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A B S T R A C T  O F D IS SE R TA TIO N  

B A Y E S IA N  M O D E L  A V E R A G IN G  A N D  S P A T IA L  P R E D IC T IO N

I consider the problem  o f m odeling spatia l data, addressing the uncerta in ty  

involved in  both  the selection o f exp lanatory variables and in the es tim ation  o f 

parameters. The standard practice o f selecting a set o f exp lana to ry  variables, es­

tim a tin g  parameters and pred icting  the random process at unobserved locations 

ignores the unce rta in ty  in  the entire  procedure. Th is  thesis focuses on Bayesian 

methods to  provide a more 'honest' assessment o f pred iction  uncerta in ty. I also 

look in to  the effect the spatia l sam pling patte rn  has on es tim ation  and prediction. 

I adopt the M atern  class o f autocorre la tion  functions throughout which allows for 

flexib le m odeling o f a varie ty o f autocorre la tion  curves.

Standard practice for model selection for sp a tia lly  correlated data consists first 

o f choosing a set o f exp lanatory variables assuming independent errors and second 

m odeling the residuals using an autocorre la tion  function. In th is  thesis I propose a 

technique which fits the mean and autocorre la tion  functions sim ultaneously. M od­

els are compared using Akaike's In fo rm ation  Corrected C rite r ia  (A IC ’C) (H urv ich  

and Tsai. 1989). Th is  m ethod removes the am b igu ity  in de te rm in ing  which set o f 

explanatory variables best fits the data when the process is correlated. S im ula tion  

results show an im provem ent in  mean square p red iction  e rror and p red ic tive  cover­

age as compared to  tra d itio n a l methods for model selection fo r spa tia lly  correlated 

data.

Th is thesis includes three methods for incorpora ting  u nce rta in ty  in to  predic­

tion . F irs t. I d e ta il a Bayesian krig ing  setup, w ith  proper p rio r d is tr ib u tio n s  on both

ii i
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the regression param eters and the spatia l parameters. Second. I develop m ethodol­

ogy for Bayesian m odel averaging for spatia l data, inco rpora ting  a ll possible subsets 

o f exp lana to ry variables in to  the predictive d is tr ib u tio n . A d d itio n a lly . I develop a 

Bayesian model selection c rite ria  for selecting one model w h ile  incorpora ting  un­

ce rta in ty  in  the es tim a tion  procedure. S im u la tion  results for these three methods 

show im provem ents in  terms o f p redictive  coverage, mean square p red iction  error, 

and model selection w ith  the true explanatory variables as compared to tra d itio n a l 

methods for spatia l prediction .

The configura tion  o f sample locations often plays a key role in m odeling the 

data. There are m any types o f location patterns tha t may arise in  spatia l analysis 

inc lud ing  g rid  sam pling, sam pling over geographic areas such as counties or random 

sam pling, or a m ix tu re  o f g rid  and clustering. The s im ulations in  th is  thesis show 

that sam pling patterns can a lte r the a b ility  to select exp lana to ry  variables, estim ate 

parameters, and predict the response at unobserved locations.

F ina lly , th is  thesis compares two methods for spatia l param eter estim ation , re­

stric ted  m axim um  like lihood estim ation (R .EM L) and m axim um  like lihood estim a­

tion (M L ). R E M L  estim ation  be tte r approxim ates the true  autocorre la tion  function 

and gives more accurate param eter estimates, bu t results vary depending upon the 

configuration o f sam pling  locations.

Sandra E. Thompson 
Departm ent o f S tatistics 
Colorado State C niversitv 
Fort C o llins . Colorado S0523 
Spring 2001
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Chapter 1

INTRO DUCTIO N

1.1 Spatial D ata and Models

Prediction and the assessment o f prediction errors are often the p rim ary  goal 

in many areas o f sta tis tics. In a spatia l s tatistics context, one wants to predict the 

process at unobserved locations. The prediction paradigm typ ic a lly  involves the fol­

lowing four steps. F irs t, a class o f candidate models must be selected. For example 

in a general linear model fram ework, this would include the choice o f explanatory 

variables and a covariance m a tr ix  for the errors. The second stage involves esti­

m ation o f the parameters in the model. T h ird , the estim ated model is used to 

predict the random field at unobserved locations. F ina lly , the model should provide 

an assessment o f the p red iction  error at the unobserved locations. Generally, the 

prediction intervals are based on the assum ption tha t the model is correct and the 

param eter estimates are known.

The firs t step in p red iction  requires the selection o f one set o f exp lanatory vari­

ables. In general, a fte r the set o f explanatory variables has been chosen, the analysis 

proceeds w ithou t considering o ther sets o f explanatory variables th a t may fit the 

data equally well. In some cases, tra d itio n a l methods o f model selection for spatia lly  

correlated data do not select the best set o f explanatory variables for pred iction  due 

to the autocorre la tion s truc tu re  o f the response. In  th is  thesis I propose a tech­

nique which fits the mean and autocorre la tion  functions sim ultaneously. Models axe 

compared using Akaike's In fo rm ation  Corrected C rite ria  (A IC C ) (H u rv ich  and Tsai.
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L9S9). T h is  m ethod removes the am b igu ity  in dete rm in ing  which set o f explanatory 

variables best fits  the data when the process is correlated.

Th is thesis w il l focus on Bayesian methods to provide a more 'honest’ assess­

ment o f p red ic tion  uncerta in ty. These procedures w ill be compared to trad itiona l 

methods o f spatia l p red ic tion . Th is thesis includes three methods for incorpora ting  

uncerta in ty  in to  pred iction . F irs t. I deta il a Bayesian krig ing  setup expanding on 

work by Handcock and Stein (1993) and K itan id is  (1986). w ith  proper p rio r d is tr i­

butions on both the regression parameters and the spatia l param eters. Second. I 

develop m ethodology for Bayesian model averaging for spatia l data, incorporating 

a ll possible subsets o f exp lanatory variables in to  the p red ictive  d is tr ib u tio n . A dd i­

tiona lly . I develop a Bayesian model selection c rite ria  for selecting one model while 

incorpora ting  unce rta in ty  in the estim ation  procedure.

Spatia l data analysis is a growing field o f s tatistics tha t deals w ith  modeling 

and inference procedures for data  tha t are collected in  space. The random field o f 

interest. Z . is defined for some fixed area o f interest. D C lRd- where d >  I is the 

dimension o f the space. T yp ica lly , d = 2 or d =  3. In the case d =  I. then the 

spatia l analysis is analogous to  tha t used in tim e  series.

Some fields o f s tudy which have benefited from  the use o f spatia l statistics 

include epidem iology, geology, and hydrology w ith  examples such as m apping pollu­

tants in  ground w ater (C'ressie. 1993. p.2L L). rates o f SIDS deaths in  N o rth  Carolina 

(C'ressie and Reed. 1989). and estim ating  topography (Davis. 1986). G riff ith  and 

Layne (1999) provide a wide varie ty o f applications and analyses o f spatia l data. 

The standard reference for spatia l data analysis is C’ressie (1993).

The configura tion  o f the spatia l locations o f the data o ften plays a key role 

in  m odeling the data. There are many types o f location patterns th a t may arise 

in  spatia l analysis inc lud ing  g rid  sam pling, sam pling over geographic areas such 

as counties or random  sam pling, o r a m ix tu re  o f g rid  and c lustering . A lthough

o
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th is  thesis does not investigate o p tim a l sam pling locations for spatia l analysis, it  

w ill focus on the effect o f sam pling patterns on the  four steps in the prediction 

paradigm .

There are two ways to  incorporate the spatia l locations in to  the model. F irs t, 

the locations may be included in the de te rm in is tic  mean function  also known as 

the large scale varia tion . For exam ple, in the N orthern  Hemisphere tem perature 

decreases w hile  trave ling  to the north  so the la titu d e  is a good p red ic to r o f tem pera­

ture. Second, there may be a corre la tion  s tructure  o f the random process dependent 

on the distance between the locations. In th is s itua tion , the locations, or the dis­

tance between locations, may be used to  model the autocorre la tion  structure  o f the 

process, the sm all scale varia tion.

For the m om ent, consider the case when there are n observations at locations

s i , . . .  . Denote these observations by Z  = (Z ( s t ) Z{$n))' where Z  is a

pa rtia l rea lization o f a random field Z (s ) .s  £  D and D is a fixed fin ite  area under 

study. I f  there are exp lanatory variables tha t are also measured at these n sites, a 

model for the random  field at any location .s is given by

p

Z(.s) =  ^ . V J(s ),iJ + (f(s) =  X ,(.s)/3 +S(s) .  ( I . I )
J =  0

where p is the num ber o f exp lanatory variables. X  (s) is a vector o f observed explana­

to ry  variables at location  s. /3 is a vector o f unknown coefficients, and J(s) is the un­

observed e rror at location s. In most cases. .Yl0 =  I for a ll i so tha t the firs t element 

o f /3 is the in tercept. In m odeling the correlated e rro r s truc tu re , certain s im p lify ing  

assumptions are made. The e rror is assumed to  be a s ta tionary, iso tropic Gaussian 

process w ith  mean zero and covariance function  C o v (Z (s ). Z{t))  =  a 2p ( |s — 1 \). 

where a 2  is the variance o f the process, and p(-) is the autocorre la tion  function. 

Consequences o f these assumptions and fu rthe r characteristics o f the autocorrela­

tion  function  w ill be discussed in Section 2.2.

3
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In th is  d issertation. I w ill focus on the spatia l linear model in  (1.1). describing 

a varie ty  o f methods for model selection and es tim a tion  as well as presenting m eth­

ods for m odeling the correlated e rro r s truc tu re  for S.  The goal in  the pred iction  

paradigm  is accurate pred iction  and assessment o f the v a ria b ility  o f the prediction .

One technique for im prov ing  the estim ated p red ic tion  v a ria b ility  is to  account for 

the uncerta in ty  in the firs t three steps o f the paradigm . Bayesian model averaging 

(B M A ) w ill be used to account for the unce rta in ty  in  selecting exp lana tory  variables 

(C hapter 4). 1 w ill place p rio r d is tribu tions  on the parameters o f the model to  ac­

count for va ria b ility  in  param eter estimates (C hapte r 3). The next section describes 

the spatia l p rediction model.

served location .s0. using the data Z.  Universal krig ing  is a m ethod o f spatia l

1.2 Prediction with Spatial Data

Spatia l p rediction consists o f p red icting  the random q u a n tity  Z  at an unob-

pred iction  which yie lds the best linear unbiased p red ic to r (B L U P ) (H u ijb reg ts  and 

M atheron. 1971). Define the linear p red ic to r for an unobserved location .s0 in terms 

o f the components o f Z  by

n

( 1.2 )
t=t

The best linear unbiased pred ictor corresponds to  the Z ( sq) tha t m inim izes the mean

square pred iction  e rror (M SP E ). E 

cond ition

subject to  the unbiasedness

E Z{s) = E [ \ 'Z \  = X X 0  = E[Z(s) \  = X '0(3

fo r a ll s €  D and for a ll /3 €  IR?+l where X  is the n by (p+  1) design m a tr ix . This 

im p lies X X  =  X q where X q is the vector o f exp lanatory variables at location s0. 

and A is a vector o f weights (Cressie. 1993. Section 3.4).

4
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The fo llow ing results are from  C'ressie (1993, Section 3.4). C om bin ing the 

spatia l linear model (1.1) and m in im iz in g  the M SPE subject to  the unbiasedness 

constra in t results in

A =  (ip + X  X ) ~ l { X 0  -  X ’^ - ' i p ) } '  V ~ l . (1.3)

where =  p (|s ; — Sj\) for / . j  € ( I  n) is the assumed known m a trix  o f

autocorrelations between the n observations, ip1 =  (p (|s0 — .$i|)..........p (|s0 —*’n|))

is the vector o f autocorre lations between the n observed values and the prediction 

location. The resu lting  universal krig ing  pred ictor is

Z(.s0) +  ( X 0 . (1.4)

where f3 is the generalized least squares estim ate o f j3 . The p red iction  variance for 

universal krig ing  is

<r2 ( l  -  ip '*~ lip +  ( X 0 - X ' * - lrl>)' ( A " « - l .Y) " 1 ( X 0 - X ' * - V ) )  . (C5)

where a 2  and IP are assumed known.

O rd inary  krig ing  is a s im p lifica tion  o f the spatia l linear model ( l . l ) .  The o rd i­

nary krig ing  model does not include explanatory variables o the r than the constant 

vector and is given by

Z(s)  =  f.1 +  (’)'(.s).

The expected value o f the p red ic to r is

n n

£ a , - Z ( Si) = ^ A , E [ Z ( 5 i)] =p.
. 1 = 1  J i = i

subject to  the corresponding unbiasedness constra in t y^"_ t A, =  I.  W hen the e rror 

process S is assumed Gaussian, the krig ing  pred ictor is equal to  the o p tim a l unbiased 

(non-linear) p red ic to r under squared e rro r loss (C’ressie. 1993, p .110). The univer­

sal k rig ing  equations produce the o p tim a l pred iction  assuming the autocorre la tion

5

E [Z (s 0)] =  E

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



function  and variance are known. Standard practice requires the estim ation  o f the 

autocorre la tion  function  which is then plugged in to  equation (1.5), The uncerta in ty 

in  th is  estim ate  o f au tocorre la tion  is not accounted fo r in  the p red ic tion  variance 

form ula.

1.3 Issues in M odeling Spatial Data

There are a wide varie ty o f issues in  modeling spatia l data. They include the 

trade-o ff between m odeling the mean function and m odeling  the autocorre la tion 

function , model selection in  terms o f selecting exp lana to ry  variables, selection o f 

an appropria te  fam ily  o f autocorre la tion functions, and methods for param eter es­

tim a tio n . The k rig ing  fram ework for m odeling spatia l data  requires the selection 

o f a mean function  and a fam ily  o f autocorre la tion functions as well as estim ating 

the parameters o f both  the mean and autocorre la tion functions. The dependence in 

m odeling the mean and autocorre la tion function can result in  mean functions tha t 

d ram a tica lly  a lte r the autocorre la tion function. One extrem e is a mean function 

tha t removes the spatia l autocorre lation and results in  independent residuals.

Some common autocorre la tion  function fam ilies used in  spatia l statistics are 

discussed in  Section 2.2. A varie ty o f methods exist for es tim a ting  parameters o f the 

corre la tion functions, some o f the most common w ill be described in  Section 2.3.1. 

The question o f model selection for spatial models can be challenging. C'ressie (1993. 

p 25) states tha t "E xp lana to ry  variables...should be inc luded in  the mean structure  

firs t, and great care should be taken to find a ll o f  them .”  Fa iling  to  include im po rtan t 

variables m ay lead to  errors in  m odeling both small scale and large scale va riab ility . 

The in te rac tion  between param eter estim ation  and m odel selection w il l be discussed 

in  Section 2.4.1.

6
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1.3.1 Choice o f Functions for Trend and Correlation

For the classical linear model in  which the errors are independent, there are 

a varie ty o f order selection methods for the exp lana to ry  variables. These methods 

include techniques such as Akaike's In fo rm a tion  C rite r ia  (A IC ) and its corrected 

version (A IC ’C) (A ka ike . 1973: H urv ich  and Tsai. 19S9). the Bayesian Inform a­

tion C rite ria  (B IC ) (Schwartz. 197S). and like lihood  ra tio  tests for nested models 

(N eter et al.. 1996. Section 14.5). S im ila r procedures can be im plem ented for spatia l 

data.

In order to im p lem ent the krig ing  equations a corre la tion  function  for the pro­

cess must be specified. The goal is to  select a fa m ily  o f autocorre la tion  functions 

tha t are capable o f m odeling a wide range o f autocorre la tions, yet on ly  depend on a 

few parameters. For a given problem , the autocorre la tion  function  fam ily  is chosen 

using a varie ty  o f d iffe rent methods. F irs t, it  could be chosen based on previous in­

fo rm ation  about the autocorre la tion  s truc tu re , such as a previously completed study. 

Second, the autocorre la tion  function fam ily  could be chosen via ’ f it  by eve', equating 

the em p irica l function  to one o f the fam ilies. T h ird , like lihood based methods such 

as AIC'C' could be used to compare the q u a lity  o f fit for a varie ty o f fam ilies.

The  in te rac tion  between the trend and autocorre la tion  functions makes it  prob­

lem atic to  fit both  functions sim ultaneously. The inclusion o f some explanatory vari­

ables may remove the spatia l autocorre la tion  from  the data, resu lting  in a model 

tha t has uncorrelated o r nearly uncorrelated residuals. S im ila rly , some autocorre­

la tion  functions may reduce the im portance o f the exp lana to ry  variables so tha t 

once the corre la tion  function  fam ily  is taken in to  account, none o f the explanatory 

variables are s ign ificant using standard significance tests. These tw o possibilities are 

extremes, bu t care should be taken in  every step o f the analysis. In  fact, Cressie 

(1993. p .25) states "W h a t is one person's (spa tia l) covariance s truc tu re  may be 

another person's mean s truc tu re ."

7
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In  th is  thesis. I propose a technique which fits the mean and autocorre la tion  

functions sim ultaneously by using the like lihood  based m ethod A ka ike ’s In fo rm ation  

Corrected C rite ria  (A IC C ) (H u rv ich  and Tsai. 19S9). Th is  approach removes the 

a m b igu ity  in  determ in ing  which set o f exp lana to ry  variables best fits  the data when 

the process is correlated.

1.3.2 Impact of Different Sampling Patterns

The configuration o f sam pling locations o f the observations can have a large 

effect on the a b ility  to model both  the large and sm all scale va ria b ility . For example, 

i f  the sampled locations are sparse, then i t  is d ifficu lt to model the sm all scale 

varia tion . In contrast, i f  the sampled locations are clustered and do not provide 

com plete coverage o f D. it  may be easier to  model the small scale varia tion  at the 

expense o f m odeling the large scale varia tion .

One component o f this thesis considers the im pact o f various configurations 

o f sampled points on m odeling and p red ic tion  performance. F igure 1.1 contains a 

varie ty o f the spatia l point patterns considered in th is  thesis. The patterns range 

from  a g rid  pattern where the locations are equally spaced throughout the area D. 

to  h igh ly  clustered data where the locations are grouped together. Section 5.1.1 

includes fu rthe r discussion o f spatia l po in t patterns.

Frequently, the sam pling patte rn  fo r the  locations o f observed data is not under 

the contro l o f the researcher. Instead, it  may be determ ined by location  accessibility 

and cost o f gathering add itiona l observations. For example, it  m ay be d iffic u lt to 

get to  m any random locations throughout the area o f interest. Instead, the samples 

may be clustered. An exam ple o f th is  would be biological studies in  mountainous 

areas, where log istical considerations may force the choice o f sam pling scheme. On 

the o ther hand for m odeling insect populations, i t  may be advantageous to  place 

the traps on a regular g rid  design, to  ease the placement o f a large num ber o f traps.

S
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Figure l.L : Examples o f the Spatia l Point Patterns Considered for Analysis. The 
patterns are a) G rid , b) Regular, c) Random, and d) C luster.
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W ith  the advent and accessibility o f new technologies such as a G lobal Positioning 

System (GPS), i t  is easier to  im plem ent a random location  pa tte rn  throughout the 

area o f interest.

One question o f interest is what sam pling pa tte rn  is best for prediction? And. 

i f  the sam pling pa tte rn  is fixed due to  forces outside o f the researcher's contro l, 

what is the best procedure to model the data in order to get the  most in fo rm ation  

out o f a p a rticu la r location configuration? Results o f th is  thesis w ill show tha t 

differences in the location o f sampling points can effect the q u a lity  o f p rediction and 

the assessment o f pred iction  error.

1.4 Accounting for Uncertainty

T ra d itio na lly , spatia l data are modeled using a two step procedure. F irs t, the 

mean function  is chosen using e ither a model selection procedure such as Akaike’s 

A ICC (H urv ich  and Tsai. 1989) ignoring the spatia l au tocorre la tion  or from previous 

expert opin ion about the behavior o f the process o f in terest. Second, the residuals 

are modeled as a zero mean process w ith  some corre la tion  s tructure .

Once the spatia l model has been chosen, the parameters are estim ated and 

values o f the random  field at unobserved locations are predicted. Classical prediction 

intervals for the unobserved locations account for the v a ria b ility  in  the parameter 

estimates o f the mean function, but assume tha t the chosen model is the correct 

model for the data. Classical prediction also assumes the autocorre la tion  function 

is known. The uncerta in ty  inherent in  the model selection procedure and in the 

estim ation  o f the covariance parameters as well as selecting the autocorre lation 

function  are ignored.

Bayesian k rig ing  models have been proposed by Handcock and Stein (1993). 

Om re (1989). and others. B u ild ing  on model (1.1) these models use Bayesian 

m ethodology to  incorporate p rio r d is tribu tions  on the regression and covariance

10
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parameters and to  estim ate the parameters using the posterior d is trib u tio n . The 

corresponding p red ic tion  intervals include the uncerta in ty  in  the param eter esti­

mates.

Bayesian model averaging (B M A ) provides a fram ework where the results from  

many models can be combined and the uncerta in ty  in the selection o f explanatory 

variables can be included in the prediction intervals. B M A  has been applied to gen­

eral linear models (H oeting  et al.. 1999) and to  surviva l analysis models (Yolinsky. 

1997). Th is d issertation incorporates the spatia l model and corre la tion  function  

fam ilies in to  the B M A  m ethodology to im prove pred iction  intervals so as to provide 

more accurate assessments o f the coverage associated w ith  these pred iction  intervals.

11
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Chapter 2

ISSUES IN M ODELING SPATIAL DATA

T rad itiona lly , the autocorre la tion  function  is selected based on p rio r in form a­

tion  such as previous studies and scientific knowledge about the process, as well as 

es tim ation  using the observed data. In Section 1.2. the pred iction  equation and pre­

d ic tion  variance cond itiona l on the assumed autocorre la tion function  p and variance 

(T- were described. Th is chapter focuses on methods for m odeling the autocorrela­

tion  process. Two p rim ary  issues in m odeling the spatia l process are selection o f 

an autocorre la tion function fam ily  and estim ation  o f the parameters indexing the 

fam ily.

Section 2.1 describes some o f the characteristics associated w ith  autocorre la tion 

functions. Four fam ilies o f autocorre la tion  functions, the spherical, the exponentia l, 

the Gaussian, and the M atern  are discussed in Section 2.2. M any techniques exist to 

estim ate the parameters o f au tocorre la tion  functions, some o f the most common are 

described in Section 2.3.1. Section 2.-1 discusses the tra d itio n a l methods for model 

selection in  spatia l models and proposes an im proved method which combines model 

selection w ith  spatia l param eter estim ation .

2.1 Properties o f Spatial Autocorrelation Functions

I f  n locations o f a spatia l process are sampled, there are ri(n~ l) pairs o f ob­

servations. For each pa ir o f locations, there is an autocorre la tion to  be estim ated. 

A  common procedure for consolidating the num ber o f estim ated parameters in  the 

autocorre la tion  is to model i t  as a param etric function  indexed by 6 .
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2.1.1 Characteristics o f Autocorrelation Functions

In th is  section I consider several com m only used fam ilies o f iso tropic functions. 

The properties o f general corre la tion functions and those o f these various fam ilies 

w ill also be described. Much o f th is section is drawn from  C'ressie (1993). In th is 

thesis. I focus on autocorre la tion  functions tha t are weakly s ta tionary  and isotropic.

Weak Stationarity

A spatia l process <!>(s) is defined to be second order (w eakly) s ta tionary i f  the 

follow ing two conditions hold:

E[ 6 (s)} =  fi. V s e D  (2.1)

Cov[S(s).S{t)\  = < r ' y ( a - t ) . V  s . t  €  D.  (2.2)

where p is an autocorre la tion function. C ondition  (2.1) states tha t the mean o f the 

spatia l process is location invariant while cond ition  (2.2) specifies tha t the autocor­

re lation between two values o f the spatia l process depends on ly  on the distance and 

d irection  between the locations.

W hen m odeling the autocorre la tion function  o f a weakly s ta tionary  spatia l pro­

cess the fo llow ing three properties follow:

Cov(O) >  0.

Cov(h) = Co v ( - h )  and (2.3)

|C'ov( h ) j <  Cov(O)

where h  is the vector o f distances between locations and Cov(-) =  <r2 p(-) is defined

to be the covariance function. Equations (2.3) states th a t the variance o f the spatia l

process at a ll locations must be greater than zero, the autocovariance function  based 

on the distance is a sym m etric  function, and the covariance o f the spatia l process

13
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between any two locations must be less than the variance o f the spatia l process 

(S tein, 1999, p .19).

A necessary and sufficient cond ition  for the existence o f a weakly s ta tionary 

process w ith  autocorre la tion  function  p is tha t p must be nonnegative defin ite , i.e.. 

i f

Var |  ^  a , S ( S i )  J =  ^  a , a j < T 2p ( s i  -  S j )  > 0 (2.4)
V 1=1 /  i . j  =  I

for a ll cii.cij 6  R  and for a ll s,-.Sj 6 R k.

Isotropy

The process is said to  be isotropic i f  p (- ) is a function o f the Euclidean dis­

tance between s* and S j  (Cressie. 199-'}. p. >3). Isotropic functions have the same 

autocorre la tion  s truc tu re  in the north-south d irec tion  as the east-west d irection. 

An anisotrop ic process is a function o f the distance and d irection  between locations. 

For exam ple, the autocorre lation function may be tw ice as strong in the north-south 

d irection  compared to the east-west d irection . F igure 2.1 shows the contour curves 

for an iso trop ic process as well as an anisotropic process.

Weak s ta tiona ry  and isotropy s im p lify  the m odeling o f the autocorre la tion  func­

tion  and hence restricts the fam ily  o f autocorre la tion  functions to  be used. There 

are three add itiona l characteristics o f the autocorre la tion  function  th a t we w ill con­

sider: the smoothness o f the corre la tion function  near the o rig in , the range, and the 

nugget effect. These characteristics are useful in  d is tingu ish ing  between different 

fam ilies o f autocorre lations.

Sm oothness

Stein (1999. p .12) states “ tha t properties o f spatia l in terpo lants depend strongly 

on the local behavior o f the random fie ld ". Smoothness describes the behavior o f

14
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Figure 2 .1: A n Exam ple o f an Isotropic and an A n iso trop ic  Process. The p lo t on the 
left represents a sample isotropic process where the autocorre la tion is a function  of 
the distance between locations. The p lo t on the righ t represents a sample anisotropic 
process where the autocorre la tion is a function  o f bo th  the distance and the d irection  
between locations, w ith  the north-south d irection  tw ice as strong as the east-west 
d irection .

the autocorre la tion  function  near the o rig in . The larger the smoothness value, the 

larger the num ber o f derivatives at the o rig in . R ip ley (1981. p.50-51) elaborates on 

smoothness for Gaussian processes as well as for general autocorre la tion functions. 

For any autocorre la tion  function  p which is continuous at zero, the smoothness can 

be quantified  using

I M ° )  -  p(h)I <  c | / * r (2.5)

as h  approaches zero where c is a constant. I f  a  >  0 then the surface is continuous 

and i f  a  >  2n. the surface is d ifferentiab le  n tim es.

Smoothness is also connected w ith  mean square d iffe ren tiab ility . A  process S 

on IR w ith  fin ite  second moments is called mean square d ifferentiab le  at t i f

-}-{S(t  + hn) - 5 ( t ) }
n

15
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converges in  L2 to S'(t) for a ll sequences {hn} converging to  0 as rz oo (Stein. 

L999. p.21). The process S is a  tim es mean square d iffe ren tiab le  i f  i t  is (a  — I)  times 

mean square d ifferentiab le  and is mean square d ifferentiab le .

For most o f the tra d itio n a l autocorre la tion function  fam ilies, each member has 

the same smoothness value. One exception is the M atern  autocorre la tion fam ily  

which w ill be described in  Section 2.2.2 and does include a param eter for smoothness.

Range

The range is the m in im um  distance between observations such tha t the points 

can be considered uncorrelated. Since most models used in  practice include an auto­

corre la tion function  tha t is non-zero for a ll distances, the range is often described as 

the m in im um  distance h such tha t |C'ov [J(s).<!>(s +  h)]\  < t where t >  0 is a preas­

signed sm all num ber. Some autocorre la tion function fam ilies such as the spherical 

fam ily  described in  Section 2.2.1 have C'ov[t>(s).t)(s +  / i) ]  =  0 for a ll |/ i| greater 

than the range. Th is de fin ition  sim plifies the analysis by creating block diagonal 

autocorre la tion  matrices and reduces the com puting tim e  necessary for inve rting  

the autocorre la tion  m a tr ix . Most other autocorre la tion function  fam ilies such as 

the Gaussian. M atern and have non zero values but decay exponentia lly  to zero as 

the distance goes to  in fin ity . A ll autocorre la tion function  fam ilies described in  this 

d issertation include a param eter for range.

