
DISSERTATION

COUNTING ISOGENY CLASSES OF DRINFELD MODULES OVER FINITE FIELDS VIA

FROBENIUS DISTRIBUTIONS

Submitted by

Amie M. Bray

Department of Mathematics

In partial fulfillment of the requirements

For the Degree of Doctor of Philosophy

Colorado State University

Fort Collins, Colorado

Spring 2024

Doctoral Committee:

Advisor: Jeffrey Achter

Maria Gillespie

Alexander Hulpke

Shrideep Pallickara

Rachel Pries



Copyright by Amie Bray 2024

All Rights Reserved



ABSTRACT

COUNTING ISOGENY CLASSES OF DRINFELD MODULES OVER FINITE FIELDS VIA

FROBENIUS DISTRIBUTIONS

Classically, the size of an isogeny class of an elliptic curve – or more generally, a principally

polarized abelian variety – over a finite field is given by a suitable class number. Gekeler expressed

the size of an isogeny class of an elliptic curve over a prime field in terms of a product over all

primes of local density functions. These local density functions are what one might expect given

a random matrix heuristic. In his proof, Gekeler shows that the product of these factors gives the

size of an isogeny class by appealing to class numbers of imaginary quadratic orders. Achter,

Altug, Garcia, and Gordon generalized Gekeler’s product formula to higher dimensional abelian

varieties over prime power fields without the calculation of class numbers. Their proof uses the

formula of Langlands and Kottwitz that expresses the size of an isogeny class in terms of adèlic

orbital integrals. This dissertation focuses on the function field analog of the same problem. Due

to Laumon, one can express the size of an isogeny class of Drinfeld modules over finite fields

via adèlic orbital integrals. Meanwhile, Gekeler proved a product formula for rank two Drinfeld

modules using a similar argument to that for elliptic curves. We generalize Gekeler’s formula to

higher rank Drinfeld modules by the direct comparison of Gekeler-style density functions with

orbital integrals.
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Chapter 1

Introduction

In the early 20th century, number theorists developed the theory of algebraic curves over finite

fields. Artin began attaching zeta functions to specific curves over finite fields, leading to Hasse and

Weil proving the analog of the Riemann Hypothesis for general curves. This was an early milestone

in arithmetic geometry [15]. Similarly, Carlitz began studying curves over function fields. Instead

of attaching zeta functions to these curves, he attached to them an exponential function, and as a

result, defined what is now called the Carlitz module. By the 1970s, Hayes and Drinfeld began

independently working with the Carlitz module to develop explicit class field theory for function

fields through a generalization of the Carlitz module, now called Drinfeld modules, which, in the

function field case, play the role of elliptic curves in more classical number theory [28, Ch. 12,

13]. The Carlitz module is a Drinfeld module of rank one and is analogous to cyclotomic number

fields in classical number theory. Similarly, Drinfeld modules are analogous to elliptic curves.

On the other hand, in Drinfeld’s 1974 paper, Elliptic modules, he described a modular variety for

Drinfeld modules, which became a key player in the geometric Langlands program. In particular,

the cohomology of this Drinfeld modular variety is related to automorphic forms [7, 15].

The analogy between elliptic curves and Drinfeld modules is deep and far-reaching – from

construction to classification by isogeny, the story of Drinfeld modules runs parallel to that of

elliptic curves. In the case of elliptic curves over finite fields, the trace of Frobenius is a complete

invariant under isogeny. Specifically, the Frobenius endomorphism of an elliptic curve E over

Fq has a characteristic polynomial of the form f(T ) = T 2 − aT + q where |a| ≤ 2
√
q. The

coefficient a is called the trace of Frobenius, and it counts the number of Fq rational points of

E via the equation a = q + 1 − #E(Fq) [31, p. 143-144]. Any two elliptic curves having the

same characteristic polynomial of Frobenius are isogenous. Therefore, counting the number of

elliptic curves in a given isogeny class over Fq is equivalent to counting elliptic curves over Fq

having coefficient a in the linear term of the characteristic polynomial of Frobenius. In 2003,
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Gekeler proved a product formula giving the size of an isogeny class for an elliptic curve over Fp

for some prime p using a random matrix model. The formula is a product over primes ℓ of Z,

where for each prime we ask how often does a two-by-two matrix over Zℓ have as its characteristic

polynomial the characteristic polynomial of Frobenius [11]? Gekeler’s formula is the result of

relating the weighted cardinality of an isogeny class with class numbers of imaginary quadratic

orders over Z and expressing them through the analytic class number formula. This gives the size

of an isogeny class in terms of an L-function, which through Euler expansion gives a product of

local terms. Gekeler then goes on to interpret each factor as a local density function to arrive at his

final product formula.

Later in [2], it was shown by Achter and Gordon that we can arrive at the same product formula

using orbital integrals. This proof is more conceptual in nature. It comes from Langlands’ method

for relating the cohomology of a Shimura variety to automorphic forms. One tool in the Langlands

program is a formula for the size of an isogeny class as a product of adèlic orbital integrals. Achter

and Gordon use this result to arrive at their formula by relating Gekeler’s numbers to geometric

orbital integrals. They then give the relationship between geometric and canonical measures to

obtain a formula in terms of canonical orbital integrals. Special consideration is given to the

primes at infinity and p, where p is the characteristic of the base field. The product formula can be

generalized to higher dimensional abelian varieties using Kottwitz’ method for higher dimensional

Shimura varieties [1].

Since Drinfeld modules are the function field analog of elliptic curves, we aim to retell this

story, with the goal of counting the size of an isogeny class for a Drinfeld module over a finite

field. Again, two Drinfeld modules are isogenous if they have the same characteristic polyno-

mial of Frobenius. In 2008, Gekeler proved a new product formula, this time giving the size of

an isogeny class of a rank two Drinfeld module [12] over a finite field Fq[T ]/p. As before, this

formula makes use of the probability a random matrix has a given characteristic polynomial. Alter-

natively, Drinfeld (for rank two) and Laumon (in general) prove that the size of an isogeny class of

Drinfeld modules over finite extensions of Fq[T ]/p is given via adèlic orbital integrals. In Chapter
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2, we review the definitions of Drinfeld modules and discuss isogeny invariants. In Chapter 3, we

describe Gekeler’s product formula in more detail. In Chapter 4, we review measures on orbits

in GLr necessary for understanding Laumon’s formula for the size of an isogeny class, which is

provided in Chapter 5. In Chapter 6, we generalize Gekeler’s product formula to ordinary rank

r Drinfeld modules by direct comparison to adèlic orbital integrals. We define the local Gekeler

ratios

vl(γ0) := lim
d→∞

lim
n→∞

#Q(d,n)(γ0)

#SLr(Al/ln)/|l|n(r−1)

at each finite place, and

v∞(γ0) = |D(γ0)|1/2∞
ρT · | coker(α)| · f(E∞̃/K∞)

qr · L(1, σT) · voldωT,∞
(T(K∞)c)

at the infinite place. We then prove the following theorem.

Theorem A. Let φ be an ordinary rank r Drinfeld module over the finite field L of degree m over

A/p. Let γ0 ∈ GLr(Fq[T ]) be a matrix with the same characteristic polynomial as φ. The weighted

size of the isogeny class of φ is

h∗φ(L) = |p|
m(r−1)

2 v∞(γ0)
∏

l

vl(γ0).

After this, we demonstrate that when restricted back to the rank two setting, we exactly recover

Gekeler’s product formula. One major benefit of our proof is that it generalizes Gekeler’s result

even in the rank two setting to fields larger than Fq[T ]/p.

It is also worth noting that Gekeler’s product formula for rank two Drinfeld modules is stated

for arbitrary Drinfeld modules rather than just ordinary ones. Although we deal only with ordinary

isogeny classes for the purposes of this paper, Laumon’s adèlic orbital integral formula for the size

of an isogeny class holds for any Drinfeld module. It is therefore reasonable to expect that small

adjustments to our argument will generalize our formula to arbitrary rank r Drinfeld modules.
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1.1 Preliminaries

The notation in this paper follows that of Gekeler in [12].

A = Fq[T ], the polynomial ring over a finite field of characteristic p;

K = FracA = Fq(T ), the quotient field of A;

K∞ = Fq((T
−1)), the completion of K at infinity;

p = A fixed prime ideal of A.

L = A field provided with structure of an A-algebra by γ : A→ L.

This means L is either an extension of K or of A/p,

in which case, γ is the mod p-map.

In this paper, we will typically take L to be a degree m extension of A/p, a degree d extension

of Fq. The completion above is taken with respect to the corresponding absolute value at infinity.

This is denoted by | · |∞ or | · |, and is defined as |a|∞ = #(A/a) = qdeg(a) for a ∈ A. By an

abuse of notation, | · |may also be the extension of the absolute value of infinity in K, K∞ or some

other extension of K. We will also use the l-adic absolute value for a prime ideal of l of A. These

absolute values are defined by |a|l := q− ordl(a) for prime ideals l of A. Here, the∞-adic valuation

of an element a ∈ A is given by ν∞(a) := − degT (a) while the l-adic valuation of an element a is

νl(a) = ordl(a).

Remark 1.1.1. We use the notation v for an arbitrary place of K and the notation l for an arbitrary

place of K away from∞.

A Drinfeld A-module over L gives an A-structure to the endomorphism ring EndL(Ga) of the

additive group scheme Ga over L.
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As a scheme, Ga is the affine line over L, or Spec(L[X]). Since specifying a map of schemes

is equivalent to specifying a map on their underlying rings in the opposite direction, the group

structure on Ga is given by the maps

m̃ : L[X]→ L[X]⊗L L[X],

X 7→ X ⊗ 1 + 1⊗X;

ĩ : L[X]→ L[X],

X 7→ −X;

ẽ : L[X]→ L,

X 7→ 0.

An endomorphism of Ga is a map from Ga to itself respecting this group structure. In particular,

we can identify an endomorphism f with an additive polynomial by considering the underlying

map on L[X]. In this way, we identify EndL(Ga), with Ladd[X], where Ladd[X] denotes the ring

of additive polynomials in X.

Since L has positive characteristic, the set of additive polynomials not only includes polynomi-

als of the form f(X) = aX for a ∈ L, but also the Frobenius map given by τ : X → Xq. By addi-

tion and composition, each element of Ladd[X] is of the form f(X) = a0X + a1X
q+ · · ·+ anX

qn

for a ∈ L [28, Proposition 12.2]. After a change of variables from Xq to τ , Ladd[X] is isomorphic

to the twisted polynomial ring L{τ} with addition and multiplication subject to the commutation

rule τa = aqτ . Therefore, a DrinfeldA-module over L gives anA-structure to EndL(Ga) ∼= L{τ}.

Definition 1.1.2. Each non-zero element f inL{τ} can be written uniquely as f = fs◦τht(f) where

fs is separable, i.e., has a non-zero constant coefficient. We call the number ht(f) the height of f.

Remark 1.1.3. It is important to note that the theory of Drinfeld modules was developed in a

more general setting. Specifically, K could be a more complicated function field with A the ring

of elements regular away from a place [10, Section 1]. For our purposes, we continue with the

assumption that K = Fq(T ) is the function field of the projective line.
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Chapter 2

Drinfeld Modules over Finite Fields

2.1 Definition

Recall that L is an A-algebra via the map γ : A → L. Following [12, (1.2)], we define a

Drinfeld A-module.

Definition 2.1.1. A Drinfeld A-module1 φ over L is a map φ : A→ L{τ} defined by

φ : A→ L{τ},

a 7→ φa,

such that φa = γ(a) +
∑

i≥1

li(a)τ
i.

The image

φT = γ(T ) +
∑

1≤i≤r
li(T )τ

i

completely determines φ. The rank of φ is the degree in τ of φ(T ), so lr(T ) is assumed to be

non-zero.

Definition 2.1.2. The characteristic of a Drinfeld A-module φ, char(φ), is defined to be the prime

ideal p = ker(γ) of A. If p = (0) then φ is said to have generic characteristic, otherwise φ has

positive characteristic [24, Definition 2.2].

Remark 2.1.3. Because L has positive characteristic p, φ is injective. This is true regardless

of whether φ has positive or generic characteristic [24, Section 2.3]. Since we are interested in

1In this text, we often use the phrase, “Drinfeld module,” in place of the more precise language, “Drinfeld A-module.”

All Drinfeld modules discussed are A-modules.
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Drinfeld modules over finite fields, i.e., when L is a finite extension of A/p, all Drinfeld modules

in this paper have characteristic p.

2.1.1 Morphisms

Let φ and ψ be Drinfeld modules over L. Because a Drinfeld module is an A-module structure

on the additive group scheme Ga over L, a morphism of Drinfeld modules must be a morphism of

Ga commuting with the A-module structures associated with φ and ψ [10, (1.1)].

Definition 2.1.4. A morphism between Drinfeld modules φ and ψ is an element u of End(Ga)

such that u ◦ φa = ψa ◦ u for all a in A; i.e., the following diagram commutes.

Ga Ga

Ga Ga

φa

u u

ψa

An isomorphism of Drinfeld modules is an invertible morphism.

Recall that L{τ} is a subset of the set of endomorphisms of the additive group scheme over L

subject to τc = cqτ . Since φa and ψa are elements of L{τ} and u commutes with the A-structures

on φ and ψ, we have that u must be in L{τ} ⊂ EndL(Ga).

Definition 2.1.5. The kernel ker(u) of a morphism u : φ→ ψ is the kernel of the underlying map

from Ga to itself. As such, the ker(u) is a group scheme.

Definition 2.1.6. An endomorphism of a Drinfeld module is a morphism from φ to itself, i.e., an

element of L{τ} so that u ◦ φa = φa ◦ u for all a in A. The set of endomorphisms

EndL(φ) := {u ∈ L{τ} : uφa = φau for all a in A}

is a ring under addition and composition.

We will study the endomorphism ring of Drinfeld modules in greater detail in Sections 2.1.2

and 2.3.
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Definition 2.1.7. An invertible endomorphism is called an automorphism. We denote the group of

automorphisms of a Drinfeld module over L by AutL(φ).

The group of automorphisms for a rank two Drinfeld module φ over a finite field L defined by

φT = γ(T )gτ +∆τ 2 is given by

AutL(φ) =





F∗
q if g 6= 0 or L doesn’t contain Fq2 ,

F∗
q2 otherwise.

(2.1)

Definition 2.1.8. An isogeny is a non-zero morphism u : φ → ψ. If such a morphism exists, φ

and ψ necessarily have the same rank. Over the algebraic closure, an isogeny u : φ(L) → ψ(L)

is surjective such that ker(u)(L) is finite. The notation φ(L) means the A-module structure on

EndL(Ga) induced by φ : A→ L{τ}.

Isogeny is an equivalence relation on the set of all Drinfeld modules over a given A-field L, as

seen in the following proposition from [13, Proposition 2.5].

Proposition 2.1.9. Let φ and ψ be Drinfeld A-modules over any field L, and suppose there exists

an isogeny u : φ→ ψ. Then there exist an a ∈ A and an isogeny v : ψ → φ with vu = φa.

2.1.2 The Endomorphism Ring

Fix an arbitrary Drinfeld module φ over the finite field L. Let

EndL(φ) := {u ∈ L{τ} : uφa = φau for all a in A}

be the ring of endomorphisms of φ over L. We make the following observations. First, since φ is

injective, the image φ(A) can be identified with A in L{τ}. According to the ring homomorphism

properties of φ, we see that since A is commutative with respect to multiplication, the image

φ(A) is also. Equivalently, the image φ(A) is a commutative subring of the endomorphism ring

EndL(φ). Second, by definition, EndL(φ) is the centralizer of φ(A) in L{τ}. Third, End(φ)

8



absorbs the action of A via φ(A), so it is an A-algebra. Fourth and finally, since EndL(φ) ⊆ L{τ},

it is torsion free over L [15, Ch. 4.7].

For computational practice, we now consider a rank one Drinfeld module (also called the Car-

litz module) and examine its endomorphism ring.

Example 2.1.10. Let A be F4[T ] and fix the prime p = 〈T 2 + αT + 1〉. Let L = A/p ∼= F16 and

let φ be the Drinfeld module

φ : A→ L{τ}, (2.2)

a 7→ φa, (2.3)

defined by

φT = γ(T ) + τ = T + τ mod p.

Since an arbitrary element in A is of the form g(T ) = a0 + a1T + · · · akT k, with ai ∈ F4, an

arbitrary element in the image of φ is of the form φg(T ) = a0 + a1(T + τ) + · · · ak(T + τ)k. The

key here is that the coefficients are in F4, not F16.

Now consider an arbitrary endomorphism of φ, given by u =
∑j

i=0 liτ
i with li ∈ F16. By

definition, uφa = φau for all a ∈ F4[T ]. Expanding both sides according to the definition of

multiplication in L{τ} gives the equality

l0T + (l0 + l1T
4)τ + · · ·+ (li + li+1T

4i+1

)τ i+1 + · · ·+ lmτ
m+1

= T l0 + (l40 + T l1)τ + · · ·+ (l4m−1 + T lm)τ
m + l4mτ

m+1.

This implies that l4i ≡ li, for all i. Thus, each li is in F4, not F16. From here we conclude that

u ∈ φ(A), and thus φ(A) = End(φ). Since φ is injective, we really have End(φ) ∼= A.
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When φ is rank one, we easily see that End(φ) is a rank one (projective) A-module (see also

Example 2.3.4). More generally, if φ is a rank r Drinfeld A-module, its endomorphism ring is a

projective a A-module of rank ≤ r2 (see Theorem 2.3.3). To prove this, we need representations

of the endomorphism ring on the l-adic Tate module of φ. These representations also allow us to

define the characteristic and minimal polynomials of a Drinfeld module.

2.2 The Tate and Dieudonné Modules

2.2.1 The Tate Module

Fix a rank r Drinfeld module φ over L. The l-adic Tate module of φ is defined in terms of

l-power torsion submodules of φ.

Definition 2.2.1. [10, Page 189] Let a be an arbitrary ideal of A. The a-torsion submodule of φ is

aφ :=
⋂

a∈a
ker(φa).

By the definition of φa as an endomorphism of Ga, the a-torsion submodule is a group scheme.

We consider the L-points

aφ(L) =
⋂

a∈a
ker(φa(L)).

Via the image φ(A), aφ(L) is a finite A-module.

Theorem 2.2.3 (of Drinfeld) as stated in [13, Proposition 2.1] (in the case of L a finite field)

and [24, Theorem. 2.5] (in general) gives the structure of the torsion submodules of φ. The p-

torsion submodule of φ is explained in terms of the height of φ.

For each a ∈ A, let ht(φa) be the height of φa ∈ L{τ} as defined in Definition 1.1.2. Remark-

ably, the function a 7→ ht(φa) defines a valuation on A equivalent to the p-adic valuation. For the

purposes of this paper, we forego this explanation.
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Definition 2.2.2. Let φ be a Drinfeld module over a finite field L with characteristic p 6= (0) where

p has degree d. Then the height ht(φ) of φ is the number

ht(φ) :=
1

d
min{ht(φa) : 0 6= a ∈ p}.

This is an integer such that 1 ≤ ht(φ) ≤ r.

Theorem 2.2.3. Let L be the degree m extension of A/p. Fix a rank r Drinfeld module φ : A →

L{τ} over L with char(φ) = p 6= (0). Let a and b be coprime ideals of A. Then:

(a) The torsion submodule of the ideal ab is such that

abφ = aφ⊕ bφ.

(b) If a and p are coprime, then the a-torsion submodule aφ(L) is a free A/a-module of rank r.

(c) If a = pk, then the a-torsion submodule aφ(L) is a free A/a-module of rank r − ht(φ).

For the remainder of this section, we fix a prime l away from p and consider the l-power torsion

submodules of φ. Let liφ and ljφ be two l-power torsion submodules with i < j. Then there is a

surjection

fij : ljφ→ liφ

defined by the multiplication by lj−i map. These maps form an inverse system.

Definition 2.2.4. Fix a rank r Drinfeld module φ over a finite extension of A/p and a prime l 6= p.

Then the l-adic Tate module attached to a Drinfeld module φ over L is

Tl(φ) := lim←− lnφ(L).

This inverse limit naturally has the structure of an Al-module of rank r (see Theorem 2.2.3).

11



For any ideal a ⊂ A, the Galois group Gal(L : L) acts on aφ(L). However, since l and p are

coprime, the image φln is separable2 for all n ≥ 1. As an A-module, we have

lnφ(L) ∼= (A/ln)r.

Therefore, the group AutA( lnφ(L)) of automorphisms of lnφ over A is

AutA( lnφ(L)) ∼= GLr(A/l
n).

Even more, the separability of φln implies that lnφ(L) = lnφ(L
s), where Ls is the separable

closure of L. The Galois action commutes with the structure of lnφ(L) as an A/ln-module giving

the continuous representation

̟ : Gal(Ls : L)→ AutA( lnφ(L)) ∼= GLr(A/l
n). (2.4)

Since the inverse limit respects the above structures, there is an induced action of the Galois group

on Tl(φ) given by

̟l : Gal(L : L)→ AutA(Tl(φ)) ∼= GLr(Al).

Similarly, there is a natural ring representation of the endomorphism ring on the Tate module as

described in Section 2.3 [15, Ch. 4.10].

The following proposition is an important result about the Tate module we will use in Section

5.1; it states that isogenies between Drinfeld modules φ and ψ induce injective maps between their

l-adic Tate modules.

Proposition 2.2.5. ( [24, Proposition 3.4]) Let φ and ψ be Drinfeld A-modules over L. Then for

all prime ideals l of A different from∞ and p, the natural homomorphism

2The separability of φl also implies that as a scheme, lφ is étale.
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HomA(φ, ψ)⊗A Al → HomAl
(Tl(φ), Tl(ψ)) (2.5)

is injective.

Remark 2.2.6.

Define l∞φ to be the direct limit

l∞φ := lim−→ lnφ.

Then there is an equality

Tl(φ) = HomAl
(Kl/Al,l∞ φ(L)). (2.6)

This formulation of the Tate module is consistent with the definition of the Dieudonné module, the

p-adic analog of the Tate module.

2.2.2 The Dieudonné Module

We continue to work with a rank r Drinfeld module φ over L, the degree m extension of A/p.

In defining a module that keeps track of p-power torsion, one challenge comes from the fact that

the polynomial φp is not separable. As a consequence, as the p-power torsion submodules pnφ are

not as nice as schemes as the l-power torsion submodules of the previous section3. Dieudonné’s

theory accommodates for this obstruction. Following [23, Sections 2.4 & 2.5] and [3], we describe

the construction of the Dieudonné module of φ.

