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ABSTRACT 

WIND TUNNEL TESTS OF NEGATIVELY BUOYANT PLUMES 

This study reports the results of tests made of negatively buoyant 

emissions into a quiescent medium, laminar crosswind and turbulent 

boundary layer. Measurements included the maximum rise height, horizon

tal point of descent and behavior of emission concentrations. 
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SECTION I 

INTRODUCTION 

Negatively buoyant emissions into the atmosphere have been reported 

by several observers. Scorer (23) reports the case of two power plants 

emit ting wet-washed plumes with apparently insufficient elimination of 

free water, in which the subsequent evaporation of the free water cools 

the plume and causes it to sink. According to the report the plant it

self is obscured from view on many occasions. Chesler and Jesser (8) 

and Bodurtha (3) have observed and discussed the descent of dense gases 

from stacks and relief valves. 

The consequences of such behavior are potentially drastic. When 

the plume sinks rapidly to the ground, very little dilution will occur 

in comparison with normal emissions and high ground level concentra

tions of gases which may be toxic or explosive could result. In this 

report experimental results of the dynamic behavior of negatively 

buoyant emissions and the resulting concentration distributions are 

reported. 

1.1 Negatively Buoyant Emissions 

Previous experimental work with negatively buoyant emissions 

appears to be confined to three efforts. Bodurtha (3) conducted wind 

tunnel tests of emissions of freon-air mixtures into a crosswind. 

Various combinations of density, exit velocity, crosswind velocity and 

stack diameter were used in obtaining smoke pictures. The results were 

correlated by an expression for the maximum rise height: 

H = 5.44 D O.S R0. 7S 
0 
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In which H is the maximum rise height of the plume centerline, D 
0 

i s t he stack diameter and R is the ratio of the exit velocity to the 

wind speed. This f ormula has the disadvantage of being dimensionally 

inhomogeneous and_the absence of relative density terms makes its 

application questionable as the specific gravity approaches unity. 

Turner (31) conducted experiments in which salt water jets were 

injected vertically into calm fresh water. Maximum rise heights were 

observed and correlated with various dimensionless parameters and an 

expression was reported equivalent to: 

In which H and D
0 

are as previously defined and FR is\ the 
"

densimetric Froude number based on the ambient density and original 

density difference. This Froude number is defined as: 

where 

This 

PA = 

u = 0 

Po = 

D = 
0 

✓gD (p -pA) 
0 0 

Ambient Density 

Exit Velocity 

Exit Density 

Exit Diameter 

definition of the Froude number implies th~ Bouss inesq assumption 

for density in the inertial terms of the equations of motion; thus it 

can be considered applicable in the density range in which that assump

tion is valid. Although the constant of proportionality is reported by 

Turner as equal to 1.74, a plot of values given in the original article 

indicates the value of this constant was determined graphically to be 

3.1. 
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Holly and Grace (15) conducted tests of salt water jets injected 

vertically into a fresh water open channel in which maximum rise 

heights and downstream concentrations were measured. Expressions 

obtained for rise height and concentration distribution were: 

H-D o = 

E: 
m 

0 

(3.47 X 10 

and 

(31. X 10 

-.148FR 

R 

R 

) 

In which H is the top edge of the jet and D the jet diameter at 

maximum rise height, e: is the least dilution (reciprocal of dimen
m 

sionless concentration), X is downstream distance and X 
0 

the 

distance to the point where the jet descends to the channel bottom. 

The least dilution expression was stated to apply to both the regions 

upstream and downstream from 

1. 2 Plume Rise 

X = X . 
0 

A large amount of work has been completed upon the rise of 

buoyant plumes. The beginning point for most of the recent work is the 

classic paper of Morton, Taylor and Turner (19) which examines the ris e 

of a buoyant plume in a quiescent medium. The analysis was based on 

the conservation of volume, mass and momentum with assumptions of self 

similarity, circular plume cross section and simple proportionality of 

volumetric entrainment rate to plume velocity. Either Gaussian or 

"top hat" profiles of velocity and buoyancy flux may be assumed with 

appropriate modifications of the equations. With the assumption of a 
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"virtual point source" located below the actual exit, the model 

predicts a "straight sided" plume. 

The "bent-over" plume rise models of Briggs (4) and Csanady (10) 

incorporate this theory for the initial stage of buoyant, bent-over rise 

which predicts a 2/3 power parabola as the plume trajectory. In both 

models a second stage is introduced in which the rate of volumetric 

entrainment is related to the turbulent energy dissipation per unit 

mass. Criteria for transition is that the rate of entrainment thus 

computed exceed that computed by the initial stage theory and is appli

cable when environmental turbulence in the inertial subrange dominates 

mixing. This predicts a leveling off to an asymptotic rise which 

Briggs takes as the final rise height. Csanady introduces a third 

stage in which the eddy diffusivity is taken as constant and a linear 

rate of rise is predicted. In both these models the initial region of 

momentum dominated rise is neglected as insignificant in contributing 

to the final rise height. 

Hoult, Fay and Forney (14) introduced a continuous model for the 

rise of a buoyant plume in a liminar uniform crosswind. Utilizing the 

Morton et al. assumptions of self similarity and conservation of mass 

and momentum and employing entrainment constants for velocity differ

ences parallel and perpendicular to the flow direction, the model pre

dicts a momentum-dominated jet behavior close to the stack with a 1/2 

power parabola trajectory. It subsequently suggests a buoyancy domi

nated plume with a 2/3 power parabola trajectory far from the stack 

similar to the initial stages of the Briggs and Csanady models. For a 

bent-over jet in a laminar crosswind all of the above models predict 

a 1/3 power parabola a trajectory. 
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Several investigators (16), (24), (3) have observed and recorded 

the internal and surrounding flows associated with jets and plumes 

injected into a cross flow. The plume emerges as a jet from the stack 

exit, traveling upward much like a typical momentum jet. The cross

wind effect soon becomes dominant bending the plume over and convecting 

it downstream with a lateral velocity essentially equal to the cross

wind. 

It has been further noted that as the plume rises, its cross

sectional shape changes from circular to "kidney-shaped" (30), and 

finally as it is bent over, the outside shear layer which envelopes 

the plume tends to roll up behind the core and from two line vortices 

of equal strength but opposite sign. 

Noting this fact, Tulin and Schwartz (28) conducted investigations 

into the rise and growth of a two-dimensional vortex pair passing 

through neutral and stably stratified surroundings. As the plume falls 

or rises in stably stratified surroundings a lateral spreading and 

deviation from circular cross section was noted. 

In all of the above cited models theBoussinesq approximation is 

made, i.e. that the density in the inertial terms of the equations of 

motion is approximately equal to ambient density, or more properly, 

that potential density is equal to ambient potential density . 

1.3 Moist Plumes 

Morton (20) considered the case of a moist plume released 

vertically into a quiescent atmosphere using entrainment theory and 

conservation of mass, volume, momentum and specific humidity. Assuming 

a linear variation in atmospheric humidity, he obtained an expression 

for the plume specific humidity as a function of height . 
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Csanady (10) and Slawson and Wigley (33) extended this analysis 

and fonnulated a model for the dynamic behavior of a bent-over plume 

containing both free water and water vapor. The model considers evapo

ration and condensation along with the resulting effect s on the buoyancy 

flux. Wigley and Slawson (32) applied this analysis to the rise of a 

saturated plume. 

1.4 Velocity and Concentration Distributions 

Prandtl's mixing length theory applied to circular turbulent jets 

predicts a constant eddy viscosity and diffusivity (25) which in turn 

predicts Gaussian distributions of velocity and effluent concentration 

along with a decay rate of maximum values of these quantities that is 

inversely proportional to downstream distance. Experimental measure

ments have confinned this theory. 

Albertson et al. (1) measured velocity distributions in a simple 

momentum jet. The profiles were detennined to be Gaussian and the 

rate of decay of maximum velocity inversely proportional to downstream 

distance following the zone of flow establishment. Becker (2) et al. 

measured concentrations in a jet and found them to be Gaussian also, 

but flatter in profile than the velocity distributions measured by 

Albertson. The decay rate of maximum concentration was found to be 

inversely proportional to downstream distance, but decaying at a faster 

rate than the velocity. 

Rouse et al. (22) measured velocities and temperatures above a 

point source of heat and obtained Gaussian profiles for both, though 

slightly sharper in profile for those obtained for jets. Maximum 

velocities and temperatures were observed to decay according to -1/3 

and -5/3 powers of downstream distance respectively. Hewett (13) 
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measured temperature distributions in heated plumes injected into a 

laminar cross flow in a wind tunnel for neutral and stratified cases 

and found the distributions to be qualitatively Gaussian, although he 

proposed no model and did not report a decay rate with downstream 

distance. It was noted that concentration gradients were much steeper 

on the bottom than the top indicating the influence of buoyancy on the 

local diffusion. 

