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ABSTRACT OF DISSERTATION

THREE-DIMENSIONAL ERROR CORRECTING CODES 
FOR VOLUME HOLOGRAPHIC DATA STORAGE

Volume holographic data storage represents a potential technology path to meet the 

storage intensive application needs of the information age. Important features of these 

systems are large storage capacity and fast transfer rate. These storage systems store and 

retrieve data as two-dimensional data pages and are also referred to as page oriented 

memories. Conventional storage systems such as magnetic and optical disks store and 

retrieve data serially. Noise sources encountered in holographic data storage include cross 

talk, optical and electrical noise sources. During data storage and retrieval, these noise 

sources interact to produce several error types such as random single bit errors, burst errors 

and cluster errors. Two-dimensional and three-dimensional error correcting codes have 

been proposed to perform the data encoding and decoding required by page oriented 

memories.

In this dissertation, we evaluate three-dimensional error correcting codes based on 

array codes for volume holographic data storage. This three-dimensional encoding scheme, 

also called z-encoding, provides error detection and correction for error events which may 

span multiple pages. The attributes of two-dimensional array codes are reviewed and 

adapted for use as three-dimensional array codes. These codes are analyzed regarding 

hardware requirements, timing delay and code performance. The row and column array
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Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



code is found to be effective on random single bit errors. This code is adapted for use as a 

burst error correcting code and adapted again for use as a cluster error correcting code.

Interactions between array code attributes, storage capacity and decode time are 

analyzed. The attributes of array codes which allow it to be used either as an equal error 

protection code or an unequal error protection code are evaluated. An algorithm for 

converting an equal error protection code to an unequal error protection code is described.

Terry Nathaniel Garrett 
Department of Electrical and Computer Engineering

Colorado State University 
Fort Collins, CO 80523 

Spring 2000
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Chapter 1 
Introduction

1.1 Memory Hierarchies

The colossal need for and growth in information storage has been driven by 

information age demands and applications. To meet these demands, storage systems are 

required with large capacity, fast readout or transfer rates, short access times and low bit error 

rates. Requirements for storage intensive applications such as multimedia, video on 

demand, network-based computing and databases are expected to exceed 1020 bits (12 

exabytes) in the year 2000 [MAN97]. Hierarchies of on-line, near-line and off-line storage 

systems will be required using diverse technologies: semiconductor random access 

memories, magnetic/optical disk drives and disk libraries, magnetic/optical tape drives and 

tape libraries.

A likely application for volume holographic data storage (VHDS) systems is as a 

mass storage device in the memory storage hierarchy [CHE97, PAR90, RED89] of a

1
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computer system. Since different types of memory storage devices make up the memory 

storage hierarchy, these memory storage systems must be configured to provide the required 

attributes of storage capacity (e.g., >  1012 bits), readout or transfer rate (e.g., >  109 

bits/sec), access time (e.g., <  40 x  10-6 sec) and raw bit error rate (RBER), e.g., <  10~*. 

A typical computer memory hierarchy includes dynamic random access memory (DRAM) 

devices, magnetic/optical disk and magnetic/optical tape memory storage systems.

The main memory consists of semiconductor random access memory (RAM) 

devices or memory cards containing arrays of DRAM devices and provides fast access to 

memory. Main memory is near the top or primary level of the memory storage hierarchy. 

Registers and cache memory are higher than main memory and provide the fastest access to 

memory. Storage capacity, transfer rate, access time and RBER are the four main parameters 

used to measure performance.

Magnetic/Optical disks and mass storage disk systems make up the secondary level 

of the memory storage hierarchy. At this level, storage capacity, throughput, access time and 

RBER are the four parameters used to measure performance. The recording density for disks 

continues to improve such that disk capacity has doubled every three to four years [CHE97].

A memory gap [CHE97, PAR90, RED89] exists between the primary and secondary 

storage levels of the memory storage hierarchy. As shown in Figure 1.1, access times can 

differ by over five orders of magnitude between DRAM and magnetic/optical disk systems. 

When acousto-optic or electro—optic deflectors steer the read and write laser beams used in 

VHDS systems, access times ranging from 5 jis to less than 40 |xs [MCM96, PSA92, RED92] 

are feasible. These access times fall between the access times for DRAM devices and 

magnetic/optical disk systems. The memory gap for storage capacity ranges from a main 

memory capacity value of 256 MB to the capacity of mass storage disk systems where each

2
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disk in a multiple disk system has greater than a 3 GB storage capacity [MAN97]. The 

optical digital versatile disk (DVD), also called the digital video disk, can store 4.7 GB and 

there is a technology path for increasing this value to 17 GB [MCL98]. When VHDS systems 

use angular multiplexing to store thousands of two-dimensional (2—D) holographic pages 

or holograms in a stack and the stacks are placed in an array of hundreds of spatial locations, 

storage capacity ranging from tens of gigabytes to hundreds of gigabytes becomes feasible 

[MOK92, PSA95, PSA98, RED92].

Magnetic/Optical tape and mass storage tape systems make up the lowest or tertiary 

level of the memory storage hierarchy. Again, at this level, storage capacity and access time 

are the main two parameters used to measure performance. The third and fourth parameters, 

throughput or data rate and RBER, are more a function of the overall memory design than 

the particular device. In addition, the overall volume of the memory system becomes an 

important issue.

! Magnetic/Optical; 
L J a p e  J

; Magnetic/Optical:
' Disk

; The memory gap or ; 
; Holographic memory niche ;

f DRAM 1

1 M 1 0 M 100 M 1 G 1 0 G 100G  1 T  1 0 T

Capacity (bytes)

Figure 1 .1 : Relationship between access time and storage capacity.
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1.2 Statement of the Problem

Advanced VHDS systems store and retrieve data in a 2-D  format as pages or bit 

arrays. These storage systems are also referred to as page-oriented memories (POMs). 

Conventional storage systems (e.g., magnetic disks and tapes, optical disks and tapes) store 

and retrieve data in a serial (e.g., bit serial) fashion. Hence, POMs and conventional storage 

systems use markedly different data access paradigms. POMs require 2-D  error detection 

and correction (EDC) techniques to reduce the RBER to acceptable levels [GOE95, HEA94].

Effective data encoding must provide EDC to adequately address problems and 

issues associated with digital data stored on or recalled from holographic pages. When the 

error event is one or more corrupted pages, data encoding using array codes can be used to 

address this error event. Array codes [FAR92], based mostly on exclusive-OR (XOR) gate 

operations, are fast and easy to implement [BLA96]. Unequal error protection (UEP) codes 

offer yet another approach to encoding a data page. Classes of equal error protection (EEP) 

array codes (e.g., cross parity check and modified cross parity check) [GOE95, GAR98] and 

a class of UEP array codes [PIN88, GAR99] are the most likely candidate coding techniques 

which can be extended to span multiple pages (i.e., z-encoding). Alternatively, 

Reed-Solomon codes utilize bytes corresponding to a code word distributed among different 

pages. After the pixels in each page are divided into bytes, encoding and decoding 

algorithms are performed as operations over a finite field. This approach usually leads to 

more complex hardware and will not be pursued as a candidate coding technique which can 

be extended in a z-encoding fashion.

Data encoding techniques and error control processes [GOE95] must meet several 

criteria to enhance and complement the storage capacity, transfer rate and access time 

features expected for POMs.

4
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a) The encoding must yield codes with as high a rate as possible to minimize 

storage overhead and maximize error correcting capability.

b) The encoding and decoding algorithms must be fast and simple to 

minimize the complexity of encoding and decoding hardware.

c) The encoding must operate on data pages as large as 106 bits in a 2-D  

format as the preferred mode.

d) The encoding should be able to correct effectively a specific error type.

e) The encoding must allow corrected bit error rates lower than 10-12 to be 

obtained using an appropriate error correcting code (ECC).

The purpose of this Dissertation is to evaluate the potential of ECCs that span 

multiple pages and when certain error types and Gaussian noise sources occur in a VHDS 

[GOE95, HEA94, PSA98, WUL94] system with 2-D  parallel output.

1.2.1 Noise and Error Sources

In a VHDS system, storage and retrieval of information can be modeled as data 

transmission across a noisy channel. Noise can be considered to be any unwanted variation 

that affects the performance of a given system adversely. Data communication and storage 

channels are subjected to noise sources. These noise sources may originate from electronic 

(e.g., thermal noise from the detector) and optical (e.g., light scatter) subsystems and the 

physical channel that separates the transmitter and receiver of information. The effect of a 

noisy channel on a system must be reduced to achieve a lower error rate. In principle, there 

are several ways in which this can be accomplished using direct and indirect techniques.

The goal of direct techniques is to reduce the relative magnitude of noise using one 

or a combination of techniques. For example, one may try to improve the noisy channel

5
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characteristics or signal-to-noise-ratio(SNR), or try to find a less noisy channel, or reduce 

the data transfer rate of the system.

Indirect techniques add redundant information to the data in an effort to detect and 

correct errors that occur during storage and retrieval. These techniques are forms of coding 

for error control and use ECCs.

1.2.2 Small-Scale Noise and Error Sources

Small-scale noise is considered to occur when the dominant noise is additive 

Gaussian noise in field amplitude that is independent from pixel to pixel and the SNR shows 

an inverse dependence on the square of the number of holograms stored [HEA95]. This type 

of noise is predominantly due to scattering of the reference beam from a collection of 

independent scattering centers and the detector pixel size being much greater than the 

impulse response of the imaging optics [HEA95].

When small-scale noise occurs, binary threshold encoding can be used 

advantageously. This encoding associates one or more pixels with a single data bit. A  pixel 

is switched to the on-state to represent a one or to the off-state to represent a zero. At the 

detector, a threshold intensity setting is selected to distinguish on—pixels from off-pixels. 

The threshold setting must be selected such that it minimizes the total probability of error.

1.2.3 Large-Scale Noise and Error Sources

Noise may occur on a large-scale basis due to an improper exposure schedule or to 

a defective storage medium. For example, use of an incorrect recording schedule can lead 

to significant diffraction efficiency variation from hologram to hologram. An unpredictable 

change in the recording environment can also lead to unacceptable diffraction efficiency 

variation from hologram to hologram [HEA95]. A  hologram may reconstruct nonuniformly 

and lead to a SNR that varies across the hologram.

6
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Large-scale noise complicates selecting an appropriate thresholding scheme. For 

example, large-scale noise can lead to errors because a multiregional or multihologram (i.e., 

nonlocal) threshold setting is used when a regional (i.e., local) threshold setting may be 

required. A dynamic thresholding scheme may be required to determine the threshold 

setting such that the threshold value is measured and set during retrieval.

1.3 Objectives of the Dissertation

This Dissertation presents work completed toward the evaluation of the potential of 

three-dimensional (3-D) ECCs for VHDS systems. We have given several reasons behind 

the selection of holographic technology for storage intensive applications, and these are 

summarized below.

• Large capacity is provided by storing multiplexed 2-D  holographic 

pages into stacks and storing multiple stacks into different spatial 

locations.

• High data rates are provided by parallel access to 2-D  holographic 

pages during store and recall operations.

• Acousto-optic and electro-optic deflectors are used to steer read 

and write laser beams providing memory access times between 

those of DRAM devices and magnetic/optical disk systems.

The objective, then, is to evaluate the suitability of 3-D  ECCs to VHDS systems. 

To meet this objective, four major tasks were defined.

1. Analyze the characteristics of the holographic storage channel (e.g., noise sources, 

error types and ECC performance).

2. Evaluate data encoding methods which utilize 3—D ECCs for a VHDS system.

7

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3. Analyze the potential performance gains from the application of 3-D  ECCs to a

VHDS system.

4. Analyze the complexity of the encoding and decoding hardware of selected 3-D

ECCs.

1.4 Contents o f the Dissertation

The system issues concerning VHDS systems are discussed in Chapter 2. The major 

components and features of a VHDS system are described. Next, the impact of various noise 

sources on the system are considered.

Consideration is confined to 2-D  block codes and in Chapter 3 a background is given 

of the basic properties of these codes. Bounds on code length, number of information bits 

and code distance are described. The relationship of code distance to error detection and 

correction capability of these codes is explained.

Chapter 4 describes the parameter, properties and characteristics of 3-D  array codes. 

The performance of the codes are described for several code classes. An analysis is 

performed to provide some insight on the hardware complexity and associated time delay 

of the encoders and decoders for these codes.

Chapter 5 describes the parameters and properties of a 3 -D  UEP array code by 

drawing on the techniques discussed in earlier chapters and adding to them. The hardware 

required and time delay of the encoder and decoder for this code are analyzed. The 

performance of this code is described. An EEP to UEP code conversion algorithm is 

discussed.

In Chapter 6 , the impact of 3-D  ECCs on the performance of VHDS systems is 

evaluated. Performance issues involving storage capacity and data readout or transfer rate

8
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are discussed. Issues associated with a data encoding scheme to both modulate and encode 

data are described.

The last chapter contains conclusions and suggests future research directions.

9

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 2 
System Issues

In this chapter, we introduce the reader to the system issues involved in VHDS. First, 

the recording and reconstructing of volume holograms are described. Next, the impact of 

various noise sources on the system is considered. Then, we consider the interaction of noise 

and RBER. Finally, we discuss the error types produced by various noise sources acting 

collectively.

2.1 Recording of Volume Holograms

The components required to record a volume hologram are shown in Figure 2.1. The 

laser provides a coherent light source which is split into reference and signal beams using 

a beam splitter (not shown). An electrically addressed spatial light modulator (SLM) is used 

to convert the image beam into a page of digital information, (i.e., a 2-D  array of on-state 

and off-state pixels). A lens is used to generate a spatial Fourier transform [G 0096, HEC98, 

MCA91] of the page which interferes with an angularly [MOK93, PSA98] encoded 

reference beam to produce an interference pattern or grating. The interference pattern is 

stored as a volume hologram in the storage medium.

10
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In a more detailed description, a complex object wave and a plane reference wave 

having wavelength, A, are incident on a storage medium (e.g., a photorefractive crystal). 

Assume the object wavevector, oriented in the direction of the laser beam, is incident at a 

face normal of the storage medium and the reference wavevector is inclined at angle 0 to the 

object wavevector. Planes (i.e., planes of zero phase) are used to show the wavefronts in the 

storage medium. Where the wavefronts intersect, the amplitudes of the object and reference 

waves add in phase (i.e., constructively interfere) to produce an intensity interference 

pattern. As the wavefronts propagate in the direction of their respective wavevectors, the 

planes of constructive interference trace out or form a grating. The grating bisects the angle 

6 between the two wavevectors. If a photorefractive crystal [FUR97, MOK91, YEH93] is 

used as the storage medium, the grating is represented by a modulation of the dielectric 

constant.

R eference Beam  
Control U n it

Spatial L ight 
M odulator

5
Laser 6 = 2a

Lens

W avevectorsLens

Storage /  2/1 
M edium

Figure 2 .1 : Recording of volume hologram and diagram of wavevectors.

The planar object and reference waves can be expressed as

UQ(r) = JT0 &xp(-jk0 • r) (2.1)

ll
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and

Ur(r) = JTrexp(-jkr • r) (2.2)

where k0 is the wavevector of the object wave, and k r is the wavevector of the reference wave 

and r is a position vector with elements (x,y^z). The intensity distribution of the interference 

pattern produced by superimposing these waves can be expressed as

/(r) =  |U0 +  Ur|2 = f Q + I r + 2 J l j rcos kg • r (2.3)

where kg = kQ—kTis the grating vector. The grating vector has a sinusoidal pattern with

?7rperiod A  = r~~ and surfaces of constant intensity normal to kg. The grating period can 
l*gl

be expressed in terms of A and d by recalling that \k0 \ =  \kr\ = In Figure 2.1, the
A

wavevectors show the direction of the grating vector and we can deduce that

Equation 2.4 can be rearranged and expressed as

A  =  (2.5)
2 sin ^

2.2 Reconstruction of Hologram from Volume Grating

The components required to reconstruct a stored volume hologram are shown in 

Figure 2.2. The storage medium is illuminated with a reference beam oriented at the same 

angle as was used to record the hologram (i.e., the stored interference pattern). Specifically, 

to reconstruct the original object plane wave the volume grating must be illuminated with 

the reference plane wave incident at angle a. The reflected wave travels in the direction 

satisfying the law of reflection. The reflections occur at multiple layers of the grating. For 

the reflected plane waves to add in phase, the path length traveled by the reflected waves

12
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must differ by a single optical wavelength, which corresponds to the first order diffracted 

wave; this condition is satisfied when the angle of incidence satisfies the Bragg condition

(i.e., Bragg reflected or Bragg matched) [G 0096, SAL91] given by s in a  =  A lens is

used to image the reconstructed hologram onto a detector array.

Reference Beam  
Control U nit

Storage
M edium

Figure 2.2: Bragg reflection of reference wave producing object.

2.3 A Typical Volume Holographic Data Storage System

Since a VHDS system must perform store and retrieve operations involving several 

steps, it must combine the components in Figures 2.1 and 2.2. A typical VHDS system is 

shown in Figure 2.3. In the store or write operation, an image beam containing a page of 

digital information and a reference beam oriented at a unique angle are used to record an 

interference pattern (i.e., a Fourier plane hologram) in the photorefractive storage medium; 

lens 1 and lens 2 Fourier transform the incident beams into plane waves. This procedure or

13
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operation is repeated using different sets of image and reference beams to store additional 

pages in the same volume of the storage medium. During the retrieval or read operation, the 

storage medium is illuminated with a reference beam oriented at the same angle as was used 

to record the page of digital information. The retrieved page is detected or received by a 

photodetector array and converted to another format (e.g., electronic) for additional 

processing.

Spatial Light 
M odulator

Reference Beam  
Control U n it

(xo,yo)

Storage
M edium

Lens 3 ^ —  
Detector Array

(X2,y2)

Figure 2.3: An angular multiplexed volume holographic storage system.

2.4 Holographic Storage Channel

The RBER is an important feature of a VHDS system. By analyzing the statistics of 

the noise sources encountered in a VHDS system, the RBER can be determined. These noise 

sources include cross talk noise, scatter noise and detector noise (e.g., thermal, flicker and 

shot noise sources). Rician statistics have been used to model cross talk noise and scattering 

noise [GU96, HEA94]; these noise sources are forms of optical noise with a coherent

14
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superposition of random complex-valued amplitudes. Gaussian statistics have been used 

to model detector noise [AGR97]. Rician and Gaussian statistics are required when 

combinations of optical and electrical noise are present.

2.4.1 Cross Talk Noise Source

When the Ith page or hologram (i.e., m\) is retrieved, the storage medium is 

illuminated with a reference beam oriented at the same angle as was used to record the 

page. Since multiple pages are recorded in the same volume of the storage medium, pages 

other than the Ith page (i.e., the desired page) recorded with different reference beams are 

partially retrieved at greatly weakened intensity and interfere with the retrieval of the desired 

page. The interfering pages cause undesired diffraction of the incident light available to 

reconstruct the desired page and have the effect of generating a noise source called cross talk.

1.0

S ' 0 .8 -
co
’3
£  0 . 6 r
w
o 0.4-

2 30-3 -2 -1 1
A dp

Figure 2.4: Diffraction efficiency versus angular misalignment from Bragg angle.

Diffraction efficiency, r], is the ratio of the incident optical power diffracted for 

reconstruction of the desired page to the total incident optical power available in the 

reference beam. For a single page, Figure 2.4 shows the diffraction efficiency as a function

15
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of the difference, A0p , between the reference beam angle used to read the page and the 

reference beam angle (i.e., the Bragg angle) used to record the page. Incident reference 

beams which are Bragg-matched provide the highest values of diffraction efficiency.

As shown in Figure 2.4, the nulls are located at integer multiples of the difference, 

Adp, and are given approximately by

^  -  a s s t  (2 6)

where A is the light wavelength, n is the refractive index, d  is the storage medium thickness 

and 0m is the angle the image and reference beams make with the normal to the surface of 

the storage medium [RAS93]. Relation 2.6 indicates each angularly multiplexed page has 

a different 0m corresponding to a different A 6p . Therefore, cross talk cannot be reduced by 

recording each page with an angular separation corresponding to the diffraction efficiency 

nulls of all other pages.

A number of researchers [BAS94, CUR93, GU92, LEE88 , MAN91, MOK93, 

NOR93, NOR94, RAS93, YI95] have studied the effects of cross talk in volume holograms. 

As the number of pages stored, M, increases, the diffraction efficiency decreases as 1/M2. 

The SNR decreases as 1/M2 [NEI94] and ultimately leads to the occurrence of an 

unacceptable number of data bit errors. Insight can be gained into the SNR related to cross 

talk by performing a more detailed analysis of cross talk.

The analysis presented here is analogous to the methods used by other researchers 

[CU93, GU92], Suppose N= 2M  +1 holograms (i.e., pages) are stored as volume holograms 

in a photorefractive material. These holograms, recorded by using a suitable recording 

schedule [LI96, MAN91], modulate the dielectric constant of the storage material (e.g., in

a fashion mentioned in the section 2 .1) such that

M
A e oc Y  OJRm +  cc (2.7)

m  =  —M  
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Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



where Om is the amplitude of the object wave corresponding to the mth object image near 

the Fourier plane (x,y), Rm is the amplitude of the plane reference wave corresponding to the 

mth point at the reference plane and cc is the complex conjugate of the object wave.

During retrieval, a reference wave is incident on the storage medium. The modulated 

dielectric constant (i.e., expression 2.7) causes scattering of the incident plane wave. From 

scalar diffraction theory [JAC85], the electric field is given by

E(r) =  oxp(jki • r) +  ^ e x p O 'fc r)  j  dr' exp(-jKdi • r’)Ae(r') (2.8)

where = k& — k\ , kd is the wavevector of the diffracted wave and k\ is the wavevector of 

the incident reference wave. In expression 2.8, the first term is the incident plane wave and 

the second term is the diffracted wave. The diffracted wave has both the desired output 

image and noise images produced by cross talk during retrieval.

To evaluate the signal and noise terms for the system shown in Figure 2.3, several 

expressions are required. Expressions must be derived for the reference wave and Fourier 

transform of the object wave. The mth reference wave R m can be expressed as

R m =  exp(-/fcm • r). (2.9)

where km is the wavevector for the mth reference wave. The mth object wave Om is the 

transform of the mth image near the Fourier plane. From Fourier optics analysis [GOO68, 

G 0096, HEC98], Om can be expressed as

Om(r) =  j jje x p [ jk (2 f + nA 0)\ exp(jkz) (2.10)

I —j2jz  I —jjtz  2 1
x  dx0d y j m(x0,y 0) exp - ^ - ( x x 0 +  yyQ) I exp I ~JpT(x o +  y<> )

w here/m(x0,y0) is the mth object wave pattern, (x0,y0) is the coordinate of the object plane, 

(x,yjz) corresponds to the coordinates at the rear focal plane of lens 1, /  is the focal length, 

n is the refractive index for the lens material and A  0 is the maximum thickness of the lens.

17
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The diffracted wave at the front focal plane of lens 3 becomes a point at the rear focal 

plane of the lens. Using the paraxial approximation, the wavevector of the diffracted wave 

can be related to the coordinates of the point by the expression

Using expression 2.7 with Equations 2.9, 2.10, and 2.11 the diffracted wave term in 

expression 2.8 can be written as

where k^, fqy and are the wavevector components of the incident plane wave during 

readout, A^r, and are the wavevector components of the mth reference wave during 

recording, I, w and h represent the dimensions of the photorefractive storage medium in the 

x ,y  andz  directions and V = Iwh is the volume of the storage medium. Since the Fourier plane 

of lens 1 is where the storage medium is centered, expression 2.12 represents Fourier 

holograms.

