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Introduction 

A N.A.T.O advanced study institute was held at Ramsey, Isle of 

Man. The institute consisted of lectures and discussions on various 

aspects of the atmospheric and oceanic boundary layers and of air-sea 

interaction. Emphasis was primarily on the way in which boundary layer 

processes affect the larger-scale motions of the atmosphere and ocean. 

A unique advantage which this type of scientific gathering enjoys over 

a more conventional conference is the time allowed for informal discussions 

and additional tmscheduled seminars. 

The purpose of the meeting was to shorten the gap between training 

and individual research. Lecturers assumed a basic knowledge of physics 

and applied mathematics in the context of meteorological and oceano-

graphic phenomena. 

This report should not be construed as representing the proceedings 

of the Advanced Study Institute. Sections of particular interest to 

the author are reported on in much more detail than sections of less 

interest. Lectures on the fundamentals of gravity waves or radiation 

theory, for example, which are in many standard texts, are only briefly 

discussed. Also, some lectures consisted primarily of slides or movies 

with few resultant notes. 

The author recorded most of the lectures on a s mall portable 

cassette tape recorder. Approximately half of these tapes are of a 

quality to warrant listening to. The tapes are available to interested 

parties on a short term loan basis. 
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CllARNOCK - Introduction, problems , and methods of attack 

Th e primary ai.m of the conference is to focus on the upper portion 

of the atmospheric boundary layer and the lower portion of the oceanic 

boundary layer in order to examine the connecting links between the 

free atmosphere and the free ocean. TI1e lowest hundred meters of the 

atmosphere best correspond to a laboratory channel and may be termed a 

"happy hunting ground" for experimentalists. Motions on a scale com-

parable to the height of the boundary layer must be taken into account 

in a realistic large scale numerical model. Also, since most of the 

energy from the sun is absorbed in the top few meters of the ocean, 

any long term numerical model must realistically take into account 

this energy source. 

ROLL - Boundary layer over the sea 

Very close to the sea surface there exists an interfacial layer in 

which molecular processes are dominant and where the exchange of heat 

occurs. However, under strong wind conditions the sea surface may be 

ill-defined . A high concentration of carbon monoxide exists at the 

sea surface leading to a flux of CO into the atmosphere from the ocean. 

Hydrodynamic anology. Suppose we consider a two dimensional flow 

over a solid boundary. An upper turbulent region is separated from 

the laminar region next to the boundary by a transition region. The 

top of the laminar layer occurs at a height of v/u*, while the top of 

the transition layer occurs at a height of approximately 30 v/u*. 

!~re v is the kinematic viscosity and u* 

If a Reynolds number is defined by 

the friction velocity. 

,~here h is the height 

of the physical obstacles which comprise the boundary, the surface is 
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said to be aerodynamically smooth for Reynolds number much less than 

unity, and aerodynamically rough for Reynolds numbers much larger than 

unity. The mean velocity profile in the smooth case is given by 

.' lJ .: 

and by 

for the rough boundary. In hydraulics, z corresponds to h/30. 
0 

(1) 

(2) 

Vertical wind profile. The log profile in general is verified 

over the sea surface for neutrally stratified conditions. Kinks which 

have been observed at various heights in the log profile are apparently 

due to non-stationarity. One hour averages are occasionally needed to 

obtain steady profiles. 

Aerodynamic roughness over sea surface. Significant differences 

exist between the observations of various investigators. One result 

which seems to stand out, however, is that the drag at the sea surface 

appears to be less than that over a smooth wall. This is somewhat 

paradoxical since one often associates an increased drag with a roughened 

surface. It has been shown quite conclusively, moreover, that the 

nature of the rough surface over the sea is not equivalent to that 

over a rigid rough surface. 

Various attempts have been made to find expressions for the surface 

roughness in terms of relevant physical parameters. An example of this 

search for functional relationships occurs in the work of Zilitinkevich 

(1969), who proposes the general relation: 
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For a smooth surface, 3 f = gv/u* , which leads to 

(3) 

z proportional 
0 

to v/u*. ror a rough surface, on the other hand, f is a constant, 

which leads to z 
0 

proportional to 2 u* /g. 

Ruggles (1969) observed peaks in the values of z when plotted 
0 

against the mean wind speed at ten meters. A schematic diagram 

appears below. 

I r: 

'Fr { ,•.,,. j 
I( 

, 
IC -

The peaks in 

.). 

z indicate the possible existence of critical wind 
0 

speeds. A list of references is included at the end of this report. 

DORRESTEIN - Gravity wave theory (see abstract) 

A lecture on the fundamentals of gravity wave theory was presented. 

The Gerstner and Stokes waves were examined in some detail, particularly 

with regard to their mass transports in both Eulerian and Lagrangian 

frames of reference. 
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wave travel to right > 

r & ,~ f< :, I NC R. ~ ro I< i '.:, ------ ... -·- -··---------- -------;---------- -- ·-· 

/,J.-> f LLVc I. 

Area I= Area II 

Area III= Area IV 

). A G f< ,4M " i ll N 

I 

A handout pertaining to gravity waves is to be found at the end 

of this report. 

CHARNOCK - Similarity theory 

The separation· of the velocity field into mean and fluctuating 

quantities is a standard procedure in the study of turbulent motions. 
T 

Yet an averaging process of the form U = 1/T f Udt does not satisfy 
0 

the conditions U = U, U'= 0, au/ az = au/ az, U U = U u, U U' = 0. 

Laboratory data indicate the following sort of relationsh i p between 

surface roughness and obstacle height. 
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h 

------------------------- ------

Measurements of shearing stress on the sea surface have been 

computed by measuring the tilt of the sea surface, that is, by assuming 

a balance of the form 

) (4) 

which leads to To= pgd . A necessary requirement for this relation 

to be of some use is for a steady state condition to exist. It is then 

suggested that 

which leads to a roughness height proportional to 

JERLOV - Radiation processes 

2 u* /g. 

Absorption of radiation by water is the primary phenomenon to 

(5) 

be considered (other effects are of considerably less importance). Sea 

surface processes that alter the absorption process include direct and 

diffuse reflection. 

Energy penetration is increased for a roughened sea surface and 

decreased for a smooth surface. 



7 

ROLL - Boundary layer over the sea continued 

Roughness lengths corresponding to flow over water have been obtained 

both in the field and in the laboratory. Iwata (1969) found that the 

Charnock relation did not hold (i.e. 2 gz /u* was not a constant), 
0 

but that z 
0 

3 2 depended on the quantities u* /gv and gH/u* , where 

H is the wave height. Hidy and Plate (1967) found z proportional to 
0 

u*H/v Wu (1968) found that below a critical wind speed of 8.2 m/sec ) 
2 z =.18T/pu* where T is the surface tension. (Roll did not remember 

0 

the height to which the critical speed referred). A definite trend was 

observed by Wu in the laboratory experiments between 

of ripples on the gravity waves. If u > 8.2 m/sec, 

z and the number 
0 

2 z =.0112 u* /g. 
0 

Here the roughness is in some way governed by gravity waves. 

A theoretical study by Kraus (1966) predicted flow separation when 

the mean velocity in the laminar sub-layer exceeded the velocity of the 

slowest waves. The mean velocity in the sub-layer was given by u = u*/2k, 

which leads to the separation criteria of u* > 2k c (where 
0 

c = speed 
0 

of the slowest waves), or a value of approximately 18 cm/sec for a Stokes 

wave. 

A primary cause of wave growth is the normal pressure at the sea 

surface. The fact that surface waves are nearly irrotational gives 

credence to the importance of normal pressure fluctuations . 

The tangential stress at the sea surface may be expressed in terms 

of the wind speed at 10 meters by the relation 

where u is the surface speed. 
s 

(6) 



c, c 

'" 

8 

Observations prior to 1964 lead to the following picture. 

, t.' fJJ 

• er.:. 

The observations of Ruggles (1969) are indicated below. 

, ('C• -I 

1cc.· j 

,t.t: ... 

, (• C I 

·- --------'----~ 

" 
U,: ( 1rn f .u< ) 

(7) 

,o 

I 0 
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Wu's results show the following. 

• v I '1 = . J,.,..., ( w /Nb ru,Mc1. > 

J O •• .., ( ,;::/l'L/J) 

, C C' l.. 

The status of the composite picture at this point of the various 

results is not satisfactory, and it is suggested that any attempt to 

group the data should take into account the density stratification. 

The qualitative effects of density stratifications on the wind profi le 

are indicated below. 

\) f.J STA8LG. 

s T /llJLI: 
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The definition of flux Richardson number must include the flux of 

latent as well as sensible heat. This is particularly important in the 

tropics. Similarly, the gradient Richardson number should be expressed 

in terms of the virtual temperature. 

I+ :_ 

- (~ 

'..l 
Tv 

R :S- = l<u 
I< ,,, 

= 

(· ~ +V'f) 
Cr• 

rz..· \I 

J 

- f U ,r ---

~ )<. ( t, -t- r f) 

(8) 

(9) 

(10) 

(11) 

(12) 

(13) 

) ( :: o, fo (14) 
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(15) 

For unstable conditions, Ellison proposed 

s ~ ( l - (16) 

For stable conditions, Monin and Obukhov proposed 

s .: / + 
Lv 

(17) 

(18) 

Brocks and Krugermeyer (1970) have examined the drag coefficient in 

terms of the Richardson number. If one applied the log profile in the 

usual form without regard to stability, one would have an apparent friction 

velocity given by 

(19) 

(} ~d I / ~ 0 " ,? I ( .i --u, . l:. = /4 -l - - k -11 J ') j (20) 

~ For values of y 1).i = 18, and ~ a 1).i = 4.5, the errors are as follows. 
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(2(.· V 

------------------ ----
, 7 7 

/, s 
·- . t:J I 

+ . 0 I 

- ~ , 

3 ,-~------,-' __ -_. '--~u ____ · .... '----.-· _2. ___ _ 

12<,· (s .,1 ,...) 

The errors in the computation of 

than in the computation of u* 

z 
0 

are seen to be even more serious 

For !Rivi 2- .1, Brocks and Krugermeyer obtain the following results 

from a large number of profiles. 

l.,Cen,) 

I . I .... ,o 
i 
I 

\.. 

C 
IC 

, c 

. t· c , L _____ ___ _ 
'-I s 
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A representative value of c10 is .0013. Independent values for 

different areas are the following. 

Baltic Sea ClQ = (1. 36 ± .21) X 10- 3 

North Sea clO = (1. 25 ± .14) X 10- 3 

North Atlantic clO = (1. 30 ± .18) X 10- 3 

In the Baltic and North Sea, 1.5 X 
-2 z = 10 cm. 

0 

The primary conclusion then is that the wind profile method is 

satisfactory if you take into account the stratification. 

CHARNOCK - Similarity theory continued 

We are now at the point where we are arguing over a factor of two 

for the value of the drag coefficient over the sea. If one were faced 

with the task of estimating the stress, the largest source of error 

would probably occur in the evaluation of the wind speed. 

Let us now .examine the transfer of scalar quantities in the constant 

flux layer. 

,A 

(:-j, -:: 

i ~ ~ 

<JJ 0> -Ll 1f 

<wf l 
tA le 

= 

I -

(21) 

(22) 

(23) 

(24) 
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In the last relation we have assumed dynamic similarity between heat and 

moisture. The value of appears to be slightly larger than unity 

(1.1 to 1.3). conditions at the surface come in as boundary conditions. 

() - &~ J ~ l--
; o<~ (25) 

() ,,. ~(U) 

The meaning of z (O) and z (0) are not very clear, especially over 
0 q 

land. There is even an argument as to what we mean by the surface 

temperature of the sea. 

Above the surface layer, the Coriolis parameter becomes important. 

