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ABSTRACT OF THESIS
POPULATION SIZE ESTIMATION USING THE MODIFIED
HORVITZ-THOMPSON ESTIMATOR WITH ESTIMATED SIGHTING
PROBABILITY

Wildlife aerial population surveys usually use a two-stage sampling technique.
The first stage involves dividing the whole survey area into smaller land units,
which we called the primary units, and then taking a sample from those. In
the second stage, an aerial survey of the selected units is made in an attempt
to observe (count) every animal. Some animals, usually occurring in groups, are
not observed for a variety of reasons. Estimates from these surveys are plagued
with two major sources of errors, namely, errors due to sampling variation in
both stages. The first error may be controlled by choosing a suitable sampling
plan for the first stage. The second error is also termed “visibility bias”, which
acknowledges that only a portion of the groups in a sampled land unit will be
enumerated.

The objective of our study is to provide improved variance estimators over
those provided by Steinhorst and Samuel (1989) and to evaluate performances of
various corresponding interval procedures for estimating population size. For this
purpose, we have found an asymptotically unbiased estimator for the approximate
variance of the population size estimator when sighting probabilities of groups are
unknown and fitted with a logistic model. We have broken down the approximate
variance term into three components, namely, error due to sampling of primary

units, error due to sighting of groups in second stage sampling and error due
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all three components separately in order to get a better insight to error control.
Simplified versions of variance estimators are provided when all primary units
are surveyed and for stratified random sampling of primary units. Third central
moment of population size estimator was also obtained.

Simulation studies were conducted to evaluate performances of our asymp-
totically unbiased variance estimators and of confidence interval procedures such
as the large sample procedure, with and without transformation, for constructing
90% and 95% confidence intervals for the population size. Confidence intervals
for the population size were also constructed by assuming that the distribution of
log(7—T') is normally distributed, where 7 is the population size estimate and 7" is
the number of animals seen in a sample obtained from a population survey. From
our simulation results, we observed that the population size is estimated with neg-
ligible bias (according to Cochran’s (1977) working rule) with a sample of at least
100 groups of elk obtained from a population survey when sighting probabilities
are known. When sighting probabilities are unknown, one needs to conduct a
sightability survey to obtain a sample, independent of the sample obtained from
a population survey, for fitting a logistic model to estimate sighting probabilities
of sighted groups in the sample obtained from the population survey. In this case,
the population size is also estimated with negligible bias when the sample size of
both samples is at least 100 groups of elk. We also observed that when sighting
probabilities are known, we needed a sample of at least 348 groups of elk from a
population survey to obtain reasonable coverage rates of the true population size.
When sighting probabilities are unknown and estimated via logistic regression, the
size of both samples is at least 428 groups of elk for obtaining reasonable coverage
rates of the true population size. Among all these confidence intervals, we found

that those approximate confidence intervals constructed based on the assumption
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that log(7 — 7") is normally distributed and using the delta method have better
coverage rates and shorter estimated expected interval widths.

Confidence intervals for the population size using bootstrapping were also
evaluated. We were unable to find an existing bootstrapping procedure which
could be directly applied to our problem. We have, therefore, proposed a couple
of bootstrapping procedures for obtaining a sample to fit a logistic model and a
couple of bootstrapping procedures for obtaining a sample to construct a popu-
lation size estimate. With 1000 pairs of independent samples from a sightability
survey and a population survey, each sample of size 107 groups of elk and us-
ing 500 bootstrap iterations, we obtained reasonable coverage rates of the true
population size.

Our other problem is model selection of a logistic model for the unknown
sighting probabilities. We evaluated the performance of the population size esti-
mator and our variance estimator when we fit a simpler model. For this purpose,
we have derived theoretical expressions for the bias of the population size estima-
tor and the mean-squared-error. We found, from our simulation results of fitting
a couple of models simpler than the full model, that the population size was still
well estimated for the fitted model based only on group size but was severely
overestimated for the fitted model based only on percent of vegetation cover. For
both fitted models, our variance estimator overestimated the observed variance
of 1000 simulated population size estimates. We also found that the approxi-
mate expression of the expected value of the population size estimator we derived
for a fitted model simpler than the full model has negligible bias (by Cochran’s
(1977) working rule) relative to the average of those 1000 simulated population
size estimates. The approximate expression of the variance of the population size
estimator we derived for this case somewhat underestimated the observed variance

of those 1000 simulated population size estimates. Both approximate expressions



apparently give us an idea of the expected size of the population size estimate and

its variance when the fitted model is not the full model.

vi

Char-Ngan Wong
Department of Statistics
Colorado State University
Fort Collins, Colorado 80523
Summer, 1996



ACKNOWLEDGEMENTS

I would like to thank my adviser, Dr. Dave Bowden, for his patience, encour-
agement and valuable guidance during the two and a half years of my endeavour
to complete the Ph.D. thesis. I would also like to thank other members in my
Ph.D. committee for their valuable suggestions and comments.

I also wish to thank my family for being extremely understanding and sup-

portive the whole time.

Vil



CONTENTS

1 Introduction 1
1.l TwoBtagesatapling « « « « o v o ¢ 5 o5 e 5 b o s v 6 50 5 06 v e 1
1.2 Population surveys of wildlife population . . . .. ... .. ... ... 1
1.3 Early population sizeestimator . . . . .. ... .. ... ... 2
1.4 Anoutlineofourstudy. . . . ... ... ... .. ... ........ 5
2 Modified Horvitz-Thompson estimator of population size 10
2.1 Development of the population size estimator . . . .. .. ... ... 10
2.1.1 When sighting probabilities are known . . . . . . ... ... .. .. 12
2.1.2  When sighting probabilities are unknown . . . . . . . .. .. .. .. 12
2.2 Development of an unbiased estimator for the variance of the popula-
LoD SIRe PRRAMBEOE . o s s v ok 5 v s m e A e s e v b ire 13
2.2.1 When sighting probabilities are known . . . . . ... ... ... .. 13
2.2.2  When sighting probabilities are unknown . . . . . . . ... ... .. 14
2.3 Estimation of the population size of a finite population . . . . .. .. 19
2.3.1 Example of how real data are collected and how population size is
estimated using modified Horvitz-Thompson estimator . . 19
2.3.2  Some problems of aerial surveys . . . . . .. ... ... ... 22
2.3.3 About the sightability model . . . . ... ... ... .. .. .... 24
24 Batioesfimalor « - « « « « 55 s a5 55 s 6 8 85 45 8 s h e e na .. 26
3 Modified Horvitz-Thompson estimator of the population size for
three special cases 29
3.1 Introduction . . . . . . . . .. ... ... 29
3.2 Case 1: Complete census of primary units . . . . ... .. .. .... 30
3.2.1 When sighting probabilities are known . . . .. ... ... ... .. 30
3.2.2  When sighting probabilities are unknown . . . . . ... ... .. .. 31
3.3 Case 2: Stratified random sampling of primary units . . . . . . . . . 32
3.3.1 When sighting probabilities are known . . . .. ... .. .. ... .. 33
3.3.2  When sighting probabilities are unknown . . . . . . . ... ... .. 36
3.3.3  Optimum allocations . . . . . .. ... ... ... .......... 40
3.4 Case 3: Population size estimator based on the composite data of
several replicated population surveys . . . ... ... ... ..., 40
3.4.1 Simple random sampling of primary units . . . ... ... ... .. 41
3.4.2 Stratified random sampling of primary Units . . . . . . . .. 46
3.4.3 Optimum allocations . . . . ... ... ... ............. 52



4 Third central moment of the modified Horvitz-Thompson esti-

mator for population size 53
4.1 Third central moment in terms of conditional moments . . . . . . .. 53
4.2 Third central moment of the modified Horvitz-Thompson estimator of

DOPMINKIOR BB s 475 5 4 e e W R ke 54
4.2.1 When sighting probabilities are known . . . . . ... .. ... ... 54
4.2.2  When sighting probabilities are unknown . . . . . . . .. ... ... 57

5 Simulation study of the population size estimator and the unbi-
ased estimator of the variance of the population size estimator 61

5.1 Dokpodlackion « « <« sc vw v i s s av @ e L e Gad w54 5 & & 5 61
5.1.1 Measure performances of estimators by bias . . . . ... .. .. .. 62
5.1.2  Construct confidence interval estimate for population size . . . . . 64
5.2 Simulated populations . . .. ... .. ... o L. 67
5.3 DBIOORISDOE . « - « o s s 5 s 50 s E s s W E FBF E R TSR G R FE S B F b 74
5.4 Results of the simulation . . . . .. .. ... ... .. ......... 81

5.4.1 Simulation results of the simulated population of 116 groups and the
subpopulations with sightability model (5.2.1) as the true
(o .. 81

5.4.2 Simulation results of the simulated population of 116 groups and the
subpopulations with sightability model (5.2.2) as the true
O sy s 59 o as dar N RO IR Y A AN B & 92

5.4.3 Simulation results of population Penn - the composite data of 107
groups from Pennsylvania, with sightability models (5.2.1)

and (5.2.2) as truemodels . . . .. ... 0L 99
5.5 Dominant factor in the variance estimator . . . . ... ... ... .. 106
5.6 Estimation of elk population size in Pennsylvania . . . .. .. .. .. 107
BT DO « o o s o & « 5 % 4 5 5 5§ % K S5 B E F R AE B W A & F F F 8 109
6 Bootstrap confidence interval for the population size 113
6.1 Inbroduchion . . - s vs s s s ssssnssrssa s s ms o w5 s ¥ 113
6.2 Case 1: A complete census of primary units . . . . .. ... .. ... 113
621 Bootsirapping mphissed . : .  « 4 v s s s s s v s s v s s 0 w50 114
6.2.2 Bootstrapping in phase I . . . . .. ... ... ... ........ 115
6.3 Case 2: Simple random sampling without replacement of primary units 117
64 Simulationstudy . . ... ... ¢c 0o i i e un e aa s 118
641 Simuistedpopalation L. . . .+ s s s v s v s s s s s m v ¢ a9 5w 118
DAL THEEEE s us s i 0 s 2 RBBINEBFNEEF 'S S8 L o b9 o 119
643 Phasell ... ... ... ... .. ... .. 121
6.4.4 Combining phase [ and phase IT . . .. .. ... .......... 123
6.5 Discussion . . . . . ... L e e e e 127

1X



7 Logistic Model Selection for Unknown Sighting Probabilities 132

Td Introduchion . . . « v o « 2 o v e v o 5 v v 8 s v 658 5 5 v s 8 8 5 %4 5 132
7.1.1 Expectation and covariance matrix of estimated parameters when
the fitted model is simpler than the full model . . . . . . . 133

7.1.2 Expectation and variance of the modified Horvitz-Thompson esti-
mator when the fitted model is simpler than the full model 137

.2 Asmuolabion sbdy . . « - o 0 s v ¢ 55 6@ e s 8 s s s s B R R B s s 139
7.3 Simulationresult . . .. .. ... ... o o 139
T DHSCUSBION o + « = 5 5 5 5 5 % 5 & 5.9 5 4 % % € 4 8 G EE E BB & &S 149
8 Summary, conclusion and topics for future research 164
B.] Summaryand concluion . . . « » 5 o s 5 5 5 55 5 5 5 5% w8 s e 5w 164
8.2 Suggested topics for future research . . . . . ... .00 169
9 REFERENCES 173
10 Appendix: Computer codes 182



1. INTRODUCTION
1.1 Two-Stage sampling

Suppose a population can be divided into a number, say N, of smaller, non-
overlapping units. A sample of n units is chosen. Suppose further that the i**,
1 =1,2,...,n, selected unit can be subdivided into, say M;, subunits and a sample
of, say m;, subunits is selected. This technique is called subsampling (Cochran,
1977), since the selected unit is not measured completely but is itself sampled.
Mahalanobis called it two-stage sampling, because the sample is taken in two
steps. The selected units are often called primary units and the selected subunits

from the chosen primary units are called the second-stage or secondary units.

1.2 Population surveys of wildlife population

In a population survey of a wildlife population, the entire survey area is first
divided into smaller, non-overlapping land units and a sample of these primary
units is selected using say, simple random sampling. Within each primary unit or
selected land unit, groups or clusters of animals are observed, usually via aerial
surveys for ungulate populations. Of these observed groups, certain characteristics
or measures such as the group size of the group, degree of vegetation or snow cover
under which the group is observed, are recorded.

Estimates from these surveys of animals are typically plagued by two major
sources of sampling errors. The first major error is due to first stage sampling
of the land units. The choice of sampling units and sampling designs are the

primary means for controlling this variation. Caughley (1977a) describes basic



types of alternative primary sampling units including systematic sampling, strip
transects, large quadrats, and small quadrats. In section 3.3, we will consider
the special case of using stratified random sampling. The second major source of
error is due to second stage sampling of groups within a sampled land unit. In
second stage sampling, since some groups are missed during the aerial surveys,
the collected data are sometimes called the incomplete or missing data (Cochran,
1983). This type of missing data is called a unit nonresponse. The most obvious
consequence of nonresponse is that a smaller sample of data is available for making
the estimates than was originally planned. There is often reason to believe that
nonrespondents differ systematically from respondents (Deming, 1950). Thus,
in making estimates from the available respondent data, the sampler may face
biases that are essentially unknown in size and direction. This error is hence, also
termed “visibility bias” where only a portion of the groups within the selected
land unit will be enumerated. In this context, visibility is viewed as analogous
to the probability of response in a nonresponse problem where missed groups are
viewed as nonresponse.

Readers should note that in this context, a sampling frame such as simple
random sampling without replacement for second stage sampling is not available.
Clusters of animals, or of any subjects in general, have their respective sighting
probabilities or visibilities which could be defined by a sightability model in terms

of their group size or characteristics such as degree of vegetation cover.

1.3 Early population size estimator

This paragraph is quoted from section 2.1 of Steinhorst and Samuel, 1989:

“The application of survey sampling methods to the task of estimat-
ing wildlife population parameters was practically nonexistent prior to

1964. At that time, Siniff and Skoog (1964) provided the first signifi-
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cant application of sampling techniques by using a stratified random
design to estimate the size of a caribou population. Later, Jolly (1969)
provided the foundation for applying survey design methods to the
special problems of aerial survey. Jolly described the population esti-
mators for stratified sampling based on equal or proportional selection
probabilities. Caughley (1977a) described the use of systematic sam-
pling designs and contrasted sampling with or without replacement.
This application of survey procedures allowed the calculation of a ma-
jor component of sampling error-namely, that due to the variation
between sample units. However, in the interim, increasing evidence
indicated that undercounting of animal groups had a substantial im-

pact on estimates of population size (Caughley, 1974, 1977).”

Early population estimators did not adjust for visibility bias. This results in
underestimating population size. Caughley (1974) used corrected counts to allow
correction of the population estimator for missed groups. Caughley, however, did
not consider the case of unknown sighting probabilities. Oh and Scheuren (1983),
working on nonresponse in sample surveys, developed procedures for a modified
Horvitz-Thompson estimator which relates to our problem.

Steinhorst and Samuel (1989) extended Oh and Scheuren’s work to the gen-
eral case of first stage sampling of primary units and a second stage sighting of
clusters or groups within sampled primary units. Samuel and Steinhorst have
presented modified Horvitz-Thompson population size estimators for the case of
known sighting probabilities and the case of unknown sighting probabilities. In
both cases, they showed that their population size estimators are unbiased and
they derived expressions for the variance of the population size estimator in both

cases.



For the case of unknown sighting probabilities, the sightability model is as-
sumed to be a logistic model (see (2.1.3)). In the context of ‘sighting’ of groups
in the second stage sampling, a group is either sighted (responded) or not sighted
(nonresponse) with some sighting probability. Under the assumption that the
sighting probability is determined by certain characteristics, such as the group size
which is assumed to be recorded without error, during the sampling (or sighting)
process, it is natural to consider using logistic regression to fit the sightability
model, where the responses are a set of Bernoulli observations. When sighting
probabilities are unknown and are estimated using logistic regression, the unbias-
ness of the modified Horvitz-Thompson population size estimator and the variance
of this estimator can be justified based on the asymptotic normality of the maxi-
mum likelihood estimators of the parameters of the logistic model (Steinhorst and
Samuel, 1989).

For the case of known sighting probabilities, Samuel and Steinhorst (1992)
derived an unbiased estimator for the variance of the population size estimator.
Steinhorst and Samuel (1992) have also presented a modified Horvitz-Thompson
ratio estimator for the population age or sex ratios. For the case of unknown
sighting probabilities, using the asymptotic normality of maximum likelihood es-
timators of the parameters of the sightability model, Steinhorst and Samuel (1989)
presented an estimator, not unbiased, for the variance of the population size esti-
mator.

Thompson and Seber (1994) extended Steinhorst and Samuel’s work by writ-
ing the modified Horvitz-Thompson population size estimator as a function of
estimated sighting probabilities instead of reciprocals of estimated sighting prob-
abilities. Their estimated sighting probability was not explicitly stated. Using
the delta method, they derived an approximate third error component, i.e. error

due to estimation of sighting probability, of the variance of the population size



estimator, Like Steinhorst and Samuel, they did not give an unbiased estimator

for each error component or for their approximate variance.

1.4 An outline of our study

Our objective is to provide an appropriate estimator for population size as
well as the variance of this population size estimator, where a two-stage sampling
survey is employed. The examples we will be looking at and our simulation studies
in the later chapters will be based on data obtained from elk (cervus elaphus)
populations. The procedure we developed, however, is not restricted to wildlife
populations. It could be used for other types of populations where it is appropriate
(see assumptions listed in section 2.1).

Our work is an extension of Steinhorst and Samuel’s modified Horvitz-Thompson
estimator for population size. In chapter two, we present Steinhorst and Samuel’s
population size estimator for cases of known sighting probabilities and unknown
sighting probabilities estimated via a logistic model (see notation in (2.1.1) and
the definition in (2.1.3)). We also present an unbiased estimator, derived by Stein-
horst and Samuel (1992), for the variance of the population size estimator for the
case of known sighting probabilities.

As an extension to their work, we will develop an asymptotically unbiased es-
timator for the variance of the population size estimator for the estimated sighting
probabilities case (see section 2.2). With the assumption that we have a perfect
count of detected groups, our derivation is a variation of Thompson and Seber’s
(1994) work and was obtained before their work appeared in print. Without the
delta method, the variance of the population size estimator will be written ex-
plicitly as a sum of three error components, namely, the error due to sampling of
primary units, the error due to sampling of groups within the selected primary

units and the error due to estimating sighting probabilities. New results are given



in the form of an asymptotically unbiased estimator for each of the three error
components. We will explain the difference between Thompson and Seber (1994)
and our methods in more detail in section 2.2. In section 2.3, we will begin with
a brief description of an example of real field work, explaining how data are col-
lected from a finite wildlife population and how estimators presented in sections
2.1 and 2.2 are applied to the collected data to estimate population size. We
will then briefly discuss some problems of aerial surveys and based on the past
experience of some elk sightability surveys (Samuel et. al.,1987), we will look at
a couple of influential characteristics of groups in fitting a sightability model. In
the last section of chapter 2, section 2.4, we will extend Steinhorst and Samuel’s
(1992) estimator for the variance of the ratio of two modified Horvitz-Thompson
population size estimators of known sighting probabilities to the case of estimated
sighting probabilities.

In chapter three, under the same assumptions, we look at the modified
Horvitz-Thompson population size estimator for three special cases. In section
3.2 of the special case of a complete census of primary units, using simplified no-
tation, we present simplified formulae of the population size estimator and of an
asymptotically unbiased estimator of the variance of this population size estimator
as a sum of unbiased estimators of the variance components. In section 3.3 of the
special case of stratified random sampling of primary units, with an extended set
of notation, we give explicit expressions for the population size estimator and an
asymptotically unbiased estimator for the variance of this population size estima-
tor, also as a sum of unbiased estimators of the variance components. Optimum
allocation of stratum sample sizes for stratified random sampling of primary units
is given in subsection 3.3.3. In section 3.4 of the third special case, we present
the modified Horvitz-Thompson population size estimator based on the compos-

ite data of several replicated population surveys for both simple random sampling



and stratified random sampling of primary units. Variance of the population size
estimator is again stated as a sum of variance components and an unbiased es-
timator of each variance component is derived. Optimum allocation of stratum
sample sizes in stratified random sampling of primary units for the third special
case is given in section 3.4.3. Steinhorst and Samuel (1989) did not discuss the
third special case and thus, this is also an extension of their work. In many stud-
ies of wildlife populations, biologists have conducted several replicated surveys
over the years. If it is reasonable to assume that the sightability model did not
change over a period of time, the data collected from several sightability surveys
conducted over that period of time can be combined into one composite data set,
giving more information. As for combining several replicated population surveys,
groups of animals might have restructured over that period of time; however, it
should have no sigificant impact on the estimation of the population size. It is
therefore useful to present expressions of the population size estimator and the
variance of the population size estimator in detail.

In chapter four, we will use a conditional expectation technique to derive ex-
plicit expressions for the third central moment of the modified Horvitz-Thompson
estimators for both cases of known and unknown sighting probabilities. Results,
conclusions and discussions of an evaluation study of the population size esti-
mator and its variance estimator for small populations are described in chapter
five. Considering the case of a complete census of primary units and a sightabil-
ity of three independent variables (see (5.2.1), (5.2.2)), we generated 4 simulated
populations. Various cases of this simulated population are studied to evaluate
the performances of the population size estimator and the variance estimator we
derived. We use procedure LOGISTIC in SAS to fit models. Evaluation of the
performance of the population size estimator is based on the bias of the average

of a set of simulated population size estimates with respect to the true population



size. Evaluation of performance of the variance estimator will be based on the
bias of the average of a set of variance estimates with respect to, say the sam-
pling variance of the corresponding set of population size estimates. Confidence
interval estimates at 90 and 95 percent confidence levels for population size are
constructed assuming the large sample theory (normality) for the sampling dis-
tribution of the population size estimates and for the sampling distribution of the
transformed population size estimates. Since we observed in earlier trials that the
sampling distribution of the population size estimates is positively skewed, we also
considered confidence intervals based on four transformations, namely, the natu-
ral log, the reciprocal, square root of the reciprocal and power of three halves of
the reciprocal. Approximate expectations and the variances of these transformed
population size estimators were derived using the delta method.

We also constructed confidence intervals by assuming that the sampling dis-
tribution of (7—17'), where 7 is a population size estimate and 7" is the total number
of animals or subjects in a phase 2 sample (see section 2.3), is log-normally dis-
tributed. In this case, exact expressions for the expectation and the variance of
log(7 —T') can be worked out and a Taylor series approximation is not needed to
obtain a confidence interval estimate for population size 7.

In chapter six, confidence interval estimates for the population size using
bootstrapping are evaluated. We are unaware of any bootstrap method which
has been developed for finite population sampling with estimated sighting proba-
bilities. We have therefore proposed modifications of the existing bootstrapping
procedures to handle this problem. To study these procedures, we first consid-
ered the case of a complete census of primary units and generated a simulated
population. This simulated population has a sightability model involving just one
independent variable (see (6.4.1)). We also extend our bootstrapping procedures

to the case of stratified random sampling of primary units.



Finally, in chapter seven, we will address the problem of (logistic) model
selection for the unknown sighting probabilities. Our purpose in this chapter,
like all other model selection problems, is to choose an appropriate parsimonious
subset of the full model. For simulation, we will use the simulated population we
generated in chapter five. We will fit the full model and a couple of subsets of the
full model, which we called the short models, to the simulated samples. To check
and compare the adequacy of these selected models, we use some conventional
measures, namely the Akaike Information Criteria or AIC and the test of the
hypothesis that a parameter is set to zero. In addition to those conventional
measures, we also evaluate the performances of the population size estimator and
its variance estimator the same way we did in chapter five. For this purpose,
we have derived expressions to obtain, iteratively, the expected value of estimated
parameters of a fitted model simpler than the full model, and an expression for the
estimated covariance matrix of the estimated parameters of a fitted short model.
We also study two-way scatter frequencies plots of influential predictors.

In the final chapter, chapter 8, we end this report with a summary and

conclusion of our work, and some suggested topics for future research.



2. MODIFIED HORVITZ-THOMPSON ESTIMATOR OF
POPULATION SIZE

In the first section, we present the modified Horvitz-Thompson population
size estimator and estimator of the variance of the population size estimator de-
veloped by Steinhorst and Samuel (1989). In the second section, we will provide
an improved estimator for the variance of the population size estimator with un-
known sighting probabilities estimated using logistic regression. We will then look
at how these estimators can be applied to real data set in the third section. Fi-
nally, we will extend the results of Steinhorst and Samuel (1992) on estimating
population age and sex ratio by providing a ratio estimator and an unbiased esti-
mator of the approximate variance of the ratio estimator when unknown sighting

probabilities are estimated via logistic regression.

2.1 Development of the population size estimator

Consider the problem of estimating the size of a wildlife population. An unbi-
ased, modified Horvitz-Thompson estimator for the population size was developed
by Steinhorst and Samuel (1989) based on the following five assumptions:

(1) the population is geographically and demographically closed,

(2) groups of animals are conditionally independently observed, given the
selection of primary sampling units,

(3) observed groups are completely enumerated without error and observed
only once,

(4) the survey design for primary units can be specified,



5) the probability of observing a group is known or can be estimated with a
p gag

data set, assuming some model.

The notation given in Thompson (1992) is used in our following presentation. Let

N = the number of primary units in the population,

n = the number of primary units selected,

M; = the number of groups in the i** primary unit, i = 1,2, ..., N,

m; = the number of groups observed or sighted in the i** selected primary
unit, where : = 1,2, ..., n,

y;; = the number of animals in the ;% group in the ith primary unit,
where 7 =1,2,..., M;,

7; = the number of animals in the :th primary unit, ; = Zyz"l Yiss

7 = the population size, 7 = YN | M i,

I; = 1 if the i** primary unit is selected and 0 if the i primary unit is not
selected, thus I; is an indicator random variable for sampling of the 7
primary unit,

m; = P(I; = 1) is the probability that the i** primary unit is selected,

min = P(I; = 1, I; = 1) is the probability that the i** and the i'th primary
units are both selected,

Z;; = 1if, in the i** primary unit, the j* group is sighted and 0 if the ;%
group is not observed, thus Z;; is an indicator random variable as to
the sampling of the j* group in selected primary unit i, and

gij = P(Z;; = 1|I; = 1), is the probability that the j'* group in the ;'
selected primary unit is observed or sighted; thus, g¢;; is
the response probability or visibility or sightability or sighting

probability of that group,
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0;; = 1/gi;-
(2.1.1)

2.1.1 When sighting probabilities are known

Using the modified Horvitz-Thompson approach, and assuming g;;’s are known,

an unbiased population size estimator is

N 1 M; 1 mi
Z ZZlin] 1 Z Zyl] i (212)
i=1 zj 1 =1 2_7 1

2.1.2 When sighting probabilities are unknown

This section summarizes results given in Steinhorst and Samuel (1989) when

the g;;’s are unknown. A logistic model for the g;; is used,
1_%; = 258 (2.1.3)
where ! ﬂ Bo+ Brx1,i; + ... + Bp—1%p—1,i; 1s a suitable regression function, with
those xyi; for k = 1,2, ...,p—1, being the covariates such as group size, vegetation

cover, snow cover, etc. From (2.1.1),

Define

)

o ! / ;
8, =1+ e—w”ﬁ—wwzm,]ﬂ,

where B is an estimator of 8. Assume that the distribution of B is the -
dimensional normal distribution N,(83,%) with ¥ being the p x p covariance
matrix for 3. Then E((:)ij) = ©;;. Thus, O is asymptotically unbiased if B is
asymptotically (multivariate) normally distributed.

For the subsequent results, it is assumed that B ~ Ny(B,%). Then the
variance of (:)i]- 1s

var(0;;) = 6_2:”:1’8(6%2]2“:” -1),
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and the covariance between two O’s is
cov((:)l,@)z) = e—(m1+m2)'ﬂ(ew;2m2 —1),

where @, and @, are vectors of covariates of two different groups whose sighting
probabilities are ©; and ©,. We also assume that all covariates are recorded
without error. If in addition, 8 and £ are independent and ¥ ~ ¥ for large
samples, the following are (asymptotically) unbiased estimators of the preceding

quantities,

~

@ij =1 -+ e“"fyﬂ—a’iﬁwuﬂ;
@‘((:)2]) = e_'zw;j/@_mngkgwm(emgkgwik _ 1)’
cov(04,0,) = 6—(:c1+m2):ﬂ_(w1+m2)/§(m1+m2)/z(em;§m2 .
With the assumption that B’ I; and Z;j,1 = 1,2,...,N,5 = 1,2,..., M;, are inde-

pendent, an (asymptotically) unbiased population size estimator is given by

N I M; R no1 mi N
TLR = Z i Z Zz’jyz’j@ij = Z - Z yi]@ij, (2.1.4)
i=1 T =1 i=1 T j=1

where the subscript LR stands for logistic regression.

2.2 Development of an unbiased estimator for the variance of the pop-
ulation size estimator

We will now proceed to use conditional expectation techniques to write the

variance of the population size estimator explicitly as a sum of error components.
2.2.1 When sighting probabilities are known

The variance of 7, of (2.1.2) when sighting probabilities are known can be

written as a sum of two error components,

var(7;) = var;(Ez (7)) + Er(varz1(7x)), (2.2.1)

13



where
N
vy = varr(Ez;i(7x)) = "ar(z ;Ti)

L =t
Hl- i a L4 i — Ty
= S izTigyy moTm

i=1 T L

is the first error component, the error due to sampling of primary units, and

N I M yU N 1 M, 1 gl‘] 2
EI(VaIZlI Tﬂ" — 2 § Zz E E : z]’
i=1 m? j=1 u i=1 Ti j=1 9ij

is the second error component, the error due to the sampling of groups within a
primary unit such that var(7;) = vy + v2. An unbiased estimator of the first error

component vy is

N N
L—n Tisi — MWy 1 —m — Gij
=Y 72 4 Z 28 I Llpide — Y — T, i 72

f=1 ™ i#i! T T T4

._.
.
<
I
—
Q
-
<

=

and an unbiased estimator for the second error component v, is

"y N I M; 1 glJZ :
g = 2 Z 2. W Jij
i=1 M j=1 Y

Then, an unbiased estimator for the variance (Samuel et. al., 1992) of the popu-

lation size estimator is

\73,\1‘(7:7,-) - ?}] + ?}2
— W, .9 Tt — T s 1; 1 — g” .
= 3 IiTi -+ Z—IiIiIT,'T,'I —l—Z—Z Z” Yiss (222)
=1 M iga T T Smn 9

& M Z .
where 7; = 377 —J——L;l_i" \

2.2.2 When sighting probabilities are unknown

When the sighting probabilities are unknown and are assumed to satisfy a
logistic model, the variance of the population size estimator of (2.1.4) can be
expressed as

var(7Lr) = var(7,) + Erzvar(7r|l, Z),

14



where 7, denotes the population estimator with sighting probabilities ¢;; known.
Steinhorst and Samuel (1989) did not give an unbiased estimator for each of the the
variance components. An estimator for the variance, not unbiased but consisting

of components related to the three variance components, was given by Steinhorst

and Samuel (1989) as

I it PP b e
var( = ; =+ ; e LTy
N 1. A 1 N N M; My
+ZP (1 = @ yz] 2 ZZZZ szyIJICOV 62,7,)

j=1 i p=1 gf=] g=1 5'=1

As as extension to their work, we will express the variance explicitly as a
sum of three error components and find an (asymptotically) unbiased estimator
for each variance component. This is the major contribution of our thesis. Using

conditional expectation techniques, we have

var(fLr) = varI(E7@|I(TLR))+ (varZ@”(‘f'LR))

= VarI(Ele( olI, Z( R))) + E[[Val‘z|1( olI, Z(TLR)) g3 EZII(Var@” Z(TLR))]

I; 13
= Va»rl(z o +Z—Var2|1 ZZuyu ij) + Er(Ez(varg; ,(LR)))

=1 6 i g=1
= + U9 + U3, (223)

where those three variance components, starting from the left, correspond to errors
due to primary units sampling, sampling of groups within primary units, and
estimation of g;;. We will develop unbiased estimators for those three components.

We see that the first component is

N Nl

v = var,(z !ﬁ) = Z

=1 ¢ 1=1 i 541

T 2 g — Ty
+ Z 7T

UEEY

To develop an unbiased estimator for this component, consider

sy N E STV IR, (2.2.4)

i=1 i#i! i T4
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where 7; = Z?ﬁl Z,-jyij(:),-j. The expectation of expression (2.2.4) is

g . M M s
=+ Z AL 9i3Girj1YiYirjrcov (O, Oy )
i 3T g=1 gl=1
N N
LI l—m
=var(}_ =)+ > var(7;) + cov(7;, 7ir)

We therefore need to develop unbiased estimators for var(7;) and cov(7;, 7)) so
that unbiased estimators of their corresponding terms can be subtracted from

expression (2.2.4). We note that

var(7;) = varz(Eg , (%)) + Ez(varg (7)),

where
M;
VarZ(Eélz( ) = var ZZZJyz] l_] y” = (225)
j 1 '=
and
Ey (varO,Z( EZ[Z Zmy”var )+ Z L Ly y”y”/cov(@Z @” ). (2.2.6)
J=1 J#3
Thus

Va‘I'Z ZZ”Z/” Z] ZZz]sz[(—) - A _@(ét])]a

=1 i=1

provides an unbiased estimator for expression (2.2.5). An unbiased estimator for

expression (2.2.6) is given as

~ ~

E7(varO|Z Z Zi umvar )+ Z Z”Z”:y”ymzcov((:)ij, Oij).
J#3

Addition of the two unbiased variance component estimators gives var(7;) where

M; R -
var(7;) Z Ziyi (0% — 0,) + 3 Zii Zijyiiyipcov(045, 0i1),
%
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is an unbiased estimator of var(7;). Now,

~

M; M,
COV(’T‘,,T, = Z z ”gi/jlyijyil]'/COV(@ij,@iljf),

and
M; M - N
COV(T,,T, = Z Z Z”Zzlj 1YijYir JICOV(@Z']', (‘),‘/j/)

J=15'=1

is a corresponding unbiased estimator. Hence,
N

N
. 1—m . it — T oy 77'1
v = Z 1 2 + Z 1 J I Iz"TiTz Z I ZZZJsz @2 _ 62])
1=1 'L its 71'”171'271'11 e =
i# Jj=
M;
el 5 -~
N Z ZI Z Zii Zij19i3ij1 €0V (05, Oij1)
’ J#5!
N g — mima M; My N
— Z it/ it ] I Z Z ZijZi/j/yijyi/jla)T/(@ij,@irj/), (2.2.7)
Tt T Ty i=1j'=1

i#i!

is an unbiased estimator for the first component v; of expression (2.2.3).

The second component vy of expression (2.2.3) is

N 1 M;
= Z var ZZZJyZJ ij) Z_Z 0;; —1).

= EI(Va'rZII(E(-)HZ '
=1 j=1
(2.2.8)

An unbiased estimator of this expression is

N 1. M,

_h L g ok

Dy = El(varZ”(E@” e => =) 1 Zmy” — 0;; —var(0;;)]. (2.2.9)
1=1 l J=

As for the third component, we have

vz = EI(EZII(var@lI Z(TLr))) = Er Z(varOII Z(TLR))

N g M, M, N
= Erz[) —22 uy”VM I+ Z Z ZijrYijYijreov(©ij, ;1)
i=t % 3 =1 ’ J#
N M; My i
Z Z Z i1 YiiYirjreov(©;;, O )] (2.2.10)
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M; M;
—{—Z ﬂ'zz" Z yuyz’]’. COV(@ija(’)i’j’% (2211)

An unbiased estimator is found by replacing variance and covariances terms for

the (:)ij by their unbiased estimators and dropping the expectation operator in

expression (2.2.10).
Thus
~ N . T
b3 = Erz(varg), ,(fir)) = Y —5 3 Zijy;var(0;))
v §

N 1. M 0. O
+> —; Zij Zij1Yi4ij €0V (O, Oijr)
i=1 i g#j
N [, M M D.. O
+X =" Zij Zujyijynrcov(0y5, Oppr)]. (asdt)

i T i=1j'=1

Finally, we combine all three unbiased variance component estimators in
expressions (2.2.7), (2.2.9), (2.2.12) to obtain

1 =

N
™ Ty — Ty
A2 1 1/t
e e
A

LIt

var(7Lr) = Z

=1 T T i1

i#i!
N I M;

+3° =3 Ziyi(0F - 04)
i=1 Ti j=1

N M;
I,' % e i v
+D° =Y Zij Zijryijyir€o¥(035, ©350)
i=1 i 0
N Ii[i’ M; M; L £ ‘
+2 == ZijZupyiiyeov(0y, Ovjr)], (2.2.13)

it T =) ji=1

an unbiased estimator for var(7.g).
Thompson and Seber (1994) wrote 7y, as a function of g;; instead of its recip-

rocal, (:)ij. They did not assume any particular model for estimating the unknown
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gij and just let g;; be some estimate of g;;, without stating it explicitly. By apply-
ing the delta method, they have obtained an approximate third error component
for the variance of the population size estimator in terms of ¢;;. They presented
an estimator, not unbiased, for the approximate variance and like Steinhorst and
Samuel (1989), they did not give an unbiased estimator for each of the three error
components.

We, on the other hand, saw that in our logistic regression setting, it is natural
to write 7rr as a function of (:),-j. In this case, the delta method was not needed
for our derivation. Unlike Thompson and Seber (1994), we presented the variance
of the population size estimator as a function of @ij. We then derived an unbi-
ased estimator for each of the three variance components. By taking the sum of
unbiased estimators of the variance components, we gave an unbiased estimator

for the variance of the population size estimator.

2.3 [Estimation of the population size of a finite population

In this section, we will begin with a brief description of a field example,
explaining how data are collected from a finite, wildlife population and how es-
timators presented in sections 2.1 and 2.2 are applied to the collected data to
estimate population size. We will then discuss some problems of aerial surveys.
Then, based on the past experience of some elk sightability surveys (Samuel et.
al., 1987), we will look at a couple of influential characteristics of groups in fitting

logistic sightability models.

2.3.1 Example of how real data are collected and how population size
is estimated using modified Horvitz-Thompson estimator

Two techniques have been used by researchers to collect data to estimate elk
population size. The first technique breaks both survey and estimation process

into two phases. The sightability survey, or phase 1, is to collect data for estimating
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the sightability model. In phase I, some elk in the study area were fitted with
radio collars. A fixed-wing flight is conducted to locate radio-collared animals. A
helicopter survey of the primary units containing these animals is then conducted.
Helicopter observers are informed of the (primary) units containing specified radio-
collared animals and their radio frequencies. However, they do not know the
location of collared animals within the unit. Typically a single radio-collared
animal might be searched for in 2 units or 2 animals might be searched for in 2-3
units. The helicopter observers survey the required units and record group size,
vegetation cover, etc. for each group seen that contains a radio-collared animal.
Upon completion of the search, radio-collared animals not seen are located using
a receiver in the helicopter. Group size, vegetation cover, etc. for each group
that contained a missed radio-collared animal are recorded. This entire process,
from radio-collaring of the animals to recording data of missed animals, is called
the sightability survey or referred to as phase 1. The data collected, of seen and
missed animals, will be referred to as a phase I sample. A sightability model
is fitted based on a phase I data. Researchers can enlarge the size of a phase I
sample by conducting a sightability survey several times over a certain period, for
example three years, possibly with different collared animals at different times.
After an estimated sightability model is obtained, a population survey or
phase II is conducted to collect data for estimating the population size. In phase
II, data are collected using a two-stage sample design as we described in the first
paragraph of section 1.2. This data set, or the phase II sample, is independent
of the phase I sample. Similarly, researchers can enlarge the size of a phase II
sample by conducting a population survey several times, also over a certain period.
Based on the phase Il sample and the estimated sightability model obtained in

phase I, a population size estimate is computed using (2.1.4). A single population
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size estimate obtained using the first technique requires 2 independent samples,
namely, phase I and phase Il samples.

Note that for the first technique, a sightability survey and a population sur-
vey are conducted independently at different times. For example, a population
survey may be conducted a few days or months after conducting the sightability
survey. So it is likely that the phase II sample is collected under some underly-
ing conditions different from those related to estimating the sightability model.
Researchers will have to assume that both the sightability survey and population
survey are conducted under the same underlying conditions.

An alternative technique overcomes this problem by conducting both sighta-
bility survey and population survey simultaneously. For this technique, some
animals are again assumed to be selected from the study area and radio-collared.
Then the sample frame of primary units comprising the survey area is constructed.
A helicopter survey is conducted only on the sample of selected primary units.
Regardless of whether there is a collared animal contained in an observed group,
group size, vegetation cover, etc. are recorded for the group. Upon completion of
this survey, the helicopter returns to the sample survey primary units to locate
the groups containing radio-collared animals not observed, to record their group
size, vegetation cover, etc. Therefore, using this technique, there is only one data
set. From this data set, data of groups that contained a collared animal are used
to fit a sightability model. Based on this estimated sightability model and the
entire data set, a population size estimate is obtained using (2.1.4). If the study
area is censused, the population size of groups with collars is known. We would
only estimate the number of elk in groups with no collars.

One problem with this alternative technique is that there may be an insuf-

ficient number of groups containing a collared animal in the sample of primary
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units. Thus sightability data sets would need to be collected over several surveys

before a population size estimate could be constructed.
2.3.2 Some problems of aerial surveys

Failure to observe all animals or “visibility bias” is generally a major cause
of underestimating the population size (Caughley, 1974, 1977). Samuel et. al.,
(1987) has discussed some problems of aerial surveys that might influence the
visibility. Samuel et. al. (1987) also suggested some ways to correct the visibility
bias. The following paragraphs are summarized from Samuel et. al. (1987),
describing some problems of aerial surveys and some suggestions to correct the

visibility bias:

“Aerial surveys are an important method for estimating populations.
However, aerial surveys underestimate animal abundance (Caughley
1977). A major goal for the improvement of aerial survey estimates
is to determine the number of animals missed during surveys. Failure
to observe all animals, as stated in section 1.2, is called visibility bias
and is generally a major cause of inaccuracies in aerial surveys (Caugh-
ley, 1974, 1977). The magnitude of visibility bias depends on numer-
ous factors, including habitat characteristics such as animal behavior
and dispersion, weather (for example, migration, animals scatter more
widely during light snow, etc.), vegetation cover, and the observers and
equipments. Visibility bias also may confound the estimation of age
and sex ratios when males, females, or young have different visibility

factors.

Recognition of and correction for visibility bias have been subjectively
and quantitatively used to adjust wildlife population surveys. Graham

and Bell (1969) contended that visibility of animals was influenced
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by environmental conditions and by factors attributable to the ob-
servers. However, assessment has generally focussed on those factors
that can be controlled during the survey: observer factors (Caughley
1974, LeResche and Rausch 1974) and aircraft factors (Caughley et.
al. 1976). Even when these factors are rigorously standardized consid-
erable flight-to-flight variability is possible. In part, this variability is
due to environmental factors that cannot be controlled by the survey
technique, including cover type (LeResche and Rausch 1974, Floyd et.
al. 1979, Biggins and Jackson 1984, Gasaway et. al. 1985), animal
group size (Cook and Martin 1974, Samuel and Pollock 1981, Gasaway
et. al. 1985), animal behavior (Gasaway et. al. 1985), snow conditions
(Lovaas et. al. 1966, LeResch and Rausch 1974, Biggins and Jackson
1984), and weather (Anderson 1958). In some recent aerial surveys
of the elk population for example, there is considerable evidence that

counts from the ground or from the air do not enumerate all the elk.

