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ABSTRACT OF DISSERTATION

STUDIES OF THE POLARIMETRIC COVARIANCE MATRIX FOR
METEOROLOGICAL APPLICATIONS

Multi-parameter polarimetric radar has shown great utility in meteorology by im-
proving measurement accuracy and microphysical understanding. This work con-
centrates on studies of the full polarimetric covariance matrix to retrieve the mo-
ment estimations over the shape distribution and orientation distribution of the
precipitation medium.

The antenna-induced polarimetric errors that result from inter-channel con-
tamination and sidelobe leakage are first examined. Antenna patterns are used to
convolve the distributed medium with large gradients and a methodology to detect
such polarimetric errors is developed. The methodology is illustrated with volume
simulation of a synthetic storm and then is applied to real cases from the project
of Thunderstorm Electrification and Precipitation Study (STEPS). The detection
is evaluated by comparing the results between two coordinated research radars —
CSU-CHILL and NCAR S-Pol. The evaluation of antenna peformance is also given
within this context.

In the second part, the full polarimetric covariance matrix is studied along
with polarization basis transformation. The effect of backscattering canting, the
effect of propagation, and the integrated antenna polarization errors on the covari-

ance matrix are analyzed. Considering backscattering canting, a new method to

1ii
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estimate the orientation factors, i.e., the mean canting angle and its dispersion,
is proposed based directly on the covariance matrix in the linear basis. The new
method is compared with other approaches, such as that based on circular covari-
ance matrix and that based on polarization optimization. The distortion due to
propagation, especially due to non-diagonal propagation, is studied with simula-
tion. Concerning the integrated antenna polarization errors, a novel approach is
proposed to estimate the non-orthogonal error matrix.

In the last part, the proposed approaches are applied to a variety of real cases.
For the purpose of orientation estimation, the full covariance matrix must be cali-
brated carefully on both power terms and phase terms. A modified phase filtering
process is designed to obtain robust filtering over the “weak” cross-polar channels
so that the phase offsets could be accurately estimated. The integrated antenna
polarization errors are then estimated and corrected. Different types of precip-
itation are analyzed with the estimated orientation factors, the derived circular
radar variables, and the conventional linear radar variables. It is shown that the
linear depolarization ratio suffers ambiguity on presenting orientation information
compared to the estimated orientation dispersion. The mean canting angle is very
close to zero for most precipitation targets except the aligned crystals which can
be usually observed at the top of electrified storms. The near zero mean canting

angle also justifies the hybrid operation mode planned for the WSR-88D radars.

Yanting Wang

Department of Electrical and Computer Engineering
Colorado State University

Fort Collins, Colorado 80523

Fall 2004
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Chapter 1

INTRODUCTION

1.1 Review of Polarimetric Radar Meteorology

Since the use of radar was found to detect storms in early 1940’s, radar mete-
orology has been developed as an active field in atmospheric study [1], [2]. Radar
provides a powerful tool for meteorologists with its capability of high resolution
scan in both time and space. The power of radar echoes is used to determine the
intensity of precipitation; and the Doppler frequency shift can be used to estimate
the motion of hydrometeor particles.

Such two parameters are not sufficient to describe the precipitation charac-
teristics since hydrometeor target by itself is a three dimensional non-spherical
particle. Polarimetric radar takes advantage of a pair of independent polarization
states, which define a polarization plane, to obtain the projected signatures of the
precipitation targets on the polarization plane [3], [4]. As a result, multiple pa-
rameters about the remote targets are available, such as those related to particle
shape [5] and orientation [6].

Dual-polarization radar usually works on a pair of orthogonal polarization
states, e.g., linear horizontal/vertical (H/V) polarization, right-hand/left-hand cir-
cular (RHC/LHC) polarization, or more generally a pair of orthogonal elliptical
polarization. On transmission, the dual-polarization radar could alternately change

the polarization state pulse by pulse between this orthogonal pair. On reception, it
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should be able to measure the echoes in both polarization states. The precipitation
media, as random scatters, can be described by its shape distribution, orientation
distribution as well as its size distribution (DSD). Under the alternate transmission
mode, a 3 x 3 full covariance matrix can be constructed which carries the moments
of those distributions [7], [8]. It is of great interest to retrieve the related physical
parameters from the covariance matrix.

The hydrometeor particles have been shown to possess equilibrium shape with
“mirror” reflection symmetry [9], [10]. Also it is usually true at least for rain that
the symmetry axis aligns nearly vertical during falling. Therefore, the reflectiv-
ities in co-polar channels provide a credible measure of the drop size, and the
differential reflectivity gives an estimation of the degree of oblateness. This kind
of measurement and retrieval has been well studied partly because only “strong”
co-polar returns are required.

However the hydrometeor particles may also undergo oscillations and non-zero
canting [11] [12] [13], which would bias more or less the measurement. Therefore,
the knowledge on the corresponding orientation distribution would be useful to
fine tune for quantitative applications such as rainfall estimation and also possi-
bly to improve the classification by providing more insight into the microphysical
characteristics. The orientation distribution affects more dramatically the cross-
polar power and the co-to-cross correlation coefficients [14]. The retrieval of ori-
entation factors, such as the mean canting angle and canting dispersion, requires
measurement of the “weak” cross-polar signals [15]. It is only recently that the
full covariance matrix has been utilized where the cross-polar terms play a role as
important as the co-polar terms.

Polarimetric measurements demand accurate knowledge of the polarization

states. However, some factors will distort the polarization states throughout the
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transmission/reception chains. One of the primary factors is the antenna perfor-
mance. The antenna subsystem can only provide limited cross-polarization isola-
tion that is vital to accurately measure the “weak” cross-polar signals. Moreover,
because of the distributed nature of hydrometeor targets, the non-diminishing
sidelobes of antenna patterns can lead to large contamination from nearby strong
storm cells when larger gradients in reflectivity exist across the antenna beam.
Some other physical factors, such as propagation distortion, may also change the
polarization state of radar echoes and as a result will mislead the physical retrieval

and interpretation. Such artifacts must be detected and sorted out or corrected.

1.2 Polarimetric Model for Linear Dual-polarization Radar

This study is based on data from Colorado State University-University of
Chicago-Illinois State Water Survey (CSU-CHILL) dual-polarization radar. The
CSU-CHILL radar works on the linear H/V polarization basis and is able to mea-
sure the full covariance matrix in alternate mode [16]. In the linear H/V basis,
the incident electromagnetic field E; and the corresponding backscattering electro-

magnetic field E; can be written as,
El = Eih+ E'b . (1.1a)
ES = Eh+ Eib (1.1b)

These two fields are related to each other in backscattering system alignment (BSA)

through the Sinclair matrix [17] as,
E,‘_i . Shh S}w E;L

[ B} ] - [ S Sow | | B 12)

The 2-by-2 Sinclair matrix, which depicts the scattering properties of targets, is

called backscattering matrix (S) hereafter.
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By reciprocity, Sp, = Syr; therefore a “feature” vector [7]

Q= Sm V25w Sw ] (1.3)

can be defined to characterize the scattering matrix without losing any informa-
tion. To study the randomly distributed medium, we can employ the second order

moments of the “feature” vector {2 and obtain the covariance matrix,

(1Swl?)  V2(SunShy)  (ShaSi)
= V2(SinSm)  2(Sml®)  V2(S},5m) (1.4)
(StnSvw)  V2(SinSh)  (1Swl®)

If a radar is able to transmit a pair of electric fields with independent polarization
states, the whole backscattering matrix can be determined and the full covariance
matrix can be constructed. The CSU-CHILL radar operates in the “full polari-
metric” mode by alternately transmitting H-polarized and V-polarized fields.

The covariance matrix contains three independent real variables along its diag-
onal corresponding to powers and three independent complex variables off diagonal
corresponding to correlations. The radar variables in the linear H/V basis are de-
fined on this covariance matrix as following [18]:

(1) Radar reflectivity factor:
Zp, = 1010g,0(|Shnl?) (1.5)

(2) Radar differential reflectivity factor:

(1Shnl?)

Zpr = 10logy +—=—5v 1.6
DR 10 (lva|2> ( )

(3) Linear depolarization ratio:

([ Shol*)
LDR,, = 10logyy 755+ 1.7
h £10 (Smnl?) ( )

(4) Co-polar correlation coefficient:

poseitn = S (18)

V (19 2) (19w ?)
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(5) Co-to-cross correlation coefficients:

__ (SmSi) 1 9a
o TSP (5 P) )
Pov = S )| (1.9b)

VA{[Swo]?) ([ Shol?)
The radar reflectivity factor and depolarization ration in V polarization, Z, and
LDRy,, can be simply derived from the variables above.
The waves may undergo propagation distortion through the precipitation
medium between the antenna and the resolution volume. The propagation effects
can also result in change of polarization states, which is denoted by the propagation

matrix

| Pun Py
P= [ R ] (1.10)

When the waves propagate in eigen-polarization, the propagation matrix is diag-
onal and the only distortion in such case includes attenuation in the power terms
and phase shift in the correlations. The attenuation is generally negligible in S-
band while the phase shift could be significant along a long propagation path. As
a result, we have another radar variable defined as,

(6) Differential propagation phase shift (two-way):
Oy = arg (P o) (1.11)

In operation, the antenna along with its polarization network will, to a small
extent, change the polarization states both at transmission and reception since, in
practice, the polarization isolation can never be perfect. We can incorporate these

effects into the gain matrix,

G = [Qh e } (1.12)

€n Guv

where components e, and e, represent the cross polarization contamination.
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Therefore, the radar measured voltage matrix is governed by such a system

(with the spherical wave factor dropped):

Veh Vo | _ jaTpT .
[%h o ] — (GTPTSPG)-C+ N (1.13)

where C stands for the calibration matrix and N represents additive noise. The
radar variables are derived from the covariance matrix of the above voltage matrix.
To restore the intrinsic covariance matrix, we need to correct for noise, calibrate
the measurements, and correct the linear transformation incurred by antenna po-

larization errors and propagation.

1.3 Objectives

This work will explore the full covariance matrix under the linear H/V po-
larization basis for microphysical retrieval. In particular, effort will be directed
to analyze the antenna-induced polarimetric errors when strong reflectivity gra-
dients exist across beam, and to retrieve the moment estimation over orientation
distribution.

Before using the full covariance matrix, the radar measurement should first be
properly calibrated. However, it is impossible to correct the data under the scenario
of inhomogeneous medium where spatial convolution governs the remote sensing
process. The abnormal data in this case is mainly attributed to the sidelobes in
antenna patterns. Methods to detect the error-prone locations will be developed
in next chapter. A model of polarimetric radar measurement will be created for
distributed precipitation targets. Based on that, a simulation approach will be
implemented and detection methodology will be proposed for errors in Zpg, Kgp
and LDR. The proposed methodology will be applied to radar data from the Severe
Thunderstorm Electrification and Precipitation Study (STEPS) project, where
two research radars (CSU-CHILL and NCAR S-Pol) were deployed at different

locations and coordinated in scanning, for validation.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Assuming the “intrinsic” covariance matrix known, this study will be directed
to retrieve the orientation factors, including both mean and dispersion of canting
angle. A general representation will be formulated for basis transformation of the
covariance matrix. The covariance matrix constructed in linear polarization ba-
sis can be transformed to arbitrary orthogonal bases via unitary transformation.
Therefore, the covariance matrix in circular polarization basis can be simply ob-
tained using basis transformation where the orientation factors and shape factors
are separable. An algorithm to estimate the orientation factors will then be de-
rived by directly solving the covariance matrix in the linear basis. Both methods
will be compared to the method involving polarization optimization.

The effect of propagation and antenna polarization errors then will be an-
alyzed. Simulations will be conducted to show their impact on the covariance
elements especially on the cross-polar terms in order to find guidelines for discrim-
inating such factors. Non-orthogonal propagation and antenna polarization errors
will distort the radiated polarization state to general elliptical polarization instead
of the ideal linear polarization and the resultant polarization basis is no longer
orthogonal. A novel optimization approach is developed for such nonorthogonal
basis transformation so that the integrated antenna polarization error matrix can
be estimated.

Finally, the developed algorithms will be applied to case studies. From the
accurately constructed covariance matrix, the antenna polarization errors will be
estimated and then corrected for; a commonly used approach will be applied to
correct the propagation effect; and lastly the “intrinsic” backscattering covariance
matrix is obtained and orientation factors along with shape factors are estimated.
The use of these retrieved parameters will also be studied by analyzing radar data

from different types of precipitation.
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Chapter 2

ANTENNA INDUCED POLARIMETRIC ERRORS

It is well known that the antenna performance is of prime importance in radar
remote sensing. Ideally, accurate dual polarization measurement requires well-
matched co-polar patterns, low sidelobe level and small cross-polar contamination.

For point targets, the ideal antenna can be expressed by the 2 x 2 identity
matrix. In practice, the gain imbalance between two orthogonal channels and the
limited polarization isolation will distort measurement of the intrinsic scattering
matrix. Such errors can be adjusted for by the calibration procedure. Considering
distributed targets, however, the antenna patterns are also required to have narrow
beam shape. In general, the intrinsic scattering matrix is convolved with the
antenna patterns, resulting in spatial errors on radar measurements.

For the CSU-CHILL radar, the co-polar patterns are fairly narrow (3dB-
beamwidth around 1°) and the sidelobe level is at -30 dB or better. Besides,
the cross-polar coupling is maintained as low as -35 dB. This performance seems
to be sufficient for measurement in homogeneous precipitation. However, large
gradients of reflectivity (e.g. > 40 dB/km) often exist in severe storms, and the
antenna-induced polarimetric errors may become significant. Therefore, such spa-
tial distortion is also called “gradient induced” polarimetric errors.

When gradients are fairly small, the point target calibration technique is also

justified for distributed targets [19]. Otherwise, the beam-filling effect should be
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taken into account. Previous work has been done on analyzing the beam-filling
effect on Z,, Zpr and Ky, [20], [21], [22]. In this chapter, a systematic procedure
is developed for detecting antenna-induced polarimetric errors in the presence of
sharp gradients of precipitation echoes. Synthetic storm simulation is used to
illustrate the methodology to mask error-prone regions in the Zpgr, LDR and Ky,
fields. Data from a severe storm event from both the CSU-CHILL radar and NCAR

S-Pol radar are used to demonstrate and validate the methodology.

2.1 System function of dual-polarized radar

To study the polarimetric errors induced by antenna patterns G, the precip-
itation related part PTSP of (1.13) will be regarded as the “intrinsic scattering”
matrix. The angular dependency should be addressed in such a way that the

voltage presented at the radar receiver is written as a convolution:

V(0,6,7) = / G0 — 6,8 — $)S(0, 8, 1)G(O — 0,8/ — $)dY  (2.1)

where 6 and ¢ denote the off-axis angles in elevation and azimuth respectively, and
the integration is over a solid angle on the spherical surface whose radius is the
range r. This is the system equation for dual-polarization weather radar.

More insight will be gained using the concept of feature vector by expanding

(2.1) as follows,

Vi = gh * Shh + 29nen * Sun + €}, * Sy (2.2a)
Voh = gnew * Sha + (Grgo + €ney) * Sun + guen * Sp (2.2b)
‘/vv - gg * va + 2gve'u * Svh + 63 * Shh (220)

where angles § and ¢ are implicit. The system equation would be clearer in the

frequency domain:

(FO)(fr, f2) = (FG)(fr, fo) - (FQs)(fu, fo) (2.3)
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where F is the Fourier operator and

N 9 V2gren el
G= \/ighev GhGv + epey \/zgveh (24)
612) ﬂgvev g?,

The statistics to construct the covariance matrix is taken over time dimension.
To study the property of covariance matrix contaminated with antenna errors, we

simply assume a pair of generalized variables

Vi=hy * 5 (2.5a)

Then the second order statistics can be written as

ViV ( //h1 X — x3)51(x})dx] - // (x — x5)55 (x5)dx5)
= [[][ = xmstx - xis: ) ss0a)axan

Because the resolution volume contains numerous scatterers with random phase,

(2.6)

the incoherent summation is just zero if x} # x5,. Hence,

ViV / / hab(x — %,)(S1.82) (. )dx, 2.7)

Applying this property to the covariance matrix, we have

(FEV)(f1, fo) = (F(G @ GH)(f1, fo)(FEs)(f1, f2) (2.8)

where the Kronecker product is used.

Therefore, in absence of noise, the “intrinsic” backscatter matrix can be re-
covered if the antenna patterns are known precisely. However, in practice such
inversion is not possible due to the existence of noise, the scanning process, and
the low spatial sampling. Then it is of much importance to study the impact of

antenna patterns on the measurement for the purpose of error detection.
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2.2 Antenna Patterns and Antenna Induced Polarimetric Errors

Fig.2.1 shows the antenna patterns of CSU-CHILL in selected planes (azimuth
plane and slant 45° plane) measured at the manufacturer’s test range. In the
azimuth plane, the cross-polar patterns are much lower than the co-polar patterns.
In the slant 45° plane, the peaks of cross-polar patterns are raised by up to 15
dB compared to the azimuth plane but are displaced away from foresight. Such
difference between the two planes is attributed to the structure of feed support
struts on slant 45° and 135° planes. The close-in co-polar sidelobes also experience
a significant increase on the 45° plane. Overall the cross-polar magnitudes are
much lower than the co-polar ones. Another important point is that the co-polar
patterns are well-matched with each other only within the mainlobe.

It is straightforward to derive all the elements of the covariance matrix as a
function of antenna patterns by either taking second order moments over (2.2) or
computing the Kronecker product in (2.4), but the results are complex with many
minor terms. To clarify the connection between antenna patterns and polarimetric
errors, only the primary factors will be discussed here. We assume that:

(1) the antenna is well designed, which means e, < g, and e, < ¢,;

(2) the scattering medium exhibits “mirror” reflection symmetry with zero mean
canting angle, which implies (SppSk,) = (SpwSh,) = 0;

(3) low depolarization, i.e., {|Syrl?) <K (|Shnl?), (|Shol?) <K (|Suu]?).

Then by approximating to the first order of polarization errors for the co-polar

measurement and to the third order for the cross-polar measurement, the covari-
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Figure 2.1: The antenna patterns of the CSU-CHILL radar in selected planes
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ance variables can be simplified as follows,

(Vinl®) = lgnl* * (| Shal?) (2.9)

(1Vil?) = lgol*  (|Sw]?) (2.10)

(1Venl®) = lgnes]® * (1Snnl®) + |guenl® * (1Suul?) + 2R{gngsehes * (SwnSy,)}
+1gngul” * (ISunl?) + 2R{gnguehe * (|Sunl*)} (2.11)

(VinVey) = gngs® * (ShnSy,) (2.12)

For reflectivity factors Z, and Z,, their intrinsic profiles will be smoothed and
broadened due to the finite width of the antenna patterns [23|. The measurement
is not very contaminated unless the antenna points to very low reflectivity region
and the sidelobes fall into nearby high reflectivity regions. The co-polar patterns
have excellent fall-off feature with angle and we can deduce that the reflectivity
factors Z;, and Z, would be close to their intrinsic values.

However, the mismatch in co-polar patterns should be taken into account for

evaluating Zpg [24] [25], which can be expressed in linear scale as

g = T 1gnl*(|Sal?)dY
" 1o (IS0 2)asY

The value of z4 may get biased by two factors: mismatch between co-polar patterns

(2.13)

and beam-smoothing, especially by sidelobes. Usually the co-polar patterns are
matched very well in the mainlobe except for a constant gain inequality between H
and V ports, but apparent mismatch will very likely exist in the sidelobes. There-
fore, once the sidelobes are pointed at high reflectivity regions, the polarimetric
error on Zpr may go up to a noticeable level.

Large ®4, may be accumulated along the propagation path. If sharp gradients
in ®4, exist, the estimation of ®4, will also get biased due to beam-smoothing, and

the correlation coeflicient
| ] 9195%(ShnS;,)d<Y|

Peo = (2.14)
VI 1S 2) S - [f |g[*(1Sun |22
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will drop below its intrinsic value due to the reduced coherency. Especially, the
antenna patterns have uniform distributed random phase errors in sidelobe regions,
80 peo Will get much lowered when the power returned from sidelobe regions dom-
inates, which again means that large reflectivity gradients across the beam will
result in apparent errors. Correspondingly, Ky, will exhibit pairwise positive and
negative biases, as shown in [22].

The antenna cross-polar coupling would lead to contamination of the cross-
polar power and, as a result, bias LDR. In the mainlobe, excellent polarization
isolation is maintained as shown in Fig.2.1. However, in the sidelobes, the polar-
ization isolation deteriorates dramatically such that the cross-polar coupling terms
as shown in the top line of (2.11) will contribute to most of the cross-polar power.
Therefore, instead of the beam-smoothing effect as shown in the bottom line of
(2.11), we will primarily study the bias of LDR that is defined as:

ff |ghevi2<|shh|2>dgl + ff ]gveh|2(]Sm,|2)dQ' + 2R ff ghgieilev(shhsiv)dﬂ'

Alg =
’ RENRES

(2.15)

This bias could be applied to adjust the measured LDR. When the medium is

homogeneous, this bias would be close to the system limit of LDR.