Let Kun
p be the maximal unramified extension of Kp and AA/p be the completion of its ring of

integers. The ring of integers has the property that AA/p/pAA/p = A/p. Similarly, let AL be (the

completion of) the ring of integers of the unique unramified degreem extension ofKp. The residue

field of AL is L. Let KL be the field of fractions of AL.

3In particular, they are not étale.
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The arithmetic Frobenius element F of Gal(L : A/p) is the m-th iterate of the qdegT (p)-power

map (this is the same as the map used later in Section 2.3.1). This Frobenius map lifts to Fp in the

Galois group Gal(KL : Kp).

Definition 2.2.7. ( [23, Definition 2.4.1]) A Dieudonné Ap-module over L is a free AL-module M

of finite rank endowed with an injective Fp-linear map f : M → M such that the cokernel of f

is of finite length over AL. We denote a Dieudonné Ap-module by the pair (M, f). The rank of

(M, f) is the rank of M as an AL-module. Similarly, a Dieudonné Kp-module over L is a finite

dimensional KL-vector space N endowed with a bijective Fp-linear map f : N → N . The rank of

(N, f) is the dimension of N as a KL-vector space. If (M, f) is a Dieudonné Ap-module over L,

then (Kp ⊗Ap
M,Kp ⊗Ap

f) is a Dieudonné Kp-module over L of the same rank.

Definition 2.2.8. ( [23, Definition 2.4.8]) For every n ≥ 1, let Pn be a finite group scheme over

L. Suppose also that Pn has the structure of an Ap-module. Via the inclusion A/p ⊂ Ap, we can

view the L points of Pn as an A/p-vector space. A p-divisible L-scheme in Ap-modules is a direct

system of the form

P = (P1
i1−→ P2

i2−→ P3
i3−→ · · · ) = lim−→Pn,

such that for each integer n ≥ 1, the following properties hold.

(a) As an L-scheme with the structure of an A/p-vector space, Pn embeds in to finitely many

copies of Ga over A/p.

(b) The L-scheme Pn is finite of dimension n · c over A/p for some integer c ≥ 0 independent of

n (and the order of Pn is qdegT (p)n·c).

(c) The sequence of Ap-modules

0 −→ Pn
in−→ Pn+1

[pn]−−→ Pn+1,

is exact.
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The integer c in (b) is called the rank of P .

There is an equivalence of categories between DieudonnéAp-modules and p-divisibleL-schemes

in Ap-modules [23, Corollary 2.4.14], which means for every p-divisible L subscheme, there is a

corresponding Dieudonné Ap-module. Given a p-divisible L scheme, let Hp be its corresponding

Dieudonné Ap-module.

The direct limit

p∞φ = lim−→
n

pnφ (2.7)

is a p-divisible L-scheme in Ap-modules of rank r [23, Lemma 2.5.1]. That is, each pnφ has

dimension n · r over A/p. The Dieudonné module of φ is the Dieudonné module attached to p∞φ

as a p-divisible L-scheme in Ap-modules.

Definition 2.2.9. For a Drinfeld A-module φ over L of rank r and characteristic p, the Dieudonné

Ap-module over L is the pair (Bp(φ), fφ,p) corresponding to the direct system (2.7), and fφ,p is the

map

fφ,p : Bp(φ)→ Bp(φ),

induced by Fp on pnφ. Over AL, Bp(φ) has rank r.

Remark 2.2.10. The standard notation for the Dieudonné module of φ is Hp(φ). Later, we use

HL(φ) to refer to the L-isogeny class of φ, so we instead denote the Dieudonné module by Bp(φ)

to avoid a confusing clash of notation.

The next lemma gives an important property of the map fφ,p.

Lemma 2.2.11. ( [23, Lemma 2.5.4]) The DieudonnéAp-module (Bp(φ), fφ,p) over L of a Drinfeld

A-module φ over L has the inclusions

pBp(φ) ⊆ fφ,p(Bp(φ)) ⊆ Bp(φ),
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and the equality

dimL(Bp(φ)/fφ,p(Bp(φ))) = 1.

2.3 The Endomorphism Algebra

The primary object of study in this section is the endomorphism algebra E := End(φ)⊗K of

a Drinfeld module φ. First, we use the l-adic representation of the endomorphism ring on the Tate

module to show that the endomorphism ring of a Drinfeld module is a projective A-module of rank

less than or equal to r2, and that End(φ) ⊗A K∞ is a division ring. Second, we demonstrate that

E is a central division algebra over K(F ), where F is the Frobenius endomorphism of φ.

To begin, the next lemma gives criteria for when an A-module is projective [13, Lemma 2.6].

Lemma 2.3.1. Let V be a K∞-vector space of dimension n.

(a) There exists a unique topology on V such that each one-dimensional subspace is topologically

isomorphic to K∞.

(b) Let H ⊂ V be an A-submodule which is discrete with respect to the above topology. Then H

is projective over A of rank at most n.

The first point is true because V ∼= Kn
∞. SinceA is discrete inK∞, induction on n gives the second

point [13, Lemma 2.6].

The next lemma is used in proof of Theorem 2.3.3, and induces a canonical l-adic representa-

tion of the endomorphism ring on the Tate module for a given Drinfeld module φ.

Lemma 2.3.2. Let a ∈ A \ p. Then the canonical representation

ia : End(φ)⊗ A/a→ EndA( aφ(L))

is injective.
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For each prime l, there is a canonical representation il induced on the l-adic Tate module, given

by

il : End(φ)⊗ Al → EndAl
(Tl(φ)) ∼= Matr(Al). (2.8)

The proof in [13, Lemma 2.7] shows that if an element u in End(φ) vanishes on aφ (i.e., comes

from the kernel of ia), then it is trivial in End(φ)⊗A/a because umust be an element in a·End(φ).

We now characterize the rank of the endomorphism ring as a projective A-module in the next

theorem [13, Theorem. 2.8].

Theorem 2.3.3. The endomorphism ring End(φ) is a projective A-module of rank less than or

equal to r2 (r = rank of φ), and End(φ)⊗A K∞ is a division ring.

Here we start by noting that E := End(φ)⊗AK is the ring of quotients of End(φ). The degree

map on End(φ) \ {0} taking an element u to − degτ (u) extends uniquely to a discrete valuation

w∞ on End(φ) ⊗A K. When restricted to K, the valuation w∞ agrees with the valuation ν∞ on

K. The topology on End(φ) induced by w∞ is discrete and agrees with the ∞-adic topology on

finite dimensional K-subspaces of E = End(φ) ⊗A K. Therefore, the valuation w∞ extends to

End(φ) ⊗ K∞. This together with the fact that E = End(φ) ⊗ K is a division ring implies that

End(φ)⊗K∞ is a division ring.

By Lemma 2.3.1, End(φ) is projective over A. For each K∞-subspace V of dimension n in

End(φ) ⊗K∞, we have that End(φ) ∩ V is projective of rank ≤ n. There are no K∞-subspaces

of End(φ) ⊗ K∞ having dimension larger than r2, otherwise we would contradict Lemma 2.3.2.

See [13, Theorem. 2.8] for more details.

Example 2.3.4. Let φ be a rank one Drinfeld module. Then End(φ) can either be a rank one

or rank zero projective A-module. However, it is not the zero-module since φ(A) ⊆ End(φ).

Therefore End(φ) ∼= A.

A few facts are central to the upcoming discussion on minimal and characteristic polynomial

rings, and the proof of Theorem 2.6.1.
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2.3.1 Central Division Algebra

Recall that L is the finite field of degree m over A/p. Since A/p is the degree d extension of

Fq, L has qn elements where n = d · m. Let F = τn : x 7→ xq
n

be the Frobenius morphism

of L. According to [10, Section 2], the Frobenius morphism F is also an endomorphism of the

fixed Drinfeld module φ over L (because F commutes with φ(A) in L{τ}). Define L(τ) to be the

division ring of fractions of L{τ}. This means that L(τ) need not be commutative but it is closed

under left and right multiplicative inverses. It is central of dimension n2 over Fq(F ), the field of

rational functions in Frobenius F [13, (3.2)]. Between Fq(F ) and L(τ) is E := End(φ)⊗K and

its commutative subfield K̃ = K(F ) generated by F . We have already seen in Theorem 2.3.3 that

E is a division ring of End(φ).

We have the following theorem as stated in [13, Theorem. 3.8] and illustrated in the subsequent

diagram using facts about the invariants of central division algebras and completions.

Theorem 2.3.5. Let K̃ = K(F ) be the subfield of E := End(φ)⊗K over K generated by F and

r1 = [K̃ : K] its degree. Then r/r1 is an integer r2 and E is a central division algebra over K̃ of

degree r22. There exists a unique place p̃ of K̃ that divides F and lies above the place p of K. The

place∞ of K has a unique extension ∞̃ to K̃. Then E splits at places l̃ of K̃ different from p̃ and

∞̃, with invariants 1/r2, −1/r2 at p̃ and ∞̃ respectively.

L(τ)

E = End(φ)⊗K

K̃

K Fq(F )

r22

r1 n/r2

2.4 Minimal and Characteristic Polynomials

Keeping the same notation from the previous section, we now define the minimal and charac-

teristic polynomials of φ, a rank r Drinfeld module over L, the degree m extension of A/p.

Definition 2.4.1. As an element of E, F must satisfy a unique monic polynomial Mφ(X) of min-

imal degree over A ⊂ K. We call Mφ(X) the minimal polynomial of φ.
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Definition 2.4.2. Let l 6= p be a prime of A. Let il(F ) ∈ End(Tl(φ)) be the image of F under the

representation il, as in (2.8). Let Pφ(X) ∈ A[X] be the characteristic polynomial of il(F ). Pro-

vided l 6= p, Pφ(X) is independent of the choice of l and is known as the characteristic polynomial

of φ.

The following theorem describes the constant term of the characteristic polynomial.

Theorem 2.4.3. ( [10, Theorem 5.1])

Let φ be a Drinfeld module over the finite field L, and let Pφ(X) be its characteristic polyno-

mial. Then, there is an equality of ideals

(Pφ(0)) = (p[L:A/p]).

In practice, we use the field norm maps attached to the extensions in Theorem 2.3.5 to compute

the minimal and characteristic polynomials of a Drinfeld module, as we see for rank two in Ap-

pendix A. We always refer to the norm maps by the extension from which they arise. For example,

NL
K is the norm map of the extension L over K. Presently, we need the composition of the reduced

norm NrdE
K̃

and the field norm N K̃
K . The next lemma relates the minimal and characteristic poly-

nomials more closely (as stated in [13, Lemma 3.13]). Notably, the characteristic polynomial is

the r2 power of the minimal polynomial, where r2 is the quotient of the rank of φ and the degree

of the extension of K̃ over K.

Lemma 2.4.4. Let u be an endomorphism of φ, and l 6= p a prime of A. Then

(a) (N K̃
K ◦NrdEK̃)(u) = det(il(u)),

(b) −v∞((N K̃
K ◦NrdEK̃)(u)) = (−r)−1 degτ ((N

K̃
K ◦NrdEK̃)(u)) = − degτ u,

(c) Pφ(X) =Mφ(X)r2 .

Remark 2.4.5. Here, (b) is stated assuming we have fixed∞ = 1/T. In general, if∞ is a prime of

degree d∞,we have−v∞((N K̃
K ◦NrdEK̃)(u)) = (rd∞)−1 degτ ((N

K̃
K ◦NrdEK̃)(u)) = (d∞)−1 degτ u.

19



2.5 Newton Polygons

In [27], Poonen defines supersingular and ordinary Drinfeld modules in terms of the New-

ton polygon of the characteristic polynomial at p. Recall that for a polynomial P (X) = arx
r +

ar−1X
r−1 + · · · a1X + a0, to construct the Newton polygon, we plot the points (i, vp(ai)). The

Newton polygon is the convex hull of these points. The slopes of the convex hull characterize the

p-adic valuations of the roots of P (X). If the Newton polygon of P (X) has a segment with slope

of −s, P (X) has a root with p-adic valuation s. If P (X) has a root of multiplicity e and valuation

s, there are e segments of slope −s in the Newton polygon.

Fix a rank r Drinfeld module φ over the finite field L (a degree m extension of A/p) with

characteristic polynomial Pφ(X) = Xr−ar−1X
r−1+ · · ·+(−1)kar−(1+k)X

r−(1+k)+ · · · (−1)ra0
(viewed as a polynomial in A[X]). By Theorem 2.4.3, we know a0 = ±pm is a generator of the

ideal (pm).

Definition 2.5.1. We say φ is ordinary if a1 is non-zero modulo p. Since the leading coefficient is

one, the Newton polygon of an ordinary Drinfeld module takes the shape in Figure 2.1.

Definition 2.5.2. We say that φ is supersingular if Pφ(X) ≡ Xr mod p.

Remark 2.5.3. Notice that if r = 1, the only characteristic polynomial is Pφ(X) = X, which

implies φ is both ordinary and supersingular. If r = 2, the characteristic polynomial of φ is of the

form Pφ(X) = X2 − aX + b, so may φ may be either ordinary or supersingular, but not both. If

r ≥ 3, φ could be ordinary, supersingular, or neither. See [10, 15] for equivalent descriptions of

supersingular Drinfeld modules.

Remark 2.5.4. Observe that if φ is ordinary, the Newton polygon of Pφ(X) has exactly one seg-

ment of slope −m, which means that Pφ(X) has exactly one root of p-adic valuation m. However,

Pφ(X) =Mφ(X)r2 as in Lemma 2.4.4. Since this root cannot be a repeated root, r2 = 1. By The-

orem 2.3.5, this means that the endomorphism algebra E = End(φ)⊗K of φ is the commutative

subfield K̃.
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x

y

(0,m)

(1, 0) (2, 0) · · · (i, 0) · · · (r, 0)

Figure 2.1: The Newton polygon of Pφ if φ is ordinary

Warning! 2.5.5. In Remark 2.5.4, we see that if φ is ordinary, it has a commutative endomorphism

algebra. The converse is not true. There are examples of Drinfeld modules with commutative

endomorphism algebras which are not ordinary. Goss shows this in Example 4.12.18 of [15]. Let

L = A/p = Fq[T ]/T be isomorphic to Fq. Suppose φ is a rank two Drinfeld over L determined

by φT = τ 2. Observe that the Frobenius endomorphism is F = τ , and [K̃ : K] = 2. By Theorem

2.3.5, the degree of the endomorphism algebra over K̃ is one, so Endφ ⊗ K is commutative. In

this case the characteristic and minimal polynomials are equal Mφ(X) = Pφ(X) = X2, and imply

that φ is supersingular. Here, φ is also not ordinary because a1 = 0.

In Appendix A, we include more examples of rank two Drinfeld modules and their character-

istic polynomials, which we compute using the method outlined in [12].

2.6 Isogenies

The next theorem allows us to classify Drinfeld modules up to isogeny completely using their

endomorphism algebras, characteristic polynomials, and minimal polynomials.

2.6.1 Classification

Theorem 2.6.1. Let φ and ψ be Drinfeld modules over L. The following are equivalent:

(a) φ and ψ are isogenous,

(b) EndL(φ)⊗A K and EndL(ψ)⊗A K are isomorphic K-algebras,
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(c) Mφ,L =Mψ,L,

(d) Pφ,L = Pψ,L.

The proof of this theorem can be found in [13, Theorem. 3.13] and [10, Theorem. 3.5]. It

follows the steps outlined below.

In summary, we know that (c) and (d) are equivalent because Pφ(X) = Mφ(X)r2 . Moreover,

Theorem 2.3.5 implies that r2 arising from φ is the same as r2 arising from ψ. To see that (a)

implies (c), let u : φ→ ψ be an isogeny and u−1 : ψ → φ its dual. By definition, for each a ∈ A,

uφa = ψau. (2.9)

The Frobenius endomorphism of φ, denoted F , must satisfy the minimal polynomialMφ(X) =
∑
aiX

i, which means Mφ(F ) =
∑
aiF

i = 0 ∈ A. We can view Mφ(F ) as an element of L{τ}.

Note F = τn, and ai is identified with φai via the isomorphism between A and φ(A). We have

Mφ(F ) =
∑

φaiF
i = 0.

But F is an endomorphism, so it commutes with φai for each ai, yielding

Mφ(F ) =
∑

F iφai = 0.

Now, apply the isogeny to Mφ(F ), giving u(Mφ(F )) = 0. On the right, we have u(Mφ(F )) =
∑
uF iφai . We also know that uF = Fu since F is an endomorphism of both φ and ψ, yielding

∑
uF iφai = 0. Using Equation (2.9), we obtain

∑
uF iφai =

∑
F iuφai =

∑
F iψaiu = 0.
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Ultimately, this implies thatMψ(F ) =
∑
F iψai = 0. By definition of the minimal polynomial,

this means Mφ(X) | Mψ(X). Meanwhile, the same argument on the dual isogeny u−1 : ψ → φ

implies Mψ |Mφ. Since both polynomials are monic, they must be equal, i.e., Mφ(X) =Mψ(X).

To see (c) implies (b), let φ and ψ be Drinfeld modules with equal minimal polynomials. Since

the minimal polynomials are equal, the commutative subfields of End(φ) ⊗K and End(ψ) ⊗K

generated by Frobenius (denoted K̃) are isomorphic. This isomorphism extends to an isomorphism

of End(φ) ⊗ K and End(ψ) ⊗ K by Theorem 2.3.5. Finally, to see that (b) implies (a), let α be

an isomorphism of the endomorphism algebras End(φ)⊗K and End(ψ)⊗K. Each End(φ)⊗K

and End(ψ) ⊗ K is a simple subalgebra of L(τ). The Skolem-Noether Theorem thus implies

that there is an invertible u in L(τ) such that α(f) = u ◦ f ◦ u−1 for each f in End(φ) ⊗K [13,

Theorem 1.4, 3.13]. Up to a central element, we may assume u ∈ L{τ}, so u defines an L-isogeny

u : φ→ ψ, [10, Theorem. 3.5].

Corollary 2.6.2. All rank 1 Drinfeld modules over a fixed A-field L are isogenous.

Proof. We know by Theorem 2.3.3 that End(φ) is a rank ≤ 1 projective A module, but φ(A) ∼= A

and φ(A) ⊆ End(φ). Therefore, End(φ) is a rank 1 projective A module – there is only one – and

condition (b) holds.

2.6.2 Isogeny Classes over Finite Fields

As we have already seen, we can specify an isogeny class by choosing a characteristic poly-

nomial. Following Gekeler’s notation, we denote an isogeny class for rank two Drinfeld modules

over A/p by H(a, b, p) having cardinality h(a, b, p). The weighted cardinality of an isogeny class

is given by

h∗(a, b, p) =
∑

φ∈H(a,b,p)

1

#AutA/p(φ)
, (2.10)

where AutA/p(φ) is the automorphism group of φ over A/p [12].
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Chapter 3

Gekeler’s Product Formula

3.1 Gekeler’s Results

In [12], Gekeler proved that the size of an isogeny class of a rank two Drinfeld module over

the “prime field” A/p is the product over primes of local density functions, which we call Gekeler

ratios. They are defined as follows.

Definition 3.1.1. For a fixed rank two Drinfeld module φ with characteristic polynomial of Frobe-

nius Pφ(X) = X2−aX+ b and endomorphism algebra E = End(φ)⊗K. By Theorem 2.3.5, the

place∞ of K does not split in E, which means E is a quadratic imaginary extension of K. Define

the local Gekeler ratio at l for each finite place l of K to be

vl(a, b) = lim
n→∞

#{γ ∈ Mat2(A/l
n) : tr(γ) ≡ a mod ln, det(γ) ≡ b mod ln}

#SL2(Al/ln)/|l|n(2−1)
. (3.1)

Gekeler defines an additional local factor at the infinite place in terms of the polynomial dis-

criminant ∆ := a2 − 4b of Pγ0(X) = X2 − aX + b by

v∞(a, b) =

∣∣∣∣
∆

b

∣∣∣∣
1/2





2

(q + 1)(q − 1)

q−1/2

q − 1





if∞





is unramified in E

ramifies in E




. (3.2)

Theorem 3.1.2. [12, Theorem 8.17] Let A/p be a finite field with characteristic other than two.

Let φ be a rank two Drinfeld module over A/p with characteristic polynomial Pγ0(X) = X2 −

aX + b. Let H(a, b, p) be the isogeny class of φ. Then the weighted size of H(a, b, p) is

h∗(a, b, p) = |p|1/2v(a, b)v∞(a, b), (3.3)
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where

v(a, b) =
∏

l

vl(a, b)

is the product over primes of the local Gekeler ratios.

Remark 3.1.3. This is the statement of Gekeler’s theorem assuming that A/p has characteristic

other than two. Gekeler addresses the case when A/p has characteristic two separately.

The Frobenius endomorphism generates an order C in E. Let B be the integral closure of A in

E. Then C is of the form

C = Bf = A+ fB, (3.4)

for some monic f ∈ A, called the index of C in B. Another order Bf ′ contains Bf if and only if

f ′ | f. Recall that a fractional ideal c of C is a non-zero, finitely generated C-submodule of E. A

fractional ideal c of C is a proper fractional ideal if the set

M(c) := {x ∈ B : xc ⊂ c}

coincides with C. We say two fractional ideals c1 and c2 are equivalent if and only if there is some

element e ∈ E× such that c2 = e · c1. Let H(C) be the set of equivalence classes of fractional

ideals of C with respect to this relation. Then H(C) has finite cardinality h(C), which is called

the class number of C. Similarly let Hprop(C) be the set of equivalence classes of proper fractional

ideals of C. This set also has finite cardinality, denoted hprop(C). Note that the unit group C× is

finite of order is (q2 − 1) when A/p contains Fq2 and (q − 1) otherwise.

Define the weighted number h∗prop(C) by

h∗prop(C) =
hprop(C)

#C× .

There is a relationship between h∗prop(C) and h∗prop(B) by
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h∗prop(C) = |f |
∏

l|f

(
1− χ(l)|l|−1

)
h∗prop(B), (3.5)

where χ is the Dirichlet character for E/K defined by

χ(v) =





1, if v is split,

−1 if v is inert,

0 if v is ramified.

(3.6)

We also define the weighted class number h∗(C) by

h∗(C) =
∑

c∈H(C)

1

#M(c)
.