According to expression 2.12, the amplitude of each stored image is determined by 

arguments of multiple sine functions. The x  and y  components of these arguments provide 

the spatial frequency cutoff caused by the finite size of the storage medium. By assuming 

the spatial bandwidth of the stored images is much smaller than the transverse dimensions 

of the storage medium, the sine functions which operate on x  and y  components can be

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

k d =  \kdx> kdy> kdz\ (2 .11)

where =

dx0y j m(x0, y 0) Vsincg(.x  2̂ 2)

x  sine

X  sine
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approximated by <5 functions. Using these approximations, expression 2.12 can be evaluated

and is given by

g(x 2’y 2) x  fm i ~  x 2 ~  ~  ~  ~  2 jZ ^my ~~ (2.1 3)
m=—M V 'm  =  —M  

X +
(k n tx  k fr )X 2 +  (k m y  k ^ y  2

f

+
( k m x  ~  k u ) 2 +  ( k my -  k iy) 2

471

The signal term can be separated from the noise terms in expression 2.13. For example, we 

can illuminate the storage medium with a reference wave oriented at the same angle as was 

used to record the ith page (hologram). Therefore, kmx = &bc, kmy = k\y and kmx = k\x and 

the reconstructed image is given by

g m ix ^ y i)  *  fm( -  x 2’ -  y z)-  (2 -1 4 )

where the negative x  and y  components refer to a reversed image. Terms in expression 2.13 

with kmx * &ix, kmy * k[y and kmz * k-a  are the source of the cross talk noise. The sine functions 

represent the shifted pattern with reduced amplitude for each noise image. The Bragg 

mismatch between the reading reference wave and the reference wave used for recording the 

zth page determine the amount of shift and amplitude reduction.

For the system shown in Figure 2.3, the reference points can be distributed in the 

reference plane only along the y\ direction one dimensionally (i.e., x\ = 0). From Fourier

optics [G0096], a point (xj,yj) at the front focal plane of lens 2 is converted to plane wave

with the wavevector given by

k  = [kx,k y,k z] (2.15)
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Using Equation 2.15, the Bragg mismatch is given by

'• /n r  /'-£rkbc =  0/ (2.16)

k  — k  =A'/ny
2jr(ym -

A/
d [  a , I  - a t y m + y d \— I — cos# +  | s m 0  ^— — I

and

k m z k iz
2Jt(yn • a  1 a (ym +  y,

S U 10  — ± C O S 0I f  |_ 2  /

The noise terms in expression 2.13 can be expressed as

( X f  X f  \

-  *2  “  2 n ;(km x ~  k ix \  y  2. ~~ k y ) )
'

x  h sine 2 j t ( kmz k* +
(k m x  k ifpC 2  +  ( k my  k iy ) y

(2.17)

(2.18)

(2.19)

/
( k m x  -  k £ 2  +  ( k m y  -  k - ) 2

4jr

For pixels that are in the on-state, assume the object images are randomly distributed 

patterns with [/ml = 1 and estimate the maximum noise intensity using / noise = Ignoisel2- Then 

the average noise intensity is given by

1  noise =  2  h 2 s i ‘sine*
h ( ,  , ( k m x  kifpc2 +  (k m y  kiy)y 2

2 j r  1 k m x -  k u  + / (2 .20)

+
( k m x  k j f ) 2  +  ( k my  k j .

4 71
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the intensity of the signal is given by

1s i g n a l y 2) =  h % < -  x 2’ ~  y £ \ 2 (2 .21)

h ( , .  , (kmx /Cix)x 2 +  (k my k iy) y 2 / o  o o \
2j j . I Kmx Kix y  X*1 ■*-*-)

and the intensity noise-to-signal-ratio (NSR) is given by

NSR =  ^  sine
m^i L \

(kmx kfep’ +  (kmy k ^ p  
+  47t

Substituting Equation 2.15 in Equation 2.22 leads to the expression

NSR =  ^  sinc2l h(ym ~  ^  (2.23)
rn^i t

„  - X  . . J 2y2  +  ym +  yi  n (ym y d \
X  S U 1 0  1  +  C O t 0 l -------------2 y ------------------C O S 0 --------2^ ------ I

„ Om -  y/)Om +  yd yi(ym +  yd  . n (ym -  yi)(ym +  yi)2 
+  co s0  2?5-----------------------------  Sm* ------8 ^ -----------

Keeping terms in the argument of the sine function of order ^  and Equation 2.23 

becomes

NSR — 'y' sinc2( - ^ m — s in # \  (2.24)
m^i ' '

Equation 2.24 is zero when the separation between adjacent reference points are selected 

such that the argument of the sine function is an integer for all m. That is, the cross talk is

minimized when adjacent reference points are separated by an amount given by

A = - r ^ - s .  (2.25)hsmO

Since expression 2.25 is minimum when 9 = 90°, the maximum number of holograms can 

be stored using this arrangement and selecting the reference points as

"  X E S -  ( 2 '2 6 )
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y y- y-j
Using expression 2.25, 6 = 90°, and terms up to order , - j and -^squared, expression 

2.23 can be written as

NSR =  ^

Figure 2.5 shows the NSR at the detector array (i.e., the output plane) for N  = 401, 

601, 801 and 1001 stored holograms with f  = 30cm, A = 540nm and h -  1cm. The NSR 

depends on pixel position in the y-direction, y2, and is independent of pixels in the 

x-direction at the detector array. Moreover, the stored holograms are referenced with respect 

to ay —position on the reference plane. The noise is least for pixels located at the center of 

the output plane and increases as the edge of the output plane is approached. This noise 

behavior occurs because the separation [GU92] between reference points was chosen to 

place the centers of the output images at the zeros of the sine functions. For this separation 

between reference points, the Bragg matching condition only minimizes the cross talk at the 

center of the output images whereas off center (axis) pixels have a higher NSR. As a result, 

the overall cross talk noise is minimized for each output image because the sine function is 

essentially symmetric near its zeros. However, the side lobes of the sine function for the 

Bragg mismatched holograms on each side of the retrieved hologram have magnitude such 

that these neighboring holograms are the main contributors of cross talk noise.

)
(2.27)
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N=401 holograms N=601 holograms

-10 -10y (mm) -10 -10 x (mm)y (mm)

N=801 holograms N=1001 holograms

x(mm)y (mm) -10 -10 x (mm)y (mm)

Figure 2.5: NSR at detector for N =  401, 601, 801 and 1001 holograms.

ECCs which provide more protection at the edges than at the center of the output 

plane are desirable. Specifically, UEP array codes can be used in this type of situation 

because these codes provide particular groups of information bits with different levels of 

protection. More will be discussed regarding the construction, attributes and capabilities of 

UEP array codes in Chapter 5 of this Dissertation.
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2.4.2 Scattering Noise Source

Information stored in and retrieved from a VHDS system can be affected by 

scattering noise sources. In an angularly multiplexed VHDS system, noise can be introduced 

by scatter of the reference wave from a collection of independent scattering centers (i.e., 

scatterers). Assuming the scattering noise from each scattering center has a random phase, 

the noise amplitude is complex-valued and can be represented as a complex-valued random 

variable [G 0085, GU96, HEA95].

During information retrieval, the reconstructed wave arrives at the detector 

containing the object (signal) component and a noise component. The amplitude of the 

object component is assumed to be real with a value of 1 for an on—state pixel and a  for an 

off-state pixel. The amplitude of the scattering noise component, n = a + ib, is 

complex-valued where a and b are assumed to be statistically independent and have the same 

variance, a2. The joint probability density function (PDF) for the amplitude of the 

reconstructed wave is [G 0085]

At the photodetector array, a square law operation is used to convert the optical intensity, 

/  = C2 , pattern into an electronic form.

Using a change in variables such as a = ccosd  and b =  csinf? to translate from 

rectangular to polar coordinates, the PDF  for the random variable obtained from Equation 

2.28 becomes

(2.28)

(2.29)

where J q is the zero-order modified Bessel function of the first kind given by

(2.30)

—X
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Using Equation 2.29 and the monotonic transformation, C =  JI, the PDF of the detected 

intensity pattern, /  is given by

(/  +  / ') '
F /( / )  =  5 ? exp 2a 2 a (2.31)

where / ’ represents the intensity at the detector and is related to the output pixel value. 

Equation 2.31 is called the Rician density function. The Rician distribution has been shown 

using experimental results to accurately describe the intensity distributions found in VHDS 

systems [DOM88, NOR93, PSA96].

^ O N  ~  1 

'f i 'O F F  ~  0 - 2  

a  =  0.1

Pi

1.60.2 0.4 0.6 0.8 1.0 1.2 1.40.0
Output Pixel Value

^ O F F  ~  0 - 5  

a  =  0.1Po

1.60.2 0.4 0.6 0.8 1.40.0 1.0 1.2

Output Pixel Value

Figure 2.6: PDF versus output pixel value for JT o f f  =  0-2 and JT o f f  ~  0-5-
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The PDFs for on-state pixels, JT  =  1, and for off-state pixels JT  =  0.2,0.5 are 

shown in Figure 2.6. The intensity contrast ratios represented are 25 and 4, respectively. 

Figure 2.6 shows the variance of the intensity distribution depends on the signal value such 

that the variance of p \  (i.e., the probability of an on-state pixel) is larger than the po (i.e., 

the probability of an off-state pixel). From Equation 2.31, the first moment (mean) and 

second moment are given by

T =  I ' + 2o2, (2.32)

P  =  (/')2 +  ^ 2 ^ 2  +  j 'y  (2.33)

Solving the equation, T2 = (T)2 + a 2, for a2 and using Equations 2.32 and 2.33, leads to the 

expression for the second central moment (i.e., the variance) given by

a1 =  T2 -  (7)2 =  A o \a 2 + / ') . (2.34)

Mathematically, Equation 2.34, verifies that the variance increases with signal value and is

due to the nonlinear nature of the square-law detection process. The intensity SNR is defined 

as

SNR = 1 =  V  (2.35)
a  2o J r  +  d 1

2.4.3 Detection Process Related Noise Sources

The detector array is where reconstructed pages are detected, where information is 

extracted and where detector related noise occurs during the detection process. This array 

is used at the output image plane to convert incident optical power into electrical signals. 

A square law intensity detection process is used to convert incident photons into a 

photocurrent. The photocurrent, / ph, which is proportional to the light intensity, is directed 

into a resistive load and the voltage produced across the load is measured. During this
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detection process, several noise sources (e.g., thermal noise, flicker noise and shot noise) are 

active and add electrical noise to the output signal.

Thermal noise is the result of random variations in the photocurrent. The path length 

between scattering and collision events varies and leads to random variations in carrier (e.g., 

electrons and holes) density and mobility. Mathematically, this noise source is modelled as 

a stationary random process with Gaussian statistics [AGR97]. The frequency of thermal 

noise varies inversely with the mean time between collisions and can be on the order of 10-12 

Hz when the carrier velocity is large. Thermal noise is also called Johnson noise or Nyquist 

noise or resistive noise. For a resistive load, the mean square noise current is given by

where kb is the Boltzmann constant, T  is the absolute temperature, B is the bandwidth and 

R is the value of the resistive load. For T  = 300°K, B = 100 MHz and R = 104 Q,

Flicker noise arises in transistors from generation and recombination effects (e.g., 

trapped carriers) on the surface of the semiconductor devices and from temperature 

fluctuations in the photodetector array circuitry. Material defects (e.g., traps, dislocations 

and stacking faults) are present in the starting materials from which devices are constructed 

and additional defects can be introduced during the thermal cycling involved in device 

processing. Since the lifetime of trapped carriers can be on the order of 1 msec, the frequency 

of flicker noise can be on the order of 1 kKtz. The spectral amplitude of this noise varies 

inversely with the operating frequency,/. This type of noise is also called one-over-/noise 

and the mean square noise current is given by

(2.37)
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When random variations occur in the generation and recombination of electron-hole 

pairs, shot noise is produced. Mathematically, this noise source is represented as a stationary 

random process with Poisson statistics which in practice can be approximated by Gaussian 

statistics [AGR97]. The frequency of shot noise varies inversely with the carrier lifetime 

(e.g., 10-6 to 10-8 sec) and can range in value from 1 to 100 MHz. This type of noise is also 

called Schottky noise. The mean square noise current is given by

ls2 =  2qB(Iph + I d +  Ib) (2.38)

where q is the elementary charge, B  is the bandwidth and Iph is the photocurrent, Id is the 

dark current, It, is the background or leakage current. For B  = 100 MHz, Iph = 20 pA, Id and

/fc <  5 nA, Jls~ = 25nA.

Shot noise and thermal noise are the two fundamental noise sources which produce 

unwanted current fluctuations in the photodetector array [AGR97]. The thermal noise 

current can be modelled by Gaussian statistics with a stationary and variance, a t~. The shot 

noise current can be approximated as a Gaussian random variable with a stationary mean and 

variance, as2. Since the sum of two Gaussian random variables is still a Gaussian random 

variable, the total noise current has a variance ae2 =  a 2 +  a 2 and a Gaussian PDF  given 

by

P(x) = l (2'39)

The PDFs for on—state pixels, Jx' =  1, and for off-state pixels Jx' =  0.3 are shown 

in Figure 2.7. As expected, the means are different for p \  (i.e., the probability of an on-state 

pixel) and po (i.e., the probability of an off-state pixel). The optimum threshold value is 

approximately 0.7.
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Figure 2.7: PDF as a function of output pixel value.

2.5 Computing the Raw Bit Error Rate

The RBER is determined mainly by computing the areas under the overlapping tails 

of the PDFs for pixels in the on-state and pixels in the off-state. The overlapping tails of 

the PDFs (e.g., shown in Figure 2.6) cause thresholding errors to occur. Therefore, a 

threshold value, / th, must be carefully selected to compute the RBER [HEA94, HEA95, 

GU96]. When I  >Ith, the output pixel is considered to be in the on-state and when I  <Itk, 

the output pixel is considered to be in the off-state. The optimum Ith value is the value which 

minimizes the RBER. Equation 2.31 can be used to write PDF expressions for pixels in the 

on-state and for pixels in the off-state. When the on-state and off-state pixels are equally 

likely, the optimum Ith value is the intensity value obtained from setting the two PDF  

expressions equal to each other [SHA88]. A transcendental equation is produced and must 

be solved numerically [H 0094]. The RBER is defined as

RBER = P(I' =  1 )P{I < I th\I' =  1) +  P(F =  e)P(I >  I th\I' = e) (2.40)

where P(If =  1) is the probability for the pixel to be in the on-state, P (I < -  l ) i s

the probability a pixel in the on-state was detected as being in the off-state, P(I' = e) is the
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probability for the pixel to be in the off-state and P{I >  r * \ r  =  *) is the probability a pixel 

in the off-state was detected as being in the on-state. When the probabilities of a pixel being 

in the on-state or off-state are equal, P (I' =  1) =  P (I' =  e) =  0.5. The expressions for

P(I < Idl 11' =  1) and P (I > I  fa ll’ — e) are given by
hh °°

P(i <  rA\r =  i)  =  j P0 f '  =  m  =  i  -  j  p W  =  i)<ff (2.41)

0 I*
and

00

PV  >  ' J ' '  =  «) =  J  (2.42)

I*
respectively.

At this point several options are available to compute the RBER. One option is to

use the Marcum Q function [MAR60, SCH66]
00

203,y) =  j  p J 0( f i p ) e x p ^ - — (2.43) 

y
to compute the integrals in Equations 2.41 and 2.42. Another option is to use analytical 

approximations [GU96] to obtain an analytical expression for the RBER. Direct numerical 

evaluation of Equation 2.31 is yet another option to compute the RBER. The option used 

depends mostly on the preference of the researcher.

2.6 Error Types within a Data Page

Channel noise and error mechanisms are related issues in VHDS systems. To design 

low error rate systems potential noise sources must be identified and understood. For 

example, a system can be characterized by a set of noise sources which depend on the specific 

implementation details. Noise and related error mechanisms stemming from system 

imperfections derive from optical and electrical sub-systems and environmental sources.

Collectively, the different noise sources interact to produce soft and hard errors. 

While a soft error is usually correctable by rereading the data page, a hard error type persists
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upon rereading the page. Within a data page, the on-state and off-state pixels and 

corresponding error types are shown in Figure 2.8. The data bits are represented by square 

pixels with high optical intensity corresponding to an on-state pixel or logical-1 and low 

optical intensity corresponding to an off-state or logical-O. The error type can be a random 

single bit error, a burst error or a cluster error. Random single bit errors occur independently 

on each symbol. Burst errors occur as a sequence of single bit errors. Cluster errors occur 

as a 2-D array of single bit errors. These error types must be taken into consideration when 

designing appropriate ECCs for the VHDS system.

Single bit
Cluster isursi.

Input Output Errors

Figure 2.8: Input, output pixel values and error types within a page.

Dust and debris on optical or optoelectronic components can cause undesired 

artifacts (e.g., soft and hard errors) to appear in the stored and retrieved images. Dust 

particles on components far from the image plane will adversely impact more pixels. Dust 

particles on components located at the image plane affect fewer pixels and tend to block light 

from reaching the intended pixels. Sometimes it is helpful to think of dust and debris, which 

can occur on components in a random fashion, as a random error type due to environmentally 

related noise sources.
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Chapter 3 
Block 2-D  Array Codes

This chapter presents an introduction to array codes. The characteristics of random 

error correcting array codes are considered. These codes are adapted for use as burst error 

correcting codes. Next, a cluster error correcting array code is described. The hardware 

requirements and associated timing delays are analyzed for these error correcting codes. 

This information will be important for understanding later chapters.

3.1 General Terminology

Error correcting codes are designed to protect the integrity of data by detecting and 

correcting errors occurring in the channel. For blocks of data represented as bits (i.e., binary 

data), redundant bits are added to the original data block producing properly formed code 

words. Depending on the type of code used, the redundant bits are generated using the 

original data block and rules such that when errors occur an improper code word is formed. 

Therefore, the code words represent all possible words encoded according to the rules of the 

code and, when decoded or checked according to these rules do not produce error conditions
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(i.e., parity bit check failures). When improperly formed code words (i.e., non-codewords) 

are decoded or checked, error conditions are produced.

The distance of a code is denoted by d  and is usually referred to as the Hamming 

distance, d. This important parameter represents the minimum number of differing bit 

positions between any two code words. For example, no two code words of a d  = 2 code 

differ in less than 2 bit positions; no two code words of a = 3 code differ in less than 3 bit 

positions and so on. For one code word to be mistaken as another code word, it must 

experience an error in at least d of its bit positions. For example, a single parity check (SPC) 

code is a distance 2 code and at least 2 bit positions must be in error for an undetectable error 

condition to occur. A code can detect t errors and correct c errors provided d > t + c + 1 

and c < t [FAR90, RA089].

A code is specified using the length of the code, number of information bits, distance 

of the code and code rate. The length of a code is denoted by n. This parameter includes 

both the information and parity bit checks (i.e., redundant bits). The number of information 

bits is denoted by k. Therefore, the number of redundant bits or parity bit checks is n - k .

The rate of the code, r, is defined as r =  ^ .  Often a code is described as a (n, k, d) code with 

rate r.

For a given 2-D  code size, the number of parity bit checks will be smaller as the code 

block approaches a square. Let the information part of a code have size k  = (m -Y )(p -l). 

Then the overall size o f the code is n = mp where m  = n\ and p  = n2- Then k  in terms of m 

and n is given by

k = ( m -  1 X & - 1 )  (3.1)

In Equation 3.1, taking the derivative of k with respect to m and setting it to zero leads to

0 =  <m -  1) -  (I* -  1 ) ^ .  (3.2)
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Solving Equation 3.2 for n leads to n = m 2 which is the same as n = n\ni (i.e., a square with 

sides of size n\ by «i).

3.2 Analysis of Row and Column Array Codes

Array codes [FAR79, FAR92, FAR96] are formed by arranging component codes 

into 2-D  or multidimensional arrays. Using the SPC code as a component code, a 2-D  array 

code is obtained as shown in Figure 3.1. The information bits are arranged in a k\ x  k i array 

with single parity bit checks generated across the rows and columns [CAL61].

n i

f

Check-on-checks 
Figure 3 .1 : Row and column array code.

For the code shown in Figure 

expressions.

Length of code:

Information bits:

Hamming distance:

Code rate:

34

3.1, the parameters are given by the following

n  =  H-fi', =  (k l +  1)(&2 +  1) 

k  =  k l k 2 

d  = 4
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Coding overhead: n — k  = k l + k 2 + l

Number of errors that can be detected: t = 2 

Number of errors that can be corrected: c = 1 

Type of errors that can be corrected: random

The distance of the row and column code can be increased by including more 

direction sets of parity bit checks with the information bits. For example, a (15, 9, 3) code 

without the check on checks parity bit is shown in Figure 3.2. There are two direction sets

1 2 3 Pi

4 5 6 P2

7 8 9 P3

P4 P5 P6

Figure 3.2: A (15, 9, 3) row and column array code without check-on-checks.

(e.g., rows and columns) of parity bit checks included with the information bit array. Table 

3.1 shows how the distance of the code is increased as additional direction sets of parity bit 

checks are added to the code.

Table 3 .1 : Direction sets of parity bit checks for corresponding (n, k, d) codes.

Direction Sets of Parity Bit Checks n k d r

Rows and columns 15 9 3 0.600

Rows, columns and one main diagonal 18 9 4 0.500

Rows, columns and two main diagonals 21 9 5 0.429

The geometric characteristics of these codes provide considerable flexibility for 

adapting these codes. The information bit arrays can be arranged in square or rectangular 

or triangular shapes. These codes can be extended in a 3 -D  fashion to form stacks or layers 

of array codes. The characteristics of 3-D  array codes will be discussed in Chapter 4.
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As the page size increases, issues associated with reduced error correcting capability 

limit the usefulness of the row and column array code. A multiblock strategy [ASH96, 

GOE95, GOE96, HUT96] provides a practical solution for applications involving an entire 

page of data which may be as large as 106 bits. A multiblock code represented by am i X  m2 

array of X row and column code blocks is shown in Figure 3.3. If one error occurs in 

each code block, ki  = 15, 2̂ = 7 and the page size is 512 X  512 bits, as many as 2176 errors 

can be corrected [GOE95].

1 I 1

n i

m 1

*2 m-

Figure 3.3: Multiblock row and column array code.

The parameters of the multiblock code shown in Figure 3.3 are given by the

following expressions.

Length of code: n = m lm 2n ln 2 =  m lm 2(k l +  1 ){k2 4- 1)

Information bits: k  = m lm 2k lk 2

Hamming distance: d = 4

Code rate: r =  =  — tttt 77
n (*1 +  1)(*2 +  X)

Coding overhead: n — k  =  m lm 2(k l +  k 2 + 1)

Number of errors that can be detected: t = {tm-m = 2, tmax -  2m\nt2}
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Number of errors that can be corrected: c = {cmin = 1, cmax = mim2} 

Type of errors that can be corrected: random

3.2.1 Data Encoding for Row and Column Array Codes

Encoding requires computing the row and column parity bit checks for the data array. 

The parity bit checks are appended to each row and column to produce either odd or even 

parity. Assuming even parity, the single parity bit checks are computed across each row and 

across each column as shown in Figure 3.4.

BE
2-D  data 
bit array

H  ON Pixel 
□  O FF Pixel

Row parity 
bit checks

BE
rColumn parity 

bit checks

Check-on-
checks

Figure 3.4: Example of data encoding applied to a 3 X  3 array code.

