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ABSTRACT

MODULAR RECONFIGURABLE ROBOTS CAPABLE OF PROGRAMMABLE SHAPES

AND MOTIONS

For robots to successfully locomote in different environments, it’s better to equip them with

multiple modes of locomotion. Multimodal locomotion for existing robotic systems is generally

realized by integrating multiple mechanisms into a single robot. These reconfigurable robots are

generally cumbersome or challenging to control and actuate. The adaptability of these robots is

also limited after fabrication. Also, in the field of soft robotics, shape morphing structures actuated

by external stimuli are utilized to enable reconfigurable and multi-functional robots. Since the

soft robots feature continuous and large deformation, the behavior of these robots is not accurately

predictable or controllable.

We propose to realize the reconfigurable robots by stacking multiple reconfigurable modules in

series and using a few tendons for actuation. The shape and motion of the reconfigurable modules

can be adjusted upon tendon actuation. These modular reconfigurable robots offer advantages such

as ease of fabrication, extensive workspace, predictable behavior, and simplified control.

First, we present a novel reconfigurable module inspired by the Kresling origami pattern. The

origami module is equipped with joints that can independently transition between soft and rigid

states, enabling the module to adapt its behavior during actuation. To understand the reconfigura-

tion capability, we numerically analyze the programmable shapes and motions of a single origami

module. We develop a reconfigurable robot with four legs, each made from four serially connected

modules. The robot can walk, crawl, and inch using the same mechanical structure.

We also realize a reconfigurable robot based on reconfigurable bistable module. Bistable mod-

ules have the ability to rapidly switch between multiple stable states and hold any stable state

without requiring external energy input. Traditional bistable modules generally have a fixed struc-
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ture after fabrication, leading to a fixed behavior when actuated. To make the bistable modules

reconfigurable, we investigate adjusting the behavior of the bistable modules with shape morphing

beams and adjustable springs. A forward model to predict the module’s behavior is presented and

validated. We also address the inverse problem to achieve a desired behavior by choosing proper

parameters of the reconfiguring process. By stacking two modules in series, we realize a recon-

figurable arm capable of generating different trajectories and a reconfigurable crawler which can

crawl in different directions.

Both the reconfiguring parameters (e.g., stiffnesses of the joints of the origami modules) and

the control algorithm (tendon displacements) will influence the resulting shape and motion of

the robots. We manipulate the origami-module based and bistable-module based reconfigurable

robots by empirically choosing the appropriate reconfiguring parameters and control algorithm.

For more complicated task, the reconfiguring parameters and control algorithm should be co-

optimized, since the reconfiguring parameters would influence the kinematics or dynamics of the

robots, resulting in varying control algorithms. Here, we employ reinforcement learning based co-

optimization framework on the robot to obtain an optimal combination of reconfiguring parameters

and corresponding control policy. The task investigated in this work is to make the end effector of a

manipulator composed of multiple serially connected origami modules reach a specific goal point,

with optional obstacle avoidance. We further deploy the learned parameters and control policy on

a two-module prototype performing a reaching task to validate the effectiveness of the proposed

co-optimization framework.

This work demonstrates a unified approach to designing and controlling modular reconfig-

urable robots, paving the way for future robotic systems capable of autonomous adaptation and

multifunctional operation.
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Chapter 1

Introduction

Biological creatures (animals or insects) can successfully locomote in unstructured environ-

ments using multiple modes of locomotion through actively changing their morphology (i.e.,

body/leg configurations) [1, 2]. For instance, a frog can slowly walk on the ground, rapidly jump

from the lotus, swim in the water, or even climb up on trees, all with the same body and legs but

different configurations.

Inspired by biological creatures, roboticists have designed various reconfigurable robots with

multimodal locomotion capabilities [3]. Examples include jumping and wheeling [4,5], flying and

rolling [6,7], walking and jumping [8], etc. Nevertheless, unlike their biological counterparts, most

existing reconfigurable designs generally require different mechanical mechanisms to accomplish

different locomotion modes. Recently, in the field of soft robotics, shape morphing structures

actuated by external stimuli are utilized to enable reconfigurable and multi-functional robots. Since

soft robots feature continuous and large deformation, their behavior is not accurately predictable

or controllable.

We propose to realize reconfigurable robots by stacking multiple reconfigurable modules in

series and using a few tendons for actuation. These modular reconfigurable robots offer advan-

tages such as ease of fabrication, extensive workspace, predictable behavior, and simplified con-

trol. To enable these capabilities, we investigate two distinct reconfigurable modular mechanisms:

origami-inspired modules and bistability-based modules. For origami-inspired modules, recon-

figurability is achieved through variable-stiffness joints that can independently transition between

soft and rigid states. For bistability-based modules, reconfigurability is realized by adjusting the

energy landscapes of the bistable modules. Since both mechanisms have parameters that can be re-

configured on the fly, and these reconfiguration parameters influence the kinematics and dynamics

of the robots, we develop a co-optimization framework using reinforcement learning techniques

to simultaneously optimize both the reconfiguration parameters and control policies for specific
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tasks. To provide context for our work, we review the state-of-the-art in three related research

areas. We begin with origami module based reconfigurable robots, followed by bistable module

based reconfigurable robots, and conclude with co-optimization approaches for robot design and

control.

1.1 Origami Module Based Reconfigurable Robots

Using origami for reconfigurable robots has been recently investigated due to its advantage

of shape-changing ability, fast fabrication, and bi-stability [9], [10]. Zhakypov et al. developed

an origami robot, Tribot, which can switch between jumping and crawling without altering the

mechanism [11, 12]. Miyashita et al. used origami to develop exoskeletons for different modes of

locomotion under magnetic actuation [13]. Baek et al. leveraged compliant origami to mimic the

folding wings of beetle for both jumping and gliding [14].

Among the many fascinating origami patterns, the Kresling pattern stands out due to its mod-

ular design, bistable behavior, and capacity for significant deformation. We can easily connect

multiple Kresling modules in series to realize a chained mechanism, e.g., a robotic arm. Kaufmann

et al. [15] constructed a robotic arm by assembling Kresling origami modules, the articulation of

which can be reconfigured. A pipe climbing robot has been built based on the same origami mod-

ules [16]. Jin et al. [17] developed an origami-inspired soft actuator based on the Kresling pattern

and built a reconfigurable crawling robot using that soft actuator. Pagano et al. [18] designed a

crawling robot based on the Kresling pattern which is actuated by a DC motor. Lee et al. [19]

developed an underactuated robotic gripper consisting of multiple modules connected in series,

actuated by a cable routed through the modules. Wu et al. [20] used a magnetic field to actuate

an origami-inspired manipulator, laying a foundation for developing untethered multi-functional

robots. Nevertheless, most of these designs generally cannot reconfigure the mechanical structure

or responses of the origami on the fly.

Element with electrically adjustable stiffnesses is a promising way to reconfigure the behavior

of the origami modules on the fly, since the behavior of the module is affected by the stiffnesses
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of its components (e.g., creases, facets). For instance, Firouzeh et al. [21] designed an underactu-

ated gripper which can realize multiple grasping modes by changing the stiffness of various joints

with heating elements. Zappetti et al. [22] developed a variable-stiffness tensegrity structure which

can change its stiffness by heating and melting the low melting point alloys encapsulated in the

variable-stiffness cables. Yang et al. [23] built a variable-stiffness robotic finger, in which shape

memory polymer is used to modulate the stiffness of the finger with the Joule heating changing

the temperature of the shape memory polymer material. Wang et al. [24] also used shape memory

polymer as the variable-stiffness material to build a soft finger which can realize various trajecto-

ries by selectively changing the stiffness of different segments of the finger. Although extensive

work on variable stiffness elements exists, it remains underexplored on how to incorporate variable

stiffness joints into mechanical mechanisms to generate programmable shapes or motions [25], en-

abling reconfigurable modules and robots.

1.2 Bistable Module Based Reconfigurable Robots

Multistable structures, characterized by their ability to rapidly switch between multiple stable

states, represent an emerging area of study in robotic or mechatronic systems. These structures,

after switching to a stable state, can maintain the new stable configuration without any external

energy input. A special type of multistable structure is a bistable module with two stable states,

which has been observed widely in nature. For instance, the Venus flytrap’s leaves are bistable,

which can snap shut in 0.1 s to capture prey [26]. Similarly, the rapid beak closure of hummingbirds

is another instance of natural bistability, enabling these birds to catch flying insects efficiently [27].

Researchers have employed bistable modules to realize reconfigurable robots with multiple

functionalities [8, 28, 29]. Compared to origami module based reconfigurable robots, bistable

module based robots have the advantages of fast response [30] and enlarged output force [31, 32].

Furthermore, bistable module based reconfigurable robots can maintain a specific shape without

requiring external energy input.
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For multistable or bistable modules, an important characteristic is the energy landscape (EL):

how the stored strain energy varies with respect to the deformation (e.g., bending angle). The EL

can determine both the stable configurations and the dynamic responses of the module. Despite

substantial recent research, existing multistable modules are generally fixed after being fabricated,

leading to a predetermined EL [29, 30], constraining their adaptability, reconfigurability, and ap-

plication scope.

To extend the reconfigurability of bistable modules, researchers have recently investigated how

varying specific parameters of the modules will influence their ELs, thereby generating different

behaviors (stable configurations or dynamic responses) when actuated [33–35]. For instance, re-

searchers realized adjusting the ELs of the bistable modules by changing the initial bending angles

of the flexible beams [36], controlling the voltages applied to the twisted and coiled polymer fibers

or manually altering the prestretch of the elastic cords [37], or tuning the magnetic field applied to

the bistable module [38].

Despite recent progress in adjusting the ELs for bistable modules, two issues remain largely

unaddressed. First, most of the existing work, with notable exceptions [37, 38], cannot adjust the

ELs on the fly. Current approaches typically require manual alterations, such as the manual modi-

fication of the initial lengths of spring elements [32,39,40], or the manual adjustment of the initial

bending angle of the bistable module by changing the dimension of its bending beam [41, 42]. It

would be more advantageous if we could tune the EL on the fly to enhance the reconfigurability

of bistable modules or robots. Second, there are few systematic explorations on how to achieve

the desired ELs by choosing proper parameters of the bistable modules. Instead, most existing

work predominantly conducts simulations or experiments to observe how different parameters will

influence the ELs [43–46].

1.3 Co-Optimization of Design and Control

For reconfigurable robots, it is essential to co-optimize both the design (including reconfigura-

tion parameters) and the control algorithm, as variations in design can result in different kinematics,
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dynamics, or functionalities of the robots, thus significantly affecting their control strategy. Robots

with different designs may have entirely different control strategies. In some cases, certain tasks

may even become infeasible with unfavorable designs. Consequently, designing a robot requires

simultaneous optimization of both its physical design and control algorithm. To achieve this, a

co-optimization process should be employed, aiming to obtain an optimal combination of design

and control tailored to the specific environment and task requirements.

Traditionally, co-optimization methods are developed based on the dynamics model of the

robots [47–51]. The optimization of design or reconfiguring parameters can be merged with the

optimization of control algorithm [48, 50]. Also, an iterative process can be used to update design

parameters and control algorithm separately and alternatively [51].

In recent years, reinforcement learning (RL) has emerged as a powerful alternative to tradi-

tional model-based methods, which often depend on detailed mathematical models and intricate

algorithm design. Reinforcement learning leverages empirical data to design and optimize control

strategies for robots and manipulators. RL enables robots to learn control policies through interac-

tion with their environment. By maximizing cumulative rewards based on trial and error, RL tries

to learn a optimal control policy, generally implemented as a neural network, to map the state input

to action output to achieve specific tasks [52] [53]. Despite challenges like computational inten-

sity and lack of interpretability, data-driven methods, particularly RL, are now widely applied in

tasks such as robotic grasping, motion planning, and adaptive control, showcasing their potential to

handle complex, real-world challenges in robotics. RL technique is especially useful for complex

robotic systems where dynamics are difficult to model accurately, such as soft robots [54] [55] or

multi-degree-of-freedom manipulators [56] [57] [58].

Hoeller et al. [59] proposed a reinforcement learning approach to training four-legged robots

which can navigate challenging scenarios that are reminiscent of parkour tasks. Though the policy

was trained from simulation data only, it can be successfully transferred to real world legged robots.

Nagabandi et al. [60] developed deep dynamics model, based on model-based RL, to achieve a suite

of dexterous manipulation tasks, such as in-hand reorientation and handwriting.
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Recently, researchers have also explored implementing co-optimization using reinforcement

learning methods [61–66]. In addition to ease of implementation, these studies show that RL-

based co-optimization methods can identify optimal designs and control algorithms, outperforming

traditional co-optimization methods. In this work, we try to employ RL-based co-optimization

techniques to co-optimize the reconfigurable robots for some given tasks.

1.4 Outline and Contribution of this Research

Chapter 2: Origami Module Based Reconfigurable Robots

We present a novel reconfigurable origami-inspired module with shape-morphing and variable-

stiffness joints. By adjusting the stiffnesses of the joints in the module, we can achieve different

motions and shapes upon tendon actuation. When multiple modules are connected in series, a

greater variety of final shapes can be generated and a more extensive workspace can be achieved.

We establish a kinematic model for predicting motions using geometric relationships and the min-

imum potential energy method. The developed model is validated through experimental results

using a single module. Finally, we develop a reconfigurable locomotion robot comprising four

legs and a central body, where each leg consists of four modules connected in series. We demon-

strate walking, crawling, and inching locomotion modes on the same robot without altering its

structural design or actuation mechanism.

Chapter 3: Bistable Module Based Reconfigurable Robots

We present methods to tune the energy landscape of a bistable beam-based module to re-

configure its static shapes and dynamic responses on the fly. The two tuning strategies we in-

vestigate—adjusting the beam’s initial bending angle and varying the offset of the spring’s ex-

tension—successfully modify the resting angles and energy barriers of the bistable modules. A

forward model is developed and validated to predict the module’s behavior given the tuning pa-

rameters. We also solve the inverse problem to obtain desired resting angles or energy barriers by

calculating the corresponding tuning parameters. To demonstrate practical applications, we deploy
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the tunable module in three scenarios: as a kicker that imparts different energies to an object, as a

reconfigurable arm that adjusts its resting shape, and as a crawling robot that locomotes in both di-

rections using the same actuation mechanism. Our method establishes a framework for designing

reconfigurable robotic systems by leveraging the unique capabilities of multistable structures for

enhanced performance and versatility.

Chapter 4: Co-Optimization of Design and Control

For modular reconfigurable mechanisms, different reconfiguration parameters lead to distinct

robot configurations, which in turn influence the kinematics and dynamics of the robot. When op-

timizing a control algorithm for specific tasks of the robot, the reconfiguration parameters should

be incorporated into the optimization process, which remains a significant challenge. We propose

a co-optimization framework that simultaneously optimizes both reconfiguration parameters and

control policies for specific tasks using reinforcement learning techniques. We implement this

framework using two modeling approaches: the kinematic model, based on forward kinematics

and minimum potential energy, and the physics-based model, using the MuJoCo physics engine.

We apply the co-optimization process to reconfigurable origami manipulators composed of mul-

tiple serially-connected origami modules, simultaneously optimizing the stiffness values of the

joints and control policies for reaching tasks. Through extensive training, we achieve near-perfect

success rates for reaching tasks, including scenarios with payloads mounted on the top plate. The

learned stiffness values and control policies are validated through deployment on a physical two-

module prototype, demonstrating effective sim-to-real transfer despite positioning errors attributed

to simplified joint representations and unmodeled friction forces. This work establishes a com-

prehensive data-driven framework for co-optimizing mechanical design and control of modular

reconfigurable robots, offering a systematic alternative to manual tuning and enabling extension to

more complex tasks such as multi-modal locomotion.

7



Chapter 2

Origami Module Based Reconfigurable Robots

Existing reconfigurable robots are generally cumbersome or challenging to control and actuate.

The adaptability of these robots are also limited after fabrication. Also, the newly developed soft

reconfigurable robots with deformable bodies feature continuous and large deformation, making it

hard to accurately predict or control the behavior of these robots.

We propose a novel design of reconfigurable robots by stacking multiple reconfigurable origami

modules in series and using a few tendons for actuation. The shape and motion of the reconfig-

urable origami modules can be adjusted on the fly by tuning the stiffnesses of the joints in the

modules. The resulting modular reconfigurable robots offer advantages such as ease of fabrica-

tion, extensive workspace, predictable behavior, and simplified control.

First, we present a novel reconfigurable module inspired by the Kresling origami pattern (top

right of Fig. 2.1). The origami module is equipped with Shape-morphing and Variable-stiffness

Joints (SVJs, shown in bottom right of Fig. 2.1) that can independently transition between soft

and rigid states, enabling the module to adapt its behavior during actuation. To understand the

reconfiguration capability, we numerically analyze the programmable shapes and motions of a

single origami module. We develop a reconfigurable robot (left of Fig. 2.1) with four legs, each

made from four serially connected modules. The robot can walk, crawl, and inch using the same

mechanical structure, without altering its mechanical structure.

