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ABSTRACT OF DISSERTATION
TWO-CHANNEL SIGNAL PROCESSING IN CANONICAL COORDINATES

Canonical coordinates provide an elegant framework for analyzing and solving
many two-channel problems in signal processing, communications, radar and sonar,
and sensor fusion. This dissertation addresses some of the existing issues in canoni-
cal correlation analysis of two-channel data, establishes a direct connection between
canonical coordinates and certain two-channel signal processing problems, and ex-
ploits canonical correlation analysis to solve some real two-channel signal processing
problems.

More specifically, in this dissertation, connections between two-channel constrained
least squares (CLS) problems and various canonical coordinate systems are estab-
lished. It is shown that under certain sets of constraints a two-channel CLS problem
will produce one of the important canonical coordinate systems, namely canonical co-
ordinates, half-canonical coordinates, or programmable canonical correlation analysis
(PCCA) coordinates. Further, a unified framework for building reduced-rank Wiener
filters is developed. It is demonstrated that, depending on the objective of reduced-
rank estimation, either canonical coordinates or half-canonical coordinates are opti-
mal for building the reduced-rank Wiener filter. Simple algorithms, called alternat-
ing power methods, are also developed that allow for both recursive and real-time
computation of canonical coordinates, half-canonical coordinates, and reduced-rank
Wiener filters. The developed algorithms may be viewed as two-step decompositions
of the standard power method, as they solve a coupled generalized eigenvalue problem

through power iterations. In addition, a network structure, with lateral connections
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that implement a deflation process, is developed for recursive extraction of canonical
coordinates.

This dissertation also addresses the empirical canonical coordinate decompositions
of two-channel data, where the channel covariances are estimated from a limited
number of data samples and are not necessarily full-rank. It clarifies how the number
of samples (sample support) drawn from two-channel data, and the ranks of the
data matrices, affect the algebraic and geometric properties of empirical canonical
correlations and coordinates. It is shown that empirical canonical correlations are
maximal invariants that measure the cosines of the principal angles between the row
spaces of the data matrices for the two data channels. When the sample support is
smaller than the sum of the ranks of the two data matrices, some of the empirical
canonical correlations become one, regardless of the two-channel model that generates
the samples. In such cases, the empirical canonical correlations may not be used as
estimates of correlation between random variables. This has interesting implications
for canonical correlation analysis of nonlinear functions of two-channel data, where
the aim is to capture coherence between the two channels by estimating correlation
between their high-order attributes. This will be possible only if the sample support is
greater than the sum of the ranks of the nonlinearly mapped data matrices. In these
cases, however, the so-called kernel formulations of canonical correlation analysis are
computationally disadvantageous with respect to the direct formulations.

Finally, canonical correlation analysis is employed to develop a multi-aspect fea-
ture extraction method for underwater target classification. The developed feature
extraction method exploits the linear dependence or coherence between two con-
secutive sonar returns. This is accomplished by extracting the dominant canonical
correlations between the two sonar returns and using them as features for classi-
fying mine-like objects from non-mine-like objects. The experimental results on a

wideband acoustic backscattered data set, which contains sonar returns from several
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mine-like and non-mine-like objects in two different environmental conditions, show
that canonical correlation features can offer good discrimination between mine-like
and non-mine-like objects. Further, the results show that in a fixed bottom condition,

canonical correlation features do not vary with changes in aspect angle.

Ali Pezeshki

Department of Electrical and Computer Engineering
Colorado State University

Fort Collins, Colorado 80523

Fall 2004
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CHAPTER 1

INTRODUCTION

Two-channel problems find numerous applications in signal processing, communica-
tion, sonar, radar, and sensor fusion. In filtering and communication one of the chan-
nels contains the unobserved source variables to be estimated and the other channel
contains the observed measurement variables. In radar and sonar the two channels
may be the outputs of two subarrays in space, or the outputs over two subintervals
in time. In sensor fusion, the channels correspond to different sensory measurements
of the same process. Typically, the problem is one of estimating a linear function of
variables in one channel from a linear combination of variables in the other, or one
of measuring the linear dependence or coherence between the elements of the two
channels, or the rate at which one channel carries information about the other.

The type of two-channel problem to be solved determines the right coordinate
system for obtaining and analyzing the solution. For many two-channel problems in
signal processing and communications, canonical coordinates [1]- [7] have been shown
to provide the right coordinate system. In [6] and [7] it is shown that all performance
measures commonly used for second-order inference and communication over Gaus-
sian channels are determined only by the canonical correlations [1]- [7] of two-channel
data. These performance measures are invariant to uncoupled nonsingular transfor-
mations of the channels. More specifically, in [6] and [7] it is shown that canonical

coordinates decompose the linear minimum mean-squared error (MMSE) estimator
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into a parallel set of uncorrelated canonical linear MMSE estimators. The volume
of the concentration ellipse! of the filtering error, or equivalently determinant of the
error covariance matrix of the linear MMSE estimator is found to be multiplicatively
decomposed into the product of volumes of canonical concentration ellipses, each of
which is determined by a canonical correlation. Additionally, [6] and [7] showed that
linear dependence between two data channels is decomposed into the product of the
linear dependence between their canonical coordinates, and is determined by the cor-
responding canonical correlations. It was also demonstrated that the transformation
to canonical coordinates transforms a Gaussian channel into a parallel combination
of independent Gaussian channels, each of which communicates at a (canonical) rate
that depends only on a canonical correlation. Further, the total information rate or
mutual information between the channels is the sum of these canonical rates.

In addition, canonical coordinates have been shown [7], [9] to be optimal for
reduced-rank estimation [6]- [11], when the objective of estimation is to minimize the
volume of the concentration ellipse of the filtering error, and for quantization of noisy
sources when the objective is to preserve maximum information rate [12].

In view of the importance of canonical coordinates in two-channel signal pro-
cessing, in this thesis we aim to address some of the issues in canonical correlation
analysis of two-channel data, establish a direct connection between canonical coor-
dinates and certain two-channel signal processing problems, and exploit the use of
canonical correlation analysis in some real two-channel signal processing applications.

More specifically, the main topics addressed in this thesis are:

1. Connections between canonical coordinates and two-channel constrained least

squares (CLS) problems,

!The concentration ellipse for a zero-mean random vector e with covariance matrix E [eeT] =R,
is defined as {e : TR !'e = 1}. The volume of this concentration ellipse is proportional to det{Rec}

[8].
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2. Optimal reduced-rank Wiener filtering in canonical coordinates,
3. Recursive computation of canonical coordinates,
4. Extraction of canonical coordinates using a network with lateral connections,

5. Empirical canonical coordinate decompositions of two-channel linear and non-

linear maps, and
6. Feature extraction in canonical coordinates.

In what follows, we present a brief introduction to each of these topics.

1.1 Connections Between Canonical Coordinates
and Two-Channel CLS Problems

Two-channel CLS problems are concerned with estimating a linear combination of
elements in one data channel from a linear combination of the elements in another
data channel, under certain constraints. The interpretation of the channels depends
on the application. Naturally, the performance objective of the two-channel filtering
problem, and the corresponding constraints, determines the coordinate system under
which the problem has to be solved. We demonstrate in this thesis (see also [13]) that
under certain sets of constraints, two-channel least squares problems lead to various
canonical coordinate decompositions, namely canonical coordinate decompositions
[7], half-canonical coordinate decompositions [8], [10], and programmable canonical
correlation analysis (PCCA) coordinate decompositions [14]- [17]. The half-canonical
coordinates are important for designing a class of optimal reduced-rank filters [8]-
[9]. The PCCA coordinate system was proposed in [14]- [17] for adaptive source
separation. It was this work that motivated us to develop two-channel CLS problems
and establish their connections with various canonical coordinate systems.

Apart from establishing a direct connection between various canonical coordi-

nate systems and a general class of two-channel problems, our results on this topic
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provide us with a foundation to develop recursive methods for computing canonical
coordinates and half-canonical coordinates and also allow us to establish connections

between two-channel CLS filters and optimal reduced-rank Wiener filters.

1.2 Optimal Reduced—Rank Wiener Filtering in
Canonical Coordinates

Reduced-rank estimation and filtering [6]- [11], [18]- [21] are important for a wide
range of signal processing applications where data or model reduction, robustness
against noise or model errors, or high computational efficiency is desired. Fun-
damental results on optimal reduced-rank estimators and filters include the work
by Brillinger [11], the reduced-rank Wiener filter (RRWF) by Scharf [6]- [10], and
the reduced-rank maximum likelihood estimator (RRMLE) by Stoica and Viberg
[18]. Other examples of reduced-rank estimators and filters include the reduced-rank
multilayer neural network (RRMNN) by Diamantaras and Kung [19], the relative
Karhunen-Loeve transform (RKLT) by Yamashita and Ogawa [20], and the general-
ized Karhunen-Loeve transform (GKLT) by Hua and Liu [21].

The choice of the coordinate system for building an optimal reduced-rank Wiener
filter depends on the measure to be optimized. Common measures for reduced-rank
Wiener filtering are (1) mean-squared error (MSE), or trace of error covariance ma-
trix, (2) whitened (weighted) MSE, and (3) volume of the concentration ellipse, or
determinant of the error covariance matrix. In [9], reduced-rank Wiener filtering un-
der these measures have been reviewed and the last two measures has been shown to
be equivalent.

In this thesis (see also [13]), we intend to review the connections between different
classes (each class corresponds to one of the error measures) of optimal reduced-rank
Wiener filters and clarify their connections with canonical coordinates, half-canonical

coordinates, and two-channel CLS filters. We demonstrate that canonical coordinates
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are optimal for reduced-rank Wiener filtering when the objective of estimation is to
minimize either the volume of the concentration ellipse of the filtering error or the
whitened MSE. Further, we establish that half-canonical coordinates are optimal for
reduced-rank Wiener filtering when the objective is to minimize the MSE. Our results
reproduce those of [9]. However, we obtain all of these results in a unified way using
the line of argument given in [8] for optimal reduced-rank Wiener filtering in half-
canonical coordinates. In addition, we determine several equivalent representations of
reduced-rank Wiener filters in each class, and at the same time clarify the connections

between reduced-rank Wiener filters and two-channel CLS filters.

1.3 Recursive Computation of Canonical Coordi-
nates

In many applications such as reduced-rank estimation and low-rank modelling [6]-
[11], [18]- [21] only a small subset of canonical coordinates, which have large canonical
correlations, need to be extracted. Discarding canonical coordinate pairs with small
canonical correlations has little effect on two-channel performance measures such as
volume of the concentration ellipse, information rate, and linear dependence. The
problem is that a conventional method of canonical coordinate decomposition, e.g.
the one in [7], does not offer a simple way for computing a small subset of canonical
coordinates. A full singular value decomposition (SVD) for a coherence matrix [7]
has to be computed, regardless of the rank-reduction. In addition, the conventional
method does not allow an easy update of the canonical coordinate mappings in time,
making it intractable for online applications. A similar argument applies to a con-
ventional method of half-canonical coordinate decomposition [8].

To address these shortcomings of the conventional methods of canonical and half-
canonical coordinate decomposition, we derive (see also [13]) various algorithms,

called alternating power methods, with deflation, to recursively compute the canonical
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coordinate and half-canonical coordinate mapping vectors, one-by-one or in groups.
Canonical coordinate and half-canonical coordinate mapping vectors are the vectors
that transform the channels into their canonical coordinates. The algorithms we de-
velop also allow for updating the mapping vectors in time as new samples of the
channels are observed. In addition, provided that the rank-reduction is relatively
large and canonical correlations or half-canonical correlations are not close together,
the alternating power methods can be computationally more efficient than the con-
ventional methods, as they do not require any matrix square-root operations.

Our alternating power methods are identical in form to the alternating power
methods derived in [9] for computing reduced-rank Wiener filters. However, the
algorithms in [9] do not yield the canonical or half-canonical coordinate maps. Thus,
what is original here is the discovery that alternating power methods may be used to
compute canonical and half-canonical coordinate maps as well as canonical and half-
canonical correlations, making them more applicable for signal processing problems

than they would appear from the work in [9].

1.4 Extraction of Canonical Coordinates using a
Network with Lateral Connections

In 1982, Oja [22] showed that a linear network with a single node trained with a nor-
malized Hebbian rule can extract the dominant principal component of a stationary
vector process. Sanger [23] and Foldik [24] extended Oja’s work to the multi-node
case in order to simultaneously extract the first m principal components of a vector
process. Diamantaras and Kung [25], [26] exploited the idea of using lateral connec-
tions with anti-Hebbian learning to recursively extract the principal components. In
a different approach, based on recursive least squares (RLS) learning, Bannour and
Azimi-Sadjadi [27] proposed another structure for recursive extraction of principal

components.
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The interesting fact about the work in [25] is the use of lateral connections for
recursively computing the principal components of a data channel. The network pro-
posed in [25] is called an APEX (adaptable principal component extractor) network.
It consists of two parts: (1) a simple feedforward network that is updated using a
Hebbian-type learning and can extract the dominant principal component of a data
channel and (2) a set of lateral connections that connect the outputs together and
are trained to deflate the contribution of the already extracted principal components
from the input data channel. The combination of these two sets of connections allows
for recursively extracting the principal components, one by one. Each time that a
new principal component has to be extracted, a new node is added to the APEX
network, allowing for extraction of the new principal component, without the need
to retrain the previous nodes.

Recently, Lai and Fyfe [28] proposed a network for performing canonical correla-
tions analysis. However, their network only finds the most significant canonical coor-
dinate pair and the corresponding canonical correlation. In this thesis (see also [29]
and [30]), motivated by the APEX structure in [25], we develop a network struc-
ture with lateral connections for recursively extracting the canonical coordinates of
a two-channel vector process. The network is structured to use lateral connections
for performing deflations. The network weights are updated using a gradient descent
algorithm [31], so they suffer from slow convergence (even as slow as linear conver-
gence) and sometimes instability, depending on initialization and choice of the step

size.
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1.5 Empirical Canonical Coordinate Decomposi-
tions of Two-Channel Linear and Nonlinear
Maps

All the developments and results reported to date for canonical correlation analysis of
two-channel data, including those in [1]- [7], are based on the assumption that either
the theoretical covariance and cross-covariance matrices of the channels are known, or
enough independent copies of the channels are available to obtain full-rank estimates
of the covariance matrices. Little attention has been devoted to the algebraic limits
to canonical correlation analysis, when two-channel data are scarce. That is, just how
poor can sample support become before sample canonical correlations cease to carry
any information about the true canonical correlations? This is one of the particular
questions we address in this thesis.

More generally, we study (see also [32]) the empirical canonical correlation anal-
ysis of two-channel data. The term empirical implies that the canonical correlation
analysis is based on covariance matrices that are estimated from a limited number of
samples of the two-channel data, and are not necessarily full-rank. The available data
samples may be obtained from linear or nonlinear transformations of a limited num-
ber of random samples drawn from a two-channel vector process. The question to be
addressed in this thesis is whether or not the canonical correlations and coordinates
obtained from sample data have the same algebraic and geometric properties as the
underlying theoretical ones. For example, when do empirical canonical correlations
estimate theoretical canonical correlations between two data channels? We show that
when the sample support (number of data samples drawn from each data channel) is
smaller than the sum of the ranks of the two data matrices?, the empirical canonical

correlations are defective and may not be used as estimates of canonical correlations,

2The data matrices are column-wise collections of vector data samples that are drawn from the
two (vector) data channels.
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or coherence, between random variables of the two-channel data.

Our results have interesting implications for canonical correlation analysis of non-
linear functions of two-channel data, where the aim is to capture coherence between
the two channels by estimating correlation between their high-order attributes. The
basis for considering nonlinearities is that canonical correlation analysis only exploits
the second-order statistics of two-channel data. In some applications, however, the
information that is obtained from second-order statistics alone, such as linear depen-
dence, may not be sufficient to achieve the desired performance. By pre-processing
the data with nonlinear functions, one may be able to capture coherence between the
two data channels by estimating the canonical correlations between their high-order
attributes. We show that this is possible only when the sample support is greater
than the sum of the ranks of the nonlinearly mapped data matrices.

The idea of using nonlinear maps prior to linear processing was first exploited by
Vapnik in the theory of support vector machines (SVM) for the design of large margin
classifiers [33], [34]. The idea in SVM is to use a nonlinear mapping to map the input
space into a high-dimensional feature space, in which the features are linearly separa-
ble. Perhaps the most intriguing aspect of SVM is that the high dimensional nonlinear
mappings are never explicitly computed and all computations are carried out in the
original low dimensional space, using the kernel trick [35]. Since the development
of SVM, numerous results have been reported on kernel-nonlinear counterparts of
standard information processing techniques, among which are kernel versions of prin-
cipal component analysis [35], [36], Fisher discriminant analysis [35], [37], linear least
squares estimation [38], Mahalanobis distance [38], and even canonical correlation
analysis [39]- [46]

However, our results on the effect of sample support on algebraic and geometric
properties of empirical canonical correlations indicate that in cases where empirical

canonical correlations can estimate the theoretical canonical correlations the kernel
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formulations for canonical correlation analysis are in fact computationally disadvan-
tageous with respect to the direct formulations, in which the nonlinear mappings are
explicitly computed.

It should be mentioned that some of our findings, concerning the effect of sam-
ple support on empirical canonical correlations, have been reported in [45], without

rigorous proof and analysis.

1.6 Feature Extraction in Canonical Coordinates

Measuring linear dependence or coherence between multiple data channels may be
used for detecting the presence of an unknown but common signature among the
channels. This is the basic idea behind multi-channel tests for linear dependence [3]
and the multiple coherence test of [47], [48]. The idea is that linear dependence
between the channels is an indication of the presence of a common signature, whereas
linear independence indicates the absence of a common signature.

In a two-channel case, the linear dependence between the channels is measured
by the canonical correlations of the channels. This implies that canonical correla-
tions can be viewed as features that capture linear dependence or coherence between
two data channels, and hence may be used for detection or classification purposes.
We intend to exploit this idea for extracting features to classify underwater mine-
like objects from non-mine-like objects (see also [49] and [50]). In this application,
the channels correspond to acoustic backscattered signals at two consecutive aspect
angles, with certain spatial separation. Using canonical correlations, we exploit the
linear dependence between two backscattered signals (sonar returns) to determine
whether common signatures associated with targets or non-targets are present. We
hypothesize that the amount of coherence between the two sonar returns generated
by the presence of a mine-like object is different from that caused by the presence of a

non-mine-like object. Therefore, the dominant canonical correlations, which capture

10
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most of the coherence between two sonar returns, may be used to classify the objects
at the corresponding aspect angles. We test our hypothesis on a subset of a wideband
data set [51] that has been collected at the Applied Research Lab (ARL), University
of Texas (UT)-Austin, and benchmark our results against those obtained in [52] on
the same data set.

Additionally, we follow up on our discussion of the potential use of nonlinearly
mapped two-channel data, followed by canonical correlation analysis, with the aim to
capture coherence between high-order attributes of the two channels. We use several
nonlinearities to map the data samples, extracted from the sonar returns, in order
to investigate whether the canonical correlations between the nonlinear functions of
the backscattered signals can improve the discrimination of mine-like objects from

non-mine-like objects.

1.7 Organization of the Thesis

In Chapter 2, we review canonical coordinates and canonical correlations, highlight
their algebraic and geometric properties, and clarify their importance in analyzing
the Wiener filter, linear dependence, and information rate. Further, we review half-
canonical coordinates to prepare the readers for the developments in other chapters.
Therefore, this chapter provides a foundation for our developments throughout this
thesis. Chapter 3 establishes the connections between two-channel CLS problems and
various canonical coordinate systems, namely canonical coordinates, half-canonical
coordinates, and PCCA coordinates. In Chapter 4, reduced-rank Wiener filtering
in canonical and half-canonical coordinates is reviewed and connections between
reduced-rank Wiener filters and two-channel CLS filters are established. Chapter
5 discusses the recursive computation of canonical coordinates, half-canonical coor-
dinates, and correlations. In Chapter 6, a network structure with lateral connections

and a set of learning rules for extracting canonical coordinates is presented. Chapter

11
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7 addresses the empirical canonical coordinate decomposition of two-channel data, in
which the channel covariances are not known and need to be estimated from a limited
number of data samples. In Chapter 8, we exploit canonical correlations as features
for classifying underwater targets from non-targets. Chapter 9 presents a review of
some of the existing methods [53]- [56] for selecting appropriate nonlinearities for
different nonlinear information processing techniques, in order to achieve a certain
performance level. Finally, Chapter 10 draws conclusions and outlines suggestions

for future work.

12
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CHAPTER 2

CANONICAL COORDINATES AND THE

GEOMETRY OF INFERENCE AND RATE

2.1 Introduction

In this chapter, we review canonical coordinates and canonical correlations, and high-
light their algebraic and geometric properties. Our aim is to clarify why the canonical
coordinate system is the right coordinate system for analyzing Wiener filters, linear
dependence, and information rate. In addition, we review half-canonical coordinates
and half-canonical correlations to prepare the readers for the developments in other
chapters. Therefore, this chapter provides the foundation for our developments in
this thesis. The material presented here, and much of the language and terminology,

are drawn from [7] and [8].

2.2 Canonical Coordinates

Let us consider the composite data vector z consisting of two random vectors x € R™

and y € R", m <n, ie.

X
7z = - R(m—l—n)‘ (21)

y

13
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We assume that x and y have zero means and share the composite covariance matrix

X Rxm Rmy
R,.,=E[zz']|=E ( xT yT ) = . (2.2)
y Ry. Ry

Whenever it is needed to assign a probability distribution to z, we assume it to be
Gaussian and denote it by z : N(0,R,.). In such cases, x and y will be marginally
Gaussian, that is, x : N(0,R,,) and y : N(O,R,,).

We may think of the elements of the cross-covariance matrix Ry, i.e. [Ryy)i; =
Elz;y;], as inner products in the Hilbert space of second-order random variables.
Here, z; is the ith element of x and y; is the jth element of y.

If x and y are now replaced by their corresponding white vectors, then the

whitened composite vector £ is obtained as

q R2 0 x 03
5_ - ._1/2 ) ( : )
v 0 Ryy Yy

where R is a square-root (not necessarily symmetric) of R,,. That is, R T2 =

R, and Ro. / 2RMR;;CT /2 — 1. The covariance matrix of & may be written as

¢ RCC RC,, I C
Re=E[E¢T)|=E (cT uT) = = ,
v R.. R.. CcT 1
where
C = E[¢v"] = E[(R)*x) (R, *y)"] = R}*Ry, R, (2.5)

is called the coherence matriz of x and y. Therefore, the coherence matrix C is the
cross-covariance matrix between the white versions of x and y. Correspondingly, the
coordinates ¢ and v are called the coherence coordinates. Since ¢ and v are white
vectors, the elements of the coherence matrix C measure the cosines of the angles
between the elements of ¢ and v. That is, [C];; = E[(;v;] measures the cosine of the

angle between (; and v;, in the Hilbert space of second-order random variables.

14
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We now determine the singular value decomposition (SVD) of the coherence ma-

trix, namely
C =R.."*R,,Ryy > =F.X.GT and

(2.6)
FICG, = FTR;’R., R, *G. = 2,
where F, € R™*™ and G, € R™*" are orthogonal matrices, i.e.
FIF,=FFL =I(m) and GTG.= G.G! =1(n), (2.7)
and
S =[S, (m) 0]cR™" (2.8)
is a diagonal singular value matrix, with 3.(m) = diagloy, 02,...,0m) and 1 > o1 >

09 > ...2> 0pm > 0.
Let us use the orthogonal matrices F, and G, to transform the whitened composite

vector € into the canonical composite vector w,

u FT o0 ¢ FT 0 R 0 X

Cc

v 0 GI'||v 0 GT 0 R,7?||y

C

Then, the covariance matrix for the canonical composite vector w is obtained as

u Ruu Ruv I EC
Ry, = E[wwl]|=FE (uf vT) | = =
v R,. R, ZZ I

We refer to the elements of u = [w;]%, € R™ as the canonical coordinates of x and
to the elements of v = [v;]’, € R™ as the canonical coordinates of y. The diagonal

cross-correlation matrix 3.,
¥. = E[uvT] = E[(FTR;,*x)(GIR,/*y)T] = FTCG, (2.11)

is called the canonical correlation matriz of canonical correlations o;, with 1 > o1 >

o9 2 -+ > om > 0. Correspondingly, ZCECT is the squared canonical correlation

15
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Figure 2.1: Transformation from standard coordinates x and y to canonical coordi-
nates u and v.

2

matrix of squared canonical correlations ¢7. Thus, the canonical correlations mea-
sure the correlations between pairs of corresponding canonical coordinates. That is,
Eluw;] = 0:65; 1 € [1,m], § € [1,n], with d;; being the Kronecker delta. The canon-
ical correlations o; are also the singular values of the coherence matrix C. Since F,

and G, are orthogonal matrices, we may write the squared coherence matrix CC” as

CCT = Ra:’R., Ry IRy Roy
(2.12)
= F.2.GI'G.EIFT = F .5 5TFT.

2

This shows that the squared canonical correlations o; are the eigenvalues of the
squared coherence matrix CC”, or equivalently, of the matrix RoL CCTRI)? =
R;;RmyR;leyw. It is interesting to note that these eigenvalues are invariant to the
choice of a square-root for R,.

Figure 2.1 illustrates the transformation from standard coordinates x and y to

coherence coordinates ¢ and v and then to canonical coordinates u and v.

2.3 Geometry of Canonical Coordinates

The canonical correlations o; are invariant to block-diagonal transformations of R,

of form
T, O R.. R. T 0
TR, T = | ' ! ! , (2.13)
0 T, R,. Ry, 0o TF
where Ty € R™™ and Ty € R™™ are nonsingular matrices [5]. In other words, the

canonical correlations o; are invariant under nonsingular transformation of x by T;x

16
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and y by Tyy. This may easily be proved by showing that the coherence matrix of
Tix and Tyy is the same as the coherence matrix of x and y.

In fact, the canonical correlations o; form a complete or maximal set of invariants
[5] for the composite covariance matrix R,,, = E[zz”], under the linear transformation

group
T, O
T=<T= , det{T} #0 », (2.14)
0 T,
with group action R,, — TR, TT [5]. That is, any function of R,, that is invariant
under the transformation group 7 is a function of X. [5]. This is the reason that the
correlations o; and coordinates u = [u;)7, and v = [v;]7; are called canonical.
The ith canonical correlation o; = E[u,;v;] measures the cosine of the angle between
u;, the 1th canonical coordinate of x, and v;, the ith canonical coordinate of y. The
angle between u; and v; plays the same role as a principal angle between two linear
subspaces, but in the Hilbert space of second-order random variables instead of a
Euclidean space. A detailed proof for this claim is presented in [5]. Nonetheless,
considering the Euclidean case here can be helpful to develop intuition.
Let M € Rm+m)xm and N e R™)*" be orthonormal bases for m— and n—dimen-

m4n

sional subspaces of R(™*?) then the cosines of principal angles between < M > and

< N > are measured by the singular values of the matrix MTN [57]:

MTN =FEGT or (MF)T(NG) = . (2.15)

That is, the principal angles between < M > and < N > are the angles between the
rotated columns of M and N, with the rotations implemented by F and G. Here
FXGT is an SVD of MTN. This may be viewed as the Euclidean space analog of
E[¢v"] = E[(Rz*x)(Ryy*y)T] = FXGT or b1
E[(FT¢)(Gev)"] = E[(FTRz'"x)(GT Ry, )], = =, i
where the elements of u = FERJZI/ ’x and v = G:;FR;yl / 2y are orthonormal bases,

with respect to the inner product E[u;v;], for m— and n—dimensional subspaces

17
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Figure 2.2: Filtering problem.

of the Hilbert space of second-order random variables. In other words, the inner
product E[(Rz./*x) (R;yl/ *y)7], between the white random variables in Rz, /’x and
Ry_y1 / Qy, is the Hilbert space analog of the Euclidean space inner product M”N,
between orthonormal vectors in M and N. Therefore, the ith canonical correlation
o; measures the cosine of the,ith principal angle between u; and v;, or equivalently the
ith principal angle between the linear subspaces spanned by the canonical coordinates

u = FZR;;/ ’x and v = GCTR;;/ ’y. We note that these cosines are invariant to

nonsingular transformation of x by Tix and y by Tyy.

2.4 Wiener Filtering in Canonical Coordinates

Let us now consider the filtering problem illustrated in Figure 2.2. In this picture,
the linear minimum mean squared error (MMSE) estimator of x from y is denoted
by X = Hy and the corresponding (orthogonal) error is e, = x — X. In the standard

T

coordinates, the Wiener filter H and the error covariance matrix Q,, = Ele,e; ] are

given by

H = R,,R!
e (2.17)
Qo = E{(x - %)(x = %)7} = Ryr — Ry R Ry

Using the SVD in (2.6), the Wiener filter and the error covariance matrix, in

canonical coordinates, may be written as

~1 _ pl/2p-1/2 -T/2p—-1/2 _ pl/2 TR ~1/2
H = R,,R;} = R/R;}R,,R,;’R,)* = RIF.EZ.G!R; (2.18)
18
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Figure 2.3: The decomposition of the Wiener filter in canonical coordinates.

and
sz - Rmm - Ra:yRy_leyz

1/2 ~1/2 _ —T/2\pa T/2
= gz (I - :mc/ nyRyleyg:Rma:/ ) xa{
(2.19)
— R(1 - F. X 2TFT)RE?
= RLF.(I- .20 FIRI
Figure 2.3 illustrates this decomposition of the Wiener filter in canonical coordinates.
The first stage whitens the data vector y to produce the corresponding coherence
coordinates v, the second stage transforms the coherence coordinates v into the
canonical coordinates v, and the third stage filters v with the canonical Wiener filter

Y. to produce the linear MMSE estimator i = 3.v of the canonical coordinates of

X, with the error covariance matrix
Quu = Flewel] = E[(lu —d)(u —a)7] =1- %27 (2.20)

This is indeed the linear MMSE estimator of u from v, as the composite covariance
matrix of u and v is of form (2.10). The fourth stage transforms 0 into the linear
MMSE estimator of the coherence coordinates ¢, and the fifth stage re-colors them
to produce X, the linear MMSE estimator of x from y.

