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ABSTRACT

IMPROVEMENTS TO THE TRACKING PROCESS

Accurate target tracking is a fundamental requirement of modern automated systems.

An accurate tracker must correctly associate new observations to existing tracks and update

those tracks to reflect the new information. An accurate tracker is one which predicts

assignments and measurement distributions closely matching the ground truth. This work

will show that aspects of the GNP algorithm and IMM filter require amendments and renewed

investigation. To aide the framing of the solutions in the context of tracking, some general

background will be presented first. More specific background will be given prior to the

corresponding contributions.

Modern sensor networks require the alignment of track pictures from multiple sensors

(sometimes called sensor registration). This issue was described in the 1990s and termed the

global nearest pattern problem in the early 2000s. The following work presents a correction

and extension of the solution to the global nearest pattern problem with a heuristic error

estimation algorithm. Its use for sensor calibration is demonstrated.

Once measurements have been associated to tracks, there still remain several choices

that define the tracking algorithm, one being the filtering algorithm which updates the track

state. One common solution for filtering is the interacting multiple model filter which was

originally developed in the 1980s. This is essentially a bank of Kalman filters which are

weighted and mixed based on a predefined Markov chain. The validity of the assumptions

on that Markov chain will be discussed and recommendation for replacing those assumptions

with neural networks will be proposed and assessed.

Finally, following association of two tracks for a single target, it is necessary to combine

their information while respecting the lack of knowledge about correlations between the
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tracks. Covariance intersection was developed in the 1990s and 2000s for track-to-track fusion

when tracks are assumed Gaussian. A generalization of covariance intersection, Chernoff

fusion, was developed in the 2000s for handling general track states. A connection made

in the literature which allows for direct analysis of the error of Chernoff fusion is used to

evaluate the effectiveness of Fibonacci lattices for quasi-Monte Carlo integration solutions

required by Chernoff fusion.
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Chapter 1

Introduction to Tracking

1.1 Motivation and Prelude

Today, sensors of all types are more ubiquitous than ever. As the number of sensors has

grown, so has the compute power available for processing. Many old tracking algorithms

were written under heavy computing constraints, but today, improved processing and mem-

ory capabilities allow use of more computationally intensive algorithms. Similarly, theoretical

developments have enabled better computational efficiency than was possible before. Com-

bined, these advancements have had an especially large impact on the target tracking field,

which relies heavily on fast and efficient processing to cope with propagating uncertainties.

In the following work, improvements to existing tracking related algorithms will be pre-

sented. Due to the invention and proliferation of connectivity technologies, modern systems

frequently work as part of a network, sharing information to increase situational awareness.

Therefore, many of the improvements will be either directly or indirectly concerned with

networked sensors.

This work will consist of self-contained chapters, each addressing an improvement to a

subproblem within the tracking field. These components could be combined into a single

tracker, but the goal of this work is to present them in a broad setting so that parameters are

not needlessly restricted. That choice will result in the need for narrower introductions and

some open-ended suggestions within each chapter. This introduction will provide a general

unifying context for the chapters to follow.

While presented in a language that is my own, the following introductory ideas came

about after attempting to synthesize information from several general reference texts on

tracking [1]–[6]. Additionally, other introductory sources in the form of articles or slides

have influenced my approach to this field [7]–[10]. These texts generally follow the classical
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treatment of tracking as it has been developed over the past half century or so, with set

theory, combinatorics, probability theory, and control theory. In the past two decades,

there have been generalized formulations of tracking theory proposed using the formalisms

of random finite set statistics and analytic combinatorics [11]–[18]. The random finite set

statistics approach resulted in the development of the probability hypothesis density (PHD)

filter and its variants [19]–[22]. Analytic combinatorics has aimed to be a more approachable

unifying framework than random finite set statistics, but is still very abstract and relatively

new. Since the PHD filter will not be needed in what follows and the classical approach

provides sufficient tools for the work presented, the classical approach will be the path

followed here.

1.2 The Subproblems of Target Tracking

Target tracking can be thought of as requiring components for sequentially solving four

subproblems: sensor pre-processing, association, estimation, and fusion. Each component

must be developed under constraints from the environment while accounting for the in-

put/output flow of the tracker as a whole. One of the most important constraints, as noted

above, is computation time. Ideal processing often requires too much time to be feasible.

However, a tracker that produces unusable results is not acceptable either. So a balance

must be maintained between computational expense and quality of results. This balance

will be mentioned at several points in the following work along with practical heuristics for

real-time implementation.

Sensors provide imperfect observations (also called measurements), a collection Z := ¶zi♦

taken from a measurement space Z, sampled from objects in the surveillance environment.

The intention is to illuminate targets of interest, a collection T := ¶xi♦ taken from a state

space T , while minimizing the amount of uninteresting observations called clutter, which

have a distribution to be discussed later. Measurements are generated via a function which
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maps the target state space into a measurement space defined by the sensor:

g : T × C → Z (1.1)

where C is a space containing the various potential sources of clutter (also called “false

alarms”). Measurements are also called observations or detections, although detections typi-

cally refer to the measurements a sensor provides on successfully detected targets as opposed

to the total set of measurements available if a target is detected. The binary question of

whether a detection is made can be represented by the inclusion of a Bernoulli random vari-

able ι with the measurement so that Z := ¶(zi, ιi)♦ where ιi ∈ ¶0, 1♦. The words “detection”

and “measurement” will be used interchangeably unless a distinction is required.

In a system of sensors, multiple sensors will be used as inputs to a tracker with the idea

that many sensors can provide better coverage of the surveillance area. In this case, using

ℓ to index the sensors, there would be a g(ℓ) and Z(ℓ) for every sensor, though the targets

and clutter will remain the same. There is of course a cost associated with this seemingly

simple addition of more measurements. A tracker must have logic in subsequent components

for handling multiple collections of measurements and the shear increase in the number of

measurements will increase processing requirements. The latter issue places pressure on the

former, requiring fast logic to maintain a reasonable processing time. Part of the logic’s

job is to address the alignment problem resulting from discrepancies in sensor calibrations.

Sensors report their measurements in a coordinate system based on that sensor’s estimation

of its own kinematic properties. If the sensor’s estimations are incorrect (due to a faulty

sensor or incorrect calibration), then the reported observations will also be systematically

incorrect as well. Even without systematic errors, errors are inevitable since transformation

of measurements to a common coordinate system are often nonlinear and require approx-

imations which introduce errors. Therefore, measurements from multiple sensors must be

aligned so that they share a common global coordinate system. The alignment problem is

also relevant when sharing tracks (estimated information about true target states) instead
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of measurements between trackers. The alignment problem will be the focus of Chapter 2

where a solution will be proposed.

Alignment of measurements on multiple targets requires an understanding of which mea-

surements correspond to the same targets. To accomplish this, measurements must be passed

to an association component. The goal for this component is to generate a mapping from

measurements to the source of the measurement (i.e. which true target or clutter object was

observed). For one sensor, this mapping would be:

h : Z → T × C (1.2)

where Z is the set of measurements. In the case of Nℓ sensors indexed by ℓ, the domain of

h is modified to account for the additional measurement collections:

h : Z(1) × · · · × Z(Nℓ) → T × C. (1.3)

A typical assumption is that one measurement per sensor can be assigned to each true target

at a single time. This will be used in Chapter 2 for sensor alignment purposes.

Once measurements are assigned to a target, the tracker must use them to update tracks.

Tracks are estimates of the target’s characteristics at the current instant given a history of

detections. For kinematic tracking, the kth instance of a track is represented by a timestamp

tk which implies when a track was valid, a state vector xk containing position components

and the desired derivatives thereof (e.g. velocity and acceleration), and other statistics

related to the state such as covariance Pk. Estimation for a track is typically solved using a

version of the Kalman filter or particle filter, which takes a predicted track state computed

from prior information and uses the associated measurements to update the prediction. The

Kalman filter variants all assume that the track and measurement distributions are well-

approximated by Gaussian distributions. The original Kalman filter also assumed linearity

in target motion and measurement model, but later developments allowed for use of some
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nonlinear functions. Particle filter techniques allow for a relaxation of those Gaussian and

linearity assumptions at the cost of more computations. In general, the track prediction

and update process is done following Bayesian probability principles to acquire posterior

estimates. The prediction piece requires the tracker to encode possible changes to the track

state between observation periods:

f : X → X (1.4)

where X is the track space which is estimable given measurements from Z, which may be

different from the actual target space T . Any elements of C which are indistinguishable from

at least one element of T under the mapping T × C → X must be considered valid targets

to the tracker or the indistinguishable element of T must be removed as a trackable target.

In the problems considered here, the true motion model is unknown to the tracker and must

be approximated. But there are algorithms for hypothesizing multiple motion models and

combining the resulting predictions and updates to better match the true target motion.

Chapter 3 will discuss multiple model tracking in more depth and propose an augmentation

which will yield improved track estimates.

1.3 General Bayesian Target Tracking

Now that the subproblems of tracking are laid out, it will help to provide some con-

text into usual assumptions made in target tracking. A typical problem statement for a

tracker will state what types of targets should be tracked and what sensors are available

to track them. For this reason, the state update and sensor measurement equations are

often discussed together, being immediately derivable from the problem statement. Recall

that mapping f encodes the expectations about how targets T are expected to behave given

a model restricted to X . Mapping g then encodes the quantities which are accessible to

a sensor and which should make the track state in X observable. These also are the two

primary sources of error in a tracker, as the functions f and g each introduce fundamentally

irreducible sources of error that accumulate over time.
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The process model describes the predicted changes of a target state over time (captured

by f) along with any uncertainties that might affect those changes. The motion model of

a target is typically not known, even if the target is cooperative. The impossibility of fully

controlling an environment leads to discrepancies between the intended motion of the target

and its actual response. For an aircraft, the pilot may steer the plane in a straight line, but

occasional wind gusts will inevitably push the plane off course. These sources of aleatory

uncertainty (fundamentally irreducible randomness) are characteristic of cooperative targets.

With uncooperative aircraft, the dominant uncertainty is epistemic uncertainty (a subjective

lack of information). The hypothesized motion model will almost always fail to capture some

aspect of the true motion of the target. Therefore, an effort must be made to quantify the

degree to which one trusts that the hypothesized motion accurately captures the target’s

motion. Regardless of which type of uncertainty is dominant, for convenience the total

uncertainty (aleatory and epistemic) at timestamp tk will be represented here by an additive

noise process q(w(tk)). The input noise variable w is often assumed to be zero-mean mean

Gaussian noise with covariance matrixQ, w ∼ N (0,Q). These assumptions yield the process

equation:

x(tk) := f(x(tk−1)) + q(w(tk)). (1.5)

The use of discrete time steps k implies an assumed discretized model of the underlying con-

tinuous dynamics. Continuous dynamics of random variables are represented via stochastic

differential equations (SDEs).

There are many motion models to choose from depending on the problem context. For an

extensive survey, see [23]. The nearly constant velocity model (NCV) is by far the preferred

motion model in the tracking literature as it provides linear transitions and requires only

position and velocity estimates. When inclusion of other models is desired, it is often done

using a multiple model algorithm which entertains a set of possible motion models, NCV

included. Justification on why the NCV is preferable to higher order linear models, nearly
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constant acceleration (NCA) in particular, is provided in [24]. The use of multiple model

filtering will be further discussed in Chapter 3.

For acquiring measurements, each sensor has a measurement model g which describes the

conversion from the target and clutter state domain X ×C into the measurement domain Z

as described above. Of course, sensors are designed for a given purpose, but there still may

exist unforeseen or unaddressed sources of error in the operating environment. Any such

errors would be epistemic in nature. More typical though is consideration of the aleatory

uncertainty. Processing for radar sensors for example must contend with finite resolution

capabilities and random perturbations to the signal in transit from transmitter to target to

receiver. The detectors also can be affected by internal electrical and heat interference which

will show up as noise in the measurement. While irreducible, these quantities are typically

measured and specified for the sensor in question, and if not, they can be estimated and

fitted with a distribution. Again, the typical assumption is that these errors in aggregate

amount to additive zero-mean mean Gaussian noise with covariance matrix R, v ∼ N (0,R).

Of course, measurements can be biased, making the mean vector nonzero. Chapter 2 will

discuss that case explicitly, but unless otherwise stated, the bias will be taken as a zero

vector. In either case, the measurement process at timestamp tk can be expressed as follows:

z(tk) := g(x(tk)) + r(v(tk)). (1.6)

for additive noise r(v(tk)) and assuming a single target produces a single measurement. The

generalization which avoids this assumption considers g as a set-valued function. In what

follows, it will be assumed that a single measurement is returned for a single target, that is

Z(tk) = ¶(z(tk), ι)♦ in the single-target case. For a survey of common measurement models,

see [25].

Bayesian tracking provides a recursive procedure which moves from prior to posterior to

subsequent prior. A review of the fundamental equations will be given below based on the

treatment in Chapter 3 of [6]. First, to compress notation, time indices will be moved to the
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subscript and the following alternative notations will be defined:

x̂k♣k−1 := E[xk♣Zk−1, ..., Z0] (1.7)

fk := f(xk−1) (1.8)

qk := q(wk) (1.9)

gk := g(xk) (1.10)

rk := r(vk). (1.11)

The subscript notation in x̂k♣k−1 indicates the estimate of x at time index k given information

up to time index k − 1. Assuming an initial prior probability p(xk♣Zk−1, ..., Z0) describing

the target location at time index k given measurements up to time index k − 1, Bayes’

rule provides a method for incorporating the new information from a measurement taken at

timestamp tk. Bayes’ rule transforms the prior into the posterior as follows:

p(xk♣Zk, ..., Z0) =
p(Zk♣xk, Zk−1, ..., Z0)p(xk♣Zk−1, ..., Z0)

p(Zk♣Zk−1, ..., Z0)

=
p(Zk♣xk)p(xk♣Zk−1, ..., Z0)

p(Zk)
(1.12)

where the simplification follows from assuming time-independent measurements. This com-

pletes the prior to posterior step. The posterior distribution can then be used to compute

an expected value for xk and its covariance given all measurements, including for the current
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time step:

x̂k♣k := E[xk♣Zk, ..., Z0] (1.13)

=
∫

X
xkp(xk♣Zk, ..., Z0)dxk (1.14)

=
∫

X
[fk + qk] p(xk♣Zk, ..., Z0)dxk (1.15)

=
∫

X
fkp(xk♣Zk, ..., Z0)dxk (1.16)

=
∫

X
fk

p(Zk♣xk)p(xk♣Zk−1, ..., Z0)

p(Zk)
dxk (1.17)

Pk♣k := E[(xk − x̂k♣k)(xk − x̂k♣k)
′♣Zk, ..., Z0] (1.18)

=
∫

X
(xk − x̂k♣k)(xk − x̂k♣k)

′p(xk♣Zk, ..., Z0)dxk (1.19)

=
∫

X

[

fk + qk − x̂k♣k
] [

f ′
k + q′k − x̂′

k♣k
]

p(xk♣Zk, ..., Z0)dxk (1.20)

=
∫

X
[fk − x̂k♣k][fk − x̂k♣k]

′p(xk♣Zk, ..., Z0)dxk

+
∫

X
[fk − x̂k♣k]q

′
kp(xk♣Zk, ..., Z0)dxk

+
∫

X
qk[fk − x̂k♣k]

′p(xk♣Zk, ..., Z0)dxk

+
∫

X
qkq

′
kp(xk♣Zk, ..., Z0)dxk (1.21)

=
∫

X
[fk − x̂k♣k][fk − x̂k♣k]

′p(xk♣Zk, ..., Z0)dxk +Qk (1.22)

=
∫

X
[fk − x̂k♣k][fk − x̂k♣k]

′p(Zk♣xk)p(xk♣Zk−1, ..., Z0)

p(Zk)
dxk +Qk (1.23)

where Equation (1.16) assumes zero mean process noise q(wk) and Equation (1.22) assumes

the process noise is uncorrelated with f(xk−1). This completes one Bayesian iteration of

prior to posterior.

