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ABSTRACT

NON-ASYMPTOTIC PROPERTIES OF SPECTRAL DECOMPOSITION OF LARGE
GRAM-TYPE MATRICES WITH APPLICATIONS TO HIGH-DIMENSIONAL INFERENCE

Non-Asymptotic Properties of Spectral Decomposition of Large Gram-Type Matrices with Ap-
plications to High-Dimensional Inference

Jointly modeling a large and possibly divergent number of temporally evolving subjects arises
ubiquitously in statistics, econometrics, finance, biology, and environmental sciences. To circum-
vent the challenges due to the high dimesionality as well as the temporal and/or contemporaneous
dependence, the factor model and its variants have been widely employed. In general, they model
the large scale temporally dependent data using some low dimensional structures that capture vari-
ations shared across dimensions. In this dissertation, we investigate the non-asymptotic proper-
ties of spectral decomposition of high-dimensional Gram-type matrices based on factor models.
Specifically, we derive the exponential tail bound for the first and second moments of the devi-
ation between the empirical and population eigenvectors to the right Gram matrix as well as the
Berry-Esseen type bound to characterize the Gaussian approximation of these deviations. We also
obtain the non-asymptotic tail bound of the ratio between eigenvalues of the left Gram matrix,
namely the sample covariance matrix, and their population counterparts regardless of the size of
the data matrix. The documented non-asymptotic properties are further demonstrated in a suite
of applications, including the non-asymptotic characterization of the estimated number of latent
factors in factor models and related machine learning problems, the estimation and forecasting of
high-dimensional time series, the spectral properties of large sample covariance matrix such as
perturbation bounds and inference on the spectral projectors, and low-rank matrix denoising from

temporally dependent data.
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Next, we consider the estimation and inference of a flexible subject-specific heteroskedas-
ticity model for large scale panel data, which employs latent semiparametric factor structure to
simultaneously account for the heteroskedasticity across subjects and contemporaneous and/or se-
rial correlations. Specifically, the subject-specific heteroskedasticity is modeled by the product
of unobserved factor process and subject-specific covariate effect. Serving as the loading, the
covariate effect is further modeled via additive models. We propose a two-step procedure for es-
timation. Theoretical validity of this procedure is documented. By scrupulously examining the
non-asymptotic rates for recovering the latent factor process and its loading, we show the consis-
tency and asymptotic efficiency of our regression coefficient estimator in addition to the asymptotic
normality. This leads to a more efficient confidence set for the regression coefficient. Using a com-
prehensive simulation study, we demonstrate the finite sample performance of our procedure, and
numerical results corroborate the theoretical findings.

Finally, we consider the factor model-assisted variable clustering for temporally dependent
data. The population level clusters are characterized by the latent factors of the model. We com-
bine the approximate factor model with population level clusters to give an integrative group factor
model as a background model for variable clustering. In this model, variables are loaded on latent
factors and the factors are the same for variables from a common cluster and are different for vari-
ables from different groups. The commonality among clusters is modeled by common factors and
the clustering structure is modeled by unique factors of each cluster. We quantify the difficulty of
clustering data generated from integrative group factor model in terms of a permutation-invariant
clustering error. We develop an algorithm to recover clustering assignments and study its minimax-
optimality. The analysis of integrative group factor model and our proposed algorithm partitions
a two-dimensional phase space into three regions showing the impact of parameters on the possi-
bility of clustering in integrative group factor model and the statistical guarantee of our proposed
algorithm. We also obtain the non-asymptotic characterization of the estimated number of latent

factors. The model can be extended to the case of diverging number of clusters with similar results.
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Chapter 1

Introduction and Background

1.1 Overview

Factor model is a popular and widely used tool for dimension reduction, exploratory analy-
sis, high dimensional inference, and modeling large scale data with sophisticated dependences.

Classical static factor model

Vit = it for + -0+ Qi fire + Uy (1.1.1)

witht = 1,...,7 and = = 1,...,p has been widely studied (Anderson, 1962; Anderson and
Rubin, 1956; Chamberlain and Rothschild, 1983; Lawley and Maxwell, 1962). Here, u;; is an
idiosyncratic error process, (f1,. .., ftK)T is a K-dimensional zero mean latent process, and
(a1, ...,a;x)" is referred to as the factor loadings. Let A = (aik)fﬁkzl, F = (f,...,fp)"

with f; = (fu,..., fix)" or equivalently F = (fy,..., fx) with f = (fir,---, fre)', and

U = (uy,...,ur) withu; = (uy, ..., uy)", (1.1.1) can be equivalently expressed as
Y =AF' +U. (1.1.2)

Assume that f; and u, are uncorrelated and f;; has unit variance (Chamberlain and Rothschild,

1983), (1.1.2) specifies the covariance structure of (yyy, ..., yp) ' as
S=AAT+3,, (1.1.3)

where ¥ = T7'E(YY ") and ¥, = T7'E(UUT) are the p x p population covariance matrix of
y, and u,, respectively. Estimations to A and the diagonal entries of 3, are well documented by

Anderson and Rubin (1956), Anderson (1962), Chamberlain and Rothschild (1983) and Lawley



and Maxwell (1962) for low dimensional data with fixed p. The method of analysis is based on
the asymptotic normality of some estimator to 3, such as the sample covariance matrix, and thus
is not applicable when dimension p is large and divergent.

Large dimensional static factor model is first discussed by Stock and Watson (Stock and Wat-
son, 1998) and Forni, Hallin, Lippi, and Reichlin (Forni et al., 2000). Compared to the traditional
static factor model, the assumption on dimensions is relaxed and it allows both p and 7' diverge.
Thus, large dimensional factor analysis is applicable to modeling the data of large scales. In addi-
tion, the idiosyncratic errors are allowed to be weakly correlated both serially and cross-sectionally,
so 3, is not necessarily a diagonal matrix, which leads to the approximate factor model (Cham-
berlain and Rothschild, 1983). Combining “largeness" and “approximate" together, the new factor
model is known as high dimensional approximate factor model (Bai, 2003; Bai and Ng, 2002;
Stock and Watson, 2002a,b).

An important characteristic of the large dimensional approximate factor model is that the
largest K population eigenvalues of 3 diverge with rate p, while the remaining eigenvalues of
3., as well as all eigenvalues of 3., are bounded, which gives a spike structure (Johnstone, 2001).
As a result, under the pervasiveness assumption that the eigenvalues of p AT A are distinct and
bounded away from zero and infinity, the eigenvalues of AA " will diverge with rate p. This phe-
nomenon arise since the information of the common component accumulates as we sum up the
observations across subjects while u;; are unit-specific errors and summing the errors across sub-
jects does not lead to the same accumulation of information. This makes the large dimensional
approximate factor model different from the classical factor model with fixed dimensionality (An-
derson, 1962; Anderson and Rubin, 1956; Lawley and Maxwell, 1962) and innately related to
principal component analysis (PCA) (Anderson et al., 1963; Anderson and Rubin, 1956). PCA is
widely used as a dimension reduction tool by finding a set of orthogonal linear transformations
of the original variables such that the transformed variables maintain the information contained in
the original variables as much as possible. That is, the principal component Z; = w1 Y is defined

to maximize the variance of Z; and the principal component Z; = w; Y is defined to maximize



the variance of Z; given that Z; is orthogonal to Z,...,Z; 1. Specially, wy,...,wk are the
eigenvectors corresponding to the largest /' eigenvalues of 3. In practice, 3 is always unknown
and estimated by > = T-'YY'. As mentioned before, the largest A population eigenvalues of
>, as well as the eigenvalues of p~'AT A, diverge with rate p. Thus, by WeyldAZs theorem and
Davis-Kahan theorem (Davis and Kahan, 1970), the difference between the eigen-decomposition
of X corresponding to the largest K eigenvalues and that of AA T converge to zero as p goes to
infinity, which shows that large dimensional factor analysis and PCA are approximately the same.
Similar as classical factor analysis, this method of analysis (Fan et al., 2013; Lam and Yao, 2012)
gives consistent estimator of A and X.

Large dimensional factor analysis is applied in many fields such as economics, psychology and
other disciplines of the social sciences, and accurately estimating the latent factor and loadings
are very important in statistical applications. For large dimension p and sample size 7', a popular
approach is to use PCA to simultaneously estimate the latent factor and loadings (Bai and Ng,
2013). Unlike traditional PCA, the authors suggested using eigen-decomposition of Y'Y . The
estimated factor matrix, f‘, is defined as /T times the eigenvectors corresponding to the K largest
eigenvalues of Y'Y and the loading matrix is estimated by A = TYYTF. Further, Fan et al.
(2016) suggested applying PCA to the data matrix projected onto a linear space spanned by relevant
covariates to archive faster convergence rate. Asymptotic analysis of the PCA estimator is given
by Bai and Ng (2013) and Fan et al. (2016). In this dissertation, we focus on the non-asymptotic
analysis of the estimators and its applications.

To carefully study the spectral decomposition of large Gram matrices, we consider data gen-
erated from (1.1.1) or (1.1.2) so that not only the data are of high-dimensional but also allow
temporarily dependence. For the right Gram matrix Y 'Y, the eigenvectors corresponding to the
K largest eigenvalues are of the same direction as f, where f; is the kth column of F'. Therefore,
the spectral decomposition of the right Gram matrix can be investigated using the estimates to la-
tent factor process and loading matrix in (1.1.1). That is, given an estimator to f;, denoted by fk

properties of the eigenvector corresponding to the kth largest eigenvalue of Y 'Y can be studied



from T-1/2 fk, and vice versa. Although the consistency of estimating F has been documented
in literature (Bai and Ng, 2013; Fan et al., 2016), non-asymptotic properties of the deviation of
F = ( fl, ceey fK), where fk is the eigenvector corresponding to the kth largest eigenvalue of
Y'Y, from F have not been fully investigated. We study the non-asymptotic properties of F-F
as well as the approximated distribution of fk — fi for each k. Particularly, we relax the condition
on F in the traditional factor model. Compared with Condition PC1 in Bai and Ng (2013), we do
not restrict F' on a subspace. Therefore, as an important application in modeling high-dimensional
time series, the non-asymptotic characterization of fk — f shows the accuracy of fk as an surrogate
to fi, for each £ so that the parametric model of the K -dimensional latent processes, if specified in
advance, can be easily estimated and therefore can be employed to forecast y;. Compared to the
traditional likelihood based approach, this approach is computationally easier and requires very
little assumptions on innovations of processes. In addition, we obtain non-asymptotic properties of
the deviation between eigenvectors corresponding to the largest K eigenvalues of 7YY, i.e.,
the sample covariance matrix, to those of ¥ in (1.1.3). By considering 7-'YY " as a perturbation
of X2, our result is similar to the Davis-Kahan Theorem (Cai et al., 2017; Davis and Kahan, 1970;
Fan et al., 2018b; Yu et al., 2014) or the Wedin Theorem (Wedin, 1972). Our conclusion, however,
does not depend on the consistent estimation of 3. Hence, for the high-dimensional cases, our
result remains valid for the spike part of 3 even though it cannot be consistently estimated using
T-YYY " without regularization. Another important application of our results is to provide the
non-asymptotic characterization of the tail probability of correctly estimating the number of latent
factors K in the factor models, without which recovering the latent factor processes and their load-
ings will be meaningless in practice. For fixed or low dimensions, a variety of subjective methods
such as scree plot of eigenvalues, distribution-based tests including Bartlett’s test, and computa-
tional intensive methods including cross-validation have been employed to determine /X (Jolliffe,
2002). For high dimensions with p/T" converging to some constant, the information criteria such
as AIC and BIC has be employed (Bai and Ng, 2002; Bai et al., 2018). If the data also follows a

normal distribution, a sequential Kac-Rice test has been introduced to select K (Choi et al., 2017).



For ultra high dimensions with p » T, from the fact that the largest K eigenvalues of 7YY '
grow rapidly in p while others remain bounded or grow much slower, the consecutive-eigenvalue
type estimator is widely used to determine K. For example, Lam and Yao (2012) and Ahn and
Horenstein (2013) proposed estimators of K based on the ratios of consecutive eigenvalues. A
similar approach is to use the difference of consecutive eigenvalues (Onatski, 2012). These early
results focus on the consistency of the estimated number of factors when p and 7' diverge. To
better understand how the dimension and sample size affect the probability of correctly estimating
the number of latent factors using those consecutive-eigenvalue type estimators, we first refine re-
sults regarding eigenvalues of the sample covariance matrix (Bai and Yin, 1993; Johnstone, 2001).
Then, we obtain non-asymptotic properties of the ratio of consecutive eigenvalues of the sample
covariance matrix, which further provides the desired exponential tail bound of the probability of
correctly estimating /K for factor models or related machine learning problems.

As an application of large dimensional factor model, we consider a flexible data-driven model,
in which the heteroskedasticity across subjects and serial dependence of ¢;; is assumed to arise
from a product of the subject-specific effect and some latent stationary process. Specifically, mo-
tivated by Connor and Linton (2007), Connor et al. (2012), and Fan et al. (2016), we model the
subject-specific effect in the covariance structure by g(x;) = (g1(x;), ..., gk (x;)) " with time in-
variant covariates x; and nonparametric functions gy, ..., gx. In practice, x; could be the genetic
information in health study or market capitalization in finance applications. Then, we consider a
K -dimensional zero-mean process f; with finite variance, and introduce the subject-specific het-

eroskedasticity model with latent semiparametric factor structure as

Y = 23 B+ g(x:) " i + wa, (1.1.4)

where the residual process u;; is independent of f;. Analogous to the traditional factor models,
g(x;) and f; serve as the loading and factor, respectively. Particularly, g(x;) models the desired
heteroskedasticity across subjects and, together with f;, retains the cross-sectional dependence

while f; and wu;; characterize the serial dependence. Like partially linear model or linear mixed



model, though ordinary least squares estimator of 3 is consistent, it is not efficient without taking
the unknown dependence into account. That is, a careful estimation on the unobserved loading
g(x;) and accurate recovery of the latent process f; are in need to guarantee some sort of effi-
ciency in both estimation and inference on 3. In the literature, there exist a variety of approaches
to estimate g(x;) and f;. For instance, Connor and Linton (2007) employed a kernel method
to estimate f; given x; with finite values, and Connor et al. (2012) extended such estimate for
general ;. Additionally, the consistency on estimating the loading and latent factor, along with
an important result that such consistency requires no specific relationship between 7' and n (Fan
et al., 2016), also shed lights upon estimating the large covariance structure under assumptions of
factor structures (Fan et al., 2013). Motivated from these pioneer works, we propose a two-stage
projection-based estimator for 3, g(x;), and f; in model (1.1.4). Roughly speaking, adapting a
projection-based principle component type estimator (Bai, 2003; Fan et al., 2016), we first estimate
g(x;) and f; from y; — zg ,@ for some initial consistent estimator B Next, in the second stage, we
update the estimate of 3 with a generalized least squares (GLS) type approach using estimation of
g(x;) and f; from the first-stage.

In addition, we consider model-based clustering, in which we define population level clusters
relative to a model. We combine the approximate factor model with population level clusters to
give an integrative group factor model as a background model for variable clustering. Although
factor analysis is widely used to model high dimensional data with dependence, and group factor
analysis is applied to model multiple covariance structures, the previous works do not give cluster-
ing recovery for dependent data. Our proposal consider a different case to G-block model (Bunea
et al., 2020). In particular, the variables in the same group are allowed to have different variances
and covariance swith variables in other groups. In addition, each variable can involve temporal
dependence. We provide algorithm of recovering clustering assignments for high dimensional de-
pendent data, along with its optimality. The recovery error rate is defined under a loss function
free from label switching (Gao et al., 2018; Lu and Zhou, 2016). Compared to the existing liter-

atures, our proof of minimax lower bound of recovery error rate involves a denser covering free



from the number of groups, so it can be extended to the case the number of groups diverges. Also,
we apply Le Cam’s method to give a tight bound for variable clustering with respect to covariance
structures. The upper bound of recovery error rate is derived through scrupulously examining the
non-asymptotic rates for estimating the latent factor process and its loading through PCA proce-
dure (Bai and Ng, 2013; Fan et al., 2016). Lastly, we discover a phase transition in the phase space
of signals of unique factors compared with those of common factors, which gives the region for
possibility and guarantee of successful clustering. Also, our proposed model allows the number
of groups not to be finite constant but a small term with respect to dimension. The technical tools
we develop here are not limited to our setting alone, but are applicable to integrative group factor

models.

1.2 Outline

In this dissertation, we focus on the high-dimensional inference, multivariate time series, and
semiparametric modeling, as well as their applications motivated by the massive data related prob-
lems. In Chapter 2, we carefully study non-asymptotic properties of the spectral decomposition
of large Gram-type matrices based on data that are not necessarily independent. We also obtain
the non-asymptotic tail bound of the ratio between eigenvalues of the left Gram matrix and their
population counterparts regardless of the size of the data matrix. The documented non-asymptotic
properties are further demonstrated in a suite of applications. In Chapter 3, we consider estimation
and inference of a flexible subject-specific heteroskedasticity model for large scale panel data. We
propose a two-step procedure for estimation. By scrupulously examining the non-asymptotic rates
for recovering the latent factor process and its loading, we show the consistency and asymptotic ef-
ficiency of our regression coefficient estimator in addition to the asymptotic normality. In Chapter
4, we combine the approximate factor model with population level clusters to give an integrative
group factor model as a background model for variable clustering. We quantify the difficulty of
clustering data generated from integrative group factor model in terms of a permutation-invariant

clustering error., develop an algorithm to recover clustering assignments and study its minimax-



optimality. The analysis of integrative group factor model and our proposed algorithm partitions
a two-dimensional phase space into three regions showing the impact of parameters on the possi-
bility of clustering in integrative group factor model and the statistical guarantee of our proposed
algorithm. A short summary and discussion of future work are listed in Chapter 5. The details
of proofs and some additional results from simulation studies and real data analysis are given in

Appendix 1, 2 and 3.



Chapter 2
Spectral Decomposition of Large Gram-Type

Matrices

2.1 Introduction

Gram-type matrix or Gram matrix is fundamental in a wide range of fields including statistics
(Shawe-Taylor et al., 2005), applied mathematics (Chen et al., 2011; James and Murphy, 1979;
Scholkopf et al., 1999; Shawe-Taylor et al., 2002), machine learning (De Almeida et al., 2008a;
Drineas and Mahoney, 2005; Ramona et al., 2012), engineering (De Almeida et al., 2008b), and
physics (Stark, 2014). Given a px T data matrix Y = (yy, . .., yr) with p-dimensional observation
Yi = (Y1ey - - Ypt) |, the left and the right Gram matrices are YY ' and Y 'Y, respectively (Horst,
1965; Rummel, 1988). Statistically, the left Gram matrix scaled by the sample size T YY" co-
incides with the sample covariance matrix after ignoring the sample mean. As a bilinear function
of the data matrix, Gram matrix retains many important information about data. For example, the
right Gram matrix and the data matrix share the common null space while the column space of the
left Gram matrix agrees with that of the data matrix. Particularly, the spectral decomposition of
Gram matrices is a powerful and popular tool to provide a low-rank representation of the original
data yet preserves the information as much as possible. For instance, in the linear model, spectral
decomposition of the Gram matrix from the design matrix reveals the direction of space spanned
by the projection matrix (Mandel, 1982); in the nonparametric regression, spectral decomposi-
tion of the Gram matrix from the spline basis functions provides a complete reconstruction of the
functional space (Bialecki and Fairweather, 1995); and in the exploratory analysis, spectral decom-
position of the Gram matrix from a general data or feature matrix leads to the principal component
analysis (PCA) (Hotelling, 1933; Jolliffe, 2002; Pearson, 1901), kernel PCA, or sparse PCA (Zou

et al., 2006; Zou and Xue, 2018). In addition, spectral decomposition of the Gram matrix has



been applied to estimate large covariance matrices (Fan et al., 2013, 2018a) and to extract the
latent factors that drive the correlation structure in factor models (Bai, 2003; Bai and Ng, 2013;
Bartholomew et al., 2011; Fan et al., 2016). By itself, the spectral decomposition has also been ap-
plied to other type of matrices to reveal the underlying structure in data, such as the spectral method
along with the graph Laplacian or the adjacency matrix in cluster analysis or network study for the
detection of clusters or latent communities (Donath and Hoffman, 1973; Ng et al., 2002).

Gram matrix naturally grows along with the size of data, and not only it may incur compu-
tational challenges but also lead to theoretical difficulties. For fixed dimensions, the scaled left
Gram matrix or the sample covariance matrix converges to its expectation when 7" diverges (Bai
and Yin, 1993; Bai et al., 1986, 1988). However, both the left and the right Gram matrices, as
well as their empirical spectral distributions may fail to converge given simultaneously divergent
p and T" (Bickel and Levina, 2008a,b; Johnstone and Lu, 2009; Wang and Fan, 2017). Based on
the asymptotic normality of sample covariance matrix, Anderson et al. (1963) established the joint
distribution of empirical eigenvalues in the asymptotic regime where p remains constant and 7" di-
verges. For independent and identically distributed (i.i.d.) data with divergent dimensions, which
scale with the sample size linearly and vice versa, the limiting distribution of spectral structures
of the sample covariance matrix has also been widely studied (Adamczak et al., 2010; Bai and
Silverstein, 2010; Bai and Yin, 1993; Bai et al., 1986, 1988; Jonsson, 1982; Wachter, 1978). When
p/T diverges, a flexible and common approach is the spike structure model (Johnstone, 2001).
That is, among the p eigenvalues of the population covariance matrix of y;, there are /' dominant
eigenvalues compared to the remains so that the signal of low-rank structure outweighs the noise
and therefore can be retrieved from the spectral decomposition. Leveraging this spike structure,
Wang and Fan (2017) showed that, for divergent p/T, the eigenvalue and corresponding eigen-
vector of the sample covariance matrix still converge to their population counterparts whenever
the K dominant population eigenvalues diverge in p with certain rate. They also showed that the
convergence rates of empirical eigenvalue and eigenvector are controlled by the divergent rate of

the corresponding population eigenvalue.
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The aforementioned assumption that the first A dominant eigenvalues of the population co-
variance matrix of y; have order O(p), together with the assumption that noises admit constant
variance, is known as the pervasiveness assumption or strong factor assumption from the factor
model and econometrics literature. Under this assumption, the spike structure can be equivalently
written as a factor model (Bai, 2003; Chamberlain and Rothschild, 1983; Lam and Yao, 2012;

Stock and Watson, 2002a) for which data satisfies

Yie = i fon + -+ Qi fre + Wi (2.1.1)

witht = 1,...., T andi = 1,...,p. Here, (fu,..., fix)' is a K-dimensional zero mean latent
process and u;; is an error process. Model (2.1.1) inherently links to a large number of widely used
statistical models and methods, such as the panel data model with unobservable interactive effects
(Ahn et al., 2001a; Bai, 2009a; Bai and Li, 2014; Moon and Weidner, 2017a) and PCA (Fan et al.,

2018a). In matrix form, (2.1.1) is
Y = AF' + U, (2.1.2)

where A = (aik)fikzl, F = (f1,....,f7)" with f; = (fu,..., fix)' or equivalently F =

(fis o fr) with fi = (fig, -, fri) T and U = (g, up) with wy = (wig, .o up) T As-
sume that f; and wu, are uncorrelated and IE(ftftT ) = I foreach ¢t = 1,...,T (Chamberlain and

Rothschild, 1983), the covariance of y; is then given by
S=AAT+32,, (2.1.3)

where ¥ = T7'E(YY ") and ¥, = T7'E(UU"). Model (2.1.2) is called the strict factor model if
TflE(UUT) is diagonal, i.e., uyy, . . . , uy are uncorrelated with each other; otherwise, it is called
the approximate factor model if 7~'E(UU ") is not diagonal (Chamberlain and Rothschild, 1983).

Model (2.1.2) provides an effective dimension reduction by approximating a p-dimensional process

11



y; with a K-dimensional process f; and a loading matrix matrix A. From (2.1.3), it is easy to see
that the largest K eigenvalues of 3 increase in p while the remaining eigenvalues are bounded (Bai
and Ng, 2008), which mimics the spike structure model with divergent spiked eigenvalues.

For the traditional factor model with fixed p and i.i.d. normally distributed f, and wu;, the
column space of loading matrix A and the diagonal entries of 7 'E(UUT) can be consistently
estimated through either the maximum likelihood estimator (MLE) (Lawley and Maxwell, 1962)
or PCA (Anderson, 1962; Anderson and Rubin, 1956), both of which rely on the consistent esti-
mation of 3. Though factor models and PCA are not identical in general, they are approximately
the same for high-dimensional problems under the pervasiveness assumption (Fan et al., 2013,
2018a). Specially, the principal components Z, . . ., Z;, are defined as Z;, = w, Y, where the pro-
jection directions wy, ..., wx € RP are the first K eigenvectors of 3. This eigen-decomposition
formulation of PCA relates PCA to the singular value decomposition (SVD) of Y as well as the
spectral decomposition of the sample covariance matrix, namely the left Gram matrix of Y scaled
by sample size T'.

In this paper, to carefully study the spectral decomposition of large Gram matrices, we con-
sider data generated from (2.1.1) or (2.1.2) so that not only the data are of high-dimensional but
also allow temporally dependence. For the right Gram matrix Y 'Y, the eigenvectors correspond-
ing to the K largest eigenvalues are of the same direction as fi, where f; is the kth column of
F. Therefore, the spectral decomposition of the right Gram matrix can be investigated using the
estimates to latent factor process and loading matrix in (2.1.1). That is, given an estimator to f,
denoted by j?k properties of the eigenvector corresponding to the kth largest eigenvalue of Y'Y
can be studied from 7~/2 fk, and vice versa. Although the consistency of estimating F' has been
documented in literature (Bai and Ng, 2013; Fan et al., 2016), non-asymptotic properties of the
deviation of F = ( fl, cee fK), where fk is the eigenvector corresponding to the kth largest eigen-
value of Y'Y, from F have not been fully investigated. Our main contribution in this paper is to
study the non-asymptotic properties of F — F as well as the approximated distribution of fk — [

for each k. Particularly, we relax the condition on F in the traditional factor model. Compared
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with Condition PC1 in Bai and Ng (2013), we do not restrict F' on a subspace. Therefore, as an
important application in modeling high-dimensional time series, the non-asymptotic characteriza-
tion of fk — fx shows the accuracy of fk as an surrogate to f for each £ so that the parametric
model of the K'-dimensional latent processes, if specified in advance, can be easily estimated and
therefore can be employed to forecast y;. Compared to the traditional likelihood based approach,
this approach is computationally easier and requires very little assumptions on innovations of pro-
cesses. In addition, we obtain non-asymptotic properties of the deviation between eigenvectors
corresponding to the largest K eigenvalues of T-'YY', i.e., the sample covariance matrix, to
those of X in (2.1.3). By considering 7-*YY " as a perturbation of X, our result is similar to the
Davis-Kahan Theorem (Cai et al., 2017; Davis and Kahan, 1970; Fan et al., 2018b; Yu et al., 2014)
or the Wedin Theorem (Wedin, 1972). Our conclusion, however, does not depend on the consistent
estimation of 3. Hence, for the high-dimensional cases, our result remains valid for the spike part
of ¥ even though it cannot be consistently estimated using 7-'YY T without regularization.
Another important application of our results is to provide the non-asymptotic characterization
of the tail probability of correctly estimating the number of latent factors K in the factor mod-
els, without which recovering the latent factor processes and their loadings will be meaningless
in practice. For fixed or low dimensions, a variety of subjective methods such as scree plot of
eigenvalues, distribution-based tests including Bartlett’s test, and computational intensive methods
including cross-validation have been employed to determine K (Jolliffe, 2002). For high dimen-
sions with p/T" converging to some constant, the information criteria such as AIC and BIC has be
employed (Bai and Ng, 2002; Bai et al., 2018). If the data also follows a normal distribution, a
sequential Kac-Rice test has been introduced to select K (Choi et al., 2017). For ultra high dimen-
sions with p » T, from the fact that the largest K eigenvalues of 7 'YY T grow rapidly in p while
others remain bounded or grow much slower, the consecutive-eigenvalue type estimator is widely
used to determine K. For example, Lam and Yao (2012) and Ahn and Horenstein (2013) proposed
estimators of K based on the ratios of consecutive eigenvalues. A similar approach is to use the

difference of consecutive eigenvalues (Onatski, 2012). These early results focus on the consistency
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of the estimated number of factors when p and 7" diverge. To better understand how the dimension
and sample size affect the probability of correctly estimating the number of latent factors using
those consecutive-eigenvalue type estimators, we first refine results regarding eigenvalues of the
sample covariance matrix (Bai and Yin, 1993; Johnstone, 2001). Then, we obtain non-asymptotic
properties of the ratio of consecutive eigenvalues of the sample covariance matrix, which further
provides the desired exponential tail bound of the probability of correctly estimating K for factor
models or related machine learning problems.

The paper is organized as follows. In Section 2.2, we collect the notation and discuss the
preliminary conditions to derive the main results. In Section 2.3, we carry out a non-asymptotic
analysis of the spectral decomposition of large Gram matrices and document the main results.
In Section 2.4, we discuss a variety of applications of our results to high-dimensional statistics.
Section 2.5 presents numerical studies to demonstrate our results in the applications. We conclude

the paper in Section 2.6 and relegate all the proofs and technical details to the supplementary file.

2.2 Notation and Preliminary Conditions

We collect notation in Section 2.2.1 that will be used throughout the paper and discuss in details

the preliminary assumptions in Section 2.2.2 to establish the main results.

2.2.1 Notation

For p-dimensional vector @ = (ay,...,a,)" € RP, its {,-norm is defined by [|al|, = (3}_,
|aj|q)1/q with 1 < q < 0. For matrix M = (mij)1<i7jgp c RPXP, ||MHmaX = maxm- |m”|

1/2 is the Frobenius norm. The spectral

denotes the maximum norm and ||M||p = (37_, D)_, m3;)
norm of M corresponds to its largest singular value, defined as ||[M]||; = sup,.s ||Mal|2, where
S ={a e R’ ||a|l; = 1}. Denote the minimum and maximum eigenvalues of M by A, (M) and
Amax (M), respectively. Let tr(M) = >*_, m;; be the trace of M. For sequences {a,} and {b,},

a, = o(b,) if a, /b, — 0asn — oo and a,, = O(b,,) if limsup,,_,, |an|/bn, < 0; X, = 0,(a,) and

X, = O,(a,) are similarly defined for a sequence of random variables X,,; a,, < b, if and only
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if a,, < Cb,, for some positive C' independent of n; and a,, = b, if and only if there exist positive
constants C' and D independent of n such that Cb,, < a, < Db,. Unless specified otherwise,

s > 1 and C' > 0 denote generic constants independent of p, T'.

2.2.2 Conditions

Suppose one observes data y; = (Yt - - -, Yits - - - , Ypt) from model (2.1.1) or (2.1.2) with t =

1,...,T. We pose the following conditions throughout the paper.

Condition 2.2.1. Almost surely, ATA is a diagonal matrix with distinct entries; for each t,
fi1s ..., fix are uncorrelated with each other and have zero mean and unit variance; for each

T, U, - . ., Upt have zero mean and finite variances; and £, and w; are independent with each other:

Condition 2.2.1 is similar to the assumption imposed on the approximate factor model (Cham-
berlain and Rothschild, 1983), which leads to the decomposition and identification of 3 in (2.1.3).
The assumption on A can be viewed as Condition PC1 for the traditional factor models (Bai and

Ng, 2013), which is also imposed for the MLE by Lawley and Maxwell (1962).

Condition 2.2.2. There exist constants dy, ds > 0 such that d; < Apin(PTPATA) < Apax (p7PATA)

< do.

Since the largest K eigenvalues of ATA and AAT are the same, the spiked eigenvalues of 3
essentially diverge at rate p under Condition 2.2.2. When the entries of A remain constants as p
diverges, this is always satisfied for a full rank A under Condition 2.2.1. In general, Condition
2.2.2 implies that, for each £k = 1,..., K, the mean squared loadings of the kth factor satisfies

-1yP 2

P v, az. = O(1), which can be easily satisfied with high probability if a;; are i.i.d. copies

from some non-degenerate distribution.

Condition 2.2.3. Denote F° , and Fi¥ the o-algebra generated by {(f;,u,) : t < 0} and {(£;,u;) :
t = T}, respectively. Define the mixing coefficient o(T) = sup gero  perz |[P(A)P(B) — P(A n
B)|.

(i) Stationarity: {uy, f,},<r are weakly stationary.
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(ii) Strong mixing across t: There exist r1,Cy > 0 such that a(s) < exp(—Cys™) for any s > 0.

(iii) Weak dependence in errors: There exist Co > 0 such that

'~ 1 and by, by > 0 such that

(iv) Tail behavior: There exist 19,73 > 1 with ri* +ry' + 1y
foreachi =1,...,pk =1,..., K and any s > 0, P(Juy| > s) < exp{—(s/b1)"} and

P([fu| > 5) < exp{—(s/b2)"}.

Condition 2.2.3 is similar to the standard assumptions for the factor analysis of large scale
panel data or high-dimensional time series (Bai, 2003; Fan et al., 2016; Stock and Watson, 2002a).
Compared to similar conditions in the literature, we only require {u, f;};<r to be weakly sta-
tionary rather than strictly stationary in (i) by carefully exploiting Davydov’s inequality (Athreya
and Labhiri, 2006). In (ii1), it suggests that though the common factors explain most dependence
within y;, the errors also account for some weak cross-section dependence. It is easy to see
[|2.]l2 = O(1) from (iii), and together with Condition 2.2.2 they are the well-known pervasiveness
assumption.

It is interesting to notice that the well-known Condition PC1 from Bai and Ng (2013) re-
stricts F to a subspace {F € RT”*X : T-IFTF = Ix}. However, for an arbitrary K -dimensional
process under Condition 2.2.1, T-'F'F does not necessarily degenerate to its expected value
E(T'FTF) = Var(f,) = I. To satisfy this subspace restriction, one needs to rescale each real-
ization of F. Since the rescaling operator depends on the realization of F, the rescaled processes
no longer follow the original model of f; if we assume any. This brings extra challenges to many

applications. For example, in Section 2.4.2, this subspace restriction will prevent directly model-
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ing f; in (2.1.1) with some parametric models to forecast high-dimensional time series. In fact, we
notice that this subspace restriction is stringent and can be replaced by the exponential tail bound
on the difference between T~ 'FTF and its expectation I . From the aforementioned well-known
conditions, this bound can be easily established with the help of 7-mixing coefficient as defined

below.

Definition 2.2.1 (7-mixing coefficient (Merlevede et al., 2011)). For any real random variable X
and o-algebra M, denote Py the distribution of X and IP x|\ the conditional distribution of X on

M. The T-mixing coefficient is defined by

T(M,X) = sup
gE[,l(R)

Y

| @B i) - [ o)

where L1(R) is the set of 1-Lipschitz functions from R to R.

Then, the 7-mixing coefficient of { f;} foreach k =1,... K is

T(T) :supl sup T(U(ftk7t< 5)7(ft1k7"'7ftjk))

j=1 ] s>0,T+s<t)<-<t;

where o(fix,t < s) is the o-algebra generated from {f;x,t < s}. Note that, by Condition 2.2.3

(iv),foreachk =1,... Kandt=1,...,T,
Q(x) = supinf{s > 0: P(|f2| > s) < x} = b2{log(1/z)}*".
k,t

Thus, for 4 € (0,1) and any = > 1,

17



which implies that f; is 7-mixing by Condition 2.2.3 (ii). Then, following Theorem 1 in Merlevede

etal. (2011), with probability at least 1 — 71,

logT'
T Y

IT7F'F - L <

which is the desired assumption in place of the subspace restriction on F'.

2.3 Main Results

Now we are in position to discuss the main results on non-asymptotic properties of the spectral
decomposition of large Gram-type matrices based on (2.1.1) or (2.1.2). Continue to let Y =
AFT + U, and we denote T~/2 fk the eigenvector corresponding to the kth largest eigenvalue of
the right Gram matrix Y'Y for k = 1,..., K. Then, the loading matrix A can be estimated by
A = T7'YF, where F = ( fl, ce fK) First, we have the following exponential tail bounds on

the deviations |F — F||2 and |F — F|nax.

Theorem 2.3.1 (Exponential tail bounds on the deviation between F and F). Under Conditions

2.2.1-2.2.3, the deviation between Fand F satisfies

(i) with probability at least 1 — e™*,
~ 1 1
TE-FR s (S )
p

(ii) T'B(|F—F|2) <p '+ T 'and T 2 Var(|[F = F|2) < p 2+ T % and

(iii) with probability at least 1 — e %,

~ 1 1
||F - F”max S < + _> (log T)Q/T3S.
vp T

For the approximate factor model, it has been shown that the mean squared error (MSE)

T-|F — F|2 converges to zero when p and T diverge, thus F converges to F in probability
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(Bai and Ng, 2013; Fan et al., 2016). In Theorem 2.3.1, not only have we provided the non-
asymptotic characterization on the MSE of F in the sense that the result holds for finite 7' and
p, but also the convergence of F to F is established under a weaker condition on F compared to
Condition PC1 in Bai and Ng (2013) as discussed in Section 2.2.2. Theorem 2.3.1 reveals that the
deviation between F and F is due to 1) the deviation between F' and its projection onto subspace
{F € RT*K . T7IF'F = Iy}, which is of rate p~* + T~2; and 2) the error for estimating this
projection, which is of rate p~2 + T ~!. They lead to the non-asymptotic bound on 7"~ ||f‘ —F|2in
(i). In addition, (p + T) 'p|F — F|2 enjoys a sub-exponential tail with the finite first and second
moments from (ii).

Recall that both F and F have finite X columns. A by-product of Theorem 2.3.1 is an exponen-

1/2_gcaled kth columns of F, i.e., the kth eigenvector

tial tail bound on the deviation between the 7'~
of the right Gram matrix, and its counterpart in F. That is, with probability at least 1 — e~*, for
eachk=1,... K,

EPTRES 1 1
- Al (5 7)o

Therefore, (p + T')'p| fi — fx||2 also admits a sub-exponential tail with the finite first and second
moments, which are similar to (ii) in Theorem 2.3.1.

Using the max norm, the error rate remains the same for recovering the projection since it
is of finite dimension. On the other hand, the /,-deviation between F and its projection is of
rate (p~ /2 + T~)(log T')*/™3, where log T is due to the maximum inequality to control the max-
imum among 7K entries in F. Result in (ii1) provides a non-asymptotic entry-wise bound on
the deviation between F and F. Foreacht = 1,..., T and k = 1,..., K, |ftk — ful(@™? +
T-Y)~Hlog(T)}~2/™ displays a sub-exponential tail. Thus, following the similar argument in (ii),
(p 2 + T Ylog(T)} ¥"*| fu. — fue| also has the finite first and second moments for all p and
T. By Condition 2.2.3, f;; has the finite first and second moments and so does ﬁk whenever

(p~2 + T~ {log(T)}*™ = O(1) due to the triangle inequality. This nontrivial result makes it
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possible to further model the /-dimensional latent process parametrically; see Section 2.4.2 for
more details.
Next, to establish the Berry-Esseen type bound for each of the K eigenvectors of the right

Gram matrix, we consider the following additional condition.
Condition 2.3.1. For eacht, uy, ..., uy are independent with each other:

Condition 2.3.1 is standard for traditional PCA (Jolliffe, 2002) and factor models (Anderson,
1962; Anderson and Rubin, 1956; Lawley and Maxwell, 1962). This stronger condition on u,,
compared to (iii) in Condition 2.2.3, enables us to leverage results from random matrix theory to
establish the following Berry-Esseen type bound. Theorem 2.3.2 provides the approximation error
rate to the distribution of the standardized deviation between fk and f; by the standard normal

distribution for each k.

Theorem 2.3.2 (Berry-Esseen Type Bound for || fi — f1|[2). Under Conditions 2.2.1, 2.2.2, (i).(ii)

and (iv) in 2.2.3, and 2.3.1, foreach k = 1, ..., K, we have
log(T) 1

+—,

VI D

sup S

zeR

Var'”(| fi = fill3)

. { |Fi = £ulls — E(Fx = £illD) _ } _a(2)

where ®(x) is the cumulative distribution function of the standard normal distribution.

s

From Theorem 2.3.2, with probability at least 1 — e *,

Tfe- Sl - B0A - B < (24 1) v

Compared to Theorem 2.3.1, the above improved sub-Gaussian tail on | fi — fi|2 benefits from
the assumption of independent errors in Condition 2.3.1. Theorem 2.3.2 sheds lights on drawing
inference on the leading eigenvectors of the covariance matrix for non i.i.d. data, which is detailed
in Section 2.4.3. For i.i.d. data, the traditional rate in the Berry-Esseen bound for Gaussian ap-
proximation is 7~/? (Callaert et al., 1978; Chan and Wierman, 1977). In Theorem 2.3.2, p~ /2

and T~/2 are due to the uncertainty from f, and u, for computing fk In addition, the dependence
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in f, leads to the extra log 7" in the bound, which has been observed in literature (Hérmann, 2009;
Jirak, 2016).

In the rest of this section, we will study non-asymptotic properties of the eigenvalues of Y'Y
Although the spectral structure of the expected right Gram matrix E(Y 'Y differs from that of
the expected left Gram matrix E(Y'Y "), it is interesting to notice that Y'Y and YY ' share
the common non-zero eigenvalues. Hence, we first consider YY ', which is conveniently the
sample covariance matrix scaled by 7'. Denote {\;}”_; and {w;}!_, the eigenvalues (in decreasing
order) and corresponding eigenvectors of ¥ = T 'E(YY "), and let {:\i}le and {w;}!_, be the
eigenvalues (in decreasing order) and corresponding eigenvectors of 3 = T-1YY'. We establish

the non-asymptotic characterization of XZ relative to \; as follows.

Theorem 2.3.3 (Non-asymptotic characterization of X,-’s relative to \;’s). Under Conditions 2.2.1,
2.2.2, (i),(ii) and (iv) in 2.2.3, and 2.3.1, there exist positive constants C and c that only depend on

u; such that the following results hold.
(i) If p < T, with probability at least 1 — e,

L ¢
VT VpT

- C
|)\i/>\i—1|<%ﬁ+\/i?\/§, i=K+1,....p.

(ii) If p = T, with probability at least 1 — e %,

Taking s = logT', Theorem 2.3.3 implies that the first K eigenvalues of the scaled left Gram

matrices, i.e., the sample covariance matrix, Ay, . . ., Ax converge to the corresponding eigenvalues
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of X in probability. When p < T, the relative errors of the remaining p — K eigenvalues to their
population counterparts are bounded by 7°~'/2p'/2 in probability. By Condition 2.2.1, ); is bounded
for i > K. Thus, the bound on relative error |3\Z /A; — 1| is the same as that of deviation |3\Z — Al
for > K. That is, eigenvalues of > converge to those of X only if p/7" — 0. This agrees with the
well known convergence of 3 to 3 in low dimension for i.i.d. data (Bien et al., 2016; Bunea and
Xiao, 2015).

