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ABSTRACT OF DISSERTATION

T IM E -S T E PPE R  BASED NUM ERICAL BIFURCATION ANALYSIS: AN 

A PPLICA TIO N  TO TH E TAYLO R-COU ETTE PROBLEM

We present a num erical bifurcation analysis of the Taylor-Couette problem  which 

utilizes a pre-existing tim e evolution code as the core com putational engine. Such tim e 

evolution codes, or time-steppers, suffer from the drawback th a t bifurcation-theoretic 

results cannot easily be obtained from them , if a t all. By incorporating relatively 

minor changes to  the underlying tim e-stepper code, we have developed a com puta­

tional s tructu re  around the existing tim e-stepper th a t enables us to perform  these 

bifurcation-theoretic tasks. The cylinder geometry studied has radius ratio  0.615 and 

aspect ratio  2.4. For a fixed inner Reynolds num ber R t =  300, three distinct solu­

tion branches are analyzed for the range of outer Reynolds num ber —320 <  R 0 <  0. 

These branches exhibit a wide variety of interesting points, including Hopf bifurcation 

points, sym m etry-breaking pitchfork bifurcation points, tu rn ing  points, and a torus 

bifurcation point. U nstable steady and tim e-periodic solutions are also computed.

Beau G rande
D epartm ent of M athem atics 
Colorado S tate University 
Fort Collins, CO 80523 
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Chapter 1

Introduction

Consider a param eter-dependent nonlinear dynamical system  described by a sys­

tem  of ordinary differential equations:

where u G W 1 and f : l n x l - ) K " .  For the particular application we have in mind,

partial differential equations, but, in general, th is need not be the  case. E ither way, 

it is desirable to understand  the behavior of this dynamical system; for instance, to 

be able to com pute equilibrium  solutions of (1.1), to  determ ine the  linear stability 

of those solutions, and to  find bifurcation points where the stability  and qualitative 

nature of those solutions change as the param eter A is varied.

There are basically two techniques used to accomplish th is [109]. The first is to 

perform  direct tem poral sim ulation, viewing the dynamical system  as an initial value 

problem. In  th is case, an initial condition, boundary conditions, and tim e horizon 

are specified. The equations are then integrated by some suitable m ethod over the 

tim e horizon to  get the sta te  of the system  at the desired tim e. Such a com putational 

routine is often called a “tim e-stepper” in the literature. M any such sim ulation codes, 

after discretization of the tem poral derivative, can be idealized as an iteration of the 

form

( 1 .1)

this system  results from the spatial discretization of a system  of tim e-dependent

un+1 =  F(un, A) (1 .2 )

1
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where n  counts the tim e steps. This is essentially a P icard-type iteration. Stable 

equilibrium solutions, those where f  =  0 , are obtained by iterating  (1.2) until the 

norm of the difference of successive iterates falls below a user-defined tolerance.

Much inform ation about the dynamical system  can be obtained by direct simu­

lation. However, as a bifurcation tool, sim ulation does have some drawbacks. Near 

bifurcation points, the ra te  of convergence of the tim e-stepper algorithm  slows down 

arbitrarily ,1 causing the expense of com puting a solution to  grow significantly. As a 

result, inform ation about solution bifurcations is usually lim ited to simply observing 

the change in the solution; the location of any bifurcations, in term s of the param eter 

A, is difficult to  establish w ith accuracy. Furtherm ore, the com putation of unstable 

solutions is impossible w ith a tim e-stepper routine, since (1.2) cannot converge to an 

unstable solution, whereas knowledge of unstable solutions is often desired to under­

stand more fully the system ’s behavior. These lim itations of the tim e-stepper are due 

to the fact th a t bifurcations, the rate  of convergence, and the stability  of solutions are 

connected to the  eigenvalues of the Jacobian m atrix  F u(u, A), which are not typically 

available in a tim e-stepper code. We explain this connection more fully in Chapter 2.

An alternative to direct sim ulation is to use num erical bifurcation techniques. 

Inform ation about equilibrium  solutions, unstable solutions, and bifurcations are ob­

tained by augm enting the differential equations describing the dynamical system 

with equations th a t describe the particular behavior being sought. For example, 

a popular m ethod used to  follow a solution branch around a turning point is the 

(pseudo)arclength continuation m ethod of H. B. Keller [73]. This m ethod introduces 

a new param eter into the system via an ex tra  equation describing the arclength param ­

eter or an approxim ation of it. Another example is the in troduction of test functions 

to m onitor a particu lar behavior of the system. These functions involve the Jacobian

xHere, “arb itrarily” is to  be in terpreted in the sense of limits: the ra te  of convergence can be made 
as slow as one pleases by taking a point sufficiently close to the bifurcation point.

2
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m atrix of the right-hand side of (1.1). Examples are functions th a t detect a change 

in sign of the  determ inant of the Jacobian m atrix  or m onitor its leading eigenvalues. 

These test functions can be incorporated as additional equations to  form extended 

systems or by forming a so-called bordered system  th a t is no longer singular a t the 

point of interest.

Extended system s for computing turning points have been proposed by Moore 

and Spence [102] and for computing Hopf points by Griewank and Reddien [60], Roose 

and Hlavacek [110] (whose work was later extended by W erner and Janovsky [144]), 

and by W erner [143]. M ultiple Hopf points are trea ted  by Govaerts, Guckenheimer, 

and Khibnik [57] and sym m etry-breaking bifurcation points by W erner and Spence 

[145]. For m ulti-param eter systems, where A € Km for some m  >  1, see the work of 

Jepson and Spence [70], [126], [69], [71] and Jepson, Spence, and Cliffe [72]. Recently, 

systems for com puting periodic solution bifurcations have been proposed by Doedel, 

Govaerts, and Kuznetsov [44], The review articles [15] and [146] also give an overview 

of these techniques, as does the book by Govaerts [58].

Many software packages have been w ritten  to implement these standard  nu­

merical bifurcation techniques to compute equilibrium  solutions, solution branches, 

bifurcation points, and much more. One of the most versatile and widely used bi­

furcation software packages is a u t o ,  first developed at Concordia University by E. 

Doedel in 1980. The current version is a u t o 9 7  [43], although a newer version is 

in be ta  testing. Doedel, Keller, and Kernevez [41, 42] give complete descriptions of 

the algorithm s used in AUTO. W hen combined w ith the H o m C o n t  package [22], 

AUTO can also com pute and follow homoclinic orbits. The package XPPAUT [52] can 

be used to sim ulate systems of ODEs and incorporates AUTO algorithm s for bifurca­

tion analysis. A nother more widely used software package for analyzing dynamical 

systems is D s T o o l  (D ynamical System Toolkit), which was originally developed at 

Cornell University [9]. The package LOCBIF (for Local Bifurcation analyzer) is quite 

similar to AUTO in capability. Its  algorithm s are based on the work of A. Khibnik

3

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



et al. [76]. More recently, a package called CONTENT has been developed by Yu. A. 

Kuznetsov and V. V. Levitin [80], and improves upon AUTO and LOCBIF in several 

ways. For example, it can compute double Hopf points, which the others cannot do. 

Finally, a m a t l a b  version of c o n t e n t  has recently been developed, called m a t c o n t  

[38]. A lthough the num erical algorithm s in m a t c o n t  are the same as those in c o n ­

t e n t , MATCONT has been entirely redesigned to take advantage of MATLAB’s built-in 

features, such as its ODE suite for tim e integration and its Symbolic Toolbox for 

com puting derivatives. O ther software packages th a t incorporate these bifurcation 

techniques include the  software package LOCA (Library of Continuation Algorithms), 

developed at Sandia N ational Laboratories [114], and the finite element code ENT WIFE 

[28]. The algorithm s used in these la tte r two packages are amenable to  working with 

systems of very large dimension, so even problems arising from the spatial discretiza­

tion of PD Es can be solved and analyzed by them.

Even though num erical bifurcation software has become more sophisticated and 

computing power has continued to increase, there are many situations where con­

siderable effort and tim e have been pu t into developing an accurate and efficient 

tim e-stepper routine for a given system. Therefore, it would be beneficial to  augment 

this legacy code, w ithout rewriting it, to be able to compute some of the system 

behaviors not typically accessible by a tim e-stepper code (such as unstable solutions 

and more precise bifurcation locations). In other words, we would like to adapt an 

existing code to perform  bifurcation analysis like th a t given by num erical bifurcation 

techniques. The so-called tim e-stepper based numerical bifurcation theory attem pts 

to do ju st th a t. By cleverly “wrapping” a com putational struc tu re  around the ex­

isting tim e-stepper program , essentially treating  the existing tim e-stepper code as a 

b la c k -b o x , t h e  g o a l is to  p r o d u c e  a  r o u t in e  t h a t  g ives m a n y  o f  th e  r e s u l t s  o f  n u m e r ic a l  

bifurcation theory while utilizing the existing tim e-stepper.

Some progress has already been made in this direction. Tuckerm an and Barkley 

[139] have developed m ethods for transform ing an existing tim e-stepper code into a

4
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bifurcation tool. They consider a dynamical system  w ritten  in the  form

du  »r/ ,-  = m  u )+ l u ,

where L  and N  represent the linear and nonlinear parts, respectively, of the right- 

hand side. They assume th a t a tim e-stepper code has been formed by applying a 

first-order finite difference to  the tim e derivative and by utilizing an im plicit/explicit 

scheme for the right-hand side, where N  is evaluated at tim e step n and the linear 

term  L  is evaluated at tim e step n  +  1. The tim e-stepper therefore is of the form

un+1 =  un +  A t[N {u n) + Lun+1].

Tim e-dependent behavior can be analyzed directly through this tim e-stepper. It 

could also be used to calculate equilibrium solutions by iterating the  code many times. 

However, Tuckerm an and Barkley suggest using Newton’s m ethod for this rather than 

iteration. N ew ton’s m ethod is applied to solving N (u) +  L u  =  0, where the time- 

stepper and its linearization are used to solve the resulting m atrix  equation for each 

Newton iteration. The advantage of using Newton’s m ethod over tim e integration is 

th a t unstable equilibrium  solutions can be computed. W hen augm ented w ith Krylov 

subspace m ethods, one can use this to calculate dangerous eigenvalues and hence 

gain inform ation about stability. This m ethod has been successfully applied to the 

study of spherical Couette flow by M amun and Tuckerman [92] and to  Marangoni 

convection in mixed fluids by Bergeon, Henry, BenHadid, and Tuckerman [14]. We 

note th a t small changes to the original tim e-stepper code are needed to compute its 

linearization, and so the m ethod does not trea t the tim e-stepper as a true black- 

box code. Furtherm ore, because of the assumed structure  of the tim e-stepper, these 

techniques cannot be utilized w ith an arb itrary  tim e-stepper code.

Finally, we m ention the work of Koronaki, Boudouvis, and Kevrekidis [77], who 

have w ritten  a program  th a t enables existing tim e-stepper codes th a t model tubular 

reactors to perform  bifurcation studies. They use a m ethod called the recursive

5
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projection m ethod (RPM ), originally developed by Shroff and Keller [121]. We will 

discuss this m ethod in detail in Chapter 3. On a related front, Kevrekidis and others 

([54, 75, 79, 91, 101, 112, 134]), have used microscopic-level codes w ritten  to  describe 

chemical processes to perform  a “coarse” macroscopic bifurcation analysis when the 

governing equations (1.1) are not explicitly known. Their m ethods are based on the 

RPM  as well.

This d issertation describes a w rap-around code for perform ing a tim e-stepper 

based num erical bifurcation analysis of the Taylor-Couette problem. Many tem poral 

sim ulation codes for the Taylor-Couette problem  have been w ritten. We will focus on 

th a t w ritten  by A dair [2]. We have successfully w ritten  a wrap-around code for his 

program  based on the New ton-Picard m ethod of Lust et al. [89], which we have used 

to perform  a bifurcation analysis of the Taylor-Couette problem.

There are connections between bifurcations of solutions of (1.1) and the conver­

gence of the tim e-stepper iteration (1.2), bu t these connections can be subtle. In 

C hapter 2, we give details of these connections, and in particular, we show how eigen­

value inform ation about the tim e-stepper can be used for a bifurcation study of the 

dynamical system. C hapter 3 outlines the num erical m ethods used to extract this in­

form ation and shows how they can be used in a com putational s tructu re  around the 

tim e-stepper. The Taylor-Couette problem has been analyzed extensively because it 

is a superb example for studying hydrodynam ic stability and change. We describe the 

problem in more detail in Chapter 4, along with the details of the tim e-stepper code 

used by Adair. Details of implementing our com putational s tructu re  around A dair’s 

tim e-stepper code are given in Chapter 5, as are the tests performed to verify the 

wrap-around code. C hapter 6 describes the num erical experim ents conducted with 

the w rap-around code. Finally, Chapter 7 gives conclusions of our work and points 

out areas for fu ture work. The Appendices give technical details of some aspects of 

the program.

6
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Chapter 2

Tim e-Steppers and Bifurcations

In  this chapter, we present some of the basic theory behind linear stability and 

bifurcation analysis of dynamical systems given by systems of tim e-dependent ODEs. 

We then  look at the  m athem atics of tim e-steppers, placing them  w ithin the context 

of an iterative m apping. We show how inform ation from the tim e-stepper can be used 

to determ ine solution bifurcations of the original dynamical system. In  addition, we 

explain why tim e-steppers are not well suited for bifurcation analysis. Finally, we 

describe some of the desirable properties th a t m ust be possessed by the numerical 

m ethods used to  adap t a tim e-stepper code into a bifurcation tool.

F irst, we consider the case of computing equilibrium solutions. The case of time- 

periodic solutions is presented in Section 2.2, since this case is actually easier to  deal 

with th an  the equilibrium  case.

2.1 E q u ilib rium  Solutions

2 .1 .1  L in ear S ta b ility  and  B ifu rc a tio n  T h eo ry

In this section, we make rigorous the notions of stable and unstable equilibrium 

solutions and sta te  the m ain theorem  concerning stability of these solutions. Consider 

the param eter-dependent dynamical system

f  =  f(u,A). (2.!)

7
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where for each t, u  (t) €  and f  : UHN x l - )  R N . We assume th a t f  is autonomous, 

th a t is, it does not explicitly depend on tim e t. Recall th a t an equilibrium  solution of

(2 .1) is a solution (uo,Ao) for which f(uo,Ao) =  0 . We give the  following definition 

of stability from [61].

D efinition  2.1. Let Uo be an equilibrium solution of  (2.1). Then, uo is called stable  

if  for every e >  0 there exists a S > 0 such that

||u (t) -  uo|| <  e

for all t > 0 and for  all solutions u(f) of  (2.1) satisfying jju(O) — uo|| <  S. The 

equilibrium solution Uo is said to be unstable  i f  it is not stable. The equilibrium 

solution uo is said to be a s y m p t o t i c a l l y  s table  i f  it is stable and, in addition, there 

exists an r > 0 such that ||u(f) — uo|| —> 0 as t  —> oo for all solutions u(t) of (2 .1) 

satisfying ||u (0) -  u 0|| <  r.

The m ain result which governs stability of equilibrium solutions is given in the 

following theorem , which is an amalgam of Theorems 9.5 and 9.7 of [61].

T heorem  2 .2 .  I f  all eigenvalues of the Jacobian matrix  fu (uo, Ao) have negative real 

parts, then the equilibrium solution uo of  (2.1) is asymptotically stable. I f  at least 

one eigenvalue of  fu (uo, Ao) has positive real part, then Uo is unstable.

This theorem  shows how an equilibrium solution uo can lose stability  at a bifur­

cation point as the param eter A is varied. Stability is lost when at least one eigenvalue 

of the Jacobian m atrix  fu crosses the imaginary axis in the  complex plane. We will 

consider two ways in which this can happen: a real eigenvalue crosses the imaginary 

axis through 0 , or a complex conjugate pair of eigenvalues crosses the imaginary axis 

through ± i u  w ith  w / 0 .  We will not address the higher level singularities th a t result 

when, for example, two pairs of complex conjugate eigenvalues cross the imaginary 

axis simultaneously. We would need to vary two param eters to  find these singularities

8
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generically, b u t here we are considering a dynamical system  dependent on only one 

param eter.

F irst, consider the case when a real eigenvalue crosses the im aginary axis through 

0 as A is varied. Generically, this indicates th a t a tu rn ing  point on the solution 

branch has been reached. However, if the solution possesses some sort of invariance 

property, such as Z 2-symmetry, then  this situation can also indicate the presence of 

a sym m etry-breaking bifurcation point. As we see in C hapter 6 , the Taylor-Couette 

problem has many solutions which have Z2-symmetry, so the  possibility of finding 

sym m etry-breaking bifurcation points is very real.

Now consider the case where a complex conjugate pair of eigenvalues crosses the 

imaginary axis through ±ico, w ^ O .  This corresponds to a Hopf bifurcation, whereby 

the equilibrium  solution loses stability to a branch of tim e-periodic solutions. The 

theory of Hopf bifurcations also gives an estim ate of the  initial period T  on this 

tim e-periodic branch [129], which is

T  «  — . (2.2)
UJ

2 .1 .2  M a th e m a tic s  o f  T im e -S tep p ers

In this section, we explore some of the m athem atical properties of a tim e-stepper 

code by viewing it as a mapping. We also discuss how stability  of equilibrium  solutions 

of (2 .1) are connected to the convergence properties of th is tim e-stepper map.

In general, the tim e-stepper code is obtained by a suitable discretization of the

tem poral derivative du /d t .  After imposing this discretization, we can view the time-

stepper as an iterative m apping of the form

un+1 = F ( u n,A), F : R n  x K ^  Mn , (2.3)

where the variable n  counts the tim e step. Equilibrium  solutions u* of (2.1) can be 

approxim ated by iterating  (2.3) until the norm  ||un+1 — un|| of successive iterates

9
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falls below a user-defined tolerance. Then, u* is a fixed point of F, provided F is 

continuous: if the sequence {u71} converges to u*, then  we have

u* =  lim un+1 =  lim F(un) =  F (  lim u71) =  F(u*).
n—>-oo oo \ n —>00 /

Note th a t, in a slight abuse of notation, we let u* denote bo th  the fixed point of F 

and the equilibrium  solution of (2.1).

The convergence of iteration (2.3) is intim ately tied to the eigenvalues of the 

Jacobian m atrix  F u(u*). Indeed, if the spectral radius of the Jacobian m atrix  is 

strictly less th an  one, then  the iteration will converge (locally) to  a fixed point u*. 

This is a consequence of the following more general result:

Theorem  2.3 (adapted  from [78], page 21). Let F be an operator from a Banach 

space into itself and let u* be a fixed point of  F. I f  F is Frechet differentiable at u* 

and i f  the spectral radius p(Fu(u*)) < 1, then the sequence {u71} defined by

un+1= F (u n), n =  0 , 1 , . . . ,

converges to u*, provided that u° is sufficiently close to u*. Moreover, for every e >  0, 

there exists a constant C , depending only on u° and e but not on n, such that

||un -u * || < C ( p ( F u (u*)) +  e)n . (2.4)

Conversely, i f  the spectral radius p(Fu(u*)) > 1, then the sequence {u77} defined above 

does not converge to u*.

In the case th a t  the spectral radius p(Fu(u*)) > 1, the iteration  (2.3) may either 

diverge or converge to a different fixed point of F. Note th a t this theorem  also gives 

a rate of convergence. We will re tu rn  to this in Section 2.1.3.

Now let us consider the specific tim e discretization used in the Taylor-Couette 

tim e-stepper code of interest to us. We discuss this tim e-stepper in more detail in 

Chapter 4, bu t for now all we need to know is th a t it uses a forward (explicit) Euler
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scheme to discretize the tem poral derivative. For fixed A t >  0, denote the solution

u at tim e n A t  by un,n  =  0 ,1 ,__  The forward Euler scheme approxim ates the

tem poral derivative by
du un+1 — un 
dt A t

Then, equation (2.1) can be approxim ated by th is explicit scheme as

un+1 =  un +  A ff(un, A) =  F(un, A), (2.5)

which gives the particular form of the m apping F.

Since all th a t is available is the tim e-stepper code, we need to  establish a connec­

tion between bifurcation of equilibrium solutions of (2 .1) and convergence properties 

of the iteration  (2.5). From Theorems 2.2 and 2.3, we know th a t the eigenvalues of 

both  Jacobian m atrices fu and F u play critical roles. To see how they are related, 

we note th a t iteration  (2.5) finds equilibrium solutions of (2.1) by com puting fixed 

points of the m ap F(u, A) =  u +  A t f(u, A). Differentiating th is equation w ith respect 

to u yields

F u =  /  +  At fu.

Denote the eigenvalues of fu by {a k}^ = \ and the corresponding eigenvalues of F u by 

{Hk}k=i- Then, the  eigenvalues of the two Jacobian m atrices are related by

Mfc — 1 +  Atak-  (2.6)

We now sta te  our m ain result which connects the location of eigenvalues of the 

Jacobian m atrix  F u w ith stability of equilibrium solutions of (2.1).

P roposition  2.4. With the above cumulative notation:

(a) Iteration (2.5) is convergent i f  and only if

Ue(ak) < - ^ \ a k \2 (2.7)

for  all k  =  1 , . . .  , N .  In particular, i f  iteration (2.5) is convergent with fixed

point u*, then the equilibrium solution u* of  (2.1) is stable.

11
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(b) I f  at least one eigenvalue p  of the Jacobian matrix  F u(u*) has real part lR.e(p) > 

1, then the equilibrium solution u* of (2.1) is unstable. Moreover, the equilib­

rium solution u* loses stability i f  and only i f  an eigenvalue p of F u crosses the 

line Re(z)  =  1 in the complex plane.

PRO OF: (a) By Theorem  2.3, iteration  (2.5) is convergent if and only if \pk \ <  1 for

all k. For each eigenvalue cek of fu(u*), write otk = ak + bki, where ak ,bk & IP. For 

each k = 1, . . .  ,N ,  we have

\pk \ <  1 \pk \2 <  1

•£=» |1 +  A t a k \2 < 1  b y  (2-6)

|1 +  Atak +  Atbhi\2 < 1 

(1 +  A taif)2 +  (A tbk)2 <  1 

1 +  2Atak  T  (A tajf)2 +  (A tbyf)2 <C 1 

2A tak +  A t 2\otk\2 < 0 

ak =  SRe(afc) <  - ^ K | 2.

In particular, if iteration (2.5) is convergent, this implies th a t 5Re(ak) < 0 for all 

A: =  1 , . . .  ,1V. By Theorem  2.2 we conclude th a t the equilibrium  solution u* of (2.1) 

is stable.

(b) The first statem ent follows immediately from Theorem  2.2 and equation (2.6),
sfte ( n)  — 1

since the eigenvalue a  of fu(u*) corresponding to p  satisfies 5Re(a) =      >  0
AA u

when ^fte(p) > 1. Next, Theorem  2.2 implies th a t u* loses stability  if and only if 

there is an eigenvalue a  of fu th a t crosses the imaginary axis. Since the corresponding 

eigenvalue of F u is p = 1 +  A ta ,  the second statem ent follows. ■

Condition (2.7) is due to Shroff and Keller [121]. Note th a t if iteration (2.5) is 

convergent, then  the equilibrium  solution of (2.1) is stable. However, the converse is

12
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not true. Indeed, suppose th a t all eigenvalues of fu have negative real parts, bu t tha t 

for some k  we have

K e(afc) >  - ^ | a fc|2.

This can happen especially if A t  is too large. In  th is case, the equilibrium  solution 

of (2.1) is stable bu t iteration  (2.5) is not convergent. For a given set of eigenvalues 

{«&} of fu, however, the value of A t  can be chosen small enough so th a t condition 

(2.7) holds for all k, m aking the iteration convergent.

This result allows us to calculate bifurcation points of equilibrium  solutions of

(2.1) by m onitoring the eigenvalues of the Jacobian of the tim e-stepper map. A 

bifurcation of dynam ical system  (2.1) will occur when at least one eigenvalue of F u 

crosses the line lRe(2:) =  1. If a real eigenvalue p of F u crosses this line through 1, 

then the corresponding eigenvalue a  of fu crosses the im aginary axis through 0. In 

general, this indicates the presence of a turning point. If a complex conjugate pair of 

eigenvalues of F u cross the line ^Re(z) = 1, then this corresponds to  a Hopf bifurcation 

point on the solution branch of equilibrium solutions of (2.1). The theory of Hopf 

bifurcations allows us to  estim ate the initial period T  of solutions on the em anating 

time-periodic branch. The analog of equation (2.2) for the tim e-stepper is

_  2-7tAt
T  ~  ^ —7----- V) (2-8)

1 ,2 )

where are the dom inant pair of eigenvalues crossing the line SRe(z) =  1.

2 .1 .3  L im ita tio n s  o f  T im e -S tep p er  C o d es

In C hapter 1 we m entioned th a t tim e-steppers suffer from several lim itations th a t 

make bifurcation-theoretic results difficult, if not impossible, to obtain. In particular:

1. Tim e-stepper codes cannot compute unstable solutions. The iteration defining 

the tim e-stepper can only converge to  stable solutions.

13
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2. The ra te  of convergence of the tim e-stepper iteration arb itrarily  slows down 

near bifurcation points. As a result, tim e-stepper codes cannot accurately locate 

bifurcation points. Instead, an extrapolation process m ust be used to estim ate 

the location of the bifurcation point. Q ualitative changes in the solution may 

only become apparent farther away from the bifurcation point.

We now explain, using the results from the last section, why these lim itations 

hold for the particu lar tim e-stepper used in the Taylor-Couette problem  we are study­

ing. The first lim itation follows from part (a) of Proposition 2.4: if an equilibrium 

solution u* of (2.1) is unstable, then  the tim e-stepper iteration  (2.5) cannot converge 

to u*. The fact th a t the rate  of convergence slows down arb itrarily  near bifurcation 

points follows from the estim ate (2.4) of Theorem  2.3. To see this, we m ust consider 

two cases, depending on how the eigenvalue(s) of the  Jacobian m atrix  fu cross the 

imaginary axis.

First, suppose th a t a branch of equilibrium  solutions of (2.1) undergoes a bi­

furcation via a single real eigenvalue a  of fu crossing the im aginary axis through 0 , 

and suppose th a t the  param eter value a t which this occurs is A =  A*. This means 

tha t as A —> A*, we have a  —> 0, a  G M. Let /i =  1 +  A t a  be the corresponding 

eigenvalue of F u . Then, as A —> A*, we have n  —» 1. This implies th a t the spectral 

radius p (F u ) —>■ 1 as well, and hence the term

p(Tu) + e

from estim ate (2.4) becomes arbitrarily  close to 1. This shows th a t the rate  of con­

vergence of the iteration  (2.5) becomes arbitrarily  slow near a bifurcation point.

Next, suppose th a t a branch of equilibrium  solutions of (2.1) undergoes a Hopf 

bifurcation, and th a t a  complex conjugate pair of eigenvalues ct\ t2 of fu crosses the 

imaginary axis th rough ±iw , u  ^  0. Let denote the corresponding eigenvalues 

of F u . As J?e(ccii2) —>■ 0, by continuity of the modulus function we conclude th a t

14
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1̂ 1,21 —H i  ±  >  1. This means th a t |/ /i52 | becomes arb itrarily  close to 1 (and

then surpasses 1) as ~ t iicu . As in the real eigenvalue case, this implies tha t 

the spectral radius approaches 1 and hence the convergence ra te  of iteration (2.5) 

becomes arb itrarily  slow.

Note th a t in the case when a real eigenvalue a  of fu crosses through 0, the time- 

stepper iteration  loses its convergence property  a t the same tim e th a t the equilibrium 

solution of the dynam ical system loses its stability. As a  crosses through 0, indicating 

a loss of stability, the corresponding eigenvalue /j, of F u crosses through 1, indicating 

a loss of convergence. The converse is also true: if a real eigenvalue yu of F u crosses 

through 1, then  the corresponding eigenvalue a  of fu crosses through 0 .

The situation  is slightly more complicated in case of a Hopf bifurcation. W hen a 

complex conjugate pair of eigenvalues of F u crosses the line 5Re(2:) =  1 (corresponding 

to a Hopf bifurcation), their moduli are greater than  1, so the tim e-stepper iteration 

is not convergent. However, the converse is not true. Indeed, suppose th a t iteration 

(2.5) is not convergent due to a complex pair of eigenvalues / i i ;2 of F u lying on the 

unit circle, so th a t — 1 and 5m (fi 1,2) 7  ̂ 0. Let a i #  be the corresponding

eigenvalues of fu. Repeating the calculation in the proof of p a rt (a) of Proposition

2.4 w ith equality ra ther th an  an inequality, we obtain

$fte(ai,2) =  —“ |ckx,2|2 <  0 .

Thus, even though the iteration is no longer convergent, the corresponding equilibrium 

solution of the dynam ical system (2.1) is still stable. Figure 2.1 shows the regions of 

the complex plane which indicate convergence of the tim e-stepper (2.5) and stability 

of equilibrium  solutions of (2.1), in term s of the locations of the eigenvalues of the 

r e s p e c tiv e  J a c o b ia n  m a tr ic e s .

This last situation may seem to be a large drawback in th a t  the iterative scheme 

will fail to  converge before a Hopf bifurcation actually occurs. In practice, however, 

the situation  is not as dire as it first seems. This is because in m ost applications, the
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Figure 2.1: Regions of time-stepper convergence and stability of equilibrium solutions. 
The time-stepper iteration F is convergent i f  the spectrum of  F u is contained within 
the unit circle. A n  equilibrium solution is stable i f  the spectrum of fu lies to the left 
of the imaginary axis. A bifurcation occurs when an eigenvalue p  of  F u crosses the 
line 5Re(z) =  1.

value of A t  is chosen to  be quite small. For example, in the num erical experiments 

described in C hapter 6 , we used A t =  0.00005 (in non-dim ensional tim e). This has 

the effect of rendering the term

A t U  |2
2~ I i >2

quite small, so th a t in practice, crossing the unit circle (giving loss of convergence 

of the iteration) and crossing the line $le(z) =  1 (giving a loss of stability of the 

equilibrium solution) are nearly simultaneous events.

The A t  term  in equation (2.6) unfortunately has an undesirable side effect. The 

complex m apping z  h* A t z  is a contraction if A t <  1, and in practical applications 

w ith very small A t, th is m apping is a very strong contraction. Unless an eigenvalue 

of fu has very large m odulus, multiplying it by A t will give it a very small modulus, 

and hence the values { A ta k }  will be highly clustered about 0. The addition of 1 in
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equation (2.6) implies th a t the spectrum  of F u will be highly clustered near 1. We will 

see concrete examples of this clustering exhibited in the num erical results presented 

in C hapter 6 .

This eigenvalue clustering is not only a defect of the explicit Euler tim e-stepping 

scheme—the im plicit Euler scheme suffers from it as well. The implicit Euler scheme 

approxim ates (2 .1) by

u " +1 =  u n +  A ff(u n+1, A).

This can be rew ritten  as an iteration of the form

u n+1 =  ( I -  A t f r V ,  n  =  0 , 1 , . . . ,

an iteration which computes fixed points of F(u) — (I  — A t f ) -1 u. Differentiating 

this equation w ith respect to  u, we obtain the Jacobian m atrix

FU =  (J —A t fu) - \

Hence, eigenvalues /r of F u are related to eigenvalues a  of fu by

1
^  1 — A t a

For very small values of A t ,  the eigenvalues of F u are still clustered near 1.

2.2 T im e-P er io d ic  Solu tions

In this section, we consider the stability and bifurcations of tim e-periodic solu­

tions of the dynam ical system

~  =  f(u,A),  (2.9)

where as before, u (t) £  R N for each t, f  : R N x R -> R ^ , and f  is autonom ous. First, 

we define some term s.

A tim e-periodic solution of (2.9) is a solution u(t) for which there exists a number 

r  >  0 such th a t u(f +  r )  =  u(t) for all t > 0. The m inim al such r  is called the period
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of the solution and is usually denoted by T. In discussing tim e-periodic solutions, it is 

helpful to  introduce the flow (or trajectory) <p(uo,t), which is defined as the solution 

u(f) of (2.9) a t tim e t w ith given initial condition u(0) =  Uo-

Let u*(i) be a tim e-periodic solution of (2.9) w ith period T  and initial condition 

u*(0) =  uo- The stability  of u*(t) is determ ined by the eigenvalues of the Jacobian 

m atrix  <f>u (u* ,T ).  This m atrix  is called the M onodromy m atrix  and its eigenvalues 

are term ed F loquet m ultipliers. The m ain result which governs the stability of u* (t) 

is given below.

Theorem  2.5 (from  [120]). For fixed parameter A, let u*(t) be a time-periodic 

solution of  (2.9) with period T ,  and let M  denote the Monodromy matrix  

Denote the N  Floquet multipliers by fj,i, . . . ,  p n ,  repeated according to multiplicity. 

