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ABSTRACT OF DISSERTATION
STATISTICAL MODELING WITH
COGARCH(p, ¢) PROCESSES

In this paper, a family of continuous time GARCH processes, generalizing the
COGARCH(1,1) process of Kliippelberg, et. al. (2004), is introduced and studied.
The resulting COGARCH(p, ¢) processes, ¢ > p > 1, exhibit many of the charac-
teristic features of observed financial time series, while their corresponding volatility
and squared incremént processes display a broader range of autocorrelation struc-
tures than those of the COGARCH(1,1) process. We establish sufficient conditions
for the existence of a strictly stationary non-negative solution of the equations for the
volatility process and, under conditions which ensure the finiteness of the required
moments, determine the autocorrelation functions of both the volatility and squared
increment processes. The volatility process is found to have the autocorrelation func-
tion of a continuous-time ARMA process while the squared increment process has the
autocorrelation function of an ARMA process.

To estimate the parameters of the COGARCH(2, 2) processes, the least-squares
method is used. We give conditions under which the volatility and the squared in-
crement processes are strongly mixing, from which it follows that the least-squares
estimators are strongly consistent and asymptotically normal. Finally, the model is

fitted to a high frequency dataset.

Erdenebaatar Chadraa
Statistics Department
Colorado State University
Fort Collins, CO 80523
Fall 2009
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1 Preliminaries

1.1 Introduction

In financial econometrics, discrete-time GARCH (i.e. generalised autoregressive con-
ditionally heteroscedastic) processes are widely used to model the returns at regular
intervals on stocks, currency investments and other assets. Specifically, a GARCH
process (€,)nen typically represents the increments, In P, —In P,,_,, of the logarithms
of the asset price at times 1,2,3,.... These models capture many of the so called
stylized features of such data, e.g. tail heaviness, volatility clustering and depen-
dence without correlation. For GARCH processes with finite fourth moments, the
autocorrelation functions of both the squared process and of the associated volatility
process are those of ARMA (autoregressive moving average) processes. The squared
GARCH(1, 1) process, for example, has the autocorrelation function (ACF) of an
ARMAC(1,1) process and the corresponding volatility has the autocorrelation func-
tion of an AR(1) process.

Various attempts have been made to capture the stylized features of financial
time series using continuous-time models. The interest in continuous-time models
stems from their use in modelling irregularly spaced data, their use in financial ap-
plications such as option-pricing and the current wide-spread availability of high-
frequency data. In continuous time it is natural to model the logarithm of the asset
price itself, i.e. G; = In P, rather than its increments as in discrete time.

Notable among these attempts is the GARCH diffusion approximation of Nelson
(1990). (See also Duan (1997) and Drost and Werker (1996).) Although the GARCH
process is driven by a single noise sequence, the diffusion limit is driven by two inde-
pendent Brownian motions (VV,@)QO and (I/Vt(z))tzo. For example, the GARCH(1, 1)

diffusion limit satisfies

dGy = o, dW | do? = 0(y — o2)dt + po? dW?, t>0. (1.1)



The behaviour of this diffusion limit is therefore rather different from that of the
GARCH process itself since the volatility process (62):>0 evolves independently of
the driving process (Wt(l))tzo in the first of the equations (1.1).

Another approach is via the stochastic volatility model of Barndorff-Nielsen and
Shephard (2001a, 2001b) in which the volatility process ¢? is an Ornstein—-Uhlenbeck
(O-U) process driven by a non-decreasing Lévy process and G satisfies an equation
of the form dG,; = udt + o, dW;, where W is a Brownian motion independent of the
Lévy process. The autocorrelation function of the Lévy-driven O-U volatility process
has the form p(h) = exp(—c|h|) for some ¢ > 0, but this class can be extended by
specifying the volatility to be a superposition of O-U processes as in Barndorff-Nielsen
(2001), or a Lévy-driven CARMA (continuous-time ARMA) process as in Brockwell
(2004). As in Nelson’s diffusion, the process G is again driven by two independent
noise processes and the volatility process o2 evolves independently of the process W
in the equation for G. |

A continuous-time analog of the GARCH(1,1) process, denoted COGARCH(1,1),
has recently been constructed and studied by Kliippelberg et al. (2004). Their con-
struction is based on the explicit representation of the volatility of the discrete-time
GARCH(1,1) process to obtain a continuous-time analog. Since no such represen-
tation exists for higher-order discrete-time GARCH processes, a different approach
is needed to construct higher-order continuous-time analogs. In this thesis we do
this by specifying a system of Lévy-driven stochastic differential equations for the
processes G and o2. If the volatility process ¢ is strictly stationary we refer to the
process G as a COGARCH(p, q) process. In the special case p = g = 1 we recover the
COGARCH(1, 1) process of Kliippelberg et al. (2004). In general we obtain a class of
processes (G with uncorrelated increments but for which the corresponding volatility
and squared increment processes exhibit a broad range of autocorrelation functions.
The volatility process has the autocorrelétion function of a continuous-time ARMA

process.



It is not clear how the approach outlined above leading to the COGARCH(1, 1)
process can be generalised to higher order GARCH processes in continuous time. In
particular, the recursion corresponding to (2.1) (see below) cannot be solved easily
and generalised to a continuous time setting. In this thesis we adopt a different but
related approach which allows us to define d continuous time GARCH process of
order (p, ¢q) with 1 < p < ¢. The process is driven by a single Lévy process and, when
p = ¢ = 1, it reduces to the COGARCH(1, 1) process. It will therefore be referred
to as a COGARCH(p, ¢) process. While the COGARCH(1, 1) process is restricted to
have decreasing ACF, for higher orders this is not necessarily the case and we can
obtain damped oscillatory behaviour.

The dissertation is organised as follows:

In Chapter 1, we present some background information on ARMA, CARMA and
discrete-time GARCH processes.

Most of Chapter 2 is the published work of Brockwell, Chadraa and Lindner
(2006). In Section 2.2, we specify a system of stochastic differential equations for the
COGARCH(p, q) process G and its associated volatility process, which we shall denote
by V. This is directly motivated by the corresponding structure of the discrete-time
GARCH(p, q) process. We then show that the solution of these equations coincides
with that of the COGARCH(1, 1) equations if p = ¢ = 1. Notation and definitions
used throughout the paper are given at the end of Section 2.2. ‘

In Section 2.3, we give sufficient conditions for the existence of a strictly station-
ary volatility process. In the COGARCH(1, 1) case, these are exactly the necessary
and sufficient conditions obtained by Kliippelberg et al. (2004). More detailed re-
sults are given in the special case when the driving Lévy process is compound-Poisson.
The proofs rely on the fact that the state vector of the COGARCH(p,q) process, sam-
pled at uniformly spaced discrete times, satisfies a multivariate random recurrence
equation.

In Section 2.4, we focus on the autocorrelation structure of the stationary volatil-



ity process. Just as the discrete-time GARCH volatility process has the autocor-
relation function of an ARMA process, the COGARCH volatility process has the
autocorrelation function of a CARMA process.

Section 2.5 deals with conditions which ensure positivity of the volatility, while
the autocorrelation structure of the squared increments of the COGARCH process
itself is obtained in Section 2.6. The results are illustrated with simulations in Sec-
tion 2.7.

In Section 3.3, we show that when the driving Lévy process is compound Poisson
and p = ¢ = 2, then the state process and the-squared increment of the COGARCH
process are strongly mixing with exponential rate.

In Chapter 3, we propose a least-squares estimation algorithm for the parame-
ters of a COGARCH(2, 2) process, making use of the property that the autocorre-
lation function of the squared increments of the COGARCH(p, q) process is that of
an ARMA(q, ¢) process. The squared increment process of the COGARCH(2,2) is
strongly mixing which ensures that the least-squares estimators (LSE) are strongly
consistent and are asymptotically normal. Finally, the COGARCH(2,2) model is

fitted to a high-frequency data set.

1.2 ARMA processes

The process {Y,,,n = 0,1,...} is said to be an ARMA(p, q) process with real-valued

parameters {¢1,..., ¢y 01,...,60, 0} if it is a stationary solution of the equations
Yn - ¢1Yn-l T ¢pYn-—p = U(Zn + elZn—l +---+ Qan—q)a (12)

where 0 > 0, ¢, 7&‘0, 0, # 0, {Z,} ~WN(0,1), i.e. asequence of uncorrelated random
variables with mean zero and variance 1 and the polynomials ¢(2) :==1—¢12—... —
¢pz¥ and §(z) := 1+ 612 + - - - + 6,27 have no common zeroes. The process {Y,} is
said to be an ARMA(p, q) process with mean p if {Y;, —u} is an ARMA(p, ¢) process.

If we suppose in addition that the sequence {Z,} is an independent and identically



distributed sequence then {Y,,} is said to be a strict ARMA process. In this case {Y,}
is a strictly stationary process, i.e. for each positive integer j and for each (ny, ..., n;),
the joint distribution of (Y5, 14, ..., Y, 4s) is independent of h.

It is more convenient to use the more concise form of (1.2)
¢(B)Yn = UG(B)Zna (13)

where B is the backward shift operator (B’Y, = Y,_;, B'Z, = Z,_;, j = 0,£1,...).
The time series {Y;} is said to be an autoregressive process of order p (or AR(p))
if 6(z) = 1, and a moving-average process of order q (or MA(q)) if ¢(z) = 1. A
stationary solution {Y,} of equations (1.2) exists (and is also the unique stationary
solution) if and only if

d2)=1—¢1z—...—¢p2" #0 forall |z| = 1. (1.4)

!

An ARMA(p, q) process {Y,} is causal if there exist constants {1,} such that
5% iyl < oo and
Yo=> 0¢jZn; (1.5)
=0

for all n. Causality is equivalent to the condition
dlz)=1—hrz—...—¢,2" #£0 forall|z| <1 (1.6)

An ARMA(p, q) process {Y,} is invertible if there exist constants {m;} such that

2 52p|ms} < oo and

oo

0Ly, = Z iYoo)

=0

for all £. Invertibility is equivalent to the condition
B(z) =1+bz+...+0,27#0 forall |z] <1. (1.7)
The process {Y;,} has an equivalent state-space representation, given by

Y, = 00'X, (1.8)

S


file:///-faz-

and

Xn+1 - @Xn = eZn_{_l (19)
where
0 1 0 0 0 0._1
0 0 1 0 0 0,
d = , e= , 6= ,
0 0 o - 1 0 &
| ¢r Gro1 Groa P | i 1 | ] fo |

r:=max(p,q+1), 6y :=1,8; :=0for j > q and ¢; := 0 for j > p. The causality
condition (1.6) implies that the eigenvalues of the matrix ® are all less than 1 in

absolute value so that the state-vector has the stationary solution
Xo=>» ®eZ,, (1.10)
7=0
which, with (1.8), immediately yields EY; = 0 and
vy (h) = E[YnnY,] = c*0'dM= 0 (1.11)

where B = E[X,X)] = Y72, ®ee’®".
Parallel to the time domain representation (1.5) of {Y,}, there is a spectral or
frequency domain representation,
Y. = ’ owei“’”dZ(w), (1.12)
—r $le)
where {Z(w), —m < w < 7} is an orthogonal increment process with mean zero and

E|dZ(w)|* = dw/(27), and the ACVF has the corresponding spectral representation

(k) = / " fw)edw,

where the spectral density function f is given by

2

i

_otble™™)
)= gl

-7 Sw<L T
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Because the spectral density of an ARMA process is a ratio of trigonometric polyno-
mials, it is often called a rational spectral density.
In the case when g < p and the reciprocals, &;,...,&, of the zeroes of the

polynomial ¢(z) are distinct, the ACVF can be written as

2 2 0(6)0(6") inaa
v ==t e .

1.3 Lévy processes
The volatility of a COGARCH(p, ¢) process has the autocovariance structure of a
CARMA process. This section is to provide the basic facts about the Lévy processes

which will drive the CARMA processes. For more information on Lévy processes we

refer to the books by Applebaum (2004), Bertoin (1996) and Sato (1999).

Definition 1.1. Let (£, F, (Ft)o<t<oo, F) be a filtered probability space, where Fg
contains all the P-null sets of 7 and (F;) is right-continuous. An adapted process

L= {L; t >0} with Ly =0 a.s. is a real valued Lévy process if
(L1) L has independent increments, i.e., Ly — L, is independent of 7,0 < s < t < o0,

(L2) L has stationary increménts, i.e., Ly — L, has the same distribution as L;_,, 0 <

s <t <oo,
(L3) L is continuous in probability, i.e., for all e > 0 and all t > 0,

lim P(|L; — Ly| > €) = 0.

Every Lévy process has a unique modification which is cadlag (right-continuous
with left limits) and also a Lévy process. We shall therefore assume that our Lévy
process has these properties. The characteristic function of L, ¢,(8) = E(exp(i0L)),
has the form,

0:(0) = exp(t&(9)), 0 €R,



where £(6) is often called characteristic exponent or Lévy symbol and satisfies the

following Lévy -Khinchin formula,

6> .
£(6) = iy 0 — 755 + /R (e — 1 — izl <)) dvi(z). (1.14)

The triplet v, € R, 72 > 0 and v, uniquely determines the distribution of L and is
called the characteristic triplet of L.

The measure vy on R is called the Lévy measure. As usual, the Lévy measure
vy, is required to satisfy

/min(l, |z1%) dvp(z) < oo
R

and v.{0) = 0. From the Lévy -Khinchin formula, we see that, in general, a Lévy
process can be decomposed into three parts: a constant drift part, a Brownian motion
part, and a pure jump part. If A is a Borel subset of {z : |z| > ¢} for some ¢ > 0,
then the number of jumps with sizes in A, occurring in any time interval of length
t > 0, has the Poisson distribution with mean tv{A). If v is a finite measure, i.e.
v(Ry) = fRo v(dz) < oo, then almost all paths of L have a finite number of jumps on
every compact interval and the process is said to have finite activity. Otherwise, if
v(Rp) = oo, then an infinite number of jumps occur in any interval of positive length
with probability one and the process is said to have infinite activity. As we shall see
in the examples below, Poisson processes and compound Poisson processes have finite
activity.
Example 1.2 (Brownian motion). The Lévy process B is a Brownian motion if vg
is a zero measure, EB; = gt and Var(B;) = 74t. Hence, the Lévy symbol of a

Brownian motion is given by

2 0°
5(0) = 2739 - TB—§7

with the characteristic triplet (yg,73%,0). When vp = 0 and 73 = 1, it is called a
standard Brownian motion. A simulated sample path of a standard Brownian motion

is shown in Figure 1. For a detailed discussion of Brownian motion, we refer to

Karatzas and Shreve {1991).



Figure 1: A simulated sample path of a standard Brownian motion.

Example 1.3 (Poisson process). Let (I';)neny be a strictly increasing sequence of

stopping times, then the counting process N defined by

Nt = Z [[Fq/,oo)(t)
=1

for each ¢ > 0 is an adapted process and if further V has independent and stationary
increment, it is called a Poisson process. For each ¢t > 0 and some A > 0, N, is Poisson
distributed with parameter At. The parameter X is called the jump rate of N. The
differences T,, 11 := ',y — I’y are called sojourn times; T,, measures the duration that
the Poisson process sojourns in state n. The Lévy symbol of a Poisson process N,

with jump rate X is given by
£(6) = / (e — 1 —ifzl_y 1y (x))Ad1(dz) = A(e? - 1),
R

and the characteristic triplet is (0,0, Ady), where §; denotes the Dirac measure with
total mass 1 concentrated at the point 1. From the characteristic function, it imme-
diately follows that EN; = At and VarN; = At. The sample path of a Poisson process

is pilece-wise constant with discontinuities of size one at random points (I',),en-

Example 1.4 (Compound Poisson process). Let (Y, )nen be a sequence of ii.d.

random variables with distribution function Fy, independent of a Poisson process

9



N = (Ny)i>0. The compound Poisson process L, is defined as

Ny
Le=)_Y, t>0.
i=1

The Lévy symbol of the compound Poisson process L is given by

£(6) = /R (e — D)AFy(dz) = 6y, + /R (e — 1 — 6111y (x))AFy(dz),

where v = )\f!IKlIFy(d$). Hence the characteristic triplet is (vyz,0, A\Fy). The
sample path of a compound Poisson process is piece-wise constant with discontinuities
at random points (I',)nen, but with random jumps with distribution Fy. A simulated
-sample path of a compound Poisson process with parameter A = 25 and standard

normal jumps is shown in Figure 2.

Figure 2: Simulated sample path of a compound Poisson process with parameter A = 25 and standard

normal jumps.

1.4 CARMA processes

A natural analogue, in continuous time, of the stochastic difference equation (1.3) is

the stochastic differential equation,

a(D)Y (t) = ob(D)DL(t), t>0, (1.15)



where o is a strictly positive scale parameter, D denotes differentiation with respect
tot, a(z) := 2P +a 2P 1+ +ap, b(z) == bo+biz+- - +b,_12P7}, and the coeflicients
b; satisfy b, = 1 and &; = 0 for ¢ < j < p. To avoid trivial and easily eliminated
complications we shall assume that a(z) and b(z) have no common factor.

The continuous-time analogue of the driving noise terms Z, in equation (1.2)
are the increment of the process L. We shall assume that L is a Lévy process on
(—00,00), i.e. a process with homogeneous independent increments, continuous in
probability, with cadlag sample-paths and L(0) = 0. We shall also restrict attention
to second-order Lévy processes, i.e. those satisfying the condition EL(1)? < oo, and
suppose, without further loss of generality, that VarL(t) = ¢ and EL(t) = ut for
some i € R. The increments of L on disjoint intervals of equal length are then
independent and identically distributed random variables with finite variance and
some infinitely divisible distribution which could, for example, be Gaussian, gamma,
compound Poisson, inverse Gaussian or one of many other possibilities.

Since the derivatives on the right of equation (1.15) do not exist in the usual

sense, we write the equation in state-space form,

Y (t) = ob'X(2), (1.16)
and
dX(t) — AX(t)dt = edL(t), (1.17)
where
| 0 1 0 .. 0 ] I by ] | 0 ]
0 0 1 0 by 0
A= , b= , e= ,
0 0 0 o1 bp—2 0
| TG —Gp1 —Gp-2 ... @) J ] bp—1 _J ] 1 J
with solution satisfying
X(t) = eMIX(s) + / t eMtWedL(u), forallt > s. (1.18)

11



In the Gaussian case L is Brownian motion, equation (1.17) is interpreted as an Itd
equation and the integral in equation (1.18) is defined as in Protter (2004).

If we restrict attention to causal solutions, i.e. if we make the assumption that
X(s) is independent of {L(t) — L(s),t > s} for every s, then necessary and sufficient
conditions for the existence of a strictly stationary process X satisfying equation (1.18)
(see Brockwell et. al. (2005)) are

R(A) <0, r=1,...,p, : (1.19)
and, under these conditions, the stationary solution must satisfy
X(t) is distributed as / eedL(u) for all ¢, (1.20)
0
where A1, ..., A, are the eigenvalues of A (which are the zeroes of the autoregressive
polynomial a(z)). Condition (1.20) specifies the stationary marginal distribution of
X(t) and condition (1.19) is the continuous-time analogue of the causality condi-
tion (1.6).
If we assume that the conditions (1.19) and (1.20) hold, and let s — —o0 in
equation (1.18) we find that
i
X(t) = / eAtWed L (u). (1.21)
Conversely if X(t) is defined by equation (1.21) then X is a strictly stationary causal
process satisfying equation (1.18).