Different lessons are learned when p > T'. As 3 is not of full-rank, S\i’s with 7 > K consist
of at most 7' — K non-zeros and at least p — 1" zeros. For a legitimate covariance 3., at least
p — T eigenvalues of 3. are biased for estimating their population counterparts. In addition, the
non-zero eigenvalues of 3 could also be biased. For ii.d. data with unit variance and p pro-
portional to 7', it is known that non-zero eigenvalues of the sample covariance matrix are spread
out and bounded by (1 — p/27=1/2)2 and (1 + p'/>T~/?)? (Bai and Yin, 1993; James and Stein,
1992; Johnstone and Paul, 2018; Stein, 1956), which explains the bias in non-zero eigenvalues of
the sample covariance matrix compared to their population counterparts (Bai and Yin, 1993; Baik
et al., 2005; Johnstone and Paul, 2018). In contrast, the low-rank structure in factor models pro-
vides better understanding on eigenvalues of 3. Consider a factor model with u; assumed to be
white noise, Lam and Yao (2012) focused on the cross covariance matrix M = >1° | 53(h)S(h) 7,
where X(h) is the autocovariance matrix of y, at lag h. They remarked that asymptotically, spiked
eigenvalues of the sample cross covariance matrix converge to the corresponding population eigen-
values, while the non-spiked eigenvalues, although may not converge, are bounded by the ratio of
p and T'. Theorem 2.3.3 (ii) provides a non-asymptotic characterization of their remarks. First,
we confirm that, as expected, 3\2 fails to converge for ¢ > K if p/T diverges. Also, the non-
asymptotic bound in Theorem 2.3.3 shows that the ratio between E(/A\,) and )\; is bounded above
by 2+/mcp/T®(27/2¢71C\/p) for any given p and T'. Furthermore, the non-asymptotic bound of
A /A; provide a characterization on the closeness between E(Xl /Ai)and 1fori =1,... K. Itis
easy to see from Theorem 2.3.3 that the deviation between E(S\Z /A;) and 1 is bounded above by

2/mc/(pT)®(2712c=1C\/p). This reflects the asymptotic unbiasedness of N fori=1,... K.
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Wang and Fan (2017) considered a noiseless factor model with arbitrary factor strengths, which
allows the spiked eigenvalue to be with any rate in p. Compared to their model, (2.1.2) can be
viewed as a special case where the spiked eigenvalues are all in the same rate of p if u, is further
modeled by C f; with some C orthogonal to A. The authors showed that eigenvalues of 3 are
asymptotically unbiased if pT '\, converge to zero fori = 1,..., K. Recall that \; = O(p)
under Condition 2.2.2, so that pT‘U\;l always converges to zero for (2.1.2). Thus, Theorem 2.3.3
gives a similar result on the asymptotic unbiasedness of 5\, as Wang and Fan (2017). Also, the
authors established the asymptotic normality of 3\1 /Ai — 1 upon removing the bias. Complement
to that, Theorem 2.3.3 (ii) provides a finite sample view on 3\1 /\; by showing its non-asymptotic

sub-Gaussian tail for: = 1,..., K.

2.4 Applications in High-Dimensional Statistics

To demonstrate results in Section 2.3, we consider a number of interesting and widely stud-
ied applications in high-dimensional statistics, including the estimation of the number of latent
factors in factor models and related machine learning problems, the estimation and forecasting of
high-dimensional time series, the spectral properties of large sample covariance matrix such as
perturbation bounds and inference on the spectral projectors, and the low-rank matrix denoising

from dependent data.

2.4.1 Estimation of the Number of Latent Factors

In high-dimensional factor models or machine learning problems such as PCA, it is necessary
to choose the number of latent factors or principal components K before recovering the loading
matrix and factors or computing the principal components and scores. Traditional methods to esti-
mate K include, for example, the likelihood ratio test and the screen plot (Jolliffe, 2002). For the
high-dimensional data with large covariance matrix, eigenvalues of the sample covariance matrix
or their variants have been utilized and the estimation is consistent under certain separation con-

dition of the first K eigenvalues from the remains. A popular approach is based on the ratio of
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consecutive eigenvalues (Ahn and Horenstein, 2013; Fan et al., 2016; Lam and Yao, 2012),

X A
K= aTrgIMaAX ] < «min(p,T) = (2.4.1)
it1

>

where 3\2 is the th eigenvalue of T-YYYT; while, other methods are based on the eigenvalue
differences (Onatski, 2012) or the cumulative magnitude of eigenvalues (Bai and Ng, 2002).
Under the pervasiveness assumption, i.e. Condition 2.2.2 and (iii) in Condition 2.2.3, the con-
sistency of K has been established (Fan et al., 2016; Lam and Yao, 2012). However, the rate of
the probability of consistent estimation has not been fully explored. Theorem 2.3.3 sheds light on
characterizing this rate. In fact, from Theorem 2.3.3, Ax / Ak 41 is of the order O,(p) whenp < T
and O,(T") when p > T'. In contrast, A / Aii1 i O,(1) fori # K. As an application, Theorem 2.4.1
establishes the non-asymptotic lower bound of the probability of estimating the correct number of

factors.

Theorem 2.4.1. Under Conditions 2.2.1, 2.2.2, (i),(ii) and (iv) in 2.2.3, and 2.3.1, given Y from
2.1.1) or (2.1.2), K defined in (2.4.1) satisfies

P(K = K) > 1 — 2exp(—{Ciy/max(p, T) — Cyy/min(p, T)}?), (2.4.2)

where

Tk I<i<min(p,T),i#K Aj41

1 T ' 1/4
Cl — [1 o {max(p, ))\KJr]. max )\z } ] :
C

and Cy = ¢~ *C, with C and c defined in Theorem 2.3.3.

As mentioned in Theorem 2.3.3, C' and c are positive constants that only depend on u, so that
Cy > 0 is independent of p and T'. Under Conditions 2.2.1 and 2.2.2, \; = O(p) fori =1,..., K
and \; = O(1) for i > K so that C; > 0 for sufficiently large p and 7. On the right hand
side of (2.4.2), Cy4/min(p, T') is smaller than C4/max(p,T") whenever p « T or p » T, so the

lower bound is governed by C4/max(p, T'). It is easy to see that C is large if both Ak 1/Ax and
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MaX1 <j<min(p,T),i=K i /Aiy1 are small. That is, it is easy to estimate K if the spiked eigenvalues
A1, ..., Ak are close to each other and so do the non-spiked eigenvalues Ax 1, ..., A,. Otherwise,
if \;/Aiy1 is large for some i # K, C; will be small so that the lower bound on the right hand side
of (2.4.2) will be away from 1 and implies a more challenging K to be estimated.

When p and T are close, Ca4/min(p,T") is not negligible. Notice that the lower bound in
(2.4.2) can be written as 1 — 2 exp{—C?(1 — C'p/>*T~'/2)2T"} for some positive constant C’ given
p < T. When C?(1 — C'p"/?T~1/2)2 is small, a large T is preferable to drive the lower bound close
to 1. If p > T, the lower bound in (2.4.2) can be written as 1 — 2 exp{—C?(1 — C'T"/2p~4/2)2p}
and similarly, a large p is preferable to make the lower bound approaching 1.

An alternative to , proposed by Onatski (2012), is to use the difference of consecutive eigen-

values. That is, for given § > 0 and pre-determined L, one defines
Ky=max{i <L:\— g1 = 6}, (2.4.3)

Similar to Theorem 2.4.1, we have the following result.

Theorem 2.4.2. Under Conditions 2.2.1, 2.2.2, (i),(ii) and (iv) in 2.2.3, and 2.3.1, given Y from
(2.1.1) or (2.1.2), K in (2.4.3) satisfies

K+1

]P’([A(d =K)=1-2 Z eXp(—{Cu\/T — 02\/]3}2);

where C1; = (2¢) '\ — Nij1 —0) fori = 1,..., K, Ci g1 = ¢ Y0 — Agyo + Aicq1), and
Cy = ¢ *C, with C and c defined in Theorem 2.3.3.

Under the pervasiveness assumption, Onatski (2012) established the consistency of K, 4 When
p is proportional to 7. Theorem 2.4.2 relaxes the restriction on p and 7" and provides the non-
asymptotic characterization of the probability of consistent estimation of /& by f(d. It suggests
that, for carefully selected 0 such that 0 > g0 — Agy1, K 4 and K have similar rates of the prob-

ability of consistent estimation. However, IA(d is not tuning free compared to K. Onatski (2012)
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proposed a data-driven procedure to determine §. Specifically, an iterative procedure was em-
ployed to alternatively update ¢ and IA(d until convergence. Note that Agyo = Agyq if Ure, ..., Up
are identical. In this case, an appropriate ¢ can be easily found. Otherwise, more numerical itera-
tions are required. Sometimes, K 4 may perform better than K in practice, which can be explained
using the non-asymptotic results from Theorems 2.4.1 and 2.4.2. Consider a special case where
p>T, K =1, A\ =p,and \y = --- = A\, = 1. The lower bound for K in Theorem 2.4.1 is
1 — 2exp(—{c'(1 — T~Y*)/p — ¢ *CV/T}?) while the lower bound for K, in Theorem 2.4.2
is 1 — 2exp(—{(2c) ' (p — 1 = VT — ¢ 'C/p}?) — 2exp(—{(2¢)'6v/T — ¢'C/p}?). For
a divergent p and constant 7', Ky outperforms K in terms of a higher rate of the probability of
consistent estimation whenever C' > 1 — T~ 1/4,

Different from the consecutive eigenvalue based approaches, the information criterion has also

been used to estimate K. Some of them can be interpreted as a penalized cumulative magnitude of

eigenvalues, such as

1 ~ P+ T pT
IP’(C(k)z{ﬁZ)\ﬁrka T log<p+T .

=k

where 52 is some consistent estimate of (p7’) f’::lt:l E(u?) (Bai and Ng, 2002). Then, K is
estimated by IA(m = argmin,_; PC(k) for some pre-determined L. Bai and Ng (2002) further

suggested that 52 can be replaced by (p7)~ 3._, \; in practice and the penalty term (pT)~!(p +

i>L
T)log((p+T) *'pT) can be replaced by (pT) ' (p+T) log(min(p, T')) or min(p, T') ! log(min(p, T)).
They also showed the consistency of K » when 02 is consistent and the penalty shrinks to zero as p
and 7" diverge. Notice that lA(m is entirely based on the empirical distribution of 3\2 fore=1,...,p.

Thus, its non-asymptotic properties such as the rate of the probability of consistent estimation may

also be established using Theorem 2.3.3, which we leave to the future work.

2.4.2 Estimation and Forecasting of High-Dimensional Time Series

Making forecast based on high-dimensional time series arises frequently in econometrics, fi-

nancial analysis, and meteorology. Suppose we observe Y € RP*T, where each entry y;; follows
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(2.1.1) and the zero mean K -dimensional latent process f; is governed by parametric models sat-
isfying Conditions 2.2.1 and 2.2.3. For example, Chen et al. (2018) considered a model similar to
(2.1.1) with f; following an autoregressive model whose parameters are estimated for predicting
Yis With s > T

As an application of Theorem 2.3.1, we show the consistency on estimating the moments of
f, using the spectral decomposition of Y 'Y, which guarantees the consistency of moment-based
estimators to parameters of a large realm of parametric models for f;. Denote the sample autoco-

variance function (Brockwell et al., 1991) of f; by

~ 1 T—|h|
F(h,ft) == T

hd

(Frin — E)(E - 1),

t=1

where f = 7! Zthl f;. Also, let the sample autocovariance function of ?t, the ¢th row of ﬁ, be

~ ~ 1 T—Inl ~ o~ =
L(h.f) = o 3, (o —H)(F - D),
t=1

where f = 7~ Zthl f,. In Theorem 2.4.3, we show that the sample autovariance function of

can be consistently recovered by that of ﬂ.

Theorem 2.4.3. Under Conditions 2.2.1-2.2.3, given Y from (2.1.1) or (2.1.2), f‘(h,ft) and

f‘(h, ?t) defined above satisfy, with probability at least 1 — e,

~ o~ ~ 1 /1 1

C(h,f)—Thf)|p <= -+ =

P By Btz s 5 (57 )s
foreachh=-T+1,...,0,...,T — 1

Notice that both F and F are K x K matrices. As a direct corollary of Theorem 2.4.3, we
can establish the concentration inequality for recovering the temporal dependence structure on

each dimension of f;. For each £ = 1,... ) K, denote the sample autocovariance function of
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{fu. :t =1} as

T—|h|

A(h, f) = T71 Z (Fevmpr — Fio) Fae = fi) T,
t=1

where f, = 77! Zthl fix» and also let the sample autocovariance function of { ftk :t > 1} by

T—|h|

A, fu) =T (P — AFu— AT
t=1
where A}kz T-! Zthl ftk From Theorem 2.4.3, with probability at least 1 — e¢~%, we have

~p By % 1/1 1
Ak, fu) = AR, fu)|” < - (5 n T) 5

foreach h = =T +1,...,0,...,T — 1. Similarly, denote the sample autocorrelation function
(ACF; Brockwell et al., 1991) of {fix : t > 1} by p(h, fur) = {3(0, fi)}"'F(h, fir) and the
sample partial autocorrelation function (PACF) by \TI(O, fir) = Land \if(h, fux) being the hth entry
of W (fu) where W (fu) = Ry," (fu) on(fr) with Ri(for) = {p((i = 7), fu)}ijy and pn(fix) =
(p(L, fir), ..., p(h, fu))T. Likewise, we denote the sample ACF of {ﬁk :t > 1} by ﬁ(h,ftk) =
{7(0, ﬁk)}*lﬁ(h, ftk) let the sample PACF of {ftk : > 1} be (0, ﬁk) =1, and let U(h, ftk) be
the hth entry of ¥ (f,), where W (fu) = Ry, (fu) on(fir)s Ry, (far) = {5((i — 7), fr) }lt;_, and
pr(fu) = (L, fu), - .., p(h, fu))T. From Theorem 2.4.3, we have the following results.

Theorem 2.4.4. Under Conditions 2.2.1-2.2.3, given Y from (2.1.1) or (2.1.2), for each k =

1,...,Kand h = -T +1,...,T — 1, with probability at least 1 — e*,

1 1

(8, Fu) — Pl )l < 7 (]; n T) ;
B o) = B0 )l < 7 (5 7 )
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Theorem 2.4.4 shows that sample ACF and PACF of { f;, : t > 1} can be consistently recovered
by those of { ftk : t = 1}. In addition, Theorem 2.4.4 implies that the sample ACF of f;; and ﬁk
have the common asymptotic distribution. Similar conclusions are also true for the sample PACFE.
These results will have wide applications in modeling and forecasting high-dimensional time series
by (2.1.1) along a broad class of parametric models on f;. For instance, for the autoregression
models, the sample PACF’s give the Yule-Walker estimator to the autoregressive coefficients; and
for the moving average models, the innovation estimator, which is computed from the sample

ACF’s, can be employed to estimate the moving average coefficients.

2.4.3 Spectral Properties of Large Sample Covariance Matrices
Extending results in Section 2.3 on eigenvectors fk of the scaled right Gram matrix 7 'Y Y,
we study eigenvectors of the sample covariance matrix 3, w; fori = 1,...,p. First, as an appli-

cation of Theorem 2.3.1, we characterize the deviation between w; and w, in Theorem 2.4.5.

Theorem 2.4.5. Under Conditions 2.2.1-2.2.3, given'Y from (2.1.1) or (2.1.2), E(||w; — w;|3) <

p '+ T tand Var(|w;, —w;|3) <p 2+ T *foreachi=1,..., K.

From Theorem 2.4.5, the first K eigenvectors of the sample covariance matrix converge to those
of X in probability. Together with Theorems 2.3.3, we establish the consistency on estimating
the spectral structure corresponding to the first K eigenvalues of 3 specified by (2.1.3). Notice
that no restrictions on p and 7" are imposed on this consistency. By Theorem 2.3.3, for p < T,
| — S| < T Y2p¥2 + T-1/2p, /s with probability at least 1 — e ~*. Thus, from the Davis-Kahan
Theorem (Cai et al., 2017; Davis and Kahan, 1970; Fan et al., 2018b; Yu et al., 2014) and Condition

2.2.1, we have the following corollary.

Corollary 2.4.1. Let ©(;, w;) = cos (W, w;) be the angle between w; and w;. Under Condi-

tions 2.2.1, 2.2.2, (i),(ii) and (iv) in 2.2.3, and 2.3.1, given Y from (2.1.1) or (2.1.2), it satisfies

E(|S - Be)

minz; [A; — Al

]E{sin @(’13“ ’lUZ)} < < T_1/2 + p_1/2

29



foreachi1=1,... K.

Since sin O(w;, w;) < |W; — w;|2 < 2sin O(w;, w;) with properly chosen direction of w;,
Corollary 2.4.1 gives a similar result to the Davis-Kahan Theorem in low dimension. However,
when p > T, as shown in Theorem 2.3.3, not all eigenvalues of )y necessarily converge to those of
¥ and neither does 3 converge to Y. Then, the Davis-Kahan Theorem cannot be directly applied to
3. Instead, with the low-rank structure in (2.1.2), we can establish similar results for an alternative
estimator to 3. We start with eigenvectors corresponding to the first A largest eigenvalues of
Y'Y, ie., the PCA estimator to the latent factor matrix and loading matrix. Under Condition
2.3.1, 3 in (2.1.3) can be estimated by prCA = AAT + f]u, where A is defined in Section 2.3, f]u
is a diagonal matrix with diagonal entries 67, ...,56., 07 = 77! ST a2 fori =1,...,pand

is the entry in the ith row and ¢th column of U=Y - AF". Then, similar to Corollary 2.4.1, we

have the following result.

Corollary 2.4.2. Given'Y from (2.1.1) or (2.1.2), let ©(W; pca, w;) = Cosfl('LT)ZPCAwi) be the
angle between W; pca and w;, where W; pca is the eigenvector corresponding to the ith largest
eigenvalue of iPCA. Then, under Conditions 2.2.1, 2.2.2, (i),(ii) and (iv) in 2.2.3, and 2.3.1, for
eacht=1,... K,

E(|Zpca — X
(H PCA )”IF) Sp—1/2T—1/2 —l—p_l.
min i [A; — Ay

E{sin ©(w; pca, wi)} <

Next, as an application of Theorem 2.3.2, we will show the approximation error rate to the
distribution of the standardized deviation between w; and w; by the standard normal distribution,
namely the Berry-Esseen type bound. First, we consider P; = I, — w;(w}w;) 'w)] and f’l =

-1

I, — w;(w}w,;) 'w;, which are the projectors onto the orthogonal spaces of w; and w;. First, we

will obtain the Berry-Esseen type bound for Hf’z — P;|3 in Theorem 2.4.6.
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Theorem 2.4.6. Under Conditions 2.2.1, 2.2.2, (i),(ii) and (iv) in 2.2.3, and 2.3.1, given Y from

(2.1.1) or (2.1.2), foreachi =1, ...,p,

P, — P;|? — E(|P; — P;|?
P{n I3 - E( agx}_mﬂ

sup
zeR

Var'”(|P; — Py[3)

< i 4 log(T) {10g(T)}1/2{10g(p)}1/4.

B; VT T'4B;

where B; = 2\/§HP12P2”2”Q22Q1”2 and Q; = Z];ﬁz()\l — )\j)ile.

A similar result has been documented for independent data in literature (Koltchinskii and
Lounici, 2016); while, Theorem 2.4.6 is more general by allowing temporal dependence in data. In
fact, the third term on the right hand side above quantifies the effect of temporal dependence, and
as a result, the convergence rate is slightly compromised compared to the rate under independence.
Theorem 2.4.6 leads to the following corollary, which extends the Berry-Esseen bound for random

vectors (Bobkov et al., 2018; Bobkov and Chistyakov, 2015; Goldstein et al., 2009).

Corollary 2.4.3. Under Conditions 2.2.1, 2.2.2, (i),(ii) and (iv) in 2.2.3, and 2.3.1, given Y from
(2.1.1) or (2.1.2), for any matrix Candi = 1,...,p,

sup
zeR

5o DAl D P2

p J IPiC —P:CJ3 —E(P.C-P.CJ}) _ — B(2)
Var'/?(|P,C — P,C|32)

1 log(T) | {log(T)}"{log(p)}'/*

B VT TR B,

<

In addition, for eachi =1,...,p,

sup
zeR

N a2 . — ap. |12
p (10wl B0 i) ) g,
Var'/ (|w; —w;j3)
oL Tou() | {loa(T)} > {log(p)}
~ Bz \/T Tl/SBZ' .

Note that B; = O(,/p) fori = 1,..., K. Thus, Corollary 2.4.3 provides a uniform normal

approximation to standardized ||w; — w;||3 fori = 1,..., K. However, B; = O(1) fori > K
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so that the upper bounds in both Theorem 2.4.6 and Corollary 2.4.3 do not necessarily shrink
to zero. Therefore, as noted by Koltchinskii and Lounici (2016), the normal approximation to
|w; — w;|? for i > K may fail to hold. Together with Theorem 2.3.3, Corollary 2.4.3 shows that,
the spectral structures corresponding to the spiked eigenvalues, i.e. the first K eigenvalues of the
sample covariance matrix, provide good estimates to the corresponding spectral structures of 32,

even for p > T' for which 3 is no longer consistent to 3.

Remark 2.4.1. In practice, E(|w; — w;|3) and Var(|w; — w;||3) are unknown. To use Corol-
lary 2.4.3 for inference, we need estimate them. Koltchinskii and Lounici (2017) offered a data-
splitting procedure which splits the sample into three subsamples: the first for estimating the ex-
pectation, the second for estimating the variance, and the third for building the confidence set.
In addition, since T""YY " is naturally an empirical process, the multiplier bootstrap can been
employed to build the confidence set of w; for each 1 = 1, ..., K without data splitting for i.i.d
data (Naumov et al., 2019). Under Condition 2.2.3, y; from (2.1.1) is weakly temporal dependent

and can be approximated by some m-dependent time series Y, in the following sense,

. . N log(T)/2{10 1/4
E(|6: — wi2]e) — B(Js — i 2[37)] < L8 log(p)}

T9/8 )
- - ~ — log(T)}"*{log(p)}'*
| Var'2(|[d; — w;[3]y) — Var'(|@; — wi3]g.)] < TR ?

and | ; —w;||3 based on y; and § have the similar normal approximations (Chen et al., 2004, 2007;
Zhang and Cheng, 2018). Therefore, we can employ the following blockwise multiplier bootstrap
procedure to draw inference on w; (Zhang and Cheng, 2018), whose guarantee is provided by

Corollary 2.4.3 and the above approximation using Y.
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Algorithm: Blockwise multiplier bootstrap procedure for the inference of w;.

Input: Observations {yit}fi,tﬂ-
Step 1. Pre-specify integers by and [ such that T = brlr based on the nonparametric plug-in method
(Biihlmann and Kiinsch, 1999), the empirical criteria-based method (Hall et al., 1995) or the algorithm

in Zhang and Cheng (2018).

Step 2. Generate ejs i.i.d. from N (1,1)forj =1,...,Bands =1,...,1.

Step 3. For each j, calculate E?S =T 13T e :iT(sq)bTH Y1y,

Step 4. Foreachi = 1,..., K, denote ijS the eigenvector corresponding to the ith largest eigenvalue
of E?S and define 725 as the 1 — o percentile of {HwFJS — uAJzHg}JB:1

Output: Confidence set of w; as {w : |w — w;|3 <85} fori=1,..., K.

2.4.4 Low-rank Matrix Denoising based on Temporally Dependent Data

Low-rank matrix denoising has numerous applications such as robust video restoration (Ji et al.,
2011), hyperspectral image restoration (He et al., 2015; Zhang et al., 2013), and underdetermined
direction of arrival estimation (Pal and Vaidyanathan, 2014). Lately, the low-rank matrix denoising
in the presence of both heteroskedastic errors and dependent samples has attracted great attention

in literature (Zhang et al., 2018). Suppose we observe time series
Yit = Ty + Uit

fort=1,...,pandt =1,...,T, which can be written as
Y=X+U

where Y = {y;:}77) 1, X = {23}77 ,_, is a fixed rank-K matrix, and U = {u;;}?"" ,_|. Assume
noise matrix U satisfies Condition 2.2.3. Let X = WAV’ be the SVD, where W is a p x K

orthogonal matrix and V is a T' x K orthogonal matrix. Note that the column space of W is
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essentially that of A in (2.1.2) under Condition 2.2.1. Then we can use PCA to estimate W by

W = (ATA)"2A with the following theoretical guarantees.
Corollary 2.4.4. Suppose that p < Apin(A) < Amax(A) < p. Then W and \'4 satisfy

1 1

E{||sin©(W, W)z} < 75 + N

where | sin @(W,W)HF A ||WI\/7\\7H]F and W is a p x (p — K) orthogonal matrix such that

(W, W ) isap x porthogonal matrix.

In Corollary 2.4.4, we consider a spike model with potentially heteroskedastic errors. Like
the approximate factor model, the spiked singular values of X provide stronger signals compared
to the model used in traditional matrix denoising (Cai and Zhang, 2016; Zhang et al., 2018). To
compare, for the non-spiked signal matrix X and homoskedastic variance of U, the optimal rate
of matrix denoising using the regular SVD is E(|| sin ©(W, W)||lz) < min(p, T)~"? (Theorems
3 and 4, Cai and Zhang, 2016). Thus, Corollary 2.4.4 gives similar results to the regular SVD
(Cai and Zhang, 2016) and the diagonal-deletion SVD (Florescu and Perkins, 2016). In addition,
Theorem 4 in Zhang et al. (2018) showed that the heteroskedastic PCA can obtain the optimal rate
of matrix denoising for non-spiked signal matrix X with heteroskedastic errors. It is easy to see
that if the variance of u;; is bounded for each ¢ and ¢, the optimal rate in Zhang et al. (2018) is also
E(]| sin @(\/7\\7, W)|r) < min(p,T)~2. Hence, our result also matches the heteroskedastic PCA

(Zhang et al., 2018) in the presence of heteroskedastic errors.

2.5 Numerical studies

In this section, we perform simulation studies to further illustrate results displayed in Sections
2.3,2.4.1,and 2.4.2.

We first conduct numerical experiments to demonstrate Theorem 2.3.3. Consider model (2.1.1)
with K = 1, uy "% N(0,0.01), and three settings for latent process f;: (1) AR(1) with autore-

gressive coefficient ¢ = 0.5 and A/ (0, 1) innovation; (2) AR(1) with autoregressive coefficient
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¢ = 0.5 and tg innovation; and (3) ARMA(1, 1) with autoregressive coefficient ¢ = 0.5, moving
average coefficient § = 0.5, and N (0, 1) innovation. Two scenarios on p and 7" are considered,
p = [2T"%| and T = |2p'/?]. Based on 100 replicates, the simulation results are displayed in
Figure 2.1. From panels (al), (bl), and (cl), we can see that 3\1 converges to \; when p < T'. The
relative error |:\, /i — 1| for i = 1 converges to zero faster than those for i = 2 and 10 since ),
diverges in p while \; and Ay remain in constants. In addition, from panels (a2), (b2), and (c2),
it is noticed that 3\1 still converges to A; even for p > T while the deviations of other eigenvalues
diverge as p and 7" diverge. These patterns are commonly observed for all three settings on f;. This
matches results in Theorem 2.3.3.

Next, we demonstrate the influence of p, 7', and eigenvalues of 32 on the probability of estimat-
ing the correct number of factors using the ratio of consecutive eigenvalues in (2.4.1). Consider
model (2.1.1) with K = 3 factors and u;, i (0,25). The three components in f; are inde-
pendent and identically follow AR(1) process with autoregressive coefficient ¢ = 0.5 and N (0, 1)
innovation. We further set A such that p~'! AT A has diagonal entries {16,4,1} (panels (al) and
(a2) in Figure 2.2), {16,4, 2} (panels (b1) and (b2) in Figure 2.2), and {32, 4,2} (panels (c1) and
(c2) in Figure 2.2). For p and 7', two settings are reported: (1) 7' is fixed, p = 100, 200, . .., 1000;
and (2) pis fixed, T = 100, 200, ..., 1000. Based on 500 replicates, results on log(1—P{K = K})
are displayed in Figure 2.2. In Figure 2.2, we notice that log(1 — P{K = K}) decreases faster for
greater A\ /Ax 1 and smaller max;,x A;/A;;1. In fact, from Theorem 2.4.1, log(1 — IP’{[? = K})
is bounded by a quadratic function of 4/max(p,T) with C; and C, defined in Theorem 2.4.1.
Since c and C' in Theorem 2.3.3 only depend on the distribution of u;, Cs is same for different A.
On the other hand, as Ax/\k ;1 increases and max; .k A;/\; 1 decreases, C increases so that the
quadratic function of 4/max(p,T') has a smaller vertex and greater quadratic coefficient. Thus,
Figure 2.2 demonstrates the conclusion in Theorem 2.4.1.

Finally, we study the estimation of moments of latent factor process f; to demonstrate Theo-
rem 2.4.4. Still consider model (2.1.1) with K = 1 factor and wu; i (0,0.01). Also, we set

three models for f;: (1) AR(1) with autoregressive coefficient ¢ = 0.5 and A/(0, 1) innovation; (2)
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Figure 2.1: In the left column, p = |27"/2| (p < T), and in the right column T' = [2p'/?| (p > T). In
panels (al) and (a2), latent process f; follows setting (1); in panels (b1) and (b2), latent process f; follows
setting (2); and in panels (c1) and (c2), latent process f; follows setting (3). In panels (al), (b1), and (c1), the
relative errors |\;/\; — 1| fori = 1,2, 10 are displayed. In panels (a2), (b2), and (c2), the relative errors are
displayed for A\; and the sample eigenvalues are displayed for A2 and Ao to show that they are unbounded
in p.

AR(1) with autoregressive coefficient ¢ = 0.5 and ¢5 innovation; and (3) ARMA(1, 1) with au-
toregressive coefficient ¢ = 0.5, moving average coefficient § = 0.5 and N (0, 1) innovation. Two
settings about p and T" are considered: p = 200 with 7" = 100, 200, ..., 1000; and 7' = 200 with
p = 100,200, .. .,1000. Based on 100 replicates, |p(h, fue) — p(h, fu.)| and |U (R, fu) — (R, fur)|

versus 1" and p are displayed in log-log scale in Figures 2.3 and 2.4. For all settings, the squared
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differences for both ACF and PACF shrink to zero as p and 7" diverge. Also, in all settings, the
slopes of the log difference of ACF or PACF versus log T or log p are —1/2 (the red lines), which

confirms the established rates of convergence in Theorem 2.4.4.

,1000, T" = 500, 700, 800, 900 (left
,1000, p = 500, 700, 800,900 (right column). The diagonal entries in
p AT A are {16,4, 1} (panels (al) and (a2)), {16, 4, 2} (panels (bl) and (b2)), and {32, 4, 2} (panels (c1)
and (c2)). Points are omitted when log(1 — ]P’{IA( =K}) = K
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Figure 2.3: Log differences of ACF (first row) and PACF (second row) of {f;; : ¢ = 1} atlag h = 1, lag
h =5, and lag h = 25 for p = 200 and T' = 100, 200, . . ., 1000. The latent process follows AR(1) process
with autoregressive coefficient ¢ = 0.5 and N(0, 1) innovation in panels (al) and (a2); it follows AR(1)
process with autoregressive coefficient ¢ = 0.5 and tg innovation in panels (bl) and (b2); and it follows
ARMA(1,1) with autoregressive coefficient ¢ = 0.5, moving average coefficient § = 0.5, and N(0,1)
innovation in panels (c1) and (c2). The red solid line has slope —1/2.

2.6 Conclusions

In this paper, we scrupulously study the non-asymptotic properties of the spectral decomposi-
tion of large Gram-type matrices under the assumption that data matrix Y is governed by a factor
model. As a result, we establish the exponential tail bound for the first and second moments of
the deviation between the empirical and population eigenvectors to the right Gram matrix as well
as the Berry-Esseen type bound to characterize the Gaussian approximation of these deviations.
Technically, we successfully relax the assumption upon latent factors in the factor model, so that
the latent factor processes are no longer restricted to a subspace as stated by Condition PC1 in Bai
and Ng (2013). We also obtain the non-asymptotic tail bound of the ratio between eigenvalues of
the sample covariance matrix, and their population counterparts regardless of the size of the data
matrix. This extends the works of Bai and Yin (1993), Lam and Yao (2012), and Wang and Fan
(2017).
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Figure 2.4: Log differences of ACF (first row) and PACF (second row) of {f;; : ¢ = 1} atlag h = 1, lag
h =5, and lag h = 25 for T" = 200 and p = 100, 200, . .., 1000. The latent process follows AR(1) process
with autoregressive coefficient ¢ = 0.5 and N(0, 1) innovation in panels (al) and (a2); it follows AR(1)
process with autoregressive coefficient ¢ = 0.5 and tg innovation in panels (bl) and (b2); and it follows
ARMA(1,1) with autoregressive coefficient ¢ = 0.5, moving average coefficient § = 0.5, and N(0,1)
innovation in panels (c1) and (c2). The red solid line has slope —1/2.

With the derived non-asymptotic properties of eigenvalues of the sample covariance matrix,
we provide the non-asymptotic characterization of different consecutive-eigenvalues-based meth-
ods to estimate the number of latent factors in factor models and relate machine learning problems.
The established non-asymptotic lower bound of the probability of estimating the correct number
of factors reveal the influence of p, T" and eigenvalues of 3 on different methods. In addition, as
an application of our main results, we provide statistical guarantees on estimating the parametric
models for the latent process in dynamic or approximate factor models, so that one can make fore-
cast based on the factor models and high-dimensional time series. We also obtain non-asymptotic
properties of the spectral structure of large sample covariance matrices, including the Davis-Kahan
type perturbation result and the approximation error rate to the distribution of the standardized de-
viation between w; and w; by the standard normal distribution, i.e. the Berry-Esseen type bound.

Based on these results, it is possible to construct confidence sets for the leading eigenvectors of
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using the multiplier bootstrap. Finally, we apply our results to the low-rank matrix denoising in

the presence of heteroskedastic errors and temporal dependence in data.
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Chapter 3
Estimation and Inference of Semiparametric Factor

Model

3.1 Introduction

Jointly modeling a large and possibly divergent number of temporally evolving subjects arise
ubiquitously in statistics, econometrics, finance, biology, and environmental sciences. Statisti-
cal analysis has been successfully adopted to explain the interactions and co-movements among
the temporally evolving subjects (Hsiao, 2014; Lam and Yao, 2012; Liitkepohl, 2006; Stock and
Watson, 2002a). A prototype model with both the modulating or systematic and dependence com-
ponents is the linear model y;; = 2,3 + ¢4, ¢ = 1,...,n, t = 1,...,T, where y;; is the ob-
servation for the sth subject at time point ¢, 3 is a p-dimensional regression coefficient, z;; is the
p-dimensional covariate vector that might evolve in time, and (g4, .. ., £,;)’ is a vector time series
with possible contemporaneous correlation. Here, the number of subjects n might diverge much
faster than the number of time points 7" and p is low-dimension or fixed. To name a few appli-
cations in practice, y;; can be used to model the gene expression level or protein abundance of
the ¢th marker in a time course experiment (e.g. Desai and Storey, 2012), or the concentration of
certain air pollutant in county ¢ at day ¢ (e.g. Lindstrom et al., 2014), or daily closing prices for
asset ¢+ on market (e.g. Connor et al., 2012). As n rapidly grows, heteroscedasticity across sub-
jects becomes inevitable and brings substantial challenges to modeling, estimation and inference
(Arellano and Bond, 1991; Fan et al., 2014; Hayakawa and Pesaran, 2015). Ignoring the subject-
specific heteroscedasticity is known to lead inefficient estimation and inference on the regression
components. To battle with such challenges, carefully modeling ¢;; is needed to characterize the

remaining contemporaneous and serial correlations as well as heteroscedasticity across subjects.
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In this paper, we introduce a flexible data-driven model, in which the heteroscedasticity across
subjects and serial dependence of ¢;; are assumed to arise from a product of the subject-specific
effect and some latent stationary process. This approach is rooted in the idea of approximate factor
structure by Chamberlain and Rothschild (1983). That is, by separating the eigenvalues of covari-
ance matrix into divergent and non-divergent groups, the observed process can be approximated
by a latent factor process along with its loading (Bai, 2003; Bai and Ng, 2013; Lam and Yao, 2012;
Stock and Watson, 2002a; Wang and Wang, 2018). Specifically, motivated by Connor and Linton
(2007), Connor et al. (2012), and Fan et al. (2016), we model the subject-specific effect in the
covariance by g(x;) = (g1(x;), ..., gx(x;))’ with time invariant covariates x; and nonparamet-
ric functions ¢y, ..., gx. In practice, x; could be the genetic information in the health study or
the market capitalization in finance applications. Then, we consider a /K'-dimensional zero-mean
process f;, and introduce the subject-specific heteroscedasticity model with latent semiparametric

factor structure as

Vi = 243 + g(x;) fi + u, (3.1.1)

where the residual process u;; is independent of f;. Analogous to the traditional factor models,
g(x;) and f; serve as the loading and factor, respectively. Particularly, g(«;) models the desired
heteroscedasticity across subjects and, together with f;, retains the cross-sectional dependence
while f; and u;; characterize the serial dependence. Model (3.1.1) features a large number of
widely used statistical models. For example, when f; is degenerate, (3.1.1) reduces to the partially
linear additive models (Bouzebda and Chokri, 2014; Tan et al., 2016); when g(x;) is known and
f: follows a Gaussian distribution, (3.1.1) is a linear mixed model (Rabe-Hesketh and Skrondal,
2004); when index 7 is replaced by a one-dimensional spatial location, (3.1.1) is analogous to the
spatio-temporal model (Lu et al., 2009); when g(-) degenerate to constant functions, (3.1.1) is
equivalent to the traditional factor models (Bai, 2003; Chamberlain and Rothschild, 1983; Lam
and Yao, 2012; Stock and Watson, 2002a) or the panel data model with unobservable interactive

effects (Ahn et al., 2001b; Bai, 2009b; Bai et al., 2014; Moon and Weidner, 2017b).
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Like the partially linear model or the linear mixed model, though ordinary least squares (OLS)
estimator of 3 is consistent, it is not efficient without taking the unknown dependence into account.
That is, a careful estimation on the unobserved loading g(;) and accurate recovery of the latent
process f; are in need to guarantee some sort of efficiency in both estimation and inference on 3.
In the literature, there exist a variety of approaches to estimate g(«;) and f;. For instance, Connor
and Linton (2007) employed a kernel method to estimate f; given a; with finite values, and Connor
et al. (2012) extended such estimate for general ;. Additionally, the consistency on estimating
the loading and latent factor, along with an important result that such consistency requires no
specific relationship between 7" and n (Fan et al., 2016), also shed lights upon estimating the large
covariance matrix under assumptions of factor structures (Fan et al., 2013). Motivated from these
pioneering works, we propose a two-stage projection-based estimator for 3, g(x;), and f; in model
(3.1.1). Roughly speaking, adapting a projection-based principal component type estimator (Bai,
2003; Fan et al., 2016), we first estimate g(x;) and f; from y;; — zétéo for some initial consistent
estimator @0. Next, in the second stage, we update the estimate of 3 with a generalized least
squares (GLS) type approach using estimates of g(«;) and f; from the first-stage.

Theoretically, the asymptotic properties such as consistency on estimating g(x;) and f; are
not sufficient to guarantee the consistency and, particularly the efficiency, of the second-stage
estimator on 3 (Baltagi, 2008; Greene, 2003). To circumvent these challenges, a major theoretical
contribution of this paper is to carefully carry out the non-asymptotic analysis on the projection-
based estimator on g(x;) and f;, by which we show that the consistency on estimating g(x;)
and f; is free from restrictions on the relationship between n and 7. Then, with the derived
exponential-type bounds on estimating g(x;) and f;, we characterize the non-asymptotic deviation
of the proposed two-stage estimator on 3 from the oracle GLS with full access to g(«;) and
f:. These nontrivial non-asymptotic results show that our proposed two-stage estimator of 3 is
overwhelmingly close to the oracle GLS, and so do their first and second moments. We thereby
establish the efficiency on the proposed estimator on 3. Also, we obtain the asymptotic normality

of the two-stage estimator on 3 for drawing inference.
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The paper is organized as follows. In Section 3.2.1, we detail our model and discuss conditions
for its identification. In Section 3.2.2, we introduce the two-stage projection-based estimation
procedure on the loading, latent factor processes, and regression coefficients. We carry out the
non-asymptotic analysis of our estimator and carefully explore its efficiency on estimating the
regression coefficients in Section 3.3. Inference on the regression coefficients is presented in Sec-
tion 3.4. In Section 3.5, we discuss the determination of the unknown dimension K of the latent
process f; and introduce a novel data-drive approach different from the existing eigenvalue-ratio
based procedures. Sections 3.6 and 3.7 present extensive numerical studies and an application on
air quality and energy consumption data in the United States to demonstrate the proposed method.
The paper concludes with some discussions in Section 3.8. Technical details, proofs of main theo-
rems, and extra simulations including the empirical performance of our procedure on selecting /'

are retained in the supplementary files.

3.2 Methodology

3.2.1 A heteroscedasticity model with latent semiparametric factor struc-

ture

Consider an n x 1 vector of temporally evolving subjects y; = (Y1, - - -, Ynt)" along with p-
dimensional covariates z;; and d-dimensional time invariant factors x; associated with the 7th sub-
ject. Our objective is to study the long run movement of y;; with respect to z;; and model the
dependence, over time, of each component of y; and across components, where the heteroscedas-
ticity across subjects is accountable via x;. In our baseline formulation, each subject is mod-
eled by a multi-factor linear model y;; = 2,8 + ¢; (Bianchi et al., 2019) fori = 1,...,n and
t=1,...,T, where 8 = (f1,...,0,) is a p-dimensional vector of regression coefficients com-
mon across subjects. As discussed in the introduction, we adopt the semiparametric factor model
it = g(x;)' fi+uy, where the loading function g(x;) : R? — R accounts for the subject-specific
heteroscedasticity and contemporaneous dependence and the K -dimensional latent factor process

f+ models the serial dependence. This leads to model (3.1.1).
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The unknown smooth functions gx(a;)’s can be further modeled in the additive fashion on
R? without losing flexibility yet providing some concision in techniques. That is, g(x;) =
ZZ=1 gre(xi0); see, for instance, Hastie and Tibshirani (1986) and Connor et al. (2012). Func-
tion g provides structure flexible enough to allow dependence between {z;;}i<n i< and {x;}i<,.

fo) + zl(tl) where zfo) and x; are jointly distributed, and zi(tl) is some

For instance, consider z;; = z
independent process. By assuming g from a Holder space with no linear functions dwelling in
(Condition 3.3.4 in Section 3.3), (3.1.1) remains identifiable. In addition, assume that f;; has zero
mean and finite variance for each k, ¢, the error process wu;; has zero mean and finite variance for
each ¢, ¢ and is independent from f;, and f;, u;; are independent from x; and z;;, the cross co-
variance of y; is Cov(vit, yjs|@i, ;) = g(x;) Cov(fi, fs)g(x;) + Cov(ui, u;s) for any i, j, ¢, s.
Enlightened by this discussion, our proposed model reaches beyond the existing literature (Bai
et al., 2014; Bianchi et al., 2019) in the way that the intertemporal and intratemporal dependence
as well as the subject-specific heteroscedasticity are modeled simultaneously by f; and g. Our
model also enriches the toolkit for modeling multivariate time series. Compared to the traditional

models (Basu and Reinsel, 1993; Liitkepohl, 2006), our framework remains valid even when the

number of time series is much larger than the number of time points.