One can show

h∗(C) =
∑

f ′|f
h∗prop(Bf ′). (3.7)

In combining Equations (3.5) and (3.7), we see that the weighted class numbers h∗(C) can be

written as a product over primes of local functions. The core of Gekeler’s proof is to show that the

weighted number

h∗(a, b, p) =
∑

φ∈H(a,b,p)

1

#AutA/p(φ)
(3.8)

is equal to h∗(C) [12, Proposition 6.8]. Combining this fact with (3.5) and (3.7) implies

h∗(a, b, p) = S(f, B)h∗(B), (3.9)

where
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S(f, B) =
∑

f ′|f
|f ′|

∏

l prime, and l|f ′

(
1− χ(l)|l|−1

)
. (3.10)

Gekeler then uses the analytic class number formula to give the size of an isogeny class in terms

of a Dirichlet L-Function.

Definition 3.1.4. The Dirichlet L-function attached to χ is the product

L(s, χ) =
∏

v

Lv(s, χ),

of local Dirichlet L-factors

Lv(s, χ) := (1− χ(v)|v|−s)−1. (3.11)

At s = 1, the product converges only conditionally.

The analytic class number formula says

h∗(B) = f(E∞/K∞)qgL(1, χ), (3.12)

where f(E∞/K∞) is the inertia degree of∞ and g is the genus of (the associated algebraic curve

of) E. Combining (3.12) with (3.9) implies that the weighted size of the isogeny class H(a, b, p) is

h∗(a, b, p) = f(E∞/K∞)qgL(1, χ)S(f, B). (3.13)

We can break up the Dirichlet L-function and the factor S(f, B) prime by prime. Let f =
∏

l l
ml(f) be the prime factorization of f. Then

S(f, B) =
∏

l

S(lml(f), B).

For all but finitely many l, the contribution of S(lml(f), B) is trivial. Then we have
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h∗(a, b, p) = f(E∞/K∞)qgL∞(1, χ)
∏

l prime of A

S(lml(f), B)Ll(1, χ). (3.14)

Finally, Gekeler computes these local L-factors prime by prime and interprets them as the local

density functions (3.1) and (3.2).

Remark 3.1.5. Gekeler’s formula actually relies on the weighted number

h∗(a, b, p) :=
∑

φ∈H(a,b,p)

(q − 1)

#AutA/p(φ)
.

As a result, his formula differs from the one stated here by a factor of (q − 1).

3.2 Generalizing to Higher Rank

Recently, Karemaker, Katen, and Papikian showed in [19, Theorem 5.3] that the number of iso-

morphism classes in an isogeny class of a Drinfeld module of any rank is bounded below by a sum

of class numbers, lending credence to the idea that Gekeler’s product formula should generalize to

higher rank Drinfeld modules. However, we recover Gekeler’s product formula and generalize it to

higher rank Drinfeld modules without appealing to class numbers. Instead, our method compares

Gekeler ratios4 directly to orbital integrals. Another upshot of our method is that our result holds

not only A/p, but also for any finite extension L over A/p. To accommodate this generalization,

we will use the notation Hφ(L) to represent the isogeny class of the Drinfeld module φ over L and

h∗φ(L) =
∑

ψ∈Hφ(L)

1

#AutL(ψ)
(3.15)

for its weighted cardinality.

Finally, just as Gekeler’s result requires separate treatment for fields with even characteristic,

the computation of our global factor does also. We omit this case in the comparison between our

formula and Gekeler’s for the purposes of this text.

4Or rather the generalization of Gekeler ratios to higher rank.
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Chapter 4

Measures on Reductive Groups and Their Orbits

In this chapter, we describe the relationship between different choices of measures on the orbit

of a regular, semisimple element γ0 in GLr(Kv) where v is an arbitrary place of K. This allows

us to explain the adèlic orbital integrals of Laumon’s formula in Chapter 5. More importantly,

converting between different measures allows us to relate Laumon’s adèlic orbital integrals to

Gekeler ratios for higher rank Drinfeld modules in Chapter 6.

For locally compact topological groups, Haar measure assigns a translation invariant volume to

subsets, unique up to scaling by a positive constant. Unfortunately, finding the correct conversion

factors between two Haar measures on groups over non-Archimedean local fields is not always

straightforward. One difficulty – addressed by Julia Gordon in [14] – arises from the two different

ways to normalize a measure on such a group. One may either work with a measure arising from a

specified differential form, or normalize a measure by specifying the volume of a specific compact

subgroup. The crux of the argument of the main theorem in Chapter 6 relies on correctly converting

between different normalizations of Haar measures on the orbit of a particular element in GLr. One

choice of measure on the orbit of γ0 – the geometric measure – comes from the description of the

orbit of γ0 via its characteristic polynomial. Alternatively, we can think of the orbit of γ0 as the

quotient of GLr by the centralizer of γ0. Because γ0 is regular and semisimple, its centralizer is an

algebraic torus. In both cases, we must understand v-adic integration on the algebraic group GLr.

In the second case, we must also understand measures on algebraic tori.

4.1 Volumes as Point Counts

As a first example of a volume form on a variety over a local field, consider the affine line A1

over Kv. The choice of coordinate x gives the differential form of top degree dx and associated

measure |dx|v such that for any subset S ⊂ A1, we have
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µ|dx|v(S) =

∫

S

|dx|v.

We declare that this measure gives volume one to the compact set Av. This is analogous to the

standard normalization of the measure dx on the affine line over R such that
∫ 1

0
dx = 1 [14].

Weil introduced p-adic integration on a d-dimensional variety V. As in the above example, he

defined a measure |dωV| on V over a local field in terms of a non-vanishing top degree differential

form. The volume of the set of integral points with respect to the measure |dωV| is related to a

point count. More generally, let X be a smooth scheme over Av and denote the residue field of Av

by A/v. In the introduction, we declared |v| := #A/v. Let ω be and a top degree non-vanishing

differential form over Av. Then the volume of X (A) with respect to the associated measure |dω|v
is

vol|dω|v(X (A)) =
#X (κKv

)

|v|dim(X )
. (4.1)

Thanks to Serre, Oesterlé, and Veys a similar relationship between volumes and point counts

applies to not necessarily smooth sets [32]. In particular, let Y be a closed analytic subset of Zrp

of dimension d and Yd be the open set of smooth points of Y of dimension d. Serre and Oesterlé

showed that there is a unique measure µSO (we call this the Serre-Oesterlé measure) on Y which is

concentrated on Yd. Let U ⊂ Yd be an open ball. The measure µSO is such that for any bianalytic

isometric bijection ϕ from U to a ball B of Zrp, the restricted measure µSO|U is the image of µ|B by

ϕ−1 where µ is the normalized Haar measure on Zdp. It turns out that for closed, but not necessarily

smooth subsets, the following result of Oesterlé holds.

Theorem 4.1.1 (Oesterlé, as stated in [32]). Let Y be a closed, analytic subset of Zrp of dimension

d. Take Nn(Y ) to be the cardinality of the image of Y under the natural map Zrp → (Z/pnZ)r.

Then

lim
n→∞

Nn(Y )

pnd
= µSO(Y ).
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Veys generalized (4.1.1) to arbitrary subanalytic sets in Zrp [32, Theorem 2.2]. We may replace Zp

in Theorem 4.1.1 with any complete local field.

Because volumes and point counts are intimately related, we recall Hensel’s Lemma for com-

plete rings, which allows us to lift roots of a polynomial modulo a prime to roots modulo higher

powers of the same prime. The proof, along with the generalization to non-smooth systems of

equations, is included in Appendix B.

Lemma 4.1.2 (Hensel’s Lemma). LetX be a smooth scheme of dimension d, over a complete local

ring Av, with maximal ideal v and residue field A/v. If |v| = #A/v, then each point modulo vn

lifts to exactly |v|d solutions modulo vn+1. That is

#X (A/vn+1A) = |v|nd#X (A/vA). (4.2)

4.1.1 Reductive Groups

As earlier stated, for locally compact topological groups, the choice of measure (or rather nor-

malization of the Haar measure) depends on the choice of differential form or a compact subgroup.

Locally compact groups have a canonical choice – for example, Av is the canonical compact

subgroup of the affine line over Kv. However, in a general reductive group, there may be more

than one conjugacy class of maximal compact subgroup, each giving rise to different normaliza-

tions [14, 2.3].

Even still, Gross defines a “canonical” top-degree differential form ωGLr on a reductive group

G over Kv analogous to the differential form dx on the affine line above [16]. When G is split over

the local field Kv, integrating the corresponding measure |dωGLr |v gives

∫

GLr(Av)

|dωGLr |v =
#GLr(κKv

)

|v|dim(G)
, (4.3)
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which coincides with the Serre-Oesterlé measure for smooth schemes. Observe that |dωGLr |v has

not been normalized to give volume one to the integral points, an important point in Proposition

6.3.1.

4.1.2 Tori

An algebraic torus is a reductive group with a canonical compact subgroup that can be used to

normalize the Haar measure.

Definition 4.1.3. Let K be any field with algebraic closure K. An algebraic torus over K is an

algebraic group T defined over K, which over K is isomorphic to a finite number of copies of the

multiplicative group. That is, there exists a number s ≥ 1 such that as algebraic groups,

TK
∼= Gs

m,K
.

We call s the the rank of T. For an extension K ⊂ E of K, we say that T is E-split if

TE = Gs
m,E.

Let T be an arbitrary torus with rank s over Kv. To define a differential form on T, we start

with a choice of coordinates on T. Equivalently, we choose a basis of the character group X∗(T).

Recall that the character group for an arbitrary reductive group is defined in the following way.

Definition 4.1.4. Let G be a reductive group over an arbitrary field K. Then the character group

X∗(G) of G is the group of representations

X∗(G) = {χ : GK → Gm,K}.
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For the rank s torus T, the character group X∗(T) is generated by s characters χ1, · · · , χs. If

T is Kv-split, this set of coordinates is defined over Kv, otherwise it is defined over the splitting

field of T. The top degree non-vanishing differential form is

ωT =
dχ1

χ1

∧ · · · ∧ dχs
χs

. (4.4)

The unique maximal compact subgroup of T(Kv) is

T
c = {t ∈ T(Kv) : |χ(t)|v = 1 for χ ∈ X∗(T)Kv

}.

The v-adic topology implies that Tc = T(Av). In [14], Gordon explains the volume of Tc with

respect to the measure |dωT|v coming from this differential form.

When T is the restriction of scalars of Gm, the volume depends on the ramification of the

extension. We recall the definition of restriction of scalars here.

Definition 4.1.5. LetE/K be a finite extension of fields and V a scheme overE. Then ResE/K(V )

is a functor from the category of K-schemes to the category of sets. Explicitly, let S be a K-

scheme. Then

ResE/K(V )(S) = V (S ×K E).

Under certain assumptions, ResE/K(V ) is representable. The variety that represents this functor is

called the restriction of scalars of V . The restriction of scalars of a commutative group variety G is

a commutative group variety over K of dimension [E : K] dimE(G). If G is a torus, ResE/K(G) is

again a torus. Explicitly, the restriction of scalars T = ResE/K(Gm) is a torus overK of dimension

[E : K], and ResE/K(Gm)(K) ∼= E×.

Let E/Kv be a degree two extension and T = ResE/K(Gm). The following result allows us to

compute volωT
(Tc) explicitly, provided that the characteristic of K is not two. We use this result

in Section 6.7 to compare our formula for the size of an ordinary isogeny class with Gekeler’s.
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Lemma 4.1.6. [14, Example 2.3] Let E/Kv be a degree two extension of fields having character-

istic other than two. Let |v| be the size of the residue field κKv
. Finally, let T := ResEv/Kv

(Gm).

Then

vol|ωT|v(T
c) =





(
|v|−1
|v|

)2

T split,

(|v|−1)(|v|+1)
|v|2 T non-split unramified,

(|v|−1)

|v|3/2 T non-split ramified.

(4.5)

More generally, the volume of T is related to the Artin L-function. We include the definition

here because it also appears in the Tamagawa measure in Chapter 6. Suppose for a moment that T

is an arbitrary torus over Kv with splitting field E. The Galois group Gal(E/Kv) naturally acts on

the group of characters X∗(T). The Galois group also acts transitively on the set of equivalence

classes of places in E over v. For a fixed extension w of v to E, the decomposition group is the

subgroup Galw ⊆ Gal(E/Kv) that stabilizes the equivalence class [w]. The inertia group is the

subgroup Iw ⊆ Galw of elements that act trivially on the residue field κEw
. Then there is an exact

sequence

1→ Iw → Gal(E/Kv)→ Gal(κEw
/κKv

)→ 1,

which gives a natural action of Gal(κEw
/κKv

) on the set X∗(T)Iw of inertia invariants of the

character lattice. Since the residue fields κEw
and κKv

are finite, the Galois group Gal(κEw
/κKv

) is

cyclic and generated by the Frobenius automorphism Frw of κEw
. Let dI := rank(X∗(T)Iw). The

action of interest is given by the representation

σT : Gal(κEw
/κKv

)→ AutZ(X
∗(T)Iw) ∼= GLdI (Z). (4.6)

Definition 4.1.7. The Artin L-factor at v associated with the representation σT is
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Lv(s, σT) = det

(
IdI −

σT(Frw)

|v|s
)−1

, (4.7)

where IdI is the identity matrix of size dI . The Artin L-function is the product

L(s, σT) =
∏

v

Lv(s, σT).

In a general setting such as this, there is another canonical compact subgroup T 0 of T. The

subgroup T 0 is defined by the (weak) Néron model of T, a scheme T over Av with generic fiber T.

Then theAv-points of the identity component provide a canonical compact subgroup T 0 of T(Kv).

Equipped with this model, Gross defines a canonical form ωcan
T

on T, which in general differs from

ωT, as described by Gross. This canonical measure is such that

vol|dωcan
T

|(T
0) =

#T 0
κKv

(Fq)

|v|dim(T)
= Lv(1, σT )

−1. (4.8)

We use this fact to obtain the volume of Tc with respect to the measure |ωT|v. There are two cases:

either T splits over an unramified extension of Kv, or it splits over a ramified extension. In the

former case, the subgroups T 0 and T
c coincide, so

vol|dωT|(T
c) = vol|dωcan

T
|(T

0) =
#T 0

κKv
(Fq)

|v|dim(T)
= Lv(1, σT )

−1. (4.9)

In the latter case, when T splits over a ramified extension of Kv, T
0 is a finite index subgroup

in T
c. Bitan computes this index in [4]. In this setting, we also need to multiply the canonical

measure by a factor of
√

∆E/K to obtain the measure dωT. Together, this implies

vol|dωT|(T
c) = [Tc : T 0]

√
|∆E/K | vol|dωcan

T
|(T

0). (4.10)
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4.2 Measures on Orbits of GLr

In this section, we describe two different methods for obtaining a measure on the orbit of

an element γ in GLr. As earlier mentioned, the first method is to identify the orbit of γ with

the quotient of GLr by the centralizer of γ. Explicitly, GLr acts on itself by conjugation. By

definition, this action is transitive on the conjugacy class, i.e., orbit, of γ. Thus, the conjugacy class

is identified with the quotient of GLr by the stabilizer of γ; however, this stabilizer is the centralizer

of γ. The second method works well for regular semisimple elements; the orbits of such elements

are determined by characteristic polynomial. We can construct a measure on such an orbit using

this identification. The resulting measure, called the geometric measure, is a convenient choice for

the purposes of this project because the local density functions in the style of Gekeler are written

in terms of characteristic polynomial.

We discuss only the setting for particular assumptions about γ needed in this work; it is a regu-

lar semisimple element of GLr, its centralizer is the restriction of scalars torus T = ResE/K(Gm)

for a degree r extension of K, and its characteristic polynomial has the desired Newton polygon

structure. We continue to work over the completion Kv for an arbitrary place v of K. As a set, the

orbit of γ ∈ GLr(Kv) is T(Kv)\GLr(Kv).

Definition 4.2.1. Let |dωGLr | and |dωT| be the measures from the respective top-degree non-

vanishing differential forms on GLr and T normalized as above. Then the quotient measure

|dωT\GLr | :=
|dωGLr |
|dωT|

(4.11)

is a measure on the orbit of γ identified with the quotient space T(Kv)\GLr(Kv).

4.2.1 The Geometric Measure

The geometric measure is constructed by decomposing the space GLr(Kv) according to char-

acteristic polynomials. Define c : GLr(Kv) → C(Kv) to be the characteristic polynomial map,

where C ∼= Ar−1 ×Gm is the space of characteristic polynomials. The canonical differential form

ωC on C corresponds to the product measure
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|dωC | = |dx1|v ∧ · · · ∧ |dxr−1|v ∧
|dt|v
|t|v

.

For γ0 regular and semisimple, the inverse image c−1(c(γ0)) is the orbit of γ0 under conjugation

because, in GLr, two regular elements are conjugate if and only if they have the same characteristic

polynomial. We define the differential form ωgeomc−1(c(γ0))
on the orbit so that the differential form ωGLr

on GLr factors as the wedge product

ωGLr = ωgeomc−1(c(γ0))
∧ ωC . (4.12)

Integrating |ωgeomc−1(c(γ0))
| defines a measure µgeomγ on the orbit of γ0 in GLr. Let

Pγ0(X) = Xr − ar−1X
r−1 + · · ·+ (−1)kar−(1+k)X

r−(1+k) + · · · (−1)ra0

be the characteristic polynomial of γ0. For each n ≥ 1, define a subset Ũn(γ0) ⊂ C by

Ũn(γ0) := {(br−1, · · · , b0) ∈ C : bi ≡ ai mod vn}.

With respect to the v-adic topology, Ũn(γ0) is a neighborhood of c(γ0). Then, c−1(Ũn(γ0)) is a

neighborhood of the orbit of γ0. Let B ⊆ Matr(Av) ∩GLr(Kv) be an open subset. Theorem 4.1.1

together with (4.12) gives that the volume of B ∩ c−1(c(γ0)) is

vol|µgeomγ |(B ∩ c−1(c(γ0)) = lim
n→∞

vol|dωGLr |(B ∩ c−1(Ũn))

vol|dωC |(Ũn)
. (4.13)

4.2.2 Orbital Integrals and Moving Between Measures

The present task is to explain how orbital integrals for these two measures differ.

Definition 4.2.2. Let ⋆ ∈ {µgeomγ , |dωT\GLr |} be a measure on the orbit of a regular semisimple

element γ ∈ GLr(Kv) and f a function on GLr(Kv) with compact support. Then the orbital

integral of f with respect to this measure is
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O⋆
γ(f) =

∫

T(Kv)\GLr(Kv)

f(h−1γh)⋆(h).

The relationship between measures depends on the specific orbit of interest. In general, the

measures differ by a factor involving the Weyl discriminant. The Weyl discriminant D(γ0) of a

regular semisimple element γ0 of a reductive group over an arbitrary field K is defined in terms of

its eigenvalues {λi ∈ K} in the standard representation. For GLr, we have

D(γ0) :=
∏

1≤i,j≤r,i 6=j

(
1− λi

λj

)
. (4.14)

With this definition, we can rewrite the Weyl discriminant in terms of the polynomial discriminant

∆γ0 of the characteristic polynomial Pγ0(X) of γ0. Since Pγ0 is monic with roots {λi ∈ K}, by

definition, ∆γ0 = (−1) r(r−1)
2

∏
i 6=j(λj − λi). Therefore,

D(γ0) =
∏

1≤i,j≤r,i 6=j

(
1− λi

λj

)
=

∏

i 6=j

1

λj
(λj − λi)

=
∏

i 6=j

1

λj
(λj − λi) =

∏

i 6=j

1

λj

∏

i 6=j
(λj − λi)

=
∏

j

(
1

λj

)(r−1) ∏

i 6=j
(λj − λi).

(4.15)

Since
∏

j(λj) = det(γ0), we have

D(γ0) = det(γ0)
−(r−1)(−1)− r(r−1)

2 ∆γ0 . (4.16)

To convert between the two orbital integrals, we use the relationship

Ogeom
γ0

(f) = |D(γ0)|1/2v | det(γ0)|
− r−1

2
v ·OdωT\G

γ0 (f), (4.17)

as explained in [14, Example 3.17] for the group GSp2r.
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Remark 4.2.3. We use (4.17) in the proof of Proposition 6.3.1. In that setting, there is a factor of

volµSO
GLr

(GLr(Av)) we omit here because we are working with an unnormalized measure on GLr.
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Chapter 5

Laumon’s Orbital Integral Formula

The broad motivating force behind Langlands’ program is the relationship between classical

algebraic number theory, such as Artin’s reciprocity and Galois groups of number fields, with the

theory of automorphic forms. One known result in Langlands’ program is that the cohomology of

Shimura varieties is related to automorphic forms over number fields. Many Shimura varieties pa-

rameterize isomorphism classes of abelian varieties with additional data, and all Shimura varieties

are determined by a reductive group. In the case of elliptic curves, Shimura varieties are classical

modular curves. Similarly, there is a Drinfeld modular variety, controlled by the reductive group

GLr(K), where K is a function field over a finite field. The proof that the cohomology of Shimura

varieties or Drinfeld modular varieties can be given in terms automorphic forms (developed by

Ihara, Langlands, Kottwitz, and others for abelian varieties, and Drinfeld and Laumon for Drinfeld

modules) is outlined by the following steps. First, use the Grothendieck-Lefschetz trace formula to

express the trace of the virtual modules coming from the cohomology group of the modular variety

in terms of a number of fixed points. Second, compare the fixed points with the geometric side

of the Arthur-Selberg trace formula. Third, compute the spectral side of the Arthur-Selberg trace

formula explicitly. Fourth, the identification between the two sides gives the desired description in

terms of automorphic forms. The result we are interested – that the size of an isogeny class can be

expressed in terms of orbital integrals – is a key tool used along the way. Specifically, in Chapter

Three of [23], Laumon uses Drinfeld’s description of the set of rank r Drinfeld modules of a given

positive characteristic to obtain a formula for the number of fixed points of the action of (a power

of) Frobenius and a Hecke correspondence on this set in terms of an adèlic orbital integral and a

twisted orbital integral. The “Fundamental Lemma” allows Laumon to replace the twisted orbital

integral with and ordinary one, although we state Laumon’s formula with twisted orbital integrals.

Drinfeld and Laumon gave their descriptions of an isogeny class with level structure, but following
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Langlands and Kottwitz for abelian varieties, we explain the adèlic orbital integral formula with

the trivial level structure.

