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ABSTRACT OF DISSERTATION

OPTIMAL CHAOS CONTROL THROUGH REINFORCEMENT LEARNING

We present an approach for the control of chaotic systems based on reinforcement
learning. Reinforcement learning algorithms provide a solution to the optimal con-
trol of systems in situations where system dynamics and analytic information about
the desired goal state are not available. We formulate the chaos control problem
as a reinforcement learning problem to obtain a general purpose chaos controller
which acts globally. allows control in non-stationary and noisy environments. and
can be used in parametric or impulsive control applications. To reduce the com-
putational complexity of the reinforcement learning problem. vector quantization
techniques are applied and the control policy is approximated in the reduced space.
To find minimal sufficient codebooks. we suggest a fixed-point sensitive growing
chaos controller which combines a modification of Fritzke’s Growing Neural-Gas
algorithm with reinforcement learning. We demonstrate the algorithm in a variety
of applications including low- and high-dimensional discrete and chaotic systems.

logistic coupled map lattices and a multistable rotor.
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Fort Collins. Colorado 80523
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Chapter 1

INTRODUCTION

ab ovo usque ad mala
(from eggs to apples)

Many physical systems are known to exhibit chaotic dynamics in certain pa-
rameter regimes. where they display a rich variety of different behaviours. In
principle. a chaotic system has access to an unlimited number of states which are.
however. unstable and are visited by the system in an unpredictable manner. In
many cases of interest. system performance can be improved by controlling the
dyvnamics such that it is constrained to one of these unstable states. This problem
has been first addressed by Ott. Grebogi and Yorke [OGY90] and since gained
much interest and found many important engineering. physical or medical appli-
cations. Today it is believed that chaos can be of advantage in certain systems if
we find ways to exploit and control it by using its dynamical characteristics.

Concerning “real world applications™ which are influenced by noisy and non-
stationary environments and where no analytical description in terms of a map or
vector field is available. an ideal. general purpose chaos controller should show the
following features: (1) does not require an analytical description of the system or
previous knowledge about the location of desired states. (2) apply perturbations
globally to allow the system to quickly reach desired neighborhoods (i.e. solve the
targeting problem). (3) be robust against noise and non-stationarity. (4) offer the

possibility of performance in real time.
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This dissertation is concerned with the development of such a general purpose
chaos controller on the basis of reinforcement learning. Reinforcement learning has
been shown to solve optimal control problems in situations where no analytical
svstem description is available. We will formulate the chaos control problem as a
reinforcement learning problem and show through numerical simulations that this
allows efficient control of chaotic systems.

The task of every control system is to transform a given initial state of a
svstem into a desired goal state which matches certain performance criteria. This
is achieved through control signals. consisting of the perturbations of either control
parameters or system variables. and chosen according to a control policy. In open-
loop or non-feedback control. policies are independent of the system state. while
in closed-loop or feedback control policies prescribe controls as a function of the
current system state. The problem of establishing control can be described as
the problem of finding a control policy which optimizes a performance measure. In
this dissertation we will generally assume no available explicit knowledge on system
dynamics in which case the control policy has to be established iteratively through
a feedback process. A general such closed-loop control system is summarized in

Figure 1.1. The components and variables are defined in the next paragraph.

X
+  Discretization " State Evaluation
x(t) Evaluative signal r
)
Y )
Dynamical System I Representation Agent
(Environment) w (Controller)
Control Signal u

Figure 1.1: The main components of a general closed-loop control system.
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The dynamical system or environment represents the entity to be controlled
by the control system. In this work we focus on systems which exhibit complex
dynamical behaviour such as chaotic, multistable or spatio-temporal systems. In
the finite dimensional case. the state x(¢) of the system is composed only of a finite
set of state variables.

In most applications. the true state space will not be accessible, and knowl-
edge about the system is obtained through discrete measurements. or observations.
h(x(t,)) of the system at times ¢, with measurement function £. The measure-
ment process transforms possibly continuous dynamics into discrete dynamics. If
the true state space is directly accessible it is often convenient nonetheless to in-
troduce a discrete representation of the system through sampling of the trajectory
at discrete time intervals. Throughout most of this dissertation we will assume
that the only available knowledge on system dynamics is represented by a discrete
set of states x, € X with dynamics determined by a discrete (unknown) map.
X,..1 = f(x,). Although the discrete representation is only an approximation to
the true svstem we will assume that it captures all necessarv information and that
it is in one-to-one correspondence with the original system. We will make the
further assumption that the system states follow a Markov process: all the rele-
vant information for the state x,. is contained in x,,. In experiments the system
dyvnamics will seldom follow a true Markov process but nonetheless reinforcement
learning often produces good results. Among the requirements for convergence of
a reinforcement learning algorithm to an optimal control policy (e.g. Markov pro-
cess. infinite exploration, finite state and action spaces). the Markov assumption
is among the less restrictive.

In control applications in which the optimal control policy is not a priori
known. an evaluative component is necessary, which. based on the observations x,,.

guides the control process such that a measure for control performance is optimized.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



In the case of supervised learning, a teacher would take the role of this component
and transmit error signals, measuring the difference between current and desired
state. to the controlling component. Supervised learning typically requires explicit
knowledge on either the optimal control policy, the system dynamics or the goal
state. If explicit analytical knowledge is not assumed reinforcement learning can be
used to establish the control policy. In this case a critic evaluates the current state
and provides failure/success reinforcement signals r to the controlling component.

If the agent (or controller. controlling component) has no control over the
dvnamics of the environment. the fundamental problem of interest is that of pre-
diction [Sin94]. Prediction requires the approximation of the state space X on the
basis of the set X'. In situations in which the agent has the possibility to influence
the state of the system. the fundamental problem becomes that of control. This is
the situation we are interested in throughout this dissertation.

Assuming Markov states. the control task can be described as a Markovian
decision process (NDP) [Sin94]. MDPs are discrete time tasks in which at each of
a finite number of time steps the agent can choose a control from a finite set of
controls Y. At time step n. the agent receives the representation w, € W of x,
and executes an action u, € U. As a result, the system makes a transition to a
state X,..;. which closes the loop.

The agent’s task is to determine a policy for selecting controls that maximize
some curnulative measure of the payoffs received over time. Such a policy is called
an optimal policy. A policy is a function @ : W — U that assigns a control to each
state. The agent delivers control signals, actions or perturbations u to the system
based on its current control policy and improves this policy based on the reward
signals r received from the evaluative component.

The input function /. which determines how the agent views the environment,

is frequently taken to be the identity. However. in applications in which X is
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large. learning has to be performed in a reduced space W. In this dissertation we
construct W through a vector quantization technique.
The main assumptions we will make throughout this dissertation are as fol-

lows:

e No explicit analytical knowledge describing the system dynamics or the goal

state is available.

e The complete control system is represented by a finite Markov process. This
implies a discrete set of states and a discrete set of controls associated with

cach state.

We are not assuming strict stationary systems. Although the convergence proofs
in reinforcement learning rely on this assumption. we will see that the proposed
method is suitable in non-stationary environments.

This dissertation is concerned mainly with the control of chaotic systems.
[n Chapter 2 we will review important properties of chaotic systems. Of special
interest in this context are the characteristics of strange attractors. the extraction
of unstable periodic orbits from experimental data. and the discrete representation
of continuous dynamics.

Different situations require different control strategies and as a result a large
number of different approaches to chaos control have been suggested. Chapter 3
is an overview of many of these methods. In particular we will distinguish non-
feedback and feedback methods operating continuously or discretely in time.

In this dissertation we will propose a time-discrete feedback chaos control
algorithm based on reinforcement learning. The field of reinforcement learning
is reviewed in Chapter 4. In particular we will present the temporal-difference

approaches of Q- and Sarsa learning.

[¥)]
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To reduce the complexity of the reinforcement learning problem we use cluster-
ing or vector quantization techniques. Chapter 5 introduces these techniques and
focuses on self-organizing networks: the Neural-Gas and the Growing Neural-Gas
algorithin.

In Chapter 6 we propose a chaos control algorithm based on reinforcement
learning and vector quantization and demonstrate the algorithm in various para-
metric and impulsive control applications. The idea to use reinforcement learning
to control chaotic systems has previously been introduced by Der and Herrmann
[DH94] who applied it to the control of the logistic map. Our algorithm can be
viewed as 2 generalization of their work in that it is able to control fixed points in
non-stationary environments and allows parametric or impulsive control signals.
Furthermore the chaos control of systems other than the logistic map with rein-
forcement learning techniques has previously not been demonstrated. In Chapter
T we demonstrate control of a coupled map lattice and in Chapter 8 control of a
multistable noisy rotor.

In Chapter 9 improvements are suggested which combine reinforcement learn-
ing with the Growing Neural-Gas algorithm. By approximating the exact location
of the desired fixed point and a continuous local control policy in a neighborhood
of it. a general purpose chaos control algorithm is obtained which uses minimal
state representations and allows for vanishing control perturbations in ideal sit-
uations. The use of vector quantization techniques to reduce the computational
complexity of the reinforcement learning problem has previously been suggested in
[DH94} and recently in [FB99, GD99]. However the combination of a grid growing
vector quantization algorithm and reinforcement learning into one algorithm has.
to our knowledge. previously not been shown.

In Chapter 10 we conclude with a summary and suggestions for future im-

provements and research.
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Chapter 2

DYNAMICAL SYSTEMS AND CHAOTIC
ATTRACTORS

The often repeated statement, that given the initial con-
ditions we know what a deterministic system will do far
into the future. is false.

(P. Cvitanovié¢. 1989, p. 3)

The main focus of this dissertation is the control of chaotic systems. In this
chapter we review related concepts from dynamical system theory and introduce
much of the notation used throughout this dissertation. Of particular importance
for the control of chaotic systems are the fundamental properties of chaotic attrac-
tors and the existence of an infinite number of unstable periodic orbits. In addition
to these concepts we will review the so-called So transformation which allows an
elegant estimation of such orbits from experimental data. We refer to experimental
data as data recorded from a system from which no analytical equations describing
the system are known. Time series data from a measurement is an example of such

data.

2.1 Introduction

Poincaré [Poi99]. at the beginning of the 20th century, was the first to real-
ize the possibility of deterministic dynamical systems showing unpredictable be-
haviour. now commonly referred to as chaos. The beginning of the modern study of
chaos is typically associated with Lorenz’s attempt to model convection in the at-

mosphere through computer simulations [Lor63]. Due to a slight numerical error in
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initial conditions. Lorenz accidentally discovered the first experimental evidence of
a system exhibiting sensitive dependence on initial conditions: Two initially close
trajectories will diverge from each other at an exponential rate making long term
predictions of the system’s behaviour impossible. Since this first identification of
a chaotic attractor, the phenomenon of chaos has been the subject of intense re-
scarch and many systems exhibiting chaotic dynamics have been identified. Chaos
is now believed to occur in the dynamics of many natural systems such as the
atmosphere. the brain or the heart ! and has been identified in many experimen-
tal systems such as lasers. electric circuits or chemical reactions (see [Gle87] for a

history and overview).
2.2 Dynamical Systems

Many physical systems are well described in terms of finite-dimensional dy-
namical systems. The state x of the system depends then only on a finite set of

d. state variables.
x=[r; - z4,]T €eXC R,

and the system dynamics can be expressed as a system of autonomous first-order

ordinary differential equations
x =F(x.p). xeXcR*%, (2.1)

with a set of parameters p. Given a non-autonomous system we can introduce
the state-variable + = ¢ and obtain an autonomous system. The vector field F

describes the time evolution of the states x and the d,-dimensional space R%

'The role of chaos in biological systems is much debated. Although it is unlikely that dynamics
of biological organisms can be viewed as low-dimensional chaotic it is believed that chaotic
itinerancy. or multistability. plays a fundamental role in the behaviour of biological systems. In
such systems chaos occurs as transient behaviour.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



spanned by the variables zy, --- , x4, is referred to as state space or phase space.
The graph of a particular solution x(t) in phase space is called a trajectory or
phase curve. An orbit specifies the set of all points on a trajectory. The set of all

trajectories is described by the flow
; . dy . de
o(x) : RxR* — R,

with x(t) = o,(x(ty)). Uniqueness of solutions to the system of equations (2.1)
implies that no crossings of trajectories exist in phase space. In this typical case
for applications. ¢ is a unique function.

Certain svstems are not described by a continuous set of differential equations

but rather by a map or difference equation
Xnsl = f(xn-p)'

Given a continuous systemn. a discrete map can be associated to it either analyt-
ically or experimentally in various ways as discussed in Section 2.9. The discrete
formulation is often more convenient since the analysis of the system can be per-
formed without integration. Furthermore. a measurement process or an integration
scheme naturally results in a discretization of time.

Depending on F (or f) and initial values. typical trajectories will either go to
infinity or stay in a bounded area forever. The set of initial conditions leading to
the same asyvmptotic behaviour of the trajectory is called the basin of attraction
[KS99]. The systems discussed in this dissertation typically do not only have
bounded solutions but are also dissipative, which means that on average the phase
space volume containing initial conditions is contracted under the dynamics. As a
result. trajectories approach an attracting set A of measure zero which describes

the asymptotic behaviour of the system and has the following properties [Wig96]:
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(A1) It is a compact set, invariant under the flow: ¢, 4 = A.

(A2) It has an open neighborhood which contracts to .A under the influence of the

fow.

(A3) It is topological transitive (A can not be partitioned into two closed, distinct

and invariant sets).

Regular attractors such as limiting cycles. fixed points or tori characterize regular
behaviour. Irregular behaviour is characterized by strange or chaotic attractors.
which are fractal subsets of the phase space and can generally be embedded in
a smooth invariant manifold of lower dimension than the phase space dimension.
In Figure 2.1 examples of regular and chaotic attractors are shown. Systems pos-
sessing strange attractors are referred to as chaotic and will be the focus of this
dissertation. We will review the properties of such attractors in more detail in the

1ext section.

N\

(a) Fixed point (b) Limit cycle (c) The Lorenz attractor

i-asllll

Figure 2.1: Examples of regular (a),(b) and strange (c) attractors.

2.3 Strange Attractors

Ruelle and Takens [RT71] discovered an area bounded in phase space which

was attracting trajectories globally, and therefore behaving like an attractor, but

10
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in which trajectories were locally diverging from each other at an exponential rate.
They coined the term strange attractor for this type of limit behaviour. The in-
terplay between convergence and divergence of trajectories gives rise to dynamics
characterized by sensitivity to initial conditions making long-term predictions im-
possible.

Strange attractors can be defined in different ways. Wiggins [Wig96] defines
a strange attractor A as an attractor which has the properties (Al) through (A3)

and in addition the following property (S1).

(S1) The dyvnamics in A are sensitive dependent on initial conditions: There is an
€ > 0 such that. for any x € A and any neighborhood N of x. there exists a

y € N and t > 0 such that |0,(x) — o,(y)| > €.

Properties (Al) - (A3) together with (S1) can be considered as defining conditions
for a chaotic attractor. Devaney [Dev87| adds a further characteristic property of

chaotic attractors:

(S2) The periodic orbits of the dynamics are dense in A: Every e neighborhood

of a point x € A contains a point that belongs to a periodic orbit.

(S2) is an important characteristic of a strange attractor. in particular regarding
the control of chaotic systems: The attractor contains a dense set of periodic orbits.
which are all unstable. because otherwise the attractor would not be strange. A
chaotic attractor can be thought of as a combination of an infinite number of
unstable pertodic orbits (UPQOs) with dynamics continuously switching from one
UPO to another while remaining close to an UPO only for a certain amount of
time. If the dynamics are described by a map, an UPO corresponds to a fized point.
In Figure 2.2 several different UPOs of the Lorenz attractor (see Figure 2.1c) are

shown in a two-dimensional projection. The presence of a strange attractor implies

11
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sensitive dependence on initial conditions, or in other words. chaos. In the next
section we will describe some basic mechanisms leading to the formation of a

strange attractor.
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Figure 2.2: Different unstable periodic orbits of the Lorenz attractor.

2.4 The Creation of Chaos

A fixed point of a system x’ = F(x) is a point x¢ such that F(xq) = 0. Impor-
tant for the creation of chaotic behaviour in a nonlinear system are saddle fixed
points. In two dimensions. such fixed points possess one stable direction charac-
terized by a negative eigenvalue A, of the Jacobian matrix of F at xg with corre-
sponding eigenvector u,. and one unstable direction characterized by an eigenvalue
Ay > 0 with eigenvector u,. Close to a saddle fixed point x, trajectories converge
exponentially (~ e) towards xo along the stable direction and diverge (~ e*!)
from x, along the unstable direction (see Figure 2.3a). This local behaviour leads
to the definition of local stable and unstable manifolds. W (xo) and W} (xo). in

the neighborhood N of a saddle fixed point xo [AFH94] (see Figure 2.3b):

ine(Xq) := {x € N:0y(x) — xq. for t — +oc and o,(x) € V.Vt > 0}

Ise(Xq) := {x € N:0(x) — Xq, for t — —oc and o,(x) € V,Vt < 0}.

12
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Extending the local manifolds beyond A one can define global stable and unstable

manifolds, 11" and W*". of the fixed point (see Figure 2.3c).

a) b)

Figure 2.3: a) A saddle fixed point. b) Local stable and unstable manifolds
.. 1We . c¢) Global stable and unstable manifolds W, 11",

Due to uniqueness of solutions, I¥* and ¥* can never self-intersect. but it
is possible that ¥ and 1™ intersect with each other. If 1¥* and W™ meet at
a point with equal tangent. then the unstable manifold returns to its origin (see
Figure 2.4a). The resulting orbit. which goes to the same fixed point for t — £
is called a homoclinic orbit and is structurally unstable. i.e.. small perturbations
will destroy it as shown in Figure 2.4b and c.

For two-dimensional maps x,.; = f(x,) a fixed point x¢. xg = f(xg). is a sad-
dle if the Jacobian has one stable eigenvalue. |\,| < 1. and one unstable eigenvalue.
|Au| > 1. The definition of the corresponding stable and unstable manifolds is anal-
ogous to the continuous case, but now these manifolds can intersect transversally
(with nonzero angle) in isolated points as shown in Figure 2.4d.

Such points are called homoclinic points and the existence of one homoclinic
point implies the existence of infinitely many such points [Wig96] as can be under-
stood from Figure 2.5a. Let r be the point of intersection between unstable and
stable manifold. with 2’ ahead of z on the stable manifold and r” ahead of z on the

unstable manifold. The mappings Tz’ and Tz"” must be ahead of the mapping T'z.

13
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homoclinic orbit ..
homoclinic

o L
xS

Figure 2.4: A homoclinic orbit (a) and its destruction into regular (b).(c) and
chaos creating behaviour (d).
This implies that the unstable manifold loops back and crosses the stable manifold
in another homoclinic point Tx. Then another loop must be formed intersecting
at another homoclinic point T2r. Since T°r is closer to the saddle point than
Tr. the distance between T2z and T is less than the distance between T and
r. Area preservation requires the area of each loop to be the same and implies
that the loops must extend further. This further implies an infinite “oscillation”
of ™ around 1" which accumulates at xo. [terating backward. we find also an
oscillation of the stable manifold around the unstable manifold and we obtain a
picture as shown in Figure 2.5b. The resulting dynamics is very complex and does
not allow long-term predictions. Similar behaviour can be observed at homoclinic
points of orbits of higher period.

Tyvpically the existence of homoclinic points leads to transient chaotic dy-
namics. This tvpe of behaviour can also occur in three (and higher) dimensional

continuous systems. such as. for example, the Lorenz equations

r'=—o(z—-y). Y=rr—y—-zz. I =-bz+zy. (2.

(3]
(3]
~—

Fixing o = 10 and h = 8/3. and varving r one observes for r > 1 a saddle fixed
point at the origin. For 1 < r < 13.926... the unstable manifolds are caught in
two sinks C.C as shown in Figure 2.6a. At the critical value r = 13.926... a

homoclinic bifurcation occurs (see Figure 2.6b). For larger r values homoclinic

14
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Figure 2.5: Stable and unstable manifold of a saddle fixed point in the case of
transversal intersections between the manifolds. The dynamics is sensitive to the
initial conditions due to the infinite number of “oscillations™ of the manifolds.

points exist. however the chaotic attractor is not observed until r > 24.74... .
The intermediate behaviour 13.926... < r < 24.74... is called metastable chaotic
[AFH94] and is characterized by chaotic transients. The trajectory eventually
approaches one of the two stable fixed points. The effect of the homoclinic points
is a “fractalization” of the basin boundaries of the fixed points leading to sensitive
dependence on initial conditions: Initially close trajectories can approach different
fixed points. At the critical value r = 21.74... the sinks C, and (%, turn into

saddles with a two-dimensional unstable and a one-dimensional stable manifold.

The familiar chaotic Lorenz attractor (see Figure 2.1c) appears for r > 24.74... .

Figure 2.6: Homoclinic bifurcation of the Lorenz attractor. a) 1 < r < 13.926...
b) r =13.926.... ¢) r > 13.926....

15
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In the next section we will review some basic invariant measures characterizing

the behaviour of chaotic dynamics.

2.5 Invariant Measures

A large part of research in dynamical system theory has concentrated on
the characterization of strange attractors through invariant measures.> Typical
invariant measures of a strange attractor are its fractal dimensions. the Lyapunov

exponents and the topological entropy (see [Far82. ER85)).
2.5.1 Lyapunov Exponents

Lyapunov exponents are a measure for the unpredictability of a chaotic sys-
tem. Recall that the dynamics close to a saddle fixed point is characterized by
an exponential divergence (convergence) along the unstable (stable) direction pro-
portional to et (e*t). Trajectories of a chaotic system show divergence and
convergence in different directions at exponential rates everywhere on the attrac-
tor. The properly averaged exponents of this divergence or convergence are called
Lyapunov exponents and are characteristic for the system. i.e.. they quantify the
strength of the chaos. A chaotic attractor must have at least one positive and
one negative Lvapunov exponent. Chaotic systems with more than one positive
Lyapunov exponent (divergence in at least two directions) are called hyperchaotic.

The largest positive Lyapunov exponent provides a measure of the predictabil-
ity horizon of a chaotic system. Consider two trajectories x;(t). x2(t) and let
x(t) = x;(t) —xa(t). Suppose that the initial conditions are close (||xo|| small) and

let o, be the largest positive Lyapunov exponent. Then

lIx(t)]| = e™*||x(0)l

Invariant measures must be invariant under the flow and independent of the coordinate
system in which they are computed.

16
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is an estimate of the separation of the trajectories. If ||x(¢)]| has reached the size
of the attractor, predictability of the system is lost. Let 7 be one time unit. An
error in an initial condition will grow according to exp(ot/7) and predictability is
lost if ||x(¢)]] ~ |.A|. where |A| denotes the characteristic length of the attractor.

The length of the prediction horizon is therefore

thoer_ _li

n .
o lIx(0)]}
2.5.2 Fractal Dimensions

Fractal dimensions are characteristic measures for the geometric form of an
attractor and are related to the distribution of points in phase space. They contain
information about how the number of points in a sphere of radius r scales as r — 0.
Motivation for this definition is the fact that the volume of a d-dimensional sphere
scales as . Analogously a dimension can be defined for a point distribution (a
single point has dimension zero) as follows.

Let n(x.r) be the number of attractor points of a map contained in a sphere
of radius r centered at x. Let p(x)dx be the natural invariant measure of the
attractor. the average time a typical trajectory spends in the phase space element

dx. The correlation integral of order ¢ is defined as
Clq.r) = /p(x)n(x. r)ildx.
In the limit r — 0 one expects that C scales according to a power law,
Clq.r) ~ r('I‘U“q’

which defines a fractal dimension d,. This leads to the following definition of the

generalized fractal dimension dg:

. InC(q,r)
dy = lim ————.
! rl—r-ltl)(q—-l)lnr
17
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If the limit exists we have dy > d, for ¢’ < g¢: the larger ¢. the more weight is put
on regions which are visited more frequently. dy is the boz-counting dimension , d,
the information dimension. and d» the correlation dimension.

Many methods exist to determine Lyapunov exponents and fractal dimensions
from experimental data (see e.g. [KS99]). In [GOY88. LK89] the invariant mea-
sures were linked to the UPOs of the attractor. Thus besides of their importance
for control of chaos the determination of UPOs of a chaotic attractor is also impor-
tant to characterize their behaviour. We will briefly discuss methods to determine

UPOs in the next section.

2.6 Determining Unstable Periodic Orbits

Methods to identify the location of UPOs can be divided into methods which
assume experimental data and methods which require an analytical description of
the system dynamics. The simplest method to identify UPOs from experimental
data relies on finding points of close return ( recurrent points) in phase space [LK89].
Assuming that dynamics are described by a map. a point x, satisfving ||Xp.x —
X,.|| < € is called a (Ak.€) recurrent point and corresponds to a fixed point of
period A% A disadvantage of this method is that a large number of data points is
necessary in order to accurately identify UPOs of large period. Furthermore. the
ball size € has to be given in advance. If € is too large different UPOs might not
be resolved. However if € is too small. not enough recurrent points might occur in
reasonable time to allow estimation of the UPO. This method of close returns was
successfully applied to data from the Belousov-Zhabotinskii reaction [LK89] and

to the detection of UPOs in human cardiac rhythms [NGG98|. An improvement of

A fixed point of period smaller k can also satisfy [|Xn+x — Xn]| < €. For this reason we use a
modified measure for recurrence in Chapter 9.

18
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this method was presented by So et al. and will be discussed in the next subsection.

We will apply the So method in our control algorithm in Chapter 9.

2.6.1 The So Transformation

So et al. [SOST96. SOS*97] proposed a transformation of experimental data
such that the transformed data is concentrated on the periodic orbits.
Consider a map r,,; = f(r,) and assume that we want to estimate a fixed

point ry such that ry = f(xy). So et al. suggested the transformation
Iy = Iy = [Tpy — su(k)La] /[ = sa(K)].
with
$u(R) = (Tne2 = Lns1)/(Tnst — Ln) + K(Tnsy = 20).

The density function for i can be shown [SOST96] to have singularities ~ | —
£f|7"* at ry which implies that the histogramm of & will have sharp peaks at r;.
Without requiring the definition of a ball size €. all points that lie in the linear
region of ry are transformed into the vicinity of ry. Consider as an example the
logistic map f(r) = 3.8x(1 —x) which has a fixed point at ry = 1 -1/3.8 = 0.7368.
In Figure 2.7a a histogram of the untransformed data is shown. Figure 2.7b shows
the transformed data & with & = 0. We see that a sharp peak appears at the
location of the fixed point. For fixed k& the histogram typically will contain spurious
peaks not due to fixed points which depend on A. Averaging the transformed data
over different & will lead to a single peak at the desired location (see Figure 2.7c).

In [SOS*96. SOS™97] So et al. present the transformations for general high-
dimensional systems and data in the form of embedding vectors (see next section).
This method has been applied to interburst data from a rat hippocampal slice

[SOS™97] and to data from human epileptic activity [QMAV9T].
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Figure 2.7: Histogram of a) the logistic map r,., = 3.8x,(1 — r,). b) the trans-
formed data & with & = 0. and c) averaged over different k.

2.6.2 Root Finding Methods

The methods based on close returns and its modifications do not assume
knowledge about system dynamics. If such knowledge can either be extracted
from the observed data (see [IKS99] for an overview of reconstruction methods) or
if it is actually available. then root-finding methods can be applied which rely on

finding roots of the function
g(x) = f¥(x) - x.

with & denoting the period of the desired fixed point. The root is typically found
through an iterative scheme and an obvious choice would be a Newton-type method

(see [PFTV86]) which calculates updates according to {DL99a]
-J(x)Ax = g(x).

Newton methods however require a good initial guess and as a result a very fine
grid has to be used. Schmelcher and Diakonos [SD98] suggested a universal set of

linear transformations which transforms the unstable orbits into stable ones and
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proposed updates of the form
Ax = \Cx.

With an appropriate choice of C and A this method can find any periodic orbit of
a chaotic system. A more efficient method based on a similar principle was derived
in [DL99a].

As mentioned before one distinguishes methods assuming system knowledge
and methods which do not. Although a model can in principle be established from
experimental data. the approximation of this model suffers from the same problems
as the methods of close returns: given a complicated system. to approximate a
model which is good enough to allow accurate approximation of UPOs would
tyvpically require a large amount of data. As a result. experimentalists usually only
determine low-period orbits. Fortunately it was shown in [HO96] that generically
low-period orbits give the major contribution to invariant measures and can be

considered more important than high-period orbits.

2.7 Reconstruction of Phase Space

In many practical applications the observed dynamical system is unknown and
the only information available is obtained through discrete time measurements of
certain observable quantities. For simplicity we assume that only one quantity is

observed. The result of a measurement with sampling time 7 is a time series
{s(1). s(2).---}. s(n) = h(x(n7)). n€ N, (2.3)

with the measurement function 2 : X — R. An important result for experimen-
talists was obtained by Takens 1981 [Tak81]. Takens showed that the measurement
of a single time series allows the reconstruction of a space which is equivalent to the

original phase space of the system in the sense that the invariant measure of the
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attractor can be estimated in the reconstructed phase space. From the time series
so-called embedding vectors are constructed which form an embedding space that
is in one-to-one correspondence with the true phase space as far as the embedding

of the attractor is concerned.
2.7.1 Embedding Vectors

The possibility to reconstruct the phase space and its embedded attractor, or
in other words all relevant degrees of freedom”, from a measured time series relies
solelv on the nonlinearity of the underlying dynamical system. As an example
consider the Lorenz equations (2.2). The nonlinear terms rz and ry couple all
variables of the system such that the change of one variable is influenced by all other
variables. As a result. the observation of just one variable allows to reconstruct
the dynamics created by the complete system.

To reconstruct the phase space based on the time series (2.3). generallv tire

delay embedding vectors

sn=[s(n). s(n+T). - . s(n+(de — l)T)]T. n=1.--. N(d.). s€8S.
(2.4)
are constructed. with time delay T and embedding dimension d,. The number
N(d.) of available embedding points depends on the embedding dimension d.. For
correctly chosen T and d,. the geometrical object formed by the s will be in one-to-
one correspondence with the original trajectory. We refer to S as the reconstructed
phase space. In Figure 2.8 we used the Lorenz equations (2.2) to illustrate the
reconstruction process. In Figure 2.8a the attractor A in the true phase space
is shown. The r-coordinate is measured and the resulting time series is shown
in Figure 2.8b. The time series is embedded with T = 5 and d. = 3 and the
geometrical object E(A) obtained in this way is shown in Figure 2.8c.
In the next subsections we introduce briefly the most important embedding

theorems and methods to determine the embedding parameters.
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Figure 2.8: Reconstruction of the Lorenz attractor through a time series embed-
ding. <1) The Lorenz attractor in the true phase space spanned by r.y.z. b)
Recording of the z-coordinate. ¢) Embedding vectors with T = 5 and d. = 3.

2.7.2 Embedding Theorems

Suppose we are given a dynamical system with attractor A C X and that
information about the system is available through an observation process which
in general can be described as a map E : A — E(A), from the attractor to its
image E(A). An embedding is a diffeomorphism®* from A onto E(A) [SYC91]. The

embedding theorems below describe under what general conditions on .4 and E the

1A smooth one-to-one map which has a smooth inverse.
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map E'is an embedding. The first embedding theorem was given 1936 by Whitney

[Whi36]:

Theorem 2.1 (Whitney’s Genericity Embedding Theorem)
A d-dimensional smooth manifold can be embedded in R***!. The set of embedding

maps is dense and open in C*.

To illustrate this theorem. assume we are given a 1-dimensional manifold (d = 1)
in a 3-dimensional space. e.g. a circle as shown in Figure 2.9a. The topology of
the circle is preserved if we embed it in two dimensions. However. if the circle
is deformed. the embedding in two dimensions might not be sufficient and an
embedding in 2d + 1 = 3 dimensions can be necessary (see Figure 2.9b). The
false embedding (here a projection) is characterized by a self-intersection of the
image which is not present in the original manifold. Elimination of these false
intersections is the basic idea of the false-nearest neighbor method (see Section

2.8.2) to estimate a correct embedding dimension.

' A
A
a) ,' ' b)
/ ' \
/ Q
/
/ G(A)
G(A)

Figure 2.9: Embedding of a 1-d manifold in two dimensions. a) For a true circle the
2-dimensional embedding is sufficient. b) The deformed circle can not be embedded
in a two-dimensional space.

Whitney's theorem is not sufficient for constructing embeddings of attractors

from measurements for two reasons: 1) it assumes smooth manifolds of integer
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dimension and is as such not adequate for strange attractors, and 2) it only guar-
antees that the set of embeddings is dense, which means that every map is only
arbitrarily close to an embedding. However one would like to conclude that a given
map is an embedding with probability one and denseness alone can not guarantee
this since open dense sets of small Lebesgue measure exist [SYC91]. Two gener-
alizations of this theorem were presented in 1991 by Sauer. Yorke and Casdagli

[SYC91). The first theorem guarantees that a map is an embedding with proba-

bility one.

Theorem 2.2 (Whitney Embedding Prevalence Theorem)
A d-dimensional compact smooth manifold A can be embedded in R***'. Almost

every’ smooth map A — R**! s an embedding of A.
The second theorem extends the statement to fractal sets.

Theorem 2.3 (Fractal Whitney Embedding Prevalence Theorem)
Let A be a compact subset of R* of bor-counting dimension dy. and let n be an

integer greater than 2dy. For almost every smooth map E : R¥ — R,

1. E is one-to-one on A.

2. E is an immersionS on each compact subset C of a smooth manifold contained

in A.

The last theorem guarantees that it is sufficient to observe 2d, + 1 independent
quantities simultaneously in order to reconstruct an attractor of box-counting di-

mension dy. In experimental situations however it is in general not possible to

% Almost every in the sense of prevalence as defined in [SYC91]: A Borel subset S of a normed
lincar space V' is prevalent if there is a finite-dimensional subspace E of 17 such that for each
v € V. v + e belongs to S for (Lebesgue) almost every e € E.

5The Jacobian of E is one-to-one at every point on A.
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observe a large number of independent observables and the question is how to
form a map which allows a reconstruction of the phase space from just one observ-
able. To this end Taken's [Tak81] introduced the time delay embedding vectors

(2.4) and proved the following theorem [Tak81, KS99].

Theorem 2.4 (Takens’ Delay Map Embedding Theorem)
[t is a generic property’ that a delay map of dimension 2d + 1 is an embedding
of a ¢compact manifold with dimension d if the measurement function h is C* and

couples all degrees of freedom.

Takens’ theorem is for delay embeddings what Whitney's theorem is for general

embeddings. Again Sauer et al. [SYC91] generalized Takens™ theorern:

Theorem 2.5 (Fractal Delay Embedding Prevalence Theorem)

A delay map with integer embedding dimension d, > 2dy is an embedding of an
attractor with bor-counting dimension dy for almost all (in the sense of prevalence)
smooth measurement functions h and sampling times 7 > 0. if there are no periodic
orbits of the system with period T or 2T and only a finite number of periodic orbits

with period k7. k > 0.