The concentration ellipse [8] for the filtering error e, = x — %X, with covariance

matrix Q.. = F [ezef], has a volume proportional to

det{Qu.} = det{RILF.(1 - BET)FIR:L)
(2.21)
_ det{Ro.} det{I - 3,57},
The above identity follows from the decomposition of Qg in (2.19) and the fact that

F. is an orthogonal matrix. Similarly, the concentration ellipse for the data vector x
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has a volume proportional to det{R,,}. Therefore, the ratio of these determinants
measures the relative volume of the concentration ellipses. This ratio is the same as

the ratio of the volume of the concentration ellipse of the filtering error e, = u— 1

to the volume of the concentration ellipse of the canonical coordinates u. That is,

de zx
A—Edeg{gm} = det{I — .27}

2.22
=TI, (1 - 02) = SetdQuu} (2.22)

T det{Ruy.}?
where the last identity follows from (2.20), recalling that R, = I. The fact that the
relative volumes in standard coordinates and canonical coordinates are the same fits
our intuition, as the relative volume depends only on the canonical correlations and
hence are invariant to linear transformations.

A physical interpretation for the decompositions in (2.20) and (2.22) is that the
canonical coordinate transformation replaces the original composite data vector z by a
parallel combination of uncorrelated random variables, each of whose error covariance
is 1 — 2. The error covariance for the parallel combination is diag(1—o%,...,1—02),

with determinant []~,(1 — o?).

%

2.5 Linear Dependence and Coherence

The standard measure of linear dependence for the composite data vector z = [x y*]*

is the Hadamard ratio, inside the inequality

o< detRa) g (2.23)
[[2 [Ree]u

where [R,.]ii’s, @ € [1, m + n] are the diagonal elements of R,,. This ratio takes the
value 0 iff there is linear dependence among elements of z; it takes the value 1 iff the
elements of z are mutually uncorrelated.

By introducing a block Cholesky factorization for R,, of the form

R,, R, I R,R=' || Q. O I 0
Rzz: Y = v , (224)

R,. R, o I 0 R, ||RIR, I

Y
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we may write det{R,,} as

det{Rzz} = det{Ql‘l‘} det{Ryy}

(2.25)
= det{R..} et det{Ry, },
yielding the following decomposition of the Hadamard ratio:
det{R,, det{ Rz
eiRe) | deRa) gopp o w mry SRy (2.26)

R TTE Raals [T [Ryyla
The first and third terms on the right hand side of (2.26) measure the linear depen-

dence among the elements of x and y, respectively, while the middle term,
L=detI-%3)=[[1-0}); 0<L<1, (2.27)
i=1

measures the linear dependence between the elements of x and y. The measure L
takes the value 0 iff there is linear dependence between elements of x and y; it takes
the value 1 iff the elements of x and y are mutually uncorrelated. The ith term of the
product on the right hand side of (2.27), i.e. (1—o02), measures the linear dependence
between the ith canonical coordinate of x and the ¢th canonical coordinate of y.
This implies that the linear dependence between x and y is decomposed into the
linear dependence between their canonical coordinates, and is measured only by their
canonical correlations or principal cosines.

Correspondingly, we may define the coherence measure between the elements of

x and y as
H=1-L=1-det(I-E3)=1-JJ(1-0}); 0<H<L (2.28)
i=1

The elements of x and y are perfectly coherent iff H = 1; they are mutually non-

coherent iff H = 0.

2.6 Information Rate and Mutual Information

We now determine the rate at which the x—channel carries information about the
y—channel, and vice versa, or simply the mutual information between x and y. Ac-

cording to Shannon [58], the information rate for the composite data vector z =
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[xT yT]T is defined as

R=H,+H,— H,, (2.29)
where H,, H,, and H, represent the entropies of x, y, and z, respectively. In commu-
nications, H, is the entropy of the message x, H,, is the entropy of the measurement
y, and H, is the shared entropy.

For Gaussian composite data vector z : N(0, R,,), with distribution function f(z),

the entropy is

H, = Ellog f(z)] = 22"

1
log(2me) + 5 logdet{R..}, (2.30)

Using H, in (2.30) and similar expressions for H, and H,, we may obtain the infor-

mation rate I? as
R = Zlog(2me) + 3 log det{R..} + % log(2me) + £ log det{R,,}
— 2 Jog(2me) — 1 log det{R,.} (2.31)
= Llogdet{Ry,} + L logdet{R,,} — % logdet{R..}.

Using (2.21) and (2.25) for det{Q..} and det{R,.}, we may write the information
rate as
R =1ilogdet{R;,} — logdet{Q..}
= logdet{R,,} — 2logdet{R,,} — 1 logdet{I — £.XT} (2.32)
= —1llogdet{I- X.XT} =3>"" log 1—_1;7

The 7th term in the above summation, i.e.

1 1
R = -log——. 2.33
2 %142 (2:33)

is the rate at which the ith canonical coordinate of y, i.e. wv;, brings information
about the ith canonical coordinate of x, i.e. u;. Thus, we further refer to the R;

as canonical rates. This result implies that the rate at which the y—channel brings
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information about the x—channel is just the sum of the canonical rates at which the

canonical coordinates of y carry information about the canonical coordinates of x:

i 1 & 1
R:ZRiZEngl_U?. (2.34)
=1 =1 ?

In communications, a physical interpretation of this result is that the transformation

to canonical coordinates transforms the Gaussian channel into a parallel combination
of independent Gaussian channels, each of which has canonical rate R;. Consequently,
the total information rate is the sum of these canonical rates. As the total information
between the canonical coordinates is determined solely by the canonical correlations
or principal cosines, it is invariant to linear transformations, and thus is the same as

the rate for the original channels.

2.7 Half-Canonical Coordinates

Another canonical coordinate system that will be used in this thesis is the half-
canonical coordinate system [8], [10]. This coordinate system, as will be shown in
Chapter 4, is important for reduced-rank estimation where the objective of estimation
is to minimize the mean-squared error (MSE). In this section, we review half-canonical
coordinates and half-canonical correlations in order to prepare the readers for the
forthcoming developments in the subsequent chapters.

In contrast to (2.3), where both x and y are whitened, let us only whiten y. Then,

the composite vector £ and its covariance matrix R¢e become

¢ 1 0 X
E= = P , (2.35)
v 0 R,/ y
and
C R(( R{l/ wa Ch
REf = E[£ éT] — E ( CT UT > — = ,
v R.. R, cl 1
(2.36)
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where

Cn = E[¢v7] = E[x(R,}*y)"] = R, R, [/ (2.37)

is called the half-coherence matriz of x and y. Therefore, the half-coherence matrix
Cy, is the cross-covariance matrix between x and the whitened version of y.

We now determine the SVD of the half-coherence matrix, namely

C.=R,,Ry > =U,%, VP and

(2.38)
ULC,V, = UIR,, R, 2V, = 5,
where U, € R™*™ and V;, € R™" are orthogonal matrices, i.e.
UTU, = U, U =1(m) and VIV, =V,V? =1(n), (2.39)
and
Eh=[2u(m) 0]€R™" (2.40)
is a diagonal singular value matrix, with ¥, (m) = diagloy, 02,...,0n) and o1 > g9 >
ce. 2Oy > 0.

Transforming the composite vector £ with the orthogonal matrices U, and Vy

yields the half-canonical composite vector w,

u Ul o ¢ Ul o I 0 X
\4 0o VI v 0 VI 0 Ry—yl/ 2 y

with the covariance matrix R,

R, = Elwwl] = E (uf +v7T)
\%

(2.42)

. Ruu Ru’u o U%ijzUh 2:h,

R,. R T I
We refer to the elements of u = [w;]%; € R™ as the half-canonical coordinates of
x and to the elements of v = [v]; € R™ as the half-canonical coordinates of y.
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Figure 2.4: Transformation from standard coordinates x and y to half-canonical
coordinates u and v.

Correspondingly, the diagonal cross-correlation matrix Xy,
S = Elav™] = B[(UL)(VIR;Y?y)T] = UG,V (2.43)

is called the half-canonical correlation matriz of half-canonical correlations o;, with
o1 > 09 > -+ > 0, > 0. Figure 2.4 illustrates the transformation from standard
coordinates x and y to half-canonical coordinates u and v.

The half-canonical correlations o; are invariant to block-diagonal transformations
of R,, of form (2.13), with Ty = I. In other words, the half-canonical correlations o;
are invariant under nonsingular transformations of y. This may easily be proved by
showing that the half-coherence matrix of x and Tsy is the same as the half-coherence
matrix of x and y.

In fact, the half-canonical correlations o; form a complete or maximal set of in-
variants for the composite covariance matrix R,, = E[zz’], under the linear trans-
formation group of (2.14), with T; = I and group action R,, — TR,,T?. That is,
any function of R, that is invariant under the nonsingular transformations of y is a
function of the half-canonical correlation matrix 3,. This maximal invariance prop-
erty may easily be proved using a similar proof as that presented in [5] for canonical
coordinates. The only difference is that T; has to be set to identity. This is the
reason that the correlations o; and coordinates u = [;]*, and v = [v;]7; are called

half-canonical.
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2.8 Conclusions

In this chapter, canonical coordinates and canonical correlations were introduced and
their algebraic and geometric properties were reviewed. It was shown that canonical
correlations measure the cosine of principal angles between two linear subspaces in
the Hilbert space of second-order random variables. Further, they form a maximal
set, of invariants for the composite covariance matrix of two-channel data.

Evidently, the canonical coordinate system is the right coordinate system for an-
alyzing second-order filtering and communication over the Gaussian channel. In this
coordinate system, the volume of the concentration ellipse is multiplicatively decom-
posed into the product of the volumes of (canonical) concentration ellipses, and is
determined only by the canonical correlations. Additionally, the linear dependence
between the channels is decomposed into the product of the linear dependence be-
tween the canonical coordinates of the channels, each of which is determined solely by
the corresponding canonical correlation. The information rate between the channels
is additively decomposed into a sum of canonical rates, each of which measures the
rate at which a canonical coordinate of one channel carries information about its cor-
responding canonical coordinate of the other channel. Furthermore, each canonical
rate depends only on the principal cosine between the corresponding pair of canonical
coordinates. We also reviewed the half-canonical coordinates and half-canonical cor-
relations to prepare the readers for the developments and discussions in subsequent
chapters.

To conclude, the review in this chapter showed that all performance measures of
interest for second-order inference and Gaussian communications are determined by
the canonical correlations or principal cosines of the two-channel data. Additionally,
these performance measures are invariant to uncoupled nonsingular transformations

of the channels.
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CHAPTER 3

TWO-CHANNEL CONSTRAINED LEAST
SQUARES PROBLEMS AND CONNECTIONS
WITH CANONICAL COORDINATES

3.1 Introduction

In this chapter, we consider two-channel constrained least squares (CLS) problems,
where the objective is to estimate a linear function of elements in one channel from a
linear combination of elements in the other, under certain constraints. By imposing
various constraints we aim to derive a general set of solutions to the two-channel
CLS problem, and at the same time clarify the connections between two-channel CLS
filtering and various canonical coordinate systems. The material presented in this
chapter are also reported in [13].

Referring to Figure 3.1, the most general form of a two-channel least squares

problem one may consider may be posed as mi[I)l J, where J is the quadratic function
Yy

J =tr{E[(DIx — D]y)(DIx — Dy)"]}. (3.1)

The matrix DY € R™*™ is a linear map that transforms x € R™ to u = DIx ¢ R™
and DZ € R™*" is a linear map that transforms y € R" to v = Dgy € R™,
m < n. Without any constraints on D, and D,, the optimization problem of (3.1)

yields the trivial solution D, = 0, D, = 0. However, we shall show in this chapter
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Two-Channel
Data DT

Figure 3.1: Two-channel filtering problem.

that under special constraints the optimization problem in (3.1) leads to canonical
coordinate decompositions [1]- [7], half-canonical coordinate decompositions [8], [10],
or programmable canonical correlation analysis (PCCA) coordinate decompositions
[14]- [17]. The PCCA coordinate system was proposed in [14]- [17] for adaptive
source separation. In fact, the work in [14]- [17] motivated us to develop various
two-channel constrained least squares problems and establish their connections with
canonical coordinate systems. Later in this thesis, we use the results of this chapter
to develop simple methods for recursive computation of canonical coordinates, half-
canonical coordinates, and also to establish connections between two-channel CLS

filters and reduced-rank Wiener filters [6]- [11].

3.2 Two-Channel CLS Problems and Solutions

Consider the two-channel problem of Figure 3.1, with two random vectors, x € R™
and y € R”, and linear maps D, € R™™ and D, € R™™, m < n. If m > n, then
we would simply reverse the roles of x and y. We assume that x and y have zero
means and share the composite covariance matrix in (2.2).

The two-channel CLS problem may be defined as 1gnilgl J, subject to constraints
yY

on D, and D,, where J is the scalar objective function
J = E[||DIx - D]y|’]
= tr{E[(DIx — Dly)(DIx - DIy)"]} (3.2)
= tr{DmeDz - DZRzyDy — DgRnyx + DgRnyy}.
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Here, the matrices D, € R™™ and D, € R™"™ have equal column dimensions, tr{ - }
denotes trace of a matrix, and E|-] denotes statistical expectation.

Alternatively, we may rewrite the objective function J as
J = tr{D] Q,.D. + (R, D, — R;.D,)"R} (R,,D, — R,.D,)}, (3.3)
where Q.. = Ry — RzyRy_leyx is the Schur complement of R, or as
J =tr{D! Qy,D, + (RexDs — ReyDy) R} (Roe Dy — RoyDy) (3.4)

where Q,, = R, — R,.R_ R, is the Schur complement of R,,.
Let us now consider the constraints that relate the two-channel CLS problems to

various canonical coordinate systems.
3.2.1 Case 1: Canonical Coordinates

Referring to Figure 3.1, the objective here is to whiten u = DIx and v = D;‘,Fy, and
diagonally cross-correlate them, while minimizing J. Thus, the suitable constraints

are
R.,.=DIR,, D, =1, R, = D;-/FRnyy =1, and
(3.5)
R., = DIR,,D, = ¥ = diag[o1, 09, . . ., 0],
where I is the m x m identity matrix. The diagonal matrix 3 is not known a priori.

However, it may be assumed, without loss of generality, that the diagonal elements

of 3 are arranged in descending order. That is,
oL >09>...> 0, > 0. (3.6)

Using the method of Lagrange multipliers, the constrained minimization problem

may be written as min Jg, where Je is the scalar objective function
x, Uy

Jo = tr{DmeDz + (R,,D, — RymDm)TR;y1
X (Rnyy - RyzDz‘)} + tr{(DZRmDm -DA} (3.7)

+tr{(DTR,,D, — DA} + 2tr{(DIR,,D, — £)A3}
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or equivalently as
Jo = tr{D]Qy,Dy + (Rs:D, — ReyDy) "R}
%(ReaD, — RyyD,)} + tr{(DTR,.D, — 1)A;} (3.8)
+tr{(D]R,,D, — I)As} + 2tr{(DIR,,D, — %)As}
where Ay, Ay, and Az are m x m Lagrange multipliers. It can easily be verified that
the trace constraints in (3.7) and (3.8) indeed impose the actual constraints in (3.5).

Taking the derivative of Jo with respect to D, and D, and setting the results to zero

yields the coupled equations

R.,D,(I— A3) = Ry D(I+ A) (3.9)

R,D.(I—A3)=R,,D,(I+ Ay). (3.10)
Pre-multiplying (3.9) by D] and (3.10) by D/ yields the coupled equations

DTR,,D,(I— A3) = DIR,,D,(I+ A;)
(3.11)
DIR,,D,(I - A3) = DTR,, D, (I + A,).

At the solution, the Lagrange multipliers force the constraints in (3.5), and thus,

(3.11) reduces to
SI-As)=T+Ay)
(3.12)
SI-As)=T+A)
which implies that A; = Ay, assuming that ¥ and (I — A3) are nonsingular. Using

(3.12), we may rewrite (3.9) and (3.10) as the coupled system

R,,D, = R;;D. X

(3.13)
R,.D,=R,D,X.
Equivalently, we may combine these two equations as
R.,R!R,.D, = R,,D.X?
s (3.14)

R,.R;'R,,D, = R,,D,X%

T

30

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



The set of equations in (3.13) and (3.14) are key results, for they characterize the
solutions for D, and D, to minimize J under the constraints in (3.5). These solutions,
in turn, produce the coordinates u = DIx and v = Dgy, and correlations 3 =
DTR,,D, of x and y. The equations in (3.14) are (symmetric) generalized eigenvalue
problems for D, and D, with the shared eigenvalue matrix 32. Therefore, we refer to
(3.14) as a “coupled (symmetric) generalized eigenvalue problem”. Correspondingly,
(3.13) may be viewed as a coupled (asymmetric) generalized eigenvalue problem. In
Section 3.3.1, we shall establish that u = DIx, v = Dgy, and 3 = diagloy,...,0m] =
DIR,, D, are, indeed, the standard canonical coordinates and canonical correlations
of x and y, thereby justifying our terminology for this case.! In Chapter 5, we
shall give an alternating power method for recursively solving (3.13) for columns of
D, =[d.1,...,dsm) and D, = [dy1,...,d, ], and diagonal elements of X, one by

one or in groups.
3.2.2 Case 2: Half-Canonical Coordinates

Referring again to Figure 3.1, the objective is now to whiten v = Dgy only, and diag-
onally cross-correlate u = DZx and v, while minimizing J. The relevant constraints

in this case are

DfDx =1, R, = DZRnyy =1, and
(3.15)
R., = DIR,,D, = X = diag[o}, 09,...,0m].

The diagonal matrix X is not known a priori. However, similar to Case 1, it is
assumed that its diagonal elements satisfy (3.6). Since the matrix D, is square and

full-rank, it follows that D, DI =1, as well.

Hf instead of the set of constraints in (3.5), we had only constrained the diagonal elements
of DTR,.D, and DgRnyy to be unity, we could still have obtained the generalized eigenvalue
problems in (3.13) and (3.14) for D, and D,. However, solving (3.13) and (3.14) under this new
set of constraints would not have guaranteed that DTR,,D, =1, DgRnyy =1 or DIRzyDy
diagonal. Consequently, u = DTx and v = Dz;y would not have been the canonical coordinates of
X and y.
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The Lagrange multiplier method for the objective function in (3.2) and constraints

in (3.15) yields the coupled equations

R,,D,(I - A3) = R,,D, + DA, (3.16)

R,,D.(I- As) = R, D,(I+ As) (3.17)

where Ay, Ay, and As are m x m Lagrange multipliers. Pre-multiplying (3.16) by DT
and (3.17) by DI, and enforcing the constraints in (3.15) yields
(I - As) = D,"R,,D, + Ay

(3.18)
S(I—-A;)=1+A,.

Using these solutions for A; and Aj and assuming that ¥ and (I—Aj3) are nonsingular,

we may rewrite (3.16) and (3.17) as the coupled equations

R,D,=D,%
(3.19)
R,.D,=R,D,X2
or equivalently as
R.,R;'R,D, = D, X2
e (3.20)

R,.R.,D, =R,,D,3?
Therefore, the set of equations in (3.19) and (3.20) characterize the solutions for
D, and D, to minimize J under the constraints in (3.15). Equation (3.20) is a
coupled (symmetric) generalized eigenvalue problem for D, and D,, with the shared
eigenvalue matrix 2. Correspondingly, (3.19) is a coupled (asymmetric) generalized
eigenvalue problem. In Section 3.3.2, we shall establish that u = DIx, v = D[y,
and ¥ = diag[oy,...,0,] = DIR,,D, are, indeed, half-canonical coordinates and

half-canonical correlations of x and y. Later in Chapter 5, we shall give alternating

power methods for recursively solving (3.19) for columns of D, = [d 1, ..., dsm] and
D, =[dy1,...,dy ], and diagonal elements of X, one by one or in groups.
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3.2.3 Case 3: Programmable Canonical Correlation Analysis

In this case, the objective is to whiten u = DIx and v = Dgy, while minimizing

J [14]. The suitable constraints in this case are
D’R,,D, =1, and D’R,,D, =1L (3.21)

Comparing to Case 1, the constraint on the diagonal cross-covariance is not imposed.
The term PCCA [14] suggests that u = DIx and v = D[y are canonical coordinates
programmed by D, and D,. We shall show that this constrained minimization prob-
lem is not well-posed, because the solution given in [14] is really the unique solution
for Case 1, which happens to be just one of an infinite number of solutions to the
PCCA problem.

Contrary to the two-channel CLS problem in Case 1, in PCCA the constraint
that D,”R,,D, be diagonal is relaxed. Nonetheless, in [14], the coupled (symmetric)
generalized eigenvalue problem (3.14) is solved for D, and D,,. Thus, the solution of
[14] for the PCCA coordinates is actually a solution for Case 1, canonical coordinates,
and not for the problem posed. We wish to clarify this point by contrasting the two
solutions.

In the case of PCCA, the Lagrange multiplier method for (3.2), with constraints

in (3.21), yields the equations

R.,D, = R, D, (I+ A))
o (3.22)
Ry.D: = Ry, D, (I + A2)

where Ay and Ay are m x m Lagrange multipliers. At the solution, (3.21) is satisfied

and thus we have

I+A)=(1+A)" =D, R,,D,. (3.23)
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Without constraints on DmeyDy there is no way to determine A; and Ay. Nonethe-

less, we may proceed with them undetermined to rewrite (3.22) as

R,,D, =R, D, (I+ A;) (3.24)

R,.D, =R,D, I+ AT

or equivalently as

R, R 'R, D, = R..D,(I+ A)(IT+ Ay)7
e (3.25)

R,.R;;R.y Dy = Ry, Dy (I+ AT (I+ Ay),

Since (I + Ay)(I + A;)T is not necessarily diagonal, neither equation in (3.25) is a
generalized eigenvalue problem. However, noting that (I 4+ A;)(I + A;)T and (I +
A)TA + Ay) are symmetric and have the same eigenvalues, we may consider the

eigenvalue decompositions

I+A)I+ AT = AQ*AT 526
26
I+A)TT+A) =BQ*BY

where A and B are orthogonal matrices, i.e. ATA = AAT =1 BB = BB =1,

and Q? is a diagonal eigenvalue matrix. Using (3.26), we may rewrite (3.25) as

R.,R 'R, (D,A) = R, (D, A)Q?
e (3.27)
Ry:cR;:cley(DyB) = Ryy(DyB)QQ-
This equation is a coupled (symmetric) generalized eigenvalue problem for D, A and

D,B. The corresponding coupled (asymmetric) generalized eigenvalue problem is

(3.28)

R,.(D;A) =R, (D,B)Q.
These generalized eigenvalue problems for D, A and D,B are the same as those for

D, and D, in Case 1, i.e. (3.13) and (3.14). Therefore, we may write
D.pccaA =D;cc and DypccaB =Dy cc (3.29)
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where subscript CC stands for Canonical Coordinates (Case 1), and PCCA for Pro-
grammable Canonical Correlation Analysis (Case 3). That is, in the PCCA case,
solving (3.28) determines D, and D, up to unknown (right) orthogonal matrices A
and B. The ambiguity in the solution, however, does not affect the minimum value
of (3.2). The solution for Case 1, D, = D, cc and D, = D, cc, would solve the
PCCA problem, corresponding to DIR,,D, = Df,ccRsz,cc =1, DgRnyy =
D! .cRyDycc =1, and D] R,,D, = D (¢RsyDycc = X, with X diagonal. How-
ever, so would D, = D, ccM and D, = D, ccM, where M € R™ ™ is any orthogo-
nal matrix. In this latter case, DI Ry Dy = MTD (oReeDyccM = I, DRy, D, =
MTDgccRnyy,coM =1, but DIR,,D, = MTDZ;,CCRmyDy,CCM = MTXM is not
diagonal. In summary, a non-unique solution to the PCCA problem, as originally
posed in [14], is made unique by imposing the additional constraint of Case 1, i.e.

canonical coordinates.

3.3 Two-Channel CLS and Various Canonical Co-
ordinate Systems

In Section 3.2, the two-channel CLS problems were given what might have appeared
to be arbitrary names. In this section, we legitimize these names by establishing the
connections between the two-channel CLS problems in Cases 1 and 2 and various

well-established canonical coordinate systems.
3.3.1 Canonical Coordinates

Consider the constraints in (3.5) for the two-channel CLS problem of Case 1. These

constraints may be rewritten as
F’F = FFT =1, G'G =1, and F'R;,’R,,R;, "G = %, (3.30)

where F” = DTR:,’, GT = DTRy%, Rez”’R..Raz/” = 1, and RiZ’Ril’ = R,
Thus, FXGT = Rz’ 2RwR;yT /2 = C is a thin SVD [57] of the coherence matrix C.
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The thin SVD of a rectangular matrix A is a truncated version of the SVD of A,
in which the zero singular values of A and their corresponding singular vectors are
discarded in forming the SVD. Thus, the thin SVD matrices F € R™*™ G € R**™,
and X € R™*™ have the following relations with the full SVD matrices F, € R™*™,

G. € R™" and X, € R™" in (2.6):

F=F, G=G.,, and X =23.(m)=dago1,...,0n) (3.31)

Here G, ,, € R"*™ denotes the matrix that carries the first m columns of G, € R™*".
Since we have assumed m < n, GTG = G, G, = I(m) but GG = G.,,G],, is
an orthogonal projection onto the subspace < G >.

Therefore, the diagonal matrix ¥ = FTCG = DIR,,D, is in fact the canoni-
cal correlation matrix of canonical correlations o;, ¢ € [1,m]. Correspondingly, the

matrices
D! =F’R;,”* and DT = G'R,,”%, (3.32)

which are solutions to the two-channel CLS problem of Case 1, map x and y to their
respective canonical coordinates u = DIx and v = Dgy. Thus, we refer to DI and

DT

,» as canonical coordinate maps. As opposed to the canonical coordinate vector

vV = GCTR;yl/ %y € R™ in Chapter 2, here the vector v = GTR;yl/ ’y € R™ contains
only the first m canonical coordinates of y. However, for simplicity in notation in this
chapter and Chapters 4, 5, and 6 we use v to denote the first m canonical coordinates
of y. Note that since m < n, only the first m canonical coordinates of y are important,
as there are only m nonzero canonical correlations.

This connection between two-channel CLS filters D and Dg and canonical coordi-
nate decomposition implies that the set of constraints in (3.5) are the right constraints

when the objective is to carry the linear dependence or information rate between x

and y in pairwise dependence or rates between the elements of u and v.
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Using (3.30) and (3.32), along with the cyclic property of trace, the minimum

value of J for Case 1, denoted by J,,, may be written as

Juw = 1{FTR* Qo Rz °F}
+tr{l - = — 27 + FTR. "R, R Ry Raz | F}

= tr{Riz"’QueRian *} + tr{l — & — X7 + £xT} (3.33)

= tr{Rax/*QuoRaz °} + tr{(I - Z)(I - £7)}

= tr{Ria*QueRaz *} + 0 (1 — )%,
It is interesting to compare this index with the MSE in estimating u from v. From
(2.10), the linear MMSE estimator of u from v is @ = ¥v and its corresponding
error covariance matrix is Qu, = E[(u — @)(u — 0)?] = I — X7, Thus, the MSE in

estimating u from v is

MSE., = tr{Quu} = tr{E[(u — &)(u - @)"]}

= tr{(I- BB7)} = Y7, (1 - o) = (R QuaR2TY).

(3.34)

The last equality directly follows from the decomposition of Q,, in (2.19), using the

cyclic property trace. Thus, the connection between J,, and MSE,,, is

Juw = MSE,,, + tr{ 1 - )1 - £)7}
(3.35)
= MSEuu + Z:ll(l - O'i)Z.

We see that J,, is within tr{(I — £)(I — )7} = Y>7 (1 — 0;)?, an invariant for
this two-channel problem, of the MSE for estimating u from v, further clarifying the

connection between two-channel CLS filtering and canonical correlation analysis.
3.3.2 Half-Canonical Coordinates

For the two-channel CLS problem of Case 2, the constraints in (3.15) may be written
as

UTU=UUT =1, VIV=1, and U'R,R, V=71, (3.36)
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where U = DT, and VT = DTRy}’. Thus, USV” = R,,R;,”/* = Cy is a thin SVD
of the half-coherence matrix Cj, = E[xyT Ry, / = nyR;yT/ ?. Comparing the thin

SVD Cj, with its full SVD in (2.38), we have

U=U, V=V, and X =23,(m)=daglo,...,omn) (3.37)

where Vj,,, € R"*™ contains the first m columns of V, € R"*". Note that since
m <n, VIV =V{ V. =I(m) but VVT =V, ., V] is an orthogonal projection
onto the subspace <V >.

Therefore, the diagonal matrix ¥ = UTC,V = DIR,,D, is in fact the half-
canonical correlation matrix of half-canonical correlations oy, ¢ € [1,m]. In this case,
the matrices

DI = U7, and DI = V7R,,"?, (3.38)
which are solutions to the two-channel CLS problem of Case 2, map x and y to
their respective half-canonical coordinates u = D¥x and v = ny. For this reason,
we refer to DY and DZ, as half-canonical coordinate maps. As opposed to the half-
canonical coordinate vector v = VZR;;/ 2y € R" in Chapter 2, here the vector
v = V7T _yl / 2y € R™ contains only the first m half-canonical coordinates of y.
However, for simplicity in notation in this chapter and Chapters 4, 5, and 6 we use v
to denote the first m half-canonical coordinates of y. Again note that since m < n,
only the first m half-canonical coordinates of y are important, as there are only m
nonzero half-canonical correlations.

Using (3.36) and (3.38), along with the cyclic property of trace, the minimum

value of J for Case 2, denoted by J,., may be written as
Jozw = tr{UT Q. U} + tr{l - ¥ — 7 + U'R,,R;/R,, U}
=tr{UTQ,, U} + tr{I - £ — T + UTC,CIU}
= tr{Qus} + tr{(I - Z)(I - B7)}

= tr{Qaa} + 2121 (1 — 0)*.

(3.39)
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The first term on the right side of (3.39), tr{Q..} = tr{R..— nyRy‘leym} = MSE,,,
is the MSE in estimating x from y, using the Wiener filter RzyRJyl. Therefore, we

have
Jrz = MSE,, +tr{(I - X)(I - Z)T}

Thus, J,, is within tr{(I — )T —= £)T} = > (1 — 0;)?, an invariant for this two-

(3.40)

channel problem, of the MSE in estimating x from y, further clarifying the connection

between two-channel CLS filtering and half-canonical correlation analysis.

