.88 and 0.98). The two groups of size 22 are under 10 and 50 percent 

vegetation cover. Since both groups do not have high percent vegetation cover 

and they have large group sizes, their sighting probabilities do not differ much 

(0 .93 and 0.72). So the bias in estimating their group sizes are not large. From 
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Table 7.7, we see that (OBS 97 and 98) estimated group sizes are 25 and 20 for 

the groups of group size 22, and (OBS 102 and 103) estimated group sizes are 28 

and 31 for the groups of group size 27. 

In Table 7.6, we see that for group size 25, the two groups are under O and 90 

percent vegetation cover. Since one group is under no vegetation cover whereas 

the other is under extremely high vegetation cover, their sighting probabilities 

differ very much (0.96 and 0.34) even though th y were both large groups. In 

Table 7. 7, we see that the sighting probability of the group under 90 percent 

vegetation cover (OBS no. 100) was severely overestimated and the group size is, 

thus, underestimated by a bias of 15. This is the largest bias so far for considering 

the fitted short model group. This bias is much smaller compared to those biases 

in the inflated estimated group sizes when we consider the fitted hort model v eg. 

The much smaller bias incurred from fitting the short model group is probably 

why model group does much better than model veg, and that the population size 

is so well estimated based on model group. 

In reality, true models are much more complex than the one we considered 

for our simulation. The 'picture' will not be as clear as in the scatter plot and 

the tables we have just studied. In addition to using AIC to select the 'best' 

model, one could compute approximate values of E( TLR) and var( TLR) with the 

expressions we derived in (7.1.4) and (7.1.5) to evaluate fitted models simpler than 

the 'best' model selected by AIC. 

When we compared coverage rates and estimated expected interval widths of 

confidence interval estimates of the fitt d full and short models, one interesting 

observation was that confidence intervals constructed based on the short model 

group has shorter estimated expected interval width, about 50-60% of that of 

the full model, and yet, have higher coverage rates closer to nominal levels. We 

observed the same phenomenon when we increased the sample size from a (1 ,1) 
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to a (4,1). Tables 7.8A, 7.8B, 7.8C, 7.9A, 7.9B and 7.9C show simulation results 

of 1000 ( 4,1) population estimation trials of the simulated population of M = 107 

groups and size T = 834 with sightability models (5.2.1) and (5 .2.2) as true models. 

We saw, from Tables 7.8A and 7.9A, that both full and group model per-

formed well with negligible bias (Cochran's rule: lf-Tl/\fobservedvar = 0.02 , 0.04 < 

0.1) . The other short model veg severely overestimated ( If - TI/Jobservedvar = 

2.18, 1.84 > 0.2) the population size with 40.3% bias. Values of E(taULR) ob-

tained iteratively from (7.1.4) well approximated the simulated f. In both Tables 

7.8A and 7.9A, the largest IE(hR) -fl/Jobservedvar is 0.07, which is< 0.1 and 

according to Cochran's working rule, this bias is negligible. Values of var( T£R) 

evaluated from (7.1.5) approximated the observed variance much better than in 

the (1,1) case. The largest bias in this case, a (4,1), was -6.7% of the fitted full 

model in Table 7.9A. The estimated MSE's of the fitted full and group models 

w re a lot less different than in the ( 1, 1) case. However, one can still see that 

between these 2 fitted models, the group model has a much less estimated jvf SE . 

Also, in Tables 7.8A and 7.9A , for the short models , our formula for an asymptot-

ically unbiased estimated variance of the population size, vci:r( TLR), overestimated 

the observed variance as much as 120% for the fitted veg model in Table 7.8A. 

With a larger sample size, coverage rates of confidence intervals constructed 

based on the fitted short model group are now too high compared to nominal 

lev ls (p < 0.05). Still , we see that confidence intervals constructed based on the 

fitted short model group are shorter than those constructed based on the fitted 

full model and yet, have higher coverage rates. To get a further insight of this 

phenomenon, for the ( 1, 1) simulation, we study a set of 1000 population size 

estimates, estimates of the variance of population size estimator and confidence 

interval estimates obtained based on models full and group. We found that 

confidence interval estimates based on the true model did not cover the true 
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Table 7 .8A Simulation results of k = 1000 (4,1) population estimation trials of the 
simulated population of M = 107 groups and size r = 834 with sightability model (5 .2.1) as 

the true model, fitting the full model and both short models to each phase I sample9 

Model 
Statistic full group veg 

'TLR 832.0(2.9) 832 .8(1.6) 1170 .5(4.9) 
bias(hR , r) -0.2 -0.1 40.3 

E(f-LR) 834 836.l 1169 .0 
bias(E(hR) , f-LR) 0.2 0.4 -0.1 

bias(E(hR) , r) 0.3 40 .2 
var( 'TLR) 8249.7(228.1) 3460.1(22.7) 52296.9(891.8) 

observed var( TLR) 8384.1 2524 .8 23760.5 
bias( var, observed var) -1.6 0.4 120.1 

var(hR) 8075.5 2494 .8 23673.l 
bias( var( TLR) , observed var) -3.7 -1.2 -0.4 

lhR - var 0.02 0.02 2.18 
IE(hR) - var 0.02 0.07 0.01 

MSE 8079.5 2496.2 136905.4 

Table 7.8B True population size coverage rates of 1000 confidence interval estimates of 90% 
confidence level for population size r = 834 of the simulated population of M = 107 groups 

with sightability model (5.2 .1) as the true model 10 

Model 
f ull 

g1·oup 
veg 

'TLR 
85*(299) 
94*(194) 
66*(752) 

lnhR 
85*(300) 
94*(194) 
41*(766) 

86*(304) 
94*(195) 
34*(793) 

86*(309) 
94*(196) 
28*(839) 

f--3/2 
86*(316) 
94*(198) 
23*(914) 

'Tlog 

86* (309) 
94*(196) 
21*(775) 

87*(335) 
93*(203) 
17*(839) 

Table 7.8C True population size coverage rates of 1000 confidence interval estimates of 95% 
confidence level for population size r = 834 of the simulated population of M = 107 groups 

with sightabili ty model (5.2.1) as the true model10 

Model 
f ull 

g1·oup 
veg 

90*(356) 
98*(231) 
93*(896) 

91*(359) 
98*(231) 
65*(918) 

91*(365) 
98*(233) 
52*(966) 

91*(373) 
98*(235) 

43*(1050) 

91*(385) 
98*(238) 

36*(1204) 

92*(379) 
97*(238) 
33*(951) 

92*(412) 
98*(246) 
25*(1030) 

9 All estimates shown here are averages of 1000 simulated estimates. Bias is in %. umbers 
in parentheses are standard errors of the mean of 1000 simulated estimates. 

10Coverage rates with* are different from nominal levels at 0.05 level of significance as they 
are not within 90% ± 2% and 95% ± 1.4%, respectively. Numbers in parentheses are estimated 
expected interval widths 
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Table 7.9A Simulation results of k = 1000 (4,1) population estimation trials of the 
simulated population of M = 107 groups and size r = 834 with sightability model (5.2 .2) as 

the true model, fitting the full model and both short models to each phase I sample11 

Model 
Statistic full group veg 

'TLR 832 .2(3 .0) 832.1(1.6) 1123.3(5 .0) 
bias(hR , r) -0.2 -0.2 34.7 

E (hR) 834 835.8 1126.0 
bias(E (hR) , TLR) 0.2 0.4 0.2 

bias(E(hR) , r) 0.2 35.0 
@(hR) 8692 .6(278 .5) 4040 .5(23 .6) 41301.8(915 .2) 

observed var( TLR) 8897 .1 2715.0 24779.9 
bias(var , observed var) -2.3 48 .8 66.7 

var(hR) 8277.1 2720.8 24507.5 
bias(var(hR) , observed var) -6.7 0.2 -1.1 

lhR - var 0.02 0.04 1.84 
IE(hR) - var 0.02 0.07 0.02 

MSE 8280.3 2724.4 108202 

Table 7.9B True population size coverage rates of 1000 confidence interval estimates of 90% 
confidence level for population size r = 834 of the simulated population of M = 107 groups 

with sightability model (5 .2.2) as the true model 12 

Model 
full 

g1·oup 
veg 

84*(307) 
94*(209) 
66*(669) 

lnhR 
85*(308) 
95*(210) 
46*(678) 

85*(312) 
96*(211) 
39*(699) 

85*(318) 
96*(212) 
34*(734) 

f-3/ 2 
85*(325) 
96*(215) 
31*(788) 

f-1 09 
87*(316) 
95*(212) 
29*(496) 

f-19 2 
88*(345) 
95*(221) 
24*(535) 

Table 7.9C True population size coverage rates of 1000 confidence interval estimates of 95% 
confidence level for population size T = 834 of the simulated population of M = 107 groups 

with sightability model (5.2.2) as the true model12 

Model 
full 

g1·oup 
veg 

90*(365) 
97*(249) 
91*(797) 

lnhR 
90*(368) 
97*(250) 
68*(814) 

90*(375) 
98*(252) 
57*(849) 

91*(384) 
98*(255) 
49*(911) 

92*(398) 
98*(259) 

41*(1018) 

ft og 

92*(389) 
97*(257) 
39*(600) 

71 2 

92*(423) 
97*(268) 
32*(646) 

11 All estimates shown here are averages of 1000 simulated estimates. Bias is in %. Numbers 
in parentheses are standard errors of the mean of 1000 simulated estimates. 

