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ABSTRACT

INSERTION ALGORITHMS FOR MODULI SPACES OF CURVES

Moduli spaces of curves are geometric spaces whose points parameterize some class of geo-

metric object. Two such examples are the Grassmannian Grpk, nq of k-planes through the origin

and the space M0,n`3 of stable complex curves with n ` 3 marked points. Schubert calculus has

been hugely successful in using combinatorics to understand the geometry and intersection theory

of Grpk, nq. A more recent trend in enumerative geometry has been to extend the techniques of

Schubert calculus to create a similar story for M0,n`3, using new combinatorial techniques to un-

derstand the intersection theory of M0,n`3. This thesis contains two main parts, that each relate

respectively to this story for the two aforementioned spaces.

For our first main result, we give a combinatorial proof of a recent geometric result of Farkas

and Lian on linear series on curves with prescribed incidence conditions. The result states that the

expected number of degree-d morphisms from a general genus g, n-marked curve C to P
r, sending

the marked points on C to specified general points in P
r, is equal to pr ` 1qg for sufficiently

large d. This computation may be rephrased as an intersection problem on Grassmannians, which

has a natural combinatorial interpretation in terms of Young tableaux by the classical Littlewood-

Richardson rule. We give a bijection, generalizing the well-known RSK correspondence, between

the tableaux in question and the pr ` 1q-ary sequences of length g, and we explore our bijection’s

combinatorial properties.

In our second main result, we resolve a question of Gillespie, Griffin, and Levinson that asks for

a combinatorial bijection between two classes of trivalent trees, tournament trees and slide trees,

that both naturally arise in the intersection theory of the moduli space M0,n`3 of stable genus zero

curves with n ` 3 marked points. Each set of trees enumerates the same intersection product of

certain pullbacks of ψ classes under forgetting maps.
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We give an explicit combinatorial bijection between these two sets of trees using an insertion

algorithm that mimics the RSK algorithm for Young tableaux, providing another step towards the

broader goal of developing a combinatorial understanding of the theory of moduli spaces of curves

that mirrors the success of Schubert calculus. We also classify the words that appear on the slide

trees of caterpillar shape via pattern avoidance conditions.
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Chapter 1

Introduction

This thesis is part of a large and growing body of study in algebraic combinatorics in which

geometric problems are solved by way of combinatorial algorithms. Our work is part of a newer

trend in intersection theory, in which the aim is to replicate the success of algebraic combinatorics

in Schubert calculus (concerned with moduli spaces for linear objects) in the setting of curves.

Our first result concerns maps from marked curves into projective space, which can be reduced

to a question involving Schubert calculus. In this case, we utilize the existing theories and combi-

natorial rules to answer the question posed using combinatorial methods. Our second set of results

concerns maps from marked curves into products of projective spaces, in which the questions can

be reinterpreted in terms of counting certain classes of trees. Such a combinatorializing of moduli

spaces of curves was first suggested by Mumford [21], and much progress has been made in recent

years.

More specifically, the goal is to develop combinatorial rules, analogous to the Littlewood–

Richardson rule, for the intersection theory of M g,n and related spaces. We also draw connections

from the new combinatorics developed in pursuit of the above questions with the existing combi-

natorial theories, such as insertion algorithms, pattern avoidance, and graph theory.

This is a promising angle of study because these geometric spaces, while geometrically rich and

interesting in their own right, also possess a lot of combinatorial structure. The combinatorial ver-

sions of these questions are then more tractable, yielding themselves more easily to computations.

This combinatorialization process frequently creates novel connections between combinatorics and

geometry, enriching the body of knowledge of both fields. By combining this with the geometric

perspective, we obtain a more complete understanding of the spaces in question.
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1.1 Schubert calculus and the Grassmannian

Schubert Calculus is the study of intersection questions of linear spaces. For example, the

question “How many lines intersect 4 generic lines in 3-dimensional space?” has the answer 2.

The tools of Schubert Calculus allow us to interpret such questions in the algebraic language of

intersection products in the cohomology ring of the Grassmannian, and then gives us the tools

to answer these questions combinatorially. The Grassmannian Grpk, nq is the space of all k-

dimensional subspaces of the n-dimensional vector space C
n. This is an example of a moduli

space, a space whose points parameterize some class of geometric objects. In this case, the points

of Grpk, nq parameterize k-planes in C
n.

Many questions in intersection theory have answers that are either zero (How many lines pass

through three points in general position?) or infinity (How many lines pass through a given point

and intersect a given line?). It is the remaining cases, where the answer is nonzero and finite, where

we will focus our attention.

The development of Schubert calculus has yielded many connections between algebraic ge-

ometry and algebraic combinatorics. Schubert calculus is the study of the intersections of linear

spaces, and is part of a larger branch of algebraic geometry known as intersection theory.

The combinatorializations of these problems given by Schubert Calculus are in terms of Young

tableaux. A standard Young tableau is a bottom-left justified collection of boxes filled with

integers that increase left to right across rows and increase bottom to top up columns. The question

“How many lines intersect 4 generic lines in 3-dimensional space?” then becomes “How many

standard Young tableaux are there of shape p2, 2q?” The two such tableaux are shown below.

3 4

1 2

2 4

1 3

In [7], Farkas and Lian answer geometrically an enumerative question in the study of curves.

Specifically, suppose C is a complex curve of genus g, and P
r the (complex) projective space of

r dimensions. Additionally, suppose that we have n distinct marked points x1, x2, . . . , xn on our

curve C, and n distinct points y1, y2, . . . , yn in P
r. Then, let Lg,r,d be the number of degree d
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morphisms f : C Ñ P
r, such that fpxiq “ yi for all i “ 1, 2, . . . , n. See Figure 1.1 for a diagram

of an example. The question answered by Farkas and Lian is to find explicit formulas for Lg,r,d in

terms of the parameters g, r, and d.

Remark 1.1.1. Note that we do not list n as a parameter here. This is because this number Lg,r,d

is both finite and nonzero precisely when n “ 1

r
pdr ` d ` r ´ rgq.

x1

x2

x3
x4

x5

deg 3 y1

y2

y3

y4

y5

P
1C

Figure 1.1: Case of g “ 2, r “ 1, and d “ 3. In this case, n “ 1

1
p3 ` 3 ` 1 ´ 2q “ 5.

Farkas and Lian answered this question for three separate cases:

• For d ě rg ` r

• For r “ 1

• For d “ r ` rg

r`1

They found that in the first two cases, the enumeration is Lg,r,d “ pr ` 1qg. In the third case, they

note that the enumeration matches a formula of Castelnuovo [4]:

Lg,r,d “ g! ¨
1! ¨ 2! ¨ ¨ ¨ r!

s! ¨ ps ` 1q! ¨ ¨ ¨ ¨ ¨ ps ` rq!
,

where s “ g

r`1
.

Additionally, they considered a slight variation of this problem. To get this modified problem,

first, set r “ 1. Second, identify some number k of the points yi. That is, set y1 “ y2 “ ¨ ¨ ¨ “ yk

3



2 4 1 3 3 3

1 3 4 1 2 2

1 2 3 0 1 1

1 2 3 4 0 0

Figure 1.2: An example of an L-tableau with parameters g “ 4, r “ 3, and d “ 9.

for some integer 1 ď k ď mintn, du. Let L1
g,d,k be the number of maps f : C Ñ P

1 such that

fpxiq “ yi for all i. Again, the question is to express L1
g,d,k in terms of its parameters g, d, and k.

Here, Farkas and Lian answer the question with an intersection formula on the Grassmannian.

Both problems can be interpreted in terms of intersections of Schubert varieties, which as we

will see in Chapter 3 can be converted into questions about Young tableaux. In the first problem,

Farkas and Lian do this already. They define the structure called an L-tableau with parameters g,

r, and d, and show that the number of the above maps equals the number of these tableaux. See

Figure 1.2 for an example.

Definition 1.1.2. ( [7], reinterpreted in [12].) Define an L-tableau with parameters pg, r, dq to be a

way of filling the boxes of an pr` 1q ˆ pd´ rq grid with rg “red” integers and pd´ rqpr` 1q ´ rg

“blue” integers such that:

• The red integers are left-and-bottom justified, and weakly increase up columns and strictly

increase across rows. They consist of the numbers 1, 2, . . . , g each occurring exactly r times.

• The blue integers, which are necessarily right-and-top justified, are strictly increasing up

columns and weakly increasing across rows. Their values are from t0, 1, ..., ru.

It is shown in [7] that whenever either d ě rg ` r, r “ 1, or d “ r ` rg

r`1
, we have

Lg,r,d “

ż

Grpr`1,d`1q

σ
g
1r

¨

»

–

ÿ

α0`¨¨¨`αr“pr`1qpd´rq´rg

˜

r
ź

i“0

σαi

¸

fi

fl , (1.1)

and that in the first two cases, this formula equals pr ` 1qg.
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Here the notation σ1r is shorthand for σp1,1,1,...,1q where the tuple p1, 1, . . . , 1q has length r, and

σαi
is shorthand for σpαiq. The integral indicates that the sum of products of Schubert cycles in

question expands in the Schubert basis as a constant multiple of

σpd´rqr`1 :“ σpd`1,d`1,...,d`1q,

and the integral is defined to be this constant coefficient. The integral in equation (1.1) is equal to

the coefficient of spd´rqpr`1q in the expansion

s
g
1r

¨

»

–

ÿ

α0`¨¨¨`αr“pr`1qpd´rq´rg

˜

r
ź

i“0

sαi

¸

fi

fl (1.2)

However, their proof is purely geometric in nature, and they leave finding a combinatorial proof

as an open problem. Our first result is a combinatorial proof to a slightly stronger version of the

above fact.

Theorem 1.1.3. The number of L-tableaux with parameters pg, r, dq is pr`1qg whenever d ě g`r.

Our result is a stronger version of theirs, because our proof only requires d ě g`r, as opposed

to d ě rg ` r, and we do not require that d be a multiple of r. We prove this by defining an

intermediary object, as well as a bijection between the L-tableaux and these intermediary objects.

We then apply the RSK correspondence to form a bijection between this intermediary and pr` 1q-

ary sequences of length g, which are enumerated by pr ` 1qg. In the case where r “ 1, our first

bijection is trivial, and the result follows from the RSK correspondence alone.

These results have since been extended in [19], providing a fuller yet combinatorial interpreta-

tion for a wider range of parameters for the maps f : C Ñ P
r.

The corresponding result from [7] for L1
g,d,k is that for k` g ď 2d` 1 and 2 ď k ď d, we have

L1
g,d,k “

ż

Grp2,d`1q

σ
g
1
σk´1

˜

ÿ

i`j“2d´g´k´1

σiσj

¸

´

ż

Grp2,dq

σ
g
1
σk´2

˜

ÿ

i`j“2d´g´k´2

σiσj

¸

. (1.3)
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They leave the enumeration formula for L1
g,d,k as the difference of two Schubert class intersec-

tion formulas shown in equation (1.3). For our second main result, we first provide a combinatorial

interpretation of this expression, and then give an explicit enumeration for this interpretation.

Theorem 1.1.4. If d ě g ` k, we have L1
g,d,k “ 2g.

Our interpretation makes use of similar structures to the L-tableaux above that we call L1-

tableaux (see Definitions 4.3.1 and 4.3.3). Our proof shows that those objects corresponding to

this difference can be reduced to the r “ 1 case of our first result.

1.2 The moduli space of curves and trivalent trees

We also use this recipe for combinatorializing geometric intersection questions on a different

class of moduli space. Next, the geometric objects we parameterize are complex curves with

marked points.

We consider the moduli space of genus 0 curves with n marked points, denoted M0,n. In

particular, a curve C P M0,n is isomorphic to P
1 and consists of the data of n distinct points

p1, p2, . . . , pn P P
1. One characteristic of this moduli space is that it is not compact, which means

we cannot do intersection theory on it. So, geometers prefer to study compactifications of this

space. We denote by M0,n the Deligne-Mumford compactification of M0,n, the moduli space of

stable genus 0 curves with n marked points. Elements of this space now look like trees of P1s

connected at nodes, where the word stable means that for each component, the sum of the number

of nodes and the number of marked points is at least 3.

Given a stable curve C P M0,n`3, we may also consider its dual tree. To form the dual tree to

a curve, create a vertex for each component of C, as well as one for every marked point. Then, for

each marked point, connect its vertex to the vertex corresponding to the component it is contained

in. For each node, connect the vertices corresponding to the two components that intersect at that

node.

Our results add to a large and growing body of study on the connections between combinatorial

algorithms and moduli spaces of curves, aiming to replicate the success of algebraic combinatorics

6



a

b

c

1

2

3

4

a

b

c

1

2

3

4

Figure 1.3: An element of M0,7, along with its dual tree.

in Schubert calculus (concerned with moduli spaces for linear objects) in the setting of curves.

Such a combinatorializing of moduli spaces of curves was first suggested by Mumford [21], and

much progress has been made in recent years.

Some recent work studying the degrees of projective maps on moduli spaces of curves includes

[3, 6, 10, 11, 25]. In particular, [6], [10], and [11] study the Kapranov embedding of M0,n`3 into

P
1 ˆ ¨ ¨ ¨ ˆP

n from a combinatorial perspective using trees and parking functions, [25] uses perfect

matchings to study a map into a product of P1’s given by cross-ratio degrees, and [3] uses a different

class of trees to study more general pullbacks of ψ classes. Work on products of ψ classes in

tropical M0,n include [13, 17].

Here, we consider the Kapranov embedding and unify several of the combinatorial and ge-

ometric understandings of its (multi)degrees. In particular, for a positive integer n, let M0,n`3

be the Deligne-Mumford moduli space of stable genus 0 curves with n ` 3 marked points la-

beled by ta, b, c, 1, 2, . . . , nu. The ith cotangent line bundle Li is the line bundle whose fiber over

C P M0,n`3 is the cotangent space of C at the marked point i. The ith psi class ψi is the first

Chern class of Li. In other words, ψi “ c1pLiq. The ith omega class ωi is defined as the pullback

of ψi under the composition of the forgetting maps that forget the marked points i` 1, . . . , n. The

ω classes give rise to an embedding

Ωn :M0,n`3 ãÑ P
1 ˆ P

2 ˆ ¨ ¨ ¨ ˆ P
n

by Kapranov [15].

7



Let k “ pk1, k2, . . . , knq be a n-tuple of nonnegative integers and assume it is a composition of

n, that is, k1 ` k2 ` ¨ ¨ ¨ ` kn “ n. Choosing n general hyperplanes, ki from the ith term P
i of the

product in the Kapranov embedding, and taking their intersection with the image of Ωn gives the

multidegree of the embedding, denoted degkpΩnq.

Products in the cohomology ring of M0,n`3 of the form ψk :“ ψk1
1

¨ ¨ ¨ψknn and of the form

ωk :“ ωk1
1

¨ ¨ ¨ωknn were studied in [10, 11] and shown to be computable by way of enumerating

certain classes of trees called slide trees Slideωpkq and tournament trees Tourpkq.

Proposition 1.2.1 (From [10] and [11]). Let k be a composition of n. Then,

ż

M0,n`3

ψk “

ˆ

n

k1, k2, . . . , kn

˙

“ |Slideψpkq|

and

degkpΩnq “

ż

M0,n`3

ωk “

〈

n

k1, k2, . . . , kn

〉

“ |Tourpkq| “ |Slideωpkq|.

The coefficients in the third part of the last equality are the asymmetric multinomial co-

efficients, which we define in Section 5.1. Several recent papers [6, 10, 11] have studied these

asymmetric multinomial coefficients from both a geometric and combinatorial perspective. This

forms part of a growing body of work that has been done using combinatorial objects to study the

intersection theory of M0,n.

The original motivation behind the construction of both the tournament and slide trees is the

observation that the total degree of the Kapranov embedding (the sum of the multidegrees) is

p2n´ 1q!! “ p2n´ 1q ¨ p2n´ 3q ¨ ¨ ¨ ¨ ¨ 5 ¨ 3 ¨ 1. However, p2n` 1q!! is also the number of boundary

points in M0,n`3. Since the double factorial arises in both counts, a natural question then is to ask

if there is a way to construct disjoint sets of these boundary points by degenerating the hyperplanes

in the Kapranov embedding, in such a way that the union of the intersection sets is a natural set of

boundary points.

8



a

b

3

2

6 1

5 c 4

Figure 1.4: An example of a tree T P Slide
ωp0, 0, 2, 1, 1, 2q.

In [10, 11], this question was partially resolved in two different ways. One came by combina-

torially constructing disjoint sets of boundary points that numerically matched the multi degrees,

called Tournament trees. The other was by successfully constructing hyperplane degenerations

to obtain sets of boundary points called Slide trees that geometrically enumerate the multidegrees.

The slide trees are also easily obtained by a choice of convention that produces an algorithm for in-

ductively expressing any product of ω classes in terms of boundary divisors, and yet this recursive

procedure does not match the recursion given by the asymmetric multinomial recursion coming

from the string equation.

a

b

c 2

1

3 a

b c 1 2

3 a

b

c 1

2

3

a

b c 3 1

2

a

b 3 c 1

2

a

b 1 c 2

3

a

b 2 c 1

3

a

b

1 2

c

3

a

b c 2 1

3

a

b 3 2 c

1 a

b 1 3 c

2 a

b 2 3 c

1

a

b 1 2 c

3 a

b 2 1 c

3 a

b 3 1 c

2

Tourp0, 1, 2q Tourp0, 0, 3q Tourp1, 0, 2q

Tourp0, 2, 1q

Tourp1, 1, 1q

Figure 1.5: The tournament trees for n “ 3, organized according to which Tourpkq they appear in.
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In addition, neither the slide sets nor the tournament sets satisfy both of the desired criteria. The

slide sets are not disjoint like the tournament trees are, and the tournament sets can not arise from a

degeneration of hyperplanes. The degeneration construction makes the intersection products sim-

ple to compute, while the disjointness of the tournament trees gives them a clear correspondence

to the boundary points of M0,n`3. So, both slide trees and tournament trees have both combinato-

rial and geometric advantages and disadvantages. Therefore, it would be advantageous to have a

natural bijection between these two sets, allowing us to make use of the advantages of each type of

tree. Despite this, finding a combinatorial bijection between these two sets has until now been an

open question. (See Problem 6.1 in [10]).

We illustrate the combinatorial differences between Tourpkq and Slideωpkq in the following

examples for when n “ 3.

Example 1.2.2. When n “ 3, the p2p3q ´ 1q!! “ 5!! “ 15 tournament trees are shown in Figure

1.5, organized according to which composition k they correspond with. As one can see, the sets

are disjoint.

On the other hand, Figure 1.6 shows the slide trees for n “ 3. These sets are heavily overlap-

ping, as while their individual cardinalities still add up to 15, there are only seven distinct trees. In

fact, for any n, the unique tree in Slidep0, . . . , 0, nq will be in the intersection of all Slideωpkq for

that n.

In this paper, we find a direct connection between the slide and tournament trees, thereby

bridging this gap by showing that the slide trees are indeed in natural bijection with disjoint sets of

boundary points (namely the already-constructed tournament trees).

The set CPFpkq above in Proposition 1.2.1 was the first combinatorial interpretation of this

geometric problem, in terms of parking functions [6]. A bijection between Tourpkq and CPFpkq

is given in [11]. Both the parking functions and tournaments interpretations were shown to satisfy

the asymmetric multinomial recursion (5.1) defined in Section 5.1.

We similarly build our bijection recursively, with the main step being to show that |Slidepkq|

also satisfies the same recursion. In particular, we build a bijection between Slideωpkq and a

10



disjoint union of slide sets Slideωpkpjqq for compositions kpjq of n ´ 1, via an insertion algorithm

on Slideωpkq. Then, we can unwind the recursive algorithms for each of Slidepkq and Tourpkq to

recover a full bijection F : Slidepkq Ñ Tourpkq.

Our insertion algorithm works by inserting a new leaf into our tree. Under certain conditions,

we insert it in the position of an existing leaf, and ‘bump’ the original label to a new position. This

in turn may cause a cascade of bumping labels, until we finally bump a label to a new leaf. This is

reminiscent of the well-known RSK correspondence, which inserts labels into tableaux, sometimes

bumping labels out into higher rows, until a label is put in a new box.

Theorem 1.2.3. The map F is a combinatorial bijection between the sets Tourpkq and Slideωpkq.

Our last main result is on caterpillar trees. We say a trivalent tree is a caterpillar tree if its

internal edges form a path (see Figure 1.7). We can form a word from a caterpillar tree by reading

the slide labels defined in Section 5.2, and obtain the following pattern avoidance condition that

generalizes results in [10].

We have a map Tree that, given a word, constructs the slide tree of caterpillar shape whose edge

labels, as read off from the root, form the given word, if such a tree exists. Otherwise, it forms

a

b

c 2

1

3 a

b c 1 2

3 a

b

c 1

2

3

a

b c 3 1

2

a

b 3 c 1

2

a

b 2 c 1

3

a

b 3 2 c

1

Slideωp0, 1, 2q
Slideωp0, 0, 3q

Slideωp1, 0, 2q

Slideωp0, 2, 1q

Slideωp1, 1, 1q

Figure 1.6: The slide trees for n “ 3, organized according to which Slide
ωpkq they appear in.
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a

b

5

4c 3 1 2

3 3 1 5 5

Figure 1.7: An example of a caterpillar slide tree, along with its edge labels

some caterpillar tree that is not a valid slide tree. That is, a word w can be read off of the edges

of a caterpillar slide tree if and only if Treepwq is a valid slide tree. Our result then characterizes

caterpillar trees by way of characterizing these words w.

Theorem 1.2.4. Let k be a right-justified composition of n. Then, Treepwq is a valid slide tree if

and only if w avoids the patterns 2´1´2 and 23´2´1. (See Section 2.3.)

Above, a right-justified composition is a composition where all non-zero entries appear right

of any 0 entries. Otherwise, if k is not right-justified, the set of caterpillar trees can not be char-

acterized solely by a pattern avoidance criterion. We state the characterization result below and

define the terms precisely in Section 8.

Theorem 1.2.5. Let k be a reverse-Catalan composition of n, and let w be a word of content k.

Then the caterpillar tree Treepwq is in Slideψpkq (resp., Treepwq is in Slideωpkq) if and only if w

avoids the patterns 2´1´2 and 23´2´1, and the inequality

TotalRepwpiq ` ℓwpiq ě zpiq

holds for all i (respectively, BigRepwpiq ě zpiq holds for all i).

Here, ℓwpiq is the number of is in the rightmost consecutive group of is in w, TotalRepwpiq is

the total number of repeated letters to the right of the rightmost i in w, and BigRepwpiq is the total

number of repeated letters larger than i to the right of the rightmost i in w.

The results found in Chapters 6–9 first appeared in [23].
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Chapter 2

Combinatorics background

2.1 Young tableaux

Young tableaux are a well studied structure in algebraic combinatorics. We introduce them by

first defining partitions.

Definition 2.1.1. A partition of an integer n is a tuple λ “ pλ1, λ2, . . . , λrq, with the properties

that λ1 ` λ2 ` ¨ ¨ ¨ ` λr “ n, and that λi ě λi`1 for all i. We call r the number of parts of the

partition. We sometimes write λ $ n.

Although tuples are one possible way to denote a partition, it can be useful to have a more

visual depiction of partitions. Using Young diagrams is one common choice.

Definition 2.1.2. A Young diagram is a drawing of bottom- and left-justified unit squares in the

first quadrant. For a particular partition λ $ n, the corresponding Young diagram consists of n

boxes, with λ1 in the first (bottom) row, λ2 in the second (from bottom) row, and so forth.

Example 2.1.3. Below is an example of a Young diagram. It corresponds to the partition λ “

p4, 3, 1q, and has size 4 ` 3 ` 1 “ 8.