2.1 Working Principle

The origami-inspired module with SVJs can be controlled to generate programmable shapes

or motions on the fly. In this section, we explain the working principle through an SVJ, a single

module, and multiple modules. Then we discuss the implementation details for a single module.

An SVJ is presented in our recent work [25], but we briefly describe its working principle

here. It is made from a thermoplastic material (e.g., PLA) embedded inside an elastic tube (Fig.
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Figure 2.1: A Reconfigurable Robot Using Origami-Inspired Modules with Variable Stiffness Joints

2.2a). A resistance wire wrapped outside the tube can heat up the material through Joule heating

(not shown in Fig. 2.2a). With such a design, an SVJ has two characteristics: variable stiffness

and shape morphing. For variable stiffness, its bending stiffness can be controlled based on its

temperature: once the SVJ’s temperature exceeds PLA’s glass transition temperature, the SVJ

becomes soft, making the SVJ bendable. For shape morphing, it can be heated, bent to a new

shape, and maintain that shape without additional energy input after cooling down (top to bottom

in Fig. 2.2a). Because of the elastic tube, a bent SVJ can also return to the original shape after

heating up and cooling down again (bottom to top in Fig. 2.2a).

Our module is inspired from the Kresling pattern, which has a top and a bottom surface that are

connected by several pairs of mountain and valley creases. We implement the surface with rigid

plates (top and bottom, shown in blue in Fig. 2.2b). We replace the mountain and valley creases

with three vertical and diagonal links, respectively. Note that a Kresling pattern generally have

five or six pairs of mountain and valley creases, but in our module, we used three to simplify the

structure. Each vertical or diagonal link is connected to both the top and bottom plates through

9



Figure 2.2: Working principle for the origami-inspire module with SVJs. (a) Working principle for an SVJ;

(b) Architecture of a module; (c), (d), and (e) illustrate three different motions.
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a spherical joint. Each diagonal link has an SVJ in the middle (labeled as SVJ1, SVJ2, and SVJ3

in Fig. 2.2b). Assuming the bottom plate is fixed, we can generate motions by pulling downward

a tendon attached to the top plate’s center and routed through a hole at the bottom plate’s center,

resulting in the top plate’s motion with respect to the bottom plate. Depending on which SVJs are

soft, we can achieve three typical motions: collapse, bend, and slant.

• Collapse (Fig. 2.2c): If all the three SVJs are soft, all the three diagonal links can bend.

In this case, the top plate will rotate and move downward but keep parallel with the bottom

plate. Eventually, the top plate will contact the bottom plate, thus the module is collapsed.

• Bend (Fig. 2.2d): If two SVJs (e.g., SVJ1 and SVJ2) are soft, only two diagonal links can

bend. The top plate will rotate to eventually become perpendicular to the bottom plate.

• Slant (Fig. 2.2e): If only one SVJ (e.g., SVJ2) is soft, then the top plate would be slanted

and only one vertex of the top plate would contact a corresponding vertex of the bottom

plate.

Based on these different motions, the final shapes for a single module can be different (shown

using a prototype in Fig. 2.2). To generate the different shapes, we first heat up desired SVJs

to make them soft, control the tendon to pull the top plate to follow a desired motion (collapse,

bend, or slant), and finally cool down SVJs so that the module can maintain that shape without any

further actuation or energy input.

More diverse shapes and motions can be accomplished if we connect multiple modules in

series and selectively and independently control the stiffness of each SVJ in each module. Here,

we use an example of two modules connected together to explain the principles. A tendon attached

to the topmost plate is routed along the holes at the centers of middle plates to the fixed bottom

plate. In this case, if all SVJs in the top module are soft, whereas all SVJs in the bottom one

are rigid, pulling the tendon will collapse the top module. On the other hand, if all SVJs in the

bottom module are soft but all SVJs in the top one are soft, the bottom module will collapse when

the tendon is pulled. More programmable motions can be generated if we consider all the three
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different motions (collapse, bend, and slant) for each module. Details on programmable shapes

and motions will be discussed in section 2.3 and 2.2, respectively.

Figure 2.3: Solid model of the module with an enlarge portion of the tube-based joint shown on the lower

right.

We briefly describe the main aspects for implementing SVJs (details in [25]). The diagonal

link is made from thermoplastic PLA filament (diameter 1.75 mm, Overture). An elastic silicone

tube (BKVP51135-71.5; Vanguard) is placed in the middle. A resistance wire with a resistance of

3.1 Ω (shown in red in Fig. 3.2) is wrapped around the silicone tube. Using the resistance wire, it

takes 20 s to heat up the SVJ to soften it with a voltage of 3 V. This heating process would consume

an energy of 58 J. The heating up and cooling down process can be carried out continuously and

repeatedly, thus enabling the reconfiguration of the module on the fly.

A single module can be fabricated as follows (Fig. 3.2). The plates are 3D printed with PLA

with two protrusions at each vertex. Each diagonal link is connected to the protrusions of both

the top and bottom plates via silicone rubber tubes (LDVP51135-11; Vanguard) which serve as
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spherical joints (see inset in Fig. 3.2). The vertical links are hollow carbon fiber tubes (PCT125024;

Goodwinds), allowing for the routing of electrical wires inside the links. Distances between the

bottom surface of the bottom plate and the bottom spherical joints are 6 mm (Fig. 3.2). The

length of vertical links and diagonal links are 38.5 mm and 48.5 mm, respectively. The length

of each edge of the equilateral triangular plate is 45 mm. These dimensions are chosen to ensure

the module can bend and collapse properly. More specifically, for the collapsing motion, we want

the top plate to rotate 120 degrees to fully align with the bottom plate. For the bending motion,

we want the eventual orientation of the top plate to be perpendicular to the bottom plate. For the

slanting motion, we expect the vertex on the top plate to contact with the corresponding vertex

on the bottom plate. Note that they can be scaled up or down to increase or decrease the size of

the module. A tendon (shown in yellow in Fig. 3.2) is fixed to the top plate’s center. It goes

through the hole at the bottom plate’s center to connect to a capstan driven by a DC motor (placed

beneath the bottom plate, not shown in Fig. 3.2). When pulled by the capstan, the tendon will

exert a downward force perpendicular to the top plate that will slant, bend or collapse the module

depending on which SVJs are soft. The silicone tubes on the module are elastic and can store

elastic energy during the motion. If the tendon is released and SVJs are kept soft, the deformed

module will return to the original shape by the tubes’ elastic energy.

The diagonal links in both Fig. 3.2 and 2.2 are directed from top left to bottom right. We

call this type of module the counterclockwise (CCW) module since they would rotate CCW when

collapsed. If the diagonal links are directed from top right to bottom left, then the modules would

rotate in the clockwise (CW) direction when collapsed. We call this type of module the CW

module. If a CW and a CCW module are connected in series, then the topmost plate will collapse

linearly without rotation, since the rotations of these two opposite modules cancel out.

2.2 Programmable Motions

Our origami-inspired module can generate programmable motions: the top plate of a module

can continuously move when SVJs maintain the soft state. In this section, we analyze and numer-
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ically calculate the motion of the top plate of the module. We also conduct experiments using a

single module to validate the theoretical results. Note that the motion without using SVJs (i.e.,

all the diagonal and vertical links are rigid) has been investigated before [67, 68]. In this case, the

module will serve as a truss structure that exhibits different behaviors with different dimensions,

such as monostability, bistablity, or tunable stiffness. Therefore, we will not discuss the motion

without SVJs in this work.

2.2.1 Modeling of the Motion

Figure 2.4: A module moves from an initial state (light gray) to a another state.

To predict the motion, we need to obtain the position and orientation of the top plate (Tm) given

a certain displacement ∆ of the tendon, assuming the bottom plate is fixed. It is difficult to directly

solve Tm given ∆, especially when more than one SVJ is soft since the module is underactuated

with only one actuation. Therefore, we use a general procedure as follows. First, we express Tm

using the unknown bending angles γi, i = 1, 2, 3, for each of the three SVJs (γ1 is illustrated in

Fig. 2.4).

Tm = f(γ1, γ2, γ3) (2.1)
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Then, we can express the tendon’s displacement ∆ using the top plate’s position from Tm, i.e.,

∆ = g(Tm) (2.2)

Then, we can numerically solve the unknown bending angles γi from Eqs. (2.1) and (2.2), given

a specific value of ∆. Finally, we can use Eq. (2.1) to calculate Tm based on γi. We detail the

general procedure in the following.

We first solve the relationship between Tm and γi, i.e., Eq. (2.1). For the tubes connecting the

links and the plates, we can simplify them as spherical joints (e.g., points Pi and Qi (i = 1, 2, 3)

in Fig. 2.4). The diagonal links (e.g., P2Q1) and the vertical links (e.g., P1Q1) are connected to

the plates at different but very close points (distance 3.8 mm). For simplicity, we assume they are

connected to the plates at the same point. Assume the SVJ on link P2Q1 is soft. When we pull the

tendon fixed to the top plate’s center, the original straight link P2Q
ini
1 , with an initial length of bini,

will be bent by an angle of γ1. The length between Q1 and P2, denoted as b1, is a function of γ1:

b1 =

√

b2ini
2

−
b2ini
2

cos(π − γ1) (2.3)

During the motion, the surface ∆P1Q1P2 rotates about the fixed axis P1P2 for an angle denoted

as θ1 (the angle between ∆P1Q
ini
1 P2 and ∆P1Q1P2). The position and orientation of the top

plate Tm can be related to the unknown values of γ1 and rotating angles θ1 through the following

procedure.

A coordinate frame OXY Z is established at the bottom plate with the origin O at the centroid

of the bottom plate, OX axis along
−−→
OP3, OZ axis perpendicular to the plane. Let l = |

−−→
P1P2| be

the length of the side of the equilateral triangular plate, a = |
−−−→
P1Q1| be the length of the vertical

links, u1 be a unit vector pointing from P1 to P2. We obtain the coordinate of vertex Q1 by drawing

a line Q1M perpendicular to the side P1P2. In this case, we have

−−→
OQ1 =

−−→
OM +

−−−→
MQ1 (2.4)
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−−→
OM can be obtained through

−−→
OM =

−−→
OP1 +

−−→
P1M =

−−→
OP1 +

−−→
P1P2

(

a2 + l2 − b21
2l2

)

(2.5)

where
−−→
OP1 and

−−→
P1P2 are constant vectors.

−−−→
MQ1 can be obtained by using its direction and length

−−−→
MQ1 = R(u1,θ1)[0, 0, 1]

T

√

a2 −

(

a2 + l2 − b21
2l

)2

(2.6)

where R(u1,θ1) = I + sin θ1S(u1) + (1− cos θ1)S
2(u1) is the rotation matrix obtained by applying

the Rodrigues’ rotation formula with S being the skew symmetric matrix operator. The physical

meaning of R(u1,θ1)[0, 0, 1]
T is to rotate the initial direction of Q1M ([0, 0, 1]T ) about u1 by an

angle of θ1.

The coordinates of the other two vertices (Q2 and Q3) of the top plate can be calculated sim-

ilarly. After obtaining the coordinates of Q1, Q2, and Q3, we can apply the following three geo-

metrical constraints for the isosceles triangle of the top plate

−−−→
Q1Q2 =

−−−→
Q2Q3 =

−−−→
Q3Q1 = l (2.7)

to eliminate the intermediate variable θi to directly relate Qi to the three unknown bending angles

γi. After eliminating θi, we can get the position and orientation of the top plate (Tm) using the

following equation.

Qi = TmQ
ini
i , i = 1, 2, 3 (2.8)

where Qini
i is the initial coordinates for Qi. Eq. (2.8) can be rearranged to get an implicit form

of equation (2.1), finishing our first step of the process to express Tm using the unknown bending

angles γi.
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Let dx, dy, and dz be the transnational component in Tm, we can get the displacement of the

tendon ∆.

∆ =
√

(dinix )2 + (diniy )2 + (diniz )2 −
√

d2x + d2y + d2z (2.9)

where dinix , diniy and diniz are the initial values of dx, dy and dz, respectively. Equation (2.9) rep-

resents the detailed form of Eq. (2.2). With Eqs. (2.3) to (2.9), we can numerically solve the

unknown bending angles γi given a tendon displacement ∆.

If only one SVJ is soft, then there is a unique solution for this unknown bending angle given

a specific value of the tendon displacement. If more than one SVJs are soft, however, the module

becomes underactuated with more unknowns (e.g., two or three bending angles) than the actuation.

In this case, we can apply the minimum potential energy theory [69] to solve for the unknown

bending angles given a tendon displacement. The tubes of each SVJ can be considered as torsional

springs when a SVJ is soft and bent during the motion. In this case, we can consider the diagonal

link is made from two short links connected by a torsional spring (Fig. 2.4). The elastic energy

Ei stored in the torsional spring is Ei = 1
2
kiγ

2
i where ki is the spring’s effective stiffness and

can be found through a bending test, γi is the bending angle of the SVJ. The minimum potential

energy method states that among the infinite many combinations of γi that satisfy the given tendon

displacement, only the one combination that results in minimum potential energy of the module

should occur in reality. Mathematically, we can formulate the problem as an optimization problem.

argmin
γi

E =
1

2

i=3
∑

i=1

kiγ
2
i +

1

2

j=12
∑

j=1

kjσ
2
j

s.t. ∆ = const.

(2.10)

where the first item represents the potential energy stored in the three SVJs, the second item rep-

resents the potential energy stored in the silicone tubes connecting the links and the plates (twelve

bending angles σj), which can be obtained from the Tm of the module.
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2.2.2 Model Validation

We numerically implement theoretical derivations using MATLAB and compare the results

with experiments. In the simulation, we increase the tendon displacement with a step size of 0.1

mm. For each value of the tendon displacement, we can solve for the values of γi according to

equations (2.3) to (2.9). Then we can get the posture (i.e., Tm) of the top plate from γi. For experi-

ments, we use a motion tracking system (V120:Trio; OptiTrack) to track the top plate’s motion by

attaching three markers to the vertices of the top plate. We also use a test stand (ESM303; Mark-

10) to pull the tendon at a steady speed (13 mm/min). For each type of motion, four experiments

were conducted.

The experimental results and theoretical prediction for the three different motions (collapse,

bend, and slant) are compared in Fig. 2.5 for the position and orientation, where the dashed

lines represent the theoretical prediction. The solid lines and shaded areas represent the mean and

standard deviation for four repeated experiments. Fig. 2.5a shows the position trajectory of the top

plate’s centroid. We can see that the solid lines representing the average experimental results and

the dashed lines representing the theoretical results match well with a mean error of 2.4 mm. Also,

some triangles denoting the final positions of the top plate during the three motions are shown in

this figure to better visualize the results. Fig. 2.5b compares the Euler angles for both simulation

and experiments. The dashed lines and solid lines here are also close to each other with a mean

error of 8.64 degrees. It can be seen that in all these three cases, there exist some errors between

the experimental results and theoretical predictions. This is possibly caused by the simplification

on the geometry of the module. When multiple SVJs are soft, their stiffnesses may be slightly

different (due to fabrication error), which would also influence the motion of the modules. For

this underactuated module, a certain error at the beginning of the motion caused by some external

perturbation or fabrication error may be enlarged during the motion, which explains the increase

of the error during the motion. Additionally, at the ending part of the motion, the contact condition

between the links and plates becomes complicated, which may also influence the trajectory of the

motion.
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(a) Comparison of positions

(b) Comparison of orientations using Euler angles

Figure 2.5: Comparison of experimental and simulation results for motion prediction
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The same modeling and numerical analysis can be applied to modules with different dimen-

sions or multiple modules connected in series (as shown in the following section), making the

motions of such modules predictable.

2.3 Programmable Shapes

As discussed in the working principle, our origami-inspired modules also have the shape mor-

phing capability: by selectively softening SVJs, we can move the top plate towards another con-

figuration, and then cool down the SVJs to maintain that configuration. This capability can be

used for reconfiguring the shapes for a leg made from several modules connected together. In this

section, we analyze the number of shapes that can be generated.

To facilitate the discussion, we establish coordinate frames as follows (Fig. 2.3). A fixed

frame ObXbYbZb is established at the bottom plate’s bottom surface with the origin Ob located at

the plate’s center, axis Zb pointing upward, Xb from Ob to a vertex of the bottom plate. Similarly,

a body frame OtXtYtZt is established at the top plate’s top surface with the origin Ot at the center.

Initially, these two frames have the same orientations. For a single module, we can use the position

and orientation (i.e., transformation matrix T ∈ SE(3)) of the body frame OtXtYtZt with respect

to the fixed frame ObXbYbZb to indicate the final shape of the module.

