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ABSTRACT OF DISSERTATION

H C ET: A  FIN IT E  E L E M E N T  M O D E L  F O R  SO L U T E  

T R A N S P O R T  D R IV E N  BY H Y D R A U L IC , C H E M IC A L , E L E C T R IC A L , A N D

T H E R M A L  G R A D IE N T S

T here are many alternatives to  rem ediate con tam inan ts in coarse-gra ined  soils. 

H ow ever, m ost o f  these m ethods fail to  accom plish their task  in fine-grained soils. 

W hen a single driving force dom inates and o th er c ro ss  effects are less im portan t, 

d irect flow  conduction  phenom ena is main concerned  in the study o f  contam inants 

transport. In the therm odynam ics o f  irreversible p rocesses, any driving fo rce  may 

give rise to  any flux. F or exam ple, electrical g rad ien t and hydraulic grad ien t bo th  

m ay cause the  flow  o f  w ater. Increased concerns o v e r the environm ent have the  need 

to  b e tte r understand  the behavior o f  the  fine-grained soil barriers. G eotechnical 

engineers have been given atten tion  on coupled transport p rocesses on 

elec trok ine tic ’s rem ediation. The com putational capability  available to  the 

geotechnical engineers has also strongly  influenced th e  engineer’s ability to  address 

these  com plex problem s.

This d issertation  presents so lu te  transport driven by the hydraulic, chem ical, 

electrical, and therm al gradients including: 1) in troduction , 2) literature review , 3)
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Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



m athem atical developm ent, 4 ) finite elem ent form ulation, 5) evaluation  o f  the  H C E T  

m odel, and 6 ) conclusions, sum m ary, and future studies. T he study  w as ex tended  by 

sim ulating experim ental resu lts on  therm al effects o f  elec trok inetic’s rem ediation  o f  

lead rem oval available in the  literature.

T he num erical m odel H C E T  w as developed to  sim ulate the  coup led  tran sp o rt 

p rocesses as a function  o f  time. T he H C E T  model has a few  advan tages o v er o th er 

m odels and show s that: 1) T he m odel is capable o f  handling very general case w ith 

one-variable to  four-variab le  problem s, 2) The m odel is capable o f  exp lo ring  heat 

effects in the field o f  e lec tro k in e tic ’s rem ediation, 3) T he m odel uses a sim ultaneous 

algorithm  to  solve these m ultiple variables o f  the coupled  transport p rocesses, and 4) 

T he H C E T  m odel can be used to  perform  param eter analysis for the decision m aking 

and evaluation in fm ed-grained soil application.

K eyw ords: F inite elem ent m ethod; C oupled  transport processes; S o lu te  transport; 

E lectrokinetic rem ediation; C ontam inant transport; F ine-grained soils; therm al 

transport
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C olorado  S ta te  U niversity  
Fort Collins, C o lorado  
Fall 2000
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C H A PTER  1

INTRO DUCTIO N

1.1 BACK G RO UND

H istorically, transport p rocesses have been separated  into isotherm al p rocesses 

and non-isotherm al processes. Isotherm al p rocesses are related to  m any practical 

applications such as dew atering  o f  the g round, and soft ground conso lidation  as well as 

injection, containm ent, and ex traction  o f  chem icals in the ground (e .g ., R unnels and 

Larson, 1986; Lagem an, 1993; Lagem an et al., 1989; Hamed, 1991; Pam ukcu et al.,

1990; Runnels and Wahli, 1993, Shapiro et al.. 1989, and 1993, A car et al., 1989, 1990, 

1992, 1993, 1994, and 1996). N on-isotherm al p rocesses involving heat transport are o f  

g row ing  in terest in the area o f  subsurface transport studies particularly  fo r problem s 

involving the im pact upon heat resulting from  p o w er plants o r nuclear w aste  isolation, 

and the extraction  o f  heat from  aquifers, etc. (e .g ., A ndrew s and A nderson, 1980; B ernard  

et al., 1981; G up ta  et al., 1987; H uyakorn and G elhar, 1981; H uyakom  et al., 1986; K ipp, 

1987; Milly, 1982; Reed, 1985; V oss, 1984; W alker et al., 1981).

T he results o f  relatively recent engineering practice have indicated  that coup led  

p rocesses driven by hydraulic, chem ical, electric, and therm al g rad ien ts are necessary  to  

understand  the controlling m echanism  o f  e lectrokinetic  rem ediation in fine-grained soils 

(e .g ., Shapiro 1990, Y eung 1990, A lshaw abkeh 1994, M enon 1996, and H su 1997).

T hese  findings are relevant w ith respect to  curren t w aste  disposal practice, w here  fine-
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grained  soil barriers are  used  to  contain toxic w aste  involving w ater, so lutes, curren t, and 

heat. As a result, it m ay be a requirem ent in the  near fu ture that coupled  transport 

p rocesses be explicitly considered  when designing earthen barriers.

A com prehensive theoretical m odel is required  for coupled  transport p rocesses in 

fine-grained soils. This m odel should address contam inant tran sp o rt under the com bined 

effects o f  hydraulic, chem ical, electrical, and therm al gradients. T his m odel should 

provide a basis for a com prehensive design/analysis including different boundary  

conditions, site-specific contam ination, and param eter sensitivity analysis in a full-scale 

field study.

1.2 G O A L AND O BJEC TIVES OF TH IS STUDY

T he goal o f  this research  is to  develop a m odel that includes coupled hydraulic, 

chem ical, electrical, and therm al gradients (H C E T  m odel) to  investigate param eter 

sensitivity o f  coupled  flow  phenom ena applied to  fined-gained soils for applications 

involving w aste  disposal and rem ediation T o achieve this goal, the specific objectives 

w ere identified:

•  to  develop a m odel to  consider the effects o f  no t only hydraulic, chem ical, o r 

electrical po tential gradients, but also therm al potential g rad ien t on subsurface 

contam inant m igration.

•  to  verify /validate w ith respect to  analytical/num erical m odels and m easured 

data, and

•  to  perform  p aram eter sensitivity analysis on coupled  p rocesses phenom ena.

1.3 U N DERLYING  ASSUM PTIO NS FOR THE HCET M O DEL

7
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•  T he soil m edium  is saturated .

•  T he tem peratu res o f  the fluid and the soil m edium  are  equal.

•  T he tem p era tu re  dependence o f  fluid density  and viscosity m ay be neglected

fo r the  tem peratu re  ranges studied.

•  C hange in fluid density due to  changing so lu te  concen tration  may be neglected.

•  T he flow  ra te  under investigation for Peclet num ber is less than 20, which is 

applied to  fm ed-grained soils in which diffusion is the  dom inant transport p rocess 

relative to  advection and num erical dispersion by high flow ra te  can be neglected 

for so lu te  transport.

•  T he param eter values used in the num erical sim ulations are based on those 

associa ted  w ith fine-grained soil applications, w hich may not necessarily be 

applied to  o th er situations w ithout further study
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CH APTER 2 

LITERATURE REVIEW

2.1 CO NDUCTIO N PH ENOM ENA

This section includes in troduction  on conduction  phenom ena area  o f  d irect flow s 

and coupled flows.

2.1.1 Direct flow phenom ena

T here are fou r w ell-established laws o f  fluid, chemical, electricity , and heat flow: 

D arcy’s law betw een fluid flow  and hydraulic gradient;

Fourier's law  betw een  heat flow  and tem peratu re  gradient;

Ohm 's law  betw een  electrical curren t and potential gradient;

Fick's law  betw een flow  o f  a so lu te  and its concentration  gradient, etc.

In these  above exam ples, w e see a simple, linear dependence o f  a flow , Jj, w ith  its 

d irect driving force X[ .  For m ore com plicated  couple-relationship  in irreversible 

therm odynam ic theorem , there  are  additional phenom enological linear relationships 

betw een fluxes and cross-coup led  driving forces. T he conjugated  driv ing force usually 

dom inates than  these  cross-coup led  effects that are  less im portant and negligible.

2.1.2 Coupled flow phenom ena
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Sim ple d irect flow  relationship does not alw ays hold when tw o o r  m ore  flow s are 

present. In the therm odynam ics o f  irreversible processes, any driving fo rce  m ay give rise 

to  any flux. F or exam ple, an electrom otive force and hydraulic g rad ien t bo th  m ay cause 

the  flow  o f  w ater. In general, then, w e m ust allow  con tribu tions to  a  g iven  flux from  

o th e r than its con jugated  driving force. O nsager, in 1931, developed  m athem atical 

equations to  express these  relationships betw een fluxes and forces (see B ear in 1972 for 

early references):

J 1 = L | | X 1 * L 12X 2 + + L , „ X »

J 2 = L 2 . V L 2 2 X 2 *  * L 2 „ X n p.,.

^ n 2 ^ 2 + + ^ nn^ n

or, in abbreviated  form :

n
V  [2*2]

J . =  2 - L . . X  (i = 1,2 n)

w here the JjS are fluxes, the X,  s a re  therm odynam ic driving forces, and th e  coefficients 

LyS are independent o f  bo th  the fluxes J, s and the driving forces XjS. T h ese  L tJs are 

properties that m ay o r  m ay not be o f  dom ination in any g iven  soil. T he coefficients o f  

Lys are also be called phenom enological coefficients because the "phenom enological"
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m eans that th e  coefficients m ust be experim entally determ ined. T he LjjS are called the 

con jugated  conductiv ity  coefficients fo r flow s and Lij (i *  j)  are called coupling 

coefficients w hich g ive rise cross interaction phenom ena. O nsager also  stated  that the 

phenom enological coefficients Lij (provided a p ro p e r choice is m ade fo r the fluxes Jis 

and driving fo rces X j) m ust satisfy the sym m etric relationship:

M iller ( I9 6 0 ) had review ed experim ental verification o fO n sa g e r’s sym m etry relations 

(O n sag er reciprocal relations) and had show n it to  be valid for a w ide range o f  transport 

phenom ena including electrokinetic coupling. W hen tw o o r  m ore o f  these transport 

phenom ena o ccu r sim ultaneously, they interfere and p roduce cross effects. T hese cross 

effects o f  coupled flow s that can occu r under the influences o f  hydraulic, therm al, 

electrical, and chem ical g radients are sum m arized by M itchell (19 7 6 ) and Y eung (1993) 

as show n in T able 2-1.

T hese coup led  and direct effects on flow phenom ena can be described 

m athem atically  by adding term s proportional to  th e ir coupled  driving forces to  the 

co rrespond ing  con jugated  flow equations. In each case, the  experim entally  observed 

em pirical equation  is a linear, hom ogeneous relationship betw een  a  flow  and driving 

fo rces in the  form  o f  equation 2 - 1. In case o f  a system  under flow s o f  w ater, electric 

cu rren t, cation, and anion transport with their hydraulic, electrical, and chem ical 

g rad ien ts  across a m em brane, equation 2-1 may be expressed  as equations 2-4 (a-d) 

(M itchell, 1976; Y eung, 1991):

6
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Table 2-1: Coupled and direct flow phenomena (after Mitchell 1976, 
Yeung and Mitchell 1993)._____________________________________

Flux J,

G radient Xj

Hydraulic

Xi

Electrical

X 2

Therm al

x 3

Chem ical

X4

Fluid

Ji

Hydraulic 

conduction  

(Darcy's law)

E lectro -osm osis T herm o-

osm osis

Chem ical

osm osis

E lectric

curren t

h

Stream ing

potential

Electric 

conduction  

(O hm 's law)

Seebeck effect

D iffusion and 

m em brane 

potentials

H eat

J 3 Isotherm al heat 

transfer

Peltier effect

Thermal 

conduction  

(Fourier's law)

D ufour effect

Ion

J4 U ltra filtration E lectrophoresis So ret effect Diffusion 

(Fick's law)

7
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J w = L „ V ( - P )  + L , ,V ( - E )  + L 13V « )  + L u V ( - | i ‘ ) [2-4a]

I = L , , V ( - P )  + L , ,V ( - E )  + L :3V ( - p ‘ ) + L :4V(-h ; )  [2-4b]

J?  = L 31V (-P )  + L 32V(-E)  + L „ V ( - n : )  + L 34V « )  [2-4c]

= L 4I V ( - P ) + L 4;V(-E)  + L 4,V ( - h :> + L wV ( - n ; )  [2*4d]

T hese four equations contain four kinds o f  driving forces, and sixteen phenom enological 

coefficients. T h ese  unknow n phenom enological coefficients can be reduced  by O nsager’s 

reciprocal relations.

L12 = L2i [2-5]

L i 3  =  L 3 i  [ 2 - 6 ]

Li4 = U i  [2-7]

1-23 = L32 [2-8]
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L24 -  L42 [2-9]

L 3 4  -  L4 3 [2- 10]

T here are ten  independent coefficients characterizing  th e  system . I f  any th ree  o f  th e  

driving forces can be set to  zero  in different experim ents, the quan titie s  o f  flow s are  

determ ined by a single driving force. The ra tio  o f  the  m easured quan tity  o f  the  flow  to 

its driving fo rce g ives the L tJ. H ow ever, it is o ften  m ore convenient to  set tw o  forces 

and one flow  to  zero  so as to  evaluate the ap p ro p ria te  unknow n phenom enological 

coefficients, Lys, by implicit so lu tion  o f  the sim ultaneous equations. T he calcu lation  o f  

these unknow n phenom enological coefficients is p resented  for the  situation  o f  sa tu ra ted  

zone o f  flow  and so lu te  transport in section 2  2

2.2 P H E N O M E N O L O G IC A L  C O E F F IC IE N T S

T he derivations o f  phenom enological coefficients Lys in sa tu ra ted  flow  situation 

are p resen ted  in sections from  2 2.1 to  2.2.5 (Y eung  and M itchell, 1993).

2.2.1 P h en o m en o lo g ica l co effic ien t L ,,

This coefficient is re la ted  to  the hydraulic conductiv ity  o f  the  soil. H ydraulic 

conductiv ity  is the  m ost used variable param eter in geotechnical engineering (O lson  and 

Daniel, 1981), ranging from  1 E-3 to  I m/s fo r different soils (F reeze  and C herry, 1979). 

Using equa tions 2-4, if  w e suppose that only w a te r flow  and electrical curren t are

9
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m easured , and w e assum e that the concentration  diffusional fluxes a re  zero  because the  

g rad ien ts  o f  ca tions and anions are zero; i.e., ) = 0 .  Then, equations 2-4 reduce to

J w =  L , 1V ( - P )  + L ,: V ( -E )  [2-1 la ]

I = L : , V ( - P ) + L :: V ( -E )  [2-1 lb ]

W hen I = 0 in equation  2-1 lb , w e obtain

L [2 -12]
V ( -  E ) = -  -r-=^-V( -  P)

L -n

for the  g rad ien t o f  stream ing potential generated  by the  applied hydraulic gradient. 

S ubstitu tion  o f  equation  2-12 into 2-1 la  gives

L P L m  [2-13]

w here  y w is the  unit w eight o f  w a te r and h is the hydraulic head. Jw is the flow  p e r unit 

to ta l area  w hich is related to  the hydraulic g rad ien t by D arcy’s law

J w =  K ^ V t - h )  [2-14]

10
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w here is the hydraulic conductiv ity  (L /T ) o f  the soil, and h is the hydraulic head (L). 

C om paring  the equations o f  2-13 and 2-14, w e obtain that

[2-15]

2.2.2 Phenom enological coefficients L ,2 (L2I) and L22

In the m easurem ents o f  the tlow  by electro-osm osis and the bulk electrical 

conductiv ity  k o f  a soil, e lec trodes are installed at bo th  ends o f  the sam ple. D ifferent 

electrical g radients are applied across the soil sample. The m easurem ents are  taken  as 

flow s and electric currents. In these situations, the solutions in the tw o  reservo irs are 

m aintained at the sam e hydraulic pressure; i.e., V ( - P ) = 0 . M oreover, if  the solu tions

are o f  equal concentration , equal to  that o f  the pore fluid in the soil, then V (p .‘ ) = 0  .

T herefore, equation 2-4  reduces to

[2 -16a]

I = L , 2 V( - E ) [2 -16b]
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In equa tion  2 - 16a, the  right hand side is the fluid transport due to  electrical 

g rad ien ts and th e  e lec tro -osm otic  perm eability K hc(m 2 /V /s). C asag rande (1983) gives the  

relation by

J w =  K „ V ( - E )  [2-17]

w here  K hefor m ost soils is in th e  range o f  1 E-9 to  I E - 8  m 2 /V s, and  can  be assum ed to  

be about 5 E -9 m2/V s for practical purposes (C asagrande, 1983). C om paring  the 

equations o f  2 -1 6a and 2-17, w e obtain that

L i; = K *  [2-18]

T he L ,,  = L :1 g ives an equivalence o f  stream ing poten tial and e lec tro -osm osis

obtained by th e  com bination o f  equation  2-12 and 2 -16  which is know n  as Saxen's law

(D e G ro o t,  1952)

J A ( AE\V ' 1

I '  “  k AP
AP=o I=o [2-19]

This law  has been verified experim entally for a num ber o f  c lay-w ater-electro ly te  

system s (M iller, 1960; G ray, 1966).

E quation  2 - 16b is the  sam e as the form  o f  O hm 's law  (H ayt, 1981) applied to  

the  soil sam ple. T herefore,

12
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L 22 " K [2-20] 

F rom  experience, it is know n that k is generally  in the  range 0.01-0.1 S/m  fo r m ost soil 

(Y eung , 1990).

2.2.3 Phenom enological coefTicicnts L3J , L34 (L4J) and L44

W ithout hydraulic grad ien t and electrical grad ien t in the system , equa tions 2-4 

red u ce  to

J c = L „ V ( - h ; ) 4 - L , 4V ( - h : )  [2*2 la]

[2-2 lb]

In o rd e r to  discuss the equilibrium  p roperties o f  liquid m ixture, w e need to  

know  how  the chem ical potential o f  a so lu tion  depends on its com position. T he 

concen tra tion -dependen t part o f  the chem ical potential o f  species i can be expressed  as

p <: = RT lny .C . [2-22]

w h ere  R is the universal gas constan t and y , is the activity  coefficient o f  species i

(S tum m  and M organ, 1981). The activity  coefficient is function o f  the com position  o f  

the  solution. W hen the  solution is at infinite d ilution (ideal dilute so lution), the activity 

coefficient becom es unity; that is, y , —> 1 a s  C, —> 0 (A tkins, 1990) so that

13
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equation 2-22 becomes

\ i ]  =  R T  In C j [2-23]

By taking the derivative o f  bo th  sides o f  equation 2-23, w e obtain

T he transport o f  chem ical species in solution in response to  a grad ien t in its 

concen tration  is described by Fick's law o f  diffusion. A ccord ing  to  the Fick’s first law, 

the  one dim ensional transport can be w ritten  as:

Jd = D ° V ( - C . )  t 2*25!
i i i

w here J  ̂ is the diffusive m ass flux, D ',1 is the diffusion coefficient o r  diffusivity in free 

solution for species i. B ecause o f  the to rtu o u s flow path in soil, the  diffusion is slow er 

than in free solution. A m odification o f  Fick's first law  is used fo r diffusion in 

sa tu ra ted  po rous m edia:

Jd = n tD ° V (  -  C .)  t2 ‘26 li i i

o r

14
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Jd = nD* V( -  C )i i '  i '
[2-27]

w h ere  t  is an em pirical coefficient which accoun ts for th e  to rtu o sity  o f  soil, D ’ is the

effective diffusion coefficient o f  chemical species i in the soil, and n, the porosity  term , 

is requ ired  since the diffusive flux, J ^ , is defined w ith respect to  the to tal cross- 

sectional area o f  the  p o ro u s media. Values o f  x are repo rted  in the  range 0.01 to  0 .67 

(F reeze  and C herry, 1979; Shackelford, 1989, and Shackelford and Daniel, 1991).

A nother im portan t m ass transport o f  species flux is advection  by the fluid in the 

p o ro u s media. T he to tal species flux o f  i is related  to  the diffusional flux o f  species i 

and its relative flow  advection to  the w ater as follows:

A s the p rocess o f  interdiffusion is only the presence o f  concen tra tion  gradient, no w ate r 

flow  is associated  (i.e. J w = 0 ) ,  the com bination o f  equations 2-21, 2-24, and 2-28 

gives

[2-29a]

15
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N o  in teraction  betw een  ions is assum ed in this dilu te solution. H ence

L = L = 0  
34 43

Substitu tion  o f  equations 2-29 into equa tion  2-28 gives

J = L ( -  C )c 33 C c c '

J a = L J 4 ^ L v ( - c a )

C om paring  equations 2-27 and 2-31. w e get

nD»cC c 

L 33 ■ RT

r _  aC a
L 44 “  R T

2.2.4 Phenom enological coefficients L23 (L32) and L24(L42)

16
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[2 -3 2a]

[2-32b]



W hen no hydraulic grad ien t and no chem ical grad ien t are p resen t, i.e. 

V ( - P )  = 0 and = 0 ,  equations 2-4 becom e

Jdc = L , 2 V ( -  E) [2-3 3 a]

Jda = L 4 2 V ( - E ) [2-33b]

w here L 3 2  and L4 2  are the p roportionality  constan ts  relating the diffusional flow s o f  the 

cation and the anion in response to  an applied electric field. In soil science, there  is no 

established test to  m easure the  ionic species in response to  an applied electrical grad ien t 

in soils to  drive functional relations for L 3 2  and L4 2  (Y eung, 1993). H ow ever, in 

physical chem istry, the ionic m obility Uj o f  an ion species i may be defined to  be the 

velocity  o f  ion in free solution under the influence o f  a unit electrical g rad ien t as:

w here z, is the valence o f  species i. W ith no w ate r flow , equations 2-33 equal

z . [2-34]

j c = L 3 2 V ( - E ) [2-3 5a]

17
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J a = L 42V( - E)
[2-35b]

T he ion flux m igrating th rough  the  po rous m edia is:

J i = n C iv i [2-36]

C om parison o f  equations 2-35 and 2-36 gives

L , ,  [2-3 7a]

v c = t t : V ( - e >

L [2-37b]

( I

Let coefficients o f  equations 2-34 and 2-37 be equal so that

L , 2 = n u cC c [2-3 8 a]

L 4 2 = - n u aC a [2-3 8 b]

D ue to  the tortuosity , the paths o f  ionic m igration in soils a re  m uch longer than those 

in aqueous solutions so that equations 2-38 are m odified to

18
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w here u* is the effective ionic mobility and can be theoretically  estim ated by 

assum ing that the N ernst-T ow nsend-E inste in  relation betw een  D, and u, holds for 

ions in the  po re  fluid o f  soil (H olm es, 1962; M itchell and Y eung, 1991; A lshaw abkeh 

and Acar, 1992).

Substitu tion  o f  equation  2-40 into equations 2-39 gives

2.2.5 Phenom enological coefficients Lu  (L3|) and LI4 (L4I)

O sm osis is the  passage o f  a pure solvent into a so lution separated  from it by a 

sem iperm eable m em brane, a m em brane perm eable to  the solvent but not to  the solute.

D*cz c F ^
L 3 2  = n R T C c

[2-4 la]

[2-4  lb]

19
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T he flow  o f  solvent th rough  the m em brane into the  so lu tion  will s top  w hen the 

hydraulic pressure  difference developed is equal to  the o sm otic  p ressure rc . T he 

o sm o tic  p ressure jt is the pressure that m ust be applied to  the  solution at the  high 

co n cen tra tio n  side to  stop the flow o f  solvent into the solution. T his osm otic p ressu re  

can be approx im ated  by the Van't H o ff equation .

W hen the  ionic concentration  differences across the perm eable m em brane are  caused  by 

one cation  and one anion, equation 2-42 is simplified to

T he m easurem ent o f  osm otic pressure induced by the concen tra tion  difference ac ro ss the 

sem iperm eable m em brane is conducted  th rough  the sa tu ra ted  zone that the flow s o f  

so lvent and electric curren t are zero; i.e..

n -I
7 t=  r t £ a c

[2-42]

7t=  R T V C . + R T V Ck t [2-43]

[2-44a]

I = 0 [2-44b]

Substitu tion  o f  equation  2-44b into equation  2-4b gives

20
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Substituting equations 2-24, 2-48a, and 2-45 into equation 2-4a, we have

V P  = - f L \3L 22 L 12L 23^

V L I I L 22 ^  1 2 ^  21J
■ ^ -V C
C c c

[2-46]

r  L 14L 22 L L2 L 24 RT u r
L L -  L L C a

^ 1 1 2 2  1 2  2 1 '  a

F or an ideal sem iperm eable m em brane, no ions can pass. T he p ressu re  difference 

developed  is the osm otic pressure,

VP = 7t [2-47]

H ow ever, m ost the soil behave as leaky m em branes, i.e. they enable p assage  o f  som e 

ions, hence w e have

VP
= co

[2-48]

7t

w here co is a m easure o f  m em brane efficiency, know n as the  reflection  coefficient o r  

osm otic  selectivity coefficient (K em per and Rollins, 1966). W henco = 1, the  m em brane
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is an ideal sem iperm eable and all the ions are reflected. W hen co =  0, the  m em brane is 

non-selective and no ions are reflected T he value ofco depend  on th e  p ro p e rtie s  o f  bo th  

m em brane and th e  ions (K atchalsky and C urran, 1967; Y eung, 1990). Substitu ting  

equation  2-48 into equation  2-46 and com paring the coefficients o f  equation  2-43, we 

have

_  _  ( o C c ( L n L 2 2  L 1 2 L 2 1)  L 1 2 L 2 3  [2-49a]

13~ "  L -n

In sum m ary, the  coupled flow processes th rough  the sa tu ra ted  zone can be 

expressed  by the phenom enological theory  o f  irreversible p ro cesses in fluid system s 

com posed  o f  flow  o f  w ater, current, and cations and an ions under the driving forces o f  

hydraulic, electrical, and chemical g rad ien ts as prev ious equa tions 2-4 as follows.