U- U, = j 
U , F, { ~,: ) 

IA ,. T-..... { 2- 1- ) 
Uir 

Near the surface we have the log law 

{U:_ ) T fl 
u .. 

where A and B are constants, and f is the Coriolis parameter. 

(26) 

(27) 

(28) 

(29) 

(30) 
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; 
(31) 

These neutral Ekman layer relations are of not much use since we have 

assumed steady state conditions, horizontal homogeneity, and neutral 

conditions throughout the layer. It would be very dangerous to attempt 

to estimate the stress at the sea surface using ageostrophic arguments. 

The existence of a mean density gradient has a significant 

effect on turbulent transport processes. In rmstable conditions for 

fixed shearing stress, the turbulence would be stronger than in the 

neutral case. 

f :. 

:: 
I. Jt> 

() ~ -
J~ 

L 
'v + 

(32) 

- £ -D (33) 

where D = divergence term, £ =dissipati on term. After normalizing the 

energy equation, we obtain: 

L ,,. 
~ -
ll./ 

JE 
Ji 

.. r 
(34) 

We now make the following definitions and assume that any non-

dimensional part of the turbulence must depend only upon s . 

:: c;,{, ( _r) 
(35) 



,.,;, -
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L 
L 

Either s , Rf or Ri may be used as a profile parameter. 

= 

o< = 

Direct measurement seems to be the best way to measure fluxes. 

(36) 

(37) 

(38) 

(39) 

(40) 

(41) 

(42) 

For stable conditions, the Russians proposed the log-linear profile. 

(43) 

where a = .6. The Australians, however, analyzed their data in terms of 

that law and found a good fit provided a = 5, which is nearly an order 

of magnitude larger than the Russian value. 
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,s !· 
' 

I L __ _ 
·--t---- ----------.---------- -----

3 

For ver y unstable regimes, 

y),.,, = { I -
. _,/"f 

11o r J 

_/ -- J"" /// U\ r· II.. + 

V' H I<,.,. 

(44) 

(45) 

(46) 

The observed dependence of a on ~ is shown in the figure below. 

] 

·.)( 
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ELLISON - Small scale turbulence 

Russian workers have tended to use the structure function to 

describe the energy in the small scales. For a scaler, 

The covariance function is 

< 8 t) > (; - r l 

so that 

(47) 

(48) 

(49) 

The spectrum is defined by the Fourier transform of the variance function . 

r_,;,JJ 

F ( w) " { R (7-) C..f ' ~ v~ 7-'d 7' , 
.) 

The total energy of the scale field is then, 

J' f F ( w ) Jw 
/} 

If we extend our investigation to three dimensions, 

The spectrum is then given by 

(SO) 

(51) 

(52) 
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.) 

If the motion is isotropic, we only need be concerned with the magnitude 

of the vector k. 
"' 

(54) 

The total amount of energy between wave numbers of magnitude k and 

k + dk is given by 

(55) 

E(k) is called the three dimensional spectrum. What is usually 

measured, however, is F1 (k) along the direction x1 . The one-dimensional 

is related to F(k) by 
"" 

(56) 

If the flow is isotropic we have 

(57) 

For a velocity, the problem becomes a bit more difficult. 

(58) 



If F un 
- a 

= Ak ' then 

E C .,k.) 
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(a+l) 
2 

Kolmogorov's second remark is that 

(59) 

and this leads to 

(60) 

(61) 

where j(kA) is a function of the wave number and the length s 

scale formed by 

(62) 

If A is sufficiently small, . j(kA) = 1 . s s 
. ..,:, 

(63) 

Many observations of the -5/3 law have been obtained. One difficulty 

with respect to the theory, however, is that the -5/3 regime extends too 

far towards the larger scales of motion. Eddies of size comparable to 

the height above the sea, and which are not isotropic, seem to lead to the 

-5/3 law. 
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In terms of the one-dimensional spectrum, 

Observed values of yl are as follows: 

Y1 = .47 :t .02 in the sea 

yl = .49 :t .041 in the atmosphere 
yl = .44 ± .02 

Prior to about two years ago, the value of y1 agreed upon was 

yl = .48 ± .01. 

(64) 

Some observations have tended to underestimate the spectrum of the 

vertical velocity. Whereas F WW should be equal to 4/3 F , uu the 

observed coefficient in the atmosphere is often near unity (at least for 

those measurements near the ground). The observations of Myrup in an 

airplane, however, do give the value of 4/3 for the constant of pro-

portionality. 

The arguments that have been applied to the velocity field may also 

be applied to a scalar field. If ~ represents half the rate of scalar 

dissipation, we have, 

(65) 

where pr is the Prandtl number or Schmidt number, whichever the 

appropriate quantity may be. If diffusivity is much more important than 

the viscosity, the -5/3 power law will be cut off. 
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Ys 

approximately .7 ± .1. 

Values of for the one dimensional spectrum are 

The spectrum equations may be used to estimate the dissipation 

( £ and ~ ) from measurements at a single frequency. One can choose 

the frequency to suit one's particular instruments. If one could measure 

the dissipation using these ideas of Kolmogorow, one could then deduce 

the other terms in the energy equation as residuals (in order for 
J 

example 1to estimate the shear stress). 

Measurements obtained by Gibson during BOMEX resulted in values of 

y 1 : .6 and yls : 2. Observations in the laboratory, however, indicate 

that these coefficients are Reynolds number dependent. 

Differences between the results of various workers suggest that 

quantities which are measured are perhaps not always consistent with the 

requirements of the Kolmogorow hypothesis. Small eddies must have a 

characteristic length which is less than the height above the boundary 

yet larger than the dissipation length. 

If a ten centimeter eddy at a height of ten meters originated very 

near the boundary and was in fact comparable in size to the height 

above the boundary 1that eddy would not satisfy the requirements of 

Kolmogorov' s hypothesis when observed at a height of ten meters. 

The use of the dissipation method to compute stress is particularly 

suspect over the sea (according to Frenzen) who found that under neutral 

conditions, production was not balanced by dissipation, thereby 

suggesting significant contributions from the divergence terms. The 

validity of the local dissipation concept, whereby the divergence terms 

are neglected, is even in doubt over flat in neutral conditions. If the 

local dissipation concept were valid, one could compute u* for stability 
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conditions other than neutral. In fact, one could take measurements of 

velocity data at two heights in a constant flux layer, and obtain the 

heat flux. 

ROLL - Air-sea transport processes 

The turbulent velocity field will be defined by 

( L} -f u,, u L / {Ji ) 

The spectral density is a function of the wave number k = a1r f 
u 

where f is the frequency. 

() . (.( 
l J 

0 

I> d + ,' . 
J ) (66) 

which is often written as 

J-' 

I t J, J/.1.,t) 
(, ' 

.J 
(67) 

-...P 

We define 2 and k x3 
au In terms of this -ulu3 = u* u* = ax. 

J 
notation, 

1.IJ .;. /J 

i, 6", l. jk 
(68) 

In the case of isotropy, we have 

(69) 
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Qualitative features of observations at sea are shown below. 

~~,. 
' '·-. 

}¢; .. 
\ 

J 

\ 

l 

Vertical alignment of instruments is extremely important. 

Observed drag coefficient 

Smith (1967) 

(Smiths data reanalyzed 
by Hasse) 

Weiler and Burling 
(1967) 

(Hasse reanalyzed 
above data) 

Hasse (1968) 

Smith (1969) 

Miyake (1970) 

1.00 + .27 

1. 03 ± .18 

1.49 t .41 

1.31 ± . 36 

1.21 t .24 

1.16 ± .42 

1.09 ± .18 

at ten meters 3 
X 10 . 

Thrust anemometer 

Hot wire 

Hot wire 

Thrust anemometer 

Sonic anemometer 

eddy 
correlation 

method 
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Weiler (1967) 2.11 ± .53 
Downwind spectral 

Miyake (1967) 1.35 method (balance between 
production and dissipation) 

Gibson 1.4 :t .02 

The downwind spectral method assumes isotropic turbulence, yet 

anisotropic conditions are often observed over the sea. There appears 

to be no appreciable dependence of c10 on wind speed, but there may 

be a dependence on stratification. 

Transfer of sensible and latent heat. 

(70) 

where CD and IT are both evaluated at 10 meters. 

The Jacobs formula for the heat flux is given by 

H -
)(, .. (71) 

where the subscript s denotes the sea surface value. Likewise, the 

evaporation is given by 

f:: (72) 

It will be convenient to define some new coefficients 

(73) 
I<,..., 



The value of 

Cr~ : Co k" 
I<,.,. 
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in the neutral case is denoted 

(74) 

Deardorf (1968) introduced the following form for a bulk Richardson 

number 

+ o . <. I Cc: (q_ 1 ) ) c ,, 0 - /J- ' 
I 

where TV is the virtual temperature. Expressing that Richardson 

number in terms of the Monin-Obukhov length leads to 

The vertical gradients of heat and moisture may be written as 

= 
cl t-

(75) 

(76) 

(77) 

(78) 

A distinction must be made between stable and l.Dlstable conditions. 

In the unstable case, we assume 

(1 - .r .±.... L., )
-,/y 

(79) 
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( I -
:)_ •• , / l.. 

4~ -=- ) Lv 

( I - .r c- )){ 
L~ 

where µ = -1/4 or - 1/2. The value µ = 

that KE = ¾· whil e the value µ = -1/2 

K = E KH' This is still an open question. 

value y = 16, and that 

e - 0 \ a 0 

-t j ·t- ~ ,, 0 't a 

u- vi !; ~ (.., 

In the stable case, 

s;o 

Si . t; 

I +-

l +-

I -t ..J.. 'l 

(80) 

(81) 

-1/4 corresponds to assuming 

corresponds to assuming 

Deardorf also assumed the 

r e 

(82) 

(83) 

(84) 

Deardorf used the values a = 7, u ae = 11, and a = 20 to q 

obtain results that are indicated below in a qualitative manner. 
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Processes at the sea surface seem not to be very well understood at 

the present time. There are indications, for example, that the actual 

temperature of the sea surface may be cooler than present methods indicate. 

The temperature gradient in the lowest 10 cm of the atmosphere has been 

found to exceed the gradient in the uppermost 10 cm of the ocean by a 

factor of 20 . The actual sea surface may have a "cool skin" which is 

approximately half a degree cooler than the values i ndicated by present 

methods. 



29 

A study by McAll i ster and McLeish (1969) gives the following picture 

of the fraction of heat transported by conduction, radiation, and 

turbulence as a funct i on of height. 
, ,a 't 

i 

i I< A /) / .AT I () N 

" I ( 0 

Q. o r• D v .:: 1 1 " 1V 

,c 
'-

......_c,u,.,../,,~ u , 
rv i /1 D r ., • _ ) 

-- • r1: 1; /) 

/.: ---- ---- ---- - -
0 , 5 J ,0 

Surface tension associated with a monomolecular layer acts as a 

strong barier to evaporation. 

T ,;_ Mt> f ll .• 1vfl.• ' 

O c E ;i N 

!=I L/v , 
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Momentum and heat transfer at the sea surface may also be affected 

by sea spray. Some studies in the laboratory indicate a significant 

increase in sea spray when the wind speed increased to about 12 to 13 

m/sec. Field measurements of the number of spray droplets as a function 

of wind speed lead to the following picture. 

{'l c·,.,,,..,:a 

IC 

lJ 

The overall conclusion that can be reached is that we have reached 

a relatively advanced state of knowledge regarding the small scale 

processes at low wind speeds, but that due to the hostile nature of 

the ocean,advances in our knowledge at the higher speeds will probably 

be made by indirect methods of measurement. 

The critical wind speed at which the number of spray droplets 

suddenly increases will be higher over fresh water than over the ocean. 

