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ABSTRACT

RANDOM EFFECTS GRAPHICAL MODELS FOR DISCRETE
COMPOSITIONAL DATA

In this dissertation, we consider state-space models for the analysis of discrete com-
positional data. Compositional data are non-negative multivariate vectors that lay
on the simplex defined by the sum-to-one constraint. The sum-to-one constraint
simply implies that the vector elements sum to one (or some other scaler constant)
for every element of the multivariate sample space. Discrete compositional data are
multivariate vectors of integer counts that have been normalized to give the relative
abundance of each element of the multivariate count vector. The logistic normal
(LN) distribution and the associated perturbation operator provide a flexible model
for compositional data. However, the LN distribution may be a poor model for dis-
crete compositional data due to the extra sampling variability of integer counts and
the possible presence of zeros in the compositional observation. Here, we propose
a class of state-space models for compositional data based on traditional graphical
models.

Graphical models are distributions for analyzing the conditional relationships
of a Markov random field. We propose a two component graphical chain model, the
discrete regression distribution, in which a set of categorical (or discrete) random
variables is modeled as a response to a set of categorical and continuous covariates.
This new graphical model, for a single observation of a multivariate count vector,
serves as the basis for a state-space model for compositional data. We examine nec-
essary and sufficient conditions for a discrete regression distribution to be described

by the graph of a Markov random field.
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The discrete regression formulation is extended to a state-space representation
for the analysis of many discrete compositional observations. Models are constructed
for compositions defined by a single classification criteria and, also, those defined by
multiple classification criteria. We define an extended chain graph which possesses
an extra vertex associated with the random state. Necessary and sufficient condi-
tions are given for a random effects discrete regression to be Markovian with respect
to this extended graph. We also give sufficient conditions for the Markov properties
of the marginal distribution of the covariates and categorical response. A Bayesian
approach to parameter inference is adopted. Markov chain Monte Carlo (MCMC)
methods are used for estimated for data sets concerning feeding type composition of
stream invertebrates in Oregon and fish species richness in the Mid-Atlantic High-
lands.

Following the analysis of traditional discrete compositional data, we exam-
ine a state-space representation of another type of ecological composition analysis,
capture-recapture models. Capture-recapture models provide inference to survival
in wild animal populations. In state-space capture-recapture models the survival
rate for each time period represents an unobserved composition. We illustrate why
capture-recapture models are nearly identical to traditional multi-way discrete com-
position models. An autoregressive random survival state is incorporated into tradi-
tional capture-recapture models and an MCMC methodology presented for inference.

The methodology is demonstrated on a long term data set of marked Pintail ducks.

Devin S. Johnson
Department of Statistics
Colorado State University
Fort Collins, Colorado 80523
Fall 2003
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Chapter 1
INTRODUCTION AND PRELIMINARIES

Compositional data are D dimensional multivariate observations whose proba-
bility space consists of the d = D — 1 dimensional simplex V?. In other words, a
compositional observation P = (P, ..., Pp) possess the two constraints: » y P=1
and P; > 0for j =1,...,D. Compositional data are preferred to the unconstrained
positive multivariate observations if relative size is more important than the absolute
values of each vector element.

In a detailed description of compositional data Aitchison (1986, pg. 48) de-
scribes three challenges in modeling compositional vectors. First, there is a neces-
sary correlation structure due to the sum-to-one constraint. In fact, Pearson (1897)
used compositional data as an example of spurious correlation. Secondly, there is an
absence of an interpretable correlation structure. Not all positive definite matrices
are valid covariance matrices for compositional random vectors. Finally, many exist-
ing models impose a rigid correlation structure that is due solely to the sum-to-one
constraint. The Dirichlet distribution possesses this inflexibility.

Compositional data are often encountered in disciplines such as geology, bi-
ology, ecology, economics, and chemistry. In this dissertation, we will focus on
compositional data arising from ecological monitoring programs. Direct observation
of organisms in the environment is often a key component of determining ecosystem
health. Often, sampling schemes for collecting individuals preclude use of the total
number of individuals to make inference to ecosystem health. The total number

of individual organisms observed from various taxa at a sampling site may not be

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



representative of the actual number of individuals inhabiting the site. Another pos-
sibility is that the total number of individual organisms at a site may simply reflect
overall site productivity. The relative proportions of individuals in various taxa are
often what is of interest in this case.

An emerging area of research in ecology is the analysis of functional species as-
semblages (Poff and Allen, 1995). In essence, the analysis of functional assemblages
is concerned with determining and predicting the composition of individuals cate-
gorized according to different life history traits instead of strict taxa names (Poff,
1997). This provides an inference that is portable to other ecosystems. With this
goal in mind, the remainder of this dissertation will be devoted to the development
of models that allow an examination of environmental variable influence and permit
prediction of functional trait compositions. Although the models are developed with
this end goal in mind, they are completely general in that they need not be limited
to ecological data of species abundance.

The dissertation is organized in the following manner. Chapter 1 provides an
introduction to the analysis of compositional data and Bayesian Markov chain Monte
Carlo (MCMC) methodology, which we use for parameter estimation. Chapter
2 examines graphical models, which we use as a basis for building compositional
data models. Graphical modeling provides a method for examining complicated
relationships between variables, both continuous and categorical, in a multivariate
vector. Therefore, graphical models serve as a strong basis for exploring relationships
between a categorical life history trait and environmental covariates. In Chapter 2,
we propose a graphical model, the discrete regression distribution, which will serve
as the basis of our analysis of compositional data. In Chapters 3 and 4 we extend the
discrete regression model for single composition and multi-way composition analysis,
respectively. In Chapter 5, we examine composition models for capture-recapture
data. Finally, in Chapter 6 we present our conclusions along with some possible

extensions for future work.
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1.1 The Logistic Normal Distribution and the ALR Transformation

Aitchison (1982) proposes the logistic-normal (LN) distribution in order to im-
prove on the inflexibility of previous models for compositional data. The LN dis-
tribution is built on the foundation of a Multivariate Normal (MVN) distribution.
First, draw a d dimensional MVN random vector X = (X3,...,X;) with mean p
and covariance X. Then, perform the following one-to-one transformation,

eX1 eXa 1
T+ Y po ek 1+ T, X 14 3 e

Then, the vector P = (P,,..., Pp), where D = d+ 1 will have a LN distribution. It

P = g(x) = (L1)

can be clearly observed that P is contained within V¢ with probability 1. Conversely,

one can perform the following transformation of a composition vector P,
X; = log(F;/Pp), (1.2)

for j = 1,...,d and D = d+ 1. The transformation in (1.2) is known as the
additive log ratio (ALR) transformation and is a one-to-one transformation from V¢
to R4, If the vector X = (Xy,...,X,), from (1.2), has a MVN distribution with
mean p and covariance 3, then P has a LN(u, X) distribution. Aitchison and Shen
(1980) introduce the LN distribution and describe various properties. The LN(u, X)

density frn for a vector of compositional random variables P is given by,
fin(p) = (27r)_d/2 |2|_1/2 (p1 .. -pD)_1

1 et (1.3)
x exp | —o{h(p) — p}'E7{h(p) - p}|,

where
h(p) = {log(p1/pp), - - -, log(pa/pp)}"- (1.4)

The location parameter p and scale parameter X provide greatly improved
flexibility over previous distributions when modeling compositional data. For ex-

ample, the LN distribution can be constructed from correlated normal variables,
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while the Dirichlet distribution, a previously common compositional data model, is
constructed from normalizing independent gamma variables (Aitchison, 1986). This
composition of independent variables induces a rigid correlation structure for the
compositional model.

Other models have been proposed for compositional data. Most recently, re-
searchers have investigated the use of the Liouville distribution (Smith and Rayens,
2002; Iyenger and Dey, 2002). Gupta and Richards (2001) give a detailed descrip-
tion of the Liouville and Dirichlet distributions. Barndorff-Nielsen and Jgrgensen
(1991) proposed a distribution which they titled the S~ distribution. This distribu-
tion, however, suffers, the same inflexibility as the Dirichlet distribution. It does,
however, posses nice mathematical properties compared to the LN distribution. For
example, the S~ class of distributions is closed under marginalization, unlike the
LN distribution. Stephens (1982) proposes the von Mises distribution for the square
root, transformed composition components. This model seems to have received little
attention, perhaps, due to the complexity of the von Mises distribution or lack of

real world interpretability of the process.

1.2 Modeling the LN Location Parameter with Covariates

In this section, we provide an introduction to log-ratio linear modeling. Let
P ~ LN(u,X), where P is given in (1.1). Log-ratio linear modeling essentially
makes use of a linear model to parameterize the location vector p. We give a brief
introduction here, by only considering a model with one continuous covariate. The
extension to more covariates, as well as categorical covariates, is straight forward.
Aitchison (1986, pg. 158) gives a through description and general formulation of
the log-ratio model.

Developing a linear model to allow covariate information to explain or predict

a compositional vector is extremely difficult. The unusual shape of the simplex
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V¢, due to the sum-to-one constraint, prevents the use of a standard linear model
to model a composition observation. Linear model theory and applications have
been explored for models in the unconstrained R? space, however. Therefore, the
log-ratio linear model proceeds by applying the ALR transform to a composition
observation and using a linear model to parameterize the normal distribution of the
transformed composition. For a single composition vector P and a covariate u, the

log-ratio linear model is defined as
h(P) = By + Bu + €, (1.5)

where h(P) is given by (1.4), B, is a d vector of intercept parameters, 3, is a d
vector of regression coefficients, and € is a d vector of error terms. As in the usual
multivariate regression model, € has a MVN distribution with mean 0 and covariance
matrix 3. The resulting distribution of P is LN(8, + B;u,X). The model in (1.5)
can be written in a form that is identical to standard multivariate regression when

many composition observations, P;, ¢ = 1,...,.5, are available,
H=XB+E, (1.6)

where the rows of H = h(P;), the rows of X = (1, u;), B is a 2 x d matrix with
the first row given by 3, and the second row by 3;, and the rows of E are the error
vectors €;. A standard assumption for inference of the parameters in the log-ratio
linear model is that the error terms € in (1.5) are independent. Several authors have
explored extensions to the standard log-ratio model. Billheimer and Guttorp (1997)
considered a lattice spatial process for the error terms in order to include spatial
correlation for compositions with a spatial index. Tjelmeland and Lund (2003)
recently examined a model for compositions observed in a continuous spatial domain.

Essentially, instead of a lattice spatial process for the error term, Tjelmeland and
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Lund (2003) use a multivariate geostatistical model with the following covariance

function

cow(u,u') = ap(u,u)®, (1.7)

where u and u' are spatial locations, ag(u,u’) is a scalar covariance function, and
¥ is a d x d matrix. Tjelmeland and Lund (2003) term the spatial composition
process a logistic Gaussian field. In a similar manner, Brunsdon and Smith (1998)
model compositional time series by modeling the error term with a vector ARMA
process to induce serial correlation in a series of compositions from repeated surveys.
Billheimer (1995) also examines an ARMA representation for composition time series
in terms of the perturbation operator. Abbitt and Breidt (2001) consider a slightly
different type of model, a “measurement error” model, for soil composition. These
authors use a hierarchical model to estimate the actual soil composition in the field
when the data available are laboratory measurements, which are suspected to be
biased and have highly variable measurement error.

With the exception of Brunsdon and Smith (1998), all of the dependent error
models presented were studied under a Bayesian inference paradigm. The non-linear
inverse ALR transformation (1.1) often makes Bayesian methods more attractive, as
likelihood methods become impractical. In our investigation of compositional data,
we also pursue model inference in a Bayesian setting,.

Another interesting property of the LN distribution and log-ratio linear models
is that the location parameter p, can be represented as a composition. This provides
the benefit that p can be interpreted as an element from V9. For an explanation,
we must begin with the concept of the perturbation operator.

The perturbation operator provides a method of “addition” in V¢. For a com-
position element p € V? and a vector € € R”, we define the “perturbation” p o € of
p by € as

pia Pp€p

poe= 5 o =P
> j=1Pi€ > j=1Pi€

(1.8)
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Billheimer (1995) details the properties of the perturbation operator and uses it as
a basis for proving that V¢ is a Hilbert space.

Now, to give the representation of p as a composition, we assume that P has a
LN(p, 2) distribution, then taking the ALR transform we can formulate the linear

mode]

h(P)=p+e, (1.9)
where € has a zero mean MVN distribution with covariance 3. We now can apply
the inverse ALR transformation, g in (1.1) to obtain

etites etitei 1

= d 1t d ’ d
1+ Zk:l ebrkter 14 Zk:l etrter 1 + Zk:l ebktex

(1.10)

= () o g(e).
So, an LN distributed composition can be represented as a fixed composition g(u)

that is perturbed by a random “zero mean” composition g(e).

1.3 Discrete Compositions: Statistical Concerns and the State-Space
Model

The inverse ALR transformation (1.1) illustrates that the LN distribution is
designed to model continuous compositions. By continuous composition, we mean
that the composition measures the relative size of each element of a continuous
multivariate vector. Discrete compositions arise by examining the relative size of
each element of a vector containing integer values. Such a vector observation might
arise with count data. For example, with the ecological data considered in this
dissertation we are interested in the relative abundance of stream invertebrate traits
at sampled stream sites or the relative abundance of fish species with certain life
history traits. For these types of data, the LN distribution may not be a good

model.
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1.3.1 Statistical Concerns

The LN model is often a poor choice for discrete compositions. There is often
an inherent increase is compositional variability due to sampling error with discrete
compositional data. If, for a given compositional observation, a small sample of
individuals is selected, the calculated relative abundances may have substantial error
compared to the true composition of individuals. This is the case with the fish
species data set examined in Chapter 4. The total number of fish species observed
at a sampled stream may be small, so, there may be substantial variability in the
observed abundances and the actual abundance due to the integer nature of the
data. If the number of individuals observed at a site is large, this may not be as
much of a problem. This is the case with the data considered in Chapter 3. In
Chapter 3, we examine relative abundance of stream invertebrates. In each sample,
the relative abundance of individual invertebrates is examined. Unlike the fish data,
large counts are observed at each sampled stream site.

The second drawback when using the LN density is that of zero counts for a
given category. The LN density (1.3) is not defined for a relative abundance of zero
for any category. This can be a serious problem with abundance counts, as there is
often a non-trivial probability that one will observe an abundance of zero for at least
one of the categories. Indeed, this is a real problem for data like those examined
in Chapters 3 and 4. Aitchison (1986, pg. 271) proposes a solution to this with a
mixture of LN distributions. The solution he proposes, however, is ad hoc and can
become overly complicated if the number of categories with zero entries is large.
A more practical solution using a state-space model was proposed by Billheimer

(1995).
1.3.2 A State-Space Model for Discrete Compositional Data

State-space models provide a conceptual approach for complex modeling situ-

ations by linking hypothetical (or real) unobserved variables, which represent the
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state of nature, and observed data. The states are allowed to vary over space, time,
or some other index in response to covariates or possibly each other. State-space
models provide an intuitive way to model complex data by building a large model
from two smaller models. The two pieces in a state-space model are a model for
the state of nature and a model for observed data given the state of nature at the
location and time the data are observed. It is often easier to build a large model,
with the desired properties, in this hierarchical fashion.

State-space models have often been used in time series analysis. The hierar-
chical structure of their design allows one to build a model with complex serial
correlation structure though several small models. This is usually necessary with
serially correlated data that is non-Gaussian such as a time series of count or cate-
gorical data. Durbin and Koopman (2000) provide an analysis of non-Gaussian time
series models from both a Bayesian perspective and a “classical” likelihood perspec-
tive. For an observed time series {y;} the Durbin-Koopman state-space model is of

the form

f(ytlala""at)yl)-"ayt——l) :f(ytlat) (111)

for the observed data y; and the current state oy, where f is an exponential family

distribution. The states {o} are modeled as
o = Tray—1 + Ry, n: ~ indep. p(m). (1.12)

So, for example, one could allow f to be a Poisson or multinomial likelihood in order
to build a model for count data that is marginally correlated in time. In general, the
states may or may not be of interest. The states can simply serve as a conceptual
tool for modeling complex data, such as serially correlated count data, or, the states
may be the primary interest. In the former case, the observations may represent

data with “measurement error” where the true measurement is unobservable. The
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10

second situation is the inspiration that Billheimer (1995) use to develop a state-
space model for discrete compositional data. In this dissertation, however, we use
both situations for inspiration.

Billheimer (1995) proposed the following state-space model to eliminate the
problems with the LN model caused by zeros and low abundance counts when mod-
eling species composition. First, the observed abundance counts, which represent

the observed data, are modeled with the multinomial likelihood

N B
fulelN,p) = —5— [ [ »7, (1.13)
Hj:l ¢! j=1

where IV represents the total number of individuals at a site, ¢; represents the
number of individuals in category j =1,...,D, and p = (p1,...,pp) represents the
true composition (the state) of individuals. The true composition (or state) is then
modeled with a LN(u, 32) distribution (1.3), where g may be parameterized with the
linear model (1.5). Here, the unobserved states are the objects of interest and the
counts represent a “measurement error” observation. In addition, the parameters
of the log-ratio linear model may also be of interest, or they may represent an

“adjustment” for an observed covariate (Billheimer, 1995, pg. 125).

Billheimer’s state-space model eliminates the requirement of a positive observed
abundance enforced by the LN distribution by incorporating a sampling error process
as part of the model. The true compositions are modeled as a positive vector,
however, the multinomial sampling of individuals allows the possibility of observing
an abundance of zero even though the true relative abundance is positive. One
drawback to this model is that, while this model eliminates the need to observe
only non-zero counts, it still makes the assumption that the true relative abundance
is positive. So, this model is still inappropriate for situations where one would
like to make inference to the absence of a certain category. If, however, a positive

value for all compositional elements makes sense, then this model provides a way to
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incorporate the extra multinomial sampling variability into estimation of the true
composition.

In this dissertation, we extend the approach of Billheimer (1995) in several
ways. First, we examine a model with many covariates and consider the multivari-
ate vector, composed of covariates and categorical responses, as a realization of a
Markov random field. Conditions concerning the parameters of the model are given
which determine the conditional independence properties of the Markov random
field. The second extension is a model which allows multi-way compositional data
to be modeled. Multi-way compositions arise when individuals are cross-classified
according to several traits. Finally, we adopt a graphical model framework which
allows for easily interpretable visual representations of the relationships between the

variables of interest.

1.4 Graphical Models and the Analysis of Discrete Compositional Data

A graphical model is a probability density function for a multivariate vector
that is parameterized in such a way that a complex independence structure can
be characterized by a mathematical graph. Graphical models for multivariate cat-
egorical variables have been studied for years in the form of log-linear models for
contingency tables (Whittaker, 1990). One cannot help but notice the similarity
in data structure between a contingency table and discrete compositional data, the
main difference being that a contingency table represents a single sample from one
population. Discrete compositional data, however, consist of many samples (one for
each compositional observation) from many different populations of individuals.

In the contingency table scenario, there exists one set of probabilities for each
category of the table. This set of unknown probabilities represents the one unknown
composition parameter. This one set of probabilities (composition) is usually mod-

eled with a log-linear model (Christensen, 1990) for testing hypotheses of conditional
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independence of the categorial variables that compose the classifications for the cat-
egories. Discrete compositional data arise from collection of “contingency table
data” from many sites, times, or other such index. Therefore, instead of one cate-
gory composition of interest, as with contingency tables, there is one composition for
every sampled observation. Aitchison (1986, pg. 327) actually describes this rela-
tionship in one brief sentence. He notes that compositions originating from discrete
counts could be thought of as “random effects” for standard categorical data anal-
ysis techniques such as log-linear modeling. Aitchison’s brief comment concerning
the link between categorical data analysis and discrete compositional data serves as
the driving force behind this dissertation.

Research in graphical models has grown considerably over recent years. Whit-
taker (1990) and Lauritzen (1996) offer comprehensive overviews of the field. This
growth in research effort is undoubtedly due to wide applicability of graphical models
in many areas of statistics. These models provide methods for examining complex
relationships present in multivariate distributional models. These complex relation-
ships are described by the Markov properties of the distribution.

Lauritzen and Wermuth (1989) extended the class of graphical log-linear models
to allow joint modeling of continuous and discrete variables. These graphical mod-
els will form the basis for examining relationships between species abundance in
discrete categories and environmental covariates. We will provide a random effects
formulation for the models and examine the Markov properties of these graphical
models for compositional data. The benefit of forming compositional data models
as random effects graphical models is that it allows a visual representation of the
relationships between variables in the model. For example, in the analysis of fish
species richness, we can visually examine the relationships between, possibly, several
life history traits and several environmental covariates. Therefore, we can visualize

the system as a whole.
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1.5 Markov Chain Monte Carlo Algorithms for Bayesian Inference

Parameter inference is based on Bayesian methodology for the models proposed
in this dissertation. Under the Bayesian paradigm of inference one first formulates
a plausible model to generate a set of data x; a likelihood model £(x|@), where
0 represents a set of parameters. Then, one formulates a probability model that
reflects beliefs about the parameters prior to the collection of data. This prior
belief model is the prior distribution, 7(€), @ € ©, of the parameters. Under the
Bayesian paradigm of estimation, once the data are collected, they are considered
fixed constants. After data collection, therefore, the inference concerning model
parameters is based on the conditional distribution of the parameters given the

observed data. This distribution is the posterior distribution of the parameters

m(0]x) = %, (1.14)

where C(x) = [, L(x|@)7(0)d6. Functionals of the distribution T{m(6|x)} such
as the expected value, Fh(0) f@ 7(0]x)d@, for an integrable function h are
the primary objects of interest for parameter inference. Choices of h often used
are the identity function, to obtain the posterior expected value of the parameters,
the squared deviation (6 — E@)? to obtain the posterior variance, or the indicator
function Ig.,(@), to obtain a posterior o probability.

Unfortunately, closed forms of the summary functionals T{x(0|x)} are rarely
available in practice. Instead, a sample, 8%, ..., 8% is drawn from (1.14) and used
to approximate functionals such as expected values and quantiles with the sample

version
T{n(01x)} = T{7n(0]x)}

1 N
N i=1

where 7y (0]x) is the empirical posterior distribution. Markov Chain Monte Carlo

(1.15)

(MCMC) is a collection of methods for drawing the sample values 8%, i =1,... N.
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The sample values are drawn as a realization of an ergodic Markov chain with

stationary distribution 7(@|x). The ergodicity of the Markov chain ensures that

%gh(e(“) s /@ WO (Ox)d  a s, (1.16)
as N — oo and for sufficiently large N, the initial value 8 becomes irrelevant
(Tierney, 1994). Therefore, the approximation, theoretically, can be as accurate
as desired. There are many methods for constructing transition kernels for MCMC
procedures. Chen et al. (2000) provide an overview of MCMC methods. Robert and
Casella (1999) provide a mathematically rigorous exposition on continuous state
Markov chains and various MCMC procedures. We will give a brief description,
here, of two general MCMC algorithms, the Metropolis-Hastings algorithm and the

Gibbs sampler.
1.5.1 Metropolis-Hastings Algorithm

The Metropolis-Hastings (MH) algorithm (Metropolis et al., 1953; Hastings,
1970) is the most general of the MCMC algorithms. The MH algorithm starts with
a target density. Since this is a general description, we shall use the generic notation
7 for this density, with the understanding that for Bayesian analysis 7 = 7(0]x) in
(1.14). Next, a proposal density q is defined on the same support as . The user
must choose g such that the resulting chain will be irreducible and aperiodic. This
is usually satisfied if the support of ¢ is connected and ¢ is continuous. Now, a
Markov chain generated from the follow algorithm will have stationary distribution
.

Metropolis-Hastings Algorithm
Given 9,

1. Generate 8’ from ¢(0|0®).
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2. Take
g+ — @' with probability a(e(t), o ),
~ 169 with probability 1 — a(8®, @),

where

(09 6 — min m(0') q(6"]9")
o0 {”(9(0)(1(9'|9(t))’ :

Civen a starting value 89, the Markov chain 8© 8% 6@ .. . defined by the
MH algorithm will have 7 as a stationary distribution. Therefore, after a suitable
number of iterations N, 8, @™+ 9gV+2) g a sample with distribution that
is approximately w. Notice, the transition kernel of the Markov chain only depends
on the ratio 7(8')/m(6)), therefore if 7 is the posterior distribution (1.14), there
is no need to calculate the normalizing coefficient C(x). It is for this reason that

MCMC methods are so popular for Bayesian applications.
1.5.2 Gibbs Sampler

The Gibbs sampler is actually a special case of the MH algorithm, although, it
was developed separately. For the Gibbs sampler, we will need some extra notation.
Let @ = (64,...0,) and have distribution 7 as in the MH algorithm. Again, this
distribution could be a posterior distribution (1.14). Moreover, suppose it is possible

to simulate
0i101, .., 051, 0541, -, Op ~ fi(Bil61, ..., 0i-1,0541, .. .,6,)

for i = 1,...,p. The Gibbs sampling algorithm is then defined by the following
transitions from 8% to ¢V,

Gibbs Sampler
Given 8%, generate

1. 68D 710,168, ... 0)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



16

2. 68FY o £ (0,068 68 . o)

t+1) fp(9 le(t+1)7 . e(t)l)

3 05~

The densities fi,..., f, are called full conditional densities. A nice feature of
the Gibbs sampler that they are the only densities used for sampling, so, all updates
can be univariate if desired. One does not not need to propose an entire vector of
parameters, as with the MH algorithm. Another feature is that there is no “accept
or reject” step in the algorithm. Robert and Casella (1999, Chap. 7) describe several
conditions on 7 that are necessary for the complete set of full conditional densities
to describe fully the joint density.

It may appear, at first, that the Gibbs sampler is always a more efficient sam-
pler than the MH algorithm since it makes use of the actual distributions of the
simulated variables. There are, however, some issues that can arise when using the
Gibbs sampler. The “one-at-a-time” updating of parameters can be thought of as
analogous to the maximization of a multivariate function one element at a time. The
Gibbs sampler has a higher tendency than the MH algorithm to get “stuck” when
m is multi-modal. The second problem is that of non-standard full conditionals.

In the definition of the Gibbs sampler, we assumed that the full con-
ditionals could be easily sampled. If, however, f; is a non-standard or
un-normalized density, then the Gibbs sampling algorithm cannot be fol-
lowed exactly. There is a solution that allows the Gibbs approach to be
used in this case. The solution is the Metropolis-within-Gibbs (MWG) sam-
pler. The MWG sampler is defined by first choosing a proposal density
qi(0:161, ..., 021,041, .. .,6p) for fi(6;]61,...,0i-1,0i41,...,0,) for any i where f;
is not available in closed form. The MWG algorithm proceeds by replacing
00~ £(6:168FY L6 0,,1(2), . .., 6) with the steps described below.

» V=1

Metropolis-Within-Gibbs Sampler
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Given (01D, 6D 0 . oDy
1. Simulate

0 ~ qs(0:1057, .. 0 600, 0D).
2. Take

1

P+ _ {5 with probability a(e(t), 0;),
o

égt) with probability 1 — (91@, é@)a

where

fi (él |e§t+1) 770:t__’i1) :01(_?1 v'“:ez(?t))
qi (é’L |6§t+1) 1'-'70§i+i1) yogt) 7"'761(Jt))

a=1 /\
(n(ei"lo?*”,. oD o0 0,‘f))>

LD 0B
USRI RN N O))

i—1

gi(
One can see that, essentially, a Metropolis “accept” step is added to the correspond-

ing step in the Gibbs sampler.
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Chapter 2

GRAPHICAL MODELS AND THE DISCRETE REGRESSION
DISTRIBUTION

Graphical models are essentially probability models for multivariate observa-
tions that can be represented with a mathematical graph. The graph characterizes
the conditional independence structure of the elements in the random vector. A
graph is composed of vertices, with each vertex representing a component of a ran-
dom vector. Edges are drawn between certain vertices depending on the conditional
independence relationships.

Graphical models have become very popular due to their ability to easily por-
tray independence structure in high dimensional random variables. These models
were first introduced in the discrete variable case by Darroch et al. (1980), who
were concerned with describing the complicated independence structure of a high
dimensional contingency table.

Following the introduction of graphical models in the discrete variable case the
study of these models rapidly expanded to other situations. Graphical models for
multivariate Gaussian random variables were developed by Speed and Kiiveri (1986)
using previous work by Dempster (1972) and Wermuth (1976). It was also noted
that often researchers were interested in relationships which exist in one direction
or are “causal” in some respect. Kiiveri et al. (1984) introduced the directed acyclic
graphical model (DAG) for “causal” relationships as opposed to the “undirected”

graph models (UG) studied previously. Finally, Frydenburg (1990) conducted a
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detailed study of chain graph models, which combine DAG and UG models into one
unified model.

In this chapter, we will examine graphical models in some detail. First, we will
present the notation of graphical models. In many instances the notation is not
part of a standard set of statistical notation and terminology. Graphical modeling
combines notation from mathematical graph theory with that of probability and
statistics. Therefore, some of the notation and terminology is often unknown in
the statistics realm. We then focus on the Markov properties of graphical models.
The Markov properties of a graphical model are the link between the probability
distribution of a graphical model and a mathematical graph that describes the con-
ditional independence relationships of the distribution. Therefore, we devote most
of the chapter to describing various forms of Markov properties for different types of
graphical models. The Markov properties of a graphical model provide the ability
to describe the relationships within a multivariate distribution. Whittaker (1990)
gives a thorough introduction to graphical modeling in an applied setting. If a more
mathematically rigorous exposition is desired, Lauritzen (1996) gives a thorough
description of graphical models. Much of the introductory material presented here
follows these two sources.

