DISSERTATION

COUNTING ISOGENY CLASSES OF DRINFELD MODULES OVER FINITE FIELDS VIA
FROBENIUS DISTRIBUTIONS

Submitted by
Amie M. Bray

Department of Mathematics

In partial fulfillment of the requirements
For the Degree of Doctor of Philosophy
Colorado State University
Fort Collins, Colorado

Spring 2024

Doctoral Committee:
Advisor: Jeffrey Achter

Maria Gillespie
Alexander Hulpke
Shrideep Pallickara
Rachel Pries



Copyright by Amie Bray 2024

All Rights Reserved



ABSTRACT

COUNTING ISOGENY CLASSES OF DRINFELD MODULES OVER FINITE FIELDS VIA
FROBENIUS DISTRIBUTIONS

Classically, the size of an isogeny class of an elliptic curve — or more generally, a principally
polarized abelian variety — over a finite field is given by a suitable class number. Gekeler expressed
the size of an isogeny class of an elliptic curve over a prime field in terms of a product over all
primes of local density functions. These local density functions are what one might expect given
a random matrix heuristic. In his proof, Gekeler shows that the product of these factors gives the
size of an isogeny class by appealing to class numbers of imaginary quadratic orders. Achter,
Altug, Garcia, and Gordon generalized Gekeler’s product formula to higher dimensional abelian
varieties over prime power fields without the calculation of class numbers. Their proof uses the
formula of Langlands and Kottwitz that expresses the size of an isogeny class in terms of adelic
orbital integrals. This dissertation focuses on the function field analog of the same problem. Due
to Laumon, one can express the size of an isogeny class of Drinfeld modules over finite fields
via adelic orbital integrals. Meanwhile, Gekeler proved a product formula for rank two Drinfeld
modules using a similar argument to that for elliptic curves. We generalize Gekeler’s formula to
higher rank Drinfeld modules by the direct comparison of Gekeler-style density functions with

orbital integrals.
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Chapter 1

Introduction

In the early 20th century, number theorists developed the theory of algebraic curves over finite
fields. Artin began attaching zeta functions to specific curves over finite fields, leading to Hasse and
Weil proving the analog of the Riemann Hypothesis for general curves. This was an early milestone
in arithmetic geometry [15]. Similarly, Carlitz began studying curves over function fields. Instead
of attaching zeta functions to these curves, he attached to them an exponential function, and as a
result, defined what is now called the Carlitz module. By the 1970s, Hayes and Drinfeld began
independently working with the Carlitz module to develop explicit class field theory for function
fields through a generalization of the Carlitz module, now called Drinfeld modules, which, in the
function field case, play the role of elliptic curves in more classical number theory [28, Ch. 12,
13]. The Carlitz module is a Drinfeld module of rank one and is analogous to cyclotomic number
fields in classical number theory. Similarly, Drinfeld modules are analogous to elliptic curves.
On the other hand, in Drinfeld’s 1974 paper, Elliptic modules, he described a modular variety for
Drinfeld modules, which became a key player in the geometric Langlands program. In particular,
the cohomology of this Drinfeld modular variety is related to automorphic forms [7, 15].

The analogy between elliptic curves and Drinfeld modules is deep and far-reaching — from
construction to classification by isogeny, the story of Drinfeld modules runs parallel to that of
elliptic curves. In the case of elliptic curves over finite fields, the trace of Frobenius is a complete
invariant under isogeny. Specifically, the Frobenius endomorphism of an elliptic curve E over
F, has a characteristic polynomial of the form f(T) = T? — aT + ¢ where |a| < 2,/q. The
coefficient a is called the trace of Frobenius, and it counts the number of F, rational points of
E via the equation a = ¢ + 1 — #E(F,) [31, p. 143-144]. Any two elliptic curves having the
same characteristic polynomial of Frobenius are isogenous. Therefore, counting the number of
elliptic curves in a given isogeny class over [, is equivalent to counting elliptic curves over [,

having coefficient a in the linear term of the characteristic polynomial of Frobenius. In 2003,



Gekeler proved a product formula giving the size of an isogeny class for an elliptic curve over [,
for some prime p using a random matrix model. The formula is a product over primes ¢ of Z,
where for each prime we ask how often does a two-by-two matrix over Z, have as its characteristic
polynomial the characteristic polynomial of Frobenius [11]? Gekeler’s formula is the result of
relating the weighted cardinality of an isogeny class with class numbers of imaginary quadratic
orders over Z and expressing them through the analytic class number formula. This gives the size
of an isogeny class in terms of an L-function, which through Euler expansion gives a product of
local terms. Gekeler then goes on to interpret each factor as a local density function to arrive at his
final product formula.

Later in [2], it was shown by Achter and Gordon that we can arrive at the same product formula
using orbital integrals. This proof is more conceptual in nature. It comes from Langlands’ method
for relating the cohomology of a Shimura variety to automorphic forms. One tool in the Langlands
program is a formula for the size of an isogeny class as a product of adelic orbital integrals. Achter
and Gordon use this result to arrive at their formula by relating Gekeler’s numbers to geometric
orbital integrals. They then give the relationship between geometric and canonical measures to
obtain a formula in terms of canonical orbital integrals. Special consideration is given to the
primes at infinity and p, where p is the characteristic of the base field. The product formula can be
generalized to higher dimensional abelian varieties using Kottwitz’ method for higher dimensional
Shimura varieties [1].

Since Drinfeld modules are the function field analog of elliptic curves, we aim to retell this
story, with the goal of counting the size of an isogeny class for a Drinfeld module over a finite
field. Again, two Drinfeld modules are isogenous if they have the same characteristic polyno-
mial of Frobenius. In 2008, Gekeler proved a new product formula, this time giving the size of
an isogeny class of a rank two Drinfeld module [12] over a finite field F,[7]/p. As before, this
formula makes use of the probability a random matrix has a given characteristic polynomial. Alter-
natively, Drinfeld (for rank two) and Laumon (in general) prove that the size of an isogeny class of

Drinfeld modules over finite extensions of F,[T"]/p is given via adelic orbital integrals. In Chapter



2, we review the definitions of Drinfeld modules and discuss isogeny invariants. In Chapter 3, we
describe Gekeler’s product formula in more detail. In Chapter 4, we review measures on orbits
in GL, necessary for understanding Laumon’s formula for the size of an isogeny class, which is
provided in Chapter 5. In Chapter 6, we generalize Gekeler’s product formula to ordinary rank
r Drinfeld modules by direct comparison to adelic orbital integrals. We define the local Gekeler

ratios

lim lm #Q(an) (70)

U[(WO) = des 00 N300 #SLT(A[/[n)/“ln(T’—l)

at each finite place, and

_ 12 pr - |coker(a)| - f(Fs/Kx)
veo(70) = [D(70)[X 7 L1, om) - volur, _(T(Ko0)?)

at the infinite place. We then prove the following theorem.

Theorem A. Let ¢ be an ordinary rank r Drinfeld module over the finite field L of degree m over
A/p. Let vy € GL,.(F,[T]) be a matrix with the same characteristic polynomial as ¢. The weighted
size of the isogeny class of ¢ is

m(r—1)

he(L) = |p[ > Uoo(Vo)HU[(%)-

[

After this, we demonstrate that when restricted back to the rank two setting, we exactly recover
Gekeler’s product formula. One major benefit of our proof is that it generalizes Gekeler’s result
even in the rank two setting to fields larger than F,[T]/p.

It is also worth noting that Gekeler’s product formula for rank two Drinfeld modules is stated
for arbitrary Drinfeld modules rather than just ordinary ones. Although we deal only with ordinary
isogeny classes for the purposes of this paper, Laumon’s adelic orbital integral formula for the size
of an isogeny class holds for any Drinfeld module. It is therefore reasonable to expect that small

adjustments to our argument will generalize our formula to arbitrary rank » Drinfeld modules.



1.1 Preliminaries

The notation in this paper follows that of Gekeler in [12].

A = IF,[T’], the polynomial ring over a finite field of characteristic p;
K = Frac A =F,(T), the quotient field of A;

K = F,((T™")), the completion of K at infinity;

p = A fixed prime ideal of A.

L = A field provided with structure of an A-algebraby v: A — L.

This means L is either an extension of K or of A/p,

in which case, v is the mod p-map.

In this paper, we will typically take L to be a degree m extension of A/p, a degree d extension
of [F,. The completion above is taken with respect to the corresponding absolute value at infinity.
This is denoted by | - | or | - |, and is defined as |a|oc = #(A/a) = ¢%8@ for a € A. By an
abuse of notation, | - | may also be the extension of the absolute value of infinity in K, K, or some
other extension of /K. We will also use the [-adic absolute value for a prime ideal of [ of A. These

—ordi(a) fop prime ideals [ of A. Here, the co-adic valuation

absolute values are defined by |a|, := ¢
of an element a € A is given by v (a) := — degp(a) while the [-adic valuation of an element « is

v(a) = ord(a).

Remark 1.1.1. We use the notation v for an arbitrary place of /& and the notation [ for an arbitrary

place of K away from oco.

A Drinfeld A-module over L gives an A-structure to the endomorphism ring End; (G, ) of the

additive group scheme G, over L.



As a scheme, G, is the affine line over L, or Spec(L[X]). Since specifying a map of schemes
is equivalent to specifying a map on their underlying rings in the opposite direction, the group

structure on G, is given by the maps

i L[X] = LIX] ®; LIX],
X X0l+1®X;

. L[X] — L[X],

~.

X — =X

L[X] > L,

[Qo0

X — 0.

An endomorphism of G, is a map from G, to itself respecting this group structure. In particular,
we can identify an endomorphism f with an additive polynomial by considering the underlying
map on L[X]. In this way, we identify End(G,), with L,44[X], where L,q4[X] denotes the ring
of additive polynomials in X.

Since L has positive characteristic, the set of additive polynomials not only includes polynomi-
als of the form f(X) = aX for a € L, but also the Frobenius map given by 7 : X — X?. By addi-
tion and composition, each element of Lgq[X] is of the form f(X) = agX + a1 X9+ -+ -+ a, X"
for a € L [28, Proposition 12.2]. After a change of variables from X to 7, L,q4[X] is isomorphic
to the twisted polynomial ring L{7} with addition and multiplication subject to the commutation

rule Ta = a?r. Therefore, a Drinfeld A-module over L gives an A-structure to End.(G,) = L{r}.

Definition 1.1.2. Each non-zero element f in L{7} can be written uniquely as f = f,o7"/) where

fs is separable, i.e., has a non-zero constant coefficient. We call the number ht(f) the height of f.

Remark 1.1.3. It is important to note that the theory of Drinfeld modules was developed in a
more general setting. Specifically, K could be a more complicated function field with A the ring
of elements regular away from a place [10, Section 1]. For our purposes, we continue with the

assumption that ' = F,(7") is the function field of the projective line.



Chapter 2

Drinfeld Modules over Finite Fields

2.1 Definition

Recall that L is an A-algebra via the map v : A — L. Following [12, (1.2)], we define a
Drinfeld A-module.

Definition 2.1.1. A Drinfeld A-module' ¢ over L is amap ¢ : A — L{7} defined by

¢:A— L{r},

a— ¢q,

such that ¢, = y(a) + Z li(a)7".

i>1

The image

or =~(T) + Z L(T)T!

1<ilr
completely determines ¢. The rank of ¢ is the degree in 7 of ¢(7T'), so [,.(T') is assumed to be

non-zero.

Definition 2.1.2. The characteristic of a Drinfeld A-module ¢, char(¢), is defined to be the prime
ideal p = ker(y) of A. If p = (0) then ¢ is said to have generic characteristic, otherwise ¢ has

positive characteristic [24, Definition 2.2].

Remark 2.1.3. Because L has positive characteristic p, ¢ is injective. This is true regardless

of whether ¢ has positive or generic characteristic [24, Section 2.3]. Since we are interested in

'In this text, we often use the phrase, “Drinfeld module,” in place of the more precise language, “Drinfeld A-module.”
All Drinfeld modules discussed are A-modules.



Drinfeld modules over finite fields, i.e., when L is a finite extension of A/p, all Drinfeld modules

in this paper have characteristic p.

2.1.1 Morphisms
Let ¢ and 1) be Drinfeld modules over L. Because a Drinfeld module is an A-module structure
on the additive group scheme G, over L, a morphism of Drinfeld modules must be a morphism of

G, commuting with the A-module structures associated with ¢ and ) [10, (1.1)].

Definition 2.1.4. A morphism between Drinfeld modules ¢ and 1 is an element u of End(G,)

such that u o ¢, = 1, o u for all a in A; i.e., the following diagram commutes.

G, -2 G,
u u
P

G, — G,

An isomorphism of Drinfeld modules is an invertible morphism.

Recall that L{7} is a subset of the set of endomorphisms of the additive group scheme over L
subject to 7¢ = ¢?7. Since ¢, and v, are elements of L{7} and u commutes with the A-structures

on ¢ and v, we have that u must be in L{7} C End;(G,).

Definition 2.1.5. The kernel ker(u) of a morphism u : ¢ — 1) is the kernel of the underlying map

from G, to itself. As such, the ker(u) is a group scheme.

Definition 2.1.6. An endomorphism of a Drinfeld module is a morphism from ¢ to itself, i.e., an

element of L{7} so that u o ¢, = ¢, o u for all a in A. The set of endomorphisms

Endp(¢) :=={u € L{7} : up, = ¢,uforall ain A}

is a ring under addition and composition.

We will study the endomorphism ring of Drinfeld modules in greater detail in Sections 2.1.2

and 2.3.



Definition 2.1.7. An invertible endomorphism is called an automorphism. We denote the group of

automorphisms of a Drinfeld module over L by Auty(¢).

The group of automorphisms for a rank two Drinfeld module ¢ over a finite field L defined by

¢r = v(T)gr + At? is given by

F, if g # 0 or L doesn’t contain F g,
Auty(¢) = (2.1)

IE';2 otherwise.

Definition 2.1.8. An isogeny is a non-zero morphism v : ¢ — . If such a morphism exists, ¢
and 1) necessarily have the same rank. Over the algebraic closure, an isogeny v : ¢(L) — (L)
is surjective such that ker(u)(L) is finite. The notation ¢(L) means the A-module structure on

End;(G,) induced by ¢ : A — L{7}.

Isogeny is an equivalence relation on the set of all Drinfeld modules over a given A-field L, as

seen in the following proposition from [13, Proposition 2.5].

Proposition 2.1.9. Let ¢ and 1) be Drinfeld A-modules over any field L, and suppose there exists

an isogeny u : ¢ — 1. Then there exist an a € A and an isogeny v : ) — ¢ with vu = ¢,.

2.1.2 The Endomorphism Ring

Fix an arbitrary Drinfeld module ¢ over the finite field L. Let

Endp(¢) :=={u € L{r} : u¢p, = ¢ u forall ain A}

be the ring of endomorphisms of ¢ over L. We make the following observations. First, since ¢ is
injective, the image ¢(A) can be identified with A in L{7}. According to the ring homomorphism
properties of ¢, we see that since A is commutative with respect to multiplication, the image
¢(A) is also. Equivalently, the image ¢(A) is a commutative subring of the endomorphism ring

Endy(¢). Second, by definition, End;(¢) is the centralizer of ¢(A) in L{r}. Third, End(¢)



absorbs the action of A via ¢(A), so itis an A-algebra. Fourth and finally, since End;(¢) C L{7},
it is torsion free over L [15, Ch. 4.7].
For computational practice, we now consider a rank one Drinfeld module (also called the Car-

litz module) and examine its endomorphism ring.

Example 2.1.10. Let A be F4[T] and fix the prime p = (T? + T + 1). Let L = A/p = Fy6 and

let ¢ be the Drinfeld module

¢:A— L{r}, (2.2)

a— ¢, (2.3)

defined by

¢or=7v(T)+7=T+7 mod p.

Since an arbitrary element in A is of the form g(T) = ag + a1 T + - - - a; T*, with a; € Fy, an
arbitrary element in the image of ¢ is of the form ¢,y = ag + a1 (T + 7) + - - - @ (T + 7)*. The
key here is that the coefficients are in [y, not [Fg.

Now consider an arbitrary endomorphism of ¢, given by v = Zfzo ;7 with [; € Fi5. By
definition, u¢, = ¢,u for all a € F4[T|. Expanding both sides according to the definition of

multiplication in L{7} gives the equality

l()T + (l0 + llT4)T ot (lz + li+1T4i+1)7_i+1 et lme-l—l

= Tlo+ (Ig + Th)T + -+ (I3, _y + Tly) 7™ + L7

This implies that lf = [;, for all 7. Thus, each [; is in F4, not F;5. From here we conclude that

u € ¢(A), and thus ¢(A) = End(¢). Since ¢ is injective, we really have End(¢) = A.



When ¢ is rank one, we easily see that End(¢) is a rank one (projective) A-module (see also
Example 2.3.4). More generally, if ¢ is a rank r Drinfeld A-module, its endomorphism ring is a
projective a A-module of rank < r2 (see Theorem 2.3.3). To prove this, we need representations
of the endomorphism ring on the [-adic Tate module of ¢. These representations also allow us to

define the characteristic and minimal polynomials of a Drinfeld module.

2.2 The Tate and Dieudonné Modules

2.2.1 The Tate Module

Fix a rank r Drinfeld module ¢ over L. The [-adic Tate module of ¢ is defined in terms of

[-power forsion submodules of ¢.

Definition 2.2.1. [10, Page 189] Let a be an arbitrary ideal of A. The a-torsion submodule of ¢ is

a0 =[] ker(¢a).

aca

By the definition of ¢, as an endomorphism of G, the a-torsion submodule is a group scheme.

We consider the L-points

«d(L) = [\ ker(¢a(L)).

aca

Via the image ¢(A), .6(L) is a finite A-module.

Theorem 2.2.3 (of Drinfeld) as stated in [13, Proposition 2.1] (in the case of L a finite field)
and [24, Theorem. 2.5] (in general) gives the structure of the torsion submodules of ¢. The p-
torsion submodule of ¢ is explained in terms of the height of ¢.

For each a € A, let ht(¢,) be the height of ¢, € L{7} as defined in Definition 1.1.2. Remark-
ably, the function a — ht(¢,) defines a valuation on A equivalent to the p-adic valuation. For the

purposes of this paper, we forego this explanation.

10



Definition 2.2.2. Let ¢ be a Drinfeld module over a finite field L with characteristic p # (0) where

p has degree d. Then the height ht(¢) of ¢ is the number

1
ht(¢) = p min{ht(¢p,) : 0 # a € p}.
This is an integer such that 1 < ht(¢) < r.

Theorem 2.2.3. Let L be the degree m extension of A/p. Fix a rank r Drinfeld module ¢ : A —
L{7} over L with char(¢) = p # (0). Let a and b be coprime ideals of A. Then:

(a) The torsion submodule of the ideal ab is such that

ab¢ = a(b@ b(b-

(b) If a and p are coprime, then the a-torsion submodule (L) is a free A/a-module of rank r.
(c) If a = p*, then the a-torsion submodule ¢(L) is a free A/a-module of rank v — ht(¢).
For the remainder of this section, we fix a prime [ away from p and consider the [-power torsion

submodules of ¢. Let i¢ and ;¢ be two [-power torsion submodules with ¢ < j. Then there is a

surjection

fig i v — uo
defined by the multiplication by ¢ map. These maps form an inverse system.

Definition 2.2.4. Fix a rank r Drinfeld module ¢ over a finite extension of A/p and a prime [ # p.

Then the [-adic Tate module attached to a Drinfeld module ¢ over L is

Ty(¢) = lim (I,
This inverse limit naturally has the structure of an A;-module of rank r (see Theorem 2.2.3).

11



For any ideal a C A, the Galois group Gal(L : L) acts on ,¢(L). However, since [ and p are

coprime, the image ¢ is separable? for all n > 1. As an A-module, we have

wo(L) = (A/1)".

Therefore, the group Aut(»¢(L)) of automorphisms of ¢ over A is

Auty(n¢(L)) = GL(A/1").