3.2.2 Data Decoding for Row and Column Array Codes

During storage or retrieval, random single bit errors may occur in a page of data. A 

purpose of the decoding process is to correct random single bit errors. In the decoding 

process, a page of data received at a detector array is latched, row and column syndromes 

are computed, error detection and correction are performed at the intersection of single bit 

failures in the row and column syndromes. Assuming even parity, Figure 3.5 shows part of 

the decoding process.
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Row parity___
bit checks }

Error E rro r U

B  L f f  B F

2-D  data bit I I B  I I Check-on-
array read I -----1---- 1 ■ ■  checks

L Column parity 
bit checks

I 0 O N  Pixel 
□  OFF Pixel

Figure 3.5: Example of data decoding applied to a 4 x 4  array code.

When data are read, the intersection of ones in the row and column syndromes gives 

the position of as many as two errors in the 2—D data bit array (i.e., code block). Within the 

2—D code block, two errors in different rows and columns are detected by the presence of 

ones (i.e., bit failures) in the parity bit check vectors and a zero in the check-on-checks. If 

more than two errors occur, this code may not detect all cases, may miscorrect and may 

misdetect errors. For example, a pattern of three errors located at the comers of a subarray 

can be miscorrected by introducing a fourth error; a pattern of four errors [ROW68] located 

at the comers of a subarray can be misdetected such that no parity check bit differences are 

produced.

3.2.3 Encoder for Row and Column Array Codes

The encoder for the code shown in Figure 3.1 must compute the row and column 

parity bit checks for a page of data k\ X £2 bits in size. Assuming two-input gates are used, 

row parity bit checks can be computed using trees of ki -  1 XOR-gates in riog2&2l gate 

delays and column parity bit checks can be computed using trees of k\ -  1 XOR-gates in 

riog2£ il gate delays. The hardware required for computing the syndromes is
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H Te = (k2 -  l)n \ + (Ari - 1)£2 gates and the encoding delay for computing the syndromes is 

r re = max(riog2&il, riog2&2l) gate delays.

3.2.4 Decoder for Row and Column Array Codes

For the code shown in Figure 3.1, the decoder algorithm performs four steps:

1. Latch data

2. Compute syndromes

3. Detect errors

4. Correct error.

In step 1, an array of n \ X  «2 information bits are latched. Each bit in the information 

bit array (i.e., the optical page of data) can be latched using the hardware shown in Figure 

3.6. If six gates are used to implement the flip-flop, a total of nine gates are needed to 

implement the hardware. If the flip-flop introduces four gate delays, approximately six gate 

delays are encountered from the photodetector signal to the DATA_OUT signal. Therefore, the 

decoder hardware required to latch the data is H rcu = 9«i«2 gates and the delay encountered 

is T\ = 6 gate delays.

LATCH_DATA ■
PHOTODETECTOR
SIGNAL

r>
vcq

>

SB
D Q

> QB
RB

DATA OUT

Figure 3.6: Hardware used to store one bit of the information bit array.

In step 2, trees of £2 XOR-gates and k \ XOR-gates can compute respectively the 

row syndrome in |”log2n2] gate delays and the column syndrome in Rog2rti"| gate delays.
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Figure 3.7 shows part of the hardware used to compute the syndromes. The hardware 

demands to compute the syndromes and the delay encountered are respectively 

tfrds = *2(«i + 1) + k \ n2 gates and Trds = max(flog2n il, flog2«2l) gate delays.

R o w s<

Columns

Error

Row parity 
bit checks 
(RPB|)

2-D  data bit 
(DB|_j) array read

B 0  ON Pixel 
□  OFF Pixel

Check-on-
checks

Column parity 
bit checks (CPBj)

RPB| —
C P B j-----

DBU
CORRECTED BIT

Figure 3.7: Hardware used to compute syndromes, detect and correct errors for an
array code.

Several conditions must be checked to determine the error status of the system. In 

cases of two or more errors, the decoder cannot provide a corrective action. The 

no-corrective-action-taken condition must be indicated so the system can read the page 

again or take other corrective action. When one of the row and one of the column parity bit 

checks and the check-on-checks bit indicate an error, we assume a single error has been 

detected in the information bits. A corrective action can proceed when one error occurs. 

When only one of the row or one of the column parity bit checks indicates an error, we 

assume the check bit is in error. The page of information bits is passed to the next stage of 

the system.
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In steps 3 and 4, the location of a data bit in error is detected and corrected. The 

hardware shown in Figure 3.7 can be used to perform steps 3 and 4 of the algorithm. The 

location of a data bit in error is detected as the intersection of single bit failures (i.e., the 

presence of ones in the parity check vectors and a zero in the check-on—checks) in the row 

and column syndromes. The data bit in error is corrected (i.e., inverted) using corresponding 

error correction logic (e.g., an AND-gate and XOR-gate). When multiple bit failures occur 

only in the row syndrome or in the column syndrome, an uncorrectable error has occurred. 

A tree of -  1 OR-gates using the row syndrome as input and another tree of «2 _ 1 

OR-gates using the column syndrome can provide two outputs which are used as inputs to 

an XOR-gate to check for the uncorrectable error condition. The hardware needed for error 

detection and correction is f / rdc = ^nin2 + (n\ - 1 )  + («2 - 1 )  + 1 = 2nyti2 + n i + n2 -  1 gates 

and the delay is r rcjc = 2 gate delays, if an uncorrectable error has not occurred, otherwise 

r rdc = max(riog2n1], flog2«2l) + 1 gate delays.

In summary, if an uncorrectable error has not occurred, the decoding delay for the 

row and column (RAC) array code is r rd = T\ + r rds + Txdc = max(flog2rtil, [~log2«2l) + 8 

gate delays otherwise Trd = 2max(flog2«il, Tlog2«2l) + 7 gate delays. The decoding 

hardware needed is / / rd = / f rdi + /7rds + / f rdc = l l / z i^  + &2(n i + 1) + kyn-i + ri\ + «2 - 1  gates.

3.2.5 Encoding and Decoding Multiblock RAC Array Codes

An analysis can be performed to study the hardware requirements and time delays 

associated with the multiblock code shown in Figure 3.3. When one or no error occurs in 

any component (i.e., uniblock) row and column code making up the entire multiblock code, 

we assume the page of data have been correctly read. In addition to the encoding and 

decoding hardware used in the uniblock code, each component uniblock code requires
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decoding hardware to generate a correct, correctable and uncorrectable error condition 

status.

A block serial implementation encodes and decodes one component code after 

another in some sequence. If a component code is encountered with an uncorrectable error 

condition status, the decoding process stops. If a component code is encountered with a 

correctable error condition status, corrective action is taken and the decoding process 

continues. If all component codes displayed an error condition status of correct, the page 

of data is assumed to have been correctly read and is passed on to the next stage of the system. 

Expressions for the variables Tt&, Tkj, H re. and H Kj were derived in sections 3.2.3 and 3.2.4. 

These variables are used in the expressions shown below. The encoding delay, r mres, 

decoding delay, r mrds, ffmres encoding hardware requirement, H mres, and decoding 

hardware requirement, / / mrds> are given by the following expressions.

Encoding delay: r mres = m1m2r re

Decoding delay: r mrds = mim2TTd

Encoding hardware: i fmres =

Decoding hardware: #mrds = Hrd

A block parallel implementation allows component codes to be encoded and decoded 

in parallel. Either all component codes can be processed in parallel in a single pass or some 

fraction of all the component codes can be processed in a pass requiring multiple passes for 

process completion. Assume all component codes are processed in parallel in a single pass. 

Let TtgA be the gate delay for the global—AND-gate and /frgA be the global-AND-gate 

decoding hardware needed for the multiblock RAC array code. For encoding and decoding, 

the time delays and hardware requirements are given by the following expressions.

Encoding delay: Tmrep = J re
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Decoding delay: Tmrdp = Trd +

Encoding hardware: / fmrep =

Decoding hardware: / / mrdp = m \m iH x& + / / rgA.

The multiblock array code has advantages over the uniblock array code regarding 

page size, time to process the data and hardware requirements. With respect to page size, 

Figure 3.8 shows the multiblock code can process data per block in less time. The lower time 

delay for the multiblock codes is expected because the smaller block size requires a tree of 

gates structure containing fewer levels of gating. Figure 3.9 indicates the hardware demands 

per block is significantly less for multiblock array codes. The multiblock code per block uses 

smaller code blocks requiring a smaller hardware gate count for implementation than the 

uniblock code.

25 

20
C/3

-i r2  15 
Q
3  10 
a

5 

0
3.5 4.0 4.5 5.0 5.5 6.0

log(page size)

Figure 3.8: Decoding delay of uniblock and multiblock row and column array codes
for different page sizes.
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F igure  3.9: Hardware gate count of uniblock and multiblock row and column array
codes for different page sizes.

3.2.6 Code Performance o f Row and Column Array Codes

Simulations can be used to study the CBER performance of the uniblock and 

multiblock RAC array codes. Assume a Gaussian noise channel produces random single bit 

errors during the intensity detection process. A RAC code with «i = 15 and n.2 = 8 has 

parameters (n, k,d) = (120, 98, 4) and r = 0.8167. Similarly, a RAC code with n\ = 10 and 

«2 = 8 has parameters («, k ,d )  = (80, 63, 4) and r = 0.8167. Each code supports detection 

of 2 errors and correction of 1 error. The probability, PCOrrect> that no error, e, passes through 

the decoder can be expressed as the sum of probabilities of 0, 1 and 2 errors in terms of the 

RBER and size of the array code parameter n:

2

Pcorrect =  J  (" )*££**(! “  RBER)n~e. (3.3)
e=0

The probability that all bits are correctly decoded, Pcorrect> can also be expressed in terms 

of CBER as

Pcorrect =  (1 “  CBER)n. (3.4)

44

Uniblock Array Code

Multiblock Array Code 
------------------------------------------------------------- 9X 9

------------------------------------------------------------- 3X 3

r_____________________________________ |____________________________________ |____________________________________ |__________

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



The CBER can be expressed in terms of n, e and RBER by equating Equations 3.3 and 3.4 

and solving for CBER.

Figure 3.10 shows the code performance of row and column codes of different code 

lengths on single bit random errors. The code with the smaller code length provides higher 

error correction capability. Codes with smaller block sizes tend to have more opportunities 

to detect and correct errors without the number of errors exceeding the error correcting 

capability of the code than codes of larger block size. However, codes with smaller code 

lengths are not as capacity efficient as codes o f larger code lengths.

- 6 r

(120, 98, 4)
(80, 63, 4)

-14

—16* X Xx x

-6.5 -6 .0  -5 .5  -5 .0  -4 .5  -4 .0  -3.5
log (RBER)

Figure 3.10: CBER versus RBER for row and column array codes on single bit random
errors.

For a RBER  value of 10-5, the code performance of the uniblock and multiblock 

codes as page size varies is shown in Figure 3.11. For the uniblock array code, the CBER 

varies from approximately 10-8 to 10-6. The multiblock array code is shown to have CBER 

values of 10-14 and 10-12. While the uniblock array code is limited to small block size, the 

multiblock array code can be used on an entire page.
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Figure 3.11 : Performance of uniblock and multiblock row and column array codes for
different page sizes (RBER -  10-5).

For a given RBER (e.g., 10-5) and a desired CBER (e.g., 10-12), the corresponding 

value of n can be obtained by equating Equations 3.3 and 3.4 and solving for n. The code 

lengths which provide a CBER <  10-12 are shown in Figure 3.12. The RBER are 

representative of values observed in holographic memory system demonstrations by 

different research groups [BUR95, BUR98, GOE95, HEA94, PSA96].

6 r ~

5-

4-

L.L X
-6.5 -6 .0  -5.5 -5.0 -4.5 -4 .0  -3.5

log (RBER)
Figure 3.12: Row and column array code sizes which provide CBER <  10-12.
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3.3 Analysis of Wing Array Codes

A 2-D  information bit array can be arranged to form a right triangular shaped (i.e., 

a wing) code. Wing codes are shown in Figure 3.13. The parity check bits are generated 

along the hypotenuse of the right triangular information bit array.

(10, 6, 3)

■ I  Data bit 
□  Parity bit

Figure 3.13: General and (10, 6, 3) wing codes.

The parameters for the general wing code shown in Figure 3.13 are given by the 

following expressions.

Length of code:

Information bits: 

Hamming distance:

Code rate:

Coding overhead:

n — «o(«o + !)

j ,  _  no(” o ~ *)

d  = 3

n n — 1
n  «o  +  1

n — k  = nr

Number of errors that can be detected: t = 1 

Number of errors that can be corrected: c = 1 

Type of errors that can be corrected: random

The wing code may be used to perform error detection and correction (i.e., give 

protection) on the comers or lines of data that bisect the 90° angles included by the comers
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of a page of data. Page regions not protected by the wing code require the use of a different 

code for protection. Moreover, random single bit errors cannot be expected to occur on a 

page of data only at a comer or on a line bisecting the 90° angle included by the comer. These 

observations regarding wing codes limit their usefulness when compared to the protection 

provided by row and column array codes. As shown in Figure 3.14, two wing codes can be 

arranged to protect two comers or lines of data that bisect the 90° angles included by the 

comers of a rectangular shaped page of data. These rectangular shaped pages can be made

n n(/zn +  1)
from a pair of wing codes having size ——^-------.

Figure 3.14: Two wing codes used for a rectangular shaped region.

The error correcting capability of a wing code pair can be exceeded as the page 

increases. For applications involving an entire page of data which may be as large as 106 

bits, a multiblock strategy provides a practical solution. Assume we decide to detect and 

correct errors using the multiblock code shown in Figure 3.15. This multiblock code is a 

m i X m2 array of pairs of wing code blocks with each wing code having a hypotenuse of size 

hq. If one error occurs in each code block, hq -  15 and the page size is 510 X 512 bits, as 

many as 2176 errors can be corrected. The parameters of this multiblock code are given by 

the following expressions.
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m

Figure 3.15: Multiblock wing array code pairs for rectangular shaped page.

The multiblock wing code shown in Figure 3.15 has parameters given by the 

following expressions.

Length of code: n — /n j/n y ig ^g  +  1)

Information bits: k  =  m lm 2nQ(nQ — 1)

Hamming distance: d = 3

lr n n — 1Code rate: r  =  £  =  , ,
n  n Q +  1

Coding overhead: n — k  =  2m lm 2n Q

Number of errors that can be detected in each pair: t = (tmjn = 2, tmax = 2m 1/722} 

Number of errors that can be corrected in each pair: c = {cmjn = 2, cmax = 2m 1/7/2} 

Type of errors that can be corrected: random

3.3.1 Data Encoding for Wing Array Codes

Data encoding consists of computing the parity bit checks across the hypotenuse of 

a right triangular shaped information bit array. Using odd parity, Figure 3.16 shows the 

parity bit checks are composed of bits located on the hypotenuse of a right triangular 

information bit array. Each parity bit checks both a row and a column of the data array.
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F
2-D  data 
bit array

5
Parity bit 
checks

■  ON Pixel 
□  O FF Pixel

Figure 3.16: Example of data encoding applied to a wing array code.

3.3.2 Data Decoding for Wing Array Codes

When a page of data is stored or retrieved, random single bit errors can be introduced 

into the data page. The decoding process involves latching a page of data received at the 

photodetector array, computing a syndrome, detecting and correcting errors. For the wing 

code, an error is identified by two different bit failures in the syndrome. Using odd parity, 

part of the decoding process is shown in Figure 3.17.

2-D  data bit 
array read

H  ON Pixel 
□  □  OFF Pixel

Figure 3.17: Example of data decoding applied to a wing array code.

3.3.3 Encoder for Wing Array Codes

The general wing code shown in Figure 3.13 requires a data encoding process that 

involves the same steps used in encoding the row and column array codes. However, the 

information bit array is right triangular in shape and the hypotenuse of length tiQ bits is
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composed of the parity bit checks. Moreover, each parity bit check is located on the 

hypotenuse of the right triangular shape code block and checks both a row and a column of 

the information bit array. Using trees of n 0 — 1 XOR-gates and assuming odd parity, the 

syndrome can be computed in flog2(/zo+l)l gate delays. The hardware needed for 

computing the syndrome is Hwe = «o(«o ~ 1) gates and the corresponding time delay is 

r we = f Iog2(/io + 1)1 gate delays.

3.3.4 Decoder for Wing Array Codes

The decoder for the general wing array code shown in Figure 3.13 uses four steps 

to perform the decoding process:

1. Latch data

2. Compute syndrome

3. Detect errors

4. Correct error.

Figure 3.6 shows hardware which can be used to accomplish step 1 of the algorithm. 

The time delay for latching the data is T\ = 6 gate delays and the required hardware is

tfwdl = — ^ 2 ---- — gates.

The syndrome consists o f bits located on the hypotenuse of the right angle triangular 

code with each bit of the syndrome checking a row and a column of the data array. To 

accomplish step 2, an all parallel implementation can use trees of «o -  1 XOR-gates to 

compute the syndrome in flog2(«o + 1)1 gate delays. Figure 3.18 shows some of the 

hardware needed. The hardware for this implementation is ifWdS = «o(wO ~ 1) gates and the 

time delay is Twcjs = [log2(«o + 1)1 gate delays.
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The error status of the system is obtained by checking several conditions. If two 

different bit positions of the syndrome indicate an error, we assume a single error has been 

detected in the information bits and corrective action can proceed. In cases of two or more 

errors, this code cannot provide a corrective action. The system can read the page again or 

take other corrective action when a no-corrective-action—taken condition occurs.

Columns

Rows < i

2-D  data bit 
(DB|,j) array read

Ycc

Error r ^ f T

"C^[w ^rror
Parity bit 
checks (PB| j)

VCc

■  ON Pixel 
□ □  OFF Pixel

PB,.3- i — 
PB3-j.j — . 

DBU CORRECTED BIT

Figure 3.18: Hardware used to compute syndromes, detect and correct errors for a
wing array code.

Error detection and correction are performed in the last two steps of the decoding 

process. Some of the required hardware is shown in Figure 3.18. A data bit in error located 

in the triangular information bit array is detected by the intersection of two different bit 

failures in the syndrome. Using corresponding error correction logic, the data bit in error 

can be corrected (i.e., inverted). If three or more different bit failures have occurred in the 

syndrome, an uncorrectable error has occurred. Two stages of AND-gates connected to trees 

of OR-gates can be used to test for the uncorrectable error condition. For error detection
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n0!
and correction, the hardware needed is Hw^c = n Q(nQ — 1) +  ^ — -- — 1 gates.Z(n0 3)!

If an uncorrectable error has occurred, the time delay encountered is 

fwdc = 2 +  r iCS23 ! ( « o -  3 ) ' l  gate delays otherwise r wdc = 2 gate delays.

The overall delay encountered and hardware required is obtained by combining the 

appropriate values from each step of the decoding process. If an uncorrectable 

error has not occurred, the decoding delay for the wing array 

code is Twd = T\ + r wds + Twdc = [log7(«0 +  1)] + 8 gate delays otherwise

Twd = [log9(n0 +  1)]+  j log? n °' j + 8  gate delays. The decoding hardware
I “3!(no I

, , .  „  13nn(/zn — 1) n n!
needed is d ~ ffwdi -^wds f^wdc = ^  ̂ 2.(n  3̂ 1 gates.

3.3.5 Encoding and Decoding Multiblock Wing Array Codes

Hardware requirements and associated time delays for the multiblock wing code 

shown in Figure 3.15 are considered in this section. We assume the page of data have been 

correctly read when one or no error occurs in any wing code component (i.e., code block) 

component making up the entire multiblock code. Each wing code block needs encoding 

and decoding hardware as well as decoding hardware for generation of an error condition 

status (e.g., correct, correctable and uncorrectable).

A block serial implementation can be designed to encode and decode one wing code 

block after another sequentially. Either the decoding halts when a code block is detected with 

an uncorrectable error condition status or the decoding process proceeds and corrective 

action is taken, when a code block is detected with a correctable error condition status. The 

page of data is considered to have been correctly read and is sent on to the next stage of the
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system when each code block has displayed an error condition status of correct. In sections 

3.3.3 and 3.3.4, expressions were derived for the variables Twe, r wd, H we and/fwd and these 

variables are used in the expressions shown below. The encoding delay, r mwes, decoding 

delay, r mwds, encoding hardware needed, H mwes, and decoding hardware needed, Hmwds> 

for the block serial implementation of the multiblock wing code are give by the following 

expressions.

Encoding delay: r mwes = 2mim2Twe

Decoding delay: r mwds = 2mim2r wd

Encoding hardware: / / mw e s  = ^ w e

Decoding hardware: / f m w d s  =  # w d

A block parallel implementation can be designed to encode and decode wing code 

components in parallel. All code components can be processed in parallel in one pass. 

Alternately, some fraction of all the code components can be processed on each pass until 

the process is completed. Assume all component codes are processed in parallel in one pass. 

Let r wgA be the global-AND-gate delay and HwgA be the decoding hardware needed. For 

encoding and decoding, the time delays and hardware needed are given by the following 

expressions.

Encoding delay: Tmwep = Twe

Decoding delay: Tmwdp = Twd + Tw

Encoding hardware: #mwep = 2mim2Hwc

Decoding hardware: / f m w d p  =  2mi/n2Z/wd +  / / w g A

The advantages of the multiblock wing array code over the uniblock wing array code 

are shown in Figures 3.19 and 3.20 with respect to timing delay, hardware demands and page 

size. Since small block sizes are used, the time delay associated with the multiblock code

54

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



is less for agiven page size as shown in Figure 3.19. For a given page size, Figure 3.20 shows 

the multiblock code requires less hardware per block because of the smaller block sizes used.

25

Uniblock Wing Array Code

Multiblock Wing Array Code

5.04.5 5.54.03.0 3.5
log(page size)

Figure 3.19: Decoding delay of uniblock and multiblock wing array codes for
different page sizes.

Uniblock Wing Array Code

Multiblock Wing Array Code
n 0 = 9

5.03.0 4.0 4.5 5.53.5
log(page size)

Figure 3.20: Hardware gate count of uniblock and multiblock wing array codes for
different page sizes.

3.3.6 Code Performance of Wing Array Codes

The CBER performance of wing codes can be studied using code simulations. 

During the intensity detection process, assume a Gaussian noise channel produces random
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single bit errors. A wing code with no = 6 has parameters (n, k,d) = (21,15,3) and r =0.7143. 

Similarly, a wing code with no = 10 has parameters (n, k,d) = (55,45,3) and r =0.8182. Each 

code supports detection and correction of 1 error. In terms of the RBER, array code 

parameter n and error, e, the probability, Rcorrect ■> that no error passes through the decoder 

can be expressed as the sum given by:

p correct = ]T (2)fl££K e( l  -  RBER)n~e. (3.5)
e — 0

Using Equations 3.4 and 3.5, CBER  can be expressed in terms of RBER, n and e.

Figure 3.21 shows the code performance of wing codes of different code lengths on 

single bit random errors. Even when lower values of RBER  and codes of small code length 

are used, this code cannot achieve a CBER  <  10-12. For applications involving holographic 

data storage systems, these codes most likely cannot be used with other codes or in a 

multiblock structure when the RBER > 10-6.

-6

-8
no = 6

S3 - 1 0 -

au no —12

-14-

-1 6 — 
-6.5 -4.0- 6.0 -5.5 -5.0 -3.5-4.5

log (RBER)

Figure 3.21 : CBER  versus RBER  for uniblock wing array codes on single bit random
errors.
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3.4 Analysis of Array Codes for Correcting a Burst Error

Figure 3.22 shows a 2—D row and column code converted into a burst error correcting 

code [DAN85, FAR82a, MAB91]. Assume a burst of length &2 occurs across columns.

11

n i
Information bits

Column checks'  r

n-
C heck-on- ■  ^
checks H  krt

I—I Parity bit

Figure 3.22: Single-burst error correcting codes and diagonal sequence pattern.