Following a description of various Markov properties, we will give examples of
some commonly used probability distributions for graphical models. We will also
describe conditions on the parameters of the distributions which are needed for a
given graph to describe the relationships among the variables being modeled. In
the final section, we describe a new probability distribution for modeling a set of
categorical variables using a set of continuous and categorical “covariate” variables.
Hence, we term this new distribution the discrete regression distribution. We will
provide necessary and sufficient conditions on the parameters of the discrete regres-
sion distribution to determine if a certain graph describes the relationships between

and within the set of categorical response variables and the covariate variables.
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2.1 Graph Theory Notation

Throughout the remaining chapters, we follow the notation given by Lauritzen
(1996). A graph, G = (V, E), is a pair of sets, where V is a finite set of vertices
and E CV x V is a set of edges. The graphs here are simple in that they contain
no loops (an edge with the same beginning and end vertex) or multiple edges (all
members of E are unique).

Let (o, B) € E. If (B, a) € E, the edge is referred to as undirected. If (8, c) & E,
the edge is directed.

In subsequent chapters, we will be dealing with a mixed set of vertices, some
of which represent discrete variables and some of which are continuous. Therefore,
we will partition the set V' into two parts, A will contain vertices associated with
discrete variables and I' will contain the vertices associated with the continuous
variables. Therefore, we have V = AUT and ANT = 0.

The usefulness of graphical models is due to the fact that a graph is a visual
object and can be represented by a picture. Figure 2.1 provides an illustration of
the concepts that follow. Vertices are represented by dots and edges are represented
by lines between the dots. For 8 € V and v € V, an undirected edge is represented
by a line between the dots associated with 8 and «. For undirected edges, both
(B,7) and (v, 0) € E. In text, an undirected edge is denoted by 3 ~ 7. If « is also
an element of V and (o, 8) € E but (5, ) ¢ E, then, an arrow is drawn from « to
B on the graph. In text this is denoted as @ — 5. If (o,0) € F and (4,a) ¢ E, for
0 € V, then there is neither an arrow nor a line between o and §. Absence of a line
is denoted by a ~ 6.

If a graph contains only undirected edges it is termed an undirected graph,
conversely, if all edges are directed, the graph is termed a directed graph. There is
no specific terminology for a graph that contains a mixture of edge types. If certain

conditions are met (discussed in Section 2.3.1) a graph with a mixture of edge types
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Figure 2.1: Example of a graph. Here, V = (a, £, 7, §) and E = {(«, §), (a,7),
6,7), (8,7), (v, B)}-
may be a chain graph. The undirected version, G™, of graph G is created from G by
converting all arrows to lines.

Suppose A C V is a subset of vertices. Then A induces the subgraph G4 =
(A, E,) from G , where E4 = EN (A x A). All edges with starting and ending
points in A remain in the new graph, every edge with the vertices in that are not
in A, V' \ A are removed. Throughout this chapter, we use the set notation A \ B
to refer to the elements in A that are not in B. We will also use the notation |A| to
refer to the cardinality of the set A.

A graph is said to be complete if all vertices are joined by a line or arrow.
So, the graph in Figure 2.1 is not complete. A subset of vertices is complete if it
induces a complete subgraph. The term mazimally compete refers to a subset A that
is complete, but, if one more vertex V \ A is added to the subset A, the subgraph
loses completeness. A maximally complete subset is called a cligue. In Figure 2.1,
{a,,v} and {6,~} are the cliques of the graph.

If an arrow is present from « to 3, then « is said to be a parent of 5. Conversely,
B is said to be a child of a . The set of parents of 3 is denoted by pa(3) and the
set of children of « as ch(a). If & ~ 3, then a and § are said to be neighbors and
ne(a) represents the set of neighbors of o . For a subset A C V, pa(A), ch(A), and

ne(A) denote the vertices that are not themselves members of A, but are parents,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



22

children, and neighbors of the vertices in A:

pa(4) = |Jpa(a)\A

acA

ch(A) = Uch(a)\A
acA

ne(A) = Une(a)\A.
acA

For example, in Figure 2.1, pa({83,v}) = {e, 6}, ch(a) = {B,~}, and ne(B) = {~}.

The boundary of the subset of vertices, A, is the set of all neighbors and parents
of A, bd(A) = pa(A)Une(A). The closure of A is given by AUbd(A). In Figure 2.1,
bd(8) = {a, 7} and cl(8) = {8, 7,a}.

A path of length n from « to G is a sequence a = ag, ay,...,0,_1,0, = G. If
such a sequence exists, it is said that « leads to 3. For example in Figure 2.1, ¢
leads to (3, but, § does not lead to a because (5,a) & E. A subset S C V is said to
be an (o, 3) — separator if every path from « to § intersects S. Consequently, for
subsets A, B, and S of V, S is said to separate A from B if it is an («, 3)-separator
for each & € A and 8 € B. In Figure 2.1, {7} separates {6} from {c, 5}.

2.2 Undirected Graphical Models

Here we give a description of the association between mathematical graphs and
independence relationships between components of random vectors. We begin with
a review of independence properties, termed Markov properties, in the case of an
undirected graphical model. In following sections, we will extend these results to
account for the asymmetric relationships in chain graph models.

Let X = (Xi,...,X,) denote a random vector and V = (1,...,v) de-
note the collection of vertices which are associated with the correspondingly la-
belled random vector component. Then the independence graph, G , for the
random vector is composed of the vertices in V. Also, all vertices are con-

nected by an undirected edge except for those vertices, say o and 3, for which
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X, is conditionally independent of Xz given the remaining variables Xy (a5 =
(X1, Xo—1,Xat1y-- -, Xp-1, Xp+1,- - -, Xp). We use the shorthand notation o L

B | V\ {e, B} to represent this independence statement.
2.2.1 Markov Properties

Here we describe the three Markov properties, pairwise, local, and global, for
graphical model distributions. These properties are used to describe conditional
independence relationships that can be deduced from a graph that is associated with
a multivariate distribution. The graph provides an easy method for summarizing
these relationships that may not be readily apparent from the distribution.

Before we begin the description of the Markov properties, we present some
useful preliminary facts, given by Lauritzen (1996, pg 29), concerning conditional
independence of random variables. Using the notation X L Y | Z to mean X is
conditionally independent of Y given Z and taking h to be any measurable function

we have

X1Y|Z=>YLX|Z

)

) X LY |ZandU=hWX)=ULlY|Z

) X1Y | ZandU=hX)=X 1Y |(U,2)
)

Y9 9 9
[ L N I

X1Y|Zand X LW | (Y, Z2)=X L(W)Y)| Z
Another useful conditional independence property is
(C5) X1Y|Zand X LZ|Y=XL1(ZY)

However, (C5) does not hold universally for all probability distributions. Lauritzen
(1996, pg 29) provides a sufficient condition for (C5) to hold in the following propo-

sition.

Proposition 2.1. If the joint density of all variables is positive and continuous with

respect to a product measure, then (C5) will hold.
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Another useful set of facts for determining conditional independence of the
variables X and Y given a third variable Z, are based on the joint conditional
density of X and Y, specifically, the factorization of the density (Lauritzen, 1996,
pg 29). If we let f represent a generic probability density we obtain the following
equivalence statements

X 1Y | Z = f(z,9,2) = f(2,2)f(y,2)/f(2)

X 1Y | Z < f(aly,2) = f(al2)

X LY | Z < f(z,2ly) = f(z|2)f(zly)

X 1Y | Z < f(z,y,2) = h{z, 2)k(y, z) for some h, k

X LY |Z <= f(z,y,2) = f(z]2)f(y,2)
These five equivalences hold apart from a set of triples (x,y,2) with probability
zero. Factorization of the joint probability density will form the primary method
for assessing conditional independence when constructing criteria for determining
whether a graph describes the conditional independence structure of a multivariate
probability distribution.

Now, we will examine the graphical Markov properties. If we let P be the
distribution of X, then we can define the first Markov property for undirected

graphical models, the pairwise property.

Undirected Pairwise Markov Property (UP) Foranya € V and B € V, if
the distribution, P, of X, satisfies a L B | V' \ {«, B} whenever the pair of vertices
{a, B} s not complete in G, then it is said that P possesses the pairwise Markov

property with respect to G .
Figure 2.2 shows the undirected version of the previous graph example presented in

Section 2.1. From Figure 2.2, we can deduce that if the P possesses property (UP)
with respect to the graph, then, § L a [{3,~}.
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Figure 2.2: Example of an undirected independence graph. Here, V = (a, 3, v, 9).

Upon examination of Figure 2.2 it would be tempting to conclude that
§ L {e, B} | 7. In fact, if P possesses the local Markov property we can make that

conclusion.

Undirected Local Markov Property (UL) For any a € V, if
a L V\d(a) | bd(a), then, P is said to possess the local Markov property

with respect to G.

It would also seem logical, after examining Figure 2.2; that 6 L « | « since
any path between the two vertices intersects . If P possesses the final Markov

property this will be a valid conclusion as well.

Undirected Global Markov Property (UG) If A L B | S for any dis-
joint sets, A, B, and S, of vertices in G, such that S separates A from B, then P

possesses the global Markov property with respect to G.

Remarkably, it can be shown that under certain conditions on the distribution
P, over the sample space X of X, that the three Markov properties are equivalent.

To show this to be true we begin with a proposition presented by Lauritzen (1996,

pg 33).
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Proposition 2.2. For any undirected graph G and any probability distribution on

X, it holds that
(UG) = (UL) = (UP)

The proof of Proposition 2.2 only involves properties (C1) - (C4), which implies
that the proposition holds for all probability distributions P. Now in order to show
equivalence of the Markov properties we need only show (UP) = (UG). Pear! and
Paz (1987) give a sufficient condition to prove the equivalence result. Suppose A,

B, C, and D are sets of variables such that the following holds

ifALB|(CUD)and AL C|(BUD)then Al (BUC)| D, (2.1)

then the following theorem provides the equality result.

Theorem 2.1 (Pearl and Paz). If a probability distribution on X is such that
(2.1) holds for disjoint sets A, B, C, D, then

(UG) <= (UL) < (UP)

Note that (2.1) is analogous to (C5) (Lauritzen, 1996, pg. 34). Therefore,

referring to Proposition 2.1, the following corollary is readily observable.

Corollary 2.1. If the joint probability distribution of all variables is positive and

continuous with respect to a product measure, then
(UG) <= (UL) < (UP).

Corollary 2.1 is an extremely powerful method for checking Markov equivalence
because is it often easy to determine if a model distribution is positive and continuous
with respect to, say, Lebesgue or counting measure. If all three Markov properties
are equivalent for a distribution P, it is said that P is Markov with respect to G,

or, P is G Markovian.
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There is another very useful property for graphical models. The definition of
the independence of two random variables is directly associated with the ability to
factorize the joint probability density into the product of two separate densities,
so, one can imagine that factorization must be associated with the Markov prop-

erties as well. In fact, we have the following additional property for graphical models,

Gibbs Factorization (F) A probability measure, P, is said to have Gibbs-
factorization according to graph G if for all complete subsets a C V there exist
non-negative functions ¢, that depend on x though x, = {zy : v € a} only, and
there exists a product measure u on X such that P has density f with respect to p,

where f has the form

=[] . (2.2)

a complete

We offer the following equivalent condition,

Proposition 2.3. A probability distribution P factorizes according to complete sets
in G (2.2) if and only if P factorizes according to the set of cliques in G as

Fx) =[] ¥, (2.3)

ceC

where C is the set of cliques of G.

Proof. Suppose P factorizes according to complete sets a in G, then, we can rewrite

(2.2) as f(x) = [l,ec ¥e(x) by letting 9e(x) = [[,c ¥a(x) for all ¢ € C. Now, if
P factorizes on the cliques of G then it factorizes according to complete sets since

cliques are maximally complete. O

Now we examine the relationship between (F) and the other Markov properties.

First, Lauritzen (1996, pg 35) offers the following proposition,
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Proposition 2.4. For an undirected graph G and any probability distribution on X
it holds that
(F)= (UG) = (UL)= (UP)

If P has a positive and continuous density, it only needs to be shown that (UP) =
(F) to deduce equivalence of all the presented properties.

The proof of graphical property equivalence is usually attributed to Hammersley
and Clifford (1971), who first proved the result for discrete random variables. The
equivalence results from the following theorem. We also give a sketch of the proof
as we will be using a version of the proof in later sections.

Before giving the Hammersley-Clifford Theorem, however, we provide a lemma,

that is used in the proof of the theorem

Lemma 2.1 (Mgbius inversion). For two real valued functions, g and h, defined
on the set of all subsets of a finite set V we have that the following two statements

are equivalent

(1) for alla CV: g(a) = 3y, h(D);

(2) for all a C V' h(a) = Cyea(~1)Vg(0),
where |a| represents the cardinality of the set a.

Now, we can present the Hammersley-Clifford Theorem, as well as a sketch of

its proof.

Theorem 2.2 (Hammersley-Clifford). A probability distribution P with positive
and continuous density f with respect to a product measure p satisfies the pairwise
Markov property (UP) with respect to an undirected graph G if and only if it has
Gibbs factorization (F) according to G.
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Proof. Here we present a sketch of the proof given by Lauritzen (1996, pg. 36).
First, using Proposition 2.4, (F) = (UP). Now, assume that P is pairwise Markov
with respect to G. Since f is assumed positive, we will work with the log density.
The definition of (F) (2.2) can be rewritten according to the log density as
log £(x) = 3 4u(x),
aCV

where ¢,(x) = log ¢,(x) and ¢,(x) = 0 unless a is complete is a compete subset of
V.

First, assume that P possesses (UP) and choose a fixed but arbitrary element

x* of X. For all a C V define,
H,(x) = log f(Xq,X}e),

where (X4, X}.) is the element y of X' such that y, = z, for v € a and y, = 2 for
v ¢ a. Since x* is fixed, H,(x) depends on x only through x,. Now, for all a C V,
define the interaction term
da(X) = > (=) Hy(x), (24)
bCa
where |a| represents the cardinality of the set a. Next, using Mobius inversion
(Lemma 2.1) the log density of P can be rewritten as
log f(x) = Hy(x) = > _ ¢a(¥),
aCV

It can be observed that ¢,(x) depends only on the components in x denoted by
the subset a. Thus, it only needs to be shown that ¢,(x) = 0 whenever a is not a
complete subset of V.

Choose o € a and B € a such that a # (. Now, letting ¢ = V\{«, 8} and using
the shorthand notation H, = H,(x), we have

Pa(x) = Z(—l)lc\bl {Hy — Hyy(oy — Hiuisy + Hivjasy }

bCe
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Using the definition of H,(x) it can be shown that all of the terms in the curly
brackets add to zero, hence ¢,(x) = 0 if there are members of a that are not

complete in G and P possesses (UP). Therefore, (UP) = (F). O
2.2.2 Models for Discrete, Gaussian, and Mixed Variables

In this section, we describe some multivariate probability distributions that
are often used for graphical modeling. We present these models with two goals in
mind. First, the models provide an example of the Markov properties and Gibbs
factorization. Secondly, these basic models provide a foundation from which we will
build more complicated models for compositional data in the following chapters.

The first class of models we will examine are log-linear models. Log-linear
models are used to model the joint distribution for a set of discrete, or categorical,
variables. Next, we will examine the class of Gaussian graphical models, which are
used to model the joint distribution of several continuous variables. Finally, the two
models will be merged in the class of conditional Gaussian (CG) models. The class
of CG models is used to model so called “mixed” variables. A set of mixed variables
is a random vector which contains both continuous and discrete random variables.
Log-Linear Graphical Models

We begin with some notation for defining the discrete random vector and cor-
responding log-linear model. We will use A to represent a finite set of categorical
variables, or classification criteria. For each § € A, Js represents the possible levels,
from 1 to the maximum number of levels, of the variable X;5. The sample space for
a discrete random vector Xa = (Xi,...,Xja|) is given by J = XseaJy. Each of
the cross-classifications xa € J is termed a cell in 7.

Now that we have defined the sample space for a random categorical vector
Xa, we will define a log-linear model to represent the probability density of Xa. A

log-linear model gives the probability that an individual is cross-classified to cell xa
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for a sett A of categorical variables to be
f(xa) = exp {Z /\d(XA)} : (2.5)
dCA
where Ag(xa) represents the normalizing constant
Ap(xa) = —log !Z exp {Z Ag(xa) }} , (2.6)
xa dCA
Aa(xa) depends on za only through x4 = {zs: § € d}, and A\g(xa) =0if 25 =1
for any 6 € d (Whittaker, 1990). The last condition represents an identifiability
condition for the model.

The parameters Ag(xa) in (2.5) are named nteraction terms. This is due to
the fact that application of the calculations in the proof of the Hammersley-Clifford
Theorem (Theorem 2.2) will show that for §, v € A, X5 L X,|Xa\(s,7 unless
Aia(xa) = 0 for every d that contains the pair {d,~v} and all cells x5 (Whittaker,
1990, pg. 207). Following calculation of the Hammersley-Clifford interactions (2.4),
one finds that ¢4(xa) = Aa(xa), therefore, factorization cannot occur if A\g(xa) # 0
for all xA and d is not a complete subset of V. The term interaction is used because
the joint conditional distribution of X and X, given the remaining variables is not
simply the product of the marginal conditional distributions. There is a synergistic
effect that will produce probability mass above (for positive values of the interaction
terms) or below (for negative values of the interaction terms) the product of the
marginal distributions.

A graphical model for a given graph G is defined from (2.5) by adding the
constraint that A\g(z) =0 if {«, 8} € d and a # 3 in G (Whittaker, 1990). In other
words, the constraint is added that Ag(z) = 0 unless d is complete with respect to G.
This constraint will produce a probability distribution for XA that is G Markovian.
Therefore, the variables in X5, € A, will satisfy all three Markov properties (UP),

(UL), (UG), and since the density is positive and continuous, (F), as well. One can
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construct a graphical representation of a fitted model by defining a graph that has
complete sets associated with the non-zero interaction terms.

It should be noted that the correspondence between a log-linear model and a
graph is not one-to-one. There are many log-linear models that are Markov with
respect to the same graph. In fact, for a given graph G, it is possible to set all of
the interaction terms Ag(xa) = 0 for |d| > 2 and obtain a distribution that is also
Markov over G (Whittaker, 1990, pg. 208).

Log-linear models have long been used for modeling discrete random variables
as well as testing hypotheses concerning conditional independence (Birch, 1963).
Darroch et al. (1980) first noticed the connection between Markov random fields
and log-linear models. This led to an improved method for interpreting complicated
conditional structures. Many modern texts on log-linear models include a section
on graphical model theory as a way to interpret large fitted models (Christensen,
1990).

Gaussian Graphical Models

We now look at defining graphical models for multivariate normal (MVN) ran-
dom vectors. Speed and Kiiveri (1986) were the first to rigorously describe models
for Gaussian variables in terms of independence graphs and graph theory nota-
tion. Modeling Gaussian vectors in terms of conditional independence statements,
however, was not new. Dempster (1972) proposed a parsimonious model for the
covariance matrix of a MVN distribution by setting certain off-diagonal elements
of the inverse covariance matrix to zero. Since, an off-diagonal element of the in-
verse covariance matrix is, in fact, the covariance of the two associated variables
given the rest, Dempster was modeling conditional independence. Therefore, Gaus-
sian graphical models are often given Dempster’s terminology covariance selection
models. Following Dempster, Wermuth (1976) described the similarities between

log-linear models and covariance selection models.
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Graphical models for MVN variables are in general more straightforward than
models for discrete variables. This is due to the fact that the joint distribution
of a MVN vector is completely determined by the pairwise relationships. Since
the elements of the inverse covariance matrix are conditional covariances and a zero
covariance for a pair of Gaussian random variables implies independence, a graphical
model can be based solely on the inverse covariance matrix 7. Speed and Kiiveri
(1986) prove that a MVN distribution, with variables indexed by the set of vertices

in a graph G, is Markov with respect to G if and only if

T(a, ) =01if (o, 8) ¢ E and a # B, (2.7)

where T'(a, ) is the element of the inverse covariance matrix associated with vari-
ables a and #. A graph can be constructed for a specific MVN distribution by
excluding edges if the corresponding element of T is zero.
Mixed Variable Graphical Modelé

Graphical models for random vectors containing both discrete and Gaussian
elements were developed by Lauritzen and Wermuth (1989) using the Conditional
Gaussian Distribution (CG). The goal is to create a coherent distribution that can
describe covariation between discrete and continuous variables. The CG distribution
is defined by first giving a probability density for the discrete components. Then,
given the discrete components a MVN density is used to model the continuous
components. Recall, that we can partition the set of vertices V into discrete and
continuous components V' = I U A (Section 2.1). Subsequently, we partition the
random vector X = (Xr, Xa) where Xr are the continuous variables in X and X,
are the discrete variables. The vector xr is a vector in the sample space RITl and x,
is a cell in the sample space J (see previous section on log-linear graphical models).

The CG density for a mixed vector X is given by

Fx) = exp{g(xA> T h(xa)xr - %x'rT(xA>xF}, (2.8)
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where, for each xa € J, g is a real number, h is a real valued vector in RT! and
T is a real valued, positive definite, |I'| x |I'| matrix. It can be shown that Xp|xa
is distributed as a MVN random vector with mean T(xa) 'h(xa) and covariance
matrix T(xa)™t.

In order to determine Markov relationships, (2.8) can be re-parameterized using
interaction parameters similar to the log-linear model (Lauritzen and Wermuth,
1989). In order to reparameterize the density, we construct interaction terms as in
the proof of the Hammersley-Clifford Theorem (Theorem 2.2). First, let x) € J be

an arbitrary but fixed cell and for every d C A, define the interaction terms

Aa(xa) = > (=1)Mlg(xe, xR,),

aCd

nd(XA) = Z(—l)ld\alh(xa: X*A\a,)a
aCd

\Ild(XA) = Z(_l),d\alT(XmX*A\a):
aCd

where, (Xa,XZ\a) is the cell ya € J such that y; = zs for § € a and ys = zj for

§ ¢ a. Now, using Mobius inversion (Lemma 2.1) we obtain

9(xa) = D Na(xa),

h(xa) = Y ny(xa), (2.9)
dCA

T(XA) = Z ‘I’d(XA)-
dCA

Using the re-parameterization of g, h, and T in (2.9), we can now rewrite the CG
density using interaction terms,

f(x) =exp {Z Aa(xa) + Z Z My (Xa )Ty

dCA dCA el

""“;' Z Z ¢dwr(XA)$vxﬂ} ]

dCA v,uel’

(2.10)

where 74, (xa) is the v = 1,...,|T'| element of ny(xa), and ¢gy,(xa) is the (v, p)

element of the matrix Wy(xa) for v, p=1,...,|T].
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The interaction terms in (2.10) have a slightly more complicated interpretation
than the interaction terms of either the log-linear or Gaussian graphical models
due to the mixture of discrete and continuous types of variables. First, the Az(xa)
interaction terms have the same interpretation as in the log-linear graphical models,
since the marginal distribution of X, is a log-linear model (2.5) (Lauritzen, 1996,
pg. 161). The ng,(xa) are linear interactions between the continuous variable X,
and those discrete variables in d. The linear interaction terms function in the same
manner as the effects parameters of an ANOVA model for the mean of X,. The
Yayu(Xa) parameters are termed quadratic interactions. In essence, the quadratic
interactions are parameterizing an ANOVA-like model for the covariance matrix of
Xr|xa-

Lauritzen and Wermuth (1989) give conditions for a CG distribution to be
Markov with respect to a graph G in the following proposition which is based on

Theorem 2.2.

Proposition 2.5. A CG distribution is Markovian with respect to a graph G if and

only if the interaction terms in (2.10) satisfy

Aa = 0 unless d is complete in G,
Ny = 0 unless dU{~v} is complete in G,

Yaye = 0 unless dU{v,pn} is complete in G.

The condition pertaining to Az(xa) is the same condition for a log-linear model and
results from the fact that the marginal density of X, is a log-linear model. The
condition placed on the 74,(xa) states that there can be no joint, or synergistic,
effect on the mean of X, by all of the categorical variables {X; : ¢ € d} if the entire
set dU {7} is not a complete subset in G. Similarly, there can be no joint effect of
the categorical variables {Xs: 0 € d} on the covariance between X, and X, if the

entire set d U {y, u} is not a complete subset.
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Proof. We give a proof of Proposition 2.5, presented by Lauritzen (1996), to illus-
trate the connection between Proposition 2.5 and the Hammersley-Clifford Theorem.
One can observe the link by calculating the Hammersley-Clifford interaction terms
(2.4) for the CG density. For d C A, ¢ C T, and v, p € I', with v # u, these

interaction terms are given by
$a(x) = Aa(xa),

Pau{y} (x) = Nay(xXa) Ty — ¢dw(XA)xf2y/2a
(2.11)
Pavy,u} (x) = _I/de(XA)xvxm
baue(x) = 0 for |c| > 2.
Therefore, if the conditions of Proposition 2.5 are met then ¢4u.(x) = 0 for the set
d U ¢ that are not complete subsets of V. If the CG distribution is G Markovian
then the left-hand sides of each of the terms in (2.11) must be identically zero and

the conclusions of the proposition follow. O

It should be noted that the CG distribution contains both the log-linear and
Gaussian graphical models as special cases. Therefore, Proposition 2.5 generalizes
the previous Markov conditions for both models. In addition, similar to the log-
linear case, there is not a unique model for a given graph. Edwards (1990) has
explored the class of hierarchical models. Hierarchical models are those in which
interaction terms are constrained to zero if any other interaction term indexing a
set, of variables contained in the index of the first term is equal to zero. For example,

in a hierarchical model 74(xa) = 0 if 74« (xa) = 0 and d* C d.
2.3 Chain Independence Graphs

We now extend the results in the previous section to chain graph models. Chain
graph models allow one to construct a complex joint distribution though specifica-

tion of conditional distributions. The chain graphs are based on an a priori ordering
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of variables in terms of a known causal or influential structure. In essence, chain
graph models describe a large joint distribution though a series of covariate / re-
sponse models where the association between variables can be asymmetric.
Investigation of chain model properties began with the observation that the
path models of Wright (1934) are very closely related to covariance selection mod-
els (Wermuth, 1980). Lauritzen and Wermuth (1989) then introduced the concept
of a chain graph model and investigated some Markov properties in a graph theo-
retic setting. A more detailed account and application of chain models is given by

Wermuth and Lauritzen (1990).
2.3.1 Chain Graph Notation and Requirements

We introduce some additional notation and requirements for chain graphs. Fry-
denburg (1990) was the first to describe Markov properties for chain graphs. Sub-
sequently, most of the definitions and terminology in this section are attributable
to Frydenburg (1990). Figure 2.3 gives examples for the concepts and definitions
in this section. In a chain graph, there exists a known ordering of the vertices. If
it is possible for « to influence or “cause” 3 , then « is said to precede (3 in this
ordering. In an independence graph, an arrow may be present from a to [ (using
the previous notation of Section 2.1, @ — ). Now, since there are both undirected
and directed edges in a chain graph, there are also undirected and directed paths.
When following a path from one vertex to the next, as with directed graphs, one
must obey the direction of the arrow, if present. A cycle is a path for which the
end vertex is also the starting vertex. If there is a directed path from « to 8, then
a<pB. Ifa<pand o > g then o ~ 3, or, there is an undirected edge between
o and (. A requirement of chain graphs is that they have no directed cycles. The
set of descendants, de(a), of a vertex a € V, is the set of vertices, 3, such that

there exists a path from § to a, but not from « to 3. The non-descendants are
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Figure 2.3: Here we present an illustration of chain graph concepts. In (a) we show
a chain graph where {«, 6} precedes {3, v} which precedes {¢} in a causal ordering,
The chain components, {a}, {6}, {8,7}, and {¢}, of (a) are illustrated in (b). The
only terminal chain component is {¢}. The moral graph of (a) is shown in (c).
nd(a) = V' \ [de(a) U{a}]. The non-descendants of a vertex are those vertices in
the “causal” present and past.

Chain graph models are constructed by conditioning random variables based
on previous elements of the chain graph. These previous random variables are
designated in a chain graph by the term chain components. These components are
defined by noting that ~ induces an equivalence class 7 in V. For every 7 € T and
o, € 7 we have a ~ . The chain components can be seen in a chain graph by
removing all of the directed edges. A chain component 7 is called terminal if for

every a € T, ch(a) = 0. A subset of vertices is called an anterior set if it can be

generated by successive removal of terminal chain components.
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Finally, we define the moral graph, G™ = (V, E™), generated from G. First,
recall notation for the undirected version G~ of a graph G = (V, E). The undirected
version G~ = (V, E™), where E~ is the same as E except that it is augmented
so that all of the edges are undirected. The moral graph is generated from G by
E™ = E~J,eq E*{bd(7)}, where E*{ A} is a complete collection of undirected edges
for vertices in A. In other words, G™ is the undirected version of G with the addition

that the parents of each chain component 7 are made complete.
2.3.2 Markov Properties

With the previous collection of tools, we are now able to describe the Markov
properties of chain graphs. Frydenburg (1990) gives extensions to the definitions of

the undirected Markov properties for use with chain graph models.