For turbulent diffusion phenomena in the lower atmosphere, 

Sutton's equations have been widely used to estimate concentration dis

tributions for a point source, but the application is restricted be

cause of many ideal assumptions. Also, they are not sensitive to 

atmospheric stratification situations , In an attempt to improve 

sensitivity to real conditions Pasquill -Gifford's semi-empirical 

formulas have become popular. A set of transverse and verti ca l standard 

deviations of the dispersion are plotted as functions of downstream 

distance. A "stability category" which classifies six different kinds 

of possible atmospheric stratifications, relates the various plume 

dispersions to different meteorological conditions. 

Wind tunnel studies of diffusion over topographic models in 

turbulent boundary layers indicate good correlation with Pasquill 

Gifford prediction techniques (18), In addition wind tunnel diffusion 

studies have been conducted for idealized source conditions. Davar 

(11) studied diffusion from a horizontal point source in a neutral 

turbulent boundary layer , Malhotra (17) performed similar experiments 

under unstable conditions, while Chaudhry (7) studied diffusion in a 

stably stratified boundary layer . Shih (26) evaluated the effects of 
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the growth of boundary layer thickness and free stream turbulent 

intensity upon diffus i on. 

Yang and Meroney (35) studied the diffusion in the wake of a 

cubical structure placed in a turbulent boundary layer. They found 

that the critical conditions, such that the plume will not be trapped 

in the building cavity region are: 

R > 1, h /hb > 2 
- s 

where R is the velocity ratio and hs and hb are the stack and 

building heights as measured from the ground. 
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SECTION II 

PLUME RISE EQUATIOKS 

2.1 Vertical Plumes in a Quiescent Medium 

Smoke pictures of negatively buoyant plume rise in a quiescent 

medium indicate that the behavior is such that the plume exists in a 

jet with approximately linear growth of radi s with vertical distance 

to between 1/3 and 1/4 plume rise height. The plume width then grows 

in a highly non-linear fashion, becoming quite large in the upper 

regions. Although simple entrainment theory can not be expected to 

give a complete description of this motion, especially as entrainment 

occurs in a complex manner along the top of the plume and the bottom 

of the plume "crown", it may serve as an aid to dimensional analysis in 

predicting the relationship between pertinent parameters. Clearly, 

some accounting for the entrainment is necessary since the assumption 

of a frictionless plume with no entrainmen~ leads to 

H/D = F 2/2 
o R 

General Equations of Conservation: 

If the effects of the descending fluid on the exterior of the plume 

are neglected due to their much smaller density and velocities, the 

equations of conservation (after Morton et al.) become: 

Buoyancy: 

Assuming 

00 

~z J pU21rrdr = 
0 

00 

PA ~z f U21rrdr 
0 

to be a function of Z alone. 

oo oo dpA 
~Z f (pA-p)U21rrdr = [ J U21rrdr] ~ 

0 0 
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For 
dpA 
dZ = 0 (neutral atmosphere) 

CX) 

J (pA-p) U2nrdr = b
0

2
U

0
(pA-p

0
) 2n 

0 

One may define the average density 

Momentum: 

CX) 

(b 
2u ) (SG-1) 

0 0 ] 
CX) 

J U2nrdr 
0 

CX) 

d f 2 dZ pU 2nrdr = 
0 

p = 

CX) 

J pU2nrdr 
0 

CX) 

J U2nrdr 
0 

Equations of Conservation (Top Hat Profile): 

as: 

If a "top hat" profile and the Morton et al. entrainment 
(X) 

hypothesis are employed J U2nrdr = b2U 
0 

Volume: 

d 2 
dZ (b U) = 2abU 

(2.1) 

(2. 2) 

(2.3) 

where a is an entrainment constant of proportionalit y relating inflow 

velocity of outside air to plume velocity. Similarly 

Buoyancy: 

(2.4) 

b 
2u (SG-1) 

[ 
0 0 ] 

p = PA 1 + 
b

2
U 

(2. 5) 
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Momentum: 

d 2 2 2 
dZ (pb U) = (pA-p)b g (2. 6) 

Maximum Rise Time (Top Hat Profile): 

Combining equations (2.4), (2.6), and the relationship dZ/dt = U 

one may obtain 

or 

2 
= PA (1- SG) b U g 

0 0 

2 2 2 2 2 pb U = pA(l-SG)b U gt+ p b U 
0 0 0 0 0 

And since at maximum rise pb2u2 
= 0, the time of rise can be 

calculated as 

T = 

p u 
0 0 (Time of Maximum Rise) (2. 7) 

If a Gaussian distribution is assumed and if the ratio of a for 

the two cases is adjusted so that the conservation of mass is 

consistent at stack exit, the same expression for maximum rise results . 

Equations of Conservation (Gaussian): 

If a Gaussian distribution is assumed such that b is a 

characteristic length (different from the value of b in the top hat 

model), following Morton, Taylor and Turner, and: 

2 2 
( ) -r /b y 

= P -p e 
m A 

-r2/b2 
U = U e 

m 

y = Ratio of characteristic lengths for density and velocity 

b = Initial Radius 
0 

Subscript m = Centerline Values 
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The equations of conservation become: 

b2U Y m 
(pA-pm) -- = l+y 

00 

2 
pA(l-SG)b U 

0 0 

ddZ [ f pU
2

2TTrdr] = 
0 

Maximum Rise Time (Gaussian): 

(2. 3a) 

(2. 4a) 

(2. 6a) 

If Z is measured along the plume centerline. dZ/dt = Um, so 

that: 

00 

ddt [ f pU
2
2nrdr] = 

0 

2 
(pA-p )U b yg m m 

If y is taken as unity to simplify the equations and initial 

conditions are made to match, using (2.4a) we obtain: 

and 

2pA(l-SG)b 2u gt+ p b 
2u 2 

0 0 0 0 0 
(A) 

At maximum rise height the integral on the left hand side is zero and 

an expression for time of maximum rise results as: 

(2. 7a) 

Maximum Rise Height (Gaussian): 

The assumption of nearly constant dens i ty i.e. in equation (A), 

yields: 
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So that: 

4pA(l-SG)b 
2u gt+ 2p b 2u 2 

b2U 2 = o o o o o 
m P 

If it is assumed that p~p then equation (2.8) becomes 
0 

b2U 2 = 4 (1-SG) 
m SG (2.6b) 

The conservation of volume expression is taken to be the same 

here as for top hat velocity profiles with the understanding that the 

value of a thus defined will in general be different from the top 

hat value, and since dZ = U dt: 
m 

2abU 2 
m 

(2.3b) 

Matching the fluxes of volume and momentum to stack exit quantities: 

U = 2U mo o 

b = b /12 mo o 

The velocity and radius may be non-dimensionalized with their 

initial values such that: 

U* = U/U 
0 

t* = t/T 

Z* = Z/U T 
0 

= b/v'2b 

= 2U/U mo 

mo 

Thu s utilizing the above and the definition of maximum rise time 

equation (2.7a): 

(2.3c) 

2 
(1 - p /pA) b* U * = 2(1-SG) m m 

(2.4c) 

(2.6c) 
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One can now elimate b* from equation (2.3c) by utilizing equation 

(2.6c) to obtain a differential equation in 

thus may be integrated to yi e ld 

u * = 
2(1-t*) 

m ,--------------
16al2FR 2 
---- {i-(l- t*) 5/ 2}+1 

5 

U * alone. m 

Information is now available to calculate the maximum rise height H, 
1 

defined as 

where 

H 
D 

0 

H = U T 
0 

= 
2F 2 

R 
5 

= 2 
F 2 

R 
5 

U * dt*. 
0 m 

N3/10 

~4/5 J 
0 

The result is 

M 
N dR 

Rl /5(l-R)l/2 

N 3/10 l 
CM) I72 {8(4/5, 1/2) 

M 
-J 
M 
N 

p = (l-t*)5/2, M 
16a/2 F/ 

and N = = , 
5 

1 
dR } 

l+M. 

Note R MP and B is the Beta Function. The second integral = 
N 

on the right can be evaluated by a series expansion as: 

00 r c%) 
{~ R4/5 + E ---

4 
1 

r(n+l) 

5n+4 
R-5- (-5-)}l 

5n+4 M/N 

The series can be shown to be convergent if Stirling's Formula for 

r(n) as n gets large is assumed. For most Froude numbers, however, 

M/N:::: 1 and 

H/D 
0 

2 FR
2 

B(l/2, 4/5) 
:::: 5 

1
16/2 F 2 
-5-a R 

2.30FR 
= -------

(2)5/4(5)1/2✓c; ' 
or 
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H 0.43 FR 
= 

Do la.G . aussian 

If a. for the Gaussian and top hat cases are adjusted to make 

equation (2.4) equivalent at stack exit for both top hat and Gaussian 

assumptions: 

and 

a. = v'2 a.G . top hat aussian 

H/D = 
0 

0.515 FR 

la. 
top hat 

And if it is assumed p:::p : 
A 

H/D = 
0 

0.515 SGl/4 FR 

la.top hat 

(2. 8a) 

(2. 8b) 

These expressions are identical to those obtained with the same 

constant density assumptions and a top hat profile of plume quant ities 

if the top hat rise time is used. 