5.0.1 The Adèles

Let A denote the adèles of K. The adèle ring of the function field K is the (restricted) product

over places v of completions Kv with respect to Av. That is, A is the set of tuples (av) where av is

in Kv for all places of K and in Av for almost all places. With the usual adèlic topology, generated

by restricted open neighborhoods
∏

v∈V Uv×
∏

v6∈V Av as V ranges over finite sets of places of K,

A is a compact ring. The topological group GLr(A) is the set of (tuples of) r × r matrices (gv)

where gv is a matrix in GLr(Kv) for all v and in GLr(Av) for all but finitely many places. The

topology on GLr(A) is induced by the topology on A. The ring of finite adèles Af is defined in the

same way, excluding the place at infinity. Define an open compact subring of Af by Â :=
∏

lAl.

Similarly, let A
p
f be the finite prime to p adèles, and Â

p its ring of integers.

Recall the notation from Section 2.2.2: Kun
p is the maximal unramified extension of Kp and

AA/p is the completion of its ring of integers with AA/p/pAA/p = A/p. Recall also that AL is the

ring of integers of the unique unramified degree m extension of Kp with residue field L and field

of fractions KL. Finally, recall that F is the arithmetic Frobenius automorphism of L with lift Fp

in Gal(KL : Kp).

5.1 Laumon’s Formula

In Theorems 2.6.1 and 2.3.5, we saw that the isogeny class of a Drinfeld module φ over a finite

field extension L of A/p is exactly determined by its endomorphism algebra E = End(φ) ⊗ K,

and that the center K̃ = K(F ) of E is a field generated by the Frobenius endomorphism of φ. We

also saw that there are unique places p̃ and ∞̃ lying above p and∞ of K in K̃. Finally, recall that

the field L has |p|m = qm deg(p) elements. The next proposition and corollary provide a convenient

algebraic method for indexing isogeny classes of Drinfeld modules. First, we need the following

definition.
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Definition 5.1.1. We say a pair (K̃,Π) where K̃ is a finite field extension of K and Π ∈ K̃ is a

Weil (K,∞, p)-pair of rank r over the finite field L if

(a) [K̃ : K] divides r,

(b) K̃ ⊗K∞ is a field,

(c) if | · |∞ is the natural extension of | · |∞ on K∞ to K̃ ⊗K∞, we have |Π|∞ = (qm deg(p))1/r,

(d) there exists one and only one place p̃ 6= ∞̃ of K̃ such that ordp̃(Π) 6= 0 and moreover p̃ divides

p (and ∞̃ is the unique place of K̃ over∞),

(e) K̃ is generated by Π over K.

Proposition 5.1.2. ( [23, Proposition 2.2.2.iv]) The map from the set of isogeny classes of Drinfeld

A-modules of rank r over L to the set of isomorphism classes of Weil (K,∞, p)-pairs of rank r

over L which maps the isogeny class of φ to the isomorphism class of (K(F ), F ) for the Frobenius

endomorphism F of φ is bijective.

With this proposition, we can name an isogeny class by naming an appropriate Weil (K,∞, p)-

pair. However, this identification is not sufficient for obtaining the double coset description of an

isogeny class we need. To each Weil (K,∞, p)-pair of rank r over a finite extension of A/p, we

can attach a (K,∞, p)-type, which is defined as follows.

Definition 5.1.3. Let (K̃, p̃) be a pair where K̃ is any finite field extension of K and p̃ is a place

of K̃ dividing p. We say that (K̃, p̃) is a (K,∞, p)-type of rank r if

(a) [K̃ : K] divides r;

(b) K̃ ⊗K K∞ is a field,

(c) K̃ = K(Π) for each integral element Π ∈ K̃ such that Π only has a zero at p̃, i.e., ord∞̃(Π) <

0, ordp̃(Π) > 0, ordõ(Π) = 0 for any place õ 6= ∞̃, p̃. (Note that ∞̃ is the only place of K̃

over∞.)
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Let (K̃, F ) be a Weil-(K,∞, p)-pair of rank r over a finite extension L ofA/p (perhaps coming

from a Drinfeld module with Frobenius endomorphism F ). For each integer s ≥ 1, consider the

field intermediate field K ⊂ K(F s) ⊂ K̃. Define K̃ ′ by

K̃ ′ := ∩sK(F s).

Then the (K,∞, p)-type of rank r attached to (K̃ ′, F ) is the pair (K̃ ′, p̃′), where p̃′ is the place of

K̃ ′ induced by p̃. The argument that this is indeed a (K,∞, p)-type is simple but irrelevant to the

current exposition. We refer interested readers to [23, Page 27].

Corollary 5.1.4. ( [23, Corollary 2.2.3]) There is a bijection between the set of isogeny classes of

rank r Drinfeld modules over A/p and the set of isomorphism classes of (K,∞, p)-types of rank

r. Moreover, if (F̃ , p̃) is the (K,∞, p) type associated to a Drinfeld module φ of rank r over A/p,

then End(φ) ⊗K K is the unique central division algebra over K̃ whose non-zero invariants are

−[K̃ : K]/r at ∞̃ and [K̃ : K]/r at p.

Let φ be a Drinfeld module over any finite field L̃ containing L. We can (bijectively) attach

φ to the Weil (K,∞, p)-pair (K(F ), F ) of rank r over L̃. This pair has the associated (K,∞, p)-

type (K̃, p̃) as above. The isomorphism class of (F̃ , p̃) is determined by the isogeny class of φ.

Indexing by (K,∞, p)-type not only gives a convenient naming scheme for isogeny classes but

also allows us to describe them via fixed points of the correct action on a double coset space.

Let H(K̃,p̃)(L) be the set of isomorphism classes of rank r Drinfeld A-modules over L in the

isogeny class corresponding to the type (K̃, p̃). Laumon expresses the weighted cardinality

h∗
(K̃,p̃)

(L) :=
∑

ψ∈H(K̃,p̃)(L)

1

#AutL(ψ)
(5.1)

of the isogeny class associated to (K̃, p̃) in terms of adèlic orbital integrals. Chapters 7 and 8

of [9] also provide a detailed outline of how to obtain the adèlic orbital integral formula with level

structure. Section 3 of [19] repackages parts of Laumon’s description for Drinfeld modules with

43



trivial level structure. In the case of abelian varieties, we refer to [29, Chapter 5], which is based

on Kottwitz’s formula in [20, 21].

Laumon begins by describing an isogeny class over A/p as a double coset space in GLr(A
p
f ).

Fix a rank r Drinfeld module φ0 with isogeny class corresponding to type (K̃, p̃) by specifying the

endomorphism algebra E = End(φ0)⊗AK. Let Eopp be its opposite ring. Let Fp be the Frobenius

map on Gal(KL : Kp) as in Section 2.2.2. Let Frobp be the geometric Frobenius automorphism of

L. Let

ǫp =




p 0 · · · 0

0 1 · · · 0

...
...

. . .
...

0 0 · · · 1




,

and define M to be the double coset GLr(AA/p)ǫpGLr(AA/p). Let hp be an arbitrary element of

GLr(KA/p). By Section 2.7 of [23], there is a Frobp-equivariant bijection between the double coset

space

(Eopp)×\[GLr(A
p
f )/GLr(Â

p)× ({hp ∈ GLr(KA/p) : h
−1
p ǫpFp(hp) ∈M}/GLr(AA/p))] (5.2)

and the isogeny class H(K̃,p̃)(A/p). This bijection relies on identifying isogenies with lattices in

the product of all the finite, prime to p, l-adic Tate modules and the Dieudonné Ap-module (see

Sections 2.6 and 2.7 of [23]).

There is an action on Mr(A/p), the set of all isomorphism classes of rank r Drinfeld modules

over A/p, by the geometric Frobenius Frobp automorphism of L. The set Mr(A/p)
Frobmp fixed by

them-th iterate of the geometric Frobenius automorphism is the set Mr(L) of isomorphism classes

of rank r Drinfeld A-modules over L. This Frobenius power also preserves isogeny classes, and

the number of fixed points of the action on the isogeny class H(K̃,p̃)(A/p) is the size of the isogeny

class H(K̃,p̃)(L) over L.
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The action of Frobp on the isogeny class H(K̃,p̃)(A/p) is induced by the identity on GLr(A
p
f )

and by hp 7→ ǫpFp(hp) on GLr(KA/p). The given type has endomorphism algebra E. Each fixed

point is associated to the conjugacy class of an element δ ∈ (Eopp)× which is m-admissible.

Definition 5.1.5. We say an element δ is m-admissible if there exists an element hδp ∈ GLr(KA/p)

such that

(hδp)
−1δ−1Nm(ǫp)F

m
p (hδp) = 1,

where

Nm(h
′) = h′ · Fp(h

′) · · ·Fm−1
p (h′)

for all h′ ∈ GLr(KA/p).

Set γδm = (hδp)
−1ǫpFp(h

δ
p); this is an element of GLr(KL). Let

(Eopp)×δ = δ′ ∈ (Eopp)×|δ′δ = δδ′}

be the centralizer of δ. The number of fixed points associated to each such conjugacy class is the

number of double classes

(Eopp)×δ [hGLr(Â
p), hδphmGLr(AL))], (5.3)

with h ∈ GLr(A
p
f ) and hm ∈ GLr(KL) such that





(h)−1δh ∈ GLr(Â
p)δGLr(Â

p),

(hm)
−1γδmFp(hm) ∈ GLr(AL)ǫpGLr(AL).

Let (Eopp)×♮ be a set of representatives of the conjugacy classes in (Eopp)×. The size of an isogeny

class over L is thus the sum over m-admissible δ’s of (Eopp)×♮ of the number of classes ((5.3))
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associated to δ [23, Proposition 3.2.7]. The number of such h and hm can be computed by inte-

grating characteristic functions of the orbit of δ and the twisted orbit of γδm, which is where the

orbital integrals of Laumon’s formula come from (see (5.4) and (5.5)). The global volume factor

is a consequence of Weyl integration (see [21, Page 432]).

5.1.1 The Orbital Integrals

While we do not fully explain measures on the orbits of GLr until Chapter 4, we presently in-

troduce the measures used in Laumon’s integrals. First, suppose dh is a Haar measure on GLr(A
p
f )

normalized so that

∫

GLr(Âp)

dh = voldh(GLr(Â
p)) = 1.

Similarly, let dhm be the Haar measure on GLr(KL) normalized so that

∫

GLr(AL)

dhm = voldhm(GLr(AL)) = 1.

Let GLr(A
p
f )δ be the centralizer of δ in GLr(A

p
f ), and GL

Fp

r,γδm
(KL) be the Fp-centralizer of γδm

in GLr(KL). These centralizers admit arbitrary Haar measures dhpf,δ and dhm,δ respectively. We

identify the orbit of δ in GLr(A
p
f ) with GLr(A

p
f )δ\GLr(A

p
f ) and the orbit of γδm in GLr(KL) with

GL
Fp

r,γδm
(Kp)\GLr(KL). Via these identifications, the orbit of δ is a measure space with respect to

the quotient measure dh
dhpf,δ

. In the same way, the twisted orbit of γδm has quotient measure dhm
dhm,δ

.

Let ✶GLr(Âp) be the characteristic function of GLr(Â
p). Define Sm := GLr(AL)ǫpGLr(AL),

and let ✶Sm be its characteristic function. Consider the orbital integral

Oδ(✶GLr(Âp)) :=

∫

GLr(A
p

f )δ\GLr(A
p

f )

✶GLr(Âp)(h
−1δh)

dh

dhpf,δ
, (5.4)

and the twisted orbital integral
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TOγδm
(✶Sm) :=

∫

GL
Fp

r,γδm
(Kp)\GLr(KL)

✶Sm((hm)
−1γδmFp(hm))

dhm
dhm,δ

. (5.5)

Remark 5.1.6. The integrals make sense because the functions ✶GLr(Âp) and ✶Sm are non-negative.

By [23, 4.8.9], they are absolutely convergent.

The centralizer (Eopp)×δ embeds into both the set of prime-to-p finite adèlic points of the cen-

tralizer GLr(A
p
f )δ and the set of Kp points of the centralizer GL

Fp

r,γδm
(Kp) by the inclusions

(Eopp)×δ ⊂ ((Ap
f ⊗K E)opp)×δ ⊂ GLr(A

p
f )δ, (5.6)

(Eopp)×δ ⊂ ((Kp ⊗K E)opp)×δ →֒ GL
Fp

r,γδm
(Kp). (5.7)

This induces the embedding (Eopp)×δ →֒ (GLr(A
p
f )δ × GL

Fp

r,γδm
(Kp)). The quotient space

(Eopp)×δ \(GLr(A
p
f )δ × GL

Fp

r,γδm
(Kp)) (5.8)

has the Haar measure

µδ :=
dhpf,δ × dhm,δ

dµK
, (5.9)

where dµK is the counting measure on (Eopp)×δ . The volume of the set (5.8) with respect to the

measure µδ is finite, as a consequence of (5.11) and [33, 3.1.1]

Remark 5.1.7. The inclusion (5.7) is non-trivial; it is the composition of the inclusion

((Kp ⊗K E)opp)×δ ⊂ {hp ∈ GLr(KA/p) : ǫpFp(hp) = hpǫp}δ

and the isomorphism
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{hp ∈ GLr(KA/p) : ǫpFp(hp) = hpǫp}δ ∼= GL
Fp

r,γδm
(Kp).

It turns out that the product of the above orbital integrals with the volume of (5.8) with respect

to µδ exactly counts the number of classes of the form (5.3) for each m-admissible δ.

Proposition 5.1.8. ( [23, Proposition 3.3.3]) For a fixed type (K̃, p̃), the size of the isogeny class

H(K̃,p̃)(L), where L is a degreem extension ofA/p, is the sum overm-admissible δ′s of the product

volµδ((E
opp)×δ \(GLr(A

p
f )δ × GLr,γδm(Kp))) ·Oδ(✶GLr(A

p

f )
) · TOγδm

(✶Sm). (5.10)

(This product is independent of the choices of the Haar measures dhpf,δ and dhm,δ.)

Unfortunately, this formula is not useful for the purposes of this paper; by a transfer of con-

jugacy classes, Laumon obtains the size of an isogeny class as a single term involving orbital

integrals.

Laumon also simplifies the global term volµδ((E
opp)×δ \(GLr(A

p
f )δ × GLr,γδm(Kp))). By [23,

Proposition 3.3.4], the element δ is m-admissible, which implies that the embeddings (5.6) and

(5.7) are actually isomorphisms. Therefore, we have the equality of volumes

volµδ((E
opp)×δ \(GLr(A

p
f )δ × GL

Fp

r,γδm
(Kp))) = volµ′δ((E

opp)×δ \((Af ⊗K E)opp)×δ ), (5.11)

where µ′
δ :=

dhf,δ
dµK

is the quotient of the measure dhf,δ – a measure on ((Af ⊗K E)opp)×δ induced

by dhpf,δ × dhm,δ – by the counting measure dµK .

5.1.2 Transfer of Conjugacy Classes

By a transfer of conjugacy classes as in Section 3.4 of [23], we can obtain the size of an

isogeny class, not as the sum of terms involving orbital integrals, but as a single term involving

orbital integrals.
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Definition 5.1.9. An element γ ∈ GLr(K) is said to be elliptic if the K subalgebra K[γ] of

Matr(K) (the set of r×r matrices overK) generated by γ is a field, i.e., if the minimal polynomial

of γ is irreducible over K. An element γ ∈ GLr(K) is said to be elliptic at infinity if and only if

K∞ ⊗K K[γ] is a field. This means that there is only one place∞′ of K[γ] dividing the place∞

of K.

Definition 5.1.10. An element γ ∈ GLr(K) is said to be m-admissible at the place p if and only

if ordp(det(γ)) = m and there is a place p′ of K ′ = K[γ] dividing p such that ordo′(γ) = 0 for all

other places o′ 6= p′ of K[γ] which divide p.

Let γ be an elementm-admissible at p,∞′ the place ofK ′ dividing∞, and p′ the place dividing

p. Choose an element Π in K ′ such that ord∞′(Π) 6= 0, ordp′(Π) 6= 0, and ordo′(Π) = 0 for all

other places o′ of K ′. Define a field K̃ = ∩s>0K
′[Πs] ⊂ K ′, and let ∞̃ and p̃ be the restrictions

of ∞′ and p′ to K̃. By (3.4) of [23], the pair (K̃, p̃) is a (K,∞, p)-type. We have thus attached

to each m-admissible γ an isogeny class. Let E be the unique-up to-isomorphism central division

algebra over K̃ with invariants −[K̃ : K]/r at ∞̃, [F̃ : F ]/r at p̃ and zero at all other places.

Because K ′⊗K̃ K̃∞̃ and K ′⊗K̃ K̃p̃ are fields, there is at least one embedding K ′ → Eopp taking γ

to an element δ which is m-admissible at p. Any two such embeddings are conjugate in (Eopp)×,

so the image δ of γ is well-defined up to conjugacy. Let GLr(K)♮,ell be the set of representatives

of the elliptic conjugacy classes.

Proposition 5.1.11. ( [23, Proposition 3.4.2]) There is a bijection

{γ ∈ GLr(K)♮,ell : γ is elliptic at∞ and m-admissible at p}

→ {((K̃, p̃), δ) : δ ∈ (Eopp)×♮ is m-admissible at p}
(5.12)

well-defined up to isomorphism of (K̃, p̃), and δ is the conjugacy class associated to (K̃, p̃) as

above.

Laumon’s proof of Proposition 5.1.11 relies on constructing an inverse to the map (5.12).

Given a pair ((K̃, p̃), δ), we obtain an elliptic element γ ∈ GLr(K) which is elliptic at ∞ and
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m-admissible at p thusly. First choose an embedding of K-algebras K̃ →֒ Matr(K) by choosing

a basis of K̃ over K – this gives an isomorphism between Matr(K) and the set EndK(K̃
d/[K̃:K]).

All choices of embeddings are conjugate. Then the centralizer Matr(K)K̃ can be identified with

Mr/[K̃:K](K̃). Recall that Eopp is a central division algebra over K̃ of dimension (r/[K̃ : K])2 as

seen in Corollary 5.1.4. There is an injective map from the set of conjugacy classes in Eopp to the

set of conjugacy classes in Matr(K)K̃ defined by

δ1 7→ K̃[δ1] →֒Mr/[K̃:K](K̃) ∼= Matr(K)K̃ . (5.13)

The embedding of K̃[δ1] into Mr/[K̃:K] is well-defined because K̃[δ1] is a field over K̃ of degree

dividing r/[K̃ : K] which only depends on the conjugacy class of δ1. Next, let γK̃ ∈ GLr(K)K̃ be

a representative of the image of the conjugacy class of δ by (5.13). As an element of GLr(K), γK̃

is elliptic, elliptic at∞, and m-admissible at p.

By properties of γ, (K̃, p̃), and δ, we have the following proposition.

Proposition 5.1.12. ( [23, Proposition 3.4.3])

Let γ ∈ GLr(K)♮,ell be elliptic at∞ and m-admissible at p. Let ((K̃, p̃), δ) be its image under

(5.12). Then K[γ] ⊂ Matr(K) is a field isomorphic over K to the field K ′ = K[δ] ⊂ Eopp. We

have K̃ ⊂ K ′ and there are unique places ∞′, and p′ of K ′ dividing the places ∞̃ and p̃ of K̃

respectively. The centralizer Matr(K)γ is isomorphic to Mr′(K
′) where r′ = r/[K ′ : K] as a

K ′-algebra and the centralizer E ′ = (Eopp)δ of δ in Eopp is a central division algebra over K ′

with invariants 1/r′ at∞′, −1/r′ at p′, and 0 elsewhere.

We use this proposition later to explicitly describe the fields and centralizers in our particular

setting. For now, it implies that γ and δ are conjugate in Matr(A
p
f ) and that Nm(γ

δ
m) is conjugate

to γ in Matr(KL). Remember that for each δ, we have fixed an hδp such that

(hδp)
−1δ−1Nm(ǫp)F

m
p (hδp) = 1

and
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γδm = (hδp)
−1ǫpFp(h

δ
p).

We may now write the size of the isogeny class of the rank r Drinfeld module φ over the

finite field L associated to the (K,∞, p)-type (K̃, p̃) depending only on γ (and its image δ up to

conjugation).

Proposition 5.1.13. ( [23, Proposition 3.4.6]) Let γ ∈ GLr(K)♮,ell be elliptic, elliptic at∞, and

m-admissible at p. Let ((K̃, p̃), δ) be its image under (5.12), and E the corresponding division

algebra over F̃ . Then size of the isogeny class H(K̃,p̃)(L) is the product of

volµ′δ((E
opp)×δ \((Af ⊗K E)opp)×δ ), (5.14)

where µ′
δ is the measure in Equation (5.11) induced by the product of measures in the next two

factors, of

∫

GLr(A
p

f )γ\GLr(A
p

f )

✶GLr(Âp)(h
−1γh)

dh

dhpf,γ
, (5.15)

where dhpf,γ is the Haar measure on GLr(A
p
f )γ induced by dhpf,δ (γ and δ are conjugate in GLr(A

p
f )),

and of

∫

GL
Fp

r,γδm
(Kp)\GLr(KL)

✶Sm((hm)
−1γδmFp(hm))

dhm
dhm,δ

. (5.16)

Explicitly, dhpf,γ and dhm,δ are arbitrary Haar measures on their respective centralizers, and

µ′
δ is the measure

dhpf,γ×dhm,δ

dµK
. Further, the number in the set Mr(L) of all isomorphism classes of

rank r Drinfeld A-modules over L is equal to the sum over the γ′s in GLr(K) which are elliptic

and m-admissible at p of this product.
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Remarks 5.1.14. (a) The volume term at the beginning is actually finite, regardless of the struc-

ture of the endomorphism algebra E due to the compactness of (Eopp)×δ \((Af ⊗K E)opp)×δ ,

proven by Weil in [33, 3.1.1].

(b) In case it was not made abundantly clear in the exposition, γ and δ have the same character-

istic polynomial – they are conjugate in GLr(A
p
f ). Further, due to the relationship between

Weil pairs, types, and isogeny classes, the characteristic polynomial of γ coincides with the

characteristic polynomial of the Frobenius endomorphism of the underlying isogeny class of

Drinfeld modules.

(c) As we saw in Equation (5.11), the measure µ′
δ is not exactly equal to

dhpf,γ×dhm,γ

dµK
; however, the

measure dhpf,γ × dhm,δ induces a measure on the centralizer ((Af ⊗K E)opp)×δ .