Even more, the separability of ¢ implies that «¢(L) = ¢ (L*), where L* is the separable
closure of L. The Galois action commutes with the structure of »¢(L) as an A/["-module giving

the continuous representation

w: Gal(L® : L) — Auty(»¢(L)) = GL,.(A/I"). (2.4)

Since the inverse limit respects the above structures, there is an induced action of the Galois group

on Ti(¢) given by

w: Gal(L : L) — Auty(Ti(¢)) = GL,.(A)).

Similarly, there is a natural ring representation of the endomorphism ring on the Tate module as
described in Section 2.3 [15, Ch. 4.10].

The following proposition is an important result about the Tate module we will use in Section
5.1; it states that isogenies between Drinfeld modules ¢ and 1) induce injective maps between their

[-adic Tate modules.

Proposition 2.2.5. ( [24, Proposition 3.4]) Let ¢ and 1) be Drinfeld A-modules over L. Then for

all prime ideals | of A different from co and p, the natural homomorphism

The separability of ¢; also implies that as a scheme, (¢ is étale.
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HOmA(¢, 770) ®A A[ — HOHIA[(T—‘[(QS), ﬂ(¢)) (25)
is injective.
Remark 2.2.6.

Define < ¢ to be the direct limit

pop 1= lim @,

Then there is an equality

Ti(¢) = Hom, (K /A, ¢(L)). (2.6)

This formulation of the Tate module is consistent with the definition of the Dieudonné module, the

p-adic analog of the Tate module.

2.2.2 The Dieudonné Module

We continue to work with a rank 7 Drinfeld module ¢ over L, the degree m extension of A/p.
In defining a module that keeps track of p-power torsion, one challenge comes from the fact that
the polynomial ¢, is not separable. As a consequence, as the p-power torsion submodules ,»¢ are
not as nice as schemes as the [-power torsion submodules of the previous section®. Dieudonné’s
theory accommodates for this obstruction. Following [23, Sections 2.4 & 2.5] and [3], we describe
the construction of the Dieudonné module of ¢.

Let K" be the maximal unramified extension of K, and ATM be the completion of its ring of
integers. The ring of integers has the property that AT/p/ pAA—/p = A_/p Similarly, let Ay be (the
completion of) the ring of integers of the unique unramified degree m extension of /,. The residue

field of Ay is L. Let K be the field of fractions of Ay.

3In particular, they are not étale.
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The arithmetic Frobenius element F of Gal(L : A/p) is the m-th iterate of the ¢3°7®)-power
map (this is the same as the map used later in Section 2.3.1). This Frobenius map lifts to F, in the

Galois group Gal(K, : K,).

Definition 2.2.7. ([23, Definition 2.4.1]) A Dieudonné A,-module over L is a free Ar-module M
of finite rank endowed with an injective F}-linear map f : M — M such that the cokernel of f
is of finite length over A;. We denote a Dieudonné A,-module by the pair (M, f). The rank of
(M, f) is the rank of M as an A;-module. Similarly, a Dieudonné K,-module over L is a finite
dimensional K -vector space N endowed with a bijective F}-linear map f : N — . The rank of
(N, f) is the dimension of N as a K -vector space. If (M, f) is a Dieudonné A,-module over L,

then (K, ®4, M, K, ® 4, f) is a Dieudonné K,-module over L of the same rank.

Definition 2.2.8. ( [23, Definition 2.4.8]) For every n > 1, let P, be a finite group scheme over
L. Suppose also that P, has the structure of an A,-module. Via the inclusion A/p C A,, we can
view the L points of P, as an A/p-vector space. A p-divisible L-scheme in A,-modules is a direct

system of the form

P=(P PP ) =lin Py,
such that for each integer n > 1, the following properties hold.

(a) As an L-scheme with the structure of an A/p-vector space, P, embeds in to finitely many

copies of G, over A/p.

(b) The L-scheme P, is finite of dimension n - ¢ over A/p for some integer ¢ > 0 independent of

n (and the order of P, is gdesr(®)nc),

(c) The sequence of A,-modules

O—)Pni—">Pn+1m>Pn+1a

1s exact.
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The integer c in (b) is called the rank of P.

There is an equivalence of categories between Dieudonné A,-modules and p-divisible L-schemes
in A,-modules [23, Corollary 2.4.14], which means for every p-divisible L subscheme, there is a
corresponding Dieudonné A,-module. Given a p-divisible L scheme, let H, be its corresponding
Dieudonné A,-module.

The direct limit

pod = 1,113 pr 2.7

is a p-divisible L-scheme in A,-modules of rank r [23, Lemma 2.5.1]. That is, each ,»¢ has
dimension n - r over A/p. The Dieudonné module of ¢ is the Dieudonné module attached to p ¢

as a p-divisible L-scheme in A,-modules.

Definition 2.2.9. For a Drinfeld A-module ¢ over L of rank r and characteristic p, the Dieudonné
Ap-module over L is the pair (B, (¢), fs,) corresponding to the direct system (2.7), and f, , is the

map

fop 1 Bp(0) = By(9),
induced by F}, on ,n¢. Over Ay, B,(¢) has rank 7.

Remark 2.2.10. The standard notation for the Dieudonné module of ¢ is H,(¢). Later, we use
H () to refer to the L-isogeny class of ¢, so we instead denote the Dieudonné module by B, (¢)

to avoid a confusing clash of notation.
The next lemma gives an important property of the map fy .

Lemma 2.2.11. ( [23, Lemma 2.5.4]) The Dieudonné Ay-module (B,(¢), fs,) over L of a Drinfeld

A-module ¢ over L has the inclusions

pBy(d) C fou(Bp(®)) € By(9),
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and the equality

dimy, (By(¢)/ fop(Bp(0))) = 1.

2.3 The Endomorphism Algebra

The primary object of study in this section is the endomorphism algebra E := End(¢) ® K of
a Drinfeld module ¢. First, we use the [-adic representation of the endomorphism ring on the Tate
module to show that the endomorphism ring of a Drinfeld module is a projective A-module of rank
less than or equal to r?, and that End(¢) ® 4 K is a division ring. Second, we demonstrate that
FE is a central division algebra over K (F'), where F is the Frobenius endomorphism of ¢.

To begin, the next lemma gives criteria for when an A-module is projective [13, Lemma 2.6].
Lemma 2.3.1. Let V be a K,-vector space of dimension n.

(a) There exists a unique topology on V' such that each one-dimensional subspace is topologically

isomorphic to K ..
(b) Let H C V be an A-submodule which is discrete with respect to the above topology. Then H

is projective over A of rank at most n.

The first point is true because V' = K. Since A is discrete in K, induction on n gives the second
point [13, Lemma 2.6].
The next lemma is used in proof of Theorem 2.3.3, and induces a canonical [-adic representa-

tion of the endomorphism ring on the Tate module for a given Drinfeld module ¢.

Lemma 2.3.2. Let a € A\ p. Then the canonical representation

io : End(¢) ® A/a — Enda(q0(L))
is injective.
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For each prime [, there is a canonical representation ¢; induced on the [-adic Tate module, given

by

e End(¢) ® A — EndA[(T[(¢)) = Mat,,(A[). (2.8)

The proof in [13, Lemma 2.7] shows that if an element « in End(¢) vanishes on 4¢ (i.e., comes
from the kernel of 7,), then it is trivial in End(¢) ® A/a because « must be an element in a-End(¢).
We now characterize the rank of the endomorphism ring as a projective A-module in the next

theorem [13, Theorem. 2.8].

Theorem 2.3.3. The endomorphism ring End(¢) is a projective A-module of rank less than or

equal to * (r = rank of ¢), and End(¢) ® 4 K, is a division ring.

Here we start by noting that £ := End(¢) ® 4 K is the ring of quotients of End(¢). The degree
map on End(¢) \ {0} taking an element u to — deg,(u) extends uniquely to a discrete valuation
Weo on End(¢) ® 4 K. When restricted to K, the valuation w,, agrees with the valuation v, on
K. The topology on End(¢) induced by w,, is discrete and agrees with the oco-adic topology on
finite dimensional K -subspaces of F = End(¢) ®4 K. Therefore, the valuation w,, extends to
End(¢) ® K. This together with the fact that £ = End(¢) ® K is a division ring implies that
End(¢) ® K is a division ring.

By Lemma 2.3.1, End(¢) is projective over A. For each K..-subspace V' of dimension n in
End(¢) ® K., we have that End(¢) NV is projective of rank < n. There are no K ,-subspaces
of End(¢) ® K, having dimension larger than 2, otherwise we would contradict Lemma 2.3.2.

See [13, Theorem. 2.8] for more details.

Example 2.3.4. Let ¢ be a rank one Drinfeld module. Then End(¢) can either be a rank one

or rank zero projective A-module. However, it is not the zero-module since ¢p(A) C End(¢).

Therefore End(¢) = A.

A few facts are central to the upcoming discussion on minimal and characteristic polynomial

rings, and the proof of Theorem 2.6.1.
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2.3.1 Central Division Algebra

Recall that L is the finite field of degree m over A/p. Since A/p is the degree d extension of
F,, L has ¢" elements where n = d - m. Let ' = 7" : z 7" be the Frobenius morphism
of L. According to [10, Section 2], the Frobenius morphism F' is also an endomorphism of the
fixed Drinfeld module ¢ over L (because F' commutes with ¢(A) in L{7}). Define L(7) to be the
division ring of fractions of L{7}. This means that L(7) need not be commutative but it is closed
under left and right multiplicative inverses. It is central of dimension n? over F,(F), the field of
rational functions in Frobenius F' [13, (3.2)]. Between F,(F") and L(7) is £ := End(¢) ® K and
its commutative subfield K = K (F) generated by F'. We have already seen in Theorem 2.3.3 that
E is a division ring of End(¢).

We have the following theorem as stated in [13, Theorem. 3.8] and illustrated in the subsequent

diagram using facts about the invariants of central division algebras and completions.

Theorem 2.3.5. Let K = K (F) be the subfield of E := End(¢) ® K over K generated by F and
r = [f( . K its degree. Then r /7y is an integer ry and E is a central division algebra over K of
degree r3. There exists a unique place p of K that divides F and lies above the place p of K. The
place co of K has a unique extension 5o to K. Then E splits at places [ of K different from p and
oo, with invariants 1/ry, —1/r9 at p and 5o respectively.

L(r)
|
E =End(¢p)® K

|3

2.4 Minimal and Characteristic Polynomials

Keeping the same notation from the previous section, we now define the minimal and charac-

teristic polynomials of ¢, a rank 7 Drinfeld module over L, the degree m extension of A/p.

Definition 2.4.1. As an element of E, F' must satisfy a unique monic polynomial M 4(.X') of min-

imal degree over A C K. We call My(X) the minimal polynomial of ¢.
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Definition 2.4.2. Let [ # p be a prime of A. Let ((F') € End(7i(¢)) be the image of F' under the
representation 4;, as in (2.8). Let P,(X) € A[X] be the characteristic polynomial of 4;(F’). Pro-

vided [ # p, P,(X) is independent of the choice of [ and is known as the characteristic polynomial
of .

The following theorem describes the constant term of the characteristic polynomial.
Theorem 2.4.3. ( [10, Theorem 5.1])

Let ¢ be a Drinfeld module over the finite field L, and let P,(X) be its characteristic polyno-

mial. Then, there is an equality of ideals

(P5(0)) = (p!=4/4).

In practice, we use the field norm maps attached to the extensions in Theorem 2.3.5 to compute
the minimal and characteristic polynomials of a Drinfeld module, as we see for rank two in Ap-
pendix A. We always refer to the norm maps by the extension from which they arise. For example,
NE is the norm map of the extension L over K. Presently, we need the composition of the reduced
norm N rdEf( and the field norm N II({ . The next lemma relates the minimal and characteristic poly-
nomials more closely (as stated in [13, Lemma 3.13]). Notably, the characteristic polynomial is
the 7, power of the minimal polynomial, where 7 is the quotient of the rank of ¢ and the degree

of the extension of K over K.

Lemma 2.4.4. Let u be an endomorphism of ¢, and | # p a prime of A. Then
(a) (N o NrdE)(u) = det(ir(u)),

(b) —vao((NE 0 N7dE)(w)) = (=) deg, (NE o NrdE)(u)) = — deg, u,

(0) Py(X) = My(X)".

Remark 2.4.5. Here, (b) is stated assuming we have fixed oo = 1/7. In general, if co is a prime of

degree do, we have —v.o (NEoNTdE) (u)) = (rds) ™! deg, (NEoNrdE)(u)) = (dx) " deg, u.
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2.5 Newton Polygons

In [27], Poonen defines supersingular and ordinary Drinfeld modules in terms of the New-
ton polygon of the characteristic polynomial at p. Recall that for a polynomial P(X) = a,z" +
ar—1 X"+ - a1 X + ag, to construct the Newton polygon, we plot the points (i, v,(a;)). The
Newton polygon is the convex hull of these points. The slopes of the convex hull characterize the
p-adic valuations of the roots of P(X). If the Newton polygon of P(X) has a segment with slope
of —s, P(X) has a root with p-adic valuation s. If P(X) has a root of multiplicity e and valuation
s, there are e segments of slope —s in the Newton polygon.

Fix a rank r Drinfeld module ¢ over the finite field L (a degree m extension of A/p) with
characteristic polynomial Py(X) = X" —a,_1 X"+ + (= 1)Fa,_ o X~ 4. (=1)qq
(viewed as a polynomial in A[X]). By Theorem 2.4.3, we know ay = +p™ is a generator of the

ideal (p™).

Definition 2.5.1. We say ¢ is ordinary if a; is non-zero modulo p. Since the leading coefficient is

one, the Newton polygon of an ordinary Drinfeld module takes the shape in Figure 2.1.
Definition 2.5.2. We say that ¢ is supersingular if Py(X) = X" mod p.

Remark 2.5.3. Notice that if » = 1, the only characteristic polynomial is Py(X) = X, which
implies ¢ is both ordinary and supersingular. If » = 2, the characteristic polynomial of ¢ is of the
form Py(X) = X? — aX + b, so may ¢ may be either ordinary or supersingular, but not both. If
r > 3, ¢ could be ordinary, supersingular, or neither. See [10, 15] for equivalent descriptions of

supersingular Drinfeld modules.

Remark 2.5.4. Observe that if ¢ is ordinary, the Newton polygon of P,(X) has exactly one seg-
ment of slope —m, which means that P¢(X ) has exactly one root of p-adic valuation m. However,
P,(X) = My(X)™ as in Lemma 2.4.4. Since this root cannot be a repeated root, 7, = 1. By The-
orem 2.3.5, this means that the endomorphism algebra £ = End(¢) ® K of ¢ is the commutative

subfield K.
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T

(1,0)(20) " (10) " (no)

Figure 2.1: The Newton polygon of P if ¢ is ordinary

Warning! 2.5.5. In Remark 2.5.4, we see that if ¢ is ordinary, it has a commutative endomorphism
algebra. The converse is not true. There are examples of Drinfeld modules with commutative
endomorphism algebras which are not ordinary. Goss shows this in Example 4.12.18 of [15]. Let
L = A/p = F,[T]/T be isomorphic to F,. Suppose ¢ is a rank two Drinfeld over L determined
by ¢y = 7. Observe that the Frobenius endomorphism is F' = 7, and [K : K] = 2. By Theorem
2.3.5, the degree of the endomorphism algebra over K is one, so End ¢ ® K is commutative. In
this case the characteristic and minimal polynomials are equal M,(X) = P,;(X) = X2, and imply

that ¢ is supersingular. Here, ¢ is also not ordinary because a; = 0.

In Appendix A, we include more examples of rank two Drinfeld modules and their character-

istic polynomials, which we compute using the method outlined in [12].

2.6 Isogenies

The next theorem allows us to classify Drinfeld modules up to isogeny completely using their

endomorphism algebras, characteristic polynomials, and minimal polynomials.

2.6.1 Classification

Theorem 2.6.1. Let ¢ and 1) be Drinfeld modules over L. The following are equivalent:
(a) ¢ and 1) are isogenous,

(b) Endy(¢) ®4 K and End(¢) @ 4 K are isomorphic K-algebras,
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(c) M¢,L = Mw,L,
(d) Py = Py r.

The proof of this theorem can be found in [13, Theorem. 3.13] and [10, Theorem. 3.5]. It
follows the steps outlined below.

In summary, we know that (c) and (d) are equivalent because P,(X) = My(X)". Moreover,
Theorem 2.3.5 implies that 7 arising from ¢ is the same as 7o arising from ¢. To see that (a)
implies (c), let u : ¢ — 1) be an isogeny and u ' : 1) — ¢ its dual. By definition, for each a € A,

U(ba = %U- (2.9)

The Frobenius endomorphism of ¢, denoted F', must satisfy the minimal polynomial M, (X) =
>~ a; X", which means My(F) =Y a;F" =0 € A. We can view M,(F') as an element of L{7}.

Note F' = 7, and a; is identified with ¢,, via the isomorphism between A and ¢(A). We have

My(F) =) ¢a,F' =0.

But F'is an endomorphism, so it commutes with ¢, for each a;, yielding

My(F) =Y F'¢y, =0.

Now, apply the isogeny to My(F'), giving u(M,(F')) = 0. On the right, we have u(My(F')) =
S~ uF'¢,,. We also know that uFF = Fu since F is an endomorphism of both ¢ and v, yielding
S uF'¢,, = 0. Using Equation (2.9), we obtain

> uF'ge, =Y Fluge, = Fipgu=0.
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Ultimately, this implies that M,,(F') = Y F'1,, = 0. By definition of the minimal polynomial,
this means M, (X) | My(X). Meanwhile, the same argument on the dual isogeny u™' : ¢ — ¢
implies M, | M. Since both polynomials are monic, they must be equal, i.e., My(X) = M, (X).
To see (c) implies (b), let ¢ and ¢ be Drinfeld modules with equal minimal polynomials. Since
the minimal polynomials are equal, the commutative subfields of End(¢) ® K and End(¢) ® K
generated by Frobenius (denoted K)are isomorphic. This isomorphism extends to an isomorphism
of End(¢) ® K and End(¢)) ® K by Theorem 2.3.5. Finally, to see that (b) implies (a), let o be
an isomorphism of the endomorphism algebras End(¢) ® K and End(¢) ® K. Each End(¢) @ K
and End(¢)) ® K is a simple subalgebra of L(7). The Skolem-Noether Theorem thus implies
that there is an invertible u in L(7) such that a(f) = uo f ou™! for each f in End(¢) ® K [13,
Theorem 1.4, 3.13]. Up to a central element, we may assume u € L{7}, so u defines an L-isogeny

u: ¢ — 1, [10, Theorem. 3.5].
Corollary 2.6.2. All rank 1 Drinfeld modules over a fixed A-field L are isogenous.

Proof. We know by Theorem 2.3.3 that End(¢) is a rank < 1 projective A module, but ¢(A) = A
and ¢(A) C End(¢). Therefore, End(¢) is a rank 1 projective A module — there is only one — and
condition (b) holds. [

2.6.2 Isogeny Classes over Finite Fields

As we have already seen, we can specify an isogeny class by choosing a characteristic poly-
nomial. Following Gekeler’s notation, we denote an isogeny class for rank two Drinfeld modules
over A/p by H(a, b, p) having cardinality h(a, b, p). The weighted cardinality of an isogeny class

is given by

1
W (abp)= Y (2.10)
beH (abyp) #AUtA/p(¢>

where Auty,(¢) is the automorphism group of ¢ over A/p [12].
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Chapter 3

Gekeler’s Product Formula

3.1 Gekeler’s Results

In [12], Gekeler proved that the size of an isogeny class of a rank two Drinfeld module over
the “prime field” A/p is the product over primes of local density functions, which we call Gekeler

ratios. They are defined as follows.