Foreacht,let Z, = (21, ..., Zn)'s wp = (Uyy, . . ., Uy), and denote the n x K matrix of gx(x;)
by G = (g(x1),...,g9(x,)), (3.1.1) can be re-written in a more compact form
Yy = 2,8+ Gf + uy. (3.2.1)

Similar to the traditional factor models, G and f; are not separately identifiable. We need the
following conditions on the model structures to control the rank and scale of latent loading function

and factor process for model identification.

Condition 3.2.1. The rank of G is K. For each t, fy,..., fx: are uncorrelated with each other
and have zero mean and unit variance; Uy, . . ., Uy are uncorrelated with each other and have

zero mean and finite variances. In addition, Z,, f, and u, are uncorrelated from each other.
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Condition 3.2.1 corresponds to conditions discussed after (1.1) in Chamberlain and Rothschild
(1983) and also Condition (C1) in Lam and Yao (2012) (with diagonal X, and integer k herein).
It guarantees the identifiability of the column space of G. To further identify G from its column
space, consider 7" unnecessarily independent replicates Y = (y1,...,yr) and Z = (Zy, ..., Zr).

LetF = (fi,...,fr) and U = (uq,...,ur), (3.2.1) reads

Y=ZIr®B)+GF +U (3.2.2)

where ® denotes the Kronecker product. The following condition guarantees the identification of

G in (3.2.2) and therefore that in (3.1.1).
Condition 3.2.2. Almost surely, T 'F'F = 1;, and G'G is diagonal with distinct entries.

First part of this condition is the PC1 condition of Bai and Ng (2013) and has been commonly
adopted in factor analysis (Hallin and Liska, 2008; Moench and Ng, 2011; Wang, 2008). Note that
the identification condition on F is compatible with Condition 3.2.1 as 7 'F'F is an estimator
of Var(f;). Under Condition 3.2.2, we can identify GH and FH for some K x K orthogonal
matrix H with H = I + o(min(n,T)™") (Bai and Ng, 2013). The distinction among entries of
G’G prevents rotational indeterminacy.

In contrast to the approximate factor model that allows cross-sectional dependence among wu,
the assumption on u;; in Condition 3.2.1 is designated for efficiently estimating 3 without any
restrictions on n and 7. In fact, in the absence of the modulating component in (3.2.2), mild
cross-sectional dependence of u;; across ¢ will not affect the estimation on G and F. On the other
hand, without Condition 3.2.1 on u;, a consistent estimate on Cov(u;) is required for efficiently
estimating 3. This will demand some conditions on n and 7, such as y/nlog(n) = o(T) (Fan

et al., 2013; Wang and Fan, 2017), which is more stringent in comparison to those in Section 3.3.
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3.2.2 Two-stage projection-based estimation
First-stage estimation: projection-based estimator of G and F

Given some preliminary estimator 3° satisfying |3° — B[ = Op(n V2T 1/2) for o €
[0,1/2),1et Y = Y — Z(I; ® 3°) and U = U + Z{I; ® (3 — 8°)}. In general, such 3° exists as
discussed in Section B.2.5 in the supplementary file. Thus, (3.1.1), or equivalently (3.2.2), can be

expressed as

~ ~

Y = GF' + U. (3.2.3)

A naive approach is to estimate G and F via principal component analysis (PCA). That is, the
columns of F/ /T are estimated using eigenvectors corresponding to the first X largest eigenval-
ues of the T x T matrix Y'Y, and G is estimated by right projecting T-1Y onto the estimated F.
This method, however, takes into no account for the functional structure of g in G or the smooth
variation of {g;,}" , from (3.2.3) against x; at each ¢. Fan et al. (2016) proposed a projected prin-
cipal component approach by smoothing {¥;:}, as a function of x; at each ¢ before implementing
the aforementioned principal component estimation. Motivated by this, we replace Y by PY for
some projection P onto a linear space spanned by a set of basis functions. Not only leveraging
the smoothness, but P can also be constructed to be orthogonal to errors U so that the subsequent
PCA procedure is approximately error-less.

To begin with, let H be a linear space spanned by a sequence of orthonormal basis functions
{po(x) =1, ¢1(x), Po(x),... ¢ps(x)}. Foreachk =1,... K,i=1,...,n,and ¢ = 1,...,d, we
have gre(ir) = boge + ijl bjked;(Tie) + Rye(xie), where {b; s} ;< are the coefficients and Ry,
is the approximation or projection error. Assume Jd + 1 < n so that the coefficients are estimable.
Denote, foreachk = 1,..., K andi =1,...,n, b = (bo g, b1k1,---,05k1s- - b1kds -5 bskd)s
where by j, = \/ijzl bo.ke, and
0i = (LT, p1(xi1), ..., o5(xi1), ..., 01(xia), - .., ds(xiq)). Then, it admits g (x;) = @by, +
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30 | Rye(xi¢) and (3.2.3) can be rewritten as
Y = (B + R)F' + U, (3.2.4)

where ® = (¢1,...,%,), B = (by,...,bg),and R = {37 | ng(xig)}?;szl. Then, we let P =
®(P'®P) '®’ and apply the PCA procedure to projected data matrix PY. Thatis, we estimate F by
letting the columns of F /V/T be the eigenvectors corresponding to the first K largest eigenvalues

of Y'PY and estimate G by G = T-'PYF. Moreover, B is estimated by B = (<I>’<I>)_1<I>’S~(']?‘.

Second-stage estimation: GLS-type estimator of 3
First, consider an averaged version of (3.2.2) over t, y = Z,3+ GT ! Zthl fi+T71 Zle uy,
where Zy = T7! Zthl Z,and y = T Zthl y;. Conditional on Z;’s and x;’s, Condition 3.2.1

implies that the variance of n x 1 vector ¥ is

| T
V=GV — G +D 3.25
ar (T 2, ft> +D, (32.5)
where the n xn diagonal matrix D has diagonal entries Var(T ' S_ uy,), ..., Var(T—1 307 w).

Then, (3.2.5) naturally leads to the oracle GLS-type estimate of 3,
B = (V7)) ZyV . (3.2.6)

With the full knowledge on G and F in (3.2.2), V in (3.2.6) can be estimated as following. Let f =
T30 | foitis known that Var(T-' 3 f) = T2 0 (T — [t))Z4(t), where 2 4(s) =
Cov(fi, fi+s) and 3 (—s) = Cov(fi_s, fi) can be estimated by if(s) = (T —s) " X0°(f -
F(Fres—F)Y and Ey(—s) = (T — )L (fis — F)(f: — f)' for s = 0, respectively. Hence,

operator

T—1
V) =2 Y (=)0 (3.27)
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defines an estimator of Var(T~' Y ;) in (3.2.5). Similarly, we define V (u;;) as the estima-
tor of Var(T~' 3" u;) for each i = 1,...,n and the n x n diagonal matrix with diagonals
V (uyg), ...,V (uy) provides estimate of D in (3.2.5).

The oracle GLS estimator B is not accessible as it depends on the full knowledge on f; and
u;. Motivated by E, an improved estimate for 3 can be obtained by replacing G and F with G
and F in (3.2.6), respectively. Specifically, with F from the first-stage, we can further approximate
V(f,) and V(uz) in (3.2.5) by V(£,) and V (i) respectively, where V() is defined in (3.2.7), £,
is the tth row of f‘, and u; is the tth column of corresponding U=Y-GF. Then, we define the
estimator of V by

V =GV(f,)G + D, (3.2.8)

where D is the n x n diagonal matrix with diagonals V (@) , .. .,V (iin) and arrive at the TwO-

stage Projection-based Estimator (TOPE) of 3
3= (Zg\?*zo)_ 7V, (3.2.9)

The detailed computation is summarized in Algorithm 1.

Algorithm 1. TOPE (Two-stage projection-based estimator)

Input: Data {(y;, x;, Zit”?ﬁ,t:p pre-determined K, and matrix of basis functions ®.
Procedure:
1: For a given preliminary estimator 3°, compute Y = Y — Z(I+ ® 3°).
2: First-stage: estimate F by letting the columns of F/ VT be the elgenvectors corresponding to
the first K largest elgenvalues of Y'PY and estimate G by G = PYF/T
3: Second-stage: compute V= GV(ft)G’ +Dasin (3.2.8), where ft is the tth row of F and
u, is the tth column of U and calculate TOPE in (3.2.9).

Output: F, G, 3, and V.

Alternative to TOPE, one can first project Y using (I, — P), where P = ®(®'®)~'®. Then,
(3.1.1) or (3.2.2) leads to (I, — P)Y = (I, — P)Z(Ir ® B3) + RF’ + (I, — P)U, and 3 can

be directly estimated via OLS. This is similar to the procedure of profile likelihood (Fan et al.,
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2005) or restricted maximum likelihood (Jiang et al., 1996). However, the validity of this approach
relies on the assumption that Z and @ are linearly independent, which is more restricted than that
of TOPE. Another seemingly straightforward approach is to project Y using (I, — PN’Z) where
Py = Z(Z'Z)='Z' and perform PCA on (I, — Pz)Y ~ (I, — Pz)GF’ to estimate the loading
and latent process. Though such an estimate of F remains consistent, as also noted by Wang et al.
(2017), this approach only identify the part of the latent structure that is orthogonal to Z. That is,
one can only obtain a consistent estimate of (I, — f’z)G, and in particular G + f’zA is also a valid

estimator for any n x K matrix A.

3.3 Theoretical properties

We first collect some notation throughout the remaining sections. For vectora = (ay,...,a,)" €
RP, its {g-norm is defined by |la|l, = (X7, |a;|%)"/% with 1 < ¢ < co. For a matrix M =
(mij)i<ij<p € RP*P, write |M|max = max;; |m;;| to be the maximum norm and || M|y =
(X7, 20, mi;)"? to be the Frobenius norm. The spectral norm of matrix M corresponds to
its largest singular value, defined as || M||y = sup,eg ||Mal|2, where S = {a € R? : ||al|> = 1}.
We write I for an identify matrix. For sequences {a,} and {b,}, a,, = o(b,) if a,/b, — 0 as
n — o and a, = O(b,) if imsup,,_,, |a,|/b, < ©; X,, = 0,(a,) and X,, = Op(a,) are simi-
larly defined for a sequence of random variables X,,; a,, < b, if and only if a,, < Cb,, for some
C independent of n; and a,, = b, if and only if there exists C, D independent on n such that
C|b,| < |an| < D|by|. Denote % and 4, as the convergence in probability and in distribution,
respectively. Unless specified otherwise, 6 > 0 and C' > 0 denote generic constants independent

of n, T, p.

3.3.1 Preliminaries

We impose the following conditions on our model, in addition to Condition 3.2.1.

Condition 3.3.1. With probability at least 1—5, 1-n"110g(1/8) < Amin (07'G'G) € Apax (n71G'G) <
14+ ntlog(1/4).
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Condition 3.3.2. The density of x; € X%, where X < R is compact, is bounded away from zero

and infinity,
Condition 3.3.3. (Accuracy of the sieve approximation)

(i) Foreach{ = 1,...,d, k = 1,..., K, the loading function g,(-) belongs to a Holder class
G =1{g:19"(s) — g ()| < L|s — t|*} for some L > 0.

2
(ii) For k =2(r + o) = 4, sup,ey |gre(x) — Z}]:1 bijepi(x)| < J7F.

(iii) It admits maxy, i, b} ;, < o0,

Condition 3.3.1 is similar to the pervasive condition on loading matrix in the traditional factor
model (Stock and Watson, 2002a). Since GG’ and G'G have their first K largest eigenvalues in
common, the K largest eigenvalues of G’G also diverges in n. This condition ensures that ; has
non-vanishing explaining power on loading so that G'G has spiked eigenvalues. Condition 3.3.2
is standard in the literature of nonparametric and semiparametric statistics (Huang et al., 2004;
Liang et al., 2009; Stone, 1985). Here, our model allows x; to be dependent across subjects and
non-stationary in ¢. The accuracy of sieve approximation in Condition 3.3.3 can be obtained by

common basis like polynomial or B-splines (Chen, 2007; Fan et al., 2016; Lorentz, 1966).
Condition 3.3.4. For Zy = T~} Zthl Z,, almost surely, we have
(i) for eachn and T, eigenvalues of n=*ZyZy are bounded away from 0 and infinity;

(i) |PzG|r = O(n®) for each n and T and some o € [0,1/2), where Pz is the projection

matrix on Zy.

Condition 3.3.4 (i) is similar to the standard condition on the design matrix in linear model that
ZyZo/n converges in n. Similar to conditions for semiparametric models in Robinson (1988), (ii)
guarantees identifications between the parametric and nonparametric parts in our model. Particu-
larly, it allows dependence between z;; and x;. If ; and Z are dependent, as mentioned in Section

3.2.1, function class G in Condition 3.3.3 must exclude linear functions, where (ii) is the empirical

51



characterization of such an exclusion condition. Overall, Condition 3.3.4 guarantees the existence
of the consistent preliminary estimator BO in the first stage of TOPE.

At last, we impose some widely-used conditions (Bai, 2003; Stock and Watson, 2002a) regard-
ing the serial dependence and stationarity on { f;, u;} as well as their tail behavior. Denote F°
and F° the o-algebra generated by {(f;,u;) : t < 0} and {(f;,u;) : t = T}, and recall the

a-mixing coefficient as a(T') = supaero  perz [P(A)P(B) — P(A n B)|.
Condition 3.3.5. (Serial dependence, stationarity, and tail behavior)

(i) {wy, fi}i<r are strictly stationary with zero mean and finite long run variances.

(ii) There exist r1,Cy > 0 such that for all T > 0, ao(T') < exp(—C1T™).

V> 1 and bi,by > 0 such

(iii) Exponential tail: there exist ro,73 > 1 with 7“1_1 + 7“2_1 + 73
that for each i,k,t and any s > 0, P(|uy| > s) < exp{—(s/b1)"} and P(|fu| > s) <

exp{—(s/b2)"}.

3.3.2 Statistical guarantees

To establish the statistical guarantees of TOPE for (3.2.2) as well as (3.1.1), we carry out a
non-asymptotic analysis of F and G first, then derive a non-asymptotic bound of the error for
estimating 3 using 3. Following this, we obtain a non-asymptotic result of Var(3) in comparison

to that of GLS estimator B to study the efficiency of TOPE.

Theorem 3.3.1. Suppose that Conditions 3.2.1, 3.2.2, and 3.3.1-3.3.5 hold, and assume J =

o(n'=2%). With probability at least 1 — §, we have

1~ 1 »? 1
—IF-F2<(=+—-2— +—)log(1/s

1, A J p?J p*J 1
G- s (e i+ i+ ) (s,

~ J p*J ptJ 1
BBl = (5 + g+ s + e ) w1/

52



In contrast to the known asymptotic properties of F and G for traditional and semiparamet-
ric factor models with divergent n an 7' (Bai and Ng, 2013; Fan et al., 2016), Theorem 3.3.1
provides finite sample performance of F and G. Given a finite p, the rates obtained in Theo-
rem 3.3.1 agree with the asymptotic results in Fan et al. (2016) as expected. Also, whenever
p = o(n'/?=oT\ 2 J=1/2), F and G are consistent in mean squared errors. Especially, for finite p,
this consistency does not require 7' diverging to infinity which enables our method to be used for
modeling a large number of short time series in practice. More importantly, the non-asymptotic
results in Theorem 3.3.1 make it possible to establish the following finite sample results on both 3

and its variance-covariance matrix with respect to GLS estimator 5 as defined in (3.2.6).

Theorem 3.3.2. Under conditions in Theorem 3.3.1, with probability at least 1 — 0,

o~ 1 J 1 1 J 1
||ﬂ_ﬁ2$ﬁ{%+%+f+ %S;/;JTJFJ(KUQ}\/W’

where B is the GLS estimator of 3 with full knowledge of G and F as in Section 3.2.2. In addition,

) v, < P

where O, 7 = n  JY2 4 V2 4 TL 4 pJ2p12kap=1/2 4 J-(e=D)/2

The nontrivial finite sample results in Theorem 3.3.2 imply that the deviation between 3 and
@ is due to: (i) the errors in estimating G with rate n~ V27 Y2(n =1 JY2 4 p V2 V/2te-1/2 4
J~(=1)/2) (i) the errors in estimating F with rate n="/27=1/2(n=1/2 4 T~=1 4 pp=1/2+ep-1/2 4
J~*/2), and (iii) the deviation between V(f;) and Var(T—' Y1 f,) with rate n~1/273/2,

Let |[A|g := n~/?|S~/2AS~"/?||, and define a class of estimator to 3 with respect to working
covariance V, by O, = {3, = (ZgV o) ZGV 'g  |[ Ve = Vv < ¢}, where GLS estimator
B € Oy, the TOPE 3 € ©y, ., by Theorem 3.3.1, and OLS estimator B°S € O, by Proposition
B.2.5 in the supplementary file. From the proof of Theorem 3.3.2, |8, — B2 = O, (n=Y2T=Y2¢)
forany B¢ € ©c. Thus, | B¢ — B2 = O,p(n~*T~Y2)if ¢ = O(1) and | B¢ — B2 = 0p(n~ 2T ~1/2)
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Figure 3.1: A schematic about different estimators to 3 in (3.1.1), where 3 is the TOPE estimator and 5 is
the oracle GLS estimator with full knowledge on G and F'.

if ( = o(1). With heteroscedasticity across subjects and/or autocorrelation, GLS is known to
be efficient in general (Baltagi, 2008; Greene, 2003). Particularly, for (3.2.2), GLS estimator 5
is unbiased and efficient in O, given the full information on G and X,(¢) for each t = 1 —
T,...,T — 1. Therefore, Theorem 3.3.2 implies that the TOPE f3 is asymptotically unbiased, and
given p,, r; = o(1), the non-asymptotic difference between the variances of 3 and ,@ is bounded
by a rate smaller than (nT)~*, which is the rate of Var(3). That is, the TOPE @ is asymptotically
efficient in ©. This discussion is visualized in Figure 3.1.

As a final remark, the following theorem establishes results analogous to Theorem 3.3.1 in the

max norm and shares common observations with Wang and Fan (2017) and Barigozzi et al. (2018).

Theorem 3.3.3. For model (3.2.2), under the same conditions of Theorem 3.3.1, with probability

at least 1 — 9,

~ 1 p? 1 .

|F — Flmax < (\/—ﬁ + Tt + Jw) {log(T)}¥™ log(1/5),

N (T + p*>n®)log(n) 1 p? 1

- max § = 1 1 5 s

Gl {\/ T tm T aer e ( loel/0)
~ (T + p*>n®)log(n) 1 p? 1

B - By < — log(1/6).
|| | {\/ T t T ey e (loe1/9)
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3.4 TOPE-based inference

The following theorem paves a way for drawing inference on 3 based on the TOPE. In general,
the expectation with respect to {Z;, x;} is unknown as their joint distribution is not accessible.
To draw inference about (3 in practice, (ii) below establishes the asymptotic distribution of 3

conditional on {Z;, ;}.

Theorem 3.4.1. Under Conditions 3.2.1 and 3.3.1-3.3.5 and J = o(y/n), we have
(i) with ¥ = Bz, x {(ZyV"'Ze)™"}, =728 - 8) 5 N(0,1,);
(ii) conditional on Z; and x;, (ZyN ' Zo)*(B — 3) <4 N(o, L,).

Replacing V in Theorem 3.4.1 (i1) by V= éV(j?t)(A}’ +D from (3.2.8), for any estimable C(3

with ¢ x p matrix C and ¢ < p, a 100(1 — a))% confidence set is given by
CSc = {Cﬁ :(CB — CB)I{C(ZB\?*IZO)AC/}A(CB —CpB) < Xﬁ,ka} G4.1)

where x2, ,, is the 100(1 — )% quantile of x2 distribution. Furthermore, for each ¢ = 1,...,p,

denote o7 the /(th diagonal entry of (Z{V~'7Z)™', a 100(1 — «)% confidence interval for the ¢th

entry of 3, 3y, is given by
Cly = [Br — 5,071 — a/2), By + 5,071 (1 — a/2)]. (3.4.2)

where ®(-) is the cumulative distribution function of standard normal.

When rows of C are the natural basis of RP, (3.4.1) provides a confidence set of a subset of
B. To draw inference on individual entries of 3, (3.4.2) provides a natural alternative to (3.4.1).
For a subset of 3 with multiple components, correction such as the Bonferroni procedure can
be applied to (3.4.2) to control family-wise error rate. Moreover, Theorem 3.4.1 implies that
P (|8 =Bl >¢) < pexp(—e*p~'o~2), where o2 can be estimated by the minimum diagonal

A~

of (Z4V'Zy)"'. A uniform confidence set for 3 at level 100(1 — )% is given by CI' = {3 :

B¢ — Be| < 6+/plog(p/a), L =1,...,p}.
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To draw inference on the explaining power of covariates a; on the dependence structure of data,
Fan et al. (2016) proposed a semiparametric specification testing statistic Sg = tr{(EN" Y’ \?]?‘)*1]?"
Y’ P?f‘} where columns of F / VT are the eigenvectors corresponding to the K largest eigenval-
ues of Y'Y In addition to Conditions 3.3.1-3.3.5, assuming T%3 = o(n), n{log(n)}* = o(T?),
J = o(min{y/n, VT}), and max{T/n,n} = o(J%), we have (nS¢ — JAK)(2JdK) /2 %
N(0,1) whenever G(X) = 0. Thus, we can test Hy : G(X) = 0 almost surely. Thus, Sg

provides a diagnostic tool for the proposed model (3.1.1) or (3.2.2).

3.5 Determining the number of factors K

In our model, the dimension of latent process f; or the number of loading functions g (x;), . . .,
gr (@;), K is unknown in practice and needs to be estimated. Once a consistent estimator of K is
obtained, all results achieved can be naturally carried over using a standard conditioning argument.

When the number of subjects n is much less than the number of time points 7', subjective
methods such as scree plot of eigenvalues, distribution-based test such as Bartlett’s test, and com-
putational intensive method such as cross-validation can be employed to determine K (Jolliffe,
2002). When n » T, relying on the fact that the K largest eigenvalues of the sample covariance
matrix grow fast as n increases and others remain slowly growing or bounded, the eigenvalue ra-
tio estimator/procedure has been widely used to provide consistent estimation of K. Specifically,
Lam and Yao (2012) and Ahn and Horenstein (2013) proposed to select K corresponding to the
largest ratio of the adjacent eigenvalues of YY'. For model (3.1.1), it is naturally to work with
PY (Fan et al., 2016). In fact, as the non-vanishing eigenvalues of PY (PY) and (PY)'PY are
same, it suffices to focus on the eigenvalues of matrix Y'PY. That is, denote )\k(\?’ P\?) the k-th
largest eigenvalue of Y'PY. Assuming K < Jd/2, which can be achieved by increasing J, the

eigenvalue ratio procedure selects K as

M (Y'PY)
Aes1 (Y'PY)

K = argmaXo < jd/2
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Under Conditions 3.2.1, 3.3.1-3.3.5, and Assumption 6.1 in Fan et al. (2016), as n and 7" go to
infinity, it is known that P(K = K) — 1if J = o(min{y/n,v/T}) and K < Jd/2. Hence, the

eigenvalue ratio procedure provides a consistent estimator on K.

3.5.1 A high-dimensional white noise (HDWN) testing-based procedure

In this section, motivated from the recent development on testing high-dimensional white noise
(Chang et al., 2017; Li et al., 2019), we propose a different procedure to determine X compared
to the eigenvalue ratio method. To motivate our method, we first consider a detrended model that
y: = Gf; + u, with independent process f; and u;, where u, is white noise but not f;. Then,
(I, — P)y, is a white noise if and only if PG = G. That is, any projection P making (I, — P)y,
white noise must admit rank greater than or equal to n — K. Therefore, the determination of K can
be achieved via sequentially testing multivariate, potentially high-dimensional, white noise with
respect to P’s.

Motivated from above, for the proposed model (3.1.1) or (3.2.2), denote V and B some con-
sistent estimators of V and 3, respectively, such as thresholding estimator (Bickel and Levina,
2008b) or POET-estimator (Fan et al., 2013) and OLS 3°S. Given each K, > 1, denote ¥; the

eigenvector associate to the i-th largest eigenvalue of V and consider projection

~

P\NI = I’Vl - (:)\/K(H-l? s 7771),‘

Then, let w, = (I, — Pg,)y; fort = 1,...,T, where 3§, = y; — Zté. For the to-be-determined

dimension K of factor process f; in (3.1.1) or (3.2.2) and a prescribed K, testing
HQ(K()) K< K() V.S. Hl(Ko) K > Ko
is therefore equivalent to test

Hy(Ky) : W, is white noise v.s. H;(Kg) : not Ho(Kp). (3.5.1)
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Therefore, we will test (3.5.1) for each Ky > 1 and let
K = argmin{0 < Ko < min(n, T : such that Hy(K,) fails to be rejected}.

To that end, we employed the test by Chang et al. (2017). Foreach s = 1,. .., .S with prescribed
integer S > 1, denote £(s) = T+ 3" iy, ., and pi;(s) the entry of diag{3(0)}~/25(s)
diag{33(0)} /2. Consider testing statistic

Cr=VT max  max  |py;(s)].

1<s<S 1<i,j<n— Ko

To specify the critical value cv,, that P({(z > cv,) = «, similar to Chang et al. (2017), we first

show the following result on normal approximation.

Theorem 3.5.1. Under Conditions 3.2.1 and 3.3.5, assume that log(n) < T for some 11 > 0.
Then there exists G ~ N(0,Zr) withEqp = (IsQT)E(&7€,) (IsQT), where T = diag{3(0)}~/?®
diag{3(0)} 2 and & = VTvec{S (1)}, . .., vec{S(S)VY, such that under Hy(K,),

sup sup |P({r > s) = P(|G|ex > s)| = 0as T — 0.
Ko<K 520

By Theorem 3.5.1 and Lemma 3.1 in Chernozhukov et al. (2013), cv, can be empirically
determined by Monte Carlo samples drawn from N(O, éT), where éT is some estimate of =
(Andrews, 1991; Chang et al., 2017). Then, we will reject f[o(Ko) whenever (1 exceeds such a
(V. The following theorem from Chang et al. (2017) guarantees the validity of this test for (3.5.1)

with each prescribed K.
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Algorithm 1: HDWN Testing-Based Procedure for Selecting A

Input: Observations {(y;, Zit)}?f;t:l, V and B as the estimators to V and 3 discussed in
Section 3.5.1, lag S, and «,, = C'n™" for constants C' > 0 and ¢ > 0.

WN testing statistic

1: Detrend data by g, := y; — Zté fort=1,...,T.

n—Kop

2: Foreach Ky > 1,1 < s < S, compute {p;;(s)};",2}-

3: Calculate the WN testing statistic (7 = /T Max; <.« MaxXi < j<n_x, |0ij (5)]-
Critical value
1: Let W, = (vec(wwy)), ..., vec(wypswy)') fort =1,..., 7T — S.
2: For K(z) = 25(12722?) {(67z/5) ' sin(6mz/5) — cos(6wx/5)} with K(0) = 1 and data-

driven bandwidth b1 (Andrews, 1991), calculate

N T-S N T-5-1 N
S(s)= >, (T=8)""WW, ,Jr= > K(t/br)S(t).
t=|s|+1 t=—T+5+1

3: Compute 27 = (Is ® D) (Is @ T') where I' = diag{3(0)}~"2 @ diag{3(0)}~"/2 and
3(s) = S by, )/ T for each s.
4: Generate Gy, ...,Gp from N(0O, éT) and compute ¢V, as the [Bay,]th largest value among
1G1leos - -+ |G B|eo-
Selection of K
1: For each K > 1, perform the WN test, that is rejecting Hy(K)y) if {7 > ¢v,,,.
2: Stop at the first K that Hy(K) fails to be rejected and let K= K.

Output: Estimated K.

Theorem 3.5.2. Consider the estimator of E in the following algorithm with |KC(z)| = |z|™" as

|z| = o for T > 1 and by = T for 0 < p < min{(7 — 1)/(37),r1/(2r1 + 1)}. Under Conditions
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3.2.1 and 3.3.5, assume that log(n) < T** with 15 > 0. Let o, be a sequence approaching zero

(e.g. a, = O(n~*8) for 13 > 0), we have
(1) P((r > ¢v,,) — oy, under fIO(KO) as T — oo, and

(2) assume that Max, << MaxXi<; j<n |pij(s)| > N2(1 + er)T~2\(n, ), where 1 is the max-
imum diagonal of 21, \(n,a,) = {2log(n?9)}"2 + {2log(1/a,,)}?, and er satisfies that

er — 0 and 2 logn — oo, then P(Cr > o, ) — 1 under Hy(Ky) as T — oo.

Then, the following theorem establishes the validity of the proposed HDWN testing-based

procedure for selecting K.
Theorem 3.5.3. Under conditions in Theorems 3.5.1 and 3.5.2, inf, P(K = K) > 1as T — .

To conclude, we provide some remarks here. The K largest eigenvalues of Y'PY diverge in
rate n while the rest remains in constant. However, compared to the discrepancy among divergent
eigenvalues, the gaps between the divergent and non-divergent eigenvalues are not necessarily
large for finite sample when n is only moderately large. This mimics the scenario for testing
high-dimensional hypotheses with strong and sparse signals. As discussed in Chang et al. (2017),
statistic (r is particular powerful against such an alternative, which is also supported by empirical

numerical studies in Section B.3.4. Finally, the procedure is summarized in Algorithm 1.

3.6 Numerical studies

3.6.1 Simulation settings

For model (3.1.1) or (3.2.2), we demonstrate the finite sample performance of TOPE for both
estimation and inference in comparison to three competing methods: OLS estimator, which is
computed by ignoring heteroscedasticity across subjects and dependence; GLS estimator, which is
the traditional GLS estimator naively utilizing the first X' components of 7! Zle (y: — 9)(y; —
y) as \A/'; and last, oracle estimator, which is the TOPE with known G without using functional

approximation. To implement the TOPE, we employ the OLS as the preliminary estimator BO.
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The mean squared error (MSE) and the empirical coverage probability (ECP) of the confi-
dence region for 3 are used to compare different procedures. In addition, ||F — F||p/v/T and
|G — G||p/+/n are displayed to demonstrate estimations on G and F by the TOPE. The empirical
maximum marginal length of the confidence set (MML) is used to show the efficiency; that is, the
confidence set with ECP agreeing to the nominal level and small MML is more preferable. For
clear presentation, we display MML of different methods normalized by the largest one (the MML
of OLS, in general).

We consider n = 50, 100, 200, 500, 1000, 2000 and T" = 20, 50, 100, 200, 500; also, we set
p =4 with 3 = (1,1,1,1)" and generate i.i.d. zy; ~ N(3exp(t/30),1) foreachi = 1,...,n,
¢=1,...,p,andt =1,...,T. A similar setting was used in Huang et al. (2004). For the loading,
we set d = 3 and generate i.i.d. x; ~ U([0,1]%), then let g;(x) = 1, go(x) = 22 + 23 — 1, and
gs(x) = 22 — 2x; + x5 for K = 3. As suggested by Fan et al. (2016), with the initial realization
Gy for g1, g» and g3, we further compute Hg = G{ Gy and set G = GoHg in simulations so that
Condition 3.2.2 is satisfied.

The latent process f; consists of K = 3 independent univariate time series generated from the
same model. Specifically, we consider three dependence structures: independent in ¢, AR(1) with
autoregressive coefficient p = 0.5, and ARMA(1, 1) with autoregressive coefficient p = 0.5 and
moving average coefficient § = 0.5. In addition, three innovations are considered, including the
standard normal, centered Y2, and tg. Similar to f;, we generate n independent w; from the same
model, which includes two dependence structures: independent in £ and AR (1) with autoregressive
coefficient p = 0.5, as well as two innovations: N (0,0.01) and (x2 — 5)/10. For each setting, 500

simulations are conducted.

3.6.2 Results of TOPE

Figure 3.2 displays the MSE with respect to the log(nT") on the logarithm scale when 7" = 20
and f, are independent in ¢ or follow ARMA(1, 1) model with A/(0,1) or ¢g innovations. Addi-

tional simulation results are included in the supplementary file. In Figure 3.2, the MSEs of all
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Figure 3.2: Comparisons of the logarithm of MSE for estimating 3 by TOPE (“—o—") along those of the
oracle estimator (“ —o—"), the GLS estimator (“ —0—"), and the OLS (“~A-"). Results are about 7" = 20. In
plots (al)-(a4), fx: ~ N(0, 1) are independent in k, ¢t. In plots (b1)-(b4), fi: ~ tg are independent in &, ¢. In
plots (c1)-(c4), fr follows ARMA(1, 1) with N(0, 1) innovation for each k. In plots (d1)-(d4), fi follows
ARMA(1, 1) with tg innovation for each k. Distributions and serial correlations of u; are displayed in the
plots.

estimators reduce as n increasing. Both the TOPE and GLS perform similarly as the oracle es-
timator when f; is independent in ¢ (plots (al)-(a4), (b1)-(b4)), and all outperform the OLS; on
the other hand, sophisticated dependence on wu; slightly increases the MSE but does not alter the

convergence rate (plots (c1)-(c4), (d1)-(d4)). In addition, in the presence of dependence of f; in ¢,
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the GLS is outperformed as well while the TOPE remains its performance compared to the oracle
estimator (plots (c1)-(c4), (d1)-(d4)). In the supplementary file, additional numerical results for
settings similar to those in Figure 3.2 but with 7" = 100, 500 are reported in Figures B.4-B.7, and
results for latent factor processes f; following AR(1) settings are reported in Figures B.8-B.10 for
T = 20,100, 500. Similar observations are obtained for 7" = 20 with different settings for f;, and
overall, the differences among distinct estimators decrease as T’ increasing.

Figure 3.3 displays the estimation error of F and G in terms of ||f‘ — F|g/v/T and Hé —
G||s/+/n, which both decrease to zero when n increases. Error of G decreases as T increasing
while error of F admits similar patterns when n is large yet it slightly inflates for small »n and large
T'. This observation reflects the need of a relatively large number of subjects n to recover the latent

factor processes satisfactorily when 7’ is large.
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Figure 3.3: |F — F||r/+/T by TOPE (“~o-" ) and oracle case (“~A-") and |G — G|p/+/n by TOPE. In
(a), (b), (e), and (f), f; ~ N(0, 1) and are independent in ¢. In (c), (d), (g), and (h), f; ~ (Xg — 5) and are
independent in ¢; u;; ~ N(0,0.1) are independent in ¢.

Figures 3.4 and 3.5 display the ECP and MML with respect to different 7" and n for different
estimators. The nominal level is 0.95. In Figure 3.4, the confidence region of TOPE has ECP
close to the nominal level with a small MML. Meanwhile, the coverage probabilities of OLS and

GLS are both deviated from the nominal level and the deviation is substantial when n increases.
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Figure 3.4: Comparisons of the ECP and MML of 95% confidence region of TOPE (“~o-" for ECP and
‘- -o- -" for MML) along those of the oracle estimator (“ —o—" for ECP and “ - -o- -" for MML), the GLS
estimator (“ —Q-" for ECP and “- -0- -" for MML), and the OLS (“ -A-" for ECP and “- -A- -" for
MML). In simulations, f; ~ N(0, 1) are independent in &, ¢; n = 100, 500, 2000 for the first, second, and
third column, respectively. In plots (al)-(a4) u;; ~ N(0,0.01) are independent in i,¢. In plots (bl)-(b4),
uit ~ (x2 — 5)/10 are independent in 4, ¢. In plots (c1)-(c4) u; follows the AR(1) model with N(0,0.01)
innovation while same model is used for w; in plots (d1)-(d4) with (x2 — 5)/10 innovation.

Also, when dependence of u; in ¢ is introduced, the TOPE still outperforms GLS and OLS. The
MML of TOPE substantially improves when n increases, particularly for large 7', which reflects
the fact that the estimation of F' of TOPE prefers large n (see plots (c1) and (c2), (d1)-(d2) in Fig-
ure 3.4 for example). In the presence of the dependence of f; in ¢, the TOPE performs remarkably

well in terms of maintaining small MML and its ECP quickly converges to the nominal level in
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Figure 3.5: Comparisons of the ECP and MML of 95% confidence region of TOPE (“~o-" for ECP and
‘- -o- -" for MML) along those of the oracle estimator (“ —o—" for ECP and “ - -o- -" for MML), the GLS
estimator (“ —O~—" for ECP and “- -{- -" for MML), and the OLS (“ -A-" for ECP and “- -A- -" for MML).
In simulations, fj, follows AR(1) with ¢g innovation for each &; n = 100, 500, 2000 for the first, second, and
third column, respectively. In plots (al)-(a4), u;; ~ N(0,0.01) are independent in 4, ¢. In plots (b1)-(b4),
uit ~ (X3 — 5)/10 are independent in 4, ¢. In plots (c1)-(c4), u; follows the AR(1) model with N (0, 0.01)
innovation while same model is used for w; in plots (d1)-(d4) with (x2 — 5)/10 innovation.

T (Figure 3.5). Meanwhile, given the heteroscedasticity across subjects and serial/cross-sectional
dependence, both GLS and OLS hardly maintain their ECP to the nominal level. More simulation
results are retained in the supplementary file and provide similar observations. Specifically, Fig-

ures B.11-B.14 displays results for independent f;; in k, ¢ with either independent u;; in ¢, or u;

65



following AR(1) model with different innovations. Results with f; following the AR(1) model or

the ARMA(1, 1) model with different innovations are included in Figures B.15-B.24.

3.7 Study on air quality and energy consumption data using

the TOPE

In this section, we implement our proposed method to analyze an air quality data collected
in the United States in 2015. The data consists of the mean PM2.5 concentration (in jg/m?)
from 129 monitoring sites on each Tuesday and Thursday in 2015, which is extracted from https:
/Iwww.epa.gov/outdoor-air-quality-data. We also include daily max 1-hour concentration of three
common air pollutants. including NO,, SO,, and ozone, and the latitude and longitude of each
monitoring site in our analysis. Sources of energy consumption is known as a potential factor to af-
fect concentration of air pollutants. For this illustrative study, as covariates, we include the annual
state-level energy consumption proportions of three major sources out of all possible resources,
namely coal, natural gas, and petroleum, in 2015 (https://www.eia.gov/electricity/data/browser/).
For analysis, we take logarithm transformation on the air pollutant data and remove potential sea-
sonality. Also, we transform the latitude and longitude to keep their values within [0, 1].

From Figures 3.6 and B.25 in the supplementary file, it is observed that both geographical
variables (latitude and longitude) and energy consumption proportions can help explaining the
observed heteroscedasticity across monitoring sites so that we will consider them as x; in (3.1.1).
In this analysis, the daily max 1-hour concentration of NO,, SO,, and ozone, as well as the energy
consumption proportions of coal, natural gas, and petroleum are considered as z;; in (3.1.1).

To determine the dimension K of latent factor process, we apply both eigenvalue-ratio proce-
dure and the proposed HDWN testing-based procedure (detailed in Section 3.5 in the supplemen-
tary file). Ratios of the first ten adjacent eigenvalues of Y'PY are 4.13, 5.26, 6.58, 1.27, 1.68,
1.17, 1.29, 1.21, 1.10 such that the ratio between the third and fourth eigenvalues are the largest.
On the other hand, for the HDWN testing-based procedure, the p-values for testing (3.5.1) with
Ky = 1,2 and 3 are 0.026, 0.040 and 0.104, respectively. That is, we reject Hy(1) and H(2) but
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fail to reject Hy(3) for (3.5.1). Thus, both eigenvalue-ratio procedure and the proposed HDWN
testing-based procedure suggest K = 3. Also, by the procedure discussed at the end in Section
3.4, we test Hy : G(X) = 0 to further explore the statistical evidence to include geographical
variables and energy consumption proportions to explain the heteroscedasticity across monitoring
sites. We obtain S; = 2.34 with p-value 4.84 x 10~'; thus, these covariates are included for

modeling. Then, the complete model in the form of (3.1.1) for performing analysis on this data is

1H(PM25zt) = ﬁl 1n(NO2,it) + 52 11’1(5027”) + 63 ll’l(OZit) + 54C1, + &Ngl + ﬁﬁPei

3
+ Z {grk1(La;) + gr2(Lo;) + gr3(Cli) + gra(Ng;) + grs(Pei)} far + wir
k=1

where In(PM2.5;,) is the log concentration of PM2.5 from the monitoring site 7 at time ¢; In(NOs ;; ),
In(SOq i), and In(Oz;;) are the log daily max 1-hour concentration of NOg, SO,, and ozone, re-
spectively, from the same monitoring site ¢ at time ¢; Cl;, Ng, and Pe; are the state-level energy
consumption proportions of coal, natural gas, and petroleum out of all possible energy resources
for the monitoring site ¢, respectively; and La; and Lo; are the latitude and longitude of the monitor

site 7, respectively.

Figure 3.6: Variance of the mean PM2.5 concentration (over all time points) at 129 monitoring sites across
the United States.
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Figure 3.7: The 95% confidence intervals (the OLS estimator in red and the TOPE for (3.1.1) in blue) of
the effects of energy consumption proportions of coal, natural gas, and petroleum and daily max 1-hour
concentration of NOy, SO9, and ozone on the PM2.5 concentration.

For g, in the above model (/ = 1,...,5), we use cubic spline with 11 knots to construct ®
for projection. We fit the above model using the TOPE and draw inference as proposed in Section
3.4 to inspect the effects of covariates on the PM2.5 concentration. As an expected advantage,
no further restrictions need to be imposed to model (3.1.1) and the TOPE. In Figure 3.7, the 95%
confidence intervals for estimated coefficients using the TOPE and the OLS estimator (by ignoring
the variance components) are displayed for comparison. It reflects the efficiency of the TOPE in
the presence of heteroscedasticity across monitoring sites and serial/contemporaneous correlations
discussed in Section 3.3. Specifically, the confidence intervals constructed by the TOPE are shorter
than those by the OLS estimator uniformly. Both resutls suggest significant positive correlation be-
tween daily max 1-hour concentration of NO, and PM2.5 concentration, [0.05, 0.33] for the OLS
estimator and [0.11,0.27] for the TOPE, and significant negative correlation between ozone con-
centration to PM2.5 concentration, [—0.58, —0.10] for the OLS estimator and [—0.33, —0.01] for
the TOPE. However, the TOPE displays a significant positive correlation between coal consump-

tion and PM2.5 concentration while the OLS estimator does not. This agrees with Liang et al.
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(2015) that coal consumption positively contribute to PM2.5 concentration. Also, the recovered
g, for k = 1,2, 3 display clear non-linearity and are depicted in Figure B.26 in the supplementary

file.