Chain Markov Properties Let G be a chain graph that indexes a set of

variables with probability measure P. The probability measure P is then said to be

(CP) Pairwise Markovian with respect to G if, for any pair (o, §) of non-adjacent

vertices with § € nd(c)

a L g | nd(e)\ {8}
(L) Local Markovian with respect to G if if for any vertex a € V

a L nd(a) | bd(a);

(G) Global Markovian with respect to G if for any triple (A, B, S) of disjoint subsets
of V such that S separates A from B in (Gancaupus))™, the moral graph of the

smallest ancestral set containing AU BU S, we have

ALBI|S.
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If P possesses all three of the properties, it is said that P is Markovian with respect to
G. These properties are in fact, generalizations of the undirected Markov properties
in that if G is an undirected graph, then the chain Markov properties are equivalent
to the undirected Markov properties that were given in Section 2.2.1 (Frydenburg,
1990).

Now, as in the case of undirected graphical models, we would like to determine
how the Markov properties relate to one another. Frydenburg (1990) provides a
theorem which shows that the three chain Markov properties are equivalent provided
that P possesses a positive and continuous density, which implies that the density

has Gibbs factorization.

Theorem 2.3. For any distribution P which has a positive and continuous density
f(x) with respect to a product measure, the following four statements are equivalent

for any chain graph G:
(1) P is Markovian

(2) f(x) = H Fripar) (Xr | Xpa(r)) where Py is Markovian w.r.t (Gur))™ for all
TeT
TeT

(8) f can be factorized
&) =11 11 #or(xcr)

7€T CeC-
such that

/X H Yo (Xor)pr(dx,) =1

T CeCr

for all T € T where T denotes the set of chain components in G and C, denotes

the collection of cliques in (Ger))™

(4) If A is an anterior set then fa has a Gibbs factorization w.r.t. (Ga)™.
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We derive a 5th condition, which is not mentioned by Frydenburg (1990), but

is also equivalent to the statements in Theorem 2.3

Proposition 2.6. Statements (1) - (4) in Theorem 2.3 are equivalent to the state-

ment

(5) f(x) can be factorized
f) =11 I ¢s-(x5.) (2.12)
T7€T BeB,

such that

/X H vaT(XB,T)Mr(dXT) =1

T BeBr

for all 7 € T where T denotes the set of chain components in G and B, denotes

a collection of complete subsets in (Ge(r))™.

Proof. Suppose that f factorizes as (2.12), then one can rewrite f(x) as in Theorem
2.3(3) by defining
wc,T(XC,T) - H wB,'r(XB,T)-

BCC

Now, suppose f factorizes according to Theorem 2.3(3), then, it factorizes according

to (2.12), since, C; is a collection of complete subsets in (Ge(r))™. O

Proposition 2.6 essentially weakens statement (3) of Theorem 2.3. The density f
for probability distribution P does not have to factorize according to the cliques of a
graph in order to be Markovian, it is enough for f to factorize according to complete
sets which are not necessarily maximally complete. The condition in Proposition
2.6 is often easier to check than Theorem 2.3(3) when trying to ascertain whether
or not a distribution is Markovian with respect to a given graph because there is
no need to find the maximally complete subsets. In complicated graphs, the cliques

may be hard to determine.
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2.3.3 Comments on Chain Graph Markov Properties

We would now like to make some comments concerning chain graphs and chain
graph Markov properties. The first comment is that two seemingly different chain
graphs can have the same moral graph (Frydenburg, 1990; Andersson et al., 1997),
which, implies they have the same Markov properties. Similar equivalencies were
also noted by Cox and Wermuth (1993). This can be an issue of concern for selecting
a graphical model from data, since there may be essentially duplicate models in the
group of models from which a researcher would like to choose. These duplicates
arise if there is uncertainty about the causality order.

The second comment concerns separation criteria. When determining condi-
tional relationships from a large chain graph, it may be extremely hard to construct
the appropriate moral graphs necessary for determining conditional independencies
of the associated random variables. Therefore, several researchers have devised sepa-
ration criteria so that these relationships can be directly read from the chain graph.
Studeny and Bouckaert (1998) and Levitz et al. (2001) both provide separation

criteria which are equivalent to Theorem 2.3.

2.4 Discrete Regression Models

In this section, we propose a new chain model distribution for random vectors
containing both continuous and discrete components. We title this distribution
the discrete regression distribution (DR) due to its similarity to the conditional
Gaussian (CG) regression distribution of Lauritzen and Wermuth (1989). The DR
distribution is constructed by assuming that there exists a set I' U A of continuous
and discrete predictor variables which follow a CG distribution. A set of discrete
response variables @ is then distributed according to a log-linear model based on
the predictor variables. Our desire to model the variables in ¢ as a response to the

variables in 'UA precludes the use of a CG distribution for the entire set of variables.
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The problem with the CG distribution is that it is not closed under conditioning
(Lauritzen and Wermuth, 1989). Therefore, one would need to restrict the types of
graphs used so that the Markov properties of the CG distribution for V= ®UTUA
will match those of a chain graph with ® as the terminal component. The discrete
regression distribution eliminates the need for this restriction by building a model

based on the desired conditioning.
2.4.1 Model Formulation

The full joint distribution of the predictor variables X = (Xr, Xa) and discrete
response variables Yg is given as the product density f(yes,x) = f(yo|x)f(x).
More specifically, we begin by considering the conditional density of Yg|x as a log-
linear model. First, without worrying about constraining the cell probabilities to
the interval [0, 1] or the sum of the probabilities to 1, we model the log probability

for each cell yg of the response set with the linear model

l(yslx) = ch(yq>|XA) H% + Z hm(Y<I>|XA)'X}", (2.13)

cCIh yee
where for every yg and xa, g., ¢ C I' is a real number, h,,, m = 1,..., M, is
a vector in RT and x* = (z7, ... ,xﬁil). The set notation may appear unusual

at first, but, {(ys|x) has the same structural formulation as a regression model
that includes continuous and categorical covariates. The set notation provides a
straightforward method for describing a general regression model with all levels of
interaction between continuous and categorical variables. In addition, the model also
includes polynomial terms, up to some finite power M, of the continuous variables.
Here, we have described a log-linear model for each response cell conditioned on a
realized covariate cell and set of continuous variables.

Now, if we exponentiate {(yg|x), normalize the response cell probabilities, and

assume the marginal predictor density has the CG form, we obtain the DR joint
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density
f(ya,x) =f(ya|x)foa(x)

zexp{ x)+ Y ge(yalxa) Hth (valxa)x } (2.14)

cCI’ yel
1
X exp {g(xA) + h(xa)'xr — ax}T(xA)xp}

where ag(x) is a normalizing constant with respect to the response cells yg, for all
covariate cells xa, ¢ is a real number, h is a real vector in R/'!, and T is a real,
positive definite matrix. The functions g(xa), h(xa), gc(yo|xa), and hp(ys|xa)
are independent from one another for all yg, XA, cC I', and m = 1,..., M in the
sense that they are functionally unrelated to each other.

Now, in the same manner as (2.10), we will reparameterize the density in terms
of interaction effects. As in the proof of the Hammersley-Clifford Theorem 2.2, we
will define interactions terms relative to an arbitrary but fixed value (y%,x*) =
(v%,0p, x5 ) where Or is a |I'| vector of zeros (see Lauritzen, 1996, pg 173). For

fC®, cCT, and d C A, define the interactions

/chd Yo |XA Z Z Id\aHlf\eigc(yey Yi;)\elxa, X*A\a) (215)
aCd eCf
and
wfdm Yo |XA Z Z ld\a|_}-lf\e]l'lm (Yea YZE\JXa, X*A\a) (216)
aCd eCf

The following lemma shows that the classic identifiability constraint for interaction

effects in ANOVA or log-linear models is satisfied by (2.15) and (2.16).

Lemma 2.2. The interaction terms Bsea(Yo|Xa) and wram(ya|xa) defined by (2.15)

and (2.16), respectively, satisfy the two identifiability constraints
(1) Bsea(yalxa) =0 if ys =y} or x5 = x5 for any ¢ € f ord € d;

(2) wiam(yolxa) = 0 if ys =y or z; =z} for any ¢ € f ord € d.
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Proof. In order to prove the proposition, we only need calculate the interaction
terms under the assumption that either ys = yj for some ¢ € f C ®, or z5 = zj for
some § € d C A. Therefore, first assume yy = y4* for some ¢ € f C ®. Then, the

first interaction term in the proposition is

/chd Y<I>|XA Z Z ]d\al+|f\e{ (ye’ y;\elxaa X*A\a)

aCd eCf
= Z(_1)|d\a| Z (_l)lf\{eu¢}l{90(ye) y;’;; yrI)\{eU¢}|xa) X*A\a)
aCd eCA\{¢}
- gC(yea y;a y:I;\{quS} !Xa’ X*A\a)}
= 0.

A completely analogous calculation holds by assuming x5 = x} for some § € d C A.
Then one can repeat the calculations, replacing g. with h,, to prove statement (2)

of the lemma. O

Using Mobius inversion (Lemma 2.1), we can rewrite (2.14) as a function of
interaction terms. The DR density can now be rewritten using (2.15) and (2.16)
and reparameterizing the CG density for the predictor variables as in (2.10) to give,

f(ys,x) =exp [O@(X) +3 3N {ﬂfcd(Y<1>|XA) H%}

fC® cCT dCA YEC

DD wfvdm(}’@le)a:Z,”]

fC® yel dCA m=2

(2.17)
X exp {Z Ad(xa) + Z Z Ndy(Xa)Ty
dCA dCA el
1
3 Z Z wdm(xA)m'yxﬂ} )
dCA v,uel’

where wyygm(Yo|Xa) is the v element of the vector wgm(ye|xa) and the CG re-
parameterization is described by (2.10). Without loss of generality we can assume
that Brea(Yo|xa) = wiyam(Ye|xa) = 0 if f = 0. Any interaction term that is not a

function of ys will cancel with the normalizing function ag(x).
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The DR distribution intersects the class of CG regression distributions given by
Lauritzen and Wermuth (1989). That is to say, if we restrict the DR distribution to
contain only quadratic power terms as well as only first and second order interaction
terms for the continuous variables, we obtain a CG regression for a purely discrete
response. While these restrictions include a wide range of useful models, we find the
restriction unnecessarily confining. So, we propose the DR model as a more flexible

model for purely discrete response variables.
2.4.2 Markov Properties of the DR Distribution

In order to make inference concerning the conditional independence of variables
in discrete regressions, we need to determine the Markov properties of the DR chain

model. So, we give the following proposition.

Proposition 2.7. A DR distribution is Markovian with respect to a chain graph G,
with terminal chain component A and initial component T'U @, if and only if the

interaction terms in (2.17) satisfy

Brei(Yo|xa) = 0 unless fUcUd is complete in G,

Wiyam(Yo|xa) = 0 unless f U {y}Ud is complete in G,
and

Ai(xa) = 0 unless d is complete in G,
Nay(xa) = 0 unless dU {7} is complete in G,

VYauy(xa) = 0 unless dU{p,v} is complete in G.

Proof. In order to prove Proposition 2.7 we will give a specialized version of the
proof for the Hammersley-Clifford Theorem (Theorem 2.2) for the factorization of

each of the chain components so that Theorem 2.3 (3) is satisfied.
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We need only be concerned with the terminal chain component ®. Proposition
2.5 shows that the conditions concerning the interaction terms of the CG density
are necessary and sufficient for the initial chain component to factorize according to
Grua = (Grua)™.

Suppose that the interaction terms Bfe(ye|Xa) and wiyam(Ysl|xa), m =
1,...,M are equal to zero for all subsets f UcUd and f U {7} Ud that are not
complete. Then, it is easy to observe that f(ys|x) factorizes according to complete
sets in G 4y, since f(ye[x) is a function only of complete factors in G4, Since the
density f(ys|x) factorizes according to complete sets in le( 4)’ it factorizes according
to the cliques by Proposition 2.6.

Now, suppose that the DR distribution is Markovian with respect to G. Then,
as in the proof of the Hammersley-Clifford Theorem, for f C®, ¢ C T, and d C A,

the interaction term

¢fUcUd(y©a X) = Z Z Z(_1)|e\f|+|c\b|+|d\a| log f(Ym yrI)\e; Xp, 0;\b) Xa; x*A\a)

eCf bCc aCd
=0
(2.18)

if the DR distribution is Markov and d U cU f is not complete in G. Therefore, we

only need to show that ¢sucud(ye,x) = 0 = Bred(Yo|Xa) = Wyam(Yalxa) = 0 for
m=1,..., M.
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Through use of the Mdbius inversion theorem (Lemma 2.1) and Lemma 2.2,

calculation of the Hammersley-Clifford interaction terms are as follows for d # 0,

¢fUcUd(y<I>a X)
= "3 D (—nyleMHNIR 10g £y, Yave Xb, Oy Xas Thra)

eCf bCc aCd
= Z(_l)lc\bl Z Z(_l)ld\aHlf\el liz Z Z Beva(yo|xa) H .,
bCe eCf aCd aCd bCc eCf YED

+ Z Z Z Z we’yam(YQ IXA)x;n:l

aCd eCf ~veb j=2

= z(—l)IC\bl {Bdbf(yqﬂXA) H T, + Z Z wfydm(Y@le).’L'zy] (2.19)

bCe yeb yeb m=2
M
- Btylss) [T 5 3 el S e
YEC YEC Mm=2 bCe
M
= Brea(yolxa) [[ 21+ 3. Y wimam (Folxa)z, S (~1)lew
YEC YEC m=2 bgc\'y

m
= Brea(yelxa) H Ty + Z Weyam (Yo XA )Ty L=y}

~yee =2
If ¢ = {7} then the interaction term @qu.uf(¥e,x) is a polynomial of order M
in z., with coefficients wsyg2(yalxa), ..., wram(Yolxa), and Brea(yo|xa). There-
fore, we have that dqucuf(ye,x) = 0 for any x implies that Sr.a(ye|xa) and
Wivam(Ya|Xa), m = 1,..., M, must be zero. If |¢| > 2, then we have the single
interaction Bfca(yo|xa) quc £ which equals zero if ¢guer(ye,x) = 0. Therefore,

we have proven the proposition. O
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Chapter 3

BAYESIAN ANALYSIS OF DISCRETE COMPOSITIONAL DATA: A
GRAPHICAL MODEL APPROACH

3.1 Introduction

This chapter introduces a graphical model approach for analyzing discrete com-
positional data. Discrete compositional data arise from multivariate counts instead
of a continuous multivariate vector. Therefore, with discrete compositional data,
one is interested in the proportion of counts in a particular category of possible
outcomes, or equivalently, the probability that a randomly selected individual will
belong to a certain category. Here, we present models for this probability that allow
for estimates of the association between the event that a new individual is placed
in a given category and a set of explanatory variables of interest.

Analysis of compositional data arising from counts illustrates the main short-
coming of the LN model. As can be clearly seen from (1.2), the LN model is not
defined for observations that are located on the boundary of the simplex V¢. In
other words, the LN model is only defined if all compositional elements are posi-
tive. When analyzing counts from several categories, there is usually a non-trivial
probability of observing zero individuals in a particular category.

To correct for the fact that the LN model is undefined if zero values are present
in the composition, Aitchison (1986) proposes a mixture model. The mixture con-
sists of a LN model for the entire composition mixed with a LN distribution for
categories that are known to have only positive elements and a distribution degen-

erate at zero for categories where one might observe a zero value. This mixture
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model, however, is an ad hoc solution to the problem. It adds unnecessary compli-
cation if there are many categories where one might observe a zero value.

In order to improve on the mixture model solution, Billheimer and Guttorp
(1997) introduced a state-space model for the analysis of discrete compositional

data. The model proposed by Billheimer and Guttorp has the following hierarchical

structure,
(¢i1y- -, Cip) ~ multinomial(NV;, 1, - - ., Pin) i=1,...,8
(3.1)
(pix, ..., pip) ~ LN(n;, 3),
where c¢;; is the observed number of individuals in category j = 1,...,D at site
i =1,...,5, N; is the total number of individuals counted at site i = 1,...,S,

and p;; represents the true proportion of individuals in category j of the ith site.
The location parameter g, is often modeled to include covariate information as
wi; = Bo+Bi(zi—%), j=1,...,D. The covariate is centered in order to improve the
convergence of the MCMOC methods that Billheimer and Guttorp use for inference.
Model (3.1) allows the possibility of observing zero individuals in category j for
the ith observation if it is believed that the true proportion of individuals in the ith
population that belong to category j is strictly positive. This hierarchical model has
been specialized for observations in a lattice spatial setting (Billheimer and Guttorp,
1997), in a time series setting (Billheimer, 1995), and in an experimental setting
(Billheimer et al., 2001). In each of these models, an MCMC procedure is used to
estimate (p;1,...,pip) and a composition representation of u, (see Section 1.2.2) for
every observation. The scale parameter X is often regarded as a nuisance parameter
and is included in the MCMC procedure, but usually ignored in estimation.
Billheimer and Guttorp make use of the LN distribution to model true compo-
sitions of random counts. To obtain discrete compositional data, a sample is drawn
from each randomly selected site and individuals are categorized. So, in order to

model the random site selection, a LN distributed composition is used to represent
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the probabilities of an individual being placed into 1 of D categories for a random
site. For the remainder of this dissertation, we will use the term “site” to represent
a sample of individuals that is used to construct a single composition observation.
The term “site” is used because discrete compositional data are often constructed
by sampling a group of individuals at a geographic location. Even though we use
the term site, however, these sampled populations could be indexed by other means
such as time or experimental design levels.

In the case of a single sample from a fixed population, graphical models have
been used for many years to model dependencies between categorical and contin-
uous variables (Lauritzen and Wermuth, 1989). Graphical models were, however,
designed for a single sample. This single sample would be equivalent to one compo-
sitional observation, or “site”.

When analyzing discrete compositional data using many covariates, it would be
beneficial to represent graphically the dependence between the event that a sampled
individual is placed in a certain category and selected covariates. Therefore, in this
chapter, we extend the class of discrete regression graphical chain models of Section
2.4 to allow multiple site sampling and hence construct graphical models for the
analysis of compositional data. This is accomplished though the use of random
effects. In addition, construction of a graphical model for compositional data extends
the interpretation of covariate effects in discrete compositional models. With a
graphical model, we can model the joint distribution of a composition variable and
a set of covariates, therefore, the pairwise, local, and global Markov properties
can be used to describe complex conditional dependence relationships between the
composition variable and covariates. By applying a graphical model approach to the
analysis of compositional data, we merge the two areas of statistical theory together.

In order to illustrate the graphical model approach for analysis of discrete com-

positional data, we use a multiple site graphical model to analyze data concerning
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stream invertebrate functional groups. Stream invertebrates are often categorized
as to how they function in the environment. In this case, we will examine inverte-
brate feeding groups. Feeding group classification is a major factor in determining
how individual stream invertebrates interact with their environment (Cummins and
Klug, 1979). Poff (1997) notes that understanding how environmental factors influ-
ence compositions of biological communities across the landscape is one of the major
challenges facing ecologists today. In addition, determining how environmental fac-
tors at different spatial scales affect biological compositions is of major importance.
In this chapter, we examine composition of stream invertebrate feeding groups and
its relation to several environmental covariates measured at a local stream scale and

at the watershed scale.

3.2 Model Formulation
3.2.1 Single Individual and Single Site Models

To begin the multiple site graphical model formulation, we first consider a
model for a single individual at a randomly selected site. For each site, we are
interested in the dependence relationships between covariates that will be measured
at the site and the event that a randomly selected individual is placed into one of D
categories. For example, in the analysis of stream invertebrate functional groups, we
are interested in the event that a randomly selected invertebrate at a site is placed
into one of six feeding types. Let Y denote a categorical variable that is associated
with this event and is defined on the integers 1,..., D. Let y represent a realization
of Y, and take an integer value from {1,..., D}. In addition, let X = (X3,...,X,)
denote a vector of observed covariates at the randomly selected site. In terms of
the vertices of a chain graph, we have one variable in the terminal chain component
® = {Y'} and p variables in the explanatory or initial component I' U A , where I'

represents the set of continuous covariates and A represents the set of categorical
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covariates. We will use the notation xr to represent a realization of the vector Xp,
and similar to Y, we will use xa to represent a realization of the random categorical
vector Xa. The vector xa will contain an entry for each variable in A and each
entry takes an integer value from one to the maximum number of levels for the
associated categorical variable.

We can now use the discrete regression (DR) model of Section 2.4 to specify a
joint density for (¥, X) as f(y|x)fog(x), where

f(ylx) = €Xp {OZ@(X) + Z Z ﬂcd(y, XA) H:B,y

cCI' dCA YEC

Iy (3.2)
"‘Zzzwfydm(y,xA)x?}a y=1,...,D,
~€T dCA m=2
and
fea(x) = f(xr|xa)f(xa)
(3.3)

— exp [Z {Ad(xA) + 1g(Xa)Xr — %xgxyd(xA)xF}J .

dCA
In (3.2), ae(x) is a normalizing constant with respect to Y|X = x and 8.4y, xa) and
wydm (Y, Xa) are interaction terms which depend on xa only through the variables
contained in the set d C A. The CG density (3.3) is given in the matrix form in order
to facilitate re-parameterization in our proposed estimation procedure, as described
in Section 3.4. As with the interaction terms in the response model, Ay(xa), n4(Xa),
and ¥,(xa) depend on xa only through the subset of variables in d.

To complete the DR model we must impose some constraints to ensure identifi-
ability of the model parameters. To accomplish this, first select a reference category
of Y, say y*, and a reference cell for the categorical covariates, say xi. Without
loss of generality, henceforth, we assume that y* = 1 and x} is an appropriately
sized vector of ones, indicating the reference cell is that which is indexed by the first
level of all the variables associated with A. Now that the reference category and

cell are defined, set all interaction terms in (3.2) and (3.3) equal to zero if y =1 or
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zs = 1 for any § € d. These zero constraints are analogous to the zero constraints
of interaction terms in classic ANOVA models. By using these constraints we can
interpret the interaction terms as measuring interactions relative to the selected
values y* and x}. For example, given any two covariates v € I', and § € A and
y # 1, a positive value for the interaction term B,5(y, xa )z, implies that an increase
in x, increases the probability that a randomly selected individual will be classified
according to level y over the first level of Y, and the amount of increase depends on
the categorical covariate Xj.

Instead of using a CG distribution for the marginal distribution of the covari-
ates one could use an “iterated discrete regression” (IDR) model. The CG dis-
tribution (3.3) is based on the premise that, marginally, the categorical covariates
follow a log-linear model, while conditioned on the categorical variables, the con-
tinuous variables follow a Multivariate Normal (MVN) distribution with mean and
variance determined by the realized categorical variables. Philosophically, in terms
of a graphical chain model, this implies that the categorical covariates precede the
continuous ones in a “causal ordering”. If it is theoretically more plausible to model
the continuous variables as “causing” or influencing the categorical variables, then
one could reverse the order of conditioning by modeling the joint distribution of
the covariates as a DR distribution where the categorical covariates take the “re-
sponse” role and the continuous covariates have a MVN distribution. This leads to

the “iterated discrete regression” model. So, for the IDR model we have

fror(x) = f(xalxr)fn(xr)

= exp {acp(xF) + Z Z Cea(xXa) foy

cCI' dCA YEC

1D3) 3 SMENEY

(3.4)

X fn(xr; pr, Zr),
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where fn(-;p, L) represents a MVN density with mean g and covariance X. In-
teraction terms are set to zero in the same fashion as the DR model to ensure an
identifiable model. If neither model, CG or IDR, makes sense in terms of causal
ordering, one can construct, in a similar manner, models for which there are some
discrete and some continuous variables in each chain component by using a CG
model for each explanatory chain component.

Equations (3.2) and (3.3) describe a graphical chain model for sampling a single
individual at a randomly selected site. Now, we need to extend this model to account
for repeated sampling of individuals at one site. We are still interested in inference
for the interaction parameters of the individual model, (3.2) and (3.3), in order
to construct a chain graph to depict dependence relationships, however, sampling
multiple individuals is necessary to estimate the interaction terms. Therefore, we
will now need to construct a likelihood model for sampling N individuals at a site
if (3.2) and (3.3) represent the joint density of an individual classified to category y
and the covariates observed at the site where the individual is observed.

To construct a model for repeated sampling at a single site, we will first
condition on the realization of a site, which amounts to conditioning on the co-
variates. Now, sampling N individuals at a site provides N realizations of the
variable Y. These N realizations can be summarized into a D vector of counts
¢ ={cly) : y =1,...,D}, where c(y) represents the number of individuals that
were cross-classified into category y. The count vector ¢ represents a complete and
sufficient summarization of the N individual responses, so we can model the counts
in order to make inference to (3.2). We model the count vector ¢ with a multinomial
distribution. For a fixed site sample size N, the joint distribution for the counts and

covariates is

fle,x) = fM(CIX)fCG(X)
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where f(y|x) is given by (3.2). If, however, sampling of individuals is carried out in
a way where IV is random and could be modeled with a Poisson distribution with
mean £, then each category count will have independent Poisson distributions with
mean kf(y|x), y = 1,...,D, (Rohatgi, 1976, pg. 200). For a Poisson(x) random

sample size, the joint density of ¢ and x is given by

fle,x) = fp(c|x) foa(x)

_ {kf(y|x)}e®erfWx)
- H o(®)!

If it is desired, the IDR model could be used for the covariate distribution in (3.6)

(3.6)

X fCG (X)

instead of the CG model. The joint models in (3.5) and (3.6) for counts and covari-
ates are different than the standard sampling scheme for a mixed variable graphical
model. Usually, every individual sampled generates a multivariate observation of
categorical and continuous variables. Here, however, there is only one observation
of the covariate vector for all of the individuals observed at a particular site. The
present sampling scheme is analogous to replication of an experiment at the same
factor levels at each site.

The multinomial model is quite self-explanatory in terms of what we would like
to model. We are interested in modeling the true composition of individuals at a
site. This composition is represented by the D probabilities f(y|x). In the Poisson
model, however, another parameter, s, has been added. This parameter is of no
interest as far as determining conditional dependence relationships, but, it has to be
estimated well for each site in order to have a model that fits the data adequately.
Therefore, we propose two parsimonious modifications to the Poisson model that
will prove useful when many sites are sampled.

First, the total number of individuals observed at a site may depend on the
same covariates which are being used in the graphical model. So, we can model the
expected number of individuals observed at a site, &, using the linear model

log k = Z Z Bea(%a) pr + Z 2 Z Wadm (Xa)T7- (3.7)

cCI' dCA YE€C ¥€T dCA m=2
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This produces a log-mean model for the category y count given by

log{rf(ylx)} =YD Brealv,;xa) [[ =

fC® cCT' dCA Y€c

M
+ Z Z Z Z Warydm (Y XA)-'L"T;

FC® vel dCAm=2

(3.8)

where ® = {Y'}. Once again, the interaction terms depend on xa only through
the subset of variables in d. In addition, the interaction terms also depend on the
variable Y through the index f. If f = () then the interaction term does not depend
on the category. In order to ensure identifiability, interaction terms are again set to
zero if y = 1 or 25 = 1 for any § in d. The normalization constant ag(x) was dropped
because it is independent of the response categories and can therefore be absorbed
into the parameters for the x model. A similar approach is used for contingency
table log-linear models when a random sample size is assumed (Christensen, 1990).

Another approach to modeling the x parameter is to use covariates related to
the sampling protocol. For example, covariates such as sampling effort at each site
may be used to model the total site counts. These types of variables are usually
not scientifically interesting as far as modeling compositions; however, they might
prove valuable for modeling the total number of individuals observed at a site. This
type of Poisson model is not used in graphical log-linear modeling due to the fact
that there is only one sample of individuals . Compositional data will have multiple

samples that might be modeled using external sample design covariates.
3.2.2 Random Effects Discrete Regression

In Section 3.2.1 we describe a model for a single randomly sampled site. Now,
we will extend this model to account for possibly hundreds of randomly selected
sites. For each site, a separate graphical model could be constructed, but this would
increase the number of parameters to be estimated to an unmanageable level. In

addition, the differences in non-zero parameter values are not of primary interest
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in determining Markov relationships for a graphical model. Therefore, we propose
a global graphical model for all sites that allows site-to-site flexibility in some of
the non-zero parameter values. With the added flexibility, the model can adjust
to fit the data more adequately. In order to add this flexibility, as well as model
the randomness in site selection, we introduce a random error term to the response
model (3.2).

The addition of a random effect to the response model (3.2) produces a full

model for Y, X, and the random effects € of the form

fy:x,€) = fre(ylx, €) foa(x) f(e). (3.9)

Since there is only one observation of the explanatory variables we will leave the
modei for the covariates, fog(x), as it is given in (3.3). The response‘portion
fre(y|x, €) of the random effects discrete regression (REDR) model is modified by
the addition of a random intercept term to give,

fre(y|x, €) = exp {Oéq>(X, €) + Z Z Bealy, Xa) I—[x7

cCI' dCA yEC

+ZZZwmmwmﬂ,

y€l' dCA m=2

(3.10)

for y =1,...,D, where €(y) = 0 if y = 1 to ensure identifiability. The remaining
random “interaction” terms, € = {e(y) : y # 1}, are given a multivariate distribution
with mean 0 and covariance (or scale parameter) 3.