One of them is identically equal to 1, say /rjy =  1. The other N  — 1 Floquet multipliers 

determine the local stability of u *(t) as follows. I f  \pk\ <  1 for  all k =  1 , . . . ,  N  — 1, 

then u*(i) is stable. I f  at least one Floquet multiplier for  some k has modulus 

greater than 1, then  u*(t) is unstable.

Recall th a t the particular tim e-stepper for the Taylor-Couette problem  we are 

studying is of the form

un+1 =  un +  A ff(iT \ A) =  F(u™, A). (2.10)

Finding a tim e-periodic solution of (2.9) am ounts to finding a fixed point of the map 

F k for some positive integer k, where F fc denotes the fc-fold com position of F with 

itself. The value of k  is related to the period T  of the tim e-periodic solution by 

T  =  k A t .  In m any numerical experiments, including ours presented in Chapter 6, 

the value of A t  is very small, which makes the corresponding value of k quite large, 

typically on the order of several thousand.

The flow function is a function of bo th  tim e t  and of the in itial condition uo- 

Another way to  in terpret this function is as the mapping

(u0,t) A  u (t),
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where u(£) satisfies equation (2.9). In term s of the tim e-stepper F, one would use uo 

as a s tarting  vector and apply iteration  (2.10) a to ta l of k = t / A t  tim es to obtain the 

solution u(£). Let G =  F k. Then, it follows th a t

G (u0) =  u(f).

T hat is, the m apping G and the flow function <fi are in fact the  same. Suppose u* is 

one point on an orbit of a tim e-periodic solution w ith period T. Let k  =  T / A t  and 

let G =  F k, so th a t u* is a fixed point of G. Then, it follows th a t eigenvalues of 

the Jacobian m atrix  G u(u*) are precisely the Floquet m ultipliers of the Monodromy 

m atrix  0 u(u*,T).

This allows us to compute bifurcation points on branches of tim e-periodic solu­

tions simply by m onitoring the eigenvalues of the Jacobian m atrix  of the particular 

iteration m ap G. Since the Jacobian m atrix  G u is in fact the M onodromy m atrix, we 

will refer to its eigenvalues by using the proper term  Floquet multipliers. If at least 

one Floquet m ultiplier crosses the unit circle in the complex plane, then  a bifurcation 

occurs. The type of bifurcation depends on the num ber of F loquet multipliers cross­

ing the unit circle and how they cross it. We consider three ways in which this can 

happen: a real Floquet m ultiplier can cross a t +1, a real F loquet m ultiplier can cross 

at —1, or a complex conjugate pair of Floquet multipliers can cross a t e±l6 for some 

value of 0 th a t is not an integer m ultiple of 7r [61]. Each of these possibilities gives 

different bifurcation behavior, which we now discuss more fully. Note th a t we will 

not address the higher level singularities th a t result when, for example, two pairs of 

complex conjugate eigenvalues leave the unit circle simultaneously. Such singularities 

were not encountered in the experiments we conducted, since we would need to vary 

two param eters to find these generically.

F irst, consider the case when a real Floquet m ultiplier crosses the unit circle 

at +1. Like the equilibrium  solution case, this generically indicates th a t a turning 

point on the tim e-periodic solution branch has been reached. However, if the solu­

tion possesses some sort of invariance property, a real F loquet m ultiplier of +1 can
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also indicate the presence of a sym m etry-breaking bifurcation point, ju st as in the 

equilibrium case.

Next, suppose th a t a Floquet multiplier leaves the unit circle by passing through 

—1. In th is case, the tim e-periodic branch loses stability  to  a branch of time-periodic 

solutions w ith twice the period of the previous branch. This singularity is called a 

period-doubling bifurcation point.

A complex conjugate pair of Floquet m ultipliers crossing the unit circle corre­

sponds to a torus bifurcation point [63]. The tim e-periodic solution branch loses 

stability to a branch of tim e-dependent solutions w ith two incom m ensurate frequen­

cies. As viewed in phase space, these solutions are no longer simply closed orbits, but 

rather they are solutions confined to a torus. Note th a t except in very special cases, 

these solutions are no longer time-periodic.

2.3 C onclu sion s

In this chapter, we have explored the inherent lim itations th a t make tim e-stepper 

codes ill-suited for bifurcation analysis. In particular, we have seen how the eigen­

values of the linearization of the tim e-stepper m ap play a crucial role in determining 

the location of bifurcation points. Unfortunately, such inform ation is typically not 

available from a tim e-stepper code.

The discussion in this chapter illuminates the desirable properties th a t must be 

possessed by the num erical m ethods used to transform  the tim e-stepper code into a 

bifurcation tool and overcome its inherent lim itations:

• The m ethod m ust be able to compute the dom inant eigenvalues of the Jacobian 

m atrix  F u or of the Monodromy m atrix  (pu . This inform ation can be used to 

determ ine the location of bifurcation points more accurately as well as shed 

light on the natu re  of the bifurcation (e.g., Hopf bifurcation).
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• The m ethod should be able to compute unstable solutions. As we have seen, 

this means th a t simple iteration will not suffice. The m ethod m ust have some 

means of dealing w ith the part of the unstable solution corresponding to the 

eigenvalues or Floquet multipliers w ith modulus greater th an  one.

• The ra te  of convergence of the m ethod should not slow down arbitrarily  near 

bifurcation points. Again, this means th a t simple iteration  will not suffice.

The N ew ton-Picard m ethods described in the next chapter possess all of these 

properties. In  addition, these m ethods enjoy other desirable properties, such as not 

requiring an explicit construction of the Jacobian or M onodromy m atrix.
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Chapter 3

N ew ton-Picard M ethods

3.1 O verview

In th is chapter, we describe in detail some of the num erical m ethods th a t can 

be used to  adap t an existing tim e-stepper code for numerical bifurcation studies. 

These m ethods overcome the inherent lim itations possessed by tim e-stepper codes 

when they are applied to  num erical bifurcation analysis. The m ethods combine two 

techniques, a New ton’s m ethod and a P icard iterative m ethod, and so they are term ed 

“N ew ton-Picard m ethods.” As we see later in the chapter, these m ethods also can 

serve other purposes, such as accelerating a slowly convergent iteration  scheme or 

com puting periodic solutions to systems of ODEs.

In very general term s, the basic idea of these m ethods is to  take the m athem atical 

problem of interest and form ulate it as a root-finding problem  to which Newton’s 

m ethod can be applied. R ather th an  using Newton’s m ethod on the entire problem, 

however, the calculation is split into two parts. The first p a rt corresponds to the 

“slow” or “dangerous” modes of the problem, whose solution is com puted in a small­

dimensional subspace by direct m atrix  m ethods. The other part of the solution is 

found iteratively by projecting the problem  onto the complementary subspace.

This splitting  idea was first proposed by Jarausch and Machens [66, 67, 68]. Their 

method, which they term ed “adaptive condensation,” is applied to  nonlinear systems
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of the form

Au =  F(u), u € Mn,

where bo th  the m atrix  A  and the Jacobian m atrix  F u are symm etric. Unfortu­

nately, the hypothesis th a t bo th  A  and F u be sym m etric restricts the applicability 

of the adaptive condensation m ethod, a defect remedied by the recursive projection 

m ethod of Shroff and Keller [121], which is described in detail in the next section. 

Jarausch [65] later extended the idea to the case of nonsym m etric m atrices in systems 

of parabolic partia l differential equations by using a singular subspace (spanned by 

singular vectors) ra ther th an  an invariant subspace (spanned by eigenvectors).

This splitting  technique has also been applied to  iterative m ethods for solving 

linear systems of equations by Burrage, Erhel, and others, who used it to accelerate 

the convergence of iterative solvers for linear systems [21] and to precondition the 

restarted  GM RES algorithm  [51, 20]. This technique has also been used for acceler­

ating convergence of conjugate gradient m ethods by van Noorden, Lunel, and Bliek 

[142] and for splitting  fast tim e scales from slow tim e scales in stiff systems of PDEs 

by Valorani and Goussis [140].

The rem ainder of this chapter is devoted to giving more details about the splitting 

technique alluded to  above, and in the process we see how this splitting  idea overcomes 

the tim e-stepper’s inherent lim itations. The first splitting m ethod we discuss is the 

recursive projection m ethod of Shroff and Keller, which is followed by a description 

of the New ton-Picard m ethod of K. Lust.

3.2 T h e R ecu rsive P ro jec tio n  M eth od

The recursive projection m ethod (RPM ) was first developed by Shroff and Keller 

[121], and later expanded somewhat by Keller [74]. Consider a param eter dependent 

(Picard) iteration  scheme of the form

un+1 = F ( u n,A), (3.1)
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where F : R N x l - >  R N and N  is very large. In the applications of interest to us, 

this m ap F is produced from the discretization of a system  of tim e-dependent PDEs 

(specifically, the Navier-Stokes equations), and symbolically represents our black-box 

tim e-stepper code. The variable n  counts the tim e steps.

Since the m ap F is param eter-dependent, it is often of interest to determine 

how the fixed point u*(A) changes as the param eter A is varied. As explained in 

the previous chapter, the  convergence of the iteration (3.1) slows arbitrarily  as an 

eigenvalue of the Jacobian m atrix  approaches the unit circle in the complex plane. 

The iteration diverges if an eigenvalue lies outside the unit circle. The goal of the 

RPM  is to accelerate and stabilize the iteration (3.1) when either of these situations 

occurs. The R PM  accomplishes this by splitting WN into an orthogonal direct sum 

of two subspaces. The first subspace, of small dimension, is the invariant subspace of 

R n  th a t corresponds to  these slowly decaying or non-decaying modes. This subspace 

is spanned by the eigenvectors and generalized eigenvectors of the Jacobian m atrix  

F u(u*(A),A) corresponding to  the largest eigenvalues. In this subspace, the fixed- 

point iteration  (3.1) is slowly convergent or divergent. New ton’s m ethod is therefore 

used to solve the system  obtained by projecting (3.1) onto this small subspace, since 

the convergence of N ew ton’s m ethod is not sensitive to changes in the spectral radius 

of the Jacobian. The other subspace is the orthogonal complement of this small­

dimensional invariant subspace. In this high-dimension subspace, the projection of the 

fixed-point iteration  still converges and so this iteration is used there. To summarize 

the RPM  in one sentence, the RPM  stabilizes a P icard iteration  by splitting it into 

two pieces and replacing the unstable portion w ith New ton’s method.

To make this discussion more m athem atically precise, denote the eigenvalues 

of the Jacobian F u (u*(A),A)) by p.i(A), /i2(A), .. . , yu.jv(A), ordered by decreasing 

modulus and repeated according to multiplicity. Let S >  0 be a small, user-defined 

number, and suppose th a t m(A) of the eigenvalues have modulus strictly greater 

than  1 — 5 and th a t no eigenvalue has modulus exactly equal to 1 — <5. These m(A)
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eigenvalues are the ones causing the convergence of the P icard  iteration (3.1) to 

slow down or to diverge. We use the circle of radius 1 — 5, ra ther than  the unit 

circle, because we wish to identify those modes th a t may be causing a slowing of the 

convergence ra te  of the iteration. Let V  be the m(A)-dimensional subspace of R N 

which is spanned by the eigenvectors and generalized eigenvectors of F u (u*(A),A) 

corresponding to /j,i , . . . ,  n m^\y Note th a t V  is an invariant subspace of the Jacobian, 

tha t is, F u (u*(A), X)V  C P . Let Q =  V 1-, the orthogonal complement of V  in M^, 

and let P  and Q =  /  — P  denote the orthogonal projectors onto the subspaces V  and 

Q, respectively. This gives a direct sum decomposition of M.N as M.N = V  © Q, and 

hence each u  € R N can be w ritten uniquely as

u =  p +  q,

where p =  P u  G V  and q =  Qu =  (I — P )u  G Q. For notational convenience,

hereafter we will not explicitly indicate the dependence of the vectors u, p, and q on

the param eter A, although the reader always should keep this in mind.

If it converges, iteration (3.1) will compute a fixed point of F, i.e., it will find a 

solution to the equation

u  =  F (u , A).

Separately applying the projectors P  and Q to  this equation, we obtain

p =  PF(p +  q,A) = f (p ,q ,A )  (3.2)

and

q =  QF(p +  q, A) =  g(p, q, A). (3.3)

W rite un =  p n + qra, where pn =  P u n G V  and qn =  Q u n G Q. The question th a t

remains is how to obtain  pn+1 and qn+1 from pn and qn.
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To obtain  pn+1, we apply one step of Newton’s m ethod to  equation (3.2). This 

requires the solution of

( /  -  fp(p", q", A))(Apn) =  ~[p" -  f  (pn, q", A)] (3.4)

for A p n . We then  set

p n+l =  p n +  A p n_

Note th a t all of these com putations are done entirely in the small-dimensional sub­

space V- The Jacobian m atrix  fp(p”,q",A) is simply the restriction of the Jacobian 

F u(un,A) to V.  Since V  has small dimension, solving for Ap" can be done using 

direct linear solvers.

The following lemma will justify our technique for the com putation of qn+1. The 

notation used in the statem ent and proof of the lemma is cumulative.

Lemma 3.1 (from [121]). Let u* =  p* +  q* be a fixed point of  F and let F* denote 

the Jacobian matrix F u(u*,A). Then, the spectral radius of the Jacobian matrix

g;  =  gq(p*,q*,A) = Q F ;Q

is less than 1 — S.

PROOF: By the Jordan  canonical theorem, we know there exists an N  x N  invertible

m atrix  W  such th a t

F* =  W J W ~l ,

where J  is the Jordan  m atrix  of F*. Since V  has dimension m  =  m(A), we can 

partition  this m atrix  decomposition as

K  = [Wi w 2]
J x O' 
0 J 2 [Wx W 2 ] - 1 (3.6)

where Wx is N  x  m ,  W 2 is N  x (N  — m ) , J \  is m  x m, and J 2 is (N  — m)  x ( N  — m).  

The m atrix  J\  contains all Jordan blocks corresponding to  the dom inant eigenvalues 

H1, . . . ,  Pm while J 2 contains all Jordan  blocks corresponding to  the rem aining N  — m
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eigenvalues, each of which has modulus less than  1 — S. Furtherm ore, the columns 

of W\  form a basis for the subspace V,  and hence V  =  TZ(W\), the range of W\.  In 

particular, QW \  — 0.

Let V  =  [W\ Q W 2\, N  x  N  m atrix. We claim th a t V  is invertible. Since W  

is nonsingular, we conclude th a t W\  has maximal rank  m.  I t rem ains to be shown 

that Q W 2 has rank N  — m.  Indeed, suppose there is a nonzero vector w £ RJV_m 

such th a t Q W 2w  =  0. Again since W  is nonsingular, W 2 has maximal rank and 

hence W2W ^  0 . Because =  V,  it follows then th a t W2W m ust be an element of 

V  =  %{Wi).  This contradicts the fact th a t W  =  \W\  W2] is nonsingular. Hence, the 

rank of Q W 2 m ust be N  — m, from which it follows th a t V  is nonsingular, establishing 

the claim.

Next, note th a t since V  ±  Q, we have th a t Q P  =  0. Since V  is an invariant 

subspace of F * , it follows th a t Q F * P  =  0 as well. From (3.6), we see th a t F* W 2 =  

W 2 ^ 2 - Recalling th a t P  + Q = I ,  we obtain

Q W 2 J2 = Q K W 2 = Q K { p w 2 + QWi)  = QF*uQ W 2.

Since Q is a projection, we know th a t Q2 =  Q. Hence

Q F I Q V  = QF*nQ[Wx Q W 2\

= [QF*uQWi QF*uQ2W 2] 

= [0 QF*uQ W 2]

= [0 Q W 2 J2]

= [Wi Q W 2]
0 0 
0 J 2

=  V
0 0 
0 J2

The invertibility of V  allows us to rewrite equation (3.7) as

QF*UQ = V  q ^  V-

(3.7)
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which is the Jordan  canonical form for QF* Q. The eigenvalues of J 2 are p m+1, . . . ,  /ijv, 

all of which have m oduli less than  1 — 5. Thus, we obtain the bound on the spectral 

radius p(QF* Q) = p(g*) < 1 - 5 .  ■

The upshot of Lemma 3.1 is th a t the spectral radius of the Jacobian m atrix  

gq(p*,q*,A) is less th an  1. Therefore, we can compute qn+1 by applying one P i­

card iteration to  equation (3.3), knowing th a t this iteration  is convergent in Q. In 

particular, we have th a t

qn+1= g (p " ,q n,A), (3.8)

which we then  combine w ith pn+1 from (3.5) to obtain  u n+1 =  pn+1 +  qn+1.

Recall th a t the iteration (3.1) symbolically represents our tim e-stepper code. 

Since we are a ttem pting  to  treat this code as a black-box, in general we do not have 

explicit access to  the Jacobian m atrix. Shroff and Keller’s solution is to  approxim ate 

the Jacobian via a finite-difference approxim ation to a directional derivative. If v 

is any vector of the  appropriate dimension, the m atrix-vector product F u (u, A)v is 

approxim ated by

F „ ( U , A ) V ^ F(U +  1:V’ ')) ~ F(U ’ A).

where e is determ ined by the user. The advantage of this approach is th a t the above 

com putation requires only two applications of the m ap F  w ith slightly different argu­

ments. This means we need only call the tim e-stepper code twice to approxim ate the 

action of the Jacobian m atrix. To further simplify com putations, local coordinates in 

the small-dimensional subspace V  are used for com puting this approxim ation and for 

solving (3.4). This also allows for the efficient com putation of the eigenvalues of the 

Jacobian.

As the param eter A is varied, the fixed point solution u* changes, as do the 

eigenvalues of the Jacobian m atrix. If some eigenvalues move closer to  the boundary 

of the unit circle in the complex plane and move outside the circle of radius 1 — 5, 

then the dimension of the invariant subspace V  will need to be increased. The RPM
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incorporates techniques for monitoring when this is necessary, and recursively builds a 

basis for the invariant subspace V.  It does this by measuring the ra te  of convergence 

of the P icard  iteration  in Q. If this convergence slows down too much, the RPM  

increases the basis size for V  and computes a new basis. It is also possible th a t some 

eigenvalues, originally outside the circle of radius 1 — 5, move inside th a t circle as A 

is varied. In  th is case, the dimension of V  should be decreased. Again, RPM  can 

deal w ith th is situation as well. See [121] or [74] for complete details on how this is 

accomplished.

As a by-product of m onitoring the eigenvalues of the Jacobian, inform ation about 

linear stability  and the location of bifurcation points can be obtained (see Chapter 

2). If all of the  eigenvalues with modulus greater than  1 — 5 still lie w ithin the 

unit circle, then  the solution is a stable solution. However, if one or more lie to the 

right of the line ^te(z) = 1, then the solution is unstable. Note th a t, in this case, 

because the R PM  uses New ton’s m ethod in V  ra ther th an  iteration, this unstable 

solution can still be computed by the RPM , something not possible w ith the original 

tim e-stepper code. Furtherm ore, when changing the param eter A we can monitor 

any eigenvalues th a t cross %le{z) = 1, giving an accurate bifurcation location. By 

wrapping the R PM  around the original tim e-stepper code, we can perform  bifurcation 

studies w ithout having to  rewrite the tim e-stepper. This is the essence of tim e-stepper 

based bifurcation analysis.

There are variations of the RPM  algorithm  th a t can be used. Instead of iterating 

(3.8) once, for instance, the iteration can be performed until convergence to a suitable 

tolerance (keeping p n fixed), w ith q n+1 denoting the resulting vector. A precondi­

tioner also can be used in conjunction w ith the RPM , as done by Davidson [37]. The 

RPM  can be used in a numerical path-following situation and can be combined with 

the pseudo-arclength continuation of Keller [121, 73]. Bosek and Janovsky [17] have 

shown how to  extend the RPM  to compute the correct orientation in a path-following 

context. Finally, the Newton-Picard m ethod of K. Lust et ah, described in detail in 

the next section, can be shown to be a generalization of the RPM  algorithm .
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3.3 T h e N ew to n -P ica rd  M eth od

In th is section we consider the New ton-Picard m ethod of K. Lust et al. Several 

papers [85, 87, 88, 89, 111] have been w ritten  on this topic, w ith varying degrees of 

detail. The most complete description of the New ton-Picard m ethod can be found in 

[85]; the paper [88] is also quite useful as it appears to be the m ost recent. This is the 

m ethod th a t we have adapted for use in the Taylor-Couette problem . For distinction, 

we will call L ust’s m ethod “The” Newton-Picard m ethod, even though it is not unique 

among these m ethods.

As originally conceived, the Newton-Picard m ethod is designed to efficiently com­

pute tim e-periodic solutions of a (large) system of ordinary differential equations. 

Such solutions are often found via a shooting m ethod which incorporates a New­

ton’s m ethod correction [106]. However, for large systems (which can arise by the 

discretization of a partial differential equation, as in our case), such a m ethod can 

be prohibitively expensive. As w ith the RPM , the idea behind the Newton-Picard 

m ethod is to split the problem  into two parts: a direct solver is used in the small­

dimensional subspace governed by the most unstable modes, while an approxim ate 

solution is found via an iterative P icard m ethod in the orthogonal complement. These 

two solutions are then combined to yield an approxim ate solution to  the  original sys­

tem  of O D E’s. An im plem entation of this algorithm  can be found in the software 

package p d e c o n t  [86].

Since the N ew ton-Picard m ethod is the one we adapted to act as our w rap-around 

code for the Taylor-Couette problem, we will describe the m ethod in detail. First, 

we will discuss the application of the New ton-Picard m ethod to finding equilibrium 

solutions of systems of ODEs, as outlined in [85]. We also will show how this m ethod, 

when applied to equilibrium  solutions, is in fact a generalization of the RPM  of the 

last section. Then, we will show how the m ethod extends to com puting time-periodic 

solutions.
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3.3.1 E q u ilib r iu m  S o lu tion s

As in C hapter 1, we begin w ith a system of ODEs of the form

^  =  f(u,A). (3.9)

(For convenience, we again have suppressed the dependence of u  on the param eter 

A.) Equilibrium  solutions of (3.9) satisfy f (u,  A) =  0. Im posing a suitable tem poral 

discretization transform s (3.9) into the iteration

un+1 =  F(un,A), (3.10)

where n  counts the current tim e step. As discussed in C hapter 2, A dair’s code ap­

proximates d u / d t  by (un+1 — un) /A t, and hence the iteration  m apping is

un+1 =  un +  Atf(un, A) =  F{un, A).

Equilibrium  solutions u* of (3.9) are fixed points of (3.10) and can be computed 

by repeated iteration  of the map F until successive iterates differ in norm by an 

amount less th an  a user-defined tolerance. This is the same situation  th a t the RPM  

was designed to  handle. However, the approach th a t the N ew ton-Picard m ethod takes 

is somewhat different. R ather than  finding fixed points of F by iteration, it applies 

Newton’s m ethod to find roots of the equation r(u) =  F(u) — u. This entails solving 

the system

( M v — I ) A u v =  —r(uw), u =  0 , 1 , 2 , . . . ,  (3.11)

for Au", and following this by the update

u"+1 =  u" +  Au".

Here, the superscript v  counts the Newton iteration, and for convenience we have 

denoted the Jacobian m atrix  F u(uy, A) by M v .

Our beginning assum ptions are almost identical to those of RPM : Let u* be 

an isolated solution of r(u) =  0, and let B  be a small neighborhood of u*. Let
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M { u) =  F u (u,A) for u  E B  and denote its eigenvalues by /ji, . . .  ,/ijv, ordered by 

decreasing m odulus and repeated according to  multiplicity. (This notation is not 

complete in th a t it suppresses the dependence of the eigenvalues on u  and on A, but 

for simplicity th is notation will suffice.) Assume th a t for every u  6 6 , precisely p 

eigenvalues of M (u) lie outside the circle of radius 1 — 6 in the complex plane, where 

as before 5 >  0 is a small num ber determ ined by the user. Assume further th a t no 

eigenvalue has m odulus equal to 1 — S. Hence, for every u  G B, we have

I/r | > I/l>| > ■ ■ ■ >  ImpI > l  -  <5 > l/v t-il > • ■ ■ > IalvI-

As Lust points out in [85], page 48, this assum ption is typically observed in practice.

As w ith the RPM , let V  denote the p-dim ensional invariant subspace of the 

Jacobian M { u) corresponding to the eigenvalues p i , . . . ,  pp. Let Vp be an N  x p  real 

m atrix  whose columns form an orthonorm al basis for V.  These basis vectors can be 

found via a real Schur decomposition of M (u ). Next, let Q = V 1- and suppose th a t 

Vq is a real N  x ( N  — p) m atrix  whose columns form an orthonorm al basis for Q.

Let P  =  VpVjf  and Q = VqV ^  =  I  — P  be orthogonal projectors of R N onto V  

and Q, respectively. For any u  e  R N , this gives the unique decomposition

u  =  P u  +  Qu,

where P u  6 V  and Q u  G Q. It will often be convenient to work w ith local coordinates 

in V  and Q. Utilizing the m atrices Vp and Vq, we easily get a change of coordinates 

by setting

p  =  Vp u  G , q  = V ? u e R N- p, 

from which we have u  =  Vpp  +  V^q. Similarly, we can write

A u  =  Vj,Ap +  U9Aq.

Substituting th is decomposition into the New ton’s m ethod equation (3.11) and mul-
Ttiplying by [Vq Up] yields the system

{ M u — I )Vq 0
Vp M uVq Vjf ( M u — I)VP

A c f
Ap"

V T r i u n
L V'r(ul/) (3.12)
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Here we have used the fact th a t V j V q — Vp =  0 since V  and Q are orthogonal to 

each other, and th a t M VVP =  0 since V  is an invariant subspace of M ". Note th a t 

system (3.12) is block lower triangular. This enables us to more easily solve system 

(3.12) for A p" and A q", from which we obtain

p"+* =  p" +  A p"

« f+ 1 =  q" +  A q".

We then  calculate u"+1 by

u "+1 =  Fpp "+1 +  Vqc f +l .

The basic idea behind the N ew ton-Picard m ethod is to avoid solving (3.12) di­

rectly, since in many applications (including ours) this is a  very large system  and hence 

quite expensive to solve using direct m ethods. Instead, the N ew ton-Picard m ethod 

finds A q '' via a P icard iteration. In  local coordinates, the equations for computing 

A p" form a small system which can be solved by direct m ethods. We now tu rn  to 

the details of com puting A q" and A p".

Solution of A q"

From (3.12), the system th a t determines A q" is

( k f  M " Vq -  P)A q" =  - V ? r(u " ). (3.13)

Hereafter, we refer to system (3.13) as the Q-equations. This is a large system th a t we 

wish to avoid solving directly. Since the spectral radius of V j ' M uVq is less than  one 

by Lemma 3.1, we know th a t the N eum ann series for { V ^ M vVq — I ) -1 is convergent 

and hence
OO

(Ir j M vVq -  I ) - 1 =  -

k=0
If we approxim ate this series by taking the first I  terms, we get the approxim ation

l -1
A q" «  ^ ( H 9TM "H9)fcF f r ( u " ) .

k= 0
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We can view this equation as the following Picard iteration (dropping the superscript 

v for the moment):

A q [0J =  0,
(3.14)

AqW =  V f M V q A q ^  + V f r ,  k = l , . . . , £ ,

and then  setting  A q 1' =  A q ^ . Note th a t in (3.14) we have used the  superscripts [A;] 

to count the P icard  iteration  num ber, not  the Newton step num ber of (3.12).

Notice th a t the large m atrix  Vq still appears in equation (3.14). M ultiplying

(3.14) by Vq and recalling th a t Vq<\ =  q £  M.N yields the P icard  iteration

A,q[0] =  0,

AqW =  Q M A q ^ “ 1] +  Qr, k = ! , . . . , £ .  (3.15)

A q 1' =  AqW.

Now (3.15) only involves the projector Q. Since Q = I  — P  = I  — VvVp , we need 

only use the (small) m atrix  Vp when executing (3.15). In fact, for num erical stability 

the m atrix  Vp is not used directly; rather, the projection onto Q is performed via a 

modified G ram -Schm idt m ethod (without normalization).

Using a larger value of £ should aid the convergence ra te  of the P icard iteration

(3.15), bu t there are additional costs involved in doing so (see the next paragraph). 

Lust et al. [89] sta te  th a t in initial tests of the New ton-Picard m ethod, £ =  1 was 

usually sufficient. For robustness, Lust later [88] employs a variable num ber of Picard 

iterations. This is done by measuring the norm  of the residual

||Q M A q  +  Qr  -  A q ||

and halting the iteration  when this norm falls below a user-defined tolerance. Note 

th a t this norm  is simply the norm  of the difference of successive P icard  iterates.

Observe th a t for £ >  1, equation (3.15) requires th a t we form the matrix-vector 

product M uA q. Recall th a t M " is the Jacobian m atrix  F u (u 1',A ). To compute a 

m atrix-vector product of the form M ^v, a finite difference approxim ation can be
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made, as Shroff and Keller suggested w ith RPM . As w ith the RPM , using a finite 

difference approxim ation of the Jacobian requires two calls to  the tim e-stepper code, 

which is an additional cost of using the P icard  iteration (3.15) w ith I  >  2 th a t is not 

present in the 1 = 1  case.

As a final note, Lust mentions th a t other iterative m ethods can be used to solve 

the Q-equations (3.13). Specifically m entioned is GM RES, a detailed analysis of 

which is m ade in [85]. However, the storage requirem ents for such a m ethod are much 

larger th an  the simple P icard iteration given above. For this reason GMRES is not 

used in our work.

S o lu tio n  o f  A p"

The system  of equations th a t defines A p" can be w ritten  as

(M " -  I )VpA p" -  —Vp r (u " )  -  Vp M "VgA q", (3.16)

which we will hereafter refer to as the R-equations. Note th a t the updated  value 

of A q" com puted by (3.15) is used to com pute A p". We can th ink of this as a 

Gauss-Seidel-like approach to solving for A p".

Since the "P-equations (3.16) form a small (p-dimensional) system, we can solve 

for A p" using any m ethod; cost is not an issue. U nfortunately, the system (3.16) is 

singular at bifurcation and fold points, and is very ill-conditioned near these points. 

For these reasons, Lust et al. [88] suggest using a least squares m ethod based on 

the singular value decomposition to solve (3.16). This has the advantage of being 

numerically stable [138].

C o m p u tin g  a  B a s is  o f  V

One of the key com putations necessary for the New ton-Picard m ethod’s success 

is the com putation of an orthonorm al basis of V,  the vectors of which are stored as 

the columns of the m atrix  Vp. Since the invariant subspace V  corresponds to the 

eigenvalues of the Jacobian m atrix  M  w ith largest modulus, it is logical to use a
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subspace ite ration  algorithm  [127] to compute a basis for V.  To ensure robustness 

of their algorithm , Lust et al., use a very sophisticated version of subspace iteration, 

namely subspace iteration  w ith projection and locking (deflation). Saad [113] gives 

more complete details of this algorithm  as well as convergence proofs.

Above we described the invariant subspace V  as the subspace spanned by the 

(generalized) eigenvectors of the Jacobian corresponding to  the dom inant eigenvalues. 

While this is m athem atically accurate, these eigenvectors are not actually used to form 

the m atrix  Vp. Instead, at each step of the subspace iteration algorithm , a real Schur 

decomposition is com puted, and it is these Schur vectors th a t, upon convergence of 

the subspace iteration, are used to form an orthonorm al basis of V.  As Saad [113] 

points out, Schur vectors can be obtained in a more numerically stable way than  can 

eigenvectors, and they  are less sensitive to  rounding errors.

3 .3 .2  C o m p a r iso n  o f  th e  R P M  and  th e  N e w to n -P ic a r d  M e th o d  for 
E q u il ib r iu m  S o lu tion s

In the case of finding fixed points of F , the recursive projection m ethod and the 

N ew ton-Picard m ethod are doing essentially the same thing: using a direct solver in 

a small-dimensional subspace and an iterative scheme in its orthogonal complement. 

However, the approaches taken by the two m ethods are different. The RPM  begins 

with a P icard  iteration  and stabilizes it by using New ton’s m ethod. The Newton- 

Picard m ethod begins w ith Newton’s m ethod and makes it more efficient by using a 

P icard iteration. However, the New ton-Picard m ethod, when applied to  a fixed-point 

iteration, is actually  a generalization of the RPM  in the following sense. Recall tha t 

the P icard  ite ration  portion of the N ew ton-Picard m ethod is given by

A q [0] =  0,

AqW =  Q M A qf*-1! +  Q r, k = l , . . . , i ,

A q 1' =  AqW.
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For 1 = 1 ,  this yields

A q 1' =  AqW =  Q M  Aqt°l +Q r  =  Q (F (u") -  u"),
=o

and hence,

q -+ ! =  +  A q 17 =  Q u v + Q (F{uv) -  u") =  Q F (u l/).

This is simply the projection onto Q of the original P icard iteration  u n+1 =  F (u n , A). 

Com paring th is w ith the RPM , we see th a t the P icard iteration  of the Newton-Picard 

m ethod, using I  =  1, is precisely the fixed-point iteration of the RPM  in Q.