We now define the strictly stationary causal CARMA process by equation (1.16)

with X given by equation (1.21). Thus

Y(t) = /_t ob'eAtWedL(u). (1.22)

From this equation we find that EY(t) = ouby/a, (where p = EL(1)) and
vy (h) = Cov[Y (t + h), Y (t)] = o°b'eAMSb, (1.23)
where X = E[X(t)X(t)] = [ e ee’e?Vdy.

12



Although the expression (1.23) for the autocovariance function has an awkward

Ak and ¥ explicitly in terms of

appearance, it is possible to evaluate the matrices e
the eigenvalues of the matrix A using its Jordan decomposition. The eigenvalues of
A, as already indicated, are just the roots of the equation a(z) = 0 and the right
eigenvector of A corresponding to the eigenvalue A is [1 A ... AP},

From the resulting expression for the autocovariance function of the process
{Y(t}} the spectral density

1 o0 )
fr(w): / e @hyy(h) dh

257; -

is found as

£ = LIEE

= %W’ -0 < w < 0. (124)

A much simpler form of (1.23) can be derived from (1.24) by contour integration.

Thus, substituting from (1.24) into the relation

vwm:i/mathm%

-0

and changing the variable of integration from w to z = iw, we find that
'Y)/(h) = S, h _>_ O,

where S is the sum of residues of e*"[b(2)b(—z)]/[a(z)a(~2)] in the left half of the

complex plane. This gives the general expression

5 1 [d’”“l (2 — A)meMb(2)b(~2)

(m—D! [ a@a(-2) ).

Yy (h) = (1.25)

{X:a(A)=0}
where m is the multiplicity of the root A of a(z) = 0. In the case when the roots are

distinct, equation (1.25) simplifies to

_ 3 BODBEA)
wh) = Toma (1.26)

r=1
For the process to be minimum phase the roots of b(2z) = 0 must have real parts

less that or equal to zero. (This corresponds to invertibility for discrete time ARMA
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processes.) For a one-to-one correspondence between the second order properties
of {Y'(¢)} and the parameters a,, ..., ap, b1, ..., by, it is necessary to restrict b(z) to
satisfy the minimum phase condition and to be non-negative in a neighborhood of
z = 0. Every CARMA process has such a representation, and in order to avoid trivial
ambiguities, we shall identify CARMA process whose coeflicients in this minimum

phase representation are the same.

Example 1.5. The Gaussian CARMA(1,0) (or CAR(1)) process is the simplest
continuous-time ARMA process. It is defined formally as a stationary solution of

the first-order stochastic differential equation
(D +a)Y(t) = bDW (1), (1.27)

where a > 0 and {W(t)} is a standard Brownian motion. From(1.16) and(1.21) with

b = b and with L replaced by standard Brownian motion W on (—o0, 00), we have

t
Y(t)="b / et GW (w). (1.28)
For s <t
t
Y(t) = e Y (s) + b / e~ WG (u). (1.29)

This shows that the process is Markovian, i.e. that the distribution of Y'(¢) given
Y (u),u < s, is the same as the distribution of Y (t) given Y (s). It also shows that

the conditional mean and variance of Y (t) given Y (s) are
E[Y (#)]Y (s)] = e*t=Y (s)

and
2

VarlY (¥ (s)] = o= (1 — &),

Now we can use the Markov property and the moments of the stationary distri-
bution to write down the Gaussian likelihood of observations y(t;),...,y(t,) of a
CAR(1) process satisfying (1.27). This is the joint density of (Y (t1),...,Y (¢»)) at

(y(t1), .-, y(ts))’, which can be expressed as the product of the stationary density at

14



y(t1) and the transition densities of Y (¢;) given Y (¢;.1) = y(ti-1), ¢ = 2,...,n. The

joint density is therefore given by

n

o0, v(t):0.0) = T e (W), (130)

where f is the standard normal density, m; = 0, v; = b*/(2a), and for i > 1,
m; = e Wty (g )

and

2a
Notice that the times ¢; appearing in (1.30) are quite arbitrarily spaced. It makes the
CAR(1) process useful for modeling irregularly spaced data.

If the observations are regularly spaced, say t; = i, i = 1,...,n, then the joint
density g is exactly the same as the joint density of observations of the discrete-time
Gaussian AR(1) process

Xp,=e*Xn 1+ Zy,
where {Z,,} is a white noise process with mean 0 and variance b*(1 —e~2%)/(2a). This
shows that the “embedded” discrete-time process {Y (i),7 = 1,2,...} of the CAR(1)

a

process is a discrete-time AR(1) with coefficient e~2.

Example 1.6. The CARMA(2,1) process with parameters a,, as, bg, b is a stationary

solution of the stochastic differential equation
DY (t) + ay DY (t) + apY (1) = (bg + b, D)DW (1), t> 0. (1.31)

In order for a causal stationary solution to exist it is necessary that the roots of the

equation

Miadt+a=0 (1.32)

have negative real parts. For a minimum phase solution we also require that b > 0

and b; > 0. In the case when (1.32) has two distinct complex conjugate roots
AM=a+ifand y=a—iF, a<0, 08>0 (1.33)
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it follows from (1.26) that the autocovariance function of {Y(¢)} is

E@&zﬁfq, (1.34)

vy (h) = vy (0)e2!H [cos(ﬂh) + sin(5|h|) B(b%as + b2)

where
_ b%ag + b%

A(0) = —S——, 1.35
() = (135)

Note that if A = e + i is any complex number with non-zero imaginary part and if

w = a + 4b is any complex number, then
k(h) = we'lM 4 oM oo < b < o (1.36)

is the autocovariance function of a CARMA(2,1) or CARMA(2,0) process if and only

if
a <0, (1.37)
a>0 (1.38)
and
161 < alal/J8] (1.39)

Condition (1.38) expresses the obvious requirement that £(0) > 0 and a straightfor-
ward calculation shows that (1.39) is then necessary and sufficeient for the Fourier

transform

Flo) = / " e (h)dh

Com ),

to be non-negative for all w € (—o0, o0).

1.5 GARCH processes

In early econometric models, the variance of the daily percent change in asset price
was assumed to be a constant. However, many econometric time-series models exhibit

periods of unusually large volatility followed by a periods of relative tranquility. In
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such circumstances, the assumption of constant variance (homoscedasticity) is inap-

propriate. Engle (1982) introduced the ARCH(p) process {X,} as

Xo = \/Onén (1.40)

where {£,} is an i.i.d. N(0,1) sequence and v, is the (positive) function of { X, k <
n}, defined by

p
Un = Qg + Z aiXTQL*i, (141)
i=1

with ag > 0 and «; > 0, ‘z‘ = 1,...,p. The name ARCH signifies autoregressive
conditional heteroscedasticity. v, is the conditional variance of X, given { Xy, k < n}.

The ARCH(p, q) process given by (1.40) and (1.41) has been extended by Boller-
slev (1986). The generalized ARCH(p, ¢) model, called GARCH(p, g), is the process

in which the variance equation (1.41) is replaced by
P q
Un = Qg + Z aiXTZL,i + Z ,Bj'l)n_]', (142)
i=1 j=1

with ag >0, o, >20,i=1,...,pand 3; 20,7=1,...,q. ‘
The simplest example from the class of GARCH models is the ARCH(1) process.
The recursions (1.40) and (1.41) give

2 _ .2 2 2
X, = e, + o X, €

2 2
= agey + oaoenen y + O Xy penen

k

— i 2.2 2 k+1y2 2 2 2

= Qo E ONEpEp_1 " Ep_y + 04 X k—1EnEn 1" " En_k-
i=0

If |ay| < 1 then the last term converges to 0 with probability one as K — oco. The
first term converges with probability one by Proposition 3.1.1 of Brockwell and Davis
(1991), and hence

X% =qg Z odele? .. En s (1.43)
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From (1.43) we immediately find that

E[X} = ap/(1 — ). (1.44)
Since ‘
Xn=¢n, | (1 + Zalsn E si_j>. (1.45)
I=1

it is clear that {X,} is strictly stationary and hence, since E[X?] < oo, also (weakly)

stationary. Also it is.straight—forward to find that
E[X,) = E(E[X,lex, k < n]) =0, (1.46)

E[Xn_,_th] = E(E[Xn+th|€k, k<n+ h]) =0, h>0. (147)

Thus the ARCH(1) process with |a1| < 1 is strictly stationary white noise. However,

it is not an i.i.d. sequence, since from (1.40) and (1.41},
BIX2 Xn1] = (a0 + n X7 ) Eled] Xna] = 00 + en 25, # EXE.

This also shows that {X,} is not Gaussian, since strictly stationary Gaussian white
noise is necessarily i.i.d.. From (1.43) it is easy to show that E[X?] is finite if and only
if 3¢? < 1. If E[X}] < oo, the squared process Y,, = X? has the same autocovariance
function as the AR(1) process W,, = ayW,_; + &,, a result that extends also to
ARCH(p) processes. It can be shown that for every o in the interval (0,1), E[Z2#] =
oo for some integer k. This indicates the “heavy-tailed” nature of the marginal
distribution of X,,.

The ARCH(p) process is conditionally Gaussian, in the sense that for given
values of {Xx, k =n—1,...,n — p}, X, is Gaussian with known distribution. This
makes it easy to write down the likelihood of Z, 4, ..., Z, conditional on {Z,, ..., Z,}
and hence, by numerical maximization, to compute conditional maximum likelihood
estimates for the parameters. For example, the conditional likelihood of observations

{22,...,2,} of the ARCH(1) process, given Z; = z, is
2

z
e 1] S )
5V 2m(ag + ozl ) 2(a0 + a12?_))

18



2 COGARCH processes

2.1 The COGARCH(1,1) process
The construction of the COGARCH(1, 1) process due to Kluppelberg et al. (2004)
starts from the defining equations of the discrete time GARCH(1, 1) process (&, )nen,

én = EnOnp, JEL = ap + 016121—1 + 1610121—1’ ne NO’ (21)

where oy, a1, and B are all strictly positive and (€, )nen, 1S @ sequence of iid (inde- -
pendent and identically distributed) random variables with mean zero and variance

1. The recursions (2.1) can be solved to give

n—1 n—1 n-—-1
o = Z H (61 + cugl) + o) H(ﬁl + a€5)
=0 j=i+1 7=0
Ls] n—1

= (st +an /0 Cexp [ D log (s + e ds) exp [ 3 log(8 + encd)],
3=0 =0

j_
where |s| denotes the integer part of s € R. The COGARCH(1, 1) equations are
then obtained by replacing the driving noise sequence (£,)nen, by the jumps (AL, =

Ly — Ly_ )10 of a Lévy process. More precisely, observing that

n—1 n-1
> log(fr + enel) = nlog b + Y log(1l + (c1/Br)e?)
7=0 j=0

for 8, > 0, and writing n for — log ), wg for o and w; for ¢, leads to the equations

dGy = oydL;, t>0, Gg=0, (2.2)
ol = (og + wp /t e’ d,s) e, >0, (2.3)
0
where the auxiliary process (X;):>o is defined as
Xp=nt— Y log(1+we(ALy)?). (2.4)
0<s<t

Here, wy > 0, w; > 0, n > 0 and o7 is independent of (L;)t>0. The COGARCH(1,1)

process is the solution G of these equations and, under specified conditions on the
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coefficients and the distribution of o2, the volatility process o2 is strictly stationary
and G has stationary increments.
As shown in Proposition 3.2 of Kliippelberg et al. (2004), the process (¢}):>0

satisfies the stochastic differential equation
do?, = wodt + o2e™~d(e™™), >0,

and

t
ol = wyt — n/ o2ds + wye” Z c}(AL)* +0a¢, t>0.
0 0<s<t
The COGARCH(1, 1) process with stationary volatility has been shown to have

many of the features of the discrete time GARCH(1,1) process. As shown in
Kluppelberg et al. (2004, 2006), the COGARCH(1, 1) process has uncorrelated in-
crements, while the autocorrelation functions of the volatility ¢ and of the squared
increments of G decay exponentially. Further, the COGARCH(1, 1) process has heavy
tails and volatility clusters at high levels (see Kliippelberg et al. (2006) and Fasen
et al. (2006)). While the volatility clustering can be also achieved in the stochastic
volatility model of Barndorff-Nielsen and Shephard if the driving Lévy process has
regularly varying tails (see Fasen et al. (2006) or Fasen (2004)), this is impossible
for the GARCH diffusion (1.1). For an overview of extremes of stochastic volatil-
ity models, see Fasen et al. (2006). Also, observe that many of the features of the
COGARCH(1,1) process can be obtained in a more general setting, as in Lindner
and Maller (2005).

2.2 The COGARCH(p, q) equations

Let (€,)nen, be an iid. sequence of random variables. Let p,q > 0. Then the

GARCH(p,q) process (&n)nen, is defined by the equations,

gn -~ O—ngny
o2 - 2 2 2 2 "> g
= awtaé,  t.o ot 5o+ P, N2>,

n

(2.5)

20



where s := max(p,q), 02,...,02 | are 1.id. and independent of the i.i.d. sequence
(En)n>s, and &, = Gpy1 — Gy, represents the increment at time n of the log asset price
process (G} )nen,- Note that the continuous-time GARCH process will be a model for
(Gt)i>0 and not for its increments as in discrete-time.

Equation (2.5) shows that the volatility process (02),cn, can be viewed as a
“self-exciting” ARMA(q,p — 1) process driven by the noise sequence (02_,62_;),en-
Motivated by this observation, we will define a continuous time GARCH model for

the log asset price process (G;);>q of order (p,q) by
th = 0¢ st, t> O, G() - 0,

where (07);>0 is a CARMA(q, p — 1) process driven by a suitable replacement for the
discrete time driving noise sequence (02_,62_)nen.

The state-space representation of a Lévy-driven CARMA (¢, p—1) process (¥:):>0
with driving Lévy process L, location parameter ¢, moving average coefficients ag, . . .,

a,, autoregressive coefficients 0y, ..., B, and ¢ > p is (see Brockwell (2001)),

'(/)t = Cc+ a'Ct,

0 1 0 0 | 0|
0 0 1 0 0
ag; = 0 Gdt+ | ¢ | dLy,
0 0 0 ce 1 0
i —By —Bg-1 —Bg-2 - —f J i 1 J
where a’' = [a1,...,q,), &; := 0 for j > p, and the coefficient matrix in the last equa-

tion is =0, if ¢ = 1. (The CARMA(q,p — 1) process, (¢:)¢>0, is a strictly stationary
solution of these equations, which exists under conditions found in Brockwell (2001).)
In order to obtain a continuous-time analog of the equation (2.5) we suppose that
the volatility process (¢});>0 has the state-space representation of a CARMA(g,p—1)
process in which the driving Lévy process (L;) is replaced by a continuous-time analog

of the driving process (02_,e2_,)nen in (2.5).
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The increments of the driving process in continuous time should correspond to

the increments of the discrete-time process,

n—1 n—1
dy ._ 2 _ 2.2
R = & = O€;.
1=0 =0

We therefore replace the innovations ¢, by the jumps AL, of a Lévy process (Lt );>0
to obtain the continuous-time analogue,
R, := Z o (AL,)?, t>0.
O<s<t
If L has no Gaussian part (i.e. 77 = 0 in (1.14)), we recognise R as the quadratic
covariation of G, i.e.
t
Rt = Z U_Z?(ALS)2 = / Uz_d[L, L]s - [G,G]t

0<s<t 0

If L has a Gaussian part, then ZO<s§t(AL5)2 = [L, L], the discrete part of the

quadratic covariation, and we have in general
‘ d
R, = / o2 dL, L9, ie dR,=o> d[L, L.
0

The COGARCH(p,q) equations will now be obtained by specifying that the
volatility process V(= o?) should satisfy continuous-time ARMA equations driven by
the process R defined above. Provided V is non-negative almost surely (conditions
for which are given in Section 2.5), we can define a process G by the equations Gy = 0
and dG, = v/VidL,. Under conditions ensuring that V is also strictly stationary, we
refer to G as a COGARCH(p, q) process. As §ve shall see, when p = g = 1, the solution
of the COGARCH equations coincides with that of the COGARCH(1,1) equations
(1.3)-(1.5) of Kliippelberg et al. (2004). (The parameters 3,,...,0, and o, ...,
in the following definition should not be confused with the parameters denoted by the

same symbols in the defining equation (2.5) of the discrete-time GARCH process.)

Definition 2.1. (The COGARCH(p, q) equations) If p and ¢ are integers such
that ¢ > p > 1, ap > 0, o1,...,0 € R, B1,...,8, € R, o, # 0, B, # 0, and
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apy1 = ... = ay = 0, we define the (¢ x ¢)—matrix B and the vectors a and e by

[ 0 1 0 0 ] | a1 ] —0-
0 0 1 0 Q 0
B= , a= . e= ’
0 0 0 ... 1 g 0
i By —=By-1 —Bg—2 ... =D | g I 1 |

with B := —fy if ¢ = 1. Then if L = (Ly)»0 is a Lévy_ process with non-trivial Lévy
measure, we define the (left-continuous) volatility process V = (V}):>0 with parameters

B, a, o and driving Lévy process L by
‘/t =y + a’Yt_, t >0, V() = oy + alYo,

where the state process Y = (Y,)i>0 is the unique cadlag solution of the stochastic

differential equation
dY, = BY,_dt+e(op+aY,_)d[L LY, t>0, (2.6)

with initial value Yy, independent of the driving Lévy process (L;);>0. If the process
(Vi)e»o is strictly stationary and non-negative almost surely, we say that G = (G¢);>o0,
given by

dG, = /Vi,dL,, t>0, Gy=0,

is a COGARCH(p, q) process with parameters B, a, ap and driving Lévy process L .
O

That there is in fact a unique solution of {2.6) for any starting random vector |
Y, follows from standard theorems on stochastic differential equations (e.g. Protter
(2004), Chapter V, Theorem 7). The stochastic integrals are interpreted with respect
to the filtration F = (F;);>0, which is defined to be the smallest right-continuous
filtration such that Fj contains all the P-null sets of F, (L;)i>0 is adapted and Yy is

Fo measurable.
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Without restrictions on ¢, a and B, the process V is not necessarily non-
negative, in which case G is undefined. Conditions which ensure that V' is non-
negative will be discussed in Section 2.5. In particular, it will be shown that if
a'eB'e > 0 for all t > 0 and Y, is such that V is strictly stationary, then V is non-
negative with probability one. Even if V takes negative values however, the process
is of some interest in its own right and many of our results for V are valid without
the non-negativity restriction.

Conditions for stationarity of V are discussed in Section 2.3.