2.3 Simulation and Detection Methodology

When strong reflectivity gradients occur across the beam, we believe that some
radar observables are prone to polarimetric errors. It is of much interest to detect
the error-prone locations and find the magnitude of such errors. As analyzed in
the previous section, the induced errors result from the convolution between the
antenna patterns and the non-uniform reflectivity field, therefore the gradient in
precipitation echo itself is not sufficient to locate the errors. A forward convolution

is, thus, needed to study the error structures.
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The convolution is taken over the spherical surface with the range as radius.
Within small off-axis angles, for example only 4 degrees in this study, such spherical
convolution can be approximated by a 2-D convolution on the plane (6, ¢). To
implement such 2-D convolution, 2-D raster antenna patterns are necessary. For
the CSU-CHILL radar, only on-axis patterns are available on the four test planes,
so we need to construct its 2-D antenna patterns by interpolation. In angular
domain the interpolation is implemented by Fourier Transform to get 0.1° spaced
¢-patterns. Then the patterns are interpolated into full regular grid on (6;, ¢;), as

shown in Fig.2.2.

pattern (dB)
pattern (dB)

fvh

pattern (dB)

06C)“ 474 2 80
Figure 2.2: The interpolated antenna patterns for the CSU-CHILL radar
We do not have exact knowledge about the “intrinsic” profiles of the polari-
metric varaibles. As in [25], the measurement is first taken as “intrinsic”, which

means double convolution with same patterns imposed on the targets. We hypoth-

esize that the double convolution is sufficient to derive the error structure since

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



16

the co-polar antenna patterns are Gaussian shaped with narrow widths such that
the co-polar measurement would undergo only small extra biases by double con-
volution. Therefore, it is appropriate to assume that the measured reflectivity is
approximately equal to its intrinsic value. As for the cross-polar measurement, we
can find that the dominant errors also come from gradients in Zy;, and Z,, when
the intrinsic LDR is small (and in which case we are actually interested in the
cross-polar errors).

The phase patterns are also required for the detection of error structures of
®,4, and p., as indicated by (2.14). Note that it is difficult to measure the phase
patterns [26]. Therefore, uniformly distributed random phase is introduced beyond
the mainlobe in preparing the co-polar antenna patterns.

To illustrate the polarization errors induced by the antenna, a synthetic storm
cell is simulated with simple spherical symmetric structure. The synthetic storm
core is assumed to be located at 80 km east and 30 km north of the CSU-CHILL
radar and 5 km in altitude. One cut through the synthetic storm core is shown in
Fig.2.3.

Previous work on the polarimetric error of Zpp separates the co-polar antenna
patterns to well-matched part and mismatched part [25]. When the mismatch is

fairly low, good approximation was obtained as

AZpr = 10log [1 + % //(f,f - fﬁ)Zth'J (2.16)

by assuming measured Zj, as its intrinsic value and Z;, = Z,,. However, considering
inhomogeneous Zpg, the antenna patterns in sidelobes cannot be neglected. We
use pe, as a bridge to analyze Zpg error caused by sidelobes. Because of random
phase present in the sidelobes, p., after convolution will drop significantly when
the sidelobes fall into high reflectivity regions. Therefore, the decrease of p., can

be used as an indicator for such Zpg error. Regarding use of p.,, we assume
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Figure 2.3: The axial profiles of intrinsic Z,, Zpr, Kg4p, and LDR for the synthetic
storm. The relative distance is shown along X-axis.

its intrinsic value to be 1. If simulated p., is less than 0.99 after convolution,
we assume that the measured Zpgp may be contaminated with errors. From the
antenna patterns of CSU-CHILL as shown in Fig.2.1, mismatch may also exist in
the mainlobe. Such Zpg errors can be detected by observing the simulated Zpg
with zero input. Regarding the errors due to mismatch, the decision will be based
on apparent non-zero values in the simulated Zpg, e.g., |Zpg| > 0.6 dB in this
simulation. Then, Zpp in these locations will be marked as “bad”. Fig.2.4 shows
a CAPPI plot of the “measured” Zpg, the “simulated” Zpg, the “simulated” p.,,
and the masked Zpgr at the height of 5 km. From this figure, we learn that the
Zpr errors in practice may be larger than that analyzed without gradients [27],
and most regions with error can be detected even though some residual error still

exists (see the white ‘masked’ region in the figure).
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(d)

Figure 2.4: Detection of Zpg errors for the synthetic storm by the CSU-CHILL
radar. The illustrated CAPPI plots are taken at the 5 km height: (a) radar
‘measured’ Zpg; (b) simulated Zpg (assuming its intrinsic value 0); (c) simulated
Peo (assuming its intrinsic value 1); (d) ‘masked’ Zpp. The X-axis refers to the
distance east to CSU-CHILL radar in km and Y-axis to the north.

After convolution, negative Ky, could be observed even though its intrinsic
profile is non-negative as indicated by the input K, profile in Fig.2.3. The mea-
sured @4, is so sensitive to the fluctuation of the intrinsic ®4, that we cannot
detect its error structure based on the difference on the “simulated” data. Instead,
we force the measured ®g4, to increase monotonically and take that as its input
profile. After convolution, negative values of the simulated K, are detected and
these locations are prone to polarimetric errors for ®4, and Kg,. Note that usually
negative Ky, is only expected in the upper parts of a thunderstorm due to verti-
cally oriented ice crystals, and very infrequently below the melting level (i.e., rain
or hail). The “measured” Ky, and estimated K, are given in the CAPPI plot as

shown in Fig.2.5. We acknowledge that not all of the errors could be masked and
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the positive K, error cannot be detected by this method, but it is helpful to sort

out most of the erroneous negative Ky, area.

20 20 20
70 ﬁO 90 70 ﬁé 90 70

42 02 46 420246 -4-2.02 46

Figure 2.5: Detection of Ky, errors for the synthetic storm by the CSU-CHILL
radar. Same as Fig.2.4 except that: (a) ‘measured’ Kg,; (b) simulated Ky, (forcing
its input profile monotonously increasing); (c) ‘masked’ Kgp.

For LDR, our objective is to estimate the system bias as indicated by (2.15).
Since the phase information of the cross-polar patterns are unavailable, we drop off
the phase terms and use |gngyene,| directly (which makes the estimated bias a little
larger). By taking the propagation effects into account, the co-polar correlation is

equivalent to
(ShnSy) = |ShnSuule ™% (2.17)

The convolution based on (2.15) gives the estimate of LDR bias and this estimate
is used to adjust the “measured” LDR. We know that the LDR upper bound for
the CSU-CHILL radar is close to -34 dB assuming no gradients across the beam;
thus, we will cast doubt over that region where the estimated bias exceeds -31
dB and mark the value at that location as “bad” data. Fig.2.6 shows the relative
CAPPI plots. Nearly all the extreme LDR errors are marked out, as indicated by

the white “masked” region in the last panel.
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Figure 2.6: Detection of LDR errors for the synthetic storm by the CSU-CHILL
radar. Same as Fig.2.4 except that: (a) ‘measured’ LDR; (b) estimated LD R bias;
(¢) ‘masked’ LDR.

To illustrate the spatial dependency of the antenna-induced polarimetric er-

rors, we next run the same simulation using another radar (NCAR S-Pol) that was

“deployed” at a different location, as configured in the STEPS project.

Radar Latitude Longitude Altitude Relative Distance

Facility (deg:min:sec)  (deg:min:sec) (km) (km)
CSU-CHILL | 39:14:4.578  -102:-16:-40.438  1.285 (0,0)
NCAR-SPOL | 39:45:40.109  -102:-5:-36.469 1.103  (14.031E,58.941N)

Table 2.1: Locations of the radars deployed in the STEPS project

The NCAR S-Pol antenna patterns come with 2-D raster measurement as
shown in Fig.2.7 (i.e., no need for interpolation). The simulation results and the
estimation of polarimetric errors, as done for the simulation with CSU-CHILL,
are presented on Figs.2.8-2.10. The error structures are closely dependent on the
scan geometry compared to the results for CSU-CHILL. When detecting the LDR
bias for NCAR S-Pol, the threshold was set to -27 dB since its system upper
bound is known to be close -30 dB. Moreover, for comparison, it is good to get the
measured LDR adjusted using the estimated bias even though such adjustment

will not exactly recover the polarimetric error on LDR.
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Figure 2.7: The measured antenna patterns for the NCAR S-Pol radar

The methodology developed above is based on a number of assumptions since
unknown factors exist in the model, but as demonstrated by simulation the regions
of large error can be detected using such an approach. The performance evaluation
is listed in Table 2.2. The detection of K, error is low since the antenna-induced
error on Ky, exists in pairwise with negative and positive biases but this method
can only deal with the negative one. Note also that the performance depends on

the selected thresholds, for which histograms could be utilized as a guideline.

2.4 Case Study

In this section, the methodology proposed above will be applied to a case from
the STEPS project. On June 22, 2000, a severe storm developed from west of the
CSU-CHILL radar and later moved northeast toward the NCAR S-Pol radar. Up
to 1-inch hail was reported. Fig.2.11 shows a PPI scan of this storm at 23:23 UTC
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() (d)

Figure 2.8: Detection of Zpg errors for the synthetic storm by the NCAR S-Pol
radar. Same as Fig.2.4 except that: (a) radar ‘measured’ Zpg; (b) simulated Zppg;
(c) simulated p.,; (d) ‘masked’ Zpp.

with its location relative to the three coordinated radars in the STEPS project.
Large gradients are obvious in this storm. The storm is located somewhat closer
to NCAR S-Pol but the different observation angles for CSU-CHILL and NCAR
S-Pol are sufficient to show the dependence of the antenna-induced polarimetric
errors on scan geometry.

To make the radar measurement closer to the intrinsic values, attenuation-
correction is first conducted on the data set for both Z, and Zpg. In addition,
K, was retrieved by linear fitting over raw ®4, and negative Ky, was forced to
0. Then the new smoothed ®4, was reconstructed from the pruned Ky, profile
and was applied as input to the 2-D convolution. Besides, we assume p,, is 1 and

intrinsic LDR is 0 (—oo dB) as input.
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Figure 2.9: Detection of Ky, errors for the synthetic storm by the NCAR S-Pol
radar. Same as Fig.2.4 except that: (a) ‘measured’ Kg,; (b) simulated Kgp; ()
‘masked’ Kgp.

40

Figure 2.10: Detection of LDR errors for the synthetic storm by the NCAR S-Pol
radar. Same as Fig.2.4 except that: (a) ‘measured’ LDR; (b) estimated LDR bias;
(c) ‘masked’ LDR.

Before labelling the antenna-induced polarimetric errors, the related histograms
were investigated to help establish the thresholds on simulated p.,, Zpgr, and LDR
bias as listed in Table 2.3.

Fig.2.12 shows the radar measurement by CSU-CHILL for this storm and
the corresponding simulated variables with CAPPI plots on the height (AGL) of
2.5 km. Panel (a) refers to the CAPPI plot of Z;, where the dash line presents
the scanning direction through the storm core from the view of the CSU-CHILL

radar. On the right side of the storm core, the reflectivity drops from 65 dB to
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Error detection ZDR Ky LDR

Criteria for error samples |AZpg|>0.6dB  |AKg,| > 0.6°/km ALDR > 3dB*
ALDR > 4dB**

Detection Thresholds pim < (.99 Kgm <0 LDR*™ > —-31dB*
|Zgim| > 0.6dB LDR®™ > —27dB**

Error samples 7644 11080 10400

CHILL Detection rate 6451 (83.92%) 2060 (18.59%) 8922 (85.79%)
False rate 3063 (40.07%) 1859 (16.77%) 1086 (10.44%)
Error samples 5633 5616 7724

S-Pol  Detection rate 4430 (78.64%) 1045 (18.60%) 6129 (79.35%)
False rate 2724 (48.36%) 2317 (41.25%) 354 (4.58%)

* for CHILL;

** for S-Pol.

Table 2.2: The performance of the developed error detection scheme

Radar Facility | Threshold |Zpgr| Threshold on LDR Bias Threshold on pg,
CSU-CHILL 0.3 dB 0.995 -32 dB
NCAR S-Pol 0.2 dB 0.995 —29dB

Table 2.3: Thresholds on simulated radar variables (Zpg, pe and LDR bias) for
detection of the antenna-induced polarimetric errors

below 50 dB at (-38 km, 70 km), and such gradient appears across the radar beam
direction. Panel (b) shows that the Zpg is very low around the storm core and
large Zpp exists in some surrounding spots. Panels (d) and (e) refer to the CAPPI
plots of measured and simulated p.,, respectively. Note that overall, these two
signatures do not resemble each other. In the lower left and upper left part of
the measured pg,, its value is as low as 0.9, while the simulated p., shows large
values for most of these locations. The low measured value could be attributed to
mixed type precipitation or poor signal quality. In general, the surrounding low
reflectivity areas have low correlation coefficients in both measured CAPPI plot
and simulated plot. So is that for the location around (-38 km, 70 km), which
means the existence of gradient related polarimetric errors on the measured Zpp.
The simulated Zpg panel could provide additional information to detect the errors

that result mainly from mismatched patterns. On the area more than 50 km west
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Figure 2.11: A PPI scan of the severe storm on June 22, 2000 in low elevation
angle with the locations of three coordinated radars labelled.

and from 60 km to 70 km north of CSU-CHILL, the simulated Zpg shows apparent
non-zero values. The corresponding measured Zpp is very large, which is probably
caused by mismatched co-polar patterns. Those areas finally get marked out as
shown in panel (f).

Similarly, Fig.2.13 illustrates the detection scheme applied for NCAR S-Pol.
From panel (a), the gradient in reflectivity across the radar beam for NCAR S-
Pol is not as dramatic as that in CSU-CHILL at the location around (-38 km, 70
km). Instead, sharp gradients may exist across the beam south of (-45 km, 70
km). The simulated Zpg as shown in panel (c) does not have significant bias from
zero, which might be due to the co-polar patterns of the NCAR S-Pol radar being
better matched as compared to the CSU-CHILL radar, or that the mismatch of
S-Pol patterns are distributed more uniformly since the CSU-CHILL patterns are
interpolated over only 4 planes. Again, the measured p., and simulated p., show

different signatures: the measured p., has high correlation over most of storm cell,
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(e) (f)

Figure 2.12: Composite CAPPI plots at 2.5 km AGL to illustrate the detection
scheme for CSU-CHILL measured Zpg: (a) radar measured Z, (dBZ) with beam
direction through the storm core; (b) radar measured Zpgr (dB); (c) simulated
Zpr (dB) assuming its intrinsic value zero; (d) radar measured p.,; (e) simulated
Peo assuming its intrinsic value 1; (f) radar measured Zpg (dB) with error prone

locations marked (as white). The X-axis refers to distance (km) on east from
CSU-CHILL and Y-axis to that on north.

while the simulated one has low correlation over storm edges, e.g., the area at south
of (-45 km, 70 km). The CAPPI plot of the measured Zpg in panel (f) with error-
prone locations marked out is consistent with our observation on other panels.
Note that the marked area does not coincide with the continuous measured Zpp.
It is a common problem at using crispy set defined by thresholds. By comparing
the marked results over CHILL and S-Pol, regardless of the discontinuities, we are
still able to obtain direction dependent error-prone locations, e.g., S-Pol has good
view on the location around (-38 km, 70 km) while CHILL has good view on the
locations at south of (-45 km, 70 km) and around (-36 km, 82 km).
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Figure 2.13: Composite CAPPI plots at 2.5 km AGL to illustrate the detection
scheme for NCAR S-Pol measured Zpg: all the panels are arranged in the same
manner as the previous figure.

In Fig.2.14, panels (a) and (d) show the CAPPI plots of measured Ky, by
CSU-CHILL and NCAR S-Pol, respectively. Large area of negative K, is obvious
in both plots. Besides, compared to the measurement by S-Pol, CHILL gives
high reading for Ky, at some spots neighboring the deep negative region, e.g.,
around (-38 km, 71 km) and (-42.5 km, 84 km), which likely is also caused by
the antenna induced errors according to previous analysis. The simulated Kgp,
assuming its intrinsic value is monotonically increasing, is shown in panels (b)
and (e) for both radars, respectively. Apparently, most of the areas with negative
values in measurement are still contaminated with negative values in simulation.
The marking scheme is simple: marking out all the locations with negative values

in the simulated Kg4p,. Panels (c) and (f) illustrate the final marked results for both
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radars. Most of the radar measured negative Ky, is detected for both radars which
is located behind the storm core. Such marking is also significant in the sense of
correcting microphysical interpretation since some marked areas come with high
reflectivity. The intriguing feature is that the regions with positive errors cannot
be detected with this scheme. With this fact in mind, we cast doubt over the
significant positive Ky, on the surrounding areas close to the detected negative
K, errors, e.g., at location (-50 km, 70 km) for S-Pol and at locations (-38 km,
71 km), (-39 km, 76 km), (-42.5 km, 84 km) for CHILL.

-40
(b)

-30

50 -40 -30
(e) ()

Figure 2.14: Composite CAPPI plots at 2.5 km AGL to illustrate the detection
scheme for measured Kg,: (a) radar measured Ky, (deg/km) by CHILL; (b) simu-
lated K4, (deg/km) for CHILL assuming its intrinsic value monotonously increas-
ing; (c) radar measured Ky, (deg/km) by CHILL with error prone locations marked
out; (d) (e) (f) are same to (a) (b) (c) except for NCAR S-Pol.
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The detection scheme for LDR bias is illustrated in Fig.2.15. Similarly, the
top panels refer to the CAPPI plots for CSU-CHILL while the bottom panels for
NCAR S-Pol. Panels (a) and (d) show the radar measured LDR by CHILL and
S-Pol, respectively. The whitened region on the S-Pol plot was labelled as invalid
data on tape probably due to signal quality issues. Panels (b) and (e) give the
simulated LD R bias using patterns of CHILL and S-Pol. Apparently, CHILL’s
cross-polar patterns outperforms S-Pol’s. The simulated LD R for CHILL is equal
to or less than the system upper bound in most of the storm cell. After taking the
simulated LDR bias out from the radar measurement, the marked CAPPI plots
of LDR are shown in panels (c) and (f). Most of the storm edges are marked out
as error-prone locations for LD R, which would be handled with SNR threshold
anyway. However, the bias adjustment does drive the LD R measurement by both
radars towards consistency.

Certainly, the antenna induced polarimetric errors do not seem very outstand-
ing compared to the simulation. Also, partly because of timing and discontinu-
ities, it seems impossible to merge the two data sets obtained by CHILL and
S-Pol. However, the marking scheme can present reasonable detection which is
geometry dependent. After discarding these data with errors, we can assume the
measurement is less affected by gradients, and point polarization calibration could
be implemented.

It should be pointed out that both Z; and Z, are expanded during the convo-
lution process in radar measurement and such expansion will result in the detected
errors probably aligned away off the actual errors. Also, ®,4, gets smoothed and

that results in less occurrence of negative Ky, error.

2.5 Evaluation of Antenna Performance

Even though the antenna-induced polarimetric errors can be modelled as dis-

cussed above, and the specific regions suffering such errors can be determined by
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Figure 2.15: Composite CAPPI plots at 2.5 km AGL to illustrate the detection
scheme for measured LDR: (a) radar measured LDR (dB) by CHILL; (b) simu-
lated LDR bias (dB) for CHILL; (c) radar measured LDR (dB) by CHILL with

estimated bias adjusted and error prone locations marked out; (d) (e) (f) are same
to (a) (b) (c) except for NCAR S-Pol.

the given methodology using the measured reflectivity, there is no way to “cor-
rect” for these errors. Given the estimated LDR bias, the measured LDR can
only be partially corrected. In addition, it is also near gradients, e.g., near the up-
draft/downdraft interface in severe storms, that are often of most interest micro-
physically and kinematically. Therefore, the essential way to improve polarimetric
data quality is to improve the antenna performance.

The antenna performance can be evaluated via a variety of parameters such
as antenna gain, beamwidth, sidelobe level and polarimetric related considerations
such as mismatch, cross-polar level, etc. The antenna gain specifies the power gain

achieved in boresight relative to an isotropic radiator and the beamwidth specifies
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the angular resolution of an antenna. Besides, the sidelobe performance and cross-
polar performance are also vital for an antenna to achieve high quality polarimetric
measurements apart from the antenna gain and beamwidth.