A closer analysis of the New ton-Picard P-equations

PpT(M u -  I)VPA p u = - V ^ v{vlu) -  V ^ M vVqA<f

shows another difference between the RPM  and the New ton-Picard m ethod. Recall 

th a t the N ew ton-Picard m ethod can be considered as a Gauss-Seidel-like approach, 

since the updated  value of A q 1" is used in the com putation of A p T  However, if we 

set the term  V j M vVq to zero, then  the P-equations are completely decoupled from 

the Q-equations, yielding a what can be thought of as a Jacobi-like m ethod. W ith 

I — 1 in the P icard  iteration for the Q-equations, such a Jacobi-like variant of the 

New ton-Picard m ethod is actually identical to the RPM . However, Lust [85] states 

th a t in practice the term  Vjf M uVq can be quite large. Even though the Gauss-Seidel 

and Jacobi variants have the same asym ptotic convergence rates, because the term  

V ? M vVq is om itted  from the Jacobi-like scheme, it needs a more accurate basis for 

V  th an  does the Gauss-Seidel-like scheme to exhibit a similar performance (in terms 

of the num ber of N ew ton-Picard iterations required).

To determ ine w hether it is necessary to increase the size of the basis of V , the 

RPM  measures the speed of convergence of the iteration in Q. Unfortunately, this 

speed also can be affected by an inaccurate basis for V  or a bad initial guess for the 

solution. In  contrast, the N ew ton-Picard m ethod’s criterion for determ ining the basis
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size is much more robust and involves actually estim ating the eigenvalues with largest 

modulus of the Jacobian m atrix.

Finally, recall th a t the RPM  was developed to  stabilize a fixed-point iteration 

scheme. If another type of problem  is to  be solved (not a fixed point problem), then 

significant modifications may need to be done in order for the  RPM  to work. It 

is not clear th a t the R PM  is general enough to  be applied in many different situa­

tions. However, since the New ton-Picard m ethod was designed to simplify Newton’s 

method, it can be used on the wide variety of problems to  which New ton’s m ethod 

can be applied. In  particular, the Newton-Picard m ethod can easily be extended to 

computing tim e-periodic solutions, which we now describe.

3.3 .3  T im e -P e r io d ic  S o lu tion s

Let us tu rn  to the application for which the m ethod was originally intended, 

namely the com putation of tim e-periodic solutions to a nonlinear system of ODEs. 

As before, we consider a param eter-dependent system of the form

^ = f ( u , A ) .  (3.17,

In the discussion th a t follows, we assume th a t the param eter A is held fixed, and our 

notation will suppress the dependence of variables on A. We further assume th a t f  is 

autonomous, th a t is, it does not explicitly depend on tim e t. This assum ption implies 

tha t a periodic solution of the system is entirely determ ined by the initial condition 

u(0) =  uo and the period of the solution, which we denote by T.  It is these two 

quantities which the N ew ton-Picard m ethod computes.

Note th a t if u(f) is a periodic solution of (3.17), then  so is u (t + r)  for any r G l .  

Hence, there is a non-uniqueness associated w ith periodic solutions. Essentially, any 

point of the orbit (as viewed in phase space) can be viewed as the point at time 

0. We are therefore free to choose this point however we like by introducing an 

auxiliary equation ^(uo  ,T )  =  0, which is called a phase condition. Examples of

38

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



phase conditions used in practice can be found in [106] and [120]. Hence, a periodic 

solution can be found by solving the two-point boundary value problem

' $  =  f(u,A),

(3.18)
* r = 0dt u’
u(T) =  u0,

^ ( u  0,T) =  0.

Let 0 (uo , t) denote the solution of the initial value problem  (3.17) at tim e t for a 

given initial condition uo at t — 0. This solution <p is found by the tim e-stepper code, 

stepping forward in tim e until tim e t is reached. A standard  technique to solve the 

two-point boundary value problem (3.18) is to use a shooting approach. As detailed 

in [106], a shooting approach involves using N ew ton’s m ethod to solve the system

f r(u0,T) =  <A(u0,T) -  u0 =  0, 
\VKuo,T) = 0 .

In particular, at each Newton iteration we solve the system

(3.19)

' M v - I  0T 'A ug ' ■ r(u g ,T -)’
Vu VT. ^(u g ,T ")_ (3.20)

and then set

u iH-l =  ug +  Aug, 

T u +  ATA-Tl'+l

As before, the superscript v  counts the Newton iterations, the m atrix  M  is the Ja­

cobian d(j)/du, and all derivatives in (3.20) are evaluated at (ug,T"). As in the 

equilibrium case, we can approxim ate the action of M v on a vector v by a finite 

difference:
M uw ^  0 K + e v

£

Recall th a t this evaluation of M u~v will require two calls to the tim e-stepper code, with 

slightly different in itial conditions. Since </>(uo,f) solves d u /d t  =  f(u) by definition, 

we easily conclude th a t

^  =  f  W ug,T")).
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The evaluation of the two derivatives ?/>" and ipr depends on the form of the phase 

condition ip(uo , T ) used.

Solving the system  (3.20) directly is expensive when N  is large, as it will be in 

our case. Hence, as in the equilibrium case, we apply the New ton-Picard m ethod to 

solve (3.20). We make an assum ption analogous to  th a t of the equilibrium  case: let 

(uq,T*)  be an isolated solution of (3.19),  let B  be a small neighborhood of (uq,T*),  

and let M ( vlq,T )  =  4>u(uq,T )  for (uo ,T ) 6 B. Denote the eigenvalues of M  by m,  

i =  1 , . . . ,  N ,  and assume th a t for all (uo, T) € B  precisely p  eigenvalues lie outside the 

circle of radius 1 — 5 for some small 5 >  0. As in the equilibrium case, the param eter 

S is determ ined by the user.

As before, let V  denote the invariant subspace of M  spanned by the eigenvectors 

and generalized eigenvectors of M  which correspond to the eigenvalues which lie 

outside the circle of radius 1 — 5. Let Vp be an orthogonal m atrix  whose columns span 

V] the orthogonal projector onto V  is given by P  =  VpVp . Also, let Q =  V ^  with 

orthonorm al basis Vq and orthogonal projector Q — V q V j  — I  — P.  For Auo 6 M.N , 

this yields the unique decomposition

Auo =  VpAp + VgAp,  where A p  & Mp and A q  € MiV“ p.

Substitu ting th is decomposition into the system (3.20) and m ultiplying the first N  

equations by \Vq Vj>]T , we obtain the system

X ( M ^ - I ) V q 0 V U ?T' 
V ^ M - V q  VpT (M " -  I)VP V j ^ T

"Aq"" v / ; r « , T " ) -
W , T " )A p" =  —

. VnVq ruvP rT . A T" ... , 

hA O 1

As in the equilibrium  case, we have used the fact th a t V j V q =  V j V v =  V ^ M VVP =  0. 

Once A q 1", A p", and A T 1' have been found, we set

Uq+1 =  Uo +  VpA p u +  VqA c f  
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The vector

h* =  ^
— d T01 (uS,t*)

is an eigenvector of the M onodromy m atrix  M (uj), T*)  corresponding to  the eigenvalue 

1 [85]. Hence, b* G V  by our assum ption above, which implies th a t V^b* =  0. Thus, 

the term  Vj '4>t  appearing in equation (3.21) is usually quite small and converges to 

zero as the Newton iteration converges. Lust et al., therefore neglect this term , and 

so will we.

W ith  this simplification, the solution of (3.21) is com puted as in the equilibrium 

case. We first solve

V ? ( M V -  I )VqA q" =  - F gTr « , T " )

for A q 1" via a P icard  iteration, either using a fixed num ber I  steps or by iterating 

until convergence to a desired tolerance is reached. Next, A p 1' and A T v are found 

by directly solving the small system

ah "Ap"' ’V^'[t (uq, T 1/) + M uVqA q l']~
VuVP ipj. A T u

The basis Vp is com puted in precisely the same way as in the equilibrium  case.

Note th a t this use of the Newton-Picard m ethod has no analog in the recursive 

projection m ethod. The RPM  in general cannot easily compute periodic solutions to 

(3.17), although it has been used to  find travelling wave solutions [84],

3.4 C on tin u ation  A round  T urning P o in ts

In the previous sections, we have suppressed the dependence on the param eter 

A for notational convenience. Our prim ary interest, however, is in observing solution 

bifurcations as A is varied, so in this section the dependence on the param eter A will 

be made explicit. We consider the system of ordinary differential equations

^ = f ( u , A )  (3.22)

as our basic equation for bo th  the equilibrium and tim e-periodic cases.
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Often, the goal of numerical continuation is to determ ine the entire solution set

Of course, an entire continuous solution branch cannot be computed; rather, a discrete 

set of points of G are found. The m ain idea of continuation is to produce a procedure 

whereby, given a solution (uo, Ao) G G, a nearby point of G can be computed.

A simple approach to this end is first to compute the  solution (uo, Ao) G G 

for a particu lar param eter value Ao, change the param eter by some A A to obtain 

Ai =  Ao +  A A, and then  compute the solution ( u i ,  Ax) G G. This process is repeated 

to find a set of solutions (uj, Aj) G G, i =  0 , 1 , 2 , . . . .  This m ethod, called param eter 

continuation, works well a t regular points, th a t is, a t those points where the Jacobian 

m atrix f u is nonsingular. This is essentially the m ethod employed by the TAY code, 

which has two param eters, Ri  and R 0, of which only one is allowed to vary at a time.

At a turning point, however, param eter continuation breaks down, for a t such 

points the solution u  is not a function of A. Because the Jacobian m atrix  fu is singular 

at a turning point, the Im plicit Function Theorem fails to guarantee a unique solution 

branch as a function of A at the turning point—the solution is not a single-valued 

function of A. If the value of A is increased past the turning point, either the numerical 

scheme used to  solve (3.22) will not converge or will converge to a solution on another 

branch. P aram eter continuation can break down at other points, bu t we will focus 

on only turning points in this section.

The rem edy is to  introduce a new param eter s by augm enting the defining system 

with a new equation th a t defines this new param eter. This param eterization equation 

should be chosen so th a t the solution is single-valued in s and the Jacobian m atrix  

of this augm ented system  is nonsingular at turning points. One of the most widely 

and successfully used param eterizations is the arclength continuation m ethod of H. B. 

Keller [73]. In this m ethod, a param eter s is introduced th a t represents arclength (or 

an approxim ation of it) along the curve as m easured from a given solution (uo,Aq).
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Both u  and A are viewed as unknown functions of this param eter s. Param eter 

continuation, as described above, is carried out w ith s instead of A: a t each value 

Si, we com pute the solution (u(sj), A(sj)) € G. This m ethod allows us to  follow a 

solution branch around a turning point.

Both the R PM  and the Newton-Picard m ethod can be extended to include the 

use of such a param eterization equation. Since the N ew ton-Picard m ethod is a gen­

eralization of the RPM , we describe the use of a param eterization equation only for 

the N ew ton-Picard m ethod in the next two sections.

3.4.1 E q u il ib r iu m  S o lu tion s

As in Section 3.3.1, the goal is to find an equilibrium  solution of (3.22) by com put­

ing a fixed point of the iteration F(u"(A )) =  u n+1(A). Instead of using the iteration, 

however, we apply New ton’s m ethod to solving r(u(A)) =  F(u(A )) — u(A). Let us 

introduce a param eterization equation of the form n (u , A, s) =  0, where s is the new 

param eter. In  particular, we have in m ind Keller’s arclength continuation, b u t the 

analysis in th is section and the next applies to any param eterization equation. Both 

u and A are trea ted  as functions of s. For fixed s, the system  we wish to solve by 

Newton’s m ethod is
F (u (s),A (s)) — u (s) l _  [0] . .

n (u (s) , A(s), s) 0

For each Newton iteration, this requires the solution of the system

' F UK , A  n - I  F a ( u" , A" ) '

iA3<1 i

It

_ n u (u", V , s )  n A(u", AI/,s)_ _AA!/ n( u", A1', s)
(3.24)

;j l ^ '  J L"-vu > ^ 

for Au" and AA". We then  set uy+1 =  u^ +  Au" and A1""1"1 =  \ u +  AAA As before, we 

will denote F u(u", A") by M v. For notational convenience we will denote F ^ u 1', Ay) 

by F^, and sim ilarly for the other term s appearing in (3.24).

Utilizing the  basis Vp for the subspace V  and the orthogonal projector P  = VpV j  

onto V,  and sim ilarly Vq and Q for the subspace Q, we can write Au =  Ap +  Aq,
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where Ap e  V  and Aq 6 Q. Setting Ap =  KTAu € Mp and Aq =  V j u  € m

local coordinates, we can also write

Au =  tpAp +  V^Aq.

Substituting th is decomposition of Au into (3.24) and m ultiplying the first N  equa­

tions by \Vq Vp gives

' V , j M uVq - I  o v T f vx 
Vj  M vVq V j  M uV p - I  F£

'Aq"'

1U
 Sh

l

Ap" 1II
< v q n x . 1

<1 , £
i

(3.25)

As in our analysis before, we have used the facts th a t V  is an invariant subspace of 

F u and th a t V ^V P = V j V q =  0 since V  and Q are orthogonal subspaces.

The m ethod used to solve equation (3.25) is similar to th a t for solving (3.12), 

except th a t solving the Q-equations requires two sets of P icard  iterations ra ther than  

one. The Q-equations here are

CV T M vVq -  I ) A q" +  V fF^A A " =  - V f r " ,

which implies th a t

A q" =  ~ { V ^ M uVq -  I ) ~ 1V ^ r u -  { V f  M uVq -  I ) ~ l V j F^AA".

Let A q" =  - { V j M vVq -  I ) ~ l V ^ r u and A q" =  - { V q M^Vq -  I ) ~ l V ^ ¥ vx , so that 

A q" =  A q" +  Aq^AA". Instead of actually forming the m atrix  inverse

{ V ? M vVq - I T \

the inverse is approxim ated by using the first I  term s of its convergent Neum ann series. 

This am ounts to  applying the P icard iteration scheme as described in Section 3.3.1. 

The term  A q" is found exactly as before, while Aq)( can be found by P icard iteration 

with V ^F ^  in place of V j v v. Specifically, writing A q" =  F9A q" and Aq^ =  VgA q x 

to utilize vectors in R N , these iterations are

Aq[°] =  0,

AqW =  Q M +  Q r, k  =  1 , . . .  ,£, (3.26)

A q" =  AqW,
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and

Aq[°] =  0,

A q f ] =  Q M A q f~ 1] +  Q F A, k = l , . . . , l ,  (3.27)

Aq* =  AqW

As before, we use the fact th a t Q = I  — VvV j  along with the modified Gram-Schmidt 

m ethod to  perform  the projections onto Q, ra ther th an  constructing the large m atrix  

Q explicitly.

Note th a t the equations defining A q" and A q" involve the same m atrix  VtJ M uVg— 

I  bu t different right-hand sides. If we were using, for example, an LU  factorization 

of the m atrix, we could take advantage of this fact to reduce the  to ta l number of 

com putations required to solve bo th  systems. U nfortunately th is is not possible in 

our situation  since we are using an iterative m ethod to solve the systems. The addi­

tional expense of solving a second system, which can be considerable, is a significant 

drawback of utilizing the Newton-Picard m ethod within an arclength continuation 

context.

Com puting A q" and Aqj( is not sufficient to determ ine A q", since the term  

AA" is still unknown. Replacing A q" w ith A q" +  Aq^AA" in (3.25) and rearranging 

the term s from the second and th ird  block rows of the Jacobian m atrix  yields the V  

equations

Vp M UVP -  I  V.J(F({ +  M "A q(0 ' A p"' Ypr  (r" +  M "A q ")'
< V P <  +  n" Aq^ AA"_ n" +  n" A q"

Thus, the procedure to solve system (3.25) is as follows. F irst, compute Aq" 

and Aq)( by the P icard  iterations (3.26) and (3.27), respectively. Next, solve the 

P-equations (3.28) for A p" and AA", and then set A q" =  A q" +  Aq^AA". Finally, 

set

u "+1 =  u" +  FpAp" +  A q", 

A"+1 =  A" +  A A".
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3.4.2 Time-Periodic Solutions

The equations of Section 3.3.3 can be modified in a sim ilar m anner to  allow 

for the in troduction of a param eterization equation for com puting turning points on 

branches of tim e-periodic solutions. In this section we briefly outline the resulting 

equations to be solved by the Newton Picard method.

As above, let s denote the new param eter, defined by the  param eterization equa­

tion n(uo, T, A, s) =  0. We view the initial point uo, the period T , and the param eter 

A as functions of s. For each s, the system of equations to  be solved by Newton’s 

m ethod in the tim e-periodic case is

'<f>(uo(s),T(s),\(s)) -  u 0(s)' 
^ ( u 0(s) ,T(s) ,A(s))  

n (u 0(s),T (s), A(s),s)

" o '

= 0
0

(3.29)

"M" — i  (pvT <#;■ -Tu-

C  r T Vx AT" =  — y>"
n" rVp n \ _AA"_ n"

Let r"  = < £ « ,T " ,  A") -  Uq. At each Newton iteration, we m ust solve the system

(3.30)
n \ \  LAAl/J I X .

for A uq, A T" and AA", and then set

n "+1 — n" -t- A n"u o ~  u o +  ^ u o>

/ J i P - f - 1  ___ r j i U  _ j_

A"+1 =  A" +  AA".

(3.31)

Using the orthogonal decomposition M =  V  © Q and bases Vp and Vq for the 

subspaces V  and Q, we can decompose system (3.30) to get

v^Mvvq- i  o o vU \
V j M " V q Vp M uVp — I  V j ^ T V j4> \

r uv q
<vq

K V P
<vp 'tpT

Tin

*l>X
n\

"A q"'

r... 
'

Jh 
s-i

A
A

-
1

A p"
A T" i)ju

.AA".

(3.32)

To obtain this system, we have also used the simplification th a t <p̂  «  0, as we 

did in Section 3.3.3. By reading the first block equation of (3.32), we obtain the Q- 

equations. These equations are identical to the equations in the equilibrium solution
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'A p " ' 'Vp (r"  +  M "A q ")'
A T" =  — r  +  C A q "
AA" n" +  n" A q"

case, and hence can be solved in the same way: apply Picard iteration  to obtain Aq" 

and Aq^. Substitu ting  these into (3.32) gives the ^-equations

\VpT M »Vp - I  VpT r T + Aqi()
ruVp Vt  r x + Vn Aq̂
K VP n T n X + K A <lx

which are solved by direct m ethods since this is a small-dimensional system. In the 

end, we obtain

u "+1 =  +  KpA p" +  A q" +  Aq^AA"

and T "+1 and A"+1 as in (3.31).

3.5 A p p lica tio n s

M any applications of the recursive projection m ethod and the Newton-Picard 

m ethod have appeared in the literature since these ideas were first introduced. P. 

Love, one of Keller’s former Ph. D. students a t the California Institu te  of Technology, 

used the RPM  as an aid for solving the Navier-Stokes equations [84], His goal was to 

do a bifurcation study  of Kolmogorov flow and flow in the Taylor-Couette problem. 

However, Love did not use the RPM  to wrap around existing tim e-stepper codes for 

those flows as we have done here. Instead, he form ulated the Navier-Stokes equations 

in such a way th a t New ton’s m ethod could be applied directly to compute their 

solution. At each Newton step, a linear system of equations m ust be solved. Love 

solves this system  using an iterative m ethod obtained from the num erical integration 

of an ODE, and then  applies the RPM  on this inner iteration  to stabilize it and 

speed convergence. In  this regard he was successful. His RPM -Navier-Stokes solver 

was able to detect bifurcation points and was able to follow some unstable solution 

branches. It should be emphasized, however, th a t Love’s original solution algorithm 

was designed w ith the intention of ultim ately using the RPM .

K. Lust and his colleagues a t K. U. Leuven have further applied the Newton- 

P icard m ethod to  such problems as the bifurcation analysis of periodic solutions of
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delay differential equations [90] and the com putation of period-doubling bifurcations 

[50]. Ito and K um am oto [64] used the Newton-Picard m ethod to  focus on the compu­

tation  of fold bifurcation points in nonautonom ous systems of ODEs. An application 

of the N ew ton-Picard m ethod to perform  a bifurcation analysis of the flow in a driven 

cavity can be found in [137], which used the software package p d e c o n t . In [141], 

the New ton-Picard m ethod is used to compute periodic states of cyclically operated 

chemical processes. Atmospheric scientists have even used the m ethod, applying it to 

computing baroclinic instabilities [115]. Finally, we m ention I. G. Kevrekidis, who, 

along w ith m any others, has produced numerous papers on applying the RPM  and the 

Newton-Picard m ethod to perform  a “coarse” stability and bifurcation analysis using 

only microscopic-level chemical process codes. His applications enable a bifurcation 

analysis to be perform ed even when the governing macroscopic (differential) equations 

are not known. The intrepid reader may consult [54, 75, 101, 112, 134, 79, 91, 77] for 

details of his work.

3.6 Sum m ary

In this chapter, we have discussed a class of general solution procedures th a t we 

have collectively term ed New ton-Picard methods. These procedures, although differ­

ing in fine details, all share the same basic idea: split the solution of a m athem atical 

problem into two pieces, one corresponding to the part of the problem  representing 

weakly convergent or unstable modes, the other corresponding to  the complement. 

We have looked at two of these m ethods in detail: the recursive projection m ethod of 

Shroff and Keller [121] and the Newton-Picard m ethod of Lust [85], and we discussed 

how the la tte r  is a generalization of the former.

W e have g iven  o n ly  en o u g h  d e ta ils  o f th e  R P M  a n d  th e  N e w to n -P ic a rd  m e th o d  

so th a t we can understand  these m ethods sufficiently to  apply them  to our goal: 

creating a tim e-stepper based bifurcation code. Much more inform ation on these 

m ethods, including convergence proofs, simple applications, and further refinements,
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can be found in the original works [121], [74], and [85]. A lthough both  Lust and 

Keller m ention th a t their m ethods can be applied as a w rap-around for an existing 

tim e-stepper code, neither actually a ttem pts it. The next two chapters describe how 

we were able to  accomplish this for the Taylor-Couette problem.
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Chapter 4

The Taylor-Couette Problem

In this chapter, we more fully describe the Taylor-Couette problem, including 

a brief history of the problem and a discussion of various studies th a t have been 

performed. We will also give details of the numerical scheme used by Adair [2] and 

some of the dynamics and bifurcations he observed with his program . The review 

article by Donnelly [47] gives a more complete historical perspective of the problem.

4.1 D escr ip tio n  and H istory  o f  th e  P rob lem

The Taylor-Couette problem has been studied extensively, in various forms, for 

hundreds of years. In fact, its origins date back to  Newton [47]. The basic exper­

im ental apparatus consists of a viscous incompressible fluid placed in the annular 

region between two concentric coaxial circular cylinders. The experim ent itself in­

volves studying the flow patterns th a t result as one or bo th  of the cylinders are 

rotated. A variety of apparatus configurations appear in the literature: the ends (top 

and bottom ) of the apparatus can be held fixed, ro ta ted  with one of the cylinders, 

or the top can be removed altogether. Often only the inner cylinder is ro ta ted  while 

the outer cylinder is kept fixed, bu t experiments have been performed where both 

cylinders are ro ta ted  in the same direction (co-rotation) or in opposite directions 

(counter-rotation). See [48] for a comprehensive discussion of various apparatuses 

th a t have been used in experiments.
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The Taylor-Couette problem has been so widely studied because it is conceptually 

simple to understand  bu t exhibits a large variety of complex fluid flow behavior. In 

particular, the flow patterns observed can change quite drastically and dram atically 

with changes in the ro tation  rates of one or bo th  of the cylinders. M athematically, 

such changes are driven by the nonlinear term s found in the governing fluid flow 

equations, the Navier-Stokes equations. It has been the goal of m any experimental 

physicists, engineers, and m athem aticians to more fully understand  this nonlinear 

behavior and to  try  to explain it. Physical experiments, m athem atical analysis, and 

numerical simulations are the tools used to study this problem  and to study the 

character of the fluid flows produced.

The problem  is partly  named after M. M aurice Couette, who in the late 19th 

century built a coaxial cylinder apparatus as a means of m easuring fluid viscosity 

[35]. In his apparatus, the inner cylinder was suspended from a torsion fiber with 

the outer cylinder rotating. Viscosity was computed by m easuring the torque on 

the inner cylinder. One of the flows th a t Couette observed w ith  his apparatus now 

bears his name. Couette flow is a steady lam inar flow which has a purely azim uthal 

component and is dependent only on the radial position. However, Couette flow is 

an exact solution of the Navier-Stokes equations only in the case where the cylinders 

have infinite length. Couette flow only is observed in physical experim ents near the 

middle of very long cylinders.

The name of G. I. Taylor was attached to the problem following a groundbreaking 

paper in 1923 th a t summ arized the results of an extensive study he conducted on the 

problem [132]. Taylor constructed an experimental apparatus and compared the flow 

patterns he observed w ith the linear stability theory for infinite cylinders he had 

developed. Theory and experiment agreed nicely, he concluded. Taylor was also 

among the first to do a detailed linear stability analysis of the problem. In doing 

so, he calculated the critical ro tation rate  a t which Couette flow loses stability, as 

well as the axial wavelength of the disturbed flow. W ith  a fixed outer cylinder, as
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the inner cylindrical ro tation  rate  is increased, Couette flow becomes unstable and a 

new flow becomes the stable solution. This new flow is a steady axisymmetric flow 

th a t consists of a num ber of toroidal regions encircling the inner cylinder in which 

the fluid circulates. These toroidal vortices are now known as Taylor vortices and the 

associated flow is now called Taylor vortex flow.

Taylor’s theory and linear stability analysis assume th a t the cylinders have in­

finite length; in th is way, end effects may be ignored. O f course, in any physical 

experiment, end effects will be present and will need to  be dealt with. Taylor did this 

by using 90 cm long cylinders in which the fluid between the  cylinders was confined 

to a gap of less th an  one centimeter. He analyzed the flow far away from either end, 

near the middle of his apparatus. Since then, other techniques have been developed 

to simulate infinitely long cylinders in experiments. The use of “ram ps,” where the 

outer cylinder is gradually tapered inward [3], currently is one of the most advanced 

ways to  im itate  infinitely long cylinders in experim ental apparatuses [97].

Many other experim ents have used various approaches to  minimize end effects 

so th a t experim ental results may be compared w ith the infinite cylinder theory. No­

table among these is the work of Coles [34], whose experim ents confirmed another 

consequence of the nonlinear term s of the Navier-Stokes equations: non-uniqueness 

of solutions. In fact, Coles observed as many as 20 to 25 different flows for the same 

problem param eters (the speed of the cylinders’ ro ta tion  and the height and radii of 

the cylinders). These various flows were distinguished by different numbers of Taylor 

vortices observed and different numbers of waves appearing in a tim e-dependent flow 

called wavy vortex flow. W hich flow was observed depended on how the state  of 

the apparatus was achieved; for example, slowly increasing the  ro tation rate  versus 

suddenly doing so. The experiments of Benjamin and M ullin [12, 13] and Burkhalter 

and Koschmieder [18, 19] also have exhibited this non-uniqueness of flow solutions.

The short cylinder Taylor-Couette problem is also of interest, and there have been 

experimental studies to analyze end effects in short cylinder arrangem ents. Among
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the first of these was Cole [33], who showed th a t the appearance of wavy vortex flows 

heavily depends on cylindrical height. T. B. Benjam in also considered end effects in 

his work. Not only did he perform physical experim ents w ith relatively short cylinders 

[11], bu t he also developed the theory, based on Leray-Schauder degree theory, to 

m athem atically analyze the effects of the ends [10]. In his experiments, Benjamin 

also observed flows th a t seemed to contradict the generally held belief th a t the fluid 

flow should be directed inward at the ends due to the decrease of the centrifugal force 

near the ends caused by the no-slip boundary conditions there [108]. These flows 

are called “anomalous modes,” and cannot be achieved by gradually changing the 

cylindrical velocity [104], Further experimental, analytical, and num erical work on 

these anomalous modes (and related modes, such as single-cell Taylor vortex flow) 

can be found in the papers of Benjamin and M ullin [12], Lorenzen and M ullin [83], 

Cliffe, Kobine, and M ullin [29], Cliffe and M ullin [31], Anson, Mullin, and Cliffe [8], 

Cliffe [26], and Bolstad and Keller [16]. Finally, we note th a t the experim ental and 

numerical work of Tavener, Mullin, and Cliffe [131] clearly shows the effect of the 

ends by considering a variant of the trad itional Taylor-Couette problem, where the 

ends of the apparatus ro tate  w ith the inner cylinder.

O ther than  Taylor vortex flow, many other types of flows have been observed since 

Taylor’s ground-breaking work. For instance, the wavy vortex flow m entioned above 

is observed in experim ents with a stationary outer cylinder as the inner cylinder’s 

ro tation rate  is increased to the point where the Taylor vortex flow loses stability. 

This wavy vortex flow is similar to Taylor vortex flow, bu t it is a tim e-dependent flow 

in which the vortices move with a well-defined frequency; one can th ink of this flow 

as superim posing a travelling azim uthal wave upon the Taylor vortices. A doubly 

periodic (quasi-periodic) flow is observed when the ro tation  ra te  becomes even faster 

[56]. An extensive series of experiments was performed by Andereck, Swinney, and 

others [5, 6], in which an even wider variety of flows was observed, w ith names such as 

m odulated vortex flow, spiral flow, in terpenetrating spirals, tw isted Taylor vortices,
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and braided vortices. Turbulent flows, w ith no apparent large-scale features, have 

also been observed at sufficiently large ro tation  rates [6 , 53]. A survey of many of 

these different flows can be found in [39], where the authors also include details of 

the theory behind them.

We should note th a t many, bu t not all, of the experim ents m entioned above 

were perform ed w ith the typical setup of the outer cylinder a t rest and inner cylinder 

rotating. Additionally, experiments have been performed where b o th  cylinders ro­

tate. B oth co-rotation (cylinders ro ta ting  in the same direction) and counter-rotation 

(cylinders ro ta ting  in the opposite direction) were studied by Taylor. Co-rotation has 

also been studied by Andereck, Dickman, and Swinney [5] and by Coles [34], while 

counter-rotating experiments have been performed Synder [122, 123], Andereck, Liu, 

and Swinney [6], Schulz and Pfister [118], and also by Coles [34]. For our numerical 

bifurcation results outlined in Chapter 6 , we will be focusing on the  counter-rotating 

problem.

In addition to  physical experiments, the Taylor-Couette problem  has been ex­

tensively studied using analytical m ethods. Among the first to  do th is was Taylor, 

but many others have followed in his footsteps. Typically, simplifying assum ptions 

are made to  make the analysis easier. As we’ve already m entioned, infinitely long 

cylinders are often assumed so th a t end effects and axial boundary conditions can 

be ignored. This assum ption is also frequently made because the analytical formulas 

for Couette flow are an exact solution of the Navier-Stokes equations only for in­

finitely long cylinders, not for finite-length cylinders. O ther simplifying assum ptions 

frequently m ade are th a t the flow is axisymmetric, the flow is periodic in the axial 

direction, or the flow is tim e independent. These assum ptions restrict the types of 

flows th a t can be analyzed m athematically. As a consequence, num erical experiments 

have become increasingly im portant in understanding the Taylor-Couette problem 

more fully. Since our work is numerical, we will not discuss analytical m ethods in 

this dissertation. The interested reader may consult [25] or C hapter VII of [23] and
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the references therein. End effects are treated  analytically by Schaeffer [116] and 

Benjamin [10].

A considerable num ber of numerical investigations of the  Taylor-Couette problem 

can be found in the literature for bo th  sim ulating the Navier-Stokes equations and for 

detecting and studying changes in the flow patterns as the  cylindrical velocities are 

varied. Among the first of these was the numerical work of Meyer in the 1960’s. In 

[95], he studied Taylor vortex flow by using a stream function-vorticity form ulation of 

the tim e-dependent axisym metric Navier Stokes equations. Meyer assumed periodic 

axial boundary conditions to eliminate end effects. Similar num erical m ethods were 

later employed by Alziary de Roquefort and Grillaud [4] and by Neitzel [107], but 

they included end effects in their com putations. In later work, Meyer [96] extended 

his m ethod to  allow for the com putation of nonaxisym m etric flows, notably wavy 

vortex flows, by expanding the velocities as a Fourier series in the angular variable 9.

