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ABSTRACT OF DISSERTATION
THE COMPACTION OF AGGREGATES OF NON-SPHERICAL

VISCOPLASTIC PARTICLES

This dissertation presents a study of the compaction of aggregates of non-spherical,
viscoplastic particles under external load. A numerical model is developed in which each
particle is treated individually, including the appropriate constitutive equations, kinematic
conditions, and contact constraints, for every particle in the aggregate. The advantage of the
model is that it can be applied to aggregates of particles that have a wide range of shape, size
and properties.

A penalty iterative method has been derived to improve the efficiency of computing.
Substitution of the proper value of the bulk modulus reduces the time of convergence and
speeds up calculation. Also, the use of a sparse matrix approach saves a large amount of
computer memory and increases the capability of the technique to handle large numbers of
particles. A mesh update algorithm was generated based on a system of mixed triangular and
quadnilateral elements. The algorithm is used to detect contact, generate meshes, modify
concave elements and prevent locking. A general triangular mesh system is used to solve all
problems at the same time, but the number of triangular elements need to be appropriately
controlled due to their lower number of degrees of freedom. A series of numerical simulations
for both single and multiple materials are presented to demonstrate the efficiency and

accuracy of the model, and to visualize the process of compaction. The number of particles in
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these simulations ranges from tens to thousands. This work presents the first viscoplastic

simulation model using the discrete element method applied to non-spherical particles.

This model has been used to study the effects of particle size, shape, distribution,
orientation, mechanical properties, and compaction. As expected, larger numbers of granular
elements yield more precise solutions. However, the detailed behavior of a single element can
have considerable effect on the response of the whole system. Several factors have significant
impact on the behavior of granular systems including void ratio, void shape, distance between
voids, and void pattern. The algorithms presented here are useful for a wide variety of
problems involving granular media that can be characterized as visco plastic in this behavior.
The results presented here provide significant insight into the fundamental behavior of
granular media under compaction conditions, including prediction of the overall aggregate

stress-strain response.

Wu, Yu-Ching

Civil Engineering Department
Colorado State University
Fort Collins, CO 80523
Summer 2002
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CHAPTER 1

INTRODUCTION

The behavior of granular media is complex and often non-intuitive. Small
changes in individual particle shape or matenal properties can result in large changes in
overall aggregate response. The mechanics of granular media is important to many fields
of application, such as powder processing, snow mechanics, soil consolidation, food
processing, bitumen technology and sintering. Yet many aspects of the fundamental
mechanical behavior of granular aggregates are not well understood.

There have been many empirical and theoretical attempts to predict the basic
behavior of particle aggregates. These studies have led to significant insight into the
fundamental behavior of these materials. Among the theoretical models for granular
media, the most powerful and versatile are those that represent each particle individually.
These techniques are often labeled discrete-element methods(DEM), distinct element
methods, particle models or network models. A large number of such studies have been
made using two-dimensional representations while three dimensional studies have been
fewer in number and mostly limited to spherical particles.

Perhaps more important than particle shape, most numerical studies of particle
aggregates have been limited to either assumptions of rigid particles or small-strain

micro-constitutive theories. Whereas these limitations are appropriate for some
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applications and materials such as sands, there are many other matenals where they may
not appropriate such as polymers, lead, food products, aluminum, thermoplastics,
bitumen, and some soils. For applications associated with these materials, it may be
more appropriate to assume the particles as visco-plastic matenals which, during
compaction, undergo plastic strain-rates that are large in comparison to the
corresponding rate at which elastic strains are changing. Under such an assumption, it is
possible to follow the compaction process through large strains without mathematical
complications.

The purpose of this research is to investigate the use of a particle model to study
the fundamental behavior of aggregates made up of visco-plastic particles, during and
after compaction. Finite element formulations of visco-plastic materials have been
derived to solve several types of two-dimensional problems, such as plain strain with a
constraint of incompressibility, a viscous approximation for steady creeping flow, and
steady-state radial flow (Thompson (1975), Dawson and Thompson (1978), Shimazaki
and Thompson(1981)). In this work, a discrete element model is developed in which
each particle is treated individually, using appropriated constitutive relations, kinematic
conditions, and contact constraints, for every particle in the aggregate. It is the first ime
for visco-plastic application to discrete element method on non-spherical particles. The
advantage of the model is that it can be used in every different particle shape, size and
mechanical properties of particle assembly. However, the detailed behavior of a single
element can have considerable influence on the behavior of the whole system. The
current research is for the first phase of a two phase investigation of this topic, and it is

limited to two dimensional simulations. The second phase will be to extend the results
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and techniques developed for two-dimensional simulations to three dimensions and that
will be the subject of a later project.

The difference between spherical and non-spherical particles is the contact
condition. For a sphere, there is always only one contact point no mater what size of
particle and what direction two particles are touched. But it is not true for non-spherical
particles. Infinite types of contacts might appear in a non-spherical particle assembly.
The first issue is how to use a general mesh system to quantify and qualify all possible
situations. The current project focuses on development of suitable elements to model
individual particles for the simulation of aggregate behavior during and after compaction,
and use of this model to investigate macroscopic stress as a function of relative density
and the effect of random size, shape and orientation of particles at the beginning of
compaction on the compaction process and the final compacted solid. A triangular mesh
system has been generated to offer effective solutions for several problems such as
contact detection, concave element modification, and mesh generation. To detect contact
and concave element, we calculate the area of every element. When any element turns to
be zero or negative area, mesh generation is installed. Mesh generation is a simple
process of adding one node and one triangular element into the whole mesh system.
Although the triangular element has temrific characteristic that it is easy to be organized
and systematized, locking is a possible drawback for viscoplastic material. However, the
limitation of quantity of adjacent three-node elements reduces the possibility to the least.
Therefore, the mesh update algorithm includes a subroutine which mixes any two
connected triangular elements together. The similar generation method is used for

multiple-material granular systems. However, the composite aggregate is more
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complicated due to variety of materials. A special algorithm is developed to deal with
two adjacent triangular elements with two different materials. A series of computer
simulations are created to visualize the process of compaction, and to test the efficiency
and accuracy of the numerical model. The relation of stress and void ratio is studied for
several various granular systems. The systems with more degrees of freedom got
smoother curve than those with less degrees of freedom. It indicates that the larger
granular systems yield the more precise and stable solutions. Although the systems with
less number of particle are less accurate, all experiments show that stresses dramatically
increase when the density is high.

The cost of computation is another important issue concerned in the current
study. The storage of sparse matrix increases the size of assembly from one thousand
particles to about four thousand particles. We developed a penalty iterative method
which improved the efficiency of computation by substituting a proper value of bulk
modulus. An analysis of matrix and development of iterative procedure make the
iteration converge at once. It reduces the cost of computation in some cases.

Various numerical experiments have been made to study the effects of particle
size, particle shape, density, distribution, orientation, property, and compaction. Several
particle assemblies of different quantity ranged from tens to thousands of particles are
experimented. Density has been proved to have a significant effect to macroscopic
conditions. The low-density aggregates have less stiffness. It slightly increases when
density increases. It has dramatic change when the density is close to one. As expected,
the system with the larger average particle size is stiffer. Also, the small granular systems

are unstable. Void shape and distribution of voids have considerable impact on the
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macroscopic behavior of the global systemn. Generally, uniform distribution and
similarity of shape increase the stiffness. Triangular and concave quadrilateral elements
are stiffer than normal polygons. After hundred of cases have been tested, all have close
stress components in x and y directions, it is demonstrated that onentation does not affect
the macroscopic behavior too much. Two different types of compactions, isostatic and
close-die compactions have been tested. With high density, when the incompressibility
has been almost achieved, stress components in x and y direction are almost the same for
both cases.

The final stage of research focuses on the considerable difference of overall
aggregate response among hundred of cases which have the same density and random
particle distribution. In addition to void ratio, there are some factors that significantly
affect the macroscopic behavior of granular systems, including void shape, distance
between voids, and void pattern. According the analyses presented here, it is not accurate
to use a single element to represent a single particle. The alternative method is to use
four elements to represent one particle. Void shape has a significant impact on global
behaviors. The result of void shape test demonstrates that there is approximately 29
percent difference between the disk with a circular void and the one with a square hole.
Nearness of voids is another parameter. When two voids are getting closer to each other,
the stress components drop dramatically. Void pattern is a minor factor compared with

other vanables, but its effect is noticeable.
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CHAPTER 2

LITERATURE REVIEW

The fundamental characteristic behind the physics of granular materials have
been well-developed during the last decade (Jaeger and Nagel (1992), Jaeger, Nagel, and
Behinger (1996), Herrmann and Luding (1998)). One of the most interesting features in
granular media is the transfer of force. Unlike a continuum, for which the stress and
displacement components are continuous quantities that result in fairly smooth
distributions of elastic fields throughout most regions, the discrete nature of granular
materials gives rise to force chains that are non-uniform and that depend significantly on
local density and orientation of individual particles. These have been many studies of
these force distributions in two-dimensional packing including those of Liu et a. (1995),
Radjai et al. (1996), Coppersmith el al. (1996), Hong (1993), Liffman et al. (1994),
Wittmer et al. (1997), Luding (1997), and Matuttis (1998). These studies used several
different shapes for the particles, including the relatively simple idealization of a circle

up to the more complex polygon.