For applications in radar meteorology where large gradients are very possible
in reflectivity, low sidelobe envelope of the antenna co-polar patterns are highly
desirable because the co-polar patterns play an important role in radar variables
such as Zppr, Kgp, LD R and co-to-cross polar correlation coefficients. High sidelobe
level would result in “ghost” image on related signatures, which picks up the values
from neighboring regions coincident with sidelobes for the current steered location.
It is also worth to note that for Zpp its error may come from mismatch of co-polar
patterns which could be controlled in design for mainlobe but not for sidelobes.
For LDR it is less well appreciated that errors would come from strong spatial
gradients of reflectivity. A detailed examination of the sidelobe level can be done
through comparing the co-polar patterns to the log-curve specified envelope, which

is defined by function:
F(6) = fi + k- logye 0 (2.18)

where 6 represents the off-axis angle in degree. Overall evaluation for sidelobe
could be obtained by the Peak Sidelobe Level (PSL), which is defined for H-port

as

maxgesr, |gn(6)
|91.(0)/2

where ‘SL’ stands for sidelobe, and the Integrated Sidelobe Level (ISL) for H-port

as

fOESL |gh(9)12d9
10 fgeML Igh(9)|2d‘9

where M L stands for mainlobe. Without losing generality, hereafter only param-

ISL;, = 10log (2.20)

eters for H polarization state will be presented.
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To obtain high quality cross-polar radar variables, we want to diminish the
cross-polar contamination, which means that the cross-polar patterns should be
as low as possible relative to the co-polar patterns at least in the mainlobe. The

Integrated Cross-polar Level (ICL) for H-port

e 2d9

gives an overall merit of the inter-channel isolation of the antenna. However, it is
not enough to fully characterize such merit because as indicated by (2.11) the cross-
polar variables are contaminated with leakage from strong co-polar echoes through
the cross product terms between co-polar and cross-polar antenna patterns. The
additional evaluation parameters for LD R include the (two-way) integrated cross-

polar ratio (ICPR2) over every ¢-plane

J lgn(0)e.(0)|*df
ICPR2, =101 .22
CPR2, = 10log,, TTon |4d0 (2.22)
and the system upper bound of LDR integrated over the full beam
v v 2 v 1] dQ
LDR® — 1010g,y 1 U9reel + 19uenl + 2v/lgnguenca) (2.23)

ff |gn|*dQ2

Similarly, the co-to-cross polar correlation coefficients p,;, and p,, are affected by
cross-polar patterns with functional relation that can be derived from (2.2) and

the system upper bound can be written as:

S — 101og; L. Ighlz(\/ﬁhlzvhll; é/ |gven])d02 (2.24)

To improve the antenna sidelobe performance in all planes antenna designs
such of offset or dial-offset reflectors should be considered. Dual-offset geome-
try design avoids aperture blockage but allows for both exceptional sidelobe and
cross-polar performance in all planes [28]. With a grant from NSF, the CSU-CHILL
facility will undergo a major upgrade by replacing the current prime-focus reflec-

tor antenna with a 9-meter dual-offset Gregorian antenna. The designed antenna
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patterns on selected planes are shown in Fig.2.16. A very strict sidelobe envelope
specification were enforced to the design of new antenna. To compare the designed
patterns with those of the current CSU-CHILL antenna, the current patterns are
re-plotted in Fig.2.17 with the specified sidelobe envelope. A rough examination
of the patterns shows that big improvements would be achieved with the new an-
tenna design: the new antenna will meet the stringent envelope on all planes while
the current antenna exceeds such specification. Table 2.4 lists the performance

evaluations for the new antenna and the current antenna side-by-side.

Antenna Version Current New
Polarization Port H A% H A%
Gain (dB) 43 43 45.8 45.8
3dB Beamwidth (°) 0°-plane 1.002 1.010 0.968 0.968
45°-plane 1.004 1.006 0.968 0.968
90°-plane 1.010 1.006 0.968 0.966
PSL* (dB) 0°-plane -32.77 -37.95 -34.64 -35.07
45°-plane -29.54 -28.44 -36.13 -35.73
90°-plane -32.93 -36.86 -37.08 -37.02
ISL* (dB) 0°-plane -26.04 -29.11 -31.75 -31.78
45°-plane -23.77 -23.59 -33.16 -33.18
90°-plane -28.49 -25.55 -32.90 -31.97
ICL (dB) 0°-plane -40.32 -40.18 <-45 <-45
45°-plane -28.11 -27.61 -40.30 -37.75
90°-plane -40.70 -42.09 -39.02 -35.91
ICPR2 (dB) 0°-plane -46.89 -46.50 <-45 <-45
45°-plane -40.62 -38.84 -42.30 -45.34
90°-plane -48.84 -46.55 -39.54 -42.80
ISL* (dB) -16.73 -16.48 -23.32 -23.30
LDR* (dB) -33.87 -33.87 -34.47 -34.47
o (dB) -18.60 -18.54 -18.09 -18.09

*: the mainlobe is defined as 30dB beamwidth.

Table 2.4: The performance evaluation for the current CSU-CHILL antenna and
the new designed CSU-CHILL antenna,

The sidelobe level for the new designed antenna will be lower than -35 dB
on all planes compared to -28 dB for the current antenna on the worst plane;

the cross-polar patterns are uniformly lower than co-polar patterns and better
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overall isolation would be obtained; excellent performance will be maintained in
all planes. Note that the ICPR2 and LD R upper bound do not get much improved
despite better isolation, which is due to the peak of the cross-polar pattern comes
closer to boresight. The generated patterns for the new antenna design could also
be applied to the synthetic storm to further examine its performance under high

gradient scenario, and it is found all polarimetric errors are dramatically reduced.

Power Pattern (dB)
Power Pattemn (dB)
x>
[=]

-100=
-10

Beam Angle () Beam Angle (°)

a) co-polar b) cross-polar
(a)

Figure 2.16: The co-polar and cross-polar patterns of the new designed CSU-
CHILL antenna with the specified envelope: the patterns on 0°, 45° and 90° planes
are plotted; random surface errors are applied when generating those patterns.

2.6 Summary

The antenna performance is of great importance for achieving high quality
polarimetric measurements. A well-designed antenna should be able to maintain
both high inter-channel isolation and low sidelobe level. High reflectivity gradients
will usually be experienced in many types of storm events. For such cases, the
sidelobe level would be even more critical and significant antenna-induced polari-
metric errors might exist if the sidelobes are relatively large. These errors need to
be detected and sorted out before any implications can be drawn from the mea-

surements. Due to the convolution effect, analysis of only the reflectivity gradients
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Figure 2.17: The co-polar and cross-polar patterns of the current CSU-CHILL
antenna with the specified envelope: the patterns on 0°, 45° and 90° planes are
plotted; those patterns are obtained at test range.

will not locate such polarimetric errors. A 2-D convolution was implemented to
this end.

The synthetic storm simulation demonstrates a possible procedure for detec-
tion of antenna-induced polarimetric errors in the presence of large gradients. The
full 2-D antenna patterns (both co-polar and cross-polar) must be known, and we
further introduce random phase outside the mainlobe to more realistically simu-
late p,, and @4, errors. We have used measured data from a severe, convective
storm to illustrate the detection of antenna-induced errors in Zpg, Kq, and LDR.
Gradients above 20 dB across the beam can be found in reflectivity and apparent
polarimetric errors have been detected and marked. The results for two radars
deployed on different sites also demonstrate the spatial dependence of the errors,
which further validates the detection scheme. Such masking will be useful for im-
proving data quality without “correcting” the data, especially when such data are
used for rain rate estimation and hydrometeor classification.

Procedures for “correcting” the polarimetric data when the precipitation is

homogenous can be found in [19], [27], [29], and in the later sections of this work
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(chapter 4). However, considering the antenna-induced errors, correction is infea-
sible since the only way to reconstruct is through exact deconvolution. Even the
estimation of error structure is very complicated as shown in this work.

To improve the data quality and to utilize the full covariance matrix, well-
designed antennas especially with excellent sidelobe and cross-polar performance
are needed. Dual-offset geometry design can make possible excellent performance
on all planes. The performance of the new 9-m dual-offset Gregorian antenna
under design for the CSU-CHILL radar was evaluated and great improvement is

shown compared to the current antenna.
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Chapter 3

STUDY ON POLARIMETRIC COVARIANCE MATRIX

The radar remote sensing for meteorology explores the underlying relation
between the radar measurement and the precipitation properties. The covariance
matrix has been shown to be a fundamental measure of the precipitation properties.
The dual-polarization precipitation radar creates a two-dimensional complex vector
space by polarimetry. The system model then can be regarded as a linear mapping
on the polarization plane. The representation of the linear map undergoes unitary
transformation when the vector basis changes from one orthogonal basis to another
orthogonal basis.

It is well known that the radar measurement in circular polarization basis
gives separate information on shape and orientation distribution [4], [6]. It is
straightforward to retrieve the orientation factors from the covariance matrix in
circular polarization basis and, further, the shape factors can be retrieved. Unitary
transformation will be employed to obtain the circular covariance matrix from that
constructed in linear polarization basis.

Since unitary transformation does not introduce any distortion to a linear
mapping and all its properties are kept, it is possible to derive an algorithm to
retrieve the orientation and shape factors directly from the constructed covariance
matrix in linear polarization basis. The angular expectation on the canting angle

will be explored to find such solution. It was also shown that the orientation factors
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could be obtained from maximum and minimum LDR under real rotation of the
linear polarization basis [6]. The theory of polarization optimization for random
incoherent medium will be re-developed and compared with the other methods.
All the algorithms will be evaluated in the whole complex transformation space.
The propagation can introduce distortion on both relative power and phase
between two orthogonal channels, and even introduce depolarization along the
propagation path. Such distortion will bias the estimation of the orientation fac-
tors. The effect of propagation will be studied using simulation. Non-diagonal
propagation matrix is caused by non-zero canting along the path and it is infea-
sible to correct such propagation effect because there is no way to separate the
depolarization caused by propagation from that caused by backscattering. It is
generally assumed that the measurement only suffers diagonal propagation to cor-
rect the propagation effect, especially the differential phase shift in S-band.
Non-perfect antenna also introduces distortion. Antenna polarization errors
can be represented by an integrated error matrix which is usually non-orthogonal.
Such non-orthogonal matrix transforms the polarization basis to a pair of non-
orthogonal elliptical polarization basis. Its effect on the covariance matrix will be
studied and a method to estimate the antenna error matrix will be developed. The
estimated error matrix can be applied back to correct for the induced distortion.
When mixed type precipitation occurs, the covariance matrix is summation of
every component contributed by individual precipitation type. The contribution is
generally not separable. For the mixture, the estimated orientation factors deserve

particular scrutiny. The properties of mixed type precipitation will be studied last.
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3.1 Polarization State of Plane Waves

A general expression for a plane wave propagating along the direction k is

given as:
E(F, t) = (Eh]Al + E‘U@)ejwte—jkol”c.;
— (lEhlejehiL + |Ev|€jov’f))6jwt (31)

where the unit vectors h and ¢ are defined on the polarization plane in such a way

that 9 x h =k and &+ h = 0. To study the electric field at an arbitrary range r

~

on the polarization plane (9, h), we can write the above analytical expression as a

two-channel real signal:
E(t) = |Ex| cos(wt + 0p)h + | Ey| cos(wt + 6,)0 (3.2)
Its two orthogonal components are:

Eh(t) = lEhl cos(wt + Gh) (33&)
E,(t) = |E,| cos(wt + 6,) (3.3b)
3.1.1 Linear polarization

When 6, — 6, = 0,7, based on (3.3) we have the relation:

B,(t) = £ By (t) (3.4)

which describes a linear trace on the polarization plane, whose orientation is defined
by the ratio |E,|/|E| and whose initial position is commanded by the phase 6}, as
shown in Fig.3.1(a). Note that the electric field is also linearly polarized if either
E, =0or E, = 0. The unit vectors h and © fall into such situation. Given any
other linear polarization, it is easy to find its orthogonal polarization with phase

lag shifted by another 7.
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3.1.2 Circular polarization

When |E,| = |E,| and 6, — 0, = £7/2, we have the relation as
Ej(t) + E3(t) = |Ew)* + | ) (35)

which describes a circular trace on the polarization plane. If the phase difference
between v-component and h-component is 7/2, E,(¢) leads the cycle and the trace
evolves in clockwise direction, looking along the propagation direction, as illus-
trated in Fig.3.1(b); otherwise, it evolves in counter-clockwise. In accordance to
IEEE convention, we call the clockwise situation as right hand circular polariza-
tion (RHC) while the counter-clockwise situation as left hand circular polarization
(LHC) [18]. Again, the phase 6, commands the initial position on the trace. With-

out losing generality, we can set the initial phase to zero. Then,

B D) oy i
Ernc = Eoér = Eoﬁ-%zejmeﬂk"k'r (3.6a)
(h — 50)
V2

It is easy to show é; and ég are orthogonal and relate to the linear polarization

ELHC = EQéL - E() €jwt€—jkok'F (36b)

basis by
[zﬂ:%“i][ﬂ (3.7)

3.1.3 Elliptic polarization

In all other cases, the trace of the electric field can be fully described by a
family of ellipses as shown next. Starting from (3.3), we can expand the two-

channel real signal as

llgg(ﬁ) = cos(wt) cos(6) — sin(wt) sin(6y) (3.8a)
h

E(f) o

AN cos(wt) cos(f,) — sin(wt) sin(6,,) (3.8b)
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Figure 3.1: The geometry of polarization traces on (%, k) plane: (a) Ej=2¢730°,
E,=e3%; (b) Ep=e" | E,~e’'?""; (¢) Ep=e""  E,=e’%°. The marks ‘x’ indicate

the initial positions and the arrows show the evolving senses.
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With simple arithmetic manipulation, the above equations can be combined into

a general ellipse equation,

B _EOBES) - EX®)
-2 cosd + ———= =sin“d, 6 =60, — 0 3.9
TACRR AT ToAE h (39)

Again, the phase lag between v and h components (&) decides the rotate sense
of this ellipse trace. When § > 0, the trace evolves in clockwise; otherwise, it
evolves in counter-clockwise. The initial position however depends on the both
amplitudes and phases. Fig.3.1(c) illustrates the polarization ellipse for a plane
wave with |Ej| = |E,|, 6, = 30° and 8, = 60°. Its characteristic parameters include
the ellipticity angle €, the tilt angle 7, and the positive semi-axes m and n (see the
figure for their definitions).

In the transformed coordinate (£,n) rotated by 7, the polarization ellipse sat-
isfies a normal equation

E() n 5O _, (3.10)

m2 n2
Comparing this normal equation with the general equation (3.9), we can derive
the relationships between the geometry parameters and the electric parameters as

follows [30]. The tilt angle 7 satisfies

2|Ep || Ey T T
tan 2T = mCOS(S - 5 <7< -2‘ if |Eh| # |Ev| (311&)
r= :l:% if |Ey| = |E,| (3.11b)

The ellipticity angle € is obtained from

2ABIEL s T
BP+ BET T3

™

sin 2e = <e<y (3.12)

When € is known, it is straightforward to get the semi-axes as

m = +/|Ex|? + |Ey|? cose (3.13a)
n=/|Ew?+ |Ey|?sine (3.13b)
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Note that the sign of € is same as that of § (see (3.12)) and hence it corresponds to
the rotation sense. For clockwise rotation, d is positive and so is €. Such wave is
called right-hand elliptically polarized in consistent with the definition of circular

polarization. Vice versa for the left hand elliptically polarized wave.
3.1.4 Complex Polarization Ratio

The analytical components Ej and E, given in (3.1) fully determine the trace
of the electric field on the polarization plane, i.e., its polarization state. For math-
ematical analysis, it would be convenient to define the complex polarization ration

as,

By _ B jo.-

_ — = 6r) = tan aej‘s 3.14

Then the relations stated in (3.11) and (3.12) can be reformulated as:

2R
tan 27 = tan 2a cos d = i)z (3.15)
1— x|
2("
sin 2¢ = sin 2asin d = —ﬁ—(—@i (3.16)
1+ x|
and the complex polarization ratio can be written as
y = tan7T 4+ jtane (3.17)

"~ 1—jtanTtane

The unit vectors for the general polarization ellipse can also be expressed in

term of i and 9. Applying the complex polarization ratio, we have

1)
E= Eoejehél — Eoej()h ( IEh[ ]A’L IE’U|6.7 A)

+ v
VIER? + B2 /|Ew?+ |E, |2
1 .
—————(h + xO
V1+ |xl2( )

A pair of unit vectors é; and é,, respectively corresponding to x; and x, are

1 X1 ~
l: €1 :l — \/141|X1|2 \/1->|C-lX1|2 l: Z/ ] (319)
Vitxz? /1+xel?

(3.18)

- F €j9h
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Unlike the circular polarized unit vectors, é; and é; may not be orthogonal. To
meet orthogonality, €; - €2 = 0, it can be shown that the sufficient and necessary

condition is

X1xz = —1 (3.20)

The complex polarization ratio x is able to depict all the polarization states (see

Table 3.1), therefore as we will see, provides convenience in the analysis hereafter.

Polarization State || Polarization Ratio | Tilt Angle | Elliptic Angle
Linear real [—90°, 907 0°
Circular +7 - +45°
Elliptic complex [—90°,90°] | (—45°,45°),# 0

Table 3.1: Summary of Polarization State

3.2 Basis Transformation

In the previous section, the polarization state of a plane wave was introduced
using its real signal representation. A general description of the polarization state
is the polarization ellipse, and the parameters of the ellipse can be expressed by
the complex polarization ratio and vice versa. In this section, the general trans-
formation between these different polarization states will be formulated.

Considering phases, it would be convenient to express the polarization plane as
a complex vector space C2. Both the incident electric field and the scattered electric
field are complex vectors in this space, i.e., E;, B € C2, while the role of scattering
matrix S is building a linear map such that E; = SE;. The representation of the
vectors and the map S is dependent on the basis utilized for the space. In the
previous analysis it is implied that the linear polarization basis is defined by unit
vectors 1 and 9.

In the general case, supposing the incident field is represented on basis B

while the scattering field on basis B’, we can describe the same underlying map of
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backscattering by
Sp,p = TSLQ where T = Repy, 5,,Q = Repp (3.21)

where the matrix Repg ;, stands for the identity transformation from basis B to
L, and Sy, represents the scattering matrix in the linear H/V basis. The diagram
in Fig.3.2 sketches this relation. Note that when the same basis is used for both
incident and scattering fields, Q = T~!. Furthermore, if T is a unitary matrix,

the vector length and the relative angle between vectors will be preserved.

SL
R £ )
id id
\/ SB,B' v
i wrt {B} >ES w.r.t {B%

Figure 3.2: The diagram of basis transformation on a linear map

The circular polarization basis is another popular implementation in radar
polarimetry. Its orthogonal basis is composed of RHC polarized unit vector é, and
LHC polarized one &, as given in (3.7). It is straightforward to get the identity

transformation from circular basis to linear basis as

1 1 1
R = — . 3.22
€Pc,L \/5 [ i —j } ( )

where subscript C' denotes the circular polarization basis. It is easy to prove this

matrix describes a unitary basis transformation. In backscattering convention, we
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can get the circular scatter matrix based on (3.21) as

01 -
SC = [ 10 :I RepC}LSLRepC,L

= Repg,LSLRepC,L (3.23)

It is apparent that S is still a symmetric matrix and the concept of feature vector

is applicable. After expanding S¢ and extracting the feature vector, we have such

relations
Qc =T, (3.24)
Yo =T, TH (3.25)

with the covariance transformation matrix being

[ V2 -1
1 —jv2 -1

It is also convenient to derive the transform from linear to general elliptic
basis. Let x1 = x, then, with (3.20) in mind, the pair of orthogonal elliptic unit

vectors becomes

a7 Lo w5 =
é THooc | IxI =x/Ixl ] [ 9 '
As expected, the matrix in (3.26) also describes a unitary transformation. The

identity transformation matrix from elliptic basis to the linear H/V basis is

I T T '
Repp,, = VIFxx* [ x —x/lx| ] (3.27)

Substituting x = j into the above unitary transformation will result in the circular
transformation as represented by (3.22).
Before proceeding to the covariance matrix analysis, a few words are necessary

concerning the absolute phase. An arbitrary phase shift § could be applied to
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the other channel, e.g. to the second column of Repg ;, without affecting the

orthogonality. The determinant of this transformation is

IRepg | = —xe’/|x]| (3.28)

which implies that the correlations will experience such extra phase shift besides
that caused by the phase of x. Such ambiguity must be held in mind later.
Again, to obtain the transformed representation on scattering matrix, the con-
vention about the rotation sense must be taken into account. In BSA convention,
for the same polarization ellipse, the rotation sense is reversed for backscattering

fields. Consulting the diagram in Fig.3.1(c), we notice that the reverse means

T, = T;, € = —€;, therefore we can write

Xr = Xi (3.29)
and

Repy;, = Repg [ (3.30)

The new representation of the backscattering matrix in the elliptic basis becomes
Sp = (RePIE,L)_ISLRePE,L = RGPE,LSLRePE,L (3.31)

Note the accordance between the result above and the bilinear voltage formula
(see [18] for development of the bilinear voltage formula). Similarly, the covariance

transformation matrix in the elliptic basis can be obtained as

1 1 V2x X’
T=1> V2lx] xIxl = x/IxI —=v2x?/|x| (3.32)
e T P R I 0P

which could be also shown to be a unitary transform matrix.
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3.3 Effect of Canting Angle

During falling in steady air flow, a raindrop takes its equilibrium shape as an
oblate spheroid which possesses a symmetric axis [9], as illustrated in Fig.3.3. In
the absence of wind shear and turbulence, the symmetric axes of raindrops are
expected to be vertical. Otherwise, the symmetric axes can be described by the
orientation angle (6, ¢5) in the physical coordinate (X,Y, Z). From the viewpoint
of polarization, however, the angles relative to the polarization plane are more
meaningful. Instead, we define the angle between the incidence direction and the
symmetry axis of particle as 1 and the angle between vertical polarization and the

projection of symmetry axis on the polarization plane as canting angle 3.

oblate
spheroid
¢ 1
e symmetry
v ',‘: axis
rojection of _ -
projection oL — ,/incident

symmetry axis o
)Q'n i \ ¢ direction
\_ 3 '\\

4
»‘polarjzation

canting plane:

angle h

! o,

.

rotation N

Figure 3.3: The geometry between an oblate spheroid scatter and the incident
plane wave

With so defined 8 and 1, the backscattering matrix can be written as [18]:

Sll (1/)) 0

S =R(p) 0 Sx(v)

R(-p) (3.33)
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where the characteristic variables S1; and Sy will be referred as variables in the

“principal” plane hereafter. The rotation matrix, defined as

R(ﬂ)=[ cosf sinf ] (3.34)

—sinf3 cospf
is a unitary matrix: R(—~8) = R™! = RT. Therefore, the canting angle acts the
role of rotating the polarization basis from the principal plane by 3 (see (h’,v') in
Fig.3.3). For deterministic targets, the scattering matrix is diagonal when 8 = 0.
In practice, however, the random nature of precipitation medium needs to be
considered. Applying (3.34) to the scattering matrix, we can obtain the covariance

transform matrix

cos? 3 v/2sin B cos 3 sin? 3
T(B8) = | —v2sinfBcosB cos?B—sin2B +/2sinBcosf (3.35)

sin? 3 —+/2sin Bcos B cos? 3
By straightforward but tedious algebra, we can obtain all the elements of the

covariance matrix under the linear H/V polarization basis as:

Zn = {|S11|* cos® B + |Saa|* sin B + 2R (51155, cos? Bsin? 3) (3.36a)
Zyy = (|S11|? sin* B + |Sa2)? cos* B + 2R(S11.85,) cos® B sin? ) (3.36b)
Zun = {(|S11] + |S22)* — 2R(S1153,)) sin® B cos? B) (3.36¢)
Ry = {|S11]* sin® Bcos® B + | Sao|? sin® B cos® B + S}, Saz sin? B + S1153, cos? B)

(3.36d)
R = ((|Saa|* — S}, Sa2) sin® Beos B+ (S1153, — |S11]?) sin Bcos® B)  (3.36¢)

Rew = {(S11535 — |S11]?) sin® Bcos B + (|Spa|® — S71.992) sin Beos® B)  (3.36f)

It is of great interest to estimate the principal variables {|S11]?), (|S22/?), and
(S115%,) since they directly reflect the shape and size information of hydrometeor
particles. Apparently (3.36) tells that we need to separate out the information on
orientation from that on “intrinsic” values in the principal plane.