Nugget

I f  l im p ( / i )  — I — c0 >  0 as |/i| 0 for an iso tropic corre la tion function  p (-).

then c0 is the nugget te rm  (C’ressie. 1993. p .59). The nugget, also known as the 

d iscon tinu ity  at the o rig in , is due to two sources o f va ria b ility , measurement error 

and microscale varia tion . Measurement error is the v a ria b ility  in  the process used to 

measure the observations. For example, i f  the observations were repeatedly sampled

16
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at the  same location, i t  is usually assumed th a t any va ria b ility  present is due to 

measurement error.

The microscale va ria b ility  refers to  va ria b ility  at distances sm aller than the 

observed distances between locations. I f  the process is assumed to be L > continuous,

i.e..

E\\h[\-*o i ^ s  + h ) ~  <*(s ))2] 0- (2-6)

then the microscale va ria b ility  is zero. Th is is equivalent to co n tin u ity  o f the auto­

corre la tion function  p at zero. In general, the spatia l process is assumed continuous 

at the microscale, which restricts any nonzero c0 to be measurement error.

Nugget term s can be incorporated in to  any autocorre la tion  function  fam ily. 

Generally, real data examples include some am ount o f measurement error. S itua­

tions where the nugget te rm  is zero as well as s ituations when there is a significant 

am ount o f measurement error in the data w ill be investigated in the sim ulations in 

C hapter o.

Potential Difficulties

Id e n tif ia b ility  can be a problem  in m odeling a spatia l process. For example, 

when there is a non-zero nugget, it  may be d ifficu lt o r im possible to accurately 

estim ate the smoothness o f the process based on observed data. I f  the data are 

observed on a g rid , then there are no pairs o f observations at distances less than one 

u n it apart. In th is  s itua tion , ho ld ing the range constant, as the smoothness o f the 

process at the o rig in  increases, the nugget also increases, resu lting  in  very s im ila r 

autocorre la tion  curves at distances greater than one u n it.

A no ther challenge is tha t the param eter space for the model may need to be 

restricted  in  order for the corre la tion  m a tr ix  to  be positive  de fin ite  (Cressie. 1993. 

p.89.94). Th is is not a serious issue for the autocorre la tion  functions described in

17
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th is thesis. A  general ru le  tha t characterizes perm issible param eters which result

in  va lid  covariance models does not exist. Instead, each param eter set should be 

checked to be sure the resu lting  covariance m a trix  is valid.

2.1.2 Spectral Densities

One too l for exam in ing the behavior o f the autocorre la tion  function  o f a spatial

re la tion  function  in  term s o f smoothness and range corresponds to  behavior o f the 

spectral density. The smoothness o f an autocorre la tion function  is re lated to the 

ta il behavior o f a spectral density and the range o f an au tocorre la tion  function  is 

related to the height o f the spectral density at zero.

The spectral density can be found from the autocorre la tion  function  using the 

inversion form ula  (B rockw e ll and Davis. 1991. p .152) which states tha t \{ S ( h ) .h  6 

IRd. is a zero mean s ta tionary  process w ith  covariance function  C'ov(-) =  cr*p(-). 

which is continuous at zero, then there exists a spectral d is tr ib u tio n  function  F(t) 

such tha t

i f  the in tegra l exists (S te in. 1999. p.25). I f  the covariance function  is assumed 

isotropic and in tegrab le  then le ttin g  r  =  ||u;||, the equations above sim plifies to

process is through the corresponding spectral density. The behavior o f the autocor-

The spectral density /  is defined to be

(2.S)

in  iR2. where J0 is the  Bessel function  o f the firs t k ind  (A b ra m o w itz  and Stegun. 

1965. Chapter 9).

IS
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2.1.3 Micro ergo dicity

Stein (1999. p. 163) defines a function  g on 9.  the param eters, to  be m icroergodic 

i f  for a ll 9 . 9 '  €  0 .  then g{9) g{9') im plies Pq  _L Pq> where Pq  is defined to be

a class o f p ro ba b ility  models for a random field. Tw o measures PQ and Pi are 

orthogonal (P0 J_ Pi) i f  there exists a set A  such th a t Pq{A)  =  I and P i(.-l) =  0.

M ic roe rgod ic itv  is related to  the a b ility  to  find both asym pto tica lly  op tim a l 

predictors as well as asym p to tica lly  correct mean square p red iction  error (Stein. 

1999. Section 6.1).

W hen the erro r s truc tu re  is assumed to be a Gaussian random  field, equivalence 

and o rthogona lity  o f the measures are helpfu l in de te rm in ing  m icroergodicitv. Let 

m Q and m i be continuous functions on IRL. I\o and l\\  are continuous, positive 

defin ite  on IR'1 and D is a closed subset o f lRd. where tl is the dimension o f the 

space. Stein (1999. Section -1.2) proves tha t Gaussian measures P0 =  Go(m0. K0) 

and Pi =  Go(rni .  l\'i) are e ither equivalent or orthogonal where G o (m . K)  is the 

Gaussian measure for a random field on D w ith  mean m and covariance K.

M icroe rgod ic itv  is determ ined from  the assumptions about the asym ptotic be­

havior o f the process. Spatia l sta tis tics uses both in f il l asym pto tics where the ob­

servations are becoming more and more dense w ith in  a fixed area D.  and increasing 

dom ain asym ptotics where the m axim um  distance between locations tends to in ­

fin ity  (Cressie. 1993. Section 2.6.3). In f il l asym ptotics a llow  for more in form ation  

about the sm all scale varia tion , while  increasing dom ain asym ptotics are more useful 

in  large scale varia tion . I f  a param eter is non-m icroergodic under in f il l asym ptotics, 

then it  is not possible to estim ate tha t param eter consistently and the  asym ptotic 

behavior o f  the M LE  does not converge to  n o rm a lity  (S te in. 1999. p. 174).

19

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2.2 Autocorrelation Function Families

As mentioned in Section 2.1.1. the autocorre la tion  function  depends upon a 

param eter set 9.  a vector o f unknown parameters which describes the shape o f 

the autocorre la tion  function. T ra d itio na l autocorre la tion  functions tha t w ill be ad­

dressed in  th is  thesis include the exponentia l. Gaussian, and spherical classes. The 

M atern  class is more flexib le than the tra d itio n a l au tocorre la tion  functions in  the 

variety o f behaviors it  can describe.

The general form  o f an autocorre la tion  function is

g{h) = 0 3 [lh=o) + ( l - O 3)p(h)  (2.11)

where 03 is the proportion  o f variance due to  the nugget term : /(/,=o) is an ind ica to r 

function which equals one when distance equals zero and 0 otherwise: and p(h) is a 

member o f some autocorre la tion function class. When a nugget term  is not included 

in m odeling. 03 =  0. the general autocorre la tion  function  reduces to o(h) =  p(h).

2.2.1 Traditional Autocorrelation Functions

The follow ing sections describe three o f the most common autocorre la tion func­

tion fam ilies used for modeling spatia l processes. A ll three include a param eter for 

the range, bu t each has a fixed smoothness term  specific for the fam ily. There are 

other tra d itio n a l autocorre la tion  functions such as the linear, ra tiona l quadratic, 

wave, and power model which w ill not be addressed in  th is  thesis. See Cressie 

( L993. p.61-63) and Haining (1990. p.97) for fu rthe r details about autocorre lation 

functions not discussed in th is thesis.
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Exponential Class

The exponentia l au tocorre la tion  fam ily  has one param eter 0 — 0 the range o f 

the autocorre lation as defined in  Section 2.1.1 w ith  e =  exp( — I) ,  and has autocor­

re la tion function

Pexv{h) =  exp • (2-12)

where h is the distance between locations. The corresponding spectra l density is

/ , x PM  =  < T - ( f l 'T + ~ 'T l - (2-13)

This fam ily  is continuous but not d ifferentiab le  at the o rig in . Examples o f the 

exponentia l autocorre la tion function  as well as the spectral density can be seen in 

Figure 2.2. In the figure, as the range increases in the autocorre la tion  function  p lo t, 

the corresponding spectral densities are ta lle r at the orig in .

Gaussian Class

The Gaussian autocorre la tion  fam ily  also has one param eter 9 =  0\. where 0\ 

is the range o f the au tocorre la tion , has autocorre la tion function

Pjau(h) =  exp • (2.14)

and spectral density

/s a u M  =  exp • (2-15)

Examples o f both the autocorre la tion  function  and the spectral density  can be seen 

in  Figure 2.3.

The Gaussian autocorre la tion  fam ily  is continuous and in fin ite ly  d ifferentiab le  

at the o rig in . The Gaussian name arises from  the s im ila r ity  in  form  o f the au­

tocorre lation function  to  the  Gaussian d is trib u tio n . The sm ooth behavior o f this
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Figure 2.2: Examples o f the Exponentia l A utocorre la tion  Function and Spectral 
Density. The first figure plots the autocorre la tion function  for 0\ =  (2 .4 .8 ) and the 
second figure shows examples o f the corresponding spectral densities.

autocorre la tion function  leads to unnatu ra l behavior in  the spatia l process. As Stein 

states, " i t  is possible to  predict Z{t)  perfectly for a ll f >  0 based on observing Z(s)  

for a ll s 6  ( — e.O] for any e >  0“ ( 1999. p.30). There are few. i f  any. app lications for 

which th is assum ption holds.

Furtherm ore. Stein (1999. Section 3.5) investigated the behavior o f the Gaussian 

autocorre la tion function  under model (L . l)  w ith  zero mean. Data were sim ulated

22
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F igure 2.3: Exam ples o f the Gaussian A utocorre la tion  Function and Spectral Den­
sity. The corresponding ranges are (2 .4 .S ).

in  IR at locations Z{±e j )  for j  =  I  n from  e ithe r the Gaussian autocorre la tion

function  (2.L4) o r from  the autocorre la tion function  p{h) =  exp { —| f | } ( l  +  |f|). The 

firs t two term s o f the Taylor series expansion for both  autocorre la tion  functions 

are the same. Results from  th is experim ent show tha t the pred ic tion  estimates are 

reasonable, bu t the mean squared pred iction  e rro r was underestim ated. Th is un­

derestim ation  o f the pred iction  e rro r can ind icate  over confidence in  the prediction.
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Stein concludes by recommending against the use o f the Gaussian autocorre la tion  

function.

Spherical Class

The spherical autocorre la tion fa m ily  described by C’ressie (1993. p.61) is pa­

ram eterized by 9 = 6 1- where 9{ is the range o f the autocorre la tion , and has auto­

corre la tion  function

Th is autocorre la tion function  is va lid  in  R l . R 2. and R 3. Examples o f the spherical 

autocorre la tion  function (2.16) are shown in  F igure 2.4.

The spherical autocorre la tion function  is the only autocorre la tion function I 

consider which has zero autocorre la tion at distances greater than the range 0\. This 

sim plifies the m a trix  o f autocorrelations and can reduce the am ount o f calculations 

due to  block diagonal s truc tu re  o f the autocorre la tion  m a trix . The spherical auto­

corre la tion  fam ily  is continuous, but not d iffe rentiab le  at the orig in .

The spectral density o f autocorre la tion  function  (2.16) in R  is

r , . 2 -  2cos(fli* :) -  2 * f l i ^ s i n ^ - : )

F igure 2.4 also displays the spectral density o f the spherical autocorre la tion function. 

Note the sligh t fluc tua tion  o f the spectra l density when 91 =  S. Th is behavior does 

not correspond to  any physical process, and therefore the use o f the spherical class 

is questionable (Stein. 1999. p.3L).

2.2.2 Mafcern Autocorrelation Function

The M atern  autocorre la tion function  is param eterized by 9 = {6 ^. 6 2 ). where 

6 \ is the range o f autocorre lation and 6 2  is the smoothness. Th is autocorre la tion

24

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1

o

98 102 3 5 6 741

distance

Figure 2.4: Examples o f the Spherical A utoco rre la tion  Function and the Spherical 
Spectral Density Function.

function  is continuous for Q-i >  1 and d iffe ren tiab le  n times for O2  > n . The auto­

corre la tion function  is

I . /  h \
p" “ [h) = W  \ p j  ' (2 1 8 )

where 6[ =  9\ f  and Kg2 is the m odified Bessel function  o f order 9^

(A b ram ow itz  and Stegun. 1965). Th is autocorre la tion  function  is va lid  for d > 1.

2d
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in  th is thesis I focus on d =  1. The  spectral density is (S te in. 1999. p.48-50)

,  , , r ( f l a +  r f / 2 ) ( 4 9 , ) V 49, . A - ' W
/ - • M -  ^ / 2 r ( S j ) 9 ;*. V » f  J  ' 1 1

Th is param eterization o f the M atern autocorre la tion  function  is selected be­

cause the in te rp re ta tion  o f the parameters is s im ila r to  the o the r autocorre la tion  

functions (Stein. 1999. p.50). The M atern covariance class includes the exponentia l 

class as a member when 02 =  0.5 and d =  1. along w ith  the Gaussian covariance 

function as a lim it in g  member when 02 —> x .  Examples o f the autocorre la tion 

function can be seen in Figure *2.5. while examples o f the spectral densities can be 

seen in Figure 2.6.

The M atern autocorre la tion  function can be traced back to  W h itt le  (1954). 

P rio r to Handcock and Stein (1993). the M atern autocorre la tion  function  was not 

com m only used in analyzing spatia l data. C urren tly , there are a varie ty o f app li­

cations using the M atern  autocorre la tion function inc lud ing  Handcock and W allis

(1994). Ecker and Gelfand (1997: 1999). and Stein (1999).

2.3 Estim ation of Spatial M odel Parameters

There are a w ide varie ty o f methods used to estim ate parameters o f spatia l mod­

els inc lud ing  ad hoc procedures, likelihood-based methods, and least square based 

methods. The ad hoc methods, also known as ‘ fit by eye*, compare an em pirica l 

autocorre la tion  curve to  a set o f known autocorre la tion curves. The likelihood-based 

methods include m axim um  like lihood estim ation  and restricted  m axim um  like lihood 

estim ation  as well as robust estim ators. The least squares fa m ily  o f estim ators in ­

cludes weighted least squares and generalized least squares methods.

2.3.1 Estimation o f Autocorrelation

For the s ta tionary  spatia l e rro r process S. the variogram  is defined to  be 

27(fe) =  V a r(* («  +  h)  -  S ( s ) ) .
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Figure 2.5: Exam ples o f the M atern  A utocorre la tion  Function. The top p lot demon­
strates the effect o f smoothness ( .5 .1 .2.4.S) on the M atern au tocorre la tion  function 
for a fixed range 2.4. The bo ttom  p lo t shows the effect o f range on the autocorrela­
tion  function , w ith  range values (1 .2 .4 .8 ) and smoothness 1. In bo th  plots, d =  L.

The three functions. p (-).C ’ov(-). and -/(•) are related through the fo llow ing equa­

tions:

p(h) = C o v (h )/C o v (0 ). and (2.20)

27 ( / i ) =  2 C o v (0 ) -2 C o v ( fc ) , (2.21)
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Figure 2.6: Examples o f the M atern  Spectral Densities. The top p lo t demonstrates 
the effect o f smoothness ( .5 .1.2 .4 .8 ) on the M atern spectral density  for a fixed 
range 2.4 when d = 1. The bo ttom  p lo t shows the effect o f range on the spectral 
density, w ith  range values (1 .2 .4 .8 ) and smoothness I when d — I.

where h  is a vector o f distances. When estim ating  the spatia l parameters. C’ressie 

(1998) argues tha t variogram  estim ation  is be tte r than correlogram  estim ation  for 

the fo llow ing reasons. F irs t, the bias o f the variogram estim a to r is less than the 

bias for the covariogram estim ator (C'ressie and Grondona. 1992). Second, i f  the 

mean function  is not co rrectly  specified and some portion  o f the mean function is
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not modeled, the variogram  estim ator does a be tte r jo b  at m odeling the spatia l 

s tructu re  (C'ressie. 1993. p .72).

The em p irica l variogram  is one technique for es tim a ting  the spatia l parameters 

o f the autocorre la tion  function. Assum ing the process is iso trop ic  and second order 

s ta tio n a rity  (Section 2.1.1). the variogram is a function  o f the  distance between loca­

tions. dij =  ||s{ — S j | | .  The classical variogram estim a to r (H u ijb reg ts  and Matheron. 

1971) is defined to  be

25(,,) =  r v 7 M i ^ (2 ' ( S i ) ' z ,S i) ) ;J ' (2-22)
1 - 1  ; l  .V  ( A )

where h 6 IFl. and

.V (/i) =  {{si .Sj )  : \si -  Sj\ <£ (h + t . h  -  t): i . j  = I ........... n } .  (2.23)

where (h — t .h  -(- e) form  the bins o f size 2e and .V(h) consists o f a ll pairs o f obser­

vations w ith  |s j — Sj| € (/t ±  e). The classical variogram  es tim a to r calculates the 

average (Z($i )  — Z ( . i j ))2 for a ll pairs o f observations for th a t b in. In general the bins 

are d is jo in t and cover the distances (0. 7dmax) where dmar is the m axim um  distance 

between locations.

E stim a tion  o f the variogram curve using least squares techniques requires the 

m in im iza tion  o f

( 7 - 7 # ) ' ( 7 - 7 0 ) .

where 7  =  ( 7  (6t ) .......... 7  (6m))/ is the vector o f em p irica l variogram  estim ations. 6;

denote the ith b in . i =  1 m and 7 q =  (7^  (6t ) ......... 7q [bm))' is the vector o f

variogram curves param eterized by 9 (C’ressie, 1993). S im ila r ly , the weighted least 

squares technique requires the m in im iza tion  o f

( 7 - 7 0 ) 'W r(0 ) " 1 ( 7 - 7 0 )  •
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where W{9)  is a diagonal m a tr ix  w ith  [1^(0)],,• equal to the variance o f the squared 

differences for a ll location pairs in b in  6, (S m ith . 2000).

D e term in ing  the o p tim a l size for the bins can be challenging (Cressie, 1993, 

Section 2.4). The num ber o f pairs o f observations in  each b in varies greatly, but 

there should be enough observations so tha t the average squared difference does 

not re ly  s trong ly on one observation pair. Conversely, the bins need to be sm all 

enough to  be able to  estim ate the spatia l process. A general ru le for b in  size is tha t 

there should be at least 30 location pairs in  each bin (Journel and H uijb regts. 197S. 

p. 194).

Stein (1999. p .212-214) addressed one o f the problems o f the classical variogram 

estim a to r. The corre la tion between S (M  and 7 ( ^ + 1) can be extrem ely high. There­

fore. the em p irica l variogram can look d ra m a tica lly  d ifferent from  the true  variogram 

o f the spatia l process. This is also a d iffic u lty  w ith  correlogram estim ation .

2.3.2 Estimation, of Autocorrelation Parameters when  
Mean is Known

Section 2.3.1 was concerned w ith  es tim a ting  the autocorre la tion  function  when 

the spatia l process Z  was second order stationary. When the mean function  is 

known, the em pirica l variogram can be used to  model the spatia l process by sub­

tra c tin g  the known mean from the response and using the residuals as inputs to the 

variogram .

M ax im um  like lihood estim ation  provides another method for estim a tion  o f the 

autocorre la tion  parameters. L ike lihood  based estim ation requires the add itiona l 

assum ption tha t the e rror process 8 from  ( l . l )  follows some d is tr ib u tio n . Th is  thesis 

is based on the assumption tha t 5 is a Gaussian random  process. The log-like lihood 

o f the parameters (d./3 . a 2) given the data. Z .  is

< ( < M  . f f2; Z )  =  - j l o g | < r J* | - ^ ( Z - A T / J  ( Z  -  X 0  ) .  (2.24)
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where ^  =  [p ^ (s )] represents the m a tr ix  o f correlations. In th is s itua tion . (3 is 

assumed know and is not a param eter o f the model. T h is  like lihood  is a function  o f 

q +  1 parameters, where q is the d im ension o f 6.

Marclia and M arshall (1984) describe conditions required for consistency and 

asym p to tic  no rm a lity  o f the m axim um  like lihood  spatia l estim ators using increasing 

dom ain asym ptotics. The conditions invo lve eigenvalues o f the covariance m a tr ix  

and characteristics o f the design m a tr ix  X .  which are not easy to  evaluate. Fur­

therm ore. problems using the technique for some corre lation models such as the 

spherical fam ily  (VVarnes and R ipley. 1987: M ard ia  and W atkins. 19S9). where the 

like lihood  is not tw ice d iffe rentiab le , can lead to questions about the u n im oda lity  

o f the like lihood. VVarnes and R ip ley (1987) suggest tha t in order to  investigate 

possible m u ltim o d a lity  o f the like lihood, the profile like lihood should be p lo tted .

One technique to reduce the param eter space by one is to subs titu te  the m axi­

m um  like lihood estim ate o f a 2.

<7- =  (Z -  X' f3 ) * r 11 ( Z  -  X '(3  ) / n  (2.25)

in to  (2.24). The resu lting log profile  like lihood  (S m ith . 2000) is

V . / , / .  ( i . i ' - . Z )  =  - i l o g | * |  -  £ l o g ( o J) -  | .  (2.26)

2.3.3 Estimation of Autocorrelation Parameters when  
Mean is Unknown

The estim ation  o f the autocorre la tion  parameters when the mean function  is 

unknown results in  an added level o f com plexity . Techniques include an ite ra tive  

process combined w ith  the em p irica l variogram  technique, m axim um  like lihood  es­

tim a tio n  and restricted m axim um  like lihood  estim ation.
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Iterative Variogram Estimation

A ny o f the variogram  estim ation  procedures described in  Section 2.3.1 can in­

corporate an unknown mean function  using a two step procedure. T h is  com m only 

used approach begins w ith  the com puta tion  o f the residuals from  the least squares 

estim ate o f (3 ls = ( X ' X ) ~ l X ' Z .  Let \&_1 be the variance-covariance m a tr ix  esti­

mated from  the variogram .

1. Estim ate the variogram curve o f the residuals Z  — X' f3 .

2. Estim ate the regression coefficients v ia  generalized least squares. (3 g l s  —

{ X ' y - ' X y ' X ' V - ' Z .

Ite ra tion  between the steps one and two are continued u n til the spatia l parameter 

estimates have converged (H a in ing. 1990. Section -1.2.1).

Maximum Likelihood Estimation

M axim um  like lihood  estim ation  when the mean is unknown is very s im ila r to 

estim ation  when the mean is known (S m ith . 2000). The log -like li hood, equation 

(2.24). can be s im p lified  and the num ber o f parameters reduced by exam in ing  es­

t im a tio n  for both  (3 and a 2. F ix ing  9.  the m axim um  like lihood estim ate  o f (3 is 

0  =  ( X '4 j - l X )-1 X ' t y ~ lZ .  F ix ing  both  (3 and 9.  the m ax im um  like lihood  es­

tim a te  o f a 2 is a 2 =  ( Z  — X '/3  ) vt,_ l ( Z  — X'(3  ) fn .  S ub s titu ting  the m axim um  

like lihood estim ates in to  the log like lihood results in  the log pro file  like lihood.

U  ( M  - P - Z )  = “ j l o g  1*1 -  £  log ( * 2) -  | .  (2.27)

The issue o f m u ltim o d a lity  o f the like lihood s t i l l  exists in  m ax im um  like lihood 

w ith  unknown mean. In general, m axim um  like lihood estim ates fo r the spatial 

parameters are biased and can underestim ate the variance (M a rd ia  and M arshall. 

1984).
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REML Estim ation

A  th ird  m ethod for estim ation o f the spatia l parameters when the mean is 

unknown is restricted  m axim um  like lihood  es tim a tion  (R E M L ) estim ation . Pat­

terson and Thom pson (1971) first in troduced R E M L  as a technique for estim ating  

variance components in  A X O V A  models. R E M L  estim ation  is m otiva ted by the

fo llow ing s itua tion  (S m ith . 2000). Suppose V '. i  =  1 n are independent and

iden tica lly  d is trib u te d  Gaussian random variables w ith  unknown mean f t  and un­

known variance a 2. M axim um  like lihood estim ates o f ft  and a 2 are ft = ^ 52"= l Vi 

and b 2 =  £ (Yt — ft). C a lcu la ting  the expected value o f the two estim ators. 

E[ f t \  =  ft but E [ b 2] =  2.

VVe can separate the like lihood in to  two parts

* w >  -  | 2 -2 S )

where the firs t line is a function o f the data, and the second line is a func­

tion  o f the data  and the true mean f t .  In fact, the d is tr ib u tio n  o f the contrasts

(V i — f t  V i,-! — ft) does not depend on the true  value f t .  and the estim ator o f

(j2 which maxim izes th is  function is b 2 — (Vi — ft)- an unbiased estim ator

o f a 2.

Expanding th is  exam ple to include correlated observations along w ith  a more 

com plex regression function. R E M L estim ation  examines the like lihood function o f 

the contrasts (S m ith . 2000) in  order to  avoid possible underestim ation  o f the spatial 

parameters and account for the estim ation  o f f3 . In general, define W  =  A ' Z  to 

be a vector o f linea rly  independent contrasts where A  is a n by n m a tr ix . Then 

fo llow ing from  ( 1.1). W  is d is tribu ted  Gaussian w ith  mean zero and variance m a trix  

A '^ lA .  Patterson and Thompson (1971) show th a t A  can be chosen such tha t
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A  A '  =  /  — X  ( X '  X )  1 X  and A ' A  =  [. The corresponding log like lihood  o f the 

contrasts is (H a rv ille . 1974)

l i t e m > 2- * )  *  - ^ l o g ( f f 1) - i l o g | X ' « - ,X | - i l o g | * | +  (2.29) 

^  ( Z - X ' 0 ) ' 9 - ‘ ( Z - X ' $ ) .

where /3 is the generalized least squares estim ate o f (3 . C ontinu ing  w ith  the profile 

like lihood techniques, we can use the  m axim um  like lihood estim ate o f cr2 which is 

<x2 =  ^ Z  — X '(3  ^ \Jj_1 ^ Z  — X'(3  j  to fu rthe r s im p lify  the log like lihood  (2.29) to 

be

( reml  ( * : * - )  x  - ^ l o g l a 2) -  i l o g | X ' ^ - l X |  -  i  log | ^ | . (2.30)

E quation (2.30) is then m axim ized for the parameters o f the corre la tion  function  8.

2.3.4 Comparison between ML and REML Techniques

Cressie (1993. p.92-93) supports the use o f R E M L over M L  as a m ethod o f 

estim ation  when the num ber o f parameters in  the mean function  (p + I)  is large. 

The differences between the two estim a tion  techniques (2.27 and 2.29) include the 

coefficient o f log(cr2) as well as an add itiona l te rm  —7 ' l X |  in  R E M L  estim a­

tion . The estim ate o f cr2 is biased for the M L  estim ator and unbiased for R E M L 

estim ator. The differences in estim ation  between the R E M L and M L  estim ators o f 

6.  the spatia l corre lation parameters, are more d ifficu lt to determ ine.

Z im m erm an and Z im m erm an (1991) used s im u la tion  methods to  compare M L . 

R E M L  and o ther estim ation  procedures to  predict a random field. Data were sim u­

la ted on a g rid  design w ith  16 or 36 to ta l observations using two d iffe rent corre la tion 

functions and a flat mean. These authors found tha t when s im u la ting  data using an 

exponentia l autocorre la tion function . M L  estimates o f a 1 have a negative bias while 

R E M L  estimates have a positive bias, a lthough the bias is larger for the R E M L 

estimates o f cr2.
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Note tha t the difference in  the denom inator for the estimates o f a 1 is n for 

M L  and n — I for R E M L. W hen es tim a ting  the range param eter. Q\. o f the expo­

nen tia l au tocorre la tion  function, the two estim ators are s im ila r for sm aller values 

o f  &i. W hen 0\ is larger, corresponding to stronger spatia l dependence, the R E M L 

estim a to r has less bias. The Z im m erm an and Z im m erm an a rtic le  exam ined f it t in g  

corre la tion functions when the mean function  was constant, and so the differences 

between R E M L  and M L should be few due to  the few differences in  the likelihoods. 

In Section 5.5 I investigate the behavior o f R E M L  and M L estim a tion  when fit t in g  

a mean function  w ith  three parameters.

