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1. _IFTRODUCTION

1.1 The Problem

Flood estimation for ungaged catchments has long bean a problem for engin-
eers concerned with the design of spillways, dlversion works, bridges, culverts,
and flood control works. The gresat majority of suceh hydraulic structures is
constructed on small watersheds, and since small streems have not, in the past,
been gaged to nearly the same relative extent as large streams, most of the
designs have to be prepared without the benefit of streemflow records.

Various techniques have been used to provide design flocd estimates under
such circumstences. These incvlude flocd formulae, enveloping curves of floods,
regional frequency studies, end the rational method, all of which provide an
estimate of the peak discharge of the design flood, end verious metihods of
hydrograph synthesis, which provide an estimate of the complete hydrograph of
the design flood. A complete hydrograph, as opposed to a peck discharge esti-
mate, is required in all circumstances where storege is involved, such as dam
spillweys, and culverts where pondage is permissible, and also in cases where
the time distribution of runoff is important such as flood control works.

It is the purpose of this paper to review briefly the verious procedures
for hydrograph synthesis with emphasis on recent developments, and as part of
this review, to describe a new procedure for synthesizing the hydrograph of
surface runoff by routing rainfall-excess through catchment storsge.

1.2 Components of Streamflow

EBydrologists recognize that water falling as rain and subsequently eppear-
ing as streamflow can follow verious paths from the point where it reaches the
catchment surface to the point where it leaves the catchment. Sinece the stor-
age delay imposed on the water varlies with the peth it tekes, it has been
found convenient in hydrograph synthesis to regard a streamflow hydrograph as
consisting of various components, each heving foliowed a different path to the

outlet. Four components are usually recognized, as follows:
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(1) Channel precipitation - water that fell directly on the water

surfaces of the stream system,

(11) Surfsce runcff - weter thet ren off overland into the

streem channels,
(111) Interflow - water that infiltrated into the ground
' and then seeped out again onto the sur-
face or into the stream channels with-
out having reached the ground-water
reservoir,
(iv) Ground-water flow - water that has seeped into the stresm
| channels from the ground-weter reservoir.
These four components, and their relation to the other parts of the runoff cycle,
are illustrated in Figure 1.

Chanrel precipitation is normally a small portiou of the total streamflow,
and is usually treated in combination with surfsce runoff. The term "surface
runoff" will, therefore, be taken to include chennel precipitation in theé
remainder of the paper. Little is known about the properties of interflow, and
the nature of this type of flow is not well-defined from a fluid mechanics
point of view. As a result, it is usually treated either as part of the sur-
face runoff or as part of the ground-water flow.

Since ground-water flow is normally a smell component of flood flows,
most hydrogreph synthesis procedures have been restricted to the hydrograph of
surfece runoff, with allowance for ground-water flow in flood estimation being
made in an arbitrery manner. Recent trends in this field, however, eare towvards
treating ground-water flow as well as surface runoff in a rational way, or
towards synthesizing the complete hydrogreph without separation into its com-
ponents.

1.3 Procedures for Hydrograph Synthesis
Several different epproaches ’to hydrograph synthesis have been made in the

past, and these can be classified as follows:

(1) Modified rational (or time-srea) method,
(i1) Synthetic unitgraphs,
(111) Runoff routing,

(iv) Runoff cycle models,

{v) Correlation studies.
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Development of these variocus methods will be reviewed in sections 2 to 5 below.

In Section &4, dealing with yunoff routing methods, some emphasis is given
to recent work by the author on the development of a computational model for
synthesis of the surface runoff hydrogreph from rainfall-excess, and means for
evalunting the parameters of the model from streamflow and catchment dsta.
Tnls procedure does not provide a means of flood estimation for ungaged catch-
ments since it requires streamflow data for evaluation of the model parameters,
but it does provide a means of rxepresenting the effect of & catchment on a
rainfall-excess input, which is a necessary step in development of & flood
estimation method for ungeged celchments.

Section 6 summarizes the development of hydrogrsph synthesis procedures
and indicates the trends of current research in this field.

2. MODIFIED RATIONAL METHOD

This procedure, sometimes called the time-area method, is a developwent
of the retional method first proposed by Ross (1921) and elaborasted by Hawken
{1921). It derives the surface runoff hydrogrsph by epplying the rainfall-
excegs hyetograph to e time-area disgram of the catchment in accordance with
the principle of superposition, just es the hyetogreph is applied to a unit-
graph in more modern procedures. The time-area disgram is a histogram show-
ing the areas contributing runoff to the outlet of the catchment within
various time periods after the commencement of rainfall-excess. It can be

prepared in various weys, but essentially involves determination of the
travel time of water from various points on the catchment to the outlet, and
measurement of the areas falling within various class intervals of travel time.

This procedure is little used nowadays because of two limitations to its
validity. Tae first, a severe cne, is that the time-areec dlegram tekes
account of only the transletional effects of cetchment storege, and neglects
the sttenuation or storage effects. Translation time cen be looked upon as a
rough approximation to the effects of flood wave celerity, and the storage
effect concerns the attenuvation of the wave. Raticnal method translation time,

however, is based upon a concept of "drops of water" travelling over the
cetchment surface, rather than of wave motion and storage effects. In other
words, it is based on an erronecus concept of the runoff process. The second



limitation is that the theory is a linear one, which restricte its generality.