One reason we often denote partitions as collections of boxes is so that we can label the boxes.

Such a labeling is called a tableau.

Definition 2.1.4. A semistandard Young tableau is a Young diagram where each box is filled

with a nonnegative integer, where the entry in each box must be strictly greater than the entry in

the box underneath it, and weakly greater than the entry in the box to its left.
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In general, a Young tableau may be filled using any alphabet, but in this thesis we will only

use nonnegative integers. The semistandard condition allows us to repeat entries as we move left

to right across rows, but not as we move bottom to top along columns. We will often refer to the

Young diagram underlying a Young tableau as the shape of that tableau.

Example 2.1.5. Here are two different semistandard Young tableaux of shape p4, 3, 1q.

3 4

2 2 4 3 8 8

0 1 3 3 1 1 7 8

We refer to the multiset of our choice of labels the content of the tableau.

Definition 2.1.6. Given a tuple µ “ pµ1, µ2, . . . , µkq, we say that a tableau has content µ if it has

µ1 boxes labeled 1, µ2 boxes labeled 2, and so on.

Remark 2.1.7. The content of a tableau is not always a partition. For example, the tableau

2 3

1 2

has content p1, 2, 1q, which is not a partition.

Next, we define the related concept of the standard tableau. This is a special case of a semis-

tandard tableau, which is defined by adding additional conditions.

Definition 2.1.8. A standard Young tableau is a Young diagram where each box is filled with a

nonnegative integer, where the entry in each box must be strictly greater than both the entry to its

left and below it, and each integer from 1, . . . , n is used exactly once, where n is the total number

of boxes.

Example 2.1.9. Here is a standard Young tableaux of shape p4, 3, 1q. Each integer 1, 2, . . . , 8

occurs exactly once.
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7

2 5 8

1 3 4 6

We will also consider filling shapes other than full partitions. One way we can vary the shape

of a filling is by removing the shape of a smaller partition from that of a larger one.

Definition 2.1.10. Let λ and µ be two partitions such that λi ě µi for all i. Then, a skew tableau

of shape λ{µ is a semistandard filling of the shape formed by superimposing the shapes of λ and µ

and removing the boxes corresponding to the entries of µ.

Example 2.1.11. Let λ “ p4, 3, 1q and µ “ p2q. Then, the skew shape λ{µ is drawn below on the

left, and a skew tableau of shape λ{µ is given on the right.

1

0 2 2

1 3

We define a canonical way of reading off the entries of a tableau.

Definition 2.1.12. The reading word of a tableau is formed by concatenating the entries of each

row from top to bottom.

Thus, we read off the entries of a tableau in the same way as one would read the words on a

page of a book.

Example 2.1.13. The reading word of the tableau in Example 2.1.9 is 72581346. The reading

word of the skew tableaux in Example 2.1.11 is 102213.

A particular type of tableau that is used for computing intersections of Schubert varieties is

that of Littlewood-Richardson tableaux. To define them, we first need to define what it means for

a reading word to be Yamanouchi.

Definition 2.1.14. A word w “ w1w2 . . . wn´1wnis Yamanouchi if every subword of the form

wkwk`1 . . . wn´1wn has the property that for each i, there are at least as many instances of i as

there are of i ` 1.
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Example 2.1.15. The word 2123121 is Yamanouchi, while the word 1223121 is not. This is be-

cause the subword 223121 contains three 2s, but only two 1s.

Combining these last two definitions, we can now define a Littlewood-Richardson tableau.

Definition 2.1.16. A (skew) semistandard tableau is a Littlewood-Richardson tableau if its read-

ing word is Yamanouchi.

Remark 2.1.17. The condition that there be at least as many total is as total pi ` 1qs means that

µi ě µi`1, where µ is the content of the tableau. Thus, all Littlewood-Richardson tableaux have

partitions as content.

Example 2.1.18. Consider the following two skew tableaux of shape p4, 3, 3, 2, 1, 1q{p3, 3, 2q.

3

2

1 2

1

2

3

2

1 1

2

1

They have reading words 321212 and 321121, respectively. The second is Yamanouchi, while

the first is not. So, only the second one is a Littlewood-Richardson tableau.

2.2 The RSK correspondence

The RSK correspondence is a famous bijection in combinatorics. It is named for the mathe-

maticians Robinson, Schensted, and Knuth. There are several different variations of the correspon-

dence. The most general is between two-line arrays and pairs of semistandard Young tableaux.

Here, we will use use a specialization in which one of the two tableaux is standard, and the pairs

are in bijection with general sequences of length n. We state this version below, without proof.

(See [8] or [26, Ch. 7] for a proof of the correspondence.)

Proposition 2.2.1 (The RSK correspondence for words). Let Apnq be the set of all sequences of

length n and Bpnq the set of all pairs of tableaux pP,Qq, such that P and Q have the same shape
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of size n, P is semistandard, and Q is standard. Then, there exists a constructive bijection between

Apnq and Bpnq.

If we place some restriction on the content of the sequence in Apnq, that imposes the same

restriction on the content of P . This observation leads to the following corollary.

Corollary 2.2.2. LetApr, nq be the set of all sequences of length n from the alphabet t0, 1, . . . , ru.

Let Bpr, nq the set of all pairs of tableaux pP,Qq, such that P and Q have the same shape of size

n, P is semistandard with content from the set t0, 1, . . . , ru, and Q is standard. Then, there exists

a constructive bijection between Apr, nq and Bpr, nq.

We now describe and illustrate the RSK correspondence.

Algorithm 2.2.3. Let w “ w1w2 . . . wn be an arbitrary sequence of length n. Set P and Q to each

be the empty tableau. Then, for each letter wi in order, we do the following:

1. Set r :“ 1, and attempt to insert wi into row r of P .

2. To insert wi into row r, check if either wi is at least as large as the largest entry of row r, or

that row r is empty. If so, add a new box to the end of row r labeled wi, and go to step 4.

3. Otherwise, find the leftmost entry b in row r strictly larger than wi, and ‘bump’ b up one row.

That is, replace the label b with wi, and then insert b into row r ` 1, going back to step 2.

4. Add a new box to Q in the same position as that of the new box that was added to P , and

label it i.

At the end, this will result in two tableaux P and Q with the same shape, and P and Q will be

semistandard and standard, respectively.

Example 2.2.4. Start with the sequence 0, 2, 1, 1, 0, 3, 0, 0, 1. Since P is currently empty, we can

freely add the initial 0 to the first row of P , also creating a box in Q labeled 1. At each step, we

will draw the tableau P on the left, and the tableau Q on the right.
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0 1

The next entry of the sequence is a 2, and since 2 ą 0, we add a box to the right of the 0 and fill it

with 2. Since this is the second entry, we do the same in Q.

0 2 1 2

Next, we try to insert a 1 into the first row of P , but since 1 is larger than 2, we instead ‘bump’ out

the 2. That is, we replace the 2 with 1, then insert the 2 in the first position of the second row. In

Q, that same box is labeled with a 3.

2 3

0 1 1 2

The fourth entry is a 1, and even though this is not larger than the last entry in the first row of P ,

repeated entries are fine, so we add on a second 1 to the end of the row.

2 3

0 1 1 1 2 4

Then, we have another 0, so we bump the first 1 out of the first row. Since this 1 is smaller than the

2 in the second row, it in turn bumps the 2 up into the third row.

2 5

1 3

0 0 1 1 2 4

We continue on in the same manner described above:

2 5

1 3

0 0 1 3 1 2 4 6
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2 5

1 1 3 7

0 0 0 3 1 2 4 6

2 5

1 1 3 3 7 8

0 0 0 0 1 2 4 6

2 5

1 1 3 3 7 8

0 0 0 0 1 1 2 4 6 9

Thus, we are left with the above pair pP,Qq, which do indeed have the same shape, and have that

P is semistandard and Q is standard.

Remark 2.2.5. It is well known (see [8, Ch. 3], for example) that in the RSK bijection, the num-

ber of rows corresponds to the length of the longest increasing subsequence, and the number of

columns corresponds to the length of the longest nondecreasing subsequence.

2.3 Pattern Avoidance

We start by defining the main ideas of classical pattern avoidance, and then define two partic-

ular variants that will show up in this paper. For a more thorough summary of classical pattern

avoidance, we refer the reader to [2].

Definition 2.3.1. A permutation σ contains another permutation τ if σ contains a subword with the

same relative order as τ . Conversely, a permutation σ avoids a pattern τ if σ contains no subword

with the same relative order as τ .

Another way to formulate this concept is via reductions.

Definition 2.3.2. The reduction redpwq of a permutation or word w is the word obtained by

replacing the ith smallest entry of w by i, for all i. If redpwq “ v, we say w reduces to v.
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For example, redp2574q “ 1342. Then, pattern containment can be rephrased as a matter of a

permutation containing a subword that reduces to the desired pattern.

It is common practice to visualize words or patterns by graphing them. This is done by plotting

the points pi, σiq for i “ 1, 2, . . . , n on an n ˆ n grid. We illustrate this in the following example.

Example 2.3.3. The word 14352 contains the pattern τ “ 123, since the subword 135 has the same

relative order as τ “ 123. See the circled entries in the diagram below on the left.

On the other hand, the word σ “ 35214 avoids τ “ 123, since none of its length 3 subwords

are in increasing order. See the diagram below on the right.

Definition 2.3.4. For a pattern τ , we denote the set of permutations of length n that avoid τ by

Avnpτq “ tσ P Sn : σ avoids τu.

Similarly, for a collection of patterns τ p1q, . . . , τ pkq, we define the set of permutations of length n

that avoid each τ piq as

Avnpτ p1q, . . . , τ pkqq “ tσ P Sn : σ P Avnpτ piqq @i P rksu.

Throughout this work, we will primarily be working with words that are not permutations. We

can extend all of these ideas to the case where σ and τ are both words instead of permutations.

Example 2.3.5. The word 24665347 contains the pattern 1221, since it contains the subword 4664,

which has the same relative order as 1221. See the diagram below.
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Notation 2.3.6. We denote the set of words with content k that avoid a pattern τ by Avkpτq, and

similarly for a collection of patterns. Observe that Avp1,1,...,1qpτq “ Avnpτq.

There are two further variants of pattern avoidance that we will define. The first is that of barred

patterns. For a more comprehensive study of barred patterns, see [22].

Definition 2.3.7. Let τ be a word where some letters are barred, and the remaining letters are

unbarred. We call τ a barred pattern. We say that σ contains τ if σ has a subword with the

same relative order as the non-barred letterns of τ that does not extend to a subword with the same

relative order as all of τ . Otherwise, σ avoids τ .

Example 2.3.8. The word σ “ 231456 contains the barred pattern τ “ 231. Although the length-2

subword 23 can extend to the subword 231, the subword 45 (among others) cannot, meaning it is

an instance of a 231 pattern.

On the other hand, the word σ “ 234561 avoids the barred pattern τ “ 231, since any subword

with relative order 23 can be extended, by adding the letter 1 at the end, to a subword with relative

order 231.

Finally, we can also impose adjacency conditions on some entries of our pattern. Such pat-

terns are called vincular patterns. Vincular patterns were first introduced in [1] as generalized

permutations, and a more detailed history on them can be found in [27].

Definition 2.3.9. Let τ be a word of length k with dashes between some entries. We call τ a

vincular pattern. A word σ contains τ if σ contains a subword σ1 that has the same relative order

as τ , and for each i P rk ´ 1s, if the en entries τi, τi`1 in τ are not separated by a dash, then σ1
i and

σ1
i`1

come from adjacent entries σj, σj`1 in σ. Otherwise, we say σ avoids the vincular pattern τ .
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In other words, to contain a vincular pattern, we must have a consecutive subword with the

relative order of the pattern, except that the dashes in the pattern indicate entries that need not

come from consecutive letters of our word.

Example 2.3.10. The word σ “ 32541 contains the pattern τ “ 23´1, since it contains the

subword 251, where the 2 and 5 are adjacent, and 251 has the relative order 231.

On the other hand, although σ “ 43152 contains the classical pattern τ “ 231 (consider the

subword 352), σ avoids the vincular pattern τ “ 23´1, since the 3 and 5 in 352 (as well as the 4

and 5 of 452) are not adjacent.
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Chapter 3

Geometry background

3.1 The Grassmannian and Schubert varieties

Definition 3.1.1. The (complex) Grassmannian, denoted Grpk, nq is the set of all k-dimensional

subspaces of Cn.

One example of a Grassmannian is the projective space.

Definition 3.1.2. The n-dimensional (complex) projective space P
n is the quotient of the space

C
n`1ztp0, 0, . . . , 0qu by the equivalence relation px0, x1, . . . , xnq „ pλx0, λx1, . . . , λxnq, for any

λ P Czt0u.

In other words, we can view projective space as a complex space of dimension one higher,

where we identify points on the same line through the origin. In this way, Pn – Grp1, n ` 1q.

Since we do not care about scaling, we can also view projective space as the set of all ratios on

n ` 1 coordinates, and will denote elements accordingly by px0 : x1 : ¨ ¨ ¨ : xnq.

Example 3.1.3. It is common practice to express elements of projective space in the form where

the first non-zero entry is 1. Consider the space P
2 – Grp1, 3q. We can express each element in

exactly one of the following three forms: p1 : a : bq, p0 : 1 : cq, and p0 : 0 : 1q, where a, b, c P C.

We can conversely embed the Grassmannian into a projective space, but to do so we first need

to introduce the concept of a variety.

Definition 3.1.4. A variety is the set of all common zeros to some collection of polynomials,

usually denoted Vpf1, f2, . . . , frq. In this work, we are interested only in projective varieties.

That is, for given homogeneous polynomials f1, f2, . . . , fr P Prx1, x2, . . . , xns,

Vpf1, f2, . . . , frq “ tpa0 : a1 : ¨ ¨ ¨ : anq P P
n | fipa0 : a1 : ¨ ¨ ¨ : anq “ 0 @ iu.
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A particular element of the Grassmannian Grpk, nq is a k-dimensional subspace of Cn, so we

can think of it in terms of being the span of k vectors of length n. We can arrange these into a

k ˆ n matrix. This allows us to view the Grassmannian as a projective variety via what is known

as the Plücker embedding.

Given an element of Grpk, nq, we can compute all
`

n

k

˘

of the k ˆ k minors. Given a par-

ticular k-element subset ti1, i2, . . . iku Ď rns , the determinant of the matrix given by choosing

columns i1, i2, . . . , ik we call xi1,i2,...,ik . Then, for a fixed ordering of these k-element subsets

K1, K2, . . . , Km (with m “
`

n

k

˘

), we get the Plücker coordinate pxK1
: xK2

: ¨ ¨ ¨ : xKm
q P P

m´1.

Since rescaling any row of our original matrix rescales each determinant equally, this embedding

is well-defined.

Example 3.1.5. Consider the element of Grp2, 4q given by

»

—

–

1 0 4 ´2

0 1 3 2

fi

ffi

fl
.

We then have x12 “ 1, x13 “ 3, x14 “ ´2, x23 “ ´4, x24 “ 2, and x34 “ 2. Then, this element

has Plücker coordinate px12 : x13 : x14 : x23 : x24 : x34q “ p1 : 3 : ´2 : ´4 : 2 : 2q.

As noted above, each point in the Grassmannian may be represented by a k ˆ n matrix. How-

ever, these representatives are not unique. So, to define a canonical form, we choose by convention

the matrix representative that is in reduced row echelon form.

In many contexts, we care less about the exact entries of the matrix corresponding to a point in

the Grassmannian, and more about the locations of the pivot columns.

Definition 3.1.6. A Schubert cell is the set of all points in the Grassmannian whose matrices have

the same row reduced echelon form.

In this way, we can decompose the Grassmannian into the disjoint union of its Schubert cells.
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Example 3.1.7. The matrices

»

—

—

—

—

–

1 5 7 0 6 7

2 4 8 8 2 3

´1 0 ´2 0 1 5

fi

ffi

ffi

ffi

ffi

fl

and

»

—

—

—

—

–

1 0 1 7 0 0

1 ´1 0 0 4 8

1 1 2 3 2 ´1

fi

ffi

ffi

ffi

ffi

fl

represent distinct points in Grp3, 6q, but share the same reduced row echelon form

»

—

—

—

—

–

1 0 ˚ 0 ˚ ˚

0 1 ˚ 0 ˚ ˚

0 0 0 1 ˚ ˚

fi

ffi

ffi

ffi

ffi

fl

,

where ˚ represents an entry that can be any complex number. In other words, they both lie in the

same Schubert cell.

We wish to classify the different Schubert cells of a particular Grassmannian. To do so, we

will relate Schubert cells to partitions. To determine the partition that indexes a particular Schubert

cell, we consider the locations of the pivots. In general, the pivots will occur on the main diagonal,

with a staircase of zeros underneath. However, these are the leftmost possible positions, as one or

more pivots may appear further to the right. For a given row r, the number of extra spaces to the

right of this expected position that the pivot occurs will correspond to the length of the pk ´ rqth

row of the partition.

Example 3.1.8. The point in Grp4, 8q represented by the matrix

»

—

—

—

—

—

—

—

–

1 ˚ 0 ˚ 0 0 ˚ ˚

0 0 1 ˚ 0 0 ˚ ˚

0 0 0 0 1 0 ˚ ˚

0 0 0 0 0 1 ˚ ˚

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

corresponds to the Young diagram below.
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Put another way, if we are given a matrix in the above form with entries that are 0, 1, or ˚, we

can form the tableau by deleting all the pivot columns and turning each 0 entry into a box.

Remark 3.1.9. This does allow for an empty tableau, in the case where the only 0s are all in the

bottom left staircase.

Remark 3.1.10. The largest possible tableau is a kˆ pn´ kq box, which is known as the ambient

rectangle, often calledB. Then, it can be shown that a tableau corresponds to a nonempty Schubert

cell if and only if it fits inside of the ambient rectangle.

We now revisit our definition of Schubert cells.

Definition 3.1.11. For a partition λ with at most k parts and λi ď n ´ k for each i, the Schubert

cell Ω˝
λ is the set of all points in the Grassmannian whose reduced row echelon matrices have forms

corresponding to λ.

Next, we generalize this idea back to the concept of varieties.

Definition 3.1.12. The Schubert variety Ωλ is the set

Ωλ “ tV P Grpk, nq | dimpV X xe1, e2, . . . , en´k`i´λiyq ě iu,

where the ei are the standard unit vectors.

Put another way, the Schubert variety Ωλ is the disjoint union of all Schubert cells whose

tableaux fit inside of λ. In this way, the Schubert variety can be seen as the closure of its Schubert

cell. That is, Ωλ “ Ω˝
λ.

The last related construction we will need is that of the flag.

26



Definition 3.1.13. A (complete) flag is a chain of subspaces

F‚ : 0 “ F0 Ă F1 Ă ¨ ¨ ¨ Ă Fn “ C
n,

where each space Fi has dimension i.

This allows us to define Schubert varieties relative to any basis of Cn, not just the standard

basis. So, we can generalize the definition of a Schubert variety to be

ΩλpF‚q “ tV P Grpk, nq | dimpV X Fn´k`i´λiq ě iu,

for a given flag F‚.

3.2 The Littlewood-Richardson rule for intersecting Schubert

varieties

Recall our earlier discussion on intersection problems, and how we are in particular interested

in when an intersection problem has an answer that is both positive and finite. For the Grassman-

nian, the answer can be related to intersections of Schubert varieties.

Example 3.2.1. This example is problem 3.8(a) from [9].

In P
4, let 2-planes A and B intersect in a point X , and let P and Q be distinct points different

from X . Let S be the set of all 2-planes C that contain both P and Q and intersect A and B each

in a line. Express S as an intersection of Schubert varieties in Grp3, 5q, when P is contained in A

and Q is contained in B.

First, we let F
p1q
‚ and F

p2q
‚ be sufficiently general flags. Then, we will relate F

p1q
‚ to A and

P , and F
p2q
‚ to B and Q. When we projectivize, P becomes 1-dimensional and A becomes 3-

dimensional. So, we are looking for points V P Grp3, 5q that intersect P in at least 1 dimension

and A in at least 2. In other words, V X F
p1q
3

ě 2 and V X F
p1q
1

ě 1. The first equation gives us

i “ 2 and 5´3`2´λ2 “ 3, so λ2 “ 1. The second equation gives us i “ 1 and 5´3`1´λ1 “ 1,
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so λ1 “ 2. Thus, the variety corresponding to A and P is Ωp2,1qpF
p1q
‚ q. Similarly, for B and Q we

get Ωp2,1qpF
p2q
‚ q. To find S, we take the intersection of these two, Ωp2,1qpF

p1q
‚ q X Ωp2,1qpF

p2q
‚ q.

For a given property to be true for “sufficiently general flags”, it means that there must be a

dense open subset of the flag variety for which the given property holds. In the 2-dimensional case

above, it is sufficient to choose transverse flags. That is, choose F
p1q
‚ and F

p2q
‚ such that F

p1q
i and

F
p2q
n´i intersect trivially for all i. We refer the reader to [9] for more details. In this work, we will

always assume that our choice of flags is general enough to ensure that these properties always

hold.

Now we have seen how these intersection questions relate to Schubert varieties, but when

should we expect the answer to be interesting? That is, how can we tell from the varieties when the

answer should be finite and positive? Or, put yet another way, when is an intersection of Schubert

varieties of dimension zero? An intersection

Ωλp1qpF p1q
‚ q X Ωλp2qpF p2q

‚ q X ¨ ¨ ¨ X ΩλprqpF prq
‚ q

is zero-dimensional when
řr

i“1
|λpiq| “ kpn ´ kq. Recall that |B| “ kpn ´ kq, where B is our

ambient rectangle.

We will now digress briefly into the world of algebraic topology. For more details, we refer the

reader to [14].

First, we need the construction of a cell complex.

Definition 3.2.2. A cell complex is a topological space X constructed as follows.

1. Start with a set of points X0, called the 0-skeleton.

2. Given the pn ´ 1q-skeleton Xn´1, we ‘glue’ to it some number of n-cells. That is, we take

the disjoint union Xn´1
Ů

αD
n
α, where Dn

α is some collection of n-cells, and then identify

the boundary of each n-cell with Xn´1. The result is the n-skeleton Xn.
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3. We either terminate after a finite number of iterations, in which case the cell complex is just

X :“ Xn for some n, or we continue infinitely, in which case X :“
ď

n

Xn.

What we will want to do is to build a cell-complex representation of the Grassmannian, and

then take its cohomology ring H˚pGrpk, nqq “
À

H ipGrpk, nqq as the setting where we compute

the intersections.

Remark 3.2.3. When constructing a Grassmannian space, we only make use of even-dimension

real cells (since each complex dimension is made up of two real dimensions), so the odd coho-

mology groups are all 0, and the even cohomology groups are solely determined by the number of

partitions λ of each size that fit inside the ambient rectangle B.

The way this construction works is that we first take X0 to be Ω˝
B. Then, we make X2 by

attaching the Schubert cell corresponding to removing 1 box from B, X4 by attaching the cells

corresponding to both ways of removing 2 boxes, and so on. The final skeleton X2kpn´kq is formed

by attaching Ω˝
H.

Then, the cohomology ring H˚pGrpk, nqq, also sometimes called the Chow ring, will have as

a basis the elements σλ P H2|λ|pGrpk, nqq, where the σλ are indexed by λ that fit inside B.

The intersection of Schubert varieties Ωλp1qpF
p1q
‚ qXΩλp2qpF

p2q
‚ qX¨ ¨ ¨XΩλprqpF

prq
‚ q is equivalent

to taking the product σλp1q ¨ σλp2q ¨ ¨ ¨ ¨ ¨ σλprq in the cohomology ring. In the desired case where

řr

i“1
|λi| “ npn´kq, this product must live insideH2kpn´kq, so it is some multiple of the generator

σB. In other words,

σλp1q ¨ σλp2q ¨ ¨ ¨ ¨ ¨ σλprq “ cB
λp1q,λp2q,...,λprqσB,

for some coefficient cB
λp1q,λp2q,...,λprq .