Much num erical work has been performed by Cliffe and others [32, 31, 30, 27, 

108, 8], who com puted steady axisymmetric flows in very short cylinder arrange­

ments using a finite element m ethod. Their bifurcation results use the numerical 

bifurcation m ethods alluded to  in Chapter 1. H. B. Keller and co-workers have de­

veloped m ultigrid-based algorithm s for the Taylor-Couette problem  [16, 40]. They 

restricted their com putations to  steady axisym metric solutions, b u t they did consider 

finite-length cylinders and hence had to take into account end effects. Also among 

the numerical experim enters is R. Meyer-Spasche, who, w ith others, developed the 

code called t a y p e r i o , which also computes steady axisym m etric solutions of the 

Taylor-Couette problem  [97, 98, 99, 100, 125]. TAYPERIO uses a  com bination of finite 

differences in the radial variable w ith Fourier series expansions in the axial variable 

in such a way as to force periodic boundary conditions, so end effects can be ignored, 

and to force a m id-plane sym m etry of the solution.

To more fully understand the Taylor-Couette problem, we m ust be able to com­

pute more th an  ju st steady axisym metric solutions. Even the  ra ther simple wavy
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vortex flow is a tim e-dependent nonaxisym metric flow. Therefore, much work has 

been done w ith the goal of computing such solutions, of which we m ention only a 

few. Keller and Schroder [117] expanded Keller’s original m ultigrid-based algorithm  

mentioned above to  allow for the com putation of tim e-dependent and nonaxisym m et­

ric solutions. In particular, they were looking for travelling wave solutions (of which 

wavy vortex flow is one), th a t are steady flows when viewed in a ro tating  reference 

frame. The num erical code of Marcus [93] is also able to com pute wavy vortex flows 

[94] and m odulated (quasi-periodic) vortex flows [36]. Wavy vortex flows have also 

been studied numerically by Moser, Moin, and Leonard [103] and by Edwards, Tuck- 

erman, Friesner, and Sorensen [49]. The la tte r work is of interest because of their use 

of Krylov subspace m ethods in the solution algorithm . The more recent results of 

Hoffmann and Liicke [62] were obtained from a code based on finite differences and 

Fourier series expansions to analyze spiral vortex flows.

Finally, we m ention the numerical work of S treett and Hussaini [128]. They 

used a m ulti-step scheme to solve the tim e-dependent nonaxisym m etric Navier-Stokes 

equations, and they focused on short cylinder lengths. Their num erical experiments 

are the closest to  th a t of Adair [2], which we now describe in more detail.

4.2 N u m erica l So lu tion  M eth o d  o f A dair

In this section, we briefly describe the num erical m ethod used by Adair [2] to 

solve the finite-length Taylor-Couette problem. Adair gave his completed computer 

program the name TAY, and we continue his nom enclature. Later in this section we 

give a description of the com putational results obtained by Adair as well as some 

later results of J. W. Thom as using the TAY code [1]. We conclude the section by 

discussing aspects of the observed solution bifurcations.

F irst, we introduce some notation. Let rq and r-i denote the inner and outer 

cylinder radii, respectively, and let rj =  r \ / r 2 , the radius ratio. We define the gap
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width to  be d =  r 2 — r i .  Let h denote the height of the cylinders, and let fii and £1%

denote the angular velocity of the inner and outer cylinders, respectively.

The equations th a t describe the flow of a viscous incompressible fluid lying be­

tween concentric cylinders in the Taylor-Couette problem  are the Navier-Stokes equa­

tions. In  the cylindrical geometry of the Taylor-Couette problem , it is natural to 

express these equations using cylindrical coordinates w ith spatial variables r, 0, and 

z. The equations are pu t into non-dimensional form by choosing the characteristic 

length to be the  gap w idth d and the characteristic velocity to  be the velocity of the 

inner cylinder rifi].. To this non-dimensionalization there correspond two Reynolds 

numbers, one for each cylinder. We define the inner and outer Reynolds numbers to

respectively, where v  denotes the kinem atic viscosity of the fluid. These quantities 

are the non-dimensionalized velocities of the inner and outer cylinders, and hence 

cylindrical ro ta tion  rates can be controlled by changing the appropriate  Reynolds 

number. The geometry of the problem can be described entirely in term s of the 

non-dimensional radius ratio  77 and the aspect ratio  V = h/d.

In the TAY code, r = 0 corresponds to the central axis of the Taylor-Couette 

apparatus, z  =  0 corresponds to the bottom  of the cylinders, and z  — Y corresponds 

to the top of the cylinders. The ends of the cylinders are fixed, and no-slip velocity 

boundary conditions are imposed at the ends and at the cylindrical walls. Pres­

sure boundary conditions are treated  similarly to those given in [24], b u t the spatial 

discretization has been slightly changed. In cylindrical coordinates, w ith these non- 

dimensional variables and param eters, the vector form of the  Navier-Stokes equations

be

v v

is
=  V 2v  + L v  -  S / p -  R j[(v • V )v  +  A(v)] 

V ■ v  =  0,
(4.1)
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where v =  (u, v, w) is the velocity field and u, v, and w, are the radial, azim uthal, and 

axial velocity components, respectively, and p  is the pressure. The operators which 

appear in (4.1) are defined as:

v  =
p {dr'Tde’d z J ’

_  d v d  d
v ' v  =  u * :  +  r »  +  ”' & ’ 

_  1 d i m )  1 dv dw
r or r i)9 oz

o 1 9 (  d \  I d 2 d2 
V 2 =  —^  r —  +  +

and

r dr \  dr J  r 2 dO2 d z 2 

To utilize the azim uthal periodicity th a t m ust be present in this annular region, 

the solution velocity and pressure are expanded as a trunca ted  Fourier series with 

respect to  9. Thus, we have the approxim ations

i { r ,9 ,z , t )  «  ^ u w (r ,z , t )  + £  u n (r ,  z, t ) cos(t!0) +  U2e(r, z, t ) sin

v ( r ,6 , z , t )  «  ]-viq(r,z ,t)  +  £  vu(r ,  z, t) cos(16) + V2i{r, z, t) si
l=\ '

1 N (
i ( r ,9 , z , t ) «  - w w {r ,z , t)  +  £  w u(r ,  z, t ) cos{19) +  W2t(r, z, t) si

t— i \

i=l
N

'   ̂ ( ’) sm
i=\

N
w{r, V, z yt) «  -w-\n{r,z,t)  +  y  i w-\/{r, z , t )  cos{lt>) +  w?Ar, z , t )  sm

=1

1 N (  
p{r, 9, z, t) «  - p w {r, z , t )  + '^T  lp u { r ,  z, t ) cos(£6>) +  p2i{r, z, t) s in (£9)

l=i '

A spatial discretization is then used in the rz-plane for the corresponding Fourier 

coefficients. It should be noted th a t this approach of using finite differences combined 

with a Fourier expansion has been used before to study the Taylor-Couette problem 

[96, 62], Adair uses centered differences for all second derivatives, bu t a variant of the 

Lax-Wendroff difference scheme is used for first derivatives. R ather th an  treating each 

Fourier coefficient as a function of two spatial variables and using the  two-dimensional
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Lax-Wendroff scheme for spatial first derivatives, each spatial first derivative is instead 

discretized by the one-dimensional Lax-Wendroff scheme independently. The resulting 

scheme is not the true  two-dimensional Lax-Wendroff scheme, b u t nevertheless works 

well. See page 246 of [135] for the exact form of this scheme.

The projection m ethod of Chorin [24] and Tem am  [133] is used to  solve for these 

unknown coefficients, the  same m ethod used by Griebel, Dornseifer, and Neunhoeffer 

[59]. This m ethod splits the problem  so th a t it is solved in three steps. F irst, an 

explicit Euler (forward-time) m ethod is used to approxim ate the tem poral derivative:

dv  v n+1 -  v n__  r-w-__________
dt A t

where n  represents the tim e step number. For notational convenience, we define

E (v ) =  V 2v  +  L v -  i?i[(v • V )v  +  A(v)].

The Chorin-Tem am  scheme evaluates the pressure a t the (n + l) s t  tim e step, which 

gives us the following discrete form of the Navier-Stokes equations:

v n+1 =  v n +  A tF { v n) -  A tV p n+l. (4.2)

If we define an auxiliary vector field v* by

v* =  v n +  A t F { v n), (4.3)

then equation (4.2) becomes

v n+i =  v* -  A fV pn+1. (4.4)

Next, applying the discrete divergence operator to  (4.4), and utilizing the incompress­

ibility of the fluid so th a t V ■ v n+1 =  0, we get the Poisson equation

v V +1 =  ^ v ' v *, (4.5)

which is then solved by the Gauss-Seidel iterative m ethod for pn+1. This pressure

pn+1 and the auxiliary field v* are then combined as indicated in (4.4) to obtain the
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velocity v n+1 a t the  next tim e step. In summary, equations (4.3), (4.5), and (4.4), 

taken in th a t order, form the tim e-stepper code w ritten  by Adair.

It is w orth rem arking at this point th a t the Chorin-Tem am  projection scheme 

can be viewed as a function th a t maps the velocity v n to  the  velocity v n+1 at the next 

time step. The pressure term  is used only as an interm ediate value to  compute v n+1. 

P u t another way, the velocity v n+1 is dependent only upon v " , since the pressure 

term  pn+1 is also dependent only upon v n . This view of the Chorin-Tem am  scheme 

will play an im portan t role in the construction of our w rap-around code, which we 

will describe in more detail in Chapter 5.

As discussed in the last section, many num erical experim ents in the literature 

assume a priori th a t the flow is axisym metric (independent of 0), or th a t the flow is 

periodic in the axial direction, or even th a t the flow is steady. These assum ptions are 

not made by Adair, allowing for more complicated flow patterns. Tim e-dependent 

solutions can be com puted, as well as non-axisymm etric flows. End effects also are 

taken into account via no-slip boundary conditions a t the top and bottom , which are 

assumed to be stationary. The TAY code is be tte r suited for use in a short cylinder 

system because there are fewer m ultiple solutions (for given Reynolds numbers) in 

short cylinders and because the com putational expense required for long cylinders is 

quite large.

4.2.1 Numerical Experiments Conducted with TAY

In this section, we describe some of the num erical results obtained from the TAY 

code as detailed in [2], focusing on the axisym m etric flows observed there. The basic 

process used in the num erical experiments is quite close to the process actually used 

in physical experim ents. Physical experiments begin by slowly ro tating  one of the 

cylinders. The system  is then given some tim e to  settle and to develop a well-defined 

flow pattern . Next, the ro tation  rate  of one of the cylinders is changed slightly, 

and the system  is allowed to settle again. This process is repeated until the desired 

combination of inner and outer cylindrical ro ta tion  rates is obtained.
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In the  num erical experiments of Adair, the TAY code is s ta rted  w ith a  very 

slowly ro ta ting  inner cylinder and stationary  outer cylinder. C ouette flow is used as 

an initial condition. Like the physical experiments, this num erical system is allowed 

to equilibrate, which for a numerical experim ent means th a t m any tim e steps are used 

in com puting the solution. Then the ro tation  rate  of one of the cylinders is changed 

slightly and again the system is allowed to sit for many tim e steps. This process 

uses the flow solution at the previous ro tation  rate  as an in itial condition for finding 

the solution at the  new rotation rate, which is precisely w hat happens in physical 

experiments.

Recall th a t Ri  and R 0 denote the inner and outer cylinder Reynolds numbers, 

respectively. The ro tation  rates of the two cylinders are controlled by changing these 

param eters. In  the experiments of Adair, an aspect ratio of T =  2.4 and a radius ratio 

of rj =  0.615 were studied. The numerical experiments were begun by setting Ri = 1 

and R 0 = 0, using Couette flow as an initial condition, and allowing the system to 

equilibrate. The resulting flow pa tte rn  is a very weak axisym m etric two-cell Taylor 

vortex flow th a t is symm etric about the m idplane of the cylinders (z — T /2  — 1.2). 

Figure 4.1 shows a representative cross-section of such a two-cell flow.

The value of Ri  is then increased in small increments to  Ri = 300, again allow­

ing sufficient tim e to reach equilibrium. The flows along this pa th  are still two-cell 

axisym metric Taylor vortex flows and are qualitatively similar to the flow in figure 

4.1. Next, the outer Reynolds num ber R 0 is slowly changed from 0 to  —90, so we now 

are considering a counter-rotating Taylor-Couette problem. As R 0 is changed in this 

manner, the flow rem ains a two-cell Taylor vortex flow, bu t the cells begin to show 

more pronounced changes in character. In  particular, they become more compressed 

in the axial direction as R 0 is decreased.

However, as R 0 is decreased to  approxim ately —90, the  observed flow behav­

ior changes significantly. A tim e-dependent flow appears, destroying the midplane 

symm etry enjoyed by the previous two-cell flow. Two axisym m etric Taylor vortices
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rem ain, bu t the interface between them  oscillates. As R 0 is decreased further, even 

more com plicated flow behavior arises. The flow becomes w hat Adair term ed “dis­

organized Taylor vortex flow.” The number, size, shape, and location of the vortices 

change in a tim e-dependent fashion for fixed R 0. At certain  tim es, there are two 

cells; at others, four; and at still others, three cells can be observed. Based on pre­

liminary calculations, it appears th a t this disorganized behavior is also time-periodic. 

Surprisingly, all such disorganized flows are still axisymmetric.

The disorganized Taylor vortex flow continues as R 0 is further decreased until 

R 0 k , —320 is reached, where there is an axisym metric four-cell Taylor vortex flow.
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From (Ri, R 0) To (R i , R 0) Observed Flow

(1,0) (300,0) two-cell steady Taylor vortex flow

(300,0) (300 ,-90) two-cell steady Taylor vortex flow

(300, -9 0 ) (300 ,-300) tim e-dependent flow

(300, -3 2 0 ) (300,-320) four-cell steady Taylor vortex flow

Table 4.1: Summary of axisymmetric flows observed by R. Adair [2],

Figure 4.2 shows a typical cross-section of a four-cell Taylor flow. This flow appears to 

be steady; the tim e periodicity of the disorganized flow has been lost. Furthermore, 

the ^-sym m etry about the m idplane has been re-established for this four-cell flow. 

We have sum m arized these axisymmetric flows in tab le  4.1.

Further num erical experiments of axisym metric flows recently have been made 

by J. W. Thom as [1] using the TAY code. Thom as essentially reversed the path  in 

param eter space taken by Adair. The four-cell Taylor vortex flow was used as the 

starting  flow at Ri  =  300 and R 0 — —320. In the initial experim ent, R 0 was slowly 

increased while Ri  was kept fixed at 300. The four-cell solution was observed to 

persist until R 0 =  —40. However, it is believed now th a t insufficient settling tim e was 

allowed and th a t, in fact, the four-cell solution loses stability  a t a value of R 0 much 

less than  —40. A subsequent experiment was performed to test this, again starting 

at R 0 =  —320 w ith the four-cell solution bu t now using hundreds of thousands of 

time steps to  ensure sufficient settling time. The outer Reynolds num ber was slowly 

increased and the four-cell solution was observed to  persist until around R 0 =  —130. 

Because so many tim e steps were used in this experim ent, Thom as is fairly confident 

tha t the four-cell vortex flow is stable for —310 <  R 0 <  —130. However, by the time 

R 0 was further increased to —120, and the system was allowed to settle, the flow 

had drastically changed character and become a disorganized tim e-dependent flow. 

However, this tim e-dependent flow appears to be a different flow th an  th a t observed 

at the same param eter values in the initial run  where R 0 was decreased. Although
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From (Ri, R 0) To (R i ,R 0) Observed Flow

(300, -320 ) (300,-130) four-cell Taylor vortex flow

(300 ,-120) (300, -9 0 ) tim e-dependent flow

(3 0 0 ,-8 5 ) (300,0) three-cell Taylor vortex flow

(295,0) (295,0) two-cell Taylor vortex flow

Table 4.2: Summary of axisymmetric flows observed by J. W. Thomas [1],

further com putations need to be done, initially it appears th a t th is disorganized flow 

is also tim e-periodic.

As R 0 was further increased in this experim ent, these tim e-dependent flows were 

found to  persist to  R 0 =  —85, at which point a three-cell Taylor vortex flow was found. 

This three-cell flow is not tim e-dependent and is still axisymmetric; however, it does 

not possess the m idplane symm etry of the four- or two-cell flows. A representative plot 

of this three-cell flow can be found in figure 4.3. The value of R 0 was further increased 

and this three-cell solution persisted until R 0 =  0. (Recall th a t Adair observed a two­

cell solution at th is point in param eter space.) Thom as then  decreased the inner 

Reynolds num ber very slowly and observed th a t by Ri  =  295, the three-cell flow had 

given way to  a two-cell Taylor vortex flow. The transition  from this three-cell flow to 

two-cell flow is ra ther abrupt.

The results of T hom as’ experiments are summ arized in table 4.2. It is worth 

reiterating th a t all of these observed flows are axisym metric, a fact verified by using 

the full three-dim ensional capabilities of the TAY code.

4 .2 .2  D isc u ss io n  o f  B ifu rc a tio n  A sp e c ts

Aside from the variety of axisym metric flows seen in [2] and the recent exper­

iments of J. W. Thom as in [1], of particular interest are the solution bifurcations 

tha t have been observed. As described above, there appears to be a bifurcation that 

occurs near Ri  =  300, R 0 =  —90. Presumably, the two-cell Taylor vortex flow loses 

stability to  a tim e-periodic solution as R 0 is decreased to —90 (a Hopf bifurcation).
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Figure 4.3: Radial-axial velocity field of a three-cell Taylor vortex flow projected onto 
a vertical cylinder slice.
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Similarly, this disorganized tim e-periodic flow appears to lose stability  and a four-cell 

Taylor vortex flow becomes the stable solution as R 0 is further decreased to —320. It 

is obvious th a t there are also bifurcations occurring in T hom as’ experiments, with the 

four-cell solution presum ably losing stability to a tim e-dependent solution and to an 

asymm etric (with respect to the axial variable) three-cell solution. This small region 

of param eter space, the R 0Ri-plane, is ripe w ith interesting hysteretic behavior.

4.3 C onclu d in g  R em arks

In this chapter, we have looked at the Taylor-Couette problem  and the time- 

stepper code t a y  w ritten  by Adair to calculate fluid flow solutions for this system. 

We have detailed the numerical algorithms used in the code, and described some of 

the more interesting axisym m etric flows produced by the program . This code has 

shown th a t the small strip  of param eter space, Ri = 300, —320 <  R 0 <  0, is replete 

w ith many different fluid flow solutions and solution bifurcations.

Even though the t a y  code does a satisfactory job at com puting fluid flow solu­

tions, it is less th an  ideal for performing a detailed bifurcation study  of the Taylor- 

Couette problem. As we dem onstrated in Chapter 2, the TAY code can only compute 

stable solutions of the Navier-Stokes equations, assuming sufficient settling tim e is 

allowed. This last caveat is worth noting, particularly  in the case of equilibrium solu­

tions. We have run  some experiments which require millions of tim e steps to settle to 

a steady solution. As we saw, in one experiment Thomas did not use a sufficient num­

ber of tim e steps to accurately obtain an equilibrium solution, which led to misleading 

results. Because of this, there can be doubt as to whether a com puted solution truly 

is the desired steady solution or whether the system has not yet had sufficient time 

to equilibrate.

Furtherm ore, since the t a y  code is a tim e evolution scheme, it is difficult to 

precisely identify the location in param eter space where bifurcation points occur. The 

presence of a bifurcation may only be detected by observing qualitative changes in
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the solution behavior. These changes are typically visible only farther away from the 

bifurcation point, because the convergence ra te  of the tim e-stepper near a bifurcation 

point is arb itrarily  slow (as shown in Section 2.1.3). In some experiments, for example, 

we found th a t millions of tim e steps were needed to accurately calculate a solution 

near potential bifurcation points.

Using the TAY code, in general it is difficult to determ ine whether a bifurcation 

point or a tu rn ing  point has been passed, because bo th  involve a qualitative change 

in the observed solution. At a bifurcation point, the stable solution branch loses its 

stability, and TAY cannot compute along the unstable branch. Instead it will do one 

of two things, depending on the type of bifurcation. At a supercritical bifurcation, 

the TAY code will com pute solutions along the stable branch em anating from the 

bifurcation point. However, a t a subcritical bifurcation point there is no em anating 

stable branch. Instead  the TAY code will compute solutions along another stable 

branch not locally connected to the unstable solution branch (global connections may 

still exist, however). In  this case, the transition  to this new branch is typically abrupt.

Now consider the behavior of the code at a turning point. As a turning point 

is passed, the TAY code “falls off” the stable branch onto some other stable solu­

tion branch. This transition , which is also quite sudden, is very similar to th a t a t a 

subcritical bifurcation point. This makes distinguishing between a subcritical bifur­

cation point and a turning point difficult. On the other hand, if the bifurcation point 

is supercritical, additional information may be obtained from  t a y  (e.g., velocity field 

or contour plots) th a t allows the user to conclude th a t a bifurcation point has been 

passed ra ther th an  a turning point.

E ither the outer or the inner Reynolds num ber plays the role of the bifurcation 

p a r a m e te r  in  a l l  n u m e r ic a l  e x p e r im e n ts  c o n d u c te d  w i th  TAY, s in c e  th e  r a d iu s  r a t io  

r) and the aspect ratio  T are fixed during experiments. Branches of solutions are 

param eterized by a  Reynolds number. This renders the code incapable of following 

a solution branch around any turning points. It has no built-in  mechanism to deal
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with such behavior, such as incorporating an arclength continuation m ethod like tha t 

of H. Keller [73].

Finally, the  TAY code does not compute the period of any tim e-periodic flows 

as part of its solution scheme. An estim ate of the period may be obtained only a 

posteriori by p lo tting  the velocity or pressure tim e series a t a specific point in the 

spatial domain.

Our goal is to  use the Newton-Picard m ethod to modify and expand this time- 

stepper code to  make it more suitable for use as a bifurcation tool. Specifically, we 

wish to use the modified code to perform  the following:

• to more accurately pinpoint the values of the Reynolds num bers a t which the 

above observed bifurcations occur;

• to obtain  some information as to w hat type of bifurcations they are; in partic­

ular, we wish to confirm what we suspect are Hopf bifurcations;

• to  com pute unstable solutions;

• to com pute the period of tim e-periodic solutions; and

• to detect tu rn ing  points and follow solution branches around them.

We now tu rn  to the details of implementing the New ton-Picard m ethod as a 

com putational w rapper around the TAY code.
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Chapter 5

Com putational D etails

In this chapter, we discuss various aspects of im plem enting the tim e-stepper 

based num erical bifurcation code for the Taylor-Couette problem . In particular, we 

will focus on the changes to the Newton-Picard m ethod th a t were necessary to  form 

the w rap-around program  for the TAY code which we nam ed NPTAY. At the end of 

the chapter, we will also discuss the tests th a t were run to verify its accuracy.

5.1 Im p lem en ta tion

5 .1 .1  M a th e m a tic a l C o n te x t o f  th e  T im e -S te p p e r

We begin by considering how to cast A dair’s tim e-stepper code TAY in a form 

usable by the New ton-Picard m ethod. For this dissertation, we consider only axisym- 

metric flows in the Taylor-Couette problem, th a t is, flows th a t are independent of 0. 

As a result, the velocity components and pressure are functions of r, z, and t  only. We 

arrange the solution vector so th a t it is of the form (u ,v , w); here, u, v, and w  are 

vectors consisting of all of the radial, azim uthal, and angular velocities, respectively, 

evaluated at each interior gridpoint of the rz-plane. (The pressure is not included for 

more technical reasons— see below and Appendix A for details.) Let R  denote the 

to ta l num ber of radial gridpoints (including boundaries) and let Z  denote the to tal 

num ber of axial gridpoints; then  the size of each of u ,v ,  and w  is (R  — 2)(Z  — 2), 

which makes the entire system have dimension N  =  3(R  — 2) (Z  — 2).
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Before continuing, we address two points th a t arise from the forgoing discussion. 

F irst, velocities are evaluated only at the interior gridpoints since the velocities on 

the boundaries (top, bottom , inside cylinder, and outside cylinder) are entirely de­

term ined by the Reynolds numbers Ri  and R a. More specifically, the t a y  code uses 

no-slip boundary conditions everywhere, so all radial and axial boundary velocities 

are zero, and azim uthal boundary velocities are only nonzero at ro tating  cylinder 

walls.

Second, pressure values are not stored as part of the solution vector because, as 

we m entioned in C hapter 4, the Chorin-Temam scheme can be viewed as a function 

th a t maps the current velocity v n to the velocity v n+1 at the next tim e step. Since 

the pressure is a function of v n only, it is used only as an interm ediate term  in the 

calculation of v n+1, and therefore does not need to be stored.

Let x =  (u ,v ,w ) E MN . The Chorin projection scheme, as part of its solution 

algorithm, enforces the condition tha t x have zero (discrete) divergence. In this light, 

we can view the Navier-Stokes equations as being in the form

£ = « * ) ,  (5.1)

precisely the form to which the Newton-Picard m ethod applies. In term s of time- 

stepping, we can th ink  of A dair’s numerical tim e integration code as an iteration of 

the form

x n+1= F ( x n), n  =  0 ,1 , . . . ,  (5.2)

where F(x) =  x +  A tf(x). Hence, we are viewing the map F as the discrete solution 

operator over one tim e step, integrating the Navier-Stokes equations forward in time 

by A t.  (As usual, this notation suppresses the dependence of the solution on the

various param eters in the Taylor-Couette problem, specifically Ri and R 0.) The

domain of F is the subspace of M.N consisting of those vectors w ith zero (discrete) 

divergence. As detailed in Chapter 2, equilibrium solutions of (5.1) are fixed points
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of (5.2), the convergence of which is determ ined by the eigenvalues of the Jacobian 

m atrix of F , as given in Proposition 2.4.

As we saw in Section 3.3.3, the com putations for calculating tim e-periodic solu­

tions involve evaluating the term  0 (u o ,T ). Recall th a t this is simply the solution to 

the system d u /d t  =  f (u )  a t tim e t  = T  w ith initial condition u(0) =  uo- To evaluate 

<f>(uo,T) via the tim e-stepper (5.2), we simply set x° =  uo and iterate a to ta l of 

k = T / A t  times. Time-periodic solutions of (5.1) are therefore fixed points of the 

map G  =  F k, whose stability is determ ined by the eigenvalues of the M onodromy 

m atrix (see Theorem  2.5).

Having cast A dair’s tim e-stepper code in this way, we imm ediately see how the 

Newton-Picard m ethod can be applied. For equilibrium  solutions, we use the tech­

niques detailed in Section 3.3.1, while for tim e-periodic solutions, we use those found 

in Section 3.3.3.

5.1.2 Details of the Implementation

We now detail how the wrap-around code NPTAY was im plem ented and show how 

its im plem entation differs from the discussion of C hapter 3. Two them es perm eate 

our discussion in this section. F irst, there are slight changes to the original Newton- 

Picard m ethod incorporated in the final version of the code. Second, the original 

paradigm  of viewing the TAY code as a true  black-box had to  be abandoned as we 

gained more insight into the problem and the specifics of the solution scheme.

Since the t a y  code was w ritten in C + + , we wrote n p t a y  in C + +  for maximum 

compatibility. D ata  structures were set up as a comm unication interface between 

NPTAY and TAY. This involved opening the TAY black-box and implem enting this 

interface directly w ithin the code, rather than  using text files to send information 

back and forth. This was done for efficiency reasons.
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Changes to the Newton-Picard Method

One of the biggest departures the code takes from the original Newton-Picard 

m ethod is w ith regard to computing an orthonorm al basis for the invariant subspace 

V. As Lust suggests, this basis is formed by constructing Schur vectors which span V, 

rather th an  (generalized) eigenvectors [85]. However, we do not use subspace iteration 

as Lust does. Instead, the software package a r p a c k  [82] is used to  compute the 

dom inant eigenvalues of the Jacobian m atrix  and the corresponding Schur vectors. 

ARPACK is w ritten  in FORTRAN, so this required some additional program m ing to 

successfully have our C + +  program  communicate w ith these FORTRAN routines. The 

choice to use a r p a c k  was made based on poor convergence results we obtained in 

our initial im plem entation of the subspace iteration algorithm .

The algorithm s used in ARPACK are based on Krylov subspace m ethods, specifi­

cally, the implicitly restarted  Arnoldi m ethod of Sorensen [124]. (The package’s name 

comes from ARnoldi PACKage.) In fact, th is implicitly restarted  Arnoldi m ethod is 

related to subspace iteration, bu t its convergence properties for large-scale eigenvalue 

problems are superior [81].

A nother difference between the im plem entation and the original Newton-Picard 

concept involves the num ber of dom inant eigenvalues constructed. Lust suggests 

setting a small tolerance S >  0 and com puting all eigenvalues whose complex modulus 

is greater th an  1 — S. This technique works well if the spectrum  of the Jacobian is well 

separated. However, prelim inary results showed th a t the spectrum  of every Jacobian 

we com puted was not well separated and, more troublesome, th a t there were many 

eigenvalues clustered around 1. Indeed, it was not unusual to  find th a t over half 

of the eigenvalues had modulus greater th an  0.99. Thus, ra ther th an  com puting all 

eigenvalues greater th an  a certain value 1 — 5 (which in our situation  would necessitate 

a very small value of S) we felt it was easier to  use a fixed basis size for the invariant 

subspace V- Typically, we used a basis size of 15, which we felt was sufficiently large
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to capture all dangerous eigenvalues, bu t small enough th a t com putations in V  were 

efficient.

As discussed in Section 3.3.3, to compute a periodic solution of (5.1), some sort 

of phase condition is necessary. Lust states th a t instead of an explicit phase condition, 

one can be imposed implicitly by solving the small system which determ ines A p  by 

a least squares m ethod. Thus, ra ther th an  solving

VpT ( M ^ - I ) V p Vpt <Put Ap"" VpT [r(uQ ,T") +  M "F gA q"]'

ruvP rT . A T" V > K ,T " ) + C ^ A q "

which involves the phase condition and its derivatives, we instead solve the under­

determ ined system

v7 { m - - i )vp vpT r T
’Ap""

I

<1
i

Vj'[r(u%,Tl/) +  M "F gAq" (5.3)

by a least squares m ethod. This is done by utilizing the LAPACK [7] routine DGELSS, 

which solves the least squares problem  using the SVD of the m atrix . The least squares 

solution returned  is the one with m inimal norm, and it is this im position of minimal 

norm th a t implicitly determines a phase condition. See Lust [85] for more details on 

how this condition is close to an optim al one.

We also m ade a change in how the derivative (pT is com puted. For equilibrium 

solutions, this quantity  is obviously zero, bu t its evaluation is necessary when com put­

ing tim e-periodic solutions. Lust suggests using the fact th a t 0 (u (O ),T ) is a solution 

of (5.1) a t tim e T  w ith initial condition uq to conclude th a t

d p
d f (uo ,T)

=  f ( 0 ( u o,T )).

This works well when the right-hand side f  of the dynam ical system  (5.1) is easily 

available. This is not true  in our case, since an explicit form ula for the right-hand 

side is difficult to extract from the TAY code. We found it sim pler and effective to use 

a finite difference approxim ation for this derivative:

_  4>{u p ,T  +  e) -< ft(u0,T )

(uo,T) e

dip
d r

(5.4)
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Typically, we let £ — A t ,  the time step increment used in t a y .

Finally, consider the  P icard iteration (3.15), which involves solving the Q-equations 

for Aq. The user-defined param eter I  determines how m any tim es this iteration is 

performed. Lust, in the small-dimensional problems he studied in [85], states th a t 

t  =  1 is sufficient for convergence. We found th a t not to be true  in our case. In fact, 

we found th a t a t least one thousand Picard iterations were needed typically.

We believe th a t  such a large num ber of P icard  iterations are necessary because 

A dair’s scheme is very weakly contractive. Recall th a t the eigenvalue analysis above 

showed th a t typically more than  half of all eigenvalues have modulus greater than  

0.99. The error in using the kth. partial sum of the Neum ann series to approxim ate 

[ V jM V q — I )~ 1 is bounded by

, ,  ̂ IIV j M V q f  „ M
error <  — -------------- r  ,

1 -  p

where p denotes the spectral radius of V ^ M V q. Typical values of these variables are 

p ss 0.999 and ||r || «  10~6. Using the approxim ation | | M V q\\ «  p (in fact, we only 

know p < \ \V fM V q\\), we see th a t using k = 1000 Picard iterations gives an error 

bound of «  0.0004.

As the Newton iterations near convergence, the value of ||r || decreases, and hence 

fewer P icard iterations are required to obtain the solution of the Q-equations to the 

same accuracy. To take advantage of this fact, the NPTAY code performs Picard 

iterations until the norm  of the difference of successive iterates falls below a user- 

defined tolerance, ra ther th an  iterating a fixed num ber of times. This prevents the 

code from perform ing unnecessary iterations.

In our tests, we found th a t a very small P icard  convergence tolerance is needed 

for the New ton’s m ethod algorithm  to  converge. Typically, the P icard convergence 

tolerance needed to  be two or three orders of m agnitude smaller th an  the Newton 

convergence tolerance. In other words, the Q-equations

(VqT (M" -  I)Vq)A q" =  -W Tr(u ")
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m ust be solved very accurately to get an accurate answer for A u . Since the value 

of A q  is used in the  solution of the P -equations (5.3), this suggests th a t the system 

defining the Q-equations is poorly conditioned. Indeed, we can easily see th a t it is. 