The introduction of a random error term into the response model (3.2) has
two benefits. First, the model can adjust for site-to-site variability. Secondly, the
model will automatically add some level of overdispersion to category counts. In
the model description we have left the error distribution vague. We believe that
different situations may necessitate different error structures. If it is reasonable

to assume that the error structure is symmetric with few outliers, then a MVN
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distribution may be reasonable. In this case, the cell compositions will have a LN
distribution, however, other distributions could be used. For example a multivariate
t distribution with k& degrees of freedom could be used if it is desirable to have an
error with heavier tails. If that is the case, the category compositions will have
what we term a Logistic-t (LT) distribution. The general form of a LT(k, p, X)

distribution for a composition vector p = (p1,...,pp) is given by

I'(3(k+D— 1
fLT( ) 1-\(; )( )(D 1)/2|2| / H

3.11
—(k+D-1)/2 (3.11)

L+ {0) - W5 0) - )] ,
where h(p) = (log(p1/pa),- - -,log(pp—1/pp)) and k > 2. This distribution is con-
structed in a manner completely analogous to the LN construction in Chapter 1.
It may be desirable to use the LT distribution instead of the LN if there is a high
level of overdispersion in the category counts. For the remaining discussion of the
random effects DR model we will assume a MVN distribution for the random effects;
however, the theoretical results will remain the same for the LT model.

Now that we have added random effects to the response portion of the model,
the likelihood for the response variable cell counts given the covariates x changes
slightly from (3.5) and (3.6). The likelihood model for the response variable cell
counts ¢ given the covariates x, the total number of individuals observed at a site,

and the random effects is

fu(clx, €) = ﬁc(—y HfRE (ylx, G)c(y) (3.12)

where fre(y|x, €) is given by (3.10). Similarly, for a random total number of individ-
uals, the Poisson model including random effects simply replaces the DR response
f(y|x) with the REDR response model fre(y|x,€) in (3.6).

Now, we focus on the multiple site likelihood for the explanatory variables.

Assuming that the covariate observations are independently distributed and follow
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a homogeneous CG distribution, we obtain the multiple site explanatory density

S
f(xl)"'axS) ZHfCG(Xi|A)T’7‘II(0)$ (313)

1=1

where A and n represent the collected parameter sets {Ag(xa) : d € A} and
{n4(xa) : d C A}. Extensions to this model, such as accounting for correlation
of covariates over space, are discussed in Section 6.2.2.

We now re-parameterize the homogeneous CG density in (3.13) into a more
useful form. First, we break the CG density into a marginal model for the cate-
gorical components of the explanatory variable set and a conditional model for the
continuous components. We then re-parameterize the conditional Gaussian distri-
bution into an ANOVA like form. This re-parameterization gives the following form

for the homogeneous CG density,
foa(x) = f(xa)f(xr|xa)

= exp{z/\d(xA)} X —\/12=7T|\I;0|1/2

dCA

X exp {% (xr — Z ‘rd(xA)> Uy (Xr - Z Td(XA)> } ;

dCA dCA

(3.14)

where Wy represents the inverse covariance matrix for the continuous variables,
which have a MVN distribution, 74(xa) = ¥;'n4(xa), and Ag(xa) represents a
normalizing constant in the log-linear model for xa.

Define the vector of cell counts ca = [c(xa)], where ¢(xa) is the number of
sites for which the categorical covariates X5 = xa. Using the re-parameterization
of the CG density in (3.14) we can write the joint density of the covariates over all

sites (3.13) as

s s
f(x1,...,x5) = {Hf(XAi)} X {HfN(XI‘z"XAi)}

St -

s
x [[ v (Xn; > ralxad), ‘I’@> ;
i=1

dCA
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where the explanatory observation at the ith site is given by x; = (Xas, Xrs) and

far(calA) is the multinomial density

o(xa)
fu(calA) = T coa)l HeXp {Z Ad( XA)} . (3.16)

XA dCA
The full likelihood for parameter estimation in the REDR model (3.9) is ob-
tained by combining the likelihood for response variable cell counts at each site

(3.12), the random effects density, and the explanatory variable likelihood (3.13).

F (e}, {x} {e}) = | | fulcilxi, &) foa(x:) fn(e:)

:1w::1m

s
Fuleilx) x K(ca) fulealA) x [ fv (Xn’; > Talxai), ‘I’(z)>

1 i=1 dCA

-,
Il

S
X HfN (Gi; 0, E) N
i=1

(3.17)
where {c} = {c; : i=1,...,5}, ¢; is a D vector of response variable cell counts
for site 4, {x} = {x; : i =1,...,5}, x; is a vector of observed covariates, ca is

a vector of cell counts for the categorical covariates, K(ca) is the inverse of the
multinomial coefficient in fa(calA), {€} = {e;: i =1,...,5}, and €; represents
the random effects vector for the ith site. If the number of individuals sampled at a
site should be considered random, then the multinomial distribution fas(c;|x;) could

be replaced with the Poisson model as in (3.6).

3.3 Markov Properties of the Random Effects DR Model

Now that we have defined the Random Effects DR (REDR) model (3.9), it
is of interest to know what conditions determine the Markov properties of this
distribution. In addition, it is also of interest to determine how these properties

change when the distribution is marginalized over the random effects.
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X1

Xz

Figure 3.1: Example of an extended graph G¢ for REDR models with a single
response.

So, we begin with the first question. One can observe from (3.10) that the
random effects have exactly the same mathematical effect on the response as the
main effect terms of the observed covariates. Therefore, we define an extended chain
graph G¢ where the random effects are included as a parent of the response variable
and are marginally independent of the observed covariates. The graph is represented
by a set of vertices for the observable covariates and a vertex for the random effect.
There is an directed edge from € to Y. Since the random effects are marginally
independent of the observed covariates, there is no edge between the covariates and
the random effects. Figure 3.1 gives an illustration of an extended graph for a
response with two covariates.

We now provide a proposition that describes necessary and sufficient conditions

for a REDR distribution to be Markovian with respect to a given extended graph
ge.

Proposition 3.1. A REDR distribution P for a single response variable, given
by (3.9) is G¢ Markovian for a given extended chain graph G¢, if and only if the
interaction terms in (3.9) satisfy the following conditions where ¢ C T, and d C A:

1. (a) Bea(y,xa) =0 in (3.10) unless ® UcUd is complete in G,

(b) Wyim(y,xa) = 0 in (3.10), for m = 1,...,M, unless ® U {y} U d is

complete in G€,
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2. (a) Ma(xa) =0 in (8.14) unless d is complete in G,

(b) Tay(xa) = 0 unless dU{v} is complete in G, where T4,(xa) is the element

of the vector T4(xa) in (8.14) associated with the variable X, and v € T,

(c) Yiyuy = 0 unless {p,~} is complete in G, where iy, is the (u,7)
off-diagonal element of ¥y in (8.14) and p € T'.

Proof. To prove Proposition 3.1 we will show that the conditions presented are
necessary and sufficient for a REDR model P (3.9) to have Gibbs factorization with
respect to G¢ according to Proposition 2.6 and hence show that P is G¢ Markovian.

Upon examination of the second set of conditions 2(a) through 2(c), one can ob-
serve that they are necessary and sufficient for factorization of the marginal density
of X and € on the subgraph (G¢)ruaue}- The second set of conditions are essentially
a re-parameterization of the necessary and sufficient factorization criteria for the CG
density parameterized by (3.3) (Lauritzen and Wermuth, 1989, see Proposition 2.5).
Condition 2(b) reflects the change in parameterization from (3.3) to (3.14). Condi-
tions 2(a) - 2(c) satisfy Proposition 2.6 for the initial chain component I' U A U e.
Since, the random effects € are marginally independent from X by construction (see
Section 3.2.2), f(x,€) = fca(x)f(€) factors according to (G)ruaue if and only if
foa(x) factorizes according to (G¢)¢ruay-

Now, all we need show is that fre(ys|x, €) factorizes according to complete sets
in {(G%)aa)}™ to complete the factorization of the REDR distribution P according
to Proposition 2.6. In order to show this we will follow in the footsteps of the proof
of Proposition 2.7. First, note that if conditions 1(a) though 1(b) hold, then P is a
function only of complete sets in {(G)c(e)}™, since the parents of ® are complete.
Now, if we calculate the Hammersley-Clifford interaction terms for the REDR model
P in the same manner as in the proof of Proposition 2.7 for the DR model, we see

that the interaction terms are identical except for ¢gup(y, €) = Boo(y) + €(y). Now,
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® and € are always connected for any {(G¢)a(s)}™, therefore, P factorizes according

to Proposition 2.6 if and only if the conditions of Proposition 3.1 hold. O

The second question, how do the Markov properties change by marginalizing
over the random effects, is a more challenging question due to the fact that the model
form prohibits analytical integration over the random effects. We will, however,
demonstrate that if the conditions of Proposition 3.1 are satisfied for a REDR model
with respect to an extended graph G¢, then, the marginal distribution (Y, X)is G =
(G°)v\e Markovian. Therefore, when interest lies only in the inference of dependence
relationships between the covariates and response, the random effects can simply be

ignored in the graphical representation.

Proposition 3.2. If P is a REDR model with a single response variable as described
by (3.9), and P is Markovian with respect to the extended graph G, then the marginal

distribution of the covariates and response, Pourua, 18 G = (G¢)v\« Markovian.

Proof. If P is a single response REDR model and the conditions of Proposition
3.1 are satisfied for an extended chain graph G¢, then we only need check that
the conditional density of the response variable Y factorizes on (Gu))™ according
to Theorem 2.3(3) when the density is integrated over the random effects. The
conditions are necessary and sufficient for the factorization of the covariate density
since the random effects are independent of the covariates. Since the conditions of
Proposition 3.1 are satisfied, we can write the conditional density of Y given (x, €)

as

fRE(y| X, 6) = H H H wad(y’ X, E)

fC® cCT dCA

=H H Vrp(Ys Xp, €),

fE® pCpa(®)

(3.18)

where ¥7q4(-) is an exponentiated Hammersley-Clifford interaction term calculated

as in the proof of the Hammersley-Clifford Theorem (Theorem 2.2) and pa(®) C
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I'U A represents the set of covariates that are parents of the response vertex ®. The
interaction terms 9.4(y, X, €) reduce to functions vz, of only the parents of ® since
those interaction terms including covariates that are not parents of ® will be equal
to 1.
Now, we can integrate out all of the random effects to obtain the conditional
density of Y given X,
fyk) =TT [ ¥y ) f(€)de

pCpa(®) € (3_19)
= I Anl.x).

pCpa(®)
Every set f U p is complete in the graph {(G)y\}™. Therefore, the conditional
density f(y|x) in (3.19) factorizes on {(G¢)v\c}™, which, together with the fact that
f(x) factorizes on the subgraph Gx of the covariate chain component, proves that
the joint density factorizes according to Proposition 2.6 and hence, according to

Theorem 2.3(3). O

3.4 Parameter Inference

In order to make inference about the parameters in the REDR model in (3.9),
we adopt a Bayesian approach for parameter estimation. The hierarchical structure
of the REDR model makes Bayesian procedures particularly attractive. There are
a large number of unobserved random effects which may or may not be considered
nuisance parameters. If the goal of the analysis is solely to make inference concern-
ing the conditional dependencies between the response variable and the observed
covariates, then the random effects are considered nuisance parameters due to the
fact that the dependence relationships between the observable covariates and the
response variable remain unchanged when marginalizing over the random effects. If,
however, the unobserved compositions at all, or some, of the sites are of interest then

estimates of the random effects are necessary for each site in order to calculate an
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estimate of the true site composition. Modern Bayesian computational techniques
can handle either of these needs with little modification. Therefore, the Bayesian
approach provides a methodology with both goals in mind.

Bayesian inference for graphical composition models proceeds by first defining
a prior distribution 7(3,w, A, 7, ¥y, ) for the parameters of the model. Here,
we have removed subscripts in order to ease notational burden. For example, 3
refers to the entire set of parameters {B4(y,xa) : ¢ C T, and d C A}. We will
frequently use this shorthand notation when referring to parameters of the same
type in the remainder of the chapter. Assuming that the observations at each site
are independent, the posterior distribution of the parameters and the random effects

is given by

S
prSt(ﬂ, w, A’ T, ‘IlQ)a 27 {6} | {C}a {X}) 8 H fM(clllB? w, X, ei)
i=1
X fu(calS, A)

S
X HfN(XPi[XAi,‘T, \I’q)) (320)

i=1
s

x [ fv(el=)

X ;_(TB,w, AT, ¥y 3.
In (3.20), the conditional distribution of the category counts at each site,
fu(ci|B, w, x5, €) can be modeled with the multinomial likelihood formulation as
shown or with the Poisson formulation (3.6) if the total site count should be con-
sidered random.

The posterior distribution (3.20) is a non-standard distribution, therefore, ana-
lytical inference for posterior objects of interest such as expected values and credible
intervals is not possible. We will draw a sample from this distribution using Markov
Chain Monte Carlo (MCMC) techniques. Robert and Casella (1999) provide an in-
depth overview of MCMC techniques. Specifically, we will be using a Gibbs sampling
approach (see Chapter 7 of Robert and Casella (1999)).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



67

We can obtain simplification in the analysis of posterior distribution by noting
that if we impose the a priori independence of the CG parameters with the remain-
ing parameters, 7(3,w, A\, T, ¥y, X) = 7(B,w, X) X ©(X, 7, ¥y), then, the posterior

distribution becomes
prSt (IB, W, )‘a T, \I’ﬂa 2) {6} | {C}) {X})
S
10,8 {H fM(Cz | 181 w, Xy, 61)f(€1|2f)} 7.‘-(137(”,) 2)
= (3.21)
X {H fN (Xf‘i ’ XAiy T, 1110)} fM(CA|S7 A)7.‘-(A7 T, \Il@)

i=1
X fpost(ﬂ:"-’,z,{e} | {c} {x}) % fpost(A, 7, ¥o | {x})-

Therefore, the parameters of the explanatory portion of the graphical model and
the parameters of the response portion of the graphical model are a posteriori
independent. This simplifies the analysis of the posterior distribution because two
separate MCMC analyses can be performed, one for each chain component. In fact,
this type of sequential estimation is how chain model parameters are often estimated
with maximum likelihood procedures as well (Whittaker, 1990, pg. 310).

Another benefit of posterior independence is that the explanatory portion of
the model will remain the same even if other response variables are analyzed. One
need only examine the explanatory model once. Then, models for different sets
of responses can be fit by analyzing each response portion separately. The full
chain graph for each model can be constructed using the same subgraph for the
explanatory variable chain component and then simply adding the directed edges

and response components based on the set of responses being analyzed.
3.4.1 Hierarchical Centering Parameterization

Here we present a modification to the previous response model parameteriza-
tions presented in (3.10). When using a Gibbs MCMC procedure, the Markov chains
for regression coeflicient parameters, such as 3 and w, in random effects general-

ized linear models are often slow to converge to the marginal posterior distribution
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(Chen et al., 2000, pg. 40). It has been our experience that this is also the case
for graphical composition models. Therefore, we will use a hierarchical centering
parameterization, as suggested by Chen et al. (2000), to help reduce the problem of
poor mixing chains for the regression coefficients 8 and w.

In order to describe the hierarchical centering parameterization, first recall the
response portion of the REDR distribution (3.10). Now, we introduce a shortened
notation for the “fixed” effects portion of the response model,

M
Ho(y) = Z Z Bea(ys Xa) H Ty + Z Z Z Wadm (Y, XA) T (3.22)
¢CT dCA vee ~eT dCA m=2

Then, we propose the following hierarchically centered re-parameterization of (3.10),

exp {e(¥)} 7 (3.23)
> o1 exp{e(y)}

where ¢(y) = py(y) + €(y). If the assumption is made that € ~ fy(0, X), then

o yle) =

o ={p(y) : y # 1} ~ fn(p,, ), where p, is the vector {u,(y) : y =2,...,D}.
Here we have simply changed the random effects € from a zero mean process to a
process, , centered at the fixed effects p1,,. While there is no theoretical result in the
case of generalized linear mixed models to show that this will improve convergence
of the MCMC procedure, it has been our experience that the re-parameterization
often greatly improves convergence for these models.

We now provide a general parameterization of the full posterior distribution
that we recommend using when employing MCMC techniques to make inference

concerning the model parameters,

fggst (B,w, A, ¥y, {0} | {c},{x})

i=1

N
o {H FO(ciled) (il B w, %, Xi)} (B, w, %) (3.24)

S
X {H fN(Xl"i|xAi’ T, lIl(b) fM(CAlA)Tr(Aa T, ‘I,)

=1
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Once again, f™(c;|p;) in (3.24) can take one of two forms. If the total number
of individuals observed at a site is fixed, or should be considered fixed, then the

multinomial density,

(h)(czINz,pz)— H £ ()W (3.25)
y 16W)i

is used. If, however, the site total is random, then the independent Poisson model,

D
C1|Q01 H o(y)® zew(y (3.26)
=1

is used. A slight modification must be made to /,l,(p(y) for the Poisson model. In
order to include a model for the total number of individuals at a site, (3.8) is used

for p, in place of (3.22).
A few comments concerning this re-parameterized model are in order. First,
under either parameterization, the full count likelihood, as well as the REDR density,
remain unchanged when integrated over the random effects. One can see this by

observing that the transformation from (3,w,€) to (B, w, ) has a Jacobian of 1

since € = ¢ — . Therefore, we obtain

_ /,_,/f(ci|,3,w,e)f(e|0, )de, (3.28)

and
Flylx) = / / Fidle) f(olB,w, T, x:)dep (329)
_ / / Frn(ylxs, €)f(€]0, )de. (3.30)

These equivalences possess two accompanying results. The first result is that the
marginal re-parameterized model model (3.29) possesses the same Markov proper-

ties as as the integrated REDR model (3.30) (see Section 3.3). Prior to integration,
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however, the Markov properties for the two parameterizations are different. For the
original parameterization, the model is Markovian with respect to a chain graph
where the explanatory variables and‘the random effects are unconnected parents of
the response. For the hierarchically centered parameterization, the model is Marko-
vian with respect to a chain graph where the explanatory variables are parents of
the random effects which are in turn parents of the response variable. The second
result is that since the integrated likelihoods in (3.27) and (3.28) are equivalent, the
marginal posterior distributions of 3 and w will be equivalent under either param-
eterization. This can also be observed empirically by the fact that upon drawing
a sample from the posterior distribution of (3, w, ) one can easily transform the
sample values to (3, w, €), thus obtaining a sample from its posterior distribution.
The B and w values remain unchanged, therefore, any marginal posterior quantities

calculated also remain unchanged.
3.4.2 Implementing the Gibbs Sampler

In order to implement the Gibbs sampler to draw a sample from (3.24) we need
to obtain the full conditional distribution for each parameter. The full conditional
distribution is the conditional distribution of the parameter in question given all
remaining parameters as well as the observed data. A (non-independent) sample
from the posterior is then drawn by iteratively drawing from each full conditional
distribution. We derive the full conditional densities in two separate groups due
to the fact that the full conditional densities for the response model parameters,
B, w,{e}, and 3, will not be functions of the explanatory model parameters X\, T,
and Wy, as can be observed from (3.24). Therefore, we can make inference to the
response model parameters using only the first factor on the left hand side of the
proportionality, while inference to the explanatory portion of the chain graph uses

only the second factor.
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Response Model Conditional Densities

Before deriving the full conditional densities we introduce some notation to
ease the calculations. First, we will use the notation E to refer to a matrix that
has S rows and has the following: a column of ones, a column corresponding to
each of the explanatory variables, a column for each interaction and powers of the
continuous covariates as given in (3.10). If a covariate X5, 6 C A, is a categorical
variable with b levels, then it will be represented by b — 1 columns of indicator
variables in E, where each column indicates, with a one or zero, if X; takes the
associated level at site i. The column associated with the reference level X5 = 1 is
not included. We will denote the number of columns in E by 7. In linear regression
terminology, E represents the design matrix. The vector E;, i = 1,...,5 will
denote an r vector formed from the ¢th row of E. In addition, let B represent
an r X (D — 1) matrix of all the interaction coefficients {G.4(y) : cC T, d C A} and
{wyam(y,xa) 17y €T, d C A, m=1,..., M} such that the expected value (3.22)
of the site ¢ random effect ¢, is given by p,, = B'E;. The “stacked” version of B
will be represented by B;. The stacked version is a 7(D — 1) x 1 vector where the
columns of B have been concatenated in order. Although, previously only described
as the collection of all random effects, ¢ will now specifically represent a S x (D —1)
matrix of these random effects and ¢, is a D — 1 vector formed from the ith row of
. Finally, we will make use of the inverse of the random effects covariance matrix
T=X"

Now we can begin to derive full conditional distributions for the parameters
of the response model, the coeflicients in B, the site random effects ¢, and the
random effects inverse covariance matrix T. The reader should note, as we derive
the full conditional densities, that in addition to the increased rate of convergence,
the hierarchical centering provides a Gibbs sampler that is easier to implement due

to the fact that the interaction coefficients as well as the random effects covariance
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matrix will have standard densities. In the non-centered parameterization only the
covariance matrix has a standard full conditional density. Here, we will also make
the assumption that the coefficient parameters are a priori independent from the
random effects covariance matrix. In other words, 7(3,w,X) = n(83, w)7 (%)

We begin with the interaction coefficients in B. First, note that due to the
centering parameterization, given the random effects at each site and the random
effect covariance matrix, the interaction coefficients are independent of the category
counts. If we let (8, w) = n(B,) = fn(pp,, Vp.) and B = (E'E)~'E'e (corre-
spondingly B, represents the stacked version) then the full conditional distribution
of the interaction coeflicients is given as

1S ,
f(Bs| ... ) ocexp {—5 ; (p; —B'E:) T (p; - BIEi)}
enp {58~ 115, Vi (B~ i)}
X exp {—ltr [T(B —~B)E'E(B — ﬁ)] }
2 (3.31)
X exp {_%(Bs —1p,)Vp,(Bs - “Bs)}
_ exp {—%(Bs _B,)(T ® EE)(B, - Bs)}
X exp {—%(Bs — #5,)'V, (B, — H'Bs)} :
where ® represents the Kronecker product. The second proportionality statement

for the random effects likelihood is due to Johnson and Wichern (1992, pg. 322).

One can now complete the square to show that

.f(le ) = fN(Bs; “17V1_1)a (332)

where the mean and covariance are given by

= (T EE) + V5] (T@EE)B, + Vp,up)]
and (3.33)

V, = (T®EE) + Vj,.
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Therefore, in the Gibbs sampler, drawing samples of the interaction coeflicients is
relatively simple. Updating can be done for a single parameter at a time as well,
each one will have a univariate Normal full conditional density.

We now derive the full conditional distribution for the inverse covariance matrix
T of the random effects . We assume, a priori, that T has a Wishart distribution,
fw(T; a,K), with prior parameters a > D — 1, (D — 1) x (D — 1) positive definite
matrix K, and density

m(T) = fw(T; a,K)

1 3.34
o |T|@P=2/2 exp {—itr [KT]} : (3.54)

This is equivalent to specifying an inverse Wishart prior distribution for 3. Now, T
only depends on ¢ and B though the random effects distribution, which is a MVN
distribution. Therefore, we obtain the following full conditional distribution,

15

FT] ) o [T exp {—5 > (i~ BEY (g, - B’Ea}
i=1
1
x | T|(@D=2/2 exp {—ﬁtr [KT] }

— |T|@+s-D-2)/2

{ ; }
X exp —itr .

It follows, then, upon examination of (3.34), the full conditional distribution of T

(3.35)

S
T {K +3 (o~ BE) (0, - B'Ea}

is given by
f(T] ) = fw(T; a1, Ky) (3.36)

where the full conditional parameters are

ag=a+S
and (3.37)

s
Ki=K+3 . ,(p; — BE)(p;, — BE).
Therefore, just like the interaction coefficients, the inverse covariance matrix T is

relatively straightforward to sample from in the Gibbs algorithm.
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We now turn our attention to the final parameter that needs to be updated
during the Gibbs sampling algorithm, the vector of site random effects,;. Unfortu-
nately, the random effects do not have a standard full conditional distribution. The

full conditional density is given by

flpil .. ) < f M cile;) fn(p;; B'E;, T), (3.38)

where f®(c;|¢p;) is either a multinomial density, as in (3.5), or a product Poisson
density, as in (3.6). One can see from the full conditional density that for either
category count likelihood model, Poisson or Multinomial, the full conditional den-
sity is non-standard. Therefore, we can employ a Metropolis-within-Gibbs step, as
described in Section 1.5.2, to sample from this full conditional distribution. Another
option exists, however, for the Poisson model. The full conditional density for the
random effect ¢;; is log-concave if the Poisson model is used, therefore, one can
make use of the adaptive-rejection sampler of Gilks and Wild (1992) instead of the
Metropolis-within-Gibbs step. Often the adaptive rejection sampler is more efficient

than the Metropolis-within-Gibbs sampler (Chen et al., 2000).
Ezplanatory Model Conditional Distributions

In order to derive the full conditional distributions for the parameters in the
explanatory variable CG model (3.14), first note that the categorical and continuous
explanatory variable parameters are functionally independent. Therefore, as with
the initial separation of the response variable model and the explanatory variable
model we can again perform separate posterior analyses for each portion, discrete
and continuous, of the explanatory model.

We begin with the analysis of the continuous variable model for Xr given xa.
We will follow in the same footsteps as with the interaction coefficients in the re-
sponse model. Let E represent a matrix with S rows and columns containing indi-

cator variables for each categorical variable in A and all of the interactions d C A.
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Again, this is identical to the classic ANOVA design matrix. The notation Ea, will
represent a column vector obtained from the ith row of Eo. As with the interaction
coefficients of the response model, we will place the 7 parameters in a matrix B,
such that B/Ea, = D ;A Ta(Xa). Again, we also denote the “stacked” version of
B, as B,,. Now, using the prior distributions 7(Bs) = fn(Brs; #,s, V72) and
©(Oy) = fw(¥y; ay,Ky) and a set of proportionalities and equalities similar to

those in (3.31) and (3.35), we obtain the full conditional distributions

f(BTS| ) = fN(B‘rs; Hrs1s V;';,ll) (339)

and
F(®ol ...) = fw(To; ay1,Kyp), (3.40)
where the parameters are given by
Hror = (0 ® BAEA) + V2] [(¥9 © BAEA) B, + Viuisy,]
Vi1 = (g ELAEA) + Vs,
Qy1 = Gy + 5, (3.41)

and

Ky1 =Ky + Zf:l {XFi - ngA "'d(XAi)}, {XF@' - EdgA Td(xAi)} '

The final set of parameters for the explanatory variable model is A. Unfor-
tunately, as with the random effects, Ay, d € A does not have a standard full
conditional distribution. Here, we assume an independent multivariate normal dis-
tribution for each of the non-zero elements of Ay, so, the full conditional density is
given by

Falxa)l - ) o fulealN)fn(Aa; pa,, Ty,),  dCA, (3.42)

where f(ca|A) is the multinomial density (3.25). One can see from the full condi-
tional density that the full conditional density is non-standard. Therefore, we can

again employ a Metropolis-within-Gibbs step.
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3.5 Graphical Analysis of Benthic Invertebrate Functional Groups

Relating behavioral characteristics of organisms to environmental conditions at
locations in which they are found has been a challenging problem for ecologists (Leg-
endre et al., 1997). This problem was initially motivated by the n dimensional niche
hypothesis. The n dimensional niche hypothesis states there is an n dimensional
space upon which species unimodally distribute themselves according to environ-
mental adaptations (Ricklefs, 1990). The unimodal distribution of a given species
along an environmental axis implies the existence of an “environmental optimum”
for that species. The problem of relating species traits to environmental conditions
emerged from this hypothesis because distributions of specific species are usually
not of interest as they are often biogeographically constrained, thereby limiting eco-
logical inference to one geographic range. Analysis of functional traits and behaviors
rather than taxonomy provides a more portable inference to community structure
(Poff and Allen, 1995).

The initial attempts to describe these relationships involved the use of Canonical
Correspondence Analysis (CCA) (ter Braak, 1985). The CCA approach attempts
to ordinate each species along a set of environmental axes. Dolédec et al. (1996)
continued the ordination approach by developing methods for marginally and jointly
analyzing so called R, L, and () tables, where R is a table with data on environmental
variables at each sampling site, L is a table of species occurrences at each site, and
Q) is a table of trait classifications for each species.

A more direct approach was introduced by Legendre et al. (1997). Legendre
et al. (1997) termed their methodology a “solution to the fourth corner problem.”
For a single trait with multiple levels, the “four corners” represent four matrices:
(1) a matrix of continuous (or discrete, but can be modeled as continuous) environ-

mental variables by site, (2) an indicator matrix of species presence by site, (3) an
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indicator matrix of functional trait levels by species, and (4) a matrix of parame-
ters relating environmental variables to the trait. The parameters in matrix (4) are
product moment correlations between the trait counts and environmental variables
and are estimated by a method of moments approach.

There are two main problems with the previous methodologies. Firstly, the
previous approaches both measure marginal association between the environment
and traits in question. The conditional relationships of a Markov random field give
a more detailed measure of association between variables. For example, variables
that are marginally correlated may in fact be independent upon conditioning on a
third variable. This may provide evidence of possible mitigation by the third vari-
able. Secondly, the previous methods provide no predictive ability. If a researcher
desires to predict community structure at a site with remotely sensed environmental
measurements, the previous methods provide no means to accomplish this task.

Billheimer and Guttorp make use of the response portion of the REDR model,
with MVN error terms, to estimate species composition of invertebrate traits in
both an experimental setting (Billheimer et al., 2001) as well as an observational
setting (Billheimer and Guttorp, 1997). In both cases, only one covariate was used
in the model. In both studies, inference was made by examining the deviance of the
estimated covariance parameter compositions from a “neutral” composition.