Increasing the intensity of search effort is commonly believed to in-
crease the proportion of animals seen and may reduce the effects of
some environmental factors such as weather, lighting and snow condi-
tions. Thus, there appears to be a distinct advantage of using inten-
sive helicopter quadrat surveys over transect surveys with fixed-wing
aircraft (Gasaway et. al. 1985). Helicopters further enhance the ob-
servers’ ability to minimize terrain and cover problems (Kufeld et al.
1980). In addition, the noise of the helicopter generally causes animals
to move (perhaps increasing visibility) and may be used to flush ani-
mals from patches of cover (Kufeld el al. 1980). Helicopter also may
reduce observer fatigue problems by minimizing disorientation and air-

sickness (Kufeld et. al. 1980) and by allowing more frequent breaks
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(for more frequent refuelling). There is little doubt that sightability
will vary due to the experience levels of observers and pilots or to the

type of aircraft used.

In some surveys, white radio collars were used to enhance the iden-
tification of marked animals from the helicopter once the animal is
located and to avoid the possibility of visually locating an animal due
to a bright-colored collar. In some situation, it was found (Gasaway
et. al. 1985) that bedded radio-collared moose were more likely to

missed during intensive fixed-wing surveys.

There is therefore a need to design an appropriate sampling strat-
egy, such as the stratified random sampling, for conducting surveys.
Applications of a sightability model in conjunction with a sampling ap-
proach should also consider the minimum sampling area or the number
of groups required to produce reliable estimates. Of primary impor-
tance in any survey design will be a clear formulation of objectives,
a careful choice of the required level of precision, and a knowledge of
population distribution. For example, optimum counting conditions
for elk are likely to occur during winter (or early spring) when animals

occur in larger groups and in areas of open habitat.”
2.3.3 About the sightability model

During the sighting process in second-stage sampling, a group is either sighted
(responded) or not sighted (nonresponse) with some sighting probability. The
responses are thus a set of Bernoulli observations. In addition, as observed in
previous studies that visibility bias depends on numerous habitat characteristics
of the groups as stated above, it is therefore natural to consider using logistic

regression to fit sightability model.
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Past experience (Samuel et. al., 1987) with elk populations has found that
group size, vegetation cover and snow cover were primary factors influencing ob-
servability. The study also found that many factors influencing sightability are
interrelated using a multivariate approach. Group size is generally believed to
be an important factor influencing sightability. The inability of some studies to
measure group size may have caused related factors to appear as important influ-
ences on sightability. In some cases, the natural log transformation of the group
size might give a better fit. The importance of vegetation cover has been stressed
by nearly every study that has attempted to examine visibility. Previous authors
have suggested dividing a study area into discrete habitats or cover types and
estimating visibility in each type (Floyd et. al. 1979). Such an approach might
require substantially more data to estimate a separate sightability function for
each habitat. In addition, problems may arise from assuming uniform vegetative
cover within a habitat. Both of these problems are avoided by estimating percent
vegetative cover directly. Further, taking this approach offers the possibility that
sightability functions developed in one area may be applicable over broad areas.
Further research in other habitats might broaden the applicability of the models
or identify habitats that require a more complex approach. As for snow cover,
there were controversial findings for different animal populations (Samuel et. al.,
1987). Snow cover may interact with other factors such as group size and behav-
ior. Further, the effect of snow cover may be reduced during the intensive quadrat
surveys conducted. Another reason that the snow cover factor was not significant
in some studies may be partially due to the limited range over which these factors

were evaluated.
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2.4 Ratio estimator

Samuel et. al. (1992) developed a modified Horvitz-Thompson estimator for

a population age or sex ratio. Given the same assumptions as section 2.1, define

7. = population size of a type animals,

7, = population size of b type animals,

Tor = population size estimator of a type animals when sighting probabilities
are known,

Tbr = population size estimator of b type animals when sighting probabilities
are known,

7..r = population size estimator of a type animals when sighting probabilities
are unknown and are estimated via a logistic model,

TpyLr = population size estimator of b type animals when sighting probabilities
are unknown and are estimated via a logistic model,

a;j = the number of a type animals in the jth group of ith primary unit,

b;; = the number of b type animals in the jth group of ¢th primary unit,

and with the notation defined in the last section, an estimator for the ratio
R = 1,/7, using (2.1.2) when sighting probabilities g;; are specified, is

e Aaﬂ' = E Zla1®1
Bo= 2 ‘" ot Ml (2.4.1)

Tor Zz—l py Z] 1Zmbueu

Using (2.1.4) when the ©;; = 1/g;;’s are unknown and are estimated via a logistic

model, the ratio estimator is

. ; N LiyM 7.4:i0;;
Rip= 128 = i1 5 Dyt 2y € (2.4.2)
ThLR = 1,, ZJ Y £ Oy

~ 1 )
— = — 4+ —(Ta — Ta) = ?(Tb - Tb)- (2-4-3)

Th Tb Th



In (2.4.3), 7., Ty are Tur, 7o (see (2.1.2)) if sighting probabilities are known and
they are 7..r, TsLr (see (2.1.4)) if sighting probabilities are unknown. Thus, we

obtain an approximate variance of a ratio estimator as

var(7,) & var(7y)  2cov(7a,Ts)

Ta® 7 TaTh

var(R) = R?| ). (2.4.4)
To obtain an (approximate) estimator of var(R) in (2.4.4), we replace the ratio,
the population sizes, variances and covariances of the population size estimator
by their respective unbiased estimators. We have already derived (approximate
and/or asymptotic) unbiased estimators for the ratio, the population sizes (see
(2.1.2) and (2.1.4)) and variances of the population size estimator (see (2.2.2) and
(2.2.13)). Therefore, to extend the results of Samuel et. al. (1992), we only need

to find an unbiased estimator for the covariance term. To do so, we write
cov(Ta, ) = E[faTs] — E[TJ E[T] = E[fa®s] — TaTs, (2.4.5)
Then, the expression 7,7, — 7.5, wWhere 7., is an unbiased estimator of 7,7, is

an unbiased estimator of the covariance term in (2.4.5). To find an unbiased

estimator of 7,7;, we note that

N M; N M; N M; M; M; M; My
mam = (302 ai) Q03 bi) =D 3 aihij + Z 2 2 aisbiy + Z > 2 aibijr.
i=1 j=1 =1 7=1 =1 =1 =1 y=1 =1 ! =1 gi=1

Hence, an unbiased estimator for the covariance term in (2.4.5) is

N M; N M;
[ Z”az] 1] I Lii Zl]:a” ig!

Oy 0) = farr + 3 15, I 4 51 1 5 A

9ij =1 Wi ;200 9iiGi5

LIy Qi MZ Zij Zopaijbinjr
T4

i =1 5=1 Gijgirj!

(2.4.5)

N
+>
1#£1!

for the case of known g;;’s.
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For the case of unknown ©;;’s estimated via a logistic model, an unbiased

estimator for the covariance term in (2.4.5) is

N I M;
A R, A i % 2 A
€OV(Fay 75) = TaLRTOLR + Y = Y Z;;0::5:10
iel ™ 5y

N [i M; - N s
+d = ZiiZijeaiibij [-0%(0y5, 0i50) + ©;0;51]

i=1 i jaj0
N 1.1, M M L o
+>° =y SN Zii Zipraijbiy[—cov(©45, ©4) + ©4051]. (2.4.6)

i#i! w =1 i'=1
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3. MODIFIED HORVITZ-THOMPSON ESTIMATOR OF THE
POPULATION SIZE FOR THREE SPECIAL CASES

3.1 Introduction

In the last chapter, we presented formulae for estimating the population size
when the sighting probabilities are known, 7, of (2.1.2), and when the unknown
sighting probabilities are assumed to satisfy a logistic model defined in (2.1.3), 7.
of (2.1.4), for a general two-stage sampling design. We also derived explicit ex-
pressions (2.2.1) and (2.2.3) of the variances of these population size estimators in
terms of error components. We developed (asymptotically) unbiased estimator for
those error components separately and combined them to obtain (asymptotically)
unbiased estimator of the variances (see (2.2.2) and (2.2.13)).

In this chapter, we look at three special cases - two special cases of the first
stage sampling design and the special case of combining data of several replicated
population surveys. Sections 3.2 and 3.3 give simplified versions of those formu-
lae, under the same assumptions listed in section 2.1, for two particular first stage
sampling designs, namely, the case of a complete census of primary units and
the case of stratified random sampling of primary units. Using the technique of
conditional expectations, we express the variance of the population size estimator
in terms of error components and develop unbiased estimators for each error com-
ponents. Optimum allocations for stratified random sampling of primary units is
given in subsection 3.3.3.

In section 3.4, we look at the special case of obtaining a modified Horvitz-

Thompson population size estimate based on the composite data of several repli-



cated population surveys. This is important because researchers sometimes con-
duct several replicated population surveys over a period of time. For this special
case, we consider simple random sampling and stratified random sampling of pri-
mary units. Optimum allocations for stratified random sampling of primary units

is stated in subsection 3.4.3.

3.2 Case 1: Complete census of primary units

If all primary units are sampled, we see that the notation N, subscript 1,
variable [; and, thus, the probabilities 7;, m;» defined in (2.1.1) are no longer
needed. The notation for this special case is:

M = the number of groups in the entire survey area,

y; = the number of animals in the j' group, j = 1,2,..., M,

7 = the population size Z]-Ail Uis

Z; = 1 if the j** group is sighted and 0 if the j'" group is not observed, thus,

Z; is an indicator random variable as to the sampling of the ;' group,
and

g; = P(Z; = 1), is the response probability or visibility or sightability or

sighting probability of the ;% group.
3.2.1 When sighting probabilities are known

When the g;’s are known, the unbiased estimator for the population size is

given as
M
[
Yy 2L (3.2.1)
=1 Yi
The variance of 7, is
var(fy) = ) —2y7, (3.2.2)
j:l g]

which is the error due to sampling of groups (that is, only sighting some of the

groups) in the second stage of sampling. An unbiased estimator for the variance
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M
var(7y) Z g] Ziy: . (3.2.3)

3.2.2 When sighting probabilities are unknown

When the sighting probabilities are unknown and are assumed to satisfy a

logistic model,

9 .3 ‘
—— =" 3.2.4
1 —g; ( )

as in (2.1.3), where :c;ﬂ = Bo + fix1j + ... + Bp—1Zp—1,; s a suitable regression
function, with zy ; for £ = 1,2,...,p — 1, being the covariates such as group size,
vegetation cover, etc. Define
0; = i=1+e'wg'3
9;
and

6, =1+ & B-wisw, /2

where B is the maximum likelihood estimator of 3. Thus, éj is asymptotically
unbiased. With the same assumption that B ~ N,(B,%) as before, expressions
for the variance of ©; and covariance between two different ©’s are similar with
the subscript ¢ removed (see section 2.1.2).

If, as before, ,@ and 3 are independent and S~ Y for large samples, ex-
pressions for an asymptotically unbiased estimator @j of ©;, and asymptotically
unbiased estimators of var(0;) and cov(0,,0,), the covariance between two dif-
ferent ©’s, are similar, with the subscript ¢ removed (also see section 2.1.2). The
unbiased estimator for the population size is then given as

M g
LR = ) Z;y;0;, (3:2.5)
j=1
where ©; is the unbiased estimator of ©;. The variance of 775 can be written as

the sum of two error components, namely, the variance due to sampling of groups,
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given by

M M
e1 = varz(Eg,,(7Lr)) = varz( 3" Z;y;0; Z (3.2.6)

3=1

which is (asymptotically) unbiasedly estimated by

é = Varz(Eg, (7L Z 7]yJ 0; — var(0;)], (3.2.7)
and the variance due to estimating ©;, given as
M2 — 5.6
EZ(Var@]z TLR)) 26]— )+ Z ] J cov 0., 9., (3.2.8)
j=1 J#J
which is (asymptotically) unbiasedly estimated by
€y = Ez(var@w(ﬁg Z Z]y]var Z Z; Zpyiyicov(0;,0;).  (3.2.9)

J#3'

3.3 Case 2: Stratified random sampling of primary units

The area of interest is divided into primary sampling units (land areas). These
primary units are then assigned uniquely to one of L strata. A stratified random

sample of primary units is then selected. The following notation is used :

L = the number of strata in the population,
N = the number of primary units in the population,

N}, = the number of primary units in the 2 stratum, so that
N1+N2+...+NL:N,

nj, = the number of primary units sampled in the h** stratum, h = 1,2, ..., L,
M),; = the number of groups in the i*" primary unit in the A" stratum,

= 1,2, My,
my; = the number of groups observed or sighted in the i*" selected primary

unit in the Ath stratum, : = 1,2, ..., n,
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yni; = the number of animals in the j** group in the i"* primary unit in the
ht* stratum, j = 1,2, ..., My,

7hi = the size number of animals in the i primary unit in the A" stratum,

M ’
Thi = 2 ;=1 Yhijs
. . N,
7, = the number of animals in the A" stratum, 7, = ok Thi,

7 = the population size, 7 = S>F_, 7,

Lhiy Zhi; are indicator random variables where

I1; = 1if, in the A** stratum, the i** primary unit is selected and 0 if the 7t
primary unit is not selected,

Znij = 1if, in the ¢*" primary unit in the A" stratum, the j** group is sighted

and 0 if the 5** group is not observed,

such that

wne = Pllyy=1)= %1}7:, is the probability that the i** primary unit in the A"
stratum is selected,

g =Mii=1Lp=1}= 1%’:%?!—:11, is the probability that both i** and
i'th primary units in the 2" stratum are selected, and

gnij = P(Znij = 1|In; = 1), is the probability that the j** group in the ;'
selected primary unit in the A stratum is observed or sighted. It is

the visibility or sightability or response probability or sighting

probability of that group.
3.3.1 When sighting probabilities are known

An unbiased estimator for the population size when gj;;’s are known is given

as,
L n fl L n mhp
. NN B Thi NS 251 YnijOhij
o= 33 5, 3N KR O
h=1 i=1 "'h h=1 i=1 h
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where 73; = E]Nihf ZhijYnij/grij 18 an unbiased estimator of 74;. The variance of 7,

1s
var(7,) Z Nvar( Z 77“)
1 Mh
Now
Nh 7A_ Nh 'l:'h Nh ‘i‘h
hi i i
ar —) = varr(E —)) + Er(var —)),
v (2:3 ) 1 zu(; )+ B zu(g =
Nh Thi Nh [h-’f‘h‘
= var —) + Eq((var St
Q)+ Bz =05)
1 1 R N
= G N;)Sg + = | D Erl35) Er(varzyr(7ui) + Y B (I Inir) Er (cov 711 (7hi, 7hit))
h |i=1 i#i!
var(7n;)
= (nh - S,, nhz
_= - L 52+ & var Thl Z S
- np h . N h
h=1 i=1
where
M 1 : Nh . = \2 Np
7 — Ghij, 2 2 (Thi — Tr) ~ Thi
var(fp) = Y — 42 (see (3.2.2)), SE= -2 M = 5=\ 1
1 ; Ghij ’ ; Ny—1" =N,
and
Mh:
YhijYhi
Cov Thz,Thz Z Z 5 zJ@zj COV(ZhijaZhi’j') = O,
j=1 j'=1 YhigVhi'y’

as Z}u’j, Z}”‘Ijr are independent. Let

- XL: N2(_1_ _ _}_)52
h=1 g Th Nh "

and
Nh Mh:

Z Zval‘ Z Lyt W R
h=1 Th

i=1 j3=1 Ghij

Then var(7,) = vy + vg. The first error component vy is due to the stratified
random sampling of primary units. The second error component v, is associated
with sampling of groups within primary units. We obtain an unbiased estimator

of var(7,) by constructing unbiased estimators of each variance component.

34



To obtain an unbiased estimator of vy, we need an unbiased estimator of S7.

Consider
np A A 2 np A2 A2 nh A
2 (Thi — Th)?* i T — T, - S Thi
8p = = ,Where 7, = ) — .
1=1 np — ]' Np — 1 1=1 np

~2
E(s}) = ——— ZThz - lE(Th)
Now
nh g Nh 2
EQ_ ) = El(Ezi(Q] Int))
1=1 fe=1
Np, o Np np "
= Z Er(InE(75]1) = Z VE(TM)
i=1 i=1 ‘Vh
Ni
= N L Ivar(#h) + (E(%4))?]
=1 Nh
Np
=Y Ok [var(#n) + 2] (3.3.1)
=1 Nh
and
. N Tz
E(F) = Ef(Em( Zlhz "h %)
Nh 1 1 Nh
= Z EI([}”E( ZEI [hz]h,z E(fhz‘%hi'll))
=1 nh h i
Np
1 ny — 1 1
= E(#%) + E(7,
;nhNh ( h) np ]\vflz(lvh_1 g;l
No 1 ny — 1
= E A21 + T Ry AN ThiThi! -
;nhNh (74s) np Ny (N — Z‘; e
Therefore,
1
E o2 — E 72 v T ha!
1 D
= —-——-ZT}” ZThzThz y ¥ —ZV&I‘ T}H
z;éz
1 D
= S}?_—{—F Var(fhi)ZS;?-FE(—Z@'(%h ))
h =1 Th 5
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where Var(#y;) = Var(f,) = Y04 1;—5’“1ijy}2lij (see (3.2.3)). Hence, an unbiased
ij

estimator for S? is given by

Then an unbiased estimator of v, the error component due to stratified random

sampling of primary units, is

Now the second error component v, due to sampling of groups within the selected

primary units is

L N, Np Np, Mh:

ghz_] 2
=3 S (i) = eSS

h=1 =1 =1 j=l1 Ghij
An unbiased estimator can be written as (see (3.3.2))

L 2 Nh Mhz

=Y hZI,uZ — T gl

h=1 "h i=1 F=1 hij

Hence,

o 1 b znth;I_ghi,
var(7,) = ZNE(_— o ~i21+z 2y ——2 ‘ JZhijyiij
h=1 Nh h=t Ph i= 13=1 Ghij
L 2 np m
1 h htl_ a5
2 2 Ny Ghij 2
= ZNh(n———Sh+Z M I s
h=1 h h i=1j=1 Yhij

is an unbiased estimator of var(7;).
3.3.2 When sighting probabilities are unknown

In the case where a logistic model (see (2.1.3)) is assumed for the unknown
grij’s, and with all the assumptions for and between (,CA‘I, f}) and Iy;, Zni; identical

to those stated in section 2.1.2, an unbiased estimator for the population size 7 is

L np A

fLr=)_ Ni Lo

h=1 zlnh
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" Mp,; 2 . g : . N
where Tp; = 37,2 ZhijynijOnij is an unbiased estimator of 7;,. The variance of 77

can be written as

o~ 7 Thz o 7_h”
var(7TLRr) Z thar Z
1 h#h! =1 nh,
where
o Thi 1 1 S 4 1 M var Th, Moo
V2T i B T —=E(Inidni Jeov (T, Tus
(E nh) (nh Nh Z ;n% I( hi hl') ( hisy hz’)
_ (L_L _Zvar Thz nh—l %cov(i—hi,%hi,)
nh Nh np nho iz Nu(Ne—1) 7
and
Ny Nhl
T}” Thll
cov —E1(1hilpir)cov(Thi, Thrir
; Th z'z—:l nhl zz—;z’l Np nh 1 ) ( " )
Np Nh’
= ZZ 1 COV(’f'hi,’f'hli/)_
i=1i'=1 NhNh'
Therefore,

Nn var(7h)

L N Thiy T
Nh . ; R cov(Thi, Thit)
var(7r) = Z !Sh + E N, Z Nu(Np — 1)

h=1 Th i=1 il
Ny N2 Np A A L Ny Npi
h 2 COV(T}”,T/”
=N =il BN e cov(Thi, Thrir)
izt NVu [ " ; Nu(Np —1) } };2}2
Now (see (3.2.6) and (3.2.8))
var(#hi) = S0y (Onij — 1)
M, - Mp; N R
+Ez[Y_ Znijyni;var(Oni; )+ Y Zhij ZnijrYnijynijcov(Onij, Onijr)]
J=1 J#
(3.3.2)
which can be unbiasedly estimated by (see (3.2.7) and (3.2.9))
Vat (i) = o Znijydii[0%; — Onij — var(Oni))],
M R Mp; N R
+ 3 Znijyni;Vat(Onij) + D Znij Zjrynijyniir€0V(Onij, Opijr ).
J=1 Ve

37



Also

M, . ~ ~
Mp “Cnir COV(@hij7®hi'j’)

cov(Thi, Thr) = o Yhij Yhity'
s eryt hij Ohirjr
Mp; M R .
= E[D_ Y Znij ZnirjrYnijYnirj}<oV(Onij, Opirjr)],
j=1 j'=1
(3.3.3)
and
M
. . Mhl h!il cov @hzj, @h,l,‘] )
COV(Thi,Th/iI) = Z Z YhijYnrirj
j=1 j'=1 ®h1]®h’z’_7’
My My
p— Zj Izl]I ’L] IzI]I 'L]’ ’2’]’ 3
= B> ZaisZuveinis s (s, O]
=1 j=1

where cov(Opij, Opirjr), COV(O4ij, Opiirjr ) are unbiased estimators of cov(Op;, Opirjr),
cov(Op;;, Oprirjr) respectively. The unbiased estimators of the covariances between

population size estimators of

Mp; M1y . -
— A A — v . I I
COV(T}”', Th’i’) = E E ZhijZh’i’j’yhijyh’i’j’cov((_)hij7 Gh'i'j’) forh=h"orh ’f’/' h.
7=1 j'=1

To find an unbiased estimator of var(7.r), we expressed it as a sum of three
error components, var(7;r) = vy + vy + v3. The first error component vy, due to

stratified random sampling of primary units, is
L
1 1
vy =Y N}— - —)5?
hgl h ( ny, Nh h
which is exactly the same as the first error component of var(7,;) when sighting

probabilities are known. If, as before, we consider s?, we obtained the same

expression for E(3 1 77) (see (3.3.1)) but

E(5) %j : E(G) + T 1 1 %[cov(% Bl ]
3 = , is Thi' ) + ThiThit|-
h o nhNh ht ny, Nh(Nh = 1) i h h hilh
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Therefore,

N N,
E(Si) = SZ + L ivar(f'hi) = —1— zh:cov(’f‘hi,%h,v)
Ny o Nu(N, - 1) e/
1 A
== Zlhzva'r > IniIpir €0V (Fhiy Thir )]

nh(nh — 1) igki
Hence, an unbiased estimator of S} is

1 i

S &OV(hiy Pt

St =st — — ) var(, _—
. Nh Z h(nh - 1) i

Thus, an unbiased estimator of the first error component is
5
1 1.4
=Y N{(——-=—)8;.
S N - 18]

The second error component vy, due to sampling of groups within selected primary

unit, is
N} Nh Mh.l
1
vy = Z =2 2 Yhij(Onij = 1).
l"l_] 1
An unbiased estimator for v, is
N2 Ny My,;

1’2 - Z h Z I’” Z Z’”Jyhz] [ehu éhij - @(éhl])]

The third error component, vs, due to estimation of ©y;; is

y}u] . yhijyhi] A A
vy = var( th ov(Ophii, Opii
3= Z Z Z @h” J Z @h” @h” ( J J )]

h=1 ""h i=1 j=1 e

N, 1
+ #ﬁz—l%zz#, cov(Thi, Thir) + Zh;éh, Z Z 12y covi(Fug, Progr) -

An unbiased estimator for vs is

L N2 Np Mp; Mp;
7}3 = Z h Z Ihz[z th_]yh”var((-)hz] + Z th]th,]'yhz]yhzy’cov(ehz]a @hz] )]
h=1 ""h i=1 Jj=1 FEIM

N} NpN Bl
+ i - | S i s €OV (i, s )+ hghs g SN S Di I GO (i Tir)

L N2 1 1 0O A
= Yh=t 7f Lzt [ y2i;var(Oni) + S Yniiyhij cov(Onij, Onijr)]

L N2 A S L NN, —
+ Lh=1 2 Yigir €OV (This Thir) + Lhens ey ity Sy GOV (i Thrir)
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3.3.3 Optimum allocations

Optimum allocation of sampling effort assuming that survey costs are a linear

function of stratum sample sizes (n;), satisfies (Cochran, 1977)

m__ NiSi/\er
Zﬁ:l Ath;;/\/EZ ’

where ny + ny + ... + np, = n and ¢, is the cost of sampling a primary unit,
which may vary from stratum to stratum, and S} depends on whether sighting

probabilities are known or estimated via a logistic model.
3.3.3.1 When sighting probabilities are known

We have

var(
‘Sh + Z 7
where var(7;) = ij"l' Yrij(Onij — 1).
3.3.3.2 When sighting probabilities are unknown

When sighting probabilities are unknown and are assumed to satisfy a logistic
model defined in (2.1.3) with all the assumptions described in section 3.3.2, we

have

g2 _ g2 | Z var(7h;) B % coV(Thi, Thir)
" Nv 5 Na(Na—1)’

where expressions of var(7;) and cov(7,i, Thi#) can be found in (3.3.2) and (3.3.3).

3.4 Case 3: Population size estimator based on the composite data
of several replicated population surveys

If a phase Il sample is the composite data of r replicated population surveys,

there are three possible scenarios. The first scenario is the case of a complete cen-

sus of primary units. In this case, we simply divide the population size estimate by

r and the estimates of error components by r? to obtain the required estimates.
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The second scenario is when sample primary units of r population surveys are
selected without replacement and are thus, all different. In this case, we could
simply treat the composite data as a data set from one population survey and use
the population size estimator presented in chapter 2 or in section 3.3. Population
size estimation based on population surveys conducted on primary units sampled
without replacement will probably be more precise than the population size es-
timation based on population surveys conducted on primary units sampled with
replacement, which is the third scenario described in the following paragraph.

The third scenario is when same sample primary units are surveyed r times.
In this case, we will be combining data of replicated population surveys. One
example of this case is the Colorado elk data collected from 2 population surveys
conducted on 132 miles® of winter range in Game Management Unit (or GMU)
42, South of Rifle and Newcastle, Colorado on 15-20th January and from 29th
Frebruary to 3rd March 1996. In the following subsections, using the notation
defined in section 2.1 and in section 3.3, we present the population size estimator
for simple random sampling and stratified random sampling of primary units under
the third scenario. Under the third scenario, we allow the likely possibility that a
replicated sample primary unit may consist of different number of groups during
different population surveys.

In all three scenarios of this special case, it is possible that the population (or
groups of animals) has restructured over a period of time. For example, frequencies
of group size could change over time. However, combining data collected over a

period of time should not have a big impact on the population size estimation.
3.4.1 Simple random sampling of primary units

The modified Horvitz-Thompson population size estimator in this case is

" e Lih fij _ = Iix
:ZT ZZ T] Z Z ]:Z ]T],
1=1

=1 =1 T =1 Ty T j=1 Wi
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where 7;; is the size estimator of the 4% primary unit based on the i** population
survey and 7; = Y0_, = “2. We will show that var(7) = vy 4 vy + v3 when sight-
ing probabilities are unknown and estimated via logistic regression. If sighting
probabilities are known, we have var(7) = vy + v,.

First,

iz
7,

i b
~—
Il

var(

N
var Z

=17

= ; var( Z

i J#3’

COV(IJ'?]', ]j/;':j/).

Now,

! - 1 =
HES = 2 7.
va,r(ﬂ_j #5) TI'JZ var(1;7;)

Var(E(Ij;j|Ij)) + E(Var(lj;ﬂ]j))]

2
J

var(lj"fj) . 7 E(I]-var(;j))]

|p—lk§¢|»—-\ ‘\‘]|p—-x

= mi(1 —m)7 + njvar(?j)] .

3
=

But
var(;) = —var Z'r”
= [Zvar TZ] +Zcov 7'13,7'” ] .

14!

So,

1= 1—- 4
var(-17;) = 'W]_Z [Z var(7i;) + Zcov(ﬁj,ﬁ-/j)] ,

i’

where
M;; M,
COV(Tija Ti’j) == COV Z Zz]kymk@zjka Z Zz 1k Yi ]k’G)z ]k')
k=1
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= Z yijkyi’jk’[E(COV(Zijk@)ijkv Zi/jkl@iljkl|Zz’jk, Ziljk/))
&k
+ COV(E(Zz‘jk(:)ijklZijk), E(Z,-fjkl(:)i/jk,|Z,-,jk,))]

= Y YiikYijr [E(Ziiji’jk’)COV(eijka Ok ) + cov(Zir O, Zi’jlc’Gi’jk’)]
k!
yukyz 7k! A A
= cov(O;jk, Opjrr),
kk'=1 ez]kezjk’ o i
given that Z;;, and Z; ;. are independent. Therefore cov(7;;,7;) = 0 when

sighting probabilities are known. Second,

cov(L;7;, IF,) = Z Z cov(L;7ij, L)
i= 11'—1
= —ZZ [E(cov(1;7yj, Lt |I; 1) + cov(E(1;7511;), E(LjFuj|1jr))]
i=1i'=1
= r—2 ;zlz:l [E(I;Lj)cov(Tij, Tarjr) + cov(LTij, LiTinjr)]
= 3 ;zli:l [mjjcov(Tij, Tarjr) + TijTirjrcov(l;, 1;r)]

o Z Z [mjjrcov(Fij, Furjr) + (mjj0 — mimjn)TijTie]

=1 ¢'=1
where
Mi_] Mi’_;’ y y
5 % ijkYil k! 2
COV(T,‘j,Ti/jl) = Z Z —COV(@;jk,(')iljlkl),
=1 a2y OO

is zero when sighting probabilities are known.

3.4.1.1 When sighting probabilities are unknown

We have
M;; ~
i = D Zijk¥iinOiji
k=1

The first error component due to sampling of primary units is

X 1

N
— T i — T
Fa g’ b 5 —
Y Z Tj Z T T 4bs

=1 T rr B L

To find an unbiased estimator ©;, consider

N].
=T o2 (T T 50
—JIJ'T]--{- E —'” 4 JIJIITJT]

2
=1 T R L Ly
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Expectation of the above expression is

r

N
1 1—m; B - o Z“’JJ’_"J"'J Er: s
v + = E E Var(Tij) + E COV(Tij, Ti! ] + COV(T,']', T,'/jl)
Pe £ y T T
J:

i=1 i#i! i#i ii'=1

Thus, an unbiased estimator for the first error component v, is

s - Tjjr = mymg
"1 = E 72 1] fi + E S 1] /TJTJ
T

; T 5T
j=1 dgr TINIT

r

N
1 1—m; Tjj0 — WM — .
- —22 J] g var(7i;) +§ cov(7ij, Tirj) +E 43 J JII: E cov(7ij, Tirjr) | »
LF 7R R Y

r
Jj=1 i’ J#3’ i,1'=1

where
M,'J " " =
Vat(7;) = Y ZigyiinlO% — O — var(Oijx)]
k=1
M;; R Mi; . o
+ D ZinyZVak(Oiie) + Y ZijkZijeYiikYiik €V (Oijk, Oijr),
k=1 kk'=1
M;;
C/(R’(ﬁj,’f'i/j) = Z Z,'_,'kZ,-:jk/y,'jky,-/jk/c/o\v(@ijk,@,-/]-k,)
k=1
and

Cov(Tij, Tirjr) = D ZijkZirjrkrYijYirjo €V (O ik, Orjoe)
k,k'=1

are unbiased estimators of var(7;;) (see section 3.2.2), cov(7;;, 7irj) and cov(7;j, Tirjr ),

respectively. The second error component due to sampling of groups is

N 1 r M

va=23_ —5—23 > Yin(Oijk — 1).

An unbiased estimator for vy is

N I r :]

=2, 2. 2, ZiikyZi 0%y — Oy — Var(©ie)].

=1 7T i=1 k=1

The third error component due to estimation of 0;; is

i Mu y J y
Jijk S A YigkYijk! — =
E E T(Osk) + E giikGiik' g 5 — cov(Oijk, Oijk’)
. r= 71'_; =i = K2k z]k ijk’
+ E E cov(7ij, Tirj) + E E . cov(Tij, Tirjt).
1 z;ﬁz’ F#E5 iil=1 7Y
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An unbiased estimator for v is

M;;
3 = 2 E EZUky.]kvar(@Uk E ZijkZijk YigkYije cOV(Oizk, Ofjxr)
T3 i=1 k=1 k,k!=1

Mz ?Mz

~
I
-
&n

ZCOV T,J,T,/] + Z il Z cov(‘r,],'r: T
i#i!

P
rémymy A
i#5! i#'=1

3.4.1.2 When sighting probabilities are known

We have
M;
" 2 ZijkYijk
fy = 3 Lttt
k=1 gUk

The first error component due to sampling of primary units is

N 1 N
— T T — M _ _
gy 5= iz 4 s’ iTj T
Z g Vg Z Ay
j=1 T st | Tily
To find an unbiased estimator ©;, consider
N 1 N
— T _— - il
— ][]‘T--Jr E —]J J[] IT;T 4t
. : 4 T T :
J=1 J i#i’ Ja' gyt

Expectation of the above expression is

1— 1—m
vy + Z Z var 7'”
J i=1
Thus, an unbiased estimator for the first error component v, is

M 2 N wis—mimp 1 a1~y
. L 99" 33’ J
vlzz LT, + [1:7’7‘:—

. 2 9 Z 777

— 1; E var (745)
et TG r2 4 ? J
Jj=1 J J#i’ Jj=1 i=1

1
where Var(7;;) = k_" —?’—kay”k is an unbiased estimator of var(7;;) (see sec-

tion 3.2.1). The second error component due to sampling of groups is

Z

An unbiased estimator for v, is

Z Z L~ Gijk y2

z]k'
7T'] =1 k=1 Gijk

:f: 1] Afi gmk oD
2 : )

j:l r Tr k=1 g]k
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3.4.2 Stratified random sampling of primary Units

The population size estimator in this case is

A

. Ny . “ Thii
T:ZNhZ[ S Th]—z

h=1 7=1 =1 v

where 7,;; is the size estimator of j** primary unit in the 2" strata based on the

" population survey. Then

A £ o Fh_]
var(7) = varz Z

L N N Nh'
Th Ny Ny = _
N2 .7 - =
= Z hvar ZI}U a -|- ———n - Z Z COV([thhj,Ih/j/Th/j/).
h=1 j=1 h hh! TWh TR! 1 51—
Now,
Np - np —
Ihiy Thy — h]Th]
var(y | Iy ) = var(y St = VarZE( |1))+E(var(z 1))
1=1 =1 j=1
Nh _ 1 Ny, Ny,
= var(Z E) —}51- ZE Inj) var(Th] ZE(IhJIhJ/)COV(Th],Th] )
g=l g=l J#3’
Nn = Nn = =
S (L . L)SQ n A var(7;) " np—1 cov(Fpy, Thyt)
o Nt N i Lst Nu(Np—1)
7=t J#3!
where
(Thi —7h)? " Thji & Tag
NMag o o TRE = Jt — 7
Sh_z ’ Thj—z y Th_Z—’
Np—1 Lt p ‘s N,
t=1 F=1
and
_ e B
var(7h;) = var(d —Z)
i=1 r
) 4
= r_z[z var(#yji) + Y cov(Faji, Thjir)]
i=1 i
such that
Mh]i 1 Mh_;i’ .
coV(Thji, Thjir) = COV(Z ZriinUngeeOnyie, Z Zhjik'Yhjik' Onjirs)
k=1 k'=1
= > YnjikYhjik€OV(ZnjikOnjiks Znjik Onjint )

k,k'=1

46



= > YnjirYnjik [E(cov(ZnjirOnjik, Znjik'Oniin' | Znjiks Zniin'))

k,k'=1
+  cov(E(ZnjixOnjir| Znjir), E(Znjie Onjinr | Znjin))]

= > YnjikYnjir [E(Znjix Znjine )COV((:)hjika Onjir)
kk'=1

+  cov(ZnjikOnjiks Zhjir' Onjir' )]

YhjikYhjik! ~ ~
= Y, == cov(Onjik, Onjir)-
k=1 OnjikOnjin

Therefore cov(7i, Thjir) = 0 when sighting probabilities are known. Also,

P Mh_]z hj'd!

hjikYhj't'k -~ =
COV(Th]’Th] = Z Z Z Z e COV(Ohjik’(_)hj’i’k')

=i k=1 =1 OngikOngrirks

is zero when sighting probabilities are known. Similarly,

COV([}L]';]U', Ih’j’;h’j') = E(COV([hj?hJ’, [h’j’;h’j’llhja Ihljl)

+ COV(E([hj?hjllh]’), E(]h’j’;h'j'|[h'j’))

(3.4.1)

(3.4.2)

- E([hj[h/jl)cov(?hj,;h/]‘/) + ?thh/j/cov([hj, Ih’j’)

ny Ny

= _Nh Nh, COV(;hj,;h/jr),
where
r o Mpy Mh’ YhiikYhtititk! . .
K« x® ? 1
COV(T}zj7Th’ = Z Z Z Z AR ACC R COV(®hjik7®h’j’i’k’)7

=1zt k=t o1 OnjikOwjrink

is zero when sighting probabilities are known.

3.4.2.1 When sighting probabilities are unknown

We have
My, R
Pagi = ¥ ZnjiatiniinOnsin
k=1
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and

L i ' Np (7 ) i Nn ( ) L Np Nyt
. var(7p, np — cov ‘th,ThJ/
var(7) = N3 ——-——52-{——- 1 cov7' T
) Z n G ) T G Nu(Np — 1) ZZZ CRITD
h=1 3=1 I#3 h#h! 3=1 j'=1

var( 7 ) e cov(;h 7 ) § N2 o8 cov(Fhy, 7 1)

Yo\ Thi) 31 Thy! h 2 hjrThy
S _ | - —~ | S; = N, —_—
h+Z Np(Np —1) ZN;, i 2 Np(Np = 1)
1 i&3! h=1 i#3

I
M-
23

¥
]

N Ny

L
+ Z Z Z cov(;,U ,;hr]/)

h#h! 3=1 3'=1

L L Np r Mp;
= [ZNZ(L— ] Zn—hz Zzyiﬂk(@hﬂk —1)}
h=1 3=1

np
h=1 i=1 k=1
L Np # Mpji 4 Mpji
h Ih] Yhjik YhjikYhjik! —~ =~ A
+ [2 Nh S E var(@h],,C )+ E 6“‘_6)—'C°V(ehjikv@h]sk’)
nh r Ohjik hjik ©@hjik!
h=1 i=1 g1 k=1 k#k!
£ N, Ny Nyt
h 1 Np np —1 § : § :
- E — _2§ :C°" (Thjis Thjir) + E E COV("'thThJ + E : cov(Ths Thryt)]
np nh N;, -1
h=1 =1 1! 1#! h#h! 3=1 j'=1

= vituvz+tous

The first error component due to sampling of primary units is

which is exactly the same as the first error component when sighting probabilities

are known. To find an unbiased estimator of S7?, consider

s L) 2 ny =~
2 (7hj ) = T hj
47 =3 ,where 7, = .
G ]; np — 1 ]2:; np
Then,
1 i A =2
Elsdy = —eF T
(sh) o — 1 ;Thg naT),
1 ) e =2 = =2 1 e =
= —— B [(Q(Th; — var(Thj|Ln;)) — nn(Fy — ;Zvar(Thjlfhj)) :
h j=1 h j=1
such that
= [h]Th] =2 My o1 = =
E(T,) = E(Z Z E(Iith) + Y — E(Dnilnj ThiThir)
i=1 i=1 i#d"
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= E(E (IhJTh]”hJ +Z E(InjInjFhiThje| ngy Injr))
J#J

1 = =
. E(Li;)E(Fy;) + Z E (InjIng' ) E(FhjThir)
it T
1

Ny, _ L
= Y —[var() + +5 — 2 [cov(FaTair) + TasThs]-
st Nh () ( ] J%]:’ nhNh Nh—].)[ (hJ h]) hj h]]

Therefore,

i 1 o ThiT] " . cov(; 7 )
— hy h] h3sThy!
E(s2) = E — 7. — E —var (Fny) —_—
" Ny M Np(Np —1) ! < Np(Np—1)
1=1 FES N Jj=1 FES M

Ny, r
1 var Th ' cov Th 1 Th t’) cov Th ,Th )
_ 2 e 3 J J CoV(Thjs Thj!)
= Sh+ZN,,Z( Z ) Z Na(Np = 1)
j=1 i=1

il

—_~ r —_~
var(7h i coV(Thiis Thiit cov(Thy, 7 1)
- $+E sz (Z ity T ’)] [}: i

'n -1
i=1 i 35" A=1)

where
My, ji

Var(thi) = ZnjikYnjic[Ohjix — Onjin — Var(Onjix)]
K=l
My ;i My

2 s g o—— T A
- Z ZhjikYnjirVar(Onjik) + Z ZhjikZhjik' YnjikYnjik' COV(Opjik, Onjik'),
E=1 k#k!

Mpji My,

covi(Tuji, Thjir) = E E Zhjik Zhjitk Ynjik Ynjirk €OV (Onjik, Onjirk),
k=1 k'=1

and

r Mpjs Myjia

COV(Th],Th] = 2 E E E ZhjzkZhJ’1’k’yh]zkyhj'z'k’cov(ehjzk7ehj'z'k')
iAl=l k=1 k=1

are unbiased estimators of var(7;;) (see section 3.2.2), and of cov(7yj;, 751 ) and
cov(7h,, Thjr) previously derived in (3.4.1) and (3.4.2). Hence, an unbiased

estimator for S7 is

\7&(%,, ,') 4 C/O\V(ThJHTh, COV Th]vTh I)
Z’“ (Z At ) 45 i (= 1)

=1 i#e! J#3!
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and thus, an unbiased estimator for the first error component v, is

b= 3 NA — )3
1 == F 3 T h*
k==l Nh

np

The second error component due to sampling of groups is

L Ny, i Mh]
=3 S LSS (O 1)
h=1 i=1 1=1 k=1
and an unbiased estimator for this component is
L N2 I r Mpy
~ Vh h_] — A
2= o Z Z Z Zhﬂkyhjzk[@hnk @hjz'k — var(Opjir)]-
h=1 h J 1 =1 k=1

The third error component due to estimation of sighting probabilities is

L N, N 1 r Mh ;i yi - Mp ;i S ssslnin R R

—— Jik —~ K Ji e~
vz = E = E > ) var(Onjik) + E 0.0 cov(Onjik, Onjik’)

hel np =1 r i1 \ p=q Zhiik Kk hjik D hjik!