Definition 3.1.1. For a fixed rank two Drinfeld module ¢ with characteristic polynomial of Frobe-
nius P, (X) = X% —aX + b and endomorphism algebra F = End(¢) ® K. By Theorem 2.3.5, the
place oo of K does not split in £/, which means F is a quadratic imaginary extension of K. Define

the local Gekeler ratio at | for each finite place [ of K to be

w(a,b) = lim #{v € Maty(A/1") : tr(y) =a mod [",det(y) =b mod [ }

=00 HSL, (A /17 /][] 3.1

Gekeler defines an additional local factor at the infinite place in terms of the polynomial dis-

criminant A := a? — 4b of P, (X) = X* —aX + bby

2
A M2 + (g -1 is unramified in F
Voo(a,b) = ’? (‘1_1/2 =D 4 . (3.2)
a ramifies in &/
q—1

Theorem 3.1.2. [12, Theorem 8.17] Let A/ be a finite field with characteristic other than two.
Let ¢ be a rank two Drinfeld module over A/p with characteristic polynomial P,,(X) = X? —

aX +b. Let H(a,b,p) be the isogeny class of ¢. Then the weighted size of H(a, b, ) is

h*(a,b,p) = |p|"*v(a, b)ve(a, b), (3.3)
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where

’U((l, b) = H U[(aa b)
[
is the product over primes of the local Gekeler ratios.

Remark 3.1.3. This is the statement of Gekeler’s theorem assuming that A/p has characteristic

other than two. Gekeler addresses the case when A/p has characteristic two separately.

The Frobenius endomorphism generates an order C'in E. Let B be the integral closure of 4 in

FE. Then C is of the form

C=B;=A+fB, 3.4)

for some monic f € A, called the index of C'in B. Another order By contains By if and only if
f" | f- Recall that a fractional ideal ¢ of C'is a non-zero, finitely generated C-submodule of E. A

fractional ideal ¢ of C'is a proper fractional ideal if the set

M(c):={r e B:xcCc}

coincides with C. We say two fractional ideals ¢; and ¢, are equivalent if and only if there is some
element e € E* such that ¢ = e - ¢;. Let H(C') be the set of equivalence classes of fractional
ideals of C' with respect to this relation. Then H(C') has finite cardinality h(C'), which is called
the class number of C. Similarly let H,,,,(C') be the set of equivalence classes of proper fractional
ideals of C'. This set also has finite cardinality, denoted %,,,,(C'). Note that the unit group C* is
finite of order is (¢* — 1) when A/p contains F 2 and (¢ — 1) otherwise.

Define the weighted number %%, (C') by

prop

hiprop(C)

prop

There is a relationship between &, (C') and b}, (B) by

prop prop
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prop |f| H 1 - |[| 1 prop(B)v (35)
If

where  is the Dirichlet character for E/ K defined by

;

1, if v is split,
x(v) = ¢ —1if v is inert, (3.6)

0 if v is ramified.

\

We also define the weighted class number 2*(C') by

Z#M

c€H(C

One can show

= hro(Bp). 3.7)
I

In combining Equations (3.5) and (3.7), we see that the weighted class numbers 7*(C') can be
written as a product over primes of local functions. The core of Gekeler’s proof is to show that the

weighted number

(a.b,p) = > Yy utA/p e (3.8)

¢E€H (a,b,p)

is equal to h*(C') [12, Proposition 6.8]. Combining this fact with (3.5) and (3.7) implies

h*(a,b,p) = S(f, B)h*(B), (3.9)

where
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SEB =11 I @=xou). (3.10)

I [ prime, and [| f/
Gekeler then uses the analytic class number formula to give the size of an isogeny class in terms

of a Dirichlet L-Function.

Definition 3.1.4. The Dirichlet L-function attached to x is the product

L<87X) = HLU(SJX>7

of local Dirichlet L-factors

Lo(s,x) := (1 = x(0)[o] )", (3.11)
At s = 1, the product converges only conditionally.

The analytic class number formula says

h(B) = [(Ew/Kx)q L(1, X), (3.12)

where f(F./K) is the inertia degree of oo and ¢ is the genus of (the associated algebraic curve

of) E. Combining (3.12) with (3.9) implies that the weighted size of the isogeny class H(a, b, p) is

h*(a,b,p) = f(Ewx/Kx)q"L(1,X)S(f, B). (3.13)

We can break up the Dirichlet L-function and the factor S(f, B) prime by prime. Let f =

[1, ™ be the prime factorization of f. Then

S(f.B) =[] s(™¥, B).

[

For all but finitely many [, the contribution of S(I™/) B) is trivial. Then we have
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h*(aabap) = f(Eoo/Koo)quoo(LX) H S([m[(f)vB)L[(LX)' (314)

[ prime of A
Finally, Gekeler computes these local L-factors prime by prime and interprets them as the local

density functions (3.1) and (3.2).

Remark 3.1.5. Gekeler’s formula actually relies on the weighted number

aon = 3 il

sty AU

As a result, his formula differs from the one stated here by a factor of (¢ — 1).

3.2 Generalizing to Higher Rank

Recently, Karemaker, Katen, and Papikian showed in [19, Theorem 5.3] that the number of iso-
morphism classes in an isogeny class of a Drinfeld module of any rank is bounded below by a sum
of class numbers, lending credence to the idea that Gekeler’s product formula should generalize to
higher rank Drinfeld modules. However, we recover Gekeler’s product formula and generalize it to
higher rank Drinfeld modules without appealing to class numbers. Instead, our method compares
Gekeler ratios* directly to orbital integrals. Another upshot of our method is that our result holds
not only A/p, but also for any finite extension L over A/p. To accommodate this generalization,

we will use the notation H (L) to represent the isogeny class of the Drinfeld module ¢ over L and

for its weighted cardinality.
Finally, just as Gekeler’s result requires separate treatment for fields with even characteristic,
the computation of our global factor does also. We omit this case in the comparison between our

formula and Gekeler’s for the purposes of this text.

4Or rather the generalization of Gekeler ratios to higher rank.
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Chapter 4

Measures on Reductive Groups and Their Orbits

In this chapter, we describe the relationship between different choices of measures on the orbit
of a regular, semisimple element v, in GL,(K,) where v is an arbitrary place of K. This allows
us to explain the adelic orbital integrals of Laumon’s formula in Chapter 5. More importantly,
converting between different measures allows us to relate Laumon’s adelic orbital integrals to
Gekeler ratios for higher rank Drinfeld modules in Chapter 6.

For locally compact topological groups, Haar measure assigns a translation invariant volume to
subsets, unique up to scaling by a positive constant. Unfortunately, finding the correct conversion
factors between two Haar measures on groups over non-Archimedean local fields is not always
straightforward. One difficulty — addressed by Julia Gordon in [14] — arises from the two different
ways to normalize a measure on such a group. One may either work with a measure arising from a
specified differential form, or normalize a measure by specifying the volume of a specific compact
subgroup. The crux of the argument of the main theorem in Chapter 6 relies on correctly converting
between different normalizations of Haar measures on the orbit of a particular element in GL,.. One
choice of measure on the orbit of v, — the geometric measure — comes from the description of the
orbit of 7y, via its characteristic polynomial. Alternatively, we can think of the orbit of v, as the
quotient of GL, by the centralizer of ~,. Because v, is regular and semisimple, its centralizer is an
algebraic torus. In both cases, we must understand v-adic integration on the algebraic group GL,.

In the second case, we must also understand measures on algebraic tori.

4.1 Volumes as Point Counts

As a first example of a volume form on a variety over a local field, consider the affine line A*
over K,. The choice of coordinate = gives the differential form of top degree dx and associated

measure |dz|, such that for any subset S C A', we have
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pas,(5) = [ Idal..
S

We declare that this measure gives volume one to the compact set A,. This is analogous to the
standard normalization of the measure dz on the affine line over R such that fol dr =1 [14].

Weil introduced p-adic integration on a d-dimensional variety V. As in the above example, he
defined a measure |dwy| on V over a local field in terms of a non-vanishing top degree differential
form. The volume of the set of integral points with respect to the measure |dwy| is related to a
point count. More generally, let X’ be a smooth scheme over A, and denote the residue field of A,
by A/v. In the introduction, we declared |b| := #A/v. Let w be and a top degree non-vanishing
differential form over A,. Then the volume of X'(A) with respect to the associated measure |dw|,
is

_ #X(kk,)

VOl\dw\u(X(A)> - |U|dim(X) ’

4.1

Thanks to Serre, Oesterlé, and Veys a similar relationship between volumes and point counts
applies to not necessarily smooth sets [32]. In particular, let Y be a closed analytic subset of Z
of dimension d and Y} be the open set of smooth points of Y of dimension d. Serre and Oesterlé
showed that there is a unique measure 1°© (we call this the Serre-Oesterlé measure) on Y which is
concentrated on Y. Let U C Y, be an open ball. The measure ;5 is such that for any bianalytic

isometric bijection ¢ from U to aball B of Z;,, the restricted measure sl

is the image of u| 5 by
¢~ ! where 1 is the normalized Haar measure on Zg. It turns out that for closed, but not necessarily

smooth subsets, the following result of Oesterlé holds.

Theorem 4.1.1 (Oesterlé, as stated in [32]). Let Y be a closed, analytic subset of Z,, of dimension
d. Take N, (Y') to be the cardinality of the image of Y under the natural map Z;, — (Z/p"Z)".

Then
N, (Y

n—00 pnd

= oY),
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Veys generalized (4.1.1) to arbitrary subanalytic sets in Z;, [32, Theorem 2.2]. We may replace Z,
in Theorem 4.1.1 with any complete local field.

Because volumes and point counts are intimately related, we recall Hensel’s Lemma for com-
plete rings, which allows us to lift roots of a polynomial modulo a prime to roots modulo higher
powers of the same prime. The proof, along with the generalization to non-smooth systems of

equations, is included in Appendix B.

Lemma 4.1.2 (Hensel’s Lemma). Let X’ be a smooth scheme of dimension d, over a complete local
ring Ay, with maximal ideal v and residue field A/v. If |o| = #A/v, then each point modulo v"

lifts to exactly |0|? solutions modulo v . That is

HX(AJ0"TLA) = |o|"H#HX (A)vA). (4.2)

4.1.1 Reductive Groups

As earlier stated, for locally compact topological groups, the choice of measure (or rather nor-
malization of the Haar measure) depends on the choice of differential form or a compact subgroup.
Locally compact groups have a canonical choice — for example, A, is the canonical compact
subgroup of the affine line over K,. However, in a general reductive group, there may be more
than one conjugacy class of maximal compact subgroup, each giving rise to different normaliza-
tions [14, 2.3].

Even still, Gross defines a “canonical” top-degree differential form wgy,, on a reductive group
G over K, analogous to the differential form dz on the affine line above [16]. When G is split over

the local field K, integrating the corresponding measure |dwgy, |, gives

#GLT(I{K )
[dwer, o = @ 4.3)
/GLT(AU) ’ | o] dim(©)
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which coincides with the Serre-Oesterlé measure for smooth schemes. Observe that |dwgy .|, has
not been normalized to give volume one to the integral points, an important point in Proposition

6.3.1.

4.1.2 Tori

An algebraic torus is a reductive group with a canonical compact subgroup that can be used to

normalize the Haar measure.

Definition 4.1.3. Let K be any field with algebraic closure K. An algebraic torus over K is an
algebraic group T defined over K, which over K is isomorphic to a finite number of copies of the

multiplicative group. That is, there exists a number s > 1 such that as algebraic groups,

We call s the the rank of T. For an extension K C E of K, we say that T is E-split if

s
TE— m,E"

Let T be an arbitrary torus with rank s over K. To define a differential form on T, we start
with a choice of coordinates on T. Equivalently, we choose a basis of the character group X*(T).

Recall that the character group for an arbitrary reductive group is defined in the following way.

Definition 4.1.4. Let G be a reductive group over an arbitrary field K. Then the character group

X*(@G) of G is the group of representations
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For the rank s torus T, the character group X*(T) is generated by s characters x1, - , xs. If
T is K,-split, this set of coordinates is defined over K, otherwise it is defined over the splitting
field of T. The top degree non-vanishing differential form is

wp = XA s (4.4)

X1 Xs

The unique maximal compact subgroup of T'(K,) is

T = {t € T(Ky) : [x(8)]y = L for x € X*(T)e .

The v-adic topology implies that T = T(A,). In [14], Gordon explains the volume of T with
respect to the measure |dwr|, coming from this differential form.
When T is the restriction of scalars of G,,, the volume depends on the ramification of the

extension. We recall the definition of restriction of scalars here.

Definition 4.1.5. Let £// K be a finite extension of fields and V' a scheme over E. Then Resg/x (V)
is a functor from the category of K-schemes to the category of sets. Explicitly, let S be a K-

scheme. Then

Resp/k(V)(S) = V(S xk E).

Under certain assumptions, Res ;i (V') is representable. The variety that represents this functor is
called the restriction of scalars of V. The restriction of scalars of a commutative group variety G is
a commutative group variety over K of dimension [E : K| dimg(G). If G is a torus, Resg, x (G) is
again a torus. Explicitly, the restriction of scalars T = Resg/x (Gy,) is a torus over K of dimension

[E: K], and Resg i (G, ) (K) =2 EX.

Let F/ K, be a degree two extension and T = Resg / i (G,,). The following result allows us to
compute vol,.. (T¢) explicitly, provided that the characteristic of K is not two. We use this result

in Section 6.7 to compare our formula for the size of an ordinary isogeny class with Gekeler’s.
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Lemma 4.1.6. [14, Example 2.3] Let E/ K, be a degree two extension of fields having character-
istic other than two. Let |v| be the size of the residue field k., . Finally, let T := Resg, /k,(Gy,).

Then

( 2
<‘1|T_|1> T split,
voljy, (T¢) = q Q=D+ - p non-split unramified, (4.5)

o[

MT_/Q T non-split ramified.

More generally, the volume of T is related to the Artin L-function. We include the definition
here because it also appears in the Tamagawa measure in Chapter 6. Suppose for a moment that T
is an arbitrary torus over K, with splitting field £. The Galois group Gal(E/K,) naturally acts on
the group of characters X*('T'). The Galois group also acts transitively on the set of equivalence
classes of places in £ over v. For a fixed extension tv of v to £, the decomposition group is the
subgroup Gal,, C Gal(F/K,) that stabilizes the equivalence class [to]. The inertia group is the
subgroup [, C Gal,, of elements that act trivially on the residue field xg,. Then there is an exact

sequence

1 — I, — Gal(E/K,) — Gal(kg, /kKk,) = 1,

which gives a natural action of Gal(kg, /kx,) on the set X*(T)™ of inertia invariants of the
character lattice. Since the residue fields kg, and kg, are finite, the Galois group Gal(kg,, /K, ) is
cyclic and generated by the Frobenius automorphism Fr,, of x5, . Let dy := rank(X*(T)%). The
action of interest is given by the representation

or : Gal(kp, /kK,) — Autz(X*(T)™) = GLy, (Z). (4.6)

Definition 4.1.7. The Artin L-factor at v associated with the representation o is
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-1
Ly(s, o) = det ([dI - %) , 4.7)

where [, is the identity matrix of size d;. The Artin L-function is the product

SO'T HL SO'T

In a general setting such as this, there is another canonical compact subgroup 7° of T. The
subgroup 1 is defined by the (weak) Néron model of T, a scheme T over A, with generic fiber T.
Then the A,-points of the identity component provide a canonical compact subgroup 7° of T'(K,).
Equipped with this model, Gross defines a canonical form wg™ on T, which in general differs from

wr, as described by Gross. This canonical measure is such that

#To
V01|dw,‘i,an|(T0) — Mdl—:nET) — Ln(l;UT)_l. (48)

We use this fact to obtain the volume of T with respect to the measure |wr|,. There are two cases:
either T splits over an unramified extension of K, or it splits over a ramified extension. In the

former case, the subgroups 7 and T* coincide, so

#T o, (Fo) .
V01|dwT|(TC) = V01|dw%an|(T0) o |U‘d11(rnn(T) = Ln(l, O'T) 1, (49)

In the latter case, when T splits over a ramified extension of K, 7" is a finite index subgroup
in T¢. Bitan computes this index in [4]. In this setting, we also need to multiply the canonical

measure by a factor of /Ap/k to obtain the measure dwy. Together, this implies

V01|dwT\(Tc> = [TC : TO]\/ |AE/K| VOl‘dwrcran‘(TO)_ (410)
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4.2 Measures on Orbits of GL,

In this section, we describe two different methods for obtaining a measure on the orbit of
an element v in GL,. As earlier mentioned, the first method is to identify the orbit of v with
the quotient of GL, by the centralizer of ~y. Explicitly, GL, acts on itself by conjugation. By
definition, this action is transitive on the conjugacy class, i.e., orbit, of . Thus, the conjugacy class
is identified with the quotient of GL, by the stabilizer of ; however, this stabilizer is the centralizer
of . The second method works well for regular semisimple elements; the orbits of such elements
are determined by characteristic polynomial. We can construct a measure on such an orbit using
this identification. The resulting measure, called the geometric measure, is a convenient choice for
the purposes of this project because the local density functions in the style of Gekeler are written
in terms of characteristic polynomial.

We discuss only the setting for particular assumptions about v needed in this work; it is a regu-
lar semisimple element of GL,, its centralizer is the restriction of scalars torus T' = Resg, k(Gn)
for a degree r extension of K, and its characteristic polynomial has the desired Newton polygon
structure. We continue to work over the completion /K, for an arbitrary place v of K. As a set, the

orbit of v € GL,(K,) is T(K,)\GL,(K,).

Definition 4.2.1. Let |dwgy,

and |dwr| be the measures from the respective top-degree non-

vanishing differential forms on GL, and T normalized as above. Then the quotient measure

|dwet, |
| dwT |

|dwrar, | == 4.11)

is a measure on the orbit of 7 identified with the quotient space T'(K,)\GL,(K,).

4.2.1 The Geometric Measure

The geometric measure is constructed by decomposing the space GL,.(K,) according to char-
acteristic polynomials. Define ¢ : GL,(K,) — C(K,) to be the characteristic polynomial map,
where C' = A" ! x G,, is the space of characteristic polynomials. The canonical differential form

we on C' corresponds to the product measure
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dt
|dwe| = |dxy]|e A Aldze_1|s A %
v
For -, regular and semisimple, the inverse image ¢'(c(7y)) is the orbit of o under conjugation
because, in GL,, two regular elements are conjugate if and only if they have the same characteristic
geom

polynomial. We define the differential form w’~; (c(0)) ON the orbit so that the differential form wgr,

on GL, factors as the wedge product

weL, = wff?r('z(,m)) A we. (4.12)

geom

Integrating |wc*1(6(70)

)| defines a measure p°™ on the orbit of o in GL,. Let

Po(X)=X"—a, 1 X"+ 4 (= DFa, gy XTI (1) g

be the characteristic polynomial of . For each n > 1, define a subset ﬁn(%) C C by

Un(’YO) = {(br—la s ,bo) e C: bz = a; mod Un}.

With respect to the v-adic topology, U, (7o) is a neighborhood of ¢(vy). Then, ¢~ (U, (7)) is a
neighborhood of the orbit of vy. Let B C Mat,(A,) N GL,(K,) be an open subset. Theorem 4.1.1

together with (4.12) gives that the volume of B N ¢~ !(c(7p)) is

voljgeom (B N ¢ H(e(y0)) = lim - — : (4.13)

4.2.2 Orbital Integrals and Moving Between Measures

The present task is to explain how orbital integrals for these two measures differ.