Since the columns of Vq are orthonorm al, the m atrix  (M u — I )V q is ill-conditioned 

if and only if M u — I  is ill-conditioned. Because there are so m any eigenvalues of the 

Jacobian m atrix  M  clustered about 1 in the complex plane, we see th a t the m atrix  

M u — I  is nearly singular and hence is very ill-conditioned.

Jacobian-V ector Products

To find a basis for the invariant subspace V,  the ARPACK software requires th a t 

we be able to  calculate Jacobian-vector products. The same is true for every Picard 

iteration subsequent to the first. More precisely, we need only to  be able to  compute 

the multiplicative action of the Jacobian m atrix  M  given an arb itrary  vector v; we 

need not have the  m atrix  M  itself at our disposal (which, in fact, we do not). One of 

the nice features of ARPACK is th a t it only requires the m atrix  action, not the m atrix  

itself, to com pute dom inant eigenvalues and corresponding Schur vectors. The m ethod 

used in NPTAY to  com pute this m atrix  action depends on the type of solution being 

sought—equilibrium  or time-periodic.

Since the Jacobian m atrix  is not available explicitly, a straightforw ard way to 

compute Jacobian-vector products is via finite differences based on directional deriva­

tives. This has the advantage of only requiring additional calls to  the tim e-stepper. 

Let M  denote the Jacobian m atrix  evaluated at a solution vector u (and at tim e T  

for the tim e-periodic case). For equilibrium solutions, a first order approxim ation of 

the m atrix-vector product M v  is

M v a  F (u  +  e v ) ~ F (U) ( 5 .6 )
£

Similarly, a first order approxim ation for tim e-periodic solutions is

M v  k  < K u + E v , n - < K u , : n  (5 6)
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where 4>{u, T)  is the solution of d u /d t  = f(u) at tim e t — T  for the initial condition u. 

Using either of these finite difference formulas, each m atrix-vector product requires 

a call to  the TAY code, in addition to  the one-time call needed to compute F (u ) 

or 0(u ,T ). As discussed above, a large num ber of P icard iterations typically are 

required, so the code requires an equally large num ber of calls to  TAY. Unfortunately, 

this causes the code to be slow. Although we are able to com pute accurate solutions 

with this m ethod, the typical run  tim e for one solution com putation is too long for 

a practical bifurcation code. Changes therefore were made to  the im plem entation of 

Jacobian-vector products in NPTAY to speed up the program.

Initial tests using (5.5) for the com putation of equilibrium  solutions failed to 

accurately com pute the dom inant eigenvalues of the Jacobian m atrix. Instead, several 

spurious eigenvalues of large modulus were calculated along w ith the correct dominant 

eigenvalues. Only by using knowledge of the solution algorithm  buried w ithin the TAY 

code were we later able to identify the cause of these spurious eigenvalues. W ithout 

this knowledge of the inner workings of the tim e-stepper, we would not have been 

able to resolve th is issue. Appendix A discusses these spurious eigenvalues and their 

cause in more detail.

In the meantime, we sought an alternative to using finite differences for com­

puting Jacobian-vector products. Our solution was to com pute the action of the 

Jacobian m atrix  in a more direct manner: by explicitly linearizing the Navier-Stokes 

equations and solving them  by applying the same solution technique and discretiza­

tion scheme as used in the TAY code. This resulted in a linearized version of TAY. 

Jacobian-vector products involve calls to this linearized t a y  code ra ther than  calls to 

the original code. W riting this linearized code involved opening the black-box of the 

tim e-stepper, w h ic h  w e felt w as u n a v o id a b le  in  this case . S in c e  m u c h  effort h a s  b e e n  

spent writing this linearized code, it has been left in the final version of the NPTAY 

code, even though the cause of the spurious eigenvalues has been identified. Details 

of the linearized solver, including its discretization, can be found in Appendix B.
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Although it did solve the  initial eigenvalue difficulties we had, the linearized 

code did not rectify the slow com putation speed of NPTAY. Hence, the other alteration 

made to TAY was to  completely break open the black-box and rew rite part of its solver 

routine. Using com puter tim ing routines, we found th a t the vast m ajority  of the time 

spent w ithin TAY (and in the linearized solver) was the Gauss-Seidel algorithm  used to 

compute the pressures from the Poisson equation (4.5). This equation m ust be solved 

regardless of w hether we are using finite differences or the linearized solver to compute 

Jacobian-vector products. Upon discretization of the pressure and velocities, solving 

this equation am ounts to solving a m atrix  equation. For a fixed cylinder geometry, 

the m atrix  of coefficients of this m atrix  equation is always the  same, regardless of 

the inner or outer Reynolds numbers. R ather th an  using the  existing Gauss-Seidel 

solver in TAY, we instead utilize a m atrix  inverse to  solve the discrete Poisson equation 

for the pressure. There are some technical details of this procedure whose complete 

exposition the reader will find in Appendix C. The upshot is th a t, ra ther than  using 

an iterative m ethod to solve the Poisson equation for the pressure (which in practice 

can take several hundred thousand iterations per solve), we reduce the solution to 

a simple m atrix-vector m ultiplication, which can be done quickly using existing fast 

m atrix-vector routines. We chose to  use the standard  BLAS m atrix-vector m ultiply 

routine DGEMV [45, 46] to  implement this.

The situation  differs slightly for tim e-periodic com putations. Each Jacobian- 

vector product requires the evaluation of <p{u +  ev, T); in particu lar, it requires inte­

grating the system  over the tim e interval [0, T], If A t  — 5 x 10~5 and T  =  0.1, for 

instance, this w’ould require 2000 m atrix-vector products to  com pute one Jacobian- 

vector product. (These m atrix-vector products are the ones used in the redesigned 

Poisson equation solver.) However, the eigenvalues of the Jacobian m atrix  (fiu are 

typically well-separated, and hence fewer P icard iterations are needed during each 

Newton iteration. Applying finite difference equation (5.6) to  approxim ate Jacobian- 

vector products therefore is quite reasonable, and is used in the final version of the 

n p t a y  code.
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Finally, to speed up the code even more, the Jacobian m atrix  is held fixed at the 

beginning of the Newton iterations. Specifically, the basis for the small-dimensional 

subspace V  is held fixed. This “simplified New ton’s m ethod” sacrifices the typical 

quadratic convergence of Newton’s m ethod for linear convergence. The basis for V  is 

recom puted only if the norm  of A u  increases from one Newton iteration  to the next. 

We found th a t the  tim e saved by this m ethod more th an  m ade up for the increased 

number of Newton iterations needed for convergence.

A rclength C ontinuation

For com putations th a t require traversing a tu rn ing  point, Keller’s arclength con­

tinuation strategy [73] is incorporated into the NPTAY code, as described in Section 

3.4. Let us first consider the problem  of com puting a branch of equilibrium  solutions.

Let s denote the new param eter, which represents an approxim ation to arclength 

along the solution branch as measured from some starting  solution. There are many 

param eterization equations th a t can be used to provide this approxim ation to ar­

clength. Our particu lar equation requires th a t we know the  previous two solutions 

on the branch: (u _ i,A _ i)  =  (u (s_ i), A(s_i)) and (uo,Ao) =  (u(so), A(so)), where 

<s_i <  so- We form the secant vector ( t , c t ) ,  where

U 0 -  U _ !
T  =  ------------------

So -  S_1

and

Ao — A_ia  = ------------- .

so -  s - i

These are approxim ations to the derivatives d u /d s  and dX/ ds  evaluated at s = so- 

Let s =  so +  A s for some As. The param eterization equation used for computing the 

solution at so +  A s is

n (u (s ) , A(s), s) =  0 r T (u(s) -  u (s 0)) +  (1 -  9)cr(X(s) -  A(s0)) -  (s -  s0).
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The user-defined param eter 9 plays the role of a weighting constant. Typically, 6 =  0.9 

worked well for our experiments.

The param eterization equation for tim e-periodic solutions is very similar. The 

secant vector is of the form ( r ,  7r, a), where r  and a  are defined as above and

T { s q ) — T (s_ i)
7r =  ---------------------- .

So  — S - l

The param eterization equation is

n (u 0(s ) ,T (s ) , A(s),s) =  9ut t (u0(s) - u 0(s0)) +  9t tt(T(s) - T ( s0))

+  9\cr(\(s)  -  A(s0)) -  (s -  s0),

where 9U + 6t  + 9 \  = 1.

As w ith o ther derivatives, the derivatives F A and 0 A are also com puted by finite 

differences. For F ^ , we use

T7U/̂ F ( u i',A I' +  eA) - F ( u I',A !')
* A  ~  ----------------------   '----------- >

<=A

while <fi\ is approxim ated by the finite difference

A ~  ---------------------------- : ------------------------------- •
e A

Typically we used e\ = 0.1.

The npta y  code also incorporates a variable-length step size. If the Newton- 

Picard m ethod fails to  converge at so +  A s, then  the size of A s is halved, and an 

a ttem pt is m ade to com pute the solution at so + A s/2 . The step size can be repeatedly 

halved as necessary until a minimum (user-defined) step size is reached. Decreasing 

the step size typically is needed as a turning point is approached.

5.1.3 The Final Program

In th is section, we summarize the NPTAY code as it appears in its final form. 

It can be thought of two separate program s, one to compute equilibrium  solutions 

and one to com pute tim e-periodic solutions, each of which may be run  in param eter

79

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



continuation or arclength continuation mode. At the core of n p t a y  lies the modi­

fied version of the tim e-stepper TAY. In  addition to minor modifications to improve 

comm unication and da ta  transfer between n p t a y  and TAY, the Gauss-Seidel solver 

for the Poisson equation (4.5) in TAY has been replaced w ith m ultiplication by an 

appropriate m atrix  inverse (see Appendix C for details). Further modifications to 

TAY include the addition of several routines th a t solve the linearized Navier-Stokes 

equations to evaluate the m ultiplicative action of the Jacobian m atrix  directly rather 

than  using a finite difference approxim ation.

After initial tests, we found the following arrangem ents result in the fastest code:

• For com puting equilibrium  solutions, the m ultiplicative action of the Jacobian 

is evaluated via the linearized Navier-Stokes solver we added to the t a y  code. 

All Jacobian-vector products, bo th  for com puting the basis of the invariant 

subspace V  and for P icard iterations, are com puted th is way. The Jacobian 

m atrix  is never constructed explicitly.

• For tim e-periodic solutions, Jacobian-vector products are perform ed by using 

finite difference equation (5.6). As w ith equilibrium  solutions, the Jacobian 

m atrix  is never constructed explicitly.

For either type of problem, the basic procedure is to first com pute the flow solu­

tion at particu lar Reynolds numbers (R i ,R 0) using the original TAY code. This solu­

tion acts as the initial solution guess when one of the Reynolds num bers is changed. 

The n p t a y  code, based on this initial guess, computes a basis for the invariant sub­

space V  and proceeds to compute the solution at the new (R i ,R 0) values using the 

New ton-Picard m ethod. This process is then repeated for new values of (Ri ,R 0). 

This procedure w orks well far from  turning points. As a turning point is approached, 

this m ethod will break down and, typically, the N ew ton-Picard m ethod will fail to 

converge. In  this case, the NPTAY code can be run  in arclength continuation mode to 

traverse the turn ing  point.
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Below is pseudo-code for the n p t a y  algorithm  used to  com pute equilibrium so­

lutions.

A lgorithm  N P T A Y  for Equilibrium Solutions 
Input:

S tarting  solution u°
Param eter values (R i ,R 0)
Basis size p
M axim um  num ber of Newton iterations M AXITER 
P icard  iteration convergence tolerance PTO L 
M axim um  num ber of Picard iterations per Newton step £ 
Convergence tolerance TOL 

O utput: Solution u at (R t ,R 0)
1. Use ARPACK to compute an orthonorm al basis Vp for the p-dimensional 

dom inant invariant subspace of the Jacobian m atrix  M  =  M (u°)
2. y < - 0
3. CVG -(—false
4. do
5. Com pute F (u ")
6. r" F ( n v) -  u"
7. Solve the Q-equations for Aq*' via Picard iteration:
8. A q 0id < -  {I —  U p U /V
9. k + -  2
10. w hile (k < I) and (norm >  PTO L)
11. A q new < - ( I -  VpV f ) ( M A q old +  r")
12. norm  H |A q new -  A q 0id ||
13. A q 0id A q new
14. k  «— k + 1
15. end while
16. A q 1' i A q new
17. Solve the R-equations (3.16) for A p 1'
18. A u" <- UpAp1' +  A q"
19. u^+i ^  +  A u v
20. Com pute F (u " +1)
21. r"+1 <- F (u " +1) -  u "+1
22. if  (HAu^ll <  TOL) and (||r^+x|| <  TOL)
23. th en  CVG -(—true
24. if  ||A u"|| >  H A u"-1!!
25. then  recom pute basis Vp for the Jacobian m atrix  M ( u u+1)
26. V  4— V  +  1
27. w hile {v <  M AXITER) and (CVG =  false)
28. if  (CVG =  false)
29. th en  return error
30. else return u =  u"
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Next, we present pseudo-code for the nptay  program  for com puting time-periodic 

solutions.

A lg o r ith m  N P T A Y  for Time-Periodic Solutions 
I n p u t :

S tarting  solution u°, starting  period T°
Param eter values (R i , R 0)
Basis size p
M aximum num ber of Newton iterations M AX ITER 
Picard  iteration  convergence tolerance PTO L 
M aximum num ber of Picard iterations per Newton step t  
Convergence tolerance TOL 

O u tp u t :  Solution uo at tim e 0 and period T  at (R i ,R 0)
1. Use ARPACK to compute an orthonorm al basis Vp for the p-dimensional 

dom inant invariant subspace of M  =  M (u ° ,T °)
2 . v  i—  0
3. CVG -(—false
4. do
5. Com pute 0 (u " ,T " )
6. r"  4- <£(u",T") -  u"
7. Solve the Q-equations for A q" via P icard  iteration:
8. A q 0]d (I  -  VpV j ) r »
9. k  4 -  2
10. w h ile  (k < I) a n d  (norm >  PTO L)
11- A q new 4 -  ( I  -  VpVp ) ( M A q old +  r" )

12. norm  4—1| A q new -  A q o!d||
13. A q 0id <r- A q new
14. k  •(— k  +  1
15. e n d  w h ile
16. A q" 4 -  A q new.
17. Approxim ate the derivative (fj, by finite difference (5.4)
18. Solve the P-equations

vT(m- i)vp vpTrT
for A p" and A T " using a least squares m ethod based on the SVD.

19. A u" 4- FpAp" +  Aq"
20. u "+1 4- u" +  A u"
21. T "+1 T " 4- A T"
22. Com pute </>(u"+1,T " +1)
23. r " +1 4- 0 (u " +1,T " +1) -  u "+1
24. if  ( ||A u"|| <  TOL) a n d  ( ||r"+1|| <  TOL)
25. th e n  CVG 4 - tru e
26. if  ||A u"|| >  ||A u "_1||
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27. then  reconstruct the Jacobian m atrix  M  =  M (ui/+1,T"+1)
28. recompute basis Vp for M
29. v  i— z/ -f- 1
30. w hile {v < MAXITER) and (CVG =  false)
31. if  (CVG =  false)
32. th en  return error
33. else return u =  u" and T  = T U

Finally, we present the NPTAY algorithm  as used w ith arclength continuation for 

equilibrium solutions. The time-periodic version is similar.

A lg o r ith m  N P T A Y  for Equilibrium Solutions with Arclength Continuation 
I n p u t :

S tarting  solutions (u (s_ i), A (s_i)) and (u(so), A(so)), where A =  Ri  or 
R 0
In itial step size As
M inimum allowed step size A smin
Basis size p
M axim um  num ber of Newton iterations M AX ITER 
P icard  iteration convergence tolerance PTO L 
M axim um  num ber of Picard iterations per Newton step i  
Convergence tolerance TOL 

O u tp u t :  Solution u  at (Ri ,R0)
1. Use ARPACK to compute an orthonorm al basis Vp for the p-dimensional 

dom inant invariant subspace of the Jacobian m atrix  M  =  M (u(so), A(so))
2. Form secant vector (r,cr)
3. u° u(so) and A0 <— A(so)
4. s f -  so +  As
5. v  <- 0
6. CVG -(—false
7. do
8. Com pute F (u t/,Ay)
9. r"  4- F (u " , \ v ) — u 1'
10. Com pute F-(
11. Solve the Q-equations for Aq^ via P icard iteration:
12. A q old *- ( /  -  VPV ^
13. k <- 2
14. w h ile  (k < i)  a n d  (norm >  PTO L)
15. A q new <- ( I  -  VPV ? )  (M A q old +  r ")
16. norm  e - ||A q new -  A q old|[
17. A qold A qnew
18. k i— k 1
19. e n d  w h ile
2 0 .  A q £  < r -  A q n e w .
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21. Solve the Q-equations for A q^ via P icard  iteration:
22. A q old «- (J -  VPV ? )F VX
23. fc <- 2
24. w h ile  (k < i)  a n d  (norm >  PTO L)
25. A q new 4- (I  -  VpV f ) ( M A q old +  FJ()
26. norm 1| A q new -  A q 0id |[
27. A q old 4- A q new
28. k 4— k  +  1
29. e n d  w h ile
30. Aq|( -f- A q new.
31. Solve the P-equations (3.28) for A p 1' and AX"
32. A u"  <- VpA p "  + A q "  +  Aq^AA"
33. u "+1 <- u" + A u 1' and AI/+1 <- X" + AX"
34. Com pute F (u " +1, A"+1)
35. r IV+1 «- F (u " +1, Ay+1) -  u "+l
36. if  (|[Au^H < TOL) a n d  ( |K +1|| <  TOL)
37. t h e n  CVG t r u e
38. if  ||A u^ || >  || A u^—11|
39. t h e n  recom pute basis Vp for the Jacobian m atrix  M ( u " +1)
40. is i— is T  1
41. w h ile  {is < M AXITER) a n d  (CVG =  false)
42. if  (CVG =  false)
43. t h e n  A s «— A s /2
44. if  (As < A smjn)
45. t h e n  r e tu r n  error
46. e lse  g o to  3
47. e lse  r e t u r n  u  =  u " , A =  X"

5.2 V erification  o f  th e  C ode

In this section we describe the test problems to which we applied the n p t a y  code 

to test its accuracy. Each test examines a different aspect of the algorithm.

5.2 .1  S im p le  T est P r o b le m  for B a sic  A lg o r ith m ic  C o rrectn ess

The first test problem  was used to verify the correctness of the algorithm; in 

particular, the eigenvalue solver and basis com putation, the Newton iteration, and 

the P icard iteration. R ather than  use the complex t a y  code as the tim e-stepper, we 

chose a simpler test problem  for this purpose and form ulated an iterative solution 

algorithm  for it. This algorithm  played the role of the tim e-stepper code around 

which we w rapped the program.
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Consider the simple one-dimensional boundary value problem: u"(x) = 0 on 

(0,1), it(0) =  0, u ( l)  =  3. Its solution is clearly u(x)  =  3x. Discretize the prob­

lem by dividing the interval (0,1) into N  subintervals of equal w idth A x  = 1 /N  

by introducing a partition  {0 =  x q ,  a q , . . . ,  x n - i ,  x n  =  1} of (0,1). Denote u(xj)  

by Uj, so th a t the discrete solution of the problem  can be w ritten  as the vector 

u  =  (u\,U 2 , ■ ■ ■ , u n - i )T . The second derivative u"(x)  is approxim ated by the typical 

second-order centered difference equation

u j   ̂ 2 u j Uj—r
u { jA x)

A x 2

Substituting the  boundary conditions uq =  0 and =  3 in the above formula as 

appropriate, we see th a t the solution u  satisfies the m atrix  equation A u  =  f , where

- 2  1

1 - 2

0

1

1

0

- 2  1

1 - 2

is an (N  — 1) x ( N  — 1) m atrix  and f  =  ( 0 , . . . ,  0, —3)T is also of size N  — 1.

The iterative algorithm  acting as the tim e-stepper in this test is the successive 

overrelaxation scheme (SOR scheme) for solving the m atrix  equation A u =  f. The 

SOR algorithm  is a specific type of a more general category of linear solvers called 

residual correction schemes. Let us briefly recall the details of such schemes. Suppose 

w  is an approxim ation to the solution vector u. How w  is obtained is im m aterial for 

the moment. The residual is defined as the vector r  =  f  — Aw. Let e =  u  — w  denote 

the error vector. We then  have

Ae =  A (u  — w) =  A u — Aw =  f  — A w  =  r, 

and hence the exact solution u  is

u  =  e +  w  =  w  +  A 1r. (5.7)
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Obviously we do not know A ~ x (otherwise the solution is triv ial to  compute), so the 

idea behind residual correction schemes is to  approxim ate A ~ l by a simpler m atrix  

B. Given an initial guess wo, the iteration in a general residual correction scheme is 

to compute

Wfc+i =  w fc + B r k , k = 0 , 1 , . . . ,  (5.8)

where r*, =  f  — Aw^. Note th a t the iteration is simply the  analog of (5.7) w ith A ~ l 

replaced by B .  This iteration is continued until the norm  of successive differences 

||wfc+i — Wjfc|| is less th an  some tolerance. M athem atically, in exact arithm etic, we are 

seeking a fixed point of the iteration (5.8). We can form ulate this more precisely by 

noting th a t

Wfc+i =  w k +  B r k

= w fc +  B (f -  A w k)

=  (7 -  B A ) w k +  B f .

Hence, we can see th a t a residual correction scheme is an iterative m ethod of the 

form (5.8) for com puting the fixed point of the map F(u) =  (7 — B A ) u  +  B f .  This is 

precisely the context to  which the New ton-Picard m ethod can be applied.

W rite the m atrix  A  as A  = L  + D  + U, where L  is the lower triangular portion of 

A  below the m ain diagonal, D  is the diagonal m atrix  comprised of the m ain diagonal 

of A, and U is the upper triangular portion of A  above the m ain diagonal. Let lo 

denote a user-defined param eter such th a t 0 <  u  < 2. The SOR scheme is obtained 

by choosing B  — oj{D +  u L ) ~ l in (5.8). Incorporating the boundary conditions, this 

results in the following algorithm , which computes u* =  F(u), given u:

A lg o r ith m  SO R Method
1. U \  =  U)U2  +  (1 — u ) u \

2. fo r j  •*— 2 to  N  — 2
3. u* = oo{\uj+ 1 +  \u*j_x) +  (1 -  co)uj
4. e n d  fo r
5. u^r_ 1 =  w ( | +  i n ^ _ 2) +  (1 -  w )ujv-i
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Note th a t the Jacobian m atrix  is F u(u) =  I  - B A  for any u, so the eigenvalues of 

the Jacobian can be checked against the eigenvalues of I  — B A  =  I  — o j ( D  +  cuL)~~1 A. 

The la tte r  are easy to compute using MATLAB. This provides a way of verifying 

the accuracy of the eigenvalue solver. For this test, the m ultiplicative action of the 

Jacobian m atrix  was implem ented via the finite difference form ula (5.5), where the 

action of F is given by the SOR algorithm  above.

Tests were ru n  for N  =  20, 50, and 100 gridpoints, using various values of o j . 

In fact, for some program  runs, oj was trea ted  as a varying param eter, playing the 

same role as the  Reynolds num ber does in the final code. In  all cases, the code 

converged to the  correct (discrete) solution u(x)  =  3x and all eigenvalue calculations 

were correct, as compared w ith the eigenvalues returned  by MATLAB. We also observed 

the following:

• For fixed oj and IV, the num ber of Newton iterations required for convergence 

decreased as the basis size of the invariant subspace V  was increased. This is 

to be expected, since more of the solution is being com puted via direct m atrix  

m ethods ra ther th an  Picard iteration.

• The theory of the SOR scheme states th a t there is an optim al value of oj th a t 

leads to the quickest convergence of the algorithm  [136]. O ur eigenvalue results 

showed th a t as oj is increased from cu =  1 to some m axim um  value depending 

upon N ,  the spectral radius of the Jacobian m atrix  decreases. The smaller the 

spectral radius, the faster the rate  of convergence of the SOR scheme. Although 

we did not a ttem p t to find the optim al value of oj for this problem, our eigenvalue 

inform ation in theory could be used for this purpose (by tria l and error).

These behaviors are w hat one would expect from a correctly implem ented Newton- 

P icard algorithm . From this and the accuracy of the eigenvalue and solution compu­

tations, we concluded th a t the basic framework for the code is correct.
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5 .2 .2  Incorporating the T A Y  Program

Once the  com putational structure around the TAY code was developed, we con­

ducted m any types of tests to ensure the correctness of the code. We describe these 

tests in the next few sections. F irst, we explain how the accuracy and self-consistency 

of the eigenvalue com putations were verified. Next, we show th a t the calculations 

made by the n p t a y  program  are consistent w ith those produced by t a y  for those 

com putations bo th  codes can perform. This includes bo th  equilibrium and time- 

periodic solutions. Finally, we compare some of our bifurcation com putations with 

other num erical experiments.

Jacobian-V ector P roducts and Eigenvalue C alculations

To test our eigenvalue solver and im plem entation of Jacobian-vector products, 

we considered the  cylinder geometry 77 =  0.615, T =  2.4. Using the t a y  code, we 

computed the equilibrium  solution at (R { ,R 0) =  (3 00 ,-80 ) on an 11 x 25 rz-grid  

(A r  = A z  = 0.1). Denote this solution by the vector u. It will serve as our base 

solution. W ith  th is grid size, the Jacobian m atrix  F u has size 621 x 621.

The test used a r p a c k  to compute the dom inant 15 eigenvalues of this Jacobian 

m atrix. These com putations were done four times, by the following methods:

• Using only the  multiplicative action of the Jacobian m atrix, bu t not constructing 

it explicitly. There are two ways to accomplish this:

1. Use finite difference equation (5.5). We will call this scheme AFD (for 

Jacobian Action via Finite Differences).

2. Use the linearized Navier-Stokes solver. We will call this scheme ALNS 

(for Jacobian Action via Linearized Navier-Stokes solver).

• Explicitly constructing the Jacobian m atrix  by com puting its action on the 

standard  basis vectors e*. Its m ultiplicative action thereafter is computed via
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direct m atrix-vector m ultiplication. As above, there are two variants for this 

m ethod:

1. Use finite difference equation (5.5) for the m ultiplicative action on the e*. 

We will call this scheme EFD (for Explicit Jacobian via F inite Differences).

2. Use the linearized Navier-Stokes solver for the m ultiplicative action on the 

ej. We will call this scheme ELNS (for Explicit Jacobian via Linearized 

Navier-Stokes solver).

Figure 5.1 shows the dom inant 16 eigenvalues com puted by these four methods. 

The eigenvalues are p lotted in the complex plane, w ith the  horizontal axis being the 

real p a rt and the vertical axis being the imaginary part, as usual. There is good 

agreement between the four m ethods. Note th a t the axis scales are quite small, 

reflecting the eigenvalue clustering m entioned earlier.

As a further check on the ARPACK eigenvalue solver, we used the MATLAB e i g  

command on the m atrix  produced by the ELNS scheme to com pute the full spectrum  

of the Jacobian. Figure 5.2 shows the resulting eigenvalues. Note the clustering near 

1. Figure 5.3 compares the dom inant 16 eigenvalues returned by ELNS using a r p a c k  

and those by m a t l a b . There is excellent agreement between the results of a r p a c k  

and of MATLAB.

Param eter C ontinuation Problem s

The next phase of the verification involved testing NPTAY in a param eter contin­

uation context, using one of the Reynolds numbers as the param eter. Three different 

Taylor-Couette cylinder geometries were considered for this phase of the verification. 

The basic procedure in all three problems was to begin by com puting a starting  so­

lution by the TAY code. Next, we changed one of the Reynolds num bers (inner or 

outer) in a regular way; for instance, by successively increasing it by one, or suc­

cessively decreasing it by two. We then used n p t a y  to compute the solution at the
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Figure 5.1: Comparison of dominant eigenvalue calculations from the four methods for  
Jacobian-vector products. Eigenvalues are plotted in the complex plane; the horizontal 
axis represents the real part of the eigenvalue, and the vertical axis the imaginary part. 
The schemes used are: E LN S  (+); EFD (x ) ;  A L N S  (o); AFD  (LS.).

new Reynolds num ber, using the solution at the previous Reynolds num ber as the 

starting  solution for the new Reynolds number. These solutions were compared with 

the corresponding solutions from the TAY code.

In all three cylinder geometries studied, a basis size of 15 and a convergence 

tolerance of 1CP5 were used. One thousand P icard iterations were used per Newton 

step; th a t is, one thousand term s of the Neum ann series for { V ^ M vVq — I ) ~ 1. The 

three problems are:

1. r; ~  0.615, P =  2.4 on an 11 x 25 (r x z) grid. The starting  solution was 

at (R i ,R 0) =  (300 ,-80 ). The outer Reynolds num ber was decreased from
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Figure 5.2: The full spectrum of the Jacobian matrix as computed by MATLAB, plotted 
in the complex plane.
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Figure 5.3: Comparison of dominant eigenvalues returned by the E L N S  scheme uti­
lizing a r p a c k , denoted by o ; and those computed by m a t l a b , denoted by +.
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R 0 = — 80 to  R 0 -  88 in increments of one while the inner Reynolds num ber was 

fixed at Ri =  300. The results are summ arized in table 5.1.

2. r) =  0.5, F =  1.0 on a 21 x 21 (r x z) grid (A r =  A z  =  0.05). S tarting  at the 

solution at (Ri,R0) = (120,0), the inner Reynolds num ber was increased from 

Ri  =  120 to  Ri =  128 in increments of two while the outer Reynolds number 

was fixed at R 0 =  0 (stationary outer cylinder). The results are summarized in 

table 5.2.

3. r) = T =  0.7 on a 21 x 15 (r x z) grid (A r =  A z  =  0.05). The starting  solution 

was a t (R i ,R 0) =  (250,0) and the inner Reynolds num ber was increased from 

Ri  =  250 to Ri =  258 in increments of two while the  outer Reynolds number 

was fixed at R 0 =  0. The results are sum m arized in table 5.3.

For each of the sum m ary tables, the second column gives the residual norm, which 

is a m easure of how close the solution is to being a fixed point of the tim e-stepper map 

F. The th ird  column gives the norm  of the difference between the NPTAY solution 

and the t a y  solution at th a t (R i ,R 0). All norms are sup-norms. As we can see, in 

all three test problems there is excellent agreement between the solutions computed 

by n p t a y  and those generated by t a y .

C om putation  o f th e Period o f T im e-Periodic Solutions

The cylinder geometry rj = 0.615, F =  2.4 on an 11 x 25 grid was also used to 

test the NPTAY code’s ability to calculate the period of a tim e-periodic solution. For 

this cylinder geometry, the solution at (Ri ,R 0) =  (300, —91) is periodic. We can see 

this by looking at tim e series plots (generated by TAY) of the azim uthal velocity at 

one particu lar gridpoint, in this case a t (r , 9 , z ) =  (0.3,0,1.1). This gridpoint was 

chosen because it is near the middle of the spatial domain, and we suspected any 

tim e-dependent behavior would be clearly visible in th a t area. The tim e series plot 

is given in figure 5.4; we estim ate th a t the period is approxim ately 0.133, in term s of 

non-dimensional time.
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(Ri, R 0) Residual Norm  ||F (u ) — u|| Solution Difference Norm

(300 ,-81 ) 8.4 x 10~9 1.55 x 10~5

(300 ,-82 ) 5.3 x 10~9 9.24 x 10“ 6

(300, -8 3 ) 5.0 x 10~9 9.47 x 10~6

(300, -8 4 ) 5.5 x 10“ 9 9.92 x 10“ 6

(300, -8 5 ) 6.0 x 10~9 1.03 x 10~5

(300, -8 6 ) 2.3 x 10-9 8.91 x 10~6

(300, -8 7 ) 1.5 x 10~9 3.98 x 10~6

(300, -8 8 ) 2.0 x 10~9 2.46 x 10~5

Table 5.1: Comparison of Newton-Picard solutions and those directly from the TAY 
code. The geometric parameters are p =  0.615 and T =  2.4 on an 11 x 25 grid.

(R i , R 0) Residual Norm  ||F (u ) — u|| Solution Difference Norm

(122,0) 1.34 x 10~9 1.36 x 10~6

(124,0) 1.31 x 10~9 1.35 x 1 0 -6

(126,0) 1.27 x 10~9 1.33 x 10~6

(128,0) 1.23 x 10~9 1.32 x 10~6

Table 5.2: Comparison of Newton-Picard solutions and those directly from the TAY 
code. The geometric parameters are r) =  0.5 and F =  1.0 on a 21 x 21 grid.