3.8 Discussions

Methodologically, we propose a flexible subject-specific heteroscedasticity model with latent
semiparametric factor structures for analyzing large scale data with both intertemporal and in-
tratemporal dependence. The model simultaneously accounts for the heteroscedasticity across sub-
jects as well as the contemporaneous and serial correlations. We develop a two-stage projection-
based estimator for both the modulating and dependence components of the model, and establish an
inference procedure for regression coefficients. Theoretically, we study the non-asymptotic rates
for recovering the latent factor process and estimating the nonparametric loading function, which
leads to the non-asymptotic properties of the estimated regression coefficients. As a result, we
show that our proposed TOPE is asymptotically efficient within a fairly broad class of estimators
including both OLS and naive GLS estimators.

The widely-used Condition 3.2.2 essentially restricts F to subspace {F € RT*X : T-1F'F =
I}, which might be stringent for some applications. In fact, we notice that it can be greatly
relaxed by a concentration assumption of 7 'F'F to I, which can be derived from Condition
3.3.5 with the help of the so-called 7-mixing coefficient. As a result, this will alter the con-
vergence rate of F — F in Theorem 3.3.1. Furthermore, as noted after Condition 3.2.2, we as-
sume that the residual process u;; is uncorrelated over 7 to establish the statistical guarantee of
TOPE on estimating 3. This condition is similar to that of the traditional PCA that assumes un-
correlated samples. It can be further relaxed to, for example, max;<, >, [E(usu;)| < Co,
MaXi<n Dot Dimet ZtT=1 ZZ=1 | cov(Uistipt, Wistims)| < Ca, and (nT)~' 3L, Z;L=1 ZtT=1 ZZ:I
|E(u;ujs)| < Cq for some Cy > 0. However, as a result, the n x n covariance matrix Cov(u;)
must be used in place of D in (3.2.5) to retain the efficiency of the TOPE. For that purpose, both

the weighted PCA (Jolliffe, 2002) and the estimator using thresholding principal orthogonal com-
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plements (Fan et al., 2013) can be employed in conjunction with the TOPE. Then, in addition to
some more stringent conditions on 7 and 7', the non-asymptotic results must be re-established to
obtain the similar conclusions in Section 3.3. Finally, from its construction, the TOPE also paves
a potentially effective way, which is free from performing sophisticated constraint likelihood esti-
mation, to make predictions on y; using our proposed model in conjunction with some parametric

assumptions on f; and u;. We will extend our work to these questions in future efforts.
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Chapter 4
Integrative Group Factor Model for Variable

Clustering on Temporally Dependent Data

4.1 Introduction and Notation

We encounter large scale data with potential temporal dependence from multiple resources
or multiple modalities. Such a new data structure often bears similarity as well as uniqueness
among variables, which results in multiple or diverging numbers of covariance structures. In nu-
merous empirical studies, this data structure has been emerging in various big data applications
in a wide range of scientific fields such as bioinformatics and biology (Ernst et al., 2005; Moller-
Levet et al., 2003; Pyatnitskiy et al., 2014), genetics (Fujita et al., 2012; Subhani et al., 2010) and
multimedia (Niennattrakul and Ratanamahatana, 2006, 2007; Ratanamahatana and Keogh, 2005).
Previous works have shown that, by combining diverse but usually complementary information
from different covariance structures, an integrative analysis of large scale data is often beneficial
for understanding the underlying structions; See Klami et al. (2014), Li and Li (2019), Wang et al.
(2019) and Bunea et al. (2020) for examples.

To learn the covariance structure from the large scale data, a number of statistical methods
have recently been developed, such as high-dimensional covariance estimation (Cai et al., 2016;
Fanetal., 2011; Wang and Fan, 2017). Among these models, an important class of such approaches
is the factor model, which model large scale data by the components that capture joint variation
shared across variables (Anderson, 1962; Anderson and Rubin, 1956; Chamberlain and Rothschild,
1983; Lawley and Maxwell, 1962). Factor model is useful in dimension reduction. When it comes
to high dimension case, large dimensional static factor model (Forni et al., 2000; Stock and Watson,
1998) is applied. However, these methods of factor analysis are based on the assumption that

all variables share the same covariance structure or in particular, the same factors. To allow for
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different factors, canonical correlation analysis (CCA) (Thompson, 1984, 2005) and inter-battery
factor analysis (Browne, 1979; Tucker, 1958) are applied to two groups of variables, and multi-
battery factor analysis (Browne, 1980) and group factor analysis (Klami et al., 2014) are applied
to multiple groups. These methods work for more than one group of variables, but are based on
known group assignments.

A more ubiquitous interest with more challenge is to recover unknown clustering assignments
of a large number of variables with potential temporal dependence from multiple resources or mul-
tiple modalities. There are some unique characteristics that make the problem challenging. Most
importantly, large scale data are often correlated, both cross-sectionally and temporally. This phe-
nomenon has been constantly observed, and is actually the base upon which those matrix or tensor
factorization solutions are built (Bai, 2003; Bai and Ng, 2013; Fan et al., 2016; Lock et al., 2013).
The cross-sectional correlation brings challenge to many standard high-dimensional models such
as LASSO (Tibshirani, 1996), as they usually require the predictors not to be highly correlated in
order to achieve the desired statistical properties. To deal with the cross-sectional correlation, a
popular approach is to treat recovering unknown clustering assignments as a variable clustering
question, as given by Klami et al. (2014), Wang et al. (2019) and Bunea et al. (2020). Variable
clustering is also of great challenge for large scale data. First, large scale data often refers to high-
dimension case, where even a single group contains more variables than the sample size. Second,
multiple resources arise new questions; for instance, how to define and recover clustering assign-
ments based on covariance structure. In addition, multiple resources usually results in similarities
as well as unique characteristics among variables. Since the clustering structures are given by
unique characteristics and masked by errors and similarities, careful modeling is required to sep-
arate the unique characteristics from both errors and similarities. Finally, we need to deal with
temporal correlation, which always gives more difficulty in modeling and clustering.

To deal with the temporal correlation, we consider using time series, which is naturally high
dimensional, large in data size and dependent (Keogh and Kasetty, 2003; Lin et al., 2004; Rani

and Sikka, 2012). Time series clustering is a widely used approach to recover clustering assign-
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ments for large dependent data. For time series with difference on means, MacQueen et al. (1967)
applied k-means algorithm with representing clusters by the mean value of the objects in the clus-
ter. Kaufman and Rousseeuw (2009) applied k-medoids algorithm with representing clusters by
the most centrally located object in a cluster. For time series with difference on covariances,
Karypis et al. (1999), Guha et al. (1998) and Zhang et al. (1996) applied a hierarchical clustering
method (Johnson, 1967) by grouping dataobjects into a tree of clusters, and Jebara et al. (2007),
Yin and Yang (2005) and Alzate et al. (2009) applied a spectral clustering method (Ng et al., 2002;
Von Luxburg, 2007). However, these procedures are all data-based and their statistical properties
are not clear. Compared with data-based variablie clustering, model-based clustering enjoys ad-
vantage of clearly defined population-level clusters, which enables us to interpret the clusters and
check the quality of a particular clustering algorithm. Model-based variable clustering is stud-
ied by Bunea et al. (2020). The author proposed an algorithm to recover clustering assignments
and showed its minimax-optimality, which sheds a light on model-based variable clustering for
high-dimensional data. Similar approaches of variable clustering through estimation of covariance
matrix can also be seen in Wagaman and Levina (2009), Ieva et al. (2016) and Hallac et al. (2017).
Despite these efforts, however, there is little work for temporally dependent data.

In this paper, we aim to bridge the gap. We consider integrative group factor model built upon
the latent factors extracted from the large scale data. In particular, the factors are characterized to
common factors for all groups and unique factors for each single group. We show that the model
works for high dimension and high correlation, both cross-sectional and temporal. Based on this
model, we first show the minimax lower bound of clustering recovery rate. The minimax lower
bound is achieved by a similar but denser covering to that in Lu and Zhou (2016) and Gao et al.
(2018), and given by Le Cam’s method; see Theorem 4.3.1 for details. Second, we give estimation
based on principal component analysis (PCA) procedure (Bai and Ng, 2013; Fan et al., 2016) to
the latent factors and loadings, and show its non-asymptotic statistical guarantee. If the clustering
assignments are known, the common factors and unique factors are estimated group-wise by PCA

or partial common PCA (Wang et al., 2019). In practice, the clustering assignments are often
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unknown. Thus, all factors are estimated simultaneously. See Section 4.4.1 for details. Then, we
propose an algorithm to apply the estimation of latent factors and loadings to recover clustering
assignments and gives its upper bound of clustering recovery rate. The clustering recovery works
for high dimensional data with cross-sectional and temporal correlation; see Theorem 4.4.4 for
details. The minimax lower bound and upper bound of clustering recovery rate combine together
to give the optimality of our proposed algorithm. More importantly, from the minimax lower
bound of clustering recovery rate, we find the precise demarcation for the Region of Possibility
and Region of Impossibility in the two-dimensional phase space of the signals of unique factors
in the largest cluster and the signals of unique factors in the smallest cluster compared with those
of common factors. In the former, signals of unique factors are strong enough to allow successful
clustering. In the latter, signals of unique factors are too weak for successful clustering. Also, in
the two-dimensional phase space, we find the precise demarcation for the Region of Guarantees
and Region of Unknown Guarantees from the upper bound of clustering recovery rate. In the
former, our algorithm is guaranteed to give successful clustering. In the latter, the algorithm for
clustering is not clear. From the four regions above, we discover a phase transition for variable
clustering. The phase space partitions into three disjoint regions. In the first one, it is impossible to
do clustering. In the second one, it is possible to do clustering and our algorithm is guaranteed. In
the third, although it is possible to do clustering, the clustering algorithm is not clear. See Figure
4.1 for details. Also, we propose eigenvalue-ratio test (Ahn and Horenstein, 2013; Fan et al.,
2016; Lam and Yao, 2012) to determine number of latent factors, both common and unique, in the
integrative group factor model. We show the non-asymptotic properties of the estimator, which
guarantees the convergence; see Theorem 4.4.5 for details. Finally, we generalize our proposed
method to the case where the number of groups is not finite but diverges with respect to dimension.
Similar results of latent factors and loadings estimation, clustering recovery and its optimality are
given.

Our proposal contributes on several fronts. Although factor analysis is widely used to model

high dimensional data with dependence, and group factor analysis is applied to model multiple
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covariance structures, the previous works do not give clustering recovery for dependent data. Our
proposal consider a different case to GG-block model (Bunea et al., 2020). In particular, the variables
in the same group are allowed to have different variances and covariance swith variables in other
groups. In addition, each variable can involve temporal dependence. We provide algorithm of
recovering clustering assignments for high dimensional dependent data, along with its optimality.
The recovery error rate is defined under a loss function free from label switching (Gao et al., 2018;
Lu and Zhou, 2016). Compared to the existing literatures, our proof of minimax lower bound of
recovery error rate involves a denser covering free from the number of groups, so it can be extended
to the case the number of groups diverges. Also, we apply Le Cam’s method to give a tight bound
for variable clustering with respect to covariance structures. The upper bound of recovery error
rate is derived through scrupulously examining the non-asymptotic rates for estimating the latent
factor process and its loading through PCA procedure (Bai and Ng, 2013; Fan et al., 2016). Lastly,
we discover a phase transition in the phase space of signals of unique factors compared with those
of common factors, which gives the region for possibility and guarantee of successful clustering.
Also, our proposed model allows the number of groups not to be finite constant but a small term
with respect to dimension. The technical tools we develop here are not limited to our setting alone,
but are applicable to integrative group factor models.

We employ the following notation throughout this article. For a real number z, let [x] be the
largest integer no larger than z. Denote a, = (a,...,a)’ € RP. For a p-dimensional vector
a = (ay,...,a,)" € R?, its {;-norm is defined by ||a|l, = (37, |a;|)Y with 1 < ¢ < 0.
For a matrix Ml = (m;)1<ij<p € RP*P, write | M| max = max; ; |m;;| to be the maximum norm
and [[M][r = (37, X", m)"/* to be the Frobenius norm. The spectral norm of matrix M
corresponds to its largest singular value, defined as ||M||s = sup,.g ||[Mal|2, where S = {a €
R? : ||a||o = 1}. Denote the minimum and maximum eigenvalues of matrix M by Ay, (M) and
Amax (M), respectively. Let tr(M) = > | m;; be the trace of M. For sequences {a,} and {b,},
an, = o(b,) if a,/b, — 0asn — oo and a,, = O(b,) if imsup,,_,, |a,|/b, < 0; X, = 0p(an)

and X,, = O,(a,) are similarly defined for a sequence of random variables X,,; a, < b, if and
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only if a,, < Cb,, for some C independent of n; and a,, = b,, if and only if there exists positive '
and D independent on n such that C'b,, < a,, < Db,,. Unless specified otherwise, s > 1 and C' > 0
denote generic constants independent of p, T'.

The paper is organized as follows. In Section 4.2, we detail the integrative group factor model
and discuss the preliminary conditions to derive the main results. In Section 4.3, we show the
minimax lower bound of recovery error rate. In Section 4.4, we propose an estimation procedure on
the latent factor processes and their loadings, an algorithm to recover clustering assignments based
on the estimation, and determination of number of latent factors. We carry out a non-asymptotic
analysis of our proposed estimator in Section 4.4.1, explore the upper bound of recovery error rate
in Section 4.4.2 and derive convergence rate of determining of number of latent factors in Section
4.4.5. The results in Sections 4.3 and 4.4.2 combine to give the optimality and phase transition of
our proposed algorithm. In Section 4.5, we discuss an alternative case where the number of groups
diverges. Similar results of the upper bound and the minimax lower bound of recovery error rate

are given. We conclude the paper with some discussions in Section 4.6.

4.2 Model

In this section, we introduce the model lucubrated in this paper and make some reasonable and
necessary assumptions about the models and groups of the integrative group factor model. First,
we denote a p-dimensional multivariate time series with 7" observations as y;; for7i = 1,...,p and
t =1,...,T. Unlike traditional clustering analysis that is based on different means for different
groups (Gao et al., 2018; Lu and Zhou, 2016; Zhang et al., 2018, 2016), we assume that y;; is a
stationary time series with zero mean. Instead, variables in different groups are defined by their
variance and covariance with others. In particular, two curves of time series y;; and y;; in two
different groups are “weakly" correlated in the sense that there exists a process f; satisfying that
cov(Yit, Yje| fr) = 0 and Var(yi| fi), Var(y;:|fi) # 0, while such a process does not exist for two
curves of time series in the same cluster. In other words, we define the groups of time series based

on their covariance structure. First, we set up condition of the cluster assignments. Suppose that
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the p dimensions are split into m disjoint groups by clustering assignment z = (zq,...,2,) €

{1,...,m}? as follows:

Y=y y...opm

where V = {1,...,p}, V¥ = {i : z; = j} and m is a constant independent of p and 7. Let
p; = |VU)| be the number of curves in the jth cluster for j = 1, ..., m. Throughout the paper, we

focus on the relatively “balanced" groups with the following condition.
Condition 4.2.1. Foreachj =1,...,m, p; < p.

Condition 4.2.1 illustrates what we mean by the balanced groups aforementioned, which basi-
cally assumes that each cluster has a size proportional to p. This assumption ensures the number
of curves in each cluster is not too small, and thus it guarantees the accuracy of clustering. Note
that if we only have one group, we are dealing with a high dimensional covariacne structure. Thus,
further condition on the covariance structure is needed to identify the covaraiance and cluster
structure. As suggested by Johnstone (2001), to simplify the model, we consider spike covariance
structure model, which is important and useful for high dimensional data. According to Chamber-
lain and Rothschild (1983), Stock and Watson (2002a), Bai (2003) and Lam and Yao (2012), the
spike covariance structure can be modeled by an approximate factor model. Thus, we start from

an approximate factor model.

4.2.1 Approximate Factor Model

An approximate factor model (Bai, 2003; Chamberlain and Rothschild, 1983; Lam and Yao,
2012; Stock and Watson, 2002a) is

Yie = anfu + -+ @i frr + Wi,

fort = 1,...,7 and ¢ = 1...,p, where y;; is an observation from the ith variable at time ¢,

(fi,---, fer) | is a r-dimensional process and u;; is an error process. The model can be written as
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in matrix format
Y = AF" + U,

where Y = (yi,...,yr) with y, = (y1s, ., yp) s A = {aa}i” 4oy, F = (f1,..., fr) T with
fi=(fa, -, fu)  and U = (uy,...,ur) with u; = (uy,...,uy)" . In the approximate factor

model, we assume that:

Condition 4.2.2. For eacht = 1,...,T, fu,..., fir are uncorrelated with each other and have
zero mean and unit variance; for each t, uy, . .., uy have zero mean and finite variances; and f,

and u; are independent with each other.

Condition 4.2.3. A" A is a diagonal matrix with non-zero distinct entries and there exist constants

dy,dy > 0 such that di < Apin(p TATA) < Apax(p 'ATA) < do.

Condition 4.2.4. Let F°  and F° denote the o-algebras generated by {(fi,u;) : t < 0} and
{(fi,we) : t = T}, respectively. Define the mixing coefficient o(T') = sup gero  perx [P(A)P(B)—

P(A n B)|. The data are generated as follows.
(i) Stationarity. {u, f;}i<r is weak stationary;

(ii) Strong mixing. There exist q1,C1 > 0 such that for any s > 0, a(s) < exp(—Cs?);

Y'> 1 and by, by > 0 such that

(iii) Exponential tail. There exist qz,q3 > 1 with ¢7* + ¢;* + q3
foreachi = 1,... p, and any s > 0, P(Juy| > s) < exp{—(s/b1)®} and P(|fu.| > s) <

exp{—(s/bz)B}.

Condition 4.2.2 are conditions on the latent factor process and error process in the approximate
factor model. In the model, the factors f;q, ..., fix are assumed to be uncorrelated. Thus, the

covariance structure of model is given by
S=AAT+ 3,
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where ¥ = T 'E(YY ") and ¥, = T 'E(UUT) are the population covariance matrixs of the
data matrix Y and error matrix U. We do not assume that u, . . ., u,; are independent with each
other, so 32, is allowed not to be a diagonal matrix. Condition 4.2.3 is similar to the PC1 condition
in Bai and Ng (2013). Unlike PC1 condition, we relax the restriction on F and do not require
that almost surely, 7-'F'F = I.. Instead, we only require that with probability at least 1 — =%,
IT'FTF — I;|2 < T 's, which is satisfied for F under Condition 4.2.2 and 4.2.4 (Zhang et al.,
2020). Since AA" and AT A shares the same non-zero eigenvalues, condition 4.2.3 gives that the
first K eigenvalues of AAT diverge with p. This ensures the identifiability of the approximate
factor model (Chamberlain and Rothschild, 1983). In addition, the serial covariance between two

variables y;; and y;q,

T

cov(yin, Yjr) = Y. Girajr, + cov (i, uj)
k=1

which is mainly contributed by the loading matrix A. Condition 4.2.4 is commonly imposed in
high-dimensional factor analysis (e.g. Bai, 2003; Stock and Watson, 2002a) that requires weak
serial dependency of the latent factor process and error process. The exponential tail is satisfied
for some heavy tailed distribution such as ¢-distribution or gamma distribution. Thus, we relax the

normality assumption in traditional factor models (Bai, 2003; Bai and Ng, 2013).

4.2.2 Integrative Group Factor Model

An integrative group factor model is an extension of the approximate factor model that the
variables in each cluster follows the approximate factor model, and can be useful in many fields
such as psychology (Ramirez et al., 2018). It is easy to see that, if we ignore the error process, two
variables will be uncorrelated if they are loaded on different factors. Thus, we allow the existence
of common factors and unique factors across variables. For simplicity, we propose the following
model

Y = ainfy) o i fi 005 b FE 4.2.1)

trz, Tz,
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fort =1,...,Tandi = 1...,p, where z,...,z2, € {1,...,m} are underlying labels. Here,

;¢ is an observation from the ith variable at time ¢, ( t(lo ), ce t(roo) )T is a ro-dimensional process,
G ), el UNT is a r;-dimensional process for 5 = 1,...,m and uy is an error process. Denote
t1 tr; J
{i1,...,0p,} :={i: 2z; = j} foreach j = 1,...,m. Then the model for group j can be written as
v = A0+ B 4w, (42.2)
where A = {ai} {25 By = (i ilicn w = @il ) B = R )T
and ugj) = (Wiyts - - - ,uipjt)T forj=0,1,...,mand ¢ = 1,...,T. In the integrative group factor

model, we apply the following condition:

Condition 4.2.5. Condition 4.2.2 and 4.2.4 hold for f; = (fO, .., f9 . i  fimhT

rot» rmt

and u; = (Uyg,y . .., Up) '

Similar as Condition 4.2.2, Condition 4.2.5 ensures the identifiability of the integrative group
factor model. We assume that all factors are uncorrelated with each other, so that serial covariance

between two variables y;; and y;q,

0 Tz
cov (Yit, Yjt) = Z aikQir + Z bikbji + cov(uit, ujt) 4.2.3)
k=1 k=1
if 2 = Zj and
o
cov (Yit, Yjt) = Z ik + cov(Wir, Uit (4.2.4)
k=1

if z; # z;. Thus, we simultaneously models the variance structure within groups and covariance

between groups. In addition, if z; # z;, the covariance between y;; and y;; conditional on ft(o) is

cov (Yit, Yje| f O = cov(uy, Ujt),
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while their variance conditional on ft(o) is

T‘ZZ

Var(y;| ft Z b + Var(uy).

This matches our definition about groups in Section 4.2. Further, we denote F = (f;,..., fr)'.

For the sake of identification and consistent estimate, we propose the following conditions.

Condition 4.2.6. There exist positive constant R such that r; < R for each j = 0,1,...,m. For
eachj=1,....mandi=1,...,p; 2,2 Z(ay # 0) = 1and ZZLlI(b%) # 0) = 1. For each

j=1,...,m, thereexistic {1,...,p,} such that 2;;11(b§§> #0) =7,

Condition 4.2.7. For each j = 1,...,m, A]-TAj and B]-TBJ- are diagonal matrices with non-zero
distinct entries and A]TBJ» = 0. There exist constants di,ds > 0 such that dy/d; < m, dy <
Amin(p_lA;'rAj) < Amax(p_lA]’TAj) < dgand dy < )\min(p_lBjTBj) < )\max(p_lBjTBj) < dy

foreachj=1,....m

Condition 4.2.6 gives assumption on the loadings for the integrative group factor model. The
upper bound of factors ensures the total number of factors K = Z?:o r; is bounded, which
is essential in statistical guarantee in estimating /. The lower bound of non-zero elements in
loading matrix separates the loaded and unloaded factors for each variable. This condition is
essential in estimating the latent factors and loadings as well as recovering the latent cluster
assignments. Condition 4.2.7 is similar to Condition 4.2.3. Besides the condition on eigen-
values of AJTAj and BJTBj, we put an additional condition on the bound of eigenvalues that
dy/d; < m. This condition requires the lower bound of eigenvalues not to be too small and
the upper bound not to be too large. Unlike approximate factor model, in integrative group fac-
tor model, we have common factors as well as unique factors. Note that by Condition 4.2.7,
dim < Apin(p! Z;nzl ATAj) < Amax(p™ Z;”Zl A A;) < dym, which implies that the common
factors and unique factors are of the same strength. Thus, the common factors and unique factors
are not distinguishable without additional condition on the strength, which is crucial in estimat-

ing number of common and unique factors and the factor matrices. Hence, we give an additional
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condition that dy/d; < m in Condition 4.2.7. See Section 4.4.5 for more details. We assume the
columns of loading matrix to be orthogonal and columns of factor matrix to be orthonormal, which

ensures the unbiasedness of PCA procedure (Bai and Ng, 2013). Let

A, B,
C=|: . (4.2.5)

Am Bm

It is easy to write equations (4.2.3) and (4.2.4) in matrix form as

Var(y,) = CCT + Var(u,), (4.2.6)

where y, = (ygl)T, . ,yt(m)T) and uw;, = (ugl)T, . ,ugm)T). Note that by Condition 4.2.7,

dym < Amin(p ' Y1, ATA)) < Auax(p™ i ATA;j) < dymand di < Auin(p 'B]B;) <
Amax(P™'B/Bj) < dy for each j = 1,...,m, which implies that d; < )\min(p_l(NJT(Nj) <
)\max(p_lCNJTé) < dym. Then, by the identifiability of approximate factor model (Theorem 4,
Chamberlain and Rothschild, 1983), K is uniquely determined by number of diverging eigenval-
ues of Var(y;). In addition, the decomposition of Var(y;) in (4.2.6) is unique in the sense that
suppose there exist p x K matrix V and p x p positive definite matrix W with uniformly bounded
eigenvalues such that Var(y,) = VVT + W, then VVT = CCT and W = Var(w,). That is, the
column space of C is uniquely determined by Var(y;). Also, Condition 4.2.7 shows that C'Cis
a diagonal matrix, which further gives K equations upon C ( K(K — 1)/2 equations from that
C'Cisa diagonal matrix and K (K + 1)/2 equations from that 7~'F " F converges to I ¢ in prob-
ability) and uniquely determines C from its column space. Thus, it is clear that any p x K matrix
C satisfying Condition 4.2.7 and (4.2.6) must have the same block structure as (4.2.5) gives. In
addition, by Condition 4.2.7, the columns of C corresponding to the largest r eigenvalues are the
columns of loadings of common factors. This shows the identifiability of the integrative group

factor model.
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Combining model (4.2.2) with the cluster assignments z, we have a model with parameter
(2,C) € (2,C) = {z e {l,...,m}", C = {eu}l, e RPXK .

£=0 £=0

Jj—1 J
Pj(z)xp,cikz()forkgé{1+er,...,2rj}ifzi:]}’

where Z is the set of all labels z = (zy,...,2,) € {1,...,m}? which satisfy Condition 4.2.1 and
C is the set of matrices which have the form in (4.2.5) and satisfy Condition 4.2.7. Assuming that

the cluster assignments satisfy that z; < --- < z,, we can write model (4.2.1) in a matrix form as
Y =CF' + U, (4.2.7)

where C is defined in (4.2.5). In practice, the group assignments are always unknown. To account
for the latent group assignments, we introduce a p x p permutation matrix II. Then, model (4.2.1)

can be written as

Y =TICF" +U (4.2.8)
where Y = {yl-t}f’:TLt:l, U= {uit}fitzl or

Y =CF' + U, (4.2.9)

where C = TIC. The permutation matrix II is not unique for model (4.2.2). However, the cluster
assignments given by the permutation matrix II is unique up to label switching.

The integrative group factor model given above enjoys some commonalities with previous
works in existing literatures. For instantce, Wang et al. (2019) propose partial common PCA in

modeling multiple covariance matrices. Based on equal group size and known clustering assign-
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ments, the covariance matrix for the jth cluster is decomposed as
T
X, =TAT + 9,

where I' is a p x K orthogonal matrix and A; is a diagonal matrix. Under the same conditions
of equal group size and known clustering assignments, the covariance matrix for the jth cluster of

integrative group factor model with no common factor is given by
T
3; =B;B;, +¥,.

Thus, under additional condition that By, ..., B,, share the same column space, partial common
PCA and integrative group factor model are equivalent. Thus, partial common PCA is actually a
special case of integrative group factor model. Also, Bunea et al. (2020) proposed an approximate
G-block model for model-based variable clustering. In particular, the variables are clustered by

partition z and the covariance matrix 3 is decomposed as
X=TVI" + ¥, (4.2.10)

where I is a 0-1 membership matrix relative to z, V is a symmetric m x m matrix and W has small
off-diagonal entries. In the approximate GG-block model, the clustering assignments are given by
the membership matrix A and the variance and covariance of variables are given by V. Thus, all
variables in a cluster share the same variance and covariance, which is different from the variance
and covariance of integrative group factor model given by (4.2.3) and (4.2.4). Thus, approximate
G-block model and integrative group factor model are different in most cases, and equivalent in
some special cases. For example, we consider a special case, where there is no common factor and
only one unique factor with the same loading among all variables in the each cluster in integrative
group factor model, and V is a diagonal matrix in approximate (G-block model. In this case, the

loading matrix B; of unique factors in the jth cluster is b;1, .. Then, the covariance matrix for
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integrative group factor model is given by

Y ={diag(bi1,,,...,bnl,, ) Hdiag(hi1,,, ..., byul,, )} + Xy

={diag(1,,, ..., 1pm)}{diag(bf, . ,bil)}{diag(lm, o ll,m)}T +3.,.

Note that diag(1,,, ..., 1,, ) is a 0-1 membership matrix and diag(?, . .., b2,) is a m x m diagonal
matrix. Thus, approximate (G-block model and integrative group factor model are equivalent in this

case.

4.3 Minimax Lower Bound of Clustering Recovery

First, we consider detecting the latent clustering assignments of variables in model (4.2.1).
Since an ordering of the variables is not available in many applications such as genetics, social,
finical and economic data, methods invariant to variable permutations are appropriate for such
applications (Wagaman and Levina, 2009). Thus, as suggested by Jin et al. (2015), the clustering
recovery errors should not depend on how we label each of the m groups. To do variable clustering
that is permutation invariant, we introduce a loss function that is also permutation invariant as
follows. Denote S,, as the set of all permutations of {1, ..., m}. Then, the 0 — 1 loss function for

estimated labels Z is defined as

LS e, - zi}] | @3.1)

Note that in model (4.2.2), the cluster structure is invariant to the permutations of label symbols,
so we do not distinguish for cluster label switching. In practice, we only care about which curves
are in the same cluster, instead of the exact cluster labels, so the actual labels used in defining
the cluster assignments should be inconsequential. Thus, we introduce the permutation 11 and the
minimization over all permutations to avoid the error from label switching. The loss function in
(4.3.1) has been previously used in the investigation of clustering in mixture models (Lu and Zhou,

2016) and stochastic block models (Gao et al., 2017, 2018; Zhang et al., 2016). Alternatively,
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Bunea et al. (2020) considers recovering exact group assignments, which treats label switching as
errors, which results in different group recovery errors. They may give slight different minimax
lower bound, which is essentially caused by the difference of loss functions instead of difficulty of

modeling.

4.3.1 Minimax Lower Bound for Integrative Group Factor Model

As discussed in Section 4.2.2, model (4.2.2) models the variance structure within groups and
covariance between groups simultaneously. Thus, in this paper, we consider separating variables
through multiple groups through the covariance matrix of variables. In particular, we put variables
with relatively strong correlation into the same cluster. Unlike normal clustering based on mean of
each cluster, we apply clustering based on variance and covariance matrix of groups. Covariance-
type clustering has been studied before by Ieva et al. (2016) and Hallac et al. (2017). However,
the error rate of covariance-type clustering is not given, which is not trivial. We will first show the
lower bound of the probability of failing to estimate correct cluster assignments in the following
theorem. To get minimax lower bound of the expected value of the 0 — 1 loss function, we first
choose p/4 elements in {1, ..., m}?, which is the space of m cluster assignments for p variables, as
separations. Similar approach can be seen in Lu and Zhou (2016) and Gao et al. (2018). Compared
to those authors, we choose a denser covering that is independent on m, so the covering works for
finite m. Then, the distances between each pair of the p/4 are quantified by the K-L divergence
between the corresponding distributions. To get a tighter lower bound, we apply Le Cam’s method

and give the following minimax lower bound.

Theorem 4.3.1. Let Z be the set of all labels (z1, ..., z,) € {1,...,m} which satisfy Condition
4.2.1 and C be the set of matrices which have the form in (4.2.5) and satisfy Condition 4.2.7. Fur-
ther, let D} = max; Anax(p™'AJ A;) and di = ming A\pin(p~' B B;). Then, the signal-noise

ratio for model (4.2.8) is defined as 0 = (D*ry + d%min; r;)"*d%romax;r;. Under Condi-
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tions 4.2.1, 4.2.5, 4.2.6 and 4.2.7, for some ¢ € (log(2)/log(p/4), 1), we have

inf sup E{L(/Z\, Z)} > {8 10g(p/4) B 10g(2)}(1 — 5)m A l

43.2
Z 2eZ,CeC 169pT 64’ ( )

where the infimum is taken over all label estimators Z.

For p > 8, the maximum of (4.3.2) about ¢ is achieved by letting ¢ = {21og(p/4)} ' log(p/2),

we have

: - {log’(p/4) +log®(2)}m 1
inf sup E{L(z,z)}=> A —, 433
z zez,gec W= 2)) 320plog(p/4)T 64 ( )

where the infimum is taken over all label estimators z. To obtain a non-trivial lower bound in
(4.3.3), we require sample size T to be no larger than 6~ 'm~'plog(p/8). If sample size is larger
than 6~ 'm~'plog(p/8), Theorem 4.3.1 provides a negative, and thus trivial lower bound. Note
that this constrain does not give an upper bound the dimension p. Thus, the lower bound still holds
for high dimensional setting. The signal-noise ratio § = (D37 + d% min; ;) 'd%romax; r;
shows the strength of unique factors compared with common factors. Recall that the covariance
of variables are decomposed into two parts, one from the common factors and the other from the
unique factors. In addition, we separate variables through multiple groups through the covariance
matrix of variables. If the signal-noise ratio 6 is big, that is, the loadings of unique factors are
big compared with the loadings of common factors, the covariance will mainly be attributed by
the unique factors. Since unique factors for different groups are uncorrelated, this gives a strong
correlation between variables in the same cluster and a weak correlation between variables in
different groups. In this case, it is easy to estimate correct cluster assignments and a small lower
bound does not require huge sample size 7" or dimension p. Conversely, if the signal-noise ratio ¢
is small, that is, the covariance of variables is mainly attributed by the common factors, a correct

estimation of cluster assignments requires a large sample size 7" and dimension p.
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4.3.2 Difficulty of Clustering Recovery for Approximate G-block Model and

Integrative Group Factor Model

Similar results of minimax lower bound of clustering recovery rate for approximate G-block
model (4.2.10) are given by Bunea et al. (2020). However, the author derived the lower bound
based on different loss function, which considers label switching as errors. Thus, the minimax
lower bound cannot be compared with our result directly. To compared approximate G-block
model in Bunea et al. (2020) and integrative group factor model, we consider the minimax lower
bound of clustering recovery rate based on the loss function in (4.3.1) for approximate GG-block
model. We apply similar proof as Theorem 4.3.1 with the same covering to give the following

corollary.

Corollary 4.3.1. Let Z be the set of all labels (z, . .., z,) € {1,...,m} which satisfy Condition
4.2.1 and V be the set of m x m symmetric matrices with positive diagonal entries. Further, we let
a be the smallest diagonal element and b be the largest off-diagonal element of matrices in V. For
model (4.2.10), under Conditions 4.2.1, 4.2.5, 4.2.6 and 4.2.7, for some ¢ € (log(2)/log(p/4),1),

we have

: - (b—a){elog(p/4) —log(2)}(1 —e)m 1
12f zes;ggyE{L(z, z)} = 16,7 Nor (4.3.4)

where the infimum is taken over all label estimators Z.

Similar as Theorem 4.3.1, for p > 8, the maximum of (4.3.4) about ¢ is achieved by letting

e = {2log(p/4)} ' log(p/2), we have

. o (og2p/) + log?@hm 1
f sup E{L > . 43.5
E z:zl,l\?ev WA= 2)) 32(b — a)plog(p/4)T " 64 (4.3.5)

where the infimum is taken over all label estimators z. It can be seen that the signal-noise ratio is
different for approximate (G-block model and integrative group factor model. Since signal-noise

ratio of integrative group factor model is more complicate than that of approximate G-block model,
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the parameter of integrative group factor model is more complicated. However, the convergence
rates of their minimax lower bound of clustering recovery rate are the same, so the two models

have the same difficulty of clustering recovery.

4.4 Methodology for Clustering

Next, we consider detecting the latent cluster assignments. By (4.2.3) and (4.2.4), it is easy to
see that the covariance structure of the observation process y;; is given by the cluster assignments.
Thus, it is straightforward to estimate the cluster assignments by the covariance structure. How-
ever, for high dimensional data or temporally dependent data, the covariance structure cannot be
consistently estimated without further assumption. On the other hand, recall that in Section 4.2,
we define two curves of time series in different groups if they are uncorrelated conditional on some
factors, which are the common factors in model (4.2.1). That is, if two curves of time series are
loaded on the same factors, they are in the same cluster. Conversely, if there exist some factors that
either of the two curves is not loaded on, they are in different groups. Thus, the cluster assignment
is given by the structure of the loading matrix C as shown in (4.2.5). Unlike the covariance struc-
ture, the loading matrix is consistently estimated for high dimensional data with weak temporal
dependence (Bai and Ng, 2013; Fan et al., 2016). Thus, we start from estimating latent factors and

loadings.

4.4.1 Estimating Latent Factors and Loadings

Note that for the 7" x T matrix Y 'Y, the eigenvectors corresponding to the K largest eigenval-
ues are approximately the same direction as f, the column vectors of F. Therefore, the spectral
decomposition of Y'Y can be investigated using the estimates to latent factor process and load-
ing matrix in (4.2.9) and we employ principal component analysis (PCA) approach (Bai and Ng,
2013; Fan et al., 2016) to estimate the factors and loadings. Here, the latent factors and load-
ings can be easily estimated via matrix eigen-decomposition. Particularly, we let 7-/2%, be

the eigenvector corresponding to the kth largest eigenvalue of Y'Y for & = 1,..., K. Then,
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the common factors F, is estimated by Fy = (vy,...,v,,). Consequently, the common loading
matrix A = (A],...,Al)" is estimated by right projecting 7~'Y onto the estimated F, i.e.
A= Tlef‘O. To estimate the unique factors and loadings, we consider two cases, where the
cluster assignments are known or unknown. With the information of cluster assignments, we can
then estimate the unique factors and their loadings for each group. For each j = 1,...,m, let
Y; = (ygj ), e ,y(Tj )) be the data matrix of group j. Then, we estimate F; and B; by PCA ap-

1/ 21?1,(3 ) be the eigenvector corresponding to the kth largest eigenvalue

proach again. We let T~
of YjTYj for k = o +1,...,79 + ;. Then, F;, the unique factors for group j, is estimated
by f‘j = ('EJ%] ). 131({)) Consequently, the corresponding loading matrix B; is estimated by
B j = T‘lef‘j. If the cluster assignments are unknown, we first estimate all factors together and
then eliminate the common factors. All factors F is estimated by F = (%1, .. ., ¥) and their load-
ing matrix C is estimated by C = T-'YF. Similar as Bai and Ng (2013) and Fan et al. (2016),

statistical guarantee of estimating latent factors and loading are given in the following theorems in

terms of mean squared errors of the estimating procedure.

Theorem 4.4.1 (First moment of F, and A). Under Conditions 4.2.1, 4.2.5, 4.2.6 and 4.2.7, de-

noting d = minj Anin(p™" A A;), with probability at least 1 — e™*,

J P D% /1 1

ZF,—Fall2 <=ZA (24 2 ) g3

TH 0 0||F~d2A (p+T)S’
L~ D% /1 1
“A-AR <A -+ =) st
ol Ie =2 (p+T)S

For the unique factors and loadings, similar results of convergence as Theorem 4.4.1 are given

in the following theorem.

Theorem 4.4.2 (First moment of f‘j and ]§j). Under Conditions 4.2.1, 4.2.5, 4.2.6 and 4.2.7,
denoting dQB]_ = )\min(plejTBj)for each 7 = 1,...,m, with probability at least 1 — e *, for each

j=1....m,

1 - D? 1
FIB — B2 <logm 220 (24 1)



1 A D%ro (m 1
~|B; — B,|2 <log(m)=2 (——i——>s4.
1By = B2 <logon) 1 (T

For all factors and loadings, similar as Theorem 4.4.1, we have the following guarantee.

Theorem 4.4.3 (First moment of F and C). Under Conditions 4.2.1, 4.2.5, 4.2.6 and 4.2.7, with

S

probability at least 1 — e %,

1~ D? 1
FIE-F a0 (T 0

dgmin;r; \p T
2
1||C—CH?F$D;.TO LI PR
P dgmin;r; \p T

In contrast to the known asymptotic properties of estimating latent factor matrix and loading
matrix for traditional and semiparametric factor models with divergent number of variables p and
time points 7' (Bai and Ng, 2013; Fan et al., 2016),Theorems 4.4.1 to 4.4.3 provides similar results
as estimating latent factors and loadings for approximate factor model, both asymptotically as in
Bai and Ng (2013) and Fan et al. (2016) and non-asymptotically as in Zhang et al. (2019) and
Zhang et al. (2020). Since D%, d3, d%, ro, min; r; and max; r; are constant, they are always
omitted in previous results. As shown in Theorem 4.3.1, these constants play important roles in
the possibility of estimating the cluster assignments. Thus, it is direct to think that the constants
also play roles in the statistical guarantee of estimating the latent factors and loadings as well
as the cluster assignments. Therefore, unlike previous results, we keep the constants to see the
relationship among the constants, dimension p and sample size 7. In Theorem 4.4.1, the result
is established under a weaker condition on F( compared to Condition PC1 in Bai and Ng (2013)
as discussed in Section 4.2.1. Besides the deviation between F and its projection onto subspace
{F e RT*EK . T71F[F, = 1,,}, which is of rate p~! as given in Bai and Ng (2013),Fan et al.
(2016) and Zhang et al. (2019), we also account for the error for estimating this projection, which
is of rate p=2 + T~!. This leads to the slower convergence rate on T~ |Fy — Fo|2. Similar results

can be seen in Zhang et al. (2020).

91



4.4.2 Data Driven Recovery of Clustering Assignments

Next, we will provide an estimator of the cluster assignments based on the estimator of loading
matrix in Section 4.4.1, and show the statistical guarantee based on Theorem 4.4.3. First, we
consider a block diagonal matrix B = diag(By,...,B,,), which is the (ry + 1)th to the Kth
columns of C = {cy }fik:l, and its estimate B, which is the (ro + 1)th to the Kth columns of
C = {Eik}?ﬁ,k=1- Denote B = {bik}f’jig, B = {Bm}fj;fl and E = {eik}f’jjﬁg. Note that we
are dealing with the possible range for each element of B simultaneously. Thus, unlike Theorems
4.4.1 to 4.4.3, to start with, we use maximum norm to quantify the deviation of C from C in the

following corollary.