As shown in Fig. 2.3, T ∈ SE(3) can be obtained by sequentially multiplying three matrices

Tb, Tm, and Tt.

T = TbTmTt (2.11)

where Tb and Tt are pure translations along the z axis, representing the thickness of the plates and

heights of the protrusions (Fig. 2.3).

Tb = Tt =



















1 0 0 0

0 1 0 0

0 0 1 6

0 0 0 1



















(2.12)
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Tm represents the rigid motion of the top plate’s bottom surface relative to the bottom plate’s top

surface. Using X-Y-Z Euler angle, Tm can be represented as

Tm =



















cβcφ −cβsφ sβ dx

sαsβcφ + cαsφ −sαsβsφ + cαcφ −sαcβ dy

−cαsβcφ + sαsφ cαsβsφ + sαcφ cαcβ dz

0 0 0 1



















;

where α, β, and ϕ are the rotation about the x, y, and z axis, respectively. d = (dx, dy, dz)

represents the translation part, which is the vector from the center of the bottom plate’s top surface

to the center of the top plate’s bottom surface. Since Tm is a function of α, β, ϕ, dx, dy, dz, we can

denote it as Tm(α, β, ϕ, dx, dy, dz).

For a single module, we will have eight different final shapes given which SVJs are soft. Here

we are interested in the final shapes when the tendon reaches its maximum displacement, but there

are infinitely many other shapes before this final shape. All shapes have the same Tb and Tt, and

only Tm varies with different shapes. In the following, we use the values of Tm, instead of the

values of T , to represent the shapes. When only one SVJ is soft, we can have three different shapes

depending on which SVJ is soft, corresponding to the slanting motion. One of the three shapes,

Tm,1, is shown in table 2.1. When two SVJs are soft, we can have another three different shapes

corresponding to the bending motion. One of them is shown as Tm,2 in table 2.1. For all three

SVJs are soft, we have one final shape Tm,3 corresponding to the collapsing motion. When no SVJ

is soft, the module will stay at the initial shape Tm,4.

When connecting multiple modules in series, we can easily obtain the transformation matrix

of the topmost plate relative to the bottom plate by multiplying the corresponding transformation

matrix of each module sequentially. Since we have eight different shapes for a single module, for

two modules connected together, we can generate 82 = 64 different final shapes. To illustrate all

possible shapes, we plot them in Fig. 2.6a using a black dot to show the position of the topmost

plate’s centroid. Fig. 2.6b shows the initial straight shape of the prototype. In this prototype,
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Figure 2.6: Programmable shapes of two modules connected in series.

Table 2.1: Possible final shapes for one module

Tm α β ϕ dx dy dz

(radians) (radians) (radians) (mm) (mm) (mm)

Tm,1 -1.01 0.12 0.83 -26.26 12.16 15.01

Tm,2 -3.05 -1.37 -0.98 -14.34 -0.82 11.97

Tm,3 0 0 2.06 0 0 0

Tm,4 0 0 0 0 0 38.5
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the bottom module is a CW module while the top module is a CCW module. We also show eight

typical shapes using the developed prototypes in Fig. 2.6c-j: top module collapsed, bottom module

collapsed, top module bent, bottom module bent, both modules collapsed, both modules bent, top

module slanted, and bottom module slanted, respectively. These eight shapes are indicated by red

points in Fig. 2.6a, where the black lines emanating from each point represent the normals to the

top plate. The red triangle denotes the fixed bottom module.

The number of final shapes will increase significantly with respect to the number of modules.

With n modules connected in serial, we would have 8n different final shapes.

2.4 Reconfigurable Robot

In this section, we combine the programmable motions and shapes to develop a reconfigurable

robot with multiple locomotion modes. The robot has four legs, each made from four modules

connected in series. In the following, we first discuss the shapes and motions for a single leg.

After that, we discuss the whole robot and demonstrate the locomotion capability.

2.4.1 A Single Leg Consisting of Four Modules

To create a single leg, we connect 4 modules with SVJs in series. We choose 4 modules because

four modules are necessary and sufficient to enable the three types of locomotion of the proposed

robot. We number the modules as 1, 2, 3 and 4 from the base to the tip (Fig. 2.7a). The whole leg

is actuated by a single tendon driven by a DC motor. To realize different locomotion modes, the

leg needs to have a specific shape and motion (see the supporting video for the shape and motion

of a single leg with SVJs).

For the walking locomotion, the leg is in a straight shape (shown as transparent in Fig. 2.7b),

with module 1 permanently collapsed to decrease the leg length and modules 2-4 unchanged. To

generate motion, module 2 on the leg is repeatedly slanted and released. The SVJ on module 2

can be kept soft by applying a smaller current (0.1 A) into the resistance wire during the motion.

The slanting motion will raise the foot up (shown as nontransparent in Fig. 2.7b) and then, when
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Figure 2.7: Shapes and motions of a single leg. (a) The initial straight shape. (b), (c), and (d) illustrate the

motion for walking, crawling, and inching, respectively. The transparent and nontransparent show the leg’s

location at the beginning and the end of motion, respectively.

released, the elastic force of the soft SVJs will make the leg return to the straight shape and drive

the robot forward.

For the crawling locomotion, we need to reconfigure the leg’s shape into a configuration that is

aligned with the body (shown as transparent in Fig. 2.7c). To do this, we can first soften two SVJs

on the 1st module and pull the tendon to bend the module by 90◦, making the whole leg parallel

to the ground. After that, we let those two SVJs cool down to make the 1st module keep the bent

shape. Now we soften two SVJs on the 2nd module and repeatedly pull (nontransparent in Fig.

2.7c) and release (transparent in Fig. 2.7c) the tendon to realize the forward and backward motions

of the leg used in the crawling gait.

For the inching locomotion, the leg’s shape (transparent in Fig. 2.7d) is similar to that used

in the crawling locomotion. Then we can soften all the three SVJs in the 4th module and then

repeatedly collapse (nontransparent in Fig. 2.7d) and release (transparent in Fig. 2.7d) the module

for the inching locomotion. Again, the three SVJs can be kept soft by a smaller current throughout

the motion. When we release the tendon, the 4th module would try to return to the original straight
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shape until the top plate is blocked by a vertical wall (not shown here). The wall blocking the top

plate will provide a friction force to anchor the legs for inching motion.

2.4.2 Design of the Reconfigurable Robot

Figure 2.8: The reconfigurable robot and its multiple modes of locomotion.

To build the whole robot, we use a rigid clip (inset of Fig. 2.8) in lieu of the original SVJs

for the sake of simplicity. In the original SVJs, a single link is enclosed by a silicone tube with

a resistance wire. With the simplified SVJ, we use two short links connected by the soft silicone

tube. In this case, the joint is soft since the two short links can rotate freely about each other with

the soft silicone tube serving as a bending joint. If we manually apply the rigid clip on the silicone

tube, then the joint is rigid in straight shape and cannot be bent. Another type of clip is used to
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keep the tube rigid in bent shape. In this way, we can manually switch the joint between the soft

state and the rigid state (either in the bent shape or the straight shape), with the help of the clips.

The robot (Fig. 2.8) consists of four legs, a front body, a rear body, a central body, and the

electrical parts. The four legs are individually actuated and controlled by their corresponding

motor-capstan-tendon systems to perform specified gaits. The central body is made from two

pairs of two modules connecting the front and rear body on each side of the robot. Each pair of

modules are in opposite directions (i.e., CW and CCW). We choose such a design to facilitate the

inching locomotion, which requires a linear contraction and extension of the robot body. When

the central body is actuated by a fifth motor-capstan-tendon system placed beneath the front body,

the rotations of the two modules in each pair would cancel out and result in a pure contraction of

the central body. In this way, we can contract the body for the inching locomotion. Fig. 2.1 shows

the central body in its unactuated (extended) state, while Fig. 2.8 shows the robot with the central

body contracted. Two carbon fiber plates are used as the sliding guide between the front and rear

body.

Figure 2.9: The circuit diagram of the locomotion robot.
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An Arduino micro board is used as the microcontroller to control the motions of the five motors

(3078; Pololu). Figure 2.9 illustrates the circuit diagram of the robot’s motor control system,

showing the connections between the Arduino micro board and the five motor drivers (front left,

front right, rear left, rear right, and central body). Positions of the motors are fed back to the

Arduino through a magnetic encoder (4760; Pololu) attached to the rear shaft of each motor. PID

control is used to ensure a constant speed of the motor, with the help of the position feedback.

The motor is stopped when the desired tendon displacement is reached. For each locomotion

mode, the motor speed and displacement are experimentally optimized to improve the locomotion

performance.

2.4.3 Locomotion Demonstration

Walking: For walking, we first collapse the central body to shorten the length of the robot.

Then we collapse the first modules of each leg to lower the robot’s center of gravity. These two

steps help to make the walking gait steady and robust. On each leg, only the joint facing forward

on the second module is soft. The gait design of walking locomotion is described in Fig. 2.10.

The four legs are grouped into two pairs (row a in Fig. 2.10 Right). Front right (FR) leg and rear

left (RL) leg form a pair and the other two legs (FL and RR) form the other pair. When we actuate

the first pair (FR and RL), these two legs would move forward and upward as demonstrated in the

second row. Then the tendons of the first pair are released and these two legs would touch down on

the ground (rows b and c in Fig. 2.10 Right), enabling a friction force from the ground. After that,

we actuate the other pair of legs (FL and RR) to move them forward and upward (row d in Fig.

2.10). Now, the elastic force of the bent links in the legs will push the robot forward, with the help

of friction force from the ground. In this way, a cycle of the walking gait is finished, and the robot

assumes the initial state again. The two pairs are actuated sequentially and repeatedly to realize a

continuous walking locomotion. A sequence of images during the walking locomotion are shown

in Fig. 2.10 Left. The walking speed is measured to be 28.1 mm/s for a motor speed of 18.6 mm/s

and a cycle of motion to be 1.8 s.
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Figure 2.10: Walking locomotion of the reconfigurable robot. (Left) Time-stamped image sequence show-

ing the robot during the walking locomotion. (Right) Schematic representation of the gait pattern, where

blue circles indicate stance legs (ground contact) and red circles indicate swing legs (in motion)
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Figure 2.11: The reconfigurable robot in crawling and inching locomotion.
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Crawling: For crawling, we first permanently bend the first modules of all the legs using the

clips to let the robot lie flat on the ground and be ready for crawling. Then we repeatedly bend

(t = 0.85 s) and release (t = 1.7 s) the second module of each leg to drive the robot forward. In

the bending phase of the leg, the leg would try to move downward and backward (as shown in Fig.

2.7c). But this movement is blocked by the ground, and the resulting friction force would drive

the robot’s body forward. In the releasing phase of the leg, the friction force with the ground is

smaller than that of the bending phase. This small force is not sufficient to slide the robot body

back. Thus, the directional friction force enables the forward crawling locomotion. During the

locomotion, the left and right legs experience symmetric motions. The sequence of the crawling

locomotion is shown in Fig. 2.11a. The purple arrows in the figure show the moving direction

of the legs. Arrows pointing to the right (left) indicate the bending (releasing) phase of the legs.

We measured the crawling speed to be 21.3 mm/s for a motor speed of 42.3 mm/s and a cycle of

motion to be 1.8 s. We can turn the robot left by actuating only the left legs or turn the robot right

by actuating only the right legs. Potentially, it’s possible to adjust the turning radius by fine tuning

the displacements and timing between the left and right legs.

Inching: With the same mechanism, we can also achieve an inching locomotion between two

parallel walls with a distance of 45 cm. Similar to the crawling motion, we permanently bend

the 1st modules of all the legs to make the robot lie flat on the ground and get ready for inching

locomotion. Then, we make all three links on the 4th module to be soft in each leg. When actuated,

the 4th module should be collapsed. Also, all the joints in the central body are reconfigured to be

soft. The sequence of the inching locomotion are shown in Fig. 2.11b, where the yellow arrows

indicate the moving directions of the legs and central body. First, we simultaneously actuate the

central body and two rear legs. When actuated, the two rear legs would get away from the wall.

Since the front legs still contact with the walls and provide the friction force, the central body will

drag the rear body forward (t = 2.9 s). Now, we release the two rear legs to let them contact

with the wall again (t = 4.1 s). Then we collapse the front legs (detaching them from the walls)

and release the central body. In this way, the elastic force of the central body will drive the front
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body forward while the rear legs remain static (t = 5.8 s). At last, the front legs will be released

to reverse the robot to the original shape. A complete cycle is now finished, and the robot moves

forward about 60 mm.

2.5 Chapter Summary

This chapter presents a novel origami-inspired reconfigurable module with SVJs and demon-

strate its application in reconfigurable robots. The origami module can be reconfigured on the fly

to generate three different motions (collapse, bend, and slant) and shapes depending on which SVJ

is soft. We enumerate and demonstrate the possible final shapes (8 for a single module). If we

connect multiple modules in series, more final shapes can be generated (8n).

We also establish a kinematic model for predicting motions using geometric relationships and

the minimum potential energy method. The developed model is validated by experimental results

using a single module.

Finally, we develop a reconfigurable robot consisting of four legs and a body made from the

origami modules. With this reconfigurable robot, we demonstrated walking, crawling, and inching

locomotion without altering the mechanical structure of the robot.
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Chapter 3

Bistable Module Based Reconfigurable Robots

Multistable structures, characterized by their ability to rapidly switch between multiple stable

states, represent an emerging area of study in robotic or mechatronic systems. These structures,

after switching to a stable state, can maintain the new stable configuration without any external

energy input. A special type of multistable structure is a bistable module with two stable states,

which has been observed widely in nature. For instance, the Venus flytrap’s leaves are bistable,

which can snap shut in 0.1 s to capture prey [26]. Similarly, the rapid beak closure of hummingbirds

is another instance of natural bistability, enabling these birds to catch flying insects efficiently [27].

Researchers have employed bistable modules to realize reconfigurable robots with multiple

functionalities [8, 28, 29]. Compared to origami module based reconfigurable robots, bistable

module based robots have the advantages of fast response [30] and enlarged output force [31, 32].

Furthermore, bistable module based reconfigurable robots can maintain a specific shape without

requiring external energy input.

For multistable or bistable modules, an important characteristic is the energy landscape (EL):

how the stored strain energy varies with respect to the deformation (e.g., bending angle). A typical

EL is plotted in Fig. 3.1B as the black curve. The EL can determine both the stable configurations

and the dynamic responses of the module. Despite substantial recent research, existing multi-

stable modules are generally fixed after being fabricated, leading to a predetermined EL [29, 30],

constraining their adaptability, reconfigurability, and application scope.

To extend the reconfigurability of bistable modules, researchers have recently investigated how

varying specific parameters of the modules will influence their ELs, thereby generating different

behaviors (stable configurations or dynamic responses) when actuated [33–35]. For instance, re-

searchers realized adjusting the ELs of the bistable modules by changing the initial bending angles

of the flexible beams [36], controlling the voltages applied to the twisted and coiled polymer fibers
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Figure 3.1: Working principle for tuning the energy landscape (EL) of a beam-based module. (A) A sym-

metric bistable module in its left stable, straight, and right stable states, respectively. (B) The EL of the

symmetric bistable module. (C) When θin increases with Lc = 17 mm, the module changes from sym-

metric to asymmetric bistable and finally to monostable. (D) When Lc increases with θin = 0, the spring’s

energy profiles will scale down, changing both the energy barriers and resting angles.

or manually altering the prestretch of the elastic cords [37], or tuning the magnetic field applied to

the bistable module [38].

Despite recent progress in adjusting the ELs for bistable modules, two issues remain largely

unaddressed. First, most of the existing work, with notable exceptions [37, 38], cannot adjust the

ELs on the fly. Current approaches typically require manual alterations, such as the manual modi-

fication of the initial lengths of spring elements [32,39,40], or the manual adjustment of the initial

bending angle of the bistable module by changing the dimension of its bending beam [41, 42]. It

would be more advantageous if we could tune the EL on the fly to enhance the reconfigurability
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of bistable modules or robots. Second, there are few systematic explorations on how to achieve

the desired ELs by choosing proper parameters of the bistable modules. Instead, most existing

work predominantly conducts simulations or experiments to observe how different parameters will

influence the ELs [43–46].

We directly address these two issues with a beam-based bistable module. First, we introduce

two strategies to tune the module’s EL without manual alterations, adjusting its behavior on the

fly. The online tuning strategies significantly enhance its reconfigurability. We then systematically

investigate how to achieve the desired EL by selecting appropriate tuning parameters. We call this

the inverse problem, which is solved based on the forward problem: predict the EL given the tuning

parameters. By solving the inverse problem, we offer a more structured and guided approach to

designing tunable processes for bistable modules.

We demonstrate the wide reconfigurability of this tunable module with three different recon-

figurable robots: a kicker, a reconfigurable arm, and a crawling robot.

3.1 Working Principle for Tuning the ELs

In this section, we explain how to actively tune the ELs of modules with elastic instabilities.