3. SYNTHETIC UNITGRAPHS

o

3.1 Genexsl

In the unitgraph methed (Sherman 1932s; Johnstone and Cross 1949, pp. 134~
159), the time-area diogram of the modified retional method is replaced by &
unitgraph, which is the surface runoff hydrograph thet would result from unit
rainfell -excess occurring uniformly in unit time. Since the combined effects
of rainfall fectors and loss factors ere specified or standardized in this
definition, it follows that the unitgraph represents the effect on hydrograph
shepe of the physiographic factors only. In this respeet it is similar to the
time-srea diagram, but, being derived from actual records of rainfall and stream-
flow, the unitgreph reflects in its shepe the integrated effect of all the phy-
siographic factors and is, therefore, preferable to the time-area diagram.

Rainfell-excess hyetographs ere spplied to unitgraphs in exectly the same
way as‘they are to time-area diegrems to determine surface runoff hydrographs.
The method 1s therefore, only approxima‘t;e vhen applied to non-linear catchments,
for which discharge is not a linear function of storege (Johnstone and Cross
191¢9) or for which discharge is not & lineaxr function of cross sectional ares
of flow in the chennels (Dooge 1959). The term "storsge" in this context im-
plies the totel channel and detention storage on the catchment, though this is
usually not stated in the literature. With storage thus defined, it is ob-
viously almost a practical impossibility to measure the storage in order to
check whether it is a lineer function cf dischasrge, but fortunstely there is
a single indirect criterion Qf linearity that replaces boti of the above con-
ditions. This is that the lag of the caichment should be constant, and inde-
pendent of flood magnitude. '

In cases where 'the reinfall and streamflow data necessary for unitgreph
derivation are unaveilable, it is neceesery to synthesize the unitgraph by
meesuring certain phys:lo_grhphic characteristics of the catchment and applying
empiricel relationships between these charscteristics and unitgraph parameters.
The empirical reletionships are determined previously by analysis of geged
catchments on a regionel basis.



3.2 Miscellansous Methods
Severel epproachss to the solution of this problem have been used. Sherman

(1932b) proposed a procedure for medifying the unitgreph of a catchment assumed
to be hydraulicelly similaxr to the catchment for which the unltgreph is being
synthesized. Thic procedure, therefore, accounts only for differences in catch-
ment area, and neglects the effect on the hydrograph of any other factors that
nay be different on the geged and the ungaged catchments.

Bernard (1935) prepared a greph giving daily distribution greph ordinates
(e modified form of the unitgrsph) as a function of o "wetershed factor" that
combines the effects of watershed shepe, the condition, shespe, and slope of the
main stream, and the shspe of the rainfall intensity-duration relation. These
curves are not gpplicable to small catchments, since they preoduce ornly & deily
distribution graph end not a shori period unitgraph, but they may be of value
for large catchments in the region for which they were derived.

McCarthy in 1938 developed e procedure thet has been deseribed by Jehnstone
and Cross (1949, pp. 217-221). This consists of reducing derived unitgraphs to
what they would be for & hydraulicelly similar catchment of 10 sq. m., end em-
piricelly relating model peak to & model slope factor and streem pattern factor.
Other unitgraph parameters were then related to the unitgreph pesak.

Morgen and Hullinghorst (1939) cerried out least squares correlaetions of
peremeters of the instantaneous S-curve (from which the unitgraph cen be
derived) with catchment area, mean travel distence and mean height of watershed
above the outlet. '

Seversl procedures make use of dimensionless hydrographs to define the
shape of the unitgrsph or the flood hydrograph. Commons (1942) presented such
a graph which could be mede dimensional when the pesk discharge end some time
paremeter were known. The Soil Conservetion Service, (U. S. Dept. of Agr.,
1957) use e similer dimensicnless greph together with a reletion between peak
discharge and period of rise, and various methods for the determination of
period of rise. Bender and Roberson (1961) also present & dimensionless unit-
graph for the Willamette River basin, Oregon, vwhich they use, however, in
deriving unitgraphs from complex storms on geged. cstchments rether than in
synthesizing unitgraephs from cstchment characteristics. Finally, Morgen and
Johnson (1962) deseribe a procedure due to Mitchell in which dimensionless
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S~-curves are used together with a reistion betwsen leg and cstehment srea to
synthesize unitgraphs for Illinois streems.

3.3 ©Snyder's Method end its Development
All of the unitgraph synthesis procedures cso far described appear to have

been developed quite independently of each other, and have little in common
except for the genersl concept of releting unitgraph characteristics to catch-
ment characteristics. In 1938, however, Snyder (1938) presented a synthaetic
unitgraph method that has formed the basis for e large number of subsequent
procedures. The original procedure utilizes an emplrical relationship betwesen
lag (defined as time from the center of mass of rainfell-excess to the péak of
the resulting hydrogreph) and a shape parameter. Time of rise is determined
from the lag, and the unitgraph peak discharge, base length, and deily distri-
bution graph ordinates are also determined from empiricel relationships with
laeg. Thus the complete unitgreph can be prepared.