In the above FR is the densimetric Froude number based on stack 

exit veloicty, density and density difference rather than the one 

obtained using theBoussinesq approximation and is defined as: 

Expressions (2,8) represent the rise computed by neglecting th e 

entrainment resulting from lateral velocities due to radial growth at 

the top and bottom of the plume "crown" and predicts an infinite 

r adius at maximum ris e height. 
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Estimation of Entrainment Constant: 

Equations (2 .8) cannot be utilized experimentally to give a 

precise estimate for the actual value of a. Good correlation with the 

Froude number or Froude number and specific gravity is a valid expecta

tion, however. 

A method of evaluating a results from considering motion in the 

jet region immediately downstream from the stack. The conservation of 

momentum leads to: 

Pb2u2 
= ( ) b 2u b 2u 2 

- po-PA o og + Po o o 

In the jet region t is small and pb2u2 ~ p b 2u 2 
0 0 0 

From (2.5) 

This leads to: 

-b 2u (SG-1) + lrb 2u (SG-1)] 2 
+ 4SGb 

2u 2b
2 

b2U = __ o __ o _______ o __ o ________ o __ o __ 

2 

Substituting in (2.4) and integrating results in an expression for 

a for a top hat profile which should be approximated close to the 

stack . 

Ct = 

(2. 9) 

It should be not ed here that the value of a computed in this manner 

is of the order of ha1f th e value of a as computed for a point source 

of buoyancy where a i s taken as db/dZ . Th e jet assumption is 
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subject to the limitations of assuming that the buoyancy forces are 

small in the jet region, while the point source is subject to the 

limitations of ignoring finite momentum flux and the assumption of 

a point source for a finite diameter. Briggs (5) gives an estimate 

for the point source of a= 0.075. 

2 .2 Bent Over Negatively Buoyant Plume In a Laminar Crosswind 

The effect of negative buoyance on plume behavior and resulting 

downwind concentrations will be greatest when crosswinds are light, and 

turbulence intensities are low. The sinking velocity of the plume 

relative to the horizontal convective velocity will be much higher than 

under "normal" conditions. In such cases, the entrainment of outside 

air into the plume and the resulting diffusion is a function of this 

interaction between the plume and the crosswind, and approaches the 

behavior of a turbulent plume injected into a laminar crosswind. 

General Equations of Conservation (Top Hat Profiles): 

Assuming a crosswind of constant velocity, a "top hat" profile, 

and the Hoult et al. model for the entrainment of outside air into the 

plume, where entrainment due to "parallel" and "perpendicular" velocity 

differences are assumed to superimpose, the equations of motion become: 

(a) Conservation of "Volume" 

~s (b2U) = 2ab(U-Vcose) + 28bVlsinel; 

(b) Conservation of Horizontal Momentum: 

d 2 2 d 2 
(Pb U Cose) = pAV ds (b U) ds 

(2.10) 

(2 .11) 
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(c) Conservation of Vertical Momentum: 

(d) Conservation of Mass 

which leads to the buoyancy flux relation: 

where: 

d 2 2 dpA . 
ds (pA-p)b Ug = b Ug dz Sine 

s = Distance measured along plume axi s 

U = Axial velocity= ds/dt 

W = Vertical component of velocity 

e = Angle of plume axis with the horizontal 

Trajectory Near Stack: 

(2 .12) 

(2.13) 

(2. 14) 

In the case of a neutral atmosphere equation (2.12) still leads 

to equation (2.7) for the time of maximum rise . Examining the case of 

the plume as it initially leaves the stack, where the trajectory is 

approximat ely vertical, cose ~ 0, sine~ 1, U = W. 

Equation (2.13) integrates to 

Pb
2w2 c ) b 

2 u t + b 
2u 2 

= PA-po o go Po o o 

And sinc e t is still small: 

Noting that cose dx 
= ds = 

1 

(l+ (dz)) 1/ 2 
dx 

equation 2. 11 becomes: 

(B) 
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or rearranging and utilizing equation (B) above, 

R(SG) l 
Z' + b 2u 

0 0 

This may be substituted directly into equation (2.10). 

~ (b2W) = b 2u ~ R(SG) = 2abW + 26bV 
dZ O O dZ Z 1 

One may replace the right hand terms by: 

Ip b U 
0 0 0 

/p b U 
0 0 0 

/sG b U IR(SG)+Z' 
0 0 bW = = = 

Ip 

iA(l • b 2u (SG-1) 
/sc; IR+Z' 

0 0 ) 

b2W 

= b U 
✓R (SG) +Z I 

0 0 R+Zl 

Ii R+Z I 

If R(SG)+Z' can be taken as ~1 the new continuity of volume 

expression is: 

~ [R(SG)] 26 R(SG) = 
dZ z I - Rb z I 

0 

Integrating this differential expression results in: 

26Z 
Rb 

R(SG)/Z' a o 
= (l+S R)(e -1) = 

X = 
1 [ (aR+6) Z 

R (SG) Rb 
0 

2 26 
+--

3Rb 
0 

Cl aR)(O 26Z 26
2 

~ +Rb + 
µ o R2b 2 

0 

+ • . ] 

2 z + ... 
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_ /{SG)b0 X 
Z - R aR+S for values of Z/b 

0 
sufficiently small that 

higher order terms will not be significant . This is identical to the 

expression denoted by Hoult, Fay and Forney except for the specific 

gravity term. 

Evaluating pb2
U from this expression: 

Subsequent Traj ectory: 

For the bent over case where cose ~1, sine~z', p~pA' u~v, the 

assumption of Gaussian profiles in vertical component of velocity and 

concentration (density difference) yields expressions that are identical 

t o those resulting from the "top hat" case with the exception that b 

is now the radial dis tance at which the quant i ties described by the 

Gaus s ian expres sion assume values equal to 1 - of the centerline values. 
e 

In th i s case the entra inment hypothesis is equivalent to the assumption 

of a mix ing length proportional to the width of the plume , such that a 

l i near rat e of growth of radius with Z and Gaussian profiles of 

vert ica l ve locit y and density difference are predicted. 

The new conservation of volume expression will be: 

_!. (b2V) = 2bV db - 2bVW 
dt dt m 

or s i nce dZ - W dt 
m 

d(b2
V 

dZ - 2bV 

If th e constant of proportionality is taken as 8, t hen 

db - a and b = a z + C dZ - µ ' µ 



21 

If it is assumed that C can be taken as zero without large error 

and if dpA/dZ = 0 in equation (2.14) then equation (2.12) becomes: 

00 2 2 
d f VW e-r /b 2irrdr = 

dX m 
0 

or 

F 

;s 

or 

[ 
, 11/3 z = H _ 3F(X-X)L 

2V3D2 
µ PA 

2 
(pA-p )b U g,r 

0 0 0 

(X-X) 

PA 

Which is a slight variation on the well known expression for positively 

buoyant plumes. In the above F the buoyancy flux has been substi-

tuted for is the horizontal distance to the point 

of maximum rise, and H is maximum plume rise. For this case 

b2U = b2V = b 2u 4S 2 
cl..-) 2 1] . [- + 

0 0 R D 
0 

Expression for Maximum Plume Rise: 

Using equation (2.12) in time derivative form: 

and 

-Ft 
w = 

The previously evaluated expressions for b2 for the asymptotic 

cases of the plume close to the stack and of the bent over plume 

indicates b2U = b 2u f(R, Z/d if the Boussinesq approximation is 
0 0 0 
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made for the density on the grounds that it is valid over most of the 

rise. If the original density is retained in the time calculations 

the result is: 

w = 
-Ft + p b 2u 2 

0 0 0 

where R is constant. 

or 

Therefore maximum plume rise is in general: 

H 

J 
0 

f (Z/D , R) 
0 

D 
0 

T (-Ft+p b 
2
u 

2
) dZ = f o o2 o dt = 

0 D pAb U 
0 0 0 

(2.15) 

The jet region equations apply only when time is small and R(SG)/Z'<<L 

however for purposes of comparison (2.15) can be calculated for this 

assumption over the entire plume rise resulting in: 

H/ D = _R---'(,__SG---'-)~ 
o 4 (aR+B) 

✓1 + 16(aR+ B) F 2 _ ll 
R (SG) R (2 .16a) 

For bent over plumes (if considered for the whole rise)(2.15) becomes: 

H/D = 
0 

2 
3R (SG)FR l/ 3 

[ 2 ] 
BB 

This predicts values of H/D 
0 

(2. 16b) 

which vary a maximum of ~10 percent 

in the range of specific gravities from 1.25 to 5 if the exi t and 

crosswind velocities are held constant. The minimum predicted rise is 

at a specific gravity of two. This agrees qualitatively with the 
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observations of Bodurtha who stated that the rise of plumes he observed 

with roughly this range in specific gravities was independent of 

specific gravity. 