5.2 Our Setting

Suppose φ is an ordinary Drinfeld module over L, the degree m extension of A/p, with type

(K̃, p̃). We have seen that this gives matrices δ and γ having the same characteristic polynomial as

φ. As we saw in Remark 2.5.4, the characteristic polynomial Pφ(X) has exactly one root of p-adic

valuation m, and the characteristic and minimal polynomials coincide. Therefore, δ is a regular

semisimple element. Because δ and γ are conjugate in GLr, γ is also a regular semisimple element,

and the centralizer (GLr)γ is the algebraic torus T = ResE/k(Gm) (review Definition 4.1.3). Even

further, the corresponding endomorphism algebra E := End(φ)⊗K K is commutative, the degree

of D is [D : K(F )] = 1 (where F is the Frobenius endomorphism), and [D : K] = r. With all

this in mind, we can move away from the language of types and denote the isogeny class of φ by

Hφ(L) having weighted cardinality h∗φ(L).

Explicitly, observe that for the K-points of the centralizer GLr(K)γ , i.e., of the torus T, we

have

GLr(K)γ = T(K) = E× = (Eopp)×δ . (5.17)
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By the definition of restriction of scalars, T = ResE/K(Gm), an r-dimensional variety overK such

that as sets, T(K) = E×. This is also an obvious consequence of Proposition 5.1.12 which implies

that K ′ = K[δ] ∼= K(F ) = E, i.e., that r′ = r/[K ′ : K] = 1, and Matr(K)γ ∼= M1(E) = E.

Remarks 5.2.1. (a) In general, the twisted centralizer GL
Fp

r,γδm
(Kp) is an inner twist of GLr(Kp)γ =

T(Kp). Since a torus admits no nontrivial inner twists, in our case, this twisted centralizer is

isomorphic to T(Kp).

(b) Fix arbitrary Haar measures dhf,γ and dhm,δ on GLr(A
p
f )γ and GL

Fp

r,γδm
(Kp) as above. Due to

Equation (5.17), and the first point of this remark, the fixed measures are literally measures on

T(Ap
f ) and T(Kp).

(c) The product dhf,γ × dhm,δ is a measure on T(Af ). The quotient of dhf,γ × dhm,δ by the

counting measure dµK on T(K) gives the measure µ =
dhf,γ×dhm,δ

dµK
.

Equipped with these simplifications, the formula for the weighted size of the isogeny class of

φ is thus

h∗φ(L) = volµ(T(K)\T(Af )) ·
∫

GLr(A
p

f )γ\GLr(A
p

f )

✶GLr(Âp)(h
−1γh)

dh

dhf,γ

·
∫

GL
Fp

r,γδm
(Kp)\GLr(KL)

✶Sm((hm)
−1γδmFp(hm))

dhm
dhm,δ

.
(5.18)

As a reminder, the measures dh and dhm on GLr(A
p
f ) and GLr(KL) are not arbitrary; they are

normalized to give volume one to the compact subgroups GLr(Âp) and GLr(AL).

As a bit of foreshadowing, we will relate these orbital integrals to Gekeler ratios at each prime.

This works in part because we can decompose the measure dh
dhf,γ

as the product of local measures

dhl
dhl,γ

on the orbit of γ in GLr(Kl) for each place l 6= p,∞ to obtain orbital integrals at each finite

place. In this decomposition, the local measure dhl on GLr(Kl) is normalized to give volume 1 to

GLr(Al). Similarly, the local Haar measure dhl,γ is an arbitrary Haar measure on GLr(Kl)γ . To

relate the twisted orbital integral to a Gekeler ratio at p, we require the Fundamental Lemma.
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5.3 The Fundamental Lemma

In Chapter 4 of [23], Laumon proves the Fundamental Lemma comparing the twisted orbital

integral of (5.16) with an ordinary orbital integral, which is much easier to write as a Gekeler

ratio. In Remark 5.2.1, we saw that the twisted centralizer is related to the usual centralizer by

inner twisting, though we did not define it. Sparing some technical details, an inner twisting

between group schemes (with respect to a common field of definition) is an isomorphism over the

separable closure which interacts well with the absolute Galois group. The inner twist induces

an isomorphism between exterior algebras, and thus gives a transfer of measures coming from

differential forms. Naively, it seems reasonable that integration on a twisted orbit should be related

to integration the usual orbit of an element.

The integrand of Laumon’s twisted orbital integral is a function with input values defined over

KL, while the related ordinary orbital integral involves a function with inputs defined over Kp. A

base change between the Hecke algebras





H = C∞c (GLr(Ap)\GLr(Kp)/GLr(Ap))

Hm = C∞c (GLr(AL)\GLr(KL)/GLr(AL))

allows us to compare functions defined over KL with functions over Kp. A concrete tool used

to write the base change of specific functions in a Hecke algebra is the Satake transform, which

expresses functions via polynomials over Q. By definition,H is the collection of GLr(Ap) invariant

functions f : GLr(Kp) → Q with compact support, together with addition and the convolution

product

(f1 ∗ f2)(γ) =
∫

GLr(Kp)

f1(h)f2(h
−1γ)dh,

where dh is the Haar measure normalized to give volume one to GLr(Ap). We adapt this definition

appropriately for Hm and a Haar measure dhm on GLr(KL) normalized to give GLr(AL) volume

one.
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Define A := Q[
√
q, 1√

q
]. Consider the Cartan decomposition of GLr(Kp), which asserts

GLr(Kp) =
⋃

ei≥ei+1

GLr(Ap)




pe1 0 · · · 0

0 pe2 · · · 0

...
...

. . .
...

0 0 · · · per




GLr(Ap). (5.19)

In order to define the Satake transform of a function f ∈ H, we first define a polynomial

ςz : GLr(Kp)→ A[z1, z−1
1 , · · · , zr, z−1

r ]

which is right GLr(Ap)-invariant as follows. Now consider the Iwasawa decomposition of GLr(Kp)

GLr(Kp) = B(Kp)GLr(Ap),

where B(Kp) is the subgroup of upper triangular matrices. Let B(Ap) = B(Kp) ∩ GLr(Ap).

To define ςz, it is sufficient to define a polynomial ςz|B(Kp) which is right B(Ap)-invariant. Let

g ∈ B(Kp) be a matrix of the form

g =




b1,1 b1,2 · · · b1,r

0 b2,2 · · · b2,r
...

...
. . .

...

0 0 · · · br,r




.

Then define the modulus character δB(Kp) by

δB(Kp)(g) =
∏

i<j

∣∣∣∣
bi,i
bj,j

∣∣∣∣
p

.

Similarly, define a quasi-character

χz : B(Kp)→ Q[z1, z
−1
1 , · · · , zr, z−1

r ]
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by

χz(g) = z
νp(b1,1)
1 · · · zνp(br,r)r ,

where vp is the p-adic valuation. Now define ςz|B(Kp) by

ςz|B(Kp) = δ
1/2
B(Kp)

χz. (5.20)

Definition 5.3.1. The Satake transform (−∨) identifies a function f inH (resp. fm inHm) with a

polynomial f∨(z) in A[z1, z−1
1 , · · · , zr, z−1

r ], where

f∨(z) =

∫

GLr(Kp)

f(h)αz(h)dh,

and dh is the measure normalized to give GLr(Ap) volume one. In fact,

(−∨) : A⊗H → A[z1, z−1
1 , · · · , zr, z−1

r ]

is an isomorphism.

The base change homomorphism is the map b : Am ⊗ Hm → A ⊗ H such that b|Am =

Q[(
√
q)m, 1

(
√
q)m

] −֒→ A. The compatibility between the base change and the Satake transform is

given by

b(fm)
∨(z1, · · · , zr) = f∨

m(z
m
1 , · · · , zmr ).

Rather than explicitly stating the base change for a general function fm ∈ Am ⊗ Hm, we now

explain the base change b(✶Sm) of the integrand ✶Sm of Laumon’s twisted orbital integral. Recall

that ✶Sm : GLr(KL) → {0, 1} is the characteristic function of GLr(AL)ǫpGLr(AL). Equipped

with the Satake transform

✶
∨
Sm

= qm(r−1)/2(z1 + · · ·+ zr)
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of ✶Sm , the next Proposition and subsequent Corollary allow us to explicitly define b(✶Sm), and

therefore obtain a function over Kp for which we can write an ordinary orbital integral.

First, suppose P is a standard parabolic subgroup of GLr. This means B ⊂ P ⊂ GLr where

B is defined above. Then P has a standard Levi decomposition P = MN , where M is the Levi

subgroup containing the torus of diagonal entries, and N is the unipotent radical of P . Let dm and

dn be Haar measures on M and N which have been normalized so that voldm(M(Ap)) = 1 and

voldn(N(Ap)) = 1 respectively. We have the Iwasawa decomposition

GLr(Kp) =M(Kp)N(Kp)Kp.

We can thus integrate any function f : GLr(Kp)→ C with compact support over GLr(Kp) by

∫

GLr(Kp)

f(h)dh =

∫

M(Kp)

∫

N(Kp)

∫

Kp

f(mnx)dxdndm,

where dx is the Haar measure on Kp normalized to give Ap volume one. For each such subgroup

M , define the Hecke algebra

HM = C∞
c (M(Ap)\M(Kp)/M(Ap)).

Then for any function f ∈ A⊗H, we can define a function fP ∈ A⊗HM called the constant

term of f along the parabolic subgroup P as follows. Let m ∈ M(Kp) be any element, and let

δP (Kp) be the modulus character of P (Kp). Then define

fP (m) := δ
1/2
P (Kp)

(m)

∫

N(Kp)

f(mn)dn. (5.21)

Proposition 5.3.2. ( [23, Proposition 4.2.5]) For each integer r ≥ 1, define

sr : GLr(Kp)→ Z
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by

sr(γ) = (1− q)(1− q2) · · · (1− q̺−1)

if γ ∈ Matr(Ap) ∩ GLr(Kp) and vp(det(γ)) = m, where ̺ is the nullity (i.e., the dimension

over Kp/p of the kernel) of the matrix γ ∈ Matr(Kp/p) obtained by reducing γ modulo p, and by

sr(γ) = 0

otherwise. Then for each standard parabolic subgroup P = MN of G = GLr given by the

partition r = r1 + · · ·+ rt, and for each

m = (γ1, · · · , γt) ∈ GLr1(Kp)× · · · × GLrt(Kp),

the constant term along P of (sr) is

(sr)
P (m) =

t∑

j=1

qm(r−rj)/2srj(γj)
t∏

k=1,k 6=j
✶GLrk

(Ap)(γk).

Here, ✶GLrk
(Ap) is the characteristic function of GLrk(Ap) ⊂ GLrk(Kp).

Corollary 5.3.3. ( [23, Corollary 4.2.6]) The Satake transform of sr is

(sr)
∨(z) = qm(r−1)/2(zm1 + · · ·+ zmr )

and consequently, sr is the base change b(✶Sm) ∈ A⊗H.

Warning! 5.3.4. At the beginning of this section, we allude that the Fundamental Lemma relates

twisted orbital integrals for a function fm ∈ Hm to ordinary orbital integrals for b(fm) ∈ H. While

this is true, and we will soon show that the twisted orbital integral with integrand ✶Sm is related

to an ordinary orbital integral with integrand b(✶Sm), the Fundamental Lemma only relates orbits

and twisted orbits of closed elements in GLr.
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Definition 5.3.5. An element γ ∈ GLr(Kp) is said to be closed if its orbit in GLr(K) under

conjugation is a closed subset with respect to the p-adic topology.

Laumon shows that an element is closed if and only if it semisimple [23, Corollary 4.3.3].

By the Newton polygon assumptions in our setting, we know γ is semisimple. Since elliptic

elements are semisimple, we could use the Fundamental Lemma to relate orbits and twisted orbits

for isogeny classes with any Newton polygon structure.

As before, for an element γm ∈ GLr(KL), consider the norm

Nm(γm) = γm · Fp(γm) · · ·Fm−1
p (γm).

Two elements γ
′

m and γ
′′

m are Fp-conjugate if there is a gm ∈ GLr(KL) such that

γ
′′

m = g−1
m γ

′

mFp(gm).

It turns out that for every γm ∈ GLr(KL), Nm(γm) is conjugate to an element up to conjugacy in

GLr(Kp), depending only on the Fp-conjugacy class of γm ∈ GLr(KL).

Definition 5.3.6. We say that an element γm ∈ GLr(KL) is Fp-closed if the image of the norm

Nm(γm) is conjugate in GLr(KL) to a closed element (see Definition 5.3.5) in GL(Kp). This

happens if and only if Nm(γm) is closed in GLr(KL) because KL is a separable extension of Kp.

For such Fp-closed elements, the twisted centralizer GLFp

r,γm(Kp) of γm is an inner twist of the

centralizer GLr(Kp)γ . As earlier stated, this means there is a transfer of Haar measures between

the two centralizers. In particular, if Nm(γm) = γ ∈ GLr(Kp), and dγ
Fp
m is the transfer of a Haar

measure dγ on the centralizer GLr(Kp)γ , we will use the notation

TOγm(fm, dγ) = TOγm(fm, dγ
Fp

m ).
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Finally, there is a notion of m-admissibility as in the previous section. If γ ∈ GLr(Kp) is

closed and m-admissible, there is a γm ∈ GLr(KL) such that γ = Nm(γm) [23, Lemma 4.5.2].

Then we have the following theorem.

Theorem 5.3.7. (The Fundamental Lemma, [23, Theorem 4.5.5]) Let ✶Sm ∈ Hm be the Hecke

function with Satake transform

qm(r−1)/2(z1 + · · ·+ zr)

and let

f = b(✶Sm) ∈ H

be its base change, i.e., the Hecke function with Satake transform

f∨(z) = qm(r−1)/2(zm1 + · · ·+ zmr ).

Let γ be a closed element in GLr(Kp) and dhγ be a Haar measure on the centralizer Gγ(Kp). Let

dhp be the Haar measure on GLr(Kp) normalized to give the ring of integers volume one. Then

the orbital integral

Oγ(f, dhγ) :=

∫

Gγ(Kp)\GLr(Kp)

f(h−1γh)
dhp
dhγ

is zero unless γ is m-admissible. Let γm be a closed element of GLr(KL) and let dhFp
γm be a

Haar measure on the Fp-centralizer of γm in GLr(KL). Let hm be the Haar measure on GLr(KL)

normalized to give the set of AL-points volume one. Then the twisted orbital integral

TOγm(✶Sm , dh
Fp

γm) :=

∫

G
Fp
r,γm (Kp)\GLr(KL)

✶Sm(h
−1
m γmFp(hm))

dhm

dh
Fp
γm

is zero unless γm is m-admissible.

Moreover, if γ is an m-admissible element of GLr(Kp) and if γm is an m-admissible Fp-closed

element of GLr(KL), such that
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Nm(γm) = γ,

then for any Haar measure dhγ on Gγ(Kp) we have

Oγ(f, dhγ) = ǫ(γ)TOγm(✶Sm , dhγ), (5.22)

where

ǫ(γ) = (−1)r′−1 (5.23)

for r′ defined as in Proposition 5.1.12.

Remarks 5.3.8. (a) The Fundamental Lemma is an essential result to the main purpose of this

project. In Lemma 6.4.1, we show that our Gekeler ratio at p can be written in terms of the

twisted orbital integral of Equation (5.18). As we saw above, in the setting of this dissertation,

r′ = 1, so the sign function satisfies ǫ(γ) = 1. With this understanding, we may omit the sign

function in Lemma 6.4.1.

(b) The function f = b(✶Sm) is exactly the function sr of Proposition 5.3.2.
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Chapter 6

Main Results

In this chapter, we assume the same setting as described in Section 5.2. By choosing measures

carefully, defining Gekeler ratios at each place and relating them to both ordinary and twisted or-

bital integrals, and computing the global volume form, we ultimately show that Laumon’s formula

for the size of an ordinary rank r Drinfeld module can be expressed as a product of local density

functions, extending Gekeler’s product formula to higher rank Drinfeld modules.

6.1 Choice of Measure

At every place v of K, we define a local measure on T(Kv) by

dωTama
T,v := Lv(1, σT)dωT,v, (6.1)

where dωT,v is the measure on T(Kv) coming from the differential form ωT,v defined in terms of

characters as in Chapter 4. By taking the product over finite places prime to p we obtain the Haar

measure

dωTama,p
T,f :=

∏

l6=∞,p

Ll(1, σT)dωT,l (6.2)

on T(Ap
f ). Similarly, the product measure

dωTama
T,f := dωTama,p

T,f × dωTama
T,p

is a Haar measure on T(Af ). By an abuse of notation, we also refer to the quotient measure

dωTama
T,f

dµK
on T(K)\T(Af ) as dωTama

T,f .With this choice, Laumon’s formula for the size of an ordinary

isogeny class reads
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h∗φ(L) = voldωTama
T,f

(T(K)\T(Af )) ·
∫

T(Ap

f )\GLr(A
p

f )

✶GLr(Âp)(h
−1γh)

dh

dωTama,p
T,f

·
∫

GL
Fp
r,γm (Kp)\GLr(KL)

✶Sm((hm)
−1γmFp(hm))

dhm
dωTama

T,p

.

(6.3)

We use the shorthand notation TOTama
γ0

(✶Sm) to mean the twisted orbital integral in equation (6.3)

where the measure on GLr(KL) has been normalized to give volume on to the ring of integers

Similarly, OTama,p
γ0,f

(✶GLr(Âp)) is the ordinary orbital integral on the finite prime-to-p adèlic points.

6.2 Gekeler Ratios

We now define Gekeler ratios which generalize the ratios in Theorem 3.1.2 to arbitrary rank

Drinfeld modules, and allow us to relate them to orbital integrals. One difficulty in relating

Gekeler’s numbers in Theorem 3.1.2 directly to a geometric orbital integral arises in the case that

the characteristic polynomial fails to remain square-free modulo l. In particular, if γ ∈ GLr(A)

is a regular semisimple element, then for all but finitely many places, the orbit under conjuga-

tion of γ in GLr(Kl) is equal to the orbit of γ in GLr(Al). However, if the projection of γ in

GLr(A/l) is not regular, then the set of integral points of the orbit of γ in GLr(Kl) consists of

several GLr(Al)-orbits. The number of integral orbits is bounded and detected at a finite trunca-

tion level (see Lemma 6.2.3). We will use this to define a new kind of conjugacy in Section 6.2.1,

which coincides with the formula in Theorem 3.1.2 under the appropriate assumptions.

In this section, we define Gekeler ratios for every finite place l of K, and for Drinfeld modules

of arbitrary rank. Recall we have defined the∞-adic absolute value by |l| = #(A/l) = qdegT (l). To

begin, fix a regular semisimple element γ0 in GLr(K) with Pγ0(X) = Pφ0(X) for some ordinary

rank r Drinfeld module φ0 over the finite field L, a degree m extension of A/p. By assumption

on the Newton polygon structure of φ0, we know that r − 1 of the roots of Pγ0 are p-adic units

and one root has p-adic valuation m. We also know that | det(γ0)|p = |p|−m. These assumptions

are equivalent to those used in Equation (5.18), which we will use as the starting point for the

comparison to a Gekeler-like product. At the end of this chapter, we compare Gekeler’s formula
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for rank two Drinfeld modules directly to our formula. In that comparison, we will simplify the

global terms using the additional assumption that E/K is a geometric extension (i.e., the field of

constants of E is still Fq). We continue with the earlier stated assumption that K has characteristic

other than two in order to simplify the computation of voldωT,∞
(T(K∞)c).

6.2.1 Quasi-Conjugacy

Let πn : Al → Al/l
n be the truncation map, and define the set of integral matrices in GLr(Kl)

by M(Al) := GLr(Kl) ∩ Matr(Al). Elements in M(Al) may have determinants which are not

l-adic units. For each d ≥ 0, define

M(Al)d := {D ∈M(Al) : ordl(det(D)) ≤ d},

so that while elements in M(Al) may not be invertible, we can control “how far from invertible”

they are. Similarly, let M(Al/l
n)d := {D ∈ M(Al/l

n) : ordl(det(D)) ≤ d} be the image of

M(Al)d under the truncation map.

Definition 6.2.1. (Quasi-conjugacy) We say that an element γ inM(Al/l
n) isM(Al/l

n)d-conjugate

to πn(γ0) if there exists D in M(Al/l
n)d such that Dγ = πn(γ0)D. We write γ ∼M(Al/ln)d πn(γ0).

Observe that if n < d then M(Al/l
n)d contains elements with determinant zero. However,

when n > d, M(Al/l
n)d does not include elements with determinant zero.

Remark 6.2.2. Fix d0 ≥ 0, and suppose γ ∈ M(Al) is M(Al)d0-conjugate to γ0. Then since

M(Al)d contains M(Al)d0 for all d > d0, γ is M(Al)d-conjugate to γ0. A somewhat less trivial

observation is that if γ is M(Al/l
n)d0-conjugate to πn(γ0), then for d > d0, γ is M(Al/l

n)d-

conjugate to πn(γ0), provided n≫ d.

For γ0 ∈M(Al), define

Q(d,n)(γ0) = {γ ∈M(Al/l
n) : γ ∼M(Al/ln)d πn(γ0)}
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to be the ∼M(Al/ln)d-conjugacy class of πn(γ0). Similarly, let Q̃(d,n)(γ0) = π−1
n (Q(d,n)(γ0)) be the

set of lifts of Q(d,n)(γ0) to Al. When γ0 is an element of GLr(Al) ⊂ M(Al), the quasi-conjugacy

class is given by Q(d,n)(γ0) = {γ ∈ GLr(Al/l
n) : γ ∼M(Al/l

n
d
πn(γ0)}. Lemma 6.2.3, proven

in [1] for GSp2g(Zl) rather than for GLr(Al), allows us to describe the intersection of GLr(Al)

with neighborhoods of the orbit GLr(Kl)γ0 in terms of M(Al/l
n)d-conjugacy.

Lemma 6.2.3 ( [1, Lemma 3.2]). Suppose γ0 ∈ GLr(Al) is regular semisimple. There exists an

integer e = e(γ0) such that, if n ≫ 0 and d > e, then for γ ∈ GLr(Al/ℓ
n), the following are

equivalent:

(a) γ ∼M(Al/ln)d γ0 mod ln,

(b) here exists some γ̃ ∈ GLr(Al) such that γ̃ mod ln = γ and γ̃ ∼GLr(Kl) γ0.