Without loss of generality, we use a beam-based module with a linear spring to illustrate the work-

ing principle. This module primarily comprises a flexible beam and an elastomeric spring (see

labels on the right of Fig. 3.1A). The beam is connected to two rigid frames (top and bottom). One

end of the spring is anchored to the top frame at point P, while the other end is connected to an

adjustable cable, which is, in turn, attached to the bottom frame at point Q. The adjustable cable

of length Lc is used to offset the extension of the spring. When the dimension and bending angle

of the flexible beam are given, increasing the length of the adjustable cable results in a decrease in

the length or extension of the spring. The beam has a rectangular hole at its center, allowing for

the passage of both the spring and the adjustable cable as the beam undergoes bending motions.

With an initially straight flexible beam, this module exhibits two symmetrical stable states (SS):
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the left stable state (left SS) and the right stable state (right SS), each mirroring the other relative

to the beam’s straight configuration (Fig. 3.1A).

To analyze the stable states, we need to consider the module’s strain energy. The total strain

energy (U ) of the module consists of two components: the strain energy of the flexible beam (Ub)

and that of the spring (Us). Since the flexible beam is long and slender, the strain energy of the bent

beam due to shear stress and compressive stress is negligible compared with that due to normal

stress. So Ub mainly comes from the bending energy of the flexible beam, while Us comes from

the spring’s extension. We can represent the total energy U as a function of the beam’s bending

angle θ

U = Ub + Us =
1

2
kb(θ − θin)

2 +
1

2
ks∆

2(θ) (3.1)

where kb is the beam’s effective bending stiffness, θin is the beam’s initial bending angle (θin =

0 for an initially straight beam), and ks is the spring’s stiffness. ∆(θ) represents the spring’s

extension as a function of θ, which can be expressed as

∆(θ) = max(0, L(θ)− Lc − Lin) (3.2)

where L(θ), varying with θ, is the distance between the two anchoring points P and Q, Lc is the

length of the adjustable cable, Lin is the spring’s nominal length. As can be seen in Eq. (3.2), Lc

can be used to offset the extension of the spring for a given L(θ). Assuming the beam is uniformly

deformed and takes on the shape of a circular arc, L(θ) is a chord PQ corresponding to this circular

arc. The radius of the arc is expressed as R(θ) = Lt/θ, where Lt is the length of the beam. In this

case, L can be obtained as a function of θ by the following equation

L(θ) = 2R sin(
θ

2
) = 2

Lt

θ
sin(

θ

2
) (3.3)

With Eq. (3.1), we plot U , Ub, and Us as functions of the bending angle θ, represented by the

black, red, and green curves, respectively (Fig. 3.1B). The beam’s strain energy, Ub, is a convex
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parabola with its vertex located at (θin, 0). The spring’s strain energy, Us, is symmetric about the

vertical axis θ = 0. The resulting total EL of the module, U = Ub +Us, has two local minima at θl

and θr (shown as the black squares in Fig. 3.1B), indicating the left and right stable states (left SS

and right SS) of the module. The module is in equilibrium when the bending angle θ equals θl or θr,

and external energy is required to shift the module away from the stable states (θl or θr). The peak

of this EL (Up, shown as the black dot in Fig. 3.1B), indicating the module’s maximal strain energy

and its unstable straight state, is located at θ = 0. The differences between the energy peak (Up)

and energies at the local minima (Ul or Ur) are termed the energy barriers (i.e., left energy barrier

El
bar = Up − Ul and right energy barrier Er

bar = Up − Ur). We call this configuration symmetric

bistable (SB) since the EL is bistable with two minima (θl and θr) and symmetric (θr = −θl).

To transit the module from the right SS to the left SS, we apply a force to bend the module to

the left, overcoming the right energy barrier Er
bar. Application of this external force will increase

the strain energy stored in the module. Once the module surpasses the energy peak Up, part of the

stored strain energy would be instantly released, resulting in a rapid snap motion to the left SS. A

similar mechanism is needed when switching from the left to the right SS, where an appropriate

force must overcome the left energy barrier El
bar to initiate the transition.

By tuning the EL, we can adjust the positions of the two resting angles (θl and θr). If the

magnitudes of θl and θr are adjusted to be different (|θr| ̸= |θl|), the module is referred to as

asymmetric bistable (AB). If one resting angle disappears, the module will become monostable

(MS). Similarly, the value of each energy barrier (El
bar and Er

bar) can also be adjusted by tuning the

EL. An increase in Er
bar, for instance, leads to a more rapid or forceful transition from the left to

the right SS (solid curved arrow in Fig. 3.1B) since a greater amount of stored energy is released

upon surpassing the energy peak Up. Meanwhile, this increase in Er
bar makes it more difficult to

transit from the right to the left SS since more energy input is required to overcome a larger Er
bar.

Since we have four independent tunable elements: kb, θin, ks, and Lc in Eqs. (3.1) and (3.2),

in theory, we can simultaneously achieve all the four desired characteristics (θl, θr, E
l
bar and Er

bar)

by choosing proper values for kb, θin, ks, and Lc. In practice, however, it is quite challenging to
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concurrently tune these four tunable elements in a tunable module. Additionally, it is generally

not necessary to achieve all four characteristics at the same time (e.g., in some cases, only the

resting angles are required, and the energy barriers are not critical). Therefore, in this study, we

only investigate strategies to adjust two elements on the fly, θin and Lc, to tune the EL to achieve

either two desired resting angles (indicating the stable states of the module) or two desired energy

barriers (indicating the dynamic responses of the module). We choose to adjust θin and Lc because

they are relatively easy to implement and prove effective in achieving the desired characteristics

(implementation details are discussed in section 3.2).

We first illustrate how adjusting the beam’s initial bending angle (θin) can influence the mod-

ule’s EL. Since Ub =
1
2
kb(θ − θin)

2, adjusting θin will influence the energy profile of the flexible

beam. Specifically, adjusting θin can shift Ub horizontally since Ub is a convex parabola symmetric

about vertical axis θ = θin. To illustrate this, we plot the module’s ELs (Fig. 3.1C) for three

different θin values: 0◦, 40◦, and 80◦, while maintaining a constant Lc at 17 mm. For these three

cases, the energy profile of the spring, Us, stays the same. However, Ub will shift horizontally to

the right when θin increases, thus changing the module’s EL, U . When θin = 0◦, the module’s

EL is SB. When θin = 40◦, the EL changes to AB. Values of energy barriers are also changed.

Compared with the first case (θin = 0◦), El
bar decreases while Er

bar increases. When θin = 80◦, the

peak disappears, eliminating the energy barriers and resulting in an MS configuration.

We then illustrate how adjusting the cable’s length (Lc) will influence the module’s EL. Since

∆(θ) = max(0, L(θ)−Lc −Lin) and Us =
1
2
ks∆

2(θ), adjusting Lc will influence the extension of

the spring, thereby affecting the energy profile of the elastic spring. Specifically, changing Lc will

scale up or down the energy profile of the spring. We plot the module’s ELs (Fig. 3.1D) for three

different Lc values: 10, 15, and 20 mm, while maintaining a constant θin at 0◦. For these three

cases, Ub stays the same, but Us will scale down when we increase Lc, thus changing the module’s

EL, U . The module is SB for each case since both Us and Ub are symmetric about the vertical axis

(θ = 0◦). In these three cases, the module with Lc = 10 mm has the largest energy barriers (El
bar
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and Er
bar). When Lc increases, the resting angles move closer to 0◦, until the energy peak of the

EL (shown as the black dot) finally disappears, and the module becomes monostable.

3.2 Implementations of the Two Tuning Strategies

Figure 3.2: Implementation of the two tuning strategies and the forward modeling. (A) Solid model of the

tunable module in its straight shape with key components: the Shape Morphing Beams (SMBs), the spring,

and three DC motors (M1, M2, and M3). (B) The structure of the SMBs and the procedure to tune their

initial bending angle θin. (C) The procedure to tune the cable’s length Lc. (D) Geometric parameters of the

module for developing a more accurate forward model.

In this section, we detail how we implement the tunable module and the two tuning strategies

for the beam’s initial bending angle θin and the cable’s length (Lc). We also develop a more

accurate forward model to predict the module’s EL to realize three different configurations (SB,

AB, and MS) by adjusting θin and Lc on the fly.

3.2.1 Design of the tunable module

The developed module is made of several parts. We use a straight configuration of the module in

Fig. 3.2A for a better illustration. First, it has two shape-morphing beams (SMBs) that can morph
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to and then hold another curved shape, thereby adjusting their initial bending angles (details in the

next paragraph). One end of these SMBs is connected to a 3D-printed top frame, and the other to

a 3D-printed bottom frame, which is mounted to a fixture. An elastic spring made from elastomers

(details to be discussed later) is placed in the middle of the two SMBs. One end of the spring is

attached to a pin on the top frame, while the other end is attached to an adjustable cable that can be

pulled or released by a DC motor M3 (3080, Pololu Corp) placed in the bottom frame. The fixture

hosts two additional DC motors labeled as M1 and M2 (3080, Pololu Corp) placed on each side of

the module. Actuating M1 will pull the left actuation cable to bend the module to the left, provided

that the right actuation cable is slack. Similarly, actuating M2 can pull the right actuation cable to

bend the module to the right. The bending angle is negative (positive) if it is bent to the left (right)

by the left (right) actuation cable. The attainable range of the bending angle θ is ( -192◦, 192◦),

which is determined by the collision of the two frames. In practice, we only bend the module in

the range ( -160◦, 160◦), to reduce the influence of permanent plastic deformation of the bending

beam. On both the top and bottom frames, several protrusions with holes are designed to facilitate

the routing of the actuation cables.

Tuning θin is accomplished through the SMBs (Fig. 3.2B). Each SMB has three components:

a 3D-printed beam made from thermoplastic material polycarbonate (PC), a customized silicone

tube encasing the beam, and a resistance wire wrapped around the tube. The beam is initially

straight (i.e., θin = 0◦, Fig. 3.2A). Now we can actuate either M1 or M2 to bend the SMBs to a

desired angle θin to the left or right. Then, we heat up the tubes and the PC beams by applying

a constant voltage (10 V) across the resistance wires (Fig. 3.2B). The silicone tubes serve a dual

purpose: they facilitate uniform heating of the PC beams and ensure consistent bending behavior

during the bending motion. After around 200 seconds, the PC beams reach a temperature higher

than their glass transition temperature and become soft. Then we maintain the new shape for

around 320 seconds while cooling down the SMBs until their temperature drops below the glass

transition temperature, and the SMBs regain their rigidity. Finally we release the actuation cables.

During this tuning process, we keep the spring slack because, with tension in the spring, the heated
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beams may buckle due to the restoring force of the spring. In this way, we can actively adjust the

initial bending angle of the module on the fly.

Tuning the length of the adjustable cable, Lc, is realized by using the cable system driven by

motor M3. One end of the cable is attached to the lower end of the spring, while the other end is

attached to a capstan on the shaft of M3. The cable is routed through a small hole in the bottom

frame (see point Q in Fig. 3.2C and D) to keep the effective length of the cable LC constant when

the module undergoes bending motion. In this way, we can actuate M3 to adjust the value of Lc

(Fig. 3.2C). M3 is also used to relax the spring before tuning the initial bending angle of the SMBs.

We choose polycarbonate (PolyMax PC, Polymaker Inc) for the beams since it can maintain its

initial shape better, i.e., it can almost recover its initial shape after being bent by a large angle and

undergoing a large strain, compared with other 3D printing materials (e.g., PLA, PETG, Nylon).

We design the dimension of the beam to be 0.6 × 8× 38 mm, and fabricate the beam through 3D

printing (Prusa i3 MK3). The customized silicone tube is molded using Dragon Skin 30 (Smooth-

On Inc) with an outside dimension of 4.5× 11× 38 mm. A dedicated mold for curing the silicone

tube is printed with a FDM printer (Prusa i3 MK3). A beam with the same dimension as those

used in the SMBs is inserted to the center of the mold to realize the rectangular hole in the cured

silicone tube. After inserting the PC beam to the cured silicone tube, a resistance wire (RW0332,

TEMCo Inc) with a resistance of 9 Ω is wrapped outside the tube to complete the fabrication of

an SMB. The elastic spring is also molded using Dragon Skin 30 because it can withstand a large

tensile strain. We choose the spring’s dimension to be 4 × 2.4 × 32 mm. We select the specific

dimensions for the beam and the spring such that their strain energies during the bending process

are approximately within the same range.

3.2.2 Forward problem: predict the tunable module’s EL

With the detailed design, we now establish a more accurate mathematical model for the EL to

investigate how tunable elements θin and Lc will influence the module’s EL (i.e., resting angles or
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energy barriers). Specifically, we want to solve the forward problem: given the values for θin and

Lc, predict the module’s EL.

In the implemented module, the total strain energy has three parts: the strain energies from the

tubes Ut, the beams Ub, and the spring Us.

U(θ) = Ut + Ub + Us

= 2×
1

2
ktθ

2 + 2×
1

2
kb(θ − θin)

2 +
1

2
ks∆

2(θ)
(3.4)

where kt is the effective bending stiffness of the two tubes, and other parameters are the same as

in Eq. (3.1). Note that Ut =
1
2
ktθ

2 because the initial angle of both tubes is always zero, regardless

of the value of θin. Now, since there exists a distance (Le in Fig. 3.2D) between the end of the

bending beam and the spring’s attaching point (P or Q), Eq. (3.3) does not hold anymore. Based

on the geometry shown in Fig. 3.2D, we have the following equation to relate L and θ.

L(θ) =















2l sin( |θ|
2
+ α), if θ ∈ (−π, 0) ∪ (0, π)

2Le + Lt, if θ = 0

(3.5)

where l =
√

L2
e + L2

t/θ
2, Lt is the length of the tube, α = arctan(|θ|Le/Lt). Eqs. (3.4) and (3.5)

can be used to predict the EL of a tunable module given the values of the two tuning parameters

θin and Lc.

We can obtain the derivative of L(θ) with respect to θ as

L′(θ) =

[

−
2L2

t

l|θ|3
sin(

|θ|

2
+ α) + l cos(

|θ|

2
+ α)(1 +

2LeLt

θ2l2
)

]

|θ|

θ

for the special case of θ = 0, L′(θ) = 0.

The configuration of the module (i.e., SB, AB, or MS) can be determined by examining the

derivative of U with respect to θ. Specifically, if the equation

U ′(θ) = 0 (3.6)
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has three solutions θ1, θ2, and θ3, U(θ) would have three extrema (one maximum point at θ2 and

two minimum point at θ1 and θ3), indicating the module is bistable. The maximum and minima

represent the energy peak and stable states, respectively, as shown by the black dots and squares in

Fig. 3.1B-D. Further, the module is SB or AB if the magnitudes of the two minima are the same

or different. If Eq. (3.6) has one solution, then U(θ) has one minimum, indicating the module

is MS. If Eq. (3.6) has two solutions, U(θ) is transitioning between bistable and monostable (the

maximum point θ2 and one minimum θ1 or θ3 are merged).

Carrying out the derivative, we have

U ′(θ) = 2ktθ + 2kb(θ − θin) + ks∆(θ)L′(θ) = 0 (3.7)

where ∆(θ) = max(0, L(θ)− Lc − Lin).

A MATLAB script is developed to numerically solve Eq. (3.6) using the built-in fmincon

function to obtain the bending angles (θ1, θ2, and θ3) corresponding to the maximum and minimum

points on the energy landscapes (black dots and squares in Fig. 3.1B-D). Based on these obtained

bending angles, the energy peak, minimum energies at stable states, and energy barriers can be

calculated using Eq. (3.4). In this way, the forward model can be used to both predict the EL of a

module and solve for its resting angles and energy barriers.

To understand how the two tuning parameters θin and Lc influence the module’s behavior, we

use Eq. (3.6) to plot the bistable and monostable regions in the θin-Lc parameter space.

First, we experimentally obtain the parameters kt, kb, and ks with bending tests and stretching

tests. First, we bend the PC beam using Mark-10 test stand and record the forces and corresponding

displacements of the force gauge on the test stand. The strain energy of the PC beam is obtained as

the discrete integration of the force over the displacement. We also record a video of the bending

motion and use Tracker to analyze the video to obtain the bending angle of the PC beam. Thus,

we get the curve of the strain energy Ub versus the bending angle of the beam θ, as shown by the

red curve in Fig. 3.3. By curve fitting the result with a quadratic polynomial Ub = 1
2
kbθ

2, we

approximate the value of kb to be 8.296 mJ. Then we insert the PC beam to a silicone tube and
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Figure 3.3: The parameters kt, kb, ks are obtained experimentally with bending test or stretching test. Curve

fitting is applied on the resulting curves of strain energy versus bending angle (or extension) to approximate

the parameters.
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repeat the bending test on the beam and tube assembly. The resulting curve of the combined strain

energy Ub + Ut versus the bending angle is curve fitted with a quadratic polynomial Ub + Ut =

1
2
(kb + kt)θ

2. In this way, kt is approximated to be 1.620 mJ. Lastly, we stretch the elastic spring

with the Mark-10 test stand and record the forces and corresponding displacements of the force

gauge. Similar to bending test, we use a quadratic polynomial Us =
1
2
ks∆

2 to curve fit the resulting

curves of the strain energy of the spring versus its extension. ks is found to be 0.1518 mJ/mm2.