3.4 Conclusions

In this chapter, a general class of two-channel CLS problems, with various constraints,
was introduced and the corresponding solutions were derived. We showed that the
solution to each two-channel CLS problem is determined from a coupled (asymmetric)
generalized eigenvalue problem. Furthermore, it was shown that depending upon the
constraints, the two-channel CLS solution decomposes the two data channels into one
of three important coordinate systems, namely canonical coordinates, half-canonical
coordinates, or PCCA coordinates. In addition, we clarified that the PCCA problem,
as originally posed in [14], has an infinite number of solutions, the most compelling

of which is the canonical coordinate solution.
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CHAPTER 4

OPTIMAL REDUCED-RANK FILTERING IN
FULL- AND HALF-CANONICAL

COORDINATES

4.1 Introduction

Reduced-rank estimation and filtering [6]— [11], [18]- [21] are important for a wide
range of signal processing applications where data or model reduction, robustness
against noise or model errors, or high computational efficiency is desired. Generally,
rank-reduction is performed by discarding the subdominant modes (subdominant
singular values and their corresponding singular vectors) of a covariance or cross-
covariance matrix. This results in a dimensionality reduction and hence may lower
computational load. When the discarded modes correspond to the noise subspace,
rank-reduction can provide robustness against noise. Fundamental results on opti-
mal reduced-rank estimators and filters include [11], the reduced-rank Wiener filter
(RRWF) [6]- [10], and the reduced-rank maximum likelihood estimator (RRMLE)
[18]. Other examples of reduced-rank estimators and filters include the reduced-rank
multilayer neural network (RRMNN) [19], the relative Karhunen-Loeve transform

(RKLT) [20], and the generalized Karhunen-Loeve transform (GKLT) [21].
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In this chapter, we wish to establish a unified framework for deriving and imple-
menting three classes of reduced-rank Wiener filters, where each class corresponds to a
particular error measure. We intend to clarify the connections between reduced-rank
Wiener filters, canonical coordinates, half-canonical coordinates, and two-channel
CLS filters. In Section 4.2.1, we will show that two of the classes of reduced-rank
Wiener filters are equivalent and canonical coordinates are optimal for reduced-rank
Wiener filtering under their corresponding error measures. Then, in Section 4.2.2, we
establish that half-canonical coordinates are optimal for reduced-rank Wiener filter-
ing under the third error measure. Our results reproduce what is known from [9], but
our method follows the line of argument given in [8] for deriving the reduced-rank
Wiener filter in half-canonical coordinates. The material presented in this chapter

are also reported in [13].

4.2 Reduced-Rank Filtering

Consider again the composite vector z = [x? y7T], with zero-mean random vectors,
x € R™ and y € R”, m < n, and composite covariance matrix R,, = E[zz] of (2.2).
Let x = H[r]y be a rank r < m estimate of x for some rank-r linear transformation

of y. Then, the covariance matrix of the filtering error e,[r] = x — % = x — H[r]y

may be written as

Q:Ea: [7“] = E[ez [r]em [r]T]
= B[(x — Hlrly)(x — H{r]y)"]
(4.1)
=Ry, — nyR;leyw + [Rrngjyl - H[T]]Ryy [RwyRJyl -H [THT
= Qoo + [H — H[r[|R,, [H — H[r|]
where Q. = E[(x — Hy)(x — Hy)"] = Rye — ReyR,/ Ry is the error covariance
matrix in estimating x from y, using the full-rank Wiener filter H = RmyR;yl.

The choice of coordinate system for building the optimal rank-r Wiener filter

H[r] € R™*"™ depends on the measure to be optimized. The common measures for
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reduced-rank Wiener filtering are

tr{Ree*Qua[rIRz2 *}, det{Qua[r]}, and tr{Qu.[r]}.

The first measure, tr{Rzz Y 2C,)m[r]R:;CT / 2}, is a whitened MSE measure, the second
measure, det{Q..[r]}, is proportional to the volume of the concentration ellipse of
the filtering error e,[r], and the third measure, tr{Q,.[r|}, measures the MSE. In [9],
these error measures have been reviewed and the first two measures have been shown
to be equivalent. In what follows we reproduce the results of [9], in a unified way,
using the line of argument given in [8] for deriving the reduced-rank Wiener filter in
half-canonical coordinates. We demonstrate that canonical coordinates are optimal
for rank reduction based on the first two error measures, tr{Rzs Qs 7] eyl ’} and
det{Q..[r]}, while half-canonical coordinates are optimal for rank reduction based on
the third measure, tr{Q..[r]}. Additionally, we present several equivalent implemen-
tations of reduced-rank Wiener filters, in canonical and half-canonical coordinates,
and establish connections between reduced-rank Wiener filters and the two-channel

CLS filters of Chapter 3.

4.2.1 Optimal Reduced-Rank Filtering in Canonical Coordinates

Here the objective is to find the rank-r filter H[r| that minimizes the trace of the
weighted error covariance matrix Rz’ *Qua[r|R2 ik [9]. Note that tr{ Rz 2 *Qua[r]R. R/ 8!
tr{FTR;zl/QQm[ R N F} = tr{Quu[r]} is the MSE for the rank-r Wiener esti-

mator of the canonical coordinates u = FTRz;/’x from the canonical coordinates

v = GTR;, "%y [6], so we denote it by MSE,,[r]:

MSEy,[r] = tr{Raz/*Quo[r]Raz 7}
= tr{Rax’*(Que + [ReyR;,) — H[F|Ry, (4.2)
- RT/?
x[Ruy Ry — H[PI )Rz 7},
Here F € R™*™ is the orthogonal matrix in the thin SVD of the coherence matrix

C = Ri/"R,,Ry/* = FEGT in (3.30). Inserting C = Rza/’R,, Ry in (4.2), we
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may rewrite MSE,,[r] as

MSEuu[r] = tr{Rez*QuoRiaz '}

T (4.3)
v {C — RZ*H[] 1{,2] [C ~ R;H 1{,2] ).

The first term on the right side of this equation is fixed. Thus, minimizing MSE,,[r]

is equivalent to minimizing the second term,
2 _ -1/2 1/2 -1/2 1/21T

which is the Frobenius norm of the matrix C — Ry *H[r|R;}’. It measures the ex-
tra MSE introduced by rank reduction. The optimum choice for the rank-r Wiener
filter H|r] is the rank-r matrix that best approximates the coherence matrix C =
R.2/*R,, R, /> = FE£G”, by minimizing €2, [59]. Thus, it is given by Raa’ *H[r]R 4, =
FX[r]GT, or

H[r| = RLFE[GTR,,% ] = € R™x™, (4.5)

where 3(r) = diagloy, . .., 0,] is the first 7 x r block of the diagonal matrix X, i.e. the
canonical correlation matrix of the canonical correlations ¢;. Using (4.5), the optimal

value of MSE,,[r] is
MSB,r] = tr{Rz*Qu R} + tr{ [0 - REPHPIRYY [0 - REHERY) )
= tr{Rez”’ Qo Rz °} + tr{ (FEGT — FX[r|GT)(FEGT — FX[r]GT)T}
= tr{Rer’QuuRaa °} + tr{F(Z — T[r])GTG(T — Z[r))TFT}
= tr{Re2*QuRir 1} + tr{=%T — =[] — D=7 + BT[] S[]T}
= tr{Rez’QuRiz '} + tr{EXT — S[r|=[r]T}

— MSEy, + 37 ,, 02,
(4.6)

The first term on the right hand side of (4.6) is the minimum MSE for a full-rank

estimator of u from v and the second term is the extra MSE due to rank reduction.

43

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



We now show that the minimization of MSE,,[r] in (4.2) is equivalent to minimiza-
tion of the volume of the concentration ellipse {e,[r] € R™ : el [r]Q..[r] 'e.[r] = 1}.
This volume is proportional to determinant of the error covariance matrix Q..[r] [8],

which we may write as

det{Quslr]} = det{Qus + [ReyR,, — Hir]|Ryy [Rey Ry — HIrJJ™}
= det{Qu"} det{I + [Qz"Roy Ry * — Qe "H[r|Ry’]  (47)

X[Qer "Ry Ry — Qe "HrRyy)"} det{Que’}.

The terms det{Q:.’} and det{QZX/*} do not affect minimization of det{Qu.[r]} and

thus may be dropped. We may then rewrite the middle determinant as

det{1+[ PR, R - QuH[ ]R”Q]

(4.8)
< [Q R R - QEPHEIRIE] ) = T2, +92)

where the ~;’s are the singular values of Qga’ QnyR;yT/ 2 Q! 2H[7‘]R;1/,2. Thus,
minimization of det{Q,.[r]} reduces to minimization of the 7;’s. Given a fixed matrix
M and a rank-r matrix N of the same dimension as M, the singular values of M — N
are minimized if N is the rank-r approximation of M that is computed from the SVD

of M [11], [60]. Thus, the optimal rank-r Wiener filter H[r] must satisfy
Q" H[IR,,” = [Q /"Ry R, (49)

where [Qza / 2nyR;yT / ?], is the rank-r approximation of the matrix Qzs / 2Rzy ik

computed from the SVD of Qza/ 2RgcyR;yr‘F 2
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The matrix Qif is a square-root (not necessarily symmetric) of Q,, = %2 %2 =

R.. — nyRy_leyx. Therefore, we may write Qal;f as!
3% = (Rez — Ry Ry IR,,)/2
= (R’ (I - Rea/’R,, R IRy Ray /*)R1L%)12 w0
= (Rat (I — CCT)2(1 — CCT)T2RIL?)12
= R} I - CcCT)/2,
Plugging Q&2 in the right hand side of (4.9) and using the thin SVD in (3.30) for the
coherence matrix C = Rz’ *RoyRyy /2 = FXGT reduces (4.9) to
= H[r|Ry,” = [(I- CCT)?Re"RayRyy %),
=1 - FEXTFT)-2FEGT),
= [(FI - Z=xT)Y3)-'FEGY), (4.11)
= ([(1-==")"22GT],
= (I-xx7)~2x[]GT.
Pre-multiplying (4.11) by lec/f = R},ﬁ(l — FEXTFT)Y/2 and post-multiplying by
R;yl/ ? yields
H[r] = R, (I - FESTFT) V(1 — £57)"128[r|GTR,,
= RYF(I - =x1)V(1 — =x7)-125[r|GTR;, (4.12)
= RUFE[r]GTR,, 2.
This is the optimal rank-r Wiener filter H[r] that minimizes (4.7) and is equivalent
to the optimal rank-r Wiener filter in (4.5) that minimizes the measure MSE,,[r] in

(4.2). Therefore, canonical coordinates are the right coordinate system for reduced-

rank Wiener filtering when the objective is to minimize either the determinant of the

'We note that the square-root matrix lecég is arbitrary up to a right orthogonal matrix. That is,
glg/fTT, with TTT = TTT =1, is also a square-root of Q. Nonetheless, the orthogonal matrix
T does not affect our discussion, and hence we consider Q}Eéz to be of form {4.10).
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error covariance matrix, det{Q,,[r]}, or the whitened MSE, tr{R_l/ *Qualr|Ras / 2.
The corresponding rank-r Wiener estimate of x from y is given by X = H[r]y. The

optimal value of det{Q.[r]} in (4.7) is

det{Quz[r]} = det{Ry,} det{I - FE[r|X[r]"F" — F[r|Z[r]"FT + FX[r]S[]"F'}
= det{Raq, } det{I — Z[r]X[r]"}
= det{Rm} szl(l - 012)

= det{sz}——(l'—(;gj
(4.13)
which is proportional to the volume of the concentration ellipse for the rank-r esti-
mator H[r]. The last equality (4.13) follows from (2.22).
In analogy to (2.23), the linear dependence for the composite vector s = [xI %%

may be measured by the Hadamard ratio inside the inequality

det{RSS}

0< ———<1 (4.14)
[T Rl
where
R,,=F (XT &T) =
(4.15)
I 0 R.. 0 I R;mle;z

R:R.; I| | 0 Qu[R; | [0 Rss
is the composite covariance matrix for the composite vector s, and [Rssi's are the
diagonal elements of Rg;. The ratio takes the value 0 iff there is linear dependence

among elements of s; it takes the value 1 iff elements of s are mutually uncorrelated.

Using (4.13) and (4.15), the Hadamard ratio in (4.14) may be written as

det{Rss} — det{sz[r]}det{Rii}
2m

H [Ress]is Hl[sz]n I:[ [Reslis
- - (4.16)
= $e{Rus) get{I — B[r|B[r]T} LURez}
H [sz]“ H [R‘:c:c]u
i=1 i=1
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The first term on the right hand side measures the linear dependence among the ele-
ments of x, and the third term measures the linear dependence among the elements
of . The middle term L[r] = det{I — X[r]X[r]7} measures the linear dependence
between the elements of x and %X. It is seen that the linear dependence L[r] is pro-
portional to the volume of the concentration ellipse of the filtering error e,[r]. This

linear dependence may also be written as

. L

L[r] = det{I — [r|E[]"} = H(1 — o)== ———— (4.17)
= z’:lll(l - Ug)

where L = [%,(1 — ) measures the linear dependence between elements of x and

y.

When the composite vector z = [xT yT]7 is normally distributed, the rate at

which the rank-r estimate X carries information about x is
Rr]= %log det{Rqu.} — %log det{Q..[r]}

= =32 iqlog(l —of) = R+ 337, | log(1 - o)

(4.18)

where R = —1 3" log(1 — 02) is the rate at which y (or alternatively, the full-rank
estimate of x from y) carries information about x. The derivation of the information
rate R[r] is similar to that of the information rate R in (2.32). As can be seen, the
rate at which X carries information about x is decomposed into the sum of the r
largest canonical rates R; = —%log(1l —0?), 4 € [1,7].

Various Implementations: We now determine various implementations for the
rank-r Wiener filer H[r] in canonical coordinates and establish the connections be-
tween reduced-rank Wiener filtering in canonical coordinates and two-channel CLS
filtering.

Naturally, one implementation for the rank-r Wiener filter H|[r] is the one in (4.12),
ie. H[r] = R;fFE[T]GTRy_yl/ ?. The interpretation here is that the measurement

vector y is whitened by Ry'yl/ 2, transformed by G7 to its canonical coordinates v,

filtered by the rank-r canonical Wiener filter X[r] to produce a rank-r estimate of
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canonical coordinates of x, transformed back by F, and finally recolored by R to
produce the rank-r estimate x. Alternatively, we may write H[r] as
H[r] = R..Rat ’FX[r|GTR,,
(4.19)

= R,,D,=[r]DT

where DI = FTR../* and DZ = GTR;;/ ® are the canonical coordinates maps in
(3.32), or equivalently two-channel CLS filters in canonical coordinates. This time, the
interpretation is that the measurement vector y is transformed by Dg to its canonical
coordinates v, filtered by the rank-r canonical Wiener filter Xr] to produce a rank-
r estimate of the canonical coordinates of x, transformed back by D, and finally
colored by R,; to produce the rank-r estimate x.

The rank-r Wiener filter H[r] may also be implemented with projection matrices,
as we now show. Let us partition Fand Ginto F=[F, F, JandG=[G, G, ],

and define

I(r) O

I[r] = € R™™, (4.20)

0 0
where I(7) is an r X r identity matrix. Pre-multiplying the thin SVD of the coherence
matrix, i.e. FTR.;/ 2RgcyRy_yT 2G = 3%, by I[r| and post-multiplying it by GTRy—yl/ 2
yields

FT

r

R.,’R.,R,} = Z[r]G'R, )/~ (4.21)
0

Substituting for X[r]GTR,, /% in (4.5) yields the implementation
H[r] = Ry[’F,F/R;,*R; R} = Ry[’Pr, R, /°H, (4.22)

where Pp_ = FTF,T is the orthogonal projection onto the span of F, and H = RWRJy1
is the full-rank Wiener filter. The interpretation here is that the output of the full-rank
Wiener filter H is whitened by R / 2, projected onto the subspace < F, >, and re-

colored by R Alternatively, pre-multiplying the thin SVD FTR.Y ZRIyR;yT/ °G =
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3 by RYZF and post-multiplying it by I[r] yields
R.R;77 G, 0] =RLFS)] (423)
Substituting for RifFE[r] in (4.5) yields the implementation
H[r] = R,,R,[°G,GIR, > = HR}/*P¢ R, }?, (4.24)

where Pg. = G,GT is the orthogonal projection onto the span of G,. The interpre-

tation here is that the measurement vector y is whitened by R,y_y1 / ? projected onto

the subspace < G, >, re-colored by R;;{f, and then filtered by the full-rank Wiener
filter H.
Partitioning D, = ZE/QF and D, = R;yT/QG into D, = l D,, D,, } =

R’ F, F*]andDy={Dw Dy,*} =R,y G, G, ]yields

R;7’F, =D,, and R;;’G,=D,,. (4.25)
Using (4.25), the rank-r Wiener filter in (4.5) and (4.24) may be implemented as

H[r] = R.;,D., DI H=Pp, H, and
’ ‘ (4.26)
Hr| = HRnyy,TD;‘;T =HPp,,

where Pp,, and Pp,, are the following oblique projection [61], [62] operators:

PDI,T = Rszz,TDT

x,r

and Pp,, = R,,D,, DI, (4.27)

In the first implementation in (4.26), the output of the full-rank Wiener filter H is
obliquely projected, using Pp,_,, onto the subspace < RmeDgr >, while in the
second implementation the measurement y is obliquely projected, using Pp,,, onto
the subspace < Ry,D, DT > and then filtered by the full-rank Wiener filter H.
Therefore, the rank-r Wiener filter H[r| has six equivalent representations, de-
picted in Figure 4.1. Reading down the left hand side, from (a) to (c) to (e), produces

various implementations for Hr] in the orthogonal coordinates of F, and G,, using

49

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



 Ry”? GT oy Eha ¥ e DT v & 4 D, Ra .
Y o e el e e K Y ——————— OS> & X

. 2(3} )
H R;m! P'Fr i"é‘z . Iy P 2 PN
Y s Pl K A S VP AP 14
ey (G
Ry Po, R4S M Po,., H
D e - b S Y B Ayl K
© 4]

Figure 4.1: Equivalent representations of the rank-r Wiener filter in canonical co-
ordinates. (a) H[r] = Ritx FE[r|GTRy, . (b) H[r] = R,,D,Z[r]DI. (c) H[r] =
R..’Pr.Rz2/’H. (d) H[r] = Pp, H. (¢) HR;,Pg,R,,”>. () Hjr] = HPp, .

the orthogonal projections Py, and Pg,. Reading down the right hand side, from
(b) to (d) to (f), produces various implementations for H[r] in the nonorthogonal

coordinates of D, and D, ,, using the oblique projections Pp_, and Pp,,.
4.2.2 Optimal Reduced-Rank Filtering in Half-Canonical Coordinates

Here the objective is to find the rank-r filter Hfr] that minimizes the trace of the

error covariance matrix Qg [r] in (4.1). Thus, the measure to be minimized is

MSEmz [’I“] = tf{ sz [T] }

= t1{Qq. + [H — H[r||R,, [H - H[]]7}

(4.28)

which we may rewrite as

MSEzfr] = tr{Qus} + tr{[HRy;’ — HrRy} R,y — HrRy’|") 429)

= r{Que) + tr{[Cy ~ HERYZIC, ~ HRYT) |
with C, = HR?I,?/,2 = nyR;yT /2 being the half-coherence matrix defined in Chapter
2. The first term on the right side of this equation, i.e. tr{Q..}, is the MSE in
estimating x from y with the full-rank Wiener filter H = nyRy_yl, and is fixed. The

second term,
e2, = tr{[C, — H[r|RY?][C}, — H[|R}/*]"} (4.30)

is the Frobenius norm of the matrix C, —H][r] 1{,2, which measures the extra variance

introduced by rank reduction [8], [10]. The optimum choice for the rank-r Wiener
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filter H[r] is the rank-r matrix that best approximates the half-coherence matrix C;, =
R.,R;; /2 = USVT, by minimizing ¢2_ [8], [10]. Thus, it is given by H[r|R}}> =
UX[r]VT or,

— X(r) 0
H[r] = UX[r]V'Ry,'" Zlr] = € R™m, (4.31)

where X(r) = diagloy, ..., 0,] is the first r x r block of the diagonal matrix ¥ in the
thin SVD C, = UXVT. We note that the diagonal matrix ¥ is the half-canonical
correlation matrix of the half-canonical correlations o;.
Correspondingly, x = H]r|y is the rank-r Wiener estimate of x from y. Using
(4.31), the optimal value of MSE,,[r] is
MSE.[r] = tr{Qqe} + tr{(UZVT - UZ[r]VT)(UZVT — UX[r]VT)T}
= t1{Qus} + tr{U(Z - B[V V(E - B[))TUT}
= tr{Qu. } + Enr{EE;F - 33[r)F - 2=t + =2t} (4.32)
— tr{Qu.} + (B~ EpEp)
= MSEq, + 31,41 07
which is the MSE of the rank-r Wiener estimator H[r]. The first term on the right

hand side of (4.32) is the minimum MSE for the full-rank estimator of x from y , i.e.

Hy, and the second term is the extra MSE €2, due to rank reduction.

ple

Various Implementations: We now determine various implementations for the
rank-r Wiener filer H[r] in half-canonical coordinates, clarifying in the process the
connections between reduced-rank Wiener filtering in half-canonical coordinates and
two-channel CLS filtering.

Naturally, one implementation for the rank-r Wiener filter H[r] is the one in
(4.31), i.e. H[r] = US[r]VTR,,’?. Here the interpretation is that the measurement
vector y is whitened by R;yl/ ? transformed by V7 to its half-canonical coordinates v,

filtered by the rank-r (half-canonical) Wiener filter 3[r] to produce a rank-r estimate
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of half-canonical coordinates of x, and finally transformed back by U to produce the

rank-r estimate X. Alternatively, we may write H[r| as

H[r] = US[r]VTR,,"
(4.33)
=D, X[r|D]

where DI = U7T and D;f = VTR;y1 /2 are the half-canonical coordinates maps in
(3.38), or equivalently two-channel CLS filters in half-canonical coordinates. This
time, the interpretation is that the measurement vector y is transformed by Dg to
its canonical coordinates v, filtered by the rank-r half-canonical Wiener filter X{r] to
produce a rank-r estimate of half-canonical coordinates of x, and then transformed
back by D,, producing the rank-r estimate x.

Similar to Section 4.2.1, we may implement H[r] with projection matrices. Let us
partition U and Vinto U=[ U, U, |and V =[V, V, |. Pre-multiplying the
thin SVD UTRzyR;yT/ ’V = % by I[r] and post-multiplying it by VIR, /2 vields

Ut ur

" | R,R,, = "
0 0

H=X[|VTR,}/2 (4.34)

Substituting for E[T]VTR;yl/ ? in (4.31) yields the implementation
H[r] = U, UTH = Py H, (4.35)

where Py, = U, U? is the orthogonal projection onto the span of U,. The interpre-
tation is that a full-rank Wiener filter H is followed by a projection onto the subspace
< U, >. Alternatively, pre-multiplying the thin SVD UTRmyR;yT/ V=x by U and
post-multiplying it by I[r] yields
R, R, v, 0]=UZ[]. (4.36)
Substituting for UX[r] in (4.31) yields the implementation
H[r] = R, R,*V, VIR, }/? = HR/’Pv, R}/, (4.37)

Yy
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where Py, = V, VI is the orthogonal projection onto the subspace < V, >. The
interpretation here is that the measurement vector y is whitened by R;; / 2, projected
onto the subspace < V, >, re-colored by Rif, and then filtered by the full-rank
Wiener filter H.

Partitioning D, = U and D, = Ry, /*V into D, = [ D., D.. } =[u, u,]

U,=D,, and R,/*V,=D,,. (4.38)
Using (4.38), the rank-r Wiener filter in (4.35) and (4.37) may be implemented as

H[r] =D,, DI H=Pp, H and
(4.39)
Hr] = HRnyy,ng,r =HPp,,

where Pp, . and Pp,, are the following orthogonal and oblique projection operators:

T
Pp,, =D, .D;

,T

and Pp,, =Ry,D,,DI . (4.40)

In the first implementation in (4.39), the output of the full-rank Wiener filter H is
projected, using the orthogonal projection Pp, ., onto the subspace < D, >, while
in the second implementation the measurement vector y is obliquely projected, using
Pp,,, onto the subspace < Ry,D,,D . > and then filtered by the full-rank Wiener
filter H.

Therefore, similar to Section 4.2.1, the rank-r Wiener filter H]r| associated with
the measure in (4.28) has six equivalent representations. These representations are
depicted in Figure 4.2. Reading down the left hand side, from (a) to (c) to (e), shows
various implementations for H[r] in the coordinates of U, and V,. Reading down the
right hand side, from (b) to (d) to (f), shows various implementations for H|r] in the

coordinates of D, , and D, ..
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Figure 4.2: Equivalent representations of the rank-r Wiener filter in half-canonical
coordinates. (a) H[r] = US[]VTR,,”%. (b) H[r] = D,E[r]DI. (c) H[r] = Py, H.
(d) H[r] = Pp, H. (¢) H[r] = HR,{"Pv,Ry,”*. (f) H[r] = HPp,,.

4.3 Conclusions

In this chapter, a unified framework for deriving three different classes of reduced-
rank Wiener filters was presented, with each class corresponding to a particular error
measure for reduced-rank estimation. Two of the classes, corresponding to whitened
MSE and volume of the concentration ellipse, are equivalent and canonical coordi-
nates are optimal for reduced-rank Wiener filtering under their corresponding error
measures. For the third class, which corresponds to MSE estimation, half-canonical
coordinates are optimal for reduced-rank Wiener filtering [8]. Our results reproduce
what is known from [9]. However, we have derived all of these results in a unified
way, using the line of argument presented in [8] for reduced-rank Wiener filtering in
half-canonical coordinates. Additionally, we have presented several implementations
for reduced-rank Wiener filters in each class, and clarified the connections between

reduced-rank Wiener filters and two-channel CLS filters.
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CHAPTER 5

COMPUTING CANONICAL COORDINATE
AND HALF- CANONICAL COORDINATE
MAPPINGS

5.1 Introduction

A conventional method for canonical coordinate decomposition, like the one presented
in Chapter 2, does not offer a simple way for computing a small subset of canoni-
cal coordinates for reduced-rank estimation or low-rank modelling. A full SVD of
the coherence matrix has to be computed, regardless of the rank-reduction. There
are indeed simple and fast algorithms to compute the principal singular vectors of a
coherence matrix, e.g. [57], [63]—[67], but the coherence matrix itself requires the com-
putation of the square-root-inverses of the channel covariance matrices R;, and R,,.
In addition, the conventional method does not allow an easy update of the canonical
coordinate mappings in time for online applications. A similar argument may be
made about a conventional method of half-canonical coordinate decomposition.

In this chapter, our goal is to develop simple methods for recursive computa-
tion of canonical coordinates and half-canonical coordinates. In Section 5.2, we de-
rive various alternating power methods, with deflation, to recursively compute the

canonical coordinate mapping vectors (columns of the canonical coordinate maps
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D, =[d;1,...,dym] and D, = [dy1,...,dy,]), one-by-one or in groups. These al-
gorithms also allow for updating the mapping vectors in time as new samples of the
channels are observed. Our alternating power methods may be viewed as two-step
decompositions of the standard power method [57], [68], [69] as they solve the coupled
(asymmetric) generalized eigenvalue problem for the canonical coordinate maps D,
and D, through power iterations. One of the algorithms presented in this section,
an alternating block power method, has been reported in [15] for solving the PCCA
problem discussed in Chapter 3. This algorithm has been generalized here to incorpo-
rate deflation by blocks, resulting in an order recursive alternating power method. In
Section 5.3, we derive similar alternating power methods for recursively solving the
coupled (asymmetric) generalized eigenvalue problem for half-canonical coordinate
maps. Provided that the rank-reduction is relatively large and the singular values of
the coherence matrix or half-coherence matrix are not close together, the alternating
power methods can be more efficient in computation than the conventional methods,
as they do not require any matrix square-roots.

It must be mentioned that the alternating power methods presented in this chapter
are identical in form to those derived in [9] for computing the ABT factorization of
the rank-r Wiener filter H[r] = ABT. However, the algorithms in [9] do not yield
the canonical and half-canonical coordinate maps, and the corresponding canonical
and half-canonical correlation matrices. Thus, the original contribution here is the
discovery that alternating power methods may be used to compute canonical and
half-canonical coordinate maps and correlations, making them more applicable in
signal processing problems than they would appear from the work in [9]. We note

that the material presented in this chapter are also reported in [13].
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5.2 Computing Canonical Coordinate Mappings

The power method [57], [68], [69] may be the simplest and oldest method for comput-
ing the principal eigenvectors of a matrix. It is also a natural choice for computing
the principal subspace of a matrix [67]. Our aim here is to adapt it to the coupled

generalized (symmetric) eigenvalue problem in (3.14),

R,.R;;R.,D, = R,,D,>?
or equivalently to the coupled (asymmetric) generalized eigenvalue problem in (3.13),

R,,D,=R,D,X
(5.2)
Ry.D. = Ry,D, %
to solve for the canonical coordinate maps D, and D,.
A standard power method [57], [68], [69] for computing the first columns of D,
and D,, i.e. d,; and d,, associated with the dominant eigenvalue of (5.1), may
be summarized as follows. Let k& denote the index of iteration, start with a random

choice for d,;(0) € R™ and d,;(0) € R", and iterate the following equations on k

until convergence:

(

dy1(k+1) = RR,R IR ) Hd, 1 (K)

) dy1(k+1) =dg1(k+ 1)(dei(k + 1) Ryedy 1 (k + 1))71/2 (53)
dy,1(k +1) = (R Rye R Ray ) dy 1 (k)

| dy1(k+1) =dya(k +1)(dy 1 (k + 1) Ryydy,1 (k + 1))-12

The normalization to obtain d, ; from (_iz,l and d, ; from Elyyl ensures that dilRmdm,l

=1 and d];R,,d, 1 = 1 for each iteration k.
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5.2.1 Alternating Power Method

A simpler algorithm can be developed based on the coupled (asymmetric) generalized

eigenvalue problem in (5.2) to find d,; and d, ;. Let us rewrite (5.2) as

R, R.;D, =D, (5.4)

R, /R,.D, =D, (5.5)

These equations suggest an alternating sequence of approximations to D, and D,,.
Given a random initial guess d, 1(0), the first estimate of d, ; is computed from (5.4).
With this estimate of d, 1, (5.5) is used to compute a new estimate of d, ;. This
iterative alternation between (5.4) and (5.5) continues until convergence. We can
summarize the algorithm as follows. Randomly select d, ;(0) € R", start with k£ =0,

and iterate the following equations on k until convergence:

(

ax,l(k + 1) = (R;mley)dy,l(k)

dyi(k+1) =dg1(k + 1)(ds1(k + 1)TRypda i (k + 1)) 712 -
) 5.6

dy1(k+1) = (R, Ryz)de1(k + 1)

dy(k+1) =dy1(k+ 1)(dy1(k + 1)TRy,dy 1 (k + 1))7Y2

\
This algorithm is a two-step decomposition of the standard power method of (5.3).
Therefore, the convergence of it follows from the convergence of the standard power
method. Provided that the first eigenvalue of (5.2) is larger than the second one (i.e.
01 > 03) and the initial guess of d,,; is not orthogonal to d,; (i.e. d,;(0)TRy,d,; #
0), the estimates d, 1 (k) and d, (k) converge to the true d, ; and d ;. The estimation
error at iteration k converges to zero as an exponential function of the ratio of the

second eigenvalue to the first one, i.e. as (o9/01)" [57], [68], [69]-
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The algorithm in (5.6) may be rewritten as

(

Rmzdz,l(k + 1) = Rwydyyl(k)

d,1(k+1)=d,1(k+1)(de1(k + 1)TRyed, 1 (k + 1))7Y2 57
{ .
R,,d, 1(k+1)=R,.d,1(k+1)

I

dy,l(k + 1) - c"111,1(16 + 1)(ay,1(k + 1)TRyyay,1(k + 1))_1/2-

\
So, at each iteration k, the vectors d, (k + 1) and d,;(k + 1) are determined by
solving the linear systems of equations R,,d, 1(k + 1) = Ry,d, 1(k) and R, d, 1 (k +
1) = Ry.d,1(k + 1), respectively. Any standard method for solving a linear system
of equations (see e.g. [57]) may be used here. We call the algorithm in (5.7) an
alternating power method, in the sense that it solves a coupled generalized eigenvalue
problem using alternating iterations. As mentioned earlier, it may be viewed as a
two-step decomposition of the standard power iterations for computing the principal
eigenvector of a matrix.