We next show that if p = ¢ = 1, the solution of the COGARCH equations
in Definition 2.1 cdincides with the solution of the COGARCH(1, 1) equations of

Kliippelberg et al. (2004).

Theorem 2.2. Suppose that p = q = 1, and that o, oy and 3 are all strictly positive.
Then the processes (Gy)iso and (Vi)iso of Definition 2.1 are respectively the processes
(Go)izo and (0)is0 defined by (2.2) - (2.4), with parameters wy = apfy, wi = aye ™

and = (1.

Proof. From dY; = -4, Y. dt + V, d[L, L],Ed) and Viy = ap + oY, follows that

Vi — o

dVyy = dY, = —a1 5 dt + a1V, d[L, L)},

251
and hence that
t
Vie = colit —m/ Vids+on S VA(AL) + Ve,
0 ‘ 0<s<t

But this equation is also satisfied by the volatility process (07);>9 of (2.3) when
wo = apfh, n = 1 and w; = are™™, as shown in Propoéition 3.2 of Kluppelberg et
al. (2004), and uniqueness of the solution gives the claim. | 0

We conclude this section with a few definitions and some notation which will be

used throughout the paper.
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Definition 2.3. Let a and B be as in Definition 2.1. Then the characteristic poly-

nomials associated with a and B are given by

alz) = ar+ogz+... .+, z€C,

bz) == 29+ B2 +...+8, zeC.

The eigenvalues of the matrix B (which are exactly the zeroes of b) will be denoted

by Aj,..., Ay and assumed to be ordered in such a way that
RAG <R S <SRN
(where‘%/\i denotes the real part of );). Further, define
A= A(B) =R\

For the rest of the paper, convergence in probability will be denoted by “£>”,

uniform convergence on compacts in probability by “ P and equality in distribution

by “£”. For z € R we shall write log*(z) for log(max{1,z}). The transpose of a

column vector ¢ € C? will be denoted by ¢’. If || - || is a vector norm in C7, then the
natural matrix norm of the (¢ X ¢)-matrix C is defined as [[C|| = supccca\ (o} ”“CT]”

Correspondingly, for r € [1, oo} we denote by || - ||, both the vector L™-norm and the
associated natural matrix norm. Recall that the natural matrix norms of the L!, L2
and L vector norms are the column-sum norm, the spectral norm and the row-sum
norm, respectively.

The (g % ¢)—identity matrix will be denoted by I, or simply 7, and the canonical
vector (0,...,0,1,0,...,0), with i** component equal to 1, by e;. For e, we simply
write e. By diag (A;,...,\;) we mean the diagonal (g x ¢)-matrix with these entries
on the diagonal. The Kronecker product of two (g x g)-matrices A and B will be
denoted by A ® B, and by vec (A) we denote the column vector in C¢* which arises
from A by stacking the columns of A in a vector (starting with the first column). For

the properties of the Kronecker product we refer to Liitkepohl (1996).
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2.3 Stationarity conditions

In this section we consider conditions under which the volatility process (V;);>¢ spec-
ified in Definition 2.1 is strictly stationary. The parameters B, a and «g, and the
state process (Y);>o are as specified in Definition 2.1. The condition (2.8) estab-
lished in Theorem 2.4 below is necessary and sufficient for stationarity in the special
case p = ¢ = 1. For larger values of p and ¢ it is sufficient only, but not unduly
restrictive since there is a rich class of models satisfying the condition. Without seri-
ous loss of generality we shall assume that the matrix B can be diagonalised. Since
the only eigenvectors corresponding to the eigenvalue A; are constant multiples of
(1, A, A2, ., )\g*l]’, this is equivalent to the assumption that the eigenvalues of B are

distinct. Let S be a matrix such that S™!BS is a diagonal matrix, for example,

AN oo A
s=1| " ‘ (2.7)
i Ao /\g—l_J

(For this particular choice, S™'BS = diag (A1,. .., Ay).)

Theorem 2.4. Let (Y,)i>0 be the state process of the COGARCH(p, q) process with
parameters B, a and og. Suppose that all the eigenvalues of B are distinct. Let L be
a Lévy process with non-trivial Lévy measure vy, and suppose there is some r € 1, 0]
such that

/log(l S ea' S]] 4) dus(y) < ~A = —A(B), (2.8)

R

for some matriz S such that ST'BS is diagonal. Then Y, converges in distribution
to a finite random variable Yoo, ast — o0o. It follows that if Yy 2 Yoo, then (Yi)iso

and (V;)i>o are strictly stationary.

Remark 2.5. (a) If (V}):>0 is the volatility of a COGARCH(1, 1) process with pa-

rameters B = —8; < 0, ap > 0 and a; > 0, then ||S7'ea’S||, = a; and, as already
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indicated, the condition (2.8) is necessary and sufficient for the existence of a strictly
stationary COGARCH(1, 1) volatility process. (See Kliippelberg et al. (2004), The-
orem 3.1.)

(b) For general g > 2, the quantity ||S™*eaS||, depends on the specific choice of
S and on r. Observe that it is sufficient to find some S and some r such that (2.8)

holds. 0

The proof of Theorem 2.4 will make heavy use of the general theory of multi-
variate random recurrence equations, as discussed by Bougerol and Picard (1992),
Kesten (1973), and Brandt (1986) (in the one—dimensional case). The proof is given
after the proof of Theorem 2.8, since equation (2.15) will be needed in the proof of
Theorems 2.4 and 2.6.

The COGARCH state vector satisfles such a multivariate random recurrence

equation, as indicated in the following theorem.

Theorem 2.6. Lel (Yi)i>0 be the state process of the COGARCH(p,q) process with
parameters B, a and oy, and driving Lévy process L. Then there exists a family
(Js.: Kst)ocs<t of random (g x g)-matrices Js; and random vectors K, in R? such
that

Y, =J.Y, +K,;, 0<s<t. (2.9)

Further, the distribution of (Js, Ks,) depends only on t — s, (J5,4,,Ks, 1) and

(Jsz,tz, Ks”z) are independent for 0 < s; <ty <59 <y, and for 0 < s <u <,
Js,t - Ju,t Js,u~ (210)

If additionally the conditions of Theorem 2.4 hold, then the distribution of the vector

Y, is for any h > 0 the unique solution of the random fized point equation,
Yoo £ JonYoo + Kop, (2.11)
with Yo independent of (Jon, Kon) on the right hand side of (2.11).
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Remark 2.7. (a) The stationarity condition (2.8) is easy to check. However, as the
proofs of Theorems 2.4 and 2.6 show, a weaker stationarity condition is the existence

of a vector norm || - || and ¢p > 0 such that Jp,, and Ko, satisfy the conditions
Elog||Josl <0 and FElog® |[Kogll < co. (2.12)

By (2.10), E'log || Jo.t, 1l < 0 is equivalent to the requirement that there is a strictly pos-
itive value of ¢; such that the Lyapunov exponent of the iid sequence (J;, 5., (n+1))neno.

l.e.
| . 1
nll_{folo ;E (log | ey (n-1)t1m -+ - Jou Il) = 711161121 —n—E (log [ty (n=-1y,em - - Jouull) | »

(which is independent of the specific norm) is strictly negative. As shown by Bougerol
and Picard (1992), provided Elog™ ||Jos || < oo, Elog" [|[Koy, || < oo and a certain
irreducibility condition holds, then strict negativity of the Lyapunov exponent is not
only sufficient but also necessary for the existence of stationary solutions of such
random recurrence equations.

(b) The conditions of Theorem 2.4 imply the conditions (2.12) with the matrix
norm defined as the natural norm [|A]|z, = ||S~'AS]|,, corresponding to the vector

norm,

lellsr:=11S" ell,, c€Cq (2.13)
Observe, however, that the conditions of Theorem 2.4 are in general not necessary
for stationarity. For example, using methods similar to those in the proofs of Theo-
rems 2.4 and 2.6, it can be shown that for any vector norm || - ||, and for ¢ > 0,

[ ol < lle® ] + el exp( > log (1+ (ALS)QIIea'I|)> llea’l] D (AL

0<s<t 0<s<t
Now if A(B) < 0, then ||eB‘| — 0 as t — oo, and (2.12) can be satisfied without
assuming that all the eigenvalues of B are distinct, but choosing ||aj| sufficiently
small and imposing certain integrability conditions on L. We shall not pursue this
argument here as the conditions of Theorem 2.4 will be sufficient for our purposes.

g

28



The matrices J;;, and the vector K;; of Theorem 2.6 will be constructed ex-
plicitly when L is compound-Poisson, and in the general case will be obtained as
the limit of the corresponding quantities for compound-Poisson-driven processes. In
the compound-Poisson case we shall show that the stationary state vector satisfies a
distributional fixed point equation which is much easier to handle than (2.11). Also,
we compare the stationary distribution of Y., with the stationary distribution of the
state vector when sampled at the jump times of the Lévy process. This is the content

of the next theorem:

Theorem 2.8. (a) Let (Y¢)i>0 be the state process of a COGARCH(p,q) process
with parameters B, a and ag. Suppose that the Lévy measure vy, of the driving Lévy

process L is finite and write the compound Poisson process [L, L)Y in the form

N(t)
(L0 =3 (AL)? ="z,
O<s<t o od=1

where N(t) is the number of jumps of L in the time interval (0,t] and Z; is the square

of the i** jump size. Let Ty denote the time at which the first jump occurs and let

T;, 7 =2,3,..., be the time intervals between the (7 — 1)™ and j* jumps. Further,

let (Ty, Zo) be independent of (T;, Zi)ien with the same distribution as (11, Z,). For

1€ NO, let

C; = (I+ Zea)ePh,

I

D; opZie,

and Ty = ) 0| T; (where Ty := 0). Then the discrete time process (Yr, )nen, satisfies

the random recurrence equation

Yr,. = Co1Yr, + Do, n €N, (2.14)
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Further, for any t > 0,

N(t)-2
Y, = CB(t_FN(t))|:1{N(t);£()}DN(t) + Z Cnw o Cnwy-iDnw-iaa
+Cnty - C1Yo]
N(t)—1

IR

BTy ) {1{1\,0)#0} D, + Z Ci -CDipy +Cy - "CN(t)YO}-

- (2.15)
(b) Assume additionally that the conditions of Theorem 2.4 are satisfied. Then the
infinite sum Y ooy C1 - - CiDyyy converges almost surely absolutely to a random vector
?, which has the stationary distribution of the sequence (Yr, )nen,- The stationary
state vector Yo, satisfies

4

Yoo £ e87Y, (2.16)

where T' 1s independent of (Ti, Z;)ien, and has the distribution of Ty. Further, Y, is

the unique solution in distribution of the distributional fized point equation
Yoo £ QYo +R, (2.17)
where Y o, is independent of (Q,R) and

Q = PN (I + Zyead),

R = agZ,ePMe.

The fixed point equation (2.17) will play a crucial role in the determination of
the covariance matrix of Y, studied in the next section.
Proof of Theorem 2.8. (a) It follows from (2.6) that Y, satisfies Y, = BY, dt for

t €y, Tpuy1), so that

Y, =By o ot Th), neN,. (2.18)
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At time T4 a jump of size e(ap + a'Yr,,,-)Zn11 occurs, so that

Yp Yr‘n+1_ + e(QD + a,an+1_)ZTL+1

n+1

= I+ Zn+1eal)an+1— + agZpi1€

= CTL+1YFn + Dn+la n e NOa

which is (2.14). Solving this recursion gives

n—2

an - Dn + Z Cn Tt Cn—iDn—‘i—l + Cn e C’1~Y07 nc N)

i=0
and the first equality in (2.15) follows from this and Y, = eB("“FNU))YpN(t). The
second equality in (2.15) is a consequence of the fact that the infinite random element
(N(@), TNy Chys Dy, - .. C1,D1,0,0,...)  has the same distribution as
(N(@),Tnwy,C1, D1, ..., Cny. D), 0,0,...); indeed, for any n € Ny and ¢ > 0
the random vectors (C1,D,),...,(Cy,D,) are iid and depend on the restriction
{N(t) = n, Tnw > c} only in terms of > " | T; and Th41, but not on the T,
1 =1,...,n, individually.
(b) Let S be such that S™*BS =: A is diagonal and define the vector norm
liclls- = ||S7'cl}» as in equation (2.13), so that the associated natural matrix norm

is ||A]lgr = ||ST*AS]|,. Then we have for ¢ > 0,

16”5, = IS €™ 57|, = [le™], = e*. (2.19)

-1
HB,T
This gives |C1]l5- < (1 + Z)]led’||p,)e’? and ||Dy|| g, = agllel| s Z1, so that, using
e[z, 00)) =v({y €R: ly] = V) for 20,
Elog||Cillgr £ AE(Th)+ Elog(l + Zi|led’| 5.r)

e | oo
log(1 + lea r dv <0
o B) T VL) Jgmy U T I ) A 0)

by (2.8) and
+ o1 0,2
Elog (Zl) = Z@/Rlog (y )dl/L(y) < 0.
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From the general theory of random recurrence equations this implies the almost sure
absolute convergence of >>° Cy - - C;Dy41 to Y which has the stationary distribution
of (Yr, )nen, see e.g. Bougerol and Picard (1992).

To prove (2.16), for m € N let
. m—1
Y, = Z C---CiDyy +Cy---Cr Y,
i=0

and

Y, = eB(t_FN“))?m, t>0.

Since the random variable (¢ — ') is asymptotically independent of T, Zy,...,
T, Zm (for t — o0, m fixed), it follows that eBt-Tnw) jg asymptotically independent
of ?m, and hence Y., converges in distribution to eBT?m, as t — oo, where T
is exponentially distributed with parameter v, (R) (e.g. Taylor and Karlin (1994),
Section 7.4.4) and independent of T3, Zy, ..., T, Zn and hence can be chosen to be
independent of (7})en, (¥;)ien (as in the statement of the theorem). Mofeover, eBT?m
converges almost surely, hence in distribution to eBT?, as m — oo. Denote by ?t the
expression in the lower line of (2.15). Then (2.16), and in particular the existence of
the limit variable Y, in the compound Poisson case, follow from (2.15) and a variant

of Slutsky’s Theorem (e.g. Brockwell and Davis (1991), Proposition 6.3.9), provided

lim limsup P(|Y; = Yomllgr >€) =0, Ve>0. (2.20)

m—0o0 {00

Since [|eB¢TNe)| 5, < 1, and Lyngysoy D1 + Sv0 ™ Cy -+ CDigy +Ci -+ - Cryny Yo
?m converges almost surely, hence in probability as t — oo to > ;2 Cy -+ CiDyyy —
C) -+ CnYq, which itself converges almost surely to 0 as m — oo, (2.20) is true
and (2.16) follows. That Y, satisfies (2.17) is clear from (2.16), and that it is the
unique solution follows from Elog ||Q|lz, < 0 and Elog™ |R||5, < oo. O

The proof of Theorem 2.8 (b) already showed the existence of the limit variable

Y for the case of a driving compound Poisson process. Nevertheless, this existence

will be reestablished in the proof of Theorems 2.4 and 2.6 for the general case, making
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use of Theorem 2.8 (a) only. We shall use an approximation argument and introduce

the following notation:

Definition 2.9. Let L be a Lévy process. Then for any ¢ > 0, the /e-cut Lévy
process (LEE))QO is defined by

LE = > AL, t>0

0<s<t|AL|>VE
If (Yi)i>o is a state process of a COGARCH(p, q) process driven by L, then the
COGARCH(p, q) process with the same parameters and starting vector but driving
Lévy process (L),5o will be denoted by (Yt(e)),,zo.
The quadratic covariation of L) is given by
(L) L), = [L©), L) = Z |AL?.
0<s<t,|]ALs|2>e

In particular, the corresponding COGARCH volatility results in being driven by a

compound Poisson process. With this notation, we have the following lemma:

Lemma 2.10. Let (Yi)i>0 be the state process of a COGARCH(p,q) process. Then

Y converges in ucp to Y,, ase — 0.

Proof of Lemma 2.10. This is an easy consequence of perturbation results iﬁ
stochastic differential equations: recalling the definition of prelocal convergence in H”,
1 < p < 00, as in Protter (2004), page 260, it is easy to see that [L(), L()] converges
prelocally to [L, L} in H?, 1 < p < oo, as € — 0 (for example, with stopping times
Ty = k). The claim then follows from Theorems 14 and 15 of Chapter V in Protter
(2004). d

Proof of Theorems 2.4 and 2.6. We shall first concentrate on (2.9) and (2.10)
and then prove Theorem 2.4 and the rest of Theorem 2.6 simultaneously. Let € > 0,

and assume the representation

Ne(t)
20,19 = 3 2

i=1
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where L(®) is the y/e—cut Lévy process of Definition 2.9. Define Ci(e) and DEE) similarly

as in Theorem 2.8. Further, let

) . BU-T ) (e) (€)
Jéi =€ ( Ne(t) Cl(\z(t) v CIE
Ne(t)—
) ._ BT () )
KOft =€ we(o) Lin. #0}D + Z ON @ N (z DNE (ty—i- 1]

Then, by Theorem 2.8 (a),
Y = JEYo + K. -~ (2.21)

From the previous Lemma we know that Yfe) converges in ucp to Y, as £ — 0. Since
this is true for any starting value Yy, it holds in particular for Yy = 0, and from (2.21)
follows that K(()Et) converges in ucp to some K, as ¢ — 0. Hence, again from (2.21)

it follows that for arbitrary Yy,
J(E)Yo Y - K(()Et) LY, — Ko, as £—0.

Since this holds for arbitrary Yy, we conclude that Jéi) converges in ucp to some Jy;

as € — 0. From (2.21) then follows
Y: = Jo: Yo+ Ko,

By starting at an arbitrary time s instead of at time 0, we obtain (2.9). For example,
Jg(st) is given by

( ()

JS(,Et) = B(t FNE(i))ON CN FNE(SH_I“S)) 0 S S S t’

E

2l + Zns)n1ea’)e

giving (2.10). The independence and stationarity assertions on (Js,, K;) are clear,
since J;; and K ; are constructed only from the segment (L, )s<u<: of the Lévy process '
L.

Now assume that all eigenvalues of B are distinct and that (2.8) holds. Apply-
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ing (2.19) to Jéi) gives

(e) B(t-T%) ) €) e
HJO't ”B,r S l‘e © bBr CI(VE(t) HCI() B,r

< ST H ( 1+ 25 |lea||5,)e ’\(FEE)—F@J)
Ns( )

= Mexp | Y log(1+ ZF |S7'edS]|,) (2.22)
i=1

< oM : 2] a=14,/

< exp ( Z log(1+ (AL,)*||S 'ea SHT)) . (2.23)
O<s<t .