We have also limited the range of θin to (−π, π) and Lc to (8, 40). We choose this range for

Lc because if Lc is too small, the spring force of the module around its straight shape would be

very large, leading to the buckling of the beam during the transition. A thorough discussion on the

buckling behavior of flexible beams can be found in [70]. If Lc is too large (e.g., 48 mm), then the

spring will always be slack, and the module is always monostable.

Figure 3.4: Configurations of the module (SB, AB, and MS) depend on the two tuning parameters (θin and

Lc).
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In Fig. 3.4, we see that all the regions are symmetric about the axis θin = 0. The SB configura-

tion is only possible when θin = 0 and Lc < 36.1 mm. When θin = 0 and 36.1 < Lc < 40 mm (the

spring’s energy will decrease if Lc increases, see Fig. 3.1D), the spring’s energy profile is insuffi-

cient to result in a maximum in the module’s EL. So, the module is also monostable. For a given

value of Lc < 36.1 mm, the module will go from bistable to monostable when the magnitude of θin

increases, as indicated by Fig. 3.1C. At the boundary between bistability and monostability (i.e.,

the transition between bistable and monostable ELs), Eq. (3.6) has two solutions. The magnitude

of θin at this boundary increases when Lc decreases. This is because, as shown in Fig. 3.1C, if the

green curve is higher (corresponding to lower Lc), the red curve needs to shift more (corresponding

to larger θin) horizontally to transition the module’s EL from bistable to monostable. Based on the

results in Fig. 3.4, we can choose specific values for θin and Lc of the prototype to enable three

different configurations of the EL: SB, AB, and MS.

Figure 3.5: Comparisons between the measured and predicted ELs of the tunable module in three different

configurations.
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Figure 3.6: Selected pictures of the tunable module in its stable states.
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To validate the model we have developed so that we can use it for the inverse problem in

the next section, we experimentally obtain the ELs of modules with different configurations (SB,

AB, and MS) and compare them with the predicted ELs. We conducted experiments on the same

module with different θin and the same Lc = 20 mm. These correspond to three different config-

urations: SB, AB, and MS, respectively. Since it is difficult to directly measure the strain energy,

we derive the strain energy through bending tests of the module to obtain the force on the actua-

tion cable and displacement of the actuation cable. Then we calculate the change of strain energy

through discrete integration of the force on the cable over displacement of the cable. For this dis-

crete integration, we choose the initial condition (i.e., the initial energy) as the strain energy at the

left stable state (or the right stable state for a monostable module), which can be calculated using

Eq. (3.4).

For each module, the bending test is repeated three times to obtain three ELs. Both experimen-

tal and predicted ELs are plotted in Fig. 3.5, where the dotted and solid curves are the experimental

and predicted ELs, respectively. Shaded regions around the dotted curves show the standard de-

viations of the measurements. From this figure, we can see that the strain energy model matches

reasonably well with the experimental results with an average error of 6.61 mJ and average stan-

dard deviation of 8.87mJ. The experimental energies are greater than the predicted ones, possibly

because of the friction force between the actuation cables and the silicone tubes. Four images

representing typical stable states of the tunable module are illustrated in Fig. 3.6.

3.3 Inverse Problem: Obtain Desired EL Using the Two Tuning

Strategies

Using the two tuning strategies, a more interesting problem is to achieve a desired EL. Though

the most general case is to achieve precisely the same desired EL (i.e., the exact curve of the EL)

for a tunable module, the most important characteristics for the EL are the resting angles (θl, θr)

and the energy barriers (El
bar, and Er

bar). Ideally, we can achieve both the desired resting angles

and desired energy barriers at the same time by tuning the four elements (kb, θin, ks, and Lc)
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Figure 3.7: Feasible regions of resting angles or energy barriers when −π < θin < π, 8 < Lc < 40. (A)

Feasible region of resting angles (θl and θr). (B) Feasible region of energy barriers (El
bar and Er

bar).

concurrently. However, we only implemented two independent strategies to adjust θin and Lc on

the fly as discussed in section 3.2. Therefore, in this section, we aim to solve the simplified tuning

problem: given desired resting angles (θl and θr) or energy barriers (El
bar and Er

bar), solve for the

values of θin and Lc. We call this the inverse problem for tuning as opposed to the forward problem

discussed in section 3.2-B. We also validate the solution by implementing the two tuning strategies

on a prototype and comparing the resulting resting angles (or energy barriers) with the desired

ones.

3.3.1 Feasible regions of the resting angles or energy barriers

Before trying to realize the desired resting angles or energy barriers, it’s necessary to first obtain

the feasible regions for them so that we can choose the desired values in these regions. We first

discuss the feasible region for the resting angles, which can be categorized into two cases: when

the module is bistable, find the region for two variables θl and θr, whereas when the module is

monostable, only the region for one variable needs to be determined.
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When the module is bistable, the feasible region of resting angles θl and θr depends on two

conditions: ranges of the tunable parameters (θin and Lc) and bistability of the module. We look

at these two conditions to determine the values for θin and Lc corresponding to the boundaries of

the feasible region. Using the forward model developed in section 3.2-B, we can obtain θl and θr

resulting from those tuning parameters θin and Lc. Then θl and θr are plotted in a 2-dimensional

figure to show the boundaries of the feasible region.

For the first condition, we can generate three boundaries: 1⃝, 2⃝, and 3⃝ in Fig. 3.7A based on

the ranges of tunable parameters.

curve 1⃝: Lc = 8,−π < θin < π (3.8)

curve 2⃝: θin = −π, 8 < Lc < 40 (3.9)

curve 3⃝: θin = π, 8 < Lc < 40 (3.10)

For instance, for the range described by Eq. (3.8), we take sample sets (e.g., θin = π/4 and Lc = 8

mm) from this range and use Eq. (3.6) to determine if the module for a certain sample set of θin

and Lc is bistable or not. If bistable, we record the corresponding θl and θr for that sample set using

the forward model. Plotting the resting angles for all the sample sets, we obtain boundary 1⃝. The

ranges described by Eq. (3.9) and (3.10) are utilized in a similar manner to get boundaries 2⃝ and

3⃝. When Lc = 40, the module is always monostable, so this upper bound of Lc is irrelevant in

Fig. 3.7A. For the second condition, we can generate two boundaries ( 4⃝ and 5⃝ in Fig. 3.7A),

corresponding to the transition of the module from bistability to monostability, which occurs when

Eq. (3.6) has just two solutions (see the supplementary material for the detailed procedure to obtain

boundaries 4⃝ and 5⃝). These two sets of boundaries form a closed region (the blue region in Fig.

3.7A), inside which the input variables θin ∈ (−π, π) and Lc ∈ (8, 40) and the module will be

bistable. In other words, we can realize any values for θl and θr inside this region by choosing

proper values of θin and Lc. Curve 6⃝ is plotted here to show the SB configurations.
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When the module is monostable, we can only obtain the region for one resting angle. In this

case, we use θl (or θr) to designate the resting angle of the module if it is negative (or nonnegative).

Curves 7⃝ (representing θl) and 8⃝ (representing θr) are also determined by the two conditions

mentioned above. It can be seen that the region of θl (or θr) extends from 0 to the resting angle

resulting from tunable parameters θin = −π (or π) and Lc, when the module transitions from

bistable to monostable.

We then try to get the feasible region for the energy barriers El
bar and Er

bar. When the module

is bistable, similar to the case of resting angles, the feasible region of El
bar and Er

bar also depends

on two conditions: ranges of the tunable parameters (θin and Lc) and bistability of the module. As

shown in Fig. 3.7B, the feasible region of El
bar and Er

bar is enclosed by two sets of boundaries: one

( 1⃝, 2⃝, and 3⃝) determined by the ranges of the tunable parameters (θin and Lc) and the other ( 4⃝

and 5⃝) determined by the transition of the module between bistable and monostable states. Curve

6⃝ is also plotted here to show the SB configurations. Note that for monostable configurations, the

energy barrier does not exist. Additionally, boundaries 4⃝ and 5⃝ in Fig. 3.7B lie on the horizontal

and vertical axes, respectively, since one energy barrier is 0 when the module transitions between

bistable and monostable states.

3.3.2 Obtain desired resting angles or energy barriers

After identifying the feasible regions for the resting angles and energy barriers, we can solve

the inverse problem: given desired resting angles (θl and θr) or energy barriers (E
l

bar and E
r

bar)

from the closed regions shown in Fig. 3.7, solve for the corresponding tuning parameters θin and

Lc.

First we investigate the inverse problem for tuning the resting angles. When a module is at

a resting angle, the derivative of its strain energy with respect to the bending angle is 0. So the

desired resting angles θl and θr must both satisfy Eq. (3.6), leading to the following two equations

with θin and Lc being the unknowns.

(ks + kb)θl − kbθin + ksmax(0, L(θl)− Lc − Lin)L
′(θl) = 0 (3.11)
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(ks + kb)θr − kbθin + ksmax(0, L(θr)− Lc − Lin)L
′(θr) = 0 (3.12)

Eqs. (3.11) and (3.12) can be solved to determine the values of the tuning parameters θin and

Lc. In this case, if we tune the module to have the solved θin and Lc, ideally, the resting angles of

the resulting module should be θl and θr.

Table 3.1: List of values for the inverse problem

parameters θl θr θl θr E
l

bar E
r

bar El
bar Er

bar

1 −135◦ 90◦ −128◦ 85.0◦ 25 200 12.3 205.8

2 −135◦ 70◦ −128.4◦ 59.3◦ 25 160 16.0 169.4

3 −120◦ 110◦ −118.2◦ 107.5◦ 25 120 15.5 123.5

4 −120◦ 90◦ −115.1◦ 84.8◦ 25 80 15.5 88.4

5 −120◦ 70◦ −114.4◦ 61.2◦ 50 160 41.7 172.8

6 −105◦ 90◦ −99.7◦ 85.2◦ 50 120 41.2 125.6

7 −105◦ 70◦ −98.4◦ 57.3◦ 50 80 44.7 82.3

8 −90◦ 80◦ −84.1◦ 72.0◦ 50 50 46.8 46.2

9 −90◦ 60◦ −84.4◦ 56.5◦ 50 40 45.5 44.2

10 −75◦ 60◦ −69.7◦ 52.2◦ 75 120 69.8 122.7

11 −60◦ 50◦ −52.4◦ 44.1◦ 75 80 72.3 86.3

12 −45◦ 35◦ −32.9◦ N/A 100 100 96.7 106.2

To validate the inverse solution obtained through Eqs. (3.11) and (3.12), we choose 12 sets of

specific values for θl and θr in the closed region in Fig. 3.7 (values are shown in Table 3.1). Since

the closed region is symmetric about the curve 6⃝, we just choose points on one side of the curve.

For each set (shown as red dots in Fig. 3.7), we plug in values of θl and θr to Eqs. (3.11) and

(3.12) to solve for the corresponding tuning parameters θin and Lc and then implement them on

the prototype using the two tuning strategies. Finally, we measure the resulting resting angles and

compare them with the desired ones θl and θr. The results are shown in Fig. 3.7 and Table 3.1,
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Figure 3.8: The inverse tuning process. (A) a tunable module in its initial straight shape. (B) Bend the

module to the solved initial bending angle θin. (C) The tunable module in its left stable state with θl =

−84.4◦. (D) The tunable module in its right stable state with θr = 56.5◦.
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where the red and green dots represent the desired and the measured resting angles, respectively.

For each set, a red line is used to connect the measured to the desired value. It can be seen that they

match well with a mean error of 8.2 degrees and a standard deviation of 3.5 degrees. The error

may be caused by the viscoelastic behavior and plastic deformation of the bending beams, as well

as the deformation of the silicone tubes under high temperatures. For the case with θl = −45◦ and

θr = 35◦, the resulted prototype becomes monostable after tuning, instead of bistable as expected.

We believe this is because the imperfect behaviors of the bending beams and tubes overwhelm the

small energy barrier of the prototype. We also show the pictures of the module with θl = −90◦

and θr = 60◦ at its straight, left stable, and right stable states in Fig. 3.8. For this module, we

solve Eqs. (12) and (13) to obtain the two tuning parameters as θin = −57.39◦ and Lc = 27.11

mm. After implementing the two tuning strategies, we measure the resting angles of the resulting

bistable module to be θl = −84.4◦ and θr = 56.5◦.

For the monostable case, we have only one resting angle (θl or θr) and one valid constraint

equation (Eq. (3.11) or (3.12)) to solve for θin and Lc. With only one equation, we can still realize

the given resting angle θl (or θr) by first choosing a specific value for Lc and then solving for θin

using Eq. (3.11) (or Eq. (3.12)) based on the chosen Lc.

For the inverse problem for tuning the energy barriers, there are no simple linear equations

similar to Eqs. (3.11) and (3.12). Instead, the simplex search optimization method is used to solve

for the values of the tuning parameters θin and Lc given the desired energy barriers E
l

bar and E
r

bar.

The objective function used in the optimization is the error between the desired energy barriers and

that resulting from the tuning parameters θin and Lc. We also conduct experiments to validate the

inverse solution for energy barriers obtained through the optimization method. We also choose 12

sets of specific values for E
l

bar and E
r

bar in the closed region in Fig. 3.7B. Following a procedure

similar to that for the resting angles, we implement the two tuning strategies on a prototype and

compare the desired and measured energy barriers. Red and green dots represent the desired and

measured energy barriers, respectively. As shown in Fig. 3.7B, they match well with a mean error

of 9.7 mJ and a standard deviation of 4.5 mJ. It can be seen that for each set, the measured values
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are predominantly situated to the upper left of the desired values. This may be attributed to the

permanent deformation of the silicone tubes caused by high temperatures when implementing the

tuning strategies.

3.4 Applications

In this section, we employ the tunable modules for three different applications to demonstrate

the utility of tuning EL on the fly.

Figure 3.9: A kicker based on a single tunable module has adjustable kicking power. (A) When θin = −π/4
and Lc = 10 mm, the toy car travels by 251 mm. (B) When θin = −π/8 and Lc = 18 mm, the car travels

by 124 mm.

3.4.1 An adjustable kicker with a single tunable module

We first demonstrate a single tunable module as a kicker that can change its kicking power by

adjusting its energy barrier. The tunable module’s bottom frame is fixed, while its top frame kicks a

toy car on its trajectory during its transition motion. It is initially in its right resting shape. The toy
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car is placed inside a sloped track to constrain its motion. As shown in the supplementary video and

Fig. 3.9A, we first let the module have θin = −π/4 and Lc = 10 mm, which results in a left energy

barrier of El
bar = 77.2 mJ. If we actuate the left cable, the module would first gradually move to

the left. Subsequently, upon surpassing the energy peak, it would swiftly release part of its stored

strain energy and collide with the toy car during its transition motion. The collision would make the

toy car proceed along the sloped track. In this case, the toy car travels a distance of 254 mm. Then,

if we want to decrease the traveling distance to approximately half of its current value, we can tune

the initial bending angle and the cable length of the tunable module to θin = −π/8, Lc = 18 mm,

respectively. This tuning will generate an energy barrier of El
bar = 35.0 mJ, approximately half of

the previous energy barrier. After tuning, we repeat the experiment and find the toy car travels a

distance of 124 mm (Fig. 3.9B), also about half of the previous travel distance.

3.4.2 A reconfigurable arm with two tunable modules

We then connect two modules in series to realize a reconfigurable arm, which can change its

resting shapes by employing the two tuning strategies individually. As shown in Fig. 3.10A, each

module of the arm has its own motor controlling its cable length, Lc, respectively, but they share

the same side motors at the base for actuation. To do this, we route a single cable in a closed loop

on each side of the arm. The arm can generate different final shapes by adjusting the resting shapes

of both modules independently. Without loss of generality, we show six typical shapes in the arm’s

workspace.

The first shape is a straight one (Fig. 3.10A), which can be realized by making actuation cables

on both sides and adjustable cables on both modules slack. For the second shape, the first module

bends left, while the second is straight (Fig. 3.10B). To generate this shape, we tune the first

module to be monostable, with its left resting angle being θ1l = −40◦. We achieve this resting

angle by tuning the first module’s initial bending angle to θ1in = −62.2◦. Its adjustable cable is

slack.
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Figure 3.10: A reconfigurable arm consisting of two modules connected in series can generate different final

shapes under the same actuation. Yellow and green texts are for the first and second modules, respectively.