Moving from the current posterior (on step k) to the subsequent prior for the next

iteration (step k + 1) requires the Chapman-Kolmogorov equation:

p(xk+1♣Zk, ..., Z0) =
∫

X
p(xk+1♣xk)p(xk♣Zk, ..., Z0)dxk. (1.24)
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This new prior distribution can then be used at the beginning of the Bayesian update for

the k + 1 time step. To compute an expected value and covariance for xk given all prior

measurements, apply Equation (1.24) to Equations (1.16) and (1.22), respectively:

x̂k+1♣k := E[xk+1♣Zk, ..., Z0] (1.25)

=
∫

X

∫

X
xk+1p(xk+1♣xk)p(xk♣Zk, ..., Z0)dxkdxk+1 (1.26)

=
∫

X
fk+1p(xk♣Zk, ..., Z0)dxk

∫

X
p(xk+1♣xk)dxk+1 (1.27)

=
∫

X
fk+1p(xk♣Zk, ..., Z0)dxk. (1.28)

Using the expected value for the prediction in Equation 1.28, a covariance of that prediction

can be computed:

Pk+1♣k := E[(xk+1 − x̂k+1♣k)(xk+1 − x̂k+1♣k)
′♣Zk, ..., Z0] (1.29)

=
∫

X

∫

X
[xk+1 − x̂k+1♣k][xk+1 − x̂k+1♣k]

′p(xk+1♣xk)p(xk♣Zk, ..., Z0)dxkdxk+1 (1.30)

=
∫

X
[xk+1 − x̂k+1♣k][xk+1 − x̂k+1♣k]

′p(xk♣Zk, ..., Z0)dxk

∫

X
p(xk+1♣xk)dxk+1 (1.31)

=
∫

X
[fk+1 − x̂k+1♣k][fk+1 − x̂k+1♣k]

′p(xk♣Zk, ..., Z0)dxk +Qk+1. (1.32)

Finally, Equation (1.6) says that measurements are noisy and dependent on the state

vector. The measurement mean, measurement covariance, and measurement-state cross-
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covariance, respectively, associated with the probability p(zk♣xk) are computed as follows:

ẑk := E[zk♣xk, Zk−1, ..., Z0]

=
∫

X
h(xk)p(xk♣Zk−1, ..., Z0)dxk (1.33)

Rk := E[(zk − ẑk)(zk − ẑk)
′♣xk, Zk−1, ..., Z0]

=
∫

X
[hk − ẑk][hk − ẑk]

′p(xk♣Zk−1, ..., Z0)dxk + Sk

where Sk :=
∫

X
rkr

′
kp(xk♣Zk−1, ..., Z0)dxk (1.34)

Tk := E[(xk − x̂k♣k−1)(zk − ẑk)
′♣Zk−1, ..., Z0]

=
∫

X
[fk − x̂k♣k−1][hk − ẑk]

′p(xk♣Zk−1, ..., Z0)dxk. (1.35)

There are numerous methods for carrying out the Bayesian process described above. The

most well-known is the linear Kalman filter which assumes f(x) = Fx and g(x) = Gx, such

that F and G are matrices independent of x, and propagates the first and second moments

of a distribution [3], [26], [27]. The Kalman filter was later extended to handle nonlinear f

and g by creating linearized approximations: f(x) ≈ F̃x and g(x) ≈ G̃x where F̃ and G̃ are

matrices independent of x [3], [27], [28]. This linearization approach to nonlinear filtering is

called the extended Kalman filter. While useful in nearly-linear cases, it was noted as being

unreliable and difficult to tune [29]. The unscented Kalman filter, and later the cubature

and general sigma-point Kalman filters, were developed to provide better performance on

nonlinear functions [28]–[32]. For highly nonlinear f and g, numerical approximations of the

Bayesian equations above can be achieved with particle filtering methods [33]–[35].

The Kalman filter variants all serve as first and second moment prediction and update

methods which is all the detail that will be required. For more details on the specifics

of implementing Kalman filters, see the Kalman filter functions available in the Tracker

Component Library [9]. For Chapter 3, the important aspect of filtering given the discussion

above will be that Kalman filters are required to assume a single f and g in the process

and measurement equations (Equations (1.5) and (1.6), respectively). This is true regardless
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of which Kalman filter variant is chosen. Multiple model filters such as the interacting

multiple model (IMM) filter, generalized pseudo-Bayesian (GPB) filters, and later variants

were developed to make such choices less detrimental to the overall tracker performance

[2]–[4], [36]–[38]. The details of the IMM and GPB filters will be covered in Chapter 3.

1.4 Association

In multitarget tracking there is often ambiguity in the assignment of measurements to

tracks, corresponding to the selection of h in Equation (1.2) for the single-sensor case or

Equation (1.3) for the multi-sensor case. Given a detection probability less than 1, the

measurement set will often have a cardinality less than the total number of targets and

clutter measurements in the surveilled volume provided that the assumption each target or

clutter object generates at most one measurement holds. It is also assumed that targets

can be identified with tracks, that is each target has a unique associated track, which is the

quantity in state space X which will be associated to measurements in measurement space

Z. The association is done in the measurement space, using the projection of tracks into Z

via Equation (1.6).

Define the track and measurement sets as follows:

X := ¶xi ∈ X : i = 1, ..., NX♦ (1.36)

Z := ¶zj ∈ Z : j = 1, ..., NZ♦. (1.37)

The assignment problem considered here can be stated in terms of optimization over bipartite

graphs such as the one illustrated in Figure 1.1. The definition of the optimal association

mapping h from Equation (1.2) is the bipartite graph which minimizes some given cost

function. Note that since not every measurement needs to have an associated track, there is

also usually a nonassignment cost.
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Figure 1.1: An example of a bipartite graph for measurement-to-track association. This graph
can be interpreted as a representation of which targets generated which measurements. The target
associated with track x1 generated measurement z2. Similarly, the targets associated with x4 and
x5 generated measurements z1 and z4, respectively. The lack of edges for tracks x2 and x3 would
be called “missed detections”. The lack of an edge for z3 would indicate either a “false alarm” or a
target without an existing track.

The simplest optimization approach are the local nearest neighbor algorithms. First con-

sider nearest neighbor without replacement (NNwoR) which enforces the one-measurement-

to-one-track hard assignment rule. Let d(a,b) be some metric defined on Z and let it be

implied that an argument from X must first be projected into Z as g(x) ∈ Z for x ∈ X .

Next, randomly shuffle X with respect to the track indices. This is to prevent preferential

assignment over many time steps, though other options such as prioritizing tracks which

have existed for a longer time could be chosen instead. To avoid more notation, we will

assume the tracks were sufficiently shuffled in their original ordering. Next, for each track

in the shuffled X, compute j∗ = argminj∈Ai
d(xi, zj) where the descending set sequence

¶Ai♦NX+1
i=1 contains the sets of unassigned measurements when track xi is next in the queue

for assignment. If Ai = ∅, meaning no measurements are available for assignment, or if

d(xi, zj∗) = ∞, meaning all available measurement assignments are infeasible, then track xi

is not in the image of h. If ANX+1 ̸= ∅, then define h(zj) = 0 for all zj ∈ ANX+1 where 0
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here represents a null target. Using this procedure, one then has a NNwoR description of

the association mapping:

hNNwoR(zj) :=







0, if zj ∈ ANX+1

xi, if j = argminj∈Ai
d(xi, zj).

(1.38)

subject to the constraints that:

NX∑

i=0

ai,j = 1 for all j = 1, ..., NZ (1.39)

NZ∑

j=0

ai,j = 1 for all i = 1, ..., NX (1.40)

where ai,j =







1, if h(zj) = xi

0, otherwise.

(1.41)

These constraints state that any non-null measurement (the j = 0 case being the null

measurement) is assigned to exactly one track. Similarly, any non-null track (the i = 0 case

being the null track) must be assigned to exactly one measurement. The NNwoR mapping

minimizes the cost function described by metric d with ranks over 1, ..., NX . The ranks are

determined by the ordering chosen for queuing up tracks from X. So define the rank of

a measurement as rj = i such that h(zj) = xi. For any other h, at the lowest rank r∗j

for which the measurement assignment differs, the value d(h(zj),xr∗
j
) will be greater than

d(hNNwoR(zj),xr∗
j
).

Nearest neighbor with replacement (NNwR) works similarly to NNwoR, except now the

set of available measurements for all i is Z. Therefore, define a decreasing set sequence

¶Bi♦NX+1
i=1 such that Bi are the sets of unassigned measurements after the first i−1 iterations

over the track queue. Then define h(zj) = 0 for all zj ∈ BNX+1. The NNwR association
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mapping is then defined:

hNNwR(zj) :=







0, if zj ∈ BNX+1

xi, if j = argminj∈Ai
d(xi, zj).

(1.42)

The NNwR mapping minimizes the following cost function, notably simpler to state than

NNwoR:

CNNwR(h) =
∑

(i,j)

d(xi, zj)ai,j where ai,j =







1, if h(zj) = xi

0, otherwise.

(1.43)

The local nearest neighbor algorithms both have flaws when compared to what should

occur intuitively. In NNwoR, the one measurement to one track principle is respected, how-

ever not every track gets a chance to contend for every measurement. In NNwR, each track

is assigned to the best measurement under metric d, but the assignments are unconstrained,

possibly resulting in many tracks being assigned to the same measurement. The global

nearest neighbor (GNN) algorithm solves these issues simultaneously. Under the constraint

that every non-null track is assigned to one measurement and each non-null measurement is

assigned to one track, the metric is minimized over the space of all feasible pairings. The

problem can be stated as follows:

minimize: (1.44)

C(h) =
∑

(i,j)

d(xi, zj)ai,j where ai,j =







1, if h(zj) = xi

0, otherwise

(1.45)

subject to: (1.46)

NX∑

i=0

ai,j = 1 for all j = 1, ..., NZ (1.47)

NZ∑

i=0

ai,j = 1 for all j = 1, ..., NX . (1.48)
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This can be recognized as a linear assignment problem for which many (strong and weak)

polynomial time algorithms exist. Commonly cited algorithms include the Hungarian algo-

rithms [39], the Munkres algorithms [40], [41], auction algorithms [42]–[44], and the Jonker-

Volgenant (JV) and Jonker-Volgenant-Castanon (JVC) algorithms [45], [46]. Many modi-

fications to these have been made with varying results, and comparisons of optimality can

be found in the literature [4], [47]–[50]. The JV/JVC algorithms tend to perform best in

the widest range of assignment problems and therefore are preferred over the other options.

In the event that the k-best solutions are needed, one can use Murty’s algorithm [51]. Op-

timized versions of Murty’s algorithm provide the best performance to date for this k-best

problem [52].

This section has focused on measurement-to-track association. However, there was no

distinction that prohibited the same techniques from being applied to general association. If

the two setsX and Z above are changed toX(1) andX(2) for track-to-track association or Z(1)

and Z(2) for measurement-to-measurement association, the same algorithms are applicable.

The connection is illustrated in Figure 1.2. The problem presented above is also called the 2d

assignment problem and can be solved in polynomial time as noted in the comparative studies

mentioned above. There is a generalization to s-dimensional (sd) assignment (s ≥ 3 and

usually corresponding to the number of sensors or time frames) for the case of associating s-

many distinct sets at one time, both in the case of needing a single best assignment and k-best

assignments [53]–[55]. This is also called multidimensional assignment or MDA, and is no

longer a bipartite graph problem. Unfortunately, the sd assignment problem is known to be

NP-hard and no polynomial time algorithm is known to exist. However, there are approaches

relying on Lagrangian relaxation which solve a sequence of 2d assignment problems and yield

workable solutions without a guarantee of finding the optimal assignment [3].

A point that will become important in Chapter 2 is the acknowledgement that the GNN

algorithms require independently calculable costs for each hypothesized association. That is,

the cost of any edge in the bipartite graph such as that in Figure 1.1 needs to be computed
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Figure 1.2: An example of a bipartite graph for measurement-to-measurement association. This
graph can be interpreted as a representation of which measurements from sensor 1 were generated by
corresponding targets measured by sensor 2. The target which generated measurement z2 in sensor
1 also generated measurement z1 in sensor 2. Similarly, the targets which generated measurements
z1 and z4 in sensor 1 generated measurements z4 and z5 in sensor 2, respectively. The lack of edges
for tracks z3 in sensor 1 and z2 and z3 in sensor 2 would be deemed unassociated measurements
implying they were generated by different sources not captured in the opposing measurement set.
Measurements can also be associated with clutter sources, though that case was excluded in this
example.

17



prior to deciding on all of the other edges. If independence of d(xi, zj) for any two pairs (i1, j1)

and (i2, j2) such that i1 ̸= i2 and j1 ̸= j2 cannot be assumed, then solving GNN is no longer

a viable approach to finding the optimal assignment. This problem is further exacerbated by

gating. Gating is the restriction of acceptable pairings via constraints understood through

the problem. One common method for gating with Gaussian tracks and measurements is

ellipsoidal gating, which provides an ellipsoid gating region. In measurement space given

two Gaussian states (z1,P1) and (z2,P2), the ellipsoid gating region is described as follows:

V := ¶z ∈ Z : (z− (z1 − z2))
′ (P1 +P2)

−1 (z− (z1 − z2)) ≤ γ♦ (1.49)

where γ is usually taken as the value returned by evaluating the corresponding inverse χ2

distribution at a chosen probability α. Typically one of the measurements is taken to be the

expected measurement given the predicted target state E[g(x)♣x̂k♣k−1,Pk♣k−1]. The use of a

χ2 distribution follows from the Gaussian measurement assumption, since Equation (1.49)

is a quadratic form of Gaussian variables and positive definite scaling matrix. This gating

approach works so long as the given means are accurate and there is no relative bias between

them given the observed target. When one or both of the measurements is biased, the relative

bias between them becomes nonzero and the region V ceases to be useful on its own. There

are algorithms which attempt to inflate V in order to account for the bias, but they often

require a priori knowledge of the bias and increase the opportunities for misassociation [56].

Chapter 2 will present a solution to the biased assignment problem without using covariance

inflation.

1.5 Conclusion

This chapter has provided an overview of the problems that must be solved by a tracker.

The various spaces (X ,Z, T , C) must be considered when determining the target motion

models and measurement models. Those choices in turn determine the filtering techniques
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that would yield acceptable errors, which will be important for the work presented in Chap-

ter 3. The requisite solution of assignment problems for measurement-to-track and track-to-

track association was also discussed. It was noted that the usual metric (d) used in GNN

must assume zero bias, which is not always a valid assumption. Solution of the assignment

problem when bias is nonzero will be the topic of Chapter 2. Finally, a study of a track-

to-track fusion algorithm called Chernoff fusion will be described in Chapter 4. It will be

shown that Fibonacci points provide a demonstrable benefit for the QMC approximation

that arises when using Chernoff fusion.
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Chapter 2

A Scale-free Global Nearest Pattern Criterion

2.1 Introduction

In practical multi-sensor tracking scenarios, sensors may exhibit systemic errors which

introduce a bias in detections and state estimates. Bias errors are often assumed to be small

enough to be encapsulated by the process and measurement noises typically assumed for

target tracking problems and therefore a non-issue from an algorithmic viewpoint. However,

even with relatively small biases, association performance can be significantly impacted by

such errors. For example, biased state estimates can end up gating and associating with

the wrong target (see Figure 2.1a). Alternatively, biased detections can fall within the gate

for a target less frequently than would be expected based on the modeled errors (see Figure

2.1b). The result of the data failing to align with the association assumptions will be track

degradation (estimation accuracy below what was predicted) if not track loss (failure to

maintain an accurate target estimate for the lifetime of the target).