Since ||JoillBr < limsup,_,o ||Jéi)||37n we conclude that
log || JotllBr < AL+ Z log(1 + (AL,)?||S™ea’S|,), (2.24)

O<s<t

giving
Elog||Jotller <t </\ + / log(1 + || Sea’S ™|y dVL(y)> <0
R
by (2.8) (see e.g. Protter (2004), Chapter I, Theorems 36 and 38). This is the left

hand inequality of (2.12). To show that Elog™ | K|z, < oo, observe that

1K) 5,

A@-T (e)

<e N5<t>)1{N5(t)¢o} aollellsr Zu

+aollels, Z MR- (14 28 leallls, ) -+

' (1 + 23 llea’ IIB,T) Z8 i (2.25)
< aollell s Liv.aeor 2N,
Ne(t)—2 :
tagllellsr Y. exp [ S log(1 + (ALS)QHea/“BI)] VA
i=0 0<s<t
g’aous—le”rexp[ 3 log(1+(ALS)QHS’lea’SHT)] S (AL).  (2.26)
0<s<t 0<s<t

From this follows that

log || Ko/l .- < log(aol|S7ell,) +> _ log(1+ (AL,)*|S™"ea’S|,) +log L, L]”

O<s<t
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The expectation of the second summand is finite as shown above, and E(log[L, L]\") <
o0 since f(l,oo) log z dvyp 1)(z) = fR\[~1,1] logr*dvy(z) < oo, showing the right hand
inequality of (2.12).

Let (Jn, Ku)nen be an iid sequence with distribution (Jg 1, Kg 1), independent of
L and Yy. Let v € [0,1) and n € N. Then it follows from (2.9) that

n—2

Yn+7: Kn+'y—1,n+'y + § Jn+'y—1,n+'y s J?H—'y—'i-—l,n+'y—iKn+'y—i-2,n+'y—i—l
=0
FInty-1mty Iy Yy

n—1

éKl‘f'ZJl"'JiKiH—f'Jl"'JnY7
i=1

=G, + H,Y,, say

Since Elog ||/1]|lz- < 0 and Elog" ||K;||z, < oo, it follows from the general theory
of random recurrence equations (e.g. Bougerol and Picard (1992)) that H, con-
verges almost surely to 0 as n — oo and that G,, converges almost surely absolutely
to some random vector G, as n — oco. Since Y has cadlag paths, it follows that
Sup,¢jo,1) | Y+ 5.~ is almost surely finite. Hence

lim sup |H,Y,|g=0 a.s,

n—00 ye0,1)
and it follows that Y, converges in distribution to Y := G ast — o0o. That Y
satisfies (2.11) and is the unique solution is clear by the theory of random recurrence
equations. Equations (2.11) and (2.9) then imply that if Y, LYy then Y, £ Y,

for all t > 0, showing strict stationarity of (Y});>o since it is a Markov process. [

2.4 Second order properties of the volatility process

In this section (Y;);>o denotes the state process defined by (2.6), with parameters B,
a and o and driving Lévy process L with Lévy measure v;. The aim of this section is

to study the autocorrelation function of the volatility process (V;)i>0. We shall write

u:z/deuL(y) and p:=/y4duL(y),
R R
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and, if u < oo (i.e. EL? < o),

B := B+ pea’. (2.27)

Observe that B has the same form as B, but with last row given by (=8, + pay, ...,

—fh + payg). We first give sufficient conditions for the moments of Y, to exist.

Proposition 2.11. Suppose that the eigenvalues of B are distinct, A = A(B) < 0,
| -1l is any vector norm on C? and k € N. Then the following results hold.

(a) If E|L1|* < 0o and E||Y,|* < oo,
E|Yf <oo Vi>0.
(b) If E|L1|** < co, r€[l,00], S is a matriz such that ST'BS is diagonal and
[ (@ s el ) 1) daty) < -,
then S and r satisfy (2.8) and E||Y||F < 0o. In particular, E(Y ) ezists if
El}<oo and ||S'ea’S|,p< -, (2.28)
and the covariance matriz, cov (Yo, exists if
EL] <oo and |S7'edS|?p < 2(=X—||S™'ed’S| ). (2.29)

Further, (2.29) implies (2.28), and (2.28) implies that all the eigenvalues of B have

strictly negative real parts, in particular that B is invertible and By # oqp.

In order to prove Proposition 2.11, we will show that the state process (Y:)i>o0
can be majorised by the state process of a COGARCH(1,1) process, for which we
can apply the moment conditions of Kliippelberg et al. (2004). We further show
that under the conditions of Theorem 2.4, the stationary distribution Y, can be
approximated by stationary distributions of compound Poisson driven COGARCH
processes, and that there is a majorant for this approximation. This will allow to
restrict attention to compound Poisson driven processes when calculating autocorre-
lations, the general case following from Lebesgue’s dominated convergence theorem.

This is the content of the next lemma:
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Lemma 2.12. Let (Y¢)i>0 be the state process of a COGARCH(p,q) process with
parameters B, a and oy > O such that all eigenvalues of B are distinct and that
A= AXB) < 0. Letr € [1,00], S such that ST'BS is diagonal, and denote by
|- |8 the vector norm defined in (2.13). Further, denote by (Y,)i>o0 the state process
of a COGARCH(1,1) process with (1 x 1)-matriz X, vector |lea’||p, € R!, scaling

parameter aglleliz- > 0 and initial state vector Yo := ||Yyl|/g,,. Then
1Yl <Y:, t20. (2.30)
If (2.8) is satisfied for this r, then there exist versions of Yo and Y o such that
Yool Br < Yo (2.31)

Further, if (YEE)),:EO is the process defined in Definition 2.9 for € > Q, then versions
of Y((;) can be chosen such that ||Yc(£)||B,T < Yo for alle > 0 and Y LA Y, as

e — 0.

Proof of Lemmma 2.12. We use the notations and setup of the proof of Theorems 2.4
and 2.6. Let ¢ > 0 and define a COGARCH(1, 1) state process T similarly as above
(with respect to Y(©)). Let 7(()612 and —Kéfz be defined similarly as J((,i) and K((ft) (with
respect to ?(E)). Then it is easy to see that 7&) and —K(()ft) are the right hand sides
of (2.22) and (2.25), respectively. In particular, HJéi)HB,r < 7(();) and HK((fZHBJ < K((ft),

and since 7(()5,) and T{—Eft) converge in ucp as € — 0 to some Jo, and Ky such that

Y, = 70,[\70 + Ko,tu

it follows that || Y|z, <Y, for fixed ¢t > 0, giving (2.30).

Similar quantities such as 7(;) and J,, can be defined when going. from time
s to time ¢, and similar results hold. Let VEE) = allellsr + ||ed’|ls - ?fi) be the
COGARCH(1, 1) volatility corresponding to Y. Define

X, o= =M= ) log(1+ (ALy)|fed|| ),

O<s<t

XP = —xt— Y log(1+ (ALY |lea'||5).

0<s<t,(ALs)2>e
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Then it follows from Theorem 2.2 and (2.3), that

t
17\ byd (e) (e)
Vi = <V0*C¥0HGHB,T/\ / X4 ds> X
0

) . —
X¢" and obtain another formula for Kfft), namely

Thus we have 75)5,2 =e"
t
77(e) - _x(&) (&) (e
Ko, = lleall5} [aollella»re i aoHeHB,M/ e )ds—aoileHB,r]-
0
From this it can be seen that 7(()? and Kéez are bounded by Jy; = e™** and

t
Ko = ||ea/||1§,1r apllel|,r [e_x‘ — )\/ e~ Xe=Xa) g — 1] ,
0

respectively. Now define the versions

x>

?oo = 270,1 s Ji—l,iKi,i+1’
=0
x>

Yéi) = Z ‘](ggl) ) 'Ji(i>1,iK§i)+1’
=0
x>

Y. = Z Jojg - Jim1: K .

Il
=]

k2

In the proof of Theorems 2.4 and 2.6 we have seen that (2.8) implies that the sum

defining Y., converges almost surely. This then gives the claim, since
il 1 ler < Tivs 1Kiantllse 1K N5 < K,

and J©  and K

Pk i 141 converge in probability to J;_1; and K, ;41 as € — 0, respectively.

]

Proof of Proposition 2.11. All assertions apart from the implication *“(2.28)
= A(B) < 0" follow immediately from Lemma 2.12 (observing that the existence
of E|lY;||* is independent of the specific matrix norm) and the corresponding prop-
erties of the COGARCH(1, 1) process, see Section 4 in Kliippelberg et al. (2004).
That (2.28) implies A(B) < 0 is a consequence of the Bauer-Fike perturbation result

on eigenvalues, stating that for every eigenvalue Xj of B we have
min X =X S|SB - B)S| = n{Sed' S|,
i=1,...,q
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see e.g. Theorem 7.2.2 and its proof in Golub and van Loan (1989). O

Next, we determine the autocovariance function of the (not necessarily station-

ary) volatility process of Definition 2.1.

Theorem 2.13. Let (V,)i>o be the volatility process specified in Definition 2.1, with
state process (Y,)e>o and parameters B, a and ag. Suppose that EL} < oo and that
E|Y )P <oV tFZ 0 (as is the case for example if the conditions of Proposition 2.11

are satisfied). Then, with B defined as in (2.27),

cov (Vign, Vi) = a'ePcov (Y,)a, t,h>0. (2.32)

Proof of Theorem 2.13. Since for fixed ¢, almost surely V, = V,, = 0p + a’Y,, we

obtain

cov (Vign, Vi) = @’ cov (Yyin, Yi) a. (2.33)

For the ease of notation, we will assume that ¢t = 0. Let Jy := Jy, and K, := Ko
as constructed in the proof of Theorem 2.6. Then, using that |eB!]| < el Bl for any

vector norm || - ||, it follows as in the proof of (2.23) that

E||Juj < el E {exp ( Z log(1 + (ALS)ZHea’H)) } < 00 (2.34)

0<s<h
by Klippelberg et al. (2004), Lemma 4.1 (a). Using that Y, = J, Yy + Kj, we

conclude that E||K|| < oo and that

E(YnYy) = E(E(YrYolJn, Kn))
= E(J, E(YOYa) + K, E(Yf,))

E(Jn) E(YoY() + E(Ky) E(Y).

On the other hand,

E(Yx) E(Yp) = E(Jn) E(Yo) E(Y0) + E(Ky) E(Yg),
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so that cov (Y4, Yo) = E(J,)cov(Yy), and (2.32) will follow from (2.33) once we

have shown that

E(J) =¢eP, t>0. (2:35)

To do that, it suffices to assume that [L, L]; is a compound Poisson process. The
general case then follows from the fact that Jt(f) as defined in the proof of Theorem 2.4
converges to J; in L' as € — 0, since it converges stochastically and since there is
an integrable majorant by (2.34) and its proof. So suppose that [L, L]; = Zf\i(lt) Z; is
compound Poisson with intensity ¢ > 0 and let C; = (I 4 Z;ea’) ¢#T+~T:~1) Then, for

0 < s,t, it follows from (2.10) and the independence of Jy s and J, 54, that

E(Jswt) = E(J)E().

It is easy to see that E(J;) is a continuous function in ¢ € [0, 00). Further, E(Jy) = I,
and we conclude that (E(J;)):>0 is a semigroup. We shall show that its generator A;
satisfies '

Aj= }ing—}(E(Jt) —-I)=B+ / vy’ dvp(y)ea = B. (2.36)
" R

This then implies (2.35), since E(J;) = €47, see e.g. Goldstein (1985), Proposition 2.5.
To show (2.36), write

Jy = ebt 1{N(t)=0} + BB(t_Fl)Cl 1{N(L)=1} + GB(t_rN“))CN(t) - O ]-{N(I)ZQ}- (2.37)

We have P(N(t) = k) = e~(ct)¥/(k!) since N(t) is Poisson distributed with para-
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meter ct. Then by (2.34),

E (eB(t—FN(t))CN(t) - 1{N(t)22})
N(t)
< eBE exp [ S log(1+ Zillea']) | Linsa

=1
N(t) :
— elPItE [exp [ S log(1 + Zilea')l ‘N(t) >2 | PV > 2)
=1
N(t)+2
< elPltE | exp Z log(1 + Z;|ea’|]) P(N(t) > 2)
=1

= BB (14 Zylea[)(1+ Zllea])

xE (exp ( Z log(1 + (ALS)ZHea’H)>> P(N(t) > 2)

0<s<t

= o(t) as t—0, (2.38)

since P(N(t) > 2) = o(t) as t — 0. Further, since I'; is uniformly distributed on

(0,t), conditional that N(t) =1, it follows that

E (P""TC Linw=n)

= F (eB(t“F‘)(I + Zyea’)efl

N(t) = 1) P(N(t) = 1)

t
ds
= / eBt=9) (1 4 E(Z,)ea)e? y e~ ct.
0
Since supyc,<; l€?* — I|| converges to 0 as t — 0, we conclude that

1 - /
lim ~E (e”“"™C1 1iv=ny) = (I + E(Z1)eal)c.

Now (2.37) and (2.38) give (2.36), since

E(J) =1 Bt/—ct -7
i 2V =L e =Tk B(Z))ea)
t—0 t t—0 t

= —cl+ B+c(I+ E(Z))ea’) = B. -

Since we are primarily interested in the stationary volatility process, we need to

evaluate cov (Y,). But first we need an expression for F(Y ).

42



holds. Then

ol

EYs) = —ozo,ué_]e ==
ﬁq — ol

€. (239)
We need the following lemma:

Lemma 2.15. Let T be exponentially distributed with parameter c, and suppose that

AB) <0. Let
M = E(eBT @ B7T).
Then
BTy = (I-c¢'B)™, (2.40)
M7 = I~ (I®('B)-((c'B)®I). (2.41)

Further, (I ® B) + (B®1) is invertible, and for any real (g X q)-matriz U the um’due
solution of (I ® B) + (B ® I))x = vec (U) is given by

X = vec (~/ eBLU B dt) . (2.42)

0
Here, we denote by I the (q x q)-identity matriz, and by I2 the (¢* x ¢*)-identity

matriz.

Proof. Equations (2.40) and (2.41) follow by simple calculations and a diagonalisa-
tion argument, while invertibility of (I ® B) + (B ® I') and (2.42) are consequences
of Lyapunov’s theorem for the solution of Lyapunov equations, see e.g. Section 9.3

in Godunov (1998). O

Proof of Lemma 2.14. Suppose first that the Lévy measure of L is finite and let
Q and R be as in Theorem 2.8 (b) (writing (T, Z) instead of (Ty, Zo)). Then by

Lemma 2.15,

E(Q) = (I-¢'B)"'(I+ E(Z)ea),
xE(Z) (1 - c‘lB)“l e,

je]
&
!
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so that (2.17) gives

Further,

(I-c'BYI-EQ)={(I-c"'B)-1-FE(Z)ea] = —%(B + pea’),

giving

E(Yw)=—c(B+ pea’)™ (I —c'B) E(R) = —apu(B + pea’)'e.
Denoting u = (u1,...,u,) := (B + pea’)"'e, it is easy to see that up = ... =u; =0
and u; = 1/(aqpp — B,;). In the case when v is infinite the result follows from
Lemma 2.12, using that Y, is an integrable majorant by (2.28). O

The following theorem contains the main results of this section. It demonstrates
that the autocorrelation function of the stationary COGARCH volatility process is
the same as that of a continuous-time ARMA process. This reflects the corresponding
discrete-time result that the autocorrelation function of a GARCH volatility process

is the same as that of a discrete-time ARMA process.

Theorem 2.16. Suppose that the eigenvalues of the matriz B are distinct, A(B) < 0
and (2.29) holds. Then the matriz (I ® B) + (B® I) + p((ea’) ® (ea')) is invertible,

and the covariance matriz of Y o is the unique solution of

[([ ®B)+ (B® 1)+ p((ea’) ® (ea’))] vec (cov(Y o))
2 22
_aO/qu 7

= —— 9 vec(ee). 2.43

.= par)? ( (2.43)

Let (11)i>0 be a stationary CARMA(q,p—1) process (as defined in Section 2) with lo-
cation parameter 0, moving average coefficients oy, ..., ap, autoregressive coefficients
B1 — oy, B2 — pagn, ..., By — aqp, driving Lévy process L and corresponding state

process (C;)eso. Suppose that E(Ly)? < oo, E(Ly) = i and var (Ly) = p and define

o0 o~
m = p/ a’ePlee’e'adt = var (¢;).
0
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Then 0 < m < 1, and

ag B2
cov (Yoo) = = ,ua;))2(1 ) cov (Ceo)
CY%,B,?P = Bt__s B't
= B = o) (L= ) /0 e”lee’e” " dt, (2.44)
2/@3
var (Vo) = 7 (io,ual)2 le, . (2.45)
E(Ve) = B—%’ (2.46)
q
Bli) = ot (247)

If (Vi)is0 is the stationary COGARCH wvolatility process, then

ag[}g
(ﬁq - :U‘al)2(1 - m)

showing, in particular, that V' has the same autocorrelation function as 1. If the

cov(Pern, ¥r), th >0, (2.48)

cov(Vign. Vi) =

eigenvalues Xl, . .,Xq ofé are also distinct, and a(z) and E(z) are the characteristic

polynomials associated with a and B, then

_ b S aly)a(=h) s
COV(V;H-h’ ‘/t) - (ﬁq . ,ual)q2(1 . m) Z Y , 4 € ’ ta h 2 0: (249)

where b denotes the derivative of b.

Proof of Theorem 2.16. By Lemma 2.12 and the dominated convergence theorem,
it is sufficient to assume that [L, L] is a compound Poisson process. Hence, let ) and
R be as in Theorem 2.8, writing (T, Z) instead of (Tp, Zy), where T is exponentially

distributed with parameter ¢ > 0. Then
E(YaYl) — E(QYoYoW@Q') = E(QYWR) + E(RYLQ) + E(RR))  (2.50)
by (2.17), and all these expectations exist by (2.29). Now

E(QYoY,Q) = E(FlQYxY,QQ))
= E(EQE(YYq,)QIT])

- E (eBT E[(I +Zea)E(YoY.) (I + Zae')] eB’T) .
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Using that vec (A1 A2A3) = (A} ® Ay)vec (Ay) for matrices Ay, Ay and Aj it follows

with M as in Lemma 2.15 that
vec (E(QY»Y,Q'))
= Mvec(E((I+ Zea)E(YLY. )+ Zae')))
= M(E((I+Zed)® (I + Zea'))) vec (E(YoYy))
= M(Ip + E(Z)((ea) ® 1) + EZ)(I ® (ca)) + E(Z)((ea) ® (ea')))

xvee (E(Yoo Y1)

Similar expressions can be obtained for vec (E(QYR")), vec (E(RY. Q') and
vec (E(RR’)) and we obtain from (2.50) that

(L — M (12 + B(Z)((ea!) ® I) + B(Z)(I ® (ea)) + E(Z%)((ea) ® (ea)))]
xvec (B(YoYL,))
= Mvec [ajE(Z*)e€’ + ap(E(Z)] + E(Z%)ed ) E(Y )€’ + apeE(Y),)
x(E(Z)] + E(Zz)ae')]
Multiplying this equation by ¢M ™!, using (2.41), (2.39) as well as u = ¢ F(Z) and
p = cFE(Z%), we obtain
=T ® (B + pea’)) + (B + pea) @ 1) + pl(ea') ® (ea'))] vee (E(YooYL,))
= vec [agpee’ — o2(ul + ped)u(B + pea’)lee’ — olee’ (B’ + pae’) 'p
x(pul + pae')}.