J w = L „ V ( - P )  + L I;V (-E ) + L n V « )  +  L u V ( - n : )  [2-50a]

I = L , , V ( - P )  + L :: V (-E ) +  L , ,V ( - p ! )  + L : j V ( - p ; )  [2-50b]

= L 3 1V (-P )  +■ L 3: V (-E ) + L 3 3 V ( - h : )  + L 3 4V « )  [2-50c]
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J i  = L41 V (-P) + L4:V(-E) + L43V ( -^ )  + L ^ V ^ ) [2-50d]

T h e sixteen phenom enological coefficients can be reduced  to  ten term s by the O nsager's 

reciprocal relations and be experim entally determ ined as:

_ K  L , ,L , ,  _  K hh . K ; t [2 -5 1 ]
LI1 -  ------ + — ------  "    ^ -------

Y w  Y w ^

L ,: = L :1 = K hc [2 -52 ]

coCc( L n L :: -  L I :L ; | ) -  L | : L , ,  [2 -53 ]

L I :L : ,

I  Y w  J L , ;

(  IS >
K-hh K ĥ n u X

I  Y u  J K

co C  ̂|  L, j L — li 1 1  Li ij | — L j i L ̂ 4 [2 -54 ]

= -coC, 

= -coC,

\  Y w  /

L ::

l-i;l-;4
L „

f l O  f C n u * C .

v Yw

L „  = k [2 -55]
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D * z cF
L 23 “  L 32 ~ nU cC c “  n RT C c

[2-56]

w here.

24
D az .a^ 

RT C a
[2-57]

L „  =
j j

n D * C c
RT

[2-58]

34 = L 43 = 0 [2-59]

44
"P*aCa

RT

[2-60]

K hh is the hydraulic conductivity  

K hcis the coefficient o f  electro -osm otic  perm eability 

k is th e  bulk electrical conductiv ity  o f  soil 

co is the  coefficient o f  osm otic efficiency 

'f w is the unit w eight o f  w ater 

Cc is the concen tration  o f  cation 

C a is the  concen tra tion  o f  anion 

u* is the  effective ionic mobility o f  cation
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u* is th e  effective ionic m obility o f  anion

D c is the  effective diffusivity o f  cation

D  a is th e  effective diffusivity o f  anion 

n is th e  porosity  o f  soil 

R is the  universal gas constan t 

T is th e  abso lu te  tem peratu re  

F is th e  Faraday 's constan t

A lso, recall equation  2-28 that the to tal species con cen tra tio n  flux o f  i is the sum o f  the 

diffusive flux o f  species i and its relative flux to  the w a te r as follows:

J. = Jd + C J w C2-61]
1 1 1 "

H ence, the m ass tran sp o rt p rocess o f  interdiffusion is th e  presence o f  concentrational 

g rad ien t diffusion, and w ate r flow  advection. T he com bination  o f  equations 2 -4a and 

2-50c, and 2 -4a and 2 -50d  gives the flow equations fo r ca tions and anions under the 

influences o f  hydraulic, electrical, and chem ical g rad ien ts,

J c = a M + C c L l l ) y w V ( - h ) + ( L 3 2  + C c L 1 2 ) V ( -  E)  [2-62a]
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where V (-h) is the hydraulic gradient (dimensionless).

2.3 TR ANSIENT TR A N SPO R T

The transient transport equa tions for the conservation o f  mass, charge, and 

energy in a continuum  condition are  used to  m odel the saturated  zone coupled  

p rocesses transport o f  contam inant (A lshaw abkeh and A car, 1996).

c i-h. = _  v  • J [2-63a]
s cX v J w

c T c „  , [2-63b]
c t

=  -  V

cC  c „  [2-63cl
" T T  = - V j c - I p „ r c

n
X a „  , v  „ [2-63d]

= - V J „  + I P h R a

w here T e is the vo lum etric charge density  o f  the soil m edium  (C /L 3), S s is th e  specific 

s to rag e  o f  the aquifer (dim ensionless), t is the time, p b is the bulk density  o f  soil
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sam ples, and Z  R c and Z  R , (m ole/L 3 /T ) are the p roduction  ra tes o f  the  cations and 

anions per unit o f  fluid volum e due to  chemical reaction  such as so rp tion /desorp tion , 

precip ita tion-d isso lu tion , oxidation/reduction, and aqueous phase reactions.

T he electrical g rad ien ts will be assum ed constan t th ro u g h o u t the  process, and it 

will be assum ed th a t the aqueous com ponents are not involved in any chem ical reactions 

except for linear sorption. T herefore, apply the continuity  condition  the equations 2 -63a 

th rough  2-63d are  simplified as follows:

[2-64a]

[2-65a]

= - V ■ [L .,V ( -P )  + L . ,V ( -E )  + L ; . ,V ( - n ; ) ♦ L .4 V ( - h ') ]  P -6 5 b ]

c
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c l nR
■ V .[(L 41 + C l L l l ) y is V ( -h )  +  ( L 4; + C , L i : ) V ( - E )

[2-67]

RT RT
+ ( k ,  + C .L ,,)  — V f - C . H L , .  + C ,L U) — V ( - C J ]

2.4 ELEC TRO K IN ETIC S REM EDIA TIO N

C oupled  p rocesses w ere d iscovered  first by R ouss in 1801 (B ear 1972). He 

perform ed an experim ent that show ed that an applied electrical voltage m ay p roduce 

flow s o f  electric charge and fluid in a  p o rous m edium . In con trast, an applied hydraulic 

head difference may p ro d u ce  not only a flow  o f  fluid bu t also a flow o f  electric charge.

By applying electric vo ltage, heavy m etal contam inants m ay be rem oved from  the soil, 

especially fined-grained soil

2.4.1 Electrokinetics application

A pplication o f  coupled processes w as first rep o rted  by C asagrande in 1947 

(M itchell, 1993). H e used electroosm osis in consolidation  and stabilization o f  soft fine­

grained soils. Since 1947, environm ental and geotechnical engineers have perform ed 

substantial research on  coupled processes. Environm ental engineers use e lec trophoresis 

to  separate  inorganic ions, am ino acids, peptides, large p ro te in  m olecules, and m etal ions 

from  contam ination  sites. G eotechnical engineers apply electrokinetics techn ique to  

stabilize soil at foundation  o r dam , to  d ew ate r and consolidate  fine-grained soil a t m ine 

tailings, and to  inject bentonite suspension into low  hydraulic conductiv ity  soils. M ost 

recently, Y eung (1990) used electrok inetics technique to  prevent contam inant leakage
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th ro u g h  com pacted  clay liners. C hung  (1994) used  e lec trophores to  s to p  leakage on  

synthetic liners by form ing a b en ton ite  clay plug tha t seals the hole. H us (1997) 

investigated  enhanced  electrok inetics ex traction  o f  lead from  a natural kaolin ite soil w ith  

90%  rem oval. T he e lec trok inetics technique to  prevent o r  to  rem ove environm ental 

po llu tan ts in the fine-grained soils w as becom e m ore w idely use.

2.4.2 Electrokinetics m odeling

M odeling o f  coupled  tran sp o rt p rocesses is currently  lim ited b ecau se  o f  the  

com plex physical and chem ical aspects  o f  these processes. N onetheless, four m odels 

have recently  been presen ted  for evaluating  contam inant rem oval by coup led  tran sp o rt 

processes.

A car et al. (1990) p resen ted  a one-dim ensional finite elem ent m odel used to  

pred ic t the pH  d istribution under the com bined effects o f  hydraulic, electrical, and 

chem ical g radients. T he m odel provides good  ag reem ent w ith experim ental evaluation  o f  

hydrogen ion tran sp o rt and distribution. H ow ever, it neglects the transien t changes in 

electrical and hydraulic gradients.

M itchell and Y eung (1991) described a one-dim ensional finite difference m odel 

in a  study evaluating the feasibility o f  using e lectroosm osis to  re ta rd  the  m igration o f  

contam inants across fine-grained soil barriers used in w aste  disposal facilities. T heir 

m odel p red ic tions o f  the tran sp o rt o f  sodium  and chloride ions ac ro ss  th e  barriers w ere  in 

"fairly good" agreem ent w ith  experim ental data. T he lim itations o f  th e ir m odel include 

those  o f  the  m odel presen ted  by A car et al. (1990). Furtherm ore, it did not include 

electrochem ical reactions at the electrodes.
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Shapiro et al. (19 8 9 ) incorporated  electrochem istry  in transport p ro cesses in a 

one-dim ensional finite elem ent m odel that accounts for the  aqueous phase reactions in 

the pore fluid. H ow ever, the m odel by Shapiro et al. (1989) does not include the 

sorption and com plex chem istry.

A lshaw abkeh and A car (1996) presented a one-dim ensional finite elem ent 

m odel that includes m ulticom ponent chem ical reactions in the  tran sp o rt p ro cesses such 

as electrical neutrality  and com plexation. This m odel also p red ic ted  the  chem ical 

distributions for pilot scale experim ental data fairly well. T he lim itations o f  th is model 

are that it does not include pH butVer capacity, chemical sorption , and chem ical 

precipitation. Also, the chemical reactions o f  this m odel accoun t only fo r the  case  o f  

lead removal.

A lshaw abkeh and A car (1996) addressed there w ere  dem and to  deal w ith the 

therm al effects on the  eletrok inetics technique. A potentially  significant lim itation in 

all the four m odels sum m arized above is that they do not consider therm al grad ien ts 

during solute transport, i.e., all the  m odels assum e isotherm al conditions. A lso, their 

m odels handle only param eters partially o f  the coupled flow  p rocesses fo r the  lack o f  

laboratory  and field data. T herefore, an im proved theoretical form ulation including 

nonisotherm al conditions during coupled  processes is p roposed  This m odel will focus 

on the additional therm al coupled effects and the general purpose  form ulation o f  the 

contam inant transport.

In fine-grained soils, coupling am ong hydraulic, chem ical, electric, and therm al 

gradients (H C E T ) can be responsible for o th er coupled processes. S om e effects o f  

coupled  p rocesses are significant in application for environm ental/geotechnical
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engineering, but are curren tly  ignored in g ro u n d w ater engineering (Shackelford , 1989; 

M itchell, 1993). This research will deal with the above related  problem s for coupled 

p rocesses contam inant transport using H C E T  m odel to  exp lo re the param eter sensitivity 

analysis.

31

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



C H A P T E R 3

M ATH EM A TICA L DEVELO PM ENT

T his ch ap te r w e w ould like to  developm ent th e  m athm atical theory  fo r H C E T  

m odel w hich includes the govering  equations, and its sim plfied application. W e will put 

its p rogram ing  souce code  in the A ppendix for readers reference.

3.1 G O V ER N IN G  EQUATIONS

T he prim ary field variables are: hydraulic head, h, to tal analytical concen tration  

o f  com ponen ts j, C., electrical voltage. E, and tem peratu re, T  Thus, there is a to tal o f  

four unknow n variables, governed  by four independent transport equations

3.1.1 Flux equations

T he flux o f  coupled  flow  processes through th e  subsurface zone can be expressed 

by the  phenom enological theory  o f  irreversible p rocesses in fluid system s com posed  o f  

flow  o f  w ater, chem ical, current, and heat under the driving forces o f  hydraulic head, 

concen tration , electrical voltage, and tem peratu re  g rad ien ts as follows.

K  =K>hV(-h) + 2 M,7 tRTV(-C.) + K~V(-E) + K„V(-T) P -H
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j ; ,  = K clr„ V (-h )  + n £  D;v ( - C j) + n £  C . u ^ - E )  + ^ V ( - T )  [3-lb]

j ; = K ,V .V ( - h )  + n F S z ,D ;v ( -C ,)  + o „ V (-E )+ o„V (-T ) [3-lc]

n  = ^ y wV(-h) + X > .„ ^ !:v(-C1) +0„V(-E)+ J.,V(-T) P - 'f l

J J
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W here,

Cj =  the  to ta l m olar concen tration  o f  the  j*  com ponen t (M ),

Dj =  the effective diffusion coefficient o f  th e  j com ponen t (m  sec ),

E  = the  electrical potential (volt),

F = the  Faraday 's constan t (96 ,485 C per m ole electrons),

h = the hydraulic head (m ),
i d  - 1 - 2
J i = the  curren t density  (C sec m ),

J c, = diffusional chem ical flux per unit cross sectional a rea  o f  the  soil (m oles
-2 -1 

m sec ),

J t = diffusional heat flux per unit cross sectional area o f  th e  soil (J  sec m  ),
T 3 *1 -2
Jw  = fluid flux per unit cross sectional area o f  th e  soil (m  sec m ),

K-h = the coefficient o f  u ltra filtration (m ole m sec N ),

Kch = the coefficient o f  stream ing potential (m  C N sec ),

Khh = the coefficient o f  hydraulic conductiv ity  (m  sec ),

Khc = the coefficient o f  e lec tro -osm otic  perm eability (m ’ sec volt ),

Kht = the coefficient o f  therm oosm osis (m ’ sec K ),

Kth = the coefficient o f  iso therm o heat transfer (J m sec N ),

n = the soil porosity  (dim ensionless),
-I -I

R  = the universal gas constan t (8 .3 14J mol K ),

T  = the abso lu te  tem peratu re  (K),
lh 2 -1 -I

u , = the effective ionic m obility o f  the j chem ical species (m  volt sec )

p > i F
RT ’

zj =  the  charge o f  the  j com ponent,

K  =  the  coefficient o f  S oret effect (m oles m sec K ),
•\ -I -I -I

u = the coefficient o f  therm al conductiv ity  (J m sec K ),

= the coefficient o f  D ufour effect (m ol sec ' 1 m '1), 

y  w  =  the  unit w eight o f  w a te r (9 .81N  m ),

= the effective electric conductiv ity  o f  the  p o ro u s m edia (C  m sec volt ), 

a ci = the coefficient o f  therm al electricity (C  m sec K ),

a te = the coefficient o f  Peltier effect (J v o l t ' sec ' m '), and
co orco = the coefficient o f  osm otic efficiency ( 0  to  1 ).

T o  sim plify th e  no tation , w e can express the  flux o f  coupled  flow s as:
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J -  = Kb^Vf-h) + K ^ ^ - C . )  + K ^ V f-E ) + K„,V(-T) [3-2a]

J |, = D l V ( - h )  + n 2 ; D ; v ( - C J) + n X C lu ;V (-E )+ D ;„V (-T ) [3-2b]

J? = o * .V ( - h ) + o „ V ( - C ,)  +  o . V ( - E ) + o ^ ( - t )  [3-2c]

J} = X „ v ( - h )  + X „ v ( - C , )  + \ „ V ( - E )  + k .  V (-T ) [3 - 2 d]

where,

K k„ = 2 : “ ,R T —  [ 3 ' 2 e lv , .
o«ho = K *Yw [3-2f]

Odo ~ & cl [^"2 g]

o eco = n F ^ Z)D;  [3 - 2 h]

K  = K u J *  [3-21]

K o  =  ° .c  [3-2j]

=  —  [3'2klt c o  1C p

'“ j

D l  = K chy w [3-21]

D1  = K  [3-2m]

3.1 .2  A b so lu te  ch em ica l (lux

O ne im portan t m ass transport o f  com opnent flux in the  subsurface zone is 

advection  by the  fluid in the po rous media. T he abso lu te  chem ical flux o f  Cj (i.e., flux 

relative to  a stationary  solid phase) is related to  the  diffusional flow  flux o f  com ponen t Cj 

and its re la tive flow advection to  the w ater (A lshaw abkeh and A car, 1992; Y eung and 

M itchell, 1993) as:
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J c =J^.  + C J
J  J

S ubstitu ting  equations.3-2a and 3-2b into 3 -3 a, w e obtain abso lu te  chem ical flux

Jc, = D i k M - h )  +  D;v(-C,) + n£C ,u;v(-E ) + D ;„ V (-T )  [3-3b]

+  C ,[K hhV ( - h )  +  K hmV ( - C ,)  +  K h=V (- E )  + K „ V (-T ) ]

3.1.3 Absolute charge flux

T he abso lu te charge flux (i.e., flux relative to  a stationary  solid phase) is the  sum  

o f  th e  diffusional charge flux and its convective charge flux (S hap iro  1990; A car and 

A kram  1993) as:

[3 -  4a]

E m ploy  the perservation  o f  electrical neutrality ,

± C , z ,  = 0  [ 3 - 4 b ]
J

T h e contibution  o f  convective charge flux, the second term  o f  equation  3-4a, is zero. 

T herefo re , the absolu te  charge flux is equal to  the diffusional charge flux w hen electricial 

neu tra lity  is applied.

3.1.4 Absolute thermal flux

T he abso lu te therm al flux (i.e., flux relative to  a stationary  solid phase) is 

re la ted  to  the diffusional therm al flux o f  com ponen t Cj and its relative therm al 

advection  to  the w ate r (D e G roo t, 1952) as:
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J t  = J^. +  T J w [3-5a]

Jt is the  abso lu te  therm al flux that includes ditTusional and advective flux o f  heat, b u t does 

not include radiation, evaporation /condensa tion  o r freezing/thaw ing effects. Substitu ting 

equations 3 -2a and 3 -2d  into 3-5a, we obtain abso lu te  therm al flux

J T =  J .» V ( -h )  + X „ v (-C ,)  X „ ,V (-E ) +  X ,V (-T )  [3-5b]

+  - n K ^ V ( - h )  +  K b„ V ( - C ,)  + K „ V ( - E )  + K „ V (-T )1

3.1.5 Transient transport

C ontinuity  o f  w ater, m ass, charge, and energy in a unit vo lum e o f  the soil pore 

fluid u n d er the set o f  assum ptions em ployed required  that

S -  = - V - j  [3-6a]
1 St 
SC

n - r i  = - V J r 
c l

[3-6b]

ST. SE 1 SE _  j  [3 . 6 c]

SE St C„, St

C n ( f ] = - V ' J T t 3 - 6 d 1

w here,

S C j = the ra te  o f  s to rag e  change o f  the  j ,h chem ical com ponen t per vo lum e o f

S t
so lu tion  (M  sec '),

Crp = the  electrical capacitance per unit volum e (farad L ),

n - 1 -3
t p  = the heat capacity  o f  the po rous m edium  (J C  m ),
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n = th e  porosity  o f  porous m edium  (dim ensionless),

Ss = the  specific sto rage o f  the  po ro u s m edium  (m  ') ,

T e  = th e  volum etric charge density  o f  the soil m edium  (C L * ) , and

= sec.

By substitu tions o f  3-2 (a-d), 3-3b, and 3-4a, 3-5b in to  the  eqs. 3-6a th rough  3-6d, 

the  continuity  conditions becom e:

s sf  = - V . J w 13-7 .)

= - V  -[K „, V ( - h )  + K „ ,V (-E )  + K„, V (-T )  + K h,„ V (-C ,) ]  [3-7b]

, K  £ ! u K £ E . K £ I . k  £ i £ i  [3*7c]
 ̂ , "r *̂ ht  ̂ *, "r *̂ hcn

ex "  ex" r x "  ex"

cC ,
n —̂  = - V  • J ( 

c t

cE

C ,P c t

[3-8a]

= "v  • ID LH -h) + n IC ,u X -E )  + D l  V(-T) + " X D ^ - C , ) [3-8b]

+C,[K»V(-h) + K„V(-E) + K„V(-T) + K^M -C,)]!

= -  V J I [3-9a]

= - V [ ^ , V ( - h )  + ° OTV (-C j  + a „ V ( - E )+ 0 ,„V(-T)] [3-9b]

c 2h c 'C j  c : E c : T  cE  [3-9c]
-  a S h o  T ^ r  +  ° C C . ,  +  c r c t  - ^ - r  +  C T S U ,  +  — - - - - - - - - - - - - - —

cx  r x '  e x ' cx" ex  cx
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[3-1 Oa]

= -V -  {X„V(-h) + > i „ 9 ( - E )  + X„V(-T) + X „ V (-C ,)

+ T[KlhV (-h) + K hcV (-E )  + KhlV (-T ) + K hroV (-C ,)])

[3-10b]

3.2 SIM PLIFIED APPLICATIO N

3.2.1 A dvection-dispersion flux

If, under isotherm al condition, w ithout electrical g radient, w ithou t effects o f  

stream ing potential and chemical osm osis, the equation  3-3b becom es

E quation  3-11 is the familiar advection-d ispersion  flux describing the m igration o f  

nonreactive contam inants th rough  a porous m edium  (F reeze and C herry, 1979; Folkes, 

1982; Gillham  and Cherry, 1982; G illham  et al., 1984; Y eung and M itchell 1993).

3.2.2 Transient flow equation

I f  the therm al gradient, electrical g radient, and chemical osm osis a re  neglect, the 

equation  3-7c becom es

[3-11]

[3-12]
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E quation  3-12 is the  familiar unsteady  state  flow equa tion  describ ing  the  one 

dim ensional flow  th rough  a hom ogeneous porous m edia (M cW h o rter and Sunada, 1977; 

F reeze and C herry , 1979; Istok, 1989)

3.2.3 Solute transient transport equation

If, u n d er isotherm al condition, w ithout electrical g rad ien t, w ithou t effects o f  

stream ing poten tial and chem ical osm osis, the equation  3- 8 b becom es

E quation  3-13 is the  familiar unsteady sta te  solute tran sp o rt equation  fo r nonuniform  

flow  describ ing the one dim ensional solute transient tran sp o rt th rough  a p o ro u s m edia 

(M cW h o rter and Sunada, 1977; Freeze and Cherry, 1979; Istok, 1989; Shackelford,

1989).

3.2.4 Heat transport equation

W ithou t electrical g rad ien t, chemical grad ien t, effects o f  iso therm al heat transfer 

and therm al osm osis, the equation  3 - 10b becom es

E quation  3-14  is th e  general heat transport equation  describ ing the  liquid heat transport 

w ithou t phase change (van d e r Heijde, 1993). T he heat flux in th e  right hand side o f  

equation  3-14 is th e  convective heat flux and diffusional heat flux.

[3-13]
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CH A PTER  4

FINITE ELEMENT FORMULATION

Since th ere  is no analytical so lution for therm odynam ically  com plex system s as the 

derived govern ing  equations presen t in C hap ter 3, a num erical algorithm  is dem and to  

solve these equations. A finite elem ent m ethod is chosen  to  serve a num erical tool fo r the 

so lu tions o f  these governing equations T he finite elem ent form ulation has som e 

advan tages than  o th er num erical m ethods (R eddy, 1993; T hom pson 1995; Entwistlc. 1999). 

F o r exam ple, it is m ore flexible to  handle boundary  conditions and it is m ore stability to  

solve a coup led  govern ing  equations (F letcher, 1991). Follow ing finite elem ent 

form ulation for given governing equations will includes sem idiscrete form ulation o f  spatial 

variation , tim e approxim ation, and im posing o f  initial and boundary  conditions (H uyakorn  

and Pinder, 1983).

Recall equations o f  3-7c, 3-8b, 3-9c, and 3 - 10b and repeat them  here:

.  5h c=h c :E r :T c>:C, [3-7c]
hh -  '  • 'h e  -  ’ ^  hi -  '  ' hen ~  ;

Cl CX CX' cx  cx
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= -V . ( D ^ - h )  + n ^ C ,u ;V (-E ) + DL,V(-1) + n ^ D ^ - C , ) (3' 8bl

+C, [K ^ M -h )+ K *V (-E )+ K , V (-T)+ K _V (-C ,)] |

1 BE e zh d 2c  5 1 E  a 2T  o t k  SE

C IP ct c x  o x  cx  cx  ox c x  [3 - 9 c]

C TT 5  = -V  { ^ V ( - h )  + X ,„V (-E ) + X „V (-T ) + J l ,„ V (-C ,)  [3- ' 0bl
Ct

+ T lK lh V( -h )  + K h,  V (-E ) + K„, V (-T ) + V ( - C ,)]}

T hese above equations can be w ritten  in m atrix form  as:

K hh K hc„ K hc K hl ’ h ' '

d l + C ,K hh n D > C , K hcn n C , u ; + C ,K hc D L ^ C , K hl c ;

^cho 0 «o <*« E

.  *•«.. + T K hh ^ + T K hc„ ^ + T K he Xt t + T K hl _J

' 0 0

+ K hhVh + K te0 V C I
0 0

' h  ' ‘ S ,h  '
0

+ K hcVE +  K hlV T
0 0

c ; c n C ,

- L e0 0 V a « 0 E ct
+ K hhVh + K hcoVC, r'“ IP

0 0 0 T C T
+ K heV E - f K hlVT . '“ TP 1 .

[ 4 -1]

T he notation, in equation  4-1 , is simplified by writing

’a " B 12 C 13 D 14 V " '0 0 0 0 ‘ 'h  '

A : i B 22 C 23 D 24 c ; +
0 V 44 0 0 c ;

A 31 B32 C 33 D 34 E ' 0 0 V 33 0 E

1 > U B42 C43 D 44 T' 0 0 0

----1
4>

T

s- fc t

Ct
1 cE

C IP c t 

C ^'“ TP -u.c t .