2.4 M odel Selection

As described in Section 1.1, the m odeling decisions in spatia l data  consist o f 

selecting a set o f explanatory variables for use in  m odeling the large scale varia tion, 

choosing a fam ily  o f autocorre la tion  functions for modeling the spatia l dependence, 

and fina lly  estim a tion  o f both sets o f parameters. L itt le  research has been done on 

techniques or guidelines for m aking decisions regarding the m odeling spatia l data 

such as exp lanatory variable selection. C’ressie (1993. p.!04.49S) notes tha t spatial 

m odel selection c rite ria  is an area for fu tu re  research.

2.4.1 Background and Traditional M ethods

Standard techniques for m odeling spatia l data arise from  tra d itio n a l model se­

lection techniques for linear models. In the first step, the data are assumed to be 

independent. Under this assum ption, the exp lana to ry variables for m odeling the 

large scale varia tion  are chosen using a model selection technique such as Akaike's 

In fo rm a tion  Corrected C rite ria  (A IC C ) (H u rv ich  and Tsai. 19S9) described in  Sec­

tion  2.4.1. Second, the  residuals from  the model are exam ined for spatia l corre lation. 

A  corre la tion  function  fam ily  is chosen based on the residuals from  the model as
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well as in fo rm a tion  about the process (Section 2.1). F ina lly , the  parameters are 

estim ated using one o f the techniques discussed in  Section 2.3.

Explanatory Variables verses Autocorrelation Structure

The problems w ith  the approach described above are m any b u t are p rim a rily  

concerned w ith  the connection between explanatory variables and autocorre la tion 

function. The trade o ff between inclusion or exclusion o f exp lana to ry  variables and 

the choice o f au tocorre la tion  function  can result in the f it t in g  o f tw o  very d is tinc t 

models, yet both can model the data reasonably well.

In o ther words, in fo rm a tion  about the corre la tion s truc tu re  o f the process may 

be carried through the exp lana to ry variables. The inclusion o f the explanatory 

variable may remove or reduce the corre la tion s tructure  o f the residuals from  the 

model. For exam ple. V’er Hoef et al. (1999) dem onstrate the s im ila ritie s  between 

a model w ith  independent errors and a linearly  decreasing mean and a model w ith  

correlated errors and a constant mean.

A lte rna tive ly , ignoring the autocorre la tion s tructure  o f the e rro r process may 

mask exp lana tory variables which are very im po rtan t in m odeling the mean function. 

The add itiona l noise in  the data can overwhelm  the in fo rm a tion  in  the  data, resulting 

in  the iden tifica tion  o f fewer im po rtan t exp lanatory variables. Examples o f this 

behavior w ill be explored in Section -5.2.

Also, ignoring  the autocorre la tion  s tructure  o f the e rror process may lead to the 

iden tifica tion  o f exp lana to ry  variables tha t are not related to  the tru e  model. Ver 

Hoef (1999) found th a t when analyzing the lizard  data set in  Section 6.2 tha t the 

model w ith  independent errors selected a model w ith  six exp lana to ry  variables using 

stepwise selection. W hen the model included autocorre lated errors, the num ber o f 

significant exp lana to ry  variables dropped to  two.
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The AICC Statistic

One model selection technique used in th is  d issertation is A IC C . Th is allows 

for sim ple comparison between models and the iden tifica tion  o f a "best" model. 

Akaike's In fo rm a tion  C rite ria  (A IC ) (1973) was developed as an estim ator o f the 

K u llback-L ieb le r In fo rm ation  (KL1). I f  M j  is the true  m odel, and \ I a is a candidate 

model. A IC  approxim ates the loss in  in fo rm a tion  when Ma was used to model Mj .

Burnham  and Anderson (199S) ou tline  the development o f the A IC  s ta tis tic  

which follows from  the identifica tion  o f f j .  the true  model o r true  behavior, and / „ .  

a candidate model based on the data x and parameters The K L l is defined to be

H h - h )  =  J / t ( * ) I o S ( j ^ y )

The goal is to select a model which m inim izes the estim ated K L I. The A IC  s ta tis tic  

estimates (2.31) where

A I C  =  - 2  log ( L {0 . a 2. 8 \ Z ) ) +  2k. (2.32)

Here L (f3 . a 2.8  |Z )  is the like lihood o f the parameters (/3 . a 1. 8) given the data Z  

and k is the num ber o f estim ated parameters.

The corrected A IC  s ta tis tic  (A IC C ) (H u rv ich  and Tsai. 1989) includes an ad­

d itio n a l penalty term  for when the ra tio  o f the num ber o f parameters to num ber 

o f observations is large and performs be tte r for sm all sample sizes. (B urnham  and 

Anderson. 1998). The A IC C  s ta tis tic  is

A I C C  =  - 2  log {L{(3 . v 2. 6 \ Z ) ) +  2k +  (2.33)
n — k — I

O ther methods tha t could be used include ft1. Schwart's B IC  c rite ria , and Mallows's 

Cp s ta tis tic  (N e te r et al.. 1996).

Due to i t ’s s im p lic ity , the A IC C  s ta tis tic  can be used both  when assuming the 

data has independent e rro r s tructure , as well as when m odeling the autocorre la tion
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struc tu re  o f the data. In  the next section I w il l propose a m ethod for model selection 

for spatia l data based on the A IC C  s ta tis tic  which reduces some o f the challenges 

in  m odeling decisions described in  Section 2.4.1.

2.4.2 Spatial AICC

M odel selection techniques for spatia l models need to  include the corre lation 

s truc tu re  in  determ in ing  the best set o f predictors. In order to address some o f the 

challenges described in Section 2.4.1. I propose a technique which fits the mean and 

autocorre la tion  functions sim ultaneously. Th is m ethod removes the am b igu ity  in 

de te rm in ing  which set o f exp lana to ry variables best fits the data when the process 

is correlated. Th is method combines M L  estim ation  and the A IC C  s ta tis tic  in  order 

to  arrive  at a s ta tis tic  which measures the a b ility  o f the model to  f it the data.

Let .1/,. i =  I  K  be a set o f exp lana to ry variables along w ith  an autocor­

re la tion  fam ily . For each model A/,, use the profile like lihood (2.27)

(profile (B:f3 =  ~ l o g | ¥ |  -  ~  log (o ' ) -  ^ .

to  estim ate the regression coefficients (3 and the autocorre la tion  parameters 6.  Plug 

the estim ated parameters in to  the A IC C  s ta tis tic  (2.33).

A I C C  = - 2 log (L {13 . a 2. 6) \ Z )  +  2k + 2 ^ 1 1 + 1 1 .
n  “  r t  L

where Ic is the num ber o f parameters in 0  . 6  and a 2. F ina lly , use each m odel's A IC C  

s ta tis tic  as a too l for com paring models in  terms o f sets o f exp lana to ry  variables as 

well as autocorre la tion  function  fam ilies.

T h is  technique requires param eter es tim ation  o f a ll o f the models. By com­

pu ting  A IC C  for a ll possible sets o f exp lana to ry  variables and autocorre la tion  func­

tions. one can find a single "best" model o r a set o f models which f it  the data  well. 

Since th is  m ethod sim ultaneously examines the explanatory variables w h ile  f it t in g
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an autocorre la tion  s truc tu re  to  the data, it  can overcome the correlated noise in 

the process and id e n tify  exp lanatory variables which are im p o rta n t in  m odeling the 

mean function. In Section 5.2 I describe a s im u la tion  s tudy com paring spatia l A IC C  

model selection to tra d itio n a l methods.
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Chapter 3

BAYESIAN KRIGING WITH PROPER PRIORS

In this chapter I describe Bayesian krig ing . the selection o f p rio r d is tribu tions 

and hyperparameters, and the derivation  o f the posterior p red ic tive  d is tribu tions . 

In add ition . I deta il a fu lly  Bayesian krig ing  setup, w ith  proper p rio r d is tribu tions 

on both the regression parameters (3 and the spatia l parameters 9.  Th is setup 

results in a posterior d is tr ib u tio n  which incorporates the unce rta in ty  in param eter 

estim ation.

3.1 Prior Distributions

Recall equation (L . l)  which models the random field as

Z($) = X(s)(3

where t>(s) is assumed to  be a sta tionary, isotropic Gaussian random  field w ith  

mean zero, variance a 2. and autocorre la tion  parameterized by 9.  S tandard Bayesian 

methods incorporate uncerta in ty  o f the parameters o f the m odel in to  the analysis. 

The parameters are seen as random  variables. In order to  accom plish th is , p rio r 

d is tribu tions w ill be placed on the parameters. I f  f ( Z \ ( 3  . a 2. 9)  is the  like lihood 

equation and / ( / 3  . a 2. 8) is the p rio r d is trib u tio n  on the param eters, then using 

Bayes rule the posterior d is tr ib u tio n  o f the parameters given the data  Z  is

_a f ( Z \ p . v 2. 6 ) f ( 0 . < T 2.9)
' 1 1 f - - f f ( Z \ ( 3 . < r 2. 9 ) f ( l 3 . ( T 2' 0 ) d d d v 2d f 3 '  ’
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The p rio r d is tr ib u tio n  represents knowledge and unce rta in ty  about the parameters, 

while the posterior d is tr ib u tio n  represents the updated d is tr ib u tio n  o f the parame­

ters a fter observing the data.

Let A  be some q u a n tity  o f interest, for exam ple the random  field at an unob­

served location. The posterior d is trib u tio n  o f A  given the observed data is calculated 

as

/ ( A  |Z )  =  J  ••• J  f ( ± \ Z . / 3  .(T2. 9 ) f ( 0  .<r2. 9 \ Z ) d 9 d c r 2d/3 . (3.2)

where /  (A  \Z.j3 . a 2. 9 ) is the conditional d is tr ib u tio n  o f A  given the data Z  and 

the parameters. / ( / 3  . a 2. 9 \Z )  is the posterior d is tr ib u tio n  o f the parameters de­

scribed in equation (3.1).

3.1.1 Types o f Prior Distributions

P rio r d is trib u tio n s  are typ ica lly  classified according to  several characteristics. 

The term  "p roper'' p rio r refers to a p rio r d is tr ib u tio n  tha t integrates to  I. An 

im proper p rio r d is tr ib u tio n  integrates to in fin ity .

P rio r d is trib u tio n s  can be fu rthe r classified as in fo rm a tive  o r nonin form ative. 

An non in form ative  p rio r contains no in form ation  about the parameters and therefore 

does not favor any value over any other. For example. /  ( J )  =  c >  0. for —oc <  3 < 

x .  is both im proper and non in form ative  because J_^_ /  ( . i)  d3  =  c J ^ x d3 = x .  

and /  (6,) =  /  (6j ) for a ll 6;.6 j €  IR■ A frequently used non in form ative  p rio r for 

scale param eter a  is /  (cr) =  er-1 . In general, non in form ative  priors can be chosen 

v ia  .Jeffreys m ethod (Berger. 19S5. p.S7-S8) where

/ ( * )  =  [ / ( * ) ] * .  (3.3)

where I  (0) is the expected Fisher in fo rm ation  m a trix .
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N on in fo rm a tive  and im proper p rio r d is trib u tio n s  are acceptable p rio r d is trib u ­

tions as long as the  resu lting posterior d is tr ib u tio n  is proper. The issue o f a proper 

posterior w il l be addressed in  Section 3.1.3.

C a lcu la tion  o f the posterior d is trib u tio n  can be s im p lified  by the use o f con­

jugate  priors. C erta in  like lihood functions and p rio r d is trib u tio n s  result in closed 

form  posterior d is tribu tions . W hen using conjugate priors, i t  is not necessary to 

calculate the denom inator in equation (3.1) because the posterio r d is tr ib u tio n  can 

be identified  from  the form  o f the num erator. For exam ple, i f  the like lihood  function 

o f a linear model is Gaussian, then the conjugate p rio r d is tr ib u tio n  on (f3 . a 2) is 

Gaussian and inverse gamma d is tribu tions, respectively, w ith  j3 and a 2 indepen­

dent. The resu lting  posterior d is trib u tio n  is also Gaussian. Conjugate priors for a 

Gaussian random  field consist o f Gaussian for (3 . and inverse gam m a for a 2. The 

autocorre la tion  functions described in th is thesis do not have conjugate priors.

3.1.2 Connection between Bayesian Kriging and Universal 
Kriging

O m re and Halvorsen (1989) describe Bayesian krig ing  as a bridge which con­

nects sim ple k rig ing  and universal krig ing. S im ple krig ing  refers to k rig ing  when 

the mean function  is assumed known, while universal k rig ing  refers to  k rig ing  w ith  

a general mean function  tha t is unknown (Section 1.2). S im ple krig ing  can be seen 

as Bayesian k rig ing  using p rio r d is tribu tions on (3 which place a ll the mass at the 

estim ated location  such tha t f(3i )  =  3 i l ^ _ where ) =  {  0 J.- #  j ,  for

i =  0 . 1 p and (3 is the known value o f j3 . T h is  corresponds to no uncer­

ta in ty  in  the estim ated mean function but it  does not address the uncerta in ty  in  the 

estim ated autocorre la tion  function.

On the o the r hand, universal k rig ing  incorporates the uncerta in ty  in  the esti­

mated mean function . K itan id is  (1986) first noted the  re la tionsh ip  between Bayesian
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krig ing  and universal krig ing . He used non in form ative  priors on /3 . assumed tha t 

bo th  a 1 and 9 were known and carried out the in teg ra tion  in  equation (3.1). The 

resu lting  posterior d is tr ib u tio n  is identica l to  the universal k rig ing  equations.

Assum ing Z  is a Gaussian random  field w ith  mean X/3  and variance e r ’®'. the

standard cond itiona l d is tr ib u tio n  o f ZQ given Z

Zo|/3 . a 2. 9 . Z  ~  N (il)'ii t~lZ  +  ( X 0 -  P  .<r2 ( I  — . (3.4)

The posterior d is tr ib u tio n  o f /3 given O.a1 and Z  is

f ( p \ e . a - . Z )  x  f ( Z \ 0

~  . \ ' ( x / 3  . a 2 ( A " * " 1 A - ) " 1)  (3.0)

where f3 is the generalized least squares estim ate o f (3 and /  (/3 ) is a noninfor­

m ative  p rio r on (3 . Therefore the posterior p red ictive  d is tr ib u tio n  o f Z0 \a2. 9 . Z  

is

f { Z Q\a2. 9 . Z )  x  / (  Zq \(3 . a 2. 9 . Z ) f ( ( 3  \ 9 . a2. Z )

~  S  (rJj'V~lZ  + { X 0 -  X ' y - 1̂ ) ' (3 .<T2G y  (3.6)

where

G = a 2 ( l  +  ( X 0 ( X 0 - X ' ^ ' V ) )  •

T h is  d is tr ib u tio n  is identica l to the universal k rig ing  d is tr ib u tio n  in  equation (1.4).

3.1.3 History o f Bayesian Kriging

The use o f Bayesian m ethodology applied to k rig ing  firs t appeared in  K itan id is  

(1986) where unce rta in ty  due to  the regression parameters was incorporated in to  a 

Gaussian spatia l process. K itan id is  exam ined the effect o f using a non in form ative  

p rio r /  (/3 ) =  c as well as the standard Gaussian conjugate p rio r d is tr ib u tio n  on f3 .
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A dd itio n a lly , the priors on a 1 included a non in form ative  p rio r /  (cr2) =  l/<x2 and the 

conjugate inverse gamma prio r. K itan id is  addresses the in tegra tion  o f the spatia l 

parameters 9 in  general terms as well as estim a ting  the autocorre la tion  parameters 

using the mode o f the product o f the m arginal posterior d is tr ib u tio n  o f the data 

given 9 tim es the prio r d is tr ib u tio n  o f 9. Specifics are not given here.

Handcock and Stein (1993) extend Bayesian krig ing  to  include param eteriza­

tion  o f the autocorre la tion function  and estim ation  o f the spatia l parameters. In 

the ir a rtic le , the autocorre la tion function  is modeled by the M atern autocorre la tion  

function  w ith o u t a nugget term . Assum ing independence o f the mean and variance. 

Handcock and Stein use a p rio r o f the form

/ { a - . p  . 9)  X (3.7)
(<7- )

where a =  I. g ( 9 ) is the p rio r d is tr ib u tio n  on the spatia l parameters. 9 =  (0i.02) in 

equation (2 .IS), the M atern autocorre la tion  function. Therefore, they have placed 

non in form ative  priors on /? and u 2. They use a uniform  p rio r on both 01. the 

smoothness, and O-i- the range. They also discuss an in fo rm ative  p rio r on 0 i which 

would lim it  the support to the in terva l (0 .5 .2 ). The rationale being th a t they expect 

the process to  be continuous (0» >  -5) and less than tw ice d iffe rentiab le  (Handcock 

and Stein. 1993).

The issue o f proper posteriors is a concern in  the selection o f p rio r d is tribu tions 

for the spatia l parameters 9. Stein( 1999. p.224) addressed the im proper p rio r dis­

tr ib u tio n  f  {Oi.Oo.cT2) =  I on (0. d c )3. Stein states tha t for any fixed values o f <x2 

and 9\. the posterior d is tr ib u tio n  o f 9\ is not proper.

Follow ing the p rio r in  equation (3.7). Berger. De O live ira  and Sanso (2000) gave 

necessary and sufficient conditions on the hvperparam eter a when the  p rio r d is tr i­

bu tion  for the spatia l parameters is fla t, f  (9) = I .  in order to have proper posterior. 

W hen an in tercept te rm  is included in  f3 . then a > I + (2 m in {1 .0 J 1} )  \  otherwise
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a > 1 /2 +  (2 m in {1 .0 J 1} )  l . Therefore, they note tha t the p rio r / ( / 3  . a 2. 9) oc 1 as 

well as the priors where a =  1 in  equation (3.7) ancl g(0) ?c L or g (0) cc j  for a ll 9 

result in  im proper posterior d is tribu tions .

Berger. De O live rira  and Sanso (2000) develop a reference p rio r for the param ­

eters tha t result in  proper posterior d is trib u tio n s . The reference p rio r is developed 

from  the integrated like lihood

L ' { a 2. 9 \ Z )  = f  f { Z \ c r 2. 9 . p ) f { ( 3 \ a 2.9)d(3  (3.S)

x  ( a - ) ' 1̂ ± i i | ^ r l / 2 | X ,^ - l X | " l / ' - e x p | - ^ F| .  (3.9)

where S 2 = ( z - X / 3  )V‘ ( Z - X Q  ) . / 3  is the generalized least squares esti­

m ate o f /3 assuming 9 is known, and \& is the known autocorre la tion  m a tr ix  . The 

reference p rio r is then

/ ( / 3 . a 2. 9) x  j / r  [ W 2] -  — 1 — (<r  [M /])J | '  . (3.10)

where

W  = (3.11)

P  =  [ -  X  { X ' * - l X ) ~ l X ' * ~ l . (3.12)

and is the m a tr ix  o f derivatives w ith  respect to  the spatia l parameters 9.

O ther p rio r d is tribu tions  include proper d is tribu tions for 02 such as the inverse 

gam ma (Ecker and Clelfand. 1997) as well as trunca ting  the range o f the parameters 

so tha t the p rio r is proper. One possible trunca tion  for 9\ would be to l im it  the 

possible values to the observed distances. Therefore, the m axim um  distance between 

observed locations would be the m axim um  value for 6\.
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3.1.4 Selection of Prior Distributions

In th is  thesis I use proper priors for f3 , a 2 and 6.  Inclusion o f p rio r d is tr i­

butions in  Bayesian k rig ing  offers improvements over universal k rig ing  due to  the 

inclusion o f p rio r in fo rm a tion  and expert opin ion about the parameters o f the model. 

In th is section I develop p rio r d is tribu tions and discuss sens itiv ity  for the spatia l 

model fo llow ing results in H oeting (1994) for linear models. In some cases, the p rio r 

d is tribu tions can have a d irect effect on the corresponding param eter estimates.

I use the standard conjugate priors for j3 and a 1, fo llow ing the norm al-gam m a 

fam ily  (Berger. 1985. p. 130). As discussed in the previous section, the spatia l pa­

rameters 6 do not have a conjugate fam ily. A varie ty o f p rio r d is trib u tio n s  on 0 w ill 

be exam ined, inc lud ing  un ifo rm  over a fin ite  range and inverse gam ma. I assume 

the follow ing p rio r d is trib u tio n s  on the regression parameters and variance:

/3 \ cr2.Q ~  X ( * i  . < r V ) .  (3.13)

4; e ~  -i-vj. (3.1-1)
I T -  v  A

The selection o f hyperparam eters u. A. pL . and V  w ill be discussed.

Hyperparameters for /3

The design m a tr ix  X  is standardized to s im p lify  the dete rm ina tion  o f the hyper­

parameters n  and V .  The  design m a trix  consists o f a colum n o f ones corresponding 

to the overall mean 3o- as well as p columns corresponding to  a dd itiona l explanatory

variables .........3P. In  order to  s im p lify  p rio r specification, colum ns 2 through p +1

are scaled so tha t each co lum n has zero mean and variance one. T h is  allows each 3 

value to  reflect the s trength  o f tha t explanatory variable in m odeling the  response

Z .  The d is tribu tions  o f 3i through 3P are centered at zero. The p rio r d is tr ib u tio n

on the mean 3o is centered at the sample mean o f the response Z.
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In choosing hyperparam eter V . the regression parameters are assumed indepen­

dent a p rio ri. Th is  assum ption sim plifies the hyperparam eter selection and reduces 

the problem  to  specifying the diagonal elements o f V .  The p rio r variance o f each

J,. i =  I  p is cr20 and the p rio r variance o f 30 is the a 1 tim es the variance o f

the response. Therefore.

Pi = ( Z .0 ...........0 ) '

/  4  0 ... 0 \

V  = 0 1>2 0 i

: 0
V o ... o t) 2 J

The hyperparam eter 0 is chosen so tha t the d is tr ib u tio n  o f each 3 is reasonably flat 

over ( — 1.1). I w il l le t 0 =  2.S5 which follows from  Hoeting (1994).

Hyperparameters for cr'1

The hyperparam eters u and A are chosen so tha t the expected value o f cr2 is 

approx im ate ly  equal to the variance o f the response. 4 . along w ith  specifying tha t 

the d is tr ib u tio n  gives weight to reasonable values o f a 2. The re la tionsh ip  between 

the m oments o f the d is tr ib u tio n  o f a 2 and the hvperparam eters yie lds the follow ing 

equalities:

t/X
E [ o * \  = _

( v \ y
v  — 2

. . . .  \'2
Var [cr2] =

( t , - * 2 ) -  ( f - 2 )

I estim ate  £7 [cr2] and Var [cr2]. and therefore u and A from  e ithe r the observed 

data, true  values known from  s im u la tion , o r knowledge about reasonable values o f 

variance. Var [cr2] m ay be estim ated so th a t a 95% confidence in te rva l includes a
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m a jo r ity  o f reasonable values for cr2. Using the m ethod o f moments. I equate the 

hyperparam eters to the estim ated mean and variance o f cr2. resu lting  in

„  _  2 (M+2)
\  -1 '

The goal o f th is  p rio r is to  give weight to  reasonable values o f cr2. Sm all changes 

in  the hvperparameters tha t re ta in  the mean and variance o f the p rio r d is trib u tio n  

on cr2  do not have a large effect. Large changes in the hvperparameters can have 

d ram atic  im pact on the results. Proper p rio r d is tribu tions tha t are re la tive ly  flat 

can lead to im proper posterior d is tribu tions  (Berger et al.. 2000) and convergence 

problems. Therefore, the p rio r on a 2  must be chosen carefully.

Prior Distribution for 6

There are a w ide variety o f autocorre la tion  functions and spatia l parameters 

9 as described in Section 2.2. For purposes o f this d issertation, the M atern auto­

corre la tion  function  (equation (2 .IS)) w ill be used for a ll Bayesian krig ing  models. 

The spatia l parameters o f interest. 9. include the range. 9t. smoothness. 02. and 

percentage o f nugget. 03 in  equation (2.11). The nugget is not included in a ll mod­

els (03 =  0). As described in  Section 3.1.3. the choice o f p rio r d is tr ib u tio n  for the 

autocorre la tion  parameters is very im po rtan t and can lead to  im proper posterior 

d is tribu tions . One solution tha t leads to proper posterior d is tribu tions  is to  use 

conjugate priors for cr2  as well as proper priors on 9.

The p rio r d is tr ib u tio n  on the range param eter. 01, is un ifo rm  on the in terval 

(0. dmaI). where dmaI is the m axim um  distance between observed locations. 1 use two 

different p rio r d is tribu tions  on the smoothness param eter. 02. F irs t 1 use a un ifo rm  

p rio r lim it in g  02 to be in  (0. c). The upper l im it  c is set so tha t a w ide varie ty o f
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behaviors are possible. As can be seen in  Figure 2.5. there is very l i t t le  difference 

in  the autocorre la tion  function  for 02 values 4 and S. In fact, for large values o f 

0 >. i t  is very d iffic u lt to  d istingu ish between autocorre la tion  functions and therefore 

lim it in g  the m agnitude o f 02 does not g rea tly  influence the behavior near the orig in . 

A no ther p rio r for O2  is an inverse gam ma d is tr ib u tio n . Th is p rio r d is tr ib u tio n  down 

weights large values o f 02 more n a tu ra lly  than the un ifo rm  p rio r w ith  an a rb itra ry  

upper l im it .

A lthough large values o f 02 are acceptable in  the M atern class, they can cause 

problems in convergence and evaluation o f parameters. I t  may be necessary to 

lim it  the dom ain o f 0t o r 0> or use a p rio r d is tr ib u tio n  which would down weight 

large values to  avoid d ifficu lties in  s in g u la rity  o f the autocorre la tion  m a tr ix . Some 

possibilities for the m axim um  o f the dom ain for 0t include the m axim um  distance 

between points, or some function o f the m axim um  distance between points. Th is is 

an area o f fu tu re  research when using autom atic  methods to fit covariance functions. 

In particu la r. Stein (1999. pL73) states tha t the M atern class may not "possess a 

m axim um  in  the in te r io r o f the param eter space."

W hen 03 is included in the analysis, one p rio r is a un ifo rm  d is tr ib u tio n  on 

the in terva l (0. I) which gives equal weight to a ll possible values. W hen #3 =  0. 

there is no add itiona l nugget va ria b ility  in  the model, and when 03 =  I. the spatia l 

process does not have any detectable spatia l autocorre la tion  in the error. The beta 

d is tr ib u tio n  can also be used as a p rio r d is tr ib u tio n  for O3 . Th is could be used to 

include expert opin ion via  increasing the weight for ’ reasonable' values o f 6 3  while  

down weighting large values.

There is an in teraction  between the inclusion o f O3  and the p rio r d is tr ib u tio n  

on 0 2 • Inc lud ing  03 in  the analysis can cloud in fo rm a tion  about the smoothness o f 

the  process. Therefore, a p rio r d is tr ib u tio n  which places more weight on sm aller 

values o f 02 is required to  prevent convergence problems. S im ulations which include 

measurement e rro r w il l use an inverse gam m a d is tr ib u tio n .
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3.2 Derivation o f Distributions

Once the p rio r d is trib u tio n s  have been selected in Section 3.1.4. the posterior 

pred ictive  density o f Z0 given the data Z  and a set o f exp lana to ry variables, the 

o p tim a l p red ictor f  [ Zq \Z]  is found via

/ (  Z0 \Z)  =  j  ■■■ j f {  Zo\/3 . <r2 . 9 . Z ) f { / 3  .<T2 \d .Z ) f (9 \Z )d9d i3d<T 2 .ClA5)

In th is section I derive a closed form  expression for (3.15). The derivations are s im ila r 

to  Hoeting (L994). The fo llow ing sections w ill derive the required d is tribu tions .

