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ABSTRACT

AN ENERGY-BASED FRAMEWORK FOR CONTACT-AWARE MESH DEFORMATION IN
CREATIVE SOFTWARE

This thesis develops a customizable framework for a class of mesh deformation problems in
creative software. In particular, it concerns problems where a mesh, here called the conforming

surface or conforming mesh, is to be deformed in a way that
(i) respects geometric contact or near-contact constraints defined by a fixed farget surface and

(i1) preserves the character of the mesh in a way that can be tuned by a set of interpretable

parameters.

This fixed target surface is represented by a higher-order algebraic discrete signed distance function
(ADSDF), while the conforming mesh carries Euclidean vertex positions together with auxiliary
unit-quaternion rotational data. We refer to this process as retargeting. Retargeting is formu-
lated as the minimization of an energy built from signed-distance evaluations and their derivatives,
combining contact-aware energy terms with an energy term inspired by the as-rigid-as-possible
(ARAP) technique [1] that preserves designer intent by promoting near-isometric deformations.
Optional terms for normal alignment, conformity to prescribed geometric landmarks, smoothing,
and related constraints can be added. The resulting optimization problem is posed intrinsically on
a product space of Euclidean and manifold-valued variables.

The thesis makes three main contributions. First, it organizes mesh retargeting against signed-
distance targets as a customizable energy optimization framework — the choice of energy terms
determines the character of the final retargeted mesh. Second, it proves a local theorem for ADS-
DFs: on regular regions, least-squares (LSQ) polynomial samples inherit the same approximation

order as Taylor polynomial samples, providing a mathematical justification for the practically im-

il



portant LSQ construction given by Valasek and Ban [2]. Third, it extends subdivision to manifold-
valued data by replacing affine averages with Karcher means and proves continuous convergence
by proximity to the underlying linear scheme.

The framework is illustrated through problem formulations for fitting a shirt around an aligned
body, pose-retargeting a shirt with landmarked geometric features, and armature-driven contact
resolution against a synthetic obstacle field. Together these examples show how higher-order
signed-distance fields, customizable energies, and intrinsic optimization can be combined to pre-

serve design intent while resolving geometric constraints.
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Chapter 1

Introduction

1.1 The problems we are interested in

A common task in 3D creative software is to deform one surface according to the geometry
of another while respecting constraints that matter to a designer. We will call the fixed surface
the target surface and the surface being deformed the conforming surface or conforming mesh.
Sometimes the goal is simply to bring the conforming surface into contact with the target. More
often a mesh asset, provided by a designer or artist, must be retargeted to a new surface while
preserving seams, silhouette, texture layout, or some subjective aspect of design intent.

A garment-retargeting example captures the main difficulty. Suppose a shirt has been modeled
for a base humanoid and must be adapted to a more muscular body. If the original shirt is placed
on the new body in the appropriate pose without changing its geometry, parts of the garment may
intersect the body mesh unrealistically—a phenomenon known in computer graphics as clipping.
The task is then to deform the shirt so that it clears the body while preserving the visible structure
of the asset: hems should remain plausible, sleeve cuffs should stay near the wrists, seams should
not wander, and the resulting garment should still look like the same shirt.

The approach developed in this thesis combines two ingredients. First, the target surface is
represented by a signed distance function (SDF) [3, Section 14.6]. Informally, an SDF is a scalar
field whose zero set is the target surface and whose value at a point records the signed distance to
that surface: positive outside and negative inside. Second, the conforming mesh is deformed by
minimizing an energy built from the geometric information supplied by that field. This point of
view is especially well suited to situations in which the target is fixed and the conforming surface
is being edited, since the cost of building the SDF representation is then amortized over many

evaluations.
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Figure 1.1: (Left) A red shirt asset fitted to a T-posed body. (Right) Artist modifies body pose and the shirt
is retargeted to the new pose.

The appeal of the SDF representation is computational. It supports fast geometric queries! and,
in the higher-order algebraic constructions used here, it also provides derivatives analytically rather
than through finite differences. This matters both mathematically and computationally. Surface
normals and curvature information can be extracted directly from the chosen representation, and

these evaluations are well suited to graphics hardware [2,4,5].

1.2 Problem formulation

We denote the target surface by 7 and the conforming surface by C. The surface C is rep-
resented as a mesh. The surface 7 is converted to a discrete signed distance function </ISSDF us-
ing higher-order algebraic constructions [2]. A classical discrete signed distance function stores
sampled distance values and interpolates them. An algebraic discrete signed distance function
(ADSDF) stores local polynomial data instead. This is useful here because the gradients and Hes-
sians of those local polynomials can be evaluated directly at query points, so the representation

carries not only distances but also differential information about the target surface.

By a geometric query I mean the evaluation at a point in space of quantities such as signed distance to the target, a
surface normal, or higher differential data.



The conforming mesh carries two kinds of per-vertex data. The first is Euclidean data, namely

the vertex positions

P =(pi,....pn) € R}V,

The second is manifold-valued data

Q:(ql,...,qN)GMN.

Here M is a Riemannian manifold: a smooth manifold equipped with an inner product on each
tangent space, varying smoothly from point to point. This gives a notion of gradient and geodesic
motion that respects the geometry of the manifold itself. In the main application of this thesis we
take

M =5,

the manifold of unit quaternions. These quaternions encode per-vertex rotational information,
which serves as the discrete analogue of the rotational part of a deformation.

The manifold S? is also a Lie group, that is, a smooth manifold with a smooth group multi-
plication law. This is useful computationally because quaternion multiplication and the quaternion
exponential are explicit. Optimization updates can therefore be written directly in quaternion arith-
metic rather than re-derived in local coordinates at every step [6-8].

The basic retargeting ingredients are a distance term and an ARAP-like near-isometry term.
Depending on the application, one may also add terms for normal alignment, smoothing of the
rotational field, adherence to landmarks, or nonpenetration barriers. By a landmark we mean a

user- or algorithm-specified feature that should remain near a designated point or region, such as a



sleeve cuff near a wrist or the neckline of a shirt. A typical energy therefore has the form

E(P,Q;T) = ?distgdist(P) + TarapEarar (P, Qz

basic retargeting terms

+ ?normgnorm(Pa Q) + Tsmoothgsmooth(Pa Q)

J/

TV
alignment and regularity

+ ?landgland<P) + Tbarriergbarrier(PZ7

~
application-dependent constraints

where the energy weights T control the relative strength of the various terms. The notation
T4ist; Tarap, - - - 1s retained for continuity with the implementation, but these coefficients are only
relative weights for residual blocks; no thermodynamic interpretation is intended. Different appli-
cations may omit some of these terms or add new ones without changing the basic optimization
framework.

More generally, these energies are assembled from local evaluations of the target field and its

derivatives:

E(P.Q;T) =Y K(P,Q. Pspr(p;), VOspr(p:), V2 Ospr(p:).. . . ) area(xi).
i€V

Here area(xi) denotes a standard dual-area weight associated with vertex 4, for example the area
of a vertex-centered dual cell (figure 1.2). This expression makes the customizability of the frame-
work explicit: once the target has been encoded as EI\DSDF and the conforming mesh carries the
rotational data @, one can change the collection of energies without changing the overall architec-
ture of the method.

This formulation should be compared with the classical ARAP pipeline [1]. Standard ARAP
methods typically alternate between updates of the vertex positions and updates of the local rota-
tional data. In our method, the variables P and @ are updated within a single intrinsic descent

step on the product space (R®)Y x MY, This is the change that makes the optimization natu-
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Figure 1.2: Visualization of a vertex ¢ and its dual «:.

rally compatible with additional energy terms for normal alignment, landmarks, smoothing, and

nonpenetration.

1.3 The role of the ARAP term

The retargeting energy is driven by two competing geometric requirements. On one hand, the
conforming surface should move into contact or near-contact with the target. On the other hand, it
should preserve as much of its original structure as the task permits. A distance or clearance term
addresses the first requirement, but by itself it says nothing about which features of the conforming
mesh should be preserved during the deformation. In the garment example, an optimization driven
only by contact may move sleeve openings, distort seams, and alter proportions even if it succeeds
in eliminating interpenetration.

This is the role of the ARAP term. In this thesis, “rigidity” means near-isometry in the ARAP
sense: local edge neighborhoods should deform approximately by rotations, so lengths and an-

gles are preserved as much as the target constraints allow. This is not a full mechanical rigidity



model and should not be interpreted as a bending- or shear-resistance law. In our framework this
near-isometry term is combined with the competing SDF-driven terms to produce favorable defor-
mations. Additional normal, landmark, smoothing, and barrier terms may then be added to control
particular aspects of the deformation. The result is a framework in which contact, preservation,

alignment, and nonpenetration can be balanced against one another in a controlled way.

1.4 Main results and organization of the thesis

The thesis has three principal contributions.

First, it develops a customizable SDF-plus-energies framework for the class of problems de-
scribed above. The target is represented by an ADSDF, the conforming mesh carries both Eu-
clidean and manifold-valued data, and the optimization is carried out intrinsically on the product
space (RN x (S3)N. Relative to the classical ARAP pipeline, the essential difference is that
positions and rotations are updated within the same intrinsic descent procedure rather than by an
interleaved local-global iteration. The resulting framework is compatible with additional energy
terms for normal alignment, landmarks, smoothing, and nonpenetration.

Second, it establishes a local theorem relating the two most important higher-order ADSDF
constructions: Taylor samples and least-squares (LSQ) samples. The ADSDF paper of Valasek
and Ban suggests that LSQ samples converge to Taylor samples as the fine-grid extent shrinks [2].
One contribution of this thesis is to state and prove the local comparison theorem needed to make

that statement precise.

Theorem 1.4.1 (Informal LSQ-to-Taylor principle).
On regular regions, degree-k LSQ ADSDF samples approximate the target signed distance
function to the same order as degree-k Taylor ADSDF samples. Therefore the filtered LSQ

ADSDF inherits the convergence order of the corresponding filtered Taylor ADSDF.

The formal statements and proofs are given in Chapter 3 in the form of Theorem 3.3.2 and

Corollary 3.3.2.



For signed distance fields, the hypothesis on K is local by necessity. The field is not globally
smooth: it fails to be C' on the cut locus, where closest points are not unique. Thus the theorem
applies only on regions where the target field is smooth. Even so, it justifies the connection between
LSQ ADSDFs and Taylor ADSDFs in practice.

Third, the thesis develops a subdivision result for manifold-valued data. Classical subdivision
schemes such as Catmull-Clark and Loop refine Euclidean control meshes by repeated weighted
averaging [9-11]. In our framework the per-vertex quaternion data must also be refined, and the
correct replacement for affine averaging is a Karcher mean. This leads to a manifold-valued ana-
logue of these schemes and, under standard proximity hypotheses, to a convergence result of the

following form [12—14].

Theorem 1.4.2 (Informal subdivision theorem).

Suppose a subdivision rule on a triangular or quadrilateral mesh is obtained by replacing the
affine averages in a classical linear scheme with the corresponding Karcher means on a Rie-
mannian manifold. Under suitable small-data and proximity hypotheses, the refined control

meshes converge to a continuous manifold-valued limit surface.

The formal statement and proof are given in Chapter 5 in the form of Theorem 5.6.1.

This manifold-valued subdivision material is a non-essential companion result to the central
retargeting algorithm, but it does provide a starting point for developing more advanced multi-
resolution strategies in future work and it is mathematically interesting in its own right. A basic
way to apply our subdivision result is a coarse-to-fine optimization strategy: solve a global fitting
problem at low resolution, then subdivide and continue only when added detail is needed.

At a high level, the remainder of the thesis is organized as follows.
e Chapter 2 gives the signed-distance preliminaries needed for retargeting and then develops

the energy terms themselves.

e Chapter 3 develops algebraic discrete signed distance fields, explains their construction and

filtering, and proves the local LSQ-to-Taylor comparison theorem.



Chapter 4 develops the intrinsic optimization framework, including Riemannian gradients,

Lie-group structure, quaternion formulas, and the Gauss—Newton viewpoint used later.

Chapter 5 presents the companion subdivision result for manifold-valued data and explains

its role in coarse-to-fine refinement.

Chapter 6 records the illustrative applications and experimental formulations used to demon-

strate the framework in practice.

Chapter 7 concludes with a summary of contributions, limitations, and future directions.

The unifying theme is that implicit target geometry, manifold-valued deformation data, and
customizable energies fit together naturally. The ADSDF supplies local geometric information
about the target. The manifold-valued data encode rotational structure in a way compatible with
intrinsic optimization. The energy framework makes it possible to ask for deformations that pre-
serve design intent while simultaneously promoting contact, normal alignment, and other geomet-
ric properties.

The library developed to carry out these computations is available at

https://github.com/tristanneighbors/Energy-Framework-Contact- Aware-Mesh-Deformation.



Chapter 2

Retargeting Energies and SDF's

This chapter defines the energy terms that drive the retargeting problems considered in this
thesis. The guiding example is a garment or accessory that has already been designed for one char-
acter and must be adapted to another. A shirt authored for a base humanoid, for example, cannot
simply be placed onto a more muscular body and left unchanged: the geometry may intersect the
body mesh unrealistically—a phenomenon commonly called clipping in computer graphics—and
even when intersection is avoided, cuffs, collars, seams, and other designed features may drift into
implausible positions. The problem is therefore not merely to bring one surface into contact with
another, but to deform the source mesh in a way that respects the geometric relationships that make
the original asset look intentional.

Our approach is to represent the target surface by a signed distance function and to formulate re-
targeting as the minimization of a customizable energy. This chapter focuses on the idea of design-
ing these energies. We first recall the small amount of smooth SDF geometry that we’ll need. We
then describe the basic SDF-driven terms, the near-isometric term inspired by as-rigid-as-possible
(ARAP) modeling, and a short list of auxiliary terms that can be added without changing the over-
all structure of the method. The practical questions—how to query the target surface discretely
with accurate derivatives, and how to optimize a function of both Euclidean and manifold-valued

variables—are deferred to the next two chapters.

2.1 Signed-distance preliminaries

We use the symbol 7 for the fixed target surface. The surface to be deformed toward 7 will be
denoted by C and will be called the conforming surface. Throughout the thesis, C is represented as
amesh. The target surface will first be described ideally by a smooth signed distance function ®gpp

and later, in Chapter 3, by a discrete approximation that can be evaluated efficiently in practice.



2.1.1 Signed distance functions, regular points, and the cut locus

Definition 2.1.1.
Let 2 C R® have nonempty boundary 9. The signed distance function of ) is the map

Dspr : R? — R defined by

—dist(x, 092), x€Q,
Pspr () =
dist(x,00), « ¢ Q.

Its zero level set is the boundary:

o) = {iB S R3: (I)SDF<JJ) = 0}

For the energy terms below, the important point is that a signed distance function packages sev-
eral kinds of geometric information into a single scalar field. The value ®gpr(x) records distance
to the target surface together with an inside/outside sign. At points where ®gpr is differentiable,
its gradient gives a unit normal direction. At points where the Hessian exists, it records curvature
information for the level set passing through x.

Signed distance functions are continuous and 1-Lipschitz, but they are not globally smooth.
In a neighborhood of a point with a unique closest point on a smooth target surface, the signed
distance function behaves as expected and is as smooth as the target. We call such points regular
points, and regions containing only regular points regular regions. At points where the closest
point is not unique, differentiability can fail; this set is referred to as the cut locus.

We recall the standard SDF facts needed for our discussion of retargeting energies. Proofs are

omitted but they can be found in standard references [3].
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Proposition 2.1.1.

Let x be a regular point of ®gp, and let

S. = {y € R*: dgpp(y) = c}, ¢ = Pgpr(x),

be the level set through x. Then

HV(I)SDF(w)H == 1, V(I)SDF(w) 1 Ta:Sc
~— ———
unit length normal direction

2.1.2 The Hessian and curvature of level sets

When V2®gpr(x) exists, it describes the second-order geometry of the level set through . On

the target surface itself this means the zero level set; away from contact it means an offset surface.

Proposition 2.1.2.

Let « be a regular point of ®spr, and let S.. be the level set around x as above. Then V®spr ()
is an eigenvector of V2®gpp(x) with eigenvalue 0. The other two eigenvectors lie in TS,
and their eigenvalues are the principal curvatures of S. at . Consequently, if these principal

curvatures are denoted by 1, ko, then

tr(V2®spr () = k1 + ko

Vv
mean curvature of S,

and

(tr(V2<I>SDF(a:))2 - tr(qu)SDF(az)2)) = R1Kk2.

(O | —

J

Vv
Gaussian curvature of S¢

These identities are standard consequences of the spectral theorem together with the Cayley—

Hamilton relation for the elementary symmetric polynomials of the eigenvalues [3]. More explic-
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itly, at a regular point the Hessian has eigenvalues 0, x1, k2. Hence
tr<v2q)SDF) = K1+ Ka, tr(VQCI)%DF) = ’i% + Hgv
and therefore

1
- (tr(V2<I>sDF)2 — tr(VQ(I)%DF)) =

5 ((m + /<a2)2 — (H% + ng)) = K1Ko.