Further development of Snyder's wmethod by the U. S. Corps of Engineers
is shown in the Corps Engineering Manuel (U. S. Dept. of Army, 1948, pp. 10-
15). Values of the coefficients of the empirical equations of the method are
presented for various parts of the United States. Variations from the original
prbcedure are that the base length equation and distribution greph ordinates
ere not used, but in their place are given a means of estimating the width of
the unitgraph at crdinates of 50 percent and 75 percent of the peak, and a
procedure for shsping the recession limb by means of the S-curve.

Taylor end Schwarz (1952) developed & procedure gemerally similar to
Snyder's, but different equations relating unitgraph parameters to catchment
characteristics were used, and an additional cestchment characteristic (the
equivalent mean slope of the main streem) and the unit period of the unit-
graph were included in the correlations. This procedure should be an improve-
ment over Snyder's since it includes the effect of an additionel catchment
characteristic, but the complexity of the empirical equations makes re-derl-
vation of the coefficients end exponents for other regions difficult.

Laden, Reilly, end Minotte (19%0) also presented a procedure similar in
some }espects to Snyder's method. They developed mass curves of distribution
graphs as a function of Snyder's lag for Upper Ohio River cetchments. Also,
they gave empirical relations for unitgraph base length in terms of lag, and



peak dischsrge as a function of base length end a shepe parameter.

The U. S. Buregu of Reclemation (U. S. Dept. of Interior) use a procedure
with some superficisl resemblance to Snyder's metbod. Lag (defined as time
period between centexr of mass of rainfall-excess and the time when half the
total volume of runoff has been discharged) is related empiricelly to a function
of Snyder's shape parameter and stream slope. Tie shape of a synthetic unit-
greph is determined, after computation of the lag, from dimensionless mass
curves of derived unitgrephs in the region concerned. -

Recently, a unitgraph procedure for sewered arcas has been presented
(Eagleson, 1962). Tuis utilizes empirical relstions for lag in terms of mean
length and velocity of flow, peak flow in terms of lag, and base length and
unitgraph width in terms of peak flow.

3.4 Unitgraph Syntbesis by Runoff Routing

All of the unitgraph synthesis procedures described above in Sections 3.2
and 3.3 rely entirely on empirical relations between characteristics of the
unitgraph and characteristics of the catchment. In recent years there has

been en increasing tendency to synthesize hydrogrephs and unitgraephs by routing
rainfall or rainfell-excess through storage intended to represent the catch-
ment storage. A catchwent storsge model is therefore set up (a mathematical
model, computational model, or some kind of physicel enslog), and the para-
meters of the model (such as storage delsy time) are determined by analysis of
ectual rainfall end streamflow deta. These model parsmeters are then empir-
lcelly related to catchment characterlistics on a regionel basis. These pro-
cedures therefore, differ from previousiy described synthetic unitgreph pro-
cedures in that they attempt to treat the effects of catchment storesge in e
rational rather than an empirical manner, but they still depend on empiricel
relations to determine the characteristics of the storage.

Once the catchment model is defined in eccordance with some particular
concept of the runoff process, and itz parameters evalueted from the empirical
relations, a unitgraph can be synthesized by routing en input consisting of

cone inch of reinfall-excess occurring instantancously all over the catchment
through the storage model. The resulting output will be the instantaneous
unitgraph if the storage model is a lineer one. 1In general, the same pro-
cedure can be used for any input and with a linesr or non-linear storage model,
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and the output will be the corresponding hydrogreph. This procedure can be
called runoff routing since it consists of routing the surface runoff through
storage. OSince the procedures for unitgreph synthesis and hydrcgraph syn-
thegis sre essentially the same, the dewvelopment of both will be described
together under the heading of "Runoff Routing" in Section 4.

L. RUNOFF ROUTING

L,1 General
The basis of runoff routing procedures has been explained in Section 3.k
above. Use of such a procedure for hydrograph synthesis on ungaged catch-

ments involves:

(1) Setting up a catchment or storage model,
(i1) evaluating the perameters of the model for gaged catchments,
and relating these to measurable catchment characteristics,
(111) computing the model parameters for the ungsged catchment

from these relations, and routing any .desimd rainfell-excess
pattern through the model.

- A rather detailed litersture survey of runoff routing procedures has been
given elsevhere (Leurenson 1962b), but it is appropriste here to review briefly
these procedures. Items (1), (ii) and (iii) above will be dealt with in Sec-
tions 4.2, k.3, and L.k respectively. -

k.2 Catchment or Storage Models

L.2.1 ILiterature Survey
Various catchment models have been assumed for the purpose of computing

hydrogrephs, most being characterized by the separation of transletion effects
from storage effects. As has been pointed out by Dooge (1959), the modified
rational method of Ross (1921) described in Section 2 is a form of runoff
routing in which translation is taken into eccount but attenustion is neglected.
The assumed catchment model is illustrated diegrammaticelly in Figure 2(a).