In order to make the problem tangible, fundamental assumptions will be made

here and used throughout this work:
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1. The orientation distribution is independent of the shape distribution and size

distribution (DSD);
2. The angle 1 and 8 can be treated separately;

3. The precipitation medium exhibits “mirror” reflection symmetry about a

plane.

As a result, the terms on 3 can be taken out and the pdf of § is symmetric. If

Bo = (6) and B’ = B — By, the expectation over the angular terms follows

(sinnfB) = (cosnG’) sinnfy (3.37a)

(cosnf) = (cosnf") cosnfy (3.37b)

Then the effect of canting angle on covariance can be studied by two stages: the
dispersion with zero mean, and the rotation by mean canting angle 5. A quick
review of (3.36) indicates: (1) The cross-polar power has its minima when Sy = 0
and at the same time the co-to-cross correlations are zero; (2) The cross-polar
power has its maxima when [y = 45° and at the same time co-polar powers are
equal.

A simulation will vividly illustrate the effect of mean canting angle on the
polarimetric covariance. The simulated covariance matrix in the linear H/V basis

is

1 0 0.618¢~75°
Yo = 0 0.0036 0 (3.38)
0.618¢e7%° 0 0.412

which corresponds to rain with the assumed model:

e Drop Size Distribution
Exponential: N(D) = Nyexp(—3.67D/Dy)
Ny = 8000mmtm=3
Dy =2.5mm

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



51

e Orientation Distribution

Fisher: f(6, ¢p) = J;ﬂ'}‘ho(ﬁc ) exp{k|cos O cos 8, + sin O sin G, cos(¢ — ¢)]}
Op = fp = 0°

x =100

e Incidence Direction

Horizontal Incidence: 8, = 90°

The mean canting angle, which increases from 0° up to 90°, is applied to the
intrinsic covariance matrix according to (3.33) and (3.35). Fig.3.4 illustrates the
strong functional effect of By on all the available radar variables. Especially, with
B increasing, Zpp can change its sign; the cross-polar variables LDR, p,, and pg,
can substantially increase as depolarization aggravates. In practice Gy is likely to
be between —10° and 10°, which may still make p,, and p,, to increase by more
than 0.6.

Also, we can transform the covariance matrix under the linear basis to that
under circular basis using (3.25). The covariance matrix in circular basis due to

the effect of canting angle turns out to be

To(B)=| V2 0 V2 (3.39)
e28 __j\/'g‘eﬂﬁ —ed20

which means that the canting angle introduces only phase shifts to the covariances.

Referring to (3.37),

(&P = (cos nB)el"P (3.40)
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Then the covariance elements in the circular polarization basis can be written as

follows:
Ly = Zy = %<|511 ) (3.41a)
Zn = i(ISu + Saal?) (3.41b)
R, = 211-(|5'11 — Syo|? cos 43" )e~4P0 (3.41c)
Rer = i((sn — S92)(S11 + Sa)* cos 23’ )e 70 (3.41d)
R, = i((S’n — S22)(S11 + Saz)* cos 23’ )eI2P0 (3.41e)

It is clear from (3.41) that only the correlation phases undergo proportional changes
with the mean canting angle. We can take advantage of circular basis to extract

the terms on canting angle.
3.3.1 Moment Estimation of Canting Angle in Circular Basis

In the circular polarization basis, the mean canting angle can be derived from

the co-to-cross correlations R, and R, as

—40p = arg(Ry,) — arg(Ry) (3.42)

or be retrieved directly from the co-polar correlation R,;. Note that the co-polar
channels in circular basis are “weak” and hence the estimation from co-to-cross
correlations is generally preferred.

Hendry and McCormick [6] defined another orientation factor as

|er|
{15 [2){1Sul?)

which is a measure of the dispersion of the canting angle and inversely related to

ps = {cos4f’) = (3.43)

its standard deviation og. For perfect alignment, p, equals to 1; for totally random
orientation, it goes to 0. Assume the canting angle is Gaussian distributed variable,

p4 then asymptotically approaches a function [31]

ps = e % (3.44)
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by which we can obtain the standard deviation of canting angle from p4.

Other radar variables defined in circular basis include the circular depolariza-

tion ratio
Zr'r < ISll - ‘5122’2 >
CDR = = 3.45
Zy < |S11 + Saa)? > ( )
and the “apparent degree of orientation”
ORTT = | Ryr| . |((S11 — S22)(S11 + Sa2)™)| (3.46)

VZrZn (|S11 + Sa22]?) P
Note that C DR is only related to the shape distribution while ORTT is a product

of shape terms and a orientation term py (defined as (cos(24))).
3.3.2 Moment Estimation of Canting Angle in Linear Basis

Basis transformation does not change the properties of a linear map on the vec-
tor space but only affects its representation. Since the estimate of the orientation
factors could be obtained from the transformed circular polarimetric covariance
matrix, it would be also possible to be obtained from the measurement in the
linear basis directly.

Checking the linear polarimetric covariance elements listed in (3.36), we find
those six independent equations to involve two real variables (|S1;1]?), (]Si2|?), one

complex correlation (S11.55,), and different ordered moments of the canting angle

s.
With the relations in (3.37), we have
p2 sin 25y 2 2 .
Rap + Boy = =5 ((|S2[" — |Su[") + 52I) (3.47a)
sin 4
Ry, — Ray = —”“Tﬂo(qszﬂ2 + 1911 [%) — 2R) (3.47b)
Rpy — Zny = R+ jIpscos2fy (3.47¢)

where R+ 51 = (511.55,), p2 = {cos 2(3')
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An important observation could be made: the imaginary part of the co-to-cross
correlation R,, and R,, should be equal if the scattering medium exhibits mirror
reflection symmetry and the covariance matrix only undergoes rotation by the
mean canting angle.

Furthermore, the differential reflectivity between co-polar channels can be

written as
Zhh - Zm, = —pP2COS 2ﬁ0<|522|2 - |511|2> (348)

and the cross-polar reflectivity as

Top = }-:—pigi’i%((}suﬁ + |Sa2l?) — 2R) (3.49)

The total power is invariant under this unitary transformation:
tr = {|Seal” + |Su|?) (3.50)

All the unknowns can be solved through (3.47) to (3.50). The mean canting

angle can be obtained by

2R(Ryn + Ry
tan 28y = — éhh ’fZ ) (3.51)
or
%(Rach + va)
tan 20y = S(Bons — Z) (3.52)

Note that (3.51) is immune to Doppler effect since it does not relate to the co-polar
correlation while (3.52) would be generally immune to noise since only imaginary
parts are used for the estimation. In the following work, the estimation by (3.51)
is preferable than that by (3.52). When both the denominator and numerator of
(3.51) are zero, two situations may exist: spherical particles (|S11]?) = (|S22|?)) or

isotropic orientation (pa = 0). The mean canting angle is undefined for both cases
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and hence assumed to be 0. As for p4, it will be assigned 1 for the former case

when LDR is very small. A general estimate of p4 is available from

1-— P4 COS 4,60 Z'uh
= 3.53
8 Zh,h + Zvv + 4th - 2§R(th) ( )
or
1 — pscosdfy Zuh,
= — 3.54
2p48in 40, R, — Ry, ( )

Once p4 is estimated, ps can be computed from p4 based on pg = p‘é for narrow
Gaussian distributions [6]. After the orientation factors By and p, are determined,
by substituting them back to (3.48) and combining (3.50), the principal variables
(|S11/%) and {(|Sa2|* can be retrieved. And finally, the whole covariance matrix is
solved with the principal correlation (S11.5%,) also available.

The relation between minimum and maximum cross-polar power that connects

through a linear basis rotation by 45° also yields an estimate of p, as: [6]

1+py max Zyp,

- 3.55
1—py minZ,, ( )

Based on such relation, a ps method was proposed by Huang [32] to estimate the

dispersion of canting angle with [y assumed to be zero. The estimate of ps was

derived as,

_ Zhh + Zvv - 4th - 25}3(th)
pa= Zhh + Zvv + 4th - 2%(th)

(3.56)

The estimate of ps by (3.53) is consistent with Huang’s estimate since the right
hand of (3.56) is exactly same as the value pscos4fy from (3.53). Apparently,
Huang’s method always give lower estimation for p, considering small but non-

zero [y in practice.
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3.3.3 Moment Estimation of Canting Angle by Polarization Optimiza-
tion

The unitary transform space on C? is closed and bounded over the tilt angle
7 and ellipticity angle e. Minima and maxima exist for the power returns in the
whole transform space. The extremum of the power returns depends only on the
backscattering medium. The polarization state to obtain such extremum is referred
as characteristic polarization states. For deterministic scatters, characteristic po-
larizations have been studied extensively in [33], [34], [35], [36]. McCormick [37]
and Tragl [7] extended the theory to incoherent case for reciprocal random tar-
gets. The optimized polarization for incoherent scattering will be reviewed and
generalized to arbitrary transformation in this section.

First, the differentiation regarding complex variable is defined to facilitate the
derivation. Suppose a real function f(z) depends on complex variable z, then the

extrema of f(z) exist when = meets both of the real equations:

Of (x) 0f (x)

5 = 0 5y = 0 wherez =u+jv (3.57)
This set of real equations can be combined to one complex equation by defining
of@) 1 (0f(x) | 9f@)\
or* 2 ( ou +J ov ) 0 (3:58)
Note that with this definition, it is easy to prove such properties as
Ox
e 0 (3.59a)
ox*
=1 .
o (3.59Db)
Oz 1z

Under the change of polarization basis as described by (3.32), the covariance
matrix of the backscattering targets is composed of functions of the polarization

ratio y:

S(x) = T()SeT" (x) (3.60)
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Since T(x) is unitary, the partial differentiation of the covariance matrix regarding

to x is given by

20 - T s + 1020 (361a)
= %l;ETX)TH(X)E(X) + z(X)T(X)%)- (3.61b)

Applying partial differentiation to the unitary relation T(x)T#(x) = I, we have

OT(X) o OT (x)
T T =0 .
B’ (x) + T(x) I (3.62)
Therefore, (3.61) can be rewriten as
0%
ag) =To()E(X) = E()To(x) (3.63)
where
0T
To) = B0y (3.64)
X
It is straightforward to derive
1 0 0 0
X 1
o0 =~ T T P CIEn y
0 V21 mElx?=1)
(3.65)
Finally, applying Tp to (3.61) yields
—275 R4 (X) - =

% (x) B 1 Ix]
O 1+ |x[?

- 265 (R (x) — R ()] -

- 22 RE(x)

(3.66)

where the superscripts ‘a’ and ‘b’ refers to the pair of orthogonal polarization states

for the general elliptic polarization basis.
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The sufficient and necessary conditions for the extrema in power terms hence

are

Z% R (x) =0 (3.67a)
Zb :RY (x) =0 (3.67b)
Zew ‘R (X) = R (%) (3.67c)

which may correspond to their minima, maxima, or saddle points. When the mean
canting angle 3y is zero, R,; = R, = 0, which satisfies all the conditions. On the
other hand, the cross-polar power reaches its minima if only real value rotation is
related, i.e., if ¢ = 0. This statement also holds for the transformation if 7 = 0.
Therefore, the cross-polar power exhibits its minimum value in the whole space
{x} if and only if ¢ = 0 and 7 = 0, where the polarization basis coincides with the
characteristic polarizations of the precipitation medium.

Thus, we can determine the characteristic polarization that locates at the
minimal cross-polar power. Such optimization can be solved by eigenvalue problem

[38]. Regarding Z.,, the matrix form is equivalent to the quadratic equation

Zea(x) = 5700202 (x) | (3.68)

[N

which seeks to be minimized under the constraint

700 = 7 [ VA =/l —vV2¢ /) (3.6%)
= 1+1|xi2|)>§_|[\/5x* * =1 —vax ] (3.69b)

Note that the phase term x/|x| in the above equation does not matter in the
solution. Discarding that phase, the constrained optimization can be transformed

to an unconstrained problem

() Zov™ (x) (3.70)

NSRS

Zew(X) =
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where
. 1
’U(X)=T|X|2[1—|X|2 2Ry 29 | (3.71)
and
T = Q3,QF (3.72a)
[0 —v2 0
Q=—| 1 0 -1 (3.72b)
VLo 0

The eigenvalues of 3j, respectively correspond to the maxima, saddle, and minima
of the quadratic equation Z(x)-

Once x of the characteristic polarization is known, the ellipse state 7 and ¢
can be inversely solved. However, recall that the arbitrary phase noted in (3.28),
it is impossible to recover the exact polarization state y, unless the phase is known
apriori. When only rotation of the linear polarization basis by f; is involved and
no phase offset exists between H and V' channel, x is known as a real variable and
T is available, which gives the estimation for (.

Moreover, we would seek to employ the polarization invariant characteristic

parameters. Rotating by 45° from the H/V polarization basis, we have
/ 1 . *
wh = Ry = §(<|522|2 — |Su?) ~ 723(51153,))

It satisfies the condition for extrema of the cross-polar power if (S11.53,) approx-
imates 0, which is usually valid for S-band radar measurement. This extreme
value represents the saddle point of the cross-polar power in the whole space {x}.
With these two polarization invariant extreme values, a robust estimation of py
is available based on (3.55). A little bias is sacrificed for the robustness of this

estimator.
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3.3.4 Comparisons

The merit of the direct solution is its simplicity and possibly its insensitivity
to the Doppler spectrum. Moreover, if the estimation of Gy and p4 is sufficiently ac-
curate, the “principal” polarimetric variables (|S11]?), (|S22|?) and (S115%,), which
contains the intrinsic shape factors, can be solved from a set of equations. However,
the algorithm is sensitive to phase errors.

As for the method using the circular polarized covariance matrix, some ex-
tra computation is incurred but not outstanding since the transformation to the

circular basis is very simple as shown by the expanded formula from (3.25):

Zrr = Zph + Zyy + 421y — 2R(Rpy) + 43 (Ron — Ruo) (3.73a)
Zu = Znh + Zyw + 4Zpy — 2R(Rpy) — 4S(Ran — Rzo) (3.73b)
Zri = Zph + Zyy + 2R(Rhy) (3.73¢)
Ry = Zpp + Zyy — 42y — 2R(Rho) + jAR(Ren — Raw) (3.73d)
Ryr = Zpn — Zow + §2S(Rio) + 52( Ry, + Ry,) (3.73€)
Ry = Zpp — Zyw + §2S(Rey) — j2(R%, + RS,) (3.73f)

We see the similarity compared to the direct solution. Note that the implication
discussed in direct approach, S(Rzn) = S(Ryw), means Z,. = Zy in the circular
basis. Otherwise, the co-polar powers in the circular basis will not be equal and the
estimation of py will fail. Since the correlations exist in all the circular covariance
terms, the circular polarimetric variable as well as the estimations will be corrupted
by phase errors.

The optimization approach requires more computation, but it also holds great

similarity compared to the direct solution as we can see from the expansion of

(3.72):
2Zhv §R(}%mv - Rxh) —C\}(R:w + th)
=1 — iR(Zwm+ Zow — 2Rn) —S(Rpy) (3.74)
- - %‘SR(Zhh + Zvv + 2th)
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The merit of this method is its ability in the whole unitary transform space to de-
termine the cross-polar power in the characteristic polarization states given “dis-
torted” radar measurement, which leads to a robust estimator of p4 valid in all
orthogonal polarization basis. The capability to obtain unbiased estimation of
Bo is still limited if phase errors exist due to the ambiguity in determining the
polarization state x.

Concerning the ambiguity, to make the transform invertible, we may force
the determinant of the transformation matrix (see 3.28) to equal 1, which in turn
demands an extra phase offset 7 — argyx introduced to V channel. Then the
transformation matrix becomes

Repy, = [ L =X ] (3.75)

; y 1

This form of transformation, restoring the rotation form in (3.34) when ¢ = 0,
was also used by Tragl [7], [38]. With this transformation, we can transform
the simulated covariance matrix to other basis in the complete transform space
(7,¢€). The values of polarimetric variables in new bases are shown in Fig.3.5 as
functions of (7, €). From panel (c¢), the minimum of cross-polar power is apparent
at the polarization state represented by (0°,0°), where the co-to-cross correlation
coefficients both are zero (see panels (d) and (e)); and the saddle points are very
close to the polarization states represented by (4:45°,0°), where the difference of
two co-to-cross correlation coefficients is close to 0 (see panel (f)). The cross-polar
power increases along with the ellipticity angle.

Fig.3.6 illustrates the estimation of the tilt angle in space {x}. The estimate
shown in panel (a) is obtained from the circular covariance matrix, falling inside
+45° as implied by (3.42); that shown in panel (b) is obtained by the direct
solution, valid between £90° as implied by (3.47) and (3.48); that shown in panel

(c) is obtained by polarization optimization, falling inside +45° as implied by
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(%

() 1p%, — ob2

Figure 3.5: The dependencies of polarimetric variables on the polarization bases.
The X-axis refers to the tilt angle of polarization ellipse in degree while the Y-axis
refers to ellipticity angle in degree. The reflectivities were normalized to Zp,.
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(3.15). All the three methods could recover the tilt angle, or the mean canting
angle, when ¢ = 0. The estimator by direct solution has no ambiguity. When
ellipticity angle increases, the estimation by circular covariance matrix is invalid.

Fig.3.7 presents the estimation of p;. The panel (a) shows the estimate from
circular covariance matrix by (3.43); (b) shows that from linear covariance matrix
by direct solution (3.53); while (c¢) shows that from optimized polarization by
(3.55). When € = 0, the estimated ps by the three methods are: (a) 0.9234;
(b) 0.9234; (c) 0.9214. Based on the models, the former two results would be
rather precise, while the result by optimization would have small bias. That is
true compared to the theoretical value of p4, derived as 0.9228 using numerical
integration over the orientation distribution. However, the former two estimators
lead to incorrect solutions as soon as € # 0, while the estimator by optimization
gives same decent result throughout the whole space {x}.

In summary, considering the basis transformation due to canting angle, accu-
rate estimation of the orientation factors can be obtained by all the three methods
developed on above. In presence of phase errors on the measurement, the estima-
tion may have significant biases. However, applying the concept of approximate
saddle of the cross-polar power, the polarization optimization gives a robust esti-

mator of py.

3.4 Effect of Propagation

For a homogeneous propagation path, the propagation matrix P should be

taken into consideration because

[ ghgg } = P(r) [ gh% J (3.76)

Hence the radar equation needs to be modified as follows [18]:

(%] - 2psp[ 1] i
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Figure 3.6: The estimate of 7 (0p) from the covariance matrices under different
polarization bases
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Figure 3.7: The estimate of p4 from the covariance matrices under different polar-
ization bases
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where ) refers to the wavelength.

By Oguchi’s solution [39], the propagation matrix can be solved as:

P(r) = [};h: ];::}zR(a)[e/\lr e,\ZT}R(—a) (3.78)

where « is the mean canting angle for this segment of propagation path and R is
the related rotation matrix. As a result, the propagation matrix P is symmetric.
What the radar measures is a “modified scattering” matrix, PSP, to which the
concepts of basis transformation and feature vector are still applicable.

When the mean canting angle is zero, the propagation matrix deteriorates
to a diagonal matrix that associates to A; and Ay. Such situation is referred as
principal propagation where both the H and V polarized waves propagate without
depolarization. The principal propagation parameters A\; and A, depend on the

elements of P:

1
Mz = =jko+ 5 [Pan+ P £ /(o — Poa)? + 4Pur P (3.79)

Both are complex with the real parts relating to attenuation and the imaginary
parts relating to phase lag incurred by propagation. Because we are only concerned
with the relative functional dependency for the covariance matrix, the propagation

matrix can be normalized by e*# such that

P(r) = R(a) [ b ] R(-a) (3.80)
where
u= (A — A)r = ( sédspﬁ + jde> r (3.81)

Therefore, at least two unknowns are introduced by propagation: the differ-
ential attenuation Ay, and the specific differential phase Kg,. In the past, Ky,

was investigated intensively and was found to be an important measure of rain
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rate [18]. However, as discussed above, the differential phase ®g4, introduced by
K4, will smear the estimation of canting angle, hence ®4, must be estimated and
adjusted. A filtering schema to estimate ®,, was described in [40]. For S-band
radar, Agp is fairly small except in heavy rain. Bringi [41] presented a self-consistent
adaptive approach to make attenuation correction. In general, Ag, is related to

de by
Agp = BK, (3.82)

where b is close to 1 for over a wide frequency range (from 2.8 to 19 GHz) [42].

