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E. M. bu.renson 

) . l The Problein 

Flood estimation for ungaged catchments has lone bean a problel!l fox er..gin­

e~rs concerned vitll the design ot spillways, diversion worlts, bridges, culverts, 

P..nd flood control rorks. Ti1e gi-eat majority of sucl1 hydraulic structures s 

conGtructed on small vstersheds, and since small streams have not, in the past, 

been gaged to nearly the same relative extent a.s large stree.m.o , ms of the 

desj_gns have to be prepai•ed· without the benefit o_f stree.mf'low records . 

Various techniques have been used t o provide design f lood estimates under 

such circumstances . These include flocd. formulae, envelopi ng curves of floods, 

regional frequency studies, and t he rational me-tnod, all of which prov-lde an 

estimate of' the peak discharge of the desiGJl flood , end va.riouo met;:ioda of 

hydroaraph synthes:!.s, which provide an estimate or the complete hydrog-..ca.ph of 

the denicn flood. A complete hydroera.ph, as opposed to a. peo.k discharce esti­

mate, is required in all circum.eto.nces where store.ge is involved, such as dsm 

spillva.ys , and culverts where pondage iG permissible , and also in co.sea where 

the tuoo distri bution of runoff is i.mporta...Ttt such as flood control works. 

It is the purpose of this :pa:per ·to review briefly the ve..-rious procedures 

for hydrogra.ph synthesis with emphasis on recent developments, and aa part of 

this review, to describe a new procedure for synthesizing the hydrograph o:f 

surface runoff by routi~ raint'a.11-exceos through catchment stor2.Be. 

1.2 Components of StreW!lflov 

Hydrologists recognize that water falling as rain and subsequently e.:ppear­

ing as atreemflow can follov vnrious pa.ths i"rom tlle point where it reaches the 

catchment surface to the point ,,here it leaves the catchment. Sine the stor­

age delay imposed on the water varies \,1th the pa.th it takes, it hs.s been 

found convenient in hydrogra:ph synthesis to rego...-rd a streamflow bydrograph 8.£1 

consisting of various coll!,POnents, each having followed n different path to the 

outlet. Four components a.re usually recognized, as follovs: 

I 
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(i) C!hannel p eci:p:i.tat:i.on - ·.:s.···e_ tlmt feJ 1 directly on t he wat"'r 

(ii) SurfG.Ce runoff -

(:i.ii) Interflow -

(iv) Ground-uater flow -

ourfnces of the stream syste:n, 

water thet ran off overland into the 

st rem channels, 

1ro.ter t hat infiltrated into the ground 

and then seeped out again onto the sur­

face or into the stream channels vith­

out having reached the ground.- ater 

reservoir, 

water that hes seeped into the stream 

channels from the ground-watar reservoir. 

These four components, and their relation to the other pa.rte of the runoff cycle, 

a.re illustrated in Figure 1 . 

Channel precipitation is normally a small portiou of the total streamflow, 

and is usually treated in combination with surface runoff. The term 11 surface 

runoff" will, therefore, be tal~n to include channel precipitation in the 

remainder of the paper . Little is knmm about the properties of interflow, end 

the nature of this type of flow is no .. c well ·defined from a fluid mechanics 

point. of view. As a result, it is usually treated either as part of the sur­

face runoff or as part of the ground-water flow. 

Since ground-~mter flow 1s normal.l.y a small. component of flood flows, 

mat hydrograph synthesis procedures have been restricted to the hydrograph of 

aurfa.ce runoff, w:i.th allovence for ground-water flow in flood estimation being 

made in an arbitrary manner . Recent trends in this field, hO'tfever, are to-wards 

treating ground-water flow as well as sur:f'a.ce runoff in e. rational 'We:¥, or 

tmmrds synthesizing tbe complete hydrogre.ph without separation into its com­

ponents. 

1.3 Procedures for ll.vdrog:nwh Synthesis 

Several difi'erent 8.l)proaches:; to hydrograph synthesis have been made in the 

past, and these can be classified as follows : 

(i ) Modified rationa1 (or time-area) method, 

(ii ) Synthetic unitgraphs, 

(111) Runoff routing, 

(1 v) Runott cycle IOOdels, 

(v) Correlation studies. 

I 
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Dev~Jopz:;,:mt of theze vo:i.1 i0t r-"": '·hoos "1-rl ~ re• J.el.--cd in sections 2 to 5 below. 

-n S .ction '·, deaJ..lng r:tth 111.1nof.f routing ~thocls, sow.e emphasis is given 

to rec .nt vork by tll ... c.utho. on the c'evelo:p100n-t of a co:mputat ona.l. n:odel for 

13 1the is of the surface ri.moff hydrograph fror:.1 rain.fell-excess , and means for 

evttluating the parametera of the model from s-treamflow o.nd co.tclment da.ta. 

Ti1is procedure does not prm:ide a. means of flood estim.o.tion f'or ungaged catch­

ments since it requires streamflou data for evaluat ion of the mod.el paramet ers , 

but it does provide a means of representinz the effect or a catchment on a 

rainfall-excess input, which i s a necessary step in development of s. flood 

estimation rmthod fo ungaged catchments. 

Section 6 summarizes the developrnent of hydrograph synthesis procedures 

and indicates the trends of current research in this field. 

2. MODIFIED RATIONAL METHOD 

This procedure, sometin2s called t:ie time-area ms-thod, is a development 

of the rational method first proposed by Ross (1921) and elaborated by Hawken 

(1921) . It derives the surface runoff bydrogi·a._pb by applying the rainf'all­

excess hyetoeraph to a time-aree. die.gram of the catchment in accord&nce uith 

the principle of superposition, just as the hyetograph ia applied to a unit­

graph in more modern procedures. The time-area. diagram is a. histogram show­

ing the areas contributing runoff to the outlet of the catchment within 

various tim periods after t he commence:ment · or raini'all-excess . It can be 

prepared in various ways, but essentia.J.:cy involves determination of the 

travel tilre of water from various points on the catchment to the outlet, end 

measurement of the areas falling within various cl.ass intervals of travel tilDe. 