Identification and alignment of patterns shared by sets of tracking data is known as the

global nearest pattern (GNP) problem, a term coined by Levedahl [57]–[60]. The scope of the

problem considered here are translation and scale biases. Solving the GNP problem involves

performing association in a multi-sensor, multi-target scenario under the assumption of a

persistent bias between state estimates of the same target made by different sensors. Kenefic

addressed this point in [61], where he presented a method for determining whether a friendly

sensor platform (e.g. the own-ship) was being misidentified by another platform’s tracker as

an enemy platform. Unfortunately, Kenefic’s algorithm did not address the combinatorial

explosion due to the required enumeration of all possible hypotheses which quickly becomes

computationally infeasible [57]. In [57] and [62], a solution called global nearest pattern

matching (GNPM) was proposed as a means of both associating state estimates from different
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(a) Incorrect Association (b) Missed Gating

Figure 2.1: Two examples of potential association problems caused by bias error are associating
a detection with the wrong target (incorrect association) and failing to correctly gate detections
with their correct target (missed associations). In Figure 2.1a, the detection without bias (solid red
circle) should gate with one target (bottom-right blue circle). However, the detection is biased to
the hollow red circle, as shown by the dashed black line, and associates with another target (top-left
blue circle). In Figure 2.1b, the target (solid blue circle) is observed with biased detections (solid
red circles). The blue ellipse is drawn so that 99.97% of detections on that target should fall within
the ellipse. The bias (dashed black line) shifts detections to a center at the hollow blue circle, which
causes fewer detections to fall within the gating ellipse than expected.

sensors and aligning sensors given limited prior information about the sensors’ orientations.

Both Levedahl and Kenefic approached the problem by explicitly introducing a bias term

in the cost function to be optimized. However, Levedahl’s GNPM algorithm introduced a

gating technique for eliminating infeasible associations prior to the optimization procedure

[57], [62]. The sequence of papers [62]–[64] coauthored by Levedahl on GNPM following

[57] seek to further optimize the GNPM algorithm so as to eliminate a large number of

associations prior to cost optimization.

GNPM is not the only algorithm for solving GNP [65]. Early approaches attempted to

iteratively provide a bias estimate over time [66]. However, this runs into the circular problem

that one needs to designate assignments to produce bias estimates to improve assignments.
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The marginal track-to-track association method (MTTA), an approach which marginalizes

the bias estimate and ultimately provides a cost function similar to that of GNPM, is explored

in [64] in parallel with GNPM after the original derivation in [60]. Some metrics for assessing

association accuracy in GNP problems can be found in [67]. One alternative approach

to GNP is provided in [68], which uses integer nonlinear programming to establish the

associations. Another alternative solution is provided in [69], which performs track-to-track

fusion via soft data association. In spite of attempts at more effective techniques, GNPM is

very efficient and fast for problems with enumerable hypotheses and is still a state-of-the-art

algorithm [65]. An extension to nonlinear measurement models has been derived in [70]

under the name distributed linear bias (DLB) model, but the core of the algorithm remains

the same as the simplified GNPM algorithm presented here.

GNPM will be considered exclusively for a solution to the GNP problem in what follows.

In [64], an analysis of the GNPM score function is given, revealing the relationship between

the GNN and GNPM costs. One problem with utilizing GNPM arises from the growth in

computational complexity as the cardinalities of the detection sets grow. GNPM couples

association decisions into a single hypothesis, which is used to estimate the bias needed in

the GNPM formulas. This coupling makes establishing a gating criterion like that used in

GNN fairly difficult. Gating criteria are given in [57], [59], [63], [64], but the authors note

that the formulas require augmentation based on the units used for the state space. In one

example problem given in [64], the provided gating criterion yields a negative result which

is supposed to be used as a bound on a quadratic form involving covariance matrices. Since

covariance matrices are positive-definite, the criterion in [64] would seem to suggest that

no associations are possible in the example, an incorrect result. In order to correct for this

deficiency in the GNPM algorithm, a scale-invariant gating criterion will be derived below.

An estimate of how confident one should be in any particular GNPM solution will also be

provided.
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In Section 2.2, the GNP problem is defined and the approach of GNPM is laid out. Section

2.3 provides the derivation of the desired gating criterion and a discussion of the prediction

error. Then Section 2.4 provides an example of the derived criterion being applied. Finally,

Section 2.6 provides a brief conclusion.

2.2 Problem Description

Assume two sensors (S1 and S2) are attempting to detect N targets ¶xn♦Nn=1 in d-

dimensional Cartesian state space on a single scan. For simplicity, the detection is assumed

to be given in state space coordinates. The goal of global nearest pattern (GNP) association

is to identify which state estimates from S1 correspond to state estimates from S2 and make

the correct associations between those state estimates. The simplest detection model for

sensor S1 assumes measurements are mapped directly to the state space, Z = X . Using the

Z = X assumption, Equation (1.6) becomes Equation (2.1). If Z ̸= X and the measurement

mapping becomes nontrivial, the error and bias statistics will have to be adjusted either by a

simple linear transformation as shown in [64] or by inclusion of Jacobian terms demonstrated

in [70]. However, as long as the resulting measurements are well-approximated by Gaussians,

the derivations below will remain similar. Therefore, the simplified Z = X assumption will

be used. Detections obtained by sensor S1 are assumed to be Gaussian perturbations of

the true target location. Similarly, we define an analogous detection model for sensor S2

in Equation (2.2). Here, b is an unknown detection bias for state estimates from sensor S2

relative to S1 and is assumed independent of the Gaussian measurements. Assume this bias

is common to all the measurements in the detection set of S2 and that b ∼ N (0,Qb).

xS1,n = xn + ξS1,n, ξS1,n ∼ N (0,QS1,n) (2.1)

xS2,m = xm + ξS2,m − b, ξS2,m ∼ N (0,QS2,m) (2.2)
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Let N̂S1 and N̂S2 be the number of state estimates registered by sensors S1 and S2,

respectively. Assume missed detections are possible so that the number of true targetsN may

be above the number of registered state estimates by either sensor. Furthermore, assume that

each sensor registers at most one detection per target per measurement interval. It is typical

to assume that there are no false alarms, as these would require including the probability

of false alarm in the following derivations, but otherwise would essentially act like “targets”

that only one sensor detected [57], [62]–[64]. Therefore, assume neither sensor registers false

alarms. Then without loss of generality, let N̂S1 ≥ N̂S2 and define an association tuple

h = (h1, ..., hN̂S1
). The tuple h describes the assignment of the detection i from sensor S1 to

detection hi from sensor S2. If detection i from sensor S1 is not assigned to any detection

from sensor S2, hi := 0.

Using the association function h described above, let KS1 := ¶i : hi = 0♦ (the set of

all detection indices from sensor S1 that do not associate to a detection from sensor S2),

na := ♣Kc
S1♣ = ♣¶1, ..., N̂S1♦ \ KS1♣, and define the following for all i ∈ Kc

S1:

x∆,i := xS1,i − xS2,hi
(2.3)

Q∆,i := QS1,i +QS2,hi
(2.4)

which are the associated difference and covariance, respectively. Finally, assumptions on the

probability of detection for each sensor must be stated. Since there are two sensors, there

are 4 possible outcomes for any individual target in the surveilled region which are given in

Table 2.1. The probability of false alarm and probability of detection can be obtained for any

sensor. Since the assumption was made that there are no false alarms, the joint probabilities

of detection denoted in Table 2.1 can be computed solely by multiplying the probabilities of

detection for each sensor under the further assumption that the sensor detection rates are

independent.
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Table 2.1: Symbols for possible outcomes after attempting to detect a single target at one time
instance with two sensors.

Symbol Outcome Probability

◦◦ Both sensors detect the target. P◦◦

◦• S1 detects the target, S2 does not. P◦•

•◦ S2 detects the target, S1 does not. P•◦

•• Neither sensor detects the target. P••

With the context described above, the assignment problem can now be stated. Given

two collections of state estimates XS1 := ¶xS1,n,i♦N̂S1

i=1 and XS2 := ¶xS2,m,j♦N̂S2

j=1 from a common

time instant, find the association function h and corresponding bias b which maximize the

joint likelihood of the hypothesized associations and bias:

L(h,b ♣ XS1,XS2) =
∏

ℓ∈Kc
S1

p(x∆,ℓ − b, ◦◦ ♣ b)p(b)
∏

ℓ∈KS1

p(xS1,ℓ, ◦•)
∏

ℓ∈KS2

p(xS2,ℓ, •◦) (2.5)

= p(b)
∏

ℓ∈Kc
S1

p(x∆,ℓ − b ♣ b)p(◦◦ ♣ xS1,ℓ,xS2,hℓ
)p(xS1,ℓ,xS2,hℓ

)

×
∏

ℓ∈KS1

p(xS1,ℓ)p(◦• ♣ xS1,ℓ)

×
∏

ℓ∈KS2

p(xS2,ℓ)p(•◦ ♣ xS2,ℓ)

(2.6)

= (V β)nap(b)
∏

ℓ∈Kc
S1

p(x∆,ℓ − b ♣ b)p(◦◦ ♣ x∆,ℓ − b)

× (V β)N̂S1−na
∏

ℓ∈KS1

p(◦• ♣ xS1,ℓ)

× (V β)N̂S2−na
∏

ℓ∈KS2

p(•◦ ♣ xS2,ℓ)

(2.7)

where we have assumed independence of state estimates in Equation (2.5) and uniform prior

probabilities for all targets in Equation (2.7). The uniform prior target density for bounded

volume V is expressed as β. KS2 is, analogous to KS1, defined as the set of state estimates

25



from sensor S2 which have no associated detection from S1 via h:

KS2 = ¶j ∈ ¶1, ..., N̂S2♦ ♣ j /∈ Im(h)♦. (2.8)

Assume that the number of state estimates for each sensor is Poisson distributed in the

surveilled volume V . Plugging in the above Gaussian assumptions on state estimates and

the bias, Equation (2.7) becomes Equation (2.9).

L(h,b ♣ XS1,XS2) =
1

√

det(2πQb)
exp

{

−1

2
b′Q−1

b b

}

×
∏

ℓ∈Kc
S1

1
√

det(2πQ∆,i)
exp

{

−1

2
(x∆,ℓ − b)′Q−1

∆,i(x∆,ℓ − b)
}

× (P◦•V β)N̂S1−na(P•◦V β)N̂S2−na(P◦◦V β)na

(2.9)

2.3 GNPM Gating Criterion Derivation

2.3.1 The Cost Function

Note that the quantities β, V , N̂S1, N̂S2, Qb, P◦◦, P◦•, and P•◦ do not vary from one

hypothesized association h to another for a given set of state estimates (nor does the di-

mensionality d of those state estimates). It will be convenient to multiply the right-hand

side of Equation (2.9) by the constant term given in Equation (2.10). The result is shown

in Equation (2.11) (analogous to Equation (37) of [64]).

P−N̂S1

◦◦ P (N̂S1−N̂S2)
◦• (βV )−N̂S2V na(2π)d(N̂S1+1)/2

√

det(Qb) (2.10)

L(h,b ♣ XS1,XS2) ∝
(

P◦◦
(2π)d/2βV P•◦P◦•

−(N̂S1−na)

exp
{

−1

2
b′Q−1

b b

}

×
∏

ℓ∈Kc
S1

V
√

det(Q∆,ℓ)
exp

{

−1

2
(x∆,ℓ − b)′Q−1

∆,ℓ(x∆,ℓ − b)
} (2.11)
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The term containing the detection probabilities is what [64] defines as G0, defined here in

Equation (2.12).

G0 :=
P◦◦

(2π)d/2βV P•◦P◦•
(2.12)

Taking the negative logarithm of Equation (2.11) and multiplying by 2 yields the cost func-

tion C shown in Equation (2.13):

C := b′Q−1
b b+ 2(N̂S1 − na) log(G0)− 2na log(V )

+
∑

ℓ∈Kc
S1

[

log(det(Q∆,ℓ)) + (x∆,ℓ − b)′Q−1
∆,ℓ(x∆,ℓ − b)

]

. (2.13)

Since the true bias is not known a priori, an initial bias estimate is necessary. Let b̂ be an

a priori estimate of b. In [64], this was chosen to be the definition given in Equation (2.14)

which is the bias that maximizes the posterior likelihood in Equation (2.11) [70]. Note that

the leading inverted term in Equation (2.14) is an expression for the posterior covariance of

the bias [70]. While this is a valid bias for computing the cost of an entire hypothesis, it will

not be useful when considering each individual pairing in Section 2.3.2 due to the need for

all assignments in the summations. Therefore, a tentative prior bias can be computed via

the average pairwise distance of state estimates from sensors S1 and S2 as given in Equation

(2.15). The accompanying estimated bias covariance is given in Equation (2.16).

b̂ML :=



Q̂−1
b +

∑

ℓ∈Kc
S1

Q−1
∆,ℓ





−1

︸ ︷︷ ︸

posterior Q̂b

∑

ℓ∈Kc
S1

Q−1
∆,ℓx∆,ℓ

(2.14)

b̂avg. :=
1

N̂S1N̂S2

∑

(i,j)

(xS1,i − xS2,j) (2.15)

Q̂b :=
1

V βP◦◦ − 1

∑

(i,j)

(QS1,i +QS2,j) (2.16)

Note that the sum in Equation (2.16) is divided by the expected number of true samples of

the bias V βP◦◦ minus one, not the number of total differences included in the sum N̂S1N̂S2
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minus one. This avoids overconfidence in the estimator b̂avg.. Additionally, assuming V β is

approximately equal to the number of true targets, V βP◦◦ → N̂S1N̂S2 as P◦◦ → 1, retaining

the typical covariance estimator as a limiting case. This covariance estimator is invalid when

V βP◦◦ < 1; however, in that case it should not be expected that one could compute a bias

estimate at all since one would expect that no sampling of the bias occurred. Regardless of

the choice of b̂, the prior cost for a proposed association hypothesis given the bias estimate

b̂ is shown in Equation (2.17).

Cprior := b̂′Q̂−1
b b̂+ 2(N̂S1 − na) log(G0)− 2na log(V )

+
∑

ℓ∈Kc
S1

[

log(det(Q∆,ℓ)) + (x∆,ℓ − b̂)′Q−1
∆,ℓ(x∆,ℓ − b̂)

] (2.17)

2.3.2 The Gating Criterion

Since evaluating every possible permutation of assignments for h is computationally pro-

hibitive, a method for sifting out the least likely associations is necessary. Such a gating

criterion requires a method of computing the marginal cost for each association without ref-

erence to other associations in the candidate h. It was noted above that C includes b which

is estimated from all nonzero associations in h. The use of Cprior and b̂ = b̂avg will therefore

be necessary for deriving a gating criterion.

Consider the value of the null assignment case, na = 0. The null assignment cost is

given in Equation (2.18). If any hypothesis h is to be chosen over the null hypothesis, then

the cost will have to be less than C0
prior. The minimum cost C∗

prior therefore would satisfy

0 ≤ C0
prior − C∗

prior. Expanding and simplifying the difference expression on right-hand side

of the inequality yields Equation (2.19). There is one more simplification that can be made

concerning the b̂′Q̂bb̂ term. Since this is a quadratic form, it is necessarily greater than

or equal to 0. The negative sign in front of the term means that any nonzero estimate b̂

will yield fewer feasible solutions. Therefore, more feasible solutions can be entertained by

simply setting the b̂′Q̂bb̂ to zero, yielding Equation (2.20). In the event there are too many
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feasible solutions from this simplification, reverting to Equation (2.19) should yield fewer.

The benefit to using Equation (2.20) is primarily that it leaves room for error in estimations

of b̂ and Q̂b.

C0
prior = 2N̂S1 log(G0) (2.18)

0 ≤ 2na log(G0) + 2na log(V )− b̂′Q̂bb̂

−
∑

ℓ∈KS1

[

log(det(Q∆,ℓ)) + (x∆,ℓ − b̂)′Q−1
∆,ℓ(x∆,ℓ − b̂)

] (2.19)

≤ 2na log(G0) + 2na log(V )

−
∑

ℓ∈KS1

[

log(det(Q∆,ℓ)) + (x∆,ℓ − b̂)′Q−1
∆,ℓ(x∆,ℓ − b̂)

] (2.20)

The marginal difference specific to a chosen associated pair of state estimates is contained in

the summation. The quantities outside of the summation term are dependent on the chosen

hypothesis h via the na coefficient. Since na cannot be known as a marginal quantity, it must

be chosen so as to allow all feasible solutions to satisfy the inequality in Equation (2.20).