This coefficient cB
λp1q,λp2q,...,λprq is called a Littlewood-Richardson coefficient, and can be in-

terpreted purely combinatorially.

Definition 3.2.4. A chain of skew tableaux is a sequence of skew tableaux T1, T2, . . . , Tn, where

each pair Ti and Tj are disjoint, and T1 Y T2 Y ¨ ¨ ¨ Y Ti is a partition shape for all i.
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Proposition 3.2.5 (Littlewood-Richardson Rule). Let cν
λp1q,λp2q,...,λprq denote the number of chains

of Littlewood-Richardson tableaux with contents λp1q, λp2q, . . . , λprq and total shape ν. Then,

σλp1q ¨ σλp2q ¨ ¨ ¨ ¨ ¨ σλprq “
ÿ

ν

cν
λp1q,λp2q,...,λprqσν ,

where ν varies over all tableaux that fit inside of the ambient rectangle.

Recall that we are interested in the case where
ř

|λi| “ npn´ kq. So, in this case we can only

have ν “ B, which gives the following corollary.

Corollary 3.2.6. Let cB
λp1q,λp2q,...,λprq denote the number of chains of Littlewood-Richardson tableaux

with contents λp1q, λp2q, . . . , λprq and total shape B. Then,

σλp1q ¨ σλp2q ¨ ¨ ¨ ¨ ¨ σλprq “ cB
λp1q,λp2q,...,λprqσB.

This aligns with our observation from earlier.

Example 3.2.7. Let k “ 4 and n “ 7. If λp1q “ p2, 1q, λp2q “ p1q, λp3q “ p2, 2q, and

λp4q “ p2, 1, 1q, then there are three chains of Littlewood-Richardson tableaux with contents

λp1q, λp2q, λp3q, λp4q that fillB “ p3, 3, 3, 3q. That is, cB
λp1q,λp2q,λp3q,λprq “ 3, so σp2,1qσp1qσp2,2qσp2,1,1q “

3σB.

To show this, we explicitly calculate the number of chains with contents p2, 1q, p1q, p2, 2q, and

p2, 1, 1q.

First, there are two semistandard tableau with content p2, 1q. However,
1 1 2

is not

Yamanouchi, so so we fill the bottom of the ambient rectangle with the only valid tableau of

content p2, 1q.

2

1 1
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Next, there are three places to place a single box such that the shape is still a chain of skew

tableaux.

1

1

1

Then, we must fill in two 1s and two 2s. In the first case, there are three Yamanouchi ways to

do this

2

1 2

1

2

1 2

1

2

2

1

1

In the second case, there are also three Yamanouchi fillings with shape p2, 2q.

2 2

1 1

2

1

2

1

2

1 2

1

In the third case, there are only two Yamanouchi fillings.

2 2

1 1

2

1 2

1

Finally, for the tableaux in the chain, we can distill the above eight cases into four shapes.
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Respectively, we have one instance of the first case above, two of the second and third, and three of

the fourth. However, we cannot fill the first case with content p2, 1, 1q at all, since we have two 1s.

Additionally, the middle two cases can only be filled by
2 3

1 1
and

1 2 3

1
, respectively,

neither of which is Yamanouchi. Thus, all valid fillings are of the fourth case, which is filled by:

1 3

2

1

Thus, there are 3 total valid chains, and c
p3,3,3,3q
p2,1q,p1q,p2,2q,p2,1,1q “ 3.

We now introduce integral notation for 0-dimensional products of Schubert classes.

Definition 3.2.8. Let
řr

i“1
|λpiq| “ kpn ´ kq. Then, we define

ż

Grpk,nq

σλp1qσλp2q ¨ ¨ ¨ σλprq “ C,

where C is the coefficient cB
λp1q,λp2q,...,λprq from Corollary 3.2.6.

Intuitively, what this tells us is that the intersection of the varieties ΩλpiqpF
piq
‚ q will have C

distinct points. This allows us to discuss intersections of Schubert varieties in terms of generators

of the cohomology ring, without having to make any particular choice of flags.

Example 3.2.9. In the above problem, rather than saying that the intersection

Ω2,1pF p1q
‚ q X Ω1pF

p2q
‚ q X Ω2,2pF p3q

‚ q X Ω2,1,1pF p4q
‚ q

has three points in Grp4, 7q, we can just write

ż

Grp4,7q

σ2,1 ¨ σ1 ¨ σ2,2 ¨ σ2,1,1 “ 3.
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3.3 Moduli spaces of curves

We will now discus a much broader class of geometric spaces. Specifically, the spaces we

will be covering going forward are called moduli spaces. Broadly speaking, a moduli space is a

geometric space whose points parameterize some class of geometric objects. In fact, the Grass-

mannian Grpk, nq we covered in the previous two sections is an example of a moduli space, as the

points in Grpk, nq parameterize k-planes in C
n.

Now, however, our geometric objects we will be parameterizing will be complex curves with

marked points. The similarities between such spaces and the Grassmannian are extensive: much

like the Grassmannian, we will construct its cohomology ring and compute zero-dimensional in-

tersection products in that ring by way of counting a class of combinatorial objects.

Definition 3.3.1. Let M0,n be the moduli space of (complex) genus 0 curves with n marked points.

In particular, a curve C P M0,n is isomorphic to P
1 and consists of the data of n distinct points

p1, p2, . . . , pn P P
1.

Definition 3.3.2. Then, let M0,n be the Deligne-Mumford compactification of M0,n, the moduli

space of stable genus 0 curves with n marked points. A boundary curve C P M0,nzM0,n will

instead consist of two or more components, each individually isomorphic to P
1, joined together at

nodes in a tree structure (to keep the total genus 0), with the n marked points distributed between

them. (See Figure 3.1.)

We will often refer to M0,n as the interior of M0,n, and M0,nzM0,n as the boundary. We use

the term special point to mean either a marked point or a node. The word stable in the above

definition means that each component has at least three special points.

Remark 3.3.3. The stability condition above is required because projective transformations on P
1

are determined by three points. That is, for two sets of three distinct points P “ pp1, p2, p3q and

Q “ pq1, q2, q3q, there is a unique automorphism α : P1 Ñ P
1 such that αppiq “ qi for i “ 1, 2, 3.

Thus, stable curves have no nontrivial automorphisms.
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Figure 3.1: An element of M0,n`3 for n “ 4, along with its dual tree.

For more details on the construction and properties of M0,n, we refer the reader to [5] or [18,

Ch. 1].

Remark 3.3.4. Throughout this work, as in [10], we label our marked points by the alphabet

ta, b, c, 1, 2, . . . , nu, and thus will henceforth refer to M0,n as M0,n`3 instead. We will order this

alphabet by a ă b ă c ă 1 ă 2 ă ¨ ¨ ¨ ă n.

Given a stable curve C P M0,n`3, we may also consider its dual tree. To form the dual tree to

a curve, create a vertex for each component of C, as well as one for every marked point. Then, for

each marked point, connect its vertex to the vertex corresponding to the component it is on. For

each node, connect the vertices corresponding to the two components that intersect at that node.

Example 3.3.5. On the left of Figure 3.1 is an example of a boundary curve in M0,7 (so n “ 4).

To its right, we construct its dual tree.

The boundary M0,n`3zM0,n`3 can be divided into different boundary strata. A particular

stratum consists of all curves in M0,n`3 that share the same dual tree. The interior M0,n`3 is a

single stratum, as all interior curves have the star graph as their dual tree.

Example 3.3.6. We now illustrate collisions between points. Let C be the curve on the left of Fig-

ure 3.1. If we allow the marked points b and 3 to collide, they ‘bubble off’ into a new component,

forming the curve shown below on the left. Alternatively, if we collide the marked point 4 with

the node to the component with marked points a and 2, the node itself bubbles off, forming a new

component containing the point 4. The resulting curve is shown below to the right.
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Definition 3.3.7. Define the nth forgetting map πn : M0,n`3 Ñ M0,n`2 as the map that forgets

the marked point n. If this results in a component having less than three special points, we must

stabilize the curve. To do this, if forgetting n results in a component with two nodes and no marked

points, replace that component with a node. If this results in a component with one node and one

marked point, replace it with that marked point.

Definition 3.3.8. Define the nth section map σn : M0,n`3 Ñ M0,n`4 as the section map that

associates to a curve C P M0,n`3 the curve obtained by replacing the marked point n with a node,

connected to a new component containing the marked points n and n ` 1.

The forgetting and section maps are one-sided inverses: πn`1˝σn “ idM0,n`3
.We may compose

these maps as desired: πn´2 ˝ πn´1 ˝ πn :M0,n`3 Ñ M0,n, and so forth.

Example 3.3.9. Let C be the curve in M0,10 shown below.

a b c

1

2

3

4

5

6

7

Then, π4 ˝ π5 ˝ π6 ˝ π7pCq is the curve below on the left, as when we forget the marked points

4, 5, 6, 7, we must stabilize by collapsing the components of C that contained the 5 and 7. Then,

σ3 ˝ π4 ˝ π5 ˝ π6 ˝ π7pCq is the curve to the right, where we take the previous curve and bubble off

the 3 into a new component containing 3 and 4.
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3.4 Psi and omega classes and the Kapranov embedding

We next define certain classes in the cohomology of M0,n`3, as well as the corresponding map

to projective space. For full details, see [15], where Kapranov first defined this map.

Definition 3.4.1. First, the ith cotangent line bundle Li is the line bundle whose fiber over C P

M0,n`3 is the cotangent space of C at the marked point i. Then, the ith psi class ψi is the first

Chern class of Li. In other words, ψi “ c1pLiq.

The corresponding map |ψi| : M0,n`3 Ñ P
n (called the Kapranov morphism) is defined as

follows. On the interior M0,n`3,

|ψi|pCq “

„

pa ´ pb

pi ´ pb
:
pa ´ pc

pi ´ pc
:
pa ´ p1

pi ´ p1
: ¨ ¨ ¨ :

pa ´ pi´1

pi ´ pi´1

:
pa ´ pi`1

pi ´ pi`1

: ¨ ¨ ¨ :
pa ´ pn

pi ´ pn



,

where pj is the coordinate of the marked point j. If we set pa “ 0 and pi “ 8, this reduces to

|ψi|pCq “ rpb : pc : p1 : ¨ ¨ ¨ : pi´1 : pi`1 : ¨ ¨ ¨ : pns.

Next, for a boundary curve C P M0,n`3zM0,n`3, let C 1 be the component of C containing the

point i. Then, consider the coordinates of each special point of C 1. For each marked point j on C 1,

we let qj “ pj be that point’s coordinate in C 1 as normal. However, for j R C 1, we define qj to be

the coordinate of the node connecting the branch of the dual tree containing j to C 1. Then,

|ψi|pCq “ rqb : qc : q1 : ¨ ¨ ¨ : qi´1 : qi`1 : ¨ ¨ ¨ : qns.
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The second type of cohomology classes we need to define are the omega classes, which relate

to psi classes.

Definition 3.4.2. The ith omega class ωi is defined as the pullback of ψi under the forgetting maps

that forget the marked points i ` 1, . . . , n.

Then, the corresponding map to projective space |ωi| : M0,n`3 Ñ P
i is given by |ωi| “

|ψi| ˝ πi`1 ˝ ¨ ¨ ¨ ˝ πn.

Example 3.4.3. Let C be the curve in M0,7 seen in Figure 3.1. Suppose that on the central com-

ponent C 1, the right node has coordinate s, and the point 4 has coordinate t. Then, |ψ1|pCq “ rs :

s : 0 : s : ts and |ω1|pCq “ rs : ss.

We will now combine these Kapranov morphisms together to form two different maps from

M0,n`3 into products of projective spaces.

Definition 3.4.4. The total Kapranov map Ψn :M0,n`3 Ñ P
n ˆ P

n ˆ ¨ ¨ ¨ ˆ P
n is the map given

by

ΨnpCq “ p|ψ1|pCq, |ψ2|pCq, . . . , |ψn|pCqq,

and the iterated Kapranov map Ωn :M0,n`3 ãÑ P
1 ˆ P

2 ˆ ¨ ¨ ¨ ˆ P
n is the map given by

ΩnpCq “ p|ω1|pCq, |ω2|pCq, . . . , |ωn|pCqq.

Unfortunately, Ψn is not an embedding, as it can obscure information about any components

of C that contain no marked points. However, Ωn is an embedding, as paradoxically, strategically

forgetting information allows us to see ‘more’ of the structure of the curve. This allows us to view

M0,n as a projective variety. We illustrate this difference in Example 3.4.5. The iterated Kapranov

map was studied in more detail in [16, 20].

Example 3.4.5. Let C1 and C2 be the two curves in M0,5 shown below, respectively.
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We will compute Ψ2pC1q, Ψ2pC2q, Ω2pC1q, and Ω2pC2q.

First, we will do the total Kapranov maps. Since a, b, c all lie across the same node from 1 and

2, we have Ψ2pC1q “ pr0 : 0 : 1s, r0 : 0 : 1sq and Ψ2pC2q “ pr0 : 0 : 1s, r0 : 0 : 1sq. As one

can see, C1 and C2 are mapped to the same point in P
2 ˆ P

2, so the total Kapranov map is not an

embedding.

On the other hand, when we compute |ω1|, we must first forget the marked point 2 from both

curves, which will collapse the rightmost component of each. Then, we have Ω2pC1q “ pr0 :

1s, r0 : 0 : 1sq and Ω2pC2q “ pr1 : ss, r0 : 0 : 1sq. So, the iterated Kapranov map can distinguish

between C1 and C2.

When we took intersection products over the Grassmannian, our classes were parameterized

by partitions. For the moduli space of curves, we will instead use the closely related objects called

compositions.

Definition 3.4.6. Let k “ pk1, k2, . . . , knq be a n-tuple of nonnegative integers. Then k is a

composition of n if k1 ` k2 ` ¨ ¨ ¨ ` kn “ n.

Definition 3.4.7. Let k be a composition of n. Then, consider the intersection between the image of

Ψn (resp. Ωn) with n hyperplanes, where we choose ki general hyperplanes from the ith component

of the product. Then, the multidegree of Ψn (resp. Ωn) is the number of points in this intersection.

This is denoted as degkpΨnq (resp. degkpΩnq).

It is known (see [5], for example) that when
ř

ki “ n,

degkpΨnq “

ż

M0,n`3

ψk “

ˆ

n

k1, k2, . . . , kn

˙

,
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where ψk denotes the product
ś

i ψ
ki
i .

A similar result for omega classes also exists. It is shown in [6] that when
ř

ki “ n,

degkpΩnq “

ż

M0,n`3

ωk “

〈

n

k1, k2, . . . , kn

〉

.

The coefficients in the third part of the above equality are the asymmetric multinomial coefficients,

which we define in the Section 5.1.

3.5 Hyperplane degenerations and multidegrees

We will now compute products of psi classes explicitly. To do this, we need to make use of one

more cohomology class.

Definition 3.5.1. Define the class of a boundary divisor DpA|Acq as the class of the codimension

1 stratum where the marked points A are separated from the points Ac by a node, where A Ă

ta, b, c, 1, 2, . . . , nu, Ac is the complement of A, and 2 ď |A| ď n ` 1.

We can express psi classes in terms of boundary divisors, following the below formula, where j

and k are fixed and arbitrary, and ˚ varies over all nonempty subsets of ta, b, c, 1, 2, . . . , nuzti, j, ku.

ψi “
ÿ

˚

D
`

i, ˚
ˇ

ˇj, k, ˚c
˘

(3.1)

However, using the above formula to expand products of ψ classes does not in general produce

distinct terms.

Example 3.5.2. Consider the product ψ1ψ2. From the previous discussion, we know the answer is

ż

M0,5

ψ1ψ2 “

ˆ

2

1, 1

˙

“ 2.
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To compute directly, we first use Equation 3.1 to expand ψ1 using j “ a and k “ b:

ψ1ψ2 “
`

Dpab|c12q ` Dpabc|12q ` Dpab2|c1q
˘

ψ2

“ Dpab|c12qψ2 ` Dpabc|12qψ2 ` Dpab2|c1qψ2.

Then, we expand the first two copies of ψ2 using Equation 3.1 and j “ c and k “ 1, and the third

copy using j “ a and k “ b:

ψ1ψ2 “Dpab|c12q
`

Dpc1|ab2q ` Dpac1|b2q ` Dpbc1|a2q
˘

` Dpabc|12q
`

Dpc1|ab2q ` Dpac1|b2q ` Dpbc1|a2q
˘

` Dpab2|c1q
`

Dpab|c12q ` Dpabc|12q ` Dpab1|c2q
˘

“
`

rXT s ` 0 ` 0
˘

` p0 ` 0 ` 0q `
`

rXT s ` 0 ` 0
˘

“2 rXT s ,

where rXT s is the class of the 0-dimensional stratum with dual tree T below.

a

b

1

c2

So, we get twice the class of a point, as desired. However, we obtained the same boundary tree

twice.

So in general, using Equation 3.1 for products of ψ classes results in sums with multiplicity. An

alternative method of computing ψ products with multiplicity-free formulas is given by [10]. Their

method makes use of degenerating hyperplanes in the image of the Kapranov map. We summarize

their methods in the ψ class case, and obverse that the process for ω classes is very similar.

First, define a class of hyperplanes H
ψ
i ptq by

H
ψ
i ptq “ Vppb ` tpc ` t2p1 ` ¨ ¨ ¨ ` tipi´1 ` ti`1pi`1 ` ¨ ¨ ¨ ` tnpnq Ď P

n.
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Then, take a collection of hyperplanes where we take ki from the ith term of the product pPiqn, each

with their own parameter t. Then, if we take the limit as these parameters t go to 0 in a particular

order, we obtain a set of

ˆ

n

k

˙

distinct points corresponding to boundary trees. We illustrate this

process with an example.

Example 3.5.3 (Based on Example 1.7 from [10]). We again consider the product ψ1ψ2 in M0,5.

Recall that Ψ2 is a map M0,5 Ñ P
2 ˆP

2, whose image we coordinatize by rxb : xc : x2s ˆ ryb : yc :

y1s. Our two hyperplanes are xb ` txc ` t2x2 “ 0 and yb ` syc ` s2y1 “ 0. We first take the limit

t Ñ 0, and get the hyperplane xb “ 0. Pulling this hyperplane back along Ψ2 gives us the union of

boundary divisors where the marked points a and b are separated from the point 1 by a node. This

is the union

Dpab|c12q
ď

Dpab2|c1q
ď

Dpabc|12q.

We then map this forward via |ψ2| to the second copy of P2. The images of these three divisors

are given by yb “ 0, yc “ y1, and yb “ yc “ 0, respectively. Generically, the hyperplane

yb ` syc ` s2y1 “ 0 intersects the first two divisors. One can then show that these two intersection

points can be expressed as r0 : ´s : 1s and r´ps2 ` sq : 1 : 1s, respectively. Finally, when we take

the limit as s Ñ 0, we get the points r0 : 0 : 1s and r0 : 1 : 1s. Combining this with the ψ1 part, we

get two points in P
2 ˆ P

2, with coordinates r0 : 0 : 1s ˆ r0 : 0 : 1s and r0 : 1 : 0s ˆ r0 : 1 : 1s. So,

if T1 and T2 are the trees below respectively, then we get that ψ1ψ2 “ rXT1s ` rXT2s.

a

b

2

1c

a

b

1

c2

More generally, [10] uses this process to prove that in A0pM0,n`3q,

ψk “
ÿ

TPSlideωpkq

rXT s,

where Slideωpkq is a set of trivalent trees we will introduce in Chapter 5.
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Chapter 4

Counting L-tableaux using a generalized RSK

We now return to the question posed by Farkas and Lian mentioned in the introduction: Can we

prove Theorem 1.1.3 using combinatorial methods? We will use the tools built up in the previous

two chapters to do this. We will show that the L-tableaux with parameters pg, r, dq enumerate

the integrals Lg,r,d in the Grassmannian, starting from equation (1.1). We will then show that the

L-tableaux are enumerated by pr ` 1qg.

The results in this Chapter first appeared in [12].

4.1 The L-tableaux

Proposition 3.2.5, combined with the fact that the integral in equation (1.1) is the coefficient of

spd´rqr`1 in the corresponding product (1.2), shows that

Lg,r,d “
ÿ

α0`¨¨¨`αr`rg“pr`1qpd´rq

c
pd´rqr`1

p1rq,p1rq,...,p1rq,pα0q,...,pαrq

where the subscripts on the coefficient contain g copies of p1rq. This summation is therefore

the number of ways to form a transposed semistandard Young tableau using each of the numbers

1, 2, . . . , g exactly r times, and then extend it to fill the rest of the pr ` 1q ˆ pd ´ rq grid with

a semistandard Young tableau using the numbers 0, 1, . . . , r in some varying amounts α0, . . . , αr

each.

We restate Definition 1.1.2, this in terms of our new notation.

Definition 4.1.1. An L-tableau with parameters pg, r, dq is a way of filling an pr ` 1q ˆ pd ´ rq

rectangular grid with:

• (The ‘red’ tableau.) A transposed semistandard Young tableau having exactly r copies of

each of the numbers 1, 2, . . . , g. That is, its content is prgq “ pr, r, r, . . . , rq.
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• (The ‘blue’ tableau.) A semistandard Young tableau on the remaining skew shape of boxes,

with values from t0, 1, . . . , ru.

Example 4.1.2. The following is an L-tableau with parameters p4, 3, 9q. We write the “red” num-

bers as black font with a red shaded background for clarity.

2 4 1 3 3 3

1 3 4 1 2 2

1 2 3 0 1 1

1 2 3 4 0 0

Our discussion thus far, starting from Equation (1.1), has shown:

Proposition 4.1.3. The number of L-tableau with parameters pg, r, dq is equal to Lg,r,d whenever

either d ě rg ` r, r “ 1, or d “ r ` rg

r`1
, .

We now show that we can “truncate” by removing some of the right-hand columns of the grid

to reduce to a simpler case.

Lemma 4.1.4 (Truncation). For any g, r, d with d ě g ` r, the number of L-tableaux with param-

eters pg, r, dq is equal to the number of L-tableaux with parameters pg, r, g ` rq.

Proof. Suppose d ě g ` r. Notice that, since it is transposed semistandard, the red tableau has

width at most g, since its bottom row is strictly increasing from left to right and uses only the

numbers 1, 2, . . . , g. Therefore, any column to the right of the g-th column is filled entirely with

blue numbers, which strictly increase up the columns using the numbers 0, 1, 2, . . . , r, necessarily

exactly once since the columns have height r ` 1.

It follows that there is only one way to fill each of the columns to the right of column g, and

these columns therefore do not contribute to the enumeration. We therefore may remove the last

d ´ r ´ g columns and find that the number of L-tableaux with parameters pg, r, dq equals the

number with parameters pg, r, g ` rq.

Lemma 4.1.4 tells us that in order to understand Lg,r,d for d ě g ` r, it suffices to study the

case d “ g ` r. We will restrict to this case throughout the remainder of this chapter.
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Remark 4.1.5. When d “ g` r, the rectangle containing the L-tableaux is size pr`1qg “ rg`g.

The red tableau has size rg and so the blue tableau has size g.

4.2 Enumeration by pr ` 1qg

In this section we prove Theorem 1.1.3. We first define the following sets of tableaux.

Definition 4.2.1. Let TrSSYTpg, rq be the set of all transposed semistandard Young tableaux of

content prgq “ pr, r, . . . , rq and height ď r ` 1.