Trajectory During Descent: 

For the descending portion of the plume equation (2 . 10) can be 

transformed, noting that cose - dx - 1 t 
- ds - (l+Z'2) 1/2 ' 

0 

For values of 2 1/2 Z' < 0.3, then 1 . .::_ (l+Z' ) < 1.05. Since 

measurements discussed by Briggs (5) indicate 8 ~ (6 to 8)a for 

these conditions, the bent over plume expressions will still apply 

approximately. Hence, 

b.:.. 8(H+H-Z) 

and 

F 
+ - (X-X) 

v3 

which integrates to produce: 

X-X [88 2 {(2H-Z) 3 

D
0 

- 3 D 3 
0 

Where FRH is the "horizontal" Froude Number 
rr;; V 

and X is 

/(p -pA)gD 
0 0 

the horizontal location of maximum plume rise . At ground level 

z = -h s' the stack height. Then 

X -X 882 
( _!:!_) 

3 h 3 1/2 FRH D { (2+ -2) - 1 }] (2. 17) = [-D 3 D II IR 0 0 
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Where x0 is the horizontal point of plume touchdown. The position 

of X can be estimated from the time of rise by assuming that the 

plume is convected horizontally with crosswind velocity V. Thus 

x 
o 

0 

VT o= 
0 

Vp U 
0 0 

6pgD 
0 

= 

F 2 
R 
R 

(2.18) 

It should be noted that entrainment theory is not expected to provide 

a completely accurate description of negatively buoyant motion due to 

the low velocity differences in the region of maximum r i se. However, 

it is a useful tool in developing relationships between parameters for 

experimental measurement. 
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SECTION III 

CONCENTRATION DETERMINATIONS 

3.1 Plumes in a Laminar Crosswind 

Rouse, Yih, and Humphries showed theoreticall y and exper imentally 

that the decay of maximum concentration in a vertical pos itively buoy-

ant plume is -5/3 -x . Morton et al. obtained the same results using 

entrainment theory. In that particular case mixing length theories are 

consistent with the entrainment hypothesis and both predict a linear 

rate of growth of radius with vertical distance, and Gaussian profiles 

of velocity and concentration. If the same approach is taken and it 

is noted that: 

[ x(SG-1)] 
p = PA 1 + 

Xo 

where x is the concentration at any point and p is th e correspond 

ing density. If Gaussian profiles are assumed, equation (2.4a) becomes: 

00 

J 
0 

00 

J 
0 

so that 

-(l+y)r2/b
2 

(p -p )U e 2Tirdr = m A m 

xm 
U p - (SG-1) 

m A X 
0 

.J 

(p P ) U b 
2 

= constant o- A o o 
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Vertical Plumes: 

For a negatively buoyant vertical plume, this predicts at maximum rise 

height: 

X Ix ~ (H/D )-l or, 
m o o 

U D 2 
xm O 0 

Q 
(H/D ) - l 

0 

Bent Over Plumes: 

For plumes in a crosswind the concentration delay can be examined in 

the asymptotic regions. Close to the stack, in the jet region, 

[ 4 ( aR + S) ~ + l ] 
R D 

0 

Xm _ 1 0 

x0 [ 4 ( aR + S) Z + l] 
RD 

~ (~)-1 
D 

0 

0 

For the bent over region of the plume 

/v 
2 2 

~ b 2u b2U ~ b 2U [48 z + l] ::: ~ 
o o RD 2 

since (Z/D ) 2 
0 

>> R over 

R 

0 

most of the 

or 

0 

rise 

X VD 
2 

m o 
Q 

so that the bounds on concentration are 

(_!:!_) -2 
X VD 2 

m 0 
$ 

Q ~ 
D 

0 

For the descending plume region 

0 

and 

4e2z2 
[ 2] 

RD 
0 

(~) -2 
D 

0 
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which at large distances downstream approaches proportionality with 

IR -4/3 
- (X-X) 
FRI-I 

VD 
2 

X o F 
4

/
3 

-4/3 
_R_H--,-_ ( X - X) 

RS/3 Q 

Implicit in the above is the assumption of a mixing length proportional 

to the characteristic length b, similarity in the form of dif

fusivities of mass and momentum, and similarity in profiles of 

velocity and concentration at all cross sections. 

3.2 Dense Ground Source in a Turbulent Boundary Layer 

3.2.1 Eulerian Diffusion Formulation 

In a field of small scale turbulence the diffusion may be 

considered through the concept of an " eddy diffusivity" as analogous 

to molecular diffusion. A coefficient k, the "diffusivity", is taken 

as proportional to U' t. U' is the turbule t fluctuation velocity . 

1 can be interpreted in terms of a proportionality coefficient be 

tween the average turbulent flux of a given substance C'U' and the 

gradient of average concentration VC, 

u IC' = -KVC 

When the diffusion is considered in three di mensions, the concept i s 

generalized by introducing three such coeffi cients, k, k, kz which 
X y 

are assumed to be functions of position. Application of the conserva-

tion principle yields: 

ac + u ~ + v ~ + w ~ 
at ax ay az 

= a [k ac ] a [k ~] + 2-_ [k ~] 
ax x axx + ay y ay az z az 
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If the boundary layer assumption of W=V=0 is combined with neglect of 

the longitudinal dispersion term, the following equation results: 

~ + u ~ = ~ [k ac3 a [k ac] 
at ax ay y ay" + az zaz 

The assumption of constant diffusivity k = k = k 
y z 

as formulated 

by Roberts leads to a Guassian distribution in the radial direction 

and a longitudinal decay rate inversely proportional to X. The 

predictions of this analysis unfortunately do not agree with observa

tions. The observed decay rate of maximum concentration is much 

greater than that predicted by this model. Several investigators 

(see (29)) were able to obtain closed form solutions for the two 

dimensional version of (3.4) for an infinite line source in a crosswind 

by use of Schmidt's conjugate power. 

Other dispersion predictions have been proposed for power law 

profiles and constant flux atmospheres such that: 

m du 
U = u1 (Z/Z1) , Km dz= constant 

which require K = K (Z/Z )l-m 
m 1 1 

where u
1 

and are the velocity 

and diffusivity at the reference height z1 . The solutions obtained 

predict a power law decay rate in maximum concentration with X. 

Several other investigations have obtained closed form solutions for 

the three dimensional problem of ground and elevated point sources by 

the assumption of variable lateral diffusivity combined with the 

conjugate power laws. These proposals have varying degrees of success 

in predicting the decay rate of maximum concentration and lateral 

dispersion. (7, 27, 29) 
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3.2.2 Lagrangian Formulations 

Lagrangian formulation of duffusion assumes one follows the motions 

of a specific particle in time. Taylor (27) considered the motion of a 

fluid element with the assumptions of homogeneous, isotropic, 

stationary turbulence and obtained: 

y. 2 (t) 
1 

= 2U 12 / 
0 

where Y.
2

(t) is the variance in one dimensional motion, and u12 is 
1 

the RMS value of the turbulent velocity fluctuation in that direction. 

The velocity correlation, RL(T) is defined by. 

RL(T) = 

when t is small 
00 

J RL(T)dT = const. 
0 

u I (t)U I (t+T) 

RL (TFl and 

Then Y.
2

(t) 
1 

Y.2 = U' 2 t2. 
1 

= Const x 2u 12 . 

As and 

Sutton (29) on dimensional grounds proposed at an empirical form 

\) 

--2 n 
(v+U' T) 

with n as an adjustable constant. This led to the following solution 

for a continuous point source: 

C(x,y,z) = 
2Q 

nC C Ux 2-n 
y z 

2 
n-2 (.l'._ + 

-x 2 
e C y 

2 
_z_) 
C 2 

z 

where C and C are generalized coefficients of diffusion in their 
y z 

respective directions. Sutton's formula has been widely used in 
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practice even though it was developed under the assumption of 

homogeneous isotropic turbulence. In use it is typically applied to 

the shear flow of the lower atmosphere. 

The principle of Lagrangian similarity has recent ly been utilized 

by several investigators to provide a more rational approach to shear 

flow diffusion, i. e . without postulating a diffusivity in advance. 

Reasoning dimensiona ll y Batchelor and Ellison related the time rate of 

change of the vertical mean position of a particle to the shear 

velocity and a universal function of z/L, where L i s the stability 

length. Assuming a probability density distribution about the mean 

position and noting that for a ground source in neutral flow this 

function as applied to maximum ground concentration is essentially the 

dirac delta function, they obtained relations for the decay of maximum 

concentrations for continuous point and line sources. Concentrations 

from point sources were predicted to decay as X
-1.8 v-1.9 

-A > while line 

- 1 
sources decay X Gifford, Cermak, and Chaudhry (7) extended this 

principle to diffusion in a stably stratified atmosphere. 