(R i , R 0) Residual Norm  ||F (u ) — u|| Solution Difference Norm

(252,0) 1.12 x 10~10 7.84 x 10~7

(254,0) 2.62 x 10~10 2.15 x 10~6

(256,0) 2.02 x 10“ 10 2.15 x 10~6

(258,0) 2.65 x 10” 10 3.59 x 10“ 6

Table 5.3: Comparison of Newton-Picard solutions and those directly from the TAY 
code. The geometric parameters are p =  T =  0.7 on a 21 x 15 grid.

To compute the period of this solution using the N ew ton-Picard m ethod, the 

solution from TAY at an arb itrary  tim e was used as the starting  solution for NPTAY. 

The Reynolds num ber was not changed and NPTAY was run to  see w hat period it would 

compute for the solution. Also, because of the implicit phase condition imposed by 

solving the P-equations (3.16) by a least squares m ethod, the solution vector returned
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Figure 5.4: Azimuthal velocity time series plot at gridpoint (r , z ) =  (0.3,1.1) for the 
solution at Ri — 300, R 0 =  —91.

by NPTAY would probably be different th a t the starting  solution vector (but would 

still be a point on the periodic orbit). As determ ined by NPTAY, the period of the 

solution is 0.132, which is consistent w ith the period derived from the tim e series plot.

Com parison W ith  O ther Bifurcation R esults

The final phase of verification involved using the eigenvalue inform ation returned 

by n p t a y  to determ ine if we could com pute known bifurcation points th a t appear in 

the literature. We chose two Taylor-Couette geometries for the tests.

The first bifurcation test was based on the problem  studied by Mullin, Toya, and 

Tavener [105], who looked at Taylor-Couette flows prim arily for the cylinder geometry 

r] = 0.7. In  th e i r  e x p e r im e n ts  ( b o th  n u m e r ic a l  a n d  p h y s ic a l ) ,  th e y  c o n s id e re d  th e  

location of sym m etry-breaking bifurcation points as a function of bo th  the inner 

Reynolds num ber (with R 0 =  0 fixed) and the aspect ratio  F. Because of how the 

tim e-stepper TAY was w ritten, we cannot vary F in our problem. Hence, to compare
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our results w ith theirs, we chose a value of T =  0.7 and considered the bifurcation 

which they suggested should occur somewhere near Ri  =  260 (see Figure 3 of [105]). 

Using a 21 x 15 discretization of the rz-plane, our eigenvalue calculations showed 

th a t a single real eigenvalue crossed the line ^Re(z) — 1 between Ri  =  263.5 and 

Ri =  264. This indicates th a t a bifurcation occurs between Ri =  263.5 and 264, 

which is consistent w ith the observations of [105].

The second test is based on the problem  studied by Schulz, Pfister, and Tavener 

[119] and by Tavener [130]. We focused on the particular cylinder geometry rj = 0.5 

and T =  1.0. Their work suggests th a t a bifurcation should occur near R{ = 132 or 

Ri =  133 w ith R 0 =  0 fixed. Using a 21 x 21 grid in the rz-plane, our eigenvalue results 

showed th a t a single real eigenvalue crossed the line ^Re(z) =  1 between Ri = 132.6 

and Ri = 132.8, confirming the presence of a bifurcation there.

5.3 Sum m ary

In  this chapter, we have given details of the n p t a y  code im plem entation and 

have validated the code for accuracy. We have highlighted the  changes made to the 

original New ton-Picard m ethod and to the original t a y  program  to  successfully wrap 

the code around the tim e-stepper. Of particular interest is the fact th a t part of the 

tim e-stepper was rew ritten  because it was too slow to form a practical bifurcation 

code. This slowdown was caused by the use of a Gauss-Seidel iterative solver to solve 

the discrete Poisson equation. Using m ethods detailed in A ppendix C, this solver 

was rew ritten so th a t a single m atrix-vector product gives the solution to  the discrete 

Poisson solver. Pseudo-code algorithm s of the m ethod, as im plem ented in the final 

n p t a y  code, also have been presented.

Details of the various tests used to determ ine the accuracy and correctness of 

the NPTAY code have been given. Tests involving the SOR algorithm , the ARPACK 

eigenvalue solver, param eter continuation, and period com putations have all been per­

formed and show th a t the NPTAY code produces accurate results. Known bifurcations 

in the Taylor-Couette problem  also have been resolved by the NPTAY code.
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Chapter 6

Num erical Experim ents

6.1 In trod u ction

In this chapter, we describe the num erical experiments perform ed w ith the NPTAY 

code and give some of the bifurcation results obtained. The Reynolds numbers—in 

particular, the outer Reynolds num ber—play the role of the bifurcation param eter 

in all of the experiments. The structure  of the underlying TAY code is such th a t the 

geometric param eters of the problem, namely the radius and aspect ratios, cannot be 

changed w ithin an experiment. Since the NPTAY code is im plem ented around TAY, 

this structu re  therefore is imposed on NPTAY as well. Using techniques of numerical 

bifurcation theory, many numerical experim enters have been able to  compute bifurca­

tion curves where the Reynolds numbers, radius ratio, and aspect ratios all can play 

the role of the bifurcation param eter (see, for instance, [31], [108], [131], or [119] and 

the references therein). However, this ability is beyond the NPTAY code’s capacity.

Keeping th a t in mind, a typical numerical experiment w ith the n p t a y  code is 

performed as follows. An initial solution is generated using the  t a y  code. Sufficient 

time is allowed to ensure th a t the solution has reached equilibrium. Next, one of 

the Reynolds num bers is changed slightly, usually by one or two percent. This initial 

solution is used as the starting  guess for the NPTAY algorithm  to com pute the solution 

at the new Reynolds num ber. This process is repeated, changing one of the Reynolds
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numbers slightly and using the previously computed solution as the starting  guess for 

the new Reynolds num ber. Bifurcations can be detected by m onitoring the dominant 

eigenvalues of the  Jacobian m atrix, which routinely are com puted as part of the 

N ew ton-Picard algorithm .

W hen the above procedure fails to  converge, and after decrements in the Reynolds 

num ber step size also failed to give convergence, a turning point may be present. This 

hypothesis may be tested  by m onitoring the dom inant eigenvalues and determining 

whether a single real eigenvalue approaches +1. W hen a  turn ing  point is suspected, 

the NPTAY code is run  in arclength continuation mode. The num erical procedure for 

arclength continuation is similar to  tha t described in the previous paragraph, but 

rather th an  changing the Reynolds number, the arclength param eter s is varied. Two 

initial solutions are generated by NPTAY, far from the suspected turning point. “Far” 

in our experim ents usually means a Reynolds num ber difference of about 10%. Of 

these two initial solutions, the one closer to the turning point, as m easured by the 

Reynolds num ber, is used as the solution at s =  0. The arclength continuation mode 

of NPTAY, as described in Section 3.4, then computes the solution at s =  A s, s =  2As, 

etc., until it is clear th a t the program  has successfully traversed the turning point. 

This is done by observing the corresponding Reynolds num bers of the solutions and 

m onitoring the dom inant eigenvalues.

The ability of NPTAY to switch from one solution branch to another is limited 

and the process m ust be done manually. If a bifurcation on a stable solution branch is 

detected, ra ther th an  following the bifurcating solution branch, NPTAY will autom at­

ically continue on the original branch and compute solutions along this branch. To 

switch to the bifurcating stable branch, the user must generate a starting  solution on 

the branch using TAY and then  use NPTAY to continue along th a t branch. Switching 

to an unstable branch currently is not possible using this approach. For example, the 

user has little  control over which unstable branch the code follows if a bifurcation
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point on an unstable branch gives rise to  even more unstable solution branches. We 

give a specific example of this later in the chapter.

In  all of the num erical experim ental results presented in th is chapter, the aspect 

ratio is fixed a t 2.4 and the radius ratio  is 0.615. This is the  same cylinder geometry 

explored by Adair and Thom as, as described in C hapter 4. All flows were assumed to 

be axisym metric. The inner Reynolds num ber was held constant a t Ri = 300 (except 

for one experim ent), while the outer Reynolds num ber was varied over the interval 

-3 2 0  <  R 0 < 0. As described in Chapter 4, this region of the  i?j.R0-param eter plane 

is ripe w ith many interesting behaviors, and we felt it worthwhile to explore it with 

the NPTAY code. All experiments, except those noted below, used a 10 x 24 rz-grid, 

resulting in the spatial discretization A r =  A z  =  0.1. A Newton iteration  convergence 

tolerance of 10~5 was used, and the size of the basis of the invariant subspace V  was 

chosen to be 15.

6.2 T w o-C ell F low s S tartin g  at Ri — 300, R0 — —80

First, we describe the variety of flows observed by using a starting  solution at 

Ri =  300, R 0 =  —80. This solution was generated using t a y  by starting  at Ri = 

1, R 0 = 0, gradually increasing the inner Reynolds num ber to Ri — 300, and then 

gradually decreasing the outer Reynolds num ber to R 0 =  —80. The solution at 

R0 =  —80 was com puted after 800,000 tim e steps had elapsed to ensure sufficient 

equilibration time. The resulting flow is a stable, steady two-cell Taylor vortex flow; 

figure 4.1 in C hapter 4 is a velocity cross-section plot of the solution at R 0 =  —80.

As the value of R 0 was decreased further from —80 to —91, a Hopf bifurcation was 

detected at R 0 =  —90.6, where the steady two-cell Taylor vortex flow loses stability 

to a tim e-periodic solution. This Hopf bifurcation was posited by Adair and Thomas 

in their num erical experiments described in Section 4.2.1.
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Recall from equation (2.8) th a t an estim ate of the initial period on a branch of 

tim e-periodic solutions em anating from a Hopf bifurcation is

(6 .1)
OJ

where to is the im aginary part of the pair of eigenvalues crossing the line 5?e(z) =  1. 

In this particular case, we have u  =  0.002388 and A t  =  0.00005, so th a t T  «  0.13156 

in  term s o f  non-dim ensional time. At R 0 =  —91, the period com puted by NPTAY is 

0.132, in very close agreement w ith this approxim ation. Further confirmation of this 

periodic solution branch was discussed in Chapter 5— see figure 5.4 in Section 5.2.2, 

where an estim ate of the period at R 0 =  —91 is 0.133, based on velocity tim e series 

plots.

There are now two solution branches th a t can be followed: the unstable steady 

two-cell flow and the stable tim e-periodic flow. Following the unstable two-cell solu­

tion branch by decreasing R 0 further, we found th a t another complex conjugate pair 

of eigenvalues crossed the line 5Re{z) =  1 at R a — —97. The unstable steady flow 

becomes doubly unstable a t this Hopf bifurcation point, giving rise to an unstable 

branch of tim e-periodic solutions. A th ird  pair of eigenvalues crossed at R 0 =  —98.5, 

indicating yet another Hopf bifurcation. However, since all of these solution branches 

are unstable, the NPTAY code could not switch branches to  follow the time-periodic 

ones. Instead the code continued to compute steady solutions along this now triply 

unstable branch. Further decreasing R 0 to —320 showed th a t no further bifurcations 

occur on this unstable two-cell solution branch.

Now consider the tim e-periodic solution branch em anating from the Hopf bifurca­

tion point a t R 0 =  —90.6. Following this branch, we found th a t a complex conjugate 

p a i r  o f  F lo q u e t  m u lt ip l ie r s  c ro sse d  th e  u n i t  c irc le  a t  a p p r o x im a te ly  R 0 = —92.5. 

This implies th a t there is a torus bifurcation point there, and th a t the time-periodic 

solution branch loses stability  to a branch of tim e-dependent solutions w ith two fre­

quencies. Because th is tim e-dependent solution branch em anating from the torus
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Figure 6.1: Azimuthal velocity time series plot at gridpoint (r , z ) =  (0.3,1.1) for the 
solution at R 0 =  —93.

bifurcation point is stable, we can use the TAY code to  ob tain  more information 

about it. Figure 6.1 shows a tim e series plot of the azim uthal velocity at a fixed 

gridpoint for R 0 = —93, very near the torus bifurcation point. It is clear the solution 

is no longer periodic; rather, its tim e dependence is more complicated. It is difficult 

to discern by visual inspection how many independent frequencies appear in figure 

6.1. Applying a discrete Fourier transform  (DFT) to the data, using 560 da ta  points, 

we obtained the power spectrum  pictured in figure 6.2. It is evident th a t there are 

two well-defined peaks, indicating two incom mensurate frequencies, which confirms 

the torus bifurcation.

Unfortunately, NPTAY cannot follow the branch of solutions em anating from the 

torus bifurcation point; it only can detect when this bifurcation occurs. The reason is 

t h a t  th e  s o lu t io n s  a re  n o t  t r u ly  t im e - p e r io d ic  ( in  e x a c t  a r i t h m e t i c ) ,  a n d  th e  N e w to n -  

Picard m ethod is only applicable to periodic or equilibrium  solutions. There is no 

analog of a Floquet m ultiplier for these multi-frequency solutions. However, state-of- 

the-art bifurcation software programs, such as the AUTO, c o n t e n t , and m a t c o n t
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Figure 6.2: Power spectrum via finite Fourier transform of the time series plot in 
figure 6.1.

packages described in C hapter 1, cannot follow this solution branch either, for the 

same reasons. These software packages can only detect torus bifurcation points and, 

in the case of two param eter problems, compute paths of torus bifurcation points as 

these param eters are varied.

Therefore, if we wish to gather more inform ation about this particular stable 

solution branch, the only recourse is to use tem poral sim ulation via the TAY code. 

Figure 6.3 illustrates the solution behavior along th is branch at R 0 =  —94, —96, —98, 

and —100. These are tim e series plots of the azim uthal velocity a t the same gridpoint 

as in figure 6.1. At R 0 — —94, one can see more clearly th a t there are two frequencies 

present.

It is interesting to note th a t there is a change in the solution behavior between 

R 0 =  —96 and R 0 = —98. The time-dependence of the flow is significantly different 

at R 0 = —98 th an  it is a t R 0 =  —96. Again using DFTs, we can construct power 

spectra for the solutions. Figure 6.4 shows the power spectrum  at R 0 = —96 and
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Figure 6.3: Azimuthal velocity time series plots at gridpoint (r , z ) =  (0.3,1.1) for the 
solutions at R a =  - 9 4 , - 9 6 , - 9 8 ,  and —100 obtained by following the stable solution 
branch emanating from the torus bifurcation point at R 0 =  —92.5. The horizontal 
axis represents the number of time steps; each time step is 0.01 non-dimensional 
time units.

R 0 = —100. The solution at R 0 — —100 still appears to  have two independent 

frequencies; however, these frequencies are different from the ones com puted for the 

solution at R 0 =  —96. The frequency near 10 Hz has been replaced by one near 2 Hz.

A lthough we could not follow the stable solution branch past the torus bifurcation 

point, we could follow the unstable tim e-periodic solution, something th a t, to our 

knowledge, no other Taylor-Couette code is able to do. Further decreasing the outer 

Reynolds num ber, at R 0 «  —93 we discovered an interesting phenomenon: the pair 

of Floquet m ultipliers lying outside the unit circle coalesced to  a single real Floquet 

multiplier «  —1.5. This is interesting because if we had not been careful in detecting
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Figure 6.4: Power spectra generated from the time series plots in figure 6,3 at R 0 = 
—96 (left) and at R 0 =  —100 (right).

the torus bifurcation at R 0 — —92.5, we may have (and indeed initially did) come 

to the wrong conclusion. A tim e series plot of the solution at R 0 =  —93 is given in 

figure 6.5. The difference between th a t plot and the one given in figure 6.1 is th a t 

the la tte r uses nearly three times as many sample points as the former. A cursory 

look at figure 6.5 suggests th a t the solution at R 0 =  —93 is in fact tim e-periodic with 

period T  «  0.28. The fact th a t 0.28 is slightly more th an  double the period 0.132 at 

R 0 =  —91, coupled w ith the coalesced Floquet m ultiplier a t —1.5, led us initially to 

believe th a t a period-doubling bifurcation had occurred when in fact none had. (Recall 

that a period-doubling bifurcation occurs when a Floquet m ultiplier leaves the unit 

circle through —1.) This example clearly shows one of the disadvantages of tem poral 

simulation: incorrect results can be arrived at by looking at plots of the resulting 

solutions. In  th is case, the tim e interval sam pled was too short to accurately capture 

the two independent frequencies of the stable tim e-dependent solution at R 0 =  —93.

Further following the unstable tim e-periodic solution branch for decreasing R 0, 

we computed th a t a single real Floquet m ultiplier crossed the unit circle through — 1 

at R 0 «  —95.6. This indicates th a t the unstable tim e-periodic solution undergoes a 

period-doubling bifurcation, resulting in an unstable tim e-periodic solution with twice 

the period. The NPTAY code does not have the ability to switch to this new unstable
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Figure 6.5: Azimuthal velocity time series plot at gridpoint {r,z) = (0.3,1.1) for the 
solution at R 0 =  —93, using one-third the number of sample points as figure 6.1.

branch. Because the com putational expense to find tim e-periodic solutions is much 

greater than  th a t  for equilibrium  solutions, and because we cannot switch to any of 

these bifurcating solution branches, we chose not follow th is branch any further. A 

summ ary of some of the results obtained in following the tim e-periodic branch are 

given in table 6.1.

6.3 F our-C ell F low s S tartin g  at Ri — 300 , R0 — —320

The next set of experim ents use as a starting  solution the stable steady four-cell 

Taylor vortex flow found at Ri = 300, R 0 = —320. This flow enjoys a reflectional 

midplane sym m etry about z =  1.2. Figure 4.2 is a velocity cross-section plot of this 

four-cell solution at R 0 =  —320.
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R 0 Stability Period Dominant Nontrivial Floquet Multipliers

-9 1 stable 0.13224 0.8429, —0.5738 ±  0.4310i

-9 1 .3 stable 0.13264 -0 .6543 ±  0.4874z, 0.7321

-91 .6 stable 0.13310 —0.7364 ±  0.5088*, 0.6122

-91 .9 stable 0.13353 —0.8091 ±  0.5034i, 0.4833

-92 .2 stable 0.13398 —0.8791 ±  0.4612i

-92 .5 unstable 0.13440 —0.9439 ±  0.3678i

-92 .8 unstable 0.13484 -1 .0067  ± 0 .0925i

-93 .1 unstable 0.13530 -1.4923, -0 .6526

-95 .2 unstable 0.13872 -3.4534, -0.8271

-95 .5 unstable 0.13925 -3.7559, -0 .9599

-9 5 .8 doubly unstable 0.13980 -4.0882, -1 .0873

Table 6.1: Time-periodic solutions emanating from the Hopf point at R 0 =  —90.6.

The experim ent involves increasing R 0 from —320. At R 0 = —189, a single real 

eigenvalue of the  Jacobian m atrix  became 1, indicating th a t th is four-cell solution 

loses stability  a t th a t point. As we have m entioned before, an eigenvalue of unity 

generically indicates a turning point. Unless it is running in arclength continuation 

mode, the code should fail to converge near a tu rn ing  point. However, the code did 

converge at R 0 =  —189, which suggests th a t something other th an  a turning point 

was detected. Because the four-cell flow possesses a reflectional sym m etry about the 

midplane, it is plausible th a t a sym m etry-breaking bifurcation occurs at R 0 = —189. 

The group theoretic tools necessary to prove th is were not incorporated into n pta y . 

A more simple approach is to look at plots of the unstable and stable solutions at some 

point beyond the  bifurcation point. Figures 6.6 and 6.7 show the unstable and stable 

solutions, respectively, at R 0 =  —180. A close inspection reveals th a t the unstable 

solution still possesses the midplane symmetry, whereas the stable solution shows a 

slight asymm etry, m ost visible near the m idplane z  =  1.2. This confirms the presence 

of a sym m etry-breaking bifurcation point at R 0 =  —189.
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Figure 6.6: Symmetric four-cell Tay­
lor vortex flow velocity cross-section at 
R 0 = —180. This equilibrium solution 
is unstable.

Figure 6.7: Asymm etric four-cell Tay­
lor vortex flow velocity cross-section at 
R 0 — —180. This equilibrium solution 
is stable.

In his experim ents w ith this four-cell flow, Thom as [1] did not detect this symmetry- 

breaking bifurcation point. B oth the stable and unstable solutions are four-cell flows, 

and on first inspection appear quite similar. The difference between them  is tha t 

midplane sym m etry still is enjoyed by the unstable solution bu t not by the stable 

solution. The asym m etry is quite subtle a t first, and even far from the bifurcation 

point, it is not readily apparent to the naked eye. This illustrates another pitfall of di­

rect sim ulation codes: visual inspection of plots may fail to identify some bifurcation 

points.

For param eter values R 0 > —189, there are two solution branches to  follow. First, 

we followed the stable asymm etric four-cell branch em anating from the symmetry-

106

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



breaking bifurcation point. Increasing R 0 from -1 8 9  to —100 showed no further 

bifurcations. The velocity field shows th a t the flows are still four-cell flows, but 

the asym m etry has grown more pronounced, as shown in figure 6.8. However, near 

R 0 =  —99, the  n pta y  code failed to converge; an inspection of the eigenvalues showed 

a single real eigenvalue close to 1. This suggested a turning point occurs near this 

param eter value. R unning nptay  in arclength continuation mode, we confirmed that 

a turning point occurs a t R 0 = —99.25. Figures 6.8 and 6.9 show the four-cell flows 

at R 0 = —101. The former is the stable steady solution, whereas the la tte r is the 

unstable steady solution obtained after traversing the turning point. Both velocity 

plots are qualitatively similar, w ith some m inor differences near the m idplane z  =  1.2.

Similarly, when we followed the branch of unstable sym m etric four-cell flows 

from R 0 =  —189, we did not detect any bifurcation points for increasing R 0 until 

R 0 = —34.1, a t which point a turning point was found. As we continued to follow 

this now doubly unstable symm etric four-cell branch around this turning point, an­

other sym m etry-breaking bifurcation point was detected, this tim e near R 0 =  —39. 

Em anating from  the doubly unstable sym m etric four-cell branch are two branches 

of doubly unstable asym m etric four-cell flows. Because the sym m etric flow (before 

the sym m etry-breaking point) and the two asymm etric flows (after the symmetry- 

breaking point) are bo th  doubly unstable, this singularity was difficult to detect by 

simply m onitoring eigenvalues—these solution branches all have two real eigenvalues 

greater th an  one. Inspecting the velocity vector plots on either side of this singularity 

clearly shows th a t a sym m etry-breaking bifurcation occurs. See figure 6.10 for a rep­

resentative velocity vector plot of the doubly unstable asym m etric flow. The velocity 

field for the solution on the other asym m etric branch can be obtained by a reflection 

through the m idplane z  =  1.2.

Notice the  presence of extra vortices near the top and bo ttom  of the cylinders 

in figure 6.10. There is a large vortex near the bottom  and a much weaker vortex 

near the top. These vortices first appeared on velocity vector plots of the symmetric
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Figure 6.8: A sym m etric four-cell Tay­
lor vortex flow velocity cross-section at 
R 0 =  —101. This equilibrium solution 
is stable.

Figure 6.9: A sym m etric four-cell Tay­
lor vortex flow velocity cross-section at 
R 0 =  —101 after traversing the turning 
point at R 0 =  —99.25. This equilibrium 
solution is unstable.
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solution soon after the turning point at R 0 =  —34.1 was traversed. Although the 

presence of these ex tra  vortices renders our nom enclature somewhat inaccurate, we 

still refer to all of these solutions as “four-cell” flows.

As R 0 was decreased, the nptay  code followed one of these asym m etric branches 

rather th an  following the now triply unstable symm etric branch. This is because user 

control of branch switching among unstable branches was not incorporated into the 

code. By varying the Reynolds num ber step size as the sym m etry-breaking bifurcation 

point was approached, however, we were able to compute solutions on the symmetric 

four-cell branch past this sym m etry-breaking bifurcation point. Figure 6.11 illustrates 

this trip ly  unstable symm etric solution. Note th a t the extra vortices a t bo th  cylinder 

ends are quite pronounced.

To further confirm the evidence of a sym m etry-breaking bifurcation point at 

R 0 =  —39, the axial velocity at the gridpoint (r, z) = (0.3,1.2) was com puted for 

outer Reynolds num bers —59 <  R 0 <  —38 on bo th  asym m etric solution branches. 

Because this gridpoint lies on the m idplane of the spatial dom ain, the axial velocity is 

zero for sym m etric solutions and nonzero for asymm etric solutions. The resulting plot, 

given in figure 6.12, clearly shows the presence of a sym m etry-breaking bifurcation 

point.

One final comment concerns one of the results obtained by Thom as [1]. As 

described in Section 4.2.1, using the original TAY code Thom as followed the branch 

of four-cell flows from R 0 = —320 for increasing R 0, and discovered the presence 

of a tim e-dependent flow first appearing near R 0 =  —120. Our com putations did 

not detect the presence of a Hopf bifurcation point there. Further experiments were 

unable to  reproduce this result, using either TAY or n p ta y . More work needs to 

b e  d o n e  to  e x p la in  th is  a n o m a ly . H o w ev er, th e  th re e -c e l l  flow  o b s e rv e d  b y  T h o m a s  

when R 0 was increased to —85 was analyzed by NPTAY, which we describe in the next 

section.
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Figure 6.10: A sym m etric four-cell Tay­
lor vortex flow velocity cross-section at 
R 0 =  —59. This equilibrium solution is 
doubly unstable.
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0
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Figure 6.11: Sym m etric four-cell Tay­
lor vortex flow velocity cross-section at 
R 0 =  —59. This equilibrium solution is 
triply unstable.
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Figure 6.12: Bifurcation diagram showing the presence of a symmetry-breaking bifur­
cation point at R0 =  —39.

6.4 T h ree-C ell F low s S tartin g  at R{ =  300, R0 =  —85

The final set of experiments used a three-cell Taylor vortex flow found at Ri = 

300, R 0 = —85 as a starting  solution. Recall th a t we described the flows for —90 < 

R 0 <  —80 as being two-cell Taylor vortex flows. However, taking a more complicated 

p ath  in the f?jf?0-param eter plane produced a three-cell Taylor vortex flow at R 0 — 

—85. The p a th  begins at Ri = 1 ,R 0 =  0, goes to R{ =  300, R 0 =  0, then to 

Ri = 300, R 0 =  —320, and finally to Ri =  300, R 0 =  —85. The resulting flow, after 

making sure to allow for sufficient settling time, is a three-cell flow which is steady 

and stable.

The procedure used to compute this three-cell flow illustrated  yet another p it­

fall of tim e-stepping and provided an unanticipated additional benefit of the NPTAY 

code. Over three million tim e steps were required in TAY to obtain  the three-cell 

solution at R 0 — —85. Using either 500,000 or 1,000,000 tim e steps, the t a y  code 

computed a four-cell flow at R 0 = —85. However, an eigenvalue analysis using the

111

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



nptay  code showed th a t these four-cell flows are in fact unstable, since both  have 

one real eigenvalue greater than  1. One million tim e steps did not provide sufficient 

time at R 0 =  —85 to  compute the correct stable solution. W ithou t this eigenvalue 

data, we erroneously might have concluded th a t the four-cell flow was the stable flow 

at R 0 =  —85 along this pa th  and th a t there was no three-cell flow at all. As de­

scribed in Section 4.2.1, this was the initial conclusion arrived at by Thom as before 

he recom puted the solution using a much longer settling tim e. Thus, we see tha t 

eigenvalue calculations returned by NPTAY can provide insight into solutions returned 

by TAY and can help avoid this pitfall of not allowing sufficient settling tim e for the 

tim e-stepper to  converge.

Beginning at R 0 = —85, we decreased R„ to —320 and followed the three-cell 

solution branch along this path . At R 0 =  —142.8, there is a Hopf bifurcation. The 

imaginary part of the dom inant eigenvalue a t this point was approxim ately 0.0008. 

Since A t  — 0.00005, we can calculate from equation (6.1) th a t the initial period is 

approxim ately
m 27rAf
T  «  ■- =  0.393

0.0008

in non-dimensional time. Figure 6.13 shows a tim e series plot of the azim uthal velocity 

at one gridpoint of the solution at R 0 =  —143. The solution is periodic w ith period 

T  ss 0.405, in close agreement w ith the estim ate above.

Continuing to  follow the (now unstable) three-cell solution branch past the Hopf 

bifurcation point, we found th a t the pair of eigenvalues th a t gave rise to the Hopf 

bifurcation re tu rn  to the left of the line 5Re(z) =  1 a t R 0 = —316. Thus, the three­

cell flow solution is re-stabilized at this point. Since we have followed the three-cell 

branch the entire length of this pa th , we know th a t the stable three-cell solutions for 

R 0 <  —316 and R 0 >  —143 are on the same branch. Direct sim ulation could not 

prove this. Using TAY to com pute the stable three-cell solutions a t R 0 = —140 and at 

R 0 =  —320, for example, would show only th a t the flows are three-cell Taylor vortex 

flows. Based only on ou tpu t from TAY, we could not conclude th a t the flows are
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Figure 6.13: Azim uthal velocity time series plot at gridpoint (r , z ) =  (0.3,1.1) for the 
solution at R 0 =  —143.

on the same solution branch. This is another illustration of the lim itations of direct 

simulation.

In  the next experim ent, we increased the outer Reynolds num ber from —85 to

0. The NPTAY code detected a turning point a t R 0 =  —3.9. Figures 6.14 and 6.15 

show the stable and unstable three-cell flows, respectively, a t R 0 = —8. Notice the 

very weak additional vortex near the top corner of the cylinders in figure 6.15. This 

phenomenon of additional weak vortices is common in Taylor vortex flows w ith an 

odd num ber of vortices (see, for example, [8], [31], or [108]).

The results of the previous experiment contradict one of the results of Thom as 

described in Section 4.2.1. Thom as observed th a t the three-cell flow originating at 

R 0 = —85 continues to  persist to R 0 = 0. Our calculations show th a t this cannot be 

possible, since there is a turning point a t R 0 =  —3.9. Note, however, th a t Thomas 

used a finer spatial discretization th an  we did. His grid used A r =  A z  = 0.05 

spacing, while ours was twice th a t. We conclude th a t either the coarser discretization
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Figure 6.14: Three-cell Taylor vortex
flow velocity cross-section at R 0 =  —8. 
This equilibrium solution is stable.
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Figure 6.15: Three-cell Taylor vortex
flow velocity cross-section at R 0 — —8 
after traversing the turning point at 
R 0 =  —3.9. This equilibrium solution 
is unstable.

introduced a turning point where none tru ly  exists or the code detected it at a different 

value of outer Reynolds number.

To resolve this discrepancy, we recom puted all of our results using the finer 

discretization A r =  A z  =  0.05. Increasing the outer Reynolds num ber from —85, the 

NPTAY code confirmed the presence of a turning point near R 0 =  1. Figures 6.16 and 

6.17 show the stable and unstable solutions, respectively, a t R 0 =  0.046. As w ith the 

coarser grid, we see an additional weak vortex in the top corner of the unstable flow. 

However, this resolution allows us to see th a t this additional vortex also is present 

in the top corner of the stable solution, although it is less pronounced than  in the
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Figure 6.16: Three-cell Taylor vor­
tex flow velocity cross-section at R 0 = 
0.046 with spatial discretization A r = 
A z = 0.05. This equilibrium solution 
is stable.
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0
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Figure 6.17: Corresponding unstable
three-cell Taylor vortex flow velocity 
cross-section at R a = 0.046, after 
traversing the turning point at R 0 — 
-3 .9 .

unstable solution. As m entioned above, such weak vortices are common in Taylor 

flows w ith an odd num ber of vortices.

We conclude th a t using the coarser discretization did not qualitatively change the 

solution branch behavior. We have confirmed th a t there is a  tu rn ing  point, bu t the 

param eter value a t which this occurs for the finer discretization is about five greater 

than  th a t of the coarser discretization. This also resolves the discrepancy between 

our coarse grid results and Thom as’ results at R 0 — 0.

Our final com putation involving the three-cell flow solution branch was the only 

one conducted where the inner Reynolds num ber was varied. Thom as observed tha t
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the three-cell flow at Ri =  300, R a =  0 suddenly gave way to  a two-cell flow as Ri was 

decreased to R i = 295. This abrupt transition  led us to suspect th a t a turning point 

is present on the three-cell solution branch near Ri = 295, R 0 =  0. Indeed, when run 

in arclength continuation mode, NPTAY confirmed the presence of this turning point 

at R i — 295.4. Note th a t this com putation was done on the finer 20 x 48 grid, since 

the three-cell solution branch does not exist at R 0 =  0 when using the coarser grid.

6.5 C om parison  w ith  E N T  W IF E

The bifurcation results presented in this chapter were compared w ith those of the 

finite-element code ENTWIFE [28]. In addition to being able to solve the axisymmetric 

Navier-Stokes equations, ENTWIFE also incorporates numerical bifurcation techniques, 

such as Keller’s arclength continuation [73] and the extended systems developed by 

Moore and Spence [102] and W erner and Spence [145], th a t enable it to follow solution 

branches and com pute curves of singular points.