3.2.1 Posterior Prior Distributions

I need to derive the posterior p rio r d is tr ib u tio n  for /3 and a 2. f  (f3 . a 2 \ 9 . Z)  

from  equation (3.15).

f { ( 3 . a 2\ 9 . Z)  = f  {Z\(3 .cr2.9) f  ((3 \cr2.9) f  (<t2\9)

= |<72¥ | - I/2 exp j  ~ ( Z - X 0  ) ' * " l ( Z - . Y / 3 )} |< 7 2V | - l/2

eXp{ ‘ 2 ^ (/? eXP{ " ^ }  

= (ff2)-('i+p)/2i*ri/2ivri/2̂ y  (3.i6)
exp { - ^  [u\  + ( Z  -  X 0  J ' * " 1 ( Z  -  Xf3 )] |  

exp {  — 9^2 [ ( ^  - # O ' V l (0  - / * ) ] } •
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Note tha t the  fo llow ing  holds:

{ Z - X P Y  * ~ l ( Z - X P  ) + (p - f i  ) ' V ~ l U3 - f i  ) + v \

= Z ' * l Z  +  n  ' V ' V  +  P ' + V 1) p  +  uX

- ( X ' # - lZ  + V " V  )' P -  p '  { X ' * ~ l Z  + V ~ ln  ) 

+ ( X ' * ~ lZ  + V ~ ln  )' ( X ' * - lX  + V"1)-1 ( X ' V - ' Z  + V ~ lfi 

-  ( X > - ‘ Z  +  V - ln  )' ( X ’y - l X  + V ~ 1) - 1 ( X ' i £ - l Z  +  V ~ ln  

= Z ' * ~ lZ  + n  ' V ~ lfi +uX

-  { X ' * - lZ  4-  V - ' f i  )' { X ' V - ' X  +  V 1)"1 { X ' * - l Z  +  V ~ ln  

+ (P - f i n ' i X ' V - ' X  + V - ^ i P  - i f )

=  u ' \ ' + { P  -  H ')'  v m~l (P -  A O .

where

n  ■ =  ( X ' t f " l X  +  V " 1) " 1 ( X ' ^ - l Z  +  v ~ ly. ) (3.17)

V -  =  ( X ' ^ - ‘ X  +  V " 1) -1 (3 .IS)

u~ =  n + v  (3.19)

A* =  ( z ' ^ Z  +  a x ' V ~ V  - ( X ' t f - l Z  +  V - V  ) ' I *  ‘  +  v X ) ( 3 : 2 0 )

So from  equation (3.16)

J-(f) . v ‘ . \ e .Z)  X  | ® | - I / 3 | V | - 1/2
\  cr* j

exp [</'*■ (0  -  J O ] }

= H0W ‘.e.z)!(<r‘ \e.z). (3.ai)

where (/3 \<x2. 9 . Z )  ~  X( f i  ” .cr2V )  and 9. Z )  ~  \ 2..

The posterior d is tr ib u tio n  for 6.  f  (9\Z)  from  equation (3.15) can not be calcu­

lated in  closed form . A pprox im ations for f  {9 |Z )  w ill be suggested in  Section 4.4.3.
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3.2.2 Posterior Predictive Distribution

N ext. I need to  calculate / (  Z0\9 .Z ) .  the posterior p red ictive  d is tr ib u tio n  con­

d itio n a l on 0  used in  equation (3.L5).

f { Z 0\ 9 . Z)  =  J  J / (  Zo|/3 .<r2. 9 . Z ) f { 0  . a 2\ 9 . Z ) d 0  da2 (3.22)

To begin the derivations. I know tha t

ZQ\0 . a - . Z . B  ~  .V (4>'*-lZ +  . rr2 ( l - t / / * " 1̂ ) )

0 \ a 2. 9 . Z  ~  S ( p W ' )  (3.23)

9 . Z  ~  xl. .  (3.24)
<T-

where u m. A’ , n  ' and V '  are defined in equations (3.19). (3.20). (3.17) and

(3 .IS). In in teg ra ting  out 0 . I can resort to  consideration o f a standard regres­

sion model. I f  Z0 and Z  are jo in t ly  d is tribu ted  Gaussian random variables, then 

the d is tr ib u tio n  o f Z0 cond itiona l on Z  and the parameters 0 . cr2 and 9 equals 

t p ' V - lZ  + { X 0 —X ' 9 ~ lxp)'f3 + e . where e and 0  are independent, and d is tribu ted  

e ~  N orm al (0 . a 2 ( I  — ) and 0  ~  N o rm a l(fj. ~.(T2V m). Then

E [ Z0 |Z ]  =  +  (X o  - X ' ^ - ^ y  n  * (3.25)

and

Var [ZQ \Z] = cr2 f ( X 0 - X ' * " V ) '  V"  ( X 0 - X ' t f " lif>) + . (3.26)

Note th a t since 0  and e are both norm a lly  d is tribu ted , then Zo is norm a lly  dis­

tr ib u te d  w ith  mean - l Z + ( X o - X ' t f - l t / ; ) V ) .  and variance

<T2 ( ( X o  - X ' t f - 1̂ ) '  V  {Xo  - X ' t f ' V )  +  •
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Let

Then. [ need to in tegrate out cr2.

f  ( z0\z.o) = [ / (  za\o\z.e)f(«2\e.z)i(<,‘)

=  f w i n

|(X 0 - X ' # - l t P ) ' V -  (X 0 - X ' ¥ - lil>) +  (L- ^ - l ^ ) | " l/2 

exp { - ^  (  Z0 -  -  {Xo - X ' 9 - lil>)'n ■ )'

((x0 - x ' v - l i > ) ' v m { X o  - x ' v - l i>) + ( i - ^ " V ) ) ~ l

(  Z0 -  -  (X o  - x ' * - V ) V  “ ) ]  }

= / | A -  [(Xo - X ' t f - li£)' V  (Xo - X ' t f ' 1̂ ) + ( H / / * " 1V )  

/ " i r 72 /  \ - \  T - - 1 /  \ - \ [/ 2
m - i - l / 2  I  3 J ( ' M  f 2 _ A

u , , )  * ( ^ )  U v  U v

exp { - ^ ^ 7  (  * -  -  (Xo - X ' » - V ) V  ' ) '

((Xo - X ' * - 1̂ )'V* (Xo -X 't f" lt/;) + (

( Z0- ^ ' ^ " lZ -  (X o -X '^ -V )V  ') +t'‘A‘ ]

cr2 2A- \
Zo -  ^ - l Z  -  (X o  -X'tf"V)V ‘ 

(Xo -x '« rV ) 'v -  (Xo - x ' * - 1

Zo -  ^ ~ l z  -  ( X o - x ' « - 1̂ )  V

■̂>) +  ( L— l,0 )  

+  t / 'A ' j

and ds = ^  |  [ Zo -  -  (X o  - X ' * - ^ ) ' f i

(X o  - x ' * - 1̂ ) '  v -  (X o  - x ' ^ - V )  +  ( i - 0 ' « r l v>)

?0 -  ^ ' « _1Z  -  (X o  - X ' « - V ) V  ‘

- I
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Then.

/ (  z Q\ e . z ) "  J U'l) } r ( f )  r(^± i)

|(x„ -x 'v -^yv '  (Xo - x ' ^ - 1t/») +

( z 0 -  ^ ' * _ lZ  -  ( * o  - x ' ^ - l ^ ) V

- 1/2

{i
(Xo - X ' * -  V ) '  (Xo - X ' * ' l x}>) +  (

~(*/* + l)/2
z0 -  -  (Xo - x '^ - V ) V 4 -1/" A’

} '
J l + O / 2 - l  „ ..s- ■■ e x p -s  r/s

A- [ (X o  - X ' * - 1 VO' V”  (X o  - X ' * - V )  +  (

(3.27)
- 1 / 2

(X o  - X ' * " l i/>)' V "  (X o  - X ' t f "  l t/>) +  ( V )

. 1 -(!+</• )/'i
Z0 - ^ ' ® ‘ l Z - ( ^ ' o - X ,^ - l ^ ) V ‘  +  t / 'A “ |  .(3.2S)

Th is is a non-central t d is tr ib u tio n  w ith  u'  degrees o f freedom and

E { Z o \ d . Z \  =  ^ ' ¥ " l Z + ( X o - X ' t f ' V l V  

t/m A*
Var [ Z0 |0. Z]  = _ ■)

(3.29)

(3.30)

3.2.3 MLE Approximations

Now we have an expression for f  (ZQ\0. Z ) and the final step in  evaluating

(3.15) is to  find / (  Z 0|Z )  =  J / (  Zq\9 . Z )  f  ( 9 \ Z) d9 .  There are two m a jo r d iffi­

culties w ith  th is in tegra l. F irs t, a closed form  expression for / (6\Z) .  the  posterior 

d is tr ib u tio n  o f 9 is unavailable. I could approxim ate th is  d is tr ib u tio n  using e ithe r 

the Laplace o r B IC  approx im a tion  which w ill be described in  Section 4.4.3. bu t I
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would s t i l l  need to  approx im ate  J  / (  Zq\8 , Z ) f  (8 \ Z ) d6.  which is then an approx­

im a tion  o f an approx im ation .

A more d irec t so lu tion  is to use the m axim um  like lihood  es tim ation  approxi­

m ation. where

/ (  ZQ\Z)  % / ( Z O| 0 . Z ) .  (3.31)

where 8 is the posterio r mode o f f ( 8 \ Z )  :x f  ( Z \ 8 )  f  (8).  A s im ila r approach 

was used in  the context o f Bayesian model averaging for censored surv iva l models 

( Volins ky. 1997).
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Chapter 4

BAYESIAN MODEL AVERAGING FOR SPATIAL MODELS

4.1 Introduction

This chapter builds on the previous chapters and considers the im po rtan t prob­

lem o f accounting for uncerta in ty  in explanatory variable selection. For the purposes 

o f th is  thesis and the in te rp re ta tion  o f Bayesian model averaging (B M A ). I define 

a model to  have a mean function  specified by a set o f exp lana to ry  variables and an 

autocorre la tion function  modeled using the M atern autocorre la tion  function. Tra­

d itiona lly . m odeling spatia l data consists o f the fo llow ing steps: first a "best” set 

o f explanatory variables is chosen using the techniques described in Section 2.4. 

Second, the parameters are estim ated via methods in  Section 2.3.1. T h ird , k rig ­

ing technology is used to  predict the process at unobserved locations. When using 

the M atern autocorre la tion  function  and placing p rio r d is trib u tio n s  on the param­

eters. the uncerta in ty  in  the parameter estimates o f bo th  the regression function 

and autocorre la tion function  are accounted for. bu t the uncerta in ty  in the model is 

ignored. Failing to account for model uncerta in ty can lead to  underestim ation o f 

the prediction error.

In many applications o f statistics, there may be a num ber o f models tha t fit 

equally well according to  model selection crite ria . The choice o f one "best”  model 

may not be clear. A t tim es, a researcher may propose tw o o r more models which 

fit the data equally w ell, bu t have different in te rp re ta tions and provide d ifferent
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predictions. How can the results from  different models be incorporated in to  one set 

o f predictions?

One approach to account for model unce rta in ty  is Bayesian model averaging 

(B M A ). a technique tha t allows for the incorpora tion  o f model uncerta in ty in to  

p red iction  by averaging the results from  a num ber o f d iffe rent models. Th is chapter 

is organized as follows: the h istory o f com bin ing models for im prov ing  prediction is 

firs t described. Then the general B M A  fram ework and some associated issues are 

provided. F ina lly . B M A  for spatia l models together w ith  the required derivations o f 

d is tribu tions  and approxim ations necessary for analysis is developed.

4.2 History of Combining Models

Y olinsky (1997) is a good source on the h is to ry  o f com bin ing models. The 

orig ins o f com bin ing models can be found in  Laplace’s Deuxieme Supplement a 

la Theorie A na ly tique  des P robabilities. S tig ler (1973) provides the translation  

o f Laplace (LSIS) showing how “ two estim ators could be combined to provide a 

new estim a to r which would be be tte r than e ithe r." Th is  is not model averaging, 

but formed a basis for fu tu re  work. Cochran (1937) established the foundation for 

inco rpo ra ting  estim ators from  m u ltip le  samples. In the q u a lity  contro l lite ra tu re . 

Bates and Granger (1969) were the first to com bine results from  different models 

f it  to  the same data. A rtic les on com bining predictions from  different models soon 

followed. Bates and Granger (1969) dem onstrated tha t the the weighted average o f 

two model forecasts is bette r than forecasts from  the in d iv id u a l models as long as 

each model contains some "independent in fo rm a tion ."

The philosophy o f B M A  and model uncerta in ty  can be traced to two articles 

from  the s ta tis tica l com m unity. Roberts (1965) proposed a d is tr ib u tio n  which com­

bines the results o f two models, foreshadowing the developm ent o f B M A  for m u ltip le  

models. Yo linsky credits Learner (1978) w ith  addressing the idea tha t "averaged
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estim ators incorporate the a m b igu ity  about the correct model in to  the posterior 

d is tr ib u tio n .”  ve rify ing  the philosophy tha t averaging over models can account for 

model uncerta inty.

A varie ty o f articles have reviewed m ethodology for B M A  and have addressed 

some o f the problems w ith  selecting one 'tru e  m odel.’ D raper (1995) focuses on 

Bayesian hierarchical models, bu ild ing  an expanded m odeling s truc tu re  where the 

highest level o f s truc tu re  corresponds to the p ro ba b ility  o f a specific model. C 'hatfield 

(1995) challenges the s ta tis tica l com m un ity  to account for model uncerta in ty, s ta ting  

tha t fa ilu re  to do so may be "m ore serious than other sources o f uncerta in ty .”  Kass 

and R afterv (1995) focus on Bayes factors, the ra tio  o f posterior odds o f a model to 

its  p rio r odds, as a too l for com paring and com bining models. Eioeting et al. (1999) 

sum m arize B M A  methodology.

Burnham  and Anderson (1998) de ta il a frequentist model averaging fram ework 

which uses the A IC C  s ta tis tic  to  estim ate the K u llback-L ieb le r In fo rm a tion  (K L I)  to 

provide model weights, detailed in Section 2.-1.1. Th is fram ework does not average 

over a ll models, instead i t  focuses on ‘good’ models and incorpora ting  expert opin ion.

In the last decade, a variety o f methods, both Bayesian and frequentist. have 

been proposed tha t average the results from  m u ltip le  models. Im p lem enta tion  o f 

B M A  for spatia l data w ill be described in the fo llow ing sections.

4.3 Implementing Bayesian M odel Averaging

Following the model development in  Section 1.2. the underly ing  random  field 

on IRd is assumed to  be s ta tionary  and Gaussian. The goals rem ain the same: from  

data collected at n sites, pred ict the spatia l process at unobserved locations and 

accurate ly assess the uncerta in ty  o f the estim ate. As discussed in  Section 4.2. com­

b in ing  the results from  d ifferent models can im prove the ca lib ra tion  o f the  models 

and account for model uncerta in ty.

5S
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4.3.1 General Bayesian M odel Averaging Framework

where M.  =  {Mi.  A/2.........A/a:)- For spatia l data, the models A/, in  th is  set M.  may

d iffe r by inc lud ing  d ifferent sets o f explanatory variables, autocorre la tion  functions, 

or transform ations on the response Z.

a ll possible subsets o f exp lana to ry  variables. I f  there are five exp lana to ry  variables.

models is 2° =  32.

The second step is to  com pute the B M A  posterior p red ic tive  d is tr ib u tio n . De­

fine A  to  be a q u a n tity  o f in terest, such as a spatia l process at an unobserved 

location. Note tha t A  must have the same meaning for a ll models.

The posterior d is tr ib u tio n  o f A  given data Z  is

where f { M k \ Z )  is the posterio r model p robab ility  (P M P ) for m odel M ,t and

A  first step in  accounting for model uncerta in ty is to define a set o f models M  

for p rediction. Let ,V( be the  “ model space": the set o f models under consideration.

The set o f models is determ ined by a variety o f methods, inc lud ing  a ll possible 

models given the exp lana to ry  variables and models deemed im p o rta n t by previous 

studies or o ther scientific  considerations. In this thesis, the model space w ill include

a ll fit using the same fa m ily  o f autocorre la tion functions, then the to ta l num ber o f

K
(4.1)

/  (A  |A/fe. Z ) is the p red ic tive  d is tr ib u tio n  o f the q u a n tity  o f in terest given the data 

under a specific m odel A/*.. T h is  B M A  posterior d is tr ib u tio n  is a weighted average o f 

the posterior p red ic tive  d is trib u tio n s  for each model, where the  weights are specified 

by the PMP.

The PM P is determ ined using Baves' Rule from  the product o f the p rio r model 

p robab ility  /  (.V/t) and the in tegrated like lihood.

(4.2)
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The selection o f the p rio r d is tr ib u tio n  on the model space. w ill be discussed

in  Section 4.3.3. The integrated like lihood for each m odel is given by

/  (Z | A/jt) = J  / ( Z | Q , . A 4 ) / ( Q fc|.V /,)d Q , (4.3)

where /  ( Z  |n^-. \Ik  ) is the d is tr ib u tio n  o f the data given a model .V/fc and the param­

eters o f tha t model Q*.-. and / ( f i t  \ \ lk )  is the p rio r d is tr ib u tio n  on the parameters. 

In th is  spatia l m odeling fram ework. Q t represents the regression parameters and the 

autocorre la tion  function  parameters, i.e.. Q*.. =  (/3 k. a 2.9).  Here f3 corresponds to 

the exp lana to ry variables specified by .V/

The B M A  fram ework accounts for model uncerta in ty, cond itiona l on the set o f 

models being considered. In the next section. I address some o f the issues associated 

w ith  the model space. M .  Th is includes methods for exp loring  the model space when 

the num ber o f models is large. A large number o f models can qu ick ly  become an 

issue when the data set includes a large num ber o f exp lana to ry variables.

4.3.2 Approaches for Large M odel Space

A lthough  th is thesis focuses on averaging over a ll possible models, there are 

situations where the num ber o f models in the model space M  is so large tha t av­

eraging over a ll models is not viable. Methods for e ithe r reducing the model space 

o r approx im ating  (4.L) have been developed. Some o f the methods include Occam's 

w indow (M adigan and Rafterv. 1994: Hoeting. 1994). leaps and bounds (V o lin - 

sky et al.. 1997: Volinskv. 1997). M arkov Chain M onte C arlo  model com position 

(M C 3) (M adigan and York. 1995: Hoeting, 1994) and stochastic search variable se­

lection (SSVS) (George and McC'ulloch. 1993). In  what follows I focus on the model 

space defined as the set o f a ll possible explanatory variables.

Occam's w indow  is b u ilt  on two ideas. F irs t, a typ ica l s itua tion  is tha t most 

o f the models in  the model space ,\4 do not predict as well as sm aller subset o f
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models in  M.. These poo r-fittin g  models can be removed from  the m odel space. 

Therefore, the posterior predictive  d is tr ib u tio n  does not average over any models 

w ho ’s f it  is inadequate. The second idea is O ccam ’s Razor: i f  the p ro ba b ility  o f 

tw o models given the data are equal, then the s im p le r model is be tte r. These two 

princip les can reduce the model space s ign ifican tly  depending on the user’s de fin ition  

o f p oo r-fitt in g  and equivalent models.

Leaps and bounds (Furn iva l and W ilson. 1974) is an a lgo rithm  for linear re­

gression tha t reduces the model space by 't r im m in g ' sections o f model space tha t do 

not fit well. Leaps and bounds is used by Volinskv et al. (1997) to  qu ick ly  iden tify  

a subset o f models to be used in (4.1).

On the o ther hand, some methods approxim ate  (4.1) v ia  a stochastic search al­

go rithm . For example. MC'3 builds a stochastic process tha t travels through model 

space. In th is approach, the proportion  o f tim e  spent at each model should ap­

proxim ate  the posterior model p robab ility . Furtherm ore, an approx im ation  o f the 

average o f the posterior pred ictive  d is tr ib u tio n  is the average posterior p rediction 

for each step in  the stochastic process.

A nother m ethod which uses a stochastic search m ethodology is SSY’S. SSY’S 

embeds the regression set-up in to  a hierarchical Bayes norm al m ix tu re  model. In th is 

fram ework, a set o f la ten t variables specifies the inclusion o f exp lanatory variables. 

As the chain progresses, the frequency o f specific sets o f la ten t variables is useful 

in  iden tify ing  prom ising models. Sets o f exp lana to ry  variables tha t appear often fit 

the data bette r.

A  more complete description o f methods to  use when the model space is large 

can be found in  Hoeting et al. (1999). In sum m ary, both the  O ccam ’s w indow and 

leaps and bounds approaches average over a sm aller subset o f the models which 

are upheld from  the data. When the num ber o f exp lana to ry variables is large, i.e.. 

K  >  30. these methods "are too expensive com pu ta tiona lly  o r do not explore a large 

enough region o f the model space" (C lyde. 1999).
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The last two methods require M arkov chain M onte Carlo  o r im portance sam­

p ling  techniques to trave l through the model space. C lyde (1999) points out tha t 

these methods "can be viewed as special cases o f reversible ju m p  MC'MC algo­

r ith m s .”  In these a lgorithm s, the chain travels through m odel space as well as 

param eter space o f p o te n tia lly  d ifferent dimensions.

4.3.3 Priors on the Models

The specification o f a p rio r d is tr ib u tio n  on the model space is the last step in 

B M A . Like the p rio r d is trib u tio n s  described in Section 3.1. both  un in fo rm a tive  and 

in fo rm a tive  priors can be used.

The inclusion o f in fo rm a tive  priors on the model space has been successful in 

im prov ing  predictive  performance (Spiegelhalter et al.. 1993: Lauritzen et al.. 1994). 

W hen the models include d ifferent numbers o f exp lana to ry  variables, it  is possible 

to  place a p rio r on the model space tha t w ill assign d ifferent p robab ilities  on models 

w ith  specific variables. For exam ple, let

p

/ ( . u , )  =  I R ' ( i - ^ -
j= t

where p is the to ta l num ber o f exp lanatory variables. - j  €  [0. I] is the p rio r prob­

a b ility  tha t the coefficient for p red icto r j .  J j .  does not equal 0. and Jq equals one 

i f  explanatory variable j  is in  model M, and zero otherw ise (H oe ting  et al.. 1999). 

I f  - j  — 0.5 for a ll j .  th is  p rio r corresponds to the un ifo rm  p rio r described above. I f  

- j  > 0 for a ll j .  models w ith  a large num ber o f exp lana to ry variables have less weight. 

Expert opin ion can also be included by using different values o f ~j for d ifferent j .  

such as i f  =  1. exp lana to ry  variable j  is forced to be included in  a ll models. Th is 

p rio r does assume th a t the inclusion o f each exp lana to ry  variable is independent o f 

o the r explanatory variables, a lthough a more com plex p rio r d is tr ib u tio n  could be 

created i f  necessary.
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The p rio r d is tr ib u tio n  on the model space used in  th is  thesis is the assumption 

th a t a ll models are equally like ly , so tha t p (A /,)  =  D raper (1999) suggested 

a po ten tia l problem  w ith  th is un ifo rm  p rio r for model space. I f  two explanatory 

variables are h igh ly  correlated, there may be some d up lica tion  in  the models, a 

model is essentially counted tw ice by the prio r. There are two possible situations 

in  th is instance (H oe ting  et al.. 1999). F irs t, the two exp lana to ry  variables could 

have s ign ifican tly  d iffe rent in te rp re ta tions and mechanisms and therefore describe 

the process from  d iffe rent points o f view. In th is instance, both  models are useful 

and should be included. Second, i f  the two explanatory variables are measuring the 

same mechanism, then more thought is required in the de te rm ina tion  o f .VI. In this 

instance, e ither one o f the models should be removed to  reduce the double counting 

o r the p rio r d is tr ib u tio n  on the model space should take in to  account the corre lation 

structure .

4.4 BM A for Spatial Models

In th is  section I describe the calculations necessary for B M A  for spatia l data. 

B u ild ing  on the Bayesian spatia l models in Section 3. the resu lting  formulas form  

the basis for spatia l B M A .
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4.4.1 The Posterior Predictive Distribution

The posterior p red ic tive  d is tr ib u tio n  for a new location  Z0 given the data Z  

averaged over a ll models is:

K
f  (Zq \ Z)  = ] r / ( Z 0 |Z. .V/ fc) / ( A 4 | Z ) .  (4.5)

t= i

where /  ( Z o \ Z . M k )  is the posterior p red ictive  d is tr ib u tio n  for model k  evaluated 

at Z0 and f  (Mk  | Z ) is the PM P.

The posterior p red ictive  d is tr ib u tio n  for model Mk is derived from  the follow ing 

in tegra tion :

/  (Zo | z. M k  ) =  J j j f ( Z 0 \(3 . a \ e .  Z .  M k  )f  ((3 . <72. e  IZ .  M k ) d/3 da2dd( 4.6)

where (j3 . a 1. 9) are the parameters o f the model Mk. f  ((3 . a 1. 6 \Z.  Mk ) is the 

p rio r posterior density o f (j3 . < r\ 6 ) under model Mk. and /  ( Zo \j3 . cr1. Q. Z .  Mk ) is 

the p red ictive  d is tr ib u tio n  o f Zo given the parameters (f3 . a 2.0)  under model Mk■ 

Methods for evaluating the posterior p red ictive  d is tr ib u tio n  in  (4.6) are described 

in  Section 3.2.5.

The PM P follows from  Baves' rule:

f ( Z \ M k ) f ( M k) 

Eli,/(Z|v,)/(.»,)'f i i h i Z )  =  (4 -T t

where the in tegrated like lihood is

f ( Z \ M k ) = J  j  J  f { Z \ / 3  . a 2. 9 . M k ) f ( P  . a 2. 8 \ M k ) d p  da2d6. (4.S)

Here / ( Z  \/3 .cr2.d .  Mk ) is the like lihood. /{(3  .cr2. 6  |A / jt) is the p rio r d is trib u tio n  

o f the parameters (/3 . a 2. 6) under model Mk. f ( Z \ M k )  is the m arginal like lihood 

o f model Mk.  and / (Mk)  is the p rio r p ro ba b ility  th a t Mk is the true  model. Note 

tha t a ll p robab ilities  are cond itiona l on the set o f models being considered.
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The com puta tion  o f the PM Ps plays a key role in  ca lcu la ting  the posterior 

p red ic tive  d is tr ib u tio n . The PM Ps are found by firs t in teg ra ting  out the parameters, 

and then using Bayes' ru le  to  find the p ro ba b ility  o f a model given the data. For 

s im p lic ity , the fo llow ing derivations are assumed to  be for a model Mk and nota tion  

specifying the model Mk has been dropped.

4.4.2 Posterior M odel Probability

To estim ate the PM P I firs t com pute the integrated like lihood  (4.S). Under a 

given model. Mk.  the m arg inal like lihood  is given by

f ( Z )  =  1 1 1  f W ( 3 ' (T2' 6 ) f ( P ' <T2-9 ) dP (l‘T2dd'

where, for nota tiona l s im p lic ity . f ( Z )  = f  ( Z  |.l/fc). Th is com puta tion  w ill be done 

in several steps, evaluating one in tegra l at a tim e.

F irs t, the ca lcu lation o f

! ( z w ‘ . e )  =  J  f ( z \ / 3  03 K-.S) <13

is considered. W rite  Z  =  X(3  -|- e. where e and /3 are independent w ith  

e ~  N (0.<72'l!r). /3 \cr2.9  ~  X  ( / x  .<r2V ) .  and \£ . fj. . and V  are as defined in  Sec­

tion  3.1.4. Then E [Z] =  X f i  and Var [Z\ =  <x2 ( X V X ’ +  ). Note th a t since (3

and e are both  norm a lly  d is tribu ted . Z\cr2.0  ( X i t  . a 1 ( X V X '  +  \£ )).

N ext, in teg ra ting  out cr2 gives

f ( Z \ 6 )  =  J  f ( Z W 2. 9 ) f ( a 2\ 9 ) d a 2 (4.9)

=  J  (2- )~n/2 un/2\ X V X ' +  9 \ ~ l/2 (4.10)

e x p { - ^ { ( Z - A >  ) ' ( X V X '  + * ) - l ( Z - X f i  ) } }

( t ) ’  , i f - 1  /  J

} exp l - T ; <,“ -
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Therefore.

})
v

V x ) - * / t ( \ f i \ X V X '  + 9 \ - l , 2^ J  e x p { - s } s

(-)"n/2 (t/A)"/2 \ x v x '  + * r l/2 r ( ^ ) _1 r

( { ( Z -  X / z  ) ' ( X V X '  +  * ) ~ l ( Z - X # i  ) +  - a } )

(4 .1L)

T h is  is a m u ltiva ria te  non-central S tudent's t d is tr ib u tio n  w ith  mean X f t  . variance 

^37 ( X V X ' +  ). and u degrees o f freedom.

4.4.3 Laplace and BIC Approximations

The Knal step in the ca lcu la tion  o f the PM P is to com pute the m arginal d is tr i­

bution  for Z  by perfo rm ing the last in tegration in equation (4.S)

The in tegration is d iffic u lt to  com pute in closed form . Instead, two approxim a­

tions. (4.12). a Laplace approx im ation  and the “ B IC  app rox im a tion " o f the Laplace 

approxim ation, are used. The Laplace approxim ation  is defined by

where L(9)  =  lo g / (Z \0 .  Mk) +  lo g / (0|.l/fc) is the product o f (4.12) and the p rio r

V olinskv (1997).