Tllis procedure is little used nowadays because of tYi"O limitations to its 

validity. T.ae first, a severe one, is that the tire-area die.gram takes 

account of only the translational effects of catchment storage, and neglects 

the attenuation or storage effects. Translation time can be looked upon as a 

rough approximation to the effects of flood -wave celerity, and the storage 

effect concerns the attenuation of the wa.ve . Rational. method tranalation tilile, 

hO'!rever, is based upon a concept of "drops of water'; travelling over -the 

catchment surface, rather than of we: motion and storage effects. In other 

'Words, it 1s ba.sed on an erroneous concept of the runo:ff process. The second 



li . t ation is t hat the t heory is a. -I.near one , which rest r ict s its generality. 

3.1 Genertl 

I n the unitgr&ph met hod (Sherman 1932a; Johnstone o.nd Cross 1949, pp . 13li-

159) , the time-area dioeram of the nx>d.ified rational method is replaced by a 

uni t graph, mu.ch is the surface runoff hydrogrs.ph that 'irould result f:rom unit 

r ainfall-excess occurring uniformly in unit time. Since the combined effects 

of rainfall factors and 1osa factors e.re specified or standa-rdized in this 

definition, it follows that the unitgrcph represents the effect on bydrogro.ph 

shape of the physioe;raphic factors onJy. In this respect it is similar to the 

time-area. diagrwn., but, being derived from actual records or rainfall and atream­

f'low, the unitgraph reflects in its shE..pe the integrated effect of all. the phy­

sioe;raphic factors and is, there:fo1-e, preferable to the time-area diagram. 

Rainfall-excess llyetogre.::phs are applied to unitgraphs in exactly the awoo 

w93 as they are to time-area. diagrems to determine surface runoff' bydrogra:phs. 

The method is therefore, only approxims.te when applied to non-linear catchments, 

for vhich discharge is not a linear function of storage (Johnstone and Cross 

1949) or for which discharge ia not a linear function of cross sectional area 

of flow in the channels (Dooge 1959). The tei"lll 11 storage" in this context im­

plies the total channel and detention stor~ on the ce.tchment, though this io 

usually not stated in the literature. With storage thus defined, it is ob­

viously al.nost a practical impossibility to measu..""C the stor9Be in order to 

check 'Whether it is a linee.r function cf discharge, but fortune:tely there is 

a single ino.i:rect criterion of linearity that replaces both of the above con­

ditions. This is that the lag of the catcmoont should be constant, and inde­

pendent of flood magnitude. 

In cases where the rainfall and stream:f'low de.ta neceaaal7 fa~ unitgra.ph 

derivation are unava:ilo.ble, it io necessary to synthesize the unitgraph by 

measuring certaj..n pbysiogra:phic characteristics or the catchment and applying 

empirical relationships between these characteriatics and uru.tgraph parameters. 

The empirical relationships are determined previously by analysis of gaged 

catchments on a regionaJ. basis. 
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3 • 2 ?l.i sceJ.l.aneouG Methods 

Several ap:proe.ches to the solution of this pr::>blem have been used. Sherman 

(1932b) proposed a procedure for modifying the unitgre;ph of a catchment assumed 

to be hydraulicaJ..J.y similar to the catclunent for which the unitgraph is bei~g 

synthesized. Thia procedure, therefore , accounts only for differences in catch­

ment area, and neglects the effect on the hydrograph of any other factors that 

may be different on the g~ o.nd the ungaged catchments. 

Bernard (1935) prepared a graph givine; daily distribu:tion gre.ph ordinates 

(e. mdified form of the uni tgrs.ph) as a function of a "watershed factor" that 

combines the effects of watershed she.:pe, the condition, shs.pe, and slope of the 

main stream, and the shape of the rainfall intensity-duration relation. These 

curves are not applicable to small catchments, since they produce onl.y a daily 

distribution graph and not a short period unitgraph, but they ms;y be of value 

for large catchments in the region for which they were derived. 

McCarthy in 1938 developed a procedure the.t has been described by Jchnstone 

and Cross (1949, pp. 217-221) . This consists or reducing derived unitgraphs to 

vhat they would be for a hydraulically similar catcbmnt of 10 sq. m. , and em­

piricslly relating mdel peak to a model slope fe.c·cor and stream pattern factor. 

Other unitgraph paralI!'Ycers vere then related to the unitgraph peak. 

Morgan and Hullinghorst (1939) ce.rried out lea1rt squares correlations of 

parmmters of the instantaneous S-curve (from which the uni tgraph can be 

derived) with catchment area, mean travel distance and IiEan height of vatershed 

above the outlet. 

Several procedureo make use of dimensionless bydrographs to define the 

shape of the unitgre.ph or the flood hydrograph. Commons (1942) presented such 

a graph uhich could be made dimensional when the pee.k. discharge and some time 

parameter wre known. The Soil Conservation Service, (U . S. Dept. of Agr. 8 

1957) u.se a similar dimensionless graph together with a relation betveen peak 

discharge and period of rise, and ve.riou.s methods for the cletermination of 

period of rise. Bender and Roberson (1961) also presents. dinensionlesa unit­

graph for the Willairette River basin, Oregon, mu.ch they use, ho-wever, in 

derivine unitgraphs from complex storms on gaged catchments rather thail in 

synthesizing uni tgraphs :from CE.tchn2nt characteristics. Finally, Morgen and 

Johnson (1962) describe a procedure due to Mitchell in wich dimensionless 



6 

S-curves are used toeether with o. relation betw~en lo.g and catchment area. to 

synthesize unitgrnphs for Illinois st:reems. 

3. 3 Snyder' s Method o.nd its Dev lopment 

All of ti.1e unitgrnph synthe'31s procedures r.o far described apperu: to have 

been developed quite independently of each other, and have little in common 

except for the eenera.l concept of' rels.ting unitgra:ph characteristics t o catch­

ment characteristics. I n 1938, however , Snyder (1938) presented a. synthetic 

unitgraph ioothod that has forraed the basis for a large number of subsequent 

procedures. The originaJ. procedure utilizes an empirical relationship between 

lae; {defined as time from the center of mass of rsinfeJ.1-excess to the peak of 
the r esulting hydrogra.ph ) and e. shape par0100ter. Time of rise is determined 

from the lag, and the unitgra.ph peak discharge, base length, and daily distr i­

bution graph ordinates are also determined from empirical relationships with 

lag. Thus the complete uni tgra.ph can ~ prepared . 