The bits of the burst error will alter specific diagonal parity bit checks and column parity bit 

checks. For an error burst of length k i  bits, the information bit array must have parameters 

k iX k 2 where ki > 2(k2 -  1) [FAR82a]. The parameters for this code are given by the 

following expressions.

Length of code: n  =  =  (k \  +  1)(&2 + 1) — [2(&2 — 1) +  1](^2 +  1)

Information bits: k  — (nx — 1 )(n2 — 1) =  k-Jc2

Hamming distance: d  = 4

_  k  _  ( « i  -  1 ) ( « 2  “  ! )  _Code rate: r = n  =
k xk 2

n in 2 (k 2 +  1 )(k2 +  1)

Coding overhead: n — k  = n 1 + n 2 — 1

Number of errors that can be detected: t — k i

Number of errors that can be corrected: c = k2
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Type of errors that can be corrected: burst

Moreover, a diagonal direction set is used because each bit in a correctable burst error 

is associated with distinct diagonal parity bit checks and column parity bit checks (i.e., 

redundant bits computed from a diagonal sequence). By using more powerful component 

codes or using 3-D  array codes multiple bursts can be corrected [FAR92].

Applications with page sizes as large as 106 bits require the use of a multiblock array 

code strategy. A multiblock burst error correcting (BEC) code can be obtained using a 

raiX m 2 array of X«2 row and column code blocks as shown in Figure 3.23. The 

parameters of this multiblock code are given by the following expressions.

n 2 m-

Figure 3.23: Multiblock burst error correcting array code.

Length of code: n =  m lm 2(k i +  V)(k2 +  1) — m lm 2\2{k2 — 1) + 1](^2 +  

Information bits: k  =  m lm 2(n l — 1 )(n2 — 1) =  m ^m ^c^k2

Hamming distance: d  = 4

Code rate- r =  & =  (” l ~  1)(n 2 ~  1) =  k lk 2n  n i „ 2 ^  +  +

Coding overhead: n — k  = m 1m 2(n 1 + n 2 — 1)

Number of errors that can be detected: t -  {£min = fmax = lm2}
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Number of errors that can be corrected: c = {cmjn = cmax ~

Type of errors that can be corrected: burst

3.4.1 Data Encoding for Burst Error Correcting Array Codes

The data encoding process involves the same steps used for encoding the row and 

column array code. However, each row parity bit check is computed in a diagonal direction 

as a diagonal parity bit check. Each column parity bit check is computed across a column 

as was done for the row and column array code. An even parity scheme is used for the 

encoding shown in Figure 3.24.

2-D  data 
bit array

H  ON Pixel 
□  OFF Pixel

Diagonal parity r bit checks

Column parity 
bit checks

Figure 3.24: Example of data encoding applied to a burst error correcting array code.

3.4.2 Data Decoding for Burst Error Correcting Array Codes

A burst error can be introduced into the data page when a page of data is stored or 

retrieved. The decoding process follows essentially the same steps used by the row and 

column array code. Namely, these steps involve latching a page of data received at the 

photodetector array, computing the syndromes, detecting and correcting errors. The 

decoding shown in Figure 3.25 uses an even parity scheme. For the burst error correcting 

array code, a burst error is identified by bit failures in the column syndrome. A compare 

operation is performed between the column syndrome and a segment of the diagonal
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syndrome equal in length to the column syndrome. If a match is not found, the diagonal 

syndrome is circularly shifted one bit position upward and the compare operation is repeated. 

A  series of compare and circular shift operations are required to determine the row location 

of the burst error as described in the decoder section below.

Bits in . 
error i

2-D  data bit 
array read

1 0  ON Pixel 
□  OFF Pixel

Bits in 
error

. Diagonal

Column
syndrome

Figure 3.25: Example of data decoding applied to a burst error correcting array code.

3.4.3 Encoder for Burst Error Correcting Array Codes

Column parity bit checks and diagonal parity bit checks must be computed to 

accomplish the data encoding process for the burst error correcting array code shown in 

Figure 3.22. This encoding is similar to that used for encoding a row and column array code 

except diagonal parity bit checks replace the row parity bit checks. Trees of k?- 1 XOR-gates 

can be used to compute diagonal parity bit checks in riog2&2l gate delays and trees of k \ - l  

XOR-gates can be used to compute column parity bit checks in \\0 g2k\~\ gate delays. 

Therefore, the hardware needed for computing the syndromes is//be = (^1 ~ 1)«2 + (^2 - 1)^1 

gates and the corresponding encoding delay is 7be = max([~log2£ il, [log2̂ 2l) gate delays.

3.4.4 Decoder for Burst Error Correcting Array Codes

The code in Figure 3.22 requires five steps to accomplish the decoding algorithm:
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1. Latch data

2. Compute syndromes

3. Detect errors

4. Locate errors

5. Correct errors.

The control signals for the algorithm are shown in Figure 3.26. The steps of the 

algorithm occur sequentially. The positive edge of the LATCH_DATA pulse is used to latch 

a page of data into the decoder. The positive edge of the 

GET_DlAGONAL_SYNDROME_GET_ROW_BlTS signal causes the diagonal syndrome and row 

enable bits to be loaded respectively into two shift registers. The detect, locate and correct 

error steps are initiated by the positive edge of the DETECT_LOCATE_CORRECT_ERROR pulse.

CLK

LATCH_DATA (LD) 1 1__________________________________________________

GET_DIAGONAL_SYNDROME_ _________  _____________________________________________
GET_ROW_BITS (GDSRB) . j ,___ ,___ , ,

DETECT_LOCATE_ _____________  __________________
CORRECT_ERROR (DLCE) r _ _ r __r . _ r _ . r . _ r . _  -----------------------------

I I I  I I I

DONE -----------------------------"------ >---- 1----- 1------>------ 1------

algorithm step 1, 2, 3 and 4 and 5

Figure 3.26: State machine timing diagram for burst error correcting array codes.

Figure 3.27 shows a state machine that can be used to produce the control signals. 

For a burst error &2 bits in length, the maximum number of clock cycles required by the state 

machine to perform the five steps of the algorithm is 7bSm = 2 +ni clock cycles. Assuming 

the 4:1 multiplexer [NAT84] can be implemented using five gates, the counters [NAT84] can 

be implemented using ten gates per bit and the flip-flop consists of six gates, the hardware 

needed to implement the state machine is H^sm = 2[101og2(22)] + 10riog2nil + 29 gates.
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S01 —.

GDSRB—
510 ■ 

DLCE —'
511 —.

CLK —1

S a H  
sB

CLK

O 1 0

H > ^ i

4:1 Mux
HBSET SB  —

s2s1

cb r ~ s A
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CLK
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0
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Counter CLK" JH

cb
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Figure 3.27: State machine hardware applied to burst error correcting array codes.

DONE

r n l - l  r n l -*
Ck2-1 cq

Ck7_l d b rO,k2-I

Row bit 
parallel-in 
parallel-out 
shift register

f  00Column „ i 
syndrome 1

GDSRB

Diagonal 
syndrome 
parallel-in— 
parallel-out 
shift register

d b k i - i j c 2- i  d b k  1 - 1 ,0

UNCORRECTABLE ERROR

Figure 3.28: Hardware used for burst error detection and correction.
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In the latch data step, an information bit array o f size n\ x  «2 bits is latched. The same 

storage element shown in Figure 3.6 used for the row and column array code is required to 

latch the data. Therefore, the hardware needed is #bdl = 9nln2 gates and the time delay is 

T\ = 6 gate delays.

In a fashion similar to how the syndromes were computed for the row and column 

array code, trees of «2 and n\ XOR-gates can be used to compute respectively the diagonal 

and column parity bit checks in [log2«2l and [log2«i 1 gate delays. The hardware required 

and the delay encountered are respectively /fbds = ^ ln2 + ^2ni gates and 

Tbds = max(riog2«i1, Tlog2«2l) gate delays.

To complete the detect, locate and correct error steps of the algorithm several tasks 

must be performed. These steps are accomplished with the hardware shown in Figure 3.28. 

One shift register is loaded with the diagonal syndrome and the other shift register is loaded 

with a bit pattern (i.e., a pattern with one bit set to one and the remaining bits set to zero) 

to enable one of the rii rows. The k.2 bit long column syndrome is compared to k i bits of the 

bit long diagonal syndrome. If the two syndromes do not match, the diagonal syndrome 

is circularly shifted upward one bit position, the row bit pattern is shifted downward one bit 

position and the syndromes are compared again. The comparisons of syndromes and circular 

bit shifts are repeated times provided the syndromes do not match. If the syndromes match 

on the Ith shift where 0 <  i <  ki, the row represented by i mod k\ contains a burst error. The 

column syndrome, row bit pattern and done (i.e., match) signal enable error correction logic 

to correct the burst error. If the diagonal syndrome has been shifted + 1 times and the 

syndromes do not match, the bit set to one in the row enable bit pattern is used to indicate 

an uncorrectable error has been detected. Assuming the implementations for the diagonal 

syndrome shift register uses the hardware shown in Figure 3.29 and for the row bit shift 

register uses flip-flops consisting of six gates, the hardware requirement for error detection,
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location and correction is /Zbdc = 9«i + 6«i + 2&2 - 1  + 3 + 3&2ni = n\O k2 + 15) + Ik-i + 2 

gates. If an uncorrectable error has not occurred, the maximum delay is Zbdc = «i clock 

cycles otherwise r ^ c  = n i + 1 clock cycles.

GDSRB-
DIAGONAL 
SYNDROME BIT

DATAJN

CLK-

— 1
------1
------

1---------

SB 
D Q

>• QB 
RB

p
^ -----L J — J

DATA OUT

Figure 3.29: Hardware used for one bit stage of a shift register.

The hardware required for decoding the burst error correcting array code is 

#bd = tfbsm + #bdl + #bds + #bdc = 10riog2/n1 + 9 nin2 + (4 k2 + 15)ni + k xn2 + 2k2 + 71 

gates and the time delay is Zbd = r bd[ + r bds + Tbdc = 2 + « i clock cycles. The time to compute 

the diagonal syndrome is Tbds = max(flog2« il, [log2«2l) gate delays and determines the 

minimum clock period or the reciprocal of the maximum clock frequency. If the minimum 

clock cycle is equivalent to Tbds gate delays, the time delay can be expressed in terms of 

gate delays. If an uncorrectable error has not occurred, the time delay is 

?bd = 2bdl + r bds + Tbdc = (a z x + 2)max(riog2/iil, Rog2«2l) gate delays otherwise 

r bd = («i + 3)max(riog2« il, Rog2«2"D gate delays.

3.4.5 Encoding and Decoding Multiblock BEC Array Codes

The time delay and hardware requirements of the multiblock BEC code shown in 

Figure 3.23 are obtained by repeating the analysis used for the multiblock RAC code. The 

same constraints regarding encoding and decoding hardware as well as needing additional 

hardware for the error condition status (e.g., correct and uncorrectable) still apply. A block 

serial and all parallel implementation are considered.
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The block serial implementation encodes and decodes one component uniblock code 

after another sequentially as described in section 3.2.5. Expressions for the variables Tbe, 

Tbd, #be #bd were derived in sections 3.4.3 and 3.4.4 and are used in the expressions 

shown below. For a block serial implementation of the multiblock BEC code, the encoding 

delay, r mbes> decoding delay, Tmbds* encoding hardware required, Hmbes and decoding 

hardware required, f/mbds> are given by the following expressions.

Encoding delay: TmbeS = mim2Tbe

Decoding delay: r mbds = m\m2Tb̂ L

Encoding hardware: #mbes = #be

Decoding hardware: / / m b e s  =  # b d

The block parallel implementation operates in the same way as described in section 

3.2.5. For example, assume a single pass is used to encode and decode all component 

uniblock codes in parallel. Let IbgA be the timing delay and //bgA he the hardware needed 

for global-AND-gate. The encoding delay, r mbep, decoding delay, r mbdp, encoding 

hardware needed, H mbep and decoding hardware needed, / f mbdp> are given by the following 

expressions.

Encoding delay: Tmbep = Tbe

Decoding delay: Tmbdp = 7bd + TbgA

Encoding hardware: H mbep = m\m2Hb̂

Decoding hardware: /^mbdp = + i / bgA

Page size, time to process the data and hardware demands are used to compare the 

multiblock and uniblock array codes. Regarding page size, Figure 3.30 shows the 

multiblock code can process data per block in less time. The multiblock codes have a smaller 

time delay because the smaller block size used requires a tree of gates structure containing
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less levels of gating. The hardware required per block as shown in Figure 3.31 is 

significantly less for multiblock array codes. The use of smaller code blocks by the 

multiblock codes requires a smaller hardware gate count for implementation than the 

uniblock code.

4.0
Uniblock Array Code3.5

f  3.0 
Q
2  2.5C5
o  ? 2.0

Multiblock Array Code
1 5 x 9

1.5
4X 3

6.05.0 5.54.0 4.5
log(page size)

Figure 3.30: Decoding delay of uniblock and multiblock burst error correcting array
codes for different page sizes.

Uniblock Array Code

Multiblock Array Code
15X9
4X 3

6.05.55.04.0 4.53.5
log(page size)

Figure 3 .31 : Hardware gate count of uniblock and multiblock burst error correcting
array codes for different page sizes.
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3.4.6 Code Performance o f Burst Error Correcting Array Codes

To study the CBER performance of uniblock and multiblock burst error correcting 

array codes, code simulations can be used. Assume a burst error is caused during the storage 

or retrieval of a data page. For a burst error 2 bits in length, a burst error correcting array 

code with n\ = 3 , «2 = 3 having parameters (n, fc,d) = (9,4, 4) and r  = 0.4444 can be used. 

A burst error 7 bits in length requires a burst error correcting array code with ri\ = 15 and 

«2 = 9 having parameters (n, k, d) = (135, 112, 4) and r  = 0.8296. Each code supports 

detection and correction of a single burst error. Writing, Pcorrect, the probability that no 

error, e, passes through the decoder, as a sum of probabilities in terms of the RBER and size 

of the array code parameter n, the following expression is obtained.

is , /  n(k2 -  1 )!\
Pcorrect =  £ \ e\(ko e)! “  ^ R ) n~e, e >  0. (3.6)

The CBER can be expressed in terms of e, n and RBER using Equations 3.4 and 3.6.

Figure 3.32 shows the code performance of burst error correcting array codes of 

different code lengths. For lower values of RBER and codes of small code length, this 

code can almost achieve a CBER <  10-12. However, for VHDS applications with 

RBER > 10-6, these codes most likely cannot be used in either a multiblock or uniblock 

structure to achieve a CBER <  10-12. Since, these codes are adapted versions o f the row 

and column array codes, they cannot achieve a higher error correcting capability than the 

corresponding row and column array codes.
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Figure 3.32: CBER versus RBER for single-burst error correcting array codes.

3.5 Analysis o f a Cluster Error Correcting Array Code

The row and column array code shown in Figure 3.1 can be converted into a cluster 

error correcting array code [BLA94, BLA98, FAR82b]. Assume an array code consisting 

of information and parity bits of size n\ X «2 contains a b\ X 62 rectangular cluster of e errors, 

with constraints 1 < e < b \b 2, « i ^  2 b\b2 — b\, n.2 > 2 b\b2, b\ divides and 62 divides 

«2 [BLA94]. The parameters for this code are given by the following expressions.

Length of code: n =  n ln 2 ^  (2blb2 ~  b^)'2b1b2

Information bits: k  = (n l — l) (n 2 — 1) =  k ]k 2

Hamming distance: d = 4

Code rate- r =  £  =  (” l ~  !)("2  ~  b  =  k ik 2_____Code rate. r n ^  + +  t)

Coding overhead: n — k  = n l + n 2 — 1

Number of errors that can be detected: t = b\b2

Number of errors that can be corrected: c = b\b2
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Type of errors that can be corrected: cluster

A multiblock cluster error correcting (CEQ array code can be applied to application 

with page sizes as large as 106 bits. Using a m \ Xm 2 array of X«2 row and column array 

code as shown in Figure 3.3 constrained such that 1 <  e <  £>i£>2, nl — 2£>i£>2—&i» «2 — 2£>i£>2> 

b\ divides n\ and £>2 divides «2 [BLA94], a multiblock cluster error correcting array code 

is obtained. The following expressions describe the parameters for this code.

Length of code: n =  m 1m 2n ln 2 — m lm 2(2blb2 — b l)2blb 2

Information bits: k  =  m 1m 2(n 1 — 1 )(n2 — 1) =  m lm 2k 1k 2

Hamming distance: d  = 4

Coderate- r -  k  -  (n  1 ~  ^  ~  X) -  k ik 2Loderate. r n n in,  + l)(k2 + I)

Coding overhead: n — k  = m 1m 2(n l +  n 2 — 1)

Number of errors that can be detected: t = {7min = b\b2, tmax = ^ l^2OTlm2}

Number of errors that can be corrected: c = {cmin = b\b2, cmax = bib2/nim2}

Type of errors that can be corrected: cluster

The X «2 array is cyclic in both directions with the topology of a 2-D  torus. These 

array codes allow correction of end-round cluster errors. In Figure 3.33, = «2 = 8,

bl = £>2 = 2 and a collection of on pixels is used to indicate the location of bits in error forming 

a cluster of size b\ X £>2.
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m 1 i
2 x 2  cluster error 2 x 2  end—round 

cluster error
2 x 2  end-round 

cluster error

ON pixel d ]  EU O FF  pixel

Figure 3.33: Examples of different arrangements of 2 x 2  cluster errors.

3.5.1 Data Encoding for a Cluster Error Correcting Array Code

For a given data array A, the encoding process involves calculating a single parity 

check bit across each row, across each column and staggering the data array on columns and 

then on rows. Specifically, a code word of size n \ X «2 is formed by appending a single parity 

check bit to each row and column of a (ni — 1) X («2 -  1) information bit array /. To each 

row r, of A, where 0 <  i <  n\ — 1, apply a circular shift to the right equal to b'lii mod b{) bits 

to form a row-staggered array ST. For each column cj of Sr, where 0 <  i <  «2 ~ 1» apply a 

circular shift downward equal to bi(j mod £>2) bits to form a staggered array S. In this way, 

S, a staggered version of A, first on rows then on columns, is obtained for storage. Part of 

the encoding process is shown in Figure 3.34 for ri\ = «2 = 8 and b \ ~ b i -  2. To form S1, 

the even rows of A are not rotated (i.e., circularly shifted) because &i(i mod 2) = 0, whereas 

odd rows are rotated right two bits because b ^ i  mod £>1) = 2(1) = 2 bits. To form S, the odd 

columns of S1- are rotated downward two bits because £q(/ mod 2) = 2(1) = 2 bits, whereas 

the even columns are not rotated because b\(j mod 2) = 0. Data staggering can be 

implemented using shift registers configured to perform circular shifts for odd rows and 

columns in array A.
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Odd columns of S1" rotated 
downward 2 bits to obtain S

Figure 3.34: Example of data encoding applied to data array A yielding staggered 
arrays 5r and S  for n\ = n i  = 8 and bi = b2 = 2.

3.5.2 Data Decoding for a Cluster Error Correcting Array Code

Since the code word S  may be corrupted during storage or retrieval, the retrieved 

array R  may not equal S. During the decoding process, a cluster error of size at most b\ X&2 

can be corrected. Each column cj of R  is rotated upwardly an amount equal to b\(j mod £>2) 

bits to form a column—destaggered array D°. Then each row r; of D° is rotated left an amount 

equal to b^(i mod b{) bits to form a destaggered array D. Figure 3.35 shows array R corrupted 

by a 2 X  2 cluster error in the central region of R  and how data destaggering proceeds. After 

data destaggering has been completed, the errors are distributed such that no more than one 

error occurs in a row or column.
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Figure 3.35: Example of data decoding applied to retrieved array R yielding 
destaggered arrays Dc and D  for n\ = «2 = 8 and £>i = &2 = 2.

The destaggered array D  is the input from which the vertical syndrome v (i.e., the 

exclusive-OR of the rows of D) and horizontal syndrome h (i.e., the exclusive-OR of the 

columns of D) are determined. If d\j represents the elements of D, the vertical syndrome 

is given by

v - =  © d[ ., 
1=0  *

and the horizontal syndrome is given by

n2~ 1 
hi = © du ,

1=0

0 <  j  ^  n2 — 1 (3.7)

(3.8)

If array R  contains no errors, both syndromes of array D will be zero. If array R 

contains a cluster of e errors, 1 <  e <  b\b2, the horizontal and vertical syndromes will each 

have weight e. The constraint «2 — 2 b\b2 insures the vertical syndrome can be represented 

as a burst of length at most b\b2 having a cyclic run of at least b\b2 zeros. After the run of 

at least b\b2, the first nonzero element in the vertical syndrome can be located. For example, 

if a cluster error occurs in array R as shown in Figure 3.35 with the values of bits ‘w ’, ‘x ’, 

£y’ and £z’ incorrectly set to logic ones, then array D can be represented as shown in Figure
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3.36. The weight of both syndromes is 4 and the vertical syndrome contains a run of b\b2 

= 4 zeros. Although the rows and columns containing errors are marked by ones in the 

syndromes, the syndromes do not identify which 4 bits in array D are in error. Identifying 

the locations of the bits in error is the next task.

Columns

0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7

Rows

A rray/)

D with syndromes

H  ON pixel □  OFF pixel

Figure 3.36: Array D is shown without and with syndromes (h and v) for n\ — n.2 = 8
and b \ - b 2 -  2.

An algorithm for locating the cluster error proceeds as follows. Let vertical 

syndrome v have support (i.e., a set of nonzero coordinates) given by

Sup(v) =  {j : vj *  0, 0 <  j  <  «2 — 1} (3.9)

and the horizontal syndrome h  have support given by

Sup(h) =  {i : h i ^  0, 0 <  i <  n x — 1}. (3.10)

Both supports, Sup(v) and Sup(h), are assumed to have the same number of elements (i.e., 

the same total number of errors, 1 <  e <  6162); otherwise an uncorrectable error has occurred. 

Since «2 ^  2b 1 £>2 and 1 <  e <  61^2, the elements of Sup(v) are assumed to be ordered 

cyclically from the first to the last element. The destaggering process produces a burst of
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length at most bibz in both syndromes. Therefore, a sequence of at least Z?i£>2 zeros occurs 

before the first nonzero element in v. For v shown in Figure 3.36, Sup(v) = {1, 2, 3, 4}.

Considering Sup(h), the elements can be divided into b\ classes C/t, 0 < k < b i — 1, 

given by

Ck =  {i £  Sup(h) : k  = i mod bj-. (3-11)

In each class C^, the coordinates correspond to errors occurring in the same row (e.g., ew ’ 

and ‘x ’) before destaggering. The constraint n\ > 2 bib2~bi, insures there is a run with at 

least bib2- l  zeros before the first nonzero element in each cyclically ordered class C*. In 

Figure 3.36, Sup(h) can be divided into two classes, Cq = (2, 4} and C\ = {3,5}. Therefore 

Sup(h) can be written as

Sup(h) = CqUCjU ...Ck. (3.12)

An algorithm for finding the set © of pairs of locations in error proceeds as follows.

1. Set k  4— b\ -  1, § 0 and c *— 0.

2. Loop: IF C k -  0 THEN GOTO Next.

3. ELSE, Let Ck = (r'i, 12, ...,

4. Set H  {jc+1, jc+2i ■■■■> 7c+tn}-

5. Let r  be such that j c+r mod 62 <  j c+i mod 62 V 1 <  I <  m, I ̂  r.

6- S et © -< © U  {(ir-ls 7c+l)j (ir-2^ jc+2)> —» (il>7c+r-l)j 0"m>/c+r)>

(fm-l3 7c+r+l)j •••> Orj/c+m)}*

7. Next: IF k = 0 THEN GOTO Stop.

8 . ELSE Set k  ■*— k — 1, c-t— c + m and GOTO Loop.