12Coverage rates with* are different from nominal levels at 0.05 level of significance as they 
are not within 90% ± 2% and 95% ± 1.4%, respectively. Numbers in parentheses are estimated 
expected interval widths 
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population size when both population size and variance of the population siz are 

somewhat underestimated. When this occurred,the corresponding population size 

estimate based on the model group was larger and closer to the true value, and 

the estimate of the variance of population size estimator was also larger so that 

confidence intervals were a little longer and thus, covered the true population size. 

When both confidence intervals , one based on the full model and one based on 

the model group, covered the true population size, the confidence interval con-

structed based on the fitted full model was very much longer than that constructed 

based on model group. So confidence intervals constructed based on model group 

have better coverage rates and on average, these intervals have shorter estimated 

expected interval widths . 

Although it is the correct model, one possible reason why the full model did 

not perform as well as the short model group is that relative to all 3 variables, we 

often find that the sample is not representative of the population. For instance, 

small groups with > 50 percent vegetation cover are almost always missed 

during the sighting trial. As a result, in this case, the fitted full model underex-

pands these groups relative to a fitted short model group which gives the same 

estimated sighting probability or approximately the average of true sighting prob-

abilities to groups of the same group size. When the small group > 50 percent 

vegetation cover does occur , the full model uses a smaller probability for expansion 

than the group model, contributing to the full model estimates larg r variability 

in general than the short model. 
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8. SUMMARY, CONCLUSION AND TOPICS FOR FUTURE 

RESEARCH 

In this final chapter , we give a summary and conclusion of our work, and 

suggest some topics for future research. 

8.1 Summary and conclusion 

We assume that data for population size estimation was collected in 2 phases. 

A phase I sample is the data set collected from a sightability survey conducted on 

the population for estimating the sightabili ty model ( or the sighting probabili ti s). 

A population survey is then conducted on sample primary units to obtain a phase 

II sample which is independent of the phase I sample. 

When sighting probabili t ies are unknown and estimated via logistic regres-

!ciion, we have written the variance of the (asymptotically) unbiased population 

size estimator explicitly as a sum of three error components, namely, error due to 

sampling of primary units, error due to sampling of groups within sample primary 

units and error due to estimation of sighting probabilities via logisti c regression. 

An unbiased estimator for each error component is derived . We also look at 3 spe-

cial cases - (1) a complete census of primary units, (2) stratified random sampling 

of primary units, and (3) combining data of r 2 replicated population surveys. 

For all three special cases we presented th unbiased population size estimator, 

error components of the variance of the population size estimator and an unbi-

ased estimator for each error component, given known sighting probabilities or 

unknown sighting probabilities estimated via logistic regression. When the first 



stage sampling scheme of a population survey was stratified random sampling, 

optimum allocations of stratum sample sizes were given when sighting probabili-

ties are known and when unknown sighting probabilities are estimated via logistic 

regression. Third central moments of the population size estimator when sighting 

probabilities are known and when unknown sighting probabilities are estimated 

via logistic regression were also derived. 

We conducted a simulation study given a complete census of primary units, to 

evaluate small sample performance of the population size estimator and the unbi-

ased estimators of error components. Data for each phase sample was obtained by 

making independent complete passes through the population. In a single complete 

pass through the population or a sighting trial, a group is determined to b sighted 

or not by comparing a randomly generated uniform random number , Uj (generated 

jointly independent for the groups), with the corresponding sighting probability 

9i · If Uj :::; gj , the /h group for j = 1, 2, ... ,M is said to be sighted. We denote 

the number of complete passes through the population in phase I by r 1 and in 

phase II by r 2 . Our simulation results show that the population size estimator (see 

(2.1.2), (2.1.4)) performed well (bias was negligible or at most modest according 

to Cochran's (1977) working rule). Furthermore, we observed that the sampling 

distribution of simulated population size estimates was positively skewed. When 

sighting probabilities are known, coverage rates of 90%, 95% confidence intervals 

for the true population size constructed using reciprocal transformations of popu-

lation size estimates , f- 1/2, f- 1 , f-3/ 2 , where f- is a population size estimate, are 

not different from nominal levels at 0.05 level of significance if the phase II sam-

ple size is at least 348. When sighting probabilities are unknown and estimated 

via logistic regression, we need a phase I and a phase II sample size of at least 

464 each for coverage rates of all 90%, 95% confidence intervals constructed using 

reciprocal transformations to be not different from nominal levels at 0.05 level of 
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significance. With these sample sizes, coverage rates of confidence intervals for the 

true population size constructed from the assumption that ( f - T) is lognormal 

distribution, where T is the total count of animals in the phase II sample, were 

also reasonable . Furthermore, average interval width of approximate confidence 

intervals constructed for this method were shorter than average interval width of 

the other interval estimators. 

We proposed two bootstrap procedures for phase I and two bootstrap pro-

cedures for phase II to construct a bootstrap confidence interval for the true 

population size. A simulation study was conducted to evaluate our procedures 

of ach phase separately and for combining procedures of both phases . In phase 

I with a sample of 108 groups of elk , we observed that biases of bootstrapped 

estimated parameters of the sightabili ty model are not negligible according to 

Cochran's (1977) working rule . This observation, however , does not explicit ly im-

ply that these procedures will be unsuccessful in estimating sighting probabilities. 

In phase II with a sample of 54 groups from a population survey and with 500 

bootstrap iterations, we observed that coverage rates of 1000 confidence inter-

vals constructed using percentiles of the bootstrap t-statistic (see (6.4.3)) and the 

square root of the estimated variance of the population size estimator, Jvar(f-0 ) , 

obtained based on 'true' phase I and II samples are reasonable (see Table 6.3). 

Note that we refer to samples obtained from empirical populations constructed 

from our bootstrapping procedures as empirical samples or bootstrap samples. 

'True' samples are samples simulated from the true population or our simulated 

populations. 

For combining bootstrapping procedures of both phases, we conducted a sim-

ulation study based on the simulated population of M = 107 groups of elk and a 

population size of 834 from Pennsylvania state. We assumed that model (5.2.2) 

is the true s.ightability model. We generated 1000 pairs of 'true' phase I and II 
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(r1 = 1, r 2 = 1) samples. With 500 bootstrap iterations, we found that when 

both nonparametric and parametric procedures in phase I are combined with the 

selection rule in phase II, observed coverage levels are not significantly different 

from nominal levels . All other bootstrap confidence intervals have coverage rates 

5 - 10% lower than nominal levels. We also see that intervals constructed using 

the nonparametric procedure in phase I were longer on average and coverage rates 

have improved but are still low when confidence intervals are not constructed us-

ing the selection rule and percentiles of the sampling distribution of population 

size estimates obtained based on bootstrap samples. We observed that for using 

the parametric procedure in phase I, among those intervals that did not cover the 

true population size, majority of them have an upper bound lower than the true 

population size. Using the parametric procedure in phase I, we also constructed 

bootstrap t confidence intervals for 300 (1, 1) 'true' phase I and II samples. Cov-

erage rates of these confidence intervals are poor. We think that this is due to 

the inconsistency of estimated variances of the population size estimator. We will 

probably have to increase phase I and II sample sizes to obtain reasonable coverage 

rates. This conclusion is based on simulation results of confidence interval esti-

mates constructed using the large sample theory and reciprocal transformations 

we obtained earlier. 

Finally, we address the problem of logistic model selection. We have derived 

an iterative expression for obtaining E({3) and an expression for obtaining cov('/3) 

of estimated parameters '/3 of a fitted model simpler than a given full model. We 

have also applied the delta method to derive approximate expressions of E( 'TLR) 

and var( TLR) when the fitted model is simpler than the full model. A simula-

tion study was conducted, to evaluate the performance of our estimators when 

the fitted model exclude one of the predictors, or the short model, in the true 

sightability model. Thus we compare results based on a full versus a short model. 
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Our full model has group size and while our one-predictor short models use either 

group size ( or the natural log of group size) or percent vegetation cover as the pre-

dictor. Simulation results in Tables 7.lA , 7.2A,, 7.3A and 7.4A of (r1 = 1, r 2 = 1) 

show that biases of population size estimates are negligible for the group size only 

model but the population size was severely overestimated for the vegetation cover 

only model. We also saw that approximate values of E( TLR) has negligible bias 

relative to the average of 1000 simulated population size estimates according to 

Cochran 's (1977) working rule. Approximate values of var( T£R) underestimated 

( about 10% for the group size only model and 20% for the vegetation cover only 

model) the observed ( or sampling) variance of those 1000 simulated population 

size estimates . Approximate values of both E(hR) and var(hR) , especially the 

expectation, apparently give us an idea how different the expected population size 

and the variance of the population size estimator would be from those obtained 

based on a fitted full model. 

We also found when les than the full model is fitted (Tables 7.lA, 7.2A, 

7.3A and 7.4A) that the unbiased estimator of the variance of the population size 

estimator we derived (see section 2.2) under the assumption that the fitted model 

is the full model severely overestimated the observed variance of those simulated 

population size estimates . This indi cates that when the fitted model is not the 

full model, the estimator of the variance may be biased and overestimate the true 

vari ance. 