Definition 4.2.2. Let x € {uf°™, |dwr\cL, |} be a measure on the orbit of a regular semisimple
element v € GL,(K,) and f a function on GL,(K,) with compact support. Then the orbital

integral of f with respect to this measure is
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0(f) = / £y (h).
T(Kyv)\GLy(Ky)

The relationship between measures depends on the specific orbit of interest. In general, the
measures differ by a factor involving the Weyl discriminant. The Weyl discriminant D(~,) of a
regular semisimple element -y, of a reductive group over an arbitrary field K is defined in terms of

its eigenvalues {\; € K} in the standard representation. For GL,, we have

D(v) = ][] (1—;—) (4.14)

1<d,j<ryi#j
With this definition, we can rewrite the Weyl discriminant in terms of the polynomial discriminant
A, of the characteristic polynomial P, (X) of 7. Since P,, is monic with roots {\; € K}, by

r(r—1)

definition, A, = (1) [],.;(A; — A;). Therefore,

pow= TI (1-3)=TI5 %-n

1<i,j<r,i#] i#j
1 1
ZHy(Aj—Ai) :HTH(/\j_)\i) (4.15)
i#j Y i#j i)
1 (r-1)
j J i#j

Since [[;(};) = det(7o), we have

D(r0) = det(yo) "V (=1)" " A, (4.16)
To convert between the two orbital integrals, we use the relationship

09 (£) = |D(70)[s'*| det(y0) s 2 - O™ (f), (4.17)

as explained in [14, Example 3.17] for the group GSp,, .
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Remark 4.2.3. We use (4.17) in the proof of Proposition 6.3.1. In that setting, there is a factor of

vol,so (GL;(Ay)) we omit here because we are working with an unnormalized measure on GL,..
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Chapter 5

Laumon’s Orbital Integral Formula

The broad motivating force behind Langlands’ program is the relationship between classical
algebraic number theory, such as Artin’s reciprocity and Galois groups of number fields, with the
theory of automorphic forms. One known result in Langlands’ program is that the cohomology of
Shimura varieties is related to automorphic forms over number fields. Many Shimura varieties pa-
rameterize isomorphism classes of abelian varieties with additional data, and all Shimura varieties
are determined by a reductive group. In the case of elliptic curves, Shimura varieties are classical
modular curves. Similarly, there is a Drinfeld modular variety, controlled by the reductive group
GL,(K), where K is a function field over a finite field. The proof that the cohomology of Shimura
varieties or Drinfeld modular varieties can be given in terms automorphic forms (developed by
Ihara, Langlands, Kottwitz, and others for abelian varieties, and Drinfeld and Laumon for Drinfeld
modules) is outlined by the following steps. First, use the Grothendieck-Lefschetz trace formula to
express the trace of the virtual modules coming from the cohomology group of the modular variety
in terms of a number of fixed points. Second, compare the fixed points with the geometric side
of the Arthur-Selberg trace formula. Third, compute the spectral side of the Arthur-Selberg trace
formula explicitly. Fourth, the identification between the two sides gives the desired description in
terms of automorphic forms. The result we are interested — that the size of an isogeny class can be
expressed in terms of orbital integrals — is a key tool used along the way. Specifically, in Chapter
Three of [23], Laumon uses Drinfeld’s description of the set of rank r Drinfeld modules of a given
positive characteristic to obtain a formula for the number of fixed points of the action of (a power
of) Frobenius and a Hecke correspondence on this set in terms of an adelic orbital integral and a
twisted orbital integral. The “Fundamental Lemma” allows Laumon to replace the twisted orbital
integral with and ordinary one, although we state Laumon’s formula with twisted orbital integrals.

Drinfeld and Laumon gave their descriptions of an isogeny class with level structure, but following
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Langlands and Kottwitz for abelian varieties, we explain the adelic orbital integral formula with

the trivial level structure.

5.0.1 The Adeles

Let A denote the adeles of K. The adele ring of the function field K is the (restricted) product
over places v of completions K, with respect to A,. That is, A is the set of tuples (a,) where a, is
in K, for all places of K and in A, for almost all places. With the usual adelic topology, generated
by restricted open neighborhoods [ ], Uy x [, @V A, as V ranges over finite sets of places of K,
A is a compact ring. The topological group GL,.(A) is the set of (tuples of) r x r matrices (g,)
where g, is a matrix in GL, (K,) for all v and in GL,(A,) for all but finitely many places. The
topology on GL, (A) is induced by the topology on A. The ring of finite adeles A is defined in the
same way, excluding the place at infinity. Define an open compact subring of A ¢ by A = II A
Similarly, let A’} be the finite prime to p adeles, and AP its ring of integers.

Recall the notation from Section 2.2.2: K" is the maximal unramified extension of K, and
Ar/p is the completion of its ring of integers with Af/p/ pAT/p = A_/p Recall also that A, is the
ring of integers of the unique unramified degree m extension of K, with residue field L and field
of fractions /. Finally, recall that /' is the arithmetic Frobenius automorphism of L with lift F,

in Gal(Ky, : K).

5.1 Laumon’s Formula

In Theorems 2.6.1 and 2.3.5, we saw that the isogeny class of a Drinfeld module ¢ over a finite
field extension L of A/p is exactly determined by its endomorphism algebra £ = End(¢) ® K,
and that the center K = K (F) of E is a field generated by the Frobenius endomorphism of ¢. We
also saw that there are unique places p and co lying above p and oo of K in K. Finally, recall that
the field L has |p|™ = ¢ (%) elements. The next proposition and corollary provide a convenient
algebraic method for indexing isogeny classes of Drinfeld modules. First, we need the following

definition.

41



Definition 5.1.1. We say a pair (K, II) where K is a finite field extension of K and II € K is a
Weil (K, 00, p)-pair of rank r over the finite field L if

(a) [K : K] divides r,
(b) K ® Ko is a field,
(c) if | - | is the natural extension of | - | on K to K ® Ko, we have |II|o, = (g™ des®)1/r,

(d) there exists one and only one place p # co of K such that ord;(IT) # 0 and moreover p divides

p (and o is the unique place of K over 00),
(e) K is generated by II over K.

Proposition 5.1.2. ( [23, Proposition 2.2.2.iv]) The map from the set of isogeny classes of Drinfeld
A-modules of rank r over L to the set of isomorphism classes of Weil (K, oo, p)-pairs of rank r
over L which maps the isogeny class of ¢ to the isomorphism class of (K (F'), I') for the Frobenius

endomorphism I of ¢ is bijective.

With this proposition, we can name an isogeny class by naming an appropriate Weil (K, 0o, p)-
pair. However, this identification is not sufficient for obtaining the double coset description of an
isogeny class we need. To each Weil (K, 0o, p)-pair of rank 7 over a finite extension of A/p, we

can attach a (K, 0o, p)-type, which is defined as follows.

Definition 5.1.3. Let (K, p) be a pair where K is any finite field extension of K and p is a place
of K dividing p. We say that (K, p) is a (K, oo, p)-type of rank r if

(a) [K : K] divides r;
(b) K @ K. is a field,

(c) K = K(II) for each integral element IT € K such that IT only has a zero at p, i.e., ord (II) <
0, ords(TT) > 0, ords(IT) = 0 for any place 6 # co, p. (Note that 5o is the only place of K

over 00.)
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Let (K, ') be a Weil-(K, oo, p)-pair of rank 7 over a finite extension L of A/p (perhaps coming
from a Drinfeld module with Frobenius endomorphism F'). For each integer s > 1, consider the

field intermediate field K C K (F*) C K. Define K’ by

K' = N,K(F*).

Then the (K, 0o, p)-type of rank  attached to (K, F) is the pair (K, p’), where p’ is the place of

K' induced by p. The argument that this is indeed a (K, 0o, p)-type is simple but irrelevant to the

current exposition. We refer interested readers to [23, Page 27].

Corollary 5.1.4. ( [23, Corollary 2.2.3]) There is a bijection between the set of isogeny classes of
rank r Drinfeld modules over A_/p and the set of isomorphism classes of (K, oo, p)-types of rank
r. Moreover, if (F,p) is the (K, 00, p) type associated to a Drinfeld module ¢ of rank r over A/p,
then End(¢) ®y K is the unique central division algebra over K whose non-zero invariants are

—|K : K]/rat o and [K : K]/r at p.

Let ¢ be a Drinfeld module over any finite field L containing L. We can (bijectively) attach
¢ to the Weil (K, oo, p)-pair (K (F), F) of rank r over L. This pair has the associated (K, co, p)-
type (K,p) as above. The isomorphism class of (F,p) is determined by the isogeny class of ¢.
Indexing by (K, 0o, p)-type not only gives a convenient naming scheme for isogeny classes but
also allows us to describe them via fixed points of the correct action on a double coset space.

Let H f 5 (L) be the set of isomorphism classes of rank r Drinfeld A-modules over L in the

isogeny class corresponding to the type (f( ,P). Laumon expresses the weighted cardinality

* . 1
h(Kﬁ)(L) T Z H#Aut, () (5.1)

of the isogeny class associated to (f( ,P) in terms of adelic orbital integrals. Chapters 7 and 8
of [9] also provide a detailed outline of how to obtain the adelic orbital integral formula with level

structure. Section 3 of [19] repackages parts of Laumon’s description for Drinfeld modules with
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trivial level structure. In the case of abelian varieties, we refer to [29, Chapter 5], which is based
on Kottwitz’s formula in [20, 21].

Laumon begins by describing an isogeny class over A_/p as a double coset space in GL,«(A’;).
Fix a rank r Drinfeld module ¢, with isogeny class corresponding to type (f( ,P) by specifying the
endomorphism algebra £/ = End(¢y) ® 4 K. Let E°PP be its opposite ring. Let F}, be the Frobenius
map on Gal(K, : K,) as in Section 2.2.2. Let Frob,, be the geometric Frobenius automorphism of

L. Let

p O - 0
0 1 0
Ep: 9
00 1

and define M to be the double coset GL, (A~ 7)€nGL-(A47;). Let hy, be an arbitrary element of

GL, (K

I /p) By Section 2.7 of [23], there is a Frob,-equivariant bijection between the double coset

space

(E7%)*\[GL,(A})/GL,(AP) x ({hy € GL, (K4

) hy ey (hy) € MY/GL (Az7))] - (5.2)

and the isogeny class H ; ;) (A_/p) This bijection relies on identifying isogenies with lattices in
the product of all the finite, prime to p, [-adic Tate modules and the Dieudonné A,-module (see
Sections 2.6 and 2.7 of [23]).

There is an action on M, (A_/p), the set of all isomorphism classes of rank r Drinfeld modules
over A/p, by the geometric Frobenius Frob, automorphism of L. The set M, (A/p)Fob%" fixed by
the m-th iterate of the geometric Frobenius automorphism is the set M.,.( L) of isomorphism classes
of rank r Drinfeld A-modules over L. This Frobenius power also preserves isogeny classes, and
the number of fixed points of the action on the isogeny class H (A /p) is the size of the isogeny

class H g 5 (L) over L.
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The action of Frob, on the isogeny class H j 5 (A/p) is induced by the identity on GL, (A})
and by hy, — €,F}(hy) on GL,(K7;). The given type has endomorphism algebra E. Each fixed

point is associated to the conjugacy class of an element 6 € (E°P)* which is m-admissible.

Definition 5.1.5. We say an element ¢ is m-admissible if there exists an element hg € GLT(KT/'J)

such that

(h9) ™ 07 Nn () Fy™(hy) = 1,

where

N (R') = ' - Fy(h') - E"H(R)
forall 2’ € GL, (K+7)-

Alp

Set ), = (h))~ '€y Fy(hy); this is an element of GL, (K7). Let

(E™); =& € (E)"|§'5 = 567}

be the centralizer of . The number of fixed points associated to each such conjugacy class is the

number of double classes

(E°P?) 5 [hGL,(A?), hih,,GL,(AL))], (5.3)
with i € GL,(A}) and h,,, € GL,(K[) such that
(h)~16h € GL,(A?)6GL,(A?),

(hm)il’yanp(hm) € GLT(AL)EPGLT<AL).

Let (EPP) be a set of representatives of the conjugacy classes in (E£°P7)*. The size of an isogeny

class over L is thus the sum over m-admissible ¢’s of (E"]"f”)uX of the number of classes ((5.3))
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associated to 0 [23, Proposition 3.2.7]. The number of such h and h,, can be computed by inte-
grating characteristic functions of the orbit of ¢ and the twisted orbit of 4%, which is where the
orbital integrals of Laumon’s formula come from (see (5.4) and (5.5)). The global volume factor

is a consequence of Weyl integration (see [21, Page 432]).

5.1.1 The Orbital Integrals

While we do not fully explain measures on the orbits of GL, until Chapter 4, we presently in-
troduce the measures used in Laumon’s integrals. First, suppose dh is a Haar measure on GLT(A’})

normalized so that

/ dh = volg,(GL,(A*)) = 1.
GL-(AP)

Similarly, let dh,, be the Haar measure on GL, (K} ) normalized so that

/ dhy, = volg. (GLu(A7)) = 1.
GL.(AL)

Let GL, (A%)s be the centralizer of § in GL,(A%}), and GL:?’y 5 (K1) be the Fy-centralizer of 7,
in GL,(Kp). These centralizers admit arbitrary Haar measures dh? s and dh,, 5 respectively. We
identify the orbit of § in GL,(A%) with GL,(A%)s\GL,(A%}) and the orbit of 7?9, in GL,.(K ) with

GLf*“7 s (K,)\GL,(K). Via these identifications, the orbit of § is a measure space with respect to

. dh . . 5 . dhop,
the quotient measure e In the same way, the twisted orbit of ., has quotient measure s

Let lg (4» be the characteristic function of GL,(AP?). Define S,, := GL,(Az)6,GL,(AL),

and let 1 g, be its characteristic function. Consider the orbital integral

dh
dh’} 5

(5.4)

Os(Lgy, (ar)) = Lgi,(any (R~ '0R)

/GLAA;)(S\GLT(A*;-)

and the twisted orbital integral
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104, (1s,) 12/ Ls,, ()90, Fy (hn)) dhom

GL:’J7 5 (Kp)\GLy (K1) dhps

(5.5)

Remark 5.1.6. The integrals make sense because the functions Ly, (Ary and g, are non-negative.

By [23, 4.8.9], they are absolutely convergent.

The centralizer (E°); embeds into both the set of prime-to-p finite adelic points of the cen-

tralizer GL,.(A%)5 and the set of K, points of the centralizer GLf';(S (K,) by the inclusions

(E™); C (A" @k E)™); C GL,(A),, (5.6)
(E); C (K, @k E)™); < GL®, (). (5.7)

5
s Tm

This induces the embedding (E?)5 — (GL,(A%); x GL:"W;;” (K,)). The quotient space

(EP");\(GL.(A})s x GL?, (K;)) (5.8)

has the Haar measure

dhh s X dhyg

5.9
e (5.9)

Hs -

where dpuk is the counting measure on (E°P)5. The volume of the set (5.8) with respect to the

measure /s is finite, as a consequence of (5.11) and [33, 3.1.1]

Remark 5.1.7. The inclusion (5.7) is non-trivial; it is the composition of the inclusion

((Ky @K E)™)5 C {hy € GL(K57) : €F3(hp) = hyép}s

and the isomorphism
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{hy € GL.(K7) : 6 Fy(hy) = hyep}s = GL?, (K.

It turns out that the product of the above orbital integrals with the volume of (5.8) with respect

to u5 exactly counts the number of classes of the form (5.3) for each m-admissible ¢.

Proposition 5.1.8. ( /23, Proposition 3.3.3]) For a fixed type (f( ,P), the size of the isogeny class

H 5 (L), where L is a degree m extension of A/p, is the sum over m-admissible ¢'s of the product

Vol (E7)S\(GLy (A})s X GLy o (Ky))) - Os(Lgp,any) - TOs, (Ls,,)- (5.10)
(This product is independent of the choices of the Haar measures dh'}’ sand dh,,s.)

Unfortunately, this formula is not useful for the purposes of this paper; by a transfer of con-
jugacy classes, Laumon obtains the size of an isogeny class as a single term involving orbital
integrals.

Laumon also simplifies the global term vol,,; ((E?);\(GL,(A%)s x GL, s (Ky))). By [23,
Proposition 3.3.4], the element 9 is m-admissible, which implies that the embeddings (5.6) and

(5.7) are actually isomorphisms. Therefore, we have the equality of volumes

vol, ((B7);\(GL,(A%)s x GL?, (15,))) = vol, (B™);\((Ay @k E)™)5), (5.1

dh

where p := 7L is the quotient of the measure dhy; — a measure on ((Ay ®x E)”)5 induced

by dh? s X dhy, s — by the counting measure djik.

5.1.2 Transfer of Conjugacy Classes

By a transfer of conjugacy classes as in Section 3.4 of [23], we can obtain the size of an
isogeny class, not as the sum of terms involving orbital integrals, but as a single term involving

orbital integrals.
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Definition 5.1.9. An element v € GL,(K) is said to be elliptic if the K subalgebra K|v| of
Mat, (K) (the set of r x r matrices over K) generated by + is a field, i.e., if the minimal polynomial
of v is irreducible over K. An element v € GL,.(K) is said to be elliptic at infinity if and only if
K., ®k K|v] is a field. This means that there is only one place oo’ of K[v] dividing the place co
of K.

Definition 5.1.10. An element v € GL,(K) is said to be m-admissible at the place p if and only
if ord,(det(y)) = m and there is a place p’ of K’ = K[v| dividing p such that ord, () = 0 for all

other places o’ # p’ of K[| which divide p.

Let v be an element m-admissible at p, oo’ the place of K’ dividing 0o, and p’ the place dividing
p. Choose an element II in K’ such that ord.(II) # 0, ord, (II) # 0, and ord, (II) = O for all
other places o’ of K. Define a field X = N,oK’[II*] C K, and let co and p be the restrictions
of oo’ and p’ to K. By (3.4) of [23], the pair (K, p) is a (K, 00, p)-type. We have thus attached
to each m-admissible ~y an isogeny class. Let £ be the unique-up to-isomorphism central division
algebra over K with invariants —[K : K]/r at co, [F' : F]/r at p and zero at all other places.
Because K' ® Ky and K’ ® I f(ﬁ are fields, there is at least one embedding K’ — E°PP taking ~y
to an element § which is m-admissible at p. Any two such embeddings are conjugate in (E°PP)*
so the image ¢ of 7 is well-defined up to conjugacy. Let GL, (K ), .; be the set of representatives

of the elliptic conjugacy classes.

Proposition 5.1.11. ( /23, Proposition 3.4.2]) There is a bijection

{y € GL.(K)y ey : 7y is elliptic at co and m-admissible at p}
(5.12)
—{((K,p),d): 6 € (E°PP); is m-admissible at p}

well-defined up to isomorphism of (K ,p), and § is the conjugacy class associated to (K ,p) as

above.

Laumon’s proof of Proposition 5.1.11 relies on constructing an inverse to the map (5.12).

Given a pair ((K,p),d), we obtain an elliptic element v € GL,(K) which is elliptic at oo and
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m-admissible at p thusly. First choose an embedding of K -algebras K < Mat, (K) by choosing
a basis of K over K — this gives an isomorphism between Mat, (K) and the set End (K %/[5K]).
All choices of embeddings are conjugate. Then the centralizer Mat,.(K') z can be identified with
M, iz.x (K). Recall that E°PP is a central division algebra over K of dimension (r/[K : K])? as
seen in Corollary 5.1.4. There is an injective map from the set of conjugacy classes in PP to the

set of conjugacy classes in Mat, (K) 7 defined by

01 = K[61] = M, 0. (K) = Mat, (K) . (5.13)

The embedding of K[d;] into M, J17xk) 1 well-defined because K1[6y] is a field over K of degree
dividing r/[K : K] which only depends on the conjugacy class of 8. Next, let v € GL,(K)z be
a representative of the image of the conjugacy class of § by (5.13). As an element of GL, (K), vz
is elliptic, elliptic at oo, and m-admissible at p.

By properties of 7, (f( ,P), and J, we have the following proposition.

Proposition 5.1.12. ( /23, Proposition 3.4.3])

Let y € GL,(K)y oy be elliptic at oo and m-admissible at p. Let (K, ), 8) be its image under
(5.12). Then K[vy] C Mat,.(K) is a field isomorphic over K to the field K' = K|[§] C E°PP. We
have K C K’ and there are unique places o', and p' of K' dividing the places 5o and p of K
respectively. The centralizer Mat,(K)., is isomorphic to M, (K') where v’ = r/[K' : K| as a
K'-algebra and the centralizer E' = (E°PP)s of 0 in E°PP is a central division algebra over K’

with invariants 1/r" at oo, —1/r" at p’, and 0 elsewhere.

We use this proposition later to explicitly describe the fields and centralizers in our particular
setting. For now, it implies that v and ¢ are conjugate in Matr(A'}) and that N,,,(7?,) is conjugate
to v in Mat,. (K ). Remember that for each ¢, we have fixed an hg such that

(h) 167 N F (1) = 1
and
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Y = (By) " & Fy (hy).

We may now write the size of the isogeny class of the rank r Drinfeld module ¢ over the
finite field L associated to the (I, 0o, p)-type (K ,p) depending only on ~ (and its image & up to

conjugation).