A unitary basis transformation can be imposed either directly to the propaga-
tion modified covariance matrix or separately to the scattering covariance matrix
and the propagation matrix [43]. The proof is simply given in the following equa-

tion:
»=UTS,U
=UT(P.,SIP.)U
=UTp (UrUNHSY(UUHPLU
= (U'P,U)T(UTSIU)(U'PLU)
= PLSPy (3.83a)
Apparently, the propagation matrix in the new basis becomes P = U~!P,U.

3.4.1 Principal Propagation

Although for every single resolution bin the hydrometeor particles may exhibit
non-zero canting, in average the canting angle tends to be zero such that the
propagation matrix in linear H/V basis is diagonal for a homogeneous path [15].

Under diagonal propagation, the normalized propagation matrix is simply

P— { 1 o ] (3.84)
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and the covariance transformation matrix can be written as

1
T = ev (3.85)

eZu

Hence the radar variables undergo such deviations including

Zpr = Zpr — 2A4r (3.86a)
LDR), = LDRy, + Agr (3.86b)
P = Proe 0% (3.86¢)
Plp = Pone P/ (3.86d)
Py = Pave? ! (3.86e)

The power terms get biased by the differential attenuation Ag, while the correlation
coefficients only experience phase shift. Therefore, the differential phase ®4, can
be retrieved correctly from the correlations with appropriate filtering. Once @4, is
retrieved, Agp is available from (3.82). In this thesis, the linear relation Agy, = SKgp
is assumed and g will be fixed at 0.005 dB/km which is valid for S-band [42]. The
principal propagation is the simplest case for wave propagation in rain medium,
and the only situation that can be correctly adjusted.

The propagation matrix in circular basis can be obtained by applying (3.22)
to U™'P.U:

1[1+e“ 1—6”]

Pe=35l1-e 14¢

5 (3.87)

which means circular polarized waves will suffer depolarization along the propa-
gation path, as illustrated in Fig.3.8. From panel (b), the depolarization ratio
keeps increasing with ®4,, along which both the returned powers and the correla-
tion ORTT change, as observed from other panels. Compared to the linear H/V
polarization basis, the propagation correction is, in general, infeasible in circular

basis [44].
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Figure 3.8: The circular polarimetric variables under diagonal propagation by
simulation. The X-axis refers to ®4, defined in the linear H/V polarization basis.
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3.4.2 Non-diagonal Propagation

However, occasionally there exist situations with non-zero canting on aver-
age, for example, small ice particles may be preferentially aligned due to cloud
electrification.

Starting from (3.80), the propagation matrix in the linear H/V basis is now

with depolarization:

cosa —sina T T cosa —sina
P:[ ] [ h TH } (3.88a)

sinoe cos« sinoe  Cos

2 in2 — i
[ cos® aTy, +sin“ o1, (T, —Tp) smacosa} (3.88b)

(T, — Tp)sinacosa  sin® a7}, + cos? aT,

There is no way to adjust the propagation effect correctly unless the net mean
canting angle («) could be retrieved accurately. Unfortunately, the net mean
canting angle along propagation path usually cannot be separated from the mean
canting angles () in individual resolution volumes.

Even a small a could increase the co-to-cross polar correlation coefficients
dramatically [15], [45]. Fig.3.9 illustrates the effect of propagation with non-zero
« on the cross-polar variables in the linear H/V basis where both §y and « equal
to 0.5°. The co-to-cross correlation coefficients increase with ®4, from 0.1 up to
0.3.

The propagation matrix in the circular basis can be modified to account for

« as follows

| e 1+e* 1-—¢* e e
Pc = [ e } [ 1—e* 1+4+e* ] [ el } (3.89)
Ta Tbeﬂo‘
_ [ T } (3.89b)

where T, = 1+ e* and T, = 1 — e*. Similarly, if we define R, = Si; + Sa2 and

R, = 511 — Sa2, the backscattering matrix in circular polarization basis can be
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Figure 3.9: The effect of non-diagonal propagation on cross-polar polarimetric
variables with a of 0.5°. The propagation path is modelled with identically aligned
particles, i.e., Gy = a.

formulated as
— 6_]6 Sll - 522 Sll + 522 6_jﬂ
So = [ eP ] [ S11 + Sa2 S11+ Sao B (3.90a)
_ [ Rye™ R, ]

R R (3.90D)

Applying them to (3.83a), we have the propagation modified scattering matrix

with elements:

Shp = T2 Rye % 4 2T, TyR,e 7% + TERye 94 t128 (3.91a)
Sty = T, Ty Rye?* 9% 4+ (T? + THR, + T, Ty Rye 7219 (3.91b)
Sy = T2Rye’® 4 2T, TyR,e7* + T2 Rye?io928 (3.91c)

This set of equations clearly illustrate how the angles 0 and « entangle together.
Only if (8) = «, for example when the propagation path is composed of uni-
formly aligned particles, the orientation angle could be estimated correctly. Even
though this situation is rarely encountered considering the inhomogeneous nature
of precipitation, it describes the exact scenario for the misalignment of the an-
tenna polarization axes. Such fact may be used to make a quick check on antenna

alignment.
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For general cases of non-diagonal propagation, the mean canting angle can
be obtained if the propagation effect is minor compared to backscattering, or the
average value « is available if the backscattering effect is minor compared to prop-

agation. Checking with (3.91), the propagation effect will be minor only when

To] _ L —e]  |Bsl

= (3.92)
T.] 1 +ev | Ral
On the other hand, the backscattering effect is minor only when
1Byl T
< (3.93)
|Ra| — |Tal

Since only light attenuation is experienced in S-band, u = j®4,/2. When ®g4, is

small, we have

1Ty /1= cos(Pgp/2)
Ta] ~ \/1 + cos(®gp/2) (3.94).

For narrow shape distribution,

:gb: ~ VODR (3.95)

Therefore, whether the backscattering effect or propagation effect dominates the
measurement depends on which of ®4, and CDR is significantly large.

Assume [y = 5° and o = 1°, Fig.3.10(a) illustrates the effect of propagation on
the estimate of orientation angles. In the simulation the intrinsic CDR is known
as —11.5 dB, then by approximation the propagation is minor when ®4, < 6% on
the contrary the average value « is approached when ®4, becomes large. However,
using the propagation modified covariance matrix in circular polarization basis, the
estimate of p4 is always goes up toward 1 with increasing @4, due to cross-coupling,

as shown in Fig.3.10(b).
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Figure 3.10: The propagation effect on orientation estimation in circular polariza-
tion basis by simulation: Gy = 5°, a = 1°.

In addition, if the backscattering medium meets the condition of (3.93), the

equations in (3.91) are simplified to:

W_ = 2{|Ro|*)e?**T, T, (T? + T2)* (3.96a)
Wy = 2(|Ra>)e T, To(T2 + T2)* (3.96b)
Wa = (|Rol’) (T3 + T)(T5 + 1) (3.96¢)

Therefore, the same results are reached as in [4]:

W pa - Wi oo _ 21Ty _ 2(1—e™™)

Ws We© T T24+T7 2(1+ e

= tanh(u) (3.97)

3.4.3 Inhomogeneous Propagation

The propagation modified radar equation and covariance matrix can be gener-
alized to inhomogeneous propagation path by segmenting the path into a cascade

of homogeneous propagation matrices Py, Ps, ..., Py, i.e.,

S, = P1P2...Pn_1PnSOPnPn_1...P2P1 (398)
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The equivalent propagation matrix for the whole inhomogeneous propagation

path is the product of all the cascading homogeneous segments:
P=P,P,;..PP; (3.99)

There still exists a pair of characteristic waves that can propagate without de-
polarization. However, we note from (3.99) that the propagation matrix is not
symmetric anymore and the Oguchi’s solution shown in (3.78) will not come with
real element rotation, which means the principal propagation corresponds to a pair
of general elliptical polarized waves.

The simulation of a ray profile in Fig.3.11 demonstrates this point. The
principal plane variables as input to the model come from the field data of the
CSU-CHILL radar for a heavy rain case in the STEPS project on Jun 11, 2000.
The co-to-cross correlations are forced to 0 in order to mimic the principal plane
measurement. The accumulated ®g4, is estimated by adaptive filtering. Then the
isolated backscattering covariance matrix is imposed to rotation by mean canting
angle (3 that is generated as Gaussian distributed random variable N(2,36) (in
degree). In every gate the precipitation is assumed to be homogenous: a = [o.

Therefore, P; can be derived from the filtered ®4, profile and the mean cant-
ing angle in every gate. By cascading, the total effective propagation matrix is

decomposed into principal propagation and a complex matrix in the form of

cosa  sin aed™
sin ae??? COoS &

where « and 0, 2 are comparable to those in (3.14). The rotation angle «, shown in
Fig.3.12(a), approaches the average of mean canting angle with farther propaga-
tion. Fig.3.12(b) indicates the primary difference between inhomogeneous propa-
gation and homogenous propagation since, in homogeneous case, the phase offsets

d1 2 are 0° and 180° respectively.
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Figure 3.11: The input ray profiles for simulation of inhomogeneous propagation
path: the CSU-CHILL field data of a heavy rain on Jun 11, 2000 22:25 UTC is
taken for the radar variables in the principal plane, from (a) to (e); a Gaussian
random model is presumed for mean canting angle Gy in (f).
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Figure 3.12: The decomposed propagation parameters for the simulated ray: (a)
the rotation angle; (b) the associated phase offsets.

The above estimation algorithms, based on the linear and circular polarization
basis, were developed with real value rotation matrix, which may fail for the in-
homogeneous propagation path where elliptical polarization comes up. As for the
optimization approach, however, since the full propagation matrix is unitary if Ag,
is negligible, by investigating (3.80) and (3.99), the estimator of p4 is still valid. To
estimate the mean canting angle 3y, we assume the propagation to be almost diag-
onal. It is necessary to adjust ®g4, first in order to apply the estimation algorithms.
In practice a would be small, only small ellipticity can be introduced by this pro-
cess and thus we presume that (B can be estimated. Suppose Ay, = 0.005Kg,
and no effort is made for the correction of A,,, the estimates of G, are obtained
and plotted in Fig.3.13(a). It shows that the optimization approach can restore
Bo quite accurately, while the estimation from circular covariance matrix suffers
large errors. Fig.3.13(b) presents the estimates of py. As expected the estimate
by optimization cannot exactly recover the intrinsic p4 due to non-zero Agp, but it
out performs the other two approaches.

Similarly, more rays are simulated from the same field case. The statistics

of estimation are listed in Table 3.2. In order to emphasis the propagation effect,
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Figure 3.13: The estimation of the orientation parameters for the simulated ray
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the statistics take advantage of non-uniform weighted expectation where penalty is

introduced to deep propagation segment. When no differential attenuation is expe-

rienced, By can be estimated with reasonable accuracy by the direct solution or the

optimization approach, and ps can be obtained by optimization very accurately.

When propagation suffers differential attenuation, all the estimation performance

deteriorates, but using the optimization approach, the estimation accuracy be-

comes only a little worse especially for p,. If the differential attenuation can be

properly corrected, accurate estimate of p, is still available by optimization. On

the other hand, when « increases, worse performance will be expected as shown in

Table 3.3 where it is raised to 10 degree.

Estimation Go N
Differential Attenuation Method Bias MSE | Bias MSE
Linear Cov. |-0.200 0.053 | -0.055 0.006
Ap =0 Circular Cov. | -1.327 28.008 | -0.050 0.004
Optimization | -0.200 0.053 | -0.002 0.000
with Linear Cov. |-0.534 0.586 | -0.062 0.006
attenuation || Circular Cov. | -1.924 36.439 | -0.054 0.004
correction Optimization | -0.301 0.115 | -0.002 0.000
Agp = 0.005Kqy Linear Cov. |-0.512 37.782 |-0.043 0.150
attenuation || Circular Cov. | -2.241 93.090 | -0.070 0.008
correction Optimization | -0.206 0.163 | -0.016 0.000

Table 3.2: Statistics of the estimation of orientation factors over inhomogeneous
propagation path. The mean canting angle 3 is generated as N (2, 36) (in degree).

~

OLl Estimation Bo In

Differential Attenuatioh ;1104 | Bias MSE | Bias MSE
Ay = 0.005K, Linear Cov. | -2.382  9.735 | -0.620 197.3
(with attenuation Circular Cov. | -20.579 1308.2 | -0.496 0.276
correction) Optimization | -1.353  2.124 | -0.003 0.000

Table 3.3: Same as Table 3.2 except that 3y is generated as N(10,36) (in degree).
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3.5 Effect of Antenna Polarization Errors

The antenna polarization error is another factor distorting the polarimetric
measurement. For polarimetric applications, the ideal linear dual polarization
radar should be able to radiate pure H or V polarized electromagnetic waves and
receive pure orthogonal H and V components of the scattered fields. However,
imperfection always exists in antenna and its feeding network. The antenna polar-
ization errors include two parts: spatial distributed imperfection across the beam
and “integrated” imperfection. The former one has been studied along gradients
in the previous chapter. In this section, the latter one will be analyzed, i.e., beam
“integrated” errors.

After the gradient induced polarization errors are sorted out using the method-
ology in Chapter 2, the precipitation medium could be regarded as homogeneous
in the sense of reflectivity intensity and the beam integrated polarization errors

are applicable as the matrix

X = [ o ‘?”] (3.100)
€en Uy

where 5,7, € R and i2 + |es|? = i2+ |e,|?> = 1. The measurement is then distorted

by X as follows:
S = X'sSX (3.101)

The error matrix X generally is nonorthogonal. Therefore, the theory of unitary
transformation is not applicable to analyze the antenna polarization errors.
However, the error matrix in (3.101) is still comparable to the basis transfor-
mation given in (3.31), so the analysis can be facilitated through two independent
complex polarization ratios, each of which builds connection with a pair of tilt

angle and ellipticity angle. Define the depolarization ratio in h transmission as

Xh = en/in (3.102)
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and the depolarization ratio in v transmission as

Xo = €/ (3.103)

then the antenna polarization error matrix X can be reformulated as follows,

3 ip €y
X — ‘/ﬁ‘ézlehp \/igi+|ev|2 (3.104a)

| VAt Rtk
[ 1 Xv
_ | VEE Vi (3.104b)

| Vil Vel
The definition of xj, is consistent with (3.14). Consulting (3.15) and (3.16), we get

the geometric representation:

2§R(Xh) )
271, = arctan | ———= 3.105a
k (1 — |xa|? ( )

- ( 2S(xn) )
¢, = Bt YL 3.105b
€p, = arcsin (1 P ( )

Considering x,, however, extra care is necessary to account for the convention of

its definition. The geometric representation turns out to be:

2R (x; !
27, = 180° + arctan (i——_—-—(l—ii—”—l%) (3.106a)
(280 ) )
2¢, = arcsin | ——~2—— 3.106b
‘ 1 (1 + x| ™2 ( )

where the additional 180° accounts for the fact that the angle is measured from A
polarization. Thus, we see the advantage of the representation (3.104) over that
(3.100) such as:
(1) achieve a geometric understanding of the antenna polarization errors;
(2) map the error space into a closed and bounded space of angles 7 ([—90°,907])
and e ([—45°,45°]).

Suppose the error matrix is given as

T = 0.4°%; €, = 0.6°
(3.107)
Ty = 89.6%; ¢, = —0.3°
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which corresponds to a matrix

1.000 0.009¢736-9°

X =1 00136563  1.000

(3.108)

we expect some trend on the cross-polar variables with increasing ®4, similar to
that of non-diagonal propagation. Such relation appears in Fig.3.14 but it is hard

to tell whether the trend is positive or negative due to the nonorthogonality.
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Figure 3.14: The effect of antenna polarization errors on the cross-polar polarimet-
ric variables. The mean canting angle is zero throughout the propagation path.

It has already been proved in the previous sections that the ellipticity an-
gle and tilt angle will increase the cross-polar power return if orthogonal basis
transformation is applied. As for antenna polarization errors, we need to check
whether the cross-polar power in the principal plane reaches its minimum under
nonorthogonal basis transformation. Following the same procedure developed for
basis transformation, we get the cross-polar power in terms of polarization ratios

as

1
quz = {ZhthvIQ + Zvlehlz
P )+ xl?) (3.109)

+ Zon [1 + 2R(xnxw) + ]XhlZIXv,Q} + 2R(Rpo Xk Xo) }

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



83

where the radar variables on the right hand refer to those in the principal plane,
which convention is followed hereafter in this section. Note that zero co-to-cross
correlations are enforced in the above equation.

By defining xp = s + jt and x, = u + jv, the following equation is arrived

1
Z/ = Z 2 2 Z'U'u 2 t2
AR F AT @ o) 2 TV T Znls 4 )
+ Zon(1 + s%0° + 20 + $%u? + t20% + 2su — 2tv) (3.110)

+ 2R(Rpy ) (su + tv) + 28(Rpy) (tu — sv)]
Its gradient g can be evaluated as

oP/,

N S,
‘L?Ds'm 1+s:+t2 5
1; = — 2 1+Sz+t2 P,h ‘l" °
o Tore | A+ + )1+ u+0?)
P v
T L7 o2 (3.111)

§Zyy + (50?2 + su* + u) Zyp, + uR(Rpy) — vS(Rho)
tZ + (102 + tu? — v) Zyp, + VR(Rpy) + uS(Rhy)
uZpp, + (ut? + us? + 8) Zyp, + sR(Rhy) + tS(Rpy)
v + (’Ut2 +vs? — t)th + t%(R}w) - Sg(R}w)

If there is no antenna polarization error, the error matrix equals to the 2 x 2
identity matrix and hence x5 = X, = 0 based on the definitions (3.102) and (3.103).
Then,

Gx-i=g(s=t=u=v=0)=0 (3.112)

Since the gradient is 0, it proves that the cross-polar power has one of its extrema
located on the principal plane in nonorthogonal transformation space. This state-
ment could also be validated through simulation. Using the simulated covariance
matrix for rain, its cross-polar power on the principal plane shows a minimum
value. Two separate cuts on plane xj, and Yy, are given in Fig.3.15.

When the measurement is contaminated by antenna polarization errors, we
can find and locate its minima by optimization.The location of this minima is then

given by,

XX’ =1 (3.113)
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Figure 3.15: The change of cross-polar power due to nonorthogonal basis transfor-
mation. Here the contours on two planes cutting through the principal plane are
displayed.

or simply by directly changing the sign of the geometrical angles that attain this
optimization. Since we starts from the error contaminated radar measurement, the

co-to-cross correlations need to be considered in the formulating of optimization.

The cross-polar power due to nonorthogonal basis transformation becomes

1
P = ZinlXol + ZulXn]? + 2R(RiuXiXo
P )+ |Xv|2){ e X (RhoXhXo)
+ Zun [14 2R(xxo) + a2 l?] + 2R(Ronxo) (3.114)

+ 2%(R;hXh|Xv|2) + 2R (Reuxn) + 2§R(R;u|Xh|2Xv)}
Its gradient vector ¢ and Hessian matrix H could be evaluated analytically
but the formula would be cumbersome. To simplify the algorithm, the antenna

error is further assumed to be very small so that

1+l = L1+ x> ~ 1 (3.115)
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The gradient can be written as follows:

8y + (502 + su? + 1) Zyp, + uR(Rpy) — vS(Rpw)
tZ + (0% + tu? — v) Zyp + vR(Rhy) + uS(Riy)
uZpp, + (ut?® + us® + 8) Zyn + SR(Rho) + t3(Rpy)
vZpn + (VB + v8% — ) Zyn + tR(Rpy) — sS(Rhw)

+(u? + V2 )R(Ryn) + (25u + 1)R(Rew) + 250S(Ryy)
+(u? + v S( xh) + 2tuR(Rzy) + (2tv — 1)S(Ryw)
+(2su + 1)R(Rup) + 2tuS(Ran) + (5* + t2)R(Rev)

+25vR(Rp) + (2tv — DS(Ran) + (82 + 12)S(Ryy)

Q
Q
-

(3.116)

and the Hessian is derived as

Zyw + (V2 +u?) Zyp, + 2uR(Ryv) + 203(Raw) 0

0 Zogw + (02 +u2) Zyp, + 2uR(Ryy) + 20(Rzo)
(25w + 1) Z,p, + R(Rpy) + 2uR(Ryp) + 2sR(Raw)  2utZyp + S(Rpy) + 2uS(Rap) + 2tR(Rav)

208 Zyp — S(Rpy) + 20R(Ryp) + 25S(Rav) (2vt — 1)Zyp + R(Rhy) + 20S(Ryp) + 2tS(Rav)

(2su + 1) Zypn + R(Bpy) + 2uR(Ren) + 2sR(Rew)  25vZyn — S(Rpw) + 20R(Rzp) + 253 (Rzw)
2tuZyp + S(Rpo) + 2uS(Ryep) + 2tR(Rzo) (2tv — 1) Zyp + R(Rpy) + 20 (Ren) + 2tS(Rzv)
Zpp + (tz + 32)th + 23‘%(th) + 2t<\\y(R:ch) 0

0 Zhn + (B + %) Zun + 2sR(Ron) + 263 (Rzn)

(3.117)

Once the gradients and Hessian are available, the minima could be located and
retrieved by Newton’s method. The mathematic foundation of Newton’s method is
the fact that every continuous function can be locally approximated by a quadratic

form around the minima. The related iteration is given as follows,
Tim=%4;+H g (3.118)

where the subscript ¢ denotes the iteration number and zg is the initial point. The
initial point is set to s =t = u = v = 0 since the antenna error is usually small.