We have diagnosed the adequacy of all three fitted models using conventional 

measures such as the AIC and p values of hypothesis test of a parameter set to 

zero ( or Wald statistics) . The simulation results of 10 randomly selected phase 

I samples show that a fitted full model should be chosen ov r the short models 

and between the two short model , the AIC of the vegetation cover short model is 

lower most of the time. However , our simulation results indicate that the group 
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size short model perform better than the full model with negligible bias and very 

much smaller mean-squared-error (reduced at least a third). Coverage rates of 

90%, 95% confidence interval estimates under the group size model were close to 

nominal. Further, these confidence intervals are shorter than those constructed 

under the fitted full model. The vegetation cover short model on the other hand, 

severely overestimated ( about 38% bias) the population size and the observed 

variance of population size estimates was much larger ( at least twice) than those 

of the full model. The population size was so severely overestimated that even 

with the severely overestimated variance of the population size estimator , coverage 

rates of confidence interval estimates constructed with reciprocal transformations 

and from the assumption that ( f-T) is lognormally distributed were too low. An 

explanation as to why the group size short model did well and why the vegetation 

cover short model did badly was given in section 7.4. 

At this point, we are unable to make any substantial suggestion for logistic 

model selection. Currently, it is still unclear what exactly one should do to find a 

useful and simple model because in reality, true models are much more complex 

than the ones we considered. In addition to using conventional measures for 

selecting a model, the approximate expressions of E( TLR) and var( TLR) for fitt ing 

short models rather than the full model apparently give us an idea, especially for 

the expected value of the population size estimator, how different the expected 

value of population size and the variance of the population size estimator obtained 

under various fitted models are . 

8 .2 Suggested topics for fut ure research 

We suggest usmg Efron's (1987) bias correction with an acceleration con-

stant to improve the bootstrap intervals in Table 6.4. This improved bootstrap 

bias-correction method is called the BCa method. Efron (1987) has proved and 
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demonstrated that the BC a method gives second-order correct ( asymptotically in 

Edgeworth expansion) intervals under reasonable conditions. He also gave exam-

ples where the BCa endpoints match those of the exact intervals. However, he also 

showed that if this second-order accuracy is desired , it requires a lot more boot-

strap replications, on the order of 1000. Our preliminary simulation result of 100 

pairs of phase I and II samples using the parametric procedure with 3000 boot-

strap iterations in each phase showed that it is possible to improve the coverage 

rate by making bias correction. We have used estimated skewness of population 

size estimates constructed based on bootstrap samples to estimate the accelera-

tion constant for the BCa method. One other potential topic for future research is 

to see if the interval can be improved by incorporating the third central moment 

of the population we derived in chapter 4. We could replace population size and 

variance of population size estimator in expressions of the third central moment 

by their asymptotically unbiased estimates to obtain an (bias) estimate of the 

third central moment. An estimate of the third central moment can then be used 

to obtain the acceleration constant for the BCa method. If the interval estimation 

of population size can be improved by incorporating the third central moment, it 

would be worthwhile to find an unbiased estimator for the third central moment . 

We have conducted a simulation study of complete census of primary units 

using multiple phase II samples. Combining phase II samples is more difficult 

when the phase II sample is not a census. It would be useful to report an eval-

uation of performances of the point and interval population size estimator and 

our unbiased estimator of error components of the variance of the population 

size estimator using a composite data of such replicated surveys. In this case, 

the bootstrapping procedure of sample primary units proposed in section 6.3 for 

constructing bootstrap confidence intervals could also be evaluated. 
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·when sighting probabilities are not known, Thompson and Seber (1994) have 

written the population size estimator as a function of the estimated sighting prob-

ability instead of the reciprocal of the estimated sighting probability. Using the 

delta method, they have presented an approximate third error component of the 

variance of the population size estimator. Their estimated sighting probability was 

not explicitly stated and like Samuel and Steinhorst (1989), they did not provide 

an unbiased estimator for each error component of their approximate variance, and 

for the approximate variance. We suggest, for future research on our problem, a 

derivation of an unbiased estimator for each error component of their approximate 

variance as a function of estimated sighting probabilities estimated using logistic 

regress10n. A simulation study using our simulated populations could then be 

conducted. 

In addressing the problem of logistic model selection, our approximate vari-

ance of the population size estimator , var(hR) (see subsection 7.1.2) based on a 

fitted short model has a significant bias of about -20%. It may be because we 

need to us more terms in the Taylor 's expansion or it could be that the estimated 

covariance matrix of estimated parameters, cov('/3), was only approximating the 

observed covariance matrix. Also, increasing the phase I and phase II sample size 

reduces the noise in simulation ( as observed in chapter 5) and in turn , may reduce 

this bias. Improving the value of cov('/3) and/ or var( T£R) is a potential topic for 

future research as model selection is important in many applications of statistical 

modeling. 

The following is another suggestion for future work. We have assumed that 

group size is known. In reality, when a group of elk flee from the helicopter, the 

observer might not have counted all of them. It is still unclear what impact the 

measurement error in group size as a covariate has on the population size estima-

171 



tion. As in linear regression, this is addressing the problem of having measurement 

error in covariates . 
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10. APPENDIX: COMPUTER CODES 

*** Computer program for simulati on study in chap 5, 7 : (1,1) of full , 
group and veg models; 

options nonotes nosource nosourc e2 
1/.macro part1; 
data sample; set elk ; 
p=uniform (0); sight=0 ; 
if p < prob then sight=! ; 
keep group behav veg sight; 
%mend ; 

%macro part2; 
proc iml ; use beta; read all into beta ; 
use beta1 ; read all into beta! ; 
use beta2; read all into beta2; 
nsim=nrow(beta)/5; 
use elk; read all into pop; H=nrow(pop); pop=pop[1 :B,] ; pop=j(H,1,0)I I pop; 
/•pop_size=exp(pop[ ,2]); pop_size=pop_size[+ , ] ;• / pop_size=pop[+,{2}] ; 
print pop_size ; 

start sample; 
do i=1 to H; 

p=uniform(0); 
if p < pop[i,5] then pop[i,1]=1; 

end; 
num1=pop[+,{1}]; 
x=j(num1,5,0); k=0; 
do i=1 to II; 

if pop[i,1]=1 then ; 
do ; 

k=k+1 ; 
x[k , ]=pop[i,]; 

end; 
end ; 

pop[,1 ]=j(H ,1,0); 
finis h ; 

***************** est imation ; 
create result var {11 tau term! term2 var} ; 
•create result var {ind90 indL90 ind290 ind190 ind390 ind95 indL95 ind295 ind195 ind395} ; 
190=0 ; u90=0 ; lov90=j(3 ,1,0) ; up90=j (3,1,0); count90=j (3,1,0); 195=0 ; u95=0; low95=j(3 , 1 ,0) ; 
up95=j(3,1 ,0); count95=j(3,1 ,0); 
1L90=0; uL90=0 ; lowL90=j(3,1,0); upL90=j(3, 1 ,0); countL90=j(3,1,0) ; 1L95=0; uL95=0 ; lowL95=j(3,1,0 ); 
upL95=j(3,1,0) ; countL95=j(3 , 1 ,0); 
1290=0 ; u290=0 ; low290=j(3,1,0); up290=j (3,1, 0 ); count290=j(3,1,0); 1295=0 ; u295=0 ; low295=j(3, 1 ,0); 
up295=j(3,1,0) ; count295=j(3,1,0); 
1190=0; u190=0 ; low190=j(3,1 , 0) ; up190=j(3 , 1,0) ; count190=j(3,1,0); 1195=0; u195=0; low195=j(3, 1,0) ; 
up195=j(3,1 , 0) ; count1 95=j (3,1,0); 
1390=0; u390=0 ; low390=j(3,1,0) ; up390=j (3, 1,0 ); count390=j (3,1,0); 1395=0; u395=0; low395=j(3 , 1,0); 
up395=j(3, 1 , 0) ; count395=j (3,1,0); 
le190=0 ; ue190=0 ; lowe190=j(3,1,0); upe190=j(3,1,0) ; coune190=j (3,1,0); le195=0; ue195=0 ; lowe195=j(3,1,0); 
upe195=j(3,1,0); coune195=j(3,1,0) ; 
le290=0 ; ue290=0; love290=j(3,1,0) ; upe290=j(3,1 ,0 ); coune290=j (3, 1 ,0); le295=0; ue295=0; lowe295=j(3 , 1 ,0); 
upe295=j(3,1,0); coune295=j(3,1,0); 

b=j(1 , 4,0) ; esigma=j(4,4 , 0); 
b1=j(1,2,0) ; esigma1 =j(2,2,0); b2=b1 ; esigma2=esigma1 ; 



do l=O to nsim-1; 
run sample; 
x1=x[,1] I lx[,4] ; 
I• 
ind90=0; indL90=0; ind290=0; ind190=0 ; ind390=0; 
ind95=0; indL95=0 ; ind295=0; ind195=0 ; ind395=0 ; 
•I 
b=beta[l•5+1,]; esigma[1,]=beta[l•5+2,]; esigma[2,]=beta[l•5+3,]; 
esigma[3,]=beta[l•5+4,]; esigma[4,]=beta[l•5+5,]; 
b1=beta1[1•3+1,]; esigma1[1,]=beta1[1•3+2,]; esigma1[2,]=beta1[1•3+3,]; 
b2=beta2[1•3+1,]; esigma2[1 , ]=beta2[1•3+2,] ; esigma2[2,]=beta2[1•3+3,]; 
one=j(num1,1,1) ; 
e=j(num1,1,2.7182818); g=x[,2]; 
submat=x[,1:4]•esigma•x[,1:4]'#i(num1); submat=submat[+,]'; 
exp1=-(x[,1:4]•b')-(submat)/2 ; 
theta=j(num1,3,0); 
theta[,1]=one+e##exp1 ; 
s ubmat1=x[,1 :2J•esigma1•x[,1 :2] ' #i(num1) ; submat1=submat1[+,]' ; 
exp1=-(x[ ,1:2]•b1 ') - (submat1)/2 ; 
theta[ ,2]=one+e##exp1 ; 
submat2=x1[,1:2]•esigma2•x1[,1:2]'#i(num1); submat2=submat2[+,)'; 
exp1=-(x1[ , 1 :2]•b2')-(submat2)/2; 
theta[,3]=one+e##exp1; 