9. Stop: Correct locations given by set © in array D.

The example in Figure 3.35 shows a cluster error of size b\ X &2 with bi = 62 = 2 and 

this example is continued in Figure 3.36 with Sup(v) = {/i,/2>y3>/4} = {!> 2, 3, 4}, Co = {2,
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4} and Ci = {3, 5}. For this example, step 1 of the algorithm assigns k+— b\ - 1  = 2 - 1  = 

1, 8  0 and c 4— 0. The loop spans steps 2 through 8 . After executing step 2, step 3 assigns

C i  = {A, A} = {3, 5}, hence m = 2 and step 4 assigns H  +- {/c+lJc+2} = {/l, A} = {1, 2}. 

In step 5, a value for r  is found by observing (A mod 2) = (2 mod 2) = 0 <  1 = (1 mod 2) 

= (/I mod 2); hence, r = 2 . Step 6 assigns 8  *•— 8  U {(ir- i, A), (h-2 , A)} = 0 U {(A-l> A), 

(A-2, A)} = { ( A ,A), (A ,A)} = {(3,1), (5 ,2)}. Since the elements of Ck are cyclic, Ci = {A , 

A} with z'2_2 = A* After step 7 is executed, step 8 assigns £•«—£ —1 = 1 - 1 = 0, c-t—c + m 

= 0 + 2  =2 and the loop is executed again. After step 2 is executed, step 3 assigns Co = {A, 

A} = {2, 4}, hence m = 2  and step 4 assigns i f  *•— {jc+i,Jc+2} = {A, A} = {3, 4}. A value 

for r  is determined in step 5 by observing (/4 mod 2) = (4 mod 2) = 0 <  1 = (3 mod 2) = (J\ 

mod 2); hence r  = 4. Executing step 6 assigns 8  8  U {(A-i> A)> 0r-2> A)} = {(3, 1), (5,

2)} U {(A-i,A), (A-2,A)} = { (3 ,1), (5, 2)} U {(A, A), (A, A)} = {(3,1), (5, 2), (2 , 3), (4, 

4)}. Since k  = 0 in step 7, the algorithm goes to step 9 (labeled Stop) to correct the row and 

column pairs (r\, cj) in array D given by set 8  (i.e., the locations by row and column in error). 

The original data array A is obtained by inverting (correcting) the bits at the locations in error.

3.5.3 Encoder for a Cluster Error Correcting Array Code

During encoding, the parity bit checks are computed for the rows and columns; then 

the array is staggered. Therefore, an encoding algorithm can be expected to have four steps:

1. Latch data

2. Compute parity bit checks

3. Stagger row data

4. Stagger column data.

Consider a cluster error correcting array code with n\ = «2 = 8 and £>i = A  = 2- This 

code is capable of correcting a cluster error up to b\ X &2 = 2 X 2 bits in a « i X«2 = 8 X8 code
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block. The discussion of the encoder and decoder (next section) is based on this array code 

as was a different implementation developed by another researcher [SCH98].

Let an 8 X  8 code block use an 8 X  8 array of pixels. Each pixel contains a storage 

element implemented with the hardware shown in Figure 3.37. Assume the flip-flop can 

be implemented using six gates. Therefore, a total of 12 gates are needed to implement the 

hardware. Approximately six gate delays are encountered from the photodetector signal to 

the data_out signal assuming the flip-flop introduces four gate delays. If the pixels located 

in even rows and columns were implemented with the hardware shown in Figure 3.6, the 

number of gates required can be reduced by 6.25%. For the encoder to latch the data, the 

delay encountered is T\ = 6 gate delays. The hardware needed is = 12« i«2 = 12(8)8 = 

768 gates.

COLUMN ENABLE COLUMN IN

LATCH_DATA
PHOTODETECTOR
SIGNAL SB

DATA OUTROW JN-----
ROW_ENABLE-----

CLK----- QB
RB

Figure 3.37: Data staggering hardware used for pixels in odd rows and columns.

Parity bit checks must be computed across each row and column. The row parity bit 

checks can be computed in [log2&2~l gate delays using a tree of &2 _ 1 XOR-gates for each 

row and the column parity bit checks can be computed in riog2&il gate delays using a tree 

of ki - 1  XOR-gates for each column. The time required to compute the row and column
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parity bit checks is rces = max(riog2&i"I, Tlog2 2̂ l) = max(flog27l, riog27l) = 3 gate delays 

and the hardware needed is H ces = (k\ - 1)«2 + (&2 -  l)^ i = (7 —1)8 + (7 -1 )7  = 97 gates.

The data encoding operation requires data located in odd rows be staggered before 

the data located in odd columns is staggered to complete the data encoding process. 

Specifically, the odd rows of the code block must be circularly shifted right by £>2(* mod £>i) 

= 2(1) = 2 bits. Then the odd columns of the code block must be circularly shifted downward 

by bi(j mod 62) = 2(1) = 2 bits. If  the positive edge of two clock pulses (i.e., one pulse for 

each bit shift) is used to clock a shift register made from the hardware shown in Figure 3.37, 

the time for the row staggering operation is ^sr = £>20 m°d b{) = 2(1) = 2 clock cycles. In 

a similar way, the time for the column staggering operation is Tsc = bi(j mod 62) = 2(1) = 

2 clock cycles.

The control signals required for steps 1, 3, and 4 of the algorithm can be provided 

by a state machine similar to the hardware shown in Figure 3.27. A 1-bit counter (i.e., a flip 

flop composed of six gates) can be used to provide the latch signal. Three 2-bit counters 

using ten gates per bit [NAT84] can be designed to provide state, row and column shift 

control signals. The hardware needed is = 3(101og222) + 29 = 89 gates.

For the cluster error correcting array code, the encoding hardware used is Hcc =Hcsm 

+ Hce[ + Hstc = 97 + 768 + 89 = 954 gates. The encoding delay is = T\ + Tces + Tsr + Tsc 

~  T\ + Tst + Ẑ c = 1 + 2 + 2 = 5 clock cycles. Assuming a clock cycle is equivalent to 11 

gate delays, the encoding delay is + (T[ + Tsr+ r sc) l l  = 3 + 5(11) = 58 gate delays.

The minimum clock cycle and equivalent gate delay value is determined in the next section.

3.5.4 Decoder for a Cluster Error Correcting Array Code

The decoding algorithm involves eight steps:

1. Latch data
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2. Destagger column data

3. Destagger row data

4. Compute syndromes

5. Detect errors

6. Group errors

7. Locate errors

8. Correct errors.

The discussion of the decoding algorithm is also based on a cluster error correcting 

array code with a X «2 = 8 x 8  code block size capable of correcting cluster errors of size 

t>\ X £>2 = 2 X 2 bits. Figure 3.38 shows the control signals for the algorithm. The positive 

edge of each control signal is used to initiate a corresponding step of the algorithm.

cu<

LATCH_DATA (LD) 1___ I___________________________________________________________________

DESTAGGER_COL_ __________  __________________________________________________________
DATA (DCD)____________________________ ________

DESTAGGER_ROW_ __________________  _________________________________________________
DATA (DRD)v / j--------1 r ■ ■ ■ r  ■ . » i--------1--------

_ _ _ i i i i i i
DETECT_ ______________________________  t. j . j . a. j . j . ___________________
ERROR (DE) ~ ” ~ __________

GROUP 
ERROR (GE)

CORRECT_ ___________________________________________________________ _
ERROR (CE)

DONE -----------------------------------------------------------------------------------------------------------------

algorithm step 1 , 2 ,  3 and 4 ,5 , 6 and 7, 8

Figure 3.38: State machine timing diagram for cluster error correcting array codes.

A state machine with 6 states can be designed to provide the control signal for steps 

1, 2, 3, 5, 6 and 8 of the decoding algorithm. Following an approach similar to that used to
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produce the hardware shown in Figure 3.27, three 2-bit counters are used in steps 1, 2 and 

3, a four bit counter is used in step 5 and two 3-bit counters are used in steps 6 and 8 . The 

hardware required is Hdsm -  101og2(24) + 3[101og2(23)] + 3[101og2(22)] + 34 = 224 gates.

The decoding operation requires an optical page of information be latched into a 

detector array. For the code block size being considered, the detector array must have a 

corresponding 8 x 8 array of pixels. The storage element in each pixel can be implemented 

using the hardware shown in Figure 3.37. From the discussion on encoding, 12 gates can 

be used to implement the hardware in Figure 3.37 and approximately six gate delays are 

associated with signals using this hardware. The time delay involved is T\ = 6 gate delays 

and the hardware needed to latch the data is H^\ = 12« i«2 = 12(8)8 = 768 gates.

In the data destaggering steps, data located in columns are destaggered and then data 

located in rows are destaggered. After data in odd columns are circularly shifted upwardly 

an amount equal to bi(j mod bj) = 2(1) = 2 bits, data in odd rows are circularly shifted to 

the left an amount equal to b2(i mod b{) = 2(1) = 2 bits. If one clock cycle is used for each 

bit shift, the time required to destagger a column is Tsc = b\(j mod 62) = 2(1) = 2 clock cycles 

and to destagger a row is TSr = b2(i mod hi) + 2(1) = 2 clock cycles.

The row and column syndromes are computed respectively using trees of n.2 - 1  and 

ti\ - 1  XOR-gates. The time to compute these syndromes is T&s = max(flog2« il, [~log2«2l) 

gate delays and represents the minimum period of the system clock or the 

reciprocal of the maximum system clock frequency. The required hardware is 

//ds = ki(ni + 1) + £i«2 = 7(8 + 1) + 7(8) = 119 gates.
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Figure 3.39: Hardware applied to horizontal part of the detect error circuit.

The detect errors step of the algorithm involves several tasks. The row and column 

syndromes are loaded into two different shift registers. In parallel fashion, the row and 

column syndromes are tested for bit patterns with all zeros (i.e., no bit failures implies no 

errors have been detected), for bit patterns with more than bibo = 2(2) = 4 bit failures and 

for bit patterns having a different number of bit failures between the row and column 

syndromes. The latter two bit patterns indicate an uncorrectable error has been detected. 

Part of the error detection hardware is shown in Figure 3.39. The shift register in Figure 3.39 

can be implemented using the hardware in Figure 3.29. Each bit stage making up the counter
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used in the detection hardware can be implemented using ten gates [NAT84] and the 

associated time delay from the clock input to an output is five gate delays. Inspecting Figure 

3.39 indicates the hardware needed for this step is #dde = [9(8) + 26 + 10(3)]2 = 267 gates 

and the maximum time delay is T^de -  261£»2 — 1 = 2(4) -1  = 7 clock cycles. The 

time delay from the output of the shift register to the output of the counter, 

^sco = (5 + [\og2b\b-i \ + 4) = 5 + riog24 l + 4 = 11 gate delays, determines the minimum 

clock period of the system clock or the reciprocal of the maximum clock frequency.

GROUP ERROR

2:4Decoder

11 01  

EN 8 |

o

o

CB

CB

CB

CB

CB

CB

CB

CB

CB

CB

CB

CB

CB

CBCB

CB

Figure 3.40: Hardware used for horizontal part of group error circuit.

The group error step of the algorithm separates the horizontal syndrome, h, into 

classes but not the vertical syndrome. From the discussion in section 3.5.1, h  must be

81

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



grouped into two classes. The hardware shown in Figure 3.40 accomplishes this task. Class 

Co is obtained when O1O0 = 00 or 10 (i.e., when the least significant bit is zero) and class 

Ci is obtained when OiOo = 01 or 11 (i.e., when the least significant bit is one). The four 

flip-flops store a row address where the value of i (e.g., ii03 ) is the most significant bit and 

the value of O2O1O0 occupies the three remaining bits. Although the vertical syndrome, v, 

is not grouped into classes, similar hardware is used to develop a column address with j  (e.g., 

;'i03) being the most significant bit in the address.

Assume the decoder [NAT84] shown in Figure 3.40 can be implemented using nine 

gates and six gates are used to implement each flip-flop. The group errors hardware requires 

^dge = [9 + 4 + 6(4)4]2 = 218 gates. The time delay to cycle through the row and column 

addresses is Tdge = b\b2 = 2(2) = 4 clock cycles.

2:1 Mux 2:1 Mux 2:1 Mux 2:1 Mux

2:1 Mux2:1 Mux 2:1 Mux2:1 Mux

Figure 3 .41 : Part of the hardware required for the locate error circuit.

Part of the hardware used to perform the locate errors step of the algorithm is shown 

in Figure 3.41. The least significant bit of the column address (e.g., / 1O0) is used to associate 

specific i and j  values to locate each error making up the cluster. This hardware must be 

replicated one more time with 14. replaced by i'3 ,1 2  replaced by i\, j \  replaced by J3 and j'2 

replaced by 73. Four of the 2:1 multiplexers [NAT84] shown in Figure 3.41 can be
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implemented using 14 gates with a time delay of four gate delays. The hardware needed is 

/ / dle = lAbibi = 14(4) = 56 gates and the time delays is r die = 4 gate delays.

Figure 3.42 shows part of the hardware applied to the correct errors step of the 

algorithm. Four 4:1 multiplexers are used to steer row address bits to a row address 3:8 line 

decoder and similar hardware steers column address bits to a column address decoder. The 

row and column addresses are cycled through using a counter. The 4:1 multiplexers 

[NAT84] can be implemented with 11 gates, the 8:1 multiplexers [NAT84] can be 

implemented with 16 gates and the 3:8 line decoder [NAT84] can be implemented with 15 

gates. Using ten gates per bit, the counter requires 20 gates. The number of gates used in 

the correct errors hardware is //dee = 11(4)2 + 16(8) + 15(2) + 10(2) + 8(4) = 298 gates the 

time delay experienced in cycling through the row and column addresses is 

r dce = b\b2 = 2(2) = 4 clock cycles.

83

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



4:1 Mux
AOO. 
/ 2OO- 
AOO 
74OO; 

ceO 
c e l '

10
11
12
13 
S1 
s2

cbO
3:8 Decoder

cbl

cb2

10 ool
11 01
12 0 2

0 3
0 4
0 5  

E1 0 6  
E 207

V Y Y Y Y V Y Y

3:8 Decoder

I2 02 
03
04
0 5  

E1 0 6  
E 207

-2—ceO

Counter

4:1 Mux
*42/iO 0 —
*42/200 —
*3 1 /3 0 0
*3 1 /4 0 0 __

ceO 
cel

*42/i 0 3  — 
*42/203 —
*31/303
*31/403 Z | ~

ceO 
cel

8:1 Mux
® ° ’° ~  dbi 0 —
db2o — 
db3 0 — 
db4 0 — 
db5’o —

db7,i 
rbO — I 
rb l —  
rb2

S 0’7 -d b i 7 — 
db2 7 — 
db3’7 — 
db4 7 — 
db5’7 — 
dbg?— 
db7;7-  
rbO ~ 
rb l - 
rb2 corrected data

Figure 3.42: Hardware applied to error correction circuit.
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The overall hardware and time delay is obtained by considering all the steps making 

up the decoding algorithm. The decoding hardware required for the cluster error correcting 

array code is 77cd = H^sm + H&\ + H&s + Hdde + ̂ dge + ̂ dle + ̂ dce = 224 + 768 + 119 + 267 

+ 218 + 56 + 298 = 1950 gates. The decoding delay is r cd = T\ + Tsc + Tst + r ds + r dde + Tdge 

+ Tciie+ Tcce ~  T\ + r sc + Zgr + Tdde "F ^dge "F ^dce = l + 2 + 2 + 7 + 4 + 4 =  20 clock cycles. 

For a clock cycle equivalent to 11 gate delays, the equivalent decoding delay is 

Tcd = r ds + (T\ + r sc + r sr + r dde + r dge + r d|e+ r cce) l l  = 11 + 20(11) = 231 gate delays.

3.5.5 Encoding and Decoding o f a Multiblock CEC Array Code

Using the multiblock structure shown in Figure 3.3, the hardware and time delays 

for a multiblock cluster error correcting array code are considered. The analysis used for 

the row and column code is followed. In addition to the encoding and decoding hardware, 

hardware is needed to indicate an error condition status of correct and uncorrectable.

The variables 7^ , T ^ , Hce and /7cd were described in sections 3.5.3 and 3.5.4. These 

variables are used in the expressions given below describing the time delay and hardware 

needed for the block serial implementation of the multiblock CEC array code where Tmces 

is the encoding delay, Tmcds is the decoding delay, H mcss is the encoding hardware needed 

and i7mcds is the decoding hardware needed.

Encoding delay: Tmces = m1m2r ce

Decoding delay: Tmcds =

Encoding hardware: 7fmces = #ce

Decoding hardware: /7mces = / / cd

The block parallel implementation of the multiblock cluster error correcting array 

code encodes and decodes all component codes in parallel as described in section 3.2.5. For 

the global-AND-gate, let TcgA be the timing delay and /7CgA be the hardware needed. The
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following expressions describe r mcep, the encoding delay, r mbcp> the encoding delay, Hmcep, 

the encoding hardware needed, and H mcdp, decoding hardware needed.

We know a multiblock cluster array code can be used on larger page sizes by selecting 

the size of the component block code appropriately. A component code with «i = «2 = 8 and 

bi = b2 = 2, can be used on larger pages (e.g., 256 x  256, 512 x  512 and 1024 X 1024) that 

are integer multiples of tt\ = n.2 = 8. In this way, the time delay, time to process the data and 

hardware required for the smaller block sizes can be applied to larger page sizes.

3.5.6 Code Performance of a Cluster Error Correcting Array Code

Code simulations can be used to study the CBER performance of cluster error 

correcting array codes. During storage and retrieval, cluster errors may be introduced into 

a page of data. For a cluster error correcting array code with n\ = n.2 = 8 and bi = b2 = 2, 

important parameters are (n, k ,d) = (64, 49, 4) and r = 0.7656. A cluster error correcting 

array code with « i = «2 = 16, b± = 4 and 62 = 2 has parameters (n, k,d) = (256, 225, 4) and 

r = 0.8789. Each code supports detection and correction of a single cluster error. Using a 

sum of probabilities written in terms of RBER, code size n and error e, the probability, 

Pcorrect■> that no error passes through the decoder can be expressed as:

Using Equations 3.4 and 3.13, CBER can be expressed in terms of n, e and RBER.

Figure 3.45 shows the code performance of 4 X 2 and 2 x 2  cluster error correcting 

array codes. Even for relatively low values of RBER, these codes can not achieve a

Decoding hardware:

Encoding delay:

Decoding delay:

Encoding hardware: f^mcep —

^mcdp — + TfcgA

p  =1 correct
n(bxb 2 — 1)! 
e\(bxb2 — e)l )\RBERe( l  -  RBER)n~e, e > 0. (3.13)
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CBER <  10-12. Regarding VHDS applications with RBER > 10-6, it is not likely these 

codes can be used as either a multiblock or uniblock code structure and achieve a 

CBER <  10~12. These codes are adapted versions of the row and column array codes and 

cannot achieve a higher error correcting capability than the corresponding row and column 

array codes. It is important to mention that some of the literature on VHDS systems provides 

information regarding bit error rates [HEA94, BER96, GOE96, EBM96, BUR97, BQN99, 

TA099]. However, the cluster error rates for these systems have not been widely reported.

-5

-7
(256, 225, 4)

(64, 49, 4)

-13

-3.5-5 .0 -4.5 -4.0- 6.0 -5.5
log (RBER)

Figure 3.43: CBER versus RBER  for cluster error correcting array codes.
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Chapter 4 
Block 3-D  Array Codes

This chapter presents an introduction to block 3—D array codes. The characteristics 

of random error correcting array codes are considered. Next, these codes are adapted for use 

as BEC array codes. Finally, these codes are adapted for use as a CEC array code.

4.1 Advantages and Disadvantages of 3 -D  Array Codes

There are several advantages for 3—D array codes. These codes have a higher error 

correcting capability than 1-D and 2-D  codes. For example, a single parity check code has 

a Hamming distance of 2, a simple row and column code constructed from two single parity 

check codes has a hamming distance of 4, while a 3-D  code constructed from three single 

parity check codes has a hamming distance of 8. The hamming distance parameter provides 

the single parity check code the ability to detect one error, the row and column code the 

ability to detect two errors and correct one error and the 3-D  code the ability to detect four 

errors and correct three errors. The higher error correcting capability of 3-D  codes permits 

a lower CBER to be attained for a given RBER than is possible with single parity bit and row
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and column codes. For example, the equivalent of the VHDS system shown in Figure 2.3 

is replicated multiple times to produce a multiple channel memory with each channel 

assigned to a data page. During a single access of memory where multiple pages of memory 

are stored or retrieved, an uncorrectable error condition may occur on some pages while 

other pages have no detected errors or a correctable error condition. A 3-D code can be 

designed to use its third dimension to provide additional error protection such that only the 

pages containing an uncorrectable error condition are rejected and correct or corrected pages 

are sent to the next stage of the system. A  3-D  code can be used to correct a burst error 

occurring in each layer making up the 3-D  information bit array of the code. Similarly, a 

3—D code can correct a cluster error in each layer making up a 3-D  array code. An analysis 

of the code parameters (e.g., code length, code rate, Hamming distance, etc.) for these 3-D  

array codes is given later.

There are two disadvantages for 3-D  array codes. They have a higher hardware 

complexity for implementing the encoder and decoder as compared to the single parity check 

and row and column codes. An analysis of hardware complexity is given later. These codes 

also use more parity bit checks than the single parity check and row and column codes.

4.2 Analysis of 3 -D  Row and Column Array Codes

For a given 3-D  code size, the number of parity check bits will be smaller as the code 

block approaches a cube. Let the information part of a code have size, k  = (m ~ l)(p -Y f ', then 

the overall size of the code is n = mp2, where m = n \ and p  = «2 = n3- Then k  in terms of m 

and n is given by

k =  (m -  1 )(^ S  _  1)2. (4.1)

In Equation 4.1, taking the derivative of k  with respect to m and setting it to zero leads to
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0 = w f  -  I)2 — (”> -  i ) (V i  - 1 )  ( « )

Solving Equation 4.2 for m leads to n = m3 which is the same as « = n in ^ i  (i.e., a cube that 

has sides of n\ by n\ by n\.

Assume error detection and correction is performed using the 3-D  row and column 

code (i.e., a 3-D  uniblock row and column array code) shown in Figure 4.1. The parameters 

for this code are given by the following expressions [GAR98].

Information bits
Layer checks

Column checks

Check-on-checks

Figure 4 .1 : Uniblock 3-D  row and column array code.

Length of code:

Information bits:

Hamming distance

Code rate:

90

n =  AZj/iyij =  (k1 +  l)(Ar2 +  1)(A:3 +  1)

k  =  k lk 2k 3

: d = 8

_  k  _  k - J c ^
r ~  n -  (fc +  1)(* ;  1)(* +  1)
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Coding overhead: n — k  =  k 1k 2 +  &1&3 +  k 2k 3 + k-̂  +  k 2 +  k 3 +  1

Number of errors that can be detected: t = 4 

Number of errors that can be corrected: c = 3 

Type of errors that can be corrected: random

The parity check bits are generated along the rows, columns and layers of a 

n\ X/*2X «3 bit data array. When data are read, the intersection of ones in the parity check 

vectors give the position of as many as three errors in the (&i+l) X (&2+1) X (^3+1) array. 