L N, L L Np Ny
Np Sl Nh Ah— 1 1 = B S = =

+ E = ] E cov(Thji, Thji') + E — N —1 E cov(Thj, Thj') + E E E cov(Thj, Thij!)
h=1 h Jj=1 i#i! h=1 h h e h#h! j=13'=1

and an unbiased estimator for this error component is

L 9 Na r My, i My j;
; —E:—Nh 1’”’}: > Znjinyijixvar(® N~ ZnjinZ Ynjik©oV(Onjik, ©
vz = 2 — hjikYhjik Var(Onjix) + hjik Zhjik! YnjikYhjik' COV(Onjik, Onjik')
h=1 P j=1 i=1 \ k=1 k#k!
L 9 Ni r L 2 Na
Ny [hj N
+ E v 2 E Cov(Thji, Thjit) + E E [hJ[thCOV(Th],T[”)
h=1 h j=1 i#£i! h=1 J;éj
Nn N,
Nhl h h!
+ E Z E Ih]]h’ /COV T;-,],Th/ ir)
hh! " j=14'=1
where
1 r Mpji My
CoV(Taj; Tarye) = ) _S_ E E ZthkZh']’l’lc’yhjzkyh’J’z’k’COV(ehﬂka®h’7’z’k’)
e=t k=l k=1

is an unbiased estimator of cov(7;, 74;/) previously derived in (3.5.3).
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3.4.2.2 When sighting probabilities are known

We have
MhJ
Th]1 E Zh]zkyh]zk@hﬂk
k=1
and
[, 1 Nh var Tl”!
2 1 N
var(7) = ZN,? [(—n——— ;l——z 2= —_— ]
h=1 h h
Nh var(n.,,) N
- Jj=1 Nh b Vhy
S LIS apet } >4
L 1 2 = Np var Thﬂ
SR RS WL
h=1 j=lis1
= v1+v2

- 2, 1 1 2
vy = Z Nh(_ T m)sh-

To find an unbiased estimator of S?, consider s} as before. We have

E(s}) = Si+ Z —var ()

- Z Z var Th]z

_ $4E Z % Z var Thjz)

=1

Hence an unbiased estimator for S7 is

Z Z var Th]Z
_7 1i=1
Then an unbiased estimator for vy is

L
. 1
h=1 h

nh



The second error component due to sampling of groups is

Z Z X’: var 'th,

j=1i=1
An unbiased estimator for v, is thus,

Np r
var(7y
Ih]Z ]l)v

3=1 t=1 'f‘
where Var(7j;) = ZkM_'”i Zhj,-kyzﬁk(e,%ﬁk — Opjir) (see (3.2.3)) is an unbiased esti-

M'”' yh],k(@hm —1) (see (3.2.2)).

mator of var(7;;) =

3.4.3 Optimum allocations

Optimum allocation of sampling effort assuming that survey costs are a linear

function of stratum sample sizes (n}), satisfies (Cochran, 1977)

ny, _ NuSi/\/en

n a Zﬁ:l NhS;/\/a :

where ny + ny + ... + n, = n and ¢ is the cost of sampling a primary unit,
which may vary from stratum to stratum, and S} depends on whether sighting

probabilities are known or estimated via a logistic model.
3.4.3.1 When sighting probabilities are known

We have

r Z:Nh var]\;‘hl,)
=gyt T
=} T
h 2 ) — sMhy 2 O . 1
where Var(Thﬂ) = Zk:l yhjik( hjik — )

3.4.3.2 When sighting probabilities are unknown

When sighting probabilities are unknown and are assumed to satisfy a logistic
model defined in (2.1.3) with all the assumptions described in section 3.3.2, we

have

Ny, = =
var Th cov(Thj, Thir)
S + a5l L 7 J 3 .
4 Z . Nu(Ny—1)



4. THIRD CENTRAL MOMENT OF THE MODIFIED
HORVITZ-THOMPSON ESTIMATOR FOR POPULATION SIZE

4.1 Third central moment in terms of conditional moments

In this chapter, we derive the third central moment of the modified
Horvitz-Thompson Estimators. The motivation of this derivation is to explore
the possibility of improving confidence interval estimates of the population size
by incorporating the third central moment. The following derivations are done
analytically by hand.

Recall that in section 2.2, we obtained explicit expressions and developed
unbiased estimators for variances of the population size estimators via conditional
distributions of indicator functions /; and Z;;. We will use the same method to
find the third central moment. We shall begin with deriving the third central
moment of an arbitrary random variable X in terms of its conditional moments
conditioned on another arbitrary variable Y.

Now
My(X) = E[(X — E(X))’] = E(X®) = 3E(Xvar(X) — (E(X))’
= E(X?)-3E(X)E(X?*)+2(E(X))>.
(4.1.1)
Then the third central moment of X conditioned on Y =y is
My(XIY) = E[(X - E(X|Y)P|Y]

= E(X*|Y) - 3E(X|Y)E(X? y))?

Y) +2(E(X

= E(XP|Y) = 3E(X|Y)var(X|Y) — (E(X|Y))?,




where var(X|Y) = E(X?|]Y) — (E(X|Y))% So

E(Ms(X|Y)) = E(X®) — 3E[E(X|Y var(X|Y)] — E[(E(X|Y))?].  (4.1.2)

On the other hand,
Ms[E(X]Y)] = E[E(X|Y)- EX)P
= E[E(X|Y)P —3E(X)E[E(X|Y)]* + 2[E(X)]
= E[E(X|Y)]? =3E(X)E(X?) +3E[E(X)var(X|Y)] + 2[E(X)]?,

(4.1.3)

since in line 2, [E(X|Y)]? = E(X?|Y)—var(X|Y'). Therefore, the sum of equations

(4.1.2) and (4.1.3) is
E(M3(X]Y)) + Ms(E(X|Y)) = M3(X) — 3cov(var(X[Y), E(X]Y)).
Hence,

Ms(X) = E(M3(X|Y))+Ms(E(X|Y))+3E[var(X|Y)(E(X|Y)—E(X))]. (4.1.4)

4.2 Third central moment of the modified Horvitz-Thompson estima-
tor of population size

We will now proceed to find the third central moment of the modified Horvitz-

Thompson estimators of the population size defined in (2.1.2) when sighting prob-

abilities are known and in (2.1.4) when sighting probabilities are unknown.
4.2.1 When sighting probabilities are known

When sighting probabilities g;;’s (see definition of notation in (2.1.1)), recall

that the unbiased population estimator (see (2.1.2)) is

N 1. M 7 ...
oo g g Ty

=1 i i=1 9ij
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In addition to the set of notation introduced in (2.1.1), we define the joint prob-

ability

Tiiipi3 — P([“ = 1,[i2 = 17[i3 = 1)

(4.2.1)

to be the probability that primary units I;, I, and I3 are all selected in the first

stage sampling. Following (4.1.4), we will have, firstly,

B (Ms(7|1))
= E[E[(7x — E(7|1))*|1]]
N ] M; vi
= E[E[(Z *s ” 2 Z Zyzj II
i=1 ' j=1 9ij i=1
N M;
I ~—~, Z;;
= BB =Y (22 = Dwy)*I
§=1 2j:l 9ij
N M
I &5 7
= E[BD_ 50 (2L - )yy)°
i=1 s j=1 9ij
L5, 21 g Mo g
830 T N = D Y =~ D)
iaghiy 82Ty 4o Gij j=1 Gisj
M M; M
L L. I; 7 2. 7 R Zigi
+ 3 =m0 (=~ D) (-
iiiais 11 aTis 5oy i j=1 iad j=1 Gisd

(4.2.2)

Since the Z;;’s are independent and F(Z;;|1;) = gij, the above expression is simply

N I M; Z
B(Ms(7|1)) = E[EY = (Z2 — Dug)*|]
i=1 ¢ j=1 t
N M,
I; Zij s, Zig
= BEQ SO CL-1P+83 2 -DEE
i=1 i j=1 4 fi#da I Yija
Zi3 VAT Z
¥ LU — Vg — D2
N M, i
= izt 77 L= 55 El(Zij — 9i3)* |93 = Yt & i

35

2 9
- 1)*%i, %,

= l)yljl yz]zyma)ll]]

1—39-1'*'2912 3
g?j ij

(4.2.3)



Secondly,

N
. I;
Ms(E(r|1)) = Ms(d_ —m)
i=1 "
N N
L I; ;
= E((Z —z'r,-)s) — 3rvar(z . 3
izt §=1 8
I, I Li 1, I
= B A Bl ¥ bl
11#'2 T e PE o iy Tig i
< i 1- m mi, T .
iyia — Mgy T 3
AR e 3 M o (5
i=1 i=1 i1ia %1 %% i=1
b Y
1 1 1 121
- Shini Y By ¥ Dee
i=1 i i1y T T i1 iagkia 11127
Sal = i i
- 3( + ‘l’w+2 LA L2 T 1 l?*)
Ty, T -
f==1 i1742 i1#42 i
T4 T, T, -
igi3 — Nip Ny 3
+ Z 22 2 S'TilTigTza Zrz -3 Z Tiy Ty 1 Z Tiy iz Tig
e T, Ty s T
i1 #i2# =1 i1#12 iy #ia#ls
N 5
_ 21_3”i+27rf7_3+ 5 3(miyip — miymiy ) (1 — 2mi,)
o 7 ' i, e i T
§=1 : i1#ia 117z
+ Z ﬂlilizis i 37r‘i2‘i3 i 7;,'277'1'3 = 1
T, T, Ty T, T
ingiagis 120" L
(4.2.4)
Finally, the last term of (4.1.4) is three times
M, = g N I
ZJ = i3
Blvar(i | D) (B(711) - (Z Z (Y o — 7]
i=1 ¢
M“
1-—g; — i, I; 1-g 1-g;
< A3 T e S, 3L
=1 i=1 171 2 J=1 1 %
N 1 M; el M'zl
- T - gi 7r — T, T — gi
i 4 : Giag
=1 =1 e 2 g=1
1—7r -g — g P — T, T
- Z z[z u 3 Z 1= 95 y']ly‘JZ}_’— Z Miyia — Ty Tip 11 1o Z Z y”“y‘“q
? -’112]2
=1 =1 J1#32 1 Fig J1=1j2=1
(4.2.5)
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Hence the third central moment of the population size estimator is
Ms(#,) = (4.2.3) + (4.2.4) + 3 x (4.2.5).
4.2.2 When sighting probabilities are unknown

When sighting probabilities are unknown and are assumed to satisfy a logistic

model defined in (2.1.3), the population size estimator (see (2.1.4)) is
N 1. M,
L

TLR = Z Z Z%Jyu ij

=] e 1
Following (4.1.4), the third central mom;nt of 7r is, firstly,
E(M3(7A'LR|LZ)) = E[E((7tr — E(7Lr|l, Z))’|1, Z]]
= B[E[(TI, 2T Ziyii(0y — 0))° (1))
= E[E[TX, (T Zijyii (0 — ©4))°
Ly oM

Lo

+3 X4, ;175:(2]- 1 2,391,594 — B4 V(i1 Ziasviai(O0i — 6ins))

Ty Tigliy ~ M; ~
+Z,1¢,2¢‘3 Tiy Tig Mig (Z]_ '1Jyl1](@i1] - e‘x])(Z;:f Zinyizj (G)iz] - @i”)

#1989

M; ~
(3oj=1 Ziss¥isi(®igs — ©ig;)I1, 2],

(4.2.6)
With the definitions in section 2.1.2, we note that
B — 0, = e TuB (T, B-Pr-w,zw /2 _ )

and that E(e(ﬁ‘ﬂ)) = ¢%i,5®i5/2 Therefore

E ((:)” _ (')ij)B = e—sw;]ﬂE(e—w;](,B—,B)—:cgjzw.,/z _ 1)3

= 0 o, (BBt e, _ g o, (B-B)-w s,

o sezaBBreysean )

_ 6—3w;],3(63:c§j2:v., _ 36T, 2)

_ e—sm;]ﬂ(ezmgjz:c., —1)+ 6-32:;Jﬂ(_3engzzc.-, +3)

a3 6-3:1:;],6(63:1:;]2::1:.-] 1)+ 3(_e—ngﬁ)e—zngﬂ(engzwij — )

== 6_3w21ﬂ(633212mi’ —1)+3(1 — Gij)var((:)ij). (4.2.7)
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Next

~

E(6ij, — 0,;)%(©ij, — 0ij,)

_ 2a:;“,3—azgj2ﬂE[( iy ,3 B)-z!; s®i5, /2 _ 1)2(6—:15,,2(B—,B)-:cgnz:c,n/g_1)]

_ ‘(n"n+‘c-n)’,3E[e‘(2‘”"““"‘12)'(,3—6)““’5”2‘”"11‘“35]22‘”'12/2 -2l (B-B)-z!, sTi),
_26—(13;'1'1+mij2)'(5—ﬂ)—zij12=ﬂ;jl/2—32,-2233-;';,/2+2€ ,,l(ﬁ -B)-m}; X /2
+ ,]2(ﬁ ﬁ) E 1 Emljz/z_l]

-~ e-(z:c,-,,+a:.-,2)'ﬂ( T, STy 42T DBy, B Iy o B I, 2)
_(2:1:.,1+a:,-,2)',3(e 1 ST iy 428 Xy, 1) — a:;nﬂ 2a:(“,3(e:c;“z:c,»“ ~1)
+2(—6 i Ye~ mm*“cwz)ﬂ( Ty 5%, 1)

= om0+ 80 B (Pl BB TR 1) 4 (1 - Oy )var(By,)

+2(1 — ©4,)cov(03),, 035,),

Finally
E(©ij, — 0i;,)(0ij, — ©ij,)(0ij; — Oijy)
T s, ~ X!, =®;;
= e‘(z-j1+mu’2+mi1‘3)'ﬂE[( ;“(ﬂ B)- _1— . 1)(6-311'2(:3—,3)—422—12 _ 1)
T’ . o,
e T B-P-=0= )
~ ® ST, XL ST, T DB

_ e—(z.,-,+w;,z+m.j3)’ﬂE[e—(w.jl+w.j,+w,j3)’(ﬂ—ﬁ)— ‘“f L 2;: i ’“: 2

€. =, T o, =X, A >t/
1 172 71 113
—e_(m'n"'ziiz)l(ﬂ—ﬁ)— ”12 = '122 _e‘(zt‘jx 'miJa ,B ﬂ) .“2 '132

& c®;; T, ST, T, o,
@y, (B-Py- T DB | a (B-p)-—a

-~ & . R, ~ x. B
L, (B=B)- —a 2 s (BB —La 2

- 1j
e~ (®is +:n,j2+:c.j3)',3[eac(jlzz.j2+z;jl Sy + T, 5By _ B, STy _ T, zzija_ezijgzz.ja_i_l_’_l_*_l_l]
— o~ (®ij, +w.,2+z.,3)'B(ez',jlz:c.,-2+:c',].‘):z,j3+m(,-2>:z.ja+2_3)+(_e-z’,nﬁ)e-(z.,-,w:.ja)’ﬁ(ew’,.jzzz.,-a_1)

+(—8 w:ngB)e_(mln+ziia)’ﬂ(ezéj12m'j3 —_ 1) + (—6 ml'laﬂ)e_(wijl +w'j7)l’3(€w:jlzmij2 = 1)

— e_(mlj] +zlj2+z|13)lﬂ(ew:“Em'jz+z:11Ez'ia+z:jzzz'13 + 1)
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~ ~ ~

+(1 = ©i5,)cov(045,, 045,) + (1 — ©45,)cov(845,, 8ij,) + (1 — Oij, )cov (O, , 04,).

Hence, in (4.2.6) which is the first term of the third central moment, we have
EE[T, (S} Zii(0i; — 0i)yi)°I1, Z])

= Z. 1 _E(Z : &L[3(1 - )var(é,-]) + e—33'3(e3m:j21u -1)

y, Yij ~
+3 Zn#]z _Juz_[z(l . .Jl)cov(e.“ ) eijz) + (1 = ©;,)var(©y5,)

©ijy Oiip
e (2:,Jl+z,12)’ﬁ(62:c 3 Ez.,1+z‘]lzm‘jl _ 1)]

Yijy Yijo Yii 3. 8. s e O - 0. O
+Zh#]2¢]a —1—3——31—”’1@';2 f]a [(1-©i5,)cov(©y;,, 05, )+(1-0i;5, )cov(O45,, Oij, ) +(1-045, )cov(O;;,, O, )

+e—(®ijy +3x12+3=13)'5(e"’¢n Ez'”"'mijl Ez'ia'*'::jz ZRijy _ ny,

(4.2.8)
Similarly,

E[E[Z Zzzuynj irj — ©iyj5) ZZinytzj i2j — ©iaj))|1, Z]]

11712 i 12 Jj=1
n Y2 i Vinga ~ ~ ~
l 1 ' 1 1
= D sinshia T (Z;l =1 Zh_ﬂ 8100, [2(1=0i,5,)cov(0, 5, ©iyjs ) +(1-Oiyj, ) var(©y, 5, )
+e—(2zlljl+mlgj2),ﬂ( 2m:1112m'212+m|1112z'1j1_1)]

Yy Y Yy P A )
Z]; =1 zh#]a (-3,'1,]1 ',:12(;,:13 [( 11]1 ( i2j2) @1'2.73) + (1~ @,‘2]'2)COV(@,'1J'1 ) eizja)

Jeo
+(1 o eizja)cov(ehjl éiz]z)

+e~ (m.111+w,212+$,213 ‘6(6 qnzz'212+z-111EmlzJa"'z-gn‘-‘z'zis _1)])

(4.2.9)
Also,
LDl - -
E[E[ ) s (sz(@:u 0i,3)¥iri) (D Zi2j (Oinj—0i,3)¥in) (D Zisi(1,i—Oiy)wisi)| 1, 2]
i1#ia# s iy MiaTis j=1 j=1 Jj=1

M., M, M,

i iy YiojoYisj ~ ~ ~ ~

" Z 17:-121; Z Z Z HJI(..),2 2@3 ¢ [(l—eiljl)cov(@izj;,,@i3j3)+(1—@,'2j2)C0V(®,'1j,,@,‘sj:,)
11#£12#13 iy Mia Mis j1=1j2=1ja=1 i2j2 V3]s

+(1 - eiaja)cov(eiljl ) éizjz)

1 1 1
te—(®iri +$.,J‘,+z;3,‘3)'ﬂ(em.1jl Einjp+ &5 5, ELigis+8,,;, 580y 5, 1)].

(4.2.10)
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The second term of the third central moment (see (4.1.4)) of 7 is
Ms(E(7Lr|l, Z)) = M5(7r).
Finally, the last term of the third central moment of 7y is three times

E[var(%LRll,Z)(E(f'LRU, Z) = E(f‘LR))] = E[var(f‘LRII, Z)(’;',r == T)], (4211)

where
N ] M; v = -
var(7pr|l, Z) ZW—_[Z Zijyivar(0i) + D Zijy ZijyYij YizacoV(Oijy, ©4, )]
=1 " j=1 n#s2

L i I2 M;, o
+ Zzl;ézg iy Tig Z Z]g 1 le]lZ2J2y21]1y12]2C0V(®11J1 ’ 612]2)'

Hence, the third central moment of the population size estimator is
Ms(71r) = [(4.2.8) + 3 x (4.2.9) + (4.2.10)] + M3(#;) + 3 x (4.2.11).

The complexity of those expressions of the third central moment, especially
with estimated sighting probabilities, makes it difficult to find an unbiased (asymp-
totically) estimator for the third central moment. One possible bias estima-
tor of the third central moment is obtained by simply replacing true values of
7, 3, ¥, O, variances and covariances of @’s by their (asymptotically) unbiased
estimators (see sections 2.1, 2.2 and 3.2) in expressions of M3(7,) and M3(71r). If
it is possible to improve the confidence interval estimates for the population size,
it would be worthwhile to attempt to find an (asymptotically) unbiased estimator

for the third central moment of the population size estimator.
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5. SIMULATION STUDY OF THE POPULATION SIZE
ESTIMATOR AND THE UNBIASED ESTIMATOR OF THE
VARIANCE OF THE POPULATION SIZE ESTIMATOR

5.1 Introduction

In this chapter, we want to evaluate small sample size performance of the
modified Horvitz-Thompson estimator of the population size and small sample
size performance of asymptotically unbiased estimators for the variance compo-
nents and the variance of the population size estimator. As error (or variation)
due to sampling of primary units can be controlled by the choice of sampling
units and sampling design (Samuel and Steinhorst, 1989, Caughley, 1977), we
consider the special case of a complete census of primary units (see section 3.2)
to get a further insight of the control of error due to sampling of groups and
error due to estimation of sighting probabilities. We will assume, for our simu-
lated population, that the sighting probabilities {g;}’s satisfy the logistic model
defined in (3.2.4). The population size estimators in this special case are stated in
(3.2.1) when sighting probabilities are known and in (3.2.5) when unknown sight-
ing probabilities are estimated via logistic regression. Variance of the population
size estimator is (3.2.2) when sighting probabilities are known and when unknown
sighting probabilities are estimated via logistic regression, variance of the popu-
lation size estimator is the sum of the first error component due to sampling of
groups expressed in (3.2.6) and the second error component due to estimating
the sighting probabilities expressed in (3.2.8). An (asymptotically) unbiased es-

timator for the variance is (3.2.3) when sighting probabilities are known and is



the sum of (3.2.7) and (3.2.9), respectively, when unknown sighting probabilities
are estimated via logistic regression. Expressions given in (3.2.7) and (3.2.9) are
(asymptotically) unbiased estimators for the first and second error components
respectively.

We will only simulate the scenario where the needed data are collected in 2
phases (see subsection 2.3.1), i.e. conducting sightability and population surveys
separately. Phase I data collection or sightability survey is for estimating the
sightability model and phase II data collection or population survey is for esti-
mating the population size via the fitted model obtained in phase I. So a single
population size estimate requires two independenet samples - a phase I sample
and a phase II sample. We will use the fitted model of the data collected from
five aerial surveys of elk in Pennsylvania as the true sightability model of our
simulated population (see section 5.2). A sighting trial, in both phases, is the
process through which a sample is collected. During a simulated sighting trial,
U(0,1) random numbers {u;} are generated, jointly independent, for the groups.
Group 7 is sighted if u; is less than its true sighting probability g;.

We use SAS for programming the simulation. A sample of the program
is listed in the Appendix. Models are fitted using procedure LOGISTIC. This
procedure gives results of measures including the likelihood ratio test and Akaike
Information Criteria (AIC), estimates of parameters B of the fitted model and

estimated covariance matrix & of the estimated parameters.
5.1.1 Measure performances of estimators by bias

The performance of the population size estimator will be measured by bias
of the mean of a set of simulated population size estimates relative to the true
population size of the simulated population. To measure the performances of

asymptotically unbiased estimators of the error components and the variance by
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bias, we need to approximate the true covariance matrix ¥ of the estimated pa-
rameters ,@ of the sightability model. Two approximations were used. First, we
let ¥ be £;, the sample covariance matrix of a set of estimated parameters 8
and second, we let ¥ be 22, the mean of the set of estimated covariance matrices
S of those estimated parameters. Sample covariance matrix S, is an unbiased
and a consistent estimator of the true covariance matrix ¥. By the weak law of
large numbers, the mean of a set of covariance matrix estimates, Z/‘\g, converges in
probability to the expectation of the covariance matrix estimator. The covariance
matrix estimator in this case is a maximum likelihood estimator and thus, is a
consistent estimator of the true covariance matrix .

Cochran (1977) stated that “the effect of bias on the accuracy of an estimate
is negligible if the bias is less than one tenth of the standard deviation of the
estimate. If we have a biased method of estimation for which B/o < 0.1, where
B is the absolute value of the bias, it can be claimed that the bias is not an
appreciabble disadvantage of the method. Even with B/ = 0.2, the disturbance
in the probability of the total error is modest.” We will use this working rule to
evaluate the significance of bias in estimating the population size.

Cochran (1977) also stated that we usually measure the precision instead
of the accuracy of estimates. Precision refers to the standard deviation of the
observed (or sampling) variance of the estimates. We will report the observed
variance of simulated population size estimates and compute bias of the mean of
a set of simulated variance estimates of the population size estimator relative to
the sample variance of the corresponding set of population size estimates. Another
way of evaluating var(7,r) is to measure bias of var(7yr) relative to the sample
(or observed) variance of the corresponding set of population size estimates. By

the weak law of large numbers, as stated before, the sample variance is expected
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to be close (asymptotically) to the true variance when the number of population

estimation trials, denoted by k, is large.
5.1.2 Construct confidence interval estimate for population size

We further enhance our evaluation of the estimators by constructing 90% and
a 95% confidence interval estimates for population size and study the coverage rate
of these confidence interval estimates.

We will use the large sample theory (normality) to construct confidence inter-
val estimates for the true population size 7. Furthermore, as indicated in section
1.4, in an earlier trial run of our simulation, we observed that the sample dis-
tribution of population size estimates is positively skewed. We have therefore
considered four transformations of the population size estimate, namely, the nat-

1

ural log In7yg, square root of the reciprocal #='/2, the reciprocal #~! and power

3/2 We construct the confidence interval es-

of three halves of the reciprocal 7~
timates by assuming large sample theory for sample distributions of transformed
population size estimates. To obtain an approximate variance of the transformed

population size estimator, we apply the delta method. For example,
5 L
Infrr~Int+ —(7fLr — 7).
T

or

1
var(In 7r) ~ —2var(+LR).
T

The interval In 7pp & 2, /2 E%F—Rl is then back-transformed. Hence, we obtain an
LR

approximate 100(1 — a)% confidence interval estimate (7e™%/2% 7e*a/2%) for the

true population size 7, where 7 = 71, cv? = Var(7)/7% and z,, is the 100(1 — %)™

percentile of the standard normal distribution. Likewise, we obtain three other

approximate 100(1 — «)% confidence interval estimates for 7 from the other three

transformations of the population size estimator. They are back-transformed as
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( — Lza/2, 5 + %24/2) from the reciprocal transformation, (% - ﬁ;za/% % -+
#za /2) from the square root of the reciprocal transformation and (#—%za /25 #—}-
iﬁ%’;za /2) from the three halves of the reciprocal transformation of population size
estimates respectively.

In addition (also stated in section 1.4), we have assumed that the sampling
distribution of (7zr — T'), where T' is the total number of sighted animals in a
phase Il sample, is lognormally distributed. This was suggested by Dr. Kenneth
Burnham of the Colorado Cooperative Fish & Wildlife Research Unit, Colorado
State University. In this case, exact expressions of expectation and variance of
In(7,r — T') can be worked out as follows.

We know that if a random variable, say X, is lognormally distributed or In.X

is normally distributed as InX ~ N(u,0?), its expectation and variance are

o2

E(X) =7,  var(X) =t (ef

2

—1).
With X = 7,r — T', we therefore obtain the following equations,
o2
E(’f‘LR - T) =7-T= 8“+T,

and

var(7pg — 1) = var(7Lr) = 62“+"2(e”2 —1).

Solving this pair of equations for x and &%, we have

o2 =1In (1 + EEYE—T;I;;)Z) =In(1 + cvz),

where cv? = 2 and

= (r=T)%
2
o
= In(r-T)—- —
o n(r = T) 2
= In(r-T) - §ln(1 + cv?)

=T
V14 cv?

65

= In



Thus,
=T

Inrm(7 —T) — ln\/TIcT?
In(1 + cv?)

e Za/2,

where z,/; is the 100(1 — %)™ percentile of the standard normal distribution. If
we estimate cv? by replacing var(7r) with Var(7,r) and 7 with 71, we obtain a
100(1 — a)% confidence interval estimate of 7 as (T'+[(frr—T)/C]V/1 + cv?, (T +
[(#zr — T)C]V/1 + cv?) where C = ewp[za/z\/i;l_(l——_i-_cv—"’)]. We will use the label
712 to denote this confidence interval estimator. A simpler but possibly lower in
coverage 100(1 — )% confidence interval estimate of 7 is (' + (7, — T')/C, T +
(7Lr —T')C') obtained by the delta method on In(7 —7"). We will use the label 7,
to denote this confidence interval estimator. Note that confidence interval 7,2
is shifted and expanded, compared to confidence interval 7;,,. Both confidence
interval estimates will have a lower bound of at least 7', the number of seen
animals in a phase II sample. Confidence interval estimates constructed from the
sampling distribution of 77z and from the reciprocal transformations might have
a lower bound less than T'.

To test if the coverage rate of confidence interval estimates is significantly
different from the nominal level, we apply the hypothesis test of the expected
value of 100(1 :\a)) is equal to a given value. Standard error for the z-statistics
is 100\/m%, where k is the number of population estimation trials or
equivalently, number of phase I samples (or phase II samples), for a 100(1 — a)%
nominal level. For example, let @ = 0.1 and k = 500. Coverage rate 1 — « is

not different from the 90% nominal level at 0.05 level of significance if (1 — o —

0.9)/\/0.9(1 —0.9)/500 is between —1.96 and 1.96. For our simulation studies in
this chapter, we will apply the hypothesis test at 0.05 level of significance. Then,
for k = 500, coverage rate is not significantly different from the nominal level

of 90% if it is within 90% + 2.68% and from 95% if it is within 95% + 2%, both
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inclusive. For k = 1000, the bounds are 90% 4 2% and 95% + 1.4%, both inclusive,
for nominal levels of 90% and 95% respectively.

By comparing coverage of various (approximate) confidence interval estimates
of the population size 7, we will be able to determine if we should transform the

population size estimates and if so, which transformation(s) is(are) better.

5.2 Simulated populations

We assume that there are M groups in the population. We also assume that

the sighting probabilities g; for j = 1,2, ..., M satisfy the following model,

9 _ Bo+ 181 + x;202 + 5,30, (5.2.1)

log
l—g;

where parameters and independent variables are

B = (Bo, b1, P2, B3) = (2.4132,0.1322, —1.8224, —0.0423),

x;; = group size,

xj2 = behavior of the group, 0 if resting and 1 if active,

xj3 = degree of vegetation cover (in percent from 0 to 100, in increments

of 5 or 10).

This is a special case of (3.2.4). The data set listed in Table 5.1 was used as a
basis for the generated population used in the simulation study. This data set is
a composite of five aerial surveys of elk in Pennsylvania conducted by biogolists
of the Pennsylvania Game Commission. The model defined in (5.2.1) is the fitted
model of this composite data.

We randomly generated a number (= 116) to use as the number of groups
in a simulated population. Nine groups were added to the 107 listed groups of
Table 5.1 to obtain a simulated population of 116 groups, listed in Table 5.2. The

116

population size is 7 = )., "y; = 866 animals. This simulated population has

a structure different from that of the simulated population of composite (raw)
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data of 107 groups. The independent variables were randomly ordered to form
the population. Specifically, the groups are indexed from 1 to 116. For each
independent variable, we randomly assign a rank (1-116) to each generated value
so that it can attached to a group whose index matched its rank. We have thus
constructed a simulated population of M = 116 groups. The three covariates
are hence, mutually independent. The frequency distribution of the simulated
population is listed in Table 5.2. The stem-and-leaf graphs of group size and
vegetation cover of the simulated data are displayed in figure 5.1.

We use the fitted model defined in (5.2.1) of the composite (raw) data (M =
107 groups) as the true sightability model for determining the sighting probabil-
ities for our simulated population. For the composite data, the three covariates
have low correlations between them (see footnote under Table 5.1). The covari-
ates are pretty much mutually independent. The sighting probabilities {g;} of
these 116 groups ranged from 0.0357 to 0.9971 and the first, second (Median) and
third quantiles are 0.3150, 0.6280 and 0.8236 respectively. The average sighting
probability is 0.5770.

We have also simulated two subpopulations from this simulated population.

e The first one is obtained by excluding groups in high vegetation cover, ie.
vegetation cover more than 50 percent. This subpopulation, which will be
referred to and labeled as veg, has 82 groups and size 573. With low vegeta-
tion cover, the groups in this population are expected to have higher sighting
probabilities. The sighting probabilities ranged from 0.2210 to 0.9971, and
the first, second and third quantiles are 0.4726, 0.6905 and 0.8934 respec-
tively. We see that the sighting probabilities are at least 0.2. The average
sighting probability for this population is 0.6771. The stem and leaf graphs

of group size and vegetation cover is displayed in figure 5.2.
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Table 5.1 Frequency distribution of the composite data from Pennsylvania !

No. of groups

Percent Visibility
Variable Missed Seen Total (Total/107) (Seen/Total)
Group size
1 14 4 18 16.8 0.22
2 5 5 10 9.3 0.50
3 9 7 16 15.0 0.44
4 4 5 9 8.4 0.55
5 1 6 T 6.5 0.85
6 2 3 5 4.7 0.60
7 2 2 4 3.7 0.50
8 3 3 6 5.6 0.50
9 1 3 4 3.7 0.75
10 2 2 Bt 3.7 0.50
11 2 2 4 3.7 0.50
12 0 3 3 2.8 1.00
13 0 1 1 0.9 1.00
16 0 1 1 0.9 1.00
17 0 1 1 0.9 1.00
19 1 0 1 0.9 0.00
20 0 1 1 0.9 1.00
21 0 1 1 0.9 1.00
22 0 2 2 1.9 1.00
24 0 1 1 0.9 1.00
25 1 1 2 1.9 0.50
27 0 2 2 1.9 1.00
29 0 1 1 0.9 1.00
31 0 1 1 09 1.00
34 0 1 1 0.9 1.00
43 0 1 1 0.9 1.00
Behavior
0 28 34 31.8 0.44
1 41 32 73 68.2 0.82
Vegetation cover
0 0 7 ¥ 6.5 1.00
5 0 1 1 0.9 1.00
10 3 12 15 14.0 0.80
20 4 7 11 10.3 0.63
25 2 5 7 6.5 0.71
30 3 10 13 12.1 0.77
35 2 0 2 1.9 0.00
40 5 3 8 7.5 0.37
50 3 6 9 8.4 0.66
60 ! 6 10 9.3 0.60
70 9 0 9 8.4 0.00
80 3 3 6 5.6 0.50
85 2 0 2 1.9 0.00
90 5 0 5 4.7 0.00
95 2 0 2 1.9 0.00

IThere is a total of 107 marked groups, of which, 60 groups (56 percent) are sighted. cor(gp
size,behav)=-0.024, cor(gp size,veg cover)=-0.146, cor(behav,veg cover)=0.153. Fit full model,
with gp size, 8 = (—2.4132,—-0.1322,1.8224,0.0423), std err= (0.7,0.04,0.6,0.01). Fit full

~

model, with log(gp size), B8 = (—1.8828, —-0.9694, 1.7704, 0.043), std err= (0.7,0.3,0.6,0.01).
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Table 5.2 Frequency distribution of simulated population

Variable No. of groups Percent (out of 116)
Group size
1 20 17.2
2 11 9.5
3 18 15.5
4 10 8.6
5 8 6.9
6 6 5.2
7 5 4.3
8 6 5.2
9 4 3.4
10 4 3.4
11 4 3.4
12 3 2.6
13 1 0.9
16 1 0.9
17 1 0.9
19 1 0.9
20 1 0.9
21 1 0.9
22 2 1.7
24 1 0.9
25 2 1.7
27 2 1.7
29 1 0.9
31 1 0.9
34 1 0.9
43 1 0.9
Behavior
0 38 32.8
1 78 67.2
Vegetation cover

0 8 6.9
5 2 1.7
10 17 14.7
20 12 10.3
25 8 6.9
30 15 12.9
35 3 2.6
40 8 6.9
50 9 7.8
60 10 8.6
70 9 7.8
80 6 5.2
85 2 1.7
90 5 4.3
95 2 1.7
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e The second subpopulation is obtained by excluding large groups, ie. group
size of 10 or more. This subpopulation, which will be referred to and labeled
as small, has 88 groups and size 331. With small group sizes, most groups,
especially those with high vegetation cover, in this population are expected
to have smaller sighting probabilities. The sighting probabilities ranged from
0.0357 to 0.9674 and the first, second and third quantiles are 0.2738, 0.5285
and 0.7462 respectively. We observed that 17% and 37.5% of the groups
have sighting probabilities less than 0.2 and 0.4 respectively. The average
sighting probability for this population is 0.5133. The stem and leaf graphs

of group size and vegetation cover is displayed in figure 5.3.

In the second paragraph of subsection 2.3.3, it was stated that from the past
experience of some elk sightability surveys (Samuel et. al., 1987), the natural log
transformation of group size might give a better fit in some cases. In addition to
the model defined in (5.2.1), we fitted, to the composite data from Pennsylvania,
a similar model to (5.2.1) but with the group size natural-log transformed. This

model is defined as follows.

93

log 1 = Bo+ z;101 + ;202 + xj303, (5.2:2)

J

where parameters and independent variables are
B = (Bo, b1, P2, B3) = (1.8828,0.9694, —1.7704, —0.043),
x;; = natural log of group size, ie. log(group size),
xj2 = behavior of the group, 0 if resting and 1 if active,

x5 = degree of vegetation cover (in percent from 0 to 100, in increments

of 5 or 10).
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Figure 5.2 Stem-and-leaf graphs of group size and degree of vegetation cover for the
subpopulation veg of M = 82 groups
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Group size Vegetation Cover
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Figure 5.3 Stem-and-leaf graphs of group size and degree of vegetation cover for the
subpopulation small of M = 88 groups

Model (5.2.2) will also be used to determined the sighting probabilities of
those M = 116 groups in the simulated population to obtain a second simulated
population and hence, a second set of subpopulations veg and small. We will
also use models (5.2.1) and (5.2.2) to determine the sighting probabilities of the
composite data from Pennsylvania to obtain a third and a fourth simulated pop-
ulations. Note that the AIC of fitting model (5.2.2) to the composite data is a
little lower (101.274 < 103.113) than fitting model (5.2.1) to the composite data,

indicating that model (5.2.2) might be better.

5.3 Simulation

A single population size estimate in the simulation study requires 2 indepen-

dent samples from the simulated population. The phase I sample is obtained by
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making one or more complete passes through the population. In a single com-
plete pass through the population or a sighting trial, a group is determined to be
sighted or not by comparing a randomly generated uniform random number, u;
(generated jointly independent for the groups), with the corresponding sighting
probability g;. If u; < g;, the j** group for j = 1,2,..., M is said to be sighted. A
single pass in phase | generates 116 observations for estimating the parameters of
the sightability model. We enlarge the size of a phase I sample by increasing the
number of passes in phase 1.

For phase II, a sample is obtained by making one or more complete pass
through the population as in phase I. A phase II sample only consisted of sighted
groups. Sighting probabilities of these sighted groups are estimated using the fitted
model obtained in phase I. With group sizes and estimated sighting probabilities
of these sighted groups, estimates of the population size (see (3.2.5)) and the error
components (see (3.2.7) and (3.2.9)) whose sum is the variance of the population
size estimator, are obtained. We enlarge the size of a phase I sample by increasing
the number of passes in phase II.

Theoretically, if a phase I sample is enlarged by, say, making two complete
passes through the population, the estimated covariance matrix 3 of estimated
parameters ,B would be halved as explained as follows.

Let X = [z;,],,,, be the matrix of covariates such that ;o =1 (see (5.2.1)
or (5.2.2)). Maximizing the likelihood function, the estimating equation of the

parameters 3 is

X'(Z—g)=0

where Z is the matrix of indicator functions Z; (see section 3.2) and g is the
matrix of g;. The estimated covariance matrix of the estimated parameters B

based on a sample obtained from one complete pass through the population, is
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then

S, = rmeov(f) = (X'V-X)™,
where V= is the diagonal matrix with §;(1 — §;) on the diagonal. If we make two
complete passes through the population, we will have

V- 0][X

X X]’[ 0o V-||X

] = 9X'V-X

Hence, the estimated covariance matrix of the estimated parameters based on this
larger sample is,

" i s, B
Y20 = (ZX'V X) * = 5=

Similarly, if the phase I sample is enlarged by, in general, making r complete
passes through the population, the estimated covariance matrix of estimated pa-
rameters would be divided by r.

A phase I sample obtained from a sightability survey is for estimating the
sightability model. Therefore, enlarging the size of a phase I sample will not affect
the first error component e, the error due to sampling of groups, but will affect
the second error component e;, the error due to estimating sighting probabilities.
Indeed, we see that the derived expression (3.2.6) for e; does not involve esti-
mated sighting probabilities (or involve ¥). The derived expression (3.2.8) for e,
consists of variances and covariances of (:)j’s), the reciprocal of estimated sighting

probabilities g;, where
var(;) = P (555 1),

and

COV(éJ“@h) — e—(le+m12)lﬂ(ew.lJleJ2 - 1)'

To compute two approximate ‘true’ second error components, we replace ¥ in each
b

of the above variance and covariance terms by 5/3\1 and by 2’3\2 (see section 5.1.2).
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To see how the variance and the covariance terms are affected when a phase I

sample is enlarged, we use Taylor’s expansion to the first order. We have

!
e¥* — 1~ 2/ Te;.

If we make two passes through the population in phase I, we will reduce, as shown
before, & by half or £/2. So

! .
zi Y,

6133-}3/2%] 1 :

Thus, both variance and covariance terms are approximately halved. This approx-
imation has an error of about 0.04 when @ Xa; is 0.5, i.e., (e*°—1)/2—¢e"%" ~ 0.04.
The smaller the term @ Y;, the smaller is the error of the approximation. From
(3.2.8), we see that the second error component is the expectation of the total
of two sums. One sum sums the product of the variance term and the square of
the respective group size while the other sum sums the product of the covariance
term and the respective group sizes. Hence, the approximate ‘true’ second er-
ror component is reduced by half approximately if we make two complete passes
through the population to obtain a phase I sample. Similarly, in general, if we
make r complete passes through the population in phase I, the approximate ‘true’
second error component will be reduced by r times (or divided by r) compared
to the approximate ‘true’ second error component obtained based on 1 complete
pass through the population in phase I.

On the other hand, a phase II sample obtained from a population survey
is for estimating the population size based on the estimated parameters and the
estimated covariance matrix already obtained in phase I. If we enlarge the phase 11
sample by making, say, 2 complete passes through the population, the population
size estimator in (3.2.5) now sums from 3 = 1 to 7 = 2M. Therefore, to obtain

the required estimates, we need to divide the population size estimate by 2 and
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estimates €;, é; (see (3.2.7) and (3.2.9)) of both error component by 2? = 4.
To obtain the required true error components, we also need to divide both error
components €;, e; by 22 = 4. This is an example of the first scenario of the third
special case described in section 3.4.

However, we notice that in fact, the expression (3.2.6) for €;, now sums from
7 =1%o 7 = 2M, is just twice the sum from j = 1 to j = M. So to obtain
the required e;, dividing the new e; (summing from 7 = 1 to j = 2M) by 4 is
exactly the same as taking half of the old e; (summing from j =1 to j = M). In
other words, making 2 complete passes through the population in phase II, the
required e; is just half of the old e; based on making 1 complete pass through
the population. As for expression (3.2.8) for ey, we first notice that the first sum
now sums the product of the variance term and the square of the respective group
size from 7 = 1 to 3 = 2M, which is twice the sum from 7 = 1 to 7 = M. For
the second sum that sums the product of the covariance term and the respective
group sizes, since the M groups are repeated, the second sum is now consisted of
twice the old first sum (summing from j = 1 to 7 = M) and four times the old
second sum (summing from j = 1 to j = M). Hence, the new e, (not the required
€2) is now four times the old e;. In other words, the required ez, which is the new
eo divided by 4, is exactly equal to the old e,.