The arm is connected to a fixture via the bottom frame of the first module. (A)-(F) are six typical shapes

of the arm. (G) Following one route would make the arm collide with an obstacle. (H) and (I) are two

sequential images of the arm following another route to avoid colliding with the obstacle.
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Shapes C, D, and E share the same initial bending angles and cable lengths for each module.

It means the tuning strategies are not required to reconfigure between these three shapes. The first

module is AB with θ1l = −120◦ and θ1r = 60◦, while the second module is SB with θ2l = −90◦ and

θ2r = 90◦. As discussed in 3.3, we can solve for the corresponding values of tuning parameters θin

and Lc for each module via the inverse process of tuning: θ1in = −88.4◦, L1
c = 13.4 mm, θ2in = 0◦,

L2
c = 21.2 mm. In shape C (Fig. 3.10C), the second module has a smaller left energy barrier than

the first module. When we actuate the right actuation cable, the second module will transition first

(from left to right resting shape) while the first module stays around its left resting shape. In this

way, we obtain shape D (Fig. 3.10D). If we pull the right actuation cable further, the first module

will also transition to its right resting shape to generate shape E (Fig. 3.10E). Under the actuation

of the right cable, the reconfigurable arm changes from shape C to E through shape D.

By implementing the tuning strategies, we can also make the first module transition first, thus

the arm changes from shape C to shape E through another intermediate shape F (Fig. 3.10F). To

do this, we reduce the value of L2
c from 21.2 mm to 12 mm to increase the left energy barrier of

the second module and increase the value of L1
c from 13.4mm to 21.4 mm to decrease the left

energy barrier of the first module. In this way, the first module would transition first when the right

actuation cable is pulled, followed by the second module.

Changing the transition sequence (i.e., which module transitions first) can be useful in practical

applications. For instance, it can be used to adjust the arm’s trajectory to avoid collision with an

obstacle (see the supplementary video). As shown in Fig. 3.10G, both modules are initially in their

left resting shapes. We want to transition the arm to another shape where both modules are in their

right resting shapes without colliding with the yellow cylinder obstacle. Following the first route

mentioned above (from shape C through D to E) would make the second module collide with the

obstacle. Following the latter route (from shape C through F to E) would successfully make the

arm finish the transition without colliding with the obstacle. Two intermediate pictures of the arm

during this transition are shown in Fig. 3.10H and I.
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Figure 3.11: Using the tuning strategy to change the locomotion direction of the crawling robot. (A) To

realize the crawling locomotion, two feet capable of directional friction force are attached to the top frame

of each module. (B) Some sequential images of the robot crawling forward. (C) Some Sequential images of

the robot crawling backward.
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3.4.3 A reconfigurable crawling robot

We further develop a crawling robot to demonstrate that the tuning strategies can be used to

change its locomotion direction (see the supplementary video). The robot is made from two mod-

ules connected in series, similar to the reconfigurable arm. It has a 3D-printed directional foot

on each module (Fig. 3.11A). The foot on the first and second module is used for backward and

forward locomotion, respectively. To crawl forward, we let the first module maintain its left rest-

ing shape while the second module is bent upward by the right actuation cable and downward by

the left actuation cable repeatedly (Fig. 3.11B). We tune the second module with θ2in = −30◦

and L2
c = 25 mm, which results in energy barriers of El

bar = 22.5 mJ and Er
bar = 0.7 mJ. We

tune the first module with θ1in = −90◦ and L1
c = 15 mm, which results in a left energy barrier

of El
bar = 91.5 mJ. Both energy barriers of the second module are much smaller than the left en-

ergy barrier of the first module. This ensures that when we alternatively actuate the two actuation

cables, the first module stays around its left resting shape, while the second module can switch

between its two stable states. In this way, the directional foot on the second module can make the

robot crawl forward, while the foot on the first module does not touch the ground.

We can change the robot’s locomotion direction by tuning the modules’ parameters on the fly.

To realize the backward crawling (Fig. 3.11C), we first move the foot on the second module away

from the ground by switching the second module to its right resting shape. Now, the foot on the

first module will touch the ground. We then tune the second module with θ2in = 90◦ and L2
c = 8

mm, resulting in a right energy barrier of 161.2 mJ. We also tune the first module with θ1in = −30◦

and L1
c = 25, which results in energy barriers of El

bar = 22.5 mJ and Er
bar = 0.7 mJ. Both energy

barriers of the first module are much smaller than the right energy barrier of the second module.

This ensures that when we alternatively actuate the two actuation cables, the second module stays

around its right resting shape, while the first module will switch between its two stable states. In

this way, the directional foot on the first module would make the robot crawl backward.
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3.5 Chapter Summary

In this chapter, we present methods to tune the energy landscape (EL) for a beam-based bistable

module with elastic instabilities on the fly without manual alterations. The two tuning strategies

we developed – adjusting the beam’s initial bending angle and varying the offset of the spring’s

extension – have proven effective in manipulating the EL, as evidenced by our forward model

and its subsequent experimental validation. By connecting multiple bistable modules in series,

we can realize a reconfigurable robot with different resting shapes, energy barriers, or transition

sequences. We have also successfully solved the inverse problem to obtain desired resting angles

or energy barriers through the two tuning strategies. We also illustrate the practical applications

of tuning through the successful deployment of the tunable module in three different scenarios: as

a kicker to impart different energies to an object, as a reconfigurable arm that can reconfigure its

resting shape, and as a crawling robot that can crawl in both directions using the same actuation.
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Chapter 4

Co-Optimization of Design and Control

For the reconfigurable robots presented in Chapters 2 and 3, we need to determine the recon-

figuring parameters and corresponding control policies to achieve desired functionalities. We can

treat the reconfiguring parameters (stiffnesses of the SVJs in the case of origami module based

robots, initial bending angle and offset of the spring in the case of bistable module based robots) as

design parameters since they are normally tuned and fixed before carrying out a specific function.

These parameters influence the robot’s kinematics and dynamics, thereby affecting its interactions

with the environment and the optimal control strategy to accomplish specific tasks. Consequently,

optimizing both reconfiguring parameters and control policies simultaneously is essential for re-

configurable robots, a challenge known as the co-design or co-optimization problem.

To state the co-optimization problem for robotic systems more generally, a robot relies on both

its physical design and control algorithm for a specific function. These two aspects are inherently

coupled, as the robot’s dynamics—shaped by its physical design parameters—directly influence

the development of its control strategies. Robots with different designs may have entirely different

control strategies. Designing a robot requires simultaneous optimization of both its physical design

and control algorithm. To achieve this, a co-optimization process should be employed, aiming to

obtain an optimal combination of design and control tailored to the specific environment and task

requirements.

Many researchers have explored co-optimization approaches that jointly reason over physi-

cal design and control for legged robots [47, 49, 50], soft robots [48], robotic hands [64, 71]. For

instance, Spielberg et al. [47] demonstrates that robot design parameters can be incorporated seam-

lessly into the trajectory optimization process, enabling the concurrent optimization of robot tra-

jectories and physical designs. Deimel et al. [48] use a simplified model for the dynamics of the

soft robotic hand in the co-design process, which updates the design parameters with particle filter

optimization method. Also, co-optimization can be implemented as an iterative process, alternat-
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ing between optimizing the physical design and refining the control algorithm. Liao et al. [51]

proposed hierarchical process constrained batch Bayesian optimization (HPC-BBO), to automat-

ically optimize robot morphologies and the controllers in a data efficient manner. HPC-BBO is a

hierarchical Bayesian optimization process which iteratively optimizes morphology configurations

and subsequently learns the corresponding controllers. It is worth noting that the aforementioned

co-optimization methods rely on detailed dynamic models of the robots, which can often be highly

complex or, in some cases, entirely unavailable.

Data-driven approaches, such as deep reinforcement learning (RL), have proven highly ef-

fective in addressing the complex dynamics of robotics and their interactions with the environ-

ment. Control policies modeled as neural networks and trained through deep reinforcement learn-

ing have become highly successful, achieving cutting-edge performance across a wide range of

robotic tasks [60, 72, 73]. Recently, researchers have also explored implementing co-optimization

using reinforcement learning methods [61–66]. For instance, He et al. [63] proposed the MORPH

framework to co-optimize robot morphology and control policy to achieve a reaching task and

a button-pressing task. It employs a neural network based proxy model to approximate the real

physical model of the robot. The divergence between the proxy model and real physical model

(measured using random samples) is used as a regularization term in the objective function of the

reinforcement learning process. Wang et al. [74] propose Neural Graph Evolution to co-evolve

both the robot design and the control policy, representing the morphology of the robot with a graph

neural network.

Unlike traditional model-based co-optimization methods, which rely heavily on accurate physi-

cal models and often struggle with the complexity of real-world dynamics, RL-based co-optimization

methods excel in learning directly from interactions with the environment. This makes them par-

ticularly effective for handling the intricate and dynamic behaviors of reconfigurable robots. In this

chapter, we explore the co-optimization of reconfigurable robots, integrating the design of recon-

figuring parameters with the development of control policies for a given task, using reinforcement

learning methods.
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4.1 Using RL to Co-optimize Reconfigurable Robots

The reinforcement learning problem is generally formulated as a Markov Decision Process

(MDP). An MDP can be represented by a tuple (S,A,F , r), where S is the state space, A is the

action space, F is the state transition model, r is the reward function. An agent in state st ∈ S at

time t takes action at ∈ A according to some policy πθ, and the environment returns the agent’s

new state st+1 ∈ S according to the state transition model F(st+1|s, a), along with the associated

reward rt = r(st, at). The goal is to learn the optimal control policy π∗
θ : S → A mapping states

to actions that maximizes the expected return

J(πθ) = Eτ∼πθ
[R(τ)]

where τ is a trajectory obtained by letting the agent act in the environment using the policy πθ,

R(τ) =
∑T

i=0 γ
irt+i is the return for the trajectory τ , T is the length of the trajectory, γ ∈ [0, 1) is

the discount factor of the future rewards.

A stochastic policy, denoted as πθ(at | st), is commonly used to predict the action at given the

current state st. The stochastic nature of the policy encourages exploration during the training pro-

cess, enhancing the model’s ability to discover optimal actions. Typically, πθ(at | st) is modeled

as a neural network, which takes the current state st as input, and outputs a probability distribution

for sampling the action at. In most cases, a Gaussian distribution is used for the probability dis-

tribution, where the neural network outputs the mean and standard deviation for each dimension

of the action at. In the case of complex continuous action spaces, policy gradient methods are

commonly used to learn the parameters θ of the policy through stochastic gradient ascent on the

expected return.

∇θJ(πθ) = Eτ∼πθ

[

T
∑

t=0

∇θ log πθ(at | st)R(τ)

]

(4.1)

“Vanilla” policy gradient methods using the formula shown above struggles with high variance and

slow convergence.
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In this work, we use the Proximal Policy Optimization (PPO, [75]) algorithm to learn an op-

timal control policy for our reconfigurable robots (e.g., origami manipulator) to achieve specific

tasks (e.g., reaching task). PPO offers significant advantages over traditional policy gradient meth-

ods by providing a stable and efficient training process. The actor-critic framework, which uses an

actor network to determine the policy and a critic network to estimate the value function, enables

PPO to reduce variance in policy gradient updates and improve learning efficiency. Unlike vanilla

policy gradients, PPO employs a clipped surrogate objective that prevents large policy updates,

ensuring stable learning. Additionally, PPO does not require the complex computation of trust

regions used in Trust Region Policy Optimization (TRPO, [76]), making it simpler to implement

while retaining comparable performance. Its balance between exploration and exploitation, com-

bined with scalability and robustness, makes PPO a widely adopted algorithm in reinforcement

learning.

PPO is an on-policy algorithm that alternates between sampling data from the environment and

optimizing the objective:

Êt

[

min
(

rt(θ)Ât, clip(rt(θ), 1− ϵ, 1 + ϵ)Ât

)]

(4.2)

where rt(θ) =
πθ(at|st)
πθold

(at|st)
is the ratio function, Â is the advantage function, ϵ is a small hyperparam-

eter which roughly says how far away the new policy is allowed to go from the old one. The clipped

objective has the effect of maximizing expected return by making only small steps in policy space

at a time.

We note that, for reconfigurable robots, the reconfiguring parameters and control sequence

are inherently coupled since the reconfiguring parameters will influence the state transition model

(e.g., kinematic model of the origami manipulator). Robots with different configuration will natu-

rally have different kinematics (or dynamics) and optimal control policies π∗
θ . This means that we

should learn the optimal reconfiguring parameters and control policy simultaneously. For exam-

ple, in an origami manipulator composed of four origami modules connected in series, different

stiffness configurations can lead to varying feasible workspaces. This variation occurs because
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Figure 4.1: Different stiffnesses result in different workspace

higher stiffnesses demand greater actuation forces on the cable, which may exceed the maximum

capacity of the actuation motor. Two typical workspaces of a manipulator of different stiffness

configurations are shown in Fig. 4.1. To enable the manipulator to reach a specific goal point in

the space, it is not sufficient to learn the control policy (displacement of the actuation cable) alone.

It is also necessary to determine a specific stiffness configuration whose workspace encompasses

the desired goal point.

In this work, we co-optimize the reconfiguring parameters and control policy of the robots using

the algorithm presented in [77], which is inspired by the parameter exploring strategy proposed

in [78]. The overview of this co-optimization approach is depicted in Fig. 4.2. The goal of our

co-optimization is to enable the discovery of optimal reconfiguring parameters ω∗ ∈ Ω from the

space of feasible reconfiguring parameters Ω that maximizes the agent’s success when used in

conjunction with a corresponding optimal control policy π∗
θ . Here we note that ω denotes the

stiffnesses of the SVJs in the case of origami module based robots, while in bistable module-

based robots, it represents the initial bending angles and spring offsets. Instead of treating policy

training as a black-box optimization that we perform independently for each possible configuration,
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Figure 4.2: overview of the co-optimization approach

we search over configuration simultaneously with a search over policies. Basically, we extend

the standard reinforcement learning formulation to also include ω as a learnable parameter. We

describe the co-optimization process as follows.

Let pφ(ω) denote the Gaussian distribution of the possible reconfiguring parameters. The learn-

able parameters ϕ, comprising the means and standard deviations of the distribution, encapsulate

the framework’s belief about which designs are more likely to result in greater returns. The policy

function πθ(at|st, ω) is now provided with the parameters ω of the configuration it is controlling

as input.

Formally, we seek to find configuration and policy parameters ϕ∗ and θ∗ such that:

ϕ∗, θ∗ = argmax
φ,θ

Eω∼pφ [Eπθ
[Rτ ]] . (4.3)

At each iteration of training, the policy is trained (using PPO) to maximize the expected return

over configurations sampled from the current configuration distribution pφ. At the same time,
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the configuration distribution is updated every iteration to increase the probability density around

designs that perform well when using the current learned policy πθ [77]:

∇Eω∼pφ [Eπθ
[Rt]] = Eω∼pφ [∇ log pφ(ω)Eπθ

[Rt]] . (4.4)

This shifts the parameters of the configuration distribution ϕ to maximize the expected reward

under the current policy πθ, and is analogous to gradient-based updates to the policy parameters.

We parameterize the configuration distribution pφ as a Gaussian distribution, which is initialized

with random mean µ and large standard deviation σ to cover the whole parameter ranges.

p(ωi) =
1

√

2πσ2
i

exp

(

−
(ωi − µi)

2

2σ2
i

)

, (4.5)

The term ∇ log pφ(ω) in Eq. (4.4) is calculated as follows [78].

∇µi
log p(ωi) =

ωi − µi

σ2
i

, (4.6)

∇σi
log p(ωi) =

(ωi − µi)
2 − σ2

i

σ3
i

. (4.7)

4.2 Co-optimization for Origami Robots based on Forward Kine-

matics

In this section, we try to apply the co-optimization learning algorithm on an origami manipu-

lator consisting of multiple modules connected in series to achieve some tasks. First, we introduce

the improvement on the design of the origami modules to enhance controllability. Then we try to

make the end effector point of the origami manipulator reach a specific goal point while avoiding

an rectangular obstacle.
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Figure 4.3: Improvement on the design of the origami manipulator. The bottom plate of module 1 is fixed.

4.2.1 Improved Design with Three Tendons and the Associated Modeling

In our previous design, we used a single cable (shown in yellow in Fig. 2.3) to apply the force

on the top plate to actuate the reconfigurable origami module. To achieve more possible shapes and

motions upon actuation, we improve the design to use three independent tendons on three different

sides of the module to actuate it. The tendons (shown in yellow in Fig. 4.3) are routed along the

diagonal links in a zigzag pattern on each side. Although an origami manipulator can comprise

more modules, only two modules are shown in Fig. 4.3 for clarity. Also, the stiffnesses of the

SVJs in the previous design were binary (either soft or rigid). We plan to employ a new type of

SVJ (made from layers of shape memory polymers and thermoplastics) capable of continuously

adjusting its stiffness [79]. By assuming continuously adjustable stiffness, the forward model

becomes more general and extends its applicability to a wider range of scenarios.
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We note that the shape of a module is uniquely represented by the lengths of its three virtual

straight diagonal links B = [bi1, b
i
2, b

i
3]

T (see Eqs. 3-8 in Chapter 2). The superscript denotes the

numbering of the module in the manipulator (see Fig. 2.7 and Fig. 4.3). The subscript denotes the

numbering of the facets in each origami module. If N modules are connected in series to form an

origami manipulator, then the column vector B has 3N entries.