The important consequence of the embedding theorems is that an experimenter
can claim to have found an embedding with probability one if d, is chosen correctly.
An embedding preserves the invariant measures of the original system and gives
a reconstructed attractor which is in one-to-one correspondence with the original
attractor. It turns out however that it is not always necessary to have one-to-

one correspondence in order to preserve all possible invariant measures [DGOS93].

“A property is generic if the set of maps having this property is open and dense. Thus
“generic” is weaker than “almost all”.
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For certain applications d. < 2dp + 1 still leads to good results. In [SSOY98] for
example it was shown that the prediction of a time series is possible in certain
cases even if E(A) shows self-intersections.

The theorems assume that one has access to infinitely many exact measure-
ments and do not make any statement about the choice of the time delay. In
practice however nne is limited to a finite number of noisy measurements and the
choice of a correct delay is critical. While the theorems provide a fundamental
theoretical result on how to choose d, from the dimension of the manifold. they
give no information on how to find this dimension. To estimate the dimension
of the attractor. we need a reconstruction of the phase space in the first place.
Many different methods have been. and are currently being, developed to estimate
correct embedding parameters from experimental data. We give a brief overview

of these methods in the next subsection.

2.8 Determining Embedding Parameters from Experimental Data

2.8.1 Determining the Time Delay

Since we are attempting to extract as much information about the original
attractor as possible through the embedding process. most methods apply informa-

tion theoretical approaches to determine T'. guided by the following two principles

[CEFGI1. Aba93):

o Redundancy: If T is too small. two consecutive embedding vectors will be
redundant and not contribute new information. For example. measuring

sunspots in terms of seconds will produce large amounts of redundant data.

o [rrelevance: If T is too large. then two consecutive embedding vectors will
be statistically uncorrelated and not reveal new information about the dy-
namics. For example. measuring heart beats in terms of hours will not reveal

information on possible arrhythmia.
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From the two examples we see that the time delay is directly related to the mea-
surement sampling time. If the sampling time is not chosen properly, even an
optimal embedding will not reveal information on the dynamical behaviour of the
svstem.

The simplest method to determine an adequate time delay is to embed the
attractor for different T and to use the eye to decide for which T the attractor
appears optimally unfolded. If T is too small (see Figure 2.10a). the attractor will
only cover a small area of phase space and be distributed along the identity line
(redundancy). If T is too large (see Figure 2.10c). then the geometrical structure of
the attractor will become distorted (irrelevance). Naturally this method will only
work if the attractor can be embedded in small dimensions. Also if the dynamics

are very noisy or complex. this method will fail.

an+2T)
» »
»
xX(n+27T)
é
|
| %
3
]
o x(n427T)

Figure 2.10: Embedding of the Lorenz attractor for different time delay. a) T=1.
h) T=3. ¢) T=10.

A number of methods have been proposed which quantify this geometrical
idea [KS99|: The wavering product [LS89] measures near neighbor distances, the
fill factor [BP92! measures the phase space volume covered by data and the method
of displacement from the diagonal [RCL94].

Methods not based on geometrical ideas are typically based on information

theory and measure the dependence of two successive embedding vectors. A naive
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choice. requiring linear independence, is to choose the value for which the auto-

correlation function

(s(n)s(n = T)) — u?
a2 '

with # = (s(n)). 0 = ((s(n) — u)*) and { . ) denoting expectation value, first
passes through zero [FS86]. A more appropriate measure for nonlinear systems is
the mutual information which is based on Shannon’s information theory [Sha48). It
was introduced in 1968 by Gallagher [Gal68] and measures the general dependence
of two events. [t is defined as the sum of the entropies of the two isolated events
minus the entropy of the joint event.

Let p(s(n)) denote the probability that the nth measurement gives s(n). The

average information. or entropy. gained by this measurement is defined as

From this the mutual information is formed as
[(T) = Sn + SpaT — Sn|n+T =25, - Sn|,,+'r.

If T is zero. then Syt = Sp and I(T) = S,,. If T is too large. no information will
be gained from the joint measurement and Spj,+7 = 0 giving [(T) = 25,.. Note
that S, > S,jn=7 2 0. Although I(T) does not necessarily have a minimum. the
hope is that it has and Shaw [FS86] suggested to use the first minimum of I(T') to
determine T. Since S,, does not depend on T in practice the first minimum of the

average mutual information [Aba93].

B p(s(n),s(n+1T))
S(T) = n;p(s(m.s(n +TDlogs o e SR T

is determined. Practical algorithms to compute the mutual information are based

on estimation of the probabilities based on binning of the state space {FS86. Fra89.
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Figure 2.11: Average mutual information S(T) of embedded Lorenz data.

PS94]. See Figure 2.11 for an example of S(T') for the embedded Lorenz data.

computed with an implementation of Fraser and Swinney's [FS86] algorithm. The

first minimum occurs at T = 9.

The computation of the mutual information is computationally expensive and
requires large data sets [KES99]. Liebert and Schuster [LS89] suggested to use the

first minimum of the generalized correlation integral

C(d.. T.N.r)= O(r — |lsi —s4||). r>0.
\/(\ — J

l<1<_;<\

where
©(a) =0. ifa<0, and ©(a) =1 otherwise.

Kim et al. [KES99] introduced the efficient C-C method to determine optimal delay

times based on computation of the correlation integral.

2.8.2 Determining the Embedding Dimension

The embedding theorems imply that it is possible to determine an euclidean

space R large enough to allow a unique unfolding of a set of points of fractal
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dimension dy. The requirement d. > 2d, is only sufficient but not necessary. For
the Lorenz attractor dg =~ 2.06 and the embedding theorem would require d. = 5.
But it turns out that this attractor can be uniquely reconstructed with d, = 3. In
theory it is not problematic to work with unnecessary large embedding dimensions
but in practice computational requirements to compute the invariant measures
increase with d,. Furthermore, unnecessary dimensions amplifv noise [ABST93].
Theretore even if the box-counting dimension is known. it is of value to compute the
lowest necessary embedding dimension. Three basic ideas can be used to choose
minimum embedding dimensions: Computation of invariant measures. principal

component analysis and detection of false nearest neighbors.

Computing Invariant Attractor Measures.

By computing an invariant measure for increasing embedding dimension one can
identify a necessary embedding dimension from the embedding dimension at which
the value of the measure begins to converge. The Grassberger-Procaccia algorithm
[GP83] and the method by Pineda and Sommerer [PS94| implement this idea. As
noted in [Cao97]. this approach is time-consuming, requires large datasets and
often does not allow clear interpretation of results. In Figure 2.12a we show the
generalized dimensions dy and ds of the embedded Lorenz data computed in differ-
ent embedding dimensions. We can conclude d. = 4. It is important to note that
invariants can be computed at dimensions which do not completely unfold the at-
tractor [DGOS93. SSOY98] such that this method is not adequate in applications

in which a one-to-one correspondence with the original attractor is required.

Principal Component Analysis.
A principal component. singular-value [BK86] or Karhunen-Loéve decomposition

is based on computation of the covariance matriz with components
1 N—detl

T
C‘J - N = d +1 Sn—d¢+isn“de+j'
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Figure 2.12: Estimation of embedding dimension. a) Generalized dimensions d;
and d, for the embedded Lorenz data computed at different embedding dimensions.
b) Number of false nearest neighbors as a function of the embedding dimension.

This matrix is symmetric with real eigenvalues. The size of the largest eigenvalue
is characteristic for the dimension of the space capturing the important charac-
teristics of the dynamics. Eigenvalues belonging to extra. unnecessary. dimen-
sions capturing noise should all be equally small and form a so-called “noise-floor”
[ABST93]. The number of eigenvectors not belonging to the noise-floor can be
taken as embedding dimension. As pointed out in [ABST93] and [Ca097] this
method is hard to interpret on occasion and the number of large singular values
may depend on the details of the embedding and data as much as they do on the

dynamics of the system.

False Nearest Neighbors

Today the most popular methods for detecting embedding dimensions rely on
finding false nearest neighbors in phase space and attack directly the fundamental
problem of finding embedding dimensions which unfold the attractor such that no
false crossings of trajectories exist which are due only to an embedding into a too

low dimensional space. Given a time delay T'. an embedding vector in embedding
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dimension d can be written as
sn(d) = [s(n), s(n+T), ---. s(n+(d - 1)T)|.

A pair of nearest neighbors in dimension d is a pair of true neighbors if they are still
neighbors in dimension d+ 1. otherwise the neighbors are called false neighbors. For
a correct embedding dimension the number of false neighbors will be negligible such
that this number can be used to detect correct embedding dimensions. Methods
differ by the criterion used to detect false neighbors.

Let s,,(d) denote the (euclidean) nearest neighbor of s,(d). The false nearest
neighbor algorithm of Kennel [KBA92. AK93. KA95] detects a false neighbor by
determining if the quantity

Is(n +dT) — s(m + dT)|
“S"(d) - Sm(d)”

(lp,\:,\'(n. (l) =

is above a certain threshold. While this seems to be the most popular method. it

is subjective to the choice of threshold [Ca097]. Cao [Ca097] proposed the measure

lIsn(d + 1) — sp(d + 1)||
”Sn(d) - sm(d)”

and suggested to use the average measure

aCao(”- (1) =

_e(d+1)
T oe(d)

instead of a threshold parameter. to detect the embedding dimension. el will

A"
el(d) with e(d) = % Z acao(n. d).
7 n=l

converge at a value of d which can be used as minimum embedding ditnension. In

Figure 2.12b we have shown the number of false nearest neighbors of the embedded

Lorenz data as a function of the embedding dimension. We can conclude d. = 3.
The false nearest neighbor algorithm returns embedding dimensions even for

random data in certain cases [Ca097]. Cao proposed the additional measure

‘ e*(d + 1) | &

e2(d) = —d e(d) = 7\72 |s(n + dT) — s(m + dT)|
° n=1
33
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to distinguish deterministic from stochastic signals (tested for random colored
noise). For random data e2 will always be equal to one. while for determinis-
tic data e2 depends on d. This method was shown to be more efficient and less

subjective than the false nearest neighbor algorithm.

2.9 Discrete Representation of Continuous Motion

[n experimental situations, the measurement process observes the continuous
dynamics only at discrete times 7. In simulations where a system is integrated.
the time step of the integration process takes the role of the sampling time.®

The observation of a continuous process at discrete time intervals is a so-called

stroboscobic mapping of the continuous system. This map can be expressed as
X(they) =f(x(tn)). th=to+nr. n=1.2.---

Another type of map is the Lorenz map {Lor63] which was introduced by
Lorenz to extract order from chaos. Given a continuous variable x(t). the idea is
to construct a map In., = f(x,) which expresses the (n + 1)th local maximum of
o in terms of the nth local maximum. It is only useful to coustruct this map for
nearly two-dimensional attractors [Str94].

Another possibility to introduce a discrete description is the so-called Poincaré
map illustrated in Figure 2.13. This mapping is important because it reduces the
dimension of the system by one and often allows a good interpretation of the
continuous dynamics. especially close to periodic orbits. The idea is to record the
continuous trajectory only if it intersects a certain surface-of-section ¥. which is

generally a hyperplane of dimension d, — 1.

5[t is not recommended to use adaptive integration methods in this case since this would
simulate a measurement process with varving sampling times and make computation of time
delays more complicated.
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Figure 2.13: Illustration of a Poincaré map. The continuous trajectory is only
recorded if it intersects a certain surface-of-section.

We require that ¥ is transversal to the flow. F'n # 0. where n denotes the
surface normal of £. The Poincaré map f is a mapping from ¥ to ¥ aobtained by
following trajectories from one intersection with X to the next [Str94]. With x,

denoting the nth intersection with . the Poincaré map is defined by
Xn+1 = F(Xn).

Nowadays virtually any discrete time systern that is associated with an ordinary
differential equation is referred to as a Poincaré map [Wigd6| although the maps

not necessarily are defined through a surface-of-section.

2.10 Conclusions

[n this chapter we introduced the main concepts concerning chaotic systems
necessary for the understanding of the following chapters. Of particular importance
for the following is the fact that a chaotic attractor possesses unstable periodic or-
bits. If the continuous motion is viewed in a discrete space the periodic orbits
correspond to fixed points. These fixed points can be detected by the So transfor-
mation. [n many applications data is measured in the form of a time series and

the attractor can be reconstructed by means of a time delay embedding. Although
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we will not discuss such a reconstruction here further we included the topic of

reconstruction of the phase space in this chapter for completeness.
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Chapter 3

CHAOS CONTROL

Instead of engineering to avoid chaos. as has traditionally
been the custom. it may be more productive to design
svstems to operate chaotically and exploit the order con-
tained within chaos.

(D. Peak and M. Frame. 1994. p. 239)

We now turn to control and introduce the problem of chaos control. give an
overview over existing methods. mention their advantages and weaknesses. demon-

strate examples and motivate the chaos control method proposed in Chapter 6.

3.1 Introduction

Originally chaos was regarded as undesirable due to its intrinsic instability
and unpredictability. In the engineering sciences systems were designed such that
chaotic dynamics would not occur. A new approach was suggested by Ott. Grebogi
and Yorke [OGY90] who proposed to control chaos by using the characteristics of
chaos itself and showed that chaotic systems could be stabilized by applying small
perturbations to a parameter. This idea of chaos control is fundamentally differ-
ent from the engineering approach because the system stays in the chaotic regime
during control but is stabilized at one of its unstable periodic orbits. Through
small perturbations the undesired unpredictable dynamics are converted into de-
sired predictable behaviour without requiring a fundamental change of operating
conditions. Ott. Grebogi and Yorke’s method. now known simply as OGY control.

led to a rethinking of the role of chaos and to many interesting applications such as
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control of atrial fibrillation [LBM*99, WMV*00] and epilepsy (GNN*96]. Today
chaos is no longer considered a nuisance and applications focus on the exploita-
tion of the characteristics of chaos: In many applications chaos can be considered
desirable since it allows to produce an infinite number of periodic or non-periodic
behaviours using the same chaotic system, merely by applying tiny, properly chosen
perturbations to either a control parameter or a system variable.

An extension of these ideas has led to the more general idea of targeting
general states on a chaotic attractor and to the idea of anti-chaoscontrol with the
goal to sustain chaos. The observation that simple feedback mechanisms allow the
svnchronization of chaotic systems resulted in many applications. e.g.. for secure
communication [PC90]. Since 1990 more than 1000 papers appeared on the subject
of chaos control (see [Che] for a bibliography with 800 references and [Kap96.
BGL~00] for recent reviews). Today the focus has shifted from the control of low-
dimensional systems to the control of high-dimensional. spatially extended systeins
exhibiting spatio-temporal or other complex behaviours such as multistability. The
control of these systems will be the topic of Chapters 7 and 8.

In the next sections we introduce the chaos control problem. give a sample of
experimental svstems for which chaos control is of importance. and review the main

approaches to chaos control. divided into non-feedback and feedback methods.

3.2 The Chaos Control Problem

We consider either a continuous system described by a nonlinear differential

equation of the form
x' = F(x.p). (3.1)
where p is a vector of control parameters. or a discrete system described by a map

Xn+1 = f(Xn. P)- (3.2)
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A discrete system representation can be obtained from the continuous system for
example through a Poincaré map as discussed in Section 2.9.

The long-term behaviour of the solutions can be distinguished into regular
(fixed points. periodic or quasiperiodic orbits) and irregular (chaotic) behaviour.
Typically. by varying one or more parameters p; € p, the system dynamics changes
from regular to chaotic behaviour. We will assume throughout this dissertation
that p is such that the unperturbed system behaves chaotically.

The problem of chaos control consists of changing the unpredictable chaotic
behaviour into a desired predictable behaviour.

The obvious question to answer before attempting to find efficient chaos con-
trol methods is to ask. why chaos control is necessary? Is it not possible to simply
design systems showing no chaotic dynamics? This is indeed not the case whenever
a system is intrinsically chaotic. has to be operated in the chaotic regime to run
efficiently. or is subject to unpredictable and uncontrollable influences which cause
it to operate chaotically. In general. for systems with the possibility of nonlinear
and complex behaviour chaos control can become an issue. We will give now a

brief summary of experimental systems where chaos control is of great value.

e Stabilization of undesirable chaotic vibrations.

In many systems which are subject to unpredictable external forces chaotic
vibrations can occur which are harmful to the system. Examples are chatter
of airplane wings. bridges subject to wind. buildings in earthquakes or ships
subject to waves. Control of these undesired vibrations can greatly reduce
stress on the system. Indeed one of the first experimental applications of
the OGY method [DRS90] dealt with the control of chaotic vibrations in a

mechanical ribbon.
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e Increase of outputs of nonlinear systems.

Complicated systems such as lasers often give maximum output and effi-
ciency only if operated in a chaotic regime. Then. due to coupling of modes,
undesired frequencies persist. Roy et al. [RMMG92] controlled the chaotic
oscillations of a chaotic multi-mode laser and showed a 15-fold increase in
power output if a chaos control method is applied. A related application
is the synchronization of chaotic systems through chaos control. Besides
greatly enhancing the efficiency of coupled systems such as coupled laser
arravs [TJD799| this led to applications to digital communication such as

secret [CO93] and fast [WR98] transmission of data.

e Control of biological excitable systems.

Chaos has been associated with the malfunctioning of certain biological sys-
tems such as the heart where it is believed that heart rhythms undergo
transitions from periodic to chaotic behaviour during cardiac arrest. ! On
the other hand chaos seems to be an important ingredient for the efficient
information processing capabilities of the brain. It is believed that during
epileptic seizures a transition from chaotic to stable periodic behaviour oc-
curs 2 which temporarily prevents effective information processing. Some of
the first applications of chaos control methods concentrated on these medical
applications which eventually could lead to the development of implantable

medical devices. Garfinkel et al. applied chaos control first to a rabbit

Tt is disputed if dynamics observed in biological systems are truly chaotic. Nonetheless.
chaos control techniques have been succesfully applied to control of human atrial fibrillation
(WAIV=00]., Many chaos control technique can also be applied to a wider range of systems such
as stochastic system [CC93].

20r more general from a less ordered to a state of higher order.
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heart (GSDW92] and later to human patients [LBM*99, WMV+*00]. Con-
trol of brain activity based on chaos control techniques was first reported in

[SID*94] and later applied to the suppression of epileptic activity [GNN*96].

¢ [ncreasing mixing rates in fluids and efficiency of chemical reactions.

The mixing rates of fluids and the efficiency of chemical reactions often are
optimal if the system is stabilized at an UPO in the chaotic regime. The
stabilization further allows better prediction of the outcome of the process.
Peng et al. [PPS91] showed first the possibility of chaos control in chemical
reactions while Singer et al. [SWB91] reported the first controlled experiment

of a convective fluid.

e Targeting space-crafts to the moon.

The three-body system consisting of the earth. the moon and a space-craft
shows chaotic dynamics. As a result. a space-craft would eventually visit the
neighborhood of the moon if left unperturbed. This offers the interesting
opportunity to apply small perturbations at certain locations in space in
order to target a craft to the moon (or to other planets) in a fast manner while
not requiring large amounts of fuel. This targeting problem was numerically

investigated in [BM95] and more recently in [SO97].

e Understanding of neural information processing.

Much experimental evidence points to the theory that chaos is playing a fun-
damental role in neural information processing [SF87] and that it is of impor-
tance to understand how chaos is controlled in order to process. store and re-
trieve information. In this context, control mechanisms must be investigated
which are based on ideas derived from artificial intelligence learning or biolog-

ically motivated neural network models. In particular reinforcement learning
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is believed to play a role in the conditioning of neural connections [MDPS96).
This not only could lead to a better understanding of the brain and possible
medical applications but also to powerful information processing devices. For

investigations in this context see e.g. [SB93, LB94, Hof94. KPSJ97].

In summary there are two major motivations to study the control of chaos: 1)
efficiently transform unpredictable chaotic into predictable periodic behaviour. and
2) design systems to operate chaotically and utilize the power of chaos: A chaotic
svstem has a large number of readily accessible distinct states in the form of UPQOs.

The methods of chaos control can be divided into non-feedback and feedback
methods. Non-feedback methods apply state-independent perturbations (open-
loop control) while feedback methods select perturbations based upon a knowledge
of the state of the system (closed-loop control). To perturb the system we can
either perturb a control parameter p, € p (parametric control) or perturb directly
a system variable r; € x (state control). We can further distinguish between
methods applving perturbations discrete in time or continuous in time. We will
give an overview of existing approaches in the next sections. Keeping in mind
that “Claiming that one method is superior to another would be senseless. much
depends on the specific problem one has to tackle™ [LP98] we will briefly summarize

the main characteristics of the presented methods.

3.3 Non-feedback Chaos Control

Non-feedback methods exploit some property or knowledge of the system and
change the controlled system for example by permanently shifting a control pa-
rameter or adding an external force such that the system behaviour changes from
the chaotic attractor to a periodic state [Kap96]. The first approach consists of
designing the chaos out of the system and we refer to it as engineering chaos con-
trol. The second approach generally considers external state-independent periodic

or stochastic perturbations and is referred to as taming chaos.
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3.3.1 Engineering Chaos Control

Engineering chaos control relies on a bifurcation analysis of the system to be
controlled. Bifurcations are changes in the topological structure of the attracting
set resulting from a change of one or more control parameters. A bifurcation
analvsis investigates the topological structure of the attracting set in dependence

of a control parameter. Consider for example the logistic map.
LInel = p;rn(l - -rn)-,

with control parameter p. It is well known that the dynamics undergoes period-
doubling bifurcations if p is changed from initially p=0 to p=4. This can be
summarized in a bifurcation diagram as shown in Figure 3.1. The diagram shows
oo as a function of p. For p > p = 3.57 the dyvnamics are chaotic. On the
basis of the bifurcation diagram control is performed by setting system parameters
such that the svstem exhibits the desired dynamics. For example if a period two

dynamics of the logistic map is desired one could set 3 < p < 3.449... .

09t
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Figure 3.1: The bifurcation diagram of the logistic equation z,.; = pz,.(1 — z,).
Shown is xy000 With ro randomly chosen from [0. 1].
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As a further example consider the well studied Lorenz system (2.2) which
exhibits chaotic behaviour for r = 28 (see Figure 3.2a). A detailed analysis of
the Lorenz system with r as control parameter shows that there are parameter
windows where the system exhibits non-chaotic behaviour [Spa82|. For example
for r = 151.32 the attractor is a 2-cycle (see Figure 3.2b). Also, since chaotic
behaviour occurs only for r > 24.74... the chaotic system can be changed into a
regular one by choosing r < 24.74... (see Figure 3.2c). One can observe that the
engineering approach fundamentally changes the system since the controlled states
are far from the original attractor. and that parameter changes generally have to

be large to achieve control.

i a8 3 & 3 &t 3

.
4 ¢ 3 T 8B ST I EZTS

(a) r =128 (b) r = 151.32 (c) r=241

Figure 3.2: The Lorenz attractor 2’ = 10(y —x). ¥ = re —zz. 2’ = —(8/3)z + ry.

3.3.2 Taming Chaos

Taming chaos refers to the control of chaos through state-independent peri-
odic perturbations or the addition of random noise. In principle this results in a

modification of the original system (3.1) into the system
X'(t) = F(x(t). po + wi(wi. 71.t). p(t)) + uz(wa, 52. t). (3.3)

with perturbation u, of a system parameter and/or external force u,.
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For certain values of the parameters w;,v; the system can show periodic or
other desired motion. Adequate values for the parameters can be found through a
systematic stability analysis of the system with the additional parameters w;. 7; or
through trial-and-error. Many different mechanisms of this type of non-feedback
control have been suggested: periodic perturbation of an internal system parameter
[KAS87. KRB94. CB96. PKC98|. external periodic perturbation [BG91. USOK9S,
SCH99] or external stochastic perturbation (chaos control through noise) [Her88].
These approaches. however. are in general limited by the fact that their action
is not goal oriented and the final state cannot easily be decided by the operator
[BGL700]. If an analytical description of the goal state is available entrainment
techniques [Bre9d. Jac97] can be applied where the desired goal dynamics are used
as external perturbation to a svstem variable in order to drive the system to this
input state. This open-loop control is related to the Pyragas-type closed-loop

methods which we will discuss in Subsection 3.4.3.
3.3.3 Characteristics of Non-feedback Methods

The main advantage of non-feedback techniques is their speed. Once ade-
quate control parameters for either the perturbations or the system parameters
are found. control can be achieved fast since no on-line monitoring of the system
dyvnamics or processing of a control policy is necessary. These methods are thus
promising for controlling fast systems such as electro-optical systems or supercon-
ducting Josephson junctions [CB96]. On the other hand these methods do not use
the characteristics of chaos for control but create a new system with the desired
properties. The stabilized orbit does generally not exist for the unperturbed sys-
tem but in many applications this is undesirable or even impossible to realize since
for example only small changes to system parameters are allowed. Furthermore. if
trial-and-error methods do not find suitable parameters an often extensive analysis

is necessary in order to establish control.
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3.4 Feedback Methods

Feedback methods select a perturbation based upon knowledge of the state of
the syvstem. In many situation the dynamical equations describing a system are
unknown or inaccurate and control methods will only be useful if they are model in-
dependent. i.e.. do not require analytical knowledge on system dynamics. Instead.
a learning phase is applied in which the kncwledge necessary to choose successful
perturbations is extracted from observations of the syvstem dynamics. The goal
in practically all feedback chaos control methods is to stabilize the system at one
of the embedded UPOs through small perturbations. We will distinguish para-
metric feedback methods which perturb a certain system parameter and impulsive
methods which perturb directly a system variable. These methods are typically
time-discrete control methods and apply control signals at discrete times. for exam-
ple. when the system crosses a surface-of-section. The third category of feedback
method are time-continuous methods. In addition. we will review two important
improvements of parametric control methods: targeting. which refers to the gen-
eral problem of bringing a system from any initial state as fast as possible to a
prescribed desired state. and tracking. which refers to methods able to stabilize a
syvstem in a non-stationary environment.

In the ideal case of feedback chaos control aiming for stabilization of embedded
UPOs. and in a noise free environment. small perturbations suffice and the applied
perturbation will vanish once the desired state is reached. The possibility to control
the system through small perturbations is one of the major advantages of feedback
chaos control methods. For example. in medical applications concerning control of
heart arrhythmia. the control through small. almost vanishing, perturbations offers

the possibility of far less invasive control than common pacing methods [CC97b].
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3.4.1 Parametric Chaos Control

The OGY method

In the case of chaotic behaviour. the attractor of (3.1) is a strange attractor
and has embedded within a dense set of UPOs (see Section 2.3). The chaotic dy-
namics can be seen as shadowing periodic behaviour through certain time intervals
[BGL™00]. Chaotic dynamics are further characterized by a sensitive dependence
on initial conditions leading to exponential divergence of initially close trajectories
and an unpredictability of the system. This can be interpreted differently: Due to
the sensitive dependence. a tiny perturbation will give rise to a large response over
time. Ott. Grebogi and Yorke suggested in a seminal paper {[OGY90] to exploit
this sensitivity in order to stabilize a chaotic system at one of its embedded UPOs
throngh small. properly chosen perturbations and thus revealing the shadowed pe-
riodic behaviour. The main advantage of this type of control is that it exploits the
characteristics of chaos and does not fundamentally change the controlled system.
Once the desired state is reached the perturbations almost vanish in the ideal case
and small perturbations allow the switching between a large arsenal of dynamics

provided by the infinite number of UPOs.

The OGY Control Formula

The OGY method [OGY90] applies small time-dependent perturbations Ap
to a system parameter pg in the neighborhood of a previously extracted UPO. The
extraction of UPOs from experimental data was discussed in Section 2.6. The per-
turbation is chosen by means of a reconstruction of the local linear properties of the
dynamics around the desired UPOQ. If no analytical knowledge is available. experi-
mental data can be used to extract the necessary information. The OGY method

is therefore model independent. Assuming that the dynamics can be described by
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a two-dimensional map,
Xn = f(Xn.po + Apn), X €R% pg € R,
the following OGY formula can be derived for the perturbation Ap, of a system

parameter py [OGY90. BGL*00}:

Auf

Ap, = oD g (xn — xs(po)) . (3.4)

In (3.4) xf(po) denotes the location of the desired fixed point of the unperturbed

svstem. The gain g describes how xy changes with p.

Xs(p) — xs(po)
Ap

xs(p) = xs(po) + g Ap. such that g =

A, denotes the unstable eigenvalue associated with the unstable eigenvector e, of
the Jacobian matrix J(xs(po)) of the map f evaluated at x;(pg). e, represents
the stable eigenvector. f, denotes the adjoint unstable eigenvector defined through
< f,,e, >=1. <f,.e, >=0. It is important to note that all necessary quanti-
ties can be obtained from the observation of experimental data. The idea of the
OGY method can be understood from Figure 3.3. Without control a trajectory
would approach the fixed point along the stable direction and depart from it along
the unstable direction (Figure 3.3a). If the parameter is perturbed according to
the OGY formula. the stable direction is slightly shifted such that the trajectory
approaches the stable direction of the unperturbed system (Figure 3.3b). In the
ideal case. after perturbation, the state of the system lies exactly on the stable
direction of the unperturbed system and without requiring further perturbations.
the dynamics will approach the desired fixed point (Figure 3.3¢).

The OGY control scheme is only local. i.e. control is only turned on after the
state of the system. driven by the unperturbed dynamics. has reached a neighbor-

hood. C'. of the desired UPO. Due to the chaotic nature of the attractor containing
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Figure 3.3: The idea of the OGY method. See text for details.

the UPOs it is guaranteed that every trajectory eventually enters C. The region
C' in which the OGY control formula is valid can be computed from the local
properties of the dynamics around the fixed point as shown in [OGY90]. The local
character of the control scheme results in an initial waiting period before control
can be turned on. This time is called transient time 7. Letting u(C) denote the
rate at which random orbits fall into the region C. it follows that the average tran-
sient time is (7) = 1/pu(C) [BGL*00]. The size of the control region C' depends
for the OGY method on the maximum allowed perturbation ¢ (|Ap| < d) and the
local dynamics of f in C. For one-dimensional maps one can show (rogy) ~ 67!

and for two-dimensional maps [BGL*00]

In|\,|
2In(1/|A )

(fogy) ~07". v=1+
For example for the logistic map zn4+1 = (po + Ap)r,(1 — r,) with pg = 3.8 and
§ = 0.1 we would expect (7) ~ 100. For the Hénon map Zn4+; = yn, + 1 — 1.2922,
Yn-1 = 0.3z, at the fixed point (0.8385....0.8385...) we would expect (7) ~ §=>2%3,
or (7) ~ 3669 for = 0.025. The transients can become quite long and represent a

problem which can be overcome by global control methods or targeting procedures

(see Subsection 3.4.2).
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Characteristics of the OGY Method

The main advantage of the OGY control scheme is that it is model indepen-
dent. All necessary quantities describing the local dynamics close to the desired
state can be approximated from experimental data. However. to compute the con-
trol formula. the desired state must be determined a priori from experimental data.
Any accessible system parameter can be used as control parameter.

Given an accurate control formula, small noise can destabilize the chaotic orbit
and induce occasional chaotic bursts as discussed in [OGY90. RGOD91]. In real
applications. the determination of the desired UPO and in particular the estimation
of the linearized dynamics will become less accurate if noise is present. Thus the
influence of noise is twofold: it can kick dynamics out of the controllable region and
it affects the accuracy of the control formula. In attempting to control chaos in a
real electronic device the method was found to be sensitive to the inevitable noise
of the circuit elements and OGY control was impossible [Kap96]. In view of this.
we will distinguish in Chapters 6 through 8 two different types of control in noisy
environments: 1) We establish the control policy in the noise free environment and
investigate its quality under the influence of noise. 2) We establish the control
policy in the noisy environment.

To apply the OGY method. the location of the fixed point has to be estimated
in advance. In the case of non-stationarity this location will shift and the OGY
control formula will become inaccurate. At some point a recomputation of the
required quantities will become necessary. A solution to this problem is provided
by tracking methods which will be discussed among other improvements in the
next paragraph.

As mentioned above. the local character of the OGY method can result in

long transient times. One solution to overcome this problem is to use nonlinear
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manifold approximations (see the next paragraph for references). The more general
solution to this problem through targeting is discussed in Subsection 3.4.2.
Despite its drawbacks, the OGY method remains one of the most popular
chaos control method and was successfully applied to many experimental systems
such as a magneto-elastic ribbon [DRS90], a rabbit heart [GSDW92|, a driven

pendulum {HDM*94], a driven glow discharge [WKW93] and a rat brain [SID*94].
Modifications of the OGY Method

Many extensions and improvements of the OGY method have been proposed.
A real-time variant for effectively one-dimensional systems was proposed in [CC97b]
and the case of multi-parameter control was investigated in [BG93]. The applica-
tion of the OGY control method to experimental data reconstructed from a time
series using time delay embeddings was discussed in {[DN92. SO95]. The OGY for-
mula has to be modified in order to be applicable to this type of data. The extension
to high-dimensional systems was the topic of [RGOD91. HJJY96. DYI*96. GL97]
and is known as pole placement. To enlarge the size of the controllable region it
was suggested to apply perturbations with varying magnitude [ED98] and to use
nonlinear approximations for the quantities in the OGY formula [YU98]. Tran-
sients can be further reduced by targeting methods (see Subsection 3.4.2). To cope
with relatively large noise levels, it was suggested to use multiple sections and to
adjust system parameters more frequently [BX96].

A further popular variant of the OGY method applies perturbations of the
form [SBGSI7] Ap; = —k(zi—zf(po))0(7:). where 6(7;) denotes a square wave func-
tion of duration 7;. This occasional proportional feedback (OPF) method [Hun91]
and variants [CS94. SN96] feed deviations of the chaotic variable from an a priori
fixed point back into the system as parameter perturbation whenever the system
variable falls within a specified window. The free parameters such as 7 and ~ or ad-

ditional parameters in the variants typically are adjusted experimentally by varying
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them over wide ranges until desired behaviours are observed. The method is partic-
ularly popular for experimental systems where the parameters can be changed fast
such as lasers and diode resonators [Hun91, NAGK94, CS95, SN96]. It is rather
surprising that this method often works well even for high dimensional systems
although typically only a single state variable is used as feedback signal. However,
due to the fact that parameter perturbations are allowed to be large, stabilized or-
bits do not necessarily exist for the unperturbed system. It has further similarities
to non-feedback methods in that the desired orbit can not be chosen beforehand
(KS99].

A drawback of the OGY scheme in the case of non-stationary systems is that it
requires the location of the desired UPO to be known in advance. In non-stationary
environments this location will change and the OGY formula will become invalid.
making a recomputation of the relevant parameters necessary. The problem of
stabilizing an UPO in a non-stationary environment is generally called tracking
control of UPOs. A controller able to track UPOs must have the ability to estimate
locations of fixed points and update its control formula on-line as data is received.
Schwartz et al. [CTSP92. ST92. SCT97] suggested a prediction-correction scheme
based on the OGY method to continuously estimate the error in the fixed point
which is proportional to the mean in the fluctuations of Ap. Minimizing the error as
a function of the fixed point location gives predicted new estimates of it and allows
to correct the control formula correspondingly. Bielawski et al. [BDG93] modified
the control formula directly to use the difference between consecutive iterates of
the map instead of the difference between each iterate and the fixed point as in
the OGY formula. This makes the method independent of the fixed point location
and allows to stabilize the fixed point if parameters change slowly. This method
can be considered as a discrete parameter version of the Pyragas scheme. which we

will review in Subsection 3.4.3. In a later work Bielawski et al. [BDG94] extended
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the time-discrete version to time-continuous parameter perturbations. Both the
discrete and the continuous version of these authors were only demonstrated for
systems with an effectively one-dimensional Poincaré map and for the control of
period one fixed points. It is questionable that this approach will be successful for
more general cases.