[4-2]
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where,

A11 = Khh [4-3 a]

B 1 2  = K hco [4-3b]

C 13  = K h e  [4-3 c]

D U  =  K ht [4-3d]

A 2 1  = D L , + C JK hh [4-3 e]

B 2 2  = n D > C , K hco [4-3f]

C 2 3  = n C Ju ; + C )K hc [4-3g]

d 24 - D L + C . K *  [4-3h]

A 3 1  = o * ,  [4-3i]

B 3 2  = [4-3 j]

o ce

=  V o

[4-3 k]

D 3 4  = a «o [4-31]

A 4 1  = ^ + TKhh [4-3 m]

B 4 2  = ^ o + TKhco [4-3 n]

C 4 3  = ^ tc o + T K hc [4-3o]

D 4 4  = ^ t t + T K hl [4-3 p]

[4-3 q]
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4.1 SEM ID ISCR ETE FINITE ELEM EN T M ODEL

T he sem idiscrete form ulation involves approxim ation  o f  the spatial variation  o f  the 

dependen t variables, which construc t the  w eak  form  o f  differential equation  4 -2  o v er an 

elem ent (R eddy, 1993). In tegration by p arts  is used on  th e  left hand side term  once  to  

d istribu te the spatial derivatives equally betw een  the w eight function Mj and the dependent 

variables h, Cj, E, and T By substitu ting  approxim ation functions o f  h, Cj, E, and T, we 

obtain the  spatial approxim ation o f  the govern ing  equation  4-2  as follow ing equation  4-4:

p „ ]
[0] [0] [ o f ( W 1

[0] [p=] [0] [0] { c .} .
[0] [0] [ p “ ] [0] M
[0] [0] [0] M . . M .

+

K" K ,: 7? w K 14'

K :i K :: K :3 K :4

K 3’ K 3: K 33 K 34
•K 4,1 K 4: K 43 K 44

= -1

f { p ' }

{ f 2 }

{ f 3}
{ f 4 }

f W ]
(C,}

M
m

[4-4]

In sho rt m atrix form , w e have

[P]{A} + [K]{A} = {F} 

w here an overdo t indicates a tim e derivative, and

[4-5]
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p ! 1
■j

[4-6a]

P 22 =  J  ^ n M . M ^ d x

[4-6b]

P 3 3
•J = L § ( M 'M .)d x = L F - ( M 'M .)dxcE [4-6c]

P 4 4
y = L c - ( M > , .)dx

[4-6d]

K “
>j = 1 , U

Q

..  6 M  . cMn  i  j
eV ,i d x  dx

dx
[4-7a]

K 1 2
y =  J

Q

, , 5 M .  cM  
, 1 2  l  i

d x  c x
dx

[4-7b]

K
13

= f  i C
Q

, , c M .  cM
.1j  i_ J

c x  dx
dx

[4-7c]

Q. [4-7d]

■>1
K

y

K 2 2
y

= J .U
Q

d x  dx
dx

J q' B ~  ‘ .  1 d x + J n.
d x  c x  )

' 4 4  5 M  A  V  M ,  d x
V 1 ax

[4-7e]

[4-7f]
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K
23

= i  i C
Q

, , 6 M . d M
. 2 3  i_ J

dx dx
dx

K
24 f d M .c M A

J  [ d 24 1 J
n

dx dx ' dx

K 3 1
'J = f  u

Q

, , d M . c M  
J i  i  J

dx dx
dx

K 3 2
1J J ( b32̂

a
ox  ox

dx

K JJ
U Jc,

cM , cM ,

CX CX dx + J Q* V 3jM
cM .

i ^cx
dx

K 3 4
U J ( o 34* 1^

n
CX C \

dx

K 4 1 c M .c M

Q
cx  cx 2

dx

K 4 2
>J J  ( b 42̂ 3

Q
dx dx dx

K 4 3

■> .A d x  dx  
n

dx

K 4 4
>J JQ-

^  CX CX J
|dx + J

1 cM  ^
V M  |dx 

d x

N ote: K „ = K Jt, bu t K u *  K J 1 .
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[4-7g]

[4-7h]

[4-7i]

[4-7j]

[4-7k]

[4-71]

[4-7m]

[4-7n]

[4-?o]

[4-7p]
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f 1 r i, c M , t  ., 5 M .
h i = [  M ,A  h . ------- Ldx  + | M ,B  C , ------Ldx

Jo* J cx  Jo* 1 lJ 5x

r m 5 M ,  r c M ,
+ [ M ,C !3 E ,  - d x  + + [ M .D  T ,  Ldx

Jo* ' 1 ax  Jo* ' 1 ox

= flhh +Cihc0 + q he + cihl

f -i c M , f , ,  c M .
i = f  M A - ' h ,  - d x  + [ M ,B  C t l  ^ d x

J° c ' ’ ox Ja* ’ 11 ax
c ,, aM  t  aM

+ f M ,C - 3 E ,  Ldx  + +  | M ,D - 4 T ,  Ldx
Jnc 1 ax  ' * &

= qcho + C Jq hh + q*c + C Jq heo + q c*e + 0 ^  + q cl0 + C,q

F I

1

hi

3 r cM  f aM
= f M A h   - d x  + f M  ,B C.  ^ d xJo' ' 1 Jq' 1 l)

r a M , f  a M ,
f M ,C ,J E ,  Ldx -r + f M ,D j4 T ,  Ldx

' o x  Jo* ' 1 c*x

q«ho + q«o + q «  + cu ,

f  r a M , f  a M ,
- = f  M A h -------- Ldx + f M ,B  C  Ldx

Jo- 1 i ^x ' 11 ox

f i' a M , f „ c M ,
+ f M ,C  E  Ldx  + + [ M ,D  T   Ldx

^  1 1 ax  ' 1 cx

= q,h + T c lhh + q , c n  + T q hc„ + q tco + T q he + q K + T q hl

[4-8a]

[4-8b]

[4-8c]

[4-8d]

4 .2  T IM E  A P P R O X IM A T IO N

In solving partial differential equations 4-2 , the  tim e derivative is approxim ated  by 

using  a first o rd e r co rrec t implicit, finite difference schem e (R eddy, 1993). The 

approx im ation  is

dh _  h t+At -  h l [4-9a]
dt At
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dC ,

dt

dE
dt

dt

- C ‘
At

. t + A t  _  g t

At

. p t + A t  _  . j . t

At

[4-9b]

[4-9c]

[4-9d]

T he vec to r [h], [Cj], [E], and [T] are  know n at the tim e t and are evaluated  at tim e 

t + A t . Substitu tion  in equation  4-6  yields

p n

At

[0]

[0]

[0]

[0]

£ 1

At

[0]

[0]

[0]

[0]

■pa'

At

[0]

[0]

[0]

[0]
■p«-

At

- a

K "

K 21

K 3'

K4'

K ,:

K 22

K 32

k j:

K ' 3

K 23

K 33

K43

K 14

K : 4

K 34

K 44

[4 -1 0 ]

( F '}

{p : }

{p3}
{F4}

- ( I  -  c t )

K "

K :,: 

K 31 = 

K 4,:

At

[0]

[0]

[0]

K ,:

K 22

K 32

K 42

[0]

P 22

At

[0]

[0]

K 13' 

K 23 

K 33 

K 43

[0 ] [o]

[0 ] [0 ]

p 33 n 

At
[o]

[0 ]
' p 44

At

K 14'
-i

h r
K 24 c ,
K 34 E

K 44' T

h

C,

E

T
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4.3 INITIAL A N D  BO UNDARY CO NDITIONS

Basically, th e re  are three kinds o f  boundary  cond itions to  deal w ith  (H uyakom  

and P inder, 1983, Is tok , 1989, R eddy 1993, and T hom pson  1995; E ntw istle , 1999):

(1) F irst ty p e  o f  boundary U  (D irichlet boundary  cond ition) is a  specified 

variable along  a g iven boundary. T he procedure for im posing first kind o f  boundary  U 

involves resetting  unknow n variables at the left hand side o f  assem bled govern ing  

equations w ith  g iven values (i.g. U  is equal to  h, E, T, o r  Cj at any given boundary) 

and blasting bo th  sides o f  equations to  ensure that the specified constan ts  are 

m aintained along th e  boundary.

(2) Second type o f  boundary  F" (N eum ann boundary  condition) is a specified

flux along a given boundary. T he values o f  im posed second  kind o f  boundary  F" at 

the right hand side o f  assem bled govern ing  equations a re  e ither zero 's  if  no external 

point sou rce  is applied  o r is the given values if  an external po int sou rce  is applied.

(3) Third  ty p e  o f  boundary  (C auchy boundary  cond ition) is a m ixed form  o f  first 

kind and second kind along a given boundary. This third kind boundary  is trea ted  with 

tw o  parts as first kind m oves to  th e  left hand side o f  assem bled govern ing  equations as 

well as second kind rem ains at the right hand side.

4.3.1 Initial and boundary conditions for hydraulic driving force

T he so lu tion  o f  equation 3-7c requires know ledge o f  the initial d istribu tion  o f  the 

pressure head w ithin the  flow  dom ain, Q :
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h(x, t) = ho(x) for t = 0 [4-11]

w here h0  is a  prescribed  function o f  spatial coord ina te , x.

T hree  types o f  boundary conditions are considered  in the  w a te r tran sp o rt equation. 

T he first kind o f  boundary  condition is specified p ressu re  head (D irichlet type) o f  the  form

h(x, t) = h i(x , t) on T d [4-12]

w here h i is the  know n function o f  tim e and space at all po ints o f  the boundary. The 

second kind o f  boundary  condition is specified pressure  flux (N eum ann type) o f  the form

v  ch  j q hh r
-K hh —  = t on IV f4 - l l l

rx  [ 0  fo r im perable boundary L J

w here qhh is the know n as the second boundary condition , also referred to  as N eum ann 

condition. T h e  third kind o f  boundary  condition is a  m ixed form  o f  first and second kind 

along a given boundary.

- K ^  + h ^ h ,  on r c [4-14]
rx

w here, h is a leakage head loss, and h? (x, t) is the  know n as the th ird  boundary  condition, 

also referred  to  as C auchy condition.
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4.3.2 Initial and boundary conditions for chem ical driving force

T he so lu tion  o f  equation 4 -2  requires know ledge o f  the initial d istribution o f  th e  

concen tra tion  w ithin the  flow dom ain, Q ,  i.e.,

C j(x , t) =  C 0 (x) fo r t =  0 [4-15]

w here Co is a prescribed function o f  x.

C hem ical transport equation  im plem ents th ree  types o f  boundary  conditions. T he 

first kind o f  boundary  condition is specified concen tra tion  (D irichlet type) o f  the form

C / x ,  t) = C ,(x , t) on TD [4-16]

w here C l (x, t) is the know n at all po in ts o f  the boundary. The second kind o f  boundary 

condition  is specified concentration  flux (N eum ann type) o f  the form

.cC , fq’- n D — on TN [4-17]
cx  1 0  fo r im perm eab le  boundary

T he third kind o f  boundary condition  is a m ixed form  o f  first and second kind along a 

given boundary.

-nD —  + q hhC, = q hhC 3 on T(. [4-18]
cx
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w here q w A  (x, t) is the  know n as th e  third boundary condition, also  re ferred  to  as C auchy 

type o f  condition.

4.3.3 Initial and boundary conditions for electrical driving force

T he so lu tion  o f  equation  3 -9 c  requires know ledge o f  the initial d istribu tion  o f  the 

curren t within the  flow  dom ain, Q  :

w here E 0  is a prescribed  function o f  spatial coord inate , x.

C urren t transport equation  im plem ents th ree  types o f  boundary  conditions. T he 

first kind o f  boundary  condition  is specified curren t (D irichlet type) o f  the  form

w here E i (x, t) is the  know n function  o f  time and space at all po in ts o f  the boundary. T he 

second kind o f  boundary  condition is specified curren t flux (N eum ann type) o f  the form

E(x, t) = E n(x) fo r t = 0 [4-19]

E(x, t) = E, (x, t) on f D [4-20]

- C T

c E  _  j q « ( x , t )

d x  1 0  fo r im perm eab le boundary
on r s, [4-21]
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w here qcc (x, t) is the  know n as the second boundary  condition , also referred to  as 

N eum ann  condition. T he third kind o f  boundary  condition  is a  m ixed form  o f  first and 

second  kind along  a given boundary.

8F
—c t„  —  + E = E 3 on Tc [4-22]

<3x

w here  E is a  barrier loss, and E 3 (x, t) is the  know n as the  th ird  boundary  condition , also 

referred  to  as C auchy condition.

4.3.4 Initial and boundary conditions for thermal driving force

T he solution o f  equation 4-4 requires know ledge o f  the  initial distribution o f  the 

tem p era tu re  w ithin the heat domain, Q  :

T(x, t) =  T0 (x) fo r t = 0 [4-23]

w h ere  T o  is a prescribed function o f  spatial coord ina te , x.

H eat transport equation  im plem ents th ree types o f  boundary  conditions. T he first 

kind o f  boundary  condition  is specified tem peratu re  (D irichlet type) o f  the form

T(x, t) -  T,(x, t) on f D [4-24]
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w here  T  i(x , t) is the know n function o f  tim e and space at all points o f  the boundary. T he 

second  kind o f  boundary condition  is specified heat flux (N eum ann type) o f  the form

,  cT  f q j x , t )
—A.,. —  = < on  r N f4-251

cx  1 0  fo r im p e rm e a b le  b o u n d a ry  1 1

w h ere  q tt(x , t) is the know n as the second boundary  condition, also referred to  as 

N eum ann condition. T he third kind o f  boundary condition is a  m ixed form  o f  first and 

second kind along a given boundary.

+ q „ T  = q 11,T, on r r  (4 . 2 6 ]
rx

w here  qhhTjfx, t) is the know n as the  third boundary  condition, also referred  to  as Cauchy 

condition.
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CH APTER 5

EVALUATION O F THE HCET M ODEL

5.1 INTRO DUCTIO N

T his chap ter presen ts the validation, show s the flexibility, and dem onstra tes the 

sensitivity o f  the H C E T  model. T he com pu ter program  struc tu re , the FO R T R A N  source 

code, and a u se r’s gu ide are provided in A ppendices A th rough  C

R esults o f  H C E T  m odel sim ulations are com pared w ith  results obtained from  

analytical/num erical sim ulations for flow and so lu te transport Several cases are 

considered , ranging from  a single variable w ater flow equation  to  m ultiple-variable 

coupled  tran sp o rt equations. T hese com parisons are perform ed to  verify- the FO RTRA N  

code, to  calibrate the param eters and boundary  conditions fo r input d a ta  and ou tpu t 

results, and to  illustrate the  capabilities for sensitivity analysis o f  the H C ET  m odel 

W hen possible, the  H C E T  m odel results are com pared w ith experim ental data.

T o  serve the  p u rpose  o f  evaluation o f  the H C E T  m odel, w e use  th ree  m ajor sub­

sections: 1 ) com parison  w ith analytical/num erical so lu tions to r  flow  o r  so lu te transport, 

2 ) ex tension  o f  so lu te  transport equation fo r coupling electric osm osis and therm al 

osm osis, and 3) sensitivity analysis as illustrated in Tables 5-1 and 5-2
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Table 5-1.  S u m m ariz in g  comparisons for the HCET model.
Class o f  simulation Case number Description o f case Basis for comparison Reference

Comparison with analytical 
/numerical solutions for flow  
or solute transport

1.1 Flow equation (h as variable, where Cj, E, 
and T arc constants) to verify HCET model

Analytical solution Birdet al. (1960)

1.2 Flow equation (h as variable, where C,, E. 
and T arc constants) to verify Hydrus 
model

Analytical solution Bird eta l. (I960)

13 Flow equation to verify different boundary 
conditions.

Hydrus model Vogel ct al. (19% )

14 Dimcnsionlcss relative resident 
concentrations as a function o f  
dimcnsionlcss distance versus HCET 
model

Analy tical solutions Van Gcnuchtcn and Parker 
(1984)

15 Dimcnsionlcss relative resident 
concentrations as a function o f  
dimcnsionlcss lime versus HCET model.

Analytical solutions Parker and Van Gcnuchtcn 
(1984)

1.6 HCET model with dimcnsionlcss relative 
flux concentrations.

Analytical expressions Van Gcnuchtcn (1981); 
Shackelford (1995)

Extension o f  solute transport 
equation for more variables 1.7 Current transport (h, C„ E as variables, T 

constant) at fixed time.
Experimental data Alshawabkch and Acar 

(1996)

1.8 Transient current transport (h, C„ E as 
variables, T constant).

Experimental data Alshawabkch (1994)

1.9 Heat transport (h, C„ T as variables, E 
constant).

Hydrus model Vogel el al. (1996)

1.10 Heat effect on four-variable electrokinetics 
remediation (It, C„ E, and T as variables).

Experimental data Alshawabkch (1994)
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Table 5-2. Sensi tivity analysis by HCET model.
C ase  num ber D escrip tion o f  case R eferences

2 . 1 Chem ical osm otic  efficiency for d ifferent solute transport tim e at 
hydraulic conductiv ity  o f  I E - 10 m /s (L = lm ; C (,= 100 mg/l).

M itchell (1993)

2 . 2

C hem ical osm otic  efficiency for d ifferent hydraulic 
conductiv ities at fixed so lu te  tran sp o rt time 10,000 days (L = lm ; 
C„= I00m g/l).

M itchell (1993)

2 3
C oupled  chem ical osm otic  efficiency fo r different so lu te 
transport tim e at hydraulic conductiv ity  o f  I E - 10 m /s (L = lm ; 
C 0= 100  mg/l).

M itchell (1993); 
H su (1997)

2 4
C oupled  chem ical osm otic  efficiency for different hydraulic 
conductiv ities at fixed so lu te  tran sp o rt time 10,000 days (L = lm ; 
C 0 = l0 0 m g /l)

M itchell (1993), 
H su (1997)

2.5
C oupled  elec tric-osm otic  conductiv ity  for different so lu te 
rem ediation  tim e at hydraulic conductiv ity  o f  I E - 10 m/s (L = lm ; 
C o= l0 0  mg/l).

M itchell (1993), 
H su (1997)

2 . 6

C oup led  e lec tric-osm otic  conductiv ity  for different hydraulic 
conductiv ities at fixed so lu te  rem ediation  tim e 1 0 0 0  days 
(L =  1 m; C (,= 10 0  mg/l).

M itchell (1993); 
H s u (1997)

2 7
C oupled  therm al o sm osis coefficient for different so lu te 
tran sp o rt tim e at hydraulic conductiv ity  o f  I E -11 nt/s (L = lm ; 
C 0 = I0 0 0  mg/l).

D irksen (1969)

2  8

C oupled  therm al o sm osis coefficient fo r different hydraulic 
conductiv ities at fixed so lu te  tran sp o rt tim e 1 0 , 0 0 0  days (L = lm ; 
C 0 = I0 0 0  mg/l).

D irksen (1969)

2 9 C ontam inant transport from  a nuclear w aste  repository. See Table 5-10



5.2 CO M PA R ISO N  OF HCET M ODEL W ITH FLOW OR SO LUTE  

TR A N SPO RT ANALYTICAL/NUM ERICAL SO LUTIO NS

Case 1.1: Flow equation (h as variable, where Cj, E, and T are constants) to verify 

H CET model

T he govern ing  equation 4-5 is repeated here:

K hh K h„, K ht ’ h ' ’

D £> C , K hh nD* + C .K ho, n C , u > C , K hc c ;

^ e h o a tfcn a . .cc a  CO E

.  ^ h + T K hh T K hen * , „ + T K h. A .« + T K hl . T '

' 0 0 0 0 ‘ S ,h  '

nC
1

0
+ K hhVh + K ht, VC,

0 0
’ h '

+ K hcV E + K hlVT C, c

0 0 V c 0 E r t —  E
- K ariVh + K ^ V C c ;i

0 0 0
+ K hcV E - rK htV T _

T C T. IH 1 .

For one-dim ensional flow, the governing equation  4-5. with Cj, E, and T  as 

constan ts, reduces to  equation 5-1

[K h" ] 0  = | [ S , h]

W e com pare analytical and H C E T  m odel solutions o f  the  flow equation  for a 

hom ogenous hydraulic conductivity

F or equation  5-1, appropriate  initial and boundary  conditions are,
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h(0, t) = h„ at t > 0;

c h (L ,t)
= 0  at t > 0 ;

c x

h (x ,0 ) = 0  at x > 0 ;

[5-2a]

[5-2b]

[5-2c]

T h e  analytical solution under the above boundary  conditions and initial condition 

is (B ird et. al., 1960):

h ( x , t )
2 a „ sin

=  > - !

a mx
ex p

a mK hht 

S L2

[5-3]

m - 1

w here the  eigenvalues a„. are the positive roots o f  c o t ( a T ) = 0

T he num erical form ulation for equation 5-1 (Istok . 1989) is:

[ K ] { h } - { F }  = 0  [ 5 . 4 ,

w here [K. ] is the global hydraulic conductance m atrix, {h } is the vec to r o f  unknow n 

hydraulic heads, and {F } is a v ec to r contain ing the specified fluxes at N eum ann nodes.

In the H C E T  m odel, w e set the follow ing param eters: N E M =20, N N M = 21, N E Q = 2 1, 

N S IZ E = 2, N D F - 1, M X E B C = 8 , M X N B C = 8 . and M N D T =200
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w here, N E M = num ber o f  elem ent, N N M = node num ber m axim um , N E Q = num ber o f  

equation, N S IZ E = num ber size per elem ent, N D F= num ber degree  o f  freedom , 

M X E B C =m axim um  essential b oundary  condition, M X N B C = m axim um  natural 

boundary  condition, and M N D T = m axim um  num ber o f  delta  time.

T o  fit the H C E T  m odel so lu tion w ith  the analytical solution, the  tim e step s  and delta 

tim es selected are:

•  for 1 day (50  steps, 0 02 day each delta  time),

•  for 1 0  days ( 1 0  steps, I day each delta time),

•  for 1 0 0  days ( 1 0 0  steps, Iday each delta  time), and

•  for 1 0 0 0  days ( 1 0 0 0  steps, 1 day each delta time).

F igure 5-1 represen ts the  p lo ts for one-dim ensional hom ogeneous transient flow 

w ith four tim e periods o f  1 day. 1 0  days, 1 0 0  days, and 1 0 0 0  days, respectively . They 

illustrate the evolu tion  o f  the w a te r head profile. T he plot for the tim e period  o f  1000 

days is a straight line, w hich ind icates that the hydraulic head does no t change after that 

time. For the H C E T  m odel, w e set L = I0 0  m for study dom ain, h0  = 100 m fo r the left 

hand side boundary  condition , ze ro  hydraulic head gradien t fo r the right hand side 

boundary, and zero  hydraulic head for the initial condition H ydraulic conductiv ity  is 6  

m eters per day. T he symbol d o ts  represen t the H C E T  m odel solution in F igure 5-1 T he 

H C E T  m odel so lu tion  is in go o d  agreem ent w ith the analytical solution.
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Figure 5-1: Plot o f  hydraulic head versus dimensionless distance for a comparison o f 
analytical solutions with HCET model simulations o f  homogeneous transient flow 
equation for different time periods (L='~~7



Case 1.2: Flow equation (h as variable, where Cj, E, and T are constants) to verify  

Hydrus model.

E quation  5-1 may be dim ensionless as:

r X  M f'T
[5-5a]

w here.

or

r-H _ c r H
(~X rT,

[5-5b]

T.

q„t
= d im ensionless tim e based on bulk  velocity, [5-6a]

= dim ensionless time.

X

H

I t„

-  - )
r  l ,

( _h 

h

= d im ensionless d istance.

= dim ensionless hydraulic head.

[5-6b]

[5-7]

[5-8]

(  C f ^
_  S.q.iL

r  Khh

f  S . L Z \

\  J

= dim ensionless num ber based on bulk

velocity, and

= d im ensionless num ber

[5-9]

[5-10]

W e evaluate the accuracy o f  Hydrus m odel by calculating the  hydraulic head at 

ratios x/L  and different time at th ree Sd values Tables 5-3 1 to  5-3 3 show  the

62

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



com parison  o f  analytical solutions versus H ydrus m odel sim ulations for different ra tio s 

x/L  and different tim e at fixed S j= 2 ,10, 40 respectively Figure 5-2 illustrates the plot for 

a  com parison  o f  analytical so lutions w ith H ydrus m odel sim ulations at th ree 

d im ensionless num bers, Sa= 2, 1 0 , and 40. T hese calculations in Tables 5 -3 . 1 to  5-3.3 

and the p lo t in F igure 5-2 show  H ydrus m odel is accuracy com paring w ith analytical 

solutions.