"Humps" have been observed in the humidity spectrum over sea (Gibson) 

and in the temperature spectrum over land (Busch). Because of the fact 

that their measured values of production exceeded dissipation. Busch 

suggests that those humps in the -5/3 law are associated with an energy 

concentration in a particular frequency band which is being exported 

as a flux divergence. 
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DORRESTEIN - Characteristics of surface waves (see abstract) 

The concepts of deep and shallow water waves may be examined in 

terms of the equation 

1. C. :: ') 
F l /) f c:. 1> W A T t: R w 11 Vt: S ) 

( J.: HAL l o W W ,+ T lo /l. WA Vt:. S ) , 

Energy of the waves propagates at the group velocity, C • g If 

a/k, c = ao/ak. g 

(85) 

(86) 

( S') ) 

2 
C = 

The maximum angle at the crest of two-dimensional, irrotational 

waves is 120°. The maximum angle for two dimensional standing waves is 
0 90, however. 

Let us consider a wave distribution such as that indicated below. 
"l 
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This wave may then be replotted in wave number space. 

the height variance is given by 

.r , :. 

(88) 

where k is the magnitude of the vector with components k and k . 
X y 

In deep water, k = o 2 /g, or dk = 2odo/g, which leads to the following 

expression for deep water waves. 
6 N c- __ P_1_1vr t:_!"~-, ~ ,11 9 L.. F fl ,: I.,) u c ,.,, , y 1 t' ,:: , r M v ,v1 

----- -- -- ----- - -·---, 

--~J 
D IRt:. C: r 10 N,1 L FtilZ <} ln;iV CY S Pi <" r !l.c ,.-1 

The spectrum of a fully developed sea is shown below . 

-· 
., 
' . 

rr 

(89) 
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In the equilibrium range ~(o) = S g2 0 -
5 The constant, S, has ., 

been found by various investigators to lie between about 0.8 x 10-2 and 
-2 1.5 x 10 . Phillips, however, says that S is not a constant but 

varies with wave height. Hide and Plate report a value of S = 2.10 x 10- 2 

in their wind-water tunnel. 

Fetch limited waves tend to overshoot the equilibrium spectrum in 

the manner shown below. 

J(<I ) 

er 

RODGERS - Radiation budget 

The total flux of energy impinging on the earth from the sun is 

1400 nR2 watts/m2, which results in an equilibrium radiation temperature 

of approximately 250° absolute. If we consider the total budget for the 

earth as a whole, we obtain the following amounts (based on an incoming 

value of 100 units). 

Incoming = 100 Outgoing 

Reflected by cloud 27 Emitted by atmosphere to space 55 

" " air 7 " " " " surface 96 

Absorbed by cloud 12 " " surface to atmosphere 108 

" by air 8 " " " to space 8 

Absorbed by surface 27 
(direct) 



Absorbed hy surface (diffuse) 16 

reflected by surface 5 

surface gain 43 

34 

surface loss 20 

The difference between surface loss and gain is accounted for by 

turbulent transport (4 units) and by the transport of latent heat (19 units). 

Radiation in the atmosphere interacts primarily with H2o and CO2 . 

RODGERS - Radiative equilibrium. 

The temperature at the equatorial tropopause is lower than at the 

polar tropopause. A net radiation loss at the poles and net radiation 

excess at the equator is compensated for by a net poleward transport of 

heat. 

Radiation effects may be incorporated into the heat equation by 

introducing an artificial conductivity term. 

(90) 

where k is the absorption coefficient, and the T4 relationship has 

been invoked. If one inserts typical values for the various parameters 

into the equation, one finds that the radiation conductivity is larger 

than the molecular conductivity. Radiation effects should be taken into 

account for decay times of the order of 100 seconds. Radiation reduces 

the buoyancy of a parcel of air and enhances the production of turbulent 

eddies. In the boundary layer, the critical Richardson number (for the 

development of turbulence) for small eddies is increased by a factor 

of approximately 2.5. The critical Richardson number for the troposphere 
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as a whole is increased by a factor of approximately 2.0. The Ri chardson 

number at which turbulence will decay will not, however, necessari ly be 

increased by this factor. More experiments need to be carried out to 

further investigate the effects of radiation on turbulence. 

DORRESTEIN - Momentum and energy transport in surface waves. 

The Stokes drift for a fully developed sea has been computed by 

Bye (1967). 

I 
I 

l 
I 
I 
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I 

The surface drift i n terms of the cut off frequency, a is gi ven m 

by 

where (J 
m 

10 m/sec, 

is in seconds, and u s is in cm/sec. 

(91) 

For a wind speed of 
21T 

0 m = 7 which leads to a value of 35 cm/sec for the 

surface Stokes drift. Wright (1970) showed that the Stokes drift would 

be smaller in a developing sea. Kenyon (1970) obtained the following 

relation between the Stokes transport and the Ekman transport 

J. ., ·-T: ,_ 
= I C,/1:, U, l, 

) 
(92) 
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where u10 is the velocity at 10 meters. 

Let us now consider the following two-dimensional flow . 

2-
/t 
I 
: ~(x,t) · 

IT~~ X -,-1 -------"----.-------------~~l~o 
I 1 
\ i cilx,-t) 
I I 

L- l 
The vertically integrated equations are 

~ 
r S' 

2__ 1'1,; de-+ 
~j ..,. rd -

I. f L)cu'd>=- 2-- 1 pd l 
,H J,I" Jx . .:ix J 

- ) - ,) 
-J (93) 

where is the bottom pressure and ad ax the slope of the bottom, We 

now let P = Pg(s-z) + P', and average over a number of wave periods. 

Also, s ' = s-h. 

where the second term on the left represents the so-called radiation 

stress or a vertically integrated pressure, and where ah represents ax 
the mean slope of the sea surface. If a mean current also exists, that 

is, if u = U + u we must add to the left side of the previous waves' 
equation 



where M = waves J 
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pu dz . waves 

, .•. 

} 

Let us now make the . approximation . pT = - p w2 

. , . 

(95) 

where w is the 

vertical velocity. For a periodic wave in deep water, the first or der 

term u2 - w2 = 0, so 

S- ·= ~ E (97) 

where E is the energy density. For a periodic wave in shallow water 

we neglect w with respect to u. 

where c is the group velocity of a single wave. g 

CHARNOCK - Characteristic diagram 

(98) 

The best observed quantity in both the atmosphere and ocean is the 

temperature. The next best observed quantity is the humidity in the 

atmosphere and the salinity in the ocean. The velocity comes in a poor 

third in both the atmosphere and ocean. 

A characteristic diagram has the property that the two axes 

represent "conservative" quantities. Conservative diagrams for the 

atmosphere and ocean are of the type indicated below. 
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e represents potential temperature, q represents specific humidity, 

and s represents salinity. 

._ D1:. tv ; ,rv 

Molecular processes are quite important in the ocean but apparently 

not so important, in the atmsphere. Salt diffuses much more slowly, for 

example, than heat. Whereas mixtures in the atmospheric characteristic 

diagram between two blobs of air tend to occur along straight lines, 

mixtures in the ocean between two water masses tend to follow curved 

paths such as those indi cated in the examples considered below. 

I, ) /l. 

S LS 
I ' 

----------------·- - --
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.Case 2 corresponds to conditions associated with salt fingers. 

s, (. S, L 

Case 3 corresponds to conditions associated with convection and layeri ng. 

The bottom of the ocean has a constant potential temperature rather 

than a constant temperature. This observation implies transfer processes 

are carried out primarily by the motion of blobs of fluid rather than by 

molecular processes. 

SIMPSON - Oceanic energy balance 

The energy budget for an ocean colUJJU1 of unit area may be expressed 

as 



40 

R = (99) 

where R represents the net incoming radiation, Qs the flux of sensible 

heat to the atmosphere, Q tho flux of latent heat to the atmosphere, e 
s the heat storage of the ocean, and ~o the flux divergence. 

energy supplied by the sea to the atmosphere is then 

where Q = LE. S is assumed to be zero when one averages over a e 

The 

(100) 

period of one year. However, seasonal variations in S may amount 

to 1/3 of Q . e The term ~o is usually ignored or computed as a 

·residual due to a lack of observational data. 

The Jacobs transfer formulas which are often used to compute the 

fluxes of sensible and latent heat are given by 

(101) 

(102) 

where the subscript o refers to the ocean surface, and the subscript 

a refers to the anemometer level of about 6 meters where the wind speed 

is usually measured. These equations are appropriate for near neutral 

conditions in which there exists a logarithmic velocity profile. Under 

unstable conditions, the transfer formulas will result in a 40% error 
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when the Richardson number approaches -.2. A 40% error may be expected 

under stable conditions for Richardson numbers of order .02. 

The Bowen ratio is expressed by 

\r = = 0__ 
L (103) 

where the transfer coefficients are assumed to be equal. 

Since the transfer formulas are proportional to the wind speed, 

most of the transfer occurs when the wind speed is high. High wind 

speeds at the anemometer level will then correspond to small Richardson 

numbers. The transfer formulas are therefore particularly valid where 

the bulk of the transfer is actually occurring. 

The net incoming radiation at the sea surface is determined by the 

equation 

) (104) 

where Q is the direct short wave radiation, q is the diffuse short 

wave radiation, a is the albedo of the sea surface and Qb the effective 

outgoing radiation. 

The critical variable in the determination of R is the atmsopheric 

cloudiness. Empirical correction formulas for the cloudless parameters 

have been determined as a function of latitude and season 

(105) 
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G\ :: ) (106) 

where n represents the mean fractional cloudiness. Since the constants 

b and a have been found to be nearly equal to unity, we may combine 

the equations to obtain the following result, 

(107) 

Let us now consider a particular example at 20°N in February. If 

we neglect the storage and flux divergence terms, we have 

R 
I+ i,- (108) 

The resulting effect of cloudiness on Qe i s then indicated below. 

\1 o~ 
0 //, I ~ 0d,/~L~ 

t{O fo 7 ,S' 

I V O '{ . ],] . 

The net incoming radiation will depend on the type and thickness 

of the cloud cover. The fact that the simple formulas give reasonable 

results must be due to the reproducibility of the cloud cover at a given 

latitude at a given month. The empirical constants take into accotmt 

variations in types of cloud cover. Improvements in the evaluation of 
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the effects of cloudiness on the net radiation should be forthcoming 

with the use of satellite data. 

Budget studies in the Northern hemisphere hive shown that the 

oceanic flux divergence is positive south of 30° latir.ude and -~egat i ve 

to the north of that latitude, with values approaching 1/3 of Q . e The 

oceanic flux divergence is therefore not negligible in budget studies. 

Evaporation of sea water and the resulting transfer of latent heat 

is the primary mechanism for the transfer of the net radiative energy 

from ocean to atmosphere. Typically,. the transfer of sensible heat is 

,only one or two tenths the transfer of latent heat. 

SIMPSON - Air sea interaction on the synoptic scale 

Let us consider a column of unit area extending from the bottom of 

the ocean to the top of the atmosphere. The radiation balance for the 

entire column may be expressed as 

t ' ) 
L ( 1:.- _ P) -t- 9v o + ~v .i.. (109) 

L CE -P) = ·' ) lrvw ) (110) 

where the storage terms have been neglected since we are considering an 

· annual average. The term (E-P) represents the difference between 

evaporation and precipitation, and hence may be interpreted as a flux 

divergence of water vapor transport in the atmosphere. The term o 'va 

is very nearly the flux divergence of sensible heat plus potential energy 

(realized energy). O may be computed as a residual and then compared 'va 

with aerological data. 
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The trade wind regions act as acctunulators of latent heat. This 

latent heat is transported to the equatorial convergence zone where 

cumuloriurnlus clouds convert the latent heat into sensible heat and 

lift it to great he i ghts. 

ELLISON - Energy spectra 

Turbulent signal s are in general highly intermittent. A consequence 

of this intermittency i s that 

I (111.) 

and that one must be careful in evaluating the terms in -5/3 law. 