Four errors within the 3—D code block are detected by the presence of ones in the parity check 

vectors and a zero in the check-on-check-on-checks. If more than fives errors occur, this 

code may not detect all cases, may miscorrect and may misdetect errors. For example, a 

cubic pattern of five errors may be miscorrected producing a sixth error; whereas, a cubic 

pattern of eight errors may fail to produce a difference in the parity check bits.

Several 3 -D  row and column codes are shown in Table 4.1. The 3—D array codes 

with two information layers and a parity bit layer have a higher error detecting and correcting 

capability than do similar codes without a parity bit layer. However, when three or more 

layers are involved, the code not using a parity check layer is able to detect and correct more 

errors than the same code containing a parity bit check layer. We use this idea later.

Table 4 .1 : Comparison of 3—D uniblock array codes with and without parity bit layers.

Information
layers

Row
Parity

Bits

Column
Parity

Bits

Parity
Bit

Layer

Hamming
distance

Errors
Detected

Errors
Corrected

2 yes yes yes 8 4 3

3 yes yes yes 8 4 3

2 yes yes no 4 2/layer => 4 1/layer => 2

3 yes yes no 4 2/layer => 6 1/layer => 3
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Issues associated with decoding hardware complexity and reduced error correcting 

capability cause the usefulness of the uniblock row and column code to be exceeded as the 

page size increases. Therefore, a multiblock strategy can be applied to applications where 

data page sizes may be as large as 106 bits. For example, for = 16, «2 -  8, n3 = 3 and a

3—D page size of 5 1 2 x 5 1 2 x 3  as many as 4352 errors can be corrected if each occurs in a 

different 3-D  block.

Assume error detection and correction is performed using the multiblock 3-D row 

and column array code shown in Figure 4.2. Let the 3-D  information bit array represent a 

m\ X/tt2 array of n i X«2 X«3 3—D code blocks. The following expressions describe the 

parameters for this multiblock code.

a

n
m

Figure 4.2: Multiblock 3—D row and column array code.

Length of code: n =  m 1m 2n 1n 2n 3 =  m 1m 2{kl +  1 )(k2 +  1)(^3 + 1)
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Information bits: k =  m 1m2klk2k3

Hamming distance: d = 8

Code rate:
k lk 2k 3

"  {kx +  1 ) (k 2 +  1 )(fc3 +  1)

Coding overhead: n — k  =  m 1m 2(k 1k 2 +  k xk 3 + k 2k 3 +  k x + k 2 +  k 3 +  1)

Number of errors that can be detected: t = {tmin = 4, tm3X = 4 m\m.2 }

Number of errors that can be corrected: c = {cmjn = 3, cmax = 3 m\m 2 \

Type of errors that can be corrected: random

When three or fewer errors occur in any block, this code can correct up to 3m\m .2 

errors. When four or fewer errors occur, this code can detect up to 4mim2 errors. Otherwise 

no error detection or correction using the multiblock approach is possible.

4.2.1 Encoding for 3-D  Row and Column Array Codes

For example, consider the array code shown in Figure 4.3. Using an even parity 

strategy, the row, column and layer parity checks in Figure 4.3(b) are generated from the 

information bits in Figure 4.3(a). The data array and parity checks form the code block 

stored in the optical memory.

Layer 2 
|  Row checks'

Layer checks'

Layer 1

□
3-D data array Column checks

Check-on-
checks

Check-on-^
check-on-

checks

wm ON Pixel 
□  OFF Pixel

Figure 4.3: Data encoding applied to a 3 X 3 x  2 array code.
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4.2.2 Decoding for 3 -D  Row and Column Array Codes

The occurrence of an error in a retrieved data block is shown in Figure 4.4(a). To 

decode the code block in Figure 4.4(a), the row, column and layer parity checks are computed 

as shown in Figure 4.4(b). The parity checks shown in Figure 4.4(b) point to the location 

of the bit in error. A code block with no errors will have all of the layer parity checks off.

Error

Layer 2

Layer 1
R P B I,5,H

CPB5ij>h
l p b U 3

= L
DBI.J.H 3 D - CORRECTED BIT

Layer checks • 
(LPBua)

3-D  data array (DB|iJiH) 
Read bits

Error

Row checks 
(RPB,.5.h)

■  E 2  ON Pixel 
□  OFF Pixel

i

Check-on-
check-on-

checks

Check-on-
checks

*- Column checks (CPB5iJ>h)

Figure 4.4: Data decoding applied to a 4 X  4 X  2 array code.

4.2.3 Encoder for 3 -D  Row and Column Array Codes

Referring to Figure 4.1, the encoder computes the row, column and layer parity bit 

checks for multiple pages o f data n\ X«2 X «3 bits in size. Except for the need to consider 

the ^ -d irec tion  of the 3-D  row and column code, the results of the row and column codes 

described in section 3.2.3 are adapted for the 3-D  row and column code. Therefore, the 

hardware needed is 7̂ 3re = (&2 — l)«i/fc3 + (k\ -  V)kik-$ + (£3 -  l)n i«2 gates and the encoding 

time delay is r 3re = max(Rog2£ il, flog2^2], f l c ^ ^ l )  gate delays.
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4.2.4 Decoder for 3 -D  Row and Column Array Codes

The decoder performs the same four steps described in section 3.2.4 for the row and 

column code. While accounting for the «3~directionof the 3—D row and column code shown 

in Figure 4.1, the expressions developed for the row and column codes in section 3.2.4 can 

be modified and applied to the 3-D  row and column code. Using the hardware shown in 

Figure 3.6, a 3-D  row and column code can be shown to have a hardware requirement of 

#3rdi = 9rti«2«3 gates with a decoding time delay T\ = 6 gate delays. This timing delay is 

the same as the row and column code described in section 3.2.4.

The syndromes must be computed across the rows, columns and layers. The 

expressions from section 3.2.4. for the row and column code, show the hardware needed is 

/ f rds = kl(.n l + 1) + ̂ i«2 gates and the corresponding delay is Trds = max(flog2« il, riog2«2l) 

gate delays. Therefore, the hardware needed for the 3-D  row and column 

code is / / 3rds = ki(n i + 1)«3 + £]W2«3 + ^3«i«2 gates and the delay is

r 3rds = max(riog2rtil, riog2«2l, riog2n3l) gate delays.

The error detection and correction steps of the algorithm are considered next. A data 

bit in error is detected and corrected using the hardware shown in Figure 4.4. Additional 

hardware is needed to detect the uncorrectable error which occurs when two or more bit 

failures occur only in the row or column syndromes of the information layers (i.e., first 

of the «3 layers). For each of the layers, the uncorrectable error condition is detected using 

the row and column syndromes as input to trees of OR-gates as was done for the row and 

column code described in section 3.2.4. Therefore, the hardware needed is 

#3rdc = 2«i«2^3 + («i -  1)&3 + (n2 -  1)&3 + &3 — 1 gates. If an uncorrectable 

error has not occurred, the time delay is r 3rdc = 2 gate delays otherwise 

73rdc = max(riog2«i1, flog2«2l 3 Rog2«3]) + 2 gate delays.
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The overall hardware required for decoding is H3rd = #3rdl + # 3rdd + ^3rdc = 

(9n\ + ki)rc2n3 + (ni + 1)^2W3 + [3«i«2 + («i - 1 )  + («2 -  1) + 1]^3 -  1 gates. If 

an uncorrectable error has not occurred, the overall time delay is 

73rd = + r 3rds + r 3rdc = max(riog2n il,riog2/i2l  riog2/i3]) + 8 gate delays otherwise

r3rd = 2max(riog2« il, Rog2rc2], riog2n3]) + 8 gate delays.

An analysis was performed to gain insight into the hardware complexity of the 3-D  

uniblock code shown in Figure 4.1. In cases of four or more errors, this code can not provide 

a corrective action. The no-corrective-action—taken condition must be indicated so the 

system can reread the pages again or take other corrective action. However, we can proceed 

with a corrective action when cases of one, two or three errors occur. Several conditions must 

be checked to determine the error status of the system. If no errors are indicated in the n\, 

i%2 and n3 direction check bits or only the check-on-check-on-checks bit is in error, then 

we assume we correctly read a page of data. The pages of information bits are passed on to 

the next stage of the system. If the n\, n2 and rc3 direction check bits and the 

check-on-check-on-checks bit indicate an error, then we assume we have detected a single 

error in the information bits. The n\, n2 and n3 direction where the errors in the check bits 

occur indicates the position of the error in the information array and we can correct the error 

by inverting the bit stored at this position. If one or re2 or /z3 direction check bit indicates 

an error, then we assume the check bit is in error. Again the pages of information bits are 

passed to the next stage of the system. The strategy described will locate up to three errors 

occurring in a 3-D  information array.

4.2.5 Encoding and Decoding Multibiock 3-D  RAC Array Codes

We consider the timing delay and hardware required for the multiblock 3-D row and 

column code shown in Figure 4.2 in this section. The occurrence of three or fewer errors
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in any 3-D  component code block making up the multiblock code means either multiple 

pages o f data have been correctly read or component codes containing errors can be 

corrected. Therefore, each component code needs hardware for encoding and decoding 

hardware plus decoding hardware to generate a correct and uncorrectable error condition 

status. The parameters T3re, and H3[d were derived in sections 4.2.3 and 4.2.4.

These parameters are used in expressions given below describing the time delay and 

hardware required to implement the multiblock 3-D  row and column code.

Component 3—D code blocks are encoded and decoded sequentially in the block 

serial implementation. Using r 3mres, as the encoding delay, r 3mrcjs, as the decoding delay, 

#3mres> as the encoding hardware required and H-^mxds as the decoding hardware required, 

the following expression for time delay and hardware requirements are obtained.

Encoding delay: T3mres = m vm2T3^

Decoding delay: ?3mrds =

Encoding hardware: H3mxos ~  ̂ 3rc

Decoding hardware: #3mrds = #3rd

A block parallel implementation encodes and decodes component code blocks 

making up the multiblock 3-D row and column code in parallel. For this implementation, 

assume a single pass is used to process all 3—D component block codes in parallel. Let T3TgA 

be the delay encountered and H3lgA be the hardware required for the global-AND-gate. In 

the following expressions, r 3mrep, is the encoding delay, r 3mrdp, is the decoding delay, 

#3mrep> is the encoding hardware required and H3mTdp is the decoding hardware required.

Encoding delay: 73mrep = r 3re

Decoding delay: ?3mrdp = r 3rd + r 3rgAg

Encoding hardware complexity: #3mrep =
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Decoding hardware complexity: #3mrdp = + #3rgA

4.2.6 Code Performance of 3-D  Row and Column Array Codes

Several 3-D  row and column codes were simulated to study the CBER performance 

of these codes. The simulations were performed assuming a Gaussian noise channel 

produces random errors during the intensity detection process. For a 3-D  array code, let 

«1=ra2=«3=5 then fc1=£2-l=&3=4. The code has triplet (n,k,d) = (125,64,8), r  = 0.512 and 

supports detection of 4 errors and correction of 3 errors. We know from section 3.2.6, the 

probability, i ’correcb that an error, e, does not pass through the decoder in terms of e, RBER 

and array code size n can be expressed as

4

Pcorrect =  (4-3)
e  =  0

In terms of the CBER, the probability, ̂ correct, that all bits are correctly decoded is given by 

Equation 3.4 and is repeated here for convenience

Pcorrect =  (1 “  CBER)n. (4.4)

For a given RBER (e.g., 10-5) and a desired CBER (e.g., 10-12), the corresponding value of 

n can be obtained by equating Equations 4.3 and 4.4 and solving for n. Figure 4.5 shows 

the values of n which yield CBER <  10-12 and CBER <  10-14. Codes with smaller block 

sizes (i.e., codes with smaller code length, n) correspond to the lower CBER for a given 

RBER. A s  will be discussed shortly, codes with smaller block sizes are associated with codes 

of lower rate. Therefore, a tradeoff is involved between the error correcting capability of 

the code and the code rate.
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Figure 4.5: Sizes of 3-D  row and column array codes which provide CBER <  10-14 
and CBER <  = 10-12 on random single bit errors.

An expression for CBER in terms of RBER and n, can be obtained by equating 

Equations 4.3 and 4.4 and solving for CBER. The code performance of 3-D  array codes of 

different block sizes against single bit random errors is shown in Figure 4.6. The codes with 

smaller block sizes provide higher error correction capability.

-4 -

-24-

—28
-2 -1-6 -3-5-7 -4

lo g(RBER)

Figure 4.6: Performance of 3 -D  row and column array codes on random single bit
errors.
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A code with a larger block size is more capacity efficient as shown in Table 4.2. Efficient 

codes usually need a more complex decoder which operates at relatively low speed. If a 

simple or fast decoder is required, efficiency must be sacrificed to a certain extent.

Table 4.2: Code parameters for uniblock 3-D  array codes.

code n k d r

(83,73,23) 512 343 8 0.670

(53,43,23) 125 64 8 0.512

(33,23,23) 27 8 8 0.296

To obtain a target CBER value of 10~14 to 10-12 when the typical RBER values range 

from 10-5 to 10-4, the uniblock 3—D row and column array code is limited to a small 3-D 

block size (e.g., 8 x 8 x 8 ) .  This fact is indicated by the performance curves shown in Figure

4.6. The multiblock 3—D row and column array code provides a way to obtain the target 

CBER values for typical RBER values mentioned previously while using larger page sizes. 

The code performance of the multiblock 3-D  row and column array code is shown in Figure 

4.7 for different 3-D  block sizes (e.g., 81X  81X  3, 135 X 135 X  3, 270 X  270 X  3, etc.).

-4 -
- 6 -

- 8 -

10 -

05
S  “
G -L2
W -14-00o

-16-
-18-
- 20 -

Uniblock 3-D Array Code

Multiblock 3-D  Array Code, 9 x 9 x 9

Multiblock 3-D  Array Code, 3 x 3 x 3

RBER=10“4
RBER=10"5

RBER=10^

RBER=10"5
RBER=10“4

RBER=10-5

log(3-D page size)

Figure 4.7: Performance of uniblock and multiblock 3-D  row and column array codes
for different RBER versus 3 -D  page size.
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4.3 Analysis of 3 -D  W ing Array Codes

Figure 4.8 shows a 3—D wing (i.e., right triangular) code which is considered in this 

section for error detection and correction. Observe that this code does not have a parity check 

bit layer. The reason for choosing this code structure is explained later. Each layer of the 

3—D wing code shown in Figure 4.8 is equivalent to the wing code described in section 3.3. 

Therefore, the same expressions used in section 3.3 apply to each layer of the 3—D wing array 

code shown in Figure 4.8.

Figure 4.8: Uniblock 3-D  wing array code.

Length of code: n =  n Q(n0 +  1)^3 
2

Information bits: ,, _  n o(n O -  l ) k 3 fc 2

Hamming distance: d = 3

Code rate: _  ("o ~  1) 
(" 0  +  l )

Coding overhead: n  — k  =

Number of errors that can be detected: t = k$

Number of errors that can be corrected: c = %
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Type of errors that can be corrected: random

The parity check bits are generated along the hypotenuse of the right triangular 

information bit arrays. Each parity check bit located on the hypotenuse checks both a row 

and a column of the information bit array. This code detects and corrects one error per layer. 

When data are read, the intersection of two different ones in the parity check vectors give 

the position of the error in the information bit array. More than one error within the 

information bit array causes the presence of three or more ones in the parity check vectors 

and this code may not detect all cases, may miscorrect and may misdetect errors.

Parity check
bit layer

Figure 4.9: Uniblock 3-D  wing array code with a parity bit check layer.

The reason the parity check bit layer is not used in the 3-D  wing code is mainly 

because of the small increase in the error correcting capability of this code. Since the wing 

code in section 3.3 has distance, d  = 3, it is capable of detecting and correcting one error. 

A 3—D wing code constructed as shown in Figure 4.9 has distance, d =5. Therefore, this code 

can detect and correct two errors. However, the same number of errors (i.e., for k3 = 2) or 

more errors (i.e., £3 > 2) can be detected and corrected by using the wing code discussed in
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section 3.3 and shown in Figure 3.13 for each layer of the 3-D  wing code and not using a 

parity bit check layer.

The 3-D wing code may be used to perform EDC (i.e., protect) on data located at 

the comer and on a line which bisects the 90° angle included by the comer for multiple pages 

or layers of data. The multiple page regions not protected by the wing code require the use 

of a different code for protection. Two wing codes can be arranged, as shown in Figure 4.10, 

to form an 3-D rectangular shaped structure to protect multiple pages or layers of data. 

These 3—D rectangular shaped structures can be made from pairs of 3-D  wing codes with

n n(«n +  Y)k■,
each wing code having size .=--------.

Figure 4.10: Uniblock 3-D  wing array code applied to a 3-D rectangular shape.

The multiblock 3-D wing code shown in Figure 4.12 can be used to perform error 

detection and correction on applications with page sizes as large as 106 bits. This code is 

obtained by using the code shown in Figure 4.10 as a component code arranged in a mi Xm2 

array of 3-D  code blocks. This multiblock 3-D wing code has parameters described by the 

following expressions.

103

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Figure 4.11: Multiblock 3-D  wing array code.

Length of code: n =  /n 1m 2« 0(n o +  1)^3

Information bits: k  = wzj/nyZg^Q — 1)^3

Hamming distance: d - 3

Code rate: r =  |
n  («o + l )

Coding overhead: n — k  =  2m 1m 2n (Jc2

Number of errors that can be detected per triangular pair:

* =  {hnin =  2^3, fmax =  2&3//I1W2}

Number of errors that can be corrected per triangular pair:

c  ~  { c m i n  =  2^ 3,  Cm ax  =  '2 k2 ,tT l\m 2 \

Type of errors that can be corrected: random

When one error occurs in each triangular block, this code can detect and correct up 

to 2k$m.\m2 errors. Otherwise no error detection or correction using the multiblock approach 

is possible.
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4.3.1 Encoding for 3 -D  Wing Array Codes

Data encoding for a 3—D wing array code is shown in Figure 4.12. For each layer, 

data encoding is performed in the same way as was done for the wing code described in 

section 3.3.1. The parity check bits for each layer are located on the hypotenuse of a right 

triangular shape and are computed using odd parity.

Figure 4.12: Example of data encoding applied to a 3-D wing array code.

4.3.2 Decoding for 3 -D  Wing Array Codes

Figure 4.13 shows that data decoding for a 3—D wing array code is performed in a 

way similar to that used by the wing code described in section 3.3.2. After a page of data 

is received at the photodetector array, the syndrome is computed using odd parity and error 

detection and correction are performed. The occurrence of two bit failures in the syndrome 

are used to identify the location of an error.

Parity bit 
checks

B  ON Pixel
□  OFF Pixel
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Layer 2
Error -

Layer 1

Error- Error

3-D  data bit 
array read

Parity bit 
checks

Parity bit 
checks

H  ON Pixel 
□  □  OFF Pixel

Figure 4.13: Example of data decoding applied to a 3-D  wing array code.

4.3.3 Encoder for 3 -D  Wing Array Codes

Each layer of the 3—D wing array code shown in Figure 4.12 is equivalent to the wing 

code described in section 3.3.3. Although each layer of the 3-D  wing array code is used in 

parallel with the other layers, each layer can be analyzed separately for time delays and 

hardware requirements. Using this analysis strategy, allows all of the expressions for the 

encoder time delays and hardware requirements developed in section 3.3.3 to apply to each 

layer of the 3-D  wing array code shown in Figure 4.12. Refer to section 3.3.3 for a discussion 

of the hardware and time delay expressions.

4.3.4 Decoder for 3 -D  Wing Array Codes

A version of the wing code described in section 3.3.4 is replicated in each layer of 

the 3—D wing array code shown in Figure 4.13. While the layers of the 3-D wing array code 

are used in parallel, the time delays and hardware needed are analyzed for each layer 

separately. The expressions for the decoder time delays and hardware demands obtained 

from the analysis given in section 3.3.4 hold for each layer of the 3-D  wing array code shown
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in Figure 4-l2. Therefore, the reader is referred to section 3.3.4 for a discussion of the 

hardware and time delay expressions.

4.3.5 Encoding and Decoding Multiblock 3 -D  Wing Array Codes

Expressions regarding hardware requirements and time delays for the multiblock 

wing code described in section 3.3.5 apply to each layer (i.e., layers occur in the 

^-direction) of the multiblock 3 -D  wing array code shown in Figure 4.11. This is true 

because each layer of the multiblock 3-D  wing array code is a replicated version of the 

multiblock wing code described in section 3.3.5. For a discussion of the hardware and time 

delay expressions, refer to section 3.3.5.

4.3.6 Code Performance for 3 -D  Wing Array Codes

We know from section 4.3.4 that each layer o f the 3 -D  wing array code is a replicated 

version of the wing array code discussed in section 3.3.4. From section 4.3.5, we know each 

layer of the multiblock 3-D  wing array code is equivalent to the multiblock wing array code 

discussed in section 3.3.5. Therefore, each layer of the uniblock and multiblock 3-D  wing 

array codes have a CBER performance which is equivalent to the CBER performance o f the 

uniblock and multiblock wing array codes discussed in section 3.3.6. Refer to section 3.3.6 

for a discussion of the CBER performance of wing array codes which are used as layers in 

3-D  wing array codes.

4.4 Analysis of Burst Error Correcting 3 -D  Array Codes

A 3-D  array row and column array code used for correcting burst errors is shown in 

Figure 4.14. No parity bit check layer is utilized in this code because of hardware 

requirement and time delay issues discussed in sections 3.4.4 and 3.4.5. The BEC array code 

discussed in Section 3.4 are used for each layer making up the BEC 3-D  array codes.
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Therefore, the expressions developed in section 3.4 apply to each layer of the BEC 3-D array 

code. The reader is urged to read section 3.4 as needed to understand the discussion given 

here.

Assume we want to detect and correct errors using the 3-D  array code shown in 

Figure 4.14. If a burst error o f length k i  bits occurs, the information bit array must have 

parameters x ^ X ^3 where > 2(k\ —1). The parameters of BEC code discussed in 

section 3.4 are combined with the factor to obtain the following expressions for the 

parameter of the BEC 3-D  array code.

C/2Information bits

Column checks

Check on checks 

Figure 4.14: Burst error correcting 3-D  array code.

Length of code:

n =  — (kl +  1)(&2 +  1)&3 ^  (&! +  1)[2(A:1 — 1) +  1 ]k3

Information bits: k  =  (nl — V)(n2 ~  1 )k3

Hamming distance: d = 4
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Coding overhead: n — k  = (nr + n 2 — 1 )k3

Number of errors that can be detected: t = &1&3

Number of errors that can be corrected: c = kih$

Type of errors that can be corrected: burst

---------------------------------  m2 ------------------------------

Figure 4.15: Multiblock burst error correcting 3-D  array code.

Burst error detection and correction can be performed on page sizes as large as 106 

bits using the multiblock BEC 3-D array code shown in Figure 4.15. This code is 

constructed from a m j X ^  array of ni X «2 X £3 code blocks. Including the factor £3 in the 

expressions describing the parameters of the the multiblock BEC array code discussed in 

section 3.4, leads to the following expressions for the multiblock BEC 3-D  array code.

Length of code:

n =  m 1m 2(k l + 1)(&2 +  1)^3 — w 1m 2(A:1 + 1)[2 (k 1 — 1) + 1 ]k3 

Information bits: k  =  m lm 2(n 1 — 1 )(n2 — 1 )k3

109

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Hamming distance: d ^  4

Code rate: r  ^  ^ ^

Coding overhead: n — k  — m 1m 2(n l +  n 2 — 1)&3

Number of errors that be detected: t = {tm;n = = m.\m2^2%}

Number of errors that be corrected: c = {cmin = k^f e^a* = m\m 2k ik i}

Type of errors that can corrected: burst

The occurrence of a bu/St error in each code block a llo ts  this code to detect and 

correct up to m 1/722̂ 2̂ :3 errors. Otherwise this code can not perform error detection and 

correction.