The alternating power method reported and analyzed in [9]? for computing the
canonical components of a reduced-rank Wiener filter is a generalization of an Iterative
Quadratic Minimum Distance (IQMD) method [70]. It furnishes matrices A and B
that decompose the rank-r Wiener filter H[r] as H[r] = ABT. The matrices A and
B are related to the canonical coordinate maps D, and D, as A = R,,D,,2(r)M
and B = DWM_T, where D, and D, , contain the first 7 columns of D, and D,
3(r) = diag(oy,...,o0,) contains the first r diagonal elements of 3, and M is any
r X r nonsingular matrix. Because of the ambiguous matrix M, the algorithm cannot
be used to compute the canonical coordinate maps, or their corresponding canonical

correlations o, = dZinydy,i.

2The alternating power method of [9] is not a simple two-step decomposition of the standard
power method, and therefore its convergence analysis requires special treatment.
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5.2.2 Alternating Block Power Method

If the ratio (09/07) is close to one, then the convergence rate is very slow. One way to
address this problem is to combine the block power method of [68] and [69] with the
above alternating procedure to solve for several columns of D, and D,. The idea is
to start with [ < m orthogonal vectors and after each iteration use a Gram-Schmidt
orthogonalization procedure [57] to guarantee that the constraints Df’lRmDm,l =1
and D;‘,F,zRnyy,l = I are satisfied. This algorithm may be summarized as follows.
Initialize Dy ;(0) with orthogonal columns, start with £ = 0, and iterate the following

equations on k until convergence:

Solve RgDgi(k+ 1) = Ry Dy (k) for Dyy(k+1)

) Doy(k+1) ZE Dy y(k + 1) such that DY) (k + )Ry, Dyy(k + 1) =1 63)
Solve Ry, D, (k+1) =R,,D, (k+1) for D, (k+1)
Dy(k+1) S Dyy(k + 1) such that DTy (k + 1)Ry,Dy(k + 1) =1

\

where GSO stands for Gram-Schmidt Orthogonalization. The GSO for D,; may be

summarized as follows. At each iteration k, do the following for i = 1,2,...,1,

dui(k+1) = [I—D,;_1(k+1)DL,_ (k + 1)Rez]dss(k + 1) 59)
d,,

ik +1) = doi(k + 1)(A7;(k + DRaadai(k + 1) 72

where Dy ;_1(k+1) = [dy1(k+1),...,d,;1(k+1)]. A similar set of equations may be
written for the GSO for D,;. In [15], this algorithm was used to iteratively compute

the solutions to the PCCA problem.
5.2.3 Alternating Power Method With Deflation

We now extend the previous algorithm by introducing an alternating power method
with deflation for computing the canonical coordinate maps. Assume that the first

r < m canonical coordinate mappings (the first 7 columns of D, and D,) have already
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been found. Partition D,, D, and X into

Dz - |: Dz,r Dz,* :| ) Dy = \‘ Dy,r Dy’* } ) and

S(r) 0 (5.10)

where D, , € R™*" and D,, € R"*" carry the first r columns of D, € R™*™ and
D, € R™™ and D,, € R™™™ and D,, € R™™") carry their last m — r
columns. The diagonal matrices (r) € R™" and X (%) € RMm™*(m=") carry the first
r and the last m —r diagonal elements of the canonical correlation matrix 3 € R™*™,
respectively.

To compute the (r+1)th pair of canonical coordinate mappings, deflate the first

r canonical coordinate mappings from the left hand sides of (5.2) to get

(I - szDz,rDz’r)RzyDy,* = RzzDz,*E(*)
(I- Rnyy,TDg,r)Rnym,* =Ry, D, . B(x).

(5.11)

The (r+1)th canonical coordinate mappings d,,+; and d,,4; are the first columns
of D, and D, ., which are now associated with the dominant eigenvalue of (5.11).
Appendix A makes this claim precise. Thus, these mappings can be computed by
iterating between the two equations in (5.11) with a random initialization. The
dominant eigenvalue of (5.11), i.e. 0,41 = d£r+1Rmydy,r+1> is the (r+1)th canonical
correlation of x and y.

The deflation process may also be implemented with projection matrices. Using

(4.27) we may rewrite (5.11) as

(I - PDI,’I‘)RmyDyv* = RIIDI;*E(*)

(I-Pp,,)RyD, . = RyD,  X().

(5.12)

Thus, the alternating power method for finding d, ,+; and d, ,+1 may be summarized

as follows. Randomly select d,,1(0) € R", set & = 0, and iterate the following
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equations on k until convergence:

(

Solve Rmamm( +1) = (I-Pp,,)Ruydy,+1(k) for dyri1(k+1)
oyt (b + 1) = dogppa (B + 1)(d7 41 (5 + DRaod o (B + 1)) 72

Solve Ryyc_iy,rﬂ( +1)=(I-Pp,, )Ryzdsr41(k+1) for dy,1(k+1)
dyrs1(k+1) = dyrpr (b +1)(d] 1 (K + 1) Ryydy ria (B + 1)) 72

(5.13)

\
Provided that 0,,1 < o, this algorithm yields the (r+1)th pair of canonical coordi-
nate mappings at the rate of (0,,1/0,)*. We note that the alternating block power
method in (5.8) may be used to simultaneously compute several columns of D, , and
D, ., associated with the dominant eigenvalues of the deflated coupled (asymmetric)
generalized eigenvalue problem in (5.12). This produces an alternating block power
method with deflation.

Unlike the conventional method of canonical coordinate decomposition, the alter-
nating power method, with deflation, in (5.13) does not require any matrix square-
roots. Moreover, all operations are matrix-vector multiplications where the number
of vectors might be much smaller than the number of columns of the matrix. There-
fore, provided that the eigenvalues associated with the desired canonical coordinates
are not close to each other, the alternating power method, with deflation, in (5.13) is
an efficient algorithm for practical extraction of a few dominant canonical coordinate

mappings and canonical correlations.
5.2.4 Order Recursive Alternating Power Method

In most applications, the number of canonical coordinate pairs to be extracted is not
known a priori or it may vary with time. One may run a test of information rate
or linear dependence based on the measure in (4.17) and (4.18) to determine if a
pre-specified threshold is met. If the threshold is not reached, additional canonical
coordinate pairs must be extracted. However, if the threshold is exceeded, computa-

tion of the mapping vectors associated with the less significant canonical coordinate
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pairs may be stopped to reduce the computational load. Thus, the alternating power
method shall be modified in the next paragraph to allow for changes in the number
of columns of D, and D, to be computed, during the iterations of the algorithm.
The alternating block power method in (5.8) yields D, , and D, , asymptotically.
Thus, (5.8) and (5.13) can be run at the same time, with D,, and D, in (5.13)
being replaced by D, (k) and D, (k). At each iteration k, the combination of (5.8)
and (5.13) can be run successively for r = 0,1,...,p — 1, p < m to extract up to
p columns of D, and D,. This algorithm may be summarized as follows. At each

iteration k, do the following for r =0,1,...,p — 1:

(

ari1(k +1) = Reydy ry1(k)
a,1(k+1) =D (k+ a1 (k + 1)
b,1(k+1) = Dy p(k + oy (k+ 1)
Bry1(k+1) =a,11(k+1) — Rezbgi (K + 1)
Solve Rypdy ii(k+1) = Bry1(k+1) for dgpyi(k+1)
Qs (k1) = s (b + 1)@,y (k -+ 1Bk + 1))
Grai(k +1) = Ryady s (k + 1)
(5.14)
Yr41(k) =Dy (k + 1)qr1(k + 1)
srr1(k+1) =Dy, (k + 1)vrpa(k+ 1)
Or1(k+1) =dry1(k+1) — Ryysrpa(k+ 1)
Solve Ry,d,,11(k+1) =0, ,1(k+1) for d,,41(k+1)

dy,i1(k+1) = dy,pa(k+ 1)L, (k+ 1)0r 41 (k + 1)) 722

Dxﬂ“f'l(k + ]') = [ Dm,r(k + 1) dz,r-l—l(k + 1) ]

Dy,pi(k+1) = [ Dy, (k+1) dyppa(k+1) -

\
Note that the computations that require D, o and D, must be ignored. The value

of p may be changed during the iterations of the algorithm to meet the pre-specified
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criterion. The above algorithm only involves scalar-vector and vector-matrix multi-

plications and no matrix-matrix multiplication is required.
5.2.5 Online Implementation

For online implementation the idea is simply to allow the correlation matrices R,
R,,, and R;, to be updated as new data become available during the iteration of the
alternating power method. This may be done using the standard rank-one update
equation

R, (j) = 6Ruo(j — 1) + x(5)x" () (5.15)

where § € (0,1) is a forgetting factor. To prevent R, from becoming singular at early
iterations, R.,(0) may be chosen R, = p?I, where |p| is small. After each rank-one
update of the covariance matrices, the alternating power method (any version) may be
iterated for one or more iterations. During the iterations, the covariance matrices are
kept fixed. When the next sample pair of the data is observed, covariance matrices
are updated again, and the procedure is repeated. The number of times that the
equations in an alternating power method are iterated introduces a trade-off between
the accuracy of the algorithm and computational load. This trade-off is illustrated in

the simulation examples in Section 5.4.

5.3 Computing Half-Canonical Coordinate Map-
pings

Similar to Section 5.2, we may derive alternating power methods for solving the

coupled (asymmetric) generalized eigenvalue problem in (3.19), i.e.

R,,D, =D, %
(5.16)
R,.D, = R,,D,%

to find the half-canonical coordinate mappings. However, it is interesting to note

that when R, is set to Ry, = I, the generalized eigenvalue problem of (5.2) for
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canonical coordinate maps reduces to the generalized eigenvalue problem of (5.16) for
half-canonical coordinate maps. Thus, all variations of the alternating power methods
introduced for computing the canonical coordinate mappings, may be used to compute
the half-canonical coordinate mappings by replacing R, with R,, = I. Note that
in the alternating power method with deflation, (5.13), the oblique projection matrix

Pp,, = RMDWDE’T is replaced by the orthogonal projection Pp,, = Dx,TD;F,T.

5.4 Simulation Results

This section demonstrates the correctness of the alternating power method for ex-
tracting canonical coordinate mappings on a synthesized data set. The data set is

constructed from the channel models

X = Ha:ac Nz

y = Hyx+ Hyyn,

where x € R?*, and y € R®. The matrices H,, € R***, H,, € R®*® and H,, € R>*

are known, and 1, € R* and 1, € R® are two independent white Gaussian vectors.
Let dg; and d,; denote the estimates of the ith canonical coordinate mappings

d,, and d,;. We define the normalized error norm of the ith estimated canonical

coordinate mapping as

e o= i n = ——
doi = g andea,. = T

We also define the rank-r group errors of the ideal canonical coordinate mappings

D, and Dy, as

Dy —Da| IDy, Dy
Lo L W—E S RAE LY —_ ) )
Ep,, oo end Ep,, 5,1

where ||D,|| denotes the Frobenius norm ||D,||? = tr{DID,}. In these definitions,
the vectors d,; and d, ;, their estimates &z, and cAlW-, the matrices D, , and D, , and

their estimates D, , and D, , are normalized in sign.
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Figure 5.1: Rank-3 group errors for the alternating block power method, in batch
mode, with ten independent initializations: (a) Ep,,, linear scale (b) Ep, ,, loga-
rithmic scale (c) Ep, ,, linear scale (d) Ep, ,, logarithmic scale. The results confirm
that convergence of the alternating block power method is exponential in iteration
number.

Alternating Block Power Method in Batch Mode: The covariance matrices are
computed from N = 500 samples and kept constant during the iteration of the alter-
nating block power method in (5.8). Figures 5.1(a) and (b) show the rank-3 group
errors associated with D, and D, when ten independent initializations are used. The
errors are very small after the seventh iteration. The logarithmic versions of these
plots are given in Figures 5.1(c) and (d). The exponential convergence of the algo-
rithm is prominent in these figures.

Alternating Block Power Method in Online Mode: For this case the covariance

matrices are updated using the rank-one time updating equation in (5.15) as a new

66

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



10 - - 10
S S
5 -2 = -2
210 210
= 3
o o
5 4 5 4
%10 % 10 J
[ c
® o
6 -6
10 ' : 10 : :
0 200 400 600 0 200 400 600
sample index sample index
. (@) (c)
10
S S
& o
Q. [
= =3
o o
5 5
w2 w
4 4
o= =
© o
107 : . 10 : :
0 200 400 600 0 200 400 600
sample index sample index
(b) (d

Figure 5.2: Rank-3 group errors for the alternating block power method, in online
mode, with a variable number of iterations per sample index: (a) Ep, ,, one iteration.
(b) Ep, ,, four iterations. (c) Ep, ;, one iteration. (d) Ep,,, four iterations.

sample pair x(j) and y(j) becomes available. After each time (sample) update, the
covariance matrices may be used in one or more iterations of the alternating block
power method. The forgetting factor used for updating the covariance matrices is
chosen to be § = 0.99, and R, (0) and R, (0) are set to 0.011. All other assumptions
are as in the previous case. Figures 5.2(a)-(d) show the rank-3 group errors associated
with D, and D, versus the iteration index (for ten independent initializations). In
these plots, the number of iterations of the algorithm for each new sample pair is one,

and four respectively.
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Alternating Power Method With Deflation in Batch Mode: The covariance matri-
ces are computed in batch mode from the 500 samples of the data channels and kept
fixed during the iterations of the alternating power method in (5.13). We use the
algorithm in (5.13) to compute the first three pair of canonical coordinate mappings.
The computation of the ith canonical coordinate mappings d,; and d,;, @ € [1, 3]
is started after the estimates of the (i — 1)th canonical coordinate mappings have
converged. In computing d,; and d,; the matrices Pp, , and Pp,, are set to zero.
Figures 5.3(a)-(f) show the normalized error norms of the estimated canonical coordi-
nate mappings associated with d,; and d,;, ¢ € [1, 3] vs. iteration number, when ten
independent initializations are used. The plots are given in logarithmic scale. The
straight decaying lines show that the convergence of the algorithm is exponential in
iteration number. The constant error levels in Figures 5.3(c) and (f), after approx-
imately seven iterations, are due to the numerical precision of MATLAB, and the
error propagation caused by deflation.

Order Recursive Alternating Power Method in Online Mode: Here the covariance
matrices are updated using the rank-one time updating equation (5.15) as a new
sample pair x(j) and y(j) becomes available. Each updated covariance matrix is
used for four iterations in the alternating power method in (5.14) before it is updated
again. The forgetting factor used for updating the covariance matrices is 4 = 0.99,
and R, (0) and R, (0) are set to 0.011. Figures 5.4(a)-(f) show the normalized error
norms of the estimated canonical coordinate mappings eq, ; and eq, ,, i € [1, 3] versus

sample index for ten initializations of the algorithm.

5.5 Conclusions

In this chapter various alternating power methods have been developed which pro-
vide simple methods for recursive computation of the canonical coordinate and half-

canonical coordinate mapping vectors. In essence, these alternating power methods
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Figure 5.3: Normalized error norms of the estimated canonical coordinate mappings
for the alternating power method with deflation, in batch mode, in logarithmic scale
with ten independent initializations: (a) eq,,. (b) €q,,. (¢) eq, . (d) ea, . (€) eq,,-
(f) eq, - The results confirm that convergence of the alternating power method with
deflation is exponential in iteration number.
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may be viewed as two-step decompositions of the standard power method, as they
solve a coupled (asymmetric) generalized eigenvalue problem through power itera-
tions. They may be used in deflation, block, or block-deflation mode, allowing for
computation of the canonical coordinate and half-canonical coordinate mapping vec-
tors, one by one, or in groups. Moreover, they may be used in batch mode on a fixed
data sample, or in online mode for updating the mapping vectors in time. Provided
that the rank-reduction is relatively large and the singular values of the coherence or
half-coherence matrix are not close together, the alternating power methods can be
more efficient in computation than the conventional methods, as they do not require
any matrix square-roots. As established in Chapter 4, reduced-rank Wiener filters
may be implemented in terms of canonical coordinate and half-canonical coordinate
maps. Thus, the alternating power methods developed here are also simple algorithms

for computing reduced-rank Wiener filters, regardless of the coordinate system.
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CHAPTER 6

A NETWORK FOR RECURSIVE
EXTRACTION OF CANONICAL
COORDINATES

6.1 Introduction

In 1982, Oja [22] showed that a linear network with a single node trained with a
normalized Hebbian-type rule can extract the dominant principal component of a
stationary vector process. Sanger [23] and Foldik [24] extended Oja’s work to the
multi-node case to simultaneously extract the first m principal components of a vector
process. Diamantaras and Kung [25], [26] exploited the idea of using lateral connec-
tions with anti-Hebbian learning to recursively extract the principal components. In
a different approach, based on recursive least squares (RLS) learning, Bannour and
Azimi-Sadjadi [27] proposed another structure for recursive extraction of principal
components.

Perhaps the most interesting aspect of the work in [25] is the use of lateral con-
nections for recursively computing the principal components of a data channel. The
network proposed in [25] is called an APEX (adaptable principal component extrac-
tor) network. It consists of two parts: (1) a simple feedforward network that is

updated using a Hebbian-type learning to extract the dominant principal component
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of a data channel, and (2) a set of lateral connections that connect the outputs to-
gether and are trained to deflate the contribution of the already extracted principal
components from the original data channel. The combination of these two sets of
connections allows for recursively extracting the principal components, one by one.
Each time that a new principal component has to be extracted, simply a new node is
added to the APEX network, allowing for extraction of the new principal component,
without the need to retrain the previous nodes.

Recently, Lai and Fyfe [28] proposed a network for performing canonical corre-
lations analysis. However, their network only finds the first canonical coordinate
pair and the corresponding canonical correlation. In this chapter, motivated by the
APEX structure in [25], we develop a network structure with lateral connections and
a set of updating rules for recursively extracting the canonical coordinates of a two-
channel vector process. These developments are also reported in [29] and [30]. We
start by formulating the problem of finding the first canonical coordinate pair as a
constrained minimization problem, based on what we have established in Chapter 3.
Given the first r canonical coordinate pairs, we formulate the problem of finding the
(r+1)th pair as one of finding the first canonical coordinate pair of a deflated version
of the two-channel data. We then use this formulation to develop a network struc-
ture for extracting canonical coordinates. This network consists of two independent
sub-networks, each of which has a set of feedforward connections and a set of lateral
connections. In fact, each sub-network has the exact same structure as an APEX
network. The feedforward weights of the network are updated using a gradient de-
scent algorithm [31] to solve the constrained minimization problem mentioned above.
The lateral connections are updated to perform a deflation process that subtracts the

contributions of the first r canonical coordinates from the original data channels.
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6.2 Network Structure and Updating Rules

Consider the two-channel data vector z = [xT yT]T € R™*™ consisting of the zero-
mean random vectors x € R™ and y € R”, m < n, with the composite covariance
matrix in (2.2). Let d,; € R™ and d,; € R" denote the ith canonical coordinate
mapping vectors, defined in Chapter 3. That is, d,; and d,; are the 7th columns
of the canonical coordinate maps D, and D, in (3.32). Then, the ith canonical

coordinates of x and y and their corresponding canonical correlation are
U; = dfﬂ-x, v; = dgﬂ-y, and o; = F{uw;} = df)inydy,i, (6.1)

Further, we have
Blvwv;] = dj;Ryydy,; = 0(i — j) (6.2)
Blui;] = d ;Raydy,; = 0:0(i — )
where §(-) is the Kronecker delta.
Noting that o1 = dileydy,l is the largest canonical correlation, the problem of
finding the first canonical coordinate mapping vectors d, ; and d, ; may be formulated

as the maximization problem

max dl Raydy (6.3)
subject to the constraints
dI R..d,; =1 and dI,R,d,; =1 (6.4)

This formulation also directly follows from the formulation of the two-channel CLS
filtering problem of Chapter 3 in the canonical coordinate case.

Using the method of Lagrange multipliers, we may rewrite the constrained opti-
mization problem defined by (6.3) and (6.4) as minimizing the objective function J;

of the form

A
2

A1,2

J1 = —dl Rgyd; + (d] | Repder — 1) == + (d} 1R, dy 1 — 1)7’, (6.5)
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where A;; and Aq 2 are Lagrange multipliers that enforce the constraints in (6.4).
Now, assume that the first 7 < m columns of D, and D, have already been found.
Let D,, € R™*" and Dy, € R™" be the matrices that contain the first r columns of

D, € R™*™ and D, € R™™, respectively. That is,

D,,=[ds, - .,ds,] and D,, =[dy,...,dy,]- (6.6)
The first r canonical coordinates of x and y are then given by

u, = [ug,...,u]" =D x
(6.7)
v, =[v1,...,v]F = Dg’ry.

By deflating the contribution of the first r canonical coordinates u, and v, from
the input channels, we may formulate the problem of finding the (r + 1)th pair of
canonical coordinates as one of finding the first canonical coordinate pair of the
deflated input channels. This may be done by replacing R, in (6.5) with its deflated
version (I-RzeDy DI, )Ry (I-Ry, D, DI )T, The proof of this deflation argument
is very similar to the proof presented in Appendix A for the deflated generalized
eigenvalue problem in (5.11). However, for the sake of completeness a separate proof
is given in Appendix B.

Therefore, the (r + 1)th pair of canonical coordinate mapping vectors d, ,4; and

d, r+1 may be found by minimizing the objective function J,;; of the form

Jrp1 = ——df?rH(I - RmDm,TDf,,,)Rzy(I - Rnyy,ngr)Tdy,rH (65)

Ar An
+(df’r+lezdz’r+l - 1)_—%1—1_ + (dar-}—lRyydy,r—}-l - 1) ;1’2,

where A.;11 and A.412 are Lagrange multipliers that guarantee the unit variance

property of the new pair of coordinates:

E{ug-i-l} = d£r+1szdx,r+1 =1
(6.9)

E{'Ur2+1} = dg,rﬂRyydmerl = 1.
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Taking the partial derivatives of J.,; with respect to d; 41 and d, ;41 yields

—aiiff; = —(I - Re.D,, D7 )R, (I - Ry,D,, DT VTd, 11 + Rooda syt driin

5%3:—:? = _(I - Rnyy,ng,r)Ryz (I - erDr,TDf,r)Tdm,rH + Ryydy,r+1/\r+1,2-
(6.10)

At the solution the constraints in (6.9) are satisfied. Moreover, d,,41 and d, ,4+1 are

respectively, orthogonal to R;,D,, and R,,D, . That is,

T _ T
d;, 1 RezDay =0 and d,,

1Ry Dy = 0. (6.11)

Using (6.9) and (6.11), the optimal values of Lagrange multipliers in (6.8) are found
to be

/\r+1,1 = )\r+1,2 = )\r—}—l = dfyr_f_leydy,r—}-l = Or41, (612)

where 0,41 is the (r+1)th canonical correlation of x and y. Correspondingly, the

(r+1)th canonical coordinate pair of x and y is given by

_q7
Ury1 = dg, X

(6.13)
Uppl = dg,r+13’-
Using (6.7) and (6.11), we may rewrite (6.13) as
Urs1 = d£r+1(1 - Rme‘Dir)X = df’”'lx —a (6.14)
,U’l‘+l = dg:’f-f-l(]: — Rnyy’ng’T)y == d£T+1X - pz—‘vT‘
where
qz = dZ;,T_,_lRma:Dz,r (6 15)

p; = d;}r,r+1Rnyy,r'
The pair of equations in (6.14) may be used to define a network structure for extract-
ing the (r+1)th pair of canonical coordinates, given the first r pairs. Each equation
in (6.14) defines a single layer sub-network that features a feedforward set of weights
from the input to the output and a set of lateral connections that connects the first

r nodes to the (r+1)th node. Figure 6.1 shows the structure of this network.
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Figure 6.1: The structure of the network for recursive extraction of canonical coor-
dinates of x and y.

In this structure, D,, € R™" and D,, € R"™" are the weight matrices that
map X and y to their first 7 canonical coordinates u, and v,. Given these weights,
the network may be trained, by minimizing J,.41 in (6.8), to extract the (r+1)th
canonical coordinate pair and the corresponding mapping vectors. The weight vectors
d;,+1 € R™ and d,,+1 € R™ are trained to maximize the correlation between the
outputs u,y; and v,;1, and make them unit variance. The lateral weight vector
q- € R" is trained to orthogonalize u, (the first r canonical coordinates of X) to u,4+1
(the (r+1)th canonical coordinate of x.) Similarly, the lateral weight vector p, € R”
is trained to orthogonalize v, to v,y ;. The lateral connections perform a deflation
process that subtracts the contributions of the already extracted coordinates from
the linear subspaces spanned by the elements of x and y. This structure allows for
adding new nodes for extracting additional canonical coordinates, without the need

for retraining the previous nodes. Thus, an adequate number of canonical coordinates
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can be recursively extracted to capture a desired percentage of coherence or mutual
information.

Using the gradient descent learning algorithm, with instantaneous values of co-
variance matrices inserted into (6.10), we may derive the following updating rules for

d:,;’r+1, and dy77~+11

dx,r—{—l(j + 1) = d:z,r-l—l(j) + [(X(] + ]') - ST(] + 1)u7“(.] + 1))UT(] + 1)

—x(j + Dx(J + 1) a1 () Aenr (G + 1B + 1)
(6.16)

dy,1(J+1) =dy, 1) + [y +1) = T (j + Dve(g + 1)ur(d + 1)
—y(G+ )y + 1) dy (A (G + 1)]BG + 1)

where j is the index of iteration and 8(j+1) is the learning rate (step size) at iteration
j+1. Matrices S, € R™*" and T, € R™™" are updated to asymptotically approximate
R..D., and R,,D,,, respectively. From (6.12), the Lagrange multiplier A1 =
Ar+11 = Ary12 shall be updated to asymptotically approximate dir 41 Reydy 1 =
o,41, the (r+1)th canonical correlation. Thus, the updating rules for S,, T,, and

Art1 are

S, (j +1) = 358,(j) + 73x(j + D7 (j + 1)

T (j+1) = 75T-()) + 77y + DI (G + 1) (6.17)

1
At (G + 1) = () + 727d7 4 ()G + DyT (G + Dy (5):

Finally using (6.15), the learning rules for the lateral connection weight vectors q,

and p, may be written as

q-(G+1)=SIG+ Ddeyr(G+ 1)
(6.18)
p-(j+1) =T+ 1)dy,41(j + 1).

Thus, we may summarize the step-by-step training algorithm for extracting the

(r4+1)th canonical coordinate pair for r = 0,1,...,m — 1, and the corresponding
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mapping vectors as

u,.(j+1) =D x(j +1)

v.(j+1)=D], y(j+1)

1§+ 1) =di, (G + Dx( +1) — a7 (-G + 1)

v (G + 1) = dy, G+ D)y (G +1) — P ()v-(G + 1)

MG+ 1) = 7701 () + 2,0 ()% + Dy” (5 + 1)dyr41(5)]

S, (j +1) = 77078 (5) +x( + 1wy (5 + 1)]

T,(j +1) = 75T () +y( + v + 1) (6.19)

deps1(+1) = dep1(7) + [(XG +1) = S (G + Du (5 + 1))wr (5 + 1)

—x(j + Dx(f + 1) da 1 () A (G + DIBG + 1)
dyr1(f+1) = dyra(G) + [y + 1) = TG + Dve (G + D)ur(G + 1)
=y + Dy + DTy (DA (G + DIBG + 1)

q-(G+1) =S+ 1)d,,41(j + 1)

Pr(j+1) =T/ (j + Deyrsa(G + 1).
The initial values d,,.1(0) € R™, d,,4+1(0) € R", q,(0) € R", p,(0) € R", S,(0) €
R™*" T,.(0) € R™", and A,,; may be chosen randomly. The learning rate 8 may be
varied or kept fixed [31]. It should be pointed out that since the network is updated
using a gradient descent algorithm, it suffers from slow convergence (even as slow
as linear convergence) and sometimes instability, depending on the initialization and
choice of the step size. Readers are referred to [31] for a detailed discussion about
the convergence behavior of the gradient descent algorithm.