The Bayesian in fo rm a tion  c rite ria  (B IC ) approx im a tion  (R aftery. 1996) is an 

approxim ation  to  the Laplace approx im ation , incorpora ting  lo g |S | a  61ogn. B oth

/ ( Z )  =  J  f ( Z \ 6 ) f ( d ) (4.12)

J  exp {L( d) }dd  a  ( 2 - ) 6/2| E | l / 2e x p { i  ( f l )  } (4.13)

d is tr ib u tio n  for 6 given the model. 6 is the dimension o f 6. 9 maxim izes L(9).  and 

£  is minus the inverse Hessian o f L{9) evaluated at 9.  T h is  approach was used for 

generalized linear models by R afte ry  (1996). and for censored surv iva l models by
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the B IC  approx im ation  and the  Laplace approxim ation  im prove as the d is tr ib u tio n  

o f the vector 6  approaches no rm a lity , and the approxim ations are exact when 8 is 

norm a lly  d is tribu ted .

For our app lica tion , the approxim ations are

f  (Z)  % £  f  ^ Z \8^  f  . Laplace app rox im a tion  ( I 14)

/  ( Z )  % (exp6logn) l/,‘ /  ^Z \ 6 ^ . B IC  approx im ation

Note tha t the B IC  approx im ation  is not the same as the B IC  model selection 

(Schwartz. 197S) c rite r ia  which is

BIC  =  — 2 l o g / ( Z | d )  +  [ \ \ogn  (4.15)

where l\ is the dim ension o f the estim ated parameters, and d  are the m axim um  

like lihood estimates for the parameters.

In the s im ula tions in  C hapter 5 and in the examples in C hapte r 6 o f th is thesis. 

I use the B IC  approach to approxim ate  (4.2). This s im plifies the calculations by 

not requ iring  es tim a tion  o f S .  the inverse Hessian described above.

4.5 Bayesian M odel Selection

Bayesian model selection (BMS)  is a procedure tha t uses the posterior model 

p robab ilities derived in  the last section to select a best m odel. Th is  m ethod does 

not incorporate  unce rta in ty  in  model selection, instead it  serves as a technique for 

selecting a set o f exp lana to ry  variables for Bayesian krig ing  (Section 3). A fte r the set 

o f exp lanatory variables has been selected, the model is fit fo llow ing  the procedures 

in C hapter 3 using the  M atern autocorre la tion function.

Th is  model selection technique is s im ila r to the m ethodology o f Bayes Factors 

(Kass and Raftery. 1995: Raftery. 1995). A  Bayes facto r is defined to be

S,o =  ^ § ] £ !  (4.16)
p r ( Z  |A/o)
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Table 4.1: Bayes Factor Decision Table. The nu ll hypothesis is tha t model 0 is the 
true  model. The a lte rna tive  hypothesis is tha t model 1 fits bette r.

B  to Evidence against H0
I to  3 Not w orth  more than a bare m ention

3 to  L2 Positive
12 to  L50 Strong

>  150 Decisive

where pr ( Z  |.Mjt) is the in tegrated like lihood for model .V/*.. equation (4.3). Bayes 

factors provide a m ethod for model comparison. Kass and R aftery provide a frame­

work for evaluation o f the evidence for model I f it t in g  the data be tte r than model 

0 (Table 4.5). These c rite ria  help to quan tify  decisions made about explanatory 

variables. Bayes factors have been used for model selection in  a large variety o f 

s ta tis tica l models, inc lud ing  linear models, stochastic processes, surv iva l analysis 

and m u ltiva ria te  analysis.

For BMS. the model w ith  the largest PM P is selected for fu rthe r exam ination. 

Th is "best" model for BMS is s im ila r to the methodology for spatia l A  ICC' in  tha t 

a ll o f the candidate models in  the model space .Vf must be fit. BMS forms a m iddle 

ground between spatia l AIC 'C (Section 2.4.2) and B M A  tha t incorporates param eter 

uncerta in ty in to  the selection o f the model and param eter estim a tion , bu t does not 

take model uncerta in ty  in to  account. In Section 5.2 I compare the model selection 

capabilities o f BMS. spatia l AIC’C’ . and AIC'C’ w ith  independent errors.
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Chapter 5

SIMULATION STUDIES

This chapter focuses on the results from  four s im u la tion  studies investigating 

the estim a tion  o f spatia l parameters ancl spatia l p red iction  methods described in 

Chapters 2. 3. and 4. F irs t, the model selection techniques o f Sections 2.4. 2.4.2 

and 4.5 are exam ined. Second, spatia l B M A  as discussed in C hapter 4 is compared 

to tra d itio n a l spatia l m odeling techniques discussed in C hapter 2 and Section 1.2. 

T h ird , the necessity o f inc lud ing a nugget in  spatia l B M A  compared to  not inc lud­

ing a nugget in  m odeling the spatia l data w ith  measurement erro r is evaluated. 

Fourth. R E M L  and M L  estim ation methods for spatia l models which was discussed 

in Section 2.3.3. are compared.

5.1 Simulation Set-Up

In th is  section I describe the basic set-up o f a ll four s im u la tion  studies. Each 

sim ulated data set consists o f two parts, sam pling locations and exp lana to ry  vari­

ables. The sam pling locations follow a varie ty o f d ifferent spatia l patterns described 

in Section -5.1.1. The explanatory variables and the models used for s im u la tion  are 

described in  Section 5.1.2. In  Section 5.1.3. the statistics used for assessing the 

q u a lity  o f p red iction  are form ulated.

5.1.1 Sampling Patterns

Spatia l design is a growing area o f research (C'ressie. 1993. Section 5.6). When 

sam pling a spatia l process, the locations o f the observations can im pact parameter
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estim ation . In  general, the sampling patte rn  should give good coverage over the 

entire  area o f in terest, plus some observations at sm all distances so tha t it  is possible 

to  estim ate bo th  the large and sm all scale v a ria b ility  (S tein. 1999. p.LST). Instead 

o f investiga ting  o p tim a l sam pling designs. I consider rea lis tic  sam pling designs and 

investigate estim a tion  and prediction for d ifferent sam pling patterns.

Decisions about the sam pling locations correspond to trade-offs between the 

two scales o f va ria b ility . On one extrem e, the set o f sample locations should have 

good coverage in term s o f observations th roughout the  entire  sample space in order to 

estim ate the large scale va riab ility . However, th is results in larger distances between 

locations, and thus less in form ation  is available to  m odel sm all scale varia tion . A t 

the other extrem e, the set o f locations should have observations at small distances, 

which provides in fo rm a tion  about the sm all scale v a ria b ility  o f the fitted  model. 

The sm all scale va ria b ility  o f the model is d ire c tly  re lated to  smoothness.

In th is  thesis I use five d ifferent sam pling patte rns for a ll sim ulations. The sam­

p ling patterns used in the sim ulations are classified in to  four groups: g rid  patterns, 

regular patterns, random designs, and clustered designs (F igure  o . l) .  M y goal was 

to select sam pling patterns tha t reflect a wide range o f possible sam pling patterns. 

These groups are described in  the fo llow ing sections.

Cluster Process

The firs t two spatia l designs in Figure 5.L are clustered or aggregated. In 

m y sim ula tions I use these two cluster patterns, a lig h tly  clustered patte rn  and a 

h igh ly  clustered pa tte rn . Th is process allows sample points to  be close together 

and therefore fac ilita tes modeling o f the sm all scale varia tion . This pa tte rn  may 

be lacking in fo rm a tion  to  model the large scale va ria tion  because the locations are 

grouped together and therefore there may be areas o f  D tha t do not have any sample 

points.
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Figure 5.1: Spatia l Point Patterns for the E stim a tion  Set.
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The aggregation process is generated in  tw o stages (R ip ley. 1981. Section S.4). 

F irs t, the num ber o f clusters m . m  < n is s im ula ted from  a Poisson process w ith

mean c. The sample parent locations j-!  x m are u n ifo rm ly  d is trib u te d  over the

en tire  area D. The rem aining sample points x m +[ x n are random ly assigned to

a parent location x; and are located u n ifo rm ly  on a disk w ith  radius r  about the x ,. 

In m y s im ulations I use two d ifferent c luster patterns, a lig h tly  clustered patte rn  

w ith  c =  20 and r  =  0.8 and a h igh ly  clustered patte rn  w ith  c =  20 and r  =  0.4.

Poisson Process

The th ird  spatia l design in  F igure 5.1 is a Poisson process. C ond ition ing  on 

rc. the to ta l num ber o f observations, th is  process is a random poin t patte rn . Th is 

pa tte rn  is less s tructured than the regular process, but does not encourage clustering.

The Poisson process is generated by cond ition ing  on n. The locations X [ x „

are u n ifo rm ly  d is tribu ted  over the entire  area. D (C'ressie. 1993. p.620). The Pois­

son process forms a process which neither lim its  the num ber o f locations at sm all 

distances as the Strauss process (described below), nor encourages clustering o f 

locations as the previous spatia l pa tte rn , the c luster process.

Regular Process

The fou rth  spatia l design in Figure 5.1 is an in h ib itio n  process (Strauss process) 

(C'ressie. 1993. Section 8.5.5) which not on ly  allows for good coverage o f the sam pling 

space but also allows for two locations to be close together w ith  a sm all p robab ility . 

Th is  pa tte rn  includes more in fo rm a tion  about the smoothness compared to the g rid  

pa tte rn  because some observations are close together, a lthough less in fo rm a tion  than 

the next two spatia l patterns.

The Strauss process is s im ulated sequentia lly. The firs t location x i  is generated 

u n ifo rm ly  in  D. N ext, generate a location  U u n ifo rm ly  on D. Accept x i  = U w ith
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p ro ba b ility  I i f  |£7 — x i |  > 8  and w ith  p ro ba b ility  c i f  \U — x t | <  8. The sim u la tion  

continues w ith  a random location £7 on D. accept .rn =  £7 w ith  p ro b a b ility  I i f  

|£7 — JTj| >  8 for j  =  1. . . .  .n  — L and w ith  p ro ba b ility  cr. where r  is the num ber 

o f locations j.-, tha t are w ith in  8  o f £7 . Therefore, as the num ber o f points w ith in  

a disk o f size 8 increases, the p ro ba b ility  o f accepting the new location  w ith in  the 

disk decreases. In m y sim ulations 1 use a regular process w ith  c = 0.1 and r =  0.7.

Grid Patterns

The final spatia l design is a g rid  (F igure 5.1). I f  I define D to be the sam pling 

space, the n sam pling locations are equally spaced th roughout D. Th is patte rn  

results in complete coverage and tends to model the large scale va ria b ility  well, but 

can provide poor estimates o f the small scale va riab ility . For exam ple, i f  I use a 

g rid  w ith  locations at the integers, th is pa tte rn  has pairs o f locations at distances

o f I. s /2 .2. \ /5  Therefore, there is very l i t t le  in fo rm a tion  about the smoothness

o f the process, or the autocorre la tion  function  at distances less than one un it.

From these four spatia l po in t patterns, six sets o f 100 locations are created in a 

L0 by 10 g rid , one set is held out for p rediction (random  loca tion). The rem aining 

five sets used for estim ation  include a) g rid  design, b) regular pa tte rn , c) random 

patte rn , d) lig h tly  clustered, and e) h igh ly  clustered and can be seen in F igure o . l.

The sim ulations in  Sections 5.2. 5.3. and 5.4 fix the locations. For the investiga­

tion  o f the behavior o f R.EML estim ation  compared to M L  estim a tion  in  Section 5.5. 

every run  o f the s im u la tion  includes a new set o f locations. For more in fo rm ation , 

see the corresponding sections.

5.1.2 Explanatory Variables and Models

In these sim ulations, the data is d iv ided in to  two sets, an es tim a tion  set and a 

p red iction  set. Th is allows for assessment o f model selection techniques, estim ation
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Figure 5.2: Spatia l Point Pattern for the P rediction Set.

o f parameters using the estim ation  set. and prediction o f the unobserved locations 

in the pred iction  set. Each set includes locations and exp lana to ry  variables. The 

locations for the estim a tion  set are described in Section 5.1.1. The locations for the 

prediction set are s im ula ted from  a random process (F igure  5.2).

The exp lana to ry  variables are identica l and fixed for a ll s im ula tions. [ create five 

explanatory variables for 200 locations, the first 100 used for estim a tion , the second 

LOO used for p red ic tion . Each explanatory variable is generated from  a standardized

Student's t d is tr ib u tio n  w ith  12 degrees o f freedom. X ,  ~  12 for i =  L .5.

In the sim ula tions I wanted the explanatory variables to  have s lig h tly  heavier tails 

compared to  a norm al d is trib u tio n .

The es tim ation  and pred iction  sets are sim ulated jo in t ly  from  the model

Z  ~  Norm al ( n  .<r2'®r) (5.1)
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Table 5.1: Models for S im ulations

M odel Exp lana to ry  Variables
Mi none
Mo -W
v/3 x 2
M, x 3
m 5 X,
m 6 Xs
Mr aa.aa
Ms X 1. .v3
-V/9 x , .x ,
Mio aa.aa
M n x,. x 3
-V/12 x 2.x.,
A/13 x 2. x 5
Mi, x 3.x .
Mi 5 x 3. x 5
-If 16 aa. aa

Model E xp lana to ry  Variables
Mir Xt,X2,X3
Mis x , .x 2.x ,
Mi, X A . X 2 . X 5

M o 0 - W . X 3 . X 4

M n A A . X 3 . X 5

M o o A A . X 4 . X 5

M o 3 A A . X 3 . X 4

M o , A A . X 3 . X 5

-V/25 A A . X 4 . X 5

-V/26 X 3 . X 4 . X 5

-V/-27 AA.AA.AA.AA
-V/2 S AA.AA.AA.AA
M 2  9 A A . A A . X 4 . X 5

A f30 AA.AA.AA.AA
A /3 1 AA.AA.AA.AA
A / 3 2 A A . A A . X 3 . A A . X 5

where fj, = 2  + .75AA +  .5XA +  .20X 3. cr* =  50. and 'Er is the M atern covariance 

function  w ith  parameters 6  =  (4.0.1.0). A fte r s im u la ting  the data, the explanatory 

variables, except for the constant term , are standardized w ith in  the prediction and 

es tim ation  set to  s im p lify  p rio r selection, resu lting  in a mean o f zero, and a variance 

o f one.

W ith  five exp lana to ry variables, there are 2° =  32 possible models. A ll possible 

models are lis ted  in  Table 5.1. I constructed th is  model for s im u la tion  so tha t there 

is some m odel uncerta in ty. Th is is accomplished by progressively reducing the size 

o f the coefficients. For example, the difference between model Mi 7  to  model Mr 

is exp lana to ry  variable X 3 which has a coefficient o f 0.25. T h is  difference may be 

slight i f  the  v a r ia b ility  o f the process is large.

The  value o f cr  varies by s im u la tion. Some sim ula tions include a nugget term  

and therefore require less va ria b ility  in  o rder to  be able to  observe the signal from  

the noise o f the process. It  is also im p o rta n t th a t the signal from  the  data is
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not too strong, which would result in  the correct model being chosen for every 

rep lica tion . Th is was designed to  m im ic  a realistic s itua tion  w ith  model uncerta in ty. 

The s im ulations which do not include the nugget te rm  need a larger va ria b ility  to 

provide model uncerta in ty. In the cases w ith  a nugget te rm . I used a 2 =  10. Cases 

w ith o u t a nugget te rm . I used cr2 = 50.

5.1.3 M odel Assessment

The results from  different m odeling techniques w ill be compared and contrasted

w ith in  each s im ula tion. In Section 5.5. the modeling methodologies are compared

by exam ining  the bias and standard errors o f the s im ulations. In Section 5.2 the

concern is model selection, so AIC'C’ independent models are compared to the spatia l

A  ICC’ selection procedure as well as Bayesian model selection (B M S ). Sections 5.3

and 5.-1 evaluate the prediction intervals for unobserved locations for a varie ty o f

techniques. Th is section describes three statistics for com paring prediction results.

The firs t s ta tis tic  for comparison is mean square p red ic tion  e rro r (M SP E ). Let

Zj id e n tify  the sim ulated value o f the spatia l process at location j  in  the prediction

set. where 7 =  1.......... 100 (equation 5.1). For each m odeling technique, let Zj denote

the predicted value at the j th pred iction  location. Then, the average M SPE is

. mo

MSPE-IijoEte-*)'- ( 'U )

J =  t

Relative M SPE (rM S PE ) is M SPE d iv ided  by the corresponding mean square pre­

d ic tio n  erro r based on the true  model. T h a t is.

f a  -  i y
rM SPE =  — — ^ (5. 3)

e ;=, (*>-•?>)■
where Zj is the universal k rig ing  p red ic to r for the j th p red iction  location (1.4) using 

the  true  values o f f3 and the true  autocorre la tion  m a tr ix  defined in  (5.1). For 

bo th  measures o f M SPE. sm aller values ind icate  more accurate prediction.
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The second s ta tis tic  is p red ic tive  coverage (P C ). Let represent the

endpoints o f the estim ated 95% pred ic tion  in terva l based on each m odeling tech­

nique. Then, for one replicate meanPC' is
too

meanPC =  ( ^ J ^  )  ltrue  model ̂  (5.4)
j=i

where P r ( - | th e  true  m odel) is the p ro b a b ility  the true  pred iction  value is in  the 

estim ated prediction in terval. W hen the data are sim ulated, the tru e  model is 

known. For example in  th is thesis the data are sim ulated from  (5.1). the cond itiona l 

d is tr ib u tio n  o f a prediction location given the estim ation set is also known and is 

used to calculate the predictive  coverage for a ll members o f the p red ic tion  set.

In exam ining th is s ta tis tic  for a s im u la tion , there are two goals. F irs t. meanPC 

for a ll replicates should be centered at 95% ind ica ting  tha t on average the pre­

d ic tion  intervals are the correct size. Second, the va ria b ility  o f meanPC over all 

replicates should be sm all. For each set o f 100 prediction locations. I also consider 

the m in im um , m axim um , and standard deviation o f p redictive  coverage, where

m inP C  =  m in  Pr (^Zj € ( z f .  Z j  ^ |true  m odel^ (5.5)

m axPC =  max Pr ^Zj  6 )  I true  model ̂  (5.6)

(
I 100 j \  *

—  ^  ^Pr  ^Zj  6  ( z f . Z j  ^ |true model ̂  — meanPC’j  J (.5.7)

These statistics can be calculated when the true  model is known, which is true 

o f s im u la tion  studies. W hen the true  model is not known, em p irica l p red ictive  

coverage (EPC ) can be used as an approx im ation . Let Ie p c {-) denote an ind ica to r 

function  for the prediction in terva l, where [^> q {Zj ) =  I i f  Z} £  ^Z f ' .Z j  'j and 

zero otherwise. Then EPC is
. too

EPC' =  Too ^/>c- ( ^ )  - (5.S)
j = l

Together, these sta tis tics allow  for the comparison o f d ifferent techniques based on 

th e ir p redictive  performance.
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5.2 M odel Selection

The goal o f th is  s im u la tion  is to  investigate the perform ance o f the model selec­

tion  techniques discussed in  th is  thesis. Comparisons w ill be made between the tra ­

d itio na l methods (Section 2.4.1). spatia l AIC’C (Section 2.4.2) and Bayesian model 

selection (B M S ) (Section 3). T ra d itio na l methods for spatia l model selection firs t se­

lect the best set o f exp lana to ry  variables assuming the observations are independent 

and then estim ate the autocorre la tion  function  parameters. Th is approach is called 

A lC C -Independent below. In spatia l AIC’C' model selection the AIC'C' s ta tis tic  is 

based on the model w ith  autocorre lated errors. The AIC’C' s ta tis tic  is com puted 

for a ll possible subsets o f exp lana to ry variables. Bayesian model selection places 

p rio r d is tribu tions on the parameters and chooses the set o f exp lana to ry  variables 

by selecting the model w ith  the highest posterior model p robab ility .

5.2.1 Details

As described in Section 5.1. the data are sim ulated from  the model Z  =  2 +  

0 .75X  i +  0 .50X2 +  0.25X.3 +  S. where S is a Gaussian random field w ith  mean 

zero, cr2 =  50. and autocorre la tion  M atern w ith  parameters 0\ =  4 and 02 = I .  The 

sam pling patterns are held constant for a ll sim ulations and are shown in F igure 5.1.

For the tra d itio n a l m ethod, the AIC’C’ s ta tis tic  is calculated fo r each o f the 32 

models described in Section 5.1.2. For the spatia l AIC’C model selection, the profile 

like lihood equation (2.27)

t p r o f i l e  ( O ' P  = “ lo g |t f |  -  ^ lo g (< T 2) -  £  (5.9)

is m axim ized for {6 1 , 6 2 )- Splus was used to  carry out the calculations for a ll 32 

models. The model th a t maxim izes the profile  like lihood is "bes t".
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For the BMS m ethod, the p rio r d is tr ib u tio n  is as specified in  Section 3.1.4: (3 

is Gaussian w ith  mean n  =  ( r . 0 .......0)/ and variance

/  4  0 ... 0 \
0 02 0 :

V  =
: ••• 0 

V o ... o o2 /

where s2z  is the variance o f the observed data, i  is the mean o f the observed data, and 

i)2 = 2.So. T h is  choice o f i)2 follows from  research in Hoeting (1994) investigating 

hyperparam eter selection when the exp lanatory variables are standardized. The 

p rio r d is tr ib u tio n  on a 2 is inverse gam m a w ith  parameters v  =  10 and A =  50. This 

corresponds to E [cr2] =  62.5 and Var [cr'2] =  L302. The p rio r d is tr ib u tio n  on Q\ is 

un ifo rm  over the in te rva l (0 .r/max)- where r/max is the m axim um  distance between 

locations (F igu re  5.3). The p rio r on 0-> is also un ifo rm  over the in terva l (O.c) where 

c = 10.

The posterior d is tr ib u tio n  o f (0i.02). equation (4.11). is m axim ized. The re­

su lting  estim ates o f the spatia l parameters are the posterior modes. The PM P are 

estim ated using the BIC' approxim ation. F ina lly , the PM P are calculated using 

equation (4.2). For the BM S. the model w ith  the highest PM P is chosen

5.2.2 Results 

Results for the Random Pattern

Focusing on the random  patte rn  (Table 5.2). the drawbacks w ith  the standard 

model selection approach are very clear. W hen independence is assumed, the AIC'C' 

s ta tis tic  selects the tru e  model ( Mn )  for on ly  3 out o f 1000 s im ulations (0.30%) 

while  the model w ith  no exp lanatory variables (Mi )  is selected 370 tim es. The 

AIC'C independence approach selects the model w ith  exp lana to ry  variables X i  and 

X i  5.50% o f the tim e . In  to ta l, the firs t exp lana to ry variable is in  31.3% o f the
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Table 5.2: Model Selection Results for the Random Pattern. A IC ’C’ Independent. 
Spatia l AICC'. and BMS report the  percentage o f tim es each model was selected. 
The num ber o f sim ula tions th a t converged is denoted by n.  1000 replicates were 
sim ulated. The true  model is .V/[7.

Model
Independent

A IC C
(72 =  1000)

Spatia l 
. AICC' 
(/2 =  999)

BMS 
(72 =  1000)

M i 37.70 0.00 0.30
M i X i 17.50 0.50 23.50

.v/3 X i 11.90 0.00 0.20
M , X 3 2.90 0.00 0.00

M s X , 9.10 0.00 0.00
•V/« X s 1.40 0.00 0.00
m 7 X 1 . X 1 5.50 17.92 61.10
M s X i . X s L.20 1.40 2.00
.v/9 X i . X , 4.00 0.30 0.00

•V/,o X i . X s 1.20 0.10 0.00

M u X i . X s 1.10 0.00 0.00

•U,> X i . X , 3.30 0.00 0.10

M  1.3 X i . X s 0.20 0.00 0.00

•V/,., X i . X , 0.20 0.00 0.00

M r , X i . X s 0.60 0.00 0.00
M 16 X , . X s 0.30 0.00 0.00
M l 7 X 1 . X 1 . X 1 0.30 45.85 11.80

M i s X 1.  X i . X , 0.70 5.51 0.50
M i s X 1.  X i . X s 0.00 6.21 0.20
M i o X 1 . X 1 . X , 0.30 0.20 0.00
M - n X 1.  X i . X s 0.20 0.30 0.00
M n X i . X , . X , 0.30 0.00 0.00
-VA3 X 1 . X 1 . X , . 0.00 0.00 0.00
M i , X i . X s .  X s 0.00 0.00 0.00
M i s X 2 r X „ X s 0.00 0.00 0.00
M i s X s , X , . X s 0.00 0.00 0.00
M i r X i . X i . X s . X , . 0.00 7.91 0.20

M i s X 1 . X 1 , X i . X s 0.00 11.01 0.10
M i s X i . X 2 . X , . X s 0.00 1.30 0.00
M s  o X i . X 3 . X , . X s 0.10 0.20 0.00

-V/3I X 2 , X i , X , , X s 0.00 0.00 0.00
M 3  2 X n X 2 . X i . X „ X s 0.00 1.30 0.00
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selected models, and the second explanatory variable is inc luded in  23% o f the 

models.

Spatia l A IC C  perform s much be tte r than the independence m ethod. The true 

model is selected 45.85% o f the tim e , the highest o f a ll four m ethods for th is  sam pling 

patte rn . Th is m ethod tends to overestim ate the num ber o f param eters in  the model, 

selecting models w ith  one o r two ex tra  variables 21.52% percent o f the tim e.

The BMS m ethod does not overestim ate the num ber o f s ign ificant explanatory 

variables. Instead, the tru e  model is selected 11.8% o f the tim e , bu t 61.1% o f the 

models included the firs t two exp lanatory variables. The firs t exp lana to ry  variable 

is included in  99.4% o f the models, while the second exp lana to ry  variable is in 

74.2% o f the models, and the th ird  explanatory variable is in  14.1% o f the models. 

These values ind icate  tha t BMS tends to select the appropria te  exp lana tory  variables 

w ith  the exp lana to ry w ith  the largest signal (A f |)  in a m a jo r ity  o f models. As the 

coefficient decreases, the percent o f models tha t select tha t exp lana to ry  variable also 

decreases.

In conclusion, the A IC C  independence method tends to  select models w ith  very 

few explanatory variables, and does not do well in selecting models tha t contain the 

true parameters. The spatia l A IC C  method does very w e ll in  selecting the true 

model for th is  s im u la tion , a lthough it  frequently selects models w ith  ex tra  predic­

tors. The BMS m ethod does well in  selecting models w ith  the correct explanatory 

variables.

Results for the other Sampling Patterns

The sam pling pa tte rn  has a large effect on the choice o f exp lana to ry  variables 

for model selection techniques tha t account for the autocorre la tion . The indepen­

dence technique does not show much dependence on the sam pling  pa tte rn . The 

h igh ly  clustered pa tte rn  has the most d ram atic  results (Table  5.3). B oth  methods
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Table 5.3: M odel Selection results for the H igh ly  C lustered Patte rn . A IC C  Inde­
pendent. Spatia l A IC C . and BMS report the percentage o f tim es each model was 
selected, n is the  num ber o f sim ula tions th a t converged. 500 replicates were sim u­
lated. The true  model is M l7.

M o d e l

In d e p e n d e n t  

A IC C  

(n — 500)

S p a t ia l  

A I C C  

(n =  469)
B M S  

(n =  499)

•V/i 30.SO 0.00 0.00

M i 14.40 0.00 0.00

.V/3 x 2 10.S0 0.00 0.00
M, x 3 2.SO 0.00 0.00

A /5 * 4 10.40 0.00 0.00
M« x 5 0.40 0.00 0.00
M7 X t . X , 9.20 0.00 5.81
Ms X 1. X 3 6.00 0.00 0.00

M9 X f X . , 4.00 0.00 0.00

A/to X , . X r , 0.40 0.00 0.00
M n X 2. X 3 3.00 0.00 0.00
M v, x > .  x . 4.00 0.00 0.00

A /13 X 2. X 5 0.40 0.00 0.00
A /H X 3. X 4 L .00 0.00 0.00

A/ir, X 3. X 5 0.00 0.00 0.00

A /16 X 4. X 5 0.00 0.00 0.00

A /17 X T . X 2. X 3 o.so 73.35 93.99

A/ts X l X.-X. , 1.00 0.00 0.00

a / 19 x lr x 2. x 3 0.00 0.00 0.00

A/20 X L X 3. X 4 0.20 0.00 0.00

A/21 X t . x 3. x 5 0.00 0.00 0.00

A/22 X I . X 4. X 4 0.20 0.00 0.00

A/23 X 2, X 3. X 4. 0.20 0.00 0.00

A/24 X 2. X 3. X 5 0.00 0.00 0.00

A/25 X 2. X 4. X 5 0.00 0.00 0.00

A/26 X 3. X 4. X 5 0.00 0.00 0.00

A/27 X I . X 2. X 3. X 4, 0.00 11.94 0.20

a / 28 X t . x 2. x 3. x 5 0.00 10.23 0.00

A/29 X 1. X 2. X 4. X 5 0.00 0.00 0.00

A/30 X t . x 3. x 4. x 5 0.00 0.00 0.00

A/31 X 2. X 3. X 4. X 5 0.00 0.00 0.00

A/32 X t . X , . X 3. X . „ X 5 0.00 4.4S 0.00
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Table 5.4: M odel Selection results for the L ig h tly  C lustered P atte rn . A IC C  Inde­
pendent. Spatia l A IC C . and BMS report the percentage o f tim es each model was 
selected, n is the num ber o f sim ula tions tha t converged. 500 replicates were simu­
lated. The true  model is A /t 7.