••••••••••• Calculating estimated Cov mx of theta hat ; 
evar=j(num1,3,0) ; 
exp2=-2#(x[,1:4]•b')-2#submat; 
evar[,1]=e##exp2#(e##(submat)-one); 
exp2=-2#(x[,1:2]•b1')-2#submat1; 
evar[,2]=e##exp2#(e##(submat1)-one); 
exp2=-2#(x1[,1:2]•b2')-2#submat2; 
evar[,3]=e##exp2#(e##(submat2)-one); 
ecov=shape({O},num1,num1); ecov1=ecov; ecov2=ecov; 

do i1=1 to num1 ; 
do j1=i1+1 to num1; 

z=x[i1,1:4]+x[j1,1:4]; 
exp3=-z•b'-z•esigma•z'/2; 
ecvar=(2 . 718282##exp3)#(2 . 718282##(x[i1,1 :4]•esigma•x[j1 ,1: 4] ') -1) ; 
ecvar=g[i1]•g[j1]•ecvar; 
ecov[i1,j1]=ecvar; ecov[j1,i1]=ecvar; 
z=x[i1,1:2]+x[j1,1:2]; 
exp3=-z•b1'-z•esigma1•z'/2 ; 
ecvar=(2 .718282##exp3)#(2.718282##(x[i1,1:2J•esigma1•x[j1 , 1 :2] ' )-1) ; 
ecvar=g[i1]•g[j1]•ecvar ; 
ecov1[i1 ,j 1]=ecvar; ecov1[j1,i1]=ecvar ; 
z=x1[i1,1:2]+x1[j1,1:2]; 
exp3=-z•b2'-z•esigma2•z'/2 ; 
ecvar=(2 .718282##exp3)#(2.718282##(x1[i1,1:2]•esigma2•x1[j1,1: 2]' ) -1) ; 
ecvar=g[i1]•g[j1]•ecvar ; 
ecov2[i1,j1]=ecvar; ecov2[j1,i1]=ecvar; 

end ; 
end; 

term22=j(3,1,0); 
term22[1]=ecov[+,+] ; term22[2]=ecov1[+ , +) ; term22[3]=ecov2 [+ ,+] ; 
do 11=1 to 3; 
term2=term22[11] ; 
extra=g#g#evar[,11) ; term2=term2+extra[+,); •term2=term2/4 ; 

********** Correction factor, variance, and covariates; 
T=theta[ ,11]#g; tau=T[+,); 
TT=g#g#(theta[ ,11]#theta[ , 11]-theta[ ,11]-evar[ ,11]); term1=TT[+,]; 
var=term1+term2; 

•••••••••• Calculate the interval es timates of population total; 
se=sqrt(var) ; cv=se/tau ; 
tau1=1/tau; tau2=sqrt(tau1); tau3=tau1•tau2; 
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11=1/pop_size ; 12=sqrt(11) ; 13=11•12 ; 
190=tau-1 .645•se; u90=tau+1 .645•se; 195=tau-1.96•se ; u95=tau+1 .96•se; 
1L90=tau•exp(-1 .645• cv); uL90=tau•exp(1 .645•cv); 
1L95=tau•exp(-1 .96•cv); uL95=tau•exp(1 . 96•cv) ; 
1290=tau2-1 .645•cv•tau2/2 ; u290=tau2+1 .645•cv•tau2/2 ; 
1295=tau2-1 .96•cv•tau2/2 ; u295=tau2+1.96•cv•tau2/2 ; 
1190=tau1-1 . 645•cv•tau1 ; u190=tau1+1 . 645•cv•tau1 ; 
1195=tau1-1.96•cv•tau1 ; u195=tau1+1 .96•cv•tau1; 
1390=tau3- 1 .645•cv•tau3•3/2 ; u390=tau3+1 .645•cv•tau3•3/2 ; 
1395=tau3-1 .96•cv•tau3•3/2 ; u395=tau3+1 .96•cv•tau3•3/2 ; 
T=g[+,] ; cv2=sqrt(log(1+var/(tau-T)••2)) ; 
C=exp(1 . 645•cv2) ; 
C1=sqrt(1+var/ (tau-T)••2); 
le190=T+(tau-T)/C; ue190=T+(tau-T)•C ; 
le290=T+(tau-T)/C•C1 ; ue290=T+(tau-T)•C•C1; 
C=exp(1.96•cv2); 
le195=T+(tau-T)/C ; ue195=T+(tau-T)•C ; 
le295=T+ (tau-T)/C•C1; ue295=T+(tau-T)•C•C1 ; 

if 190 > pop_size then 
low90[11]=low90[11]+1 ; 

else if u90 < pop_size then 
up90[11]=up90[11]+1 ; 

e lse 
do ; 

count90[11]=count90[11]+1; 
•ind90=1; 

e nd; 
if 195 > pop_size then 

low95[11]=low95[11]+1; 
else if u95 < pop_size then 

up95[11]=up95[11]+1 ; 
else 

do ; 
count95[11]=count95[11]+1; 

•ind95=1 ; 
end ; 

if 1L90 > pop_size then 
lowL90[11]=lowL90[11]+1 ; 

e lse if uL90 < pop_size then 
upL90[11]=upL90[11]+1; 

else 
do ; 

countL90[11]=countL90[11]+1 ; 
•indL90=1 ; 

end ; 
if 1L95 > pop_size then 

lowL95[11]=lowL95[11]+1; 
else if uL95 < pop_size then 

upL95 [11]=upL95[11]+1 ; 
else 

do ; 
countL95[11]=countL95[11]+1; 

•indL95=1 ; 
end ; 

if 1290 > 12 then 
low290[11]=low290[11]+1 ; 

else if u290 < 12 then 
up290[11]=up290[11]+1; 

els e 
do ; 

count290[11]=count290[11]+1 ; 
•ind290=1; 

end ; 
if 1295 > 12 then 

low295[11]=low295[11]+1 ; 
e lse if u295 < 12 then 
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do; 

up295[11]=up295[11]+1 ; 
else 

count295[11]=count295[11] +1; 
•ind295=1; 

end; 
if 1190 > Bl then 

low190[11]=low190[11]+1; 
else if u190 < Bl then 

up190[11]=up190[11]+1; 
else 

do; 
count190[11]=count190[11]+1; 

•ind190=1; 
end; 

if 1195 > Bl then 
low195[11]=low195[11] +1; 

else if u195 < 11 then 
up195[11]=up195[11]+1; 

do ; 
else 

count195[11]=count195[11]+1; 
•ind195=1; 

end; 
if 1390 > B3 then 

low390[11]=low390[11]+1 ; 
else if u390 < 13 then 

up390[11]=up390[11]+1 ; 
else 

do ; 
count390[11]=count390[11]+1; 

•ind390=1; 
end; 

if 1395 > B3 then 
low395[11]=low395[11]+1; 

else if u395 < 13 then 
up395[11]=up395[11]+1 ; 

else 
do ; 

count395[11]=count395[11]+1; 
•ind395=1 ; 

end; 
if le190 > pop_size then 

lowe190[11]=lowe190[11]+1; 
else if ue190 < pop_size then 

upe190[11]=upe190[11]+1; 
else 

do ; 
coune190[11]=coune190[11]+1; 

•ind190=1; 
end; 

if le195 > pop_size then 
lowe195[11]=lowe195[11]+1 ; 

else if ue195 < pop_size then 
upe195[11]=upe195[11]+1; 

else 
do; 

coune195[11]=coune195[11]+1; 
•ind195=1; 

end; 
if le290 > pop_size then 

lowe290[11]=lowe290[11]+1 ; 
else if ue290 < pop_size then 

upe290[11]=upe290[11]+1; 
else 

do ; 
coune290[11]=coune290[11]+1; 
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•ind190=1 ; 
end; 

if le295 > pop_size then 
love295[11]=love295[11]+1; 

else if ue295 < pop_size then 
upe295[11]=upe295[11]+1; 

else 
do ; 

coune295[11]=coune295[11]+1; 
•ind195=1; 