The results of Lagrangian theory are usuall y incorporated into 

statistical models in terms of the calculated first, second, or higher 

moments. For a continuous ground source the expression obtained is: 

Where: 

xu = 
Q 

1 
1TO 0 

y z 
Exp [ - cL + L)] 

2a 
2 

2a 
2 

y z 

Q is the f low rate in unit s of concentration per second 

a (x) y 
and a (x) 

z 
are distribution moments found by the 

Lagrangian theory 

xis the average concentration 
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3.2.3 Wind Tunnel Simulation of Diffus i on 

Cermak et al. (6) point out that for small scale diffusion, in 

which there is no variation in the mean wind direction, and non-neutral 

stratification, dynamic similarity of flows with geometrically similar 

boundary conditions, is determined by three dimensionless parameters : 

VL/v 

k 
C µ 

p 

gLllT 

T v2 
0 

(Reynolds Number) 

(Prandtl Number) 

(Richardson Number) 

If the tunnel flow consists of air, Prandtl Number similarity is 

assumed. If only micro scale eddy motion is considered, such that 

there is no variation in the mean wind direction, experience has 

shown that for shear flows of high Reynolds Number, that viscosity has 

no effect on the scale components of the motion which contains nearly 

all the energy which might effectively contribute to turbulent 

diffusion. Plate and Lin, Chuang and Cermak, Malhotra and Cermak, 

Arya and Chaudhry have all demonstrated the reliability of the use of 

wind tunnel shear layers for modeling atmospheric flows, even though 

a ratio in Reynolds Numbers between model and prototype is of the 

order of 103 . 

For flow of this sort, the gradient form of the Richardson Number 

must be used i.e. 

If power law relationships in Z for profiles of t emperature and 

velocity are obtained such that: 



Since 

u Czz /, 
Ul = 1 

Ri = .K_ m 
T 2 

o n 

Ri = Buoyancy force 
Inertial force 
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T-T 
r 

(T -T ) = 
1 r 

, therefore 

<O Unstable stratification 

Ri =O Neutral stratification 

>O Stable stratificat i on 
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SECTION IV 

EXPERIMENTAL MEASUREMENTS 

Experiments on negatively buoyant plumes were conducted to check 

previous and present theories for plume rise characteri stics and to 

obtain reliable data on the nature of the descending plume. Vertical 

plume rise experiments with no crosswind were conducted in the 

Industrial Aerodynamics wind tunnel in the Fluid Dynamics and Diffusion 

Laboratory at Colorado State University. The 6x6 ft area of the test 

section (which was closed at each end for this experiment to limit 

corrective currents) provided a very still environment for the experi

ment. The experiments with bent over plumes were performed in the 

thermal tunnel in the Fluid Dynamics and Diffusion Laboratory. The 

tunnel has a 24x24 inch cross section. Turbulent plumes were injected 

into both laminar and turbulent crosswinds. Plumes were also injected 

into a low-speed turbulent crosswind in t he Industrial Aerodynamics 

wind tunnel. These plumes were of large specific gravity and descended 

quickly to the tunnel floor, where the longitudinal decay rate was 

measured. 

Additional details of the wind tunnels are described in Section 5. 

The pertinent parameters regarding plume rise appeared in the 

equations in Section 2. Value s of these parameters applicable to 

actual conditions can be duplicated in the wind tunnel. Implicit in 

the assumptions was the existence of a Reynolds Number sufficiently 

large to justify the assumptions of turbulent entrainment. The 

Reynolds Numbers based on pipe flow calculations did not meet this 

criteria for all cases studied so that the turbulence was artificially 
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generated. A sharp edged orifice was placed in the stacks 8 diameters 

upstream from the exit. Hewett (13) has shown that plume rise is 

independent of Reynolds Number if the plume is turbulent at exit. 

The range in parameters was as follows. For the vertical plumes, 

specific gravities ranged from 1.08 to 3.0 and exit velocities from 

:g to 75. Stack diameters of 1/8 inch and 1/4 inch were used. 

For the plumes in a laminar crosswind, vel ocity ratios ranged from 

2.5 to 25, specific gravities from 1.10 to 4 . 16 and Froude Numbers from 

:5,2 to 75. Two diameters, 1/4 inch and 1/8 inch were used and two 

crosswind velocities :Q.75 and :1.5 ft per second were employed. Stack 

heights of 3 inch and 6 i nch were employed at various points, both to 

provide variations in thi s parameter and t o avoid hitt ing the tunnel 

roof with plumes of high exi t velocity. The specific gravities were 

obtained by mixing Freon 12 with Air in appropriate proportions. Freon 

12 has a molecular we i ght of 121. Densit ies at approfriate pressures 

and temperatures were obtained from applicable Mollier Chants. 

The experiments were conducted as follows. Tunnel and stack flow 

rates were set. The effluent was bubbled through TiC1 4 to produce 

smok e . Extended time exposure phot ographs were taken against a black

board di vided into marked horizontal and vertica l i ncrements . Measure

ments were then corrected for the parallax resulting from the fact that 

this plume was i n the center of the unne l and t he blackboard at the 

tunnel wall . Several photographs ar shown in Fig. 11 . 

In addition a 4½ inches x 4½ inches x 4½ inches cubical structure 

with a s t ack exiting in the center was installed in the Colorado State 

University thermal tunnel in a turbulent shear flow. Velocity at this 

top of the building was se t at 6.75 ft per second for a Reynolds Number 
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of =13,500. Smoke photographs were taken for specific gravities of 

1, 1.5 and 2.5; velocity ratios of 1 and 2; and stack height to 

building height ratios of 1, 1.5 and 2. 

4.2 Concentrat i on Measurements 

4 . 2. 1 Plumes in a Laminar Crosswind 

Concentration measurements at the maximum rise height were made of 

18 plumes injected into the laminar crosswind. Concentrations at the 

points where the se plumes touched the floor was also taken. These 

plumes were from 1/4 inch and 1/8 inch diameter stacks with specific 

gravities of 1 . 5, 2 and 3 respectively. 

Detailed cross-sectional concentration measurements taken in 

roughly equal longitudinal increments between the point of maximum 

rise height and plume touchdown were made for six plumes of specific 

gravi ties 2 and 3; and exit ratios of ~5, 10, and 15 from a 1/8 inch 

diameter stack. The cross-sectional measur ements were made so that 

the plane of measurement was at right angl es to the plume motion as 

determined from the smok e pictures . 

4.2.2 Dense Ground Source in a Turbul ent Boundary Layer 

Concentration measurements were taken in a turbulent boundary. 

layer of negatively buoyant gro nd sources. Specific gravities of 1.0 

(Air),1.10, 1.25, 1 .50 , 2 .0 and 3.0 were employed. Measurements were 

made in neutral and i nv ersion stratifications. Free stream velocity 

was 6 ft for second and the boundary layer thickness was approximately 

6 inches. Velocity of discharge from th e source was set equal to 

tunnel velocity at the height of the source centerline. The turbulent 

boundary layer was ar~ificially generated in the Colorado State 
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University thermal tunnel by the use of vortex generators after the 

method of Counihan (9). An approximate 1/7 law velocity profile was 

obtained. Using the t hermal stratification capabilities of the tunne l, 

an approximate 1/7 law temperature profile was also generated. The 

vortex generator arrangement is described in Section 5. 

Finally, five plumes were examined in the Colorado State 

University Industrial Aerodynamics Tunnel (briefly described in Section 

5) with a free stream velocity of approximatel y 2.5 ft per second and 

a boundary layer thicknes s of approximatel y 12 i nches. These plumes 

were emitted from 1/4 inch stacks with velocity ratios ranging from 

5 to 25 and specific gravity of 3 and thus tended to intercept the 

tunnel floor at relative ly short distances from the stack. The decay 

rate of maximum concentration downst ream from point of touchdown was 

then determined to prov ide infonnation supplementing that of the plumes 

injected into the laminar crosswind, Thi s provided data concerning 

dispersion of heavy lumes due to background turbulence as opposed to 

plumes which entrain fluid as a result of their own vertical mot i on . 
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SECTION V 

APPARATUS AND INSTRUMENTATION 

5.1 Wind Tunnels 

The thermal wind tunnel (Fig. 1) at the Fluid Dynamics and 

Diffusion Laboratory, Colorado State University, was designed to 

provide a low speed wind tunnel with vertical thermal gradient capabil 

ity. The section is 15 ft long with a two ft square cross section. 

A bank of metal plates with electrical resistance heaters placed in the 

tunnel inlet allows an initial thermal gradient to be established. 

Water cooled panels on the tunnel floor and electrical resistance 

heaters on the tunnel roof subsequentl y maintain the gradient along the 

test section. In addition, the longitudinal pressure gradient along 

the test section can be controlled by the tunnel roof which can be 

adjusted vertically. The fan speed can be adjusted, thus controlling 

the air speed in the tunnel. Maximum air velocity obtainable is 

: 10 ft per second, 

The Colorado State University Industrial Aerodynamics tunnel has 

a six ft square cross section and a test section which is 30 ft in 

length. An adjustable pitch fan allows wind speeds up to 60 ft per 

second. The boundary layer thi cknes s ranges from ~3 inches at the 

start of the test section to ~16 inches at the end. 