The statement is also true replacing GLr(Al) with M(Al) everywhere

Proof. (As in [1, Lemma 3.2].) The intersection of GLr(Al) with the rational orbit GLr(Kl)γ0

consists of finitely many GLr(Al)-orbits (γ0 is regular semisimple, so GLr(Al)∩ GLr(Kl)γ0 is com-

pact and the GLr(Al)-orbits are open in the intersection). Let g1, · · · , gs be representatives of

these orbits. Each gi has integral entries and is rationally conjugate to γ0 by Di ∈ GLr(Kl), so

that Digi = γ0Di. Clearing the denominators of Di results in a matrix Xi ∈ M(Al) such that

Xigi = γ0Xi. Choose e(γ0) = maxi∈{1,··· ,s}{| ord(det(Xi)|}. Let vl(γ0) be the valuation of the

Weyl discriminant of γ0 (see (4.14)). Suppose n > 2vl(γ0), choose d > e(γ0), and suppose also

n≫ d. Now it suffices to prove that γ ∈ GLr(Al) satisfies γ ∼M(Al/ln)d πn(γ0) if and only if there

is a lift γ̃ ∈ GLr(Al) such that πn(γ̃) = γ and γ̃ ∼GLr(Kl) γ0.

The backward direction is straightforward. Suppose there is a γ̃ ∈ GLr(Al) which is congruent

to γ modulo ln and is rationally conjugate by D to γ0, so that DγD−1 = γ0. Multiplying on the

right by D and clearing denominators gives Xγ̃ = γ0X for some X ∈M(Al). The projection map

gives Z := πn(X) ∈M(Al/l
n)| ord(det(X))|, and thus Zγ ∼M(Al/ln)| ord(det(X))|

γ0 mod ln. In fact, γ̃

must be in the same integral orbit as one of the gi above, so Z ∈ M(Al/l
n)e, and we have proven

the claim.
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The forward direction is a consequence of Hensel’s Lemma (B.0.5 and B.0.7). Suppose that

γ ∼M(Al/ln)d πn(γ0). This means that there is a D ∈M(Al/l
n) such that Dγ = πn(γ0)D. For each

n, define a subset Rγ0(Al/l
n) of M(Al/l

n)× GLr(Al/l
n) by

Rγ0(Al/l
n) = {(D, γ) : D ∈M(Al/l

n), γ ∈ GLr(Al/l
n), Dγ = πn(γ0)D}.

This determines a system of r2 equations in 2r2 variables; the variables are entries in the matrices

D and γ, and the equations come from equating the entries in the products Dγ and πn(γ0)D. Let

n(γ0) be the valuation of the minor formed by the first r2 columns of the Jacobian matrix of the

system at γ0. Then if n > 2n(γ0), and (D, γ) ∈ Rγ0(Al/l
n), by Hensel’s Lemma (see B.0.7 for the

statement as it appears in [5, Corollary III.4.5.3]), there is a solution to the system, which means

there is a γ̃ ∈ GLr(Al) with πn(γ̃) = γ and γ̃ ∼M(Al) γ0. The authors remark that n(γ0) is equal

to the valuation of the Weyl discriminant of γ0, observed by Kottwitz in [22]. Lastly, the proof

relies on being able to solve a system of equations over Al, and not on γ having been an element

of GLr(Al). The argument remains the same when GLr(Al) is replaced by M(Al).

Recall that C(Kl) ∼= Ar−1×Gm, and the geometric measure on an orbit is defined by the char-

acteristic polynomial map c : GLr(Kl) → C(Kl). For each n, define the nth l-adic neighborhood

Ũn(γ0) of c(γ0) by

Ũn(γ0) = π−1
n (πn(c(γ0)))

= {(ar−1, · · · , a0) ∈ C(Al) : ai ≡ ai(Pγ0) mod ln}.

We may now describe the intersection of M(Al) (or GLr(Al)) with these neighborhoods in terms

of quasi-conjugacy.

Proposition 6.2.4. Let l be any prime, including p. Suppose γ0 ∈ M(Al) is regular semisimple.

Then for sufficiently large n and d,
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M(Al) ∩ c−1(Ũn(γ0)) = Q̃(d,n)(γ0).

Note that if γ0 ∈ GLr(Al) ⊂ M(Al), then Q̃(d,n)(γ0) ⊂ GLr(Al) and the statement becomes

GLr(Al) ∩ Ũn(γ0) = Q̃(d,n)(γ0).

Proof. First suppose γ is an element of M(Al) ∩ c−1(Ũn(γ0)). By definition, Pγ ≡ Pγ0 mod ln.

The set of matrices inM(Al) having the same characteristic polynomial in γ0 is the set of solutions

to a system of r equations in r2 variables. Further, πn(γ) is an approximate solution in the sense

that it satisfies the system modulo ln. Hensel’s Lemma for non-smooth systems (B.0.7) says that

we can lift points for systems that are not necessarily smooth, provided that the power of l dividing

the system evaluated at the approximate root is more than twice the power of l which divides the

determinant of the r × r minor of the Jacobian matrix of the system. We can choose n arbitrarily

large, so this version of Hensel’s lemma applies; there is an actual solution γ′ ∈ M(Al) for which

Pγ′ = Pγ0 (i.e., γ′ is rationally conjugate to γ0) and πn(γ
′) = πn(γ) mod ln. By Lemma 6.2.3,

this is equivalent to saying that for sufficiently large n and d, πn(γ) is M(Al/l
n)d-conjugate to

πn(γ0), which by definition implies γ ∈ Q̃(d,n)(γ0).

Alternatively, for large enough n and d, if γ is in Q̃(d,n)(γ0), there exists an element g in

GLr(Al) with πn(g) = πn(γ) mod ln and g ∼GLr(Kl) γ0. The first condition implies that Pg ≡ Pγ

mod ln while the second condition implies that Pg = Pγ0 . By transitivity, we have Pγ ≡ Pγ0

mod ln, which means γ ∈M(Al) ∩ c−1(Ũn(γ0)).

6.2.2 Gekeler Ratios and Volume

We may now define Gekeler ratios and relate them to geometric orbital integrals.

Definition 6.2.5. For each finite prime l of A (including p) define

vl(γ0) := lim
d→∞

lim
n→∞

#Q(d,n)(γ0)

#SLr(Al/ln)/|l|n(r−1)
. (6.4)
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Remark 6.2.6. Suppose the characteristic polynomial of γ0 mod l is square-free. Then the nu-

merator stabilizes at d = 0. This is the usual conjugacy class

Q(0,n) = {γ ∈M(Al/l
n) : πn(γ) ∼ πn(γ0)}.

An element γ ∈ M(Al/l
n) is conjugate to γ0 mod ln if and only if they have the same character-

istic polynomials mod ln. Therefore,

Q(0,n)(γ0) = {γ ∈ Matr(A/l
n) : Pγ = Pγ0 mod ln}.

This means the numerator in our Gekeler ratio (6.4) is consistent with the numerator of Gekeler’s

ratio at l for rank two Drinfeld modules (3.1). A quick calculation shows this is also consistent

with the Gekeler ratios defined for abelian varieties in [1, Definition 4.1].

Remark 6.2.7. Suppose the characteristic polynomial of γ0 mod l is not square-free. We have

shown that for sufficiently large n and d,

Q̃(d,n)(γ0) =M(Al) ∩ c−1(Ũn(γ0)).

However, the set on the right-hand side is the set of matrices γ ∈ M(Al) such that Pγ ≡ Pγ0

mod ln. Since Q(d,n)(γ0) = πn(Q̃(d,n)(γ0)), for sufficiently large n and d, the numerator of (6.4) is

consistent with Gekeler’s ratio at l for rank two Drinfeld modules (3.1).

Lemma 6.2.8. Let γ0 be a regular semisimple element of GLr(Al), for some prime l other than

p. Then the geometric orbital integral of the characteristic function ✶GLr(Al) can be related to the

quasi-conjugacy class Q̃(d,n) by

Ogeom
γ0

(✶GLr(Al)) = lim
d→∞

lim
n→∞

volµSO
G
(Q̃(d,n)(γ0))

|l|−rn .

Proof. By definition, the geometric orbital integral is the volume of the integral points of the

rational orbit of γ0, denoted GLr(Al) ∩ GLr(Kl)γ0, i.e.
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Ogeom
γ0

(✶GLr(Al)) = vol|µgeom
γ0

|(GLr(Al) ∩ GLr(Kl)γ0).

Because the underlying group is GLr, and γ0 is regular and semisimple, the rational orbit is equal

to the stable orbit, given by the Steinberg map c−1(c(γ0)). Thus we have

Ogeom
γ0

(✶GLr(Al)) = vol|µgeom
γ0

|(GLr(Al) ∩ c−1(c(γ0))).

By definition of the geometric measure ((4.13)) (and that the set of integral points in GLr(Kl) is

open) we have

Ogeom
γ0

(✶GLr(Al)) = lim
n→∞

vol|dωGLr |(GLr(Al) ∩ c−1(Ũn(γ0)))

vol|dωC |(Ũn(γ0))
. (6.5)

Because γ0 ∈ GLr(Al), Proposition 6.2.4 allows us to replace GLr(Al) ∩ c−1(Ũn(γ0)) with

Q̃(d,n)(γ0) ⊂ GLr(Al) when d and n are sufficiently large, yielding

Ogeom
γ0

(✶GLr(Al)) = lim
d→∞

lim
n→∞

vol|dωGLr |(Q̃(d,n)(γ0))

vol|dωC |(Ũn(γ0))

= lim
d→∞

lim
n→∞

volµSO
G
(Q̃(d,n)(γ0))

|l|−rn ,

(6.6)

as desired.

Corollary 6.2.9. For l other than p,

Ogeom
γ0

(✶GLr(Al)) = lim
d→∞

lim
n→∞

#Q(d,n)(γ0)

|l|r2n−rn .

Proof. By the previous lemma, we know that the geometric orbital integral can be expressed in

terms of the Serre-Oesterlé volume of Q̃(d,n)(γ0), which we now compute explicitly. Since πn :

M(Al)→M(Al/l
n) is surjective, so the set of lifts, Q̃(d,n)(γ0), of Q(d,n)(γ0) is a disjoint union of
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fibers of πn. SinceM is smooth overAl, each fiber has volume |l|−n dim(G) under the Serre-Oesterlé

measure (4.1). Therefore, we have

volµSO
G
(Q̃(d,n)(γ0)) =

#Q(d,n)(γ0)

|l|n dim(G)
(6.7)

=
#Q(d,n)(γ0)

|l|r2n . (6.8)

Combining this with Lemma 6.6 gives the result.

Lemma 6.2.10. For primes l away from p, the Gekeler ratio (6.4) is related to the geometric orbital

integral Ogeom
γ0

(✶GLr(Al)) by

vl(γ0) =
|l|r2−1

#SLr(Al/l)
Ogeom
γ0

(✶GLr(Al)). (6.9)

Proof. By Corollary 6.2.9, the right-hand side of (6.9) is

|l|r2−1

#SLr(Al/l)
Ogeom
γ0

(✶GLr(Al)) =
|l|r2−1

#SLr(Al/l)
lim
d→∞

lim
n→∞

#Q(d,n)(γ0)

|l|r2n−rn .

At sufficiently large n and d, we have

|l|r2−1

#SLr(Al/l)

#Q(d,n)(γ0)

|l|r2n−rn =
#Q(d,n)(γ0)

#SLr(Al/l)|l|r2n−rn−r2+1

=
|l|rn−n#Q(d,n)(γ0)

#SLr(Al/l)|l|r2n−rn−r2+1+rn−n

=
|l|rn−n#Q(d,n)(γ0)

#SLr(Al/l)|l|(n−1)(r2−1)
.

By Hensel’s Lemma 4.1.2, we know that |l|(n−1)(r2−1)#SLr(Al/l) = SLr(Al/l
n). This gives
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|l|r2−1

#SLr(Al/l)

#Q(d,n)(γ0)

|l|r2n−rn =
#Q(d,n)(γ0)

#SLr(Al/ln)/|l|n(r−1)
, (6.10)

but this is the term at (d, n) of the Gekeler ratio vl(γ0). Taking the limit of both sides of (6.10) as

n and d tend to infinity yields

|l|r2−1

#SLr(Al/l)
Ogeom
γ0

(✶GLr(Al)) = lim
d→∞

lim
n→∞

#Q(d,n)(γ0)

#SLr(Al/ln)/|l|n(r−1)
= vl(γ0).

6.2.3 Gekeler Ratios and Volume at the “Bad Prime”

While the definitions for quasi-conjugacy in Section 6.2.1 hold at p, because we use the space

M(Al) rather than GLr(Al), the methods for relating the Gekeler ratio (6.4) to a geometric orbital

integral above do not apply at the prime p of A. Specifically, we cannot use the orbital integral

of the characteristic function of the integral points of GLr. Instead, we will use the characteristic

function of the integral points of a double coset in the Cartan decomposition of GLr.

Let πMn : Matr(Ap) → Matr(Ap/p
n) be the projection map and c : GLr(Kp) → C(Kp) be the

characteristic polynomial map. As in (5.19), Consider the Cartan decomposition of GLr(Kp)

GLr(Kp) =
⋃

ei≥ei+1

GLr(Ap)




pe1 0 · · · 0

0 pe2 · · · 0

...
...

. . .
...

0 0 · · · per




GLr(Ap).

It is not necessarily true that all elements in the same Cartan set have the same characteristic

polynomial. However, two elements are in the same Cartan set if and only if their characteristic

polynomials have the same Newton polygon. The determinant of any element in the Cartan set
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Me1,··· ,er = GLr(Ap)




pe1 0 · · · 0

0 pe2 · · · 0

...
...

. . .
...

0 0 · · · per




GLr(Ap)

has p-adic valuation
∑r

i=1 ei. The next term of the characteristic polynomial has p-adic valuation

∑r
i=2 ei. The pattern continues until finally, the trace has p-adic valuation er. The slopes of the

Newton polygon are therefore −e1,−e2, · · · ,−er. We have already assumed that the Newton

polygon of γ0 has one root of p-adic valuation m and r − 1 roots which are p-adic units. This

means that γ0 lies in the double coset

Mm,0,··· ,0 = GLr(Ap)λmGLr(Ap),

where

λm =




pm 0 · · · 0

0 1 · · · 0

...
...

. . .
...

0 0 · · · 1




. (6.11)

The following proposition, though not groundbreaking, is useful in the application of the Funda-

mental Lemma to our setting.

Proposition 6.2.11. Let M(Ap) ∩ GLr(Kl)γ0 be the integral points of the orbit of γ0. There is an

equality of sets

M(Ap) ∩ GLr(Kl)γ0 =Mm,0,··· ,0 ∩ GLr(Kl)γ0. (6.12)
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Proof. Suppose γ ∈ M(Ap) ∩ GLr(Kl)γ0. Then the characteristic of γ is exactly equal to Pγ0

and therefore has the exact Newton polygon as γ0, which means it is an element of Mm,0··· ,0.

Alternatively, Mm,0,··· ,0 is integral because each of the powers on p in λm are non-negative.

In [18], Iwahori and Matsumoto show that Mm,0,··· ,0 can be further decomposed as the disjoint

union of finitely many left (or right) cosets

Mm,0,··· ,0 =
s⊔

i=0

giGLr(Ap).

Define ✶M : GLr(Kp)→ {0, 1} to be the characteristic function of Mm,0,··· ,0, i.e.

✶M(γ) =





1 γ ∈Mm,0,··· ,0,

0 γ /∈Mm,0,··· ,0.

(6.13)

The Gekeler ratio at p is related to the geometric orbital integral Ogeom
γ0

(✶M). In Lemma 6.2.13,

we will show this relationship explicitly. First, it is convenient to elaborate on Proposition 6.2.4 in

terms of the set Mm,0,··· ,0 by relaxing Proposition 6.12 to a neighborhood of the orbit.

Proposition 6.2.12. Let γ0 ∈ M(Ap) be chosen as above; it corresponds to an ordinary Drinfeld

module and thus its characteristic polynomial has r − 1 roots which are p-adic units and one root

with p-adic valuation m. Then for a neighborhood Ũn(γ0) of the characteristic polynomial, we

have the equality

Mm,0,··· ,0 ∩ c−1(Ũn(γ0)) =M(Ap) ∩ c−1(Ũn(γ0)). (6.14)

Proof. Clearly, Mm,0,··· ,0 ∩ c−1(Ũn(γ0)) ⊆ M(Ap) ∩ c−1(Ũn(γ0)) since Mm,0,··· ,0 is integral. To

show the other subset inclusion, we take an element γ ∈ M(Ap) ∩ c−1(Ũn(γ0)). By definition,

Pγ ≡ Pγ0 mod pn. Since Pγ0 mod pn has r − 1 roots that are not divisible by p, Pγ mod p has

r − 1 roots not divisible by p. Further, provided that n > m, Pγ0 mod pn has one root divisible
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by pm, which implies Pγ mod pn does too. This means that r− 1 of the roots of Pγ over Ap have

valuation zero, and one root has valuation m. Therefore γ ∈Mm,0,··· ,0 ∩ c−1(Ũn(γ0)).

Lemma 6.2.13.

Ogeom
γ0

(✶M) = lim
d→∞

lim
n→∞

vol|dωGLr |(Q̃(d,n)(γ0))

vol|dωC |(Ũn(γ0))
. (6.15)

Proof. By definition, Ogeom
γ0

(✶M) is the geometric volume of the set of points in both Mm.0,··· ,0 and

the orbit of γ0. That is,

Ogeom
γ0

(✶M) = vol|µgeomγ0
|(Mm,0,··· ,0 ∩ c−1(c(γ0))).

By (4.13), we may write this as the limit

Ogeom
γ0

(✶M) = lim
n→∞

vol|dωGLr |(Mm,0,··· ,0 ∩ c−1(Ũn(γ0)))

vol|dωC |(Ũn(γ0))
.

Propositions 6.2.12 and 6.2.4 together imply the result.

Unlike in the case when l 6= p, Q̃(d,n)(γ0) is not a subset of GLr(Ap), so the Serre-Oesterlé

measure does not coincide with the canonical measure. The next lemma allows us to transfer

between the two measures on Q̃(d,n)(γ0), which as above, is a subset of Mm,0,··· ,0.

Lemma 6.2.14. On subsets of Mm,0,··· ,0, the Serre-Oesterlé measure is related to the canonical

measure by

|µSO
G | = | det(γ0)|rp · |dωGLr |. (6.16)

Proof. Since Mm,0,··· ,0 =
⊔s
i=0 giGLr(Ap) is the disjoint union of GLr(Ap)-cosets, and the Serre-

Oesterlé measure is left (and right) invariant on GLr(Ap)-cosets, it suffices to compare the two
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measures on just one of these cosets. In particular, since volµSO
G
(giGLr(Ap)) is independent of

gi, we may as well compare volµSO
G
(λmGLr(Ap)) and vol|dωGLr |(λmGLr(Ap)). By definition of the

Serre-Oesterlé measure, we have

volµSO
G
(λmGLr(Ap)) = lim

n→∞

#(πn(λmGLr(Ap)))

|p|n dim(G)
. (6.17)

The canonical measure is normalized to give each GLr(Ap)-coset volume
#GLr(Ap/p)

|p|dim(G) . To compare

the two measures, we first simplify (6.17). The number #(πn(λmGLr(Ap))) is the number of

matrices of the form




pm ~a1

~a2
...

~ar




, where




~a1
...

~ar



∈ GLr(Ap/p

n)

provided n ≫ m. (It doesn’t matter if we reduce modulo pn and then multiply by pm or if we

multiply then reduce.) First observe that there are

(|p|r − 1)(|p|r − |p|) · · · (|p|r − |p|r−1)

elements in GLr(Ap/p). For each choice in GLr(Ap/p), we obtain an element of the desired form

by counting the number of lifts of the last r − 1 rows to Ap/p
n and the number of ways to lift

the first row to pmAp/p
n. Each of the last r − 1 rows has (|p|n−1) choices of lifts to Ap/p

n. The

number of lifts of the first row ~a1 to pmAp/p
n is equal to the number of vectors ~b ∈ (pmAp/p

n)⊕r

such that 1
pm
~b = ~a1 mod p. The total number of vectors~b in (pmAp/p

n)⊕r is (|p|n−m)r. For each

entry, the proportion of choices which project to the corresponding entry of ~a1 mod p is 1
p
. This

gives that the number of lifts of ~a1 to (pmAp/p
n)⊕r is

(|p|n−m)r

(|p|)r = (|p|n−m−1)r. All together,
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#(πn(λmGLr(Ap))) = ((|p|n−1)r)r−1(|p|n−m−1)r(|p|r − 1)(|p|r − |p|) · · · (|p|r − |p|r−1)

= ((|p|n−1)r)r−1(|p|n−m−1)r#GLr(Ap/p).

We may now simplify the Serre-Oesterlé volume of Equation (6.17) to obtain

volµSO
G
(πn(λmGLr(Ap))) = lim

n→∞

((|p|n−1)r)r−1(|p|n−m−1)r#GLr(Ap/p)

|p|nr2

= lim
n→∞

|p|nr2−r2−nr+r+nr−mr−r#GLr(Ap/p)

|p|nr2

= lim
n→∞

|p|−(r2+mr)#GLr(Ap/p).

We have thus shown that if n≫ m, the limit stabilizes. We must now compare the quantities

volµSO
G
(λmGLr(Ap)) =

#GLr(Ap/p)

|p|r2+mr (6.18)

and

vol|dωGLr |(λmGLr(Ap)) =
#GLr(Ap/p)

|p|r2 . (6.19)

Clearly, (6.18) differs from (6.19) by a factor of |p|−mr. However, |p|−mr = | det(γ0)|rp, so

|µSO
G | = | det(γ0)|rp · |dωGLr |.

Corollary 6.2.15.

Ogeom
γ0

(✶M) = lim
d→∞

lim
n→∞

| det(γ0)|−rp volµSO
G
(Q̃(d,n)(γ0))

volµSO
C
(Ũn(γ0))

(6.20)
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Proof. By Lemma 6.2.14, we may replace vol|dωGLr |(Q̃(d,n)(γ0)) in Lemma 6.2.13 with

| det(γ0)|−rp volµSO
G
(Q̃(d,n)(γ0)).