end; 
append; 
end; 
end; 
close result ; 
I• 
print lov90 up90 count90 lov95 up95 count95 ; 
print lovL90 upL90 countL90 lovL95 upL95 countL95 ; 
print lov290 up290 count290 lov295 up295 count295 ; 
print lov190 up190 count190 lov195 up195 count195; 
print lov390 up390 count390 lov395 up395 count395; 
print love190 upe190 coune190 love195 upe195 coune195; 
print love290 upe290 coune290 love295 upe295 coune295 ; 
•I 
do 11=1 to 3 ; 
lper90=lov90[11]/nsim; uper90=up90[11]/nsim ; per90=count90[11]/nsim; 
lper95=lov95[11]/nsim; uper95=up95[11]/nsim; per95=count95[11]/nsim; 
lperL90=lovL90[11]/nsim ; uperL90=upL90[11]/nsim ; perL90=countL90[11]/nsim; 
lperL95=lovL95[11]/nsim ; uperL95=upL95[11]/nsim ; perL95=countL95[11]/nsim; 
lper290=lov290[11]/nsim ; uper290=up290[11]/nsim ; per290=count290[11]/nsim ; 
lper295=lov295[11]/nsim; uper295=up295[11]/nsim ; per295=count295[11]/nsim; 
lper190=lov190[11]/nsim; uper190=up190[11]/nsim ; per190=count190[11]/nsim; 
lper195=lov195[11]/nsim; uper195=up195[11]/nsim; per195=count195[11]/nsim ; 
lper390=lov390[11]/nsim; uper390=up390[11]/nsim; per390=count390[11]/nsim; 
lper395=lov395[11]/nsim; uper395=up395[11]/nsim ; per395=count395[11]/nsim; 
l eper190=love190[11]/nsim ; ueper190=upe190[11]/nsim; eper190=coune190[11]/nsim; 
l eper195=love195[11]/nsim; ueper195=upel95[11]/nsim ; eper195=coune195[11]/nsim; 
leper290=love290[11]/nsim ; ueper290=upe290[11]/nsim ; eper 290=coune290[11]/nsim ; 
l eper295=love295[11]/nsim ; ueper295=upe295[11]/nsim; eper295=coune295[11]/nsim; 
print lper90 uper90 per90 lper95 uper95 pe r95; 
print lperL90 uperL90 perL90 lperL95 uperL95 perL95 ; 
print lper290 uper290 per290 lper295 uper295 per295 ; 
print lper190 uper190 per190 lper195 uper195 per195 ; 
print lper390 uper390 per390 lper395 uper395 per395; 
print leper290 ueper290 eper290 leper295 ueper295 eper295; 
print leper190 ueper190 eper190 leper195 ueper195 eper195; 
end ; 
quit; 

I• 
data result ; set result; file ' veg1 . ind '; 
put ind90 indL90 ind290 ind190 ind390 ind95 indL95 ind295 ind195 ind395; 
•I 
proc sort data=result; by 11 ; 
proc univariate data=result normal plot ; 
by 11; 
var tau terml term2 var ; 
%mend ; 

%macro part0; 
%do i=2 %to 1000 ; 

%part1 ; 
proc sort data=sample ; by descending sight ; 
da t a sample ; set sample ; set=ii; 
proc append base=sample1 data=sample force; 

%end ; 
%m e nd; 
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data elk ; 
infile ' elk .dat '; 
input sight group hab behav veg; 
if behav>2 then behav=2; behav=behav-1 ; 
u=2 . 4132+0 . 1322•group-1.8224•behav-0.0423•veg ; 
prob=1/(1+exp(-u)); 
keep group behav veg prob ; 
I• 
infile 'ssamuel .dat' lrecl=80 ; 
input group behav veg prob; 
group=log (group); 
u=1 .8828+0.9694•group-1 .7704•behav-0 . 043•veg ; 
prob=1/(1 +exp(-u)); 
keep group behav veg prob ; 
•I 

%part1 ; 
data sample! ; set sample ; set=1 ; 
proc sort data=sample1 ; by descending sight ; 
%part• ; 

proc logistic data=sample1 covout order=data outest=sub1 noprint; 
by set; 
model sight=group behav veg/ covb; 

proc logistic data=sample1 covout order=data outest=sub2 noprint ; 
by set ; 
model sight=group / covb ; 

proc logistic data=sample1 covout order=data outest=sub3 noprint ; 
by set ; 
model sight=veg / covb ; 

data beta; set sub1; keep intercep group behav veg ; 
data beta ; set beta ; if intercep= . then delete; 
data beta1 ; set sub2 ; keep intercep group ; 
data beta1; set beta1; if intercep= . then delete ; 
data beta2; set sub3 ; keep intercep veg; 
data beta2; set beta2; if intercep= . then delete ; 

%part2 ; 
data beta ; set beta ; 
file ' pori . cov '; 
put intercep group behav veg ; 
data beta1 ; set beta1 ; 
file 'pgroup . cov' ; 
put intercep group; 
data beta2 ; set beta2 ; 
file 'pveg.cov' ; 
put intercep veg; 
run ; 
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••• Computer program for nonparametric bootstrap procedure in phase I ; 

options nonotes nosource nosource2; 
%macro sample; 
proc iml; use A_sample ; read all into sample1; l=nro9(sample1) ; 
sample2=j(l,4,0); 

do i=1 to N; 
m=int(uniform(0)•N+0.5) ; if m=0 then m=1 ; if m>N then m=N; 

sample2[i,]=sample1[m,]; 
end; 

create sample3 from sample2[colname={'group', ' behav', 'veg ', 'sight'}] ; 
append from sample2; close sample3; 
quit; 
%mend sample; 

%macro more; 
%sample ; 
I• 
data sample4; set sample3 ; set=1; 
proc sort data=sample4 ; by descending sight ; 
•I 
%do i=2 %to 501 ; 

%sample; 
data sample3 ; set sample3; set=&i; 
proc sort data=sample3; by descending sight; 
proc append base=sample1 data=sample3 force ; 

%end ; 
%mend more ; 

%macro part0; 
data sample1 ; set samuel; 
p=uniform (0); sight=0 ; set=1; 
if p < prob then sight=1; 
keep sight group behav veg set ; 
data A_sample ; set sample1; 
keep sight group behav veg ; 
/•proc sort data=sample1 ; by descending sight ; •/ 

%more; 

proc logistic data=sample1 covout order=data outest=sub1 noprint; 
by set; 

model sight= group behav veg/ covb;• influence iplots; 
data beta ; set sub1 ; keep intercep group behav veg ; •if _1_=1 ; 

I• 
proc logistic data=sample4 covout order=data outest=sub1 noprint; 
by set; 

model sight= group/ covb;• influence iplots ; 
data bbeta ; set sub1; keep intercep group; •if mod(_l_,3)=1 ; 

proc means data=bbeta noprint ; 
var intercep group; 
output out=result mean=mean1 mean2; 
data result; merge result beta; 
data result; set result; percent1=(mean1-intercep)/abs(intercep)•100 ; 
percent2=(mean2-group)/abs(group)•100; keep percent! percent2; 
•I 
%mend ; 

%macro morel; 
%part0 ; /•data result1; set result; 
%do i1=2 %to 50; %part0 ; 
proc append base=result1 data=result force; 
%end; 
proc means data=result1 N mean std stderr ; 
var percent! percent2; 
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•I 
%mend ; 

data samuel; 
I• 
infile 'trial.dat' ; 
input group prob ; 
data samuel; set samuel samuel; 
•I 
infile 'samuel/elk.dat '; 
input sight group hab behav veg; 
if behav>2 then behav=2 ; behav=behav-1 ; 
group=log(group); 
u=1 .8828+0.9694•group-1 .7704•behav-0 . 043•veg; 
prob=1/(1+exp(-u)) ; 
keep group behav veg prob; 

%more1 ; 
data beta; set beta; 
file 'npboot.dat '; 
put intercep group behav veg ; 
run; 

189 



*** Computer program for combining the bootstrap parametric procedure i n phase I 
and bootstrap procedures in phase II without bootstrap t-statisic; 

options nonotes nosource nosource2 ; 
%macro part1 ; 
proc iml; use beta ; read all into beta; nsim=nrow(beta); 
use samuel; read all into pop; N=nrow(pop); pop=j(N,1,1)1 lpop ; 

••••••••••••••••• estimation; 
b=j(1 , 4 ,0); esigma=j(4 , 4 ,0) ; 

b=beta[1,]; esigma[1 :4 , ]=beta[2 :5,] ; 
one=j(N,1,1); 
e=j(N,1,2 .7182818) ; 
submat=pop[ , 1 :4]•esigma•pop[,1:4]'#i(N); submat=submat[+,]'; 
exp1=-(pop[ , 1 : 4]•b')-(submat)/2 ; 
ptheta=one+e##exp1; pop=pop[,2:4] ; 
pi=1/ptheta; pop=popl lpi ; 
create ssamuel from pop[colname={'group', ' behav' ,'veg' ,'prob'}]; 
append from pop; close ssamuel; 
quit ; 
%mend part1; 

%macro part2; 
data sample3; set ssamuel ; 
p=uniform(0); sight=0 ; 
if p < prob then sight=! ; 
keep sight group behav veg; 

proc sort data=sample3; by descending sight ; 
%mend part2; 

%macro more ; 
%do i1=2 %to 601; 

%part2; 
data sample3; set sample3; set=ti1 ; 
proc append base=sample1 data=sample3 force ; 

%end; 
%mend more; 

%macro part3; 
proc iml ; use beta; read all into beta; nsim=nrow(beta) ; 
use samuel ; read all into pop; N=nrow(pop); pop=j(N,1,0)I lpop; 
pop_size=exp(pop[ , 2]) ; pop_size=pop_size[+ , ] ; 
•pop_size=pop[{2} , +] ; 

p=uniform(j(N , 1,0)); 
pop[loc(p<pop[ ,5]) , 1]=1 ; 

x=pop[loc(pop[,1]=1) ,]; 