Proposition 5.1.13. ( [23, Proposition 3.4.6]) Let v € GL,.(K); .y be elliptic, elliptic at oo, and
m-admissible at p. Let ((K,p),0) be its image under (5.12), and E the corresponding division

algebra over F. Then size of the isogeny class H &5 (L) is the product of

Vol ((E7)5\((Ay @k E)™)5), (5.14)

where (i is the measure in Equation (5.11) induced by the product of measures in the next two

factors, of

dh
p )
dh’

Loy any(h™'7h) (5.15)

/GLT(A'}M\GLr(A’})

where dh, _ is the Haar measure on GL,(A%), induced by dh% 5 (v and § are conjugate in GL,(A})),
and of

dh,

s, ((hm)flﬁle(hm))m-

/ (5.16)
GL 5 (Kp)\GLy(KL)

§
m

Explicitly, dh’} ., and dhy, 5 are arbitrary Haar measures on their respective centralizers, and

b X dh s

any. P Further, the number in the set M,.(L) of all isomorphism classes of

(s is the measure
rank r Drinfeld A-modules over L is equal to the sum over the 's in GL.(K') which are elliptic

and m-admissible at p of this product.
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Remarks 5.1.14. (a) The volume term at the beginning is actually finite, regardless of the struc-
ture of the endomorphism algebra E due to the compactness of (EPP)S\((A; ®x E)P)S,

proven by Weil in [33, 3.1.1].

(b) In case it was not made abundantly clear in the exposition, v and § have the same character-
istic polynomial — they are conjugate in GLT(A‘}). Further, due to the relationship between
Weil pairs, types, and isogeny classes, the characteristic polynomial of v coincides with the
characteristic polynomial of the Frobenius endomorphism of the underlying isogeny class of
Drinfeld modules.

nh  xdhn -

(c) As we saw in Equation (5.11), the measure /5 is not exactly equal to .

i however, the

measure dh'} ., X dhp s induces a measure on the centralizer ((A; ®x E))5 .

5.2 Our Setting

Suppose ¢ is an ordinary Drinfeld module over L, the degree m extension of A/p, with type
(K ,p). We have seen that this gives matrices § and  having the same characteristic polynomial as
¢. As we saw in Remark 2.5.4, the characteristic polynomial P,(X) has exactly one root of p-adic
valuation m, and the characteristic and minimal polynomials coincide. Therefore, ¢ is a regular
semisimple element. Because o and v are conjugate in GL,., y is also a regular semisimple element,
and the centralizer (GL, ), is the algebraic torus T = Resp/;(G,,) (review Definition 4.1.3). Even
further, the corresponding endomorphism algebra £ := End(¢) @ x K is commutative, the degree
of Dis [D : K(F)] = 1 (where F' is the Frobenius endomorphism), and [D : K| = r. With all
this in mind, we can move away from the language of types and denote the isogeny class of ¢ by
Hy(L) having weighted cardinality A (L).

Explicitly, observe that for the K -points of the centralizer GL, (K ),, i.e., of the torus T, we

have

GL,(K), = T(K) = E* = (E")}. (5.17)
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By the definition of restriction of scalars, T' = Resg/ i (G,,), an r-dimensional variety over K such
that as sets, T(K) = E*. This is also an obvious consequence of Proposition 5.1.12 which implies

that K’ = K[§] = K(F) = E,ie.,that =r/[K': K] =1, and Mat,(K)., = M;(E) = E.

Remarks 5.2.1. (a) In general, the twisted centralizer GL"”, (K, p) is an inner twist of GL,.(K,)., =
Y
T(Kp). Since a torus admits no nontrivial inner twists, in our case, this twisted centralizer is

isomorphic to T(K).

(b) Fix arbitrary Haar measures dhy . and dh,, s on GLT(A’}),y and GL:’;;;H (K,) as above. Due to
Equation (5.17), and the first point of this remark, the fixed measures are literally measures on
T(A%) and T(K,).

(c) The product dhys. X dh,,s is a measure on T(Af). The quotient of dhy. x dh,,;s by the

dhfy,Y thm,g

counting measure djx on T(K) gives the measure p = i

Equipped with these simplifications, the formula for the weighted size of the isogeny class of

¢ is thus
X 1 dh
(L) = vol, (T(KO\T(A ) - Tor, gan(h ™) 7
GL,(A})+\GLr(A}) I
s dh (5.18)
. Ls,, ((hm) v EFp(hm, —
/GLf':a (Kp)\GL (K1) (o) 2 ))dhm,5

As a reminder, the measures dh and dh,, on GLT(A’;) and GL, (K ) are not arbitrary; they are

~

normalized to give volume one to the compact subgroups GL,(A,) and GL, (Ay).

As a bit of foreshadowing, we will relate these orbital integrals to Gekeler ratios at each prime.

This works in part because we can decompose the measure ﬁ as the product of local measures
Y

dhy

dhy -

on the orbit of v in GL, (Kj) for each place [ # p, oo to obtain orbital integrals at each finite
place. In this decomposition, the local measure dh; on GL,(K) is normalized to give volume 1 to
GL, (A,). Similarly, the local Haar measure dh,, is an arbitrary Haar measure on GL,(K),. To

relate the twisted orbital integral to a Gekeler ratio at p, we require the Fundamental Lemma.
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5.3 The Fundamental Lemma

In Chapter 4 of [23], Laumon proves the Fundamental Lemma comparing the twisted orbital
integral of (5.16) with an ordinary orbital integral, which is much easier to write as a Gekeler
ratio. In Remark 5.2.1, we saw that the twisted centralizer is related to the usual centralizer by
inner twisting, though we did not define it. Sparing some technical details, an inner twisting
between group schemes (with respect to a common field of definition) is an isomorphism over the
separable closure which interacts well with the absolute Galois group. The inner twist induces
an isomorphism between exterior algebras, and thus gives a transfer of measures coming from
differential forms. Naively, it seems reasonable that integration on a twisted orbit should be related
to integration the usual orbit of an element.

The integrand of Laumon’s twisted orbital integral is a function with input values defined over
K7, while the related ordinary orbital integral involves a function with inputs defined over K,. A

base change between the Hecke algebras

H= Cz(:)o(GLT(Ap)\GLT(Kp)/GLT(AP»
%m = Cgo(GLT‘(AL)\GLT(KL)/GLT(AL))

allows us to compare functions defined over K with functions over K,. A concrete tool used
to write the base change of specific functions in a Hecke algebra is the Satake transform, which
expresses functions via polynomials over Q. By definition, # is the collection of GL, (A, ) invariant
functions f : GL,(K,) — Q with compact support, together with addition and the convolution

product

(i f2)(7) = / £ (B) fo(h~ 1) dh,

GL(Kp)
where dh is the Haar measure normalized to give volume one to GL,(A,). We adapt this definition
appropriately for H,,, and a Haar measure dh,, on GL, (K ) normalized to give GL,(Ay) volume

one.
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Define A := Q[,/q, —=]. Consider the Cartan decomposition of GL,(K,), which asserts

Va
pet 0 0
0 p2 -~ 0
GL,(K,) = |J GL.(4,) GL,.(A,). (5.19)
ei>eiit : : :
0 o --. pe'r'

In order to define the Satake transform of a function f € H, we first define a polynomial

.1 GL.(K,) — Alz1, 21t sz 2071

which is right GL, (A, )-invariant as follows. Now consider the Iwasawa decomposition of GL, (k)

GL,(Ky) = B(K,)GLr(4y),

where B(K,) is the subgroup of upper triangular matrices. Let B(A,) = B(K,) N GL,(A4,).
To define ¢, it is sufficient to define a polynomial ¢.|p(x,) which is right B(A,)-invariant. Let

g € B(K,) be a matrix of the form

bii big - biy
0 Dboo by,

g =
0 0 by

Then define the modulus character dp(k,) by

bii

bj.j

5B(K,,)(9) = H

i<j

P

Similarly, define a quasi-character

Xz - B(Kp> — @[21721_17' o ,ZT,ZT_I]
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X-(9) = zfp(b“) e Z:p(br,T)

Y

where v, is the p-adic valuation. Now define ¢, | B(K,) by

1B(y) = Opre,) X (5.20)

Definition 5.3.1. The Satake transform (—V) identifies a function f in H (resp. f,, in H,,) with a

1 -1

polynomial fY(2) in A[z1,2; ", , 2, 2, |, where

1) = / o F o an

and dh is the measure normalized to give GL,(A,) volume one. In fact,

(—V):AQH — Alzr, 27t 2, 27 Y
is an isomorphism.

The base change homomorphism is the map b : A, ® H,, — A @ H such that b|4, =

Ql(va)™, ( \/%)m] — A. The compatibility between the base change and the Satake transform is

given by

b(fm)v(zlv T 727“) = f?ri(zinv T 7277?1)

Rather than explicitly stating the base change for a general function f,, € A,, ® H,,, we now
explain the base change b(1g,,) of the integrand 15, of Laumon’s twisted orbital integral. Recall
that 1g,, : GL,(K) — {0, 1} is the characteristic function of GL, (A )e,GL,(AL). Equipped

with the Satake transform



of 1, , the next Proposition and subsequent Corollary allow us to explicitly define b(1g,,), and
therefore obtain a function over K, for which we can write an ordinary orbital integral.

First, suppose P is a standard parabolic subgroup of GL,. This means B C P C GL, where
B is defined above. Then P has a standard Levi decomposition P = M N, where M is the Levi
subgroup containing the torus of diagonal entries, and NN is the unipotent radical of P. Let dm and
dn be Haar measures on M and N which have been normalized so that volg, (M (A4,)) = 1 and

volg, (N (A,)) = 1 respectively. We have the Iwasawa decomposition

GL, (K,) = M(K,)N(K,)K;.

We can thus integrate any function f : GL,(K,) — C with compact support over GL, (k) by

/ f(h)dh:/ / f(mnx)dxdndm,
GL,(Kp) M(Ky) J N(Kp) J Ky

where dz is the Haar measure on K, normalized to give A, volume one. For each such subgroup

M, define the Hecke algebra

Ha = CZ(M(A)\M (Ky) /M (Ay)).

Then for any function f € A ® H, we can define a function f¥ € A ® H,, called the constant
term of [ along the parabolic subgroup P as follows. Let m € M (K,) be any element, and let

dp(k,) be the modulus character of P(K,). Then define

fP(m) = 5113/(2](p)(m) /N(K ) f(mn)dn. (5.21)

Proposition 5.3.2. ( [23, Proposition 4.2.5]) For each integer v > 1, define

sy 1 GL.(K,) = Z
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() = (1= a1 =) (1= ")

if v € Mat,(A,) N GL.(K,) and v,(det(y)) = m, where o is the nullity (i.e., the dimension

over K, /p of the kernel) of the matrix 3 € Mat,(K,/p) obtained by reducing vy modulo p, and by

57“(7) =0

otherwise. Then for each standard parabolic subgroup P = MN of G = GL, given by the

partitionr = ry + - - - + 14, and for each

m= (v, - ,%) € GL,, (K,) X --- x GL,,(K,),
the constant term along P of (s,.) is

t

t
(Sr)P<m> = Z qm(r_rjwsrj () H ﬂGLTk(A,,)(%)-
j=1

k=1,k#j

Here, 11, (4,) is the characteristic function of GL,, (Ap) C GL,, (K,).

Corollary 5.3.3. ( [23, Corollary 4.2.6]) The Satake transform of s, is

and consequently, s, is the base change b(1g, ) € AQ H.

Warning! 5.3.4. At the beginning of this section, we allude that the Fundamental Lemma relates
twisted orbital integrals for a function f,,, € H,, to ordinary orbital integrals for b( f,,,) € H. While
this is true, and we will soon show that the twisted orbital integral with integrand 1  is related
to an ordinary orbital integral with integrand b(1g, ), the Fundamental Lemma only relates orbits

and twisted orbits of closed elements in GL,..

58



Definition 5.3.5. An element v € GL, (k) is said to be closed if its orbit in GL,(K’) under

conjugation is a closed subset with respect to the p-adic topology.

Laumon shows that an element is closed if and only if it semisimple [23, Corollary 4.3.3].
By the Newton polygon assumptions in our setting, we know < is semisimple. Since elliptic
elements are semisimple, we could use the Fundamental Lemma to relate orbits and twisted orbits
for isogeny classes with any Newton polygon structure.

As before, for an element v, € GL,.(K,), consider the norm

Nm(%n) = Tm - Fp(%n) T Fpm_l(%n)'

Two elements ., and ,, are F,-conjugate if there is a g,,, € GL,(K,) such that

"

Yo = G Vo (Gim)-

It turns out that for every 7, € GL,(K[), N,,(7m) is conjugate to an element up to conjugacy in

GL, (K, ), depending only on the F},-conjugacy class of 7, € GL, (K,).

Definition 5.3.6. We say that an element ~,, € GL,(K) is F,-closed if the image of the norm
Ny (vm) is conjugate in GL,(K,) to a closed element (see Definition 5.3.5) in GL(K,). This

happens if and only if N,,(7,,) is closed in GL, (K,) because K, is a separable extension of /.

For such F,-closed elements, the twisted centralizer GLE ?..(Ky) of vy, is an inner twist of the
centralizer GL, (K,),. As earlier stated, this means there is a transfer of Haar measures between
the two centralizers. In particular, if N,,(v,) = v € GL,(K,), and dvf;f is the transfer of a Haar

measure d on the centralizer GL, (K})., we will use the notation

TO'Ym(fW’H d’Y) - TO’Ym (fTTH d/yrip)
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Finally, there is a notion of m-admissibility as in the previous section. If v € GL,(kK,) is
closed and m-admissible, there is a v,, € GL,(K}) such that v = N,,(7,,) [23, Lemma 4.5.2].

Then we have the following theorem.

Theorem 5.3.7. (The Fundamental Lemma, [23, Theorem 4.5.5]) Let 1s, € H.,, be the Hecke

function with Satake transform

g2 gz

and let

f = b(ﬂgm) cH

be its base change, i.e., the Hecke function with Satake transform

fU(2) = gV 4 2T,

Let v be a closed element in GL,(K,) and dh., be a Haar measure on the centralizer G (K,). Let
dhy be the Haar measure on GL,(K,) normalized to give the ring of integers volume one. Then

the orbital integral

O,(f.dh) = | F(hym) e

Gy (Kp)\GLy (K) dhey
is zero unless v is m-admissible. Let v, be a closed element of GL.(Kp) and let dhiﬁb be a
Haar measure on the F,-centralizer of 7, in GL,.(K|,). Let h,,, be the Haar measure on GL,(K,)

normalized to give the set of Ay -points volume one. Then the twisted orbital integral

dh,,
TO,, (Ls,,dh') := / ) Lo, (h oy Ey ()
G

72 (K \GL (K1) dhs,
is zero unless ~,, is m-admissible.
Moreover, if v is an m-admissible element of GL,(K,) and if v, is an m-admissible F,-closed

element of GL, (K1), such that
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Nin(Vm) =,

then for any Haar measure dh. on G(K,) we have

O.(f.dh,) = ¢()TO,, (1s,.,dh.), (5.22)

where

e(y) = (=" (5.23)
for r'" defined as in Proposition 5.1.12.

Remarks 5.3.8. (a) The Fundamental Lemma is an essential result to the main purpose of this
project. In Lemma 6.4.1, we show that our Gekeler ratio at p can be written in terms of the
twisted orbital integral of Equation (5.18). As we saw above, in the setting of this dissertation,
r’ = 1, so the sign function satisfies ¢(y) = 1. With this understanding, we may omit the sign

function in Lemma 6.4.1.

(b) The function f = b(1g,, ) is exactly the function s, of Proposition 5.3.2.
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Chapter 6

Main Results

In this chapter, we assume the same setting as described in Section 5.2. By choosing measures
carefully, defining Gekeler ratios at each place and relating them to both ordinary and twisted or-
bital integrals, and computing the global volume form, we ultimately show that Laumon’s formula
for the size of an ordinary rank r Drinfeld module can be expressed as a product of local density

functions, extending Gekeler’s product formula to higher rank Drinfeld modules.

6.1 Choice of Measure

At every place v of K, we define a local measure on T(K,) by

dwpy™ = Lo(1, 07)dwr (6.1)

where dwr , is the measure on T(K,) coming from the differential form wr , defined in terms of
characters as in Chapter 4. By taking the product over finite places prime to p we obtain the Haar

measure

dog " =[] L1, or)dwr, (6.2)
[#oo,p

on T(A¥). Similarly, the product measure

Tama . Tama,p Tama
dwg [ 1= dwp " X dwrly

is a Haar measure on T(A). By an abuse of notation, we also refer to the quotient measure
dwTanmz

—2—on T(K)\T(Ay) as dw1?f**. With this choice, Laumon’s formula for the size of an ordinary

isogeny class reads
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* _ dh
(L) = volugepe(PUOVT(A) - [ T, o) (V1) — s
’ T(A})\GL, (A%) duwr s

dh,

Tama *
dwry

(6.3)

. s, (hor) 9 Fy ()
GLy-5n (Kp)\GLr (K1)

We use the shorthand notation TOVTOama(IlSm) to mean the twisted orbital integral in equation (6.3)

where the measure on GL,.(K}) has been normalized to give volume on to the ring of integers

Similarly, Ofo‘f’}w’p(ILGLr (Ary) is the ordinary orbital integral on the finite prime-to-p adelic points.

6.2 Gekeler Ratios

We now define Gekeler ratios which generalize the ratios in Theorem 3.1.2 to arbitrary rank
Drinfeld modules, and allow us to relate them to orbital integrals. One difficulty in relating
Gekeler’s numbers in Theorem 3.1.2 directly to a geometric orbital integral arises in the case that
the characteristic polynomial fails to remain square-free modulo [. In particular, if v € GL,(A)
is a regular semisimple element, then for all but finitely many places, the orbit under conjuga-
tion of v in GL,.(K) is equal to the orbit of v in GL,(A;). However, if the projection of v in
GL,.(A/1) is not regular, then the set of integral points of the orbit of v in GL,(K|) consists of
several GL,.(A)-orbits. The number of integral orbits is bounded and detected at a finite trunca-
tion level (see Lemma 6.2.3). We will use this to define a new kind of conjugacy in Section 6.2.1,
which coincides with the formula in Theorem 3.1.2 under the appropriate assumptions.

In this section, we define Gekeler ratios for every finite place [ of K, and for Drinfeld modules
of arbitrary rank. Recall we have defined the co-adic absolute value by |I] = #(A/I) = ¢%er("). To
begin, fix a regular semisimple element 7, in GL, (K) with P, (X) = P, (X) for some ordinary
rank r Drinfeld module ¢y over the finite field L, a degree m extension of A/p. By assumption
on the Newton polygon structure of ¢y, we know that » — 1 of the roots of P, are p-adic units
and one root has p-adic valuation m. We also know that | det(7)|, = |p|~"™. These assumptions
are equivalent to those used in Equation (5.18), which we will use as the starting point for the

comparison to a Gekeler-like product. At the end of this chapter, we compare Gekeler’s formula
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for rank two Drinfeld modules directly to our formula. In that comparison, we will simplify the
global terms using the additional assumption that £// K is a geometric extension (i.e., the field of
constants of F is still ;). We continue with the earlier stated assumption that K" has characteristic

other than two in order to simplify the computation of volg,.. (T (K)¢).

6.2.1 Quasi-Conjugacy
Let 7, : A; — A;/I" be the truncation map, and define the set of integral matrices in GL, (k)
by M(A() = GL,(K) N Mat,.(A4,). Elements in M (A;) may have determinants which are not

[-adic units. For each d > 0, define

M(A[)d = {D € M(A[) : ord[(det(D)) < d},

so that while elements in M (A;) may not be invertible, we can control “how far from invertible”
they are. Similarly, let M (A;/I"); := {D € M(A;/I") : ord((det(D)) < d} be the image of

M (A;)q under the truncation map.

Definition 6.2.1. (Quasi-conjugacy) We say that an element ¥ in M (A/I") is M (A(/1")4-conjugate

to 7, (7o) if there exists D in M (A(/[")4 such that D = 7, (vo) D. We write § ~ a4, /1), Tn(70)-

Observe that if n < d then M (A(/I"), contains elements with determinant zero. However,

when n > d, M(A;/I") does not include elements with determinant zero.