If one has a cascade process of turbulent energy, these cascade 

processes will produce fluctuations in £ • After a suffi ciently large 

number of steps in the cascade process, the probability distribution 

of log £ must become normal. This result should also be true of 

the components of £ and the measurements of (au)
2 

seem to verify ax 
this normal distribution. 

where 

Let us write n e:: = e:: e • 
0 

) 1/-i. 
p(11)-= ('J-17' v-

CJ is the variance. The 

u<. 

The probability distribution is then 

) (11 2) 

mean value of Cl i s given by <e:: > 

' 1.. L ~er"' 
< L v<) ~ t. Jl (113) 

• ,, 



au The Kurtosis of "'ax 
1
given by 

45 
au 4 

< ("'ax) > 

< ~ 2> ax 

au }should be 3 i f ax were normally 

distributed. The probability distribution considered above would result 

in very large values of the Kurtosis, depending of course on the value of 

the variance. Measured values typically are of order 15. 

For a three dimensional spectrum 

(114) 

The variance of n is given by 

A~ -
I.. f ('I ( ;_) d _,k (115) CT : .) 

. ' L 

where L is the scale of the large scale motions (the scale at which the 

energy is fed in), and >. s is related to the Kolmogorov length. If one 

has a filter, however, one only integrates to some cutoff wave number k'. 

If we have a large scale Reynolds number 

L 
T ) 

where Re= LU/v one can then obtain 
) 

(116) 

(117) 

The variance therefore increases with Reynolds number. If we are 

interested in some particular scale, 

viscosity is not important. 

K such that K >. << 1, the s 
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Let us consider the one- dimensional function 

' ) J... ~- / £. C;x:),; (1+>::) ') c.,.:~ (Jl.r) Ji,. F (...¥!. ~ J.rr <.... • c.. • , 
'c 

One can obtai n, 

_fe ' I 

t\ (fa) = l T1 

c,,«:> 

-.:r'-( '1C~_)f>t.((1>c_J 
....Q l <~ ) e.,,.._..J.,;.)),, 

" 
(118) 

(119) 

The coefficient a12 has been found to be very nearly minus one 

half. For o2 =a12 1n(LK), 

The resulting change in the power of K, whi ch is -a12/9 = 1/18, 

is not measurable. 

TURNER - Turbulent entrainment 

(120) 

Similarity approach for convection from small sources may be used 

to investigate the following three situations. 

7// I//~~/ /// ~ ,. ,... ~ / 

SrAa. r- uvc- pLvME 
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We shall use the Boussinesq approximation in which density differences 

are neglected except when they occur in conjunction with gravity. 

The first case to be considered is that of a plume located in an 

environment of constant potential temperature. 

The instantan~ous boundary between plume and environment is quite 

sharp, but the time average at point near the mean location of the 

plume edge would be more nearly Gaussian. 

From similari ty considerations it can be shown that the properties 

are determined by the height, and the buoyancy flux. 

(121) 

where VF is the volume flux from the source. 

The radius ( a characteristic dimension) of the plume, the vertical 

velocity, and the ~ ((: f. ) , will be written as 
(' . 

b (122) 

w (123) 

(124) 
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From dimensional considerations, we find that c = 1/3, d = - 1/3, 

j = 2/3, k = - 5/3, which leads to 

b ol 2- (125) 

1/J _, /3 ·f, ( 1) w .,,I._ F r (126) 

~ oZ F 
'-IJ _ s·h s- ( Y' ) 

,?: . .). !, (127) 

The proportionality constants which were determined experimentally, 

are 

I l.i _, / 3 e. ,cp ( - qi .,,.~/2:i.) 
'N = 1t. 7 F 2 (128) 

2.h - /· 
·e}(I' ( -71 ro/l") _.!, J 

Lj -:. I I. o F 2-
(129) 

Since these solutions blow up as z tends to zero, they should 

only be expected to be valid some distance above the source. 

The solutions show that the mass flux is not conserved but is 

proportional to 5/3 z • F.luid is entrained into the fluid at a rate 

proportional z-l/ 3 times the surface area, which is proportional to the 

mean vertical velocity. That is, the mean inflow velocity is proportional 

to the mean upward velocity. If one assumes that relation, one has 

t '- /II ., I: /< V'1 .,..IO /II : ' f: /YI.IJ ~ ~ : ~ ( ), '- W) ~ J. o( 1 V\/ 
de (130) 
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(131) 

(132) 

where the last equation has been extended to the case of a non-uniform 

environment. In neutral conditions, a~ . 08 . 

In the case of a forced plume, we must speci fy the fluxes of 

buoyancy and momentum. If M represents the momentum flux, one can 

obtain, 

., I'- J/'/ -,Ii_ 
-z.. :; 0( ,4,1 r:. 2- I 

,/,_ ::r/., - _,/ .. l,, 
b o( /VI ,~ 

::' " 

_, IL _, /., , / 1. 

w -:_ ...:,1.. /VI i=J VV , 
) 

where z1 , b1, and w1 are non-dimensional functions of the height 

variables. 

(133) 

(134) 

(135) 

Thermals may be analyzed in a similar manner, resulting in the 

relations 

b :; o/.. ~ (136) 

,/ L 
w o< F" l (137) 

- J 

A oZ ,-:: 'K c 
(138) 



so 

where F = ~V * p , the total buoyancy, which remains constant. 

/.,. 

The continuity equation for the thermal may be written as 

which implies that 

where V is the volwne. Also, 

:; 

independent of the momentwn equations. (The momentwn equation is 

necessary in order to obtain db - for the plwne). dz 

(139) 

(140) 

(141) 

The thermal may be considered as a special case of a buoyant vortex 

ring, whose angle of spread is determined by the ratio the buoyancy flux 

to the square of the circulation. 

The starting plwne is found to spread more slowly than a thermal. 

The ideas previously presented may be extended to unstable and stable 

environments. In the unstable case, similarity solutions can be obtained 

for particular environments. For power law environments, i.e., 
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(' 
= C ~ 

(142) 

(143) 

If for example p = -4/3, which corresponds to a power law appropriate 

to free convection, one obtains, 

1/ 3 w d. 2 (144) 

L1 
_, /1 

°' 2-
(145) 

Power laws are not appropriate for a stable environment because a 

thermal would then come to rest at some finite height. 

Let us consider a plume in a constant stable density gradient, 

One then obtains, 

.. I,_ 
o( 

. .1/s 
G .:?:, 

(146) 

(147) 

Experimental determinations of the maximum height of plume rise 

lead to a value of 5.0 F l/4 G- 3·8 . A surprising result in the case 
0 

of a forced plume (for substantial rates of injection) is that the final 

heights are reduced due to an increased mixing with the environment. The 

fluid near the source acts more like a jet. 
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For buoyant vortex rings the maximum height is proportional to 
I 

F*-l/Z K 3/Z G-l/4 where K represents the circulation. The maximum 
0 J 0 

height can therefore be increased by increasing the the circulation, 

which corresponds to increasing the rate of injection. 

SIMPSON - Cloud dynamics and modification experiments 

Some of the most useful models of cumulus clouds have been based 

on the laboratory experiments of Turner, et at. The plume, starting 

plume, and thermal all have some degree of similarity to some stage 

of a cumulus cloud. The main difference between laboratory models and 

cumulus cloud is the existence of a phase change in real clouds. 

Entrainment rates for small non-precipitating cumulus clouds are 

of the order ½ : 10-S cm- 1. An entrainment rate of 10-5 cm-l may 

be interpreted as a doubling of the cloud volume due to mixing in of 

environmental air during a rise of one kilometer. Entrainment into a 

cumulus cloud is very much affected by the existence of a mean wind 

shear in the environment. Entrainment is found to occur on the up-shear 

side, while detrainment, or the shedding of moist air, occurs on the 

downshear side. Entrainment is apparently inversely proportional to 

cloud diameter. 

- .. 
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/ 
/ 
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The temperature of a typical cumulus cloud exceeds that of its 

environment by approximately one half to one degree centigrade. If 

3 grams per kilogram of water at 20,000 feet were to freeze, the re-

sulting increase in temperature of one degree centigrade would double 

the buoyancy of the cloud. Dynamic seeding experiments have been 

carried out in order to ascertain whether or not the injection into a 

cloud of a material such as silver iodide would act as a triggering 

mechanism, leading to a rapid growth of the cloud. Results of a number of 

seeding experiments have led to a very good correlation between seeding 

and the subsequent growth of cumulus clouds. 

The increased vertical growth resulting from the seeding of a 

cloud is what is called the seedability of that cloud. A cumulus cloud 

model has been developed to predict this seedability. If ~z represents s 

the difference between the predicted top height of the cloud and the un-

seeded top height, and ~z represents the actual observed difference 
0 

between the top height of the cloud and the unseeded top height, one may 

use these height differences to indicate the success of a seeding pro-

gram. 
s·· 
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The results of a 1965 randomized seeding experiment in the Caribbean 

are shown in the graph above. The seeded and unseeded clouds separate 

with a statistical significance of better than one percent. 

Three different growth regimes have been observed following the 

seeding of cumulus clouds. The first regime consists of an explosive 

growth in which precipitation is greatly enhanced and may in fact be 

doubled. The second regime may be called the "cut off tower regime," in 

which the top separates and the main cloud dies. The third regime has no 

growth whatsoever. 

The equation for the rate of rise of the cap of a cloud is equally 

valid for plumes, starting plumes, and thermals, the only difference 

being that different experimental constants must be used corresponding 

to the appropriate type of convective element. A comparison of the 

predictions with field results indicates that the most consistent results 

are obtained from the use of the starting plume constants. 

An important and as yet unresolved problem is contained in the size 

spectrum of cumulus clouds. Typical radii range from 500 to 1500 meters 

Moreover, it has been observed that the tall cumulorimulus clouds are 

often found in an environment that is more stable than the environment 

containing a population of small cumulus clouds. Synoptic scale con-

vergence patterns are apparently more important than the stability of the 

environment in determining the growth behavior of cumulus clouds. 

POLLARD - Ocean currents from buoys 

Data gathering in the ocean is much more difficult than in the 

atmosphere. Metal mooring lines tend to kink, while nylon lines in the 

North Atlantic are subject to "fish bite" (i.e. fish literally chew up 

the lines). 
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An area which has received considerable attention from the Words 

Hole Oceanographic Institution is known as site D, located at 39° lO'N 

70°w which has a depth of 2600 meters. A schematic diagram of the 

energy spectrum appropriate for site Dis shown below. 

/J.ht, . 

The peaks at 19 hours and 12 hours correspond to inertial and tidal 

oscillations, respectively. The primary interest lies in data of periods 

greater than one hour . The data have been gathered by sampling in rapid 

bursts. That is, every 15 minutes, the instrument turns on and measures 

every 5 seconds over a two minute interval. 

MORTON - Limitations of similarity 

Models such as the one-dimensional cumulus models may be termed 

"analog" models, as opposed "physical" models. If such an analog 

model contains a sufficient number of constants which may be determined 

from appropriate data, the model may be expected to give quite reasonable 

qualitative and quantitative predictions for the area in which it was 

developed. It is quite likely, however, that the model will fail miserably 

when conditions differ significantly from those conditions for which it 

was developed. 
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The similarity theory for a steady plume is not valid for heights 

less than 10 source di ameters. Morton therefore concludes that such 

theories based upon a model of a plume should not be applied to cumulus 

clouds where the ratio of diameter to hei ght is approximately three. 

Morton believes that a cumulus cloud is not necessarily defined 

by its visible portion. Simpson, on the other hand, has observed 

"top hat" profiles of temperature and moi sture which indicat e that the 

visible cloud boundary and the actual cloud boundary are one and the same. 