Table 5-3.1. Comparison o f analytical solutions versus Hydrus model 
simulations for flow equation for different distance and domain length 
ratios at Sj=2.__________________________________________________

Sd to
(yr)

X

(m)
L

(m )
X

(=x/L )
Analytical,

h/h0

Hydrus,
h/h0

E rro r

2 1 2 1 0 0 . 2 0.88542 0 88900 0.00358

2 4 2 0 0  2 0.88542 0 88453 0.00089

2 16 8 40 0  2 0 88542 0 88532 0  0 0 0 1 0

2 1 4 1 0 0.4 0.78205 0 78900 0 00695

2 4 8 2 0 0 4 0.78205 0 78036 0.00169

2 16 16 40 0 4 0 78205 0 78187 0  00018

2 I 6 1 0 0 . 6 0.70003 0.71100 0.01097

2 4 1 2 2 0 0  6 0.70003 0.69771 0.00232

2 16 24 40 0 . 6 0.70003 0.69977 0.00026

2 1 8 1 0 0 . 8 0.64737 0 66300 0.01563

2 4 16 2 0 0 . 8 0.64737 0 64465 0.00272

2 16 32 40 0 . 8 0.64737 0.64707 0.00030

2 1 1 0 1 0 1 . 0 0.62922 0 6 5 0 0 0 0.02078

2 4 2 0 2 0 1 . 0 0.62922 0.62637 0.00285

2 16 40 40 1 . 0 0.62922 0.62891 0.00031

Error = abs (Analytical - Hydrus).
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Table 5-3.2. Comparison o f analytical solutions versus Hydrus model 
simulations for flow equation for different distance and domain length 
ratios at Sd=lO.______________________________________ __________

Sd to
(Yf)

X

(m )
L

(m )
X

(=x/L)
A nalytical,

h/h0

H ydrus,
h/h0

E rro r

1 0 1 2 1 0 0 . 2 0.65478 0 .65400 0.00078

1 0 4 4 2 0 0  2 0.65478 0 65353 0.00125

1 0 16 8 40 0  2 0.6547S 0 65454 0 00024

1 0 1
4

1 0 0 4 0.37144 0 37000 0 00144

1 0 4 8 2 0 0 4 0 37144 0.37017 0 .00127

1 0 16 16 40 0.4 0.37144 0 37130 0 .00014

1 0 1 6 1 0 0 . 6 0.18146 0 .18200 0.00054

1 0 4 1 2 2 0 0 . 6 0 .18146 0 .18124 0 . 0 0 0 2 2

1 0 16 24 40 0 . 6 0.18146 0  18168 0 . 0 0 0 2 2

1 0 1 8 1 0 0  8 0 08093 0 0 8 5 0 0 0 00407

1 0 4 16 2 0 0 8 0.08093 0 0 8 1 8 2 0 .00089

1 0 16 32 40 0  8 0.08093 0 .08149 0 .00056

1 0 1 1 0 1 0 1 . 0 0 .05069 0 .06000 0.00931

1 0 4 2 0 2 0 1 . 0 0.05069 0 .05202 0.00133

1 0 16 40 40 1 . 0 0.05069 0 0 5 1 3 8 0.00069

Error = abs (Analytical - Hydrus).
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Table 5-3.3. Comparison o f analytical solutions versus Hydrus model 
simulations for flow equation for different distance and domain length 
ratios at S d = 4 0 . _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

to
(yr)

X
(m)

L
(m )

X
(=x/L )

Analytical,
h/ho

H ydrus,
h/ho

E rro r
1

40 1 2 1 0 0 2 0.37109 0.37000 0 0 0 1 0 9

40 4 4 2 0 0  2 0 37109 0.36961 0 00148

40 16 8 40 0 . 2 0.37109 0.37077 0.00032

40 1 4 1 0 0.4 0 .07364 0 07500 0 .00136

40 4 8 2 0 0.4 0 .07364 0.07504 0.00141

40 16 16 40 0.4 0 .07364 0 .07497 0.00133

40 1 6 1 0 0 . 6 0 .00729 0 .00800 0 00071

40 4 1 2 2 0 0 6 0 00729 0 .00832 0.00103

40 16 24 40 0 6 0 .00729 0 0 0 8 0 6 0.00077

40 1 8 1 0 0 . 8 0.00035 0 . 0 0 1 0 0 0.00065

40 4 16 2 0 0 8 0.00035 0.00053 0  00018

40 16 32 40 0 . 8 0 .00035 0 .00047 0  0 0 0 1 2

40 1 1 0 1 0 1 0 0  0 0 0 0 2 0  0 0 0 0 0 0  0 0 0 0 2

40 4 2 0 2 0 , 0 0  0 0 0 0 2 0.00004 0  0 0 0 0 2

40 16 40 40 1 . 0 0  0 0 0 0 2 0.00003 0 . 0 0 0 0 2

irror = abs (Analytical - Hydrus).
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Figure 5-1: Plot o f  hydraulic head versus dimensionless distance for a comparison o f  
analytical solutions with HCET model simulations o f  homogeneous transient flow 
equation for different time periods (L=100 m).



Case 1.3: Flow equation to verify different boundary conditions.

Table 5-4 show s the  com m only used boundary conditions for flow  equation 

(A nderson  and W oessner 1992; Liu et. al, 2000).

C ase B oundary conditions

upper low er

SI h(0, t)=h0

8 ll o

S2 rh
^hh -  1̂ u CX

~ ( x ,  t) = 0
C’X

S3 h(0, t)=h()

J
-T r~ ii o

S4 is c' h -  „
hr.

c*x

oh , ,  .
—  U t )  = o
ox

T he up p er boundary  represen ts either a specific value (S I o r  S3) o r a flux-type (S2 o r 

S4) condition. T he low er boundary is a zero-gradien t boundary  condition  at a fixed 

length (e.g. colum n test) o r at an infinite length (e g. field-scale transport). Figures 5- 

3, 5-4, and 5-5 illustrate the com parisons o f  H ydrus m odel w ith H C E T  m odel for 

different boundary  conditions at given Sj values o f  2, 10, and 40, respectively W hen 

w e im pose zero -g rad ien t at the low er boundary  conditions for S 1 and S2. a ten tim es 

length o f  finite d istance is calculated instead o f  sem i-infinite length T he results in 

these F igures show  excellent agreem ent betw een H ydrus m odel and H C E T  model. 

T hey also indicate S3 is alw ays equal o r  g reat than S I , and S4 is always equal o r great 

than S2. In o th er w ords, a colum n test is always m ore conservative than field 

evaluation.
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Case 1.4: Dim ensionless relative resident concentration models versus HCET model
W e will d iscuss the dim ensionless relative resident concen trations as a function o f

dim ensionless distance. T o  validate the H C ET m odel for relative resident concentration  

m odels for so lu te  transport, when E, T  are set at constan ts, governing equation  4-5 

reduces to  equa tion  5-11

R J ^ L = D ^ - ^ - v ^  [5 -1 1 ]
f t  r x '  ex

T he equation  5-11 is the usually d iscussed advection-d ispersion  tran sp o rt equation w ith 

w ate r velocity, v, constant For a one-dim ensional system  at saturated  soil and steady- 

sta te  uniform  flow , the appropriate  param eters for advection-dispersion transport 

equations are: C r is the solute concentration in the pore w ater o f  the soil, also know n as 

the  "resident concentration" (van G enuchten and Paker 1984. Shackelford, 1995), t is the 

tim e, x is the m acroscopic d istance in the direction o f  transport, v is the average linear o r

seepage velocity , D (=  D* = D ’ ) is the dispersion/diffusion coefficient, and Rj is the 

re ta rdation  fac to r

F our analytical solutions to  equation 5-11. as sum m arized in T able 5-5, are 

extensively cited  by researchers (van G enuchten 1981; van G enuchten  and Paker 1984; 

Shackelford , 1995). Each solution is based upon a different set o f  initial and boundary 

conditions. M odels A. 1 and A .3 are based on a first-kind o r concen tra tion-type inlet 

boundary  cond itions w hereas m odels A. 2 and A 4 are  based on third-kind o r flux-type 

inlet boundary  condition. In addition, m odels A 1 and A.2 im pose a sem i-infinite kind o f  

low er boundary  and m odels A. 3 and A 4 im pose a finite kind o f  boundary
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Table 5-5. Resident concentration models for one-diinensional advection-dispersion equation (van Genutchten 
1981; van Genuciten and Paker 1984; Shackelford 1995).___________________________________________

Upper
Boundary

Lower
Boundary

Concentration Models 
Ifor c(x,0)=(>l

Model
Designation

C ,( 0 , t ) = C (1 dC

dx = 05
R ,x -  vt (  vx \  . R .x + vt

erfc
2 ^ /D R jt

+ exp — - erfcI d J i to 73 z~ rm- 1

A. 1

dC

dx
C,(x,t)

C„
0.5< erfc

vC„

R jX  Vt

2 ^ D r 7
+ 2.1 --- --- exp

nDR, 4DR,t

, vx v : t I ( v x \  „
I + —  +   |expl —  Jerfc

D DR
R,x + vt

C l(0 , t )= C „
Px

( L, t ) = 0
C , ( x . t )  , ^ 2 U - S, , l( a L X ' CXP

v ’t u;„Dtvx
2D 4 DR, L:R , j

vL V vL  

2D J 2D
vL

w h ere  the e ig e n v a lu e s  <xm are the p o s it iv e  roots o f  a ni col(<xin) + = 0

v C ' - DU
= vC„

a c
dx

M L ,t)  = 0 2vL
c , ( x , 0  , ^  P

p.
P . .c o S( M ) + v L sin ( P ;;X ) exp vx v 3t B^Dt 

2D 4 DR, ~ U r ,

in 1

where the eigenvalues p arc the positive roots of p„, cot(Pm) -  —" ^  = 0
vL 4D

A.2

A. 3

A.4



T he different analytical so lutions in T able 5-5 are expressed  in term s o f  the 

original variables (x, t, R<j, v, D). P rediction o f  so lute transport in g ro u n d w ater 

engineering is o ften  ob tained in dim ensionless form  by solving th e  advection-d ispersion  

tran sp o rt equations 5-11. It w ould be m ore convenient to  in tro d u ce  the dim ensionless 

param eters T r and Pi., w here T r is the pore volum e o f  flow,

Tr = ^  [ 5 - 1 2 ]

and the dim ensionless group  Pi is referred to  as the colum n Peclet num ber defined as

P. = ^ .  [ 5 -
D

w here v  is the seepage velocity, L is the colum n length, and D is the  

dispersion/diffusion coefficient M aking these substitutions resu lts in dim ensionless 

expressions o f  the analytical solutions in Table 5-5 as presented in Table 5-6 T hese 

analytical so lu tions can be used to  validate num erical m odels in field studies. F igures 

5-6, 5-7, and 5-8 illustrate plots o f  relative resident concen tration  versus dim ensionless 

d istance fo r the com parisons o f  analytical solutions w ith H C E T  m odel sim ulations at 

Peclet num ber vary from  1 .5 , and 20. respectively These F igures indicate good  

agreem ent betw een analytical so lutions and H C ET m odel sim ulations. For the  large 

Peclet num bers, the so lu tion  A I is close to  solution A3. Similarly, fo r the large Peclet 

num bers, the solu tion  A2 is close to  solution A4.
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Table 5-6. Dimensionless form o f resident concentrations based on models in Table 5-5.
Concentration 

Model (1)
A. 1

A .2

A .3

A.4

Dimcnsionlcss form for Concentration Models (2) 
_________________ [for c(X,())=()|_________________

C ,(X ,T ,)
= 0.5 erfc

X - T ,

V .  / p,
+ exp(P, X )erfc

X + T,

C ,(X ,T .)
= 0.5 erfc

X - T ,
+ •> l P’X  e \o

X - T ,
2 ~

2 jT , /  P, 1  „  “ P 2 A  /  P, J

-(1  + P, X + P, T, )exp(P , X )erfc
X + T,

. 2 Vt  / p, _

C r(X ,T r ) 2 a m Sin(« m X ) eXP
P ,X  P, T, a ; T ,

m-l

“ - + ( P2 )
P

w here  the  e igenvalues a m are the positive roo ts o f  a m c o t ( a m) + -y - = 0

C , ( X , T . )
- • - I -

P .c o s ( p . X ) +  2t s in (p ,.X ) e x p
P ,X  P ,T r P ;T , 

2 4 P,

p 2 P
w here the e igenvalues P m are the positive roots o f  p,n co t(p „ ,) -  + —  = 0

^i. 4

(1) Models given in Table 5-5. (2) X = - jy  T, = y  ; P, = — .
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C ase 1.5: Dim ensionless relative resident concentrations as a function o f  

dim ensionless tim e versus HCET model

T he resident concentration  m odels listed in T able 5-5 are evaluated by van 

G enuchten  and P arker (1984) with respect to  Peclet num bers. Pi., varying as 1, 5, and 

20. T hese Peclet num bers are valid w ithin the range o f  practical applications involving 

low  perm eability soil barriers for w aste  containm ent and rem ediation (van G enuch ten  

and P arker 1984, and Shackelford, 1995) By assum ing the resident concen tra tion  

equal to  effluent concentration  at the low er boundary (C r/Co = C J  Co at x = L), van 

G enuchten  and Parker 1984, and Shackelford, 1995, show  the dim ensionless relative 

concen tration  curves at the low er boundary  as a function o f  pore volum e o f  flow , T r (o r 

dim ensionless tim e) The analytical so lutions as lines are p lotted in F igures 5-9 

th rough  5-11. T he H C E T  m odel so lu tions as sym bols are p lotted  in F igures 5-9 

th rough  5-11, too. T hese F igures indicate the analytical m odel solutions are  in good  

agreem ent with the H C E T  m odel solutions
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Case 1.6: HCET model with dimensionless relative flux concentrations

W e com pare  o th e r com m only used m odels based on  flux-averaged 

concen trations w ith  H C E T  model. In m ost colum n tests, the effluent is co llec ted  in a 

reservo ir from  w hich liquid sam ples a re  recovered  on a periodic basis and analyzed for 

chem ical concen trations o f  specified chem ical species. As a result, evaluation o f  

effluent concen tra tions utilizing analytical solutions based on resident co ncen tra tions is 

conceptually  incorrect (P ark er and van G enuchten  1984, van G enuchten  and P arker 

1984, and Shackelford  1995). The usage o f  flux-averaged concen tration  o r flow ing 

concen tration  is com m on in analysis o f  soil colum n effluent data in laboratory  

experim ents. T he flux-averaged concen tration , Cc. is defined as the  m ass flux o f  solute 

passing through  the effluent end o f  the  soil colum n per unit fluid flux du ring  an 

elem entary tim e interval, or

w here Q is the volum etric flow rate, A is the to tal cross sectional area o f  th e  soil 

colum n perpendicu lar to  the  direction o f  flow, K hh is the hydraulic conductiv ity  o f

c
q ,

[ 5 - 1 4 ]

w here J (L, t) is the so lu te m ass flux evaluated  ju st inside the effluent end o f  the colum n

o f  soil o f  length L, t is time, and q() is the fluid flux given by D arcy's law, o r

[ 5 - 1 5 ]
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the soil, and i is the hydraulic gradient (<  0) For a satu rated  soil in which all o f  the 

po re  spaces are available for transport, the transient so lu te  flux at the effluent end o f  

the colum n o f  soil, J (L , t), is the sum o f  the transient advective so lu te  flux, Ja (L , t), 

and the  transien t dispersive/diffusive so lu te  flux, Ju (L , t), or

w here n is the to tal porosity  o f  the soil Thus, evaluation o f  flux-averaged effluent 

concen trations in accordance with equation  5-14 requires an evaluation o f  the so lu te  flux. 

J (L, t) in equation  5-16

N orm alization o f  the effluent concentrations in equation  5-14 with respect to the 

influent concen tra tion , C0, results in the follow ing expression:

w here RF is the relative solute flux defined as follows (S hackelford  1992. M anassero 

and Shackelford 1994)

J (L , t )  = J.l( L , t )  + J J(L , t )  = q 11C r( L , t ) - n D ^ 4 ^ [ 5 - 1 6 ]

r  J fL . t l
[ 5 - 1 7 ]

RF = J ( L = J J l - U  + 'M L -t)  
q..c„ q C

[ 5 - 1 8 ]
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w here qoCo is the  s teady-sta te  solute flux (i.e., at s teady-sta te  transport, J (L, t) = qoCo, 

and R F = 1). T he relative solute flux m odels resu lting  from  the concentration-based  

m odels in T able 5-6 are listed in Table 5-7 in term s o f  the dim ensionless param eters T r

an d  P L.

T he relative flux at effluent expressed by equation  5-18 can be rew ritten  

num erically  for the H C E T  m odel as

|^p  —  ̂* 1,11 — î nCT-l ^ ncm ̂  ^nan-l ^ncm _ |Q |
q „C , q .C ,, x M , - x nm L q „C , x ncT,., -  x nim

w here, nem  is the  num ber o f  elem ents studied, nem +l is the total nodes in the dom ain in 

one-dim ensional form ulation, and D[ is the diffusion coefficient at the effluent The 

re la tive flux m odels, RF (= C .. /C , , )  in Figures 5 - 1 2  th rough 5 - 1 4 .  are com pared for Peclet 

num ber values o f  1. 5 .  and 2 0 .  respectively. Again, these Figures indicate the analytical 

expressions (lines) are in good  agreem ent with the H C E T  m odel solutions (symbols).
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Table 5-7. Relative Flux (RF) Models at x=L based on models in Table 5-5 (after Shackelford, 1995)
Concentration 

Model (1)

A. 1

A.2

A. 3

A.4

Relative Flux, RF J M

q„c„
, for Concentration Models (2)

RF = 0.5< erfc l - T , 2 1 -  T  ]
■» ”

L v .  i p, J
■t ,-------- exp

M p.. U j T . / p ,  j

RF = ().5< erfc I -  T.
c x p (P , )crfc

I + T.

2>/T| / P.

a .

R F = I - S -

exp P, P, T  a ; T ,

P.w here the e ig en v a lu es a m are the p ositive  roots o f  a n) c o t ( a m ) + - j -  = 0

P.. _ PJ. K T.
2 4 P,

+ P,

w here the e ig en v a lu es  |f MI arc the p ositive  roots o f  |)ni c o l ( |f |n)
P,

Relative
Flux

Model

RF I

RF.2

RF.3

RF.4

vt  vL
(1) Models given in Table 5-5. (2) T( = —  ; P( =  —  ; q () nv
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5.3 EXTENSION O F SOLUTE TRANSPO RT EQUATION FOR M ORE  

VA RIABLES

Case 1.7: Current transport (h, Cj, E as variables, T constant) at fixed time

T he objective o f  this section is to  use the H C E T  m odel to  sim ulate the 

varia tion  o f  electric potential as a function o f  distance from  the anode. A llowing 

th ree  variables, h, Q , and E w ith T  constant, there is no analytical solution for the 

govern ing  equation  4-5 W e com pare the sim ulated voltage distribution with 

experim ental data ob tained in a pilot plant study by A lshaw abkeh (A lshaw abkeh and 

Acar, 1996). A lshaw abkeh 's pilot plant study is one o f  the  extensive researches on 

electrokinetic  rem ediation  to rem ove contam inants from  soils E lectrokinetic 

rem ediation is considered  to be an innovative and cost-effective technology  in w aste 

m anagem ent.

F o r the H C E T  m odel with constan t tem perature, equation  4-5 reduces to 

equation  5-20:

K hh K hHen "h

D l + C ^ nDj  + C K h.„ D l - C , K hl C

°  cho CT..oc E

'0 0 0
h ' S,h '

0
+ K hhVh + K h VC, 

+ K hcVE + 0
0 c , ii

3*
1^

' nC.

0 0 i

t> E ■ 
i

U
J1 

a 
“ 

1 u
1
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T o  m eet the  boundary  conditions set in A lshaw abkeh’s experim ents, equation  5-20 

m ust be reduced  to  equation 5-21

1
JT ST

0

1O V '0 0 0 ’ h "

|n

‘ S ,h ‘

0 n D ; 0 c; + 0 K hhVh 0 C nCj
0 0 E' _0 0 E

o

O ne cannot obtain  a general analytical solution for equation 5-21 H ow ever, a H C E T  

m odel num erical solution can be ob tained  to  com pare with the experim ental data  

collected  by A lshaw abkeh The initial condition expressed in A lshaw abkeh 's 

research  is given by

E (x ,0 ) = 0 a t x > 0 .  [5-22]

that is, electric potential is not applied at the beginning o f  the rem oval p rocess The 

boundary  conditions o f  electric potential expressed in A lshaw abkeh’s experim ent is 

given by

E(0, t < 12 0 0 h ) = I„ * f( R ) o r ^ ^  = l„ at x = 0,

E ( 0 , t > 1 2 0 0 h ) = l „ * R o r - | =  I , a t x = 0 [5-23a]

E (L , t)  = 0 at t > 0 and x = L. [5-23b]
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w here f (R )  rep resen ts  how  resistance changes as a function o f  o th er variables

H ow ever, resistance, R, is constan t a fte r 1200 hours o f  processing. F igure 5-15 

illustrates a p lo t o f  electrical po ten tial versus distance from  anode by A lshaw abkeh’s 

experim ental data , A lshaw abkeh and A car m odel calculations, and th e  H C E T  m odel 

sim ulation.

T he H C E T  m odel offers a reasonable fit to  the  experim ent data;

A lshaw abkeh’s m odel calculation d o es not. A lshaw abkeh indicates the electric 

potential is a function o f  chem ical concentration  in solution. He argues the  difference 

betw een  the  experim ental d ata  and his calculations result from not accoun ting  for the 

effect o f  re ta rdation , and for chem ical precipitation o f  species close to  the  anode. He 

did not caution that the resistance could be a function o f  tem perature, T, too  

A ccording to  L indeburg  (1990) electric potential can be a function o f  tem pera tu re  

follow ing an em pirical equation

E = A + BT + C T : [5*24]

w here the constan ts  A, B, and C m ust be determ ined fo r the particu lar m aterial o f  

in terest. O nce calibrated  this relationship may be used to  forecast the  relationship  o f  

electric potential and tem peratu re

In conclusion, based on the H C E T  model sim ulation, w e agree  w ith A lshaw abkeh 

and L indeburg that the electric potential across the soil colum n at co n stan t curren t is a 

function o f  chem ical concen tration  in solution, e.g. Pb*~, re tardation , chem ical 

p recip itation  o f  species close to  the  anode, tem perature, and electric resistance o f  soil.
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Case 1.8: Transient current transport (h, Cj, C as variables, T constant)

W e also com pare the H C E T  m odel sim ulation with experim ent data  

(A lshaw abkeh 1994) fo r the transient electrical potential distribution versus distance. 

T hese  lines, in Figure 5-16, show  the  H C E T  m odel sim ulation o f  the transient electric 

po ten tial d istributions up to  1200 hours o f  processing. T he sym bols are A lshaw abkeh’s 

experim ental data.

W e see a decrease o f  electric potential from  left to  right represents bo th  

experim ental da ta  and the H C E T  m odel. That is, the soil electric resistance low ers the 

vo ltage  o f  po w er supply. H ow ever, the experim ent data  does not behave like the H C E T  

m odel w ithin the 20 cm range o f  anode. The reason may be the acid added and the 

chem ical reaction  at the anode end, which are not counted  by either num erical m odeling 

o r by experim ental error. H ow ever, it statistically closely m atches the experim ental data  

and the sim ulation o f  H C E T  model. Further reasons, which affect the soil resistance as a 

function o f  tim e and space, are the soil resistance changed with time, som e heat effect 

changed the soil p roperties o r  the chem ical precipitation  at the soil colum n. By O hm ’s 

law, electric potential distribution across the study dom ain is linear dropped  at a fixed 

tim e and a fixed resistance for a constan t current (electric potential is equal to  current 

m ultiples resistance). H ow ever, in this study dom ain, chemical reactions change soil 

p roperties  and electric conductivities. In turn, it changes the electric po tential distribution 

aw ay from  linearity. It recom m ends the chemical reaction to  be specified/included to  do 

a  b e tte r m odeling. A  soil electric conductiv ity  grad ien t o f  0.1 S/m 2 is assum ed to  fit 

H C E T  m odel w ith  experim ental d a ta  aw ay from  the linearity o f  O hm ’s law
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Figure 5 -16: Comparison o f  A lshawabkeh’s experimental data with HCET model 
calculations for the plot o f  voltage distribution versus dimensionless distance after 
120, 300, 500, 1000, and 1200 hours processing (L=72 cm).



T he boundary  conditions, in F igures 5-15 and 5-16, need  to  be addressed. For 

the  left hand side boundary  condition like equation  5 -23a, electric potential is changing 

w ith  tim e and is site dependent. W e establish this relationship  o f  electric potential and 

tim e based on  A lshaw abkeh’s experim ents. F igure 5-17 show s the regression  values o f  

electric po ten tial versus time, using A lshaw abkeh’s experim ental m easurem ent boundary  

cond ition  in 1994. T he solid line fitted A lshaw abkeh’s d a ta  w ith  regression  square o f  

0 .99. At transien t state, the electrical potential varies w ith the  tim e, and reaches a stable 

value o f  150 vo lts a fte r 1200 hours o f  p rocessing at a constan t current.

F o r the right hand side boundary condition  in equation  5-23b, w e assum e it is first 

kind specified value w ith zero electric potential based on the  follow ings facts.

•  E lectric  capacitance is very small and close to  zero  com pared  w ith electric 

conductiv ity  (A car and A lshaw abkeh. 1996)

•  E xperim ental m easurem ent indicates that the electric potential at the  right hand 

side boundary  condition is zero  (A lshaw abkeh, 1994)

•  C urren t m ovem ent is very fast and electrical po ten tial balance o ccu rs  very 

rapidly. At the right hand side boundary , changes in electrical poten tials close to  

a steady  zero  value for any tim e o f  interest.

•  E lectrical potential is a relative value. T o  solve num erical solutions, boundary 

conditions are  required to  be set accord ing  to  the s ite ’s conditions
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Figure 5 -17: Regression value o f  electric potential versus time using AlshawabkelTs experimental data



Case 1.9: Heat T ransport (h, Cj, T as variables with E constant)

T he objective o f  this case is to  validate the govern ing  equation  4-5 com pared  

w ith  H Y D R U S  m odel 5.0. T he H Y D R U S model 5.0 is developed  by the U nited 

S ta tes D epartm ent o f  A griculture, USDA. H Y D RU S is a public dom ain co d e  and has 

been used and validated  extensively (H uang, Zhang, and van G enutch ten , 1996).