The minimum is assumed to be reached if

|2 (@i41) — Zi ()] < e (3.119)

From (3.114) the cross-polar power approximates a quadratic function, it could be
expected that the algorithm will converge fast. Applying the error matrix (3.108)
to the simulated intrinsic covariance matrix (3.38), we obtain the “measured”

covariance matrix contaminated with antenna polarization errors. The algorithm
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by Newton’s method is able to converge to the minimum within several iterations
as shown in Table (3.4). In the first iteration, the algorithm has already approached
the solution, which in turn shows a quadratic function as a good approximation
to (3.114). The Hessian on the solution point is positive definite, which proves the
solution is a minimum. From the solution, the estimation of antenna polarization

errors is retrieved in polar angles. The estimates are very close to the input error

(3.107).

Init:
e=10"12
[xn, xo] = 10,0]

Iterations:

¢ 1/)h Xh Xv

1.0000 0.0036 -0.0072-50.0105 -0.0069-70.0052
2.0000 0.0036 -0.0072-70.0106 -0.0069-50.0052
3.0000 0.0036 -0.0072-70.0106 -0.0069-70.0052

Status:
H > 0, optimization succeeds.

Estimation:

Tn 7w | _ | 0.4119 89.6064
én € | | 0.6049 —0.2953

Table 3.4: The iterations of Newton optimization algorithm for simulated covari-
ance matrix contaminated with antenna polarization errors

This optimization approach can be used to obtain complex calibration ma-
trix accounting for the antenna polarization errors. Suppose the mean canting
angle on average could be reasonably assumed to be zero, then estimates of the
antenna errors can be retrieved. With the same approach used for the simulated
ray profile in Fig.(3.11) except setting the propagation matrix diagonal and the
mean canting angle on average zero, the estimated polarization angles for the an-
tenna errors are given in Table 3.5. The estimated polarization angles in sample
mean closely approach the intrinsic values for the input antenna polarization er-

rors in this simulation. Remember that the mean canting angle is generated as
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Gaussian distributed random variable with 6° standard deviation. The estimated
polarization angles also have large variation. To improve the confidence level, lots

of samples may be required depending on the variance of canting angle.

Total Samples: 3510
Sample Mean:
E[%” % ] _ [0.46 89.66 }
€n €y 0.59 -0.25

Sample Standard Deviation:

o 7] [ 498 5.23
TVe & | T 1195 204

Table 3.5: Statistics of the estimated polarization angles for antenna polarization
errors

3.6 Effect of Mixed Type Precipitation

In reality, precipitation is often composed of different hydrometeor types, for
example, a mixture of raindrop and hailstone, and the mixed phase in melting
level. The covariance matrix for the mixture precipitation is a superposition of all
individual covariance matrices for every component. The observed characteristics
of precipitation depends on the dominating components. If several components
exist comparably, the “mirror” reflection symmetry may not be justified even if it
is valid for every single component.

In some cases, one component of the mixture exhibits “mirror” reflection
symmetry, while the other component may exhibit polarization plane isotropy, for
example, when hail mixes with rain. The orientation of rain is of interest. For the

component with polarization plane isotropy, its covariance matrix could be written
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as follows according to (3.36)

T = Zow = S({18ul’) + (1S2l%) + TR((SuS3) (3.1200)
Zon= (S0 P) + (1S2l%) ~ 2R((S01S5) (3.120b)
Rio = 5((1S1) + (182/%) + 6R((SuS3))) (3.120¢)
Ryp = Ry =0 (3.120d)

Since Znp, — Zyy = 0 and Ry, — Ry = 0, (3.51) can still be applied to retrieve the

mean canting angle of the component with “mirror” reflection symmetry. However

based on (3.53) the dispersion p, is not available for the individual component.
This fact is consistent with the conclusion drawn on circular covariance matrix

in [18]. From (3.41), it is obvious that the covariance for isotropic component is:

Zrr =2y = %(1511 — S2l?) (3.121a)
Ly = %(|Sn + Sal?) (3.121b)
R, =0 (3.121c)
Rer = Ry =0 (3.121d)

Since the correlations are unaltered, it follows that the mean canting angle of the
other component is given unaffected by (3.42). However, because the power terms
attribute to both components, a direct estimation of p4 is not possible.

When the problem is put on the context of optimization, it is immediately re-
alized that the basis rotation will not affect the cross-polar power for the isotropic
component, therefore the mean canting angle can be estimated from the optimiza-
tion for the other component. Even the difference between maximum cross-polar
power and minimum cross-polar power does not change, the ratio in (3.55) does
change by the mixture.

The extent of influence on ps can be derived considering such two-component

scenario. If we use superscript ‘s’ to label the component with “mirror” reflection
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symmetry and ‘i’ to label the other, the effective p, is estimated for the mixture

as

pm — ps <|Sfl - S§2|2> .
TS — S5)2) + (18 — Skyl?)

(3.122)

Generally, the estimation for mixture deserves particular care to draw valid impli-

cations.

3.7 Summary

The dual-polarization radar measurement was studied on complex vector space
and the underlying physical process was represented by linear map on this space.
A polarization pair implemented in the radar system defines the basis of the vector
space. The representation of the linear map depends on the employed basis and
can be transformed from one orthogonal basis to another through unitary matrix.
The general form of basis transformation was given. All the effect of canting, prop-
agation and antenna polarization errors can be described by basis transformation.

Concerning polarimetric radar measurement, the transformation between dif-
ferent polarization bases was also derived. With the derived transformation matrix,
the radar measurement (the constructed covariance matrix) in one polarization
configuration can be transformed to any other polarization configuration. The
commonly used configurations include linear polarization and circular polariza-
tion. The linear covariance matrix by CSU-CHILL radar was transformed to the
corresponding circular covariance matrix.

Hydrometeor particles may experience non-zero canting. The canting angle
rotates the polarization basis from its principal plane. The distribution of canting
angle can be described by two orientation factors: mean canting angle and its
dispersion, both of which can be retrieved directly from the covariance matrix

in circular polarization basis. The covariance matrix in linear polarization basis
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can be also directly solved to obtain the orientation factor and shape factors.
For orientation factors, the ambiguity range of estimated mean canting angle is
doubled. Optimization can be utilized to obtain the orientation parameters from
the covariance matrix under any orthogonal basis. The polarization optimization
was extended to obtain robust estimation of the orientation dispersion.

When the mean canting angle is zero, the net effect over the propagation path
will be zero even though it may not true for individual backscattering volume.
Linear polarized wave in H/V polarization propagates in such medium without
depolarization. In contrast, the circular polarized wave may suffer strong depolar-
ization. Large ®4, may be experienced and must be adjusted to obtain orientation
estimation for the backscattering volume. When the net mean canting angle is
not zero, the propagation matrix is not diagonal and depolarization will be in-
duced for both linear and circular polarization basis. The mean canting angle for
the backscattering volume or the net angle for the propagation path may be es-
timated from the circular covariance matrix depending on ®4,, but in general, it
is impossible to separate the two variables. When large ®,4, is accumulated, the
cross-polar radar variables in linear polarization basis will experience significant
change even when the net mean canting angle is rather small. This effect can be
used to examine whether the propagation matrix is diagonal. If identical orien-
tation distribution governs the precipitation medium along the propagation path,
the developed algorithms are still able to obtain reasonable estimation of the mean
canting angle.

Generally, the antenna polarization error introduces non-diagonal transforma-
tion. The antenna polarization error matrix can be studied conveniently through
its ellipticity and tilt angles, which implies that the effect of antenna polarization
errors is comparable to non-diagonal propagation. Similar but more complicated

changes can be observed on the cross-polar radar signatures in linear polarization

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



91

basis. The polarization optimization theory was extended to non-orthogonal basis
transformation and the antenna polarization errors can be estimated with reason-
able accuracy. An optimization algorithm based on Newton method was given and

shown to converge very fast.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 4

ESTIMATION OF ORIENTATION FACTORS

Up to now, the polarimetric covariance measurement for radar meteorology
has been analyzed by decomposing the model in (1.13) into several parts: that
due to canting, that due to propagation, and that due to antenna; and related
methods and algorithms have been presented. In this chapter, those algorithms
will be applied to radar data to estimate the orientation factors §y and ps.

The procedure to construct the covariance matrix will be reviewed first where
the radar measurement is carefully calibrated, especially for the phase terms. Then
the antenna polarization errors will be estimated from rain observation assuming
its mean canting angle is zero. The estimated errors will be examined through
the cross-polar radar variables such as co-to-cross correlation coefficients. Finally
the “intrinsic” covariance matrix is obtained and the algorithms for retrieving the
orientation factors can be applied.

Several cases for different precipitation types will be analyzed. The radar
variables under both linear and circular polarization basis will be compared for
those different hydrometeor types along with the estimated orientation factors.
The comparison has two objectives: to validate further the estimation algorithms;
and to explore potential usage of the derived/estimated variables for improving

hydrometeor type classification.
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4.1 Construct Covariance Matrix from Measurement

The first step is to construct the covariance matrix from the radar measure-
ment. The gain imbalance and relative phase between two channels have not been
considered in the previous analysis. Both artifacts need to be adjusted carefully to
our best knowledge. An in-depth development on calibration methodology can be
found in [46]. Moreover, since the “weak” cross-polar signals act on the process of

estimation, the noise power should be taken out during the construction as well.
4.1.1 Calibration on power terms

With a meteorological radar working on full covariance mode, the complex
voltage samples V,,(23), Vi (2i), Vin(2i + 1), and V,,(2i + 1) are available. The

power terms are directly estimated as follows:

Pon = % i:; V(20 + 1)[2 = NO, (4.1a)
Py = -A% é |Vau(20)[* = NO, (4.1b)
Pa= o ; Vin(2i + 1)[2 — NO, (4.10)
by, = % é |Vio(20)]” ~ NOy, (4.1d)

where N0Op, and N0, denote the noise power presented at receiver channel h and

v, respectively. Then absolute calibration is applied to get reflectivity:

where AZp;, is the bias, RC is radar constant, and r is the slant range at this gate.

The absolute calibration is not important in the estimations. Instead, the relative
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calibration is critical, such as:

Zpr =10 logm phh — 1010g10 Pm, + AZpr (43&)
LDR,, = 10log,y P,y — 101log, Poy + ALDR,;, (4.3b)
LDRy, = 101logyy Py — 101l0gyy Py + ALDRp, (4.3¢)

These biases Zpg, LD R, and LD Ry, can be calculated using sun calibration [46],
[16].

4.1.2 Estimation of correlations and phase offsets

The co-to-cross correlation terms are estimated as

M
- 1 ) . a
R, = —M— E th(2Z + 1) vh(2l —+ 1) (443,)

1 — N
=1 D Vi (20) Vi, (20) (4.4b)

However, the co-polar correlation cannot be estimated directly from measurement
due to the alternate pulsing scheme in full covariance mode. A description on
how to obtain the co-polar correlation is given in [47] where several approaches are
compared and an additional polarization state is suggested on transmission. With-
out the additional polarization state, the co-polar correlation can be approximated

from its estimation at lag 1 according to:

. 1 3 . .
| Bhol = 5n(2) Y4 B (= 1)1 + | B (1)) (4.5)
where
Rpo(— =7 Z " (20)Vin(2i + 1) (4.6a)
Ry (1) 71 * (20 4 2)Vin (20 + 1) (4.6b)
1
prn(2) = 77— Z Vin (20) Vi (26 + 2)/ Pan (4.6¢)
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The value ppr(2) is used to adjust the decorrelation incurred between two con-
secutive pulses assuming the Doppler spectrum is Gaussian shaped. Note that
irregular Doppler spectrum will result in bias [48]. Similarly the differential phase

is estimated as

~

Uy = —% arg{ Bns(—1) Ran(1)} (4.7)

The phase offsets in transmission ¢fo and in reception ¢, affect the esti-

mates as [46]:

(i’dp = ®gp — ¢fo — Goss (4.82)
Dop = Dan + Bp; (4.8b)
(i>zv = (I)ac'u - fo (480)

The accumulated differential phase ®4, should start from around 0, so its offsets
(¢hs7 + @bss) can be obtained by observing the filtered phase profiles. Besides, the
differential propagation phase shift can be estimated from the co-to-cross correla-

tions by

Dgp, = Dy — Dy (4.9)
Substituting this relation into (4.8), we have

(i)dp ~ (Bp — Dan) = 200s5 — (qsfyff + Goss) (4.10)

which will give us the estimate of the phase offsets contained in co-to-cross polar
differential phase shifts after the phase offset contained in co-polar differential

phase shift is determined through (4.8a).
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4.1.3 Filtering over phase profiles

A filtering process on phase profiles was described in [40]. In this section,
instead of filtering on the real valued phase profiles, an approach of phase filtering
is proposed based on directional statistics.

The differential propagation phase obtained by differencing the phases of co-
to-cross correlations as expressed in (4.9) has high variance due to low power level
in cross-polar channels. Moreover, for Raleigh scatters with small imaginary parts
of refractive index (e.g., crystals), the phase of both co-to-cross correlations is
either 0 or 7 depending on the sign of the mean canting angle [15]. Therefore,
its range profiles are very likely flipping by 360° as shown in Fig.4.1(a). Such
flipping needs to be detected and adjusted first in order to achieve decent filtering.
However, it is awkward to flip back but also difficult to design a robust algorithm
for that considering phase wrapping.

Such a problem comes from the artificial discontinuities introduced by expand-
ing circular variables to the real axis. The appropriate approach is to filter the
phase profile along the unit circle rather than on the real axis. Therefore, complex
polar representation is necessary and directional statistics should be applied.

Suppose there is an angular random variable 6 which is periodic over 27, its

sample statistics can be formulated as follows [49]. The sample mean is

N

j— arg{% S et} (4.11)

i=1

and a measure of its concentration can be given by

1 N
_ i0;
=y Zi:l ¢

The relation between its standard deviation and this concentration could be derived

(4.12)

if the distribution is known. To demonstrate the relation, commonly used Gaussian
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distribution and uniform distribution are taken as examples:

p=e"? for6:G(,0% (4.13a)
5= |sz(f) | for0: U@ —A,8+A) (4.13b)

Note that the derived concentration is independent of the sample mean.

Applying such definition of mean and concentration to the phase profile is
equivalent to filtering over the complex valued range profile /). The same FIR
filter is used as before to keep the range resolution. The argument of the filtered
profile gives filtered phases and its magnitude presents information on the standard
deviation. The filtered profiles are overlaid in Fig.4.1(a) for comparison. Without
adjustment for flipping, the direct FIR filtering results in incorrect profile. Even
though discontinuities may still exist in the filtered profile by directional statistics,
they are caused by phase wrapping only so the edges would be sharp, e.g., the
discontinuity shown in Fig.4.1(a) gives a jump of 359.52°, which is as close as the
period 360°. Concerning the co-polar phase profile, however, Fig.(4.1(b)) illustrates
the comparison on the same ray and it is obvious that both filtering methods
generate same results.

The initial ®4, for every ray can be estimated by 10 consecutive “good” gates.
As an example, we take a heavy rain case (which will be described in the next sec-
tion), estimate the initial ®4, for every individual ray and collect them to generate
a histogram as shown in Fig.(4.2(a)). The abscissa with the largest frequency is
selected as the phase offset of the radar system. Similar approach is used to de-
cide the phase offsets in cross-polar correlations by investigating the histogram of
\i/dp — (\i/m — ‘i’xh) over the whole volume, according to (4.10). The phase offsets
are then determined for this case as: ¢l;; + ¢, = 61°% ¢}, = —80.5°. Finally

full covariance matrices could be constructed.
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Figure 4.1: Range profiles of ®,4, with different filtering approaches. The ray is
selected from a heavy rain storm on July 21, 2000. EL: 0.54°; AZ: 343.36°.
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Figure 4.2: The histogram of phase offsets that are estimated from filtered range
profiles for a heavy rain case. There are 1458 rays in the whole volume and 666
gates in every ray.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



100

4.2 Estimation of Antenna Polarization Errors

Calibration of polarimetric radar measurements requires the knowledge of an-
tenna polarization errors. It has been shown that the effect of antenna polarization
errors is comparable to that of non-diagonal propagation. When the covariance
matrix is used to estimate the orientation factors, it is very important to correct
for the antenna polarization errors.

The quantitative estimation of antenna polarization errors can be calculated
from both power patterns and phase patterns of the antenna. However, it is
impractical to get accurate phase patterns. When the cross-polar power primarily
attributes to the contamination of antenna polarization errors, the co-to-cross polar
correlation coefficients would be high. High co-to-cross polar correlations were
examined from dual-polarization measurements to show the existence of such errors
and estimate the mean square terms in [27]. Similarly, vertical observation of light
rain was used to estimate an adjustment factor for the calibration matrix in [29].
Both methods require that scattering only undergoes slight depolarization and
Ly = Zy.

On the other hand, simulations show that even small polarization errors may
lead to significant error in the polarimetric covariance matrix if large ®g4, is ac-
cumulated over the propagation path. When large ®4, occurs, the tendency of
co-to-cross polar correlation coefficients can be used to estimate the polarization
errors [50]. The optimization approach given in previous section improve that
methodology in both algorithm and extension of assumption. The optimization
turns out to converge quickly and accurately, and large ®,4, accumulation is not
necessary. The simulation in previous section also demonstrates that the depolar-

ization is allowed as long as the mean canting angle is zero.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



101

Intensity
dBz

= 65.00
60.00
55,00
B s0.00
45.00
. 40,00
H 35.00
30.00
= 25.00
20,00
= 15.00
10.00
8 s5.00
0.00
-5.00
-10.00

Elev 0.82
PPI 150 Kn 2001 1 Gate 150x1034

Figure 4.3: A PPI scan of Z), (dBZ) at low elevation angle for the heavy rain case
on July 21, 2000.

4.2.1 Case study 1: July 21, 2000 STEPS

On July 21, 2000 00:56 UTC, a heavy rain storm was observed by the CSU-
CHILL radar during the STEPS project (see Fig.4.3 for a low elevation PPI scan
of Z,,). Total differential propagation phase shifts greater than 200 degrees were
observed along certain azimuths. Fig.4.4 illustrates the rapid increase of ®4, for
several rays. The corresponding filtered coefficients p.; and p,,, are given in Fig.4.5.
A obvious increasing trend can be observed from these ray profiles, which indicates
the existence of either non-diagonal propagation or antenna polarization errors. If
we assume the mean canting angle of raindrops is zero, the optimization approach
can be applied to estimate the antenna polarization errors. To further suppress
canting effect along the propagation path, only resolution volumes with ®g4, of less
than 10° are selected for the estimation and its statistics. Other constraints are

also enforced to assure the data quality as shown in Table 4.1.
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Selection Criteria: LDR < —26 dB
g4, < 10°
SNR > 40 dB
|peol > 0.9
Total Samples Selected: 372
Th T —0.66 89.56

Estimation (in degree): & & | — | —0.08 017
h__&y > .

Table 4.1: The estimation of antenna polarization errors based on radar measure-
ment from the selected volume.
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Figure 4.4: Selected range profiles of filtered ®4,. EL: 0.52°; AZ: 44.79°-51.51°.

The estimation result obtained here is close to that by Hubbert [50]: 7, =
—0.5% 7, = 89.5°, €, = —0.1°, and €, = 0.4°, which was obtained from 333 gates
of a single ray at (EL=1.37 degree; AZ=47.85 degree). Just for the purpose of
testing, the range profile for that ray is recovered by applying the estimated error
matrix (given in Table 4.1) as shown in Fig.4.6. These curves are consistent with
Hubbert’s results. Since only the gates with ®4, of less than 10° contribute to the
estimation, the obtained value are more likely to be isolated from possible non-zero

mean canting angle.
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Figure 4.5: Same as Fig.4.4 except for the co-to-cross correlation coefficients.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



104

0.5+ .

corrected

011 -

0 ] i} 1 i
30 40 50 60 70 80

Range (km})

(a) Pzh

LDR (dB)

-28r corrected

-30 1 1 L 1
30 40 50 60 70 80

Range (km)

(b) LDR

Figure 4.6: The range profiles of the filtered p,;, and LDR, along with their cor-
rection for antenna polarization errors. EL: 1.37°; AZ: 47.85°.
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It was shown in Fig.4.5 that such effect is not an isolated phenomena for that
individual ray. Fig.4.7 illustrates the statistics of the cross-polar radar variables
for the selected volume with comparisons between raw measurement and corrected
measurement. The advantage of such error estimation and correction is apparent:
both coeflicients present “flat” signature, and the incurred LD R bias gets adjusted,

after correction using the estimated error matrix.
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corrected corrected

0 20 40 60 80 100 0 20 40 60 80 100
@, (deg) @ (deg)
Gy (b) pzv

0

-30r corrected
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Figure 4.7: The statistics of cross-polar radar variables over the selected volume,

before and after the correction for antenna polarization error: (a) pgp; (b) pav; (€)
LDR.
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4.2.2 Case study 2: July 19, 2000 STEPS

Two days earlier than the previous case, another convective storm was recorded
during the STEPS project. On July 19, 2000 00:38 UTC, some other interesting
rays are observed with decreasing trend for the range profiles of co-to-cross corre-
lation coefficients while ®4, has large accumulation. A sample ray is taken from

this volume and its range profile of ®g4, is given in Fig.4.8.

80 T T T T T

701 X

60 .

50 §

40} ]

P dp (deg)

30} Filtered E

201 .

10f ™ .

Raw

O 1 i 1 1 1L
25 30 35 40 45 50 55

Range (km)

Figure 4.8: A selected range profile of ®4, from the convective storm on July 19,
2000 00:38 UTC. EL: 1.60°;, AZ: 225.65°.