N —

The chapter does not need more smooth SDF theory than this. Appendix A collects additional
reference material: a compact characterization of signed distance functions, several exact formulas
for common primitives, and explicit gradients and Hessians that are useful for testing implementa-

tions.

2.2 The retargeting energy at a glance

We now turn from smooth target-side geometry to the discrete variables that will actually be
optimized. Let V = {1, ..., N} denote the vertices of the conforming mesh. The vertex positions

are collected into

P =(pi,....pn) € R}V,

For the near-isometric term we will also attach to each vertex an auxiliary rotation variable

Q = (ql, . ,qN) < (Sg)N,

interpreted as unit quaternions. The one-ring of a vertex ¢ is denoted by N (i), and area(*i) denotes
the dual area associated to <.

The energy is customizable. Some applications may be concerned with normal alignments and
others with conformity to certain landmarks. Some may be concerned with multiple geometric
features simultaneously. One designs the energy to suit the specific application. The one-ring

neighborhood N (i) is the set of vertices adjacent to vertex i by an edge.
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Figure 2.1: One-ring neighborhood N (7) (yellow) of vertex i (teal).

For garment retargeting the basic ingredients are a term that responds to the target SDF and a
term that preserves the designed mesh as nearly isometric as possible. Additional terms can then
enforce further geometric preferences such as normal alignment, semantic landmarks, or auxiliary
smoothness.

A convenient schematic form is

Stotal<P7 Q) = ?distgdist(P) + Tcleargclear(P) + Tnormgnorm(Pa Q)

Vv
driven directly by SDF queries

+ TARAPgARAP(P , Q)

J/

promotes near-isometry

+ \T'landgland(P) + Tsmoothgsmooth<P, Q) + .- / .

NV .
auxiliary, application-specific terms

The coefficients Tyist, Teiear, - - - are energy weights. They may be chosen by hand, prescribed
regionwise, or scheduled automatically later in the optimization. Their role is only to modulate the

relative influence of the component energies; they do not change the basic structure of the method.

13



2.3 SDF-driven terms

This section records the target-side terms that follow immediately from the preliminaries above.
They are the terms that depend explicitly on values, normals, or possibly Hessians of the target

SDF.

2.3.1 Distance, offset, and clearance
The simplest fitting term asks the conforming surface to approach a prescribed level set of the
target SDF. If the desired offset is the scalar field d; defined at the vertices of the conforming mesh,

one natural choice is

Eai(P) =) (Pspr(pi) - di)i area(xi).

eV

vV
distance to desired level set

The special case d; = 0 asks the mesh to approach the target surface itself. More generally, a
positive offset can be used to impose a desired stand-off distance. This is often more appropriate
for clothing and accessories than exact contact, since the goal is not to glue the source mesh to the
body but to make it fit plausibly around it.

A two-sided distance term is appropriate when the conforming surface is intended to lie near
a prescribed offset level set. It is less appropriate for loose garments or for regions where contact
should occur only on one side, because it can pull the mesh too tightly around the target, especially
near concavities. In such cases the distance term should be replaced or supplemented by a one-
sided clearance term, landmarks, and ARAP regularization so that the mesh avoids penetration
without being forced to cling to the target everywhere.

For many retargeting tasks, contact alone is not enough. One often wants a one-sided penalty

that forbids or strongly discourages interpenetration. A simple choice is

Eclear(P) = Z maX(O, d; — QDSDF(pi))Q area(x1),
ey d

NV
penalty for violating the clearance

where d; > 0 is again the desired offset. This term vanishes whenever the vertex lies on or outside

the desired offset level set and becomes active only when the clearance is violated. In practice
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one may prefer smoother barrier-type penalties. The formula above is a simple example of a non-

smooth penalty that is easy to implement and works well enough in some applications.

2.3.2 Normal alignment

Once the conforming surface is near contact, normal information becomes meaningful. Let
N = (ng,...,ny), n; € R,
denote a reference normal field attached to the conforming mesh. A simple alignment energy is

Enorm(P,Q) = > xi (1= (gimuq)) ~V@snp(pi)zarea(*i),

%

misalignment with target normal

where the weights x; € [0, 1] activate the term only where it is intended to matter.

Two comments are important here. First, the unit quaternion ¢; is meant to encode the local
rotational part of the deformation near vertex i. After identifying vectors in R? with pure imaginary
quaternions, the map

n; — NG

is the rotation of n; determined by ¢;. Thus ¢;n,q; is the discrete analogue of transporting a ref-
erence normal by the local rotational component of the deformation. The quaternion conventions
used here, including the action v — quvq*, are reviewed in Appendix B. Second, this normal-
alignment term should usually be applied only near intended contact regions. Away from contact,
the gradient of the target SDF is the normal of an offset level set through the query point, and it
may be geometrically unreasonable to force that direction to match a garment or accessory normal

everywhere.
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2.4 Near-isometry and the ARAP term

The central design-preserving term is the one inspired by ARAP modeling [1]. The original
ARAP method was introduced for interactive surface deformation, not for garment retargeting, but
the geometric idea carries over directly: when exact rigidity is impossible, one should still prefer

deformations that are as close to locally rigid motions as the target constraints allow.

2.4.1 Smooth rigidity and its rotational part

Let X, : C — R? denote the initial embedding of the conforming surface and let X : C — R?

denote a deformed embedding. The induced deformation map is
f=XoXx;"

At a point p € C, the differential df, records the tangential part of the deformation. If we adjoin

the unit normal of the deformed surface, we obtain a 3 x 3 matrix

Dy = {dfp n(p) ] :

After choosing compatible oriented tangent bases, this matrix admits a polar decomposition
D, = R,S,, R, € SO(3), S, symmetric positive definite.

The factor 2, is the closest rotational part of the local deformation, while S, is a symmetric
positive-definite stretch tensor. The tensor S, records the non-rotational part of the local deforma-
tion, including dilation and anisotropic or shear-like stretch. A pure local rotation is characterized
by S, = 1. Equivalently, the deformation preserves lengths and angles to first order. This is the

sense in which rigidity appears here.
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The same decomposition explains why normal alignment naturally couples to the rotational

variable. If nq(p) denotes the initial normal, then

Ryno(p) = n(p)
~—
rotated reference normal deformed normal

The rotational factor is therefore the object that simultaneously describes how tangent directions

and normals move under the deformation.

2.4.2 The discrete near-isometric energy
In the discrete setting we do not manipulate the full tensor df, directly. Instead, we compare
each deformed mesh edge with the corresponding edge in the reference mesh after rotating the

reference edge by a per-vertex auxiliary variable. Let

PO — (p(O)’ o ’pgg))

denote the reference positions of the conforming mesh. The basic discrete near-isometric term is

© _ O\ (| :
(P — ;) — (pi — pj) area(*@)-

Earar(P, Q) = Z Z Wzy

i€V jeN1(3)

deformed edge minus rotated reference edge

Here w;; > 0 are edge weights, identical to those appearing in the traditional ARAP method. The
role of the term is easy to read from the formula: if the deformed edge (p; — p;) agrees with the
rotated reference edge at every incident pair (7, j), then the deformation is locally consistent with
a rigid motion. The farther these quantities drift apart, the larger the penalty.

This term promotes rigidity but does not strictly constrain the deformation to being rigid. Exact
rigidity is generally incompatible with the retargeting problem. A shirt that must fit a larger torso or
a wider shoulder span cannot remain exactly isometric. The role of Exrap is therefore to preserve

the original design as much as the target-side terms permit, not to prevent all geometric change.
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2.4.3 Relation to classical ARAP

The energy above is close in spirit to the classical ARAP energy, but the optimization view-
point is different. In the original local/global formulation, rotational variables and positional vari-
ables are updated in alternating subproblems [1]. Here the rotational variables remain part of
the same optimization state as the vertex positions. The next chapters will describe how this
coupled objective is handled: Chapter 3 supplies a target representation with accurate deriva-
tives, and a later intrinsic-optimization chapter (Chapter 4) develops the framework for the mixed
Euclidean/manifold-valued variables.

The distinction matters because the customizable energy viewpoint is one of the main advan-
tages of the framework presented in this thesis. Once the objective is written on the joint state
(P, Q), one can add or remove other terms—clearance, landmarks, smoothing, and so forth—

without redesigning the overall modeling framework.

2.5 Auxiliary terms

Once the target-side terms and the near-isometric term are in place, additional energies can

encode task-specific preferences without changing the overall form of the problem.

2.5.1 Landmarks
A landmark is a designated feature of the source mesh that should remain near a corresponding
feature on the target. In a garment example, landmarks might represent cuffs, collar points, seam

endpoints, or a hem curve. The simplest point-based version is

*[12
gland<P> = Zwé lee - w@” )
/=1

where i, indexes a vertex or representative point on the conforming mesh, x; is the prescribed
target feature, and wy controls how strongly that correspondence is enforced. More generally, one
could use curve-based or region-based landmarks, and the energy could be designed to enforce

tangential as well as positional alignment.
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2.5.2 Auxiliary smoothing or regularization

A second family of auxiliary terms penalizes rough or oscillatory deformations. One option
is to smooth the displacement field directly. Another, more natural in the present framework, is
to smooth the auxiliary rotational data. If the rotations are represented by unit quaternions, one

convenient choice is

5smooth(Q) = ; m Z % Hlog(q;‘qj) H2 area(ﬂ').

JEN1(3)

The logarithm here is the Riemannian logarithm on S®, so the term measures squared geodesic
discrepancy between neighboring rotations. Chapter 4 will review the small amount of manifold
geometry needed to interpret this expression properly. For this chapter, the important point is

simply that such a term is available if the deformation requires additional regularity [15].

2.5.3 Energy weights and regionwise compliance
The coefficients

Tdist7 Tcleara Tnormy TARAP, ﬂanda Tsmootha s

should be viewed as compliance controls. They may be constant, chosen interactively by a de-
signer, or allowed to vary by region. For example, a garment panel near the torso may be permitted
to deviate more from isometry than a cuff or collar. Likewise, landmarks may be enforced strongly
only in a few semantic regions. The later optimization chapter will separate clearly between the
fixed-weight inner problem and any outer continuation strategy. They are called weights through-

out the discussion below; the notation 7 is only a compact way of indexing the residual blocks.

2.6 What remains before optimization is possible

The chapter has defined the ideal target-side quantities and the energy terms that use them, but

two substantial ingredients are still missing.
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First, the target surface must be represented discretely in a way that preserves the value of the
signed distance formulation. The energies above require repeated access not only to a scalar field
value but also to its derivatives. Finite-difference derivatives of a sampled scalar grid are often
too noisy and stencil-dependent for this role. The next chapter therefore turns to algebraic discrete
signed distance fields, whose local polynomial structure provides analytic derivatives together with
a useful local approximation theory [2].

Second, the state variable (P, Q) mixes Euclidean and manifold-valued data. The positional
variables live in (R?)", but the rotational variables live on (S®)" (and more generally could live
on another Riemannian manifold). To minimize the energy we therefore need a framework that
differentiates and updates both parts coherently. Chapter 4 develops that framework in terms of

intrinsic optimization on product spaces.
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Chapter 3

Algebraic Discrete Signed Distance Fields

Chapter 2 described the energy terms in terms of an ideal signed distance function ®gpr. To
use those energies in practice, one needs a discrete representation of the target surface that supports
repeated value, gradient, and sometimes Hessian queries. This chapter develops the representation
used for that purpose: algebraic discrete signed distance fields (ADSDFs) [2].

The central point is that ordinary sampled signed distance fields store only scalar values and
leave derivative information to finite differences. For optimization, that is often too weak. ADS-
DFs instead store local polynomial data, so that derivatives are available analytically from the
representation itself. The chapter first reviews the passage from ordinary DSDFs to higher-order
algebraic sample fields, then explains the practical issues of filtering and basis choice, and finally
culminates in a local theorem that relates least-squares ADSDFs to their Taylor counterparts on
regular regions.

Subsections 3.1 and 3.2 are mostly a reformulation of the material developed by Valasek and
Baén in their ADSDF paper [2] with the addition of a more rigorous discussion of numerical stabil-
ity. Subsection 3.3 covers the formal version of the informally stated LSQ-to-Taylor comparison

theorem from Chapter 1.

3.1 From DSDFs to ADSDFs

3.1.1 Discrete signed distance functions as a baseline

A continuous signed distance function is rarely available in closed form for a production mesh,
so one typically works with a discrete approximation. The most common construction is to sample
distance values at the vertices of a regular grid and extend those samples by trilinear interpolation.

More generally, one may work on any cellular decomposition of a domain D C R?,
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LetZ = {1,..., M} index the sample sites, let x; € R* denote the sample positions, and let
d; = Pspr(x;)

be the stored sample values. If \;(z) are barycentric basis functions supported on the cells incident

to sample 7, then the induced discrete signed distance field is

Gspr(z) = Y Ni(@) di.

1€

When the target begins as a triangle mesh, the sample value d; is computed by a closest-feature
query against the mesh. The unsigned distance is the minimum Euclidean distance to the target
triangles, edges, and vertices. The sign is assigned by a ray-parity test against the closed target
mesh: points with an odd number of ray intersections are treated as inside and points with an even
number are treated as outside. These signed samples are the data from which the local least-squares
polynomial samples are fitted.

This baseline DSDF is simple, memory efficient, and often sufficient when only values are
needed [2, 16]. Its weakness is equally clear: derivatives come only from differentiating the in-
terpolant, or from applying finite differences to the reconstructed field, neither of which faithfully
stores higher-order information from the original geometry.

ADSDFs address this by replacing scalar samples with local polynomial samples.

3.1.2 Higher-order sample fields and Taylor ADSDFs

The usual DSDF corresponds to storing scalar values. An ADSDF stores instead a local poly-
nomial, so that each sample describes the behavior of the target function on a neighborhood rather
than at a single point.

Let f : R™ — R be a sufficiently smooth function and let \;(x) be nonnegative barycentric

weights with > . A\;(x) = 1. Suppose each sample point x; carries a local approximation f;(x) to

/().
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Theorem 3.1.1 (Convex-combination error bound).

Assume that the local approximants satisfy

[f(x) = filz)| < Ri(x)

on the cells where J\; is supported. Then the reconstructed field
fl@) =) N@)fi(z)
i€

satisfies

f(x) — f(x)| <D Ni()Ri(x) < max max Ri(x).

€L  xCcells(i
i€ @)

Proof. Since the \; form a nonnegative partition of unity,
(@) = f@)] = | > N(@)(f@) = filx)| <D N(@)|f(=) - fi=)]
i€l i€l
Substituting the bounds R; gives the claim. [
This theorem is the basic local mechanism behind Taylor ADSDFs. If the local polynomial

samples are accurate on each cell, then any convex barycentric blend of them inherits the same

worst-case order.

We will use standard multi-index notation. For o = (a, ..., «,) € N”, write
n
la] = a1 4+ -+ + ay, al =aq! -, (x—x;)* = H(mm—xi7m)°‘m,
m=1
and
olel
0°f = /

- ax?l .o aajfr){n ’
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The degree-k Taylor polynomial of f about x; is

T;gwl(w) - Z 8aj;(!mi) (z—x:)*.

| <k

Corollary 3.1.1 (Taylor ADSDF error bound).
Let the local sample at ; be the degree-k Taylor polynomial T’“;ml_. Assume f € C**!ona

neighborhood of each cell and define

hi = max |z — x|, M; = max  sup }6af(mz+ﬁ)|
xccells(i) |a|=k+1 ”,—L‘nghi
Then the Taylor ADSDF

}:A )T, (z

i€

satisfies

~ MZ 1
() — fula)| < ma =

Proof. Taylor’s theorem with Lagrange remainder gives

f(@) = T, (2) + E:éwﬂ%+9@_ﬂmhm—uf

a!
|a|=k+1
R, @)
for some 6 € (0,1). Hence
_ e M, M.
RE < M, |(x — @;)"| _ — | < i k+1
R (@) <21, 3 HEP = e — a1 <

|a|=k+1

where the multinomial theorem is used in the equality. The result now follows from Theorem 3.1.1.

]
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A useful special case is the order-0 field. Then each sample is merely the constant value f(x;),
and the error estimate reduces to the familiar statement that zeroth-order distance samples describe

the function correctly only to first order away from the sample site.

3.1.3 Why the interpolants matter: derivatives and Hermite-type endpoint

conditions

The main reason to prefer ADSDFs is not only that they improve value accuracy, but that they
permit analytic derivatives of the reconstructed field. However, the derivatives of the field are not
determined solely by the sample polynomials. They also depend on the blending functions.