In this section we will use the full REDR distribution to model the relationship
between stream invertebrate feeding type and several environmental variables for
several stream sites in Oregon. By using the full REDR model we will be able to
examine the complex conditional relationships of the environmental covariates and

feeding type trait as a whole system through inference from a graphical chain model.
3.5.1 Data Description

Various stream sites in Oregon were visited as part of the U. S. Environmen-

tal Protection Agency’s (EPA) Regional Environmental Monitoring and Assessment
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Table 3.1: Summary of stream invertebrate feeding groups. Abbreviation codes as
well as a brief description of the ecological role for each feeding type are given.

Code Feeding Type Ecological Role

CF Collector (Filterer)  Process fine particulate organic material
CG  Collector (Gatherer) Process fine particulate organic material
GZ Grazer Ingest algae located on substrate

SH Shedder Process coarse organic material

EP Engulfing Predator  Ingest other benthic invertebrates

OT  Other Mainly herbivorous

Program (REMAP). A total of S = 94 sites were visited from which data was col-
lected on stream invertebrate species abundance, as well as various local environmen-
tal variables. A set of watershed scale environmental variables was also calculated
for these sites from a GIS (Geographic Information System) model (Pizzi, 2002).

In order to perform a functional trait analysis, each species was categorized
into one of the following types according to its feeding habit (Table 3.1). Collector
organisms remain relatively stationary and, as their name suggests, collect food
in their proximity. Gatherers find food that is located on the stream bed, while
Filterers catch food that flows downstream suspended in the water. Grazers feed
primarily on algae located on the substrate. Engulfing Predators feed on other
invertebrates. Shredders feed primarily on coarse organic material, such as leaves,
as it flows downstream. The Other category includes piercing predators, as well
as invertebrate herbivores, groups which are very rare inclusions. Most benthic
invertebrates are detritivores, meaning they ingest dead organic material. Figure
3.2 illustrates the distribution of relative abundances for each feeding type.

In our analysis, we are interested in the associations between feeding type and
the following covariates from Pizzi (2002): Percent of the substrate composed of

woody material, Alkalinity of the water at the sampling site (ueq/L), percent of
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Figure 3.2: Distribution of feeding type relative abundance. Feeding type notation
is given in Table 3.1.
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Table 3.2: Summary of environmental covariates for Oregon REMAP streams. Al-
kalinity, watershed area, elevation, precipitation, and the number of road crossings
were transformed via t(z) = log(z + 1) to improve normal approximation.

Covariate Mean St. Dev. Min. Max.
% Wood 8.32 7.84 0.00 32.62
Alkalinity (In(ueq/L + 1))  2.70 0.28 214 3.73
% Barren A 7.17 8.61 0.00 45.04
Area (In(mi? + 1)) 0.90 0.59 0.02 243
Elevation (In(m + 1)) 2.27 0.61 0.78 3.27
Precipitation (In(in + 1)) 1.87 0.20 1.13 2.26
Crossing (In(no. + 1)) 0.89 0.72 0.00 2.52

the watershed that is classified as barren land, the watershed area (mi?), minimum
basin elevation in the watershed (m), the mean annual amount of precipitation in
watershed (in), and the number of road crossings in the watershed. Alkalinity, area,
precipitation, elevation, and number of road crossings Wére transformed via t(z) =
log(x + 1) to give them a more normal appearance. The watershed scale variables,
percent barren land, watershed area, elevation, precipitation, road crossings, were
determined with a GIS model, while the local scale variables alkalinity and percent
woody material were measured at each sampling location (Pizzi, 2002). Table 3.2

provides a numeric summary of the environmental covariates.
3.5.2 Model Description and Analysis

Model Specification

We consider a main effects only model for the analysis of feeding type com-
position. In addition, only first order linear interaction terms are included. In the
analysis of stream invertebrate data, the Multinomial likelihood must be used due
to the field sampling technique. The observed counts are the result of a censored

sample. At any given site thousands of individuals are usually collected and only a
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fixed number are classified to taxonomic classes. Processing of the samples requires
a secondary random sample of a fixed number of individuals. If the primary sample
from the stream site contains less than this fixed number, then all of the individuals
are classified. In the case of the Oregon REMAP samples, 300 of the total num-
ber of sampled individuals were classified. The Poisson likelihood model would be
inappropriate due to the sample censoring. Therefore, we use the following REDR
model for the category counts,

Nt 2
fM(Ci|Xi, 6) = ———m— fRE(ylxi, Gi)c(y)i, g = 1, sy 89, (343)
H5=1 c(y)! };Il

where
7

fre(y|x:, €;) = exp {a(p(xi, €) + Z By () (@i — Z,)s,t + ei(y)} . (3.44)

=0
Each of the environmental covariates was centered by subtracting its mean Z., and
dividing by its standard deviation s,. This was done to improve Markov chain
convergence to the posterior distribution. We chose the reference category y* to be
the CG feeding type (y = 1). Therefore, in equation (3.44) G,(y) = e(y) = 0 for
y = 1 to ensure identifiability of the model. The CG feeding type was the most
common for the Oregon data and in our experience, fixing the parameters of the
most common type also tends to lead to faster convergence of the Markov chains
for B to their posterior distributions.

Since all of the included environmental covariates are continuous, the homoge-
neous CG model reduces to a MVN distribution. Therefore, we modeled the mean
centered covariates as fog(x; — X) = MV N(x; — X; 0,%g). The centering here
allows the elimination of the nuisance parameter 74 in (3.14), which is irrelevant for
determining conditional independencies. Note, that in this case one can analytically
determine the posterior distribution of ¥y to be a Wishart distribution. However,
since we are interested in the off-diagonal elements of ¥y, using an MCMC sampling

technique allows straightforward inference of these elements.
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Model Estimation and Performance

For estimation purposes, the model was re-parameterized with the hierarchical
centering approach of Section 3.4.1. MCMC procedures were performed with the hi-
erarchically centered version of (3.44) as well as the normal REDR parameterization
in (3.44). As hypothesized, the hierarchically centered version reached satisfactory
convergence with substantially fewer MCMC iterations than (3.44).

In order to assess convergence of the Markov chains to the posterior distribu-
tion, the diagnostic procedure of Raftery and Lewis (1992) was employed. This
diagnostic procedure estimates the number of iterations necessary to estimate a
specified quantile of a parameter’s posterior distribution within a given degree of
accuracy. Since we are primarily interested in credible intervals for the 3 coefficients
and the off-diagonal entries of Wy, we felt that this procedure provided the appro-
priate measure of convergence. For this analysis we specified the 0.025 quantile for
estimation with an error no more than +0.005 with 95% probability.

The program WinBUGS was used to run the Gibbs sampler (Spiegelhalter
et al., 2000). The Gibbs sampling algorithm was run for an initial 4000 iterations
in which a MVN proposal density was tuned so that the Metropolis-within-Gibbs
step for the ¢, parameters would have an acceptance rate of around 30%. The first
4000 iterations were then discarded, after which the sampler was run for an addi-
tional 40,000 iterations. The Raftery and Lewis convergence diagnostic procedure
estimated the run length necessary for accurate quantile estimation to be less than
40,000 iterations for all parameters.

Performance of the model was assessed in two ways. First, the Bayesian pos-
terior predictive p-value method of Gelman et al. (1996) was used to assess model
fitness. For a “goodness-of-fit” statistic D(y), which can be a function of the ob-
served data y and model parameters, the Bayesian predictive p-value is defined as

P, = Pr{D(y") > D(y) | y}. The data y" represents a hypothesized replicate
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data set that could have resulted from the model. So, the interpretation is essentially
the same as the classic p-value with the addition that the “null” distribution is the
distribution of the statistic given only the observed data y. In an MCMC setting P,
is particularly easy to approximate. One simply performs the usual Gibbs sampler
for parameter estimation with the addition that at each iteration a replicate data
set is generated from the sampled parameter values. At each iteration one calculates
D(y) and D(y"?) and records the proportion of iterations in which D(y™) > D(y)
(Gelman et al., 1996). We used this approach in our Gibbs algorithm for the feed-
ing type REDR model. The goodness-of-fit statistic used for this analysis was the

Freeman-Tukey statistic (Freeman and Tukey, 1950)

D(cy,...,cq) = Z Z (\/C(y)z - \/NifRE(y|Xia ei))2, (3.45)

i=1 y=1
where N; is the total number of invertebrates observed at site ¢, ¢(y); is number of
invertebrates at site ¢ that are feeding type y = 1,...,6, and frg(y|x;, €) is given
by (3.44) and represents the site composition. Other statistics could be used, such
as Pearson’s x?, however, there are many cells with small counts and the Freeman-
Tukey statistic eliminates the problem of over-weighting by those cells (Brooks et al.,
2000a).

The second measure of model performance we employed is prediction of the feed-
ing type composition at unmeasured sites. To accomplish this the category counts
for five of the steam sites were removed from the estimation procedure, leaving
S = 89 sites for parameter inference. Predictions of the feeding type compositions
at each site were then based on the posterior predictive distribution of the latent

composition elements

f(P(y)i|Xi,01, sy 089) = /fRE(y|Xi, €)fpost(,3, €, ‘I’(ZJ) dp de; d¥y,

y=1,...,6,

(3.46)
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where p(y); represents the compositional element associated with feeding type y
at site 7. The predictive distribution can be approximated with Gibbs sampler by
simply updating the missing counts as additional parameters in the Gibbs algo-
rithm (Besag et al., 1995). This is essentially the same procedure as generating
the y”ef’ data for the Bayesian p-value. The “unobserved” counts are multinomially
distributed with probabilities fre(y|x;, €). So, the counts can be updated with little
effort, the 3 and € parameters in the probabilities of interest are updated as in the
Gibbs sampler description. Credible intervals for (3.46) can then be approximated
using empirical quantiles of the Gibbs sample. Point estimates can be made from the
sample means of the MCMC output, however, we propose an alternative estimate
that Billheimer (1995) uses. We suggest a parametric mode estimate calculated by
treating the sampled p; = {p(y); : y = 1,...,6} compositions as a sample from
a LN distribution. The maximum likelihood estimates of the LN parameters are
easily calculated using the ALR transformation (Aitchison, 1986). Then, a point
estimate can be obtained by selecting the sampled p; that maximizes the empirical
LN distribution. This summary provides a better point estimate due to the fact

that the skewed predictive distributions.
3.5.3 Results and Discussion

The 95% Highest Probability Density (HPD) intervals for the § interaction
coefficients are given in Table 3.1. Proposition 2.7 says that an environmental co-
variate must be a parent of the feeding type response if at least one of the interaction
coefficients associated with that variable is not equal to zero. Upon examination of
the HPD intervals one can see that there is ample evidence that % Wood, Precip-
itation, Elevation, % Barren land, and Watershed area are parents of the feeding
type response. The HPD intervals for the Alkalinity and Road Crossing interaction

terms contain zero for each feeding type, therefore, the analysis does not provide
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strong evidence that they are parents of feeding type. The 95% HPD intervals for
the off-diagonal elements of ¥y are given in Table 3.2. Again, by examining Table
3.2, the intervals that do not contain zero provide strong evidence that there exists
an undirected edge between the two associated variables in the marginal graph for
the covariates.

Figure 3.1 illustrates the chain graph that is suggested by the HPD intervals
that do not contain zero. By applying the Markov properties of chain graphs to this
model one can observe that there seems to be little evidence that the disturbance
variables Alkalinity and Number of Road Crossing directly affect the Feeding Type
composition. This implies that Feeding Type composition is not a useful index
for measuring the degradation of the stream due to these two disturbances. Their
effects are mediated through the parents of Feeding Type in Figure 3.1. Another
result that can be observed in Figure 3.1 is that variables from both the local scale
and watershed scale are parents of Feeding Type, supporting the opinion of Poff
(1997) that measuring the environment at multiple spatial scales can provide a
more accurate picture of how the environment influences functional traits. If only
local scale variables were included in this analysis, it would appear that Alkalinity
directly influences Feeding Type. Marginalizing the chain graph of Figure 3.1 over
the watershed scale variables would produce a distribution that is Markovian with
respect to a chain graph in which Alkalinity is a parent of Feeding Type.

The results of the two model goodness-of-fit procedures show that there is little
evidence for a systematic lack of fit. The Bayesian p-value was P, = 0.31. This states
that around 1/3 of the replicated data sets produced a test statistic larger than the
value for the observed data. We also fit a model with a Multivariate ¢ distribution
for the errors as described by (3.11). This model was expected to increase the fitness
by allowing larger outliers for the random effects. Only a slight gain, P, = 0.37, was

realized, however. The results of the left out site predictions are given in Table 3.3.
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Note, however, that the observed compositions represent a sample of individuals
from a population described by a true composition. The predictions are targeted at
these true compositions. So, the prediction is not trying to estimate the observed
value, but the true unobserved composition. We are merely trying to get a sense of
accuracy by comparing the prediction to the observation. In general, however, the
point estimates reflected the overall percentages observed at the sites and all of the

observed values were contained in the HPD intervals.
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Table 3.3: 95% HPD intervals for interaction coefficients for stream invertebrate feeding type analysis. Feeding types are

given in Table 3.1.

Feeding Type

Covariate

CcG*

CF

GZ

EP

SH

oT

% Wood
Alkalinity
% Barren

Area

Elevation

Precipitation

Crossings

(-0.805, -
(-0.667,
(-0.254,
(-0.178,
(-0.377,
(-0.501,

(-1.230,

0.057)
0.270)
0.457)
1.154)
0.418)
0.420)

0.145)

(-0.594, 0.067)
(-0.590, 0.240)
(-0.206, 0.428)
(-0.549, 0.653)
(0.120, 0.845)
(0.199, 1.016)

(-0.882, 0.342)

(-0.076, 0.273)
(-0.370, 0.072)
(-0.186, 0.151)
(-0.379, 0.250)
(0.034, 0.419)
(0.001, 0.444)

(-0.428, 0.217)

(-0.226, 0.184)
(-0.467, 0.053)
(-0.220, 0.176)
(-0.614, 0.121)
(-0.071, 0.371)
(-0.072, 0.444)

(-0.609, 0.142)

(-0.650, 0.138)
(-0.345, 0.615)
(-0.888, -0.048)
(0.041, 1.394)
(-0.534, 0.201)
(-0.392, 0.546)

(-1.079, 0.283)

*In this analysis, the CG feeding type was used as the reference category, therefore, the interaction coefficients are set to zero for all covariates.
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Table 3.4: HPD intervals for the off-diagonal elements of the inverse covariance matrix Wy.

% Wood
Alkalinity
% Barren
Area
Elevation

Precipitation

Alkalinity

% Barren

Area

Elevation

Precipitation

Crossings

(0.007, 0.243)

(-0.005, 0.001)

(-0.060, 0.148)

(-0.048, 0.130)
(-2.867, 2.339)

(-0.103, 0.054)

(-0.029, 0.076)
(-0.976, 2.123)
(-0.101, -0.006)

(-1.086, 1.274)

(-0.059, 0.256)
(6.141, 16.300)
(-0.164, 0.111)
(-3.293, 3.738)

(1.091, 5.451)

(-0.062, 0.087)
(-3.077, 1.379)
(-0.057, 0.076)
(-9.191, -4.928)
(-0.129, 1.911)

(-1.828, 4.123)
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Figure 3.3: Data suggested chain graph for feeding type composition.
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Table 3.5: 95% HPD intervals for feeding type prediction at the five withheld Oregon stream sites. The results are given in
percentage form with the LN mode point estimates for each compositional elements located outside of the interval parentheses.
The observed count percentage for each category is given in the second row for each site.

Feeding Type®

‘uoissiwgad Jnoyum paygiyoad uononpoudal Jeyung -Jaumo ybuAdoo ayp Jo uoissiwiad ypm paonpolday

Site¢ CG CF GZ EP SH OT

454 78.0 (32.8,93.0) 2.9 (0.0°,28.8) 5.1 (0.0% 33.9) 5.9 (0.6, 15.7) 7.6 (0.2,26.2) 0.5 (0.0°, 5.6)
73.6 2.7 5.0 3.6 15.1 0.0

456 78.1 (32.1,90.1)  2.9(0.0°,22.8) 5.0 (0.0°,27.2) 6.0 (0.9,19.2) 7.7 (0.6, 37.6) 0.4 (0.0°, 3.4)
74.0 2.1 2.5 4.0 16.9 0.6

457 75.3 (38.4,92.9) 3.1 (0.0°,24.1) 5.6 (0.0% 19.1) 6.6 (0.9, 19.7 ) 9.0 (0.4, 29.3) 0.5 (0.0, 4.1)
84.0 0.0 0.9 4.7 6.9 3.6

461 75.5 (36.6, 91.7) 3.9 (0.0°, 15.3) 4.9 (0.0%, 23.9) 6.0 (1.1, 22.9) 9.2 (0.7, 34.4) 0.4 (0.0%, 2.9)
51.1 3.1 13.3 9.6 22.0 1.0

465 78.4 (51.1,96.1) 2.7 (0.0°, 15.5) 5.2 (0.0°, 8.4) 5.8 (0.6, 18.7 ) 7.4 (0.2, 24.1) 0.6 (0.0°, 3.5)
91.6 0.9 0.9 3.3 3.1 0.1

¢ Notation for feeding type categories is given in Table 3.1

® HPD intervals shown with a lower bound of zero have been rounded to three decimal places. Actual values are greater than zero.
¢ The full REMAP names for these site are preceded by ORST97.
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Chapter 4

STATE-SPACE MODELS FOR THE ANALYSIS OF MULTI-WAY
DISCRETE COMPOSITIONAL DATA

4.1 Introduction

In this chapter, we introduce an extension of the state-space model used previ-
ously for analysis of a single composition variable to a model suitable for the analysis
of multi-way compositions. As with the “univariate” discrete compositional data of
Chapter 3, multi-way discrete compositional data arise from multivariate counts
instead of a continuous multivariate vector. For multi-way compositional data sam-
pled individuals are classified according to two or more different categorical vari-
ables. Therefore, with multi-way discrete compositional data, one is interested in
the proportion of counts of a particular category of possible joint outcomes, or equiv-
alently, the probability that a randomly selected individual will belong to a certain
cross-classification, or cell.

Another interesting question that can be asked with multi-way discrete compo-
sitional data concerns the independence structure of the discrete variables used for
cross-classification. For example, if we have a two-way cross-classification of individ-
uals according to the discrete variables I and J, as with a single two-way contingency
table we are often interested in whether the classification of a random individual to
category ¢ of I is independent of the event that the individual is classified to cate-
gory j of J. In other words, we may be interested in whether separate probabilities

should be modeled for each cell, or whether a model of the form p;; = p;p; would
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be more appropriate, where p;;=Prlindiv. in cell (3,7)] and p; (p;)=Prlindiv. in
category i (j) of I (J)]. Even if independence of the classification variables is not a
primary research concern, it may still be appropriate to include some independence
structure to reduce the number of parameters and provide a more parsimonious
model.

As in Chapter 3 we will use the term site to index each multi-way discrete com-
positional observation. If one is interested in using a fully saturated model (complete
dependence among all classification variables) to estimate the true, unobserved cell
proportions or probabilities at each site, then, one can simply use the state-space
model developed in Chapter 3. This is accomplished by simply modeling all of the
cells as one large single composition. This is the approach used by Dominici (2000)
to combine several contingency tables, some with missing dimensions. In fact, the
saturated version of the model presented here can be re-parameterized to give the
model of Chapter 3. However, if one is interested in introducing some independence
structure to the cell probabilities, then an extension for the state-space model of
Chapter 3 must be constructed.

Aitchison (1986, pg. 324) introduces the analysis of independence for two-way
compositional data through a transformation of the composition similar to the log-
ratio transform (1.2). A Hotelling’s T test is then be performed on the mean of the
transformed compositions to test for independence. Aitchison (1986, pg. 326) also
comments that more complicated forms of dependence have a parametric expres-
sion in the covariance matrix of the logistic-normal (LN) distribution. Aitchison
introduces the notion that the LN model essentially represents a “random effects”
formulation of traditional categorical data analysis.

One major concern with Aitchison’s approach is that one is testing whether
the “average” composition possesses certain independence constraints. Fach re-

alized composition has zero probability of actually possessing these independence
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constraints. Therefore, we propose a random effects formulation of the Discrete
Regression (DR) model of Section 2.4. Our random effects formulation will allow
independency to be incorporated into a multi-way model through a graphical model
interpretation. This results in a model in which each realized composition will follow
any specified independence constraint. In addition, with the inclusion of covariates
for each site, the random effects extension will also possess Markov properties with
respect to a chain graph of the covariates, random effects, and classification vari-
ables.

In order to illustrate the graphical model approach for analysis of discrete multi-
way compositional data, we use a graphical model to analyze data concerning fish
species richness in the Mid-Atlantic Highlands region of the United States. The
U.S. Environmental Protection Agency (EPA) measures fish species richness as part
of the stream surveys conducted for the Environmental Monitoring and Assessment
Program (EMAP). The species of fish are categorized according to several traits.
Two very important traits for assessing stream impairment are habit and pollution
tolerance (McCormack et al., 2001). The habit classification has two levels, benthic
and column. Benthic species comprise those species living at, or near, the stream
bottom, and column species inhabit the vertical column of water. The pollution
tolerance classification has three levels, intolerant, intermediate, and tolerant. In
this chapter, we examine the multi-way composition of species habit and pollution
tolerance and its relation to several disturbance variables as well as some climate

oriented variables.
4.2 Model Formulation
4.2.1 Models for a Single Individual at a Single Site

In order to begin development of the multi-way composition models some no-

tation is needed. As opposed to the graphical models developed in Chapter 3, the
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discrete response variable is now truly a multivariate response. The notation ®
will denote the set of categorical response variables of which there are D possible
cross-classifications on the product space of the response variable levels. We use the
notation ye to index a specific cell in the product space of response variable levels.
The index yg can be thought of as a vector {ys : ¢ € ®} in which each element y,
corresponds to an element in ® and takes integer values from one to the maximum
number of categories for the discrete variable Y.

To begin the multi-way composition model formulation, we first consider a
model for a single individual at a randomly selected site. For each site, we are
interested in the dependence relationships between covariates that will be measured
at the site and the event that a randomly selected individual is cross-classified into
one of the D cells yg. In the analysis of fish species richness of Section 4.5, we are
interested in the event that a randomly selected fish species belongs to a certain
cross-classification of life-history traits. Let Yo = {Y} : ¢ € ®} denote the response
vector for a single individual, which takes one of the D vectors, say ys. In addition,
let X = (Xi,...,X,) denote a vector of observable covariates at the randomly
selected site. The vector X can also be written (Xr,Xa), where I' indexes the
continuous covariates and A indexes the discrete covariates. In terms of the vertices
of a chain graph, we have a chain graph with terminal chain components composed
of those variables in ® and an anterior set composed of the p explanatory variables.

We can now use the Discrete Regression (DR) model of Section 2.4 to specify
a joint density for (Yg,X) as f(ye|X)foq(x), where

f(yalx) = exp {aé(x) + 3 30 Brea(ys, xa) [ [ =4

fC® cCI' dCA YEC

+ZZZ%mMW}

~€T dCA m=2

(4.1)

and

fea(x) = exp {Z {)‘d(XA) + ng(xa)'xr ~ %X'r‘l’d(XA)Xr}} : (4.2)

dcA
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In (4.1), ag(x) is a normalizing constant with respect to Yg|x and Bf.4(ys,xa) and
wydm (Yo, Xa) are interaction terms which depend on ys and xa only through the
variables associated with the sets f C ® and d C A, respectively. In the response
portion of the model (4.1), interaction terms for which f = @ can, without loss of
generality, be set to zero (e.g. Bpcq = 0 for any ¢ C I" and d C A) as they do not
depend on ygs and will cancel with the normalizing term ag(x). The CG density
(4.2) is given in the matrix form in order to facilitate re-parameterization in our
proposed estimation procedure described in Section 4.4. As with the interaction
terms in the response model, \y(xa), M4(xa), and W4(xa) depend on xa only
through the subset of variables associated with the set d C A.

To complete the DR model we must impose some constraints to ensure identi-
fiability of the model parameters. To accomplish this, first select a reference cell of
Y, say y3, and a reference cell for the categorical covariates, say x3. Without loss
of generality, henceforth, we assume that y} and x}\ are appropriately sized vectors
of ones, indicating the reference cells are those indexed by the first level of all the
variables associated with ® and A. Now that the reference cells are defined, set all
interaction terms in (4.1) and (4.2) equal to zero if y, =1 forany ¢ € for zs =1
for any & € d. These zero constraints are analogous to the zero constraints of inter-
action terms in classic ANOVA models. By using these constraints we can interpret
the interaction terms as measuring interactions relative to the selected values yj
and xi. For example, given any response variable ¢ € ® and any two covariates
v €T, and § € A, a positive value for the interaction term G4,5(ys,xa)z, implies
that an increase in z, increases the probability that a randomly selected individual
will be cross-classified according to a cell where Y, = y, over a cell for which Yy =1
and the amount of increase depends on the categorical covariate X.

For the remainder of this chapter, we will consider only the homogeneous CG

distribution, where W4(xa) = O for d # 0. This restriction is identical to the
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assumption that the covariance matrix of the continuous variables is constant over
all of the cells. The model can be extended, however, to be non-homogeneous if
desired.

The CG distribution (4.2) is based on the premise that, marginally, the cat-
egorical covariates follow a log-linear model, while conditioned on the categorical
variables, the continuous variables follow a Multivariate Normal (MVN) distribution
with mean and variance determined by the realized categorical variables. Philosoph-
ically, in terms of a graphical chain model, this implies that the categorical covariates
precede the continuous ones in “causal ordering”. If it is theoretically more plau-
sible to model the continuous variables as “causing” or influencing the categorical
variables, then one could reverse the order of conditioning by modeling the joint
distribution of the covariates as a DR distribution where the categorical covariates
take the “response” role and the continuous covariates have a MVN distribution.

This leads to the “Iterated Discrete Regression” (IDR) model

fior(x) = f(xalxr) f(xr)

= exp {QA(XF) + Z Z Ccd(XA) Hx7

¢CT dCA y€Ee

M
D) D SCNEY

~y€l' dCA m=2

X fn(xr; pr, Zr),
where fn(-; pu, X) represents a MVN density with mean p and covariance . In-
teraction terms are set to zero as before to ensure an identifiable model. The joint

density of (Y, X) can be written as f(ya|X)frpr(X).
4.2.2 Single Site Models

Equations (4.1) and (4.2) describe a graphical chain model for sampling a single
individual at a randomly selected site. Now, we need to extend this model to account

for repeated sampling of individuals at one site. In order to construct a chain graph
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to depict dependence relationships we are interested in inference for the interaction
parameters of the model for one individual, (4.1) and (4.2); however, sampling
multiple individuals is necessary to estimate the interaction terms. Therefore, we
will now need to construct a likelihood model for sampling N individuals at a site if
(4.1) and (4.2) represent the joint density of an individual classified to cell ys and
covariates observed at the site where the individual is observed.

To construct a model for repeated sampling at a single site, we will first con-
dition on the realization of a site, which amounts to conditioning on the covariates.
Now, sampling N individuals at a site provides N realizations of the variable Y.
These N realizations can be summarized into a D vector of counts ¢ = {c(ys)},
where ¢(ye) represents the number of individuals that were cross-classified into cell
y&. The count vector ¢ represents a complete and sufficient summarization of the
N individual responses, so we can model the counts in order to make inference to
(4.1). We model the count vector ¢ with a multinomial distribution. For a fixed site

sample size N, the joint distribution for the counts and covariates is

fle,x) = far(cx) foo(x)

- e { Tt oo

where f(ys|x) is given by (4.1). If, however, sampling of individuals is carried out

(4.4)

in a way where N is random and could be modeled with a Poisson distribution with
mean £, then each category count will have independent Poisson distributions with
mean s f(ys|x) (Rohatgi, 1976, pg. 200). For a Poisson(x) random sample size, the
joint density of ¢ and x is given by

f(e,x) = fp(c|x) foa(x)

kf(ye|x)}eve) enf(yelx) .
H{ fy ‘ )} )' ! XfCG(X)- (4 5)

If it is desired, the IDR model could be used for the covariate distribution in (4.5)

instead of the CG model.
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The joint models in (4.4) and (4.5) for counts and covariates are different than
the standard sampling scheme for a mixed variable graphical model. Usually, every
individual sampled generates an multivariate observation of categorical and contin-
uous variables. Here, however, there is only one observation of the covariate vector
for all of the individuals observed at a particular site. The present sampling scheme
is analogous to replication of an experiment at the same factor levels at each site.

The multinomial model (4.4) is quite self-explanatory in terms of what we would
like to model. We are interested in modeling the true composition of individuals
at a site. This composition is represented by the D probabilities f(ye|x). In the
Poisson model, however, another parameter, x, has been added. This parameter
is of no interest as far as determining conditional dependence relationships, but, it
has to be estimated well for each site in order to have a model that fits the data
adequately. Therefore, we propose two parsimonious modifications to the Poisson
model that will prove useful when many sites are sampled.

First, the total number of individuals observed at a site may depend on the
same covariates which are being used in the graphical model. So, we can model the
mean number of total individuals observed, &, using the linear model

M
logk = Z Z Bea(xa) H zr + Z Z Z Wodm (XA )2 (4.6)
¢CT dCA vee ~vel dCA m=2

This produces a log-mean model for the cell count ¢(ys) given by

log{xf(ye|x)} = Z Z Z Bred(ys,Xa) Hl‘v

fCP cCI' dCA YEC

Y D DD wrimysxa)al

FCP vel' dCA m=2

(4.7)

Once again, the interaction terms depend on ys and xa only though the subset of
variables in f and d respectively. If f = () then the interaction term does not depend
on the cell yg, but it is not necessarily assumed to be zero as first defined for (4.1).