In most applications, the number of canonical coordinate pairs to be extracted is

not known a priori. However, each time a new canonical coordinate pair is extracted,

we may run a test based on (2.27) and (2.32) to determine if the amount of linear

dependence or mutual information captured, meets a pre-specified threshold. If the
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threshold is not reached, we may add another node to the network to extract the next

pair of canonical coordinates.

6.3 Simulation Results

In this section, the proposed network is used to recursively extract the canonical
coordinate mappings for a synthesized data set. The performance of the network is
demonstrated by presenting the plots of squared error between the actual canonical
coordinate mappings, computed using the conventional method in (2.9), and the ones
estimated by the network, along with the plots of the squared error for canonical
correlations.

Let (Aim € R™ and (Aiy,i € R™ denote the estimate of the ith pair of the actual
canonical coordinate mappings d,;; and d, ;, respectively,. We define e?im, and e?jy’i as
the squared estimation error of the ¢th canonical coordinate mappings d,,; and d, ;.
That is,

€y = ey — dagl* and €f | = [ldy; — dyl®
Also, €2 = (0; — 6;)? is defined as the squared estimation error of the ith canon-
ical correlation ;. The actual canonical correlation o; is found from the SVD in
(2.6). From (6.12), it is seen that the ith canonical correlation o; is estimated by the
Lagrange multiplier ;.
The data set is formed from 500 samples of two data channels x € R* and y € R®,

governed by the linear model

x = H.m,

y=Hymn, +H,x
where H, € R*¥4 H, € R®®, and H,, € R>** are used to synthesize x and y from
1. € R* and n, € R®, which are two independent white Gaussian vector processes.

The network is trained for 2500 epochs using the algorithm in (6.19), without knowl-

edge of the generating mechanism for x and y. An epoch is a complete sweep over the
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500 samples. The learning rate is varied linearly from =5 x 1072 to 8 =5 x 107°
in 2500 steps. All the initial values in (6.19) are randomly selected.

Figures 6.2(a)-(d) show the squared estimation errors e?im_, i € [1,4] vs. the epoch
index for ten independent initializations of the network. It is seen that in all the
cases the squared error approaches zero within a misadjustment error [31], and thus
the weights of the upper sub-network in Figure 6.1 converge to the actual canonical
coordinate mapping vectors that map the first data channel x into its canonical
coordinates u. The plots of the squared estimation errors eﬁy’i, i € [1,4] vs. epoch
index for the ten initializations are shown in Figures 6.3(a)-(d). The convergence
behaviors are very similar to those in Figures 6.2(a)-(d). In all the cases the squared
error approaches zero within a misadjustment error, and thus the weights of the
lower sub-network in Figure 6.1 converge to the actual canonical coordinate mapping
vectors that map the second data channel y into its canonical coordinates v.

Figures 6.4(a)-(d) show the squared estimation errors €2 , i € [1,4] vs. the epoch
index for the ten initializations. These plots show that the squared error decays to
zero in all the cases. The estimate of the ith canonical correlation o; is given by the
Lagrange multiplier A;. These plots indicate that \;’s converge to the actual canonical

correlations o;’s.

6.4 Conclusions

In this chapter, a network structure and a set of updating rules for recursive extraction
of canonical coordinates of two data channels was developed. The network was built
based on a constrained minimization problem that exploits a deflation process. The
deflation process is performed by incorporating lateral connections into the network
in a manner similar to the APEX network in [25]. The structure of the network,
along with the updating rules, allows for adding a new node to the network in order

to extract a new canonical coordinate pair, without the need to retrain the previous
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Figure 6.2: The squared error for d,;’s, ¢ € [1,4] vs. the epoch index for ten
independent initializations of the network: (a)i =1, €3 | = [|ds1— dg1 2. (b)i=2,
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In all cases the squared error approaches zero and the weights of the upper sub-
network in Figure 6.1 converge to the actual canonical coordinate mapping vectors
that map the first data channel x into its canonical coordinates u.
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Figure 6.3: The squared error for d,;’s, ¢ € [1,4] vs. the epoch index for ten
independent initializations of the network: (a)i=1, €3 | = [ldy1— dy |2 (b)i=2,
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In all cases the squared error approaches zero and the weights of the lower sub-network
in Figure 6.1 converge to the actual canonical coordinate mapping vectors that map
the second data channel y into its canonical coordinates v.
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Figure 6.4: The squared error for o;’s, ¢ € [1,4] vs. the epoch index for ten in-
dependent initializations of the network: (a) i = 1, €2 = (01 — 61)%. (b) i = 2,
€2, = (09— 02)% ()i =3, €2 = (05—03)% (d) i =4, €2, = (04— 54)*. The estimate

of o; is given by the Lagrange multiplier \;. The plots show that \; converges to the
actual canonical correlation o; in all the cases.
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nodes. The extraction of canonical coordinate pairs may be stopped when a pre-
specified percentage of coherence or mutual information is captured. A simulation
example was presented to demonstrate the validity of the proposed network and
updating rules.

We note that what is interesting about this work is the use of lateral connections
for performing the deflation process. However, since the network is updated using a
gradient descent algorithm, it suffers from slow convergence (even as slow as linear
convergence) and sometimes instability, depending on the initialization and choice
of the step size. Thus, in two-channel signal processing applications, where recur-
sive extraction of canonical coordinates is required, the alternating power methods

developed in Chapter 5 are preferred.
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CHAPTER 7

EMPIRICAL CANONICAL COORDINATE
DECOMPOSITIONS IN SUBSPACES FOR
TWO-CHANNEL LINEAR AND NONLINEAR
MAPS

7.1 Introduction

All the developments and results reported to date for canonical correlation analysis
of two-channel data, including those presented in the previous chapters, are based on
the assumption that either the theoretical covariance and cross-covariance matrices of
the channels are known, or enough independent copies of the channels are available
to obtain full-rank estimates of the covariance matrices. However, little attention
has been devoted to the algebraic limits to canonical correlation analysis. That is,
just how poor can sample support become before sample canonical correlations cease
to carry any information about the true canonical correlations? This is one of the
particular questions we address in this chapter.

More generally, we study the empirical canonical correlation analysis of two-
channel data. The term empirical implies that the canonical correlation analysis

is based on covariance matrices that are estimated from a limited number of samples
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of the two-channel data, and are not necessarily full-rank. The available data sam-
ples may be obtained from linear or nonlinear transformations of a limited number
of random samples drawn from a two-channel vector process. The question to be
addressed in this chapter is whether or not the canonical correlations and coordinates
obtained from sample data have the same algebraic and geometric properties as the
underlying theoretical ones. For example, when do empirical canonical correlations
estimate theoretical canonical correlations between two data channels?

It must be mentioned that the reason for considering nonlinearities is that canon-
ical correlation analysis only exploits the second-order statistics of two-channel data.
In some applications, such as detection, classification, and feature extraction, how-
ever, the information that is obtained from second-order statistics alone, such as linear
dependence, may not be sufficient to achieve the desired performance. One possible
solution, in such cases, is to map the channels using nonlinear mappings prior to
canonical correlation analysis. The canonical correlations extracted from the mapped
data channels may then reveal coherence between high-order attributes of the original
data channels.

The idea of using nonlinear maps prior to linear processing was first exploited by
Vapnik in the theory of support vector machines (SVM) for the design of large mar-
gin classifiers [33], [34]. The idea in SVM is to use a nonlinear mapping to map the
input space into a high-dimensional feature space, in which the features are linearly
separable. Perhaps the most intriguing aspect of SVM is that the high dimensional
nonlinear mappings are never explicitly computed and all computations are carried
out in the original low dimensional space. The trick, known as the kernel trick [35],
cleverly reformulates the problem in such a way that only inner products of the non-
linear mappings appear in the equations. These inner products are then replaced by
kernel functions that may be computed in the input space. Since the development

of SVM, numerous results have been reported on kernel-nonlinear counterparts of
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standard information processing techniques, among which are kernel versions of prin-
cipal component analysis [35], [36], Fisher discriminant analysis [35], [37], linear least
squares estimation [38], and Mahalanobis distance [38].

Several kernel formulations have also been reported for canonical correlation anal-
ysis of nonlinear maps of two-channel data, among which are [39]- [46]. However, in
all of them a very important question has been ignored: Do canonical correlations and
coordinates, extracted for nonlinearly mapped data channels, possess the algebraic
and geometric properties of the theoretical canonical correlations and coordinates,
and can the empirical canonical correlations measure high-order coherence between
two data channels?

The basis for this question is that the nonlinear mappings used in the kernel-
nonlinear methods are often of dimension higher than the number of available sam-
ples, resulting in a paucity of samples after nonlinear mapping, which in turn pro-
duces rank-deficient sample covariance matrices. Even when low-dimensional nonlin-
ear mappings are used, the mapped data vectors for each channel may become linearly
dependent, resulting in rank-deficient sample covariance matrices in the mapped do-
main. In the kernel formulation in [39], it is suggested that regularization may be used
to estimate the covariance matrices in order to obtain full-rank sample covariance ma-
trices. However, the empirical canonical correlations and coordinates obtained with
regularized covariance matrices do not share the algebraic and geometric properties
of the true canonical correlations and canonical coordinates.

In this chapter, we shall clarify how the number of samples drawn from two-
channel data and the ranks of the data matrices! affect the algebraic and geometric

properties of empirical canonical correlations and canonical coordinates. We establish

!The data matrices are column-wise collections of vector data samples that are drawn from the
two vector data channels.
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that empirical canonical correlations do form a maximal set of invariants for the com-
posite sample covariance matrix of two-channel data. Further, we demonstrate that
empirical canonical correlations measure the cosines of the principal angles between
the row spaces of the two data matrices in Fuclidean space, and hence are experimen-
tal surrogates for the true canonical correlations, which measure the principal cosines
between subspaces of the Hilbert space of second-order random variables. These re-
sults have been reported in [5] for the case where sample covariance matrices are
full-rank.

We establish that when the number of vector samples drawn from each vector
channel is smaller than the sum of the ranks of the two data matrices, some of the
empirical canonical correlations become one, regardless of the two-channel model that
generates the samples. In such cases, the empirical canonical correlations should be
interpreted solely as principal cosines between two linear subspaces of a Euclidean
space, and not as estimates of canonical correlations or principal cosines between
subspaces of the Hilbert space of second-order random variables.

When the number of samples is greater than the sum of the ranks of the two
data matrices, it may be possible for the empirical canonical correlations to estimate
canonical correlations and principal cosines between random variables, and hence be
used as estimates of coherence between two data channels. This implies that the
sum of the ranks of the two data matrices determines the minimum number of data
samples (sample support) required to estimate the theoretical canonical correlations.

Our results have interesting implications for canonical correlation analysis of non-
linear functions of two-channel data. That is, only when the number of data samples
is greater than the sum of the ranks of the two data matrices do the empirical canon-
ical correlations estimate the correlation between high-order attributes of the original
channels. In such cases, however, the kernel formulations are computationally disad-

vantageous with respect to the direct formulations.
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The material presented in this chapter are also reported in [32]. Some of the
findings of this chapter, concerning the effect of sample support on empirical canonical
correlations, have been reported in [45], without rigorous proof and analysis.

Notations and typographic conventions used in this chapter: Given a matrix A,
we denote the ijth element of A by [A],;, the ith column of A by either a; or A(:, 1),
the ith row of A by A(i,:), the matrix consisting of the first p columns of A by
A(:,1 : p), and the matrix consisting of the first p rows of A by A(1 : p,:). We
use Col-Span{A} and Row-Span{A} to denote the linear subspaces spanned by the
columns and rows of A, respectively. Whenever the inverse of a rank-deficient matrix
is needed, the Moore-Penrose pseudo inverse [57] is used. However, for the sake of

simplicity of notation, we use A~! for both inverse and pseudo inverse of A.

7.2 Empirical Canonical Coordinate Decomposi-
tion in Subspaces

In order to make our discussion general for both linear and nonlinear cases, we assume

that the vector data samples are drawn from the two-channel data model

x=¢(0) and y = (v) (7.1)
where 8 € R? and v € R! are two zero-mean random vectors, sharing the nonsingular
composite covariance matrix

. 0 Rgo Ry,
Ry =Epp’|=FE 0T o7 = , (7.2)

v Rv0 va
and ¢ : R — R™ and ¥ : R® — R" are linear or nonlinear transformations that
transform 6@ and v into x € R™ and y € R”, respectively. Without loss of generality,

we assume m < n.

Let us now consider the sample data matrices

X =[x1,...,xp] = [¢(61),...,0(0u)]
Y =[y,,...,yu] = [¥(v1),..., ¥ (vy)]

(7.3)
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obtained from M two-channel data samples @ = [0;,...,0y] € R and T =
[v1, ..., vm] € R™M. Since the 6; and the v; are random samples drawn from the
two-channel process pu = [87 v?]7, with probability one, Rank{®} = min(d, M) and
Rank{Y} = min(l, M).

For linear transformations in (7.1), we may write x; = A8; and y; = Buv;, with

A € R™*4 and B € R™*!. Then, (7.3) becomes

X =AO® and Y =BT. (7.4)

In this linear case, the rows of X € R™M and Y € R™M are linear combinations
of rows of ® and Y, réspectively. This is only an example. In what follows, no
assumption of linearity is made.

Without loss of generality, we assume that the columns of the sample data matrices
X and Y are centered, i.e. Zf\il x; = 0 and Zf\il y; = 0. Then, we may write the

composite sample covariance matrix of z = [x¥ y7T]T as

X XXT XyT Sez Sy
S,, =277 = XT YT] = = , (7.5)
Y YXT YYT Syz  Syy
where S,, = XX7, Sy, = YYT, and Sy = XY7T are sample auto-covariance and
cross-covariance matrices of x and y, computed from the sample data matrices X and
Y. Note that the normalization by M in the sample covariance matrices is ignored,
as it does not affect the discussion.

There are two ways to think of the elements of S,,, S,,, and S;,. For example,

the ijth element of S;, may be written as

[Seylis = XY )iy = DX k)Y (k)T (7.6)
or alternatively as
[Saylis = XYy = X(3,) Y (5,)" (7.7)

In the first representation, [S,,];; is the ijth element of the sum of the outer products

of columns of X and Y. However, in the second representation, [S;y];; is the inner
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product between the ith row of X, i.e. X(7,:), and the jth row of Y, i.e. Y(j,:).
In analogy with the Hilbert space case, where [R,,];; = F[z;y;] is the inner product
between random varibles z; and y;, we may think of the ith row of X, i.e. X(z,:),
as an experimental surrogate for x;, and Y(7,:) as an experimental surrogate for y;.
Correspondingly, the inner product [XY7T};; = X(4,:)Y(j,:)7 in the Euclidean space
of M—vectors may be viewed as a stand-in for the inner product [Ry,];; = E[ziy;] in
the Hilbert space of second-order random variables.

Let us assume that Rank{X} = p and Rank{Y} = ¢. This implies that the
dimension of the subspaces spanned by rows of X and Y, i.e. Row-Span{X} and
Row-Span{Y}, which are subspaces of R are p and g, respectively. Note that since
the row spaces of X and Y are subspaces of R™ and columns of X and Y are centered,
we have p < M —1 and g < M — 1. Therefore, we may write the SVD’s of the sample
data matrices X and Y as,

X =U,X2, VI and UIXV, =3,
(7.8)
Y = UyEng and UgYVy =X,
where U, € R™™ V, € RM*M U, € R™", and V, € RM*M are orthogonal

matrices and X, € R™M and %, € R™M are diagonal:

3, = :(p) 0 and X, = Zy(a) 0 . (7.9)

0O O 0O O
The diagonal matrices 3,(p) € RP*? and X,(q) € R7*? contain the nonzero singular
values of X and Y.
Using the SVD’s in (7.8), we may rewrite the composite sample covariance matrix

S., as

S Sxm Sxy XXT XYT
Sye Sy YXT YY?
- (7.10)

67550 524 SN 00 YA EA V2 324 014

Uz, vIiv,sTul  U,x,sTUT
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or alternatively

ul o g |Us O ul o XXT XYT || U, 0
0 U 0 U, 0 U] || YXT YYT 0 U,

.27 EmeVyEZ;

Eng A% EyEZ
(7.11)
This formula once again shows that rows of X and Y are experimental surrogates
for the elements of x and y. In the SVD coordinates, it is the rows of U, and U,
that serve as surrogates, but the weighting of inner products depends on X,V and
EyV;;F :
In analogy to Chapter 2, we define the sample coherence matriz C for X and Y

asQ

C =8;1/78,,8,T/* = (XX")"V2xXY"(YYT) T2 (7.12)

From here on it is understood that all the subsequent developments are for sample
data cases, and hence the ‘’ notation is dropped, for the sake of simplicity.

Using (7.10), and plugging in for ¥, and 3, from (7.9), we may write C as

C= (Umzxz?;Uf)—1/2Uzzzvay2§Ug(Uyzyzgugf)—T/?

(7.13)
= U, (2,225, VIV, I (z, 1) -72uT
and then simplify it to
- —1/2 ~-T/2
2 0 3.(p) O o 32(q) O
C-uU. (p) (p) VIV, 4(a) (@) ur
0 O 0 0 0 0 0 0
I(p) O I{(g) O
=U, f y ;}r
0 0 0 0
) (7.14)

2Note that when X and Y are not full-rank, (XX7)~1/2 and (YY7)~'/2 denote Moore-Penrose
pseudo inverses of (XX7)/2 and (YYT)1/2.
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with 32(p) = X.(p) =7 (p) and Z3(q) = E,(9) 2} (9)-

We now consider a full SVD for the sample coherence matrix C of the form

C=F.3.GT and FICG.=3, (7.15)

where F. € R™*™ and G, € R™"™ are orthogonal matrices and 32, € R™*" is diagonal.
Note that since Rank{X} = p and Rank{Y} = ¢, the sample coherence matrix C is
of rank r = min(p, ¢). Thus, the singular value matrix ¥ has only r nonzero elements
o, >0,i€[l,r].

Matching (7.14) and (7.15), we may write

I 0 I(q T
(®) viv, (@) =UlF.2.GIu, = UIF, (r) GIu,
0O O 0O O 0 0
(7.16)
or alternatively
V.(,1:p)TV,(;;1:q) O r
( SV ) = UTF. ) Glu, (7.17)
0 0 0 0
where X.(r) = diag(oy, . .., 0,) is the diagonal matrix that carries the nonzero singular

values of C, and V. (:,1: p) € RM*Pand V,(;,1 : ¢) € RM*? are column-wise matrices
that carry the first p columns of V, and the first ¢ columns of V,,.

The column-wise matrices V,(:,1 : p) € RM*? and V,(;,1 : ¢) € RM*? are
orthonormal bases for p— and ¢—dimensional subspaces of RM. Therefore, singular
values of V,(:,1 : p)TV,(:;,1 : q) measure the cosines of principal angles between
Col-Span{V,(:,1 : p)} and Col-Span{V,(:,1 : ¢)}. Since F., G., U,, and U, are
orthogonal matrices, the rank-r matrices V,(:,1: p)TV,(;,1: q) and E.(r) in (7.17)
are similar. That is, the diagonal elements of X.(r), i.e. oy, i € [1,7], are the
singular values of V,(:,1: p)TV,(;,1: ¢), and hence o; measures the cosine of the ith
principal angle between Col-Span{V,.(:,1: p)} and Col-Span{V,(:,1: q)}. However,
the SVD’s in (7.8) show that Col-Span{V.(:,1: p)} and Col-Span{V,(:,1 : q)} are
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the same as Row-Span{X} and Row-Span{Y}, respectively. Thus, the o; measure
the cosines of the principal angles between the row spaces of X and Y.

Let us define the composite matrix W consisting of matrices U and V as

U F7sn”? 0 X
W s =
\Y% 0 GIs;?||v
- (7.18)
FT(XXT)-1/2 0 X
0 GI(yyT)-1/2 Y
Then, the composite sample covariance matrix for W may be written as
U wUw S’U/U
Sww = WWT = [UT VT =
V S’Uu S'U’U
- (7.19)
FZPUE(:,I:p)Fc 2]c
i EZ GzPUy(:,lzq)Gc

where Py, (.15 = Us(;,1: p)U,(;,1: p)T and Py, 19 = Uy(5, 1 : Uy (:, 1 : q)T are
orthogonal projection matrices onto the p— and g—dimensional subspaces spanned
by the first p and ¢ columns of U, and U,, respectively. This equation shows that
the diagonal singular value matrix 3. is the sample cross-covariance matrix between
the matrices U and V, i.e. T, =UVT.

In Appendix C, it is shown that the diagonal elements of 3, form a maximal set of

invariants for the composite covariance matrix S,, = ZZ” under the transformation

group
1T
s oo T,U,(:,1:p) 0 € RE+0<0) det{T;} # 0
0 TU,(;,1: ¢)F det{Ts} # 0
(7.20)

with group action S,, — TS,,TT. Therefore, the cross-covariance matrix X, is
indeed the sample canonical correlation matriz, consisting of the sample canonical

correlations o;, with 1 > o1 > -+ > 0, > 0. These sample canonical correlations
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mimic corresponding algebraic and geometric properties of canonical correlations in
a Hilbert space.

The sample canonical correlation o; = [UVT]u' is the experimental surrogate
for the ith canonical correlation o; = FEluv;], where the standard inner product
[Swli; = [UVT]y; = U, :)V(j,:)T stands for the inner product [Ru,)i; = Efuv;] in
the Hilbert space of second-order random variables. Correspondingly, the rows of the
matrices U and V in (7.18) are surrogates for the canonical coordinates u and v,
respectively. However, contrasting to the Hilbert space case in Chapter 2, i.e. (2.10),
the sample auto-covariance matrices for U and V in (7.19) are not necessarily identity.
Rather they are orthogonal projection matrices given by UU? = FCTPuz(:,Lp)FC and
VVT = GCTPUy(:,Lq) G.. Only when p = m and ¢ = n, which yields full-rank sample
covariance matrices for X and Y, are the sample covariance matrices for U and V
identity, as Pu,,1:m) = UIUf =TI and Py,(,1m) = UyUg = I. Note that in this case,
the transformation group in (7.20), under which the sample canonical correlations o;
are maximal invariants, is of form (2.14), as in this case U,(:;,1 : p)T = UT and
U,(5,1: 9)T = Ug are orthogonal matrices and act like nonsingular transformations
on X and Y.

From the discussion following (7.17), sample canonical correlations o; are cosines
of the principal angles between Row-Span{X} and Row-Span{Y}. Therefore, it is
the row spaces of X and Y that determine the sample canonical correlations. This
fits intuition, as in the sample data case the ith rows of X and Y are experimental
surrogates for z; and y;, where the Euclidean space inner product [S,];; = [XYT];; =
X(4,:)Y(4,:)" stands for the Hilbert space inner product [Ryyi; = Elziy;].

So far, we have made no assumption about the number of samples drawn from
each channel, i.e M, and the dimension of the row spaces of X and Y. We have estab-
lished here that the empirical canonical correlations measure the cosines of principal

angles in Euclidean space, where row vectors are surrogate for random variables. The
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question is then, can these principal angles in Euclidean space estimate the principal
angles in the Hilbert space of second-order random variables. In what follows we
shall discuss how the algebraic and geometric properties of the empirical canonical
correlations, carried by the surrogate rows of U and V, may be affected by M, the
number of samples, and p and ¢, the dimensions of the row spaces X and Y. For this

purpose, we consider two different cases; namely sample-poor and sample-rich.
7.2.1 Case 1: Sample-Poor (M < p+q)

In this case, the number of data samples M drawn from each channel is smaller than
the sum of the dimensions of the row spaces of X and Y, i.e. M < p+ q. Referring
to the two-channel linear model in (7.4), assume, without loss of generality, that
the column mean vectors of @ and Y are zero, i.e. Zf\il 0; = 0 and Zf\il v; = 0.
Then, a sample-poor case occurs when the number of samples M is smaller than the
sum of the ranks of the matrices A € R™*?¢ and B € R**!. Note that the matrices
A and B may be chosen so that they transform the data samples 6; and v; to a
higher, lower, or same dimensions. All that matters is the relationship between the
ranks of A and B, and the number of samples M. For nonlinear function ¢( - ) and
() of the two-channel data p = [87 vT]T| a sample-poor case may occur when
mapping the data samples 6; and v; to a higher, lower, or same dimensions, as long
as after the mapping M is smaller than the sum of the dimensions of the row spaces
of X and Y. Usually, when m and n, the dimensions of the nonlinearly mapped
data samples x; = ¢(6;) and y; = ¥ (v;), are larger than the number of samples
M, the sample data matrices X and Y are sample-poor. This, typically occurs in
kernel-nonlinear information processing methods, where the original data samples
0; and wv; are implicitly mapped, using nonlinear mappings, into high-dimensional
spaces. This is also the case in most of the kernel approaches to canonical correlation

analysis [39]- [45].
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As established earlier in this section, the sample canonical correlations o; measure
the cosines of the principal angles between Row-Span{X} and Row-Span{Y}. How-
ever, the row-space of X € R™M is a p—dimensional subspace of R, and the row
space of Y € R™M is a g—dimensional subspace of RM. Therefore, when p+q > M,
Row-Span{X} and Row-Span{Y} have to share a subspace of R™ of dimension at
least d = (p+¢q) — M. Since these two subspaces overlap in at least d dimensions, the
cosines of at least d principal angles, or equivalently d sample canonical correlations
will be equal to one, regardless of the two-channel vector process that generates the
samples. This result has also been reported in [45], but no rigorous proof or analysis
for the geometric properties of sample canonical correlations is given. Therefore, in

this case, the sample canonical correlation matrix 3. may be expressed as

Id 0 0
L.=UVi=| 0 . 0], (7.21)
0 0 0

where X.(x) = diag(ogy1,...,0,), with 1 > 0447 > -+ > 0, > 0 and 7 = min(p, q).
This shows that even when the samples are drawn from a two-channel process in
which the elements of x and y are mutually uncorrelated, some empirical canonical
correlations become one as a result of poor sampling. Therefore, in this case the
empirical canonical correlations between the data matrices X and Y definitely do not
estimate the canonical correlations between the random vectors x and y. Equivalently,
the principal angles between the Euclidean spaces spanned by rows of X and Y do
not estimate the principal angles between the Hilbert spaces spanned by the random
variables in x and y.

Equation (7.21) also shows that the d—dimensional subspace of RM that is shared
by Row-Span{X} and Row-Span{Y} is spanned by the first d surrogate rows of U,
or alternatively by the first d surrogate rows of V, as illustrated in Figure 7.1. In this

figure, the planes show the row spaces of X and Y and the intersection line shows

98

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Row-Span{Y'}

Row-Span{X}

Row-Span{U{1:+.:}}
Row-Span!V{i:d,:}}

Figure 7.1: Geometry of empirical canonical correlations in a sample-poor case.

the d—dimensional subspace shared between Row-Span{X} and Row-Span{Y}.

Since the p columns of V,(:,1 : p) and the ¢ columns of V,(:,1 : ¢) are, respec-
tively, orthonormal bases for Row-Span{X} and Row-Span{Y}, the fact that at least
d of the principal cosines between Row-Span{X} and Row-Span{Y} are equal to one
shows that at least d = (p + ¢) — M columns of V,(:,1 : p) may always be rotated
so that they will be perfectly aligned with d columns of V,(:,1 : ¢). The SVD of
V.(,1:p)TV,(;,1: q) in (7.17) shows that the rotation matrices that perform this
alignment are implemented by U,(:,1 : p)*F.(:,1 : p) and U,(:,1 : ¢)TG.(;,1 : q),
yielding the row-wise basis vectors U(1 : p,:) and V(1 : g, :).

There are two special scenarios of a sample-poor case, the studies of which are
particularly illuminating.

Scenario 1: Consider a sample-poor case in which the dimensions of the row spaces
of Xand Y arep=q¢= M — 1, with M > 2. This, obviously is a sample-poor case,
asp+q=2M —2> M for M > 2. It must be pointed out that this scenario occurs
only when M, the number of samples, is smaller than both m and n, the channel

dimensions.
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Row-Span{ X }+ B

I Row-Span{X}
Row-Span{Y}

Figure 7.2: Geometry of empirical canonical correlations in a sample-poor case,
where row spaces of X and Y are identical.

In this scenario, Row-Span{X} and Row-Span{Y} are both (M —1)—dimensional
subspaces of RM. Therefore, the row spaces of X and Y have to share a subspace of
RM of dimension at least d = 2(M — 1) — M = M — 2. Consequently, at least the
first d = M — 2 (out of M — 1) principal cosines or equivalently the first d = M — 2
sample canonical correlations, i.e. o;, i € [, M — 2] are equal to one. When the
dimension of the shared subspace is exactly d = M — 2, the unshared dimensions of
the Row-Span{X} and Row-Span{Y} have to be orthogonal to each other. In such
case, the (M — 1)th principal cosine or equivalently the (M — 1)th sample canonical
correlation oys_1 will be zero. Thus, we can say that in a sample-poor case where the
dimension of the row spaces of X and Y are p = ¢ = M — 1, all the nonzero sample
canonical correlations are equal to one, regardless of the two-channel vector process
that generates the samples. That is, the sample canonical correlation matrix ¥, may

be expressed as

I(d) 0
¥, =UVl = (@) € R™*", (7.22)

0O o
where d is the dimension of the shared subspace between Row-Span{X} and Row-
Span{Y}. When all the M — 1 sample canonical correlations are equal to one, the
row spaces of X and Y are identical, as illustrated in Figure 7.2. In such case, the

surrogate rows of X may be perfectly estimated from the surrogate rows of Y, or vice

versa, with MSE of zero.
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Therefore, in this scenario, the p = M — 1 columns of V,(:,1 : M — 1) and the
g = M — 1 columns of V,(:;1 : M — 1) may always be rotated so that at least
d = M — 2 of them are perfectly aligned. When the alignment is possible for only
M —2 of these basis vectors, the (M —1)th pair of basis vectors that cannot be aligned
are orthogonal to each other. The alignment of all the columns of V,(:,1: M — 1)
and V,(:,1: M — 1) is possible only when all the M — 1 principal cosines are equal
to one, or equivalently when Row-Span{X} = Row-Span{Y}.

Scenario 2: The other interesting scenario of the sample-poor case is when the
dimension of the row spaces of X € R™M and Y € R**M are p = m and q = n,
respectively, and further p + ¢ = m +n > M. Obviously, this case may occur only
when the number of samples M is greater than m and greater than n, the channel
dimensions, and Rank{X} = p = m and Rank{Y} =¢ =n.