SIMPSON - Cumulus clouds and their transport 

wE. r 
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A mean schematic diagram of the trade wind boundary layer is shown 

above, where the boundary layer is defined as the layer in which the 

winds depart from their geostrophic values. 

Cloud roots do not extend from the sea surface to cloud base. 

Positive vertical motions at cloud base are associated with positive 

,'O(' O .~ 
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moisture anomolies, but the opposite is true of temperature fluctuations. 

Wind stirring is necessary to carry the moisture up to the condensation 

level. 

Cumulus clouds are responsible for maintaining the downstream 

pressure gradients that maintain the trade wind regime against friction. 

The downstream balance of forces is a near balance between frictional 

forces and the pressure gradient force. The cross stream balance of 

forces is between the coriolis force and the pressure gradient force. 

A similar balance of forces occurs in some ocean boundary layers such 

as the Gulf Stream. 

The trade winds export about 60% of the moisture that they pick up 

from the sea surface. In the sub cloud layer, eddies of the order 50 

to 300 meters in diameter are responsible for the transfer of moisture 

up to cloud base. Trade wind cumuli then pump the moisture up through 

the cloud. If 94% of cloudy matter descends at a mean speed of 10 

cm/sec, 6% of the cloudy matter need rise at a mean upward speed of 

2 m/sec in order t6 carry out the necessary transports. The numbers 

given were derived from energy budget calculations and are in agreement 

with available observational evidence. 
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A schematic diagram of the zonally averaged equatorial zone is 

shown above. There is no heat flow across the equatorial trough line, 

although there is across the geographical equator. The rising portions 

of the Hadley cell are confined to restricted regions of active "hot 

towers" in which undilute sub-cloud air is pumped to great heights. Only 

1500 to 5000 "hot towers" need to exist, on an average, in order to 

complete the energy balance requirements. 

NAMIAS - Large scale air-sea interaction 

Air-sea interactions are complicated by the fact that the two systems 

have different time constants. Sea temperature anomalies may last for a 

year or so and have a considerable effect on atmospheric circulations. 

Let us consider for example a situation in which a third of the 

North Pacific somehow obtained a substantial positive temperature anomaly. 

If the warm pool results in more convection and cyclonic activity on the 

synoptic scale, radiation losses to space would be decreased, as well as 

evaporation losses from the sea. The longevity of the pool of warm water 

may therefore be increased to a year or longer. 

Sub surface layers and mixing may be very important in influencing 

later events in the atmosphere. Strong winds associated with synoptic 

disturbances lead to an increased mixing to deeper depths in the ocean, 

thereby bringing deep temperature anomalies to the surface. 

MORTON - Cloud models 

J. Warner has doubts regarding temperature measurements in clouds, 

since the temperature excess of a cloud over its environment is usually 

.of the order of half a degree. Conclusions drawn from temperature 

measurements in cloud may therefore be highly suspect. 
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Observations in Australia seem to indicate an increase of turbulence 

with height, which effect is exactly opposite to the observativns of 

Simpson. 

Warner observed poor average vertical continuity of updrafts in his 

clouds. The RMS vert i cal velocity increases with height according to the 

relation, w = 1.2 + .72, where z is measured in kilometers. Observations 

also indicate that the scale of turbulence is largest in the middle of the 

cloud and smallest at the bottom and top of the cloud. 

According to Squires, some air in the center of clouds comes from 

above the cloud. This phenomenon cannot be taken into account by a steady 

state marching scheme which begins at the bottom of the cloud. 

1URNER - Entrainment in stably stratified fluids 

A plume immersed in a closed box in an initially unstable environment 

will lift warm air from the bottom of the box and eventually stabilize 

the environment. The effect of the plume on the environment can be 

examined if one adds to the entrainment equations, 

where 

-~ ~ -V~ 
J t o 2 

p-po 
t,o = [g(-P-)], 

0 
u is the environment velocity, and 

(148) 

(149) 

R the 

radius of the box. The velocity may be shown to be proportional to the 

entrainment constant to the 4/3 power, and hence may be used to measure 

entrainment. 

Although the problem is a time dependent problem, there is an 

asymptotic state. If t, changes . linearly in time, 
0 
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(150) 

where H is the height of the box. 

Entrainment processes which have been considered so far have 

only involved horizontal processes, in which gravity plays no part. We 

will now consider vertical mixing, in which gravity enters into the 

problem. 

Consider salt water flowing under fresh, where h represents the 

local depth. 

SALT--, 

The conservation equations of mass and momentum may be written as 

d. ( U½) 

cl>< 
.:: 

:. 6. \., ~{}- cUL 

(151) 

(152) 

where the second term on the right represents an attempt to incorporate 

bottom friction. 

t'1 ~e ----- (153) 
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(154) 

For the case when the bottom is not important (i.e., steep slopes), 

the velocity, U, is a constant, and :~ = a (Ri
0
). The equations 

then give 

(155) 

Experiments have been perfonned in which a grid has been moved through 

the upper layer of water that has a linear stable density gradient. 

From dimensional considerations the ratio of the entrainment velocity 

ue, to the friction velocity u* should depend upon the depth of the 

mixed layer, h· , upon the reduced buoyancy ~•and upon u*. 
J J 

results lead to an expression of the form 

f = ) 

Experimental 

(156) 

where Ri* is a Richardson number based upon h, u* and ~- This 

is equivalent to an energy a1·gument which says that the rate of supply of 

kinetic energy is proportional to the rate of change of potential energy 

of the system. 

(157) 

Measurements in the ocean by Stammel indicate that the factor 1.25 

should be replaced by the factor 10. 
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Mixing rates across an interface produced by salt lead to the 

f ollowing r esults: 

,0 .. 1. - - - ---------- - --------- -
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,c · l ---------------

The curve denoted by T corresponds to interfaces associated with 

a temperature difference, while the curve denoted by s is associated 

with a salinity difference. These results indicate that heat diffuses 

faster than salt. If ug represents the velocity of the gridJ 
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(158) 

(159) 

where the velocity used in the definition of Ri is proportional to the 
0 

grid frequency. Observations of Thompson lead to the result 

- {) i 

_,R (160) 

.) 
(161) 

where i represents the length scale of the turbulence. 

TURNER - Thermocline development 

The uppermost layers of the ocean may become homogenized through 

the action of the surface wind stress. An i nitially linear density 

gradient in the ocean would develop a surface layer of uniform density. 

The entrainment velocity of water into the surface layer would be pro-

portional to the friction velocity, and inversely proportional to the 

Richardson number defined by Ri 
0 

~ 
= :_e_ 

u 2 
* 

Let us now consider the simple case of a layer of fresh water 

surmounting a layer of salty water. 

(162) 
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A constant entraini ng velocity u e implies that the time change of 

potential energy is cons tant. For linear density gradients, the depth 

increases with time according to the relation 

where N2 
0 

= .[ dp 
p dz 

D C-t) = 
) (163) 

A time dependent model of the thermocline has been developed by 

Turner and Kraus. This one-dimensional model assumes: mechanical energy 

is constant; a periodic specific buoyancy flux; all the energy is used. 

The scaling parameters are then the rate of working by the stress 

c} = u] ), the maximum buoyancy flux (B ), and the Period (P). max 

G (164) 

POLLARD - Inertial motions 

Winds appear to be a major source of inertial motions in the ocean. 

Inertial oscillations may be likened to a simple pendulum., and are 

observed at all latitudes and at all depths. The periods vary from 

infinity at the equator to 24 hours at 30°N, and to 12 hours at the pole. 

The data presented below indicate the magnitude and vertical distri-

bution of inertial oscillations obtained during one observing period. 

Depth (M) 10 so 100 500 1000 2000 

Duration of 219 205 274 124 182 196 
record (days) 

Max. amplitude 49 20 14 13 11 7 
(cm/sec) 

amplitude which is 23 9 8 9 4 3 
exceeded only 10% 
of the time. 
(cm/sec) 
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The decrease in the amplitude of inertial oscillations with depth 

suggests the existence of a surface generation mechanism. 

A simple time-dependen! model has been developed to simulate the 

response of a homogeneous surface layer to a suddenly imposed wind stress. 

The predicted ampl itude behavior is in fair agreement with observations. 

The equations that have been used are the following 

where 

fhr 
- +-~l,l = G -cv Jt 

(FJG-)-= e"' Co U
2 (,u,v. ff., ~<2.-e ) > 

e"" 

(165) 

(166) 

(167) 

and where e represents the angle between the surface wind and the 

coordinate axis. The second terms on the right side of the two time-

dependent equations are really fudge factors which act as a dissipative 

mechanism to prevent an 'llllreal energy build up. 

SIMPSON - Cloud patterns 

Satellite photographs show that the equatorial convergence zone 

exists on a day to day basis and not just on an average basis. These 

photographs also show many examples of cloud rolls as well as open and 

closed convection cells. 

Laboratory convection studies may be of some value in obtaining a 

better understanding of the regular convection cells that appear in the 

atmosphere. There appears to be a paradox, however, in that the atmospheric 
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convection cells appear in a fully turbulent medium, whereas the laboratory 

convection cells do not. 

Laboratory convection cells have the property that the fluid rises 

in the center of the cell and descends at the edge of the cell in liquids, 

but that the opposite pattern of vertical motion occurs in a gas. However, 

in rotating systems, the motion can be driven either way depending upon 

how fast the fluid is rotating. If you heat from below the central core 

will ascend, and if you cool from above, the central core will descend. 

In non-rotating systems, the vertical motion patterns in liquids and 

gases may be attributed to the dependence of viscosity on temperature. 

In a gas, the viscosity increases with temperature and hence decreases 

upward in the convecting fluid, while in a liquid the viscosity decreases 

with temperature. 

Atmospheric convection cells have width to depth ratio that is 

considerably larger than the laboratory cells. The vertical uniformity of 

the atmospheric cells in the presence of a wind shear suggests that the 

cells are confined primarily to the cloud layer and do not have roots 

extending down to the sea surface. Laboratory cells get stretched 

out into rolls. Open cells observed by satellites have a horizontal 

scale of about 75 km. Smaller cells on the order of 10 km have been 

photographed during manned space flights. 

A major factor in the organization of cumulus clouds into organized 

lines is the wind shear. The fact that cloud lines are often organized 

along the direction of low level wind is due to the wind vector and wind 

shear vector being in the same vertical plane. 
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HADEEN - Numerical model of the booodary layer 

A numerical model has been developed in order to obtain 24 hour 

forecasts for the continental U.S. Large scale 72 hour forecasts are 

used as booodary conditions for the local model. The layer of air 

between the surface and 1600 meters is divided into seven levels, and 

a 100 mile spacing is used between horizontal grid points. The level from 

the surface to the first level at 50 meters is taken to be a constant 

flux layer. 

----~ ,1.c-0 ,.,.._ (~so ,,... l.) 
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A model has also been developed for the European region, and one 

is currently being developed for an Asiatic region. 

GARRETT - Generation of surface waves 

The wind near the sea surface is often well approximated by a 

logarithmic profile, with the friction velocity being on the order of 

3 to 4 percent of the wind speed at 10 meters. The input of momentum into 

the sea is very nearly equal to the surface stress. 

All classical theories are inadequate to explain observed wave 

generation by at least an order of magnitude. Classical theories may be 

examined in light of the picture shown below. 
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The signs refer to the pressure fluctuations. There is a coupling 

between pressure fluctuations and vertical velocities. Classical theories 

have attempted to shift the streamlines in order to permit the atmospheric 

pressure fluctuations to do some work on the sea surface. 

A major deficiency of the theories (including the theory of Miles) 

is that they are formulated in terms of a single wave. This is a 

particularly unfortunate state of affairs because the largest wave is 

not the one that is growing most rapidly. 

be shifted into the lower frequencies. 

Somehow the energy input must 
.J 

A recent theory by Longuet-Higgens incorporates a coupling between 

the viscous stress and the horizontal velocities on the wave crests. 