B = [b11, b
1
2, b

1
3, b

2
1, b

2
2, b

2
3, ..., b

N
1 , b

N
2 , b

N
3 ]

T (4.8)

The stiffnesses of all joints are similarly represented as a vector of 3N entries.

S = [s11, s
1
2, s

1
3, s

2
1, s

2
2, s

2
3, ..., s

N
1 , s

N
2 , s

N
3 ]

T (4.9)

For the original module design with only one actuation tendon, we have a constraint equation

(Eq. (2.9)) relating the shape B to the given cable displacement ∆.

∆ =
√

(dinix )2 + (diniy )2 + (diniz )2 −
√

d2x + d2y + d2z (4.10)

where dinix , diniy , diniz represent the position of the center of the top plate before the module is

deformed by the cable. dx, dy, dz represent the position of the center when the module is actuated

by the cable. The aforementioned positions are determined by the shape B of the modules (see

Eqs. 3-8 in Chapter 2).

Now, with the improved modules actuated by three independent tendons, the constraint equa-

tion should be modified to reflect the change on the routing of the cables: ∆ = [∆1,∆2,∆3]
T

where ∆i denotes the displacement of the tendon on the ith side of the modules.

∆i ≤ N · bini −

N
∑

j=1

bji , i = 1, 2, 3 (4.11)

where bini is the initial length of the diagonal links and i corresponds to the i-th side of the manip-

ulator.
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Similarly, it is possible that infinite many sets of B may satisfy the same tendon constraint. We

use the minimum potential energy method to choose the set of B from the infinite many possible Bs

that minimizes the potential energy of the manipulator, E. The potential energy for each module

is calculated using Eq. 2.10.

For origami manipulators comprising multiple modules connected in series, we also formulate

the forward model as an optimization problem as follows.

min
B

E =
N
∑

j=1

Ej

s.t. Constraints (Eq. 4.11)

(4.12)

where Ej is the potential energy of each module in the manipulator.

The solution B of the optimization problem depends on both the stiffnesses of the VSJs S and

the tendon displacement D, since S and D are included in the objective function and constraint

equations in Eq. (4.12). With an optimal B, we can solve the forward problem to predict the final

shape of the manipulator consisting of multiple modules connected in series, given D and S. The

position of the end effector point of the manipulator can be readily calculated based on the shape

of the manipulator.

In the context of reinforcement learning, the forward model serves as the state transition model

Fφ(s
′ | s, a). This model predicts the next state of the origami manipulator based on its current

state and the action taken at this step (e.g., tendon displacement or changes in tendon displace-

ment).

In this work, we develop a custom environment for the origami manipulator following the

Gymnasium API. It implements two key methods: reset and step. The reset method initializes the

manipulator to its initial state at the start of each episode. The step method takes an action sampled

from the current policy, computes the next state using the forward model (state transition model),

and returns the next state along with the corresponding reward and additional information.
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Figure 4.4: Evaluation of the trained policy for the reaching task with obstacle avoidance. The red curve

shows the trajectory of the end-effector point. The red dot shows the position of the end-effector point at the

last step.

4.2.2 Reaching a Goal Point for the Origami Manipulator

In this section, we describe the simulation setup and the corresponding results. The forward

model in Section 4.2.1 is implemented as the state transition model in the learning process. As

shown in Fig. 4.4, we increase the number of modules in the manipulator from 4 to 5 to achieve

a more challenging reaching task with obstacle avoidance. The bottom plate of its bottommost

module is fixed. We aim to optimize both the stiffnesses of all VSJs and the control strategy on the

tendon displacements to make the end-effector point of the manipulator reach a goal point while

avoiding collision with a surrounding obstacle.

Reaching Task with One Obstacle

The objective of this task is to train the RL agent to reach a predefined goal position at

[−50, 0, 50]T while avoiding a planar obstacle. The obstacle is positioned parallel to the YZ plane

at a fixed x-coordinate of -25 mm. The agent must navigate through the environment while adher-
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Figure 4.5: Average return of the training process with one obstacle for a total of 4 million time steps.

ing to kinematic constraints and ensuring collision-free movement. Since the obstacle lies between

the manipulator’s initial position and the goal, the manipulator must maneuver around the obstacle

to successfully reach the target. To guide the agent toward the goal position, we employ a dense

reward function defined as follows.

r = −rc1(collision) + rs1(d < ds) +
rd

0.2 + d
(4.13)

where rc is the collision penalty applied if the agent collides with the obstacle, rs is the success

bonus reward applied if the agent reaches the goal within threshold ds of 3.0 mm. The indicator

function 1(collision) returns 1 if a collision is detected and 0 otherwise. Similarly, the indicator

function 1(d < ds) returns 1 if d is less than ds, and 0 otherwise. d = ∥pt − pg∥ is the distance

between the effective tip pt and the goal position pg. The last term represents the distance reward

scaled by a constant rd. We extended the forward model to calculate the distance d and to detect

the collision between the manipulator and the obstacle.

We employ the PPO algorithm with a multi-layer perceptron (MLP) policy, consisting of two

hidden layers with 64 neurons each and ReLU activation. The observation space of the control

policy consists of tendon displacements, stiffnesses of the joints, shape of the manipulator, and the
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goal position. The actions are the change of tendon displacements. The forward model is used

to develop a custom environment compatible using the Gymnasium API [80] for the RL process.

Our co-optimization framework is implemented with the reinforcement learning library Stable-

Baselines3 [81].

To balance exploration and exploitation, we employ a linear decay strategy for both the en-

tropy coefficient and the learning rate. The entropy coefficient decreases linearly from 0.02 to

0.001, while the learning rate gradually declines from 0.00025 to 0. We apply normalization to

standardize both observations and rewards to help mitigate large fluctuations and improves learn-

ing stability. We present the average episode return as a function of time steps in Fig. 4.5.

The stiffnesses of the VSJs are optimized through the training process to be S = [2.50, 2.41,

1.87, 0.58, 2.12, 1.52, 2.50, 0.40, 0.40, 1.26, 0.40, 1.09, 0.82, 1.55, 1.25]T . To evaluate the trained

control policy and stiffness values, we deploy them on a simulated manipulator and visualize the

results in Fig. 4.4. The initial shape of the manipulator is depicted in black and white. The

trajectory of the effective tip (shown as the red curve) and the final shape of the manipulator, shown

in green, show the agent’s ability to successfully reach the goal (the black dot) while effectively

avoiding the surrounding obstacle. We also train control policies for the same reaching task with

obstacle avoidance without the co-optimization procedure. In this case, the stiffness values are

predetermined as stiffness sets S1 and S4 and remain fixed throughout the learning process. The

trained control policies are then deployed on the manipulator with these specified stiffnesses, and

the resulting trajectories are shown as the blue and green curves, respectively. For stiffness set S1,

the agent navigates toward the goal but fails to reach it completely. In contrast, for stiffness S4, the

agent becomes trapped in a local minimum, avoiding both the goal position and the obstacle.

Reaching Task with Two Obstacles

We increase the task difficulty by introducing a second obstacle (obstacle 2 in Fig. 4.6), which

is parallel to the YZ plane and positioned at a fixed x-coordinate of −60 mm. This obstacle extends

from a z-coordinate of 135 mm (bottom edge) to 200 mm (top edge).
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Figure 4.6: Execution of the trained policy for the reaching task while avoiding two obstacles. The red

curve shows the trajectory of the effective tip. The red dot shows the position of the effective tip at the last

step.

Figure 4.7: Average return of the training process with two obstacles for a total of 2 million timesteps
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As shown in Fig. 4.4, the previously trained policy leads the agent to collide with this second

obstacle during its motion. Unlike the first obstacle, which primarily constrains the final stage of

the motion, the second obstacle introduces constraints early in the trajectory, requiring the agent to

plan its movement from the very beginning.

Now we include the second obstacle in the custom environment and train a new policy to

make the agent reach the same goal point while avoiding both obstacles. The reward function and

hyperparameters are the same as before, except that we increase the initial value of the entropy

coefficient to 0.03 to encourage greater exploration.

We present the average episode return as a function of time steps in Fig. 4.7. The stiffnesses of

the VSJs are optimized through the training process to be S = [2.37, 1.70, 2.50, 1.86, 2.04, 2.11,

0.49, 0.82, 1.98, 0.50, 2.50, 2.31, 0.69, 2.50, 0.90]T . We also deploy the learned control policy

and stiffness values on a simulated manipulator and visualize the results in Fig. 4.6. The resulting

trajectory of the effective tip (shown as the red curve) demonstrates that the agent successfully

reaches the goal (depicted as the black dot) while effectively avoiding both obstacles. Notably,

we observe that the manipulator initially bends slightly to the right before redirecting its motion

toward the left to reach the goal. This initial rightward movement allows the manipulator to navi-

gate around obstacle 2 before proceeding toward the target, illustrating a strategic adjustment that

ensures collision-free motion. For comparison, we also train control policies for the same reaching

task with both obstacle avoidance without the co-optimization procedure. As in the previous case,

the stiffness values are predetermined to be S1 and S4 and remain fixed throughout the learning

process. The resulting trajectories are shown as the blue and green curves, respectively in Fig. 4.7.

For stiffness set S1, the agent navigates toward the goal but fails to avoid obstacle 2. For stiffness

set S4, the agent again get trapped in a local minimum, avoiding both the goal position and the

planar obstacle.
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4.3 Co-optimization for Origami Robots based on physics en-

gine

In the previous section, the robot learning framework was implemented based on the forward

kinematics of the origami manipulator, which was formulated using the minimum potential energy

method. However, this approach has certain limitations. It neglects interactions with the environ-

ment, such as reaction forces from the ground or external objects, collisions with obstacles, and

the effects of gravity acting on the manipulator itself or its payload. Furthermore, because the

forward kinematics is solved through numerical optimization, it is computationally expensive and

thus inefficient for reinforcement learning.

To incorporate interactions with the environment, we employ the physics engine MuJoCo [82]

to simulate the dynamics of the reconfigurable robots. MuJoCo is a real-time physics engine

capable of fast and accurate simulation of articulated structures and their interactions with the

environment.

In the MuJoCo physics engine, the actuation tendons of the robot are modeled as spatial ten-

dons, while the compliant joints connecting the three vertical and three diagonal links to the bottom

plate are simplified as ball joints. The top plate of each origami module is connected to the six

links through six spherical joints. Because MuJoCo supports only chain-like kinematic structures,

the joint connecting the first vertical link to the top plate is explicitly defined as a ball joint in the

model, whereas the remaining five joints are enforced through equality constraints. The simula-

tion timestep is set to 0.01 s, and actuation is realized by position actuators attached to the three

tendons.

Similarly, we develop a custom environment file following the Gymnasium API. Now the cus-

tom environment is based on the physics engine Mujoco, instead of forward kinematics. For each

step forward, the environment file calls Mujoco to calculate the next state of the origami manipu-

lator, based on the current state and action. We use a control frequency of 10 Hz by executing 10

MuJoCo time steps per action, ensuring smooth physical motion.
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We note that the position actuators attached to spatial tendons in MuJoCo are implemented

as bidirectional elastic springs that generate forces in both tension and compression. This differs

from the physical hardware, where actuation tendons (e.g., fishing lines) can only be pulled. To

bridge this reality gap, we enforce a tension-only constraint in the step method of the custom

environment file by tracking desired tendon lengths separately from actual tendon lengths. The

desired tendon length, representing the motor’s commanded position, can change bidirectionally.

At each timestep, we compare the desired length with the current actual length for each tendon.

When the desired length is less than the current length, the tendon would be taut and the position

actuator applies tension force as normal. When the desired length is greater than or equal to the

current length, indicating the motor is attempting to push the tendon, we disable that actuator using

MuJoCo’s actuator disabling mechanism, causing it to generate zero force and simulating a slack

tendon with zero stiffness.

Figure 4.8: An origami module modeled with Mujoco. a) Slanting motion with one tendon actuated. b)

Bending motion with two tendons actuated. c) Collapsing motion with three tendons actuated.

A single module simulated in MuJoCo is shown in Fig. 4.8, where the tendons are rendered in

white. The bottom plate of origami module is fixed. All three joints are assigned the same stiffness

value of 1. When the position actuator of the first tendon is activated, the module slants. When the

actuators of both the first and second tendons are activated, the module bends. Activating all three
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Figure 4.9: An origami manipulator consisting of two modules connected in series. By adjusting the

stiffnesses of the two joints along the same tendon, we can achieve different motions upon tendon actuation.

a) Initial straight shape. b) Only top module slanted. c) Both modules equally slanted. d) Only bottom plate

slanted.
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actuators causes the module to collapse. Unlike kinematic models, MuJoCo naturally accounts for

contact forces and collisions among all module components.

We can easily connect multiple modules in series in Mujoco, by "welding" the bottom plate

of the next module to the top plate of the previous module. As discussed in Chapter 2, for an

origami manipulator composed of multiple modules connected in series, the stiffness distribution

of the joints significantly influences the motion and overall shape of the manipulator under tendon

actuation. This behavior can also be simulated in MuJoCo. Figure 4.9a shows the initial straight

configuration of a two-module manipulator. The stiffnesses of the first joints of the bottom and top

modules are denoted as S1 and S2, respectively. When S1 = 2.5 N·m/rad and S2 = 0.5 N·m/rad,

as shown in Fig. 4.9b, actuating the first tendon causes the slanting motion to concentrate on the

top module. Conversely, when S1 = 0.5 N·m/rad and S2 = 2.5 N·m/rad, as shown in Fig. 4.9d,

the slanting motion concentrate on the bottom module. Additional, if S1 = S2 = 1 N·m/rad, the

slanting motions of the two modules become approximately equal.

We apply the co-optimization procedure to achieve a reaching task, wherein the objective is

to move the end-effector point of the two-module origami manipulator to a specified goal point.

The co-optimization procedure follows the framework described in Section 4.2. The observation

space comprises the desired tendon lengths, current end-effector position, goal position, and orien-

tations of each module’s top plate. The action space consists of changes on desired tendon lengths,

constrained to the range of -1 mm to 1 mm, represented as a 3-by-1 column vector. The stiff-

ness values of the diagonal joints are optimized concurrently through the reinforcement learning

process according to Eq. 4.4.

We design a dense reward function that combines multiple components to guide the policy

toward precise reaching while ensuring stable convergence. The reward at timDestep t is computed

as:

rt = rdist
t + rprox

t + rvel
t + rsuccess

t − ctime (4.14)
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where each component serves a distinct purpose in shaping the learning behavior. The distance-

based reward rdist
t encourages progress toward the goal:

rdist
t = λdist(dt−1 − dt) (4.15)

with dt = ∥pee
t − pgoal∥2 representing the Euclidean distance between the end-effector position pee

t

and the goal position pgoal, and λdist = 15.0 as the scaling factor. This term provides dense feedback

by rewarding any reduction in distance.

To further guide the policy in close proximity to the goal, we incorporate a proximity reward:

rprox
t =

λprox

1 + 1000 · dt
(4.16)

where λprox = 2.0. This inversely proportional term provides increasingly strong positive feedback

as the end-effector approaches the goal, helping to overcome the diminishing returns of rdist
t in the

final approach phase.

To promote stability upon reaching the goal, we introduce a velocity penalty within a braking

zone:

rvel
t =















−λvel∥v
ee
t ∥2 if dt < dbrake

0 otherwise

(4.17)

where vee
t denotes the end-effector linear velocity, λvel = 3.0, and dbrake = 0.01 m defines the brak-

ing zone threshold. This component discourages high-speed approaches near the target, ensuring

smooth and controlled final positioning.

Success is defined when the end-effector point satisfies both positional and velocity criteria

simultaneously: dt < dsuccess = 0.002 m and ∥vee
t ∥2 < 0.001 m/s. Upon meeting these conditions,

the agent receives a substantial success bonus rsuccess
t = 400 and the episode terminates. Finally, we

impose a constant time penalty ctime = 0.1 per timestep to encourage efficient task completion. This
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relatively small penalty ensures that episodes do not terminate prematurely while still incentivizing

faster convergence to the goal.

Figure 4.10: Training curves for the reaching task for origami manipulator made of two modules. The

episode return (blue, left axis) and success rate (red, right axis) are shown as functions of training timesteps.