Model
Independent

A IC C  
(n — 500)

Spatia l 
A IC C  

(n = 497)
BMS 

(n =  500)

Mi 4*2.00 0.00 0.00

M2 X x 32.00 0.00 0.20

M 3 Xo 15.SO 0.00 0.00

Ma X 3 1.20 0.00 0.00

Ms X 4 0.60 0.00 0.00
Me X s 1.40 0.00 0.00
M7 X i . X 2 1.00 2.21 55.40

Ms X n X s 3.60 0.00 2.20
m 9 X n X , 0.20 0.00 0.00
-V/ 10 X n X s 0.60 0.00 0.00
M n X 2. X 3 0.00 0.00 0.00
M Vi X 2. X 4 0.40 0.00 0.00
M\3 X 2. X s O.SO 0.00 0.00
M  u X 3 . X , 0.00 0.00 0.00

A/15 X s . X s 0.00 0.00 0.00

-V/l6 X , . X s 0.00 0.00 0.00
M  l7 X n X o . X s 0.00 65.39 42.20

Mis X n X o . X i 0.20 1.S1 0.00

M n X n  X 2. X s 0.00 0.20 0.00

M 2 Q X 1 . X 3 . X 4 0.00 0.00 0.00

A /2 1 X n X 3, X s 0.20 0.00 0.00
Moo X n X 4 . X 4 0.00 0.00 0.00
Mo3 X 2 , X 3 . X A. 0.00 0.00 0.00
m2 4 X 0 . X 3 . X s 0.00 0.00 0.00
m25 X 2 . X 4. X s 0.00 0.00 0.00
m26 X 3 . X 4. X s 0.00 0.00 0.00
m27 X n X 2 . X 3 , X 4. 0.00 13.48 0.00
MoS X n X 2 , X 3 . X o 0.00 13.08 0.00
m29 X n X 2 , X 4, X s 0.00 0.20 0.00

A /3 0 X n X 3. X 4:X s 0.00 0.00 0.00

A /3 1 X 2, X z , X 4rX s 0.00 0.00 0.00

A /3 2 X n X 2 , X 3 . X A. X 5 0.00 3.62 0.00
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Table 5.5: M odel Selection Results for the Regular Pattern . A IC C  Independent. 
Spatia l A IC C , and BMS report the percentage o f times each model was selected, n 
is the num ber o f s im ula tions tha t converged. 500 replicates were s im ulated. The 
true  model is A /i7 .

Model
Independent 

A IC C  
(n =  500)

Spatia l 
A IC C  

(n =  499)
BMS 

(n =  500)

Mi 43.20 0.00 I.SO
m 2 23.20 O.SO 37.00
M 3 * 2 12.00 0.00 0.00
M , X 3 3.20 0.00 0.00

M s X ., 2.00 0.00 0.00

A/« 4.40 0.00 0.00

M r * 1 , * 2 4.60 21.44 4S.60

M s X i . X s I.SO 1.20 1.60
M 9 X i . X , 1.00 1.00 0.20
M l 0 X i . X s I.SO 0.60 0.00
M n x 2. x 3 0.40 0.00 0.00
M 1 , x > . x , 0.40 0.00 0.00

A /,3 X 2 . X s O.SO 0.00 0.00

A /u X i . X , 0.00 0.00 0.00

A/ l5 X i . X s 0.20 0.00 0.00

A f  16 X i . X s 0.00 0.00 0.00

M n X i . X n X i 0.20 43.49 9.00

M i s X i . X 2 . X , 0.40 5.21 1.00

M i s X 1 . X 2 . X s 0.40 6.SI 0.60

•V [ >o X 1 . X 1 . X , 0.00 O.SO 0.00
Mn X 1 . X 1 . X s 0.00 0.40 0.00

A/ 2 2 X i . X , . X , 0.00 0.00 0.00

A/ 2 3 X 2 . X i , X „ 0.00 0.00 0.00

A/ 2 4 X n  X i . X s 0.00 0.00 0.00

A/ 2 5 X 2 . X , . X s 0.00 0.00 0.00

A/26 X i . X , . X s 0.00 0.00 0.00

A/ 2 7 X 1 . X 0 . X 1 . X , . 0.00 S. 02 0.20

M 2s X i . X 2 . X i . X s 0.00 7.21 0.00

A/29 X i . X 2 . X , . X s 0.00 L.20 0.00

A/ 3 0 X i . X i . X , . X s 0.00 0.20 0.00

A / 3 1 X 2. X i , X , . X s 0.00 0.00 0.00

A/ 3 2 X i . X n X s , X , , X s 0.00 1.60 0.00
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Table 5.6: M odel Selection Results for the G rid  Design. A IC C  Independent, Spatia l 
A IC C . and BM S report the percentage o f tim es each model was selected, n is the 
num ber o f s im ula tions tha t converged. 500 replicates were s im ula ted. The true 
model is .V/^.

Model
Independent 

AICC  
( n  =  500)

Spatial 
AICC  

( n  =  500)
BMS 

( n  =  500)

-V /i 26.60 0.00 S.60
.V /, X , 21.20 7.20 4S.60
a/3 * 2 12.60 1.60 15.SO
.V/., * 3 5.80 0.00 0.00
-V/s X , 4.60 0.00 0.00
Me X 5 2.00 0.00 0.00

M r X t . X , 3.80 34.SO 19.80
Ms x , . x 3 6.40 8.20 4.60
a /9 3.60 1.40 0.20

A / t o x , . x 3 1.20 1.40 O.SO
A/11 X 2. X 3 4.40 0.00 0.00

M l2 X 2. x 4 2.60 0.40 0.00

A/13 X 2. X 5 0.60 0.00 0.00

A /m X 3. X 4 0.00 0.00 0.00

A/ l5 X 3. X 5 0.00 0.00 0.00

-V /,6 x , . x 5 0.40 0.00 0.00

M l7 X L X 2. X 3 O.SO 15.80 1.00
M is X t rX 2. X 4 0.40 5.60 0.20
A / l 9 X t . x 2. x g 0.20 8.20 0.40
A/20 X I . X 3. X 4 0.60 1.20 0.00
A/21 X L X 3. X 5 1.00 2.20 0.00
A/22 X L X 4. X 4 0.40 0.00 0.00
A/23 X 2. X 3. X 4. 0.40 0.00 0.00
a/ 2., x 2.x 3,x 5 0.40 0.20 0.00
A/25 X 2. X 4. X 5 0.00 0.00 0.00
A/26 x 3,x 4,x 5 0.00 0.00 0.00
A/27 X L X 2. X 3. X 4, 0.00 3.20 0.00
A/2S X t . x 2- X 3. x 5 0.00 6.60 0.00
A /2 9 X M X 2. X 4. X 5 0.00 1.20 0.00
A/30 X M X 3. X 4. X 5 0.00 0.40 0.00
A/31 X 2. X 33X 4. X 5 0.00 0.00 0.00
A/32 Xt,X2,X3.X4,X5 0.00 0.40 0.00
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th a t incorpora te  the spatia l autocorre la tion (spa tia l A IC C  and BM S) select the true  

model over 70% o f the tim e . BMS the true  model 94%. the spatia l A IC C  m ethod se­

lects the tru e  model 73.35%. Again, the spatia l A IC C  m ethod tends to  overestim ate 

the num ber o f exp lana tory variables compared to  BMS.

The h igh ly  clustered patte rn  has a large num ber o f observations at sm all dis­

tances ( F igure 5.3). These observations at sm all distances when the sim u la tion  does 

not include nugget (03 =  0) means tha t there is a lo t o f in fo rm a tion  about the auto­

corre la tion  function  near the o rig in , im prov ing  the a b ility  to  model the sm all scale 

va riab ility . Rem oving the estim ated error process from  the observations results in 

X(3  . from  which s im u la tion  results show it  is s tra igh tfo rw ard  to id e n tify  the set o f 

exp lana to ry variables.

The lig h tly  clustered patte rn  (Table 5.4) forms a m idd les tep  between the h igh ly 

clustered pa tte rn  and the random patte rn . The percentages for the true model fa ll 

between the form er two patterns. C ontinu ing the progression, the models selected 

for the regular pa tte rn  (Table 5.5) are very s im ila r to those chosen for the random 

patte rn  for a ll three methods. The regular patte rn  has more weight on the model 

w ith  on ly  X \  compared to the random pa tte rn  for spatia l A lC ’C. Correspondingly, 

the m odel w ith  X \  and X z  has less weight compared to the random  patte rn  for 

both spatia l A IC C  and BMS.

F ina lly , the g rid  pa tte rn  (Table 5.6) has the least am ount o f in fo rm ation  about 

the autocorre la tion  function  at sm all distances, and therefore has the most d ifficu lty  

selecting the true  model. The spatia l A IC C  selects the true  model almost 16% o f 

the tim e , and alm ost 35% selecting the model w ith  X \  and Xz -  The BMS does not 

perform  as well, w ith  on ly  1% for the true  model, and alm ost 20% for the model 

w ith  X i  and Xz -
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Conclusion

F irs t, independent A IC C  approach does not select the correct model. Second, 

the a b ility  to  select the correct model depends on the sam pling pa tte rn  for bo th  o f 

the spatia l methods. The spatia l A IC C  does well in  selecting the 'tru e ' model, and 

BMS perform s well and m im ics the  model unce rta in ty  bu t it  is not as successful at 

selecting the true  model as spatia l A IC C .

Dependence o f model selection on the sam pling patte rn  is very strong. The 

h igh ly  clustered patte rn  has the largest num ber o f observations w ith  distances tha t 

are close together. Therefore, when spatia l autocorre la tion  is taken in to  account, 

it  is possible to select the correct exp lanatory variables. On the other hand, the 

g rid  design has the no observations at sm all distances. Because o f the d ifficu lties  in 

m odeling the autocorre la tion function, it  is also challenging to pick out the 'tru e ' 

model.

5.3 Simulation without Nugget

The p rim a ry  goal o f th is  s im u la tion  is to  explore the behavior o f B M A  (Chap­

te r 4) using the M atern class o f covariance functions when the data are sim ulated 

w ith  no nugget term  (03 =  0). A ll spatia l models in th is s im u la tion  also have 

03 =  0. I compare predictions and estimates for seven d ifferent approaches: spatia l 

B M A . spatia l A IC C . R E M L estim ation  o f spatia l models w ith  exponentia l, spheri­

cal and Gaussian autocorre la tion functions w ith  the exp lana tory variables selected 

by independent A IC C . Standard linear regression estim ation , and B M A  assuming 

independent errors.

5.3.1 Details

Th is  s im u la tion  builds on the results o f Section 5.2. com paring seven different 

methods fo r estim ation  and p red iction . F irs t. I use the  p rio r d is trib u tio n s  and
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the m odel selection methods on the es tim a tion  set described in  Section 5.2 to  select 

exp lana to ry  variables. Second. I use a varie ty o f methods to estim ate the parameters 

o f the models again using the estim ation  data set. T h ird , p red ic tion  in tervals for 

the pred ic tion  set are calculated and evaluated using the statis tics in  Section 5.1.3.

Using A IC C  w ith  independent errors to  select the model, the  standard linear 

model uses m axim um  like lihood  estimates o f the  parameters. The  corresponding 

pred ic tion  intervals follow standard theory.

To estim ate parameters for B M A  w ith  independent errors. I use the same p rio r 

d is tribu tions  on (3 and c r  as B M A  M atern  and integrate these parameters out. 

Therefore, the PM P for the independence model can be found in  closed form . Fol­

low ing the same steps as B M A  M atern (Section 4). I estim ate pred ic tion  intervals. 

See Hoeting (1994) for more details.

The steps for spatia l B M A  consist o f es tim a ting  parameters using the posterior 

d is tr ib u tio n  o f 6 given the data Z  (equation (4 .11)). Next, fo llow ing the derivations 

in  Section 4.4.2. I calculate the PMP. T h ird . I approxim ate the quantiles o f the 

posterior p red ictive  d is tr ib u tio n  by using the M L E  approxim ation  (Section 3.2.3) as 

well as the estim ate  o f the mean.

The spatia l A IC C  method selects the exp lana to ry  variables fo llow ing as de­

scribed in Section 2.4.2. W h ile  selecting a m odel, the spatial A IC C  m ethod also 

estimates the parameters from  the profile  like lihood. F ina lly, the param eter esti­

mates are substitu ted  in to  the krig ing  equations to  obta in  pred iction  estimates and 

p red ic tion  intervals.

B u ild ing  on the A IC C  independence m odel selection m ethod. I fit the spher­

ica l. exponentia l, and Gaussian autocorre la tion  functions th a t were described in 

Section 2.2 using R E M L estim ation  fo r 6.  /3 . and a 1 (equation (2.30)). Next, 

the param eter estimates are substitu ted  in to  the krig ing  equations (1.4) and (1.5) 

ob ta in ing  pred ic tion  estimates and p red ic tion  intervals.
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Five spatia l patterns are used for the s im ulations. The spa tia l patterns are fixed 

and can be seen in F igure 5.2. One thousand rep lications are run for the random 

patte rn , w hile  five hundred replications are run for the o the r five spatia l patterns. 

The details for th is  s im u la tion  follow  the setup in  Section 5.1.

5.3.2 Results 

MSPE

As described in  Section 5.1.3. mean squared pred ic tion  e rro r (M SP E ) measures 

the departures o f the predicted value from  the observed value where predicted values 

are generated from  one o f the model f it t in g  techniques: B M A  M atern  autocorre la­

tion . spatia l A IC C  M atern  autocorre la tion , exponentia l au tocorre la tion , spherical 

autocorre la tion . Gaussian autocorre la tion , independent B M A . and standard inde­

pendence p red ic tion . F igure 5.4 shows boxplots o f MSPE when the locations for 

estim ation  follow  a random patte rn . This figure dem onstrates the d ifficu lties  en­

countered when ignoring  spatia l autocorre la tion. For th is s im u la tion  set-up w ith  

autocorrelated observations the model f it when assuming independence and inde­

pendent B M A  have a much larger M SPE than those fit assum ing non-zero spatia l 

autocorre la tion.

Gaussian Autocorrelation Function

S im ila rly , the Gaussian autocorre la tion model also has increased M SPE com­

pared to  the o the r spatia l autocorre la tion  methods. A t the extrem e, when the design 

is h igh ly clustered, the MSPE for the Gaussian autocorre la tion  function  is larger 

than the MSPE for bo th  independent and B M A  independent approaches (Table 5.7). 

The Gaussian autocorre la tion  function  has sm aller M SPE for g rid  spatia l pa tte rn  

w ith  M SPE o f 4.66. approx im ate ly  1.4 units larger than  the M SPE for the spherical

90

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3 -

r - i  m

AICC BMA BMA Spatial AICC Inn AICC Ind. AICC Ind AICC
independence independence Malem Maiem Spnencal Exponential Gaussian

Figure 5.4: M SPE for the random pattern  when the data does not include a nugget. 
Each observation represents the MSPE for LOO p red ic tion  locations. Th is figure 
represents 1000 replicates.
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and exponentia l autocorre la tion  functions, and approx im ate ly  2 units larger than 

the M atern  autocorre la tion  function  and the B M A  M atern  (Table 5. LI).

The  behavior o f the Gaussian autocorre la tion  is connected to  the distance be­

tween points and the characteristics o f the Gaussian autocorre la tion  function  de­

scribed in  Section 2.2.1. A long w ith  the sm ooth behavior o f th is  autocorre la tion  

function , there is very l i t t le  f le x ib ility  in th is function . Th is can result in  conver­

gence problems as well as problems w ith  nonnegative defin ite  corre lation matrices.

For the Gaussian autocorre la tion, the function  may be fit according to the 

behavior near the orig in , which leads to incorrect conclusions. As discussed in 

Section 5.2. when the choice o f explanatory variables is made w ith o u t accounting for 

spatia l autocorre la tion, the model may not include any o f the im po rtan t exp lanatory 

variables. For example. 42% o f the s im ulations for the random spatia l pa tte rn  result 

in the model w ith  no exp lanatory variables.

In conclusion, the Gaussian autocorre la tion  function  should not be fit w ith o u t a 

nugget term  because the behavior near the o rig in  may determ ine the behavior o f the 

curve, which can have d ram atic  results for the h igh ly  clustered design. There is a 

lack o f f le x ib ility  in the Gaussian autocorre la tion  function  tha t can cause d ifficu lties  

in convergence. Since the distance between observations increases as the designs 

change from  the h igh ly  clustered patte rn , through the random  patte rn , regular 

pa tte rn , and g rid  patte rn , the d iffic u lty  o f the Gaussian autocorre la tion  function 

decreases. For the g rid  spatia l patte rn , there is very l it t le  in fo rm ation  near the 

o rig in , so the Gaussian autocorre la tion function  is free to  f it  the autocorre la tion  

function  to  larger distances. O verall, the Gaussian autocorre la tion  function  performs 

worse than the exponentia l and spherical autocorre la tion  functions. Therefore, the 

rem ainder o f th is  s im u la tion  w ill concentrate on models fit using e ithe r o f the M atern 

autocorre la tion  methods, exponentia l au tocorre la tion  o r spherical autocorre la tion  

functions.

92

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Comparison of M ethods

Four methods, the  independence, spherical, exponentia l and Gaussian, use 

A IC C  independence for selecting the exp lana to ry  variables. F igure 5.4 shows the 

d ram atic  im provem ent in  MSPE by using an autocorre la tion  function  to  model the 

e rro r structure .

In order to exam ine the results in more de ta il. Figure 5.5 shows M SPE for 

the spatia l A IC C  model, spatia l B M A . along w ith  the spherical and exponentia l 

autocorre la tion  functions fit to the best A IC C  independent model for a ll five spatia l 

designs. In general. M SPE is sm aller for both  the M atern autocorre la tion  function  

and the B M A  using the M atern autocorre la tion  function when compared to  the 

tra d itio n a l methods f it t in g  spherical and exponentia l autocorre la tion.

The differences between the M atern models and the tra d itio n a l models (spher­

ical and exponentia l) can be a ttr ib u te d  to the add itiona l f le x ib ility  in the M atern 

class due to the add itiona l smoothness param eter. Also, choosing the mean function 

w h ile  assuming the data  are uncorrelated allows for under f it t in g  the mean function , 

and missing im p o rta n t predictors in the analysis. This behavior can be seen in a ll 

o f the spatia l designs.

Comparison of Sampling Patterns

In more concrete term s. Tables 5.7 through 5.11 dem onstrate tha t the im prove­

ment in M SPE by f it t in g  spatia l autocorre la tion  continues for the o the r spatia l 

designs. W hen assuming independence o f the locations, the M SPE is approx im ate ly  

40 for a ll five sam pling patterns. In comparison, the M SPE for the spatia l A IC C  

M atern  autocorre la tion  function  ranges from  L0.45 for the h igh ly  clustered pa tte rn  

(Table 5.7) to  2.61 for the regular pa tte rn  (Table 5.10). I t  is clear tha t in  term s o f 

M SPE. f it t in g  a spatia l autocorre la tion  has a d ram a tic  im provem ent on the accuracy 

o f pred iction  when the data are autocorre lated.
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Focusing on the  sam pling patterns, the h igh ly clustered design has a large 

num ber o f points w ith  sm all distances between points, w hich results in  a good deal 

o f in fo rm ation  about the  behavior near the orig in . In fact, when com paring the 

number o f pairs o f locations w ith  distances less than 3 un its  apart over a ll the 

spatia l designs. (F igure  5.3) d ram a tic  differences appear. A t one extrem e, the g rid  

spatia l pa tte rn  has pairs at discrete distances, and therefore very l i t t le  in fo rm ation  

tha t is useful to describe the continuous behavior o f the spatia l autocorre la tion . A t 

the other extrem e, the h igh ly  clustered spatia l patte rn  has pairs at a varie ty o f small 

distances which can assist in describing the continuous spatia l autocorre la tion.

The h igh ly  clustered process has the largest MSPE when compared to the other 

spatia l designs, because i t  has the least coverage in term s o f points used for f it t in g  

the model over the entire  space. Therefore, th is results in areas where there is 

very l it t le  in fo rm a tion  about the mean structure , and no points tha t are h igh ly 

correlated to  assist in im p rov ing  the prediction. The h igh ly  clustered process also 

provides the most in fo rm a tion  about sm all scale au tocorre la tion , due to the large 

num ber o f observations at sm all distances. The differences between the spatia l 

B M A  and spatia l A IC C  models are slight for MSPE for th is  design, both  use the 

M atern autocorre la tion  function . S im ila rly  the differences between the spherical 

and exponentia l are sligh t.

For a given m odel, the random  spatia l pa tte rn  (Table 5.9) has sm aller MSPE 

than the tw o clustered patterns. The reduction in  M SPE continues as the designs 

form  a more regular pa tte rn  over the dom ain (0 .10 )2. As m entioned above. The 

h igh ly clustered process has a large gaps in the coverage over the space ( 0 .10)2. 

and therefore is lacking in  in fo rm a tion  about the mean s truc tu re  over areas o f the 

dom ain. In comparison, the g rid  design has no gaps in  its  coverage, but i t  also has 

very l it t le  in fo rm a tion  about the autocorre la tion  s tructu re , and very few po in t pairs 

w ith  large autocorre la tions th a t can assist in  p red iction . Good predictions need
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Figure 5.5: M SPE for D ifferent Spatial Designs. Th is  includes B M A  M atern. spatia l 
A IC C  M atern . Spherical and Gaussian models. Note tha t the y-axis scale is d ifferent 
fo r each p lo t.
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Table 5.7: Sum m ary S tatistics for H igh ly  C lustered Pattern w ith o u t Nugget.
Ind BMA-Ind BMA-Matern Matern Spherical Exponential Gaussian

MSPE 40.48 39.51 10/26 10.45 12.36 12.40 45.51
EPC 0.93 0.95 0.94 0.94 0.92 0.92 0.92
minPC 0.00 0.00 0.49 0.17 0.44 0.37 0.00
mean PC 0.93 0.95 0.95 0.94 0.92 0.92 0.92
max PC 1.00 1.00 1.00 1.00 1.00 1.00 1.00
stdPC 0/26 0.29 0.07 0.13 O.OS 0.09 0.22

Table o.S: Sum m ary S tatistics for L ig h tly  C lustered Pattern w ithou t Nugget.
Ind BMA-Ind BMA-Matern Matern Spherical Exponential Gaussian

MSPE 42.52 42.07 6.72 6.80 8.13 8.18 27.83
EPC 0.93 0.95 0.95 0.93 0.94 0.94 0.91
minPC’ 0.00 0.00 0.02 0.03 0.00 0.00 0.00
mean PC 0.93 0.95 0.95 0.93 0.94 0.94 0.91
maxPC’ L.00 1.00 1.00 1.00 1.00 1.00 1.00
stdPC’ 0.24 0.28 0.20 0.21 0.36 0.37 0.10

Table 5.9: Sum m ary S tatistics for Random Sam pling Pattern w ithou t Nugget.
Ind BMA-Ind BMA-Matern Matern Spherical Exponential Gaussian

MSPE 38.85 38.17 2.96 2.92 3.94 3.95 8.99
EPC 0.95 0.96 0.94 0.92 0.96 0.96 0.86
minPC’ 0.00 0.00 0.00 0.00 0.00 0.00 0.00
mean PC 0.95 0.96 0.94 0.92 0.96 0.96 0.86
maxPC’ 1.00 1.00 1.00 1.00 1.00 1.00 1.00
stdPC' 0.18 0.24 0/23 0.25 0.33 0.33 0.05

Table 5.10: Sum m ary S tatis tics for Regular Pattern  w ithou t Nugget.

Ind BMA-Ind BMA-Matern Matern Spherical Exponential Gaussian
MSPE 39.14 38.48 2.7*2 *2.61 3.75 3.73 6.06
EPC 0.95 0.96 0.94 0.89 0.97 0.97 0.84
minPC’ 0.00 0.00 0.01 0.00 0.17 0.17 0.00
mean PC 0.95 0.96 0.94 0.89 0.97 0.97 0.84
maxPC’ 1.00 1.00 1.00 1.00 1.00 1.00 1.00
stdPC 0.1S 0.25 0.29 0.30 0.20 0.19 0.0*2

Table 5.11: Sum m ary S tatis tics for G rid  Sam pling Design w ithou t Nugget.

Ind BMA-Ind BMA-Matern Matern Spherical Exponential Gaussian
MSPE 40.56 39.5*2 *2.7*2 *2.63 3.37 3.36 4.66
EPC 0.94 0.96 0.93 0.89 0.97 0.97 0.74
minPC 0.00 0.00 0.00 0.00 0.04 0.05 0.00
mean PC 0.94 0.96 0.93 0.89 0.97 0.97 0.75
maxPC 1.00 1.00 1.00 1.00 1.00 1.00 1.00
stdPC 0.14 0/21 0/27 0/27 0.15 0.14 0.10
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coverage over the entire  area o f study, plus enough observations so th a t in fo rm a tion  

about the autocorre la tion  s truc tu re  can im prove pred iction  in  term s o f M SPE.

I f  the spatia l design is fixed, for exam ple due to the logistics o f sam pling the 

data, in fo rm a tion  about the re la tive  improvements tha t M atern  autocorre la tion  

functions can add to  pred iction  is very im p o rta n t. Figure 5.6 plots the re la tive 

M SPE. equation (5.3). Values closer to  one are considered be tte r because the pre­

d ic tion  e rro r is approxim ate ly  equal to  the sim ulated error. For a ll designs the 

M atern models have re la tive M SPE closer to one when compared to  the exponentia l 

and Gaussian methods. The clustered patterns show tha t a lthough the M atern  au­

tocorre la tion  functions have larger (F igure  5.5) MSPE. Even the Gaussian model, 

which does not fit the mean function  well (as seen in Figure 5.-1). come close to a 

rM SPE value o f I when compared across spatia l designs (F igure  5.6). As the dis­

tance between points increases, and the data becomes less clustered, re la tive  MSPE 

is increased for a ll methods. Again, the reduction in in fo rm a tion  about the auto­

corre la tion  function  and the sm all scale va riab ility , reduce the a b ility  o f the models 

to predict at close distances, and therefore increases the re la tive  M SPE.

The decision o f whether or not to use the M atern class o f autocorre la tion  func­

tions needs to take in to  account the am ount o f precision necessary in the p red iction  

or confidence in terva l. When s ligh t decreases in MSPE are not im p o rta n t, standard 

methods for spatia l pred iction  are acceptable. W hen sm all increases in  M SPE are 

im p o rta n t, then using the M atern  autocorre la tion  function  yie lds im provem ents.

Empirical Predictive Coverage (EPC) and Predictive Cover­
age (PC)

E m p irica l p red ictive  coverage. EPC. is the num ber o f confidence in tervals tha t 

conta in the observed response. P lots o f EPC for the five spatia l designs w ith o u t 

nugget can be seen in  Figure 5.7. P red ictive  coverage. PC. calculates the p ro b a b ility  

under the true  model tha t the estim ate  is in  the pred iction  in terva l. P lots o f PC for
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the five spatia l designs w ithou t nugget can be seen in  F igure 5.8. Com paring the two 

figures. PC and EPC are almost identica l. T h is  is reassuring for m odeling real data, 

when it  is not possible to  calculate the PC sta tis tics as described in  Section 5.1.3.

Each p red ic tion  and confidence in te rva l is calculated at the 95% level, therefore 

the results o f EPC and PC should be 0.95. O ver a ll designs, the B M A -M a te rn  

in tervals are closest to  the 95% level. Th is supports the contention tha t B M A - 

M atern  pred ic tive  intervals more accurately describe the va ria b ility  in prediction. 