••••••••••••••••• estimation; 
create result var {tau Tlog seen pop_size ytau yTlog yseen}; 
b=beta[1,]'; esigma=j(4,4,0) ; num1=nrow(x) ; 
one=j(num1,1,1) ; e=j(numi,1,2.7182818); g=exp(x[,2]) ; 
esigma[1 :4,]=beta[2 :5,] ; 
submat=x[ , 1 : 4]•esigma•x[,1 :4]'#i(num1) ; submat=submat[+,]' ; 
exp1=-(x[,1 :4]•b)-(submat)/2; 
theta=one+e##exp1 ; T=theta#g ; 
tau=T[+,]; seen=g[+ , ] ; Tlog=log(tau-seen) ; 
append ; 

ns im=nsim/5-1 ; 
x[,5]=1/theta ; 
m=1-(1/x[,5]-int(l/x[ , 5])); 

y1=j(num1 ,1,0) ; y=y1 ; 
do 1=1 to 500 ; 
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•••••••••••••• create a population then sample; 
p=uniform(j(num1,1,0)); 
y=ranbin(j(num1,1,0) ,int(1/x[ ,5]+0 .5), x[ ,5]) ; 
y1[loc(p<m),]=ranbin(O , int(1/x[loc(p<m),5]) ,x[loc(p<m) ,5]); 
y1[loc(p>=m) , ]=ranbin(O,int(1/x[loc(p>=m) ,5])+1,x[loc(p>=m),5]); 

b=beta[5•1+1,]'; esigma[1 :4 , ]=beta[5•1+2 :5•1+5,]; 
num2=y1[+,] ; x2=j(num2,5 ,0) ; m2=0; num3=y[+,]; x1=j(num3,5,0) ; m1=0; 
do k=1 to num1 ; 

if y1[k] > 0 then 
do; 
x2[m2+1 :m2+y1[k] ,]=shape(x[k,] , y1[k] ,5); 
m2=m2+y1[k] ; 
e nd; 

if y[k] > 0 then 
do; 
x1[m1+1 :m1+y[k] ,]=shape(x[k,],y[k] ,5); 
m1=m1+y[k] ; 
end; 

end; 
one=j(num2,1,1); 
e=j(num2,1,2 .7182818); g2=exp(x2[,{2}]); 
submat=x2[,1:4]•esigma•x2[,1 : 4]'#i(num2); s ubmat=submat[+ ,] '; 
exp1=-(x2[,1:4]•b)-(submat)/2; 
theta=one+e##exp1; tau=theta#g2; tau=tau[+,]; seen=g2[+,]; 
Tlog=log(tau-seen); 
one=j(num3,1,1); 
e=j(num3,1,2.7182818); g2=exp(x1[,{2}]) ; 
submat=x1[,1:4]•esigma•x1[,1:4]'#i(num3); submat=submat[+,]'; 
exp1=- (x1[ , 1 :4]•b)-(submat)/2; 
theta=one+e##exp1; ytau=th eta#g2 ; ytau=ytau[+ , ] ; yseen=g2[+ , ] ; 
yTlog=log(ytau-yseen) ; 
append; 
end; 
•••••••••••• cal Studentized statis tic; 
close result; quit; 

I• 
proc means data=result noprint ; 
var seen; 
output out=burn mean=bseen; 
data burn; set burn ; keep bseen; 

proc means noprint ; 
var tau seen ytau yseen ; 
output out=check mean=tave save ytave ysave ; 
•I 

proc univariate data=result noprint; 
var tau Tlog ytau yTlog ; 
output out=interv R=n bn mean=ave bave yave ybave p5=per5 bper5 yper5 ybper5 

p95=per95 bper95 yper95 ybper95 pctlpts=2 . 5 97 . 5 pctlpre=per bper yper ybp ; 
data result; set result; if _N_=1 ; keep seen pop_size; 
data interv; merge interv result ; 
data interv; set interv; 
burn5=exp(bper5)+seen ; burn95=exp(bper95)+seen; 
burn2_5=exp(bper2_5)+seen; burn97_5=exp(bper97_5)+seen; 
yburn5=exp(ybper5)+seen ; yburn95=exp (ybper95)+seen ; 
yburn2_5=exp(ybp2_5 ) +seen ; yburn97=exp(ybp97_5)+seen ; 
data ne A; set interv ; 
keep n bn pop_size seen 

per5 per95 per2_5 per97_5 
burn5 burn95 burn2_5 burn97_5 
ype r5 yper95 yper2_5 yper97_5 
yburn5 yburn95 yburn2_5 yburn97 ; 

%mend part3 ; 

%macro partO; 
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data sample! ; set samuel ; 
p=uniform(0) ; sight=0 ; set=1; 
if p < prob then sight=! ; 
keep sight group behav veg set; 

proc sort data=sample1 ; by descending sight; 
proc logistic covout order=data outest=beta noprint ; 

model sight= group behav veg/ covb;• influence iplots; 

data beta; set beta; 
keep intercep group behav veg; 

%part1 ; 
%more; 

proc logistic data=sample1 covout order=data outest=beta noprint ; 
by set; 
model sight= group behav veg/ covb ; • influence iplots ; 

data beta ; set beta ; keep intercep group behav veg; 
data beta ; set beta; if intercep=' .' then delete ; 

%part3 ; 
%mend part0 ; 

%macro morel; 
%part0 ; data old; set new ; /•data check!; set check;•/ 
%do i2=2 %to 300; %part0 ; proc append base=old data=new force; 

•proc append base=check1 data=check force; %end; 
%mend morel ; 

data samuel; 
infile 'e lk.dat' ; 
input sight group hab behav veg; 
if behav>2 then behav=2; behav=behav-1; 
group=log(group); 
u=1 . 8828+0 .9694•group-1 .7704•behav-0.043•veg; 
prob=1/(1+exp(-u)); 
keep group behav veg prob ; 
%morel ; 

data old ; set old ; 
if per5<pop_size and pop_size<per95 then 

do ; p90+1 ; p95+1; end; 
else 
if per2_5<pop_size and pop_size<per97_5 then p95+1; 

w90=per95-per5 ; w95=per97_5-per2_5 ; 
if burn5<pop_size and pop_size<burn95 then 

do ; bp90+1; bp95+1 ; end; 
else 
if burn2_5<pop_size and pop_size<burn97_5 then bp95+1 ; 

bw90=burn95-burn5; bw95=burn97_5-burn2_5 ; 
if yper5<pop_size and pop_size<yper95 then 

do; yp90+1 ; yp95+1 ; end ; 
else 
if yper2_5<pop_size and pop_size<yper97_5 then yp95+1 ; 

yw90=yper95-yper5 ; yw95=yper97_5-yper2_5 ; 
if yburn5<pop_size and pop_size<yburn95 then 

do ; ybp90+1 ; ybp95+1; end; 
else 
if yburn2_5<pop_size and pop_size<yburn97 then ybp95+1 ; 

ybw90=yburn95-yburn5 ; ybw95=yburn97-yburn2_5 ; 
proc print data=old; 
•proc print data=check1 ; 
run ; 
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••• Computer program for combining the bootstrap parametric procedure in phase I 
and bootstrap procedures in phase II for bootstrap t-statistic CI; 

options nonotes nosource no s ource2; 
%macro part! ; 
proc iml; use beta ; r ead all into beta ; nsim=nrow(beta) ; 
use samuel; read all into pop; N=nrow(pop) ; pop=j(N , 1,1) I lpop ; 

••••••••••••••••• estimation; 
b=j(1,4,0); es igma=j (4,4 ,0) ; 

b=beta[1 ,]; esigma[1:4,]=beta[2:5,]; 
one=j(N,1,1); 
e=j(N,1,2.7182818); 
submat=pop[,1:4]•esigma•pop [,1 :4]'#i(N); submat=submat[+ ,]' ; 
exp1=-(pop [,1 :4]•b')-(submat)/2 ; 
ptheta=one+e##exp1; pop=pop[,2 :4]; 
pi=1/ptheta ; pop=popl lpi ; 
create ssamuel from pop[colname={ ' group' ,'behav' ,' veg' ,'prob'}]; 
append from pop ; c lose ssamuel; 
quit; 
%mend part1 ; 

%macro part2 ; 
data sample3; set ssamuel; 
p=uniform(O); sight=O; 
if p < prob then sight=!; 
keep sight group behav veg ; 

proc s ort data=sample3; by descending sight ; 
%mend part2; 

%macro more; 
%do i1=2 %to 601; 

%part2 ; 
data sample3; set sample3; set=ki1; 
proc append base=sample1 data=sample3 force ; 

%end ; 
%mend more ; 

%macro part3 ; 
proc iml; use beta; read all into beta; nsim=nrow(beta); 
use samuel; read all into pop ; B=nrow(pop); pop=j(I ,1, 0)I lpop ; 
pop_size=exp(pop[,2]); pop_size=pop_size[+,]; 

p=uniform(j(N , 1,0)); 
pop[loc(p<pop[,5]),1]=1; 

x=pop[loc(pop[ , 1]=1) ,]; 