For completeness we also want to mention adaptive parameter control methods
[SG98. PKKO98]. Assuming the system with control parameter p shows chaotic
behaviour for p = pg. the parameter pg is updated according to the rule p,+; =
Pn + % (2ry — ry). The result of this type of control is a permanent shift of the
parameter pg to a value py,,. for which the system naturally shows the desired
behaviour. Thus these type of methods effectively achieve engineering control
of chaos and do not follow the OGY philosophy of chaos control through small
perturbations. The adaptive parameter methods play an important role for the
control of spatially extended svstems (see Subsection 7.3.1) since they are easier
to realize than OGY type methods.

We summarize with the words of Bayly and Virgin [BV94]: ~The control
scheme devised by Ott. Grebogi. and Yorke. and modified by subsequent authors.
is a remarkable application of nonlinear dynamical systems theory. In practice.
current versions will work better on systems whose Poincaré sections are nearly

one-dimensional. with weakly nonlinear and weakly unstable local dynamics.”
3.4.2 Targeting

The problem of targeting is twofold. The first problem is that of steering a
svstemn from a given initial point to a desired target point in the smallest possible
time by applying only small perturbations to the system. Related is the problem of
targeting a certain attractor in a system possessing multiple coexisting attractors.

Different approaches to targeting have been suggested based on the idea of

applying small perturbations to switch from long to short trajectories. Shinbrot
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et al. [SOGY90] applied one initial perturbation to place the system from an
initially long trajectory to a neighboring short one. Bollt et al. and Schroer [SO97]
generalized this pass targeting method by allowing controls in general switching
regions which connect short trajectories to the target (see Figure 3.4).

A different approach was suggested by Kostelich et al. [KGOY93] and Baptista
et al. {BC98] who allowed small perturbations at each iteration to target the fixed
point along a hierarchy of paths leading to the target. This tree targeting can be
understood by going backwards from the target state x; as shown in Figure 3.4.
Assume that we are targeting a control region C' around x;. Iterating this region
back using the unperturbed dynamics we will get the light gray regions labeled C,
shown in Figure 3.4. Allowing small perturbations if the system is close to these
regions and designed such that the system targets C'. the regions C'| get effectively
larger as illustrated by the dark regions in Figure 3.4. Extending this over many
iterations a global tree can be constructed through which the target state can
be reached quickly. Kostelich et al. allowed perturbations from a continuous set
while Baptista et al. restricted them to a discrete set which makes the method
computationally more effective and more realistic for some real systems where an
exact perturbation can not be achieved [BC98].

A method which is in principle similar to the Kostelich approach was intro-
duced by Funke et al. [FHD97] who generate a set of control neurons through a
Kohonen self-organizing network which targets a previously estimated fixed point
along a quasi-optimal path. In addition to targeting their method was able to sta-
bilize and extract a fixed point without requiring analytical knowledge on system

dynamics.
Targeting and Optimal Control

In theory the optimal solution to the targeting problem can be found by

formulating the problem in terms of stochastic optimal control theory [Ber87]: find
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Figure 3.4: Two approaches to targeting: pass targeting and tree targeting. See
text for details.
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an optimal control policy 7(x) on the basis of which state dependent perturbations
w(x) are chosen. The optimal policy is such that an error functional or performance
index is minimized. The goal of targeting is to minimize the distance between x,,
and a target xy such that ||x, — xs|| < € after a minimum number of iterations
n from any initial condition x¢ by applying small maximal parameter or system
state perturbations. This optimality approach was followed by several authors
(PMT95. BRR95. FV97] by introducing suitable cost functionals and applying
optimal control theory methods with Lagrangian relaxation schemes. While finding
the optimal control policy, the drawback of the methods [PMT95. BRR95. FV97] is
that they generally require accurate analytical knowledge on the system dynamics.
In some cases this knowledge can be approximated through local models {Hun98]
to desired accuracy but in general the exact approximation of the dynamics of

nonlinear systems is not straightforward and can be computationally and data
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expensive. Even if analytical knowledge is available the optimal control methods
are often mathematically complicated, computationally expensive and difficult to
implement.

Stochastic optimal control suffers from two major problems [BT96]: Bellman'’s
curse of dimensionality (computational requirements increase exponentially with
the dimension of the problem) and the curse of modeling (an explicit system model
is needed). The field of reinforcement learning. also known as neuro-dynamic
programming. claims to deal effectively with these two problems by 1) computing
an approximation of the policy. and 2) using simulation to receive reinforcements
on the success of controls [BT96]. We will give a basic review over the field of
reinforcement learning in Chapter 4.

The idea to use reinforcement learning to control a chaotic system was first
suggested by Der et al. [DH94] who applied the method to target a known fixed
point of the logistic map. We generalized their approach such that it solves the
tracking problem and allows for perturbations of either parameter or state vari-
ables. and applied it to different systems including a hyperchaotic system [GD99).
a coupled map lattice [GD00a} and a multistable rotor [GD0Ob]. These results.

extensions and background material are the topic of the following chapters.
Transient Time of Targeting Methods

Let C, denote the size (diameter) of a small target region on an attractor.
Without targeting the average transient time to naturally reach this region is
given by [KGOY93| 7 ~ C; %, where d; denotes the Lyapunov dimension of
the attractor defined as dp = 1 + 0,/|o,] in two dimensions (see [AFH94] for
the general definition), with o, and o, being the positive and negative Lyapunov
exponents. respectively. In any case we have d; > 1 such that a lower bound for

the average transient time without targeting is given by 7, ~ 1/C, for C, < 1.
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How does targeting improve the transient time? Assume that we apply a control
signal already at the start of the systems iteration and that the initial condition
is located in a small phase space region of size Cy.? Iterating forward in time,
the size of this region will increase at exponential rate C(1) ~ Cpe”" along the
unstable direction. corresponding to o,. the largest positive Lyapunov exponent
of the system. If C(r) has reached the size of the attractor (C(7) ~ 1). then
it is safe to assume that an initial condition from Cy will have entered the finite
target region Cy. The task of most targeting methods is to find the shortest such
trajectory. From C'(r;) ~ 1 we can compute the transient 7, for a targeting method
as 7, ~ (InCy') /o, Assuming that Cy = C, we obtain the estimate

InT,
N —,
Oy

—

t

(3.5)

Different estimates specific to the particular targeting methods where derived in
[SOGY90. SO97] but the important result is that targeting results in a logarithmic
shortening of transient times.

Targeting methods can be considered as global chaos control methods if they
can stabilize the desired state in addition to bringing dynamics globally close to the
neighborhood of this state. Local chaos control methods make use of the saddle-
tvpe character of the fixed points corresponding to UPOs to trap the trajectory
in the neighborhood of the desired fixed point. Global methods exploit the expo-
nential divergence of trajectories and achieve a logarithmic shortening of transient
times.

In Chapter 6 we will provide theoretical and numerical justification that the
transient time of our chaos control method based on reinforcement learning scales

similar to (3.5).

#The size of the initial element depends on the local dynamics at the initial condition.
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3.4.3 Time-continuous Additive Chaos Control

Experimental situations may arise in which no control parameter is easily ac-
cessible. For this case. Pyragas [Pyr92| developed a chaos control method applying
self-controlling feedbacks directly to a system variable.

Consider a dynamical system x/(t) = F(x) where some scalar variable y € x
can be measured as a system output. Furthermore, suppose that the system has

an input g(t) available as external force which only acts on y. We can write the

< y(t) ) _ < Fi(y. %) + g(t) )
X(t) f(y. %) '

For ¢ = 0 the system is assumed to behave chaotically. In the taming chaos

system in the form

methods mentioned in Section 3.3.2 the external force g(t) is chosen independently
from the current state of the system, thus the control is generally not goal oriented
and non-vanishing. In entrainment control g(¢) corresponds to a general state of
the system. Pyragas [Pyr92| suggested to apply state dependent feedback signals

and introduced two forms for g(¢):

1. External force control: g(t v [yi(t) — y(t)].
Here y,(t) is a signal from an external oscillator which is proportional to
the signal of a desired UPO. This signal has to be extracted in advance.
which can be done from experimental data as discussed in Section 2.6. 7

a positive. experimentally adjustable weight of the perturbation.

o

. Time-delayed feedback: g(t) =~ [y(t — T) — y(¢t)].

Here T is the period of the desired UPO and has to be determined in advance.

In both cases. the effect of g(t) is such that if g(¢) > 0 (< 0), then y/(¢) is increased

(decreased) with the result that y approaches the desired UPO specified either by a
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complete example of the UPO (external force control) or by its period (time-delayed
feedback). Eventually the system will be in phase with the desired UPO and g will
vanish. The stabilization in both methods is achieved through additional degrees
of freedom introduced in the system by the perturbation which results in changes
of the Lyvapunov exponents of the UPO such that they become negative and the
UPO is stabilized [Pyr92]. An example of external force control of the period one
UPO of the Rossler attractor is shown in Figure 3.5. The external force method
uses complete information of the desired UPO and is consequently more efficient
and robust than the time-delayed feedback method. The time-delayed feedback
approach on the other hand is much easier to implement in certain. especially
electronic. systems. More general forcing functions g(¢) have been suggested such
as nonlinear feedbacks with delay [dSVL96). feedbacks incorporating information
from farther in the past [SBGS97] and half-period delayed feedbacks suitable for

systems with syvmmetries [NU98].
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Figure 3.5: Control of the Rossler attractor 2’ = —y— s .y = 2+02y+g(t) .7 =
0.2+ z(x—5.7). through external force control with g(t) = &(y;—y(t)) and & = 0.02.
a) The stabilized period one orbit. b) The variable y(¢) (upper graph) and the force
g(t) (lower graph).
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More general, the dynamical system controlled by time-continuous feedback

perturbation of the state can be written in the form
x' = F(x) + K (g(t) — x). (3.6)

where K is called the feedback matriz, and g(t) denotes any solution on the attrac-
tor (e.g. an UPO or a time-delayed trajectory or more general solutions) and can
typically be found from analytical computation or experimental observation. Thus
the major task lies in the correct computation of K. K has to be chosen such that
the desired solution g(t) is stable. Barrett [Bar96| showed the important result
that for every solution g(t) of the unperturbed system a constant matrix K exists
such that g(t) becomes an asymptotically stable solution of (3.6). Furthermore
he gave a method of finding K which involves solving a constrained optimization
problem and relies on a priori knowledge of the governing system equations F. If
this analytical knowledge is not available (which is the case we focus on in this
work) then a controllability range for successful K must be estimated experimen-
tally. This can be done systematically by observing the dominant largest Lyapunov
exponent as a function of the parameters of K or simply through trial-and-error.
Obviously. if more than one variable is perturbed such that K is not a scalar. then
this stability analysis can become quite expensive.

A recent improvement [AB97] offers an adaptive solution to this problem for

the time-delayed version. Writing the controlled system in the form
x' =F(x) +g(t).
each component of g is now given by
9:(t) = %(t)(z:(t = T) — z:(8)).

The adaptive feedback parameters +; are updated according to

_ _ Fita1)
i(ta) = 1 — tanh(oAi(t,))
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with
.’L',‘(tn - T) - l'i(tn)
i(tn—-l - T) - Ii(tn-l) '

each time ¢, a new observation arrives. The sensitivity ¢ > 0 prevents 7 from going

Ai(tn) = 7i(ta-1) log <

to infinity and has to be chosen beforehand. The strength of the perturbation now

depends adaptively on the local dynamics of the system.
Characteristics of Pyragas-type Control Methods

Certainly the greatest advantages of the time-continuous control methods as
suggested by Pyragas is that they do not require any computational effort once the
UPO or its period is extracted from the system and adequate feedback parameters
are found. Since the control is applied coutinuously. stabilization of the desired
state can be achieved almost instantly. However the stability analysis required for
determining the feedback gain is generally a difficult task. The adaptive method
[ABI7] was designed to choose the feedback parameters adaptively but has yet to
be verified experimentally. In general. the Pyragas-tvpe control method is quite
sensitive to the parameters K and g(t). If they are not sufficiently exact control
often results in non-vanishing controls and a stabilized orbit which does not exist
for the uncontrolled system.

The Pyragas method has been experimentally applied to many different sys-
tems including a laser system [BDG94| and a fast diode resonator [SBGS97]. Due
to its practical simplicity the Pyragas method has become popular for the con-
trol of coupled or spatially extended systems (see Chapter 7 for references). In
situations which allow to perturb a system variable continuously in time there is
currently probably no better chaos control method available. In a recent paper
Tsui and Jones [TJ00] concluded that “a rigorous analysis of Pyragas’s method is
long overdue”. We want to stress that the control method we are proposing in this
dissertation must be viewed as a time-discrete control method and can therefore

not be compared to time-continuous control methods.
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3.4.4 Time-discrete Additive Chaos Control

In certain experimental situations the only possible types of perturbations are
time-discrete perturbations of a state variable.

Then. as first option. a discrete version of the Pyragas control can be applied to
a system variable, e.g. when a trajectory hits a Poincaré section. For the control
of a fixed point of period p. the discrete version of the continuous time-delayed

feedback perturbation is given by [Gad98]
Xn+1 = f(x,) + K (x, — Xn—p)-

This a popular approach for the control of coupled map lattices (see Chapter 7 for
references).

An approach similar to a discrete version of Pyragas external force control.
but derived from the OGY method was suggested by Garfinkel et al. [GSDW92]|.
They attempted to control an irregular cardiac rhythm in a rabbit heart. No
system parameter was readily accessible and they developed a method now known
as proportional perturbation feedback which forces the system'’s state by placing it
directly onto the stable manifold of the desired UPO. In principle this is similar to
the mechanics of a pacemaker. The important difference is that the perturbations
can be applied much less frequent since they are only necessary if the state leaves
the neighborhood of the UPO. A computationally easier variant was introduced
by Christini and Collins [CC97a). The ultimate goal of these investigations are
implantable devices for the control of heart arrhythmia [GSDW92. CC96. LBM*99.
WLL*98. WMV™00] or other diseases like epilepsy [SJD*94. GNN796].

A different type of system perturbation was proposed by Giiémez and Matias
{GM93] who suggested to stabilize one-dimensional maps by a series of proportional

feedbacks.

Zn — Za(l+ 7). (3.7)
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on a system variable, performed every An iterations. An is related to the period
of the stabilized orbit and 4 has to be found experimentally. The method was
extended to continuous systems in [MG94, MG96, Cha98]. The authors point out
similarities to non-feedback perturbation methods (see Subsection 3.3.2) since the
control signal is often non-vanishing and the stabilized orbit does not necessarily
exist in the uncontrolled system. The result of the proportional control (3.7) is that
a different dynamical system with the additional parameters + and An is created.
In practice. fixing An and varying 7. a large number of orbits can be stabilized and
a stability analysis can be performed to find good values for v [Cha97]. Giiémez
and Matias" method is a multiplicative impulsive control method. Another possi-
bility are additive impulse generating laws [YYY97. ZS97]. The impulsive control
methods have the advantage in common with the taming chaos methods that no
knowledge on system dynamies or goal state is necessary. Successful control can be
established simply by trial-and-error. Furthermore since control is applied to state
variables instead of system parameters this method is popular for the control of
biological or chemical systems where control parameters are not readily identified

or perturbed and time-continuous control is infeasible [MG96].

3.5 Artificial Intelligence Chaos Control

In this section we will review chaos control methods which are based on arti-
ficial intelligence (Al) learning algorithms such as multilayer perceptrons. genetic
algorithms. radial basis functions. reinforcement learning or other algorithms gen-
erally designed to perform “cognitive tasks, at which humans are currently better”
[Hay99]. These methods are generally data-based which allows them to learn de-

sired outputs from given inputs without analytical knowledge on system dynamics.
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3.5.1 Local Control: Backpropagation Multilayer Perceptrons

A multilayer perceptron trained with the back-propagation algorithmm (BMLP)
can be viewed as a general function approximator [Hay99]. Given an unknown
mapping y = f(x) and feeding the BMLP with input-output pairs [y, x| in theory
any mapping f can be approximated to any desired accuracy. In practice we will
always have a finite set of (possibly noisy) data. This leads to the problem of
over-fitting which typically is avoided by cross-validation [Hay99]. In any case.
this type of neural network can be considered an universal function approximator
which uses supervised learning with given input-output pairs.

Mavbe the first chaos control application of a BMLP and an artificial learning
method in general was demonstrated by Alsing et al. [AGK94]. The OGY control

formula can be considered a mapping
Ap =g(x,. Xy).

Alsing et al. approximated this mapping by presenting input-output pairs [x,. X, _]
and using the difference between Ap produced from the BMLP and Apogy-. the
optimal one produced by an OGY controller. as error feedback signal. If this er-
ror is small. the BMLP has approximated the OGY control formula. A similar
method was suggested by Mulpur et al. [MM.J95] where a feedback controller was
applied as teacher for the BMLP. While demonstrating that neural networks can
control chaotic systems these methods are not of much practical interest since
thev require an existing chaos controller as supervising teacher. Because of this
deficiency Otawara and Fan [OF95] proposed a BMLP architecture which approx-
imates the system dynamics of the perturbed system close to the fixed point and
uses the deviation between the predicted state value at the next iteration and
the desired fixed point as error feedback signal. Similar methods were applied in

[CD95. LMS95]. The main advantage of these methods over the OGY method lies
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in the nonlinear approximation of the control formula which extends the control-
lable region. However this approach is still local in the sense that controls are
only designed to stabilize the fixed point when the system naturally approaches
its neighborhood.

The methods [OF95, CD95, LMS95] require a priori knowledge of the location
of the desired UPO and are thus not appropriate in non-stationary environments.
Weeks and Burgess [WB97] used a genetic algorithm to produce a neural controller.
The fitness function of the genetic algorithm measures the quality of the solution
produced by the controller in terms of several criteria. One criteria measures
lIXn — Xn-1]| and allows the algorithm to estimate x;. The algorithm is. however.
slow and was not proven to be effective in a non-stationary environment. Konishi
and Kokame [KK95. KK97. KK98| developed a neural controller using a local
watcher activating the controller whenever ||x, — x,_1|| < . When activated the
controller applied perturbations to all state variables. With error signals based
on ||xn+1 — X,|| and the size of the perturbation. the controller eventually learns
to stabilize the fixed point. Since learning is only performed locally. the created
controller is only of local nature. The algorithm was numerically proven to be
successful in non-stationary environments.

To our knowledge no BMLP based algorithm has been suggested for targeting,

i.e.. global chaos control.
3.5.2 Global Control: Reinforcement Learning

All algorithms described in the last subsection share the fact that theyv are
local in the sense that the approximated control law is only designed to stabilize
the system at an UPO once the system naturally approaches this state.

We have already mentioned in Subsection 3.4.2 the method suggested by Funke

et al. [FHD97] which uses a Kohonen network to generate global control neurons
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achieving targeting. Der et al. [DH94] suggested to target an UPO through re-
inforcement learning. Recently Lin et al. [LJ99] applied an actor-critic neural
network to the problem of chaos control. As the method of Funke et al., this
method is able to learn a global optimal control policy which can solve the target-
ing problem and stabilize an UPO.

All the methods introduced in [DH94. FHD97. LJ99] do not require analytical
knowledge on system dynamics or previous knowledge on location of the UPO.
They have. however. only been tested for the logistic map (and the Hénon map:
(LJ99]). and it was not demonstrated that they are applicable in non-stationary
environments. Moreover. they all are based on parameter perturbations. The
methods of [DH94. FHD9T] extract the location of the UPO before the targeting
is learned and are therefore expected to be inadequate in non-stationary environ-
ments. The method of Lin et al. [LJ99] is extremely slow since it attempts to find a
globally optimal control policy allowing continuous perturbations everywhere. To
control the fixed point of the logistic map an estimated number of 10' iterations
was necessary. The applicability of this method in real-time situations is therefore

questionable.

3.6 Characteristics of a General Time-Discrete Chaos Controller

The goal of this dissertation is to introduce a general time-discrete chaos
controller with potential for “Black-Box” control. In general such a controller
should require the least possible input and allow application in as many situations
as possible. We can summarize the requirements for a general purpose time-discrete

controller as follows:
(1) It must be model independent.

(2) It acts globally and can solve the targeting problem.
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(3) It does not require a priori analytical knowledge about the location of the

desired state and can solve the tracking problem.

(4) It can be applied to high-dimensional, spatially extended and other complex

systems.
(5) It allows to perturb either control parameters or system variables.
(6) It is robust against noise.
(7) [t can be applied in real-time situations.

To our knowledge no method currently satisfies all these requirements. The time-
continuous Pyragas methods are probably the best candidates for ~Black-Box”
controllers but require time-continuous system perturbations and do not solve the
tracking problem. Concerning time-discrete methods. the OGY method certainly
violates (2).(3) and (5) and its applicability to spatially extended systems still has
to be thoroughly investigated. Coupled with targeting methods it can satisfy (2)
and using a tracking extension it can satisfy (3). No method based on OGY has
been suggested which efficiently combines tracking and targeting ideas. Experi-
mental implementations like the OPF method seem good candidates but are not
goal oriented and can result in stabilized orbits not present in the unperturbed sys-
tem. [mpulsive control methods are specifically designed for certain experimental
situations where no other control is possitle and typically have similar problems
as the OPF method.

The BMLP based methods described in the preceding subsection are all lo-
cal in nature and thus violate (2). The reinforcement learning based methods
discussed in Subsection 3.5.2 do not satisfy (3) and (5). Both the BMLP and
the reinforcement learning methods have not been applied to high-dimensional or

spatially extended systems and often need long learning periods.
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In the following we will introduce a control algorithm based on reinforcement
learning which is a generalization of the method introduced by Der et al. [DH94].
In the next chapter we will review the basic concepts of reinforcement learning.
To deal with the curse of dimensionality we attempt to approximate the optimal
control policy in a reduced space and propose to use vector quantization techniques
for this purpose. These will be reviewed in Chapter 5. The proposed algorithm is
discussed and exemplified in Chapter 6. applied to spatially extended systems in
Chapter 7. and to a multistable rotor in Chapter 8. This version of the algorithm.
as published in [GD99)]. has the disadvantage of non-vanishing perturbations. An
extension is suggested in Chapter 9 which incorporates the So transformation and
a BMLP in a final phase to produce a chaos control method which shows all the

characteristics (1)-(7).
3.7 Conclusions

In this chapter we attempted to give an overview over existing approaches to
chaos control. Due to the large amount of literature in this area such an overview
can not be complete. The approaches can generally be classified as feedback and
non-feedback methods and one can further distinguish time-continuous and time-
discrete methods. Methods applying perturbations to control parameters are re-
ferred to as parametric control methods while impulsive methods perturb state
variables directly. Different approaches will be suitable for different types of ap-
plications. Concerning time-continuous chaos control with feedback on a state
variable the Pyragas method is most suitable and successful. We summarized the
characteristics of the presented methods and compared them to the characteris-
tics desired for a general time-discrete chaos controller. We believe that currently
no general purpose time-discrete chaos controller exists and propose in this dis-
sertation a general time-discrete chaos control algorithm based on reinforcement

learning.
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Chapter 4

REINFORCEMENT LEARNING

The greater the satisfaction or discomfort. the greater the
strengthening or weakening of the bond.
(Thorndike. 1911. p. 244)

In this chapter we review the basic concepts of reinforcement learning. In
Section 4.1 an overview of the history and the general ideas of reinforcement learn-
ing are presented. Section 4.2 introduces the mathematical concepts behind re-
inforcement learning. Here the temporal-difference learning algorithm known as
Q-learning will be at the core of the proposed chaos control algorithm. In Section
4.3 methods to reduce the computational complexity of the reinforcement learning

problem are discussed.

4.1 History and General Ideas of Reinforcement Learning

Two major paths led to the development of reinforcement learning (RL)
[SB98]: the trial-and-error theory of learning and optimal control theory. A second
major influence from learning theory. the notion of a secondary reinforcer led to
the development of temporal-difference learning, in particular Watkin's Q-learning
(Wat89]. which unified the different paths and represents the most widely used

approach to reinforcement learning today, see Figure 1.1.

4.1.1 Trial-and-error Learning

A major part of psychology research has focused on the nature and theory of

learning. One theory. the trial-and-error learning theory. first formulated by E.
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Figure 4.1: The development of reinforcement learning.

Thorndike [Tholl], represents the idea that the probability to choose an action
will be enlarged if this action resulted in a good outcome. while it will be decreased
if it resulted in a bad outcome. Over time. using trial-and error. a good strategy
to achieve a certain goal is established using rewards received through interaction
with the surrounding environment. The idea of learning through rewards is the
essence of reinforcement learning.

In general. one distinguishes three types of learning [Gul90}: Unsupervised

learning. supervised learning and reinforcement learning.

e Unsupervised learning represents learning, in which a learning procedure
is built into the learning algorithm itself. Vector quantization techniques or
self-organizing networks like the Kohonen map [Koh89)] are typical examples
for unsupervised learning algorithms. In general. given a set of inputs. unsu-
pervised learning algorithms approximate the probability distribution of the

input set and encode the input set through a set of reference vectors.

e Supervised learning represents learning through an external teacher which
provides correct inputs and outputs to guide the learning procedure. Learn-
ing minimizes the error between the actual and the desired outputs of the
system. Function approximation techniques such as least-squares or back-
propagation neural networks [Hay99] can be viewed as examples of supervised

learning algorithms.
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¢ Reinforcement learning represents learning through an external critic

which evaluates an action and provides guidance through evaluative (good-

/bad action) feedbacks.

Since reinforcement learning involves an external critic, it is also frequently called
actor-critic learning. Note the fundamental difference between supervised and re-
inforcement learning, reflected by the different roles teacher and critic play to guide
the learning process. The teacher in supervised learning has access to desired out-
puts corresponding to input signals and uses these to guide the learning process.
The critic in reinforcement learning on the other hand. has no access to desired
outputs and merely evaluates if the current state matches certain goal character-
istics or not. Thus reinforcement learning can be used to learn in environments in
which neither analytical information on system dynamics nor on goal locations is

available.
4.1.2 Optimal Control theory

Optimal control theory describes the application of forces to a system for the
purpose of maximizing some measure of performance or minimizing a cost func-
tional [Ste94]. If random disturbances influence either the control or the dynamical
svstem to be controlled. the expected value of the performance criterion is to be
optimized given assumptions about the statistics of the random disturbances. This
leads to stochastic optimal control theory.

Optimal control theory can be traced back to the calculus of variations and the
brachistochrone problem of finding the shape of a wire such that a bead sliding
along it traverses the distance between the two ends in minimum time [Bry96].
One approach to optimal control is today known as dynamic programming and
is based on the Hamilton-Jacobi equation. Dynamic programming was developed

by Bellman and his coworkers in the 1950s [Bel57] and uses the concepts of a
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dynamical system’s state and a value function to define a functional equation. the
Bellman equation. which the optimal value function has to satisfy. The dynamic
programming approach captures the tradeoff between the desire for low present
cost and the undesirability of high future costs [Ber87] by ranking decisions based
on the sum of present cost and expected future costs. As a result. the Bellman
equation can be solved in a recursive fashion iterating back from the terminal
state. Although dynamic programming suffers from the curse of dimensionality
with computational requirements increasing exponentially with the number of state
variables. it is widely considered the only feasible way of solving general stochastic
optimal control problems [SB98§].

Almost all optimal control methods require complete knowledge of the system
to be controlled [SB98]. The application of reinforcement learning to the opti-
mal control problem relieves this requirement and allows the solution of control

problems in unknown environments.
4.1.3 Temporal-difference Learning

Temporal-difference learning first introduced the idea of assigning reinforce-
ments based on the difference between temporally successive predictions [Sut88].
Its origins lie in the notion of secondary reinforcer from the field of psychology.
which are paired with a primary reinforcer such as food and have similar reinforc-
ing properties [SB98]. A primary reinforcer (instinct) is a stimuli that animals
react to without training such as pain or food. A secondary reinforcer is a stimuli
that animals react to only after learning about them. In the famous experiments
on learning by Pavlov dogs got watery mouths from the hearing of a bell because
the ringing of a bell was trained to be associated with food. The basic idea of
temporal-difference learning as motivated by learning theory can be summarized

as follows [Mob]: “If an environmental event which is neutral with respect to the
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animal’s survival, is found by experience to precede another event which has direct
survival impact. such as the availability of food, then the animal forms a last-
ing association between those events and can use the prior event to predict the
occurrence of the second event.”

A particularly important temporal-difference learning scheme is Watkins'’s Q-
learning [Wat89]. Watkins introduced the notion of a state-action value func-
tion and derived an update rule for the state-action value function which can be
proven to approximate the optimal state-action value function satisfyving the Bell-
man cquation under certain conditions. The update is based on instantaneous
rewards received from a critic and does not require any explicit knowledge on the
svstem,

Today. reinforcement learning has become one of the major areas in artificial
intelligence research and has been applied to a large variety of problems (see [SB9S]

for references).
4.2 Theory of Reinforcement Learning

Reinforcement learning methods offer a solution to the problem of learning
from interaction of a decision maker. called agent. with a controlled environment!
to achieve a goal. At each discrete time steps n = 1.2.--- the agent receives a
representation w, € W of the environment's state x, € X C X. X represents the
(finite) set of observed environment states, X the (possibly infinite) set of accessible
environment states and W is the (finite) set of state representations. In certain

situations. W will be equal to X. However if X is large or even infinite then the

'The term environment is used in two ways: it can represent the system the agent is attempting
to control or the outside world in which the agent is attempting to achieve a certain task. In
the first case the agent perceives information from the environment and in return changes the
environments state. In the second case the agent only perceives environment information in order
to change its own behaviour but leaves the environment unchanged.
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set W will need to be a finite approximation of X. For the purpose of state-space
approximation we introduce an input function / : X — W which we will construct
through a vector quantization technique.

On the basis of w,. the agent selects a control (or action) u, € U(w,), with
U(w,) representing the set of all available actions in state w,. The control is
selected according to a policy ., which is described by a probability distribution
Tn(w. u) of choosing u, = u if w, = w. One time step later. as a consequence of
the control u,. the agent receives a numerical reward r,., and a new state w,, ..

Formally the model consists of:
e A set of system states x € X C X.

e An input function / : X — W and a discrete set of representation states

w E W.

The input function will play an important role in the reduction of the compu-
tational requirement of the learning problem. In particular we will represent
the set X' by a small set of reference vectors w € W constructed by means of
a vector quantization technique. The computed policy 7(w, u) is then only

an approximation to the optimal policy 7(x. u).
e A discrete set of controls u € U(w).
e A set of scalar reward signals r € R.

The goal is to find the optimal policy which maximizes the accumulated re-
wards or reinforcements r. In the general case of the reinforcement learning prob-
lern. the agent’s actions determine not only its immediate rewards. but also the
next state of the environment [KLM96]. As a result. when taking actions. the

agent has to take the future into account. This fact is represented by the use of
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delayed reinforcernents. Typically one uses infinite horizon models and seeks to

maximize the expectation value of the discounted return
X<
5 k
rnzzA/ Tnik+l o OSA/S L. (41)
k=0

with the discount rate v. The sum will only converge for ¥ < 1 and bounded
reward sequence r, [SB98]. v = 1 is suitable for control problems which have a
well defined terminal state such that the sum will be finite. while discounting is
necessary for continuing tasks where a terminal state is not reached.

Problems with delayed reinforcements and finite representation spaces are well

modeled as finite Markov decision processes (MDPs). A finite MDP consists of:

A finite set of states w € W.

e A finite set of controls u € U.

A reward function R(w.u): W x U — R specifving the expected instanta-

neous reward of the current state-action pair.

A state transition function P*(w’. w) denoting the probability of a transition

from state w to w' using control u.

The model is Markovian if the state transitions depend only on the current state
and control.

Knowledge of the model requires knowledge of R and P. Given an accurate
model. the optimal policy can be found through dynamic programming. Otherwise

reinforcement learning can be used.
4.2.1 Dynamic Programming

Most dynamic programming algorithms are based on estimation of a state

value function

Vi(w) = Er-{f'n | wp = W}r (4.2)

=~
w
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which gives the value of a state w under a certain policy 7. An optimal value

function V*(w) is defined. for given w, as the maximum over the set of all policies

V*(w) = max V™ (w). (4.3)

The optimal value function is unique and satisfies the Bellman equation for infinite
horizon problems [Bel37. Ber87):
V" (w) = max R(w.u) + ~ E PHw . w)V (w') ). (4.4)
ell
s w'gwW
which represents a recurrence relation. Policy and value iteration are two widely

-«

used methods which allow the computation of V'* and 7" under the assumption of

moclel knowledge [SB98]. Given an optimal value function V*(w. u). the optimal

policy 7 can be found from the equation

7 (W) = arg max R(w.u) + =~ Z PH(w' . w)V" (W)
w/eW
Alternative efficient optimization techniques apply Lagrangian relaxation methods.
See the books by Bertsekas [Ber87, Ber95. Ber99] for the theory of optimal control
and optimization. All these methods typically require analytical knowledge on the
system dynamics (the curse of modeling). In this dissertation we assume that no

such knowledge is available.
4.2.2 Reinforcement Learning

The reinforcement learning algorithms discussed here are based on estimation
of a state-action value function (in comparison to actor-critic methods [BSAS83]

where the policy is represented independent of the value function)

Qﬁ(wf ll) = Eﬁ{f;n I Wn =W. U, = u}, (-15)
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which gives the value of a state-action pair under a certain policy. The optimal
state-action value function Q™ (w. u) is defined as the expected discounted reward of
taking action u in state w, then continuing by choosing actions optimally [KLM96].

It follows that
Vi(w) = max Q*(w. u).
and from (4.4).
Q (w.u) = R(w.u) +~ Z P*(w'. w)max Q" (w'. u'). (1.6)
w/ew '

Given Q*. choosing in any state w the action u" with associated maximum value

(greedy control).
u*(w) = arg miax Q" (w.u). (4.7)
173

leads to an optimal control strategy. Here arg max, denotes the value of u at which
the expression that follows is maximized.

Denoting the operator on the r.h.s of (4.6) by H(Q). i.e.. Q° = H(Q"). it can
be shown [Sin94. BT96] that H is a contraction operator and that the root Q* can

be found using the stochastic Robbins Monroe algorithm [RM51].

Qnst = Qu + Iu[Ha(Qr) — Qn] = Q. + AQ,. (4.8)

The {3,} are positive and have to satisfy 3 32 < 2c. ¥ 3, = oc to guarantee
convergence with probability one. and a possible choice is 3, = 1/n.
To apply iteration (4.8) requires knowledge of the operator
Ho(Qn) = R(Waota) +% D P*(Wasr Wn) max Qu(Was1. u).
Wnal €W
which requires knowledge of the expected rewards R(w,.u,) and state-transition

probabilities P*"(w,4+;, w,). If the cost structure R and the model probabilities

-1
-1
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P are not known. then an approximation of H,(Q,) has to be used instead. For-
tunately the stochastic iteration (4.8) can be proven to converge for cases where
H,(Q,) is not accurately known [BT96].