Since in this scenario the sample data matrices X and Y are full-rank, the sample
covariance matrices S,, = XX? and S,, = YY7 are nonsingular. Consequently, the
sample covariance matrices S, = UUT and S,, = VV7T in (7.19) will be equal to
identity, as the orthogonal projection matrices Py, 1.m) = UZU;{ and Py,¢1n) =
UyUg reduce to identity matrices. Additionally, as the matrices U,(:,1 : m) = U,
and U,(:,1: n) = U, are nonsingular, the transformation group in (7.20), reduces to
the one in (2.14). We must note that this is the only scenario of a sample-poor case
in which the sample covariance matrices S,, and S,, are nonsingular.

In this scenario, the samples drawn from the channels are enough to form full-rank
sample covariance matrices. Nonetheless, since p+q = m+n > M, the row spaces of X
and Y still share a subspace of R¥ of dimension at least d = (p+q)—M = (m+n)—M.
In other words, at least d of the principal cosines or sample canonical correlations are
equal to one, regardless of the two-channel vector process that the samples are drawn
from. This shows that nonsingular sample covariance matrices do not guarantee that

sample canonical correlations o; estimate the actual correlation or coherence between

101

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



the two-channel processes x and y. Rather they may still have to be interpreted solely
as principal cosines between two linear subspaces of Euclidean space and nothing
more.

Summarizing our findings, in a sample-poor case, where M < p + ¢, the sample
canonical correlations only explain the underlying Euclidean geometry of the two-
channel sample data matrices. The sample canonical correlations o; should solely be
interpreted as principal cosines between two linear subspaces of Euclidean space and
definitely not as estimates of canonical correlations or principal cosines in the Hilbert
space of second-order random variables. Consequently, in a sample-poor case (linear
or nonlinear) the empirical canonical correlations are defective and may not be used
in any inference based on estimates of theoretical canonical correlations. This result
implies that when the pre-processing of two-channel data samples ® and Y results
in sample-poor data matrices X and Y, the sample canonical correlations between
the surrogate rows of X and Y may not be used as estimates of coherence between

the nonlinear functions (high-order attributes) of the random variables in 8 and v.
7.2.2 Case 2: Sample-Rich (M > p+q)

In this case the number of samples drawn from each channel is greater than or equal
to the sum of the dimensions of the row spaces of X and Y, ie. M > p+q.
Note that being sample-rich does not guarantee that the sample covariance matrices
See = XXT,S,, = XY7, and S,, = YY7 are nonsingular, as p = Rank{X} and
g = Rank{Y} may be smaller than m and n.

Referring again to the linear two—channel model in (7.4), assume, without loss of
generality, that the column mean vectors of © and Y are zero. Then, a sample-rich
case occurs when the sum of the ranks of the matrices A € R™*¢ and B € R™! is
smaller than M. The matrices A and B may be chosen so that they transform the
data samples 8; and v; to a higher, lower, or same dimensions. All that matters is

the relationship between the ranks of A and B and the number of samples M. For
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nonlinear mappings ¢( - ) and (- ), a sample-rich case may occur when mapping
the data samples 8; and v; to a higher, lower, or same dimensions, provided that
after the mapping M is greater than or equal to the sum of the dimensions of the row
spaces of X and Y.

In this case, the row spaces of X and Y are still p— and ¢—dimensional subspaces
of RM. However, as p+q < M, Row-Span{X} and Row-Span{Y} do not necessarily
share a subspace of RM. Therefore, in this case, the first principal cosine between
Row-Span{X} and Row-Span{Y}, or equivalently the first sample canonical corre-
lation oy, is not necessarily equal to one. This implies that, when M > p + ¢ it is
possible to use sample canonical correlations or principal cosines between X and Y to
estimate the canonical correlations or principal cosines between the random variables
in x and y. However, these sample canonical correlations may provide poor estimates
of the theoretical ones, as we typically need a large number of samples to estimate
the theoretical covariance matrices. Thus, all we say here is that contrasting to the
sample-poor case, in a sample-rich case the sample canonical correlations or principal
cosines in Euclidean space are no longer defective for estimating canonical correla-
tions or principal cosines in the corresponding Hilbert space of second-order random
variables. In other words when the number of samples drawn from each channel ex-
ceeds the sum of the ranks of the two data matrices, it is possible to use the sample
canonical correlations as estimates of the theoretical ones.

Therefore, when the mappings ¢ : R — R™ and v : R' — R" are nonlin-
ear, the sample data matrices X € R™M and Y € R**™ must be sample-rich for
the sample canonical correlations to be estimates of canonical correlations between

nonlinear functions of the elements of the two-channel process p = [87 vT|7.
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7.3 Implications for Kernel Canonical Correlation
Analysis

In this section, based on our findings about empirical canonical correlations, we clarify
whether or not kernel formulations for canonical correlation analysis [39]- [46] are
indeed useful. We wish to determine whether or not the kernel formulations have less
computational complexity than the direct formulations, particularly in cases where
the empirical canonical correlations of the nonlinearly mapped data samples are to
be used as estimates of coherence between the random variables in the original data
channels.

In a kernel approach, the surrogate rows of U and V are written in such a way
that only the inner products of the mapped samples x; = ¢(8;) and y; = ¥(v;)
appear in the formulation. Further, these formulations use only nonlinearities for
which their inner products build kernel functions satisfying the Mercer condition
[35]. Then inner products xXx; = ¢(6;)T¢(6;) and y!y; = ¥(v;)Tep(v;) with the
corresponding Mercer kernels k,(6;,6;) and ky(v;,v;) are computed directly using
the original sample pairs {6;,0;} and {v;, v;}, hence obviating the need to explicitly
compute the nonlinear mappings x; = ¢(0;) and y; = ¥(v;). With this so called
“kernel trick” [35], the kernel Gram matrices K, = XTX = [k,(6;,0;)]_, € RM*M
and K, = YTY = [k, (v;,v;)]¥_, € RM*M appear in the formulations, instead of
the sample covariance matrices S,, = XX” € R™™ S, = YY? € R™", and
Szy = XYT € R™x™,

To further clarify, we derive a kernel formulation for canonical correlation analysis
as follows. Pre-multiply (XX7)~2XYT(YYT)"7/? = F.X.GT by (XX7)/? and

post-multiply it by G, to obtain
PxXYZT (YYD 1?G, = XXH)V?F .. (7.23)
Here, since X is not in general full-rank, the matrix Px = (XXT)V/2(XX%)~1/2 =

U,(;,1:p)U,(:,1: p)T is an orthogonal projection.
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Similarly, pre-multiply (YY?)"/2YXT(XXT)-T/?2 = G, ETFT by (YYT)/2 and

post-multiply it by F. to obtain
PyYXT (XX TPF, = (YYT)V2G 2T, (7.24)

where Py = (YYDO)V2(YYT)"Y2 = U,(;,1: ¢)U,(:;,1: ¢)T is an orthogonal projec-
tion. Define
D, = (XXT)~T?F, and D, = (YYT)T2G,, (7.25)

and note that PxX = X and PyY =Y. Then, we may rewrite (7.23) and (7.24) as

XYT'D, = XXTD,X.
(7.26)
YX'D,=YY'D,XT.
Equation (7.26) is a coupled asymmetric generalized eigenvalue problem that may be
solved for D, and D,, and the shared eigenvalue matrix 3,27, We note that this
generalized eigenvalue problem is identical in form with the generalized eigenvalue
problem in (3.13). However, in deriving the generalized eigenvalue problem of (3.13)
we had assumed that channel covariance matrices were known and full-rank. There-
fore, we couldn’t simply replace the theoretical covariance matrices in (3.13) with
their corresponding sample estimates, which may be rank-deficient. Thus, we had to
re-derive this generalized eigenvalue problem here for the sample data case.
The sample canonical correlation matrix 3. and the surrogate rows of U and V
may now be determined from
U = FI(XXT)~1/2X = DIX
V =GI(YY")"?Y =DIY (7.27)
3, =UVT =DIXYTD,.
From (7.25), it may be shown (see Appendix D) that Col-Span{D,} = Col-Span{X}
and Col-Span{D,} = Col-Span{Y}. Thus, the matrices D, and D, may be written

as

D, =XQ, and D,=YQ,, (7.28)

105

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



where Q, € RM*™ and Q, € RM*" are full-rank matrices.
Pre-multiplying the first equation in (7.26) by X and the second one by Y7,
and then using (7.28) yields the following coupled generalized asymmetric eigenvalue

problem for Q,, Q,, and X.:

K.K =K., Q.X,
,Q, =K.Q 720)

K,K.Q. = K,Q,>{
where K, = XTX and K, = YTY are the kernel Gram matrices for X and Y,
respectively. Plugging D, = XQ, and D, = YQ, into (7.27), the solutions for U,
V, and 3. are
U = DIX = QTX7X = Q'K,
V=DIY=Q'Y"Y = QJK, (7.30)
¥, =UVT = QIK.KIQ,.

The generalized eigenvalue problem of (7.29) for Q, and Q,, and the expres-
sions for U, V, and X, in (7.30) only depend on the kernel Gram matrices K, and
K,. The elements of K, = [k,(6;,0;)]_, and K, = [k, (v, v;)]M_, are the Mercer
kernel functions that may be directly computed from the data samples in ® and
Y. Consequently, in computing the sample canonical coordinate matrices U and V,
and the sample canonical correlation matrix 3., only the inner products k.(6;, 6;)
and k,(v;,v;) are needed, and the explicit computation of the nonlinear mappings
x; = ¢(0;) and y; = ¥ (v;) is not required.

Remark: Here, we have assumed that the columns of the mapped sample data
matrices X and Y are centered, which seems to require the explicit computation of
columns of X and Y. However, it may easily be shown that this mean correction
may be accounted for by simply replacing K, and K, with P{ K,P{ and P1K,P5,
—19T

where P71 is the (centering) orthogonal projection matrix P =1 — 1(171) and

1=[1,1,...,1]T e RM.
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Comparing (7.26) and (7.29), the generalized eigenvalue problem in (7.26) requires
the computation and manipulation of the sample covariance matrices S,, = XX7,
Sy = XYT, and S,y = YY7T of dimensions m x m, m x n, and n x n, respectively,
whereas the formulation in (7.29) requires computation and manipulation of the kernel
Gram matrices K, = X?X and K, = YTY of dimension M x M.

When the nonlinearities ¢( - ) and (- ) are chosen so that m and n, the dimen-
sions of the mapped data samples x; = ¢(8;) and y; = ¥ (v;), are greater than the
number of samples M, i.e. M < m < n, the kernel formulation in (7.29) is computa-
tionally more efficient than the direct formulation in (7.26), as the dimensions of the
kernel Gram matrices K, € RM*M gnd K, RM*M are smaller than the dimensions
of the sample covariance matrices S,, € R™*™, S,, € R™*" and S,, € R**". This
is the case that is typically considered in kernel canonical correlation analysis, as it is
only in this case that the formulation in (7.29) can offer a computational advantage
with respect to the direct formulation in (7.26). However, when M < m < n, the
sample data matrices X and Y are typically sample-poor, i.e. M < p+ q. Conse-
quently, the sample canonical correlations are defective and do not estimate coherence
between the nonlinear functions of the random variables in @ and v. When X and Y
are sample-rich, i.e. M > p+gq, but M < m < n, the empirical canonical correlations
will be poor estimates of the theoretical canonical correlations. Therefore, in cases
where the kernel formulation is computationally advantageous with respect to the di-
rect formulation, the sample canonical correlations between the nonlinearly mapped
data matrices do not usefully estimate coherence between high-order attributes of the

random variables in the original data channels.
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7.4 Simulation Results

We begin this section with a simple simulation to demonstrate the effect of sample
support on canonical correlation analysis. Then, we present three simulation exam-
ples to show that pre-processing two-channel data with nonlinear mappings prior to
canonical correlation analysis may reveal coherence between high-order attributes of
the original data channels, even when second-order analysis of coherence would show
them to be non-coherent.

The sample data matrices ® = [0y,...,0y] € R*M and Y = [vy,...,vy] €
R>*M are formed from column-wise collections of M random samples drawn from the

two-channel model

0 =mny

v=000+mn,.
In this model ng € R* and 7, € R* are two independent white Gaussian vectors
with densities N(0,I) and N(0,0.11), respectively, and 8 o 8 is the Schur product of
0. That is, the ith element of v = 8 0 8 + 1, is v; = 02 + 1. It is easy to verify
that the elements of @ = [0, ...,04]" and those of 808 = [#2,...,62]T are mutually
uncorrelated, as the elements of the cross-covariance matrix between @ and 6 o 6
are the third-order moments of 8 ~ N(0,I), which are all zero. Consequently, the

elements of @ and v are mutually uncorrelated, and in fact independent.
7.4.1 Effect of Sample Support

Table 7.1 lists the theoretical canonical correlations between @ and v, and the em-
pirical canonical correlations of the sample data matrices ® and Y for M = 100, 50,
25, 12, and 6. For the first four values of M, the sample data matrices ® and Y are
sample-rich, whereas for M = 6, @ and Y are sample-poor. The coherence between 6
and v, measured by the first two canonical correlations, i.e. H = 1—(1—0%)(1—02),
are also listed in this table for both theoretical and empirical cases. For M = 100, the

empirical canonical correlations are small and coherence is near zero, showing that
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Table 7.1: Effect of sample support on empirical canonical correlations and coher-
ence.

Theoretical | M =100 | M =50 | M =25 | M =12 | M

=6
o1 0 0.2727 0.5706 | 0.7247 | 0.9118 1

lopy 0 0.1575 0.3852 | 0.5493 | 0.7839 1
03 0 0.1305 0.2189 | 0.3563 | 0.5383 | 0.8293
o4 0 0.0492 0.0674 | 0.0933 | 0.1892 | 0.3414
H 0 0.0973 0.4257 | 0.6684 | 0.9350 1

elements of @ and v are mutually uncorrelated. However, as the number of samples
M decreases the empirical canonical correlations and coherence increase, making the
false impression that @ and v are coherent. This shows that as the sample support
becomes smaller the empirical canonical correlations carry less and less information
about the theoretical ones, and finally when © and Y become sample-poor (M = 6)
the empirical canonical correlations cease to carry any information about the theo-
retical canonical correlations.

Figure 7.3 shows the concentration ellipses of the error in estimating the first
two surrogate rows of U from the first two surrogate rows of V. The theoretical
concentration ellipse of the error in estimating the first two canonical coordinates of
X, i.e. uq and usg, from the first two canonical coordinates of y, i.e. v; and s, is also
plotted. This concentration ellipse has its largest possible volume, i.e. one, as u and
v are mutually uncorrelated. Among the empirical cases, the case with M = 100 has
the closest concentration ellipse to the theoretical one. As the number of samples M
decreases the concentration ellipses become smaller, misleading us to think that v
and vy carry a lot of information about u; and us. For the case where M = 6 and ©
and Y are sample-poor, the volume of concentration ellipse is zero, suggesting that
uy and uy can be perfectly estimated from vy and vy. In this case the sample support
is so poor that the empirical canonical correlations carry absolutely no information

about the theoretical ones.
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Figure 7.3: Concentration ellipses in canonical coordinates for various sample sup-
port sizes.

7.4.2 Pre-Processing Two-Channel Data with Nonlinear Mappings

We now clarify whether or not nonlinearities ¢ : R* — R™ and v : R* — R™ may
be chosen such that the empirical canonical correlations of the mapped sample data

matrices

X =[x1,....,xpm| = [@(61),...,0(0m)]
Y =[yi,...,ym] = [(v1),..., ¥ (vu)]

reveal coherence between high-order attributes of the elements of 8 and v. In our

(7.31)

experiments the mapped sample data matrices X and Y will be sample-rich. Based
on the results of the previous simulation, the number of samples is chosen to be
M = 100.

Roughly speaking, if ¢( - ) and 4 ( - ) are chosen to be polynomial type nonlinear-
ities, the elements of the cross-covariance matrix S,, become estimates of high-order
moments of the Gaussian distribution N(0,I). This gives us some intuition for se-
lecting ¢(-) and (- ) to obtain large canonical correlations after the mappings.

However, we note that the simulation examples presented in this section are for the
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sole purpose of demonstrating that pre-processing two-channel data with nonlinear-
ities prior to canonical correlation analysis can reveal coherence between high-order
attributes of the original channels. These simulations are not intended to assess the
extent of suitability of different nonlinearities for canonical correlation analysis. Sys-
tematic selection of nonlinearities for canonical correlation analysis is an open research
area.

Ezample 1: Looking at the two-channel model in (7.1) for @ and v, an obvious

choice is to select ¢ : R* — R* and 1) : R* — R* so that

X = ¢(91) = [91‘217 e ,9124]T

y: = ’QD(’UI') = [Uila e 7Ui4]T

(7.32)

with 6;; being the jth element of 6;, and v;; being the jth element of v;. With
this choice of ¢(-) and (- ), the mapped sample data matrices X € R**1% and
Y € R¥1% are full-rank and sample-rich. In this case, the dimension of the data
vectors before and after the mapping are the same.

Table 7.2 lists the empirical canonical correlations of the sample data matrices
® and Y, and those of the mapped sample data matrices X and Y. The empirical
canonical correlations of the sample data matrices ® and Y are very small, showing
that the elements of 8 are mutually uncorrelated with elements of v. However, after
pre-processing these rows with nonlinear mappings ¢(-) and (- ), the empirical
canonical correlations of the mapped sample data matrices X and Y become very
close to one, showing that nonlinear functions of 8 and v are nearly co-linear.

The coherence between @ and v, estimated by the first two empirical canonical
correlations, is H = 1 — (1 — 02)(1 — 03) = 0.0973, whereas the coherence between
x = ¢(0) and y = ¢(v) is H = 0.9972. Thus, before the nonlinear mappings the
coherence is near zero, whereas after the nonlinear mappings the coherence is near

one. This result shows that pre-processing the data channels with nonlinear functions
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Table 7.2: Empirical canonical correlations between ® and Y, and X and Y in
Example 1.

Linear | Nonlinear
o1 0.2727 0.9758
09 0.1575 0.9702
03 0.1305 0.9589
04 0.0492 0.9554

0.8+
Linear

0.6
0.4+

0.2
Nonlinear

)
el
2]
-

-1 -0.5

Figure 7.4: Concentration ellipses in canonical coordinates for Example 1.

prior to canonical correlation analysis may indeed reveal coherence between high-
order attributes of the channels, even when the original data channels are mutually
non-coherent.

Figure 7.4 shows the concentration ellipse of the error e = [e; es]” in estimating
the first two surrogate rows of U from the first two surrogate rows of V, before and
after applying the nonlinear mappings to @ and Y. The considerably smaller concen-
tration ellipse in the nonlinear case suggests that the rate at which the surrogate rows
of V carry information about the surrogate rows of U has increased significantly, as

a result of applying nonlinear mappings ¢( - ) and ¥( - ).
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Table 7.3: Empirical canonical correlations between ® and Y, and X and Y in

Example 2.
Linear | Nonlinear
o1 0.2727 | 0.8270
P 0.1575 | 0.7641
03 0.1305 | 0.4763
04 0.0492 -
Ezample 2: In the second example, the data samples 6; = [0;1,...,0:)7 and
v; = [Ui1, . .., via] T are transformed to a lower dimensional space, using ¢ : R* — R3

and ¥ : R* — R3, where

x; = §(6;) = [076%, 0503, 0502]" (7.33)
yi = ¥(vi) = [Vvh, vhuR, viuE]"
For these choices of ¢( - ) and (- ), the mapped sample data matrices X € R3*1%
and Y € R3%10 are full-rank and sample-rich.

Table 7.3 lists the empirical canonical correlations of the sample data matrices @
and Y, and those of the mapped sample data matrices X and Y. In this case, the
estimated coherence between x = ¢(0) and y = 9(v) is H = 0.8696. The empirical
canonical correlations and the coherence between the surrogate rows of X and Y
are considerably larger than those between the surrogate rows of ® and Y. Again,
this implies that pre-processing the data samples with nonlinear functions prior to
canonical correlation analysis may reveal coherence between high-order attributes of
the channels.

Figure 7.5 shows the concentration ellipse of the error e = [e; e5]” in estimating
the first two surrogate rows of U from the first two surrogate rows of V, before and
after applying nonlinear mappings to ® and Y. Again, the considerably smaller con-
centration ellipse in the nonlinear case indicates that the rate at which the surrogate

rows of V carry information about the surrogate rows of U has increased significantly,

after applying nonlinear mappings ¢( - ) and ¥( - ).
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Figure 7.5: Concentration ellipses in canonical coordinates for Example 2.

Ezample 3: In the last example, the nonlinearities ¢( - ) and 4 ( - ) are chosen so

that they transform the data samples 8; and v; to

X; = ¢(0;) = [0:0i]jp1; T <k

yi = ®(vi) = [Vvil;p1; T <k

(7.34)

The elements of ¢(6;) € R and 1(v;) € R'° are the elements in the upper triangle

of the outer products ;67 and v;v!, respectively. That is, data samples 6; and v;

T

are replaced by the rank-one correlation matrices 8,07 and v;v}, and only unique
elements of these matrices are retained. Here the nonlinearities transform the data
samples to a higher dimensional space, but the mapped sample data matrices X and
Y remain sample-rich.

For the choice of nonlinearities in (7.34), the inner products x’x; = ¢(68;)T¢(0;)
and yly; = ¥ (v;)T1p(v;) may be written as second-order homogenous kernel func-

tions [35]. That is,

X'ij = ¢(0;) ¢(9j) = (0?93')2 = km(ei’gj)

()

yiy; = (v)Teb(v;) = (v]v;)? = ky(vi,v;).

(7.35)
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Table 7.4: Empirical canonical correlations between ® and Y, and X and Y in

Example 3.
Linear | Nonlinear (Direct) | Nonlinear (Kernel)
o1 0.2727 0.9735 0.9735
lop) 0.1575 0.9582 0.9582
o3 0.1305 0.9500 0.9500
o4 0.0492 0.9116 0.9116
o - 0.6000 0.6000
06 - 0.4264 0.4264
o7 - 0.2989 0.2989
O - 0.1647 0.1647
09 - 0.0937 0.0937
010 - 0.0468 0.0468

This example demonstrates the application of kernel nonlinearities for canonical cor-
relation analysis. However, since M > n > m the kernel formulation is not computa-
tionally advantageous with respect to the direct formulation.

Table 7.4 lists the empirical canonical correlations of the sample data matrices
® and Y, and those of the mapped sample data matrices X and Y, obtained using
the direct and kernel formulations. Similar to the previous examples, as a result of
nonlinear mappings, the empirical canonical correlations reveal high-order coherence
between the original channels. In addition, it is seen that the empirical canonical
correlations of X and Y, computed from the kernel formulation are identical with
those computed from the direct formulation.

In this case, the estimated coherence between 8 and v is H = 0.9957. The con-

T in estimating the first two surrogate rows

centration ellipses of the error e = [e; eq]
of U from the first two surrogate rows of V, before and after applying the nonlinear
mappings to ® and Y are shown in Figure 7.6. Again, the results indicate that pre-

processing the data samples with nonlinear functions prior to canonical correlation

analysis may reveal coherence between high-order attributes of the channels.
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Figure 7.6: Concentration ellipses in canonical coordinates for Example 3.

7.5 Conclusions

In this chapter, we have studied the canonical coordinate decomposition of two-
channel data, when the channel covariances are estimated from a limited number
of samples. Depending on the number of samples drawn from each channel, and the
ranks of the sample data matrices, two different cases emerge: the sample-poor case,
in which the number of data samples is smaller than the sum of the ranks of the data
matrices, and a sample-rich case, in which the number of data samples is greater than
the sum of the ranks of the data matrices. This chapter shows that, in either case,
it is the rows of the sample data matrices that determine the empirical canonical
correlations, and that the empirical canonical correlations measure the cosines of the
principal angles between the row spaces of the two data matrices. Further, we have
shown that the empirical canonical correlations form a maximal set of invariants for
the composite sample covariance matrix of two-channel data.

We have established that in a sample-poor case some of the empirical canonical
correlations or principal cosines are always equal to one, regardless of the two-channel

model that generates the data samples. This result has also been reported in [45],
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without a rigorous analysis. Therefore, the empirical canonical correlations are de-
fective and may not be used as estimates of canonical correlations between random
variables. Geometrically, this means that principal angles between linear subspaces
of Euclidean space can not be used as estimates of principal angles between corre-
sponding linear subspaces of the Hilbert space of second-order random variables. In a
sample-rich case, however, the empirical canonical correlations do estimate the canon-
ical correlations and principal cosines between the random variables that generate the
samples, and hence may be used for estimating coherence between two data channels.

These results imply that sample data matrices of nonlinearly mapped data must
remain sample-rich for empirical canonical correlations to estimate coherence be-
tween high-order attributes of the original channels. Three simulation examples
have demonstrated that empirical canonical correlations extracted from nonlinearly
mapped, sample-rich, data samples can estimate coherence between high-order at-
tributes of the original channels. Additionally, we argued that in cases where the
kernel formulation of canonical correlation analysis is computationally advantageous
with respect to the direct formulation, the empirical canonical correlations between
two data matrices do not usefully estimate coherence between the corresponding data
channels. Therefore, this computational advantage is superficial and does not have

any practical value.
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CHAPTER 8

CANONICAL CORRELATIONS FOR
CLASSIFICATION OF UNDERWATER

TARGETS

8.1 Introduction

The problem of classifying underwater targets using active sonar has attracted a lot of
attention in recent years [52], [71]- [85]. This problem involves discrimination between
targets and non-targets, as well as characterization of background clutter. Some of
the factors that complicate this process include: non-repeatability and variation of
target signatures with aspect angle, range, and grazing angle; diverse sizes, shapes,
and scattering properties of the targets; presence of natural and man-made clutter;
and a highly variable and reverberant operating environment. The problem is even
more complicated when bottom targets are encountered, especially if they are buried
or obscured by bottom features.

Due to the above factors, it is often difficult to detect and classify objects of interest
(target /non-target) based on the measurement from a single object-sensor orientation
(aspect/view angle). There are often orientations at which different objects may look
nearly identical. Consequently, in real-life situations, the decision about the presence

and type of an object is generally made based upon observations of the received
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signals at several aspect angles. This is due to the fact that multi-aspect classification
typically provides better resolution and sensing of the 3-D properties of the object,
in the changing environment.

In recent years, several different multi-aspect classification methods for detec-
tion and classification of underwater targets from acoustic backscattered signals have
been developed [52], [71]- [81]. A good review of these methods is provided in [52].
However, in all these methods, multi-aspect classification is performed through one
of the following classification fusion methods: decision-level fusion [52], feature-level
fusion [52], or a combination of decision-level and feature-level fusion [52]. In the
decision-level fusion, after a single sonar return at a particular aspect angle is ob-
served, a preliminary decision about the presence and type of the object (target or
non-target) is made. The final decision is made at the fusion center, typically a neu-
ral network, based upon multiple of these single-aspect preliminary decisions. In the
feature-level fusion, on the other hand, a feature vector is extracted from every single
sonar return. Then, multiple of these feature vectors are simultaneously applied to a
decision making system, e.g. a detector or classifier, to determine the final decision.

In this chapter (see also [49] and [50]), we take a different approach to multi-
aspect underwater target classification. In this approach multi-aspect classification is
performed by extracting features that capture common target/non-target attributes
among two sonar returns. In other words, multi-aspect classification is performed
via multi-aspect feature extraction. This is accomplished by exploiting the linear
dependence, or coherence, between two consecutive sonar returns, with certain aspect
separation. The idea here is that linear dependence between the sonar returns is
an indication of the presence of a common signature, whereas linear independence
indicates the absence of a common signature. This is the basic idea behind multi-

channel tests for linear dependence [3] and the multiple coherence test of [47], [48].
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In Chapter 2, we established that the linear dependence between two data chan-
nels is measured by the canonical correlations of the channels. This implies that
canonical correlations can be viewed as features that capture linear dependence or
coherence between the two data channels, and hence may be used for detection or clas-
sification. We intend to exploit this idea for classifying underwater mine-like objects
(targets) from non-mine-like objects (non-targets). In this approach, the channels
correspond to acoustic backscattered signals at two consecutive aspect angles, with
certain aspect/ping separation.

Using canonical correlations, we exploit the linear dependence between two back-
scattered signals or sonar returns to determine whether common signatures associated
with targets or non-targets are present. We hypothesize that the amount of coherence
between the two sonar returns generated by the presence of a mine-like object is
different from that caused by the presence of a non-mine-like object. Therefore, the
dominant canonical correlations, which capture most of the coherence between the
two sonar returns, may be used to classify the objects at the corresponding aspect
angles. We test our hypothesis on a subset of a wideband data set that was collected at
the Applied Research Lab (ARL), University of Texas (UT)-Austin, and benchmark
our results against those obtained in [52] on the same data set.

Additionally, we shall investigate the potential use of nonlinearly mapped two-
channel data, followed by canonical correlation analysis, with the aim to capture
coherence between high-order attributes of the two sonar returns. We use several
nonlinearities to map the data samples extracted from the sonar returns in order
to investigate whether or not the canonical correlations between the nonlinear func-
tions of the backscattered signals can improve the discrimination of mine-like objects
from non-mine-like objects. Our results show that not only the canonical correla-
tion features extracted from the nonlinearly mapped sonar returns do not improve

the discrimination between targets and non-targets, they impair it compared to the
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canonical correlation features extracted from the original (linear) sonar returns.

8.2 Wideband Sonar Data Set

The sonar data set used in this study is a subset of a wideband acoustic backscattered
data set collected at the ARL-UT, Lake Travis test facility [51], [52]. This subset
contains acoustic backscattered signals from three mine-like and three non-mine-like
objects, resting on a solid interface, in two different environmental conditions, namely
smooth and rough bottom. For the rough bottom condition the sand was raked, giving
it rippled effects. The mine-like objects are two cylindrical steel objects (Targets 6
and 7), and a truncated cone shape plastic object (Target 2). The non-mine-like
objects are a water-filled steel drum, a concrete pipe, and a telephone pole.

Figure 8.1 shows the experimental setup used for collecting the ARL-UT data
set [51]. During the data collection, the objects were placed on a rotating seabed,
25-30 ft below the lake surface, with minimal embedding/scouring. The diameter of
the seabed was 25 ft. The center of the object was positioned as near to the center of
the circular platter (seabed) as possible. Certain straps and parts of the supporting
barge were also in the water in the vicinity of the seabed. These parts can cause
returns separate from the main return from the object. Attempt was made in the
experimental setup to baffle these artifacts, using either steel or plastic baffles, coated
with 5/8 inch construction styrofoam.