The agent achieves near-perfect success rate after 1 million timesteps.

Figure 4.11 presents the evolution of episode return and success rate over 3 million training

timesteps. The episode return shows a rapid increase around 0.7 million timesteps, followed by

the success rate rising sharply to 100% at approximately 0.8 million timesteps. Notably, after 1

million timesteps, the episode return exhibits a gradual decline, which corresponds to a reduction

in average episode length from approximately 127 to 118 steps. This trend indicates that the agent

is learning to reach the goal more efficiently, completing tasks in fewer steps while maintaining

perfect success.

After assigning the learned stiffness values to the origami manipulator modeled in Mujoco,

we evaluate the learning result through an evaluation episode. Fig 4.11 presents a sequence of

snapshots illustrating the manipulator’s motion during this evaluation episode. Fig 4.11a depicts

the initial configuration with the goal position rendered as a white sphere. At each timestep, the
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Figure 4.11: Evaluation in the physics engine. After the co-optimization process, the learned joint stiffness

values are incorporated into the physics engine, and tendon actuations are applied according to the learned

control policy.

current state is extracted from MuJoCo and passed to the learned policy, which outputs the corre-

sponding action. This action is then applied to the manipulator in the simulation. This closed-loop

process continues until task completion. As shown in Fig 4.11d, the end-effector point success-

fully reaches the goal within a threshold distance of 2 mm. Figs 4.11b and c illustrate intermediate

configurations during the reaching motion.

We also train a goal-conditioned policy by randomizing the goal position at the start of each

episode. The goal point is sampled uniformly within a sphere of radius 8 mm centered at the

nominal target position. Under this configuration, the learned policy can ideally reach any point

within this spherical region. Training proceeds for 15 million timesteps, with the success rate

shown in Fig. 4.12. The success rate plateaus at approximately 40% after 4 million timesteps,

indicating that different stiffness configurations are required to effectively reach targets in different

locations.
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Figure 4.12: Success rate as a function of training timesteps for the goal-conditioned policy. Goal positions

are randomly sampled within a sphere of radius 8 mm centered at the nominal target position.

4.3.1 Deployment on a Prototype

To validate the effectiveness of the learning result, we develop a prototype (as shown in Fig.

4.13) to deploy the learned stiffness values and control policy. The task is the same as in the

simulation, making the end-effector point of the manipulator reach the specified goal point.

The bottom and top plates of each module are co-printed with the spherical joints—implemented

as thermoplastic polyurethane (TPU) tubes—as an integrated structure through multi-material 3D

printing (Original Prusa XL printer). The plates and spherical joints are fabricated using PETG

and TPU filaments, respectively. Each vertical link is implemented a carbon fiber rod measuring

55 mm in length and 2 mm in diameter. Each diagonal link consists of two rigid half-links and a

flexible bending joint, which are also co-printed as a single integrated structure. The rigid sections

are printed with PETG filament, while the bending joint is made of TPU filament. At each corner

of the triangular plate, a guiding hole is provided for routing the actuation tendons. A polytetraflu-

oroethylene (PTFE) tube is inserted into each guiding hole to significantly reduce friction between
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Figure 4.13: A prototype manipulator comprising two modules.
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the actuation tendon and the hole surface. For ease of assembly, double-sided adhesive tape is used

to attach the top plate of one module to the bottom plate of the next, thereby allowing multiple

modules to be stacked in series. The bottom plate of the lowest module is fixed to a fixture surface.

On each side of the origami manipulator, a tendon (Monofilament Fishing Line, 0.66 mm; Reac-

tion Tackle) is routed along the diagonal links through the corresponding guiding holes in a zigzag

pattern. The lower ends of the tendons pass through the guiding holes in the fixture surface and are

attached to the winches of three servo motors (DYNAMIXEL XL330-M288-T; Robotis).

We use inertial measurement unit (IMU) sensors (BNO055; Adafruit) to detect the absolute

orientation of the top plate of each module. The readings from the IMU sensors are internally fused

using the sensor’s built-in nine-degree-of-freedom (9-DoF) sensor fusion algorithm and converted

into Euler rotation angles (roll, pitch, and yaw) through the onboard processor. The resulting

orientation data are incorporated into the observation space and provided to the control policy for

decision making. In addition, a tracking marker is placed at the end-effector point on the top plate

of the uppermost module, and a motion-tracking camera (V120:Trio; OptiTrack) is used to record

its real-time position. The measured position is likewise incorporated into the observation space

and supplied to the control policy.

Figure 4.14: Deployment of the learned stiffness values and control policy on a prototype manipulator made

of two modules.

85



Figure 4.15: End-effector trajectories during a reaching task in MuJoCo simulation (blue solid line) and

experimental deployment (red dashed line).
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First, we apply the learned stiffness values S = [0.81, 0.80, 2.39, 0.94, 1.27, 2.12]T N·m/rad

to the six diagonal joints by fabricating TPU bending joints in the diagonal links with specific

thicknesses and widths to achieve the target stiffness. We then execute the learned control policy

on the two-module prototype at 10 Hz for the reaching task. Fig. 4.14 shows an image sequence

of the prototype during task execution. The observed motion trends resemble those in the Mu-

JoCo simulation. Fig. 4.15 compares the end-effector trajectories between Mujoco simulation

(blue solid line) and prototype experiment (red dashed line), showing similar overall motion pat-

terns despite some deviations. For deployment on the prototype, the final distance between the

end effector and the goal point stabilizes at 14.51 mm. Despite the sim-to-real gap, the prototype

effectively reproduces the qualitative motion patterns observed in simulation, demonstrating that

the learned control strategy successfully adapts to the physical system. We attribute the positioning

error to two primary sources of model discrepancy. First, the compliant TPU joints on the plates

are approximated as ideal spherical joints in MuJoCo, which neglects their complex geometries

and nonlinear stiffness characteristics. Second, the simulation does not account for friction forces

between the tendons and the guide holes during actuation, which affects the motion of the manipu-

lator. These unmodeled dynamics contribute to the deviation between simulated and experimental

performance, though the overall motion trajectory remains qualitatively consistent.

4.3.2 Payload and More Modules

MuJoCo provides the capability to model interactions between the manipulator and the ex-

ternal environment, including the effect of external loads. To demonstrate this, we apply the co-

optimization process to a reaching task for an origami manipulator with a payload mounted on its

top plate.

As shown in Fig. 4.17a, a 0.2 kg cylindrical payload (rendered in black) with a radius of 15 mm

and a height of 3 mm is mounted on the top plate of the uppermost module. The end-effector and

goal point are visualized as a red and a white sphere, respectively. The co-optimization proce-
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Figure 4.16: Training curves for the reaching task of the origami manipulator with a payload mounted on

the top plate. The episode return (blue, left axis) and success rate (red, right axis) are shown as functions of

training timesteps. The agent achieves near-perfect success rate after 1 million timesteps.

Figure 4.17: Evaluation in the physics engine for manipulator with payload of 200 grams mounted on top

plate. After the co-optimization process, the learned joint stiffness values are incorporated into the physics

engine, and tendon actuations are applied according to the learned control policy.
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dure and hyperparameters are identical to those described in Section 4.3, except that the origami

manipulator is initially slightly deformed by the payload.

The learning process is carried out for 3 million timesteps. The corresponding training curves

for the reaching task of the origami manipulator with the mounted payload are shown in Fig. 4.16.

The episode return (red, left axis) and success rate (blue, right axis) are plotted as functions of

training timesteps. The agent achieves a near-perfect success rate after approximately 1 million

timesteps. Notably, after 2 million timesteps, the episode return exhibits a slow and gradual de-

cline, which corresponds to a reduction in average episode length. This trend indicates that the

agent is learning to reach the goal more efficiently, completing tasks in fewer steps while main-

taining perfect success.

After assigning the learned stiffness values to the origami manipulator modeled in MuJoCo, we

evaluate its performance through a representative reaching episode. Fig. 4.17 presents a sequence

of snapshots illustrating the manipulator’s motion. The initial configuration is shown in Fig. 4.17a.

Figs. 4.17b and c depict intermediate configurations during the reaching motion, while Fig. 4.17d

shows that the end effector point successfully reaches the target, achieving a final position error of

1.46 mm, which is within the 3 mm threshold.

More complex shapes and motions can be achieved by connecting multiple modules in se-

ries. As described in Section 2.4, we develop a quadruped robot whose legs each consist of four

origami modules connected in series. In this implementation, the mechanical design parame-

ters—specifically, the stiffness values of the diagonal joints within each module—are manually

selected based on engineering intuition and preliminary testing. Similarly, the tendon control

algorithms are developed through empirical trial-and-error. While this manual design approach

successfully demonstrates the robot’s locomotion capabilities across four different modes, it is in-

herently time-consuming and does not guarantee optimal performance, as the interactions between

structural parameters and control policies are not systematically explored. The co-optimization

framework based on the MuJoCo physics engine can potentially be extended to optimize both the

mechanical design (stiffness values of diagonal joints) and control policy simultaneously for mul-
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timodal locomotion. This approach could enable high-performance locomotion behaviors beyond

the four locomotion modes demonstrated in Section 2.4.

Here, as a preliminary demonstration, we apply the co-optimization framework to a single robot

leg composed of four serially connected modules, rather than optimizing the entire quadruped lo-

comotion robot. We employ the same learning hyperparameters and reward functions as described

in Section 4.3, with one modification: the success distance threshold is increased from 2 mm to 3

mm to reduce task difficulty and accelerate convergence.

Figure 4.18: Training curves for the reaching task of the origami manipulator made of four modules. The

episode return (blue, left axis) and success rate (red, right axis) are shown as functions of training timesteps.

The agent achieves near-perfect success rate after 2.5 million timesteps.

Figure 4.18 presents the evolution of episode return and success rate over 3 million training

timesteps. The episode return shows a steady increase to approximately 420 at around 2 million

timesteps, followed by stabilization near the optimal return. The success rate increases to approxi-

mately 100% in the final phase of training. Both the episode return and success rate exhibit slower

growth compared to the two-module manipulator described in Section 4.3. This is expected, as the

initial distance between the end-effector and goal point is substantially larger in the four-module
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Figure 4.19: Evaluation in the physics engine for manipulator made of four modules. After the co-

optimization process, the learned joint stiffness values are incorporated into the physics engine, and tendon

actuations are applied according to the learned control policy.

manipulator. Consequently, the agent exhibits a slower learning rate and requires more timesteps

to converge to an effective policy.

After assigning the learned stiffness values to the four-module origami manipulator modeled

in Mujoco, we evaluate the learning result through an evaluation episode. Fig 4.19 presents a se-

quence of snapshots illustrating the manipulator’s motion during this evaluation episode. Fig 4.19a

depicts the initial configuration with the goal position rendered as a white sphere. As shown in

Fig 4.19d, the end-effector point successfully reaches the goal within a threshold distance of 3

mm. Figs 4.19b and c illustrate intermediate configurations during the reaching motion.

4.4 Chapter Summary

This chapter presents a framework for co-optimizing mechanical design parameters and control

policies of modular reconfigurable robots using reinforcement learning. We formulate the problem

where reconfiguring parameters (joint stiffnesses) and control policies (tendon displacements) are

simultaneously optimized to maximize task performance.

Initially, we develop a forward kinematics model based on the minimum potential energy

method as the state transition model in a custom Gymnasium environment. Applied to reach-
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ing tasks with obstacle avoidance using a five-module manipulator, the results demonstrate that

fixed stiffness configurations often lead to failure, while co-optimized stiffness values and control

policies successfully accomplish the tasks, proving the necessity of simultaneous optimization.

To incorporate environmental interactions such as contact forces and gravity, we employ the

MuJoCo physics engine with physics-based custom environments. We enforce tension-only con-

straints on actuation tendons to accurately represent the physical hardware. Through Proximal

Policy Optimization training, we achieve near-perfect success rates for reaching tasks with two-

and four-module manipulators, including scenarios with payloads. The learned parameters are

validated on a physical two-module prototype, demonstrating effective sim-to-real transfer.

This work establishes a comprehensive data-driven framework for co-optimizing mechanical

design and control of modular reconfigurable robots, offering a systematic alternative to manual

tuning and enabling extension to more complex tasks such as multi-modal locomotion.
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Chapter 5

Conclusion and Future Work

Reconfigurable robots that exhibit multiple modes of locomotion, multifunctionality, and shape-

morphing capabilities are increasingly essential to meet the diverse and evolving demands of mod-

ern life. Reconfigurability in existing robotic systems is generally realized by integrating multiple

mechanisms into a single robot. These reconfigurable robots are often cumbersome or challenging

to control and actuate, and their adaptability is also limited after fabrication.

We propose realizing reconfigurable robots by stacking multiple reconfigurable modules in

series and using a few tendons for actuation. The shape and motion of these reconfigurable modules

under tendon actuation can be adjusted. These modular reconfigurable robots offer advantages such

as ease of fabrication, extensive workspace, predictable behavior, and simplified control.

First, we present the origami-module-based reconfigurable robots. The origami module, in-

spired by the Kresling origami pattern, is equipped with joints that can independently transition

between soft and rigid states, enabling the module to adapt its behavior under tendon actuation.

We demonstrate the different shapes and motions that can be achieved by the origami module. A

forward model is developed and validated to predict the motion of the module when actuated. We

develop a reconfigurable robot with four legs, each composed of four serially connected modules.

The robot can walk, crawl, and inch using the same mechanical structure.

We also investigate reconfigurable robots based on bistable modules. We first present methods

to tune the energy landscape (EL) for a beam-based bistable module with elastic instabilities on

the fly, without manual alterations. The two tuning strategies we developed—adjusting the beam’s

initial bending angle and varying the offset of the spring’s extension—have proven effective in ma-

nipulating the EL, as evidenced by our forward model and its subsequent experimental validation.

By connecting multiple bistable modules in series, we can realize a reconfigurable robot with dif-

ferent resting shapes, energy barriers, or transition sequences. We have also successfully solved the

inverse problem to obtain desired resting angles or energy barriers through the two tuning strate-
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gies. We further illustrate the practical applications of tuning through the successful deployment

of the tunable module in three different scenarios: as a kicker to impart different energies to an

object, as a reconfigurable arm that can reconfigure its resting shape, and as a crawling robot that

can crawl in both directions using the same actuation.

In the last chapter, we employ reinforcement learning to realize co-optimization of design and

control for reconfigurable robots consisting of multiple origami modules connected in series, where

both the reconfiguring parameters (stiffnesses of compliant joints) and control policies (tendon dis-

placements) are simultaneously optimized. Initially, we develop a forward kinematics model based

on the minimum potential energy method as the state transition model in a custom Gymnasium en-

vironment, successfully training control policies for reaching tasks with obstacle avoidance and

demonstrating the necessity of co-optimizing stiffness values alongside control strategies. How-

ever, this kinematic model neglects environmental interactions such as contact forces and gravi-

tational effects. We therefore employ the MuJoCo physics engine for more realistic simulation,

developing physics-based custom environments with tension-only constraints on the actuation ten-

dons to accurately represent the physical hardware, where fishing lines can only be pulled. Through

extensive training using Proximal Policy Optimization, we achieve near-perfect success rates for

reaching tasks with manipulators composed of two and four modules, including scenarios with

payloads mounted on the top plate. The learned stiffness values and control policies are success-

fully validated through deployment on a physical two-module prototype, demonstrating effective

sim-to-real transfer. This work establishes a comprehensive framework for co-optimizing both the

mechanical design and control of modular reconfigurable robots, paving the way for automated

design and control of more complex multifunctional robotic systems.

For future work, we will focus on the following two directions:

First, we will apply the co-optimization framework to reconfigurable robots based on bistable

modules. In this case, the design parameters would be the two tuning parameters: the flexible

beam’s initial bending angle and the spring’s offset. These tuning parameters influence the resting

shapes and energy barriers of the bistable modules, leading to different static shapes and dynamic
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behaviors when actuated by the pulling tendons. The control policy would determine the actions on

the tendon displacements. By employing the co-optimization framework, we can simultaneously

optimize both the design parameters and control policy to accomplish specific shape-morphing or

motion tasks.

Second, we plan to extend the co-optimization framework to the complete quadruped loco-

motion robot, where each of the four legs is implemented as a four-module origami manipulator.

The task would focus on achieving faster locomotion speeds and discovering more robust and

energy-efficient gaits through simultaneous optimization of joint stiffness distributions across all

modules and coordinated tendon-actuation patterns. This represents a significantly more complex

optimization problem compared to single-leg reaching tasks. Eventually, we envision incorporat-

ing an onboard camera mounted on the robot’s body, using visual observations (image pixels) as

part of the observation space to enable the robot to perceive its environment and autonomously

transition between different locomotion modes—such as walking, crawling, and inching—based

on terrain conditions or task requirements. This vision-based approach would move toward fully

autonomous multi-modal locomotion without relying on predefined mode-switching rules.
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