An edvance on this concept was inmtroduced by Zoch (193%, 1936, 1937) in a
series of papers presenting e mathematical means of computing hydrogrephs.-
Zoch sssumed that elements of rainfell-excess on different parts of the catch-~
ment had different transletion times to the outlet, but all paseed through the
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same concentrated linear storsge. The same model wes adopted by Clark (1945)
end is shown diagramratically in Figure 2(b). It is convenient to regard the
concentrated storage ac being located at the outlet of the cstchment.

A catchment model somewhat similar to the Zoch-Clark wpndel was used by
Pargone (194%4). He prepered storsge-discharge relations for both surface and
sub-surface runcff by integreting the areas under the recession curves of these
components, and relating the storage to the discharge Ssome constant period
earlier. Hydrographs were synthesized by lagging the rainfall-excess and
interflow by the appropriste amount, and routing through the appropriate stor-
age. The model therefore, consists of two concentrated (but presumably non-
linear) storages in parallel located at the ocutlet of the cetchment.

Nash {1957, 1960) developed en equation for the instantaneous unitgraph
baged on a view of the catchment as consisting of a series of equel, linear,
concentrated storsges, each discharging directly into the next, es indicated
disgremmeticelly in Figure 2(c). All runoff is assumed to pass through all
the storsges.

Application of an instantaneous unit input to Nash's model results in an
equation for the instenteneocus unitgreph heving the form of the two perameter
Gamma function:

v (t/K)" Lo /K

u (0,t)
Kn! (1)

where u ‘(O,t) is the instantaneous unitgraph ordinate at time t , V is
the volume of the unitgraph, and KX is the storsge deley time of each of the
n linear concentrated storages. The factoriel of n 1s replaced by the
Gemms function [ {n) in epplication since the method of determining n re-
sults in non-integral values in generel.

An instantaneous unitgraph equation of the same form as Nash's was
earlier developed by Edson (1951) under different sssumptions. He assumed,
as did Zoch and Clark, that reinfall-excess elements fraom different parts of
the catchment were transpoeed by different amounts, and then routed through
a single concentrated linear storage. However, unlike Zoch's general equation
and Clark's method, a restriction was placed on the form of the time-area
disgrem in that its integral (the time aree concentration curve) was epecified
as being of parsbolic form. These assumptions as to the form of the catchment
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end its storage ere represented by Figure 2(a).

The catchment models described so far form a continuocus line of develop-
ment, the modified rational method model providing for transletion but not at-
tenuation effects of catchment storage, while the other models provide for
both effects. Zoch, Clark, Parsons and Bdson, however, ellow for translation
by legging the inflows and routing through a single concentrated storage, while
Hash does not lag the inflows but routes all inflow through a suceession of
concentrated storeges, thus obtaining a trenslaticnal effect. Next to be dec-
cribed are two models that eppear to derive nothing from the previous work,
but which nevertheless recognizs the distributed neture of catchment storsge
(thus recognizing both translation and attenuation effects), and elso allow
for the further fect that catchment storage is, in general, e non-linear
function of discharge, so that storsge delay tine varies with discharge.

Appleby (1954) recognizes that cetchment storage is distributed along the
streem channels and on the ground surface, and idealizes this by assumptions
that imply e catckment model as shown in Figure 2(e).

In a discussion of Nesh's (1960) paper, Appleby (1L961) states that, for
the perticular case of linear storsge (constant K ), the uhitgraph equation
derived from his model reduces 1o an equation of the same form ss that devel-
oped by Nash, i.e., the differential quotient of the incomplete Gamme function.
Thus, three @ifferent catchment models, Nash's (Figure 2(c) ), Edson’s (Fig-
ure 2(d) ), and Appleby's (Figure 2(e) ), all result in the seme itwo-perameter
equation of the instanteneous unitgraph.

A model with distinct similarities to Appleby's has been used by Dawson
(1958, 1960), who represents the catchment as & plane, rectengular surfece.
Hydreulic computetion was applied to this idealized catchment to determine the
hydrogreph from uniform rainfell, end the computational method was then devel-
oped into a novel semi-graphical non-linear routing procedure for application
to varying intensities on natural catchments. ;

Sugawera snd Maruyems (1956) propose seversl different catchment models -
to represent the runoff process, with provision for infiltrgtion, permenent
losses, ground-water flow, interflow, and surface runoff. In sll of these,
storage effects are assumed lineer and concentrated, and transletion effects
are not separated from ettemuetion effects. Different models were found to be
spplicable to different catchments. Equetions of the instentsneous unitgreph
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(dealing with surface runoff only) were developed for two catchment models.
The first wes the some as that leter used by Nash (Figure 2{(c) ), but with
only two storages. OSugawera and Maruyama's second model for unitgreph deri-
vation cen be illustrated as in Figure 2(f). This is a more general model
as it provides for rainfall-excess from different pearts of the cetchment to
be routed through different amcunts of storage.

Two recent American contributions to the literature on runoff routing
describe methods for synthesizing hydrographs on lerge cetchments, primarily
for flood forecasting. They introduce a new concept ia that the computa-
tional model for any catchient cen be built up by combining a number of
standard elements in correct relation ‘to each other to represent the actusl
catchment. This feature distinguishes these two methods from sll of those
previously described.