4.4.1 Encoding Burst Ew\>r Correcting 3-D  Array Codes

Each layer of the BEC 3 ^ 0  array code shown in Figure 4. performs data encoding 

in the same way as described iti Section 3.4.1. Even parity is us^d to compute diagonal and 

column parity bit checks. Row parity bit checks are computed as diagonal parity bit checks 

using a diagonal direction and column parity bit checks are confuted across each column.
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layer 2

layer 1

3-D  data 
bit array

H  ON Pixel 
□  O FF Pixel

1

Diagonal parity 
3 it checks

Diagonal parity 
bit checks

1

Column parity 
bit checks

Column parity 
bit checks

Figure 4.16: Data encoding applied to a burst error correcting 3—D array code.

Layer 2

Burst.
error

Layer 1

Burst.
error I

RHf

Ik..3 Burst
error

3-D  data bit 
array read

1 0  ON Pixel 
□  O FF Pixel

Burst
error

Column
syndrome

Column
syndrome

Diagonal
syndrome

Diagonal
syndrome

Figure 4.17: Data decoding applied to a burst error correcting 3—D array code.
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4.4.2 Decoding Burst Error Correcting 3-D  Array Codes

Data decoding as described in section 3.4.2 is performed on each layer of the BEC 

3-D  array code shown in Figure 4.17. The data decoding process involves receiving a page 

of data at the photodetector array, computing the syndromes (diagonal and column) and 

performing burst error detection and correction. Refer to section 3.4.2 for additional 

information on data decoding.

4.4.3 Encoder for Burst Error Correcting 3 -D  Array Codes

The BEC 3-D  array code shown in Figure 4.16 is composed of layers equivalent to 

the BEC array code described in section 3.4.3. The encoder time delays and hardware 

requirements developed in section 3.4.3 apply to each layer of the BEC 3-D  array code. 

Therefore, the reader is referred to section 3.4.3 for a discussion of these expressions.

4.4.4 Decoder for Burst Error Correcting 3 -D  Array Codes

Figure 4.15 shows a BEC 3-D  array code made of layers which are replicated 

versions of the BEC array code discussed in section 3.4.4. The decoder time delays and 

hardware requirements described in section 3.4.4 are valid for each layer of the BEC 3-D 

array code. Refer to section 3.4.4 for a discussion of these time delay and hardware 

expressions.

4.4.5 Encoding and Decoding Multiblock BEC 3 -D  Array Codes

Using the multiblock BEC array code discussed in section 3.4.5, a multiblock BEC 

3-D  array code is obtained as shown in Figure 4.15. The hardware requirement and time 

delay expressions developed in section 3.4.5 apply for each layer of the multiblock BEC 

array code shown in Figure 4.15. For a discussion of these expressions, the reader is referred 

to section 3.4.5.
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4.4.6 Code Performance of BEC 3 -D  Array Codes

The discussion given in section 4.4.4 used the BEC code described in section 3.4.4 

to construct the uniblock BEC 3-D  array code. Similarly, the multiblock BEC 3—D array 

code described in section 4.4.5 used the multiblock BEC array code described in section

3.4.5 to construct the multiblock BEC array code. Hence, the code performance of each layer 

of the BEC 3-D  array codes will have the same code performance of the BEC array codes 

described in section 3.4.6. For a discussion of the code performance of these BEC array 

codes used as layers in the BEC 3-D array codes, refer to section 3.4.6.

4.5 Analysis of a Cluster Error Correcting 3-D  Array Code

Figure 4.18 shows a 3-D  array row and column array code which can be used as a 

CEC array code. Because of hardware demands and time delay issues discussed in sections 

3.5.4 and 3.5.5, no parity bit check layer is used in this code. The CEC array code described 

in section 3.5 is used for each layer of the CEC 3-D  array codes. This type of code structure 

allows the expressions developed in section 3.5 apply to each layer of the cluster correcting 

3-D array code. Refer to section 3.5 as needed to understand the discussion given here.
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Information bits
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C/2

Column checks
n- A

Check-on-checks 
Figure 4.18: Uniblock cluster error correcting 3-D  array code.

Assume a rectangular cluster error of size bi x b 2 occurs. The array code consisting 

of the information and parity bits must have parameters n\ X n2 X k3, where n\ > 2b\b2-b \, 

n2 >  2bxb2, b\ divides and b2 divides n2. For this code, the Hamming distance, d, of 

each layer is four and additional code parameters are given by the following expressions.

Length of code: n =  n xn 2k 3 > (2blb 2 ~  b 1)2blb 2k 3

k  = (n x — 1)(«2 — 1)^3 =

k lk 2

Information bits: 

Code rate:

Coding overhead:

k  _ (n l ~  l )in 2 ~  1)  __ ______
n in 2 +  1)(A:2 +  1)

n — k  = (n l +  n 2 — 1 )k3 

Number of errors that can be detected: t = bib2k3

Number of errors that can be corrected: c = bib2k3

Type of errors that can be corrected: cluster

Assume this code uses staggering first across rows and then across columns to 

achieve single cluster correction. A bit shift to the right by b2 (i.e., i mod hi) places is applied
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to each row i . Then a bit shift downward by b\ (i.e., j  mod £>2 ) places is applied to each 

column j . This staggering process interleaves several row and column parity bits; however, 

no error within the cluster (block) of errors affect more than a single row and column parity 

bit. Therefore, the location of the cluster and the errors in it can be determined and corrected.

211

n 2 m-

F ig u re  4.19: Multiblock cluster error correcting 3-D  array code.

For large page sizes (e.g., a page containing 106 bits), the multiblock CEC 3—D array 

code shown in Figure 4.19 can be used for error detection and correction. Each layer has 

a Hamming distance of four. Additional parameters are given by the following expressions.

Length of code: n =  m 1m 2n 1n 2k 3 — m lm 2(7b]b 2 — b{pb^>^c3

Information bits: k  =  m 1m 2(nl — 1)(«2 — 1)&3 =  m 1m 2k lk 2k 3

Code rate* r -  k  -  (” l  ~  X) ( w2 ~  l ) _  k l k 2n  n ^ 2 ^  +  +

Coding overhead: n — k  =  m lm 2(n l + n 2 — 1 )k3

Number of errors that can be detected: t = {rm;n = b\b2k3, tmax = m im z b ^ k ^ }
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Number of errors that can be corrected: c = {cm;n = bib^kj, cmax = 

Type of errors that can be corrected: cluster

4.5.1 Encoding for a Cluster Error Correcting 3-D  Array Code

The data encoding of a CEC 3-D  array code is shown in Figure 4.20. This encoding 

is performed for each layer making up the CEC 3-D  array code as described in section 3.5.1. 

Row and column parity bit checks are computed using even parity. Since, the encoding has 

been described previously, the reader is referred to section 3.5.1 for additional information.

Layer 2 0 1 2 3 4 5 6 7

U
0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7

Columns
 ------

Layer 1 Q 1 2 3 4 5 6 7
i  0

0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7

R ow s/ 3

I
■EBBZ 7 IB B B W Z IIJ

Array A J
Row parity bits- * 
Column parity bits ■

Odd rows of A rotated 
right 2 bits to obtain Sr

Odd columns of S1- rotated 
downward 2 bits to obtain S

H  ON pixel □  OFF pixel

Figure 4.20: Example of data encoding applied to 3-D data array A yielding staggered
arrays S1- and S for ni = n2 = 8 and b\ = £>2 = 2.

4.5.2 Decoding for a Cluster Error Correcting 3-D  Array Code

Figure 4.21 shows how data decoding is accomplished for a CEC 3-D  array code. 

Data decoding is performed on each layer of the 3 -D  array code as described in section 3.5.2.
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The row and column syndromes are computed using even pajrity. Refer to the discussion in

section 3.5.2, to review data decoding for a CEC array code.

Layer 2 0 1 2 3 4 5 6 7
0

Layer 1
Columns 

— ---------------

0 1 2 3 4 5 6 7

Rows <, 3

Array/?

0 1 2 3 4 5 6 7

K B
0 1 2 3 4 5 6 7

.w

0 1 2 3 4 5 6 7

w
y

■
X i

0 1 2 3 4 5 6 7

w &  w m

w

Odd columns of R rotated Odd rows o f D° rotated 
upward 2 bits to obtain Z>c left 2 bits to obtain D

ON pixel □  O F F  pixel

Figure 4 .21 : Example of data decoding applied to retrieved 3-D  array R  yielding 
destaggered arrays Dc and D for = «2 = 8 and b\ = £>2 = 2.

4.5.3 Encoder for a Cluster Error Correcting 3—D Array Code

The CEC 3-D array code shown in Figure 4.20 is built using layers. Each layer is 

equivalent to the CEC array code discussed in section 3.5.1. The layers of the 3—D array code 

are used in parallel. However, the time delay and hardware requirement for each layer can 

be analyzed separately. Therefore, the expressions developed in section 3.5.3 for the encoder 

time delay and hardware needed apply to each layer of the CEC 3-D  array code. See section

3.5.3 for a discussion of these expressions.
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4.5.4 Decoder for a Cluster Error Correcting 3 -D  Array Code

The CEC array code described in section 3.5.2 is used as a component to construct 

the CEC 3—D array code shown in Figure 4.21. The analysis given in section 3.5.4 regarding 

the decoder time delays and hardware requirements hold for each layer of the CEC 3—D array 

code shown in Figure 4.21. Therefore, refer to section 3.5.4 for the expressions describing 

hardware requirements and time delays.

4.5.5 Encoding and Decoding a Multiblock CEC 3 -D  Array Code

Figure 4.19 shows a multiblock CEC 3—D array code constructed from layers which 

are equivalent to the CEC array code discussed in section 3.5.5. For each layer of the 

multiblock CEC 3-D  array code, the expressions for hardware demands and time delays 

described in section 3.5.5 apply. These expressions can be reviewed by referring to section

3.5.5.

4.5.6 Code Performance o f CEC 3-D  Array Codes

According to section 4.5.4, each layer of the uniblock CEC 3-D  array code is 

equivalent to the CEC array code discussed in section 3.5.4. From section 4.5.5, each layer 

making up a multiblock CEC 3-D  array code is a replicated version of the multiblock CEC 

array code discussed in section 3.5.5. Therefore, the CEC 3—D array codes have code 

performances for each layer which are equivalent to the CEC array codes discussed in section

3.5.6. The reader is referred to section 3.5.6 for a discussion of the CBER performance of 

CEC array codes which are used as layers in CEC 3-D  array codes.
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Chapter 5 
Block 3-D  Unequal Error 

Protection Array Codes

This chapter presents an introduction to block 3-D  UEP array codes. The 

construction and characteristics of these codes for use on single bit random errors are 

considered. Next, an analysis is performed to provide some insight on the hardware 

complexity of the encoders and decoders for UEP codes. The CBER performance of 3—D 

EEP and UEP codes is discussed. Finally, an algorithm is presented for converting 3-D EEP 

codes into 3—D UEP codes programmatically.

5.1 Terminology

When some information bits are expected to have a greater number of errors than 

other information bits, UEP codes may provide a more optimal solution than EEP codes. 

Because selected or particular groups of information bits in UEP codes are provided different 

levels of protection, this leads to a more complicated expression for the distance parameter 

[DUN88, MOR95].
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The separation vector [PIN88] for a linear (njc) code C over the alphabet GF(q) is 

denoted by s(G) = s(G)i, s(G )2, —, s(G)k and is defined with respect to a generator G of C 

by Equation 5.1.

s(G)i — mm^wt(mG)\m e  GF(q)k,m i ^  o |,  i = 1,2, ...k (5-1)

. s(G): -  1
where wt(mG) is the Hamming weight of GF(q)K. If no more than ——^ ------ errors have

occurred in the transmitted code word and decoding is based on a maximum likelihood 

algorithm, s(G) provides the correct interpretation of the ith message symbol. For a linear 

UEP code (n,k,s(G)), let the protection level [PIN88], lj be defined by

I s(G)i ~  1 |l, = L 2 J (S.2)

where j  is the information bit position.

5.2 Analysis of 3 -D  Unequal Error Protection Array Codes

Consider the 3-D  array code shown in Figure 5.1(a). There are several direction sets 

(e.g., rows, columns and layers) of parity bit checks. Since the direction sets used are 

orthogonal to each other, these direction sets can be used to increase the minimum distance 

of the code. By using the direction sets in combination, EEP codes with different (n,k,d) 

parameters can be formed. For the codes shown in Table 5.1, neither the check-on-checks 

nor the check-on-check-on-checks is used. However, if all of the parity bit checks making

Table 5.1: Direction sets of parity bit checks for corresponding 3-D  EEP array codes.

Direction Sets o f Parity Bit Checks n k d

Rows 24 18 2

Rows and columns 30 18 3

Rows, columns and layers 45 18 7
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up a direction set or combination of direction sets are not used collectively, UEP codes are 

produced [GAR98].

Assume a 3—D UEP code (n,d,s(G)) shown in Figure 5.1(b) is constructed for an 

application that requires information bit positions 1 to 12 be protected at level l\ and 

information bit positions 13 to 18 be protected at level I2 where l\ > I2 - For information bit 

positions 1 to 12 and 13 to 18, 5 is 7 and 3, respectively. The parameters of the UEP code 

are (38,18,5) where s  has the values 3 and 7.

/

n !

1
7

3 Pi

4 /1 2 16 P2/ 17 18 P3

/P 4 P5 P6

n~
(a) EEP (45,18,7) code

6 / 8 i9 / l l 15 /P8

1(/ 13 7 P9

/ P 10 P il /P12

1 / 3 Pi p denotes parity bit

4 A2 16 P2
number only denotes 
information bitf 17 18 P3

/P 4 P5 P6

(b) UEP (38,18,5=3,7) code

Figure 5 .1 : Information bit arrays with parity bit checks for 3-D  (a) EEP and (b) UEP
array codes.
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Length of code: n =  (n 1n 2 — 1)«3 — 7

Information bits: k  =  (n t — 1 )(n2 — 1)(«3 — 1)

Distance vector: s = 3 ,1

Code rate: f  _  (" i  -  l ) ( " l  ~  1X»3 ~  *)
( « 1«2 -  1 )"3  “  7

Coding overhead: n — k  =  (n1 + n 2 — 2)n3 + (n 1 — 1 )n 2 — n v — 6

Number of errors that can be detected: t = 1 (for s = 3), 3 (for s = 7)

Number of errors that can be corrected: c = 1 (for s = 3), 3 (for s = 7)

Type of errors that can be corrected: random

The parity check bits are generated along the rows, columns and layers of a 

k\ X&2X &3 data array as was done for the 3-D  row and column array code discussed in 

section 4.2. When more than three errors occur in locations protected using a distance vector 

s = 7, or more than one error occurs in locations protected using a distance vector s = 3, this 

code can not provide a corrective action.

A multiblock 3-D  UEP array code can be constructed for applications having page 

sizes as large as 106 bits. Using a mi X m .2 array of 3-D  UEP code block components having 

size ni X X «3 , the multiblock 3-D  UEP array code obtained is shown in Figure 5.2. The

parameters o f this code are given by the following expressions.
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n
m

Figure 5.2: Multiblock 3—D UEP array code.

Length of code: n =  m 1m 2(n ln 2 ~  1)«3 — 7

Information bits: k  = m 1m 2(n l — V)(n2 — l) (n 3 — 1)

Distance vector: 5 = 3, 7

Code rate: r  =  «  =
k  _  (” i ~  1)C^2 ~  1)(” 3 ~  !) 

( n l w 2  —  l ) n 3  —  ^

Coding overhead: n — k  =  m 1m 2[(n1 + n 2 — 2)n 3 +  («x — l)n 2 — ^  — 6]

Number of errors that can be detected: t = {/mjn = 1, tmax = miiri2} for 5 = 3

Number of errors that can be detected: t = {tmin = 3, £max = f°r 5 = 7

Number of errors that can be corrected: c = {cm;n = 1, cmax = m xm ^  for 5 = 3

Number of errors that can be corrected: c = {cmjn = 3, cmax = 3mi/W2} for 5 = 7

Type of errors that can be corrected: random
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This code can provide a corrective action as long as three or fewer errors occur in 

locations which are associated with distance vector s = 7. For locations associated with 

distance vector s = 3, a corrective action can be performed when a single error occurs. 

Otherwise, no corrective action can be taken.

5.2.1 Encoding a 3 -D  Unequal Error Protection Array Code

Figure 5.3 shows data encoding for a 3-D  UEP array code. The row, column and 

layer parity bit checks are computed using even parity. The code block stored in memory 

consists of the data array and parity bit checks.

Layer 2

Layer 1

Layer checks
Row checks

3—D data array

■■
Column checks

M  ON Pixel 
□  OFF Pixel

Figure 5.3: Data encoding for a 3-D  UEP array code.

5.2.2 Decoding a 3 -D  Unequal Error Protection Array Code

Data decoding for a 3-D  UEP array code is shown in Figure 5.4. After a page of data 

has been received at the photodetector array, computation of the row, column and layer 

checks occurs. The row, column and layer checks can be used to locate the occurrence of 

errors.
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Error

Layer 2

Layer 1

■

RPB|i5>h ■ 
CPB5>jh
lpb ,,Ji3

DB,I.J.H

CORRECTED BIT

Layer checks■ 
(L P B U t3 )

__________  Row checks
3-D data array (D B |>JiH) (R P B i a h ) i  

Read bits

Error
b □r

□

■  0  ON Pixel 
□  OFF Pixel r .

rr
Column checks (C P B 5-J-H)

Figure 5.4: Data decoding for a 3-D UEP array code.

5.2.3 Encoder for a 3-D  Unequal Error Protection Array Code

The encoder for the array code shown in Figure 5.1(b) must compute parity bit 

checks across rows, columns and layers. After adjustments are made for not using all of the 

parity bit checks in the parity bit check layer, the expressions for the time delay and hardware 

demands described in section 4.2.3 can be used here. Specifically, the hardware needed is 

# 3ae = (£i -  1)&2^3 + (^i - 1 )  + (*2 ~ 1)̂ 1 £3 + (&2 - 1 )  + (£3 -  l)(« i«2 -  8) gates. The time 

delay is r 3ae = r 3re = max(flog2/:il, riog2^2l  flog2A:3]) gate delays and r 3re is defined in 

section 4.2.3. The time delay expression for the 3 -D  unequal error protection array code is 

identical to the 3-D  row and column array code (i.e., equal error protection array code) 

developed in section 4.2.3 because the number of layers used in these codes are the same.
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5.2.4 Decoder for a 3-D  Unequal Error Protection Array Code

The decoder hardware expression discussed in section 4.2.4 need some modification 

before they can be applied to the unequal protection array code being discussed. However, 

the decoder time delay expressions developed in section 4.2.4 can be used unchanged for the 

UEP array code considered here. For example, the hardware required to latch the data is 

-#3adl = {nln2 ~ 1)^3 + (nin2 ~ 8) gates. From section 4.2.4, the time delay experienced in 

latching the data is r 3adi = T\ = 6 gate delays.

The expressions for the hardware needed and the time delay encountered to compute 

the row, column and layer syndromes make use of the corresponding expressions developed 

in section 4.2.4. The hardware needed isf/3ads = 2&1&2&3+ k\ + k i + (£3 -  Y)(n\n-i — 8) gates. 

The time delay is r 3ads = r 3rds = max(riog2« il, [logznil, Rog2«3l) gate delays and the 

meaning of r 3rds is explained in section 4.2.4.

The analysis given in section 4.2.4 for error detection an correction applies to Figure 

5.1(b). Accounting for hardware needed to detect an uncorrectable error, the hardware 

required can be shown to be /f3adc = 7.k\kiki + 2(fc]&2 -  8) + (&i + £2 - 1)&3 + k\ + &2 ~ 1 gates. 

The time delay expressions from section 4.2.4 are repeated here for convenience. 

Specifically, if an uncorrectable error has not occurred, r 3adc = T3rdc = 2 gate delays 

otherwise r 3adc = T3rdc = max(riog2«i], flog2«2l, riog2rt3l) + 2 gate delays.

Therefore, the total hardware required is /f3ad = / / 3adi + # 3ads + ^3adc = 

[9(«i«2 -  1) + Ak\k2 + ^ 1+^2  + « i«2 ~ 9]A:3 + 2(k\ + k£) + Sninj + 2kik2 — 81 gates. 

If an uncorrectable error has not occurred, the total time delay is 

T3ad = Ti + r 3ads + r 3adc = max(riog2« il, riog2n21, riog2n31) + 8 gate delays 

otherwise T3ad = 2max(flog2« il, [log2«2l  riog2«3l) + 8 gate delays.
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5.2.5 Encoding and Decoding a Multiblock 3 -D  UEP Array Code

The hardware requirements and time delay associated with the multiblock 3—D UEP 

array code follows the same analysis given in section 4.2.5 with minor changes. The 

expressions given in section 4.2.5 are valid for the multiblock 3—D UEP array code after 

replacing the encoding delay with T3ae, the decoding delay with Ti,^, the encoding 

hardware needed H ^d  with H ^d, the decoding hardware needed H ^d  with H^d- For the 

global-AND—gate the time delay T-̂ gAr must be replace with T^gAz. and the associated 

hardware required H^gAx must be replaced with H^gAa-

5.2.6 Code Performance o f 3-D  UEP and EEP Array Codes

Code simulations were used to study the code performance of the 3-D  EEP and UEP 

array codes. These simulations assume a Gaussian noise channel introduces random single 

bit errors during the intensity detection process. The EEP code shown in Figure 5.1(a) has 

parameters (n,fc,d)=(45,18,7) and supports detection and correction of three errors. 

However, the UEP code has parameters (n,A,s(G))=(38,18,s=3,7) with 5 = 3 supporting 

detection and correction of 1 error and with 5 = 7 supporting detection and correction of three 

errors. From section 3.2.6, we know the probability, Pconect> that no error, e, passes through 

the decoder can be expressed in terms of e, n, and RBER given by

with t = 3 corresponding to d = 7 for the EEP code, t = 1 corresponding to s =3 for the UEP 

code and t = 3 corresponding to 5 = 7 for the UEP code. According to Equation 3.4, repeated 

below for convenience, the probability, Pcomcu that all bits are correctly decoded can also 

be expressed in terms of CBER and n as

RBERe( 1 -  RBER) (5.3)

P,correct =  (1 -  CBER)n. (5.4)
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Using Equations 5.3 and 5.4, CBER can be expressed in terms of e, n and RBER. One 

equation with t = 3 is obtained for the EEP array code. Two equations, one for t = 1 and 

another for r = 3, are obtained for the UEP array code.

The simulated performance of the 3-D  EEP (45,18,7) and UEP (38,18,5) array 

codes, where s has values of 3 and 7, against random single bit errors is shown in Figure 5.5. 

Comparing different codes with the same separation (i.e., distance structure) in Figure 5.5, 

shows CBER depends on both the distance structure and rate of the code. The protection 

received by certain information bits in the UEP (38,18,5 = 7) code is the same as that received 

by the information bits in the EEP (45,18,7) code.

—4-

- 8 i

- 20 -

-24 -

-28
-3-6 -5 -4 -2 -1-7

log (RBER)

Figure 5.5: Performance of 3—D EEP and UEP array codes on single bit random errors.

When cross talk noise occurs, this noise source increases theNSR by a greater amount 

at the edges than at the center of the output plane and decreases the storage capacity of the 

memory system. The code parameters and CBER performance of EEP and UEP codes offer 

different approaches to providing error detection and correction for this type of noise source. 