In temporal-difference learning methods [Sut88] the estimate of H,(Q,) is
based on observations of the present state (w,. u,) and the next state (W .1, uns1)
together with the immediate reward r,,; which estimates R(w,,u,). Only the
value of @, at (w,.u,) is updated. i.e.. AQ,(w,u) =0 if (w.u) # (w,.u,). The
update at (w,,. u,) depends on the choice of estimate for the sum

Z P“"(w.wn)m‘z‘u\'Qn(w. u). (4.9)
wewW
leading to different temporal-difference learning architectures. Estimating (4.9) by

max, Q(w,,. 1) leads to Watkins Q-learning [Wat89].
AQ(W,,. ttp) = Jy[rrner + 7Max Q(Wpey. u) — Q(Wh. uy)]. (4.10)

This procedure represents an off-policy method: the Q-values are updated inde-
pendent of the policy the controller uses to select controls. General convergence

results concerning Q-learning can be found in [JJS94].

-
N

Estimating (4.9) by Q(Wp+1. tn+1) leads to the Sarsa-learning algorithm [RN94,

Sut96]. which represents an on-policy method.

AQ(W,, Un) = ,jn[rné-l + "/Q(Wn-;-lo un+l) - Q(W,., Un)]. (411)

A convergence proof of this version of Sarsa-learning (one-step tabular Sarsa) can
be found in [SJLS98].

For both algorithms. convergence to the optimal value function requires that
1. The state space W and the action spaces U(w) are finite.

2. Every state-action pair in (W x U) is updated infinitely often.
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o

. i,?,,:oc and iﬁ;‘:<oo.

n=0 n=0

1. Var(r,) < oc Vn.
5. If 4 = 1 all policies lead to a cost free terminal state with probability one.

Although it is clearly not possible to satisfy the second condition. in practice. as
noted in [Sin94]. one is not interested in the optimal state-action value function
Q" but in the optimal policy associated with it. [t is possible that the policy
greedy with respect to the estimated function @@ becomes optimal after only a
finite number of visits of the action-state space. Unfortunately no general stop-
ping criterion exists to detect when the policy is optimal. In real applications. in
particular in situations with changing environments. it is generally impossible to
find the optimal policy, and one must be content with policies which achieve the
goal and considerably improve performance over the uncontrolled system. In non-
stationary environmnients it is convenient to set .3, = J = const. with 0 < 3 < 1
(SB98]. Complete convergence can then not be guaranteed even for infinite action-
state space visits. but the controller continues to receive rewards and is able to
adjust to changing environments.

We have summarized Q-and Sarsa-learning in Figure 4.2.
4.2.3 Epsilon-greedy Policies and Episode Learning

The convergence requirements imply that the whole state-action space is ex-
plored. To ensure this, control actions are chosen from the corresponding Q values
according to a specified policy which initially chooses actions stochastically and is
slowly frozen into a deterministic policy. This can for example be achieved through
e-greedy policies 7, where an action u € U(w) which is different from the greedy

action u” is chosen with probability =.(w.u) = €/|U|. where € satisfies initially

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Initialize Q(w,u) arbitrarily

Repeat (for each episode)
Initialize x, observe w
Sarsa-learning

Choose u from w using policy derived from ()
Repeat (for each step of episode)
(Q-learning
Choose u from w using policy derived from @
Apply control u, observe r, w’
AQ(w.u) =3 (r +vmaxQ(w'. u) — Q(w. u))
we—w )

Sarsa-learning

Apply control u, observe r, w’

Choose u’ from w’ using policy derived from Q)
AQ(w.u) = 3(r+~4Q(w'. u') — Q(w.u))

we—w;:u—u

until w is terminal

until policy approximation terminated

Figure 4.2: Pseudo-code of Q- and Sarsa-learning.
0 < e <1 and is slowly frozen to zero.

_ _ l—e+e/lU] if u=u" ,
(w.u) = { e/IU| if w#u". (4.12)

In (4.12). {4} denotes the cardinality of the set Y. i.e. the number of elements
contained in Y. We call a policy greedy or deterministic. if exclusively the action
u" is chosen (e = 0).

In applications where a well defined terminal state exists. e-greedy learning is
typically performed in episodes. An episode is defined as an iteration of the system

from a random initial condition until the terminal state is reached.
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4.2.4 Rewards

The temporal-difference learning algorithms offer a way of solving optimal
control problems through experience gained from interaction with the environment.
No analytical knowledge about the environment or the goal state is necessary. The
choice of the instantaneous rewards r reflects the desired form of the cost functional
in an optimal control problem (negative rewards represent a cost). Typically,
simple scalar signals r are used such as r,,., = 1 if w, .| represents the goal state
and r,;; = 0 otherwise. We will discuss this further in the context of our chaos

control algorithm in Chapter 6.

4.2.5 An Example

As an illustrative example of how temporal-difference learning works. consider
Figure 4.3. Assume an artificial mouse in a limited environment has the task to find
a certain location with food as fast as possible from anywhere in the environment.
We equip the mouse with the ability to store a Q-value function and update the

values with the Q-learning rule
AQ(Wn. u) = 1y + max Q(Wns1. 1) = Q(Wy. u).

setting .3 = v = 1. Initially all Q-values are set to zero. The possible states w,
are grid locations and the possible actions u, are to move either north. south,
cast or west on the grid. As reward r,.; = —1 is received if w,.; does not
represent the goal location. Otherwise the episode is terminated and learning
continued from a new initial condition. Figure 4.3 shows three different paths
through the environment to the goal and the resulting @-values. Also shown is
the eventually approximated optimal policy to which the algorithm will converge
if e-greedy learning is performed. Using the optimal policy by taking in each state

actions with associated maximum value the mouse will reach the goal location from
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anywhere in the environment in a minimum number of steps. It is interesting to
note that the policy will stabilize from the goal location outwards. This is similar

to the principle of dynamic programming.

338958 958 I 53¢ 53¢ 338

Approximated optimal policy

Figure 4.3: An illustrative example of Q-learning. See text for details.

4.3 Reduction of the Learning Task

Most reinforcement learning algorithms assume that the task is a Markov de-
cision process. with discrete states and discrete actions. The convergence proofs
for an optimal state-action value function Q* require that every state-action pair in

(W x U) is updated infinitely often. Clearly this can never be achieved. Nonethe-
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less. to even come close to this requirement we should at least update every state-
action pair a finite number of times. To this end the idea of e-greedy policies
was introduced which guarantee that actions of low value are taken with nonzero
probability.

Let X C R W C R% and &4 C R. Assuming that the input function
[: X — W is the identity, the computational complexity of the learning problem
is approximately of the order |U||X|*. This represents the curse of dimensionality
also present in dynamic programming problems [Ber93].

The role of the input function [ : X — W is to effectively reduce the compu-

d w

tational complexity to the order |U||W

The set W C R% approximates the true observed phase space X C R%. If the
dimeunsion d, is large. a dimension reduction technique like a principal components
analysis (also known as Karhunen-Loeve transformation) [Hay99] can be used to
reduce d, to a dimension d,, < d,. Examples of this tvpe of reduction in the
context of chaos control will not be considered in this dissertation but left for
future research. In the following we will then assume d,, = d,.

We will however consider effective reduction from |X| to |W| << |X|. The
svstems we consider in this dissertation exhibit complex dynamics. As a conse-
quence. to capture the full behaviour of the system formally requires an infinite
number of observations x,. In particular chaotic dynamics are characterized by a
never repeating dynamical state evolution. i.e.. every state observation leads to a
state that was never observed before. and the controller is faced with the task to
control states never experienced before. This is revealed in the fact that the set X
represents a chaotic attractor embedded in a continuous phase space and as such
has uncountably infinite cardinality. Since on the other hand the discussed rein-
forcement learning algorithms require a finite number of states. it is unavoidable

to use an input function different from the identity which maps the input set X' to
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a finite set W. In essence this means approximation of the deterministic, contin-
uous phase space dvnamics by a finite state Markov process. The input function
[ must then serve for two purposes: 1) data compression by reducing the number
of states. 2) generalization by associating a dense neighborhood of environment
states to a sparse discrete set of representative states. The reinforcement learning
will then approximate an optimal action value function Q*(w. u) which represents
an approximation of Q*(x. u).

Different approaches have been proposed in the reinforcement learning liter-
ature to implement the mapping /. Conventional approaches discretize the entire
input space into equal-sized boxes or more general tiles. This approach is known
as tile coding [SB98]. Of particular interest are adaptive resolution methods where
during the course of learning a partition is constructed that is appropriate to the
environment. An example is Moore's PartiGame algorithm [Moo94] which adap-
tively divides the environment into cells until appropriate actions to achieve the
goal are established.

More general approaches consider continuous state and action spaces. Simple
approaches achieve generalization by quantizing the state and action spaces into a
finite number of cells and aggregate all states and actions within each cell [SSR98.
Sut96]. We follow this idea and apply a vector quantization technique to find a
suitable quantization of the state space. For the most part of this dissertation the
action space associated with each state will be equal and consist of a small number
of finite actions. Thus we do not consider generalization over actions. In the last
chapter we will allow state dependent control sets.

Alternative techniques have been suggested for generalization such as feature
mapping and decision trees [SB98. UV98|. Other types avoid quantization by using

general function approximators such as neural networks, radial basis functions
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(see references in [SP99, SO99]) or different types of sparse coarse-coded function
approximators [SSR98].

To find a suitable state quantization, the goal is to find an optimal construction
of W which approximates the probability distribution of the set X and is small
enough to allow an efficient computation of @Q*(w. u).

The problem of constructing an optimal partitioning is generally solved by
clustering techniques and it is rather surprising that these methods have not been
much used in the context of reinforcement learning. To the author’s knowledge
the first who suggested to combine a vector quantization technique (specifically
Kohonen's self-organizing network) and reinforcement learning were Der and Her-
rmann [DH94] in their approach to the control of a chaotic system. More recently
Ferndndez and Borrajo [FB99] applied the LBG algorithm and we [GD99] sug-
gested to use the Neural-Gas algorithm. The application of vector quantization
techniques to dynamical systems can be traced back to the work of Walter et al.
[WRSY0] who applied it to the prediction of nonlinear dynamical systems. We have
applied the Neural-Gas algorithm to the approximation of the Markov transition
probabilities and the prediction of chaotic systems [DSHK99]. Since reinforcement
learning relies on the assumption of a Markov decision process. the above successes
suggest that the application of a vector quantization technique to reinforcement
learning is promising. especially for the control of chaotic systems. The attractor
of a chaotic system typically has a topologically complex structure and only vis-
its a small fraction of the phase space in which it is embedded. It follows that
a reduction technique is desired which preserves the topological properties of the

attractor. We will review such vector quantization techniques in the next chapter.

4.4 Conclusion

In this chapter we gave a brief overview over the field of reinforcement learning

and introduced temporal-difference learning. Many different temporal-difference
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learning algorithms have been suggested (see e.g. [SB98]) and although in some sit-
uations a different algorithm might lead to better results. we will almost exclusively
use @Q-learning in this dissertation. To find a discrete state space representation we
will apply vector quantization and we briefly mentioned alternative representation

techniques in this chapter but did not apply these in this dissertation.
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Chapter 5

DATA CLUSTERING

When optimizing a very large and complex system, in-
stead of always going downhill. try to go downhill most
of the time.

(S. Haykin. 1999. p. 559)

[n this chapter we review basic vector quantization techniques. Parts of this

introduction follow closely the overview of Fritzke [Fri97b.

5.1 Introduction

Clustering broadly describes the task of partitioning an input space X into a
set of M units according to a certain clustering criterion. Clustering has many
applications. such as data reduction. pattern recognition. control. robotics and
hypothesis testing [Koh95]. to name a few. As a result. many different types of
clustering algorithms have been developed with different characteristics (see [TK99]
for an overview). We will concentrate here on competitive learning algorithms or
self-organizing networks. The basic principle underlying competitive learning is

vector quantization.

5.2 Vector Quantization

The main use of vector quantization is data compression (see [Ger79. LBGS80,
Gra84. GG92]). Most vector quantization methods approximate the probability
distribution function P(x) of an input set of vector variables (features) x € X C

R of dimension d;, by a finite set of reference vectors w € W C R%. The set W
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is commonly referred to as codebook and its dimension is equal to the dimension
of X. The set of w partitions the input space into a set M of M := M| = |W|

units or cells
M={my. ma, ---. my}.

Each unit m € M has a reference vector w,, € W associated indicating its position
or receptive field center in the input space. The units together with the reference
vectors form a network.

An input vector X is associated to a reference vector through an input function
[: X—-W.

Nearest neighbor quantizers associate an input vector X to its nearest reference

vector:
w(x) := [(x) = arg min d(x.w).
weyy

where d is the distance measure used in the association process. usually euclidean

distance
dix.w) = ||x = w|.

but other measures which are better suited for particular applications have been
used as well (see [TK99]). The association process w(x) results in an information
loss which is known as distortion. The major goal in vector quantization is to dis-
tribute the w, such that the distortion is minimized. Nearest neighbor classification
is not necessarily the best solution in terms of distortion but more efficient than
algorithins including more neighbors. As a result. nearest neighbor classification is
typically used in classification tasks. We will discuss different types of classification

algorithms based on nearest neighbor classification in the next section.
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Using nearest neighbor association. a given codebook of size M partitions the
input space X into M cells which are called Voronoi regions. The Voronoi region
VY, of a vector w is defined as the set of all points in X for which w is the closest

reference vector:
Ve ={xeX|w=w(x)}.

[n the case of a finite input data set X’ the Voronoi region becomes a finite Voronoi
set V... The partition of X formed by all Voronoi regions is called a Voronoi
tessellation. Every point X is uniquely associated to a Voronoi region unless it is
exactly on the border of two regions. in which case it will be associated randomly
to one of the regions.

Connecting all pairs of points for which the respective Voronoi regions share
an edge results in the Delaunay triengulation. A subgraph of the Delaunay trian-
gulation. the induced Delaunay triangulation. can be constructed from a dataset
by connecting the two closest reference vectors to an input vector with an edge
(Fri95a). The induced Delaunay triangulation is limited to areas of the input space
with nonzero probability p(x) and shown to optimally preserve the topology of the
input space in a general sense [Mar93]. The approximated topology of the input

space is represented by a (possibly empty) symmetric connectivity set
C=MxM

of neighborhood connections. Some competitive learning algorithms like the Topol-
ogy Representing Network [MS94] and the Growing Neural-Gas algorithm [Fri95a]
approximate the codebook together with the connectivity set. For other algo-
rithms. this set can be constructed through the induced Delaunay triangulation
after a codebook has been distributed over the input space. Unless an algorithm

explicitly uses the connectivity set, there is no advantage of creating it during
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Figure 5.1: a) The light gray area represents the distribution of an input set
X C R? and is characterized by p(x) > 0. The dots represent the reference vectors
of a possible vector quantization. b) Sketch of the Voronoi tessellation of the
codebook. The dark gray area is an example of a Voronoi region. c) Delaunay
triangulation of the codebook. d) Induced Delaunay triangulation. Two centers
are only connected if the common borders of their Voronoi regions are at least
partially inside the shaded area.
the construction of the codebook. See Figure 5.1 for examples of the concepts
discussed in this section.

In order to find a “good” codebook. algorithms typically attempt to minimize

certain performance measures or cost functions. This will be the topic of the next

section.
5.3 Error Minimization and Learning

An often used optimality criterion for a codebook is the ezpected squared

distortion error (or just distortion error). For the continuous case with the input
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signal distribution P(x) this becomes

E[P(x).W]= )" / P(x)d(x, w)3dx. (5.1)
wew /Y
In the finite case with finite input set X it is
1 2 -
E[X.W]=— DY dix.w) (5.2)
I |wePVxEV..,
where |X| denotes the size of the input set. |X| =: N. Many different error

functions exist in the literature (see [TK99]). but we will only consider algorithms
here which attempt to minimize the distortion error.

[t can be shown (see {Zad82]) that an optimal selection of a codebook approxi-
mates the probability distribution of a sufficiently large input set to (p(x))*/(M+32)
for large M. where M := |W|. Therefore. for M sufficiently large. an optimal
codebook approximates the probability distribution of the input set.

Many different algorithms exist which attempt to find an optimal codebook
based on minimization of the error function (3.1) or (5.2) . These algorithms differ
in the way the features are presented and in the way the feature information is
used to update the codebook. Further characteristics are for example the use of a
fixed or variable codebook size or the use or construction of a connectivity structure
during learning. Learning is said to be on-line if the codebook is updated each time
a feature is presented. This type of learning is particularly useful in “real-time”
applications where constantly new features arrive. In batch learning all features are
presented to the algorithm at the time the codebook is constructed. Most learning
methods apply feature information in a competitive manner to update the reference
vectors. When a vector x is presented to the algorithm using competitive learning,
all reference vectors compete with each other and desire to approach the presented
state. The winner of this competition is the representative that lies closest to x

and is updated so as to move toward x, while the losers either remain unchanged or
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are updated toward x at a slower rate [TK99|. One distinguishes hard competitive

and soft competitive learning algorithms as discussed in the next two sections.!

5.4 Hard Competitive Learning

Hard competitive learning represents methods where the information of an
input state affects only the update of its nearest reference vector such that learning
in these winner-take-all methods is only local.

These algorithins typically minimize the error functions (5.1) and (5.2) directly
and face two problems as a result of this: local minima and dead units.

The minimization process of the error function can be viewed as the problem
of finding the global minimum of a complicated surface with many local minima
(sec Figure 5.2). In hard competitive learning. the units behave stiff and are easily
caught in a local minimum (Figure 5.2a). A possible solution to this problem is the
use of soft competitive learning. where the winner is updated together with some
of its neighbors. One can think of the units as being linked by an elastic band.
The stronger the link. the easier units will be able to escape a local minimum
(Figure 5.2b). To remain in a global minimum. the strength of the link has to
slowly approach zero. Competitive learning algorithms can be interpreted in terms
of statistical mechanics. where one introduces a “temperature”. The higher the
temperature. the more elastic a unit. Lowering the temperature slowly. freezes
the units eventually in the global minimum. Soft competitive algorithms will be
discussed in the next section.

A second problem of hard competitive learning is that these algorithms are

sensitive to the initial distribution of the codebook vectors. For example, due

!Somie authors (e.g. [TK99]) consider competitive learning as an on-line procedure. Fritzke
[Fri97b] however distinguishes on-line and batch competitive learning algorithms. In general. the
categorization of algorithms into different types is not clear distinguished in the literature. We
follow here the categorization of Fritzke {Fri9Th].
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Error function Error function
1 1

Local Min. Local Min.

Global Min. Gilobal Min.

a) b)

Figure 5.2: [llustration of the difference between hard and soft learning. a) In hard
learning. the units behave stiff and can not escape a local minimum. b) In soft
learning units are more elastic and can “bounce” out of local minima.
to a wrong initialization. units might never be updated and not contribute to
the minimization process. These units are so-called dead units. Soft competitive
learning also offers a solution to this problem. Another type of solution is to
frequently delete unproductive units and insert new ones (grid growing).

An advantage of hard competitive algorithms is that they are generally faster
than soft competitive algorithms. We present two hard competitive algorithms
in the next subsections: the LBG algorithm. a batch version. and the A-means

algorithm. an on-line version.
5.4.1 The LBG Algorithm

A necessary condition for a codebook to minimize the distortion error of a

finite set is that each reference vector w fulfills the centroid condition [GG92]

The LBG algorithm of Linde, Buzo and Gray [LBG80] implements this condition
by repeatedly moving all reference vectors to the arithmetic mean of the Voronoi

cells. The complete LBG algorithm is summarized in Figure 5.3.
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Initialize W from X
Repeat for each w

Compute V,
Update reference vector:

until Aw=0 vywe W

Figure 5.3: Pseudo-code of the LBG algorithm.

The codebook vectors are initialized to distinct vectors randomly chosen from
X. The main loop forms a so-called Lloyd iteration [Llo82], which is guaranteed to
decrease the distortion error or leave it unchanged. As a result. LBG is guaranteed
to converge in a finite number of steps to a local minimum [Fri97b]. An example
is shown in the last section of this chapter.

Extensions like the LBG-U method [Fri97a] improve upon a converged LBG
codebook by moving units of low utility. Due to the global character of the batch
update. the LBG algorithm can become slow for large datasets. The use of effi-
cient tree structures [Hun98. TK99] or a recently introduced local version [AK99]

strongly improve the computational efficiency of the algorithm.
5.4.2 The A-means Algorithm

Batch methods are not suitable for situations in which new data is arriving
in real time or on-line. Furthermore. the dataset X might be too large to be
stored. Then on-line clustering methods are necessary. A popular algorithm is

the k-means (or isodata) algorithm [Mac67].2 Hard on-line algorithms update the

*Frequently. c.g. in [TK99]. k-means and LBG are referred to as the same algorithm.
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winner reference vector according to the rule
Aw(x) =€ (x — w(x)).

where the learning rate € determines the extent by which the winner is moved
towards the input signal. In Ak-means € is depending on the unit and decreases
according to the harmonic series €(k,) = 1/k,. where &k, stands for the number
of input signals for which the unit corresponding to w has been the winner so far

[Fri97h]. The A-means algorithm is summarized in Figure 5.4.

Initialize W from X
Initialize A, =0 Vwe W
Repeat

Choose x randomly from X

Find winner w(x)

ku‘(.x:) = kw(z) + ].

Aw(x) = (1/kw))(x = W)

until stopping criterion reached

Figure 5.4: Pseudo-code of the A-means algorithm.

The A-means algorithm bears its name from the fact that each reference vector
is always the exact arithmetic mean of the input signals it has been winner for so
far. It can be shown [Mac65] that each reference vector converges such that its

location satisfies the continuous centroid condition
ExlxeV,]= / P(x)x dx.
Vuw

On-line methods are generally slower than batch methods since batch meth-
ods allow efficient computation through the use of tree structures [Hun98. TK99|.
On-line methods on the other hand are easier to implement, can adapt to non-
stationary environments and use additional information as it becomes available.

The choice of method depends on the situation in which it is intended to be used.
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5.5 Soft Competitive Learning

Soft competitive or fuzzy clustering algorithms associate a state x to a refer-
ence vector via a membership function h,(x,w) which describes the relation of x
to a reference vector w and describes the size of the neighborhood of a winner unit
w(x) which takes part in the update process or the strength by which neighboring
units are updated.® The parameter 1 is called fuzzifier and regulates the strength of
the membership relation during the learning process. In hard competitive learning

the membership function is

1 if w=w(x)
ho(x. w) = {0 otherwise.

Soft competitive learning is related to the stochastic relaxation scheme known
as sirulated annealing IKCGV83|. The primary objective of simulated annealing is
to find the global minimuin of a cost function that characterizes a complex system
[Hay99]. The annealing process adaptively approximates the global minimum by
slowly lowering a temperature. The fine details of the final state appear slowly
with decreasing temperature. This process of decreasing the temperature is equiv-
alent to a decrease of the neighborhood association described by the membership
function.

A distortion function measuring the expected squared distance can in general
be expressed as

1 9
Ey=— Y hy(x.w) d(x.w)".
1 wew xex
with a normalization constant ¢, typically introduced for convenience. The ele-

ments h form a .V x M matrix, which. for the case of hard competitive learning.

3The resulting vector quantizer can still be a nearest neighbor quantizer if the membership
association is only used during the codebook approximation.
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becomes a matrix with only one element in each row. For soft competitive learning
this matrix will have more entries and algorithms differ in the particular choice
of membership relation h and distortion measure d. Typically E, will be such
that E'« is convex. with no local minima. and Ey equal to the hard competitive
error function. which has the global minimum to be approximated. By decreasing
n slowly. the algorithm is less likely to get stuck in a local minimum during the
optimization process.

The Neuwral-Gas algorithm [MBS93] employs the membership function
hn (k(x W,)) = e_k(x-wu)/'l(t).

where & is such that the set W\ {w;} (the codebook without w;) contains exactly
k elements w satisfving d(x. w) < d(x.w;). This realizes the membership function
based on a neighborhood ranking of a reference vector with respect to the input
signal. For example A(x.w;) = 3 would mean that w; is the third closest reference
vector to x. The algorithm represents an on-line method and is summarized in
Figure 5.5. In this figure ¢,,,, denotes the maximum number of iterations. The

functions n(t) and e(t) are given by the exponentially decaying functions
t/tmax t/tmar
€
n(t) = n: (’7_]) . €t) =€ (—f> .
i €
and in [MBS93] the parameters were chosen as
n: =10, ny =0.01. € =0.5. ¢f = 0.005.

As shown in [MBS93]. the Neural-Gas algorithm performs stochastic gradient

descent on the cost function

1 5
E,, =— P(x)h, (k(x. d(x. w)“dx.
, an;v/x () (. W) ). w2

with euclidean measure d(x.w). For n — 0 this cost function becomes equal to

the cost function (5.1) which we are attempting to minimize but which has many
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Initialize W from X
For t =0 to tnar

Choose x randomly from X

For all w
AW = €(t)hy (k(x. W) (x — W)
end

Figure 5.5: Pseudo-code of the Neural-Gas algorithm.

local minima. For n — > on the other hand E,, becomes parabolic with no lo-
cal minima. Thus decreasing n slowly should allow convergence to smaller values
of the distortion error in comparison to k-means. This was supported by results
in [MBS93] which found better performance of the Neural-Gas algorithm in com-
parison with the A-means algorithm and the two competitive learning schemes.
maximum-entropy {RGF90] and the Kohonen map [Koh95]. Furthermore it was
shown in [MBS93] that the computational complexity of the Neural-Gas algorithm
is comparable to A-means if computing is performed in parallel. We will see exam-

ples of Neural-Gas clusterings at the end of this chapter.

5.6 Growing Codebooks

The previously mentioned algorithms have the disadvantage that they require
the size of the codebook to be chosen in advance. In many applications however
it is of advantage to have a codebook which is as small as possible. Then grid
growing algorithms can be used. which generate the codebook by starting from
an initially small set of reference vectors and successively enlarge the codebook
during the learning process. As a stopping criterion typically a small value of the
distortion error is used which leads to a codebook of minimal size for the respective
distortion error. Examples of different grid growing algorithms are the algorithms

by Fritzke [Fri95a. Fri95c| and Bruske and Sommer [BS95].
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The Growing Neural-Gas algorithm of Fritzke combines a growing cell struc-
ture algorithm [Fri94] with competitive Hebbian learning [Mar93]. The resulting
algorithm creates a growing codebook and a connectivity matrix which approxi-
mates the topology of the input space in an optimal way. During the adaptation
process new cells are inserted in areas which possess a large accumulated local
error. Dead units are avoided through an aging of existing connections of cells.

The Growing Neural-Gas algorithm is summarized in Figure 5.6 [Fri93a]. In
this figure 7(w) denotes the topological neighborhood of w and contains all units

which are directly connected to w. except w itself:
T(w)={w | ¢(wi.w)=1}

The values ¢(w), wa) € C describe the connectivity structure between existing cells
and are 0 if no connection exists between w, and wy and 1 otherwise. Function
a(wy.ws) denotes the age of the connection and e(w) the accumulated local error
of a cell. The function mod (i. 7) represents the remainder after division of i with
7. Thus cells are only added every 7 iterations.

As a stopping criterion one can choose for example a desired minimal size of
the distortion error. a maximal codebook size or a maximal number of iterations.
However. if the codebook size is used as stopping criterion. then the Growing
Neural-Gas algorithm will not lead to an optimal codebook in terms of distortion
error. The reason is that in the update of the weights constant factors €, and
€, are used. To this end we propose to add an annealing phase to the Growing
Neural-Gas algorithm after the stopping criterion is achieved (this first phase will

be called growing phase). During the annealing phase, the factors ¢, and ¢, are

) €£ ia/tu ) f‘rfl in/cn
Eu:(la) = €w a s 6n(la) = €n a .

modified to
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where t, is the total number of iterations and i, the current iteration of the anneal-
ing phase. €,.€, are the constants from the growing phase and €/, ¢/ the terminal

values of €,(i,) and €,(i,) respectively. Typical values for the parameters are

€. =0.3. £ =0.01. ¢, = 0.06. ¢/ =0.00006.

7 =300, tmer = 50.a =0.5. 3 =0.995.

The Annealing Growing Neural-Gas combines the versatility of the Growing Neural-
Gas with the quality of the Neural-Gas algorithm and is especially useful in appli-
cations where the desired size of a codebook is not know but a maximal practical

limit exists (e.g. due to processing speed).
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Initialize W with |W|=2

Initialize c(w;.wy) =e(w;) =e(wa) =0, i=0

Repeat
Choose x randomly from X, Ai=1
w) = argminwew ||Xx — W], W2 = argminwew\(w,} [[x — W||
Cell.Update.Connectivity(w,.7 (w,))
Cell.Update.Weights(w;.7 (w,.x))
Cell.Remove(W)

If mod (i.7) =0 then Cell.Add(W)
e(w) = 3e(w) Ywe W

Until Stopping criterion satisfied

Function Cell.Update.Connectivity(w;.7 (w)))
Aa(wy,.w) =1 Yw € T(w,)
a(wp.wa) =0. ¢(w;.wa) =1
Ywe T(wy): If a(w;, W) > ame then c(w;.w) =0

Function Cell.Update.Weights(w,.7 (w,))
Ae(wy) = ||wy — x|
Aw; = €,.(x — wy)
Aw = ¢,(x —w) Yw € T(wy)

Function Cell.Remove(W)

Ywe T(wy)): If |T(w)]=0 then W=W\ {w}
(remove a reference vector which has no edges)

Function Cell.Add(W)

Wel = arg MaXwew €(W). Weg = arg MaXyeT (we,) €(W)
Whew = %(wel + Weg). Ww=Wwu {Wnew}

C(szl- We‘.’.) =0. C(wslvwnew) = C(Weg, wnew) =1
a(wel? wnew) = a(we;’e wnew) =0

e(Wnew) = (Wei) = ae(Wep). €(We2) = ae(We)

Figure 5.6: Pseudo-code of the Growing Neural-Gas algorithm.
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5.6.1 Augmented Data Clustering

In this dissertation we will use clustering techniques to reduce the dimension
of datasets representing the attracting set of a dvnamical system. In the contin-
tous time case. in addition to the spatial information x € X we have temporal
information x € X available to construct an optimal codebook. Depending on the
task for which the codebook is used the utilization of this additional information
might improve performance. As an example consider Figure 3.7 which shows a
region in phase space where diverging trajectories are close in space. Using only
spatial information for clustering. points belonging to trajectories moving to sep-
arate directions are possibly associated to the same reference vector (see Figure
5.7a). If the codebook is used for the approximation of temporal as well as spatial
information. such a clustering is inappropriate. In time series prediction for ex-
ample. local maps from current to future data can be constructed based on data
clustering techniques (see e.g. [MBS93]. [DSHK99]). Typically these methods con-
struct the predictions based on the points included in a Voronoi cell. and using
clustering based on spatial information alone might lead to suboptimal results.
The problem can be resolved by including temporal information into the codebook
approximation procedure (see Figure 5.7b).

The idea of spatio-temporal clustering was originally introduced by D. Hund-
ley [Hun93] and applied to improve codebooks used to reconstruct the flow of
dynamical systems. To generalize the idea of spatio-temporal clustering. let us as-
sume that for each input vector x € X a vector ¢ € C; is available, which contains
additional information characterizing the state x. This could for example be the
derivative of x. in which case ¢ = x. We will call the information contained in
the set C, class information. If it is nonempty, the set C, is assumed to be of the

same size as the set X', but of possibly smaller or larger dimension. If additional
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Figure 5.7: Comparison of clustering of spatially close trajectories with different
temporal low. a) Using only spatial information can lead to clusters which contain
diverging trajectories. b) Including the temporal information can lead to clusters
which better resolve the temporal information.

information is available and it is desired to construct a codebook which represents

this additional information. this can be achieved by clustering the augmented data

x=(’2) xeX=XxC,.

!

This set is clustered by an augmented set of reference vectors
. w . ;
w=< ) weEW=WxW,
We

with W approximating X and W, approximating C,. The parameter + is problem
dependent and controls the strength with which the class information influences
the placing of the clusters. For v = 0, clustering the augmented data is equivalent
to clustering the set W without the use of class information.

Using the augmented data all clustering algorithms can be used to produce a
codebook W = W x W, approximating X = X x C.. If the set C, is nonempty
and ~ appropriately chosen. the codebook W will resolve the class information and
can represent an improvement over a codebook which was approximated without

using the available class information.
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Consider the example dataset consisting of the four points
x; = (0.0). xo =(1.0), x3 =(0.1). x4 = (1. 1),

shown in Figure 5.8. Clustering these four points by two reference vectors based
on spatial information alone will result in two possible. equal likely codebooks
as shown in Figure 5.8a. If the points have additional characteristics. like the
direction in which an attached vector points. then the data can be augmented. If
¢ = 1 denotes a vector pointing to the right and ¢ = -1 a vector pointing to the

left. then the augmented dataset becomes
x; = (0.0.%). Xxo =(1.0.~). x3 =(0.1. =7). x4 =(1.1.=4).

A clustering of the augmented dataset with 4 # 0 will result in the codebook

shown in Figure 5.8b with 100% probability.

50% 100%
0% ----1-----8 3

Figure 5.8: Resolution of class information through augmented data clustering.
The small dots represent data points, the large dots reference vectors. a) Four
points are clustered through 2 reference vectors based on spatial information alone.
Codebooks with clusters along the horizontal or vertical line are both equal likely.
b) If class information is included. the upper two points are distinguishable from
the lower two points and the clustering will result in the codebook along the vertical
line with 100% probability.
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5.7 Comparisons

In this section we show comparisons of the discussed algorithms on the basis
of several different datasets. We measure the performance on the basis of the dis-
tortion error. For the Neural-Gas (NG) and A-means algorithm, 40.000 iterations
were performed. The Growing Neural-Gas (GNG) algorithm was terminated if the
desired codebook size was reached. The annealing phase of the Annealing Growing

Neural-Gas (AGNG) algorithm was set to t, = 40. 000 iterations.
5.7.1 Dataset 1

The first dataset consists of 1000 data points distributed uniformly over a
circle of radius 1. The result of clustering with the LBG algorithm and 10 reference
vectors is shown in Figure 5.9. All distortion errors are summarized in Table 5.1.
The LBG. A-means. NG and AGNG algorithms lead to similar results. Terminating

the GNG algorithm at |W| = 10 leads to a suboptimal codebook.
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Figure 5.9: The dataset 1 consists of 1000 points randomly distributed over a
circle of radius 1. a) 10 reference vectors distributed with the LBG algorithm. b)
Growing phase of AGNG codebook. The codebook of the AGNG at size 10 before
annealing (¢ = 2400. i, = 0) is equivalent to the codebook produced by GNG with
[W| = 10 as stopping criterion and suboptimal. The annealing phase improves the
codebook (i = 2400. {, = 10000).
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| Dataset | W] || Ersc | Ex Exc | Ecnc | Eagne
1 10 || 0.1574 | 0.1582 | 0.1577 | 0.1946 | 0.1578

2 100 || 0.4847 | 0.4782 | 0.4296 | 0.5270 | 0.4295

3 100 | 0.0106 | 0.0114 | 0.0091 | 0.0113 | 0.0093

3 10 || 0.0605 | 0.0616 | 0.0606 | 0.0637 | 0.0604

3 (ST) 10 || 0.1719 | 0.1682 | 0.1699 | 0.2192 | 0.0954
3 (W) 10 || 0.0779 | 0.0820 | 0.1011 | 0.1639 { 0.0890

Table 5.1: Summary of the distortion errors E for the different datasets and code-
books constructed with different algorithms. |W)| denotes the number of reference
vectors. (ST) denotes augmented data. (W) denotes that the error is only with
respect to the spatial part of the augmented data.