The first of these was presented by Rockwood (1958), who provided ele-
ments of "catchment storage,” "lake storage," and "channel storage,” end
combined these es necessary to represent the cetchment and stream syctem.
These components are illustrated in Figure 2(g). The second was by Harder
(1962), who deseribed a non-lineer electronic snalog runoff routing computer
consisting of a number of "river resistor unite," current generators, and
"chennel storage units,” which can be put together es required to represent
a catchment.

Dooge (1959) developed two equations for the instantaneous unitgraph
based on two slightly different storege medels. The Pfirst is a very generasl
model consisting of a series of unequal linear, concentrated storages ir-
regularly distributed elong the stream channels, and separated by linear
channels (velocity independent of stage), and is illustrated in Figure 2(h).
The second model, shown in Figure 2(i) is slightly less general in that rain-
fall-excess from all points on a given isochrone is sssumed to pass through
the same number of reservolrs, and all the reservoirs are assumed equeal.

4,2.2 General Model

The present asuthor, (Laurenson 1962b), efter experimenting with several
different models, adopted one illustrated in Figure 3.

In this model, the catchment is divided into abcut ten sub-sreas bounded
by isochrones (or lines of equel travel time to the outlet). The rainfall-
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excess hyetograph of the topmost sub-area is routed through a single, non-
linear, concentrated storage having a storsge-outflow relation of the form:

8 = Kfq) . q (2)

vhere S is volume of storage, gq 1s rate of outflow, and K , a function
of q , is the storsge delay time. The output from this storage is com-
bined with the ralofall-excess hyetograph from the second sub-area, and the
combined flow routed through a second non-linear, concentrated storege.
This process is repeated until all sub-arces have been accounted for, at
which point the output from the storege represents the catchment hydrograph.
v This is a very genereal catchment model since it takes rational account
of:

(i) time variations in rainfall-excess,

(i1) areal verlations in rainfall-excess,
(111) the fact that rainfall-excess from different parts of the
, cetchment pasces through different emounts of storage,
(iv) non-linear storage effects, end

(v) the fact that catchment storage is distributed rather then

concentrated. (This is true since a series of concentrated
storages produces the translation typical of distributed
storage as well as the gttemation typical of concentrated

storege. )
4.3 Evaluetion of Model Parameters

k.3.1 Author's Model

Section 4.2 ebove describes the catchment storsge models that have
been proposed, either explicitly or implicitly by veriocus suthcrs. It is
now eppropriate to examine the techniques used by these authors end others
to evaluate the paremeters of the models in order that they can be used
for the synthesis gf hydrogrephs. For the sake of continuity, the catch-
ment model developed by the suthor will be treated first.

Eveluation 6f ,.Ithe parameters of this model conslsts of delinegting the
isochrones in such a wey that they are separsted by equal inecrements of
travel time, and determining the functional relationships K = X (q)
(See Eqn: 2) for the various storages.
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The configuration of the isochrones is determined from a contour mep of
the catchment aessuming that travel time through eny reach is directly pro-
portionel to length of flow path, and inversely proportional to the squeare
root of slope. These assumptions fix the shepe and relative positions of the
isoehrenes, but the values of trevel time connot be assigned to the geveral
isochrones until trevel time has been evalucted for any one point on the
catchment.

Evaluation of travel time for one point on the catchment is approached
through the determination of catchment leg (using the original definition of
time from center of mass of railnfall-excess to center of mass of surfece run-
off). It cen be demonstrated that lag (so defined) is an "average" travel
time for the catchment, and is equal to the travel time of a point on the
catchment corresponding to the centroid of the time-area diegram (plot of
aree between isochrones agelnst travel time). Furthermore, travel time for
any point can logically be interpreted as the storege delay time for rain-
fall-excess occurring at that point and passing through catchment storage
to the outlet. Thus, if lag is determined from reinfsll and streasmflow
records, the storage delay time of points corresponding to the centroid of
the time-area disgrem is known, and travel time or storage delay time for
ell isochrones can be computed.

For the South Creek Experimental Catchment of The University of New
South Wales, lsg was found to vary with mean discharge of the flood from
which it was determined according to the empiricel relation:

-0.
ty = B g (3)
where tm is 1lag in hours, 9, is meen discharge in c.f.s., and the
coefficient of correletion between the logarithms of lag and mean discharge
wes 0.90. The variastion of lag with discherge indicates non-linearity of
the catchment response.

As expleined sbove, catchment lag cen be identified with storage
delay time of the point correspconding to the centroid of the time area
diagram (Kh), end, further, mean discharge can reasonably be identified
with discharge (q) in this context, so Egn. 3 was rewritten:

Km = 6’4q-0'27 (};)
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It was then sssumed that 2 delsy time-ouiflow relation of this generel
form applied to every point on the catehment, but that the coefficient (6k
in Eqn. b4) for any gilven point was proportionel to the relative delay time
indicated by the iscehrone through that point. Bince the rejative delay
time of the point corresponding to the centroid of the time-area dlagram is
0.66 on this cetchment, end since the catchment storege is represented by
ten storages, the upper nine esch having a deley time of one tenth the maxi-
mun delsy time for the catchment, and the last having a delsy time of helf
this, it followe that the delay time for each of the upper nine storsges is

given by:
0.1 . 64 q-0.27

K = % (5)
and that of the lowest storage is half of this.