Note that TrSSYTpg, rq is the set of all possible ‘red’ tableaux in Definition 4.1.1. We will

refer to them as red tableaux throughout this work.

Definition 4.2.2. Define a 180˝-rotated SYT to be the result of rotating a standard Young tableaux

180˝ in the plane. We write SYT180˝

pg, rq for the set of all 180˝-rotated SYT of size g and height

at most r ` 1.

We informally call such tableaux purple tableaux, as they will be used as an intermediate

object relating the red and blue tableaux of Definition 4.1.1.

Example 4.2.3. Below is an example of a purple tableau in SYT180˝

p7, 3q.

7 3 1

6 2

4

5

Given a red tableau, note that each number 1, . . . , g occurs once in every row except one.

Relatedly, a purple tableau in the position of the blue tableau will have each number 1, . . . , g in

exactly one row. This leads us to define a bijection between the two as follows.

Definition 4.2.4 (Red to purple bijection). Let R P TrSSYTpg, rq be a red tableau. We define

a 180˝-rotated tableau ϕpRq in the upper right corner of a rectangle by the following iterative
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process. We add boxes labeled 1, 2, . . . , g in order, where on the ith step we place a box labeled i

as far to the right as possible in the unique row that does not contain an i in R.

Example 4.2.5. If R is the tableau at left below, ϕpRq is shown at right below.

2 4 5 6

1 3 4 5 7

1 2 3 5 6 7

1 2 3 4 6 7

7 3 1

6 2

4

5

We now show ϕ is a bijection. We note that a generalized version of this map was shown to be

a bijection in [24], but we include a direct proof here for the special case that we are considering,

for the reader’s convenience.

Lemma 4.2.6. The map ϕ is a bijection from TrSSYTpg, rq to SYT180˝

pg, rq for all g, r. Moreover,

for any R P TrSSYTpg, rq, the shapes of R and ϕpRq are complementary in an pr ` 1q ˆ g

rectangle.

Proof. We show both statements by induction on g. For g “ 1, the tableau R must be a column

of 1’s of height r, and ϕpRq is a single 1 in the top row. They are clearly complementary in an

pr ` 1q ˆ 1 rectangle (column).

For g ą 1, assume the statements hold for g ´ 1 and let R P TrSSYTpg, rq. Consider the

tableau R1 formed by removing the vertical strip of g’s from R. Let T 1 “ ϕpR1q. Then T 1 and R1

are complementary in an pr ` 1q ˆ pg ´ 1q rectangle by the inductive hypothesis.

By shifting T 1 one unit to the right, we form an empty vertical strip V of size r`1 between the

two tableaux. Then all r of the g’s in R must lie in this strip, and in fact the one remaining square

x must be at the top of some column of V . Then, the square x is precisely the one that we label

g to form T “ ϕpRq starting from T 1, by Definition 4.2.4. Since the entries immediately above

and to the right of x will have entries smaller than g (or x is on the right hand or top edge of the

rectangle), this construction forms a 180˝-rotated SYT T , so ϕ is well-defined and the resulting

pair pR,ϕpRqq is complementary.
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Finally, note that by the induction hypothesis, ϕ is a bijection for g ´ 1, and the possible

squares we can add to T 1 to form g are precisely in bijection with the possible sub-strips of g’s of

the vertical strip V that we may add to R1 to form R. Thus ϕ is a bijection for size g as well.

We now make precise the notion of a “blue tableau” (see Definition 4.1.1).

Definition 4.2.7. Define a 180˝-rotated semistandard tableau, or blue tableau (with parameters

r, g), to be a filling of a 180˝-rotated Young diagram of size g with numbers 0, 1, 2, . . . , r such that

the rows are weakly increasing from left to right and columns are strictly increasing from bottom

to top.

Example 4.2.8. Below is an example of a blue tableau. It has the same shape as the purple tableau

above in Example 4.2.5.

0 2 3

1 2

1

0

Lemma 4.2.9. The pairs of blue and purple tableaux of the same shape correspond to pr` 1q-ary

sequences of length g bijectively, via inverting the entries of the blue tableau (that is, replacing

each entry i by r ´ i), rotating both 180˝, and applying RSK.

Proof. Given a blue tableau S and purple tableau T of the same shape, rotate both by 180 degrees

to form S180 and T 180. Then, T 180 is a standard tableau, which we call Q. We also form a semis-

tandard tableau P out of S180 by inverting its entries; that is, we replace each i in S180 with r ´ i

in P .

Then, pP,Qq is a pair in Bpr, gq (see Corollary 2.2.2), so by the RSK bijection on words, we

have a bijection between these pairs pP,Qq and Apr, gq, which is precisely the set of pr ` 1q-ary

sequences of length g.
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Example 4.2.10. Consider the pair of blue and purple tableaux below.

0 2 3

1 2

1

0

7 3 1

6 2

4

5

The corresponding pair pP,Qq is as follows.

3

2

1 2

0 1 3

5

4

2 6

1 3 7

Then, via RSK, this pair corresponds to the pr ` 1q-ary sequence 3, 2, 2, 1, 0, 1, 3 where r “ 3.

We now have the tools to produce a bijection between L-tableaux and pr ` 1q-ary sequences.

Proposition 4.2.11. The L-tableaux with parameters pg, r, g` rq are in bijection with the pr` 1q-

ary sequences of length g (with letters from the alphabet t0, 1, 2, . . . , ru).

Proof. Each such L-tableau consists of a red tableau and a blue tableau. The bijection follows

from combining Lemma 4.2.6 with Lemma 4.2.9, which provide bijections between red tableaux

with purple tableaux, and between pairs of blue and purple tableaux with pr` 1q-ary sequences of

length g, respectively.

Example 4.2.12. Below is an L-tableau with parameters p7, 3, 10q. From our previous examples,

we see that it corresponds to the pr ` 1q-ary sequence 3, 2, 2, 1, 0, 1, 3.

2 4 5 6 0 2 3

1 3 4 5 7 1 2

1 2 3 5 6 7 1

1 2 3 4 6 7 0

There are pr ` 1qg sequences of length g in the alphabet 0, 1, 2, . . . , r. Combining Proposition

4.2.11 with truncation (Lemma 4.1.4), we get as a corollary Theorem 1.1.3.
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Theorem 1.1.3. The number of L-tableaux with parameters pg, r, dq is pr ` 1qg for all d ě r ` g.

4.3 L1-tableaux and enumeration by 2
g

In this section, we give a tableau interpretation of L1
g,d,k, starting from equation (1.3), and show

that these tableaux are enumerated by 2g to prove Theorem 1.1.4.

Recall that equation (1.3) states that if k ` g ď 2d ` 1 and 2 ď k ď d,

L1
g,d,k “

ż

Grp2,d`1q

σ
g
1
σk´1

˜

ÿ

i`j“2d´g´k´1

σiσj

¸

´

ż

Grp2,dq

σ
g
1
σk´2

˜

ÿ

i`j“2d´g´k´2

σiσj

¸

.

We first give an interpretation of the left hand integral in the equation above.

Definition 4.3.1. A positive L1-tableau with parameters pg, d, kq is a filling of a 2ˆ pd´ 1q grid

with:

• A standard Young tableau of size g in the lower left corner (shaded red),

• A shading of the k ´ 1 rightmost boxes in the top row (gray),

• A skew semistandard Young tableau of the letters t0, 1u on the remaining squares (blue).

By rearranging so that we think of the σk´1 as last in each product, and applying Proposition

3.2.5, we see that the positive term in equation (1.3) is equal to the number of positive L1-tableaux.

Example 4.3.2. Here is an example of a positive L1-tableau with parameters p3, 7, 4q.

3 0 1

1 2 0 0 1 1

The second term in (1.3), which we are subtracting, is similarly given by a set of smaller

tableaux that we call negative tableaux.

Definition 4.3.3. A negative L1-tableau with parameters pg, d, kq is a filling of a 2ˆ pd´2q grid

with:
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• A standard Young tableau of size g in the lower left corner (shaded red),

• A shading of the k ´ 2 rightmost boxes in the top row (gray),

• A skew semistandard Young tableau of the letters t0, 1u on the remaining squares (blue).

Example 4.3.4. Here is an example of a negative L1-tableau with parameters p3, 7, 4q.

3 0 1

1 2 0 0 1

Notice that there exist positive L1-tableaux if and only if pk ´ 1q ` g ď 2pd ´ 1q, which is

slightly stronger than the given condition k` g ď 2d` 1. That is, if k` g “ 2d or k` g “ 2d` 1

we have L1
g,d,k “ 0, so we restrict our attention to the case that k ` g ď 2d ´ 1.

Definition 4.3.5. For fixed g, d, k, write L1
` and L1

´ for the set of positive and negative L1 tableaux

respectively of type pg, d, kq. Also write η : L1
´ Ñ L1

` for the map that takes a negative tableau T

and creates a positive tableau by adding a blue 1 to the end of the bottom row of T and a gray box

to the end of the top row of T .

Our above analysis shows that

L1
g,d,k “ |L1

`| ´ |L1
´|,

and we analyze this difference combinatorially. The definitions above directly show that η is a

well-defined injective map, and so

L1
g,d,k “ |L1

`zηpL1
´q|. (4.1)

The following proposition characterizes the image ηpL1
´q.

Proposition 4.3.6. A positive tableau T is equal to ηpSq for some negative tableaux S if and only

if the bottom row of T contains a blue 1.
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Proof. By definition of η, any tableau in ηpL1
´q has a blue 1 on the bottom right. Conversely, if

the bottom row of T contains a blue 1, then by semistandardness of the blue tableau, the bottom-

rightmost entry is a blue 1 as well, and removing the last column of T yields a negative tableau S

for which ηpSq “ T .

As a consequence of this and equation (4.1), we obtain the following combinatorial interpreta-

tion of L1
g,d,k.

Corollary 4.3.7. The quantity L1
g,d,k is equal to the number of positive L1-tableaux with parameters

pg, d, kq for which the bottom row contains no blue 1 (and hence the only blue numbers in the

bottom row are 0’s).

For sufficiently large d, we can simplify this characterization even further, proving Theorem

1.1.4.

Theorem 1.1.4. If d ě g ` k, we have L1
g,d,k “ 2g.

Proof. Suppose d ě g ` k. Then d ´ 1 ě g ` pk ´ 1q, so the red and gray boxes of any positive

L1-tableau with parameters pg, d, kq cannot share a column. In particular, for any positive tableau

T that has no blue 1 in the bottom row, there are all blue 0’s under the gray squares, and moreover

any remaining columns to the right of the red tableau are uniquely determined (having one 0 and

one 1) as well. Thus the data determining T is entirely contained in its first g columns, which

consists of a red standard tableau Q, and a binary tableau P of the same shape as Q, where P is

obtained by rotating the blue numbers in these columns 180˝ and replacing all 0’s with 1’s and 1’s

with 0’s.

By the RSK correspondence, these pairs pP,Qq are precisely in bijection with the binary se-

quences of length g, and so we have that L1
g,d,k “ 2g as desired.

Example 4.3.8. The tableau below at left is a positive L1-tableau with parameters p3, 7, 4q that

is not the image of η. Since g “ 3, we restrict our attention to the first three columns (second

image below), then consider the associated pair of tableaux of the same shape by rotating the blue
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tableaux and inverting the labels. Finally, this pair corresponds under RSK to a unique length 3

binary sequence.

3 0 1

1 2 0 0 0 0
ÝÑ 3 0 1

1 2 0
ÝÑ

¨

˝

3

1 2
,

1

0 1

˛

‚ ÝÑ 110
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Chapter 5

Combinatorics of asymmetric multinomial

coefficients and slide trees

5.1 Asymmetric multinomial coefficients

The asymmetric multinomial coefficients were originally defined in [6], whose definition we

restate here, using modified notation that matches the indexing used in [11].

Definition 5.1.1. Let k be a composition of n. Let ki be the rightmost 0 in k (we set i “ 0 if there

are no zeroes in k), and let j ą i be a positive integer. Define kpjq to be the composition of n ´ 1

formed by decreasing kj by 1 and then removing the rightmost 0 (which is either in position j or

i) from the resulting tuple. Then, the asymmetric multinomial coefficients
〈

n

k

〉

are defined by

〈

1

1

〉

“ 1 and the recursion
〈

n

k

〉

“
n

ÿ

j“i`1

〈

n ´ 1

kpjq

〉

. (5.1)

Notably, if k “ p1, 1, . . . , 1q, then
〈

n

k

〉

“ n!, and if k “ p0, . . . , 0, nq, then
〈

n

k

〉

“ 1.

Example 5.1.2. We compute the coefficient
〈

4

1,0,2,1

〉

:

〈

4

1, 0, 2, 1

〉

“

〈

3

1, 1, 1

〉

`

〈

3

1, 0, 2

〉

“ 3! `

〈

2

1, 1

〉

“ 3! ` 2! “ 8.
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Example 5.1.3. We compute the coefficient
〈

4

0,1,2,1

〉

:

〈

4

0, 1, 2, 1

〉

“

〈

3

0, 2, 1

〉

`

〈

3

1, 1, 1

〉

`

〈

3

0, 1, 2

〉

“

〈

2

1, 1

〉

`

〈

2

0, 2

〉

` 3! `

〈

2

0, 2

〉

`

〈

2

1, 1

〉

“ 2! ` 1 ` 3! ` 1 ` 2! “ 12.

Note that in this case, the asymmetric multinomial
〈

4

0,1,2,1

〉

is equal to the corresponding symmet-

ric multinomial coefficient
`

n

0,1,2,1

˘

. (In fact, this will happen any time that k is right-justified, that

is, where all entries that are zero occur before all non-zero entries.)

Definition 5.1.4. Let k “ pk1, k2, . . . , knq be a composition of n. We say that k is reverse-Catalan

if for all i, kn´i`1 ` ¨ ¨ ¨ ` kn´1 ` kn ě i.

Proposition 5.1.5 (Corollary 4.14 from [6]). The coefficient
〈

n

k

〉

‰ 0 if and only if k is reverse

Catalan.

Several different combinatorial objects are counted by the asymmetric multinomial coefficients.

The first one that we discuss are a variant of parking functions called column-restricted parking

functions. First, we define parking functions.

Definition 5.1.6. A Dyck path is a lattice path from p0, nq to pn, 0q consisting of n unit-length

right steps and n unit-length down steps, that stays weakly above the diagonal y “ n ´ x. A

parking function is a labeling of the down steps of a Dyck path with the numbers 1, 2, . . . , n,

such that in each column, the labels increase from bottom to top. We call n the semilength of a

parking function, and denote the set of semilength n parking functions by PFpnq.

We label the columns of a parking function P from left to right. We now restate the definitions

of dominance and of column-restricted parking functions found in [6] and [11].

Definition 5.1.7. Let P P PFpnq be a parking function. For a label x P rns in column j of P ,

we say x dominates a column i ą j if x is larger than every entry of i. (This includes empty
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columns.) We define the dominance index dP pxq of x to be the number of columns to the right of

x dominated by x.

Definition 5.1.8. Let P be a parking function where dP pxq ă x for all x. Then P is a column-

restricted parking function. We denote the set of such parking functions by CPFpnq Ď PFpnq.

We may also write PFpkq or CPFpkq to denote the set of parking functions or column-restricted

parking functions with ki down-steps in column i, respectively.

Example 5.1.9. Below is an example of a parking function P P PFp0, 1, 1, 0, 1, 3q. The dominance

indices of P are dP p1q “ 0, dP p2q “ 2, dP p3q “ 0, dP p4q “ 3, dP p5q “ 0, and dP p6q “ 0. Since

dP p2q ě 2, P is not a column-restricted parking function.

4

2

1

6

5

3

Secondly, [11] defines a set of trivalent trees Tourpkq, called tournament trees, which are

defined via a process called lazy tournaments and are also counted by the asymmetric multinomial

coefficients.

Definition 5.1.10 (Definitions 1.2 and 1.4 from [11]). Let T be a leaf-labeled trivalent tree. The

lazy tournament of T is a labeling of the edges of T computed as follows. Start by labeling each

leaf edge (that is, an edge adjacent to a leaf vertex) by the value on the corresponding leaf. Then

iterate the following process:

1. Identify which pair ‘face off’. Among all pairs of labeled edges pi, jq (ordered so that

i ă j) that share a vertex and have a third unlabeled edge E attached to that vertex, choose

the pair with the largest value of i.
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2. Determine the winner. The larger number j is the winner, and the smaller number i is the

loser of the match.

3. Determine which of i or j advances to the next round. Label E by either i or j as follows:

(a) If E is adjacent to a labeled edge u ‰ j with u ą i, then label E by i. (We say i

advances.)

(b) Otherwise, label E by j. (We say j advances.)

We then repeat steps 1–3 until all edges of the tree are labeled.

Finally, for any weak composition k “ pk1, . . . , knq of n, define Tourpkq be the set of trivalent

trees whose leaves are labeled by ta, b, c, 1, . . . , nu, in which the leaf edges a and b share a vertex,

and each label i ě 1 wins exactly ki times in the tournament.

We refer to case 3.(a) above as the laziness rule.

Example 5.1.11. Consider the trivalent tree T below on the left. Initially, the three pairs available

to face off in the lazy tournament are p2, 7q, p3, 5q, and p1, 4q. Of these, p3, 5q is the one with the

largest smaller value. So, 5 is the winner of the first match. In this case, the next label is c, which

is smaller than both 3 and 5. So, 5 advances and labels the next edge. Second, 2 and 7 face off.

Since there are no labeled edges adjacent to the next unlabeled edge E, 7 advances. Then, 1 and 4

face off, and 6 wins. In this case, since the next label 6 is greater than 1, the laziness rule applies,

and 1 advances instead of 4.

In a similar fashion, 1 and 6 face off with 6 advancing, then c and 6 face off and c advances

by the laziness rule. Finally, c and 7 face off and 7 advances. The results of this tournament are

shown below in the center tree.

Finally, we bold the labels that won each match-up below in the right image. Thus, we see that

T P Tourp0, 0, 0, 1, 2, 2, 2q.
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a

b

2 7

c

3 5

6 1

4 a

b

2 7

c

3 5

6 1

4

7 c 6 1

7 c

5

a

b

2 7

c

3 5

6 1

4

7 c 6 1

7 c

5

Finally, there is a second class of trivalent trees that are also counted by the asymmetric multi-

nomial coefficients. These are called slide trees, denoted Slideωpkq. These were originally defined

in [10], and we describe them in detail in the next subsection. Putting this all together, we have the

following proposition, where the last three equalities come from [6], [11], and [10], respectively.

Proposition 5.1.12. Let k be a composition of n. Then,

degkpΩnq “

〈

n

k

〉

“ |CPFpkq| “ |Tourpkq| “ |Slideωpkq|.

The third and fourth objects above are two different sets of trivalent trees. This leads naturally

to the following combinatorial question:

Question 5.1.13 (Problem 6.1 from [10]). Find a combinatorial bijection between the sets Tourpkq

and Slideωpkq.

5.2 Slide trees

We now recall the definitions of Slideψpkq and Slideωpkq given in [10].

Definition 5.2.1. A tree T is at least trivalent or stable if every non-leaf vertex has degree at least

3. A tree T is trivalent if every non-leaf vertex has degree exactly 3.

Comparing this to our definition of stable curves, we see that a curve C is stable precisely when

its dual tree is stable. Let T be a stable tree with leaves labeled by a ă b ă c ă 1 ă 2 ă . . . ă n.

For i P rns, let vi be the vertex adjacent to the leaf i.
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Definition 5.2.2. For a fixed i P rns, let Bra be the branch at vi containing a, and ea the edge

connecting Bra to vi. Let m be the minimal leaf label of T zpBra Y tiuq, and Brm be the branch at

i containing m.

Definition 5.2.3. We define an i-slide on a stable tree T as follows. Add a vertex v1 in the middle

of edge ea. Reattach the branch Brm to be rooted at v1. Leave Bra and the branch that is just i as

is. For all other branches of T at vi, either leave them rooted at vi, or reattach them to be rooted at

v1. Denote the set of trees obtained this way as slideipT q.

For an example of i-slides, see Example 3.5 from [10]. Note that in order for the result of an

i-slide to be stable, at least one branch (besides i) must remain at vi. In particular, if degpviq “ 3,

then slideipT q “ H.

Definition 5.2.4 (ψ slide rule). Define Slideψpkq as the set of all stable trees obtained by the

following process.

1. For step i “ 0, start with ˙.

2. For steps i “ 1, . . . , n, perform ki i-slides to all trees obtained in step i ´ 1 in all possible

ways.

Definition 5.2.5 (ω slide rule). Define Slideωpkq as the set of all stable trees obtained by the

following process.

1. For step i “ 0, start with �.

2. For steps i “ 1, . . . , n:

(a) Consider the set of all trees formed by attaching the leaf i to a non-leaf vertex of a tree

obtained in step i ´ 1 in all possible ways.

(b) Perform ki i-slides to all trees obtained in (a) in all possible ways.
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This definition is motivated by the work in [10] involving hyperplane arrangements that we

discussed in Section 3.5.

Alternatively, we define a procedure known as the k-slide labeling algorithm, which is a method

for determining whether a given tree is in a given slide set. Theorem 3.14 from [10] states that a

tree T is in Slideωpkq (resp. Slideψpkq) precisely if it admits an ω (resp. ψ) k-slide labeling.

So, instead of computing an entire slide set using Definition 5.2.4 or 5.2.5, we can instead use

Definition 5.2.6 to test whether a particular tree is in a particular slide set.

Definition 5.2.6. Define the ω (resp. ψ) k-slide labeling of a stable tree T as the result of the

following procedure, if it finishes. (Otherwise, the k-slide labeling does not exist.)

0. Start with ℓ “ n.

1. Contract labeled edges. Let T 1 be the tree formed from T by contracting all internal labeled

edges.

2. Identify the next edge to label: Let e be the first unlabeled internal edge on the path in

T 1 from the leaf ℓ to a. (If no such edge exists, then the process terminates and no k-slide

labeling exists.) Let vℓ be the vertex adjacent to ℓ, and va be the other vertex of e.

3. Verify that label is valid. Let mℓ be the smallest leaf label among all branches of vℓ not

containing a or ℓ, and ma as the smallest leaf label among all branches of va not containing

a or ℓ. In the ω case (resp. ψ case), if ℓ ě mℓ ě ma (resp. mℓ ě ma), then label e with ℓ.

Otherwise, the process terminates.

4. Iterate. If ℓ has labeled fewer than kℓ edges, repeat this process with the same ℓ. Otherwise,

decrement ℓ. If ℓ “ 0, then we have successfully constructed the k-slide labeling of T .

Example 5.2.7. Consider the tree below on the left. As we perform the first round of the ω

p0, 0, 2, 1, 1, 2q-slide algorithm, we have ℓ “ 6, and try to label the edge above the leaf 6. We

have mℓ “ 1 and ma “ c, so since c ă 1 ă 6, we label this edge 6, as shown below on the left.

Continuing this process, we end up with the labeling on the right.
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a

b

3

2

6 1

5 c 4
6

a

b

3

2

6 1

5 c 4
6

6 5 3 4 3

As a consequence of Proposition 5.1.5, we known that Slideωpkq is nonempty if and only if k

is reverse Catalan. This can easily be shown combinatorially, as there is a tree T that is in every

nonempty slide set for a particular n, which we illustrate in the next example.

Example 5.2.8. The tree below lies in Slideωpkq for all reverse-Catalan k. This is because the

reverse-Catalan condition ensures that the edges are labeled in order from right to left.

a

b c 1 2 n− 2 n− 1

n

Another known fact about caterpillar trees is the characterization of the their edge labels in the

case where k “ p1, 1, . . . , 1q, which we restate below. This result is Proposition 6.2 from [10],

which we restate here with modified notation. Recall Definition 2.3.9 for an explanation of the

notation 23´1.