Corollary 4.4.1. Conditions 4.2.1, 4.2.5, 4.2.6 and 4.2.7, with probability at least 1 — 10e™%,
(i) | — FHy|max S Day/rody (min r;)~Y2p2{log(T)}¥7s;

(ii) |C — CHy | max < Day/rodg (min; ;)" 2(T12,/log(p)s;

(iii) |C — Cllmax S Day/rodg (min ;)= Y2(T2,/log(p) + p~/2)s.

Different from Theorem 4.4.3, Corollary 4.4.1 provides the union maximum bound of each
element of C — C. Similar results can be seen in Wang and Fan (2017), Barigozzi et al. (2018) and
Zhang et al. (2019). However, since Dy, dg, 19 and min; r; are constant, they are also omitted in
previous results. Similar as Theorems 4.4.1 to 4.4.3, we keep the constants to see the relationship
among the constants, dimension p and sample size 7. Then, we apply an estimator of cluster
assignments based on B. In following algorithm, we first apply thresholding on each element of
B based on their large deviations given in Corollary 4.4.1, and get a matrix 1 consisting of only 0

and 1. Then, Z, the estimator of cluster assignments, is given by row-wise screening of 1.
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Algorithm 4 Cluster Assignments Estimation

Input: p x (K — r() matrix B = {glk s 77 and pre-determined 6.

1: Let 7 = dlog{m " log™ ' (p)pT (T ?\/log(p) + p */?). Fork = 1,..., K — rg, let i) =

(Z(big] > 7). Z(fbpre] > 7) T and T = (31, 3x—ry) =t {iix}?5 ;. Denote the rows of
T as ?1, . ,Yp and the kth element ofi as i(k:)

2: If there exists & such that Tl(k;) = IQ(k;) =1,letz; = 2, = 1 and E(l) = i + 52. Else, let
Z1=1,%9 = 2,€(1) le andig) :/i\g.

3: If there exists j and k such that i3(k) # 0 andi(j)(k) #0,letz; =7 andi(j) = D inij i;. Else,
let 23 = max;_3 % + 1 and i(,) = is.

4. Repeat Step3 fori =4,...,p

Output: Cluster assignments estimator z = (Z1,...,2,)'.

In Algorithm 4, the constant ¢ reflects the balance of the difference between two 0 — 1 matrices,
1= (ir,... %x_v,) and I = (i1,... ix_n), where 3, = (Z(byy # 0),...,Z(by, # 0))T and

= {bix ﬁ”jjﬁl is the (ro + 1)th to the Kth columns of C. A big & will decrease P([by,| >
7|by # 0) and increase P(|by| < 7|bs = 0). If we want to prevent two curves of time series
in the same cluster from being mistakenly assigned in different groups, we will choose a big 9.
Conversely, a small ¢ prevents two curves of time series in different groups from being mistakenly
assigned in the same cluster. Since both probability converge to zero as p and 7" go to infinity,
the choice of ¢ will not affect the convergence of Algorithm 4. Thus, in practice, we can choose
0 = 1. Algorithm 4 requires the pairwise comparisons of p vectors with dimension K — 7y so

the computation complexity is O(pK). We show the statistical guarantee of z by the following

theorem.
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Theorem 4.4.4. For model (4.2.8), under Conditions 4.2.1, 4.2.5, 4.2.6 and 4.2.7, the 0-1 loss

function in (4.3.1) for z defined in Algorithm 4 satisfy that,

E{L(2,2)} < 10 exp{—(D a+/T0) " dp+/min; r; miny,, ,¢ |bix| }m log(p)
) ~ pT )

It is easy to see that if we apply the estimator in Algorithm 4 upon the oracle loading matrix,
that is, the (9 + 1)th to the Kth rows of C, under Condition 4.2.6, the estimator will be exactly
the true cluster assignments up to label switch. Consequentially, in Theorem 4.4.4, the error rate

~

of estimating cluster assignments is given by the difference between two 0 — 1 matrices, I =
(31, ix—py) and I = (i1,... dx_p), where i, = (Z(by, # 0),...,Z(by, # 0))7T and B =
{bix ?i;fl is the (o + 1)th to the K'th columns of C. Thus, the error rate of estimating cluster
assignments is given by the error rate of estimating loading matrix. In the right hand side of the
inequality in Theorem 4.4.4, the rate log(p)mp~'T~!, reflects the deviation of B being the same
as B, and the constant 10 exp{—(D4+/70) ' dp+/min; r; miny, .o |bs| in the error rate reflects the

tolerance of B deviating from B.

4.4.3 Upper Bound of Group Recovery and Optimality

In addition, Theorem 4.4.4 gives an upper bound of miss-clustering error with the same rate
as the minimax lower bound in Theorem 4.3.1 up to a constant. Thus, the cluster assignment
estimator z in Algorithm 4 is the optimal cluster assignment estimator.

The signal-noise ratio ¢ in Theorem 4.3.1 can be written as

_ D 2d% max; r; _ G
1+ DfralleB min; 7; 14+ G

where ¢; = D, ?d% max;r; and (; = D’r;'d% min; ;. Here, (; quantifies the smallest signal
of unique factors in the largest cluster compared with the largest signal of common factors and (,
quantifies the smallest signal of unique factors in the smallest cluster compared with the largest

signal of common factors. It is easy to see that ¢ is monotone increasing with respect to (; and
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monotone decreasing with respect to (. That is, the signal-noise ratio is greater if the unique
factors in the largest cluster is separable form the common factors. Also, in Theorem 4.3.1 , if
6 = O(log(p)mp 'T~'), the the lower bound in (4.3.3) is lower bounded by a constant. Thus,
for ¢; and (, satisfying that 6 = O(log(p)mp~'T~'), it is not strongly consistent to estimate
cluster assignments. Theorem 4.3.1 indicates the necessity of separation conditions in estimating
cluster assignments. If (; is small or (5 is large, the signal from common factors is so strong
compared with the signal from unique factors that it is impossible to identify unique factors or
separate groups based on unique factors. Combining Theorem 4.4.4 and 4.3.1, we have the region
of D;2d% max; r; and D *(max; ;)" d%r, for the possibility and guarantee of estimating cluster
assignments as shown in Figure 4.1. In Figure 4.1, the bottom right region of impossibility is the
region of ¢; and ¢, that = O(log(p)mp~*T~"') and thus the the lower bound in Theorem 4.3.1
is lower bounded by a constant. The top left region of possibility and guarantee is the region that
both the upper bound in Theorem 4.4.4 lower bound in Theorem 4.3.1 converge to zero as p and
T go to infinity. The bottom left region of possibility and unknown guarantee indicates the case
that it is possible to estimate cluster assignments but our method in Algorithm 4 may not work. In
general, if d% and max; r; are large, and D? and r( are small, the signal of unique factors for each
cluster is strong compared with the signal of common factors, so it is possible and guaranteed to

estimate cluster assignments.

4.4.4 Upper Bound of Clustering Recovery for COD

For model-based covariance-type variable clustering, Bunea et al. (2020) proposed covariance

difference (COD) algorithm based on scaled covariance difference (sCOD)

SCOD(Za j) = max COV(yi —Yj yé)
L#i,5 \/Var(yi — yj) Val“(yz)
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Figure 4.1: Region for possibility and guarantee of estimating cluster assignments. It is possible to estimate
cluster assignments if ¢;/(1 + (2) < p~'T~'mlog(p) and guaranteed if exp(1/C2) = p~ T 'mlog(p)

29 20, —1 72
where (; = D “d3; max;rj and (o = D *(min; ;)™ dgro.

and its estimator

—— S -5
SCOD(i, ) — max |t 2
7 \/(zn. + 3 - 25,) S,

Y

where 3 is an estimator of ¥ and f)ij is the element of 3 in the ith row and 7th column. Then, the

clustering assignments are estimated by the following algorithm.
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Algorithm 5 COD algorithm

Input: p x p matrix 3 and pre-determined 9.
1: Initialize S = {1,...,p}and k = 1.

2If S| = 1L, let Gy = S. If |S| > 1, let (if,jx) = argmin sCOD(i, j). If

i,j€S i#]
sCOD(iy, jx) > 6, let Gy = ig. If SCOD(ig, ji) < 6, let Gy = {£ € S : SCOD(iy, £) A
sCOD(ji, £) < 6}. Replace S by S\Gy..

3: Replace k by k£ + 1 and repeat Step 2.

4: Foreachi=1,...,p,letz; =kifie @k

Output: Cluster assignments estimator z = (Z;,...,2,) .

Since COD algorithm is highly dependent on covariance matrix estimation, which may fail
to converge for high-dimensional dependent data, we consider estimating 3 through estimated

loading matrix 6, that is

A~ ~

3 = CCT + 5L

To show the properties of COD algorithm for integrative group factor model, first, we consider

a special case, where rg = 1 = --- =r; = 1, A; = a;1,, and B; = b;1,, for some a; and
b; and each j = 1,...,m. Then, we slightly change the special case to a second case where
ro =71 =--=1;=1but Aj =0foreachj =1,...,m, B; = b;1,, for some b; and each

j =2and B; = (1,...,p1)". In both cases, we provide properties of COD algorithm in the

following corollary.

Corollary 4.4.2. (i) For model (4.2.10), ifro =11 =---=1; =1, A; = a;1, and B; = b;1,,

for some a; and b; and each j = 1,...,m, the 0-1 loss function in (4.3.1) for Z defined in
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Algorithm 5 using satisfy that,

E(L(3.2)} < 106Xp{—(DA\/ﬁ)ldB\/U;ﬂj rj maxi |cix|ym log(p)
p

(ii) For model (4.2.10), ifro =ry = ---=1; =1, A;j = 0foreachj =1,...,m, B; = b;1,,
for some b; and each j > 2 and By = (1,...,p1)", the 0-1 loss function in (4.3.1) for z

defined in Algorithm 5 using oracle 3 satisfy that, for some positive constant C,

E{L(Z, 2z)} =

3)Q

Corollary 4.4.2 (1) shows the convergence of COD algorithm similar to Algorithm 4. Although
both algorithms are minimax optimal, Algorithm 4 is free from covariance estimation, and thus
more flexible to high-dimensional dependent data. However, note that m is a fixed constant here.
Thus, the lower bound of clustering recovery rate in Corollary 4.4.2(ii) does not converge to 0 even
using oracle covariance matrix Y. Compared with the conditions of Corollary 4.4.2(i), we can
see that COD algorithm does not work even when we only change loadings for factors in a single
cluster, which shows that, the convergence of COD algorithm is restricted for integrative group
factor model. When the variances of variables in the same cluster are allowed to be different, COD

algorithm may not work.

4.4.5 Determining Number of Factors

In practice, the number of factors is always unknown and it is necessary to choose the number
of latent factors, both common and unique, before estimating the latent factors and their loadings
and apply the estimator of loading matrix upon Algorithm 4 to estimate cluster assignments. Tra-
ditional methods to estimate K include, for example, the likelihood ratio test and the screen plot
(Jolliffe, 2002). For the high-dimensional data with large covariance matrix, eigenvalues of the
sample covariance matrix or their variants have been utilized and the estimation is consistent under

certain separation condition of the first & eigenvalues from the remains. A popular approach is
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based on the ratio of consecutive eigenvalues (Ahn and Horenstein, 2013; Fan et al., 2016; Lam
and Yao, 2012). Let Xk be the kth largest eigenvalue of 7YY T. Similar as approximate factor
model, by Condition 4.2.7, the first K largest eigenvalues of 7-'YY " will diverge with rate p, the
rest stays constant if p = O(7') and diverge with rate p/T" if T' = o(p). Thus, the ratio of the K'th
and (K + 1)th eigenvalues 7 'YY " will diverge with rate min(p,T) as p and T' go to infinity,
while the other eigenvalue-ratios stay constant. Thus, the total number of factors K is determined
by the largest gap between eigenvalues of 7YY " as suggested by Lam and Yao (2012), Ahn and
Horenstein (2013) and Fan et al. (2016). Unlike usual factor models, we still need to determine the
number of common factors r to consistently estimate the common factors and their loadings. As
discussed above, the ratio of the ryth and (ry + 1)th eigenvalues of 7YY T will not diverge as p
and T' go to infinity. However, by Condition 4.2.7, the ratio of the roth and (ro + 1)th eigenvalues
of T7'YY" is greater than other ratios among the first K eigenvalues, so the largest gap among
the largest K eigenvalues can be used to estimate 7. Since in practice, K is always unknown, we
replace it by K given by the discussion before. That is, instead of choosing the largest gap between
eigenvalues of T 1YY" as suggested by Lam and Yao (2012), Ahn and Horenstein (2013) and

Fan et al. (2016), we choose two largest gaps, and define

~ )\k
K = argmaX1<k<min(p,T) = )
Akt 1
A
To = = argmax; . g = - “4.4.1)
k+1

Then, we provide the following statistical guarantee of K and To.

Theorem 4.4.5. Under Conditions 4.2.1, 4.2.5, 4.2.6 and 4.2.7, we have

~ 2
P(K=K)>1—2exp[ {\/maxp, mlnp,T)} ],
2
]P’(?ozro)>1—26xp[ {\/maxp, mmp,T)} ],

where C, Cy, C3 and Cy are positive constants.
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Theorem 4.4.5 gives the non-asymptotic properties in estimating 7o and K. As mentioned
before, the first K largest eigenvalues of 7 1YY" will diverge with rate p. Thus, in Theorem
4.4.5, the error rate of K and o corresponds to p. By Theorem 4.4.5, the error rates of estimating
K and 7y is large when p are much larger or smaller than 7. Thus, eigenvalue-ratio estimator 4.5.3
works well in low dimension case (p « 7') and ultra high dimension case (p » T'). In the case
where p is close to T, the error rate of estimating K and 7y may not converge, which has been
pointed out before by Bai and Yin (1993). In addition, with Theorem 4.4.5, we will assume that r
and K are known when estimating the latent factors, loadings and cluster assignments. Otherwise,
we will use 7 and K~ given above and all results are conditional on the event {7, = ro, K = K}.

Although the number of factors can be properly estimated, the estimation to the number of
groups m is still not clear. By the definition that K = ZT:O r; and consistent estimator K and o,
an estimated upper bound of m is given by K — 7o. However, since the number of unique factors
in each cluster is not determined, this upper bound cannot give a consistent estimate of m. In
practice, we will assume a known number of groups, or choose a large number to avoid mistakenly

assigning two curves of time series in different groups in the same cluster.

4.5 The Recovery of Divergent Number of Groups

In this section, we introduce the integrative group factor model with diverging number of
groups, that is, m is not a constant but diverge with respect to p. This is a different approach
from traditional clustering analysis, where the number of groups m are always assumed to be fi-
nite. However, this constriction is not always satisfied. By allowing the number of groups to
diverge, we enable the analysis to work for a large number of groups and a rather small number
of curves, such as 10 groups of 100 curves. In this case, the number of curves within each cluster
is a small term of p. Recall that, in Section 4.2, we let the curves of time series be stationary
with different covariance structure, which is modeled through an approximate factor model. In the
case m diverges, we still model each cluster by an approximate factor model with finite number

of factors, but the total number of factors will diverge with the number of groups. Thus, by allow-
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ing for diverging number of groups as well as factors, we have a larger parameter space and less
information about it, which results in difficulty in estimating cluster assignments and estimating
latent factors and loadings. We will show that most approaches for finite the number of groups still
works for the case where the number of groups diverges, but with a smaller convergence rate. Sim-
ilar as the integrative group factor model with finite number of groups, we denote a p-dimensional
multivariate time series with 7" observations as y;; fors = 1,... ,pand ¢ = 1,..., 7T and split the p

dimensions into m disjoint groups as follows:

y=yD ...y pm

where V = {1,...,p} and m diverges with p. Let p; = |[VU)| be the number of curves in the kth
cluster for j = 1, ..., m. Similar as before, we focus on the relatively “balanced" groups with the

following condition.

Condition 4.5.1. There exist constant v € (0,1) such that m = p and p; = p'~7 for each

7=1,...,m.

Condition 4.5.1 illustrates what we mean by the balanced groups aforementioned. In Condition
4.5.1, m is proportional to p, which is not essential for the case m diverges. In fact, m can be any
small term of p. However, the condition of p; is necessary by assuming that each cluster has a size
proportional to p' = for some constant v between 0 and 1, that is, the size of each cluster is of the
same scale. This assumption ensures the number of curves in each cluster is not too small or too
large. Itis easy to see that, if we assume there is no sparsity in the loading matrices A4, ..., A,, and
B4, ..., B,,, the number of common and unique factors are finite, and the elements of the loading
matrices are constants, the strength of a factor is proportional to the number of curves loaded
on the factor. Thus, by assuming each cluster has a size proportional to p'=, we let the unique
factors have the same strength, which is different from the strength of common factors. Thus, it
guarantees the separation of common and unique factors and the accuracy of clustering. Similar

as the integrative group factor model with finite number of groups, we propose Conditions 4.2.5
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and 4.2.6 for the possibility and guarantee of recovering cluster assignments and estimating latent
factors and loadings. These conditions are also essential in the case m diverges. In addition, we

propose the following condition.

Condition 4.5.2. For each j = 1,...,m, AJ-TAJ- and B;Bj are diagonal matrices with non-
zero distinct entries and A]TB]- = 0. There exist constants dy,ds > 0 such that ds/dy < m, dy <
Amin(pilJr’yA;'rAj) < Amax(pilJr’ylA;‘l—AAj) < d2 Cll’ld dl < )\min(pilJr'yB;‘rBj) < Amax(pilJr’yB;‘rBj)

dy foreachj =1,...,m.

Different from Condition 4.2.7, in Condition 4.5.2, we divide AjTAj and B]TB ; by p'~7 instead
of p, since by Condition 4.5.1, p;, the number of curves in each cluster, is proportional to p'~7.
Note that by Condition 4.5.2, d; < Apin(p* iy ATAj) < Anax(p™! 2y AJA;) < dy, which
implies that the common factors and unique factors are of different strength (p versus p*~7. Thus,
unlike the case of finite m, the common factors and unique factors are distinguishable without any
further conditions. Recall that each cluster only have finite number of factors, so given the cluster
assignments, we can estimate the latent factors and loadings in each cluster by PCA procedure
as given in Section 4.4.1. Motivated by this, similar as before, we proposed PCA procedure to
estimate the latent factors and loadings, and estimate cluster assignments based on the estimation.

Similar as the case m is finite, we let T—%/2

vy, be the eigenvector corresponding to the kth
largest eigenvalue of Y'Y for k = 1,..., K. Then, the common factors F is estimated by f‘o =
(%1, . ..,,,) and the common loading matrix A = (A],..., AT isestimated by A = T-'YF,.
With the information of cluster assignments, foreach j = 1,...,m, weletY; = (y? ), o ,ygf ))
be the data matrix of group j. We let 7/ 21?7,9 ) be the eigenvector corresponding to the kth
largest eigenvalue of YJ.TYj for k = ro +1,...,7r9 + r;. Then, F;, the unique factors for group
j, is estimated by f‘j = (’LT;? ) 'Lﬁg)) and the corresponding loading matrix B is estimated by
]§j = T_lef‘j. If the cluster assignments are unknown, we first estimate all factors together

and then eliminate the common factors. All factors F is estimated by G = (v1,...,0k) and

their loading matrix C is estimated by C = T-'YF. Similar results of statistical guarantee of
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estimating latent factors and loading are given in the following theorems in terms of mean squared

errors of the estimating procedure.

Theorem 4.5.1. Under Conditions 4.5.1, 4.2.5, 4.2.6 and 4.5.2, denoting
d% = ming Apin(p A A;) and d, = Amin(p~ ' B By) for each j = 1,...,m, with probability

atleast 1 — e™%,

1 -~ D? (1 1
FlBo - Rl s (24 7)o

2 \p T
1 ~ D% /1 1
A- AR (S g )
p iy \p T
1, o, _D%rolog(m) (1 1Y
?”F] - FJHIF g dQBT] pl_,y + f S,
1.~ , _D3rglog(m) (1 1\ 4
5||B] - B]H]F $ d2B],rj pl_,y + T S
1 -~ D%r 1 1
“IF—F 2 < A'0 - 3
TH Iz ~d% min; r; (pr * T) o
1 A D? 1 1
Z|C - )2 A0 ( : +—) s,
P dizmin;r; \pt= T

Note that the number of curves in each cluster is p' ™ rather than p. Thus, the convergence
rate of estimating the unique factors are smaller than that for the case where m is fixed. Since
the identifiability condition 4.2.5 works for both common factors and unique factors, the slower
convergence rate holds for estimating unique factors and all factors simultaneous, as shown in
Theorem 4.4.2 and 4.4.3. In addition, since sample size does not affect the strength of signal, the
convergence rate with respect to sample size 7' is the same for estimating loadings of common
factors and unique factors. Note that when we are estimating unique factors separately for each
cluster, the dimension is smaller compared with that when estimating common factors (p*~7 versus
p), the convergence rate of unique factors and loadings is smaller than that of common factors and
loadings. Similarly, estimating C and F requires a PCA procedure with diverging number of
factors, so the convergence rate or all factors and loadings is smaller compared with the result of

common factors and loadings. Also, it is shown in Theorem 4.5.1 that the estimation error of latent
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factors and loadings is large if the strongest signal is strong (D% and 7, are large) and the weakest
signal is weak (d% and min; r; is small). Thus, the estimation error is small if all signals are
approximately of the same strength. Also, we apply Algorithm 4 to estimate cluster assignments

with the following statistical guarantee.

Theorem 4.5.2. For model (4.2.8), under Conditions 4.5.1, 4.2.5, 4.2.6 and 4.5.2, the 0-1 loss

function in (4.3.1) for z defined in Algorithm 4 satisfy that,

_ 10 exp{—(C D s+/T0) " dp/min; r; miny,, 4o |bix|} log(p)

E{L(2(I), )}

Recall that in the case m diverges, estimating C and F requires a PCA procedure with diverging
number of factors, so the convergence rate or all factors and loadings is smaller with respect to p
(p*~7 versus p) compared with the result of common factors and loadings. Thus, the upper bound

of estimating cluster assignment is smaller when m diverges than that when m is finite.

4.5.1 Minimax Lower Bound of Group Recovery and Optimality when m

Diverges
To show the optimality of the upper bound in Theorem 4.5.2, the minimax lower bound of
group recovery is given by the following theorem for the case m diverges. Similar as the tech-
niques of Theorem 4.3.1, we first choose p/4 elements in {1, ..., m}? as covering and quantify the
distances between each pair by the K-L divergence between the corresponding distributions. Since
the covering we find in the proof of Theorem 4.3.1 does not depend on m, it works for both the

case m is finite and the case m diverges. Also, we apply Le Cam’s method again.

Theorem 4.5.3. Let Z be the set of all labels (z1, ..., z,) € {1,...,m} which satisfy Condition
4.5.1 and C be the set of matrices which have the form in (4.2.5) and satisfy Condition 4.2.7.
Further, let D} = max; Amax(p™T7A] A;) and d = ming Ain(p~' "B, B;). Then, the signal-

noise ratio for model (4.2.8) is defined as 0 = (D%ro + d% min; ;)" 'd%ro max; r;. Under Condi-
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tions 4.5.1, 4.2.5, 4.2.6 and 4.5.2, for some ¢ € (log(2)/log(p/4), 1), we have

_ telog(p/4) —log(2)j(1 —¢) 1

inf E{L(Z,2)} > , 45.1
HZ} zeSZl,lgeC { (Z’Z)} 160pt—T 64 ( )
where the infimum is taken over all label estimators Z.
By letting ¢ = {2log(p/4)} ! log(p/2), we have
- log®(p/4) + log?(2 1
inf sup E{L(3,2)} > 108 (/1) +log"(2)} - 1 4.5.2)

2 zez,CeC ~ 320log(p/4)p'— T 64’

where the infimum is taken over all label estimators zZ. The possible and guaranteed region of
estimating cluster assignments are given in the following figure. From Theorems 4.5.2 and 4.5.3,
we can see that the lower bound and upper bound of clustering is smaller when m diverges. The
change of possible and guaranteed region of clustering is shown in Figure 4.2. In Figure 4.2, the
red dash line shows the regions when m is finite. As shown in Figure 4.2, when m diverges, the
impossible region gets greater and the possible and guaranteed region gets smaller, which shows

that it is harder to estimate cluster assignments when m diverges.

4.5.2 Determining Number of Factors when m Diverges

However, when m diverges with p, the number of all factors K = Z;”:O r; also diverge, even
if r; is finite for each j = 0, 1,...,m. Thus, although traditional methods in estimating K such as
eigenvalue-ratio test (Ahn and Horenstein, 2013; Fan et al., 2016; Lam and Yao, 2012), eigenvalue-
difference test (Onatski, 2012) and likelihood based test (Jolliffe, 2002) may still work for the case
m diverges, their statistical guarantee is not clear. In particular, by Condition 4.2.7, the first rg
largest eigenvalues of 7YY " will diverge with rate p, the ry + 1 to K largest eigenvalues will
diverge with rate p' =7, the rest stays constant if p = O(T) and diverge with rate p/T if T = o(p).

Thus, we let \;, be the kth largest eigenvalue of 7YY ", and define

~

K, = argmaxy «k <min( )

pT) ¢
Ak+1
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Figure 4.2: Region for possibility and guarantee of estimating cluster assignments. In the case m diverges, it
is possible to estimate cluster assignments if (1 /(1 +C2) < p~ 7T~ log(p) and guaranteed if exp(+/(2) >
p~ T log(p) where ¢; = D;%d% max; r; and (o = D *(min; r;)~d%4ro.

Ak
1<k<min(p,T),k# K, 3\

(4.5.3)

Ky = argmax .
k+1

Then, ry and K are estimated by 7y = min(f{ 1, IA(Q) and K = max(f( 1, [A(g) Alternatively, given
additional condition that f; is temporally correlated and u, is a white noise process, we can conduct

sequential test
Ho(Kp): K < Ky wv.s. Hi(Kp): K> Ky,
with K, some pre-specified positive integer and estimate /' by
K = argmin . {Hy(Ko) fail to be rejected}.

The test can be given by likelihood ratio test (Jolliffe, 2002) or white noise test (Chang et al., 2017;

Lietal., 2019; Zhang et al., 2019). Since we are expected to conduct K tests, a false discovery rate
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(FDR) controlling procedure is applied. However, as discussed above, K diverges with respect to
p, so the convergence of K to K is not guaranteed by existing theories. Thus, in the case where m
diverges, we will estimate the latent factors and loadings and estimate cluster assignments based

on known number of all factors K.

4.6 Conclusions and Discussions

In this paper, we consider an integrative group factor model to do covariance-type variable
clustering of a p x T data matrix, viewed as p variables with 7" replicates, which makes it different
from stochastic block models (Gao et al., 2018; Zhang et al., 2018, 2016) where a p x p binary
adjacency matrix is analyzed. Although we could have applied available clustering procedures
tailored for stochastic block models to the empirical covariance matrix 7-'YY " or covariance
matrix estimated by PCA procedure S = CCT + 521, by treating it as some sort of weighted
adjacency matrix, it turns out that applying verbatim the spectral clustering procedure would lead to
poor results (Bunea et al., 2020). Also, different from mean-type model for variable clustering (Lu
and Zhou, 2016), we assume the data to be zero mean and define the clustering structure based on
variances and covariances of variable. Compared with existing covariance-type model for variable
clustering such as approximate G-block model (Bunea et al., 2020), we relax the condition of
data matrix by allowing the 7" replicates to be temporally dependent. More importantly, we allow
the variables in the same cluster to have different variances and covariances, which gives more
flexibility to the model and increases the difficulty of identifiability and estimation as well. In
addition, we consider a permutation invariant loss function of clustering assignments to give a
permutation invariant clustering error rate. The invariant clustering error rate is appropriate for
applications in which an ordering of the variables is not available (Jin et al., 2015; Wagaman and
Levina, 2009), such as genetics, social, finical and economic data

In the integrative group factor model, the commonality among clusters are modeled through
some common factors. The factor structure and test for loadings of factors (Fan et al., 2016) shed a

light on testing for commonality among clusters. We continue to formalize the notion of common
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factors between different clusters of variables and propose to use it as a general approach to study
the structure of factors. By testing on the loadings of common factors, we propose inference on
the commonality among clusters, which leads to better understanding of the clustering structure.
Since the latent factors integrative group factor model consist of common factors as well as unique
factors, it is crucial to separate common factors from unique factors, especially when the signals
of common factors are not very strong. Thus, we will first propose the test for commonality
conditional on perfect separation of common factors from unique factors and then extend it to
unconditional case. We will extend our work to the question in future efforts.

In addition, to demonstrate our method of clustering recovery, we will propose numerical
and real-data studies to compare our propose Algorithm 4 with other variable clustering algo-
rithms, such as k-means algorithm (MacQueen et al., 1967), k-medoids algorithm (Kaufman and
Rousseeuw, 2009), hierarchical clustering method (Guha et al., 1998; Karypis et al., 1999; Zhang
et al., 1996), spectral clustering method (Alzate et al., 2009; Jebara et al., 2007; Yin and Yang,
2005), group factor analysis (Klami et al., 2014), partial common PCA (Wang et al., 2019), COD
and PECOK algorithm (Bunea et al., 2020). We will consider some simple cases such as the spe-
cial case of both integrative group factor model and approximate (G-block model given in Section
4.2.2, and some complicated cases of integrative group factor model where there are multiple fac-
tors in each cluster. Also, we will generate data from different dependence structures to show the
properties of our method under temporal dependence. A real data analysis will be conducted using

multinational macroeconomics indices and Fama-French series.
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Chapter 5

Conclusion and Future Work

In this dissertation, we studied non-asymptotic properties of estimation and inference of large
dimensional factor model and their applications to high-dimensional inference, multivariate time
series, and semiparametric modeling. In Chapter 2, we carefully study the non-asymptotic prop-
erties of spectral decomposition of large Gram-type matrices based on data generated from large
dimensional factor model. Specifically, we obtain the tail bound and rate of convergence of the first
and second moments for deviations between the empirical and population eigenvectors to the right
Gram matrix as well as the Berry-Esseen type bound to characterize the asymptotic distribution of
these deviations. We also derive the non-asymptotic tail bound of the ratio of eigenvalues for the
left Gram matrix, namely the sample covariance matrix, to their population counterparts regardless
of the dimension and size of data matrix. The documented non-asymptotic properties are further
applied to non-asymptotically characterize the property of the recovered number of latent factors
in PCA, which gives the bound of error rate for finite dimension and sample size. In Chapter 3, we
consider a flexible subject-specific heteroskedasticity model for large scale panel data, which em-
ploys latent semiparametric factor structure to simultaneously account for the heteroskedasticity
across subjects and contemporaneous and/or serial correlations. We propose a two-step procedure
for estimation and show the consistency and asymptotic efficiency of our regression coefficient
estimator in addition to the asymptotic normality. This leads to a more efficient confidence set of
the regression coefficient. In Chapter 4, we combine the approximate factor model with population
level clusters to give an integrative group factor model as a background model for variable clus-
tering. We quantify the difficulty of clustering data generated from integrative group factor model
in terms of a permutation-invariant clustering error., develop an algorithm to recover clustering
assignments and study its minimax-optimality. The analysis of integrative group factor model and
our proposed algorithm partitions a two-dimensional phase space into three regions showing the

impact of parameters on the possibility of clustering in integrative group factor model and the
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statistical guarantee of our proposed algorithm. In the future, We plan to continue pursuing cur-
rent and develop new directions to further broaden my research portfolio. We will adopt factor
model to model the multivariate or high dimensional time serie with multiple changing points in
the covariance structures and therefore pave a path to detect the changing covariance/structure of
high dimensional time series. Also, We will propose to extend large dimensional factor model for
modeling multivariate time series of count data with potentially growing number of subjects. In ad-
dition, we will combine PCA and Canonical Correlation Analysis (CCA) to simultaneously study
the sample covariance matrix and the cross-covariance. Lastly, we will study to an alternative
estimation to the number of factors for traditional principal component analysis using Kac-Rice

statistic.
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Appendix A

Supplemental materials for Chapter 2

This online supplementary material contains technical results used for the main paper. In Sec-
tion A.1, we prove the main results in Theorems 2.3.1-2.3.3 in the paper. In Section A.2, we show
Theorems 2.4.1-2.4.6 of the main paper. Lastly, in Section A.3, we include technical lemmas and
auxiliary results.

Here and after, we constantly explore the tail probability of random variable X in the following
sense: with probability at least 1 — e, X < s for s > 1. Such an inequality is often proved with
probability 1 —C'e™* instead, where C' > 0 is an absolute constant. In such cases, it is easy to show
that the inequality still holds with the original probability. By replacing s with s + log(C), we
claim that with probability at least 1 —e %, X < s+1log(C') < {1 +1log(C)}s. Thus, it will be said
without further explanation that probability bound 1—C'e™*® can be replaced by 1—e~* via adjusting
the constant. See Koltchinskii and Lounici (2017); Zhang et al. (2019) for similar discussions.
Finally, Conditions 2.2.1-2.3.1 and models (2.1.1)-(2.1.2) are referred to corresponding conditions

or models in the main paper.

A.1 Proof of Results in Section 2.3

A.1.1 Proof of Theorem 2.3.1

Proof. The conclusion in (i) follows from Lemmas A.3.3 and A.3.6. By (i), for each a > 1, we

have

T + T TE(F - F)

0
=f P{T (p~ ' + T H7YF — F|2 > slds
0

a Q0
=J ]P’{T’l(p’1 + T’l)’lHF — FH]% > stds + f IP’{T’l(p’1 + T’l)’lHF — F||]% > s}ds

0 a
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o0
<a + J exp(—C's'*)ds

a

<a + 4C (@** + 3a"? + 6a"* + 6) exp(—Ca'/),

where C' is a positive constant. The right hand side of the above inequality is minimized at a

positive constant C; such that
TTE(|F - F}) < Ci(p +T7Y).
Similarly, we have
T Var(|F = F|3) < (| — ful2) < (07> + T7°){2 + 1og(6)} b,

where (5 is a positive constant. Finally, (iii) follows from Lemmas A.3.6 and A.3.7. U

A.1.2 Proof of Theorem 2.3.2

Proof. Foreachk =1,... K, let
Py =1Ir — fi(fT 1) 25 Pe = 1o — ful £ Fo) U FY,
Qi = D (W(ATA) =N (ATA) 'R,

j#k

By = 2V2|Pip 'FATAF Py 1| Qup ' FATAF T Qy -,

and

Ch = 2tr{(Pp 'FATAF P} tr{Qup ' FATAF Q).

Similar to the proof of Theorem 6 in Koltchinskii and Lounici (2017) and Lemma A.3.13,

rB {15~ £ - B(F — £l £ 7+ ¢
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where sup,, [P(7 < 2) — ®(z)| < Ek_l and with probability at least 1 — e~ and || < T~'/?s +

BAT-1/2692 Thus,

sup [P TB. {1 — £l — B — fild)} < o] — @()
1 2 23/2 (—2)
S=+t—=+=—F=+texp(—2

By ~NT BWT

for any z > 0. By letting z = min{log(B;), log(T)}, we have

1 log(T
+0g()

B, VT

PTB {1 - £t~ BUF — )} < o] - B0)] <

sup
x

As Bj, = O(p), the theorem is proved following the similar arguements for Theorem 6 in Koltchin-

skii and Lounici (2017). O

A.1.3 Proof of Theorem 2.3.3

Proof. Recall that

1 1 1 1
—“YY'=AAT + —AF'U " + —UFA"T + —UU"
T T T T

and

1 1
—E(YY')=AAT + —E(UU").
FE(YYT) + FE(UUT)

Also, note that AAT, T"'AFTU', and T-'UFAT all have rank K, so that for eachi = K +
1,...,min(p,T), i = A(T-"UU) and \; = \;(E(T-'UUT)).

(i) If p < T, by Condition 2.3.1 and Theorem 5.58 in Vershynin (2010), with probability at least

—2s
1—e 5,

N(T7'UUT) = N(E(T7'UUT))| < max((, ¢?),
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for each i = 1,...,p, where ( = VCT Y2,/p + /cT~2\/s and C and c are positive

constants only depending on u,. Thus, with probability at least 1 — e~ 2*

N(T~IUUT) — \(E(T-'UUT))| < C\/g + \%ﬁ

@(ii) If p > T, note that the first 7" largest eigenvalues of 7-'UU" are the same as those of

T-'UTU. By Condition 2.3.1 and Theorem 5.39 in Vershynin (2010), foreachi = 1,...,T,

with probability at least 1 — e

2

P _~_ C < \(T- 'y’ < p c
\/; C ﬁ\/ENA,(T UU)N\/;+C+\/T\/§.

By Condition 2.2.2, foreachi = 1,..., K, \;(AAT) = O(p). Also, by Condition 2.2.3 and the
discussion above, p~*\;(T'E(UU)) and p~' \;(T~'UU') are bounded. Thus, with probability

atleast 1 — e~ 2¢

2

_ MN(AAT) + Mpax (TTPAFTUT) + Mpax (T7'UFAT) + Mo (T71UUT)
= Ni(AAT) + A\ (T IE(UUT))

NE

|2

<1+ ¢
- VT /pT
and

MN(AAT) + A\ (T7TPAFTU ) + A (TTPUFAT) + A\ (T71UU T
Ai(AAT) + \ax (E(UUT))
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A.2 Proofs of Results in Section 2.4

A.2.1 Proof of Results in Section 2.4.1
Proof of Theorem 2.4.1. By Theorem 2.3.3,if p < T, for s < ¢~ 2(\/T — C\/ﬁ)Q, with probability

atleast 1 — e~ *

2

Niv1 | Ais
C

PYRpY {1_ VP }{1_£_L¢g},

Ak >\K+1 VT VT vT VT

| C ’

: {1+—\[+—\/§}, i=K+1,...,L,

it1 )‘Hl

<

~

>

Thus, for s < ¢ T + ¢ 'Cp, with probability at least 1 — e,

R/t A (- TT{}

max; g Ai/ Ait1 Cs

where Cg = MaX1<i<Li#K )\z/>\z+1 ThUS,
P(K = K) = 1 —2exp{—(CyVT — Cy/p)?},

where

o= L)y (Arn Ai/A "
¢ Ak Lo b i it

and C, = ¢~ 1C.

On the other hand, if p > T, for s < ¢ (/p — C+/T)?, with probability at least 1 — e~*,

~

\, \; 2
’ 5 { C+ \f} i=1,...,K—1,

S e UTVE T OT
B (1T 1 G
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= S
AZJ'_I Z+1

{14_0\_\;4-\7[} i=K+1,...,L.

Thus, for s < ¢ !p + ¢ 1CT, with probability at least 1 — e,

XK//)\\KJrl - TAr/(pPAK+1) {1 C\T B _\[}
maXsz K Xz‘/xi-s—l " Cs VP VP
Thus,
P(K = K) = 1 — 2exp{—(Cuy/p — CoV'T)?},
where

Oy = 1) (P A/ v
YT e Thx 1<isbaer 00

The conclusion follows.

Proof of Theorem 2.4.2. By Theorem 2.3.3, foreach: =1,..., L,

~ C
a2

VT T
Thus, with probability at least 1 — e™%,
~ A 2C/p 2c
ANi = Aig1 Z A=A — —— — —=
+1 +1 \/T \/T
fort =1,...,K and
C\/p 2c

Nkca1 — Araa < A Aicys + —2 + —
K+1 K42 < NAK+1 = AK+42 \/T \/T
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Thus,

K
P(Kq=K) =[P\ — M1 = 0, A1 — Az < 6)
=1
K+1

>1—2 Z eXp{—(OM\/T - 02\/13)2}7

where Cli = (26)71()\1‘ — /\Z‘+1 — (S) for i = 1,... ,K, OI,K+1 = 071(5 — )\K+2 + /\K+1), and

Cy = ¢ *C. The theorem is proved. O

A.2.2 Proof of Results in Section 2.4.2

Proof of Theorem 2.4.3. Note that

~ o~ ~ 1~ O (17— O(r—myx(T— ~
P(h,E) — Db, £) ==FP, | 70 20T p &
T
It O(r—nyxn
B %FPl Onx(r-n)  O—n)x(T—h) P.F.
Ity O(r—nyxn
The conclusion follows from Lemmas A.3.3 and A.3.6. [

Proof of Theorem 2.4.4. By Theorem 2.4.3, for each k = 1,..., K, with probability at least 1 —

e %,

~ 1 /1 1
~ -7 2 (24 =
h/(hu ftk) W(h, ftk)| S (p + T) S.

Thus, with probability at least 1 — e*

’

15(h, fur) — plh, fu)]? =
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A.2.3 Proof of Results in Section 2.4.3

Proof of Theorem 2.4.5. It is easy to see that w; = ||Yﬁ\\§1Yﬁ fori < K. Also, we have
Yfi=AF'fi+ Ufi= A(f fi,... . fefi)T+ (Wl fis o oul £i)T.
By Condition 2.2.1,
E(Y fi) = T Ae;,
where e; is the ith natural basis in R”, and
THYfi—EX £z < T YAl

with probability at least 1 — e~*. Thus, by the proof of Theorem 2.3.1, with probability at least

1—4e7,
THYfi—EYf)< @' +T HAls.
Finally, by Condition 2.2.1, AT A is a diagonal matrix almost surely. Thus, w; = |Ae;|,'Ae;

almost surely. Similar to the proof of Theorem 2.3.1, the conclusion follows. [l

Foreach:=1,...,p,let
Bi = 2v2|P,T'E(YY NP 2| QT E(YY ") Qs
and

C; = 2tr{P, T E(YY )P} tr{Q:T 'E(YYT)Qi},

where, as defined in Section 2.4.3, P; = I, — w;(w; w;) ‘w], P; = L, — &;(®, ;) @, ,

s and
Qi =N — APy
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Proof of Theorem 2.4.6. Similar to the proof of Theorem 2.3.2,by Lemma A.3.12,
1D S d
T8 {|[P; — Pyl — E(IP; ~ Pi3)} £ 7+ ¢
where

1
sup [P(r < ) — ®(2) <

and with probability at least 1 — e~ %,

< - ¥ {log(T)}"*{log(p)}'/*
~ VT BNT T8 Bie=s/*

Thus,

sup |P| 7B {|P; = Pil3 ~ B([P: — Pild)} < | - @ ()]

1 3/2 1 T 1/21 1/4 —s/4
CL,s o, s Qs P log) e/t |
B VT ' BT TIRB,

for any s > (. By letting

§ = min {log(Bz‘)v log(T), log ({log(T)il/f{]i:g(P)VM) } 7

we have

sup [P 7B, {|[P: - Pil ~ B(P: — Pil)} < o| - @ ()]
- 1 N log(T) N {log(T)}*{log(p)}"/*
~B, " JT T,

Similar to the proof of Theorem 6 in Koltchinskii and Lounici (2017), the conclusion follows.
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A.3 Auxiliary Lemmas

Lemma A.3.1. Under Conditions 2.2.1-2.2.3, given Y in model (2.1.1) or (2.1.2),

(i) E(JFTUTR) = O@T), E(|U[35) = O(p), E(JATU[3) = O@®T) and E(|ATUF|3)
O(pT).