Indeed, for
f(il?) = Z Ai(z) fi(z),
i€T

we do not have
o f =Y N0 f;

automatically. Product-rule terms appear:

Vi) => X(@)Vfilx)+) (V) fi(z),

i€L 1€T
N~ o - g

Vv Vv
desired term blending term

and higher derivatives produce even more such terms. The problem is therefore not simply to
interpolate values, but to choose blending functions whose derivatives vanish in the right places.
It is helpful to recall what Hermite interpolation is for. Ordinary interpolation matches function
values at specified points. Hermite interpolation matches values and prescribed derivatives. In one
dimension, this means that if two sample functions are blended across an interval, the blending
function must hit the correct endpoint values and kill enough endpoint derivatives. That is exactly

the role played here by the Hermite-type smoothing polynomials.
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Consider a one-dimensional cell [0, 1] with endpoint sample functions fy, f1. Write

f(£) = (1= h(t)folt) + h() (D).
To reproduce derivatives up to order & at the endpoints, it is enough to require

h(0)=0, R(1)=1, R™@O)=A"1)=0 form=1,...,k

hy(t) = t, hy(t) = —2t% + 3%, hs(t) = 6t° — 15t* + 103,

ho(t) = —20t" + 70t° — 84¢° + 35¢*.

These are exactly the linear, cubic, quintic, and septic Hermite-type blending functions used in [2].

For a cubical cell with normalized coordinates (u, v, w) € [0, 1]3, define

and for each vertex (a, b, ¢) € {0,1}> set
Aabe (U, 0, w) = o (w)dy(0)Je(w).
Then the reconstructed field on the cell takes the tensor-product form

f(u,v,w): Z Aave(U, V, W) fape(u, v, w).

a,b,ce{0,1}
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Proposition 3.1.1 (Derivative reproduction at cell vertices).
Let h satisfy the endpoint conditions above up to order k, and let A\, be the associated tensor-

product weights. Then for every cell vertex @, and every multi-index « with |«| < £,

A

aaf(wabc) - aafabc(wabc)'

Proof. Every term in 0¢ f in which a derivative falls on an “incorrect” tensor factor acquires a
derivative of ¥y or 1J; evaluated at an endpoint. By construction those derivatives vanish up to
order k. The only surviving contribution is the one in which the weight equals 1 at the active

vertex and all differentiated weight factors vanish. [

After Proposition 3.1.1, the derivative version of Corollary 3.1.1 is essentially the same argu-

ment as before.

Corollary 3.1.2 (Derivative error for Taylor ADSDFs).

Let f;, be the Taylor ADSDF from Corollary 3.1.1, and assume the blending functions repro-
duce derivatives through order k at cell vertices in the sense of Proposition 3.1.1. Then for
every multi-index 5 with |3| < k,

0’ fi

approximates 0° f on each cell with order k + 1 — |£].

Once the product-rule terms have been neutralized at the sample sites, the derivative statement

is nothing more than Taylor’s theorem applied to 9° f rather than to f itself.
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h(t)

h(1) = 1
1
— = h(t) =t
— hs
1/2 1 hs
— hr
At both endpoints t = 0, 1:
5=0
L=
hy =hY =0
Wy =hi =h =0
. . — 1
h(0) = 0 1/2 1

Figure 3.1: One-dimensional Hermite-type blending functions.

3.2 Representing, filtering, and constructing ADSDFs in prac-

tice
By filtering, we mean the reconstruction step that blends local polynomial samples with the
cell weights ;. In value form this is f(z) = 32, A(x)f;(x). In coefficient-pooling form, the
same operation is performed by blending polynomial coefficients before evaluating the resulting

polynomial.

3.2.1 Local coordinates, global monomials, and why normalization matters

A Taylor sample is most naturally written in centered coordinates:

fi(x) = Z CialT — ;)"

o <k

This is the mathematically natural basis because Taylor’s theorem is centered at x;. It is not,

however, the computationally most convenient basis for filtering.
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Suppose each local sample has already been translated into the global monomial basis

filz) = Z ;0"
|| <K
Then the filtered ADSDF can be rewritten as

Y@ fim) =Y [ D N@aia | =

i€ la|<k \i€Z

~
blend many samples blend the coefficients instead

This is the key coefficient-pooling identity. Instead of evaluating several local polynomials and
then blending the resulting values, one first interpolates the coefficients and then evaluates one
polynomial. This is exactly the global-basis viewpoint that makes ADSDF queries GPU-friendly
[2].

There is, however, an important caveat. The translation from centered coordinates (x — x;)“ to
global monomials ® is numerically stable only after the geometry has been normalized to a small
canonical box, and in practice the natural choice is [—1, 1]%. This point is implicit in [2]; here we
make it explicit.

On [—1, 1] every monomial ® with |a| < k satisfies || < 1. More generally, for each fixed
multi-index 3 with |3| < k, the derivatives 9°z® are uniformly bounded on [—1, 1]? by constants
depending only on k£ and 5. Thus coefficient perturbations produce comparably sized absolute
perturbations in the evaluated field, gradient, and Hessian.?

For signed distance fields this absolute control is geometrically meaningful. If ® = &+ and
a regular point of the zero set is displaced by a normal amount ds, then the usual one-dimensional

root-sensitivity formula along the normal direction gives

0P
0@

0s ~ —

ZRelative value conditioning deteriorates near any root because the denominator |p(z)| is small there. For signed
distance fields, however, the geometric object of interest is the zero set itself, so absolute field error is the more
relevant quantity near the interface.
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At regular points of an exact SDF one has 0,® = ||V®| = 1, so the interface displacement is
of the same order as the absolute field error. In this sense the geometry represented by an SDF is
robust to small absolute perturbations, unlike a general polynomial whose derivative at a root may

be arbitrarily small.

Proposition 3.2.1 (Quantitative stability of centered-to-global translation).

Let

(R") = < ply) = D cay®

denote the space of polynomials of total degree at most k. Fix k& and suppose the sample

positions lie in 2 C [—R, R|". For each x; € (2, let

denote the translation map sending centered coordinates (x — x;)* to the global monomial

basis . Then, in coefficient ¢'-norm,

ITedls < At llzillo)®s  #1(Ta,) < (L4 2illo)™ < (14 R)™

In particular, on [—1, 1]" one has

For the low orders relevant here, this gives worst-case bounds 4, 16, 64 for £ = 1, 2, 3. Conse-
quently, centered coefficient estimates transfer to global-basis coefficient estimates with only

a mild, explicitly controlled amplification on the canonical normalized box.

Proof. By the multivariate binomial formula,

@)= 3 (5) e e’

BLa
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Thus the translation matrix has entries

0, otherwise.

Using the coefficient ¢'-norm, the column sum associated with « is

G)ear

Hence || 7z, |1 < (14 ||&;]|s)". Since translation back is translation by —a;, one has 7' = T_,

n

= LA+ lzigh® < (1 + [zl

j=1

D

BLa

and therefore the same bound for the inverse. Multiplying the two estimates yields the stated

condition-number bound. ]

The point of Proposition 3.2.1 is more specific than mere boundedness on an arbitrary bounded
set. Every finite computation takes place on some bounded domain. What matters here is that the
conditioning grows with the scale of that domain. Normalizing to [—1, 1]® keeps the global power
basis well conditioned even for cubic samples, which is consistent with the empirical stability

reported in [2] for normalized binary32 power-basis fields.

3.2.2 Cubical and simplicial filters

The cubical tensor-product case is the most convenient in code and is the case we will use by
default. In normalized cell coordinates (u,v,w) € [0,1]3, the tensor-product weights from the

previous section are

Aave (U, 0, W) = Fo(w)Ip(v) e (w), (a,b,c) € {0,1}>.

For h = h; this reduces to ordinary trilinear interpolation. For h = hg, hs, h7 one obtains cubic,

quintic, and septic derivative-preserving blending, respectively [2].
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It is also useful to remember that the same idea works on simplices. Suppose the query point
lies in a tetrahedron with barycentric coordinates (ug, u1, Uz, ug), so that anzo Uy, = 1. If hisa

one-dimensional Hermite-type blend, one may define
Am(u) = h<um)7 m = 17 27 37 )\O(u) =1- >\1<u> - /\Q(U) - )\3(U)

The same endpoint-derivative logic then shows that the reconstructed field reproduces the pre-
scribed derivatives at the vertices. On a regular grid, one obtains a tetrahedral option by decom-
posing each cube into six tetrahedra. Valasek and Ban work out the resulting barycentric formulas
explicitly; for the tetrahedron determined by the ordered coordinates ¢ < b < c¢ one arrives at the

compact weights
wo=1—c, wy, = a, wy =c— b, w3 =b—a

after the appropriate choice of local tetrahedron [2]. We mention this option only to make the

reader aware of its existence; the development in the thesis uses the cubical case.

3.2.3 Least-squares ADSDFs from fine stencils

Taylor ADSDFs assume that derivatives of the target function are available. This is realistic
for analytic test geometries and for some procedural representations, but it is much less attractive
when the target starts life as a mesh. Valasek and Ban therefore propose fitting local polynomials
from additional distance samples rather than differentiating the geometry directly [2].

It is worth pausing to recall the general least-squares pattern. Given basis functions ¢, . . ., @,
data values y1, . . ., yn, and positive weights wy, . .., wy, weighted least squares seeks the coeffi-

cients that minimize the residual
2

N m
Z w Z acde(&5) — Y
=1

Jj=1
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Figure 3.2: (Blue) A coarse sample point. (Red) A fine stencil of additional samples around it.

Let V € RY*™ be the design matrix Vj, = ¢,(&;), and let W = diag(wy, . .., wy) be the diagonal
matrix of sample weights. If the design matrix has full column rank, the solution is the familiar

normal-equations formula

a=(V'WvV)" 'V wy.

In the ADSDF setting, one chooses a symmetric fine stencil around each coarse sample point and
fits a degree-k polynomial to the sampled distance values on that stencil.

More concretely, let x; be a coarse sample position and let

E:{gla"'afN}CRn
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be a fixed normalized stencil about the origin. For a scale p > 0, the fine-grid samples are taken at
cci—i—péj, jzl,,N

Equivalently, if

9io(y) = fli + py),

then the least-squares sample g; , is the degree-k polynomial minimizing
N
> wila() = gip(&)I
j=1

Once that centered polynomial has been computed, one translates it to the global monomial basis
and stores its coefficients. Since the normalized stencil is fixed, the pseudoinverse matrix can be
precomputed once and reused at every coarse sample location [2].

From the perspective of later chapters, three practical observations matter most.

1. Low order is the sweet spot. Valasek and Ban report that orders 1 and 2 are the most
attractive in practice. Order 3 is still usable in some settings, but the coefficient count is
already much heavier, and higher orders rapidly become unattractive because of coefficient

growth [2].

2. The fine stencil acts like a local scale parameter. Shrinking the stencil pushes the least-
squares sample closer to the Taylor jet on regular regions, while enlarging it acts more like a

local low-pass filter [2].

3. Polynomial evaluation is not the conceptual bottleneck. For the low degrees relevant here,
Horner-type schemes are entirely adequate, and in practice hand-unrolled formulas for the

polynomial and its derivatives are often simpler than a generic evaluation scheme.
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degree k£ coefficient count (3Zk)

0 1
1 4
2 10
3 20
4 35

Table 3.1: Coefficient counts for total-degree polynomial samples in three dimensions.

For total-degree polynomials in n variables,

dim TT, (R™) — <” "]: k) |

In three dimensions the coefficient counts are:

3.3 A local LSQ-to-Taylor theorem

The practical LSQ construction is already present in [2]. What is not stated there as a stan-
dalone theorem is the local convergence statement that makes the LSQ samples mathematically

comparable to Taylor samples on regular regions. This section records that result in a form tailored

to the later ADSDF discussion.

3.3.1 Setup
Fix a normalized stencil

E={&,...,év} CR"

and positive weights wy, ..., wy. Let W = diag(wy,...,wy) and let V' be the corresponding
Vandermonde-type design matrix in the normalized monomial basis. We assume the natural uni-

solvence condition

rank(V') = dim I, (R").
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Let U C R" be open, let X' C U be compact, and assume

f e cri).

For z € K and p > 0, define the rescaled function

9op(y) = f(x + py).

Let ¢, , € II,(R™) be the weighted least-squares fit of g, , on =, and let 7, , € II;(R") be the

degree-k Taylor polynomial of g, , at the origin.

Proposition 3.3.1 (Exactness of the normalized LSQ operator).

Under the full-rank assumption on V/, the operator

L=WV'wWv)y'vTw

is bounded and reproduces every polynomial in IT;(R") exactly.

Proof. Boundedness is immediate because all spaces involved are finite-dimensional. Exactness
follows from the identity

L(Vb)=V'WV)"'VTWVb=>b

for every coefficient vector b in the normalized monomial basis. [

3.3.2 Samplewise comparison

The correct place to compare least-squares samples to Taylor samples is in centered, normal-
ized coordinates. This avoids spurious growth from repeatedly translating coefficients before the

estimate has been proved.
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Theorem 3.3.1 (LSQ recovers the Taylor polynomial to the expected order).
There exist constants C' > 0 and p, > 0 such that for all z € K and all 0 < p < py, the

degree-k least-squares fit ¢, , and the degree-k Taylor polynomial 7, , satisfy

||qﬂf,p - TfﬁHHk < C:Ok+1>

where || - ||z, is any fixed coefficient norm on I (R™) in the normalized monomial basis.

Proof. Taylor’s theorem applied to g, , at the origin gives

gz,p(y> = Tz,p(y) + R:E,p(y)a |R$,p(y)| < OOPk+1

uniformly for x € K and y in bounded subsets of the normalized stencil neighborhood. Sampling
on = yields

gz(x,p) = Vb(x,p) + I‘(SL’,,O), ||I‘(:L’,p)|| < Clpk+1’

where b(z, p) is the coefficient vector of 7, ,. Applying the exact LSQ operator from Proposi-

tion 3.3.1,
be. p) = Loz(x, p) = LVO(x. p) + x(x, p)) = blx p) + Lr(x. p).
Hence
b, p) = b, )| < IIZI| x (e, p)| < CP*H,
which is exactly the desired coefficient estimate. 0

The coefficient estimate immediately implies a comparison of the actual polynomials and their

derivatives in physical coordinates.
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Corollary 3.3.1 (Samplewise polynomial and derivative comparison).

Z—X
Pz, (Z) = (g, ( >
P p P

be the least-squares sample written back in physical coordinates, and let Tf;x be the degree-k

Let

Taylor polynomial of f at x. Then for every multi-index § with || < k there exists Cz > 0
such that

sup |8ﬂ(p$7p(z) — Tﬁw(z)” < Cﬂpk—i—l—\m’
z€x+pBu

uniformly for x € K and 0 < p < py, where B, C R”" is any fixed bounded normalized

evaluation set.

Proof. Theorem 3.3.1 says that the normalized coefficients differ by O(p**'). Differentiation
with respect to the normalized variables changes only the constant, because the evaluation set is

bounded. Passing back to physical coordinates contributes the expected factor p~17. 0

3.3.3 From samples to filtered fields

We now return to ADSDFs. Let & > 0 denote the coarse sample spacing, let p = 6h for some

fixed 6 > 0, and let

Fl@)= Y la@ti(@), Fl(x)= Y @)@

iEJh(w) iEJ;L(w)

denote the filtered Taylor and LSQ ADSDFs, respectively. Here J,, () is the active local footprint,
t" is the degree-k Taylor sample at x;, and p” is the corresponding LSQ sample.

The only assumptions we need on the weights are the usual local ones:

# () < onax, > inl(@)] < Cy, > IVAs(@)] < Ch
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These are exactly the bounded-footprint and scaling assumptions one expects from barycentric-
type filters.
Finally, we provide a formal statement and proof of the informal LSQ-to-Taylor principle (The-

orem 1.4.1) from Chapter 1.

Theorem 3.3.2 (Filtered LSQ fields differ from filtered Taylor fields by the same order).
Let K C U be a compact regular region and assume all coarse footprints and fine stencils
influencing K remain inside U for sufficiently small A. Then there exist constants Cy, C; > 0
such that

1 = By [l ey < Coh™!

and

IVEy = VE ||y < Cih".

Proof. For each active sample, Corollary 3.3.1 gives
pi () — i (@) < CREE, | Vpi () — VE ()] < Ch*

uniformly on the relevant cells. Therefore
|Fy (x) — = 3 @) () — @) < | S )] | CRF
i€Jp () i€ Jn(®)

which proves the value estimate.

For the gradient, differentiate once:

v( Z v/\zh ( >_th( ))
1€Jp, w) Welght term
Y @) (Vil () - Vil ().
1€Jp w) samp?e:term ’
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The assumed bounds on the weights give

IV(FE - FD| < C\ht-CRM M + Oy - CRF < C'RF.

Taking suprema over K yields the claim. [

The upshot is that any local convergence theorem already proved for Taylor ADSDFs transfers

immediately to LSQ ADSDFs.

Corollary 3.3.2 (Transfer of Taylor convergence order).