The complication here is that the terms including na may be positive or negative depending

on the values of β, V , P◦◦, P◦•, P•◦, and d as shown in Figure 2.2. The curve in Figure 2.3

curve shows the threshold where G0 = 1, assuming the sensors have identical probabilities

of detection for various target densities.

The expression in Equation (2.21) must be determined to provide a valid substitution for

na.

0 ≷ 2na log(G0) + 2na log(V ) = 2na(log(G0V )) (2.21)

Note that V > 0, so the condition can be simplified to Equation (2.22). Rearranging terms

yields the relation in Equation (2.23), where the terms on the right-hand side are mostly
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sensor dependent, and the terms on the left-hand side are mostly scenario dependent.

1 ≶ G0V (2.22)

β
N̂S1

≶
0

P◦◦
(2π)d/2P•◦P◦•

(2.23)

When the greater than inequality in Equation (2.21), less than inequality in Equation (2.22),

or less than inequality in Equation (2.23) are satisfied, choose na = N̂S1. Otherwise, choose

na = 0.

Figure 2.2: Comparing the value of G0 to 1 for possible sensor detection probabilities PD assuming
no false alarms. The values for β and V are fixed at 1 and the dimensionality d is fixed at 3. The
black line marks where the sensors have equivalent detection probabilities and the yellow diamond
is the threshold on that line under these assumptions.
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Figure 2.3: A curve showing the G0 = 1 threshold given V β expected targets assuming both
sensors have the same probability of detection PD. The dimension is set to 3. The area below the
curve corresponds to G0 < 1, and the area above the curve corresponds to G0 > 1. The yellow
diamond indicates the same point marked on the black line in Figure 2.2.

Once the choice of na has been made, some rearranging of terms in Equation (2.20) will

yield Equation (2.24):

∑

ℓ∈KS1

[

log(det(Q∆,ℓ)) + (x∆,ℓ − b̂)′Q−1
∆,ℓ(x∆,ℓ − b̂)

]

≤ 2na log(G0V ). (2.24)

The left-hand side is entirely dependent on the given sets of state estimates, and the right-

hand side is entirely dependent on the sensors and surveillance region assumptions. The

determinant term is necessarily positive since covariance matrices are positive-definite. The

quadratic form term is also positive. Consequently, every term in the summation is positive.
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The entire summation of positive terms must satisfy the upper bound inequality in Equation

(2.24); therefore, every individual term in the summation must also obey the inequality. This

leads to the final simplification in Equation (2.25).

log(det(Q∆,ℓ)) + (x∆,ℓ − b̂)′Q−1
∆,ℓ(x∆,ℓ − b̂) ≤ 2na log(G0V ) (2.25)

2.3.3 Errors

There are two primary sources of error in Equations (2.25) and (2.17), detection error

and bias estimate error. These errors are both contained in the quadratic form in Equation

(2.26), which is always positive given the positive-definite property of Q∆,i. Therefore, any

errors in the estimate of x∆,i− b̂ will result in a positive contribution to the left-hand side of

Equation (2.25). This can result in incorrect disqualification of some hypotheses. To prevent

or at least account for such occurrences, the probability distribution for this quadratic form

error will be considered below.

(x∆,i − b̂)′Q−1
∆,i(x∆,i − b̂) (2.26)

The detection error is a result of the Gaussian variables ξS1, ξS2 which have covariances

QS1,i and QS2,hi
respectively. Following the definitions established above leads to the sim-

plified result in Equation (2.27) where ξb is the random difference between the estimator b̂

and true bias b.

x∆,i − b̂ = xS1,i − xS2,hi
− (b+ ξb)

= ξi − (ξhi
− b)− (b+ ξb)

= ξi − ξhi
− ξb

(2.27)

Define ξi,hi
:= ξi−ξhi

for ease of notation. The terms ξi,hi
and ξb are the aforementioned

detection and bias errors, respectively. Recall that ξi,hi
and ξb were assumed independent in
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the GNP problem statement. The covariance matrix of ξi,hi
was previously defined as Q∆,i,

and the covariance matrix of ξb is Q̂b as given in Equation (2.16). The covariance of the

combined error is then Q∆,i+ Q̂b. This implies that the variance of the quadratic form term

in Equation (2.26) is given by Equation (2.28). The expected value is also given in Equation

(2.29).

σ2
quad := var

[

(x∆,ℓ − b̂)′Q−1
∆,i(x∆,ℓ − b̂)

]

= 2 · tr
[

Q−1
∆,i(Q∆,i + Q̂b)Q

−1
∆,i(Q∆,i + Q̂b)

]
(2.28)

µquad := E

[

(x∆,ℓ − b̂)′Q−1
∆,i(x∆,ℓ − b̂)

]

= tr
(

Q−1
∆,i(Q∆,i + Q̂b)

)
(2.29)

The distribution of a quadratic form consisting of a Gaussian vector and positive-definite

matrix is known to follow a generalized χ2 distribution [71]–[73]. Figure 2.4 shows how some

generalized χ2 statistics scale relative to the ratio of the sensor bias’ covariance to the sensor

measurements’ covariance. Plots of the distribution’s PDF can be observed in Figures 2.9

in Section 2.4.

A final consideration is that the quadratic form error in Equation (2.17) is the result of a

sum of such generalized χ2 variables, where the number of terms in the sum is the number of

associated pairs. Fortunately, the distribution of a sum of generalized χ2 variables is also a

generalized χ2 variable. This can be seen by rewriting the sum as a concatenated vector and

block diagonal matrix as shown in Equation (2.30). Therefore, the error on the quadratic

form sum term in Equation (2.17) follows a generalized χ2 distribution. The sum distribution

allows one to compute a bound on how likely it is that the total cost error exceeds a given
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Figure 2.4: A comparison of the mean and 99% cumulative distribution function (CDF) cutoff
are plotted against the bias covariance to sensor covariance ratio assuming both sensors have equal
covariances. The sensor covariance was taken as the identity matrix and the x-axis denotes the
ratio of the scalar multiples for Qb and QS.
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(2.30)

Suppose that a best hypothesis h∗ has been chosen, and we now wish to ask how likely

it is that another hypothesis h should have been chosen instead. Define the concatenated
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difference vectors and block diagonal matrices as follows:

X∗ := [(x∆,1 − b̂)′, (x∆,2 − b̂)′, ..., (x∆,na,h∗
− b̂)′]′ for h∗ (2.31)

Q∗
∆ := diag(Q∆,1,Q∆,2, ...,Q∆,na,h∗

) for h∗ (2.32)

X := [(x∆,1 − b̂)′, (x∆,2 − b̂)′, ..., (x∆,na,h
− b̂)′]′ for h (2.33)

Q∆ := diag(Q∆,1,Q∆,2, ...,Q∆,na,h
) for h. (2.34)

Then compute the value of the generalized χ2 CDF (Gχ2) at zero for the concatenated

parameters as shown in Equation (2.35).

Gχ2 (0; [Z,Z∗]′,Q∆,−Q∗
∆) (2.35)

This is the probability that, on a different set of realized measurements by the sensors on the

same associated targets under the same measurement distributions, the hypothesis h would

have a cost less than that of h∗. Of course, this distribution will be different for every pairing

since each hypothesis has a distinct distribution.

Computing generalized χ2 distributions is costly because there is no closed formula for

the distribution Gχ2, requiring numerical approximations [73]. The results demonstrated in

the example below use code associated with [71], [72]. To compute the 0.99 cutoff depicted in

Figure 2.8 required about 0.0356 seconds on the first run and 0.0025 seconds on subsequent

runs in MATLAB 2023a using a 12th Gen Intel® Core™ i9-12950HX 2.30 GHz processor.

Therefore, to avoid performing this computation thousands of times, a suboptimal but still

useful heuristic would be to determine some probability level α and compute the inverse

CDF (Gχ2)−1 for the parameters of h∗ as shown in Equation (2.36).

α cutoff = (Gχ2)−1 (α; [Z∗, Z∗]′, diag(Q∗
∆,Q

∗
∆)) (2.36)
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The parameter is effectively twice the hypothesis error of h∗. The α cutoff is therefore the

maximal difference in cost that would be expected in α percent of realizations. Therefore, a

confidence interval of [Cprior, Cprior+α cutoff] can be computed and used to determine which

hypotheses can be soundly rejected and which warrant some further consideration. Using

the confidence interval, one could then either consider all hypotheses within the confidence

interval or simply quantify the confidence in the single best hypothesis.

2.4 Literature Example

The first example in [64] provides a simple scenario with 11 targets in order to highlight

a fact about the stability of the gating criterion. The quantities for the example are defined

in Equation (2.37) and assumed as given.

QSA,i = QSB,j = diag(0.3, 0.3, 0.3)

b = [−0.8045, 2.6427, 0.8549]′

d = 3 V =
4

3
π(10)3 β = 11/V

P◦◦ = 3/11 P•◦ = 8/11 P◦• = 6/11

(2.37)

Let the 11 targets be uniformly distributed in a sphere of radius 3 (the actual radius was

not given in [64]) and suppose Sensor SA detects 6 targets, Sensor SB detects 8 targets, and

3 of the targets are detected by both sensors. The corresponding G0 for these parameters is

approximately 0.0127 as given in [64]. However, the G0 quantity defined in the paper seems

to be incorrect or at least does not provide a useful result in the example as stated in [64].

Recall that G0 in [64] was defined without accounting for distance units. In the original

example, a value of G0 = 0.0127 was computed. Using the criterion put forth in Equation

(46) of [64], this G0 value would mean that any feasible association would have to satisfy
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Equation (2.38), which is the gating criterion given in [64].

(x∆,ℓ − b̂)′Q−1
∆,i(x∆,ℓ − b̂) < 2 · log(G0)− log(det(Q∆,i)) (2.38)

= 2 · log(0.0127)− 3 log(0.3) (2.39)

< −5 (2.40)

Note that the left-hand side is a quadratic form with a positive definite matrix, implying it

is impossible for the result on the left-hand side to be less than 0. Moreover, only the second

term on the right-hand side is dependent on the scale of the chosen units. If the Q∆,i given

above was in square-meters, then changing to square-kilometers ideally shouldn’t change the

gating decisions. However, 0.3m2 converts to 3 × 10−7 km2 meaning the second term on

the right hand side would be 3 log(3× 10−7). As a result, the right-hand side of Equation

(2.38) would change from being less than -5 to more than 36. A sufficiently well-chosen

bias estimate would make the left-hand side near 0, which shows there are now feasible

associations manufactured by a simple change in units. This problem does not occur with

the inequalities proposed in Equation (2.25) because changes in units will evenly scale the

V and det(Q∆,i) terms. The correctness of Equation (2.25) will be demonstrated below.

The values for the example above are used below with the goal of showing the criterion

derived as part of this work correctly thresholds against infeasible associations while permit-

ting correct associations. To simulate the assigned detection probabilities, three targets are

chosen to be mutually detected by both sensors. The indices for these three chosen targets

were 1, 2, 3 among Sensor SA state estimates and 6, 7, 8 among Sensor SB state estimates.

The scenario is depicted in Figure 2.5. Histograms of the pairwise differences are shown in

Figure 2.6, along with the estimated and true bias.

Applying the gating criterion derived above, the resulting table of booleans indicating

feasible or infeasible association pairings is shown in Table 2.2. Here the row indices cor-

respond to the detection index from Sensor SA and the column indices correspond to the
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Figure 2.5: The generated scenario. Blue dots belong to Sensor A and red dots belong to Sensor
B. The black squares are the true target locations.

detection index from Sensor SB. The diagonal of (A1,B6), (A2,B7), and (A3,B8) having

ones shows that the correct hypothesis is available from the remaining hypotheses. After

computing the feasible pairings shown in Table 2.2, Equation (2.17) must be optimized over

the remaining hypotheses. This requires computation using the full hypotheses, so the prior

bias b̂avg. should be replaced with the posterior bias b̂ML. All feasible hypotheses (choices

of feasible pairings that respect the assumption of one detection per target per sensor) are

shown sorted in Figure 2.8. The optimal solution (minimal cost hypothesis) is shown in

Figure 2.7 and the cost of the best hypothesis [6, 7, 8, 0, 0, 0] is identified as -86.7406. Visual

inspection of Figure 2.7 might suggest other hypotheses which should yield similar costs. For

example, the cost of the alternative hypothesis [6, 5, 2, 0, 0, 0] (assigning B5 to A2 and B2 to

A3) is -80.3959. This and similar observations verify that similar hypotheses do correspond

to similar costs. The posterior bias and bias covariance are given in Equation (2.41).
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Figure 2.6: Estimates for each component of the bias using pairwise differences between all
state estimates. The estimated bias is b̂avg. = [−1.7027, 1.3295,−2.3477]′ and the true bias is
b = [−0.8045, 2.627,−0.7549]′.

Table 2.2: The GNP gating results using the example in Figure 2.5 and Equation (2.25).

B1 B2 B3 B4 B5 B6 B7 B8

A1 0 0 0 1 0 1 0 1

A2 0 0 0 0 1 0 1 1

A3 0 1 1 0 1 0 1 1

A4 0 1 0 0 1 0 1 1

A5 0 0 0 1 0 1 0 0

A6 1 0 1 0 0 0 0 0

b̂ML = [−0.8886, 2.3656,−1.0361]′

Q̂b = diag(0.0592, 0.0592, 0.0592)

(2.41)

Finally, the quadratic form error can be computed using the new Q̂b and compared to

the corresponding generalized χ2 distribution. Plugging in Q∆,i, Q̂b, and b̂ to Equations

(2.28) and (2.29) yields prior values of σquad ≈ 61.2372 and µquad = 75.0000 and posterior

values of σquad ≈ 3.2548 and µquad = 3.9863. Realized values of the quadratic form in both
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Figure 2.7: The lowest cost global association hypothesis with pairings corresponding to the same
target denoted by a black line.

instances are given in Table 2.3. The results demonstrate a marked improvement in the

likely posterior quadratic form error which follows the distribution in Figure 2.9.

A confidence interval on the optimal cost can be defined using the generalized χ2 distri-

bution for the posterior bias estimates. Following the heuristic given at the end of Section

2.3.3, we choose to use the 99% confidence value as the cutoff. Figure 2.8 shows the 0.99

cutoff line and how it compares to the actual hypothesis costs. These lines could be used to

prune unlikely hypotheses and maintain others over extended intervals of time. Alternatively,

if only a single hypothesis is maintained, then a degree of confidence in that association is

afforded by computing how likely it is that the chosen hypothesis was not the correct one.
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Figure 2.8: Sorted feasible hypotheses color coded by number of associated state estimates. The
markers indicate the cost of each hypothesis and the dashed line indicates the 99% bound on twice
the error of the best hypothesis.

2.5 Bias Correction

The example in Section 2.4 demonstrated the ability to make a correct association on a

single time step. Now, an example will be given that demonstrates the potential of the GNP

algorithm to iteratively correct for error and keep the sensor bias within measurement error.

The example trajectory will be based on parameters modified from [74]. The 2-

dimensional scenario will have an initial position of [60 km, 40 km]′ and an initial velocity of

[−300m s−1, 300m s−1]′/
√
2 and will proceed by a sequence of transition models as follows:

1. Constant velocity of 300m s−1 for 50 s,

2. Coordinated turn with a turn rate of 4.68 deg for 96 s,

3. Constant velocity of 300m s−1 for 30 s,

4. Coordinated turn with a turn rate of −2.8 deg for 64 s,

5. Constant velocity of 300m s−1 for 30 s.
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Table 2.3: Some quadratic form values computed using Equation 2.26. The first 3 rows demon-
strate the correctly associated pairings. The subsequent rows demonstrate quadratic form values
for some other hypothetical pairings.

SA Index SB Index Prior Value Posterior Value

A1 B6 19.6897 0.6717

A2 B7 25.8521 0.7414

A3 B8 15.4428 1.7914

A4 B4 184.4526 217.0623

A2 B3 62.1329 49.6419

A2 B5 39.3955 12.8962

A1 B3 134.6161 202.2626

For simplicity, the motion model noise will be set to zero and the measurement inter-

val will be a constant 10 s. To simulate 10 closely-spaced targets, the trajectory de-

scribed above will be duplicated and shifted by a random Gaussian vector sampled from

N (0, diag(1000m, 1000m)).