F o r the H C E T  m odel with constan t electric potential, equation  4-5 reduces to  

equation  5-25:

K hh K ,.. K h, V
o ; ho + C ,K hh n D > C  K hto d :, - c  k „ c

-51 + T K hh * T K ha, a .n + T K *  . T

‘o 0 0
h ' S V

0
+ K hhVh + K hcoVC,

+ 0 + K htV T
0 c ; ii

a»
h

»

nC ,

0 0
- K hhVh + K hc, VC 

-  0 - K mVT _
T C T

[5-25]

T he H Y D R U S m odel uses less param eters than H C ET m odel. To 

com pare H Y D R U S  m odel with H C E T  model, the param eters in equation 

5-25 will be fu rther reduced  to equation 5-26

'K hh 0 0 ' V 'o 0 0 ‘ h ' 'S , h  ‘

0 n D ;

0

0 c ; + 0 K hhVh 0 c ;
_  c

nC

_ 0 K .
I

Y _0 0 K htVT
j

T
ct J

C T- TF 1 .

[5-26]
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W e com pare  the H C E T  model sim ulation w ith the H Y D R U S m odel sim ulation 

involving the hydraulic head, chemical concentration , and tem perature. T he solution 

o f  5-26 requires the specification o f  initial and boundary  conditions for the soil 

tem pera tu re , T. T he initial condition o f  soil tem peratu re  expressed in the H Y D R U S

5.0 is given by

T (x ,0 ) = T ,(x) at x > 0; [5-27a]

w here  T, is a prescribed function o f  x

T h e  boundary  conditions o f  soil tem peratu re  to  solve govern ing  equations 5-26 

expressed  in the H Y D R U S 5 0 is given by

T (x ,t)  = T ,( t)  a t x  = 0 o r x  = f .  [5 --7 b ]

w here, T 0(t) is the prescribed tem peratu re  as a function o f  time. A tm ospheric 

boundary  conditions fo r daily fluctuations in soil tem peratu re  are often approxim ated  

by a sine function as follow s (V ogel e t c . 1996):

T = T  -  A sin
'  2m

 CO ,

V

[5-28]

w here, tp is the period o f  tim e required to  com plete  one full cycle o f  the tem peratu re  

sine w ave (taken  to  be one day), T  is the  average tem peratu re  o f  the soil surface
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during tim e period  tp and A is the am plitude o f  the sine wave. T he p hase  co „ in 

equation  5-28 m ay be used to  specify the  tim es at w hich the daily tem p era tu re  

m inima and m axim a o ccu r For exam ple, co „ = I n  /12 allow s the h ighest tem peratu re  

to  occur at one p.m. (V ogel e t c , 1996)

T he input param eters for num erical sim ulation w ere T = 15 ’C , A = 5  ’C, v 

= 100 cm /d, co = 2 4 h r, co „ = 7 tt /12 ,  and Dh =50 cm :/d. W e further assum ed  a finite 

profile o f  150 cm , so that the effect o f  th e  low er boundary  can be ignored  fo r the  

results p resented  here. F igure 5-18 show s a com parison o f  H Y D R U S 5 0 m odel 

solution w ith H C E T  m odel solution. T he illustrated tem peratu re  d istribu tion  versus 

dep th  curves are for different tim es and for an initial tem peratu re  T, o f  1 0 "C in the 

top  100 cm  o f  the soil profile T he resu lts indicate a close m atch o f  the  H Y D R U S  5 0 

and H C E T  m odels a t all times.
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Figure 5 -18: Plot o f  temperature versus dimensionless distance fo ra  
comparison o f  Hydrus model with HCET model simulations for different 
times (L=l00cm ).



Case 1.10: Heat efTed on four-variable electrokinetics rem ediation (h, Cj, E, 

and T as variables).

W e first describe A lshaw abkeh’s experim ental data  o f  heat effects on 

electrokinetic rem ediation, and then  w e present a num erical prediction by the  H C E T  

model.

O ne o f  the first attem pts to  explore the effects o f  four variables is A lshaw abkeh’s 

pilot plant studies o f  an enhanced electroosm osis effect. In his experim ents, he m easured 

each o f  the  four variables versus d istance within the pilot plant setup. His exam ple 

considers w ater, solute, current, and heat m ovem ent

N ow  w e consider all four variables for the governing equation 4-5 Som e 

sim plification is required to be able to  com pare with the experim ental data  collected  by 

A lshaw abkeh in 1994:

X * 0 0 0 ‘ V '0 0 0 0 'h  ' 0

0 nD ; 0 0 c ; 0 -K ^ V h 0 0 c , _ d "C,
0 0 0 E

*t“
0 0 0 0 E ~ A 0

0 0 0 V T' 0 0 0 +K hlVT_ T C iVT

F o r the H C ET model sim ulation, the param eters that need to  be set in the  main 

program  are: N E M =20, N N M =21. N EQ =84, N SIZ E =8, N D F=4, M X E B C =8, 

M X N B C =8, M N N =20, and M N D T = 20

w here, N E M = num ber o f  elem ent, N N M = node num ber maximum. \E Q = n u m b e r  o f  

equation, N SIZ E =num ber size per elem ent, N DF= num ber degree o f  freedom .
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M X E B C =m axim um  essential boundary condition, M X N B C = m axim um  natural 

boundary  condition, and M N D T=m axim um  num ber o f  delta tim e

The sym bols in F igures 5 - 19a, and 5 - 19b illustrate the experim ental data  

conducted  by A lshaw abkeh. The solid and dashed lines in F igures 5 - 19a, and 5 - 19b 

are predicted  by H C E T  m odel

At anoly te  and ca tho lv te  boundaries, heat is generated  by resistivity and lost 

to  the am bient. T w o  cases, 5 -19a and 5-19b. o fb o u n d a ry  conditions are studied. For 

case a, calculations are perform ed by assum ing the heat boundary condition at the 

anolyte and at the catholyte is a sim ple linear function o f  time. For case b, a 

polynom ial relationship  is established betw een the boundary condition  and time, to 

sim ulate seasonal variation o f  am bient tem perature Figure 5 - 19a show s that the 

tem peratu re  increases due to  resistivity at the anolyte and catholyte. The H C E T  

m odel sim ulation show s a relatively poor fit o f  the experim ent data  for case a C ase b 

show s the heat exchange due to  resistivity with seasonally am bient tem peratu re 

variation at the anolyte and at the catholyte In case b, the data  fit the  sim ulation 

curves reasonably  well.
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Figure 5-19 : Plot o f the temperature versus time curves for the 
HCET model simulations: (a) linearly increasing boundary 
condition, (b) seasonal variation boundary condition.
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5.4 SENSITIVITY ANALYSIS O F CO UPLED DRIVING FORCES TO  

SO LU TE TRANSPO RT

O ne o f  the im portant and useful aspects  o f  the H C E T  m odel is that p aram eter 

sensitivity  analysis can be sim ulated and evaluated econom ically  before undertak ing  the 

field engineering. This section  explores the  H C E T  m odel’s capability fo r analysis o f  the 

re la tive contribu tion  o f  coupled effects in transport processes.

Figure 5-20 illustrates tw o scenarios: contam inant rem ediation and 

contam inant transport. For the scenario o f  contam inant rem ediation w e will illustrate 

the  sensitivity o f  electric osm osis’s contribu tions to so lu te  transport. F or contam inant 

tran sp o rt w e will illustrate the potential contribution o f  chemical osm osis and therm al 

osm osis coupling w ith hydraulic flow im pacting on so lu te  transport T he com pared  

param eters for sensitivity analysis are collected in Table 5-8, with key param eters in 

bold print. The input data  used in sim ulation for sensitivity analysis cases 2.1 to  2 8 

are  detailed in Table 5-9
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Table 5-8. Range for flow parameters for saturated fine-grained soils, and specified values for sensitivity 
analysis for coupled flows.____________________________________ __________________________________

Range for flow param eters for saturated fine-grained soils (1) Sensitivity Analysis (2)

Parameter Symbol Units Minimum Maximum Chemical

Osmosis

Electro

Osmosis

Thermal

Osmosis

Hydraulic conductivity

111 /  s IE-11 IE-6

IE-11

IE-10

IE-9

IE-11

IE-10

IE-9

IE-11

IE-10

IE-9

Effective diffusion 

coefficient ■>; 111 ‘ /  s

2E-I0  

IE -10 

(4)

2E-9

I.KE-9

(4)

IE-10 IE -10 IE -10

Electrical

conductivity a ..I'C S /iii 0.01 10 N.A. 0.1 N.A.

Thermal conductivity

K W ill K 1 0.25 2.5 N.A. N.A. 1.0

Electric-osmotic

conductivity K h, in - / V - s IE-9 IE-8 N.A

0

5E-9

IE-8

N.A.

Osmotic efficiency 

coefficient to dimcnsionlcss 0.0 1.0 0.0,11.5, 1.0 N.A. N.A.

Thermal

osm osis

coefficient

K h, n r K  's  ' IE-10

(3)

IE-9

(3)

N A. N.A.

0

IE-10

IE-9
(I)  After Mitchell (1993), and Hsu (1997). (2) Used in simulation. (3) Dirkscn (1969). (4) Sliackclfold (1991).



Table 5-9. The input data used in simulation for sensitivity analysis
cases 2.1 to 2.8.

Case

number

Boundary 

conditions and 

Initial condition

Other parameters for governing equations

2.1 li(0. t) = I in

h(L. t) = 0 in

hex. 0) = 0 in

C(0. t) = 100 mg/1

C <L’ l) 0  n, ------------  - 0  mg/l/m
c x

C(x. 0) = 0 ing/l

K hh = IE -10 (in/s): 0) = 0 or I. 

S ,=  o (m 1): D ; to = 0:

D = IE-10 ort) (m ;s '); 

n = 0 5

t = 100. 1000. or lo.ooo days 

L = 1 m

2.2 h(C). t) = 1 m

h(L. t) = 0 in

li(.\. 0) = () in

C(0. t) = 100 mg/l

C ( L’ n — -------= 0  ing/l/m
c x

C(.\. 0) = o mg/l

K hh = IE -11. 5E -11. or IE -10 (m/s): (0 = 0  

o r !: S ,=  0 (in '): D .. . = 0:

D = 1E -to ort) (n rs '): 

n = 0.5

t = 10.000 days 

L = I m

2.3 ll(0. t) = 1 ill

li(L. t) = 0 ill 

ll(X. 0) = 0 111

C((). t) = loo mg/l 

C <U  l > n iu------------ = U mg/l/m
r x

C(.\. 0) = 0 ing/1

K hh = lE -lo  on/s): oi = o. 0.5. or 1. S. = o

(m '>- D lno = i’- D = IE-10 (m;s '): 

n = 0.5:

t = 100. 1000. or 10.000 days.

L = 1 m.
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Table 5-9. The input data used in simulation for sensitivity analysis
cases 2.1 to 2.8 (continue).______________________________________

Case

number

Boundary 

conditions and 

Initial condition

Other parameters for governing equations

2.4 li((). t) = 1 m 

li(L. t) = 0 in 

h(x. 0) = 0 m 

C(0. t) = 100 rng/1

------------= 0  mg/l/m
CX

C(x. 0) = 0 ing/l

K hh = IE-11. 5E -11. or IE-10 (m/s): (0 = 0. 

0.5. or 1: S, = 0 (m'1). D*ho = 0;

D = IE -10 (m 's ‘): 

n = 0.5;

I = 10. 000 days.

2.5 h(0. t) = I m 

h(L. t) = 0 m 

h(x. 0) = 0 m 

C(0. t) = 100 ing/l
C(L. t)
------------= 0 inu/l/in

c x

C(x. 0) = 0 mg/l

E(0. t) = I volt 

E(L, t) =  0volt

E(x. 0) = 0 volt

K hh= lE -lo  (m/s): K hco = 0 :

K hc =  0, lE-t). or IE-8 (m* sec volt ): S ,=  

0 (in 1);

D 'n„ = o. D*= lE -lo  ( n r s '). D*ti) = o; 

a .  = 0 : c r . ,  = o.%;no eio

O cc = 0 I(C in sec volt ): <Jck]=d: 

n = 0.5:

t = lo. 100. or 1000 days.

L = 1 m.

2.6

h(0. t) = 1 m 

h(L. t) = 0 m 

h(.x. ()) = () m 

C(0. t) = 100 mg/l

— — - =  0 mg/l/m  
CX

C(x. 0) = 0 mg/l

E(0. t) = 1 volt 

E(L, t) =  0vo lt

E(x. 0) = 0 volt

K hh = 1E-11. IE-10 or IE-9 (m/s):

K hc„ = 0 '.

K hc = 0 ,  IE-9, or IE-8 (in' sec volt ): 

S,=  o (in'1): D ’h0 = 0;

D*= IE-K) (m V ):  D*to = 0:

CT k = 0; O = 0:wcho * eco
= 0 l(C  in sec v o lt '): O =l0 = 0; 

n = 0.5: 

t = 1000 days:

L = 1 in.
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Table 5-9. The input data used in simulation for sensitivity analysis
cases 2.1 to 2.8 (continue).______________________________________

Case

number

Boundary 

conditions and 

Initial condition

Other parameters for governing equations

2.7

h(0. t) = L in

h(L. t) = 0 m

h(x. 0) = 0 m

C(0. t) = 100 ing/l 
C (L , t)
— -------=  0 mg/l/m

CX

C(.\. 0 ) = o mg/l 

T(0. i) = 25 "C 

T (L . t) = 2 0  "C

T(.\. 0 ) = o C

K hh= I E - l l (m /s ) :K hco = 0 :

K ht = 0. IE-10, or IE-9 (tn sec ‘ k  ‘);

S ,=  0 (in '):

D *ho = ()- D *= IE -10 ( in V ):  D*ti) = 0:

Crp = 0; Xth = 0; X l<;0 =  0  . 

k a = 1 (W m  ’K ' ) ;  n = 0.5:

t = loo. luoo. or lo.oon days.

L = 1 m.

2.8

h(0. t) = 1 in

li(L. t) = () m

h(.\. 0) = 0 m

C(0. t) = 100 mg/l 
C (L . t)
— ------- =  0  mg/l/m

c x

C (n. 0) = 0 mg/l 

T(0. t) = 25 C 

T (L . t) =  20 "C

T(.\. 0) = 0 "C

K hh = IE-11. 1E -10 or IE-9 (m/s): 

Kh- = ° :
K hl = 0. 1E -10. or IE-9 (in’ sec K ):

S,=  o (in'1): D ’h() = o . D*= lE -K K m V 1): 

D* = o .utO

Ctp = 0'. ^si, = o : X.Uil =  0  .

?il t= l(W m  'K  ' ) . n = 0.5;

t = 10.000 days:

L = 1 in.

N otes: See sym i d s ’ no tation  in C hap ter t I
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Case 2.1: Effective diffusion coefficient for different solute transport tim e at 

hydraulic conductivity o f IE-10 m/s (L =lm ; C„=100 mg/l).

W hen considering  only the hydraulic and chem ico-osm otic  driving forces, the 

governing equa tion  4-5 can be reduced to  equation 5-30

Khh K hco V ‘o 0 'h  ' c 'S.h-
_ 0  n D j + C , ^ ^ c;_

4*
0 +KhhVh + KhcoVCJ_ c ; . ct .nC..

E xpressing equation  5-30 in steady sta te  condition, w e have

CX
K hco

CX

ch/ . c ' C , rh  cC  cC
(nD + C K -  Kh.„ — I —
v 7 CX" CX ( X  ( X

f'C

<1

[5-3 la] 

[5-3 lb]

E quation  5-3 la , and equation  5-3 lb  may be derived from  fundam entals o f  soil behavior 

like equations 5 -32a and 5-32b (M itchell, 1993).

U-32.1
CX CX

o C .K ^ R T " )  c : C j ch  K hh RT c C . cC , [5-32b]
— - c o  = n-n D 0x0  ^

cx" C x  •/ cx  c t

T he details o f  the derivation are presented in A ppendix  D. T he chem ico-osm osis 

coefficient. K ^ 0 in equations 5-3 la  and 5-3 lb . tu rn s  into chem ico-osm otic 

efficiency,co in equations 5-32a and 5-32b. T he effective coefficient. D ’ , is equal
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to  D 0t 0 . F igure 5 -2 1 show s the relationship  betw een  effective diffusion 

coefficient, D j and chem ico-osm otic efficiency, co. W hen testing  solute tran sp o rt, it is 

necessary  to  correc tly  select the effective diffusion coefficient, D *.

d ;
A

1E-10 F - c - -------------------------- ^
I X ' x  
\ \  '  ?
'  \  V\  V - '

X -  <  X
X ?  N X  

X X \
X X \

" x  X '^  W  p
»  x\  K 0

o   ► (0
0 1

F igure 5 -2 1: C onceptual draw ing o f  the relationship betw een effective diffusion 

coefficient, D ’ versus chem ico-osm otic  efficiency, co

In m odeling, w e should not fix D* as co changes At point P ( D ’ = IE -  10 n r / s ) ,  the 

effective diffusion coefficient is not changed  as the chem ico-osm otic  efficiency, 

co changes to  one. At point P o (D ’ = 0 m '/ s ) ,  the effective diffusion coefficient is 

changed  as the chem ico-osm otic efficiency, co changes to  one. F igure 5-22 show s tw o  

effective diffusion coefficients, D ‘ = IE -  10 m '/ s  versusD * = 0 n r / s ,  fo r d ifferent 

so lu te  tran sp o rt tim e at hydraulic conductiv ity  o f lE - 1 0  m /s (L = lm ; C0=100 mg/l). In 

reality, as osm osis efficiency, co —> 1, to rtu o sity , t u —> 0, then  D ’ —> 0 because it is a

perfec t m em brane. T he case, in F igure 5-22, indicates D* = 0  m '/ s  is necessary  for
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the chem ico-osm otic  efficiency, co changes to  one and has no flux pass th rough the 

study  dom ain o f  interest.

Case 2.2: Effective diffusion coefficient for different hydraulic conductivities at 

fixed solute transport tim e 10,000 days (L = lm ; Co=100m g/l).

F igure 5-23 show s tw o effective diffusion coefficients, D* = IE -  10 m : /s

versus D j = 0  m : /s, for different hydraulic conductiv ities at fixed solute transport tim e

10,000 days (L = lm ; C0=IOOmg/l). D ’ = IE -  10 m : /s indicates there  is som e solute

tran sp o rt in the study dom ain. In contrast, there  is no so lu te  tran sp o rt for D] = 0  m : /s.

Again, F igure 5-23 indicates the effective diffusion coefficient, D ’ needs to be zero  as

the chem ico-osm otic  efficiency, co changes to  one to  represen t a m em brane w ithout 

so lu te  pass through.

Case 2.3: Sensitivity analysis o f the coupled chem ico-osm otic efficiency for different 

solute transport time at hydraulic conductivity o f  IE-10 m/s (L=lnt; C„=100 mg/l).

In practice, the range for the chem ico-osm otic efficiency is from  zero to  one 

(M itchell, 1993) T he values used for this dim ensionless chem ico-osm otic efficiency in 

this study  are 0, 0.5, and 1. T he H C E T  m odel sim ulation o f  so lu te  transport is used to 

show  the  effect o f  coupling the chem ico-osm osis driving force w ith the hydraulic driving 

force.
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F igure 5-23: E ffective d iffusion  coeffic ien t fo r d ifferen t hydraulic  
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(L = lm ; C 0=100mg/1).
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F igure 5-24 illustra tes sensitivity o f  the coupled chem ico-osm otic  efficiency, 

co, im pacting the  so lu te  transport at varied transport tim e and  at fixed hydraulic 

conductiv ity , Khh=1.0 E - 10 m/s. Forco = 0 ,  the contam inant transport is a  function o f  

hydraulic conductiv ity  only W hen co = 0 5 ,  the transport o f  the  contam inant is less 

than that by hydraulic conductiv ity  alone Atco = 1. so lute transport stops since the 

“m em brane” has no so lu te  flux through the system. C hanging  co = 0 .0  toco =0 5 in 

Figure 5-24, chem ico-osm osis does no contribution  m uch to  so lu te  transport at the 

tim e o f  100 days, 1000 days, and 10,000 days. That is, fo r fixed hydraulic 

conductiv ity  at level o f  1 0  E -lO m /s, chem ico-osm otic efficiency has very little 

im pact on solu te transport. W hen co = 1 0 , the solute transport is stopped  and no flux 

can pene tra te  the im perm eable barrier By considering the chem ico-osm otic 

efficiency coupling to  hydraulic conductivity  on solute transport, it is not an 

im portan t factor. In o th e r w ords, chem ico-osm otic efficiency is not a sensitive factor.
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Figure 5-24: Sensitiv ity  analysis o f  the  coupled chem ico -osm otic  
effic iency  fo r d ifferen t solute transport tim e at hydrau lic  conductiv ity  
o f  IE -1 0 m /s (L = lm ; C„=100 m g/l)
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Case 2.4: Sensitivity analysis o f the coupled chem ico-osm otic efficiency for different 

hydraulic conductivities at fixed solute transport time 10,000 days (L = lm ;  

C0=100mg/I).

Figure 5-25 illustrates sensitivity analysis o f  the coupled chem ico-osm otic 

efficiency for different hydraulic conductiv ities at fixed so lu te  transport tim e 10,000 days 

(L = lm ; C0=100mg/1). For 10,000 days and changing co =0.0  toco =0.5 in F igure 5-25, 

chem ico-osm osis has no im pact on so lu te  transport at different levels o f  hydraulic 

conductiv ities I E - 10 m/s, and 5 E -1 1 m/s, but has som e im pact on solu te transport when 

hydraulic conductiv ity  is IE - 1 1 m/s. O verall, chem ico-osm otic efficiency is no t a 

sensitive factor.

In conclusion, solute transport by the chem ico-osm osis is not sensitive for clayey 

barriers. It is within the sam e o rd er o f  hydraulic flow M itchell (1993) indicates 

hydraulic conductivity  for clayey soil is less than I E - 10 m/sec. Since the hydraulic 

conductiv ity  is low  for m ost clayey barriers, the sensitivity o f  chem ico-osm otic efficiency 

im pacting on solute transport is m inor
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Case 2.5: Coupled electro-osm otic conductivity for different solute remediation  

tim e at hydraulic conductivity o f  IE-10 m/s (L = lm ; C„=100 m g/l).

T raditional so lu te  transport is contro lled  by advection  and diffusion. In this 

exam ple, w e exam ine the effect o f  coupling electro -osm osis flow and hydraulic driving 

forces on so lu te  rem ediation. F or this case, the govern ing  equation 4-5 o f  the H C ET 

m odel can  be reduced  to  equation 5-33

X h 0 ' h "

0 n D ; 0 C ,

0 0 G <c_ E

'0 0 0
h ' S , h '

0
* K hhVh -r 0 

-K .  V E r  0he
0 c , c

r~t
nC

0 0
E C,,„E

[5-33]

E xpand ing  equation  5-33, we have

c -h  r 'E  _ c ch [5-34a]
K-hh— + ^ h c T Tcx (X it

D - £ ^ _ ( v _ i W ) ^  = s £ ,  [ 5- ^ i
1 ex '  n ix  ct

o  £ i i +  v<3 = c  —  f ’ -3 4 c i
C C  ^  v  u  ^  I I '  -

CX" I t

W e will illustrate the coupled  hydraulic flow  and electro-osm osis effects by 

H C E T  m odel sim ulation on solute rem ediation. In ano ther point o f  view, w e like to 

te s t sensitivity  o f  electro-osm osis. K ^ V E  in equation  5-34b. Typical values used for
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param eters  used in m odeling e lec tro -osm otic  effects on solute rem ediation are 

co llected  in previous T able 5-8 T he practical range fo r electro-osm otic  conductiv ity  

is from  lE - 9 to  IE -8  m 2/V -s (M itchell, 1993)

Figure 5-26 illustrates sensitivity analysis o f  the  coupled e lec tro -osm otic  

conductiv ity  for different so lu te  rem ediation  tim e at hydraulic conductiv ity  o f  I E - 10 

m /s (L = lm ; C0=100 m g/l) in contam inant rem ediation. Changing elec tro -osm osis 

conductiv ities, KhC, electro-osm osis (w ith  e lec tro -osm otic  conductivity  Kht-= IE -9  

m 2V ls‘1) has im pact on  solute rem ediation  for time >100 days W ith e lec tro -osm otic  

conductiv ity , Ki,tf= IE -8  n r V 'V .  electro -osm osis has im pact on solute rem ediation at 

any tim e level > 10 days. By considering the electro -osm otic  conductivity , KhC, 

coupling to  hydraulic conductivity. Khh, on solute rem ediation, e lec tro -osm otic  

conductiv ity , Khc is an im portant fac to r Overall, it is a sensitive factor
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Case 2.6: Coupled electro-osm otic conductivity for different hydraulic 

conductivities at fixed solute remediation tim e 1000 days (L = lm ; C„=100 mg/l).

Figure 5-27 illustrates sensitivity analysis o f  the  coupled  e lec tro -osm otic  

conductiv ity  fo r different hydraulic conductivities at fixed so lu te  rem ediation tim e 1000 

days (L = lm ; C 0=100 mg/l). Changing electro -osm otic  conductiv ity , Khe from  0 .0  to  1E- 

9 m : V ' V  in F igure 5-27, electro-osm osis does m ake a g re a te r  con tribu tion  on solute 

rem ediation at fixed tim e o f  1000 days. For e lec tro -osm otic  conductiv ity , K|1C= IE-8 

n r V  ' s ' 1, elec tro -osm osis flushes ou t all the pollu tants w ith any hydraulic conductiv ities 

from  IE-1 lm /s to  IE -9  m/s. In conclusion, e lec tro -osm otic  conductivity , Khc, is a 

sensitive facto r coupling to hydraulic conductivity on so lu te  rem ediation at a tim e level 

o f  1000 days.