5.7.2 Dataset 2

The second dataset consists of 1110 points distributed over three distinct
square regions as shown in Figure 5.10. The first region contains 1000 points.
the second 100 and the third 10. The complete dataset was clustered with 100
reference vectors. The codebook obtained with the LBG algorithm is shown in
the upper part and the one obtained with the NG algorithm in the lower part of
Figure 5.10a. Several stages of the AGNG algorithm are shown in Figure 5.10b.
The LBG approximates the local density of the distribution well by placing 90
reference vectors in the first, 9 in the second and 1 in the third region. The Neural-
Gas type algorithms on the other hand tend to place more clusters in regions of
low density. As seen from Table 5.1. the NG and AGNG approximate codebooks
with distortion errors considerably lower than LBG or k-means. Again. the AGNG

algorithm reduces the distortion error in comparison to the GNG algorithm.
5.7.3 Dataset 3

The third dataset consists of the dataset

_ sin(4nw/NV) B - ]
= ((1/20)cos(4mr/.'\l')) -on=0.--- N, (5.3)
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Figure 5.10: Comparison of the algorithms on dataset 2 consisting of 1110 data
points. 1000 points are randomly distributed in the first region 0 < z < 10. 100
over the region 20 < x < 30 and 10 over the region 40 < r < 50. a) Upper figure:
the LBG algorithm approximates the local density of the probability distribution
by placing approximately 91 out of 100 reference vectors in the first, 8 in the second
and 1 in the third region. Lower figure: The NG algorithm places more clusters
in regions of lower density. b) Several states of the AGNG algorithm. including
the final state of the GNG algorithm. AGNG improves the GNG distribution of
reference vectors.

with .V = 1000. representing an ellipse with length of the large axis being 20 times

that of the small axis.
Spatial Clustering

First 100 reference vectors were distributed over this dataset with all algo-
rithms using only spatial information (see Figure 5.11a). All codebooks lead to
similar distortion errors. However. by using only 10 reference vectors, all algo-

rithms fail to resolve the elliptical structure of the dataset (see Figure 3.11b).
Spatio-temporal Clustering

The failure to resolve the elliptical structure might have undesirable conse-
quences in certain applications. For example if the codebook is intended to be an

approximation to the flow of a dynamical system with the intention to use it for
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Figure 5.11: An ellipsoid dataset consisting of 1000 points. a) 100 and b) 10
reference vectors were distributed with the LBG algorithm. The elliptical shape
of the dataset can not be resolved with a small number of reference vectors.

time series prediction or control. the approximated codebook from Figure 5.11b
will not lead to optimal results. Including temporal information describing the

i

local flow of the trajectory. can resolve this problem.' To this end. the dataset

(5.3) was extended to the set

X,
. .. n=02.---.N-1
<xn/”xn“)

with x, = x,.1 — x,,. The clustering of this dataset with the LBG algorithm is
shown in Figure 5.12a and with the AGNG algorithm in Figure 5.12b. We see that
the elliptical structure of the dataset can be resolved if temporal information is

included into the clustering procedure.

5.8 Conclusions

In this chapter we reviewed four different vector quantization algorithms: the

LBG. k-means. Neural-Gas and the Growing Neural-Gas algorithm. All of them

“We confirmed this statement by applying the time series prediction method of Martinetz et
al. [MBS93] based on the NG algorithm to the prediction of dataset 3 and Lorenz data and found
that spatio-temporal clustering leads to a considerably lower mean-squared prediction error in
both cases. A detailed investigation will be presented elsewhere.
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Figure 5.12: Resolving of the elliptical structure by including temporal information
into the clustering algorithm. a) LBG clustering. b) AGNG clustering with 10 ref-
erence vectors. Note the separation of the classes represented by the disconnection
of the connectivity structure.

have different advantages and disadvantages and will be preferable in different
situations. Throughout the remaining chapters of this dissertation. we will use
the Neural-Gas and the Growing Neural-Gas algorithms for the purpose of vector
quantization. The Neural-Gas algorithm was shown to lead to smaller quantization
errors as the other three algorithms. Furthermore. it can be considered topology
preserving if a Delaunay triangulation is induced after the codebook is approx-
imated {Fri95a). The Neural-Gas algorithm is certainly slow compared to other
vector quantization techniques and in applications where speed is of concern other
algorithms might be preferred. Over the widely applied self-organizing Kohonen
map [Koh93] it offers the advantage of being applicable in any dimension.

The control algorithm discussed in the next chapter. which treats vector quan-
tization and control in separate steps, does not heavily rely on the quality of the
codebook and our choice of vector quantization algorithms is more due to per-
sonal preference than anything else. In the last chapter of this dissertation we
will combine vector quantization and reinforcement learning with the goal to find

a minimum sufficient codebook for the control task. In this context grid growing
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algorithms are necessary. The important feature of these algorithms is that they
allow to place new clusters in desired regions.

As mentioned before, codebooks can sometimes be improved if additional
information is used to augment the data. Although we only briefly commented
on time series prediction in this context and do not apply class clustering in the
remainder of this dissertation, we are convinced that these ideas might be relevant
in certain applications of our control algorithm. In principle. for dynamical data.
whenever regions in phase space occur with high variance of trajectory slopes,
spatio-temporal clustering can lead to codebooks more suitable for applications
such as time series prediction or control. As an example of such a situation consider
the Lorenz attractor and the region between the wings (see Figure 2.1¢) which is

better resolved through spatio-temporal clustering as demonstrated in [Hun98|.
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Chapter 6

OPTIMAL CHAOS CONTROL THROUGH
REINFORCEMENT LEARNING

. and those states. where none of the available control
actions is appropriate to reach the target. shall be di-
rected towards another state which is more close to the
target.

(R. Der and M. Herrmann. 1994, p. 2474)

In this chapter we will introduce a general purpose time-discrete chaos con-
trol algorithm combining reinforcement learning and vector quantization. We will
present parametric and impulsive control applications to low-dimensional chaotic

svstems and show its application to the targeting and tracking problem.

6.1 Introduction

Although the system dynamics can be continuous. the controller introduced
in this thesis works discretely in time. At time n information x,, about the systems
state is fed into the controller which will apply a control signal on the basis of thjs
information. [f the dynamics are continuous. x,, can represent e.g. observations
in a surface-of-section as discussed in Section 5.1. The observed system dynamics

are then formally described by an (unknown) map

Xns1 = £(Xn. P).

with a vector of system parameters p.
In terms of optimal control theory. as discussed in Subsection 4.1.2. we can

sumimarize the scheme of a general purpose chaos controller as follows: in state
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X, € X the controller chooses control u, € U according to a certain control policy
m(xn). The optimal control policy 7*(x,) maximizes a reward function. For the
purpose of chaos control the optimal policy is expected to (a) stabilize a desired
state xy on the attractor A, (b) reach a neighborhood of x; from anywhere on A
in a minimum number of iterations, and (c) apply only control signals leading to
small system perturbations. Furthermore, if x; corresponds to an embedded UPO
of A and if no noise is present, then the perturbations should vanish once x; is
stabilized.

For a general purpose chaos controller. it is in addition required that the
optimal policy can be established (a) model independent. (b) under noisy and
non-stationary conditions. (c) if either parametric or impulsive control is desired.
and (d) if systems are high-dimensional or spatially extended.

[f analytical knowledge on system dynamics would be available then methods
from optimal control theory [Ber87] could be used to find the optimal control policy.
Since in real world applications this is often not the case. we require the algorithm
to use no other information besides the states x,, and. in case of parametric control.
the value of p. Reinforcement learning. reviewed in Chapter 4. has been shown
to solve the optimal control problem {Sin94. BT96]. Der and Herrmann [DH94]
were the first to suggest to apply reinforcement learning to chaos control. They
used @Q-learning to approximate a control policy which targets an UPO along a
quasi-optimal path. The policy was approximated in a reduced space constructed
by a Kohonen self-organizing network. The drawbacks of the approach of Der and
Herrmann are that exact knowledge of an UPO is required and that the algorithm
operates only through parameter perturbations. Moreover the algorithm was tested
only for the logistic map.

The control methods introduced in this and the following chapters also rely

on the idea of approximating an optimal control policy in a reduced phase space
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through reinforcement learning, but generalize and improve the approach of Der
and Herrmann in several aspects [GD99]. In particular the UPO is not required to
be known and it is applicable for parametric as well as impulsive control. Although
the UPO can be determined by approximating the system dynamics, in order to
solve the tracking problem it is desirable to formulate the algorithm such that it
also estimates the UPO while the policy is approximated. We will demonstrate
performance of the method for a variety of low-dimensional systems and a high-
dimensional hvperchaotic Lorenz system. In the following chapters we will apply it
to a spatially extended system [GD00a] and a multistable rotor [GD00b. GDO1]. In
this chapter we treat vector quantization. reviewed in Chapter 3. and reinforcement
learning as separate parts of the algorithm and set the control set U(w) associated
with a reduced state w equal to some fixed U] for all w. In the last chapter these
steps are combined and variable control sets are allowed. which will lead to an

improvement of the algorithm in certain applications.

6.2 Learning Chaos Control

In order to formulate the chaos control problem as a reinforcement learning
problem we need to introduce (a) an input function / : X — W. (b) a discrete set

of control actions u € Y. and (c) a set of scalar reinforcement signals r € R.
6.2.1 The Input Function

Due to the chaotic nature of the systems considered. any unperturbed orbit
{x,.n € N} will be dense in X. Since the temporal-difference learning algorithms
described in Subsection 4.1.3 require formally a finite state Markov process. a
discretized version W of the state space X is needed. If X is a one-dimensional
interval this can simply be achieved by covering X uniformly by small intervals
of which the midpoints w{! serve as finite representations of X. If X is higher-

dimensional, a vector quantization is performed based on observations of x,, over
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a time window in which the system behaves chaotically. Specifically we employ
the Neural-Gas vector quantization technique (see [MBS93] and Chapter 5) which
extracts a finite set of reference vectors w € W = {w!!) ... w(V)} representing
the state space in their Voronoi cells. The advantage of this technique is that the
distributions of the w' are matched optimally to the invariant measure of the
attractor [MS94]. Alternative techniques to obtain a finite representation of X. as
reviewed in Chapter 3. can also be used. Which technique is used is not relevant
for the control algorithm as long as the set W is sufficiently fine.! In any case, the

projection [ : X — W of X onto the representation space W is defined by
w(x) := [(x) = arg min ||w — x]|. (6.1)
well’

Based on the representation W we introduce a state-action value function
Q(w. u) which reduces the reinforcement learning problem to the approximation

of the optimal state-action value function Q*(w. u).

6.2.2 The Control Set

Concerning the control set U we choose a fixed set of m + 1 real values Y =
{0.uy.--+ cum} . w; € R. In each state w € W one of the controls u € U can be
applied. Given w,. a control u, will be chosen from U according to the current
policy (e.g. e-greedy or greedy as described in Chapter 1) based on the values
Q(wp,. u). In this and the following two chapters the set U will be fixed and equal

for all w. Only in the last chapter we will consider state dependent control sets

U(w).

UIn the last chapter we will apply a growing grid VQ to find a minimal sufficient representation.
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6.2.3 Formulation of Goal

Observations of the states x, result in a sequence w,, = w(x,) € W. To allow
the control algorithm to solve the tracking problem as discussed in Chapter 3. we
formulate the goal of the control problem in terms of this sequence. If a fixed point
is to be stabilized. the criterion which tests if the goal was achieved is w,, = w, ;.
For a period two UPO it is w, = W2, W, # W,,1. In this case one formally
may consider the Cartesian product W x W as a Markov state space and interpret
(Wn-1.W,) as a single state. One proceeds analogously if higher order UPOs are
to be stabilized. Note that no knowledge about the location of the fixed point or
UPO is required. The control algorithm will first identify locations of UPOs and
then approximate an optimal strategy for reaching them in an optimal way through
updating of the associated state-action values Q(w,.u,). For targeting the goal
is simply w, = w°. where w* is the reference vector closest to the target state
x". In the form presented here. the algorithin can only distinguish orbits based
on their period. If more orbits of a prescribed period are present the algorithm is
able to identify these different orbits. from which a desired orbit can be selected
and stabilized by defining the corresponding weight vector as the goal location.
Without intervention the algorithm will eventually stabilize the UPO which is
“easiest” to control.

6.2.4 Choice of Reinforcement Signals

Reinforcement learning guides the learning process through immediate rein-
forcement signals (or rewards) on which the state-action value function updates
depend. The agent seeks to maximize its rewards over time and the rewards have

to be chosen such that maximizing them will achieve the goal of the control appli-

cation [SB93|.
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For the purpose of chaos control, a first choice for a reward function might
be ry+1 = —||Wnp+1 — Wy, if control of a period one UPO is desired. Although
this led to successful control of period one UPOs, generalizing this special type of
reward function to higher order UPOs causes some problems.

In reinforcement learning. motivated by learning theory, one typically pro-
vides scalar good/bad/neutral rewards in the form of +1/-1/0 signals. Der and

Herrmann [DH94] suggested to use

N 1 1fx,l+l.=xf (R1)
0 otherwise.

This type of rewards requires previous knowledge about the desired state. To allow
tracking of UPOs we can modify (R1) to

ey = {1 if goal achieved (R2)

0 otherwise.
and define the goal through the set of reference vectors as described in the last
subsection. The reinforcement signals (R1) and (R2) do not punish unsuccessful
actions and did not perform well in non-stationary environments. Therefore instead
we suggest

(R3)

1 if goal achieved
Fn+1 = .
" —rp otherwise.
with 0 < r, < 1. With the reward function (R3) the algorithm performed suc-
cessful in stationary and non-stationary environments. We typically observed best
results for r, < 0.5. We also found the following strategy to be successful in all
applications:
If w,.) is not a goal state: r,.; = —1 and update Q(w,, u,).
(R4)
otherwise set Q(w,.u,) =0.
In other words. we only punish unsuccessful control actions, while we give successful

actions the highest value. This has the advantage that no additional parameter r,

comes into play.
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[n the presented applications we mainly used the reward functions (R3) with
rp = 0.5 and (R4) and obtained similar results for both of these functions. We will
formulate the algorithm only for (R3). the extension to (R4) or any other choice
of reward function is straightforward. In the last chapter we will modify (R3) and
(R4) by punishing with —r, — |u,| instead of —r, to encourage the agent to apply

the smallest successful perturbation.
6.2.5 The Controlled Dynamics

Given an optimal state-action value function Q*(w. u) and a set of reference

vectors W. the controlled dynamics can be written as.

w, = wW(X,). u, = argmax Q" (w,. u)
uell (6.2)
Xnel = £(Xn + unAX. pPo + u,AP).
The arguments in f reflect the specific form of the control action. If only parameter
perturbations are applied (parametric control) we set Ax = 0. while Ap is the co-
ordinate vector that selects the particular component of p chosen to be perturbed.
Analogously. if proportional pulses are applied to system variables (impulsive con-
trol). Ap = 0 and Ax is the coordinate vector of the perturbed component of x.
Clearly one may consider also combinations of these approaches or more general
perturbations described by matrix operations as well as multi-parameter control
through the introduction of additional value functions. however. in this disserta-
tion we examine only the above two simplest types of control perturbations. We
emphasize that only the iterated states x, are used in the control algorithm. knowl-
edge of f is not required. In numerical experiments as described in the following,
the x,, are of course computed from a given f. however in “real world applications”
they would be observed experimentally.
The optimal state-action value function is approximated using Q- and Sarsa-

learning through interaction of the controller with the system. All possible controls
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u are tested and their values in terms of rewards are used as feedback to update the
corresponding state-action values Q(w(x). u). In the case studies of Section 6.3 it
turned out that Q-learning typically performed slightly better than Sarsa-learning.
In the following chapters we will therefore exclusively apply Q-learning.

We distinguish between on-line and off-line control. In off-line control, learn-
ing is performed e-greedy over many episodes and after termination of each episode
the system state is reset to a new. randomly chosen initial value.? This enables the
controller to find a good approximation to the globally optimal policy Q. In situ-
ations where one is interested in controlling a running system as quickly as possible
one does not need a globally optimal policy. In these situations we perform control
on-line. In on-line control. learning is performed deterministic and the system is
not reset to a new state after termination of an episode. Q-values are updated on
the fly. until the desired state is stabilized. In on-line control the controller will
find a policy with local character. allowing stabilization of the desired state but
not necessarily as quickly as possible from any initial condition.

However we will frequently see that an on-line approximated policy consid-
erably reduces transient times compared to an uncontrolled system and that the
off-line approximated policy does not considerably improve performance. The rea-
son for this is two-fold. First, a chaotic system has the natural property to explore
the whole state space quickly. Thus for systems not easily controlled. the whole
state space will be sufficiently explored until on-line control is established. Second.

we punish unsuccessful controls and represent the phase space by a finite discrete

“For a chaotic system this can simply be achieved by turning the controller off for a certain
time. We note that the term off-line control is often used to refer to control applications where
the optimal policy is found from the analytical equations describing the system dynamics. We
use the term off-line control in a different context: off-line control here refers to situations where
the controller is frequently turned off (or taken off-line) in order to start control from a new
initial condition.
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set. Thus even when using deterministic learning we can expect that a good con-
trol associated with a state w might be unsuccessful with small probability in
some situations. specifically if noise is present. In other words, before a successful
policy is found the controller will typically explore much of the phase space and
action space even if deterministic on-line learning is performed. In particular for
the spatially extended systems investigated in the following chapter and the rotor
with considerable noise considered in Chapter 8 we apply only on-line control.
The complete chaos control algorithm based on either Q- or Sarsa learning is
summarized in Figure 6.1 for on-line and off-line control of a fixed point and in
Figure 6.2 for control of a period two fixed point. The generalization to the control

of higher-order fixed points is straightforward.
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Determine [: X — W

Fix control set U

Initialize Q(w,u): Q(w.u)=0 V(w.u), we W.ueld
Initialize x randomly from X

Find w:=w(x). u— Q(w.")

Repeat
r'=0
For off-line control:
Initialize x randomly from X
Find w:=w(x). u— Q(w.")
Decrease ¢ for e-greedy policies

Repeat (per episode)
Apply u and observe x’
Find w':=w(x). ' — Q(w'.-)

J {1 if w=w
"o —rp otherwise
Sarsa-learning:

AQ(w. u) = 3[r + vQ(W'. ') — Q(w. u)]
(Q-learning:

AQ(w. u) = I[r' + vmax, Q(W'. u) — Q(w.u))
x—X :uv—u:w—w

until ~' =1

until goal stabilized (on-line) or € =0 (off-line)

Figure 6.1: The chaos control algorithm for on-line and off-line control of a fixed
point.
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Determine [: X — W

Fix control set U

Initialize Q(w.u): Q(w.u)=0 VY(w,u), weW.uel
Initialize x randomly from X

Find w:=w(x)., u«— Q(w.")

Apply u and observe X’

Find w' = w(x'). v — Q(w'.")

Repeat

=0

For off-line control:
Initialize x randomly from X
Find w:=w(x), u— Q(w.")
Apply u and observe X’
Find w = w(x'), «' — Q(wW'.")
Decrease ¢ for e-greedy policies

Repeat (per episode)
Apply u' and observe x”
Find w" :=w(x"). v — Q(W".")
',_{1 if w=w" and w# w’
"= —rp otherwise
Sarsa-learning:
AQ(w.u) = 3[r' + vQ(W'. u) - Q(w. u)]
(Q-learning:
AQ(w. u) = I[r' + v max, Q(W'. u) — Q(w. u)]

X —x"tu—v v —v:we—w.w—w

until ' =1

until goal stabilized (on-line) or e =0 (off-line)

Figure 6.2: The chaos control algorithm for on-line and off-line control of a period
two fixed point.
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6.2.6 Transient Time

In Subsection 3.4.2 we argued that the transient time 7; of a targeting method

scales approximately as

InT, .
T~ . (63)

Oy

compared to a local control scheme with transient time 7, and effective unstable
Lyapunov exponent o,. In this subsection we show that an optimal control policy
for a discrete control set U will scale similarly. To this end consider Figure 6.3.
which is based on the ideas introduced by Schroer et al. [SO97] to prove their
targeting scheme. Assume we start from a random source and want to reach a
target in a region C'. Without applying perturbations to the system outside C the
average transient time of the system to reach C is assumed to be 7,. Allowing small
initial perturbations we would obtain a small control segment of length Ar centered
at the source. If the perturbations are allowed to be continuous. the whole segment
of length Ar would be initially accessible for control. The length of the control
segient increases with n. the number of iterations. along the unstable direction
with order ~ €™ and will eventually reach the size of the attractor at which point
we can with certainty find a trajectory from the initial control segment into the
target region. This consideration led us in Subsection 3.4.2 to the estimate (6.3).
In the reinforcement learning chaos control algorithm we do not apply continuous
but only discrete perturbations from a set U of typically small size [U]. If we would
only allow controls at the source we could not reduce the transient time effectively.
Instead the algorithm has the option to apply perturbations at every iteration. At
the source. the possible perturbations u € U allow the creation of {U{|—1 new source
points with average distance éx := Az /(|U] — 1) between neighboring points. At

each iteration the size of dz will increase with order ~ €. but at each iteration
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the number of accessible points increases by a factor |{|. As a result, the length

61' efunt B (eau)"
e\

We can conclude that the distance dx between neighboring points at each iteration

of d.r scales as

will be of the order Ar/2 of the initial control segment or smaller, as long as
e’ < |U|. Then. after 7, iterations. when Ar has reached the size of the attractor,
and assuming dr < |C|. we can be sure to have at least one accessible point
contained in the region C'. The complete set of points represents all possible
accessible states by applying all possible u € U at each iteration. The algorithm
is designed to find a path which links the accessible point in C to the source point
and we can expect the transient time of the algorithm to scale similar to (6.3).

A practical way to estimate transient times 7 is to compute the average number
of iterations A from a random initial condition on the attractor A to the region
C'. A, will represent the transient estimate for the uncontrolled system. while Ag
represents the estimate of 7 for the system controlled through a greedy policy
based on the state-action values Q. From the considerations above we therefore

would expect

In\,
I\Q ~ P . (6-4)

for an optimal control policy. However in (6.4) we ignored the fact that the set of
created accessible points also leads to faster expansion of Ax over the attractor.
i.e. Ar is not just stretched to Aze”", but has expanded to Az Y| e after n

iterations. Using this we can find the estimate
1 - -
Ag ~ —In(1—-A,(1—¢€"))— 1. (6.5)
u
Note however. that in practice we are merely approximating the optimal policy

and we must be content if A\g ~ In A,.
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Figure 6.3: Transient time of reinforcement learning chaos control. See text for
details.

6.3 Learning Parametric Control

In this section we present various results concerning the application of the
algorithm introduced in the previous sections to the control and targeting of low-

dimensional chaotic systems.
6.3.1 Off-line Control of the Logistic Map and the Hénon Map

We first present applications of our chaos control algorithm to low-dimensional

chaotic maps. We consider the logistic map
Iner = po- Za(l — z,). (6.6)

which exhibits chaotic behaviour for 3.5694... < pg < 4. The condition r,.; = z,

vields the nontrivial fixed point £y = 1 — 1/pe (5 = 0.7368 for po = 3.8). The
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second map we consider is the two-dimensional Hénon map

Ipn+1 =pPo + bol'n..l — Ii, (67)

which behaves chaotically in a large range of the parameters by and py [Hén76).
We choose by = 0.3, then the map exhibits chaotic behaviour in the range 1.1 <

po < 141, Setting x = (2,.2,-), for by = 0.3, the fixed points are

y { ~0.7+ 072 +14pp 0.7+ /0.2 + 4p0}
12 = - . .

vielding xy; = (0.8385.0.8385) and xy» =~ (—1.5385, —1.5385) when py = 1.29.
We apply parametric perturbations u € U with U,, = {0.0.1. 0.1} for con-

trol of the logistic map and Ugy., = {0.0.025. -0.0253} for control of the Hénon

map. Given an optimal state-action value function Q*(w. u) the controlled logistic

map dynamics can be written as:

Lp+y = (PO + Un) g ln(l - —l-'n)'

u, = argmax Q" (w(zx,). u).
u

and similarly for the Hénon map.
Concerning the set of reference vectors for control of the logistic map. since
the data are one-dimensional and confined between 0 and 1. we choose 100 points

uniformly distributed between 0 and 1 as set of reference points.
w € Wy = {0.01. 0.02.--- . 1}. (6.8)

For the control of the Hénon map a set Wy, of 400 reference vectors as shown in
Figure 6.4 was used. The set was obtained through a Neural-Gas vector quantiza-
tion of 5.000 data points (pp = 1.29, by = 0.3).

The goal in this section is to stabilize a period-one fixed point of the maps. As
a criterion for reaching a fixed point the condition w(z,.i) = w(zr,) (W(X,11) =

w(xX,)) is used for control of the logistic (Hénon) map.
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Figure 6.4: The set Wy, of 400 reference vectors w used for the control of the
Hénon map. The locations of the fixed points x5, and X2 as well as the goals for
the targeting application of Subsection 6.3.3 are shown.

The optimal state-action value function Q*(w. u) is approximated through e-
greedy off-line Q- and Sarsa-learning. The learning curves illustrating performance
of the algorithms on the control task are shown in Figure 6.5 which shows the
total number of iterations of the map as a function of the episodes. For control
of the logistic map € was slowly decreased to zero over a period of 4.000 episodes
(9.000 episodes for control of the Hénon map). The decreasing slope of the graph
shows that the goal is reached more and more quickly in each new episode as € is
decreased and demonstrates convergence of the policy. For the last 1.000 episodes
we set € = 0. The slope of the graph above 4000 episodes is then a measure for Ag..
the average number of iterations to reach the goal with the approximated policy
Q". For control of the logistic map we obtained for Q-learning ,\8. = 5.62 and for
Sarsa-learning A9. = 5.70. while for the Hénon map ,\8. = 16.78 and 3. = 17.56.
For both maps. Q-learning led to better results and faster convergence.

To better compare A\ for the controlled and the uncontrolled system, \ was
averaged over 2.000 episodes starting from random initial values. For the logistic

map an episode was terminated if |z, — ry| < 0.005. Choosing actions greedy
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according to the approximated state-action value functions @Q*, we obtained A2, =
5.61 and /\(52. = 35.87. compared to A\, = 151.34 for the uncontrolled system.

For the Hénon map an episode was terminated if ||x, — x/{| < 0.02 and
we obtained ,\8. = 14.78 and ,\g. = 15.35, while for the uncontrolled system
Ay = 1414

The numerically observed transients are in good agreement with our estimates
(6.4) or (6.5). For the logistic map with the chosen parameters it is o, = 0.45
[AFH94] and we would expect from (6.4) Ag- ~ 11.15 and from (6.5) Ag- ~ 8.92.
For the Hénon map it is o, = 0.42 and we would expect \g.- ~ 17.27 from (6.4)

and Ag. ~ 14.72 from (6.3).
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Figure 6.5: a) The result of performing e-greedy off-line Q- and Sarsa-learning for
the control of a) the logistic map. and b) the Hénon map. The solid line shows
the learning curve for the @-learning algorithm. the dashed line for the Sarsa
algorithm. Shown are the total number of iterations from all presented episodes
as a function of the presented episodes. ¢ was decreased to zero from initially one
and set to zero over the last 1,000 episodes. The number close to the graph is the
limiting slope of the corresponding curve and is a measure for the estimate Ag. of
the transient of the controlled dynamics.

Figure 6.6a shows controlled logistic dynamics and Figure 6.6b the controlled
Hénon dynamics using the policy Q" approximated through Q-learning. Starting

from a randomn initial condition, the system was randomly perturbed into a new
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state every 200 iterations. We see that control is reestablished quickly after each

system perturbation.
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Figure 6.6: The controlled dynamics of a) the logistic map and b) the Hénon
map using the policy Q* obtained through Q-learning. Starting from a random
initial state. the system is randomly kicked every 200 iterations into a new state
as shown. Control of the nontrivial fixed point is reestablished quickly after each
perturbation.

Analysis of the Approximated Optimal Policy

To get an idea of how the approximated control policy Q" realizes control of a
fixed point. we visualize the policy for the logistic map in Figure 6.7. Figure 6.7a
shows the effective map (pp + un(z,))xn(1 — x,) for control of the logistic map. In
Figure 6.7b the region close to the fixed point is shown in more detail.

The global action of the control policy can be better understood from Figure
6.8. which shows for each reference vector the associated control with maximal

Q-value. Iterating the logistic map backwards from the fixed point z;:
T, = (1/2)(1 £ V1 = dxns1/po)- (6.9)

locations are obtained which are visited before iterations to the fixed point. The

vertical lines in Figure 6.8 correspond to the locations of backward iterated points.
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Figure 6.7: a) Effective map (py + un(tn))Ia(1 —r,) for control of the logistic map.
b) A closer look at the region around the fixed point.

A vertical line labeled with integer i denotes a location from which the fixed point
£y can be reached in i iterations of the uncontrolled logistic map. Comparing the
location of these lines and the controls u it becomes apparent that the controller
learns to bring the dynamics globally close to these backward iterated locations.
thus approximating a globally optimal policy. Close to ry the controller performs
discrete controls which trap the dynamics close to ry. while globally it brings the
dynamics closer to points from which ry can be reached in a minimum number

of iterations. Thus the algorithm targets the UPO along a quasi-optimal path

[DH94].
6.3.2 Noise Dependence

In this subsection we investigate the influence of noise on the control per-
formmance. Two questions are interesting in this context. Having established an
optimal control policy in a noise free environment. how well does the policy do if
noise is added to the system? The second. probably more important question is,

how well a policy will perform if we approximate it in a noisy environment.
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Figure 6.83: The approximated policy Q" (o for u = 0.1. x for u = —0.1. . for u = 0)
as a function of the reference vectors. The vertical lines correspond to locations of
points iterated backward from the fixed point r; of the logistic map.

Using an Optimal Policy under Noisy Conditions

For local control methods control is typically successful under the influence
of noise which is small enough to not kick trajectories out of the controllable
region. In [OGY90] Ott et al. demonstrated that the OGY method was able
to stabilize the Hénon system if 20% normal distributed noise (the size of the
maximal control perturbation is 5 times 1. the size of the noise) where added. To
sce the performance of our algorithm for the control of the Hénon map under the
influence of normal distributed noise. we added a noise term n d to the right hand
side of (6.7). where n > 0 regulates the size of the noise term. and J is a Gaussian
distributed random variable with zero mean and variance one. Using the optimal
policy Q* obtained as described above, we would expect our algorithm to establish
control if n = 0.2|u|mer = 0.005 for the chosen control set Up.n,. The controlled
dynamics for n = 0.005 is shown in Figure 6.9a. We see that control is lost only
a few times due to tails in the Gaussian perturbations. The trajectory stays close
to the goal for 92% of the control time. For higher noise levels. trajectories will

be kicked out of the controllable region with higher probability. As a result. local
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control methods will have to wait to reestablish control until the system naturally
reenters the controllable region. For global methods this is not the case. Since the
controls attempt to bring trajectories into the controllable region from anywhere
on the attractor we would expect global methods to be more effective against noise.
The controlled dynamics for n = 0.0125 (50% normal noise) are shown in Figure
6.9b. Although control is frequently lost. trajectories are close to the goal 48% of
the control time which shows that trajectories are brought back to the goal quickly.
For 100% normal noise we found that trajectories are close to the goal for 20% of

the control time.

n =0.005. 92% n 20.0125, 48%

. ‘|";‘, n‘ ii v‘hvl

il
il

\w %1 i | I ”:\ | il |“’M

tat

a) b)

Figure 6.9: Controlled dynamics of the Hénon map using Q* obtained as discussed
above. for a) n = 0.005. and b) n = 0.0125.

Approximating a Policy under Noisy Conditions

To demonstrate resistance of the algorithm against noise we added a noise

term 1), to the dynamics at each iteration, i.e. for the logistic map:

In+t = PoZn(l — Tpn) + .
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where 1, is now chosen uniformly from the set (—a/2,a/2).® We compared \q to
Ay by averaging over 2,000 episodes, where an episode was terminated when the
svstem comes close to the fixed point. For the logistic map we used, as before,
|, — xy| < 0.005 and for the Hénon map ||x — x;|| < 0.02. After completion of
one episode the system is set into a new random initial state. Figure 6.10 shows
A@/ Ay as a function of a/umqe,. For the logistic map the maximal control u,,, was
0.1. for the Hénon map 0.025. The policies were learned in a noisy environment
with the given noise level. All policies were obtained off-line through e-greedy Q-
learning. We see that the controller is able to reduce \g below \, for considerable
noise levels, even when the added noise is much higher than the applied control. It
must be noted however that control of the fixed point is lost when a/um., = 1 for
the logistic map and a/u,;nq, = 2 for the Hénon map. Nonetheless. for targeting
applications. where we are only interested in reducing Ag as far as possible. the
algorithm is resistant to high noise levels. We see that a good control policy can be
established even under the influence of considerable noise. In most investigations
such as {[OGY90] it was not discussed how the influence of noise will influence the
computations of the necessary quantities. In some real experiments where noise
is always present. the OGY was successfully used. In [Kap96] it was mentioned
however that the control of an electronic system was not possible with the OGY
method due to the intrinsic noise of the system. A detailed analysis and comparison
of the performance of chaos control methods under the influence of noise has not
been done vet and would certainly be an interesting topic for future investigations.
In general we would expect that global methods or combinations of local methods

with targeting are more robust to noise than local methods.

3For Gaussian noise the dynamics often become unstable. i.e. go to infinity.
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Figure 6.10: Noise dependence of the algorithm. The dashed line gives Ag/\, as
a function of a/um,, for the logistic map. the solid line for the Hénon map.