Adding to this

(18 B)+ (B o 1)+ pl(ea’) @ (ea)] vec (E(Yoo) E(YL,))

= vec [E E(Y.)E(Y.) +E(YW)E(Y;O)§'+pea'E(Yw)E(Y;o)ae’] |

il

af vec [,uzee’(él)'1 + y*B~ee + puEea’E’lee'(E’)*lae’}
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on both sides results in

- [(1 ®B)+ (B&I)+p((ea) ® (ea'))} vec (cov(Yy))
2 I 5—1" 2 ’ a%ﬁg
= aop[l—;L(aB e)] vec(ee):m

which is (2.43), where we used (2.39) in the last equation.

vec (ee’),

Now let A := (@ B)+(B®I) and x := vec (cov(Y)). By Proposition 2.11 and
Lemma 2.15, A is invertible. Observe that the matrix p((ea’) ® (ea’)) has non-zero
entries only in the last row. Denote this row by ¢’. Further, set v := pagﬁg(ual -

B,)7%. Then (2.43) can be written as
Ax + (c'x)ep = —vegp.

We know already that a éolution to this equation exists. Suppose there are two of
them and, call them x; and x2. Then Ax; = —(y + ¢'x;)e;2 and Axy = —(v +
c'xXs)e,z. Denoting the unique solution of Ay = —neg, by y(n), n € R, it follows
that x; = y(y + ¢’x;) and x; = y(y + ¢/xg). Since x; # 0 # X, this implies that
v+ c'x; # 0 # v+ ¢'Xs, and using the linearity of the solution y(n) in n it follows
that there is k£ # 0 such that x; = xx;. Thus we have Ax; = —(y + ¢'x;)ep and
KAX| = —(y+kc'x) )eg2, and this is only possible if & = 1, so x; = x5. So the solution
of (2.43) is unique, implying that the matrix A + p((ea’) ® (ea’)) is invertible.

By (2.42), the solution y(n) of Ay = —ne, is given by

y(n) = vec <n /Ooo eBlee eBtdt) (2.51)

This gives
cov (Yeo) = (v + ¢ vec (cov ( )/ eBtee’eB' dt.

Since both cov (Yo) and [~ eBtee’eB't dt are positive semidefinite, it follows that
v+ ¢’ vee (cov (Yo)) > 0. By Brockwell (2001), the stationary CARMA state vector

(s has covariance matrix
> —~ —~
’
cov ((oo) = p/ eBlee’e? dt,
0
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so that there is v > 0 such that
cov (Yoo) = ucov ({x)- (2.52)

Inserting (2.52) in (2.43) and using (2.51) shows -

232
—05,p
I vec (e€),

o0 —~ —~
—up vec (ee’) + up® vec (ea’/ eBlee’eBt dt ae'> = — T
0 (@1 ~ pay)

so that
Magﬁg
(8 — pan)?
Since u > 0 and og, §; # 0, it follows that 0 < m < 1 and that
o
(Bg = poy)*(1 —m)’

giving (2.44). This implies (2.45) using Voo = ap + @'Y, and (2.46) follows from

—u(l —m) vec (e€) = vec (ee').

U =

(2.39). Finally,
E(Yn) = a’E/ ePle dL; = u/ aelledt = —;l/a'é_le,
0 0

giving (2.47), and (2.48) and (2.49) are direct consequences of (2.32), (2.44) and the

autocovariance function of a CARMA process (see Brockwell (2001)). ]

2.5 Positivity conditions for the volatility

In order for the definition of the COGARCH price process dG, = +/V; dt to make
sense it is necessary that V; be non-negative for all ¢ > 0. The following Theorem

gives necessary and sufficient conditions for this to occur with probability 1.

Theorem 2.17. (a) Let (Y,)i>0 be the state vector of a COGARCH(p,q) volatility
process (Vi)i>o with parameters B, a and ag > 0. Let v > —oag be a real constant.

Suppose that the following two conditions hold:

a'ePle > 0 V>0, (2.53)

aefly, > v as Vt>0. (2.54)



Then for any driving Lévy process, with probability one,
Vizap+vy>0 ViE>0. (2.55)

Conversely, if either (2.54) fails, or (2.54) holds with v > —aqg and (2.53) fauls, then
there exists a driving compound Poisson process L and ty > 0 such that P(V,, < 0} >
0. _

(b) Suppose that all the eigenvalues of B are distinct and that (2.8) and (2.53)
both hold. Then with probability one the stationary COGARCH (p,q) volatility process
(Vi)eso satisfies

Vizay>0 Vi>0.

Proof of Theorem 2.17. (a) Suppose that (2.53) and (2.54) both hold. By
Lemma 2.10, it suffices to show (2.55) for the case that [L, L] = Zf\;(f) Z; is a com-
pound Poisson process, with jump times (I, )nen. Then it follows easily by induction
from (2.6) and (2.18) that

N(L)
Yi=ePYy+ ) P el Z;, t>0. (2.56)
i=1

In view of the proof of (b) below, let s > 0. Then

N{t)

a'eBsz, _ a/eB(.H—t)YO + Z a/eB(s+t~F¢) e VI‘i Z ] (2.57)
i=1
N(t)
> v+ Z a'eBEH-T e V1 7, (2.58)
1=1 »

Setting s = 0, it follows that V; = ag +a'Y— > ap + v for ¢t € [0,T"], hence also
Ve = ag+7v > 0 by (2.53) and (2.58), and an induction argument shows that
Vi > ap+ v forallt>0,ie. (2.55) holds.

For the converse, suppose first that (2.54) fails. Then, using the continuity of the
function ¢ — e it follows that there is (#;,%,) C (0, 00) such that P(ag +a'eP'Y, <
0Vt e€ (f1,ta)) > 0, and since P(I'y > t3) > 0 we get the claim from (2.57). So

suppose that (2.54) holds with v > —ayg, but (2.53) fails. Suppose that the support
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of the Lévy measure of the compound Poisson process [L, L] (and hence the support
of the jump distribution Z;) is unbounded. Let (¢3,%4) C (0, 00) be an interval such
that a’ef'e < —c; < 0 for all ¢ € (t3,t4) for some ¢; < 0. Let t5 > t4. By (2.54) we

have P(Vr, > ag + ) = 1, so that it is easy to see that the set
A= {Fl <ty < Fz, ts —Fl S (t3,t4)7 VF1 > a0+7}
has positive probability. On A, we have by (2.57)

Vi, = ap +a'ePbY, +a'eflsTe V) 7.

Blts—T1)e < —¢), and by choosing Z; (which is independent, of 'y, I'; and Yy)

Now a’e
large enough we obtain P(V;, < 0) > 0.

(b) In view of (a) it remains to show that Y, satisfies (2.54). For the proof
of this, it suffices by Lemma 2.12 to assume that [L, L] is compound Poisson. Let
({’t)zzo be a state process with Y, = 0. Then (2.54) holds for i’o with v = 0, and
it follows from (2.58), (2.53) and (2.55) that a’e®sY, > 0 for all s,¢ > 0. Since Y

converges in distribution to Y, as t — oo, (2.54) follows with v = 0. O

For the stationary COGARCH volatility process or for the process with Yo = 0,
the condition (2.53) alone is sufficient for almost sure non-negativity. The expres-

Bte is in fact the kernel of a CARMA process with autoregressive coeffi-

sion a'e
cients b1,...,b0, and moving average coefficients a;,...,a,. Results pertaining to
non-negativity of a CARMA kernel have been recently obtained by Tsai and Chan
(2004). We state their results in the next theorem in the context of COGARCH rather
than CARMA processes. Statement (e) below has also been obtained by Todorov and
Tauchen (2004). Recall that a function ¢ on (0, c0) is called completely monotone if
it possesses derivatives of all orders and satisfies (—1)*%2(¢) > 0 for all ¢ > 0 and all

din

’I"LEN().

Theorem 2.18. Let B and a be the parameters of a COGARCH(p,q) process. If

A(B) < 0 and ¢y > 0 we have the following results.
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(a) For the COGARCH(p, q) process, equation (2.53) holds if and only the ratio
of the characteristic polynomials a(-)/b(-) is completely monotone on (0, 00).

(b) A sufficient condition for (2.53) to hold for the COGARCH(1,q) process is
that either
(i) all eigenvalues of B are real and negative, or
(1) if (Miy, Aiyjx1)y - -+, (Ainy A1) is a partition of the set of all pairs of complex conju-
gate eigenvalues of B (counted with multiplicity), then there exists an injective map-
ping u : {1,...,7} — {1,...,n} such that A,y is a real eigenvalue of B satisfying
Mgy 2 R(A;)-

" (¢) A necessary condition for (2.53) to hold for the COGARCH(1,q) process is
that there exists a real eigenvalue of B not smaller than the real part of all other
eigenvalues of B.

(d) Suppose 2 < p < gq, that all eigenvalues of B are negative and ordered as
in Definition 2.3, and that the roots y; of a(z) = 0 are negative and ordered such
that vp_1 < ... < v < 0. Then a sufficient condition for (2.53) to hold for the
COGARCH(p, q) process is that

k

k
You<Sn Vee{l...p—-1}

i=1 t=1
(e) A necessary and sufficient condition for (2.53) in the COGARCH(2,2) case

is that both eigenvalues of B are real, that ag > 0 and that oy > —asA\(B).

Although characterisation (a) may be difficult to check in general, it gives a
method of constructing further pairs (a, B) for which (2.53) holds, since the product

of two completely monotone functions is again completely monotone.

2.6 The autocorrelation of the squared increments

In Section 2.4 we investigated the behaviour of the autocorrelation function of the

volatility process. Since one of the striking features of observed financial time series
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is that the returns have negligible correlation while the squared returns are signif-
icantly correlated, we now turn to the second-order properties of the increments of
the COGARCH process itself. We therefore assume that V is strictly stationary and

non-negative and define, for r > 0,

G =G~ G, = VVidL,, t>0.

(t,t+7]
It is easy to see that (Gﬁ")),,zo is a stationary process. Let x and B be defined as in

Section 2.4. We then have the following theorem.

Theorem 2.19. Let B, a and oy be the parameters of a COGARCH(p,q) process
whose driving Lévy process has no Gaussian part and for which EL; = 0. Suppose
that the eigenvalues of B are distinct, that (2.28) and (2.53) hold and that V is the

stationary volatility process. Then for anyt >0 and h > 1 > 0,

E(G) = 0, (2.59)
E(CT)) = 28T gy 2.60
(©P) = o) (2.60)
cov(G,GN) = 0. (2.61)

If in addition (2.29) holds then

cov((GI)2, (G)2) = E(LY) a'eP*B~1(I — e By cov(Y,,G2), h>r, (2.62)

var((G\")?) = 6 E(L?) 'K, + 2(rE(L2) E(Vao))? + rE(LYE(V2), (2.63)

where

cov(Yr, G?) = [(I — e®")cov(Yw) — B7H(eP™ — INcov(Y o) B'le

and

K, = [(r] - B”l(egr — D))eov(Yeo) = B-Y(B Y — I) — rI)cov(Yo)B']e.

The autocovariance function (2.62), like that of the CARMA process with para-

meters B and a, is a linear combination of terms of the form e%", 5 = 1,...,q, where

:\1, el :\q are the eigenvalues of B.
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Proof of Theorem 2.19. We mimic the proof of Proposition 5.1 of Kliippelberg
et al. (2004), i.e. in the COGARCH(1, 1) case. Observe that (2.59) and (2.61) follow
immediately, since (L;):;>0 is a zero-mean martingale. Further, (G);>o is a square
integrable martingale, and using the compensation formula (e.g. Bertoin (1996),
page 7), we have

EG? = E/ Vod[L, L), = E Y VJ(AL,)* = E(L)*rE(Va),
0

0<s<r
and (2.60) follows from (2.46). Before showing (2.62), we verify that EG} < oo
if (2.29) is satisfied: it follows from the Burkholder-Davis-Gundy inequality (see e.g.
Protter (2004), page 222) that EG} < oo if E[G,G]? < oo. Let V, = allellp, +
llea’|| g, Y- the volatility of the COGARCH(, 1) process constructed in Lemma 2.12,
and let G, = fot \/—Vftst the corresponding GOGARCH(1, 1) price process. Then it
follows from Lemma 2.12 that there is C; > 0 such that

Vs — aollellsr

0<V, =g+ a'Ys_ < ag + Clvs_ =g+ C} Hea’H
B,r

Then
t
6,6l - / V,d[L, L],
0

t
< i_/ Vsd[LyL]S.{_ (ao_g}ao_HeU?_’l) [L, L),
0

[ealla, foa' .
e (e P E YR
“ea’HB,r Hea,”B,r

so that again by the Burkholder-Davis-Gundy inequality and Doob’s maximal in-
equality, finiteness of E@f implies finiteness of E[G,G)? and hence of EG}. That
Eaf < oo was already used in Klippelberg et al. (2004).

Denote by E, the conditional expectation with respect to the o-algebra F;. Using

partial integration, we have

h+r
(G2 =2 G, dG, + [G, G
h+
h+r
- 2/ G/ VidLe+ > V(AL
h

h<s<h+r
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Since the increments of L on the interval (h, h + r] are independent of F, and since

L has expectation 0, it follows that

h+r
E/ Ge\/VidL, = 0.
h

+
Recall that Y, = J,, Y, + K, ; by (2.9). Hence we also have Y,_ = J.,_ Y, + K, ,_,

so that by the compensation formula,

E(GP)Y = E Y (a+2aY,)(AL)?

h<s<h+r

= F, Z (g +2a'J,, Y, +a'K,, )(AL,)?
h<s<h+r
h+r
— E(L%)aor + E(LY)a / (EJvs )Y, ds
h+
h+r

+E(L%)a’/ (EK,,-)ds

h+

- B [ Y EWyds (2.64)

Since Y 4 JrsY o + K, s by (2.11), with Y, independent on the right hand side,
and EJ, ; = eB(s-) by the proof of Theorem 2.13, it follows from (2.39) that

Qglt

EKT’S = ([ — €§(Svr)>l—6-—-—a—lu
q — &1

e;.
Hence

E(V)) = ag+aefemy, 4o PE (1 _ Bl-se
/Bq — ol

aoﬂq + a/eé(s—r) <Yr _ .ﬂ_el) . (265)
/Bq — 'Bq T p

Combining f:“ eBs=1) ds = eBRB1(I — e=Br) with (2.64), (2.65) and (2.39) gives

E (G = E(L?) (% +a'eBr BN — e By (Y, — EY,)) :
q

and we conclude with (2.60) that
E((GV(GY)) = E(E.(G))’GY))
=E(L}) E (MGz +aleBPr BT — e Bry(Y, - EYT)G,?)
/Bq — i
= (B(G)) + E(L}a'e™ B (I —e™"7) [E(Y,G}) - (EY,)(EG))],
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showing (2.62). To calculate cov(Y,, G?%), integrate by parts to get

Gzzz/ Gs_dGs+[G,G]r:2/ GSN\/VSdLmL/ V,d[L, L],
0 0 0

therefore
cov(Y,, G?) = cov(Y,,2 Gs,\/ dL / V,d[L, L])
= ZCOV(YT,/ Gs-/ VsdLg) + cov(Y,, Vi d[L, L]).
0 0

To calculate the first term, let I, := fOT Gs-+/V,dL,. We already have that E([;) =
0 and that for G, Vi/VodLy, = 0. Integrating by parts and substituting dV,, =
aBY, dr + oV, d[L, L)\,

W = [ LoVt [ Vdl+ i)
. 0 0

= a’B/(;TIs_YSdsnLaq / I,_V.d[L, L]ﬁd)+/er_I@\/f/:dLs
+[ao+aB/Y ds+aq/VdLL /Gb_\/_dL} .
Taking expectation,
E(LLV,y) = a’B/OTE(IS_YS)dHaqE(Lf)/OTE(IS_VS)dHo

+aqE/ VaVVeGeod > (AL,
0 O<u<ls

- a’B/ E([S_Ys)ds+aqE(L§)a’/ E(I,-Y,.)ds.
0 0

where we have used fR 2dyp(dz) = 0 and E(I.V,,) = a'E(,Y,). Y, =1, Y, =

I,_Y,_ almost surely for fixed s, so we have
E(L,Y,)=a'(B+ aqE-(L%)[)/ E(I.Y;) ds.
0
The equality holds for any vector a, hence

E(LY,) = (B + a,E(L)I) / E(IY,)ds.
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Solving the integral equation and using I, = 0, we get E([.Y,) =0 for all » > 0. So,
the first term of cov(Y,, G?) is equal to 0.

To calculate the second term of the covariance, start with

dY, = BY,_dr + eV, d[L, L},,
eV, d|L, L], = dY, — BY,_ dr,

Vid[L, L], = (dY, — BY,_dr)e

therefore
/OT V.d[L, L], = /OT(dYs ~ BY,_ds)e
=(Y, - Yo~ /OT BY,_ds)'e
(Y-, - /OTY’_ ds Be.
Thus, by the stationarity of Y and using cov(i’n Yo) = eETcov(YO),
cov(Y,, ' V.d[L, L]s) = (cov(Y,) — cov(Y,, Yq) — cov(Y,, /OT Y, ds)B')e
0 /
= (cov(Yo) — egrcov(YO) - /OT eé(r_s)cov(Ys_) ds B')e
= (I — eB)cov(Yo) — B~ (P — INcov(Yo)B)e.
Finally, to calculate var((G\")?), integrate by parts and get
GH = 2 / e dG? +[G*, G,
= / G?_(2Gs_\/V,dL,+ V. d|L, L],)
{ /Gs_\/—dL +/VdL L]s,2 /Gs_\/—dL +/ V.d[L, L}]
= 4/ G-’*_\/\ZdLSH/O Gﬁ_Vsd[L,L]3+4/O G2_V,d[L, L],
0
+ 4/OTGS_VS\/Vsd[[L, L},L]s+/or V2d[[L,L],[L, L],

r
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Taking expectation and using E(L;) = E(L3) = 0,

B(GY) = 6B [ B(GLV)ds+ B [ B(2)ds

— 6B(L?) / [eov(G2_,V.) + B(G2)E(V,)] ds + rE(LYE(V2)

Il

6E(L2) /O [alcov(GL, o) + E(L)(E(Vo))?] ds + rE(LY) E(V2)

= 6E(LY)a / Ccov(GL, Y, ) ds + 3r2(B(LR)E(Va))? + rE(LY)E(V2).

The integral in the first term is

K, = /cov(Gz_,YsA)ds:/ cov(G2,Y,) ds
0 0

= /OT[([ - eés)cov(Yoo) — Eil(eés — Ieov(Yoo)B'leds

= [(r1 - E*I(egr — ))eov(Yeo) — BTYB (B = T) — rl)cov(Ys)B'le.
So we have the variance of (G’,(/T))2 as follows,

var((G)?) = B((GD)Y) — (BU(G)?)? = E(G?) — (E(GY)?