(ii) With probability at least 1 — 4e=*, |[FTU ||z < (pT)2y/s, ||U]2 < p/?y/5, |ATU|g
(pT)"2/s and |ATUF |5 < (pT)'2/s.

A

Proof. (i) The conclusion follows from Lemma D.2 in Wang and Fan (2017).

(i) For any z > 0, it holds

P(|F U [e/+/CopT > M) < exp(—zM)E[exp{z|F U |z/r/CopT}]
< exp(—zM)E [1 + 2| FTUT |g/A/CopT
+2*[FTUT5/{2CopT} + o(«?|FTUT [5/{2CopT}) |

< exp{—aM + z + 2°/2 + o(z?)}

since E(|FTUT|2) < CopT for some Cjy > 0. The minimum of right hand side is exp{—(M —
1)2/2}. Letting s = 271(M — 1)?, we have with probability at least 1 — e %, [FTUT|p <
v/pI's. The remaining bounds can be derived similarly.

[

Denote K a K x K diagonal matrix with diagonals equal to the first K eigenvalues of (p7') 'Y Y.
Then (pT)~'YTYF = FK. Let

H=(pT) 'ATAF FK .

By model (2.1.2), we have F — FH = (3°_| M) K~ where

1 ~ 1 ~ 1 ~
M, = —FA'UF, M,=—UTAF'F, M;=—U'UF.
pT pT pT
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Then, we will provide a bound on |H — I| using Lemmas A.3.2 to A.3.6.

Lemma A.3.2. Under Conditions 2.2.1-2.2.3, with probability at least 1 — He™?,
T-12\/s.

K71||2 <1+

Proof. The K largest eigenvalues of (pT) 1Y TY are the same as those of W = (pT) YY", As
Y = AF" + U, wehave W = 37 | W, where

1 1
W, =-AAT, W,=—AF'U", W;=W,,
P pT
1 - 1 R -
W,=—UU", W;=-A[=-F'F-I|A".
pT P T

s

By Lemma A.3.1, with probability at least 1 — 4e~%,
[Walls < (01) Al [FTU[, < T2V,

and

Wil < (1)U £ T7's.

By Condition 2.2.1, with probability at least 1 — e™%, [Ws|ly, < T7%%\/s. Fork = 1,..., K,
IA(W) — M\e(W1)| < |[W — Wy||2. This implies, with probability at least 1 — 5¢~*,

Ae(W) —
Me(W1)| < T7Y2,/s for each k = 1,..., K. Note that the K largest eigenvalues of W is
also the K largest eigenvalues of p ' AT A. Thus, with probability at least 1 — 5¢ %, [K 1]y <
1+ T2/ O

Lemma A.3.3. Under Conditions 2.2.1-2.2.3, with probability at least 1 — 5e”?,
1 -~ 1 1 s
—IF-FH2 < (- + = (1 —) 2
pEoFHEs (D) (147)s

Proof. Note that HIAT‘HF = v/ KT with probability 1 and by Condition 2.2.1,

[Fle < VT{L+T12/s)
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with probability at least 1 — e °. Then, by Lemma A.3.1, with probability at least 1 — 5e ",

IM. ||, |[Mz|r < A/p~1T's and | M|z < T~'/2s. Then, the results follows Lemma A.3.2.

Lemma A.3.4. Under Conditions 2.2.1-2.2.3, with probability at least 1 — 5e™?,
(i) THMLE < (2 +p ' T (A + T 's)s%,

(ii) T72|F "M,z < (pT)~ (1 + T 1ts)s,

(iii) T~2[FT(F — FH)|3 < (p2 + p~'T~)(1 + T 's)s?,

(iv) T2FT(F—FH)2< (p 2+p T H(1+T 's)s

Proof. (1) With probability at least 1 — e,

[H]> < (0T) A EIF | [Flle| Ko < 1+ 77

by Lemma A.3.2. Then by Lemmas A.3.1 and A.3.3, with probability at least 1 — 5e™?,

|ATUF|2 < 2|ATU(F — FH)|2 + 2| ATUFH|2

T 2
SpT(——i—l)ss—l—st(l—i-s—z)
P T

< (T° +pT)s°.

The result follows that |F|r < /T{1 + T~/2,/s} with probability at least 1 — e~*.

(i1) Similar to (i), with probability at least 1 — 5e™%,

1
2T

1 ~ S S
el FTMLIE < o [FTUTARIFIRIFE < 5 (14 7)

T

(i11)) Combining (i) and (ii), the result follows from the proof of Lemma A.3.3.

(iv) The result follows from |FT(F — FH)|r < |F — FH|2 + |[H'F"(F — FH)||5.
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Lemma A.3.5. Under Conditions 2.2.1-2.2.3, with probability at least 1 — 5e”?,

s s 80§ 513
IHH - 1|2 < (?+ﬁ+ﬁ+_) (1+—) .

Proof. By Condition 2.2.1, [T~'F'F — Ixl|lr < T~/2\/s with probability at least 1 — e~*. Also,
F'F = T1j . Thus,

1 1 ~ 1~ -
HH-Ig=H' (IK — ?FTF> H -+ T(FH ~F)'"FH + ?FT(FH ~F).

The result follows from Lemma A.3.4. ]

Lemma A.3.6. Under Conditions 2.2.1-2.2.3, with probability at least 1 — 5e”?,

s s s 0§ s
H-Lis (2+ 5+ 5+2) (1+2).
[ xlF < <T+T2+p2+pT> +

Proof. Note that pHK = ATA (T—IFTﬁ - H) + ATAH. By Lemma A.3.4, with probability

at least 1 — 5e~?,

2

1 1.~
‘—ATA (—FTF — H)
P T

F
2

1
=1
F

1 1 ~ 1
< SIATAE[FT(F - FE)JE + |ATAJ L~ ZFTF

- S+s2+s3+s3 (1+3)
~\T T? p* pT T/

Therefore, with probability at least 1 — He ™ *,

2 s s s 8 s
S ot o+ =+ — (1+—).
r \T  T? p* ol T

1
‘—ATAH — HK
p

This implies that with probability at least 1 —5e™*, H (up to an error term) is a matrix consisting of
eigenvectors of p~' A" A. By Condition 2.2.1, AT A is a diagonal matrix with distinct eigenvalues

with probability 1. Thus, each eigenvalue is associated with a unique unitary eigenvector up to
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a sign change and each eigenvector has a single non-zero entry. Thus, with probability at least

1—5e %,
s s 8§ s
IRPTEISY GO SN N
s (Fe S ) (e
for some diagonal matrix J. By Lemma A.3.5, with probability at least 1 — 5e~*, for each k =

1,..., K,
s 52 s 8 5
W) < (S e ) (14 2)
[Ak(H) — 1] (T+T2+p2+pT) + 7
where 7 is either 1 or —1. Without loss of generality , we can assume that all entries of H is

positive (otherwise we can multiply the corresponding columns of F and A by —1). Hence, with

probability at least 1 — 5¢%,

K 2 3 3
H-_T.)2 =522 hy—12 <2+ 42 45 (1 ﬁ)_
Y e e L

i#j
O]
Lemma A.3.7. Under Conditions 2.2.1-2.2.3, with probability at least 1 — Ge™?,
|F — FH|pmax < (L + 1) {log(T)}%"s. (A3.1)
vp T

Proof. By Lemma D.2 in Fan et al. (2013), with probability at least 1 — 2e™*,

”UTU”max < (\/ﬁT +p)s

and

|A U max < v/PT's.

Also, with probability at least 1 — ¢, ||F|max < {log(T) + s}'/73. Thus, with probability at least
1= 3¢, M flmax, [ Maflmax < p~ 72

{log(T)}¥™5 and | M3 max < (072 + T~ 1) {log(T)}/"s. The result follows from Lemma A.3.2
that [K~'|, < 1 4 7-'/2/s with probability at least 1 — 5¢~*. O
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Recall that A = T-'YF. We have A — AH = 3° | C; where
C, - - AF (F-FH), C,= LurH, - 2 U(F — FH)
1 — T ) 2 — T ) 3 — T .

Lemma A.3.8. Under Conditions 2.2.1-2.2.3, with probability at least 1 — Te™?,
(i) p ')A —AH|2Z < (T s+ T 22+ p 'T '+ p 23)(1+ T Ls),
(i) |A — AH|pmax < T *{log(p)}/s,

(iii) |A — AH™ o < T7?{log(p)}/s.

Proof. (i) By Lemmas A.3.1 and A.3.3, with probability at least 1 — 7e~%, |C[2 < (p~! +
T HA+T1s)s% |Colz2 ST 'p(1+ T 's)’sand |Cs|2 < (T + pT3)(1 + T 's)s>.
So

p YA —AHZ < (T 's+pT 22+ T ' +p ') (1 + T ).

(i) By Lemma B.1 in Fan etal. (2011), with probability at least 1—e ™%, [FTU " | a0 < A/ T log(p)s.
Then, with probability at least 1 — 7e™, [|C1|lmax < 278, |Ca|max < T~ 24/log(p)s, and

1Cslmax < (pT)~Y?{log(T)}™s. So we have

|A = AHuax £ T {log(p)}s.
(iii) The result follows from (A — AH™!) = AH"'(HF " — F)F + U(F — FH) + UFH.
O
Lemma A.3.9. Under Conditions 2.2.1-2.2.3,

1 1
E{|=YY' — —E(YY"'
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Proof. Recall that

T'YYT =T 'AF'FAT + T'AF'U" + T'UFAT + T 'UU"

and TT'E(YY ") = AAT + T7'E(UUT). By Condition 2.2.3, with probability at least 1 — e,

E{||T*AFTFAT — AAT|,} < p2T 12612,

By Lemma A.3.1, with probability at least 1 — 4e~%,

E(|T'UFA"|,) < p*?T~2s.

By Theorem 1 in Koltchinskii and Lounici (2017), with probability at least 1 — e™*,

E{|T~'UUT — TT'E(UU)|2} < p'T— 2 + T712612,

The conclusion follows. ]

Lemma A.3.10. Under Conditions 2.2.1-2.3.1, for eachi = 1,...,p,

T 2
2 {log(T))}" log(p)
Sl;p P Z 'Lyt szt , S — P (%”szH2 < Z’) S T1/2(1 + $4) )
where 7y, is the eigenvalue of T; = T~ 3. (Py)(Piy,)7, z ~ N(0FAAT +021,) independent

ofI’Z-, 0]2( = T_l Zz‘:l E(fllftl) and UZ = T_l Zt:l E(ullult).

Proof. Recall that y, = A f; + uy,

(Piyt)(Qiyt)T = PiytytTQi

= Pz‘AftftTATQz’ + Pz‘AftutTQz' + Piut.ftTATQi + PiUtUtTQi-
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By Condition 2.2.3 and Theorem 2 in Jirak (2016), foreachk =1,..., K andi =1,...,p,

St e _ {log(T)}?
sup ( Vo S ) —‘M)‘ S TR Y
and
Sy i {log(T)}?
Sup ( VToy = ) I R )

where 07 = T~! Zthl E(fi1fn) and 02 = T! Zthl E(u1iu1¢). The conclusion follows from the

proof of Theorem 4 in Koltchinskii and Lounici (2016). L]

Lemma A.3.11. Under Conditions 2.2.1-2.3.1, for each i = 1,... p, with probability at least

1—e73,

~ ~ log(T)}'/2{1 /4 B,
”Pi_Pz’Hg—E(”PZ’—PiH%) S{Og( )} {og(p)} + z\/g

T9/8o—s/4
LITTEY s C\f
T T3/2 ’

where gz = IIllH()\Z — )\7;_;,_1, )\i—l — )\JfOI"Z = 2, N Y and §1 = )\1 — /\2.

Proof. By Lemma 1 in Koltchinskii and Lounici (2016), f’l —P;, =L;+S;, where L; = Q,DP, +

P,DQ;, [Sill. < g;*|D

2, andD =T 'YYT—T'E(YY"). By Lemma A.3.9, with probability
at least 1 — e™%,

HDHQ < pl/QT—l/Q + T_1/251/2.

Notice P,DQ, = T} ZtT:l(Piyt)(Qiyt)T, we have

|Lil2 = |QDP; + P;.DQ,;

= 2|P;DQ;[3

_ ; % Z(PM(QMT

2
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By Lemma A.3.10, with probability at least 1 — e,

L3 — E(Li9)} — {27 Ty Qizl3 — 27 TE(v: ] Qiz 3)}]

_ {log(T)}*{log(p)}
~ T9/8—s/4 )

Following the proof of Theorem 4 in Koltchinskii and Lounici (2017), with probability at least

—S
1—e%,

B ITEOY s | G
A O

{2777 Qiz]; — 27" TE(%i]| Qiz]3)}| <

where B; and C; are given before proof of Theorem 2.4.6. The lemma is proved. [
Lemma A.3.12. Under Conditions 2.2.1-2.3.1, foreachi = 1,...,p,

) R log(T)4/log(p) 1 C,
1 1/2 P2 — T :
7B Var (B - Pull) — 1] £ SEEREEE 4 o

Proof. By Lemma A.3.10,

4
Var(|Liz) - ﬁ Var(vi]|Qiz|3)

4 o0
<_
m ),

_{log(T)}? log(p) .
~ T5/2

Piy)(Quy)' | >z y —P (%Hszng > \/5) dx

Notice 4 Var(~;]|Q;z|3) = {(T + 1)B? + 2C?} T~! by the proof of Theorem 6 in Koltchinskii and

Lounici (2017). Thus, we have

Var(JL3) 5 7 | PR Tty et
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and
log(7")~/1og(p) N 1 C;

TB; Var2(|P; - PiJ3) - 1] <

Lemma A.3.13. Under Conditions 2.2.1-2.3.1, foreach k = 1, ... K,

~

< . 1 C
pB "Var ([P, — Pyf2) — 1] < - + —%—.
P \/pBs

Proof. By Lemma 1 in Koltchinskii and Lounici (2016), P, — ISk = ik + §k, where D =
p'YTY —p'FATAFT, L, = Q,DPj, + P,DQy, and | S|, < ;. %|D|2, where

gk = mln{)\k(ATA) — )\k+1(ATA), /\k_l(ATA) — )\k(ATA)}

fork =2,...,Kand g = \{(ATA) — \;(ATA). By Lemma A.3.1, with probability at least
1—3e~*, |D||, < p~2T~'s. Similar to Lemmas A.3.11 and A.3.12 with By and C}, defined before

the proof of Theorem 2.3.2, the lemma is proved. U
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Appendix B

Supplemental materials for Chapter 3

This online supplementary material contains proofs of the main theorems, technical details,
and extra results from numerical studies. Proofs of the main theorems are included in Section B.1.
Technical details and discussions are reported in Section B.2. The theoretical validity of our pro-
cedure on selecting K and its numerical comparison with the competing eigenvalue-ratio based
procedures are documented in Section B.3. Section B.4 displays extra results from simulation
studies. We firs collect some notation throughout this supplementary files.

Notation. For a matrix Ml = (m;;)1<;,j<p € RP*?, write || M|z = (X7_, 27 m3;)"/? to be the
Frobenius norm, |M|ax = max;; [m;| to be the maximum norm and [Ml|o, = max; > ; |[m;]
to be the induced ¢,, norm. The spectral norm of matrix M corresponds to its largest singular
value, defined as ||M||a = supgeg||/Mall2, where S = {a € R? : ||a|ls = 1} and the /,-
norm of p-dimensional vector @ = (as, ..., a,) is defined by ||all, = (X7_, |a;|?)"/7 with 1 <
q < o0. Denote the minimum and maximum eigenvalues of matrix M by Ay, (M) and Ay (M),
respectively. Let tr(M) = >}7 | m;; be the trace of M, vec(M) be the vectorization of M, and
® be the Kronecker product. We write I for an identify matrix. For sequences {a,} and {b,},
a, = o(b,) if a, /b, — 0asn — o and a,, = O(b,) if limsup,,_, ., |an|/bn < 0; X,, = 0,(a,) and
X, = O,(a,) are similarly defined for a sequence of random variables X,,; a,, < b, if and only if
a, < Cb, for some C' independent of n; and a,, = b, if and only if there exists C', D independent
on n such that Cb,| < |a,| < D|b,|. Denote > and <, the convergence in probability and in
distribution, respectively. Unless specified otherwise, 6 > 0 and C' > 0 denote absolute constants
independent of n, T, p.

In this supplementary file, we constantly explore the tail probability of random variable X in
the following sense: with probability at least 1 — 9§, X < {1 + log(1/6)}. Such an inequality is

often proved with probability 1 — C'¢ instead, where C' > 0 is an absolute constant. In such cases,

it is easy to show that the inequality still holds with the original probability. By replacing J with
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d/C, we claim that with probability at least 1 — §, X < {1 +log(C/d)} < {1 +log(1/9)}. Thus, it
will be said without further explanation that probability bound 1 — C'é can be replaced by 1 — ¢ via
adjusting the constant. Also, note that 1 + log(1/d) = log(e/d), so we can replace concentration

bound 1 + log(1/6) by log(1/0). See Koltchinskii and Lounici (2017) for a similar discussion.

B.1 Proof of the main results

B.1.1 Invertibility of the projection matrix

Without loss of generality, we take X¢ = [0, 1]¢. Consider coefficients a;, ay € R/, where
/
a, = (a(()k),agli), . agkl), . a%’;), e ,a%)) eR/ k=12 ...
and define

{ay, as), = %Z{a —i—ZZa Xie }{a +ZZ@ (B.1.1)

In literature, conditions on the largest and smallest eigenvalues of n~1®’'® are usually stated as an
important assumption for theoretical guarantees (e.g. Fan et al., 2016). However, under standard

nonparametric settings, we can establish it as following.

Lemma B.1.1. Under Condition 3.3.2, whenever J = o(y/n) and d < J~'n, with probability at

least 1 — 0,

n {1 - 1og<J2/6)} < A (BB) < Ny (D) < {1 -2 10g<J2/5>} 7
n n
where

VI (@) ... dulrn) ..o dulmia) ... ds(T1a)

1/\ﬁ o1(n1) oo Gs(Tn1) oo G1(Tna) oo Pr(Tna)
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as defined in Section 3.2.2.

Proof. From (B.1.1), {a,a), = a’ (n~'®'®) a for any a € R’%*1, For any § > 0, let
As = {0~ B (G@a0) | 2 Loy /(e ) |
On A¢, we have
{1 — %log(ﬁ/é)} E ({a,a),) <{a,ay, < {1 + %log(ﬂ/é)} E ({a,a),).
By Lemma B.2.4, E ({a, a),) = |al3. Thus, we have
{1 — %log(ﬂ/é)} lal} <a' (n7'®'®)a < {1 + %log(ﬁ/é)} |all3.
The conclusion follows from Lemma B.2.5, which implies P{A4;} < 0. [l

B.1.2 Proof of Theorems 3.3.1 and 3.3.3

Theorems 3.3.1 and 3.3.3 readily follow Propositions B.2.1-B.2.4.

B.1.3 Proof of Theorem 3.3.2

Recall that V = GV( ft)é’ + D, similarly to the proof of Lemma B.2.17, we have

A~ 1 1 T + p2n2a {(T + p2n2a) log(n)}1/4 1
An(V) 2 = |1 v 144/10g(1/6)},
SRS v iy 2T * e | Vioe(1/0)}

with probability at least 1 — §. Then, by Lemma B.2.17, with probability at least 1 — 6,

[Vt - v = [P = < [ Vo )
2 2 2 2

Vo1 1 A 1
$T{7+\/—ﬁ+f+ #12&T+J(Hl)/2}{l+\/m}'
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By Lemmas B.2.2 and B.2.3, |Z{,(G f + u)|» < |Zo|rT~%+/log(1/5) with probability at least

1 — 6. Thus, with probability at least 1 — 9,

|8 B, < 1@V '20) " — @V 120 Y2V G + W)l
@2 2T - VNG + B
< VBV 20) T (BT Bo) TV ZHCF + @) — VI,

+(ZoV 1 Z0) A Zo(GF + )]V =V

g\/%{%j—i_\/iﬁ—i_%—i_\/%—i_J(nil)p}{l"'m}-

Therefore, for any a > 0,

~ 2 © ~ 2
o(jo-[,) = [e(|o-al> o)
2 0 2
- [e(|p-af,>s)as+ [ p (|55 >s)as
< a+efooexp{—0‘;nTT}ds
a n,T,J

Ced? 1 ; { anT }
=0+ ————exp )

nT Cﬁ%m J

with 0, 7y = JYV2n g V24 T p g2 ~12er=1/2 4 J=(+=1/2 and constant C' > 0. Letting

a = (nT)~'CV% 1 {1 + log(21)} gives

E (\5 _ a\j) < X

For TOPE (3 and the oracle generalized least squares (GLS) estimator ,@ whose jth components
are denoted by Bj and Ej respectively, repeatedly employing Cauchy-Schwartz inequality to each

of the (i, j) pair with ¢, j = 1,...,pleads to
| COV(Bi) BJ) - COV(E’M E])|
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=[E{(5: — B)(B; — B)} + E{(B; — 5:) (55 — B;)}
<[E{(B: = B 1P [EA(B; — )"V + [E{(B; — B8,)° 2 [E{(B: — 5)* )12

Una N Vna
T onT  (nT)3?*

which yields

) 1/2
Vax(8) - var(3)|, - [Z {Cov(5,3) — Cov(3, 5j>}2]
ij—1

- p'ﬂn,T,J pﬁi,T,J

~onT +(nT)3/2'

B.1.4 Proof of Theorem 3.4.1

(1) For the oracle GLS estimator B it holds
1 o 1 o
3-8 =(Z\V'Z)'ZV | G= —
B — B =(Z 0)” ( T;ft‘i‘T;Ut
1 < 1 <
—Alc= el

where A = (Z4V~'Z) "ZoV " and V = G Var(T~' Y1, )G’ + Var(T-' 3., ui)L,

as defined in (3.2.5) in the main paper. For any p-vector c,

(nT)1/2 ! :6 B) : Wit + Wnt

IIMH

where W,,; = n'/2T~12¢/ Au; and W,; = n'/2T-2¢/ AG f,. Then

E[[Wal’] = n®2T2 [ 3E[|A 3 E[Jua]3] < o0

-
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(i)

for any n, and since |A |, < |A|r < p||A|2 we have

(Zzzl E[Wgt])?ﬁ {c'E[A Var(u;)A’] 0}3/2
. T PE[ABIE [’
{max; Var(ui) /2 {E[|| A2}

as T diverges to infinity. By Lyapunov central limit theorem, Zthl W, 1s hence asymp-
totically normal. Similarly, under Condition 3.3.4, we can show that Wm is asymptotically
normal. In addition, >} W,,, and 3], W,.; are uncorrelated since {u;} and {f;} are inde-
pendent mean zero processes. Therefore, n'/27"/ 20(,5 — 3) is asymptotically normal for any

¢, and we have
3 23— B) 5 N(0,1,),
where 3 = E [(Z,V~'Z,)~']. By Theorem 3.3.2, we have
VnT(B - 8) 0. (B.1.2)
Notice that | 2|2 = Op(nT'), Slutsky’s theorem yields
=126 - B) 5 N(0,L,).
Similar to (i) and conditional on Z, and X, Lyapunov central limit theorem yields
(Z4V'20)'P(B - B) % N(0.1,),
and Slusky’s theorem leads to
(ZyV'70)*(B ~ B) > N(0.1,).
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B.2 Technical results

B.2.1 Preliminaries

Lemma B.2.1. Under Condition 3.3.5, v,(T) = T2 is sub-exponential for each i =

1,...,n

Proof. Note that E(Juy|[**°") < coforanyt =1,...,T,i=1,...,nand §; > 0 and

D a(T)? < Y exp{—CT" /3} < oo,

T=0 t=0

By Theorem 4 in Tikhomirov (1981), |P{v;(T) < s} —P(W; < s)| < C;T~Y2(1+|s|)*{log(T)}*

foreachi = 1,...,n and any s, where W ~ N(0, 0?) and

ee]
o} = E(uj) +2 Z E(uinuir).

t=2

Thus, we have

P{|v;(T)| > s} =P ( %;un > 3) < 2exp{—s/(207)} + CiT Y21 + s) *{log(T)}?

for any 71" and constants C'; > 0. Furthermore, forany k£ = 1,2,.. .,

E{|v:(T)["}

— L P{|v:(T)| > s/*}ds + LOO P{|v;(T)| > s'/*}ds

N

1+ J 2 exp {—82/k/(20'2)} ds + f CLT7YV2(1 + sY%) " {log(T) V3ds
1 1

N

0 0
1 +J 2¢ k(20222 dt +J CLkT 2 {log(T)}*(1 + t) " Ldt

0 1
= 1+ 220)*2kT(k/2) + CynT Y {log(T)}’k!,
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so that

E [exp{sv;(T)}] < 1+ 2 5] E“Z:(T” }

© 2

2 ©o]
< 1422+ 4/20%2) Z ( B a2 og(T) Y ol
k=1 k=2

< exp{202s® + Oy T {log(T)}%}

for |s| < min{1/0;, 1}. The assertion follows from the definition of sub-exponential distributions.

]

Lemma B.2.2. Under Conditions 3.2.1 and 3.3.5, for any s > (),

o

202

> SAF/\F} < 2pexp {_i}

for p x n matrix A and 0* = max; o? with o? defined in Lemma B.2.1.

Proof. Write A = (ay,...,a,)’, where a4,...,a, are n-dimensional vectors. For each m =

1,...,pand w > 0, by Conditions 3.2.1, 3.2.2, and 3.3.5, Lemma B.2.1, and Corollary 4 in

() -+ (5

Z mivi(T)] = 8\/T>

<9 2T
S ex _—— .
P1 20%an2

2
> amzs/ﬁ} < QeXp{_%z}

Samson et al. (2000),

1y
am?Zut =

t=1

Hence

s

foranym =1,...,pand

T
a;nZut/T
t—1

2

> |AF3/\F} < 2pexp {_5—}.

202

e
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]

Conclusion in Lemma B.2.2 remains valid for correlated {u;}. , over i. In fact, if one as-

sumes cross-sectional dependence of {u;;} over i by letting max;<,, > ., [E(uiu;i)| < Ca, max;<,

Dbt Dimet ZtT=1 ZZ=1 | cov(iths, Uistims)| < Ca,and (nT) ™1 330, Z;'l=1 ZtT=1 ZST=1 |E(usujs)| <

C5 for some Cy > 0, Corollary 4 in Samson et al. (2000) still applies in the above proof.

Lemma B.2.3. For p x K matrix A, under Condition 3.2.1 and 3.3.5,

(o]

> SAF/\F} < 2pChy exp(—C432/2)

for constants C3, Cy > 0.
Proof. The proof is similar to that of Lemma B.2.2. [

B.2.2 Some results for spline estimators

Lemma B.2.4. Under Condition 3.3.2, there exist constants c;, ¢y such that

alal; <E(a,a),) < c2fals.

Proof. 1t follows from Condition 3.3.2 that, for any ¢ = 1,...,d, the marginal density of X,
on its support is bounded away from O and co. Without loss of generality, we assume that, the
support of X is [0, 1]¢ and density ~(X) is bounded from below and above by m; and m, with
0<my <my < o0.

Denote fo(X() = 3.; ajed;j(Xe), £ =1,...,dand fo = ap. Then, we have

(<a, CL>n = {a0+22a]g¢] Xg } =E {ao—i—ng(Xg)}

l=1
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Since the basis functions are centralized,

E({a,a),) = L{aﬁZﬁ X@} X)dX = f{&o—i—ng Xg}

S +L {; fz(Xz)} dX

By Lemma 1 of Stone (1985), we obtain

L {i fe(Xe)}2 dX

A\

(%) 2 [ g2
- (3 (524)

where Cy = 1 — (1 — m;/my)"/2. Consequently, we have

E({a,a),) = a2 + (%)d_l (ZZ ﬂ> > min{ (%)d} |al?.

Similarly, we can establish that

1 d 2 d 1
J {Z fe(Xz)} dX < dQZJ fi(z)de = d&? <22a12'£>
0 =1 ¢=1+0 ]
and thus

E((a, a),) < ag + d* (ZZ a?z) < (L+d*)]al*.

e j

Lemma B.2.5. Under Condition 3.3.2, we have

— 2
P{ wp N, E((al,a2>n|))>8}<Cljzexp{_022 s

aj,aeR7d+1 \/E(<a1, a’l>n)]E(<a'27 a2>n

for some constant C',Cy > (.
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Proof. The proof is similar to that of Lemma A.2 in Huang et al. (2004). First, notice that

{ay, a2y, —E(ay,as),) = ZZ aﬁ)aﬂ, {e} @' Pejy —E(e), @ ®ejip)},

f 2 5.3
where e, is the (J¢ + j + 1)th natural basis of R7?*!. Hence, we have

®e; = {9j(X), ..., ¢;(Xne)} . Forany j, 7', 0,0,

n

1 1
e (L ae) < LS <

As |¢;(Xy)| < M for each j, ¢ for some M > 0, Bernstein’s inequality yields that for s > 0 and

constants My, Ms > 0

Pl oo, & (Le dden, )| > esh <oxpdo
n It e n It e 25 (S XD M, + Msys |

By the union bound, for s > 0 and constants C, C5 > 0

1 1 C2$
P [ U {‘Eegéél‘be‘j/@ —E <ﬁe;eq>/<1>ej/€/>‘ > ﬁ}

j?j, 7£7él

J? +sJ

2
<C’1J2exp{— Cyns }

Denote

B - U {‘nile;fq)l(bejlf’ —E (nile‘ljgi)léej/g/)

3,376,

> cos(Jd) "},

so that P(B) < CyJ% exp {—Cyns?(J? + sJ)~'}. For each s > 0, on B,

lKay, as), —E({ay,asy,)| = — ZZ aﬂ at 'e' {e D' Pejy — E(e;-gq)'@eﬂ,)}
ff’ 7'
CQS
< ZZ |a/ /Z/
]E jl E/

N

1/2 1/2
22 (JdZW ) (JdZm(?,?, )

IZ/
= 025\\01“2“@2”2
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< svVE({a1,a1),)E((az, as)n),

where the last inequality is due to Lemma B.2.4. The conclusion follows.

B.2.3 Technical results for the proof of Theorem 3.3.1

Lemma B.2.6. Under Conditions 3.3.1 and 3.3.3, for each n, with probability at least 1 — 6,
-1 1 1 1 I —1
1—=n""1og(1/8) £ Auin | —G'PG | < Apax | —G'PG | <1+ n "log(1/0).
n n

Proof. Denote R = G — PG, and we have G'PG = G'G — G'R.. Thus we have

1 1 1
)\min (_G/PG) Z )\min (_G’IG’) + )\min (__G/R) 9
n n n

1 1 1
)\max (_G,PG> < )\max (_G’,G’> + )\max (__G/R> .
n n n

Note that |R|2 < nJ " by Condition 3.3.3. Thus, combining Condition 3.3.1, it holds that, with

probability at least 1 — 6,
—1 ! 2 1 ! ! ]‘ ! ]‘ ! —K —1
In"'G'R|z = Etr(R GG'R) < A\pax EGG ;tr(R R) < J {1 +n "log(1/d)}.

Thus, with probability at least 1 — 4, |[A(G'R/n)| < J {1 + n"'log(1/8)}. By Condition 3.3.1,

with probability at least 1 — ¢,
-1 1 ! 1 ! -1
1 —n""log(1/8) £ Amin EG G ) < Amax EG G| <1+4+n "log(1/6).

The conclusion follows. O]

Lemma B.2.7. Under Conditions 3.2.1 and 3.3.2-3.3.5, for U = U + Z{I; @ (3 — é)} defined in

Section 3.2.2 in the main paper and ,é the OLS estimator in Proposition B.2.5,
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(i) E(IF'UR) = O((n + pn*)T), E(JU@[) = O(nJ(T + p*n**)) and E(|@'UF[3) =
O(anH%‘TJ).

(ii) With probability at least 1 — 36, |[F'U'|z < {(n + p)T}V*{1 + 1/log(1/5)}, |[U'®|
{nJ(T + p*) {1 + /log(1/0)} and |®'UF ¢ < (p*nTJ)"*{1 + 1/log(1/0)}.

A

(iii) With probability at least 1 — 40,

||PINJH]F < A/J(T + p?n2) {1 +n~ T log(J%/0)}*/*{1 + 4/log(1/6)}.

Proof. (i) By Lemma B.1 of Fan et al. (2016), E(|F'U’|2) = O(nT), E(JU'®|2) = O(nJT),
E(|®'UF|2) = O(nTJ), and E(|PU|2) = O(JT). Thus, it suffices to show

E[|Z{I; ® (B — B)}F|%] = O(p*T), (B.2.1)
E[|®'Z{1r ® (8 — B)}[2] = O(w*nJ), (B.2.2)
E[|®'Z{Ir @ (8 — B)}F|}] = O(p*nT J). (B.2.3)

By Proposition B.2.5, E[|Z{Ir ® (8 — B)}[3] < E(|ZI3)|Tr BE(I8 - BI3) = O(p*n*).

Then (B.2.1) follows from Cauchy-Schwartz inequality that
E[|Z{Ir ® (8 — B)IF|2] < E[|Z{Lr & (8 — B} ZE(IFI2) = O (p*n*T) .

As a consequence of Lemma B.2.4, we have E(|®|3) = O(n), and consequently E(||®|[2) <

(Jd + D)E(||®|3) = O(nJ), and (B.2.2) holds since
E[|®'Z{Ir ® (8 — B)}[?] < E[|Z{Ir ® (8 — B} FIE(I®[Z) = O (p°n'*>*J) .
Applying Cauchy-Schwartz inequality, (B.2.3) follows

E[|[®'Z{Ir ® (8 — B)}F 2] < E[IZ{Lr ® (8 — B} ZE(@DE(FI2) = O (p*n'**T.J).
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(i) Since E(|F'U’|2) < Co(n + p*n2®)T for some Cy > 0, for s > 0 we have

P(|[F'U’|g/+/Co(n + p?n2)T > M)

exp(—sM)E[exp{s|F'U[[s/+/Co(n + pn**)T}]

N

N

exp(—sM)E [1 + s|F'U|5/A/Co(n + p*n2)T

+5*[F'U'3/{2C0(n + p*n**)T} + o(s*[F'U'|[5/{2Co (n + pzn?‘“)T})]

N

exp(—sM + s + s°/2 + o(s?)).

The minimum of the right hand side is exp{—(M —1)?/2}. Letting § = exp{—(M —1)?/2},

we have with probability at least 1 — ¢,

IFU | < A/(n + p?n2)T{1 + \/log(1/0)}.

The remaining two bounds follows similarly.

(iii)) By Lemma B.1.1, with probability at least 1 — ¢, we have
2 ! J 9
B2 = Ao (®'®) < {1 + 1oy /5>}
and

@9) 2@ <[ {1 L]
<n! [1 + %log(JQ/(S) + o0 {% lOg(JQ/fS)H
<n’! {1 + %log(ﬁ/@} :

Hence, with probability at least 1 — 44,
~ ~ J 3/2
|[PU[r < [®]2] (®'®) " [2|®"Ullp < +/J(T + p?n2) {1 + 10g(J2/5)} {1+ +/log(1/0)}.
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Lemma B.2.8. With probability at least 1 — 26,

(i) JU'®B|s < +/n(T + p?n2){1 + /log(1/0)},
(i) |B'®UF|r < pvnl*2T{1 + /log(1/6)}*{1 + /log(1/6)}.

Proof. By Proposition B.2.5,

E||Z{lr @ (8- B)YeBI2| <E||z{lr @ (8- B)G 3|
+E[I1Z{Lr © (B - BYRIE| = 0@n+),
E||B2Z{lr ® (8- B)IF|}| <E[IG'Z{Lr & (8- B)}FI2]

+E[|RZ{Ir @ (8- B)IF 3| = 0@ +*T).

By Lemma C.6 in Fan et al. (2016), E (JU®B|?) = O(nT) and E (|B®'UF|3) = O(nT). So

similar to the proof of Lemma B.2.7, with probability at least 1 — 44,

[U8B|r < |Z{Ir ® (8 — B)B}®|x + [UPB|r < v/n(T + pn**){1 + 1/log(1/5)},
[B'®'UF|x < |[B'®'Z{Ir @ (8 — B)}F | + [B'®'UF|x < pVn' 22T{1 + /log(1/)}.

O

Denote K a K x K diagonal matrix whose diagonals are the first i eigenvalues of (n7T’ )*1?’ PY.

Then (nT)~'Y'PYF = FK. Let
1 ~
H-= —_B®®BFFK™'
nd

Substituting (3.2.4), we have
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where

A, = —FB'®UF, A,— —U®BFF, A= UPUF,
nT’ nT’ nT
1 S 1 ~
A, - —FB'®RFF, A;-—FR®BFF,
nT’ nT’
1 ~ 1 ~ 1 ~ N
A= —FR'PRF'F, A;=-—FR'PUF, Agj=—UPRFF.
nT nT nT
Next, in Lemmas B.2.9-B.2.13, we will provide a bound on [H — I||y in probability.

Lemma B.2.9. With probability at least 1 — 56, |[K |2 <1+ n!log(1/0).

Proof. The K largest eigenvalues of (nT)*l?’ PY are the same as those of
W = (nT)"H(®'®)"2'YY'&(®'®)"1/2.
Substituting Y = GF’ + U and T 'F'F = I, we have W = Z?Zl W, where

1
W, = —(&'®)"29'GG'®(P'®)"1/2,

n

1 ~

W, = —T(<I>’<I>)‘I/ZQ’GF’U’@(@’@)‘l/Q,
n

W; = W),
1 ~ ~

W, = —T(<I>’q>)—1/2<I>’UU’<I>(q>’<I>)—1/2.
n

By Lemma B.1.1, with probability at least 1 — §, we have
2 ' J 2
[ P[5 = Apax(P'®) < n {1 + 510g(J /5)}

and

@), = xzh@e) < [of1- Dot }|

<n’! [1 + %log(J2/5) +o {% log(JQ/fS)}]
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<n? {1 + %log(ﬂ/é)} :

By Lemma B.2.6, with probability at least 1 — 6, [PG|3 = A\pax (G'PG) < n(1 + J7%){1 +
n~'log(1/8)}. Hence, with probability at least 1 — 56,

[Wal, < —||(¢> @)1 F'U"P

F

DA /ﬁ(l + J {1+ n’lJlog(J2/5)}3/2{1 + 4/log(1/86)}{1 +n 'log(1/0)}

A

and by Lemma B.2.7, with probability at least 1 — 44,

1 - ~
Wiz < —[(2'®) V231903

< J(T+—p?”2a>{1 + Jlog(J2/8)/n}{1 + \/log(1/5)}.

By Weyl’s Theorem, |\, (W) — A\, (W1)| < |[W — W]z foreach k = 1, ..., K, which implies,

with probability at least 1 — 56,

V' J N J(T + p*n?*)

IA(W) = M (Wh)| < {W T

} {1+ Jlog(J?/8)/n}*?{1 4+ /log(1/6)}.

Note that the K largest eigenvalues of W is also the K largest eigenvalues of n~'G'PG. Thus,
by Lemma B.2.6, with probability at least 1 — 5, |[K |z <1+ n'log(1/d). O
Lemma B.2.10. With probability at least 1 — 70,

(i) |A1lr, |Az|r < A/n T + p2n2){1 + 1/log(1/5)},

(i)) |Asle < 07 T72I(T + p"n2) {1 + 1/log(1/0)},
(iii) |Adlr, [As]e < (J72VT){1 + /log(1/5)},

() |Azle, |Asls < /(T +p*n2) (nJ<=1)7H1 + y/log(1/6)};

and |Ag|r < J VT
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Proof. Notice that |F|z = vKT with probability 1 and |F|z = vKT. Then, (i) follows from
Lemma B.2.8 and (ii) follows from Lemma B.2.7. By Condition 3.3.3 that |RJ|}Z < nJ™", (iii)
follows from Lemma B.2.6 and ®B = PG. Part (iv) follows from Lemma B.2.7 and |R|Z <

nJ~%. Result on Ag follows similarly to (iii) given [P, = 1.

Lemma B.2.11. With probability at least 1 — 30,
(i) | A maxs | Az max < n™Y2T'/T + pPn2e{log(T)}*"{1 + log(1/5)},
(ii) | As|max S n~Y2T7/T + p*n2a{log(T)}/2{1 + log(1/5)},
(iii) | Aslmax: [As|max < 27 T~ H{log(T) 72 J~{1 + log(1/5)},
(V) || A7 mase, | Asllmaxe S (0T) 1T (/T (T + p>n*){log(T)}*"{1 + log(1/6)};
and | Ag|max < (nT) 1T 2%{log(T)}*/™.

Proof. By Lemma B.1 in Fan et al. (2011), with probability at least 1 — 10, [UPU|pax <
V(T + p*n?*){1 + log(1/6)}. Also, the proof of Lemma D.2 in Wang and Fan (2017) implies
that ||[U'®Bl|,, < +/nT. Hence, with probability at least 1 — &, [U'®B| < /n(T + p?n2){1 +
log(1/6)} by Lemma B.2.8. Then, the results follow from that ||F . < {log(T) + log(1/8)}1/r

with probability at least 1 — . O
Proposition B.2.1. Given J = o(y/n) and k = 1,

(i) With probability at least 1 — 120,

1 ~ 1 p?

f”F —FH|: < (ﬁ + — e 2‘1T T ) {1+ 4/log(1/86)}*{1 + n 'log(1/6)}. (B.2.4)
(ii) With probability at least 1 — 89,

A~ 1
P — FH|pu < (—

p o 2/rg o ‘ 2.
et s P L los/D) 29
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Proof. By Lemma B.2.9, [K™'|, < 1+ n~'log(1/d) with probability at least 1 — 53. The result

follows from Lemmas B.2.10 and B.2.11. O]

Lemma B.2.12. With probability at least 1 — 200,

(i) T-HALR < {n72+n 20T 71p2 4+ (nTJ%) (T + p*n®*)} {1 + /log(1/0)}2{1 + n!
log(1/0)},

(ii) T?|F' Asf < n= ' 20T 1p*{1 + y/log(1/0)}?,
(iii) T_QHF’(f‘ —FH)|2 < {n72 +n7 172207 1p2 + J77H{1 + 4 /log(1/0)}?,
(iv) T 2|F/(F —FH)|2 < {n 2 +n 2207 152 4 J 5} {1 + /log(1/0)}2
Proof. (i) First, by lemmas B.2.6 and B.2.9, with probability at least 1 — 64,
1 ~ _ -
[z < = [PG¢|Flle[Flle[K" [ < 1 +n~" log(1/0).
Then, by Lemma B.2.8 and Proposition B.2.1, with probability at least 1 — 200,
B'®'UF|;
< 2|B'®U(F — FH)|? + 2|B'® UFH|

2

T T
< {n(T +p2n2a) <5 + b + ﬁ) +p2n”2°‘T}

n172a

{1+ x/log(l/é)}Q{l +n ! log(1/6)}
< AT? + T + p*'n* + nT(T + p*n®*)/J"}
{1+ x/log(l/é)}Q{l +n ! log(1/6)}.
The result follows that |F|z = |F|z = VKT with probability 1.