Similarly, in general, if we make r complete passes through the population in
phase II, to obtain the required estimates, we need to divide the population size
estimate by r and estimates of the error components by r%. To obtain the required
true error components, we only need to divide the true first error component
computed based on 1 complete pass through the population by r while the second
true error component remains unchanged.

For one iteration of the simulation to obtain one population size estimate and

one set of the error component estimates, we denote the number of complete passes
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through the population in phases I and II by r; and r, respectively. We will refer to
and label this as (ry, 7). For example, (1, 1) denotes r; = 1 complete pass through
the population in phase I and r, = 1 complete pass through the population in
phase II, while (2,1) denotes r; = 2 complete passes through the population in
phase [ and r; = 1 complete pass through the population in phase I, etc. We use
the notation (0o, ;) to denote the case of known sighting probabilities, indicating
that sampling is not needed in phase I because there is no need to estimate the
sightability model and r, complete passes through the population in phase II.

We consider the following cases for our simulation.

e (1) The simulated population of M = 116 groups, with sightability mod-
els (5.2.1) and (5.2.2) as true models, with phase I and phase II sampling

specified as (00,1), (1,1), (1,2), (2,1), (2,2) and (4,1),

e (2) Subpopulation veg of M = 82 groups, with sightability models (5.2.1)
and (5.2.2.) as true models, with phase I and phase Il sampling specified as
(1,1), (2,1), (2,2), (4,1) and (4,2),

e (3) Subpopulation small of M = 88 groups, with sightability models (5.2.1)
and (5.2.2) as true models, with phase I and phase II sampling specified as
(1,1), (2,1), (2,2), (4,1) and (4,2),

e (4) The population of M = 107 groups and size 7 = 834 (the composite
data from Pennsylvania listed in Table 5.1), with sightability model (5.2.2)
as the true model, with phase I and phase II sampling specified as (oo, 1),
(1,1), (1,2), (2,1), (2,2) and (4, 1),

e (5) The population of M = 107 groups (the composite data from Pennsyl-
vania), with sightability model (5.2.1) as the true model, with phase I and
phase I sampling specified as (oo, 1), (00,2), (00,3), (1,1) and (4,2).
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We will refer to the population of M = 116 groups and the subpopulations as
the simulated population, subpopulation veg and subpopulation small. We will
label the population of M = 107 groups as the population Penn.

We want to evaluate small sample size performances of our estimators for
estimating the population size, the error components and hence, the variances,
which depends on the asymptotic properties of the maximum likelihood estima-
tors of the parameters 3 of the sightability model. We know that by enlarging
the sample size, we will reduce noise during simulation. With a larger phase I
sample, we will obtain better parameter estimates, ﬁ, whose performances could
also be measured in terms of bias relative to their true values, which in turn could
improve estimation of population size, 7,z and estimation of variance var(7) of
the population size estimator, including confidence interval estimates of popula-
tion size (see subsections 5.1.1, 5.1.2 on performance measures). In some cases,
increasing the size of the phase I sample may not be sufficient to provide desirable
estimates for the population size, the variance of the population size estimator
and the confidence interval estimates of population size. In these cases, increasing
the sample size for phase II would also be necessary.

We would also like to know how those point and confidence interval estimators
perform for some particular types of population such as subpopulation veg of
groups with low vegetation cover and higher sighting probabilities on average,
and subpopulation small of small groups with lower sighting probabilities on
average, compared to a more general population such as our simulated population
of M = 116 groups. By looking at various combinations (ry, ;) for different types
of small population, we hope to give some general suggestion on the sample sizes

for both phase 1 and phase II.
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5.4 Results of the simulation

We generated £ = 500 or 1000 population estimation trials for each listed
phase I-phase II sample sizes (ry,73). In Tables 5.3A, 5.3B, 5.3C, 5.7A, 5.7B,
5.7C, 5.10 and 5.13, we have used, symbols e¢; to denote true error component
1. In addition, we used ey, var; and ey, vary to denote true error components
2 and true variances computed using 5, and ¥, respectively. We used é,(7r),
é2(7Lr) and var(7r) denotes mean of 500 or 1000 estimated first, second error
components and variance of 7,r. Notation bias(x,y) denotes bias of x relative to
y, i.e., bias(z,y) = (z_;g) 100. We have labelled the observed (or sample) variance
of 500 or 1000 population size estimates as obs var(7zr). The estimated expected
interval width in parentheses next to coverage rates of the true population size in
Tables 5.4, 5.5, 5.8, 5.9, 5.11, 5.12, 5.14 and 5.15 is calculated using the average
population size estimate, the average estimate of the variance of population size
estimator and the average number of animals seen of 500 or 1000 estimation trials.

SAS programs for obtaining true error components and variances are also

attached in the Appendix.

5.4.1 Simulation results of the simulated population of 116 groups
and the subpopulations with sightability model (5.2.1) as the
true model

Assuming model (5.2.1) as the true sightability model, results of all listed
(ry,7r2) of the simulated population of M = 116 groups are presented in Table
5.3A, results of the subpopulation veg are presented in Table 5.3B, and results of
the subpopulation small are presented in Table 5.3C. Coverage of 500 90% and
95% confidence interval estimates of the population size 7 for all listed (ry,r3) of
the simulated population and the subpopulations are presented in Tables 5.4 and
5.5. In the column labeled 7,,, we listed the coverage of the confidence interval

estimates (T'+(7,r—1")/C, T+(7,r—T)C) and in the column labeled 7,5, we listed
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the coverage of the confidence interval estimates (7' +[(7,r—T)/C]V1 + cv?, (T +
[(7zr — T)C]V/1 + cv?). These confidence interval estimates were not computed
when sighting probabilities were known. In Tables 5.3B, 5.3C, 5.4 and 5.5, we have
used prefixes veg and small on the notation (ry, r2) to indicate that subpopulations
veg and small were used. Note that we only listed coverage of confidence interval
estimates 7y, and 759 for veg(4,1), veg(4,2), small(4,1) and small(4,2). We
will not list the bias of estimated parameters ,B relative to the true parameters
3. We are more interested in bias of population size estimates, estimates of error
components and variance of the population size estimator.

Averages of 500, original and transformed population size estimates, and of
500 corresponding estimates of the error components and variance are obtained
by utilizing procedure UNIVARIATE of SAS. This procedure also gives the (ob-
served) sample variance of those 500 population size estimates. Standard errors
of these averages were also listed in the output of procedure UNIVARIATE.

We have observed that for one complete pass through the population of 116
groups, the average sample size was 67 groups or about 58% and average number
of seen animals was 629 for the simulated population, the average sample size was
56 groups or about 68% and average number of seen animals was 465 for sub-
population veg, and, the average sample size was 46 or about 52% and average
number of seen animals was 180 for subpopulation small. As expected, subpop-
ulation veg (M = 82) generates a larger sample on average than subpopulation
small (M = 88) for one complete pass through the population as the groups in
subpopulation veg have higher sighting probabilities on average (0.6771 > 0.5133).

We immediately see, in Tables 5.3A, 5.3B and 5.3C, that the (asymptotic)
population size estimator performed, on average, extremely well in all cases. The

largest bias observed was 1.7% for small(1,1) in Table 5.3C.
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Table 5.3A Simulation results of 500 population estimation trials for listed (7, 72) of the
simulated population of M = 116 groups and 7 = 866, with sightability model (5.2.1) as the
true model?

Case
Statistic (00, 1) (00, 2) (00, 3) {1,1) (1;2)
TLR 867.1(3.2) 867.7(2.3) 866.3(1.9) 864.2(5.3) 864.3(4.8)
bias(7Lr) 0.1 0.2 0.1 —-0.2 —-0.2
ey 5344.1 2672.1 1781.4 5344.1 2672.1
é1(7Lr) 5347.6(79.3) 2686.5(26.1) 1765.6(14.6) 5536.25(276.6) 2734.62(146.6)
bias(é;) 0.1 0.5 -0.9 3.6 2.3
€921 - = - 9317.2 8437.8
€92 - - - 8129.5 7975.7
é2(7LR) = - —  8214.5(1026.2)  8457.7(2000.5)
bias(éQ, 621) - - = —11.8 0.2
biaS(ég, 622) - g d -1.1 6.1
vary 5344.1 2672.1 1781.4 14661.3 11109.9
varsy 5344.1 2672.1 1781.4 13473.6 10647.8
var(tLr) 5347.6(79.3) 2686.5(26.1) 1765.6(14.6) 13750.7(1279.6) 11210.3(2140.2)
bias(var, var;) 0.1 0.5 -0.9 —6.2 0.9
bias(var, vars) 0.1 0.5 -0.9 2.1 5.3
obs var(7Lr) 5236.6 2537.9 1810.5 13925.8 11310.9
bias(vary, obs var) 2.1 5.3 —1.6 5.4 -1.8
bias(vars, obs var) 2.1 5.3 —1.6 -3.3 -5.9
bias(var, obs var) 2., 5.9 —2.5 -1.3 —0.9
Case

Statistic (2,1) (2,2) (4,1) (4,2)

TLR 866.9(4.3) 862.3(3.2) 867.9(3.6) 863.8(2.9)

bias(7Lr) 0.1 -0.4 0.2 -0.3

2 5344.1 2672.1 5344.1 2672.1

é1(fLr) 5614.2(180.9) 2689.2(67.9) 5398.9(120.9) 2671.4(49.8)

bias(é;) 5.1 0.6 1.0 —0.1

€91 3151.1 3151.1 1660.9 1609.2

€29 3183.3 3183.3 1452.3 1481.7

éo(TLr) 3222.3(166.6) 2813.8(112.3) 1421.9(49.1) 1322.1(35.9)

bla.S(ég, 621) 2.3 —-10.7 —14.4 —-17.8

bias(és, e22) 1.2 —11.6 -2.1 —-10.8

vary 8495.1 5964.8 7005.1 4281.2

vars 8527.4 5997.1 6796.3 4153.7

var(7Lr) 8836.4(343.1) 5502.9(179.0) 6820.9(168.5) 3993.4(85.1)

bias(var, var;) 4.0 -1.7 -2.6 -6.7

bias(var, vars) 3.6 —-8.2 0.4 -3.8

obs var(7LRr) 9177.5 5223.3 6551.3 4061.7

bias(var;, obs var) —-7.4 14.2 6.9 5.4

bias(vars, obs var) =T7.1 14.8 3.7 2.2

bias(var, obs var) -3.7 5.3 4.1 —1.6

2All estimates shown here are averages of 500 simulated estimates. Bias is in %. Numbers in
parentheses are the standard errors of the average of 500 simulated estimates. Average sample
size is 67 groups and average number of seen animals is 629 in a (1,1).
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Table 5.3B Simulation results of 500 population estimation trials for listed (r, r2) of the
subpopulation veg of M = 82 groups and 7 = 573, with sightability model (5.2.1) as the true

model ?

Case
Statistic veg(1,1) veg(2,1) veg(2,2) veg(4,1) veg(4,2)
TLR 567.5(2.5) 572.3(2.1) 569.8(1.7) 567.5(1.9) 572.9(1.4)
bias(7Lr) 0.9 —0.1 —0.5 -0.9 —0.01
el 1428.7 1428.7 714.3 1428.7 714.3
é1(tLr) 1309.6(45.6) 1405.7(39.1) 687.5(16.9) 1353.7(23.8) 713.2(11.4)
bias(é;) -8.3 —1.6 -3.7 —5.2 —0.2
es1 2880.0 895.1 895.1 444.6 413.6
€92 2731.5 928.5 928.5 414.2 405.7
éo(TLr) 1488.7(96.6) 738.8(32.6) 690.7(26.3) 334.8(9.2) 351.3(8.0)
bias(és, €21) —48.3 —17.4 —22.8 —24.7 —15.1
bias(és, €22) —45.5 —-20.4 —25.6 —-19.1 —-13.4
vary 4308.7 2323.8 1609.5 1850.3 1127.9
vars 4160.2 2357.2 1642.8 1819.8 1120.1
var(tpr) 2798.3(139.3) 2144.5(71.0) 1378.3(42.8) 1688.53(32.7) 1064.5(19.3)
bias(var, vary) —35.0 -7.7 —14.3 —8.7 —5.6
bias(var, vars) -32.7 -9.0 —16.1 —7.2 —4.9
obs var(7Lr) 3128.8 2354.9 1481.3 1861.3 1015.3
bias(var;, obs var) 37:7 —-1.3 8.6 —0.6 111
bias(vars, obs var) 32.9 0.1 10.9 —2.2 10.3
bias(var, obs var) —10.5 —8.9 —6.9 -9.3 4.8

3All estimates except those of veg(1,1) shown in above tables are averages of the 500 simu-
lated estimates. Bias is in %. Numbers in parentheses are the standard errors of the average of
500 simulated estimates. For subpopulation veg, average sample size is 56 groups and average
number of seen animals is 465. For subpopulation small, average sample size is 46 groups and
average number of seen animals is 180.
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Table 5.3C Simulation results of 500 population estimation trials for listed (71, 72) of the
subpopulation small of M = 88 groups and 7 = 331, with sightability model(5.2.1) as the true

model *

Case
Statistic small(1, 1) small(2, 1) small(2, 2) small(4,1)  small(4, 2)
7Lr  336.5(41)  333.7(3.2)  335.4(26)  332.6(28)  332.8(2.1)
bias(71,r) Ly 0.8 1.3 0.5 0.5
€1 2870.8 2870.8 1435.4 2870.8 1435.4
é1(rLr) 2978.5(185.5) 3057.8(153.2)  1581.9(67.9) 2982.0(110.8) 1492.9(42.8)
bias(é1) 8.7 6.5 10.2 3.8 4.0
€91 3939.4 1804.0 1804.0 801.3 871.7
€22 4127.2 1771.2 1771.2 824.6 818.1
éo(TLr) 5996.0(801.4) 2235.5(194.8) 2102.0(183.4) 924.0(59.3)  820.7(35.0)
bias(és, €21) 52.2 23.9 16.5 15.3 —5.8
bias(éa, €22) 45.2 26.2 18.6 12.0 0.3
varg 6810.3 4674.9 3239.4 3779.9 2307.2
vars 6998.1 4642.0 3206.6 3803.2 2253.5
var(fLr) 8974.6(976.4) 5293.4(343.9) 3683.9(247.6) 3906.0(167.5) 2313.6(77.3)
bias(var, var;) 31.8 13.2 13.7 3.3 0.3
bias(var, vars) 28.2 14.0 14.8 2.7 2.6
obs var(7Lr) 8511.6 5410.1 3484.7 3915.1 2300.5
bias(vary, obs var) —-19.9 —13.6 -7.0 -3.4 0.3
bias(vars, obs var) —17.8 —14.2 -7.9 —-2.8 -2.0
bias(var, obs var) 5.4 -2.1 5.7 0.2 -0.5

4All estimates except those of veg(1,1) shown in above tables are averages of the 500 simu-
lated estimates. Bias is in %. Numbers in parentheses are the standard errors of the average of
500 simulated estimates. For subpopulation veg, average sample size is 56 groups and average
number of seen animals is 465. For subpopulation small, average sample size is 46 groups and
average number of seen animals is 180.

85



Table 5.4 Coverage of 500 simulated 90% confidence interval estimates that contained 7 for
all (ry,72) listed in Tables 5.3A,5.3B, and 5.3C* 5

Case TLR In7, R #-172 =0 #—3/2 Rog Tigo

(0o, 1) 89(241)  88(242)  89(243) 89(245)  89(248)
,2)  90(171)  91(171)  91(171)  90(172)  91(174)
,3)  90(138)  90(139)  90(138)  91(139)  92(140)
1,1)  85%(386)  85*(389)  86*(395) 86*(406) 86*(422)

1,2)  84%(348)  85%(351)  85%(355) 85%(363) 85%(374) 86*(360) 87*(395)
2,1)  86%(309) 87%(311)  87%(315) 87%(320) 87*(326)

2,2)  85%(244)  86%(245)  87T*(246) 87%(249) 87*(253)
4,1) ) )
4,2)

, 85%(272)  86%(273)  88(275) 88(279)  88(283)

, 88(208)  88(209)  89(209)  89(210)  90(213)  90(211)  90(218)
veg(l,1) 82%(174)  82%(175)  83*(176) 83*(178) 83*(181)
veg(2,1) 87%(152)  87%(153)  87*(153) 87%(155) 88(157)
veg(2,2) 87%(122)  86*(123)  87%(123) 87%(124) 87%(125)
veg(4,1) 87(135)  87+(136)  86*(136) 87+(137) 88(139) 87+(139) 88(150)
veg(4,2)  91(107)  90(108)  90(108) 90(109) 90(109)  89(109)  90(114)
small(1,1) 84%(312)  84%(323)  86*(348) 85*(396) 85*(506)
small(2,1) 85%(239)  84%(244)  85%(256) 85*(275) 85*(308)
small(2,2) 88(200)  89(202)  89(208) 89(219)  88(235)
small(4,1) 86%(206)  87%(209)  86%(216) 87*(227) 87*(245) 86*(212) 88(229)
small(4,2) 90(158)  89(160)  89(163) 90(168) 90(175) 89(161)  89(169)

*Notation 71,4 and 7142 (see subsection 5.1.2) in both Tables 5.4 and 5.5 refer to the confi-
dence interval estimates derived from the assumption that 77, g — 7" has a log-normal distribution,
where 7' is total count of animals in the sample. Coverage of these confidence interval estimates
were not listed in some cases because simulation for these cases were done before we implemented
the computation of these confidence interval estimates in our SAS program. Coverage rates with
* are different from nominal levels at 0.05 level of significance as they are not within 90% +2.68%
and 95% =+ 2%, respectively. Numbers in parentheses are estimated expected interval widths.
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Table 5.5 Coverage of 500 simulated 95% confidence interval estimates that contained 7 for
all (ry,7r2) listed in Tables 5.3A,5.3B,5.3C ©

=172 ~—1 #—3/2 i S

Case TLR In7r g T Tlog Tig2
(oo, 1) 03(287)  94(288)  94(201) 95(294)  95(300)

(00,2)  94(203)  95(204)  95(204)  95(206)  95(208)

(00,3)  94(165)  94(165)  95(165)  95(166)  95(167)

(1,1)  89%(460)  90*(465)  91%(476) 91%(495) 92%(523)

(1,2)  88%(415)  89%(419)  90*(428) 90*(441) 91*(459) 93(d44) 92*(487)
(2,1)  90%(368)  91%(372)  91%(377) 91%(385) 92*(399)

(2,2)  90%(291)  92%(292)  92+(295) 92%(300) 92*(306)

(4,1)  91%(324)  92%(325)  94(329) 94(335)  95(344)

(4,2)  93(248)  93(248)  94(250)  94(253) 94(257) 95(255) 95(264)
veg(1,1) 86%(207)  87%(209)  87%(211) 88*(215) 88*(220)

veg(2,1) 92%(182)  92%(182)  92(184) 92*(187) 92%(189)

veg(2,2) 91%(146)  91%(146)  91%(147) 91%(148) 91%(150)

veg(4,1) 91%(161)  91%(162)  92%(163) 92%(164) 92*(166) 93(170) 93(184)
veg(4,2)  94(128)  94(120)  94(120) 94(129) 95(131) 95(132) 95(138)
small(1,1) 885(371)  89%(301)  89%(435) 92%(534) 92*(861)
small(2,1) 88(285)  90%(204)  91%(313) 92%(349) 92*(421)
small(2,2) 93(238)  94(243)  94(254) 95(272)  94(304)
small(4,1) 91%(245)  91%(250)  93(262) 93(283) 93(320) 93(260) 93(280)
small(4,2) 93(189)  95(191)  95(196) 95(205) 95(219) 95(196) 95(205)

In Table 5.3A containing simulation results of the simulated population, estima-
tors of the first error component, which is the error due to sampling of groups,
also performed well on average. The largest bias observed was 5.1% of (2,1). In
columns (o0, 1), (00,2) and (oo, 3) when sighting probabilities are known, the first
error component is the variance. In this case, since there is no need to estimate
the sighting probabilities, the second error component which is the error due to
estimating the sighting probabilities is zero. From Tables 5.4 and 5.5, we see that
when sighting probabilities are known, we need a phase Il sample size of at least
200(> 116 x 1) for coverage rates of confidence interval estimates and levels to be

not significantly different.

5Notation Tlog and Ti4o (see subsection 5.1.2) in both Tables 5.4 and 5.5 refer to the confi-
dence interval estimates derived from the assumption that 7 g —7" has a log-normal distribution,
where T is total count of animals in the sample. Coverage of these confidence interval estimates
were not listed in some cases because simulation for these cases were done before we implemented
the computation of these confidence interval estimates in our SAS program. Coverage rates with
* are different from levels at 0.05 level of significance as they are not within 90% 4 2.68% and
95% =+ 2%, respectively. Numbers in parentheses are estimated expected interval widths.
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In Table 5.3A, for (1,1), we observed from some basic statistics that simu-
lated values of both estimated error components, and of the estimated variance,
fluctuated in a very wide range (see large standard errors under (1,1)). These
basic statistics, which will not be listed, include the average, the three quantiles
and some percentiles at both ends of the frequency plot of the simulated values.
These basic statistics are available from the output of procedure UNIVARIATE
in SAS. We observed that maximum simulated values were more than 10 times
and minimum simulated values were only about 10 percent of the average val-
ues. More than 50 percent of the simulated values were less than the average
values. This could be due to a high correlation between the population size es-
timate and the variance estimate of the population size estimator. Increasing
the sample size has shortened the range of the simulated estimates of both error
components and the variance. The average values were quite close to the true val-
ues (Table 5.3A: bias(é,) = 3.6%, bias(é, e21) = —11.8%), bias(és, €22) = —1.0%,
bias(var(7zg), var;) = —6.2, bias(var(7g), vary) = 2.0).

We have computed the bias of the approximate variances relative to observed
variance of 500 population estimates, i.e. bias(var;, obsvar) and bias(vars, obsvar).
The largest of these bias observed in Table 5.3A were 14.2% and 14.8% for (2,2).
In terms of bias, our approximate variances were quite close to the observed
variance observedvar for the simulated population. We have also tabulated the
bias of var(7yr) relative to obsvar(7;r) in the last row. The largest of all entries of
bias(var(7r),obsvar) was only 5.3% of (2,2). Largest bias of var(7,r) relative to
approximate ‘true’ variances vary, vary was —8.2%. In terms of bias, the estimated
variance Var(7r) seems to perform well whether it is compared to obsvar(7.r), the
observed variance of population size estimates or to vary, vary, the approximate
‘true’ variances. If we further look at the coverage of the confidence interval

estimates in Tables 5.4 and 5.5 for the simulated population, we see that we need
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a phase I sample size of at least 500(> 116 x 4) and a phase II sample size of at
least 200(> 116 x 1) for coverage rates of confidence interval estimates to be not
differ significantly from nominal levels.

The confidence interval 7;,, performs uniformly better and has the shortest
expected interval width compared to those constructed using reciprocal transfor-
mations and of 7yg,.

In Tables 5.3B and 5.3C for subpopulation veg and subpopulation small re-
spectively, the first error components was unbiasedly estimated (largest bias was
10.2% of small(2,2)). On the other hand, for all cases except veg(4,2), small(4,1)
and small(4,2), there was a severe underestimate and overestimate of the ap-
proximate ‘true’ second error components ez, €22. For example, bias(éy, €21) and
bias(éq, €22) under veg(1, 1) were —48.3% and —45.5% and under small(1,1) were
52.2% and 45.2%. This resulted in severe underestimation and overestimation
of the approximate ‘true’ variances vary, vary. For example, bias(var(7.g), vary)
and bias(var(7Lgr), vary) under veg(l,1) were —35.0% and —32.7% and under
small(1,1) were 31.8% and 28.2%. We also observed that there was significant
bias when the approximate variances were compared to the observed variance
obsvar(7r) of the simulated population size estimates. The average estimated
variance of the population size estimator var(7,r) had much smaller bias when
compared to the observed variance obsvar(7,g) of the simulated population size
estimates. Normally, since the approximate ‘true’ variances were computed us-
ing the estimated covariance of the estimated parameters, we would expect the
estimated variance of the population size estimator, var(7zr), to be closer to the
approximate ‘true’ variances than to the observed variance obsvar(7r) of the sim-
ulated population size estimates. However, in our simulation, the results went the
other way except for veg(4,1), veg(4,2) and small(4,2). This phenomenon was

also observed in Table 5.3A for the simulated population except for (oo, 1) and
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(4,1). Note that in (oo, 1), when sighting probabilities are known, there was no
need to approximate the ‘true’ variance since there was no second error component
involved.

To verify that e, was poorly estimated due to noise, i.e. probably due to
small sample size, we repeated the k = 500 simulation runs of veg(1,1), veg(2,1),
veg(2,2) and small(1,1), small(2,1), small(2,2) for another 3 times. Results for
all 3 simulations were similar to what was tabulated in Tables 5.3B and 5.3C.
We will not list the individual biases in percentage as before. Instead, we list
the standard errors of the average of 500 simulated estimates of population total,

error components 1 and 2, and of var(7,g) in the following table.

Table 5.6 Standard errors of 500 simulated estimates of some cases listed in Tables 5.3B and
5.3C

Cases 7A'LR él ('f'LR) ég(’f‘LR) @‘(‘f‘LR)
4.4 2269 1526.3 1733.8

small(1,1) 4.7  219.8 1675.6 1877.0
4.3  292.0 1372.1 1656.4

3.4 1752 211.7 384.5
small(2,1) 3.2  126.2 147.9 270.2
3.3 130.2 147.4 275.4

25 568 1157  170.9
small(2,2) 2.7 831  168.8  250.3
25 554 1318 1854
23 471 948 139.4
veg(1,1) 2.4 477 1121  156.6
25 465  111.3 1539

2.2 32.0 24.1 55.6

veg(2,1) 21 343 29.8 63.1
20 397 372 76.0
1.7 154 25.5 405
veg(2,2) 1.7 155 22.9 38.0
1.7 166 25.5 41.7

Notice that for small(1,1), the standard errors were very large in estimating the
second error component and thus the variance, almost as large as that of (1,1) in

Table 5.3A of the simulated population. These standard errors of small(1,1) were
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also large compared to those of small(1,1) tabulated in Table 5.3C (801.41 for &,
and 976.4 for var(7.g)). These much smaller standard errors could be outliers or
could be due to small sample size. The standard error of other cases in Table 5.6
was pretty much the same as what was tabulated in Tables 5.3B and 5.3C under
the same case. Standard errors were reduced considerably after increasing the
sample size (also see (4,1) and (4,2) in Tables 5.3B and 5.3C). So the poor bias
we obtained was probably mainly due to noise during simulation and we need to
increase the sample size to control it.

We also see that, in Tables 5.4 and 5.5, coverage of the confidence interval
estimates was poor for veg(1, 1) due to the severe underestimation of the variance.
On the other hand, coverage rates for the small(1,1) were better than (1, 1) of the
simulated population because of the severe overestimation of the variance. The
. estimated variances were so large that the confidence interval estimates covered
the true population size close to the nominal level. As we increase the sample
size, coverage improves for both subpopulations. There were satisfactory results
for (4,2) of both subpopulations where coverage rates of at least one confidence
interval estimates were not significantly different from nominal levels. In other
words, for both subpopulations, we need a phase I sample size of at least 400(>
88 x 4) and a phase II sample size of at least 200(> 88 x 2).

In Tables 5.4 and 5.5, we noticed that overall, approximate confidence in-
terval estimates obtained from the three reciprocal transformations of population
size estimates had better coverage for the simulated population and for both
subpopulations. Both confidence interval estimates 7;,, and 7,2 also gave good
coverage. The confidence interval 7, performs uniformly better and has the
shortest expected interval width compared to those constructed using reciprocal

transformations and of 74,.
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For the simulated population and the subpopulations, we have also observed
that approximate ‘true’ second error components eyy,e22 of (2,1) were less than
half (about a third) of that of (1,1) (see theoretical explanation in third paragraph
of section 5.3). The approximate ‘true’ second error components for (4,1) were
about half of that of (2, 1), agreeing with the theory. This implies that the larger
the sample size, the smaller the term @’ Y ; (and less noise in the simulation) and

the better is the approximation of halving the ‘true’ second error component.

5.4.2 Simulation results of the simulated population of 116 groups
and the subpopulations with sightability model (5.2.2) as the
true model

In this subsection, we assume sightability model (5.2.2), taking log of group
size, as the true model for the simulated population of M = 116 groups and the
subpopulations veg, small. Simulation results of all listed (ry,ry) are tabulated,
using the same notation as before, in Tables 5.7A, 5.7B and 5.7C. Coverage of 90%
and 95% confidence interval estimate of population size are tabulated in Tables
5.8 and 5.9.

For this simulated population, sighting probabilities ranged from 0.0185 to
0.9884 and the three quantiles are 0.3332, 0.6440 and 0.8309. The average sight-
ing probability is 0.5814. One complete pass through the population generates an
average sample size of 68 groups or about 59%) and the average number of seen an-
imals was 616. For subpopulation veg, sighting probabilities ranged from 0.1669
to 0.9884 and the three quantiles are 0.4898, 0.7326 and 0.8730. The average
sighting probability is 0.679. One complete pass through subpopulation veg gen-
erates an average sample size of 56 groups or about 68% and the average number
of seen animals was 470. For subpopulation small, sighting probabilities ranged
from 0.0185 to 0.9781 and the three quantiles are 0.2804,0.5268and0.7674. The

average sighting probability is 0.5229. One complete pass through subpopulation
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Table 5.7TA Simulation results of £ = 1000 population estimation trials for listed (r1,75) of
the simulated population of M = 116 groups and size 7 = 866, with sightability model (5.2.2)
as the true model”

Case
Statistic (00, 1) (00,2) (o0, 3) {1;1} (1,2)
TLR 867.8(2.6) 864.1(1.8) 866.1(1.5) 869.8(4.1) 870.5(3.7)
bias(7Lr) 0.2 -0.2 0.1 0.4 0.5
ey 7309.8 3654.9 2436.6 7309.8 3654.9
é1(fLr) T424.0(92.6) 3604.1(32.5) 2432.5(18.4)  7666.1(412.5) 3888.8(154.7)
bias(é1) 1.5 4.3 —0.1 48 6.4
€o1 = - - 8802.7 9777.4
€92 - - - 8606.0 8625.3
o (7LR) - 2 — 10681.1(1553.6)  9973.6(829.8)
bias(és, €21) - - - 21.3 2.0
blas(ég, 622) = el - 24.1 15.6
varg 7309.8 3654.9 2436.6 16112.5 13432.3
vary 7309.8 3654.9 2436.6 15915.9 12280.2
Var(fLp) 7424.0(92.6) 3604.1(32.5) 2432.5(18.4) 18347.2(1948.9) 13862.4(972.5)
bias(var, var ) 1.5 —1.3 -0.1 13.8 3.2
bias(Var, vars) 1.5 ~1.8 ~0.1 15.2 12.8
obs var(7Lr) 7055.8 3534.0 2485.2 17085.8 14226.3
bias(var, obs var) 3.6 34 -1.9 =5.7 -5.5
bias(vars, obs var) 3.6 3.4 -1.9 —6.8 —13.6
bias(var, obs var) 5.2 1.9 —2.1 7.3 -2.5
Case
Statistic (2,1) (2,2) (4,1) (4,2)
TLR 868.7(3.5) 868.4(2.7) 870.3(3.1) 864.6(2.2)
bias(7r) 0.3 0.2 0.5 -0.1
eq 7309.8 3654.9 7309.8 3654.9
é1(fLr)  7505.9(210.8) 3671.8(77.7) 7621.6(164.0) 3628.4(56.3)
bias(é;) 2.6 0.4 1.2 ~0.7
esy 3821.1 4056.5 1949.7 1748.0
€99 3815.0 3809.5 1824.5 1805.8
éo(fLr)  4147.3(195.0) 3683.7(107.6) 1945.1(59.0) 1697.3(36.7)
bias(és, €21) 8.5 5 -0.2 -2.9
bias(és, €22) 8.4 -3.3 6.6 —6.0
varg 11131.0 7711.5 9259.5 5402.9
vary 11124.9 7464.5 9134.3 5460.7
var(rpr) 11653.3(399.7) 7355.6(183.9) 9566.8(221.5) 5325.7(92.3)
bias(var, var; ) 4.6 —4.6 3.3 —14
bias(var, vars) 4.7 -14 4.7 —-2.4
obs var(7rr) 12567.1 7298.7 10075.9 5081.7
bias(vary, obs var) —11.4 5.6 -9.1 6.3
bias(vars, obs var) —11.4 2.2 -9.3 7.4
bias(var, obs var) —7.2 0.7 —5.0 4.8

“All estimates shown here are averages of 1000 simulated estimates. Bias is in %. Numbers
in parentheses are the standard errors of the average of 1000 simulated estimates. Average
sample size is 68 groups and average number of seen animals is 616 in a (1,1).
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Table 5.7B Simulation results of 1000 population estimation trials for listed cases of the
population veg of M = 82 groups and 7 = 573, with sightability model (5.2.2) as the true

model ®

Case
Statistic veg(1,1) veg(2,1) veg(2,2) veg(4,1) veg(4,2)
7Lr  569.4(1.7)  571.0(1.4)  572.1(1.2)  573.4(1.3)  573.8(1.0)
bias(7Lr) —0.6 -0.3 -0.1 0.1 0.1
e1 1389.6 1389.6 694.8 1389.6 694.8
é1(fLr)  1294.9(30.5) 1354.0(21.7) 673.1(10.5) 1383.9(14.3)  689.8(7.3)
bias(é;) —6.8 -2.5 -3.1 -0.4 -0.7
€s1 2046.4 834.1 818.3 342.5 395.6
€22 1827.4 7774 769.8 355.5 357.9
éo(fLr) 1477.8(75.1) 694.1(19.8) 667.3(17.0)  336.7(5.1)  331.2(4.9)
bias(éa, €21) —27.8 —-16.8 —18.5 —1.6 —16.2
bias(é, €22) ~19.1 ~10.7 ~13.3 —5.2 74
vary 3435.8 2223.7 1513.1 1732.1 1090.4
vars 3217.0 2167.0 1464.6 1745.1 1052.7
var(7pr) 2772.7(102.1) 2048.2(40.5) 1340.5(27.2) 1720.7(19.3) 1021.1(13.1)
bias(var, var;) —19.3 -7.9 —11.4 —0.6 —6.3
bias(var, vars) —13.8 —-5.5 —8.5 —1.4 -3.0
obs var(7Lr) 3040.1 2175.6 1483.3 1703.4 1036.7
bias(obs var, var; ) —11.5 -2.1 -1.9 -1.6 —4.9
bias(obs var, vars) —5.5 0.4 1.3 -24 -1.5
bias(var, obs var) —8.8 —5.1 -9.6 1.0 —1.5

8All estimates except those of veg(1l,1) shown in above tables are averages of the 1000
simulated estimates. estimation trials. Bias is in %. Numbers in parentheses are the standard
errors of the average of 1000 simulated estimates. For subpopulation veg, average sample size is
56 groups and average number of seen animals is 470. For subpopulation small, average sample
size 1s 46 groups and average number of seen animals is 194.
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Table 5.7C Simulation results of 1000 population estimation trials for listed (71, r2) of the
population small of M = 88 groups and 7 = 331, with sightability model (5.2.2) as the true

model °

Case
Statistic small(1, 1) small(2,1)  small(2,2) small(4,1)  small(4,2)
TLR 336.5(2.4) 333.4(2.2) 332.4(1.5) 327.8(1.6) 328.8(1.2)
bias(7zr) 1.6 0.7 0.5 -0.9 —0.6
e1 2168.3 2168.3 1084.1 2168.3 1084.1
é(tLr)  2198.1(81.8) 2434.1(190.1) 1119.2(28.0) 2135.9(50.4) 1056.5(19.6)
bias(é;) 0.9 12.2 3.2 -1.5 -2.5
€91 3806.5 1367.3 1426.6 650.1 613.1
€22 3315.9 1370.2 1365.9 638.7 637.2
éo(TLr) 4995.8(593.9) 2246.3(596.8) 1430.4(60.7) 653.8(28.9)  580.1(16.7)
bias(és, €21) 31.2 64.3 0.3 0.6 —5.3
bias(és, €22) 50.6 63.9 4.7 2.4 -9.9
var, 5974.8 3535.7 2510.8 2818.4 1697.2
vars 5484.3 3538.5 2450.1 2807.0 1721.3
var(7pr) 7194.0(659.2) 4680.6(782.3) 2549.6(88.0) 2789.8(78.2) 1636.7(36.1)
bias(var, var;) 20.4 32.4 1.5 -1.0 -3.6
bias(var, vars) 31.17 32.27 4.06 —0.61 —4.92
obs var(7Lr) 6137.6 5226.0 2500.8 2856.95 1610.47
bias(obs var, var;) 272 47.81 —0.40 1.37 -5.11
bias(obs var, vars) 11.91 47.69 2.07 1.78 —0.06
bias(var, obs var) 17.21 —10.44 1.95 —10.76 1.63

9All estimates except those of veg(1,1) shown in above tables are averages of the 1000
simulated estimates. estimation trials. Bias is in %. Numbers in parentheses are the standard
errors of the average of 1000 simulated estimates. For subpopulation veg, average sample size is
56 groups and average number of seen animals is 470. For subpopulation small, average sample
size 1s 46 groups and average number of seen animals is 194.
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Table 5.8 Coverage of 1000 simulated 90% confidence interval estimates that contained r for
all (ry,72) listed in Tables 5.7A, 5.7B and 5.7C 1°

Case TLR InTLr F=1/2 71 7372 Tlog Tig2

1) 88(283)  88(284) 88(288)  88(201)  88(297)
89(198)  89(198)  89(199)  90(200)  90(202)
,3)  89(162)  89(163)  90(163)  91(164)  91(165)

888

(1,1)  84%(446)  84*(450) 85*(461)  85%(477) 85%(501)  85*(467)  84*(529)
(1,2)  84%(387)  84*(391) 84*(398)  84%(407) 83%(423)  84*(402)  85*(443)
(2,1)  85%(355) 87*(357) 88(362)  87%(370) 88(382) 88(367) 88(398)
(2,2)  88(282)  87%(283) 88(286)  88(289)  88(296) 88(288) 88(305)
(4,1)  87%(322)  87%(324) 87%(327) 87%(333) 87*(341)  85*(330)  85%(354)
(4,2)  89(240)  90(241) 90(242)  89(245)  89(248) 89(245)  89(254)
veg(1,1) 85(173)  84*(174) 84*(176)  84%(177) 83*(180)  85*(182)  86*(205)
veg(2,1)  88(149)  87+(149) 88(150)  88(151) 87+(154)  87%(155)  87*(169)
veg(2,2) 86%(120)  86*(120) 86*(121)  86%(122) 87+(123)  88(123) 88(131)
veg(4,1)  90(136)  90(136) 91(138)  91(138)  91(140) 89(141)  88(151)
veg(4,2)  88(105)  88(105) 89(106)  89(106)  89(107) 89(107)  88(112)
small(1,1) 84%(279)  86*(287) 86%(305)  86*(337) 86%(400)  86%(295)  85*(343)
small(2,1) 86%(225)  87%(230) 86%(238)  87+(254) 87%(280)  87%(235)  87*(261)
small(2,2) 87+(166)  87+(168) 88(172)  89(177)  88(186) 88(170) 88(181)
small(4,1) 85%(174)  85+(176) 85%(180)  85*(187) 86*(197)  85%(179)  87*(193)
small(4,2) 87+(133)  88(134) 89(136)  89(139)  89(143) 89(135)  88(142)

10Notation Tlog and Tygo in both Tables 5.8 and 5.9 refer to the confidence interval estimates
derived from the assumption that 77, g — 7" has a log-normal distribution, where 7" is total count
of animals in the sample. These CI were not computed when sighting probabilities are known.
Coverage with x are different from nominal levels at 0.05 level of significance as they are not
within 90% =+ 2% and 95% =+ 1.4%, respectively. Numbers in parentheses are estimated expected
interval widths
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Table 5.9 Coverage of 1000 simulated 95% confidence interval estimates that contained 7 for
all (ry,77) listed in Tables 5.7A,5.7B,5.7C !

Case TLR In7r gtr= gt Fo4 Tlog Tig2
(co,1)  92%(338)  93%(340) 93%(345)  93*(351) 93%(361)

(00,2)  94(235)  94(236) 94(238)  94(240)  94(243)

(00,3)  94(193)  95(194)  94(195)  95(195)  95(197)

(1,1)  90%(531)  90%(539) 90*(557)  91%(585) 91%(632)  92%(582)  92*(660)
(1,2)  87*(462)  89*(467) 89*(478)  90*(496) 90%(524)  91%(496)  92*(546)
(2,1)  90%(423)  91%(428) 91*(436)  91%(450) 92*(471)  93*(450)  94(490)
(2,2)  92%(336)  93%(338) 93*(343)  93*(349) 93%(359)  93%(350)  93*(370)
(4,1)  91%(383)  92%(386) 92*(393)  93*(403) 93*(418)  92%(404)  91*(433)
(4,2)  93%(286)  93%(288) 93*(290)  93*(295)  94(300) 94(295) 94(308)
veg(1,1)  87%(206)  88%(207) 89%(210)  89*(213) 89*(218)  91*(226)  92%(256)
veg(2,1)  91*(177)  92%(178) 92%(180)  92*(182) 93*(185)  93*(190)  93*(208)
veg(2,2)  91%(144)  92%(144) 92%(145)  92*(146) 92%(147)  93*(150)  94(160)
veg(4,1)  94(163)  95(163)  95(164)  95(166)  95(168) 93%(172)  93*(185)
veg(4,2)  94(125)  94(126) 95(126)  95(127)  94(128) 94(130) 94(135)
small(1,1) 87%(332)  90%(346) 91*(377)  91*(440) 92%(596)  93*(371)  93*(432)
small(2,1) 90%(268)  92%(275) 92%(291)  93*(320) 93*(374) 94(290) 94(323)
small(2,2) 91%(198)  93%(201) 93%(207)  92%(217) 93%(234)  93%(207)  94(221)
small(4,1) 89%(207)  90*(210) 92%(218)  93*(230) 93*(249)  92*(219)  93*(235)
small(4,2) 92%(159)  93*(160) 93*(164)  94(169)  94(176) 94(164) 94(171)

small generates an average sample size of 46 groups or about 52% and the average
number of seen animals was 180. In this subsection, we simulated & = 1000
population estimation trials. The simulation results showed all the phenomena we
observed in the simulation results of the simulated population and subpopulations
with sightability model (5.2.1) as the true model. This time, however, when
sighting probabilities are known, we need a larger phase II sample size of at least
300(> 116 x 2) for the coverage of confidence interval estimates of population
size of the simulated population for coverage rates to be not significantly different
from nominal levels (see coverage under (0o, 1) and (o0, 2) in Tables 5.8 and 5.9).