Further development of Snyder's method by the U. S. Corps of Engineers 

is shown in the Corps Engineering Ma.nu.al (U. S. Dept. ot Anrr:t, 1948, pp. 10-

15) . Values of the coefficients of the empirical equations of the method are 

presented for various parts of the United States . Variations from the original 

procedure are that the base length equation and distribution graph ordinates 

are not used, but in their place are given a means of estimating the width of 

the unitgraph at ordinates of 50 percent and 75 percent of the peak, and a. 

procedure for ohaping the recession limb by means of the S-curve. 

Teylor o.nd Schwarz (1952) developed a procedure generally similar to 

Snyder's, but different equations relating unitgraph parameters to catchment 

characteristics were used, and an additional catchment characteristic (the 

equivalent man slope of the main stream) and the unit period of the unit­

graph were included in the correlations. This :procedure should be an improve­

ment over Snyder ' s since it includes the effect of an additional catchment 

characteristic, but the complexity of the empirical equations makes re-deri­

vation of the coefficients and exponents for other regions difficult. 

Laden, Reilly, and-Minotte (194o ) also presented a procedure similar in 
, 

some respects to Snyder's method . They developed :mass curves of distribution 

graphs as a. function of Snyder's l ag for Upper Ohio River ca.tch.ments. Also, 

they gave empirical relations for unitgraph base length in terms of lag, e.nd 
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peak dischs.rge as a funct ion of bnsc length end a shape parwxeter. 

The U. S. Bureau of Rec ation (U . S. Dept. of Interior) use a procedure 

with son>? superficial. resemblance to S:iyder's method . Lag (d~fined as time 

period betveen cente;.· of. mo.sa of r ru.~all-excess and the time lrhen bal£ the 

total voluir.e of runoff has been di acharged) is related empirically to a function 

of Snyder's shape parameter and stream slope. Tile shape of a synthetic unit­

graph is determined, after computation of the lag, from dimensionless mass 

curves of derived unitgraphs in the region concerned. 

P.ecently, a uni tgraph procedure for aelrered areas has been presented 

(Eagleson, 1962) . T11is utilizes empirical relations for lag in terms or mean 

length and velocity of flow, peak :flow in terms of lag, and. base length and 

uni tgraph width in terms of peak flow . 

3.4 Unitgraph Synthesis by Runoff Routing 

All of the unitgrsph synthesis procedures described above in Sections 3.2 

and 3.3 rely entirely on empirical :relations between characterist ics of the 

unitgraph and characteristics of the catchment . In recent years there hae 

been an increasing teno.ency to synthesize hydrographs and uni tgraphs by routing 

rainfall or rainfall-excess throll8h storage intended to represent the catch­

ment storage . A catchment storage model is therefore set up (a mathematical 

model, computational model, or some kind of' physical analog) , and the para­

meters of the model (such as stor98e delay time ) are determined by -analysis or 

actual rainfall and st:reamflow data. These JaOdel pe,1~smeters are then empir­

ically related to catchment character1at1cs on a regionol basis. These pro-
, . 

cedu.res therefore, differ from prevtously descri bed synthetic uni tgraph pro-

cedures in that they attempt to treat the effect s of' catchment atoT~e in a 

rational rather t han an empirical manner, butt y still depend on empirical 

relations ·co determine the characteristics of the storage. 

Once the catchment model is defined i n accordance with some particular 

concept of the runoff process, and its parameters evaluated from the empirical 

relations , a uni tgraph can be synthesized by routing an input consisting of 

one inch of rainfall-excess occurring instantaneously all over the catchment 

through the storage model. The resulting output will be the instantaneous 

unit8I'aph if the storage model is o. linear one. In general, the sare pro­

cedure can be used for any input and with a. linear or non-linear storage mod.el, 
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and the output will be tbe cor:rcsponding hydrogreph . This procedure can be 

called runoff routing oince it consists of routing the 611.rfa.ce runoff through 

storage. Since the procedures :for unitgraph syntl?,esis end bydrograph syn­

thesis a.re essentially the sSllE, the developioont of both will be described 

together under the heading of 11Runoff Routing" in Section 4. 

4. RUNOFF ROOrIDG 

4.1 General 

The basis of runoff routing procedures has been explained in Section 3.4 
above. Use of such a procedure for hyd:rograph synthesis on ungaged catch­

ments involves: 

(1) Setting up a catchment or stor8{;e model, 

(ii) evaluating the parametexs of the mod.el for gaged catchments, 

and relating these to measurable ca.tchnent characteristics, 

(111) computing the model pa..-i.-ameters fox the ungaged catchmmt 

:f'rom these relations, e.nd routing any desired rai.nta.ll-excess 

pattern through the model . 

A rather detailed literature survey of runoff routing procedu:res has been 

given elsewhere (Laurenson 1962b), but it is a.:p:propria.te here to reviev briefly 

these procedures. Items (1) , (ii) and (iii) above will be dealt with in Sec-

tions 4.2, !;..3, and 4.4 reBl)ectively. 

4.2 Catchment or Storage Models 

4. 2.1 Literature Survey 

. ......... .. . 

Various catchment models have been assumed for the purpose of computing 

hydrographs, most being characterized by the separation of translation effects 

from storage effects. Ao has been pointed out by Dooge (1959), the modified 

rational method of Ross (1921) described in Section 2 is a form of runoff 

routing in which translation is taken into account but attenuation is neglected. 

The assumed catchment J!lOdel is illustrated diagrmmnatically in Figure 2(a). 

An advance on this concept was introduced by Zoch (193!~, 1936, 1937) in a 

series of papers presenting a mathema:'.;1cal means of com_puting hydrogrs.phs. · 

Zoch assumed that ele::nents of rainfall-excess ou different parts of the catch­

ment had different transl..ation timea to the outlet, but all paesed through the 
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S8JOO concentrated linear storage. The same model .was adopted by Clerk (19.li-5) 

end is sho,m diagrammatically :t:i Figure 2 (b). Tt 1 s convenient to regard the 

concentrated storage &s being locat;ed at the outlet of the catchment. 

A catchment model somewh t similt\r to the Zoch-Clark .md.el was used by 

Parsons (1944) . He prepared storsge-discharge relations ror both surface and 

sub-surface runof'-.f by i ntegrating the areas under the recession curves of these 

components, end re ating the storage to the discharge some constant-period 

earlier. Hydrographs were syntbeoized by lagging the raint'all-excess and 

interf'lmr by the appropriate amount, and routing through the appropriate stor­

age. The lOOdel therefore, consists of two concentro.ted (but presumably non­

linear) storages in paral.l 1 located at the outlet of the catchment. 