Now, since the configuration of the isochrones end the functional relec-
tions for storage delay time have been determined, it is possible, for any
given reinfall-excess, to determine the inflows to each storage and to route
the runoff through the system.

4,3.2 OQther Models

The parameters of the Clark model are the base length of the time-area
diagram and the delay time of the single, linear, concentrsted storage.
The base length of the time-area dlegrenm, or maximum translation time of the
catchment, is taken by Clark (1945)as the time between the end of rainfsll-
excess and the point of contraflexure on the recession limb of the hydro-
greph {assumed virtuelly constant for different floods). The end of rain-
fall-excess is the time at which the last contribution to the flood wave
enters the catchment, while the point of contraflexure on the recession
limb of the hydrogreph represents the arrivel at the gaging station of the
last inflow to channel storage, since the exponential part of the recession
represents withdrawal of water from channel storage with no inflow. Conse-
quently, the interval between these two times is teken as the maximm
trenslation time of the catchment exclusive of the translation due to
reservoir-type storage. After the base length has been determined, the
time-ares dlegram ig proportioned by assuming that travel tiwe for aaqy point
on the catchment is proportional to its distance from the outlet.
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On the ascumption that the recession limbh of the hydrogreph represents
withdrawal of wabter from storage with no infiow, Clark showed thet the

storage delay time is glven by

- 8| 4
K = ~@T-% a= (€

For reservoir-type storsge, assumed by Clark, the weighting factor x
equals zero. Although K was shown to increasse with decreasing discharge,
Clark assumed in application that it was constant, end specified thet it
should be evalusted at the point where”it has its minimm value, i.e., at
the point of contraflexure.

Clark's catchment model has been edopted by a number of authors
(Johnstore, Eston, and O'Kelly) in developing synthetic unitgraph pro-
cedures for particular regions. Each of these three has, however, intro-
duced slight modifications of the origina_l Clark procedure, and they all
differ in the means of detei'mining the numerical and grephical parareters
of the model for a particulsr catchment.

Johnstone (unpublished data 1948, Johnstone and Cross 1949, pp. 23%-5)
used the surfece runoff hydrograph instead of the totel hydrogreph to de-
termine the paremeters, and related them empirically to catchment charac-
teristiecs. Maximum translation time was related to lengi\:h and slope of
main stream and a branching fector, and storage delsy time was related to

wldth of catchment and overlend slope. Also, his proportioning of the
time~area disgram took account of the effects of slope variations cn
travel time. In a study of seven Tasmanian sireams, Eaton (1954) devel-
oped equations for base length of time-area diagrem in terms of length of
main stream, catchment area, end a branching fector, and for storesge deley
time in terms of the same three factors and width of catchment. He pro-
portioned the time-ares dlegram both by Clark's method and by Hoxten's
© virtual channel inflow greph (Forton 1941).

0'Kelly (1955) grephically relsted bese length of time-area diegrem
and storsge ‘Gélay time to median overland slope, and used e virtual chan-
nel inflow graph in tﬁe form of an isosceles triangle in place of a true
time-area diegram.



16

The catchment mcdels developed by Nesh and FEdson both imply e two-
peremeter unitgraph equation ¢f the form of Egqn. 1. Three independent
wethods of determining the two persmeters for e pesrticular catchment have
been rveported (by Wash, Edson, end Gray vespectively), end these are de-
scribed below.

Nesh (1960) used the method of mwoments, and derived the reletion
between the unitgraph parameters ( n end X ) and the first end second
monents of the unitgraph sbout the origiu. These moments were then cor-
related empirically with catchment area, overland slope, and length of
mein stream. A unitgraph can be synthesized for an ungeged catchment by
measuring these catchment charscterisites, computing the unitgreph moments
from the empirical relations, thus determining the parameters n and X
and substituting these in Egn. 1 to determine the unitgrsph.

Edson (1951), instesd of relating the unitgraph parameters to the
moments of the unitgraph, developed their relstions to the peak and time
to peak of the unitgreph. He did not, however, teke the further step of
correleting pesk and time to peask with catchment characteristies, which
would be necessary for s synthetic uwaitgrsph procedurs.

A third method of fitting the Hash-Edson equation to sn actual unit-
graph, the method of mexirmum likelihood, was used by Gray (1961), who
also obtained empirical relations between the parameters of the equation
and the length and slope of the mailn stream.

Determination of the parameters of the models of Appleby and Rockwood
is by triel and error reproduction of known hydrographs, verying the pars-
meters until a satisfactory reprcduction is obtaiuned. The euther is noi
aware of the means used to determine the paraxeters of Herder's or of
Sugawara and Maruyeme's models, but presumes these also are determined by
trial arnd error. Before these models could be used for hydrogreph syn-
thesis on ungeged catchments, therefore, some meens of computing the para-
meters from catchment characteristics would have to be developed.

Use of Dooge's gode;g requires determination of two grsphical and
three numerical paramtérs. These parameters could be determined by
various methods developed prior to Dooge's work if one or two simplifying
assumptions ere made, but nc published work es yet describes the application
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of Dooge's equation to uniitgraph synthesis.