Lemma 6.2.16.

vp(γ0) = | det(γ0)|r−1
p

|p|(r2−1)

#SLr(Ap/p)
Ogeom
γ0

(✶M). (6.21)

Proof. By Corollary 6.2.15, the right-hand side of Equation (6.21) is

| det(γ0)|r−1
p

|p|r2−1

#SLr(Ap/p)
lim
d→∞

lim
n→∞

| det(γ0)|−rp volµSO
G
(Q̃(d,n)(γ0))

volµSO
C
(Ũn(γ0))

. (6.22)

The Serre-Oesterlé volume of Ũn(γ0) is
|p|−rn

| det(γ0)|p , while as in Corollary 6.2.9, the Serre-Oesterlé

volume of Q̃(d,n)(γ0) is
#Q(d,n)(γ0)

|p|nr2
. Substituting these quantities into (6.22) and simplifying gives

the equality between the right-hand side of (6.21) and limd→∞ limn→∞
#Q(d,n)(γ0)

#SLr(Ap/p)|p|nr2−rn−r2+1
:

| det(γ0)|r−1
p

|p|r2−1

#SLr(Ap/p)
lim
d→∞

lim
n→∞

| det(γ0)|−rp

#Q(d,n)(γ0)

|p|nr2

|p|−rn

| det(γ0)|p

= | det(γ0)|r−1
p

|p|r2−1

#SLr(Ap/p)
lim
d→∞

lim
n→∞

| det(γ0)|−r+1
p #Q(d,n)(γ0)

|p|nr2−rn

=
|p|r2−1

#SLr(Ap/p)
lim
d→∞

lim
n→∞

#Q(d,n)(γ0)

|p|nr2−rn

= lim
d→∞

lim
n→∞

#Q(d,n)(γ0)

#SLr(Ap/p)|p|nr2−rn−r2+1
.
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As in the proof of Lemma 6.2.10, we multiply and divide by |p|rn−n to obtain that the right-hand

side of (6.21) is equal to lim
d→∞

lim
n→∞

|p|rn−n#Q(d,n)(γ0)

#SLr(Ap/p)|p|(r2−1)(n−1)
. Hensel’s Lemma implies that the

right-hand side of (6.21) is

lim
d→∞

lim
n→∞

|p|rn−n#Q(d,n)(γ0)

#SLr(Ap/p)|p|(r2−1)(n−1)
= lim

d→∞
lim
n→∞

#Q(d,n)(γ0)

#SLr(Ap/pn)/|p|n(r−1)
= vp(γ0).

We have now shown that the Gekeler ratio at p can be written in terms of an ordinary orbital

integral on the orbit of γ0 in GLr(Kp), not a twisted orbital integral as in (5.18). Luckily, the

Fundamental Lemma allows us to translate between ordinary orbital integrals for Mm,0,··· ,0 and

twisted orbital integrals for GLr(AL)ǫpGLr(AL), provided the measure used on the ordinary orbital

integral has been normalized to give GLr(Ap) volume one. Since the geometric measure has not

been normalized in this way, we must first relate the geometric measure to a measure consistent

with Laumon’s formula and the Fundamental Lemma.

6.3 Transfer of Measures

The task at hand is to relate the geometric measures at each place to the measures dhl
dωTama

T,l

chosen in Section 6.1.

Proposition 6.3.1. For all places l 6=∞ of K,

dωgeomγ0,l
= |D(γ0)|1/2l | det(γ0)|

−(r−1)
2

l

#GLr(Al/l)

|l|r2 · Ll(1, σT ) ·
dhl

dωTama
T,l

. (6.23)

Proof. Starting with Equation (4.17), we know that

dωgeomγ0,l
= |D(γ0)|1/2l | det(γ0)|

− r−1
2

l · dωT\GLr,l. (6.24)
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We then observe that the measure dωGLr used to define the quotient measure dωT\GLr,l has not been

normalized to give volume one to the integral points while dhl has been, i.e.,

dωGLr,l

#GLr(Al/l)/|l|r2
= dhl. (6.25)

Finally, the measure dωT,l used in dωT\GLr differs from dωTama
T,l by a factor of Ll(1, σT)

−1. This

implies that

dωT\GLr,l =
#GLr(Al/l)/|l|r2dhl
Ll(1, σT)−1dωTama

T,l

. (6.26)

Substituting this into Equation (6.24) shows the desired relationship.

We can now write the Gekeler ratios in terms of orbital integrals with respect to the local

measures dωTama
T,l consistent with Laumon’s formula.

Corollary 6.3.2. For l 6= p, the Gekeler ratio and local ordinary orbital integrals are related by

vl(γ0) = |D(γ0)|1/2l Ll(1, σT)(1− 1/|l|) ·OTama
γ0,l

(✶GLr(Al)). (6.27)

Proof. We start by combining Proposition 6.3.1 and Lemma 6.2.10 to obtain

vl(γ0) =
|l|r2−1

#SLr(Al/l)
·|D(γ0)|1/2l | det(γ0)|

−(r−1)
2

l

#GLr(Al/l)

|l|r2 ·Ll(1, σT )·OTama
γ0

(✶GLr(Al)). (6.28)

We simplify by observing | det(γ0)|l = 1 for l 6= p, and #SLr(Al/l) =
#GLr(Al/l)

|l|(1− 1
|l|
)
.

Corollary 6.3.3. At p, the Gekeler ratio is related to an ordinary orbital integral by

vp(γ0) = |p|
−m(r−1)

2 |D(γo)|1/2p Lp(1, σT)(1− 1/|p|)OTama
γ0

(✶M). (6.29)
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Proof. For p, the only differences are that there is an additional factor of | det(γ0)|r−1
p at the be-

ginning and | det(γ0)|p = |p|−m, so we have

vp(γ0) = |p|−m(r−1)|D(γo)|1/2p · |p|
m(r−1)

2 Lp(1, σT)(1− 1/|p|)OTama
γ0

(✶M) (6.30)

= |p|−m(r−1)
2 |D(γo)|1/2p Lp(1, σT)(1− 1/|p|)OTama

γ0
(✶M). (6.31)

6.3.1 The product of Gekeler Ratios

So far, we have shown that Gekeler ratios can be reformulated as local orbital integrals. Taking

the product over all primes of Gekeler ratios yields an expression involving the adèlic orbital

integral for the finite and prime-to-p places and an ordinary orbital integral at p.

Corollary 6.3.4. The product over finite places of Gekeler ratios is related to the ordinary adèlic

orbital integrals of Laumon’s formula by

∏

l6=∞
vl(γ0) = |p|

−m(r−1)
2 |D(γ0)|−1/2

∞ ·
∏

l6=∞
(1− 1/|l|) ·

∏

l6=∞
Ll(1, σT) ·OTama

γ0,f
(✶GLr(Âp)) ·OTama

γ0,p
(✶M).

(6.32)

Proof. In combining the previous two corollaries and simplifying, we find

∏

l6=∞
vl(γ0) =

∏

l6=p,∞
|D(γ0)|1/2l Ll(1, σT)(1− 1/|l|) ·OTama

γ0,l
(✶GLr(Al))

· |p|−m(r−1)
2 |D(γ0)|1/2p Lp(1, σT)(1− 1/|p|) ·OTama

γ0,p
(✶M)

= |p|−m(r−1)
2 |D(γ0)|−1/2

∞ ·
∏

l6=∞
(1− 1/|l|) ·

∏

l6=∞
Ll(1, σT)

·OTama
γ0,f

(✶GLr(Âp)) ·OTama
γ0,p

(✶M).

(6.33)

80



6.4 The Fundamental Lemma

In this section, we will prove that the Fundamental Lemma applies to relate Laumon’s twisted

orbital integral with our ordinary one. We start with the twisted orbital integral. To verify that

Theorem 5.3.7 applies, we compute the Satake transform of ✶Sm and its base change explicitly.

After this, it suffices to show that the resulting function agrees with ✶M on the sets of interest.

By assumption on the Newton polygon of γ0, we know that it is a closed m-admissible element

γ0 of GLr. Further, we know that the sign function is just one. Therefore, we have the equality

OTama
γ0

(f) = TOTama
γ0

(✶Sm) (6.34)

between ordinary and twisted orbital integrals, where f is the base change of ✶Sm from the Hecke

algebra Hm to the Hecke algebra H. Recall that we have completely characterized f by Theorem

5.3.7 and the subsequent remarks. Indeed, f = b(✶Sm) is the function f : GLr(Kp) → Z defined

by

f(γ) =





∏̺−1
i=1 (1− qi) γ ∈M(Ap) ∩ GLr(Kp) and valp(det(γ0)) = m,

0 otherwise,

(6.35)

where ̺ is the nullity of γ mod p. In this section, we show that our ordinary orbital integral

OTama
γ0

(✶M) can be replaced by Laumon’s twisted orbital integral TOTama
γ0

(✶Sm). It suffices to

show

OTama
γ0

(✶M) = OTama
γ0

(f) (6.36)

by showing the functions agree. Clearly, f and ✶M do not agree in general since f can take on

values other than zero and one. Thankfully, since we are integrating these functions over the orbit

of γ0,we only need that f(γ) = ✶M(γ) for elements γ in the orbit GLr(Kl)γ0. By the fact that γ0 has

a square-free characteristic polynomial, all elements in the orbit satisfy have the same characteristic
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polynomial as that of γ0 and therefore satisfy the condition that the valuation on the determinant is

m. Likewise, the Newton polygon of the characteristic polynomial implies that all elements in the

orbit have exactly one eigenvalue divisible by p. Therefore, for every γ ∈ GLr(Kl)γ0 has nullity one

modulo p. Hence on the orbit GLr(Kl)γ0, it is always the case that ̺− 1 = 0. Together, this means

that on GLr(Kl)γ0, we have

f(γ) =





1 γ ∈M(Ap) ∩ GLr(Kl)γ0,

0 γ /∈M(Ap) ∩ GLr(Kl)γ0.

(6.37)

Consequently, for γ ∈ GLr(Kl)γ0, ✶M(γ) = f(γ) if and only if

M(Ap) ∩ GLr(Kl)γ0 =Mm,0,··· ,0 ∩ GLr(Kl)γ0.

However, this is exactly Proposition 6.12, so we have proven the next lemma and subsequent

corollary.

Lemma 6.4.1. On the orbit of γ0, we have the equality of integrals

TOTama
γ0

(✶Sm) = OTama
γ0

(✶M). (6.38)

Corollary 6.4.2. The product over finite places of Gekeler ratios is

∏

l6=∞
vl(γ0) = |p|

−m(r−1)
2 |D(γ0)|−1/2

∞ ·
∏

l6=∞
(1−1/|l|)·

∏

l6=∞
Ll(1, σT)·OTama

γ0,f
(✶GLr(Âp))·TOTama

γ0,p
(✶Sm).

(6.39)

Remark 6.4.3. In preparation for the final theorem, we rewrite the previous corollary as follows.
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OTama
γ0,f

(✶GLr(Âp)) · TOTama
γ0,p

(✶Sm) = |p|
m(r−1)

2 |D(γ0)|1/2∞

∏
l6=∞(1− 1/|l|)−1

∏
l6=∞ Ll(1, σT)

∏

l6=∞
vl(γ0). (6.40)

6.5 The Global Factor

The purpose of this section is to explicitly compute the global factor

voldωTama
T,f

(T(K)\T(Af )). (6.41)

At the beginning of this chapter, we chose to use the measure dωTama
T,f on this space so that we

could leverage known results about the Tamagawa number of the torus for our calculation.

The Tamagawa measure is a measure on the set of norm one adèlic points of the torus defined

conventionally in the following way. To begin, one may fix any differential form on T(K) and

associated measure. Recall that the differential form ωT and associated differential form dωT as

defined in Chapter 4 are not defined overK unless T splits overK. However, there is some ∆ ∈ K

such that the measure dωT√
|∆|

is defined over K (see [14, Section 5.1.1] for details). Then let

ρT := lim
s→1

(s− 1)rTL(s, σT) (6.42)

be the residue of the Artin L-function associated with the representation σT at s = 1, as seen

in Chapter 4. By rT, we mean the number of characters defined over K. In particular, since T

is the restriction of scalars of the multiplicative group of E, the only character is the field norm

map NE/K , and thus rT = 1. Let dT be the dimension of T over K, in this case, dT = r. We

additionally let g be the genus of the base field field K, so g = 0. Then µT(A) is the measure on

the adèlic points of T defined by
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dµT(A) := q−dT(g−1)ρ−1
T

∏

v

Lv(1, σT)
dωT,v√
|∆|v

= q−dT(g−1)ρ−1
T

∏

v

Lv(1, σT)dωT,v.

(6.43)

The simplification is due to the product formula – indeed,
∏

v
1√
|∆|v

= 1. In our specific setting,

we have

dµT(A) = qrρ−1
T

∏

v

Lv(1, σT)dωT,v. (6.44)

The Tamagawa number of T is by definition the volume of T(K)\T(A)1, where T(A)1 is defined

as follows.

Definition 6.5.1. Define the adèlic norm one torus to be

T(A)1 := {(xv) ∈ T(A) :
∏

v

|χ(xv)|v = 1 for all χ ∈ X∗(T) defined over K}. (6.45)

For T = ResE/K(Gm), the only rational character is the field norm for E/K. Thus

T(A)1 := {(xv) ∈ T(A) :
∏

v

|NEv/Kv
(xv)|v = 1}. (6.46)

The measure dµT(A) naturally induces the Tamagawa measure dµTama
T(A)1 on T(K)\T(A)1 since

T(A)1 includes into T(A).

Definition 6.5.2. The Tamagawa number of T overK is the measure one has to give to the compact

subgroup T(K)\T(A)1 in order that dµT(A) decomposes as

dµT(A) = dµT(A)1\T(A) · dµTamaT(A)1 · dµK (6.47)
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where dµT(A)1\T(A) comes from giving measure ln(q) to each point and dµK is the canonical dis-

crete measure.5

The Tamagawa measure can be explained via the homomorphism

α : T(A)→ HomZ(X
∗(T)K , q

Z),

(xv) 7→
∏

v

|NEv
/Kv(x)v|v.

(6.48)

By definition, the kernel of α is T(A)1, and to this kernel, we give each point measure ln(q). (Note,

the power on ln(q) is equal to the number of characters.) If α is surjective, then dµTama
T(A)1 is simply

the measure

dµTama
T(A)1 :=

dµT(A))

(ln(q))rT
.

Unfortunately, as Oesterle points out, α fails to be surjective when the field of constants in

E/K is larger than Fq [25, Remarque 5.7] Gekeler refers to this case in [12] as the exceptional

case (E1). However, the image of α is always of finite index in T(A), so | coker(α)| is finite, and

divides r. In the greatest generality, we have

dµTama
T(A)1 :=

dµT(A)|
T(A)1

ln(q)| coker(α)| . (6.49)

It is well known that the Tamagawa number of the restriction of scalars of Gm is one (see [25,26,33]

for an in-depth treatment of this calculation), which by definition means that

voldµTama
T(A)1

(T(K)\T(A)1) = 1. (6.50)

It turns out that the volume of the compact subgroup T(K)\T(Af ) is related to the volume of

T(K)\T(A)1. This relationship comes from the natural homomorphism

5There is a slight abuse of notation; dµTama

T(A)1 refers to both the measure on T(A) and the quotient of this measure by

the discrete measure on T(K).
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β : T(A)1 → T(Af ), (6.51)

which truncates the adèlic tuple (xv) = ((xl)l6=∞, x∞) by deleting the term at infinity. The kernel

of β is the set of tuples with value one at each finite place and norm one at the infinite place, i.e.,

ker(β) = {((1l)l6=∞, x∞) : |NE∞̃/K∞(x∞)| = 1}.

This kernel is isomorphic to the compact subgroup

T(K∞)c = {t ∈ T(K∞) : |χ(t)|l = 1 for χ ∈ X∗(T)K∞} ⊂ T(K∞)

described in detail in 4, as per [14]. Again, the only character is NE∞̃/K∞ (by Theorem 2.3.5, there

is only one prime above∞). Next, observe that an element (xl) of T(Af ) is in the image of β if

and only if there is an element of the form ((xl), x∞) in T(A)1. Equivalently, (xl) ∈ im(β) if and

only if there is an element x∞ ∈ E×
∞̃ such that

∏

l6=∞
|NEl/Kl

(xl)|l · |NE∞̃/K∞(x∞)|∞ = 1,

i.e.,

∏

l6=∞
|NEl/Kl

(xl)|l = (|NE∞̃/K∞(x∞)|∞)−1.

This happens exactly as often as elements in K×
∞ are in the image of NE∞̃/K∞ . According

to Serre ( [30, Page 87]), the index of the image of the norm map in K×
∞ is controlled by the

splitting behavior of ∞ in E. Specifically, we have that ∞̃ is the unique prime above ∞ in E,

and the image of the norm map has index f(E∞̃/K∞), the residue degree of ∞. (Note that if

∞ is unramified in E, the image of the norm map is of index r. If∞ ramifies, the norm map is
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surjective.) Consequently, the image of β also has index f(E∞̃/K∞) in T(Af ). This is equivalent

to saying | coker(β)| = f(E∞̃/K∞).

According to this description of β, we have the short exact sequence

1→ T(K∞)c → T(A)1
β−→ T(Af )→ coker(β)→ 1. (6.52)

Since the diagonal embedding of T(K) = E× intersects the image of T(K∞)c in T(A) trivially,

(6.52) gives the exact sequence for quotients by T(K) :

1→ T(K∞)c → T(K)\T(A)1
β−→ T(K)\T(Af )→ coker(β)→ 1. (6.53)

With this set up – the specific choice of measures used and a relationship between the compact

subgroups T(K)\T(A)1 and T(K)\T(Af ) – we can finally compute voldωTama
T,f

(T(K)\T(Af ))

explicitly.

Using (6.49), we observe that the Tamagawa number of T over K can be written in terms of

the measure dµT(A) as follows

1 = voldµTama
T(A)1

(T(K)\T(A)1) =
voldµT(A)

(T(K)\T(A)1)

ln(q)| coker(α)| . (6.54)

Next, the short exact sequence (6.53) implies that

voldµT(A)
(T(K)\T(A)1) =

voldωTama
T,∞

(T(K∞)c)

f(E∞̃/K∞)
· voldµT(A)

(T(K)\T(Af )). (6.55)

Note that the measures here are all chosen consistently; the measure dωT,∞ is the measure at

infinity used in the definition of dµT(A). Implicitly, the measure dµT(A) has been restricted to the

finite places in the expression voldµT(A)
(T(K)\T(Af )). Finally, we want the volume in terms of

the measure dωTama
T,f , not dµT(A). By the definitions of these two measures, in our setting where

dT = r, g = 0, they are related by
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dµT(A) = qrρ−1
T
dωTama

T,f . (6.56)

Putting together Equations (6.54) and (6.55) yields

1 = voldµTama
T(A)1

(T(K)\T(A)1) =
voldωTama

T,∞
(T(K∞)c) · voldµT(A)

(T(K)\T(Af ))

ln(q) · | coker(α)| · f(E∞̃/K∞)
. (6.57)

Finally, we transfer measures using Equation (6.56) to obtain

1 = voldµTama
T(A)1

(T(K)\T(A)1) =
voldωTama

T,∞
(T(K∞)c) · qrρ−1

T
voldωTama

T,f
(T(K)\T(Af ))

ln(q) · | coker(α)| · f(E∞̃/K∞)
. (6.58)

In solving for voldωTama
T,f

(T(K)\T(Af )), and observing that

voldωTama
T,∞

(T(K∞)c) = L∞(1, σT) · voldωT,∞
(T(K∞)c),

we have proven the next lemma.

Lemma 6.5.3. The global volume term of Laumon’s formula is explicitly given by

voldωTama
T,f

(T(K)\T(Af )) =
ln(q) · ρT · | coker(α)| · f(E∞̃/K∞)

qr · L∞(1, σT) · voldωT,∞
(T(K∞)c)

. (6.59)

6.6 Main Theorem

Equipped with this specific computation of the global volume, and the interpretation of the

adèlic orbital integrals in terms of Gekeler ratios, we can now express the size of an isogeny class

of ordinary rank r Drinfeld modules as a Gekeler-style product formula. Recall that for all finite

places, we define the Gekeler ratios as follows.

Definition 6.6.1. For each finite prime l of A (including p) define
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vl(γ0) := lim
d→∞

lim
n→∞

#Q(d,n)(γ0)

#SLr(Al/ln)/|l|n(r−1)
. (6.4)

At the infinite place, we introduce the following definition.

Definition 6.6.2. At the infinite place, define the number

v∞(γ0) := |D(γ0)|1/2∞
ρT · | coker(α)| · f(E∞̃/K∞)

qr · L(1, σT) · voldωT,∞
(T(K∞)c)

(6.60)

Equipped with these definitions, we are finally able to prove Theorem A.

Theorem A. Let φ be an ordinary rank r Drinfeld module over the finite field L of degree m over

A/p. Let γ0 ∈ GLr(Fq[T ]) be a matrix with the same characteristic polynomial as φ. The weighted

size of the isogeny class of φ is

h∗φ(L) = |p|
m(r−1)

2 v∞(γ0)
∏

l

vl(γ0).

Proof. Starting with Laumon’s formula, the weighted size of the isogeny class is given by

h∗φ(L) = voldωTama
T,f

(T(K)\T(Af )) ·OTama
γ0,f

(✶GLr(Âp)) · TOTama
γ0,p

(✶Sm).

Into this formula, we directly substitute the values of the global volume term and the product of the

two orbital integrals from Equations (6.59) and (6.40) respectively to obtain the size of the isogeny

class as the product

h∗φ(L) =
ln(q) · ρT · | coker(α)| · f(E∞̃/K∞)

qr · L∞(1, σT) · voldωT,∞
(T(K∞)c)

· |p|m(r−1)
2 |D(γ0)|1/2∞

∏
l6=∞(1− 1/|l|)−1

∏
l6=∞ Ll(1, σT)

∏

l6=∞
vl(γ0).

(6.61)

Observe that the product

∏

l6=∞
(1− |l|−1)−1
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conditionally converges to the zeta function of A evaluated at one, which has residue 1/ ln(q),

so this factor cancels with ln(q) [28, Chapter 5]. The product of the remaining factors is exactly

v∞(γ0) as in Equation (6.60). Therefore, we have finally shown the desired result,

h∗φ(L) = |p|
m(r−1)

2 v∞(γ0)
∏

l

vl(γ0). (6.62)

6.7 Comparison with Gekeler’s Formula

We now verify that our formula for the size of an isogeny class (6.62) of a rank two Drinfeld

module φ over the “prime field” Fp[T ]/p is equal to Gekeler’s formula. The first step in comparing

Formula (6.62) with Gekeler’s (Equation (3.3)) is noting that the terms vl(γ0) coincide with vl(a, b)

as defined in (3.1) for l 6= ∞ (see Remark 6.2.7). Next, we both have a factor of |p|1/2 at the

beginning. Lastly, it suffices to show that our definition for v∞(γ0) (see (6.60)) is equal to Gekeler’s

definition for v∞(a, b) (see (3.2)).

To do so, we will assume that E/K is a regular extension, and that the characteristic of K is

not two. This implies that | coker(α)| = 1 in v∞(γ0). This gives

v∞(γ0) = |D(γ0)|1/2∞
ρT · f(E∞̃/K∞)

q2 · L(1, σT) · voldωT,∞
(T(K∞)c)

.