Proposition 5.2.9 (Proposition 6.2 from [10]). Let Catωp1, 1, . . . , 1q Ď Slideωp1, 1, . . . , 1q be the

subset of trivalent trees that correspond to caterpillar curves. For each tree T P Catωp1, 1, . . . , 1q,

define the word wpT q by reading the labels in the slide labeling of T from left to right. The set of

words twpT q : T P Catωp1, 1, . . . , 1qu are precisely the 23´1-avoiding permutations of length n,

and in fact the words wpT q are all distinct.

We generalize this result to when k is not the all 1’s composition in Chapter 8.

5.3 Combinatorics of slide trees

In this section we define several useful characteristics of slide trees and summarize notions that

we will use throughout the rest of this work.
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Definition 5.3.1. For k a composition of n, define maxzeropkq to be the largest z P rns such

that kz “ 0. If k “ p1, 1, . . . , 1q, set maxzerop1, 1, . . . , 1q “ c or maxzerop1, 1, . . . , 1q “ 0 as

appropriate in the given context.

Note that in [6], maxzeropkq was called ik.

Definition 5.3.2. For a reverse-Catalan composition k, define zpiq :“ #tj ą i | kj “ 0u.

Notation 5.3.3. In order to maintain clarity between edge and leaf labels, we use bolded labels for

the edges of a tree and nonbolded labels for the leaves of a tree, such as x vs x.

Recall that in a trivalent tree, every vertex either has degree 1 (a leaf) or degree 3. We call an

edge an internal edge if it connects two non-leaf vertices. A leaf of a slide tree will always be

adjacent to exactly one internal vertex. It is useful, however, to consider when two leaves are as

close to each other in a tree as is possible. For a leaf i, call its unique neighbor vi. We say two

leaves i and j are adjacent if vi “ vj . That is, i and j are adjacent (in the traditional sense) to the

same internal vertex. For a leaf i in a trivalent tree, exactly one of the following will occur:

• The leaf i is adjacent to another leaf j, and vi has one internal edge.

• The leaf i is adjacent to no other leaves and vi has two internal edges.

In a slide tree, the leaves a and b are always adjacent. We treat the collection of a, b, va “ vb,

and the two edges between them as the root of a tree.

Notation 5.3.4. We standardize our drawings of trees by always drawing them with the root on

the left, with the internal edge coming out of va pointing to the right. In this way, when we say

something is left of a leaf/edge/etc, we mean ‘towards the root’, and when we say right, we mean

‘away from the root’.

Definition 5.3.5. Let T be a trivalent tree whose set of internal edges of T form a path.We call T

a caterpillar tree. We define the subset of slide trees that are also caterpillar trees by Catωpkq Ď

Slideωpkq (and equivalently for Catψpkq).
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With the root on the left, all the internal edges of a caterpillar tree are drawn horizontally. It is

then natural to treat the edge labels of a caterpillar tree as a word, read off from left to right.

Example 5.3.6. The tree below is a tree in Catωp0, 0, 1, 2, 1, 2q, drawn along with its edge labels

from the slide algorithm. With the root drawn on the left, it is natural to read off the word 546643

from the edge labels.

a

b 5 c 1 6 4 2

3

5 4 6 6 4 3

We say ‘the branch starting at edge e’ to refer to the collection of all edges and vertices (in-

cluding e itself) on the opposite side of e as the root.

Example 5.3.7. Consider the tree T below on the left, and let e be the bolded edge. Then, the

branch starting at e is the branch below on the right.

a

b

c 1

2

4

3 2

4

3

c 1

Similarly, we can consider the maximal branch that contains some leaf j but not some other

leaf i. For example, in Example 5.3.7 above, the branch B on the right is the maximal branch of T

that contains 3, but not 1, since adding any additional edges to B would necessarily add the edge

to the left of e, which would also add the leaves c and 1.

Definition 5.3.8. For a branch B of a slide tree, let minpBq denote the minimal leaf label in B.

Next, we prove a number of basic facts about slide trees. We state these in terms of ψ-slide

trees, but the statements are all also true for ω-slide trees, as a result of the following lemma.

Lemma 5.3.9. Let k be a composition of n. Then, Slideωpkq Ď Slideψpkq.

61



Proof. This is an immediate consequence of the definition of the ψ and ω k-slides. (See Definition

5.2.6.)

Although a slide tree, as originally defined, only has labels on its leaves, there is a unique edge

label for each internal edge as given by the k-slide algorithm. Thus, throughout this work we will

view a slide tree as consisting of the data of the underlying graph, along with both leaf and edge

labels.

Lemma 5.3.10. Let i be a leaf of a tree T P Slideψpkq. Then, all edges labeled i must lie on the

path from i to a.

Proof. This is immediate from Definition 5.2.6.

Lemma 5.3.11. Let v be a vertex of T P Slideψpkq that is adjacent to three internal vertices x, y,

and z. Let x be the edge towards a, and suppose (without loss of generality) that y ě z. Then, the

slide labeling algorithm will always label the three edges in the order y, then x, then z.

Proof. By Lemma 5.3.10, we cannot have y “ z, so we must have that y ą z. Thus, since the slide

labeling algorithm uses labels in decreasing order, y is labeled before z. For the rest, it suffices to

show that x is labeled second.

We can never label x first, since with neither y and z contracted, there is no leaf for the label

x to come from. Suppose instead that x were labeled last. Let B and C be the branches starting

at y and z, respectively. When y slides, since x is still not contracted, the algorithm will compare

minpBq against minpCq, so we must have minpBq ą minpCq. Similarly, if x is still not contracted

when z slides, we will also require that minpCq ą minpBq. These cannot possibly both be true at

once, so we have a contradiction. Thus, x also cannot be labeled last.

So, regardless of the exact labels involved, there is only one order we can label the three edges

around an internal vertex. If we additionally consider the relative order of the three labels, we see

that z must always be a unique label, while y can either be equal to or larger than x. The two

options are shown in the figure below. As a consequence, we have the following corollary, which

says that these are the only two types of internal vertices.
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1

a

b

2 2. . . . . .

...

1

a

b

2 3. . . . . .

...

Corollary 5.3.12. Let v be a vertex of T P Slideψpkq that is adjacent to three internal vertices x,

y, and z. Let x be the edge towards a, and suppose (without loss of generality) that y ě z. Then,

either x “ y ą z, or y ą x ą z.

Intuitively, these two types of internal vertices correspond to 2´1´2 patterns and 23´1 pat-

terns, respectively, appearing in the words corresponding to a tree.

Lemma 5.3.13. Let v be a vertex of T P Slideψpkq that is adjacent to three internal vertices x, y,

and z. Let x the edge towards a, and z the unique smallest edge given by Corollary 5.3.12. Let B

be the branch starting at x, and B1 the branch starting at z. Then, minpBq P B1.

Proof. By Lemma 5.3.11, y slides first out of x, y, and z. Let C be the branch starting at y.

When y slides, it will compare then minimal element of C to that of B1. So, we must have

minpB1q ă minpCq, which must mean that minpBq “ minpB1q.

Remark 5.3.14. Given the edge labels of a slide tree, we can find the location of the leaf c. Starting

at the root, walk down the internal edges until the labels weakly increase or we reach a branch. If

we reach an ascent in the edge labels, the leaf between them is c, or else the larger edge (or the

right one in the case of a tie) cannot slide. If we reach a branching vertex first, then by Lemma

5.3.13 it must be down the branch with the smaller edge. Then, we can repeat this process with

that branch until we reach a weak ascent across a leaf, or the end of a branch.

Our last result for this section is only for the case of ω-slide trees.

Lemma 5.3.15. Let i be a leaf of a tree T P Slideωpkq such that vi has two internal edges. Call

these edges x and y, with x the edge towards a. If i “ x, then x ą y.
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i

a

b

i ă i. . . . . .

Proof. We can not have y “ x “ i, since that would contradict Lemma 5.3.10. So, we must show

that if x “ i, we can not have y ą x. So, let x “ i and suppose instead that y is larger than x.

Then, y slides before x in the slide labeling. Let B be the branch starting at y. When y slides,

since x has not yet slid, y will compare the minimal leaf of B to i. For y to be a valid slide, we

must have minpBq ą i. However, then when i later slides down edge x, it will need to compare

minpBq with something further down the tree. Since minpBq ą i, this is an invalid slide, since it

violates the definition of an ω-slide in Definition 5.2.6. Thus, for T to be a valid ω-slide tree, we

must have y ă x.
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Chapter 6

The case k “ p1, 1, . . . , 1q

We will now demonstrate our iterative bijection in the case k “ p1, 1, 1, . . . , 1q, we can express

the iterative bijection more directly. Recall Proposition 5.2.9, in which [10] define a bijection

between Catp1, 1, . . . , 1q and the set of 23´1-avoiding permutations. Our work in this section will

extend this map to a full bijection between Slideωp1, 1, . . . , 1q and Sn.

Definition 6.0.1. Let τ P SnzAvnp23´1q. We call x, y, z the earliest instance of 23´1 if τ “

wxyuzv, where w, u, and v are (possibly empty) words, x, y, and z form a 23´1 pattern, and τ

has no instances of 23´1 that either use letters from w, or use x, y, and a letter from u.

Next, we define the map φ that tells us how to read a word (a permutation, in fact) off from the

edge labels of a p1, 1, . . . , 1q-slide tree.

Definition 6.0.2. We define the map φ : Slideωp1, 1, . . . , 1q Ñ Sn as follows. Consider a slide tree

T P Slideωp1, 1, . . . , 1q along with its edge labels given by the slide labeling algorithm. Then, let

T 1 be the tree obtained by deleting the leaves and leaf edges of T , rooted at the vertex adjacent to a

in T . (In other words, we record the slide labels and then delete all leaves and non-internal edges.)

Note that T 1 is an at-most-trivalent tree.

Next, starting at the root of T 1, read off and record the edge labels of T 1 in order from left to

right. When a degree 3 vertex is reached, recursively apply this same process to both branches B

and B1, where B is the branch with larger minimal label. Then, take the words obtained from B

and B1 and concatenate them in that order to the word obtained thus far for T 1. Since the content

of the edge labels is p1, 1, . . . , 1q, and this process reads off each edge exactly once, the resulting

word is an element of Sn.

Definition 6.0.3. Define ELn to be the set of rooted edge-labeled trivalent trees with n internal

edges labeled by rns (and unlabeled leaves).
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We define the map ν : Avnp23´1q Ñ Catωp1, 1, . . . , 1q to be the leaf labeling algorithm

defined in Definition 6.3 of [10]. Each tree in its image is a valid caterpillar slide tree. Note that

this map coincides with the the map Treepq from which we define later in Section 8, when restricted

to permutations that avoid the pattern 23´1.

Definition 6.0.4 ( [10], Definition 6.3). Let w be a 23´1-avoiding permutation. Define the tree

Tw to be the tree constructed as follows: First label the internal edges of a caterpillar tree by

w1, . . . , wn from left to right, and label the leftmost two leaves a, b. Then label the remaining

leaves n, n ´ 1, n ´ 2, . . . , 1, c in descending order via the following rule:

At step n ´ i, let j be the edge label just to the right of edge n ´ i (if such an edge j exists).

Case 1: If j ă n ´ i, then label the leaf just to the right of n ´ i by n ´ i.

Case 2: If j ą n ´ i or j does not exist, label the rightmost unlabeled leaf to the right of n ´ i by

n ´ i.

Finally, label the remaining unlabeled leaf by c.

We wish to extend the map ν to a map ρ : Sn Ñ Slideωp1, 1, . . . , 1q. We first define a map

ρ̂ : Sn Ñ ELn, and then show that each tree in the image ρ̂ has a unique leaf labeling that obtains

its edge labels under the slide labeling algorithm, and thus ρ̂ induces the map ρ.

Definition 6.0.5. Define ρ̂ : Sn Ñ ELn as follows. If τ P Avnp23´1q, we let ρ̂pτq “ νpτq (that

is, the caterpillar tree whose edge labels read from left to right as τ ). Otherwise, let x, y, z be the

earliest 23´1 pattern in τ , and w, u, v be words such that τ “ wxyuzv. Then we construct ρ̂pτq

as follows. Start with the caterpillar subtree ρ̂pwxq. Then, to the internal vertex furthest from the

root, we replace the two external edges with the two subtrees ρ̂pyuq and ρ̂pzvq.

Notation 6.0.6. Throughout this section, we use the abuse of notation ρ̂pwq, where w is a subword

of a permutation, to denote the tree formed by applying ρ̂ to the reduction redpwq, then relabeling

the result to have the same labels as the entries of w.

Definition 6.0.7. Given τ P Sn, define ρpτq to be the unique element of Slideωp1, 1, . . . , 1q whose

p1, 1, . . . , 1q-slide labeling admits the same edge labels as ρ̂pτq.
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Theorem 6.0.8. For any τ P Sn, there is exactly one tree of Slideωp1, 1, . . . , 1q that admits the

edge labeling ρ̂pτq. In other words, ρ : Sn Ñ Slideωp1, 1, . . . , 1q is well-defined.

Proof. We prove this result in Section 9.1.

Example 6.0.9. Let τ “ 853769421. Then, ρ̂pτq is the tree

8 5 3 7 6 9

2

1

4

The earliest instance of 23´1 in τ is the subword 372, so w “ 85, x “ 3, y “ 7, u “ 694, z “ 2,

and v “ 1. Then, the trees A “ ρ̂ptxyuq and B “ ρ̂ptxzvq are the trees drawn below, respectively.

8 5 3 7 6 9

4

8 5 3

2

1

Then, inductively we know that A and B have unique leaf labels that give these edge labelings.

8 5 3 7 6 9

4

a

b 8 5 c 7

3 4

9

6

8 5 3

2

1

a

b 8 5
2

3

c 1

Then, we can piece the leaf labels back together.

8 5 3 7 6 9

2

1

4

a

b 8 5 7

3 4

9

6

2

c 1
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Thus, ρpτq P Slideωp1, 1, 1, 1, 1, 1, 1, 1, 1q.

Theorem 6.0.10. The maps φ and ρ are inverse bijections.

Proof. Since Sn and Slideωp1, 1, . . . , 1q are finite sets of the same cardinality, it suffices to show

that φpρpτqq “ τ for all τ P Sn.

We do induction on the number of internal vertices of ρpτq. If τ P Avnp23´1q, then φpτq is a

caterpillar tree with edge labels in the same order as the letters in τ . So, φ starts at the root of ρpτq

and reads off the edges in order, recovering τ .

Otherwise, let τ “ wxyuzv, such that x, y, z is the earliest instance of 23´1. Then, ρpτq can

be partitioned into the subtrees ρpwxq, ρpyuq, and ρpzvq, where ρpwxq is caterpillar and ρpyuq and

ρpzvq are rooted at the end of ρpwxq. Since x is the minimal leaf of ρpyuq and z ă x, we will read

ρpyuq before ρpzvq when we apply φ to ρpτq. Since ρpyuq and ρpzvq have strictly fewer internal

vertices, by are inductive hypothesis φpρpyuqq “ yu and φpρpzvqq “ zv. So,

φpρpτqq “ wxφpρpyuqqφpρpzvqq “ wxyuzv “ τ

as desired.
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Chapter 7

The main bijection

In this section, we answer Question 5.1.13 by generalizing what we did in Chapter 6 to all k.

Recall the asymmetric multinomial coefficients
〈

n

k

〉

. They satisfy the recurrence relation given

in Definition 5.1.1, which is discussed in more detail in [6]. It was already shown in [11] that

Tourpkq satisfies Equation 5.1.

Definition 7.0.1 (Definition 3.11 from [11]). Define πlazy : Tourpkq Ñ
š

jąiTourpk
pjqq as follows.

Let T P Tourpkq and consider the pair pi, jq in the tournament of T that faces off first, with j ą i.

Let v be the vertex adjacent to i and j.

• If kj ą 1, then define πlazypT q to be the tree formed by labeling v by j, removing the leaves

and leaf edges of i and j, and decreasing all of the labels i ` 1, i ` 2, . . . , n by 1.

• If kj “ 1, then define πlazypT q to be the tree formed by labeling v by i, removing the leaves

and leaf edges of i and j, and decreasing all of the labels j ` 1, j ` 2, . . . , n by 1.

The two cases above correspond to whether or not the laziness rule applies to the first round of

the tournament. They show in [11] that this map is well-defined, and is in fact a bijection. This

then proves that the sets Tourpkq satisfies Equation 5.1. We now wish to show combinatorially that

the sets Slideωpkq satisfy the same recursion.

We will show this as follows. In [6], it was shown that the coefficient
〈

n

k

〉

is equal to a sum

of terms
〈

n´1

kpjq

〉

for compositions kpjq of n ´ 1. We will define maps σ̂i,j and σ̂i from Slideωpkpjqq

to Slideωpkq, along with inverses π̂i,j and π̂i. Then, we will show that these maps are injective and

none of their images overlap, so the collection of these maps together defines a bijection between

Slideωpkq and the union of the sets Slideωpkpjqq. Then, we can find the word corresponding to a

tree T recursively as follows. Knowing that T is in the image of exactly one map σ̂‚, one can find

which edge of T was added by σ̂‚, and find its label under the ω k-slide labeling algorithm. Then,

the word for T is that edge label appended to the end of the word for π̂‚pT q.
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7.1 Preliminaries

This technique relies on having a means of determining which image of a map σ̂‚ a given tree

T is in. This is done by the map lastpT q, which we now define.

Definition 7.1.1. Let T P Slideωpkq, and B be a branch of T . Let i and j be the smallest and

second smallest leaves of B, respectively. Then, define min2pBq to be the largest branch of B

containing j but not i.

Definition 7.1.2. Define the map last : Slideωpkq Ñ rns as follows.

1. For a given T P Slideωpkq, let B be the largest branch of T that has maxzeropkq as its

smallest leaf.

2. If B has at least two leaves, replace B with min2pBq.

3. Repeat Step 2 until B has a single leaf.

4. Define lastpT q to be the single leaf of B.

Remark 7.1.3. Note that since T is a finite tree, this process terminates after a finite number of

steps. Secondly, since the new B must always contain the leaf j, every step gives a nonempty

branch of T . Thus, we will always end up with a branch containing a single leaf, so the map

lastpT q is well-defined.

Example 7.1.4. Consider the following tree T P Slideωp0, 0, 1, 1, 2, 2q.

a

b c 1 5 2

7

4

3 6

We will compute lastpT q. First, maxzerop0, 0, 1, 1, 2, 2q “ 2, so our initial B is the branch below

on the left, since making it any larger would add the leaf 1 ă 2.
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5 2

7

4

3 6 3 6

Then, we apply min2 to B once to get the largest branch containing 3 but not 2, shown above on

the right. Finally, applying min2 a second time yields just the leaf 6, and so lastpT q “ 6.

Lemma 7.1.5. For any T P Slideωpkq, lastpT q ą maxzeropkq.

Proof. Let z “ maxzeropkq. It is clear that lastpT q ě z. We show that lastpT q ‰ z. To do so, it

is enough to demonstrate that the initial branch B contains at least two leaves.

If z is adjacent to another leaf, then since z does not slide, the other leaf x must label the

adjacent edge, and for x to slide we must have z ă x. So, at a minimum, B contains both of the

leaves z and x. Alternatively, suppose z is between two edges x and y, with x on the path towards

a. Since z does not slide, x ď y, so y slides before x. For this to be a valid slide, z must be smaller

than everything on the branch starting at y, and so B will include all of this branch.

Thus, the initial branch B will contain at least two leaves. So, min2 will be applied at least

once, and thus lastpT q ą z.

Lemma 7.1.6. The map lastpT q returns a leaf j adjacent to another leaf i with j ą i.

Proof. We first show that last cannot return a leaf that is between two edges. Suppose instead

that lastpT q “ j is a leaf between two edges x and y, where x is the edge towards a. As shown

in the previous proof, the initial branch B has more than one leaf, so min2 is applied at least

once. Consider the state of B just before the last time min2 is applied. Since B is a branch, and

B contains j and at least one other leaf, B must include the whole branch starting at x. Then,

since min2pBq is just j, j must be the second smallest leaf of B, and the smallest leaf l must be

in the branch starting at y. Since y slides, we have y ą l. By Lemma 5.3.15, if j “ x, then

j “ x ą y ą l, which contradicts that j is the second smallest leaf of B. So, j ‰ x. Then,

x ď y, so y slides before x. However, y cannot slide from l to j since l ă j. Thus, we have a
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contradiction, so lastpT q “ j does not lie between two edges, and instead is adjacent to another

leaf i.

Finally, we must show that the leaf i that is adjacent to lastpT q “ j is smaller than j. This

follows immediately from the fact that the only way for min2 to separate j from i is if for some

branch, i is the smallest leaf and j is the second smallest leaf. Thus, j ą i.

7.2 The map σ̂i,j

In the next two subsections, we define the two maps σ̂i,j and σ̂j , which we give this name to

be reminiscent of the section maps defined in Section 3.3. These maps take a slide tree T and add

an additional edge j to create a larger slide tree. The map σ̂j corresponds to the case in Definition

5.1.1 where we delete a 1 in position j of k, and σ̂i,j corresponds to the case where we subtract 1

from an entry greater than 1 in position j, and delete the rightmost zero in position i ă j. We will

also show that lastpσ̂‚pT qq will always return the label of the edge added to T by σ̂‚.

Definition 7.2.1. Let k be a reverse-Catalan composition of n, j, and i be integers such that

maxzeropkq ă i ă j ď n ` 1, and k1 be the composition of n ` 1 obtained from k by insert-

ing a zero between ki´1 and ki, and then increasing the jth entry of the result by 1. Note that using

the notation from Definition 5.1.1, k “ k1pjq. We define the map σ̂i,j : Slide
ωpkq Ñ Slideωpk1q as

follows.

1. Given a tree T P Slideωpkq, add 1 to all leaf (and edge) labels greater than or equal to i.

2. On the path from a to j, consider the maximal length decreasing sequences of edge labels.

3. LetB1, B2, . . . , Bl be the branches of T off of this path that lie between these maximal length

decreasing sequences, and Bl the branch immediately next to leaf j. (See Figure 7.1 for an

example.) Note that some (or all) of these branches may consist of a single leaf, and there

may be additional branches that connect to this path in the middle of a decreasing sequence.

4. For r P rls, let mr :“ minpBrq.
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a

b 14

c 1

2

4 12

13

6 10

5 11

8 9

7
14 5 6 13 10 7 11 8

1 4

12

10 9

B1

B2

B3

B4

Figure 7.1: A slide tree in Slide
ωp1, 0, 1, 1, 1, 1, 1, 1, 2, 1, 1, 1q with the labels ě 3 incremented by 1. In

this case, j “ 7.

5. As we will show in Lemma 7.2.4, we need only consider the following three cases for the

ordering of m1, . . . ,ml, i, and j. For each case, we say how to get σ̂i,jpT q:

• ml ă i ă j or ml´1 ă i ă j ă ml: Replace the leaf j by an edge labeled j with leaves

j and i.

• m1 ă ¨ ¨ ¨ ă md´1 ă i ă md ă ¨ ¨ ¨ ă ml ă j: Replace the leaf md by i, md`1 by md,

and so on, replace ml by ml´1, and replace leaf j by an edge j with leaves j and ml.

• m1 ă ¨ ¨ ¨ ă md´1 ă i ă md ă ¨ ¨ ¨ ă j ă ml: Replace the leaf md by i, md`1 by md,

and so on up to replacing ml´1 with ml´2, then replace leaf j by an edge j with leaves

j and ml´1.

Note that the first case is actually subsumed by the second two cases, but we write it out

separately for clarity and to make the proofs clearer.

Remark 7.2.2. In this definition, and as necessary throughout this section, we use the abuse of

notation of using the same label to refer to a tree T P Slideωpkq as to the tree after having some of

its leaf and edge labels changed in Step 1 of Definition 7.2.1.