Assume that on a compact regular region K the Taylor ADSDF satisfies
1 = Fllze ey < Crh*,
Then

If — FF|le(x) < (Cp + Co)h*.

Likewise, if

IVf = VE] | pe(ry < CpR",

then

IVf = VE o) < (CF + Cr)RF

Proof. This is just the triangle inequality applied to Theorem 3.3.2. [

The theorem above is the natural formalization of the statement in [2] that the least-squares
fit converges to the Taylor polynomial as the fine stencil shrinks. More importantly for the later
chapters, it explains why the practical LSQ construction is a mathematically faithful surrogate for

Taylor ADSDFs on regular regions.
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3.3.4 Limitations and bridge to the next chapter

Theorem 3.3.2 is intentionally local. It applies only on compact regions where the exact signed
distance function is C**1, so it does not cover cells whose coarse footprint or fine least-squares
stencil intersects the cut locus or another nonsmooth feature of the target SDF. Nonconvexity of
the target is not itself the issue; the issue is loss of uniqueness of the closest point and therefore
loss of SDF smoothness near the cut locus. This is sufficient for the approximation claim made
here: on regular regions, the practical LSQ construction has the same local order as the Taylor
construction. Near nonsmooth regions the ADSDF may still be useful computationally, but its

behavior is empirical rather than covered by this theorem. On compact regular regions:
1. LSQ ADSDFs inherit the approximation order of Taylor ADSDFs;
2. normalized global monomial coordinates are mathematically stable;
3. filtered values, gradients, and Hessians can be efficiently evaluated for geometric queries.

That is why the later energy formulations can use @spp, V@SDF, and V2<AI>SDF without reverting to

finite differences.
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Chapter 4
Intrinsic Optimization on Euclidean and

Manifold-Valued Variables

This chapter develops the optimization framework used for the retargeting energies introduced
in Chapter 2. The search space is not purely Euclidean: vertex positions live in (R?)%, but the
auxiliary rotational data live in (S®)". Consequently, the correct setting is a product of Euclidean
and manifold-valued variables.

Two goals drive the chapter. The first is to record the first-order geometry needed to define
gradients and descent updates on this product space. The second is to explain why the least-squares
structure of the energy favors Gauss—Newton type methods over a full Newton method. Towards
that end, we use the existing Riemannian optimization literature, particularly Boumal’s text [17]

and related Gauss—Newton literature [18—20], and specialize it to our problems of interest.

4.1 Why manifold optimization appears in retargeting

The state variable of the retargeting problem is
X = (RHN x (83,
A point of X is written as (P, Q) with

P:(pla"‘7pN)7 Q:(Q177QN)

The positional factor is Euclidean. The quaternion factor is not: each g; is constrained to remain

on the unit sphere in H = R*, and hence evolves on a manifold.
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A convenient tangent-space representation is the following. A tangent vector at (P, Q) is

written as
= (0P, =), §P = (6p1,...,0pn) € (R®)Y, E=(Xy,...,Xn) € (RHY

Here each X; is identified with a pure imaginary quaternion and represents the tangent vector

¢:X; € T,,5° by left translation. In these coordinates the product metric takes the simple form

((6P,2), (6P, Z")) Z5pl 5pZ+ZX - X,

Throughout the chapter we use this product metric. The energy weights, area weights, and other
local coefficients of the energy are absorbed into the residuals themselves rather than into the
metric.

With this choice, the gradient splits exactly as expected.

Proposition 4.1.1.

Let f: X — R be smooth. Then

grad f(P. Q) = (gradp (P, Q). gradg f(P. Q).

and, more concretely,

grad f(P,Q) = <g1raudp1 fio.. grad, f,grad, f,... grad, f)

Proof. The tangent space of the product splits as

N
TipgX = RV x [[T,.5°
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and the product metric is the sum of the constituent metrics. Writing out the defining identity
for grad f against an arbitrary tangent vector therefore shows that the Euclidean and quaternion

components decouple exactly as in ordinary multivariable calculus. [

Historically, one may motivate manifold algorithms through local parameterizations: near a
point z € M, replace the manifold by local coordinates, perform a Euclidean step, and map
back. That point of view is useful for intuition, and it underlies classical Newton-like methods on
manifolds such as those of Hiiper and Trumpf [8]. For our work, however, the computationally
natural language is that of retractions and Riemannian gradients, following Boumal’s treatment
[17, Chs. 3—4]. This avoids carrying local coordinates explicitly while still retaining an intrinsic

update rule.

4.2 Riemannian gradients, retractions, and descent

In Euclidean space, gradient descent updates

Lp41 = L — Oékvf(wk)

by subtracting a multiple of the gradient. On a manifold there is no globally meaningful subtraction
of points. What survives is the local picture: the gradient is a tangent vector, and a retraction maps

a tangent step back to the manifold.

Definition 4.2.1.
A Riemannian manifold is a smooth manifold M equipped with an inner product (-, -), on
each tangent space T, M, varying smoothly with z. For a smooth function f: M — R, the

Riemannian gradient grad f(z) € T, M is the unique tangent vector satisfying

Df(x)[] = (grad f(a), &), forall § € T,M.
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A retraction on M is a smooth map

R:TM =M, Ry 0)=x2  DR,(0)=1Idp .

The Riemannian gradient is the manifold analogue of the usual Euclidean gradient, and the
retraction replaces the Euclidean update = + s by a geometrically compatible map R, (s).

The Riemannian exponential Exp,(v) is the endpoint at time 1 of the geodesic starting at z
with initial velocity v € T, M, whenever that geodesic is defined. A retraction is a first-order
approximation to this map. We use Exp for the Riemannian exponential on a manifold and exp for
the Lie-group or quaternion exponential at the identity.

For the product space X = (R3)™ x (S%)V, the componentwise retraction we use is

Rp,g)(0P,2) = (P + P, (q1 exp(X1),...,qn eXp(XN))).

Thus the Euclidean variables are updated by addition, while the quaternion variables are updated

by the quaternion exponential. If
grad Stotal(Pa Q) = (VPEtotal<P7 Q)» (Q1Xf0t, e ,QNX]t\(/)t)),
then one step of Riemannian gradient descent takes the explicit form
P =Di— aVplioa, ¢ = giexp(—aX;®).

Only the Lie algebra representatives X°* € R? are needed for the quaternion update.

Theorem 4.2.1 (Boumal, restated in the present notation).

Let M be a Riemannian manifold, let f: M — R be smooth and bounded below, and let R
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be a retraction on M. Assume there exists L > 0 such that the pullbacks of f satisty

F(RA()) < Fla) + (arad F(a), ) + 5 5]

for all iterates x and all tangent steps s under consideration. Then the constant-step iteration

1
Tpy1 = Ry, (_Z grad f(xk)>

satisfies

| e
min lgrad £ ()] <

\/QL (f(z0) = fiow)
e ,

and in particular ||grad f(zx)|| — 0. Every accumulation point of the iterates is therefore a

critical point of f.

Proof. This is a direct restatement of Boumal’s sufficient-decrease analysis for Riemannian gradi-

ent descent; see [17, Proposition 4.7 and Corollary 4.9]. O]

The theorem is the first-order convergence result we need. A backtracking line-search variant
follows under the same pullback-Lipschitz hypothesis; see [17, Corollary 4.13]. Stronger local
statements exist as well. For example, if a critical point has positive-definite Riemannian Hes-
sian, then constant-step Riemannian gradient descent converges locally at least linearly [17, Theo-
rem 4.20]. We do not make that kind of statement central here because the retargeting objective is

nonconvex and later sections will lean instead on the least-squares structure of the energy.

4.3 Lie groups with bi-invariant metrics

The manifold S? is not only a Riemannian manifold but also a Lie group. This is what makes
the quaternion factor computationally pleasant.

Let GG be a Lie group with identity element e, group multiplication written multiplicatively, and

left translation

L, G—G, L,(r) = pr.
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The tangent space 7.G is the Lie algebra of G. With respect to a bi-invariant Riemannian metric
on (G, left translation is an isometry, so tangent vectors at arbitrary points can be represented by
vectors at the identity. In this situation the Riemannian exponential and the Lie-group exponential

are compatible in the following sense:

Lemma 4.3.1.
Let G be a Lie group with a bi-invariant Riemannian metric. If V,, € T,,G has Lie algebra

representative V, = [dL,-1],(V,) € T.G, then

Exp,(V,) = pexp(Ve).

The metric is what allows one to define gradients and invoke convergence results such as The-
orem 4.2.1. The group structure is what makes the update map explicit. Bi-invariance ensures that

these two structures cooperate cleanly.

4.4 Working concretely in S°

We now specialize to S3, viewed as the Lie group of unit quaternions. Vectors in R? are

identified with pure imaginary quaternions. Thus, if v € R? and ¢ € S?, the rotated vector is
v — quq~.

The tangent space at the identity is the three-dimensional space of pure imaginary quaternions,
which we identify with R? itself. If X € R3 = 7,53, then the corresponding tangent vector at q is
¢X € T,S°

The exponential map at a point therefore becomes

Exp,(¢X) = gexp(X).
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qexq”

Figure 4.1: A unit quaternion visualized by its action on a coordinate axis.

For the unit quaternions this is just quaternion arithmetic. This is the practical reason for introduc-
ing the Lie-group viewpoint.
A separate convention is needed for the logarithm. For a unit quaternion r € S3, write r =

s+ v, where s € R is the scalar part and v € R? is the vector part. If v # 0, write u = v/||v|| and

r:cos@—i—usine, Gzatan2(|\v|],5).

The principal logarithm is logr = fu. If v = 0, define log(1) = 0; the point » = —1 is the
antipodal branch point and must be handled by the chosen branch convention. When r = ¢;¢;
represents a relative rotation, the signs of the quaternions should be chosen consistently so that
the scalar part of r is nonnegative before applying the logarithm. This selects the shortest branch.
With that convention, ||log(q;g;)]|| is the geodesic distance on S® between ¢; and ¢;, and twice that

norm is the relative rotation angle in SO(3).
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4.5 Quaternion identities for gradients and Jacobians

The energy terms from Chapter 2 repeatedly use expressions of the form qvg*, so it is worth

recording a few reusable formulas.

Lemma 4.5.1.

Fix v € R3 and define

a(q) = qug*, g€ S

Let X € 7,5% = R? and consider the tangent vector ¢X € 7,5%. Then

Da(q)[qX] = 2q(X x v)q".

Proof. Write q(t) = qgexp(tX). Using the first-order expansion of the quaternion exponential,

exp(tX)vexp(—tX) = U +t(Xv —vX) +O(t?).

value at t=0 =2t(X xv)

Multiplying on the left by ¢ and on the right by ¢* yields
q(t)vg(t)* = qug* + 2t g(X x v)g" + O(t?),

which is the claimed differential formula. O]

Proposition 4.5.1.

Let u,v € R3 be fixed and define

f(q@) = (qug”) - u.
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Then the Lie algebra representative of grad f(q) is

X¢(q) = Q(U X q*uq).

Proof. For a tangential variation ¢ X, Lemma 4.5.1 gives

Df(q)gX] =2q(X x v)g"-u=2(X xv)-(¢"uq) =2 X - (v X ¢"uq).

Because left translation is an isometry for the bi-invariant metric on S3, the inner product at ¢
is represented at the identity by the ordinary dot product on R3. Hence the displayed vector is

precisely the Lie algebra representative of the Riemannian gradient. [

Corollary 4.5.1.

Fix u,v € R? and define

Lo
9(q) = 5llqva —ul)?.

Then the Lie algebra representative of grad g(q) is

Proof. Expand the square:

1 X 1 . 1 *
sllava” —ull® = Sllava’ P + 5 llul® =(qvg") - w.
—_—— =

constant in ¢ constant

The first term is constant because quaternion conjugation preserves Euclidean length. The claim

now follows from Proposition 4.5.1. [
Proposition 4.5.2.
Fix quaternions ¢y, . .., ¢, € S® contained in a common geodesically convex neighborhood,
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unit-quaternion frames: red e, green ey, blue e,

¢ q a2

input Karcher mean input

Figure 4.2: The Karcher mean of two unit quaternions ¢, g2.

and let

1 & i
Ek(q) = %Z\Hog(q g;)|1%.
j=1

Then the Riemannian gradient has Lie algebra representative
1 « \
Xeo(g) = —— log(d"q)).
j=1

Consequently, a weighted Karcher mean ¢ satisfies the first-order condition

ZO&j IOg((j*q]) = O, Q; > 07 ZO&j =1.
j=1 J

Proof. On any Riemannian manifold, the gradient of one half the squared distance to a fixed point
is minus the Riemannian logarithm, away from the cut locus; see, for example, [17, Sec. 10.2] and
the classical treatment of Karcher means [7]. On S® with the bi-invariant metric, the Riemannian
logarithm at g is

Log,(q;) = qlog(q"q;).

Therefore the tangent gradient of each summand is —q log(¢*¢;), and its Lie algebra representative

is —log(q*q;). Averaging the summands gives the stated formula. 0
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The preceding proposition is the only worked example we need. It is simple enough to illustrate

intrinsic averaging, and it reappears later in the manifold-valued subdivision chapter.

4.6 Gradients of the retargeting energies

We now differentiate the energy terms from Chapter 2. Because Chapter 3 has already replaced
the ideal smooth target by a discrete algebraic field, all target-side quantities are now written in
terms of $SDF5 VEI\)SDF, and V@SDF.

To keep the formulas short, write
¢; = 6SDF(pz‘), gi = VEI\)SDF(pi)a H,; = VQCT’SDF(PO, a; = area(*i).

When the gradient of the discrete field is normalized in an implementation, the formulas below
acquire an extra chain-rule factor. The unnormalized form already captures the geometry cleanly

and is the one used here.

4.6.1 Distance, clearance, and landmarks

For derivative calculations it is convenient to write the least-squares terms with a factor of %

Distance / offset. Let

2
5dist(P) =3 Z (@' - di) aj.
N——
distance to the desired level set

Then

Vpigdist = (¢z - di) \gj/ a;.

scalar residual target gradient

Clearance. The one-sided penalty from Chapter 2 is not smooth. To keep the least-squares

block compatible with Gauss—Newton, we replace the hard hinge by a smooth residual surrogate.
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A convenient choice is the softplus

pe(t) = elog(1+€),  pl(1)

and the corresponding clearance energy
1 2
5clcar,e(P) = 5 Zpe(dz‘ - ¢z‘) a;.
1y
Then

Vpigclear,s = _ps(dz - ¢z)plg(dz - ¢Z> g; a;.

This redesign is a modeling choice rather than the canonical barrier formulation. It is adopted here

only to keep the main algorithmic development focused on a smooth least-squares block; more

general barrier and smooth-composite variants are possible, but they are not needed for the main

line of the thesis. One could keep the hard hinge and solve a semismooth least-squares problem.

The softplus version is used here only to keep the main solver within a smooth Gauss—Newton or

Levenberg—Marquardt framework; the tradeoff is that the active-set transition is smoothed over a

small width controlled by ¢.
Landmarks. For a point-based landmark term
1 - * (|2
Eana(P) = 5 > _willpi, — 27,
=1

we have the obvious Euclidean gradient

*

V., Elana = we(pi, — 7).

If several landmarks share the same vertex, their contributions simply add.
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4.6.2 Normal alignment

For the normal term it is convenient to use the vector-residual form

Snorm P Q ZXZ Hanqu* - 91“2 Q.
~——

’LGV rotated source normal minus target normal proxy

On an exact smooth SDF, where ||g;|| = 1, this is equivalent to the scalar form 1 — (¢;n;q}) - g;
up to an additive constant. In the discrete setting the vector-residual form is more convenient for
Gauss—Newton.

Define the residual

—~norm

r; = Qiniqzk — G-

Then

—norm
VpiEnorm = —Xia Hyr; ",

using symmetry of the Hessian. For the quaternion factor, Corollary 4.5.1 gives the Lie algebra

representative

Xinorm — —2X2az (’I’LZ X C];k 9i ql)

Thus the actual tangent gradient at g; is ¢; X;°™.

4.6.3 The ARAP term

Write the reference and deformed edges as

-0 0 0 o

The near-isometric term becomes

SARAP P Q Z Z Q4 Qzeg))Qj - éz'j
N——

1%
i€V jeN(D) rotated reference edge deformed edge
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Define the oriented residual

—-ARAP

_ .20« =
= Gi€;;"q; — €.

Its differential along a tangent direction (0p;, 0p;, ¢;X;) is, by Lemma 4.5.1,

DrgY [0ps, 0p;, i Xi] = 24; (X % éz('?))q; — (0pi — 0p;).

v

From this one reads off the local contributions to the gradient. The quaternion representative at the

anchor vertex 7 is

—(0 * =
Xl-ARAP = -2 Z 7 (ez(j) X q; €;; %)
JEN7 (%)

For the positional factor, the oriented pair (4, j) contributes

1 _ARAP _ARAP 1 SARAP ARAP
Vp, (5%‘;‘”""13‘ ||2) = QT Vp; (5041‘9‘”7“@‘]' ||2> = QT -

Hence the full gradient at a vertex is assembled by summing its own anchor contributions together

with the neighboring terms in which the vertex appears as the second endpoint.