Remark 6.2.2. Fix dy > 0, and suppose v € M(A) is M(A)q4,-conjugate to vy. Then since
M (A)q contains M (A)g, for all d > dy, v is M (A;)s-conjugate to . A somewhat less trivial
observation is that if 7 is M (A;/I")4,-conjugate to 7,(7o), then for d > dy, 7 is M(A(/1")a-

conjugate to m, (7o), provided n > d.

For 7o € M (A,), define

Qany(70) ={v € M(AJI") = v ~m(aym), T(0)}
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to be the ~ (4, /m),-conjugacy class of 7, (o). Similarly, let @(d’n) (0) = 7, {(Qan)(70)) be the
set of lifts of Q4n)(70) to A. When 7 is an element of GL, (A;) C M (A,), the quasi-conjugacy
class is given by Qan)(70) = {7 € GL(A/I") © v ~pa e mn(70)}. Lemma 6.2.3, proven
in [1] for GSp,,(Z) rather than for GL,(A,), allows us to describe the intersection of GL,(A)

GL,(KY)

with neighborhoods of the orbit Yo in terms of M (A;/I")4-conjugacy.

Lemma 6.2.3 ( [1, Lemma 3.2]). Suppose vy € GL.(A) is regular semisimple. There exists an
integer ¢ = e(7yg) such that, if n > 0 and d > e, then for v € GL.(A/{"), the following are

equivalent:

(@) v~ m), Yo mod [,

(b) here exists some y € GL,(A;) such thaty mod [" = v and 5 ~gr, (k) Yo-
The statement is also true replacing GL,(A) with M (A) everywhere

Proof. (As in [1, Lemma 3.2].) The intersection of GL,(A;) with the rational orbit SL(K0~,
consists of finitely many GL, (A;)-orbits (7, is regular semisimple, so GL, (A;) N % (K~ is com-
pact and the GL,.(A)-orbits are open in the intersection). Let gi,--- ,gs be representatives of
these orbits. Each g; has integral entries and is rationally conjugate to 7 by D; € GL,.(Kj), so
that D;g; = ~oD;. Clearing the denominators of D; results in a matrix X; € M (A,) such that
Xigi = 70X;. Choose e(79) = max;eqi,... o} {| ord(det(X;)[}. Let vi(7o) be the valuation of the
Weyl discriminant of 7 (see (4.14)). Suppose n > 2v((7), choose d > e(7), and suppose also
n > d. Now it suffices to prove that v € GL,(A) satisfies v ~ps(4,/in), Tn(70) if and only if there
is a lift 7 € GL, (A,) such that 7,,(7) = v and ¥ ~acr, (k,) Yo-

The backward direction is straightforward. Suppose there is a7 € GL,(A;) which is congruent
to v modulo [" and is rationally conjugate by D to 7y, so that DyD~! = ~,. Multiplying on the
right by D and clearing denominators gives X7 = 70X for some X € M (A,). The projection map

gives Z := m,(X) € M(Ai/1")|ord(det(x))[> and thus Z7y ~pr(a,/im) mod [". In fact, ¥

|ord(det(x))| 1O
must be in the same integral orbit as one of the g; above, so Z € M (A/I")., and we have proven

the claim.
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The forward direction is a consequence of Hensel’s Lemma (B.0.5 and B.0.7). Suppose that
Y ~M(A/i), Tn(Y0). This means that there is a D € M (A;/[") such that Dy = m,(7,)D. For each
n, define a subset R, (A;/I") of M(A(/I") x GL,(A/I") by

R%(AI/[H) = {(D,’}/) : D € M(A[/[n)v'7 € GLT(A[/[H)a D7 = 71-71('7/0)D}'

This determines a system of 72 equations in 27 variables; the variables are entries in the matrices
D and +, and the equations come from equating the entries in the products D~y and 7, (7o) D. Let
n(vo) be the valuation of the minor formed by the first 72 columns of the Jacobian matrix of the
system at yo. Then if n > 2n(v), and (D, ) € R,,(A;/I"), by Hensel’s Lemma (see B.0.7 for the
statement as it appears in [5, Corollary 111.4.5.3]), there is a solution to the system, which means
there is ay € GL,(A,) with 7,,(7) = 7 and 7 ~x¢a,) Yo- The authors remark that n(y,) is equal
to the valuation of the Weyl discriminant of v, observed by Kottwitz in [22]. Lastly, the proof
relies on being able to solve a system of equations over A;, and not on v having been an element

of GL,.(A,). The argument remains the same when GL,.(A4) is replaced by M (A,). O

Recall that C'(K;) = A"~ x G,,,, and the geometric measure on an orbit is defined by the char-

acteristic polynomial map ¢ : GL,(K;) — C(K). For each n, define the nth [-adic neighborhood

Un(70) of c¢(70) by

Un(v0) =, (mn(c(%)))

= {(ar-1, - ,a0) € C(A) : a; = a;(P,,) mod ["}.

We may now describe the intersection of M (A) (or GL,(A4)) with these neighborhoods in terms

of quasi-conjugacy.

Proposition 6.2.4. Let [ be any prime, including p. Suppose vy € M (A)) is regular semisimple.

Then for sufficiently large n and d,
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M(A) N e (Un(0)) = Quam (0)-

Note that if vo € GL.(A)) C M(A,), then @(d,n) (70) C GL.(A) and the statement becomes

GLT(A[) N ﬁn(’)/()) = Ci\j(d,n) (’70)

Proof. First suppose v is an element of M (A;) N ¢ ' (U,(y)). By definition, P, = P,, mod [".
The set of matrices in M (A;) having the same characteristic polynomial in 7, is the set of solutions
to a system of r equations in 72 variables. Further, 7, (7) is an approximate solution in the sense
that it satisfies the system modulo [". Hensel’s Lemma for non-smooth systems (B.0.7) says that
we can lift points for systems that are not necessarily smooth, provided that the power of [ dividing
the system evaluated at the approximate root is more than twice the power of [ which divides the
determinant of the r X r minor of the Jacobian matrix of the system. We can choose n arbitrarily
large, so this version of Hensel’s lemma applies; there is an actual solution " € M (A;) for which
P, = P, (ie., 7 is rationally conjugate to ) and 7,(7’) = m,(y) mod [". By Lemma 6.2.3,
this is equivalent to saying that for sufficiently large n and d, m,(7) is M (A;/I")4-conjugate to
7n(70), which by definition implies vy € Qv(d,n) (70)-

Alternatively, for large enough n and d, if 7 is in @(dm (7o), there exists an element g in
GL,(A() with 7, (g) = m,(y) mod " and g ~gr, (k) Yo- The first condition implies that P, = P,
mod [ while the second condition implies that P, = P, . By transitivity, we have P, = P,

mod [, which means v € M (A;) N ¢ (U, (7)) O

6.2.2 Gekeler Ratios and Volume

We may now define Gekeler ratios and relate them to geometric orbital integrals.

Definition 6.2.5. For each finite prime [ of A (including p) define

v(7) := lim lim #Qan)(10)

: 4
d=00 n=00 #SL, (A /17) /|[[#r=1) (6.4)
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Remark 6.2.6. Suppose the characteristic polynomial of 7y mod [ is square-free. Then the nu-

merator stabilizes at d = 0. This is the usual conjugacy class

Quomy = {7 € M(A/I") : m(7) ~ 7n(70) }-

An element v € M (A(/I") is conjugate to 79 mod [" if and only if they have the same character-

istic polynomials mod [". Therefore,

Qom(0) = {7 € Mat,(A/I") : P, = P,;  mod ["}.

This means the numerator in our Gekeler ratio (6.4) is consistent with the numerator of Gekeler’s
ratio at [ for rank two Drinfeld modules (3.1). A quick calculation shows this is also consistent

with the Gekeler ratios defined for abelian varieties in [1, Definition 4.1].

Remark 6.2.7. Suppose the characteristic polynomial of 7y mod [ is not square-free. We have

shown that for sufficiently large n and d,

Qam (7o) = M(A) N e (Un()).

However, the set on the right-hand side is the set of matrices v € M (A) such that P, = P,

mod [". Since Q4n)(V0) = Tn(Qa,n)(V0)), for sufficiently large n and d, the numerator of (6.4) is

consistent with Gekeler’s ratio at [ for rank two Drinfeld modules (3.1).

Lemma 6.2.8. Let vy be a regular semisimple element of GL.(A,), for some prime | other than
p. Then the geometric orbital integral of the characteristic function g, (a,) can be related to the

quasi-conjugacy class é(d,n) by

o volo(Qum (1))
O%™(LgL,(ay) = lim lim el

d— 00 n—00 |[| —rn

Proof. By definition, the geometric orbital integral is the volume of the integral points of the

rational orbit of 7, denoted GL,.(A4;) N LKy e,
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Ogsom(]]-GLr(AI)) — VOlm?f(;’ﬂ(GLr(A[) N GLT'(K[)fyO)‘

Because the underlying group is GL,, and 7, is regular and semisimple, the rational orbit is equal

to the stable orbit, given by the Steinberg map ¢ (c(7p)). Thus we have

027 (L, (4,) = Voljzom (GL,(Ar) N e (e(h0))).

By definition of the geometric measure ((4.13)) (and that the set of integral points in GL, (X)) is

open) we have

ldwe [(GL.(A) N YU,
0% (La1 39) = Jim * el OLAZ) 1 {Tnl))) (65)

n—00 V01|dwc|(Un('YO))

Because 7y € GL,(A4), Proposition 6.2.4 allows us to replace GL,.(A4;) N ¢ (U, (70)) with

Q(a.n)(70) C GL,(A,) when d and n are sufficiently large, yielding

eom . . vol dw (@ dn (70))
O%™ (gL, (4)) = lim lim Jdeso, |\ (din)

d—00 n—00 VOl‘dwC|<Un(’yO))

- (6.6)
vol n
= lim Ii #SGO(Q(d7 )(%)) )
d—00 n—00 ’ [‘ —rn
as desired. O]
Corollary 6.2.9. For [ other than p,
#Qan (70)

Og/som(]lGLr(A[)> = dlint;lo nh—>nc30 |[|7‘2n—7‘n

Proof. By the previous lemma, we know that the geometric orbital integral can be expressed in
terms of the Serre-Oesterlé volume of @(d,n) (70), which we now compute explicitly. Since 7, :

M(A) — M(A;/I") is surjective, so the set of lifts, Qv(d,n) (70), of Qan)(70) is a disjoint union of
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fibers of 7,,. Since M is smooth over A, each fiber has volume |[|~"4™(&) under the Serre-Oesterlé

measure (4.1). Therefore, we have

_ #Q(an)(70)
VOI#%} (Qany (1)) = W

_ #Qam (%) .

|[|r2n

Combining this with Lemma 6.6 gives the result.

(6.7)

(6.8)

]

Lemma 6.2.10. For primes | away from p, the Gekeler ratio (6.4) is related to the geometric orbital

integral Oggom(]lGLT(A[)) by

mr2—1

— geom
U[(’YO) #SLT(A[/[) O’yo (:I]'GLT(A[))'

Proof. By Corollary 6.2.9, the right-hand side of (6.9) is

(|7

W"Ll #Q(a.n)(70)

lim lim ——5——.

Ogeom (1 _
Y0 ( GLr(AI)) #SLT(A[/[) 00 T 00 |[|7‘2n—rn

At sufficiently large n and d, we have

70 #Qum (o) #Qan (70)
#SLT(A[/[) ‘[|T27’L—TTL - #SLT(A[/[) | [|7‘2TL—T"VZ—7‘2+1
_ ™" #Q an)(70)
#SLT(A[/[) | [|7"2n—7”n—7‘2+1+7"n—n
0T H#EQamy (Y0)
#SL, (Ai/1)|(|(r= 0017

By Hensel’s Lemma 4.1.2, we know that [[|(*~D("~D4SL, (A/l) = SL,(A,/[*). This gives

70
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|[|7’271 #Quanm () #Q(an)(0) 6.10)
#SL, (A1) [I[Pn=rn T HSL (A1) /[I[r0=1)° .

but this is the term at (d, n) of the Gekeler ratio v((7). Taking the limit of both sides of (6.10) as

n and d tend to infinity yields

|[|r2—1

eom . . #Q n
Oi’m (LoL,(ap) = lim lim (dn)(70)

d—00 n—00 #SLT(A[/[")/|[|”(T—1) = 'U[(/VO).

6.2.3 Gekeler Ratios and Volume at the ‘“Bad Prime”

While the definitions for quasi-conjugacy in Section 6.2.1 hold at p, because we use the space
M (Ay) rather than GL,.(A;), the methods for relating the Gekeler ratio (6.4) to a geometric orbital
integral above do not apply at the prime p of A. Specifically, we cannot use the orbital integral
of the characteristic function of the integral points of GL,. Instead, we will use the characteristic
function of the integral points of a double coset in the Cartan decomposition of GL,.

Let 7} : Mat,.(A,) — Mat,(A,/p") be the projection map and ¢ : GL,.(K,) — C(K,) be the

characteristic polynomial map. As in (5.19), Consider the Cartan decomposition of GL, (k)

pet 0 0
0 p=2 -~ 0
GL,(K,) = [(J GL.(4)| | GL(A).
e ST
0 0 per

It is not necessarily true that all elements in the same Cartan set have the same characteristic
polynomial. However, two elements are in the same Cartan set if and only if their characteristic

polynomials have the same Newton polygon. The determinant of any element in the Cartan set
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per 0 -~ 0
0 p2 -~ 0

Me, ... e, = GL,(4p) GL,(A;)
0 0 - p°

has p-adic valuation ) ;_, e;. The next term of the characteristic polynomial has p-adic valuation
> _,e;. The pattern continues until finally, the trace has p-adic valuation e,. The slopes of the
Newton polygon are therefore —e;, —es, .-+, —e,. We have already assumed that the Newton
polygon of vy has one root of p-adic valuation m and r — 1 roots which are p-adic units. This

means that 7 lies in the double coset

My 0 = GL,(A) A GL,(4,),

where

pm™ 0 0
A = . 6.11)
0 0 1

The following proposition, though not groundbreaking, is useful in the application of the Funda-

mental Lemma to our setting.

Proposition 6.2.11. Let M (A,) N SLrK0~g be the integral points of the orbit of 7. There is an

equality of sets

M(Ay) N By = Moo N By (6.12)
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Proof. Suppose v € M(A,) N CEd~, Then the characteristic of v is exactly equal to P,
and therefore has the exact Newton polygon as 7y, which means it is an element of M,, ... o.

Alternatively, M,, o ... o 1s integral because each of the powers on p in A, are non-negative. [

In [18], Iwahori and Matsumoto show that M,, ... o can be further decomposed as the disjoint

union of finitely many left (or right) cosets

Mm707...70 = |_| glGLr(Ap)
1=0

Define 1, : GL,(K,) — {0, 1} to be the characteristic function of M, ... ¢, i.e.

1 Y € Mm’07...70,
Lu(y) = (6.13)

0 Yy ¢ Mm70’...70.

The Gekeler ratio at p is related to the geometric orbital integral OJ:°"(1,). In Lemma 6.2.13,
we will show this relationship explicitly. First, it is convenient to elaborate on Proposition 6.2.4 in

terms of the set M, ... o by relaxing Proposition 6.12 to a neighborhood of the orbit.

Proposition 6.2.12. Let v, € M (A,) be chosen as above; it corresponds to an ordinary Drinfeld
module and thus its characteristic polynomial has v — 1 roots which are p-adic units and one root
with p-adic valuation m. Then for a neighborhood ﬁn(yo) of the characteristic polynomial, we
have the equality

Mo 0N e HUn(h)) = M(Ap) N e (Un(0))- (6.14)

Proof. Clearly, My, ..o 0 ¢ (Un(70)) € M(A4,) N e (U, (7)) since My, ... o is integral. To
show the other subset inclusion, we take an element v € M(A,) N ¢ ' (U,(7)). By definition,
P, = P,, mod p". Since P,, mod p" has r — 1 roots that are not divisible by p, P, mod p has

r — 1 roots not divisible by p. Further, provided that n > m, P,; mod p" has one root divisible
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by p™, which implies P, mod p" does too. This means that » — 1 of the roots of P, over A, have

valuation zero, and one root has valuation m. Therefore v € M, ... 0 N ¢ (Un(70))- O

Lemma 6.2.13.

ldwer, |( Qi
0% (1) = lim lim Tteas (Qam (10)) (6.15)

d— 00 n—00 V01|dwc| (Un (70))

Proof. By definition, Ogg"m(]l ) is the geometric volume of the set of points in both M, ¢.... ¢ and

the orbit of . That is,

O3 (1) = VOlmggom\(Mm,o,--,o Ne ely))).

By (4.13), we may write this as the limit

Lo (Moo o N e XU,
Ogsom(lM) — Lim VOljq GLrl( ,0, 7(1/ C ( (70)))
oo VOljawe| (Un(70))

Propositions 6.2.12 and 6.2.4 together imply the result.
O

Unlike in the case when [ # p, @(d,n) (70) is not a subset of GL,(A,), so the Serre-Oesterlé
measure does not coincide with the canonical measure. The next lemma allows us to transfer

between the two measures on @(d,n) (70), which as above, is a subset of M,,, ... o.

Lemma 6.2.14. On subsets of M, .... o, the Serre-Oesterlé measure is related to the canonical

measure by

e | = | det(vo)l; - [dwar, | (6.16)

Proof. Since M., ... o = | |;_, 9:GL,(4,) is the disjoint union of GL,(A,)-cosets, and the Serre-

Oesterlé measure is left (and right) invariant on GL,(A,)-cosets, it suffices to compare the two
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measures on just one of these cosets. In particular, since vol so(g;GL,(A,)) is independent of
9i, we may as well compare vol,so(AnGL; (Ay)) and voljgug, | (AmGLr(Ay)). By definition of the

Serre-Oesterlé measure, we have

vol so(AmGL,(Ay)) = lim # (M (AnGL: (4)))

n—00 |p |ndim(G) (6 17)

. . . . GL, (A
The canonical measure is normalized to give each GL, (A4, )-coset volume W To compare

the two measures, we first simplify (6.17). The number # (7, (\,,GL,(A,))) is the number of

matrices of the form

p"ay .
ai
a3
,where | | | € GL,(4,/p")
dr
ar

provided n > m. (It doesn’t matter if we reduce modulo p” and then multiply by p™ or if we

multiply then reduce.) First observe that there are

(Ipl" = 1)(p[" = Ipl) -~ (Ipl" = [p]"™)

elements in GL, (A, /p). For each choice in GL,(A,/p), we obtain an element of the desired form
by counting the number of lifts of the last » — 1 rows to A,/p" and the number of ways to lift
the first row to p™ A, /p™. Each of the last » — 1 rows has (|p|”~*) choices of lifts to A,/p". The
number of lifts of the first row dj to p™ A, /p™ is equal to the number of vectors be (p™ Ay /p™)®"
such that pimg = d; mod p. The total number of vectors b in (p™A,/p™)¥" is (|p|™~™)". For each
entry, the proportion of choices which project to the corresponding entry of @ mod p is %. This

gives that the number of lifts of dj to (p™A,/p™)®" is % = (|p[*~™=1)". All together,
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# (T (AmGLr (4))) = (([p["))" (pl™ ) (" = D (pl™ = o) -+~ (Jp[" = p]")

= ((Ip[")")" (e[ 1) #GL: (Ap /).

We may now simplify the Serre-Oesterlé volume of Equation (6.17) to obtain

("= D))= (p[" ") #GL, (Ay/p)

vol,so (7, (AmGL,(4p))) = lim

n—o0 |p |”7"2
2 r2 _nr4r4nr—mr—r
Rl G (A, )
= lim 5
nee ol

= Tim [p| " HGL, (4y/p).