Use of the equaticns developed by Zoch for synthesis of hydrographs
or unitgraphs would require determination of the mrea-distance curve (plot
of width of catchment agalnst distance from cutlet), the velocity of flow‘,
the delgy time of the storsge, znd the maximm length of flow. Zoch does
not deal with the d@ifficult probliems of determining veloclty end deley
time for actual catchments, and no published exemple of the epplication of
his equaticns to a real catchment is known.

4.4 Computetion of Synthetic Hydrographs

L.h.1 General Methods

The previous two sections have dealt respectively with the models pro-
posed to represent catchment storage effects, end evaluation of the pare-
mebers of these models. This gection deals briefly with the metheds thet

have heen used to compute hydrogrsphs once the model has been defined snd
its paremeters evaluated. These include mathemstlcel, numerical and enalog
methods.

Strictly methematlcal procedures can be used to detexmine the output
from a concentrated linear storsge resulting from e concentrated input.
Thoge suthors that heve produced an equation for the hydrograph or unit-~
graph (Zoch 193k, 1936, 1937, Nesh 1957, 1960, Bdson 1951, Sugewara end
Maruyams 1956, snd Dooge 1959) bave performed this mathematical routing,
and epplication of their methods once the parameters have been determined
werely involves numerical evelustion of the right hand sides of their
equations.

Use of the Clark model simply involves a single routing through con-
centrated linear storage, end the Muskingum method of routing (= "coef-
ficient" method) hes been used by Clark snd the others who edopted his
model.

Where a large number of routings is involved, particularly non-linesr
routings, as in Rockwood's (1958) and Herder's (1962) "built-up" models,
the use of a computer is glmost essential. Rockwood used a dlgitel com~
puter in his case and, as has been noted, Harder used an electronic anzlog.
Multiple, non-linear routing on e digital computer for hydrogreph synthesis
has also been used by the present suthor (Leurenson 1962b), using non-linesr
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coefficient methed routing equations derived by Lauvenson {1962a).

A specially constructed linear heat flow analog was used by Appleby
{1954) es e hydrograph computer, but his tests were not designed to verify
the anslog.

b.h.2 Testing of Author's Model

The catchment ctorsge model developed by the suthor end deseribed in
Secticn 4.2.2, with paraweters evaluated as described in Section %.3.1,
was tested by using it to reproduce the hydrographs for thirteen periods,
containing 22 individusl peaks, on South Creek Experimental Catchment.

Computations were performed on an electronic cozputer. Input con-
sisted of rainfall hyetographs for the recording rain geges (pluviometers),
everasge areal rainfall for each sub-eree, the loss rate for each burst of
the storm, and cetchment storage date. The computations performed by the
program, which are illustreted dlagremmetically on Figure b, consisted of
computing a hyetogreph of rainfall-excess for the topmost sub-arssa, con-
verting this to a "hydrogreph" of reinfall-eicess, routing it through the
non-linear storege, sdding the outflow to the rainfall-excess "hydrogrsph”
of the second sub-area, and so on.

Some of the resulis are shown in Pigure 5, where (a) shows one of the
best reproductions of actual surface runoff hydrogrsphs, (b) an average
result, and {c) the worst reproduction. On the whole, the results were
encoursging, but little success was hed with the smaller rises with peaks
less than sbout 20 c.f.s./sq. mi. This failure with emell rises has also
been experienced by other hydrogreph synthesis procedures. On the other
bhand, significant flocods on the catchment were reproduced ressonably well.

5.1 Bunoff Cvcle Models .
Most of the hydrogreph synthesis procedures deseribed thus fer have

been concerned only with reinfall-excess end the resulting surface runcff.
The few that take account of ground-water flow assume that the volumes of
surface and sub-surface runoff are known. Ione of them hes been ccncerned
with the problem of determining what paxrt of the total precipitaetion
actually sppears as streemflow. As opposed to this limitation to part of
the runoff cycle, much current thinking is in the direction of synthesizing
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streamflow hydrogrsphs from rainfall {as distinct from reinfell-excess)
by setting up models of the conplete runoff ¢ycle. An overall model of
the runoff cycle, such es that shown in Figure 1, must first be postulated,
and then detailed models of all components of the overall medel developed.

Little published work on this type of model is available, but Linsley
and Crewford (1960) end Crawford snd Linsley (1962) have done considersble.
work in this field. Their overall catchment model is illustrated in Fig-
ure 6 (taken from their 1962 report). Computational models of all compo-
nents of the overall model have been developed, and combined in e digital
camputer program, which asccepts hourly or daily rainfall as an input (es
well as parameters of the model), and produces estimates of hourly or
daily evepotranspiration and stresmflow.

The models of the individusl components of the overall model were
based on concepts of how the warious processes occur on natural catchments.
For example, the routing of surface runoff and interflow through storage
was achieved by translation to the outlet end routing through a single,
concentrated, linear storage. Thus, these two aspects of the procedure
utilize Clarik's model as shown in Figure 2(b). This emphasizes the
novelty of this hydrograph synthesis procedure since the problem treated
by all the other procedures described in this poper forms only one small
part of the problem treated by Crawford and Linsley.