The remaining parameters are defined in Equation (2.42). For each time step, the mea-

surements will be randomly sampled from Gaussian distributions centered on each of the

true target positions. Probabilities of detection will also be simulated by randomly selecting

which targets each sensor detects. The described scenario is shown in Figure 2.10 and a

realized example of the initial measurements can be seen in Figure 2.11a.

QSA,i = QSB,j = diag(100m2, 100m2)

b0 = [100m, 230m]′

d = 2 V = 4.189× 103 m3 β = 10/V

P◦◦ = 0.6 · 0.8 P•◦ = (1− 0.6) · 0.8 P◦• = 0.6 · (1− 0.8)

(2.42)

The goal will be to use the scenario generated in Figure 2.10 to demonstrate bias reduc-

tion. On each time step, the generated measurements will be fed into the GNP algorithm

described above. After a posterior bias estimate is computed, the posterior bias will be
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Figure 2.9: This shows the generalized χ2 PDF for the given example assuming the posterior bias
covariance Q̂b. The mean and the standard deviation interval, as computed by Equations (2.29)
and (2.28), are also plotted as red lines for comparison. The black line marks the 99% cutoff as
determined by the inverse CDF of the distribution generalized χ2 distribution.

subtracted from b0 and the result will be used as the sensor bias in the next iteration. To

determine whether an operator who only sees the estimated bias calculation could consider

the bias to be within measurement error, an observed bias estimate will be provided via a

linear Kalman filter. The observed bias estimate given the posterior bias data computed by

the GNP algorithm will not be used to adjust the bias, only to monitor when it has likely

been reduced to within measurement error (10m). Finally, even with the gating criterion

presented above, there are still GNP problems which yield too many hypotheses to check. To

keep the check simple, if the number of hypotheses to consider exceeds 10,000, then the null

hypothesis will be assumed and the posterior bias will be set to 0. The number of hypotheses
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Figure 2.10: The generated scenario with lines drawn between each truth position for each of the
10 targets and markers placed to show where measurements are taken. The trajectory starts in the
bottom right of the figure and ends at the top.

to consider will be computed as the product over the number of feasible associations from

SB to each measurement in SA.

Looking at the beginning to end results (first time step to last time step) in Figure 2.11,

it is clear that the GNP algorithm has enabled a reduction in the sensor bias. The diamonds

and circles are well within the confidence ellipses indicating alignment within the bounds of

measurement error in Figure 2.11b. Also, it can be observed in the truth trajectories that the

targets do change their relative spacing over the course of the scenario, which demonstrates

some robustness of the algorithm. A breakdown of the association performance over time can
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be found in Figure 2.12. Given the fact that each set of measurements perfectly reflects the

sensors’ respective probabilities of detection (0.6 and 0.8), there is always guaranteed to be at

minimum four pairs of measurements that should be assigned to the same target. So when

the first column of association counts in Figure 2.12 shows all unassigned measurements,

that is an example of the hypotheses bound check being exceeded and the null hypothesis

being assumed. The mean percent correct assignment decisions (whether associated or not)

is 64%.

(a) (b)

Figure 2.11: Initial measurements and true target positions are shown in (a) and terminal mea-
surements and true target positions are shown in (b). The unbiased sensor measurements in (a)
and (b) are circles and biased sensor measurements are diamonds.

Despite the frequency of incorrect decisions, Figure 2.13 demonstrate that there is an

immediate payoff when the GNP algorithm does make the correct assignments. Moreover,

even with only using the instantaneous posterior bias estimate (as opposed to an estimator

which accounts for a window of time), one can get reasonable bias reduction and expect the

reduced bias to remain close to measurement accuracy. Using the estimated bias’ covariance
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Figure 2.12: A comparison of the association performance over time. Generally correct association
decisions are in blue or azure and generally incorrect decisions are in red or orange. The lighter
colors (orange and light blue) denote decisions to not associate and darker colors (red and blue)
denote decisions to associate.

output by the Kalman filter, one could establish when the bias has been sufficiently reduced

depending on the desired accuracy of the measurement.

2.6 Conclusion

An improved gating criterion for GNPM was derived and applied to two examples. It

was demonstrated that the proposed criterion correctly accounts for volume units and sifts

out infeasible associations while maintaining correct associations. The resulting reduction in

feasible hypotheses yields a more tractable start for the full cost comparison that is required

for GNPM or any other association algorithm which accounts for bias. The criterion was

given in Equation (2.25) and estimates for the bias term are provided in Equations (2.14),

(2.15), and (2.16). A new error analysis was also provided, enabling the quantification of

how likely the selected GNPM hypothesis is the correct one. Combining the GNPM cost

function, the gating criterion, and the error estimation procedure presented here will allow
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Figure 2.13: A comparison of the true bias and estimable bias given the observed measurements.

for rapid estimation of sensor bias, which can then be used to improve tracking association

via bias reduction.

47



Chapter 3

A Neural Network Multiple Model Filter

3.1 Introduction

In target tracking, the interacting multiple model (IMM) filter has been widely used as an

efficient algorithm for robust estimation [1], [75]–[77]. For predicting and updating a track

state, IMM filters were designed to allow for consideration of multiple hypothesized target

motion models [37]. In contrast, a single Kalman filter, or other such single-hypothesis esti-

mators, requires a premature assumption that the tracked target follows one chosen motion

model. Later work on efficient estimation algorithms have compared the IMM favorably to

competing methods such as the generalized pseudo-Bayesian (GPB) algorithms in terms of

computational cost, robustness, and accuracy [78]. The IMM algorithm has better accuracy

than the GPB1 (first-order GPB) algorithm with both having O(NM) complexity, with NM

being the number of motion models under consideration. Compared to the GPB2 (second-

order GPB) algorithm, IMM is worse but has faster runtimes due to the O(N2
M) complexity

of GPB2 [3].

However, there are some known issues with the traditional IMM approach which leads to

desires for improvements. First, the truncation of the mixing process at a first-order Markov

chain leads to estimation errors which can accumulate over time. Efforts to reduce this error

were made by extending the truncation to higher-ordered Markov chain processes; however,

the implementation of these methods requires increasing amounts of on-line processing power

[79]. Another problem is that placing the Markov assumption on the motion model switching

dynamics leads to a requirement to anticipate switching probabilities. This imposes target

maneuver assumptions on the tracker before any positive identification of the target has

been made. One approach to fix this problem is to introduce a neural network which can

make predictions without necessitating those design considerations. Of course, this opens a
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Pandora’s box of other concerns about what assumptions get baked into the neural network.

The following sections will present considerations for designing a neural network for use with

an IMM.

Using neural networks to aid in the target tracking problem is not new [80], [81]. Even in

the narrow problem of IMM estimation, past work has run the gamut from merely preceding

the IMM algorithm with a classifier to correcting the output of an IMM with a neural

network to completely replacing the IMM algorithm with a neural network which takes in a

track history and outputs future track predictions [78], [82]–[86]. One recent example of fully

replacing the IMM with a neural network model is given in [86], which uses and encoder-

decoder architecture to get promising results. However, in proposals which replace the IMM

algorithm entirely, there is little intuition behind what the neural network is actually doing.

For that reason, restricting the role of the neural network can be appealing and is the

approach chosen below. Many of the attempts at improving IMM via pre or post-processing

with a neural network use some form of recurrent neural network (RNN) such as a long

short-term memory (LSTM) network. This approach is reasonable and may prove to be the

best approach if efficiency is the only goal, but RNNs complicate the analysis of how inputs

get processed into outputs. Taking into account the desire for interpretable models (see [87],

[88]), the simpler feed-forward architecture is used in the work presented below.

The key difference between the past literature and what is presented here is that the ap-

proach below no longer requires a transition matrix designed using model switching assump-

tions. The approach below requires only that one know which motion models are allowable

(a physics-based problem) and what measurement parameters will be used (a sensor design

problem). These are problems which are possible to solve prior to deployment of a tracker.

Any algorithm which requires a transition matrix based on switching assumptions must ad-

ditionally issue claims about how a future target is likely to behave (a tactics problem).

In many cases, the assumption that tactics information can be known before deploying the

tracker is dubious. Therefore, while the use of neural networks with an IMM may be similar
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to prior work, it is believed that the work below provides a more sound implementation by

eliminating a subjective design element and providing a more trustworthy algorithm.

The sections that follow will describe and demonstrate the new neural network multiple

model (NNMM) estimator as an improvement over the standard IMM algorithm. Section 3.2

provides descriptions of motion models, the IMM filter, and some justification of the choice

of inputs for the neural network classifier (NNC). Section 3.3 continues a description of the

choices made for creating a NNC which can be used to implement the proposed NNMM

estimator. Section 3.4 demonstrates the NNMM estimator on an example scenario.

3.2 Background

3.2.1 Target Motion Models

The focus in this chapter will be on the estimation part of the tracking process, after

detections have been identified and associated with an existing track. There are several

commonly used target motion models in the literature [23]. The discussion that follows will

be limited to 2-dimensional cases for ease of discussion, but extension to 3 dimensions only

requires a few changes. The tracking literature exhibits a preference for linear motion models

due to simplicity and computational speed so that other parts of the tracker can run before

the next batch of measurements arrives. We have similar preferences here and will choose

to also rely on linear models. This choice allows the process function from Equation (1.5) to

be rewritten as:

xk♣k = Fxk−1♣k−1 + ωk−1 (3.1)
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where F is a Rdx×dx matrix. The default model in most cases is a constant velocity (CV)

model represented by the matrix:

FCV =


















1 0 ∆t 0

0 1 0 ∆t

0 0 1 0

0 0 0 1


















(3.2)

for x = [position, velocity]′, also sometimes referred to as the nonmaneuvering model. In

trackers which try to use process noise to account for deviations from a single motion model,

the CV model is typically used as the baseline motion model [3], [24]. A larger class of models

which includes the CV model are the polynomial motion models, which are polynomial

combinations of the state vector (the kinematic terms specifically). The class of polynomial

models includes the constant acceleration (CA) model, represented by the matrix:

FCA =



























1 0 ∆t 0 ∆t2 0

0 1 0 ∆t 0 ∆t2

0 0 1 0 ∆t 0

0 0 0 1 0 ∆t

0 0 0 0 1 0

0 0 0 0 0 1



























(3.3)

for x = [position, velocity, acceleration]′. The CA model can be used to represent a generic

maneuver, deviating from the assumed CV model [3], [24]. The final class of models that

will be considered here are the coordinated turn (CT) models. These include turns assuming

nearly constant radius with respect the axis of rotation and of nearly constant speed and

angular rate, which will be used below. A 2-dimensional coordinated turn model with known

51



turn rate τ is represented by the matrix:

FCT =


















1 0 sin(τ∆t)/τ (cos(τ∆t)− 1)/τ

0 1 (1− cos(τ∆t))/τ sin(τ∆t)/τ

0 0 cos(τ∆t) − sin(τ∆t)

0 0 sin(τ∆t) cos(τ∆T )


















(3.4)

for x = [position, velocity]′.

These models are good approximations to most commonly observed targets, and they

provide good coverage of possible locations where a feasible target would be found af-

ter a short time interval. In what follows, we consider the set of assumed models to

be M := ¶CV, CA, CT♦. It is apparent that the various models defined above re-

quire states of different dimensionalities: 4 for CV, 6 for CA, and 5 for CT. In order

to store all the information necessary for all models, a 7 dimensional state will be used:

x = [position, velocity, acceleration, turnrate]′. When applying each model, it will be as-

sumed that any kinematic quantity which is not applicable to the model is zero. Therefore,

the state will be reduced to the appropriate dimensionality for actual computations. The

covariance matrix will likewise be selectively reduced to the applicable dimensions, ensuring

positive definiteness.

The measurement process will also require definition before proceeding. We will assume

that only position is directly observed: g(•,νk) : R7 → R2 where the distribution of νk is

known based on the sensor. The primary reason for this restriction is academic. In allowing

the network to only observe the position, we provide a minimal amount of information for

use in the classifier while still enabling straightforward application of the IMM algorithm.

If the following shows that position is sufficient for the proposed technique, then systems

which do provide measurements of more kinematic quantities will be able to benefit so long

as they have position estimates.
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3.2.2 Multiple Model Filters

In the event that the target motion is unplanned or stochastic, the true motion is un-

known. It is therefore necessary to propose an approximate motion model F in order to use

filtering methods such as Kalman filters for updating of track states. A maximum likelihood

approach in choosing F would be to select whichever model gives the highest probability of

the measurement originating from the predicted track (note that F is used to compute xk♣k

from xk−1♣k−1):

FML := argmax
F

N (zk♣xk,Pk). (3.5)

However, when tracks are relatively new, the choice of only one model can result in overly

confident tracks after the filtering stage, which may lead to missed gating in later association

stages. For this reason, better performance can often be achieved by a probabilistic mixing of

the results of all models. Estimation with uncertainty about the motion model F proceeds by

computing xk,Pk with respect to several motion models, which produces one track estimate

per model. Based on the distance between the observed measurement and each of the

predicted track estimates, a set of weights are computed and the multiple track estimates

are fused into a single estimate to be propagated for the next update. As noted in section

3.1, a common method for implementing this mixed model update scheme is IMM filtering.

In IMM filtering, a set of motion models M are proposed as approximations to a target’s

true motion along with prior probabilities µ := [µ1, µ2, ..., µNM
]′ for how likely each model is

to be the closest match to the true target motion. The set of models ¶Fm♦m∈M is assumed to

be exhaustive and finite, so the probabilities of all considered models sum to 1. In addition

to the prior probabilities, the IMM must be given a transition matrix Λ which describes

the switching probabilities for the continuous time Markov chain being described on M as

shown in Figure 3.1. Those probabilities are derived from the sojourn times for a target given

motion models in M [4], [77], [89], [90]. The relationship between the transition matrix Λ
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and transition rate matrix J is

Λ := exp ¶∆t · J♦ where
NM∑

j=1
j ̸=i

Jij = −Jii for all i = 1, 2, ..., NM . (3.6)

The matrix J denotes the instantaneous transition rate and is being scaled by the time step

∆t which is the time between the last measurement update and the current one. Since that

interval may change, it is proper to treat J as the fundamental quantity and Λ as the derived

quantity. Of course, as stated above, the assumption that J or Λ represent the true target

dynamics is dubious except in highly controlled scenarios. Fortunately, the IMM is fairly

robust to poor choices of Λ [3].

CV

CT

CA

0.08

0.02

0.15

0.150.04

0.16

0.9 0.7

0.8

Figure 3.1: An example of a Markov chain on the set M := ¶CV, CA, CT♦. The elements of Λ
are shown on their respective edges. This Markov chain’s transition probabilities are later used in
Equation (3.16).