Because it implem ents these sophistical numerical bifurcation techniques, EN- 

TWIFB is very efficient. As a result, experiments can be perform ed w ith ENTWIFE 

using a much finer grid w ith many more degrees of freedom (to tal num ber of un­

knowns) th an  we are able w ith n pta y . The to ta l number of degrees of freedom used 

in these calculations was 10,212. Furtherm ore, ENTWIFE employs a corner refinement 

treatm ent, whereby the element grid is successively refined near all four cylinder-end 

interfaces and the velocity is interpolated so th a t it is continuous a t these interfaces. 

Contrast th is w ith the corner treatm ent by TAY, which leaves a velocity discontinu­

ity at each corner. Most of the ENTWIFE calculations described in this section were 

performed by S. Tavener [personal communication],

6 .5 .1  T w o -C e ll F low s

Recall th a t on the branch of two-cell flows beginning at R 0 =  —80, NPTAY cal­

culates th a t a Hopf bifurcation occurs near R 0 =  —90.6. This result is based on the
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rather coarse 10 x 24 spatial discretization grid. For comparison w ith e n t w if e , we 

chose to  recom pute the location of this Hopf bifurcation point using a finer grid. A 

20x48 grid gives twice the resolution as the coarser grid, bu t a t the cost of quadrupling 

the size of the system  dimension. Using this finer grid, we calculated th a t the Hopf 

point occurs a t R 0 = —93.2. Because of the large com putational expense involved 

with com puting on th is finer grid, we used this result as the basis for comparison with 

ENTWIFE, ra ther th an  attem pting  calculations on even finer grids.

S tarting on the same solution branch, e n t w if e  calculated th a t the Hopf bifur­

cation occurs near R 0 =  —98.5. We are confident of this figure to three significant 

figures, as it is based on a grid refinement study w ithin e n t w if e . Thus, there is 

a 5.4% relative difference between the two results. Removing the corner refinement 

w ithin e n t w if e  changed its result by approxim ately 2%, not enough to explain this 

difference in the location of the Hopf bifurcation point. A lthough there is a slight 

numerical difference between the results of NPTAY and ENTWIFE, qualitatively the 

bifurcation behavior is the same.

6 .5 .2  T h r e e -C e ll F low s

We next com pared our results on the solution branch of three-cell flows with 

those of e n t w if e . As in the  two-cell flows above, we used as our reference the nptay  

results obtained on the finer 20 x 48 grid. In Section 6.4, all experim ents bu t the Hopf 

bifurcation were repeated on this finer grid. Repeating the Hopf calculation on the 

finer grid, we found th a t the location of the Hopf point is approxim ately R 0 = —103. 

The tim e series plot generated by TAY in figure 6.18 confirms th a t the solution is 

indeed tim e-periodic a t R 0 = —107 and its period is com patible w ith th a t obtained 

using equation (6.1). The solution at R 0 =  —107 was chosen because it is far enough 

from the location of the Hopf point th a t the TAY code could easily converge to the 

stable solution, b u t it is far enough from the Hopf point th a t equation (6.1) provides 

only a rough estim ate of the solution’s period.
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Figure 6.18: Radial velocity time series plot at gridpoint (r , z ) — (0.3,1.1) for the 
solution at R 0 =  —107.

In summary, there are three singularities on the branch of three-cell solutions 

tha t we can compare w ith e n tw if e :  a Hopf bifurcation near R 0 =  —103, a turning 

point near Ri — 300, R 0 = 1, and a turning point a t Ri — 295.4, R a = 0. The results 

returned by e n tw i f e  confirm the presence of these two turn ing  points, e n tw i f e  

calculated th a t there are turning points at Ri — 300, R 0 =  1.2 and R  =  294.5, R 0 = 0, 

which are very close to our values.

However, ENTWIFE did not detect the Hopf bifurcation at R 0 = —103 found by 

NPTAY. Instead, it calculated th a t there is a turning point near R 0 = —84. Since this 

is near the location (R 0 =  —85) where our calculations on the three-cell branch began, 

we repeated the calculations starting  with the stable three-cell solution returned  by 

t a y  a t R 0 =  —75. The same behavior is seen when starting  at R 0 — —75 as at 

R 0 =  — 85: as R 0 is decreased, a Hopf bifurcation occurs near R 0 — —103 and no 

turning point is detected at all along the branch.

To ensure th a t the nptay  code was not missing the turning point seen by en­

t w if e  inadvertently, the TAY code was used by itself, starting  at the solution at
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R 0 =  -7 5 . The n pta y  code was used only to calculate dom inant eigenvalues and 

hence determ ine the  stability  of the solutions returned  by TAY. For decreasing R 0, 

TAY does not exhibit behavior th a t is consistent w ith a tu rn ing  point being present 

at R 0 = —84. Instead, stable three-cell flows are found for — 99 <  R 0 < — 75. As 

mentioned above, the  flow is definitely periodic by R 0 =  —107, and the base flow upon 

which this tim e-periodicity is imposed is still a three-cell flow. Only slight variations 

in the velocity vector field are seen over its period. As shown in figure 6.18, the radial 

velocity at (r ,z )  = (0.3,1.1) varies by less th an  0.007. We concluded th a t the results 

of these TAY experim ents are consistent w ith those of NPTAY.

Note th a t the npta y  results and those of e n t w if e  agree quite well when |i?0| 

is small. Because of the increase in stress forces at the outer cylinder when |i?0| is 

large, it is more difficult to  resolve the fluid flow behavior a t those Reynolds numbers 

accurately. Furtherm ore, the velocity discontinuity left by the tay code at the outer 

cylinder becomes more pronounced for larger |i?0|. ENTWIFE a ttem pts to  ameliorate 

this by refining the element grid near those corners and sm oothing the velocity over 

the elements adjacent to  the outer cylinder. Thus, results from TAY are less likely to 

agree w ith those from ENTWIFE for large values of |i?0|.

6 .5 .3  F ou r-C ell F low s

The situation  is less clear for the branch of four-cell flows starting  at Ri =  

300, R 0 — —320. As w ith the three-cell flows, there is reasonable agreement between 

e n t w ife  and NPTAY for small |i?0|. In particular, using the finer 20 x 48 grid, NPTAY 

calculated a sym m etry-breaking bifurcation point on the doubly unstable symmetric 

branch at R 0 =  —43. (Recall th a t this point occurs at R 0 =  —39 when using the 

coarser grid.) e n t w if e  found this sym m etry-breaking bifurcation point at R 0 =  —46, 

which represents a 6.5% relative difference between the two results.

However, according to  e n t w if e  calculations, the branches of four-cell flows are 

very complicated and folded. There are a t least three branches of asymm etric four-cell
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flows, on which occur a t least four turning points. The full extent of the symmetric 

four-cell flows has not been fully studied using ENTWIFE, although six symmetry- 

breaking bifurcation points have been found so far. It would be extremely compu­

tationally expensive and time-consuming to try  to resolve all details of the four-cell 

flows using the techniques available to the nptay  code. We leave this as possible 

future work.

6 .5 .4  C o n c lu s io n s

Many of the  results given by NPTAY were confirmed by the finite-element code 

ENTWIFE. This is especially true for small values of |i?0|, which is not surprising since 

flows for small \R 0\ are more easily resolved th an  for larger |i?0|, and the velocity 

discontinuities present in tay are not pronounced for small |i?0|. The two codes do 

disagree, however, on the presence of a turning point on the three-cell solution branch, 

but this occurs for a larger value of |f?0|. We found th a t the solution set of four-cell 

flows is much m ore complicated than  initially suspected and we have not attem pted  

to use the npta y  code to resolve these flows fully because of the great com putational 

expense required.

W hen com paring the results of these two codes, we should keep in mind the 

differences between npta y  and e n t w if e . F irst, the num ber of degrees of freedom 

used by the two codes in these experiments was quite different. By degrees of free­

dom we m ean to ta l num ber of solution unknowns, including all velocity values at all 

gridpoints. Using the finer 20 x 48 grid, the to ta l num ber of degrees of freedom in 

nptay  is 2,679. Com pare this w ith e n t w if e , where the to ta l num ber of degrees of 

freedom is 10,212. This represents a significant difference in resolution between the 

two codes.

Second, the com putational technique utilized by NPTAY is based on finite-difference 

approxim ations and finite Fourier series. ENTWIFE, on the other hand, uses a finite- 

element m ethod to  solve the Navier-Stokes equations. Finally, npta y  introduces a
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velocity discontinuity at the corner interfaces between the cylinders and the ends. 

e n t w if e  refines the element grid near these interfaces and interpolates the velocity 

so th a t it is continuous across the interfaces. Removing the corner refinement in 

e n t w if e  affected its results by only a few percent, however.

Thus, we see th a t the two codes, although solving the same governing equations, 

do so in different ways a t different resolutions. A lthough the  different resolutions 

and com putational techniques should not m atter by themselves, we hypothesize tha t 

the combined effects of these differences, the different treatm ents of the corner ve­

locity discontinuities, and the inherent difficulty of accurately resolving fluid flows at 

larger Reynolds numbers, all contribute to the discrepancies observed. In the end, 

all of the bifurcation results obtained by either NPTAY or ENTWIFE only apply to the 

finite-dim ensional dynamical system obtained after approxim ating the Navier-Stokes 

equations. Since these systems are quite different, it is not surprising th a t the two 

codes produce differing results. The results returned  by npta y  are internally consis­

tent and are consistent w ith observed flow behavior as com puted by tay . Differences 

in solution behavior therefore m ust be a ttribu ted  to the underlying solution schemes 

embodied in the Navier-Stokes solvers of TAY and ENTWIFE.

6.6 S um m ary

In th is chapter we have described the numerical experim ents conducted using 

the n pta y  code. The param eter region Ri = 300, —320 <  R 0 <  0 was explored 

by s tarting  on three different steady solution branches: a two-cell branch, a four-cell 

branch, and a three-cell branch. We have confirmed Adair and T hom as’ hypothesis 

tha t there is a Hopf bifurcation on the branch of two-cell flows near R 0 = —90. We 

also observed a. sym m etry breaking bifurcation on the four-cell branch th a t was not 

detected by Thom as due to  the very slight asym m etry produced. Also, we found 

several tu rn ing  points, only one of which was suspected by Thom as.
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Figures 6.19-6.21 give schematic diagrams for the various solution branches cal­

culated, including any bifurcation and turning points. These figures are schematic 

representations only; there is no variable being m easured in the vertical direction. 

Although many (but not all) of the com putations described in  th is chapter were per­

formed on two grids, one a refinement of the other, these figures depict the locations 

of the singularities as found using the coarser of the two grids. This was done for 

consistency, since com putations involving tim e-periodic solutions are too expensive to 

be done on the finer grid and can only be performed on the coarse grid. A lthough the 

location of the singularities changed as the grid was refined, the qualitative behavior 

of the solution branches did not.

Quasi-periodic

Time-periodic

Steady two-cell

-320 -100 -92.5 -90.6 Ro

Figure 6.19: Schematic bifurcation diagram fo r  flows encountered starting at the two­
cell flow at R 0 = —80. Solid lines indicate stable solutions, dashed lines indicate 
unstable solutions. The point labelled H  denotes a Hopf bifurcation point while the 
point labelled T  denotes a torus bifurcation point.
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Asymmetric four-cell

TP

Symmetric four-cell SB

Triply unstable J  5 3  Doubly unstable

-320 -189 -99.25 -39 -34.1 Ro

Figure 6.20: Schematic bifurcation diagram for flows encountered starting at the four- 
cell flow at R 0 — —320. Solid lines indicate stable solutions, dashed lines indicate 
unstable solutions, the dot-dot-dashed lines indicated doubly unstable solutions, and 
the dot-dot-dot-dashed line indicates a triply unstable solution. The points labelled 
S B  denote symmetry-breaking bifurcation points and the points labelled T P  denote 
turning points.

Time-periodic

Steady three-cell

TP

-320 -316 -142.8 -3.9 Ro

Figure 6.21: Schem atic bifurcation diagram for flows encountered starting at the three­
cell flow at R 0 =  —85. Solid lines indicate stable solutions and dashed lines indicate 
unstable solutions. The points labelled H  denote Hopf bifurcation points and the point 
labelled T P  denotes a turning point. The turning point at R i =  295.4, R 0 =  0 is not 
illustrated in this diagram.
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Chapter 7

Conclusions and Future Work

In this chapter, we summarize the work presented in this dissertation and analyze 

the conclusions we can draw from it. We also give some directions for future work in 

this area.

7.1 Sum m ary

As outlined in C hapter 1, our goal was to write a com putational structure  around 

an existing tim e-stepper code to perform  a bifurcation analysis beyond the time- 

stepper’s original capability. We have successfully done th is for the code TAY w ritten 

by R. Adair [2] for studying the Taylor-Couette problem. As w ith most tim e-steppers, 

the TAY code suffers from many lim itations which make it unsuitable for performing 

a complete bifurcation study, including:

1. The convergence of the code becomes arb itrarily  slow as a bifurcation point is 

approached. Many thousands, or even millions, of tim e steps can be required to 

com pute the stable solution near such points. Even then, one cannot be certain 

w hether the  resulting solution tru ly  is the stable solution or whether more time 

s te p s  a re  n e ed ed  to  en su re  a  suffic ien t e q u ilib ra tio n  tim e . A s a  consequence  of 

this, the code cannot locate bifurcation points accurately. Only an approxim ate 

location can be found, since qualitative changes in the solution may become 

apparent only farther away from the bifurcation point. Even more problematic,
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bifurcations th a t produce only subtle changes in the solution appearance can 

be missed entirely. This happened to J. W. Thom as [1], W hile computing four­

cell Taylor vortex flows, a sym m etry-breaking bifurcation point was overlooked 

because the resulting flow which looks remarkably like the solution before the 

bifurcation point.

2. The TAY code can compute only stable solutions; unstable solutions are beyond 

its capability.

3. The TAY code cannot compute the period of tim e-periodic solutions. Only an a 

posteriori estim ate of the period can be made via tim e series plots.

4. The distinction between a turning point and a subcritical bifurcation point 

cannot be made by the TAY code. As either type of singularity is crossed, 

the tay code converges to a stable solution on another branch. The changes 

observed in the solution behavior are very similar in bo th  cases. In  the case 

of a supercritical bifurcation point, addition inform ation from TAY, such as 

velocity field plots, contour plots, or tim e series plots, often can distinguish a 

supercritical bifurcation point from a turning point.

The tay code does possess one distinct advantage: it can compute and follow 

branches of very complicated tim e-dependent solutions. We observed this when a 

torus bifurcation point was encountered along a branch of tim e-periodic solutions. 

The em anating stable branch cannot be followed except by a tim e-stepper. Although 

not studied in this dissertation, even more complicated behavior can be computed 

w ith the tay code.

O ur code, which we call NPTAY, uses the N ew ton-Picard m ethod of K. Lust 

[85] as the m athem atical basis for the wrap-around algorithm . The m ethod is an 

extension of the recursive projection m ethod (RPM ) of H. B. Keller and G. Shroff 

[121] which splits the  problem  solution into two parts. P art of the solution is computed
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via a direct linear solver in a small-dimensional subspace corresponding to the most 

dangerous modes. The other part of the solution is com puted in the  large-dimensional 

orthogonal complement by an iterative m ethod which is essentially the linearization of 

the iteration used in the  TAY code. We used the N ew ton-Picard m ethod, rather than 

the RPM , because of its robustness and ability to  compute tim e-periodic solutions.

As a by-product of this splitting procedure, the eigenvalues of the linearized op­

erator are com puted. These eigenvalues give inform ation about solution bifurcations, 

since eigenvalues crossing the line SRe(z) =  1 indicate a bifurcation has occurred. 

A complex conjugate pair of eigenvalues crossing this line, for instance, indicates a 

Hopf bifurcation point, where the steady solution branch loses stability to a branch 

of tim e-periodic solutions. This eigenvalue information also can be used to determine 

the stability of a solution, which can be used in tu rn  to  calculate whether a solu­

tion from the TAY code has had sufficient settling time. We used this feature while 

computing the  three-cell Taylor vortex flow at R{ =  300, R 0 = —85.

Since the p a rt of the solution corresponding to the m ost dangerous modes is 

computed by direct m ethods ra ther than  by iteration, the convergence rate  of nptay  

near bifurcation points is accelerated. Also, the code can compute unstable solu­

tions, since the projection of the iteration onto the orthogonal complement of the 

dangerous eigenspace is still a contraction. Both unstable equilibrium  and unstable 

time-periodic solution branches can be followed using our code. Finally, when coupled 

with arclength continuation, the NPTAY code can detect the location of turning points 

and then  follow the solution branch around the turning point. The unstable solutions 

on the other side of the turning point can be com puted also.

Using the NPTAY code, we conducted a bifurcation study in the region of param ­

eter space studied by Adair and Thom as [1, 2], In this region, the inner Reynolds 

number is fixed at R i =  300 and the outer Reynolds num ber is varied over the interval 

—320 < R 0 <  0. Our calculations are confined to axisym metric flows— those th a t are

126

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



independent of the azim uthal variable 6. Depending on which solution branch we 

started  on, we detected different bifurcations points and behaviors.

For instance, s tarting  on a two-cell Taylor vortex flow solution at R 0 = —80, we 

found a Hopf bifurcation point a t R 0 =  —90.6. The resulting tim e-periodic solution 

has a period of about 0.13 non-dimensional tim e units as com puted by our code. 

This nicely m atches bo th  an estim ate of the period as determ ined by tim e series 

plots generated by tay , and an estim ate obtained by using the imaginary part of 

the dom inant eigenvalue. Following this em anating tim e-periodic solution branch, we 

quickly discovered another bifurcation point. The tim e-periodic branch undergoes 

a torus bifurcation at R 0 =  —92.5, wherein a complex conjugate pair of Floquet 

multipliers leaves the unit circle. The resulting flow cannot be analyzed by our code, 

but tim e series plots from TAY confirm the presence of two independent frequencies 

in the new flow.

W hen we instead began at a four-cell Taylor vortex flow at R 0 =  —320, we found 

a sym m etry-breaking bifurcation point a t R 0 =  —189. The resulting flow is still a 

four-cell flow, b u t one which does not possess the m idplane reflectional symm etry 

enjoyed by the stable four-cell flow for R 0 <  —189. Following bo th  of these four-cell 

solution branches, one stable and the other unstable, we calculated th a t bo th  solution 

branches possess tu rn ing  points. The stable branch has a turning point at R 0 «  —99 

whereas the unstable branch has one at R 0 «  —34.

We also began at the three-cell Taylor vortex flow at R 0 — —85. Increasing the 

outer Reynolds num ber, we detected a turning point a t R 0 w —4. This means th a t the 

three-cell flow cannot exist for R 0 = 0, contradicting the result by Thom as indicating 

the three-cell flow exists R 0 — 0. To understand this discrepancy, we duplicated the 

e x p e r im e n t  o n  a  g r id  w h ic h  h a d  tw ic e  th e  r e s o lu t io n .  O n  th is  f in e r  g r id , w e s t i l l  

detected a turn ing  point, bu t at a slightly different outer Reynolds number, R 0 «  1. 

The coarseness of the original grid simply caused a change in the location of the
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turning point, ra ther th an  introducing an artificial turning point where one does not 

exist.

On the o ther hand, for decreasing outer Reynolds num ber, there is a Hopf bi­

furcation point a t R 0 =  —142.8. The three-cell flow becomes unstable a t this point, 

and rem ains unstable as R 0 is decreased until R 0 =  —316, a t which point it regains 

stability. The complex conjugate pair of eigenvalues, which moves to the right of the 

line ^fte(z) = 1 a t R 0 =  —142.8, returns to the left of it a t R 0 = —316. This proves 

th a t the three-cell flow observed for R 0 <  —316 is part of the  same solution branch 

as the three-cell flow for R 0 >  —142.8. Using only the tim e-stepper, we would not be 

able to verify th is fact.

Many of these experiments were repeated using a finer 20 x 48 grid. Although 

the exact locations of the singularities moved in response to  this grid refinement, the 

qualitative solution and bifurcation behavior described in the previous paragraphs 

rem ained unchanged.

Finally, we compared our results with those of the finite-element code e n t w if e , 

a code which incorporates many bifurcation-theoretic tools. We found th a t the results 

of our code and those of e n t w ife  compared favorably for the two-cell solution branch 

and for flows w ith small outer Reynolds number. Some unexplained discrepancies still 

exist. We conjecture th a t the discrepancies may be due to the completely different 

com putational techniques used by the two codes, the different resolutions used, the 

inherent difficulties in resolving fluid flows for large |JR0|, and the corner velocity 

discontinuities present in the TAY code.

7.2 C onclu sion s

It has been claimed th a t the New ton-Picard m ethod (and the RPM ) can be 

used as a com putational w rapper around an existing tim e-stepper, treating  the time- 

stepper code as a black-box about which little needs to be known [85, 121]. One of
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the m ain goals of this dissertation was to test this claim. We conclude, in the case of 

the TAY tim e-stepper code, th a t this is not quite the case.

W hen im plem ented as a true black-box wrapper, early versions of nptay  cal­

culated spurious eigenvalues of large modulus. This caused an incorrect basis to be 

computed for the invariant subspace V , and hence the entire code failed to converge. 

As further detailed in Appendix A, it was only through a careful understanding of 

the numerical m ethod used w ithin the tay code th a t we were able to determine the 

cause of these spurious eigenvalues. This was possible only because we had access 

to the solution algorithm s and source code for TAY. In general, when using a true 

black-box tim e-stepper, such intim ate knowledge is either unobtainable or difficult to 

extract.

Once the eigenvalue calculations were corrected, the resulting program  was far 

too slow to make a practical bifurcation code. P arts of the  tay solver routine, in 

particular the Poisson equation solver, were completely rew ritten  to  increase the speed 

of the code. The resulting adapted program  cannot be considered a true  wrap-around 

of the tay code. Knowledge about the tim e-stepper’s num erical algorithm s and some 

rewriting of the code were required to get to the final form.

In addition to  modifying the original tim e-stepper code, we also had to make some 

changes to the N ew ton-Picard m ethod from the way it was originally implemented. 

Most notable among these was the eigenvalue solver. Subspace iteration  proved to be 

too slow and unreliable for eigenvalue com putations, so the software package ARPACK 

was used instead. This package has been well tested and even is incorporated into the 

current version of MATLAB. We believe th a t other large-scale codes th a t incorporate 

the New ton-Picard m ethod also would benefit from the use of th is eigenvalue solver 

p a c k a g e , a s  i t  is m u c h  m o re  e ffic ien t a n d  r o b u s t  t h a n  s u b s p a c e  i te r a t io n .

It is interesting to note tha t, although K. Lust claims the N ew ton-Picard m ethod 

can be used as a w rapper around a black-box tim e-stepper, he never actually uses it in 

th a t manner. Based on our experience w ith the TAY code, we rem ain doubtful whether
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the New ton-Picard m ethod (or the related RPM ) can be used as a w rapper around an 

arb itrary  black-box tim e-stepper. The tay code was w ritten  w ith  no other application 

in mind other th an  analyzing the Taylor-Couette problem, and hence it represents a 

good test case for this question. To obtain a practical, working code, however, we 

needed to open the black-box significantly. This may be due to  the  nature of the TAY 

code itself, or it may be an indication th a t, contrary to  the  original au thors’ claims, 

these N ew ton-Picard m ethods cannot be successfully applied in general to large-scale 

problems which already have tim e simulation codes w ritten  for them.

Our results in this dissertation suggest th a t some inform ation about the time- 

stepper code an d /o r its solution algorithm  is required to  form a fully functioning 

w rap-around code. For example, it was necessary th a t we knew the TAY code uses 

a forward explicit Euler scheme for discretizing the tem poral derivative to correctly 

interpret the eigenvalue inform ation for equilibrium solutions, as described in Chapter

2. Furtherm ore, the tim e-stepper program  should be robust and should converge 

quickly to make the wrapped code practical to use. The R PM  and Newton-Picard 

m ethods work well for problems where the spectrum  of the linearized operator is 

well separated. Unfortunately, the linearization of the tay code produces spectra 

where many eigenvalues are clustered near 1. This is to  be expected when using 

a discretization for the tim e derivative w ith very small A t. This clustering makes 

computing the basis of the subspace corresponding to  the dangerous eigenmodes more 

difficult and causes the P icard iteration in the orthogonal complement still to be 

very slow. This la tte r point is especially relevant when the New ton-Picard m ethod is 

combined w ith arclength continuation. In this case, two sets of P icard  iterations must 

be performed for each Newton step, often a t great additional cost. This clustering 

also contributes to the poor conditioning of the restriction of the Jacobian m atrix  

to the large-dimensional subspace Q, which necessitated th a t the P icard iteration 

convergence tolerance be about three orders of m agnitude smaller th an  the Newton 

convergence tolerance. Unfortunately, there is no way to tell a priori whether a given
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black-box tim e-stepper will produce a well-separated spectrum , unless one knows 

more about its com putational techniques. Even w ith th a t knowledge, it seems likely 

tha t any large-scale tim e-stepper code will possess a linearization whose spectrum  is 

clustered near 1 when using small A t, based on our analysis in C hapter 2.

In the end, we see th a t a combination of bo th  the original tim e-stepper tay 

and the resulting bifurcation code NPTAY is needed to understand  more fully the 

behavior of the Taylor-Couette problem. There are some tasks, such as following the 

tim e-dependent branch em anating from a torus bifurcation point, which only TAY can 

perform, and there are others which only NPTAY can do. Between the two programs, 

we have shed some light on a small sliver of the Taylor-Couette problem.

The forgoing discussion is not m eant to suggest th a t these N ew ton-Picard m eth­

ods are of little  value. In fact, these m ethods can be quite powerful when coupled 

with a tim e-stepper code th a t has been w ritten  w ith the intent of using it w ithin a 

New ton-Picard m ethod. The work of Love on the Taylor-Couette problem  and Kol­

mogorov flows [84] and the work of Tiesinga et al. on the driven cavity problem  [137] 

are examples where a tim e-stepper was w ritten  specifically to  be used in conjunction 

with these m ethods. We conclude th a t it remains unclear w hether these m ethods can 

be applied successfully to an arbitrary black-box tim e-stepper code, one th a t was not 

w ritten necessarily to take specific advantage of these N ew ton-Picard m ethods.

Our work in th is dissertation has illum inated many of the difficulties in adapting 

an existing tim e-stepper code by using the N ew ton-Picard m ethod. O thers who wish 

to accomplish sim ilar adaptations of tim e-steppers using the N ew ton-Picard m ethod 

may benefit from our results. In particular, one should be aware of the following:

1. A small value of A t  will cause eigenvalue clustering near 1, regardless of whether 

an explicit or implicit m ethod is used in the tim e-stepper. This clustering 

presents the most severe obstacle for the N ew ton-Picard m ethod, for the follow­

ing reasons:
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(a) The clustering causes the original iteration scheme to be slowly conver­

gent, since the rate  of convergence is related to the spectral radius of the 

Jacobian of the iteration map. Even when projected onto the subspace Q, 

the iteration  still will be slowly convergent.

(b) The com putation of the dangerous eigenvalues via ARPACK is more expen­

sive when the eigenvalues are clustered. A fixed basis size for V  will be 

required in this case.

(c) The Q-equations are poorly conditioned when the eigenvalues are clustered 

around 1, requiring their solution to  be several orders of m agnitude more 

accurate th an  the convergence criterion of the Newton iteration.

2. Some inform ation about the solution scheme used in the tim e-stepper m ust be 

known to correctly in terpret the eigenvalue inform ation retu rned  by the adapted 

code. This requires th a t connections between eigenvalues of the Jacobian of the 

iteration  map and the stability of solutions of the original dynam ical system be 

established, as we did in Chapter 2.

3. One needs to be able to identify the independent variables/degrees of freedom 

so th a t the  iteration m ap can be placed in the proper m athem atical setting. 

This will typically require some inform ation about the algorithm s employed by 

the tim e-stepper. For example, we needed to  know the details of the Chorin- 

Tem am  projection scheme to  correctly identify the iteration  m ap as a map from 

velocity space to itself, rather th an  from velocity-pressure space to  itself.

4. The m ethod becomes at least twice as expensive in an arclength continuation 

context, since two sets of equations m ust be solved iteratively in the large­

dimensional subspace Q. These two sets of equations have the same coefficient 

m atrix  bu t different right hand sides. Using direct m ethods th a t factor the co­

efficient m atrix  therefore would be more efficient than  using iteration. However,
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the Jacobian m atrix , and its Q-projection, are not available explicitly, so direct 

m ethods cannot be applied. Indeed, direct m ethods should not be used in Q, 

since avoiding direct m ethods for these large-dimension equations is one of the 

objectives of using the New ton-Picard m ethod.

5. It is an open question whether tim e-steppers for large dimensional problems 

(say N  = 0(1O4) or O(105)) are amenable to  adap ta tion  by the Newton-Picard 

m ethod, even if the eigenvalue clustering near 1 is not present.

We do not know whether there are further obstacles, other th an  those we have 

encountered already, which might arise while adapting different tim e-stepper codes. 

We can give, however, some general guidelines for selecting a tim e-stepper th a t would 

be well-suited for adap ta tion  by the New ton-Picard m ethod. In  particular, the spec­

trum  of the Jacobian of the iteration map should be well-separated. In  this case, the 

eigenvalue solver ARPACK is more efficient, the ra te  of convergence in Q is faster, and 

the conditioning of the Q-equations may be better. A tim e-stepper th a t utilizes an 

implicit scheme w ith large A t, for instance, should yield a well-separated spectrum. 

The associated loss of accuracy when using a large A t may be acceptable, especially 

if only equilibrium  solutions are being computed. An analysis of other schemes, such 

as R unge-K utta procedures, could be fruitful in identifying tim e-stepper codes with 

desirable spectral properties. Finally, for a well-suited tim e-stepper, it should be very 

cheap to evaluate one application of the iteration map, since m any such iterations are 

necessary to  com pute a basis for V , to solve the Q-equations, and to use arclength 

continuation methods.

7.3 F uture W ork

As w ith any endeavor, there is much further work th a t can be done on the Taylor- 

Couette problem using our m ethods. F irst, the num erical experim ents described in 

this dissertation should be repeated on a finer spatial grid, such as a 40 x 96 grid.
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We emphasize th a t the results obtained only are results for the discrete dynamical 

system which approxim ates the continuous Taylor-Couette problem . Since bo th  grids 

we used are ra ther coarse, the location of interesting points, in term s of Reynolds 

numbers, probably will change as the grid is refined. Already we have observed this 

when comparing results using a 10 x 24 grid and those using a 20 x 48 grid. R epeat­

ing the num erical experim ents on a finer grid should help pin down the bifurcation 

points more accurately (relative to the continuous problem s). We would also like to 

understand why some singularity locations change by such a large am ount as the grid 

is refined. Recom puting their locations using even finer grids may help in our under­

standing of this. It may also shed some light on the discrepancies observed between 

the nptay  and e n t w if e  codes.

Accomplishing these tasks using finer grids will require much more computer 

time and resources on top of the already considerable am ount we have spent thus far. 

Doubling the resolution more than  quadruples the size of the  system  being solved; for 

example, a 40 x 96 grid will have 11,115 degrees of freedom. Furtherm ore, decreasing 

the spatial resolution will typically necessitate a decrease in the  tim e step increment 

A t to m aintain the stability  of the forward explicit Euler scheme. Adair [2] notes 

tha t doubling the spatial resolution typically requires halving A t. Such a small value 

of A t  would cause even tighter eigenvalue clustering th an  w hat we have observed 

already, which in tu rn  would necessitate an increase in the num ber of P icard iterations 

required for convergence in Q and in the ARPACK algorithm s. Thus, the com putational 

expense would increase not only because of the increased system  dimension, bu t also 

as a consequence of the tighter eigenvalue clustering. Moreover, A dair notes th a t the 

tay code suffers from “com putational difficulties” when A t  is approxim ately 10” 6 [2], 

This fact imposes a lower bound on the values of A r  and A z  th a t can be used in any 

spatial discretization, since decreases in the spatial discretization require reductions 

in the size of A t.
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Second, results should be obtained about non-axisym m etric solutions. We re­

stricted solution com putations to axisym m etric flows to speed up the code. Adair 

and Thom as [1, 2] used the tay code w ith several Fourier 9 modes to  verify th a t the 

solutions found in the param eter region Ri — 300, —320 <  R 0 <  0 are axisymmetric, 

and hence these flows were ideal to study w ith our axisym metric code. As proces­

sor speeds continue to increase, it should be feasible to extend the NPTAY code to 

non-axisymm etric problems. Some very interesting non-axisym m etric solutions were 

observed by Adair and Thom as [1, 2], and it would be worthwhile to  explore them  

with our code. Note, however, th a t each additional Fourier mode included in the 9 

expansion adds double the storage requirem ent to w hat we used for axisym metric so­

lutions. This is because the values of bo th  the cosine and sine term s at every interior 

gridpoint m ust be stored. Many of the nonaxisym m etric flows com puted by Adair 

required at least four modes, which would m ean a system dimension nine tim es larger 

than  w hat we used in this dissertation. Presently, th is would be a very slow code to 

run, even on a coarse grid.