6.3.3 On-line Control

Control in Non-stationary Environments

An advantage of the presented control algorithm is that it can be used in
on-line control applications and in non-stationary environments. To demonstrate
this. Figure 6.11 shows the result of a control performed on-line. The system was
set in a random initial state before the controller was turned on and the algorithm
started to update the @Q-values with the goal to stabilize the system at a fixed
point. Learning was performed deterministically using @Q-learning. Figure 6.11a
shows on-line control of the logistic map. The parameter py was initially set to
3.89. After approximately 2.500 iterations the controller establishes control of the
fixed point ry. After 10.000 iterations pp was set to 3.8. Control is lost for a short
time. until the controller is able to reestablish a control strategy and to stabilize
the system at the changed fixed point location. After 20,000 iterations py was set
to 3.7 and finally after 30,000 iterations back to 3.89. The on-line control of a
non-stationary Hénon map is shown in Figure 6.11b. Here py was initially set to

1.33 and then changed after 20.000 iterations to po = 1.18, after 35,000 iterations
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to 1.25 and then finally after 50,000 iterations to 1.29. We see that the controller
is able to control the non-stationary systems and adapt quickly to changes in the
system parameter po. Note that for the whole control process the set of reference
vectors shown in Figure 6.4 was used. It was not necessary to introduce new centers

or change center locations.

ae

ar

34

24

a) b)

Figure 6.11: On-line control of a non-stationary a) logistic map. and b) Hénon
map. In a) po was changed every 10.000 iterations from initially 3.89 to 3.8. 3.7
and back to 3.89. and in b) py was changed from initially 1.33 to 1.18, 1.25 and
1.29.

A different tracking application is shown in Figure 6.12 where the on-line
control of the fixed point of the logistic map is shown with py slowly changing
from py = 3.6 to pp = 3.9. The results of this subsection demonstrate that the
proposed control algorithm is suited for on the fly control and the control of non-
stationary systems. On-line performance is fast compared to off-line control since
the controller only has to establish control starting from the particular initial
value. We also see that e-greedy learning is not necessary to establish control in

such applications.
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Figure 6.12: Tracking of the period-one UPO of the logistic map through on-line
control as pg is slowly changed over 40.000 iterations from py = 3.6 to py = 3.9.
An initial phase of 2.000 iterations is not shown in which on-line control of the
UPO for py = 3.6 was established.

Control of Fixed Points of Higher Period

To demonstrate that the control algorithm is able to detect and stabilize higher
order fixed points. we attempted to stabilize fixed points of the logistic map up to
period five through a deterministic on-line control with the previously mentioned
control set U,,. The result is shown in Figure 6.13a. Initially the goal was to
stabilize a fixed point of period one. This was achieved after approximately 10.000
iterations of the logistic map. After 20.000 iterations. the goal was switched to
control a period two fixed point. after 40.000 iterations to a period three and so
on. In each case. locations of the fixed points were quickly identified and control
established. In Figure 6.13b on-line control of the period-two fixed point of the
Hénon map is shown. For this control the control set was Uge, = {0.0.06. —0.06}.
The numerical control of higher-period orbits of the Hénon map is complicated by
the fact that the dynamics become unstable if perturbations with |u| > 0.06 are

applied globally.
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ministic on-line control. The control goal was changed every 20.000 iterations. b)
On-line control of period-two fixed point of Hénon map.

Targeting

To demonstrate that the algorithm can be applied to the more general problem
of targeting general states we arbitrarily choose three different target locations
for both the logistic map and the Hénon map. For the logistic map we choose
ry1 =0.1. rpn = 0.4 and ry = 0.8. for the Hénon map x,; = (-0.47. 1.46). x,» =
(—1.38. =0.11) and x,3 = (1.46. —0.93) (see Figure 6.4). We then learned optimal
control policies using e-greedy off-line Q-learning presenting 10.000 episodes. An
cpisode was terminated if the reference vector closest to the goal was reached.
Using these learned control policies. we compared the average number of iterations
needed to come close to the goal (|r, — z,| < 0.005 for the logistic map and
[[Xn —Xg:|| < 0.02 for the Hénon map) with applied control perturbations. Ag. and
the average number of iterations until the uncontrolled system comes close to the
target location. \,. The applied controls and used sets of reference vectors were
as described in the preceding sections. The results are shown in Table 6.1. We see

that A is considerably reduced in all cases.
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Ao | Aw |ImAy

log. map, goal 1{| 79 | oo | o
goal 2 126 178.6 [5.19

goal 3 88 | 76.2 {4.33
Hén. map, goal 1|| 30.0 | 498.9 {6.21
goal 2 13.9| 240.8 [5.48

goal 3 195.6|1,142.9{7.04

Table 6.1: Targeting of three different states for the logistic and the Hénon map.

6.4 Impulsive Control

In this section we demonstrate several applications of the proposed chaos
control algorithm to impulsive control problems (see Subsection 3.4.4). Here a
svstemn variable is directly perturbed at discrete time intervals. These type of
perturbations are especially relevant in medical applications and we will discuss
the impulsive control of a relaxation oscillator. Furthermore we will demonstrate

the control of a hyperchaotic nine-dimensional Lorenz system.

6.4.1 Rdssler Attractor

To show that the method can be applied in situations where impulsive control

is desired. we control the chaotic Rdssler system:
/

’=—y—z y=2+02y. =02+ z(zx-57).

Letting x = [z y z]”. to control this system we apply periodic proportional pulses

(see [MG94. Cha97. Cha98| and Subsection 3.4.4)
x(tn) — u-x(t,).

applied at regular time intervals. whenever the systems visits a surface-of-section.
In particular we apply the same principle as proposed in [Cha98|, where a formula

for u was derived requiring a functional representation of the Poincaré map and
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its derivative which is based on the governing equations. Since we do not want
to make use of any analytical description of system dynamics, we allow three a
priori fixed values for u and use reinforcement learning to find an optimal control
strategy.

The control strategy we use is the following. As mentioned in [Cha98]|. the
Rossler system has a well-defined Poincaré section defined by the points where
r(t) reaches a local maximum. First we record and store a certain amount of
uncontrolled data X, corresponding to points in the Poincaré section. which
gives a set Xy,re. 1o control the system. we kick the r-coordinate whenever it
reaches the Poincaré section: & — u -z, where u can be any of the three numbers
{1. 0.95. 1.05}. Using this new z value and the unchanged y and = values. we find
the closest point from the set Xj..re and reset the system state to this state.

To formulate a goal and to compute an optimal state-action value function
Q(w(xr). u). we distributed a set of 150 reference vectors uniformly over the interval
[0. 15] which represents the possible values of r at the intersection with the Poincaré
section. Based on the intersections of & with the section we obtain a sequence of
representation vectors w, which allows to detect fixed points of desired period.
Based on the sequence w, we will give reinforcements to the state-action pair
(w(r). u) and update the Q-values using Q-learning as discussed above.

Figure 6.14 shows the result of an on-line control of the 2-cycle (Figure
6.14a.b). the 3-cycle (Figure 6.14c,d) and the 4-cycle (Figure 6.14e.f). To es-
tablish control. only a few hundred visits of the Poincaré section where needed. In
principle this control strategy is similar to the impulsive control methods discussed
in Subsection 3.4.4. The advantage over these methods is that no trial-and-error
is necessary and that a global policy is established. The algorithm systematically
finds the best policy for the application of the kicks. Moreover no analytical knowl-
edge is required. With a simple reformulation of the control goal the algorithm

can target more general states as discussed in the next paragraph.
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Figure 6.14: Control of different periodic orbits of the Rossler system through
periodic proportional pulses. a). b) period 2 orbit. ¢). d) period 3 orbit. e). f)
period 4 orbit.
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A Targeting Application

In this paragraph. the task of the controller is to direct the system from an
arbitrary initial condition to a previously specified target location through small
proportional pulses. Following the same control strategy as described above. kick-
ing the system whenever it reaches the surface-of-section. we give the controller the
goal to intersect the Poincaré section at x = 6.9 (we chose this value arbitrarily).
Thus the goal of the control algorithmn is achieved if w(r,) = w(6.9). An optimal
control policy was approximated off-line over 5.000 episodes. An example of tar-
geting with the approximated policy is shown in Figure 6.15. Starting from the
initial condition xg = [—~8.5407. 1.3441. 0.0314]T. the system will naturally reach
the vicinity of the goal state (w(z) = w(6.9)) only after 83 visits of the Poincaré
section (see Figure 6.15a). Kicking the system when it reaches the section. ac-
cording to the approximated policy. the system will visit the desired state after
only one visit of the section. Thus only one small system perturbation is needed
to dramatically reduce the time from initial to goal state. On average. from any
possible initial conditions. the results will not be as good as for the shown example.
Picking 1.000 random initial conditions on the Rossler attractor and measuring the
average number of visits in the section until the desired neighborhood is reached.
resulted in A, = 67 for the uncontrolled system and Ag. =~ 11 for the controlled
systen.

The results here offer interesting perspectives for the targeting problem of
directing spacecraft to the moon as discussed in [BM95. SO97] and it would be

interesting to see how an optimal policy computed through our algorithm compares

to the result obtained in [BM95, SO97).
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a) b)

Figure 6.15: Targeting of the Rdssler attractor. The goal is to intersect the
Poincaré section at x = 6.9. This goal is represented by the vertical line at the
graph. where the local maximum of the trajectory should occur. a) The uncon-
trolled trajectory intersects a small neighborhood (w(x,) = w(6.9)) only after 83
visits of the section. b) With control the goal is visited after only one intersection.
or one perturbation of the trajectory.

6.4.2 Relaxation Oscillator and Heartbeat

As a further example for the impulsive control of continuous systems from a
time series we chose a system originally proposed by Rdéssler et al. [RRLT7S|. who
observed a variety of sub-harmonic responses for the periodically forced system

' =(y—1.35)+ (r — 2*/3) = Asin(0.2t)
(6.10)
y = —(xr—0.467 +0.8(y — 1.5))/9.
The sub-harmonic responses are similar to arrhythmia observed in malfunctioning
hearts [TS86]. For 4 = 0.045 the system shows chaotic behaviour. The trajectory
for 4 = 0.045 in the (z. y)-plane is shown in Figure 6.16a.

To clear the system from the sub-harmonic responses we attempted to control
the dynamics on a period one unstable periodic orbit through proportional pulses
applied to the y-coordinate. We follow a strategy similar to the one taken for

control of the Rossler system but we do not reset kicked states into recorded states

in the section. As a criterion for successful control we chose that subsequent minima
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Figure 6.16: a) Trajectory of system (6.10) in the (x.y)-plane. The experimental
section used for the control is also shown. b) Phase portrait of the controlled dy-
naiics. The controller is able to clear the system from the sub-harmonic responses
through kicking the y-coordinate whenever y reaches a local minimum.

of the y-coordinate have to occur at close values. Thus the only information needed
to control the system is contained in the time series of the y-coordinate. To control
the system we applied proportional pulses (or kicks) to the y-coordinate whenever

y reaches a local minimurn.
y— u-y if yis at a local minima. (6.11)

Control u was taken here from the set {0.9.0.95.1.1.05.1.1}. As reference vectors
we choose the set of 41 points W = {0.6.0.61.--- . 1}.

We applied on-line deterministic Q-learning to this control problem. After
approximately 140 visits of the section the controller was able to transform the
arrhythmic signal into a periodic one. Figure 6.17 shows two parts of a plot of
the signal y(t) subject to the control perturbations. Figure 6.17a shows the signal
for the first 50 visits of the section. In certain regions the signal becomes strongly
perturbed while the controller evaluates possible actions. Figure 6.17b shows the
signal in the interval where the controller finds a successful strategy (after 140

visits of the section). The trajectory of the controlled system is shown in Figure
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6.16b. When a local minimum in the y-coordinate is detected, y is perturbed from

y=038toy=0.72.
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Figure 6.17: The signal y(¢) subject to control perturbations while the Q-values are
updated. part a) shows the first part, part b) the last part. just before successful
control was established.

6.4.3 Controlling Hyperchaos

To investigate if the proposed control method can be applied to the control
of high-dimensional chaos. in particular syvstems with two positive Lyapunov ex-
ponents. we attempted to control a nine-dimensional Lorenz syvstem proposed by

Reiterer et al. [RLS™98]. They proposed the following system for the study of

high-dimensional chaos:

C’[ = —0b1C1 - C’_)C.; + th? + b;;CgC.s - O'b'_)C‘,'

&
&
¢,

Cs

—0Cy + C\Cy — CaCs + C4C5 — 5Cly/2
~ab,Cs + CoC'y — byC3 = b3C1Cs + 0boCs
—0C,y — CoCs — CoCs5 + C3C5 + 0Co/2
—absCs + C3/2 - C3/2
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Cs = —bsCes + C2Cy — C1Co

Cr = =b,Cr = rCy + 2C5Cs — C1Cy

Cs = =b,Cs + 1Cs — 2C5C5 + C2C,

Co = —Cy = rCa + rCy — 2C2Cs + 2C,Cs + C1Cr — Co .

The b; are defined in terms of a single parameter a as

1+a® 1+ 2a® 1 —a?
by i =4d———. by := .oby =2
DT T+ 2e T 21+ @) YT 1+ a?
a? 8a? 4
by := . bs =T b; =
Tl a2 1+2a2° °° 1+2a?

Reiterer et al. set a = ¢ = 1/2 and showed that the system exhibits a variety
of different behaviours depending on the value of r. For r > 43.3 the system
possesses two positive Lyapunov exponents which leads to hyperchaotic behaviour.
A projection of the dynamics generated by the system for the values ¢ = a =
0.5, r = 440 on the €} — C plane is shown in Figure 6.18a.

By using our method we were able to control the system in the hyperchaotic
regime. for ¢ = a« = 0.3.r = 41.0. onto a periodic orbit of period one. Here
perturbations have been applied to the complete set of state variables whenever
the solution crosses the section defined by €} = 0. C; > 0. A set W of 200
reference vectors w was constructed through a Neural-Gas vector quantization of
1000 recorded crossings of the unperturbed system. Control was applied by using
the method of periodic proportional pulses [Cha98| in the section in the following
way. [f the orbit crosses the section in a state C. C, is perturbed into the new
state uCy with u chosen from v € Y = {1.1.05.1.1. -1.05. —1.1}, which brings
the system into a state C. If u is different from one the complete state is set into
the new state C = w,,, where w,, is the reference vector closest to C. We applied
on-line deterministic -learning to this control problem. After approximately 100
visits of the section the controller was able to stabilize a period one dynamics. The

stabilized orbit is shown in Figure 6.18b.
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Figure 6.18: a) Projection on the ', — C, plane of the attractor generated by the
9D Lorenz system for ¢ = a = 0.5 and r = 44.0. The asymptotic behaviour is
characterized by two positive Lyapunov exponents. b) The stabilized period one
orbit.

6.5 Conclusions

In this chapter we applied reinforcement learning to the problem of chaos
control. The control strategy is based on learning state-action value functions for
specific tasks. We considered in particular the task of stabilization of unstable
fixed points or periodic orbits embedded in a chaotic attractor using small system
perturbations. The method does not require any analytical description of the
underlyving dynamical system nor do we need to know the location of the fixed
points in advance. Roughly speaking, the algorithm first explores the reduced
state space to determine an orbit that visits a neighborhood of a fixed point of
desired period and once this neighborhood has been reached. a control policy is
learned which traps the dynamics in the neighborhood of the desired state while
globally directing the dynamics as fast as possible into the identified neighborhood.
Besides the stabilization of UPOs we also demonstrated that the same algorithm,
with suitably formulated goals, is capable of solving the targeting problem. It can

be used for parametric or impulsive control, and since it also is suitable under noisy
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as well as non-stationary conditions it offers promising perspectives for a general
purpose black-box controller.

To satisfy the requirement of a finite Markov decision process, we first pursued
a vector quantization to decompose the state space into a finite space. represented
by a large number of Voronoi cells. The corresponding reference vectors have been
determined by means of the Neural-Gas learning algorithm. The vector quantiza-
tion reduces the complexity of the reinforcement learning problem. Although the
Neural-Gas vector quantization vields an optimal approximation of the invariant
measure of the chaotic attractor. the resulting quantization of the state space may
not be optimal for the specific control task under consideration. In the last chapter
of this dissertation we will present a modification of Fritzke's Growing Neural-Gas
algorithm and combine the task of vector quantization and learning of the optimal
control strategy.

Our results for the heartbeat model suggest that the control method could
possibly be applied to atrial defibrillation. Atrial fibrillation is the most com-
mon sustained cardiac arrhythmia [KASM82]. Recently first results with an im-
plantable defibrillator restoring periodic rhythm through low-energy shocks were
reported [WLL*98]. In addition the OGY method has recently been applied to
the control of atrial fibrillation in human patients [LBM799. WMV*00]. Since
our algorithm is applicable in non-stationary environments. it could be suited for
designing “intelligent” implantable atrial defibrillators.

The results for the nine dimensional Lorenz system in its hyperchaotic regime
demonstrate the relevance of the presented control method to the control of more
complex systems. In the next chapter we will apply the proposed control method

to the control of spatially extended coupled logistic map lattices.
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Chapter 7

CONTROL OF SPATIALLY EXTENDED
SYSTEMS

Embedding microscopic sensors. computers and actua-
tors into materials allows physical systems to actively
monitor and respond to their environments in precisely
controlled ways.

(O. Guenther et al.. 1997)

[n this chapter we apply the proposed chaos control algorithm to the stabiliza-
tion of a logistic coupled map lattices serving as a model for a system exhibiting

spatio-temporal chaotic behaviour.

7.1 Introduction

[f the physical variables describing a system depend on more than one inde-
pendent variable. then a system must typically be described in terms of partial
differential equations (PDEs) instead of ordinary differential equations. This is
the case for many spatially extended or spatio-temporal systems such as fluids
where system variables are changing over time and space. An example PDE is the

Navier-Stokes equation

a7l—l~t-u-Vu=—-1— Vp-i-vV?u-i-lFe
ot p p

which represents a nonlinear PDE and is the basic dynamical equation expressing
Newton's second law of motion for a fluid of constant density [Tri88]. v is the

kinematic viscosity of the fluid and p the fluid density which is assumed to be
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constant (incompressible fluid). u = u(x,t) represents the velocity of the fluid at
a particular point in space and time. F represents the contribution of external
forces such as gravity on the fluid and p is pressure.

Spatio-temporal systems show interesting behaviour if the system is operated

outside of its equilibrium*

. The system can be brought away from equilibrium
through the change of a control parameter. At some critical value of this param-
eter the equilibrium will become unstable and the system undergoes a bifurcation

leading to new types of behaviour: non-equilibrium spatial patterns [CH93]. One

distinguishes three types of regular, i.e. periodic patterns:
[, Patterns periodic in space and stationary in time.
[Tl Patterns uniform in space and periodic in time.
[o Patterns periodic in space and time.

Far from equilibrium systems often undergo transitions from spatial patterns to
chaotic or turbulent behaviour.

Different mechanisms exist which create the instabilities. One mechanism
arises from the existence of constraints and conservation laws [CH93|. Rayleigh-
Bénard convection is a typical example for this phenomenon [LM82]. A fluid is
placed between flat infinite horizontal plates which are perfect heat conductors.
The fluid is driven by maintaining the lower plate at a higher temperature. The
temperature gradient introduces a density gradient which leads to the desire of the
fluid near the lower plate to rise. Due to conservation of mass and the constraints
resulting from the plates the fluid can not rise as a whole. At a certain critical

value of the temperature gradient the forcing overcomes the dissipative effects of

LEquilibrium in the sense of energy. i.e. a fluid is at thermal equilibrium if it has a constant
cqual temperature anywhere.
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thermal conduction and viscosity and the transition to a spatial roll pattern oc-
curs. [ncreasing the temperature gradient further leads to doubling bifurcations
and eventually to turbulence or chaos [AFH94]. A second type of mechanism is
provided by competing interactions between elementary units [CH93]. An example
are neural networks where the principle of local excitation combined with lateral
inhibition is a fundamental ingredient in neural information processing and associa-
tive memory tasks [Des94]. The existence of competition between different forces is
also the mechanism which leads to pattern formation in chemical reaction-diffusion
systems such as the Belousov-Zhabotinskii reaction [HMSL].

Since governing equations of spatio-temporal systems in the form of PDEs are
generally difficult to analyze either theoretically or numerically [CH93|. one often
studies model equations or model systems whose pattern formation properties are
designed to be as close as possible to those of the original system. but which are
easier to analvze or simulate. Two classes of models can be distinguished: reduced

PDESs and discrete model equations.

1. Reduction to simpler PDEs.

[Immediately above the threshold. a weakly nonlinear perturbation analysis
typically leads to simpler equations in terms of amplitude equations. An

example is the Ginzburg-Landau equation

oA(x.t i , 9
_‘(dt—_z = (a + ib)V2A(x. t) + f (|4]%) A(x. ¢).

where A represents a complex amplitude and f an arbitrary complex func-
tion. This equation is often studied as a model equation for spatio-temporal
behaviour. Further away from equilibrium a perturbation expansion of a fully

nonlinear ideal periodic solution sometimes leads to simpler phase equations

(see [CH93. DK98] and references therein for details). In other cases. PDEs
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can be simplified by assuming idealizing system or boundary conditions. An
example is the Boussinesq-Oberbeck approrimation which reduces the Navier-

Stokes equations to a simpler set of PDEs [AFH94].

2. Discrete models.

e Discretize space: Coupled ODEs.

In certain cases PDEs can be viewed as ODEs with an infinite dimen-
sional phase space or be reduced to a finite (low-dimensional) system of
coupled ODEs. The reduced system of ODEs can be obtained from the
PDE through different finite dimensional approximation techniques such
as the Galérkin approzimation [Chi99]. A famous example is Lorenz's
reduction of flow equations to the three dimensional system of coupled
ODEs (2.2) [Lor63].
e Discretize space and time: Coupled maps.

Discretizing space and time allows to derive discrete coupled maps which
are easier to simulate and can reproduce many of the spatial patterns
found in the original system. Discretizing is a necessary step in order
to numerically integrate a PDE. To this end all partial derivatives are
replaced by finite-difference quotients. The resulting algebraic equation
is called a difference equation. The finite-difference approach requires a
discretization of space through an appropriate grid or mesh (see [And95]
for an elementary introduction). The resulting difference equation on
the grid can be interpreted as a coupled map lattice. Coupled map lat-
tices have been intensively studied as models of spatio-temporal systems
(see [Kan92] and other articles in the same journal). We will discuss

coupled maps further in the next section.
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e Discretize space, time and the field: Cellular automata.
Cellular automata can be derived from coupled maps by discretizing the
state variable. These models are computationally and mathematically
the simplest and often allow a complete description of their dynamical
behaviour. They are studied in particular in the context of biological
pattern formation and the behaviour of populations but are also useful

as models of neural networks and spin systems (see [Wol86]).

The study of coupled ODEs and coupled maps is immportant not only because
of their role as approximate models for systems governed by PDEs but has also
gained much interest due to their speculated role in neural-information processing
[SGK90. Erm94. HI97]. Furthermore. many nonlinear systems such as series ar-
rays of Josephson junctions [AGK9L. ODG96. Wie99). electric circuits [HXCP93].
lasers [ATJRI8. TJD*99]. power systems and ecology [DL99b)]. networks of neurons
[HI9T]. reaction-diffusion systems [Mur93] and cardiac pacemaker cells [Win90] can
be modeled in terms of coupled ODEs or maps. General hierarchical complex sys-
tems can be interpreted in the context of coupled cell systems {[BP99]. Recently the
possibility of smart matter is being investigated in this context [GHH97, HH9S].
In many of these applications the question of feasible control mechanisms is impor-
tant. In this chapter we will discuss the control of coupled map lattices through
reinforcement learning and propose a general scheme for the control of coupled

S}'St(‘IIlS.
7.2 Complex Systems

When studying and modeling compler systems® composed of interacting parts

one usually decomposes the system into interacting subsystems. The modeling

2We refer to a system as a complex system if it can show nontrivial dynamics and is composed
of interacting parts.
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process consists of finding suitable equations governing the subsystems and their
interactions and often relies on a combination of empirical evidence with physical
principles and symmetry properties. Coupled systems can exhibit a variety of
complex dynamical behaviours such as multistability or spatio-temporal chaos.
even if the interrelated subsystems behave simple in isolation. It is essential to
view and study the system as a whole in order to understand how the interactions
of possibly simple subsystems can lead to complex behaviour.

A class of coupled systems that has attracted much interest in mathemat-
ics. physics and biology is provided by networks of coupled cells. where each cell
is described by a dynamical unit showing regular (stationary or periodic) or low
dimensional chaotic dynamics. Coupling such units in a network can result in
highly complex spatio-temporal behaviour. Moreover. in such svstems cooperative
phenomena are observed that are emergent properties of the interactions and are
expected to enable the design of new devices for applications in pattern recog-
nition. signal analysis. associative memory and system control. Exploring these
capabilities is the subject of ongoing research in the area of artificial and biologi-
cally oriented neural networks. In artificial neural networks the goal is to control
and design networks composed of physical devices. which are often called neurons.
for specific information processing tasks whereas the focus of biologically oriented

research aims at an understanding of information processing in real neural systems.
7.2.1 Networks of Coupled Cells

Consider a system composed of different cells and assume that the state of
each cell is described by a state variable x‘(t).i € £, where £ denotes a set of
indices. The temporal evolution of a general network of coupled cells in the case

of a continuous time evolution can be expressed by a system of coupled ODEs in
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the form

T f! (xi(t),ui(t),p) +eh’ ({xj(t),u-i(t)}jec, ,p) . (7.1)

where u' represents an external input on cell i. p represents a set of adjustable

parameters. In the case of discrete time evolution the dynamics can be described

by the coupled maps

Xy = £ (%0, p) + b ({0} . .p).

—~
-1
M -,
(3%
~

The function f* describes the internal dynamics of the cell ;. One often investigates
networks of identical units, in which case f* = f' :=f Vi € L. One refers to coupled
oscillators if the dynamics of the single cells in isolation are capable of oscillations.

The function h describes the coupling of unit i to other units with indices
J € L'. Typically one distinguishes globally coupled networks. nearest neighbor
networks and hierarchical networks. In globally coupled networks it is £ = £’
such that every cell experiences feedback from the entire system. For nearest
neighbor networks it is £ = N. where the set NV includes only nearest neighbors.
In this case the units are usually fixed to some d dimensional grid and N contains
all nearest neighbors on this hvpercube lattice. For nearest neighbor networks the
definition of boundary conditions, which specify the inputs on units at the lattice
boundaries. is important. In more general cases the set £’ will depend on the unit
i{. An example are hierarchical networks where units are connected in a tree-like
structure and one unit plays the role of a master unit which slaves other units. If
the set L' includes the index ¢ itself, then one speaks of self-controlling feedback
or self-regulation which is often observed in biological systems. See Figure 7.1 for
illustrations of the different types of networks. If € is small. such that the influence

from h is small compared to f, then one speaks of weakly coupled networks.
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Figure 7.1. Different architectures of coupled neural cells. a) A globally coupled
network. b) A nearest neighbor network with periodic boundary conditions. ¢) A
nearest neighbor network with no-flow boundary conditions. Also shown is a cell
with self-controlling feedback. d) A hierarchical network.

7.2.2 Applications of Coupled Cell Systems

Equations (7.1) and (7.2) are the prototype of many different systems such
as micro-mechanical devices (MEMS) [HI00], Josephson junctions [ODG96]. semi-
conductors [AD89]. electrical power systems [WA92]. neural networks and neural
oscillators [Hop82. HI97]. and play an important role in the modeling of neural in-
formation processing [SGK90. SB93. Des94. LB94] and the design of srmart matter
[GHH97. HH98.

Coupled Oscillators and Neural Information Processing

The classical work of Hopfield {Hop82. Hop84] initiated much research activity
investigating the information processing abilities of artificial as well as biologically
motivated neural networks. The original Hopfield networks were mainly used as
associative memory for the retrieval of stored patterns and later also for the stor-
age of temporal sequences of patterns [GDG90. GD91]. While classical Hopfield
nets are of gradient type and hence are more or less static (but with many sta-
tionary states). more recent research in this area focuses on networks composed
of ‘neural maps’ and ‘neural oscillators’ [HI97] which show much richer dynam-

ics. This research was stimulated by the observation of rhythmic behaviour in
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various biological networks such as neocortex, hippocampus and olfactory bulb
[Fre86. Gra94. SF87|, suggesting that synchronous oscillations are used to coordi-
nate information processing in the nervous system. Based on the observation of
both periodic and chaotic states in the olfactory bulb of rabbits, Skarda and Free-
man [SF87] argued that periodic states encode odor information while a chaotic
state serves as ground state from which all periodic states could be accessed. The
idea of a control system, triggered by external stimuli. that stabilizes periodic states
in a chaotic environment is therefore suggestive as possible mechanism underly-
ing neural information processing [SGK90. Des94. SB93. LB94]. Thus the study
of how oscillatory activity and transitions between different oscillatory states can
be coordinated and controlled in networks of coupled cells appears to be of high

relevance for understanding information processing in neural systems.

Smart Matter

Besides their biological relevance. the investigation of networks of coupled os-
cillators and other types of units. and in particular the question of controllability
and design of such nets. is of importance for technological smart matter applica-
tions as proposed in [GHH97. HH98]. In a general context. smart matter can be
viewed as a coupled cell system. Smart matter refers to materials whose proper-
ties can be changed through embedded microscopic control systems. The major
challenge to realize such materials lies in the development of appropriate control
programs [GHH97]. Guenther et al. [GHH97] proposed a multiagent control sys-
tem using simple learning mechanisms to adapt their behaviour. We propose to
base such control programs on reinforcement learning which should result in stable

and adaptive control algorithms.
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7.3 Control of Coupled Cells Systems

Consider a general complex system of coupled cells. In order to actively mon-
itor the system. sensors are embedded in the system at various locations (see
Figure 7.2). They can either monitor certain unit variables or the interactions
between units. Associated with the sensor devices are computational agents or
control devices which compute appropriate control signals on the basis of the state

information provided by the sensors.

Agent
Control unit

Communication
network

Cell
Sensor
/ feedback
+
Control
signal

Interaction

Complex system:
Network of coupled
cells, smart matter

Figure 7.2: Model of a complex system in terms of coupled cells. Distributed agents
apply control signals on the basis of state information provided by distributed

SCNSOrs.

The sensors are possibly connected through a communication network that
allows an agent to access sensor information from other sensors [GHHI7]. If each
agent can independently decide over its actions. then this architecture describes a
multiagent control system which attempts to control the globally coupled system
through cooperative control of single cells. If a certain agent takes the role of a
master control unit which slaves other control units one obtains a master-slave

control architecture. One further distinguishes global control where every single
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unit has a control unit attached, and distributed, or pinning control, , where control
is only applied to a few selected units. If agents receive sensor information only
from a small neighborhood we refer to control through local feedback. If the agents
process information about the global state of the system we refer to control through
global feedback. The global approach requires rapid access to the full state of the
extended system and detailed knowledge of its behaviour and is typically only
feasible if global state variables such as an electric field or a density exist which can
be easily measured. In the context of control of complex systems the distributed
agent approach allows more flexibility and is believed to be more robust [GHH97].

Distributed control of extended systems involves three major questions: 1)
How can we find the optimal distribution of the agents? 2) How can we find
the optimal structure of the communication network for a given set of agents?
3) How can we find optimal control policies for the agents. The first problem
was addressed in [KHL99. GCS97] where the optimal pinning density for the con-
trol of coupled map lattices was investigated. The second question was addressed
in [GHHO7]. where a simple learning scheme was introduced to find an optimal
communication network. Concerning the third question control signals to date
are almost exclusively based on time-delayed feedback signals. This typically re-
quires the possibility to directly perturb state variables. In the following we will
demonstrate the control of coupled map lattices through agents which update their
policies on the basis of immediate rewards through temporal-difference learning.
This approach can be applied to time-discrete parametric or impulsive control as

discussed in the previous chapter.
7.3.1 Literature Review

In this section we give a brief overview over existing approaches for the con-
trol of spatio-temporal systems. Practically all methods for the control of spatio-

temporal chaos are based on either additive time-continuous feedback methods as
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proposed by Pyragas (see Subsection 3.4.3) or adaptive parameter perturbation

methods (see Paragraph 3.4.1).
Control of Coupled Maps

Most numerical investigations have dealt with the control of coupled map
lattices (CML). Spatio-temporal chaos is often created by local nonlinear dynamics
and spatial diffusion [Kan92]. Prototypes for this type of spatio-temporal chaos
are 1-D diffusively coupled map lattices

o =(1-ef () + ‘[ FE)+ (] (7.3)

-

or the corresponding 2-D version

£l = (L= af (&) + 7 [ (@) + £ (@579) + £ (607 + £ (2577)].

(7.4)
where the integers i.j mark discrete spatial locations. If the local map f(r) is
chosen to be the logistic map f(x) = pox(1—x) one obtains a diffuse logistic coupled
map lattice (LCML). The stability of spatio-temporal patterns occurring in the
dynamics of these equations was analyzed in [ZG94b. ZG94a. XH97]. The patterns
are either of I,. [y or Iy type. The diffuse LCML were controlled with the aim
state as additive feedback for 1-D LCML in [GZ94. KHL99, PHE9T. PPS98] and
2-D LCML in [JAPE97]. Time-delayed additive feedback control was considered
in [PHE97. Gad98. KHK98. KK99] for the LCML and in [KH99] for a coupled map
car-following model. Adaptive parameter control on the basis of knowledge about
the aim state was considered in [Aue94, SG98, PKK98]. Astakho et al. [AAS95]
applied the OGY method to a 1-D diffuse LCML, analytically computing the
necessary parameter perturbations. Optimal pinning densities were considered in
{KHL99. GCS97]. The related topic of synchronization of such CMLs was discussed
in [ZL97. JP98. JGT*98].
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A different type of CML is often studied in the context of biological or phys-
ical systems such as biological networks, Josephson junctions arrays or ecological

systems: the globally coupled map lattice

o~~~
-1
(S]]
-

ther = (1= 9f () + 5 D f (#4).

where .V denotes the number of coupled maps. In these systems the phenomenon
of clustering can be observed. Elements split into cluster. with all elements in
a cluster oscillating in synchronization. Dynamically. the system spontaneously
switches among different ordered states. Between the ordered phases typically
disordered phases are observed [Kan89]. The switching process is known as chaotic
itinerancy over attractor ruins [Kan92] or more general as multistability and will be
discussed for a simple mechanical kicked rotor in the next chapter. The dyvnamics
of a globally coupled map lattice was investigated in [Kan89| where it was also
demonstrated how switching between states can be induced through single site
perturbations. The spatio-temporal control of a globally coupled neural network
on the basis of partial knowledge of the target states was demonstrated in [KLO96)

as a model for an associative memory mechanism in the brain.