When sighting probabilities are estimated, we also need a larger phase I sample

"Notation 71,4 and 7142 in both Tables 5.8 and 5.9 refer to the confidence interval estimates
derived from the assumption that 77 g — 7" has a log-normal distribution, where 7" is total count
of animals in the sample. These CI were not computed when sighting probabilities are known.
Coverage with x are different from nominal levels at 0.05 level of significance as they are not
within 90% 4 2% and 95% 4 1.4%, respectively. Numbers in parentheses are estimated expected
interval widths
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than when we assumed sightability model (5.2.1) for coverage rates of at least one
confidence interval estimates to be not significantly different from nominal levels.
The size of phase | sample needed to be at least 500(> 116 x4) and the size of phase
IT sample needed to be at least 300(> 116 x 2). In Tables 5.8 and 5.9, we noticed,
again, that approximate confidence interval estimates obtained from the three
reciprocal transformation of population size estimates had better coverage for
the simulated population and for both subpopulations. Both confidence interval
estimates 71,, and 7y, also gave good coverage. Again, the confidence interval
T1og performs better uniformly and has the shortest expected interval width when
compared to that of 7, and of confidence intervals constructed from reciprocal
transformations.

For the simulated population, the standard errors of all except population size
estimates and é; of (2,2) in Table 5.7A were larger than the respective standard
errors in Table 5.3A. For example, the standard error of &, was 276.6 in Table 5.3A
and was 412.57 in Table 5.7A. Also note that the error components and hence the
variance in Table 5.7A were larger. Recall that when sighting probabilities are
known, the variance of population size estimator (see (3.2.1)) and the asymptot-
ically unbiased estimator of the variance (see (3.2.2)) are sums of product of the
square of the group size and the reciprocal of the sighting probability. Therefore,
both the variance and its estimator will be dominated by larger group sizes. If
sighting probabilities of larger group sizes are proportionally larger and the ma-
jority of the groups are large groups, both the variance and its estimator will be
smaller. We have observed for the simulated population that for group sizes of at
least 20, the sighting probabilities are larger when we assumed sightability model
(5.2.1). Although there are only 13 out of 116 groups (13/116 ~ 11%) with group

size of at least 20, the variance and its estimate under (oo, 1) and the true first er-
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ror component e; under other listed (ry,r;) were smaller in Table 5.3A compared
to their respective values in Table 5.7A.

When sighting probabilities are estimated, the true second error component e,
is also dominated by large group sizes and consisted of var(9;) and cov(0,1,0;,).
If we compare simulation results obtained using models (5.2.1) and (5.2.2) as
true models, it is not obvious when the variance of the population size estimator
will be smaller. For the simulated population of M = 116 groups when sighting
probabilities are estimated, the variance and its estimate were smaller for all
listed (rq,72) in Table 5.3A than their respective values in Table 5.7A. Later in
the following subsection, when we look at the simulation results of population
Penn of M = 107 groups, we will see that this is not true.

In Tables 5.7B and 5.7C, standard errors of all except é; and var(7,r) of
small(2,1) were smaller than those in Tables 5.3B and 5.3C. Another two simu-
lation runs of k& = 1000 for small(2,1) gave standard errors 100.56 and 119.57 for
é, and 168.98 and 190.85 for var(7r). These standard errors were smaller than
or close to those tabulated in Table 5.3C and Table 5.6. So the standard errors
we obtained from the first simulation run of small(2,1), tabulated in Table 5.7C,

could be outliers.

5.4.3 Simulation results of population Penn - the composite data of
107 groups from Pennsylvania, with sightability models (5.2.1)
and (5.2.2) as true models

In this subsection, we perform simulation based on population Penn, the com-
posite data of M = 107 groups from Pennsylvania. We first assumed sightability
model (5.2.2). The simulation results are presented in Table 5.10 and coverage
of confidence interval estimates for population size are tabulated in Tables 5.11,

5.12 as follows.
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Table 5.10 Simulation results of 1000 population estimation trials for listed (71, 73) of
population Penn of M = 107 groups and size 7 = 834, with sightability model (5.2.2) as the
true model'?

Case
Statistic (00, 1) (00, 2) (00, 3) (1,1) (1,2)
7ir  836.0(25)  835.7(1.8)  838.2(14) §40.8(4.2) 836.3(3.6)
bias(7Lr) 0.2 0.2 0.5 0.8 0.2
€1 6707.0 3353.5 2235.6 6707.0 3353.5
é1(fLr) 6777.0(90.8) 3372.2(33.4) 2268.5(18.0)  7099.7(333.3)  3327.6(152.1)
bias(éy) 1.0 0.5 1.4 5.8 -0.7
€21 - - — 10232.0 8947.8
€929 a b il 9053.0 8911.4
éo(TLR) - - — 12577.3(1403.1) 11139.9(1213.4)
bias(és, €21) — — — 22.9 24.5
blaS(éQ,Egg) = = s 38.9 25.0
var 6707.0 3353.5 2235.6 16939.0 12301.3
vars 6707.0 3353.5 2235.6 15760.0 12264.9
Var(fg) 6777.0(90.8) 3372.2(33.4) 2268.5(18.0) 19677.1(1719.2) 14467.5(1359.2)
bias(var, var; ) 1.0 0.5 1.4 16.1 17.6
bias(var, vars) 1.0 0.5 1.4 24.8 17.9
obs var(7Lr) 6708.1 3301.5 2197.2 18116.3 13571.8
bias(vary, obs var) —0.2 1.5 1.7 —6.5 -9.3
bias(vars, obs var) —0.2 1.5 1.7 —13.0 -9.6
bias(var, obs var) 1.0 2.1 3.2 8.6 6.6
Case

Statistic (2,1) (2,.2) (4,1) (4,2)

LR §413(34)  830.9(2.6)  838.3(3.0) 833.8(2.2)

bias(7.r) 0.8 -0.3 0.5 -0.1

e1 6707.0 3353.5 6707.0 3353.5

é1(fLr)  T247.6(245.0) 3373.3(86.4) 7074.0(147.8) 3366.1(56.2)

bias(é1) 8.0 0.5 5.4 0.3

€2y 3892.2 4018.9 1805.4 1706.0

ean 3904.3 3883.5 1828.3 1828.6

5o (fLr)  4825.4(355.4) 3817.5(157.9) 2001.8(62.7) 1722.7(44.3)

bias(és, €21) 23.9 -5.0 10.8 0.9

bias(€é, €22) 23.5 —-1.7 9.4 —-b5.7

vary 10599.2 7372.4 8512.4 5059.5

varsp 10611.3 7237.0 8535.3 5182.1

Var(fLp) 12073.1(590.5) 7190.9(242.4) 9075.9(209.0) 5088.8(99.8)

bias(var, var;) 13.9 —2.4 6.6 0.5

bias(var, vars) 13.7 —0.6 6.3 -1.8

obs var(7LRr) 11597.3 7208.6 9156.1 4847.5

bias(vary, obs var) —8.6 2.2 =7.0 4.3

bias(vara, obs var) —8.5 0.3 —6.7 6.9

bias(var, obs var) 4.1 —0.2 —0.8 4.9

12All estimates shown here are averages of the 1000 simulated estimates. Bias is in %.

Numbers in parentheses are the standard errors of the average of 1000 estimates.

Average

sample size is 61 groups and the number of seen animals is 614 in a (1,1).
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Table 5.11 Coverage of 1000 simulated 90% confidence interval estimates that contained 7
for all (ry,r2) listed in Table 5.10'3

Case TLR In7yp e F ik og Tig
(0o, 1) 88(271)  88(272) 89(274)  88(278) 88(283)
(00,2) 90(191)  90(191)  90(193)  90(193)  90(195)
(00,3) 90(157)  90(157)  90(157)  90(158)  90(160)

(1,1) 82%(462)  83%(467) B84*(479)  84*(499) 83%(529)  85*(490)  86*(576)
(1,2) 83%(396)  84*(399) 84*(407)  85%(419) 84%(437)  86*(415)  87*(472)
(2,1) 87%(361)  88(364) 87%(369)  87%(379) 87%(392)  87*(377)  86*(418)
(2,2) 85%(279)  86*(280) 86*(283)  8G*(287) 86%(293)  87%(287)  87*(308)
(4,1) 86%(313) 86*(315) 85%(319)  85%(325) 85%(333)  85%(324)  85*(352)
(4,2) 89(235)  89(235) 89(237)  89(240)  89(243) 90(239) 90(251)

Table 5.12 Coverage of 1000 simulated 95% confidence interval estimates that contained 7
for all (ry,rs) listed in Table 5.10 '?

TLR In7r R F-i/2 #1 F=912

02%(323)  93%(325) 93%(329)  94(335)  94(344)
04(228)  95(228)  95(230)  95(232)  95(235)
95(187)  95(187)  95(187)  95(189)  95(190)

Q
Z
)

ﬂog 72192

e X o X
283
O DN =
= N Nt

(1,1) 87%(550)  89*(560) 90%(580)  90*(616) 91%(674)  92*(618)  92*(726)
(1,2) 87T+(472)  89*(478) 89%(491)  89%(512) 90%(545)  93*(518)  93*(589)
(2,1) 90%(431)  91%(435) 91%(445)  92%(461) 91%(485)  93*(466)  93*(517)
(2,2) 89%(332)  91%(334) 91%(339)  91%(346) 92%(357)  93*(351)  94(376)
(4,1) 90%(373)  91%(377) 91%(383)  91%(393) 92%(408)  92(397)  91%(432)
(4,2) 92%(280)  93*(281) 93%(284)  94(287)  94(293) 95(290) 94(305)

Sighting probabilities ranged from 0.0518 to 0.9884 and the three quantiles are
0.2217,0.5712and0.8947. The average sighting probability is 0.5610. One com-
plete pass through the population generates an average sample size of 61 or about
57% and the average number of seen animals was 619.

Everything we observed from the simulation results of the simulated popu-
lation of M = 116 groups, presented in Table 5.3A and Table 5.7TA, were again
observed in the simulation results in Table 5.10 of this population Penn. For in-

stance, it took a phase I sample size of at least 500(> 107 x 4) or (4, 1) to half the

3Notation 71,4 and 7142 in both Tables 5.11 and 5.12 refer to the confidence interval estimates
derived from the assumption that 77 p — 7" has a log-normal distribution, where 7" is total count
of animals in the sample. These CI were not computed when sighting probabilities are known.
Coverage rates with % are different from nominal levels at 0.05 level of significance as they are
not within 90% 4 2% and 95% =+ 1.4%, respectively. Numbers in parentheses are estimated
expected interval widths.
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‘true’ second error component e, of (2,1) and the ‘true’ second error component
of (2,1) was also about a third of that of (1, 1), contradicting the approximation
theory. Except for (oo, 1) and (4,2), the estimated variance of the population size
estimator was closer to the observed variance of population size estimates than to
the approximate ‘true’ variance, as observed in Table 5.3A and Table 5.7A.

In Table 5.10, as before, the asymptotically unbiased estimator é; of the first
error component did well with the largest bias of 8.0% under (2, 1). Notice however
the significant bias of é, the asymptotically unbiased estimator of the second error
component, under (1,1),(1,2) and (2,1) (see bias(éz, 1) and bias(éz, €22)). This
significant bias affected the performance of the asymptotically unbiased estimator
of the variance (see bias(Var(7gr), vary) and bias(var(7.gr), varz)). This situation
has improved considerably when we tried (2,2). Under (2,2), (4,1) and (4,2),
bias of estimates of second error components relative to the approximate ‘true’
second error components, and bias of estimates of the variance relative to the
approximate ‘true’ variances were much smaller (largest was bias(éz, €2;) = 10.8
under (4,1)).

From Tables 5.11 and 5.12, when sighting probabilities are known, we need
a phase II sample size of at least 200(> 107 x 1) for coverage rates of at least one
of the confidence interval estimates to not be significantly different from nominal
levels. When sighting probabilities are unknown and are estimated, we need a
phase I sample size of at least 500(> 107 x 4) and a phase Il sample size of at
least 300(> 107 x 2) for coverage rates of at least one confidence interval estimates
to be not significantly different from nominal levels. Once again, the approximate
confidence interval estimates obtained from the three reciprocal transformations
of population size estimates and both confidence interval estimates constructed
with the assumption that (7 —7') is lognormally distributed gave better coverage.

The confidence interval 7;,, performs better uniformly and has the shortest
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Table 5.13 Simulation results of 1000 population estimation trials of population Penn of
M = 107 groups and size 7 = 834, with sightability model (5.2.1) as the true model'*

Case
Statistic (00, 1) (00, 2) (00, 3) (1,1) (4,4)
TLR 836.8(2.5) 834.4(1.8) 835.89(1.4) 838.2(5.1) 833.4(1.7)
bias(7Lr) 0.3 0.1 0.2 0.5 —0.1
el 6604.5 3302.2 2201.5 6604.5 1651.1
é1(fLr) 6585.7(123.7) 3320.9(44.4) 2219.5(24.2)  7331.6(480.1) 1666.3(29.1)
bias(é) —0.2 0.8 0.8 11.0 0.92
€21 — s s 12079.9 1634.2
€99 = - o 9983.9 1822.7
éa2(7LR) " = — 16675.2(2820.1) 1527.2(35.9)
( 2,621) = = e 38.0 —6.5
blas( 22) - — - 67.0 —16.2
var1 6604.5 3302.2 2201.5 18684.4 3285.3
varsy 6604.5 3302.2 2201.5 16588.4 3473.9
var(fLp) 6585.7(123.7) 3329.9(44.4) 2219.5(24.2) 24006.9(3246.5) 3193.5(64.5)
bias(var, vary ) -0.2 0.8 0.8 28.4 -2.8
bias(var, vars) -0.2 0.8 0.8 44.7 -8.1
obs var(7r) 6695.6 3451.7 2162.1 26329 2989.3
bias(vary, obs var) -1.3 —-4.3 1.8 —29.0 9.9
bias(vars, obs var) -1.3 —4.3 1.8 -37.0 16.2
bias(var, obs var) —1.6 -3.5 2.6 —8.8 6.83

Table 5.14 Coverage of 1000 simulated 90% confidence interval estimates that contained 7
for (ry,72) listed in Table 5.13 15

Case TLR InTr g F—ii3 71 F=3/2 Tlog Tig2
(00, 1) 86%(267) 87%(268) 86*(271) 87%(274) 85*(279)
 (00,2)  87*(190) 87*(191) 87*(191) 87*%(192) 87*(194)

(00,3)  89(155) 89(156)  89(156) 89(157)  89(157)

(1,1) 80*(510) 80%(518) 79*%(534) 79%(562) 78*(605) 80*(548) 83*(670)
(4,4)  89(186) 88(186)  88(187) 88(189)  89(190) 90(188) 90(195)

14 All estimates shown here are averages of the 1000 simulated estimates. Bias is in %.
Numbers in parentheses are the standard errors of the average of 1000 respective simulated
estimates. Average sample size is 61 groups and the number of seen animals is 619 in a (1,1).

""Notation 71,4 and 7142 in both Tables 5.14 and 5.15 refer to the confidence interval estimates
derived from the assumption that 7 g — 7" has a log-normal distribution, where 7" is total count
of animals in the sample. These CI were not computed when sighting probabilities are known.
Coverage rates with % are different from nominal levels at 0.05 level of significance as they are
not within 90% 4 2% and 95% =+ 1.4%, respectively. Numbers in parentheses are estimated
expected interval widths.
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Table 5.15 Coverage of 1000 simulated 95% confidence interval estimates that contained 7
for (ry,72) listed in Table 5.13 16

Case TLR In7p =3 i Tiog Tiga

01*(318)  91%(321) 91%(324)  92*(330) 92(339)
92%(226)  92%(227) 92%(229)  93%(231) 92*(233)
94(185)  94(185) 95(186)  95(187)  95(189)
82%(607)  84*(621) 84*(650)  84%(699) 85%(786)  89*(701)  90*(857)
03%(222)  93%(222) 94(224)  94(226)  94(228) 95(227) 95(235)
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expected interval width when compared to that of 7, and of confidence intervals
constructed from reciprocal transformations.

Tables 5.13, 5.14 and 5.15 give simulation results based on population Penn
with sightability model (5.2.1) as the true model. Sighting probabilities ranged
from 0.0460 to 0.9977 and the three quantiles are 0.2699,0.5545 and 0.8754. The
average sighting probability is 0.5545. One complete pass through the population
generates an average sample size of 61 groups or about 57% and the average
number of seen animals was 619.

The asymptotically unbiased estimator of the first error component also per-
formed well for this fourth simulated population. When sighting probabilities
are estimated, under (1,1), bias of the asymptotically unbiased estimator of the
second error component relative to approximate ‘true’ second error components
were significant (38.04% and 67.02%) as observed in Table 5.10 for our third sim-
ulated population. The estimated variance had, thus, significant bias relative to
approximate ‘true’ variances (28.49%, 44.72%). Coverage of all confidence inter-
val estimates were very low (see Tables 5.14,5.15). When we tried (4,4), all bias

were no longer significant. Also, coverage rates of confidence interval estimates

16Notation Tlog and Ti4o in both Tables 5.14 and 5.15 refer to the confidence interval estimates
derived from the assumption that 77 g — 7" has a log-normal distribution, where 7" is total count
of animals in the sample. These CI were not computed when sighting probabilities are known.
Coverage rates with % are different from nominal levels at 0.05 level of significance as they are
not within 90% + 2% and 95% =+ 1.4%, respectively. Numbers in parentheses are estimated
expected interval widths.
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Tlog and Ty, were acceptable when compared to nominal levels. This implies we
need a phase I sample size of at least 428(> 107 x 4) and a phase II sample size
of at least 428(> 107 x 4). When sighting probabilities are known, it needed
a phase II sample size of at least 321(107 x 3). For both sighting probabilities
known and estimated case, as before, confidence interval estimates obtained from
the three reciprocal transformation of population size estimates and both con-
fidence interval estimates 7,, and 7,2 gave better coverage. The approximate
confidence interval estimates obtained from the three reciprocal transformations
of population size estimates and both confidence interval estimates constructed
with the assumption that (7 — 7") is lognormally distributed gave better cover-
age. The confidence interval 7;,, performs better uniformly and has the shortest
expected interval width when compared to that of 7, and of confidence intervals
constructed from reciprocal transformations.

We have noticed, as in our simulated population of M = 116 groups, that
for population Penn, sighting probabilities of groups with sizes of at least 20 are
a little larger (the difference is not as much as those of the simulated population
of M = 116 groups) when we assumed sightability model (5.2.1) than when we
assumed sightability model (5.2.2). There are 13 such groups (13/107 &~ 12%). As
we compare the ‘true’ first error component e; of Tables 5.10 and 5.13, we see that
ey in Table 5.13 is slightly smaller (6604.52 < 6707.01). However, if we compare
the observed variance observed var(7;r) of population size estimates under (1,1)
of both tables, we see that observed var(77r) in Table 5.13 is a lot larger (26329 >
18116.3). This result differs from the result we observed from simulation results of
the simulated population of M = 116 groups earlier. We obtained similar results

for another 2 simulations of (1,1) of this simulated population.
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5.5 Dominant factor in the variance estimator

From (3.2.2) and in our simulation results, we have observed, for a com-
plete census of primary units, that large group sizes dominate the variance of the
population size estimator when sighting probabilities are known. When sighting
probabilities are estimated, from (3.2.7) and (3.2.9), it is unclear what is dominant
in the variance estimator. To get a better understanding of how e, is dominated
by large group sizes, we assumed, for the composite data of M = 107 groups,
the sightability model defined in (5.2.1) but with the signs of the parameters
switched, i.e. B = (—2.4132,—0.1322, 1.8224,0.0423). We refer to this sighta-
bility model as model (5.2.3). With sightability model (5.2.3) as the true model,
sighting probabilities were totally backwards. Large groups have extremely small
sighting probabilities (< 0.1) even when they were moving and were under low
vegetation cover (eg. 10) during the sighting trial. On the other hand, small
groups have extremely high sighting probabilities (close to or more than a 0.9)
even when they were stationary and were under high vegetation cover (eg. 80). In
this ‘abnormal’ case, small groups were sighted and large groups were missed most
of the time. Thus, the population size estimates were too low (average of 1000
estimates was about 700) most of the time and the estimates of both error com-
ponents were extremely large (both average over 20000). Although the estimated
variance of the population size estimator was large (average over 40000), coverage
rates of approximate and confidence interval estimates 7;,, and 7,2 were still very
low. With a sample size of (10, 10), coverage for 90% and 95% confidence levels
were only about 75% and 80%. We saw that the second error component could
get very large when sighting probabilities of large groups are extremely small al-
though, when we studied the estimated sighting probabilities of large groups of

20 population estimation trials, we observed that sighting probabilities of most
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large groups were overestimated. We also saw that the second error component
could be blown up with large var((:)j) and cov((:)jl, (:)Jq) and we did observed that
for some large groups, var(@j) and cov((:)]-l, 0;,) were large (>> 500). When we
assumed sightability models (5.2.1) and (5.2.2) as true models for the composite
data of M = 107 groups, we found that for large groups (size > 20), var((:)j) is
small (< 10). Also, when at least one of the two groups is a large group, the ma-
jority of cov(0;1,0;,) were close to 0 and none of them is > 10 or < —10. These
observations indicate that when unknown sighting probabilities are estimated via
logistic regression, for the variance of the population size estimator (or both error
components) not to blow up, it is important for large groups to have large sighting

probabilities when they are expected to have large sighting probabilities.

5.6 Estimation of elk population size in Pennsylvania

The composite data of M = 107 groups from Pennsylvania is a phase |
sample obtained from 5 sightability surveys conducted on the elk population.
Also, 5 replicated population surveys were conducted on the elk population to
obtain an independent phase II sample. A total of 82 groups were sighted. This
is an example of a complete census of primary units with replicated primary
units (see section 3.4). The phase I sample and the phase II sample would be a
(r1,7r2) = (5,5) using our notation defined for the simulation study. The following
table shows the population size estimates, estimates of both error components
and variance of the population size estimator for using both sightability models
(5.2.1) and (5.2.2) as fitted models. We see that both fitted models gave the same
population size estimates of 189. There was little difference between the estimated
variance components and the estimated variance of the population size estimator.
The variance of population size estimator estimated based on fitted model (5.2.2)

with natural log of the group size was 453.94, about 5% less than 478.28, the
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Table 5.16 Population size estimates, estimates of error components and variance of the
population size estimator for the composite data of 82 sighted groups of 5 independent elk

population surveys from Pennsylvania

Estimates

(5.2.1) as fitted model

(5.2.2) as fitted model

Population size, 71,r
Error due to sampling of groups, é;

Error due to estimation of g;, és

Variance of population size estimator, var(7yg)

189
217.53
260.75
478.28

189
198.82
255.13
453.94

variance estimated based on fitted model (5.2.1) without transformation of group

size. Confidence intervals of 90% and 95% are constructed using reciprocal trans-

formations of the population size estimate and from the assumption that (7 —17"),

where T' = 834/5 ~ 167 is the average total elk count of the 5 population surveys,

has a lognormal distribution is are presented in the following tables.

Table 5.17 A 90% confidence interval of the population size of elk in Pennsylvania
constructed from the population size estimates, with reciprocal transformations and from
assumption that (7 — 7) is lognormally distributed, obtained based on the composite data
with fitted models (5.2.1), (5.2.2)17

Sightability model

7".—1/2

7:—1

7=372

ﬁog

7:'192

(5.2.1)

(158, 231), 73

(159, 234), 75

(160, 237), 77

(173, 254), 81

(175, 289), 114

(5.2.2)

(159, 230), 71

(160, 233), 73

(161, 235), 74

(173, 251), 78

(176, 284), 108

Table 5.18 A 95% confidence interval of the population size of elk in Pennsylvania
constructed from the population size estimates, with reciprocal transformations and from
assumption that (7 — 7) is lognormally distributed, obtained based on the composite data
with fitted models (5.2.1), (5.2.2)17

,f.—1/2

=1

+—3/2

Sightability model 7 Tlog Tig2
G.2.1) (153, 241), 88 | (155, 245), 90 | (156, 250), 94 | (172, 279), 107 | (174, 325), 151
(5.2.2) (154, 234), 80 | (155, 243), 88 | (157, 248),91 | (172, 276), 104 | (174, 318), 144

Intervals constructed based on fitted model (5.2.2) is shorter. From our simu-

lation results, we have observed that coverage rates of confidence interval estimates

were poor (too low) when both phase I and phase II samples have less than 200

17"The number next to the interval is the interval width
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groups. Therefore, these confidence interval estimates in Tables 5.17 and 5.18
constructed based on a phase I sample of 107 groups and a phase Il sample of 82
groups might not include the true population size. Our simulation results sug-
gested that it requires a phase I sample of at least 464 and a phase Il sample of at
least 464 groups to obtain a confidence interval estimate with reasonable coverage

rate.

5.7 Discussion

From the simulation results, we have made the following conclusions.

e The largest bias of population size estimates obtained was 1.7% for the case
of subpopulation small, M = 88 groups and size 7 = 331 with model (5.2.1)

as the true sightability model. When sighting probabilities are known, all

ratios B/o = |(T — T)/\ﬂ)bservedvar(ﬁgﬂ were less than 0.1. According
to Cochran’s (1977) working rule, the bias were negligible. When sighting
probabilities were unknown and estimated via logistic regression, all ratios
B/o except for veg(4,2) were less than 0.1. For veg(4,2), the ratio was 0.13.
Therefore, all bias of population size estimates were negligible and modest

for veg(4,2).

e As expected, increasing the sample size decreases the variance of the popu-
lation size estimator or increases the precision of estimating the population
size. Increasing the sample size also gave us a better estimate of the variance,
reducing noise and standard errors of estimates of both error components.
Coverage rates of confidence interval estimates of the population size are
not different from nominal levels at 0.05 level of significance when phase I

and II sample sizes are large.
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e The sampling distribution of the population size estimator was positively
skewed. Approximate confidence interval estimates obtained from trans-
formations 7!, #7'/2 and #73/2 of population size estimates gave better
coverage rates. Confidence interval estimates constructed from the assump-
tion that (7 — 7T") has a lognormal distribution also gave better results than
7 £ 24/2¢/Var(7zr). The confidence interval 7;,, performs better uniformly
and has the shortest estimated expected interval width when compared to

that of 752 and of confidence intervals constructed from reciprocal transfor-

mations.

e By excluding groups with smaller sighting probabilities, estimation of e,, the
error component due to estimation of sighting probabilities, given subpopu-
lation veg did not perform well. Approximate ‘true’ second error component
e, was severely underestimated and coverage rates of confidence interval es-
timates for population size were low for veg(1,1),veg(2,1),veg(1,2). When
we increased both phase I and phase II sample sizes to veg(4,2), bias of
estimating the second error component were reduced considerably (under or
close to 10%) and coverage rates of confidence interval estimates were not

significantly different from nominal levels.

e By only including groups with smaller sighting probabilities, estimation of
e2 given subpopulation small did not perform well. Approximate ‘true’ sec-
ond error component was severely overestimated with high standard errors
for small(1,1), small(2,1),small(2,2). As a result, confidence interval esti-
mates of population size covered the true population size most of the time
and thus, nominal levels were close to nominal levels. When we increased
both phase I and phase II sample sizes to small(4,2), bias of estimating the

second error component were reduced considerably (under or close to 10%)
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and coverage rates of confidence interval estimates were not significantly

different from nominal levels.

We have shown (in section 5.3) that in phase I, if we make 2 complete passes
through the population, the approximate ‘true’ second error component will
be half of that of making 1 complete pass through the population. A larger
sample size was needed to simulate this theoretical approximate 50% reduc-
tion in the second error component. It requires a phase I sample size of at
least 464 (or (4,1)) to simulate an approximate ‘true’ second error compo-
nent that is half of the approximate ‘true’ second error component simulated
based on half the phase I sample size (or (2,1)). To test this conclusion,
we have tried to simulate the theoretical 50% reduction with another two
subpopulations, groups with sighting probabilities of at least 0.4 and 0.6

respectively. OQur simulation results agreed with this conclusion.

We have also shown (in section 5.3) that in phase II, if we make r; >
1 complete passes through the population, to obtain the first true error
component ey, we divide the first true error component computed based on
making r, = 1 complete pass through the population by r;. The number
of complete passes through the population in phase II has no effect on the

second error component ey, i.e. €5 is the same for ro = 1,2, ... .

Based on the simulation results of all 4 simulated populations (M = 116
and M = 107 groups, with (5.2.1) and (5.2.2) as true models) and both
subpopulations veg and small of the simulated population of M = 116
groups, we found for the choice of sample size in both phase I and phase
II, coverage rates of at least one of the confidence interval estimates we
constructed to not be significantly different from nominal levels at 0.05 level

of significance. When sighting probabilities are known, it requires a phase

111



II sample size of at least 348. When sighting probabilities are estimated via
logistic regression, it requires a phase I sample size of at least 464 and a

phase II sample size of at least 464.

When the sighting probabilities are known, the first error component due to
sampling of groups is the variance of the population size estimator since there
is no second error component due to estimating sighting probabilities. From
expressions (3.2.2), we see that the variance of the population size estimator
is dominated by large groups. The variance will be smaller if the majority of
the population is large groups with larger sighting probabilities. Similarly,
when sighting probabilities are estimated via logistic regression, the first er-
ror component e; in (3.2.6) will be smaller if the majority of the population
is large groups with larger sighting probabilities. We observed this result
when we compared €; of (co,1) and (1,1) in Tables 5.3A, 5.7A and when
we compared €; of (oo, 1) and (1,1) in Tables 5.10 and 5.13. When sighting
probabilities are estimated, it is not obvious when the second error compo-
nent ey, which is also dominated by large group sizes (see (3.2.8)), will be
smaller because terms such as var(9;) and cov(0,;,0,,) are involved. From
simulation results obtained based on the ‘abnormal’ simulated population,
We have observed that when unknown sighting probabilities are estimated
via logistic regression, it is important for large groups to have large sighting
probabilities when they are expected to have large sighting probabilities so
that the estimate of the variance of the population size estimator (or both
error components) will not get too large. This also implies that if you don’t

see most of the animals, estimators will do poorly.
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6. BOOTSTRAP CONFIDENCE INTERVAL FOR THE
POPULATION SIZE

6.1 Introduction

In chapter 5, we reported on the performance of confidence intervals for the
population size constructed using the large sample theory and various transfor-
mations of the population estimate or by assuming that (7, —7") has a lognormal
distribution. In this chapter, we report on the performance of confidence inter-
vals for population size constructed using bootstrap methods. We were unable to
find an existing bootstrapping procedure which could be directly applied to our
problem, namely, a finite population of animal groups whose unknown, unequal
sighting probabilities satisfy a logistic model (2.1.3). It is not appropriate, in our
case, to apply the usual bootstrap simple random sample with replacement given
our phase I and a phase II sampling schemes. Recently, Booth et. al. (1994) and
Sitter (1992) have proposed sampling without replacement procedures to obtain
bootstrap samples for stratified random sampling and the Rao-Hartley-Cochran
method of unequal probability sampling (PPS sampling) of a finite population.
Neither of these sampling schemes is applicable to our problem. We have therefore
proposed some procedures for obtaining bootstrap samples for our problem.

We shall begin with the case of a complete census of primary units.

6.2 Case 1: A complete census of primary units

We assume that the needed data to construct a single population size estimate

are collected in 2 phases. Phase I data collection is for estimating the sightability



model and phase II data collection is for estimating the population size via the
fitted model obtained in phase I. A single population size estimate thus requires
2 samples, assumed to be independent, from the population.

We proposed independent bootstrapping procedures in each phase of sam-
pling. Only bootstrapping in phase II is needed when sighting probabilities are

known.
6.2.1 Bootstrapping in phase I

When we refer to the ‘true’ sighting trial or ‘true’ sample, we mean the
sighting trial is conducted on a real population or on our simulated population.
When we refer to an empirical sighting trial or empirical sample, we mean sampling
from an empirical population we generated from the ‘true’ sample.

Suppose there are M groups in the ‘true’ phase I sample. In the case of a com-
plete census of primary units, these M groups would form the entire population.

We proposed two bootstrapping procedures in phase I :

o (1) After the ‘true’ sighting trial, add to the ‘true’ phase I sample the values
of the indicator function Z; (1 if group 7 is sighted and 0 otherwise), for
7 = 1,2,..., M, as a characteristic of the groups. Thereafter, to obtain a
bootstrap phase I sample, select a simple random sample with replacement of
size M from the ‘true’ phase I sample. A new sighting trial is not conducted
on this empirical population of M groups, rather, the attached indicator

variable values are used in fitting a sightability model.

e (2) After the ‘true’ sighting trial, fit a sightability model based on a ‘true’
phase I sample and then use it to estimate sighting probabilities {g;} of
all groups in the sample, i.e. for 7 = 1,2,..., M. These estimated sighting
probabilities {g7} are then attached to the groups, as though they were the

‘true’ sighting probabilities. Then to obtain a bootstrap phase I sample, an
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empirical sighting trial is conducted with new, independently generated uni-
form random variable values {u;} and the estimated sighting probabilities
{g;}. In an empirical sighting trial, a group is determined to be sighted or
not by comparing a randomly generated uniform random number, u; (gener-
ated jointly independent for the groups), with the corresponding estimated
sighting probability gf. If u; < g;, the Jt" group for j = 1,2,..., M is said

to be sighted.

The first procedure is an imitation of the usual bootstrap procedure, i.e.
simple random sampling with replacement. The second procedure, on other hand,
is somewhat different from the usual bootstrap method. It uses the fitted model
of the ‘true’ phase [ sample to obtain the bootstrap phase I sample. We shall
refer to procedures 1 and 2 as the nonparametric and the parametric procedures,
respectively. The estimated parameters obtained from bootstrap iterations will

be refered to as the bootstrap parameter estimates.
6.2.2 Bootstrapping in phase II

Let B, (see (3.2.4)) be the estimated parameters obtained from the ‘true’
sighting trial of phase 1. Also let ,[~32- for i = 1,2,...,b be the bootstrap parameter
estimates of b bootstrap iterations obtained in phase I from either nonparametric
or parametric procedure. The ‘true’ phase Il sample is obtained in a second ‘true’
sighting trial conducted independently from the phase I ‘true’ sighting trial.

We also proposed two methods to obtain a bootstrap phase Il sample.

e (1) - A single empirical population is constructed and independent empir-
ical sighting trials conducted using the phase 1 ‘true’ sighting parameter
estimates to estimate sighting probabilities for each group of the phase II
‘true’ sample. An empirical population is constructed for phase Il sampling

using these estimated probabilities and for selecting the bootstrap phase I1
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samples. Then a bootstrap phase I sample and a bootstrap phase II sample

are used to construct a population size estimate.

To construct the empirical population, we used the Bo obtained in phase
I to get (:)0]- = 1/go; where go; is the estimated sighting probability of the
j sighted group (using 3, for model (3.2.4)) in the ‘true’ phase II sighting
trial. Then we replicated the j* sighted group by [@q; + 0.5] times. This
replication was repeated for all sighted groups in the ‘true’ phase I sample
to create an empirical population. The notation [z] where x is a positive real
number is the largest integer less than z. Next, to obtain a bootstrap phase
II sample, we used {go; } as ‘true’ sighting probabilities for the corresponding
group in the empirical population. An independent empirical sighting trial
was then conducted for each bootstrap iteration i for « = 1,2,...,b in phase
I1. For each group in the i"* bootstrap phase II sample, we used the i
phase I bootstrap sample estimated parameters Ei to construct its sighting
probability, and hence, to obtain 7r (see (3.2.5)) and var(7,r) (sum of

(3.2.7) and (3.2.9)).

e (2) - Procedure (2) differs from procedure (1) only in how the empirical
population was generated. For each bootstrap phase Il sample, a poten-
tially different empirical population was generated. For this procedure, the
7" sighted group in the ‘true’ phase II sighting trial was replicated in the

following way.

First we generated a U(0, 1) random variate p’. The 7' sighted group was
replicated [Oy;] times if p: < 1= dec(Oy;) and ([Op;] + 1) times otherwise,

where dec(©y;) is the decimal part of O;.

Since p’; for group j in procedure 2 is a random variate generated indepen-

dently for each phase 2 bootstrap sample, different empirical populations could
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have been generated for each bootstrap iteration whereas in procedure 1, there is
only one empirical population for all the bootstrap iterations.

We shall refer to the first procedure as procedure (1) and the second proce-
dure as the selection rule. A population size estimate obtained from a bootstrap

iteration will be referred to as a bootstrap population size estimate.

6.3 Case 2: Simple random sampling without replacement of primary
units

Suppose the survey area is divided into N primary units and a sample of n
units is selected using simple random sampling. We want to generate an empirical
population of primary units from the sample. We will employ one of the methods
proposed by Booth et. al. (1994) to generate the empirical population of primary

units. The method is stated as follows:

o If % = m is an integer, replicate each selected primary unit m times to get

an empirical population of m x n = N primary units.

o If % is not an integer, replicate each selected primary unit [%] = m times.
Since this will not give us an empirical population of N primary units, we
have to fill up the remaining (N — m x n) units. We do that by selecting

without replacement (N — m X n) units from the sample of n units.

For each bootstrap iteration, we take a simple random sample without re-
placement of the n primary units from the empirical population to get a sample
of n primary units. To get an empirical population for the next bootstrap itera-
tion, we simply repeat the step(s) described above. For each bootstrap iteration,
use the empirical sample of n units and the ‘true’ sample of secondary units for
the population size estimator defined in (2.1.2) or (2.1.4) and the respective unbi-
ased estimator of the variance of the population size estimator derived in (2.2.2)

or {2.2.12).
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The method we just described for bootstrapping the first-stage sampling could
be easily extended to the case of stratified random sampling. As stated in Booth
et. al. (1994), simply use this method to generate empirical strata or subpopula-

tions.

6.4 Simulation study

We want to evaluate, using the Monte Carlo method, small sample perfor-
mance of our proposed bootstrapping procedures. In order to study our ideas
more closely, we examine the case of a complete census of primary units and use
a smaller simulated population with M = 54 groups.

In our sampling scheme, both phase I and phase Il samples are obtained by
making one or more complete passes (denoted by ry in phase I and r, in phase
II) through the population. We will use the same notation (r,r;) defined in
section 5.3 to denote the number of complete passes made in phase [ and phase II,
respectively, to construct a single population size estimate. Computer programs

for this simulation study are listed in the Appendix.
6.4.1 Simulated population I

We randomly selected M = 54 groups from the composite data of M = 107
groups of the Pennsylvania elk data. This simulated population has a population
size of 422 (X M551y; = 422). To make things even simplier, we considered the

=1

following sightability model :

log - % = 6o+ 2B (6.4.1)
—3j

where z; is the group size of group j. This is a special case of the model defined

in (3.2.4) where there is only one independent variable involved.



6.4.2 Phasel

In phase I, we evaluate the credibility of our proposed procedures by mea-
suring the bias of the average of a set of b bootstrap parameter estimates Bi for
t = 1,2,...,b relative to BO, the parameter estimates obtained from the ‘true’
sighting trial of phase I.

One hundred ‘true’ phase I sighting trials (S = 100) with r, = 1 were con-
ducted on the simulated population and these S = 100 ‘true’ phase I samples
were used to evaluate both nonparametric and parametric procedures. Based on
each ‘true’ phase I sample, we obtained b = 1000 bootstrap parameter estimates
Bi for e =1,2,...,1000. The average of these 1000 bootstrap parameter estimates
is then compared with 50, the parameter estimate obtained from fitting the ‘true’
phase I sample to get a bias in %.

Table 6.1 shows, for both procedures, the mean and the standard errors of

100 estimates of bias in %, i.e. (g—iﬂ:ﬁ‘lIOO).

0

Table 6.1 Mean and standard error of 100 biases on S = 100 ‘true’ phase I samples with
r1 = 1, using nonparametric and parametric procedures of phase |

Nonparametric
HO: bias=0
Variable S Mean Std Err z-stat p-value

BETA_O 100 =7.79 0.49 -15.90% 0.00
BETA_1 100 13.60 1.22 11.15% 0.00
Parametric

HO: bias=0

Variable S Mean Std Err z-stat p-value

BETA_O 100 -7.24 1.02 -7.10% 0.00
BETA_1 100 23.72 3.14 7 .55% 0.00

We compute a z—statistic to test the equality of average bias between two pro-

cedures for both parameters. The z—statistics are —0.486 for 3, and —3.001
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for (3;. Therefore, the difference between average bias of bootstrap estimates of
[ obtained using nonparametric and parametric procedures is not significant at
a = 0.05 level However, the average bias of bootstrap estimates of 3; obtained
using parametric procedure is significantly larger than that obtained using non-
parametric procedure at a = 0.05 level. We repeated this run with various sets of
100 ‘true’ phase I samples and we obtained similar results. According to Cochran’s
(1977) working rule (see subsection 5.1.1), since the ratio B/o = bias/std err is
more than 0.7 for simulation results in Table 6.1, bias of bootstrap parameter
estimates obtained using either of the procedures is not negligible.

We further evaluate these two procedures by considering ry = 2, making
two complete passes through the population. By doing so, we have increased the
sample size. The simulation results for S = 100 ‘true’ phase I samples are as given
in Table 6.2.

Table 6.2 Mean and standard error of 100 biases based on S = 100 ‘true’ phase I sighting
trials with 7, = 2, using nonparametric and parametric procedures of phase |

Nonparametric
HO: bias=0
Variable S Mean Std Err z-stat p-value

BETA_O 100 -3.81 0.17 -22.41% 0.00
BETA_1 100 6.43 0.32 20.09%* 0.00
Parametric

HO: bias=0

Variable S Mean Std Err z-stat p-value

BETA_O 100 -3.74 0.09 -41.56% 0.00
BETA_1 100 12.56 0.15 83.73% 0.00

Average bias is about half of that in Table 6.1 when r; = 1. The z—statistics for
testing equality of average bias between the two procedures are —0.341 for 3, and

—17.433 for 3;. Therefore, the difference between the average bias of bootstrap
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estimates of 3y obtained using nonparametric and parametric procedures is not
significant at o = 0.05 level. However, the average bias of bootstrap estimates of
(3; obtained using parametric procedure is significantly larger than that obtained
using nonparametric procedure at a = 0.05 level.

The ratio B/o > 2 (Cochran, 1977) indicates that bias of bootstrap param-
eter estimates obtained using either of the procedures is still significant. This
observation, however, does not explicitly indicate that these procedures will be
unsuccessful in estimating sighting probabilities. We now proceed to test the two

procedures we proposed for phase II.
6.4.3 Phase 11

To evaluate the procedures we proposed for phase II without phase I, we as-
sume that the sighting probabilities are known. We conducted 1000 ‘true’ sighting
(ro = 1) trials on our simulated population of M = 54 groups. In other words,
we make r; = 1 complete pass (or (0o, 1) using the notation we defined in chapter
5) of the simulated population to obtain one phase II sample. For each sample,
we ran b = 500 bootstrap iterations to obtain 500 bootstrap 7, (see (3.2.1)). We
also evaluated Var(7zr) (see (3.2.3)). With the (5", 95) percentiles and (2.5,
97.5'") percentiles of the sampling distribution of 500 bootstrap 7, we form a
2-sided 90% and a 2-sided 95% bootstrap confidence intervals for 7, the true pop-
ulation size. This will be referred to as the percentile method (Efron, 1981a, 1982).
We also obtained bootstrap t— statistics (Booth et. al., 1994) for those bootstrap

7.'s as follows:

Tr — T

R (6.4.3)
var(7r)

where 7y is the population size estimate obtained using the ‘true’ sample. Note

that the bootstrap t-statistic does not necessarily has the distribution of the

student t-statistic. To get confidence intervals for 7, we use the 5, 95 2.5t
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97.5'" percentiles of the sampling distribution of 500 ¢-statistics, with 7, and
var(7p) to compute the bounds. To obtain another set of confidence intervals, we
replace var(7,) with the observed standard variation &, of those 500 bootstrap 7.