= 6FE(L%)aK, +2(rE(L})E(V)) 2 + rE(LHEWVZ). O

The autocovariance function (2.62) and the variance (2.63) can also be written
down, using (2.27) and (2.44)—(2.46), as the second degree polynomials in terms of

parameter a:

_ o0y

— (1 =m)(8, — pou)?
a%b’g

(1 —m)(By — pon)?

The autocorrelation function is therefore written as follows:

3(0) := var((G")?) (a’Pya+a'Qy + R), (2.66)

(@Pya+a'Q,), h>r (267)

7(h) = cov((GI2, (GT)) =

a'P,a+a'Q,

h > 2.68
a'Ppba+aQy+ Ry’ " ( )

p(h) = corr((G)2, (G )?) =

o7



where

Py = 20*BB B NP~ 1) —rI) = I]cov({w),

Qo = 6pu[(r] — B (" — I))oov((uo)

~ B YB Y- 1) - rI)cov((oo)E’]e,

Ry = 2rip®+op

and

P, = uQeEhE_I(I - e‘ér)g’l(egr — Decov(leo),
Qn = peP BTN = e ) [(I = eP)cov((a)
— E‘l(eér - I)cov((oo)g’]e.
Notice that the autocorrelation function is free of ap and f,, and is a function of
only Bi,... ,Bé, therefore enables us to estimate the parameters Bi,. .. ,Bq using the

sample autocorrelations. The matrices Py, Py, Qg and Q,, are easily calculated since

cov({s) is straightforward to find, for exafnple, when ¢ = 2,

p 10
COV(COO) = —== -
26,5, 0 Gy
and when ¢ = 3,
B _
, A 0 -1
coV({e) = —==—== 0 1 0 |,
2(B1Bs — Bs) )
-1.0 p

etc.

2.7 An Example

In this section we illustrate the properties established above using the COGARCH(1,3)
process driven by a compound Poisson process with jump-rate 2 and normally dis-

tributed jumps with mean zero and variance 0.74. The COGARCH coefficients are
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ap = a1 = 1,0 = 12,0, = 48 + 72, and (3 = .064 + 472, from which we find
that the eigenvalues of B are —.4, —.4 4 75 and —.4 — wi. With S defined as in (2.7),
[|S~tea’S||» = 0.21493 and it is easy to check from this that the conditions (2.28) and
(2.29) are satisfied. Condition (b)(ii) of Theorem 2.18 also implies that the volatility
process is non-negative.

The eigenvalues of the matrix B=B+ pea’ are —.25038, —.47481 + 3.144261
and —.47481 — 3.14426i. From (2.49) we conclude that the autocorrelation of the
volatility in this case is a linear combination of exp(—.25038¢) and a damped sinusoid

with period approximately equal to 2 and damping factor exp(—.47481¢).

&
_100 1 1 | 1 1 | 1
0 1000 2000 3000 4000 5000 6000 7000 8000
5 -
~ 1 il pllk Bl g " VPR 2 [ .
S 0
&} il 1 ! | i it | j\ il
-5
0 1000 2000 3000 4000 5000 6000 7000 8000
=
i B it i { i i | |
J‘“‘ | ». k. L by 0 | L it LU P | LY i
0 1000 2000 3000 4000 5000 6000 7000 8000

Figure 3: The simulated compound-Poisson driven COGARCH(1,3) process with jump-rate 2,
normally distributed jumps with mean zero and variance 0.74 and coefficients ap =y =1, 53 = 1.2,
Bo = .48 + 72 and B3 = .064 + .4x%. The graphs show the process (G:) sampled at integer times
(top),the corresponding increments (GEI) = Gy+1 — Gt) (centre), and the corresponding volatility

sequence (V; = oZ) (bottom).

The top graph in Figure 3 shows the values at integer times 101,...,8100 of a
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simulated series (G;) with the parameters specified above, Yo = (1,1,1) and G(0) =
0. The second graph shows the differenced series (Gi11 — Gi)e=100,... 8099 and the last
graph shows the volatility (o7)i=101,...s100-

As is the case for a discrete-time GARCH process, the increments (G — Gy)
exhibit no significant correlation, but the squared increments ((Giyy — G¢)?) have
highly significant correlations as shown in the second graph of Figure 4. The first
graph in Figure 4 shows the sample autocorrelation function of the volatility process
at integer lags. This too is highly significant for large lags, reflecting the long-memory
property frequently observed in financial time series. As expected from the remarks
in the first paragraph above, it has the form of an exponentially decaying term plus

a small damped sinusoidal term with period approximately equal to two.

1 0.075
08 0.06
06 0.045
0.4 . 0.03
0.2 } ‘ . 0.015
0 ”“”]Hn, 0 1]”!:,.,.
0 10 20 ':30 40 0 10 20 30 40

Figure 4: The sample autocorrelation functions of the volatilities (V;) (left) and of the squared
COGARCH increments ((Gy11 — G¢)?) (right) of a realisation of length 1000000 of the COGARCH
process with parameters as specified in Figure 3. The red dots indicate the theoretical autocorrela-

tions.
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3 Parameter estimation

As mentioned earlier, the ACF p(h), h > 1 of the process ((GET))Z)QO is a linear
combination of e, j=1,...,q where \,... ,;\q are the eigenvalues of B (see (2.62)-

(2.63)). It is therefore the ACF of an ARMA(q, gq) process, namely
—h —h —h
p(h)261€1 +62£2 +"'+Cq£q 3 h:172’ (31)

where &; = e_;\f, j =1,...,q are the autoregressive roots of the ARMA(q, q) process,
and ¢1, ..., ¢, are constants. Fitting an ARMA(q, g) process that gives the same ACF
as that of the squared increment process (( G’,@)?)tzo is the main idea of the estimation

procedure proposed in this chapter.

3.1 Preliminary estimation

The autoregressive coefficients ¢ = (¢1,...,¢,)’ can be initially estimated by using
the sample autocorrelations of the squared increment process ((Gﬁ”)Z)lZO. Multiply-

ing the identity ¢(¢;) =0 by ¢;&;" and summing over j = 1,..., ¢, we find that

pg+1) —drplg+i—1)—doplg+i—2) =+ —gp(i) =0, i=12,... (32)

Writing (3.2) for ¢ = 1,...,q, we obtain the following system of linear equations of

variables ¢.

where p, = (p(g +1),...,p(2¢))" and R is defined as

p(q) plg—1) - p(1)
R .- p(q.+1) P(‘Q) p(.2) | (3.4)
p(2¢—1) p(2¢—2) - p(q)

In order the equations (3.3) have unique solution, the matrix R must be non-singular.

The determinant of R is calculated in the next lemma.
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Lemma 3.1.

detR=[Je& J] (&' -4 (3.5)

i=1 1<i<j<q

Proof. Define a column vector

&V =67, T =1

By the multilinearity property and using Vandermonde determinant (see Rao and

Rao (1998)),

q q
detR =det[> eV, ... > g @)

i=1 i=1

q
B —(q)
_H Zdet n(l)""’éﬂ'(q)]
=1 w€ll
q .
fowmd H Ci Z 5;(11) .. £W(‘ZI det[fﬂ_(l .. ’£7r(q ]
i=1 well
q
=[Te 2 oy Sigm(m detler ™, )
i=1 €Il
q
=[Ja&d sienmeny, 64" I &' —&
=1 rell 1<i<j<q
q
= Hclé" [T €'=&M ) sien(meng, &
i=1 1<i<j<q nell
q

=HC£{1 II & =¢h>

I<i<j<q

where sign(7) is 1 if 7 is an even permutation, -1 if 7 is an odd permutation. O

Since &1, ..., &, are assumed to be distinct, from (3.5), det R # 0, therefore the
equations (3.3) have a unique solution ¢.

Replacing the autocorrelations p(1),..., p(2q) by the corresponding sample auto-
correlations (1), ..., (2¢), we obtain the preliminary estimators ¢ of ¢ which can be
used as starting point for the least-squares estimation in Section 3.2. The preliminary
estimator is not very efficient because it uses the first 2¢ lags of the autocorrelations

and the determinant (3.5) is very close to zero therefore a small variation in the
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sample autocorrelations would result in a significant change in the determinant (3.5),
hence in the estimators of ¢.

The preliminary estimator of the autoregressive coefficients ¢ of ((G)2) 5 is
strongly consistent in the case of a compound Poisson driven COGARCH(2,2) process.

Let the estimator of ¢ = (¢1,...,¢,)’ based on n observations be denoted as é,,.

Theorem 3.2. For the compound Poisson driven COGARCH(2,2) process ¢,, con-

verges to ¢ almost surely, as n — oo. .

Proof. The squared increment process ((GEI))Z)QO is mixing, therefore ergodic.
Hence, by the theorem IV.2.2 of Hannan (1970) the empirical moments and the

empirical autocovariances converge almost surely to their theoretical counterparts:
=% B(GYY,

A(h) 22 ~y(h), h=0,1,...,

as N — oo. The preliminary estimators of ¢ are continuous functions of the sample
autocovariances and the sample moment of the observed data: m,4(0),...,%(2q),
hence we conclude that

(%nﬁ'aqﬁasn—m)o,

i.e. the preliminary estimators are strongly consistent. U

3.2 Least-squares estimators

The squared increment process ((GST))Q)QO has an autocovariance structure of an
ARMA (g, q) process. Thus, fitting an ARMA(q, q) process to the squared increment
process would enable us to estimate the parameters of the COGARCH process. The
noise involved in the ARMA equation in Chapter 1 is assumed to be an i.i.d. sequence,
or a martingale difference sequence. However, the noise sequence in the squared

increment process ((Gﬁ”)%eo does not satisfy such strong assumptions.
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However, under strong mixing and moment conditions, the least squares esti-
mators (LSE) of ARMA representations in which the noise is the linear innovation
process, so called weak ARMA models, are strongly consistent and asymptotically
normal (see Francq and Zakoian (1998)). In the case of the compound Poisson driven
COGARCH(2,2) process the squared increment process ((GET))Q)QO satisfies these
conditions, as will be shown in Section 3.3, therefore we can find estimators of the
ARMA parameters of ((G{)2),50 which lead in turn to strongly consistent and as-
ymptotically normal estimators for the COGARCH parameters. v

We now introduce the notation of Francq and Zakoian (1998) below. Let (X,):>0

be a second-order stationary process satisfying
q q
X = Z ¢ X + Z Oice—; + €4, (3.6)
i=1 =1

where {¢,} i1s a sequence of uncorrelated random variables with zero mean and com-
mon variance o2, and the polynomials ¢(z) = 1 — ¢z — ... — ¢,2% and 0(z) =
14+ 6,2+ ... +0,2¢ have all their zeros outside the unit disk and have no zero in
common. Let By = (¢1,...,¢4,01,...,0,), B = (61,...,02), and denote by © the
parameter space
0 :={BeR¥: f:lﬁizi and %% B;2% have all their zeros outside the unit disk}.
= j=q+1

For all B € O, let {£,(8)} be the second-order stationary process (See Brockwell and
Davis (1991), Chapter 3 for the existence and uniqueness of such a process) defined

as the solution of
‘ g q
e(B) = X - Zﬁz‘Xt—i - Zﬁqﬂ'gt—j(ﬂ), teZ (3.7)
i=1 j=1

Ifg =¢i,i=1,...,qand §; = 0,_,, 7 =g+ 1,...,2q then {&,(B)} is the linear
innovation of {X,}, i.e.

g =Xy — E(X|Hx(t — 1)) (3.8)
where Hx (i Z 1) is the Hilbert space generated by (X, s < t).
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Given a realization of length n, Xi,...,X,, &(8) can be approximated, for

0 <t <mn, by e(3) defined recursively by

q g
elB) = Xe =D _ BiXei— Y Beviei(B), (3.9)

i=1 j=1
where the starting values are eo(3) = - =e_g11(B) =0and Xo=--- = X_,4; = 0.

Let 0 be a strictly positive constant chosen so that the true parameter 3, belongs to
the compact set

q ) 2q )
05 := {B € R*; the zeros of 5" Biz" and ). 3,27 have moduli > 1+ 4}.
i=1 Jj=q+1

The random variable ﬁn is called the least-squares estimator if it satisfies, almost

surely,
n

. 1 \
B, = arg min t:ZI e (B) (3.10)

For any 3 € Oy, let
N 1 T
Ou(B,) = — 3" ()
" t=1

and mOn(ﬁ) = (%—On(ﬁ), e ﬁOn(ﬁ))’. Consider the following matrices:

18) = tim Vr(Vii350.(9))

and
2

0
= lim Var{ ———0, ,
7() = Jim Var(5555-00(8))
where [A(%, j)] denotes the matrix A with elements A(i, 7).

The following is the main result that shows the strong consistency and the as-

ymptotic normality of the least-squares estimators.

Theorem 3.3 (Francq and Zakolan (1998)). Let (X¢)iez be a stricily stationary er-
godic process satisfying (3.6). Let (Bn) be a sequence of least-squares estimators

defined by (3.10). Suppose By € ©5. Then

B, — By a.s. as n — oo.
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If in addition, (X;)icz satisfies E|X;|*t? < oo and strongly mizing with the mizin
gLy g g

v/(2+v)

rate such that 3 oo, oy < oo for some v > 0. Then

VB, = By) ~ N(0,%)

as n — oo, where & := J7HB)(B)J 1 (B,).

3.3 - Strong consistency and asymptotic normality of the least-
squares estimators

In this section we establish the conditions of Fracq and Zakoian for strong consistency
and asymptotic normailty of the least-squares estimators of the COGARCH(2,2) pa-
rameters when the driving Lévy process is compound Poisson. We conjecture that
the conditions hold more generally, but the results of this section cover the examples
considered later in the chapter,

We'll show that the state process (and therefore the volatility process) of the
COGARCH(2,2) process is strongly mixing with geometric rate when the driving
Lévy process is compound Poisson. If the volatility process is strictly stationary
and strongly mixing, then the squared increment process is also strongly mixing
(see Haug et. al. (2007)). The mixing property guarantees strong consistency of
the estimators proposed in Chapter 3 and the strong mixing property guarantees
asymptotic normality of the estimators.

A stationary Markov chain (Y,,) is said to be strongly mizing with geometric rate

when there exist constants C and a € (0, 1) such that

S}lp lcov (f(Yo), 9(Yk))| =: o < Cad¥,
»g

where the sup is taken over all measurable functions f and ¢ with [f| < 1 and [g] < 1.
The function «y is called the mizing rate function of for the Markov chain (Y,,) and

is equal to

o = supleov (/(Yo) oY)l = sup |P(ANB)— P(A)P(B)]
1.9 Aca(Yo,), B€Ea(Yk) ’
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where the last equality follows from Doukhan (1994).

" Before showing the mixing conditions, we first recall the following definitions.
A Markov chain {Y,} with state space £ C RY is said to be p-irreducible for some
measure u on (£, &) (€ is the Borel o-field on E), if

Zp”(y, C)>0 forally € E, whenever u(C) > 0.

n>0
Here p"(y, C) denotes the n-step transition probability of moving from y to the set C'
in n steps.
" The following lemma shows the irreducibility of {Yr, } in the compound Poison

\

case when the Z; has strictly positive density on (0, 0o).

Lemma 3.4. If B has distinct eigenvalues, Az < A; < 0 and conditions 2.8 and
2.58 are satisfied, then the Markov chain {Yr,} with state-space {x = (z1,22) :
zo > max(Mzy, A1)} is p-irreducible where @ is the restriction of two-dimensional

Lebesgue measure to R?.

Proof. We'll give the proof for COGARCH(2,2) case since the simulations and
applications in Chapter 3 are concentrated on COGARCH(2,2) model. We have

le = eBFIY() + e(ao + aICBFIYo)Zl.

Under the conditions stated, {Yr,} has strictly positive probability density with

2
respect to ¢ on the subset of R%

S: {(ylva) . O < Y1 < m}a

where

22
_ N —rg .
(,,;1 _ zz) [:‘_2_(12_&12] Tt 1, >0,

/\1 /\1 1:2—/\2:1:1)
m := max(eje®'x) = (
£>0

z, if 2, < 0,

and e; = (1,0), e; = e = (0,1)". The time ¢ at which the maximum occurs is

1 Aa{za—~Aiz1)\
FYE 1°g(xf($§,x;-i>) if z3 >0,

to =
0 if o < 0.
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Define the mapping f = (f1, f2)' : R} — S as follows:

n = fi(t) = e'leBtX,

yo = fo(t, 2) = eheP'x + (o + a'eP'x)z,
2

and define the following subset of S,
St ={(,42) 21 <y <mand y; > e’zeth for some t € (0,1g)}.

(S1 may be empty, depending on x.) Under the mapping f, each point in S\ S; has
a unique inverse image in (t9,00) x Ry and the inverse mapping h; is differentiable

with strictly positive Jacobian:

-1

o(t, z) | 5’(y1,y2)‘"1_ @0
(

3 =|

Oy, y2)! | 0(t,2) | lan
dt dz

= (eeP'x(ag + a'eP'x))™! > 0 for any t > 0.

Each point in S} corresponds to two distinct points, one in (¢5, 00) x R, and one in
(0,t0) x Ry. The two inverse mappings, k1 and h, respectively, are differentiable with
strictly positive Jacobian. Since the joint density of I'y and Z; is strictly positive on
R? we conclude that, conditionally on Yo = x, Yr, has strictly positive density on
S. Since the transition density p(x,y) of {Yr,,n=0,1,2,...} is strictly positive for
x as specified and for every y € S, the two-step transition density p? (x, z) is strictly
positive for all z in the positive quadrant since
PP (x,2) > / p(x,¥)p(y, 2)de,
YeS:y2>y0

p(x,y) > 0 for all y € S and yy can be chosen sufficiently large to ensure that
p(y,z) > 0 for all y such that yo > y,. (This follows by the same argument used in

the first paragraph, noting that m — oo as z; — oo for each fixed z;). ]

We now state the result by Basrak et. al. (2002) which will be used to show

that the process (Yr, )nen, is strongly mixing.
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Theorem 3.5. For the stochastic reccurence equation
an+l = Cn—{—lYFn + Dn+1, n e No,

suppose there exists an € > 0 such that E||C||° < 1 and E|D|¢ < oo. If the Markov
chain (Yr, )nen, 1S p-irreducible, then it is geometrically ergodic and, hence, strongly

mizing with geometric rate.
The following is the main result of this section.

Theorem 3.6. Let (Y;):>p be the strictly stationary state process of a COGARCH(2,2)
process that satisfies the conditions of Lemma 3.4. Then (Y¢)i>o is strongly mizing

with geometric rate.