T hird, branch switching should be incorporated into the NPTAY code so th a t it 

is more autom atic. Currently, a combination of bo th  the TAY and NPTAY codes is 

required, along w ith m anual input from the user, to switch from an unstable to a 

stable solution branch. This process could be more stream lined. Furtherm ore, the 

user interface of the nptay  code is somewhat awkward, which is typical of a research 

code. It could be cleaned up and made more user-friendly should users other than  

the author desire to use the code.

We barely have scratched the surface of solution behaviors for the Taylor-Couette 

problem. Our code can be used to perform  more numerical experim ents for values of 

Reynolds num bers other th an  Ri = 300, —320 <  R 0 < 0. Different cylinder geome­

tries, using various radius ratios r] and aspect ratios T, also could be explored w ith 

the code. We have focused on counter-rotating flows in this dissertation. It would 

be interesting to explore co-rotating cylinders as well. Furtherm ore, the numerical
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m ethod used in the  tay code assumes th a t the top and bo ttom  of the cylinder ar­

rangem ent are stationary. As the experiments of Tavener, M ullin, and Cliffe [131] 

show, new bifurcation behavior can be obtained by allowing the  ends to ro ta te  with 

the inner cylinder. A simple modification to the tay code would allow us to study 

such cylinder arrangem ents, and it may prove fruitful to do so where the ends rotate 

w ith the outer cylinder as well.

It would also be interesting to change the solution scheme used to  solve the 12- 

equations. Presently, P icard iteration  is used, b u t many such iterations typically are 

needed to solve the system  accurately enough. This is very expensive especially if 

NPTAY is run  in arclength continuation mode, since two sets of P icard  iterations are 

required. A more sophisticated iterative solver, such as GM RES, may prove to be 

more efficient th an  simple P icard iteration.

Finally, it would be intriguing to a ttem pt to use the N ew ton-Picard m ethod as a 

com putational w rapper around a different large-scale tim e-stepper code, perhaps one 

produced commercially. Can this be done while still treating  the tim e-stepper as a 

true black-box? We were unable to accomplish this for the tay code; the black-box 

paradigm  was violated many times while developing our program . Our efforts in this 

dissertation suggest th a t it is difficult to  trea t the tim e-stepper as a pure black-box, 

but further testing could be done to verify this. Nevertheless, our results can be used 

to guide fu ture research in adapting other tim e-steppers, since we have overcome 

many, if not most, of the obstacles to th a t goal.
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A ppendix A

Spurious Eigenvalue R esults

In this appendix we explain in more detail the spurious eigenvalues th a t were 

computed by early versions of the NPTAY code, as m entioned in C hapter 5. We also 

discuss the source of these ex tra  eigenvalues and how this problem  was resolved by 

viewing the tim e-stepper code TAY in the proper m athem atical setting. The discussion 

in this section should serve as a warning about using tim e-steppers as a pure black-box 

when combined w ith a N ew ton-Picard method.

In early versions of our code, the solution vector x  consisted of all velocity and 

pressure degrees of freedom; th a t is, all velocity components a t all interior gridpoints 

plus all pressure values a t all interior gridpoints. More specifically, let N  denote 

the to ta l num ber of interior gridpoints resulting from the discretization of the rz-  

plane. Let u , v,  w  £ R N denote vectors consisting of all of the radial, azimuthal, 

and axial velocities evaluated at each interior gridpoint. (The particular order for 

arranging the gridpoints is irrelevant as long as we are consistent.) Let p  £ U.N denote 

the vector consisting of all pressure values evaluated at each interior gridpoint. Let 

x  =  (u, v , w , p )  £  M4Ar. We viewed the TAY code as being an  iteration  of the form

xn+1 =  F(xn), n =  0 ,1 , . . . .

This seemed the  logical m athem atical setting in which to view the tim e-stepper.

The early versions of NPTAY utilized the finite difference approxim ation

M v  r j  F (x  +  £V ) ~  F (x )
£
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to compute Jacobian-vector products M v. Unfortunately, spurious eigenvalues were 

produced in alm ost every early test of the code. Hence, the basis for the invariant 

subspace V  was incorrectly computed, which in tu rn  caused the entire Newton-Picard 

algorithm  to fail.

Consider, for example, the steady two-cell flow found at Ri  =  300, R 0 =  —80, 

shown in figure 4.1. This solution was obtained directly from the  TAY code by iterating 

for hundreds of thousands of tim e steps to guarantee th a t a stable solution was com­

puted. Thus, all eigenvalues of the Jacobian m atrix  evaluated at this solution should 

have m odulus less th an  1. Figure A .l shows the 15 dom inant eigenvalues produced by 

an early version of n pta y . There are two eigenvalues located at —2.31 ±  2.167i which 

clearly lie outside the unit circle. The other 13 dom inant eigenvalues are clustered 

near 1. Since these two eigenvalues are well outside the unit circle, the TAY code could 

not have converged to this solution. We concluded th a t these ex tra  two eigenvalues 

could not be physically realistic, bu t instead m ust be produced by a numerical error 

in the code.

Further testing  revealed the following:

• The location of the spurious eigenvalues depended on the value chosen for e, 

the finite difference increment used.

• The num ber of spurious eigenvalues produced depended on the basis convergence 

tolerance used w ithin ARPACK.

• W hen looking a t ou tpu t produced directly by a r pa c k , we found th a t every 

spurious eigenvalue had a residual error of exactly 0. This is curious, since we 

expect th a t  any eigenvalue solver will give small bu t nonzero residual errors.

• There were no logical program ming errors th a t would account for these spurious 

eigenvalues. This was verified later by the successful results obtained when the 

linearized version of TAY was w ritten  and incorporated into our code.
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Figure A .l: Dominant eigenvalue plot of the solution at Ri =  300, R 0 = —80 showing 
spurious eigenvalues at —2.31±2.167i. Eigenvalues are denoted by + . The unit circle 
is drawn for  reference.

Even w ith  this additional information, we could not understand  the origin of the 

spurious eigenvalues. Thus, to salvage the project, we modified the code in two sig­

nificant ways. F irst, we wrote a linearized version of the tay code to implement the 

m ultiplicative action of the Jacobian m atrix, ra ther th an  using finite differences (see 

Appendix B for details). Second, rather th an  ju st using th is linearized TAY code to 

compute Jacobian-vector products, we explicitly constructed the entire Jacobian m a­

trix, abandoning our original goal of a m atrix-free code in the process. The Jacobian 

m atrix  was constructed by computing its m ultiplicative action (via the linearized TAY 

code) on the standard  basis vectors e^, z =  1 ,2 , . . .  ,4 N ,  where ej is the vector whose 

only nonzero entry is a 1 in position i.

Explicitly constructing the Jacobian m atrix, although costly, did produce a work­

ing code. However, the am ount of tim e required for one com putation was far too long 

to make a practical bifurcation code, and explicitly constructing the Jacobian m atrix 

was later abandoned. Nevertheless, it was by explicitly constructing the Jacobian ma­

trix  th a t we finally understood the source of the spurious eigenvalues. We discovered
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th a t the last N  columns of the m atrix  were identical, and hence th a t the Jacobian 

m atrix  was singular. The com putation of spurious eigenvalues is not an uncommon 

behavior when an eigenvalue solver is not applied carefully to a singular m atrix, which 

is w hat occurred in our case.

The last N  identical columns are obtained by com puting the m ultiplicative action 

on the vectors ej, % =  3 iV + l , . . . ,  4N ,  indices which correspond to the  pressure degrees 

of freedom. Regardless of which of these e* are used, the m ultiplicative action of the 

Jacobian m atrix  on th a t vector is the same. By linearity, th is means th a t the action 

of the Jacobian m atrix  is independent of any values which correspond to the pressure 

degrees of freedom.

Exam ining the Chorin-Tem am  projection scheme in more detail shows why this 

occurs. Using the same notation as in Section 4.2, the velocity v n+1 is obtained as

v "+ i =  v * _  A iV p n+1,

where

v* =  v n +  A t  (v \n +  L v n -  R j[(vn • V ) v n +  A ( v n )]

Note, however, th a t bo th  v* and pn+1 are dependent on the velocity v n . Therefore, 

v n+1 depends only on v n ; the pressure term  acts as an interm ediate value in the 

solution scheme. In  fact, utilizing the formal symbol V -2 to  denote the solution of 

the Poisson equation for pn+1 (w ith appropriate boundary conditions), we can write 

the projection scheme in one step as

v n+i =  v * _  A f  v  ^V ~ 2 • v*

We now see why storing the pressure degrees of freedom in the solution vector 

x  is unnecessary, and indeed, harmful. Contrary to our original supposition, the 

pressure degrees of freedom are strongly tied to the velocity degrees of freedom. Our 

initial view of F  as a m apping from velocity and pressure space back to velocity and 

pressure space was wrong. The correct m athem atical framework is to  view F  as a
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m apping from velocity space to  velocity space, where x  =  (u, v, w ). Once this change 

was incorporated into the code, reducing the system  dimension by one-fourth in the 

process, we found th a t using finite differences to approxim ate the multiplicative action 

of the Jacobian worked quite well, and no spurious eigenvalues were produced.
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A ppendix B

D etails o f the Linearized Solver

In  this appendix  we give the details of the solution technique used by the lin­

earized Navier-Stokes solver w ritten to compute the action of the Jacobian m atrix, 

as discussed in C hapter 5. Recall th a t we can view the tim e-stepper code of Adair as 

being in the form

xn+1 =  F (xn),

where x  represents the radial, azimuthal, and axial velocities evaluated at all interior 

gridpoints. W hen evaluated at a solution x, the Jacobian F'(x) is a linear operator

acting on M , so we need to compute F'(x)u for arb itrary  u € p N

To do this, we linearize the Navier-Stokes equations about the solution x and 

apply the same solution technique (the Chorin-Tem am  projection scheme) for these 

linearized equations. We begin by writing the vector u in a partitioned  form u =  

(u, v ,w )  and x  as x  =  (xi,X2 ,x x). Here each of u, v, and w has dimension N / 3, 

so th a t the vector u is partitioned in the same way as the solution vector x. This 

partition  of x  corresponds to the three independent velocity directions in cylindrical 

coordinates. Using sim ilar notation to th a t in Section 4.2, we can write F'(x)u =  a, 

where

a =  u +  A t V 2u +  L u  — i?i[(x  ’ '̂ 7)u +  (u  ’ ^ ) x  +  ^ ( x )u ] AtV<p, (B .l)

ip is the solution to

1
V2u +  Lu — Jf2j[(x • V)u +  (u • V)x +  A'(x)u] (B.2)
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(with the same boundary conditions), the linear operator L  and the cylindrical oper­

ators V  and V 2 are as defined in Section 4.2, and the action of the derivative A '(x) 

is defined by

A '(x )u  =  A ' ( X i , X 2 , X 3 ) ( u , V , w )

^  / - 2 x 2v  X I V  +  x 2u  \

V r  ’ r  ’ J

Com paring th is w ith the original scheme used by Adair, we see th a t the two are 

almost the same, except th a t to solve for the “pressure” tp, we m ust deal w ith two 

term s of the form (* • V)* rather th an  ju st one. Hence, the  modifications necessary 

to carry th is solution scheme out were not significant.

Recall th a t we are considering only axisym metric flows; in particular, all deriva­

tives involving 0 are zero, and the truncated  Fourier series given in Section 4.2 have 

only the constant term . To assure m aximum  com patibility and accuracy, these lin­

earized equations were discretized in exactly the same way as Adair did. Centered 

differences are used for all second derivatives, and first derivatives are handled using a 

Lax-Wendroff-like scheme [135]. Terms of the form a ^  evaluated at the j ,  k gridpoint 

are discretized as follows:

/ d u \  U j + i ^  U j —i ^  1 2 ^ t,j + i , k  ~  + U j —i ^

a ) j , k  ~ a 2A r 2 a ‘

Here j  refers to the gridpoint in the radial direction, 1 <  j  < R  — 1, and k  refers to 

the gridpoint in the axial direction, 1 < k < Z  — 1. A similar discretization was used 

for derivatives w ith respect to

Let a* =  a  +A tV *P; th a t is, a* is the right-hand side of (B .l) w ithout the A tV ip 

term. W rite a* =  ( a ^ a ^ a ^ ) ,  partitioned in the same way as x  and u. At the j , k  

gridpoint we get the following formulas for the constant Fourier modes of a*:
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I *x,  ~ , At  ^-j+l,k &j — l,k 1 / At  | f i j+l ,A:  2 U j >fc "t" U j  —l,fc
B W  -Uj,fc +  —  2A^ 2 ^ J

_ l _  A ^ ^ a i + i . f c  ~  ^ j , k  +  a j - i , f c  A ^ a j , f c + i  ~  a i , f c - i

A r 2 A,z2
_l  / \ ~  / \ a j + i , f c  U j - i , f c

r 2 u i . fc +  r . vx 2 )j,kv j,k 2  vx i)j , fc 2 A r
.7 ^

1 f  AtRi . . \  U j +i , fc  ~F a j —i,fc1 / A t# * ,  , V
+  2 ( “ 2 " (X1)^ J A r 2

A tR i  
2 *j ’k 2A z

1 ( A tR i  . . \  +  U j ^ —x

+  2 l ~ (X3,-f'V   A ^ -------------

AtRi ~ (x i)j+i,fc (x i)j—i,fc
2 Uj,fc 2Ar

I f  AtRi  ~ V  (x i) j+ ifc -  2(xi)j)fc +

+  2 \ , ~ Û J  ------------------ Ar2 ------------
AtRi  ~ (x i)y,fc+i (x i)j,/c—1

2~'Wj,k 2Ar
1 f  AtRi ~ \  ( x i ) j  fc-f-i 2{xi)j k +  ( x x ) j  fc_i

+ o ~ R — Wh k ------------------------------------2 V 2 hKJ A z 2
~ ~ \ 2 ~ ~ „

I  - , A t  Vj + Xjfc ^ j  — l,k 1 I —iifc
(a 2^ - v i)fc +  —  2A r 2 ^ 7 “ ;  A r2

AjTj+i,fc ~  ^Vj.fc +  1 a ~~ ^Vj.fc Vj,k-i
+  A r2 +  A z2

A t _ A ti?, _ Ati?j „ 
r 2 v i.fc 2r- '■X l'•?’>*v -?>fe 2r- '■X2'-7’fcU-?'>fc

A tR i  , \ ^j+l,k ^ j  — l,k 
2” ” X̂l ' i,fc 2A r 

1 (  A t R i , s. V  v i+1 fc -  2v - fe +  Vj_i k
2 \  2 (xi)j’fcJ  ^ -------------

A t R i ,  x Vj,fc+i ~  Vj,fc-i 
2  ̂ 3^ ’,fc 2Az

1 (  A t R i , x A 2 v^fe+i -  2vijfc +  v jtk- i  
+ 2 ' C ^ iX3>i't )  A ^

_  A tR i  ~ (x 2)j+l,fc -  (x 2)j-l,fc 
2 Uj’k 2A r

. 1 f  A tR i  ~ A (X2)j+l,fc — 2(x2) j tk 4~ (x 2)j —l,fc
+  2 l ~ Ui-V  ------------------A ^ -------------------

Ati?i _ (X2)j,fc+1 -  (x2)j,jfc-l
2 Wj,fc 2A r

1 ( A tR i  ~ V  (x 2)j,fc+i -  2(x2) jifc +  (x2)jijfc_x
+  2 l ~ Wj'V  ------------------A ? ---------------------1
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A t  w i+1)fc -  W j _ i >fc 1 (  A t \ 2 W j + i,fe -  2w j}k +  W j _ 1)fcAt Wj+1 — Wj_]. * 1 / A t V  
(»3) m - w w  +  — -------- 2 a ; -------------2 ^ J A r2

A t^ i +1,fc ~  2wj>fc +  Wj_lifc wj,fc+i ~  2wj|fc +  w j|fc_!
A r2 A z2

A t R i , x Wj+U  -  W j_lifc
-  — (X!)iifc-  - A— ........

1 /  Ati?j \  2 wj+lifc -  2wijfc +  Wj_iifc1 ( A t R i ,  . \
+ 2 (V (xiH A r2

Atf?j w JlJfc+1 -
2 (x 3)j,fc 2A 2

, 1 /^ A tR ;,  \ 2 w i i W - 2 w J i i + w J > i (B '5'
+  2 I,— (x3)i 'V  -------------- ^ 5 --------------

A tR i  ~ (X3)j+l,fc -  (X3)j-l,fc 
2 2A r

1 /  A tR j _ \ 2 (x s^ + i^  -  2(x3)j;fc +  (x3) j- i ,k  
+ 2 { ^ Ui* )  A ^

A tR i  ~ (x3)j fc+i — (x3)j,fc—1
----------------W ; -I?-------------------- ---------------------

2 2A r
1 ( A tR i  ~ V  (x3)j,fc+i -  2(x3)i!fc +  (x3) j)Jfc_i 

+  « ~7T—w .7,fc --------------------------------------------2 V 2 A ^2

These equations (B.3), (B.4), and (B.5) determ ine a*. The modified Poisson solver 

in tay is also used to  solve (B.2) for *p. Once a* and *P are computed, we compute 

the discrete gradient of ip and combine them  to obtain

a  =  F '(x )u  =  a* -  AfVtp.
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A ppendix C

Fast Solution of the Poisson  
Equation

In th is appendix, we discuss the changes made to the tay program  to speed it 

up, and in particu lar, we detail the new solver routine for the Poisson equations (4.5) 

and (B.2).

Let us recap the details of the Chorin-Tem am  projection scheme. In cylindrical

coordinates, the  vector form of the Navier-Stokes equations can be w ritten  as 

c)v
—  = v 2v + Lv -  V p  -  Ri[{v • V)v +  -A(v)],

V • v =  0,

where the operators appearing on the right-hand side of (C .l) are in cylindrical co­

ordinates and are defined in Chapter 4. The Chorin-Tem am  scheme is the following 

three-step scheme. Upon discretization of the tem poral derivative ^  by the forward 

Euler scheme, we let

v* =  v n +  A t  ( v 2vn +  Lvn -  Ri[{vn ■ V)v" +  A ( v n)}^j.

The Poisson equation for the pressure is

v V +1 =  ^ v - v *, (C.2)

which is solved for pn+1 using boundary conditions

s r l = - s i “ -<T w i - v ‘ )' (&3)
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where n is the outw ard pointing norm al vector. Finally, the velocity a t the next time 

step is com puted as

v n+1 =  v * _  A tV pn+1. (C.4)

We will focus our a tten tion  on the solution of (C.2) w ith boundary conditions 

(C.3). The Gauss-Seidel scheme, an iterative m ethod for solving linear equations, is 

used in TAY to  solve this Poisson equation. Note th a t this is a problem  w ith Neumann 

boundary conditions. Because of the norm al derivative of the pressure appearing in 

(C.3), the solution is not unique; it is determ ined only up to a constant. The TAY 

code deals w ith this non-uniqueness by normalizing the pressure so th a t its average 

value over the entire rz-plane, including boundaries, is zero.

As we explained in C hapter 5, using the Gauss-Seidel m ethod to  solve the Poisson 

equation proved to  be unacceptably slow for use in the nptay  w rap-around code. Our 

solution was to  rewrite the solver and use a direct m ethod to  solve the equation rather 

than  an iterative one, the details of which we now explain.

C .l  T h e  M atr ix  E quation

Let us first rew rite equation (C.2) in the equivalent form

- A f V V +1 =  - V  • v*. (C.5)

This is the form of the Poisson equation th a t is actually solved by TAY. Consider 

a grid on the rz-p lane which has R  to ta l nodes in the radial direction and Z  to tal 

nodes in the axial direction (including all boundaries), and let A r  and A z  denote the 

partition  w idth in the r  and z directions, respectively. Let pjk denote the pressure 

value at gridpoint ( jA r ,  k A z ) ,  for 0 < j  < R, 0 < k < Z. Let

u = (poo.Poi, • • ■ , P R z f

denote the vector of dimension L = R Z  containing the pressure values at every 

gridpoint. Finally, let f  denote the vector in R L which is obtained by applying a
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second order finite difference approxim ation to —V • v*. Using exactly the same 

stencils as the TAY code, upon this discretization equation (C.5) becomes the m atrix 

equation

A u =  f. (C.6)

The L  x L  m atrix  A  in C.6 is called the m atrix  of coefficients for the discretized

Poisson equation (C.5). Figure C .l gives the general (block) form of the m atrix  of

coefficients. Each block row has R  blocks, each of which has size Z x Z .  The constants

which appear in the m atrix  are defined as

A t  A t  A t
a r ~ 4 A ^  a * ~ 4 ~ A £ '  and — 2 r y A r ’

and the blocks themselves are defined by:

'1 0 ••• o'

11—fjCN 
1

1

00Q0

CXf

to II

0S00
—a r

1
r~Hi-d<M1OO

1 111

^3  =

4 ck2 - olz 1 Q a z 0 0

0 a r T  oiz 0 -o tz 0 0

01 z 0 olt 2az 0 - a z 0

0 OLz 0 a r T  2oiz 0 Olz

0 0 — OLz 0 a r  +  a z 0

0 0 Olz - 4 a z oiz 4 a z

A 4 —

CXr

~ GLj'
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A*

4 a z - a z - 4  a z 

0 2ar +  a 2 0 

0 —4 a 2 8 a r +  8 a2

olz

— Olz

—4 a z

0

0

0

0

0

0

B ( j )  =

Pi

0

0

0

/3j — 4 a r

-4 a 2 8 a r +  8 a 2

-ot.

a .

0

—4 a ,

0

0

0

- 4 a 2 0

2oiT a z 0

- a z 4 a 2

Pj — 4 a r

Pn
and

C (j)  =

-Pi
~Pj — 4ar

—Pj — 4 a r

-Pi.
The form of f  depends on whether it is equation (C.5) or the analog of (B.2) 

tha t we are solving. In  either case, the m atrix  A  is the same.

C .1 .1  P r o p e r t i e s  o f  t h e  M a t r i x  o f  C o e f f ic ie n ts

The m atrix  of coefficients A  possesses several im portant properties, which we 

summarize in the  following proposition.

P r o p o s it io n  C . l .  Let A  denote the L  x L matrix of coefficients of the discrete 

Poisson equation, as given above. Then:

(a) the rank of A  is L  — I;

(b) N { A )  = span{ l} , where 1 =  ( 1 , . . .  , 1)T G ML;
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(c) the linear equation A u =  f  has a solution i f  and only i f  (f, u*) =  0, where u* 

is a nonzero vector such that Ar u* =  0 ; and (, } denotes the standard inner  

product on M.L .

PR O O F: (a ) T h e  s a m e  p r o o f  a s  in  [136], p a g e  375, c a n  b e  a p p l ie d  to  th is  m a tr ix .

(b) By p a rt (a), we know th a t dimA/^A) =  1. A simple com putation verifies th a t 

A1 =  0, from which we conclude statem ent (b).

(c) This is a restatem ent of part of the Fredholm A lternative for finite dimensional 

spaces, which follows from the fact th a t the range of A  is the  orthogonal complement 

of the null space of A T . Note th a t dimA/’(Ar ) =  1 also, so if u* is any nonzero vector 

in Af{A T ), then  J\f(AT ) =  span{u*}. ■

P art (b) of Proposition C .l implies th a t, when it exists, a solution of A u  =  f  is 

not unique. This is the linear algebra analog of the non-uniqueness of the solution 

to the original PD E N eum ann problem. How, then, can a solution to A u =  f  be 

obtained? The key lies in the next result.

P ro p o s i t io n  C.2 (fro m  T h o m a s  [136], p a g e  382). Consider the augmented linear 

system A u  — f, where

A  =

and where 0 y? u* G J\f(AT) as in Proposition C.l. Then:

(a) The system  A u =  f  has a unique solution.

(b) I f  the solution to the system  A u =  f  is of the form  uo =  (uo, X)T , where X 0, 

then uq is the unique solution of the equation

' a u*' u f

1T > u = , and f  =
0 A 0

Au =  f  — Au* (C.7)

such that ( u q ,  1 )  =  0 .
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PR O O F: (a) Because Af ( AT ) = 71(A)-1-, we have th a t u* € TZ(A)1-. Since the range

of A  is the span of the columns of A, th is implies th a t u* is independent of the

columns of A, and hence the rank of A  u* is one more th an  the rank of A. Since

rank(A) =  L — 1 from Proposition C .l, we get th a t rank A  u* L. Similarly,

since Af (A)  — 7Z(At )± , we know th a t 1 6 7Z(AT )-L and hence 1 is independent of the

columns of A T \ equivalently, 1T is independent of the  rows of A. Therefore, 0

is independent of the rows of A  u* , and therefore, the rank  of A  is L  +  1. Since A  

is an (L + 1) x (L +  1) m atrix , this implies th a t it has full rank, and hence the system 

Au =  f  is uniquely solvable.

(b) This follows easily by looking at the first L  rows of the  system A u  =  f  and 

the last row of the system  (in block m atrix  form). ■

C . l . 2 T w o  M e th o d s  to  So lve Au =  f

In our situation, there are two difficulties in trying to solve the linear system 

Au =  f. The first is th a t this system does not have a solution unless ( / ,  u*) =  0, 

which generally does not occur. The other difficulty is the fact th a t the solution, 

if it exists, is not unique. Thom as [136] gives two suggestions to deal w ith these 

difficulties.

Suppose th a t ( / ,  u*) A 0, th a t is, Au =  f  does not have a solution. Proposition 

C.2 gives us an idea of how to proceed. Suppose th a t the unique solution to Au =  f  

is of the form Uo =  (uo, A)T with A A 0. Then,

A u0 =  f  -  Au*. (C.8)

Since equation (C.8) does have a solution, it follows th a t (f  — Au*,u*) =  0. This 

allows us to solve for A to  get
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Thus, if we replace f by

f  =  f - r ^ T v u *> (C-9)(u*, u*)

then the system  A u =  f  is solvable, and the resulting solution still will be an approxi­

mation to  the continuous solution of the original PD E  (C.2). P roposition C.2 and the 

preceding discussion implies th a t if we ad just the right-hand side of the equation from 

f  to f , we can apply any techniques we desire to solve the system  A u =  f , which does 

have a solution. As we see in the next section, this am ounts to  solving the original 

equation A u =  f  in a  least squares sense.

However, A dair com puted neither the m atrix  of coefficients A nor the vector u*, 

so the adjustm ent to  the right-hand side suggested above was not made. Instead, the 

TAY code adjusts the solution after each iteration  of the Gauss-Seidel m ethod, which 

is the second m ethod described by Thomas. Suppose u  is a solution to  A u =  f. Let 

uo =  u  — A*l, where A* =  Then,

Auo =  A u — A*A1 =  A u =  f,

since A1 =  0. This suggests how to adjust the solution at each step. At the end of 

every Gauss-Seidel iteration, project the solution u  obtained at th a t step onto 1 and 

subtract off th is projection. The resulting vector will be the solution Uo to A u =  f  

with the property  th a t (uo, 1) =  0. This is precisely w hat the t a y  code does.

C.2 A  L east Squares A pproach

The approach we used to rewrite TAY’s Poisson solver algorithm  was to solve 

Au =  f  in a least squares sense, which computes a vector u  such th a t ||f — Au|| is 

a minimum. U nfortunately, because A is rank deficient by one, such a least squares 

solution is not unique—any vector of the form u  +  c l  also minimizes the above norm 

and is therefore a least squares solution.
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C .2 .1  T h e  P s eu d o -In v er se

Using the pseudo-inverse of A allows us to  find some sort of unique least squares 

solution to A u =  f . The pseudo-inverse, som etimes called the M oore-Penrose inverse, 

easily can be obtained via the singular value decomposition of A  [55]. The pseudo­

inverse of A, denoted by A+ , enjoys many nice properties, the m ost im portant of 

which (for us) is th a t the vector u  =  A +f  is the unique least squares solution to 

Au =  f  which has minimum  Euclidean norm. By m inimum norm , we m ean th a t if u ' 

is another (distinct) least squares solution to A u =  f, then  ||u || <  Ha'll-

The vector u  =  A+ f  plays an im portan t role in our situation, which we summarize 

in the following proposition.

P r o p o s i t io n  C .3 . Using the cumulative notation above, let Uo denote the unique 

solution to A u =  f  with the property (u o ,l)  =  0, as guaranteed by Proposition C.2, 

where f  is defined in equation (C.9). Let u  =  A+ f. Then, Uo =  u .

PROOF: F irst, let u ' =  A+ f. T hen u ' is the unique least squares solution to

Au =  f  w ith minimum  norm. Since Auo =  f , it follows th a t uo is also a least squares 

solution to A u =  f. Since f i f (A)  =  span{ l} , we have th a t u ' =  uo +  c l  for some

constant c. We also know th a t Hu'H <  ||uo||. This implies th a t ||uo +  c l || <  ||uo||

or ||Uo +  c l | |2 <  ||uo ||2. Expressed in term s of inner products, this last inequality 

becomes

(u0 +  c l,  u 0 +  c l)  <  (u0, u 0)

or

(u 0,u 0) +  2 (u0,c l )  + c 2( l , l )  <  (u0, u 0), 

and since (uo, 1) =  0, we have

c2( l , l )  <  0.
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Since (1 ,1 ) =  L  >  0, we conclude th a t c2 <  0 and hence c =  0. Therefore, u ' =  uo, 

so uo =  A+f.

Next, let A* =  so f  =  f  — A*u*. Then,
\ U  ,U  )

u 0 =  A + f =  A + f -  A*A+u* =  u  -  A*A+u*,

and hence u  — uo =  A* A+u*. Let x* =  A+u*. We claim th a t x* =  0. Indeed, by the 

properties of the pseudo-inverse, we know th a t x* is the unique least squares solution 

to A x =  u* of m inim um  norm, which means th a t Ax* — u* is orthogonal to the range 

of A. Furtherm ore, since u* £ A/"(A) =  ^ (A )-1-, we have th a t  u* is also orthogonal to 

the range of A. These two facts imply th a t for every x  £ M.L,

(u*, Ax) =  0

and

(Ax* — u*, Ax) =  0.

From this we conclude th a t for every x  £ M.L,

0 =  (Ax* — u, Ax)

=  (Ax*, Ax) — (u*,A x)

=  (Ax*, A x).

In particular, this is true  for x  =  x*, which implies th a t (Ax*, Ax*) =  0, so Ax* =  0. 

This means th a t x* £ Af (A)  =  s p a n jl}  and so x* =  k l  for some constant k. Since 

any other least squares solution to  A x =  u* differs from x* by a m ultiple of 1 and 

since x* has m inim um  norm, it follows th a t k  m ust be zero and th a t x* =  0. Thus,

U -  u 0 =  A*A+u* =  A*x* =  0 ,

which completes the proof. ■
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In conclusion, we see th a t using a least squares approach for A u =  f  based on 

the SVD of A is equivalent to finding the unique solution of A u =  f  =  f  — ^ . ’̂ j yU* 

which has the p roperty  (u o ,l)  =  0, the la tte r being T hom as’ suggested m ethod for 

solving the discrete Poisson equation w ith Neum ann boundary conditions [136].

C .2 .2 I m p le m e n ta t io n  in N P T A Y

The im plem entation of the pseudo-inverse w ithin the NPTAY code was straightfor­

ward. MATLAB was used to  generate the m atrix  of coefficients A and its pseudo-inverse 

A+ , given a particu lar cylinder geometry. To completely construct A, the param eters 

needed are R, Z,  d z , rj, and At.  (For com patibility w ith TAY, the actual equation 

being solved is equation (C.5), which has A t  on the left-hand side of the equation, 

and hence A t  is incorporated into A.) MATLAB has a built-in  function, p inv , for 

computing the pseudo-inverse.

Once A+ was com puted by MATLAB, it was im ported into the nptay  and tay 

programs via a tex t file. Tests were made to  ensure th a t there was no roundoff error as 

a result of reading the entries A+ from a tex t file ra ther th an  keeping A+ in memory 

the entire tim e. The LAPACK routing DGELSS, which solves the least squares problem 

via the SYD as we do, was used on various Taylor-Couette geometries to verify this. 

The solution vectors retu rned  by our m ethod and by DGELSS agreed w ithin 10~n .

Using the iterative Gauss-Seidel m ethod to solve (C.5) is a process which can 

take several hundred thousand iterations. Instead, we now solve the Poisson equation 

by a simple m atrix-vector m ultiplication, a much faster process. The pressure pn+1 is 

found simply by com puting A+ (—V • v*), where, in a flagrant abuse of notation, the 

term  V • v* is m eant to  be interpreted as the vector obtained by approxim ating the 

divergence of v* using second-order finite differences, evaluated at every gridpoint. 

As we have m entioned before, implementing this solver routine vastly sped up the 

NPTAY program , a t the  expense of having to  store the entire m atrix  A + in memory.
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