(i) By Lemma B.2.8, with probability at least 1 — 44,

1 1 ~ ~ p?
ﬁllF'AzH% < n2T4HF’U’@BH%HFI@HFII% < ot /log(1/8)}?.
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(iii)) Combining (i) and (ii), the result follows from Lemma B.2.10.

(iv) The result follows from

1 ~, A 1 ~ 9 1 g
= — < —||F - — — FH)|&.
HF(F — FH)Js < |F - FH|2 + — [HF/(F — FH)[x

Lemma B.2.13. With probability at least 1 — 206,

2 1

BTl 5 (4 b+ 50 ) (o VB0 + 7 os(1/0)

n172
Proof. By Condition 3.2.2, F'F = TTj with probability 1 and F'F = TIj . So

H'H - —(FH)'FH - — (FH — F)FH + —F/(FH - F) + I

and |H'H — Ix|r < T *|(F — FH)F||g|H|, + T !|F'(F — FH)|s, which gives the desired
result. L]

Define B = T-1(®'®)"'®'YF so that G = T-'PYF = ®B , we have

where

1 - 1 -
C, = f(é’cIJ)*ch)’RF’F, C, = ?(cb%b)*chJ’UFH,

1 NN 1 -
C; = T(‘I’/‘I’)_lq”U(F - FH), C,=5BF(F-FH)

Proposition B.2.2. With probability at least 1 — 200,
(i) ||]§ —BH|2 < {n 2] +n 1207 1p2 ] 4 n 2Her2pt J 4 JF 1T + Jlog(J%/5)/n}?

{1+ 4/log(1/6)}%,
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(ii) n Y G=GHI|2 < (n 2] +n 11207 1p2 ] 4 p 2Hap-2pt J 4 J-w+1) (14 Jlog(J2/0)/n} {1+
/log(1/6)}*.
Proof. (i) By Lemmas B.1.1, B.2.7, B.2.8 and B.2.12, with probability at least 1 — 200,

1
[Cills s A1 + Tlog(J7/6)/n}?,

2

Gl € 21+ Tloa(/6)/) (1 + v/ loa(1B)}.

n2
J p*J ptJ T + p?
2 2 2
(it = (5 + i + s * gy ) {1+ J1og(2/0)/n}
{1+ ViogI/0)}",

p*J

IC4|3 < (n—i + T + J:—l) {1+ Jlog(J?/8)/n}*{1 + +/log(1/6)}2.

So |[B—BH|2 < {n 2J + n 20T 1p2 ] 4 p 2Hlep 250 7 4 Josth (14 Jlog(J2/8)/n}3 {1+
log(1/0)}*.

(i1) The result follows from

1~ 2 )
Z|G - GH|?2 < = ||#(B — BH)|2 + = |RH]|?2.
nH (i nH( )M+RH IF

Proposition B.2.3. With probability at least 1 — 209,

(i) |B = BH|uax < 02T (T + p*n?*) log(n)}2{1 + log(1/0)},
(i) |G — GH|max < T (T + p*n2) log(n)}V2{1 + log(1/6)},
(iii) |G — GH Yax < T (T + p*n) log(n) }/2{1 + log(1/5)}.

Proof. (i) By Lemma B.1 in Fan et al. (2011), with probability at least 1 — 6, [FU|pax <

A/ (T + p?)log(n){1 + log(1/8)}. Then, by Lemmas B.1.1, B.2.7, B.2.8 and B.2.12, with
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probability at least 1 — 200,

o 2/ra

%{1 +log(1/0)},

Nieramiro
T

T + p*n*® .
(Gl = (T2 ) Qo1+ 10g(1/0)

HCIHmax $

HCQHmaX $

{1+ log(1/0)},

ol < ( ) {log(T)}/"*{1 + og(1/6)}.

S0 |B — BH||ax < n V2T (T + p?n2®) log(n)}2{1 + log(1/5)}.

(i1) The result follows from

|G — GHnax < ~[@(B = BH) [ + —[RH maxc.

(iii) The result follows from

A 1 P B 1.~
G-GH™ = ~GH'(HF — F)F + PU(F - FH) + PUFH.

Proposition B.2.4. With probability at least 1 — 200,

1 p2

IH - Ig|z < (ﬁ + % + %) {1 + /log(1/6)}2{1 + n""log(1/5)}.

Proof. Note that
1 1 _,= 1
HK = -B'®’'®B (—F'F — H) + -B'®'®BH.
n T n

By Lemma B.2.12, with probability at least 1 — 200,

1 1.~
~B'®'®B (—F’F — H)
n T

F
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1 1 ~
< —|®B|?=|F'(F — FH
- @B F( e

1 p 1 —1
< <ﬁ + Y + Jn/2) {1+ 4/log(1/6)}4/1 + n=t1og(1/6).

In addition, by Conditions 3.3.1 and 3.3.3, |G'G — B'®'®B|r < nJ /2. Therefore, with proba-

bility at least 1 — 200,

1
~G'GH — HK
n

< (b4 Lo+ ) (4 ViRUDIT+nThog 1)

F

This implies that with probability at least 1 — 205, H (up to an error term) is a matrix consisting of
eigenvectors of n~!G’/G. By Condition 3.2.2, G'G is a diagonal matrix with distinct eigenvalues
with probability 1. Thus, each eigenvalue is associated with a unique unitary eigenvector up to
a sign change and each eigenvector has a single non-zero entry. Thus, with probability at least

1 — 200,

- Dle = (5 + L+ i ) (1 VIR /T - (170

for some diagonal matrix D. By Lemma B.2.13, with probability at least 1 — 200, for each i =

1,... K,

IA(H) — 1| < (% + \/nlpw + J1/2> {1+ /log(1/0)}+/1 + n1log(1/5)

where 7 is either 1 or —1. Without loss of generality , we can assume that all entries of H is
positive (otherwise we can multiply the corresponding columns of F and G by —1). Hence, with

probability at least 1 — 200,

K
IH —Txlf = > b3+ > (ha — 1)
ij i=1

< (o o ) (e VR =0 ok

n2
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B.2.4 Technical results for the proof of Theorem 3.3.2

Recall that V (f;) = T2 Z;F:TH (T — |t|)§3f(t) as defined in Section 3.2.2 in the main paper,

where
T—s

S = P Fres— F)

t=1

- 1
Zys) = 77—

and

for s > 0, respectively.

Lemma B.2.14. Under Condition 3.2.2, with probability at least 1 — 0,

VE) -V ()

<a (%ﬁ T - J}ﬁ) {1+ 1/l0g(20/0)}.

Proof. Note that

1 < _ _ 1
V(Fi) =75 2, (fi= HIf = ) = SF'PIF,
t,s=1
where P is the projection matrix onto (1, ...,1)" € R”. Thus, by Theorem 3.3.1
~ 2 1 ~ ~, , 2
Hv(ft) —V(f) e i HFP1F —FP,F .

N

1 ~ ~
TilF — Fl&{| P F[z + [P, F3}

1 /1 P2 1 )
ﬁ <— + m + ﬁ) {1 + \/10g(20/5)} .

n

A

The conclusion follows. ]
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Lemma B.2.15. Under Conditions 3.2.1, 3.2.2, and 3.3.5,

Proof. Recall that

and

V(f) = Z(ft fs—f).

By Davydov’s inequality (Athreya and Lahiri, 2006), foreach k = 1,..., K and t,s =

E(fiefor)?| < {alt — s)IV{E(| fu]?2) V0 {E(] for [?%2)} /2, for some q1,q2 > 0 such that

1/ry +1/q1 + 1/q2 = 1, where «a(-) is the a-mixing coefficient. By Condition 3.3.5, E(| fix|")

and E(|fqs]%2) exist foreacht = 1,...,T and o(|t — s]) < exp(—Ci[t — s™*), so |E(furfsr)?| <

exp(—|t — s|). Thus,

| Cov(fi, £s)lr < exp(=|t — s|)

and

Lemma B.2.16. For eachi = 1,. .., n, with probability at least 1 — 6,

V () — Var ( ZT: uit> ‘
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11 1 p {(T +p)log(n)}* 1
< T [\/HT e i T = o {1 ++/log(21/9)},

where V (Uy,) is defined in Section 3.2.2 of the main paper.

Proof. Denote U = {ti;,}™" 1,4—1- Note that
U-U-=(G-GH)(F -HF)+GH (F - HF') + (G - GH ")HF'.

Then by Propositions B.2.1 and B.2.3 and Cauchy-Schwartz inequality, with probability at least
1 — 200,

LN T TIT

L~ 2 1 —K 2
ﬁU—UmS{5+m4@1 T +J }u+mgmm.

Thus, similarly to the proof of Lemmas B.2.14 and B.2.15, with probability at least 1 — 216,

2,20 1o () 11/4
V)~ Vi) 5 | =+ =L o WP | L] g0/

n nl—2aT \/T
and
1
‘V (uir) — Var <T ;’%) \FTQ —— 11 ++/log(1/6)}.
The conclusion follows. L]

Lemma B.2.17. With probability at least 1 — 6,

-] < (e b

\/_ﬁ + T \/m J(nl)/Z} {1 + 10g(21/5)}

Proof. Recall that V = G Var (T71 3], f) G/ + D, 50

T
Ain(V) = Ain {G\/'ar <T1 D ft> G'} + Amin(D) 2 TV
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Note that

<
|
<
CD
/‘A-—'\
SI
-
Y
Nl
1~
=
N———
——’
6
)
2
=
<
Yy

In addition, by the proof of Theorem 2 in Fan et al. (2008), |GV 'G|, = O(T). Thus,

Vv,

V(f) Var( th>

+2V(f)IelG - Glz +|[D-D] .

From Lemmas B.2.14 and B.2.15, with probability at least 1 — 6,

]

-~ 11 1 p {(T + p*n**) log(n)} /4 1
D—DH e 1++/10g(21/5
H FTT [T o T arsrie t JnT NG {1++/log(21/0)}

n

1/1 1 D 1
< — | — _
ST (ﬁ T it T Jf-i/2) {1+ +/log(21/0)},

and

which leads to the desired assertion by lemma B.2.16 and Theorem 3.3.1. U

As a straightforward corollary to Lemma B.2.17, with probability at least 1 — 9,

-~ J 1 1 1
I
V., F

~ \/ﬁ + 5 \/W J(nl)/2} 1Og(1/5)7

where |Alsr := n Y2|S Y2AS V2. If f, and u, are independent across ¢, then [V — V |y p <
(n=WJ + p/In~V2rer=12 4 j=(+=1/2}, /log(1/5), which mimics the optimal rate from Fan
et al. (2013) and Wang and Fan (2017).
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B.2.5 Some legitimate preliminary estimators

In this section, we will discuss some preliminary estimators BO that satisfy the condition of
TOPE. That is, |3° — B[ = Op(n Y2+*T1/2) for o € [0,1/2) as in Section 3.2.2. We start with
the ordinary least squares (OLS) estimator based on an average version of model (3.1.1) or (3.2.2)

over time,
B = (Z47Zo) ' Zhy. (B.2.6)

Proposition B.2.5. Under Conditions 3.2.1, 3.2.2, and 3.3.4, with probability at least 1 — 9,

2

2 p
185 — Bl < L log(1/).

Proof. Combining (B.2.6) and § = ZyB + GT' 3" | fi + T~' " u,, we have

~ _ 1 &
ﬂOLS — (ZéZO) 1 2,6 {? tzl(ztﬂ + Gft + ’U,t)}

= B+ (Zylo) ' Z

o\
()
N
N =
1=
ou)
N—
+
N
o
N
N
N
a2
N
N =
1=
£
N—

B+ (I) + (II).

By Condition 3.3.4, with probability 1, |[PzG|2 < n?*. In addition, eigenvalues of n~'Z{Z,
is bounded away from O and infinity almost surely by Condition 3.3.4 (i). Thus, eigenvalues of
(n~'ZyZo) " is bounded away from 0 and infinity almost surely. That is,

(@20 g = e{(Zizo) "y < £,

2
F

and thus

2

1 -1 p
| (ZoZo) ™ ZoGlfi < || (ZoZo) ™ ZlEIP2GIE <
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by Cauchy-Schwarz inequality. In light of Lemma B.2.3, we have
F {H(I)Hz > T2 | (ZZo) Z6G||F} < Crexp(=Cas”).
By Lemma B.2.2, it holds

P LI > ST | (Z4Z0) " Zhls ) < Cr exp(—~Cis?).

Thus, we have
P{8° — Bl > sT~2 {|| (ZyfZo) " Z4Gle + | (Z4Z0)™" Zils} | < 201 exp(~Cas?).

]

Hence, BOLS is a legitimate preliminary estimator for the TOPE. In addition to the OLS es-
timator, one may consider the following preliminary estimator. As discussed in Section 3.2.1
in the main paper, z;; and g(x;) are allowed to be dependent so that we can rewrite g(x;) as
g(x;) = Az; + go(x;), where A isa K x p matrix and z;. = T ! Zthl z;; is the average of z;

over time. Then, model (3.1.1) in the main paper can be rewritten as
Yir = 2B + zim + go(x:)' fi + v,

where 1, = A’f,. Under Condition 3.2.1, go(x;)' fi + w; is uncorrelated with the regressors z;;.

Hence, we can use the following random-effects GLS (Schmidheiny and Basel, 2011) to estimate

(BJ”I?"'?"T) by

= (WEL'W) 'W'Sly,
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wherey = (Y11, - Unls -« s YITs -« - s YnT) 5

! !

211 *
! !

znl zn~

W =

) !

217 21
! !

_znT zn-_
and X is an estimator of X, the covariance matrix of v = (go(x1)' f1 + w11, ..., go(x,) f1 +

Uns - - go(@1) fr + wir, ..., go(x,) fr + unr). Under Condition 3.2.1 in the main paper, X

is a block diagonal matrix diag(Xg 1, ..., Xgr) with
90(331)'
Ype=E : [90(5”1) gO(mn):| + 0,1,
gO(mn)l
for each t = 1,...,T, where var(u;) = 05. There are a variety of estimators of > r1. For

instance, Bai (2009b) and Schmidheiny and Basel (2011) estimated > r,1 by first estimating v,
which is achieved via the OLS estimator. This is the so-called feasible GLS estimator (Bai, 2009b;
Lam and Yao, 2012; Leek and Storey, 2007) and can be extended to the iterative feasible GLS

estimator (Bai, 2009b; Phillips, 2010). That is, we can update i’]‘?{ using (B4, nld .. 7o)

from the previous step and iteratively update (B“ew, <Y, . .., ") using the update if;gqv The
update (,@“ew, Y, ..., 7¢Y) admits the following shrinkage of errors.
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Proposition B.2.6 (Lemma 1 in Phillips (2010)). Under Conditions CI to C3 in Phillips (2010), if
T =p+1and Ay = E(W'S,'W) is nonsingular,

@ e ey = ()|
2T

=V { B LAY = (B ) AT Y + 0p(1)

where 1) is given in Phillips (2010).

oy

Together along with |8 — 8], < ||(8. 7. . .. 1) — (B8,m1,...,n%) |2, Proposition B.2.6
implies that the iterative feasible GLS estimator improves as the iteration grows. Thus, upon some
iterations, the iterative feasible GLS estimator also provide a legitimate preliminary estimator for

the TOPE.

B.3 Technical results for Section 3.5.1

B.3.1 Proof of Theorem 3.5.1

Recall the notation from Section 3.5.1 that «; and 4; denote the eigenvectors correspond-
ing to the ith largest eigenvalues of V and V, respectively; and 0;; = .y, 0y = !y, and
W, = (Yros1,---,Yn)'Ye for gy = y, — Z,3 discussed in Section 3.5.1. Let fi = (Is ®
D)[vec{S(1)Y, ..., vec{Z(S)}], and p = (Ig @ T)[vec{E(1)Y, ..., vec{Z(S)}], where T' =
diag{3(0)}72 ® diag{Z(0)} "2, T = diag{X(0)} 2 @ diag{Z(0)} 712, B(s) = 37" W,

@,/T, and X(s) = 3_, w,. ;w!/T for each s. Then, consider

O=vT max fi, v =+vT max 2o H GY = max G,
1<

1<i<(n—Kp)2S <I<(n—Kp) 1<I<(n—Ko)2S

where G = (G1,...,Gl,...,Guoky2s) ~ N(0,Er), BEr = (Is ® T)E(&r€7)(Is ® T'), and
&r = VT [vec{S(1)V, ..., vec{3(S)}'] as defined in Section 3.5.1 in the main paper.
Similar to arguments in the proof of Proposition 1 in the appendix to Chang et al. (2017),

Theorem 3.5.1 follows from sup, g, <z Sup, |IP’({/)\ < s5) — P(G° < s)| = o(1). To that end,
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first, recall that for each Ko, 3(0) = S waw,/T and 2(0) = Y, waw!/T, where @, =
(Wiy41ty - -+ Wne) and wy = (Wky11s - - -, Wee)'. Lemma B.3.1, together with Proposition B.2.5
and Condition 3.3.5, implies that sup, ;< Sup; ;<7 P(|Wi| > s) < exp(—s") for some r > 0.
Then, for diag{3(0)}~/2 = (5. . ,81(10_)%) and diag{3(0)}~2 = (o\*, ... ,07(10_)[(0), Lemma
B.3.1 and Theorem 1 in Merlevede et al. (2011) imply that

sup sup ]P’(|82-<0) = aEO)| > ¢) < nTexp(—T'e") + nexp(—Te?)

1<Ko<K 1<i<n—Ko

for some 0 < ¢ < 1 and any € > 0. Hence, for each Ky = 1,..., K and any € > 0,
P(|¢) — 1| > €) < nT exp(—T"¢") + nexp(—Te). (B.3.1)

Along Lemma A.4 in Chang et al. (2017) and anti-concentration inequality of Gaussian random

variables, (B.3.1) implies

sup sup [P(¢) < 5) — P(G° < 5))|
1<Ko<K s

< sup sup UP)(QZ <s) =P <s)|+sup|P(y < s+¢) —P(G° < 5 +¢)|
1I<Ko<K s S

+sup |P(s < G < s+ ¢)| = o(1).

This completes the proof of Theorem 3.5.1.

B.3.2 Proof of Theorem 3.5.3

For each k > 1, rejecting Hy(k) leads to the rejection of Hy(k — 1) as well. That is,
{Reject Ho(k — 1)} o {Reject Hy(k)} so that P[{Reject Hyo(k — 1)} U {FTR Hy(k)}] = 1,

where FTR stands for failing to reject. Hence, for each n, Theorem 3.5.2 implies that

P(K =K) = P([m5 {Reject Ho(k)}] n {FTR Hy(K)})

~ P[{Reject Ho(K — 1)} n {FTR Hy(K)}]
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= —P[{Reject Hy(K — 1)} U{FTR Hy(K)}] + P{Reject Hy(K — 1)}
+P{FTR Hy(K)}

- 1—q,.

as T' goes to infinity. Therefore, inf,, ]P’(IA( = K) — 1 as T diverges to infinity with «a,, given in

Theorem 3.5.2.

B.3.3 Technical results for Section B.3.1

For r x n and n x r half orthogonal matrices H, and H, satisfying H{H, = H,H, = I, as

Chang et al. (2018) we define
D(M(H,), M(Hy)) = {1 — tr(H;H,H,H}) /r}/?

where M(H;) and M (H,) are the column spaces of H; and H, respectively.

Lemma B.3.1. Under Conditions 3.2.1(b) and 3.3.5 in the main paper, for @-t and 0;; defined in
Section B.3.1,
sup sup |0 — 0l = Op(|V = V&/v) + Op(|8 — B1)

1<K 1<t<T

where v = miny << A (V) — Apr1(V).

Proof. Foreachi = 1,..., K, denoting Hy = (7y,...,7;) and ﬁl = (41, ..,7:), by the remark

after Lemma 1 in Chang et al. (2018), we have
D(M(Hy), M(Hy)) = Op(|[Hy — Hifl2) = Op([V = V2/s),
where v; = \;(V) — A4 1(V). Thus, there exists some orthogonal matrix Q; such that,

sup 9 = Qvillz = Op(DIM(Hy), M(H))) = Op(|V = Vl5/v),

I<i<K
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where v = minj<g<x A (V) — Ag11(V). The conclusion follows from

10 — 0] < (3 — i)' (we — ZeB)| + [7.2:(B — B)].

]

Here v is the smallest eigenvalue of GG’ and determines the strength of latent factors. Lemma

B.3.1 also shows that

DM At An)s MOkt -5 1)) = Opl([V = Vi[/v) + O, (118 = Bl2)

so that

[(@sci1ts - Bat) = Qicirgs s wa) |2 = Op(IV = V/v) + Op(|B = Bll2).

for some orthogonal matrix Q.
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Figure B.1: Comparisons of the empirical mean of K using HDWN testing-based procedure (“—o—") along
with those of ALT; (“~A-") and ALT5 (“ —o-"). In the simulation, ¢ = 10. In the first row, T' = 50 and
in the second row, 7" = 100. In (a) and (e), fi follows AR(3) for each k and u;; is temporally independent
for each 4. In (b) and (f), fj follows AR(3) and w; follows ARCH(1) model. In (c) and (g), f follows
GARCH(2, 2) for each k and u;;’s are temporally independent. In (d) and (h), f follows GARCH(2, 2) for
each k and u; follows ARCH(1) for each i.
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B.3.4 Simulation resutls

In this section, we demonstrate the performance of proposed HDWN testing-based procedure
for determining dimension K of latent process f;. For comparison, we consider the eigenvalue-
ratio procedures using projected data PY (ALT;) (Fan et al., 2016) and original data Y (ALTy)
(Ahn and Horenstein, 2013; Lam and Yao, 2012).

4 4 4 4
X
©

3 A—A—D——— 3|ooab—A—n: 3|a-Ap—=b—ft——= 3|a=pp=—8—2 A
% 8’6:B§§=Q’4@ Z;é\;>c<g><§ §7@é<o/@ = g/é@'c—a\a
Eg O 2| 2 2
7]
L

1 1 1 1

100 200 300 100 200 300 100 200 300 100 200 300
n n n n
(a) (b) (c) (d)

4 4 4 4
X
E 3 Zﬁézé—a<§ 5 3 é/g-\:r 8 5 3 Q=eﬂxg7a<g 3|e-ss—o<p——un
© |0
£ 2 2 2
7]
L

1 1 1 1
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n n n n
(e) (f) (9) (h)

Figure B.2: Comparisons of the empirical mean of K using HDWN testing-based procedure (“—o—") along
with those of ALT (“~A-"), and ALT5 (* —o="). In the simulation, 7t = 5. In the first row, T" = 50 and
in the second row, 7" = 100. In (a) and (e), fi follows AR(3) for each k and u;; is temporally independent
for each . In (b) and (f), fj follows AR(3) and w; follows ARCH(1) model. In (c) and (g), fj follows
GARCH(2, 2) for each k and u;;’s are temporally independent. In (d) and (h), fj follows GARCH(2, 2) for
each k and u; follows ARCH(1) for each i.

For numerical studies, we set n = 50, 80, 100, 150, 200, 300 and 7" = 50, 100. From model
(3.1.1), data are generated using the same setting in Section 3.6.1 with ' = 3 except that: 1)
the three independent and identically distributed component series in f; either follow AR(3) with
autoregressive coefficient p = (0,0,0.5) or GARCH(2, 2) with autoregressive coefficient o =
(0.12,0.04) and variance coefficient o = (0.4, 0.08), and standard normal innovations are used;
2) we rescale G such that n~/2G’'G is a 3 x 3 diagonal matrix with diagonals 5 - rt, 5,3 and
rt € {2,5,10}; 3) finally, u; are either i.i.d. standard normal or the n component series in u,
are independent ARCH(1) series with autoregressive coefficient & = 0.2 and standard normal

innovation. For each setting, 100 experiments are conducted. For the proposed HDWN testing-
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based procedure, OLS 3°LS and thresholding estimator for V (Bickel and Levina, 2008b) are
employed and the significance level is set as o, = 0.5n~'/°. The mean of estimated K is reported
for comparison.

For the proposed HDWN-testing based procedure, committing Type I error results in large K
compared to the true K while committing Type II error leads to a smaller K. In practice, we are
more keen on a slightly over-complicate model than an under-complicate one. Thus, we can set
the significance level o = 0.1 or 0.2, which provides greater powers. That is, we decrease the
probability of choosing a smaller K and increase the probability of choosing a greater /. On the
other hand, the proposed procedure has smaller chance of selecting wrong K when power is ap-
proaching to 1 and significance level is close to 0. Therefore, we can choose a smaller significance
level for large n and 7T'. That is, we can let a,, — 0 as n diverges as seen in Theorem 3.5.2.

Given small n and large ratio between the largest and second largest eigenvalues of GG’ (pan-
els (a) and (e) in Figure B.1, for example), the proposed method outperforms eigenvalue-ratio
procedures. As discussed in Section 3.5.1, the empirical eigenvalues of YPY corresponding to
the nonzero counterparts diverge in n while the remaining stays in constant order. Thus, the perfor-
mance of eigenvalue-ratio procedures becomes satisfactory only when n is large enough (ALT,).
On the other hand, as expected, it is observed in Figure B.1 that using the projected data (ALT;) in
the eigenvalue ratio procedure provides better estimates on /' compared to that using the original
data (ALT3). When the ratio between the largest and second largest eigenvalue of GG’ is mild
(Ahn and Horenstein, 2013; Fan et al., 2016; Lam and Yao, 2012), such as 5 or 2 in Figures B.2 and
B.3, the performance of eigenvalue-ratio procedures improves substantially while the performance

of proposed method remains satisfactory.

B.4 Additional simulation studies

In this section, Figures B.4 to B.2 display additional results from the simulation studies in the
main paper. Section B.4.1 displays the mean squared error (MSE) for estimating 3, Section B.4.2

reports comparisons of the empirical coverage probability (ECP) and maximum marginal length
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Figure B.3: Comparisons of the empirical mean of K using HDWN testing-based procedure (“—o—") along
with those of ALT (“~A-"), and ALT5 ( —o—"). In the simulation, r¢ = 2. In the first row, 7" = 50 and
in the second row, 7" = 100. In (a) and (e), fi follows AR(3) for each k and u;; is temporally independent
for each 4. In (b) and (f), fj follows AR(3) and w; follows ARCH(1) model. In (c) and (g), fi follows
GARCH(2, 2) for each k and u;;’s are temporally independent. In (d) and (h), fj follows GARCH(2, 2) for
each k and u; follows ARCH(1) for each i.

(MML) of 95% confidence regions for different estimators as considered in Section 3.6 in the main

paper. Figures B.25 and B.26 in Section B.4.3 includes more plots from the real data study.

B.4.1 Mean squared error for estimating (3

This section displays the logarithm of MSE for estimating 3 with respect to the logarithm of
nT with different choices of n, T', and the dependence across t in fr = (fe1, .-, fit,- -, fxr) for

k =1,2,3 and that in w; = (w;1, ..., Uy, ..., ur) foreachi =1,... n.

e Figures B.4 and B.5 are about independent fy; for each k£ and ¢ with 7" = 100 and 500,

respectively.

e In Figures B.6 and B.7, f; follows ARMA(1, 1) model with normal or ¢g innovations for
each k£ =1,2,3,and T' = 100 and 500.

e Finally, in Figures B.8-B.10, f; follows AR(1) model with standard normal or centered 2

innovations for each k = 1,2, 3, and T' = 20, 100, 500.
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Figure B.4: Comparisons of the logarithm of MSE for estimating 3 by TOPE (“~o-") along those of the
oracle estimator (“ —o—"), the GLS estimator (“ —(0-"), and the OLS (“~A-"). Results are about 7" = 100.
In the first row, fx; ~ N(0, 1) are independent in k, ¢t. In the second row, fx; ~ ts are independent in k, ¢.
Distributions and serial correlations of u; are displayed in the plots. Results are based on 500 replications.
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Figure B.5: Comparisons of the logarithm of MSE for estimating 3 by TOPE (“~o-") along those of the
oracle estimator (“ —o—"), the GLS estimator (“ —(0-"), and the OLS (“~A-"). Results are about 7" = 500.
In the first row, fx; ~ N(0, 1) are independent in k, ¢t. In the second row, fx; ~ ts are independent in k, ¢.
Distributions and serial correlations of u; are displayed in the plots. Results are based on 500 replications.
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Figure B.6: Comparisons of the logarithm of MSE for estimating 3 by TOPE (“~o-") along those of the
oracle estimator (“ —o—"), the GLS estimator (“ —(0-"), and the OLS (“~A-"). Results are about 7" = 100.
In the first row, fj follows ARMA(1, 1) with N (0, 1) innovation for each k; in the second row, fj, follows
ARMAC(1, 1) with tg innovation for each k. Distributions and serial correlations of u; are displayed in the
plots. Results are based on 500 replications.
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Figure B.7: Comparisons of the logarithm of MSE for estimating 3 by TOPE (“~o-") along those of the
oracle estimator (“ —o—"), the GLS estimator (“ —(0-"), and the OLS (“~A-"). Results are about 7" = 500.
In the first row, fj follows ARMA(1, 1) with N (0, 1) innovation for each k; in the second row, fj, follows
ARMAC(1, 1) with tg innovation for each k. Distributions and serial correlations of u; are displayed in the
plots. Results are based on 500 replications.
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Figure B.8: Comparisons of the logarithm of MSE for estimating 3 by TOPE (“~o-") along those of the
oracle estimator (“ —o-"), the GLS estimator (“ —(0-"), and the OLS (“~A-"). Results are about 7' = 20.
For each k, fj follows AR(1) with N (0, 1) innovation in the first row; in the second row, fj, follows AR(1)
with centered X% innovation. Distributions and serial correlations of u; are displayed in the plots. Results
are based on 500 replications.

190



2 2 -2 2
A é\
N
—-3|a -3|g, -3 Q§A -3 o)
B e §éﬂﬁ R \6\3
S 6. 4 \@\ -4 s 4 BN
= \ﬁsﬁ\ e Sy "~
2_5 ﬁ\g_A _5 @‘Q@ 5 ) 5
g
-6 -6 -6 -6
9 10 11 12 9 10 11 12 9 10 1" 12 9 10 11 12
log (nT) log (nT) log (nT) log (nT)
(a)independent (b)independent (c)AR(1) (d)AR(1)
N(0,0.01) (x¢-5)/10 N(0,0.01) (x2-5)/10
-2 2 2 2
L 6 N
m-s \ -3 A -3 Qé\A -3 Ké
1) @\A‘A\ \é\A\ = \Q\
= e A - @\A\ - X - \é§§
e \@ A @\g\A é%
=5 N 2 -5 5 5 -5
e
-6 -6 -6 -6
9 10 11 12 9 10 11 12 9 10 11 12 9 10 11 12
log (nT) log (nT) log (nT) log (nT)
(e)independent (flindependent (9)AR(1) (h)AR(1)
N(0, 0.01) (x2-5)/10 N(0,0.01) (x2-5)/10

Figure B.9: Comparisons of the logarithm of MSE for estimating 3 by TOPE (“~o-") along those of the
oracle estimator (“ —o—"), the GLS estimator (“ —(0-"), and the OLS (“~A-"). Results are about 7" = 100.
For each k, fj follows AR(1) with N (0, 1) innovation in the first row; in the second row, fj, follows AR(1)
with centered X% innovation. Distributions and serial correlations of w; are displayed in the plots. Results
are based on 500 replications.
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Figure B.10: Comparisons of the logarithm of MSE for estimating 3 by TOPE (“—o-") along those of the
oracle estimator (“ —o—"), the GLS estimator (“ —(0-"), and the OLS (“~A-"). Results are about T' = 500.
For each k, fj follows AR(1) with N (0, 1) innovation in the first row; in the second row, fj follows AR(1)
with centered X% innovation. Distributions and serial correlations of u; are displayed in the plots. Results

are based on 500 replications.
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B.4.2 Plots of empirical covering probability and maximum marginal length

This section displays the ECP and MML, which are defined in the main paper as the empir-
ical frequency of the confidence region covering the true regression coefficients and the maxi-
mum width along the p directions of the confidence region, respectively. We display the ECP
and MML along varying 7' for combinations of different methods, n, and dependence across ¢
in f = (fxts--s frtr---, frr) for k = 1,23 and that in w; = (w;1,...,u,...,ur) for each

1=1,...,n.
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Figure B.11: Comparisons of the ECP and MML of 95% confidence region of TOPE (“~o-" for ECP
and ‘- -o- -" for MML) along those of the oracle estimator (“ —o—" for ECP and “ - -o- -" for MML), the
GLS estimator (“ —0—" for ECP and “- -{- -" for MML), and the OLS (“ —-A-" for ECP and “- -A- -" for
MML). In simulations, fr; ~ (x% — 5) are independent in k, ¢; n = 100, 500, 2000 for the first, second,
and third column, respectively. In the first row, u;; ~ N(0,0.01) are independent in ¢, t. In the second row,
uit ~ (x% — 5)/10 are independent in 4, ¢. Results are based on 500 replications.

e Figures B.11-B.14 displays results for independent f; following the centered 2 or tg dis-
tributions, and it is either that u; are independent in ¢,¢ or u; follows AR(1) model with

different innovations.
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Figure B.12: Comparisons of the ECP and MML of 95% confidence region of TOPE (“~o—" for ECP and
‘- -o- -" for MML) along those of the oracle estimator (*“ —o—" for ECP and “ - -o- -" for MML), the GLS
estimator (“ —O~-" for ECP and “- -{- -" for MML), and the OLS (“ -A-" for ECP and “- -A- -" for MML).
In simulations, fi; ~ (x2 — 5) are independent in k,¢; n = 100, 500, 2000 for the first, second, and third
column, respectively. In the first row, u; follows the AR(1) model with N (0,0.01) innovation while same
model is used for u; in the second row with (2 — 5)/10 innovation. Results are based on 500 replications.

e In Figures B.15-B.18, f}. follows AR(1) model with different innovations while it is either
that u;; are independent in i, ¢ or u; follows AR(1) model with different innovations (such

as normal or centered y?2).

e Figures B.19-B.24 are about results when f}, follows the ARMA(1, 1) model for each & with
normal, centered xZ and tg innovations, respectively. Residual u;; either are independent in

i,t or u; is AR(1) processes for each ¢ with different innovation.
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Figure B.13: Comparisons of the ECP and MML of 95% confidence region of TOPE (“~o-" for ECP and
‘- -o- -" for MML) along those of the oracle estimator (“ —o—" for ECP and * - -o- -" for MML), the GLS
estimator (“ —0-" for ECP and “- -{- -" for MML), and the OLS (“ -A-" for ECP and “- -A- -" for MML).
In simulations, fx; ~ tg are independent in k,t; n = 100, 500, 2000 for the first, second, and third column,
respectively. In the first row, u;; ~ N (0, 0.01) are independent in i, . In the second row, u;; ~ (x% —5)/10
are independent in 7, t. Results are based on 500 replications.
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Figure B.14: Comparisons of the ECP and MML of 95% confidence region of TOPE (“~o-" for ECP and
‘- -o- -" for MML) along those of the oracle estimator (“ —o—" for ECP and * - -o- -" for MML), the GLS
estimator (“ —0-" for ECP and “- -{- -" for MML), and the OLS (“ -A-" for ECP and “- -A- -" for MML).
In simulations, fx; ~ tg are independent in k,t; n = 100, 500, 2000 for the first, second, and third column,
respectively. In the first row, u; follows the AR(1) model with N (0, 0.01) innovation while same model is
used for u; in the second row with (x2 — 5)/10 innovation. Results are based on 500 replications.
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Figure B.15: Comparisons of the ECP and MML of 95% confidence region of TOPE (“~o-" for ECP and
‘- -o- -" for MML) along those of the oracle estimator (“ —o—" for ECP and * - -o- -" for MML), the GLS
estimator (“ —0-" for ECP and “- -{- -" for MML), and the OLS (“ -A-" for ECP and “- -A- -" for MML).
In simulations, fj, follows AR(1) with N (0, 1) innovation for each k; n = 100,500, 2000 for the first,
second, and third column, respectively. In the first row, u;; ~ N(0,0.01) are independent in 4, ¢. In the
second row, u;; ~ (2 — 5)/10 are independent in i, t. Results are based on 500 replications.
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Figure B.16: Comparisons of the ECP and MML of 95% confidence region of TOPE (“~o-" for ECP and
‘- -o- -" for MML) along those of the oracle estimator (“ —o—" for ECP and * - -o- -" for MML), the GLS
estimator (“ —0-" for ECP and “- -{- -" for MML), and the OLS (“ -A-" for ECP and “- -A- -" for MML)). In
simulations, f, follows AR(1) with N (0, 1) innovation for each k; n = 100, 500, 2000 for the first, second,
and third column, respectively. In the first row, u; follows the AR(1) model with N(0,0.01) innovation
while same model is used for w; in the second row with (x2 — 5)/10 innovation. Results are based on 500
replications.
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Figure B.17: Comparisons of the ECP and MML of 95% confidence region of TOPE (“~o-" for ECP and
‘- -o- -" for MML) along those of the oracle estimator (“ —o—" for ECP and * - -o- -" for MML), the GLS
estimator (“ —0-" for ECP and “- -{- -" for MML), and the OLS (“ -A-" for ECP and “- -A- -" for MML).
In simulations, f follows AR(1) with centered x2 innovation for each k; n = 100, 500, 2000 for the first,
second, and third column, respectively. In the first row, u;; ~ N(0,0.01) are independent in 4,¢. In the

second row, u;; ~ (x2 — 5)/10 are independent in i, t. Results are based on 500 replications.
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Figure B.18: Comparisons of the ECP and MML of 95% confidence region of TOPE (“~o-" for ECP and
‘- -o- -" for MML) along those of the oracle estimator (“ —o—" for ECP and * - -o- -" for MML), the GLS
estimator (“ —0-" for ECP and “- -{- -" for MML), and the OLS (“ -A-" for ECP and “- -A- -" for MML).
In simulations, f5 follows AR(1) with centered X2 innovation for each k; n = 100,500,2000 for the
first, second, and third column, respectively. In the first row, u; follows the AR(1) model with N (0, 0.01)
innovation while same model is used for w; in the second row with (x2 — 5)/10 innovation. Results are
based on 500 replications.
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Figure B.19: Comparisons of the ECP and MML of 95% confidence region of TOPE (“~o-" for ECP and
‘- -o- -" for MML) along those of the oracle estimator (“ —o—" for ECP and * - -o- -" for MML), the GLS
estimator (“ —0-" for ECP and “- -{- -" for MML), and the OLS (“ -A-" for ECP and “- -A- -" for MML).
In simulations, fj follows ARMA(1, 1) with N(0,1) innovation for each k; n = 100, 500, 2000 for the
first, second, and third column, respectively. In the first row, u;; ~ N(0,0.01) are independent in 4, ¢. In the
second row, u;; ~ (2 — 5)/10 are independent in i, t. Results are based on 500 replications.
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Figure B.20: Comparisons of the ECP and MML of 95% confidence region of TOPE (“~o-" for ECP and
‘- -o- -" for MML) along those of the oracle estimator (“ —o—" for ECP and * - -o- -" for MML), the GLS
estimator (“ —0-" for ECP and “- -{- -" for MML), and the OLS (“ -A-" for ECP and “- -A- -" for MML).
In simulations, fj follows ARMA(1, 1) with N(0,1) innovation for each k; n = 100, 500, 2000 for the
first, second, and third column, respectively. In the first row, u; follows the AR(1) model with N (0, 0.01)
innovation while same model is used for w; in the second row with (x2 — 5)/10 innovation. Results are
based on 500 replications.
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Figure B.21: Comparisons of the ECP and MML of 95% confidence region of TOPE (“~o-" for ECP and
‘- -o- -" for MML) along those of the oracle estimator (“ —o—" for ECP and * - -o- -" for MML), the GLS
estimator (“ —0-" for ECP and “- -{- -" for MML), and the OLS (“ -A-" for ECP and “- -A- -" for MML).
In simulations, fj follows ARMA(1, 1) with centered x% innovation for each k; n = 100, 500, 2000 for the
first, second, and third column, respectively. In the first row, u;; ~ N(0,0.01) are independent in 4, ¢. In the
second row, u;; ~ (x2 — 5)/10 are independent in i, t. Results are based on 500 replications.
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Figure B.22: Comparisons of the ECP and MML of 95% confidence region of TOPE (“~o-" for ECP and
‘- -o- -" for MML) along those of the oracle estimator (“ —o—" for ECP and * - -o- -" for MML), the GLS
estimator (“ —0-" for ECP and “- -{- -" for MML), and the OLS (“ -A-" for ECP and “- -A- -" for MML).
In simulations, fj follows ARMA(1, 1) with centered x% innovation for each k; n = 100, 500, 2000 for the
first, second, and third column, respectively. In the first row, u; follows the AR(1) model with N (0, 0.01)
innovation while same model is used for w; in the second row with (x2 — 5)/10 innovation. Results are

based on 500 replications.
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Figure B.23: Comparisons of the ECP and MML of 95% confidence region of TOPE (“~o-" for ECP and
‘- -o- -" for MML) along those of the oracle estimator (“ —o—" for ECP and * - -o- -" for MML), the GLS
estimator (“ —0-" for ECP and “- -{- -" for MML), and the OLS (“ -A-" for ECP and “- -A- -" for MML).
In simulations, f, follows ARMA(1, 1) with centered tg innovation for each k; n = 100, 500, 2000 for the
first, second, and third column, respectively. In the first row, u;; ~ N(0,0.01) are independent in 4, ¢. In the
second row, u;; ~ (x2 — 5)/10 are independent in i, t. Results are based on 500 replications.
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Figure B.24: Comparisons of the ECP and MML of 95% confidence region of TOPE (“~o-" for ECP and
‘- -o- -" for MML) along those of the oracle estimator (“ —o—" for ECP and * - -o- -" for MML), the GLS
estimator (“ —0-" for ECP and “- -{- -" for MML), and the OLS (“ -A-" for ECP and “- -A- -" for MML).
In simulations, f, follows ARMA(1, 1) with centered tg innovation for each k; n = 100, 500, 2000 for the
first, second, and third column, respectively. In the first row, u; follows the AR(1) model with N (0, 0.01)
innovation while same model is used for w; in the second row with (x2 — 5)/10 innovation. Results are
based on 500 replications.
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B.4.3 [Extra displays from real data analysis

In this section,

the main paper.
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extra plots are displayed for the real data analysis conducted in Section 3.7 in
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Figure B.25: Variances of the mean PM2.5 concentration at 129 monitoring sites versus coal and natural
gas consumption of the states, in which the monitoring sites reside.
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Figure B.26: Recovered nonparametric loading functions gy () for latitude, longitude, energy consumption
proportion of natural gas, coal, and petroleum, for each k = 1,2, 3.
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Appendix C

Supplemental materials for Chapter 4

This supplementary material contains technical results used for the main paper.