Energy from the wind goes first into small waves, and then into large 

waves. 
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Some experiments by Dobson indicate that 80% to 100% of the wind 

stress goes into wave generation. 

A fundamental difficulty may exist when one uses a wind tunnel to 

study wave generation. The laboratory experiment has a lid on the flow, 

and this upper boundary condition may invalidate a direct comparison 

between laboratory and field data if pressure gradients constitute an 

important part of the exchange process. 

ELLISON - Dynamics of the atmospheric boundary layer 

For about 50% of the time, there is a well mixed layer which is 

slightly stable in which the sea is warmer than the sea. For about 10% 

of the time there is a well mixed layer in which the air is stable with 

the air being warmer than the sea. The remaining 40% of the time may 

not be so easily classified. Moreover, it is clear that the density 

structure is much more important in boundary layer dynamics than the 

height of the Ekman layer. 

There are four important mechanisms which may be responsible for 

the deepening of a boundary layer in an unstable regime. The first 

mechanism is convergence within the boundary layer. The other 

mechanisms which involve entrainment are as follows: turbulent mixing 

such as at the edge of a jet; surface heating, and resulting random 

fluctuations; evolution of thermals for the ratio of height to Monin-

Obukhov length of order .3. An additional mechanism which may be 

important in connection with the evolution of thermals is the release 

of latent heat and the formation of clouds. 

The Ekman spiral is determined by the eddy viscosity, but this 

is determined to a large extent by the density variations and not the 
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wi nd fi eld. The integrated Ekman equations, however , may be of some 

use. For example the entrainment velocity at the top of the boundary 

layer may be obtained from the continuity equation. 

Ii 

+ 
(168) 

where the velocities are integrated values that are appropriate for the 

entire botmdary layer. 

Inertial oscillations occur in the atmosphere as well as in the 

ocean. These oscillations constitute an important mechanism in geostrophic 

adjustment processes. 

POLLARD - Surface waves 

A first order correction to the linearized theories may be obtained 

by considering a disturbance proportional to 

zeroth order solution may be written as 

the first order correction is 

q z i (kx - crt ) / x ' e e 

l{ I :. / 
('.) 

.J 
0 J -~ - (.{ s ) 

"' 

which may be identified as the Stokes drift. 

The 

(169) 

(170) 
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The Eulerian and Lagrangian velocities in the rotating case are 

u . .,,. (171) 

u 
(172) 

In the non-rotating case the velocities are 

(173) 

(174) 

The singularity associated with the Coriolis parameter, f, going 

to zero can be gotten around by adding the homogeneous solution 

corresponding to inertial oscillations. 

TURNER - Thermohaline layers 

Most of the preceeding lectures have been concerned with high 

Reynolds number flows in which viscosity and thermal diffusivity are 

assumed to be relatively unimportant. However, molecular effects may 

be non-negligible in some cases. 

The stratification in the ocean is not smooth, and R. Stuart 

thinks steps or discontinuities are to be expected in stably stratified 

fluids. 
(' 

may be expected to inhibit vertical mixing. 

In the case of a fluid heated from below and which has a stable 

salinity gradient, overturning will occur in steps. Salt fingers, which 
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occur when salt is added at the top of a stable temperature gradient, 

are a phenomena which may be attributed to the more rapid horizontal 

diffusion of heat than salt. 

Some concepts of hi gh Rayleigh number thermal convection may be 

extended to a thermohaline or dual property system (i.e., it is assumed 

that the Ra113 law holds). These predictions, which are born out by 

experiments are as follows: 

FJ...ux ;; (175) 

where the constant c depends upon the two diffusivities, and is a slow 

function of (86x/a6T). 

Another important result is that the ratio of the fluxes is constant 

over a wide range of (86x/a6T). For hot salty water above cold fresh 

water, the ratio is .56. For sugar-salt fingers the ratio is .9. For 

cold fresh water above hot salty water, the ratio is 0.15. 

i 
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l 0 - -------
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For a fluid of given properties and in the high Rayleigh number 

limit, the flux will depend upon 6T and 6s. However the rate at 

which the flux dilutes will depend on the depth. Properties will 

change more rapidly in a shallow layer than in a deep layer. 

Sloping boundaries result in special effects, and large scale 

motions may be set up. 
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Shear effects associated with stirring are presently being studied 

by Linden, at Cambridge, England. 

A technique has been developed to assist in the visualization of 

density gradients in two directions 

~ ---
/ 
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The ordinary Schlieren knife edge is replaced by a f1lter with 

red on top, blue on the bottom, and yellow on one side. Changes in 

density affect the path of light rays. Blue corresponds to a stable 

gradient and red an unstable density gradient. Horizontal density 

gradients will be indicated by the yellow coloring. 

NAMIAS - Sea surface temperature anomaly 

Ratcliff and Murray Q.J.R.M.S. 1969 or 70 

S. Tabata Royal Soc. of Canada 1965 

J. Namias J.G.R. October 1970 

" New Journal of 1971 
Oceanography 

M.W.R., J.G.R., Tellus 1955-1970 

Science 1965 

Deep sea Research 1965 
(Fuglister Vol.) 

W. Jacobs J.G.R. 

Shroeder and Stommel Prog . in Oceanography 
(Sears, ed.) 

1967 

1968? 

Sea surface temperature departures from normal may amount to 2°-

30 F, and may last for several years, based upon a 45 year average. 

A sea surface temperature anomaly curve for a station located at 35°N-

1700W is shown below. 
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Temperature anomalies have been shown by Tabato to extend to 

depths of 500 meters. 

Bjerknes has suggested that warm sea surface temperatures are 

associated with enhanced convective activity and precipitation. The 

occurrence of such warm temperature in the equatorial trough zone 

would be coincident with an increased Hadly circulation. The north-

ward angular momentum transport is then variable, as is the strength 

of the mid-latitude westerlies. 

There is significant correlation between sea surface temperature 

anomalies and sea level pressure. 

ELLISON - Flow over mountains 

Low hills as well as large hills can produce a large surface drag. 

Linearized lee wave theories are likely to do a bad job of estimating 

drag, since the conditions under which the theories apply are not very 

realistic. That is, the theories require that the hills be small. 

Let us consider a stable, hydrostatic flow. The following two flow 

regimes are possible for flow over a two-dimensional hill, 

·" 

/ 

' .,.. - .-
' ' ' - - -
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where 6 = g6p/p , If we define a Richardson number as Ri = h6/u2, 
0 

there exists a critical value of Ri = 1 0 , where the flow will not 

go over the hill, Simple minded theories won't get the flow over hills 

greater than about 200 meters. 

L_ 

Drag will be enhanced if there is flow over a blocked layer such as 

is shown below. 

The atmospheric boundary layer should be treated as an entity in 

large scale numerical models. Only some gross features of the boundary 

layer should be incorporated into such models. However, one might use the 

integrated Ekman equations. 
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The boundary layers of the atmosphere and ocean 
Isle of Man 1 September 1970 

Gravit waves - Introduction and element 
R. Dorrestein - Abstract 

1 • Recommended textbooks. 

O.M. Phillips, "The Dynamics of the Upper Ocean", 261 pp, Cambridge 
University Press, 1966 (very good account of the ~namics 
of surface waves and of the interactions, but concise). 

B. Kinsman, "Wind Waves, their generation and propagation on the ocean 
surface", 676 pp, Prentice Hall, Inc., 1965 (also good but 
perhaps a little too copious). 

H.H. Lamb, "Hydrodynamics" (Chapter IX: Surface waves, 113 pp}, 6th Ed., 
Dover Publ., 1932 (a very good review of the "classical" works; 
does not use vector notation). 

2. General. 

Surface waves themselves, in deep water, can be consider,d as a boundary 
l~er phenomenon, extending over a thickness of order K- (K is wave-
number). Viscosity introduces effects in boundary l~ers which are much 
thinner. 

Assumptions and limitations made: 
water incompressible, density constant; 
Coriolis acceleration neglected; 
influence of viscosity relatively small; 
minor consideration of: 

surface tension and capillary waves, 
atmospheric forces, 
waves running to shore, 
turbulence. 

The two main aspects of wind waves and swell at sea are: 
some degree of periodicity; 
variability. 

The latter can be divided into: 
stochastic variability - short-term and short-range (s~ within minutes 
or kilometres) and long-term; 
systematic variability - spatial and seasonal. 

3. Basic dynamic equations. 

Some simple relationships: 
surface slope and acceleration of surface particles, 
zero vorticity and non-zero mass transport. 

4. Theory of purely periodic long-crested waves. 
, 

Simplest, but fairly usef'ul., approximation: linearized (first order) theory. 
The dispersion law. 
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Theory ot waves ot finite height in deep water: 

1. the fascinating, peculiar Gerstner wave, 
2. the Stokes wave. 
Vertical distribution of mass transport in these waves, in Eulerian or 
Lagrangian description. 

5. Superposition of waves, group velocity. 

Ener'R' spectra: 
one-dimensional, in terms of trequency or wave-number 
two-dimensional, in terms of frequency and azimuth, or of wave-number 
apace. 
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The boundary layers of the atmosphere and ocean 
Isle of Man 1 September 1970 

Observed characteristics of surface waves-a ctra 
R. D0rreste1n - Abstract 

Wind waves and swell. Fully developed seas. 

1. Instrumental methods for observing waves: 
1. (most widely used). Record height variations of sea surface, along 

fixed mast or motion of floating object, as function of time. 
la. Record height variations of sea surface and simultaneously slopes 

and perhaps curvatures of sea surface from the motions of a floating 
object, as function of time. 

1b. Record h~ight variations of sea surface simultaneously at an array 
of probes at suitable distances, as function of time. 

2. Record wave profile at (approx.) one time. 
3. Apply stereophotogrammetry at one time. 

2. Frequency distributions of "apparent" wave heights, wave periods and wave 
lengths. Empirical data. The Rayleigh distribution. 

3. Introduction of spectra. 

In the definition and discussion of wave spectra, one mainly uses the 
concept of waves as a linear superposition of very many infinitesimal 
sine waves of various frequencies and wave-numbers and random phase 
(" Gaussian process"). 

Method 1 above yields "time histories", from which one-dimensional frequency 
spectra may be computed. 
Methods 1a and 1b yield sets of signals, from which one-dimensional frequency 
spectra with additional information on direct3on spreading may be derived. 
Method 2 yields wave profiles, from which one-dimensional wave-number spectra 
~ be computed. 
Method 3 yields instantaneous sea surface topography from which two-dimen~ 
s1onal wave-number spectrum can be computed. 

One-dimensional spectra may be obtained, either by means of direct Fourier 
analysis and consequent grouping of squares of amplitudes, or by means of 
the covariance function and consequent Fourier transform. For two-dime~sio-
nal spectra, only the latter procedure is feasible, for practical reasons. 

How is the relation between spectra and the distribution of "apparent" wave 
periods or wave lengths? 

4. Discussion of spectra. 

General properties of observed frequency spectra of wind waves and of swell: 
normally one peak with a tail towards the higher frequencie~ Formula for the 
spectrum of a fully developed sea (Pierson and Moskowitz). Variability of 
spectra. Not so much information on directional spectra.*Discussion of this 
tail: the equilibrium range in which the spectrum ¢Cn),...,n-..S-(n is frequency.) 

5. Other observed characteristics. 
Slope distributions. Orbital velocities. Number of white-caps. Short-
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The boundary layers of the atmosphere and ocean 
Isle of Man, September 1970 

Trans rt of mass momentum and ener in surface waves 
R. Dorrestein - Abstract 

Reference is made to Phillips' book "The Dynamics of the Upper Ocean", 
1966, Chapter 3. For simplicity, the treatment is restricted here to 
two-dimensional (long-crested) waves • 

• Irrotational waves on slowly varying uniform streams. 