An acoustic panel was set at depression/elevation (D/E) angle of 13.5 degrees,
and range of 105 ft from the center of the seabed. The transmit signal was a linear
frequency modulated waveform with a bandwidth of 85 kHz in the range of 15-100
kHz, and was approximately 7 msec long. While the seabed was rotated for 360
degrees, acoustic backscattered signals were collected at nearly uniform separations
of 0.2 degree, using a receiver array of 64 elements. The backscattered signals were

recorded for approximately 16 msec at 500 kHz sampling rate, resulting in 8192

samples.

121

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Lake Travis Test Station Barges

Center of

Acoustic System N
Transmit: 1-3 Composite Rotation 30 ft
Recaive: 4 x 16-element PVDF |
Frequency Range: 15 - 240 kHz 0-150ft
-
DJ/E angle l
Baffle ———f»= Rotating /1

and Svnchre

Figure 8.1: ARL-UT experimental setup for bottom target/non-target data collec-
tion.

Figure 8.2 shows the acoustic panel, used in collection of the ARL-UT data set [51].
The transmit array is divided into several separate sections, providing various sub-
apertures, in order to allow for total insonification of mine-like and non-mine-like
objects at any particular frequency between 15 kHz and 100 kHz. The receiver array
consists of four horizontal arrays, each with 16 elements (channels). Fach receiver
element is 2 inches tall and 1 inch wide. Preamps mounted behind the receiving
elements allow the use of these elements between 1 kHz and 600 kHz. During the
data collection, several different (receiver) array configurations were used: (a) a 16
channel configuration, consisting of all 16 channels of array A, (b) a 16 (4 x 4) channel
configuration, consisting of channels 7 to 10 (counting from the left) of all the arrays
(A to D), and (c) a 32 channel configuration, consisting of all 16 channels of array A,
channels 6 to 11 of array B, and channels 6 to 10 of arrays C and D. Since in all of
these configurations channels 7 to 10 of array A are common, in our experiments, we

use the averaged data of these four channels. This averaging results in a beam that
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Figure 8.2: Acoustic panel for wideband data acquisition.

mainly insonifies the objects and not much of their surroundings. At 100 kHz the
heamwidth is approximately 7.6 degrees, resulting in a coverage width of 14 ft. This
coverage is wide enough to cover the entire length of the objects and narrow enough to
avoid the side edges of the seabed. Finally, we note that although the backscattered
signals were recorded at every 0.2 degrees, only the backscattered signals at every 1

degree are used in our experiments.
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8.3 Feature Extraction Process

In this section, we describe how canonical correlation analysis may be used to extract
a set of features that capture common target/non-target attributes among two con-
secutive sonar returns, with certain aspect separation. Later, in Section 8.4, we will
apply the feature extraction method presented here to the wideband ARL-UT data
set, and use the extracted features for classifying mine-like objects from non-mine-like
objects.

To build the ensembles of the two channels (x and y) for canonical correlation
analysis, we partition two backscattered signals from an object, with certain aspect
separation, into overlapping blocks, as illustrated in Figure 8.3. In this figure, sonar
return 1 is the backscattered signal from an object at aspect angle, say 31, and sonar
return 2 is the backscattered signal from the same object at aspect angle 3, = B1+Af,
where Af is the aspect separation between these two returns. The blocks of sonar
return 1 are taken as the samples of the first channel (the x-channel) and the blocks of
sonar return 2 are taken as the samples of the second channel (the y-channel). That
is, referring to Figure 8.3, the data sample x; is the vector of the time series associated
with the ith block of range cells in sonar return 1, and y; is the vector of the time
series associated with the ith block of range cells in sonar return 2. The collections of
these data vector samples form the sample data matrices X = [x3,...,xp] and Y =
[y1,...,yum] for canonical correlation analysis. The dominant canonical correlations
between these two sample data matrices, which capture most of the coherence, will be
used as features to represent the backscattered signal at the aspect angle 3y, i.e. the
first sonar return in the pair. The alternating power methods developed in Chapter
5 may be used here for extracting the dominant canonical correlations.

We note that the aspect separation Ag should be large enough so that the re-
verberation effects are almost uncorrelated, but not too large so that the returns

from the objects remain coherent. For the ARL-UT data set, we have experimentally
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Figure 8.3: Building the ensembles of the two channels (x and y) for canonical
correlation analysis from two consecutive sonar returns.

determined that an aspect separation of A = 16 degrees is a reasonable choice.
Therefore, in the simulations preformed in Section 8.4, the sonar returns from an
object in the ARL-UT data set are paired according to aspect angles as follows:
{1,17}, {2,18} --- ,{344,360},{345,1},--- , {360, 16}. Considering the pair {2, 18}
as an example, sonar return 1 in Figure 8.3 corresponds to the aspect angle ) = 2°,
while sonar return 2 corresponds to the aspect angle 3, = 18°. Consequently, the
dominant canonical correlations extracted from the pair {2, 18} will be used as fea-
tures at the aspect angle 8; = 2°.

In situations where linear dependence between the sonar returns is not adequate
to discriminate targets from non-targets, the data samples obtained from a pair of
sonar returns, i.e. x;’s and y;’s, may be mapped using nonlinear functions ¢(-) and
1(+), prior to canonical correlation analysis. The dominant canonical correlations
extracted from the nonlinearly mapped data samples ¢(x;) and ¥(y;) may then be
used as features to represent the first backscattered signal in the corresponding pair,

as in the linear case.

8.4 Canonical Correlation Features and Classifica-
tion Results

In this section, the feature extraction process described in Section 8.3 is applied to the

sonar returns in the ARL-UT data set, and the extracted features are used to classify
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mine-like objects from non-mine-like objects. In the experiments performed here, the
backscattered signals are partitioned into blocks of size 50 samples, with 50% (25

samples) overlap. This value for block size has been determined experimentally.

8.4.1 Original Two-Channel Sonar Data

Here, the canonical correlation analysis is directly performed between the original
sample data matrices X and Y, formed by range partitioning in two sonar returns
with 16 degrees aspect separation. Therefore, each data vector sample for x and y
channels is 50-dimensional. We extract the first 15 out 50 canonical correlations of
the two sample data matrices and use them as features to represent the first aspect
angle in the pair. These features capture most of the coherence between the sonar
returns. The alternating block power method, developed in Chapter 5, is used here
for extracting the first 15 canonical correlations of X and Y.

Experiment 1: The objective here is to demonstrate the usefulness of canonical
correlation features for classifying targets from non-targets in both smooth and rough
bottom conditions. The training data set for classification is formed from the feature
vectors extracted at 90 aspect angles of the smooth bottom data, at aspect increments
of 4°. The feature vectors extracted from the rest of the aspect angles of the smooth
bottom data (270 aspect angles) are kept to validate the trained classifier. We refer
to this set as the validation data set. This is the set that is used to select the
best trained classifier. To see how well the trained classifier generalizes, the features
extracted from the backscattered signals in the rough bottom condition are used as
the testing data set.

Figures 8.4 and 8.5 show the scatter plots of the first four features (the first four
canonical correlations) for the training, validation, and testing data sets. As can be
seen, for the training data set (Figures 8.4(a) and 8.5(a)), and the validation data
set (Figures 8.4(b) and 8.5(b)), the features of mine-like objects (Targets 2, 6, and 7)

are packed together and almost completely separated from those of the non-mine-like
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Figure 8.4: Scatter plots of the first two canonical correlation features for (a) training,
(b) validation, and (c) testing data sets. The scatter plots show that, for five out of six
objects canonical correlations are fairly robust (only slightly change) to the changes
in the bottom condition.
objects (steel drum, concrete pipe, and telephone pole). Additionally, the extracted
features for the training and validation data sets, for the objects in the smooth bottom
condition, are consistent (occupy the same regions in the scatter plots).

In the rough bottom test condition (Figures 8.4(c) and 8.5(c)), features of Target
2, Target 6, and the telephone pole stay in the same regions as in the smooth hottom
condition, while those of the drum and concrete pipe become more compact and move

slightly towards the right side of the plot. Nonetheless, they still occupy almost the

same regions as in training and validation data sets. Features of Target 7, however,
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Figure 8.5: Scatter plots of the third and fourth canonical correlation features for
(a) training, (b) validation, and (c) testing data sets. The scatter plots show that, for
five out of six objects, canonical correlations are fairly robust (only slightly change)
to the changes in the bottom condition.
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Table 8.1: Classification rates obtained using canonical correlation features versus
those of the LPC subband features.

Features Training | Validation | Testing

Canonical correlation | 99.1% 98.6% 81.0%

LPC subband 99.6% 82.5% 75.2%

move from the upper right corner and spread out to the left side and mix with those of
the steel drum and concrete pipe. The reason for changes in features of Target 7 may
be attributed to the secondary reflections between this rather large cylindrical target,
rough sand, and edges of the rotating seabed. Clearly, as will be shown shortly, this
leads to some degradation in classification performance in the rough bottom condition.
These scatter plots clearly show that for five out of six objects, canonical correlations
are fairly robust (only slightly change) to the changes in the bottom condition.
Subsequently, the extracted canonical correlation features are used to train a back-
propagation neural network (BPNN) [86] to classify the mine-like objects (Targets 2,
6, and 7) from non-mine-like objects (steel drum, concrete pipe, and telephone pole).
To find a good network structure, eight different two-layer BPNN structures were
tried. The number of hidden layer neurons was varied from 26 to 46. Each network
was trained for ten different weight initializations. The training was performed for
10000 epochs, where an epoch was a complete sweep over the entire training data
set. The best BPNN classifier, which was selected based on the average classfication
rates on training and validation data sets, gave a correct classification rate of 99.1%
on the training data set, 98.6% on the validation data set, and 81.0% on the testing
data set. These percentages are obtained based on a hard-limiting decision threshold.
Table 8.1 benchmarks our classification results against those in [52], which uses linear

predictive coding (LPC) subband features and decision-level fusion.
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Table 8.2: Confusion matrices of the BPNN classifier trained with canonical corre-
lation features.

| | Validation Data Set | Testing Data Set |
Object Target | Non-Target | Target | Non-Target
Target 6 270 0 360 0
Target 7 270 0 2 358
Target 2 270 0 360 0
Drum 0 270 0 360
Concrete Pipe 0 270 0 360
Telephone Pole 22 248 52 308

Table 8.3: Confusion matrices of the BPNN classifier trained with LPC subband
features.

| | Validation Data Set | Testing Data Set |

Object Target | Non-Target | Target | Non-Target
Target 6 215 99 224 136
Target 7 177 93 214 146
Target 2 265 5 349 11

Drum a7 213 128 232

Concrete Pipe 56 214 92 268
Telephone Pole 17 2563 22 338

The confusion matrices obtained for the classifiers, trained using these two feature
types, are shown in Table 8.2 (for the canonical correlation features) and Table 8.3
(for the LPC subband features). The results clearly demonstrate the promise of
the canonical correlation features for classifying targets from non-targets in different
bottom conditions.

It is interesting to note that the classifier trained using canonical correlation fea-
tures has correctly classified Targets 2 and 6 at all aspect angles in both smooth

and rough bottom conditions, while the classifier trained using the LPC subband

130

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



features has poor performance on these targets. Additionally the canonical correla-
tion features provide substantially lower false alarm® rates (2.7% for validation and
4.8% for testing) compared to the LPC subband features (16.1% for validation and
22.4% for testing). However, the classifier trained with the LPC subband features
provides better performance for Target 7 in the rough bottom condition compared to
the canonical correlation-based classifier.

Experiment 2: Our goal in this experiment is to investigate the robustness
of the canonical correlation features with respect to aspect angle variation in a fixed
bottom condition, namely the smooth bottom. The training data set for each object is
formed from the feature vectors extracted for 1/4 of the aspect angles that correspond
to one side of the objects (aspect angles 0 to 179 degrees) only. The feature vectors
extracted from the rest of the aspect angles between 0 to 179 degrees in the smooth
bottom condition are kept to validate the trained classifier. The generalization and
robustness of the trained classifier is tested, in the same bottom condition, using the
features extracted from sonar returns from the other side of the objects, at aspect
angles 180 to 359 degrees. Clearly, in this experiment the classifier is not exposed to
the information on the other side of the objects during the training and validation
process.

Figures 8.6(a)-(c) show the scatter plots of the first two canonical correlation
features for the training, validation, and testing data sets. As can be seen, the
canonical correlation features for targets are similar and almost completely separated
from those of the non-targets. Additionally, the extracted features for the training,
validation, and testing data sets for the objects are fairly consistent, implying that the

canonical correlation features are indeed robust with respect to aspect angle variation.

IFalse alarm is defined as misclassification of a non-target as a target.
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Table 8.4: Confusion matrices of the BPNN classifier trained with the canonical
correlation features that are extracted from one side of the objects.

{ | Validation Data Set | Testing Data Set |

Object Target | Non-Target | Target | Non-Target
Target 6 135 0 180 0
Target 7 135 0 179 1
Target 2 135 0 178 2

Drum 0 135 0 180

Concrete Pipe 0 135 0 180
Telephone Pole 15 120 1 179

In this case, the best two-layer BPNN classifier, trained with the extracted canon-
ical correlation features, yields a correct classification rate of 99.6% on the training
data set, 98.1% on the validation data set, and 99.8% on the testing data set. The
confusion matrices of this classifier for validation and testing data sets are shown in
Table 8.4. It is seen that only at a few aspect angles in the validation data set the
telephone pole is misclassified as a mine-like-object. Similarly, in the testing data set,
there are only four misclassifications. These results clearly demonstrate that canoni-
cal correlation features for an object at only a few aspect angles can be representative
of that object at almost all aspect angles, provided that the environmental condition

remains unchanged.
8.4.2 Nonlinearly Mapped Two-Channel Sonar Data

We now investigate whether or not pre-processing the sonar returns using nonlinear
mappings, prior to canonical correlation analysis, can in fact yield coherent high-order
attributes of the original returns and improve the discrimination between targets and
non-targets. For this purpose, after partitioning the two sonar returns in a pair (with
16 degrees separation) into blocks of size 50 samples, with 50% overlap, we nonlinearly
map the corresponding data samples, i.e. X;’s and y;’s, using the nonlinear mapping

functions ¢(-) and ¥(-), to ¢(x;)’s and P (y;)’s.
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We have tried several different nonlinearities ¢(-) and ¢(-), though we only present
the results of four representative cases. In each case, we extract the first 15 canonical
correlations of the mapped data samples ¢(x;) and 1(y;). The training, validation,
and testing data sets are formed in the same way as in Experiment 1 in Section 8.4.1.

The nonlinearities used here have not been selected in any systematic way. The
intuition was to choose the nonlinearities so that the elements of the cross-covariance
matrix of the nonlinearly mapped data samples ¢(x;) and ¥ (y;) estimate the high-
order moments between the elements of x and y. Further, in order to allow for a fair
comparison with the linear experiments, we choose the nonlinear mappings so that
the dimensions of the data samples before and after the mappings remain almost the
same. Increasing the dimensions causes the mapped sample data matrices to become
closer to a sample-poor case, compared to the original sample data matrices, making
the comparison of the linear and nonlinear experiments difficult.

We note that systematic selection of nonlinearities for canonical correlation anal-
ysis is an open research area, and to the best of our knowledge no work has been
reported on this topic. However, there are a few articles [53]- [56] that discuss the
selection of nonlinearities for other information processing methods. We defer the
discussion of these methods to Chapter 9. For the cases presented here, the choices

of the nonlinearities ¢(-) and ¥(-) are as follows:
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Case 1: In the first case, the nonlinear mappings are performed by simply raising

every element of the original data samples x; and y; to the power of two, I.e.

Zi,1 1331
ZTio &) 33722 50
X; = e R =5 o(x;) = e R®
4,50 x?,s,o
- A, (8.1)
2
Yi1 Yi1
Yi2 ¥() Yia
2} 5 ’ by
yi = ER? = o(y;) = 1 € R,
| Yis0 | | 3/1‘2,50 ]

In this case, the dimensions of the data samples before and after the mappings are
the same.

Figures 8.7(a)-(c) show the scatter plots of the first two canonical correlation
features extracted from the mapped data samples ¢(x;) and 1(y;) for training, val-
idation, and testing data sets, respectively. As can be seen from Figures 8.7(a) and
(b), in the training and validation data sets (smooth bottom) features of Targets
6 and 7 are somewhat separated from those of the non-targets, though they have
some overlap with those of the telephone pole. However, features of Target 2 have
a relatively large overlap with those of the steel drum and concrete pipe. Clearly,
this overlap leads to some degradation in the classification performance. In the test-
ing data set (rough bottom) in Figure 8.7(c), features of all objects except Target 7
stay almost at the same regions compared to the training and validation data sets.
However, features of Target 7 undergo considerable change and mix with those of the
steel drum, concrete pipe, and Target 2. We observed similar behavior for features of
Target 7 in the rough bottom condition in the first experiment in Section 8.4.1.

We now use the canonical correlation features extracted from the mapped data

samples ¢(x;) and ¥ (y;) for classification. Due to the large amount of overlap between
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Figure 8.7: Scatter plots of the first two canonical correlations between the mapped
data samples ¢(x;) and ¥(y;) in Case 1, for (a) training, (b) validation, and (c)



the features of targets and non-targets, the two-layer BPNN classifiers trained with
these features did not yield high correct classification rates. Therefore, we tried
eight different three-layer BPNN structures, where each network was trained for ten
different initializations. The training was performed for 15000 epochs. Similar to
the experiments in Section 8.4.1, the best BPNN classifier was selected based on the
average of correct classification rates on training and validation data sets.

The best BPNN classifier yields a correct classification rate of 91.1% for the train-
ing, 85.3% for the validation, and only 65.4% for the testing data set. The confusion
matrices of this classifier are shown in Table 8.5 for both validation and testing data
sets. The confusion matrix for the validation data set shows that most of the mis-
classifications have occurred for Target 2. This was expected, as in the scatter plot
in Figure 8.7(b), features of this target are completely mixed with those of the steel
drum and concrete pipe. The misclassifications for Targets 6 and 7 in the smooth
bottom condition (validation data set) are due to the small overlap between features
of these targets and those of the telephone pole. In the testing data set, Target 7 has
been misclassified at most of the aspect angles. This was also expected, as the scatter
plot in Figure 8.7(c) shows that, in the rough bottom condition, features of this target
undergo considerable change and mix with those of the non-targets. Comparing the
results of this case with those obtained in the first experiment in Section 8.4.1, it is
clearly seen that the nonlinearities in (8.1) impair the discrimination between targets

and non-targets.
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Table 8.5: Confusion matrices of the BPNN classifier trained with the canonical
correlation features of the mapped data samples ¢(x;) and ¥(y;) in Case 1.

] | Validation Data Set | Testing Data Set |

Object Target | Non-Target | Target | Non-Target
Target 6 262 8 344 16
Target 7 259 11 128 232
Target 2 131 139 139 221
Drum 32 238 65 295
Concrete Pipe 32 238 154 206
Telephone Pole 16 254 59 301

Case 2: This time, the nonlinear mappings are performed by raising every ele-

ment of the original data samples x; and y; to the power of three, i.e

T le
X; = S RSO —_— ¢(Xz) = € R5O
| Li50 50
] - I (8.2)
Yia ?/;3,1
Yi2 ¥() y,32
yi=| " | €R® = pyi)=| 7 | eR™
| Yi50 | | ?/;3,50 i

Similar to the previous case, the dimensions of the data samples before and after the
mappings are the same.

Figures 8.8(a)-(c) show the scatter plots of the first two canonical correlation
features extracted from the mapped data samples ¢(x;) and ¥(y;) for training, val-
idation, and testing data sets, respectively. In these plots, features of targets and
non-targets are completely mixed together in both smooth and rough bottom con-
ditions. Clearly, this leads to poor discrimination between targets and non-targets.

Furthermore, it is interesting to note that in the testing data set (rough bottom) in
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Scatter plots of the first two canonical correlations between the mapped

data samples ¢(x;) and ¥(y;) in Case 2, for (a) training, (b) validation, and (c)
testing data sets.
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Figure 8.8(c) again features of Target 7 undergo considerable change, while features
of other objects remain almost unchanged. This suggests that the changes in features
of Target 7 in the rough bottom condition are even prevalent in the nonlinear case,
where canonical correlations estimate the coherence between high-order attributes of
the sonar returns.

In this case, the best three-layer BPNN classifier yields a correct classification rate
of 79.1% for the training, 70.0% for the validation, and 62.6% for the testing data
set. The confusion matrices of this classifier are shown in Table 8.6. These results
show that in this case, the canonical correlation features extracted from the mapped
data samples ¢(x;) and 1(y;) offer very poor discrimination between targets and
non-targets.

Case 3: In this case, the nonlinear mapping function ¢(-) is chosen such that
each element of the mapped data sample ¢(x;) is the product of the corresponding
element in the original data sample x; by its next element. This leads to the 49-
dimensional mapped data vector ¢(x;) € R*. The nonlinear mapping v(-) is chosen

as the identity map:

Ti1 Ti1T;:2
Ti2 . Ti2Z;3
X; = ' € R50 M ¢(Xl) = ' & R49
T4 50 Z4,4974.50
_ - _ . (8.3)
Yil Yia
Yiz2 . Yi2
yi= Z eRr® ¥4 d(y:) = € R%.
i Yi 50 i ] Yi 50 ]

Therefore, in this case, only the first sonar return, which corresponds to the x—channel,
is processed with a nonlinear mapping, while the data samples of the y—channel are

kept unchanged.
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Table 8.6: Confusion matrices of the BPNN classifier trained with the canonical
correlation features of the mapped data samples ¢(x;) and ¥ (y;) in Case 2.

| | Validation Data Set | Testing Data Set |

Object Target | Non-Target | Target | Non-Target
Target 6 183 87 217 143
Target 7 222 48 186 174
Target 2 161 109 204 156
Drum 91 179 140 220
Concrete Pipe 107 163 127 233
Telephone Pole 44 226 67 293

Figures 8.9(a)-(c) show the scatter plots of the first two canonical correlation
features extracted from the mapped data samples ¢(x;) and the original data samples
y; for the training, validation, and testing data sets, respectively. As can be seen from
Figures 8.9(a) and (b), in the training and validation data sets (smooth bottom),
features of Targets 6 and 7 exhibit some overlap with those of the concrete pipe
and telephone pole, though they are still separable at most aspect angles. Features
of Target 2 have some overlap with those of the steel drum and concrete pipe. In
the testing data set (rough bottom) in Figure 8.9(c), features of all objects except
Target 7 stay almost at the same regions compared to the training and validation
data sets. However, again features of Target 7 undergo considerable change, similar
to the previous cases.

In this case, the best three-layer BPNN classifier yields a correct classification rate
of 95.2% for the training, 90.2% for the validation, and 66.9% for the testing data set.
The confusion matrices of this classifier are shown in Table 8.7 for both validation and
testing data sets. Compared to Case 1 (Table 8.5), in this case correct classification of
Target 2 in both validation and testing data sets has improved. However, Case 1 offers
better classification rates for the non-targets in the testing data set (rough bottom).
Nonetheless, compared to the first experiment in Section 8.4.1, the nonlinearities in

both cases impair the classification results.
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Figure 8.9: Scatter plots of the first two canonical correlations between the mapped
data samples ¢(x;) and ¥(y;) in Case 3, for (a) training, (b) validation, and (c)

testing data sets.

Table 8.7: Confusion matrices of the BPNN classifier trained with the canonical
correlation features of the mapped data samples ¢(x;) and ¥ (y;) in Case 3.

| Validation Data Set |

Testing Data Set |

Object Target | Non-Target | Target | Non-Target
Target 6 254 16 333 27
Target 7 262 8 213 147
Target 2 214 56 285 75

Drum 36 234 105 255

Concrete Pipe 31 239 255 105
Telephone Pole 12 258 106 254
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Case 4: Here, the nonlinear mapping ¢(+) is chosen as in Case 3. The nonlinear
mapping 1(-) is chosen so that each element of the mapped data sample 1 (y;) is the
product of the corresponding element in the original data sample y; by its next two

elements. This leads to the 48-dimensional mapped data vector 1(y;) € R*®. That

_ - ~ -
Ti1 Ti,1%42
1'32 $'72$',3
xi=| 7 ler? Y px)=| T | er®
Ti50 Li,49%5 50
- . - T (8.4)
Yin Yi1Yi2Yi3
Yi2 P() Yi,2Yi3Yi4
yi = eRY 2 g(y,) = _ e R*.
| Yis0 | | Yi48Yi,49Yi50 |

Figures 8.10(a)-(c) show the scatter plots of the first two canonical correlation
features extracted from the mapped data samples ¢(x;) and ¥(y;) for the train-
ing, validation, and testing data sets, respectively. These plots show that features of
targets and non-targets are completely mixed together in both smooth and rough bot-
tom conditions, and again similar to the previous cases, features of Target 7 undergo
considerable change in the rough bottom condition.

In this case, the best three-layer BPNN classifier yields a correct classification rate
of 84.3% on the training, 72.3% on the validation, and 64.4% on the testing data set.
The confusion matrices of this classifier are shown in Table 8.8. As can be seen, in
this case the canonical correlation features extracted from the mapped data samples
¢(x;) and ¥ (y;) offer very poor discrimination between targets and non-targets.

Table 8.9 summarizes all the classification rates obtained in the nonlinear experi-

nients in this section and compares them with those obtained in the first experiment
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Figure 8.10: Scatter plots of the first two canonical correlations between the mapped
data samples ¢(x;) and 1(y;) in Case 4, for (a) training, (b) validation, and (c) testing

data sets.

Table 8.8: Confusion matrices of the BPNN classifier trained with the canonical
correlation features of the mapped data samples ¢(x;) and ¥ (y;) in Case 4.

[ l Validation Data Set { Testing Data Set ‘

Object Target | Non-Target | Target | Non-Target
Target 6 189 81 250 110
Target 7 214 56 206 154
Target 2 170 100 227 133
Drum 87 183 160 200
Concrete Pipe 84 186 141 219
Telephone Pole 41 229 71 289
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Table 8.9: Comparison of the classification rates in nonlinear Cases 1 to 4 with those
in the first experiment in Section 8.4.1.

Features Training | Validation | Testing

Linear case 99.1% 98.6% 81.0%

Nonlinear Case 1 | 91.1% 85.3% 65.4%

Nonlinear Case 2 | 79.1% 70.0% 62.6%

Nonlinear Case 3 | 95.2% 90.2% 66.9%

Nonlinear Case 4 | 84.3% 72.3% 64.4%

in Section 8.4.1. Overall, the experiments show that the canonical correlation fea-
tures extracted from the nonlinearly mapped sonar returns impair the discrimination
between targets and non-targets in comparison with the linear case. This suggests
that, for the ARL-UT data set, the second-order statistical features carry more dis-

criminatory information than high-order ones.

8.5 Conclusions

In this chapter, canonical correlation analysis was exploited to develop a multi-aspect
feature extraction method for underwater target classification from a wideband sonar
data set. The basic idea was that in the presence of an object (target or non-target)
consecutive sonar returns exhibit linear dependence or coherence, whereas in the
absence of an object, the sonar returns are not coherent. Further, we hypothesized
that the degree of coherence between the two sonar returns generated by the presence
of a mine-like object is different from that caused by the presence of a non-mine-like
object. To estimate this coherence, the dominant canonical correlations between the

two returns were extracted and used as features for classification.
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Our experiments on the wideband ARL-UT data set demonstrate that canonical
correlation features can indeed offer good separation between mine-like and non-
mine-like objects. The results show that except for one of the objects (Target 7), the
canonical correlation features are robust to changes in the bottom condition. More-
over, we showed that in a fixed bottom condition, canonical correlation features do
not vary with changes in aspect angle. Several experiments were also conducted to
determine whether or not pr-processing the sonar returns with nonlinear functions,
prior to canonical correlation analysis, can improve the discrimination between targets
and non-targets. The results showed that not only the canonical correlation features
extracted from the nonlinearly mapped sonar returns do not improve the discrim-
ination between targets and non-targets, they impair it compared to the canonical

correlation features extracted from the original (not mapped) sonar returns.
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CHAPTER 9

REVIEW OF EXISTING METHODS FOR
SELECTING NONLINEAR FUNCTIONS FOR

NONLINEAR INFORMATION PROCESSING

9.1 Introduction

In Chapters 7 and 8, we exploited the idea of pre-processing two-channel data with
nonlinear mappings, prior to canonical correlation analysis, with the aim to capture
coherence between high-order attributes of the original channels. However, we se-
lected the nonlinearities in a non-systematic way. The problem is that, in practice,
there are potentially infinite number of nonlinearities to choose from. For some non-
linearities the mapped data channels may become more coherent, whereas for others
they may become less coherent, according to our definition of coherence in (2.28).
Naturally, the question that arises is, is there a systematic way for selecting non-
linearities in order to obtain the most coherent high-order attributes of the original
data channels? To the best of our knowledge, no work has been reported on this
topic. In fact, the lack of systematic methods for selection of nonlinearities is not
limited to canonical correlation analysis. All nonlinear information processing meth-
ods, including SVM’s [33], [34] and other kernel machines [35], are plagued by the

same problem.
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For kernel-based methods, selection of a good kernel function is typically per-
formed in a rather heuristic way. The kernel nonlinear information processing is
performed for several different classes of kernel functions, and the one that results in
the best performance is selected as an appropriate kernel. Even within every kernel
class, several kernel functions with different choices of parameters need to be tried, in
order to identify the best set of parameters. The reason is that, even for a given class
of kernel functions, appropriate selection of the kernel parameters is usually difficult.

In this chapter, we present a review of some of the existing methods for selection
of kernel functions for nonlinear information processing. As mentioned earlier, the
literature in this area is very limited. In fact, so far, only a few methods [53] [56]
have been reported for selection of kernel functions, which are mainly concerned with
kernel selection for SVM’s and kernel-based classifiers. Nonetheless, a review of these

methods may be insightful for future research.