Control of Ccupled ODEs

To the authors knowledge the first work on the control of chaos in coupled
networks of oscillators was an article by Sepulchre and Babloyantz [SB93]. who
extended the OGY control technique to the stabilization of unstable orbits in a
9 x 9 network of oscillators. However. instead of parametric control they followed
the ideas of {GSDW92] and applied impulsive control. They point out impor-
tant implications of the possibility of chaos control for the explanation of cogni-
tive processes and neural information processing. In a later work. Lourenco and
Babloyantz [LB94] applied time-delayed feedback control to a network of excita-

tory and inhibitory neurons, describing cortical activity. The control of coupled
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nonlinear oscillators through distributed control was first investigated by Kocarev
et al. [KPSJ97]. Controllers located periodically in space applied periodic control
signals which forced state variables to new values which were projections of the
aim state. Hu et al. [HXCP98| applied distributed feedback pinnings to a model
of two-dimensional arrays of Chua’s circuits. As feedback signal the aim state was
fed back into the system. The investigated array has a spiral wave attractor which
is believed to play a role as a cause of cardiac disease. They were able to migrate
the system from the spiral wave state to a coherent oscillation by only pinning a
small number of cells. In [HYL98] the dependence of the controllability on pinning

density and couplings was investigated in more detail.
Control of PDEs

The control of strongly anisotropic one-dimensional open-flow systems was
demonstrated in [GK93] through time-delayed feedback control by pinning a sin-
gle unit. Aranson et al. [AnLT94| stabilized a structurally unstable topological
defect. whose analyvtical expression is known. by adding an extra term in the com-
plex Ginzburg-Landau equation (CGLE). Stabilization of a plane wave extended
through the entire system has been achieved by adding time-delayed feedback terms
to the CGLE either through global control based on local information [BS96] or
based on global information [BM96]. Instead of adding a time-delayed feedback
term. Montagne and Colet [MC97] demonstrated control of the CGLE by adding
a nonlinear diffusion term. More recently. pinning time-delayed feedback control,
based on global information has been applied to the control of wave instabilities in
cardiac tissue [RFK99], and based on local information to an El Nifio prediction

model [TS97]. Global time-delayed feedback control has been applied to a glob-
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ally coupled reaction-diffusion system describing charge transport in a bistable

semiconductor [FBS99).

[n summary we can say that practically none of the existing approaches for the
control of spatially extended systems have considered parametric control as pro-
posed in the original OGY scheme, i.e. control through small parameter perturba-
tions. It is fair to assume that in many practically applications the time-continuous
perturbation of system variables will not be feasible. Then either parametric of
impulsive control is a necessity. In the following section we discuss the parametric
control of LCMLs through the chaos control method introduced in the previous

chapter.
7.4 Learning Control of Coupled Map Lattices

[n this section we present the control of diffuse LCMLs through reinforcement

learning. Part of these results were previously presented in [GD00a.

7.4.1 The Control Method

In Chapter 6 we showed the control of a single logistic map through reinforce-
ment learning. Here we extend this method to the control of the 1-D and 2-D
diffuse LCML (7.3) and (7.4) with f(z) = poz(1 — ) and pg = 3.8. Our approach
to control the system is based on small discrete state dependent perturbations to
cither the coupling strength € or the system parameter p. Here we apply control
to every lattice site, such that the equation for the controlled 1-D lattice can be

written as

rhoy=(1—e(zh)) F(2h) + 5 [f @) +f (Y] i=1- g

where now €(z) = € + €,u(z) and f(x) = (po + auta(z))z(1l — ). Here. uq(zx) or

i(r) represent the discrete control perturbations. We assume periodic boundary
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conditions. Distributed control would be obtained by applying control signals
only to a subset of sites. We restrict the set of allowed values for the control to
ue € U = {0.Ae.—Ae} and u, € U, = {0.Aa. ~Aa}, where Ae and Aa are
the ~amplitudes” of the control signal and €, and a, determine which parameter
is controlled: (e,,a,) = (0.1) or (1,0) (we could also choose to perturb both
parameters). Although we consider only two small. nonzero perturbations of one
of the parameters, the algorithm leads to a successful control performance. Which
value for u (= u, or u,) is chosen depends on the current state r* and is determined

from ' according to a certain control policy 7(r'). which associates a control u to

t

VAN
In principle each control unit could establish its own “optimal™ control policy

independently. here however we use one “master” policy for all cells.
7.4.2 Establishing the Master Policy

The master policy is established by monitoring the local neighborhood of one
chosen unit. The other units perform perturbations by using this master policy to
choose controls from the current local state. but do not change the master policy.
Only one "master” unit is responsible for updating the globally used policy. Thus
we apply a master-slave control architecture with global control through local
feedback.

To establish the master policy, we first discretize the state space X = [0.1] of
a single logistic map. As before we chose a set of 100 reference points w distributed
uniformly over X which form the reduced state space W. To every r, € X we
define w, := w(z,) € W to be the reference point in W which is closest to
r. The optimal control policy #(r) is then approximated in the discretized state
space W as 7(r) = w(w(r)). To compute m(w). we associate to each possible

state-action pair (wy,u,) a state-action value Q,, = Q(w,.u,) and establish the
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optimal Q" through Q-learning as discussed in the previous chapter. The control
goal represents only the general characteristics of the target state and is defined
on the basis of the local information from the chosen master unit with lattice
coordinates (i,,.Jjm) and possibly its nearest neighbors. Let T} denote a pattern
with temporal period & and S, a pattern with spatial period n. We attempted to

stabilize three different patterns.

(T1S,) This corresponds to a fixed point pattern where all units are stabilized at a
fixed point. To stabilize this pattern no information from neighboring units
is necessary. The goal state can be defined through the associated reference

vectors in the form w(zim) = w(aim ).

n+l

(T>5)) This corresponds to a synchronous time period 2 state where all units oscillate
in phase. To stabilize this pattern we used the criterion w(ri™) = w(zr'"

n+2)'

wloy) # wlris,). w(z) = wzp).

(T>S») This pattern corresponds to the asynchronous time period 2 pattern where
two neighboring units oscillate in anti-phase. The goal criterion for this

pattern was set to be w(zri") = w(zin,). w(zin) # w(z'n,).

We used two approaches to control large systems of coupled logistic maps. In
the first approach we learn the policy for a small system and use the resulting
state-action value function as policy for all units in a larger system. In the second
approach we work directly with the larger system. but establish the globally used
policy only on the basis of local information from a chosen master unit. In all cases
the master unit has the coordinate i,, = 2 in the 1-D case and i,, = j,,» =2 in the

2-D case.
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7.4.3 Simulation Results

In all simulations described below. we set py = 3.8 and pick € such that the
pattern to be controlled is unstable (see (ZG94b. ZG94a, XHI7]) (we discuss only
weak couplings here). The parameters 3, 7, r,+; of the control algorithm are chosen

as in the previous chapter. Initially the Q values are all set to zero.

Control of 1-D LCML

Controlling a Small Lattice. First we established a successful control policy by
controlling a small 1-D LCML with {y = 3 and j; = 1 through an on-line approach.
We established control of the T\ S,. 755, and T»S, patterns. The resulting state-
action value functions are denoted Q,. Q.2 and Q,s. respectively. In Figure 7.3 a)
we show the dynamics using on-line control for the "master” map. r3. The system
was started in a random initial condition. After approximately 4.500 iterations a
successful policy @, is established. For the 1-D pattern we set € = 0.1. The control
parameters are ¢, = 1. Aa = 0.15 and ¢, = 0. Figure 7.3 b) shows 2 for on-
line control of an asvnchronous period 2 pattern. For the period 2 pattern we set
€ = 0.05 (for larger € the period 2 pattern becomes attractive [XH97]). To stabilize
the period 2 pattern we chose a, = 1. Aa = 0.15 and ¢, = 0. The asynchronous

period 2 pattern could also be stabilized with the parameters €, = 1. Ae = 0.025

and a, = 0.

Controlling a Large Lattice by Learning in the Large Environment. In
a similar fashion. a larger 1-D LCML (iy = 100) could be controlled. The map
with i = 2 was chosen as the master system. The globally used policy was updated
on the basis of the information from this unit only (and its neighboring unit for
the stabilization of the asynchronous period 2 pattern). Figure 7.4 shows on-line

control of this large LCML onto the period 1 pattern. We see that the number of
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Figure 7.3: On-line control of a 1-D LCML with three elements. a) Stabilization
of a period 1 pattern. b) Stabilization of the asynchronous period 2 pattern. The
parameters are as stated in the text.

iterations until the target state is stabilized is about the same as for control of the

small LCML. In a similar fashion the other two patterns could be stabilized in the

large lattice.

Controlling a Large Lattice by Using a Policy Approximated from a
Small Lattice. [t is interesting to see if the control policies Q. Q4o and Qqa,
which were approximated by interaction with a small lattice. are also able to control
a large lattice. This might be relevant in hierarchical coupled or growing systems
where a control policy might be learned in a small subsystem which takes the
role of a “master” cell slaving other units after a growth process of the network
occurred. To this end we used the policies @, Qs2 and Q.2 to control a 1-D lattice
with i = 100. During control. the policies were not updated further. Control
onto the TS, pattern is shown in Figure 7.5. Starting from a random initial
condition. the system is stabilized into a global fixed pattern after approximately

200 iterations. It is apparent that once a successful policy is established. control is
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Figure 7.4: On-line control of a 1-D LCML with .V = 100 elements.

achieved quickly. Although we had used on-line control to establish this policy. it is
acting globally as indicated by the fast convergence to the desired target state. Off-
line control could further reduce this transient but not significantly. We observed
this frequently in cases where the system visits most of the state space before on-
line control is established. Similar results were obtained by using the policies Q,»
and Qg2 for the synchronous and asynchronous period 2 patterns. respectively, as

shown in Figure 7.6.
Control of 2-D LCML

The 2-D LCML could be controlled in a similar fashion as the 1-D LCML. We
used the previously established policies Q. Qs and Q.2 and a 2-D LCML with
iq = Ju = 20. In Figure 7.7 different time steps of the control of this 2-D lattice into
a synchronous period 2 pattern are shown. The system settles quickly into a global
period 2 pattern. However, it takes longer to reach a globally stable synchronous

pattern. The asynchronous state on the other hand is easier to stabilize. The state
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n/10

Figure 7.53: Control of a 1-D LCML with iy = 100 elements using the policy @,
established through control of a LCML with iy = 3.

for n = 1000 is shown in Figure 7.8 where the policy @Q,» was applied to control
the 2-D LCML.

Various modifications of our control strategy are possible. For example. dif-
ferent subsystems may use different. policies to establish control of a variety of
patterns. To illustrate this, we show in Figure 7.9 the control of a 2-D lattice into
a combination of a period 1 and period 2 pattern for € = 0.05. The subsystems
with ¢ < 10 were controlled according to policy Q,. while the subsystems with
i > 10 were controlled according to policy Q,,. We see that after 1.400 iterations
the system has reached a combination of a period 1 and a period 2 pattern.

To check performance under noisy conditions we added uniformly distributed
noise 1, € {—a/2.a/2} to z* at each iteration step and found that control could
be established up to noise levels of a = 0.06 if p was perturbed. With € as control

parameter we found successful control up to a = 0.02.
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Figure 7.9: Control of a 2-D LCML with 20 x 20 elements into a combination of
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7.5 Conclusions

In this chapter we demonstrated the control of 1-D and 2-D LCML using a
method based on reinforcement learning. We were able to successfully stabilize
different period 1 and period 2 patterns for small coupling strengths for which the
desired pattern is unstable. The control was fed into the system by choosing an
optimal state dependent perturbation of a control parameter in a discrete set of
a priori fixed small values. A successful control policy could be established either
through interaction with a large LCML or a small LCML. The fact that our method
allows a successful control policy of a large system through interaction with a small
subsystemn might lead to interesting perspectives for information processing, in
particular for biological systems. Specifically we have shown that the combination
of different policies in different spatial regions can trigger the formation of new
patterns and hence may open promising directions for smart matter applications

(see [GHHQT]).
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Chapter 8

CONTROL OF MULTISTABLE SYSTEMS

In conclusion. we see that the myriad of possible be-
haviours in a complex system is of great utility if we are
able to harness it.

(L. Poon and C. Grebogi. 1995. p. 1026)

[n this chapter we present the control of a simple model for a multistable
svstem. a kicked mechanical rotor, with the control method discussed in Chapter
6. After describing and deriving the model equations we show how control of
selected states of the rotor can be achieved through reinforcement learning even

under the influence of considerable noise.

8.1 Introduction

The long-term behaviour of nonlinear dynamical systems is generally classified
as cither stationary. periodic. quasi-periodic or chaotic. These types of behaviours
and their control are well studied and understood if the available states are well
separated and their dimension rather low. We discussed the control of such systems
in their chaotic regime in Chapters 3 and 6. In recent vears the attention has
shifted to systems exhibiting spatio-temporal behaviour and systems with many
coexisting attracting states. In the previous chapter we discussed the control of
spatio-temporal chaotic systems. In this chapter we discuss systems with coexisting
attracting states. In general the term “complexity” has been coined to denote
systems that have both elements of order and elements of randomness [PG93].

Such systems typically. but not necessarily. have many degrees of freedom, are
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composed of many complicated interrelated parts and possess competing attracting
sets.

In general. each attractor has associated with it a basin of attraction, i.e. the
set of initial states converging to the attractor. Complex systems with coexisting
attractors possess complexly interwoven basins of attraction such as fractal bound-
ary basins [PG93]. riddled basins [AKYY92] or intermingled basins [AHKY96].
Given multiple coexisting attractors and their respective basins of attraction. a
basin is riddled if any open set intersecting the basin intersects the complement of
the basin in a set of positive Lebesgue measure. The basin is intermingled if the
open set intersects each of the other basins in a set of positive measure [AHKY96].
For riddled and intermingled basins each basin point is a basin boundary.

[n systems with unriddled basins we can find neighborhoods of the basin in
which the probability of finding trajectories leading to a different final state is
zero. These basins possess a subset of points forming the basin boundary. Of-
ten the basin boundary will be fractal and have embedded an infinite number
of unstable invariant sets. For systems with fractal basin boundaries separating
multiple attracting states. due to the nontrivial relationship between the coexist-
ing states and their basins of attraction. a final state depends crucially on the
initial conditions [KFG99]. This behaviour is called multistability and was first
studied experimentally in [AMPT82] and since then was observed in a variety of
systems from different areas such as physics [PWS94, BBL*91. BLP*91]. chem-
istry [MKH91] and neuroscience [FMM97]. Adding noise to a multistable system
will generate complex behaviour and induce competition between the attractive-
ness towards regular motion in the neighborhood of an attracting state and the
transitions between basins of attractions induced by noise [KFG99]. The dynam-
ics is then characterized by a large number of periodic attractors “embedded” in a

sea of transient chaos [PG95]. The time the system spends in an attracting state
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corresponds to its “ordered” phase, and the transient time to its “random” phase.
Added noise can prevent the system from settling down into an ordered phase.

Besides their importance for specific applications, a further motivation to
study the dynamics and control of such complex systems is their possible role as
information processing devices in neural information processing [FLMM96]. Com-
plex systems are characterized by a large number of coexisting states and. with
adequate noise. the system can rapidly access these ordered states. The control of
such systems. in particular under noisy conditions. would offer the opportunity to
utilize this multistable behaviour for the processing and storage of information. i.e.
different ordered states are identified with different “memorized™ pieces of informa-
tion. External input can be thought of as triggering a certain control mechanism
that stabilizes a selected ordered state which would be associated with the given
input.

The simplest prototype of a complex multistable system is provided by the
model equations of a periodically kicked mechanical rotor [FGHY96. FG97. KFG99]
whose quantum mechanical counterpart plays an important role in the study of
quantum chaos {Cas96]. Until now control was achieved for low noise levels through
a simple feedback mechanism [FG97] which perturbs directly all system variables
and requires computation of the Jacobian of the map close to the desired state.
Moreover. this control technique is only local, i.e. the control is usually switched
on only if the system is close to the desired state. In [FG97] the Jacobian was com-
puted from the model equations. In many real world applications this information
will not be available and specifically in the context of neural information process-
ing it is unrealistic to base control methods on the basis of analytical knowledge
of governing system equations. In some cases, the Jacobian can be estimated from
observed data as suggested in (OGY90]. In the presence of noise however, this

estimation can become difficult.
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[n the control of chaotic systems the goal is to stabilize unstable states embed-
ded in the chaotic attractor. Neighborhoods of the desired state are visited with
probability one due to ergodicity and global control is designed to reduce transient
times. To control multistable systems the desired state is typically chosen to be
one of the many existing attracting states. These states are metastable (stable
only for a finite time) above a certain noise level (§ > 0.06 for the rotor described
below). Here, the control must stabilize dynamics against noise. Noise however is
a necessary ingredient to allow the system to hop from attractor to attractor. A
good control strategy globally acts to destabilize undesired states by increasing the
probability that the system leaves these states. while locally stabilizing the desired
state against noise.

We apply the method discussed in Chapter 6 to the parametric control of a
periodically kicked rotor and we will see that the method developed for chaotic
systems is also suited for the control of complex multistable systems in the presence

of significant noise levels.
8.2 Basic Equations

The differential equation describing the temporal evolution of the phase angle
6 of a forced damped pendulum with forcing f(¢) and damping d (see Figure 8.1a)

is given by
8" +d ¢ = f(t)sin6. (8.1)
[f the external force acts periodically and impulsively on the rotor.
fit)=fi)_o(t—n). (8.2)

the dynamics is most conveniently described by its return map. Let 6(t) be the

solution at time ¢t and let 8, = 6(n) be its value at the nth kick. Due to the
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Figure 8.1: a) Example of a mechanical rotor: a weight is attached by a rod to a
pivot. b) [llustration of the two descriptions (8.9). describing the rotor just before.
and (8.10). describing it just after two successive kicks.

o-forcing the velocity 6'(¢) shows a discontinuity at ¢t = n.

8(n+0)—6(n-0) = fsinb,. (8.3)

whereas 6(t) is continuous. The solution between two successive kicks is then given

by

l" —_ —_ .
h(t) =6, — = (e dlt=n) _ 1). n<t<n+1 l,:=60(n-0)+ fisinf,. (8.4)

¢

[t follows

ln - -
Oner =00 — % (e -1), (8.3)

and
ln =la_1e”¢ + fisinb,. (8.6)

For simplicity we set ¢ = 1 — e~ (0 < ¢ < 1). Equation (8.5) with n replaced by

n — 1 vields u,-; = (d/c)(6n — 0.-1) and from (8.6) we obtain

d
I, = Z(1 —c)(0, — 6n-1) + fisiné,. (8.7)
175

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



which, when substituted back into (8.5), leads to a “finite-difference form” for the

phase angle 8,,.
Ot — 20, + 6,y + (6, — 0,-1) = fosiné,. (8.8)

where fy = cf/d. By introducing the new variable y,, = 8,, — 8,_, we obtain from
(8.8) the dissipative standard map
Yn+1 = (1 - C)yn + fO Sin~9n-
(8.9)
97;4—1 = 971 + Yn+l (mOd 27‘—)'
which is related to the system just before successive kicks (see Figure 8.1b). In-

troducing the variable v, = y,., we can rewrite this map in the form

Ony =60, + vy, (mod 27)
(8.10)
Unet = (L= c)un + fosin(8,.y).

which describes the state of the system just after two successive kicks. The map
(8.10) was extensively studied in [FGHY96]. For ¢ = 0 it results in the Chirikov
standard map [Chi79].

In this undamped. Hamiltonian limit the state space consists of a chaotic sea
interspersed with regular motion represented by stability islands of stable periodic

orbits. The largest regions of regular motion are made up by the islands of the

A

te

primary periodic orbits. These are the fixed points (period 1. § = 7.v = 2m
m = 0.£1.---) and higher period periodic orbits that are present for fo = 0.
Further. secondary stable periodic orbits occur for f; # 0. Their islands are
grouped around the primary islands and are in general much smaller. inducing a
hierarchical organization of the stable periodic orbits [FGHY96. LL92]. We note
that in the undamped case the range of the velocity v can also be identified with a
circle (¢ mod2r). i.e. the infinitely extended cylindrical phase space is compactified

to a torus. On the torus the infinite family of primary fixed points is represented
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by a single point. but the number of all periodic orbits is still assumed to be infinite
[LL92].
On the other hand. for very strong damping (¢ = 1) one obtains the one-

dimensional circle map with a zero phase shift,
Un+1 = Un + fosin vy, (8.11)

which exhibits the usual Feigenbaum scenario for the transition to chaos. In par-
ticular this map possesses only one attractor in large regions of the phase space
[LL92].

When a small amount of dissipation (0 < ¢ <« 1) is added to the undamped
systemnt. stable periodic orbits turn into sinks or disappear. The parameter depen-
dence of the sinks and their basins of attraction have been studied numerically by
Feudel et al. [FGHY96]. We shortly summarize some of the main results of this
study. For ¢ # 0 the range of v can no longer be identified with a circle. The phase
space is now an infinitely extended cylinder on which we find an infinite number
of stable periodic orbits in the limit ¢ — 0. in particular the primary family of
fixed points. denoted P,. For ¢ > 0 all trajectories are eventually trapped in the
finite cylinder |v| € fo/c that contains all attractors. The number of sinks is now
finite but can be made arbitrarily large by choosing ¢ sufficiently small. Specifi-
cally only a finite number of the formerly infinite P; family can be present. These
fixed points still have ¢ = 27m but the phases are now different and the size of
the attraction basins quickly decreases with increasing |m|. The main fixed point.
P} (m = 0). has the largest basin. In addition. when f; is varied one finds births
of sinks in saddle node bifurcations and their disappearance in period doubling
sequences. but the resulting chaotic parameter regimes are extremely small.

Concerning basin boundaries, these appear all to be fractalized giving rise to
chaotic transients along chaotic saddles and hence to uncertainty in initial condi-

tions. The question to which extent the basins are riddled has only partly been
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addressed in [FGHY96]. The basins of the P -family contain full (though small in
size for larger m) neighborhoods of the fixed points and therefore cannot be fully
riddled. but partial riddling as defined in [ATO00] is not excluded. The basins of
other periodic orbits are smaller and full riddling might occur in some cases. but
this requires further investigation. In summary, the kicked rotor with small dissi-
pation serves as an example of a multistable system characterized by a complicated
coexistence of many periodic sinks with sensitive dependence on initial conditions.

The complexity of multistable systems can further be enhanced through the
introduction of noise which leads to unpredictable transitions between different
attracting states revealed by almost periodic motion interspersed by random bursts
(KFG99]. In addition Kraut et al. [KFG99] observed a decrease in the number
of accessible states. Their results indicate that the noise induces a preference of
certain attractors.

In this chapter we show that the multistable rotor can be stabilized at a desired
attracting state through the method discussed in Chapter 6. We show that control
can be achieved up to noise levels as high as § = 0.4 (see equation (8.12) below).
As control parameter we choose the forcing f;. The allowed control actions consist

of small discrete perturbations of fq.

8.3 The Noisy Uncontrolled Rotor

The system investigated by Kraut et al. [KFG99] has the form

One1 =0, + tp + 0 (mod2w)
(8.12)
Unel = (1 - C)'U,, + fO Sin(9n+l) + va

where dy and J,. are the components of the uniformly and independently distributed
noise vector with bounded norm: /d; + 62 < 4. Throughout this chapter we set
the unperturbed forcing to fo = 3.5 and the damping to ¢ = 0.02. For these

parameter values Kraut et al. [KFG99] found numerically 111 stable periodic orbits
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in the noiseless limit. Most of these orbits belong to the Pj-family (6 = 6,,,v =
2mn) and some of them have period 3. Only 0.01% of all found orbits have other
periods than 1 and 3. so these orbits do not play an important role. With noise
added. Kraut et al. [KFG99] observed three different types of behavior. For small
noise level (8 < 0.05) the trajectory may be trapped in the open neighborhood
of an attractor forever. For intermediate noise level (0.05 < 0 < 0.1) attracting
periodic arbits still could be identified. However. when an attracted region around
such an orbit is reached. the noise will eventually drive the system to the basin
boundary where it then follows for a while a chaotic saddle until it reaches a
neighborhood of another attractor. The resulting dynamics is characterized by
almost periodic motion interrupted by bursts. and as smaller the noise is as larger
are the regular phases. This behavior is referred to as attractor hopping and may
also be considered as noise-induced chaos. In a sense. sinks of the noiseless system
turn into saddles of a “noise-induced chaotic attractor”. Controlling a periodic
orbit in this regime resembles the control of an unstable periodic orbit embedded
in a chaotic attractor of a deterministic system. However. while in the deterministic
case unstable directions have to be avoided by forcing the svstem to remain on the
stable manifold. in the noisy case random pushes towards the basin boundary have
to be suppressed. [t is therefore questionable whether OGY-type methods work in
the noisy case because stable and unstable manifolds can hardly be identified.
Which of the periodic orbits of the noiseless system are observed when noise
is present depends on the sizes of their basins and the noise level. For example.
for & = 0.09 we observe hopping between fixed points of the primary family P,
but no period 3 orbits could be identified. see Figure 8.2. When the noise level is
reduced. period 3 orbits occur in addition to the primary fixed points. In Figure
8.3 we show the probability density p(v. #) in the rectangle [—7x. 7x] x [0. 2] for (a)

)y = 0.02 and (b) d = 0.09. Covering the rectangle with an 80 x 80 grid the density
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was numerically generated by iterating 1,000 initial conditions for 1.000 iterations
and counting the visits to each grid cell. In Figure 8.3a we clearly see small peaks
corresponding to period 3 orbits that surround the large peaks corresponding to
the primary fixed points. In Figure 8.3b the small peaks have disappeared and the
large peaks are broadened. suggesting that the attraction basins of the period 3

orbits are now absorbed in the basin boundaries of the primary fixed points.

2x10°

2x10*

Figure 8.2: a) Dynamics of the noisy kicked rotor for fo = 3.5. ¢ = 0.02 and
o = 0.09. b) The effect of a noisy forcing term f, = fo + u,, with u, chosen
randomly from & = {0.0.2. 0.2}, on the dynamics with § = 0 (upper part) and
0 = 0.02 (lower part).

Figure 8.3: Probability density p(v.6) in the rectangle [—7#. 77| x [0.27] for (a)
d = 0.02. and (b) § = 0.09.
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Figure 8.4: a) Dynamics of the noisy kicked rotor for 4 = 0.3. b) Corresponding
phase plane representation of the dvnamics.

For increasing noise level d the juinps become more and more frequent up to a
point where the system does not remain in a stable state for more than a few iter-
ations. Kraut et al. refer to this type of behavior as predominance of diffusion due
to noise. the system behaves now truly stochastically. The transition from hopping
to diffusion is marked by a sharp increase of the exponent of the autocorrelation
function of a noisy trajectory which occurs in a range about § = 0.1 [KFG99].
In the diffusion dominated regime the fine structure of the basins is blurred by
noise. but some of this structure is still present preventing the motion from being
a pure (d-correlated) random process. A typical time series in the diffusive regime
is shown in Figure 8.4a for 6 = 0.3. Figure 8.4b shows the corresponding phase
plot.

In the following we will use the notation x, = (6,.v,) € X = T! xR to denote
the state of the rotor at the n-th iteration. We will attempt to control the system

(3.12) through small discrete perturbations u, of f.
fa=fo+un. (8.13)

If u, is a random perturbation applied to the forcing at time n. then the perturba-

tion (8.13) has similar effect as the external noise 4. Consider Figure 8.2b. which
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shows 20.000 iterations for § = 0 (upper part) and b) = 0.02 (lower part), and
fo replaced by (8.13). At each iteration u, was chosen randomly from the discrete
set U = {0.0.2, —0.2}. Comparing the lower part of Figure 8.2b and Figure 8.2a
shows that the dynamics with small 4 and intrinsic noise (8.13) lead to similar
dynamics as obtained for much larger 4. This was confirmed more rigorously in
[KFG99] where it was shown that both types of noise lead to similar behaviour in
the system.

The previous observation motivates to apply perturbations of the form (8.13)
to control the noisy rotor. As discussed in the next section, instead of applying
the perturbations randomly we will determine them from a suitable approximated

control policy which will be established through reinforcement learning.

8.4 The Control Algorithm

In this section we describe the control algorithm used to stabilize the noisy
rotor at a prescribed state. The algorithm is explained in detail in Chapter 6
where it was used to control chaotic systems. Here we demonstrate that the same
method can be used to control the non-chaotic. but multistable and noisy rotor.
As mentioned above we attempt to control the noisy rotor through small discrete
state-dependent perturbations of the applied forcing f;. The dynamics of the
controlled system can then be written in the form

Gnsy =0, +vp+38 (mod 27)
(8.14)
Une1 = (1 = )vp + (fo + un) sin(@nsy) + 0.

where u, = u(x,) represents the state dependent control perturbation applied to
the external forcing fo at the nth iteration step. To establish control. u, is chosen
from a discrete set U of allowed controls according to a certain. possibly e-greedy.
control policy 7 (x. u) which associates with every state x a control u. The main

task is to find a control policy 7 such that a prescribed control goal is achieved
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in an optimal way. We use reinforcement learning to establish such an optimal
control policy as described in Chapter 6. The necessary discrete representation
W of the state space X in terms of a finite set of reference vectors w € W is
determined by means of a Neural-Gas vector quantization [MBS93] with N = 100
reference vectors of a set of 10,000 data points x obtained from simulations with
d = 0.3 (see Figure 8.4b). The resulting centers are shown in Figure 8.5 together

with their Voronoi cells.

20~ ) .
T —_— —
s -. e -
=
D— - :_._—‘.—-C.___.o .:-
-10% L - 2 . 2
5 . ® - . .
=20~ . - . :
e T *
1 2 3 4 5
w

Figure 8.5: The set W of 100 reference vectors w and their corresponding Voronoi
cells obtained through a Neural-Gas vector quantization of 50.000 data points of
the uncontrolled dynamics with ¢ = 0.3.

To every reduced state w we associate an allowed set of controls Y(w). To
each possible pair of reduced state w and allowed control signal u € U(w) we
associate a state-action value Q(w, u) representing the value of performing control
i« when the system is in state x. such that w = w(x). Whenever the system is in a
state X. its corresponding reference vector w(x) is identified and a control u(x) is
chosen from the set U(w(x)) according to the policy (x. u) now defined through
the values Q(w(x). u). As before. the optimal state-action value function Q*(w. u)

can be approximated through Q-learning.
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8.5 The Noisy Controlled Rotor

[n this section we present results obtained by applying the method discussed
in the previous section to stabilize the rotor at the fixed points x, = (6,.9).
with ¢ = 0. 27. and 47 and 6; = 7. Unless otherwise stated. the control set
U was restricted to U = {0. Umar . —Umazr} With Une, = 0.2 and the noise level
was set to d = 0.09. As stated in [KFG99]. this value of  marks the transition
from a deterministic to a stochastic system. In previous works [PG95. FGI7]
control could be established only up to very low noise levels (6 = 0.01 in [FG97]).
The parameters of the Q-learning update rule were set to the constant values
3 = 0.5 and 7 = 0.9 but their particular choice does not influence results much.
To measure the quality of an approximated policy defined through the values Q
we introduce the quantity Ao which measures the average number of iterations per
episode. where an episode is an iteration of the system starting at a random initial
condition until the criterion for termination of an episode is met. \, denotes the
same quantity for the uncontrolled system. Unless otherwise noted. we terminate

an episode if the condition [|x, — x,|| < 1 is met for 200 consecutive iterations.

8.5.1 On-line Control

On-line control refers to learning in one episode. During system dynamics.
starting from a random initial condition with all @Q values set to zero. control
perturbations. chosen greedy from the current set of values @, are applied to the
forcing function and the control algorithm updates the Q-function from immediate
rewards r,. where r, = —0.5 if ||x;, — x,|| > 1 and r, = 1 otherwise. Eventually
the controller will find a successful control strategy and keep the system stabilized
in the desired state. Figure 8.6 shows on-line control of the noisy rotor with
d = 0.09. Initially the control goal was to stabilize the system in the state xq.

After 30.000 (60.000) iterations. @ was reset to zero and the control goal changed
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to the stabilization of x», (Xxyr). We see that the controller is able to stabilize the
rotor at the desired location after only a small number of iterations in all three

cases. In a similar fashion we were able to stabilize all fixed points (6,, £m2=) for

m up to 4.
'] ' 2 3 4 s a E . 9
[terations <107
Figure 8.6: Oun-line control of the rotor dynamics with 6 = 0.09 and U =

{0. 0.2. —0.2}. Initially the control goal is x¢. After 30.000 iterations the control
goal is switched to X2 and after 60,000 iterations to x,.

In Table 8.1 we summarize the performance of the approximated policies for
stabilizing the different goals x,. A was averaged over 2.000 terminating episodes.
where an cepisode was counted as terminating if the condition ||x, — x,|| < 2 was
met for 200 consecutive iterations.

As additional performance criterion we introduce the probability Pr(Q) that
a policy @ will succeed. To determine this probability. we count the number A,
of episodes which did not terminate before a total of 2.000 terminating episodes
occurred. An episode was counted as unterminated if it did not terminate after
10.000 iterations. Pr(Q) is then 100 - 2,000/(2,000 + \.). Pr(u) denotes the
probability of satisfying the termination criterion without control. A lower limit
,\’Q for the average number of iterations for control with policy @ is given by, =
Pr)g + 10.000(1 — Pr). A good policy Q should satisfy Pr(Q) >> Pr(u) and

Ao << Au

185

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Goal| A [Pr(u)] X, [Ag|Pr(Q)] Ag [Mg[Pr(Q)[ -
0 | 524 | 27% |7441|590| 46% [5671]398] 98% (590
21 || 582 122 % [7928|557] 48% [5467[417] 99% [512
47 |[1.700] 10% [9170[516| 56% [4688[579] 98% [767

Table 8.1: Comparison of on-line (Q) and off-line (Q*) controlled systems with the
uncontrolled system.

These performance measures are shown in Table 8.1 for on-line (Q) and off-line
(@Q") (see next subsection) approximated policies for the three goals. Use of the on-
line approximated policy improves performance considerably over the uncontrolled
systeni. but the policy has low termination probability. To approximate a policy

with higher termination probability off-line control can be used.

8.5.2 Off-line Control

To better satisfv the requirements of convergence to an optimal policy. off-line
control has to be performed. In off-line control. learning is performed e-greedy in
many episodes where each episode is started from a new randomly chosen initial

condition.'

For the learning process. an episode was terminated if the condition
x4y — Xa]l < 1 was met for 5 consecutive iterations. Learning was performed
over 2.000 episodes and € was decreased from initially one. over 1.500 episodes. to
zero. During the last 500 episodes € was set to zero. Figure 8.7a shows the total
number of iterations as a function of the episodes for establishing optimal control
policies Q5. Qx,. and Qf _ for stabilizing the goals xg. Xa2r and x,. respectively.
A decrease in slope indicates convergence of the corresponding policy. We see

convergence in all three cases. The slope of the curves during the last episodes is

an estimate for the quality A* of the corresponding policy. From the slopes during

' As noted earlier. for a chaotic system off-line can be performed on-line by turning the con-
troller repeatedly on and off.
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the last 200 episodes we get A\g =~ 305, A3, = 335 and A}, =~ 568. A;, = 335 for
example means that on average, by using the off-line approximated policy Q5
the dynamics of the controlled rotor will be stabilized at the goal x,, after 335
iterations. In Figure 8.7b we show the use of these global policies for a sample
control problem. During 80.000 iterations the applied control policy was switched
every 20.000 iterations as described in the figure caption. We see that in all cases.

control is established almost instantaneously and not lost during the interval of

control.
<108
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Figure 8.7: a) Off-line control of the rotor dynamics with § = 0.09 and U =
{0. 0.2. =0.2}. The curves labeled r, = 0.2, = 27 and r, = {7 represent
the total number of iterations during the learning process for control of the goal
X;,. € is slowly frozen from initially one to zero during learning as shown in the
graph labeled € (rescaled vertical units). With increasing number of episodes and
decreasing € a decrease in the slope of the curve shows convergence of the control
policy. During the last 500 episodes € was set to zero. The limiting slope (number
below the curves) is an estimate of A for the particular policy. b) Off-line control
of the rotor dynamics with § = 0.09 over 80,000 iterations. The control policy is
reset every 20.000 iterations from initially Q5 to @5, . Q;, and back to the initial
policy Q3

Syx”

The performance criteria introduced before are shown in Table 8.1 where the
subscript @Q° indicates the measures for control with the off-line approximated

policy Q°. We can see a considerable improvement in the performance of the
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off-line approximated policies over the on-line approximated policies. Note that
Ag- = 579 is larger than Ao = 516 since we average A\ only over terminating
episodes. Comparing ,\'Q and ,\’Q. we clearly see the improvement offered by the
off-line approximated policy.