The equation for mass. 
The equation for horizontal momentum: the waves are associated with an excess 
momentum flux or "radiation stress", which may give rise to variations in 
the mean water level. The balance of total energy in simplified form. Here 
again the "radiation stress" occurs. 
Some consequences • 

• Boundary layer effects. 

Strictly virotational waves are not possible in anture. The free surface 
as well as the bottom (if the water is not very deep), by viscosity, 
necessarily introduce vorticity and some extra mass transport in the direction 
of wave propagation. These effects are mainly confined to boundary layers 
with thickness of order ,.-, = ffl/o- ( y is viscosity, <T/27C is 
frequency), which is about 0,1 cm for waves of 1 second period. 

M.S. Longuet-Higgins described these effects in a difficult article in 1953 
but attention may be drawn to a simple physical picture of the effect at 
the bottom by the same author in a somewhat hidden appendix behind a paper 
of Russell and Osorio in Proc. 6th Conf. on Coastal Engineering (Council 
on Wave Research, 1958). 
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The film shows thb flows ~hlch arise upon the rearrangement 

of thermally unstable: layers of gas or liquid in a gravit~tio11:..1. l 

field . The convection cells, which are steady or unsteady ~ccording 

to the experimental condt~ions , ~re snown from ti1~ to p and in cross 

sect.ion. 

The film is designed f or college instruction . The: narrow 

fill"l (16 111m) silent vers5 on has a duration of 12i7 m or 121 mir1utes 

at a tJt oje ction spet:d of ~ 4 Ij s. 

I. General Remarks 

Co!1vect1ve moti_on:S are caused by local hJ a tinc in c:;a::.~ .J rid 

lieuic1 layer!'\ found in a sra.vitational field. In the Cl!se of 

1 ocE:.l t~ mp1.ffc.1 turt: increase there com en a bcu t expa nsion 2.nd l O'.'.'er 1 n £ 

of censity of '.,ha gas or liquid element in qve :.. tion v;l,ich t. he:· e'oy 

If tlw 1 oc a i hP. a :, 

source pro vides enot~g!, energy addi tio.1 for maintenance, a st ;~~c1y 

conve(; U.\'9 flo w builds u p over the heat ~:-urce , Snch fli:,ws ·:ie 

the motions, heut en::re-;Y from tn6 Wf r m source L : tr:.:ns.- ior t L,c i.rt.o 

the surr ounding 1:.:e dit:·11 , i1:1to wili ch t he fl o v,1, be:c aUSt! 01' i nL 'C" r nt: . .I. 

fricti on , ~,pre ~dt; ctn ,~ rdxe::: ·.~·itI. t he envlror..,,f:n t. . 
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l, . Luminar ~nd Turbulent Flows 

However, each liquJd or gas flow can occur in laminar or 

turb-...i.lent form; controlling the character of the flow is the 

Reynolds n'..lmber 

Rec 
e:iJ ,L 

p 
in Y'lhich e is the density, v the flow velocity, Z the linear 

dim~nsion, for example the diameter of the stream, and/! is the 

viscosity. According to ~1netic theory of gases 

'-' = 1.· e . u · .:l ... · 
r 3 · 

,·,ra:re 1' if:l the molecular velocity and A is the mean free path of 

the mol .~ cule. The density therefore does not enter the dimensionless 

Reynolds numbe:r. If we d~si~nate .,.uje: V as the kinemci.tic 
I 

viscosity, the Reynolds nµmber becomes 

ti , Re= v 

specified by the velocity aryd linear dimension of the flon and 

through a single material constant l/ · . Several v~lues of the 

Kine iau tic viscosity are here given : 

~.'a ter 20° ! V = 0.010 cn-,2/ s 

Water ·100° 0.0030 cm2/s V = 
Glycerine t..00 J) = E.8 ,.. . 

cm"'/ s 

Air oo and 760 mm V = 0.133 cm2/s 

Air 1000 and 760 mm V = 0.245 cm2 /s 

Air oo and 760 mm V = 1.33 cm2 1 s 

While for srnul l Reynolds numbers, that is to say low velocities 

and dimensions, or lurge viscosity, the flo :v ren1a ins laraine!r and 
the individu~l stream f 1l amen ts are parallel, at Reynolds numbt:r s 
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greater than 1000 develors the eddying turbulent flow condition, 

in which the individual stream filuments cross each other and 

entangle. The di\ision is not always sharp, which divides iaminar 

from turbulent flow, as one can show through raising the velocity. 

It depends for example upon the strength of the effective disturbance. 

The convective flow above a candle (V'""-"'20 cm/s, Z = 1 cm, 

v = 0.3 cm21a) is on acr.;ount of Re ---70 surely laminar; over a 

larger surface, for example a hot plate ( v,_50 cm/s, i = 25 cm, 

v = 0.3 cm2/s) one obtains already Re= 4.103 and therefore 

turbulent eddying. Pr~ctically all fluid flows encountered in 

natur~l liquids (rivers, ocean currents) and gases (wind, flow 

processes in sun's atmosphere and stars) are, because of the large 

linear dimensions, turbulent, regardless of whether they have 

couv<Jcti ve charc1cter or are brought into being by other forces. 

rn the experiments Bhown in the film, the convective flows are 

laminar throughout because of their small scale. 

G• . Laborutory experi~ents on cellular convection 

Under certain conditions the convective flows occur in a 

singularly regular form. If a horizontal liquid layer of large 

ex tent but .small thickness - tha experiment may be carried through 

in an exactly similar fnshion with a gas lnyer - is heated :rom 

below, so arises an unstabl e condi:ioa, since tht: p~rt of the layer 

near the bottom 13 V.t!.l. rmer and the1 ·efore becomes less dense than 

the part near the upper surface. Ul tlmute!y therefore a rearr.:inge-

ment must take place, in which the bot por-tion rises from l,elow 
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and tt.e cold sinks from above ·· .If one provides, thrc.ugh the 

continued heat sc~rce from below and heat sink at the top,for 

the maintenance of a temperature lapse in the layer, so cor.tinues 

the t'rocess of risins and sinking without 11.nit. Therefore just as 

much fluid passes through e~ch cross section in the middle moving 

upwards as downwards. If the layer thickness ia on the order of 

l millimeter, the flow takes place in several stationary nearly 

equal-sized cells. 

This cellular convection is easily demonstrated in the 

laboratory, by heating carefully oil, wax, ~r a similarly viscous 

substance in a shallow dish with even horizontal bottom, over an 

electric hotplate. The flow at the upper surface is made visible 

by tpe ir,troduction of fine aluminum powder~ ( In the photosr.:?.phs 

paraffin liquid was used, Vlhich with adsorptive charcoal was 

colored black, in . order to permit the motions near the surface to 

show up more clearly). 

The cells are for the most part six-sided - still, four to 

seven-sided qells occasionally ~ppear. The flow in the cells is 

naturally laminar because of the small dimensions and velocities. 

In . the middle of the cells the fluid rises and it sinks at the 

edg~s. The rising occurs at higher speeds than the sinking; because 

of that the cross sections of the rising regions re smaller than 

those of the sinking regions. 

In fully developed c~llular convection the diameters of the 

individual cells are closely correlated with the layer thickness -

they measure about 2½ - 3½ timei:i the l ayer thickness. The natu:·e 
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of t he mat·arial is unimportant, alao the temperature gradient 

has ~o significant influence on the proportionality factJr. It 

01akot; no great d1.:'ference ~hether the svrfc.ce of the fluid freely 

borders on the air, or whe~her it is covered with a glass plats; 

in the second case it is difficult to keep down the fluid velr.cities 

of the individual cells - the cell size, however, only slowly changes 

The lifetime of the single cells is as large as desired, as long as 

the ex~erimental conditions, temperature gradie~t and layer thickness 

remain constant. 

If one investigates the influence of layer thickness on 

the convective flow more exactly, it appears that stktionary cello 

only arise in a definite range of layer thicknesses. In the case 

of very thin layer thicknesses or very small temperature gradients, 

the onset of convection does not take place at all. The criterion 

for the onset of convection has been . derived from the Navier-Etokes 

equations of motion of a fluid with friction by Rayleigh and 

Jeffreys. This can be expressed by the numerical value of a 

dimensionless constant, which we shall call the convection numl.:3r 
1 d.T' goc.ceh¥ 
/L = Clh. • kv 

in ;:hich d3Jh is the mean temperE..ture gradient in the layer, 

9 is the acceleration of gravity, ex: is the coefficient of 

expansion, c the specific heat, e the density, h. the layer 

thickness, k. the tharmal conductivity and 1) is the kinematic 

viscosity. If the convection numbar exceeds a de!inite critical 

valtie, which depending on the boundary conditioro fallo between 

700- 1700, convection sets in und indeed in c-:.ilulc..r for,n. Fur· 

smaller values of A the fluid remains at rest 1 th~ e.-1erw:v t 1~ans;)or~ 
~-- . 
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r~sul~ing from the t~ r:1perature difference is accom,EJlished by 

mol 9cu1ar conduction. ~hen the layer thickness is so l&rge that 

the convection number attains a va.lue of the order ). - 10'*·5 or 

greater, the character of tne convective motions changes. Steady 

cells no longer form in one place, but individual fluid elements 

detach themselves fro~ the bottom of the vessel, rise up and spread 

out upon the release of their heat cont~nt, at the upper surface. 

These ascents take place irregularly next to one another at dif-

ferent places in the fluid, so that we can speak of non-stationary 

convection. In the laboratory experiments with viscous fluids 

this situation begins with layer thicknesses greater than 15 - ~0 mm. 

With in-bet~e~n layer tnicknesses we find a transition condition. 

next to the longer-existing cells non-stationary formations appear. 

Already in th3 case of la.yer tl..icknosses from about 8 - 10 mm up, 

the transition to unsteady convection begins to show up, in that 

occasionally division of old cells or new-formed cells occurs. 

In the unsteady flow condition, the life- dur~tion of single cells 

has the magnitude of the layer thickness divi ~~ d by the ascent 

velocity; the diameter of the cells is on the average about equal 

to the layer thickness, but tl~ individual cells are often of very 

different sizes, since they exist side-by-side in different sta~es 

of development (see Fig. 3). In addition to chan~es in form and 

lifetime of individual cells, the change s in flow conditions with 

increasing convection number make themselves noticeable also in 

energy tra.osport. The transition from pure conduction to cellular 

convection bnd cellular convection to unsteady convecti on ca n be 



cellular convection (7) 
99 

1&~ermined quuntitbtively fairly well, if oc~ measures as a 

fo.l.nction of the convection nu1nber the ha <.~. t transport between two 

hor1zontal plates ~laced over one another in a fluid (the lower 

plate is heated). Accordingly pure cellular convection is confined 

to a rather small range of A ; it begins when A .:::::> 1700, while the 

tran~d tion to unstead~' convection occurs when A > 50,000. This 

uppar transition is relatively unsharp, since as already pointed 

out, a broad transition region exists, in which steady and non-

steady ~ells ap~ear side-by-sid~. 

3. convective procdsses in moving fluids 

Also in a horizontal .. .>' flov.-.1.ng fluid, which is made unstable 

by heating from below, can convecti~n set in which superposes itself 

upon the basic motion. The patterns ari ~· !ng thereby are of very 

di1'ferent kind, according to v;h~th~r thE:; velocity of the basic 

current or of the convection is gre~ter. Moving cells can appear, 

which wander with the current but otherwise remain ste c:dy. Farther 

along it c&n . come to the uuilding of rolls, \"/hose axes lie perpendicu·· 

lsr to the direction of flow, and also rolls can build whose · axes 

lie parallel to the direction of the flow. There arises in flowing 

destbbillzed gas layers, according to the boundary conditions, rolls 

parallel and perpendicular to the basic flow, as well as moving cells. 