C.1 Technical Results

Proof of Theorem 4.3.1. For simplicity, in the proof of Theorem 4.3.1, we assume f; and u, are
temporally independent, and Var(u;) = o21,.

Step 1. In this step, we construct a series of “candidate cluster assignments" and their cor-
responding loading matrices and prove that they belong to the subset of cluster assignments and
loading matrices in the theorem statement. Denote S,,, as the set of all permutations of {1, ..., m}.

Recall that in Section 4.3, we consider the 0 — 1 loss function for estimated labels Z as

In model (4.2.2), we do not distinguish for cluster label switching. Thus, we introduce the permu-
tation I to avoid the error from label switching. Similar setting can be seen in Lu and Zhou (2016)
and Gao et al. (2018). Now we impose the assumption that p > 8 and p/(4m?) > 1. For each
j=1,....mand z = (z,..., z,), define p;(z) = >.'_, Z(i : z; = j). Without loss of generality,
let z* € {1, ..., m}? satisfy that p; (2*) < po(2*) < -+ < pp(2*) and p1(2*) = pa(2*) = [p/m].
As suggested by Lu and Zhou (2016) and Gao et al. (2018), for each j = 1,...,m, let 7; be a

subset of {i : z; = j} with cardinality [p;(z*) — p/(4m*)], T = U}, S; and

Z¥={ze{l,....m}P:z =z forallie T}.

Different from the approach of Lu and Zhou (2016) and Gao et al. (2018) that m /4 cluster assign-

ments are constructed by filling {1,...,p}\7 with the same assignments, we fill it with different
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assignments to get a denser covering. That is, we construct a series of candidate cluster assign-

ments by letting n = p/4 and

{z(1)7 . ,z(”)} ={zeZ":z; =z forallie T}.

Since the number of covering does not depend on m, this construction works when m is finite.
Note that, foreach / = 1,...,nand j = 1,...,m, p;(2\9) = [p/m — p/(4m?)] = p. Thus, for
each ¢ = 1,....n, 20 satisfies Condition 4.2.1, so z(V), ..., (" € Z. Next, we construct a series

of candidate loading matrices corresponding to the series of cluster assignments above. Specially,

we let
DAY 4zBY
Co(2) = : : (C.1.1)
DAY dzBY
and
D(»l)
(AP BY) =1 = |
D®
J
where

1 1 ... 1 1
-1 1 1 1
DY =
j
0 0 411
isar; x (rg + r;) matrix and
1 -0
2 _
D, =
0 1



is a (pj(z) — ;) x (ro + r;) block diagonal matrix consisting of r, + 7; vectors of dy1 for j =

1,...,m. For simplicity, we assume that (p,(z) —;)/(ro + ;) is an integer foreach j = 1,...,m

and the vectors 1’s in D§-2) are of same length (p;(z) — r;)/(ro + ;). It is easy to see that for
each?/ =1,...,n, Co(z(e)) has the form in (4.2.5) and satisfies Conditions 4.2.6 and 4.2.7, so
Co(zM),...,Co(2™) € C. Therefore, (21, Co(z1)), ..., (2, Cy(2™)) truly belongs to the

class in the statement of Theorem 4.3.1:
(z(l), Co(zM)), ..., (™, Co(z<">)) c (Z,0).

Step 2. Next for each £ # ¢, we prove that (2(), Co(2?)) and (2(*), Co(2(*))) are well-
separated and the Kullback-Leibler (K-L) divergence between (2, Cy(2())) and (2, Cy(2(")))

are bounded. By the definition of T, for each ¢ # ¢', we have

: 1
L(z®, 2" = e (C.12)
p

Next, we consider the Kullback-Leibler divergence between (z(9, Cy(2(9)) and (2(*), Co(2(*)))

for each ¢ # {'. Note that the covariance matrix for model (4.2.2) and group assignments z is
¥ (z) = Co(2)Co(2)" + 721, (C.1.3)

By the following fact on the Kullback-Leibler divergence between multivariate Gaussians: denot-
ing P; and [P, as the probability measure corresponding to N (0, 3;) and N (0, X), respectively,
if 337 and X5 are non-degenerating, then

{tr (B7'%2) —p+log (%) } :

KL (P, Py) =

no| N
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By the definition of X(z) in (C.1.3), 3(2(9) is non-degenerating for each ¢ = 1, ..., n. Thus, the

K-L divergence between Pzﬂ),co(z(l)) and Pz(l’hco (=) 18

KL (Pz“),co(z(z))’ ]I z(e’)yco(z(e’)))
_ (O)y—1 @ny _ 1=\ J1
=3 {tr (E(z ) X(z )) p + log (|2(z(f’))| )

By Lemmas C.2.17 and C.2.18, we have

KL (Pzw),co(z(@), ]P’z<e'>7co(z<z')))

2 v pr(z®) 2 m d%pe(z9) 2
_ToT | DA Zk 1 rotrn + o, n T Z ] ro+T) + o,
=——10¢g @ - T 10g oy
2 D2 Zm pe(z19)) + o2 2 dEpr(z(9))
A Ldk=1 ro+ry Tu ro+Th u
2 dz
log 1+ A ro+rk1 r0+rk2 T’kl 14 ro+rK,
2 DS pr(z9) + o2 2 d%pr, (2(4)) 2
A Lik=1 rqo+rg Oy W (O}
d,
TkQT ro+Tg,
log | 1—— i ,
2 dBpk2 (Z( )) 2
T0+Tkg u

for some ki # k. By the definition of Z*, p;(2) = p/m foreach j = 1,...,m and any z € Z*.

Thus, by the well known fact that log(1 + z) < z,

KL (P3G (=) Pet0),co(20))) (C.1.4)
2 1 o 1 dQBT‘kl dQB’I’k2
< T DATO (7‘0+T‘k T0+Tky ) T0+Tky T0+Tky
D) 2 © B ©
2 2 m  pr(z0)) dBpkl(z ) 2 dBka(z ) 2
DA Zk L ro+r to ro+Tk, t oy T0+Tkq T o

d%ro max; rymT
T 2(D%ro + d% min; r;)p’
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Step 3. We finalize the proof by the generalized FanodAZs lemma. Specifically by (C.1.2),

(C.1.4) and Lemma in (Yu, 1997), we have

d%ro max; r;mT
~ 1 I — + 10g(2)
inf sup E{L(Z,z)} > —<1-— 2(D3ro+dj min, 7;)p
Z zeZ,CeC 8p 10g(p/4)

Letting 6 = (D7 + d% min; ;) 'd%ro max; r; and

omT

P S{elog(p/d) —log@)] "

for some ¢ € (log(2)/log(p/4), 1), we have

inf sup E{L(%,2)} > (D470 + dpming 7;){elog(p/4) —log(2)}(1 —e)m 1
Z 2eZ,CeC ’ ~ 16d2,ro max; r;pT 7k

O

Proof of Corollary 4.3.1. Step 1. In this step, we construct a series of “candidate cluster assign-
ments" and their corresponding loading matrices and prove that they belong to the subset of cluster
assignments and loading matrices in the theorem statement. Denote S,,, as the set of all permuta-
tions of {1, ..., m}. Recall that in Section 4.3, we consider the 0 — 1 loss function for estimated

labels z as

R |1 A
L(z,2) = inf 5221{11(24) # zz}]
Similar as the proof of Theorem 4.3.1, for each j = 1,...,m, we let 7; be a subset of {i : z; = j}

with cardinality [p;(z*) — p/(4m?)], T = UL, S; and

Zr={ze{l,....m}P:z =z forallie T}.
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Then, we construct a series of candidate cluster assignments by letting n = p/4 and

{z(l), .. .,z(”>} ={zeZ":z; =z forallie T}.

Note that, foreach ¢ = 1,...,nand j = 1,...,m, pj(29) = [p/m — p/(4m?)] = p. Thus, for
each ¢ = 1,...,n, 29 satisfies Condition 4.2.1, so z("), ..., 2(® e Z. Then, the membership

matrix relative to z is

1

Pm(2)

Next, we construct a series of candidate loading matrices corresponding to the series of cluster

assignments above. Specially, we let ¥ = 21 and

b a a

a b a
Vo =

a a b

where the diagonal elements are all b, off-diagonal elements are all @ and 0 < a < b. It is easy to
see that V is a symmetric matrix. Therefore, (2™, V), ..., (2™, V) truly belongs to the class

in the statement of Theorem 4.3.1:
(20, Vy),.... (2", Vy)) = (2,V).

Step 2. Next for each ¢ # (', we prove that (2, V) and (2(*), V) are well-separated and

the Kullback-Leibler (K-L) divergence between (z(“, V) and (2(*), V) are bounded. By the
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definition of T, for each ¢ # ¢, we have

: 1
L(z9, 2 = e (C.1.5)
p

Next, we consider the Kullback-Leibler divergence between (z(“, V) and (2(*), V) for each

¢ # {'. Note that the covariance matrix for model (4.2.10) and group assignments z is
Ya(z) = T(2)Vl(2)" + 1, (C.1.6)

By the following fact on the Kullback-Leibler divergence between multivariate Gaussians: denot-
ing P; and IP, as the probability measure corresponding to N (0, X;) and N (0, X), respectively,

if 33 and ¥, are non-degenerating, then

T E

By the definition of 3 (2) in (C.1.6), £ (2) is non-degenerating for each £ = 1,..., n. Thus,

the K-L divergence between P« v and P v, 18

KIL (]P’zae) Vo) Pz<f’>,vo))
T . : [Za(zY)]
_TJ, (Z] (=131 () )_ 1 S (0N ) (-
> { F(Balz) Be(z0) ) —pHlog | 15 )
With similar arguments as Lemmas C.2.17 and C.2.18, we have tr (EG(Z(Z))AEG(’Z([/))) = pand
|2G 2 b (z(z)) + oy
1 1 :

By the definition of Z*, p;(z) = p/m foreach j = 1,...,m and any z € Z*. Thus, by the well

known fact that log(1 + x) < x, for some ky # ko,

KL (P.t) vo: Poo),v,) (C.1.7)
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(s

< 1 B 1
2 { (b —a)pr, (2O0) + 02 (b—a)ps,(2) + 0’3}
mT

<.
2(b—a)p

Step 3. We finalize the proof by the generalized FanoAAZs lemma. Specifically by (C.1.5),

(C.1.7) and Lemma in (Yu, 1997), we have

mT
R 1 siays T log(2
inf sup E{L(Z,2)} > — {1 _ 2o ( )} :

Z 2eZ,CeC 8p log(p/4)

Letting
b— T
= (b= a)m v 8
2{elog(p/4) — log(2)}
for some ¢ € (log(2)/log(p/4), 1), we have
~ b— 1 4) —log(2)}(1 — 1
af sy B{L(E ) > @ OEDoE) ~log@) (1 —jm 1
Z zeZ,CeC 16pT 64
O
Proof of Theorem 4.4.1. The conclusion follows from Lemmas C.2.5, C.2.8 and C.2.9. 0

Proof of Theorem 4.4.2. The conclusion follows by applying similar discussion as Theorem 4.4.1

to the first 7 + r; largest eigenvalues of 7YY and that

3

Y

1 - 1 o
T”Fa —Fjl < T”(FO;F ) — (Fo, F))|7 <

m
p
m -~ PPN
"B, B2 < (A, B,) - (4 %(

S
@lﬁ
*ﬂl
—

foreachj =1,...,m. [

Proof of Theorem 4.4.3. The conclusion follows from Lemmas C.2.11, C.2.14 and C.2.15. [
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Proof of Corollary 4.4.1. (i) Recall that F — FH, = (37 N,)K;'. By Lemma C.2.10,
K5 |2 < dg'(ming r;)~Y2(1+ Day/roT~Y/2/s) with probability at least 1 —7e~*. Also, by

Lemma C.2.16, 37| |Ni|max < Day/rop~ *{log(T)}*2s. Thus, with probability at least
1 —10e77,

3
||F — FHQHmaX = (Z |Ni||max> ||K2_1||2
i=1

< Day/rods' (min ry)”2p 2 {log(T)}s.

(ii) Note that C — CH, ' = T-'CH, "(H,FT — F")F + T'U(F — FH,) + T 'UFH,. By

UF | nax < 4/ T log(p)s.

Lemma B.1 in Fan et al. (2011), with probability at least 1 — e ™%,

Thus, by Lemma C.2.14, with probability at least 1 — 10e™?,

”C - CHgl“max

= Ol [y o T — BT Bl + 2 U] — FE e+ [ UF i Fi
<D§1r0{10g(T)}2/”25 N D ay/roflog(T)}*/r2s N D 4\/Tor/l0og(p)s

= d%ming rj/pT dp+/min; r;T dB\/M\/T

_Dayron/log(p)s

S i VT

(iii) The conclusion follows from the result above and Lemma C.2.14.

]

Proof of Theorem 4.4.4. In the proof of Theorem 4.4.4, we assume that the number of common
factors ry and number of all factors K are correctly estimated. Then, we consider a block diagonal
matrix B = diag(By,...,B,,), and its estimate B = B + E. Denote B = {bik}f’j;gfl, B =

(b }fj;’fl and E = {e;, }fj?:ol By Corollary 4.4.1, with probability at least 1 — 10e~*,

max |e;x| <
ik

Do { log(p) , 1 }

dp+/min; r; T 723

217



As Algorithm 4 suggests, we let 7 = & log(pT/m)(T =24 /log(p) + p~/?). Then, for each i =

1,...,pand k=1,..., K —ry, we have
D _sdp ey
P(|bik| > T, bik = 0) = P(|€ik| > 7-) < 10{m*1 lOg_l(p)pT} CD A/T0 ,

for some positive constant C'. Similarly, foreachi =1,...,pandk =1,..., K — ry, we have

P(|bi| < 7, biy # 0}) = P(lear]| = |bi| — 7)

[bi] o __cpaym
<10exp< — o Ty
p{M%WAWA@MWFWI%@+Vm){ & ot}

Foreach k = 1,...,K —ro, let 4, = (Z(by, # 0),....Z(by # O, ix = (T(|bw| >

7)o I(bpe] > 7). T = (i1, 4x—p) and I = (i1,...,ix_y). Then, by letting § =
(dpa/min; r;)"'C'D 44/To, we have

p,K—ro

ik=1

ming,, 2o |bix|

& log{m="log™" (p)pT}(T~1/2y/log(p) + p~1/2)

<10exp {— } {mlog™ ' (p)pT} .
Note that by the definition of Cin (4.2.5) , there exist a p x p permutation matrix II satisfying
that I = TIlg, where I = {Z(c), = 0)}} | and €, is element of C. By the definition of
z(I) in Algorithm 4, row switching of I will not affect Z(I), that is, 2(I) = Z(Illg) = Z(Ig).
Under Condition 4.2.6, for each j = 1,...,m, there exists ¢; € {i + z; = j} satisfying that

"L IMY # 0) = r;. Thus, for each i’ € {i : z; = j}, there exists some k satisfying that
ij;(k) = iy(k) = 150 2;,(Ig) = zv(Ig). Similarly, for each ' ¢ {i : 2; = j}, there exist j* and i

satisfying that ¢’ € {i : 2; = j'} and Zy (Ig) = 2y (Ig), s0 Z; (Ig;) # Zy. Hence,
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Thus,

~

E{L(2(1), z)} =E{L(2(1), 2)[T = BP(I = 1) + E{L(2(D), 2)[T # BPA #T)

minb #0 |b1k| 1 . .
<10ex ik m o T
p{ 510g{m—110g pT} 1/2\/@+p_1/2 }{ g (p)p }
< 10 eXp{ (CDA\/7) 1d3mmlnbzk¢o |b$k|}m log( )

pT

The conclusion follows.

Proof of Corollary 4.4.2. (i) By Corollary 4.4.1, with probability at least 1 — 10e~?,

K

K
Z Cszkg Z CikCrj
k=1

k=1

<2K max;y, [cik| D ay/To log(p) 1
S S.
qu / minj ]

max |2U I max < 2K max |k max |Cir. — cik

Then, the conclusion follows from similar discussion in the proof of Theorem 4.4.4 and that

K = m under the conditions of Corollary 4.4.2.

(i1) Without loss of generality, we assume that z; < --- < z, and the loadings for the variables

in first cluster is monotone increasing. Then,

PR S
sCOD(1,2) = max L 2
1,2 \/(211 + P99 — 2X12) B

< Y3 — X3
\/(211 + Xgo — 235) Xg3

=1#0.

Thus, by Algorithm 5, variable 1 is put into a cluster with a single variable itself. Similar

result holds for other variables in the first cluster. Thus, estimated clustering assignments for
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variables in the first cluster are all wrong, so
L(3,z) = 2L
p

The conclusion follows from Condition 4.2.1 that p; = p.

Proof of Theorem 4.4.5. Recall that

1 1 1 1
_YYT _ T - FT T —_UF T il T
T CcC + TC U' + TU C + TUU

and
l]E(YYT) =CC" + l]E(UUT)
T T '

Also, note that CC", T"'CF'U" and T"'UFC" haverank K, so foreachk = K+1,... min(p,T),
Ae = A(T"UUT) and A, = A (E(T1UUT)).

(1) If p < T, by Condition 4.2.4 and Theorem 5.58 in Vershynin (2010), with probability at least

1 — 6725’
A(T7TUUT) = N (BE(T~'UU )| < max(C, ¢7),

for each k = 1,...,p, where ( = VCT V2, /p + \/cT~"/%/s and C and c are positive

constants only depending on u,. Thus, with probability at least 1 — =25,

M(T7TUUT) = M(B(T'UUT))| < Oy [ = + —=/5,

@(ii) If p > T, note that the first 7" largest eigenvalues of 7-'UU" are the same as those of

T-1UTU. By Condition 4.2.4 and Theorem 5.38 in Vershynin (2010), foreachk = 1,..., T,
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with probability at least 1 — e~2°

b

P _~__C < -7 < | P .
\E C ﬁ\/ENAk(T U'U) < T+C+ﬁ\/§.

By Condition 4.2.7, foreach k = 1,...,79, \s(CC") = O(p) and foreach k =g+ 1,..., K,

M(CCT) = O(p' 7). Also, by Condition 4.2.4, p ' \,(T 'E(UUT)) are bounded and by the

discussion above, p~ !\, (T~'UUT) is bounded. Thus, for each k = 1, ... ry, with probability at

2s

9

least 1 — e~

Ao _ A(CCT) + Anax(T'CFTUT) + My (T7'UFCT) + Ao (T7'UUT)
A A(CCT) + A (TE(UUT))

N

and

s - M(CCT) 4+ Apin (T 'CFTUT) + Ao (T 'UFCT) + A\ (T-1UUT)
- M(CCT) + M (E(UUT))

V.

¢ e
VT VT

=1

Thus, if p < T, for s < ¢2(v/T — C/p)?, with probability at least 1 — e~*,

M Ak{ <

<
Y _%_Lﬁ}{l C c\/g}’

/>\\k+1\)\k+1

/)\\K+1/)\K+1{ \/T T _\/_T_\/TT

h\ A C 2

o Zk {1+£+i\/§}, k=K+1,...,L,

= x
)\k+1 )\k-i-l

Thus, for s < ¢~ 'T + ¢ 'Cp, with probability at least 1 — e %,

XK//)\\K-H > )\K/AK-H {1 _ C\/f? C \/5}4

A~ A~ = C - = T T =
Maxgx A/ ki1 3

VT NT
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where C3 = max(maxi<p<ri—1 Ak/ A1, MaxXg 1<k<r Ak/Ax+1). Thus,
P ([? = K) >1—2exp {—(C1ﬁ— 02\/]3)2} ;

where

1 AK+1 Ak Ak v
Cy=-|1- max { max max
c Ak 1<k<K -1 \ppp K+1<k<L Aggq

and Cy = ¢ 1C.
Also, if p > T, for s < ¢™*(/p — C+/T)?, with probability at least 1 — e™~*,

A A { C }2
— < — {14+ — f k=1,....,K —1,
Ak_l'_l )\k+1 \/7 \/

e A e e ]

Mo M {1 C\_f \[\f} k=K+1,.. L

- X
Ak+1 >\k+1

Thus, for s < ¢ !p + ¢ 1CT, with probability at least 1 — e,

XK//)\\KJrl > T)\K/(pAK-i-l) {1 C\/7 C }

~ A~ = O
maXpg-+ g >\k//\k+1 3

Thus,
P (I? = K) >1- 2exp{—(C4\/}3— C’gﬁ)Q},

where

C :1 1— PAK 41 max max Ak max Ak v
YT Tk 1<k<K—1 A1 K+1<k<L \piq

The conclusion follows.
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Note that the conditions of the case m diverges are the same as those of the case m is finite
except Conditions 4.2.1 and 4.5.1, i.e. the condition of m. Thus, the proof for Theorems 4.5.1
to 4.5.3 can be derived using essentially the same argument as those of Theorems 4.4.1 to 4.3.1.
Since we show the non-asymptotic results in Theorems 4.4.1 to 4.3.1, the results hold for any m.
Hence, by Condition 4.5.1, it is straight forward to replace m by p” in Theorems 4.4.1 to 4.3.1 to
get Theorems 4.5.1 to 4.5.3. It is easy to see that the parameter space is larger if the number of
groups diverges. Consequentially, the convergence rate is smaller with respect to p. Details of the

proof are omitted.

C.2 Auxiliary Lemmas

In this section, we denote the first ro columns of Fy as F and the rest columns as F',,.
Lemma C.2.1 (Lemma B.1 in Fan et al. (2016)). E(|[FjUT|3) = O(pT).

Lemma C.2.2 (Lemma C.1 in Wang and Fan (2017)). (i) E(||U|3) = O(p);
(ii) |BTU|max = O(T'A/Amax(BBT)) for any p x K matrix B;

(iii) E(|UTU|max) = O(y/T + p).
Lemma C.2.3. Under Conditions 4.2.4-4.2.7,

(i) BE(|[FgU'[E) = O@T), E(JF,U'[E) = O@TI'm), E(U[3) = O@) E(A'U[F) =
O(D%ropT), E(|JATUF[g) = O(D3ropT) and B(|CTUF g) = O(D3ropT'm).

< (pT/m)' 2/,
< DA(ropT)l/Q\/g, |ATUF|r <

(ii) With probability at least 1 — Ge ?,

[Tl < p2Vs, [UTUluax < (vPT + p)s,
D a(ropT)'?y/s and [ CTUF g < Da(ropTm)"/2y/s.

FiU [z < (p7)

Proof. (i) By Lemmas C.2.1 and C.2.2, E(|[FJU"|3) = O(pT), E(|F U"|2) = O(pT'm) and
E(|U3) = O(p). In addition,

ro ro
‘ATU”IF = Z Z E (Z azk“zt) = Z Z Z azkaz’k]E uztuz’t)

t=1k=1 t=1k=1i=1¢=
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p

T
<pro max a, Z maxz |E(uiuq)| = O(DropT)
t=1

k<ro,i<p i'<p *
=1
The remaining bounds can be derived similarly.

(1) For any x > 0, it holds

P(|Fy U lg/r/CopT > M) <exp(—zM)E[exp{z|Fy U [s/+/CopT}]
<exp(—zM)E [1 + 2| F U ¢ /+/CopT
+2|[Fg UT5/{2CopT} + o(=®|Fg UT|3/{2CopT})]

<exp{—aM +z + 2%/2 + o(2?)}

since E(|FJUT|2) < CopT for some Cy > 0. The minimum of right hand side is exp{—(M —
1)2/2}. Letting s = 271(M — 1)?, we have with probability at least 1 — e™*, [FjU"|r <
+/pT's. The remaining bounds can be derived similarly.

[

Denote K a7 xr, diagonal matrix with diagonals equal to the first ry eigenvalues of (p7) 'Y Y.

Then (pT) 'YTYF, = FoK;. Let
H, = (p7) 'ATAF[F K, ".

By model (4.2.7), we have Fy — FoH, = (22 | M) K=" where

1 ~ 1 —~ 1 —~
M, = —F,C'UF,, M,=-—U'CF!F,, M;=—U'UF,.
1 pT OCU07 2 pTUCO 05 3 pTUUO

Then, we will provide a bound on |H; — I, |r using Lemmas C.2.4 to C.2.8.

Lemma C.2.4. Under Conditions 4.2.4-4.2.7,, with probability at least 1 — 7e™®, |[K™!, <

(day/To) (1 + Day/roT12\/5).
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Proof. The 1y largest eigenvalues of (pT') 'Y TY are the same as those of W = (pT)'YY . As
Y = CF" 4+ U, we have W = 3> ' W, where

1 1

W,=-CC', Wy,=—CF'U", W3=W],
P pT

W,=—UU", W;=-C|(=F'F-1Ix}|CT.
pT j% T

By Lemma C.2.3, with probability at least 1 — 6e~?,
[Wal2 < (0T) V| Cla(|Fy U, + [FU[,) < Day/roT Vs,
and
Wyl < (pT) U5 < T 's.

By Condition 4.2.5, with probability at least 1 — e™%, [Ws|, < T7%2/s. Fork = 1,..., K,
IA(W) — Me(W1)| < |W — Wy||2. This implies, with probability at least 1 — 6e*, |\, (W) —
M(W1)| < T7Y%2/s for each k = 1,..., K. Note that the r, largest eigenvalues of W is

also the 7y largest eigenvalues of p~!CTC. Thus, with probability at least 1 — 7e™*, |[K; [ <
(A7) (1 + Day/raT2/5), s

Lemma C.2.5. Under Conditions 4.2.4-4.2.7, with probability at least 1 — 8e™?,

1~ D2 /1 1 s
S, —FH, 2 < 2A (24 — (1 —) 2,
T” 0 0 1||F~d?4 <p+T2) + S

Proof. Note that |Fo|z = v/roT with probability 1 and by Condition 4.2.5,
[Folle < VT{1+T7"2/s)

with probability at least 1 — e °. Then, by Lemma C.2.3, with probability at least 1 — 7e™*,
M, |[p, [Mallr € Dar/rop~'T's and |[Ms|r < T~/2s. Then, the results follows Lemma C.2.4.
]
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Lemma C.2.6. Under Conditions 4.2.4-4.2.7, with probability at least 1 — Te"?,
(i) T7 My < DRd* (72 +p~' T~ (L + T 's)s?

(ii) T72|FJM,|2 < D3Ad*(pT)~1(1 + T 1s)s,

(iii) T72|F} (Fy — FoHy)|2 < D3d2(p~2 + p~ T~ )(1 + T 's)s?

(iv) T72|FJ (Fo — FoH,) |2 < DAd32(p~2 + p ' T~ (1 + T~ 's)s?

Proof. (1) With probability at least 1 — 7e ™,

. - _ D3
IHyl2 < (o)~ AN Folls [Fol s [ K2 <

d2 (1 + DA’FOST )

by Lemma C.2.4. Then by Lemmas C.2.3 and C.2.5, with probability at least 1 — 7e™?,

|CTUF,|2 < 2|CTU(F, — FoH,)|2 + 2|CTUFH, |2

D? T D 52
< d—sz (5 + 1) 2 —ApTs (1 + ﬁ)

d2 (T2 + pT)

The result follows that |Follr < vT{1 + T/2,/s} with probability at least 1 — ¢~*.

S

(i1) Similar to (i), with probability at least 1 — 7e™*,

D?s 5
FIUTARFolI ol < 2 (14 2:)

1
— [Fg M3 <
T2H 0 2HF d124pT T

2T4 ‘

(i11)) Combining (i) and (ii), the result follows from the proof of Lemma C.2.5.

(iv) The result follows from |FJ (Fy — FoH,)||p < |[Fo — FoHy |2 + [HTF] (Fo — FoH)|.
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Lemma C.2.7. Under Conditions 4.2.4-4.2.7, with probability at least 1 — Te"?,

D% /s s s 513
HIHl—Irogsd—f(?+ﬁ+]§+p—T) (1+—) .

Proof. By Condition 4.2.5, |[T~'FJFo — L, |¢ < T~/2/s with probability at least 1 — e~*. Also,
f‘OTf‘o = T1,, . Thus,

HH -1, =H/ <ITO — ?FOTFO) H, + ?(FOH —Fyo) 'FoH, + ?FOT(FOHl —Fy).

The result follows from Lemma C.2.6. ]

Lemma C.2.8. Under Conditions 4.2.4-4.2.7, with probability at least 1 — Te™?,

D2 2 3 3
H-Ls o (S e 5o ) (14 2).
A

Proof. Note that pH,K; = ATA (T‘lFOTf‘O — H1) + ATAH,. By Lemma C.2.6, with proba-

bility at least 1 — 7e™*,

2

1 J N
‘—ATA (?FOTFO — H1>
p

F

1
I, — =FFo

1 a2 L TR 2 1 T A2
<p_HA AHFﬁ”Fo (Fo—FoHy) |z + EHA Al T

<Df4 s+32 +s3+ s3 (1+3>

T3 \T T* p? T T/
Therefore, with probability at least 1 — 7e™*,
2<D?4 s+52+33+33 <1+3)
rp A \T T2 p* T T/

This implies that with probability at least 1 —7e¢~°, H; (up to an error term) is a matrix consisting of

2
JH3
F

1
‘—ATAHl -H, K,
P

eigenvectors of p ' AT A. By Condition 4.2.5, AT A is a diagonal matrix with distinct eigenvalues

with probability 1. Thus, each eigenvalue is associated with a unique unitary eigenvector up to
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a sign change and each eigenvector has a single non-zero entry. Thus, with probability at least

1—7e 3,
D2 s 52 s3 s3 s
H, —Jiz < — + — + — (1 —)
B = Jufz = > (T+T2+ +pT) T

for some diagonal matrix J;. By Lemma C.2.7, with probability at least 1 — 7e~*, for each k£ =

1,...,7”0,
D? 52 33 53 s
MHD) =P < S (2 o S ) (14 2)

where 7 is either 1 or —1. Without loss of generality , we can assume that all entries of H; is
positive (otherwise we can multiply the corresponding columns of f‘o and A by —1). Hence,
denoting H; = {h }

i1 with probability at least 1 — 7e™*,

2 3 3
s (1 1 )2 < DA 5 5 5 s
||H1—ITO||F_§ (hi; E (hy; <2 <T+T2+_+p_T) (1+?).

1#]

Recall that A = T-1YF,. We have A — AH, = Z?:1 E,; where
1 T 1 1 ~
E1 = fAFO (Fo — ]Z—“()Hl)7 E2 = TUFOHl; E3 = TU(FO - FOHl)'

Lemma C.2.9. Under Conditions 4.2.4-4.2.7, with probability at least 1—7e™*, p~'||A—AH; |2 <
(T s + T722 + p T3 + p72s3) (1 + T71s).

Proof. By Lemmas C.2.3 and C.2.5, with probability at least 1 — 7e™*, |E[2 < D3d,*(p~* +
T Y1+ T71s)s% |Eo2 < T 'p(1+ T 's)?s and |Es||2 < D4d2(T + pT3)(1 + T 's)s®
Sop ' |A — AH, |2 < DAd2(pT s + pT2s% + T~1s3 + p~Ls®) (1 + T™1s).

[

Then, we will provide similar results corresponding to the first K eigenvalues of (pT)7'Y Y.
Denote K, a K x K diagonal matrix with diagonals equal to the first K eigenvalues of (pT) 'Y Y.
Then (pT)"'YYF = FK,. Let H, = (p7)~*C"CF'FK;". Using our central model (4.2.7)
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in the paper (i.e. Y = CFT + U), we have F- FH, = (Z?Zl Ni) KQ_1 where

1 N 1 ~ 1 .
N, = —FC'UF, N,=—U'CF'F, N;=—U'UF.
pT pT pT

Then, we will provide a bound on |Hy — I||r using Lemmas C.2.10 to C.2.14.

Lemma C.2.10. Under Conditions 4.2.4-4.2.7, with probability at least 1 — Te™*, |K;' |y <
(dp+/min; ;)71 (1 + Day/roT~V2/5).
Proof. The proof is similar as that of Lemma C.2.4 [

Lemma C.2.11. Under Conditions 4.2.4-4.2.7 in the main paper, with probability at least 1 —7e™?,

1 ~ D? 1
FIB =P A0 (2 D) (14 2) 2

dZmin;r; \p | T? T

Proof. Note that Hf‘HF = /KT with probability 1 and by Condition 4.2.5 in the main paper,
IF |z < VT{1 + T~%2,/s} with probability at least 1 — ¢~*. Then, by Lemma C.2.3, with prob-
ability at least 1 — 6¢~%, [|N1|p, |No|rp < Dar/ropT/ms and |[N3|r < T-2s. Then, the results
follows Lemma C.2.10. ]

Lemma C.2.12. Under Conditions 4.2.4-4.2.7 in the main paper, with probability at least 1 —7e™?,
(i) T7Y N2 < D3rody* (ming ;) "L (p~2m + p 1T 'm)(1 + T~ 1s)s?,

(ii) T2 FTNy|2 < D4rodg*(min; ;) tp 1T Im(1 + T~ 1s)s,

(iii) T‘2HFT(f‘ — FH,)|2 < D4rodg*(ming r;) "t (p~2m + p~T7Im)(1 + T~ 1s)s?,

(iv) T2|FT(F — FH,)|2 < D3rod52(min, 7)) " (p 2m + p T m)(1 + T 1s)s*.

Proof. (i) With probability at least 1 — 7e %, |[Hals < p T 'm|C|2|F|s|Fls| K5 > <
D?rody*(ming ;) "'m(1 + d% min; r;sT~1) by Lemma C.2.10. Then by Lemmas C.2.3

and C.2.11, with probability at least 1 — 7e™?,

|CTUF|2 < 2|CTU(F — FH,)[2 + 2|CTUFH, |
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T 5 s
spIm| —+1)s+pT'ms |1+

P T
<

m(T? + pT)s”.

The result follows that |F|r < /T{1 + T~/2,/s} with probability at least 1 — e~*.

(i1) Similar to (i), with probability at least 1 — 7e™%,

1 1 ~ D?roms 5
—IFTM[2 < —— [FTUTCRFFF|3 < 2" (14 2)
7=l 2|l 2T I Ie | F & FlE < 7 min, 75pT +t 7

(iii)) Combining (i) and (ii), the result follows from the proof of Lemma C.2.11.
(iv) The result follows from |[FT(F — FH,)|r < |F — FH,|2 + |[HJF " (F — FH,)|s

]

Lemma C.2.13. Under Conditions 4.2.4-4.2.7 in the main paper, with probability at least 1 —7e™%,
d% min; r;

D7 s 52 s3 s3 s\3
H§H2—1K§$¢(—+—+—+—)( ) .

Proof. By Condition 4.2.5 in the main paper, |T~'F'F — Ix|r < T~'/2,/s with probability at
least 1 — e—*. Also, FTF = TI . Thus,

1 1 - 1~ ~
H,H, - I =H, (IK — TFTF> H, + T(FHQ ~F)'FH, + TFT(FHQ ~F).

The result follows from Lemma C.2.12. O]

Lemma C.2.14. Under Conditions 4.2.4-4.2.7 in the main paper, with probability at least 1 —7e™%,

D2r, S 2 52§ S
H, —Igls—42 (242 42 42 (1 —) )
[H> = Lxclz d% min; r; (T T p? * pT *
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Proof. Note that pH,K, = C'C ( T-FTE - Hg) +C ' CH,. By Lemma C.2.6, with probability

atleast 1 — 7e™%,

-—HCTCMF ;[ FT(F - FHL)[% + -EMCTCW%
D?%r s s s 8 5
S VN EIE A YOO
d% min; r; (T+T2+p2+pT ( T

Therefore, with probability at least 1 — 7e™*,

2

CTC (TFTF Hg)

F
2

1
| H [
F

I — TFTF

2

D?ry s s 33 s3
S \|\mt+t=+ @+)
p dpminr; T'T pT T

This implies that with probability at least 1 — 7e~*, Hy (up to an error term) is a matrix consisting

1
H—CTCH2 - H,K,
P

of eigenvectors of p~!CTC. By Condition 4.2.5 in the main paper, C'C is a diagonal matrix
with distinct eigenvalues with probability 1. Thus, each eigenvalue is associated with a unique
unitary eigenvector up to a sign change and each eigenvector has a single non-zero entry. Thus,

with probability at least 1 — 7e™%,

D2r, s sz s 53 s
Hy, —J|2 < —4°2 — + =+ — (1 —)
[ = Jaz 2, min, r; (T Tt et pT) T

for some diagonal matrix J,. By Lemma C.2.13, with probability at least 1 — 7e~*, for each

k=1,... K,

D2 2 3 3
IR N ENE T Y

2
d% min; r;

where 7) is either 1 or —1. Without loss of generality , we can assume that all entries of H,

is positive (otherwise we can multiply the corresponding columns of F and C by —1). Hence,
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denoting Hy = {hz(?)}fj:l, with probability at least 1 — 5e~*

9

I — Tl = D27+ D0 — 17 € 20 (528 2 () 5y
2 KIF ij i pT :

S 2 minrs \T T2 p2
vy P dgymin;jr; \T" 1% p T

Recall that C = T-'YF. We have C — CH, = Zle G, where
A 1 1
Gy = ~CF (F-FH,), G- —UFH, Gy~ -U(F-FH,).

Lemma C.2.15. Under Conditions 4.2.4-4.2.7, with probability at least 1—7¢ %, p ! |[C—CH, |2 <

D?rodg* (ming ;) "N T ts + T72s% + p71T1s® + p~28%) (1 + T Ls).

Proof. By Lemmas C.2.3 and C.2.11, with probability at least 1-7e~%, |G |2 < D%rodz*(min, r;) !
(p'm+TH(1+T71s)s%, |Gol2 < T pm(1+T1s)?s and | G2 < D4rods* (min; ;) ~H (T~ 1+
pT3)(1 + T 's)s®. Sop !|C — CHy|2 < D?rodp* (ming ;)" (pT s + pT—2s% + T3 +

p~ims?) (1 + T71s).

Lemma C.2.16. With probability at least 1 — 3e™ %,
(l) ||Nl||maxa ||N2||max S DA\/RP_I/Q{IOg(T)}Q/TZS;
(ii) |Ns|max < p~/*{log(T)}/2s.

Proof. By Lemma C.2.3, with probability at least 1 — 6™, |U'Ulpax < (/2T + p)s. Also,
by Lemma C.2.2, |[UTC|lx, < Day/ropT. Hence, with probability at least 1 — e %, |[UTC|,, <
D 4/TopT's. Then, the results follow from that |F| ., < {log(7T)) + s}/ with probability at least

1—e™5. O]

Recall that

3(z) = Co(2)Co(2)" + 021,
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where

Co(z) = :
DAY dsBY
D(~l)
(A§0)7 BEO)) - ’ )
D(?)
J
1 1 ... 1 1
-1 1 1 1
DY =
J
0 0 11
isar; x (rg + r;) matrix and
1 0
D' =
0 1

is a (pj(z) — r;) x (ro + r;) block diagonal matrix consisting of r, + 7; vectors of dy1 for j =

1,...,m.

Lemma C.2.17. For X(z) defined above, any { # (' and 29, 2() € T,

m 20
B(=) Diro Xis, B + o
I=(z@] ) 008 @)
|2(z)] D2re 30 pe(z) o2

ro+TE

i | d% min; ripr(29) + 02(ro + 11)
* Zrk 8\ & min, r, () 2 '
k=1 B 3 TiPk\Z ) + Uu(ro + 7nl)
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Proof. By definition of Cy(z) in (C.1.1) and definition of ¥(z) in (C.1.3), the eigenvalues of
Co(z)"Cy(2) is

m m 2 . 2 .

b e e O ope) dmingrp(e)  dwmin e ()
A0 yr s AT0 ) ot [
k=17“0+7“k k=1’l“o+7”k N To+T1 To+ 71 .

ro m
2 2 -
df min; 7;p,(2) df min; 7;p,(2)
To + Tm T To + T'm

™m

Since Cy(z)"Cy(z) and Cy(2)Cy(z) " share the same non-zero eigenvalues,

m To 9 — -
5(2)| = (Diroz i(z) +UZ> e (dB min; r;pi(2) +Ui) 20X ),
k=10

ro + Tk T’Q—I-Tk

Note that by definition of {z( 2™} . (249)) and py(2)) are the same for m — 2 pairs and

with difference 1 for 2 pairs. Then for any ¢ # ¢/,

m (20
1og(|2(zw))|) ro log D70 Xics By +
T~/ _ (/| =70
S0 Dirg s BCO)
(2
(2

ro+7k
i d% min; r;p,(z ) 2(rg +11)
l B ] )
*ZW%( R

2 .
dy min; rjpg(z

Lemma C.2.18. For X(z) defined above, any { # (' and 29, z\*) € T,

tr (z(z“))*lz(z(f’))) —p.
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Proof. Note that

L e ()TC i (2) T2 (0)

720 (OC 1 (z-1)er(0) %5 (0)

T 1402

E(z(é))fl

where E = (1+02) '+ (14+02)2¢;(0)TC_1(2_1) "2 H(O)C_1(z_1)e1(€), Bo(f) = 21— (1+
0'121)_1(371(,271)C1(é)cl(g)Tijl(Z,I)—r and 271 = O'ZIpfl + C,l(z,l)C,l(z,l)T. Then,

tr(E(z(e,))AZ(z(@))
tr (Eal (0)C_i(z_1)e1 (V) (EI)TC—I (Z—l)T)

u

tr (2 (¢)C 1 (z )er(Der(¢') ' Ca(z 1))

tr (B, (¢)C_i(z_1)er (e (0)TCi(z1)T) — tr (B H(¢)E4)

Since

tr (3,1 (¢)C1(z-1)er()er(¢) ' Cy(z1)T)

zcl(ﬁ’)TC Wz ) TE1(OC 1 (z_1)e ()
={c1(0)TC_1(221) T271C L (zo1)er (0) )

1+U

1 + 1+0 QCl(gl)TC—l(Z—l)TE:iC— (Z_l)C1(€I)7
tr (351 (¢)C1(z-1)er(Der(¢') ' Coy(z1) ")
= tr (851 () Coi (z-)er (E)er () Coi(2-) )

=c1(0)TC_y(z-1) 221 (0)C (Z el
B HOC 4 (z-1)er (V)
(&

rozci(t) Coi(z1) ' 2C i (z1)er (()er(f) 'Coy(z-0) T
1+ HUQ cl(E)TC_ (2_1)T271C_1(z_1)eL (0)

R razei(t) T C i (z1) TETH(OC 1 (2 1)er(l)

tr (20 (¢ )271) =p—1- T nga e (TC 1 (2 S OC o (e (0)
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we have

_ ﬁcl(Q)TC,l(z,l)TEj(E)C,l(z,l)cl(ﬂ’)
L+ e (0)TC i (z) TEI (O C L (z e ()

tr(2(=) 12 (=1Y)) =

Note that since

1 1 1 -
2:% = Elpfl - FC,l(z,l) {IK + ;Cl(zl)Tcl(zl)} Cfl(zfl)—r,

we have

Cq (E)TC_I(Z_l)TZ:% (E)C_l (Z_l)Cl (fl) =0

for ¢ # ¢'. The conclusion follows.
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