5.2 Velocity and Temperature Measurements 

Extremely low velocities were measured utilizing the vortex 

shedding properties of circular cylinders and known relationships between 

shedding frequency and approach velocity in t he form of the Strauhal 

Number of cylinder Reynolds Number. The device is similar to one 
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described by Hewett (13 ) , and requires a "hot wire" probe posit ioned 

in the cylinder wake to measure the eddy shedding frequency. The 

trace of the signal was observed on an oscilloscope and the probe 

position adjusted so that only frequency of vortex shedding from t he 

bottom of the cylinder was counted. The signal appeared in wave f or m 

and thus was counted on a digi t a l counter . Velocity was det ermi ned 

from Roshko's data re l ating Strauha l Number to Reynolds Number. This 

method of velocity measurement was checked with a smoke wire . ** The 

measurements are good within three percent. 

Velocities of higher magnitude were measured wi th a pitot - static 

tube and a Transonic pressure meter, with the exception that velocity 

and turbulence intensity profiles in boundary layers wer e measur ed with 

a hot wire anemometer. 

Measurements of t emperature were made using a movabl e bank of 

eight copper constant and thermocoupl es mount ed vertically . Their 

voltage output was measured by a sensitive Ni l lvo l t potentiometer. 

5.3 Gas Mixing and Smoke Vi sual ization 

The dense gas was formed by mixing air and Freon 12 in a flow tee 

in the desired proportions. The air and Freon flow rates were measured 

by Fisher and Porter ''flowrators" which were calibrated for each gas . 

Smoke was generated by impinging the mixture in jet form on the surface 

of titanium tetrachloride in a container. The smoke thus formed was 

then transported to the stack inside the tunnel where it was released. 

A schematic of this arrangement is shown in Fig. 2. 

** See Orgil 1, M. M. et al . , "Laboratory Simulation and Field Estimat es 
of Atmospheric Transport-Dispersion Over Mountainous Terrain," 
FOOL Dept. CER70-71MMO-JEC-LOG40, 1971. 
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5.4 Vortex Generators 

Since concentrations from a negatively buoyant ground source were 

measured in the thermal tunnel to utilize the thermal inversion capabil

ity, it was necessary to generate a turbulent boundary layer. This was 

done using the method of Counihan by constructing eight "elliptic 

wedge" vortex generators with the shape of a quarter ellipse with 

minor axis equal to one-half major axis and a wedge angle of six 

degrees. The generators were six inches high and three inches long at 

the base. A serrated barrier was located six inches upstream from the 

generators . A metal honeycomb section was placed immediately down

stream of the heaters but upstream of the serrated barrier. It was 

found that best results were obtained when the barrier was placed at 

a 60 degree angle with the tunnel floor such that the top of the 

barrier was placed adjacent to the downstream metal "Honeycomb" section. 

The barrier was 1 1/8 inches high at the serrations and 7/8 inches 

high elsewhere. Downstream from the generators a three inch wide 

plate with 3/16 inch steel shot placed in staggered rows on the surface 

was installed. Downstream from the shot-covered plate a four-inch 

wide layer of 3/8 inch gravel was placed on the tunnel floor. A 

sketch of the arrangement with details of the vortex generators and 

serrated barrier is shown in Fig. 3. Velocity profiles produced 

c losely approximated a 1/7 power law profile. The "Boundary Layer" 

was developed within twenty-five inches downstream from the generators. 

Velocity, turbulence intensity and temperature profiles in the boundary 

layer are shown in Fig. S to 9. 
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5.5.1 Measuring Apparatus 
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Concentration measurements were made using Krypton-85. Krypton-85 

is a radioactive noble gas produced by nuclear fission. With the 

atomic number 36, atomic mass unit 85, and the maximum energy of 0.67 

M.E.V., Kr-85 has been widely used as an effective tracer gas in 

recent years because of its long half life (10.3 years) and its pure 

Beta emitting property. The Beta particles emitted by KR-85 ionize 

gas molecules as it passes through them. With these io~ization prop

erties gas concentrations can be detected by Geiger Mueller counters. 

The counter tube consists of two electrodes, a fine meta l wire, the 

anode, surrounded by a hollow conducting cylinder, the cathode. Gas 

samples were removed from the test section by a rake of sampling 

probes and flushed through the tube jackets for a period of three 

minutes. Sampling ceased, and the samples isolated by Yalves. Concen

trations were then detennined by counting the tube pulses. The tubes 

used were Halogen-Quenched, stainless steel, thin-walled G-M tubes 

(Tracer-lab 1108). 

5 . 5 . 2 Tube and Gas Calibration 

G-M tubes and radioactive source gas were calibrated by using the 

following procedure. A reference G-M tube was calibrated using the 

scalar counter and a radioactive source of known strength. This source 

was placed inside a lead-shielded safe containing the reference G-M 

tube. The reference tube is then calibrated in counts per minute vs. 

source strength in curies. The radioactive strength of ei ther a 

calibrating or a source gas was th eu Qetermined by passing the gas 

through a plastic container with a Mylar cover at the same position in 
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the lead safe as the reference source. Using the known volume of the 

container, concentrations of the gases was determined in µCi/cc. 

A calibrating gas may then be passed through the test G-M tubes which 

permits final calibration in counts per minute vs. concentration. 

5.5.3 Concentration Calculations and Counting Statistics 

Gas concentrations were determined by first eliminating the 

"background" count corresponding to the naturally occurring radiation. 

This was done by subtracting the background counts per minute from the 

sample plus background count, and multipl ying this by the "tube 

constant" previously determined for each tube. The tube constant was 

determined by passing the calibrating gas through the tube jacket, 

subtracting the background (obtained by counting ambient air samples) 

and correcting for "dead time", which is the time required for the 

positive space charge to move far enough from the anode for further 

pulses to occur. The result is then a tube constant in CPM/µµCi/cc. 

The details are shown below: 

CPM1 = CPM - Background 

(dead time correction) 

Tube constant= 
Source strength (µµCi/cc) 

The standard deviation in the net counting rate (sample plus back -

ground) OR for a sample is 
s 

R +b Rb)l/2 s 
OR = (--+ t t s s V 
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where R s+b is the observed sample-plus-background count, Rb 

background count and t 
s 

are the sample and background 

is the 

counting times respectively. Since Rb is of this order of 20 CPM and 

was determined with 15 minute counts for each tube, the background 

contribution is constant and small. If R s+b is large, ts 

have to be large to obtain a small value of oR in terms of 
s 

does not 

percentage of R b. s+ As R s+b goes down however, t 
s 

must be 

increased. In these experiments the following procedure for counting 

was used. 

R b > 1000 , t s+ s = 1 minute, aR 
s 

< 3 . 2 percent 

100 < R b < 1000, t = 2 minutes, oR < 7.2 percent - s+ s 
s 

R b < 100, t = 3 minutes s+ s 

I 
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SECTION VI 

RESULTS OF EXPERIME TS 

6.1.1 Vertical Plumes 

The vertical plumes emitted into a quiescent atmosphere were 

observed to rise initially in a jet with a lmost linear growth of 

radius with vertical distance. This jet region appeared to encompass 

from ~1/4 to ~1/3 the total rise height. Measurements of the point 

of maximum rise of the top of the plume indicated better correlation 

with Froude Number than with Froude Number multiplied by the one-

fourth power of specific gravity. Actual least squares correlation 

indicated a proportionality to sG· 08FR . This indicates the assumption 

P~p
0 

produces better results than p~pA. This at first seems com

pletely unreasonable, particularly since it is later shown that for 

bent over plumes, o~PA produces good results. There are, however, 

important physical differences between two situations. Measurements 

indicate that the entrainment constant perpendicular to the flow 

direction is greater than the one for the parallel flow by a factor 

of from six to eight; thus the presence of a crosswind greatly 

increases the entrainment. The negatively buoyant vertical plume may 

also reentrain some of th e falling dense fluid, so that the flux of 

negative buoyancy increases with distance, rather than being constant. 

This would have the effect of reducing rise time. Since correlation 

with specific gravity yields such a small power, the correlation was 

made with Froude Number . The least squares value of the proportionality 

constant was determined to be 2.96. So that (See Fig. 12): 
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(6 .1) 

This value is close to that indicated by Turner which appears to yield 

a relationship of 

H/0
0

::: 3.1 FR 

The value of the entrainment constant, a, was determined for the 

"top hat" region immediately downstream from the stack exit. Matching 

radial and height measurements from the smoke photographs to 

equation (2.09) suggests that: 

a ::: 0. 045. 

When this value of a is used in equation (2.8a) to ca lculate plume 

rise one predicts: 

H/0
0 

= 2.43 FR 

This relation somewhat underestimates rise height. Apparently, in the 

upper regions of the plume where velocities are low, the proportional 

entrainment theory over-predicts entrainment. 