In order to ensure identifiability, again, interaction terms are set to zero if yy = 1 for
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any ¢ € f or 5 = 1 for any § in d. The normalization constant ag(x) was dropped
because it is independent of the response categories and can therefore be absorbed
into the parameters for the x model. A similar approach is used for contingency
table log-linear models when a random sample size is assumed (Christensen, 1990).

Another approach to modeling the x parameter is to use covariates related to
the sampling protocol. For example, covariates such as sampling effort at each site
may be used to model the total site counts. These types of variables are usually
not scientifically interesting as far as modeling compositions, however, they might
prove valuable for modeling the total number of individuals observed at a site. This
type of Poisson model is not used in graphical log-linear modeling due to the fact
that there is only one sample of individuals. Compositional data will have multiple

samples that might be modeled using external sample design covariates.
4.2.3 Random Effects Discrete Regression

In Section 4.2.2 we describe a model for a single randomly sampled site. Now,
we will extend this model to account for possibly hundreds of randomly selected
sites. For each site, a separate graphical model could be constructed, but this would
increase the number of parameters to be estimated to an unmanageable level. In
addition, the differences in non-zero parameter values are not of primary interest
in determining Markov relationships for a graphical model. Therefore, we propose
a global graphical model for all sites that allows site-to-site flexibility in some of
the non-zero parameter values. With the added flexibility, the model can adjust
to fit the data more adequately. In order to add this flexibility, as well as model
the randomness in site selection, we introduce a random error term to the response
model (4.1).

The addition of a random effect to the response model (4.1) produces a full

model for Yg, X, and the random effects € of the form

f(}’@,x, 6) = fRE(y@{Xa G)fc(;(x)f(é). (48)
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Since there is only one observation of the explanatory variables we will leave the
model for the covariates, fce(x), as it is given in (4.2). The response portion
fre(yo|x, €) of the random effects Discrete Regression (REDR) model is modified

by the addition of a random intercept term to give,

frE(Ye|x, €) = exp {O@(X) +3 3N Brea(ye, xa) [ [ 2

fC'I> cCI' dCA YyEC (49)
IS (e ke + Y }
fC® vel' dCA m=2 fce

where €;(ys) = 0, if y4 = 1 for any ¢ C f, to ensure identifiability. In order to
allow modeling of a given independence structure for the multi-way response, we
also introduce one other constraint on the random effects. If f is not complete (see
Section 2.1) in the graphical representation of the desired independence structure,
then all of the random effect terms in €¢(yqe) are defined to be 0 for all cells ys. The
remaining random interactions €; = {e7(ye) : Yy # 1 for any ¢ C f}, for f complete
in the graphical representation of the desired independence structure, are given a
multivariate distribution with mean 0 and covariance (or scale parameter) 3. For
now, we will consider each of the random effects vectors as being independently
distributed. In Section. 4.3.3, however, we will show that this restriction can be
relaxed to some degree.

The introduction of random error terms in the manner given in (4.9) has three
benefits. First, the model can adjust for site-to-site variability. Secondly, the model
will automatically add some level of overdispersion to cell counts. Finally, every
realization of the random effects provides cell probabilities that maintain the de-
sired independence relationships among the response variable, as well as between
the response variables and the site covariates. To see this one can simply calculate
the Hammersley-Clifford interaction terms described in the proof of Theorem 2.2

and illustrated for DR models in the proof of Proposition 2.7. For each realization
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of the random effects in (4.9), all of the interaction terms will remain the same
as those calculated in Proposition 2.7, except ¢spup(Yo,Xa) = Broo(ye) + €7(Yo)-
Therefore, since €7(ys) is set to zero for sets f that are not complete in the graph-
ical representation of the desired independence structure, the cell probabilities will
factor according to that structure with probability 1. This provides an improvement
over the approach of Aitchison (1986), since each site can be fit with a model that
possesses a given independence structure, one is not just examining the “average”
composition independence structure. Using the Aitchison approach, a fully depen-
dent structure could best fit the data at each site, while the “average” model may
provide some evidence for independence, giving a misleading inference.

In the REDR model description we have left the error distribution vague. We
believe that different situations may necessitate different error structures. If it is
reasonable to assume that the error structure is symmetric with few outliers, then a
MVN distribution may be reasonable. In this case, the cell compositions will have
a LN distribution. However, other distributions could be used. For example a mul-
tivariate ¢ distribution with k degrees of freedom could be used if it is desirable to
have an error with heavier tails. It may be desirable to use the ¢ errors instead of
normal errors if there is a high level of overdispersion in the cell counts. For the
remaining discussion of the random effects DR model we will assume a MVN distri-
bution for the random effects (i.e., f(ey) = fn(€f; 0,3¢)); however, the theoretical
results will remain the same for the ¢ error model.

Now that we have added random effects to the response portion of the model,
the likelihood for the response variable cell counts given the covariates x changes
slightly from that given in (4.4) and (4.5). The likelihood model for the response
variable cell counts ¢ given the covariates x, the total number of individuals observed

at a site, and the random effects is

el ©) = e T sl 9%, (4.10)

Yo c(y@) Yo
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where frp(yo|X, €) is given by (4.9). Similarly, for a random total number of indi-
viduals, the Poisson model including random effects simply replaces the DR response
f(ya|x) with the REDR response model fre(ys|x,€) in (4.5).

Now, we focus on the multiple site likelihood for the explanatory variables.
Assuming that the covariate observations are independently distributed and follow

a homogeneous CG distribution, we obtain the multiple site explanatory density

s
f(xla-'wXS) :HfCG(XilA7n)III(0)7 (411)

i=1
where x; denotes the set of observed covariates for¢ = 1,...,.5 and A and 7 represent

the collected parameter sets {A\g(xa) : d € A} and {n,(xa) : d C A}. Extensions to
this model, such as accounting for correlation of covariates over space, are discussed
in Section 6.2.2.

We now re-parameterize the homogeneous CG density in (4.11) into a more
useful form. First, we break the CG density into a marginal model for the cate-
gorical components of the explanatory variable set and a conditional model for the
continuous components. We then re-parameterize the conditional Gaussian distri-
bution into an ANOVA like form. This re-parameterization gives the following form

for the homogeneous CG density,
foa(x) = f(xa)f(xr|xa)

= exp {Z )\d(xA)} X —\/12:71"‘1’0'1/2

dCA

X exXp {% <XI‘ - Z Td(XA)) \Ilq) <XI‘ - Z Td(XA)) } )

where Wy represents the inverse covariance matrix for the continuous variables,

(4.12)

which have a MVN distribution, T4(xa) = ¥, 'n4(xa), and Xp(xa) represents a
normalizing constant in the log-linear model for xa.
Define the vector of cell counts ca = [c(xa)], where c(xa) is the number of

sites for which the categorical covariates XA = xa. Using the re-parameterization
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of the CG density in (4.12) we can write the joint density of the covariates over all

sites (4.11) as
s S
Hf(XAi)} X {H fN(XFi|XAi)}

g \
(H C(XA)!) fualeal) (419)

s
x HfN (Xri; ZTd(XAi), \110> ,
i=1 dca
where the explanatory observation at the ith site is given by x; = (xa4, Xr;) and

fu(calA) is the multinomial density

c(xa)
fM(CA|A) = H—i‘é;A—)' Hexp {Z Ad(XA)} . (414)

dCA
The full likelihood for parameter estimation in the REDR model (4.8) is ob-
tained by combining the likelihood for response variable cell counts at each site

(4.10), the random effects density, and the explanatory variable likelihood (4.11).

f{eih {x:}, {e}) = HfM(CiIXi,ei)fCG(Xi)fN(ei)
s s
=[] fulcilx:) x K(ca)fau(ealX) x [] fv (Xn’; D ra(xai), ‘1’(0)
i=1 i=1 dca
s
< [T I /v (esis 0,),
i1 7Co

(4.15)
where ¢; is a D vector of response variable cell counts for site i, x; is a vector
of observed covariates, ca is a vector of cell counts for the categorical covariates,
K (cp) is the inverse of the multinomial coefficient in fas(ca|\), and €; represents the
collection of random effects vectors {€s; : f C ® and f complete} for the ith site.
If the number of individuals sampled at a site should be considered random, then

the multinomial distribution fas(c;|x;) could be replaced with the Poisson model as
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in (4.5). It should be noted that all of the random effects vectors for a given site
€s,; are modeled as independent random variables in (4.15). This can be relaxed to

some degree and will be discussed in Section 4.3.3.

4.3 Markov Properties of Multi-Way Composition Models

Now that we have defined the Random Effects DR (REDR) model (4.8), it
is of interest to know what conditions determine the Markov properties of this
distribution. In addition, it is also of interest to determine how these properties
change when the distribution is marginalized over the random effects.

So, we begin with the first question. One can observe from (4.9) that the
random effects have exactly the same mathematical effect on the response as the
interaction terms of the observed covariates. Therefore, we define an extended chain
graph G¢ where the random effects are included as parents of the response variables
and are marginally independent of the observed covariates. The graph is represented
by a set of vertices for the observable covariates and a set of vertices for the random
effects and a set of vertices for the response variables. There are directed edges
from observable covariates to the response. There are undirected edges between
the response variables as well, depending on their conditional dependence structure.
Also, for each f € ® there is a directed edge from € to y4 for every ¢ € f. Since the
random effects are marginally independent of the observed covariates, there are no
edges between the covariates and the random effects. Figure 4.1 gives an illustration
of two possible extended graphs for a two variable response vector, (a) one where
both components of ® are connected, and (b) one where the components of ® are not
connected. In addition, for now we will consider each €, f C @ to be independently
distributed, so, there are no edges between the random effects. As mentioned earlier

this will be relaxed to some degree at a later point in Section 4.3.3.
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Xo Y,

Figure 4.1: Example of an extended graph G for random effects Discrete Regression
models. Here, (a) represents an extended graph for two response vertices that are
connected, therefore, €1, €;, and €; o are all parents of ® and (b) is an example of
an extended graph for vertices in & that are unconnected, therefore, only €; and e,
are parents of ®. In, (b), by definition, € 9 is defined to be a zero vector.

We now provide a proposition that describes necessary and sufficient conditions

for a REDR distribution to be Markovian with respect to a given extended graph
ge.
Proposition 4.1. A REDR distribution P, given by (4.8) is G¢ Markovian for a
given extended chain graph G¢, if and only if the interaction terms and random
effects in (4.8) satisfy the following conditions where f C ®, ¢ C T, and d C A:
1. (a) Btca(yo,%xa) =0 in (4.9) unless fUcUd is complete in G¢ for c, d # 0,
(b) Wivim(Yo,%a) = 0 in (4.9), form = 1,...,M, unless f U {y} Ud is
complete in G,
(c) €;(yo) = —Bron(ye) in (4.9), with probability 1, for all cells yo if f is
not complete in G¢.
2. (a) Mi(xa) =0 in (4.12) unless d is complete in G,
(b) Tay(xa) = 0 unless dU{~} is complete in G¢, where 74,(xA) is the element

of the vector T4(xa) in (4.12) associated with X, and v € T,

(c) Yiyuy = 0 unless {u,7} is complete in G¢, where Y,y is the (u,7)
off-diagonal element of ¥y in (4.12) and p €T.
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Proof. To prove Proposition 4.1 we will show that the conditions presented are
necessary and sufficient for a REDR model P (4.8) to have Gibbs factorization with
respect to G¢ according to Proposition 2.6 and hence show that P is G¢ Markovian.
Upon examination of the second set of conditions 2(a) through 2(c), one can ob-
serve that they are necessary and sufﬁcient for factorization of the marginal density
of X and € on the subgraph (G¢);ruaue}- The second set of conditions are essentially
a re-parameterization of the necessary and sufficient factorization criteria for the CG
density parameterized by (4.2) (Lauritzen and Wermuth, 1989, see Proposition 2.5).
Condition 2(b) reflects the change in parameterization from (4.2) to (4.12). Condi-
tions 2(a) - 2(c) satisfy Proposition 2.6 for the initial chain component I' UA U e.
Since, the random effects {€; : f C ®} are marginally independent from each other
and X by construction (see Section 4.2.3), f(x,€) = foa(x)[I;co f(€f) factors
according to (G°)ruauey if and only if fog(x) factorizes according to (G)(ruay-
Now, all we need to show is that frp(ye|x,€) factorizes according to com-
plete sets in {(G)qs)}™ to complete the factorization of the REDR distribution
P according to Proposition 2.6. In order to show this we will follow a similar ap-
proach as in the proof of Proposition 2.7. First, note that if conditions 1(a) though
1(c) hold, then P is a function only of complete sets in {(G¢)a(a)}™, since the par-
ents of ® are complete. Now, if we calculate the Hammersley-Clifford interaction
terms for the REDR model P in the same manner as in the proof of Proposition
2.7 for the DR model, we see that the interaction terms are identical except for
Propn (Yo, €) = Broo(ya)+es(ys). Now, if it is assumed that P is G¢ Markovian, then

druoun(Ys, €) = 0 for all values of yo and €s(ys). Therefore, €f(ys) = —Bron(ys)
with probability 1. O

The second question, how do the Markov properties change by marginalizing

over the random effects, is a more challenging question due to the fact that the
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model form prohibits analytical integration. Unfortunately, independence relation-
ships between the response variables are not generally preserved when marginalizing
over all of the random effects. In certain instances, the random effects can act as
a mixing distribution. Marginalizing over the random effects has the potential to
destroy conditional independencies between response variables. Some model struc-
tures, however, are “preservative” in the sense that when one marginalizes over the
random effects, the independence relationships between and within the covariates
in I’ U A and responses in & are preserved. These model structures are explored

further in the next section.
4.3.1 Preservative REDR Models

There is a sizable class of models for which a specified independence structure
is guaranteed to be preserved when integrating the multi-way REDR density (4.8)
over the random effects in (4.9). We term this class of models preservative due to
this property. This class of preservative REDR models is defined by the following

two conditions,

(1) All connected components a,, ¢ =1,...,Q, of ® in G° are complete, where Q
represents the number of connected components in P,
and

(2) Any 6 € T'U A that is a parent of ¢ € q, is also a parent of every other

pE€a, g=1,...,Q.

Formulation of REDR models in this fashion essentially allows the vector variables
Y., ¢=1,...,Q, to function as a single unit when examining independence rela-
tionships.

Some useful independence models are members of the class of preservative
REDR models. The first, obviously, is the completely saturated model, where all

of the members of ® are connected and complete and any parents of ® are parents
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of every member. This does not mean that all covariates must be parents of every
response variable, only that those covariates that are parents must be parents to
every response variable. Another useful set of models is the completely independent
response model. If all responses are conditionally independent of one another, then
there is no restriction on the covariates as to whom they must be parents of in order

to preserve response conditional independence.
4.3.2 Markov Properties of Preservative REDR Models

Now, we will demonstrate that if the conditions of Proposition 4.1 are satis-
fied for a REDR model with respect to a preservative extended graph G¢, then the
marginal distribution (Ye, X) is G = (G°)y\« Markovian. Therefore, when inter-
est lies only in the inference of dependence relationships between and within the
covariates and response, the random effects can simply be ignored in the graphical

representation.

Proposition 4.2. If P is a preservative REDR model as described in Section 4.8.1,
and P is Markovian with respect to the extended graph G¢, then the marginal distri-

bution of the covariates and responses, Pyurua, 8 G = (G)v\« Markovian.

Proof. If P is a preservative REDR model and the conditions of Proposition 4.1
are satisfied for an extended chain graph G¢, then we only need check that the
conditional density of the response variable Yq factorizes on (Gus))™ according
to Theorem 2.3(3) when the density is integrated over the random effects. The
conditions are necessary and sufficient for the factorization of the covariate density
since the random effects are independent of the covariates. Since the conditions of

Proposition 4.1 are satisfied, we can write the conditional density of (Y¢| X, €) as

frE(Ya| %, €) H H H Vied(Yo, X, €f)

fC® cCT dCA

Q
= H H 2paq?’q (yaq’ Xpg> eaq)’

9=1 pgCpa(aq)

(4.16)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



109

where t7c4() is a Hammersley-Clifford interaction term calculated as in the proof
of the Hammersley-Clifford Theorem (Theorem 2.2),
Vagpy (Yaqs Xpy» €ag) = H Vicd(Ya, X, €f), (4.17)
fCaq

and pa(a,) € I'U A represents the set of covariates that are parents of the response
variables y,, . The interaction terms 1),,, reduce to functions of only the parents of
a, since those interaction terms including covariates that are not parents of a, will
be equal to 1.

Now, using the independence of the random effects, we can integrate out all of
the random effects to obtain the conditional density of Yg given X,

sk =TT TI Lt )i,

9=1 pqCpa(aq)

(4.18)
- H H haqpq (Yaq ) qu ) .
g=1 Pq gpa(aq)
Since P is a preservative REDR model, every set a,Up,, ¢ =1,...,Q, is complete in

the graph {(G)v\c}™. Therefore, the conditional density f(ys|x) in (4.18) factorizes
on {(G¢)v\¢}™, which, together with the fact that f(x) factorizes on the subgraph Gx
of the covariate chain component, proves that the joint density factorizes according

to Proposition 2.6 and hence, according to Theorem 2.3(3). O

In the situation where the model of interest is not a preservative model, integra-
tion over the random effects can still be carried out. Any REDR model is Markovian
with respect to a “preservative” graph. All that needs to be done is to create a graph
from the graph G¢ for which the non-preservative model is Markovian by completing
all connected response variable components and adding a directed edge from every
parent of a connected response component to every other member of that com-
ponent. Since we are adding edges, the original REDR model will be Markovian
with respect to this new supplemental graph, since it will still factorize according

to complete vertex sets. We can then proceed as shown in the proof.
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4.3.3 Correlated Random Effects and Preservative Models

It is possible to generalize the REDR model to allow some degree of association
between the random effects for preservative models. In the proof of Proposition 4.2
we used the fact that the random effects vectors were independent from one another.
Upon examination of the proof, however, it can be observed that if elements of €; and
€y are correlated for each f and f' C a4, then the results will remain the same. We
can therefore marginalize over random effects that are correlated, and still preserve
the associations between the responses and covariates, if all of the correlation occurs
between random effects associated with the same complete response component.

In Chapter 3, we proved that the single composition models are preservative in
that one can marginalize over the random effects without destroying the conditional
independencies. It is also a preservative model by the definition in Section 4.3.1 since
it has only one response. It is tempting to conclude at first that the saturated multi-
way model is, aside from a combination of parameters, just a single composition
model. This is not, however, true in general. A saturated multi-way model is
actually more restrictive than a single composition model applied to all of the cells
because it has fewer parameters. Actually, one needs to allow dependence among
the random effects to be able to obtain equivalence of the single composition model
or all the cells and a saturated multi-way model. Therefore, we can now allow
correlation between random effects of connected response components. If the model
is a preservative REDR model, the independence relationships will be maintained.
In addition, the saturated preservative model will correspond to a single composition

model for all of the cells.

4.4 Parameter Inference

In order to make inference about the parameters in the multi-way REDR model

(4.8), we adopt a Bayesian approach for parameter estimation. The hierarchical
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structure of the multi-way REDR model makes Bayesian procedures particularly
attractive. There are a large number of unobserved random effects that may or may
not be considered nuisance parameters. If one is interested in dependence relation-
ships between the observable covariates and the response variables, or dependence
relationships between the response variables given the covariates, the random effects
are usually considered nuisance parameters. As presented in the previous section,
these random effects can be marginalized over in some cases without affecting the
Markov properties of the joint distribution of the response and covariates. If, how-
ever, the unobserved compositions at all, or some, sites are of interest then estimates
of the random effects are necessary for each site to calculate an estimate of the true
site composition. In some cases, however, interest lies in predicting compositions
at sites that are not measured for response, but only covariates are obtained. Es-
timates of the random effects for that site are necessary for estimation of the site
composition. Modern Bayesian computational techniques can handle all of these
goals with little modification.

Bayesian inference for graphical composition models proceeds by first defining
a prior distribution for the parameters of the model 7(3, w, A, T, ¥y, ). Here, we
have removed subscripts in order to ease notational burden. For example, 3 refers
to the entire set of parameters {Bfci(ye,%xa): f S @, cCT, and d C A}. We will
frequently use this shorthand notation when referring to parameters of the same
type in the remainder of the chapter. Assuming that the observations at each site

are independent, the posterior distribution of the parameters and the random effects
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is given by

S
prSt(IB7w7A7Ta‘p@)2a{e} | {C}’{X}) S8 HfM(c’ilﬁ’w’Xiﬁei)

=1

X fM(CA|S, A)

S
X HfN(XI‘i|XAi>Ta Wy) (4.19)

1=1

S
x [T 11 faleril=y)

i=1 fC®
x ﬂ-(ﬂ’ w’ A? T’ ‘1’0’ 2)’

where {€} = {&; : i =1,...,5} {c} ={c;: i=1,...,5}, and {x} = {x; :
i =1,...,58}. In (4.19), the conditional distribution of the cell counts at each
site, far(ci|B, w, %, €;) can be modeled with the multinomial likelihood formulation
as shown or with the Poisson formulation (4.5) if the total site count should be
considered random.

The posterior distribution (4.19) is a non-standard distribution, therefore, ana-
lytical inference for posterior objects of interest such as expected values and credible
intervals is not possible. We will draw a sample from this distribution using Markov
Chain Monte Carlo (MCMC) techniques. Robert and Casella (1999) provide an in-
depth overview of MCMC techniques. Specifically, we will be using a Gibbs sampling
approach (see Chapter 7 of Robert and Casella (1999)).

We can obtain simplification in the analysis of the posterior distribution by
noting that if we impose the a priori independence of the CG parameters with the
remaining parameters, 7(8,w, A\, 7, ¥y, X) = 7(B,w,X) x w(A, T, ¥y), then the

posterior distribution becomes

fpost (B, w, A, 7, ¥y, X, {e} | {c},{x})

X [H ful(ci | B,w,x;,€) {H f(efi|2f)}

fce

(B, w, X)

) (4.20)
X [HfN (xri | Xai, T, lIl@)] Fa(ealS, N)w(A, T, ¥y)

i=1

X fpost(ﬂ:"‘J?E?{e} l {C},{X}) X fpost(}‘7T>‘Il(0 ‘ {X})
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Therefore, the parameters of the explanatory portion of the graphical model and
the parameters of the response portion of the graphical model are a posteriori
independent. This simplifies the analysis of the posterior distribution because two
separate MCMC analyses can be performed, one for each chain component. In fact,
this type of sequential estimation is often used to estimate chain model parameters
(Whittaker, 1990, pg. 310).

Another benefit of posterior independence is that the explanatory portion of
the model will remain the same even if other response variables are analyzed. One
need only examine the explanatory model once. Then, models for different sets
of responses can be fit by analyzing each response portion separately. The full
chain graph for each model can be constructed using the same subgraph for the
explanatory variable chain component and then simply adding the directed edges

and response components based on the set of responses being analyzed.
4.4.1 Hierarchical Centering Parameterization

Here we present a modification to the response model parameterizations pre-
sented in (4.9). When using a Gibbs MCMC procedure, the Markov chains for re-
gression coefficient parameters, such as 3 and w, in random effects generalized linear
models are often slow to converge to the marginal posterior distribution (Chen et al.,
2000, pg. 40). It has been our experience that this is also the case for graphical com-
position models. Therefore, we will use a hierarchical centering parameterization,
as suggested by Chen et al. (2000), to help reduce the problem of poorly mixing
chains for the regression coeflicients 8 and w.

In order to describe the hierarchical centering parameterization, first recall the
response portion of the REDR distribution (4.9). Now, we introduce a shortened
notation for the “fixed” effects portion of the response model for each f C @,

py(ye) = Z Z Brea(yao,Xn) H Ty + Z Z Z Wiydm (Y&, XA) L] (4.21)

cCI' dCA yEC y€I' dCA m=2
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Then, we propose the following hierarchically centered re-parameterization of (4.9),
a(yele) = exp {Z w(w)} , (4.22)
fce

where ¢¢(ys) = ps(yo) + €7(ys), f # 0 and gy represents the log normalizing

constant with respect to Y given ¢,
pp = —log [Z exp {Z w(m)” , f#0. (4.23)

Ya fce
If the assumption is made that €y ~ fy(0, X) for f C ® that are complete, as
portrayed in (4.15), then @, = {¢;(yo) : yg # 1forany ¢ C f} ~ fn(us, Zy),
where pt; is the vector [1f(ys)]. Here we have simply changed the random effects €
from a zero mean process to a process, ¢, centered at the fixed effects p1;. In the
case of generalized linear mixed models there is no theoretical result to show that
this will improve convergence of the MCMC procedure. It has been our experience,
however, that the re-parameterization often greatly improves convergence for these
models.

We now provide a general parameterization of the full posterior distribution
which we recommend using when employing MCMC techniques to make inference

concerning the model parameters,

ff,'gst (B,w, A\, o, {p;} | {c:}, {x:})
X [H f(h)(cz‘|‘Pi) {H fN(‘Pfi'/BfawfaZfaXi)}] (B, w, X) (4.24)

i=1 fco
s
X {H fN(XFileiJ T, \I’@)] fM(CAlA)W(Aa T, \Il)
i=1
Once again, fM(c;|e;) in (4.24) can take one of two forms. If the total number
of individuals observed at a site is fixed, or should be considered fixed, then the
multinomial density,
N,

(h) f
ci|Ni,pi) =
w (@lNe ) = e

[T f8(ye)tve (4.25)
Yo
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is used, where ¢(yg); is the count for cell ys at the ith site. If, however, the site

total is random, then the independent Poisson model,

{ngrp ‘Pf(y@)}C(yé)i exp {Efgcp ‘Pf(YQ)}
c(ye)i!

el =11

ye

(4.26)

is used where @p(ys) = 0. A slight modification must be made to p(ys) for the
Poisson model. In order to include a model for the total number of individuals at
a site, an intercept up(ys) term, possibly of the form (4.6), must be added to all
rlys) in (4.21).

A few comments concerning this re-parameterized model are in order. First,
under either parameterization, the full count likelihood, as well as the REDR density,
remain unchanged when integrated over the random effects. One can see this by
observing that the transformation from (3,w,€) to (B,w, ) has a Jacobian of 1
since € = @y — p;. Therefore, we obtain

f(CZIXZ,,B,QJ) = //f(h)(czlcp) Hf(ipflﬂf,Wf,Zf,xz)d(Pf (427)

fce

= [ [ £l we) [T stelo 2 ey (4.28)

jce
and

fvalx) = [ [ 180wele) [T foBpwr, Bpxdde; (429

fce

= / / fre(yelxi, €) [ £(es0, Z)de;. (4.30)

fco
These equivalences suggest two additional results. The first result is that the
marginal re-parameterized model model (4.29) possesses the same Markov proper-
ties as as the integrated REDR model (4.30) (see Section 4.3). Prior to integration,
however, the Markov properties for the two parameterizations are different. For the

original parameterization, the model is Markovian with respect to a chain graph
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where the explanatory variables and the random effects are unconnected parents of
the response. For the hierarchically centered parameterization, the model is Marko-
vian with respect to a chain graph where the explanatory variables are parents of
the random effects which are in turn parehts of the response variable. The second
result is that since the integrated likelihoods in (4.27) and (4.28) are equivalent, the
marginal posterior distributions of 3 and w will be equivalent under either param-
eterization. This can also be observed empirically by the fact that upon drawing
a sample from the posterior distribution of (3,w, ) one can easily transform the
sample values to (3,w, €), thus obtaining a sample from its posterior distribution.
The B and w values remain unchanged, therefore, any marginal posterior quantities

calculated also remain unchanged.
4.4.2 Implementing the Gibbs Sampler

In order to implement the Gibbs sampler to draw a sample from (4.24) we need
to obtain the full conditional distribution for each parameter. The full conditional
distribution is the conditional distribution of the parameter in question given all
remaining parameters as well as the observed data. A (non-independent) sample
from the posterior is then drawn by iteratively drawing from each full conditional
distribution. We derive the full conditional densities in two separate groups due
to the fact that the full conditional densities for the response model parameters,
B, w,{;}, and X, will not be functions of the explanatory model parameters A\, 7,
and Wy, as can be observed from (4.24). Therefore, we can make inference to the
response model parameters using only the first factor on the left hand side of the
proportionality, while inference to the explanatory portion of the chain graph uses

only the second factor.

Response Model Conditional Densities
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Before deriving the full conditional densities we introduce some notation to
ease the calculations. First, we will use the notation E to refer to a matrix that
has S rows and has the following: a column of ones, a column corresponding to
each of the explanatory variables, a column for each interaction and powers of the
continuous covariates as given in (4.9). If a covariate X5, § C A, is a categorical
variable with b levels, then it will be represented by b — 1 columns of indicator
variables in E, where each column indicates, with a one or zero, if X; takes the
associated level at site . The column associated with the reference level X5 =1 is
not included. We will denote the number of columns in E by r. In linear regression
terminology, E represents the design matrix. The vector E;, i = 1,...,.S will denote
an r vector formed from the ith row of E. In addition, let D; denote the length
of ¢;(ya) and let By represent an r X Dy matrix of all the interaction coefficients
{Brea(ys) : ¢ CT, d C A} and {wsyim(¥o,%Xa) : 7y €T, dC A, m=1,...,M} such
that the expected value (4.21) of the site 4 random effect ¢, ; is given by p; = B} E;.
The “stacked” version of By will be represented by By,. The stacked version is a
rD; x 1 vector where the columns of B have been concatenated in order. Although
previously described as the collection of all random effects, ¢, will now specifically
represent a S X Dy matrix of these random effects and ¢;; is a Dy vector formed
from the ith row of ¢;. Finally, we will make use of the inverse of the Dy x Dy
random effects covariance matrix Ty = E;l.