Assuming a suitable Λ and establishing an initial prior µ (e.g. a uniform prior), we

define x̃
(m)
k as the prior state for model m at time step k. The prior states for each motion

model (usually given as output from the previous iteration of the IMM filter) are first mixed
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in what is called the interaction stage (labeled “State Mixing” in Figure 3.2):

x̃
(m)
k−1♣k−1

:=
NM∑

j=1

Λ̃m,jx
(m)
k−1♣k−1 where Λ̃m,j := µk,jΛm,j





NM∑

m=1

µk,jΛm,j





−1

(3.7)

P̃
(m)
k−1♣k−1

:=
NM∑

j=1

Λ̃m,j

(

P
(m)
k−1♣k−1 +

(

x
(m)
k−1♣k−1 − x̃

(m)
k−1♣k−1

) (

x
(m)
k−1♣k−1 − x̃

(m)
k−1♣k−1

)′)
. (3.8)

These estimates are then given as inputs (along with a single associated measurement) to

the respective filters for each of the m ∈ M motion models, and their respective outputs

x
(m)
k♣k and P

(m)
k♣k are the posterior states which will be used as prior inputs in the next IMM

iteration. After filtering, a quantity called the “innovation” (z̃), which is computed as a part

of most filtering algorithms, will be used to compute the likelihood of each model being the

“correct” one:

z̃
(m)
k := zk −Gx

(m)
k♣k−1 (3.9)

R̃
(m)
k := GP̃

(m)
k♣k−1G

′ + Sk (3.10)

where G is the matrix representing the linearization of measurement process g. The likeli-

hood of model m having yielded the “correct” prediction for a Gaussian measurement and

track is given by:

ℓ(m) := N (z̃
(m)
k ;0, R̃

(m)
k ). (3.11)

Model probabilities are then updated as follows:

µ
(m)
k = ℓ(m)µk−1





NM∑

j=1

ℓ(j)





−1

. (3.12)
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The filtered states and updated probabilities can now be used to produce a weighted average

state which is output as the estimated target state:

x̂k♣k =
NM∑

m=1

µ
(m)
k x

(m)
k♣k (3.13)

P̂k♣k =
NM∑

m=1

µ
(m)
k

(

P
(m)
k♣k + (x

(m)
k♣k − x̂k♣k)(x

(m)
k♣k − x̂k♣k)

′
)

(3.14)

The individual filtered states and updated probabilities are stored for use in the next itera-

tion. A summary of the IMM algorithm is shown in Figure 3.2. For more explanation, see

[3], [4], [76].

zk,Sk x
(1)
k−1♣k−1,P

(1)
k−1♣k−1 x

(2)
k−1♣k−1,P

(2)
k−1♣k−1

µk−1,Λ

State Mixing

Filter (F1) Filter (F2)

x
(1)
k♣k,P

(1)
k♣k, z̃

(1)
k , R̃

(1)
k x

(2)
k♣k,P

(2)
k♣k, z̃

(2)
k , R̃

(2)
k

Probability Update

Weighted Estimate

µk,Λ

next iteration

Figure 3.2: A flowchart illustrating one stage of the IMM algorithm. The quantities outlined
in red can be maintained internally (if using an object-oriented scheme). The blue lines show the
flow of those red items from top to bottom and the black arrows show where the measurement is
injected into the process. The singular output by the algorithm is usually the weighted estimate
at the bottom. This is a state space estimate of the target.
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3.2.3 Neural Network Classifiers

Among the many applications of neural networks, one of the most ubiquitous is classifi-

cation. Classification is the act of mapping from a state space X to a label space Y . Neural

networks achieve this task by first performing several intermediate linear algebra mappings

and nonlinear activation functions before using the result of these transformations to com-

pute the costs of assigning the transformed state to any one of a finite number of mutually

exclusive categories contained in Y .

The first consideration must be the definition of X . While the kinematic state is already in

vector form, this will not be used as the state space. First, use of the derivative quantities (i.e.

velocity, acceleration, and turnrate) may be useful for improving the results depending on

the scenario. However, the goal here will be to demonstrate a minimum level of improvement

given only position measurements. Next, one shortcoming of the IMM is that it makes no

direct use of the history of the track. There is technically a memory of the track history

contained in the the probabilities vector µ, however, this information is fixed at each step.

There is no ability for the IMM to somehow change the weight of information later. With a

neural network, it is possible to process a chain of measurements on each iteration and allow

that history to be more effectively represented in µ. The trajectory fed into the feed-forward

neural network will be a column vector of concatenated positions so that X := Rαdx where α

is the number of positions included in a trajectory. The neural network structure will have

to be fixed upon deployment of a hypothetical sensor, so α must be fixed. If arbitrary length

trajectories are needed (up to a finite number), then a neural network will have to be trained

for every α, or recurrent neural networks (RNNs) such as long-short term memory (LSTM)

networks will be required.

Establishing a fixed α for simpler feed-forward networks is relatively straightforward. It

is possible to discern a minimal α such that the neural network generates useful output.

If a target follows the same motion model for an extended period of time, then one only

needs as many observations as would be necessary to fully estimate the model’s parameters.

57



In a constant velocity model, that is 2 position measurements. In a constant acceleration

model, 3 position measurements are necessary. For the 2-dimensional coordinated turn

model, 3 position points are necessary (two for the turn rate computation itself and a third

to establish whether the turn is clockwise or counterclockwise). So a minimal trajectory

for the chosen M has α♭ = 3. Of course, the target’s motion will be noisy due to random

fluctuations in the true motion and the measurement process, so there will be a benefit to

using trajectories longer than the minimum.

In addition to a minimal alpha, it will also be observed that a maximal α can be computed

as well, though with less accuracy than the minimal α. The simplicity of the models in M

gives some sense of certainty that there is a ceiling on the benefit of considering longer

trajectories. Additionally, a trajectory must contain samples spread over some time interval

which is governed by quantities such as the minimum sensor measurement interval and the

scheduled revisit times. This time interval determines the minimum time needed to observe α

positions to create a full trajectory to feed to the neural network. Relative to that time, there

is a physical limit to how quickly a maneuvering target can change its position sufficiently

to no longer appear to be following the same motion model as it was previously. If the

time it takes to transition between motion models is less than the time it takes to acquire

α position measurements, then the trajectory will contain measurements of multiple motion

models. This is only a serious problem for state estimation if the time it takes to acquire a

full trajectory is so long that none of the models in M can accurately predict the target’s

location. However, from the point of view of correctly identifying the target’s motion, this

is a considerable problem. A rule of thumb for choosing α is as follows:

α♯ = max
α∈Z+

¶α : α < ∆tswitch/∆tmeas♦ (3.15)

where ∆tmeas is the average time between measurements of the selected target and ∆tswitch

is the average time between discernable changes in motion models. It should be stressed

that ∆tswitch is not a known quantity. It is essentially a guess at how maneuverable the
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intended targets are likely to be. Ideally ∆tswitch ≫ ∆tmeas, in which case the target can

be considered slowly maneuvering. If ∆tswitch < ∆tmeas, then it is impractical to suppose

that the sensor is capable of discerning target motion quickly enough for the technique that

follows. If α♯ < α♭, then the sensor likely does not provide enough measurements to form a

trajectory which can resolve the models in M . For what follows, a trajectory of length 10 is

used, though no claims of optimality are made regarding this choice.

3.3 Creation and Use of the Classifier

3.3.1 Data Generation and Representation

Training data was generated via functions in the Tracker Component Library [9]. To be-

gin, idealized trajectories with ten 2-dimensional position measurements having no process

noise were generated. These were subsequently perturbed with varying amounts of Cartesian

measurement noise (independently sampled from a Gaussian distribution) to generate mul-

tiple noisy trajectories. Table 3.1 of intervals from which the initial state vector quantities

were sampled. Note that three different time steps were sampled in order to allow some

generalization over time as well.

Table 3.1: Data generation values for training the neural network for the toy example

Quantity Value Set

∆t (s) ¶0.5, 1, 2♦
Pos. (m) [−1e2, 1e2]

Vel. (m/s) [−1e3, 1e3]

Acc. (m/s2) [−30, 30]

Turn Rate (rad/s) [−π, π]

Meas. Cov. (m2) [0, 10]
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3.3.2 Neural Network Structure and Training

The primary concern with constructing the neural network was to keep it small and fast.

MATLAB has a function called fitcnet which will automatically train a neural network

classifier and optimize a variety of parameters. The configuration which was settled on was

a five layer model consisting of an input layer, a sequence of three hidden layers interleaved

with rectified linear unit (ReLU) activation functions, and a final classification layer. The

input layer standardized the input sequence by shifting to the mean and rescaling by the

standard deviation. The layer sizes were 100, 10, and 30 respectively. No particular reason

existed for these choices, and they don’t correlate with any of the “optimized” layer sizes

output by the fitcnet function’s attempt to optimize the layer sizes. These choices produced

reasonably generalizable results on the example. Training of the neural network was done

using a 75/25 train/test split of the trajectory data (225,000 trajectories for training, 75,000

for validation). Randomization of the trajectories was done prior to each training epoch.

3.3.3 Interfacing with Multiple Model Algorithms

The neural network classifier is used to generate prior model probabilities µk−1 (see

Figure 3.2 for context). On their own, the probability outputs of the neural network tend

to be sporadic, roughly with the frequencies predicted by the confusion matrix. To patch

this problem, a weighting was implemented as a sort of consistency restraint. The output

probabilities from the last iteration of the IMM are multiplied by a weight 0 ≤ w ≤ 1

and then added to the new prediction of the neural network weighted by 1 − w. It was

found that choosing w roughly equal to its accuracy was a good rule-of-thumb. Even for a

highly accurate network, however, there should be a fairly strong demand for consistency as

real targets will not follow any particular motion model exactly. For this reason, an upper

bound on w should be observed regardless of the neural network’s accuracy. The simulated

examples will use w = 0.9.
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Figure 3.3: Confusion matrix for the neural network classifier

As noted above, the utility of neural networks for increasing accuracy of IMM models has

been noted in the literature before. The novel contribution of this chapter is the additional

use of the neural network’s confusion matrix as a replacement for the designed transition

matrix of the traditional multiple model algorithms. The confusion matrix is known once the

neural network has been trained, so it is far more desirable for use in a practical algorithm

when the target maneuver sequences are not known in advance. The confusion matrix must

be made into a transition matrix by normalizing the rows. This normalization only has to

be done once to get Λ.

3.3.4 Extension to Distributed Systems

There are cases where it is either impractical or impossible to share full target states

between trackers to perform fusion. This does not have to mean there is no possibility for
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information fusion, however. In the case of a NNMM estimator, the weighted averaging

step allows for incorporation of other trackers’ motion model probabilities without need for

full target state information. Assuming one has a scheme for assigning weights ¶wi♦Ni=0 for

N external trackers, i = 0 corresponding to the tracker on the ownship, and
∑

wi = 1,

a weighted average of the model probabilities can be used as input to the multiple model

estimator. This implementation would likely also necessitate a change to Λ. The simplest

modification would involve weighted addition of the Λ matrices from each tracker and then

normalizing the rows so that the new matrix is a probability matrix.

3.4 Examples

Consider now a model set of M := ¶CV, CA, CT♦. The transition matrix for the tradi-

tional IMM algorithm will be

Λ =













0.9 0.08 0.02

0.15 0.70 0.15

0.04 0.16 0.80













(3.16)

copying the values used in [76] and depicted in Figure 3.1. The models are as described

above and the full target state is x = [xp, yp, xv, yv, xa, ya, τ ]
′. The simulated trajectory

begins with a constant velocity model of [1,−2]′ meters per second followed for 30 s, switches

to a coordinated turn with turn rate of -10 degrees per second (with the same speed), and

then concludes beginning at 60 s with a constant acceleration model using an acceleration

of [−0.01, 0.03]′ meters per second squared until the stop time at 150 s. The Cartesian

measurement covariance is diag(5, 5). This trajectory can be seen in Figure 3.4 and the

measurements are shown in Figure 3.5 along with the track estimates.

The corresponding model probability vector µk is plotted over time in Figure 3.6. As

the neural network requires 10 prior estimates, the traditional IMM was used for the first
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10 steps and the first prior probabilities of the classifier at step 11 were mixed with the

posterior output by the traditional IMM on step 10. It is readily apparent that the NNMM

track is slightly smoother than the IMM track. This is to be expected since the NNMM

filter is performing some smoothing by incorporating a sliding window approach to the

estimation. Computing the jitter metric (first version presented in [91]) on the two tracks

(position coordinates only) yields 35.4462 meters for the IMM track and 18.7436 meters for

the NNMM track. So in this sense, the NNMM track has half as much jitter. Smoothing

aside, some modest improvements in position accuracy can also be seen in Figure 3.7. As a

check, Figure 3.9 shows that this improved accuracy leaves the consistency of the estimated

Gaussian distribution relatively intact over the course of one simulated trajectory, as both

IMM and NNMM have comparable ranges of NEES scores and hover around 1. A collection

of 100 Monte Carlo runs were used to verify the apparent accuracy gain and consistency.

The Monte Carlo runs used the same trajectory as shown in Figure 3.4, but resampled the

measurements. As can be observed in Figure 3.8, the accuracy gain persists over all 100

runs. The ANEES metric, shown in Figure 3.10, seems to exhibit more variability with the

NNMM filter, but also has a mean closer to the desired value of 1. Taken together, these

metrics seem to suggest that the NNMM represents a sound augmentation of IMM that is

no worse than IMM provided the neural network is trained on a representative training set.

3.5 Conclusion

The well-known IMM algorithm was shown to yield improved accuracy when its inputs

were first augmented by a neural network. The emphasis was not on a particular structure

of the network. Different structures will be suited to different sensor types and maneuver

models. Instead, emphasis was placed on the ability of the neural network to enable utiliza-

tion of a longer track history and replacement of the assumptions required for constructing

a transition probability matrix describing the model set’s Markov chain.
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Figure 3.4: The simulated true trajectory

(a) (b)

Figure 3.5: The tracks estimated by the IMM filter (a) and NNMM filter (b).
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(a) (b)

Figure 3.6: The motion model probability vector plotted over time for the IMM filter (a) and the
NNMM filter (b).

Figure 3.7: A comparison of the squared-error (SE) metric for the IMM track (blue) and NNMM
track (red).
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Figure 3.8: A comparison of the mean-squared-error (MSE) metric for the IMM track (blue) and
NNMM track (red). Mean and standard deviation statistics are shown via the dot-dash and dashed
lines, respectively.
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Figure 3.9: A comparison of the normalized-estimation-error-squared (NEES) metric for the IMM
track (blue) and NNMM track (red).

(a) (b)

Figure 3.10: Comparisons of the average-normalized-estimation-error-squared (ANEES) metric
for the IMM (blue) and NNMM (red) Monte Carlo runs. The scatter plots are shown in (a) and
histograms of the same data are shown in (b). Mean (dot-dash) and standard deviation (dashed)
statistics are plotted on the histograms with the means bolded for clarity.

67



Chapter 4

Fibonacci Sampling for Fusion

4.1 Introduction

When tracks are determined to represent the same target (potentially through the method

described in Chapter 2), a tracker must combine their information with a track-to-track

fusion algorithm. Often, the histories of tracks and the common assumptions on target

motion will lead to correlations in track errors. The track-to-track fusion algorithm discussed

below, Chernoff fusion, is capable of performing fusion of correlated inputs. There are two

primary benefits to Chernoff fusion.

First, Chernoff fusion enables fusion of a general class of estimate distributions without

foreknowledge of the correlation. The cost for this generality is the need to compute a product

of two weighted densities and then normalize the result. For general distributions, this can

only be done approximately with weighted samples from the support of each distribution.

Even when general distributions are fused, it is useful to simplify their representation if

possible by computing moment-based quantities such as mean and variance. Recall that

these are integral calculations, so accurate sampling and integral approximation becomes

essential for Chernoff fusion to remain accurate.

Second, Chernoff fusion is a generalization of a common fusion technique called covari-

ance intersection. In the case where both distributions being fused are Gaussian, Chernoff

fusion yields the same output as covariance intersection. This equivalence requires specific

choices which will be discussed below. Still, this equivalence can provide a closed-form, true

distribution for comparison against the Chernoff fusion results. This will allow for testing

and comparison of several sampling techniques.

In what follows, an exposition of Chernoff fusion and covariance intersection will be given.

Then, the case for using Fibonacci points in sampling algorithms will be made and the
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different algorithms for generating Fibonacci points will be discussed. Finally, a comparison

of performance for Chernoff fusion and covariance intersection under different Fibonacci point

sampling methods will be evaluated. This evaluation has not been done in the literature and

will help to inform best practices when using Chernoff fusion.

4.2 Covariance Intersection and Chernoff Fusion

The fusion of distributions requires considering the joint probability of both associated

tracks. Let (x1,P1) and (x2,P2) be the means and covariances of the two associated tracks

in Rð where ð is the dimension of the subspace of the track’s state space which is being fused

(below ð = 2 will be assumed which could be viewed as only fusing the position coordinates

of a planar motion target model). If it is known that the track estimates are uncorrelated,

then the mean and covariance are fused as follows [3]:

Pf = (P−1
1 +P−1

2 )−1 (4.1)

xf = Pf (P
−1
1 x1 +P−1

2 x2). (4.2)

If, however, it cannot be assumed that the tracks are uncorrelated, then using this approach

will lead to “overconfident” fusion results. Here, “overconfident” tracks have smaller covari-

ances than justified by all the measurements, had they been filtered as a single track.