4.6.4 Smoothing and Karcher-type terms

A typical smoothing term is built from geodesic discrepancies between neighboring quater-

nions. For a single pair (g;, ¢;), define
1 * 2
ij(a) = 5lllog(a;a)l™

Then Proposition 4.5.2 yields the Lie algebra representative

Xgreoh = —log(g]qy).
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A smoothing energy is obtained by summing such local contributions over neighboring pairs. Like-
wise, a weighted Karcher mean problem is nothing more than the minimization of a weighted sum

of these pairwise half-squared log terms.

4.7 Karcher means as the recurring worked example

The discussion above already explains why Karcher means are the right intrinsic replacement
for Euclidean averaging. Given quaternions ¢y, ..., ¢, with weights a1, ..., a,,, the weighted

Karcher mean minimizes

1 \
q— QZ%’HlOg(q a;)II”.

j=1

By Proposition 4.5.2, its first-order condition is
> ajlog(qig;) =0.
j=1

This makes Karcher means an ideal intermediary example for two reasons. First, they demonstrate
intrinsic optimization on a genuinely curved variable space without introducing the full retargeting
energy. Second, the same averaging principle reappears later when subdivision rules for Euclidean

control meshes are lifted to manifold-valued auxiliary data.

4.8 Why Gauss—Newton rather than Newton?

Most of the retargeting energies from Chapter 2 are least-squares in character. This is the first

reason to prefer Gauss—Newton: it is built for objectives of the form
1 2
@) = SIF@IE  zex,

where F' is a residual map with values in a Euclidean space.
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Residual Gauss—Newton needs Full Newton needs
Bspr(p) — d VPspr V2®spr

qnqg* — V&)SDF (p) VQZISSDF 3rd derivatives of @SDF
curvature term using V2<T>SDF 3rd derivatives of &DSDF 4th derivatives of CTDSDF

Table 4.1: Derivative order required by Gauss—Newton versus full Newton for the most important residuals
in this thesis. The derivative-count argument is one of the main reasons to favor Gauss—Newton in an
ADSDF-based formulation.

A full Riemannian Newton step would instead solve

Hess f(z)[n] = — grad f(z)

in the tangent space and then retract. For a least-squares objective, the Hessian of this full Newton

method decomposes schematically as

Hess f(z) = pF(LE)*DF(Qf) + ZFa(x) Hess F,(x) .

TV
Gauss—Newton part _

Vv
second derivatives of the residuals

Gauss—Newton keeps only the first term. A zero-residual solution is a point z, where every residual
component vanishes, i.e. F'(x,) = 0. Atsuch a point the second term is exactly zero. Away from a
zero-residual solution it is generally not zero; it becomes small only when the residual components
themselves are small. This is why Gauss—Newton has Newton-like local behavior asymptotically
near an exact fit, while away from zero residual it remains a structured approximation rather than
the full Newton method [18, 19].

For this thesis, the decisive point is that Gauss—Newton saves one derivative order everywhere.
The most relevant residuals are summarized in Table 4.1.

This derivative-count argument should be read together with the practical conclusions of the
ADSDF chapter. Valasek and Béan find first- and second-order fields to be the practical sweet spot,

while third order is already significantly heavier in storage and evaluation cost [2]. A formulation
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whose natural second-order method immediately demands one more derivative order is therefore

poorly aligned with the representation strategy of this thesis.

4.9 Riemannian Gauss—Newton and Levenberg—Marquardt

Let M be a Riemannian manifold, let ': M — R™ be a smooth residual map, and define

f(a) = SIF@)P.

At a point x € M, Gauss—Newton linearizes the residual in the tangent space and chooses the
tangent step

non(w) € arg_min. ~[[F () + DF ()]

neTy M

The next iterate is then obtained by retraction:
2" = R.(ncx).
When the differential D F'(x) has full column rank, this is equivalent to the normal equations
DF(x)*DF(x)[n] = —DF(x)"F(z).

Here DF'(z)* denotes the adjoint of D F'(x) with respect to the chosen Riemannian metric on 7;, M
and the Euclidean inner product on the residual space. A damped or Levenberg—Marquardt step

inserts a positive parameter /i
(DF(2)*DF (z) + pl)[n] = —DF(z)"F (x).

The damping parameter 1 may be viewed either as Tikhonov regularization of the tangent-space

least-squares problem or as a trust-region-like safeguard.
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Theorem 4.9.1 (Breiding—Vannieuwenhoven [19], simplified).
Let M be an embedded Riemannian submanifold and let f(z) = 1|/ F(z)|? with F: M —
R™ smooth. Suppose x, is a local minimizer at which DF(x,) is injective. Then the Rie-

mannian Gauss—Newton iteration is locally linearly convergent if F'(x,) # 0, and locally

quadratically convergent if F'(x,) = 0.

Proof. This is the qualitative content of the local convergence theorem proved in [19]. The cited

paper gives explicit rate and radius constants in terms of the conditioning of the differential. [

Exact contact or exact landmark satisfaction corresponds to a zero-residual regime, where
Gauss—Newton has Newton-like local behavior asymptotically. More generally, one should only

expect linear local behavior.

4.10 Residual formulation of the retargeting objective
With the preceding discussion in place, the least-squares block of the retargeting objective can
be written explicitly. Up to the area factors, energy weights, and the smoothing choice described

above, the residuals are

[

ri(P) = \/Tuywa; (®spr(p) — di),
S—— d

N Vv
weight scalar distance residual

rflear(P) — \/m \Pa(dz - EI\)SDF(pz))/ )

-
smooth one-sided clearance residual

F?orm(P’ Q) _ \/m (qlnqu* — v(/ISSDF<p2)) )

N

-—
rotated source normal minus target normal

SARA —(0) « =
r?jR P(P, Q) = /Tararwija; <Qi€§j)qz‘ - eij) ’

N

TV
rotated reference edge minus deformed edge

7" (P) = \/Tanawe (Pi, — 7).

landmark misfit
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Collecting these into one residual map F'(P, Q), the objective becomes

&5(P,Q) = S IF(P.Q)*

Optional smoothing terms based on log(g;¢;) may be appended as additional residual blocks as
well, but their Jacobians require the differential of the logarithm map. To keep the notation focused
on the main fitting mechanism, we leave that extension outside the core Gauss—Newton block. The
design choice has been to rewrite the important one-sided terms as smooth residual penalties so that
the central solver remains a damped Gauss—Newton method rather than a hybrid Gauss—Newton /
barrier method.

Computing the Jacobian blocks from the above residuals is straightforward. Using the notation

introduced above:

i (pi + 0pi) = 1™ + V/ Taiscai gi - 0pi + O(||opi|*),

r{ e (pi + 0pi) = 15 = \/ Taeari pL(di — 6i) gi - 9ps + O(||6ps ),

—norm —~norm

7" (D + 0pi, g exp(X;)) = 77" 4/ Thorm Xiai (26:( X X 1)qf
— H;5p;) + O(|(6pi, Xi)IIP)

Fo AP (P4 6P, giexp(X3)) = 7o 4/ Tararwija: (24:( X x €0))g;
— (0pi — dp;)) + O ([l (9pi, opj, X)|I*) .

Flﬁand(P + 5P> _ Flgand + \/mdpig + O(H(SP”Q)

These formulas are exactly the tangent-space linearizations that populate the Jacobian DF(P, Q)
and therefore the normal equations.
The corresponding tangent step (0P, Z) € 1(p q)X is obtained from the damped normal equa-

tions

oP
(DF(P,Q)"DF(P,Q) + plI) = —DF(P,Q)"F(P,Q),

—_
—
—
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followed by the product retraction

P = pi+0p;, q = qexp(X;).

The residual differentials recorded earlier show that DF(P, Q) has a sparse structure induced
by one-ring mesh couplings and local SDF queries. That sparsity is one of the main reasons the

Gauss—Newton viewpoint is practical for this problem.

4.11 What this chapter supplies for the rest of the thesis

This chapter has supplied exactly the optimization ingredients needed later on:

e a Riemannian/product-manifold framework for the mixed variable space (R3)" x (5%)V,

explicit quaternion identities that make gradient computations concrete,

closed-form first-order derivatives for the core energy terms,

a clear reason to prefer Gauss—Newton over full Newton in an ADSDF-based setting, and

a damped Gauss—Newton / Levenberg—Marquardt update written directly on the product

space.

The later computational chapters can therefore focus on implementation choices and experiments

rather than reintroducing the geometry.
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Chapter 5
Subdivision and Multiresolution Refinement of

Manifold-Valued Data

This chapter is optional on a first reading. The central retargeting method of the thesis does
not depend on it directly, and nothing in the later chapters requires the proof given here in order to
be read. Its role is to be a companion to the main material: it explains how the manifold-valued
data introduced earlier can be refined coherently in a multiresolution pipeline, and it records a
convergence result showing that this refinement has a continuous limit under the stated hypotheses.

The motivating question is simple. Once the conforming mesh carries both Euclidean vertex
positions and manifold-valued auxiliary data, it is natural to solve a coarse fitting problem first
and only later refine the mesh if more detail is needed. Classical subdivision already provides
such a coarse-to-fine mechanism for Euclidean control meshes. The present chapter asks for the
corresponding statement when the refined data live on a Riemannian manifold and Euclidean affine
averages must be replaced by Karcher means.

We proceed in three stages. We begin with a visual introduction to subdivision surfaces, with
emphasis on the Loop and Catmull-Clark schemes. We then isolate the small amount of classical
linear theory needed later: regular versus extraordinary vertices, local subdivision matrices, and the
characteristic-map viewpoint. Finally, we prove a continuous convergence theorem for a manifold-
valued analogue obtained by replacing positive affine averages with Karcher means. The proof is
organized to make clear which ingredients are imported from the classical linear theory and which

are established here.

5.1 Why subdivision appears in this thesis

We motivate subdivision as a crude multiresolution technique. Suppose a retargeting problem

has been solved on a coarse mesh, producing a set of deformed vertex positions together with

62



“§ “ ~ “
- S S S \
“ . ’}_| \

Figure 5.1: (Left) A conforming surface is to be “shrinkwrapped” to a target monkey head surface. (Center)
The procedure begins with a coarse resolution where the conforming surface cannot be cleanly fit to the
target. (Right) The conforming surface is refined and is able to be cleanly shrinkwrapped to the target.

quaternion data that encode local rotational information. If one wishes to continue the optimization
at a higher resolution, both types of data must be refined in a compatible way. Refining only the
positions would destroy the coupling between geometry and auxiliary manifold-valued data that
the earlier energy design relies on.

Classical subdivision offers the right Euclidean template. A finite control mesh is repeatedly
refined by local weighted averages, and the resulting sequence converges to a smooth limit surface
under the usual hypotheses [9-11,21,22]. The manifold-valued analogue considered here keeps
the same combinatorics and the same positive weights, but replaces affine averages by Karcher
means. The resulting refinement rule is nonlinear, yet it remains close to the original linear scheme

when the control mesh is already fine. The proof below makes that idea precise.

5.2 A visual introduction to subdivision surfaces

5.2.1 Repeated refinement and limit surfaces

Subdivision defines a curve or surface as the limit of successive refinements of a control mesh.
At each step, new vertices are created and old ones may be repositioned according to a fixed
local rule. Repeating the same rule produces a sequence of finer and finer meshes which, under
appropriate hypotheses, converges to a continuous or smooth limit surface [11,23].

For the purposes of this chapter, the key points are visual and local:
e subdivision is based on stencils, that is, short weighted averaging rules applied repeatedly;

e the same topological refinement pattern is used at every level;
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Figure 5.2: A mesh MV is successively refined into M!, M2, .. .. In the limit, it becomes a smooth surface

M.
e the surface is not given in closed form at the outset, but emerges as the limit of refinement.

This viewpoint is especially well suited to arbitrary topology, because the same local averaging

language can be adapted to neighborhoods that are not part of a regular tensor-product grid.

5.2.2 Loop and Catmull-Clark

The two schemes we keep in mind throughout are Loop subdivision for triangular meshes and
Catmull-Clark subdivision for quadrilateral meshes. Loop subdivision inserts edge vertices and
replaces each triangle by four smaller triangles. On regular triangular regions it behaves like a box-
spline-type scheme, and it is the standard triangular approximating subdivision method in geometry
processing and graphics [10, 11]. Catmull-Clark performs the analogous role for quadrilateral
meshes: it inserts face points and edge points, updates vertex positions, and reproduces bicubic
tensor-product spline behavior on regular quadrilateral regions [9, 11].

This chapter does not require their full masks in detail. The important point is that both are:

stationary,

affine-invariant,

finitely supported,

local weighted-averaging schemes.

These are exactly the structural properties that carry over to the manifold-valued setting.
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Figure 5.3: Splitting a quadrilateral into four smaller quadrilaterals for Catmull-Clark subdivision. A point
has been inserted at the center of the faces and at the midpoint of the 4 edges.

5.2.3 Regular and extraordinary vertices

The local behavior of a subdivision rule is simplest on a regular mesh patch. For triangular
schemes such as Loop, a regular interior vertex has valence 6. For quadrilateral schemes such as
Catmull-Clark, a regular interior vertex has valence 4. Any vertex of different valence is called ex-
traordinary. The neighborhood of an extraordinary vertex is precisely where the classical smooth-
ness theory becomes subtle [11,22].

This distinction matters because the proofs of convergence split naturally into two parts:

e on regular patches, one can work with ordinary first differences and exploit the contraction

properties of the linear scheme directly;

e near extraordinary vertices, one instead studies a finite control ring and the local subdivision

matrix acting on that ring.

The manifold-valued proof below follows exactly the same division.
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5.3 Classical concepts we will use

This section isolates the small amount of classical linear subdivision theory that the proof
depends on. We do not reprove these facts here. The goal is only to set notation and to explain the

role of the imported hypotheses.

5.3.1 Stationary affine-invariant schemes and local rules

Let K be a finite closed triangular or quadrilateral control mesh. A stationary linear subdivision

scheme assigns to each refinement step a new control mesh by rules (called masks) of the form