Nash (1957, 1960) deveJ.oped an equation -for the instantaneous unitgraph 

based on a viev of the catchment as conoisting of a series of equal, linear, 

concentrated storages, each discharging directly into the next, as i?1dica..ted 

diagramme:'Gice.l.ly in Figure 2(c ) . All runoff is asstlIOOd t o pass through all 

the storages . 

Application of an instsnt&.neous unit input to Nash's model results in an 

equation for the instantaneous uni tgre.ph having the form of the t'ff'O parameter · 

Gamma f'unction: 
V (t/K)n-le-~/K 

u (o,t) ~ 
Kn! (1) 

where u (o, t) is the instantaneous unitgraph ordinate at time t , V is 

the volum of the unitgraph, and K is t he storage deJ..e¥ time of each of the 

n linear concentrated storageo. The factorial of n is replaced by the 

Gemma function r(n) in application since the method of determining n re­

sults in non-integral. values in general.. 

An instantaneous uni tgraph equation of the same form as Nash's was 

earlier developed by Ed.eon (1951) under different e.ssunwtions . He assuned, 

as did Zoch and Clark, that rainfall-excess elements f'rom different parts of 

the catcrum:nt were transposed by different a100unts, and then routed through 

a single concentrated linear storage. However, unlike Zoch' s general equation 

and Clark' a nethod, a restriction was placed on the form of tbe tim-ai~a 

diagram in that 1 ts integral ( the time aree. concentration ·cur-,re ) wa.a epec11'ied 

as being of parabolic form. These assumptions as · to the form of the catchment 



10 

end its storage are :represented by igure 2(d). 

The catchment JW<lcls described so far form n ontinuous line of d.evelop­

rren·t, the mdified 1·ationru.. :ioothod model providing for translation but not at­

tenuation effects of ca.tchirent storr.ge, while the other models provide for 

both effects. Zoch, Clark, P sons and Ed.son, however , e..llow for translation 

by lagging the inflows and routing through a single concentre.ted. storage, while 

Na.sh does not lag the inflcr.rs but routes all inflov through a succesaion of 

concentrated store.ges, thus ob-'caining a translational effect. Next to be dec­

cribed are tro JOOdels that ~pear to derive nothing from the previous work, 

but which nevertheless recognize the distributed nature of catchment storage 

(thua recognizing both translation and attenuation effects), and. also allow 

for the further f'e.ct that catch:!Ent stor~e is, in general., a non-linear 

function of discharge, so that storage delay .,i;im vnriea w.!.th discharge. 

Appleby (1954) recognizes that ce.tchment stor~e is distributed along the 

stream channels and on the ground surface , e.nd. idealizes this by assumptions 

that imply e ce.tc ~nt model as sholm in Figure 2(e). 

In a discussion of Ne.sh Os (19€,o) paper, Appleby (1961) states that, tor 

the particular case of linear storage (constant K ), the unitgraph equation 

derived from his model reduces to an equation of the same f'om as that devel­

oped by Nash, 1.e., the differential quo·tient of the incomplete Gam!i1e. function. 

Thus , thre~ d.iff'erent catchment mdels, Nash's (Figure 2{e) ), Edson°s (Fig­

ure 2(d) ), end Appleby's (Figure 2(e) ) , all resu1t in the same two-ps.nmeter 

equation o:r the instantaneous unitgra.ph. 

A mde1 with distinct similarities to Appleby's has been used by De."W'SOn 

(1958, 1960) , who represents the ce,tchment as a plane, rectsngular surface. 

H;ydrau].ic computation was applied to this idealized cat~nt to determine the 

hyd:rogre.ph from uniform rainfall, and the computation- method ,ms then devel­

oped into a. novel semi-graphical non-linear routing procedure for appllce:tion 

to varying intensities on natural catchments. 

Sugave.ra and Maruyama (1956) propose sevei .. al different catchment nxxlels · -

to represent tbe runoff' process, with provision for infiltration, permanent 

losses, ground-water flov, inter:flow, and surface run.oft' . In s1l of these, 

storage effects are assumed linear and concentrated, and translation effects 

are not separated from atterruo.tion effects. Dif'ferent :modela ,rere found to be 

Sl)plleable to different catchm.m-ts. Equations of the instantaneous uni tgraph 
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(dealing with surface runof:f only) were develoned for tvo catchment oodels . 

The first was the same as t 10.t 1 ter used by H sh (1"5.gure 2 ( c) ) , but w1 th 

only two storages . Sngawe.ra and Mro-uyama • s second rood.el fo::r uni tgre.ph deri­

vation co.n be illustrated as in Figure 2(t). This is a more general model 

as it provides for rainf'aJ.J.-excess from differ ent parts of the c~t h:r.ent to 

be routed through d.i:f'f'erent amounts of storage. 

Two recent American contributions to the litorat~l"E! on runott routing 

describe methods f'or synthesizing hydrographs on large catchments, primarily 

for flood forecasting . They introduce a new concept in that the computa­

tional JOOdel for any catc~nt cnn be built up by combining a number of 

standard elements in correct relation to ea.ch other to represent the aetual 

catchment. This feature distinguishes these two JEthods from s.ll ot those 

previously described. 

The f'irst or these was presented by Rockwood. {1958), who provided ele­

tm;nts of "catchment storage," 11 lo.l<'..e storage," and "channel storage, " and 
' combined· these as necessary to represent the ce:tcbment and stream system. 

These COJI!POnents are illustrated in Figure 2(g) . The second was by Harder 

(1962), vho described a non-linear electronic ennlog runoff routing computer 

consisting of a number of "river resisto:r units," Cu.rrf".nt generators, and 

"channel storage units," which can be put together a.a required to represent 

a catchment. 

Dooge (1959) developed two equations for the inst&ntsneous unitgraph 

based on two slightly different storage models. The first is a very general 

ioodel consisting of a series o~ une ue.l linear, coneentrated &toreges ir­

regularly distributed along the stream channels, and separated by linear 

channels (velocity independent of stage), and is illustrated in Figure 2(h). 

The second JOOdel, shOffll in Figure 2(1) is slightly leas general in that rsin­

fall-excess from all points on a given isochrone is assumed to pass through 

the s~ number of reservoirs, and all the reservoirs are assumed equal. 

4.2.2 General Model 

The present author, (Laurenson 1962b), atter experimenting with several 

different models, adopted one illustrated in Figure 3. 