In th~ ~arth 's atmosrhere, thes~ _..,rocesses are recognh:a ble on a 

lurge scale in certain cloud structures. 

4. Convection in the case of tu.rbulo :1 t cell flow 

In tho di s cussion up to now it has been assume:;d tha'l. +he 

flow in individual cells is "lami nar. 1.'1hen, as in na tu .~e it nearly 
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alw~ys is, the cells becom ~ so large, that the characterintic 

Reynold's numb~r for the cell flow exceeds 103, the flow becomes 

turbulent. The c~nvective phenomena wh~ch we e~counter in nature, 

for ex&mple in the earth's atmosphere or the surface of the sun, 

are always of this kind. Also in the case of turbulent flow 

we can distinguish the two cases of cellular &.nd unsteady con-

vection. The convection number A.~- determining the transition 

tuKeEJ ~ quite dir ferent form, uince the coeffic it:mts or' molecular 

conduction and internal frictio·n are replaced by tLe corresponding 

turbulent Austausch coefficients (in general many orders of magni-

tude larger). We obtain for large-scale convection in gases 
, clB gC(h'l ).. * = d. h • L' :t·~J-i. ) 

11 where is the mixing length or diameter of the turbulent 

elements, u. 1 is the mean velocity of the tt,rbulent motions 
d.e superposed upon the mean motions, and dh is the gradient of 

potential temperature, which takes intotthe decrease of pressure 
. l! rcu <n• r ~t 

with height. The criticul values of the convection n-umber are 

approximately the same as in the case of laminb.r convection. 

5. Cvnvection in the earth's atmosphere and surface of the sun 

Examples of convective processes in the earth's atmosphere 

are visible . in cloud formations, since ri H in~ bir streams ~e&ch 

condenscd.ion by adiab&.tic cooling anc. thereby clouds are formed, 

wt1ile tLe surrounding regions of descent are cloud free. The 

case of unsteady conveotion we find r&alized in so-called "thermal~, 

t!1e convective motions wt1ic!.L are brot:c;ht about in strone.; s uns hine 

by heating E.lnd thereby destabilizing tl.t.e lowos t ai r l e:.yt:r . lf the 
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rising air is cooled by adiabatic cooling to the dewpoint tempera-

ture, which customarily occurs at a height of about 1000 m, so 

occurs condensation of water vapor and the building of fair 

,weather cumulus clouds ( see for example the cloud film " Cumulus 

Clouds" ) . The indi viduc1l thermals have ·, as can be learned tl!rough 

sail plane flights, only a limited lifetime: single masses of warm 

air detach themselves from the bottom surface and rise, until their 

buoyancy is used up and they are mixed up with their environment. 

We have theiefore in the lowest convection layer a typical case of 

unsteady convection. If one computes the ,pertinent convection 

number A* on~ arrives at &. value the order of ma.gni tude of 106 - 107 , 
I therefore in any case well into the unsteady !'&.nge . The diameters 
I 

of the risin~ regions are in general smaller or at the maximum of 

the same magnitude as the layer thickness; also in this respect 

showing the proportions of the la.bora.tory experiments. Since the 

cross section of the ascending regions is substantially smuller 

than that of the descending regions, the velocities of the updrafts 

are greater than the downdrafts. They measured about 1 - 3 mis 

below small clouds and· can in th,mderclouds (cumulonimbus) rise 

to 10 mis end l,i~her; the downward velocities remain always below 

l m/ S • 

Stationary conve~tion cells ~re also found frequently in 

the atmosphere; the corresponding cloud forms are the strato-cu~ulus · 

in the l-0wer atmosphere and alto-cumulus and cirro-cumulus clouds 

in t he hi gher air layers (aee Fi~.4). The layer thicknesses are 

0f tha order -of 100 m, tl.1=: r1:..tio of the cell diameter to the layer 
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thickness measures ~bout 3.5. Values from 103 - 104 are obtained 

for the appropriate canvection numbers. In fact it also appears 

that tne single cells have a long 11.fetime. Since one is 1n the 

rieighborhood of tl~ lower critical boundary of the convection 

number, it is further understando.blE: that., for example, strc.to-

cumulus elE:ments often break out through a uniform stratus layer. 

A small variation of the layer thickness or the temperature gradient. 

suffices to carry over the layer from the stable to the cellular 

convective ·regime. 

Since the application of the laboratory results and calcula-

tions upon l~minar convection to l~rge-scale turbulent conditions 

in the earth ls atmosphere leads to reasonable results, the further 
I 

step to the ~un•s atmosphere appears justified, Although here the 
I 

thermodynamic proceoses are much more complicated and besides tho 

flow no longer incompressible, still in principle the process 

remains the same. We have known for a long time tha t under the 

photos!JherE: of the sun there is a lc1yt::r rendered unsthble by t11e 

1 oni za ti on of hydrogen whicl1 is f:. t le~s t 1000 kn, thick. The 

convection brought about thereby, causes irregular zones of uneven 

brielltness on the sun's surface, which is designated. as granulation. 

The regions of ris 4 ng flow a~pear brighter than the in-between 

regions in which l!laterial slowly sinks. For the convection number 

we get roughly fror., li very uncerta in calculation a value of about. 

107 , so thb.t we have to expect the case of unsteady convection. 

Jn fact the oliserva.tions show t hat tne diameter of t he granules 

is the. scune. order ·of ma gnitude a s the laye r thicknes s and further 

it can be establishe d that the granule s have a limited lifetime 
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of severb.l minutes. Photogrb.phs at ten minute intervals show 

alr·eady si6nificant differences. Calcul:ation for the ratio of 

the l nyer thic~ne ss to the ascent velocity gives values of 

several minutes. 

_Sim~larly to the case of the sun, convectiv~ processes 

may play an important _role in the surfaces of other stars, for 

example in certain classes of variable stars. Further it is 

envisaged that deep within the sun and stars convective flows 

play a part in carrying th'i} energy released by the convection 

· to the surfiace. 

II. Explanation of the film 

Laminar and turbulent convective flo~ 

First of all the laminc:1r convective flow over two 

lighted pipes is shown, which extend into the picture diagonally. 

The cross section of the flow measures~ - 4 mm2 , the Reynold's 

number is about 10. 

We see then the turbulent eddying convective flow over 

an electric hot plate. The flow is made visible by smoke of 

smoky candles which were set on the hotplate. One can recognize 

in tHis wu.y how Dlretidy ufter a short time the individual stream 

filaments become entangled. In order to follow the details of 

the flow better the mot.ions are :, •• own slow~d down by a factor 

of ?.~. 'l'hc Reynold's number o~ t.ne floVI measured about 5000. 
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Cellular convection (l,) 

Stationary cells in an unstable fluid layer 

First tlie appar ::,. tus is shown with Y1hich ti.1e experiments 

to follow are performed. 

The vessel has a lower surface of 30 x 40 cm; it can be 

~evelled by three foot screws. 

The bottom surface can be hebted with warm water through 

an ultra-thermos Lat, so that a vertical temperature gradient is 

created in the pare1ff in layer which is located in the vessel. 'l'he 

Askania-Z-camera with which the _photograr>hs of the convective 

procesres in the layer are obtained is vertically mounted on a 

tripod above the vessel. The illumination is obtained with a 

spot light lamp. In order not to warm the upper surface of the 

convective layer unnecessarily and thereby to diminish the 

temperature gradient, a tray with water flowing through is placed 

in fron_t of the lamp which in part absorbs its heat rays. 

The next photograph shows a close-up of the convection 

vessel. The fluid is stirred around after being poured in, in 

order to create a completely random initial condition. From this 

initial condition noN build up individual convectior. cells which 

in their gro~ping at first still show characteristics of the 

initial c.onditions. Gradually, however, a final condition is 

reached, with 5 - 7 sided cells all nearly the same size, and 

their iJOSitions and form no longer changes. This built-up steady 

end condition is in the case of smull layer thickness (about 6 ~m) 

once more shovm in ti. photogratJh frou, th~ top. 

The following photogra~h should muke cleRr the develo ~ment 
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of stationary cell - f-low in ti1e individual members of a group. 

The flow is made visible in all photogra,!Jhs from the tof) t.irough 

fine aluminum particles which are introduced in the paraffin 

which has been made dark by adsorption charcoal. The particles 

carried along with . t.he flow; they rise in the middle of the celJ. s, 

movJ a short distance parallel to the surf~ce and sink again at 

the edgef: of the cells. 

Relation between layer thickness and cell diameter in a wedge-

shaped layer. 

In the case of the stationary end condition one recognizes 

the regular increase of cell diameter with layer thickness. Also 

it ai)pec:.r.s that tlle flow velocity in individual cells is lc..r~er, 

the larger the layer t.t1ickness and thereby the cells. On t.he left 

side, where the layer thickness becomes smaller than 1 mm, no m0re 

cells build, becuuse l~ere the _,ritical value of · t.he convec ·l·,ion 

number is not attained. 

Unsteady conditions in large layer thicknesses 

In the case of moderately incr~ased layer thickness the 

cell diameters are increased until t11e cells become no longer stable. 

Then if the layer thickness is further increused without however 

the cell diameter growing noticeably compared to its previous size, 

we find ourselves now in the transition region to unsteudy conditions. 

The indi vi,dual cells are less uniform than before and occ asionally 

the division or formation of a cell takes place. 

To make cleur the form a tion and dissipa tion of indivi du&l 

cells in the case of unste c.. dy convection, the next experiment was 
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taken in time-lapse (about ~ the natural shutter-speed). In 

the next evenly heated layer there form after the onset of heating, 

convective currents which break through the ~pper surface. In 

conseq~ence of the large l&yer thicknesH the formbtion of stbtionary 

cells does not occur but regularly r1ew rising fluid forms which 

crowd out the old cells and in their turn have only a short existence. 

As a c~nsequence of the time-la~sing, an actively boiling liquid 

is simulated through the building and dying cells. 

Rolls and cells in a destabilized fluid current 

In the photograrhs now following the fluid flows in a 

channel ab~u~ lt.. em across, the bottom of which is wc..rined with an 

electric hot~late. The first photograph shows - ·after the onset 
i of the heating - the building of rolls in the direction of flow, 
t 

which further on break up into cells. In the cc..E;e of smaller 

current veloc.:i ties cells a rise which wander with the current and 

remain for the rest unchanged. 

Steady and unstec..dy convection cells seen from the side 

Tlle ~hotogratihs in this group shov1 the convective processes 

in a tray for side observ~tion. hir serves as the medium: the flow 

is made visible through introduced cigarette smoke;the width of the 

tray measures 10 mm, the f\eld of v1.:3w ohown iu the ~hotograph is 

about 12 em in the verticul and t:.O em in the horizontal • The 

destabilizatjon 1~ brought about by a hot filament in the lower 

third of the trCJ.y. The tray is filled with cigarette smoke just 

~bove th~ · to9 of the hot filament whil~ t :.t:: UJ.>.rJ~r pu.rt contains 

pure air. 
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After the onset of t _he heating there · builds ab0·1e the 

short spir&l coil a local convection cell which be~omes s~ation-

ary after some time. In consequence of destabilization through 

a hot wire vmicn is s~read out across the lengt!1 of the tray, so 

arises a great number of cells. In the case of we&k heating the 

cells are nearly station&ry. The currents do not reach the upper 

boundary of the tray. The thickness of the convective region 

is specified as follows: the energy released by the heat just 

balances that dissipated in the friction, : the motionc. In 

consequence of t~cir inertia the c~rrents penetrate some distan _e 

into the stible re~ion below the hot wire. In the case of 

stronger heating steadJ cells no longer nccur - the risinc 

motion now lies here now there on the hot wire and there buildo 

a complicated unsteady systerr. in which the current<\ of the 

individual short-lived cells encroach upon one another. 

/101 8"/ 
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