We have thus shown that if n > m, the limit stabilizes. We must now compare the quantities

GL,(A
vol,so(AnGL, (4)) = W
and
GL,(A
VOljdug | (AmGL,(4p)) = W'

Clearly, (6.18) differs from (6.19) by a factor of [p|~"". However, [p|™™" = |det(yo)[}, so

1’| = | det(o)l; - ldwar, |-

Corollary 6.2.15.

det _TVOI y A "
O%™(1y) = lim lim | det(o)l; gg(%, )(70))
d—00 n—00 VOIMSCO(UH(’YO))
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Proof. By Lemma 6.2.14, we may replace volq., | (@(d,n) (70)) in Lemma 6.2.13 with

| det(70)], " vol SO(Q(dn (70))-

O
Lemma 6.2.16.
vp(70) = | det(y0)[y~ 1M05’80m(1]\4) (6.21)
#SLe(Ap/p)
Proof. By Corollary 6.2.15, the right-hand side of Equation (6.21) is
| det (o)l Ll lim lim [det(30)ly "volgo (Qam (10)) (6.22)
0 T T = . .
#SL, (Ap/p) d—roon—ro0 vol,so(Un(70))

The Serre-Oesterlé volume of U, (7o) is ‘Hﬁ while as in Corollary 6.2.9, the Serre-Oesterlé

#Qa, n) (70)
|

the equality between the right-hand side of (6.21) and limg_,, lim,,

. Substituting these quantities into (6.22) and simplifying gives

#Q(d,n)(70) .
#SLy(Ap /p)[p|nr?—rn—r241

volume of Q an)(0) 1s

r #Qd,n
| det(yo)]7 ’p‘TQ_l lim lim | det(ro)ly I(:ITT)(W)
Ol USL, (A, /p) d-roon=roo o
#SL(Ap/p) doon [dettro)Ty

r?—1 det —r+1 .

~ dettoo)f Pt L0 # G )

#SL., ( p/p) d—00 n—00 |p‘m’ —rn
_ b i #Qan ()
#SL ( p/p) d—o00 n—00 ’p‘nﬂfrn
. . #Q (d,n) (’70)
= lim lim

d—00 n—00 #SLT(Ap/p> |p |m,2_7"n_r2+1 ‘
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As in the proof of Lemma 6.2.10, we multiply and divide by |p|™~" to obtain that the right-hand

™" #Qdm (10)
side of (6.21) is equal to 1520 nlgg) ZSL, (A, /p)[p] DD

Hensel’s Lemma implies that the

right-hand side of (6.21) is

lim lim ’p‘m_n#Q(d’”)(%) — lim lim #Q(dm)(%)
55w FESL, (A, ) Pl D ahe s L (A, /) [p T

= vp(70)-

]

We have now shown that the Gekeler ratio at p can be written in terms of an ordinary orbital
integral on the orbit of v, in GL,(K,), not a twisted orbital integral as in (5.18). Luckily, the
Fundamental Lemma allows us to translate between ordinary orbital integrals for M, ... o and
twisted orbital integrals for GL, (A}, )e,GL,(AL), provided the measure used on the ordinary orbital
integral has been normalized to give GL,(A,) volume one. Since the geometric measure has not
been normalized in this way, we must first relate the geometric measure to a measure consistent

with Laumon’s formula and the Fundamental Lemma.

6.3 Transfer of Measures

The task at hand is to relate the geometric measures at each place to the measures —ao

dwleme
chosen in Section 6.1.
Proposition 6.3.1. For all places | # oo of K,
eom 1/2 — 71 #GL ( [/ ) dh[
4 = D)7 det (o)l T bl T (6.23)
Proof. Starting with Equation (4.17), we know that
dwe™ = (Do)l det(ro)l 7 - dwro, i (6.24)
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We then observe that the measure dwgr, used to define the quotient measure dwr\gr, has not been

normalized to give volume one to the integral points while dh has been, i.e.,

dWGLT,[

#GL, (A/1)/]1]™

Finally, the measure dwr  used in dwr\gr, differs from dwT‘"”“ by a factor of L((1,01)” L. This

= dh,. (6.25)

implies that

_ #GL(AJ)/ )N dhy

dw = )
T\GLMI L[(l,UT)_ldwgfL{mG

(6.26)
Substituting this into Equation (6.24) shows the desired relationship. [

We can now write the Gekeler ratios in terms of orbital integrals with respect to the local

Tama

measures dw consistent with Laumon’s formula.

Corollary 6.3.2. For | # p, the Gekeler ratio and local ordinary orbital integrals are related by

u(v0) = [D(yo) > Li(L, o) (1 — 1/]1]) - 01 (Ler, (ay)- (6.27)

Proof. We start by combining Proposition 6.3.1 and Lemma 6.2.10 to obtain

| ’1”271

=0 #GL, (A1)

51D det(o)ly T A

L[(l, O'T)'Oz{;ama(]lGLr A[)) (6 28)

We simplify by observing | det ()| = 1 for [ # p, and #SL,.(A;/l) = #If\;LlT—W[/)[)
i

Corollary 6.3.3. At p, the Gekeler ratio is related to an ordinary orbital integral by

vp(0) = [p| = (Vo) ls *Lp (1, 00) (1 — 1/[p[)OTo™ (1), (6.29)
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Proof. For p, the only differences are that there is an additional factor of | det(%) *=1 at the be-

ginning and | det(vo)|, = |p|~™, so we have

vp(70) = [p| 70~ 1>|D(%) 2 Ly(1,0m)(1 — 1/]p])OTe™(1,)  (6.30)

(Yo)ls *Lp(1, o) (1 — 1/[p))OTo™ (1), (6.31)

= p| ™

6.3.1 The product of Gekeler Ratios
So far, we have shown that Gekeler ratios can be reformulated as local orbital integrals. Taking
the product over all primes of Gekeler ratios yields an expression involving the adelic orbital

integral for the finite and prime-to-p places and an ordinary orbital integral at p.

Corollary 6.3.4. The product over finite places of Gekeler ratios is related to the ordinary adelic

orbital integrals of Laumon’s formula by

m(T ) ama ama
[T vz0) = Iol DO TTA=1/10) - T Lt o) - O35 (L, (any) - O ().

[#00 [#00 I#£00
(6.32)
Proof. In combining the previous two corollaries and simplifying, we find
[T v00) = T POl Li(1,0m)(1 = 1/]1]) - OL 7 (L, ay)
I£00 I#£p,00
m(r 1) 1/2 amna
IRl 1D (o) Ly(L o) (1 = 1/ Jp]) - O3 (L) 63
m(r 1) ’
= |p| [D(0)|7% - H(l —1/11)) - H Li(1,01)
I#£00 [#o0
C 0507 (Lo, an) - Osg™ (Lar)-
]
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6.4 The Fundamental Lemma

In this section, we will prove that the Fundamental Lemma applies to relate Laumon’s twisted
orbital integral with our ordinary one. We start with the twisted orbital integral. To verify that
Theorem 5.3.7 applies, we compute the Satake transform of 1g_and its base change explicitly.
After this, it suffices to show that the resulting function agrees with 1,; on the sets of interest.

By assumption on the Newton polygon of vy, we know that it is a closed m-admissible element

vo of GL,.. Further, we know that the sign function is just one. Therefore, we have the equality

Oeme(f)y =TOI™(1s,,) (6.34)

between ordinary and twisted orbital integrals, where f is the base change of 1g, from the Hecke
algebra 7, to the Hecke algebra 7. Recall that we have completely characterized f by Theorem
5.3.7 and the subsequent remarks. Indeed, f = b(1g,,) is the function f : GL,(K,) — Z defined

by

1< —¢) ~e M(A,)NGL,(K,) and val,(det(vy)) = m,
fv) = (6.35)

0 otherwise,

where p is the nullity of ¥ mod p. In this section, we show that our ordinary orbital integral
O1me(1y) can be replaced by Laumon’s twisted orbital integral TO%*"*(1g,,). It suffices to

show

Oleme(1yr) = O™ (f) (6.36)

by showing the functions agree. Clearly, f and 1,; do not agree in general since f can take on
values other than zero and one. Thankfully, since we are integrating these functions over the orbit

¢ OLr ()

of 70, we only need that f() = 1,,(~y) for elements ~ in the orbi ~o. By the fact that o has

a square-free characteristic polynomial, all elements in the orbit satisfy have the same characteristic
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polynomial as that of vy and therefore satisfy the condition that the valuation on the determinant is
m. Likewise, the Newton polygon of the characteristic polynomial implies that all elements in the
orbit have exactly one eigenvalue divisible by p. Therefore, for every v € SLr(K)~ has nullity one
modulo p. Hence on the orbit S50~ it is always the case that o — 1 = 0. Together, this means

that on “ (K0~ we have

1 vyeM(A4,)N GLr (K0
fv) = (6.37)
0 v ¢ M(A,) N CrKoag

Consequently, for v € S-+(Ed~g 1,,(y) = f(7) if and only if

M(Ap) N GLT(K[)’YO = Mm707...70 N GLT(K[)’Y().

However, this is exactly Proposition 6.12, so we have proven the next lemma and subsequent

corollary.

Lemma 6.4.1. On the orbit of vy, we have the equality of integrals

TOT™™ (1, ) = OT®(1 ). (6.38)

m

Corollary 6.4.2. The product over finite places of Gekeler ratios is

—m(r=1) - ama ama
[T wt0) = lol == D)2 TTA=1/1)- ] L1 00)-OLF (U, (an)-TOLG " (1s,.)-
[#00 I£00 [#oo
(6.39)

Remark 6.4.3. In preparation for the final theorem, we rewrite the previous corollary as follows.
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Tama Tama m(r=1)
O'Yof (GL( ) TO'yop ( ):hﬂ 2

/1)
(70)|¥2H1[—T00( (1/Lr|r HU[ Yo).  (6.40)
[7$<>o

6.5 The Global Factor

The purpose of this section is to explicitly compute the global factor

volggams (TCO\NT(A ). (6.41)

At the beginning of this chapter, we chose to use the measure dwT‘””“ on this space so that we
could leverage known results about the Tamagawa number of the torus for our calculation.

The Tamagawa measure is a measure on the set of norm one adelic points of the torus defined
conventionally in the following way. To begin, one may fix any differential form on T(K) and
associated measure. Recall that the differential form wr and associated differential form dwr as

defined in Chapter 4 are not defined over K unless T splits over K. However, there is some A € K

such that the measure j/% is defined over K (see [14, Section 5.1.1] for details). Then let

pr = lin}(s — 1) L(s,o1) (6.42)
s5—

be the residue of the Artin L-function associated with the representation o at s = 1, as seen
in Chapter 4. By r1, we mean the number of characters defined over K. In particular, since T
is the restriction of scalars of the multiplicative group of E, the only character is the field norm
map Ng/k, and thus rp = 1. Let dr be the dimension of T over K, in this case, dr = r. We
additionally let g be the genus of the base field field K, so g = 0. Then py(a) is the measure on
the adelic points of T defined by
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(6.43)

1

The simplification is due to the product formula — indeed, [], =

= 1. In our specific setting,

we have

dpry = ¢ pz' [ [ Lo(1, o) deom . (6.44)
o

The Tamagawa number of T is by definition the volume of T(K)\T(A)', where T(A)! is defined

as follows.

Definition 6.5.1. Define the adelic norm one torus to be

T(A)! = {(z,) € T(A): H Ix(zy)|p = 1 forall x € X*(T) defined over K }. (6.45)

For T = Resg/k (G, ), the only rational character is the field norm for £/ K. Thus

T(A)' = {(xs) € T(A) : []INgw/, ()l = 1}. (6.46)

0
The measure dyp(a) naturally induces the Tamagawa measure du?{%ﬁ” on T(K)\T(A)! since

T(A)" includes into T(A).

Definition 6.5.2. The Tamagawa number of T over K is the measure one has to give to the compact

subgroup T(K)\T(A)" in order that dyr sy decomposes as

Tama

dpray = dpreaynres) - Ayt - dik (6.47)
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where djip(a)\(a) comes from giving measure In(g) to each point and d is the canonical dis-

crete measure.’

The Tamagawa measure can be explained via the homomorphism

o : T(A) = Homz(X*(T)x, ¢%),

(6.48)
(T0) = H |Ni, /Ko (2)olo-

By definition, the kernel of av is T(A)?, and to this kernel, we give each point measure In(q). (Note,
Tama

the power on In(q) is equal to the number of characters.) If « is surjective, then duT( J8E is simply

the measure

dpi(a))
Tama .__
B Ty

Unfortunately, as Oesterle points out, « fails to be surjective when the field of constants in
E/K is larger than F, [25, Remarque 5.7] Gekeler refers to this case in [12] as the exceptional
case (E1). However, the image of « is always of finite index in T(A), so | coker(«)| is finite, and
divides r. In the greatest generality, we have

AT(8) 1

dpginy = . 6.49
Hrd) In(q)| coker(a)| (649)

It is well known that the Tamagawa number of the restriction of scalars of (5,, is one (see [25,26,33]

for an in-depth treatment of this calculation), which by definition means that
VOldM?;((lg;(ll (T(K)\T(A)l) — 1 (6.50)

It turns out that the volume of the compact subgroup T'(K)\T(Ay) is related to the volume of

T(K)\'T(A)'. This relationship comes from the natural homomorphism

SThere is a slight abuse of notation; du?&’ﬁ‘% refers to both the measure on T(A) and the quotient of this measure by
the discrete measure on T(K).
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B:T(A) — T(Ay), (6.51)

which truncates the adelic tuple (z,) = ((21)1£00, Too) by deleting the term at infinity. The kernel

of (3 is the set of tuples with value one at each finite place and norm one at the infinite place, i.e.,

ker(8) = {((1)gzoos Too) * [Nig /i (To0)| = 17

This kernel is isomorphic to the compact subgroup

T(Kw)® = {t € T(K) : (D] = 1 for x € X*(T)c_} € T(KL,)

described in detail in 4, as per [14]. Again, the only character is Ng_ /i (by Theorem 2.3.5, there
is only one prime above 0o). Next, observe that an element (x;) of T(Ay) is in the image of 3 if
and only if there is an element of the form ((z(), z,) in T(A)'. Equivalently, (x() € im(3) if and

only if there is an element z, € EZ such that

T INe k@0l [NEy ke (20000 = 1,
[#£00

1.e.,

T IVE x @)l = (INpg i (00)]00)
I£00

This happens exactly as often as elements in K are in the image of Ng_ k. . According
to Serre ( [30, Page 87]), the index of the image of the norm map in K% is controlled by the
splitting behavior of co in E. Specifically, we have that co is the unique prime above oo in F,
and the image of the norm map has index f(Es/K), the residue degree of oo. (Note that if

oo 1s unramified in I/, the image of the norm map is of index r. If co ramifies, the norm map is
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surjective.) Consequently, the image of (3 also has index f(Es /K« ) in T(Ay). This is equivalent

to saying | coker(8)| = f(Ex/k..)-

According to this description of 3, we have the short exact sequence

1= T(Kx)® = T(A)' S T(A;) — coker(8) — 1. (6.52)

Since the diagonal embedding of T'(K) = E* intersects the image of T(K )¢ in T(A) trivially,

(6.52) gives the exact sequence for quotients by T(K) :

1 = T(Kx)® — T(K)\T(A)" & T(K)\T(A;) — coker(8) — 1. (6.53)

With this set up — the specific choice of measures used and a relationship between the compact
subgroups T(K)\T(A)! and T(K)\T(A;) — we can finally compute voldw%?fma (T(K)\T(Ay))
explicitly.

Using (6.49), we observe that the Tamagawa number of T over K can be written in terms of

the measure dj(a) as follows

V0L (T(EO\T(A))

— 1y
1= voldug?gg(T(K)\T(A) ) = In(q)] coker(a)| (6.54)
Next, the short exact sequence (6.53) implies that
VoldwT(unu (T(KOO)C)
VO]'dHT(A\) (T(K)\T<A)1> = f'l(‘; N /K ) ’ VOldUT(A) (T(K)\T(Af)) (6.55)

Note that the measures here are all chosen consistently; the measure dwr o, is the measure at
infinity used in the definition of duy(s). Implicitly, the measure dyr(s) has been restricted to the
finite places in the expression volg,.,, (T(K)\T(A;)). Finally, we want the volume in terms of
the measure dw,{ﬂ?}”a, not dji(s). By the definitions of these two measures, in our setting where

dr = r, g = 0, they are related by

87



dprpa) = qrpr}ldw%}”“. (6.56)

Putting together Equations (6.54) and (6.55) yields

vOlgggame (T(Koo)®) - VOlap,) (T(K)\T(Ay))

1 = voly,rama (T(K)\T(A)") = 6.57
vOlyugens (TUONT(A)) In(q) - | coker(a)] - f(Ex/Ko0) (6.57)
Finally, we transfer measures using Equation (6.56) to obtain
VoldwTama (T(KOO)C> N qrpr;\l VoldwTama (T(K)\T(Af))
1 = voly,rama (T(K)\T(A)") = = — . (6.58
Vo d“?(ml( (K\T(A)) In(q) - | coker(a)| - f(Esx/Kx) (6.58)
In solving for Voldwga;m (T(K)\T(Ay)), and observing that
volguzama (T(Koo)®) = Loo(1, 01) - VOlgur o (T(Kx)%),
we have proven the next lemma.
Lemma 6.5.3. The global volume term of Laumon’s formula is explicitly given by
In(q) - | coker(a)| - f(FPsx/Ks
VOldw’%%ma (T(K)\T(Af)) — (Q) pT | ( )| f( / ) (659)

q" Loo(1,01) - vOlgyr . (T(Ko)®) )

6.6 Main Theorem

Equipped with this specific computation of the global volume, and the interpretation of the
adelic orbital integrals in terms of Gekeler ratios, we can now express the size of an isogeny class
of ordinary rank r Drinfeld modules as a Gekeler-style product formula. Recall that for all finite

places, we define the Gekeler ratios as follows.

Definition 6.6.1. For each finite prime [ of A (including p) define
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#Q(d,n) (70)

= lim i : 6.4
'U[(,YO) dl{go n1~>n;.lo #SLT(A[/[H)/“VL(T*U ( )
At the infinite place, we introduce the following definition.
Definition 6.6.2. At the infinite place, define the number
- | coker(a)| - f(Fs /K
vre(0) = D () 2 L cOkerO (e K (6:60)

g - L(1,01) - volgu, . (T(K)©)

Equipped with these definitions, we are finally able to prove Theorem A.

Theorem A. Let ¢ be an ordinary rank r Drinfeld module over the finite field L of degree m over
A/p. Let vy € GL,.(F,[T]) be a matrix with the same characteristic polynomial as ¢. The weighted
size of the isogeny class of ¢ is

m(r—1)

ho(L) = Ipl™ 7 vee(30) [ [ or(70)-

[

Proof. Starting with Laumon’s formula, the weighted size of the isogeny class is given by

(L) = volgana (DK NT(A))) - 27 (Lgy an) - TOL(Ls,,).

~Yo0,f Yo,p

Into this formula, we directly substitute the values of the global volume term and the product of the
two orbital integrals from Equations (6.59) and (6.40) respectively to obtain the size of the isogeny

class as the product

wrry In(g) - pr - | coker(a)| - f(Fs/Kx)
ho(L) = ¢ Loo(1,00) - Volguy . (T(KL)¢) il

m(r—1)

Lo (1=1/])
|D(70)|¥2HEI¢LL[(1,/L’T)) gov[(%).

(6.61)

Observe that the product

[Ta—1H~

I#£00
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conditionally converges to the zeta function of A evaluated at one, which has residue 1/1n(g),
so this factor cancels with In(q) [28, Chapter 5]. The product of the remaining factors is exactly
Uso(7Y0) as in Equation (6.60). Therefore, we have finally shown the desired result,

m(r—1)

= vs(10) [ [i(20). (6.62)

[

hy(L) = |p

6.7 Comparison with Gekeler’s Formula

We now verify that our formula for the size of an isogeny class (6.62) of a rank two Drinfeld
module ¢ over the “prime field” F,,[T"]/p is equal to Gekeler’s formula. The first step in comparing
Formula (6.62) with Gekeler’s (Equation (3.3)) is noting that the terms v;(~y,) coincide with v(a, b)
as defined in (3.1) for [ # oo (see Remark 6.2.7). Next, we both have a factor of |p|1/ 2 at the
beginning. Lastly, it suffices to show that our definition for v, (7p) (see (6.60)) is equal to Gekeler’s
definition for v, (a, b) (see (3.2)).