2.1 FORCE DISTRIBUTIONS AND GLOBAL AGGREGATE STRESS
One of the key features of force distributions and the simultaneous development
of global aggregate stress under static or quasi-static conditions is the strong dependence

on boundary restraint. A particle aggregate in a constrained structure such as a silo does
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not exhibit a linear increase with height such as that found for a fluid, but instead reaches
a critical value (Janssen (1895)) because of friction and arching within the aggregate. In
unrestrained aggregates such as sandpiles, there are no walls available to take part of the
weight and hence the bottom of the pile must bear all the weight. It is at this stage that
force chains are observed to act, distributed throughout the aggregate and dependent on
history. One of the reasons for renewed interest in force distributions is that experimental
evidence (Jotaki and Moriyama (1979) and Trollope and Burman (1980)) indicates the
existence of pressure minima in granular cones. Under more general loading conditions,
force chains can develop in a manner that depends strongly on particle shape, size, and
density, and as the aggregate compacts and individual contacts spread from a point to
adjoining edges, the evolution of these force chains develops in a manner that is still not

well understood.

2.2 YIELD BEHAVIOR

Another key feature of particle aggregates is yield behavior. This is perhaps best
described through the traditional mechanics concept of a yield or creep dissipation
surfaces. However, it is first necessary to treat the aggregate as a macroscopic continuum
and develop a means of transitioning from particle force to aggregate stress. One of the
most complete sequences of treatments of yield surfaces in powder aggregates are those
of Fleck and co-workers (Fleck (1995), Fleck, Kuhn, and McMeeking (1992), Fleck,
Storakers, and McMeeking (1997)) and Storakers et al. (1999). These studies considered
an analytic treatment of powder aggregates of spheres under a variety of material

behaviors. Although the assumptions used in these studies did not consider the behavior
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of individual particles, they showed for the first time the basic behavior of precompacted
powder aggregate yield surfaces for plastic and viscoplastic material response. Yield
surfaces were found that agreed very well the experimental results of Akisanya, Cocks,
and Fleck (1997) and showed yield surfaces for aggregates precompacted under cold
isostatic and closed-die compaction. However, this study used the assumption of affine
motion for the particle aggregate and also did not consider the behavior of each

individual particle, but instead used average or effective properties of the particles.

2.3 THE DISCRETE ELEMENT METHOD

The discrete-element method (DEM) has been used far more than alternative
approaches in modeling particle aggregates. The phrase “discrete-clement” was
originally used by Cundall and Strack (1979) in what has become perhaps the most-cited
paper in particle mechanics. The acronym DEM can at times be misleading because a
wide variety of assumptions can be used to model granular assemblies, and in fact other
names have been used for similar models of particle behavior. Yet the basic mechanics
of treating individual particles rather than smearing the behavior out over a continuum
has seen significant extension, modification and application (Bathurst and Rethenburg
(1988) , Thorton (1988,1997), Bashir and Goddard (1991), Dobry and Ng (1992)). Many
of the key features of particle aggregates can be captured using spheres or, in two-
dimensions, circles; yet other shapes such as ellipses (Ting 1992), superquadrics
(Williams and Pentland 1992), continuously connected circular segments (Potapov and
Campbell (1998), and polygons (Issa and Nelson 1992) have been used. In terms of

constitutive models for the particles, it is common to represent only the kinematic
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relations between particles or use only linear elastic constitutive relations. Although
simple to model and useful for tracking stress in an aggregate, these are not as useful to
model a packing that compresses and generates contacts that evolve from point to line or
surface.

The characteristics of the discrete element method as they have been applied to
date in particle mechanics are to model the kinematics and kinetics associated with the
constant change in position and force balance from contacts between adjoining particles.
It is somewhat intuitive that spheres, with normal contact forces that always act through
the particle centers, a lack of sharp comers, and the associated difficulties (Krishnasamg
and Jakiela (1995)) would be the easiest to analyze. This is in fact the case. However, it
is also often the case that although the word “sphere™ is used to described a problem. it is
actually a long cylinder in two-dimensional analysis. Three-dimensional applications,
even for spheres, are rare. Jagota and co-workers have made several three-dimensional
studies of spherical particle aggregates for sintering applications (Jagota et al. (1988,
1990, 1995)). Parahami and McMeeking (2000) have studied the overall constitutive and

yield surface behavior for aggregates of perfectly plastic spheres.

2.4 ELASTO VISCO-PLASTIC FLOW
In addition to granular system, elasto visco-plastic flow has also been
investigated in the past two decades. Zero mean strain rate leads to the Euler equation
specifying material incompressibility. Through the use of a Lagrange multiplier, which
indicates the physical meaning of mean normal stress or pressure, the finite element

formulations incorporates the constraint of incompressibility into the potential energy
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functional. Complete incompressibility has been defined as the constraint condition can
be satisfied everywhere within an element, whereas average incompressibility means that
the constraint is satisfied only in an average sense for the entire element. Such finite
element formulations have been established to solve several types of two-dimensional
problems, such as a plain strain with constraint of incompressibility, a viscous
approximation for steady creeping flow, a non-trivial steady-state radial flow (Thompson
(1975), Dawson and Thompson (1978), Shimazaki and Thompson(1981)). However, no

paper focus on granular systems made of incompressible matenials.

2.5 THE CONTACT PROBLEM

The contact problem is another important issue of granular system under large
deformations. Solutions of the contact problem include equation derivation and mesh
update. Geometric compatibility is an important condition need to be considered. Planar
contact cases for elastic materials involving sticking, frictional sliding and separation
have been well developed. The incremental potential of the contact forces is added to the
Euler equation while contact is occurring. Various frictional resistance for sticking and
sliding conditions are substituted into the incremental potential (Chan and Tuba (1971),
Goodman, Taylor and Brekke (1968), Wilson and Parsons (1970), Francavilla and
Zienkiewicz (1975), Herrmann (1978), Okamoto and Nakazawa (1979), Kalker, Allaert
and Mul (1981), Bathe and Chaudhary (1985)). However, according to our knowledge,
the contact problem of visco-plastic granular system with non-spherical particles has
never been investigated. For non-spherical particles, the point of contact does not have to

be only one. It is very different from spherical objects. Also, the goal of the current study

10
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is not only focus on one step. In other words, we want to simulate the whole process of
the compaction. So one of the challenges is to update the mesh system and keep running

the next step. For that, we need a good mesh generadon algorithm.

2.6 MESH GENERATION

At a discrete model level, mesh generation is critical for finite element methods.
One of the key points is to build up mesh automatically no matter what shape the object
is. Numerous research have focused on the development of automatic mesh generation
techniques. One of the most interesting methods is called Intelligent Local Approach
(ILA), in which size and aspect ratio of meshes are well controlled (Yagawa, Yoshioka,
Yoshimura and Soneda (1993), Yagawa, Shioya (1993), Yoshimura, Wada, Yagawa
(1999)). Potentially, the similar method can be generated for automatic mesh update of
discrete element model. Triangular elements have been well developed for mesh
generation(L.L. Schumaker (1987) and R. Sibson (1978)). One of the most useful
method is called delaunay triangulation. Delaunay triangulation is to produce the
triangular-element mesh system for given nodes, in which those elements have most
proper size and shape for finite element calculation. Also, voronoi diagrams, in which the
Denaulay triangulation can be developed, have been investigated(F.
Aurenhammer(1991)). In the present research, although the triangular mesh system is

used, how to prevent locking is another issue particularly for visco-plastic material.

11
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2.7 THE PRESENT STUDY

In the present study, particle aggregates made of high temperature aluminum or
asphalt using a particle (or DEM) model of each individual particle are studied. The
particles are non-spherical, two-dimensional, viscoplastic elements. Each particle is
modeled to determine the global response of the entire aggregate. The overall particle
aggregate stress-strain behavior for non-spherical particles in two-dimensions is studied
to determine the relationship between aggregate density and applied stress, and the
nature of how the several factors such as void shape, distance between voids, and void
pattern in particle aggregates, affect and eventually transform into the macroscopic
constitutive behavior of the aggregate. One of the fundamental questions is the effect of
particle size and shape in terms of aggregate response. Our research objectives are based
on the hypothesis that particle shape, and the history of the deformation process, both
strongly influence the aggregate response, and that models using only spheres and
limited to small strains, while extremely useful, prevent the investigation of many of the
phenomenon important to powder and granular media technology. The results of study
provide a fundamental and new foundation from which to launch future studies.
Application areas are broad, and extensions to include a vanety of constitutive models,

composite aggregates, and stochastic processes are numerous.
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CHAPTER 3

PROBLEM FORMULATION

In this chapter, the equation of equilibrium, the constitutive equation, the Euler
equation, the stress-strain rate relation and the corresponding matrices form are
presented. Through the use of a Lagrange multiplier, which indicates the physical
meaning of mean normal stress or pressure, the finite element formulations incorporate
the constraint of incompressibility into the potential energy functional. Complete and
average incompressibility have been defined. Two numerical methods, the mixed method

and the penalty iterative method, are generated.