9.2 Definitions, Notation, and Terminology

We define Y = [y, ...,yu] € R as the feature matrix of feature vectors y; € R"
for an m-class classification problem. Correspondingly, X = [xi,...,x)] € R™M
is defined as the class membership matrix of the known class membership vectors
x; € R™. The class membership vector x; consists of (m — 1) elements that are
—1, and one element that is equal to one, the position of which determines the class
membership of the feature vector y;. The feature matrix Y and class membership
matrix X together build the training set for the classification problem. We define
the input space as the subspace spanned by the feature vectors y;. In cases where
a validation set is also required for kernel selection, we assume that a validation
feature matrix Y, = [yus1,...,yn] € RPXO-M " with known class membership
matrix X, = [Xpq1,...,Xy] € R™*V=M) g also available. The kernel function

k(yiy;) = ¢(y:) T (y;) is a function that acts on the feature vectors y; and y;, but
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measures the inner product between the (implicitly) mapped feature vectors ¥ (y;)
and 1(y;). We refer to the subspace spanned by the mapped feature vectors ¥ (y;),
i € [1, M], as the feature space. This is the subspace that is spanned by the kernel

Gram matrix K = [k(y;,y;)]}_,, and hence we denote it by < K >.

9.3 Review of Kernel Selection Methods

The kernel selection approaches developed in [53]- [56] exploit two different basic
ideas: (1) adapting Gaussian kernels in SVM [53], [54] and (2) kernel-target alignment
[55], [56]. In what follows, we review these two methods. The purpose of this review
is to familiarize the readers with the basic idea behind each approach, and hence
details are not presented. It is assumed that the readers are familiar with the theory

of support vector and kernel machines, and their terminology.
9.3.1 Adapting Gaussian Kernels in SVM

In this approach [53], [54], the idea is to adjust the parameter of a Gaussian kernel in
order to minimize the upper bound on the generalization error [33], [34] of an SVM

classifier. Considering a Gaussian kernel of the form
lyi -y ;1%
k(yiy;) =€ 27 (9.1)
the free design parameter is 02, which determines the spread of the Gaussian kernel
function. The idea in [53] and [54] is to adjust ¢* to minimize the upper bound ¢
on the generalization error of the SVM classifier. To accomplish this goal, in [53]
the upper bound ¢ is shown to be a smooth function of the kernel parameter 2.
This means that when the upper bound € is minimum, a small variation in the kernel
parameter o2 will produce a small variation in €, hence the upper bound remains near
its optimal value. Based on this idea, a procedure is suggested [53] for updating the
kernel parameter o2. The idea is to start with a very small initial value for o2, and

use the training data samples y; with known class label x; to train the SVM classifier.
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At each training step after a training feature vector is given to the SVM classifier and
the optimal hyperplane is determined, the validation set Y, is used to evaluate the
generalization ability of the trained SVM classifier, by computing the generalization
error. If the generalization error is smaller than a pre-determined bound the training
may be stopped, and the value of ¢ at that training iteration is selected as the best
value. But if the generalization error is larger than the pre-determined bound, the
value of 0 is changed to 02 4802 and the training continues. The adjustment in o2 is
performed using a gradient descent-type algorithm, called Kernel-Adatron [53], [54],
that minimizes the generalization error of the SVM classifier for the validation set.
In [53], this kernel selection method has been applied to a breast cancer classifica-
tion data set. The results show that the kernel adaptation procedure can improve the
generalization ability of the SVM classifier, compared to the cases where o2 is tuned
by a trial and error procedure. However, the problem remains that the main idea
behind the adjusting mechanism is applicable only when the performance measure to
be optimized is a smooth function of the kernel parameters. As a result, this idea has
only been employed for adapting Gaussian kernels to minimize the upper bound on

the generalization error of SVM classifiers.

9.3.2 Kernel-Target Alignment

In the kernel-target alignment approach [55], [56] the basic idea is that a good kernel
function is the one that results in an (implicit) feature space that matches the target
function to be learned by the classifier. The target function of a classifier is the
function that converts every (mapped) feature vector to its true class membership
vector. In a classification problem, the target function is unknown, and hence in [55)
and [56] the class membership vectors are used instead of the target function. That

is, the matching is performed between kernel functions and class membership vectors.
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To measure the degree of match between a kernel function and the class member-
ship vectors, [55] and [56] define an alignment measure, called the empirical kernel-
target alignment measure. For the kernel function k(y;,y;) = ¥(y:)T¢(y;), this
alignment measure is defined as [55], [56]

A <K,XTX >
V<K K >< XTX, XTX >

(9.2)

where K = [k(yi,y;)]-, is the kernel Gram matrix of the (implicitly) mapped
feature vectors ¥(y;), i € [1, M] and X7 X is the Gram matrix of the class membership
vectors x;. The term < K, X7X > is the inner product between the Gram matrices

K and X7X, and is defined as [55], [56]

M
<K X'X >= Y KX X = Y kyoy) = Y kyiy))- (9.3)

t,5=1 X=X X FX;j
The last equality follows from the fact that the class membership vectors x; contain
(m — 1) elements equal to —1 and one element equal to one. Similar expressions may
be written for < K, K > and < X"X,X"X >. In [55], the terms 3, _, k(yi,¥;)
and in £x; k(yi,y;) are interpreted as measures of “within class” and “between class”
distance, respectively. Thus, < K, X7X > is viewed as a measure of clustering of the
classes.

The idea is that the best kernel function is the one that results in maximum
alignment between K and X7X. The intuition behind this stems from the fact that
the alignment measure A takes its maximum value, i.e. one, when the implicitly
mapped feature vectors (y;) are equal to the true class membership vectors x;. The
reason is that when 1 (y;) = x;, the kernel Gram matrix K becomes K = X7X. In
other words, the idea in [55] and [56] is that, in a classification problem, the best set of
mapped feature vectors are the true class membership vectors. Thus, the best kernel
function is the one that is associated with the nonlinear mapping functions that map

the original feature vectors y; to the true class membership vectors x;. However,
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in practice the nonlinear mapping functions that perform such transformation are
not known. Thus, one should try to find the nonlinear mappings that result in
mapped feature vectors 9 (y;) that are closest (most aligned) to the class membership
vectors x;. Note that this is equivalent to finding the kernel Gram matrix K that
is most aligned with the Gram matrix X7X, as the the kernel function k(y;,y;) =
¥(y:)T1(y;) determines the nonlinear mapping (-).

In order to select a kernel function with a good alignment, [55] and [56] propose
to start with an initial choice of kernel function and then adjust the kernel function
to maximize the alignment. Consider k(y;,y;) = ¥(y:)T%(y;) as the initial kernel
function, yielding the initial kernel Gram matrix K = [k(y;, yj)]%:l. Also consider
K = Zf\i 1 Aq;q; as the SVD of K, with the singular vectors q; and the singular
values \;. Having these, [55] and [56] define the parameterized class of (modified)

kernel Gram matrices K as "
K = Z g, (9.4)
i=1
where a;’s are some scalar weights, yet to be determined. The kernel selection problem
now becomes one of finding the parameters «; such that the kernel-target alignment
measure A between K and X7X is maximized [55], [56].

Note that in this approach, the feature space < K > will never change, since the
modified kernel Gram matrix K is built in the subspace < K >, which is the initial
feature space. Therefore, if the initial feature space < K > does not include feature
vectors that are fairly aligned with the class membership vectors, the kernel-target
alignment method will never result in a kernel with good alignment, as the feature
space is always the same. Thus, the question is, is there a way to combine several
feature spaces to improve the alignment?

To address this question, [55] and [56] propose the idea of kernel combination, by

defining a kernel-kernel alignment measure. This measure determines the alignment
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between two kernel Gram matrices K; and Ky, each of which defines an initial fea-
ture space. The kernel-kernel alignment measure is very similar to the kernel-target
alignment measure A in (9.2), e);cept that the Gram matrices K and X7X in (9.2)
are replaced with the kernel Gram matrices K; and K,. Using this kernel-kernel
alignment measure, along with the Cauchy-Schwartz inequality [8], it is shown in [55]
and [56] that when the kernel Gram matrices K; and K, are equally aligned with
XTX, but are poorly aligned with each other, the combined kernel Gram matrix
K + K, is more aligned with X7X than K; and Kj, individually. Thus, by combin-
ing two kernel functions, one can construct a new kernel function that is more aligned
with the class membership vectors.

The kernel-target alignment and kernel combination methods described here have
been applied to a text classification data set in [55], and an lonosphere classification
data set in [56]. The results on these two data sets show that optimizing the kernel-
target alignment measure and using the kernel combination idea can indeed improve
the classification performance, when compared to the cases where kernel selection is
performed by a trial and error procedure.

Compared to the kernel selection method in Section 9.3.1, which is only applicable
to Gaussian kernels and support vector machines, the kernel-target alignment method
of [55] and [56] is more general, as its applicability is not limited to a special class of
kernel functions or support vector machines. It can be applied to any class of kernel
functions and kernel classification machines. However, the success of this method
depends on the initial guess for the kernel function, which in turn requires some prior
knowledge about how to choose a good (highly aligned) feature space. Clearly, this

is not easily discernable in practice.
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9.4 Conclusions and Discussion

In this chapter, a review of some of the existing methods for selecting nonlinear func-
tions for nonlinear information processing was presented. These methods were: (1)
adapting Gaussian kernels in SVM [53], [54] and (2) kernel-target alignment [55], [56].
[n the first method the parameter of a Gaussian kernel function is adjusted iteratively
to minimize the upper bound on the generalization error of an SVM classifier. The
limitation of this approach is that the performance index to be optimized (e.g. the
upper bound) must be a smooth function of the kernel parameters. As a result, this
method has remained limited to support vector machines and Gaussian kernels.

The second approach, i.e. kernel-target alignment, is more general and is not
limited to support vector machines or a specific class of kernel functions. However, it
requires some prior knowledge about how to choose an aligned feature space, which is
not easily discernable in practice. In this approach, kernel selection is performed by
selecting an initial feature space, embedded in the initial choice for the kernel function,
and then adjusting the kernel function by maximizing an alignment measure between
the kernel function and class membership vectors. By introducing a kernel-kernel
alignment measure it is also possible to combine different kernel functions to obtain
a kernel function which is more aligned with the class membership vectors.

In general, the applicability of the kernel selection methods reviewed in this chap-
ter are limited to pattern classification applications. Selecting nonlinearities for other
(kernel) nonlinear information processing methods remains an open research prob-
lem. For canonical correlation analysis, the problem is even more challenging, as the
type of nonlinearity to be considered is no longer limited to the kernel-producing
ones. The reason is that, as established in Chapter 7, using high-dimensional kernel-
producing nonlinearities typically results in sample-poor data matrices, which in turn
produce defective empirical canonical correlations. This means that the search has

to be conducted over possibly infinite classes of nonlinearities.
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CHAPTER 10

CONCLUSIONS AND FUTURE WORK

10.1 Conclusions

In this thesis, we have addressed some of the issues in canonical correlation analysis of
two-channel data, established a direct connection between canonical coordinates and
certain two-channel signal processing problems, and exploited canonical correlations
for classification of underwater targets. The major contributions of this thesis may

be summarized as follows:

1. A general class of two-channel CLS problems, with various constraints, has
been introduced in Chapter 3, and a general set of solutions has been derived.
The solution to each two-channel CLS problem is determined from a coupled
(asymmetric) generalized eigenvalue problem. Further, the connections between
two-channel CLS problems and various canonical coordinate systems have been
established. It has been shown that depending upon the constraints, the two-
channel CLS solution decomposes the two data channels into one of three im-
portant coordinate systems: canonical coordinates, half-canonical coordinates,

or PCCA coordinates.

2. A unified framework for deriving three different classes of reduced-rank Wiener
filters has been developed in Chapter 4, with each class corresponding to a par-

ticular error measure for reduced-rank estimation. We have established that two
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of the classes, corresponding to the whitened MSE and the volume of the con-
centration ellipse, are equivalent. For these two classes, canonical coordinates
are optimal for reduced-rank Wiener filtering. For the third class, which corre-
sponds to MSE estimation, half-canonical coordinates are optimal for reduced-
rank Wiener filtering. Our results reproduce those of [8], [9]. However, we
have derived all of these results in a unified way, using the line of argument
presented in [8] for reduced-rank Wiener filtering in half-canonical coordinates.
Additionally, we have presented several implementations of the reduced-rank
Wiener filter in each class, and clarified the connections between reduced-rank

Wiener filters and two-channel CLS filters.

3. Various alternating power methods have been developed in Chapter 5, which
provide simple methods for recursively computing the canonical coordinate and
half-canonical coordinate mapping vectors, addressing the deficiencies of con-
ventional methods. These alternating power methods may be viewed as two-step
decompositions of the standard power method, as they solve a coupled (asym-
metric) generalized eigenvalue problem through power iterations. They may be
used in deflation, block, or block-deflation mode, allowing for computation of
the canonical coordinate and half-canonical coordinate mapping vectors, one
by one, or in groups. Moreover, they may be used in batch mode on a fixed
data sample, or in online mode for updating the mapping vectors in time. Pro-
vided that the rank-reduction is relatively large and the singular values of the
coherence or half-coherence matrix are not close together, the alternating power
methods can be more efficient in computation than the conventional methods,

as they do not require any matrix square-roots.

The alternating power methods developed in Chapter 5 are identical in form to
those derived in [9] for computing reduced-rank Wiener filters. However, the

algorithms in [9] do not yield the canonical and half-canonical coordinate maps,
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and the corresponding canonical and half-canonical correlation matrices. Thus,
the main contribution here is the discovery that alternating power methods
may be used to compute canonical and half-canonical coordinate maps and
correlations, making them more applicable in a wider variety of signal processing

problems.

4. A network structure and a set of updating rules for recursive extraction of
canonical coordinates of two data channels have been developed in Chapter 6.
The network is based on a constrained minimization problem that exploits a
deflation process. The deflation process is performed by incorporating lateral
connections into the network. The structure of the network, along with the
updating rules, allows a new node to be added to the network in order to extract
a new canonical coordinate pair, without the need to retrain the previous nodes.
The main contribution here is the use of lateral connections for performing
the deflation process that subtracts the contributions of the already extracted
canonical coordinates from the original two-channel data. However, since the
network is updated using a gradient descent algorithm, it suffers from slow
convergence (even as slow as linear convergence) and sometimes instability,
depending on the weight initialization and choice of the step size. Thus, in two-
channel signal processing applications, where recursive extraction of canonical
coordinates is required, the alternating power methods developed in this thesis

are preferred.

5. In Chapter 7, we have studied the canonical coordinate decomposition of two-
channel data, when the channel covariances are estimated from a limited number
of data samples. Depending on the number of samples drawn from each channel,
and the ranks of the sample data matrices, two different cases emerge: the
sample-poor case, in which the number of data samples is smaller than the sum

of the ranks of the data matrices, and a sample-rich case, in which the number
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of data samples is greater than the sum of the ranks of the data matrices. It
has been shown that, in either case, it is the rows of the sample data matrices
that determines the empirical canonical correlations, and that the empirical
canonical correlations measure the cosines of the principal angles between the
row spaces of the two data matrices. Further, we have shown that the empirical
canonical correlations form a maximal set of invariants for the composite sample

covariance matrix of two-channel data.

We have established, in Chapter 7, that in a sample-poor case some of the
empirical canonical correlations or principal cosines are always equal to one,
regardless of the two-channel model that generates the data samples. There-
fore, the empirical canonical correlations are defective and may not be used as
estimates of canonical correlations between random variables. Geometrically,
this means that principal angles between linear subspaces of Euclidean space
can not be used as estimates of the principal angles between corresponding
linear subspaces of the Hilbert space of second-order random variables. In a
sample-rich case, however, the empirical canonical correlations do estimate the
canonical correlations and principal cosines between the random variables that
generate the samples, and hence may be used for estimating coherence between

two data channels.

These results have interesting implications for canonical correlation analysis of
nonlinear functions of two-channel data. They imply that sample data matrices
of nonlinearly mapped data must remain sample-rich for empirical canonical
correlations to estimate coherence between high-order attributes of the original
channels. Additionally, we have argued that in cases where the kernel formu-
lation of canonical correlation analysis is computationally advantageous with

respect to the direct formulation, the empirical canonical correlations between
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two data matrices do not usefully estimate coherence between the correspond-
ing data channels. Therefore, this computational advantage is superficial and

does not have any practical value.

6. A new multi-aspect feature extraction method for underwater target classifica-
tion, from acoustic backscattered data, has been developed in Chapter 8. This
method exploits linear dependence or coherence between two consecutive sonar
returns with certain aspect separation. This has been accomplished by extract-
ing the dominant canonical correlations between the two sonar returns. The
idea is that linear dependence between the sonar returns is an indication of
the presence of a common signature, whereas linear independence indicates the
absence of a common signature. Further, the amount of coherence between the
two sonar returns induced by the presence of a mine-like object is different from

that caused by the presence of a non-mine-like object.

The developed feature extraction method was tested on the ARL-UT wideband
data set, which contained acoustic backcattered signals from several mine-like
and non-mine-like objects in two different bottom conditions, namely smooth
and rough. The results demonstrated that canonical correlation features can
offer very good discrimination between mine-like and non-mine-like objects,
and are fairly robust to changes in the bottom condition. Moreover, in a fixed
bottom condition, canonical correlation features are robust against in aspect
angle. In addition, several experiments were conducted to determine whether
or not pre-processing sonar returns with nonlinear functions can indeed result in
better discrimination between targets and non-targets in the ARL-UT data set.
The results showed that not only the canonical correlation features extracted
from the nonlinearly mapped sonar returns do not improve the discrimination
between targets and non-targets, they impair it compared to those extracted

from the original (linear) sonar returns.
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10.2 Future Research

The developments in this thesis provide new insights for solving and analyzing two-
channel signal processing problems in canonical coordinates. In light of these devel-

opments, there are several problems that merit further research:

1. Investigating canonical correlations for underwater target classifica-

tion

In Chapter 8, we have demonstrated the promise of canonical correlations for
discriminating mine-like-objects from non-mine-like objects in the wideband
ARL-UT data set. It would be interesting to further evaluate our hypothesis
and results by experimenting on other sonar data sets with more diverse object
types, and environmental conditions. For instance, experimenting with data
sets, such as buried object scanning sonar (BOSS) data set [87], that contain

sonar returns from buried objects would be particularly illuminating.

2. Analysis of coherence between high-order attributes of two data chan-

nels

The question that needs to be addressed here is, given two sample-rich data
matrices drawn from a two-channel vector process, is there a way to determine
which high-order attributes of the two data channels are most coherent? The
answer to this question can be helpful in developing a systematic way for design-
ing nonlinearities for processing the data channels prior to canonical correlation
analysis, with the aim to capture coherence between high-order attributes of the
original data channels. Further, for a given classification problem, it would be
interesting to determine which high-order attributes of the two data channels
can be most helpful to discriminate between different classes, and whether or

not there is a connection between the most coherent and the most discriminant

high-order attributes.
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Figure 10.1: Classification in canonical coordinates.

3. Building classifiers in canonical and half-canonical coordinates

Referring to the two-channel filtering problem in Figure 10.1, assume that the
sample data matrix Y = [yy,...,yu] € R™M consists of a column-wise col-
lection of feature vectors y; € R" for an m—class classification problem, and
the sample data matrix X = [xy,...,xp] € R™M of a column-wise collection
of class membership vectors x; € R™. The class membership vector x; is an
m—dimensional vector with (m — 1) elements that are zero and one element
that is equal to one, the position of which determines the class membership of
the feature vector y;. Therefore, the filtering problem in Figure 10.1 is one of
estimating the class membership vectors x; from the feature vectors y;. Here,
the matrices F,, G., and 3. form the SVD of the sample coherence matrix
C = (XX7)~12XYT(YYT)T/? = F,2.GY. The idea is to transform the fea-
ture vectors y; to their canonical coordinates v; = GT(YYT) /2y, and then
use the developments in Chapter 4 to build a reduced-rank estimator of the

class membership vector x;.

In practice, a training data set of feature vectors, with known class membership
vectors, is available. Using this training set, we may find the matrices F., G.,
and X.. For a new feature vector with an unknown class membership, we may
use these matrices, which are obtained based upon the training set, to build a
reduced-rank estimator of the unknown class membership vector. As established
in Chapter 4, this is the reduced-rank estimator with the smallest volume of

the concentration ellipse. Alternatively, we may build a reduced-rank estimator
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of the class membership vector in half-canonical coordinates, minimizing the
MSE. The question is, which reduced-rank estimation measure, the volume of

the concentration ellipse or the MSE, will yield a higher correct classification

rate?

It has been shown [3] that in a two-class classification problem, the Fisher
distance between the two classes is determined by the first canonical correlation
between the matrix of feature vectors Y, and the matrix of class membership
vectors X. This may be extended to a multi-class case. In fact, it may be shown
that the multi-class Fisher distance can be decomposed into sum of the terms
that are determined by the canonical correlations between the feature matrix
Y and the class membership matrix X. The multi-class Fisher distance [3]
provides an overall distance measure between all the classes, but does not show
how each class is separated from the others. Thus, it would be interesting to
study the connection between the decomposition of multi-class Fisher distance

in canonical coordinates and the pairwise two-class Fisher distances.

More generally, it would be interesting to study the connection between the
classifiers built in canonical coordinates and half-canonical coordinates with
some of the well-known classifiers, such as minimum distance [88], Bayes [88],
support vector machines [33]- [35], least squares support vector machines [89],

and large margin [33]- [35] classifiers.

4. Beamforming in canonical coordinates

Referring to the sensor array in Figure 10.2, assume that x; and y; are measure-
ment vectors recorded, at the ¢th snapshot, by subarrays 1 and 2, respectively.
The question is, can analysis of coherence between the data samples x; and y;
be used for beamforming? The idea is to decompose the measurement vectors

at each subarray into their canonical coordinates. The time series of the first

162

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Subarray 1
{x-~ channal} -
&
Subarray 2 . S
{y- chanrmet} “ - "‘.:"u
M . ey,
o ?; ’ W‘B oo, XA
1® N_“\ i
S e @l
~ @ Ng\ ®
U 1 ®
:t K
. i®
yu o

Figure 10.2: Beamforming in canonical coordinates

canonical coordinate pair, which contributes the most to the coherence between
the subarrays, is then used as the beamformed versions of the data. Unlike
the standard beamforming methods [90], this approach does not rely on the
planar wave assumption. As a result, it may be less sensitive to deviations of
propagating wavefront from planar wave and uncertainty in the array geometry,
compared to the standard beamforming methods. Therefore, it would be very
interesting to investigate this idea for beamforming and compare the properties

of the canonical coordinate beamformers against those of the standard ones.
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APPENDIX A

SOLUTION TO THE DEFLATED COUPLED
GENERALIZED EIGENVALUE PROBLEM

From (3.30) and (3.32), we have the thin SVD

R, *R,,R,* = RI/’D,=DIR}/". (A.1)

Yy
Pre-multiplying (A.1) by R}Cf, post-multiplying it by RZU/ * and using T = D'R,,D,
yields

R, = R,,D,XD'R,, = R,,D,DIR,,D,D'R,,. (A.2)

Assume that the first 7 < m columns of D, and D, and their corresponding o;’s have

already been found. Rewrite (A.2) using (5.10) as

T T
R., = Rux [ D, D] T R,,[D,, D,,] ; R,,. (A.3)
Dm,* Dy,*

Post-multiplying (A.3) by D, , and recalling that DgRnyy =1 gives

DI, 0
RmyDy,* = Rxm { Dz,r Dz,* ] Rwy [ Dy,r Dy,* ]
DI, I(%) (A4)

= Rwa:(Dz,TDZ:rRa:yDy,* + Dm,*DZ’*RwyDy,*)

where I(x) is the (m —r) x (m — r) identity matrix. Rearranging (A.4) yields
(I - RaﬁTDw,TDg,r)RwyDy,* = RZZ‘D{E,*Dg:*RzyDy,* - R(l‘.tDr,*E(*) (AB)
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Similarly, starting with C¥ = R?’,'yl/ ZRymR;g/ ? and following a similar procedure
results in

(I-R,D,,D] R,D;. =R,D, . 2(x). (A.6)
Equations (A.5) and (A.6) introduce a coupled asymmetric generalized eigenvalue
problem for D, ., D, ,, and (%), wherein R, is deflated by Rsz,TDf’TRIy and

Ry, by Ry, D, D] Ry,. Thus, d;,;1 and d,,;; are now the generalized eigenvectors

associated with the dominant eigenvalue 0,1 of (A.5) and (A.6).

175

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



APPENDIX B

PROOF OF DEFLATION IN (6.8)

Here we show that the minimization problem in (6.8) indeed formulates the problem
of finding the (r 4 1)th pair of canonical coordinate mappings d, 41 and d,,11. The
assumption is that the matrices D,, and D, ,, which contain the first 7 columns of
D, and D, (the first r pairs of canonical coordinate mappings), have already been
found.

Consider the thin SVD of the coherence matrix C = FXGT in (3.30). Partition
F, G, and X into

E«
F=[F, F,], G=[G, G,], and == (B.1)

where the matrices F, € R™*" and G, € R™" contain the first r and the matrices
F, € R and G, € R™™=7) the last m — r columns of F € R™*™ and G €
R™™  The diagonal matrices 3(r) = diag[oy, ..., 0,] and Z(x) = diagloyt1, ..., 0],
respectively, contain the first » and the last m — r canonical correlations. Then, we

may rewrite the thin SVD in (3.30) as

C=R,, "R, R, =FEGT =F,X(r)GI + F,Z(x)GT, (B.2)

176

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



and

FIF, FIF, I(r) O 1 GIG, GIG, I(r) 0
= an =

F'F, FTF, 0 I(x GIG, GIG, 0 I(x)
(B.3)
where I(r) and I(x) are the r x r and (m — r) X (m —r) identity matrices. The SVD
in (B.2), may be rewritten as
R, = R}’F,X(r)GTR]/? + R['F.X(x)GIR]/2. (B.4)
Using (B.2) and (B.3), it may easily be verified that the first term on the right hand
side of (B.4) has three equivalent representations. That is,
R.[’F,%,GTRy)? = RIF, FTR../"R,,
=R.,R;, " G,GI Ry’ (B.5)
= R)F.FTR..’R,,R,;, *G,GTR./*.
Using this property, we may rewrite (B.4) as
(I— R:JF,FTRz,*)R,,(I - Ry)’G,GTR,,"*)T = RYF.E(*)GTRL?.  (B.6)

We now partition D, and D, into D, = [D,, D,,] and D, = [D,, D, ], where the
matrices Dy, = [dy 41, ..., dy ] and Dy, = [dy 41, . - -, dym] contain the last i —r

columns of D, and D,. Then, from (3.32) and (B.1), we have

F, =RI/’D,,, F,=RI’D,,,

(B.7)
G, =R;,’D,,, G,=Ry’D,,.
Using (B.7), we may rewrite (B.6) as
(I- RzzDz,rDZ;,r)Rwy(I - R'nyy,rD;,r)T = Rsz,*E(*)DZ,*Ryy‘ (B.8)

Pre-multiplying (B.8) by dI, . ;, post-multiplying it by d, 41, and using dZ, , Rye D, .

=[1,0,...,0l and 4], R, D, = [1,0,...,0] results in

df,rﬂ(l - Rme,TD;F,r)Rry(I - R'nyy,TDg,r)Tdy,r-H = Ort1- (B9)
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Considering that 0,4, is the largest diagonal element of ¥(x), we may formulate the

problem of finding d; ,1, dy 11 as

max dl,,(I-R,D,,D )R, (I-R,D,,D’)d,. .

Y,r
d.‘n,r+ludy,7‘+1 ¥

subject to the constraints

T . T —_
d7,  Reodepsr =1 and d7,, Ry,d,, = 1.
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APPENDIX C

PROOF OF MAXIMAL INVARIANCE
PROPERTY OF EMPIRICAL CANONICAL

CORRELATIONS

We first prove that the nonzero empirical canonical correlations of the composite
two-channel data matrix Z = [X7 Y7]7T are identical to those of the composite two-
channel data matrix Z, defined as

X U.(;,1:p)T 0 X

| = . (C.1)
Y 0 U,(:,1: )7 Y

N
I
|

The rows of X and Y may be viewed as experimental surrogates for the principal

components of x and y.

The coherence matrix for X and Y may be written as
C = (XXT)V2XYT(YYT) /2
= (U,(;,1: p)TXXTU,(;,1:p))"V2U,(;,1: p)TX (C.2)
xYTU,(:,1:¢)(U,(;,1:)TYYTU,(:,1: q)) T/

Using X = U, X, VI and Y = U, X, VI with 3, and £, as in (7.9), we may simplify

Yy
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0 | (C.3)
Z[I(p) o]vay[l(q) O]Tsz(:,lrp)TVy(l,:q)

However, from the SVD in (7.17), singular values of V,(:,1 : p)"V,(;,1 : ¢q) are
the empirical canonical correlations o;. This establishes that the non-zero empirical
canonical correlations of Z and Z are identical.

Consider the transformation group in (7.20). Each element of group 7 may be

decomposed as

T, O U,(;,1:p)T 0
T=| " (1:p) . (C.4)
0 T, 0 U,(;,1: )7

The second matrix on the right hand side of (C.4) first transforms the data matrices X
and Y to the matrices X = U,(:,1: p)"X and Y = U,(;,1: ¢)TY. The matrices X
and Y are then transformed into T1X and TQY, using nonsingular transformations T
and T,. The nonzero empirical canonical correlations of X € RP*M and Y € R**M
are maximal invariants for the composite covariance matrix S,, = ZZ7 under the
transformation group of (2.14). However, the nonzero empirical canonical correlations
of X and Y are the same as those of X and Y. Therefore, the empirical canonical

correlations ¢; are maximal invariants for S,, = ZZ” under the transformation group

of (7.20).
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APPENDIX D

PROOF OF EQUATION (7.28)

Using the SVD of X, i.e. X = U,X, VI, we may write (7.25) as
D, = (XX 7?F, = (U, X, 2TUD-T/2F,, (D.1)

Note that in general, X is rank-deficient and hence the inverse in (D.1) is a pseudo-

inverse. Since U, is an orthogonal matrix, we may simplify (D.1) to
D, = U, (2,20 T2UTF, = U,Q (D.2)

with Q = (£,X7)"T2UTF,. Since X, is of form (7.9), Col-Span{D,} = Col-Span
{U,(:,1: p)}. However, from the SVD of X, Col-Span{U,(:,1 : p)} = Col-Span{X},
and thereby Col- Span{D,} = Col-Span{X}.
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