In this mdel, the catchment is divided into about ten sub-ar~as bounded 

by isochrones (or lines of equel travel time to the outlet). The rainfall-
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excess hyetogr 11 of tho tonmost sub-area i3 routed through a single, non­

linear, concent ra-ted storas-e having o. storage-outflow relation o£ the form: 

S = K {q) • q (2) 

where S is vol'l.l.lm of storage, q is rate of outflov, and K , a function 

of q , is the storage delay tiire. The output f'rom this storage is com­

bined with the rainfall-excess hyetograph fram the second sub-e.ren, end the 

combined flow routed through a second non-linear, concentrated storage. 

This proceGs is repeated until a.l.l sub-areas have been accountec. for , at 

which point the output from the otorege represents the catchment hydrograph. 

This is a vecy general catc~nt !OOdel since it takes rational account 

of: 

(i) 

(11) 

(111) 

time vs.ria.tione in rainfall-excess, 

areal variations in rainfal.l-excess, 

the fact that rainfall-excess tram different parts of the 

catc~nt passes through dif'fe:rent amounts of storage, 

_(iv) non-linear storage effects, and 

(v) the fact that catchmnt storage 1s distributed rather than 

concentrated. (This is true since a series of concentrated 

storages produces the tranalation typical of distributed 

storage as vell as the attem.!.a'tion typical of concentrated 

storage. ) 

4.3 Evaluation of Model Paramtera 

4.3.1 Author's Model 

Section 4.2 above describes the catchment store.ge :models that have 

been proposed, either eJtplicitly or implic:1.tly by various authors. It is 

nov appropriate to examine the techniques u.sed. by these authors and others 

to evaluate the parameters of the models in order that they can be used 

tor the synthesis of eydrographs . For the sa.tre o:f continuity, the catch­

ment model_ c;eveloped by the author will be ·treated first. 

Evaluation of . the paremeters of this model consists of delineating the 
' 

ieocl:!rones in such ·a way that they a.re separated by e<N,a]. increments of 

travel time, and determining the f'unctional. relationships K = K (q) 

(See Eqn: 2) for the various storages. 
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The coofigurat5.on of th~ isochrones is cl.et..ern ned from a contour me.p of 

the cat h.ment assuming that travel time through any reach is directly- pro­

portional to length off .ow :path, and invercely proportional to th square 

root of slope. These assumptions f ix the shape and relative pos tions of the 

isoi:hrones, but the valuer, of travel time crumot be assigned to the several 

isochrones until travel time has been evalu ted f or any one point on the 

ce.tchnent. 

Evaluation of travel time for one point on the catchment is approached 

through the determination of catc~nt las (using the original definition of 

time from center of mass of rainfall-excess to cent er of mass of surface run­

off) . It ca.n be demonstrated the.t lag (ao defined) is an "average" travel 

tim for the catchment, and is equal to the t ravel ti:ie of a :point on the 

catchment corresponding to the centroid of the tiire-area diagram (plot of 

area between isochrones against travel time ) . Furtr..el"JIX)re, travel time for 

.my point can logical..1¥ be interpreted as the storage delay time for rain­

fall-excess occurring at that point and pasGing thro~h catchment storage 

to the outlet. Thus, if lee is determined from rainfall and streamf'low 

records, the storage delay time of point s corresponding to the centroid of 

the time-area dis.gram is knovn, and travel t~ or storage dels.y time for 

e.11 isochrones can be computed. 

For the South Creek Experimental Catchment of The University of New 

South Wales, lag was found to vary with mean discharge of the flood from 

which it was determined according to the empirical relation: 

tm = 64 ~-0 .27 
(3) 

where tm is l ag in hours, ~ is mean discharge in c.f.s., and the 

coefficient of correlation betlreen the l ognrithms of lag and mean discharge 

va.s 0.90. The variation of lag with discharge indicates non-linearity of 

t he catchmnt reaponse. 

As explained above, catchment lag can be identified vi th storege 

delay time of the point corresponding t o the centroid of the time area 

diSGnJ!l (K ) , and, further, mean discharge can reasonably be identifi ed 
m 

With discharge (q) in this context, so Eqn. 3 was rewritten: 

K = 64 q-0 .27 (4) 
m 



I t wac then asoumcd thnt u delt:cy" ;;:hr.c ·ol.!.i:.flmr J.n:tion of t .:ii s gener al 

form a:i_:,plied t o evei·y point on -t;he catcbreP-t, but · hat the coefficient (64 

in Eqn. 4) tor ~, given point uo.s p:co:port O!lel to the relative delay tin'e 

indicated by the iscchrone through the.t po n • Since the rel ative delay 

time o~ the point corresponding t.o the cent:roid of the tim-area diagram is 

0.66 on thin catchment~ and sine the catchment atorae;e ia represented by 

ten storagt;s, the upper nine es.ch h."'l.ving a deley tim of one t enth the maxi­

mum delay time for the atc .. ~nt, aD4 the l nst he.ving a elay time of ha1.i" 

this, it follow6 that the delay time for each of the uppe nine storages is 

given by: 

K.. 0.1 64 -0.27 
--i = 5.t>6 • q (5 ) 

and that of the lo-est storage is half or this. 

Now, since the coi.lfiguration of the isocbrones end the :functiorutl relc­

tions for storage delay time h~ve lx..:oen determined, it is possible, for any 

given rainfeJ.1-excess, to determine tbe inflows to en.ch storage and to route 

the runoff through the system. 

4.3.2 Other Models 

The paramaters of the Clark lOOdel are the bnse length of' the time-area 

diagram and 'Ghe del.ey tima of the single, linear, concentrated ritor~e. 