3.1 GOVERNING EQUATIONS

The equation of equilibrium for an incompressible material in a region V
bounded by a surface S is given as

cyy *PXi=0 inV (3.1)
where o, is stress rate tensor, and p is the density of the material. The incompressibility
is achieved while ;=0 in V. The constitutive equation for the incompressible material is
given as

o, =-pd+2Gg (3.2)

where g, 1s strain rate tensor, G is modulus of viscosity, and p is pressure given as

13
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C.
=.2d =_§ 33
P=-3 (3.3)

where G is mean stress. The bulk-modulus-stress relationship is
¢ =K Erk (34)

where K 1s viscous bulk modulus. The stress-strain rate relation can be written as

g = %(u,-,- +u,) 3.5
where u; is velocity vector. The boundary conditions are given as

o,vi=T onSs (3.6)

u=ua, onS, 3.7
where v; is unit normal vector to an element on S, T, and &, equal the specified surface

tractions and velocities respectively. Lamb has shown equations (1) and (5) to be the

Euler equations for the functional

J= [Geg,dv - LT_;u,.ds - [ pXuav (3.8)

When minimized with respect to all incompressible flow fields satisfying the

prescribed boundary values #,on S,. The Lagrange multiplier p for the constant

condition can be incorporated to include compressible and incompressible fields.
J= [Geg,av - [ pe,dv - L Tuds - [ pXudv (3.9)
The corresponding weak form is
8J= [ 8,2Ge,dv - [ de,p8,dV - [ ope.av - ‘[ Tou,dS
- [ pxBudv (3.10)
Variation of J* with respect to p gives

14
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8= [dpe,dv =0 (.11)

The following finite element approximations within an element e are now defined

fucy)) =INL (U (3.12)

{6 t=INL {5}, (3.13)

The strain rate can be given in according to differentiation of equation (3.11) and
equation (3.5) as

{ecen d =INL LU (3.14)

We also define

e.=Lh){e} (3.15)

{o'1=[M]ie} (3.16)

The virtual work expression in matrices from can now be written as

&, = {8U 1 [K ]AU }e — {8U 1 [G Jetple - 18P} [G )etU }e

- {8U }e" {FY. G.17)

where

[Kl=[ [N M[N1aV

[Gl=[ [Nl N1V

(Fle= [ INLT{Tyds+ [ [NL (X}av

Summation of all element matrices provides the govemning finite element

equation
(K] [GY {{U}}= {{F}} 518)
[G] [0]jip} {0} '
15
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3.2 NUMERICAL METHODS
There are two numerical methods introduced in this section. In the first division,
the mixed method is derived. The internal energy is presented in terms of the strain rate.
The vanational internal energy in terms of the components of strain is given. In the
second division, the penalty iterative method is introduced. Both complete

incompressibility and average incompressibility are defined and presented.

3.2.1 The Mixed Method

From equations (3.2), (3.3), (3.4), the constitutive law can be modified as

6, =2G¢e’y + 3K eud; (3.19)

The approach of the mixed method is to let the viscous bulk modulus X much
larger than the modulus of viscosity G. Then it leads to material incompressibility, £,4=0.
Then the constitutive equation can be rewritten as

o, =Cyg ij=1...3 (3.20)
where C, is the tensor of modulus of viscosity. The single subscript for the stress
components represents the double subscript notation such as //=1, 22=2, 12=3. The
viscosity constants are given by C;;, C;>, C:> and C;;. The matrices form is given as

o-l Cll CIZ 0 8!
o.r=(C,, Cnn 0 K&, (3.21)
o, 0 0 GC,lle,

where C;;=C,=2G+K, C;3=G, and C;;=C,,=K.
H s the internal energy per volume, and can be expressed in terms of the strain

rate
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H(S; =%C,j8,€j (3.22)

The variational internal energy in terms of the components of strain is given as
OH = Cjjy €;06u
=Crede+ Ci£106+ Ca €2 861+ Cr€:06:+ Cs3€3063 (3.23)
Using the first vanation of internal energy, the stress-strain rate relations are
substituted into the Euler equation. The corresponding form is given by

— Ou Odu Ou odv Ov Odu ov odv
0= .[ {C”E;"’CL’&-&‘—’*’CJI?&E*'C:JB;E*'

+C33(é+i)(@+é§z)}dxdy (3.24)

ov o oy ox
A four-node element, Figure 3.1, and a three-node element, Figure 3.2, are used

in the finite element model. The shape functions are given as

v
Nituv)=(l-u)(1-v)
‘ 3
N>uv)=u(l-v)
Nitu,v)= uv
Nauv)=v(l-u)
! —pUu

Figure 3.1: A four-node element
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Niuv)=1-u-v
X
N(u.v)=u
Nituv)=v
! : > U

Figure 3.2: A three-node element

Substitution of the approximate velocity varations into the weak forms and

collecting terms allows for writing the final equation in matrices form as

[[Ki'] [Kj]H{u}}z {‘Fi’} (3.25)
(K] K21l U4F)

The disadvantage of the penalty method is that it is easy to get ill condition

matnces duning calculation.

3.2.2 The Penalty Iterative Method

In this division, there are two parts, complete incompressibility and average
incompressibility. In the first part, the relation of the bulk modulus and the mean stress is
mtroduced. The constitutive equation is substituted into the virtual expression. The
iterative process is written in terms of matrices forms. The iterative method for average

incompressibility is presented.

18
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In order to develop the iterative method, it is first necessary to factor the bulk-
modulus-mean-stress relationship as follows

G =(Ko+ AK Jeu (3.26)
where K is reference bulk modulus, AKX is difference between reference and actual bulk

moduli. Rewrite as

to obtain
1 _ AK
Ep=——0 — (]
K, K, (K, + AK)
Hence
AK
=K +| ———F 3.27
7= Rofu (K0+AK}’ (3.27)

Substituted the constitutive equation (3.27) into the virtual expression, equation

(3.10), this form allows us to use the factored form of the bulk-modulus-mean-stress

relationship to obtain
[ 56,268 +Ke,8, 10V + [ 86, (5 —)6,51dV - [6uXdV
, L) y L) . '] Ko +AK L} ' i
- [suTds =0 (3.28)

Let n be the current iterative number, then solve the following equation for
displacements based on the current value for the mean stress & ()

: AK
[ 82,12Ge";+K 5,8, 1V = - ‘[Je,,[(?———
0o

Vil [ u.x.av
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+ [suTds =0 (3.29)
After the displacement field is obtained, update the mean stress using
(6516, 1dV = [ﬁ[( SV - Laaxoe,,dV (3.30)

where the weak form is used to be consistent with the weak form of the equation of
motion. These two equations are solved iteratively until there are only insignificant
changes in the mean stress rates or velocities.

The matrices form of the weak formula can be written as

[K]{U} =-{Fs} +{F} (331

where

(k1= 3 [INT(MIN' 1Y

[F, 1= Z [~y v LAl

(F= 3 [ (NI X1V + Y (N, THS

The mean stress is determined using

- AK - '
& = (g o [ VK SN HUav (3.32)

To know why it is convergent and how fast it is converged, the following analysis

is made. Let us define
[Kol = [N, }K[SIIN"JaV (3.33)

where
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[Sl=

1 1O
1 10
0 00O

The iterative process can be written in terms of matrices forms as
(D) i=1, [K){uhi={F}; {uh=(K]"{FY;
() i=2, [K){u}={F}-{ F, h={F}-[Kol{ubhi={F}-[KJ[KT " {FY=([-[Kol[K]){F};
fub =Kol (DHKKT Y {FY;
{ Fe Y-t F; bo=IKOIIKT {FY;
() i=3., [K{ubs={F}-{ F, } ={F}-[Kol{uh-{Kol{u} 2
={F}-[Kol[KT" {F}-[Kol[KT (T-[Ko) (KT )¢ F
{u} y={KT" (O-{KaIKT - [Ko]IKT (- [KOI(KT W FY
{F, bo-t Fy =Kol {ub =Kol [KT (T Ko)[KT ) F
() i=4, [K)lubs=tF}-{ F, }s=F}-[Kolfuhr-[Kol{u} - [Ko) tu}s
={F}-{Ko)[KT" {F}-[KallKT ([T KOl[KT ) ¢ F-
[KoJKT ((-{Ko)[KT - Kal I KoM KT W F
{Fe ot By YKol uds=[Kol KT (K] [KT - [Ka][KT " (D-[Ko)[K] W FY
={KoKT (D-IKOMKT 'V AF} oo
i=n, { Fy boa-{ F; bor=[Ko][K] ((-IK[KT ) {F}
When the value of Kj is large, [Ky] = [K], and the value of [I]-[Ko][K]" is small.

Hence, it would be converged very fast and save computation cost.

3.2.2.2 Average Incompressibility

Equation (3.18) can be modified as
21

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



(3.34)

€] lo] feh. (e}
1 =
01 ] [lie ol
Here £ is a large positive number which can be increased sufficiently to make equations
(3.18). (3.22) nearly equivalent. Let’s define & as

E=8 +AL (3.35)

1__1 =:i- as (3.36)

Substitution into equation (3.22) leads

1 AE _
(OWh [ - iy b 63

We then derive the following pressure updating equation as

{P.. =[GE. U} + 1P} (3.38)
The main iterative equation of average incompressibility is

[x}v}=tFi-[GT {P} (3.39)
To be convergent, & has to satisfy the following condition.

1
0< < —
&o B’

1: is the maximum eigenvalue of the matrices [K].
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CHAPTER 4

NUMERICAL EXPERIMENTS

There are two sections in this chapter. In the first section, numerical experiments
on void ratio of granular systems are presented. A couple of comparison among various
cases with different particles, compaction types, and stress components are made. The
second section focuses on a series of numerical experiments and tests for assembly with
the same void ratio. [f the solutions of randomly distributed granular systems are
converged or not while the number of particle increases is the main issue of these
experiments. The factors which might affect convergence include void ratio, void shape,

degree of freedom, particle number and so on.