••••••••••••••••• estimation ; 
b=j(1 ,4,0) ; esigma=j(4,4,0); 

create result var {tau t_stat ytau yt_stat tau1 var1 pop_size}; 
b=beta[1,] ; esigma[1:4,]=beta[2:5,]; num1=nrow(x); 
one=j(num1,1 ,1) ; 
e=j(numl,1,2.7182818); g=exp(x[ ,{2}]) ; 
submat=x[,1:4]•esigma•x[,1:4] 1#i(num1); submat=submat[+ ,]'; 
exp1=-(x[,1:4]•b')-(submat)/2; 
theta=one+e##exp1 ; 
••••••••••• Calculating estimated Cov mx of theta hat ; 
exp2=-2#(x[,1 :4]•b')-2#submat ; 
evar=e##exp2#(e##(submat)-one); 
ecov=shape({O},num1,num1); 

do i1=1 to num1 ; 
do j1=i1+1 to num1 ; 

z=x[i1,1:4]+x[j1,1:4]; 
exp3=-z•b'-z•esigma•z'/2; 
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ecvar=(2 .718282##exp3)#(2 .718282##(x[i1,1 :4]•esigma•x[j1 , 1 :4] ' )-1 ); 
ecvar=g[i1]•g[j1]•ecvar; 
ecov[i1 , j1]=ecvar; ecov[j1 , i1]=ecvar; 

end ; 
end ; 

term2=ecov[+,+]; •g=exp(g) ; extra=g#g#evar ; term2=term2+extra[+,]; 
T=theta#g ; tau=T[+ ,]; taui=tau; 
TT=g#g#(theta#theta-theta-evar); term1=TT[+ ,]; 
var1=term1+term2 ; append ; 
x=x[ , 1 :4] ; x=xl I theta ; x[ , 5]=1/x[ , 5] ; 

nsim=nsim/5-1 ; 
m=1- (1/x[ ,5]-int ( 1/x[,5] )); 

y=j(num1,1,0); y1=y; 
do l=O to nsim; 
•••••••••••••• create a population then sample ; 

p=unirorm(j(num1,1,0)) ; 
y=ranbin(j(num1,1,0),int(1/x[,5]+0 . 5),x[,5]) ; 
y1[loc(p<m),]=ranbin(O,int(1/x[loc(p<m),5]) ,x [loc(p<m),5]) ; 
y1[loc(p>=m) ,]=ranbin(O,int(1/x[loc(p>=m),5])+1,x[loc(p>=m),5]); 

••••••••••• Calculating estimated Cov mx or theta hat ; 
b=beta[5•1+1 ,] ; esigma[1 :4,]=beta[5•1+2:5•1+5 , ] ; 
num2=y1[+ ,] ; x2=j(num2,5,0); m2=0 ; num3=y[+,] ; x1=j (num3 , 5 ,0) ; m1=0 ; 
do k=1 to num1 ; 

ir y1[k] > 0 then 
do ; 
x2[m2+1 :m2+y1[k] ,]=shape(x[k,] ,y1[k] ,5); 
m2=m2+y1[k] ; 
e nd; 

ir y[k] > o then 
do ; 
x1[m1+1 :m1+y[k] ,]=shape(x[k,],y[k] ,5); 
m1=m1+y[k] ; 
end; 

end ; 
one=j(num2 , 1 ,1) ; 
e=j(num2,1 ,2 .7182818) ; g2=exp(x2[ ,{2}]) ; 
submat=x2[,1 :4]•esigma•x2[,1:4]'#i(num2); s ubmat=submat[+ ,]' ; 
exp1=- ( x2[,1 :4]•b')- (submat)/2; 
theta=one+e##exp1 ; 
exp2=-2# (x2[,1:4]•b')-2#submat ; 
evar=e##exp2# (e##(submat)-one) ; 
ecov=shape({O},num2,num2) ; 

do i1=1 to num2; 
do j1=i1+1 to num2; 

z=x2[i1 , 1 :4]+x2[j1,1 :4] ; 
exp3=-z•b'-z•esigma•z'/2; 
ecvar=(2 . 718282##exp3)#(2.718282##(x2 [i1,1 :4]•esigma•x2[j1 , 1 :4]')-1 ); 
ecvar=g2[i1]•g2[j1]•ecvar; 
ecov[i1,j1]=ecvar ; ecov[j1,i1]=ecvar ; 

e nd ; 
end ; 

term2=ecov[+ ,+] ; •g2=exp(g2); extra=g2#g2#evar; term2=term2+extra[+,] ; 
T=g2#theta ; tau=T[+ , ] ; 
TT=g2#g2# (theta#theta-theta-evar ); t e rm1=TT[+ , ] ; 
var=term1+t erm2 ; 
t _stat=(tau-tau1 ) /sqrt(var); 

one=j ( num3 , 1 , 1 ); 
e=j (num3,1 , 2 .7182818); g2=exp(x1[ , {2}]) ; 
submat=x1[ , 1 :4]•es igma•x1[ , 1 :4]'#i(num3) ; submat=submat[+,]' ; 
exp1=-(x1[,1 :4]•b ' )-(submat)/2 ; 
theta=one+e##exp1 ; 
exp2=-2#(x1[ , 1 :4]•b')-2#submat; 
evar=e##exp2#(e## (submat)-one ) ; 
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ecov=shape ({O},num3,num3); 
do i1=1 to num3 ; 

do j1=i1+1 to num3; 
z=x1[i1,1:4)+x1[j1,1:4]; 
exp3=-z•b ' -z•esigma•z ' /2 ; 
ecvar=(2. 718282##exp3)#(2 . 718282##(x1[i1,1 :4]•es igma•x1[j1 ,1: 4] ') -1 ); 
ecvar=g2[i1]•g2 [j1]•ecvar; 
ecov[i1 ,j 1]=ecvar ; ecov[j1,i1]=ecvar ; 

end ; 
end; 

term2=ecov[+ ,+J; •g2=exp(g2) ; extra=g2#g2#evar; term2=term2+extra[+,J ; 
T=g2#theta; ytau=T[+,] ; 
TT=g2#g2#(theta#theta-theta-evar ); termi=TT[+,]; 
var=term1+term2 ; 
yt_stat=(ytau-tau1)/sqrt(var) ; 
append ; 
end; 
close result ; quit ; 

proc means data=result noprint; 
var tau ytau ; 
output out=sigma std=stdtau ystdtau ; 
data s igma ; set sigma; keep stdtau ystdtau ; 

proc univariate data=result noprint; 
var tau t_stat ytau yt_stat ; 
output out=interv N=n tn yn ytn mean=ave tave yave ytave 

p5=per5 tper5 yper5 ytper5 
p95=per95 tper95 yper95 ytper95 
pctlpts=2 . 5 97 . 5 pctlpre=per tper yper ytp ; 

data result ; set result; if _N_=1 ; keep tau! var ! pop_size ; 
data interv; merge interv result sigma; 
data interv ; set interv; 
Sper5=tper5•sqrt(var1)+tau1; Sper95=tper95•sqrt(var1)+tau1 ; 
Sper2_5=tper2_5•sqrt(var1)+tau1; Sper97_5=tper97_5•sqrt(var1)+tau1; 
Eper5=tper5•stdtau+tau1; Eper95=tper95•stdtau+tau1 ; 
Eper2_5=tper2_5•stdtau+tau1; Eper97_5=tper97_5•stdtau+tau1 ; 
ySper5=ytper5•sqrt (var1 )+tau1 ; ySper95=ytper95•sqrt (var1 ) +tau1 ; 
ySper2_5=ytp2_5•sqrt(var1)+tau1 ; ySp97_5=ytp97_5•sqrt(var1)+tau1 ; 
yEper5=ytper5•ystdtau+tau1 ; yEper95=ytper95•ystdtau+tau1 ; 
yEpe r 2_5=ytp2_5•ystdtau+tau1 ; yEp97_5=ytp97_5•ystdtau+tau1; 
data new; set interv; 
keep n tn pop_size 

per5 per95 per2_5 per97_5 Sper5 Sper95 Sper2_5 Sper97_5 
Eper5 Eper95 Epe r2_5 Eper97_5 
yper5 yper95 yper2_5 yper97_5 ySperS ySper95 ySper2_5 ySp97_5 
yEper5 yEper95 yEper2 _5 yEp97_5 ; 

%mend ; 

%macro partO ; 
data s ample! ; set samuel; 
p=uniform (O); sight=O ; set=! ; 
if p < prob then sight=!; 
keep sight group behav veg set; 
data A_sample ; set sample! ; 
keep sight group beha v veg; 

proc s ort data=sample1 ; by descending sight ; 
proc logistic covout order=data outest=beta noprint ; 
model sight= group behav veg/ covb ; • influence iplots ; 

data beta ; set beta ; 
ke ep intercep group behav veg ; 

%part! ; 
%more; 
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proc logistic data=sample1 covout order=data outest=beta noprint; 
by set ; 
model sight= group behav veg/ covb;• influence iplots; 

data beta; set beta ; keep intercep group behav veg; 
data beta ; set beta; if intercep=' . ' then delete; 

%part3; 
%mend part0; 

%macro more1; 
%part0; data old; set neg ; 
%do i2=2 %to 300; %part0; proc append base=old data=neg force; 
%end; 
%mend morel; 

data samuel; 
infile 'elk.dat' ; 
input sight group hab behav veg ; 
if behav>2 then behav=2; behav=behav-1; 
group=log(group); 
u=1.8828+0 .9694•group-1 .7704•behav-0 . 043•veg ; 
prob=1/(1+exp(-u)); 
keep group behav veg prob; 
%more!; 

data old; set old; 
if per5<pop_size and pop_size<per95 then 

do ; p90+1; p95+1 ; end ; 
else 
if per2 _5<pop_size and pop_size<per97_5 then p95+1 ; 

g90=per95-per5; g95=per97_5-per2_5; 
if Eper5<pop_size and pop_size<Eper95 then 

do ; Ep90+1; Ep95+1; end; 
else 
if Eper2_5<pop_size and pop_size<Eper97_5 then Ep95+1 ; 

Eg90=Eper95-Eper5; Eg95=Eper97_5-Eper2_5; 
if Sper5<pop_size and pop_size<Sper95 then 

do; Sp90+1; Sp95+1; end; 
else 
if Sper2_5<pop_size and pop_size<Sper97_5 then Sp95+1; 