p; = E Qo Dv E Ay = 1.
~~~ . ~~~
vEstencil(u) v

refined vertex coarse data

The weights are fixed by the local combinatorial type of the stencil, not by the refinement level.
Affine invariance is exactly the statement that the coefficients sum to one, so that translating or
otherwise affinely transforming the control mesh commutes with refinement [11,23]. Finite support
means that each refined value depends on only finitely many nearby coarse values.

The masks for the Catmull-Clark scheme are displayed in Figure 5.4 to provide a more visual
example of this formula. Newly inserted vertices are called “odd” while existing vertices are called
“even.” Odd vertices are further divided into “face” and “edge” vertices depending on where they
are inserted. Different masks are used to handle extraordinary and boundary vertices. Masks for
the Loop subdivision scheme and more details on subdivision theory can be found in [11].

The corresponding nonlinear scheme in this chapter will be obtained by keeping the same pos-

itive weights and replacing the Euclidean affine average by the Karcher mean with those weights.

5.3.2 Control rings, local subdivision matrices, and quotient spaces

Near a regular patch, contraction is naturally expressed in terms of first differences. Near an
extraordinary vertex, there is no shift-invariant grid direction in which to take a single derived dif-
ference scheme. The standard replacement in the linear theory is to restrict attention to a finite

control ring around the extraordinary vertex and to study the corresponding local subdivision ma-
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Figure 5.4: Masks for the Catmull-Clark scheme.
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trix; this is the point of view used in Reif’s analysis and in Zorin’s exposition of subdivision near
extraordinary vertices [11,22,24].

Fix an extraordinary valence n. Let C,, denote a finite set of vertices around the extraordinary
vertex large enough that the next control ring is determined entirely by the data on this ring. In

local Euclidean coordinates, let

E,={u:C, — R}

be the vector space of all assignments of coordinate values to the ring. The precise dimension d
is not important here; in the manifold-valued case it will be the dimension of the local normal-

coordinate chart. Let

C,={u € E, :u(c) = aforall ¢c € C, and for some fixed a € R}

be the subspace of constant configurations.

The quotient space

En/cn

removes the constant mode of the control ring. Equivalently, two ring configurations are identified
if they differ only by translating every value in the ring by the same vector. A quotient norm can
be written as

ITudlln = inf flu = cffn,

n

s0 ||[u]||,, measures the distance from the ring data to the nearest constant configuration. In this
sense it measures the oscillation of the control ring: constants have zero oscillation, and only the
nonconstant part remains. This is the surface analogue of first differences for curves, which also
vanish on constant data and ignore uniform translation.

If B, : £, — E, is the local subdivision matrix on the control ring, affine invariance implies

that constant configurations refine to constant configurations. Hence B,, preserves C,, and induces
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Figure 5.5: (Blue) a particular vertex in a patch of a quadrilateral mesh. (Red) Its corresponding control
ring under Catmull-Clark subdivision.

a quotient map

A, E,/C,— E,/C,

through the relation

Anoﬂ-n:ﬂ-nana

where 7, : E, — E,/C, is the quotient projection. The spectral properties of A,, will supply the

extraordinary-point contraction hypothesis used later.
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5.3.3 Characteristic maps and imported smoothness facts

The classical linear theory of subdivision surfaces near extraordinary vertices is governed by
the eigenstructure of the local subdivision matrix and by the associated characteristic map cri-
terion of Reif [24]. Zorin’s thesis and course notes provide a clear practical exposition of this
viewpoint for Loop and Catmull-Clark, emphasizing regular patches, control rings, eigenstruc-
ture, and characteristic maps [11,22]. The nonlinear proximity-based extensions due to Wallner,
Dyn, and Weinmann explain how linear regularity statements transfer to nonlinear manifold-valued
analogues once a suitable proximity estimate is established [12—14].

We therefore use the following linear facts without proof:

1. On regular regions, the underlying linear Loop or Catmull-Clark scheme contracts first dif-

ferences and generates the usual smooth limit surface.

2. Near each extraordinary valence occurring in the mesh, the corresponding local quotient

operator A,, has spectral radius strictly less than 1.

3. Whenever the classical characteristic-map hypotheses hold for the linear scheme, the nonlin-
ear manifold-valued analogue inherits the corresponding C' behavior by proximity, provided

it is well defined and sufficiently close to the linear rule.

Only the first two items are needed for the continuous convergence theorem proved below. The
third explains how stronger regularity results fit into the same framework, but we do not pursue

them in full detail here.

5.4 From affine averages to Karcher means

Let M be a smooth Riemannian manifold with distance d. In the applications of this thesis,
M is often S® equipped with its standard bi-invariant metric, but the present discussion does not
require that specialization. The only geometric operation needed is the Karcher mean of finitely

many nearby points with positive weights.

70



If x1,...,2,, € M lie inside a sufficiently small strongly convex geodesic ball, and if the
weights aq,...,q,, > 0 satisfy > .a; = 1, then their weighted Karcher mean is the unique

minimizer of

1 )
xr—>§;aid(x,wi) :

A convenient sufficient condition for existence and uniqueness is that all stencil points lie in a
ball whose radius is below the standard curvature—injectivity threshold; see Afsari for a precise
statement and for the convex-hull property of the resulting mean [25]. This is the small-data
hypothesis that will appear again in the proof.

The manifold-valued subdivision rule 7" is obtained by replacing each positive affine average

in the linear scheme S with the corresponding Karcher mean. Thus, whenever the linear rule reads

/
Py = ; QyoPu,s

Euclidean child value

the manifold-valued rule becomes

P = KM ({(uw, P) : v € stencil(u)}),
manifold-valued child value
where KM denotes the weighted Karcher mean of the stencil values P, with weights av,,.
The replacement is local, coordinate-free, and agrees with the Euclidean rule to first order when
the stencil diameter is small. That first-order agreement is the source of the proximity estimate used

in the proof.

5.5 Proof roadmap

The proof is easiest to digest if one keeps in mind exactly what is imported from classical

theory and what is proved here.
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Classical subdivision facts used without proof

e regular-region contraction for the chosen linear subdivision scheme;
e spectral contraction of the local quotient operator near each extraordinary valence;
o the broader classical characteristic-map framework, cited only for context.

New arguments supplied in this chapter

e the standard local quadratic expansion of the Karcher mean near constant data, recorded in

the form needed for the proof;
e a one-step proximity estimate between the nonlinear rule 7" and the linear rule S
e perturbative contraction on regular patches;
e perturbative contraction of extraordinary control-ring oscillations modulo constants;
e geometric decay of a global mesh-size functional;

e uniform convergence of continuous interpolants to a continuous limit surface.

This split matters because the proof relies on standard contraction and characteristic-map facts
from the linear subdivision literature; the new part is the proximity argument showing that the
Karcher-mean rule remains close enough to the linear rule in the small-data regime. This is almost
the same logic as the curve proof of Wallner and Dyn [12]. The one substantial change is that, for
surfaces, first differences on a shift-invariant grid are no longer the right object near extraordinary
vertices. They are replaced by oscillations of a finite control ring modulo constants, encoded by

the quotient space E,,/C,,.

5.6 Continuous convergence by proximity

We now state the theorem proved in this chapter. The statement is intentionally abstract: it

applies to any stationary affine-invariant linear subdivision surface scheme with positive masks
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once the listed hypotheses are verified. Loop and Catmull-Clark are the concrete schemes to keep

in mind.

5.6.1 Hypotheses

Let M be the Riemannian manifold in which the data take values. Let .S be a stationary affine-
invariant linear subdivision surface scheme on a fixed finite triangular or quadrilateral mesh K&,
with finite support and nonnegative masks. Let 7" be the manifold-valued analogue obtained by
replacing positive affine averages with Karcher means carrying the same weights. We write | K|
for the underlying topological surface of the initial mesh.

We assume the following.

(H1) Strongly convex stencil neighborhoods. There exists p > 0 such that every stencil aris-
ing during refinement lies inside a strongly convex geodesic ball of radius < p. Hence all

Karcher means used by the scheme are uniquely defined.

(H2) Regular-patch contraction for the linear scheme. There exists 0 < fi,¢, < 1 such that

5reg(S(P)) S :ureg 5reg(P)

on each regular patch, where d,¢, () denotes the maximal regular first difference.

(H3) Extraordinary-ring contraction for the linear scheme. For each extraordinary valence n

occurring in K, there exists a norm || - ||, on E,,/C,, and a constant 0 < g, < 1 such that

||An§Hn < /~Ln||f||n forall§ € E,/C,.

(H4) Small-data regime. The initial control mesh P is dense enough that all stencils remain in
the strongly convex neighborhoods of (H1) and in normal-coordinate neighborhoods where

the Taylor estimates used in Lemma 5.6.1 and Corollary 5.6.1 are uniform.

The next theorem is the formal statement of Theorem 1.4.2 from the introduction.
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Theorem 5.6.1 (Continuous convergence of manifold-valued subdivision).

Assume (HI)—(H4). Then the sequence of manifold-valued refined control meshes

Pl =T7p°

admits continuous interpolants /; : | K| — M which converge uniformly to a continuous limit
map

I |K| = M.

Equivalently, the manifold-valued subdivision rule 7" generates a continuous limit surface.

The proof is organized into six short steps.

5.6.2 Local expansion of the Karcher mean

The key nonlinear fact is that the Karcher mean agrees to first order with the corresponding
Euclidean affine average. This is a standard consequence of the smooth dependence of the Rie-
mannian center of mass on nearby data; see Karcher and Afsari for the general theory of such
means [7,25]. We reproduce here the estimate in the particular form needed for the proximity

proof.

Lemma 5.6.1 (Quadratic expansion near constant data).

Fix nonnegative weights o, . .., o, with > . a; = 1. Let U be a compact subset of a strongly
convex normal-coordinate chart. Then there exist constants 7 > 0 and C' > 0 such that the
following holds.

For any ¢ € U and any tangent vectors u1, . .., U, € T.M with ||u;|| <, let

x; = exp,(u;).
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Then the Karcher mean G,,(z1, . . ., x,,) can be written as

Go(z1,.. . Tm) = expc< Z au;  + Re(uy, ... ,um)),
Py ~—— —

quadratic remainder
Euclidean affine average

with
2

|Relewr, )| < € (max i)

Proof. Fix ¢ € U and consider the smooth map
F.z,up, ... up) = i @; 108y, () (expc(u;))
i=1
for z and the u; sufficiently small. The Karcher mean is characterized by the equation
F.(z,uy,...,up) =0.
At the diagonal configuration u; = - - - = u,, = 0, the solution is z = 0. Moreover,
D.F.(0,0,...,0) = —1, Dy, F.(0,0,...,0) = ;1.
The implicit function theorem therefore gives a unique smooth solution
z2=Ge(ug, ..., upy)
near the origin. Differentiating the identity
Fo(Ge(u),u) =0

at u = 0 yields

m

DG.(0)(v1,...,0p) = Z ;.

i=1
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Thus the first-order Taylor polynomial of G. is the Euclidean affine average, and the remainder is
quadratic. Since U is compact and the chart geometry varies smoothly with ¢, the constants can be

chosen uniformly in c. This gives the claimed estimate. [

Corollary 5.6.1 (Finite compositions of intrinsic averages).

Any finite composition of Karcher averaging maps with fixed nonnegative weights agrees, in
local coordinates and to first order at constant data, with the corresponding affine averaging
composition. Consequently, on each stencil type, the nonlinear rule 7' is a quadratic perturba-

tion of the linear rule S.

Proof. Apply Lemma 5.6.1 to each averaging step. Because only finitely many steps occur in

each stencil, the sum of the Taylor remainders remains O(o?) when the input stencil diameter is

O(o). O

5.6.3 One-step proximity

To encode all local oscillations in one quantity, define

o(P)=max?  0u(P) . max (Pl
regular first differences ~ -~ 4

extraordinary-ring oscillations modulo constants

Here 1,(P) € Eyv)/Cnv is the quotient class of the chosen control ring near the extraordinary

vertex v.

Lemma 5.6.2 (Global one-step proximity).

There exists C' > 0 such that for every sufficiently dense control mesh P,

IT(P) = S(P)|ls < Co(P)*
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in local coordinates, stencil by stencil.

Proof. There are only finitely many stencil types on the fixed finite mesh topology: finitely many

regular stencils and finitely many extraordinary valences. On each type, Corollary 5.6.1 gives

Tstencil = Sstencil + 0(0-2)'

Taking the maximum over this finite collection yields the claim. O

Lemma 5.6.3 (Displacement safety).
There exists C' > 0 such that every child vertex w produced from a control mesh P lies within

C o(P) of the vertices of its parent face.

Proof. For the linear scheme S, every child vertex is a convex combination of finitely many nearby
parent vertices because the masks are nonnegative and sum to one. Hence the linear child lies in the
Euclidean convex hull of its parent stencil, so its distance from any parent-face vertex is O(c(P)).
By Lemma 5.6.2, the nonlinear child differs from the linear child by O(o(P)?), which is a lower-

order perturbation once o (P) is sufficiently small. ]

5.6.4 Contraction on regular patches

Lemma 5.6.4 (Regular-patch perturbative contraction).

There exists Cyee > 0 such that

5reg(T(P>> S ,U/reg 6reg(P> + Creg O'(P)z.

Proof. Take a regular refined edge with endpoints u and v. Then

d(T(P)y, T(P)y) < d(S(P)u, S(P)y) + d(T(P)u, S(P)u) +d(T(P)y, S(P)y).
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Taking the maximum over all regular refined edges and applying Lemma 5.6.2 gives

Sres(T(P)) < 65(S(P)) +2C 0(P)” < Jirog bg(P) + Crag o ().

5.6.5 Extraordinary-ring contraction

Fix an extraordinary valence n. Let
¢, b, = E,

be the local nonlinear refinement map written in local coordinates around constant data. Since

constant data refine to constant data, ®,, preserves C,, and therefore induces a quotient map

O, : E,/Cp — E,/Ch.

Lemma 5.6.5 (Linearization at constant data).

The derivative of the quotient map at the origin equals the linear quotient operator:

Proof. At constant data, each Karcher averaging step has the same first derivative as the corre-
sponding affine averaging step by Lemma 5.6.1. Therefore the derivative of the full nonlinear
local rule equals the linear subdivision matrix B5,,. Passing to the quotient by constants gives the

claim. =
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Lemma 5.6.6 (Quadratic remainder on the quotient).

There exists C',, > 0 such that

[ (&) — Anélln < Cyl€]2

for all £ sufficiently small.

Proof. This follows from the Taylor remainder estimate at the origin for @n using Lemma 5.6.5.

]

Proposition 5.6.1 (Extraordinary-ring contraction).

For each extraordinary valence n, there exist ¢, € (0, 1) and &,, > 0 such that

1)l < gull€lln  whenever [|€]l, < &,

Proof. By (H3),

[AREln < mnllélln (pn < 1)

By Lemma 5.6.6,

120 (E)ln < pall€lln + Crll€lf?

Choose ¢,, > 0 so small that

Gn = pn + Cre, < 1.

Then the stated inequality follows.

5.6.6 Global decay and convergence of interpolants
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Proposition 5.6.2 (Global contraction of the size functional).

There exist ¢ > 0 and g € (0, 1) such that whenever o(P) < ¢,

o(T(P)) < qo(P).

Proof. For the regular part, Lemma 5.6.4 gives
Oreg(T'(P)) < fireg Oreg(P) + Chreg ‘7<P)2 < (Hreg + Crege)o (P).
For the extraordinary part, Proposition 5.6.1 yields

170 (T(P)) lnt) < dng) 115 (P) )

provided o(P) is below all €,,. Since only finitely many extraordinary valences occur in the fixed

mesh K, choose £ > 0 so small that
¢ = max {,ureg + Chregt, maan} < 1.

Then each term entering o(7'(P)) is bounded by go(P). O

Corollary 5.6.2.
If o(P°) < ¢, then

o(P’) < ¢o(P’)  forall j > 0.

Proof. Immediate by induction from Proposition 5.6.2. [

To pass from control meshes to an actual surface, attach to each refined mesh a continuous
interpolant. For triangular faces, use barycentric Karcher interpolation of the three vertex values.
For quadrilateral schemes, first fix an auxiliary triangulation of each face; this triangulation is

used only to define the interpolant and does not alter the refinement rule itself. Because shared

80




edges correspond to the same one-dimensional geodesic interpolation, the facewise construction is

continuous across edges.

Lemma 5.6.7 (Uniform step-to-step difference).

There exists C' > 0 such that the interpolants [; : | K| — M satisfy

Proof. Fix a parent face [ at level j and a child triangle 7 C " atlevel ;7 + 1. By Corollary 5.6.2,
the vertices of F' are pairwise O(c(P7))-close. By Lemma 5.6.3, every child vertex inside F' is
also O (o (P7))-close to the parent-face vertices. Hence all parent and child vertices associated with
7 lie in a common strongly convex ball of diameter O(a (P7)).

The image of a geodesic barycentric interpolation remains inside the strongly convex hull of its

vertices; see [25]. Therefore both ;(7) and I, () stay inside a set of diameter O (o (P”)), giving

sup (L1 (x), I;(z)) < Co(P?).

TET
Since only finitely many face types occur, the constant may be chosen uniformly. [

Proof of Theorem 5.6.1. By Lemma 5.6.7 and Corollary 5.6.2,
11541 = Lilleo < Ca(P?) < Cg’a(PP).

Because 0 < ¢ < 1, the series
> Cqlo(P)
j=0

converges. Hence (/;) is uniformly Cauchy and therefore converges uniformly to a limit map

I :|K| — M. Each I; is continuous, so the uniform limit /, is continuous as well. ]

81



5.7 Consequences and role in the thesis

The theorem proved here has a limitation: it guarantees continuous convergence, but smooth-
ness is not proved. Smoothness is a separate question even for Euclidean subdivision schemes,
where it depends on additional spectral and characteristic-map hypotheses. The manifold-valued
construction should therefore not be expected to be smooth merely from the convergence proof
above. Proving C'! or higher regularity would require importing the corresponding linear smooth-
ness theory and proving a stronger proximity estimate.

Still, it suggests that the manifold-valued subdivision rule 7' is a viable multiresolution refine-
ment method for the auxiliary data in the retargeting pipeline. The coarse-to-fine optimization