The M atern -A lC 'C  model tends to be below the nom inal pred ictive  level for a ll five 

designs, a lthough the amount o f underestim ation increases as the designs become 

less clustered.

The spherical and exponential autocorre la tion  models exh ib it the most design 

dependent behavior. When the data are clustered, for exam ple in  the h igh ly clus­

tered pa tte rn , the confidence levels are lower than 95%. Th is corresponds to un­

derestim ating  the variance o f the pred iction , and therefore the confidence intervals 

are too sm all. On the other hand, the random  spatia l patte rn , the regular pa tte rn , 

and the g rid  pa tte rn  result in  overestimates o f the variance, and confidence in te r­

vals tha t are too large and therefore the confidence levels are above the 95% level. 

S im ila r behavior can be seen in Figure 5.8. which is on ly  available when the true 

d is tr ib u tio n  o f the observations is know.

In exam in ing  PC. it  is the m axim um , m in im um  and standard deviation tha t 

are o f in terest. Focusing on the random pa tte rn  in  Table 5.9. a ll six methods have 

identica l m in im um  and m axim um  values. There is some va ria b ility  in  standard 

dev ia tion , a lthough the differences are not large and are not consistent for d ifferent 

sam pling patterns.

Conclusion

P red ic tion  in terva l accuracy varies across sam pling patte rn . W hen com paring 

the p red ic tion  results above to the model selection results in  Section 5.2. sam pling
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patte rn  has a very d ifferent effect. B o th  o f the spatia l model selection techniques 

perform  best in  id e n tify in g  the correct exp lana to ry  variables and also has the  largest 

M SPE for the h igh ly  clustered patte rn  compared to  the o ther sam pling patterns. 

Conversely, the spatia l model selection techniques does the worst for model selec­

tion  bu t has the smallest MSPE for the g rid  pa tte rn . For a ll five sam pling patterns, 

the results for PC and EPC stay re la tive ly  consistent for the M atern  autocorre la­

tion  functions a lthough they vary for the spherical and exponentia l. In selecting a 

sam pling patte rn , it  is very im p o rta n t to  consider the goals o f the analysis.

Exam in ing  M SPE. EPC and PC. the conclusions from  th is s im u la tion  are clear. 

Using the M atern  autocorre la tion  function  w ith  e ithe r simultaneous model selection 

o r B M A  reduces M SPE and has be tte r p red ic tive  coverage than o ther methods. 

B M A  M atern does the best for a ll designs in  terms o f accurately assessing the 

va ria b ility  o f prediction.

5.4 Simulations with Nugget

This s im u la tion  examines the im portance o f a llow ing the nugget. 03 >  0 when 

the data includes some am ount o f measurement error. Focusing on the M atern  class 

o f au tocorre la tion  functions. I compare B M A  w ith  a nugget te rm  to  B M A  w ithou t 

a nugget term .

5.4.1 Details

T h is  s im u la tion  builds on the s truc tu re  in  Section 5.1 w ith  d ifferent param eter 

values for a 1 and 03. F irs t, in  order to  investigate the im pact o f measurement 

erro r in  the data. I w il l s im ulate from  two d ifferent models. The firs t includes 20% 

measurement erro r o r 03 =  0.20. The second includes 50% measurement erro r or 

03 =  0.50.

In  order to  id e n tify  the signal from  the noise, I reduced the variance o f the data 

for th is  s im u la tion , fix ing  a2 =  10. New hvperparam eters for <r2 were necessary to
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re ta in  a proper posterior d is tr ib u tio n  and allow for convergence o f the estim ation  

methods. I choose (is. A) =  (12,8) for th is  study.

The p rio r d is trib u tio n s  on 8 are un ifo rm  on the in terva l (0 .d mar) for 0t . inverse 

gam ma w ith  parameters ( 2 .1) for 02, and un ifo rm  on the in te rva l ( 0 .1) on 03. The 

p rio r on 02 has a mean o f 1 and in fin ite  variance, which arises from  s im ila r priors o f 

(Ecker and Clelfand. 1997). P rio r sens itiv ity  for 8 is discussed in  Section 5.4.3.

Two hundred sim ula tions were done for each type o f sam pling design and at each 

level o f 03. 03 6 (0.20.0.50). The five sampling patterns are fixed, and generation o f 

each replicate follows the steps in  Section 5.1.

5.4.2 Results 

M odel Selection

For p ractica l purposes, there are no differences between inc lud ing  o r not in ­

clud ing a nugget te rm . Tables 5.12 and 5.13 display the average PM P for a ll five 

sampling patterns. Th is  s im u la tion  incorporates model unce rta in ty  in to  the results. 

For exam ple, two largest models for the random pa tte rn  w ith  03 =  0.20 fit w ith  

03 >  0 accounts for 62.7% o f the P M P  for the random pa tte rn . The top five models 

account for S2.9% o f the PMP.

W hen measurement e rror is included in the data, it  is m ore d iffic u lt to estim ate 

parameters and select the  correct explanatory variables. The P M P  for the true  

model range from  6.6% to  10.0% for the s im ula tion  w ith  03 =  0.20, and ranges from  

2.7% to 5.5% when 03 =  0.50. S im ila rly , for the model w ith  X \  and X 2 (.W?) 

the PM P ranges from  30.0% to  43.S% when 03 =  0.20 and 14.2% to  19.9% when 

03 =  0.50. As a consequence, the P M P  for the model w ith  no exp lana to ry  variables 

is greater when 03 =  0.50 compared to  03 =  0.20.

In conclusion, sam pling pa tte rn  and the inclusion o f the  param eter 03 does not 

a lte r the m odel selection results. Instead, it  is the am ount o f nugget th a t effects the 

a b ility  to  m odel the data.

103

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Table 5.12: Average P M P  (%) for the S im u la tion  w ith  Nugget when 03 =  0.20.

Model Highly
Clustered

Lightly
Clustered

Random
Pattern

Regular
Pattern

Grid
Design

03 >0 03 =  0 03 >0

OII 03 >0 03 =  0 03 > 0 03 =  0 03 >O

OIIP?i

M i 2.4 3.6 0.6 0.6 1.4 1.5 1.9 2.1 1.3 1.2
A/> 26.4 27.2 18.5 18.1 24.3 23.7 27.8 27.7 28.0 26.5
Ms 4.5 4.1 6.6 7.1 4.6 4.3 4.5 4.3 5.4 5.2
M , 0.3 0.4 0.0 0.0 0.1 0.1 0.3 0.3 0.1 0.1
A/s 0.1 0.2 0.0 0.0 0.2 0.2 0.2 0.2 0.1 0.1
Me 0.1 0.2 0.1 0.L 0.3 0.2 0.1 0.1 0.1 0.2
M r 35.6 34.0 43.8 42.2 38.4 37.0 31.9 30.0 36.9 36.9
M a 8.3 7.5 5.8 6.2 6.4 6.4 9.1 10.1 7.2 7.0
Me 1.8 2.0 1.0 L.l L.5 1.6 1.9 2.4 2.1 2.2
M  lo 1.4 1.6 2.0 2.L 2.3 2.6 2.5 2.7 2.4 2.5
A/u 0.4 0.3 0.5 0.6 0.4 0.4 0.4 0.4 0.4 0.4
Ml2 0.3 0.2 0.8 0.8 0.6 0.6 0.4 0.5 0.4 0.4
M  [3 0.9 0.8 0.5 0.7 0.3 0.3 0.3 0.3 0.5 0.5
M u 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
A/is 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
A / , 6 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
A/it LO.O 9.9 9.2 8.8 9.2 9.5 8.1 7 .1 6.6 7.1
A / i s 2.4 2.5 3.3 3.5 3.3 3.6 3.4 3.6 3.0 3.1
M  la 2.1 2.3 4.2 4.5 3.1 3.7 2.8 3.0 2.6 2.7
.V/oQ 0.7 0.7 0.4 0.5 0.6 0.8 0.8 0.9 0.6 0.7
A /2 1 0.4 0.4 0.7 0.7 0.6 0.6 1.0 1.2 0.6 0.6
A/22 0.2 0.2 0.1 0.1 0.2 0.2 0.2 0.2 0.2 0.2
A/23 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
A/2.1 0.1 0.0 0.0 0.1 0.0 0.0 0.0 0.0 0.0 0.0
A/25 0.0 0.0 0.0 0.1 0.0 0.0 0.0 0.0 0.0 0.0
A/26 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
A/27 0.9 0.9 0.6 0.7 0.7 0.9 0.7 0.7 0.7 0.7
A/28 0.5 0.6 0.8 0.9 1.0 1.1 1.2 1.2 0.4 0.5
A/29 0.1 0.2 0.3 0.3 0.2 0.3 0.3 0.3 0.2 0.2
A/30 0.0 0.0 0.0 0.0 0.1 0.1 0.1 0.1 0.0 0.1
A/31 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
A/32 0.0 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.0 0.8
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Table 5.13: Average PM P (% ) for the S im u la tion  w ith  Nugget when 03 =  0.50.

Model Highly
Clustered

Lightly
Clustered

Random
Pattern

Regular
Pattern

Grid
Design

03 >0 CO II 0 03 >0 CO II 0 03 >O »3 = 0 03 > 0 03 =  0 03 >0 CO II O

M i 11.6 11.5 7.1 7.3 10.0 10.2 9.6 9.3 11.9 11.6
\ [ , 30.3 2S.9 27.8 27.6 28.3 27.7 32/2 30.9 31.8 31.0
M 3 11.S 12.1 L4.0 13.5 13.9 13.3 8.6 8.6 9.3 9/2
M , 0.9 l . l 0.6 0.8 0.8 0.9 1.5 1.5 1.3 1.3
M s 0.9 1.0 0.7 0.8 1.7 1.7 1/2 1.3 1.0 1.0
M e L.2 1.6 0.7 0.8 l . l 1.2 1.6 1.6 1.0 1.0
m 7 15. L 15.4 19.4 L9.9 L7.2 17.1 14/2 14.8 15.9 16.0
M e 7.0 6.8 8.2 8.5 4.4 4.6 7.3 7.5 8.6 8.7
m 9 3.2 3.2 2.1 2.2 3.6 3.8 4.4 4.4 2.9 3.0
M l0 3.3 3.2 2.4 2.5 4.0 4.0 4.9 5.1 2.6 2.6
M n 0.9 0.9 1.7 1.3 1.5 1.6 2.4 2.1 1.7 1.8
M u 1.6 1.6 1.3 L.O 1.7 1.7 0.8 0.8 0.8 0.8
•V/13 1.3 1.4 L.5 1.6 L.3 1.4 0.9 1.0 0.8 O.S
M i , 0.1 0.1 0.L 0.L 0.1 0.1 0.2 0.2 0.1 0.1
M i s 0.1 0.2 0.1 0.1 0.1 0.1 0.2 0.2 0.1 0.1
M i s 0.1 0.1 0.1 0.1 0.1 0.2 0/2 0/2 0.1 0.1
M i r 2.7 2.8 5.5 5.1 3.2 3.0 3.2 3.4 3.6 3.9
M i s 2.5 2.5 1.4 1.6 1.6 1.8 1.5 1.5 1.6 1.7
-Vfl9 1.5 L.6 2.2 2.3 2.1 2.2 1.3 1.4 1.5 1.6
\ [ - 2 0 1.1 0.9 0.7 0.7 0.6 0.6 1.0 l . l 0.8 0.S
M n 0.6 0.8 0.6 0.6 0.6 0.7 O.S 0.8 0.9 O.S
M 2 2 0.3 0.4 0.2 0.2 0.4 0.4 0.6 0.6 0.3 0.3
M 2 3 0.1 0.1 0.1 0.1 0.2 0.2 0.2 0/2 0.1 0.2
M 2 , 0.1 0.1 0.2 0.1 0.1 0.1 0/2 0/2 0.1 0.1
M 2 5 0.1 0.1 0.1 0.1 0.1 0/2 0.1 0.1 0.1 0.1
-V/26 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
m 2- 0.6 0.6 0.3 0.4 0.4 0.4 0.3 0.4 0.5 0.5
.V/28 0.3 0.3 0.5 0.5 0.3 0.4 0.3 0.3 0.4 0.4
M 2o 0.2 0.3 0.2 0.2 0.2 0/2 0.1 0.1 0.1 0/2
M 3 0 0.1 0.1 0.0 0.1 0.1 0.1 0.1 0.1 0.1 0.1
M 3 1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
.V/32 0.1 0.1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
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Parameter Estimation

The question in  param eter es tim a tion  is how does the estim ation  o f the  nugget 

te rm  affect the estim ation  o f the o the r spatia l parameters. I f  the  M atern  class o f 

functions is able to adequately describe the autocorre la tion  o f the data w h ile  fix ing  

03 =  0. then inc lud ing  a nugget te rm  may not be an issue.

Focusing first on the s im u la tion  w ith  20% measurement error. Figures 5.9 and 

5.10 show the corresponding param eter estimates for 01 and 0o. W hen 03 >  0. the 

sam pling patte rn  does not a lte r the  estimates and underestim ate both 0t and 0>. 

Conversely, when 03 =  0 the behavior is sam pling patte rn  dependent.

The random patte rn  estimates 0i well, bu t underestimates 0>. There is a direct 

re lationship between the estim a tion  o f the two parameters for the d iffe ren t sam­

p ling  patterns. As an explanation . F igure 5.14 shows the average autocorre la tion  

curves for the two estim ation  techniques. For the h igh ly clustered pa tte rn . 01 is 

overestim ated and 0•> underestim ated in  order to m atch the autocorre la tion  at small 

distances. The grid  design does not have as many d ifficu lties  in estim a tion  because 

i t  has very few observations at sm all distances and so the functions are able to  focus 

on the overall curve.

When the patterns are clustered, es tim ation  w ith  03 =  0 tends to overestim ate 

the ta il o f the corre lation curve. In term s o f the autocorre la tion functions, incorpo­

ra ting  03 in to  the analysis is most im p o rta n t for these clustered sam pling patterns. 

The differences between 03 =  0 and 03 >  0 for random , regular and g rid  patterns 

seem slight.

Focusing on the s im u la tion  w ith  50% measurement error, the results are less 

d ram atic . E stim ation  o f 0t does not seem to  change based on the inclusion o f  03 com­

pared to  03 =  0. E stim ation  o f 02 does depend on sam pling pa tte rn  when a nugget 

was not included, increasing as the num ber o f observations decreases. E xam in ing  the 

autocorre la tion  curves in  F igure 5.15 the behavior is s im ila r to  F igure 5.14 although
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to  a lesser extent. The h igh ly  clustered patte rn  has the  most problems in  estim ating  

the autocorre la tion  function  w ith o u t the fle x ib ility  added by the inclusion o f 03.

E stim a tion  o f 03 for both  sim ulations does well, seen in  F igure 5.13. There is a 

s light progression o f overestim ation w ith  the h igh ly  clustered patte rn  to  underesti­

m ation for the g rid  pa tte rn , w ith  the random patte rn  as most accurate.

In conclusion, estim ation  o f the parameters is be tte r when fl3 >  0 compared 

to 03 =  0 as expected. B u t. the autocorre la tion curves are able to compensate 

for the reduction in fle x ib ility . The next sections focus on com paring the resulting 

prediction under d ifferent scenarios.

Predictive Statistics

There is no significant difference between 03 >  0 and 03 =  0 in terms o f MSPE 

for e ithe r o f the s im ulations ( Figures 5.16 and 5.17). Th is indicates tha t the add ition  

o f a nugget term  does not offer any im provem ent M SPE. The progression o f MSPE 

values from  h igh ly clustered down to  the g rid  pa tte rn  is the same behavior tha t was 

observed in Section 5.3. One difference between the sim ula tions w ith  ‘20% nugget 

and w ith  50% nugget is the larger the percentage o f measurement error, the larger 

the MSPE.

The results for EPC’ and PC are identica l for the two nugget percentages, there­

fore I w il l focus on EPC. In Figure 5 .IS. EPC is p lo tted  for each o f the five sam pling 

patterns when the nugget is 20% and Figure 5.19 displays the plots when nugget 

is 50%. For the h igh ly  clustered patte rn , not inc lud ing  a nugget results in an EPC 

s ligh tly  above the nom ina l 95f/l percentile while  inc lud ing  a nugget has a mean at 

the 95fA percentile for 20% nugget. The lig h tly  clustered patte rn  has the opposite 

effect, where inc lud ing  a nugget has a s lig h tly  lower median EPC value compared 

to  not inc lud ing  a nugget having the desired mean EPC for the same nugget. For 

both o f these designs, the s light difference in  va ria b ility  is due to  the s im ula tion  and

112

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Highly Clustered Lightly Clustered

O

e
o

o

o

e

o
o

o

eo

o

cso

o
e

Random Pattern

a

o

•o
o

o

o
a

Regular Pattern Grid Design

O

eo

«o

o

(Mo

o
o

5 
3

©

a

<a

«r
a

fX
o

oo

Figure 5.14: C'omparisoQ o f M edian A utoco rre la tion  Functions for the M atern  w ith  
Nugget and M atern  w ithou t Nugget when 0 3  = 0.2. The solid line is the true 
function , the dashed line is M a tern  w ith  nugget, and the dotted  line is M atern  
w ith o u t nugget. The median autocorre la tion  function  is based on the median values 
o f 0i, 0 2 , and 0 3 .
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115

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Highly Clustered Lightly Clustered

O o

«

•o

Random Pattern

O

<o

«

r m No

Regular Pattern Gnd Design

O

Figure 5.17: C'ompaxison o f M SPE for M atern Nugget and M atern  no Nugget when 
the True Nugget is 0.50. Yes refers to  03 >  0 and no refers to  03 =  0.

116

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



not ind ica tive  o f an effect from  the pa tte rn . The random  patte rn  has a lower EPC 

than desired for both w ith  nugget and w ith o u t, a lthough th is  again may be due to  

the s im u la tion . For comparison, when the nugget is 50%. the s im ulations for the 

first three spatia l patterns are at the nom inal 95% level.

The regular and g rid  patterns d isp lay d iffe rent behavior. Exam in ing the plots 

o f EPC w ith  nugget p lo tted  against EPC w ith o u t nugget for the g rid  patte rn  (F ig ­

ure 5.20). not inc lud ing  a nugget results in sm aller EPC consistently for a ll replicates. 

Th is can also be seen for the regular pa tte rn  when the measurement erro r is 50%. 

Therefore, when there are few observations at sm all distances, it  is more im p o rta n t 

to  include a nugget term  in  order to  have be tte r pred ictive  coverage.

Conclusion

It is surpris ing how s im ila r the pred iction  results o f includ ing  a nugget term  

versus not inc lud ing  a nugget te rm . A lthough  not inc lud ing  a nugget te rm  may 

result in  very different estimates o f the spatia l parameters, the p red ictive  a b ility  are 

identica l for many o f the spatia l patterns. It  is on ly  when a lack o f in fo rm ation  

about the autocorre la tion  at small distances such as the regular and g rid  patterns 

when the inclusion o f nugget is im p o rta n t for p red ic tive  coverage.

5.4.3 Sensitivity

I perform ed a sens itiv ity  analysis to determ ine the im pact o f param eter estim a­

tion  and p red iction  to  changes in  hvperparam eters. Hoeting (1994. Section 5.1.3) 

reports on a sens itiv ity  analysis on (3 and er2. the same norm al-gam m a set-up used 

in  th is  thesis. I w ill not repeat th is  sens itiv ity  analysis. 1 investigate each parame­

te r in  8 in d iv id u a lly  by s im u la ting  ten data sets fo llow ing the set-up in  Section 5.1. 

W hen investiga ting  the sens itiv ity  on 0 „  i =  1 ,2 .3 . the hvperparameters for the 

other two parameters are held constant.
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Figure 5.20: Comparison o f EPC for M atern Nugget ancl M atern  no Nugget when 
the True Nugget is 0.50 for the Regular and G rid  Patterns. Yes refers to 0  ̂ > 0 and 
no refers to  0:i =  0 .

In investiga ting  0 [. I compare param eter estimates o f 6 using four different sets 

o f hvperparam eters ( F igure 5.21). These sets provide a varie ty o f d is tribu tions that 

e ither place more weight on smaller values o f 0\ (Set I) or weigh equally the variety 

o f distances (Set 4).

The conclusions from  th is s im ula tion are: firs t, d ifferent hyperparam eter sets 

have some influence on estimates o f 0L. As the p rio r mean o f 0t increases, the 

posterior mode also increases. Second, there is a s ligh t im pact on estimates o f both 

& 2  and #3. T h ird , there is va ria b ility  in  the PM P. but the im pact on prediction 

is sligh t. Forth, there is l i t t le  influence on M SPE and no im pact on EPC or PC. 

In conclusion, the hvperparameters for 0 t have very l i t t le  im pact, using a uniform  

d is tr ib u tio n  on 01 does not a lte r the pred ictive  sta tis tics.

In  selecting hvperparameters for 02* the p rio r d is tr ib u tio n  should dowmveight 

large smoothness values. I examine three d ifferent hvperparam eter sets (F ig­

ure 5.22). The results show hvperparameters on 02 im pact estim ation  o f 0t and
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Figure 5.21: P rio r D is tribu tions  for

0o. In th is s im u la tion , as the p rio r mean o f Oo decreases, the posterior mode o f Oo 

also decreases but the posterior mode o f Q\ increases. This trade-off between esti­

mates o f 0o and 0i requires fu rthe r investigation. The posterior mode o f 03 does not 

seem to be affected by changes in the hvperparam eters for Oo. There are differences 

in  PM P across the hyperparam eter sets for Oo are sm aller than for 01.

In term s o f pred ictive  statis tics, the im pact o f changes from  d ifferent sets o f 

hvperparameters on Oo are s light. There is some sm all differences on the order 

o f 0.1 between the d ifferent sets for M PSE. The measures o f p red ictive  coverage 

(E P C . meanPC’. m axPC. minPC’. and stdPC') are almost identica l for the three 

hyperparam eter sets.

The sens itiv ity  analysis on 03 investigated how the posterior mode o f 0 changes 

for d ifferent sets o f hvperparameters ( F igure 5.23). In  order to determ ine the im pact 

o f hvperparam eters on the posterior d is tr ib u tio n , the data was sim ulated w ith o u t a 

nugget te rm . These p rio r d is trib u tio n s  were chosen because they represent a varie ty

121

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Set 1: Inverse Gamma(2,1) 
Set 2: Inverse Gamma(2,1.5) 
Set 3: Inverse Gamma(2,2)

cvi

o

oo
o

co
o

■m-
o

CM
o

o
o

42 310

O’

Figure 5.22: P rio r D is tribu tions for 02.

o f beliefs about the lack o f measurement error, from  no opin ion about nugget (Set 

L) to a strong be lie f th a t 03 =  0 (Set 2).

For a ll ten rep lications and the four hvperparam eter sets, estim ates o f 03 are 

less than 0 %  for the m odel w ith  the correct explanatory variables. There is qu ite  

a b it o f va ria b ility  in  estimates o f Oi and 02 for d ifferent hvperparam eters sets for 

#3. For some o f the replicates, there are slight differences between hyperparam eter 

sets (0i =  2.S for Set 2. 9\ — 2.S for Set 4). w hile  o ther replicates clifferer greatly 

(0, =  3.6 for Set 2. 0t =  2.0 for Set 4).

O verall, param eter estim a tion  for 9 is h igh ly  sensitive to  selection o f hvper- 

parameters. a lthough the im pact on prediction sta tis tics is s ligh t. There seems to 

be significant dependence between the p rio r d is tribu tions  on 0. T h is  m ay indicate 

tha t the in it ia l assum ption o f independence between spatia l parameters is not valid, 

more research on th is  issue needs to  be carried out.
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5.5 REML versus ML Estimation

The purpose o f th is s im u la tion  is to investigate the bias o f M L  and R E M L 

estim ation . Z im m erm an and Z im m erm an (1991) investigated R E M L. M L  and other 

es tim ation  methods for bias for a model w ith  constant mean, sm all sample size 

(n =  16 and n =  36). and autocorre la tion  s truc tu re  e ither exponentia l or linear. 

As discussed in Section 2.3.4. th e ir research has shown tha t the bias in R E M L 

estim ation  tends to  be positive and larger than the bias in  M L  estim ation  which 

tends to  be negative.

Com paring the profile M L  equation (2.27) to the profile  R E M L equation (2.29).

• v ' . z ' j  =  - ^ l o g ( . r 3) -  i  log I®  I + d .

fREML lo g !* 3) -  i  log | * |  -  log I X ' * - '  X \  + C,.

where ct and c> are constants, the differences arise in  the coefficient o f log(<r2) 

and l o g | X ' t f - l X | .  The differences between the two techniques are greatest when 

the num ber o f columns o f X  is large. In Z im m erm an and Z im m erm an, the use o f

X  =  ( I  I)* may reduce the differences between the techniques. Th is s im ulation

study uses a design m a trix . X .  tha t includes a mean and three explanatory variables 

(Section 5.1.2). Due to convergence problems discussed below. 0 2 was lim ite d  to  be 

between 0 and 10.

5.5.1 Details

For each spatia l point pa tte rn . 500 independent replicates o f Z  were generated 

from  the model Z  =  2 +  0 .7 5 X t +  0 .5 0 X 2 + 0 .2 5 X 3 +  <J. where S follows the M atern 

autocorre la tion function  w ith  0y =  4 and 02 =  L. For each replicate, locations 

were generated fo llow ing the steps in  Section 5.1.1. For the mean function w ith  

exp lana to ry variables X i .  X 2. and X 3,1 used R E M L and M L  techniques to  estim ate 

and 02 assuming tha t 03 =  0. the no nugget model. I also used R E M L and M L 

techniques to  estim ate Q\. 02. and 03 to  the same data.
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Table 5.14: Num ber o f S im ulations and Large Estim ates o f 02 when 03 is Non Zero. 
n c is the num ber o f replicates which converged, w h ile  rq is the num ber o f replicates 
where 02 > 10.____________________________________________________

E stim ation H igh ly L ig h tly Random Regular G rid
M ethod Clustered Clustered Pattern Patte rn Design

n c ni nc Til n c n t n c ni nc Til

M L 390 2 496 I 500 I 500 5 500 70
R E M L 396 I 498 2 500 3 500 7 500 49

5.5.2 Results

In this section. I sum m arize the results o f the s im u la tion  com paring a) R E M L 

and M L  estim ation , b) inc lud ing  a nugget te rm  (03) versus no nugget te rm  (03 =  0). 

and c) how R E M L and M L  estim a tion  depends on the sam pling patte rn . F irs t. I 

discuss how the sam pling pa tte rn  affects the convergence o f estim ation . Second. I 

focus on the average estimates for each sam pling pa tte rn , com paring and contrasting 

the different estim ation  techniques. T h ird . I focus on each sam pling pa tte rn  and 

comment on the bias and standard e rror o f each param eter.

Convergence Issues

For the R E M L versus M L  comparisons there were some convergence d ifficu lties 

for the sim ulations when 03 was allowed to be nonzero. In some cases the R E M L 

estim ation d id  not converge, w h ile  for others M L  d id  not converge. For a ll non­

convergence cases, I d id  not include the pair (R E M L .M L ) o f observations in  the 

results shown in Figure 5.24 and Tables 5.16 through 5.19.

Table 5.14 lists the num ber o f replicates tha t converged as well as the num ber 

o f replicates w ith  02 > 10. the boundary value for smoothness for these sim ulations. 

W hen 02 is allowed to  be larger than 10. some estimates 03 were large (0.25). The 

m axim um  value o f 10 was selected because the differences in  the  autocorre la tion  

curves between 02 = 10 and 02 =  100 are s ligh t. Replicates w ith  02 > 10 were 

not included in  the analysis. The h igh ly  clustered spatia l pa tte rn  has the largest
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num ber o f convergence problem s in  the s im u la tion , w ith  a few failed replicates w ith  

the lig h tly  clustered pa tte rn . The h igh ly  clustered patte rn  is unique when compared 

to  the other patterns in  th a t i t  can have a large num ber o f observations at very small 

distances. (See F igure 5.3 for one exam ple). The observations w ith in  a cluster are all 

h igh ly correlated and may not include much independent in fo rm a tion  (C'ressie et al.. 

1990).

A dd itio n a lly , the g rid  design has the largest num ber o f s im ula tions where 02 > 

10. The g rid  design provides no in fo rm ation  about the autocorre la tion  s truc tu re  at 

distances less than one u n it. Therefore, it  makes sense tha t accurate estim ation  o f 

02  is d ifficu lt for samples w ith  a g rid  design.