4.1 NUMERICAL EXPERIMENTS ON VOID RATIO
The purpose of this section is to demonstrate that void ratio is a significant
vaniable which significantly affect behavior of granular systems, no matter what size they
are, which type of compaction is loaded, and which direction of the stress component is.
There are three divisions in this section. In the first division, a comparison among cases
of different particle number is made. The second division introduces a comparison
among cases loaded different types of compaction. In the third division, a comparison of

stress components in two different directions is given.
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4.1.1 A Comparison among Cases of Different Particle Numbers

In this division, several granular systems of different size are compared with one
another. In Figure 4.1, comparison of stress-density relation of isostatic compaction for
several single-material granular systems containing different number of elements is
given. In Figure 4.2, similar comparison is made for a few muitiple-material aggregates.

Figure 4.1 gives the comparison of stress-density relation of isostatic compaction
for 10-element, 75-element, 296-element and 1076-element single-material system. It
indicates that the stress component on 75-element, 296-element and 1076-element
aggregate is less than one on 10-element system after density is more than 0.87, the most
likely because the systems have more degrees of freedom. Also, the 10-element system is
unstable when the density is 0.98. As expected, as more elements are used to describe the

system, the results stop changing.

200 —o— 10-element
180 —a— 75-element
160 —a— 296-element
140 —u— 1076-element
120
100

Stress
3

-200.5 0.6 0.7 08 0.9 1
Density

Figure 4.1: Comparison of stress-density relation of isostatic compaction for several
granular systems containing different numbers of elements.
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Figure 4.2 gives the comparison of stress-density relation of isostatic compaction
for 10-clement, 75-clement, and 296-clement multiple-material system. It indicates that
the stress component on 75-element and 296-clement is less than one on 10-element
system after density is more than 0.85, the most likely because the systems have more
degrees of freedom. Also, the 10-clement system has an unstable curve. As expected, as

more elements are used to describe the system, the results are nearly converged.

200
—eo— 10-element

180 —a— T5-element
160 —x— 296-element

140
120
100

STRESS
8

0.5 0.6 0.7 0.8 09 1

DENSITY

Figure 4.2: Comparison of stress-density relation of isostatic compaction for several
granular systems containing different number of elements.

4.1.2 A Comparison among Cases with Various Compaction Types
In this division, the cases of two different compaction types are compared with

one another. In Figure 4.3, a comparison of stress-density relation among different types
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of compaction for the 296-element single-material granular system is presented. In
Figure 4.4, a similar comparison for multiple material assembly is introduced.

Figure 4.3 shows a comparison of the stress-density relation between isotropic
and close-die compaction for the 296-element granular system. The results of three
compaction are quite different at the beginning. However, when incompressibility is
almost achieved at the end, the results of three different compactions are pretty close in
behavior, because incompressibility indicates that stress or strain component in X
direction on x face should be equal to one in y direction on y face.

—a— isostatic compaction
- close-die compaction fixed in x
—e—close-die compaction fixed iny

1.2

1

> 0.8 -
- -
& 0.6
o
b
? 04

0.2

0 -
0.7 0.72 0.74 0.76 0.78 0.8
De nsity
—a— isostatic compaction

6 - .close-die compaction fixed in x

5 —e—close-die compaction fixed in y
> 4
>
€ 3
@

2

1

0.8 0.82 0.84 0.86 0.88 0.9

Density

Figure 4.3: Comparison of stress-density relation among different types of compaction
for the 296-element granular system.
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Figure 4.4 shows a comparison of the stress-density relation between isotropic
and close-die compaction for the 296-element granular system with muitiple materials.
The results of three compaction are quite different at first. Similar to the previous
experiment, when incompressibility is almost achieved at the end, the resuits of three
different compactions are pretty close in behavior, because incompressibility has almost

been achieved.

-—eo— i$ Otatic compaction
4 —-m—close-die compaction fixed in x direction
—a—close-die compaction fixed in y direction

STRESS
~

065 075 08s5
DENSITY

300

—e— 1508 1atic coOmpaction

250 -—a—Cclose-die compaction fixed in x direction
- close-die compaction fixed in y direction

200

STRESS
-
v
=)

100

50

084 086 088 o9 092 0 94 086 098 1
DENSITY

Figure 4.4: Comparison of stress-density relation between isotropic and close-die
compaction for the 296-element granular system with multiple materials.
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4.1.3 Comparison of Stress Components

The main purpose of this division is to compare the stress component in x
direction with the one in y direction. There are two figures given in this division. Each
figure has three diagrams which represent the response of three different cases of void
ratios.

Figure 4.5 shows a comparison of stress in the two directions for close-die
compaction with =0 on the boundaries of the 1076-element case. There are three
diagrams in Figure 4.5. The first diagram demonstrates the stress components of the
density from 0.71 to 0.8. At the beginning, the stress component in the x direction is
approximately 60 percent of the one in y direction. In the second diagram, the stress
components of the density from 0.81 to 0.9. These two stress components are getting
closer. In the third diagram, that the two stress components have highly closeness

indicates that incompressibility has nearly been achieved.
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0.7 0.72 0.74 0.76 0.78 0.8 0.82
Density
3.5
—e— Stress XX
3 —m— Stress YY
2.5
2 2
4
o 1.5
1
0.5
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0.8 0.82 0.84 0.86 0.88 0.9 0.92
Density
50
45 —e— Stress XX
40 —a— Stress YY
35
e 30
& 25
b
@ 20
15
10
5
0 : : .
0.9 0.92 0.94 0.96 0.98 1

Density

Figure 4.5: Comparison of stress in x and y direction for close-die compaction fixed in x
direction of the 1076-element assembly.
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Figure 4.6 shows a comparison of stress components in the two directions for
close-die compaction with «=0 on the boundaries of the 1076-element multipie-material
case. There are three diagrams in Figure 4.6. The first diagram demonstrates the stress
components in two directions of the density from 0.69 to 0.81. At the beginning, the
stress component on the moving face is about 20 percent higher than the one in the other
direction. The second diagram shows stresses of the density from 0.81 to 0.91. The two
stress components are much closer than the one shown in the preceding diagram. In the
third diagram, the two stress components are very nearly equal indicating that

incompressibility has nearly been achieved.
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—a— Stress YY
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0.8 0.82 0.84 0.86 0.88 0.9
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140
—eo— Stress XX

120 —a— Stress YY

100
80
60

STRESS

40
20

0.9 0.92 0.94 0.96 0.98 1
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Figure 4.6: Comparison of stress in x and y direction for close-die compaction of the
1076-element assembly.
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4.2 THE OTHER NUMERICAL EXPERIMENTS

In this section, the objective is to search what the other parameters are. The first
hypothesis is that distribution of particles is one of other important variables which have
some degree of impact on macroscopic behavior of the entire granular system. The
experiment method used here is to keep density constant, and let particle be randomly
distributed. Results demonstrate distribution of particle surely has an important effect on
the granular system. However, results surprisingly show that random distribution of more
than 2000 particles still has approximately 15 percent difference among tens of granular
systems with the same void ratio. So the second conjecture is granular systems are
affected by some other variables, such as the number of degrees of freedom, void
position, distance between voids, and void shape. Using the same experiment method,
the factors are tested one by one separately to determine if any of them has considerable
influence on the response of the whole system. The details are reported in the following
divisions.

In this section, there are seven numerical experiments made and reported in
detail. The first division introduces the experiment on particle number, including bulk
modulus and shear modulus tests. In the second division, numerical experiments on
element shape are given. In the third division, the experiment on the number of degrees
of freedom is introduced. The purpose of the experiments shown in the second and the
third division is to eliminate numerical miscalculation. In the fourth division, the
experiment on void position is presented. The fifth division demonstrates experiments on
nearness of voids. In the sixth division, the void shape test is reported. Finally, the

seventh division shows the experiment on fixed void ratio, void shape and nearness of
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voids to verify the three variables create considerable difference among the previous
tests.
4.2.1 The Experiment on Number of Particles

The purpose of this experiment is to figure out if particle distribution affects the
response of the whole granular system or not. From the previous section, it is validated
that void ratio is one variable which indeed has some degree of effect on aggregates
behavior. In this experiment, the density is fixed in 0.8125. In several cases in which
numbers of particles from 81 to 2031 are randomly spread in a square area. Then stresses
are calculated in one time increment. The procedures are repeated 30 times for 30
different randomly disseminated cases. Appendix A shows 30 cases of 1300-element
granular systems and their local density analysis. The contour diagrams demonstrate
random distnibution of particles. Figure 4.7 shows the numerical results of the
experiment. There are nine cases with different particle numbers, which are 81, 183, 325,
508. 731, 995, 1300, 1645, and 2031. In the figure, the numbers following the particle
numbers are the degrees of freedom. For instance, the 81-particle system has 281 degrees
of freedom. Among 30 different 81-element systems, approximately 50 percent gap of
difference i1s found. In contrast with these 81-element aggregates, the 2031-element
systems have about 13 percent range of difference. It obviously proves that particle
scattering is the other variable which has significant impact on behavior of granular
systems in addition to void ratio.

However, the range of difference among 2031-particle systems is surprisingly
big. It is assumed that random spread of a huge number of particles would pale the

difference of solutions and make them converge to one single value. The huge range of
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difference indicates that there are some other variables which have influence on the
results.