$g90=Sper95-Sper5 ; $g95=Sper97_5-Sper2_5 ; 
if yper5<pop_size and pop_size<yper95 then 

do ; yp90+1 ; yp95+1 ; end; 
else 
if yper2_5<pop_size and pop_size<yper97_5 then yp95+1; 

yg90=yper95 - yper5; yg95=yper97_5-yper2_5; 
if yEper5<pop_size and pop_size<yEper95 then 

do ; yEp90+1 ; yEp95+1; end; 
else 
if yEper2_5<pop_size and pop_size<yEp97_5 then yEp95+1 ; 

yEg90=yEper95-yEper5; yEg95=yEp97_5-yEper2_5; 
if ySper5<pop_size and pop_size<ySper95 then 

do ; ySp90+1 ; ySp95+1 ; end ; 
Else 
if ySper2_5<pop_size and pop_size<ySp97_5 then ySp95+1 ; 

ySg90=ySper95-ySper5; ySg95=ySp97_5-ySper2_5; 
proc print data=old ; 
run ; 
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••• Compute expectation and variance of estimated parameters and 
population size estimator when fit a simpler model (chap 7); 

data samuel; 
infile 'elk .dat '; 
i nput sight group hab behav veg ; 
if behav> 2 then behav=2 ; behav=behav-1 ; 
group=log(group) ; 
u=1 .8828+0 .9694•group-1 .7704•behav-0.043•veg; 
prob=1/(1+exp(-u)) ; 
keep group behav veg prob ; 
I• 
infile 'ssamuel .dat' ; 
input group behav veg prob ; 
u=2 . 4132+0 . 1322•group-1 .8224•behav-0 . 0423•veg; 
•I 

proc iml ; 
use samuel; read all into x; 
x=j(nrow(x) , 1,1)1 Ix; xl=x[ , 1] I lx[,4]; •xl=x[ , 1 : 2]; 
pop_size=exp(x[,{2}]); pop_size=pop_size[+,] ; •pop_size=x[+,{2}] ; 
print pop_size; 
b1=j(4,1,0) ; 
bl[l , 1]=0 .348307; b1[2,1]=0; b1[3,1]=0; b1[4,1]=0; 
u=x1•b1[1:2] ; prob=1/ ( 1+exp(-u)) ; 
D=prob#(1-prob); D=diag(D); 
z=inv(x1'•D•x1)•x1'•(x[,5]-prob); 

beta=b1[1 :2]; betal=beta+z; 
a=j(2,1,0 .000001) ; 
iter=1 ; 
do while (abs(beta[1]-beta1[1])>a[1] labs(beta[2]-beta1[2])>a[2]) ; 
•do while (abs(beta-betal)>a) ; 

iter=iter+1 ; 
u=x1•beta1; prob=1/(1+exp(-u)) ; 
D=prob#(1-prob); D=diag(D) ; 
z=inv(x1'•D•x1)•x1'•(x[,5]-prob); 
beta=beta1 ; betal=beta+z ; 

e nd ; 
s igma=inv(x1'•D•x1) ; 
Dl=x[ ,5]#(1-x[,5]); D1=diag(D1) ; 
sigma1=sigma•x1'•D1•x1•sigma'; 
print iter beta1 sigma1 ; 
b=j(l,2,0); esigma=j(2,2,0); 
b=beta1' ; esigma=sigmal/4; numl=nrow(x); 
one=j(numl,1,1); 
e=j(numl,1,2 .7182818); g=exp(x[,2]) ; 
submat=x1•esigma•x1'#i(num1); submat=submat[+ , ] '; 
exp1=-x1•b ' -submat/2; 
theta=1+e##exp1#(x1[ ,1]+x1[ , 1]/2#submat) ; 

••••••••••• Calculating estimated Cov mx of theta hat; 
exp2=-2# (x1•b ' )-submat; 
evar=e##exp2#submat ; 
ecov=shape({O},num1 , num1); 

do i1=1 to numl-1 ; 
do j1=i1+1 to num1 ; 

z=x1[i1,] +x1[j1,]; 
exp3=-z•b ' -submat[i1,]/2-submat[j1,]/2 ; 
ecvar=(2 .718282••exp3)•(x1[i1,]•esigma•x1[j1 ,]') ; 
ecvar=ecvar•g[i1]•g[j1]•x[i1,5]•x[j1,5]; 
ecov[i1 ,j 1]=ecvar ; ecov[j1,i1]=ecvar ; 

e nd; 
end ; 

expect=x[,5]#g#theta; expect=expect[+,]; extra=g#g#(x[,5]#evar+x[ ,5]#(1-x[ ,5])#theta#theta) ; 
var=extra[+ , ]+ecov[+,+] ; var=var ; print expect var ; run ; 
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*** Compute mean and observed variance matrix of a set of estimat ed parameters . 
Also compute a ve r age of estimated variance matrix . 

data al ; 
•infile ' h06101 . dat'; 
•infile 'small42.cov '; 
•infile ' veg42 . cov '; 
i nfile 'p4x4 . c ov '; 
input x1-x20 ; 
•if _ll_ <= 500; 
if x1=' .' then delete; 
proc means noprint ; 
var x5-x20 ; 
output out=result1 mean=m5-m20 ll=n ; 

proc iml ; 
use al; read all var {x1 x2 x3 x4} into beta ; 
use result! ; read all var {m5 m6 m7 m8 m9 m10 m11 m1 2 m1 3 m14 m15 

m16 m17 m18 m19 m20} into m· 
nsim=nro~(beta); nsim1=nsim ; 
print nsim ; 
s umsq=j (4, 4 ,0) ; 
do i=1 to nsim ; 

s umsq=sumsq+beta[i,]' •beta[i , ] ; 
end ; 
s um=beta[+,] ; covl=(sumsq-sum'•sum/nsim)/(nsim-1); 
var=j(4 , 4 ,0) ; var[1 , ]=m[ , 1 :4]; var[2 , ]=m[ , 5 :8] ; 
var[3,]=m[,9 :12]; var[4 , ]=m[,13 : 16] ; 
ave1=sum/nsim; print ave! ; 
print cov1 var; 
run; 
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••• Compute true error components 1 and 2 for a complete census; 

data elk; 
infile 'elk .dat'; 
input sight group hab behav veg; 
if behav>2 then behav=2; behav=behav-1 ; 
prob=2.4132+0 . 1322•group-1.8224•behav-0 .0423•veg; 
prob=1/(1+exp(-prob)); 
keep group behav veg prob; 
I• 
infile 'ssamuel .dat' lrecl=80; 
input group behav veg prob ; 
group=log(group); 
prob=1 .8828+0.9694•group-1 .7704•behav-0.043•veg; 
if prob< 0 . 6 then delete; 
if veg> 50 then delete; 
if group> 9 then delete; 
•I 

data obs_cov ; 
infile 'cov.dat'; 
input x1-x4 ; 

data covar; 
inTile ,var .dat'; 
input x1-x4 ; 

proc iml; 
use elk; read all into pop; N=nro~(pop); pop=j(N,1,1)1 lpop; 
use obs_cov; read all into ocovar; 
use covar; read all into covar; 

*************** calculate true variance; 
pi=pop[,5]; one=j(N,1,1); e=j(N,1,2.7182818); g=(pop[,2]); 
pop_size=g[+,] ; print pop_size; 
I• 
tbeta=j(l,4 ,0); tbeta[l,1]=1 .8828; tbeta[l,2]=0.9694; 
tbeta[l,3]=-1.7704; tbeta[l,4]=-0.043; 
•I 
tterml=g#g#(l/pi-j(N,1,1)) ; tterm1=tterm1[+,]/4; 
tbeta=j(l ,4,0); tbeta[l,1]=2.4132; tbeta[l,2]=0 . 1322; 
tbeta[l,3]=-1.8224; tbeta[l,4]=-0.0423; 
submat1=pop[,1:4]•ocovar•pop[,1:4]'#i(N) ; submat1=submat1[+ ,]'; 
submat2=pop[ ,1:4]•covar•pop[ , 1 :4]'#i(I) ; submat2=submat2[+,]' ; 
texp2=-2#(pop[,1 : 4]•tbeta') ; 
evar1=e##texp2#(e##(submat1)-one) ; opart1=g#g#evar1#pi; 
evar2=e##texp2#(e##(submat2)-one); part1=g#g#evar2#pi ; 
otterm2=0; tterm2=0 ; 
do i2=1 to N-1; 

do j2=i2+1 to N; 
z=pop[i2,1 :4]+pop[j2,1 :4] ; 
texp3=-z•tbeta ' ; 
ecvar1=(2 .718282##texp3)# 

(2 . 718282##(pop[i2 , 1 :4]•ocovar•pop[j2,1:4]')-1); 
ecvar2=(2 .718282##texp3)# 

(2 .718282##(pop[i2,1:4]•covar•pop[j2 , 1 :4] ')-1) ; 
otterm2=otterm2+g[i2]•g[j2]•ecvar1•pi[i2]•pi[j2] ; 
tterm2=tterm2+g[i2]•g[j2]•ecvar2•pi[i2]•pi[j2]; 

end; 
end ; 
run ; 
t1=part1[+,]; ot1=opart1[+,]; t2=2•tterm2; ot2=2•otterm2; 
•print ti t2 ot1 ot2; 
tterm2=(part1[+ ,]+2•tterm2) ; true_v=tterm1+tterm2; 
otterm2=(opart1 [ + , ]+2•otterm2) ; otru.e_ v=tterm1 +otterm2 ; 
total=g[+,] ; print total ; 
print tterm1 otterm2 tterm2 otrue_v tru e_v ; run; 
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