If our proposed bootstrap procedures are appropriate, coverage rates of these
confidence intervals for the true population size (=422) should be close to their
respective actual levels. Simulation results are tabulated in Table 6.3.

Table 6.3 'True population size coverage rates of 1000 bootstrap confidence intervals
constructed based on 1000 ‘true’ phase II samples, using 500 bootstrap iterations, when
sighting probabilities are known!

Using bootstrap—t statistic
with /var(7) with o,
95

Confidence level 90 95 90 90 95
Procedure 1 89.4 93.0* 86.5*  91* | 86.3* 90.9*

Method

Selection Rule 92.5* 96.7* 91.4 94.0 |92.7* 94.9

Recall, from subsection 5.1.2, that for & = 1000 population estimation trials, a
coverage rate is not different from the actual level at 0.05 level of significance if
it is within 90% + 2% and 95% =+ 1.4%, both inclusive, for 90% and 95% actual
levels respectively. The results in Table 6.3 show that coverage rates of boot-
strap confidence intervals constructed using the selection rule and the bootstrap
t-statistic with \/M, the estimated variance of the population size estimate
obtained based on the ‘true’ phase II sample, were reasonable. Coverage rates of
other bootstrap confidence intervals were different from respective nominal levels
at 0.05 level of significance. To obtain the results in Table 6.3, we have used a

small phase II sample of 54 groups and population size 422.

ICoverage rates with » are different from actual levels at 0.05 level of significance as they
are not within 90% =+ 2% and 95% + 1.4%, respectively
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6.4.4 Combining phase I and phase I1

We combine each bootstrap procedure of phase I with each bootstrap pro-
cedure of phase II, thereby giving us 4 possible methods to obtain a bootstrap
confidence interval for population size when unknown sighting probabilities are es-
timated using logistic regression. The simulated population is the composite raw
data from Pennsylvania with (5.2.2) as the true sightability model. The sightabil-
ity model has three predictors : the natural log of group size, the behavorial code
and percent vegetation cover. There are M = 107 groups in the population and
the population size is 7 = 834. We consider (1,1), i.e. we make 1 complete pass
through the population in phase I and 1 complete pass through of the population
in phase II.

We simulate 1000 pairs of ‘true’ phase I and phase Il samples. Based on
each ‘true’ phase I sample, one set of 500 bootstrap estimated parameters are
obtained using the nonparametric procedure or the parametric procedure. This
set of bootstrap estimated parameters are matched with 500 bootstrap phase II
samples generated using by procedure 1 or the selection rule from the paired
‘true’ phase 11 sample to construct 500 bootstrap population size estimates. A
bootstrap confidence interval is then constructed using the percentile method. This
is repeated for 1000 pairs of ‘true’ phase I and phase Il samples to give us 1000
bootstrap confidence intervals. Coverage rates for the true population size of these
1000 bootstrap confidence intervals are tabulated in Table 6.4.

In addition, for each bootstrap iteration in phase II, we constructed log(7, —
Ty), where 7, is the bootstrap population size estimate and 7}, is the number of
animals seen in the bootstrap phase Il sample. We then constructed a boot-
strap interval using percentiles (5, 90" percentiles for a 90% confidence interval
and 2.5, 97.5" percentiles for a 95% confidence interval) from the sampling dis-

tribution of 500 log(7, — 7)) with Ty, the number of animals seen in the ‘true’

123



phase II sample. For example, a 90% bootstrap confidence interval would be
(exp(log(7s — T)0.05) + To, (exp(log(7s — T)o.95) + To). The reason for considering
this method is we have observed from our simulation results in chapter 5 that
interval estimates constructed by assuming log(7 —7') is normally distributed had
reasonable coverage rates for true population size and shorter estimated interval
widths. Coverage rates of these bootstrap confidence intervals are also reported

in Table 6.4.

Table 6.4 True population size coverage rates of 1000 bootstrap confidence intervals
constructed based on 1000 pairs of (1,1) ‘true’ phase I and phase II samples for the composite
data of M = 107 groups and size 7 = 834 from Pennsylvania with (5.2.2) as the true model,
using 500 bootstrap iterations.?

Nonparametric procedure of Phase I with

Confidence Level
Using log(7 — T')

Phase II  method 90 95 90 95
Procedure 1 87.0%(11.7) 93.0%(6.7) | 84.7%(9.5) 91.7*(5.5)

Average interval width 597 811 549 754
Selection Rule 90.7(6.4)  95.8(3.3) 85.1%(8.9) 90.8*(5.6)

Average interval width 606 815 547 748

Parametric procedure of Phase I with

Confidence Level
Using log(7 — T)

Phase II method 90 95 90 95
Procedure 1 81.7%(17.9) 87.7%(12.0) 82.5%(15.5) 88.9%(10.1)

Average interval width 475 634 424 575
Selection Rule 89.6(9.7) 93.8(6.1) 84.6%(13.2)  90.2%(9.0)

Average interval width 494 661 433 590

We see that for both nonparametric and parametric procedures in phase 1 when
combined with the selection rule in phase II have observed coverage levels that

are not significantly different from nominal levels. All other bootstrap confidence

2Coverage rates with * are different from actual levels at 0.05 level of significance as they
are not within 90% + 2% and 95% + 1.4%, respectively. Numbers in parentheses are percentages
of intervals with an upper bound lower than the true population size.
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intervals have coverage rates 5 — 10% lower (p < 0.05) than nominal levels. We
also see that intervals constructed using the nonparametric procedure in phase I
are longer on average and coverage rates have improved, though not very much
improvement for those using log(7 — 7). We noticed that on average, lower and
upper bounds of intervals constructed using the nonparametric procedure were
about 20 and 100 more than lower and upper bounds of intervals constructed
using the parametric procedure. So, for using nonparametric procedure, the per-
centage of confidence intervals not covering the true population size because the
upper bound is too low (compare parenthesized numbers) has decreased, quite sig-
nificantly in some cases. For using the nonparametric procedure, since the average
lower bound is also higher, the percentage of confidence intervals not covering the
true population size because the lower bound is too high has also increased a little.

We have observed that at least 90% of the time, the number of groups and
animals seen in a bootstrap phase Il sample generated using procedure I in phase
IT is less than those in a phase II sample generated using the selection rule. We
also noticed that for using the parametric procedure in phase I, among those
intervals that did not cover the true population size, majority of them have an
upper bound lower than the true population size (see parenthesized numbers next
to coverage rates).

We have also constructed bootstrap t confidence intervals as described in
subsection 6.4.3. For this method, we need to estimate variance of the population
size estimator for each bootstrap phase II sample. Using SAS coding on UNIX
System V Release 4.0 SunOS 5.5 machines, the CPU time required to obtain one
bootstrap—t confidence interval is about 15 minutes. This is at least 8 times the
CPU time required to obtain one bootstrap interval using the percentile method.
The longer CPU time is due to the computation of estimated variance of the

population size estimator of a bootstrap phase Il sample. For this method, since
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it is time consuming, we generated only 300 pairs of (1,1) phase I and phase
IT samples. Table 6.5 contains the preliminary simulation result of using the
parametric procedure in phase I with 500 bootstrap iterations.

Table 6.5 True population size coverage rates of 300 bootstrap ¢ confidence intervals
constructed based on 300 pairs of (1,1) ‘true’ phase I and phase II samples for the composite
data of M = 107 groups and size 7 = 834 from Pennsylvania with (5.2.2) as the true model,

using 500 bootstrap iterations.?

Parametric procedure of Phase I with

Confidence Level

with \/ \7371‘(’?’0) with (7LR

Phase I method 90 95 90 95
Procedure 1 68.0%(32.0) 71.3%(28.7) | 73.3%(26.7) 76.0*(24.0)
Average interval width 538 669 955 1191
Selection Rule 75.7%(24.3) 77.77(22.3) | 82.7%(17.3) 87.3%(12.7)
Average interval width 584 726 1004 1253

The notation 65r denotes the standard deviation of the 500 population size es-
timates constructed based on 500 bootstrap phase I and II samples. Notice how
poor these coverage rates are although average interval widths are longer than
those in Table 6.4. These bootstrap ¢ confidence intervals are shifted to the left.
lower (much lower than the number of animals seen in the ‘true’ phase Il sample
and are negative when we use the bootstrap t—statistic with 5z) than those
of confidence intervals constructed using the percentile method and by assuming
log(7 — T') is normally distributed whose coverage rates are in Table 6.4. Average
upper bounds of these bootstrap ¢ confidence intervals are also about 300 — 400
lower than those of confidence intervals whose coverage rates are in Table 6.4.
These bootstrap ¢ confidence intervals are so shifted to the left that all intervals
not covering the true population size have upper bounds less than the true pop-

ulation size (see parenthesized numbers in Table 6.5). We think that this shift is

3Coverage rates with % are different from actual levels at 0.05 level of significance as they are
not within 90% =+ 3.5% and 95% =+ 2.5%, respectively. Numbers in parentheses are percentages
of intervals with an upper bound lower than the true population size.
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due to the inconsistency of the estimated variance of the population size estima-
tor. We observed in chapter 5 that one needs a phase I and phase II sample of
at least size 464 each to get a confidence interval of reasonable coverage rate. For
the simulation result in Table 6.5, we used a phase I and phase II sample of 107
each. We will probably have to increase the sample size to improve the bootstrap
t intervals. That will require a longer CPU time to compute estimated variances
of the population size estimator and thus, to obtain bootstrap ¢ confidence inter-
vals. Using a lower level computer language such as Fortran or C+ could speed up
simulations of bootstrap ¢ confidence intervals. We also think that using the non-
parametric instead of the parametric procedure in phase I, bootstrap ¢ confidence
intervals will probably give similar coverage rates. This conclusion is based on the
observation from Table 6.4 that coverage rates of confidence intervals constructed

using both parametric and nonparametric procedures in phase I are similar.

6.5 Discussion

Results from the simulation study of our proposed bootstrap procedures in
phase I and phase II were encouraging. We summarized our simulation results as

follows.

e Obtained using both nonparametric and parametric procedures in phase I,
biases of bootstrapped estimated parameters of fitted logistic models are not
negligible according to Cochran’s (1977) working rule. This simulation result
is obtained based on 1 and 2 complete passes through a simulated population
of 54 groups and size 422 elk with a true one predictor, which is the group
size, sightability model. However, this result does not explicitly imply that
these procedures will be unsuccessful in estimating sighting probabilities.
In fact, when we combined these phase I bootstrap procedures with those

phase 11 bootstrap procedures, based on another simulated population, we
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obtained bootstrap confidence intervals with reasonable coverage rates of

the true population size.

Based on 1000 complete passes for population size estimation only (or (oo, 1))
of the same simulated population of 54 groups of elk (sighting probabilities
are known), coverage rates of confidence intervals constructed using the se-
lection rule in phase II and the bootstrap ¢—statistic with y/var(7,) is not
different from nominal levels at 0.05 level of significance. Note that var(7p)
is the estimated variance of population size estimator obtained based on the
‘true’ phase II sample. Coverage rates of confidence intervals constructed
using the percentile method were too high for the selection rule. Cover-
age rate of the 95% confidence interval constructed using procedure I and
the percentile method was low. We saw later when we combined bootstrap
procedures in phase I and phase II, based on another simulated population,
coverage rates of confidence intervals constructed using the percentile method

were reasonable for the selection rule and much lower for procedure I.

When sighting probabilities are not known and estimated via logistic re-
gression, we used the simulated population (the composite raw data from
Pennsylvania) of 107 groups and size 834 elk with (5.2.2) as the true sighta-
bility model. In addition to using the percentile method, we constructed a
bootstrap confidence interval based on the assumption that log(7, — 73) is
normally distributed, where 7, and 7}, are the population size estimate and
the number of animals seen of a bootstrap phase Il sample. We saw that
when both nonparametric and parametric procedures in phase I are com-
bined with the selection rule in phase II, observed coverage levels are not
significantly different from nominal levels. All other bootstrap confidence

intervals have coverage rates 5 — 10% lower than nominal levels. We also
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see that intervals constructed using the nonparametric procedure in phase
I were longer on average and coverage rates have improved but are still low
when confidence intervals are not constructed using the selection rule with
the percentile method . We observed that for using the parametric procedure
in phase I, among those intervals that did not cover the true population size,
majority of them have an upper bound lower than the true population size

(see parenthesized numbers next to coverage rates).

We observed that possibly larger phase 1 and I samples are needed to ob-
tain a bootstrap t confidence interval of reasonable coverage. With smaller
phase I and II samples, the bias correction method of Efron (1987) with an
acceleration constant may provide improved bootstrap intervals constructed
by the percentile method and by assuming that log(7 — 7') is normally dis-
tributed using a smaller sample. This improved bootstrap bias-correction
method is called the BC, method. Efron (1987) has proved and demon-
strated that the BC, method gives second-order correct (asymptotically in
Edgeworth expansion) intervals under reasonable conditions. He also gave
examples where the BC, endpoints match those of the corresponding ex-
act intervals. However, he also showed that if this second-order accuracy is

desired, it requires a lot more bootstrap replications, on the order of 1000.

For a preliminary result of Efron’s bias correction method, we simulated 100

pairs of (1,1) phase [ and II ‘true’ samples and for each pair of phase I and II sam-

ples, we ran b = 3000 bootstrap iterations with the parametric method in phase

I and both bootstrap . We estimated the acceleration constant a by taking one

sixth of the estimated skewness of the 3000 population size estimates constructed

based on bootstrap phase I and II samples. We restricted the acceleration con-
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stant and the bias correction constant z to between —0.2 and 0.2 (Efron, 1987).
The simulation results are in Table 6.6.

Table 6.6 True population size coverage rates of 100 bias-corrected BC, confidence intervals
constructed based on 100 pairs of (1,1) ‘true’ phase I and phase II samples for the composite
data of M = 107 groups and size 7 = 834 from Pennsylvania with (5.2.2) as the true model,

using 500 bootstrap iterations.?

Parametric procedure of Phase I with

Confidence Level
Using log(7 — T")

Phase 11  method 90 95 90 95
Procedure 1 91.0(3.0) 96.0(2.0) | 80.0%(8.0) 90.0*(5.0)
Average interval width 2563 3290 834 1316
Selection Rule 92.0(2.0) 96.0(2.0) | 80.0%(8.0) 90.0%(5.0)
Average interval width 2604 3332 822 1280

Coverage rates of confidence intervals constructed using the percentile method
using procedure I in phase I have improved and are now not significantly different
from nominal levels. For confidence intervals constructed with the assumption
that log(7 — 7") is normally distributed, coverage rates did not improve. For all
confidence intervals, average lower bounds are much larger than those without bias
correction. At least half of those confidence intervals that did not cover the true
population size have lower bounds larger than the true population size. Average
upper bound and average interval width of confidence intervals constructed using
the percentile method are much larger (up to a couple of thousands) than those
without bias correction. It looks like upper bounds constructed using this bias
correction are blown up too much. For those constructed with the assumption
that log(7 —T') is normally distributed, average upper bound and average interval
width are a few hundreds larger than those without bias correction. We noticed

that average lower bound constructed with the normal distribution assumption

4Coverage rates with x are different from actual levels at 0.05 level of significance as they
are not within 90% 4 6% and 95% +4.4%, respectively. Numbers in parentheses are percentages
of intervals with an upper bound lower than the true population size.
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are higher (about 40 more) and average upper bound are much lower than (about
half) those constructed without the normal distribution assumption. Therefore,
in this case, lower bounds need to be adjusted lower and upper bounds need to be
blown up a little bit more to have a better coverage rate of the true population

size.
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7. LOGISTIC MODEL SELECTION FOR UNKNOWN SIGHTING
PROBABILITIES

7.1 Introduction

When sighting probabilities are unknown, we assume that a useful sightability
model is a logistic model defined in (2.1.3). Although in reality the true model is
much more complex than any other fitted model can be, we want to fit a logistic
model that is not only useful and suitable but also parsimonious. This involves
choosing appropriate independent variables and in some cases, transforming some
or all of those independent variables. Some conventional measures for logistic
model selection are the AIC (Akaike Information Criteria), Likelihood Ratio test
and p-values for hypothesis testing specified parameters are zero.

Group size and percent vegetation cover were found to be influential indepen-
dent variables in 3 elk sightability data sets (Colorado Department of Wildlife,
Pennsylvania Game Commission and Idaho Department of Fish & Game). How-
ever, use of the natural log of group size might give a better fit (Samuel et. al.,
1987). In view of this, for the simulation study in chapter 5, we have used sighta-
bility model (5.2.1) with group size and model (5.2.2) with natural log of group
size for both the simulated population of M = 116 groups and size 7 = 866,
and the composite data of M = 107 groups and size 7 = 834 which is labeled as
population Penn (see section 5.2). We use these simulated populations again for
our simulation study of logistic model selection.

During estimation of sightability model in our simulation study, we consider

the full model (with all 3 independent variables) and 2 one-predictor models with



group size (or natural log of group size) and percent vegetation cover as the only
independent variable. This is because it was found that group size and percent
vegetation cover are two influential independent variables. We will refer to both
one-predictor models as the short models. In addition to comparing AIC, we
want to diagnose the adequacy of all three models by evaluating the performances
of asymptotically unbiased estimators of the population size and the variance
of the population size estimator in terms of bias relative to the expected value
and variance of the population size estimator. We will also compute the bias of
estimated variance of the population size estimator relative to the observed or
sample variance of simulated population size estimates. Confidence intervals for

population size will also be constructed as described in section 5.1.2.

7.1.1 Expectation and covariance matrix of estimated parameters when
the fitted model is simpler than the full model

When sighting probabilities are unknown and are estimated using logistic
regression, error components of variance of the population size estimator presented
in chapters 2 and 3 were derived under the assumption that the fitted model is
the full model and E((:)) = O (asymptotically). Under this assumption, the
population size estimator and the estimator of each error component of variance
of the population size estimator stated in chapters 2 and 3 are (asymptotically)
unbiased. Fitting a simpler model than the full model, such as the short model,
violates this assumption because we may not have E(,B) = B3, where 3 are true
the parameters. When B is biased, our population size estimator will no longer
be unbiased. Also, our expressions for the error components of variance of the
population size estimator may be incorrect and hence, the estimator for each error
component may no longer be unbiased.

When, say, a short model is fitted to a phase I sample, to derive theoretically

the bias and the mean-squared-error in estimating the population size relative to
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fitting a full model, we need to know E(3) and cov(3). If we have expressions for
expectation and covariance matrix of the estimated parameters, we will be able
to derive approximate expectation and variance of the population size estimator
using the delta method. Derivation of E(,B) and cov(B) will not be as direct as that
for linear models because for logistic models, estimated parameters obtained by
maximizing the likelihood function are iterative reweighted least square estimates.
So, E(B) will also be obtained iteratively.

From (4.32) in Agresti (1990), the iterative expression for obtaining B! of

the (¢ 4+ 1)™ iteration is
AU = B+ (XVTIOX) X (y — m), (7.1.1)

where X is the matrix of covariates, V~1(*) is the diagonal matrix with {gJ(-t)(l —
gj(»t))} on the diagonal, y is the vector of indicator functions Z; of the j group
in a phase I sample and m® is the vector of {g](t)}. Recall that g; is the sighting
probability of the j group in a phase I sample and Z; is 1 if the j group is
sighted and 0 otherwise. So gj(t) is the estimated sighting probability of the j*

t'" iteration. In our simulation study, the

group obtained based on 8% of the
matrix of covariates for fitting the full model is X = (1,21, 2;2,2,3)L, where
xj 1=group size or natural log of group size, z; ;=behavioral code and z; 3=percent
vegetation cover (see (5.2.1), (5.2.2)) of the 5 group while the matrix of covariates
for the short models are X = (1,z;,) and X = (1,z;3). The expectation of (7.1.1)
is

B(B)) = E@)® + (X'VOX) X (B(y) - m®),  (7.1.2)
where E(y) is the vector of E(Z;) = g;. With the same initial values and conver-

gence criteria procedure LOGISTIC in SAS used for obtaining B by convergence

of (7.1.1), we obtain E(B) by convergence of (7.1.2). The estimated covariance
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matrix cov(B) of estimated parameters of a fitted model is
cov(B) = (X'VIX) I X'V HEX(X'VTLX) ! (7.1.3)

where V! is the diagonal matrix with {g;(1 — g;)} on the diagonal such that
g; is the estimated sighting probability obtained based on E(,B) and V= is the
diagonal matrix with {g;(1 — g;)} as diagonal elements. If we fit the full model,
(7.1.2) will converge to the true parameters. Also, V1) will converge to V=1
and thus, (7.1.3) will reduce to cov(8) = (X'V-*X)~!, the estimated covariance
matrix of estimated parameters of a fitted full model. We have therefore derived
expressions to obtain E(f) iteratively and c’o\v(bga) for estimated parameters 3

of a fitted model simpler than the full model.

1.1.1.1 Simulation study

~

We evaluated, for the short models, the performance of F(3) obtained from
(7.1.2) and é&v(B) obtained from (7.1.3) by comparing their values to the average
of 1000 estimated parameters and the sample covariance matrix of these estimated

parameters obtained based on k£ = 1000 simulated phase I samples. We considered

the four simulated populations we used in chapter 5. They are :

e (1)The simulated population of M = 116 groups and size 7 = 866 with

sightability model (5.2.1) as the true model,

e (2)The simulated population of M = 116 groups and size 7 = 866 with

sightability model (5.2.2) as the true model,

¢ (3)The simulated population of M = 107 groups and size 7 = 834 with

sightability model (5.2.1) as the true model,

e (4)The simulated population of M = 107 groups and size 7 = 834 with

sightability model (5.2.2) as the true model.
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As in chapter 5, we considered the case of a complete census of primary units
(see section 3.2.2). Each phase I sample is obtained with 1 complete pass through
the simulated population. For fitting the short models, the following tables show
the bias (%) of E(B) relative to (E;, E:), the average of 1000 (E,,E), for all 4

simulated populations. In other words, we compute (M> 100. Results in

short model and and

v‘m)

Table 7.0A are for fitting the group size (or log(group size)

results in Table 7.0B are for fitting the vegetation cover short model.

Table 7.0A  Considering the short model of taking the group size or the natural log of group
size as the only predictor, bias (%) of E(ﬁ) obtained from computing (7.1.2) iteratively,
relative to the average of 1000 estimate parameters obtained based on 1000 phase I samples

Simulated population E([AB) (ao,ﬁl) Bias(E(,B),,a)
Average of 1000 (Bo,ﬁl)

I (—0.3254,0.0963) | (—0.3512,0.1018) (7.35, —5.40)

(—0.6256,0.6532) (—0.6321,0.6644) (1.03,—1.69)

3 (—0.5831,0.1232) | (—0.6148,0.1318) (5.16, —6.53)

4 (—1.0593,0.8709) | (—1.0791,0.8852) (1.83, —1.62)

Table 7.0B  Considering the short model of taking the percent vegetation cover as the
independent variable, bias (%) of E(,B) obtained from computing (7.1.2) iteratively, relative to
the average of 1000 estimate parameters obtained based on 1000 phase I samples

Simulated population E(B) (Bo, B1) Bias(E(B), B)
Average of 1000 (ﬁo,al)
(1.5187, —0.0306) (Z2.23,2.99)
(1.5286,—0.0301) (—1.95,1.66)
(2.0526, —0.0439) (—2.57,2.51)
(2.0477,—-0.0440) (—2.36,2.96)

(1.4849, —0.0297)
(1.4988,—0.0296)
(1.9999, —0.0428)
(1.9994, —0.0427)

=N =

In Table 7.0A, standard errors of the average of 1000 estimated parameters are
0.0077,0.0095, 0.0088, 0.0106 for 3 and 0.0010, 0.0056, 0.0013, 0.0063 for 3, for the
4 simulated populations respectively. In Table 7.0B, standard errors are 0.0110519,
0.0110807,0.0131172,0.0125918 for [y and 0.00027701,0.00021242,0.00023082,

0.000284954 for 3, respectively. We can see from above tables that E(/3 ) was very

close to the average of 1000 estimated parameters. The largest bias was 7.35% of Bo
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in Table 7.0A. We will not list the bias of cov(3) obtained from (7.1.3) with respect
to the sampling covariance matrix of 1000 (BO,BI). We observed that C/o\v(,a) was
fairly close to the sampling covariance matrix in terms of bias. In Table 7.0A, bias
is less than a two tenth of the (observed) standard deviation of the estimate, i.e.
IE— E(B;)|/o(fB:) < 0.2 for i = 0,1. In Table 7.0B, |E—— E(B)|/a(3:) < 0.15 for
t = 0.1. According to Cochran’s (1977) working rule, the bias is at most modest.

We will use those values of E(,a) and c/oT/([Ai) we obtained to compute ap-
proximate values for E(7.r), the expectation of population size estimator, and
var(7rr), the variance of population size estimator, of fitting the short models.
We could then compute approximate values of the bias and the mean-squared-

error (= var(7Lr) + bias®) in estimating the population size of fitting a short

model relative to a full model.

7.1.2 Expectation and variance of the modified Horvitz-Thompson es-
timator when the fitted model is simpler than the full model

Consider the special case of a complete census of primary units. When a

short model is fitted based on a phase I sample, the expectation and variance of

the modified Horvitz-Thompson population size estimator (see (3.2.5)) are

M
E(fLr) =) 9;y;E(0;), (7.1.4)
J=1
and
M _ M g N
var(fLr) = Zvar(ijj(-)j) - Z cov(Z;y;0;, Zyj O ;)
J=1 J#£5’
M N _ M o
= 3 [o5var(®;) +9;(1 - 6,)(E(6,))| + 3 gjgjcov(®;,6;),  (7.1.5)
J=1 VeSS

where ©; = 1/G; =1+ e~ X B-XEx12 G ch that B are estimated parameters of a

fitted short model and ¥ is the covariance matrix of the estimated parameters. We
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will use the delta method to derive approximate expressions for E(0;), var(0;)
and cov(0;,0;/) in terms of £(B) and 2.

To begin with, we assume that ¥ & ¢ov(8) and so, our task is reduced to de-
riving approximate expressions for E(e"x3'3), var(e‘xg'@) and cov(e‘xé'@, e_x;”@).

With Taylor’s expansion to the first order, we obtain

E(e™P) m e EB(1 4 x5x,/2),

var(e_xgﬂ) RS e_zxsE(ﬂ)x;Exj,

and

cov(e_";ﬂ, e—x;”@) R e"(xJ"’xJ’)E('B)x;ij:.
Thus, we have

E®;) ~ 1+ e SEB-x5x/2q X, 5x;/2),

var(0;) ~ e‘zx}E(ﬂ)_"gz"fx;ij,

and

~

cov(B;,Bp) s ¢~ OV BB -x) By, By ] X/ 1.
We used the value of £(3) obtained from the convergence of (7.1.2) and let ¥ ~
C/(F/([Ai) obtained from (7.1.3) for above approximate expressions. We then used
these approximate values for (7.1.4) and (7.1.5) to obtain approximate values of
E(7r) and var(7pr). These results can be extended easily to the case of simple
random sampling of primary units in chapter 2 and the other 2 special cases in
chapter 3. In expressions of E(0;), var(0;) and cov(0;, @);), simply replace ©;
and z; by ©;; and z;; where subscript i indices the primary units. Note that

we did not find approximate expressions for individual error components of the

variance of the population size estimator.
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7.2 A simulation study

Consider the case of a complete census of primary units. For each simulated
population, we generated k = 1000 (ry,r2) = (1,1) population estimation trials.
In other words, for each population estimation trial, we make r; = 1 complete
pass through the population to obtain a phase I sample and r, = 1 complete
pass through the population to obtain a phase Il sample. Based on the phase I
sample, 3 estimated sightability models (fitting the full and both short models)
are obtained. Then, with each fitted model and the phase II sample, we compute
population size estimates (see (3.2.5)). Along with each population size estimate,
we compute estimates of both error components (see (3.2.7) and (3.2.9)) and thus,
estimated variance var(7pr) of the population size estimator. For each simulated
population, we also computed approximate values of E(7,r) and var(7,r) for the
short models. As we did not have explicit expressions for the two error compo-
nents, we will not evaluate their performances. We evaluate the performance of
E(7Lr) by computing its biases (%) relative to the true population size 7 and
relative to the average of 1000 population size estimates. We evaluate perfor-
mances of the estimated variance var(7r) and the approximate variance var(71r)
by computing their bias relative to the sample variance of 1000 population size

estimates.

7.3 Simulation result

Approximate values of F(7pg), var(7,r) and averages of 1000 simulated esti-
mates of the population size, 77, and 1000 estimated variances of the population
size estimator, var(7yg), are tabulated in Tables 7.1A, 7.2A, 7.3A and 7.4A for
4 simulated populations respectively. As in chapter 5, notation bias(z,y) de-
note the bias (%) of x relative to y, i.e. x—;“lOO%. Coverage rates of 90% and

95% nominal confidence interval estimates for population size are tabulated in
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Tables (7.1B,7.1C), (7.2B,7.2C), (7.3B,7.3C) and (7.4B,7.4C) respectively. In
all tables, we use labels full, group and veg to refer to fitting the full and
both short models. In Tables 7.1A, 7.2A, 7.3A and 7.4A, we listed the ra-

tios |TLr — T|/\/observed var(7rr)| and |E(7LR) — fLR[/\/observed var(7.r)|. By
Cochran’s (1977) working rule, the first ratio is to evaluate the bias of the pop-
ulation size estimate relative to the true population size and the second ratio is
to evaluate the bias of the approximate value of E(7.g) as an estilﬁate of the
expected population size estimate. We also listed the approximate estimated
mean-squared-error (MSE = var(7,r) + (71 — 7)?) of estimating the population
size based on a fitted short model.

In Tables 7.1A, 7.2A, 7.3A and 7.4A, we see that fitting the short model group
with group size as the only predictor gave a population size estimate as good as
fitting full, the full model. Largest bias was only —1.28% and the ratio |7,r —
7|/v/observed var was 0.14 in Table 7.2A for estimating the population size 7 =
866 of the simulated population of M = 116 groups, with sightability model
(5.2.2) as the true model. According to Cochran’s (1977) working rule, the bias
of 7rr relative to the true population size 7 is at most modest. Standard errors
(parenthesized numbers right next to the average population size estimate) of the
mean of 1000 population size estimates were also smaller than (about half) their
respective values of fitting the full model. The sampling or observed variance of
1000 simulated population size estimates were about a third of that fitting the
full model in Tables 7.1A, 7.2A, about a sixth of that fitting the full model in
Table 7.3A and about a fourth of that fitting the full model in Table 7.4A. These
smaller sampling variances in Tables 7.1A, 7.3A and 7.4A were even smaller than
those obtained from fitting a full model with a (4,2) or a (4,4) (see obs var(7.r))
under (4,2) or (4,4) in Tables 5.3A, 5.10 and 5.13 respectively). The sampling

variance 5997.14 under the short model group in Table 7.2A was a little larger
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(about 15%) than the sampling variance 5081.78 in Table 5.7A obtained from
fitting a full model with a (4,2). The approximate estimated mean-squared-error
or MSE of fitting the short model group were also much smaller than that of
fitting the full model.

The other short model veg with percent vegetation cover as the only predictor
did not perform well. Population size was severely overestimated. The least bias
was 33.50% in Table 7.2A. Standard errors of the mean of 1000 population size
estimates were larger than (about 1.5 times) their respective values of fitting the
full model. All ratios |71,z — 7|/ observed var were above 1.0 indicating that the
bias of estimating the true population size with 77 is significant (Cochran, 1977).
Cochran (1977) stated that when this ratio is more than 0.5, it is not strictly
correct to compare the M SE. Instead, one should just compare the variances for
evaluating the precision of the population size estimator. So, we will not compare
the MSE of the veg model to that of the full model. Instead, we noticed that all
var(7rr) and sampling variances for fitted short model veg were very much larger
than those obtained for fitted full model.

We have explained in section 7.1.1 that expressions (3.2.6) and (3.2.8) might
not be the expressions for true error components of fitting a short model and
estimators stated in (3.2.7) and (3.2.9) may no longer be unbiased. When we
measure the bias of the estimated variance var(7pgr) relative to the sample or
observed variance ovar, i.e. bias(Var,observedvar), for both short models, we
see that there are signs of overestimation. The overestimation of the sampling
variance for fitting both short models indicates that our expression for var(7r)
as a sum of (3.2.7) and (3.2.9) could be biased and overestimated the true variance
of population size estimator when fitting a short model.

For fitting the short model veg, var(71r) severely overestimated the observed

variance. Nominal levels of confidence interval estimates constructed based on the
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Table 7.1A Simulation results of k¥ = 1000 (1,1) population estimation trials of the
simulated population of M = 116 groups and size 7 = 866 with sightability model (5.2.1) as
the true model, fitting the full model and both short models to each phase I sample!

Model
Statistic full group veg
TLR 874.4(4.2) 858.1(2.2) 1267.2(6.3)
bias(%LR, T) 1.0 —0.9 46.3
E(7LR) 866 862.6 1256.7
bias(E(TLr), TLR) —1.0 0.5 —-0.8
bias(E(7Lr), T) - -0.4 45.1
var(7pr) 15415.2(1288.7) 5609.2(80.2) 86143.1(2491.3)
observed var(7Lg) 17877.1 5015.4 40347.7
bias(var, observed var) —-13.8 11.8 53.2
var(7LR) 14644.7 4403.5 30568.9
bias(var(7r), observed var) —18.1 -12.2 —24.2
|7Lr — 7|//observed var 0.06 0.11 1.99
|E(7Lr) — TLr|/Vobserved var 0.06 0.06 0.05
MSE 14715.1 4466.1 191529.4

Table 7.1B True population size coverage rates of 1000 confidence interval estimates of 90%
confidence level for population size 7 = 866 of the simulated population of M = 116 groups
with sightability model (5.2.1) as the true model®

Model TLR InT R =12 71 F=38/2 Tlog Tig2
Sfull  86*(408) 85%(412) 85*(419) 84*(432)  83*(450) 84*(427) 83*(478)
group  89(246) 89(247) 89(249) 90(251) 90(255) 90(251) 91(265)

veg  T6*(966)  43%(989) 33%(1039)  26%(1130) 21*(1292)  18%(1001)  13*(1102)

Table 7.1C True population size coverage rates of 1000 confidence interval estimates of 95%
confidence level for population size 7 = 866 of the simulated population of M = 116 groups
with sightability model (5.2.1) as the true model®

Model TLR In7r Fe F1 F-ls Tlog Tiga
full  89%(487)  90%(493) 91%(506)  90*(527)  90*(561) 90%(529) 90*(594)
group  93%(294) 94(295)  94(298) 95(303)  95(309) 95(305) 96(321)

veg  97T*(1151)  68%(1191) 55+%(1279)  44*(1449) 34*(1817)  32%(1235)  22%(1360)

'All estimates shown here are averages of 1000 simulated estimates. Bias is in %. Numbers
in parentheses are standard errors of the mean of 1000 simulated estimates.

2Coverage rates with x are different from nominal levels at 0.05 level of significance as they
are not within 90% =+ 2% and 95% % 1.4%, respectively. Numbers in parentheses are estimated
expected interval widths
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Table 7.2A Simulation results of £ = 1000 (1,1) population estimation trials of the
simulated population of M = 116 groups and size 7 = 866 with sightability model (5.2.2) as
the true model, fitting the full model and both short models to each phase I sample®

Model
Statistic Sfull group veg
TLR 866.3(4.2) 854.9(2.5) 1156.1(6.1)
bias(7Lr, T) 0.1 -1.3 33.5
E(7LR) 866 861.5 1162.5
biaS(E(f'LR),f'LR) —-0.1 0.8 0.6
bias(E(7LRr), T) - —0.5 34.2
var(7pr) 17946.1(1314.6) 7065.5(92.3) 55038.2(1876.0)
observed var(71r) 17952.9 5997.1 36780.9
bias(var, observed var) -0.1 17.8 49.6
var(7Lr) 16183.9 5606.3 31579.3
bias(var(7r), observed var) —9.8 —6.5 —14.1
|7Lr — 7|/Vobserved var 0.002 0.14 1.51
|E(7LRr) — TLR|/Vobserved var 0.002 0.09 0.03
MSE 16184.0 5729.3 115748.9

Table 7.2B True population size coverage rates of 1000 confidence interval estimates of 90%
confidence level for population size 7 = 866 of the simulated population of M = 116 groups
with sightability model (5.2.2) as the true model *

Model TLR In7Lp s e gy oy Tiga

Full 83%(441)  83%(446) B83%(456)  83*(471) B83%(495)  84*(462)  85%(524)
group 89(277)  90(277)  90(280)  91(284)  92(289) 92(283) 92(300)
veg  BI*(772)  57%(786) 5I1*(816)  46%(869) 42%(954)  33%(798)  40*(869)

Table 7.2C True population size coverage rates of 1000 confidence interval estimates of 95%
confidence level for population size 7 = 866 of the simulated population of M = 116 groups
with sightability model (5.2.2) as the true model*

Model TLR In7zp g o Tiga
full89%(525)  89*(533) 90%(550)  90%(579) 90*(623)  91%(576)  91%(653)
group 94(330)  95(331)  95(335) 95(342)  95(352) 96(344) 96(365)

veg  96(920)  78%(944) 67%(997)  58%(1092) 53*(1271)  51%(981)  43%(1070)

3All estimates shown here are averages of 1000 simulated estimates. Bias is in %. Numbers
in parentheses are standard errors of the mean of 1000 simulated estimates.

4Coverage rates with x are different from nominal levels at 0.05 level of significance as they
are not within 90% 4 2% and 95% + 1.4%, respectively. Numbers in parentheses are estimated
expected interval widths
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Table 7.3A Simulation results of £ = 1000 (1,1) population estimation trials of the
simulated population of M = 107 groups and size 7 = 834 with sightability model (5.2.1) as
the true model, fitting the full model and both short models to each phase I sample®

Model
Statistic Sfull group veg
TLR 838.2(5.1) 825.9(2.1) 1169.8(6.9)
bias(7Lr, T) 0.5 -1.0 40.2
E(7LR) 834 835.2 1167.9
biaS(E(TLR) TLR) —-0.5 15 —0.2
blas( TLR) ) o 0.2 40.1
var(7pr) 24006.9(3246.5) 5001.2(67.6) 38716.1(2318.0)
observed var(7Lg) 26329.0 4169.9 48065.2
bias(var, observed var) —8.8 19.9 71.8
var(7Lr) 18684.5 3732.3 37821.3
bias(var(7r r), observed var) —29.0 —10.5 —21.3
|7r — T|/Vobserved var 0.03 0.12 1.53
|E(7Lr) — TLRr|/Vobserved var 0.03 0.14 0.01
MSE 18702.0 3797.2 150562.8

Table 7.3B True population size coverage rates of 1000 confidence interval estimates of 90%
confidence level for population size 7 = 834 of the simulated population of M = 107 groups
with sightability model (5.2.1) as the true model ©

Model LR In7Lp e : g o Tigo
Jull 80%(510)  80*(518) 79%(534)  79%(562) 78%(605)  80*(548)  83*(670)
group 90(233)  91(233) 91(235)  91(238)  91(241) 92(238) 92(251)
veg  91(647)  59*(655) 50*(673)  42*(701) 38*(744)  26*(663)  34*(704)

Table 7.3C True population size coverage rates of 1000 confidence interval estimates of 95%
confidence level for population size 7 = 834 of the simulated population of M = 107 groups
with sightability model (5.2.1) as the true model®

Model TLR Intr = #=4 flag Tig2

Full  83%(607)  84*(621) 84%(650)  84*(699) 85~(786)  89*(701)  90*(857)
group 93%(277)  95(278) 96(281)  96(285)  96(291) 96(289) 96(305)
veg  99%(771)  83%(785) 69%(815)  58%(866) 50*(949)  46*(807)  37%(857)

All estimates shown here are averages of 1000 simulated estimates. Bias is in %. Numbers
in parentheses are standard errors of the mean of 1000 simulated estimates.

6Coverage rates with x are different from nominal levels at 0.05 level of significance as they
are not within 90% 4 2% and 95% % 1.4%, respectively. Numbers in parentheses are estimated
expected interval widths
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Table 7.4A Simulation results of k¥ = 1000 (1,1) population estimation trials of the
simulated population of M = 107 groups and size 7 = 834 with sightability model (5.2.2) as
the true model, fitting the full model and both short models to each phase I sample”

Model
Statistic full group veg
o 8409(4.3)  830.6(2.1) 1128.5(6.8)
bia,S(‘f'LR, T) 0.8 —-0.4 35.3
E(TLRr) 834 835.6 1125.0
bias(E(7Lr), TLR) -0.8 0.6 -0.3
bias(E(LRr), T) i 3.5 30.3
var(fLp) 19677.1(1719.2) 6044.8(75.9) 67114.7(3498.2)
observed var(7.g) 18116.3 4347.4 46034.7
bias(var, observed var) 8.6 39.1 45.8
var(7LR) 16939.1 4085.8 36414.7
bias(var(7Lr), observed var) —6.5 —6.0 -20.9
|7Lr — 7|/ observed var 0.05 0.05 1.37
|E(7Lr) — TLR|/VObserved var 0.05 0.08 0.02
MSE 16986.5 4097.6 123133.2

Table 7.4B True population size coverage rates of 1000 confidence interval estimates of 90%
confidence level for population size 7 = 834 of the simulated population of M = 107 groups
with sightability model (5.2.1) as the true model ®

Model TLR In7L g =172 71 o3 Pz Tiga
full  82%(462)  83%(467) 84*(479) 84%(499) 83%(529) 85%(490) 86*(576)
group  93(256) 94(256)  95(258) 94(262)  94(266) 94(262) 94(279)

veg  89(852)  64*(873) 56+(916)  49+(994) 43*(1134)  39+(889)  33%(996)

Table 7.4C True population size coverage rates of 1000 confidence interval estimates of 95%
confidence level for population size 7 = 834 of the simulated population of M = 107 groups
with sightability model (5.2.1) as the true model®

Model TLR InTLgr =172 =1 7=3/2 Tlog Tig2

Full  87%(550)  89*(560) 90%(580)  90%(616)  90*(674) 92%(618) 92%(726)
group  96(305)  97%(306) 97%(310)  98%(316)  98*(323) 97%(319) 97+(339)
veg  99*(1016)  83%(1050) 72*(1126)  64*(1273) 57+(1586)  52%(1104)  43*(1236)

TAll estimates shown here are averages of 1000 simulated estimates. Bias is in %. Numbers
in parentheses are standard errors of the mean of 1000 simulated estimates.