In Figure 4.7, there are two gaps of interest. One is between the dash line 1 and
the dash line 2. The gap represent the difference of bulk moduli among various granular
systems. The other is between the dash line 3 and the dash line 4. This gap indicates
difference between the stress component in x direction and the one in y direction. Figure
4.8 shows that standard deviation of stress components for 9 different size of granular
systems. In Figure 4.9, standard deviation of difference between the stress component in
the x direction and the one in the y direction is demonstrated. Both figures of standard
deviation show some fluctuation, because, in the point of view of statistics, 30 cases for
each type of granular systems is not big enough to be an ideal sample. However, as more

particles are used, the results are closer.

©81(281)
25 m 183(633)
325(1125)
508(1758)
2 X 731(2531)
@ 995(3445)
+ 1300(4500)
1% -1645(5695)
s -2031(7031)
(-]
#d 1
0.5
0 05 1 15 2 25

Figure 4.7: The numerical results cti@@aX¥eriment on number of particles
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Figure 4.8: Standard deviation of stress components for nine different sizes of granular
systems
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Figure 4.9: Standard deviation of difference between the stress component in x direction
and the one 1n y direction
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In addition to compaction tests, simple and pure shear tests are made to examine
the granular system. Figures 4.10, 4.11 show that the solutions of shear stresses of 3¢
1000-particle granular systems with random particle size and position and the same
density under shear load. The range of variation among the 30 cases is around 20

percent. The next goal is to find the variables to which the granular systems are so

sensitive.
0.15
sa® Ss_ Sag g8 8y
0.1 .l'. ae !. . L] un
0.05
o Stress YX
] = Stress YX
> 0 ‘ Stress XY
@ 0 5 10 15 20 25 30 35 Stress
Stress XY
0.05
-~ 3 o0
0.1 "0 0000 . . . .. A *
ve ®
0.15
Case

Figure 4.10: The results of the simple shear tests
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Figure 4.11: The results of the pure shear tests

4.2.2 Experiments on Mesh Element Shape

The hypothesis from the foregoing division is there are some other factors which
considerably affect the macroscopic behavior. The first thing to do is to tune up the
numerical model to eliminate all numerical flaws. The numerical experiment on mesh
shape is made to test if mesh shape makes miscalculation or not. In a square hollow disk
with a square hole on the center shown in Figure 6.1, tens of different styles of mesh
systems are generated, and these meshes are used to run the finite element model. Results
shown in Figure 4.12 demonstrate the difference of 30 cases is less than 2 percent. One
of the most important reasons to create the numerical error is that the pressure for each
mesh element is not constant. Because the numerical error is little, the results eliminate

mesh shape as the main reason to cause problems.
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Figure 4.12: The results of the mesh shape test

4.2.3 Experiments on Number of Degrees of Freedom

One assumption to use the discrete element method, in which each particle is
treated as an element individually, is that the random distribution of a huge number of
particles will diminish the influence of individual behavior. However, the around 15
percent of difference range demonstrates that it is necessary to examine the original idea.

In contrast with the mesh shape test, the experiment on numbers of degrees of
freedom is made to determine if numbers of degrees of freedom make macroscopic
behavior different or not. The experiment is made as following. Stress components of
two square disk with a square area of void on the center are calculated using the finite

element program with different degrees of freedom from 16 to 6400 shown in Figure
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4.13. The results presented in Figure 4.14 show that as a single element represents a
single particle the stress component is about 6.8, around 100 percent different from the
converged solution, which is approximately 3.0. However, using four elements reduces

the error to approximately 10 percent. It indicates that a single element can not represent

a single particle in the finite element model because it makes particles too stiff.
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Figure 4.13: The 20 cases of the experiment on numbers of degrees of freedom
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Figure 4.14: The results of the experiment on numbers of degrees of freedom
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It is assumed that the increase of degree of freedom would decrease the range of
stress differences and make them converge to one value. However, the following
experiment disprove this hypothesis. The purpose of the following experiment is to show
what happen if the degree of freedom increases. Figure 4.15 shows that the increase of
degree of freedom shift the solution to about a half and the range of difference is
decreased. However, the variation is not converged to a single value. In other words, the

considerable difference still exists among the random spread granular systems.

@ 300 particle assembly 900 degrees of freedom
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# 300 particle assembly 2700 degrees of
freedom
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Figure 4.15: The increase of degrees of freedom shifts the solution to about a half.

Two significant conclusions can be drawn in this division. One is that the solutions

of the discrete model in which each particle is treated as a single element individually

need to be modified in some degree. Using four elements to represent one particle is
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suggested due to its accuracy and efficiency. The other is that there are some variables
which have noticeable impact on the macroscopic behavior of granular systems. The
suspicious factors include void position, distance between voids, and void shape. The
relevant numerical experiments on all factors are made individually and discussed in the
following divisions.
4.2.4 The Experiment on Void Position

The experiment on void position is made to investigate if the void position is a
factor having noticeable effect on global stresses. There are nine granular systems. Only
one square void is put in each system. These voids are put in different positions of these
systems. Stress components of all of systems are calculated and compared with one
another. Figure 4.16 shows the nine experimented systems and their results. The
closeness of these stress components disqualifies void position as one of main variables

which have greatly influence on macroscopic behaviors.

6x=35.145, 6,,=35.145 6xx35.090, 6,,=35.091 6x=34.837, 6,,34.836
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Oxx=34.262, 6,,=34.243 0x=35.085, 6,,=35.085 Oxx=34.890, 6,,=34.890

6=34.289,6,,=34272  0,=34.903,0,,=34.903  0,,=34.335, 5,,=34.335

Figure 4.16: The nine tested cases of experiments on void position and their results

4.2.5 Experiments on Nearness of Voids

The objective of the experiments of void inter-distance is to examine if nearness
of voids has substantial effect on global behavior or not. Several granular systems with
two square voids are picked and tested. The two square voids in different systems have
different distance between each other. If the distance between any two particles is one of

significant factors, it will result in some considerable change.

43

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



In Figure 4.17, the results of the numerical experiment is presented. There are
twelve diagrams in this figure. The first eight diagrams prove that when two voids keep
some appropriate distance away from each other, the stress components are pretty close.
The last four diagrams validate that when two voids do not keep a suitable distance, the

stress components are dramatically changed.

6=17.373, 6yy=17.373 oxx=17.303, 6,,=17.292 cx=17.184, 6,,=17.170

00=17.008,6,=16.984  G,=17.347,6,,=17.347  G,,=17.292, G,,~17.285
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Ox=17.128, 6,,=17.109 oxx=17.343, 6,,=17.343 ox=17.225, 6,,=17.215

Ou=17.277, 6yy=17.277 ox=17.234, 6,,=17.256 c6x=16.901, 6,,=16.930

6x=16.684, 6,,=16.713 6xx=17.358, 6,,=17.358 6x=16.843, 5,,=16.892
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Ox=16.208, 6,,=16.258 oxx=16.084, 6,,=16.084 6x=13.537, 6,,=13.820

Figure 4.17: The results of the experiments on nearness of voids

In Figure 4.18, the results of the other experiment on neamess of voids are
presented. There are fifteen diagrams in this figure. There are two different sizes of voids
in each system. The first six diagrams demonstrate the effect of the distance in one
direction. The next five diagrams prove the influence of the distance in the other
direction. The last four diagrams show the impact of the distance in another direction.
Similar to the preceding experiment, when the two voids keep some proper distance
away from each other, the stress components are not very different. When two voids are
getting closer, the stress components are greatly changed.

The conclusion drawn from these two numerical experiments is that nearness of

voids has significant impact on the response of the whole system.
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0xx=9.4278, 6,,=9.5985 Oxx=9.4653, 6,y=9.6339 6x=9.5100, 6,,=9.6760

6x=9.5167, 6,,=9.6748 0xx=9.4905, 6,y,=9.6186 6xx=9.0873, 6,,=9.0873

6xx=1.1200, 6,,=7.5050 6xx=8.8505, 6,,=9.0924 ox=9.1191, 6,,=9.3501
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6u=9.1511, 6x,=9.3776 Cxx=9.1626, 6,,=9.3842 Oxx=8.6793, 6,,=8.9106

0=9.5431, 0,,=9.7641 0=9.6371, G,,=9.8511 0u=9.6913, 6,,=9.9045

Figure 4.18: The results of the other experiment on nearness of voids

4.2.6 Experiments on Void Shape

The objective of the void shape test is to investigate if void shape is one of the
main factors which largely affect macroscopic behaviors of assemblies. There are two
experiments in this division. Figure 4.19 shows the first experiment on void shape and its
results. A square disk with a square hole on the center is picked and its stress
components are calculated. Then the void pattern is repeated several times. The cases
and their stress components are shown in the first and second diagrams in Figure 4.19.

The stress components of two disks are very close due to the symmetry of the disks.

48

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Then the same experiment is repeated in the other rectangular disk with a circular hole

on the center. The results are significantly different from the ones from the foregoing

experiment. It is proved that void shape does make different.