In terms o f convergence and large values o f 02 when 03 >  0. the results in 

Table 5.14 ind icate  s im ila r convergence behavior for R E M L  and M L estim ation  

except for the g rid  design. R E M L estim ation  for the g rid  design has fewer cases 

where 02 >  10. Again, the g rid  design has no observations at distances less than one 

un it apart, a lthough I am unable to explain the difference in  convergence behavior 

between R E M L and M L  for the g rid  design.

Comparison of Average Autocorrelation Curves

Figure 5.24 dem onstrates the average autocorre la tion curves for a ll five sam pling 

patterns. The solid line is the true  autocorre la tion curve. M atern  w ith  6 1 =  4 and 

02 =  I. The dotted  line  is the M L estim ate w ith  nugget (03 > 0). while  the 

short dashed line  represents the R E M L  estim ate nugget(03 >  0). The M L  estim ate 

w ith o u t nugget (03 =  0) is the long dashed line, and R E M L  estim ate  w ith o u t nugget 

(03 =  0) is the dash-dot line.

For each p lo t, there are two areas o f concern. F irs t. I focus on the behavior 

at the o rig in . The g rid  design is the on ly  patte rn  which includes a difference in 

curves near the  o rig in  between w ith  nugget and w ith o u t nugget. Inc lud ing  a nugget
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Figure 5.24: Average A utocorre la tion  Curves for Five Sam pling Patterns. The solid 
line is the true  autocorre la tion  function (M ate rn (4 .1 )). The o ther lines correspond 
to  the other methods o f estim ation. The parameters can be determ ined from  the 
bias tables (Tables 5.16. 5.17, 5.15. 5.1S. and 5.19).
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Figure 5.25: Average A utoco rre la tion  Curve for the G rid  Pattern at Sm all Distances.

te rm  results in estimates o f 03 tha t a lte r the curve (F igure  5.25). The gricl design 

does not have any observations closer than one un it apart, a lthough I w il l want to 

predict the random process at locations at sm aller distances. In Sections 5.3 and 

5.4. I investigated how the spatia l sam pling patte rn  can effect prediction.

Second, how well does each estim ation  m ethod model the range o f the func­

tion? Based on m y s im ulations, in  the h igh ly clustered design, it  is clear th a t R E M L 

methods do bette r than M L  methods. The lig h tly  clustered, random pa tte rn  and 

regular pattern  results are s im ila r. M L  methods underestim ate the range and there­

fore underestim ate the autocorre la tion  function. R E M L methods are closer to  the 

true  model, and do not seem to  be consistently under o r over estim a ting  based on 

these three sam pling patterns. The g rid  design is d ifferent from  the firs t four pat­

terns, R E M L w ith  03 =  0 overestimates the range (F igure  5.24 g rid  design long 

dashed line), w hile  R E M L  w ith  03 >  0 estimates overestim ate the autocorre la tion  

at distances 0.5 to 5.0. M L  estim ation  underestimates the  autocorre la tion  w ith  M L  

for 03 >  0 doing worse than  when 03 =  0.
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Table 5.15: Bias results for Random Pattern. The first two rows allow for nonzero
0 3, while rows three and four require 0 3  = 0 .

E stim ation
M ethod

0
Bias SE

0
Bias SE Bias

h
SE

Replicates
Converged

M L -0.800 0.051 0.350 0.027 0.0017 0.00021 496
R E M L -0.05S 0.084 0.250 0.025 0.0022 0.00022 496
M L -0.630 0.056 0.210 0.021 N A N A 500
R E M L 0.320 0.095 0.072 0.012 N A N A 500

In conclusion. R E M L estim ation  does be tte r than M L  estim a tion  in  term s o f 

average autocorre la tion  curves. Inc lud ing  03 results in be tte r estimates o f the au­

tocorre lation  curve even when the data were sim ulated w ith  03 =  0. Th is is most 

im po rtan t for the g rid  design where there may be no in fo rm a tion  at sm all distances, 

the added f le x ib ility  o f 03 >  0 lets the estim ate match the tru th . The next section 

focuses on bias o f the param eter estimates, followed by the bias in each ind iv idua l 

sampling pattern .

Bias results for the Random Pattern

For the random pa tte rn . M L  estim ation  is less biased when 03 =  0 compared 

to  03 >  0 (Table 5.15). O verall. M L  estimates o f 0[ have a negative bias, resulting 

in  underestim ation o f the autocorre la tion  curve. Second. M L  estim ation  o f 0t w ith  

03 >  0 has a larger absolute bias when compared to M L estim ation  w ith  03 =  0. 

Estimates o f 02 have a positive bias.

For R E M L estim ation  there is a trade-o ff between bias o f 0t and 02. Using 

03 =  0 results in  a larger positive  bias on 0t . i t  also results in  a sm aller bias for 02. 

In support o f R E M L w ith  03 >  0. the v is ib le  difference in  au tocorre la tion  curves 

ind icate  tha t the bias in  02 is less im p o rta n t than the bias in  0 i- The trade-o ff 

between bias o f 9X and 02 needs to be studied fu rthe r to  determ ine which is more 

im po rtan t for estim ation  and p red iction . O verall the R E M L estim ates are less biased 

than  M L  estimates for 0t and 02. The M L  estimates are less biased for 03. In  fu tu re  

studies th is  should be investigated fu rth e r for sim ulations where 03 >  0.
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Table 5.16: Bias results for Highly Clustered Design. The first two rows allow for
nonzero 0 3 . while rows three ancl four require 0 3  = 0 .

E stim a tion
M ethod

e
Bias SE Bias

h
SE Bias

3
SE

Replicates
Converged

M L -0.970 0.05S 0.110 0.0086 0.000091 0.000019 381
R E M L -0.180 0.096 0.069 0.0110 0.000200 0.000029 381
M L -0.900 0.055 0.084 0.0063 N A N A 500
R E M L 0.014 0.090 0.014 0.0057 N A N A 500

Table 5.17: Bias results for L ig h tly  C lustered Design. The firs t tw o rows allow for 
nonzero 03, w h ile  rows three and four require 03 =  0.

Estim ation
M ethod

0
Bias SE Bias

h
SE Bias

h
SE

Replicates
Converged

M L -0.810 0.056 0.240 0.0230 0.00065 0.000087 494
R E M L 0.045 0.095 0.160 0.0190 O.OOOSl 0.0000S9 494
M L -0.670 0.058 0.120 0.0079 N A N A 500
R E M L 0.360 0.09S 0.035 0.0068 N A N A 500

Bias results for the other sampling patterns

The s im u la tion  results for the h igh ly clustered design are shown in Table 5.16. 

The num ber o f replicates th a t converged d iffe r g rea tly  between inc lud ing  03 and 

fix ing  03 =  0. M ore than any o ther in fo rm ation , th is supports res tric ting  03 =  0 or 

es tim ating  using both cases for 03.

The results from  both the lig h tly  clustered pa tte rn  (Table 5.17) and the regular 

patte rn  (Table 5.18) are p rac tica lly  identica l to  the random  pa tte rn . The g rid  design 

differs from  the o ther spatia l patterns in  the size o f the bias for R E M L estim ated

Table 5.18: Bias results for Regular Patte rn . The firs t tw o rows a llow  for nonzero 
03. w hile  rows three and four require 03 =  0.

E stim ation
M ethod

0
Bias SE Bias

2
SE Bias

h
SE

Replicates
Converged

M L -0.770 0.053 0.440 0.028 0.0037 0.00043 492
R E M L 0.056 0.091 0.2S0 0.025 0.0043 0.00042 492
M L -0.620 0.056 0.260 0.017 N A N A 500
R E M L 0.380 0.100 0.093 0.013 N A N A 500
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Table 5.19: Bias results for Grid Design. The first two rows allow for nonzero $3 .
while rows three and four require 03 = 0 .

E stim a tion
M ethod

9
Bias

.
SE

8

Bias
2

SE Bias
?3

SE
Replicates
Converged

M L -0.S60 0.056 1.200 0.077 0.023 0.0012 430
R E M L 0.0S4 0.100 0.710 0.049 0.017 0.0010 430
M L -0.470 0.064 0.250 0.023 N A N A 500
R E M L 0.670 0.110 0.099 0.01S N A N A 500

0\ when 8 3  =  0 is larger than the M L  estim ated bias when 8 3  =  0. a lthough R E M L 

bias is positive versus negative M L  bias. The g rid  design also has a much larger 

problem  w ith  large estimates o f 9> (Table 5.14). I f  these s im ulations where 02  =  10. 

the boundary value, were included in the sum m ary results, the bias for 0 2  would be 

larger for both  R E M L and M L  estim ation  when 8 3  > 0 suggesting tha t requiring 

0 3  =  0 may be very im po rtan t.

5.5.3 Conclusion

Sum m arizing the results o f th is s im u la tion . R E M L  estim a tion  produces esti­

mates w ith  sm aller bias as compared to than M L  estim ation . For these sim ulations, 

the differences between convergence o f M L  versus R E M L were sm all. W hen there 

is no in fo rm a tion  about the presence o f a nugget in  the data, i t  may be useful to 

include 8 3  because it  allows more f le x ib ility  in  the autocorre la tion  curves and gener­

a lly  results in less bias for 0\. On the other hand, inc lud ing  O3  can cause problems 

in convergence depending on the spatia l patte rn .
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Chapter 6

REAL DATA EXAMPLES

T h is  chapter examines the app lica tion  o f spatia l B M A  using the M atern  auto­

corre la tion  function to two data sets. The firs t is Davis's ( L9S6) topographic data  set 

which has been w ide ly analyzed in  many spatia l applications. The second example 

is the W h ip ta il L izard data set from  Hollander et al. (1994).

6.1 Topographic D ata Set

In th is section I analyze the Davis's topological elevation data (1986). This 

data set has been analyzed in  a varie ty o f papers (R ip ley. 1981: VVarnes and Ripley. 

19S7: M ard ia  and W atkins. 1989: Handcock and Stein. 1994) as a standard spatial 

data set. Methods used to analyze th is data include universal k rig ing  (R ip ley. 1981) 

and Bayesian krig ing  (Handcock and Stein. 1994). I analyze the data using BMS 

w ith  the M atern autocorre la tion  function  to determ ine which model best describes 

the data.

Th is data set consists o f 52 locations o rig ina lly  surveyed for a class assignment. 

Each observation consists o f the north-south and east-west coordinates, and the 

elevation at each location (the  response). Handcock and Stein (1994) incorporate 

an add itiona l explanatory variable, distance to  the nearest stream . The locations 

are p lo tted  in  F igure 6.1 and the eight possible models are listed in  Table 6.1.

Assum ing a s ta tionary iso tropic autocorre la tion function . I adopt the M atern 

autocorre la tion function  described in  Section 2.2.2. Furtherm ore. I assume the data
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Figure 6.1: Locations for the Topographic Data Set.

Table 6.1: Models for Topographic Data Set. The three exp lanatory variables are

Model East-West North-South Stream Distance PM P (%)
•V/i < 0.1

Mi • <  0.1
.v/3 • <  0.1
M , • • 0.2

Mb • <  0.1
M« • • 99.7

M r • • <  0.1
M s • • • <  0.1

can be modeled using a Gaussian random field. Handcock ( 19S9) investigated this 

data set and found these assumptions to be reasonable.

6.1.1 Prior Distributions

The p rio r d is tribu tions on the parameters follow  the  description in  Section 3.1. 

using proper priors on (3. a2 and 0. In order to  s im p lify  hvperparam eter specifica­

tio n . the explanatory variables are standardized to have a mean o f zero and variance
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1. A dd itio n a lly , the response variable (elevation) is rescaled to  have variance equal 

to 1. Z"  =  Z i / s z , where sz  is the standard devia tion  o f the elevation.

The p rio r d is tr ib u tio n  on /3 is Gaussian w ith  hyperparam eter 0 =  2.85. The 

hvperparameters for c 2 are u =  2.58 and A =  0.28. The p rio r d is tr ib u tio n  on 9X 

is un ifo rm  over the in te rva l (0. dmaJ) where dmax = 414. The p rio r d is tr ib u tio n  on 

02 is also un ifo rm  over the in terva l (0. 10). Previous analysis o f these data assumes 

tha t measurement erro r o f the  process is small, therefore no nugget is included here 

(Handcock. 1989. p. 161).

Handcock and Stein (1993) use a d ifferent set o f p rio r d is tr ib u tio n s  when model­

ing the data v ia  Bayesian k rig ing  w ith  the M atern au tocorre la tion  function . They in ­

clude two exp lana to ry variables, north-south coordinate and stream  distance. They 

use the priors

f ( f 3  .<72. 0) x  (6.1)

This corresponds to  Je ffrey ’s p rio r on both <x2 and /3 . A d d itio n a lly , they use uniform  

priors on both 01 and 02- Section 3.1.3 addressed some o f the d ifficu lties  w ith  these 

priors on er2 and (3 and the resu lting im proper posterior d is trib u tio n s .

6.1.2 Results

Following the m ethodology in Chapters 3 and 4. I estim ate  the spatia l param­

eters and PM  P. Because th is  data set includes on ly  52 observations. I do not sp lit 

the data in to  an estim a tion  set and a prediction set. Instead. I focus on BMS (Sec­

tion  4.5). As seen in  Table 6.1. the model which includes both  the north-south 

coordinate and stream  distance accounts for almost a ll o f the PM P (99.7%). There­

fore. no significant weight is placed on the other models. In  th is  s itu a tio n , the PM P 

values are useful for specify ing the lack o f model unce rta in ty  based on th is  set o f 

models w h ile  s t i l l  inco rpora ting  the uncerta in ty  in  param eter estimates.
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Figure 6.2: A utoco rre la tion  Curves for the Topographic Data Set. Mean A  cor­
responds to  inc lud ing  N orth-South d irection  and the Stream Distance. Mean B 
is a constant mean. P rio r set I consists o f the conjugate priors described in Sec­
tion 6.L.L w hile  p rio r set 2 consists o f the p rio r d is trib u tio n s  used in Handcock and 
Stein (1993).

The p rio r s truc tu re  o f the parameters in  Bayesian krig ing  can have a d ram atic  

effect on param eter estim ation . Figure 6.2 plots autocorre la tion  curves based on 

fitted  models w ith  two mean functions, constant mean and the best model, and two 

p rio r d is tribu tions . The two p rio r d is tribu tions are discussed in Section 6.1.1. the 

Jeffrey's priors used by Handcock and Stein (1993) versus the proper conjugate priors 

on f3 and cr2 discussed in  th is thesis. The priors on 6 are identica l. Comparisons 

between p rio r d is tribu tions  are useful for investiga ting  sensitiv ity .

Figure 6.2 demonstrates the effect the p rio r d is tribu tions  on f3 and cr2 can have 

on estimates o f the spatia l parameters. W hen a constant mean function  is used, the 

difference between the priors is s light, both have s im ila r mean and smoothness val­

ues. The differences when using a mean tha t includes both N orth-South  coordinate 

and stream distance is more dram atic . Jeffrey's p rio r results in a much sm aller 9i 

and a much larger smoothness value. Since the data are not sim ulated there is no
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true  autocorre la tion  curve to compare w ith  the estim ated curves. Instead, o ther 

methods such as cross va lida tion  can be used to  determ ine which curve is more 

appropria te .

BMS indicates strong support for the model w ith  exp lanatory variables N orth - 

South coordinate and stream distance (99.7% P M P ). In th is case B M A  would not 

be useful because there is l i t t le  model uncerta in ty. Second, the p rio r d is tribu tions 

on the parameters can have a large im pact on the autocorre la tion  curves. More 

im p o rta n tly , the p rio r d is tribu tions  on /3 and cr2 im pact the estimates o f the spatial 

param eters, 6.

6.2 Lizard Data Set

Previously analyzed by Hollander et al. (1994) and Ver Hoef et al. (1999). I 

reanalyze abundance data for the orange-throated vvhiptail lizard in southern Cal­

ifo rn ia . A  to ta l o f 256 locations at 21 sites were used for trapp ing. Each obser­

va tion  consists o f the average lizards caught per day at each location. Following 

the m ethodology o f Ver Hoef et al. (1999). I analyze lizard  abundance, ignoring 

the locations where no lizards were observed. There are a to ta l o f 14S observations 

fo r the abundance analysis, one add itiona l observation was removed as an ou tlie r 

fo llow ing Ver Hoef et al. (1999). A dd itio n a lly , a log transfo rm ation  is used on the 

response, average lizards caught per day. to a llow for the use o f a Gaussian random 

field.

The data  set includes 37 exp lanatory variables along w ith  the locations o f each 

observation. Figure 6.3 shows the locations o f the 148 observations. The sampling 

locations are h igh ly clustered. M odeling d ifficu lties  associated w ith  h igh ly  clustered 

data are discussed in  C hapter 5.

The  explanatory variables include in fo rm a tion  on vegetation layers, vegetation 

types, topographic position, soil types, and abundance o f ants. Th is  thesis focuses
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Degrees Latitude

Figure 6.3: Locations for the Lizard Data Set. 

Table 6.2: L izard example: Sum m ary S tatis tics.
Explanatory Variable Mean S.D. M in M ax

X t C'rematogaster ant abundance 1.70 O.Sl LOO 3.00

X> Log percent sandy soils 1.10 0.2S 0.30 1.90
X , Elevation 270 200 12 590
X , Barerock Ind ica tor 0.39 0.49 0.00 1.00

x 3 9c Cover 82 11 IS 99
Log Percent chapparal plants 0.53 0.67 0.00 1.90

on m ethodology for f it t in g  a ll possible models for a given set o f exp lana to ry  vari­

ables. For the lizard data, th is corresponds to  f it t in g  23‘ o r 1.37 * 10u  to ta l models. 

Therefore the num ber o f exp lana to ry variables was reduced. Ignoring the spatial 

co rre la tion . I used a stepwise procedure to select the best model. T h is  model in­

cluded seven explanatory variables, s ix o f which were s ign ificant at the  0.10 level.

I res tric t the set o f possible exp lana to ry variables to  be the s ix  w ith  s ignifi­

cance at 0.10. Following the results in  Section 5.2. there are problem s w ith  ignoring 

the spatia l autocorre la tion  when choosing explanatory variables. Incorpora tion  of 

a ll o f the exp lanatory variables m ay lead to  more model uncerta in ty , but th is  re­

quires research in to  the methods fo r exp loring  the model space for spatia l models.
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This is discussed fu rth e r in  C hapter 7. These six exp lana to ry  variables include the 

abundance o f C’rem atogaster ants, elevation, log o f percent sandy soils, ind ica to r o f 

bare rock, percent cover, and log percent chapparal p lants (Table 6.2). Using six 

explanatory variables, there are a to ta l o f 64 models to  be considered.

6.2.1 Prior Distributions

In order to  s im p lify  p rio r specification, the six exp lana to ry  variables are stan­

dardized to have zero mean and variance one. The response, log average counts, is 

also standardized to have variance one. The hyperparam eters for the lizard  data are 

identica l to  the hvperparam eters for the topographic data  described in  Section 6.1.1.

Th is data set includes significant measurement e rro r so 0:3 is included in  the 

model. The p rio r d is tr ib u tio n  on 03 is inverse gam ma w ith  hvperparam eters u = 2 

and A =  1.5. Th is d is tr ib u tio n  has a mean o f 1.5 and an in fin ite  variance. As 

discovered in Section 5.4. when a nugget is included in  the analysis. 02 needs a prior 

d is tr ib u tio n  w ith  more weight on smaller values o f 02 to reduce the p ro ba b ility  o f 02 

converging to oc.

6.2.2 Results

The analysis o f the liza rd  data consists o f two parts. F irs t. I analyze the entire 

data set. I compare B M A  w ith  the M atern  autocorre la tion  function  to  modeling 

the data using the spherical autocorre la tion function  w ith  tw o exp lana to ry  variables. 

Second. I perform  a cross va lidation  analysis, rem oving each observation one at a 

tim e  and re fitt in g  the  B M A  analysis.

Full M odel

The results from  param eter and PM P estim a tion  show there is some model un­

ce rta in ty  in  the data. The best model accounts for 61.4% o f the m odel p robab ility  

and includes exp lana to ry  variables X i  and X 2. The next four models ranked by
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Table 6.3: Top Five Models for the L izard Data Set by PM P (% ).
X , X j x 3 X , x 6 PMP
• 0 61.4

• 10.3
• • • 8.6
• • 0 4.9
• • • 3.3

PM P bu ild  o ff o f th is  first model, e ithe r not inc lud ing  X \  or inc lud ing  one addi­

tiona l exp lana to ry  variable. Th is gives a strong ind ica tion  tha t inc lud ing  X 2  in  the 

model is the most im po rtan t, followed by X \ .  O ver a ll models, firs t two explana­

to ry  variables account for 83.9% o f the PMP. Th is  does not ind ica te  much model 

uncerta in ty.

Cross Validation

To do cross va lidation . 1 remove one observation at a tim e  and repeat the entire 

procedure, inc lud ing  parameter and PM P estim a tion , followed by the prediction o f 

the removed observation. This allows us to  calculate prediction diagnostics described 

in Section 5.1.3. Ver Hoef et al. (1999) also perform ed a cross va lidation  study o f 

the data  using the spherical autocorre la tion  function  for the model w ith  X { and

X>.

There are some d ifficu lties w ith  cross va lida tion  on spatia l data. F irs t, the 

observations are typ ica lly  correlated, the removal o f one observation does not have 

the same im pact as removal o f one independent observation. Second, th is data  set is 

very h ig h ly  clustered (F igure 6.3). Therefore there is a large am ount o f in fo rm ation  

about observations at small distances yet there is considerable measurement error. 

The estim ated nugget (03) is at least 36%. In view o f these issues, the results in  this 

section should be considered w ith  care.

I compare B M A  to the model adopted by Ver Hoef et al. (1999). The model is 

de term ined as follows. The residuals from  fit t in g  the fu ll model w ith  six explanatory
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Table 6.4: P red iction  s ta tis tics fo r Cross Validated L izard  Data

M ethod
E xp lana to ry

Variables EPC MSPE
Independent X i . X ^ X ^ X t . X s . X s 97.3 0.942
Spherical X 1 . X 2 93.2 0.649
B M A (See Table 6.3) 93.9 0.677

variables are used to estim ate the spherical autocorre la tion function  parameters. 

Based on th is fit o f the fu ll model, o n ly  the firs t two exp lana to ry variables are 

significant at the 0.05 level. Using on ly  the first two exp lanatory variables, the 

model is re fit and the spatia l parameters reestimated. For the cross va lidation , the 

set o f exp lana to ry variables are assumed fixed, w ith  the removal o f each observation, 

the parameters are reestim ated and a pred ic tion  in te rva l is com puted for the removed 

observation.

The results for B M A . the spherical autocorre la tion model, and a model as­

sum ing independent errors are sum m arized in Table 6.4. In term s o f M SPE. the 

spatia l models do much be tte r than the independent model, the spherical model has 

a sm aller M SPE than the B M A  model. In terms o f EPC'. the two spatia l models 

are very s im ila r and s lig h tly  underestim ate the 95% level, w h ile  the independence 

model overestimates the p red iction  in terva l level.

The s im ila r ity  o f the spatia l models may be due to a varie ty  o f factors. F irs t, 

there are some concerns about cross va lida tion  for spatia l data in general, and h igh ly 

clustered data in  pa rticu la r. Second, there is l i t t le  model uncerta in ty  in  the dataset. 

The PM P values for cross va lidation  show very l i t t le  va riab ility . T h ird , there is 

a large am ount o f nugget for a ll o f the  models in B M A  which lim its  the overall 

effectiveness o f spatia l models.
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Chapter 7

CONCLUSION AND FURTH ER RESEARCH

7.1 Discussion

A lthough spatia l data  analysis is an active area o f research, l i t t le  work has been 

done on methods for model selection. The im pact o f model selection techniques on 

spatia l models can be costly in  term s o f the accuracy o f p red iction . In th is  thesis. 1 

explore spatia l analysis and propose two methods tha t im prove upon available model 

selection techniques. F irs t. I propose simultaneous model selection which estimates 

the spatia l parameters while  selecting the explanatory variables. Second. I propose 

m ethodology for Bayesian model averaging w ith  spatia l models. Together, these two 

methods serve as tools tha t m ay offer im provem ents in the p red ic tive  perform ance 

o f spatia l methods.

S im ula tion  results presented here show the improvement o f sim ultaneous model 

selection over the selection o f exp lana to ry  variables assuming independent observa­

tions in  both p red ic tive  coverage and mean square predictive  error. S im ula tion  

results also dem onstrate the im provem ent o f Bayesian model averaging over other 

methods in  term s o f p red ictive  coverage.

7.2 Future Research

The fo llow ing sections describe extensions o f th is  thesis th a t I w ould like  to 

pursue.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



BM A over Autocorrelation Functions

In  th is  thesis, I focus on using the M atern autocorre la tion  function  to  model the 

autocorre la tion  s truc tu re  o f the data. O ther autocorre la tion  functions such as the 

spherical and exponentia l have been used to model spatia l data  w ith  good results. 

B M A  can be expanded to  incorporate other au tocorre la tion  functions, resu lting  in 

a m ethodology th a t does not depend on the spatia l functions. A d d itio n a lly . B M A  

can average over both  isotropic and anisotropic, s ta tionary  and p o te n tia lly  non- 

s ta tionarv autocorre la tion  functions.

BM A over Different M odel Families and Transformations

B M A  can be used in  a wide varie ty o f s ituations. As seen in  the liza rd  data 

set. some s itua tions require transform ations o f the response in order to  meet the 

assumptions o f a Gaussian random field. There are two methods for incorpora ting  

transform ations in to  B M A . F irs t, transform ations can be included in to  the model 

space, so tha t one model m ay use the square root transfo rm ation  o f a p red ic to r while 

another model may use the log transform ation o f tha t same pred ic to r. Second, using 

the Box-C'ox class o f transform ations o f the response, a transfo rm a tion  param eter 

can be estim ated sim ultaneously w ith  the o ther parameters o f the models so tha t 

each model m ay use a d ifferent transform ation. Th is  m ethod was used by Hoeting 

(1994) for B M A  for linear regression models. Even w ith  the use o f transform ations, 

some spatia l da ta  sets do not meet the Gaussian assumptions. Expanding on the 

Gaussian linear models. B M A  can be used to  model average over d iffe rent model 

classes such as logistic regression models.

Improvement o f Integral Approximations

W ith  the expansion o f the model space described in  the previous tw o sections, 

in tegra l approxim ations o f (3.15) and (4.3). the posterior p red ic tive  d is tr ib u tio n
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and the in tegrated like lihood  are more im p o rta n t. W hen d irect calcu lations are not 

possible due to  the p rio r s truc tu re  as described in  th is thesis, the M L E . B IC . and 

Laplace approxim ations form  a s ta rting  po in t (Sections 3.2.3 and 4.4.3). Further 

work in  th is  area should focus on find ing faster and more accurate methods o f 

approxim ation  when necessary. The add ition  o f o ther model classes as described 

above may require more approxim ations in  ca lcu la tion  o f the posterior predictive  

d is tr ib u tio n  and the integrated like lihood.

BM A with Large Model Space

Methods need to be developed for averaging over large model spaces when the 

data are correlated. Section 4.3.2 discussed some o f the techniques used for large 

model spaces in  generalized linear models. The in teraction  between explanatory 

variables and autocorre la tion  structure  is an add itiona l challenge tha t can not be 

ignored in reducing the sample space. Extensions to  the leaps and bounds a lgo rithm  

(Volinskv. 1997) may offer one research d irection .

Prior Distributions

Research is needed in to  the specification and sens itiv ity  o f p rio r d is tribu tions  

and hvperparam eters for Bayesian krig ing  and spatia l B M A . In th is thesis I used 

conjugate p rio r d is tribu tions  to  s im p lify  the integrals in  the analysis and rescaled 

the exp lana to ry  variables to ease hvperparam eter selection.

The p rio r d is tribu tions  o f the parameters are assumed independent in th is the­

sis. W ork needs to  be done to  explore the po ten tia l dependence between autocor­

re la tion  parameters as well as dependence w ith  the variance o f the process and the 

regression parameters. There is some evidence th a t the hvperparam eters. and there­

fore the p rio r d is tribu tions  o f (3 and a 2 affect the es tim ation  o f 6.  I would like  to 

explore the in teraction  in  p rio r d is tribu tions  in  fu tu re  work.
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Computer Software

I would like  to develop com puter software tha t would s im p lify  the  use o f B M A  

for spatia l data. The package would allow for specification o f p rio r d is tribu tions 

and autocorre la tion fa m ily  selection. Most im p o rta n tly  the software would include 

graphic representations o f p red ic tion , as well as methods for assessing how different 

models fit the data.
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