To fuse tracks which are possibly correlated, there exist several alternatives [3], [92]–[98].

Here, we will consider covariance intersection as it is the Gaussian special case of Chernoff

fusion and the algorithm from which Chernoff fusion was derived [97]. The rule for covariance

intersection uses a convex combination of the two input track probabilities:

Pf = (w1P
−1
1 + (1− w1)P

−1
2 )−1 (4.3)

xf = Pf (w1P
−1
1 x1 + (1− w2)P

−1
2 x2). (4.4)
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It is nontrivial to choose w1 ∈ [0, 1]. One approach, offered in [93], proposes that the

weight should be chosen as a minimizer for a function of the fused covariance:

w∗
1 := arg min

w1∈[0,1]
¶J(Pf )♦ (4.5)

where J is an arbitrary cost function. While [93] offers both the determinant and trace as

options for J , [97] notes that only the determinant is linked to Shannon entropy via the

equality:

−
∫

X
pf (x) ln(pf (x))dx

︸ ︷︷ ︸

Shannon Entropy

=
1

2
ln
(

(2π)ð det(Pf )
)

+
ð

2
. (4.6)

Since the left-hand side is a monotonic function of det(Pf ), both the Shannon entropy

formulation of Chernoff fusion (to be shown below) and the choice of J = det for covariance

intersection will yield the same minimizer w∗
1. Therefore, let J be the determinant function

det.

The derivation given in [93] uses a joint diagonalization to construct a polynomial with

one of the roots being the optimal choice for w1. Here, a truncated exposition of the deriva-

tion from [93] for dimension ð = 2 is given. Define the following variables related to given

covariances P1 and P2:

P1 = V1Λ1V
′
1 (4.7)

T1 :=
(

V
√

Λ1

)−1

(4.8)

P̃2 := T1P2T
′
1 = Ṽ2Λ̃2Ṽ

′
2 (4.9)

T := Ṽ2

(√

Λ1

)−1

Ṽ′
2 (4.10)

D = TP2T
′ (4.11)
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where the equivalences in Equations (4.7) and (4.9) are given by eigenvalue decompositions.

A consequence of these definitions which will be useful later is:

TPfT
′ =

(

w1I+ (1− w1)D
−1
)−1

. (4.12)

Furthermore, let ¶t1, t2♦ and ¶d1, d2♦ denote the diagonal elements for T and D respec-

tively. Finally, define the following derived quantity: d̄i := 1/di for i = 1, 2. The following

computation then yields a polynomial with one root in [0,1]:

w∗
1 := arg min

w1∈[0,1]
¶J(Pf )♦ (4.13)

= arg min
w1∈[0,1]

{

det
(

T−1
)

det(TPfT
′) det

(

(T′)
−1
)}

(4.14)

= arg min
w1∈[0,1]

¶det(TPfT
′)♦ (4.15)

= arg min
w1∈[0,1]

{

1

(w1 + (1− w1)d̄1)(w1 + (1− w1)d̄2)

}

(4.16)

= arg max
w1∈[0,1]

{

(w1 + (1− w1)d̄1)(w1 + (1− w1)d̄2)
}

. (4.17)

The move from Equation 4.14 to Equation 4.15 is accomplished by observing that

det (T−1) det
(

(T′)−1
)

> 0. Solving for this root yields the desired weight:

w∗
1 = −1

2

(
1

1− d1
+

1

1− d2

)

. (4.18)

This is the weighting choice which will be used in the covariance intersection algorithm in

following sections.

The Chernoff fusion rule is as follows [97], [99]:

pf (x) =
pw1

1 (x)p1−w1

2 (x)
∫

X pw1

1 (x)p1−w1

2 (x)dx
. (4.19)
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Note that in the special case of p1 and p2 as Gaussian distributions, we have:

pf (x) ∝ exp
{

−w1

2
(x− x1)

′P−1
1 (x− x1)

}

exp

{

−(1− w1)

2
(x− x2)

′P−1
2 (x− x2)

}

(4.20)

= exp

{

−w1

2
(x− x1)

′P−1
1 (x− x1)−

(1− w1)

2
(x− x2)

′P−1
2 (x− x2)

}

(4.21)

= exp
{
1

2
(x− xf )

′Pf (x− xf )
}

exp
{

w1x
′
1P1x1 + (1− w1)x

′
2P2x2 − x′

fPfxf

}

(4.22)

∝ exp
{
1

2
(x− xf )

′Pf (x− xf )
}

. (4.23)

From this it can be seen that pf is a Gaussian [97]. However, similar to the problem for

covariance intersection, it is not obvious what rule to use in optimizing w1. If it can be

shown that the choice of w1 for Chernoff fusion agrees with that computed as w∗
1 above,

then it will be known that the output distribution of Chernoff fusion agrees with covariance

intersection in the Gaussian case. Therefore, referring back to the relationship noted in

Equation (4.6), it has been established that the determinant-based covariance intersection

algorithm and Shannon-entropy-based Chernoff fusion algorithm yield equivalent output

distributions given the same Gaussian input distributions [97].

Finally, the Chernoff fusion weight calculation requires optimization. To pare down the

complexity, Farrell in [99] used some Gaussian entropy substitutions to arrive at a closed

expression for each weight:

w1 = C(1− exp(H1,2 −H2) + exp(H1,2 −H1)) (4.24)

w2 = C(1− exp(H1,2 −H1) + exp(H1,2 −H2)) (4.25)

where C is a normalizing constant, H1,2 is the Shannon entropy of the Bayesian fusion of the

two distributions, and H1 and H2 are the entropies of the first and second input distributions

respectively. A further simplification made in [99] is the use of a lower limit approximation

for H1,2:

H1,2 ≈
min¶H1, H2♦

2
. (4.26)
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These simplifications will be used in the Chernoff fusion computations below.

4.3 Quasi-Monte Carlo and Low-Discrepancy Lattices

Computing the moments of a distribution or updating the distribution via Equations

(1.16), (1.22), (1.28), and (1.32) requires integration. Without assuming a Gaussian form,

these integrals generally cannot be written as closed-form expressions. It is therefore neces-

sary to approximate them via a summation over a discrete set of sample points:

∫

S
f(x)dx ≈

N∑

i=1

wif(xi) for ¶xi♦Ni=1 ⊂ S and
N∑

i=1

wi = 1. (4.27)

There are many terms used across the literature for the concept in Equation (4.27). In

one dimension, this is called quadrature, though that term is sometimes used generally for

all dimensionalities. For dimensionality greater than one, math literature generally refers

to Equation (4.27) as cubature integration whereas tracking literature occasionally calls

the same concept sigma-point integration when referring to integration as a part of filtering

algorithms [100], [101]. In any dimensionality, the most generic term is numerical integration.

Additionally, while S can in principle be any measurable space, most applications relevant

to target tracking will permit a mapping from the unit volume in Rð to the volume of

interest. For this reason, assume S = [0,1) ⊂ Rð where 0 and 1 are vectors of length ð

containing zeros and ones respectively. In general, the notation [a,b) ⊂ Rð will denote a

volume bounded by vectors a and b such that [a,b) = [a1, b1)× [a2, b2)× · · · × [að, bð).

Two approaches are possible for generating a sample set from S: random or deterministic

sampling. Random sampling leads to various well-studied techniques under the umbrella of

Monte Carlo integration. Sampling uniformly random elements of S would exhibit an error

reduction rate of O(1/
√
N), which can be seen by applying the central limit theorem [102].

Here, Monte Carlo is also being used to encompass pseudo-random sampling via pseudo-

random number generators. While technically deterministic, pseudo-random numbers are
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Figure 4.1: A comparison of the rates of convergence for Monte Carlo and QMC integration is
shown. The yellow diamonds indicate the ceiling of the number of points at the intersections of the
two curves.

designed to pass statistical tests for uniformity. Integration with deterministic points is

called quasi-Monte Carlo (QMC) integration, although there is no random aspect to these

algorithms [102]–[104]. QMC integration allows for offers an opportunity for faster conver-

gence to the solution under the right circumstances [105], [106]. For dimension ð and number

of points N , the rate of convergence of QMC is usually taken to be at worst O((logN)ð/N)

(the rate of convergence for QMC with Halton points) [107]. In the cases to be considered

below for ð = 2, this is O((logN)2/N). The unscaled errors are compared in Figure 4.1,

where unscaled means the plots only account for the discrepancy of the sample points, not

the variation of the integrand. The indication of the intersections in Figure 4.1 is meant

to show that for some interval of small sample points, Monte Carlo samples may do better

than QMC as the rate of convergence is an asymptotic result. If the number of dimensions

being integrated grows considerably, use of Monte Carlo should be considered as that rate

of convergence does not grow with ð.
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(a) (b) (c)

(d) (e)

Figure 4.2: Examples of various samples of the unit square using 100 points according to the
regular grid (a), Halton (b), Sobol (c), Fibonacci (d), and uniform random (e) point set generation
algorithms.

There are a number of well-known deterministic point generation techniques. These in-

clude regular and rectilinear grids, as well as Halton [108]–[111], Sobolev [111]–[113], and

Fibonacci point sets [114]–[117]. The important consideration for these point sets is geo-

metric uniformity, not necessarily statistical uniformity. Examples of these point sets in

two dimensions are shown in Figure 4.2 and compared with a random sample of uniformly

distributed points. It will be immediately obvious that if sampling efficiency is important,

deterministic points will be more desirable than random points. In the context of approx-

imating Chernoff fusion, it is also beneficial to have nearly uniform (in a geometric sense)

points so that any bias introduced into the state estimate can be known before the points

themselves are calculated.

The default method of selecting geometrically uniform points is to take a rectilinear

grid, which divides S into a collection of parallelotope. One problem faced by this choice is

the potential for inefficient sampling of the transformed space f(S). This is called sample

degeneracy or sample collapse. A degenerate sample occurs when many points which are
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S

f(S)f

S

f(S)f

Figure 4.3: This demonstrates sample degeneracy, where the sample set collapses under transfor-
mation by chosen function f . The top image demonstrates a worst case collapse on a regular grid,
where there are several identical samples of f(S), making the sampling approach inefficient. The
bottom figure demonstrates an improvement in sampling efficiency using randomly sampled points
from a uniform distribution on S.

expected to be distinct are mapped to identical or nearly identical points. An example of

sample collapse is depicted in Figure 4.3. While the expected sample accuracy would be

a function of the number of red points (35), the true accuracy would be governed by the

number of blue points (7). This is especially important when integrating separable functions,

or functions which are expected to be aligned with the coordinate axes. In track-to-track

fusion, it is common to align eigenvectors of the covariance from one track to the coordinate

axes. Therefore, while it will be shown below that a regular grid does perform well for

the QMC integration, the point sets which are not aligned with the coordinate axes will be

preferred. One option for reducing the likelihood of degenerate samples is Monte Carlo sets.

Randomly sampled points are unlikely to possess simple intersample structure, the cause

of sample degeneracy. However, as illustrated in Figure 4.3, random or pseudo-random

samples tend to be inefficient at uniformly sampling due to random clustering behavior,

which is undesirable if the goal is to sample S using as few points as possible [103], [104].
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Now we briefly consider in what sense a set of points can be considered “good” for

QMC. To compare point sets as better or worse for QMC integration, consider the following

restatement of Equation (4.27):

εN =

∣
∣
∣
∣
∣

∫

S
f(x)dx−

N∑

i=1

wif(xi)

∣
∣
∣
∣
∣

for ¶xi♦Ni=1 ⊂ S and
N∑

i=1

wi = 1. (4.28)

where εN denotes the error of the approximation. Clearly, the goal is to minimize εN . So

for the sample set ¶xi♦Ni=1 ⊂ S and bounded variation function f define the discrepancy as:

DN := sup
A

{∣
∣
∣
∣
∣

♣¶xi♦ ∩ A♣
N

− ♣A♣
∣
∣
∣
∣
∣
: A ⊆ S is Lebesgue-measurable

}

(4.29)

where ♣A♣ is taken as the Lebesgue measure for sets of infinite cardinality and the counting

measure for finite sets. The discrepancy is a quantity for comparing the suitability of points

for QMC integration. The product of the discrepancy and Hardy-Krause variation was

proven to provide a bound on the error of QMC integrals for functions of bounded variation

(for the definition of Hardy-Krause variation, see [118], [119]) via the Koksma-Hlawaka

Theorem [102], [119]–[121]. This is of course difficult to compute in practice and S is usually

assumed to be a unit volume [0,1) ⊂ Rð, so a closely related quantity called *-discrepancy

was defined by restricting A to the half-open intervals [0, s) ⊂ Rð:

D∗
N := sup

[0,s)⊂S

{∣
∣
∣
∣
∣

♣¶xi♦ ∩ [0, s)♣
N

−
ð∏

k=1

sk

∣
∣
∣
∣
∣

}

. (4.30)

With respect to these and other discrepancy definitions (varying by the restrictions on the

underlying space or restrictions to the integrand), the traditional Fibonacci points perform

either optimally or near-optimally under myriad transformations (from the unit volume to

other manifolds) with minimal augmentation of the points [114], [120], [122]–[128]. For this

reason, although the regular grid, Halton, and Sobolev points will be considered below,

the focus will be on Fibonacci points. The Halton and Sobolev points will be generated
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using MATLAB’s Halton and Sobolev generation functions with all default settings in two

dimensions.

As a brief aside, discrepancy is not to be confused with dispersion. The dispersion of a

sequence is defined as:

δN := sup
x∈S

{

min
i=1,...,N

¶d(x,xi)♦
}

. (4.31)

This can be seen as a quantification of how poorly represented the least represented member

of S will be if similarity is encoded by a metric d [129]. The traditional Fibonacci points are

noted as a good choice for minimizing both discrepancy and dispersion [122], [130]–[132].

4.4 Fibonacci Lattices

The previous section referenced proven performance for the traditional Fibonacci points.

The reason for the modifier “traditional” is a necessary distinction between the points tra-

ditionally studied in mathematical literature and modified versions which are also called

Fibonacci points. Three variants of the Fibonacci points will be considered below and will

be named as follows: Niederreiter-Sloan, Kronecker-Jacob, and Swinbank-Purser. Note these

names are not commonly used (instead they are called Fibonacci points, Kronecker-Fibonacci

points, and generalized Fibonacci points respectively), but the distinctive names with easily

distinguished acronyms will be helpful. The central theme for all of these points is the use of

Fibonacci numbers or related quantities, hence the attribution to Fibonacci. The Fibonacci

numbers are defined as follows:

F := ¶Fn := Fn−1 + Fn−2 : F0 := 0,F1 := 1♦ = ¶0, 1, 1, 2, 3, 5, 8, 13, 21, ...♦ (4.32)

where sometimes the zeroth term is ignored and F2 is just defined as 1 [133]. There are often-

cited connections between the Fibonacci numbers and the golden ratio ϕ := (1+
√
5)/2, one
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of which is the limit of ratios of consecutive Fibonacci numbers:

lim
n→∞

Fn

Fn−1
= ϕ. (4.33)

Attention will be restricted to the two-dimensional case. As another note, the point sets will

be referred to as examples of lattices. Lattices are sets of points that form a group under the

usual addition operation [134]. This means that for lattice L ⊂ Rð the following properties

are satisfied:

1. 0 ∈ L,

2. For all x ∈ L, −x ∈ L,

3. For all x,y ∈ L, x + y ∈ L.

The advantage of a lattice as opposed to other assorted point sets is the ease of search in

optimization. The lattice property will not be used below, but since Chernoff fusion can

be used with general distributions, using a lattice can lead to easier maximum likelihood

searches. This is another reason for preferring the Fibonacci points over point sets which

are not lattices.