Now we can begin to derive full conditional distributions for the parameters
of the response model, the coefficients in the matrices {B; : f C ®}, the site
random effect matrices {¢ rifC ®}, and the random effects inverse covariance
matrices {Tf : f C ®}. The reader should note, as we derive the full conditional
densities, that in addition to the increased rate of convergence, the hierarchical
centering provides a Gibbs sampler that is easier to implement due to the fact

that the interaction coefficients as well as the random effects covariance matrices
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will have standard full conditional densities. In the non-centered parameterization
only the covariance matrices have standard full conditional densities. Here, we will
also make the assumption that for each f C @, the interaction coefficients and the
covariance matrices are a prior: mutually independent across all f. In other words,
(B, w, ) = [ljco (B, wys)w(Xy). Although, we have made this independence
assumption, it is not critical for the remaining derivations in this section. In fact,
the notational subscript f could just as easily be used to represent sets in ® for
which the parameters are independent. So, the results of this section will remain
virtually the same in appearance even if more parameter dependence is added.

We begin with the interaction coefficients in B for any f C ®. First, note that
due to the centering parameterization, given the random effects ¢, at each site
and the random effect inverse covariance matrix T}, the interaction coeflicients are
independent of the cell counts. If we let (8, wy) = 7(By,) = fn(Bys; ust,VE,;S)
and B; = (E'E)"'E'¢ s (correspondingly B/, represents the stacked version) then
the full conditional distribution of the interaction coeflicients is given as

1S :
f(Bys| ... ) ox exp {—§ Z (s — B}Ei) T ((pf,i — B'fE,)}
i=1

1
X exp {_§(Bf3 - I'I’st),Vst(BfS - “st)}

| A )
o exp {—-Z-tr T4(B; - B,/ E'E(B; - By)| }

X exp{—

1 ) )
= exp {—§(st - By,)(T; @ E'E)(By, — st)}

|

(Bye — s, YV, (Bs — uBfg}

1 )
X exXp {_E(st - I’I’st) Vst(BfS - I‘I'Bf_,)} )
(4.31)

where ® represents the Kronecker product. The second proportionality statement

for the random effects likelihood is due to Johnson and Wichern (1992, pg. 322).
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One can now complete the square to show that

f(stl ) = fN(st; I-l'f,lvvfj)v (432)

where the mean and covariance are given by
‘ . X
Py = [(Tf QEE) + Vst] [(Tf Q E'E)By, + VstuBfJ
and (4.33)
Vii=(T;@FEE) + Vg,
Therefore, in the Gibbs sampler, drawing samples of the interaction coeflicients is
relatively simple. Updating can be done for a single parameter at a time as well,
each one will have a univariate normal conditional density.

We now derive the conditional distribution for the inverse covariance matrix T'f
of the random effects ¢ ;. We assume, a priori, that Ty has a Wishart distribution,
fw(Ty; ag, K;), with prior parameters a > Dy —1, Dy X Dy positive definite matrix
Ky, and density

m(Ty) = fw(Ty; a5, Ky)

1 4.34
o< |T|@Pr=D/2 exp {-—gtr [Kfo]} . (4.34)

This is equivalent to specifying an inverse Wishart prior distribution for 3;. Now,
T; only depends on ¢ and By through the random effects distribution, which is a

MVN distribution. Therefore, we obtain the following full conditional distribution,
i=1

S
1
F(Ty| ) o< | T2 exp {—5 > (psi~BYE) T (s — B}Ez‘)}

1
X ‘Tf|(a—Df—1)/2 exp {_étr [Kfo]}

— |Tf|(a+S——Df-—1)/2

{ 1
X exp ——2—tr

S
Ty {Kf + Z(Sof,i - Blez')/(Sof,i - B/sz)}

=1

}

(4.35)
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It follows, then, upon examination of (4.34), the full conditional distribution of T
is given by |
F(Tyl ) = fw(T; ar1, K (4.36)
where the full conditional parameters are
ag1=as+ S

and (4.37)

Ky =Ks+ 25:1(90]*,1' - B’fEi)l(‘Pf,i - Blei)'
Therefore, just like the interaction coeflicients, the inverse covariance matrix T is
relatively straightforward to sample from in the Gibbs algorithm.
We now turn our attention to the final parameter that needs to be updated
during the Gibbs sampling algorithm, the vector of site random effects,¢ ;. Unfor-
tunately, the random effects do not have a standard full conditional distribution.

The full conditional density is given by

f(SOf,i| o) f(h)(cil‘Pi)fN(Qof,i; BIsz',T,Tl), (4.38)

where £ (c;|e;) is either the multinomial density (4.25) or the product Poisson
density (4.26). One can see from the full conditional density that for either cell
count likelihood model, Poisson or multinomial, the full conditional density is non-
standard. Therefore, we can employ a Metropolis-within-Gibbs step, as described

in Section 1.5.2, to sample from this full conditional distribution.
Explanatory Variables Model Conditional Distributions

We now derive the conditional distributions for the parameters in the explana-
tory variable CG model (4.12). One can clearly see that the categorical and con-
tinuous explanatory variable parameters are functionally independent. Therefore,

as with the initial separation of the response variable model and the explanatory
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variable model, we can again perform separate posterior analyses for the discrete
and continuous partitions of the explanatory model.

We begin with the analysis of the continuous variable model for xr given xa.
We will follow the same steps as for the interaction coefficients in the response model
described in the previous subsection. Let Ea represent a matrix with S rows, and
columns containing indicator variables for each variable categorical variable in"A
and all of the interactions d C A. Again, this is identical to the classic ANOVA
design matrix. The notation EA, will represent a column vector obtained from
the ith row of En. As with the interaction coefficients of the response model,
we will place the 7 parameters in a matrix B, such that B/Ea, = > ;ca Ta(Xa).
Again, we also denote the “stacked” version of B, as B,;. Now, using the prior
distributions 7(Bs) = fn(Brs; trs, Vie) and 7(¥y) = fw (Pg; ay, Ky) and a set
of proportionalities and equalities similar to those in (4.31) and (4.35), we obtain

the full conditional distributions

fBrsl o) = fv(Brs; Brs1, ViSh) (4.39)
and
f(Ty| ...) = fw(®y; ap1,Ky1), (4.40)
where the parameters are given by
Hran = (%0 © ByEn) + Vo] [ (%0 © BAEa)BL. + Vo]
Vis1 = (¥ @ EAEA) + V.,
Qyp1 = Gy + S, (4.41)
and
Ky =Ky + 30, {xri — Yaca Talxai)} {Xri = Cgca Talxai) } -

The final set of parameters for the explanatory variable model is A. As with the

random effects, Ay, d C A does not have a standard full conditional distribution.
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Here, we assume an independent multivariate normal distribution for each of the

non-zero elements of Ay, so, the full conditional density is given by

Fa(xa)l - ) o< fulealN) A By, Tx,), A S A, (4.42)

where f(ca|A) is the multinomial density (4.25). One can see that the full con-
ditional density is non-standard. Therefore, we can, again, employ a Metropolis-

within-Gibbs step.
4.5 Graphical Analysis of Fish Species Richness

Relating behavioral characteristics of organisms to environmental conditions at
locations in which they are found is been a challenging problem for ecologists (Leg-
endre et al., 1997). This problem was initially motivated by the n dimensional niche
hypothesis. The n dimensional niche hypothesis states there is an n dimensional
space upon which species unimodally distribute themselves according to environ-
mental adaptations (Ricklefs, 1990). The unimodal distribution of a given species
along an environmental axis implies the existence of an “environmental optimum”
for that species. The problem of relating species traits to environmental conditions
emerged from this hypothesis because distributions of specific species are usually
not of interest as they are often biogeographically constrained, thereby limiting eco-
logical inference to one geographic range. Analysis of functional traits and behaviors
rather than taxonomy provides a more portable inference to community structure
(Poff and Allen, 1995).

The initial attempts to describe these relationships involved the use of Canonical
Correspondence Analysis (CCA) (ter Braak, 1985). The CCA approach attempts
to ordinate each species along a set of environmental axes. Dolédec et al. (1996)
continued the ordination approach by developing methods for marginally and jointly

analyzing so called R, L, and () tables, where R is a table with data on environmental
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variables at each sampling site, L is a table of species occurrences at each site, and
Q is a table of trait classifications for each species.

A more direct approach was introduced by Legendre et al. (1997). Legendre
et al. (1997) termed their methodology a “solution to the fourth corner problem.”
For a single trait with multiple levels, the “four corners” represent four matrices:
(1) a matrix of environmental variables by site, (2) an indicator matrix of species
presence by site, (3) an indicator matrix of functional trait levels by species, and (4)
a matrix of parameters relating environmental variables to the trait. The param-
eters in matrix (4) are product moment correlations between the trait counts and
environmental variables and are estimated by a method of moments approach.

There are three main problems with the previous methodologies. First, these
approaches only consider a single response variable at a time. Multiple traits can-
not be analyzed simultaneously. Secondly, the previous approaches both measure
marginal association between the environment and traits in question. The con-
ditional relationships of a Markov random field give a more detailed measure of
association between variables. For example, variables that are marginally corre-
lated may in fact be independent upon conditioning on a third variable. This may
provide evidence of possible mitigation by the third variable. Finally, the previous
methods provide no predictive ability. If a researcher desires to predict community
structure at a site with remotely sensed environmental measurements, the previous
methods provide no means to accomplish this task.

The state-space model solution proposed by Billheimer (1995), Billheimer and
Guttorp (1997), and Billheimer et al. (2001) for examining relationships between
species traits and environmental covariates does possess predictive ability; however,
it was only designed for analysis of a single trait. Therefore, if it is desirable to
examine several traits simultaneously, one must use a fully dependent model, where

all levels of interaction are present between traits, to analyze the cell counts. This
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may lead to a model that is over-parameterized and provides no method for inference
as to whether the response variables should be modeled as conditionally independent.

In this section we will use the full REDR distribution to model the relationship
between fish species habit and pollution tolerance. Fish species habit refers to the
depth in which the species inhabits, on the stream bottom or suspended in the water
column. Pollution tolerance refers to a species to resist impacts due to pollution.
By using the full REDR model we will be able to examine the complex conditional
relationships between the environmental covariates, the habit response variable, and
the tolerance response variable as a whole system through inference from a graphical
chain model. The proportion of benthic and intolerant species are important metrics
used by the EPA to measure stream degradation (McCormack et al., 2001). So, we
are interested in inference concerning species richness, or, the number of species

observed in each cell.
4.5.1 Data Description

During 1993-1996 the U. S. Environmental Protection Agency, along with the
U. S. Fish and Wildlife Service and other contractors, surveyed 309 wadable streams
in the Mid-Atlantic Highlands as part of the Environmental Monitoring and Assess-
ment Program (EMAP). Herein, we will consider the data from 1994. Streams in
the Mid-Atlantic Highlands Assessment (MAHA) were sampled during a 12-week
period from April to July. At several sampled streams, chemical samples were
taken and several physical habitat variables were measured. Fish were sampled by
electro-fishing and each fish species was classified according to several taxonomic
and ecological categories. McCormack et al. (2001) provides a list of all fish species
in the MAHA region along with their trait classifications. A set of watershed scale
environmental variables was also calculated for these sites from a GIS (Geographic
Information System) model. These variables include metrics such as watershed area

and average amount of precipitation in the watershed.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



125

Some sites were eliminated from the analysis due to the fact that environmental
covariates were not recorded. In addition, some sites were eliminated due to the
fact that they were considered to be incapable of maintaining a fish population
indefinitely. Sites for which the observed number of fish was less than 10 or the
watershed area was less than 2 km? were eliminated. McCormack et al. (2001) judged
that sites with these two criteria were incapable of maintaining a fish population
indefinitely. After removal of all sites without environmental variables and those
which cannot support a fish population, S = 91 sites remained in the 1994 data set.

In order to perform the functional trait analysis of species richness, each ob-
served species is categorized according to two categorical variables, habit and toler-
ance. The habit variable has two levels, column species and benthic species. Benthic
species inhabit environment at or near the bottom of a stream. Column species
inhabit water depths between the surface of a stream and the bottom. Species tol-
erance refers to a species’ ability to withstand degraded environmental conditions.
Species classified as intolerant are highly sensitive to human induced stream degra-
dation. Tolerant species can withstand large amounts of stream degradation before
they are impacted. Species that are between the two extreme tolerance classifi-
cations are classified as intermediate tolerance. The distribution of cell counts is
provided in Figure 4.2.

In our analysis, we are interested in the associations between habit type, toler-
ance level and several chemical and physical disturbance covariates as well as some
climate associated covariates. The chemical covariates include stream site sulfate
concentration (In peq/L), which measures acid deposition, chloride concentration
(In peq/L), which is associated with human activity, and finally, a measure of water
turbidity (In NTU), or “cloudiness”. The climate associated covariates include wa-
tershed area (In km?), elevation (m), and mean annual watershed precipitation (m).

A numerical summary of the covariates in this analysis is provided in Table 4.1.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



126

Column Species
1C_> ] _—t
:
]
2 © 7 :
Q ) O
c ]
'S O - ) —_
i ! .
/)] 1
o <t 1
8 1
Qo o}
n ANl I —
t
] : .
O 1 —_
| | |
Intolerant Intermediate Tolerant
Benthic Species
o _]
» ©
[92}
[}
C
5 ©q
o _ o
(7] ]
L < ' _
8 | |
Q o}
0 N . .
I | ! '
o - : o
| | |
Intolerant Intermediate Tolerant

Figure 4.2: Distribution of fish species abundance for three different tolerance levels.
Abundances are separated by habit type, column species and benthic species.
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Table 4.1: Summary of environmental covariates for 1994 MAHA streams. Tur-
bidity, chloride concentration, sulfate concentration, and watershed area were log
transformed to give a better normal approximation.

Covariate Mean St. Dev. Min. Max.
Precipitation (m) 1.08 0.10 0.85 1.33
Elevation (m) 687.15  342.91 15.00 1389.00
Turbidity (In NTU)  1.01 0.77 -0.92  3.40
Chloride (In peq/L) 4.60 1.14 2.64 6.98
Sulfate (In peq/L) 5.42 0.88 3.78 8.42
Area (In km?) 3.04 1.19 0.78 6.39

4.5.2 Model Description and Inference

Model Specification

We consider a main effects only model for the analysis of the multi-way com-
position of habit and tolerance species richness. We use H to denote the habit
response and T to denote the pollution tolerance response. In addition, only first
order linear interaction terms are included. We consider the following multinomial

model for the cell counts,

N )
fu(cilxi, &) = =————— || fre(ys|x;, €)™, (4.43)
qu, C(y<1>)i! vo

where
6
fre(ye) = exp { ao(Xi) + > Bry(ye) (@i — Zy)sy ' + Gf,i(Y<I>)} . (449)
FEP v=0

Each of the environmental covariates was centered by subtracting its mean Z., and
dividing by its standard deviation s,. This was done to improve Markov chain
convergence to the posterior distribution. We chose the reference cell y; to be
column species with intermediate tolerance level. Therefore, in equation (4.44)
Biv(Yo) = €5i(yao) =0 for yo = (1, 2) and f C {H, T} to ensure identifiability of

the model.
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In the analysis of the species richness data, we examine three different models.
The first model considered is the independent model. In the independent model,
the habit variable is independent of the tolerance variable. In other words, 87, (ys)
and €7;(ys) are set to zero for f = {B, T} for all covariates v, sites 7, and cells yq.
The second model is the dependent (uncorrelated errors) model. In the dependent
model with uncorrelated errors, there are no interactions set to zero for all cells
ya. The random effects vectors €; are independently distributed from one another
for all sites. The final model is the dependent (correlated errors). The dependent
correlated errors model is identical to the previous model except for the fact that the
random effects vectors are correlated within each site. The dependent (correlated
errors) model is equivalent to applying the single composition model of Chapter 3
to all six cells.

Since all of the included environmental covariates are continuous, the homoge-
neous CG model reduces to a MVN distribution. Therefore, we modeled the mean
centered covariates as fog(Xy; —Xy:) = MV N(xp —Xp; 0, ¥p). The centering here
allows the elimination of the nuisance parameter 7¢ in (4.12), which is irrelevant for
determining conditional independencies. Note, that in this case one can analytically
determine the posterior distribution of ¥y to be a Wishart distribution. However,
since we are interested in the off-diagonal elements of Wy, using an MCMC sampling

technique allows straightforward inference of these elements.
Model Estimation and Performance

For estimation purposes, the model was re-parameterized with the hierarchical
centering approach of Section 4.4.1. MCMC procedures were performed with the
hierarchically centered version as well as the version in (4.44). As hypothesized, the
hierarchically centered version reached satisfactory convergence with substantially

fewer MCMC iterations than (4.44).
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In order to assess convergence of the Markov chains to the posterior distribution,
the diagnostic procedure of Raftery and Lewis (1992) was employed. The diagnostic
procedure of Raftery and Lewis (1992) estimates the number of iterations necessary
to estimate a specified quantile of a parameter’s posterior distribution within a given
degree of accuracy. Since we are primarily interested in credible intervals for the 3
coefficients and the off-diagonal entries of ¥y, we felt that this procedure provided
the appropriate measure of convergence. For this analysis we specified the 0.025
quantile for estimation with an error no more than 0.005 with 95% probability.

The program WinBUGS was used to run the Gibbs sampler (Spiegelhalter
et al., 2000). The Gibbs sampling algorithm was run for an initial 4000 iterations
in which a MVN proposal density was tuned so that the Metropolis-within-Gibbs
step for the ¢, parameters would have an acceptance rate of around 30%. The
first 4000 iterations were then discarded, after which the sampler was run for an
additional 800,000 iterations. Every twentieth iteration was saved for parameter
inferences in order to reduce storage constraints. The Raftery and Lewis convergence
diagnostic confirmed that the retained 40,000 iterations had sufficiently converged
to the posterior density.

In order to assess model fitness, the Bayesian posterior predictive p-value
method of Gelman et al. (1996) was used for each of the three models that were used
to analyze the data. For a “goodness-of-fit” statistic T'(y), which can be a function
of the observed data y and model parameters, the Bayesian predictive p-value is
defined as P, = Pr{T(y"®) > T(y) | y}. The data y™? represent a hypothesized
replicate data set that could have resulted from the model. So, the interpretation
is essentially the same as the classic p-value with the addition that the “null” dis-
tribution is the distribution of the statistic given only the observed data y. In an
MCMC setting P, is particularly easy to approximate. One simply performs the
usual Gibbs sampler for parameter estimation with the addition, that at each iter-

ation a replicate data set is generated from the sampled parameter values. At each
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iteration one calculates T'(y) and T'(y"%") and records the proportion of iterations in
which T'(y"™*) > T(y) (Gelman et al., 1996). We used this approach in our Gibbs
algorithm for the feeding type REDR model. The goodness-of-fit statistic used for

this analysis was the Freeman-Tukey statistic (Freeman and Tukey, 1950)

S 2
T(c1,...,cq) = ZZ (\E(yé)i - \/NifRE(Y<1>|X¢, €z)> ) (4.45)

=1 ys
where c(yg); is the number of species belonging to cell ys at site ¢, NV; is the
total number of species observed at site ¢, and fre(ys|X;, €;) is given by (4.44) and
represents the cell composition. Other statistics could be used, such as Pearson’s
x?, however, there are many cells with small counts and the Freeman-Tukey statistic
eliminates the problem of over-weighting (Brooks et al., 2000a).

To compare to appropriateness of each of the three models, we use the Deviance
Information Criterion (DIC) (Spiegelhalter et al., 2003). DIC is composed of two
competing elements. The first component of DIC, D(y), is a measure of model fit
given by

Dly) = == 3" 2log L(yl6m), (4.46)

where 6,, is a value sampled from the posterior distribution of the parameter © and
L is the likelihood of the data given the parameters. The second component is a

measure of model complexity, pp given by

pp = D(y) — D(y), (4.47)

where D(y) = —2log £(y|0) and 8 is the mean of a posterior sample of 8 values. The
pp value measures the “effective number of parameters” Spiegelhalter et al. (2003).

The DIC model selection criterion is then given by the sum of the two components
DIC = D(y) + pp- (4.48)

The most appropriate model is the model that minimizes the DIC criterion.
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Table 4.2: DIC and model complexity for multi-way fish species richness models.
Models are listed in increasing DIC order. The column ADIC represents the differ-
ence in DIC from the model with the lowest DIC value. The column denoted with
pp represents the model complexity or “effective number of parameters”.

Model DIC ADIC pp

Independent 1107.7 - 68.7
Dependent (Uncorrelated errors) 1117.8 10.1  106.1
Dependent (Correlated errors) 1166.8 59.1  162.5

4.5.3 Results and Discussion

Table 4.2 lists the considered models and their DIC values. The independent
response model had the lowest DIC score followed by the uncorrelated errors model.
The model with the highest DIC score is the fully dependent model with correlated
errors. There is a difference of DIC scores of 10.1 between the independent response
model and the nearest dependent response model. This suggests a sizable improve-
ment in model parsimony by selecting the independent response model. Table 4.2
also shows the complexity component pp for each model. The independent response
had approximately 77.4 fewer effective parameters than the dependent response
model with uncorrelated errors and approximately 100 fewer effective parameters
than the dependent model with correlated errors. The Bayesian P value, P,, was
greater than 0.9 for all three of the considered models. This implies there is vir-
tually no evidence of lack-of-fit for any of the models. So, although the dependent
response models fit the data well, they seem to contain too many parameters to be
parsimonious.

The 95% highest posterior density (HPD) intervals for the § interaction co-
efficients in the independent response model are given in Table 4.3. Proposition
4.1 states that environmental covariates must be a parent of the habit or toler-

ance response if at least one of the associated interaction coefficients is non-zero.
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Upon examination of the HPD intervals in Table 4.3 one can see that there is ample
evidence that chloride concentration and sulfate concentration are parents of the tol-
erance response and that elevation is a parent of the benthic response variable. The
HPD intervals for the interaction terms of the remaining environmental variables,
watershed area, precipitation, and turbidity, contain zero for both the habit and tol-
erance response variables, therefore, the analysis does not provide strong evidence
that they are parents of either response. The HPD intervals for the off-diagonal
elements of Wy are given in Table 4.4. Again, by examining Table 4.4 the intervals
that do not contain zero provide strong evidence that there exists an undirected
edge between the two associated variables in the marginal graph for the covariates.

Figure 4.3 illustrates the chain graph that is suggested by the DIC criterion
and the 95% HPD intervals that do not contain zero. The DIC criterion suggested
that the independent response model is more parsimonious than a dependent re-
sponse model. The independent response model is, as mentioned in Section 4.3.1, a
preservative model. Therefore, Figure 4.3 shows the subgraph for the response and
covariates only, since the relationships are preserved when marginalizing over the

random effects.
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Table 4.3: 95% HPD intervals for covariate interaction parameters in the independent response model for the analysis of fish
species richness.

Habit Tolerance

Covariate Column* Benthic Intolerant Intermediate* Tolerant

Precipitation - (-0.210, 0.078) (-0.175, 0.403) - (-0.313, 0.057)
Elevation - ( 0.052, 0.405) (-0.266, 0.473) - (-0.368, 0.089)
Turbidity - (-0.254, 0.117) (-0.340, 0.366) - (-0.168, 0.220)
Sulfate - (-0.189, 0.138) ( 0.007, 0.634) - (-0.072, 0.349)
Chloride - (-0.199, 0.195)  (-0.928, -0.071) - (-0.179, 0.319)
Area - (-0.301, 0.024) (-0.133, 0.575) - (-0.376, 0.033)

*In this analysis, the Column habit type and the Intermediate tolerance type were used as the reference cell, therefore, the interaction coefficients
are set to zero for those interaction terms referencing that cell.

eel
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Table 4.4: HPD intervals for the elements of the inverse covariance matrix ¥y for the MAHA environmental variables.

Elevation Turbidity Chloride Sulfate Area
Precipitation (-0.008, 0.004) (-1.717, 2.538) (-1.421, 2.270) (-1.547, 2.471) (-1.074, 1.675)
Elevation (-0.000, 0.000) (0.002, 0.004) (-0.002, 0.000) (-0.002, -0.000)
Turbidity (-0.754, 0.023) (0.114, 0.945)  (-0.155, 0.400)
Chloride (-1.194, -0.438) (-0.625, -0.127)
Sulfate (-0.053, 0.464)

29!
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Precipitation

Tolerance

Figure 4.3: Data suggested chain graph for the multi-way composition of habit and
tolerance.
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Chapter 5

AUTOREGRESSIVE MODELS FOR CAPTURE-RECAPTURE DATA
5.1 Introduction

In this chapter, we present another class of models, capture-recapture models,
which at first glance does not appear to be related to the random effects graphical
models of Chapters 3 and 4. Here, we consider models which make inference to
survival of animals living in the wild over some specified time unit. The data are
collected as counts of marked and unmarked animals observed at each sampling
period. The percentage of animals surviving from one time period to the next is the
parameter of interest. Upon closer examination, one can observe that the structure
of the data is nearly identical to the multiple site contingency table data of Chapter
4, with two exceptions: not all cells are observable, and some cells have a probability
mass of zero. We give a more detailed description of the model similarity in the
following section. The remaining portion of this section provides an introduction to
capture-recapture modeling.

The investigation of factors that affect animal survival has become an increas-
ingly important aspect of ecological research (Lebreton et al., 1992). It is often of
interest to account for survival rates with covariates such as age, time, or weather
factors (Buckland et al., 2000). Researchers have recently begun to explore the view
that survival probabilities are realizations of a random process rather than fixed
constants (Barry et al., 2003; Burnham, 2000; Burnham and White, 2002). Model-

ing survival probabilities via random effects allows one to account for overdispersion
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(Barry et al., 2003) and unobserved (or random) environmental factors (Burnham,
2000). To this point, however, realizations of the survival process have been consid-
ered to be independent from one time period to the next. In some situations, this
may be an unrealistic assumption. For example, survival at weekly intervals over the
course of one season would likely be correlated, or high survival in one period may
lead to low survival in following periods due to lack of resources. Therefore, it is
reasonable to consider a time series correlation structure, such as an autoregressive
structure (AR), in models where survival is considered a random process.

Vounatsou and Smith (1995), Brooks et al. (2000a), Brooks et al. (2000b), and
Poole and Zeh (2002) have used Bayesian methods to estimate individual survival
rates. Recently, Brooks et al. (2002) and Barry et al. (2003) have used Bayesian
methods to estimate survival models with independent random effects as a way
to model overdispersion. Burnham (2000) and Burnham and White (2002) have
considered random effects in a non-Bayesian framework. Estimation via maximum
likelihood is difficult in the context of random effects models. The likelihood is
constructed by integrating over the random effects, and thus an integration must be
performed over all of the random effects included in the model for each iteration of
an optimization algorithm. This same difficulty is encountered in generalized linear
models (Zeger and Karim, 1991).

The use of random effects allows for modeling survival in a capture-recapture
model via an AR process. The Bayesian paradigm provides several advantages
over maximum likelihood estimation. Using Markov Chain Monte Carlo (MCMC)
procedures (Robert and Casella, 1999), point estimates can be produced by sampling
from the posterior distribution of the parameters. In addition, Bayesian methods
allow for estimation of the unobserved random effects as well. For example, survival
probabilities can be estimated for each individual time period. This is not feasible

with maximum likelihood estimation procedures when random effects are included.
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We consider models for two common types of capture-recapture data: open
population mark recapture (MR), where animals are recaptured and released alive,
and band return (BR), where animals are recovered dead after each hunting season.
For each of these data types we develop the theoretical construction and estimation
procedures for a m** order autoregressive, AR(m), random effects model using a
Bayesian approach. The Bayesian analysis is illustrated using a long term waterfowl

band recovery data set for Northern Pintails (Anas acuta).

5.2 Likelihood for Capture-Recapture Data

The likelihoods for open population mark-recapture (MR) data and band re-
covery (BR) data are structurally identical, the only major difference being a slight
modification of the parameters. A complete description of the likelihood for capture-
recapture data is given in Lebreton et al. (1992) and Brownie et al. (1985). We give
a brief description here for the Bayesian methods presented in the next section.