Cxx=2.9523, 6,,=2.9523 Oxx=2.9487, 6,,=2.9487

Oxx=3.7399, 6,,=3.7399 0xx=3.7394, 6,4,=3.7394

Figure 4.19: The first numerical experiment on void shape and its results
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The purpose of the second numerical experiment is to examine if the ratio of
length to width of each void will affect stresses or not. A granular system with a few
randomly scattered rectangular voids is picked. As the length width ratio of every void is
changed(shown in Figure 4.20), stress components are changed. Figure 4.21
demonstrates that when the length-width ratio is equal to one, the system is the stiffest. It

is verified that void shape is one of the major variables affecting the global behavior.
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Figure 4.20: The cases of the second numerical experiment on void shape
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Figure 4.21: The results of the second experiment on void shape

4.2.7 Experiments on Void Pattern

The purpose of the void test is to figure out if void pattern is one of the main
variables which greatly affect global behaviors of assemblies. There are two
experiments presented in this division. Figure 4.22 shows the first experiment on void
pattern and its results. The square disk which has square void on the center is compared
with the one which has a diamond void. The two cases represent two different void
patterns. The results reveal that void pattern does make the behavior different. It is

proved that void pattern is one of the major parameters.
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oxw=3.3164, 6,,=3.3164 Oxx=3.3153, 6,=3.3153

6:=2.9523, 6,,=2.9523 6x=2.9487, 6,,=2.9487

Figure 4.22: The first numerical experiment on void pattern and its results

In the second numerical experiment, a granular system with tens of square voids
is picked and these voids are rotated to change the pattern(shown in Figure 4.23), and

then the stress components are calculated. Figure 4.24 demonstrates that the results are
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significantly different. It is verified that void pattern is one of the major variables

affecting macroscopic behaviors.
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Figure 4.23: The cases of the second numerical experiment on void pattern
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Figure 4.24: The results of the second experiment on void pattern

4.2.8 Experiments on Fixed Void Shape, Nearness of Voids, And Void Pattern

The aspiration of the experiment is to confirm that, in addition to void ratio, void
shape, nearness of voids and void pattern are three main factors which create noticeable
vanation of stress components among tens of randomly distributed granular systems. In
the numerical test, void ratio, void shape, nearness of voids, and void pattern are fixed to
be constant, while the other factors, such as void position, local density, are let to be
random, and stress components are computed.

Figure 4.25 demonstrates that when void ratio is fixed as 0.9111, void shape is
square, voids are kept some approprate distance away from one another, and void

orientation is not changeable, the solutions of all cases are very close. The dash line
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indicates the range of difference if we do not control void shape, distance between voids,
and pattern. In Figure 4.26, the results of the pure shear test for the same group of
systems are presented. The results have great closeness. Finally, it is confirmed that void
shape, nearness of voids, and void pattern are three major factors to which the granular

systems are very sensitive.
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Figure 4.25: The results show the convergence of solutions while void ratio, void shape,
nearness of voids, and void pattern are fixed
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Figure 4.26: The results of pure shear test for these cases of fixed void ratio, void shape,
nearness of voids, and void pattern
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CHAPTERSS

ALGORITHMS

The main algorithm of the finite element penalty iterative procedures has been
introduced in this chapter. The mesh update algorithm has been developed. The
triangular mesh system has been developed and presented. The algorithms about contact
detection, mesh generation, concave element modification, and locking prevention have

been introduced in details.

5.1 MAIN ALGORITHM

The behavior of the incompressible flow in the granular system is studied
following these procedures. After the components of the velocity are computed, all
positions of nodes are updated by substituting a time step in and calculating
displacements. Having got new positions of nodes, we check if any contact among
elements is occurring. If so, an automatic mesh update is installed. The re-meshing
processes includes overlapping detection and mesh generation. Details of the mesh
update algorithms are discussed in the next section. Based on the new mesh, the
components of velocity is computed using the finite element iterative penalty method.

Figure 5.1 shows the flowchart of iterative method for the current research.
Two critical issues for the algorithm are how to save the computer cost and how

to get most accurate solutions. Usually, these two issues are not compatible. In other
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words, when we reduce the expense of computer, we lose the accuracy. However, to
develop the current method to the cases with thousands of elements and three-
dimensional cases in the future, it is necessary to find balance between two controversial

issues.

5.2 MESH UPDATE ALGORITHMS
The mesh update algorithm includes four procedures: contact prediction and
classification, mesh generation, locking prevention and concave modification. How to
reduce computer cost and maintain the accuracy is the most important issue in the mesh
update algorithm. There are three contact types considered in the study (Figure 5.2). The
first type is the edge of one element hit the side of the other element. The second one is
two sides of two different elements contact each other, and the lengths of these two sides

are different. In the third case, two sides with same length hit each other.
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Figure 5.1: The flowchart of the finite element iterative penalty method
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Figure 5.2: Three basic contact situations between two four-node elements

5.2.1 Contact Detection Algorithm

The contact detection algorithm is used to detect when and where contacts occur.
At first, the triangular element mesh was generated on both void and solid area shown on
Figure 5.3. Any negative or zero area of these triangular elements indicates contacts
occur somewhere. For example, on Figure 5.4(1), if the node A hits line BC, the area of
triangular ABC will be zero or negative. We calculate the area of every triangular
element to detect contacts in each time increment. When any negative area was found,
the following bisection iterative algorithm is to determine when exactly contacts occur.
For instance. on Figure 5.4(1), if node A goes to A’ in one time increment and we notice

the negative area of triangular ABC, we divide the time increment by two. In the new
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time increment node A goes to A”. then we divide the time increment between A* and
A" by two. Keep doing the bisection iterative procedure until the area of triangular ABC

is close to zero. Then we can observe when and where two particles hit each other.

Figure 5.3: An aggregate of non-spherical particles, with the light regions representing
air and dark regions the solid. Both void and solid areas are meshed using triangular
elements.
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(D

Comer in contact with solid element edge. Formulation of new solid
elements.

(2)

Comer in new contact with void element. Formulation of new void
elements.

3)

Solid element comer in contact with element edge. Formulation of new solid elements.

Figure 5.4: Three basic types of contacts and their mesh generation.
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The other method used to distinguish which type of contact happens is to store
the nodes around each void individually. In each time step, the dot and cross products of
two possible contact vectors are calculated to check if any contact is occurring or not. If
there is any contact appearing, then the bisection iterative method is utilized to compute
exactly when the two elements are hitting each other. Sometimes there is no contact in a
time step, but sometimes there might be a couple of hits occurring. For that situation, we
divide the time step into several parts and install finite element method to calculate

velocity step by step.

5.2.2 Mesh Generation Algorithm

To reduce computer cost and to maintain the accuracy are two critical issues in the
mesh update algorithm. Figure 5.5 shows that one more node is created on the boundary
when each contact occurs. With these boundary nodes, we need to generate mesh for the
whole system more efficiently. Usually, constant searching in the algorithm dramatically
increases computer cost and waste a lot of time, because whenever one more do loop is
added, the cost is increased by power. (e.g. For a n-step loop, when we add one loop, the
cost is n>. When we add the other, the cost is n’...etc.) The less number of elements has
been affected, the less searching steps are used. The method introduced above will
interfere too many elements. The best concept to update mesh is to limit the processes in

only one element whenever contact is occurring.
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Figure 5.5: The system needs to be re-meshed using these new boundary nodes.

The mesh generation algorithm is to update mesh system after contacts occur.
One of the good characteristics of triangular-element system is that it is very easy to be
updated and reorganized. No matter what style of contacts occur, we only need to modify
one node , add a new triangular element and remove the original element. For example,
on Figure 5.4(1), when node A hits line BC, we add a new three-node element ADC,
remove the onginal element ABC and modify the quadrilateral element from BEDC to
ABED. Figure 5.4 shows three different types of contacts. The first type is contact
between two solid elements. When the contact appears, the original triangular element
void vanishes and a new solid element is created. The second type of contact exists
among the void elements. When this occurs, two new elements are created. The third
type of contact occurs among solid elements. After it occurs, the original quadrilateral
element turn out to be a triangular element, and a new three-node element is generated.

The other analytic method is to create an element which is made of two four—

node elements and one three-node element. The mesh type is utilized when one side of

68

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



the element hit by other ones. One of the advantages for the mesh generation method is
we can update the mesh of the whole system without interfering other elements around
the contact corner. The other pro is when some other contact happens to the other side of
the original element, it is easy to generate some simple mesh types. Figure 5.7 shows the
mesh generation for the situations in which the top, right and left sides are hit by other

particles.

Figure 5.6: The analytic mesh generation of new mesh type when the element is hit (1)
on the bottom side. (2) on the top and bottom sides. (3) on the bottom and right sides. (4)
on the top. bottom and right sides. (5) on the four sides.

5.2.3 Concave Element Modification Algorithm

Another important issue in this research is to modify the concave element. The so-
called concave element is defined as one of the angles of the four-side polygon element
is larger than 180 degrees. Figure 5.7 shows what a concave element looks like. For most

of static cases, it is difficult to map the element using the shape functions. Also, the

Jacobian value is hard to be observed precisely.
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Figure 5.7: A concave foull'-node element.

The concave element modification algorithm is to modify the four-node concave
element to appropriated form for finite element model. Figure 5.8 shows two different
style of concave elements. For the first type of elements, the modification is similar to
the mesh generation algorithm. We detect the contact, add a new element and remove the
original element. For the second type of concave elements, we calculate cross product for
four angles. If any of angle is larger than 180 degrees, the original four-node element

ABCD is removed, and two triangular elements ABC and ACD are generated.
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B >

Convex comer of element tends to concave side. Formulation of new solid element.

N

Convex comer of element tends to concave side. = Formulation of new solid element.

(2)

Figure 5.8: Two types of concave elements.

§.2.4 Locking Prevention Algorithm

The use of the three-node element in the new element type is problematic
because it might create locking problems. But, locking results from many triangle
elements together adhere to the boundary. Figure 5.9 shows that one system is locked in
which there are a bunch of triangular elements, and the other which has only a few three-
node eclements does not have any problem. According to our analysis, there is no
possibility that a bunch of three-node elements collected near the boundary in our cases,

so locking problem will not appear.
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Figure 5.9: The system with more triangle elements is locked, but the system with few
triangle elements is not.