Next, the Artin L-function L(1, σT) converges (conditionally) to ρT. Additionally, Gekeler’s

v∞(a, b) is a function of the polynomial discriminant ∆ := a2− 4b, while our v∞(γ0) involves the

D(γ0), the Weyl discriminant of γ0. By Equation (4.16), we have

|D(γ0)|∞ =

∣∣∣∣
∆

det(γ0)

∣∣∣∣
∞
.

Even further, det(γ0) = b, which implies

|D(γ0)|1/2∞ =

∣∣∣∣
∆

b

∣∣∣∣
1/2

∞
.
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Substituting this into our definition of v∞, we now have

v∞(γ0) =

∣∣∣∣
∆

b

∣∣∣∣
1/2

∞
· f(E∞̃/K∞)

q2 · voldωT,∞
(T(K∞)c)

.

We can simplify further using the fact that there is only one prime above ∞ in E, which when

combined with Equation (4.5) implies

voldωT,∞
(T(K∞)c) =





(q−1)(q+1)
q2

if∞ is unramified in E,

(q−1)

q3/2
if∞ ramifies in E.

We also know that f(E∞̃/K∞) = 2 (resp. 1) if the extension is unramified (resp. ramified). The

extension is unramified if (and only if) the degree of ∆ is even, and ramified when the degree of ∆

is odd. Therefore,

v∞(γ0) =

∣∣∣∣
∆

b

∣∣∣∣
1/2





2

(q + 1)(q − 1)

q−1/2

q − 1





if∞





is unramified in E

ramifies in E




,

which coincides exactly with Gekeler’s definition as stated in Equation (3.2).
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Appendix A

Computing the Characteristic Polynomial

Continue to view L as a finite extension of A/p, viewed as an A -algebra with structure map γ.

The method for determining the characteristic polynomial is as outlined in [12, Sections 2,3].

A.1 General Strategies (for Rank Two)

As stated in the Section 2.4, the characteristic polynomial of φ is the characteristic polynomial

il(F ). We determine the coefficients using a system of equations. For an arbitrary rank Drinfeld

module, such a system is daunting, but for rank two, the situation is not so bad. We demonstrate

how to compute Pφ(X) for a rank two Drinfeld module φ given φT . First, we describe this process

when L is any finite extension of A/p. Then, in the next section, we will restrict to the much easier

case L = A/p. Following Gekeler’s notation in [12], each rank two Drinfeld module is given by

φT of the form φT = γ(T ) + gτ + ∆τ 2 and the characteristic polynomial will be of the form

Pφ(X) = X2 − aX + b. Define the invariant j(φ) := gq+1/∆. Because L is a finite extension of a

finite field, it has Galois group Gal(L : Fq), with n = d ·m elements. The evaluation of the norm

NL
Fq

at α for any α in L is given by

NL
Fq
(α) =

∏

σ∈Gal(L:Fq)

σ(α).

Similarly, the trace of the field extension is given by

TrLFq
(α) =

∑

σ∈Gal(L:Fq)

σ(α).

If a is an element of Fq, then NL
Fq
(a) = an.
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Let φ be a rank two Drinfeld module over L, the degree m extension of A/p defined by φT =

γ(T ) + gτ +∆τ 2. Then Pφ(X) = X2− aX + b. We saw in Theorem 2.4.3 that b is a generator of

(pm). Explicitly, in [17, Equation 7], we see that b = ǫ(φ)pm(T ), where

ǫ(φ) = NL
Fq
(−∆)−1.

See [10, 17] for more details.

Determining a is more difficult; a is the Frobenius trace of φ over L. It can be written as the

polynomial in T

a =

⌊n
2
⌋∑

i=0

aiT
i. (A.1)

In Proposition 2.14 of [12], we learn that

a⌊n
2
⌋ =





Tr
Fq2

Fq
(NL

Fq2
(∆)−1) for n even,

−NL
Fq
(g)−1TrLFq

(j(φ)(q
n−q)/(q2−1)+1) for n odd and g 6= 0,

0 for n odd and g = 0.

(A.2)

To solve for the remaining coefficients of a, we must solve the system of equations given by

−
∑

0≤i≤⌊n
2
⌋
aifi,j−n + ǫ(φ)

∑

j/2≤i≤n
pifi,j =





−1 if j = 2n,

0 if aj < 2n.

(A.3)

Here, the fi,j are the coefficients in L of φT i =
∑

0≤j≤2i. They are determined by recursion,

with fi,0 = γ(T i), f1,1 = g, and f1,2 = ∆. To obtain subsequent terms, use that φ is a ring ho-

momorphism – see [12, (2.12)] for the details. The pi’s are the coefficients of the monic generator

pm(T ).
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Several of the above equations are redundant; the j-th equations can be deleted for j = n +

1, n+ 2, . . . 2n, if n is odd, or j = n+ 1, n+ 2, . . . , 2n− 1, if n is even. This reduces the system

to ⌊n
2
⌋+ 1 equations. The remaining system is triangular [12, (3.3)].

A.2 A Specific Case for Rank Two

Calculating the characteristic polynomial when L is A/p, or equivalently when m = 1 and

d = n, is much simpler. We calculate b as before. To compute a, we need the image of p(T ) under

φ. Since p(T ) is a degree d polynomial in T, we know φp(T ) is a degree 2d polynomial in τ (in

general it is a degree rd polynomial in τ ). Write

φp(T ) =
2d∑

i=0

hi(φ)τ
i.

The first d − 1 coefficients vanish. The d-th coefficient hd(φ) is called the Hasse invariant, also

denoted H(φ). We compute H(φ) using φp(T ) in Example A.3.1. Another way to compute H(φ)

is via the sequence {gk}k≥0 defined by recursion. Let g0 = 1, and g1 = g (the coefficient of τ in

φT ). Put [k] := T q
k − T, and regard it as an element of A/p = L. Then

gk = −[k − 1]gk−2∆
qk−2

+ gk−1g
qk−1

,

for k ≥ 2. Proposition 3.7 in [12] gives that the Hasse invariant H(φ) is the d-th term in the

sequence; H(φ) = gd. We use this method in Examples A.3.2, A.3.3 and A.3.4. The Hasse

satisfies

γ(a) = ǫ(φ)NL
Fq
(H(φ)). (A.4)

By (A.1), the degree of a is less than or equal to ⌊n
2
⌋. When n = d, a has degree less than that of

p. This implies that a is determined by its residue class γ(a) modulo p.
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A.3 Examples

We compute the characteristic polynomials for a few different rank two Drinfeld modules, all

with A = F2[T ] with L = A/p for varying primes p.

Example A.3.1. This example is also in [12, Example 3.8]. Let p(T ) = T 3 + T + 1 and p be

the ideal generated by p(T ). Then L = A/p ∼= F8 can be viewed as an A-field via γ : A → L,

the mod p map. We have that A/p is a degree d = 3 extension of A, and L is a degree m = 1

extension of A/p, so n = d ·m = 3. Let φ be the rank two Drinfeld module defined by

φT = γ(T ) + Tτ + τ 2 = T + Tτ + τ 2 mod p.

Here g = T and ∆ = 1. We aim to compute the characteristic polynomial Pφ(X) = X2− aX + b,

where b = ǫ(φ) · pm(T ). We begin by computing the sign function ǫ(φ) via the field norm map

NL
F2
(∆) for L over F2. This is defined in terms of the Galois group of L of F2, which is cyclic and

of degree three, Gal(L : F2) ∼= C3 = {Id, σ, σ2}. By definition, we have

NL
F2
(∆) = Id(1) · σ(1) · σ2(1) = 1

so ǫ(φ) = (−1)nNL
F2
(∆)−1 = 1. We may now explicitly write b as ǫ(φ) · pm(T ), which simplifies

to b = p(T ) = T 3 + T + 1.

To compute a, we begin finding the Hasse invariant H(φ) by finding the coefficient on the

degree d term of φp(T ). Using the homomorphism properties, we have

φp(T ) = φT 3 + φT + φ1,

= (φT )
3 + φT + φ1,

= (T + Tτ + τ 2)3 + (T + Tτ + τ 2) + 1 mod p.

Simplifying according to the definition of multiplication in L{τ} gives
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φp(T ) = (T + 1)τ 5 + τ 6.

The coefficient on the third term is zero, soH(φ) = 0 and γ(a) = 1·NA/p
Fq

(H(φ)) = 0 mod p.

This implies that a is an element of the ideal p, but since degT (a) ≤ ⌊d/2⌋, a = 0. Therefore, the

characteristic polynomial of φ is

Pφ(X) = X2 + aX + b = X2 + (T 3 + T + 1).

Example A.3.2. Now let p(T ) = T 2+T+1, p be the ideal generated by p(T ), and L = F2[T ]/p ∼=

F4. Then L is a degree n = d ·m = 2 extension of F2 where m = 1 and d = 2. Define a rank two

Drinfeld module ψ : A→ L{τ} by

ψT = γ(T ) + Tτ + Tτ 2 = T + Tτ + Tτ 2.

The Galois group Gal(L : F2) has order two, and is generated by σ : x 7→ x2. Observe

NL
F2
(∆) = NL

F2
(T ) mod p

= T · T 2 mod p

= 1,

so ǫ(ψ) = 1 and b = p(T ) = T 2 + T + 1. To compute a, we use the recursive formula for

H(ψ) = g2. First, we have g0 = 1 and g1 = T . By the recursive definition,
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g2 = −[2− 1]g0∆
20 + g1g

21

= −(T 2 − T )(1)(T )1 + (T )(T )2 mod p

= T + 1 mod p.

The Hasse invariant is H(ψ) = T + 1 and satisfies

γ(a) = ǫ(ψ)NL
A/p(H(ψ)) = (1)NL

A/p(T + 1).

Since L = A/p, we have γ(a) = T +1 mod p. Since degT (a) ≤ ⌊d/2⌋, a = T +1. All together,

we have

Pψ(X) = X2 + (T + 1)X + p(T ) = X2 + (T + 1)X + T 2 + T + 1.

Example A.3.3. As in the previous example let L = F2[T ]/〈T 2 + T + 1〉. Define a rank two

Drinfeld A-module ζ over L by ζT = γ(T ) + Tτ + τ 2. Again, we compute b by first computing

ǫ(ζ).

ǫ(ζ) = (−1)2(NL
F2(∆))−1

= (1)(NL
F2
(1))−1

= 1.

Thus b = p(T ) = T 2 + T + 1. As in the previous example, we compute H(ζ) = g2 using the

recursive formula with g0 = 1 and g1 = T .
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g2 = −[2− 1]g0∆
20 + g1g

21

= −(T 2 − T )(1)(T + 1)1 + (T )(T )2 mod p

= T 3 mod p

= 1 + 1 mod p = 0 mod p.

Since the Hasse invariant is zero, γ(a) = 0 mod p, but again degT (a) ≤ ⌊d/2⌋, so a = 0. Then

Pζ(X) = X2 + p(T ) = X2 + T 2 + T + 1.

Example A.3.4. Again take L = F2/〈T 2 + T + 1〉. Define a rank two Drinfeld module θ by

θT = T +(T +1)τ +(T +1)τ 2. Then g = (T +1) and ∆ = (T +1). We again start by computing

ǫ(θ):

ǫ(θ) = (−1)2(NL
F2(∆))−1 mod p

= (1)(NL
F2
(T + 1))−1 mod p

= (1)((T + 1)3)−1 = (1)(T 3 + T 2 + T + 1)−1 mod p

= (1)(1)−1 = 1.

This means that ǫ(θ) = 1 and b = T 2 + T + 1. Now, H(θ) = g2 is found by the recursion formula

with g0 = 1 and g1 = T + 1:
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g2 = −[2− 1]g0∆
20 + g1g

21

= −(T 2 − T )(1)(T + 1)1 + (T )(T + 1)2 mod p

= T + 1 mod p.

Then γ(a) = ǫ(θ)NL
A/p(T + 1) = T + 1. Since degT (a) ≤ ⌊d/2⌋, we know a = T + 1. Thus

Pθ(X) = X2 + (T + 1)X + p(T ) = X2 + (T + 1)X + T 2 + T + 1.

A.4 Isogenies

By Theorem 2.6.1, we now explain which of the above Drinfeld modules are isogenous. There

is an isogeny between the Drinfeld modules ψ and θ from Examples A.3.2 and A.3.4 respectively

because both have characteristic polynomial X2 + (T + 1)X + T 2 + T + 1. Neither is isogenous

over L to ζ in Example A.3.3 because Pζ(X) = X2+T 2+T +1. We also know that φ in Example

A.3.1 is not isogenous to any of the others over the base field L = A/〈T 2 + T + 1〉 because it

is defined over a different field entirely. However, all four examples are defined over fields with

the same algebraic closure. We may thus ask if there is a common field of definition over which

the Drinfeld modules become isogenous. The first observation is that Examples A.3.1 and A.3.3

are supersingular because the Hasse invariant vanishes. Even over an extension, these examples

cannot become isogenous to Examples A.3.2 and A.3.4, though they may become isogenous to

one another.
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Appendix B

Hensel’s Lemma

In this appendix, we give more details about Hensel’s Lemma. The first result stated, also

referred to as Hensel’s lemma allows us to find roots of polynomials given approximate roots,

much in the way we use Newton’s method to approximate roots in calculus.

Lemma B.0.1 ( [8]). Let R be a complete ring with respect to the ideal ̟, and let f(x) ∈ R[x]

be a polynomial. If a is an approximate root of f , in the sense that f(a) ≡ 0 mod f ′(a)2̟, then

there is a root b of f near a, in the sense that f(b) = 0 and b ≡ a mod f ′(a)̟. If f ′(a) is a

non-zero-divisor in R, then b is unique.

The proof of this lemma is a consequence of the following properties of power series rings.

Theorem B.0.2. [8, Theorem 7.16] Let R be any ring and S an R-algebra that is complete with

respect to some ideal n. Given f1, · · · , fn ∈ n :

(a) There is a unique R-algebra homomorphism

ϕ : R[[x1 · · · xn]]→ S

sending xi to fi for each i. The map ϕ takes a power series g(x1, · · · , xn) to g(f1, · · · , fn) ∈ S.

(b) If the induced map R → S/n is an epimorphism and f1, · · · , fn generate n, then ϕ is an

epimorphism.

(c) If the induced map of associated graded rings

grϕ : R[x1, · · · , xn] ∼= gr(x1,··· ,xn)R[[x1, · · · , xn]]→ grnS

is a monomorphism, then ϕ is a monomorphism.
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The proof is given explicitly in [8, Theorem 7.16]. For (a), we combine the universal properties

of the polynomial ring, the quotient, and the inverse limit to obtain the result. The hypotheses of

(b) imply that the map

(x1, · · · , xn)/(x1, · · · , xn)2 → n/n2

is surjective, further implying that the induced map grϕ : gr(x1,··· ,xn)R→ grnS is surjective. Using

the surjectivity of grϕ, together with the completeness of S, for any g 6= 0 in S, we can construct

an infinite sequence of gj ∈ (x1, · · · , xn)i+j, where i is the largest number such that g ∈ ni, such

that ϕ(
∑∞

j=1 gj) = g. Finally, for (c), take any g 6= 0 in R[[x1, · · · , xn]], and suppose d is the

greatest number such that g is in the degree d part of the associated graded ring. Then in(g) := g

mod (x1, · · · , xn)d+1 is nonzero. We also have that ϕ(g) ≡ grϕ(in(g)) mod nd+1. Since the map

on associated graded rings is injective, grϕ(in(g)) is also nonzero in the degree d part of grnS, so

φ(g) 6= 0 in S.

Corollary B.0.3. [8, Corollary 7.17] Let f ∈ xR[[x]] be a power series. If ϕ is the endomorphism

ϕ : R[[x]]→ R[[x]],

x 7→ f,

which is the identity on R and sends x to f, then ϕ is an isomorphism if and only if f ′(0) ∈ R×.

Suppose f ′(0) = u is a unit in R. The associated graded ring is gr(x)R[[x]]
∼= R[x], and

the induced map grϕ : R[x] → R[x] is defined by grϕ(x) = ux. Since u is a unit, this is an

isomorphism. By Theorem B.0.2, this implies ϕ is injective. We can also write f = ux + hx2 =

(u+hx)x for some power series h inR[[x]]. Since u+hx is a unit inR[[x]], f is a generator of (x).

Since the induced map R → R[[x]]/(x) is surjective (b) of B.0.2 implies that ϕ is also surjective.

Alternatively, we observe that ϕ preserves the set of elements of R[[x]] not in (x), so because ϕ is
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an isomorphism, φ((x)) = (x). This implies f is a generator or (x), so f+(x)2 generates (x)/(x2).

Because f ≡ f ′(0)x( mod (x2)), f ′(0) is a unit in R. This proof is in [8, Corollary 7.17].

We can now return to the proof of Lemma B.0.1, as in [8]. Let f ′(a) = e. We choose h(x) so

f(a+ ex) = f(a) + f ′(a)ex+ h(x)(ex)2 = f(a) + e2(x+ x2h(x)). (B.1)

We know x + x2h(x) = x(1 + h(x)) is a generator of the ideal (x) in R[[x]], so condition (a) of

Theorem B.0.2 implies there is a unique homomorphism ϕ : R[[x]] → R[[x]] defined by ϕ(x) =

x + x2h(x). Further, d
dx
(x + x2h(x))|x=0 = 1 is a unit, so ϕ is an isomorphism with inverse ϕ−1

taking x+ x2h(x) to x by Corollary B.0.3. Applying the inverse map to (B.1) yields

f(a+ eϕ−1(x)) = f(a) + e2x. (B.2)

We assumed that a is an approximate solution to f(x), meaning f(a) ≡ 0 mod f ′(a)2̟. Equiv-

alently, f(a) = c · e2 for some c ∈ ̟. Theorem B.0.2 again implies there is a unique algebra

homomorphism ψ taking x to −c. This homomorphism applied to Equation (B.2) gives

f(a+ eψ(ϕ−1(x)) = 0. (B.3)

Then b = a + eψ(ϕ(x)) is the desired root. The proof that f ′(a) being a nonzero divisor implies

that b is unique again invokes the uniqueness of a homomorphism given by Theorem B.0.2, but the

details are left to the reader. By similar proof techniques, Hensel’s Lemma may be extended to a

system of equations in many variables.

Lemma B.0.4 (Hensel’s Lemma, [5, 8]). If (a1, · · · , an) ∈ Rn is an approximate solution to the

system of equations fi(x) = 0 in the sense that fi(a1, · · · , an) ≡ 0 mod ̟ for i = 1, · · · , n,
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and the determinant of the Jacobian matrix at (a1, · · · , an) is a unit in R, then there is an actual

solution (b1, · · · , bn) ∈ Rn of the equations such that each bi differs from ai by an element of ̟.

Bourbaki explicitly describes a similar result for systems of equations for which the Jacobian

matrix is not square [5, Corollary III.4.5.2].

Corollary B.0.5 (Hensel’s Lemma for non-square systems ). Let A be a ring and m an ideal of

A such that (A,m) satisfies Hensel’s conditions. (That is m is closed in A and its elements are

topologically nilpotent.) Let r, n be integers such that 0 ≤ r < n and ~f = (fr+1, · · · , fn) is a

system of r − 1 elements of A[X1, · · · , Xn]; let J (n−r)
~f

( ~X) denote the determinant of the Jacobian

matrix of M~f (
~X) consisting of the columns of index j such that r + 1 ≤ j ≤ n. Let ~a ∈ An

be such that J (n−r)
~f

(~a) is invertible in A and ~f(~a) ≡ 0 mod mn−r. Then there exists a unique

~x = (x1, · · · , xn) ∈ An such that x+ k = ak for 1 ≤ k ≤ r and ~x ≡ ~a mod mn and ~f(~x) = 0.

In the simplest case of the p-adic integers, Conrad illustrates this idea in his proof of Hensel’s

Lemma for a single variable polynomial [6]. Given the approximate root a to f(x) ∈ Zp[x], such

that f ′(a) 6≡ 0 mod p, we can construct the unique root b in Zp as a limit of solutions an modulo

pn. The following argument uses the same ideas in Conrad’s notes to lift solutions to a system of

polynomials over Al mod lk to solutions mod lk+1 of Let f1, · · · , ft in Al[x1, · · · , xn]. Suppose

a = (a1, · · · , an) is a solution to the system

f(x) = 0

modulo lk where f is the vector of functions f1, · · · , ft. We want to lift a to a solution b =

(b1, · · · , bn) modulo lk+1. That is fi(b) ≡ 0 mod lk+1 for all 1 ≤ i ≤ t and bj ≡ aj mod lk

for all 1 ≤ j ≤ n. The second condition is true if and only if bj = aj + lkcj for some cj in the

residue field A/l. The Taylor expansion of the system centered at a evaluated at b is

f(b) = f(a) + J(a)(b− a) +O((b− a)2).
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Since b − a = clk, the higher order terms all have a factor of at least lk+1, so b is a solution

mod lk+1 if and only if

f(b) = f(a) + J(a)(lkc) ≡ 0 mod lk+1,

if and only if

1

lk
f(a) + J(a)(c) ≡ 0 mod l. (B.4)

By the assumption that f(a) ≡ 0 mod lk, we know each entry of 1
lk
f(a) is an l-adic integer. The

assumption that X is smooth implies that the Jacobian has non-zero rank, i.e., there is a solution to

the system of Equation (B.4). Since c has n-entries, there are |l|n choices for c. This result can be

further refined for systems which are not necessarily smooth [5, Corollary III.4.5.3].

Corollary B.0.6. (Hensel’s lemma for non-smooth systems) With the notation of B.0.5, let ~a ∈ An;

let e = J
(n−r)
~f

(~a) be the determinant of the Jacobian matrix (not necessarily invertible in A) and

suppose ~f(~a) ≡ 0 mod e2mn−r. Then there exist n−r formal power series without constant term

φi (r + 1 ≤ i ≤ n) in A[[X1, · · · , Xr]] such that, for all ~t = (t1, · · · , tr) ∈ mr,

fi(a1 + e2t1, · · · , ar + e2tr, ar+1 + eφr+1(~t), · · · , an + eφn(~t)) = 0

for r + 1 ≤ i ≤ n.

For smooth schemes, the result is stated as follows.

Lemma B.0.7 (Hensel’s Lemma). Let X be a smooth scheme of dimension n, over a complete

local ring Al, with maximal ideal l. Each point modulo lk lifts to exactly |l|n solutions modulo lk+1.

That is

#X (A/lk+1A) = |l|nk#X (A/lA). (B.5)
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