Proof. By Lemma 3.4, the Markov chain (Yr, )nen, is ,u-irr’educible. It also satisfies
the random recurrence equation (2.14). Recall that we have |

C; = (I+ Zea)ePT,

D, = oyZe.
The condition E||C1||¢ < 1 for € > 0 in some neighborhood of zero is satisfied if

Elog||Ci|| < 0 and E||Cy||° < oo for some § > 0. Elog ||Cy|| < 0 was shown during

the proof of Theorem 2.8. It is straightforward to check
E|Cill < B((1+ ZiJlea|)e™™) < o0

and the other condition E|D,| = agEZ; < co. Hence, by Theorem 3.5, the process
(YT, )nen, is strongly mixing with geometric rate. Denote the mixing rate function

of (Yr,) as

oy = sup |P(AN B) — P(A)P(B)| < Cad*. (3.11)
AEU(Yo),BEU(YI‘k) :

By (2.14) and using the fact that T is indepe'ndent of (T}, Z;)ien, and has the distri-

bution of T3, we have, for any ¢ > 0,
U(Yt) = U(YFN(z)7 T) - U(YFN(t)’ T’ Z) = J(YFN(t)+1)'
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Hence, (Y}):>0 is also strongly mixing with the mixing rate
o = sup |P(ANB) — P(A)P(B)|
Aco(Yo), BEa(Yy)

< sup |[P(An B) — P(A)P(B)|

A€o(Yo), BEa(YrN(t)_H)

< C'a®
where the last inequality follows from N—t(tl 2% ¢, ast — 00. 0
Remark 3.7. If the state vector (Y¢)i>0 is strongly mixing with geometric rate then
the volatility process (V;)i>0 is also strongly mixing with geometric rate since strong
mixing is preserved under linear transformation as well as the rate. The squared
increment process (Gﬁi})ieN also inherits the strong mixing property as well as the

rate from the volatility process (V;)i>0. (see Haug, et. al. (2007)) g

Remark 3.8. By Theorem 3.6 and Remark 3.7, the squared increment process
((GY2),,en is strictly stationary and strongly mixing with geometric rate. If, for ex-
ample, the jump size distribution is standard normal then the driving compound Pois-
son process has finite moments of all orders, in particular, it follows that £ (Gt(r))“‘“’ <

v/ (2+4v)
k

oo. It is straigh-forward to see the condition 3 ;7 o < oo is satisfied for geo-

metric mixing rate. Hence all the conditions of the Theorem 3.3 are satisfied for the
process ((Gﬁ”)Q)neN. Given the realization of the squared increment process, we fit an
ARMA (g, q) process and get the LSE of the COGARCH parameters that are strongly

consistent and asymptotically normal (see Corollary 3.11).

Remark 3.9. The maximum likelihood estimators of 3, can also be found by maxi-

mizing the Gaussian likelihood

n

1 1 .
L(B,o%) = exp{—~ X — X)) v;_ }, 3.12
6.5 = e { g N - X G
where Xj, J=1,...,n are one step predictors and v;_;, 7 = 1,...,n are their corre-

sponding mean squared errors both of which can be calculated recursively from the
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innovations algorithm (see Brockwell and Davis (1991)). Since the linear innovations

(3.8) are equal to g, = X, — X,, t > 0 and it can be shown that if {X.} is invert-

2

ible then v,, — ¢* as n — oo, hence maximizing the likelihood (3.12) is essentially

the same as minimizing the least-squares sum (3.10), i.e. the maximum likelihood

estimators are asymptotically equivalent to the LSE. g

The next step is to estimate a by matching the coefficients ¢y, . .., ¢, in the (3.1),
the ACF of an ARMA(q, ¢), with the corresponding coefficients of the ACF of the
squared increment process and solving the resulting g second order equations system

in terms of the parameter a.

In the COGARCH(2,2) case, the ACF (2.68) is reduced to

Sk (uon)®A® — (ftazf;\fl + 2/{0(1(;\3 + M)A+ 2ua (M + M)A
2p~ter(eM — 1)72(A] — M) (a'Poa + a'Qo + Ro)
b (/La1)2/~\2_3 — (ftagf;\gl + 2/ﬁa1(;\~1 + :\2):\2_2 + 2paa(A + A A5t
2p7ter (e — 1)72(A — M) (@ Pra + a'Qo + Ro)

p(h) =

The ACVF of an ARMA(2,2) process is calculated as follows:

v(h) et (L4 0186+ 0:6D) (1 + 61671 + 0:6177)
= @ I (h
[ Tl
(14616 + 0,62) (1 + 0165 + 6,652)
€' -&H-gHa -

Matching the ACF of the squared increment process with

_,52—'1“1 h=12,...

p(h) :clé.l_h+c2£2_hv h = 1:21"' )

the ACF of the ARMA(2,2) process and solving the resulting second degree equation
system in a = (o, o) gives the parameter.
In the COGARCH(1,2) case, the following equation is obtained:
C2 ;\1'3 n a ;\2_3
G —&77 &1-¢")?
From the ACVF of an ARMA(2,2), we can write

a _ (14606 +6) 1+ 667" + 6:67)6(1 - 67)

¢ (14606 + 01 +06" + 6606017
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hence the solution for «; can be written as follows:

(log&)™  (3.13)

a) =

_ 2log(&62) ((1 + 016+ 0263) (1 + 0165 + 6265°)
Z (&~ 121~ &)
140161 + 0262) (1 + 0,67 + 6,6
_Q+ 15(2;215)1_)2((:_ ;)_T 21 )(log&)_z)
/((1 + 0165 + 063 (1 + 01651 + 0,6,7%)
(& - 1)72(1 - &%)
1+6 02E2) (1 + 01671 + 02672
- 15(15; —21i1}2(<1t fsl;)j - g

where £, &, are the autoregressive roots of the ARMA(2,2) process.

(log 51)“3

Example 3.10. In this example, we show how the COGARCH coefficients can be
calculated from the ACF of the squared increment process. For the COGARCH
process with coeflicients o = 1, a; = 0.1, ay = 0, 81 = 1, f = 0.2 and compound
Poisson driving process with standard normal jumps and p = EL? =1, the mean of
the squared increment process is calculated as M := E( ,(11))2 = 2 and the ACF of

the squared increment process is calculated as
p(h) = 0.1040e701%™" _ 008117083 h=1,2,... (3.14)
which is easily shown to be the ACF of an ARMA(2,2) process with parameters
¢1=1.3052, ¢ = —0.3679, 0 =—1.2642 and 0, = 0.3669.

Figure 5 shows the ACF of the squared increment process at lags 1,2,...,50.

The autoregressive polynomial
$(€) =1~ 1.3052671 4 0.3679¢ 2,

vields the zeros,

£7'=08934 and &'= 04118,

thus giving, by Theorem 2.19,

Bi=log&&r =1 and By =logé logéy = 0.1.
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Figure 5: ACF of the squared increment process of the COGARCH(1,2) with parameters ag = 1,

a1 = 0.1, /1 =1, B2 = 0.2 and the compound Poisson driving process with standard normal jumps.

Now we can calculate the matrices:

14.6900 1.1836 2.3673
0= ) 0= ’ 0 = 0.
—1.1836 0.2854 6.5707

We don’t know if we have COGARCH(1,2) or COGARCH(2,2) yet, so we'll find
both oy and ay allowing for the possibility that oy is not zero. Writing down the

ACF of the squared increment process in terms of the parameter a as shown below,

17.2007a? — 0.218502 + 3.8771cy — 0.4370c2  _ 11970
14.690002 + 0.285303 + 2.3673c; + 6.5707a5 + 5
—2.329502% + 1.834002 — 4.133801 + 3.66800 o geran
14.690002 + 0285302 + 2.36730, + 6.57070 + 5 ’

p(h) =

and matching the two autocorrelation functions yields the equations
—~150.754502 + 2.386802 — 34.92450, + 10.773602 + 5 = 0,
and
—14.028803 + 22.895702 — 48.5971cr + 51.7914a, + 5 = 0,

which give the solutions (0.1,0) and (—0.2611, —0.3905). The latter solution does not
satisfy the condition a > 0 given by Theorem 2.5, so we recover oy = 0.1 and oy = 0,
the parameters of a COGARCH(1,2) model. If we had assumed that the process was
COGARCH(L,2) we could have found oy = 0.1 directly from (3.13). Further, we find
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from (2.27) with p =1,
Bi=Fh=1 and By= L0+ =02,

and, finally find ap = 1 from (2.60) with M =2 and p = 1. i

We now summarize the least-squares estimation procedure proposed in this sec-
tion by the following corollary which applies in particular to the COGARCH(2,2)
process with compound Poisson driving process. In order to avoid overparameteriza-
tion, we also assume that the driving process satisfies 4 = EL? = 1. For this process

define the mapping @ : R® — R® by (8, M) — Q(8, M) = 0 := (a0, a1, a3, b1, Bz),

where
Mlog &€&
Qg = , 3.15
°7 ap +log logé, (3.15)
B = ag +log & log &y, (3.16)
G2 = ay + log & log &, (3.17)

and £, &; are the autoregressive roots of the ARMA(2,2) process, M := E((G")?),
and a = (ai, @) is found by solving the resulting equations when matching the ACF
of the squared increment process with the ACF of the ARMA(2,2) process, subject
to the conditions (2.29), a2 > 0 and a3 > —apA(B). In the COGARCH(1,2) case, a;
is given by (3.13). |

Denote the estimators of the COGARCH parameters as 8,, = Q(3,,, M) and 8 =
Q(By, M), where M is the sample mean of the realizations of the squared increment
process. Using the fact that the mapping @ is continuous in (3, M) and differentiable
at (By, M) and given the strong consistency and the asymptotic normality of the
estimators ﬁn, we get the strong consistency and the asymptotic normality of the

estimators @,, by applying the delta method, which we summarize in the following.

Corollary 3.11. Suppose that the conditions of Theorem 3.6 hold, and the driving

Léuvy process satisfies EL? = 1. Then asn — oo,
0., =% 0,. (3.18)
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If, in addition, (Ly)t>q is a Lévy process such that ELY™ < oo for some positive

constant v, then as n — 00,
V(B — 85) = 8.0 Q(Bo, M)N(0,5), (3.19)

where ¥ 1s as in Theorem 3.5.

3.4 The estimation algorithm

In this section, we shall estimate the parameters 8 = (ag, o, ag, 81, 52) of a COG-
ARCH(2,2) process, based on the results of the Corollary 3.11. We have the data
G;, i =0,...,n, observed at equally spaced time intervals. Let r = 1 for simplicity,
giving the returns

GV =Gy -Gy, i=0,...,n—1.

We assume that the conditions in the Corollary 3.11 are satisfied.

Algorithm 3.12. 1. Calculate the sample moment

n—1
~ 1
M= - Z(Ggl)f
n—1 —
and the sample autocovariances
n—i-1
. 1 - -
3(h) =~ ST UGCEH? = MG - M), h=0,...,4
i=0

Then calculate the sample autocorrelations p(h) := Y(h)/%(0), h=1,...,4.

2. Solving the equations

p2) A1) [ A(3)
p3) 4(2)) \or p(4)
yields the preliminary estimators dAJI, Q32.
3. Find the LSE estimator 3 of ARMA(2,2) by minimizing the least-squares sum

(3.10) using the preliminary estimators dAal, ¢32 as initial values.

4. Finding the zeros of the polynomial $(€) = 1 — p1&71 — ¢o72 yields &, and &,
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gwing, Bl = log 5152 and 62 = log él log 52-
5. Match the ACF of the ARMA(2,2) with the ACF of the squared increments and
solve the resulting equations to get &, subject to the conditions (2.29), a2 > 0 and

&1 > dylogér. In the COGARCH(1,2) case, find & from

. o (06 + 0:,8) 1+ 6,5 + 6,67
@ = ool (G-12(1-g)
LG+ 0+ B+ 8,67
1+ 15(152'f‘_21£)1~)2((11'+‘— éi)j‘ 261 )(logﬁg)_2>
((1 + é1€2A+ 0263) (1 + (;152—1 +6,65%)
(G-D20-¢7"
Lt by + B+ Bt 1 B8
A

(log él)_Z

/ (log £)7°

Then get the estimators B = B+ 6y (Bl = ﬁ:l in COGARCH(1,2) case) and Gy =
Ba + 6.
6. Finally, find the estimator of ag from &g = Mﬁg/ﬁg

3.5 A simulation study

We now illustrate the estimation procedure by estimating the parameters of a simu-
lated COGARCH(1, 2) process where the driving Lévy process is a compound Poisson

process. The compound Poisson process is given by
N¢

Lt = Z )/‘ia t Z 0)
‘ i=1

where N = (Ny)¢>0 is a Poisson process with intensity ¢ > 0, and (Y;);en are ii.d.
random variables with distribution function Fy, independent of N. For this driving

Lévy process, 72 = 0 and the Lévy measure of L has the representation v(dy) =

cFy(dy). Let the jump size distribution be a normal with mean 0 and variance o?.

Then the driving Lévy process has finite moments of all order, in particular,

p=FEL?=co® and p=EL}=3co" < c.
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Let g =1, 00 =01, =0, 8, =1, 8 =0.2, c=1 and 6% = 1, as in Example
3.10. With Yo = (10, 1) as a starting value, n = 1,000, 000 equidistant realizations
of the log returns Ggl), i=0,...,n—1 were simulated and Algorithm 3.12 was used to
estimate the COGARCH(1, 2) coefficients. This procedure was repeated 2000 times.
We show the steps of the estimatioh algdrithm in one of the simulations.

Step 1: The sample mean and the sample ACF of the simulated squared returns
were calculated:

M = 2.0116,
p(1) =0.0598, p5(2) =0.0696, pH(3)=0.0688 and H(4) = 0.0641.
Step 2: The equation,

0.0696 0.0598 o) 0.0688
0.0688 0.0696 ) 0.0641

gives the preliminary estimators cZ)l = 1.3088 and <2>2 = —0.3728. The histogram of
the preliminary estimators of ¢ in all 2000 simulations are shown in Figure 6. As

discussed in Section 3.1, we see that the histograms are strongly skewed.

700 700

600 600

S00 500

Figure 6: Histogram of the preliminary estimators of ¢; (left) and @2 (right). The true values are

é1 = 1.3052 and ¢y = —0.3679.

Step 3: Using the preliminary estimators as the initial value, the least-square

estimators for 8 for the ARMA(2,2) model are calculated as,
by = 1.3047, ¢, = —0.3768, 6, = —1.2681 and 6, = 0.3638.
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The histograms of the estimated ARMA(2,2) coefficients are shown in Figure 7. The
histograms appear to have the shape of normal distributions, confirming that the
least-squares estimators are asymptotically normal.

Step 4: Finding the zeros of
$(€) =1 — 1.30476 1 4 0.37686 2,

gives,

é;i =08732 and &' =0.4315,
thus giving,
By = log €16, = 0.9760 and Gy — log €, log £ = 0.1140,
Step 5: Calculate &; = 0.0958. Then calculate
B = =09760 and By = s+ = 0.2098,
Step 6: Finally, using the sample mean from Step 1 to get
Go = M/ = 1.0930,

Table 3.1 summarizes the simulation results after the Algorithm 3.12 is repeated
2000 times. For each parameter, the empirical mean, bias, mean square error (MSE)
and mean absolute error (MAE) with corresponding standard errors (in brackets) are
calculated. The histogram of the estimated parameters are shown in Figure 8. All
histograms show no striking deviation from normal distributions. The estimator for
oo appears a little skewed and has the largest standard error among all four estimators

because of the tail heaviness of the squared increment process.
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Figure 7: Least-squares estimators of the ARMA parameters. The true values are ¢ = 1.3052,
$2 = —0.3679, 81 = —1.2642 and 6, = 0.3669.
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Figure 8: Least-squares estimators of the COGARCH parameters. The true values are op = 1,

@1 = 0.1, 61 =1 and g2 = 0.2,
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&y aq B B
Mean | 1.0683(0.0100) | 0.0961(0.0010) | 1.0123(0.0054) | 0.1986(0.0009)
Bias | 0.0683(0.0100) | -0.0039(0.0013) | 0.0123(0.0054) | -0.0014(0.0009)
MSE | 0.1099(0.0059) | 0.0018(0.00001) | 0.0300(0.0014) | 0.0009(0.0001)
MAE | 0.2509(0.0069) | 0.0337(0.0008) | 0.1383(0.0033) | 0.0242(0.0006)

Table 3.1: Estimated mean, bias, MSE and MAE of the LSE of the COGARCH pararmeters with
corresponding standard deviations (in brackets). The true values are ag = 1, ay = 0.1, 81 = 1 and
B2 = 0.2

3.6 Estimating the volatility

In this section, we show that the state process {Y,}, therefore the volatility process
{Vi} can be approximated using the observed log returns, the estimated coefficients
of the fitted COGARCH(2,2) model and an initial starting value Y,. The process
{Vi} is usually called instantaneous volatility or spot volatility. Since the estimated
coefficients of the COGARCH model are used in the approximation, we shall assume
that the conditions of the Corollary 3.11 are satisfied so that the estimated coefficients
are strongly consistent and asymptotically normal. We start with a fixed Y, equal
to the mean of the state vector of the fitted model.

From (2.6),

we can write that for a small time interval %, where h is a positive

integer,

t+4 t++ @
Y- Y= / qy, = / (BY._ds + eV,d[L, L)
t t

t+i t+1
=B / Y. ds+e / V,d[L, L]9.
t t

Writing the Euler approximation,
» : t+4 1
/ YS_dS ~ "‘Yt
¢ h

and
t+1 1
/ ' Vsd[L,L]gd) = Z VS(AL_.;)2 ~ (Gt+% _ Gt)Z _ (GEF))Z
t

t<s<t+ 4
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we obtain

Yir

T

1 1
~ (I +3B)Y. + e(GIF)?,

Using the recursion for Y;,,,... ,YH%, we get

—

1

Yoo~ (I + 3

h
B"Y, + 3 (I + L pyr-ie(ctF),)?
i=1

Hence the state process and volatility process at integer times can be estimated

recursively from high frequency observations of G by -

h
: 5% Loavhei () 32
Y=Y+ (I +£B)"e(Gl) (3.20)
=1
and
Vil =do+aYeu, t=01,... (3.21)
where Yo is an initial starting value and B is the matrix B with B1, ..., 0, replaced

by [31,‘. . ,Bq. Given Yt and the observed the log returns G, GH%, ..., Gy 1 we can
estimate the state vector Yi+1 and therefore the volatility V;,1. In the result shown
below, these observations are availiable since we simulated the process. To apply this
estimation in real data we set a unit time interval first, depending on the frequency
of the data collected. For example, if we collected 5-minute log returns and then we
can choose the unit time to be one hour so that A = 12, or we choose the »unit time
to be 30 minutes so that h = 6, etc. In Section 3.7 we show how the volatility is
estimated usiﬁg 5-minute log returns with the unit time chosen as 30 minutes.

Haug et al. (2007) suggested the volatility approximation in the COGARCH(1, 1)

case when h = 1. In the case of h = 1, (3.20) is reduced to
Yir1 = e5Y, + e(GI)2. (3.22)

To show the accuracy of the volatility estimation, n = 500 observations of a

COGARCH(1, 2) process with estimated coefficients og = 1.0716, o = 0.0958, (1 =
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0.0976, 3, = 0.2098, obtained in one of the simulations earlier, and compound Poisson
driving process with standard normal jumps with intensity ¢ = 1 was simulated,
using the Matlab code provided in the Appendix. The true parameters were g = 1,
ar = 0.1, 5y = 1 and f, = 0.2. We know EL; = 0 and EL? = 1 for this driving
process. h = 10 was used and the initial value Yo = (5.1077,0)’ is chosen as the mean
of the state vector of the fitted model.