can be performed by first solving on a coarse mesh and then refining both positions and manifold-
valued data together, with the guarantee that the refined data remain close to the linear template and
therefore continue to interact well with the energy design. The practical consequence is modest but
useful: if a coarse solution is refined, the quaternion field can be refined by the same subdivision
stencil as the positions, replacing affine averages by Karcher means while preserving continuous

convergence in the small-data regime.
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Chapter 6
Illustrative Applications and Experimental

Formulations

This chapter describes three illustrative case studies for the framework developed in the pre-
ceding chapters. The emphasis is partly on formulation and partly on numerical behavior: each
section specifies the target geometry, the optimization variables, the energy to be minimized, and
the observed convergence of the implementation used to generate the accompanying figures.

The case studies are deliberately minimal but complementary. The first fits a shirt around an
already aligned body and isolates the role of one-sided clearance together with near-isometry. The
second adds semantic landmark information to a garment under pose change. The third changes
the search space itself: the mesh is no longer deformed freely, but only through an armature or

curve-driven control model. These examples are organized around three questions:
1. Can a near-isometric energy resolve clipping while preserving designed geometric structure?

2. Can landmark constraints and regionwise compliance be added without changing the essen-

tial method?

3. Can the same mesh-space energy be pulled back through a lower-dimensional control model

when direct vertex optimization is undesirable?

6.1 Common residuals and solver conventions

6.1.1 A smooth clearance residual

Let d; > 0 denote a desired clearance or offset at vertex ¢, and define the smooth hinge

Pp(t) = %log(l + eﬁt), B> 0.
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Equivalently, in the implementation we write the smoothing width as ¢ = 37! and use
p=(t) = elog(1 + et/e).

When ¢t < 0, this quantity is close to 0; when ¢t > 0, it is close to . The associated one-sided

clearance term is

Etear(P) = Z pe(di — C/ISSDF(pZ‘))Z area(x1).

eV

This is the smooth replacement for a hard inequality constraint. It is not the only possible choice,
but it keeps the objective compatible with the smooth Gauss—Newton and Levenberg—Marquardt
viewpoint discussed earlier.

When attraction to a prescribed offset level set is desired, we also use

~ 2 )
ot (P) = Z(‘DSDF(Z%) —d;)" area(xi).
i€V
The first term is one-sided and enforces exteriority; the second is two-sided and attracts the mesh
toward the desired level set. In the loaded shirt examples below, the offset attraction is disabled,
because loose regions of the shirt should not be pulled onto the body merely because they are

farther than the desired clearance.

6.1.2 A weighted near-isometric term

To allow for spatially varying rigidity, the ARAP-like term of Chapter 2 is used in the weighted

form

2

4 (pz@) - pﬁo))q;" — (pi — pj)|| area(xi),

Exrar (P, Q) = Z“i Z Wij

1S4 JEN7 (%)

where x; > 0 is a local rigidity weight. Large values of «; enforce a stronger near-isometric

deformation, while smaller values allow more compliance in selected regions.
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6.1.3 Experimental protocol and reported quantities

For each case study we report the size of the conforming and target meshes, the target-field
construction, the active energy weights, and the numerical solver settings. The objectives are
nonconvex, so convergence should be read as convergence to a local stationary point or to a stable
feasible configuration, not as a certificate of global optimality.

The clearance diagnostics use two simple quantities. The maximum clearance violation is

max max(0,d; — (p;)),

)

where ® denotes the target signed-distance query used in that experiment. The violating-vertex
count is the number of vertices for which this one-sided violation is positive above the stopping
tolerance. Thus the maximum violation measures the depth of the worst remaining interpenetra-
tion, while the vertex count measures how much of the mesh is still affected.

The plots shown below normalize energy, maximum violation, and violating-vertex count so
that their trends can be compared in one diagram. Their vertical scale is therefore not a physical
unit scale. The tables give the corresponding unnormalized values. Iteration was terminated after
the mesh was feasible for a trailing window of samples and the energy decrease over a 16-sample
window fell below the reported tolerance. Unless otherwise stated, the feasibility tolerance was
10~* for the maximum violation and zero violating vertices.

All experiments were run on an AMD Ryzen 7 2700X CPU and an NVIDIA GeForce RTX
2080 Ti GPU. ADSDF point queries, as well as the preview renderer used to generate the fig-
ures, run through CUDA. The current implementation uses single precision for geometry and field
queries and double precision for accumulated scalar diagnostics and the small dense or sparse

linear algebra routines used in LM refinements.
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6.2 Shirt fitting on an aligned body

6.2.1 Geometric setup and intended phenomenon

The first example is a shirt fitting problem. The target is a body mesh and the conforming mesh
is a shirt already placed in roughly the correct coordinate frame. The initial placement is close
enough that a rigid alignment problem is not the main issue, but several shirt vertices penetrate
the body. The desired behavior is modest: resolve the clipping while changing the shirt as little as
possible.

This case isolates the contact-preserving role of the clearance term. It also demonstrates why
the distance term is not always appropriate for garments. A two-sided offset term would pull loose
shirt regions toward the body everywhere. For this example, only the one-sided clearance term, the

ARAP term, and a weak center stabilizer are used.

6.2.2 Optimization variables and energies

Let @body denote the ADSDF of the body. It is built from the body mesh on a degree-2 grid
using a linear coefficient filter, with ray-parity mesh signing used during construction. The opti-

mization variables are the shirt vertices
3\N

and the auxiliary quaternion field

Q= (q,...,qn) € (S*)N.
The reference mesh is the initial shirt placement P ) = P .., and the desired clearance is constant:
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Quantity Value

conforming mesh 266 vertices, 483 triangles after triangulation
target mesh 7534 vertices, 15064 triangles after triangulation
target field ADSDEF built from the body mesh

ADSDF grid 56 x 40 x 64

ADSDF polynomial degree 2

ADSDF filter linear coefficient filter

sign convention ray-parity mesh signing

desired clearance d 0.025

softplus width ¢ 0.008

active weights Toear = 120, Tarap = 1, Tetr = 0.02

disabled weights Tog =0

solver gradient descent with backtracking line search
nominal step sizes position 0.012, rotation 0.02

maximum iterations 220

stopping criterion feasible trailing window and 16-sample energy decrease < 1073
accepted samples 21

wall-clock runtime 1047.8 ms

Table 6.1: Parameters for the aligned body/shirt clearance experiment.

Metric Initial Final
total energy 0.193751 0.00130927
maximum clearance violation 0.103320 0
violating vertices 156 0
minimum signed distance -0.0783201  0.0319435
mean time between samples after ADSDF setup 1.47 ms

Table 6.2: Numerical behavior of the aligned body/shirt clearance experiment.

The energy is

gﬁt(P7 Q) - Tcleargclear(P) + TARAngRAP(Pa Q) + Tctrgctr(P)‘

The weights were chosen by a small manual tuning pass with a concrete criterion: the final shirt
should have no violating vertices and should not visibly collapse toward the body. This led to a
relatively strong clearance weight, a unit ARAP weight, and only a weak center term.

Figure 6.1 shows the qualitative effect of the optimization. The numerical values in Table 6.2

show the same behavior quantitatively: all 156 initially violating vertices are cleared, and the
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(a) Initial (b) Optimized (¢) Shirt only

Figure 6.1: A shirt fitting example on the loaded body and shirt meshes. The initial shirt penetrates the
body. The optimized result clears the body while preserving the overall shirt shape.

worst violation drops to zero. After ADSDF setup, the recorded per-sample cost is only a few

milliseconds for this mesh size.

6.3 Pose-retargeted shirt with landmarked openings

6.3.1 Geometric setup and intended phenomenon

The second example keeps the source asset soft rather than hard and makes the role of land-
marks explicit. A shirt mesh is given on one body and must be adapted to a target body in a
different pose. The desired deformation is not captured by contact alone: the neck opening, lower
hem, and sleeve openings should move to semantically appropriate places on the target body while
the shirt panels remain as faithful as possible to the original garment.

The intended phenomenon is therefore different from the previous case. The example is not
about showing that landmarks are unnecessary, but precisely the opposite: certain semantic features
of the source garment are best controlled by designated target features. At the same time, the shirt
should remain relatively stiff in most regions and only become more compliant where the pose

change demands it, for example near the shoulders.

6.3.2 Landmark formulation
Let

L = {neck, hem, left sleeve, right sleeve}
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ADSDF body/shirt ARAP clearance
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wall 1047.8 ms; shown 12/21 samples

Figure 6.2: Diagnostics for the aligned body/shirt clearance experiment. The curves show normalized total
energy, maximum clearance violation, and violating-vertex count over the active convergence window.

denote the four boundary loops we intend to control. For each ¢ € L, let B, C V be the corre-
sponding set of boundary vertices on the shirt mesh, and let ['; be the target curve or target region
prescribed on the posed body. In the implemented example, the boundary vertices of the original
shirt are used as landmark vertices, and the target positions are read by matching vertex index
from a manually edited posed shirt. The interior of that posed shirt is ignored; it is used only as a
convenient way to specify target boundary locations.

With point correspondences along the loops, the landmark term is

5loop(P> - Z Z Wf sz _p;(H2 .

LeL ieBy

Before optimization, a harmonic displacement seed is computed on the shirt graph. The boundary
displacements are fixed to the landmark targets, and the interior displacements are smoothed over
480 iterations. This is a simple programmatic analogue of weight painting: the boundary features
are placed where the artist requested, while the interior receives a smooth initial displacement

rather than an abrupt local edit.
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b

Figure 6.3: Landmark-guided shirt retargeting. (Left) A red shirt asset fitted to a T-posed body, with
landmark features visualized in blue. (Right) The body pose and landmark positions are modified before
optimization.

6.3.3 Optimization problem

Let @I,OSG denote the ADSDF of the posed target body. We again optimize over vertex positions

and quaternion data:

(P,Q) € (R*)™ x ()™,

The total energy is

gshirt<P7 Q) = Tcleargclear(P) + TARAPSXRAP(Pa Q) + 71larldé’loop(-P) + Tctrgctr(P>-

The offset term is again disabled. The ARAP weight is handled by continuation: it starts at 80 to
prevent early collapse of the sleeves and then relaxes by factors of 0.5 when progress stalls, down
to a final value of 2. This is a practical tuning heuristic rather than an optimal parameter-selection
rule. It reflects the intended modeling behavior: preserve the garment strongly at first, then allow
more compliance only after the landmarks and clearance term have made the main pose correction.

Figure 6.3 emphasizes the role of the landmark information. Without such a term, clearance

and ARAP can remove penetration but do not determine where semantic boundary features such
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Quantity

Value

conforming mesh
target mesh
landmark vertices
ADSDF grid
ADSDF polynomial degree
ADSDF filter

LSQ stencil

sign convention
desired clearance d
softplus width €
clearance weight
landmark weight
center weight
ARAP continuation
disabled weights
solver

nominal step sizes
maximum iterations
stopping criterion

accepted samples
wall-clock runtime

266 vertices, 483 triangles after triangulation
7534 vertices, 15064 triangles after triangulation
59 boundary vertices

56 x 40 x 64

2

linear coefficient filter

fine radius 2, fine extent 0.45, regularization 10"
ray-parity mesh signing

0.025

0.008

5000

1.2

0.02

80, 40, 20, 10, 5, 2.5, 2

Tog =0

gradient descent with backtracking line search
position 0.004, rotation 0.02

720

final ARAP stage, feasible trailing window, and 16-sample en-
ergy decrease < 9.50392 - 107

276

2294.4 ms

Table 6.3: Parameters for the ADSDF body/shirt landmark retargeting experiment.

mesh coordinate system.

as cuffs and the neckline should move. In the reported run, the harmonic seed first transfers the
boundary landmarks smoothly into the shirt interior, and the subsequent optimization resolves
clearance while allowing the landmark error to increase only slightly. Table 6.4 shows that the

final result has no clearance violations and a boundary landmark RMS error of about 0.007 in the

6.4 Armature-driven tentacle in a synthetic obstacle field

6.4.1 Geometric setup and intended phenomenon

The final example changes the search space rather than just the energy. A tentacle-like mesh

is guided by a low-dimensional armature and placed near a synthetic static obstacle field. The

initial pose is intended to be roughly correct, but local clipping remains. The goal is not to alter
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Metric Seeded initial Final

total energy 9.50392 0.00884370
maximum clearance violation 0.141042 0
violating vertices 96 0
minimum ADSDF value -0.116042  0.0286324
boundary landmark RMS 1.23-10~% 0.00701227
mean time between samples after ADSDF setup 1.54 ms

Table 6.4: Numerical behavior of the ADSDF body/shirt landmark retargeting experiment. The initial row
is measured after the harmonic displacement seed. The raw unseeded shirt has boundary landmark RMS
error about 0.450 before retargeting.

ADSDF body /shirt posed landmark ARAP
1
— energy
0.9
—_— max violation
08 _—_—— violating vertices
0.7
£
2 0.6
g
< 0.5
£ 04
0.3
0.2
0.1
0 YT A/‘u!\\A NAl A A

0 50 100 150
iteration

wall 2294.4 ms; shown 164/276 samples

Figure 6.4: Diagnostics for the ADSDF body/shirt landmark retargeting experiment. The plotted curves
show the seeded optimization after the harmonic landmark initialization.

the mesh arbitrarily; instead, the optimizer should change the control parameters just enough to
resolve contact, while preserving the resulting mesh geometry as much as possible.

This is intended to demonstrate two things at once. First, the framework can interact with geo-
metrically nontrivial static targets. Second, the energy can be pulled back through a control model,
so that the method corrects the pose mechanism without abandoning the mesh-based geometric

prior. Self-collision of the tentacle is not treated in this experiment.

92



6.4.2 Armature-restricted search space

Let
fe®=G x---xGp

denote the armature parameters, where each factor &, is the configuration space of one control
element. The precise parameterization is not important here; what matters is that the pose induces

a deformed mesh

P(0) = (pl(e)v e 7PN(9))-

For a standard weighted-bone model, one may write
B
pi(0) = Zwib 1,,(0) pi,
b=1

where p; is the rest-pose vertex, 73,() is the transform associated with bone b, and w;, are the
skinning weights. The implemented prototype uses 9 centerline control points, with endpoints

pinned, and programmatically generated smooth compact weights for the tube vertices.

6.4.3 Energy and numerical problem

Let El\Dob ; denote the ADSDF of the static obstacle field. We retain the auxiliary quaternion field

Q: (qlv"‘an> S (83)N

because the near-isometric prior is still expressed in terms of local mesh rotations rather than
armature variables.
A simple mesh-space guidance term is imposed on the control curve. If #8%d denotes the

artist-prescribed guide controls, define

2

Exniael0) = Y |00 — 05
b
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Quantity

Value

conforming mesh
target obstacle mesh
control variables
ADSDF grid
ADSDF polynomial degree
ADSDF filter

LSQ stencil

sign convention
desired clearance d
softplus width €
active weights
solver

initial LM damping

maximum gradient iterations

stopping criterion

accepted samples
wall-clock runtime

2628 vertices, 5184 triangles

1952 vertices, 3888 triangles

9 centerline controls, endpoints pinned

48 x 40 x 40

2

linear coefficient filter

fine radius 2, fine extent 0.55, regularization 10~7

ray-parity mesh signing

0.055

0.020

Taear = 360, TaArap = 0.08, Tgyige = 0.020, Theng = 0.04
gradient descent with control-space LM refinement

1073, decreased by 0.35 on accepted LM steps and increased by
8 on rejection

300

feasible trailing window and 16-sample energy decrease <
0.0100123

122

2563.6 ms

Table 6.5: Parameters for the ADSDF armature-driven tentacle experiment.

A separate bending term penalizes changes in the second difference of the control curve. The full

objective is then

Etent(ea Q) = Tcleargclear (P<0)) + TARAPgZRAP (P(e)a Q) + Tguidegguide<9) + Tbendgbend<0)-

The positional gradient is pulled back by the rig Jacobian:

grad Eent (0) = (DS(@))* grad p Stent(P(H),Q).

Figure 6.5 shows the role of the restricted control space. The optimized mesh is not an arbitrary
free-form deformation; it is the mesh induced by the optimized control curve. Table 6.6 shows that
the largest clearance violation decreases from about 0.379 to zero, while the guide-control RMS
increases to about 0.396. This is the intended tradeoft: the guide term keeps the armature near the

artist’s pose, but it is not a hard constraint.
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Metric Initial Final

total energy 10.0123  0.0199382
maximum clearance violation  0.379297 0
violating vertices 1769 0
minimum ADSDF value -0.324297  0.189989
guide-control RMS 0 0.396017
mean time between samples 13.34 ms

Table 6.6: Numerical behavior of the ADSDF armature-driven tentacle experiment.

(a) Initial (b) Optimized (¢) Controls

Figure 6.5: Armature-driven tentacle interaction with a synthetic obstacle field. The optimization removes
the initial interpenetration by moving the low-dimensional control curve, rather than by freely editing every
mesh vertex.

6.5 Robustness and computational cost

The three examples above all converge to configurations with zero violating vertices under their
respective signed-distance queries. This should not be read as a general robustness theorem. The
examples are deliberately small, and the weights were chosen by a limited manual tuning process
guided by the qualitative goal of clearing visible clipping without destroying the source shape. The
results do, however, show that the same residual vocabulary can be used across direct mesh fitting,
landmark-guided retargeting, and armature-restricted deformation.