T'.ne base length of the time-areo. diagram, o ~ tro.nelat1on tilr.e or the 

catchl:lent, is taken by Clark (191~5 )as the tilr2 between the end of rainf'all.­

excess and the point of contra.flexure on the recession limb of the hydro­

graph (assumed virtuaJ.ly constant for different f'loodG). The end of rain­

f'all.-excess is the tue at -which tho last contribut on to the food wave 

enters the catchment, while the point of contre.flexure on the recession 

limb of the hydrogra:ph represents the arrival at the gaging sta:bion of the 

last in.flow to channel storage, since the exponential :plU"t ot the recession 

represents tti tbd.l•awe.1 of water f'l.•om channel storage lrl th no 1nf1ow. Conse­

quently, the interval betveen these tvo ti.mas iB te..lten a.a the maximum 

translation time of the catchment exclusive of the -trnnela:tion due to 

reservoir-type storage. After the base length has been determined, the 

time-area diagram is proportioned by assuming -that travel time tor a;ay poil1t 

on the ca.tcbmnt is proportional to its distance fro:lft the outlet. 
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On the asrnm_pt:lon 'tll,xc -the :::ece:::sion li.n;}, of the byd.J.~gra.ph :.e:p1'escn-'cs 

v.i. tM.ra,,mJ. of water f:ro::n stor:ise ~r..i:th no in:?lo~r, Clar.k sho~1ed the.t the 

storage delay tiloo is given by 

K = - 9. 
(1 - xf dq/dt 

(6} 

For reservoir-type storage., asst.UOOd by Clark, the w-eighting factor x 

equals zero. Although K \las sho;m to increase with decreasing discharge, 

Clark assumed i n application that it w~ constmrt;, and specif'ied the:c. 1 t 

should be evaluated at the point where it has its minimum value, i.e., at 

the point of contre.:flexure. 

Clark's catcm,ent model has been e.dopted by a number of authors 

(Johnstor:.e, Ea.ton, and O'Kelly) in developir.c synthetic u.nitgraph pro­

cedures for particular regions. Each of these three has, ho-wever, intro­

duced slight ~:t'ications of' the original. Clark procedure, and they all 

differ in the means of determining the nwoorical and graphical par~tera 

of the zood.el for a particular catchnEnt . 

Johnstone (unpublished. data 1948, JohnGtone a.nd Cross 1949, pp. 234-5 ) 
used the surfa.ce runoff hydrograph instead of the total hydrogre.ph to de­

termine the pareneters, and related them empirice.l.ly to catchment che.rac-
' teristics. MaY:i mum translation time was related to length and slope of 

main stream and e. branching factor, and storage de~ time was l"elated to 

width of catchment and overland slope. Also, his proportioning of the 

time-area diagram took account of the effects o! slO!)e variations on 

travel time. In a study of seven Tasmanian s-',reoma, En.ton (1954) devel­

oped equations for base length of time-area diagram in terms ot length of 

main stream, catchment area, and a branching fac·t;or, ll!ld !or storage del~ 

t1me in terms ·of' the SSJOO three factors and width ot catchlr.ent. He pro­

portioned the time-area diegram ·both by Clark's irethod. and by Horton's 

virtual. channel inflow graph (Horton 1941). 

O'Kelly (1955) graphicel.ly related base length of tiMe-~a diagram 

and storage ·c.eTa_y tin:e to nedian overland slope, and used a virtusl cha.n­

nel inflow graph in the form of an isosceles triangle in place of a true 

time-area diagram. 



16 

The catc~nt modes develoi;ed by Ne.sh and Edson both imply a. two­

parameter unitg:rsph equation of tl'!A fOlT.l of Eqn. 1. Till"eC independent 

thods of determining tbe tT,,!'O para..~ters for a pra-ticula.r catchment have 

been reported (by Nash, Edson, and Gray respecth~ly), end these are de­

scribed below. 

Ne.ah (1960) used the method of momerrts, and derived the relation 

betveen the uni tgra:ph p:ir::.uootera ( n · and K ) and the first end second 

moments of the uni tgraph about the origin. These iromen-ts lre:re then cor­

related. empir-'.cally with catchment area, overland slope, and length o! 

main stream. A uni tgraph can be synthesized for an ungaged catchment by 

measuring these catchment characterisitcs, computing the unitgraph mments 

:from the el?U,)irical relations, thus determining the parameters n and K , 

and substituting these in Eqn. l. to determine the unitgraph. 

Edson (1951), instead of relating the unitg:ra:ph parameters to the 

moments of the unitgraph, developed their relations to the :peak and t~ 

to peak of t he unitgraph. He did not , hmrever, take the :f'Urther step of 

correlat ing pee.k and time to peak 1fi th catchment ehara.cteris·ties, vh1eh 

would be necessary for a synt hetic unitgraph procedure. 

A t hird method of' fitting the Rash-Edson equation to an actual unit­

graph, the method of maximum lil'.elib.ood., was used by Grs;y- (1961)., who 

e.lso obtained e~irical relat ions between t~ paramters of the equation 

and the length and slo:pe of the ma~n strewn. 

Determination of the parameters of' the mod.els of A!)pleby an.d Rockwood 

is by trial and error reproduction of known bydrographs, varying the para­

meters until a. satisfactory reproduction is obtained.. The author is no-'c 

ava:re of the means used to determine the parameter a of Harder' s or of 

Sugawm·a and Mm.-uya.ma' s models., but presumes these also are determined. by 

tri al and error. Before these models could be used for hy'drogre:ph syn­

thesis on ungo.ged catchments., therefore., DO'lre I!Ieans o:f com_puting the pe.ra-

100t~rs from catchment characteristics would have to be developed. 

Use of Dooge • s m:>dels requires determination of tw-o graphical and 
. - . . . .. · .. . 

three numerical pal'ametera. These parameters could be determined by 

various methods developed prior to Dooge ' s vork if' one or tiro sim.PJ.1_fying 

assumptions are made, but no published. -work a.G yet deacribes the npplicat1on 



rr 
of Doogc 1 s equation to un5.tgra:ph syntheois. 

Use of the equa-'Gic,ns developecl by Zoch :for nyntheois of' hyti.rocre;-phn 

or unitgraphs 't,,"Ould require dete:nm.nat:J.on of the ro"ea-dista.nce curve (plot 

of wid·th o:f catcl~nt aea1nst distance from outl<:ri; ) , the velocity of flow, 

the deltey' tilile of the storage, end the .ma..-a.m:um length of flov. Zoch does 

not denl with th~ difficult problems of' detenn:f.ning velocity and deley 

ti.me for actual catcluoontG 1 and no publ:tshed e:ltample of the e.p!)lication of 

his equations to a real catchment is knmm. 

4 .11- CQJli)uta.tion of Synthetic Hyd:rogz:aphs 

4 .l1-.1 General Methods 

The previous two aections haw-e dealt respectively w1 th the models pro­

poeed to represent catchment storage effects, and evaluation of the para­

meters of these models . Th.is section deals briefly with the methods that 

have been used to c~ute hydrographs once the model has been defined and 

its parameters evaluated. '11hese include me:thema:ticeJ., numerical and analog 

n:ethods. 