Case 2.7: Coupled therm o-osm osis coefficient for different solute transport time at 

hydraulic conductivity o f IE-11 m/s (L =lm ; C,,=I000 m g/l).

In this exam ple, coupled effects on solute transport by therm o-osm osis and 

hydraulic flow  will be exam ined. For this case, the govern ing  equation  4-5 o f  the H C ET 

m odel can be reduced  to  equation 5-35

0

[5-35]

X h 0 K ht' V "

0 " d ; 0 c ;

_  0 0 V T

0

,hVh

0
h '  S .h  ‘

VThi v  1

0

~ K hhVh

c ,
ct

nC

0 + K hlVT
T C T_ TP * .
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F igure 5-27: Sensitiv ity  analysis o f  the  coupled  e lec tro -osm otic  
conductiv ity  fo r d ifferen t hydraulic  conduc tiv ities  at fixed so lu te  
rem ediation  tim e 1000 days (L = lm ; C 0=100 mg/l).
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Expanding equation 5-35, we have

ti ^  ’ r ' ’ hh -  -< ht -  ->
CX cx  c x  cx  c x

fT

c t

[5-36b]

[5-36a]

[5-36c]
c x  c x

T hat is, w e choose to  test sensitivity o f  therm o-osm otic  coefficient, K hl in equation

Colum n VIII in prev ious T able 5-8 sum m arizes the param eters used in 

m odeling so lu te transport by coupling hydraulic flow and therm o-osm osis effects 

R ange o f  param eters for therm al conductivity , X,t , is from  0.25 to  2 5 W m '1 °K '' 

(M itchell, 1993). T he value used in sim ulation is set at 1 0 W m 1 °K‘‘ R ange o f

(D irksen, 1969) T he value used in sim ulation is set at 0, I E - 10, o r IE -9 , respectively 

T he source o f  pollutant concen tration  is 1000 mg/l

F igure 5-28 illustrates sensitivity analysis o f  the coupled therm o-osm osis 

coefficient for different so lu te tran sp o rt tim e at hydraulic conductiv ity  o f  I E - 1 1 m/s 

(L = Im ; Co=1000 mg/I). In Figure 5-28, therm o-osm osis coefficient, K h i=  I E - 1 0  

n r K 'V 1, has little im pact on so lu te  transport for tim e <1000 days, but has som e 

im pact for tim e = 10,000 days. In con trast, therm o-osm osis coefficient, Kht= IE -9  

i r f K 'V 1, has strong  im pact on so lu te  transport for any time level > 100 days. By

5-35.

param eters for therm o-osm osis coefficient. K ht, is from I E - 10 to  l E - 9 m 'K  s
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Figure 5-28: S ensitiv ity  analysis o f  the coupled  th e rm o-osm osis  
coefficien t fo r d iffe ren t solute transport tim e at hydrau lic  
conductiv ity  o f  I E - 1 1 m /s (L = lm ; CQ=1000 mg/l).
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considering  the therm o-osm osis coupling to  hydraulic flow  in so lu te  transport, 

therm o-osm osis coefficient. Km is an im portan t factor. O verall, it is a sensitive facto r

Case 2.8: Coupled therm o-osm osis coefficient for different hydraulic 

conductivities at fixed solute transport tim e 10,000 days (L = lm ; C»=I000 mg/l).

F igure 5-29 illustrates sensitivity analysis o f  the coupled  therm o-osm osis 

coefficient for different hydraulic conductiv ities at fixed so lu te  transport tim e o f

10,000 days (L = lm ; C ()=1000 mg/l). C hanging  therm o-osm osis coefficient. Km from  

0.0  to  IE -9  m : K 's 1 in Figure 5-29. therm o-osm osis does m ake a g rea ter 

con tribu tion  on so lu te  transport at fixed tim e o f  10,000 days for given ranges o f  

hydraulic conductiv ities, Km„ form IE -1 1 m/s to  IE -9  m /s In o th er w ords, coupled 

therm o-osm osis  flushes out all the pollu tants w ith any hydraulic conductiv ities from 

IE-1 lm /s  to  IE -9  m/s In conclusion, therm o-osm otic  coefficient. Km, is a sensitive 

facto r coupling to  hydraulic conductivity  on so lu te  tran sp o rt at a time level o f  

10,000days.

126

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



i .00
•  XXXXXX

0.75

0. 50

0.25

= 1E-11 m/s

#  Kh = o m: K 1s-1

X—  K M>= i E-10 m/s

‘ K ^ l E - 9  m/s

0.00
0  0  0  2 0  4 0. 6 0  8  1 0  1 2  1 4  1 6  1 8  2.0

00

0 7 5
O

U
u

■2 0. 50
u-
S<Uo
o 

CJ 
v >
c3

0 25

0.00

WHHh

K* \ E*10 m: K 1 s 1

•  K *  l E- 11 m/s 

X - K*.= IE- I0 m/s 

_ * _ K m. l E- 9 m/ s

0.0 0  2 0. 4 0. 6 0. 8 1 0  1 2  1 4  1 6  1.8 2.0

& 1.0 0 *

K m. lE-11 in/s0.75

0. 50 —X—  K m. " I E- 10 m/s

025

000
0. 0 0  2 0  4 0  6  0  8 1 0  1 2  14 18 2.0

D im ensionless D istance, x/L
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Case 2.9: Contam inant transport from a nuclear waste repository.

In this exam ple, w e show  th e  capability o f  the H C E T  m odel to  sim ulate the 

relative im portance o f  advection, diffusion, and therm o-osm osis fo r so lu te  transport 

from  a nuclear w aste  repository. T able 5-10 lists the m aterial p roperties used in the 

sim ulation. M aterial p roperties used for a nuclear w aste reposito ry  are no t necessary 

the  sam e as they are fo r clay liners and covers in practice In nuclear w aste 

repository , w e are looking for m aterial w ith low er values o f  effective diffusion 

coefficient and hydraulic conductivity

Figure 5-30 illustrates the results for advection only (A ), advection plus 

diffusion (A + D ), and advection plus diffusion plus therm o-osm osis (A-^D+T) for 100. 

500, and 1000 years sim ulations (L =20 m, hydraulic conductiv ity , KUh= 1E - 12 m/s, 

effective diffusion coefficient, D* -  IE-1 lm ’/s, and therm o-osm osis coefficient, K)u 

= 2E -10  m 2K*ls*'). F o r advection alone, the solute does not m ove far because o f  low 

hydraulic conductiv ity . H ow ever, after coupling diffusion and therm o-osm osis, 

so lu te  transport is m uch g rea ter than for advection alone

Figure 5-31 is sim ilar to  F igure 5-30 except for changing the hydraulic 

conductivity , K|lh from  1E - 12 m/s to  1E - 11 m/s Even this facto r o f  ten change, the 

so lu te  transport by advection  is minimal, but is relative im portant by diffusion and 

therm o-osm osis
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Table 5-10. Ma

IO
vO

erial properties for contaminant transport from a nuclear waste repository.

P aram eter Symbol Units R eported  values U sed values R eferences

H ydraulic

conductiv ity K hh m /  s < 1E - 11 IE -11 /1E -12 Soler (1999)

E ffective

diffusion

coefficient

d ; m : /  s

IE -12  - I E - 1 1 

2 .8 E -I4  - 1 4  E-12

1 E -II Li and G regory  (1974); 

S ato  et. al. (19 9 7 )

Therm al

conductiv ity K
W m  'K  1 0.25 - 2.5 1 0 M itchell (1993)

O sm otic

efficiency

coefficient

(i) dim ensionless 0 0 -  1.0 0.0 M itchell (1993)

Therm al

osm osis

coefficient

K hI n r K  's  1 2E -10

for

K aolinite

2 E -I0 Srivastava and A vasthi 

(1975)

Porosity n dim ensionless 0 .1 -0 .7 0.5 M itchell (1993)

N otes: h(0, t)  = Im ; h(L, t) = 0 m. h(x, 0 ) = 0  in; C (0, t) =1000  mg/l; C —  -  0; C(x, 0) = 0; T(0, t)  =  25 °C;
dx

T(L, t) = 2 0  °C; T (x , 0 ) = 0 °C; D ;h„ =0; D],., -  ? i, = 0; = 0 , \ tlo = 0; C n, = 0; S, = 0.
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Figure 5-30: The results for advection only (A), advection plus 
diffusion (A+D), and advection plus diffusion plus thermal 
osmosis (A+D+T) for 100, 500, and 1000 years simulations 
(L=20 m, hydraulic conductivity, K ^ lE - 1 2  m/s, effective 
diffusion coefficient, D* = IE-1 lm 2/s, and thermal osm osis 
coefficient, Khl = 2E-10 nv^K^s*1).
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Figure 5-31: The results for advection only (A), advection plus diffusion 
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CH APTER 6

SUM M ARY, C O NC LU SIO N S, AND FUTURE STUDIES

6.1 SU M M A RY

A finite elem ent (H C E T ) m odel for coupled transport processes has been 

developed  and validated using previous published analytical model and experim ental 

results. T he developm ent o f  the m odel represen ts the first attem pt to m odel general 

form s o f  coupling transport processes. T he H C E T  m odel can be used as a too l for the 

evaluation  and decision-m aking on  environm ental studies.

C hap ter tw o  o f  this study includes a literature review  on dynam ic irreversible 

therm odynam ics coupling o f  flow processes. A new interpretation o f  irreversible 

therm odynam ics applied to  fine-gained soil barriers and clay-liner designs for 

applications in the field o f  environm ental engineering also is presented.

C hap ter th ree  presents a m athem atical developm ent o f  the governing equations in 

general m atrix form  to  deal w ith coupling transport processes. T he adequacy  o f  the 

m odel is dem onstra ted  in term s o f  liquid flow, solute transport, electric m igration, and 

heat transport The m odel also accoun ts for coupling effects that have frequently  been 

ignored  in the past in fine-gained soil designs and applications, such as chem ico-osm osis, 

e lec tro-osm osis, and therm o-osm osis.
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C hapter fo u r in this research  presents the finite elem ent form ulation. T he 

space discrete, tim e discrete, and boundary  and initial conditions to  p rogram  the 

govern ing  equa tions fo r general form  o f  coupling transport p rocesses a re  described.

C hap ter five presen ts an evaluation o f  the H C E T  m odel. S im ulations using the 

H C E T  m odel are  com pared  w ith several exam ples o f  analytical so lutions, o th er 

num erical solutions, and available experim ental data. T he com parisons show ed that the 

H E C T  m odel is in well agreem ent w ith cases studied. T he H C E T  m odel also show ed 

sensitivity study on several coupled  transport p rocesses cases.

A ppendixes A, B, and C o f  this study are the program  s tru c tu re  (m ain 

program  and subroutines), the u se r’s guide, and the H C E T  m odel sou rce  code. The 

readers should be able to  run the program  following the explanation in these 

appendixes. E ach subroutine is in a m odular design such that it is easy to  adop t the 

program  for general use and for fu ture im provem ent w ithout too  m uch m odification.

6.2  C O N C L U S IO N S

T here are  advan tages o f  the H C E T  model such as:

•  T he m odel is capable o f  handling transport cases from  single variable to  four- 

variable driving forces. It is also dem onstrated  that the program  is able to  fit 

previously co llec ted  experim ental data. It is no t limited to  the  specific cases 

p resented; it can explore coupled  chem o-osm osis, electro -osm osis, and therm o­

osm osis analyses not considered by previous w orkers.

•  M odel offers opportun ities  to  trea t nonlinear properties o f  soils. T h e  nonlinearity 

is difficult to  handle in the  field o f  electrokinetic rem ediation and has been

1 j j
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neglected  by p rev ious w orkers. T he nonlinear app roach  is to  im pose a Pica 

iteration. N onlinear solutions by the Pica m ethod are  no t found in previous 

electrok inetic  num erical modeling.

•  M atrix  form  fo r the  m odel allow s sim ultaneously so lu tions fo r m ultiple variables 

o f  the  coupled  transport processes. T he algorithm  has benefits such as 1) ability 

to  save iteration  tim es required to  reach a final so lu tion  fo r a specific case, and 2) 

ability to  include therm al effects in electrokinetic phenom ena, which m ost 

w orkers w ould  like to  do, but have not done so in p rev ious studies.

•  M odel provides econom ic and efficient m eans for evaluation  and decision-m aking 

fo r fined-grained soil barrier applications in geoenvironm ental engineering

In addition to  the  assum ptions described in C h ap te r I, the H C E T  m odel has

lim itations:

•  T h e  flow ra te  under investigation is lim ited to  Peclet num ber in the  range

1 < PL < 2 0 ,  w hich is applied to  fined-grained soils w ith diffusion is the dom inant 

tran sp o rt relative to  advection transport and num erical dispersion by high flow 

ra te  advection  can be neglected for so lu te  transport. B eyond a Peclet value o f  20, 

contam inant transport will be dom inated by advection  and num erical d ispersion or 

instability m ay occur.

•  B oundary  conditions, initial condition, and param eters used in num erical 

sim ulation are focused on fine-grained soil applications, w hich may not be 

applied directly  to  o th er situations w ithou t further study

•  W hen coupled  w ith hydraulic flow fo r so lu te  tran sp o rt, the  chem ico-osm osis is 

no t an im portan t facto r for the cases studied, bu t the  e lec tro -osm osis and therm o-
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osm osis are im portan t factors. T he conclusions draw n from  this research  are 

based upon the specific sim ulations studied and may not be applied to  o th er 

situations w ithout further study

T h e m odel is a basic w orking tool that m ay be used by the  regulation 

agencies, m ining com panies, industrial w aste  project consultants, elec trokinetic 's 

rem ediation, and o thers concerned  w ith g ro u n d w ater restoration . Especially, it is able 

to  study  the  main effects and their co-effects o f  coupled transpo rt p rocesses. It opens 

a new  point o f  view  to  the study o f  irreversible therm odynam ics coupled  p ro cesses in 

a m ore general form  in the field o f  clay barrier/liner applications.

6.3 FUTURE STUDIES

Several topics explored during the research are presented herein for fu ture

studies:

• Interdependency o f  on site param eter m easurements.

T he param eters used in this m odel are picked up from  literature review s. Real 

p aram eters  are also site sensitive. T here are limit field data  available fo r d iscussion 

since the  coupling tran sp o rt p rocesses are  com plicated  and m easurem ents o f  

param eters are too  m uch tim e consum ed in the field o f  fine-grained soil application. 

T w o  w ays to  get fu rther study o f  these on site param eters m easurem ents o f  coupled  

tran sp o rt processes are by experim ental design, and by basic fluid and soil p roperties 

calculations. The experim ental design is recom m ended fo r the  m easurem ent o f  

phenom enological param eters. For exam ple, a fractional factorial experim ental 

design to  decide the phenom enological coefficients is well developed  in the field o f
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statistics. In terested  readers may start w ith statistical point o f  v iew  to  co n stru c t an 

experim ental design to  m easure the on site param eters. T he o th e r w ay s ta rts  w ith 

basic fluid and soil p roperties to  select the transport param eters/coefficients.

• Nonlinearity studies.

Som e reports have indicated that the  therm odynam ic coefficients fo r th e  clay 

barriers are not constan t during experim ental m easurem ents (H ueckel etc., 1987, and 

H su, 1996). T hese may be the  therm al changes in the w ater-so lid  in teraction  that 

affects clay behavior. T he H C E T  model does construct the non-linear algorithm  by 

P ica iteration. In terested  readers may count the non-linearity p roperties providing an 

em pirical form ula and m odifying the subroutines o f  the H C E T  m odel to  run ou tp u t 

com parison w ith test results. M aterial non-linear p roperties m ay be tem pera tu re  

dependent. It requires further studies

• Reactive chemical transport.

T he H C E T  m odel is focused on solving the coupled tran sp o rt p rocesses and is 

not on reactive chem ical system . Since m ost chemical tran sp o rt involves m ulti­

com ponents, the need exists to  incorporate  reactive chem ical transport accoun ting  all 

significant chem ical in teractions and processes T o enhance the H C E T  m odel 

capacity  in accounting  reactive chemical transport, a pre-screen  on candidate reaction 

m odels has been review ed, but is not present in this research. T hese  are M IN T E Q , 

H Y D R O G E O C H E M , and G E O C H E M  models. The M IN T E Q  m odel is a reactive 

chem ical m odel. It is well docum ent and extensively used by the  E nvironm ental 

P ro tection  A gency on the general evaluation o f  m ost g ro u n d w a te r transport (L eopper 

etc., 1995). Yeh and T ripathi (1990) w ro te  the H Y D R O G E O C H E M  m odel. It is a
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coup led  m odel o f  hydro logic transport and geochem ical equlibria in reactive m ulti- 

com ponen t m entioned  in the m ost num erical g ro u n d w a te r m odeling (N elson  etc., 

1998). Afifi developed  th e  G E O C H E M  m odel in 1994. It is a short, sim ple version 

o f  H Y D R O G E O C H E M  model. G E O C H E M  program  is available at the  com pu ter lab 

p rov ided  by the G ro u n d w ate r Engineering, Civil E ngineering D epartm ent at the 

C o lo rad o  Sate University. T he in terested  users m ay save som e tim e on  developing 

reactive  capability by including one o f  these reactive chem ical m odels to  enhance the 

H C E T  m odel in the near future 

•  A fr ie n d ly  in te rfa c e .

A lthough the H C E T  m odel is capable o f  testing  the  coupled transport 

p rocesses, m uch can  still be done to  enhance the capabilities o f  this m odel T w o 

suggestions to  im prove this m odel’s friendly in terface are: 1) m ore efforts to  provide 

a tw o  dim ensional, o r  three-dim ensional algorithm  to  have a visual view  o f  the point 

o f  in terested  studies, and 2) a post p rocesso r for the m odel to  visualize graphically the 

o u tp u t files.
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APPENDIX A

PROGRAM  STRUC TU RE

T he H C E T  code is w ritten  in Fortran  90  in a m odular form . It contains a  main 

program  and 14 subroutines. Each subroutine can be com plied separately  This 

facilitates reading  the program  and allows the u ser to  m ake changes o r replace en tire  

m odules (P ress, etc., 1992)

A .l M AIN PROGRAM

A flow  chart o f  the main program  fo r the  H C E T  m odel is illustrated in F igure A-

1. T he m ain program  specifies the sizes o f  all arrays, reads input data , assem bles 

m atrices, calls each subroutine to  execute its specified function, and solve the govern ing  

equations. T he program  includes 4 loops to  com plete  the num erical calculation. T he 

o u te r  loop  is a  tim e step to  perform  dynam ic com putation . T he second loop is th e  pica 

itera tion  to  ju d g e  the criteria for nonlinear convergence T he third loop is w ritten  to  

obtain  global m atrix  by com puting  each finite elem ent assem bling. T he fourth is a 

variable specified loop to  enable the program  to  handle a sim ple variable flow  p rocess to  

a m ore  com plicated  four-variable coupled flow  problem . T h e  function o f  each subrou tine  

is described  below
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START

READ DATA

Time loop Istep =1, MXSTEP

Pica iteration

Global matrix N =1, NEM

  ?_____
CALCULATION ELEMENT STIFF

Variable loop 11 = 1, NDF

--------------------------  A
ASSAMBLE THE ELEMENT MATRIX 

▼

No n=NDF

_ ▼

—  N o N=NEM ^

CALCULATION RHS

IMPOSE BOUNDARY CONDITIONS

SOLVE MATRIX AND CHECK PICA 
CONVERGE

y

No - - Un-U ^,< epsilon

▼

No lstep=M XSTEP

T

STOP

Figure A - l : Flow chart for the main program.
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A.2 SUBRO UTINES  

A .2.I Subroutine NODES

T he subroutine N O D E S inputs the node num bers and co o rd in a tes  fo r each node in 

finite elem ent mesh. It will generalize missing node num bers and coord ina tes fo r given 

dom ain and re turns to  the  main program  for use by o ther subroutines. It can be used to  

simplify data  input. N ode  num bers for missing nodes are g en era ted  by adding the node 

num ber increm ent to  th e  node num ber for the proceeding node. C oord inates fo r m issing 

nodes are  com puted  by the subroutine using linear interpolation. T o  term inate input, 

place a -1 in all fields o f  the  input file.

Called from: M IA N  PR O G R A M

S ubrou tine  called: none

A .2.2 Subroutine ELEM ENT

T he purpose o f  subroutine elem ent is to  generate  n ode  connectiv ity  for assem bly 

o f  finite elem ents. It reads num ber o f  elem ent and node per elem ent, and then the node 

connectiv ity  is generated  It passes the node array back to  the  m ain program  for the 

usage by o th er subroutines. To term inate input, place a -1 in all fields o f  the input file. 

Called from: M A IN  PR O G R A M  

S ubrou tine  called: none 

A .2.3 Subroutine M ATERL

Subroutine M A T E R L  is used to input elem ent m aterial set num bers and m aterial 

p roperties  for each m aterial set. The input data  are from  th e  user-defined file called 

kc test.d a t, and ou tpu t file to kctest.ou t. D ata are read in sequentially  (one elem ent 

num ber, and m aterial set num ber per line). T o  term inate input, p lace a -1 in all fields o f

1 4 0
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the  input file. M ateria l set num bers for m issing elem ents are  au to -genera ted  by assigning 

th e  m aterial set num ber o f  the proceeding elem ent to  each m issing elem ent. T he program  

then  reads the  num ber o f  m aterial set p roperties in each m aterial set, and  calls the 

subrou tine  C O E F  to  recalculate the  coefficient m atrix  fo r la ter usage by the main 

program .

C alled from : M A rN  PRO G R A M  

S ubrou tine called: C O E F  

A .2.4 Subroutine COEF

S ubrou tine  C O E F  recalculates the coefficient m atrix It coverts  the input 

therm odynam ic p roperties  to  the form  o f  calculation used by the H C E T  model. T he 

initial guessed  value o f  tem peratu re  and concen tration  o f  governing equations is set 

herein. It is suggested  that therm odynam ic p roperties  be calculated in this subroutine if  

they are  no t read from  the input file o r if they are to  be generated  by certain  function. 

C alled from : M A T E R L  

S ubrou tine called: none 

A .2 .5  Subroutine CO EIR

Subrou tine  C O E IR  recalculates the coefficient m atrix  during pica iteration.

Called from: M A IN  PRO G R A M  

S ubrou tine called: none 

A .2.6 Subroutine INITIAL

Subrou tine  IN IT IA L  inputs control param eters and initial conditions needed to  

solve transien t coupling  transport p rocesses problem s. All d ata  are read  from  the  user- 

supplied file as K C T E S T .dat. T he relaxation fac to r A L PH A , and converge criteria EPS
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are  read first. Second, a list o f  tim e steps and tim e intervals are read. Third, a list o f  

tim es and values o f  the tim e function fo r each tim e are read. Finally, the  initial values o f  

th e  field variables fo r each node are read. R ead d a ta  are term inated  by placing a -  I in all 

fields o f  these reco rds at the  end. O u tp u t data  are  assigned to  the  file as K C T E S T .ou t. 

C alled  from: M A IN  PR O G R A M  

S ubroutine called: none ‘

A .2 .7  S u b ro u tin e  E L K B A R 2

T he purpose o f  the  subroutine EL K B A R 2 is to  com pute the  elem ent conductance 

m atrix  for a one-dim ensional, linear bar elem ent 

C alled from: M A IN  PR O G R A M  

S ubroutine called: none 

A .2.8 S u b ro u tin e  C B A R 2

T he purpose  o f  the  subroutine C B A R 2 is to  com pute the elem ent capacitance 

m atrix  for a one-dim ensional, linear bar elem ent. T he mass lum ped form ulation is used 

to  com pute  the capacitance o f  tw o -n o d e  elem ents 

C alled from: M A IN  PR O G R A M  

S ubroutine called: none 

A .2.9  S u b ro u tin e  A D V V

T he pu rpose o f  the subroutine A D W  is to  com pute the elem ent advective m atrix  

fo r the  coupling equation  4-1 defined in C h ap ter IV 

C alled from: M A IN  PR O G R A M  

Subrou tine called: none
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A.2.10 Subroutine CNVEC

T he p u rp o se  o f  the subroutine C N V E C  is to  reo d er th e  elem ent nodes fo r the 

m ultivariable problem s for the  advection term s o f  the coupling tran sp o rt processes. This 

will reduce the  half-bandw ith o f  the assem bled coefficient m atrix  (R eddy, 1993).

Called from : M A IN  PR O G R A M  

S ubrou tine called: none 

A.2.11 Subroutine RHSIDE

S ubrou tine  R H SID E  assem bles the right hand side v ec to r for coupled  transport 

p rocesses problem s. For each tim e step, the right hand side v ec to r is com pu ted  using the 

values o f  variables for the prev ious time step, the assem bled global conduction  and 

capacitance m atrix, relation factor, and the tim e interval for that tim e step  which are 

com pute at the main program . Then, it adds the given flux if specified.

Called from: M A IN  PR O G R A M  

S ubrou tine called: none

A .2 .12 Subroutine BOUNDC

S ubrou tine  B O U N D C  input three kinds o f  boundary cond itions for the coupled 

tran sp o rt p rocesses problem s. They are specified fixed values o f  field variables (D irichlet 

type), flux kind o f  variables (N eum ann type), and mixed boundary  conditions (C auchy 

conditions). I f  any type o f  boundary  condition is not zero , the  subrou tine  will im pose 

them  o n to  th e  govern ing  equations.

Called from: M A IN  PR O G R A M  

Subroutine called: none

A .2.13 Subroutine LUDCM P and Subroutine LUBKSB
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Subroutine L U D C M P is used in com bination  with LU B K SB  to  solve govern ing  

equations. T he L U D C M P subroutine decom poses a given m atrix, and the L U B SK  

subrou tine  backw ard  substitu tes the unknow n variables and s to re  the  solution vector. 