Example 7.2.3. Consider the tree T P Slideωp1, 0, 1, 1, 1, 1, 1, 1, 2, 1, 1, 1q depicted in Figure 7.1.

We will demonstrate how we construct the tree σ̂3,7pT q. The figure depicts T after we have already

incremented all the leaf and edge labels greater than or equal to 3 by 1. Then, the maximal de-

creasing sequences of edge labels from a to 7 are p14, 5q, p6q, p13, 10, 7q, and p11, 8q. Then, l “ 4
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and the branches B1, B2, B3, B4 are as depicted in the figure. Their minimal leaves are m1 “ c,

m2 “ 2, m3 “ 5, and m4 “ 8. We have c ă 2 ă i “ 3 ă 5 ă i “ 7 ă 8, so d “ 3 and we are

in the third case of Step 5. Thus, we replace 5 with 3 and 7 with an edge 7 with leaves 7 and 5 to

form σ̂3,7pT q P Slideωp1, 0, 0, 1, 1, 1, 2, 1, 1, 2, 1, 1, 1q:

a

b 14

c 1

2

4 12

13

6 10

3 11

8 9

14 5 6 13 10 7 11 8

1 4

12

10 9
5

7

7

To show that our map σ̂i,j is well defined, we first must demonstrate a few facts about the leaves

m1, . . . ,ml, which we do in the next two lemmas.

Lemma 7.2.4. Let j be a leaf of T P Slideωpkq, and let B1, . . . , Bl and m1, . . . ,ml be as in

Definition 7.2.1. Then,

(1) m1 “ c,

(2) m1 ă m2 ă ¨ ¨ ¨ ă ml, and

(3) ml´1 ă j.

Proof. For part (1), consider the path from a to B1. Since the sequence of edge labels decreases,

any leaves here must be the same as the adjacent edge label. For any internal vertex v between a

and B1, the edge going towards B1 must be the smallest edge adjacent to v, so c cannot be down

any branches that split off here by Remark 5.3.14. Then, where B1 splits off, if B1 has any edges,

the edge at the base of B1 must be smaller than the two edges on the path from a to j by Lemma

5.3.11, so it must contain c by Remark 5.3.14. If B1 is just a leaf, then it must be c anyway, or else

the edge to its right (which slides before the one to the left) is unable to slide. This proves Lemma

7.2.4(1).

For claim (2), suppose instead that there is some d for which md ą md`1. Then, the edge

on the path from a to j immediately to the right of Bd cannot slide, as it would be comparing
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something to its right that is at most md`1 to md, but we assumed that md ą md`1. Thus, we must

instead have that m1 ă ¨ ¨ ¨ ă ml.

Finally, for (3), the proof follows identically to that of (2): if ml´1 ą j, then the edge to the

right of Bl´1 cannot make a valid slide, so we do not have a valid slide tree, and we must have that

ml´1 ă j.

Corollary 7.2.5. As a consequence, we must have either ml ă i ă j, ml´1 ă i ă j ă ml,

m1 ă ¨ ¨ ¨ ă md´1 ă i ă md ă ¨ ¨ ¨ ă ml ă j, or m1 ă ¨ ¨ ¨ ă md´1 ă i ă md ă ¨ ¨ ¨ ă j ă ml.

Thus, the three cases in Step 5 of Definition 7.2.1 are the only three cases to consider.

Lemma 7.2.6. Let j be a leaf of T P Slideωpkq, let B1, . . . , Bl and m1, . . . ,ml be as in Definition

7.2.1, and let s P t2, 3, . . . , lu. If s ă l, or s “ l and j ą ml, then ms is the smallest leaf on the

maximal branch containing ms but not ms´1.

Proof. We prove this Lemma in Section 9.2.

Theorem 7.2.7. The map σ̂i,j is well-defined.

Proof. We prove this result in Section 9.2.

Lemma 7.2.8. For k a composition of n and T P Slideωpkq, lastpσ̂i,jpT qq “ j.

Proof. If T 1 “ σ̂i,jpT q, then maxzeropk1q “ i. Let l, d, B1, . . . , Bl, and m1, . . . ,ml be as in

Definition 7.2.1. We first show that the maximal branch of T 1 containing i as its smallest leaf

(i.e. the branch B in Step 1 of Definition 7.1.2) is the maximal branch not containing Bd´1.

Clearly it can be no larger than this, as i ą md´1. By Lemma 7.2.6, md is the smallest leaf in the

corresponding branch in T . So, since i ă md, i is the smallest leaf on this branch in T 1.

Next, we iteratively apply min2 to B. Since md is smaller than every leaf of B except i,

min2pBq is the largest branch of T 1 containing md but not i. Then, since for s ě d, the leaf ms in

T 1 is labeled ms`1 in T , the same process will repeat, until we are left with the maximal branch

with minimal leaf either ml (in Case 2 of Step 5 above) or ml´1 (in Case 3 of Step 5 above). If

we are in Case 2, then j and ml are the only two leaves left in B, so applying min2 one last time
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leaves just the leaf j. In Case 3, applying min2 one more time leaves us with just j, since j ă ml.

Note that we do not include Case 1 here, since it is covered by Cases 2 and 3. In any case, we get

that lastpσ̂i,jpT qq “ j.

Next, we show that σ̂i,j is injective by building an inverse map π̂i,j that undoes σ̂i,j . From

the definition of σ̂i,j , in σ̂i,jpT q the leaf j is adjacent to some other leaf v and an edge labeled j.

Secondly, i is the largest leaf label of σ̂i,jpT q that does not slide. Bearing that in mind, we now

define the inverse map π̂i,j .

Definition 7.2.9. Define

π̂i,j : σ̂i,jpSlide
ωpkqq Ñ Slideωpkq

as follows. For T P σ̂i,jpSlide
ωpkqq, lastpσ̂i,jpT qq “ j by Lemma 7.2.8. Let v be the leaf adjacent

to leaf j.

If v “ i, then replace the branch consisting of the edge j and leaves j and i with the leaf j.

Then, subtract 1 from all labels in T greater than j. Define π̂i,jpT q to be the result.

Otherwise, v ‰ i, so define branches B1, . . . , Bl and leaves m1, . . . ,ml as in Definition

7.2.1. (Note: Since σ̂i,j does not change any edges, but does shuffle the leaf labels, the branches

B1, . . . , Bl are the same in T and σ̂´1

i,j pT q, but the leaves m1, . . . ,ml may be different.) By defini-

tion of σ̂i,j , there is some leaf md such that md “ i. If ml ă j, replace leaf ml with v and ml´1

with ml. Otherwise, replace ml´1 with v. Then, regardless, replace ml´2 with ml´1, and so on,

until we replace md “ i with md`1. Next, replace the branch consisting of the edge j and leaves

j and v with a leaf j. Then, subtract 1 from all labels in T greater than i. Define π̂i,jpT q to be the

result.

Lemma 7.2.10. For T P Slideωpkq, π̂i,jpσ̂i,jpT qq “ T .

Proof. It is clear from the construction of σ̂i,j and π̂i,j that π̂i,j undoes the changes made by σ̂i,j to

T .

As an immediate consequence, we get the following corollary.

Corollary 7.2.11. The map σ̂i,j is injective.
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7.3 The map σ̂j

In this subsection, we define the other map from Slideωpkq into Slideωpk1q, along with its

inverse. This one corresponds to the case in the asymmetric multinomial recursion where we

decrement a 1 in position j, thus removing the 0 that then appears in that position. Hence, this map

uses only one subscript.

Definition 7.3.1. Let k be a reverse-Catalan composition of n, j an integer such that maxzeropkq ă

j ď n ` 1, and k1 be the composition of n ` 1 obtained from k by inserting a 1 between kj´1 and

kj . We define the map σ̂j : Slide
ωpkq Ñ Slideωpk1q as follows.

1. Given a tree T P Slideωpkq, add 1 to all leaf (and edge) labels greater than or equal to j.

2. Consider the leaf v “ lastpT q. By Lemma 7.1.6, it is at the end of an edge along with some

other leaf i ă v. There are three cases to consider:

• v ă j: Replace the leaf v by an edge j with leaves j and v. The result is σ̂jpT q.

• i ă j ă v: Replace the leaf i by an edge j with leaves j and i. The result is σ̂jpT q.

• j ă i: Continue on to Step 3.

3. On the path from a to v, consider the maximal length decreasing sequences of edge labels.

4. Let B1, B2, . . . , Bl be the branches away from this path between the maximal decreasing

sequences, with Bl the branch immediately next to leaf v. (See Example 7.3.2.)

5. For s P rls, let ms :“ minpBsq.

6. As already shown in Lemma 7.2.4, c “ m1 ă m2 ă ¨ ¨ ¨ ă ml. So, there is some d such that

md ă j ă md`1.

7. Replace the leaf md by an edge j with leaves j and md. The result is σ̂jpT q.

Example 7.3.2. Consider the tree T P Slideωp1, 0, 1, 1, 1, 2, 1, 1q below on the left. We will com-

pute σ̂3pT q.

77



a

b

c 1

7 2 3

6 8

4

5

3 7 4 6 6 5

1 8

a

b

c 1

8 2 4

7 9

5

6

4 8 5 7 7 6

1 9

The first step is to increment every label greater than or equal to 3, which gives us the tree above

on the right.

Then, lastpT q “ 5, so on the relabeled tree v “ 6 and i “ 5. Since 3 ă 5 ă 6, we are in the

third case, so we consider the maximal length decreasing subsequences from a to 6, which are p4q,

p8, 5q, p7q, and p7, 6q. So, the branches B1, . . . , B4 are as shown below.

a

b

c 1

8 2 4

7 9

5

6

4 8 5 7 7

1

6

9

B1

B2 B3 B4

So, m1 “ c, m2 “ 2, m3 “ 4, and m4 “ 5. Since 2 ă 3 ă 4, we replace the leaf 2. Thus, we

get the tree σ̂3pT q below.

a

b

c 1

8 4

7 9

5

6

4 8 5 7 7 6

1 9

2 3

3

Theorem 7.3.3. The map σ̂j is well-defined.

Proof. To show that σ̂j is well-defined, we need to show that the result T 1 is an element of

Slideωpk1q. We consider the three separate cases of Step 2 in Definition 7.3.1. For all three cases,

the only change done to T is replacing one leaf i with an edge j and leaves j and i, where j ą i.

So, this does not affect the ability for any other label to slide, and we need only check that j is a

valid slide.
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In the first case, j ą l ą i, so j can successfully slide from l to i. In the second case, l slides

from i to some d ă i in T . As j ă l slides after l, j will compare i to something that is at most d,

so j is a valid slide.

Finally, in the third case, maxzeropkq ă j ă md`1, so when we found lastpT q, the branch B

in Step 1 included all of Bd, . . . , Bl. So, md`1 must be smaller than every leaf in Bd except md,

or else lastpT q would be a leaf in Bd. Thus, since j ă md`1 (by Step 6 of Definition 7.3.1), every

edge in Bd slides before j, so j will compare md to some leaf further down the tree, that can be at

most md´1. Therefore, j is a valid slide, and in all cases σ̂jpT q is a valid slide tree.

Lemma 7.3.4. For k a composition of n and T P Slideωpkq, lastpσ̂jpT qq “ j.

Proof. Let i and v be as in Definition 7.3.1. We first consider the first two cases in Step 2. We are

given that lastpT q “ v. So, there is some branch B with smallest leaf i and second smallest leaf

v that is obtained at some step in computing lastpT q. Adding a leaf j ą i to this branch (as we

do in these two cases) does not change any steps up to this point in computing lastpσ̂jpT qq. So, in

the first case, applying min2 to this branch B gives the branch with only the leaves j and v, since

j ą v. Then, applying min2 a second time leaves us with just j. Alternatively, in the second case,

i ă j ă v, so applying min2 to B separates j from i, and gives just the leaf j.

Next, we consider the third case. As in the proof of the previous lemma, the initial branch B in

Step 1 of computing lastpT q includes all of Bd, . . . , Bl. So, at some point during that process we

have a B with smallest leaf md and second smallest leaf md`1. Adding an edge and leaf j to md

does not change any of the steps up to this point when computing lastpσ̂jpT qq, but j ă md`1, so

j is the new second smallest leaf of this branch. So, applying min2 to this B gives just the leaf j.

Thus, in each case lastpσ̂jpT qq “ j.

We will now show that σ̂j is injective by building an inverse map π̂j that undoes σ̂j . Notice that

in all three cases of Definition 7.3.1, all we do to T is replace some leaf i by an edge j with leaves

j and i, where j occurs as exactly one edge label in σ̂jpT q.
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Definition 7.3.5. Define

π̂j : σ̂jpSlide
ωpkqq Ñ Slideωpkq

as follows. For T P σ̂jpSlide
ωpkqq, lastpσ̂jpT qq “ j by Lemma 7.3.4. There is exactly one edge in

T with label j, and it has leaves j and l. Replace the branch consisting of this edge and these two

leaves by the leaf l. Then, subtract 1 from all labels in T greater than j. Let the resulting tree be

π̂jpT q.

Lemma 7.3.6. For T P Slideωpkq, π̂jpσ̂jpT qq “ T .

Proof. It is clear from the construction of σ̂j and π̂j that π̂j undoes the changes made to T by

σ̂j .

Corollary 7.3.7. The map σ̂j is injective.

Proof. This follows immediately from 7.3.6.

7.4 Constructing the full bijection

So far, we have defined two classes of maps σ̂i,j and σ̂j , and shown that for any tree in their

image, the function lastpq returns the value of the added edge. This is summarized by the following

theorem.

Theorem 7.4.1. Let T P Slideωpkq. If T P σ̂i,jpSlide
ωpk1qq or T P σ̂jpSlide

ωpk1qq for some

composition k1, then lastpT q “ j.

Proof. This follows immediately from Lemmas 7.2.8 and 7.3.4.

Our ultimate goal is to combine these maps into a bijection from a disjoint union of slide sets

for compositions of n ´ 1 to Slideωpkq. We will next define this desired disjoint union, recalling

Definition 5.1.1.

Definition 7.4.2. Let i “ maxzeropkq. Then, define

Dωpkq :“
n

ğ

j“i`1

Slideωpkjq.
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Then, we can piece together our maps σ̂i,j and σ̂j into one large map from Dωpkq to Slideωpkq:

Definition 7.4.3. Let i “ maxzeropkq. Define Σk : D
ωpkq Ñ Slideωpkq by

ΣkpT q :“

$

’

’

&

’

’

%

σ̂i,jpT q if T P Slideωpkjq for kj ą 1

σ̂jpT q if T P Slideωpkjq for kj “ 1

.

We now prove Theorem 1.2.3, which we restate below.

Theorem 1.2.3. The map Σk is a bijection.

Proof. By the definition of the asymmetric multinomial coefficients (see [6] or Definition 5.1.1),

|Dωpkq| “ |Slideωpkq|. So, Σk is a bijection if and only if it is injective.

Let T P Slideωpkq. Define j “ lastpT q. By Lemma 7.1.5, j ą maxzeropkq, so j is a leaf that

slides in T . By Theorem 7.4.1, if T is in the image of either σ̂j or σ̂i,j for some i, then j is the edge

added by the map in question. In the latter case, i must be maxzeropkq. In particular, T cannot be

in the image of σ̂j1 or σ̂i,j1 for any j1 ‰ j.

Note that if T is in the image of σ̂j then j slides only once, and if it is in the image of some σ̂i,j

then j slides more than once. So we can determine which case T lies in by counting the number

of edges labeled j. By Corollaries 7.2.11 and 7.3.7, both σ̂i and σ̂i,j are injective, so T has at most

one preimage under that particular σ̂j or σ̂i,j , and none under any of the others. Thus, Σk also is an

injection, and so is a bijection.

Finally, we define the inverse map Πk to Σk where k is a composition of n.

Definition 7.4.4. Let i “ maxzeropkq. Define Πk : Slide
ωpkq Ñ Dωpkq by

ΠkpT q :“

$

’

’

&

’

’

%

π̂i,lastpT qpT q if klastpT q ą 1

π̂lastpT qpT q if klastpT q “ 1

.

It follows from the definitions of σ̂j , π̂j , σ̂i,j , and π̂i,j that Σk and Πk are inverses.
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7.5 An explicit example of the bijection

So far, we have shown that Slideωpkq satisfies the the asymmetric multinomial recursion (5.1),

meaning we can define a bijection between Tourpkq and Slideωpkq by unwinding both recurrences

in parallel. However, it would be more satisfying to have a way of going between Tourpkq and

Slideωpkq directly. We will illustrate what this bijection looks like through a running example

we will use throughout this subsection. This bijection will run through column-restricted parking

functions and words as intermediate steps. We now describe how to read off a word from a slide

tree.

Definition 7.5.1. First, for a word w, define σ̄i,jpwq as the word obtained from w by adding one to

every entry i or greater, then appending j to the end, and σ̄jpwq as the word obtained from w by

adding one to every entry j or greater, then appending j to the end. Then, we can define a map

word : Slideωpkq Ñ words of content k

as follows.

wordpT q “

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

H if T “ T0

σ̄i,jpwordpT 1qq if T “ σ̂i,jpT
1q

σ̄jpwordpT 1qq if T “ σ̂jpT
1q

,

where T0 denotes the unique slide tree in Slideωpkq for k the empty composition.

In other words, the word for a tree T is the slide labels of the internal edges, read off in the

order the edges were added to the tree under the Σk recursion.

Meanwhile, for parking functions, a natural way to read off a word w from a parking function

P is to let the value of wi be the column of P that the number i occurs in. As it turns out, there is

a nice relationship between the words that can be obtained from slide trees and the words obtained

from column-restricted parking functions.
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Proposition 7.5.2. Let revpwq “ wnwn´1 ¨ ¨ ¨w2w1 denote the reverse of a word w. Then, w comes

from an ω slide tree if and only if revpwq comes from a column-restricted parking function.

Proof. If a word w comes from a tree T P Slideωpkq, the last letter j of w must be greater than

maxzeropkq, since T is in the image of some σ̂i,j or σ̂j . Similarly, the dominance condition on

column-restricted parking functions forces the 1 to be left of all empty columns, which in turn

means the first entry in the corresponding CPF-word must be greater than maxzeropkq. From here,

it is clear from the recursions Σk above in Definition 7.4.3 and the map ϕ from Section 5 of [6]

result in words that are reverses of each other.

We now illustrate an example of the full sequence of maps from Tourpkq to Slideωpkq.

Example 7.5.3. Let T P Tourp0, 0, 1, 1, 2, 0, 3, 1q be the tournament tree below.

a

b
1

7 6

3

2 5

8 c

4

Using the map τ : Tourpkq Ñ CPFpkq from [11], this corresponds to the following column-

restricted parking function.

7

4

6

2

8

3

1

5

Next, reading off from this parking function, we get the word 75748537. Taking the reverse of

this results in the word 73584757, which is what we will use to construct our slide tree. To do this,
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we have

word´1p73584757q “ σ̂6,7pword´1p6357465qq “ σ̂6,7pσ̂2,5pword
´1p524635qqq

“ σ̂6,7pσ̂2,5pσ̂1,5pword´1p41352qqqq “ σ̂6,7pσ̂2,5pσ̂1,5pσ̂2pword´1p3124qqqqq

“ σ̂6,7pσ̂2,5pσ̂1,5pσ̂2pσ̂4pword´1p312qqqqqq

“ σ̂6,7pσ̂2,5pσ̂1,5pσ̂2pσ̂4pσ̂2pword´1p21qqqqqqq

“ σ̂6,7pσ̂2,5pσ̂1,5pσ̂2pσ̂4pσ̂2pσ̂1pword´1p1qqqqqqqq

“ σ̂6,7pσ̂2,5pσ̂1,5pσ̂2pσ̂4pσ̂2pσ̂1pσ̂1pT0qqqqqqqq..

So, we start with adding the edge 1 to the empty tree. Then, the next two steps, σ̂1 and σ̂2,

do not require us to move where we add an edge, so we add the edges 1 and 2 to the right of the

previous steps, respectively. These first three steps are shown below.

a

b c

1

1

a

b 2 c

1

2 1

a

b 3 c 1

2

3 1 2

Similarly, since 4 ą 2, σ̂4 can again add 4 to the end with no complications.

a

b 3 c 1 2

4

3 1 2 4

However since 2 ă 3 ă 5, σ̂2 is in the third case of Step 2 of Definition 7.3.1. So, we consider

the decreasing sequences p3, 1q, p2q, and p4q from a to 4, and conclude that we add the edge 2 off

of the leaf 1.

a

b 4 c

1 2

3

5

4 1 3 5

2

Next, σ̂1,5 adds an edge 5 and leaf 1. Since the leaf 4 only has one internal edge between it and

a, there is only one branch B1 to consider, which has minimal leaf c. Thus, we are in Case 1 of
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Step 5 of Definition 7.2.1. Thus, we add the new edge and leaf right where the old leaf 5 (relabeled

from 4) was.

a

b

1 5

c

2 3

4

6

5 2 4 6

5 3

For σ̂2,5, we have decreasing sequences p6, 3q, p5q, and p7q (after relabeling). So, since c ă 2 ă

3 ă 7, we are in Case 3, so replace the leaf 3 with the leaf 2, and move the three to the end of the

new edge 5. Note that the relabeling of the leaves makes it look look like the leaf 2 does not move,

but the new 3 is actually the relabeled 2.

a

b

1 6

c

2 4

7 3

5

6 3 5 7 5

6 4

Finally, we apply σ̂6,7. Since 6 is larger than c and 1, we are again in Case 1. So, we add the

leaf 6 to the end of the new edge 7.

a

b
1

6 7

c

2 4

8 3

5

7 3 5 8 5

7

7

4

Thus, the above tree T 1 P Slideωp0, 0, 1, 1, 2, 0, 3, 1q is the slide tree in bijection with the tour-

nament tree T we started with.
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Chapter 8

Caterpillar trees and pattern avoidance

In this section, we discuss specific case of caterpillar trees. Recall the definition of caterpillar

trees from Definition 5.3.5.

As restated in Proposition 5.2.9, it was found in [10] that in the case where k “ p1, 1, . . . , 1q,

the words obtained from caterpillar trees are precisely the set of 23´1 avoiding permutations.

In other words, they found a bijection Catψp1, 1, . . . , 1q Ø Avnp23´1q. We wish to describe a

similar correspondence in terms of pattern avoidance for any composition k.

If we consider what the map wordpq in Definition 7.5.1 does to caterpillars, we see that it will

always read off the slide labels from left to right, in order. This coincides with the notion of reading

edge labels off of a tree from the root to the right that we discussed in Section 5.

We first show that every word comes from at most one caterpillar slide-tree, and define a map

from words to trivalent, leaf-labeled trees that outputs this unique tree for a particular word, if

such a tree exists. Then, we give such a correspondence for the case where k is right-justified,

as that is precisely when the caterpillar words can be described solely by a pattern avoidance

condition. After that, we give the more general characterizations for all cateprillar slide trees, first

for Catψpkq, and then for Catωpkq.

8.1 Preliminaries on caterpillar slide trees

Before we describe how to go between caterpillars and words, we first show that such a cor-

respondence is well-defined. That is, we first show that each word w can come from at most one

caterpillar tree, and then describe which words do arise as edge words of caterpillar trees. We

define an algorithm that takes a word w and constructs the only caterpillar tree Treepwq that could

have w as its word of edge labels. That is, Treepwq is always a trivalent caterpillar tree with labeled

leaves, and if Treepwq is a slide tree, then w is its edge word.
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Definition 8.1.1. Given a wordw of content k of length n, we construct the caterpillar tree Treepwq

as follows.

1. Construct a path graph of length n, and add leaf edges to it to make it trivalent.

2. By convention, we treat the left end as the root and label the two leaves on the left end by a

and b.