The Niederreiter-Sloan lattice (NSL) is the traditional Fibonacci lattice defined by the

following construction:

F (Fn)
NS :=







k ·








1/Fn

Fn−1/Fn








mod 1 : k = 0, 1, 2, ...,Fn − 1







for Fn ∈ F. (4.34)

It notably only provides lattices with Fibonacci number cardinalities. However, the NSL is

the definition assumed when properties of Fibonacci lattices are proven regarding dispersion

and other sampling metrics. Therefore, when claims about optimality are made, they often

are in reference to the NSL.
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Aiming to extend the NSL to any number of points, one can consider the Kronecker

lattice, which is defined for the unit volume of Rð as:

K(L)
α :=







k ·








1/L

α








mod 1 : k = 0, 1, 2, ..., L− 1







where α ∈ R
ð−1. (4.35)

Observe that the second element of a NSL is the inverse of the ratio considered in Equation

(4.33) and the first element is simply the inverse of the number of points in the lattice.

Therefore, using the limit equivalence in Equation (4.33), we can construct a Kronecker

lattice with α = 1/ϕ which should asymptotically approach F (Fn)
NS as n approaches infinity.

This lattice, here referred to as a Kronecker-Jacob lattice (KJL) (in reference to Simon Jacob

who noted that the Fibonacci numbers converged to the golden ratio [135]), is constructed

as follows:

F (L)
KJ := K(L)

1/ϕ =







k ·








1/L

1/ϕ








mod 1 : k = 0, 1, 2, ..., L− 1







. (4.36)

Recall that the number of points in Figure 4.2 was 100, which is not a Fibonacci number.

Those points shown in Figure 4.2d were in fact points from F (100)
KJ . The Binet formula

provides an exact representation of the Fibonacci numbers in terms of the golden ratio [125],

[133], [136]. It can be stated as:

Fn =
ϕn − (−ϕ)−n

ϕ+ ϕ−1
=

(
1+

√
5

2

)n −
(
1−

√
5

2

)n

1+
√
5

2
− 1−

√
5

2

=

(

1 +
√
5
)n −

(

1−
√
5
)n

2n
√
5

(4.37)

Using Equation 4.37, we can consider how appropriate a KJL is by comparing the second

elements of F (Fn)
KJ and F (Fn)

NS . We compute the following well-known expression for a ratio of
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consecutive Fibonacci numbers:

Fn−1

Fn
=

ϕn−1−(−1)n−1ϕ−n+1

ϕ−(−ϕ)−1

ϕn−(−1)nϕ−n

ϕ−(−ϕ)−1

(4.38)

=
ϕn−1 − (−1)n−1ϕ−n+1

ϕn − (−1)nϕ−n
(4.39)

=
ϕn−1 − (−1)n−1ϕ−n+1

ϕ−n(ϕ2n − (−1)n)
(4.40)

=
ϕ2n−1 − (−1)n−1ϕ

ϕ2n − (−1)n
. (4.41)

The asymptotic limit as n approaches infinity is clearly 1/ϕ as was asserted in Equation

4.41. Also, it is now possible to express the absolute error of substituting 1/ϕ for the ratio

Fn−1/Fn in terms of only the golden ratio ϕ and the Fibonacci number index n:

ε2 =

∣
∣
∣
∣
∣

Fn−1

Fn
− 1

ϕ

∣
∣
∣
∣
∣

(4.42)

=

∣
∣
∣
∣
∣

ϕ2n−1 − (−1)n−1ϕ

ϕ2n − (−1)n
− 1

ϕ

∣
∣
∣
∣
∣
. (4.43)

Equation 4.43 is plotted in Figure 4.4. Reducing the ratio error below 10−8 requires F20 =

6, 765 points, and one requires F40 = 102, 334, 155 points to push ε2 below 10−16. However,

these errors are only valid for k = 1. The error is multiplied by k, which is maximized

by L − 1 as shown in Figure 4.5a. Since the distance between NSL and KJL points for

L = Fn ∈ F is maximized by taking k = Fn − 1, the worst error for the approximation is:

(Fn − 1)ε2 =

∣
∣
∣
∣
∣

(

ϕn − (−ϕ)−n

√
5

− 1

(

ϕ2n−1 − (−1)n−1ϕ

ϕ2n − (−1)n
− 1

ϕ

∣
∣
∣
∣
∣

(4.44)

which is plotted against the case for k = 1 in Figure 4.5b. It is important to note that

this does not necessarily invalidate using the KJL points. The “error” presented here is

the distance between the NSL points and their corresponding KJL points, which does not

directly translate into an error for the QMC integration. It does however show that far
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Figure 4.4: The absolute difference between the ratio of consecutive Fibonacci numbers and the
limit of 1/ϕ is shown. The blue curve uses the expression in Equation 4.43, and the yellow dots
show the results of computing the differences using the Fibonacci numbers Fn−1/Fn.

too many points are needed before the NSL and KJL are considered indistinguishable to

a computer. This means that some properties of the NSL will not be guaranteed for the

KJL. One example of such a property is periodicity. The NSL is a good lattice for the torus

in part due to periodicity in both dimensions. This periodicity is not retained in the first

coordinate of the KJL for L /∈ F as shown in Figure 4.6 [137]. Therefore, it is reasonable to

test both lattices given their limitations. With this in mind, we proceed to consider a final

alternative formulation of the Fibonacci matrix.
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(a) (b)

Figure 4.5: In (a), the log-distance between each NSL and KJL point is shown for the first
Fibonacci numbers greater than 1e2, 1e3, 1e4, 1e5, and 1e6 respectively. In (b), the worst-case
separation of NSL and KJL points is plotted (red) against the case for k = 1 (blue).

(a) (b)

Figure 4.6: KJL points are plotted in four adjacent unit squares to demonstrate the loss of
periodicity in the first coordinate when the number of points is not a Fibonacci number.
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The Swinbank-Purser points (SPP) set is constructed from an alternative presentation

of the Fibonacci numbers using matrices. The Fibonacci matrix is defined as

F :=








1 1

1 0








(4.45)

which has the eigenvalues of ϕ and −1/ϕ [138]. Using the eigenvectors corresponding to

these eigenvalues, one can scale and rotate a regular grid and prune to [0,1] in such a way

that the number of points is guaranteed. An algorithm for generating the SPP is given in

[116] and is used to generate the SPP points considered here.

To illustrate the difference between SPP and the more traditional Fibonacci lattices, one

can look at a property regarding the unit cells of each lattice. First, define a generating set

of a lattice as a set of vectors which can be used to reproduce every element of the lattice

using addition and negation. Here we will go further and consider only the minimal such set,

which will contain 2 elements for the examples given. Unit cells of a lattice are defined as

the parallelograms formed using the generators of a lattice. The NSL contains square unit

cells if and only if the Fibonacci number’s subscript is odd. This matters for approximating

bilinear functions, as such functions are integrated exactly if the lattice is invariant under a

90 degree rotation [114], [134]. The KJL does not retain the square unit cell property of the

NSL, but somewhat emulates the alternating pattern as expected. The SPP does not retain

the pattern at all. For 8 and 144 points (the 6th and 12th Fibonacci numbers, respectively),

the SPP was observed to be square. Some example lattices are shown for the NSL, KJL,

and SPP using 89 and 144 points in Figures 4.7, 4.8, and 4.9. The angles for representative

generating sets are plotted in Figure 4.10.
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(a) (b)

Figure 4.7: A Delaunay triangulation of the NSL for 89 (a) and 144 (b) points. The black lines
highlight the generator set for the lattices and the red patches identify examples of unit cells.

(a) (b)

Figure 4.8: A Delaunay triangulation of the KJL for 89 (a) and 144 (b) points. The black lines
highlight the generator set for the lattices and the red patches identify examples of unit cells.

85



(a) (b)

Figure 4.9: A Delaunay triangulation of the SPP for 89 (a) and 144 (b) points. The black lines
highlight the generator set for the lattices and the red patches identify examples of unit cells.

Figure 4.10: Angle between chosen generators for different Fibonacci number indices.
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4.5 Evaluation of Chernoff Fusion

With the point sets discussed above, we will now observe how closely the Chernoff fusion

QMC approximation matches the true distribution given by covariance intersection. Slightly

offset means were chosen for two reasons. First, different estimation procedures rarely result

in exactly the same expected value when the range is continuous. Therefore, the more

realistic case is slightly offset means. Second, due to symmetries (especially for the regular

grid), it can happen that perfect alignment of the fused estimates’ means occurs, resulting in

zero error. This does not show up on a loglog plot and is generally unhelpful, as we wish to

test the approximation suitability without benefiting from coincidences. As a note, in these

symmetric cases, the algorithms all demonstrate similar performance to what is highlighted

below.

4.5.1 Perpendicular Covariances

First, we will consider perpendicular covariances. The goal is to evaluate the ability of the

point sets to approximate the fused distribution when the bounding ellipses for 99% of each

input distribution’s mass is contained within the unit square. An example of the scenario

considered and fusion comparison is shown in Figure 4.11. The input Gaussian parameters

are

x1 =








0.55

0.55








P1 =








0.002 0

0 0.02








(4.46)

x2 =








0.5

0.5








P2 =








0.02 0

0 0.002








(4.47)
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and the output of covariance intersection (rounded to four digits) is

xf =








0.5454

0.5045








Pf =








0.0036 0

0 0.0036







. (4.48)

Metrics for assessing the Chernoff fusion results are depicted in Figures 4.12 and 4.13. First,

the Kullback-Leibler divergence is shown in Figure 4.12 to compare the Chernoff fusion and

covariance intersection outputs as distributions. It can be seen that the Fibonacci point sets

and regular grid outperform the Halton, Sobolev, and Monte Carlo points for large numbers

of points (greater than 100). For an intermediate number of points (10 to 100), the Fibonacci

points maintain better distribution estimation performance than the regular grid and other

point sets. For more intuitive metrics, we turn to comparisons of the means and covariances in

Figure 4.13. The 2-norm of the difference between the means most starkly exhibits a plateau

after around F13 = 233 points. This is likely the result of the entropy approximations made

in determining the weights for Chernoff fusion. It is notable that the regular grid seems

to yield greater accuracy, but then returns to the same level as the Fibonacci points. This

likely indicates that one should judge the Fibonacci points as more correctly representing

the true plateau in performance sooner. Additionally, the Fibonacci points demonstrate

improved performance over the regular grid through intermediate numbers of points, albeit a

marginal improvement. Moving to the Frobenius norm of the difference between covariances,

the Fibonacci points again all exhibit improvements over the other point sets through the

intermediate numbers of points. The regular grid only yields equivalent performance after

the aforementioned F13 = 233 points.

4.5.2 Oblique Covariances

Now the case of oblique covariances will be tested. The means from the perpendicular

example will remain the same, but the covariance ellipse for the first state will be rotated

60 degrees counterclockwise. This yields the following state parameters (rounded to four
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Figure 4.11: The considered scenario with an example of what an approximate contour looks like
for a 50 point NSL. Each ellipse contains 99% of their respective Gaussian distribution. The input
distributions are shown in cyan, the covariance intersection fusion result is shown in red, and the
Chernoff fusion result is shown in dashed green.
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Figure 4.12: The KL divergence for the fused Chernoff fusion (approximating model) and covari-
ance intersection (truth) distributions.

(a) (b)

Figure 4.13: Norm differences between the means and covariances for the fused Chernoff fusion
and covariance intersection distributions.
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digits):

x1 =








0.55

0.55








P1 =








0.0155 −0.0078

−0.0078 0.0065








(4.49)

x2 =








0.5

0.5








P2 =








0.02 0

0 0.002








(4.50)

and the output of covariance intersection (rounded to four digits) is

xf =








0.5676

0.5180








Pf =








0.0118 −0.0026

−0.0026 0.0028







. (4.51)

The scenario is shown in Figure 4.15 and metrics are provided in Figures 4.15 and 4.16. The

metrics largely show the same behavior as noted in the perpendicular case.

4.5.3 Parallel Covariances

Finally, the case of parallel covariances will be tested. As with the oblique case, the

means from the above examples will remain the same, but the covariance ellipse for the first

state will be rotated 90 degrees counterclockwise, making it identical to P2. This yields the

following state parameters (rounded to four digits):

x1 =








0.55

0.55








P1 =








0.02 0

0 0.002








(4.52)

x2 =








0.5

0.5








P2 =








0.02 0

0 0.002








(4.53)
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Figure 4.14: The considered scenario with an example of what an approximate contour looks like
for a 50 point NSL. Each ellipse contains 99% of their respective Gaussian distribution. The input
distributions are shown in cyan, the covariance intersection fusion result is shown in red, and the
Chernoff fusion result is shown in dashed green.
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Figure 4.15: The KL divergence for the fused Chernoff fusion (approximating model) and covari-
ance intersection (truth) distributions.

(a) (b)

Figure 4.16: Norm differences between the means and covariances for the fused Chernoff fusion
and covariance intersection distributions.
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Figure 4.17: The considered scenario with an example of what an approximate contour looks like
for a 50 point NSL. Each ellipse contains 99% of their respective Gaussian distribution. The input
distributions are shown in cyan, the covariance intersection fusion result is shown in red, and the
Chernoff fusion result is shown in dashed green.

and the output of covariance intersection (rounded to four digits) is

xf =








0.525

0.525








Pf =








0.02 0

0 0.002







. (4.54)

The scenario is shown in Figure 4.18 and metrics are provided in Figures 4.18 and 4.19. The

metrics largely show the same behavior as noted in the perpendicular case.
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Figure 4.18: The KL divergence for the fused Chernoff fusion (approximating model) and covari-
ance intersection (truth) distributions.

(a) (b)

Figure 4.19: Norm differences between the means and covariances for the fused Chernoff fusion
and covariance intersection distributions.
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(a) (b)

Figure 4.20: A scenario where the distributions to be fused are well contained by the unit square
is depicted (a) with 500 NSL points and the resulting norm difference of means plot is shown (b).
There is a noticeable lack of a plateau which was exhibited in the scenarios with larger covariances.

4.5.4 Discussion on Plateau of Means Error

The reason for a plateau in agreement between the means was not proven, but there is

a likely culprit. Restriction of the distributions to the unit square truncates the Gaussian

states being fused. This truncation biases the means if that truncation is not rotationally

symmetric about the mean. To demonstrate this, the perpendicular example was reproduced

using covariance matrices that scaled down by a factor of 10, shrinking the probability mass

outside of the unit square as shown in Figure 4.20a. The resulting normed difference of

means is shown in Figure 4.20b. If there is a bias, it is clearly smaller than that exhibited

in the examples above. Regardless of the cause of the bias though, the results suggest there

may be a persistent bias induced by QMC approximations of Chernoff fusion which should

be factored into downstream calculations for a tracker.

4.6 Conclusion

In this chapter, I have compared the efficiency of three types of Fibonacci points to

commonly used alternatives for the purpose of Chernoff fusion. An improvement in three

metrics was observed for the fused distribution. In pursuit of these results, the utility of a
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particular instance of the covariance intersection algorithm for ground truth comparison was

noted and distinctions between the three types of Fibonacci points were analyzed.
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Chapter 5

Conclusion

This work has presented improvements to two important tracking algorithms: GNP and

IMM. Chapter 2 showed why taking volume units into account is essential for a correct result

in association between biased sensor measurements and provided a gating criterion based

on the included volume term. A method of computing the probability of error for a chosen

hypothesis was demonstrated, and an application of the GNP to a bias reduction scenario

was provided.

Chapter 3 presented an improvement to the traditional implementation of the IMM

filter by using a pre-trained neural network and its confusion matrix, replacing dubious

assumptions about target maneuver tactics. The training considerations of an example

neural network were discussed, and a comparison against a traditional IMM algorithm was

done showing favorable performance.

Chapter 4 presented an analysis of the potential for improved Chernoff fusion results with

Fibonacci points. These results suggest that more efficient use of samples for QMC estimation

is yielded through Fibonacci points than other common choices. The distinctiveness of each

of the types of Fibonacci point sets was also explored to demonstrate that the three types

are in fact distinct for any reasonable number of sample points.
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