The ®g4, increases by more than 60° from 25 km to 55 km along range. Over
this segment apparent decrease can be observed on the profiles of co-to-cross corre-
lation coeflicients as shown in Fig.4.9. At the same time, the range profile of LDR
does not show any abnormal increase based on Fig.4.10. Therefore, the apparent
increase of the co-to-cross coefficients must be due to other system factors.

Just as shown by simulation in the previous chapter, the antenna polarization

error can cause both increasing and decreasing trend over the propagation path
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Figure 4.9: The range profiles of p,;, and p,, for the selected ray as in Fig.4.8.
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Figure 4.10: The range profile of LDR for the selected ray as in Fig.4.8.

when large ®g4, is accumulated. Therefore, we know for this case that the antenna
polarization error must affect the measurement since the non-diagonal propagation
can only increase the coeflicients.

For this selected volume, the phase offsets are estimated as: gbf,ff +@hr = 26%
¢orr = —80.5°. The same criteria are used as in the previous case to select samples

to estimate the antenna polarization errors, which turns out to be:

T T | | —0.53 89.61
én & | | 0.08 0.25

The estimated errors are applied back to the measured covariance matrices in
order to make the corresponding correction. The corrected range profiles are also
shown in Fig.4.9 and Fig.4.10 respectively. In comparison, the corrected coeflicients
behave much more “flat” over that range, and contrary to the previous case, the
LDR profile gets raised by a small amount. Again, such phenomenon also exists for
the neighboring rays. However, the storm structure does not show local stationary

and no reliable statistics are available.
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4.2.3 Discussion

The results presented above for two events of rain demonstrate that LD R may
get either positive or negative biases along the propagation path if antenna polar-
ization errors exist in the measurement and large ®4, occurs. For a homogenous
medium, however, it can be generally expected that LDR will decrease after the
antenna polarization errors are corrected for since the induced cross-polar coupling
is “calibrated”.

As analyzed in [29], when co-to-cross polar correlation coefficients are large,
then the antenna polarization errors probably dominate the measurement. There-
fore, data with co-to-cross polar correlation coefficients greater than 0.6 are se-
lected to make the comparison between the “raw” and “corrected” LDR. To
ensure proper computation, data quality is also checked and co-polar correlation
coefficient is forced to be greater than 0.95. The scatter plot of corrected LDR
versus measured LDR is shown in Fig.4.2.3. The correction is obvious but the
amount of correction is fairly small.

Since the correction is small, it implies that the antenna of the CSU-CHILL
radar has excellent cross-polar performance as shown in Chapter 2. Normally,
the antenna cross-polar performance is related to the LDR system limit which
is derived from the antenna power patterns which discard all the information on
phase terms. In practice, the phase of the error matrix is not known. The approach
here is believed to be useful in correcting the measured data using beam-averaged

error matrix in homogeneous precipitation.

4.3 Retrieve the Orientation Factors

With antenna polarization errors corrected for, the propagation effect needs
to be adjusted next. As explained above, the propagation matrix will be assumed

to be diagonal. The differential propagation phase, ®4,, can be readily obtained
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Figure 4.11: The comparison on LDR before and after the antenna polarization
errors corrected. The data is collected from case 1.

and “smoothed” by the filtering process, while the fixed linear relationship (3.82) is
assumed for the differential attenuation. Then the adjustment for the propagation
effect is straightforward, according to (3.86). Finally, the “intrinsic” covariance
matrix of the backscattering medium is obtained. The methods to estimate the
moments of the orientation distribution can be applied to this estimated “intrinsic”
covariance matrix.

For the same ray illustrated in the previous section (see Fig.4.6, the heavy
rain case dated on July 21, 2000), the estimated orientation factors By and p, are
plotted respectively in Fig.4.12 and Fig.4.13. In both figures, the results with all
three estimation algorithms are presented for comparison, and panel (a) shows
the estimation without correcting the antenna polarization errors while panel (b)
shows that with such errors corrected. Several points could be drawn from both

figures by observation:
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1. All the three methods are able to reach similar estimation. The profiles of the
estimation are consistent to each other, e.g., the parity of the estimated mean
canting angle along range (see Fig.4.12. After the correction for antenna
polarization error, the results match much better. This consistency is another

implication of the accuracy of the estimation algorithms.

2. The profiles of estimated mean canting angle do approach more closely to
zero, especially at large ®g4, segment (between 60 km to 80 km), with the
polarization errors corrected for. The estimations from linear covariance
matrix by the direct solution and that from circular covariance matrix give

non-zero mean canting angle before the correction at that segment.

3. The profiles of estimated orientation dispersion on linear basis and that on
circular basis drop by nearly 0.02 at large ®4, segment before the polarization
error correction, likely due to the incurred cross-polar contamination. After

polarization errors corrected, however, the profiles rise up.

4. The estimation by optimization method seems to be immune to such errors,
especially on the orientation dispersion. The reason probably is the almost-
orthogonality of the antenna polarization errors, and as discussed above,
the optimization method is valid as long as the transformation matrix is

orthogonal.

To further increase the confidence over the estimation algorithms, we can
compare the estimations to the range profiles of raw radar variables Z; and Zppg,
as shown in Fig.4.14, as well as the range profile of LDR shown in Fig.4.6. Based
on the conventional radar variables, the rain cell around 55 km should have similar
physical characteristics as the rain cell around 70 km except in angular resolution.
Therefore, the orientation dispersion should maintain in the same level for both

locations. The p4 profiles in Fig.4.13 support this hypothesis.
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Figure 4.12: The filtered range profiles of the estimated mean canting angle for
the selected ray from radar data on July 21, 2000 00:56 UTC.
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Figure 4.13: The filtered range profiles of estimated orientation dispersion for the
selected ray from radar data on July 21, 2000 00:56 UTC.
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Figure 4.14: The filtered range profiles of the conventional radar variables Zj
and Zpg for the selected ray from radar data on July 21, 2000 00:56 UTC. No
attenuation correction is applied.

The statistics of the mean canting angle is likely to further verify the correction
for antenna polarization errors. Fig.4.15(a) presents the histogram of estimated
mean canting angle over this event. Again in order to ensure the data quality,
constraints for “good” data are applied as follows: high SNR (greater than 30
dB), high co-polar correlation (greater than 0.9), and low spatial variation. A
direct observation tells that the mean canting angle estimated from the corrected
radar measurement is closer to 0 for all the three approaches. Same feature is also
presented in the histogram of estimated mean canting angle for another event on
July 19, 2000 00:38 UTC (see Fig.4.15(Db)).

Both simulation and the results above indicate that the estimation by op-
timization is better that the other methods in the sense of both insensitivity to
probable system errors and low variation. Hereafter, only the estimation by polar-

ization optimization will be presented.
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Figure 4.15: Histogram of the estimated mean canting angle before and after the
correction for antenna polarization errors. The dark lines represent for the esti-
mation after correction (cor), while other lines for that before correction (raw);
different line styles indicate different estimation methods: that from circular co-
variance matrix (cir), that from linear covariance matrix by direct solution (dir),
and that from optimized polarization (opt).
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4.4 Comparison of Polarimetric Variables

Using the polarization basis transformation and the algorithms developed so
far, we can derive the corresponding polarimetric radar variables in circular po-
larization basis such as CDR and ORTT, and we can estimate the orientation
factors Gy and pg4, in addition to the conventional radar variables in linear polar-
ization basis which are obtained straightforward from measurement. Since the data
is basically maneuvered through unitary transformation, no extra new information
could be expected. However, the different polarimetric variables do carry informa-
tion in different manner such that they could present the polarimetric properties
in a new perspective. For example, it is well known that the shape factors and
orientation factors can be separated in circular polarization basis while the conven-
tional radar variables in linear polarization basis are affected jointly by the shape
and orientation distributions. In this section, we will explore the relation among
these polarimetric variables with efforts to improve our understanding about the
microphysical properties of precipitation.

Because, at this point, we are mainly interested in the backscattering proper-
ties, no effort will be made to include Ky, for in the comparisons. The candidate
polarimetric variables in this study include the radar reflectivity Zj, the differen-
tial reflectivity Zpg, the linear depolarization ratio LD R, the co-polar correlation
coeflicient p.,, the circular depolarization ratio CDR, the “apparent degree of
orientation” ORT'T, and the orientation dispersion ps. These variables will be an-
alyzed within the context of “mirror” reflection symmetry. Under this assumption,
a hydrometeor particle can be described by its major-axis scattering component
S11, minor-axis scattering component S and orientation angle 8. Considering the

incoherent average effective in the polarization plane, the state of a precipitation
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volume can be determined by the orientation factors:

Bo = (B) (4.14a)

ps = (cos4(8 — Bo)) (4.14Db)

and the shape factors in the principal plane:

Zy = (|Sul?) (4.15a)
Zy = (|Sa*) (4.15Db)

In the previous chapter, simulation was used to show the dependency of the linear
polarimetric variables on canting angle (see Fig.3.4). We can also write the func-
tional forms for the polarimetric covariances in linear or circular basis, according

to (3.36) and (3.41), in terms of the orientation factors and shape factors:

Zh = [3(Z1 + ZQ) + 2R + (Zl + ZQ - 2R)p4 COS 4,30 -+ 4(21 - Zz)pg COS 2,80]

QO

(4.16a)
1
Zy = g [3(Z1 + Z3) + 2R+ (Z1 + Z5 — 2R)pycos 4By — 4(Z1 — Z3) pa cos 23]

(4.16b)
Zn = % (21 + Zo — 2R)(1 — pa cos 4f)] (4.16¢)
Ry, = % [Z1+ Z5 4+ 6R — (Z1 + Z2 — 2R)py cos 430 + j8I pa cos 20|  (4.16d)
Do = Ty = 211-(21 + Z» - 2R) (4.16¢)
2 = %(Z1 | 7y +2R) (4.16)
Ry, = i(z1 — Zy + j21I ) pae 9200 (4.16g)

Since only the normalized covariance matrix is of concern, the shape factors

can be alternatively described by the “principal” differential reflectivity z and the
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“principal” correlation coefficient p, which are defined as:

z = ZI/ZQ (417&)

p=(R+35I)/\/Z, 2 (4.17b)

Then, the polarimetric covariances can be expressed as explicit functions of z, p,
o4 and [y. At S-band wavelength the backscattering co-polar differential phase
shift 0., is negligibly small [51], hence we can regard the correlation coefficient p

as a real variable.

Intrinsic Variables z 0 Bo P4
Default Values 4 dB 0.98 0° 0.8

Table 4.2: The default values used for the intrinsic shape factors and orientation
factors

Fig.4.16 illustrates the change of Z; with the shape factors z and p, as shown
in panel (a), and that with the orientation factors 8y and p4, as shown in panel (b).
Panels (c) and (d) demonstrate the impact of coupling ps and z or p. The shape
factors are fixed to obtain its relation with orientation factors, or the orientation
factors are fixed to obtain its relation with shape factors. Their default values are
listed in Table 4.2. From the panel (a), Z; appears to experience little bias if the
particles are well aligned with zero mean canting angle. However, according to
panel (b), Z can be slightly biased (typically < 1 dB) by randomness of orien-
tation alignment or large mean canting angle. Panel (¢) further shows that more
oblateness can cause more significant errors especially when their alignment is not
perfect. Panel (d) shows that Z, is less affected by p. Although these four panels
only display the change on selected planes, they do present the overall dependency
jointly on the intrinsic shape and orientation factors. Concerning rain, the drops
have good alignment with zero mean canting angle, then the bias on Zj is only

about a few tenths dB, which is not of concern in the estimation of rainfall. For

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



119

most other precipitation types, the bias, at most less than 1.5 dB, is negligible for
qualitative interpretation of precipitation. Therefore, it is not surprising that Z,
provides a credible dimension for classification. Besides, it is also an important

dimension since it carries the size information.

6

o A2
4 / 20;"
— <) —
m []
T 2 o) T 0 ? < G
N / g T 0.3 T
0 -20
-2 / -40
0.6 0.7 0.8 0.9
&
6 VAR
§ U 9
4 /(Q/ & //4 ~
—_ S // o 7 & 0.8 }
o :
3 2 LB . . a
N 0.7
0 0.6

0.5

Figure 4.16: The contour of Z;, bias (dBZ) in terms of the intrinsic shape factors
and orientation factors.

Fig.4.17 illustrates the change of Zpg with selected pairs of intrinsic shape or
orientation factors. Similar to Zj, panel (a) implies that Zpg experiences little bias
if the particles are well aligned with zero mean canting angle. The bias increases to
a few tenths of dB which could bias the quantitative estimation of rainfall. Panel
(b) shows that both orientation factors can cast big impact on the bias of Zpp,
which increases with random orientation or non-zero mean canting angle. Panel
(c) shows that the error becomes worse with more oblateness. Panel (d) implies
that p has little effect on Zpg bias. The demonstrated change looks similar as that
for Z;, except that the Zpg bias could be significantly large relative to its dynamic

range.
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Figure 4.17: Same as Fig.4.16 except for Zpg bias (dB).

Fig.4.18 illustrates the change of p., with selected pairs of intrinsic shape or
orientation factors. In panel (a)-(c), the bias in p,, is small relative to its estimation
accuracy. However, panel (d) shows that ps and p jointly could bias the correlation
coefficient by 0.2 when both ps and p are small. In general, p., does not change
so significantly that it would affect the microphysical interpretation even though
the orientation factors do impact it. In other words, credible information can be
drawn based on measured p., regardless of orientation distribution.

Fig.4.19 illustrates the change of LDR with selected pairs of intrinsic shape
or orientation factors. Panel (a) shows that the measured LDR greatly depends
on the shape factors z and p even if the drops have good alignment with zero
mean canting angle. Panel (b) demonstrates its dependency on the orientation
factors. The impact of these physical factors are significant, which means that
large ambiguities will exist in the interpretation of LDR. Panel (c¢) and panel (d)

further show how the coupling of shape factors and orientation factors affect LD R.
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Figure 4.18: Same as Fig.4.16 except for p,, error.

Large LDR could be attributed to oblateness, low correlation, random alignment
and/or non-zero mean canting angle.

Concerning the circular polarimetric variables, C DR and ORTT'/ p3 are purely
dependent on the shape factors. Such isolation from orientation distribution ap-
pears to be preferable from a classification viewpoint. Since both CDR and
ORTT/ps are only dependent on z and p, their functional forms can be easily
and clearly illustrated as shown in Fig.4.20, where p acts as a parameter and the
curves show their relations with respect to z. It could be determined from Fig.4.20
that ambiguity still exists on both circular variables to interpret the values in terms
of particle shapes. Based on the illustrated relation between CDR and z, we see
that CDR is strongly correlated with z if p is very large, but such correlation be-
come weak quickly as p decreases. The relation between ORTT/ps and z behaves
in the other direction. Therefore, ORTT/p, and CDR probably can bear simi-
lar information as Zpg with the advantage that they are immune to orientation

distribution.
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Figure 4.19: Same as Fig.4.16 except for LDR (dB).

In conclusion, we should always take Z, as one dimension in classification.
When () is significantly different from zero, or the orientation is nearly isotropic,
Zp can be lower than the intrinsic value Z; by a couple of dB. The coefficient
Peo has little dependency on the orientation distribution as long as its intrinsic
value is high. When both p and p, are fairly small, p,, can be increased by
less than 20%, which is not significant enough to misinterpret the precipitation
types. In application, p., is an important indicator of shape variation or mixture
of precipitation types. The orientation factors can affect Zpgr to a large extent.
Especially, for particles with large oblateness, Zpr can be lower by several dB
when [y is far off from zero or ps is low. In contrast, the circular polarimetric
variables CDR and ORTT/p, are only dependent on the intrinsic shape factors;
however, the strong impact of p on them limit their usage to represent the intrinsic
value of z. As we will see later, the mean canting angle is always close to zero for

most precipitation targets, which reduces the benefit of using CDR and ORTT/p,
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Figure 4.20: The dependencies of (a) CDR and (b) ORTT/ps on the intrinsic
shape factors z and p.

in classification. However, LDR depends on all the intrinsic factors such as z, p,
By and p4. For non-spherical particles, LDR increases from —oo quickly if p is low,
Bo off zero, or ps small, which means that significant ambiguity can be expected

in interpreting the LD R data.

4.5 Case Studies
4.5.1 Rain

Rain is the primary observation in radar meteorology and the shape and ori-
entation of rain drops have been well understood. Its equilibrium shape can be
described by an oblate spheroid with well-defined orientation alignment [9], with
which the estimation algorithms for orientation factors can be applied. The mean
axis ratio, a figure of oblateness, has been shown to be related to the drop size by
several function models. Now we can study the features of orientation distribution
related to the drop size. The radar data are from the event on July 21 2000 (see
Fig.4.3) and from another event on June 11 2000 (as shown in Fig.4.21).

To ensure high data quality and pure rain, the following criteria will be en-

forced: altitude less than 1 km (such that rain drops have been fully melted and
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Figure 4.21: A PPI scan of Zj, (dBZ) at low elevation angle for the heavy rain case
on June 11, 2000.

formed with their equilibrium shape), co-polar correlation coefficient larger than
0.96 (in effort to avoid mixed precipitation types), range less than 60 km (to en-
sure good spatial resolution). Moreover, at the low altitudes, the radar echo could
be contaminated with non-hydrometeor targets such as clutter. To avoid clutter,
we also force the range to be larger than 20 km. The last criterion is that the
estimated mean canting angle fall within £20°, which is based on the assumption
that the mean canting angle of rain drops should not vary much from zero. To see
this point, we plot the samples with |G| > 20° in Fig.4.22 from a PPI scan in the
lowest elevation angle for both rain events. It is shown that these samples coincide
with suspicious clutter or regions that are likely to be corrupted with gradient
errors (due to antenna).

The relation between Z;, and Zpp, is plotted in Fig.4.23(a), where the mark ‘x’
and ‘o’ indicate, respectively for the two events, the median value of Zpg falling

inside the individual bin of Zj, and the upper bar represents for the first quartile
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Figure 4.22: PPI plots of Z,, (dBZ) for the data samples with |G| > 20°.

while the lower bar for the last quartile. From Fig.4.23(b), on average the LDR
decreases with increasing Zpg but stabilizes beyond Zpg of 3 dB. In panel (c),
the py increases with Zpg which implies that larger drops are more oriented as
compared with smaller ones. In terms of drop oscillation it means that larger
drops are less susceptible to transverse oscillations as compared to smaller drops.
The larger LD R values for smaller Zpgr may also support the hypothesis of larger
transverse oscillations for smaller drops. To further explore the coupling between
shape and orientation factors for LDR, Fig.4.24 shows the scatter plot of LDR
versus py with Zpg as a grey-scale overlay. The general trend is for LDR to
decrease with increasing p4 but there is also a strong dependence on Zpp.

The observables Z;, and Zpg can be quantitatively used to estimate the rainfall
rate. With the orientation factors estimated, we can take advantage of the direct
solution in linear basis (as shown from (3.47) through (3.50)) to estimate their
intrinsic values. The histogram of obtained Z, bias (Z, — Z1) and Zpg bias (Zpr—
10log,, z) is given in Fig.4.25. Based on panel (a), Z, shows little bias due to
orientation, mostly less than 0.1 dBZ. However, Zpr could be biased a little more

— there are a significant amount of samples with biases between 0.05 dB to 0.15
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Figure 4.24: The scatter plot between LDR and p4 with Zpg (dB) as parameter
indicated in gray scale. Data samples are collected from the event on July 21,
2000.

dB. If the rainfall estimation is based on formula [52],
R(Zh, ZDR) = 6.7 X 10—3 % 100.1*0.927*Zh % 10_0~1*3-433*ZDR (418)

the biases will result in estimation error on rainfall rate, as illustrated in the panel
(c). Due to the negative bias on Zpgr, positive bias shows up on the rainfall
estimation by (4.18). The estimation error is not significant though, mostly within
10% as shown in the histogram. Therefore, the estimation of orientation factors can
potentially help to fine tune the rainfall estimation, even though the adjustment
may not be much for most rain events.

Since the bias on Zppg is usually small for rain, the measured Zpg can be
regarded as its intrinsic value and hence can act as a dimension of oblateness.
The relations between CDR, ORTT/p, and Zpg are illustrated in Fig.4.23(d)

and Fig.4.23(e) respectively. Both plots describe a strong correlation, which is
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Figure 4.25: The histogram of biases due to orientation distribution and the in-
curred estimation error of rainfall rate.
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consistent with the theoretical curves as shown in Fig.4.20. When Zpp is large,
both CDR and ORTT/p, follow as functions of Zpg with small dispersion. Only
when Zpg is smaller than 1 dB, CDR and ORT'T/p, can distribute over a limited

range depending on the value of p., (or the intrinsic counterpart p).
4.5.2 Ice Particles

Fig.4.26 presents a composite RHI scan at 00:53 UTC by the CSU-CHILL
radar for the storm event on July 21, 2000. The contours of Z;, are overlaid on the
plots, from which two strong storm cells can be observed at 25 km and 45 km along
range, with Z), greater than 40 dBZ. Below 2 km in altitude (AGL), Z, for the
two cells increases to more than 50 dBZ and Zpg shows significant positive value
as large as 4 dB. These signatures are representative of large size oblate drops.
From panel (b,d), fairly low values can be read from the corresponding signature
LDR and p,p, which implies that the particles experience light oscillation with
zero mean canting angle. Meanwhile, p., is about 0.97 in the close-in cell and even
lower in the further cell, therefore, the shape of oblate drops may have some degree
of variation or, as a special case, there may exist rain/hail mixture. Between 2
km and 3 km in altitude, the melting level can be clearly observed based on high
LDR (around -20 dB) and relatively low p,, (around 0.94). Above the melting
level, the hydrometeor particles are in ice phase, where Zpg 1s near zero. The
LDR is almost at the same level as that below the melting level, and p,, shows
higher values around 0.98. On the other hand, the coefficient p.; stays below 0.3.
Therefore, the hydrometeor particles at this level, likely graupel, distributed with
highly identical shapes (e.g., conical).