Figure 9 shows the simulated squared increments, the true volatility (shown by
a blue line) of the COGARCH(1,2) process with parameters o = 1, a1‘: 01, 6,=1
and By = 0.2 and the estimated volatilities (shown by red lines) based on the simulated
values G, t = 0,0.1, .., 500 and the estimated coefficients. Since we know from the
simulation the values of Gi% in (3.20) we can use them to estimate the volatilities
at integer times. When h = 10, the estimated volatility is essentially the same as
the true volatility, except for the first few values. As expected, the approximation
suggested by Haug et al. (2007) (i.e. with h = 1), also shown in Figure 9, is a less
accurate approximation to the true volatility. The Matlab code used to approximate
the volatility is gi\‘/en in the Appendix.

The goodness-of-fit of the model can be done by a residual analysis. The es-
timated residuals are computed by Gﬁl_)l/ Vi,i=1,... ,n. Since the jump size
distribution is symmetric around zero, the residuals should have mean that is close to
zero and symmetric around zero. The standard deviation of the residuals should be
close to 1, the variance of the driving compound process per unit time. If the model
is a good fit to the data the estimated residuals should be independent (so, in par-
ticular, they and their squares should be uncorrelated). Ljung-Box and McLeod-Li
tests were performed to test the correlation of the residuals and their squares. The
Ljung-Box test statistic is given by
08
n—1

k
Qre =n(n+2) Z
=1
where p(i) is the empirical autocorrelation function of the residuals, and asymp-
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Figure 9: Sample path of the squared increment process {(top graph), theoretical (blue line) and
the estimated volatility (red line) based on the observations G1,Gz,...,Gsgo and the estimated
coefficients. The middle graph is for A = 10 and the bottom gr:;ph i; for A = 1. The blue and red
lines are virtually indistinguishable when h = 10.
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totically y2-distributed with k degrees of freedom. In the McLeod-Li test statistic,
residuals are replaced by their squares. With & = 50 lags, the 95th percentile of
the chi-square distribution was 56.9424. The Ljung-Box and McLeod-Li statistics
were 39.4053 and 39.8425, respectively, providing evidence (as they should) of the

appropriateness of the model.

3.7 Real data analysis

We modelled the 30-minute log returns of the Dow Jones Industrial Average recorded
from February 12th, 2003 to May 12th, 2006 using the 5-minute returns to estimate
the volatility. There was a total of 813 trading days not including the weekends and
holidays with 78 5-minute observations per day, resulting in total of n = 63414 5-
minute observations. See Figure 10 for the Dow Jones Industrial Average Index for

the recorded time. In this example the unit of time is 30 minutes and h = 6.

12000 T T T T T T

11000

10000

9000

8000

1

7000 L ) L L
Jul 2004 Jul 2005 Jul 2006

Figure 10: Dow Jones 5-minute data (P,) from February 12th, 2003 to May 12th, 2006.
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Figure 11: Dow Jones unfiltered log returns (the top graph), their squares (the middle graph) and
the ACF of the squared log returns. The ACI clearly contains a seasonal component with period
78.
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3.7.1 Filtering the data

The squared increments of the logarithm of the 5-minute returns {(known as squared
log returns) and their ACF were calculated and are shown in Figure 11. The ACF
clearly contains a seasonal component with period 78. This is a daily seasonality
because trading is more intense at the beginning and at the end of a day, slows dovx.rn
around noon, and different days do not seem to differ to a high degree. Brodin and
Kliippelberg (2006) suggested volatility weighting method to remove the effect of daily
seasonality. Their method divides a period (day) into several smaller subperiods (5-
minute intervals) and then estimates the seasonality effect in each subperiod in terms
of volatility. Then each subperiod is deseasonalized separately. The observed log
returns, denoted by 7, as in Brodin and Klippelberg (2006), is a realization of the
process

Gp = i+ UnZn, m=0,...,63413, (3.23)

where x,, are the deseasonalized returns, u is a constant drift and v,, are the seasonality

coefficients (volatility weights), estimated by
U, = median;= N« |Zn, 41| (3.24)

Here we have N7 = 813 days, during which we have observed our data in the given
subperiod 7 € {1,2,...,78}. In Figure 12 we show the estimated seasonality coeffi-
cients. The Matlab code for finding the seasonality coefficients and filtering the data
can be found in Appendix. The seasonality coefficients also display the fact that
trading is more intense at the beginning and at the end of a day.

Finally, the deseasonalized log returns are calculated by

Tn — [1
Un,

Tn =

b

n=0,... 663413 (3.25)

where [i is the sample mean of the log returns. The squared log returns of the filtered
series and its ACF are shown in Figure 13. The filtered data now show no clear

seasonal effect.
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Figure 12: Dow Jones 5-minute data from February 12th, 2003 to May 12th, 2006. Estimated

seasonality coefficients (volatility weights) for the 78 subperiods.
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Figure 13: Dow Jones filtered log returns (the top graph), their squares (the middle graph) and the
ACF of the squared log returns. The filtered data now show no clear seasonal effect.
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3.7.2 Fitting COGARCH(2, 2) to squared 30-minute returns

We shall fit a COGARCH(2,2) model to G using the filtered 30-minute log returns
G(()l), Ggl), Ce Gg}))sss (each of which is the sum of six successive filtered 5-minute log re-
turns) and using the filtered 5-minute returns to estimate the volatilities V1, ..., Vipseo-
The unit of time will be 30-minutes with h = 6. We assume driving compound Pois-
son process has jump-rate ¢ = 2 and normally distributed jumps with mean zero and
variance 0.7071 so that it satisfies EL; = 0 and FL? = 1.

Minimizing the least-squares sum (3.10) yields the estimated parameters of the

ARMA(2,2) model as follows:
$1 = 1.6548, ¢y = —0.6552, 6; = —1.5961 and 65 = 0.6021.
The autoregressive polynomial,
B(€) =1 — 1.65486 1 406552672,
yields the zeros,
€71 =09986 and &' = 0.6561,
thus giving the eigenvalues A\; = —0.0014, A\, = —0.4214 and
Bi =log €16y = 0.4228, G = log ) log £ = 0.0006.
The ACF of the ARMA(2,2) process with the above parameters is calculated as,

p(h) = 0.0985e 001k 4 0.0644e 04214 =12, ...

The matrices Py, ()g and Ry are calculated as follows:

3103.9260 1.6013 1.3539

Py = , Qo= , g =35
1.6013 1.0968 3.9274

Writing the ACV of the squared increments as a function of of a and matching it

with the ACF of the ARMA(2,2) model yields the equations

—2.8505.789402 + 1.1550a2 — 34.8905¢; + 3.9766; + 3.5 = 0,
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and

3261.909802 — 26.95850:2 + 57.64520 — 19.7941cxy + 3.5 = 0,

giving the solution (0.0117,0.1860) for (a;, z). Now we can find
By=B+dy=06088 and f =+ & = 00122,
Finally, using the sample mean M = 3.0458, we find

&0 = MBa/fs = 0.9760.

3.7.3 Volatility estimation and goodness-of-fit

Based on the filtered 5-minute log returns and the estimated coefficients, we can now
estimate the volatility for 30-minute log returns. The unit of time is 30 minutes
and we have h = 6 observations per unit interval. The Matlab code (See Appendix)
implementing the recursions (3.21) and (3.20) resulted in the estimated volatilities
shown in Figure 14. The starting vector Y is chosen to be equal to the mean of the
state vector of the fitted model.

We again use the residual analysis to check the goodness-of-fit of the model. The

residuals are calculated similarly as before:
G AV, t=1,2,...,10569.

If the model is a good fit to the data then the residuals should be independent, have
zero mean and standard deviation one. The sample mean and the sample standard
deviation were —0.0232 and (.9325, respectively, and the Ljung-Box and McLeod-Li
test statistics with lags 189 were Qg = 222.0025 and Q, = 214.0934, suggesting
a good fit as the the critical value of the chi-square distribution at 0.05 level was
222.0757. The ACF of the filtered squared 30-minute log returns, the residuals and
the squared residuals, shown in Figure 15, indicates the model is a very good fit to

the data.
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Figure 14: Dow Jones squared filtered 30-minute log returns (Ggl))2 (top graph), the estimated
volatilities V; based on the estimated coefficients and 5-minute log returns (middle graph) and the
estimated residuals {(bottom graph).
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Figure 15: ACF of the filtered squared 30-minute log returns (top graph), the residuals (middle
graph) and the squared residuals (bottom graph).
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4 Conclusions

4.1 Summary

In financial econometrics, discrete-time GARCH processes are widely used to model
the returns observed at regular intervals. Continuous time models are especially use-
ful for the analysis of irregularly spaced data, and high-frequency data. In this paper,
a family of continuous time GARCH processes, generalizing the. COGARCH(1,1)
process of Klippelberg, et. al. (2004), was introduced and studied. The resulting
COGARCH(p, q) processes, g > p > 1, exhibit many of the characteristic features of
observed financial time series, such as tail heaviness, volatility clustering and depen-
dence without correlation. As in the discrete time case, the volatility and squared
increment process of the COGARCH(p, ¢) model display a broader range of auto-
correlation structures than those of the COGARCH(1, 1) process. We established
sufficient conditions for the existence of a strictly stationary non-negative solution of
the equations for the volatility process and, under conditions which ensure the finite-
ness of the required moments, determined the autocorrelation functions of both the
volatility and squared increment processes. The volatility process was found to have
the autocorrelation function of é continuous-time ARMA process while the squared
increment process was found to have the autocorrelation function of an ARMA process
just as in the discrete time case.

We proposed a least-squares method to estimate the parameters of a COGA-
RCH(2,2) process, making use of the property that the autocorrelation function of
the squared increments of the COGARCH(p, q) process is that of an ARMA(q,q)
process. We showed that when the driving Lévy process is compound Poisson, then
the state process and the squared increments of the COGARCH(2,2) process are
strongly mixing with exponential rate, from which it follows that the least-squares
estimators are strongly consistent and asymptotically normal. The COGARCH(2,2)

model with compound poisson driving process was fitted to the 30-minute log-return
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series of Dow Jones Industrial average from December 29th, 2003 to May 12th, 2006.

For this series we estimated the volatilities and conducted a residual analysis which,

as hoped, gave residuals compatible with white noise.

4.2

Future problems

Future problems to be investigated include the following:

e The condition (2.8) established in Theorem 2.4 is necessary and sufficient for

stationarity of the state and the volatility processes in the special casep = ¢ = 1,
but only sufficient for processes with ¢ > 1. It would be of interest to investigate

the degree to which this condition can be relaxed when ¢ > 1.

The strong mixing property shown in Theorem 3.6 is valid for COGARCH(2, 2)
processes when the driving Lévy process is compound Poisson. The proof of
Lemma 3.4, which shows the g-irreducibility of the COGARCH(2,2) state
process, needs to be generaziled to COGARCH(p, ¢) processes with ¢ > 2 and
with general driving Lévy process. This would allow the strong mixing prop-
erty to be established in the general case and hence to establish asymptotic

properties of the parameter estimators in greater generality.

The COGARCH(1, 1) model shows very similar behaviour to that of its discrete-
time analogue, the GARCH(1, 1) process. Analogous connections between higher
order COGARCH and GARCH processes exist and will be the subject of further

investigation.

Comparisons of COGARCH models fitted to observations of the same process

made at different frequencies.
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Appendix

Simulating COGARCH(2,2) process

%---Input variables: n,c,alpha.0,alpha_1,alpha_2,beta_1,beta_2
sigma=sqrt(1/c);
a=[alpha.1;alpha_2];
e=[0; 11;
B=[0 1; -beta_2 -beta_1];
f---Simulating jump times
jump_int(1)=-log(l-rand)/c;
T(1)=jump_int (1) ;
j=1;
for i=1:n
n_jump (i)=0;
while T(j)<i
n_jump(i)=n_jump(i)+1;
jump_int (j+1)=-log(1-rand)/c;
T(§+1)=T(j)+jump_int (j+1);
J=3+1;
end
end
total_jumps=j-1;
%——-Counting the number of jumps
N=ones(n,1);
N(1)=n_jump(1);
for i=2:n
N(i)=N(i-1)+n_jump(i);

end

08



%---Simulating the driving process
dL=sigma*randn(size(l:total_jumps));
L=ones(total jumps,1);
L(1)=dL(1);
for j=2:total_jumps
L(j)=L(j-1)+dL(j);
end
%---Computing the processes V and Y
V=ones(total_jumps,1);
Y=ones(2,total_jumps);
Y(:,1)=ones(2,1);
Y(:,1)=expm(B*jump_int (1))*Y(:,1);
Y(:,1)=Y(:,1)+(alpha_O+conj(a’)*Y(:,1))*(dL(1)) 2x*e;
V(1)=alpha O+conj(a’)*Y(:,1);
for j=2:total_jumps
Y(i,3)=Y(:,5-1);
Y(:,j)=expm{B*jump_int (j))*Y(:,3);
Y(:,3)=Y(:,j)+(alpha_O+conj(a’)*Y(:,3))*(dL(j)) ~2x*e;
V(j)=alpha O+conj(a’)*Y(:,j);
end
%---Computing the procéss G
G=ones (total_jumps,1);
G(1)=sqrt (V(1))*dL(1);
for j=2:total_jumps
G(j)=G(j-1)+sqrt (V(j))*dL(j);
end
%---Realizations observed at integer times

i=1;

99



while N(i)==0
i=i+1;
end
G_obs(1:i-1)=0;
G_obs(i:n)=G(N(i:n));
L.obs(1:i-1)=0;
Lobs(i:n)=L(N(i:n));
for j=1:i-1
V_obs(j)=alpha O+conj{a’)*expm(Bxj)*ones(2,1);
end
for j=i:n
V_obs(j)=alpha_O+conj(a’)*expm(B*(j-T(N(j))))*Y(:,N(3));

end
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Least-squares estimation

function f = lse(var)
global X;
X=X-mean(X) ;
phi_1=var(1);
phi_2=var(2);
theta_1=var(3);
theta_2=var(4);
n=length(X);
e=zeros{(n,1);
root=roots([-phi 2 -phi_1 1]);
if (abs(root(1)) < 1) || (abs(root(2)) < 1)
f=inf;
elseif (phi_1"2+4%phi_2<=0 || phi_2>0)
f=inf:
else
e(1)=X(1);
e(2)=X(2)-phi_1*X(1)-theta_1¥e(1);
for i=3:n |
e(i1)=X(1)-phi_1*X(i-1)-phi_2*X(i-2)-theta_1*e(i-1)
-theta_2*e(i-2);
end
£=0;
for i=1:n
f=f+e(i)"2;
end

end
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COGARCH(1,2): Estimated volatilities and residuals

%---Determining the intervals where jump occurred
for i=1:n
t(i)=floor(T(i))+1;
index (1)=floor ((T(i)-t(i)+1)*h)+1;
end
N_jumps (1)=N(1);
N_jumps(2:n)=N(2:n)-N(1:n-1);
V_hat=ones(n,1);
Y_hat=ones(2,n);
Y hat(:,1)=[10; 1];
V_hat (1)=2;
resid=ones(n,1);
resid(1)=0;
%---Computing estimated volatilities and residuals
Y hat(:,1)=(I+B/h)"h*[10; 1];
if N(D)==
Yhat(:,1)=Y_hat(:,1)+(I+B/h) " (h-index (1)) *e*x(G(1))"2;
elseif N(1)>1
Y hat(:,1)=Y_hat(:,1)+(I+B/h) " (h-index(1))*e*x(G(1))"2;
for j=2:N(1)
Y hat(:,1)=Y_hat(:,1)+(I+B/h) " (h-index(j))*ex(G(j)-G(j-1))"2;
end
end
V_hat (1)=alpha_O+conj(a’)*Y_hat(:,1);
resid(1)=G_obs(1)/sqrt(V_hat(1));
for i=2:n

Y_hat(:,i)=(I+B/h) “h*Y_hat(:,i-1);
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if N_jumps(i)>0
for j=N{i-1)+1:N(i)
Y hat(:,1i)=Y_hat(:,i)+(I+B/h) " (h-index(j))*e
*(G(J)-G(G-1))"2;
end
end
V_hat(i)=alpha_O+conj(a’)*Y hat(:,i);
resid(i)=(G_obs(i)-G_obs(i-1))/sqrt(V_hat(i));

end
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Filtering seasonal effect

dowS_unfiltered=dlmread(’dow5S_unfiltered.tsm’);
%---Create 78 by 813 matrix
for i=1:78
for j=1:813
unfilteredl(i,j)=dow5S_unfiltered((j-1)*78+i);
end
end
%---Find the median absolute value for each column
for i=1:78
v(i)=median(abs(unfiltered1(i,:)));
end
for 1=1:78
filtered1(i,:)=(unfilteredi (i, :)-mean(dow5_unfiltered))/v(i);
end
%---Create the filtered data as a row matrix
for i=1:78
for j=1:813
dowb_filtered((j-1)*78+i)=filteredl(i,j);
end

end
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Dow Jones: Estimated volatilities and residuals

#==--Input: h,alpha 0,alpha_1,alpha_2,beta_1,beta 2,Y.1,Y.2
a=[alpha_1; alpha 2];
B=[0 1; -beta_2 -beta_1];
k=length(dow30_filtered);
for i=1:k
dow30_filtered(i)=sum{dow5.filtered((i-1)*6+1:(i-1)*6+6));
end
dowb_filtered_sq=dowb_filtered. 2;
V_hat=ones(k,1);
Y hat=ones(2,k);
Y hat(:,1)=expm(B)*[Y_1; Y 2];
for j=1:h
Y hat(:,1)=Y hat(:,1)+(I+B/h) ~(h-j)*e*dowb_filtered_sq(j);
end
V_hat (1)=alpha_O+conj(a’)*Y hat(:,1);
resid(1)=dow30_filtered(1)/sqrt(V_hat(1));
for i=2:k
Y hat(:,i)=expm(B)*Y_hat(:,i-1);
for j=1:h
Y hat(:,i)=Y_hat(:,1i)+(I+B/h) " (h-j)*e
*dow5_fi1tered_sq((i—l)*h+j);
end
V_hat(i)=a1pha_0+conj(a’)*Y_hat(:,i);
resid(i)=dow30_filtered(i)/sqrt{(V_hat(i));
end
mean resid=mean(resid);

std_resid=std(resid);
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resid_sg=resid.” 2;
mean_resid_sq=mean(resid_sq);
var_resid_sqg=var(resid_sq);
Q-LB=0;
Q_ML=0;
for 1=1:189
rho_resid(i)=(resid(1:n-i)-mean._resid)’*(resid(1+i:n)-mean_resid)/
n/std_resid"2;
rho_resid._sq(i)=(resid.sq(l:n-i)-mean_resid.sq) '*(resid.sq(1+i:n)-
mean resid_sq)/n/var_resid_sq;
Q_LB=Q_LB+rho_resid(i) "2/ (n-1i)*n*(n+2) ;
QML=QML+rho_resid_sq(i) "2/ (n-i)*n*(n+2);

end
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