The locking prevention algorithm is to control the number of adjacent solid
triangular elements to the minimum. The algorithm is when the solid triangular element
is generated, we search for the other adjacent solid three-node element, and combine
them to a new four-node element. For example, on Figure 5.10(1), if we find triangular
ABC and CBF connect to each other, we can create a four-node element ABFC.
However, Figure 5.10(2) shows a special case in which three adjacent ABC DBA DEB
can not combine together, because any of combinations is a concave type of element. For
this special case, the algorithm needs to create two quadrilateral elements AFBC FDEB

and a new triangular element ADF.
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(1)

Formulation of three new elements.

(2)

Formulation of two quadrilateral elements and one tnangular element.

Figure 5.10: Modification of three adjacent triangular elements.

An analytic algorithm is developed to compare with the current mesh update
algorithm. When two elements come in contact, the analytic algorithm generates a new
type of clement using a combination of two four-node elements and one three-node

element. For example, on Figure 5.11, when node A hits line BC, elements AFDB ACEF
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and FED are generated. However, this algorithm lacks of the function of contact

detection, so we only use it as a case of comparison.

Figure 5.11: The analytic mesh generation algorithm

For multiple material cases, the modification of two adjacent triangular elements
is different. Figure 5.12 shows that when triangular 132 and triangular 234 conect to each
other, a new node 5 is created and the triangular 132 is modified to be rectangular 1352,
and the triangular 234 is modified to be rectangular 2534. The method is used to adjust

two adjacent three-node elements with different materials.
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3

Figure 5.12: Modification of two adjacent triangular elements with different materials.
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CHAPTER6

COMPUTER SIMULATION

In this chapter, the numerical model and the new mesh method are verified by
comparing results with some theoretical solutions and examining the area change. The
penalty method and the mesh generation algorithm are used to make a numerical
experiment for both single-material and multiple-material aggregate. A series of
computer simulations of the isostatic and close die compaction for several systems of
different size are observed. The objective is to take the original porosity from initial
porosity turmn to no porosity. Simulations of the whole process of compaction have

demonstrated efficiency and accuracy of the mesh generation algorithm.

6.1 VERIFICATION
There are two divisions in this section. In the first division, the solutions from
the finite element model have been compared with an analytic solution to verify its
accuracy. They have been found in good agreement. In the second division, the area
errors for several computer simulations of compactions have been computed. The little

area deficiencies indicate that the numernical model is of high validity.
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6.1.1 Juxtaposition with An Analytic Solution

Figure 6.1: The analytic theoretical case and the finite element case.

Figure 6.1 shows the case of an analytic theoretical solution for a circular hollow
disk and the one of the finite element model for a rectangular hollow disk. The

theoretical solution of 2-dimensional visco-plastic circular disk is derived as following.

-

b 1 b 3 4 1
===t =5l
E2(@-b) 2(a-b") 2
b . -4a’
u—ilb:_azlp

Substituting E=4p,
w= PO
8u b —-a”
b*-a’ u
p=2p[——]}—
a b

According to the analytic formulation, the relation of bulk modulus and density

is observed. Comparison of the analytic solution and the finite element solution for
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rectangular disk is given in Figure 6.2. The result demonstrates that two methods have

highly closeness especially when the density is from 0.5 to 0.9.

450

400
—e— FEM Solution

350 —a— Analytic Solution %
300
250

200 -

BULK MODULUE

150 -

100

50

Figure 6.2: Comparison between the finite element solution and the analytic solution.

6.1.2 Area Errors
The total remaining area errors for these six numerical experiments are given in
Table 6.1. It indicates that because all area errors are below 0.5%, generally the results of

these simulations are highly accurate, and incompressibility can be nearly achieved.
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Numerical experiment Total area error(%)
Isostatic compaction for 10-element system 0.21
Close-die compaction fixed in x direction for 0.04
10-element system
Close-die compaction fixed in y direction for 0.14
10-element system
Isostatic compaction for 75-element system 0.27
Close-die compaction fixed in x direction for 0.37
75-clement system
Close-die compaction fixed in x direction for 0.23
75-element system
Isostatic compaction for 296-element system 0.04
Close-die compaction fixed in x direction for 0.08
296-element system
Close-die compaction fixed in y direction for 0.02
296-clement system
Isostatic compaction for 1076-element system 0.02
Close-die compaction fixed m x direction for 0.02
1076-clement system

Table 6.1: Area errors of six numerical experiments.

6.2 SINGLE MATERIAL AGGREGATE

In this section, various single material aggregates with different numbers of
elements, which range from ten to a thousand have been experimented and simulated.
For companson, the other simulation using analytic algorithm is introduced. There are
four divisions in this section. In the first division, a computer simulation of two kinds of
compactions for a 10-element granular system is presented. In the second division, a
series of numerical simulations for a 75-element assembly are introduced. The other
numerncal simulation for a 296-element aggregate is demonstrated in the third division.
Finally, another numerical experiment for a granular system containing 1076 elements is

given in the fourth division.
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6.2.1 Simulation for A 10-Element Assembly

Figure 6.3 shows the computer simulation of isostatic compaction of the 10-
element granular system. Isostatic compaction is defined as compaction in which the four
sides of the confining square boundary have the same velocity. The material properties
are given as C;;=C1=2.0, C¢=2.0. The time increment is taken as 0.05 second, with a
total of 26 time steps. Figure 6.4 shows similar simulation using the analytic algorithm.
There are several similarities between the two simulations from the different algorithms.
For example, in both cases, the first contact happened in the 18™ time step, and the
processing in both cases is ended in the 26™ time step. However, time consumed in
running this analytic program is approximately ten times as long as running the previous
one. That is one of the reasons that we only use the code as an analytic solution instead
of formal results.

Two types of close-die compaction are studied. Close-die compaction is defined
as compaction in which two sides of the confining boundary have been fixed and the
other two sides have the same inward velocity or displacement. The material moduli are
C11=C22=2.0, C¢s=2.0. Both cases have a time increment is 0.05 second and a total of 46
time steps. Figure 6.5 shows computer simulation of close-die compaction fixed in the x

direction.
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Time Step = 21 Time Step = 24 Time Step = 26

Figure 6.3: Computer simulation of isostatic compaction for the 10-element assembly.
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Time Step = 12

Time Step = 18

Time Step = 21 Time Step =24

Figure 6.4: Similar simulation of isostatic compaction using the analytic algorithm.
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Time Step=5 Time Step = 10 Time Step =15

Time Step =35 Time Step = 40

Figure 6.5: Computer simulation of close-die compaction fixed in x direction for the 10-
element assembly.
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6.2.2 Simulation for A 75-Element Assembly

Two computer simulations are presented in this division. The first one is for
isostatic compaction of the 75-element granular system shown in Figure 6.6. The second
one is for close-die compaction of the same system given in Figure 6.7. In both cases, the
materical properties and time increment are the same as the previous cases. However,
time consumed in running this cases is about 10 minutes. It makes a contrast with the
previous experiment which only takes a few seconds. There are tens of contacts
occurring during the entire process. Approximately 15 solid triangular elements are
created in mesh generation. They are surrounded by quadrature elements, so the locking
problem is eliminated.

In Figure 6.6, the first contact occurs at the fourth time step. The narrow long
particle near the center of the system rotates clockwise around 60 degrees and hits the
other particle. At the 12™ time step, the first concave quadrature element appears on the
right lower comer. The second one and the third one is occurring at the 16" time step.
The first case of combination of two triangular elements to quadrature one appears on the
right upper corner at the 20" time step. The simulation is ended at the 33™ time step.

The computer simulation of close-die compaction fixed in y direction for the 75-
element assembly is given in Figure 6.7. The first contact occurs at the 6™ time step.
Different from the previous case, the narrow long element near the center of the
rectangle system rotates in a counter-clockwise direction and hit the left particle at the
24" time step. The first concave quadrature element on the right lower comner is split into
two pieces at the 30™ time step. Incompressibility is achieved at the 56™ time step. It has

23 more steps than the isostatic compaction.
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Figure 6.6: Computer simulation of isostatic compaction for the 75-element assembly.
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Figure 6.7: Computer simulation of close-die compaction fixed in y direction for the 75-
element assembly.
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6.2.3 Simulation for A 296-Element Assembly

The objective to make a simulation for a 296-element assembly is to test
efficiency and precision for the discrete element model and the mesh generation
algorithms. There are two experiments in this division. In Figure 6.8, the computer
simulation of isostatic compaction for the 296-element assembly is presented. Figure 6.9
shows the compaction simulation of close-die compaction fixed in y direction for the
296-clement assembly. The material properties and time increment are the same as the
75-element granular system discussed in the preceding section. It takes a couple of hours

to run each test.

In Figure 6.8, there are nine diagrams which represent the granular system in
nine different periods of time during compaction. No contact occurs at the first time step.
The first contact appears on the right upper corner at the 4™ time step. The first concave
gradrature element is occurring on the lower boundary at the 7" time step. Some other
contacts appear from the 12* time step to the 18" step. The simulation is ended at the

21% step.

In Figure 6.9, similar to the foregoing figure, there are nine diagrams which
represent the granular system in nine different periods of time during compaction.
Approximately 50 contacts appears in the entire process. None of them occurs at the 4"
time step. In contrast with the preceding case, the first contact appears at the 8" time
step. The first three adjacent solid triangular elements is occurring at the 16™ time step.