8Coverage rates with % are different from nominal levels at 0.05 level of significance as they
are not within 90% =+ 2% and 95% =+ 1.4%, respectively. Numbers in parentheses are estimated
expected interval widths
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sampling distribution of 7;,r were too high. On the other hand, due to the severe
overestimation of the population size, nominal levels of approximate confidence
interval estimates constructed based on transformations of population size esti-
mates were too low (see coverage under veg in Tables (7.1B,7.1C), (7.2B,7.2C),
(7.3B,7.3C), (7.4B,7.4C)). Very often, lower bounds of confidence interval esti-
mates constructed from natural log and reciprocal transformations of population
size estimates, and assuming that In(7 — 7") is normally distributed were greater
than the true population size. Since these confidence intervals were so much
shifted to the left (to larger values), coverage rates for the true population size
were poor even though these confidence intervals were wider than those of fitting
the full and group models.

For fitting the short model group, nominal levels of confidence interval es-
timates were good compared to fitting the full model in Tables (7.1B,7.1C),
(7.2B,7.2C), (7.3B,7.3C) when bias(var, observedvar) was no more than 20%. The
nominal levels under group in Table (7.4B,7.4C) were a little too high when
bias(var, ovar) was 39.05%. Under the fitted group model, average population
size estimates were about the same and average estimated variances were < 1/3
of those obtained from fitting the full model. Confidence interval estimates were,
therefore, shorter than those of fitting the full model and yet, coverage rates were
so much closer to or even higher than nominal levels.

For both short models, the approximate value of E(7.r) computed from
(7.1.4) was very close to the average of 1000 simulated population size esti-
mates. The largest bias was 1.11% of group in Table 7.3A and the ratio |E(71r) —
#1r|/Vobserved var was about 0.14, less than a 0.2. According to Cochran’s 1977)
working rule, the bias is at most modest. This implies that the approximate value
of E(7r) could give us an idea of how close the population size estimate obtained

based on a fitted short model is to the population size estimate obtained based on
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a fitted full model. For the short model group, the approximate value of var(77r)
was quite close to the observed variance. The largest bias was —12.2% in Ta-
ble 7.1A. For the short model veg, the approximate value of var(7,r) was about
20% less than the observed variance. This large bias could mean that we need

a higher order Taylor’s series when applying the delta method to obtain var(©;)

~

and cov(0;,0;). The large bias could also indicate that the value of ¢ov(3)
computed from (7.1.3) using E(B) was not close enough to the true covariance
matrix. Further, note that our simulation study was based on (1,1) of the sim-
ulated population. Increasing the phase I and phase II sample size reduces the
noise in simulation (as observed in chapter 5) and in turn, may reduce this bias.
Still, the approximate value of var(7;r) could at least give us some idea of how
much the variance of the population size estimator based on a fitted short model
would be.

We also compared the AIC’s of all 3 fitted models. We have randomly chosen
10 (out of & = 1000) phase I samples for each simulated population. Based on
these 10 chosen phase I samples, the AIC’s of all three estimated models are pre-
sented in Tables 7.5, 7.6, 7.7 and 7.8 for the 4 simulated populations respectively.

Table 7.5 AIC’s of estimated full and short models based on 10 randomly chosen (out of

k = 1000) phase I samples of the simulated population of M = 116 groups with sightability
model (5.2.1) as the true model

Sample full group wveg
1 105.6 151.6 151.8

2 114.2  152.3 140.6
3 118.3 158.1 144.5
4 113.4 148.7 142.3
) 126.6 160.4 143.0
6 129.1 1453 153.5
7 106.1 145.7 140.7
8 111.8  139.7 129.3
9 131.1 144.7 158.7
10 132.4 160.3 140.2
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Table 7.6 AIC’s of estimated full and short models based on 10 randomly chosen (out of
k = 1000) phase I samples of the simulated population of M = 116 groups with sightability
model (5.2.2) as the true model

Sample full group wveg
if 102.3 147.3 129.1
1119 1544 143.8
121.5 152.8 150.3
122.0 152.0 138.6
128.1 151.8 151.0
88.6 149.5 148.7
122.8 150.9 137.5
120.0 154.9 149.1
136.8 158.4 137.3
105.1 150.5 143.8

O 00O O Wi

—
o

Table 7.7 AIC’s of estimated full and short models based on 10 randomly chosen (out of
k = 1000) phase I samples of the simulated population of M = 107 groups with sightability
model (5.2.1) as the true model

Sample full group wveg
1 104.3 135.7 121.1

2 90.5 1254 120.3
3 82.0 1229 1174
1 95.0 127.6 122.1
5 106.0 133.3 124.1
6 124.2 1452 133.6
(4 91.0 140.0 110.6
8 106.9 137.5 113.1
9 109.7 141.3 128.2
10 80.3 144.8 113.2

Table 7.8 AIC’s of estimated full and short models based on 10 randomly chosen (out of
k = 1000) phase I samples of the simulated population of M = 107 groups with sightability
model (5.2.2) as the true model

Sample full group weg
1 91.7 1349 121.1
2 87.7 136.6 101.5
3 91.2 1319 123.7
4 85.7 113.2 126.7
5 110.9 133.6 129.5
6 123.4 140.1 129.0
ff
8
9

111.3 136.1 124.0
103.6 132.9 131.5
101.4 1342 121.4
10 944 136.5 111.2




As we can see in each table, for all 10 chosen phase I samples of the simulated
population, the AIC of fitting the full model is much less than the AIC of fitting a
short model. Also, for all except sample no. 9 in Table 7.6, p-values of hypbthesis
tests (Wald statistics) of estimated coefficients of group size and vegetation cover
are significant at 0.05 level. Thus, both conventional measures suggested that we
should use the full model. Between the two short models, all except samples no.
1, 6,9 in Table 7.5 and sample no. 4 in Table 7.8 suggested that we should choose
veg over group. Both AIC and the Wald-statistic had selected the full model (or
the correct model) as the best (or the most parsimonious) model that explains
the variation in sighting probabilities. On the contrary, our simulation results
indicated that the short model (or the wrong model) group has done better than
the full model with a much higher precision (a smaller observed variance of the
population size estimator) in estimating the population size and with confidence

interval estimates of coverage rates close to or even higher than nominal levels.

7.4 Discussion

To get a further insight of the model selection problem, we plotted, using
frequencies, percent vegetation cover versus group size for the composite data of
M = 107 groups in figure 7.1. The scatter plot for the simulated population of
M = 116 groups is similar and so, it will not be displayed.

In Table 7.5, the data are first sorted by percent vegetation cover and then by
group size within each category of percent vegetation cover. In Table 7.6, the data
are first sorted by group size and then by percent vegetation cover within each
category of group size. In both Tables 7.5 and 7.6, the column labeled PROBF
refers to sighting probabilities determined by model (5.2.2). In Table 7.7, groups
are listed in ascending order of group size. Note that values of behavorial code and

percent vegetation cover were not listed in Table 7.7 and our variable of interest is
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group size. The first column, labeled OBS, numbers the groups. Group sizes are
listed in the second column labeled GROUP, followed by PROBF, and PROBG
which are sighting probability determined by the fitted short model group. In the
fourth column, labeled PROBYV, are sighting probabilities determined by the fitted

short model veg. The last 2 columns, labeled RG and RF, are %PROBF and

GROUP
PROBV

to the group size listed in column GROUP if PROBG or PROBV is approximately

PROBF, respectively. Values of RG or RF should be approximately equal

equal to PROBF. So, comparing values of RG and RF as estimates of group sizes
to respective true group sizes in column GROUP would help us to evaluate the

fitted short models.

95, 1 1

901 1 11 1 1

851 11

80y 21 11 1
701 311111 1

60 114 11 1 1
501 2 11 121 1

400 31 12 1

percent vegetation cover

351 2
30 234 1 1 2
25 1 211 1 1
200 2 3 2 111 1
101 2 111 3 121 1 1 1
sj 1
0 11 1 1 11 1
1 35 7 91113 16 1921 24 2729 31 34 43
group size

Fig. 7.1 Freq plot of group size versus veg cover for the composite raw data of

107 groups from Pennsylvania
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Table 7.5 The composite elk data of 107 groups from Pennsylvania first sorted by ascending
percent veg cover and then by ascending group size within each category of percent veg cover

0BS GROUP BEHAV VEG PROBF
1 2 1 0 0.68661
2 4 1 0 0.81096
3 8 1 0 0.89362
4 17 1 0 0.94578
5 20 1 0 0.956331
6 21 1 0 0.955637
T 25 1 0 0.96205
8 4 0 5 0.95310
9 1 1 10 0.42126
10 1 0 10 0.81043
11 3 1 10 0.67861
12 4 0 10 0.94250
13 5 1 10 0.77601
14 8 1 10 0.84530
15 8 0 10 0.96978
16 8 0 10 0.96978
17 11 1 10 0.88152
18 12 0 10 0.97940
19 12 1 10 0.89005
20 13 1 10 0.89742
21 16 1 10 0.91452
22 22 1 10 0.93577
23 43 1 10 0.96539
24 1 0 20 0.73552
25 1 1 20 0.32134
26 4 1 20 0.64480
27 4 1 20 0.64480
28 4 0 20 0.91425
29 6 0 20 0.94046
30 6 0 20 0.94046
31 10 0 20 0.96285
32 11 1 20 0.82877
33 12 0 20 0.96868
34 34 0 20 0.98836
35 z 0 25 0.69164
36 3 0 25 0.86678
37 3 1 25 0.52558
38 4 0 25 0.89583
39 5 0 25 0.91435
40 7 0 25 0.93668
41 19 1 25 0.86895
42 1 1 30 0.23548
43 1 1 30 0.23548
44 2 1 30 0.37621
45 2 A 30 0.37621
46 2 0 30 0.77984
47 3 1 30 0.47188
48 3 1 30 0.47188
49 3 1 30 0.47188
50 3 0 30 0.83994
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105 25 1 90 0.34587
106 3 1 95 0.05178
107 7 | 95 0.11044

Table 7.6 The composite elk data of 107 groups from Pennsylvania first sorted by ascending
group size and then by ascending percent veg cover within each category of group size

0BS GROUP BEHAV VEG PROBF
1 1 1 10 0.42126
2 1 0 10 0.81043
3 i 0 20 0.73552
4 1 1 20 0.32134
5 1 0 25 0.69164
6 1 1 30 0.23548
7 1 1 30 0.23548
8 1 1 35 0.19899
9 1 1 35 0.19899
10 1 1 40 0.16692
11 1 0 40 0.54061
12 1 1 40 0.16692
13 1 1 50 0.11631
14 1 1 50 0.115631
15 i 1 60 0.07816
16 1 1 70 0.05227
17 1 1 70 0.05227
18 1 1 70 0.05227
19 2 1 0 0.68661
20 2 1 30 0.37621
21 2 1 30 0.37621
22 2 0 30 0.77984
23 2 1 40 0.28178
24 2 0 60 0.49368
25 2 1 70 0.09747
26 2 1 80 0.06564
27 2 1 80 0.06564
28 2 0 85 0.24969
29 3 1 10 0.67861
30 3 0 25 0.86678
31 3 1 25 0.52558
32 3 1 30 0.47188
33 3 1 30 0.47188
34 3 1 30 0.47188
35 3 0 30 0.83994
36 3 1 60 0.19740
37 3 1 60 0.19740
38 3 1 60 0.19740
39 3 1 60 0.19740
40 3 1 70 0.13793
41 3 1 80 0.09427
42 3 0 85 0.33022
43 3 1 90 0.06341
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.06178
.81096
.95310
.94250
.64480
.64480
.91425
.89683
.43445
.174565
.77601
.91435
.89695
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. 78465
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.94046
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.84530
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.91452
.94578
.86895
.956331
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98 22 1 50 0.72289
99 24 0 60 0.91557
100 25 1 0 0.96205
101 25 1 90 0.34587
102 27 1 30 0.88261
103 27 0 30 0.97786
104 29  § 80 0.48417
105 31 0 60 0.93287
106 34 0 20 0.98836
107 43 1 10 0.96539

Table 7.7 The composite elk data of 107 groups from Pennsylvania first sorted by ascending
group size and then by ascending percent veg cover within each category of group size

OBS GROUP PROBF PROBG PROBV RG RV
1 1 0.73552 0.25723 0.75836 2.85934 0.96988
2 0.19899 0.25723 0.62286 0.77359 0.31948
3 1 0.32134 0.25723 0.75836 1.24923 0.42374
4 1 0.23548 0.25723 0.67166 0.91545 0.35060
5 1 0.23548 0.25723 0.67166 0.91545 0.35060
6 1 0.42126 0.25723 0.82803 1.63766 0.50875
0§ 1 0.16692 0.25723 0.57143 0.64891 0.29211
8 1 0.05227 0.25723 0.26967 0.20321 0.19384
9 1 0.81043 0.25723 0.82803 3.15056 0.97875
10 1 0.19899 0.25723 0.62286 0.77359 0.31948
11 : 0.07816 0.25723 0.36163 0.30385 0.21614
12 1 0.54061 0.26723 0.57143 2.10164 0.94606
13 1 0.05227 0.25723 0.26967 0.20321 0.19384
14 1 0.69164 0.25723 0.71701 2.68877 0.96461
15 1 0.11531 0.25723 0.46498 0.44828 0.24799
16 1 0.16692 0.25723 0.57143 0.64891 0.29211
17 1 0.11631 0.25723 0.46498 0.44828 0.24799
18 i 0.056227 0.25723 0.26967 0.20321 0.19384
19 2 0.37621 0.38776 0.67166 1.94043 1.12024
20 2 0.06564 0.38776 0.19399 0.33856 0.67675
21 2 0.06564 0.38776 0.19399 0.33856 0.67675
22 2 0.37621 0.38776 0.67166 1.94043 1.12024
23 2 0.68661 0.38776 0.88077 3.54144 1.565913
24 2 0.77984 0.38776 0.67166 4.02229 2.32213
25 2 0.09747 0.38776 0.26967 0.50273 0.72288
26 2 0.24969 0.38776 0.16270 1.28786 3.06940
2T 2 0.28178 0.38776 0.57143 1.45336 0.98621
28 2 0.49368 0.38776 0.36163 2.54634 2.73034
29 3 0.86678 0.47412 0.71701 5.48459 3.62663
30 3 0.09427 0.47412 0.19399 0.59648 1.45784
31 3 0.05178 0.47412 0.11242 0.32763 1.38181
32 3 0.13793 0.47412 0.26967 0.87275 1.563441
33 3 0.19740 0.47412 0.36163 1.24907 1.63761
34 3 0.47188 0.47412 0.67166 2.98583 2.10767
35 3 0.19740 0.47412 0.36163 1.24907 1.63761
36 3 0.47188 0.47412 0.67166 2.98583 2.10767
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91 13 0.89742 0.76376 0.82803 15.2750 14.0895
92 16 0.91452 0.79482 0.82803 18.4096 17.6714
93 17 0.94578 0.80330 0.88077 20.0152 18.2548
94 19 0.86895 0.81816 0.71701 20.1796 23.0262
95 20 0.95331 0.82471 0.88077 23.1188 21.6474
96 21 0.955637 0.83077 0.88077 24.1498 22.7789
97 22 0.93577 0.83639 0.82803 24.6141 24.8626
98 22 0.72289 0.83639 0.46498 19.0147 34.2027
99 24 0.915657 0.84649 0.36163 25.9584 60.7629
100 25 0.34587 0.85106 0.13560 10.1601 63.7660
101 25 0.96205 0.85106 0.88077 28.2604 27.3072
102 27 0.88261 0.85936 0.67166 27.7307 35.4800
103 27 0.97786 0.85936 0.67166 30.7232 39.3088
104 29 0.48417 0.86671 0.19399 16.2002 72.3802
106 31 0.93287 0.87328 0.36163 33.1156 79.9690
106 34 0.98836 0.88192 0.75836 38.1035 44 .3116
107 43 0.96539 0.90161 0.82803 46.0421 50.1336

We first look at the scatter plot with group size on the x-axis and percent
vegetation cover on the y-axis. We see that in each of the categories of 25, 30,
50, 60, 80 and 90 percent vegetation cover, group sizes are either small or large.
For example, given 25 percent vegetation cover, group sizes are either < 7 or
> 19. When percent vegetation cover is low, such as 25 and 30 percent, sighting
probabilities (PROBF) of some small and large groups are not very different.
For instance, in Table 7.5, two groups under 25 percent vegetation cover with
sizes 7 and 19 have sighting probabilities 0.94 and 0.87. Also, in Table 7.5, three
groups under 30 percent vegetation cover with sizes 9, 27 and 27 have sighting
probabilities 0.94, 0.88 and 0.97. However, when percent vegetation cover is high,
large groups have much larger sighting probabilities on average than small groups.
For example, in Table 7.5, under 60 percent vegetation cover, 3 groups with sizes 7,
24 and 31 have sighting probabilities 0.36, 0.92 and 0.93. We know that if the fitted
model has only 1 predictor, estimated sighting probabilities of all groups in one
category are the same and is sort of an average of their true sighting probabilities.
Then, sighting probabilities of large groups under high percent vegetation cover
will be severely underestimated and, thus, will result in overestimating the number

of animals in these large groups. In Table 7.7, in the column RV, we see that using

ot
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the fitted short model veg expands the group with group size 24 under 60 percent
vegetation cover (OBS no. 99) to 61 animals and the group with group size
31 under 60 percent vegetation cover (OBS no. 105) is expanded to 73. Since
the population size estimate is dominated by large group sizes, the severe over-
expansion from the large sized groups is probably the reason why the population
size estimate obtained under the fitted short model veg was inflated ( 30%).

On the other hand, if we look at the scatter plot with group size on the
y-axis and percent vegetation cover on the x-axis, we immediately see that for
group sizes < 13, except for size 11, group sizes are well distributed across the
range of percent vegetation cover. In Table 7.6, with group size 11, the group
with 50 percent and the group with 90 percent vegetation cover have sighting
probabilities 0.57 and 0.19. If we cross reference these two groups in Table 7.7
(OBS no. 85 and 86), we see that the difference of about 0.4 in their true sighting
probabilities results in a severe over-expansion of the sighting probability of the
group with 90 percent vegetation cover when the fitted model is the short model
group (estimated sighting probability is 0.73 under PROBG compared to the true
sighting probability of 0.19). Thus, fitting the short model group underestimates
the group size of this group. However, since group size 11 is not large, the bias
(estimated group size is 3) contribution to the total population size estimate is
small.

From Table 7.6, in categories of group sizes > 13, except for group sizes 22,
25 and 27, there is only one group in each category. Both groups of size 27 are
under the same percent vegetation cover and so their sighting probabilities do not
differ much (0.88 and 0.98). The two groups of size 22 are under 10 and 50 percent
vegetation cover. Since both groups do not have high percent vegetation cover
and they have large group sizes, their sighting probabilities do not differ much

(0.93 and 0.72). So the bias in estimating their group sizes are not large. From
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Table 7.7, we see that (OBS 97 and 98) estimated group sizes are 25 and 20 for
the groups of group size 22, and (OBS 102 and 103) estimated group sizes are 28
and 31 for the groups of group size 27.

In Table 7.6, we see that for group size 25, the two groups are under 0 and 90
percent vegetation cover. Since one group is under no vegetation cover whereas
the other is under extremely high vegetation cover, their sighting probabilities
differ very much (0.96 and 0.34) even though they were both large groups. In
Table 7.7, we see that the sighting probability of the group under 90 percent
vegetation cover (OBS no. 100) was severely overestimated and the group size is,
thus, underestimated by a bias of 15. This is the largest bias so far for considering
the fitted short model group. This bias is much smaller compared to those biases
in the inflated estimated group sizes when we consider the fitted short model veg.
The much smaller bias incurred from fitting the short model group is probably
why model group does much better than model veg, and that the population size
is so well estimated based on model group.

In reality, true models are much more complex than the one we considered
for our simulation. The ‘picture’ will not be as clear as in the scatter plot and
the tables we have just studied. In addition to using AIC to select the ‘best’
model, one could compute approximate values of F(71r) and var(7,r) with the
expressions we derived in (7.1.4) and (7.1.5) to evaluate fitted models simpler than
the ‘best’ model selected by AIC.

When we compared coverage rates and estimated expected interval widths of
confidence interval estimates of the fitted full and short models, one interesting
observation was that confidence intervals constructed based on the short model
group has shorter estimated expected interval width, about 50-60% of that of
the full model, and yet, have higher coverage rates closer to nominal levels. We

observed the same phenomenon when we increased the sample size from a (1,1)
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to a (4,1). Tables 7.8A, 7.8B, 7.8C, 7.9A, 7.9B and 7.9C show simulation results
of 1000 (4,1) population estimation trials of the simulated population of M = 107
groups and size 7 = 834 with sightability models (5.2.1) and (5.2.2) as true models.
We saw, from Tables 7.8A and 7.9A, that both full and group model per-
formed well with negligible bias (Cochran’s rule : |#—7|/v/observedvar = 0.02,0.04 <
0.1). The other short model veg severely overestimated (|7 — 7|/v/observedvar =
2.18,1.84 > 0.2) the population size with 40.3% bias. Values of E(taurr) ob-
tained iteratively from (7.1.4) well approximated the simulated 7. In both Tables
7.8A and 7.9A, the largest |E(7rr) — 7|/v/observedvar is 0.07, which is < 0.1 and
according to Cochran’s working rule, this bias is negligible. Values of var(7r)
evaluated from (7.1.5) approximated the observed variance much better than in
the (1,1) case. The largest bias in this case, a (4,1), was —6.7% of the fitted full
model in Table 7.9A. The estimated MSE’s of the fitted full and group models
were a lot less different than in the (1,1) case. However, one can still see that
between these 2 fitted models, the group model has a much less estimated M SFE.
Also, in Tables 7.8A and 7.9A, for the short models, our formula for an asymptot-
ically unbiased estimated variance of the population size, var(7;r), overestimated
the observed variance as much as 120% for the fitted veg model in Table 7.8A.
With a larger sample size, coverage rates of confidence intervals constructed
based on the fitted short model group are now too high compared to nominal
levels (p < 0.05). Still, we see that confidence intervals constructed based on the
fitted short model group are shorter than those constructed based on the fitted
full model and yet, have higher coverage rates. To get a further insight of this
phenomenon, for the (1,1) simulation, we study a set of 1000 population size
estimates, estimates of the variance of population size estimator and confidence
interval estimates obtained based on models full and group. We found that

confidence interval estimates based on the true model did not cover the true
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Table 7.8 A Simulation results of £ = 1000 (4,1) population estimation trials of the

simulated population of M =

107 groups and size 7 = 834 with sightability model (5.2.1) as

the true model, fitting the full model and both short models to each phase I sample®

Model
Statistic Sfull group veg
TR 832.0(2.9)  832.8(1.6)  1170.5(4.9)
bias(i‘LR, 7‘) —-0.2 —0.1 40.3
E(7TLR) 834 836.1 1169.0
bias(E(#Lr), FLR) 0.2 0.4 0.1
bias(E(Lr), 7) - 0.3 40.2
Var(fLgp) 8249.7(228.1) 3460.1(22.7) 52296.9(891.8)
observed var(7g) 8384.1 2524.8 23760.5
bias(var, observed var) —1.6 0.4 120.1
var(7LR) 8075.5 2494.8 23673.1
bias(var(71r), observed var) -3.7 =1.2 —0.4
|7Lr — 7|/ observed var 0.02 0.02 2.18
|E(TLr) — TLR|/Vobserved var 0.02 0.07 0.01
MSE 8079.5 2496.2 136905.4

Table 7.8B True population size coverage rates of 1000 confidence interval estimates of 90%

confidence level for population size 7 = 834 of the simulated population of M = 107 groups
with sightability model (5.2.1) as the true model '°
Model TLR In7Lp Fi4 e e Py Tigo
full  85%(299)  85%(300) 86*(304) 86*(309) 86*(316) 86*(309) 87%(335)
group 94*(194)  94%(194) 94*(195) 94*(196) 94*(198) 94*(196) 93*(203)
veg  66%(752)  41%(766) 34*(793) 28%(839) 23*(914) 21*(775) 17%(839)

Table 7.8C True population size coverage rates of 1000 confidence interval estimates of 95%

confidence level for population size 7 = 834 of the simulated population of M = 107 groups
with sightability model (5.2.1) as the true model'’
Model TLR InTpr i $~3 $3= oo Tiga
full  90%(356)  91*(359) 91*(365) 91*(373) (385) 92*(379) 92*(412)
group 98%(231) 98*(231) 98*(233) 98*(235) 98*(238) 97*(238) 98*(246)
veg  93%(896)  65%(918) 52*(966) 43*(1050) 36*(1204) 33*(951) 25%(1030)

9All estimates shown here are averages of 1000 simulated estimates. Bias is in %. Numbers
in parentheses are standard errors of the mean of 1000 simulated estimates.

10Coverage rates with x are different from nominal levels at 0.05 level of significance as they
are not within 90% + 2% and 95% + 1.4%, respectively. Numbers in parentheses are estimated

expected interval widths
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Table 7.9A Simulation results of £ = 1000 (4,1) population estimation trials of the
simulated population of M = 107 groups and size 7 = 834 with sightability model (5.2.2) as
the true model, fitting the full model and both short models to each phase I sample!!

Model
Statistic Sfull group veg
TLR 832.2(3.0) 832.1(1.6) 1123.3(5.0)
bias(7Lr, T) —0.2 —0.2 34.7
E(7LR) 834 835.8 1126.0
bias(E(TLRr), TLR) 0.2 0.4 0.2
bias(E(7Lr), T) - 0.2 35.0
var(7Lr) 8692.6(278.5) 4040.5(23.6) 41301.8(915.2)
observed var(7rr) 8897.1 2715.0 24779.9
bias(var, observed var) —2.3 48.8 66.7
var(7Lr) 8277.1 2720.8 24507.5
bias(var(71r), observed var) —6.7 0.2 -1.1
|7L.r — T|/Vobserved var 0.02 0.04 1.84
|E(7Lr) — TLr|/VoObserved var 0.02 0.07 0.02
MSE 8280.3 27244 108202

Table 7.9B True population size coverage rates of 1000 confidence interval estimates of 90%
confidence level for population size 7 = 834 of the simulated population of M = 107 groups
with sightability model (5.2.2) as the true model 2

7172 = 7-3/2

Model 7A'LR ln'f‘LR 'f'log ﬁg?
Full 84%(307) 85*(308) 85*(312) 85*(3 8) 85%(325)  87*(316)  88%(345)
group 94*(209)  95%(210) 96*( 1) 96%(212) 96%(215)  95%(212)  95%(221)
734 (

veg  66%(669)  46*(678) 39%(699)  34%(734) 31%(788)  29%(496)  24*(535)

Table 7.9C True population size coverage rates of 1000 confidence interval estimates of 95%
confidence level for population size 7 = 834 of the simulated population of M = 107 groups
with sightability model (5.2.2) as the true model'®

Model TLR InTr,p F~1/3 Fil #=3/2 ‘f‘[og ﬁgz
Full _907(365) 90%(368) 90°(375)  917(384) 927(398)  92°(389)  927(423)
group 97T*(249)  97%(250) 98*(252) 98%(255) 98%(259)  97%(257)  97*(268)
veg  91%(797)  68%(814) 57+(849)  49%(911) 41*(1018)  39%(600)  32%(646)

11 A]l estimates shown here are averages of 1000 simulated estimates. Bias is in %. Numbers
in parentheses are standard errors of the mean of 1000 simulated estimates.

12Coverage rates with % are different from nominal levels at 0.05 level of significance as they
are not within 90% =4 2% and 95% =+ 1.4%, respectively. Numbers in parentheses are estimated
expected interval widths

162



population size when both population size and variance of the population size are
somewhat underestimated. When this occurred,the corresponding population size
estimate based on the model group was larger and closer to the true value, and
the estimate of the variance of population size estimator was also larger so that
confidence intervals were a little longer and thus, covered the true population size.
When both confidence intervals, one based on the full model and one based on
the model group, covered the true population size, the confidence interval con-
structed based on the fitted full model was very much longer than that constructed
based on model group. So confidence intervals constructed based on model group
have better coverage rates and on average, these intervals have shorter estimated
expected interval widths.

Although it is the correct model, one possible reason why the full model did
not perform as well as the short model group is that relative to all 3 variables, we
often find that the sample is not representative of the population. For instance,

small groups with > 50 percent vegetation cover are almost always missed
during the sighting trial. As a result, in this case, the fitted full model underex-
pands these groups relative to a fitted short model group which gives the same
estimated sighting probability or approximately the average of true sighting prob-
abilities to groups of the same group size. When the small group > 50 percent
vegetation cover does occur, the full model uses a smaller probability for expansion
than the group model, contributing to the full model estimates larger variability

in general than the short model.
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8. SUMMARY, CONCLUSION AND TOPICS FOR FUTURE
RESEARCH

In this final chapter, we give a summary and conclusion of our work, and

suggest some topics for future research.

8.1 Summary and conclusion

We assume that data for population size estimation was collected in 2 phases.
A phase I sample is the data set collected from a sightability survey conducted on
the population for estimating the sightability model (or the sighting probabilities).
A population survey is then conducted on sample primary units to obtain a phase
I sample which is independent of the phase I sample.

When sighting probabilities are unknown and estimated via logistic regres-
sion, we have written the variance of the (asymptotically) unbiased population
size estimator explicitly as a sum of three error components, namely, error due to
sampling of primary units, error due to sampling of groups within sample primary
units and error due to estimation of sighting probabilities via logistic regression.
An unbiased estimator for each error component is derived.We also look at 3 spe-
cial cases - (1) a complete census of primary units, (2) stratified random sampling
of primary units, and (3) combining data of r > 2 replicated population surveys.
For all three special cases we presented the unbiased population size estimator,
error components of the variance of the population size estimator and an unbi-
ased estimator for each error component, given known sighting probabilities or

unknown sighting probabilities estimated via logistic regression. When the first



stage sampling scheme of a population survey was stratified random sampling,
optimum allocations of stratum sample sizes were given when sighting probabili-
ties are known and when unknown sighting probabilities are estimated via logistic
regression. Third central moments of the population size estimator when sighting
probabilities are known and when unknown sighting probabilities are estimated
via logistic regression were also derived.

We conducted a simulation study given a complete census of primary units, to
evaluate small sample performance of the population size estimator and the unbi-
ased estimators of error components. Data for each phase sample was obtained by
making independent complete passes through the population. In a single complete
pass through the population or a sighting trial, a group is determined to be sighted
or not by comparing a randomly generated uniform random number, u; (generated
jointly independent for the groups), with the corresponding sighting probability
g;- If uj < gj, the j** group for j = 1,2,..., M is said to be sighted. We denote
the number of complete passes through the population in phase I by r; and in
phase II by ;. Our simulation results show that the population size estimator (see
(2.1.2), (2.1.4)) performed well (bias was negligible or at most modest according
to Cochran’s (1977) working rule). Furthermore, we observed that the sampling
distribution of simulated population size estimates was positively skewed. When
sighting probabilities are known, coverage rates of 90%, 95% confidence intervals
for the true population size constructed using reciprocal transformations of popu-
lation size estimates, 7~1/2, 71, #73/2 where 7 is a population size estimate, are
not different from nominal levels at 0.05 level of significance if the phase I sam-
ple size is at least 348. When sighting probabilities are unknown and estimated
via logistic regression, we need a phase I and a phase II sample size of at least

464 each for coverage rates of all 90%, 95% confidence intervals constructed using

reciprocal transformations to be not different from nominal levels at 0.05 level of
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significance. With these sample sizes, coverage rates of confidence intervals for the
true population size constructed from the assumption that (7 — 7") is lognormal
distribution, where 7" is the total count of animals in the phase II sample, were
also reasonable. Furthermore, average interval width of approximate confidence
intervals constructed for this method were shorter than average interval width of
the other interval estimators.

We proposed two bootstrap procedures for phase I and two bootstrap pro-
cedures for phase II to construct a bootstrap confidence interval for the true
population size. A simulation study was conducted to evaluate our procedures
of each phase separately and for combining procedures of both phases. In phase
I with a sample of 108 groups of elk, we observed that biases of bootstrapped
estimated parameters of the sightability model are not negligible according to
Cochran’s (1977) working rule. This observation, however, does not explicitly im-
ply that these procedures will be unsuccessful in estimating sighting probabilities.
In phase II with a sample of 54 groups from a population survey and with 500
bootstrap iterations, we observed that coverage rates of 1000 confidence inter-
vals constructed using percentiles of the bootstrap t-statistic (see (6.4.3)) and the
square root of the estimated variance of the population size estimator, |/var(7y),
obtained based on ‘true’ phase I and II samples are reasonable (see Table 6.3).
Note that we refer to samples obtained from empirical populations constructed
from our bootstrapping procedures as empirical samples or bootstrap samples.
“True’ samples are samples simulated from the true population or our simulated
populations.

For combining bootstrapping procedures of both phases, we conducted a sim-
ulation study based on the simulated population of M = 107 groups of elk and a
population size of 834 from Pennsylvania state. We assumed that model (5.2.2)

is the true sightability model. We generated 1000 pairs of ‘true’ phase I and 11
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(ri = 1,7, = 1) samples. With 500 bootstrap iterations, we found that when
both nonparametric and parametric procedures in phase I are combined with the
selection rule in phase II, observed coverage levels are not significantly different
from nominal levels. All other bootstrap confidence intervals have coverage rates
5 — 10% lower than nominal levels. We also see that intervals constructed using
the nonparametric procedure in phase I were longer on average and coverage rates
have improved but are still low when confidence intervals are not constructed us-
ing the selection rule and percentiles of the sampling distribution of population
size estimates obtained based on bootstrap samples. We observed that for using
the parametric procedure in phase I, among those intervals that did not cover the
true population size, majority of them have an upper bound lower than the true
population size. Using the parametric procedure in phase I, we also constructed
bootstrap ¢ confidence intervals for 300 (1,1) ’true’ phase I and II samples. Cov-
erage rates of these confidence intervals are poor. We think that this is due to
the inconsistency of estimated variances of the population size estimator. We will
probably have to increase phase I and II sample sizes to obtain reasonable coverage
rates. This conclusion is based on simulation results of confidence interval esti-
mates constructed using the large sample theory and reciprocal transformations
we obtained earlier.

Finally, we address the problem of logistic model selection. We have derived
an iterative expression for obtaining E(B) and an expression for obtaining c/oT/(ﬁ)
of estimated parameters 3 of a fitted model simpler than a given full model. We
have also applied the delta method to derive approximate expressions of E(7.r)
and var(7r) when the fitted model is simpler than the full model. A simula-
tion study was conducted, to evaluate the performance of our estimators when
the fitted model exclude one of the predictors, or the short model, in the true

sightability model. Thus we compare results based on a full versus a short model.
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Our full model has group size and while our one-predictor short models use either
group size (or the natural log of group size) or percent vegetation cover as the pre-
dictor. Simulation results in Tables 7.1A, 7.2A,, 7.3A and 7.4A of (ry = 1,7, = 1)
show that biases of population size estimates are negligible for the group size only
model but the population size was severely overestimated for the vegetation cover
only model. We also saw that approximate values of F(77r) has negligible bias
relative to the average of 1000 simulated population size estimates according to
Cochran’s (1977) working rule. Approximate values of var(7,r) underestimated
(about 10% for the group size only model and 20% for the vegetation cover only
model) the observed (or sampling) variance of those 1000 simulated population
size estimates. Approximate values of both F(7yr) and var(7yr), especially the
expectation, apparently give us an idea how different the expected population size
and the variance of the population size estimator would be from those obtained
based on a fitted full model.

We also found when less than the full model is fitted (Tables 7.1A, 7.2A,
7.3A and 7.4A) that the unbiased estimator of the variance of the population size
estimator we derived (see section 2.2) under the assumption that the fitted model
is the full model severely overestimated the observed variance of those simulated
population size estimates. This indicates that when the fitted model is not the
full model, the estimator of the variance may be biased and overestimate the true
variance.

We have diagnosed the adequacy of all three fitted models using conventional
measures such as the AIC and p values of hypothesis test of a parameter set to
zero (or Wald statistics). The simulation results of 10 randomly selected phase
I samples show that a fitted full model should be chosen over the short models
and between the two short model, the AIC of the vegetation cover short model is

lower most of the time. However, our simulation results indicate that the group
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size short model perform better than the full model with negligible bias and very
much smaller mean-squared-error (reduced at least a third). Coverage rates of
90%, 95% confidence interval estimates under the group size model were close to
nominal. Further, these confidence intervals are shorter than those constructed
under the fitted full model. The vegetation cover short model on the other hand,
severely overestimated (about 38% bias) the population size and the observed
variance of population size estimates was much larger (at least twice) than those
of the full model. The population size was so severely overestimated that even
with the severely overestimated variance of the population size estimator, coverage
rates of confidence interval estimates constructed with reciprocal transformations
and from the assumption that (7 —7') is lognormally distributed were too low. An
explanation as to why the group size short model did well and why the vegetation
cover short model did badly was given in section 7.4.

At this point, we are unable to make any substantial suggestion for logistic
model selection. Currently, it is still unclear what exactly one should do to find a
useful and simple model because in reality, true models are much more complex
than the ones we considered. In addition to using conventional measures for
selecting a model, the approximate expressions of E(7;r) and var(7,r) for fitting
short models rather than the full model apparently give us an idea, especially for
the expected value of the population size estimator, how different the expected
value of population size and the variance of the population size estimator obtained

under various fitted models are.

8.2 Suggested topics for future research

We suggest using Efron’s (1987) bias correction with an acceleration con-
stant to improve the bootstrap intervals in Table 6.4. This improved bootstrap

bias-correction method is called the BC, method. Efron (1987) has proved and
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demonstrated that the BC, method gives second-order correct (asymptotically in
Edgeworth expansion) intervals under reasonable conditions. He also gave exam-
ples where the BC, endpoints match those of the exact intervals. However, he also
showed that if this second-order accuracy is desired, it requires a lot more boot-
strap replications, on the order of 1000. Our preliminary simulation result of 100
pairs of phase I and Il samples using the parametric procedure with 3000 boot-
strap iterations in each phase showed that it is possible to improve the coverage
rate by making bias correction. We have used estimated skewness of population
size estimates constructed based on bootstrap samples to estimate the accelera-
tion constant for the BC, method. One other potential topic for future research is
to see if the interval can be improved by incorporating the third central moment
of the population we derived in chapter 4. We could replace population size and
variance of population size estimator in expressions of the third central moment
by their asymptotically unbiased estimates to obtain an (bias) estimate of the
third central moment. An estimate of the third central moment can then be used
to obtain the acceleration constant for the BC, method. If the interval estimation
of population size can be improved by incorporating the third central moment, it
would be worthwhile to find an unbiased estimator for the third central moment.

We have conducted a simulation study of complete census of primary units
using multiple phase II samples. Combining phase II samples is more difficult
when the phase II sample is not a census. It would be useful to report an eval-
uation of performances of the point and interval population size estimator and
our unbiased estimator of error components of the variance of the population
size estimator using a composite data of such replicated surveys. In this case,
the bootstrapping procedure of sample primary units proposed in section 6.3 for

constructing bootstrap confidence intervals could also be evaluated.
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When sighting probabilities are not known, Thompson and Seber (1994) have
written the population size estimator as a function of the estimated sighting prob-
ability instead of the reciprocal of the estimated sighting probability. Using the
delta method, they have presented an approximate third error component of the
variance of the population size estimator. Their estimated sighting probability was
not explicitly stated and like Samuel and Steinhorst (1989), they did not provide
an unbiased estimator for each error component of their approximate variance, and
for the approximate variance. We suggest, for future research on our problem, a
derivation of an unbiased estimator for each error component of their approximate
variance as a function of estimated sighting probabilities estimated using logistic
regression. A simulation study using our simulated populations could then be
conducted.

In addressing the problem of logistic model selection, our approximate vari-
ance of the population size estimator, var(7.r) (see subsection 7.1.2) based on a
fitted short model has a significant bias of about —20%. It may be because we
need to use more terms in the Taylor’s expansion or it could be that the estimated
covariance matrix of estimated parameters, c’oT/(B), was only approximating the
observed covariance matrix. Also, increasing the phase I and phase Il sample size
reduces the noise in simulation (as observed in chapter 5) and in turn, may reduce
this bias. Improving the value of &W(,B) and/or var(7r) is a potential topic for
future research as model selection is important in many applications of statistical
modeling.