To do so, we will assume that F// K is a regular extension, and that the characteristic of K is

not two. This implies that | coker(a)| = 1 in v (7). This gives

1/2 pr - f(Es/Ks)
* ¢?- L(1,07) - volgup . (T(Ks)©)

Voo (70) = [D(70)|

Next, the Artin L-function L(1,or1) converges (conditionally) to pr. Additionally, Gekeler’s
Voo (a, b) is a function of the polynomial discriminant A := a® — 4b, while our v, (7o) involves the

D(o), the Weyl discriminant of ~,. By Equation (4.16), we have

A
D o =
’ (70)‘ det(’}/o) .
Even further, det(y) = b, which implies
N
D =|
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Substituting this into our definition of v.,, we now have

12 f(Bsx/K.)

00 q2 ’ VOldwT,oo (T(KOO)C) '

Voo (Y0) = '%

We can simplify further using the fact that there is only one prime above oo in £, which when

combined with Equation (4.5) implies

u;q;# if oo is unramified in £,
VOldwT,oo <T<Koo)c) -
(Z;/l) if oo ramifies in E.

We also know that f(Fs /K, ) = 2 (resp. 1) if the extension is unramified (resp. ramified). The
extension is unramified if (and only if) the degree of A is even, and ramified when the degree of A

is odd. Therefore,

2
AP ) g+ )e-D | . is unramified in £
Voo(Y0) = 5 "1 if oo ,
a ramifies in F
qg—1

which coincides exactly with Gekeler’s definition as stated in Equation (3.2).
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Appendix A

Computing the Characteristic Polynomial

Continue to view L as a finite extension of A/p, viewed as an A -algebra with structure map ~.

The method for determining the characteristic polynomial is as outlined in [12, Sections 2,3].

A.1 General Strategies (for Rank Two)

As stated in the Section 2.4, the characteristic polynomial of ¢ is the characteristic polynomial
i((F). We determine the coefficients using a system of equations. For an arbitrary rank Drinfeld
module, such a system is daunting, but for rank two, the situation is not so bad. We demonstrate
how to compute P,(.X) for a rank two Drinfeld module ¢ given ¢r. First, we describe this process
when L is any finite extension of A/p. Then, in the next section, we will restrict to the much easier
case L = A/p. Following Gekeler’s notation in [12], each rank two Drinfeld module is given by
¢7 of the form ¢ = ~(T) + g7 + A7? and the characteristic polynomial will be of the form
Py(X) = X? — aX + b. Define the invariant j(¢) := g?"'/A. Because L is a finite extension of a
finite field, it has Galois group Gal(L : F,), with n = d - m elements. The evaluation of the norm

N]FLq at o for any «vin L is given by

Nﬁ(a) = o(a).
o€Gal(L:Fyq)

Similarly, the trace of the field extension is given by

Tk ()= Y ofa).

c€Gal(L:Fy)

If a is an element of F,, then Ny (a) = a”.
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Let ¢ be a rank two Drinfeld module over L, the degree m extension of A/p defined by ¢ =
Y(T) + g7 + A7?. Then Py(X) = X? — aX + b. We saw in Theorem 2.4.3 that b is a generator of

(p™). Explicitly, in [17, Equation 7], we see that b = €(¢)p™(T'), where

e(9) = Nk (~0) .

See [10, 17] for more details.
Determining a is more difficult; a is the Frobenius trace of ¢ over L. It can be written as the

polynomial in T’

0=S o (A1)

In Proposition 2.14 of [12], we learn that

(
Tr];f (N#, (A)~1) for n even,

alg) = § =N& ()T, (j(¢)@"~9/(@=D+1) for p odd and g # 0, (A.2)

0 for n odd and g = 0.

\

To solve for the remaining coefficients of a, we must solve the system of equations given by

—1if j = 2n,
— > aifiynted) Y pifiy= (A.3)

0<i<| 2] j/2<i<n Oif aj < 2n.

Here, the f; ; are the coefficients in L of ¢ = ) <j<o;- They are determined by recursion,
with fio = v(T"), fi1 = g, and fi2 = A. To obtain subsequent terms, use that ¢ is a ring ho-

momorphism — see [12, (2.12)] for the details. The p;’s are the coefficients of the monic generator

p™(T).
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Several of the above equations are redundant; the j-th equations can be deleted for j = n +
I,n+2,...2n,if nisodd,or j =n+1,n+ 2,...,2n — 1, if n is even. This reduces the system

to | 5] + 1 equations. The remaining system is triangular [12, (3.3)].

A.2 A Specific Case for Rank Two

Calculating the characteristic polynomial when L is A/p, or equivalently when m = 1 and
d = n, is much simpler. We calculate b as before. To compute a, we need the image of p(7") under
¢. Since p(7) is a degree d polynomial in 7', we know ¢, (7 is a degree 2d polynomial in 7 (in

general it is a degree rd polynomial in 7). Write

2d
Gp(r) = Z hi(9)T".
i=0

The first d — 1 coefficients vanish. The d-th coefficient h,(¢) is called the Hasse invariant, also
denoted H (¢). We compute H (¢) using ¢,(ry in Example A.3.1. Another way to compute H (¢)
is via the sequence {gx } x>0 defined by recursion. Let go = 1, and g; = g (the coefficient of 7 in

¢r). Put [k] := T?" — T, and regard it as an element of A/p = L. Then

—1

gk = —k — groA?" + gu1g? ",

for k > 2. Proposition 3.7 in [12] gives that the Hasse invariant H(¢) is the d-th term in the

sequence; H(¢) = g4 We use this method in Examples A.3.2, A.3.3 and A.3.4. The Hasse

satisfies

v(a) = e(¢) Ny, (H (). (A.4)

By (A.1), the degree of a is less than or equal to | 5]. When n = d, a has degree less than that of

p. This implies that a is determined by its residue class y(a) modulo p.
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A.3 Examples

We compute the characteristic polynomials for a few different rank two Drinfeld modules, all

with A = [F,[T] with L = A/p for varying primes p.

Example A.3.1. This example is also in [12, Example 3.8]. Let p(T) = T3 + T + 1 and p be
the ideal generated by p(7"). Then L = A/p = Fg can be viewed as an A-field via~y : A — L,
the mod p map. We have that A/p is a degree d = 3 extension of A, and L is a degree m = 1

extension of A/p, son = d-m = 3. Let ¢ be the rank two Drinfeld module defined by

¢pr=yT)+Tr+7*=T+Tr+7> mod p.

Here g = T and A = 1. We aim to compute the characteristic polynomial Py(X) = X? —aX +,
where b = ¢(¢) - p™(T"). We begin by computing the sign function €(¢) via the field norm map
N]FL2 (A) for L over Fy. This is defined in terms of the Galois group of L of [Fy, which is cyclic and
of degree three, Gal(L : Fy) = C3 = {Id, 0, 0*}. By definition, we have

NE(A) =1d(1) - o(1) - 0%(1) = 1

50 €(¢) = (—1)"NE (A)~ = 1. We may now explicitly write b as €(¢) - p™(T), which simplifies
tob=p(T)=T3+T + 1.
To compute a, we begin finding the Hasse invariant H(¢) by finding the coefficient on the

degree d term of ¢p,7). Using the homomorphism properties, we have

Gp(ry = O3 + O + O1,
= (¢7)* + o7 + ¢1,

=(T+Tr+7P+(T+Tr+7)+1 mod p.
Simplifying according to the definition of multiplication in L{7} gives
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¢p(T) = (T+ 1)7’5 —|—7‘6.

The coefficient on the third term is zero, so H(¢) = 0 and y(a) = 1-Nﬁ/p(H(d))) =0 mod p.
This implies that  is an element of the ideal p, but since deg,(a) < |d/2],a = 0. Therefore, the

characteristic polynomial of ¢ is
Py X)=X*+aX +b=X>+(T°+T +1).

Example A.3.2. Now letp(T") = T?+T+1, p be the ideal generated by p(7T'), and L = Fo[T|/p =
F4. Then L is a degree n = d - m = 2 extension of I, where m = 1 and d = 2. Define a rank two
Drinfeld module ¢ : A — L{7} by

Vr=y(T)+Tr+Tr* =T+ T7+T7°

The Galois group Gal(L : F,) has order two, and is generated by o : = — 2%, Observe

Ng (A) = N (T) mod p
=T-T? mod p

=1,

so () = land b = p(T) = T?> + T + 1. To compute a, we use the recursive formula for

H (1) = go. First, we have g = 1 and g; = T'. By the recursive definition,
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g2 = —[2 = gAY + gig*
= —(I* =T)(1)(T)' + (T)(T)* mod p

=T+1 modp.

The Hasse invariant is H(¢)) = T + 1 and satisfies

Y(a) = ()N (H(W)) = ()N, (T +1).

Since L = A/p, we have y(a) =T +1 mod p. Since degp(a) < |d/2]|, a =T + 1. All together,

we have

Py X) =X+ (T+ DX +p(T) = X*+(T+ DX +T? + T+ 1.

Example A.3.3. As in the previous example let L = Fyo[T]/(T? + T + 1). Define a rank two

Drinfeld A-module ¢ over L by (r = ~(T') + T't + 72. Again, we compute b by first computing
e(¢)-

Thus b = p(T) = T? + T + 1. As in the previous example, we compute H () = g using the

recursive formula with gy = 1 and g; = T.
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g2 = —[2 = 1]goA? + 16>
= —(T*-T)1)(T+ 1)+ (T)(T)* mod p
=T% mod p

=141 modp=0 modp.
Since the Hasse invariant is zero, y(a) = 0 mod p, but again deg(a) < |d/2], so a = 0. Then

P(X)=X>+p(T)=X*+T*+T + 1.

Example A.3.4. Again take L = Fy/(T? + T + 1). Define a rank two Drinfeld module 6 by
Or =T+ (T+1)7+ (T +1)7% Then g = (T'+1) and A = (T +1). We again start by computing
€(0):

€(0) = (=1)*(Ng2(A))™" mod p
= (1)(Ng(T+1))"" mod p
=(((T+DH P =M)(T*+T*+T+1)"" mod p

= (1) t=1

This means that €(6) = 1 and b = T? + T + 1. Now, H(f) = g is found by the recursion formula

withgo=1land g, =T + 1:
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92 = —[2 = 1]goA” + g1g”
= —(T*=T)A)N(T + 1) +(T)(T+1)* mod p
=T+1 mod p.

Then v(a) = e()NE

Ap(T'+1) =T +1. Since degy(a) < |d/2], we know a = T'+ 1. Thus

P(X)=X*+(TH+ )X +p(T) =X+ (T+ )X +T*+T +1.

A.4 Isogenies

By Theorem 2.6.1, we now explain which of the above Drinfeld modules are isogenous. There
is an isogeny between the Drinfeld modules ¢ and 6 from Examples A.3.2 and A.3.4 respectively
because both have characteristic polynomial X2 + (T + 1)X + T? + T + 1. Neither is isogenous
over L to ¢ in Example A.3.3 because P;(X) = X?+T?+T + 1. We also know that ¢ in Example
A.3.1 is not isogenous to any of the others over the base field L = A/(T? + T + 1) because it
is defined over a different field entirely. However, all four examples are defined over fields with
the same algebraic closure. We may thus ask if there is a common field of definition over which
the Drinfeld modules become isogenous. The first observation is that Examples A.3.1 and A.3.3
are supersingular because the Hasse invariant vanishes. Even over an extension, these examples
cannot become isogenous to Examples A.3.2 and A.3.4, though they may become isogenous to

one another.
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Appendix B

Hensel’s Lemma

In this appendix, we give more details about Hensel’s Lemma. The first result stated, also
referred to as Hensel’s lemma allows us to find roots of polynomials given approximate roots,

much in the way we use Newton’s method to approximate roots in calculus.

Lemma B.0.1 ( [8]). Let R be a complete ring with respect to the ideal w, and let f(x) € R|x]
be a polynomial. If a is an approximate root of f, in the sense that f(a) =0 mod f'(a)*w, then
there is a root b of f near a, in the sense that f(b) = 0andb = a mod f'(a)w. If f'(a) is a

non-zero-divisor in R, then b is unique.
The proof of this lemma is a consequence of the following properties of power series rings.

Theorem B.0.2. /8, Theorem 7.16] Let R be any ring and S an R-algebra that is complete with

respect to some ideal n. Given fi,--- , f, € n:

(a) There is a unique R-algebra homomorphism

sending x; to f; for each i. The map ¢ takes a power series (1, -+ ,xp)t0 g(f1,-+ , fn) € S.
(b) If the induced map R — S/n is an epimorphism and fy,--- , f, generate n, then ¢ is an
epimorphism.

(c) If the induced map of associated graded rings

gro: Rlry, -z, & gr(mlj,.,’mn)R[[xl, s x)] = grS
is a monomorphism, then ¢ is a monomorphism.
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The proof is given explicitly in [8, Theorem 7.16]. For (a), we combine the universal properties
of the polynomial ring, the quotient, and the inverse limit to obtain the result. The hypotheses of

(b) imply that the map

(z1,-- ,20)/ (21, ,2,)* — n/n?

is surjective, further implying that the induced map gry : gr(, .., R — gr,S is surjective. Using
the surjectivity of gry, together with the completeness of S, for any g # 0 in S, we can construct
an infinite sequence of g; € (21, -+ ,x,)""7, where i is the largest number such that g € n’, such
that p(>2, g;) = g. Finally, for (c), take any g # 0 in R[[x1,--- ,z,]], and suppose d is the
greatest number such that ¢ is in the degree d part of the associated graded ring. Then in(g) := ¢

d+1

mod (z1,- -+ ,,)%"! is nonzero. We also have that ¢(g) = gre(in(g)) mod n®*!. Since the map

on associated graded rings is injective, gry(in(g)) is also nonzero in the degree d part of gr, S, so

¢(g) #0in 5.

Corollary B.0.3. [8, Corollary 7.17] Let f € xR[[z]] be a power series. If  is the endomorphism

v Rzl — Rl[«]],

x> f,

which is the identity on R and sends x to f, then y is an isomorphism if and only if f'(0) € R*.

Suppose f'(0) = w is a unit in R. The associated graded ring is gr, R[[z]] = R[z], and
the induced map gry : R[z] — R[z] is defined by grp(z) = wx. Since u is a unit, this is an
isomorphism. By Theorem B.0.2, this implies ¢ is injective. We can also write f = ux + ha? =
(u+ hx)z for some power series h in R[[z]]. Since u+hx is a unitin R[[z]], f is a generator of (z).
Since the induced map R — R[[z]]/(x) is surjective (b) of B.0.2 implies that ¢ is also surjective.

Alternatively, we observe that ¢ preserves the set of elements of R[[x]] not in (), so because ¢ is
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an isomorphism, ¢((x)) = (z). This implies f is a generator or (z), so f+ (x)? generates (z)/(z?).
Because f = f/(0)z( mod (z?)), f'(0) is a unit in R. This proof is in [8, Corollary 7.17].

We can now return to the proof of Lemma B.0.1, as in [8]. Let f’(a) = e. We choose h(zx) so

fla+ex) = fla)+ f'(a)ex + h(z)(ex)* = f(a) + e*(x + 2*h(x)). (B.1)

We know x + 22h(x) = x(1 + h(x)) is a generator of the ideal (z) in R[[x]], so condition (a) of
Theorem B.0.2 implies there is a unique homomorphism ¢ : R|[[z]] — R|[[x]] defined by p(z) =
z + x*h(z). Further, & (z + 22h(x))|,—0 = 1 is a unit, so ¢ is an isomorphism with inverse ¢!

taking = + x*h(z) to = by Corollary B.0.3. Applying the inverse map to (B.1) yields

fla+ep™(x)) = f(a) + €’z (B.2)

We assumed that a is an approximate solution to f(z), meaning f(a) = 0 mod f’(a)*w. Equiv-
alently, f(a) = c - e for some ¢ € w. Theorem B.0.2 again implies there is a unique algebra

homomorphism ¢ taking x to —c. This homomorphism applied to Equation (B.2) gives

fla+ev(p~!(z)) =0. (B.3)

Then b = a + ey (p(x)) is the desired root. The proof that f'(a) being a nonzero divisor implies
that b is unique again invokes the uniqueness of a homomorphism given by Theorem B.0.2, but the
details are left to the reader. By similar proof techniques, Hensel’s Lemma may be extended to a

system of equations in many variables.

Lemma B.0.4 (Hensel’s Lemma, [5,8]). If (a1, - ,a,) € R" is an approximate solution to the

system of equations f;(x) = 0 in the sense that f;(ai, -+ ,a,) =0 mod w fori = 1,--- n,
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and the determinant of the Jacobian matrix at (ay, - - - ,a,) is a unit in R, then there is an actual

solution (by,--- ,b,) € R" of the equations such that each b; differs from a; by an element of w.

Bourbaki explicitly describes a similar result for systems of equations for which the Jacobian

matrix is not square [5, Corollary 111.4.5.2].

Corollary B.0.5 (Hensel’s Lemma for non-square systems ). Let A be a ring and m an ideal of
A such that (A, m) satisfies Hensel’s conditions. (That is w is closed in A and its elements are
topologically nilpotent.) Let r,n be integers such that 0 < r < n and f = (fra1, -, fn) isa
system of v — 1 elements of A[ Xy, -+, X,]; let J}n_r) ()Z ) denote the determinant of the Jacobian
matrix of M f()? ) consisting of the columns of index j such thatr +1 < j < n. Letd € A"
be such that J](?"_T)(Ei) is invertible in A and f(@) = 0 mod m"~". Then there exists a unique

—

= (x1, -+ ,2,) € A" suchthatx + k = ay for | <k <randZ=d mod m" and f(¥) = 0.

In the simplest case of the p-adic integers, Conrad illustrates this idea in his proof of Hensel’s
Lemma for a single variable polynomial [6]. Given the approximate root a to f(z) € Z,[x], such
that f'(a) # 0 mod p, we can construct the unique root b in Z, as a limit of solutions a,, modulo

p". The following argument uses the same ideas in Conrad’s notes to lift solutions to a system of

polynomials over A, mod [* to solutions mod ¥ of Let f1,-- - , f;in A([z1, -+, z,,]. Suppose
a = (ay, -+ ,ay) is a solution to the system

f@) =0
modulo [ where f is the vector of functions fi,--- , f;. We want to lift @ to a solution b =
(by, -+ ,b,) modulo [*+1. That is f;(b) = 0 mod **! forall 1 < i < tand b; = a; mod ¥

for all 1 < j < n. The second condition is true if and only if b; = a; + Ikcj for some c¢; in the

residue field A/I. The Taylor expansion of the system centered at @ evaluated at b is

f®) = f(@ + J(@®—a) +O((b —a)?).
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Since b — @ = ¢l*, the higher order terms all have a factor of at least [*t!, so b is a solution
g

mod [¥+1if and only if

f(b) = f(a)+ J(@)("e) =0 mod [F

if and only if

[ik_(a) +J@) (@) =0 mod L. (B.4)

By the assumption that f(@) = 0 mod [¥, we know each entry of [l,j(ﬁ) is an [-adic integer. The
assumption that X" is smooth implies that the Jacobian has non-zero rank, i.e., there is a solution to
the system of Equation (B.4). Since ¢ has n-entries, there are |[|" choices for ¢. This result can be

further refined for systems which are not necessarily smooth [5, Corollary 111.4.5.3].

Corollary B.0.6. (Hensel’s lemma for non-smooth systems) With the notation of B.0.5, let a € A™;
let e = JJ(Fn_T) (@) be the determinant of the Jacobian matrix (not necessarily invertible in A) and
suppose f (@) =0 mod e*m™". Then there exist n—r formal power series without constant term

¢ (r+1<i<n)in A[[Xy,---,X,]] such that, for all f= (ty,--- ,t,) €m’,

filar + €, - ar + €ty + edrir (), an +egy(t)) =0
forr+1<i<n.
For smooth schemes, the result is stated as follows.

Lemma B.0.7 (Hensel’s Lemma). Let X be a smooth scheme of dimension n, over a complete
local ring Ay, with maximal ideal |. Each point modulo I* lifts to exactly |I|" solutions modulo 1F1.

That is

H#X(AJFTLA) = ||"F 4 X (A/IA). (B.5)
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