Incompressibility is achieved at the 38™ time step.
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Figure 6.9: Computer simulation of close-die compaction fixed in y direction for the
296-element assembly.
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6.2.4 Simulation for A 1076-Element Assembly

The purpose to make a simulation for a 1076-element assembly is, first of all, to
find the limitation of the discrete element model and the mesh generation algorithms,
secondly, to visualize the process of compaction for the granular system. There are two
computer simulations in this division. Figure 6.10 shows the computer simulation of
isostatic compaction for the 1076-element aggregate. In Figure 6.11, the compaction
simulation of close-die compaction fixed in x direction for the same system. The initial
void ratio is approximately 30 percent.

In Figure 6.10, there are nine diagrams which represent nine different periods of
time of the isostatic compaction for the 1076-element assembly. Approximately 150
contacts appears during the entire process. No contact appears from the first time step to
the third time step. Tens of contacts occurring from the 5™ time step to the 12" tiem step.
At the 15™ time step, all particles have been squeezed together. The simulation is
finished at the 20™ time step.

Figure 6.11 shows nine diagrams of close-die compaction fixed in x direction for
the 1076-element assembly. The first contact occurs at the 4™ time step. Some appears
from the 8" time step to the 12™ time step. Around 50 contacts occur from the 16" time
step to the 24" time step. About 100 more appear at the final stage. Incompressibility is

completed at the 35™ time step.
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Figure 6.10: Computer simulation of isostatic compaction for the 1076-element
assembly.
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Time Step =16 Time Step = 20 Time Step = 24

Time Step =28 Time Step = 32 Time Step =35
Figure 6.11: Computer simulation of close-die compaction fixed in x direction for the
1076-clement assembly.
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6.3 MULTIPLE MATERIAL AGGREGATE
A few computer simulations for two types of compactions of multiple material
aggregates are given in this section. The section includes three divisions. One numerical
simulation of a 10-element assembly is presented in the first division. In the second
division, the other numerical experiment of a 75-element granular system is introduced.
Finally, another computer simulation of a 296-element aggregate is demonstrated in the
third division. In the figures given in the following division, the darker color of particle

indicates it has stiffer material property and vice versa.

6.3.1 Simulation for A 10-Element Assembly

Figure 6.12 shows the computer simulation of isostatic compaction of the
aggregate. The visco properties of three down-left elements are given as C;,;=C;,=2.0,
Ce6=2.0. The ones of two down-right elements are C,;=C,:=4.0, C¢=4.0. The ones of
two up-left elements are C,;=C:=6.0, C¢6=6.0. The ones of two up-right elements are
C11=C12=8.0, Cy=8.0. Delta time is 0.05 second. There are totally 26 time steps. In the
18" time step, the first contact happen and the system is re-meshed using the new mesh
type. The processing is ended in the 26™ time step. Figure 6.13, 6,14 show computer

simulations of close-die compaction fixed in the x, y directions respectively.
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Figure 6.12: Computer simulation of isostatic compaction.
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Figure 6.13: Computer simulation of close-die compaction fixed in x direction.
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Time Step = 30

Time Step =35 Time Step =40 Time Step = 46

Figure 6.14: Computer simulation of close-die compaction fixed in y direction.
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6.3.2 Simulation for A 75-Element Assembly

Three simulations for the granular system are presented in this division. First of
all, the computer simulation of the isostatic compaction for the 75-element granular
system containing several different materials is introduced. Then, the computer
simulation of the close-die compaction fixed in x direction for the same system is
demonstrated. At last, the computer simulation of the close-die compaction fixed in y
direction is given. Time spent in running these simulation is about 10 to 20 minutes.

Figure 6.15 shows the computer simulation of isostatic compaction of the
multiple-material aggregate. There are 4 different materials in the granular system. The
visco properties are ranged from 2.0 to 8.0. The darker color indicates the particle has
stiffer material property. The first contact appears at the 4™ time step. From the 8™ time
step to the 12™ time step, the transition is similar to the simulation of the single matenal
system. However, the first contact between 2 different material elements is occurring at
the 16" time step on the right upper corner. The specific mesh generation algorithm is
launched. The simulation is completed at the 33™ time step.

Figure 6.16 shows the compaction simulation of close-die compaction fixed in x
direction. The first contact appears at the 6™ time step. The first contact between 2 solid
triangular elements with 2 different materials is occurring at the 24™ time step on the
right upper comer. The simulation is finished at the 56™ time step. Figure 6.17 shows the
computer simulation of close-die compaction fixed in y direction. The first contact is
occurring at the 12" time step. The first contact between 2 solid triangular elements with
2 different materials appears near the right lower corner at the 18" time step.

Incompressibility is achieved at the 56™ time step.
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Time Step =16 Time Step =20 Time Step = 24

Time Step = 28 Time Step = 32 Time Step = 33

Figure 6.15: Computer simulation of isostatic compaction.
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Time Step =12 Time Step =18

Time Step = 24 Time Step = 30 Time Step = 36

Time Step =42 Time Step = 48 Time Step = 56

Figure 6.16: Computer simulation of close-die compaction fixed in x direction.
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Time Step = 36

Time Step = 42 Time Step =48 Time Step = 56

Figure 6.17: Computer simulation of close-die compaction fixed in y direction.
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6.3.3 Simulation for A 296-Element Assembly

The goal of the simulation for the 296-element multiple-material assembly is to
test if the discrete element model and the mesh generation algorithm work for this type
of systems. There are three numerical simulation are made and introduced in this division
Figure 6.18 demonstrates the computer simulation of isostatic compaction for the 296-
element assembly with 4 different materials randomly distributed in the whole system. In
Figure 6.19, the computer simulation of close-die compaction fixed in x direction is
introduced. In Figure 6.20, the computer simulation of close-die compaction fixed in y
direction is presented. It takes a couple of minutes to run each simulation. It is about the
same as the single-material assembly of the same size.

In Figure 6.18, there are nine diagrams which represent the granular system in
nine different periods of time. A few contacts from the first time step to the 7" time step.
The first case of contact between 2 triangular solid element with time different materials
is occurring at the 14™ time step. The simulation is finished at the 21* time step.

In Figure 6.19, the first contact appears at the 8" time step. The first case of
contact between 2 triangular solid elements with 2 different materials is occurring at the
24" time step. Incompressibility is achieved at the 38" step. Figure 6.20 introduces
another case of close-die compaction in which the details are very similar to the

foregoing case.
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Figure 6.18: Computer simulation of isostatic compaction.
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Time Step = 16 Time Step = 20 Time Step = 24

Time Step =28 Time Step = 32 Time Step = 38

Figure 6.19: Computer simulation of close-die compaction fixed in x direction.
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Time Step = 28 Time Step =32 Time Step = 38

Figure 6.20: Computer simulation of close-die compaction fixed in y direction.
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CHAPTER 7

CONCLUSIONS

The numerical model in which one element represents one particle is used at the
initial stage of the research. It is found that the numerical error of the model is too large.
Instead, the alternative model in which four elements represent one particle is suggested
to use, because of its efficiency and accuracy. The model can be used to simulate the
granular system containing more than 1000 particles and the result is very precise.

For viscoplastic material, when incompressibility is achieved, the stress goes to
infinity. During compaction of the viscoplastic granular system, void ratio is an
important parameter of overall aggregate response. A couple of numerical experiments
have been made to demonstrate the fact.

In addition to void ratio, void position is the other suspicious factor which might
have impact on the macroscopic behavior of the granular system. The result of the
numerical experiment on void position has disprove that void position affect the global
behavior too much. The overall aggregate response does not depend on void location.

Neamness of voids has been demonstrated to be the other parameter which has
significant impact on the macroscopic behavior of the granular system. Small change of

distance between voids creates considerable change of overall aggregate response.
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Results of the numerical experiment on nearness of voids have proved that the granular
system is very sensitive to distance between voids.

For the symmetric case, void size does not have any effect on the global behavior.
The overall aggregate response is not dependent on void size at all. However, the
macroscopic behavior of the viscoplastic granular system is dependent on geometry of
voids. The assemblies with different shape of void got totally different response under
compaction. It is demonstrated that void shape is another parameter which has significant
impact on the global behavior of the whole system.

The numerical experiment on void pattern has been made to investigate the effect
of void pattern. It has proved that void pattern has noticeable impact on the whole
system.

The triangular mesh system gives mesh generation algorithms a fantastic
opportunity due to its flexibility. Millions of contact situations might appear in granular
systems with non-spherical particles. It is much more complicated than spherical particle
systems in which the number of contact points between two particles is always one. In
such a complex chaos, the triangular mesh system can combine every different mesh type
to one single system. No other models can replace the triangular system and do the same
job. A senes of simulations have been made based on the algorithm.

In summary, the alternative discrete element method is presented in the current
study. The mesh generation algorithms are established and used in several numerical
experiments. Several significant factors which have considerable impact on global

behavior of the whole aggregates are found.
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APPENDIX A

LOCAL DENSITY ANALYSIS

Appendix A shows 30 cases of 1300-element granular systems and their local
density analysis. These contour diagrams demonstrate random distribution of particles. It
is hard to tell what big differences among these randomly scattered aggregates. It proves

that these granular systems are very sensitive. They are affected by some variables.
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Figure A.1: The 30 cases of randomly distributed 1300-element granular systems
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Figure A.2: The contour diagrams of local density for the 30 randomly distributed
aggregates
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