6,1.2 Plumes in a ·Laminar Crosswind 

Bodurtha noted that over a given range in specific gravities, the 

plume rise is independent of specific gravity. This was also found 

in the present experiments for plume rise in a laminar crosswind. 

Ri s e height was obtained by measuring the maximum centerline plume 

height from the smoke pictures. Froude Number dependence was deter

mined by comparing rise heights from 1/4 inch and 1/8 inch diameter 

stacks of equal specific gravity and velocity ratio. Dimensionless 

rise height was determined to be proportional to (diameter ratio)-n, 

with least squares value of n as 0.35. Velocity ratio dependence 

was determined by comparing rise heights for equa l Fro~de Numbers and 
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specific gravities but differing velocity ratios i.e. 
• m 

H -: R . The 

least squares value of m was found to be 0.32. Thus correlation 

appears to follow the expression suggested by equation (2.17). H/0 
0 

is plotted vs. Rl/3SG1/3F 2/3 . . 
R rn Fig. 13. The least squares value 

for the constant of proportionality is 1.32 so that: 

(6. 2) 

The correlation with this equation is good except for the lowest 

Froude Numbers, where the rise is moderately less than predicted. 

Apparently the rise time is low enough that the net entrainment is 

rather low; hence the Boussinesq approximation is not valid over a 

sufficient range of the height. 

The fact that plumes correlate well with this equation is for

tuitous, since a significant portion of plume rise over the range of 

variables examined takes place in a near-vertical configuration, 

whereas equation (2 . 16) was obtained under assumptions of a near 

horizontal plume. The fact that rise heights of plumes with specific 

gravities from 1.5 to 3 would not significantly differ seems strange 

since in the jet region plume rise is predicted as lsG. 

Measurements also indicate that equatio (2 . 18) gives a good 

estimate for the horizontal position of the point of maximum rise. 

For plumes such that the point where the lower edge of the plume 

touched the floor could be determined with reasonable certainty 

(diffusion of the smoke downstream made some plumes visually indeter

mina e at larger distances) the results indicate that strong correla

tion of touchdown distance with the "horizontal" Froude Number occurs 

for plumes of equal diameter, velocity ratio and rise height, but 
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differing specific gravities. Linear proportionality was noted. 

Correlation with equation (2.17) was noted but with a fair amount of 

scatter. The correlation of variables of equation (2.17) is plotted 

in Fig. 14. A least squares value of the constant of proportionality 

of 0.56, was found, so that: 

--= 
D 

0 

where x0 is the horizontal distance from the stack to the point 

where the lower edge of the plume touches the tunnel fl~or. 

6.1.3 Plume Rise in the Presence of a Cubical Structure 

The plumes emitted from the center of a cubical structure 

exhibited no variation with specific gravity as far as avoiding 

(6.3) 

entrainment into the cavity immediately behind the building. All 

plumes were found to obey the criteria of Meroney and Yang that for 

R > 1 and hs/hb > 2 entrainment in this region will be avoided. 

Farther downstream, the negatively buoyant plumes were observed to 

fall into the wake region of the building at distances beyond X as 

calculated from (2.18), but in this region subsequent entrainment into 

the building will not occur as it does in the cavity region. The 

criteria to avoid such entrainment into the cavity region for nega

tively buoyant plumes, in addition to that of Yang and Meroney, 

appears to be that (fr om equation 2.18) 

For a cubical structure 3hb is the downstream extent of the cavity 

region as found by Halitsky (12). 
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6.2 Concentrations 

6.2.1 Plumes in a Laminar Crosswind 

The plumes injected into a laminar crosswind exhibited the 

following behavior regarding diffusion. The plume cross section iso

pleths at the maximum rise height (See Fig. 15) indicate a semi

elliptic cross section at thi s point. The concentration gradients are 

much steeper at the top of the plume than at the bottom, which would be 

expected since a condition analogous to diffusion in unstable stratifi

cation exists at the lower plume boundary . The negative buoyancy of 

individual plume particles contributes to diffusion in this direction 

since if a particle is displaced from the center of the plume in a 

downward direction, it tends to continue due to the increased density 

over that of the surrounding fluid. During the rise period, this trend 

is accentuated since the direction of greatest diffusion is opposite 

to th e mean plume motion, thus increasing the relative displacement. 

As the plume descends, the cross sections become more nearly circular 

and th e vertical distribution of concentration becomes more symmetrical 

with the skew decreasing. The l~ng itudinal rate of decay of the "non-
xVD 

dimensional" concentration + approa hes proportionality with 

(X-xf·4/ 3 as the plume approaches X
0 

(See Figs . 16-18) . Plots of 

maximum values of non-dimensional concentration at the plume high 

vs. 

point and at the point where plume centerline touches the tunnel floor 

H/D indicate approximate proportiona lity with (H/0 )- 2 . Thus 
0 0 

simple mixing length theory predicts good approximations for the decay 

in maximum concentrations for the "worst case " of negatively buoyant 
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plumes injected into light winds such that the diffusion is essentially 

controlled by plume turbulence. The proportionality constants 

indicated are: 

VD 2 
X o 

Q 
= 2.15(H/D )- 1 · 85 at point of maximum rise 

0 

VD 2 2H+h -1 .95 

(6. 4) 

__,Q,-o_ = 3.10 ( D s) at point of plume "touchdown"(6.5) 
0 

6.2.2 Dense Ground Source in a Turbulent Boundary Layer 

Density differences were observed to have a significant effect on 

the downstream diffusion pattern of a ground source. This effect was 

primarily multiplicative, however, rather than a change in the power 

law of decay with downstream distance as is normally observed with an 

inversion stratification. Fig. 21 and 22 show the rate of decay of 

maximum values of the quantity of xU/Q. With downstream distances 

from the source U in this case is taken as the velocity at the source 

centerline. In this cas~ U was taken as 3.5 ft per second. Decay 

rates of maximum concentration with downstream distance for a specific 

gravity of one were observed to be proportional to power laws of -1.68 

and -1.45 for the neutral and inversion cases respectively, which is 

in good agreement with previously observed values (7, 27). The maximum 

concentrations of the denser gases decay at a slightly greater rate 

when the concentrations slowly approach those of air since the density 

effects are attenuated by diffusion. Over the range of downstream 

distances examined, a specific gravity of two, for example, increases 

maximum ground concentrations by a factor of approximately 30 percent 

in both neutral and inversion stratifications. 
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The lateral and vertical plume dimensions for the 50 and 10 percent 

levels reveal the following behavior (See Figs. 23-30). As the dense 

plumes leave the source, the radial density gradients inhibit vertical 

diffusion and accelerate lateral spread, so that initially the lateral 

values of the spread rate are greater while the vertical values are 

smaller. As the plume proceeds downstream, the 50 percent concentra

tion plume dimension becomes larger for the less dense gases as the 

concentration distributions for the denser gases exhibit sharper 

"peaks. See Fig. 31. Apparently a "core" of dense gas resistant to 

vertical diffusion is formed as the density differences in the outer 

lateral regions of the plume are attenuated by diffusion. The lighter 

gases thus arrive at heights where they are transported l ateral ly 

faster by diffusion tnan the heavier gases can move laterally at ground 

level solely due to gravitational effects. The vertical spread of the 

50 and 10 percent concentration levels is shown to be less for the 

dense gases over the distance studied, but they approach that of air as 

the plume proceeds downstream. 

6.2 .3 Decay of Concentration in Buoyancy Dominated Plumes 
After Touchdown 

The plumes injected into the turbulent boundary layer with free 

stream velocity of 2 , 5 ft per second exhibited the following behavior. 

An extremely large lateral spreading occurred immediately after touch

down . The concentration profile s in the lateral direction were quite 

flat. The initial decay rate is approximately proportional to x- 0
·
65 

(See Fig. 32), which is similar to the behavior noted by Holl y and 

Grace with salt water plumes in an open channel, The decay rate 

appears to approach ground source behavior as all plumes approach a 

-1. 7 power law decay rate. (Values of velocity in the xUZ 2/Q 
0 

are 
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SECTION VII 

CONCLUSIONS 

1. The rise height of a negatively buoyant plume is increased by 

increasing the discharge velocity. For a given flow rate, this can be 

accomplished by decreasing the stack or relief valve diameter. For a 

constant flow rate, rise height is proportional to -3/2 
D 

0 
for vertical 

plumes in a quiescent atmosphere and to -4/3 
D 

0 
for plumes in a cross-

wind. The horizontal position of plume descent to the ground will also 

be increased by decreasing the stack diamete r for a given flow rate and 

stack height. This horizontal distance is proportional to D -2 , and 
0 

is of course increased with increased stack height being approximately 

proportional to (2+h /H) 3/ 2 
s 

for significant values of h /H s 

2. For plumes of relatively high density exhausted into light 

winds, such that the density difference and resulting vertical motion 

dominates diffusion, the ground concentration will be approximately 

-2 
proportional to (2H+hs) . The downstream decay rate from this point 

is XU = (XU) (!_)-· 65 where D is the point of plume touchdown. The 
Q Q D XD 

-.65 power law decay rate can be extended to the intersection with the 

ground source decay rate and that rate assumed from that point on. 