Strictly ms:theme.tictl proced~a can be uned to determine the output 

from a concentrated lineer storage resulting from a concentrs:t ... ~. input. 

Tnose a.uthors that have produced an equation for the bydrograph or unit­

graph (Zoch 1934, 1936,. 1937, Nash 1957, 1960, Edson 1951, Suge.~ro-a and 

l4aruyama 1956, and Doog'! 1959) have perfo:nried this mathematical. routing, 

and application of their nethod.e once the :paramaters have been determined 

merely involves numerical evaluation oi' the right hand sides of their 

equations. 

Use of' the Cl ark model sinq;,ly involves a single :routing through con­

centrated linear storage, and the !w.skingum method of routing (a "coef­

ficient" method) hes been uaea. by Cl.ark snd the othera who ad.opted hie 
model. 

Where a large number of routings is involved, particu.l.arly non-linea:r 

routings, as in Rockwood's (1958) and Ha.rder's (1962) 11buil t-up11 models, 

the use of a compu·ter is e.l.m::>st essential. Rockwood used a d.1.gital com­

J?Uter in his case and, as has been noted, Harder used an electronic aneJ.og. 

Multiple, non-linear routing one. digital compu-ter for byclrograph synthesis 

has also been used by the present author (Lmirenson 1962b), using non-linear 



• 

18 

coefficient mthcd routing eqt:o.tions der·i ved by Lau..""enson (1962a) • 

A 5l)eCio.lly con.ot:ructed linear hPat flow annlog ,ras ueed by Appleby 

(1954) e.s e. hydrograph corr,pu.ter, but his teats were not designed to verify 

th.e analog. 

4. 4. 2 Te stirus, ot:, Aut o,r' El MooeJ: 
'!'he catchment ctoragc model developed by the author and. deacribed in 

Section 4.2.2, wlth para.Jret ~rs evaluated as described in Section 4.3.1, 

Wl:\6 tested by using it to reproduce t he bydrogrs.phs for th.i.rteen periods, 

containing 22 individual peaks , on South Creel· Experimental Ca.tchn:en·&. 

Computations vere performed on an elect:ronic COJII.PUter. Input con­

sisted of rainfal.l byetographa for the recording rain gages (pluviomters}, 

average areal raiaf>all for each au.b-e...""l?a, the loss rate for each burst of 

the storm, and catcbment storage data. The computations perfonred by -the 

program, which are illustrated diagra.mmatice..1.J.y on Figure 4, consisted o~ 

computing a. byetogra:ph of raini"all-exc ss for the topmost sub-area, con­

verting this to a. 11hyo..rograph1
' of rsinfa.1.1-e}:cess , routing it thr~ the 

non-linear storage, adding the outflov. to the rainfall-excess "nydrograph11 

of the second sub-area, and so on. 

So~ of the results are shown in Figui·e 5, were (a) sho"..ra one ot the 

best reproductions of actual surface runoff hydrographs, (b) an average 

result, and (c) the worst reproduction. On the llhole, the results ,rere 

encouraging, but little success ·o.s hcl. with the smaller rises with peaks 

leas than about 20 c.f .s./sq. mi .· This fo.ilm-e Yi.th small rises has also 

been experienced by other l'lydrogra.ph synthesis procedu.rea. On the other 

band, significant floods on the catcm:ient were reproduced ree.oonab:cy well. 

2 e Q1'1IER NEW APPROACHES TO lriDRQGAA.P~ SXNTJ§SIS 

5 .1 Runo,tt CX£1e_Jjgdgls 

Most of the hydrograph synthesis procedures described thus fe.r have 

been conce1--ned only with raintal.l-excess and the resulting surface runoff. 

The few that take account of sround-water flow assume that the volumes of 

surface and sub-surfe.c:e runoff are known . :rrone of tru,m he.s been concerned 

with the problem of determining what part. of the total precipitation 

actually appears as streemf'lcm. AG Oi7I>Oood to this limi. to.tion to p&-t of 
the runoff cycle, IliUCh current thinking is in the direction of aynthesiziog 
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strerunf.low eydrogr&pha :frav:: rru.nf"o.11 (as di ct:l.nct from Z"B.inf all-e,·ceaa) 

by setting 'l..'J? r;x,d.cls of t.hc compl te runoff' cycle. A.'1. ov-erall n:oclel of 

the runoff cycle, such es that 6h0lm n Figu_-re l., muaJ~ first be postulatec1, 

and then detailed models of all components of the owr.:i.J.l model developed. 

Litt e published vork on this type of 11Ddel ia available, but Linsley 

and Crawford (196o) and Crawford c,nd Linsley (1962) ha\-e done coru.iderable 

w"Ork in this field. Their overall ce.tcrurent model is illustrated in Fig­

ure 6 {taken from their 1962 report). Computational models of all canpo­

nents of the ove:raJ.l model have been d~veloped, snd combined in e digital 

computer program, which accepts hourly or daily rainfall ao an input (as 

well as parameters of the JWdel), and produces estimates of hourly or 

daily eYe.potranspiration and stree:mflow. 

The models of the individue.l. campon nts of -the overall model were 

based on concepts of hotl the various processes occur on natural catchments. 

For example, the routing of surface runoff' and interflov through storage 

ll'a£J achieved by translation to the outle·c end routill8 th...""OU.gh a single, 

concentrated, linear storage . 'l'hus, these two ru.pects of the :procedure 

utilize Clark's model s.s shown in Flgure 2(b) . This emphasizes the 

novelty of this hydl'ograph synthesis procedure since the problem treated 

by all the other procedures described in this pnper forms only one small 

port of the problem treated by Crawford and Linsley. 

5.2 Coxrelation Studies 

A further approach to hydTogra.ph synthesis for ungaged catchments 

has been developed by Reich (1962). This assumes that flood hydrographs 

can be adequately represented by the three pa.rsmeter Gamma function. 

Parameters of thia function are then correlated d:lrectly m.th otorm and 

catchment ::factors, the sign..-tficant factors being determined in a stepwise 

multiple correlAtion study. In application, the appropriate catchment 

factors can be measured, the sto:rm fe.ctors selected., e.nd the empirical 

relations used. to campute the parameters of the Gamma function, which can 

then be evaluated to repreaent tbe hydrograph. 