5.2 Correlation Studies

A further approach to hydrograph synthesis for ungaged catchments
has been developed by Reich (1962). This assumes that flood hydrograephs
can be adequately represented by the three parsmeter Gemms function.
Parometers of this function are then correlated directly with storm and
catchment factors, the significant factors being determined in s stepwise
multiple correlation study. In application, the appropriate catchment
factors can be measgured, the storm fectors selected, end the empirical
relations used to campute the parsmeters of the Gamma function, which can
then be evaluated to represent the hydrogreph.

This procedure differs from those described in Section 4 which utilize
the two-parameter Gamma function in that it synthesizes a hydrogrsph
directly instead of e unitgraph, thus avoiding use of the lineer, super-
position principle. The shape of the Gamms function is such that the
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method 1is only applicable to sinple storms and not to complex storms that
would produce unusually-shaped or multi-peaked hydrogrephs.

5.3 Functionel Series Representation of Surfece Runoff Hydrograph

Amorocho end Orlob (1951) (see also Amorocho 1963) have introduced a
procedure in which the hydrograph is represented by an infinite series,
the Tirst term of which is the convolution integral (reprasenting uniteraph
theory), succeeding terms belng generalizstions of the convelution integral
of successively higher order. The first term conteins an impulse response
funetion (the unitgreph for a linear catchment), end esch succeeding term
has a corresponding generalized impulse response function of increasing
degree of non-linesxity. It appears that ovly a few terms of the infinite
series are necessary for the representation of hydrographe.

The several impulse response functions for eny perticuler catchment
are deterwined by anelysis of hyetogrsphs and hydrographs, but so far this
hss only been done for a small artificial catchment with an imperviocus
surfece, and with & step function rainfall, Problems of anglysis for con-
timuously variable inputs sre yetl to be overcome and, further, the method
is presently sppliceble only to surfece runoff hydvogrsphs, end not to
conbined surface and subsurface runoff.

In a sense, this method is a generalization of the unitgraph method
thet tekes account of the non-linear responze of catchments. Tor use on
ungaged catchments, the verious impulse response functions would have to
be related to or derived from catchment characteristics, Just as unit-
graphs are now syntheslzed from catchment cheracteristics.

6. CONCLUSION

It can be seen from the above review thet the modified raticnal or
tire-grea method, while iteelf obeolete because it does not recognize the
runoff process o8 & storsge process, nevertheless contained features still
widely used. These sxe the time-area dlegrem itself, which irntegrates the
effects of catchment shape and the factors affecting transletion time, and
the principle of superposition, which 1s the bagis of unitgraph theory.

Introduction of the uvnitgreph concept wes followed by the development
of synthetic unitgreph procedures, which relate charpcteristics of the
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unitgreph to catchment charscteriatics on a regional basis. Use of syn-
thetic unitgrephs is now the most wldely used meons of synthesizing
hydregrephs for ungeged catchments. ZEarly synthetic unitgraph procedures,
and many modern ones, arc based entirely on correlation of unitgreph para-
meters with cetchmwent factors, but, following the work of Clark (19%5), a
line of epproach was developed in which the unitgraph is synthesized by
routing rainfall-excess through catchment storage.

This approach is a speciel case of runoff routing, and led to more
general forms of runoff routing procedure not restricted by the unitgraph
requirements of temporal and areal uniformity of rainfall-excess, and
linearity of catchment response. This field of runoff routing is still in
an early stege of development, bub is certain to be developed to & much
grester extent, as it provides a very general spproech to the synthesis
of hydrogrephs.

For complete generality, a runoff routing procedure should possess
the five features listed in Section 4.2.2, and incorporated in the author’s
procedure. Results of this procedure indicate that the storege model and
the means of eveluagting its paramcters are reasonsble but that some im-
provement is necessary for small riges.

Future research on runoff routing is likely to be directed towards
obtaining a better understanding of the physics of the runoff procesa. Up
t0 date, catchment models have been postulated ou the basis of the investi-
gator's understanding of thie process, and have been tested by their ability
to reproduce measured hydrogrephs from measured rainfall. The best of the
models are still rather artificiasl, and further improverent will require
measurement of the movement of water on the catchment between the time it
falls ss rain and the time 1t eppesrs as streamflow at the outlet of the
catchment. Such detalled measurements would permit the development of o
catchment model representing the runoff process more realistically, and
therefore, more relisbly, then current models d¢. Theoretical studies are
likely to investigate the role of wave motion in both sheet and channel
flow during flood Tunoff, & topic largely neglected o date.

A mmber of other approaches to hydrogreph synthesis for ungaged
catchments is still in the early steges of development. FPerhsps the most
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gignificant of these is the use of compuitatlionsl models of the entire run-
off cycle. PRunoff routing precedures might well serve as one of the com-
ponentg of such cverall mcdels. Another gypreoach is direct correlation of
hydrograph parameters with rainfall and catclment factors, which can be
compared with correlation of unitgraph parameters with catchment factors
under standardized reinfall end loss conditions as in syanthetic unitgreph
procedures. Fivelly, the use of functionel series to represent the hydro-
greph instead of computing it as the output from some logical system mey
have spplication in this field when the techmiques sre further developed.
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