T hey  are taken  from  the  book  o f  num erical recipes (P ress etc., 1992).

Called from  M A IN  PRO G RA M  

S ubrou tine  called: none
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APPENDIX B 

USER’S GUIDE

B .l RUNNING THE PROGRAM

T he H C E T  m odel co d e  is w ritten  in Fortran language. T he program  w as 

developed and debugged on Pentium  I P C s  using Fortran  90 com piler developed  by 

M icrosoft P ow erS tation  Professional D evelopm ent System  4 .0  B efore running the 

program , users should define the w ork pro ject to include all subroutines and provide the 

input d ata  file nam ed as K C T E S T  dat

B.2 INPUT DATA (K C TEST.D A T) AND OUTPUT DATA (K C TEST.O U T)

T he input data listed here is th e  exam ple to  sim ulate the one-dim ensional transien t flow 

equation. Table B -l is the input data  file. Table B-2 describes the  input file in m ore 

details. Table B-3 is the o u tp u t data  file T o run the exam ple using the  H C E T  m odel, 

the readers may follow  each record  descrip tion  from these Tables T hese input files must 

be placed in the sam e d irec to ry  as main program . The program  perm its all da ta  to  be 

provided  in free form at.
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Table B- l .  Input data file for one-dimensional transient flow equation.

1 1
1 1
21 2
0 100
1
I
20
1
-1
1 6
1.0 0.001
100 I
-1
0.0 1.0
1.0 1.0
100.0 1.0
-1 -1
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0 .0
0.0
0.0
0.0
0.0
0 .0
0.0

o
100
0

0.1

P A R A M E T E R  (N E M = 2 0 ,N N M = 2 1,N E Q = 2 1 ,N S IZ E = 2 ,N D F = I, 
* M X E B C = 8 ,M X N B C = 8,M N D T = 200)
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Table B-2. Description o f input file for one-dimensional transient flow 
equation. ________________________________________________

R ecord T ype Symbol D escription

1 Int N SPD F N um ber o f  specified prim ary degree o f  freedom

1 Int N SSD F N um ber o f  specified secondary  degree  o f  

freedom

1 Int N N B C N um ber o f  N ew ton  m ixed boundary  conditions

2 Int ISPD F

(1,1)

= global node o f  the  1th boundary  condition

2 Int ISPD F

(1,2)

= degree o f  freedom  specified at the global node.

2 Real VSPD F Value o f  specified prim ary degree  o f  freedom  j

! C ontinue as record  row  2

4 Real X0 Elem ent coord ina tion  at inlet

4 Real X L Elem ent coo rd ina tion  at ou tlet

5 Int ELM Elem ent num ber

6 Int M A T SE T M aterial set num ber

7-8 C ontinue as record  row  5, and 6

9 Int -1 End o f  reading data

10 Int SE T N U M Sub-m aterial set num ber

10 Real PRO P

(1 ,1 ,1)
= the coefficient o f  hydraulic conductiv ity  (m  sec
i
)

10 Real PROP( 1.1.2) s 5

=  the specific s to rag e  o f  the  p o rous m edium  (m  )
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11 Real A L PH A R elaxation factor

11 Real EPS Prescribed to lerance

12 Real D T S T E P N um ber o f  tim e steps

12 Real D E L T A T Size o f  tim e step

13 -1 End o f  read ing  data

14 Real T IM E Specified tim e

14 Real G T V alue o f  tim e function at tim e t

15-16 C ontinue as record  row  14

17 - 1, -1 End o f  reading data

18 Real A IN l (1 .1) = Initial condition o f  hydraulic head

19-38 C ontinue as row  18

148

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Table B-3. Sample o f  output data.

1 i i o

ELEMENT
NO.  MA T E R I A L  S E T  NUMBER

1 1
2 1
3 1
4 1
5 1
6 1
7 1
8 1
9 1

1 0 1
1 1 1

1 2 i

1 3 1
14 1

1 5 1
1 6 1
1 7 1
18 1

1 9 i
2 0 1

MA T E R I A L
S E T  NO. MATERI AL P R O P E R T I E S

1 6 . 0 0 0 0  0 0 . i 0 0 0 0 0
C o e F 6 . 0 0  0 0 0 0 . 1 0 0 0 0 0
C o e F 6 . 0 0 0 0 0 0 . 1 0 0 0 0 0
C o e F 6 . 0 0 0 0  0 0 . 1 0 0 0 0 0
C o e F 6 . 0 0 0 0 0 0 . 1 0 0 0 0 0
C o e F 6 . 0 0 0 0 0 0 . 1 0 0 0 0 0
C o e F 6 . 0 0 0 0 0 0 . 1 0 0 0 0 0
C o e F 6 . 0 0 0 0 0 0 . 1 0 0 0 0 0
C o e F 6 . 0 0 0 0 0 0 . 1 0 0 0 0 0
C o e F 6 . 0 0 0 0 0 0 . 1 0 0 0 0 0
C o e F 6 . 0 0 0 0 0 0 . 1 0 0 0 0 0
C o e F 6 . 0 0 0 0 0 0 . 1 0 0 0 0 0
C o e F 6 . 0 0 0 0 0 0 . 1 0 0 0 0 0
C o e F 6 . 0 0 0 0 0 0 . 1 0 0 0 0 0
C o e F 6 . 0 0 0 0 0 0 . 1 0 0 0 0 0
C o e F 6 . 0 0 0 0 0 0 . 1 0 0 0 0 0
C o e F 6 . 0 0 0 0 0 0 . 1 0 0 0 0 0
C o e F 6 . 0 0 0 0 0 0 . 1 0 0 0 0 0
C o e F 6 . 0 0 0 0 0 0 . 1 0 0 0 0 0
C o e F 6 . 0 0 0 0 0 0 . 1 0 0 0 0 0
C o e F 6 . 0 0 0 0 0 0 . 1 0 0 0 0 0

A L P H A  =  1 . 0 0 0 0  E P S =  . 0 0 1 0
S T A R T  END DELTA T

1 100 1 .0 0 0  0
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TOTAL TIME = 100.0000

T I M E  T G ( T )

1 . 0 0 0 0  1 . 0 0 0 0
1 0 0 . 0 0 0 0  1 . 0 0 0 0

1 0 0 . 0 0 0 0 0 0  
I S T E P =  1 MX S T E P =  1 0 0

1 . 2 0 0 0 - 1 . 2 0 0 0
- 1 . 2 0 0 0 1 . 2 0 0 0

. 2 5 0  .. 0 0 0

. 0 0 0  .. 2 5 0

. 0 0 0 . 0 0 0

. 0 0 0  .. 0 0 0
1 . 2 0 0 0 - 1 . 2 0 0 0

- 1 . 2 0 0 0 1 . 2 0 0 0
. 2 5 0  .. 0 0 0
. 0 0 0  .. 2 5 0
. 0 0 0 . 0 0 0
. 0 0 0 . 0 0 0

TSUM=
e m o r U

1
I )  B <I )

0 0 0 0 0 0
1

I t e r = l  i f  c a l l  
7 .  6 2 5 3 9 5 E - 0 6

r h s  1 
1 0 0 . 0 0 0 0 0 0 1 0 0 . 0 0 0 0 0 0

e m o r U I ) B ( I ) 2 5 3 . 0 0 4 9 2 0 0 .  OOOOOOE+OO 5 3 . 0 0 4 9 2 0
e m o r U I ) B ( I ) 3 5 3 . 0 0 4 9 2 0 0 .  OOOOOOE+OO 2 8  . 0 9 5 2 1 0
e m o r U I )  B ( I ) 4 5 3  . 0 0 4 9 2 0 0 . OOOOOOE+OO 1 4 . 8 9 1 8 4 0
e m o r U I )  B ( I ) 5 5 3 . 0 0 4 9 2 0 0 . OOOOOOE+OO 7 . 8 9 3 4 0 8
e m o r U I ) B ( I ) □ 5 3 . 0 0 4 9 2 0 0 . OOOOOOE+OO 4 . 1 3 3 8 9 4
e m o r U I )  B ( I ) 7 5 3 . 0 0 4 9 2 0 0 . 0 0 0 0 0 0 E + 0 0 2 . 2 1 7 6 6 9
e m o r U I )  B ( I ) 3 5 3 . 0 0 4 9 2 0 0 .  OOOOOOE+OO 1 . 1 7 5 4 7 4
e m o r U I )  B ( I ) 9 5 3 . 0 0 4 9 2 0 0 . 0 0 0 0 0 0 E + 0 0 6 . 2 3 0 5 9 0 E - 0 1
e m o r U I ) B ( I ) 10 5 3  . 0 0 4 9 2 0 0 . OOOOOOE+OO 3 . 3 0 2 5 2 1 E - 0 1
e m o r U I )  B ( I ) i i 5 3 . 0 0 4 9 2 0 0 . 0 0 0 0 0 0 E + 0 0 1 . 7 5 0 5 0 2 E - 0 1
e m o r U I )  B ( I ) 12 5 3 . 0 0 4 9 2 0 0 . 0 0 0 0 0 0 E + 0 G 9 . 2 7 8 5 9 5 E - 0 2
e m o r U I )  B ( I ) 13 5 3 . 0 0 4 9 2 0 0 . OOOOOOE+OO 4 . 9 1 8 2 4 9 E - 0 2
e m o r U I ) B ( I ) 14 5 3 . 0 0 4 9 2 0 0 . OOOOOOE+OO 2 . 6 0 7 1 7 3 E - 0 2
e m o r U I )  B ( I ) 15 5 3 . 0 0 4 9 2 0 0 . OOOOOOE+OO 1 . 3 8 2 4 1 9 E - 0 2
e m o r U I ) B ( I ) 16 5 3 . 0 0 4 9 2 0 0 . 0 0 0 0 0 0 E + 0 0 7 . 3 3 6 7 1 6 E - 0 3
e m o r U I ) B ( I ) 17 5 3 . 0 0 4 9 2 0 0 . 0 0 0 0 0 0 E + 0 0 3 . 9 0 6 2 1 2 E - 0 3
e m o r U I ) B ( I ) 18 5 3 . 0 0 4 9 2 0 0 . 0 0 0 0 0 0 E + 0 0 2 . 1 0 3 2 9 6 E - 0 3
e m o r U I ) B {I ) 1 9 5 3 . 0 0 4 9 2 0 0 . 0 0 0 0 0 0 E + 0 0 1 . 1 7 6 7 5 3 E - 0 3
e m o r U I ) B ( I ) 2 0 5 3 . 0 0 4 9 2 0 0 . 0 0 0 0 0 0 E + 0 0 7 . 4 0 5 2 4 6 E - 0 4
e m o r U I )  B ( I ) 7 I 5 3 . 0 0 4 9 2 0 0 . 0 0 0 0 0 0 E + 0 0 6 .  1 2 8 4 8 0 E - 0 4

e m o r  B - o l d  
1 0 0 . 0 0 0 0 0 0

B n e w 1 0 .  OOOOOOE+OO 1 0 0 . 0 0 0 0 0 0

e m o r  B - o l d  
9 7 . 7 0 1 5 9 0

B n e w -> 0 . OOOOOOE+OO 9 7 . 7 0 1 5 9 0

e m o r  B - o l d  
9 5 . 4 1 7 3 4 0

B n e w 3 0 . OOOOOOE+OO 9 5 . 4 1 7 3 4 0

e m o r  B - o l d  
9 3 . 1 6 1 3 5 0

B n e w 4 0 . 0 0 0 0 0 0 E + 0 0 9 3 . 1 6 1 3 5 0

e m o r  B - o l d  
9 0 . 9 4 7 5 4 0

B n e w 5 0 . OOOOOOE+OO 9 0  . 9 4 7 5 4 0
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e m o r  B - o l d  B n e w 6 0 .  0 0 0 0 0 0 E + 0 0 8 8 . 7 8 9 5 4 0
8 8 . 7 8 9 5 4 0

e m o r  B - o l d  B n e w 7 0 . 0 0 0 0 0 0 E + 0 0 8 6 . 7 0 0 6 5 0
8 6 . 7 0 0 6 5 0

e m o r  B - o l d  B n e w 8 0 . OOOOOOE+OO 8 4 . 6 9 3 7 7 0
8 4 . 6 9 3 7 7 0

e m o r  B - o l d  B n e w 5 0 .  0 0 0 0 0 0 E + 0 0 8 2 . 7 8 1 2 7 0
8 2 . 7 8 1 2 7 0

e m o r  B - o l d  B n e w 10 0 . OOOOOOE+OO 8 0 . 9 7 4 9 3 0
8 0 . 9 7 4 9 3 0

e m o r  B - o l d  B n e w 11 0 . 0 0 0 0 0 0 E + 0 0 7 9 . 2 8 5 9 0 0
7 9 . 2 8 5 9 0 0

e m o r  B - o l d  B n e w 12 0 . OOOOOOE+OO 7 7  . 7 2 4 5 9 0
7 7 . 7 2 4 5 9 0

e m o r  B - o l d  B n e w 13 0 . 0 0 0 0 0 0 E + 0 0 7 6 . 3 0 0 6 1 0
7 6 . 3 0 0 6 1 0

e m o r  B - o l d  B n e w 14 0 . 0 0 0 0 0 0 E + 0 0 7 5 . 0 2 2 7 5 0
7 5 . 0 2 2 7 5 0

e m o r  B - o l d  B n e w 15 0 . 0 0 0 0 0 0 E + 0 0 7 3 . 8 9 8 9 0 0
7 3 . 8 9 8 9 0 0

e m o r  B - o l d  B n e w 16 0 . OOOOOOE+OO 7 2 . 9 3 5 9 6 0
7 2 . 9 3 5 9 6 0

e m o r  B - o l d  B n e w 17 0 . u OOGGOEr GO 7 2  . 1 3 9 8 7 0
7 2 . 1 3 9 8 7 0

e m o r  B - o l d  B n e w i oi. 0 . OOOOOOE+CO 7 1  . 5 1 5 5 4 0
7 1 . 5 1 5 5 4 0

e m o r  B - o l d  B n e w 19 0 . 0 0 0 0 0 0 E + 0 0 7 1 . 0 6 6 8 2 0
7 1 . 0 6 6 8 2 0

e m o r  B - o l d  B n e w 2 0 0 . 0 0 0 0 0 0 E + 0 0 7 0 . 7 9 6 4 7 0
7 0 . 7 9 6 4 7 0

e m o r  B - o l d  B n e w 2 I 0 . 0 0 0 0 0 0 E + 0 0 7 0 . 7 0 6 1 7 0
7 0 . 7 0 6 1 7 0

c o n v e r g e  n o w  g o t o  n e w t i m e s t e p
TSUM b e f o r e  c o n v e r g e 1 1 0 0 . O O O O O O c o n v e r g e  a t I t e r =

1 0 0 . 0 0 0 0 0 0  
9 7 . 7 0 1 5 5 0  
9 5 . 4 1 7 3 4 0  
9 3 . 1 6 1 3 5 0  
9 0 . 9 4 7 5 4 0  
8 8 . 7 8 5 5 4 0  
8 6 . 7 0 0 6 5 0  
8 4  . 6 9 3 7 7 0  
8 2 . 7 8 1 2 7 0  
8 0 . 5 7 4 9 3 0  
7 9 . 2 8 5 9 0 0  
7 7 . 7 2 4 5 9 0  
7 6 . 3 0 0 6 i 0  
7 5 . 0 2 2 7 5 0  
7 3 .  8 9 8 9 0 0  
7 2 . 9 3 5 5 6 0  
7 2 . 1 3 9 8 7 0  
7 1 . 5 1 5 5 4 0  
7 1 . 0 6 6 8 2 0  
7 0 . 7 9 6 4 7 0  
7 0 . 7 0 6 1 7 0
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APPENDIX C

PROGRAM  SOURCE C O D E -H C E T  M O D EL

R eferences from:

Istok , J. D. (1989), G ro u n d w ater M odeling bv the  F inite E lem ent M ethod . A m erican 

G eophysical U nion, W ashington, D C. 495pp.

P ress, W  H ., etc. (1992), Num erical R ecipes in F O R T R A N . C am bridge U niversity Press, 

963pp.

H uyakorn , P. S, and P inder, G. F. (1983), C om putational M ethods in Subsurface flow .

A cadem ic Press, Inc., London, 473pp.

W ang, H. (1982), In troduction  to  G ro u n d w ater M odeling—Finite D ifference and Finite 

E lem ent M eth o d s. W. H. Freem an C om pany, 237pp.

R eddy, J. N. (1993), An Introduction to  the  Finite E lem ent M eth o d . 2nd Ed., M cG raw - 

Hill, Inc., N ew  Y ork, 684pp.
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C M A IN  P R O G R A M
INCLUDE 'SAME.F90'
PARAMETER (NEM= 10.NNM= 1l.N E Q =l I.NSIZE=2.NDF=1.

* M XEBC=4,M XNBC=4.MNN=20.MNDT=60)
INTEGER DTSTEP(MNDT)
DIMENSION DELTAT(MNDT).TIME(MNDT).TAV(NEM),CAV(NEM) 
DIMENSION ELK(NSIZE.NSIZE).CE(NSIZE.NSIZE).FLX(NSIZE,NSIZE).

* PROP(NEM,NDF.NDF+1 ).PROPl(NEM.NDF.NDF+1 ).ELX(2).
* Coe(NEM .NDF.NDF+1). ADV(NEM .NDF.NDF)

DIMENSION GSTIF(NEQ.NEQ).AINI(NNM.4).
* NOD( 100.2).GLF(NEQ).X(NEQ).MATSET( 100)

DIMENSION ISPDF(MXEBC.2).VSPDF(8).ISSDF(MXNBC.2).VSSDF(8).
* INBC(MXNBC.2).VNBC(MXNBC).UREF(MXNBC)

dimension GB(NEQ.NEQ).U(NEQ).UNEW (NEQ).DIF(NEQ),B(NEQ),b_l(NEQ),
* BTEMP(NEQ).BW(NNM.NDF).GUO(NEQ) integer index(NEQ) 

0PEN(8.FILE='KCTEST. D A T .ST  ATUS='OLD') 
OPEN(9.FILE=,KCTEST.OUT.STATUS='unkno\vn') 
OPEN(lO.FlLE='chcck.OUT.STATUS='unkno\vn')
OPEN(l l.FILE-ADVH.OUT'.STATUS='unkno\vn')
OPEN( 12,FILE=lH.OUT'.STATUS='unkno\vn')
OPEN( 13.FILE='C.OUT'.ST ATUS='unkno\vn')
OPEN( 14.FILE='E.OUT'.ST ATUS-unknown')
OPEN( 15.FlLE=T.OUT'.STATUS='unkno\vn')
IDT=0
NPE=2

CC NNM =(NEM *(NPE-1))+1

READ(8.*)NSPDF.NSSDF.NNBC
WRITE(9.*)NDF.NSPDF.NSSDF.NNBC

C
C ALL B.C. FIRST KIND
C

IF (NSPDF NE. 0)THEN
DO 10 N B = l. NSPDF

READ (8.*) (ISPDF(NB.J).J= 1.2).VSPDF(NB)
10 CONTINUE

END IF
C WRITE(9.*)(VSPDF(l).I= l.NSIZE)
C
C ALL B.C. SECOND KIND
C

IF (NSSDF .NE. 0)THEN
DO 20 NF=1. NSSDF

READ (8.*) (ISSDF(NF.J).J= 1.2).VSSDF(NF)
20 CONTINUE

END IF
C
C WRITE(9.*)(VSSDF(I).I= l.NSIZE)
C
C
C ALL MIXED B.C.
C

IF (NNBC .NE. 0)THEN 
DO 30 1=1. NNBC  

READ (8.*) (INBC(I.J).J=l.2).VNBC(I).UREF(I)
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30 CONTINUE
ENDIF

1. INPUT NODE COORDINATES 

CALL NODES (X.NNM )

2. INPUT ELEMENT (NUMBERS. TYPES. AND) NODE CONNECTIVE 

CALL ELEMENT (NEM.NPE.NOD)

3. INPUT MATERIAL PROPERTIES FOR EACH ELEMENT 
READ & CALCULATE COEFFICIENT OF Coc(4.5)

CALL MATERL(NEM.MATSET.NDF.PROP.Coe.PROPI)

4. IMPOSE INITIAL CONDITIONS

CALL INITIAL(U.NEQ.NDF.DTSTEP.ALPHA.ALPHAA.DELTAT.EPS. 
* PROS.MXSTEP.TIME.NNM.AINI.GUO)

5. INITIALIZE COUNTERS 

IDT = 0 TSUM = 0.

6. FOR EACH TIME STEP

DO 320 ISTEP = 1. MXSTEP 
\VrRITE(9.*)"ISTEP=".ISTEP."MXSTEP=".MXSTEP

7. BEGIN PICARD ITERATION

MAXIT=10
DO 240 ITER = I. MAXIT 
WRITE(9.*)"ITER". ITER.";idding"

IF SIZE OF TIME STEP CHANGES REASSEMBLE GLOBAL MATRICES

IF((ISTEP.EQ. 1).AND.(ITER EQ.l).OR.(ISTEP GT. DTSTEPfIDT)))THEN  
IDT = IDT + I 

ENDIF

INITIALIZE THE MATRICES

DO 40 I=I.NEQ  
GLF(I)=0.0 
DO 40 J=1.NEQ  
GB(I.J)=0.0 

40 GST1F(I.J)=0.0

8. FORM THE GLOBAL STIFFNESS-(K+C) MATRIX 

DO 200 N=1.NEM
C
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C 9. CALCULATE THE GLOBAL COORDINATES OF EACH NODE 
C

DO 60 1=1.NPE 
ELX(I)=X(NOD(N.I))

60 CONTINUE
CALL ELKBAR2(NEM.ELX.NSIZE.NDF.N,NDF.NDF.4.Coe,ELK)

CALL CBAR2(NEM.ELX.NSIZE.NDF.N.NDF.NDF.4.Coe.CE)
CALL ADW (ELX.N.NEM .NNM .NDF.PROS.AINI.Coe.ADV)
CALL CNVEC(NEM.ELX.NSIZE.NDF.N.NDF.NDF.4.adv.fl.\)

DO 61 1=  l.NSIZE  
\VTite(9.900)(ELK(I.J).J=I.NSIZE)

61 continue
900 format! lx,8F8.4)

do 62 II = l.NSIZE \vritc(9.901 )(CE(II.J).J= l.NSIZE)
62 continue

901 format! Ix.8f6.3)
do 63 II = l.NSIZE write! 11.903)(nx(II.J).J= l.NSIZE)

63 continue
903 format! Ix.8f6.3)

C
C 10. ASSEMBLE THE ELEMENT MATRICES (K.C)
C

DO 150 1=1.NPE 
NR=(NO D(N.I)-l)*NDF  
DO 150 11=1.NDF 
NR=NR+1 
L=(l-l)*NDF+II 

CC writc(9. *) I.L 
DO 150 J=1,NPE 
NC=(NOD!N.J)-l)*NDF  
DO 150 JJ=l.NDF  
NC=NC+l 

cc print *. NR.NC 
M=(J-l)*NDF+JJ

GSTIF!NR.NC)=GSTlF(NR.NC)+DELTAT(IDT)*ALPHA*(ELK(L.M)+FLX(l.m))
♦ +CE(L.M)

GB!NR.NC)=GB(NR.NC)-DELTAT(IDT)*ALPHAA*(ELK!L.M)+FLX(l.m))+CE(L.M) 
150 CONTINUE 
200 CONTINUE 

C
C 12. CALCULATE THE RIGHT HAND SIDE VECTOR FOR THIS TIME STEP 
C

IF(ITER.EQ. 1)THEN 
do 1=1. NEQ

WRITE ( I0.*)"U before call RHS". U(I)
ENDDO
CALL RHSIDE (GLF.NEQ.U.GB.B)
TSUM = TSUM + DELTAT(IDT) 
write(9.*)"TSUM=".TSUM." ller=l if  call rhs'MTER 

DO 1=1.NEQ
BTEMP(I)=B(I)
WRITE (9.*)"ITER=1 BTEMP(I)=B(I)".B(I)

ENDDO 
ELSEIF(ITER.GT. I) THEN 

DO 1=1.NEQ
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B(I)= BTEMP(I)
WRITE (9.*)"ITER >1 B(I)= BTEMP(I)".B(I)

ENDDO
ENDIF

II. IMPOSE BCs

CALL BOUNDC(ALPHA.NDF.NEQ.GSTIF.GUO.
" B.NSPDF.ISPDF.VSPDF.IDT.NNBC.
" DELTAT.MXEBC.MXNBC.NSSDF.ISSDF.VSSDF.INBC.VNBC.UREF)

13. Solve the MATRIX

call ludcmp(GSTIF.NEQ.NEQ.indcx.d) 
call lubksb(GSTIF.NEQ.NEQ.index.B)

14. CHECK THE PICA CONVERGE

cmor=0.0
IF (ITER.EQ. 1)THEN 

DO 1=1.NEQ
DIF(I)=ABS(U(I)-B(I))
EMOR=MAX(EMOR.DlF(I)) write (9.*) ”cmorU(I)B(I)".l. emor.U(I).B(I) 

ENDDO  
ELSEIF(ITER.GT DTHEN 

do i= l.ncq  
dif(i)=abs(b_I(i)-b(i))
EMOR=MAX(EMORDIF(D)
write (9.*) "cmor B-old Biicw'M. cmor.b_I(i).B(I)

ENDDO  
ENDIF 

do i=I.ncq  
b_l(i)=b(i) 

enddo
IF (EMOR .LE. EPS) THEN 

DO K=1.NEQ  
U(K)=B(K)