The following is another suggestion for future work. We have assumed that
group size is known. In reality, when a group of elk flee from the helicopter, the
observer might not have counted all of them. It is still unclear what impact the

measurement error in group size as a covariate has on the population size estima-
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tion. As in linear regression, this is addressing the problem of having measurement

error in covariates.
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10. APPENDIX: COMPUTER CODES

*** Computer program for simulation study in chap 5, 7: (1,1) of full,
group and veg models;

options nonotes nosource nosource?2
%macro parti;

data sample; set elk;
p=uniform(0); sight=0;

if p < prob then sight=1;

keep group behav veg sight;

Y%mend ;

%macro part2;

proc iml; use beta; read all into beta;

use betal; read all into betal;

use beta2; read all into beta2;

nsim=nrow(beta)/5;

use elk; read all into pop; N=nrow(pop); pop=pop[1:N,]; pop=j(N,1,0)||pop;
/*pop_size=exp(pop[,2]); pop_size=pop_size[+,];*/ pop_size=pop[+,{2}];
print pop_size;

start sample;
do i=1 to N;
p=uniform(0);
if p < pop[i,5] then pop[i,1]=1;
end;
numi=pop[+,{1}];
x=j(num1,5,0); k=0;
do i=1 to N;
if pop[i,1]=1 then;
do;
k=k+1;
x[k,]=popl[i,];
end;
end;
popl,1]=j(¥N,1,0);
finish;

¢ 3 o ok o o ok ok ok ok ok ok sk ok ok ok ok estimation;

create result var {11 tau termil term2 var};

*create result var {ind90 indL90 ind290 ind190 ind390 ind95 indL95 ind295 ind195 ind395};

190=0; u90=0; 1low90=j(3,1,0); up90=j(3,1,0); count90=j(3,1,0); 195=0; u95=0; low95=3j(3,1,0);

up95=3(3,1,0); count95=j(3,1,0);

1L90=0; uL90=0; 1lowL90=3(3,1,0); upL90=j(3,1,0); countL90=j(3,1,0); 1L95=0; uL95=0; lowL95=3j(3,1,0);
upL95=3j(3,1,0); countL95=j(3,1,0);

1290=0; u290=0; 1ow290=3(3,1,0); up290=j(3,1,0); count290=j(3,1,0); 1295=0; u295=0; 1low295=j(3,1,0);
up295=j(3,1,0); count295=3j(3,1,0);

1190=0; u190=0; low190=3(3,1,0); up190=j(3,1,0); count190=j(3,1,0); 1195=0; ui195=0; low195=3j(3,1,0);
up195=3j(3,1,0); count195=3j(3,1,0);

1390=0; u390=0; 1ow390=3(3,1,0); up390=j(3,1,0); count390=j(3,1,0); 1395=0; u395=0; low395=j(3,1,0);
up395=3j(3,1,0); count395=j(3,1,0);

1e190=0; uel190=0; lowel90=j(3,1,0); upe190=3j(3,1,0); counel90=3j(3,1,0); 1e195=0; uel95=0; lowel95=j(3,1,0);
upe195=3(3,1,0); counel195=3(3,1,0);

1e290=0; ue290=0; lowe290=j(3,1,0); upe290=j(3,1,0); coune290=j(3,1,0); 1e295=0; ue295=0; lowe295=j(3,1,0);
upe295=3(3,1,0); coune295=3(3,1,0);

b=j(1,4,0); esigma=j(4,4,0);
b1=j(1,2,0); esigmal=j(2,2,0); b2=bl; esigma2=esigmai;



do 1=0 to nsim-1;

run sample;

x1=x[,1]11x[,4];

/*

ind90=0; indL90=0; ind290=0; ind190=0; ind390=0;

ind95=0; indL95=0; ind295=0; ind195=0; ind395=0;

*/

b=beta[1*5+1,]; esigmal1,]=beta[1*5+2,]; esigma[2,]=beta[1%5+3,];
esigmal[3,]=beta[1#5+4,]; esigmal[4,]=beta[1#5+5,];
bi=betal[1#3+1,]; esigmall[1l,]=betal[1*3+2,]; esigmal[2,]=betal[1%3+3,];
b2=beta2[1*3+1,]; esigma2[1,]=beta2[1*3+2,]; esigma2[2,]=beta2[1%3+3,];
one=j(numi,1,1);

e=j(num1,1,2.7182818); g=x[,2];
submat=x[,1:4]*esigma*x[,1:4] ‘#i(num1); submat=submat[+,]¢;
expl=-(x[,1:4]*b‘)-(submat)/2;

theta=j(numi,3,0);

thetal,1]=onet+e##texpl;

submati=x[,1:2]*esigmal*x[,1:2] ‘#i(numl); submati=submati[+,]¢;
expl=-(x[,1:2]*b1¢)-(submatl)/2;

thetal,2]=one+e#itexpl;
submat2=x1[,1:2]*esigma2*x1[,1:2] ‘#i(numl); submat2=submat2[+,]¢;
expl=-(x1[,1:2]*b2¢)-(submat2)/2;

thetal,3]=one+e##expl;

*xxkkkkxkx*k Calculating estimated Cov mx of theta hat;

evar=j(numi1,3,0);

exp2=-2#(x[,1:4]*b¢)-2#submat ;

evar[,1]=e#t#exp2# (e#t#(submat)-one) ;

exp2=-2#(x[,1:2]*b1¢)-2#submati;

evar[,2]=ett#exp2# (e##(submatl)-one);

exp2=-2#(x1[,1:2]%b2¢)-2#submat2;

evar[,3]=e##texp2# (e##(submat2)-one);

ecov=shape ({0} ,numl,numl) ; ecovi=ecov; ecov2=ecov;

do il=1 to numi;

do j1=il+1 to numi;
z=x[i1,1:4]+x[j1,1:4];
exp3=-z*b‘-z*esigma*z‘/2;
ecvar=(2.718282##exp3)#(2.718282## (x[i1,1:4]*esigma*x[j1,1:4]1¢)-1);
ecvar=g[i1]*g[j1]*ecvar;
ecov[il,j1]=ecvar; ecov[jl,il]=ecvar;
z=x[i1,1:2]+x[j1,1:2];
exp3=-z#*bl‘-z*esigmal*z‘/2;
ecvar=(2.718282##exp3)#(2.718282##(x[i1,1:2]*esigmal*x[j1,1:2] )-1);
ecvar=g[il]*g[j1]*ecvar;
ecovi[il, ji]l=ecvar; ecovi[jl,il]=ecvar;
z=x1[i1,1:2]+x1[j1,1:2];
exp3=-z*b2‘-z*esigma2*z‘/2;
ecvar=(2.718282##exp3)#(2.718282## (x1[i1,1:2] *esigma2*x1[j1,1:2]¢)-1);
ecvar=g[i1]*g[j1]*ecvar;
ecov2[il, ji]l=ecvar; ecov2[j1,il]l=ecvar;
end;
end;

term22=3(3,1,0);

term22[1]=ecov[+,+]; term22[2]=ecovi[+,+]; term22[3]=ecov2[+,+];
do 11=1 to 3;

term2=term22[11];

extra=g#ghevar[,11]; term2=term2+extral+,]; *term2=term2/4;

*xx**xkxx%* Correction factor, variance, and covariates;
T=thetal,11]#g; tau=T[+,];

TT=g#g# (thetal,11]#thetal,11]-theta[,11]-evar[,11]1); term1=TT[+,];
var=termi+term?2;

*xxxkk*k*k*k* Calculate the interval estimates of population total;

se=sqrt(var); cv=se/tau;
taul=1/tau; tau2=sqrt(taul); tau3=taul*tau2;
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Ni=1/pop_size; N2=sqrt(N1); N3=N1xN2;

190=tau-1.645%se; u90=tau+l.645%se; 195=tau-1.96*se; u95=tau+l.96*se;
1L90=tau*exp(-1.645%cv); uL90=tau*exp(1.645%cv);
1L95=tau*exp(-1.96*cv) ; uL95=tau*exp(1.96%cv);
1290=tau2-1.645*%cv*tau2/2; u290=tau2+1.645%cv*tau2/2;
1295=tau2-1.96*cv*tau2/2; u295=tau2+1.96*cv*tau2/2;
1190=taul-1.645*cv*taul; ul90=taul+l.645%cv*taul;
1195=taul-1.96*cv*taul; ul95=taul+1l.96*cv*taul;
1390=tau3-1.645%cv*tau3*3/2; u390=tau3+1.645%cv*taud*3/2;
1395=tau3-1.96*cv*tau3*3/2; u395=tau3+1.96*cv*tau3*3/2;
=g[+,];cv2=sqrt(log(i+var/(tau-T)**2));
C=exp(1.645%cv2);

Cl=sqrt(i+var/(tau-T)**2);

1e190=T+(tau-T)/C; uel190=T+(tau-T)*C;

1e290=T+(tau-T) /C*C1; ue290=T+(tau-T)*C*C1;
C=exp(1.96%cv2) ;

1e195=T+(tau-T)/C; uel95=T+(tau-T)*C;

1e295=T+(tau-T) /C*C1; ue295=T+(tau-T)*C*C1;

if 190 > pop_size then
1ow90[11]=10w90[11]+1;
else if u90 < pop_size then
up90[11]1=up90[11]+1;
else
do;
count90[11]=count90[11]+1;
*ind90=1;
end;
if 195 > pop._size then
1low95[11]=10ow95[11]+1;
else if u95 < pop_size then
up95[11]1=up95[11]+1;
else
do;
count95[11]=count95[11]+1;
*ind95=1;
end;
if 1L90 > pop_size then
10owL90[11]=10wLO0[11]+1;
else if uL90 < pop_size then
upL90[11]=upL90[11]+1;

else
do;
countL90[11]=countL90[11]+1;
*indL90=1;
end;

if 1L95 > pop_size then
lowL95[11]=10wL95[11]+1;
else if uL95 < pop_size then
upL95[11]=upL95[11]+1;

else
do;
countL95[11]=countL95[11]+1;
*indL95=1;
end;

if 1290 > N2 then
1ow290[11]=10w290[11]+1;
else if u290 < N2 then
up290[11]=up290[11]+1;

else
do;
count290[11]=count290[11]+1;
*ind290=1;
end;

if 1295 > N2 then
1ow295[11]1=10w295[11]+1;
else if u295 < N2 then



if

if

if

if

if

if

if

up295[11]1=up295[11]+1;
else
do;
count295[11]=count295[11]+1;
*ind295=1;
end;
1190 > N1 then
1ow190[11]=10ow190[11]+1;
else if ul90 < N1 then
up190[11]=up190[11]+1;
else
do;
count190[11]=count190[11]+1;
*ind190=1;
end;
1195 > N1 then
low195[11]=1ow195[11]+1;
else if u195 < N1 then
up195[11]=up195[11]+1;
else
do;
count195[11]=count195[11]+1;
*ind195=1;
end;
1390 > N3 then
1ow390[11]=10w390[11]+1;
else if u390 < N3 then
up390[11]=up390[11]+1;
else
do;
count390[11]=count390[11]+1;
*ind390=1;
end;
1395 > N3 then
1ow395[11]=10w395[11]+1;
else if u395 < N3 then
up395[11]=up395[11]+1;
else
do;
count395[11]=count395[11]+1;
*ind395=1;
end;
1e190 > pop_size then
lowe190[11]=1lowel190[11]+1;
else if uel90 < pop_size then
upe190[11]=upe190[11]+1;
else
do;
coune190[11]=coune190[11]+1;
*ind190=1;
end;
1e195 > pop_size then
lowel195[11]=lowel195[11]+1;
else if uel95 < pop_size then
upe195[11]=upe195[11]+1;
else
do;
counel195[11]=counel195[11]+1;
*ind195=1;
end;
1e290 > pop_size then
lowe290[11]=1lowe290[11]+1;
else if ue290 < pop_size then
upe290[11]=upe290[11]+1;
else
do;
coune290[11]=coune290[11]+1;
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*ind190=1;

end;

if 1e295 > pop_size then
lowe295[11]=1lowe295[11]+1;
else if ue295 < pop_size then
upe295[11]=upe295[11]+1;
else
do;
coune295[11]=coune295[11]+1;
*ind1956=1;

end;
append;
end;
end;
close result;
/*
print 1ow90 up90 count90 low95 up95 count95;
print 1owL90 upL90 countL90 1lowL95 upL95 countL95;
print 1ow290 up290 count290 1low295 up295 count295;
print 1ow190 up190 count190 1low195 up195 count195;
print 1ow390 up390 count390 1low395 up395 count395;
print lowel90 upel90 counel90 lowel95 upel95 counel95;
print lowe290 upe290 coune290 lowe295 upe295 coune295;
*/
do 11=1 to 3;
1per90=10w90[11]/nsim; uper90=up90[11]/nsim; per90=count90[11]/nsim;
1per95=1ow95[11]/nsim; uper95=up95[11]/nsim; per95=count95[11]/nsim;
1perL90=10wL90[11]/nsim; uperL90=upL90[11]/nsim; perL90=countL90[11]/nsim;
1perL95=10wL95[11]/nsim; uperL95=upL95[11]/nsim; perL95=countL95[11]/nsim;
1per290=10w290[11]/nsim; uper290=up290[11]/nsim; per290=count290[11]/nsim;
1per295=10w295[11]/nsim; uper295=up295[11]/nsim; per295=count295[11]/nsim;
1per190=10w190[11]/nsim; uper190=up190[11]/nsim; per190=count190[11]/nsim;
1lper195=10w195[11]/nsim; uper195=up195[11]/nsim; per195=count195[11]/nsim;
1per390=10w390[11]/nsim; uper390=up390[11]/nsim; per390=count390[11]/nsim;
1per395=10w395[11]/nsim; uper395=up395[11]/nsim; per395=count395[11]/nsim;
leper190=lowe190[11]/nsim; ueper190=upe190[11]/nsim; eper190=coune190[11]/nsim;
leper195=lowe195[11]/nsim; ueper195=upe195[11]/nsim; eper195=coune195[11]/nsim;
leper290=1lowe290[11]/nsim; ueper290=upe290[11]/nsim; eper290=coune290[11]/nsim;
leper295=lowe295[11]/nsim; ueper295=upe295[11]/nsim; eper295=coune295[11]/nsim;
print lper90 uper90 per90 lper95 uper95 per95;
print 1perL90 uperL90 perL90 lperL95 uperL95 perL95;
print lper290 uper290 per290 lper295 uper295 per295;
print lper190 uper190 per190 lper195 uper195 peri195;
print lper390 uper390 per390 lper395 uper395 per395;
print leper290 ueper290 eper290 leper295 ueper295 eper295;
print leper190 ueper190 eper190 leper1956 ueper195 eperi95;
end;
quit;

/*

data result; set result; file ’vegl.ind’;

put ind90 indL90 ind290 ind190 ind390 ind95 indL95 ind295 ind195 ind395;
*/

proc sort data=result; by 11;

proc univariate data=result normal plot;

by 11;

var tau terml term2 var;

%mend ;

Ymacro partO;
%do i=2 %to 1000;
%parti;
proc sort data=sample; by descending sight;
data sample; set sample; set=&i;
proc append base=samplel data=sample force;
%end;
Ymend ;
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data elk;

infile ’elk.dat’;

input sight group hab behav veg;

if behav>2 then behav=2; behav=behav-1;
u=2.4132+0.1322*group-1.8224*behav-0.0423*veg;
prob=1/(1+exp(-u));

keep group behav veg prob;

/*

infile ’ssamuel.dat’ lrecl=80;

input group behav veg prob;

group=log(group) ;
u=1.8828+0.9694*group-1.7704*behav-0.043*veg;
prob=1/(1+exp(-u));

keep group behav veg prob;

*/

Y%parti;

data samplel; set sample; set=1;

proc sort data=samplel; by descending sight;
%parto;

proc logistic data=samplel covout order=data outest=subl noprint;
by set;

model sight=group behav veg / covb;
proc logistic data=samplel covout order=data outest=sub2 noprint;
by set;

model sight=group / covb;
proc logistic data=samplel covout order=data outest=sub3 noprint;
by set;

model sight=veg / covb;

data beta; set subl; keep intercep group behav veg;
data beta; set beta; if intercep=. then delete;
data betal; set sub2; keep intercep group;

data betal; set betal; if intercep=. then delete;
data beta2; set sub3; keep intercep veg;

data beta2; set beta2; if intercep=. then delete;

%part2;

data beta; set beta;
file ’pori.cov’;

put intercep group behav veg;
data betal; set betal;
file ’pgroup.cov’;
put intercep group;
data beta2; set beta2;
file ’pveg.cov’;

put intercep veg;

run;



*** Computer program for nonparametric bootstrap procedure in phase I;

options nonotes nosource nosource?2;
%macro sample;
proc iml; use A_sample; read all into samplel; N=nrow(samplel);
sample2=j(N,4,0);

do i=1 to N;

m=int (uniform(0)*N+0.5); if m=0 then m=1; if m>N then m=N;
sample2[i,]=samplel[m,];

end;
create sample3 from sample2[colname={’group’,’behav’,’veg’,’sight’}];
append from sample2; close sample3;
quit;
Y%mend sample;

%macro more;
%sample;
/*
data sample4; set sample3; set=1;
proc sort data=sample4; by descending sight;
*/
%do i=2 %to 501;
%sample;
data sample3; set sample3; set=&i;
proc sort data=sample3; by descending sight;
proc append base=samplel data=sample3 force;
%end;
%mend more;

%macro partO;

data samplel; set samuel;

p=uniform(0); sight=0; set=1;

if p < prob then sight=1;

keep sight group behav veg set;

data A_sample; set samplel;

keep sight group behav veg;

/*proc sort data=samplel; by descending sight;*/

Y%more;

proc logistic data=samplel covout order=data outest=subl noprint;
by set;

model sight= group behav veg/ covb;* influence iplots;

data beta; set subl; keep intercep group behav veg; *if _N_=1;

/*
proc logistic data=sample4 covout order=data outest=subl noprint;
by set;
model sight= group / covb;* influence iplots;
data bbeta; set subl; keep intercep group; *if mod(_N_,3)=1;

proc means data=bbeta noprint;

var intercep group;

output out=result mean=meanl mean2;

data result; merge result beta;

data result; set result; percentl=(meani-intercep)/abs(intercep)*100;
percent2=(mean2-group)/abs(group)*100; keep percentl percent?2;

*/

%mend ;

%macro morel;

%partO; /*data resultl; set result;

%do i1=2 %to 50; Y%partO;

proc append base=resultl data=result force;
%end;

proc means data=resultl N mean std stderr;
var percentl percent2;
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*/

%mend ;

data samuel;

/*

infile ’trial.dat’;

input group prob;

data samuel; set samuel samuel;

*/

infile ’samuel/elk.dat’;

input sight group hab behav veg;

if behav>2 then behav=2; behav=behav-1;
group=log(group) ;
u=1.8828+0.9694*group-1.7704*behav-0.043*veg;
prob=1/(1+exp(-u));

keep group behav veg prob;

Y%morel ;

data beta; set beta;

file ’npboot.dat’;

put intercep group behav veg;
run;
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**% Computer program for combining the bootstrap parametric procedure in phase I
and bootstrap procedures in phase II without bootstrap t-statisic;

options nonotes nosource nosource2;

%macro parti;

proc iml; use beta; read all into beta; nsim=nrow(beta);

use samuel; read all into pop; N=nrow(pop); pop=j(N,1,1)||pop;

sk ok ok oKk ok ok K K R estimation;
b=j(1,4,0); esigma=j(4,4,0);

b=betal[1,]; esigmal[1:4,]=beta[2:5,];

one=j(N,1,1);

e=j(N,1,2.7182818) ;
submat=pop[,1:4]*esigma*pop[,1:4] ‘#i(N); submat=submat[+,]¢;
exp1=-(pop[,1:4]*b‘)-(submat)/2;

ptheta=onet+e##expl; pop=popl,2:4];

pi=1/ptheta; pop=popl|pi;

create ssamuel from pop[colname={’group’,’behav’,’veg’,’prob’}];
append from pop; close ssamuel;

quit;

%mend parti;

%macro part2;

data sample3; set ssamuel;
p=uniform(0); sight=0;

if p < prob then sight=1;
keep sight group behav veg;

proc sort data=sample3; by descending sight;
%mend part2;

%macro more;
%do i1=2 %to 601;
%part2;
data sample3; set sample3; set=&il;
proc append base=samplel data=sample3 force;
%end;
%mend more;

Ymacro part3;

proc iml; use beta; read all into beta; nsim=nrow(beta);

use samuel; read all into pop; N=nrow(pop); pop=j(N,1,0)||pop;
pop_size=exp(pop[,2]); pop_size=pop_size[+,];
*pop_size=pop[{2},+];

p=uniform(j(¥,1,0));
pop[loc(p<pop[,5]1),1]1=1;
x=pop[loc(popl,11=1),];

*kkkkkkkkkkkkkkkk  estimation;

create result var {tau Tlog seen pop_size ytau yTlog yseen};
b=betal[1,]¢; esigma=j(4,4,0); numi=nrow(x);
one=j(numi,1,1); e=j(numl,1,2.7182818); g=exp(x[,2]);
esigmal1:4,]=beta[2:5,];
submat=x[,1:4]*esigma*x[,1:4] ‘#i(numl); submat=submat[+,]°;
expl=-(x[,1:4]*b)-(submat)/2;

theta=one+e##texpl; T=theta#tg;

tau=T[+,]; seen=g[+,]; Tlog=log(tau-seen);

append;

nsim=nsim/5-1;
x[,5]=1/theta;
m=1-(1/x[,5]-int(1/x[,51));

yi=j(numi,1,0); y=yi;
do 1=1 to 500;

190



*xkkkkkkkkkkkk create a population then sample;
p=uniform(j(numi,1,0));
y=ranbin(j(numi,1,0),int(1/x[,5]1+0.5) ,x[,5]1);
yi[loc(p<m),]=ranbin(0,int(1/x[loc(p<m),5]) ,x[loc(p<m),51);
y1[loc(p>=m),]=ranbin(0,int(1/x[loc(p>=m),5])+1,x[loc(p>=m),5]);

b=betal[5*1+1,]¢; esigmal[1l:4,]=beta[5*1+2:5%1+5,];

num2=y1[+,]; x2=j(num2,5,0); m2=0; num3=y[+,]; x1=j(num3,5,0); mi=0;
do k=1 to numi;
if y1[k] > O then
do;
x2[m2+1 :m2+y1[k],]=shape(x[k,],y1[k],5);
m2=m2+y1[k] ;
end;
if y[k] > O then
do;
x1[m1+1 :mi+y[k],]=shape(x[k,],y[k],5);
mi=mi+y[k];
end;

end;

one=j(num2,1,1);

e=j(num2,1,2.7182818); g2=exp(x2[,{2}1);

submat=x2[,1:4] *esigma*x2[,1:4] ‘#i(num2); submat=submat[+,]¢;

exp1=-(x2[,1:4]*b)-(submat)/2;

theta=one+e##texpl; tau=theta#g2; tau=taul[+,]; seen=g2[+,];

Tlog=log(tau-seen);

one=j(num3,1,1);

e=j(num3,1,2.7182818); g2=exp(x1[,{2}1);

submat=x1[,1:4]*esigma*x1[,1:4] ‘#i(num3); submat=submat[+,]¢;

expl=-(x1[,1:4]1%b)-(submat)/2;

theta=one+e#t#fexpl; ytau=theta#g2; ytau=ytau[+,]; yseen=g2[+,];

yTlog=log(ytau-yseen);

append;

end;

sokkkkokkkkkkk cal Studentized statistic;

close result; quit;

/*
proc means data=result noprint;
var seen;

output out=burn mean=bseen;
data burn; set burn; keep bseen;

proc means noprint;
var tau seen ytau yseen;
output out=check mean=tave save ytave ysave;

*/

proc univariate data=result noprint;
var tau Tlog ytau yTlog;
output out=interv N=n bn mean=ave bave yave ybave p5=per5 bper5 yper5 ybper5
p95=per95 bper95 yper95 ybper95 pctlpts=2.5 97.5 pctlpre=per bper yper ybp;
data result; set result; if _N_=1; keep seen pop_size;
data interv; merge interv result;
data interv; set interv;
burn5=exp(bper5)+seen; burn95=exp(bper95)+seen;
burn2_5=exp(bper2_5)+seen; burn97_5=exp(bper97_5)+seen;
yburn5=exp(ybper5)+seen; yburn95=exp(ybper95)+seen;
yburn2_5=exp(ybp2_5)+seen; yburn97=exp(ybp97_5)+seen;
data new; set interv;
keep n bn pop_size seen
per5 per95 per2_5 per97_5
burn5 burn95 burn2_5 burn97_5
yper5 yper95 yper2_5 yper97_5
yburn5 yburn95 yburn2_5 yburn97;
%mend part3;

Ymacro partO;
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data samplel; set samuel;
p=uniform(0); sight=0; set=1;
if p < prob then sight=1;

keep sight group behav veg set;

proc sort data=samplel; by descending sight;
proc logistic covout order=data outest=beta noprint;
model sight= group behav veg/ covb;* influence iplots;

data beta; set beta;
keep intercep group behav veg;

%parti;
Y%more;

proc logistic data=samplel covout order=data outest=beta noprint;
by set;
model sight= group behav veg/ covb;* influence iplots;

data beta; set beta; keep intercep group behav veg;
data beta; set beta; if intercep=’.’ then delete;

%part3;
%mend partO;

%macro morel;

%part0O; data old; set new; /*data checkl; set check;*/

%do i2=2 %to 300; %partO; proc append base=old data=new force;
*proc append base=checkl data=check force; %end;

%mend morel;

data samuel;

infile ’elk.dat’;

input sight group hab behav veg;

if behav>2 then behav=2; behav=behav-1;
group=log(group) ;
u=1.8828+0.9694*group-1.7704*behav-0.043*veg;
prob=1/(1+exp(-u));

keep group behav veg prob;

Ymorel ;

data old; set old;
if per5<pop_size and pop_size<per95 then
do; p90+1; p95+1; end;
else
if per2_56<pop_size and pop_size<per97_5 then p95+1;
w90=per95-per5; w95=per97_56-per2_5;
if burn5<pop_size and pop_size<burn95 then
do; bp90+1; bp95+1; end;
else
if burn2_5<pop_size and pop_size<burn97_5 then bp95+1;
bw90=burn95-burn5; bw95=burn97_5-burn2_5;
if yper5<pop_size and pop_size<yper95 then
do; yp90+1; yp95+1; end;
else
if yper2_5<pop_size and pop_size<yper97_5 then yp95+1;
yw90=yper95-yper5; yw95=yper97_5-yper2_5;
if yburn5<pop_size and pop_size<yburn95 then
do; ybp90+1; ybp95+1; end;
else
if yburn2_5<pop_size and pop_size<yburn97 then ybp95+1;
ybw90=yburn95-yburn5; ybw95=yburn97-yburn2_5;
proc print data=old;
*proc print data=checkl;
run;



**x* Computer program for combining the bootstrap parametric procedure in phase I
and bootstrap procedures in phase II for bootstrap t-statistic CI;

options nonotes nosource nosource2;

Ymacro parti;

proc iml; use beta; read all into beta; nsim=nrow(beta);

use samuel; read all into pop; N=nrow(pop); pop=j(N,1,1)||pop;

skkkkkkkkkkkkkkkk  estimation;
b=j(1,4,0); esigma=j(4,4,0);

b=betal[1,]; esigmal1:4,]=beta[2:5,];

one=j(N,1,1);

e=j(N,1,2.7182818);

submat=pop[,1:4]*esigma*pop[,1:4] ‘#i(N); submat=submat[+,]¢;
expl=-(pop[,1:4]*b‘)-(submat)/2;

ptheta=one+e##expl; pop=popl[,2:4];

pi=1/ptheta; pop=popl |pi;

create ssamuel from pop[colname={’group’,’behav’,’veg’,’prob’}];
append from pop; close ssamuel;

quit;

Y%mend partil;

Ymacro part2;

data sample3; set ssamuel;
p=uniform(0); sight=0;

if p < prob then sight=1;
keep sight group behav veg;

proc sort data=sample3; by descending sight;
%mend part2;

Y%macro more;
%do i1=2 %to 601;
hpart2;
data sample3; set sample3; set=&il;
proc append base=samplel data=sample3 force;
%end;
%mend more;

Ymacro part3;

proc iml; use beta; read all into beta; nsim=nrow(beta);

use samuel; read all into pop; N=nrow(pop); pop=j(N,1,0)||pop;
pop_size=exp(popl[,2]); pop_size=pop_size[+,];

p=uniform(j(¥,1,0));
pop[loc(p<pop[,51),1]1=1;
x=pop[loc(pop[,11=1),];

*kkkckkkkkkkkRkkkk  estimation;
b=j(1,4,0); esigma=j(4,4,0);

create result var {tau t_stat ytau yt_stat taul varl pop_size};
b=betal[1,]; esigmal[1:4,]=betal[2:5,]; numi=nrow(x);
one=j(numi,1,1);
e=j(numi,1,2.7182818); g=exp(x[,{2}1);
submat=x[,1:4]*esigma*x[,1:4] ‘#i(numl); submat=submat[+,]°;
expl=-(x[,1:4]*b‘)-(submat)/2;
theta=onet+e##fexpl;
*xkxxxkxkkx Calculating estimated Cov mx of theta hat;
exp2=-2#(x[,1:4]1*b‘)-2#submat;
evar=e#t#fexp2#(e## (submat)-one) ;
ecov=shape ({0} ,numi,numi) ;
do i1=1 to numi;
do j1=i1+1 to numi;
z=x[i1,1:4]+x[j1,1:4];
exp3=-z*b‘-z*asigma*z‘/2;
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ecvar=(2.718282##exp3)#(2.718282##(x[i1,1:4]*esigma*x[j1,1:4]¢)-1);
ecvar=g[i1]*g[ji]*ecvar;
ecov[il,jl]=ecvar; ecov[jl,il]=ecvar;
end;
end;
term2=ecov[+,+]; *g=exp(g); extra=ghghevar; term2=term2+extral+,];
T=theta#g; tau=T[+,]; taul=tau;
TT=g#g# (theta#ttheta-theta-evar); termi=TT[+,];
vari=termi+term2; append;
x=x[,1:4]; x=x||theta; x[,5]1=1/x[,5];

nsim=nsim/5-1;
m=1-(1/x[,5]-int(1/x[,51));

y=j(num1,1,0); yi=y;

do 1=0 to nsim;

*xkkkkkkkkkkk® create a population then sample;
p=uniform(j(numi,1,0));
y=ranbin(j(numi,1,0),int(1/x[,5]+0.5) ,x[,5]);
y1[loc(p<m),]=ranbin(0,int(1/x[loc(p<m),5]) ,x[loc(p<m),5]);
yi[loc(p>=m),]=ranbin(0,int(1/x[loc(p>=m) ,5])+1,x[loc(p>=m),5]);

*xxxkkkkk*k Calculating estimated Cov mx of theta hat;
b=betal[5*1+1,]; esigmal[1:4,]=beta[5+1+2:5%1+5,];
num2=y1[+,]; x2=j(num2,5,0); m2=0; num3=y[+,]; x1=j(num3,5,0); m1=0;
do k=1 to numi;
if y1[k] > O then
do;
x2[m2+1 :m2+y1 [k] ,]=shape(x[k,],y1[k],5);
m2=m2+y1[k] ;
end;
if y[k] > O then
do;
x1[m1+1:mi+y[k],]=shape(x[k,],y[k],5);
mi=mi+y[k];
end;
end;
one=j(num2,1,1);
e=j(num2,1,2.7182818); g2=exp(x2[,{2}1);
submat=x2[,1:4]*esigma*x2[,1:4] ‘#i(num2) ; submat=submat[+,]¢;
expl=-(x2[,1:4]*b¢)-(submat)/2;
theta=one+e#t#expl;
exp2=-2#(x2[,1:4]*b‘)-2#submat;
evar=e##fexp2#(e## (submat)-one) ;
ecov=shape ({0} ,num2,num2) ;
do i1=1 to num2;
do j1=il+1 to num2;
z=x2[i1,1:4]+x2[j1,1:4];
exp3=-z*b‘-zxesigma*z‘/2;
ecvar=(2.718282##exp3)#(2.718282##(x2[i1,1:4] *esigma*x2[j1,1:4])-1);
ecvar=g2[i1]*g2[j1]*ecvar;
ecov[il, ji]=ecvar; ecov[jl,il]=ecvar;
end;
end;
term2=ecov[+,+]; *g2=exp(g2); extra=g2#g2#evar; term2=term2+extral+,];
T=g2#theta; tau=T[+,];
TT=g2#g2#(theta#theta-theta-evar); termi=TT[+,];
var=termi+term?2;
t_stat=(tau-taul)/sqrt(var);

one=j(num3,1,1);

e=j(num3,1,2.7182818); g2=exp(x1[,{2}1);
submat=x1[,1:4]*esigma*x1[,1:4] ‘#i(num3); submat=submat[+,]¢;
expl=-(x1[,1:4]*b‘)-(submat)/2;

theta=one+ett#texpl ;

exp2=-2#(x1[,1:4]*b‘)~-2#submat;

evar=e##exp2#(e## (submat)-one) ;
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ecov=shape ({0} ,num3,num3) ;
do i1=1 to num3;
do j1=i1+1 to num3;
z=x1[i1,1:4]+x1[j1,1:4];
exp3=-z*b‘-z*esigma*z‘/2;
ecvar=(2.718282##exp3)#(2.718282## (x1[i1,1:4]*esigma*x1[j1,1:4])-1);
ecvar=g2[i1]*g2[ji1]*ecvar;
ecov[il, jll=ecvar; ecov[j1,il]=ecvar;
end;
end;
term2=ecov[+,+]; *g2=exp(g2); extra=g2#g2#evar; term2=term2+extral+,];
=g2#theta; ytau=T[+,];
TT=g2#g2# (theta#theta-theta-evar); termi=TT[+,];
var=termi+term2;
yt_stat=(ytau-taul)/sqrt(var);
append;
end;
close result; quit;

proc means data=result noprint;

var tau ytau;

output out=sigma std=stdtau ystdtau;

data sigma; set sigma; keep stdtau ystdtau;

proc univariate data=result noprint;
var tau t_stat ytau yt_stat;
output out=interv N=n tn yn ytn mean=ave tave yave ytave
p5=per5 tperb5 yper5 ytperS
p95=per95 tper95 yper95 ytper95
pctlpts=2.5 97.5 pctlpre=per tper yper ytp;
data result; set result; if _N_=1; keep taul varl pop_size;
data interv; merge interv result sigma;
data interv; set interv;
Sperb=tper5*sqrt(vari)+taul; Sper95=tper95*sqrt(vari)+taui;
Sper2_5=tper2_5#*sqrt(vari)+taul; Sper97_5=tper97_5#*sqrt(vari)+taul;
Eper5=tper5*stdtau+taul; Eper95=tper95*stdtau+taul;
Eper2_5=tper2_56*stdtaut+taul; Eper97_5=tper97_5*stdtau+taul;
ySperS5=ytper5*sqrt(varl)+taul; ySper95=ytper95*sqrt(vari)+taui;
ySper2_5=ytp2_5*sqrt(varl)+taul; ySp97_56=ytp97_5*sqrt(varl)+taul;
yEper5=ytperb*ystdtaut+taul; yEper95=ytper95*ystdtauttaul;
yEper2_5=ytp2_G6*ystdtau+taul; yEp97_5=ytp97_5*ystdtau+taul;
data new; set interv;
keep n tn pop_size
per5 per95 per2_5 per97_5 Sper5 Sper95 Sper2_5 Sper97_5
Eper5 Eper95 Eper2_5 Eper97_5
yper5 yper95 yper2_5 yper97_5 ySper5 ySper95 ySper2_5 ySp97_5
yEper5 yEper95 yEper2_5 yEp97_5;
Y%mend ;

Ymacro partO;

data samplel; set samuel;
p=uniform(0) ; sight=0; set=1;
if p < prob then sight=1;

keep sight group behav veg set;
data A_sample; set samplel;
keep sight group behav veg;

proc sort data=samplel; by descending sight;
proc logistic covout order=data outest=beta noprint;

model sight= group behav veg/ covb;* influence iplots;

data beta; set beta;
keep intercep group behav veg;

%partl;
Ymore;
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proc logistic data=samplel covout order=data outest=beta noprint;
by set;
model sight= group behav veg/ covb;* influence iplots;

data beta; set beta; keep intercep group behav veg;
data beta; set beta; if intercep=’.’ then delete;

%part3;
%mend partO;

Ymacro morel;

%partO; data old; set new;

%do i2=2 %to 300; %partO; proc append base=old data=new force;
%end;

Y%mend morel;

data samuel;

infile ’elk.dat’;

input sight group hab behav veg;

if behav>2 then behav=2; behav=behav-1;
group=log(group);
u=1.8828+0.9694*group-1.7704*behav-0.043*veg;
prob=1/(1+exp(-u));

keep group behav veg prob;

%morel ;

data old; set old;
if per5<pop_size and pop_size<per95 then
do; p90+1; p95+1; end;
else
if per2_5<pop_size and pop_size<per97_5 then p95+1;
w90=per95-per5; w95=per97_b6-per2_5;
if Eper5<pop_size and pop_size<Eper95 then
do; Ep90+1; Ep95+1; end;
else
if Eper2_5<pop_size and pop_size<Eper97_5 then Ep95+1;
Ew90=Eper95-Eper5; Ew95=Eper97_56-Eper2_5;
if Sper5<pop_size and pop_size<Sper95 then
do; Sp90+1; Sp95+1; end;
else
if Sper2_b<pop_size and pop_size<Sper97_5 then Sp95+1;
Sw90=Sper95-Sper5; Sw95=Sper97_5-Sper2_5;
if yper5<pop_size and pop_size<yper95 then
do; yp90+1; yp95+1; end;
else
if yper2_5<pop_size and pop_size<yper97_5 then yp95+1;
yw90=yper95-yper5; yw95=yper97_5-yper2_5;
if yEper5<pop_size and pop_size<yEper95 then
do; yEp90+1; yEp95+1; end;
else
if yEper2_5<pop_size and pop_size<yEp97_5 then yEp95+1;
yEw90=yEper95-yEper5; yEw95=yEp97_5-yEper2_5;
if ySper5<pop_size and pop_size<ySper95 then
do; ySp90+1; ySp95+1; end;
Else
if ySper2_5<pop_size and pop_size<ySp97_5 then ySp95+1;
ySw90=ySper95-ySper5; ySw95=ySp97_5-ySper2_5;
proc print data=old;
run;
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*** Compute expectation and variance of estimated parameters and
population size estimator when fit a simpler model (chap 7);

data samuel;

infile ’elk.dat’;

input sight group hab behav veg;

if behav>2 then behav=2; behav=behav-1;
group=log(group);
u=1.8828+0.9694*group-1.7704*behav-0.043*veg;
prob=1/(1+exp(-u));

keep group behav veg prob;

/*

infile ’ssamuel.dat’;

input group behav veg prob;
u=2.4132+0.1322*group-1.8224*behav-0.0423*veg;
*/

proc iml;

use samuel; read all into x;

x=j(nrow(x),1,1) | Ix; x1=x[,111Ix[,4]; *x1=x[,1:2];
pop_size=exp(x[,{2}]); pop_size=pop_size[+,];*pop_size=x[+,{2}];
print pop_size;

b1=j(4,1,0);

b1[1,1]=0.348307; b1[2,1]=0; b1[3,1]=0; b1[4,1]=0;
u=x1%b1[1:2]; prob=1/(1+exp(-u));

D=prob#(1-prob); D=diag(D);

z=inv(x1‘*D*x1)*x1‘*(x[,5]-prob);

beta=b1[1:2]; betal=betat+z;

a=j(2,1,0.000001) ;

iter=1;

do while (abs(beta[i]-betai[1])>a[1]|abs(beta[2]-betal[2])>a[2]);

*do while (abs(beta-betal)>a);
iter=iter+l;
u=x1*betal; prob=1/(1+exp(-u));
D=prob#(1-prob); D=diag(D);
z=inv(x1‘*D*x1)*x1‘*(x[,5]-prob);
beta=betal; betal=betatz;

end;

sigma=inv(x1‘*D*x1);

Di=x[,5]#(1-x[,5]); Di=diag(D1);

sigmal=sigma*x1‘*Di*x1*sigma‘;

print iter betal sigmal;

b=j(1,2,0); esigma=j(2,2,0);

b=betal‘; esigma=sigmal/4; numi=nrow(x);

one=j(numi,1,1);

e=j(num1,1,2.7182818); g=exp(x[,2]);

submat=x1*esigma*x1‘#i(numi); submat=submat[+,]¢;

expl=-x1*b‘-submat/2;

theta=1+e##texp1#(x1[,1]+x1[,1]/2#submat) ;

*xxkkxkkkxk Calculating estimated Cov mx of theta hat;
exp2=-2#(x1*b‘)-submat;
evar=e##texp2#submat ;
ecov=shape ({0} ,num1,numi) ;
do i1=1 to numil-1;
do j1=i1+1 to numi;
z=x1[i1,]+x1[j1,];
exp3=-z*b‘-submat[i1,]/2-submat[j1,]1/2;
ecvar=(2.718282**exp3)*(x1[il,]*esigma*x1[j1,]1¢);
ecvar=ecvar*g[il]*g[j1]*x[i1,5]*x[j1,5];
ecov[il,ji1]=ecvar; ecov[jl,il]=ecvar;
end;
end;

expect=x[,5]#g#theta; expect=expect[+,]; extra=ghg#(x[,5]#evar+x[,5]#(1-x[,5])#thetaktheta);
var=extra[+,]+ecov[+,+]; var=var; print expect var; run;
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**xx Compute mean and observed variance matrix of a set of estimated parameters.
Also compute average of estimated variance matrix.

data ai;

*infile ’h06101.dat’;
*infile ’small42.cov’;
*infile ’veg42.cov’;
infile ’p4x4.cov’;
input x1-x20;

*if _N_ <= 500;

if x1=’.’ then delete;
proc means noprint;
var x5-x20;

output out=resultl mean=m5-m20 N=n;

proc iml;
use al; read all var {x1 x2 x3 x4} into beta;
use resultl; read all var {m5 m6 m7 m8 m9 m10 mi1 mi2 mi3 mi4 mi5
mi6 m17 mi8 m19 m20} into m;
nsim=nrow(beta); nsimi=nsim;
print nsim;
sumsq=j(4,4,0);
do i=1 to nsim;
sumsq=sumsq+betali,] ‘*betali,];
end;
sum=betal[+,]; covi=(sumsq-sum‘*sum/nsim)/(nsim-1);
var=j(4,4,0); var[1,]=m[,1:4]; var[2,]=m[,5:8];
var[3,]1=m[,9:12]; var[4,]=m[,13:16];
avel=sum/nsim; print avel;
print covl var;
run;
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*** Compute true error components 1 and 2 for a complete census;

data elk;

infile ’elk.dat’;

input sight group hab behav veg;

if behav>2 then behav=2; behav=behav-1;
prob=2.4132+0.1322*group-1.8224*behav-0.0423*veg;
prob=1/(1+exp(-prob));

keep group behav veg prob;

/*

infile ’ssamuel.dat’ lrecl=80;

input group behav veg prob;

group=log(group) ;
prob=1.8828+0.9694*group-1.7704*behav-0.043*veg;
if prob < 0.6 then delete;

if veg > 50 then delete;

if group > 9 then delete;

*/

data obs_cov;
infile ’cov.dat’;
input x1-x4;

data covar;
infile ’var.dat’;
input x1-x4;

proc iml;

use elk; read all into pop; N=nrow(pop); pop=j(N,1,1)||pop;
use obs_cov; read all into ocovar;

use covar; read all into covar;

*kkkkkkkkkrxkkk  calculate true variance;
pi=pop[,5]; one=j(N,1,1); e=j(N,1,2.7182818); g=(pop[,2]);
pop.size=g[+,]; print pop_size;
/*
tbeta=j(1,4,0); tbetal[1,1]=1.8828; tbeta[1,2]=0.9694;
tbetal[1,3]=-1.7704; tbetal[1,4]=-0.043;
*/
ttermi=g#g#(1/pi-j(N,1,1)); ttermi=ttermi[+,]1/4;
tbeta=j(1,4,0); tbeta[1,1]=2.4132; tbeta[1,2]=0.1322;
tbetal[1,3]=-1.8224; tbetal[1,4]=-0.0423;
submati=pop[,1:4]*ocovar*pop[,1:4] ‘#i(N); submati=submati[+,]¢;
submat2=pop[,1:4]*covar*pop[,1:4] ‘#i(N); submat2=submat2[+,]¢;
texp2=-2#(pop[,1:4]*tbeta‘);
evari=e#i#ttexp2# (e##(submatl)-one); oparti=gh#ghevariipi;
evar2=e##texp2# (e##(submat2)-one) ; parti=g#ghevar2itpi;
otterm2=0; tterm2=0;
do i2=1 to N-1;
do j2=i2+1 to N;

z=pop[i2,1:4]+pop[j2,1:4];

texp3=-z*tbeta‘;

ecvar1=(2.718282##texp3)#

(2.718282##(pop[i2,1:4]*ocovar*pop[j2,1:4]1¢)-1);

ecvar2=(2.718282##texp3)#

(2.718282##(pop[i2,1:4] *covar*pop[j2,1:4]¢)-1);
otterm2=otterm2+g[i2]*g[j2]*ecvari*pil[i2]*pil[j2];
tterm2=tterm2+g[i2]*g[j2]*ecvar2*pil[i2]*pil[j2];

end;
end;
run;
ti=parti[+,]; otl=oparti[+,]; t2=2*tterm2; ot2=2*otterm2;
*print t1 t2 otl ot2;
tterm2=(parti[+,]+2*tterm2); true_v=ttermi+tterm2;
otterm2=(oparti[+,]+2*otterm2); otrue_v=ttermi+otterm2;
total=g[+,]; print total;
print tterml otterm2 tterm2 otrue_v true_v; run;
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