From the constructed linear covariance matrix, the corresponding circular
variables can be readily derived and the orientation factors are estimated through
polarization optimization after the slight antenna polarization errors and the prop-

agation effects are corrected for. These variables are presented in Fig.4.27. Within
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(€) Peo (d) pan

Figure 4.26: Composite RHI scan with radar variables in the linear H/V basis for
a heavy rain event on July 21, 2000 00:53 UTC. The X-axis is the ground distance
(km) from the radar, and the Y-axis is the altitude (km) above ground level (AGL).
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the two rain cells, CDR of -10 dB can be observed from the RHI plot in panel
(a) that mainly attributes to the high oblateness of rain drops (in accordance
with large Zpr). The mean canting angle is estimated within £2° for this region.
Concerning the orientation dispersion py4, it is higher than 0.9 in both cells, im-
plying that the raindrops at low altitudes are oriented with a narrow distribution.
In melting level, since melting occurs and mixed type precipitation exists in this
phase, the particles do not possess well-defined symmetric axes and p4 drops sig-
nificantly. Moving to higher altitude above the rain cells, CD R gradually drops to
-20 dB, while p4 increases up to 0.8. The orientation distribution becomes broader,
while the estimated mean canting angle is still concentrated near zero. The ORTT
combines the shape factors and the orientation dispersion in such a way that ei-
ther nearly spherical particles or isotropic-like orientation could lead to its small
readings. Such signature is very clear in panel (b), where ORTT at low altitude
is as high as 0.8 to 0.9 for raindrops while at high altitude is as low as 0.3.

On June 04, 2001, a severe hail event occurred in the area of Denver Interna-
tional Airport (DIA) with damaging hailstones reported. A composite RHI scan
by the CSU-CHILL radar is given in Fig.4.28 with the conventional linear radar
variables. At the ground distance of 62 km, the radar reflectivity Z, reaches 65
dB, and over this region negative Zpp can be observed, both of which together
imply existence of large wet hail. The high reflectivity extends up to 5 km in alti-
tude and negative Zpg column can be observed. This hypothesis of wet hail could
be supported from high depolarization (LDR) and fairly low co-polar correlation
coefficient (pg,). Those signatures suggest that the hydrometeors in this region
are mainly composed of large hail stones coated with water. At closer range (~
57-60 km), the reflectivity is still high, but Zpg becomes closer to zero an altitudes
above 1 km. The LDR experiences a significant drop to around -23 dB while the

co-polar correlation increases to above 0.97. The hail stones in this region may be

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



132

(¢) Bo(deg) (d) pa

Figure 4.27: Same as Fig.4.26 except with RHI plots of derived radar variables in
the circular polarization basis and estimated orientation factors.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



133

more ‘pure’ and closer to sphere in shape. It is also interesting to note that at the
top of the storm core (7-8 km AGL) above the ground range of 61 km, where Z, is
between 30 and 40 dBZ, the co-to-cross correlation coefficient p,; increases up to
0.6, which is possible when the mean canting angle is not zero. It indicates that

this region probably is composed of oriented ice crystals.

(€) peo (d) pzn

Figure 4.28: Same as Fig.4.26 except depicting for a severe hail storm on June 04,
2001 21:12 UTC.

Such explanation can be enhanced by the derived radar variables as shown in
Fig.4.29 where the RHI scan of circular radar variables and estimated orientation

factors are plotted. At the range of 62 km, large circular depolarization (CDR
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value as high as -8 dB) shows that the shape of particles is very irregular (com-
pared to sphere). At the same time p4 is low which means the particles may be
tumbling or may not possess well-defined symmetric axes. Besides, the estimated
Bo distributes over a large range, within +10°. Moving to the observation closer to
radar, the derived CDR falls to —17 dB. Meanwhile, the estimated p, increases to
about 0.6. Therefore, the hail stones in this region seem to be more spherical and
the orientation becomes much more steady. Note that the co-to-cross correlation
coefficients are very low in both regions. At the top of storm core (7-8 km AGL
near 61 km range), the mean canting angle is discernably off zero by more than
10 degree at some locations, which gives a quantitative description of orientation
distribution for the hypothesized aligned ice crystals. Again, ORTT combines
the effect of oblateness, orientation dispersion, and shape variation. For this hail
storm, it is generally low and provides little discrimination over different hail types
as abstracted from other signatures.

The descriptive analysis above is consistent either based on the conventional
linear polarimetric variables or based on the derived radar variables. It shows that
the “symmetric” model for hydrometeor particles and the estimation algorithms
for orientation distribution actually still work in the ice phase of precipitation.
When studying the properties of the hail storm, the derived CDR and estimated
p4 can even provide supplemental information to improve our microphysical un-
derstanding. In order to obtain a quantitative comparison over these variables, we
select the data samples from several vertical columns and compare the variables
of interest by scatter plots, as shown in Fig.4.30. The three columns separately
correspond to the close-in strong rain cell (presented on above) and the weak rain
cell at range of 60 km from the 21 July 2000 case, and the hail shaft (~ 60-62 in
range) from the 4 June 2001 case. Different markers are used to label different

columns while the gray level is used to represent the altitude (AGL).
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Figure 4.29: Same as Fig.4.28 except with RHI plots of derived radar variables in
the circular polarization basis and estimated orientation factors.
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Figure 4.30: The scatter plots among the conventional linear polarimetric variables
and the derived polarimetric variables. The altitude is represented by the gray
scale; the precipitation samples for heavy rain, medium rain and hail are labelled
by marks ‘circle’, ‘dot’, and ‘square’, respectively.
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Shown in panel (a) is the scatter plot between Z; and Zpg for the there
precipitation types. The dark shaded markers stand for the resolution volumes at
low altitudes. Again, for rain, Zpg is proportionally related to Z,. The lighter
markers illustrate that Zpg for the rain-generating ice particles, independent of
Zy, stays at near constant level. In the melting layer, Zpg varies over a large range
as indicated by gray shaded samples. For hail, Zpgr does not show strong relation
with Z,. Compared to the near constant values at high altitudes, Zpg falls into
a broader range at low altitudes, from -1.5 dB to 0.5 dB. The coupling between
Zpr and Z, demonstrate that this pair of polarimetric variables is able to nicely
discriminate between ice particles and rain drops. This rule is well established by
many previous studies as summarized by Bringi and Chandrasekar in [18].

The scatter plot LDR ~ Z,, is shown in panel (b). For the medium rain,
LDR mostly ranges from -30 dB to -26 dB, and increases by 2 dB for the ice
phase at high altitudes. As for heavy rain, LDR distributes from -29 dB to -24
dB, while it is even slightly lower for the ice particles aloft, from -30 dB to -25
dB. Similarly, such change can be observed for the hail. At low altitude, LDR
for hail varies from -24 dB up to -18 dB but stays at a lower range aloft (-25 dB
~ -22 dB). Generally, this increase in LDR with decreasing height is attributed
to change in dielectric constant. Next go to panel (c) to observe the scatter plot
P4 ~ Zp. For medium rain, p, is estimated larger than 0.8; the estimate of p4 for
the corresponding ice particles is well below 0.8. Concerning heavy rain and the
particles aloft, p4 is still higher than 0.8 at low altitude while mostly decreasing to
0.6~0.85 at high altitude. Lower p; can be read for hail: 0.4 ~ 0.7 at low altitude
and 0.3 ~ 0.6 mostly at high altitude. Therefore, basically, the ice particles aloft
are distributed more randomly in orientation. The estimated p4 generally presents
a better discrimination of particle types. For the rain event, LDR has values from

-30 dB to -25 dB, while p; presents a boundary between ice and water. For the
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hail storm, the boundary is not clear partly due to melting, however, still most
of LDR ranges from -24 dB to -19 dB but p, is smaller for the samples at higher
altitude (light markers always located on the left for same LDR). Of course, given
p4, LDR varies according to oblateness and shape variation (as well as €,). We
believe that the estimated p4 more closely represents the information on orientation
distribution.

The scatter plot CDR ~ Zj, in panel (e) looks similar to that of Zpr ~ Zj
for rain drops. Attention should be placed on the cluster of hail. The hail aloft
has a much lower reading for CDR than hail near the ground. This could be
attributed to melting and the increase in ¢, due to wet hail. For the rain case,
the ice particles above the heavy rain have smaller CDR compared to those above
the medium rain. Also, the corresponding p4 is up to 0.85 indicating that the
ice particles are closer to sphere and they are better aligned in orientation (e.g.,
conical graupel). On the other hand, the ice particles above the medium rain have
higher CDR (by several dB), and lower p4 indicating more irregularly shaped ice
particles. It seems that CDR could provide better interpretation over particle
shapes combining other polarimetric signatures, but it is not sufficient by itself.
One disadvantage of CDR is that CDR cannot distinguish between prolate-like
or oblate-like particles. Since ORTT is known to be related to other factors, it is
not presented. Generally it is below 0.4 for all the ice particles.

The scatter plot Gy ~ Z), is presented in panel (f). For most samples, fy is es-
timated within £10° with a nearly zero mean. It clusters more tightly around zero
for rain drops. This finding to some extent defends the hybrid mode polarimetric
operation [53].

In summary, the estimated p, and derived CDR provides more insight for
interpreting the polarimetric measurement obtained in the linear H/V basis. Es-

pecially, the estimated p; can be used as a substitute for LDR to better represent
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the orientation. Certainly all polarimetric signatures need to be jointly considered
in precipitation type classification, which suggests no improvement of classifica-
tion performance. However, by solving the mutual correlation among polarimetric
signatures, the classification algorithm could be get more simplified and hence im-
proved. Moreover, CDR might be better than Zpgr in representation of shape
distribution, but its proper application requires the support from other signatures,
say ps and pg,. Note that p., as an important dimension is well known to give in-
formation on particle mixtures. While hydrometeor classification is an important

application, its development will not be covered in this dissertation.

4.6 Summary

Calibration over both power and phase of the radar measurement is required
to construct the polarimetric covariance matrix. It is particularly important to
remove the differential phase offsets between two polarization channels for the sake
of orientation factor estimation. A robust phase filtering scheme was presented
based on directional statistics to help determine the phase offsets in the radar
system.

Two rain events were studied to examine the estimation algorithm for antenna
polarization errors. Apparent change of the co-to-cross correlation coefficients was
observed for both cases with large accumulated ®4,. Assuming the mean canting
angle for rain is close to zero, the trends of the coefficients could be attributed to
antenna polarization errors. The estimation algorithm was then applied to selected
set of samples for which the mean canting angle is most likely to be zero and ®g4,, is
small to suppress the possible propagation effect. The obtained error matrix was
used to correct the covariance matrix for the whole volume. After the correction,
“flat” profiles on co-to-cross correlation coefficients were examined compared to

their original profiles.
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The orientation factors were retrieved using three estimation approaches. The
results show that the optimization approach leads to estimate of Fy with smaller
variation and robust estimation of p;. The estimated (B has small bias off zero
before adjustment for antenna polarization errors. After such correction, its mean
is closer to 0. Furthermore, the results by different approaches agree well with each
other after the correction but not before the correction. These observations further
validate the estimation method for antenna polarization errors and the assumption
of zero mean canting angle at least for these two cases.

The basic assumption is that hydrometeors can be described by independent
size, shape and orientation distribution. For different polarimetric variables, the
impact of shape factors and orientation factors was described and compared. It
was found that Z, and p., are relatively less affected by the orientation factors
for precipitation observation, but Zpgr and LDR can be significantly biased by
orientation factors. Especially, LDR is almost equally related to both shape and
orientation factors, which implies there exists much ambiguity in microphysical in-
terpretation using LDR. Compared to Zpr, CDR and ORTT/p, are well known
to be independent of orientation factors, however both of them have strong depen-
dency on the co-polar correlations which seems to limit their advantage.

Application of the derived circular polarimetric variables and estimated orien-
tation factors are sought through case studies. The quantitative rainfall estimation
can benefit from the estimation of orientation factors. The isolation of orientation
factors means the availability of intrinsic shape variables, which will result in fine
tuned estimation of rainfall rate. These derived radar variables show consistent
explanation compared to the standard linear variables even for the ice phase precip-
itation. On some occasion, they may also help us to understand the microphysical
features of precipitation since all the linear polarimetric variables Zp, Zpr, peo

and LDR depend on both shape factors and orientation factors in a complicated
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manner. In particular, compared to LDR, the estimated p, has the potential to

improve the hydrometeor classification.
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Chapter 5

REVIEW AND FUTURE WORK

5.1 Review

In this dissertation, the dual-polarization radar measurement was studied fol-
lowing the radar equation and covariance transformation under different polar-
ization basis. The system issues that affect the polarimetric measurement were
studied under different precipitation types and scenarios. The modelling devel-
oped here is fundamental to polarimetric radar meteorology.

Asin all radar applications, the antenna performance is critical in precipitation
observation. The polarimetric signatures can be significantly contaminated with
spatial distortion induced by antenna patterns, especially due to the sidelobes
of the co-polar patterns, when sharp gradients of radar reflectivity exist. A 2-D
convolution on the spherical surface was used to simulate the radar observation.
Cross-polar coupling makes this convolution model very complicated. To simplify
the model, the cross-polar patterns are assumed to be much lower than the co-
polar patterns even though they could be as high as the co-polar patterns in a few
isolated spots. This assumption would be generally valid and higher-order terms
in the cross-polar patterns can be neglected.

Exact reconstruction of the intrinsic polarimetric signatures is possible only
through deconvolution, which, however, is infeasible with the scanning scheme of

meteorological radar. Instead, we detect the error-prone locations by implementing
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the forward convolution where the measured reflectivities are regarded as its in-
trinsic value. The forward convolution means double convolution. Considering the
narrow, Gaussian shaped co-polar beam patterns within the mainlobe, the double
convolution seems only to introduce little extra error. However, the error detec-
tion does suffer some bias when the differential terms or ratio is utilized, which
will decrease the detection rate and at the same time increase false alarm. Based
on both simulations and real case analysis, the detection methodology works in a
predictable manner. It does provide a facility to help sort out abnormal data. Also
note that the gradient alone is not sufficient for such decision. However, it have to
be mentioned that these unknown factors, such as double convolution and lack of
knowledge of full antenna patterns, limits the usage of this detection methodology
to post-processing.

In the mainlobe, excellent cross-polar isolation and pattern matching can be
achieved with a well-designed antenna while not guaranteed in sidelobe regions.
Plus the sidelobes by themselves could cause substantial errors when large gradients
exist across the beam. Therefore, to improve the measurement, it is essential to
obtain excellent sidelobe performance. This point was emphasized in the process of
antenna upgrade for the CSU-CHILL radar. For accurate cross-polar measurement,
it is preferable to offset the peaks of cross-polar patterns from boresight, but is
not absolutely necessary in the context of distributed targets as long as the related
system limits can be maintained at a reasonable level. It is showed that for the
current antenna of CSU-CHILL, 20 dB cross-beam gradient will result in apparent
artifacts in the polarimetric signatures where the peak sidelobe level is around
-28 dB. With the new antenna, about 10 dB improvement could be expected on
both the peak sidelobe level and the integrated sidelobe level. As a result, the

cross-beam gradient limit would be doubled. Higher confidence level would be
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acquired on the radar measurement with the new antenna which may allow 40 dB
cross-beam gradients.

Without consideration of the gradient problem, the simple matrix form of
the radar equation, which is defined on two-dimensional complex vector space,
precisely describes the system. Also, antenna-induced errors can be calibrated
using its integrated error matrix. Particle canting is equivalent to real rotation on
the vector space; the propagation without attenuation is equivalent to arbitrary
unitary transformation on the vector space; while the antenna errors are equivalent
to non-orthogonal basis transformation.

Assuming the scattering medium is governed by independent size, shape and
orientation distributions and exhibits “mirror” reflection symmetry, it is easy to
separate shape and orientation information from the circular covariance matrix.
It is shown that the retrieval can also be accomplished efficiently from the linear
covariance matrix. Actually, the direct solution using the linear covariance matrix
can solve for the intrinsic shape factors ({|S11|%)/(|S22|?) and (S;1153,)) as well as
the orientation factors (8o and p4). If only unitary basis transformation is involved,
it is apparent that the characterization of the underlying scattering process can be
easily recovered from the measurements. An optimization approach was developed
based on the cross-polar power: the minimal cross-polar power corresponds to zero
mean canting angle and zero ellipticity angle. However, because arbitrary phase
offsets could be applied to the unitary transformation, which changes its polariza-
tion state (x) with same cross-polar power, ambiguities exist and it is impossible
to recover the exact y of the transformation. This leads to two implications: if
x € C, the mean canting angle is not directly related to y and it is not retrievable
with any of the three methods (circular basis, linear H/V basis or optimization).
Otherwise, Gy can be determined from all the three methods. Optimization method

gives best retrieval of p4 and .
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The propagation matrix could be diagonal or non-diagonal in the linear H/V
polarization basis. The effect of diagonal propagation is easily corrected. Since the
propagation may introduce phase shifts, it is imperative to correct the propagation
effect prior to estimating the orientation factors (of the particles in the scatter-
ing volume). Concerning non-diagonal propagation, there is no way to correct its
effect basically because the canting over backscattering and canting over propaga-
tion cannot be separated. However, if attenuation can be neglected, the incurred
transformation is still unitary and thus the optimization approach can be used to
obtain accurate estimation of ps. It is very intriguing to estimate [ in such a
case. The estimation is only possible if the particles are identically distributed.
Otherwise, as shown on circular basis, the estimated angle might be either the
canting angle on backscattering or the net canting angle along propagation or nei-
ther. Again, this reduces the “apparent” advantage of circular basis concerning
orientation estimation. In practice, it is reasonable to assume the net mean canting
angle as zero for rain which means diagonal propagation. For other hydrometeor
types, propagation effect is insignificant, i.e. ®4, is small, such that the net mean
canting angle does not matter too much. For example, reasonable estimates of Gy
can still be obtained for the aligned crystals.

Antenna polarization errors are usually non-orthogonal. A novel estimation
algorithm derived in this work is based on the fact that the cross-polar power in
the principal plane is still minimal over the whole transformation space. For a
well-designed antenna, the polarization errors are small. Statistical fluctuations in
measurement might bury such small errors, therefore, a large number of samples
are required to properly estimate the antenna polarization errors. The samples
used also need to be carefully selected to ensure that the mean canting angle of
the precipitation is close to zero. The new developed method relaxes a couple of

assumptions used in other approaches, e.g. the particle is not necessarily spherical
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and ®g4, need not to be large. Besides, fast algorithm exists for the new method
and the estimation can be computed gate-by-gate.

Assuming the precipitation volume can be described independently by its in-
trinsic shape factors ({|S11]%), (|S22|*) and (S1153,)) and its orientation factors (Go
and p4), all the polarimetric variables in the linear H/V basis relate to both the
shape factors and orientation factors jointly, while those in the circular basis can
separate between shape factors and orientation factors. Specifically, Z;, and p., can
represent the intrinsic shape factors without affecting the interpretation, and Zpg
can present credible value for the ratio of {|S1;|?) and (|S2|?). LDR is caused by
orientation distribution but it also strongly related to the shape factors. Therefore,
the estimated p4 is potentially better than LDR in classification application. How-
ever, the assumption to obtain p4 is already based on two important assumptions
for the scattering medium. If the “mirror” reflection symmetry is not valid, p4 will
not be able to provide isolated information on orientation compared to LDR. This
could be a limitation of using p4 to improve classification. Circular radar variables
CDR and ORTT/p, are independent of orientation factors, but they cannot iso-
late the mean power {|S1;|?) and (|Sa2|?) from the correlation alone. In addition,
according to the analysis over several real cases, the mean canting angle is usually
zero, which further diminishes the advantage of CDR over Zpg. Such limitation
is discussed for application to hydrometeor classification, but the estimated orien-
tation factors and derived circular radar variables are helpful to better understand

the physical properties of meteorological targets.

5.2 Future Work

Since the radar measurements involve convolution of the antenna beam pat-
tern with the scattering medium, an exact inversion involves a deconvolution. De-

convolution is regarded as impossible due to: difficulty in obtaining the full antenna
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patterns (amplitude and phase); rapid changes in the medium; or the sparse an-
gular sampling. If phased array antenna is used, flexible scanning scheme and
fast angular sampling might be attainable. The system model given in section 2.1
already described the convolution/deconvolution process for the dual-polarization
covariance measurement. Inverse algorithm can be developed for incorporating the
polarimetric inverse processing into phase array processing.

An independent approach should be sought to examine the properties of orien-
tation and probably also of shape on practical data (e.g., in-situ airborne imaging
probes). Then, the estimation performance of the developed algorithms for ori-
entation factors can be checked and validated. Even though simulation is used
to validate the algorithm in this work, such validation is not enough when the
algorithms are applied to a variety of precipitation types for the purpose of classi-
fication. Practical measurements from real cases were analyzed in this work, but
that evaluation is based on self-consistency. If airborne data is available for dif-
ferent precipitation types, it is possible to design the classification boundaries and
explore the potential improvement by estimated orientation factors and derived

circular radar variables.
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