3. Label the internal edges from left to right using the letters of w in order.

4. For each pair of adjacent internal edges, let x be the label of the left edge and y the label of

the right edge (that is, x is closer to the root). We call the leaf between them a descent leaf

if x ą y, and a nondescent leaf if x ď y. For the two leaves on the right end, we define one

to be a descent leaf and the other a nondescent leaf.

5. Label each descent leaf with the label of the edge immediately to its left.

6. Create a list of the remaining unused labels among c, 1, . . . , n.

7. From left to right, label each nondescent leaf by the smallest remaining unused label, unless

that label labels the edge immediately to the right of that leaf. In that case, instead label the

leaf with the second smallest unused label.

8. Forget the edge labels.

This forms a leaf-labeled trivalent caterpillar tree Treepwq.

Example 8.1.2. Consider when w “ 666224. After Step 3, our tree looks like this:

6 6 6 2 2 4

a

b

Then, we label only the descent vertices. The only descent is after the last 6, and there is also a

descent leaf on the end, so we label the 6 and the 4:
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6 6 6 2 2 4

a

b 6

4

Then, we work from left to right, labeling the nondescent leaves:

6 6 6 2 2 4

a

b c 6

4

6 6 6 2 2 4

a

b c 1 6

4

Up until now, we have been able to use the smallest unused label at each step. Now however, the

smallest unused label is 2, but since 2 also labels the edge to the right of the next leaf, we skip 2

and instead use 3, the second smallest remaining label:

6 6 6 2 2 4

a

b c 1 6 3

4

Now we are free to use the 2 for the following leaf, and can finish off the leaves:

6 6 6 2 2 4

a

b c 1 6 3 2

4

6 6 6 2 2 4

a

b c 1 6 3 2

4

5

Finally, we remove the edge labels to form Treepwq:

a

b c 1 6 3 2

4

5

Note that in this case, Treep666224q lies in Slideψp0, 2, 0, 1, 0, 3q, but not Slideωp0, 2, 0, 1, 0, 3q.

We wish to characterize when Treepwq is a slide tree. One necessary condition for being a

slide tree is that Treepwq must use each leaf label a, b, c, 1, 2, . . . , n exactly once. This happens

precisely when w avoids 2´1´2, which we show in the following lemma.

Lemma 8.1.3. When w P Avkp2´1´2q, Definition 8.1.1 produces a tree that uses each leaf label

a, b, c, 1, 2, . . . , n exactly once.
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Proof. If w contains no 2´1´2 pattern, then no label i can be used to label two different descent

leaves in Step 5, since all edges between two edges with label i must be weakly larger than i,

meaning only the rightmost i can possibly be left of a descent leaf. So, Step 5 uses each label at

most once. Then, Step 7 clearly never uses any label for a second time. There are n` 3 leaves and

n`3 labels total, and the last nondescent leaf on the end of the tree can always use the smallest (and

only) remaining label, as there is no edge to its right. So, we use every leaf label a, b, c, 1, . . . , n

exactly once.

In other words, Treepwq is well-defined as a map from Avkp2´1´2q to the set of leaf-labeled

trivalent caterpillar trees using the labels a, b, c, 1, 2, . . . , n.

Given a particular caterpillar slide tree, one can also read off the word formed along its edges

by the slide-labeling algorithm.

Theorem 8.1.4 (Uniqueness of slide trees). Each word comes from at most one caterpillar ψ-slide

tree.

Proof. We show that given any word w, if there is a corresponding slide tree, it must be Treepwq.

First, we observe that if a tree Treepwq is a slide tree, the descent leaves are the positions where

the edge to the left is contracted before the edge to the right in the k-slide labeling algorithm, while

the nondescent leaves are the positions where the right edge is contracted before the left edge.

Given a word w, any corresponding slide tree must have its descent leaves labeled as in Defini-

tion 8.1.1. Otherwise, if x is the edge label on the left of a descent leaf not labeled this way, then

the leaf label x will not label that edge x.

Finally, for each nondescent leaf v, when the edge on its right is labeled by some label i, the

k-slide algorithm compares the label of v against the set of all leaf labels to the right of v except for

i. So, the nondescent labels must be labeled as in Step 7, so that it is possible that each nondescent

leaf is smaller than everything to its right, expect possibly for the label doing the slide.

Corollary 8.1.5. Due to Lemma 5.3.9, this also gives us uniqueness for ω-slide trees.
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Lemma 8.1.6. Let v be a nondescent leaf of a caterpillar slide tree T P Slideψpkq, and e the edge

on its right. If v ą e, there is no edge labeled v.

Proof. Let d be the edge to the left of v, and assume that v ą e. Then, since v is a nondescent

leaf, d ď e, so d ă v. Suppose that v labels some edge during the slide algorithm. Since v ą d,

v would label edges before d, and so the edge on the left of v would be labeled by something at

least as large as v, and thus would already be contracted when d did its labeling, meaning d could

not label it. This contradicts our assumption that d labels the edge on the left, so v must label no

edges.

Recall Definitions 2.3.7 and 2.3.9. For a word w to avoid the pattern 23´2´1, then whenever

there are indices i, j such that i ` 1 ă j and wj ă wi ă wi`1, there must be some i ` 1 ă k ă j

such that wk “ wi. Intuitively, this means that every 23´1 pattern must extend to a 23´2´1

pattern.

Example 8.1.7. The word w “ 35432 avoids the pattern 23´2´1. Even though the subword 352

forms a 23´1 pattern, it extends to the subword 3532, so this is not an instance of a 23´2´1

pattern.

Lemma 8.1.8. Let T be a tree in Catψpkq. Then, the word w formed by reading off the edges

starting from the root avoids the patterns 2´1´2 and 23´2´1.

Proof. Clearly, w can not contain a 2´1´2 pattern, since in each iteration in the k-slide algorithm,

after contracting the already labeled edges, all labels of the same value must be consecutive.

For 23´2´1, suppose instead that wi “ x, wi`1 “ y, and wj “ z form a 23´2´1 pattern.

Then, wi is the rightmost instance of x in w, since this assumes there is no x between wi and wj ,

and we already showed that w avoids 2´1´2, so there is no x to the right of wj . Next we have

x ă y, so the leaf labeled x is not a descent leaf, and is instead a nondescent leaf. Since x does

slide at some point in T , the leaf x must be smaller than the edge to its right by Lemma 8.1.6.

Then, since that edge on the right of x is a valid slide, x must be smaller than every leaf to its right.
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However, the leaf x must be to the left of wj in order for it to label wi, and the leaf z must be to

the right of wj. This is a contradiction, so w avoids 23´2´1.

Lemma 8.1.9. Let k be a reverse-Catalan composition of n with m zeros, such that

w P Avkp2´1´2, 23´2´1q.

Let i1 ă . . . ă il be the indices of the entries in w that are strictly smaller than all entries to their

right. Then, in Treepwq, each edge wij has a nondescent leaf immediately to its right, and there

are exactly m additional nondescent leaves.

Example 8.1.10. Let w “ 73152587. Then, l “ 4, i1 “ 3, i2 “ 5, i3 “ 6, i4 “ 8, and wi1 “ 1,

wi2 “ 2, wi3 “ 5, and wi4 “ 7.

Proof (of Lemma 8.1.9). First, note that there are exactly m repeats in w (that is, a position where

the letter also occurs again later in w). We show that the nondescent leaves of Treepwq correspond

precisely to the position of these repeats along with the positions wi1 , . . . , wil´1
.

Consider a pair of consecutive entries x “ wj and y “ wj`1 of w. If x and y form a descent,

then the leaf between them in Treepwq is a descent leaf. Then, j is not some is and x is not a

repeat, since otherwise x and y would form the first two entries of a 2´1´2 pattern.

Otherwise, if x and y form a nondescent, then the leaf between them in Treepwq is a nondescent

leaf. If x “ y, then clearly x is a repeat and is not some wis . If x and y form an ascent, there are

three cases: j P ti1, . . . , ilu, x “ wis for some is ą j, or x ą wis for some is ą j. In the second

case, clearly x is a repeat of wis . In the third case, x must also be a repeat, or else x, y, and wis

form a 23´2´1 pattern.
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Finally, there is a nondescent leaf to the right of wil by construction. Thus, we have shown that

the nondescent leaves are on the right of each edge corresponding to some wij and each repeated

entry of w.

Corollary 8.1.11. Let k, w, and i1, . . . , il be as in Lemma 8.1.9. Then for each j, ij has at most

m ` j ´ 1 nondescent leaves to its left.

8.2 Right-justified compositions

Now, we consider the case of right-justified compositions. These are the only case for which

the caterpillar trees are characterized solely by a pattern avoidance criterion.

Definition 8.2.1. A composition k of n is right-justified if all zeros occur before all non-zero

entries.

Theorem 1.2.4. Let k be right-justified with m zeros, and let w P Avkp2´1´2, 23´2´1q. Then,

Treepwq is a valid slide tree.

Proof. We prove this result in Section 9.3.

Then, as an immediate consequence of Theorem 1.2.4 and Lemma 8.1.8, we get our desired

result.

Corollary 8.2.2. Let k be a right-justified composition. Then, the map

Tree : Avkp2´1´2, 23´2´1q Ñ Catψpkq

is a bijection.

8.3 Pattern avoidance conditions for Cat
ψpkq

In this subsection, we characterize all the caterpillar trees in Slideψpkq, including when k is not

right-justified.

92



Definition 8.3.1. For a word w with content k, let kpi, jq denote the number of j’s in the subword

of w right of the rightmost i. Then, define the total number of repeats right of the rightmost i by

TotalRepwpiq “
ÿ

j‰i

maxppkpi, jq ´ 1q, 0q.

Definition 8.3.2. For a word w, let ℓwpiq denote the total number of consecutive i’s in the right-

most consecutive sequence of i’s in w. Let il and ir denote the leftmost and rightmost such entries,

respectively.

Example 8.3.3. Let w “ 313321. Then, ℓwp1q “ 1, ℓwp2q “ 1, and ℓwp3q “ 2. Additionally, 3l is

in position 3 and 3r is in position 4.

Now, we state the ψ version of Theorem 1.2.5.

Theorem 8.3.4. Let k be a reverse-Catalan composition of n, and let w be a word of composition

k. Then, Treepwq P Catψpkq if and only if w P Avkp2´1´2, 23´2´1q and

TotalRepwpiq ` ℓwpiq ě zpiq (8.1)

for all i such that ki ą 0.

Proof. We prove this result in Section 9.4.

8.4 Pattern avoidance conditions for Cat
ωpkq

In this last subsection, we us our characterization of ψ-caterpillars to characterize the ω-

caterpillar trees in Slideωpkq, including when k is not right-justified.

Definition 8.4.1. For a word w with content k, let kpi, jq denote the number of j’s in the subword

of w right of the rightmost i. Define the number of repeats larger than i right of the rightmost i by

BigRepwpiq “
n

ÿ

j“i`1

maxppkpi, jq ´ 1q, 0q.

93



Now, we state the ω version of Theorem 1.2.5.

Theorem 8.4.2. Let k be a reverse-Catalan composition, and let w be a word of composition k.

Then, Treepwq P Catωpkq if and only if w P Avkp2´1´2, 23´2´1q and

BigRepwpiq ě zpiq (8.2)

for all i such that ki ą 0.

Proof. We prove this result in Section 9.5.
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Chapter 9

Proofs of main results

In this chapter, we give proofs of our main results.

9.1 Proof of Theorem 6.0.8

Lemma 9.1.1. Let B be a branch of a slide tree T P Slideωp1, 1, . . . , 1q. Then, all leaves of B

except minpBq slide within B.

Proof. We first show that minpBq does not slide within B. Suppose instead that minpBq did slide

along some edge e. Then, let Be be the branch starting at e, and i be the number of leaves of Be.

Then, Be has i ´ 1 internal edges, including e. For minpBq to slide along e, all i ´ 1 larger leaf

labels must slide before minpBq. However, there are only i ´ 2 other edges in Be available for

them to slide on in order to leave e unlabeled. This is an impossibility, and so minpBq cannot slide

within B.

Second, we show that all leaves other than minpBq slide in B. Each internal edge of B must be

labeled by some leaf in B, each leaf can can be used for at most one edge (since k “ p1, 1, . . . , 1q),

and we just showed that minpBq does not slide in B. So, since there is one more leaf than internal

edge in B, all leaves other than minpBq must slide within B.

Lemma 9.1.2. Let T P Slideωpkq, where k is the all 1’s composition of n. Let e be an internal

edge of T , B the branch of T starting at e, and i` 1 be the number of leaves of B. Construct T 1 to

be the tree resulting from T by replacing B with a single leaf minpBq. Next, relabel the leaves of

T 1 so that every label a, b, c, 1, 2, . . . , n ´ i is used once, while keeping the ordering of the leaves

the same. Then, T 1 P Slideωpk1q, where k1 is the all 1’s composition of n ´ i.

Proof. We will show that the slide labeling algorithm completes successfully for T 1. We do this

by showing that each edge is a valid slide.
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First, any internal edge of T inB does not exist in T 1, so there is no corresponding slide to check

in T 1. Otherwise, consider some edge e in T zB that is not labeled minpBq. In T , the comparison

made in the slide algorithm at step e either does not consider any of B, or considers a branch C

containing B. The corresponding branch C 1 in T 1 still contains minpBq, so minpCq “ minpC 1q.

Thus, the slide labeling e is valid in T 1.

Finally, we consider the label minpBq. If minpBq “ c, then there is no edge minpBq, and we

are done. Otherwise, minpBq slides in T after all other leaves of B. So, it slides after the internal

edges of B are all contracted. So in T 1, since minpBq is a leaf where B was removed, it will label

the same edge and compare the same labels as it did in T . Thus, every edge in T 1 is a valid slide,

so T 1 P Slideωpk1q.

Lemma 9.1.3. If T P Slideωp1, 1, . . . , 1q is not a caterpillar, then φpT q contains the pattern 23´1.

Proof. Let v be a vertex in T adjacent to three internal edges x, y, and z, where x is the edge

towards a. Without loss of generality, we assume that z ă y. By Corollary 5.3.12, we have

z ă x ă y. Let U be the branch starting at the edge y, and V the branch starting at z.

Next, since x ą z, the label x must come from U . Since by Lemma 9.1.1 every leaf in

U slides within U except for minpUq, and the edge x is not in U , x “ minpUq. Since x is

a valid slide, minpV q ă minpUq, so the map φ will read off the edges of U before V . Thus,

φpT q “ . . . xy . . . z . . ., and x, y, and z will form a 23´1 pattern.

Finally, we now restate and prove Theorem 6.0.8.

Theorem 6.0.8. For any τ P Sn, there is exactly one tree of Slideωp1, 1, . . . , 1q that admits the

edge labeling ρ̂pτq. In other words, ρ : Sn Ñ Slideωp1, 1, . . . , 1q is well-defined.

Proof. We proceed by strong induction on the number of branching vertices of ρ̂pτq (that is, ver-

tices that are not adjacent to any leaves). The base case is when ρ̂pτq has no internal vertices. That

is, when ρ̂pτq is a caterpillar tree. By Proposition 5.2.9, there is a unique leaf labeling that gives

this slide labeling, so, ρpτq is well-defined in this case.
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Otherwise, suppose ρ̂pτq has m branching vertices. For the inductive hypothesis, we assume

that ρpτ 1q is well-defined whenever ρ̂pτ 1q has m ´ 1 or fewer branching vertices. Since ρ̂pτq has

a branching vertex, τ contains the pattern 23´1. So, let τ “ wxyuzv, where x, y, z is the earliest

23´1 pattern in τ . We will show that T “ ρ̂pτq is a slide tree.

In particular, letA “ ρ̂pwxyuq andB “ ρ̂pwxzvq. Let U and V be the subtrees formed under ρ̂

by yu and zv, respectively. Since x, y, z was the earliest 23´1 pattern in τ , there is no 23´1 pattern

inwxyu that involves both x and y, and since z ă x, there is no 23´1 pattern inwxzv that involves

both x and z. This means that all 23´1 patterns in wxyu or wxzv occur entirely within yu or zv

respectively. So, neither A nor B have a branching vertex at the end of x, and thus A (respectively

B) have the shape of T with V (respectively U ) removed. By our inductive hypothesis, both A and

B are valid slide trees, so we consider them with their associated leaf labels.

Let d be the leaf of A in the position of V in T , and e the leaf of B in the position of U in

T . Next, we apply Lemma 9.1.2 to A and replace the branch U with minpUq to create a new

slide tree TA. Similarly, we apply Lemma 9.1.2 to B and replace V with minpV q to form TB. As

a consequence of Lemma 9.1.1 and Lemma 9.1.2, TA and TB are caterpillar trees with the same

edge labels. Thus, their leaf labels are also the same by the inductive hypothesis. In particular,

consider the leaves at the right ends of TA and TB. For TA, we already had d, and then replaced U

with minpUq. Similarly for TB, we have e and minpV q. So as sets, td,minpUqu “ te,minpV qu.

Next, we show that e “ minpUq and d “ minpV q. Since x ą z, x slides before z in B, so

x “ e in order for e to slide along edge x. Since y is a valid slide in A and y ą x, minpUq ą d,

and so minpUq will slide before d in A. From Lemma 9.1.1, minpUq cannot slide within U , so it

must slide across the edge x. Thus, minpUq “ x “ e. By process of elimination, d “ minpV q.

Thus far, we have shown thatA andB each have leaf labelings that make them valid slide trees,

these labelings agree on TA and TB, e “ minpUq, and d “ minpV q. We will now use these facts

to build a valid leaf labeling for T . For any leaf in U or V , we label that leaf by the same label that

leaf has in A or B, respectively. The remaining leaves all lie between a and x, so we give them the

corresponding labels from TA “ TB. This uses all the labels c, 1, 2, . . . , n exactly once.
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Next, we show that such a leaf labeling gives a slide labeling matching T . For any edge labeled

neither d “ minpV q nor e “ minpUq, and not in the branch V , the comparison made at that step

by the slide-labeling algorithm will at most only look at a branch containing V , and will make the

same comparison it made in A, where all of V was replaced by d. So, the validity of this slide

carries over from A. Similarly, any slide other than d or e that is outside U is valid because it

makes the same comparison as in B. Lastly, if there is an edge labeled d (resp. e), then d will slide

only after the other leaves of V (resp. U ) have already done so. So, it will slide the same way as

it did in A (resp. B), when it started where V (resp. U ) connected to T . These cases cover every

edge of T , so T is a valid slide tree.

Finally, we must demonstrate uniqueness. Suppose instead that there were two slide trees

T1, T2 P Slideωp1, 1, . . . , 1q that both had the slide labeling ρ̂pτq. Since the edge labels are the same

for both T1 and T2, let Ai, Bi, Ui, Vi be defined as above for i “ 1, 2. Then, applying Lemma 9.1.2

to U1 and U2, by our inductive hypothesis the results are the same tree, so minpU1q “ minpU2q,

and all other leaves of A1 and A2 must be the same as well. However, we can do the same for

minpV1q, minpV2q, B1, and B2. Thus, all leaves of T1 and T2 are the same, so in fact T1 “ T2.

Therefore, the tree T found above is unique, and ρ is well-defined.

9.2 Proofs of Lemma 7.2.6 and Theorem 7.2.7

In this Section, we also prove Lemma 7.2.6.

Lemma 7.2.6. Let j be a leaf of T P Slideωpkq, let B1, . . . , Bl and m1, . . . ,ml be as in Definition

7.2.1, and let s P t2, 3, . . . , lu. If s ă l, or s “ l and j ą ml, then ms is the smallest leaf on the

maximal branch containing ms but not ms´1.

Proof. Let s P t2, 3, . . . , lu as above, and let x be the smallest leaf right of Bs. We first show that

any leaf off of the path from Bs´1 to Bs is larger than minpms, xq. Let e1 ą ¨ ¨ ¨ ą er`1 be the

edges from Bs´1 to Bs, and E1, . . . , Er the branches between them. If Er is a leaf, then that leaf

must be labeled er since er ą er`1. Otherwise, consider the edge f of Er adjacent to er and er`1.

Since er ą er`1, f ě er by Lemma 5.3.11. So, f slides before er, and minpErq must be larger
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than the smallest leaf to the right of Er. Similarly, we can show that

minpEr´1q ą minpms, x,minpErqq “ minpms, xq

by the same argument. So, continuing this process, we have that every leaf off of the path between

Bs´1 and Bs is larger than minpms, xq.

Next, we proceed by downwards induction on s. We have two base cases to consider: either

s “ l when j ą ml, or s “ l ´ 1 when j ă ml. In the first case, the only leaf right of Bl is j,

and j ą ml, so ml is the smallest leaf in or right of Bs. So, by the previous argument, ml is the

smallest leaf on the maximal branch containing ml but not ml´1. For the second case, by the above

argument everything between Bl´1 and Bl is larger than j “ minpml, jq. By Lemma 7.2.4(3),

ml´1 ă j, so ml´1 is the smallest leaf in or right of Bl´1, so by the previous paragraph ml´1 is the

smallest leaf in the maximal branch containing ml´1 but not ml´2.

By induction, we assume this is true for ms`1. Then, by an identical argument to ml´1, using

the fact that m1 ă m2 ă ¨ ¨ ¨ ă ml by Lemma 7.2.4(2) we can show the same is true for ms.

Theorem 7.2.7. The map σ̂i,j is well-defined.

Proof. The algorithm described in Definition 7.2.1 clearly gives a unique output, so showing well-

definedness amounts to showing that the result is an element of Slideωpk1q. We do this by first

showing that the leaves in T 1 “ σ̂i,jpT q will label the same edges as in T (except for the new edge

that was created), and then show that every slide is valid.

The only leaves in different positions between T and T 1 (other than i, which does not slide at

all) are md, . . . ,ml (or md, . . . ,ml´1 when j ă ml). However, by Lemma 7.2.6, each such ms is

the smallest leaf in a branch containing both ms and the position ms is moved to by σ̂i,j . So, every

edge in that branch is labeled by something larger thanms, and movingms within that branch does

not change which edge it will end up labeling. Thus, assuming that every slide is valid, the edges

of T 1 will be labeled in the same order (and thus get the same labels) as in T .

99



Next, we show that every edge e in T 1 is a valid slide, given that T is a valid slide tree. We do

this by case of where e is in T in relation to P , where P is the path from a to j.

Case 1: Suppose e is on the path P . In T , e slides from mr`1 to mr for some r ă l, by Lemma

7.2.6 and the fact that the edges on P decrease fromBr toBr`1. Let v1 and v2 be the leaves labeled

by mr and mr`1 in T , respectively. Although σ̂i,j might relabel one or both of v1 and v2, in all

cases of Definition 7.2.1, v1 will still have a smaller label than v2, and, so long as r ‰ l´1 or

j ą ml, both leaves will still have the smallest labels in their respective branches mentioned in

Lemma 7.2.6. So in T 1, e will slide from v2 to v1, which is a valid slide.

We also must consider the case where e is to the right of Bl´1 and j ă ml. By Lemma 5.3.15,

j is strictly smaller than the first edge to the left of Bl on P . So, e slides from j to ml´1 in T . As

ml´2 ă ml´1 ă j ă ml, e will slide from ml´1 to ml´2 in T 1, and this is a valid slide.

Case 2: Suppose e slides to P , and we are not in the case where e is in Bl and j ă ml. Let s

be the largest index such that Bs is to the left of e. Then e is either on Bs`1 or on a branch between

Bs and Bs`1.

Subcase 2(a): Consider when e is on a branch B1 between Bs and Bs`1. Then, the larger

minimal leaf used in the slide labeling algorithm is on B1, and so is some not mr. So, the smaller

leaf used in the comparison of the slide algorithm is either unchanged or made smaller, and the

larger leaf is unchanged. So, since e is a valid slide in T , e is a valid slide in T 1.