The global character of the approximated policies becomes clearly apparent
by looking at the probability density of the dynamics controlled with the policies
Q. Figure 8.8 shows the probability density. approximated as discussed above.
of the dynamics controlled with the policy Qg . We see that the probability of

states not in the neighborhood of x; is negligible.

Analysis of the Approximated Policy

The approximated global policy Q%, can be visualized as in Figure 8.9. The
dark (light) areas correspond to regions where the control u, = -0.2 (u, = 0.2)
is associated with a maximal state-action value. The white areas correspond to
regions where no control. u, = 0, is applied. The effect of this policy is that points
in the neighborhood of the state x;, are trapped in this region while points in the
neighborhood of other attracting states are more probable to leave their neighbor-

hood. This can be seen from Figure 8.10. where 1000 random initial conditions
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from a small rectangle around x4, (Figure 8.10a,b) and x, (Figure 8.10c,d) were
iterated. In Figure 8.10a.c the states for uncontrolled dynamics are shown after
10 iterations. while Figure 8.10b,d shows the states after 10 iterations for the con-
trolled dynamics. The parameters are as in the last subsection. Comparing Figure
8.10a and Figure 8.10b we see that application of the control signals prevents dy-
namics from leaving the neighborhood of x;:. As seen from Figure 8.9 control in
this region is equivalent to a slight decrease of the forcing. In the neighborhood of
other attracting states the controller learned to slightly increase the forcing which

increases the probability of leaving undesired neighborhoods.

Figure 8.9: Visualization of the policy Qx, . The dark (light) grey areas correspond
to regions where the control u, = -0.2 (u, = 0.2) is associated with a maximal
state-action value. In the white areas no control will be applied.

8.5.3 Control for Higher Noise Levels
Using a Policy Learned for Low Noise

We tested the control performance of the policy Q3. approximated for § = 0.09
as described in Section 8.5.2 for larger values of §. As in the preceding subsection we
measure \ by averaging the number of iterations per episode over 2.000 terminating
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Figure 8.10: Local performance of the policy Q,_. Shown are the points obtained
after 10 iterations (§ = 0.09) with 1000 initial conditions (6. v) randomly chosen
from a small rectangle (as shown) around (a).(b) x> and (c).(d) x¢. (a).(c) shows
nuncontrolled dynamics and (b).(d) shows dynamics controlled according to the
policy Q.-

episodes. but here we terminate an episode if |[x, — x,|| < 2 for 200 consecutive
episodes.

Figure 8.11a shows Ag-(d) and Figure 8.11b Pr(d) for a range of noise levels.
with A and Pr defined as before. The policy Q7. approximated at § = 0.09 could
successfully stabilize x4, over a wide range of noise levels up to 4 = 0.2. at which
point Pr begins to drop sharply below 100%. This can be confirmed from Figure
8.12 where ||x,|| for the controlled system at a) § = 0.2 and b) at § = 0.3 is shown.

For ¢ = 0.2 control with ume: = 0.2 is achieved. while for 4 = 0.3 the noise often

kicks the system out of the desired region. However. allowing a larger maximal
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perturbation u,., for the same policy. control can be established for § = 0.3 as

can be seen from Figure 8.12¢, where u,q; = 0.6.

il PR
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a) b)

Figure 8.11: Using the policy Qj, learned for low noise to control the rotor for
higher noise levels. Shown is the angular velocity v, (upper graph) and the applied
control signal u, (lower graph). a) A(d). b) Pr(d). At = 0.2 a sharp drop in Pr
indicates that control with the policy approximated for low noise levels is unable
to stabilize xy-.
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Figure 8.12: Using the policy Q. learned for low noise to control the rotor for
higher noise levels. a) d = 0.2.upey = 0.2. b) § = 0.3, tpper = 0.2. ¢) § =
0.3. uyper = 0.6
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Learning Control in the Presence of Large Noise

Next we investigated if a control policy stabilizing x, can be approximated in
the presence of large noise. To this end we determined the smallest value u,,;4-(6)
of wmar for which. for a given 4, x4, can be stabilized through on-line control.
Figure 8.13 shows the ratio t,,,.(d)/d as function of 4. This ratio approaches a
limiting value of approximately 1.8 and can be used to choose the control parameter
for different noise levels. For small § the ratio is getting larger, since comparably
larger perturbations are needed to enter the desired state space region due to longer
transients. In Figure 8.14 we show the on-line control of the rotor for different noise
levels and different sizes of the perturbations. In Figure 8.14a it is = 0.2 and
Umer = 0.35. in Figure 8.14b d = 0.3 and u,,,; = 0.6. and in Figure 8.14c it is
5 = 0.4 and w,,,, = 0.85. Thus it is possible to stabilize the system under the

influence of large noise although much larger system perturbations are needed in

this case.

™ T i
Noise levei §

Figure 8.13: Learning Control in the Presence of Large Noise. The graph shows

Umar(0)/d. where tma:(d) denotes the minimum perturbation which achieves on-
line control for a given 4.

8.5.4 Control of More General States

We briefly mention the control of more general goals: the stabilization of

fixed points of period three and a destabilization of attracting states. To describe
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Figure 8.14: On-line control of rotor for different noise levels and with different
perturbations. a) 4 = 0.2, uper = 0.35, b) § = 0.3, uye: = 0.6. and ¢) § = 0.4.
Uy = 0.85.

a suitable measure for detection if the goal was achieved we introduce the quantity

[1%n = Xn—p
exp (Zf;ll In “xn - xn-—l“)

which is minimal only for fixed points of period p (see also next chapter). To

dp(xn) = p> 1.

stabilize a fixed point of period three we applied the reward r,., = 1 if d,(x,) <
0.02 and r,.; = —0.5 otherwise. This choice of reward rewards a stabilization of
any period three fixed point. Since the rotor has several of these. if a particular
period three orbit is desired. we must give positive rewards only if the desired
orbit was stabilized. We successfully used this approach to stabilize the period
three fixed point in the neighborhood of x,, using on-line control but needed a set
of reference vectors of size |1V| = 200. Figure 8.15a shows the probability density
of the dynamics controlled with respect to this on-line approximated policy. The
density is concentrated at the desired state.

The other control goal we investigated is related to the problem of mainte-
nance of chaos [INDS95]. The goal here is to prevent the system from a transition
of the chaotic state into a stable attracting state. For the rotor a “maintenance” of
the chaotic state means that the system should be kept from visiting the neighbor-

hoods of the stable period one or period three fixed points. This could certainly be
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done by adding large noise to the system. Instead here we will demonstrate that
the proposed algorithm is able to “maintain” chaos in the rotor through small per-
turbations to the external forcing by a suitable formulation of the reward function.
We chose the reward function r,y = 1if dy > 25 and d3 > 35 and r,,y = =05
otherwise. This punishes all actions leading to states close to period one or three
fixed points. We approximated a maintenance control policy @7, off-line. The
noise was set to d = 0.02. the control set was U = {0.0.2. -0.2}. and we used
the set 11" of size [II'| = 100 mentioned above. Figure 8.15b shows the negative
probability density p(v.6) in the rectangle [—57.57] x [0.27]. We see that the
regions in the neighborhoods of the attracting states have negligible probability of

being visited.

Figure 8.15: (a) Probability density p(v.8) in the rectangle [-7x. 77| x [0, 27| for
stabilization of period three fixed point. It is § = 0.02 and U = {0.0.2. -0.2}.
(b) Negative probability density —p(v.#) in the rectangle [-57,57] x [0.2x]. It is
d =0.02 and U = {0,0.2, —0.2} with perturbations to f, chosen from U according
to the policy Q.. The black areas belong to densities with p < 21073,

8.6 Conclusions

In this chapter we have demonstrated the control of a “simple” complex sys-

tem. the kicked mechanical rotor, under the influence of considerable noise, through
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the method introduced in Chapter 6. Although the method was introduced for con-
trol of chaotic systems it can also be used to control the multistable non-chaotic
rotor discussed in this chapter. It is interesting to note that control could be
established even in regions in which the system’s dynamics are characterized as
stochastic. Furthermore the algorithm was able to establish control under the
influence of large noise levels up to § = 0.4. Alternative control methods which
require the estimation of dynamical quantities like the Jacobian will certainly be
hard to apply under the influence of such large noise levels.

The presented approach has not vet been applied to systems with riddled
basins or more complexly structured phase spaces. which often occur in appli-
cations. and it has to be investigated how to deal with systems evolving in an
infinite phase space. A combination with a dimension reduction technique such
as a Karhunen-Loeve decomposition might allow to reduce the system to a finite
dimensional system in certain situations. Furthermore. the control of more com-
plicated dvnamics such as quasiperiodic orbits (invariant circles) or chaotic saddles
still has to be investigated. Our results on “maintenance of chaos” provide a first

step in this direction.
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Chapter 9

A GROWING NEURAL-GAS CHAOS
CONTROLLER

. advantages are: The possibility to use problem depen-
dent error measures to determine where units are inserted
(insertion where necessary).

(B. Fritzke. 1995. p. 72)

In this chapter we combine a modification of Fritzke's Growing Neural-Gas
algorithm described in Chapter 5 with the chaos control algorithm proposed in
Chapter 6. The Growing Neural-Gas algorithm is modified in order to obtain
codebooks which place more clusters in neighborhoods of fixed points. Combining
the codebook generation phase with the chaos control algorithm we will obtain an
algorithm which can achieve the desired control goal with minimal computational
effort. By associating larger control sets with reference vectors in neighborhoods
of UPOs we obtain control policies which allow stabilization with minimal per-
turbations. Adding a final phase in which the location of the desired fixed point
and a local continuous control policy is approximated with high accuracy. the
fixed point can be stabilized with practically vanishing perturbations in noise free

environments.

9.1 Fixed-Point Sensitive Growing Neural-Gas

The chaos control algorithm introduced in Chapter 6 requires a given set of
reference vectors w € W and a given set of controls U(w) associated with each

reference vector. The computational complexity of the algorithm is approximately
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of order |W|*|U|. To reduce computational requirements it is important to choose
W] and |U]| as small as possible. Until know we had generally computed the set
W in advance from recorded data and chosen |W]| sufficiently large. However, to
control a fixed point of lower period, it is not necessary to have a fine representation
of X globally. Instead. a fine representation of X only locally, close to the desired
fixed. point should suffice. To this end we introduce in this section a modification of
Fritzke's Growing Neural-Gas algorithm which places clusters close to fixed points
of desired period with increased probability.

Fritzke's Growing Neural-Gas algorithm is described in Section 5.6 and sum-
marized in Figure 5.6. The algorithm allows to insert new units in desired regions
through the function Cell.Add of Figure 5.6. We modify this function slightly
such that new units are placed into the neighborhoods of fixed points of desired

period according to a given probability as described in the following section.
9.1.1 The FSGNG Algorithm

As described in 2.6. points of close returns are indicators for fixed points.

Thus. assuming a discrete system dynamics
Xp = f(xn_[).

with unknown map f fixed points of period one occur at zeros of ||x, — X,-1|| (see
Figure 9.1a). In principle this can be extended to fixed points of higher periods.
e.g. fixed points of period p occur at minima of ||x, ~ x,_p||. however a problem
arises here. since fixed points of period less than p also often minimize this quantity

(see Figure 9.1b). Instead. to detect neighborhoods of fixed points! of period p we

!Note that we are not attempting to approximate the exact location of fixed points here. but
merely to find their approximate neighborhoods.
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will use the quantity,

_ [1Xn — Xa—pl|
exp (L) Infxn = xu-i]))

dp(xn)

which is minimal only for fixed points of period p (see Figure 9.1c).

To obtain codebooks which place clusters with higher probability into neigh-
borhoods of fixed points we modify the function Cell.Add of the Growing Neural-
Gas algorithm (see Figure 5.6) such that with a certain probability new units are
placed into regions where a x,, with d,(x,) < € occurred. This fixed point sensitive
Growing Neural-Gas algorithm (FSGNG) is summarized in Figure 9.2. Instead
of choosing x randomly from X at each iteration. we present the on-line version
where x is obtained from system dynamics. If an x,, is detected which satisfies
d,(Xn) < €. we record this state and add it to a set of fixed point neighbors F. If
a new unit is added. we place this unit with a certain probability given by py into

the neighborhood of a random state x € F.

Figure 9.1: Determining neighborhoods of fixed points of period p of the logistic
map &n = 3.8Ln-1(1 = zpn_y). @) di(zn) = |2 — Tn=1], b) |0 — Znoa|. ) da(zy).
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Initialize W with |W| =2, F with |F|=0
Initialize c(w;.ws) =e(w;) =e(wy) =0, i=0
Repeat
Xy — Xp-1. Al = ].
Wi = arg Minwew ||Xn — W[, W2 = arg minwew (w,} || X — ||

If dy(x,) <€ then F =FU {x,}

Cell.Update.Connectivity(w,.7 (w,))
Cell.Update.Weights(w,.7(w,))
Cell.Remove(W)

If mod (i.7) =0 then Cell.Add.FSGNG(W)
e(w) = Je(w) Ywe W

Until Stopping criterion satisfied

Function Cell.Add.FSGNG(W)
Choose : randomly from (0. 1]
If : > p; then w,, = argmaxwey e(w)
else set w,, to a random x€ F

We2 = arg MaXweT(w,;) €(W)

Woew = %(we[ +wWp). W=WU{wu.}

C(Wel- w.2) = 0. C(wel-wnew) = C(we'ls Whew) = 1
(I(W,f[, wnew) = (l(ng. wncu:) =0

e(wnew) = e(wel) = ae(“’el)- E(We-_)) = ae(we'l)

Figure 9.2: Pseudo-code of the fixed point sensitive Growing Neural-Gas algorithm.
Only the parts are shown which differ from the Growing Neural-Gas algorithm of
Figure 3.6.

We applied the FSGNG algorithm to clustering of the logistic and the Hénon
map. In Figure 9.3 we have shown several stages of the FSGNG clustering of the
Hénon map with p = 1. py = 0.5 and € < 0.1. The algorithm can be conveniently
stopped if an unproportional large number of reference vectors is appearing in
the region of the neighborhood. Initially clusters placed in the neighborhood of

the fixed points will quickly be distributed over the complete set X’ (see Figure
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9.3a.b). Only if the set X is approximated well, clusters placed in the neighborhood
of fixed points will remain there. At this point an increase in the histogram in
regions corresponding to this neighborhood will occur and the growing phase of
the algorithm can be stopped (see Figure 9.3c.d). The final codebook Wy,, with
\Wreen| = 70 is shown in Figure 9.3c. In similar fashion a codebook with size

[Wiegl = 45 was obtained for the logistic map.

Figure 9.3: FSGNG vector quantization of the Hénon attractor. Weset p = 1.py; =
0.5 and € = 0.1. a)-c) Different stages of the clustering. The final codebook is
shiown in c). d) Histogram of the final codebook.

On-line Chaos Control with the FSGNG Codebook

The obtained codebooks should be suited as reduced space representation for

the control algorithm discussed in Chapter 6. In the applications of Chapter 6 we
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had the control set U fixed with || = 3. As a result we obtained non-vanishing per-
turbations. In situations where no considerable noise is present in the environment
it is possible to stabilize the desired state with practically vanishing perturbations.
To this end we must generally have the ability to choose perturbations from a
continuous set U. The algorithm as described in Chapter 6 is not able to handle
continuous control sets.

An approximate solution to overcome this problem is to increase the size of
the control set U while keeping the maximal size of the perturbation unchanged.
As an example consider the on-line control of the period one fixed point of the

logistic map with the control set
Ury(w) = {0.0.02. -0.02. 0.04. —0.04. 0.06. —0.06.0.08. —0.08.0.1. —-0.1}

for all w and a uniformly distributed codebook of size {W;,,| = 30. (in Section
6.3 we used Uy, = {0.0.1. 0.1} and [Wi,,| = 100). To enforce the algorithm to
choose small controls we use the following reward function for control of a fixed
point:

i _ 1 if wpip =wy,

fn+l = {—0.5 — |un| otherwise.
The result of an on-line control of the logistic map is shown if Figure 9.4a. As
expected. the algorithm takes longer to stabilize the fixed point as in Section 6.3
since the complexity of the learning problem is now greater due to the increased
size of Uj,y. However. as we can see from the lower part of Figure 9.4a, which
shows u,. the established policy does not choose a small perturbation. The reason
is that small perturbations will only be adequate in a small neighborhood of the
fixed point and a uniform partitioning does not guarantee that we have reference
vectors close to the fixed point, unless we partition very fine. Instead consider the

on-line control shown in Figure 9.4b. where we use the codebook approximated by
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the FSGNG algorithm. The algorithm now chooses smaller perturbations but still
takes a considerable amount of time until control is established.

To reduce the complexity of the learning problem we allow the size of the set
U(w) to vary with w.

Let n(w) = (JU(w)| — 1)/2 and consider the finite control set

maxr 2 mar = Dttmar
un(w)(w) — {O :tu , + u e i(ﬁL}

Yrnar n n ' n

[n this notation. the control set
U(w) = {0.0.02. —0.02.0.04. —0.04.0.06. —0.06.0.08. —0.08.0.1, 0.1}

would be conveniently denoted by U3, (w). Control sets associated with different
states w may vary in size but will all have an equal maximal control up,... To
reduce the complexity of the learning problem we will set n(w) > 1 only for w in
the neighborhood of a desired state while we set n(w) = 1 for all other w.

In Figure 9.4c an on-line control of the logistic map with the FSGNG codebook
is shown where n(w) = 5 for w(x) with x € F and n(w) = 1 for the remaining
reference vectors. The set F denotes the set of points close to the fixed point
satisfving d,(x) < e with e = 0.1. We see that control is now established quickly
and a minimal perturbation is chosen.

We have demonstrated in this subsection that the FSGNG algorithm produces
codebooks suited for the chaos control algorithm as proposed in Chapter 6 but still
computed the codebook before the control policy was approximated. In the next

section we will combine these two steps.

9.2 Combining the FSGNG Algorithm and Reinforcement Learning

As seen in the last section. the FSGNG algorithm produces codebooks suited

for the control of fixed points of chaotic systems. If in addition control sets are
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Figure 9.4: On-line control of the logistic map with a) uniform set W and fixed
U with n(w) = 53 Vw. b) W from FSGNG and fixed ¢ with n(w) = 5. and ¢) W
from FSGNG and n(w) = 5 for w close to x;. and n(w) = 1 otherwise. In all
cases we had u,,., = 0.1.

allowed to vary in size with larger sizes chosen for reference vectors close to fixed
points. while keeping the allowed maximal perturbation fixed. then the approx-
imated control policy allows effective stabilization of fixed points with minimal
perturbations.

Since the FSGNG algorithm is an on-line algorithm. we can easily combine
it with the proposed chaos control algorithm and thus eliminate the need to con-
struct a set of reference vectors in advance. In addition. the combination of vector
quantization and control can result in codebooks which are effectively smaller than
codebooks obtained from uncontrolled data.

The combination is performed as summarized in Figure 9.5. First we perform
a growing phase of the codebook during which also an on-line control is performed.
Initially we associate with each created reference vector a control set U(w) of size
[U(w)| = 3 and associate state-action values Q(w. u) with each possible pair (w. u).
where as before @ = 0 initially.

At each iteration the reference vectors are updated and possibly new vectors
are created according to the FSGNG algorithm. At the same time the controller

will receive rewards and update the state-action values as discussed in Chapter
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6. During the growing phase actions are exclusively chosen deterministic from the
associated @Q-values and to all new created reference vectors we will associate a
minimal control set of size || = 3 (n(w) = 1). During this first phase we will
choose a small probability to place reference vectors close to fixed points (py = 0).
After a certain time the controller will stabilize the desired state without loosing
control which can easily be detected from the received rewards. Once the controller
was able to stabilize the desired state for a certain number of iterations. we will
allow larger control sets and enforce the controller to choose smaller perturbations
as discussed in the last section. To this end we will increase the probability py of
setting new reference vectors in regions of fixed points (py = 0.5 in the example
below) and whenever a new unit is inserted close to a fixed point we will associate
control sets with larger size || >> 3 with these units (but as before, the maximal
allowed perturbation will remain fixed for all units). In addition we will start an
anncaling phase by decreasing the reference vector update parameters €, and €,
and increasing 7 to add units less frequently. The growing phase can be terminated
once the regions with fixed points are covered rather dense with reference vectors.
This can be detected from histogram plots as discussed in the last section.

In Figure 9.6a we show the dynamics of an on-line controlled logistic map
during the growing phase. After approximately 7.000 iterations the codebook has
grown to |W| = 23 and the desired state is stabilized for more the 200 consecutive
iterations. This is used as an indicator to start the annealing phase. to increase ps
and to insert units with || = 11 close to the fixed point. We see that the applied
perturbations are decreasing (the variation around the fixed point is decreasing)
and after 3.000 more iterations the growing phase is terminated. Result of the
growing phase is a state-action value function Q(w, u) and a codebook W sufficient
to stabilize the desired state with small perturbations. A histogram of the final

codebook with 29 reference vectors is shown in Figure 9.6b.
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l. Growing Phase

(a) On-line learning with fixed & and 0 < py << Lt
Combine on-line reinforcement learning chaos controller with
FSGNG vector quantization algorithm. Initially we start with
control sets of minimal size: n(w) = 1 VYw.

(b) Increase n(w) and set 0 << py < I:
Once the UPO of desired period is stabilized we increase the
size of control sets associated to units created close to fixed
points: increase n(w) of units w(x) with x € F and start
annealing phase (add units less frequently and decrease €. €,).

2. Global Learning

We terminate the growing phase if the number of reference vec-
tors close to the fixed point appears sufficient and start an off-line
learning phase to improve the policy.

Figure 9.5: Growing chaos controller.

As discussed in Chapter 6. the policy Q obtained through on-line learning is
not necessarily globally optimal. To improve the policy. episode learning or off-line
control can be used. To this end we add a global learning phase after the growing
phase where learning is performed e-greedy over many episodes with € decreasing
from initially one to zero. During the off-line control phase we improve upon the
policy @ obtained through the growing phase. The codebook is left unchanged
during this improvement phase. Result of the global learning phase is a state-
action value function Q* which stabilizes the desired state in a minimum number
of iterations from any initial state.

To obtain a policy Q* for control of the fixed point z; of the logistic map a
global learning phase over 1.000 episodes is performed. To compare the perfor-
mance of the policies Q and Q" for control of the logistic map. we average Ao

and A, over 1.000 episodes. terminating an episode if |r, — x| < €. and compute
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Figure 9.6: Growing phase of the growing chaos controller for control of the fixed
point of the logistic map. a) On-line controlled dynamics during the growing phase.
The annealing phase is started after approximately 7.000 iterations. b) Histogram
of the codebook resulting from the growing phase.

Ao/ InA,. Figure 9.7a shows this quotient as a function of € for the policy Q
(phase 1) and the policy @* (phase 2). We can see the logarithmic scaling of the
transient time compared to the transient of the uncontrolled system and observe
that the policy Q* performs better than the policy Q. For ¢ = 0.004 we found
Ao = 10.1. Ag- = 7.8, and A\, = 88.5. We see that the policy from the growing
phase already offers good performance. In Figure 9.7a we observe a decrease in
the performance as € < 0.004. This is due to the fact that we only allow discrete
controls. Although we have |U| = 11 for reference vectors close to the fixed point.
we still have a finite smallest possible value |u|mi, = 0.02 for the non-zero control
signal. As a result the discrete control policy will not allow the system to come
arbitrarily close to the fixed point. Increasing || further would bring the system
closer to xy but to come arbitrarily close we must allow continuous control signals
close to the desired states. To this end we add a final phase to the algorithm
in which a continuous control policy is computed. This is discussed in the next

section.
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Figure 9.7: Control of the logistic map by different policies. Ao/ In A, for different
policies @ averaged over many episodes as a function of e. An episode was termi-
nated if |r, — ry| < e. a) The policy Q from the growing phase (phase 1) and the
policy Q" from the episode learning phase (phase 2). c¢) Performance of the control
rule which globally uses the policy Q* and locally switches to a continuous control
rule.

9.3 Computing a Locally Continuous Control Policy

As discussed in the last section. it is necessary to find a continuous control
policy for states close to x; if vanishing control perturbations are desired. We note
that this is only an issue in noise free environments. Close to the desired state we
can assume dynamics to be linear such that the dynamics x,.; = f(x,.u,) are
approximately described by x,,; = Ax, + gu,. It follows that in this neighbor-
hood u, = v(Xp4+1.Xn). Thus. if we can approximate v and the state x;. then a
local continuous control policy is given by u, = ©(xf.x,). which will allow us to
bring the system dynamics onto x; with high accuracy and then allow vanishing
perturbations. The approximation of v and x; is straightforward once the off-line

control phase is completed.
9.3.1 Approximation of x; Through So Transformation

To approximate X to high accuracy we can conveniently use the So transfor-

mation [SOS*96, SOS*97] as discussed in Subsection 2.6.1. All we need to do is to
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collect data points x,, X,_1,X,-2 at iterations n where x, is in the neighborhood
of a fixed point. Since we want to approximate the fixed point of the uncontrolled
svstem. it is important to collect data points where no perturbation was applied.
This can be most conveniently performed after the off-line approximation phase
by frequently switching the controller off for a few iterations whenever the desired
state is stabilized. Since the approximated policy Q* is globally optimal and resta-
bilizes the system quickly. the data collection phase will be short. We collected
100 points to estimate ry of the logistic map with py = 3.8 and transformed the
data with the So transformation® obtaining ry = 1 — 1/py to within seven digits of
accuracy. As discussed in [SOS*97]. the So transformation can be used to estimate

fixed points of higher dimensional systems and of higher period.
Approximation of v

We approximate ¢ through supervised learning by presenting input-output
pairs. As inputs we use (Xn+1.X,) and as corresponding output u,. We only ap-
proximate ¢ from data satisfying d,(x,) < e. This data is collected during the
on-line and off-line phase. Any supervised learning scheme can be used to ap-
proximate v. and this approximation is not difficult since we only need a good
approximation of v close to the fixed point. Only for convenience® we used a
back-propagation multi-layer perceptron (BMLP) for this purpose. Although we
consider the approximation of ¥ as a final phase in the algorithm this approxi-
mation can be performed in parallel with the on-line and off-line control phase by

sending the training data to a separate computational entity.

2Since we collect only data close to r ¢ it is not necessary to average over random k. We can
set k =0 in the So transformation.

*We used the BMLP implementation of Matlab's neural network toolbox.
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Having approximated Q*. ¥, and xy, the final controller applies the following

perturbations to control a fixed point of period p:

argmax, Q*(wn.u) ifdy(x,) > €
U, =
" w(xs. Xn) otherwise.

[n Figure 9.8 we show the control of the logistic map with the above control
rule. ' was approximated with a BMLP with 10 hidden neurons and we set
e = 0.01. ry was approximated as mentioned in the last paragraph through the So
transformation. The system was started in a random initial condition and kicked
in a random state every 30 iterations. We see that control is quickly established
after all perturbations. The control signals practically vanish once the fixed point
is reached (they are of order 107%). Figure 9.7b shows the performance measure
Ao/ In A, as explained in the last section for this control policy combining discrete
and continuous perturbations. Now the transient time to reach a neighborhood of
the fixed point is not increasing if we decrease the size of the neighborhood beyvond
¢ = (0.004. The average transient time to reach an arbitrarily small neighborhood
of oy remains at approximately 7.8 for € & 107 for the controlled system. while

the natural transient time increases dramatically.

9.4 Conclusions

In this chapter we combined several ideas to form an efficient general pur-
pose chaos controller. The complete controller consists of 1) a growing and on-line
control phase. 2) an off-line control phase, and 3) a local continuous policy ap-
proximation phase. Depending on the situation and the system to be controlled.
not all three phases might be necessary or helpful. If the system is influenced
by considerable noise then phase 3) will not improve performance since the noise
prevents exact control of x;. Furthermore if considerable noise is present or the

system is rather difficult to stabilize, then the controller will explore enough of the
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Figure 9.8: Control of the logistic map using the final control policy combining
discrete controls approximated through reinforcement learning and a continuous
local policy approximated through a BMLP. The system was started from a random
initial condition and kicked into a random state every 50 iterations. Control is
quickly reestablished and control signals practically vanish once the fixed point is
reached.

space W x U in the on-line phase to approximate a global policy. We have seen in
the last section that the on-line phase alone resulted in a policy which was close in
performance to the off-line approximated policy. In summary we suggest to always
start with an on-line control phase, either combined with the FSGNG algorithm
or using a codebook approximated with some other vector quantization procedure.
The on-line phase allows to confirm if control of the desired state is feasible with
the chosen type and size of perturbations. After the on-line control phase an off-
line control phase can be performed to improve the global character of the control
policy and to allow locally smaller discrete perturbations. If the situation allows

stabilization of the desired state through vanishing control signals. a continuous

local control policy can be established in a final phase.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 10

CONCLUSIONS

mihi cura futuri
{my concern is the future)

In this dissertation we introduced a chaos control algorithm based on rein-
forcement learning. To satisfy the requirement of a finite Markov decision process
and to reduce the complexity of the reinforcement learning problem. we applied
a vector quantization method to decompose the state space into a finite space.
represented by the reference vectors and their Voronoi cells. The control strategy
is based on approximating state-action value functions in the reduced space for
specific tasks. We considered in particular the task of stabilization of unstable
fixed points or unstable periodic orbits embedded in a chaotic attractor and the
targeting of more general states by sinall syvstem perturbations. The algorithm can
be used for parametric or impulsive control and the extension to multiparameter
control. or combinations of parameter and impulsive control through the use of sep-
arate state-action value functions for respective perturbed parameters is straight
forward.

The method does not require any analytical description of the underlying
dynamical system nor is the exact location of the fixed points required in advance.
All information required to find an optimal policy is obtained through interaction
with the environment. This does, however, not mean that we suggest not to use

information about the system when this is available. Reinforcement learning is
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flexible and allows to include additional constraints in the algorithm, as we did
when selecting specific fixed points or period 3 orbits in Chapter 8.

Generally speaking, the algorithm initially explores the state-action space to
find the neighborhood of a state which shows the desired characteristics. Once this
neighborhood has been identified a control policy is learned which traps the dy-
namics in the neighborhood of the goal state while globally directing the dynamics
in a minimum number of iterations into this neighborhood. The learning process is
guided by immediate reward signals describing if the current state matches general
characteristics of the goal state. The computation of the reward signals is based on
the reduced representation and allows the algorithm to perform in non-stationary
environments since it does not require analyvtical knowledge of the goal state.

We demonstrated the algorithm for the logistic and the Hénon map. the
Rossler system and a relaxation oscillator serving as a model for an arrhyth-
mic heartbeat. Medical treatments have recently been proposed for the cure of
epilepsy [GNN796] and atrial fibrillation [LBM*99. WMV *00] which are based
on the OGY control scheme. Ultimately the goal is here the development of less
invasive implantable medical devices. Since our algorithm does not require analyt-
ical knowledge and is applicable in non-stationary environments it could be well
suited for the design of such chaos control devices. In this context future research
must focus on the combination of the control algorithm with model approximation
techniques such that the controller interacts in part with a simulated environment
instead of the real system. This could greatly reduce the amount of interaction of
the controller with the real svstem and lead to less invasive control. One possibility
here is to approximate local linear models as proposed by Martinetz et al. [MBS93]
who used the approximated models to predict the dynamics of the system.

Of current interest is the control of high-dimensional chaotic or spatially ex-

tended systems. We demonstrated an impulsive control of a nine-dimensional hy-

(3]
—
(L]
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perchaotic Lorenz system and the parametric control of 1-D and 2-D logistic cou-
pled map lattices. These results motivate to investigate the reinforcement learning
control of spatially extended systems in more detail in future work. Specifically
so-called smart matter applications are interesting testing grounds for multi-agent
control systems based on reinforcement learning.

The proposed algorithm was also applied to the control of a noisy mechanical
rotor serving as a model for a multistable system. In these applications we could
think of the construction of a pattern recognition device in which input activates
specific control policies which quickly stabilize a certain state which represents the
output associated with the input. Chaos. multistability and the control of these
dynamical behaviours have been suggested to play a fundamental role for neural
information processing [SF87]. Recent neurophysiological evidence on the activi-
ties of cells in nuclei in the monkey brain shows that reward learning can model
the activities resulting from a conditioning experiment [MDPS95. MDPS96]. Our
results supports the suspected role of reinforcement learning and chaos in neural
information processing since they show the feasibility of efficient chaos control by
reward learning. Future work must focus on an extension of the introduced ideas
to realistic models of the brain.

The method requires a discrete state representation which was computed in
advance from sample data with the Neural-Gas algorithm. Many different vec-
tor quantization techniques exist in the literature and can be used instead. The
question of how to obtain an optimal discrete representation must still be investi-
gated. An initial attempt combined the approximation of the finite representation
with the policy approximation and led to representations suited for the particular
control problem. Clearly the idea of combining growing vector quantizers and rein-

forcement learning is not restricted to the control of chaotic systems and it should
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be interesting to apply similar ideas to general reinforcement learning control prob-
lems. Furthermore, the application to systems with a reconstructed phase space
such as a space of embedding vectors [ABST93] must be investigated to make the
approach more suitable for realistic applications.

Allowing smaller perturbations close to the fixed point resulted in smaller con-
trol signals necessary to stabilize the desired state. The algorithm based solely on
reinforcement learning as proposed in Chapter 6 allows only discrete perturbations.
[n certain situations it can be desirable to allow locally continuous perturbations
and we described how this can easily be done once the discrete policy has been
established. Although it is technically possible to compute globally continuous
policies this is currently practically infeasible and does not considerably decrease
transient times.

Current research in the reinforcement learning literature is focusing on the
development of algorithms suitable in continuous phase and action spaces and on
the application of reinforcement learning to high-dimensional systems. Successes
in the field of reinforcement learning could be applied to the control of complex
svstems. On the other hand. the control of complex systems provides an interesting
set of problems for the testing of new reinforcement learning control algorithms.

[n summary. we suggested an efficient general purpose chaos controller which
requires a minimum of knowledge and has promise for a “black box™ chaos con-
troller. Unfortunately all results were obtained through numerical simulations and
such simulations certainly do not prove the practical use of a method. It is our
hope that future experimental implementations will reveal the strengths and the

shortcomings of the proposed method.
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