This procedure differs f:rom those deacr:Lbed ·n Section 4 which utill ~ 

the two-parameter Gamma fUnction in that it Slmthesizea a. ~h 

directly instead of a unitgre.ph, thus avoiding use of the llneer, super­
position princi:ple. Th«! ab.ape of the Gama function is such tllo.t the 
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mthod is only ar>:plicn'ble to al~ le storms and not to cat:I!)J ex stoX'IDB tbo.t 

would _produce unu ually~shcyed or multi-pee.ked hyd:ro&re,::phs. 

5. 3 Functione.1 Series Rgnresent.at:ton of urfe.ce Runoff !!Y.:droor...ellli.. 
Jl..!llOrocho and Orlob (1951) (see also .All!Orocho 1963) have int1:·od.uced. a 

p:rncedure in uhich the bydrograph iG represented by a.i. infinite series, 

the first term of wh.i..ch is the convolution integral (;representing un1 tgraph 

theory), succead.ing terms 'being generalizations of the convolution integral 

of successively higher order. The first t erm. contains an impulse reeponse 

function (the unitgra.ph :for a linear catchment}, and each succ ding te:rm 

has a corresponding geoorslized impulse response f'unction of increasing 

degree of non-lineai•ity. It appears that onJ.y a few terms of the in:f'ini-'ce 

series are necessary for the representation of hydrogra.phs. 

The several impulse respo11se functions for any part cular ca.tcbmimt 

are detem.1.ned by analysis of hyetogrs.pbs and ey"drographs, but so far this 

has only been done for a Gml.l artif'lcial catchment vi th an impervious 

surface, and with a step function rainfall. Problems of analysis for con­

tinuously variable inputs are yet to be overcome and, further, the n2thod 

1a presently applicable only to surface runoff byd.rographs, and no·!; to 

combined surface and subsurface runoff. 

In a sense, this method is a genera.liza.tion of the unitgra:_ph ioothod 

t .hat talces e.ccount of the non-linear response of catchments. Fol' use on 

unge,ged. ca.tchmento, the various impulse response functions uou1d have to 

be related to or derived f'rom cntcllment characteris•tics., just as unit­

graphs are now synthesized from catchment clmracteristics. 

6.. CONCLUSION 

It csn be seen from. the above review that the lOOdified rational. or 

time-a:rea method., while itself obsolete because it does net~ recognize the 

runoff process o.s a. storage process, nevertheless contained fea.tures still 

widely used. These are the tir.e-area diagram itself', which integrates tbe 

effects of catchment shape and the factors affecting translation time, !ind 

the principle of superpoeiJcion, uhich is the be.Bis o'l unitgraph theory. 

Introduction of the uni i;gl'e.ph concept We.£ follmred by tbe developw.mt 

of synthetic unitgre.ph procedures, which relate charo.cte:ristics of the 
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uni tgr~ph t o c :tchr"E-llt c...,m-u.cter 2tics on ,. r.:::gi on.s..1 . asis. Une of syn­

t hetic unit grar:-,hs :ts no-.; ·the most V'ld.ely ur:·ed ,no.nn of synt hca:.zing 

hydrcgraphs for ungaged ca:-~~c~nts . Eo.:rly synthetic u.nit graph pr ocedures , 

and many- mll.ern ones, arc ru;ed enti r ely on correlation of unitgraph pBra­

meter s w:r. th cat !'.JOOnt fo.c t.01.'s, but, f oL1oving the vork of Clark (l9l~5), a. 

line of approach was devel o ed. i n ;;hich the unitg:ra.ph s syn ... hcsizcd by 

routiil8 r ainfall-excess t hrough catchment storage. 

Thl.s approach s o. specie.1 case of runoff routing, and l ed to m1-e 

gener al fonns or runoff routing procedure not res-tncted by the un.i.tgraph 

requirements of telll,POre.l and areal uniformity of rain:fall-exceaa, and 

linearity of catchment res:ponse. This field of runoff. rout:l.ng is still in 

an early stage of developmant, but is certain to be developed to a much 

greater extent, as it prov:'-des a very general. approach to the synthesis 

of hydrographs. 

For complete general.it:,, a. :runoff routing procedure should possess 

the five features listed in Section 4.2.2., and incorporated in the author ' s 

procedure. Results of this :procedure indicate that the atorege model and 

the mans of evaluating its parmnetern a.re reo.sono.ble but that some im.­

prov-ement is necessary for sme.11 rises. 

Future reGearch on runoff routing is likely to be d..trected toYards 

ob'taini.ng a better understanding of the pl1;ysics of the runoff' process. Up 

to date, catchment mod.els have been postulated ou the bas:ta or the investi­

gator's understanding of this process, o.nd have been tested by their ab lity 

to :reproduce measured hydrographs :from measured rainfall. The best ot ·the 

models are still rather artifici , and further improvement Will require 

me8.Blll"ellent of the movement of -water on the catchment between the time it 

falls as rain and the time · t appears a.a streamf'low e.t the outlet of the 

ce.tcbment. Such detailed :ime.surements would :permit the development of a 

catchment nod.el representing the rwiotf process mre rea11st5.call,y, and 

therefore., :more reliably, then current zm.eJ.s de. Theoretical. studies are 

likely to investigate the role of wave m::>t!on in 'both sheet and cha.nnel 

flow during flood runoff., a topic largely neglected to date. 

A number of other approacuea to byd.."l"()graph eyni::.besia for un~.ged 

catchments ~s still in tr.e early stages of develo,Plllimt. Pei·hs.ps the most 
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significant o~ theae ie the use of co14Puta:t~one.l raoclels of the entil· ~un­

of! cycle. Ruuo!f routing p1·ocedu.1.es might '-'"CJ.l serve aa one of' the com­

ponents of such overalJ~ models. Another '3.j?'!1l:'OS.Ch is direct con'elation of 

hydrcgre;ph :paremeters with rair,.f and catc~nt facto ... s, which can be 

compared. with correlation of. unitgi-a.ph parameters 't1"ith cetcbmnt factors 

under stand&--w.zed rainfall and loss conditions as in synthetic unitsr-~h 

procedures. Finally, t'e use o.f' functionel &erieG to represent the hydro­

graph instead of computing it as the output f'rOl:l some 1.og:LcoJ. aystem ~ 

ho.ve application in tbi field when the techniques are :ru.rther developed. 
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