ENDDO

DO 1=1.NNM  
DO J=1.NDF 

BW(I.J)=B((I-1)*NDF+J)
ENDDO
WRITE (12.*)BW (1.1)
WRITE (13.*)BW (t.2)
WRITE (14.*)BW (I.3)
WRITE ( 15.*)BW(I.4)

ENDDO  
GOTO 50

ELSE IF (EMOR .GT. EPS AND. ITER LT. MAXIT) THEN 
DO N=1.NEQ

UNEW (N)=(0.6*U(N)+0.4*B(N))
ENDDO 
DO L =l.N N M  

DO J=1.NDF
AINI(L.J)=UNEW((L-1)*NDF+J)
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ENDDO  
ENDDO  
DO I=1.NEM  

C NEED TO BE MORE GENERAL
IF (NDF.GE.2) C A V(l)=(0.5*AINI(l.2)+0.5*AINI(l+l.2))
IF (NDF.EQ.4) TAV(I)=(0.5*AINI(l.4)+0.5*AINI(I+1.4))

CALL COEIR(I.NEM.NDF.TAV.CAV.PROPI.Coe)

ENDDO
ELSE IF (emor.gt.eps .and. itcr.ge.maxit) THEN

WRITE(*.*)'***EXCEED MAX ITERATIONS***'
PAUSE
stop

ENDIF
write (9.*) cmor.cps 

240 CONTINUE
50 writc(9.*)"convcrgc now goto new time step"

writc(9.*)"TSUM before convcrgc=''.TSUM." convcrgeatItcr=".ITER 
320 CONTINUE

STOP
END
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COMMON /CONST/ ALPHA. ALPHAA.MXSTEP.TSUM.IDT
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SUBROUTINE NODES (X.NNM) 
DIMENSION X(400) 

READ(8,*) XO. RL 
DX=RL/(NNM-1)
DO 30 I=l,NNM  

30 X (I)=D X *(l-l)+X0  
RETURN 
END
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SUBROUTINE ELEMENT (NEM.NPE.NOD) 
********************************************************************'

PURPOSE:
TO GENERATE NODE CONNECTIVITY

£##***************************************++****++++**++**+*+*++*+*4+

INCLUDE 'SAME.F90'
DIMENSION NOD( 100.2)

C READ: NUMBER OF ELEMENT. AND NODE PER ELEMENT 
DO 20 1=1.NPE 

20 NO D(l.I)=I 
DO 25 N=2.NEM  
DO 25 1=1.NPE 

25 NO D(N.I)=NO D(N-l.I)+NPE-l 
RETURN 
END
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SUBROUTINE MATERL(NEM.MATSET.NDF.PROP.Coc.PROPI)

C
C PURPOSE:
C TO INPUT ELEMENT MATERIAL SET NUMBERS AND MATERIAL 
C PROPERTIES FOR EACH MATERIAL SET 
C
£*«****************************************************»*******«******

INCLUDE 'SAME.F90'
INTEGER OLDNEM.ELM.SETNUM  

DIMENSION M ATSET(100).PROP(NEM .NDF.NDF+l).Coc(NEM .NDF.NDF+l),
* PROPKNEM.NDF.NDF+l)

OLDNEM = 200 
NUMMAT = 0

C READ FROM INPUT FILE: ELEMENT NUMBER. AND MATERIAL SET NUMBER 
10 READ(8.*) ELM. MATSET(ELM)

IF (ELM .EQ. -1) GOTO 30 
C DETERMINE THE NUMBER OF MATERIAL SETS

IF (MATSET(ELM) GT. NUMMAT) NUMMAT = MATSET(ELM)
C GENERATE THE MATERIAL SET NUMBER FOR EACH "MISSING" ELEMENT 

IF (ELM GT. OLDNEM + I) THEN 
DO 20 I = OLDNEM + 1. ELM - 1 
MATSET (I) = MATSET (1-1)

20 CONTINUE 
ENDIF
OLDNEM = ELM 
GOTO 10

C WRITE THE MATERIAL SET NUMBER FOR EACH ELEMENT TO OUTPUT FILE 
C 30 READ (8.*) NEM 

30 IF (NEM GT. 0) THEN 
WRITE (9.40)

40 FORMAT (//2X .’ELEMENT74X.'NO ’9X.'MATERIAL SET NUMBER'/
i 2x : ------ ' j x : -------------------■)

DO 60 1= I. NEM 
WRITE (9. 50) I.MATSET (I)

50 FORMAT (16.120)
60 CONTINUE

C READ FROM INPUT FILE: THE NUMBER OF PROPERTIES IN EACH 
C MATERIAL SET 

WRITE(9.70)
70 FORMAT(//2X.'MATERIAL73X.'SET NO.'. 13X.

I 'MATERIAL PROPERTIES72X.' '. I3X.

C WRITE MATERIAL PROPERTIES INFORMATION TO OUTPUT FILE 
DO 1=1.NUMMAT 

CCCC write (9.*) I
DO II =1. NDF 

READ(8.*) SETNUM .(PROP(SETNUM .II.J)J=l.NDF+l) 
W RITE(9.80)SETNUM .(PROP(SETNUM .Il.J).J=l.NDF+l)

80 F0RM AT(I7.7X.5(F15.6))
ENDDO

ENDDO
C
C RECALCULATE COEF
C

161

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



DO N=1.NEM  
DO 1=1.NDF 

DO J=1,NDF+1
PROPI(N,l,J)=PROP(MATSET(N).I.J)

ENDDO
write ( 10.9999)(PROP(MATSET(N).I J).J= I .NDF+1)

9999 fonnat(4.\.5f5.2)
ENDDO
CALL COEF(N.NEM.NDF.PROPI.Coc)

ENDDO
ELSE

W RITE(9.100)
100 FORMATCNO ELEMENT MATERIAL PROPERTY DATA READ.') 

ENDIF 
RETURN 
END
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SUBROUTINE COEF(SETNUM.NEM.NDF.PROP.Coc)
INCLUDE 'SAME.F90'
DIMENSION PROP(NEM.NDF.NDF+1 ).Coc(NEM .NDF.NDF+1) 
INTEGER SETNUM 

C ADD Coe with nonlinear variable
C Need to calculate omega o f  Chemical osmosis
C

T=30.0
Conc= 100.0 

Do i= l.N D F
Do j= I. NDF 

If (i.EQ.2) Then
Coe(SETNUM.i.j)=PROP(SETNUM.i.j)+Conc*PROP(SETNUM.l.j) 

ElscIf(i.EQ.4) Then
Coe(SETNUM.ij)=PROP(SETNUM.i.j)+T*PROP(SETNUM. l j )  

Else
Coc(SETNUM.i.j)=PROP(SETNUM.i.j)
Endlf 

End Do
Coc(SETNUM .i.NDF+1 )=PROP(SETNUM.i.NDF^ 1) 
VVRITE(9.110)(Coc(SETNUM.i.j).j=l.NDF+l)

110 FORMATCCocF. 10X.5(F15.6))
End Do

Return
End
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SUBROUTINE COEIR(SETNUM.NEM.NDF.TAV.CAV.PROP.Coc)
INCLUDE 'SAM E.FW  
DIMENSION PROP(NEM.NDF.NDF+1).
* TA V(NEM).C A V(NEM ).Coc(NEM .NDF.NDF+1)
INTEGER SETNUM  
ADD Coc with nonlinear variable 
Need to calculate omega o f Chemical osmosis

Do i= l,N D F  
Do j=T.NDF  

If (i.EQ.2) Then
Coe(SETNUM.i.j)=PROP(SETNUM.i.j)+CAV(SETNUM)*PROP(SETNUM. l.j) 

EIseIf(i.EQ.4) Then
Coc(SETNUM.i.j)=PROP(SETNUM.i.j)+TAV(SETNUM)*PROP(SETNUM.l j )  

Else
Coc(SETNUM.i.j)=PROP(SETNUM.i.j)

Endlf 
End Do

Coc(SETNUM .i.NDF+l)=PROP(SETNUM .i.NDF+I)
WRITER.1 LOKCoc(SETNUM.i.j).j=l.NDF+l)

110 FORMATCCocIR'.l IX.5(F15.6))
End Do
Return
End

164

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



u
u

u
u

u
u

u
u

SUBROUTINE INITIAL(U.NEQ.NDF.DTSTEP.ALPHA.ALPHAA.DELTAT. 
* MXSTEP.TIME.NNM.AINI.GUO)

PURPOSE:
SUBROUTINE INITIAL INPUTS CONTROL PARAMETERS AND INITIAI 
CONDITIONS NEEDED TO SOLVE TRANSIENT COUPLING TRANSPORT 
PROCESSES PROBLEM.

INCLUDE 'SAME.F90'
PARAMETER (MNDT=20)
INTEGER DTSTEP(MNDT)
DIMENSION DELTAT(MNDT).TIME(MNDT).GT(MNDT)
DIMENSION AINI(NNM.NDF).U(NEQ).GUO(NEQ)

C INPUT ALPHA AND EPS FROM INPUT FILE 
READ(8.*) ALPHA.EPS.PROS 
WRITE(9.10) ALPHA.EPS.PROS 

10 FORMAT(//2X.'ALPHA = '.F8.4.' EPS='.F8.4. ' PROS='.F8.4)
ALPHAA = 1 -  ALPHA 

C INPUT LIST OF TIME STEPS AND TIME STEP INTERVALS FROM INPUT FILE 
IT = 1
MXSTEP = 0 

20 READ(8.*) DTSTEP(IT).DELTATdT)
IF (DTSTEP(IT) LE. 0) GOTO 30
IF (DTSTEP(IT) GT MXSTEP) MXSTEP = DTSTEP(IT)
IT = IT + 1 
GOTO 20 

30 IT = IT - 1 
WRITE(9.40)

40 FORMAT(//2X.‘START,.8X.' END lOX.'DELTA TV 
1 2X ,5(,-’).8X.5('-').8X. 11 ('-'))

1ST ART = I 
TOT ALT = 0.
DO 60 1= 1. IT

WRITE(9.50) ISTART.DTSTEP( I ).DELTAT( I)
50 FORMAT(2X.I4.9X.I4.3X.F15 4)

TOT ALT = TOT ALT -  (DTSTEP(I) - 1ST ART -  1) * DELTAT(I)
1ST ART = DTSTEP(I) + 1 

60 CONTINUE
WR1TE(9.70) TOT ALT 

70 FORMAT(/1 OX.TOTAL TIME ='.F15.4)
C INPUT LIST OF TIME STEPS AND VALUES OF TIME FUNCTION 

IT = 1
80 READ(8.*) TIME(IT).GT(IT)

IF (TIME(IT) .LT. 0.) GOTO 90 
IT = IT + 1 
GOTO 80 

90 IT = IT - 1
IF (TIME(IT) .LT. TOT ALT) TIME(IT) = TOT ALT 

WRITE(9.100)
100 FORMAT(//8X.TIME TV 11 X.'G(T)'/7X.8(,- ,).9X.6('-'))

DO 120 1=  1. IT
WRITE(9.l 10) TIME(I).GT(l)

110 F0RM AT(2F15.4)
120 CONTINUE
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C INPUT INITIAL VALUES OF FIELD VARIABLE FROM INPUT FILE 
1ST ART = I

DO 1=1,NNM
READ (8.*)(AINI(I.J). J=I.NDF)
WRITE (9,*)(AINI(I.J), J=I.NDF)

ENDDO
DO 1=1.NNM  

DO J=1.NDF 
U((I-1)*NDF+J)=U((I-1)*NDF+J)+AINI(I.J) 
GUO((I-1 )*NDF+J)=U((I-I )*NDF+J)+AINI( I.J) 

ENDDO 
ENDDO

RETURN
END
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SUBROUTINE ELKBAR2(NEM.ELX.NSIZE.NDF.N.N l.N2.NE.Coc.ELK) 
INCLUDE 'SAME.F90'

REAL TMP
DIMENSION ELX(2).Coc(NEM.NDF.NDF+I).ELK(NSIZE.NSIZE) 

DO 121 1= l.NSIZE  
DO 122 J= l.NSIZE 

ELK (I.J)=0.0 
122 CONTINUE 
121 CONTINUE

EL = ELX(2)-ELX( 1)
DO 1=1.N1 

DO J=1,N2 
DO K=I.NE

TMP=COE(N.I.J)/EL 
IF (K.EQ. 1) THEN 

ELK(I.J)=TMP 
ELSE IF(K.EQ.2)THEN 

KK2=J+N2
ELK( I.KK2 )=-1. T M P  

ELSE IF(K.EQ 3)THEN 
KK1=I+N1
ELK(KKl.J)=-l *TMP 

ELSE
KKl = l+Nt 
KK2=J+N2
ELK(KK1.KK2)=TMP 

END IF 
END DO 

END DO 
END Do 
RETURN 
END
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SUBROUTINE CBAR2(NEM .ELX.NSI2E.NDF.N.N l.N2.NE.Coc.CE) 
£ * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

C
C PURPOSE:
C TO COMPUTE THE CONSISTENT FORM OF THE ELEMENT 
C CAPACITANCE MATRIX FOR A ONE-DIMENSIONAL. LINEAR 
C BAR ELEMENT 
C
C DEFINITIONS OF VARIABLES:
C E = ELEMENT NUMBER
C CE(I.J) = ELEMENT CAPACITANCE MATRIX 
C SSE = ELEMENT SPECIFIC STORAGE
C LE = ELEMENT LENGTH
C
C REFERENCES:
C ISTOK.J D. GROUNDWATER FLOW AND SOLUTE TRANSPORT 
C MODELING BY THE FINITE ELEMENT METHOD. FIGURE 4.5.
C EQUATION 4 .16a.
C
£ * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

INCLUDE 'SAME.FW  
REAL TMP
DIMENSION ELX(2).Coc(NEM.NDF.NDF+1 ).CE(NS!ZE.NSIZE)
DO 100 1= l.NSIZE 

DO 101 J= l.NSIZE 
CE(I.J)=0.0 

101 CONTINUE 
100 CONTINUE

EL = ELX(2) - ELX( I )
W rite(*.*)'w’.N 

DO I=1.N1 
DO J=1.N2 

DO K =l.NE
TM P=Coc(N.I.NDF- I )*EL/2 
IF (K.EQ. I (THEN 

CE(I.I)=TMP 
ELSE IF(K.EQ 2)THEN 

KK2=l+N2
CE(I.KK2)=0.*TMP/2 

ELSE IF(K.EQ.3)THEN 
KKl=I+NI
CE(KXi.I)=0.*TM P/2

ELSE
KK1=I+N1 
KK2=I+N2 
CE(KK1.KK2)=TMP 

END IF 
EN D D O  

END DO 
END Do 
RETURN 
END
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SUBROUTINE ADW (ELX.N.NEM .NNM .NDF.PROS.AINI.Coc.ADV) 
INCLUDE 'SAME.F90'
DIMENSION ELX(2).Coc(NEM .NDF.NDF+1).ADV(NEM.NDF.NDF) 
DIMENSION QT(NEM).QI(NEM.NDF).AINI(NNM.NDF)

QT(N)=0.0
EL = ELX(2)-ELX(1)

DO J=1.NDF 
DHDX=( AINI(N+1 J)-AINI(N.J))/EL  
QI(N.J)=-Coc(N. l.J)*DHDX  
QT(N)=QT(N)+QI(N.J)

END DO
IF (NDF .EQ. 2 OR. NDF EQ 3) ADV(N.2.2)=QT(N)/PROS 
IF (NDF EQ. 4) ADV(N.4.4)=QT(N)/PROS 
do i=I,ndf 

WRITE (I I.*) (adv(N.I.J).j=l.ndO  
enddo 
RETURN 
END
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SUBROUTINE CNVEC(NEM .ELX.NSIZE.NDF.N.NI.N2.NE.adv.fl.\)

PURPOSE:
Reoder the element nodes for the multivariable problems for the advcclion terms 
o f the coupling transport processes.

INCLUDE 'SAME.F90'
REAL TMP
DIMENSION ELX(2).adv(NEM.NDF.NDF).FLX(NSlZE.NSlZE) 
DO 100 1= l.NSIZE  

DO 101 J= l.NSIZE 
n.\(I.J)=0.0 

101 CONTINUE 
100 CONTINUE

EL = ELX(2) - ELX( 1)
DO I=1.N1 

DO J=1.N2 
DO R=1.NE  

TMP=adv(N.l.J)
IF (K..EQ. I)THEN 

n.\(I.I)=-TMP/2.
ELSE IF(K..EQ 2)THEN 

KK2=I+N2 
fl.\(I.K.K2)=TMP/2 

ELSE IF(K.EQ 3)THEN 
KX1=I+N I 
n .\(K X l.I )= -T M P /2 .

ELSE
KKI=I+N1
KK2=I+N2
n.\(KKl.KK2)=TM P/2.

END IF 
END DO 

END DO 
END Do 
RETURN 
END
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SUBROUTINE RHSIDE (GLF.NEQ.U.GB.B) 
£ * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

C
C PURPOSE:
C SUBROUTINE RHS ASSEMBLES THE RIGHT-HAND-SIDE VECTOR 
C FOR TRANSIENT COUPLING TRANSPORT PROCESSES 
C PROBLEMS.
C
^ * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

DIMENSION B(NEQ).U(NEQ).GLF(NEQ)
DIMENSION GB(NEQ.NEQ)

C WHEN FLUX IS TIME’S FUNCTION. CHANGE HERE WITH FC & GLF
1 =  0

DO 10 J = I. NEQ 
1 =  1 +  1 
B(I) = GLF(J)

10 CONTINUE

DO 15 1=1.NEQ
DO 20 J=l.NEQ

B(l)=B(I)+GB(I.J)*U(J)

20 CONTINUE
print *. B(I)

15 CONTINUE

RETURN
END
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SUBROUTINE BOUNDC(ALPHA.NDF.NEQ.GSTIF.GUO.B.NSPDF.ISPDF.VSPDF.
* IDT.NNBC.
* DELTAT.MXEBC.MXNBC.NSSDF.ISSDF.VSSDF.INBC.VNBC.UREF)

DIMENSION ISPDF(MXEBC.2).VSPDF(MXEBC).B(NEQ)
DIMENSION ISSDF(MXNBC.2).VSSDF(MXNBC).UREF(MXNBC)
DIMENSION INBC(MXNBC.2).VNBC(MXNBC)
DIMENSION GSTIF(NEQ.NEQ).DELTAT( 100)

C
C 1st BC IMPOSE 
C

IF (NSPDF.NE.O) THEN 
DO 30 NB =1. NSPDF
NQ=(ISPDF(NB. 1)-1)*NDF+ISPDF(NB.2) GSTIF(NQ.NQ)=GSTIF(NQ.NQ)* I.0E+20 
B(NQ)=GSTIF(NQ.NQ)*VSPDF(NB)

30 CONTINUE
ENDIF

C
C 2nd BC IMPOSE 
C

IF (NSSDF.NE.O) THEN
DO 40 NF =1. NSSDF
NG=(ISSDF(NF. I )-l )*NDF+ISSDF(NF.2)
B(NG)=B(NG)+VSSDF(NF)*DELTAT(IDT)

40 CONTINUE
ENDIF

C
C Mixed BC IMPOSE 
C

IF(NNBC.NE.O) THEN
DO 50 IC =1. NNBC 
NC=(INBC(IC. 1)-1 )*NDF-rlNBC(IC.2) 

GSTIF(NC.NC)=GSTIF(NC.NC)+ALPHA*DELTAT(IDT)*VNBC(IC) 
B(NC)=B(NC)+VNBC(IC)*DELTAT(IDT)*(UREF(IC)

* - ( l-ALPHA)*GUO(NC))
50 CONTINUE

ENDIF

RETURN
END
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SUBROUTINE ludcmp(a.n.np.indx.d)
INTEGER n.np.indx(n).NMAX
REAL d,a(np.np).TINY
PARAMETER (NMAX=5(K).TINY= 1,0c-20)
INTEGER i.imax.j,k
REAL aamax,dum,sum.w(NM AX)
d =l.
do 12 i= l.n  

aamax=0. 
do 11 j= l.n

if (abs(a(i.j)).gt.aamax) aamax=abs(a(i.j))
11 continue

if  (aamax.cq.O.) pause 'singular matrix in ludcmp’ 
w (i)= l./aam ax

12 continue 
do 19j= l.n

do 14 i= l.j- l  
suin=a(i.j) 
do 13 k= l.i- l

sum=sum-a(i.k)*a(k.j)
13 continue 

a(ij)=suin
14 continue

aamax=0. 
do 16 i=j.n 

sum=a(i.j) 
do 15 k = l.j-l

sum=sutn-a( i.k)*a(k.j)
15 continue 

a(ij)=sum
dum =w( i)*abs(surn) 
if  (dum.ge.aamax) then 

imax=i 
aamax=dum 

endif
16 continue

if (jnc.imax)thcn  
do 17 k =l.n  

dum=a(imax.k) 
a(iinax.k)=a(j.k) 
a(j.k)=duin

17 continue 
d=-d
w (im a.\)=w (j)

endif
indx(j)=imax 
if(a(jj).eq.O.)a(j.j)=TINY  
if(j.ne.n)thcn 

dum=I./a(j.j) 
do 18 i=j+l.n  

a(i.j)=a(i.j)*dum
18 continue 

endif
19 continue 

return 
END
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C (C) Copr. 1986-92 Numerical Recipes Software ,V. 
SUBROUTINE lubksb(a.n.np.indx.b)
INTEGER n.np.ind.\(n)
REAL a(np.np).b(n)
INTEGER i.iij .ll 
REAL sum 
ii=0
do 12 i= l.n  

ll= ind\(i) 
sum=b(U) 
b(ll)=b(i) 
if  (ii.nc.O)then 

do 11 j= ii.i-l
sum=sum-a(i.j)*b(j)

11 continue
else if(sum.ne.O.) then 

ii=i 
endif 
b(i)=suin

12 continue
do 14 i= n .l.-l 

sum=b(i) 
do 13 j= i+ l.n

sum=sum-a(i.j)*b(j)
13 continue 

b(i)=sum/a(i.i)
14 continue 

return 
END

C (C) Copr. 1986-92 Numerical Recipes Software .V
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APPENDIX D 
DERIVATION OF CHEMICO-OSMOSIS EQUATION

[D-

For is = 0 ,  no electric gradient. M itchell (1993) indicated that

K  =
| X h l i h + RT « K hh

/
i k =

n V
(1 - t o ) —  li

[D-2

J , '  =  J d + J a  = D ' -
co C K ,

RT I ( i - c d ;
c  K„

[D-

E quations D -2 and D-3 are derived by Y oung (1993). and he used the actual area, A ^ , 

w hich is not practical W e only m easure the  bulk area. A = n.A. . such that J , - nJ a 

and J c = n J c Y o u n g 's  formula has three lim itations steady state flow, no net exchange 

o f  com ponen t, and inert m aterial, such that the case will apply for R a = 1
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2 E  = _ v . J  = - £ L  
c t c x

J ,  =
(o C ,K hh 

n D 0t 0  — — RT
Y*

- [ ( l - u )C ,K hh]ih

F o r steady  flow condition and unit volum e, the flux change is

dJ,
cx

coC ,K hh 
nD„x„ -  RT

Y »

cC,

cx

cx
( I -  CO ) K

r c
hn

( X

ch

cx

Ifx„and C, are elementallv constants, then11 j

cC .

c t

coC K
n D „ x „  —  RT

e x ' cx cx

Or,

n D 0x„ -
c o C K hhR T V ^ C ,, ch „ fh rC

~ fc)̂ hh 
C X ■ CX CX CX ct

w here D ‘ = D„x,

As co —» l,x„ —> 0 ,  and C , = 0  for a perfect membrane.
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C can  be represent by C
C , + C  ,
—— — in general cases

T herefo re , J c = 0  for a perfect m em brane

W e establish  the relationship  betw een the co and K h , from  fundam entals o f  soil behavior 

by M itchell (1993, p. 258).

co R T ic = co RTAc / Ax 
Y*n 7 „ n

[D -9]

This form  is ana logous to  D arcy’s law, with the  quantity  RTAc / y b e i n g  the head 

difference. Ah

T he input param eters for the H C ET m odel are

K hh K h , 1rtf’ V "o 0 ’ h ‘ c S,h

n D ' - Ci i _
c 0 -  K .... Vh -  K . VC C ct nC

[D -10]

E xpand ing  equation  D -10 in steady state  condition , w e have

CX
K

cC.
hco

cx
= J.

/ . > c 'C ,  fh  c  C r C  cC ,
(nD +C Kta - 7 r  + { K ,  — - K,„ —r^)— = . - r

CX" CX CX c x  c t

[D - l la ]

[ D - l lb ]

177

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



By setting

K » K  ^  [D' 121* ^ h c o  ^  -  ^  hh -  '
C X  cx

w e have

K  -  n K  A h  -  n K  RT [D* '3]K hco -  - w K hh T 7 T  -  - ° K hh ---------AC. V..

Substitu ting  the chem ico-osm osis coefficient into first term  o f  solute transport equation  

D -11 b, w e have

c*” C
(nD;+CJKto) V r  =

'  C X
nD* - C.coK hh

y .

\

\

Ah
AC

c : C

e x '

RT
c -C

C X '
[D -14]

T herefo re, equations D - 11 a and 11 b becom e

K
ch

hh
C X

( - < a ) K » T l  = J.
C X

n D 0t 0 -■
coCKj hh RT

y .

c-C. ch
e x '

(Khh— -coKhh — )
ch. tC cC,

[D -lS a ]

[D -15b]
= n-

cx c x  c x ct
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