3. The effect of negative buoyancy on the behavior of ground 

source is primarily multiplicative as the decay relationship is not changed 

in form. Large specific gravit ies produce only moderate percentage 

increases in downstream concentration values rather than order of mag

nitude changes. Negative buoyance causes larger lateral and smaller 

vertical p lume dimensions than are observed in case s of neutral buoyancy. 
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TABLE I 

VERTICAL PLUMES 
SMOKE VISUALIZATION DATA 

Stack Exit Stack Specific Rise 
Velocity Ft. Diameter Gravity Height 

Per Second Inches Inches 

5.44 .250 1.50 8.29 

5.44 .250 2.00 6.39 

5.62 .250 1.24 11.95 

7.39 .250 1.25 19.33 

8.13 .250 1.52 14.00 

8.03 .250 1.97 9.05 

7.50 .125 1.09 13.70 

7.50 .125 1.25 13.00 

7.50 .1 25 1.50 10.86 

3.70 .125 1.09 8.10 

7.39 .125 2.00 6.53 

14.61 .125 1.96 13.00 

22.07 .125 2.00 20.23 

15.19 .125 1.49 16.43 

22.34 . 125 1.50 23.55 

20.10 .125 1.42 23.96 

22.08 .125 1.42 25.44 

7.38 .125 1.35 8.89 

14.85 .125 1.35 18.28 

20.30 .125 1.35 26.10 

22.18 .125 1.35 27.30 

14.80 .125 3.00 11.35 



TABLE II 

PLUMES IN A LAMINAR CROSSWIND 
SMOKE VISUALIZATION DATA 

Stack Velocity Specific Stack Stack Rise Horizontal Distance 
Exit Ratio Gravity Diameter Height Height From Stack to 

Velocity Inches Inches Inches "Touchdown" Inches 
Ft/Sec 

3.712 5.10 1.077 0.250 3.0 3.70 

7.467 10.22 1.096 0.250 3.0 6.90 

11.137 15.24 1.102 0.250 3.0 10.18 

14.395 20.50 1.096 0.250 3.0 14.12 

3.755 5.18 1.572 0.250 3.0 3.05 19.50 

7 .511 10.36 1.572 0.250 3.0 5.21 28.20 
(./1 

11. 266 15.54 1.572 0.250 3.0 8.15 44.20 °' 
15.022 20. 72 1.572 0.250 3.0 10.80 56.00 

3.712 5.10 2.158 0.250 3.0 2.71 12.64 

7.424 10.20 2.158 0.250 3.0 5.22 23.75 

11.137 15.30 2.158 0.250 3.0 7.78 28.20 

15.022 20 . 72 2.126 0.250 3.0 10.82 38.80 

15.022 20. 72 2.174 0.250 3.0 10.30 32.60 

3.712 5.10 3.316 0.250 3.0 2.37 R.64 

7.424 10.20 3.278 0.250 3.0 5.24 13.35 

11.137 15.24 3.290 0.250 3.0 8 .18 19.60 

3.712 5.10 4.160 0.250 3.0 2.36 4.85 

7 .511 10.32 4.160 0.250 3.0 5.12 9.68 

3. 712 5.21 1.077 0.250 6.0 3.43 



TABLE II (cont i nu ed ) 

Stack Velocity Specific Stack Stack Rise Horizontal Distance 
Exi t Ratio Gravity Diameter Height Height From Stack to 

Velocity Inches Inches Inches "Touchdown" Inches 
Ft/Sec 

7. 467 10 .45 1.096 0.250 6.0 6.90 

3.755 5.15 1.572 0.250 6 . 0 2.30 23 .40 

7 . 511 10. 30 1.572 0.250 6.0 5.42 37.40 

3.712 5.21 2.158 0.250 6.0 2.81 19.60 

7.424 10 .42 2,158 0.250 6.0 5.00 28.70 

3. 712 4.96 3.316 0.250 6.0 2.07 9.68 

7.424 9.92 3.278 0.250 6.0 5.00 18.00 

3.712 4.96 4,160 0.250 6.0 2.24 8.84 

7. 511 10.06 4.160 0.250 6.0 5 .14 13.80 u, 
--..J 

14.935 20.30* 1.096 0.250 0.0 14 .11 

18 . 820 25.20* 1.122 0.250 0.0 16.85 

15.022 21.30* 1.572 0.250 0.0 9.68 37.20 

18.820 26.20* 1.572 0.250 0,0 12.45 45.20 

15.0 22 21. 20* 2.126 0.250 0.0 10.13 26.30 

18.820 26 . 00* 2 .126 0.250 0.0 12.00 32.20 

15 . 022 21.00* 2. 714 0.250 0.0 10.58 21.60 

18.820 25. 60* 2.690 0.250 0.0 13.82 25.60 

7.597 10 .10 1 . 608 0.125 3.0 3.22 31.50 

10.750 14.60 1.523 0.125 3.0 4.48 44.12 

3.799 5.05 2.217 0.125 3.0 1.38 21.23 

7.597 10.10 2.217 0.125 3.0 3.20 22.20 



TABLE II (continued) 

Stack Velocity Specific Stack Stack Rise Horizontal Distance 
Exit Ratio Gravity Diameter Height Height From Stack to 

Velocity Inches Inches Inches "Touchdown" Inches 
Ft/Sec 

10.750 14.60 2.254 0.125 3.0 4.62 28.15 

3.799 5.05 3.281 0.125 3.0 1.49 10.30 

6 .216 8.80 3.044 0.125 3.0 2.88 14.05 
6.560 9.25 3.465 0.125 3.0 3.03 15.13 

3.750 5.05 1.500 0.125 3.0 1.12 17.35 
3.750 5.05 2.001 0.125 3.0 1.13 11.35 
3.750 5.05 3.008 0.125 3.0 1.32 10.16 
7.500 10.20 1.503 0.125 3.0 3.35 35.80 

7.500 10.20 2.001 0.125 3.0 2.96 17.70 u, 

7.500 10.20 3.008 0.125 3.0 3.35 15.95 
00 

11.250 15.45 1.502 0.125 3.0 4.99 43.20 

11. 250 15.45 2.001 0.125 3.0 4.90 26.60 

11. 250 15.45 3.006 0.125 3.0 4. 72 23.45 

3.750 5.05 2.001 0.125 6.0 1.26 15.85 

3.750 5.05 3.008 0.125 6.0 1.35 16.95 

7.500 10.20 2.001 0.125 6.0 3.03 29.75 

7.500 10.20 3.008 U.ll~ 6.0 3.05 20.35 

11. 250 15.45 2.001 0.125 6.0 4.85 34.30 

11.250 15.45 3.006 0.125 6.0 4.86 25.80 

3.750 5.10 1.500 0.250 6.0 2.94 24.60 

3.750 5.10 2.001 0.250 6.0 2.64 15.15 

3.750 5.10 3.006 0.250 6.0 2.39 10.65 

7.500 10.40 1.503 0.250 6.0 4.86 30.20 



TABLE II (continued) 

Stack Velocity Specific Stack Stack Rise Horizontal Dis tance 
Exit Ratio .Gravity Diameter Height Height From Stack to 

Velocity I nches Inches I nches "Touchdown" I nches 
Ft/Sec 

7.500 10.40 2.001 0.250 6. 0 4.66 20 . 20 

7. 500 10 .40 3.008 0.250 6.0 4 . 93 14.62 

11 . 250 15.65 1. 502 0 . 250 6 .0 7.89 38.90 

11. 250 15 . 65 2. 001 0.250 6.0 7. 71 25 . 50 

11.250 15 . 65 3 .006 0.250 6.0 7 .91 21.15 

7. 500 5 .10 2 .001 0.125 6.0 2 . 62 

7.500 5 . 10 3.008 0.125 6 .0 2.38 

11.250 10 .20 1.502 0.125 6 .0 4.02 

11.250 10 . 20 2 .001 0. 125 6. 0 3 . 80 tn 
<.O 

11.250 10 . 20 3. 006 0.125 6.0 3. 98 

3 750 2.55 1.503 0 . 250 6.0 2 . 10 

3.750 2. 55 2.001 0.250 6.0 1.88 

3.750 2.55 3.008 0.250 6.0 1.85 

7.500 5.10 1.503 0.250 6.0 3.85 

7.500 5.10 3.008 0.250 6.0 4.02 

11. 250 7.65 1.503 0.250 6.0 6.40 

11. 250 7.65 2.001 0.250 6.0 6 . 22 

11.250 7.65 3.008 0 .250 6.0 6. 40 

* Re presents Velocity Ratio Averaged Over Rise Height. 

- Exact Position Where Lower Edge of Plume Touches Floor Indeterminate Due to Downs tream Diffusion. 
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