Subcase 2(b): Consider when e is on Bs`1. For any f on P between Bs and Bs`1, f ą e, since

the edges of P decrease from Bs to Bs`1. So, e slides in T to some mr with r ď s. If e slides

in Bs`1 from a leaf other than ms`1, then the larger label in the slide algorithm comparison made

by e is unchanged by σ̂i,j . The smaller label, mr, is either unchanged or is replaced by something

smaller, so e is still a valid slide. Otherwise, e slides from ms`1. If σ̂i,j does not change ms`1,

then e is still valid by the previous argument. If ms`1 is changed, it is replaced with either i or ms.

If ms`1 is replaced by i, then e will slide from i to mr. Since i ą mr, e is still a valid slide. If

ms`1 is replaced by ms, then either mr in unchanged and is smaller than ms, or mr is replaced by
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something smaller than itself. In either case, e can slide from ms or i to the label in the position of

mr in T . Thus, e is a valid slide.

Case 3: Suppose e slides to P , is in Bl, and j ă ml. Then, since Bl is unchanged by σ̂i,j in

this case, the larger leaf used by e in the slide algorithm is unchanged. If the smaller leaf label is

changed (such as changing from j to the new leafml´1 added next to j), it is changed to something

smaller. So, the comparison is still valid, and e is a valid slide.

Case 4: Suppose e does not slide to P . Let B be the branch off of P containing e. Then in T ,

e slides from some v1 within B to some v2 also within B. If σ̂i,j changes v2, it will replace v2 with

a smaller leaf label. Meanwhile, σ̂i,j does not change v1. So, in T 1 e will slide from v1 to either v2

or something smaller, so e is still a valid slide.

Finally, we consider the new edge j. In Case 1 of Step 5, j slides from i to either ml or ml´1.

In Case 2, j slides from ml to ml´1, and in Case 3, j slides from mi´1 to mi´2. In all three cases,

the leaf slid from is larger than the leaf slide to, so the edge j is a valid slide. Thus, every edge of

T 1 is a valid slide, and so T 1 is an element of Slideωpk1q, meaning that σ̂i,j is well-defined.

9.3 Proof of Theorem 1.2.4

Remark 9.3.1. When performing the ψ-slide algorithm on a caterpillar tree Treepwq, in every

comparison, the left element compared will be a nondescent leaf. This is because every descent

leaf has its left edge labeled before its right and the left edge is only labeled if there is a smaller

leaf to its left. Thus, a descent leaf can not be compared in this way.

Theorem 1.2.4. Let k be right-justified with m zeros, and let w P Avkp2´1´2, 23´2´1q. Then,

Treepwq is a valid slide tree.

Proof. Let i1, . . . , il be as before. Since k is right-justified, the smallest letter present in w is

wi1 “ m ` 1, so in particular, c, 1, . . . ,m are not used as descent leaf labels, and thus are used

as nondescent labels. We first prove the claim that during Step 7 of Definition 8.1.1, we will

always use the smallest remaining label for each nondescent leaf. In particular, this results in the

nondescent leaf labels being in increasing order, as read from left to right.
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We proceed by strong induction from left to right in the tree. For the base case, clearly we can

always use c first, since there is never an edge labeled c. For the induction step, assume this is true

for all nondescent leaves to the left of a nondescent leaf v.

We first consider the case where v is just to the right of an edge wij . Let y be the edge on the

right of v. Note that wij ă y by definition of wij . We wish to show that v ă y. In fact, we will

show that in the step of Definition 8.1.1 where we label v, wij´1
(or m in the case where j “ 1)

has not yet been used as a leaf label. By Corollary 8.1.11, v has at most m ` j ´ 1 nondescent

leaves strictly to its left. We also know that c, 1, 2, . . . ,m, wi1 , . . . , wij´1
are all used as nondescent

labels. This means that there are at leastm`j nondescent labels smaller than wij . By the inductive

hypothesis, all nondescent labels thus far have been used in increasing order, so in particular, the

largest such label, wij´1
(or m when j “ 1), has not yet been used. Since additionally wij´1

‰ y

(m ‰ y), wij´1
(m) can be used to label v. This completes the inductive step for the case where v

is just to the right of some wij .

Otherwise, v is a nondescent leaf not on the right side of an edge labeled wij . Let wij be the

rightmost among the wir ’s to the left of v (if such a wij exists). Again, the edge y to the right of

v is larger than wij by the definition of wij . Notice that since wij`1
(which exists because il “ n)

cannot have more thanm`j nondescent leaves to its left, v has no more thanm`j´1 nondescent

leaves to its left. The argument then follows identically to the previous case. This completes the

inductive step. Thus, we have shown that during Step 7 of Definition 8.1.1, we will always use the

smallest remaining label for each nondescent leaf.

Next, we show that for any leaf in the tree, the smallest leaf to its right is a nondescent leaf. To

do this, it suffices to show that each descent leaf has a smaller nondescent leaf to its right. So, let d

be some descent leaf. The edge on its right is smaller than d, so d is not any of the wij . Let j be the

smallest index such that wij is to the right of d, and e the leaf on the right of wij . If d ă wij , then

since d is not a wir , there must be another one between d and wij , which contradicts the assumption

that wij is the closest one to the left. So, d ą wij ě e, where e is a nondescent leaf label by Lemma

8.1.9. Thus, for any internal edge, the smallest leaf label to its right is a nondescent leaf.
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Thus far, we have shown that for any internal edge, the smallest leaf label to its right is a

nondescent leaf, and the nondescent leaves are in increasing order from left to right. So, during

the slide algorithm, each comparison compares a nondescent leaf somewhere to the right against

a nondescent leaf to the left, which must be smaller it. So, assuming that the leaf label is in the

correct position to slide, the comparison made for that edge is valid, and so the slide is successful.

To show that leaf labels are always in the correct positions to slide, it suffices to show that

every nondescent leaf label is to the right of the rightmost edge with that label (if any), and that

any edges between them are larger. The set of nondescent labels that are also edge labels are

precisely wi1 , . . . , wil´1
. So, by Corollary 8.1.11, each such label labels a leaf strictly to the right

of the rightmost edge with that label, and all the intermediate edges are larger by the definition of

the wij ’s. Thus, every slide is a valid ψ-slide, and Treepwq P Slideψpkq.

9.4 Proof of Theorem 8.3.4

Lemma 9.4.1. Let k be a reverse-Catalan composition, and let w be a word of content k. If

TotalRepwpiq ` ℓwpiq ă zpiq for some i, then there is some j for which TotalRepwpjq ` ℓwpjq ă

zpjq and the subword of w right of jr contains no entries smaller than j.

Proof. For such an i, let j be the rightmost entry in w (weakly) smaller than i. If i “ j, we are

done. Otherwise, since j ă i, zpjq ě zpiq. In addition, since j is right of every i by definition,

every repeat right of all j’s is also right of all i’s. All but one of the ℓwpjq copies of j is counted by

the term TotalReppiq, so TotalRepwpjq ` ℓwpjq ď TotalRepwpiq ` ℓwpiq. Thus, we have

TotalRepwpjq ` ℓwpjq ď TotalRepwpiq ` ℓwpiq ă zpiq ď zpjq.

So, j is an index for which TotalRepwpjq ` ℓwpjq ă zpjq, and by construction the subword of w

right of jr contains no entries smaller than j.

Lemma 9.4.2. Let T “ Treepwq, and let i be a nondescent leaf for which ki ‰ 0. Then, the edge

next to ir on the right is larger than i.
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Proof. Since i is a nondescent leaf, that means that it did not label a leaf in Step 5 of Definition

8.1.1. More specifically, the leaf v on the right of ir was not labeled at this step, since only i could

have labeled it at this stage. So, v is a nondescent leaf too, leaning the edge on its right is larger

than i.

Definition 9.4.3. Consider a tree T “ Treepwq. Fix an i for which ki ‰ 0.

Let Rnd (Right Non-Descents) denote the number of nondescent leaves strictly to the right of

ir, and Lnd (Left Non-Descents) the number of nondescent leaves to the left of il.

Let z´ denote the number of j for which kj “ 0 and j ă i, and z` the number of j for which

kj “ 0 and j ą i.

Then, let p` be the number of nondescent leaves j which do occur as edge labels in T and

j ě i. Similarly, let p´ be the number of nondescent leaves j which do occur as edge labels in T

and j ă i.

Note that in the above definition, z` “ zpiq from Definition 5.3.2.

Using these quantities, we will count the number of nondescent leaves of a tree, relative to a

particular choice of i, in two different ways.

Lemma 9.4.4. Let k be a reverse-Catalan composition, w be a word of composition k, and T “

Treepwq. Fix an i P rns such that ki ‰ 0. Then,

Lnd ` Rnd ` ℓwpiq ´ 1 “ z` ` z´ ` p` ` p´ ` 1. (9.1)

Proof. We first will count the nondescent leaves of T in terms of their position in the tree.

First, ℓwpiq as defined above is the number of edges in the rightmost consecutive group of i’s.

So, there are ℓwpiq´1 nondescent leaves between il and ir. Then, Lnd and Rnd denote the number

of nondescent leaves left of il and right of ir, respectively, by definition. So, the total number of

nondescent leaves is Lnd ` Rnd ` ℓwpiq ´ 1.

Alternatively, we can count the nondescent leaves in terms of their label values. First, any j for

which kj “ 0 is a nondescent leaf, which contributes z` ` z´. Next, we have p` ` p´ nondescent
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leaves j which do occur as edge labels, split up by whether and j ě i or j ă i. Finally, c is also

a nondescent leaf not included in the above categories. Since every leaf label either does label an

edge or it does not, we have that the total number of nondescent leaves is z` ` z´ ` p` ` p´ ` 1.

Thus, we have proven (9.1).

Lemma 9.4.5. The p` nondescent leaves that slide in T and are weakly larger than i all occur to

the right of ir.

Proof. For j “ i, clearly the leaf i appears right of ir (regardless of whether i is a nondescent leaf).

Then, note that for all such j ą i, the leaf j must be to the right of ir, or else there is an edge j

left of ir, and the rightmost such edge j and the edge on its right (which is larger than j by Lemma

9.4.2) would form a 23´2´1 pattern with ir.

Theorem 8.3.4. Let k be a reverse-Catalan composition of n, and let w be a word of composition

k. Then, Treepwq P Catψpkq if and only if w P Avkp2´1´2, 23´2´1q and

TotalRepwpiq ` ℓwpiq ě zpiq (9.2)

for all i such that ki ą 0.

Proof. ( ùñ ) The pattern avoidance condition is given by Lemma 8.1.8.

We will prove the second condition by the contrapositive. That is, suppose Treepwq P Catψpkq,

w P Avkp2´1´2, 23´2´1q, but there is some edge label i for which w does not satisfy (8.1). By

Lemma 9.4.1, we may assume that no edges smaller than i occur to the right of ir.

By definition, we have zpiq “ z`. Next, consider the branch B starting at ir, and recall that

any branch of a tree has one more leaf than internal edge. Let |B| denote the number of internal

edges in this branch. Then if D is the number of descent leaves in B, we have

Rnd ` D “ |B| ` 1.
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Each descent leaf x is just to the right of the rightmost x by definition. So, rewriting the above

equation as Rnd ´ 1 “ |B| ´ D we find that there are Rnd ´ 1 remaining edges, which all are

either repeats of edge labels to their right, or are the rightmost edges with a label, where the label

is a nondescent leaf to the right of i. We also assumed that no edges smaller than i occur right

of ir, so Rnd ´ 1 equals the total number of repeats right of ir plus the number of nondescent

leaves in Treepwq larger than i that label an edge (which by Lemma 9.4.5 all occur right of ir).

Symbolically, Rnd ´ 1 “ TotalRepwpiq ` p`, or equivalently, TotalRepwpiq “ Rnd ´ p` ´ 1.

Using our assumption that (8.1) is not satisfied, and applying Lemma 9.4.4, we have:

TotalRepwpiq ` ℓwpiq ă zpiq

Rnd ´ p` ´ 1 ` ℓwpiq ă z`

Rnd ` ℓwpiq ´ z` ´ p` ă 1

z´ ` p´ ´ Lnd ` 2 ă 1

z´ ` p´ ` 1 ă Lnd.

Thus, the total number of nondescent leaves left of il is greater than the number of nondescent

leaf labels smaller than i (including c). Since the caterpillar labeling algorithm labels nondescent

leaves from left to right, and always chooses one of the two smallest unused labels, there is a

nondescent leaf d ě i to the left of il. If d “ i, then i cannot label the edges il through ir, which

contradicts our assumption. So, we may assume d ą i. Let j be the edge immediately to the left of

il. By definition of il, j ‰ i. We now consider the two cases of whether or not j is larger than i:

Case 1: j ą i. In this case, j must be a descent leaf, which in particular means that d is to

the left of j as well. Let e be the edge to the right of d. If e ‰ i, then in the slide algorithm

e will compare i (or something smaller if a smaller leaf than i exists right of e) to d, and since

d ą i this would be an invalid slide. So, we must have e “ i. Then, since e ă j, there must

be a nondescent leaf f between e and j. Consider the step where d was labeled in the caterpillar

labeling algorithm. At that step, d and i were the two smallest remaining labels, since d was the
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one chosen by the algorithm, i ă d, and neither had yet been used. So, f ą i. Thus, we can repeat

the above argument, replacing d with f . Since the tree is finite, we will eventually reach a step

where e ‰ i, since there is a j ‰ i between d and il. Thus, we do not have a valid slide tree.

Case 2: j ă i. Moreover, we have j ă i ă d. We again let e be the edge to the right of d. Since

e cannot be both i and j, when e slides in the slide algorithm it will see at least one of the leaves i

and j to its right, but since it is sliding to d it will compare something smaller than d to d, which is

not allowed. Thus, we again do not have a valid slide tree.

We have now shown that in both cases we cannot have a valid slide tree, which contradicts our

original assumption. Thus, if Treepwq P Catψpkq, w must satisfy (8.1) for all i.

( ðù ) We induct on how far k is from being right-justified. More precisely, we induct on

#tpi ă jq | ki ‰ 0, kj “ 0u. The base case is the right justified case given in Theorem 1.2.4. For

the inductive step, it suffices to show that if the Proposition is true for k1 “ p. . . , 0, l, . . .q, then it

is also true for k “ p. . . , l, 0, . . .q.

Let w P Avkp2´1´2, 23´2´1q, for some w satisfying (8.1) for all i where ki ‰ 0, and

where k is some non-right justified composition with ki “ 0 and ki´1 ‰ 0 for some i. Let

k1 “ pk1, . . . , ki´2, 0, ki´1, ki`1, . . . , knq, and let w1 “ pi, i ´ 1qw be the word obtained from w by

replacing all i ´ 1’s with i’s. Then, since the letters of w and w1 have all the same relative orders,

and the only change in (8.1) for w1 is that for our chosen i, the right-hand side is 1 smaller. So,

w1 satisfies the necessary condition, and moreover, (8.1) is strict for the chosen i. Thus, by the

inductive hypothesis, T 1 “ Treepw1q P Catψpk1q.

Next, we will use this to show that T “ Treepwq P Catψpkq. We will first show that the same

leaf labels are arranged the same way in T as in T 1, except possibly for swapping the leaves i and

i ´ 1. So, consider what could go wrong in the slide algorithm by either leaving the leaves alone

or swapping i ´ 1 and i. If we do not swap the leaves i and i ´ 1, then every comparison made in

the slide algorithm is the same in both trees, and so all slides are valid. The only possible issue is

that i´ 1 may not be able to label the appropriate edges. That is, in T 1, i´ 1 might be to the left of

an edge i, or there may be an edge between the leaf i ´ 1 and the rightmost edge i that is smaller
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than i´ 1. Alternatively, if we do swap i and i´ 1, then i´ 1 is in the correct position, and every

comparison using at most one of i and i´ 1 is the same comparison. So, the only possible issue is

if some edge in T 1 compares i to i ´ 1, then T would not be a valid caterpillar tree. We consider

different cases on where leaf i ´ 1 can be relative to leaf i and ir in T 1.

Case 1: i ´ 1 is between i and ir in T 1. In this case, we do not swap i and i ´ 1 when forming

T . In the slide algorithm, every edge between ir and i is contracted before i slides, so every edge

between i ´ 1 and ir is also contracted. Thus, i ´ 1 can slide across ir in T .

Case 2: i´ 1 is to the right of i. In this case, we swap i and i´ 1. Since i´ 1 is to the right of

i in T 1, no edge compared the two in T 1. So, no edge compares i´ 1 and i against each other in T

either, and so all comparisons in T are valid as well.

Case 3: i ´ 1 is to the left of ir. In this case, we swap i and i ´ 1. We will show that the

furthest left that i´ 1 can be in T 1 is immediately to the left of il. By a similar argument to the one

we made in the forwards direction of this proof, the number of nondescent leaves right of ir is at

least the total number of repeats right of ir, plus the number of nondescent edge labels larger than

i (which by Lemma 9.4.5 all occur to the right of ir), plus one (because there is one more leaf than

edge). That is, Rnd ě TotalRepwpiq ` p` ` 1. As noted above, for w1 and our chosen i, (8.1) is

strict. So, combining these two inequalities and using Lemma 9.4.4, we have:

Rnd ´ p` ´ 1 ` ℓwpiq ě TotalRepwpiq ` ℓwpiq ě z` ` 1

Rnd ` ℓwpiq ´ z` ´ p` ě 2

z´ ` p´ ´ Lnd ` 2 ě 2

z´ ` p´ ě Lnd.

Thus, the number of nondescent leaves left of il is at most the total number of nondescent leaves

(excluding c) less than i. We again note that in our Treepq algorithm, we label the nondescent

leaves from left to right, and at each step, we chose one of the two smallest remaining unused

labels. So, the first time i ´ 1 (the largest nondescent label smaller than i) would appear as an
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option would be the rightmost nondescent leaf left of il. If the leaf immediately to the left of il is

a nondescent leaf, then we are done. Otherwise, let v be the rightmost nondescent leaf left of il.

Since any leaves between v and il are descent leaves, the edges between them (including il itself)

are strictly descreasing from left to right. Thus, the edge on the right of v is strictly larger than

i ´ 1. So, when we label v in Step 7 of Definition 8.1.1, our options are two labels, the larger of

which is at most i´ 1, both of whom are smaller than the edge to the right. So, we will choose the

smaller of the two, and not label v by i ´ 1.

So, we have shown that if i ´ 1 is left of ir, then the edge to the immediate right of i ´ 1 is

an edge labeled i. So, the (first) label that will compare something to i ´ 1 is i itself, which will

compare some other label l R ti ´ 1, iu to i ´ 1. After this point, every edge between i ´ 1 and

i is contracted, so no other label can compare one to the other. If we swap i ´ 1 and i in T , then

instead i´1 will compare l to i, which is fine for the ψ-slide algorithm. Thus, swapping the leaves

i ´ 1 and i when forming T does not introduce any problems.

Therefore, in any case, we can take the valid caterpillar tree T 1 P Catψpk1q to form another tree

T with edge sequence w without introducing any disallowed slides, meaning T P Catψpkq.

9.5 Proof of Theorem 8.4.2

Lemma 9.5.1. Let k be a reverse-Catalan composition, and let w be a word of content k. If

BigRepwpiq ă zpiq for some i, then there is some j for which BigRepwpjq ă zpjq and the subword

of w right of the rightmost j contains no entries smaller than j.

Proof. For such an i, let j be the rightmost entry in w (weakly) smaller than i. Since j ď i,

zpjq ě zpiq. Then, since j is the rightmost entry right of i, there are no entries l with j ă l ă i

right of j. So, everything after j is also larger than i, so BigRepwpjq ď BigRepwpiq. Thus, we

have BigRepwpjq ď BigRepwpiq ă zpiq ď zpjq. The second condition is satisfied by definition of

how we chose j.

Finally, we prove the full classification for the ω caterpillar trees.
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Lemma 9.5.2. Let w be a word of content k and T “ Treepwq P Slideψpkq. If in Step 7 of

Definition 8.1.1, the second smallest label was ever used for a leaf, then T R Slideωpkq.

Proof. Let v be a leaf that was labeled by the second smallest remaining unused label in Step 7

of Definition 8.1.1, and e the edge on its right. For this to have happened, we must have e ă v.

However, since v is a nondescent leaf, e slides before the edge to the left of v, and so e slides to v.

Since e ă v, e is not a valid ω-slide, and thus T R Slideωpkq.

As a consequence of this, we know that in any ω caterpillar tree, the nondescent leaves always

increase from left to right.

Lemma 9.5.3. Let T P Catψpkq, and i a label such that ki ‰ 0. Then the number of leaves right

of ir that do not label any edges weakly right of ir is TotalRepwpiq ` 1.

Proof. Let B be the branch starting at ir. First, any branch has one more leaf than internal edges.

Each distinct edge label in B corresponds to exactly one leaf label. So, the number of leaves that

do not label any edges in B is the number of repeated edges in B, plus one. That is, there are

TotalRepwpiq ` 1 such leaves.

Theorem 8.4.2. Let k be a reverse-Catalan composition, and let w be a word of composition k.

Then, Treepwq P Catωpkq if and only if w P Avkp2´1´2, 23´2´1q and

BigRepwpiq ě zpiq (9.3)

for all i such that ki ą 0.

Proof. ( ùñ ) The avoidance condition is satisfied by Lemma 8.1.8 and the fact that Catωpkq Ď

Catψpkq. Next, assume that Treepwq is a valid ω-slide tree. Suppose, aiming for contradiction,

that BigRepwpiq ă zpiq for some i with ki ‰ 0. Then by Lemma 9.5.1, there is some j for which

BigRepwpjq ă zpjq and there are no entries smaller than j to the right of j in w. We will show

that j cannot perform an ω k-slide.
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For j to be able to perform an ω slide, it is necessary for there to be a leaf m to the right of the

edge j with m ă j. Such an m would be a nondescent leaf, since there is no edge m ă j to the

right of j. Note that for any l, if kl “ 0, then l is a nondescent leaf. This means that at least zpjq

nondescent leaf labels are larger than j. By Lemma 9.5.2, this means the zpjq rightmost nondescent

leaves are all larger than j. Since jr has no edges smaller than j to its right, BigRepwpjq “

TotalRepwpjq. So, by Lemma 9.5.3, there are BigRepwpjq ` 1 leaves right of jr that do not

label an edge weakly right of jr. Since we assumed that zpjq ě BigRepwpjq ` 1, there is no

room for a nondescent label m ă j to the right of jr, and so j cannot perform an ω-slide. Thus,

Treepwq R Catωpkq, and this concludes the forwards implication.

( ðù ) Suppose thatw P Avkp2´1´2, 23´2´1q and BigRepwpiq ě zpiq for all iwhere ki ‰ 0.

Since (8.2) is a stronger condition than (8.1), Theorem 1.2.5 gives us that Treepwq P Catψpkq. We

want to show that Treepwq P Catωpkq as well. To do this, it suffices to show that for each j that

labels an edge, jr is a valid ω-slide, since that ensures that j is larger than the largest thing it ever

compares in the slide algorithm.

By Lemma 9.5.3, there are TotalRepwpjq ` 1 leaf labels right of jr that do not label an edge

weakly right of jr. If any of these leaves label an edge to the left of j, they must be smaller than

j, since Treepwq P Slideψpkq. So, any of these TotalRepwpjq ` 1 leaves that are larger than

j must not label any edges at all. Since there are exactly zpjq of these in the whole tree, and

TotalRepwpjq ` 1 ě BigRepwpjq ` 1 ą zpjq, there is at least one leaf to the right of j smaller

than j, so j is a valid ω-slide. Thus, Treepwq P Catωpkq.
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