The per-sample costs are small relative to ordinary interactive time scales: about 1.47 ms for
aligned shirt fitting after ADSDF setup, 1.54 ms for the ADSDF shirt retargeting run after ADSDF
setup, and 13.34 ms for the ADSDF tentacle run. The full wall-clock times include setup, field
construction where applicable, line-search evaluations, diagnostic logging, and preview rendering.

In an interactive tool, the target field would typically be built once and reused across many local
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Figure 6.6: Diagnostics for the ADSDF armature-driven tentacle experiment. The maximum violation and
violating-vertex count drop to zero early, after which the energy decreases as the armature settles within the
remaining guide and preservation terms.

edits. On these examples, roughly real-time feedback therefore appears plausible, although the
present prototype is not yet an optimized interactive application.

The main sensitivity observed in these runs is the balance between clearance and preservation.
If the clearance weight is too small, intersections can remain. If the preservation weight is too
strong throughout the run, pose changes such as the shirt sleeves can be resisted too much. The
continuation used in the landmarked shirt example is a practical response to this issue: start with
a strong ARAP weight to prevent early collapse, and relax it only after the main landmark and

clearance progress stalls.
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Chapter 7

Conclusion

7.1 Summary of contributions

This thesis developed a modular framework for mesh retargeting against target surfaces rep-
resented by signed distance fields. The central idea was to combine target-side geometric in-
formation from a signed distance representation with deformation energies designed to preserve
design intent. In this framework, the target contributes quantities such as signed distance, normals,
and, when needed, Hessian-derived curvature information; the source mesh contributes Euclidean
vertex positions together with manifold-valued rotational data. The resulting optimization prob-
lem accommodates both direct mesh retargeting and constrained variants, such as rig-driven or
armature-driven formulations.

Three contributions are especially central.

1. The first is the overall SDF-plus-energies viewpoint: represent the target by a differentiable
signed distance field, then formulate retargeting as the minimization of a modular energy
built from clearance, alignment, near-isometry, landmarks, and related terms. This separates
target representation, energy design, and optimization in a way that makes the framework ex-
tensible. We demonstrated this extensibility in multiple scenarios: direct shirt fitting against
an aligned body, landmark-driven shirt retargeting under a pose change, and armature-driven
retargeting of a tentacle in a synthetic obstacle field that allowed us to operate on a lower-

dimensional control space.

2. The second is the local LSQ-to-Taylor result for algebraic discrete signed distance fields.
On regular regions, this gives a mathematical justification for the practically important least-
squares construction by showing that LSQ samples inherit the same local approximation

order as Taylor samples.
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3. The third is the subdivision result for manifold-valued data. By replacing affine averages
with Karcher means, one obtains a companion multiresolution construction. This comes to-
gether with a continuous convergence theorem proved by proximity to the underlying linear

scheme.

Taken together, these contributions support the thesis claim that higher-order signed distance
representations, modular energy design, and manifold-aware optimization form a coherent mathe-

matical basis for design-preserving surface retargeting.

7.2 Limitations

The presented method has several limitations. First, the main formulation is static: the target is
treated as fixed, and the thesis does not attempt a full physical simulation of time-dependent elastic
interaction. Second, the approximation theory for ADSDFs is local and applies on regular regions;
it is not a global smoothness theory across the cut locus. In other words, there is no analysis of the
failure modes of the LSQ technique across the cut locus. Third, the practical optimization proce-
dures use damping, continuation, and related numerical safeguards whose success is motivated by
experience and by existing optimization theory, but not analyzed here in full generality. Finally, the
subdivision chapter is meant as a companion result rather than as a fully developed multiresolution
framework: it proves continuous convergence for a stationary manifold-valued construction, but it

does not address adaptive refinement, coarsening, or topology-changing updates.

7.3 Future directions

7.3.1 Physically motivated dynamic extensions

A natural next step is to replace some of the purely geometric constraints in the present frame-
work with physically motivated energies while keeping the same basic target-side representation.
Local rotation fields already play a central role in co-rotational and stiffness-warping models of
elastic simulation [26,27]. At the same time, SDF-based contact against rigid geometry has been

developed in engineering and graphics settings, including corotational dynamics against rigid sur-
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faces represented by discrete signed distance fields and local optimization for mesh—SDF contact
generation [28,29]. This suggests a concrete program: formulate implicit time-stepping problems
in which the deformable body carries the same kind of rotation-augmented state used here, while
the static obstacle is represented by an SDF, and then study whether higher-order SDF queries im-
prove the stability and convergence of contact solves. This direction appears especially promising,
but it also requires the most additional modeling choices, since constitutive laws, time integration,

and contact mechanics would all have to be incorporated explicitly.

7.3.2 Adaptive and multilevel manifold-valued subdivision

The subdivision machinery used in this thesis is deliberately lightweight: it serves as a coarse-
to-fine companion construction, but it is not yet a full multiresolution framework. Existing sub-
division literature provides much stronger multilevel ideas, including interactive multiresolution
editing, hierarchical refinement overlays, localized adaptive subdivision, and dynamic refinement
or coarsening strategies [30-33]. A natural continuation is therefore to extend these techniques
to the manifold-valued setting considered here. Two concrete questions stand out. The first is
how to perform localized refinement, coarsening, or even connectivity-improving operations while
updating quaternionic or manifold-valued data coherently. The second is how to optimize over a
low-dimensional control mesh while evaluating the actual retargeting energies on the subdivided
surface it generates. Because this direction builds directly on the subdivision chapter and on well-

established Euclidean multiresolution techniques, it appears especially close at hand.

7.3.3 Adaptive and compressive higher-order SDFs

A second direction that appears especially natural is to move from uniform higher-order ADS-
DFs to adaptive and compressed constructions. There is already substantial literature on adaptive
distance-field sampling and sparse hierarchical storage [34, 35], as well as on higher-order and
hp-adaptive signed distance approximations [36—38]. What is missing, and what the present thesis
makes newly plausible, is a representation that preserves the main ADSDF advantage—analytic

low-order derivatives—while also adapting resolution to the needs of the optimizer. This suggests
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refinement criteria driven not only by geometric approximation error, but also by optimization sen-
sitivity: refine where contact terms are active, where Hessian information is needed, or where the
LSQ-to-Taylor regime is most important to preserve. Among the future directions considered here,
this one appears the most direct extension of the ADSDF theory developed in the thesis.

Taken together, these directions have different levels of immediacy. The dynamical extension
appears highly promising, but it requires the introduction of constitutive modeling and time inte-
gration beyond the present thesis. By contrast, the multilevel subdivision and adaptive/compressive
SDF directions seem especially likely to produce concrete progress in the near term, because they

extend mathematical and representational structures that are already central to the current work.
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Appendix A
Reference Material on Smooth Signed Distance

Functions

This appendix collects supplementary smooth SDF material that is useful as a reference but not
essential to the main narrative of Chapter 2. In particular, the formulas in Section A.3 are intended
to be implementation-ready test cases: they provide exact signed distance functions, gradients, and

Hessians for a small set of common primitives.

A.1 Basic facts

For convenience, we restate the signed-distance convention from Definition 2.1.1 before listing
implementation formulas. The restatement is included so that the exact primitive formulas in this

appendix can be read independently of Chapter 2.

Definition A.1.1.

Let 2 C R? have nonempty boundary. The signed distance function of € is

—dist(x,00), x € Q,
(I)SDF(CU) =
dist(x,00), « ¢ Q.

Standard results imply that $gp is continuous and 1-Lipschitz. At a point with a unique closest
point on 02, the function is locally as smooth as the target surface; at points with multiple closest

points, differentiability can fail. The singular set is commonly described as the cut locus [3].
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Proposition A.1.1.
At every regular point of Pgpp,

[V®spr(x)|| = 1.

If

S. = {y € R*: Ogpp(y) = ¢}, ¢ = Pgpr(x),

then V®gpp () is a unit normal to S, at x.

A.2 Characterization by Eikonal and closest-point properties

The unit-gradient condition alone does not characterize a signed distance function. The missing

ingredient is a closest-point relation.

Definition A.2.1.

A function ® : R® — R is said to satisfy the Eikonal property if

[Vo(z)| =1

almost everywhere. It is said to satisfy the closest-point property if

P(x — ¢(x)VP(x)) =0

almost everywhere.

Theorem A.2.1.

Under the natural regularity hypotheses needed to interpret the preceding formulae, a function
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® : R?® — R is a signed distance function if and only if it satisfies the Eikonal and closest-point

properties [39].

The practical meaning of the closest-point formula is that, at a regular point,

x — Ospr(x)VPspr(x)

vV
closest point on the zero level set

recovers the nearest point on the target surface.

A.3 Exact formulas for common primitives

The following formulas are convenient for unit tests, finite-difference checks, and sanity checks

on derivative code.

A.3.1 Sphere

For the unit sphere centered at the origin, let

p=\x>+y?+ 22

Then
(DSDF(x7y7Z) =p— 1a
T
1
V(I)SDF(xvya Z) = ; Yyl o P 7é 07
z
and
T
9 1 1
V®SDF($797Z):_[__3 yl |z vy z|; p#0.
p p
z
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A.3.2 Torus

For a torus about the y-axis with major radius R and minor radius r, define

s=Vax?+ 22, a=s—R, qg=+\/a*+ 2.

Then

CI)SDF(:L‘7 Y, Z) =q—-T

Its gradient is

ax/s
1
Vospr(x,y,2) = v s#0, q#0.
az/s
Writing
-4 0 -z
x/s 0 z/s a 1
= 5 = 5 Hs, = - 0 0 0
0 1 0 y ° )
5 01-3
a compact Hessian formula is
1 1
V2ospp = J T (—12 - —suuT> J+2H,.
q q q

A.3.3 Oriented plane

Let 72 € R? be a unit normal and x, € R? a point on the plane. Then

(I)SDF(ZD) = 7_7: . ((13 — .CC()), V(I)SDF(.’E) = ’I:l:, VZ@SDF(w) = O
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A.3.4 Point and segment primitives
These are not globally signed distance functions by themselves, but they are the local distance
primitives that reappear in featurewise analyses of mesh SDFs [2].

For a point x,

dye(@) = |1z — o]l
I — X
Vd,(z) = ——%0_
o ®) = ]
1 (x — xo)(x — )"
Vad . (x) = I —
o ®) = ] Iz = zo?

For a segment with endpoints x(, ; and direction e =x, — x, let

to(z) = clamp<(m_—w°)'é, 0, 1) .

le]f?
Then the unsigned distance to the segment is
deg () = ||@ — (20 + t.(X)€E)]| -

On subregions where the closest point lies in the interior of the segment, this reduces locally to the

distance to an affine line; at the endpoints it reduces to the point-distance formula above.

A.4 Curvature of level sets from the Hessian

The Hessian of a signed distance function is most useful when interpreted level-set by level-set.

Proposition A.4.1.

Let x be a regular point of ®gpy, and let

Sc = {y < RS : CI)SDF(y) = C}, c = CI)SDF(CL').
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Then V2®gpp(x)VPspr(x) = 0. The other two eigenvalues of V2®gpr(x) are the principal

curvatures of S, at . Consequently

tr(V2<I>SDF(:1:)) = K1 + K2
mean ;11rrvature

and

(tr(VQCIDSDF(a:))Q - tr(VQCI)SDF(a:)z)) = R1Kk2 .

J/

=

—~
Gaussian curvature
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Appendix B

Quaternions

The goal of this appendix on quaternions is to serve as a reasonable introduction/review and as
a reference guide for the many quaternionic formulas and facts which are easy to forget. The first
half covers purely algebraic facts about the quaternions and the second half covers some geometric

properties of the set of unit quaternions viewed as a manifold equipped with a metric.

B.1 Algebra of quaternions

One can realize the quaternions H as the quotient R{i, j)/(i*> + 1, 52 + 1,45 + ji) where we

define k = ij.

Theorem B.1.1.

There are distinguished elements ¢, j, k € H satisfying

and moreover {1,4, j, k} is a basis of H as a 4-dimensional vector space. In other words, for
all ¢ € H we can write

qg=w+xi+yj+zk

for some unique choice of w, x,y, z € R.

In other words, the quaternions are something like a 4-dimensional version of the complex

numbers.

Theorem B.1.2.

Using the identity i> = j% = k? = ijk = —1 and the properties of H as an algebra over the
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real numbers one can prove

ij=k, k=i, ki=j

and

ji=—k, kj=—i, ik=—j.

Notice H is not a commutative algebra since, for example, ¢ # ji. One might think the
quaternions are anticommutative but this is also not true since, for example, (i + 25)(i + k) =
—3—3jbut (i +k)(i+25) = =3+ 35.

The notions of conjugation and absolute value from the complex numbers can be extended to
the quaternions, and this even gives us a formula for multiplicative inverses. It is useful to define

dot products of quaternions along the way.

Definition B.1.1.

The conjugate ¢* of ¢ = w + 27 + yj + zk € H is defined

¢ =w—uxi—yj— zk.

Given q1, ¢ € H with ¢; = wy + 217 + y1J + 21k and go = wo + 21 + YoJ + 20k we define
the dot product

q1 * 2 = WiWa + T1To + Y1Y2 + 2122.

The absolute value |¢| of ¢ = w + zi + yj + zk € H is defined

la]* = w? + 2% +y* + 2" = q¢" = ¢"q.
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Theorem B.1.3.

Given 0 # g = w + i + yj + zk € H, the multiplicative inverse ¢! is given by

*

¢ w—wzi—yj—zk
gl w? a2 R

q

The next definitions and theorems connect quaternions to vector algebra.

Definition B.1.2.
Given ¢ = w + xi + yj + zk € H we call w the real part of the quaternion and x7 + yj + zk

the imaginary part or vector part of the quaternion. If w = 0 we call ¢ a vector quaternion.

We identify the set of vector quaternions with R3. In other words we will treat (z y 2)T

as equivalent to z7 4+ yj + zk so that we may mix quaternion operations with the usual vector

operations in R3.

Theorem B.1.4.

Given gq; = wy + v1, g2 = Wy + v9 € H where vy = x1i + y17 + 21k and v = X910 + yoj + 20k

q1q2 = (wiwg — vy - v2) + (w1ve + wovy + vy X V2).

Finally we define the quaternionic logarithm and exponential.

Definition B.1.3.
We define exp: H — H, sin: H — H, and cos: H — H by

oo qn
exp(q) = Y ot
n=0
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_1)n 2n+1

. — (
sin(q) = ;O (2n—f1>!,

n2n

00
COS = E
n=

Theorem B.1.5.
The quaternionic power series exp, sin, and cos converge (with respect to the norm | - |) for all

q € H. In fact, they converge absolutely in the sense that each of
Z lq"
n!’
’2n+1

Z 2n+1

n:0

lq|*"

converge for all ¢ € H.

From these facts we can derive the following.

Theorem B.1.6.

Given ¢ = w + v € H where w is the real part of ¢ and v is the vector part

expa) = e (cos(ol) + L sinfl]) ).

This inspires us to define the logarithm as follows.

110




Definition B.1.4.

We define log: H — H by

v w
log(q) = log(|q|) + — arccos (—)
|v] lq|

for ¢ = w 4+ v € H where w is the real part of ¢ and v is the vector part

B.2 Geometry of quaternions

The next definition and theorem establish the unit quaternions as a manifold.

Definition B.2.1.

A quaternion ¢ € H is called a unit quaternion in case |¢| = 1.

We will identify the set of unit quaternions with S®, the 3-sphere. This choice is justified by

the following theorem.

Theorem B.2.1.
The set U = {q € H: |q| = 1}, endowed with the subspace topology, is homeomorphic to the

3-sphere.

Famously, quaternions encode rotations in R3. The following theorem gives a formula.

Theorem B.2.2.

Let v € R?, let a € R? be a unit vector, and let v’ be the vector obtained by rotating v about
the axis a through an angle § € R. Identifying vectors in R?® with pure imaginary quaternions,
we have

/ *
U = (GaVq,
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where

qa = cos(0/2) + asin(0/2) € S°.

The most natural way to represent rotations is with elements of SO(3), that is, the manifold
of 3 x 3 rotation matrices. The connection to quaternions is that the manifold S* double covers
SO(3). What this means in light of Theorem B.2.2 is that there are two distinct unit quaternions
which represent a given rotation. In particular, we could have written v" = (—q,)v(—q,)*. That
is to say, given a unit quaternion ¢ representing a rotation, the unit quaternion —q represents the
same rotation. This non-uniqueness of representation turns out not to be much of an obstruction in
practical computations, but it should be kept in mind.

There is a natural choice® of metric tensor g which gives S* the structure of a Riemannian
manifold. This gives us a notion of distance d,: S* x S* — R as well as exponential and loga-
rithmic maps exp,,: 7,5° — S°, log,: S* — T,5%. The following theorems connect these to the

quaternion operations we’ve discussed so far.

Theorem B.2.3.
The distance function d,: S* x S* — R induced by the standard round metric on S is given
by

dg(Q1,CI2) = ‘log((qf)qlﬂ = arccos(q1 - q2)-

If we think of S? as the unit 3-sphere embedded in R, then this distance is the angle subtended by

the great-circle arc connecting ¢; and ¢s.

Theorem B.2.4.
We identify each tangent space 7,5 with R3. Recall that we have already identified R* with
the set of vector quaternions. In other words, quaternions of the form v = xi 4+ yj + 2k can

be treated as elements of 7,5 3,

3at least, defined up to a constant
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The exponential map exp,,: T,5% — 5% is given by

exp,(v) = pexp(p™v)

where the second exp is the exponential map on quaternions defined above.

Similarly, the logarithmic map log,: S® — 7,5 is given by

log,(¢q) = plog(p*q)

where the second log is the logarithmic map on quaternions defined above.
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