The 3-D  EEP array codes provide the same level of error protection to all the information 

bits in a page. The 3-D  UEP codes provide selected groups of information bits with different
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levels of protection in a page. The algorithm presented in the next section shows how EEP 

codes can be changed to UEP codes programmatically [GAR99]. The CBER performance 

of the codes depends on both the distance structure and rate of the code.

5.3 EEP Code to UEP Code Conversion Algorithm

Suppose the probability density function [G0085, JAI89] pu(u) of the random 

variable U > 0 is known. To transform U to random variable V  > 0 with a specified 

probability density function pv(v), a uniform random variable can be defined as
U

c  =  j  P u ( y ) d y  =  G i A u )
0

that also satisfies the expression

(5.5)

v

- 1 '
c  =  J  =  Gviv)

o

Eliminating c in Equations 5.5 and 5.6 leads to the expression [JAI89, CAS96]

(5.6)

(5.7)
v = Gv l{Gu(u)).

When U and V  are discrete values with values and vj with probability density functions 

Pu(ui) and pviyj) respectively, Equation 5.7 can be implemented approximately using

equations

k
c = (5-8)

i= 1
and

k
cs =  ^ P v ( v j ) .  (5.9)

/= !
For the smallest value of j, let h be the value cs such that cs - c >  0; then the input u maps 

to a corresponding h = vj.
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The major steps of an algorithm are described which provides a way to change from 

the original histogram of parity bit checks for an EEP code to a desired histogram of parity 

bit checks for a UEP code programmatically. First, for the direction set o f interest, compute 

the original histogram (i.e., the relative frequency measure) of parity bit checks. Second, 

compute the cumulative distribution function, (CDF) for the original histogram of parity bit 

checks. Third, use a specified or desired histogram of parity bit checks. Fourth, compute 

the desired cumulative distribution function, CDFspecifjed- Fifth, compare the cumulative 

distribution values and use the single parity bit check rule for proper assignment of the parity 

bit checks.

The algorithm in a more detailed form is given below:

1. yes <— 1, no <— 0, first •*- startNum, last «— endNum

2. Initialize arrays parityBitNum[ ], parityBitFreq[ ], specParityBitFreq[ ], tempNumf ], 

tempFreq[ ]

3. IF parityBitFreqf ] = specParityBitFreq[ ] THEN exit algorithm

4. Compute cumulative distribution function (CDF) using Equation 5.8

5. Compute specified cumulative distribution function (CDFspecified) using Equation 5.9

6. FOR i = first to last

7. j 1, stop *— no

8. WHILE stop = no

9. IF cs[j] -  c[i] >  0 THEN

10. tempFreq[i] 1

11. tempNum[i] *— parityBitNumfj]

12. stop <— yes

13. ELSE increment j
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14. FOR i = first to last

15. IF tempNumfi] = parityBitNum[i] THEN continue

16. ELSE

17. tempFreq[i] *— 0

18. tempNumfi] «— parityBitNumfi]

An example is used to illustrate this algorithm. A section of the information bits and 

parity bit checks for the array code from Figure 5.1(a) are selected and shown in Figure 5.6. 

The desired or specified histogram of parity bit checks shown in Figure 5.7 is a modified 

version of the original histogram shown in Figure 5.6. The relative frequency measure is 

defined in Equation 5.10

2
>% o
q33
cr<L>

1<u •*- 
>
4—*
cq 
n>CC

0

Figure 5.6: Histogram of parity bit checks for a section of the EEP (45,18,7) array
code.

pM  -  w <5-10>

where is the rth parity bit check and n is the total number of parity bit checks for a direction

set. From the histogram in Figure 5.6, the specific values for puiPi) are shown in Equation

5.11.

P d u id  = PiAu 20) =  Pu(u23) =  3  =  0 -3333  (5 .11)
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The cumulative distribution function, CDF, is given by
k

ci =  ^ P u ( ui)
i= 1 (5.12)

and from the histogram in Figure 5.6, the specific values for q  are shown in Equations 5.13 

to 5.15.

c x =  0.3333 (5 .1 3 )

C-7 =  0.3333 +  0.3333 =  0.6666 (5 .1 4 )

c3 =  0.6666 +  0.3333 =  0.9999 (5 .1 5 )

Assume the desired or specified histogram is as shown in Figure 5.7.

14 20 23
Parity Bit Checks

Figure 5.7: Specified histogram of parity bit checks for desired UEP array code.

The cumulative distribution function, CDFSpecif|e(j, is given by
k

csj  =  ^ L p u(ui)
j =  i

(5 .1 6 )

and from the specified histogram in Figure 5.7, the specific values for csj are shown in 

Equations 5.17 to 5.19.
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C5X =  0.5 (5.17)

cs2 =  0.5 +  0.5 =  1 (5 -18)

cs3 =  1 +  0 =  1 (5.19)

Observe the single parity bit check rule shown in Figure 5.8. This rule states that parity bit

check, pi4, is computed from information bit positions 2 and 7, parity bit check, P20, is

computed from information bit positions 12 and 11 and parity bit check, P23, is computed 

from information bit positions 17 and 13.

2 7 Pl4

12 11 P20

17 13 P23

Figure 5.8: Information bit array with parity bit checks for a section of the EEP
(45,18,7) array code.

From Equations 5.13 and 5.17, csj - c j  >  0, c/ = 0.3333 < 0.5 = csj =>hj = P14, use P14.

From Equations 5.14 and 5.18, CS2 —C2  ̂  0, C2 = 0.6666 < 1 = CS2 => /12 = P20> use p2o-

From Equations 5.15 and 5.19, CS2 - c j  > 0, cj = 0.9999 < 1 = CS2 => /*2 = P20> use p2o-

Using the single parity bit check rule, parity bit check P20 can not be used or assigned to row

3. Therefore the parity bit check, P20, for row 3 is omitted and the desired histogram shown 

in Figure 5.7 is obtained.

The algorithm presented shows how EEP codes can be changed to UEP codes 

programmatically. Although, the UEP codes can be used in place of EEP codes to provide 

different levels of protection to information bits stored in volume optical memories, UEP 

codes will most likely be used to provide different levels of error protection in other 

applications. For some numerical data applications (e.g., target data may have reliability
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requirements that vary within a block of data), errors in the sign or in the most significant 

digits can be more serious than errors in the least significant digits. For some applications 

involving multiuser channels or computer networks, messages may require more protection 

against different noise levels with different levels of importance.
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Chapter 6 
Performance Analysis

In this chapter, a theoretical analysis of several features of a holographic data storage 

system is described. Specifically, storage capacity, decode time, transfer rate and data 

encoding are the features considered. Storage capacity and transfer rate are features in which 

volume holographic storage systems promise to provide significant gains over conventional 

(e.g., magnetic and optical disks) storage methods. From this analysis, insight is gained 

regarding the interactions of these features.

6.1 Storage Capacity

For a holographic data storage system storing uncoded holograms, the storage 

capacity, N a, in bits can be expressed as

N u = nmM J, (6-1)

where n is the length (i.e., the number of bits) of a code block, 

m is the number of code blocks,
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M u is the number of uncoded holograms which are multiplexed pages per location 

and L is the number of locations in which holograms are stored.

When coded pages are stored the storage capacity, Nc, in bits can be expressed as

N c =  kmMcL (6-2)

where fc is the number of information bits in a code block, Mc is the number of coded 

holograms which are multiplexed pages per location and the other factors have the same 

meaning mentioned above.

it

<r

Figure 6 .1 : Multiblock 3-D  row and column array code.

For the multiblock 3-D  array code shown in Figure 4.3 and duplicated in Figure 6.1, 

the pages of data are represented as a m i X m 2 array of /?iX«2 X «3 3-D  code blocks. 

Equation 6.1 can be rewritten as

N u = m lm2nlnzn3M uL (6-3)
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and Equation 6.2 can be rewritten as

Nc =  m^m-Jc-JcJc^McL. (6-4)

The page size is given by the product /W1/M2/11/12- For n\ = «2 = 8 and mi = m2 = 64, a page 

size equal to 5122 bits is obtained. Similarly, when « i = «2 = 8 and m i = m2 = 128, a page 

size equal to 10242 bits is obtained. The simulation shown in Figure 6.2 is obtained using 

Equation 6.3 with L  = 100 and page sizes of 5122 and 10242 bits. A memory capacity 

exceeding 30 Gbits is attainable where 40,000 to 50,000 1Mbit pages are stored.

Page size = 10242

Page size = 5122
DO

5000 10000 15000 20000 25000 30000 35000 40000 45000 500000
MCL

Figure 6.2: Storage capacity for different page sizes and number of pages.

The memory capacity Nu and Nc given by Equations 6.1 and 6.2 ignore constraints 

imposed by the SNR and loss in diffraction efficiency. Important issues regarding error 

correcting codes such as code rate, code gain and Hamming distance of the code impact 

memory capacity. These constrains and issues are now taken into account.

The loss in diffraction efficiency, rj, goes as 1/M2 where M  is the number of 

multiplexed pages or holograms [NEI94]. Loss in diffraction efficiency is one factor which 

limits the useful storage capacity of a holographic memory. For a given noise floor, cross 

talk effects also act to limit memory storage capacity [MOK93]. To establish an upper limit
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on storage capacity assume the cross talk effect can be ignored. However, the value of rj must 

be chosen to meet a desired SNR  for a given optical readout power level and required CBER. 

Since the SNR associated with interpage cross talk effects decreases as 1/M  for angular 

multiplexed holograms, this is a valid assumption for large M  (e.g., M  > 200). Error 

correcting codes can be used to increase SNR so a required CBER can be obtained. The 

improved storage capacity can be obtained by selecting an appropriate code rate to produce 

a corresponding coding gain value.

Let the SNR expression for uncoded and coded pages be given respectively by

where y  depends on physical and optical system quantities which are constant and

where r is the code rate (i.e., r = k/n). As mentioned previously, coding gain, g, is a parameter 

of an error correcting code used to measure the error correcting capability of a code and can 

be defined as

Using Equations 6.7 and 6.8, a storage capacity coded-to-uncoded-ratio, CUR, containing 

coding gain can be derived and is given by

SNRU =
M u2

(6.5)

and

SNRC =  —  
Mc

(6 .6)

independent of the encoding [NEI94]. After dividing Equation 6.4 by Equation 6.3 and 

using Equations 6.5 and 6.6, a ratio is obtained given by

(6.7)

(6 .8)

CUR = T T  = r i o l  N u
(6.9)
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Using Equation 6.9, simulations can be performed to determine an optimum code rate for 

an error correcting code. A plot of the simulation for code size n = 512 is shown in Figure 

6.3. For a given code size, this simulation shows the CUR approaches an optimum code 

rate range. The specific component codes and code parameters used to produce a code of 

a given size are shown in Tables 6.1.

1.0-----------------------------------------------------------------------------------------------------

0.80.4 0.6 0.70.2 0.3 0.5
Code rate, r

Figure 6.3: Storage capacity CUR versus code rate for n = 512 and CBER <  10-12.

Table 6 .1 : Parameters for 3-D  row and column array codes with n = 512.

ti\ code «2 code «3 code n k d c r

8,8,1 8,7,2 8,7,2 512 392 4 1 0.7656

8,7,2 8,7,2 8,7,2 512 343 8 3 0.6699

8,7,2 8,7,2 8,4,4 512 196 16 7 0.3828

8,7,2 8,4,4 8,4,4 512 112 32 15 0.2188

8,4,4 8,4,4 8,4,4 512 64 64 31 0.125

6.2 Decoder Time Delay

The decoder time delay is inversely related to the transfer rate of the decoder. 

Therefore, to maximize the transfer rate of the decoder, the decoder time delay must be
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minimized. To have a technology independent measure, the time delay is measured in gate 

delays. However, if a particular technology is selected, a specific gate delay can be used 

or specified. The time delays of decoders developed for multiblock array code range from 

12 to 231 gate delays and are shown in Figure 6.4 for ease of comparison. The decoder for 

the random single bit error correction code exhibits the lowest time delay. However, it can 

only correct one error type. The decoder for the cluster error correcting code has the longest 

delay. In addition to correcting cluster errors, this decoder can correct burst and random 

single bit error that may occur in place of the cluster errors.

3.0

2.5
C/3

CO

a  2.0
<u
0 3

o
1.5

1.0
3.5 4.0 4.5 5.0 5.5 6.0

Iog(page size)

Figure 6.4: Decoding delay of different decoders for different page sizes.

6.3 Transfer Rate

In general, transfer rate for a VHDS system is design dependent. The design in turn 

is based on selected technologies which constrains the architecture and components selected 

for use in the decoder. The transfer rate for the read operation is given by

T  =  - 1 ^ —  (6 . 10)
‘'decode

where r is the code rate, C is the storage capacity of a page (i.e., page size) and z,decode is the 

decode time for the decoder. Figure 6.5 is a plot of Equation 6.10.
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Figure 6.5: Transfer rate versus decode time.

6.4 Data Encoding Scheme

We know from sections 2.4.2 and 2.4.3 that the threshold detection process is 

susceptible to errors caused by noise sources such as optical scatter and detection noise. 

Modulation codes offer a way to reduce detection errors caused by spatial intensity variation 

[BUR97, VAD99]. These codes impose constraints on the number of on-pixelsto off-pixels 

which can be used in a spatial region to represent a data symbol. For example, balanced 

modulation codes require the same number of on-pixels to off-pixels in representing a data 

symbol. The adverse effects of intensity variation can be reduced by the modulation code 

constraints such that the CBER is reduced. A disadvantage of using a modulation code is 

the loss in storage capacity caused by a decrease in code rate. For example, a 6:8 balance 

code (i.e., six user bits get encoded as eight balanced bits) has a code rate of 75% (i.e., a 

storage capacity loss of 25%).

As shown in Figure 6.6, array codes can provide a data encoding scheme to both 

modulate and encode information for storage in a volume holographic storage system. This
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encoding converts each symbol of a character set into a column of 14 binary bits [GAR99]. 

In each column, only three bits are ON (high intensity). One of the first six bits being ON 

specifies four 4-symbol character groups out of six 4-symbol character groups and one of 

the next four bits being ON specifies which 4-symbol character group out of four 4-symbol 

character groups and one of the last four bits being ON specifies the symbol within the 

4-symbol character group. The total number of characters that can be represented using this 

encoding is limited to 96 but it is adequate for representing character sets used in word 

processing and database applications. A sparse encoding is produced which provides a high 

reconstruction contrast ratio between ON and OFF bits [NEI93].

Manufacturer Model S u ggested  Retail 

I m a r o C o  P C W S 4  5 0 2 7 9 8 . 0 0
zf

Defines group 
of 4  4 -sym bol 
groups symbol 
is in.
Defines one  of 
4 4-sym bol 
groups symbol 
is in.
Defines symbol j  
within 4 -sy m - ^ 
bol group.

H  ON pixel
I | [~1 O F F  pixel

Parity Bits

Figure 6.6: Array code applied to arrays of 7 symbols without column parity bits.

The 24 4-symbol groups are shown in Table 6.2. The selection of which symbols 

to include in 4-symbol groups and 4 4-symbol groups is somewhat arbitrary. However, to 

minimize the chance of creating horizontal lines across numerical symbol fields (e.g., 

checking and saving accounts numbers) and fields of upper and lower case alphabetical 

symbols, the symbol groups can be assigned in an essentially pseudorandom fashion.
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Table 6.2: One arrangement of 4-symbol groups (not using pseudorandom number
strategy) for encoding.

Symbol Group 1 2 3 4

4 4-Symbol Group 1 ! “ # $ % & ’ ( ) *  + , - ■ /
4 4-Symbol Group 2 0 1 2 3 4 5  6 7 8 9 : ; < = > ?

4 4—Symbol Group 3 @ A B C D E F G H I J K L M N O

4 4—Symbol Group 4 P Q R S T U  V W X Y Z [ \ r _
4 4-Symbol Group 5 £ a b c d e f  g h i j k 1 m n o

4 4—Symbol Group 6 p q r s t u v w z y z  { l > ~ ”

Table 6.3: Arrangement of 4-symbol groups (using pseudorandom number strategy)
for encoding.

Symbol Group I 2 3 4

4 4-Symbol Group 1 < c #  s S \ u 8 y : d N R 1 & Y

4 4-Symbol Group 2 o 5  ‘ Q T .  ’ U h k a D 7 f  * P

4 4—Symbol Group 3 A ” E n [ l x $ ~ w z 9 | v m )

4 4-Symbol Group 4 »1 9 { e O j C ! M b ( ? 4

4 4-Symbol Group 5 ; i V L + B g _ > 2 K X 6 @ / }

4 4-Symbol Group 6 H AtZ 13 % J p G = r W - O F

Using a pseudorandom number strategy the symbol groups shown in Table 6.3 can 

be obtained. The corresponding encoding is shown in Figure 6.7. If the ratio of horizontal 

and vertical lines containing two or more ON pixels to the number of ON pixels in the region 

of interest is used as a figure of merit, the pseudorandom number strategy may provide a 

small improvement. In Figure 6.6, out of the 84 ON pixels there are approximately 23 pixel 

lines, giving a pixel lines to ON pixels ratio (PLOR) of 27.38%. In Figure 6.7, out of the 

82 ON pixels there are approximately 20 pixel lines giving a PLOR of 24.39%.
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Manufacturer Model S u ggested  Retail

I m a r o C o  P C W S 4 5 0  2 7 9 8 . 0 0
Defines group 
of 4  4-sym bol 
groups symbol

u e im e s  une ui s
4 4-sym bol j
groups symbol

Defines symbol 
within 4 -sy m ­
bol group.

I  ON pixel 
□  □  O FF  pixel

Figure 6.7: Array code applied to arrays of 7 symbols (using pseudorandom number
strategy) without column parity bits.
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Chapter 7 
Conclusion and Future Work

We conclude this dissertation by briefly discussing goals for future work and 

summarizing the analyses and results previously detailed.

As storage intensive applications (e.g., databases, multimedia and network-based 

computing) continue to proliferate, greater demand for storage systems with large capacity, 

fast transfer rates, short access times and low bit error rate is expected. The volume 

holographic storage system is a mass storage system which can be configured to provide the 

required attributes of storage capacity ( >  1012 bits), transfer rate (109 bits/sec) access time 

( <  40 jxsec), RBER <  10-4 and CBER <  10-12. These promising attributes have led 

researchers and companies to investigate the performance or capabilities o f VHDS systems 

for storage intensive applications.

7.1 Conclusion
The main goal of the research described in this dissertation has been to evaluate the 

potential of error correcting codes that span multiple pages for use in a VHDS system.
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Several key interests motivated this research. First, a VHDS system operates on data in a

2-D  format as pages or bit arrays and requires at least 2—D error detection and correction 

techniques. Second, the RBER  for a typical VHDS system does not meet the industry 

standard for binary data storage and leads to a need to use error correcting codes. Third, error 

events can span multiple pages thereby generating a need to study EDC techniques to address 

these error events. EDC techniques using 3-D EEP and UEP array codes were shown to be 

effective on error events spanning multiple pages.

An introduction to some of the system issues regarding a typical VHDS system were 

provided. The system interaction during recording and reconstructing holograms were 

reviewed. Important system considerations were found to be cross talk, scattering and 

detector noise sources. These noise sources interact complicating the intensity detection 

process through the introduction of different error types. The specific error types mentioned 

were the random single bit, burst and cluster errors. These error types require effective error 

correcting codes be used for encoding and decoding data pages to achieve acceptable CBER 

performance in a VHDS system.

The attributes of block 2-D  array codes for detecting and correcting the error types 

were described. The row and column array code used to detect and correct 

random single bit errors were shown to be effective in providing a CBER <  10-12 for 

a 10-5 <RBER <  10-4. Although, the wing array code can correct random single bit errors, 

the code proved to be the least flexible of the array codes considered. For example, the wing 

code required the use of an odd parity strategy for data encoding and decoding. Additional 

codes are required to protect regions not protected by this code. The row and column array 

code was adapted to be a burst error detection and correction code. Compared to random 

single bit error correcting array codes, the burst error correcting array code required up to 

an order of magnitude more hardware and increase in the time delay for data encoding and
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decoding. The cluster error correcting array code was found to be the most complex of the 

array codes considered. For an 8 X  8 array code capable of correcting a 2 X  2 cluster error, 

approximately 1950 gates are required to implement the decoder design considered. 

However, the time delay was approximately the same as for the burst error correcting array 

code. Using a decoding scheme which limits the number of on-state pixels per symbol, leads 

to a more simple decoding process and allows encoding and modulation to be combined.

The discussion of 3 -D  array codes focussed on the structure and attributes of these 

codes. A  uniblock 3—D array code for detecting and correcting random single bit errors were 

shown to have a Hamming distance of 8. This distance value allows this code to detect four 

errors and correct three errors. For application with page sizes as large as 106 bits, a 

multiblock version of the row and column array code was described which used a collection 

of uniblock 3-D  array codes arranged in a row and column format. The 3-D  wing array code 

constructed to have a parity bit check layer was found to have a Hamming distance equal to 

five allowing this code to detect and correct two errors. The analysis showed a 3-D  wing 

array code using two layers and no parity bit check layer was also capable of detecting and 

correcting two errors. These observations provided the motivation for using the more simple

3-D wing code structure for analysis. This idea of not using a parity bit check layer was 

utilized in developing the structure of the burst and cluster error correcting array codes. By 

not using a parity bit check layer, the hardware required and associated time delay are 

reduced for the burst and cluster error correcting 3-D  array codes.

The nature and attributes of the UEP 3-D  array code allows this code to provide 

particular groups of information bits different levels of protection. Since this code is 

constructed such that not all of the parity bit checks in the 3 -D  row and column are used, 

this code is a subset of the 3—D row and column array code. The UEP code in effect sacrifices 

structural regularity and corresponding error correcting capability to achieve the
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characteristic of unequal error protection. This type of code can be utilized in application 

(e.g., numerical data, multiuser channels and computer networks) where data may have 

reliability requirements that vary within a block of data or require more protection against 

noise levels with different levels of importance. The EEP to UEP conversion algorithm 

presented in this work we believe is for the first time. This algorithm contributes to the 

flexibility of array codes.

The performance analysis point to several important features of a VHDS system. A 

VHDS system offers simultaneously large storage capacity, high transfer rate and fast access 

times. The storage capacity of the system is expected to be >  1012 bits, a transfer rate >  109 

bits/sec, and a read access time <  40 usee.

7.2 Future Work

The noise sources and related error mechanism require further study. The design of 

lower bit error rate VHDS systems is highly desirable. Therefore, a better understanding of 

potential noise sources and characterization of error statistics are required. We know from 

section 2.5 that several error types (e.g., random single bit errors, burst errors, and cluster 

errors) occur in a VHDS system. Since potential noise sources are implementation 

dependent, a database of system implementations, probable noise sources and corresponding 

error statistics will be helpful to VHDS system designers.

Data encoding schemes to both modulate and encode data for storage in a VHDS 

system are desirable. Discussions of these codes exist in the literature but the performance 

of these codes on the various error types needs more study. For example, which modulating 

and encoding scheme, provides better code performance on a specific error type?

More efficient decoding will likely involve more sophistication in manipulating the 

redundancy of the array code. For the burst error correcting array code, instead of computing

148

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



the parity bit checks over a diagonal direction set which has a slope, m, of either m = 1 or 

m = —1, a diagonal direction set with a higher slope value (e.g., either m = 2 or m = -2 ) can 

be investigated. Moreover, there seems to be an endless need for more sophisticated 

interleaving techniques regarding burst and cluster error correcting array codes.
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