Data are typically observed as an upper triangular array, m, where the i, 5%* ele-
ment, m;;, is the number of animals released at time ¢; and subsequently recaptured
(or reported, in the case of BR models) at time ¢; (see Table 1, for example). The
value I represents the number of capture occasions in which marking or banding is
performed and J is the number of occasions in which recording recaptures or recov-
eries occurs. In MR studies, typically, J = I, while for BR studies, J may be greater
than I due to the fact that marked animals may be harvested and reported after
marking has stopped. Another component of the data is the I x 1 vector R = [R}],
which contains the number of marked, or banded, animals released at each capture
occasion. Each row of m is then modeled as a multinomial random variable with
R; trials and cell probabilities determined by survival probabilities and recapture or
recovery probabilities. When using capture histories summarized into the sufficient
statistics m and R, the assumption is made that individuals have identical survival

probabilities and recapture/recovery rates.
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5.2.1 Open population mark-recapture likelihood

The MR model for survival estimation is also referred to as the Cormack-Jolly-
Seber model (Cormack, 1964). This model is designed for studies in which a captured
animal is labeled with a unique marking and released back into the wild population.
At some point in the future, the marked animal may be recaptured, recorded, and
released once again into the population. In MR studies, the first possible recapture
of an animal marked at ¢; is t;1, therefore, for these models i = 1,...,I and
j=1+1,...,J + 1. Under the assumptions that individuals are independent and
capture does not affect survival or recapture probabilities, the resulting product
multinomial likelihood is

p . - I R . J+1 . mij
(.05 R, m) = g (mi,i+17 ceey My g4, Uz>€ E_IH {@p] kI;[H Gl = i) } ’
(5.1)
where, ¢; is the probability that an animal survives from capture occasion ¢; to ;,1,
i =1,...,I given that it is alive at ¢;, and p;, is the probability that an animal alive
at t;, j = 2,...,J + 1, is captured at ¢;. The probability that an animal is never

recaptured after release at t; is given by

J+1
G=1-Y_ ¢ H (1 — pi)
j=itl k=i+1
and v; = Z‘] i+1 ™j is the number of animals captured at ¢; and never subse-

quently recaptured during the study. In this section and for the remainder of this

paper, a reverse order product is set equal to 1. For example, if j = ¢ + 1, then
HJ -1,—{—1 ( pk‘) =1

5.2.2 Band recovery likelihood

Band recovery models are designed for studies in which animals are captured,
marked and released. Animals are then reported to the banding agency after har-

vesting by hunters. Therefore, at “recapture” occasions, the marked animals are
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removed from the population. The structure of the data remains in the R, m for-
mat, so, the form of the likelihood is the same as (5.1), the only modifications being
a change in the cell probabilities of the multinomial distribution and ranges for the
i, j indices. Since an animal can be harvested and reported in the same time period
in which it was banded, the index ranges are set at ¢ = 1,...,l and j =4,...,J.
The resulting likelihood is

1 R, J J—1 i
L(p, AR, m) = H (m" lmg U_)Sf" H {)\j H¢k} ; (5.2)
Wy = 1J 9 Y1 k=i

i=1 j=i
where \; is the probability that a marked animal, alive at ¢;, is harvested between
time t; and ¢, and reported to the banding agency. In the band recovery model
& =1-7; \IEZ ¢ and v; = R, — 37 mj;. Notice, in the BR model, that
since an animal can be reported in the same time period as marking, the 7,7 cell

probabilities involve only the A; parameter. Therefore, there are only J — 1 survival

probabilities even though there are J years of data.
5.2.3 Similarity with Random Effects Discrete Regression Models

In this section, we more fully describe the relationship between the capture-
recapture data and models with the random effects discrete regression models of
Chapter 4. We will give examples of the similarity in terms of the band recovery
model, however, the same similarities will obviously hold for the open population
mark recapture models.

The capture-recapture data structure is identical to that of the random effects
Discrete Regression (REDR) models of Chapter 4. Each individual animal captured
and released back into the wild is placed into one of several cross-classified cells.
The cell into which an animal is placed depends on the fate of the animal. The
categorical variables that define these cross-classifications each have two levels and

include a variable for every year from the year of release that describes whether
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the animal survived or not and a variable for every year that describes whether the
animal was reported to a banding agency. For example, an animal released in year
one of a five year study will be cross-classified according to nine different categorical
variables. It will be classified according to five reporting variables, whether or not
it was reported to the banding agency in years one, two, three, four, and five. It
will also be classified according to four survival variables, whether or not it survived
years two, three, four, and five.

The major difference between the present band recovery models and the REDR
models is that some cells are not observable or not physically plausible. For example,
any cell for which an animal would have to be harvested but not reported is not
observable. Another cell that is not observable is the cell for which an animal is
placed if it survives all remaining years of the study once released. Cells that are
not physically possible obviously include those for which an animal does not survive
a given year, but survives the following year. Another physically impossible cell is a
cell for which an animal is reported in a given year, but also survives that year (this
is not physically impossible for the MR model though). The fact that some cells
have a probability mass of zero precludes a Markov random field analysis such as in
Chapter 4, but, that would not be of great interest for consumers of these models.

In terms of the model structure of Chapter 4, here, each row in the data matrix
m represents a compositional observation (“site” in Chapter 4). The multinomial
likelihood for each row of m is essentially the same as the multinomial count likeli-
hood (4.4) for each “site” in Chapter 4, the difference being that each observation
in the BR model has a different number of cells that are modeled. Every cell that
is physically impossible is given a cell probability of zero and every cell that is not
observable is combined into one cell for those that are released but not observed

again in the study.

5.3 A Bayesian Approach for AR(m) Survival Models
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5.3.1 Model specification

We consider a generalized linear model for the probability that an animal sur-

vives from time ¢; to time ¢;4, of the form

9(ds) =XB+¢;,  F=1,....J (5.3)

where g is an appropriate link function to constrain survival between 0 and 1, X is
a P x 1 matrix of covariates collected at capture occasion j, 3 is a P x 1 vector of
regression coefficients, and € = (e1,...,€5) ~ N(0,X). The covariance matrix, X,
can be any general form. Here we consider an AR(m) model which implies that the

€; error terms are realizations from the stochastic process

€ zzpkfj—k"i"zj; j=1,...,J, (54)
k=1
where z; ~ i.i.d. N(0,02) and p = (p1,...,pm) is a set of parameters.

We assume the process represented by (5.4) is stationary. For this model,
stationarity implies that the covariance between two survival probabilities is a de-
creasing function of the distance between two time points and is independent of
any one time point. The stationarity assumption of the error process imposes a

constraint on p such that the roots of the characteristic equation,

2™ — ™t = = py =0,

must be less than 1 in absolute value (Brockwell and Davis, 1996). In terms of the
parameters, an AR(1) process is stationary if |p| < 1, while, an AR(2) process is
stationary if [p1] < 2 and —1 < pp < 1 — |p4|-

By including random error terms in (5.3), we account for unknown environmen-
tal influences that might affect the probability of survival. Without the addition
of the error terms, it is assumed that the covariates completely determine survival.

Allowing for correlation between the random error terms in (5.4) provides the added
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complexity that unknown environmental conditions may be similar for capture peri-
ods close together in time, so survival probabilities should also be related. Negative
values for some elements of p might imply some density dependent effects in the
population. A year in which survival is above average may lead to below average
survival rates in the subsequent years due to lack of resources.

A stationary AR(m) model provides either positive or negative correlation be-
tween survival probabilities that decreases in absolute value with an increasing sep-
aration in time. So, the AR(m) model provides the type of relationship between
survival probabilities that is desired. In addition, the model is relatively straight-
forward. Lindsey (1999, pg 106) notes that for short repeated measurement studies,
elaborate time-series modeling is not necessary or possible and a simple AR pro-
cess is usually adequate. The vast majority of capture-recapture datasets are no
more than 50 years long (Franklin et al., 2002). Therefore, capture-recapture data
certainly fit into the category of short time series data.

The model specified in (5.3) is one where the time series component appears
in the error term. In other AR model formulations, the time series component
appears with the mean term (Lindsey, 1999). However, we prefer model (5.3) for
ease of biological interpretation. Often, the goal is to determine what covariates
best model survival probability. If all of the variation in survival probability is
not accounted for with the covariates sampled, only then would it be advisable to
determine what associations exist between survival probabilities and different time

periods.
5.3.2 Bayesian parameter estimation

We adopt a Bayesian approach for estimating the parameters for an AR(m)
capture-recapture model specified in Section 5.1. The goal of this approach is to

estimate the posterior distribution of the parameters to make inference about the
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parameters and ecological hypotheses. This approach is relatively simple in com-
parison to maximum likelihood estimation (MLE). To estimate the parameters via

MLE, it is necessary to evaluate the integrated likelihood of the form
Ll o piRom) = [ Llp,s Rym)N(e;0, E)de

where, £(-) is given by (5.1) or (5.2) and N(-) follows from (5.3) and (5.4). Therefore,
for each step in an optimization algorithm a high dimensional integration must be
performed. An alternative approach, quasi-likelihood (McCullagh, 1983) has been
developed for random effects models in the generalized linear model setting. This
approach involves the development of estimating equations that behave like likeli-
hood functions and hence often have the same properties. In the capture-recapture
setting, however, the fact that the cell probabilities are functions of the survival
probabilities makes quasi-likelihood estimation difficult as well. In the Bayesian
paradigm, the unobserved random effects are treated as random variables along with
the parameters and the integration is performed stochastically through a Markov
chain which samples from the joint conditional distribution of the parameters and
the random effects given the data. From this joint conditional distribution we can
obtain point estimates and confidence intervals for the parameters of the model.

In what follows, we present a general estimation procedure for both mark re-
capture and band recovery data. To simplify notation, we will use the notation r
to represent either the vector of capture probabilities, p, or band return rates, A,
depending on the type of data being considered. We will also use the j index range
1,...,J for both MR and BR data as this will not change the estimation proce-
dure. The observed data, m and R, as well as the covariates, X, will collectively be

denoted by D.
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We assume that the parameters 3, o2, p, and r are independent a priori. The

posterior distribution of the parameters and random effects is then given by

w(8,0% p,8,1|D) o« L(B,B,r;D)x S exp{-€xe/2}  (5.5)

x w(B)r(a”)m(p)m(x).

In order to draw a sample from this distribution we will make use of the Gibbs
sampler (e.g. Section 2.1 of Chen et al. (2000)), which requires the full conditional
distributions for each of the parameters. A sample from the joint posterior dis-
tribution can be drawn by successively drawing from the full conditional posterior
distributions for each of the parameters.

A simplification of the full conditional distributions results from the fact that
the likelihood function can be broken into three parts. In addition, since the poste-
rior is only defined up to a multiplicative constant, we can ignore the multinomial

coefficients. Therefore, the likelihood can be rewritten as
L(B,B8,r;D) xV x Ly X Ly,

where for both MR and BR data, V = HLI &*. For MR data

I Jl j~1 Mij
c,=11 11 (dn 11 m)

i=1 j=it+1 k=i+1
and
J+1 j—1 i
i=1 j k=i+1

and for BR data

et o)

i=1 j=i \k=i+1
and
J
m.
c.=][ IT A7
i=1 j=it+1
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Now, with the partitioned form of the likelihood we can simplify the full con-
ditional distributions for each of the parameters. Due to the fact that all but one
parameter has a nonstandard distribution, we will only give the conditional distri-
butions up to a proportionality constant.

If the regression parameters for the covariates, 3, in (5.3) are independent a

lth

priori, then the full conditional of the coefficient for the I** covariate, 3, is given by

(BB, 0% p,e,r,D) = f(B|B_,€&,x,D) x V- Ly-7(B) 1=1,...,P

Likewise, independent priors for the components of r, the vector of capture proba-

bilities for MR data or band return rates for BR data, give
flrilr_;, B,€,0% p, D) = f(rijr_;,B,€,D) < V - Ly - 7(r;) l=1,...,J.

When deriving the full conditional distribution of ¢, we first note, given that
we are assuming stationarity, that we can rewrite the joint distribution of the error

terms in (5.3) in the form

fele®, p) = f(€1)HJ:2f(e le1, ... e-1)
= T, Néw, O'2lKl), o (5.6)

where v; = Eleley, ..., e-1], 1 =2,...,m and K] is a function of p. In a stationary
AR(m) process vy = 0 and (v, K;) = (O pey pr€i—k, 1) for l=m+1,...,J. In
order to find the remaining v’s and K’s one can make use of the Durbin-Levinson

algorithm (Brockwell and Davis, 1996, pg 67). In the case of an AR(2) process, for

example,
Ki = (L= )L+ p){(1 = po)? = o1},
K2 = (aln—(; p2) ) (57)

vy = p1/(1 — p2).
For an AR(1) process simply set pe = 0 in (5.7).

It is immediately apparent, due to the fact that an AR(m) process is a Markov

process, that each component of § is dependent only on its m nearest neighbors.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



147

Using this fact, the full conditional distribution of ¢ for the Gibbs sampler can be
written as a function of the conditional normal distribution of ¢; given its m nearest

neighbors. Therefore, the full conditional distribution for ¢, [ =1,...,J, is
fele—s, B,0% p,t, D) o« V - Lo - [T 7H N(y;, 02K;),
which, for each ¢;, can be condensed to the following form,
flale,B,0% p,x,D) x V- Ly~ N (pu/m, o*/mi) ,

by completing the square. For an AR(2) error process

p1€2 + p2€3 =1
p1(€1 + €3) + pa(es — pre€s) [=2
=14 p(l—p2)le1+eq1)+pala—2+ep) 1=3,...,J-2
pi(es + €5-2) + pa(€s—3 — pr€s) l=J-1
P1€j—1 + P2€7-2 l=J
and
1 [=1and J
m=<{ 1+ p? l=2and J—-1 .

1+p2+p2 1=3,...,J-2
Once again, in order to obtain the full conditionals in the case of an AR(1) model,
simply set ps = 0.
Due to the stationarity constraint on the autocorrelation parameters, p, we
must consider the joint full conditional distribution of p instead of assuming inde-
pendent priors on the components of p. Using the decomposition of f(8|o?, p) in

(5.6), we can write the full conditional distribution of p as

7(plB,€,0% x,D) = f(ple, 0%) (HK) exp{ ziz }ﬂp).

The full conditional distribution of ¢? is nearly identical to that of p. Using

the decomposition of f(8|c?, p), the full conditional of ¢? is

F(6®1B,€,p,x, D) = f(o®le, p) ox ™7 exp {—%2- N Vj)z/Kg} m(0?),
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which is the form of an inverse gamma distribution with shape and scale parameters
J/2+ 1 and C(e, p)/2 = Zjﬂ(fj — v;)?/2K;, respectively. Therefore, if m(0?) is
an inverse gamma distribution with parameters ao and by, I'(ap, bo), then the
resulting conditional is an inverse gamma distribution with parameters J/2+4ao+ 1
and C(e, p)/2 + by. The full conditional of 62 is the only standard density.

When implementing Bayesian methodology, it is necessary to choose priors
for the parameters. It is a standard practice in generalized linear models with
random effects to assign the vague priors 7(3) = N(0,1/7) for l = 1,..., P and
n(0?) = I'"Ye,e) where 7 and ¢ are small (Dey et al., 2000, pg 400). In past
Bayesian capture-recapture analyses, 7(r;) has been chosen to be a beta distribution
for[=1,...,J (Brooks et al., 2000a) of which the uniform distribution is a special
case for vague prior information. All of these priors can be easily modified to produce
informative priors as desired.

When there is little or no prior information concerning the parameter p, a
uniform distribution on the region of stationarity would be the obvious choice for a
noninformative prior distribution. This uniform distribution, however, may produce
marginal priors which are not as vague as the researcher would like. In the AR(2)
case for example, a uniform distribution for the AR parameters p; and p, over the
region of stationarity produces marginal distributions which are not uniform. In
addition, a majority of the mass for the marginal distribution of p; will be located
over negative values, producing a prior mean which is negative. This problem can
often occur when building priors for parameter vectors over a constrained space.
Barnard et al. (2000) illustrate the same dilemma when constructing priors for
positive-definite covariance matrices.

In previous analyses using AR processes, the prior for the AR parameters was
taken to be uniform over the stationary space of the parameters or a normal dis-

tribution if stationarity was not a concern or possibility (Huerta and West, 1999).
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Informative priors can also be constructed by truncating a multivariate normal to the
stationary space. There is another approach, suggested by Sun and Berger (1998),
that is useful for constrained parameter spaces. If we are concerned with the pa-
rameter vector (6, 62), .then a prior can be built in the form 7(8;)7(0:]0;). Using
this method, we can often build a sufficiently noninformative prior that has better
marginal properties. For example, in the AR(2) model, if we take w(p2) = U(—1, 1)
and 7(p1|p2) = U(—(1—p2), 1—p2), we obtain a prior that approximates a joint uni-
form with marginal distributions centered on 0. The partial information approach
can also be used to specify informative priors for some of the AR parameters, while
leaving others vague.

Another practical aspect for the Bayesian analysis of AR(m) capture-recapture
models is that a modified Gibbs sampler must be used due to the non-standard con-
ditional distributions. In the following example, a Metropolis within Gibbs sampler
(Gelman and Rubin, 1993) was used. Instead of successively sampling from the full
conditional distributions to obtain a sample from the joint posterior, an observation
is first drawn from a proposal distribution and then either accepted or rejected with

a given probability.
5.4 Example: Northern Pintails

In order to illustrate the fitting of an AR(m) model to capture-recapture data
we applied the Gibbs sampler methodology to a Northern Pintail band recovery data
set for females in California. These data (Table 1) were first analyzed by Franklin
et al. (2002) as part of a meta-analysis on long-term trends in avian survival for
many North American bird species. The previous analysis was performed using
a linear trend model, an identity link function, and independent yearly random
effects. The trend parameters as well as the variance component were estimated

using the shrinkage estimation method of Burnham (2000). The slope estimate
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from the previous analysis is 0.0023 with an estimated standard error of 0.0051.
The variance component is estimated to be 0.212.

The previous analyses detected no significant trend to survival probabilities over
time. We will include a slope parameter in this example, however, as an illustration
of the use of covariates in our estimation procedure. Therefore, we will use the

model

logit ¢j=,30+ﬁ1(j—14)+6j j=1,...,27 (58)

to illustrate the application of an AR(m) model. In this example, the covariate
vector X} in (5.3) is given by (1, j — 14). The time index is centered to reduce
correlation of the [3; sample with the Gy sample, which leads to better exploration
of the posterior density for each variable. In addition, since there seems to be no
significant trend based on the previous analysis, we also analyzed the data without
a slope parameter.

We chose to estimate separate reporting probabilities, A;’s, for each year. Barry
et al. (2003) note that separate A;’s in (5.2) tend to confound the effects of a random
survival process and this has been our experience as well. However, we have adopted
a conservative strategy for making inference about a random survival process, by
allowing for fluctuating reporting rates.

For this example, we have chosen to fit an AR(2) model to the data. This

implies that the error terms in (5.8) follow the stochastic process
€ = P1€j-1 T P2€j-2 + 2, 7=1,...,27

The second order AR model was chosen based on a correlogram of the maximum
likelihood estimates, using (5.2), of yearly survival probabilities from the program
MARK (White and Burnham, 1999). By examining the correlogram we are treating
the MLE survival estimates as time series data instead of estimates of time series

data. So, if there is insignificant correlation at certain lags, it is likely that the
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corresponding AR coefficients will also be insignificant when they are simultaneously
estimated with the covariate parameters.

The logit link function was chosen due to the fact that it is the most com-
monly used link in capture-recapture models. Capture-recapture data usually are
not detailed enough to detect subtle differences in the shape of the link used to
constrain the survival probability to (0, 1). Even in the logistic regression scenario,
it is often hard to distinguish between different link functions. For probabilities in
the range 0.1 to 0.9, McCullagh and Nelder (1989, pg 109) note that it is difficult
to discriminate between probit and logit links based on goodness-of-fit tests and for
probabilities near 0.5, all four of the common links for binary data are close to one
another. Survival probabilities are usually not near the extremes of 0 or 1 for North
American duck species, so, it is reasonable to use the logit link function for these
data.

The Bayesian software WinBUGS (Spiegelhalter et al., 2000) was used to se-
lect the MCMC sample from the posterior distribution of (G, p1, p2,0, 5). As was
mentioned previously, there is only one parameter in which the full conditional is a
standard density, therefore, a hybrid Gibbs sampler must be used. To accomplish
this, winBUGS uses a Metropolis within Gibbs sampler where the proposal distri-
bution is a normal distribution in which the variance adapts over the first 4,000
iterations to obtain an acceptance rate between 20% and 40%.

The priors chosen for the parameters were as follows:

(Bo, B1)T ~ N(0, 1/0.01T),  o~2 ~T(0.001, 0.001),

p2 ~U(-1, 1), p1lpe ~ U(—(1 = p2), 1 — po), and
A ~iid U0,1) j=1,...,28.

These values were chosen to be sufficiently vague in order to induce little prior
knowledge. The joint distribution of p; and ps was constructed to be a vague density

over the region of stationarity with mean (0,0). A vague gamma distribution was
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chosen for 02 in order to take advantage of the standard full conditional distribution
of o2.

In order to select the sample, two independent chains of 15,000 iterations each
were run following a burn-in period of 5,000 iterations to allow the normal proposal
distribution to finish adapting. The chains appeared to have converged well before
the end of the burn-in period. Figure 1 shows Gaussian kernel density estimates of
the marginal posterior distributions for each of the parameters.

These results suggest that, although the posterior density of p; seems to be
centered directly over 0, the majority of the posterior mass for p; seems to be
located over negative values indicating that there seems to be a significant influence
on the error terms at the second lag. This suggests that if survival is high in
one year, it will be low in 2 years (lag 2). In addition, the posterior mass of o
seems to be located well away from 0, indicating that there is also a significant
amount of random variation from year to year. The intercept parameter [y is also
significantly greater than 0, which increases survival above approximately 0.5 on
average. The posterior distribution of the slope parameter, 3, appears to be highly
concentrated near 0. While not directly comparable, the trend parameters and
variance component are in qualitative agreement with the previous analysis. Figure 1
also illustrates the robustness of the marginal parameters to the presence or absence
of the slope parameter. The marginal density estimates remain virtually unchanged.
Posterior means, standard deviations, and 90% highest probability density (HPD)
interval estimates are given in Table 2. The confidence intervals and approximate
expected values support the conclusions that there exists a significant amount of
variation not explained by the linear trend. There is also a high posterior probability
that the slope parameter is approximately 0 and the second AR parameter is less
than 0. In addition, since we have simulated values of 3 as well, we can estimate
yearly survival as well. Figure 2 shows a plot of yearly survival with a 90% HPD

confidence interval band for the intercept-only model.
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The posterior densities remained virtually unchanged when the prior for the AR
parameters is given by p; ~ U(—2, 2) and ps|p1 ~ U(=1, 1—|p1]) as opposed to the
priors used previously. For these priors, the parameter estimates and corresponding
90% HPD intervals for the intercept-only model were B,: 0.606 (0.395, 0.811), ps:
0.018 (-0.505, 0.516), po: -0.544 (-0.915, -0.185), o: 0.617 (0.299, 0.921). The
posterior distributions of the AR parameters seem to be robust to different non-

informative priors.

5.5 Discussion

Software to implement the methodology described here for an AR(2) band re-
covery model is available at no charge at www.stat.colostate.edu/~jah/. It is
relatively straightforward to modify and implement this software for specific prob-
lems. The software is written in winBUGS, software for the Bayesian analysis of
statistical models using Markov chain Monte Carlo methods, which is available at
no charge at www.mrc-bsu.cam.ac.uk/bugs.

Bayesian methodology allows for time-series modeling of capture-recapture data
not previously available. In addition to the univariate time-series models considered
here, the random effects models could also be expanded to allow for other forms of
dependence. For example, it might be of interest to model recapture or recovery
rates with AR random effects. In that case, the recovery or recapture parameters
are treated the same as the survival procedures presented. Another example is the
consideration of gender in survival models. Common practice is to include gender as
a covariate. In an AR model, this would imply that unknown environmental factors
have the same effect on survival of males and females in each year and the level of
association of survival across time remains the same between males and females as
well. This may be an unrealistic assumption, so, it might be wise to model separate

AR errors for males and females. To account for correlated errors between sexes, a
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multivariate AR process could be used with very little modification to the models
proposed here.

Even though AR models can provide additional insight to the survival pro-
cess, there are situations whefe estimation of the AR parameters may prove dif-
ficult. First, if there are fewer than 20 capture occasions in the data, there may
not be enough data to greatly alter the prior distributions of the AR parameters.
This is a problem often encountered in time series analysis. Secondly, if the recov-
ery/recapture rates are very small there may be insufficient data to estimate AR
parameters as well as covariate parameters. This second problem is common to all
capture-recapture data analysis. Finally, if there is very little error variation, an
AR model is unlikely to provide any additional information. This last situation is
really not a problem though, since a biologist’s goal is usually to model survival
with covariates. If all of the error in the survival process is accounted for, one can
be confident of having a good description of the survival process. The AR models
are implemented to account for unobserved environmental variation.

An implication of using AR models with capture-recapture data is that the
estimate of survival for any time period will have larger uncertainty than the simple
covariate model. This variability is controlled by both variability of the white noise
term in (5.4) and the AR parameters. For example, for an AR(1) model each random
effect has a variance of 02/(1 — p?). For ¢ held fixed, the variance of the random
effect can get vary large as [p| — 1. One can also observe, that for a fixed noise
variance, the AR models will have larger variance than the independent random
effects model.

One extension of the methodology described here is model selection. In general,
model section is not an easy task for capture-recapture data in a Bayesian frame-
work. Recently, King and Brooks (2003a) and King and Brooks (2003b) have ex-

plored using Reverse Jump MCMC procedures (Green, 1995) for capture-recapture
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models with multiple strata and integrated recovery/recapture models. This pro-
vides the most promising solution, but, these procedures are not easily implemented
for analysis on a regular basis. Another solution for Bayesian model selection is the
Deviance Information Criterion (DIC) (Spiegelhalter et al., 2003). A nice feature
of DIC is that the MCMC sample selected for parameter estimation can be used
to construct a DIC score. Current formulations of the DIC, however, do not allow
for distinguishing between different order AR processes for the capture-recapture
models described here. If one wishes to fit an AR model to capture-recapture data,
an initial step to select an appropriate order for the AR model is to fit a independent
random effect model then plot a correlogram of the random effect point estimates
and choose the order based on the plot. This will provide a conservative order for
the model.

Overall, these models have the potential of providing wildlife biologists new in-
sights into factors affecting survival for animals studied via capture-recapture stud-

ies.
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Table 5.1: Northern Pintail recovery data for banding years 1955 - 1983. The R;
represent the number of banded ducks released each year. Birds were banded in
January of each Banding Year

Banding Year of Recovery
Year R; 55565758596061626364656667686970717273747576777879808182

55 270 76 32000000000000000000000000
56 693 21104230000010010000000000000
57 1612 32208 51202110000000000000000
58 858 261256 410000000000000000000
59 1471 21186 500101100000000000000
60 1051 1846 41201100100000000000
61 796 24640330001000000000000
62 277 1096 641242000000000000
63 903 15818402111000000000°0
64 621 6416110000000000000
65 584 1043731210000000000
66 822 2561044200200100000
67 1344 2827 811 314120010000
68 566 10136 221111000000
69 481 97320100000000
70 695 1111 52211011000
71 632 2210 2401200000
72 1114 2111 835321000
73 639 91010 2 3 02000
74 926 16 99251210
75 858 1412 3 51110
7% 369 13244110
77 450 834121
78 212 60010
79 1680 1828 8 4
80 421 1412
81 118 20
82 60 1
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Table 5.2: Posterior means, standard deviations, and 90% highest probability den-
sity (HPD) intervals for the AR(2) model parameters.

Model Parameter Mean St. Dev. 90% HPD* Interval

Intercept and slope Bo 0.600  0.159 ( 0.390, 0.850)
01 -0.007  0.026 (-0.046, 0.033)

i 0.014 0.288 (-0.458, 0.485)

P2 -0.452  0.307 (-0.928, 0.004)

o 0.688 0.222 ( 0.336, 1.015)

Intercept only Bo 0.612  0.140 ( 0.409, 0.857)
m -0.003  0.286 (-0.483, 0.456)

P2 -0.503  0.263 (-0.918, -0.109)

o 0.644  0.201 ( 0.330, 0.950)

* Estimated according to the algorithm presented by Chen et al. (2000).
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Figure 5.1: Marginal Posterior densities for (a): Go, (b) 81, (¢): p1, (d): p2, and (e):
o from the Pintail data. The solid lines represent posterior densities from the time
trend model, while the dotted lines represent the posterior densities when the trend
parameter is absent.
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Figure 5.2: Plot of yearly survival estimates for Northern Pintail dataset with no
linear time trend. The solid line is the estimated posterior mean survival and the
dashed lines represent a 90% HPD interval.
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Chapter 6

CONCLUSIONS AND FUTURE WORK
6.1 Discussion

In this dissertation, we have examined the analysis of discrete compositional
data through the use of state-space models. Compositional data are non-negative
multivariate observations that have been normalized so that the elements sum to
one (or other constant value). Discrete compositional data are compositions formed
from multivariate, integer observations. State-space models eliminate many of the
problems encountered when analyzing discrete compositional data with the popular
logistic-normal distribution. First, state-space models allow for zeros to be present
in the data. In addition, the state-space models provide automatic variance infla-
tion. High variances are often present in discrete compositional data when the total
number of individuals comprising a compositional observation is small.

Two types of models were considered in this dissertation. First, models for
traditional discrete compositional data were examined. Traditional discrete compo-
sitional models are designed for data for which all cells are assumed to have a posi-
tive value for the true unobserved composition. These models permit examination
of various Markov properties due to their positive everywhere nature. The second
type of model considered is the class of random effects capture-recapture models.
As was illustrated, these models are essentially multi-way composition models with
the exceptions that not all cells are observed or physically possible.

The discrete composition state-space models in this dissertation are constructed

by providing a random effects formulation of a graphical chain model. The discrete
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regression distribution, constructed in Section 2.4, is proposed as the base from
which the compositional state-space models are constructed. The discrete regression
(DR) distribution provides a general graphical chain model in which a set of discrete
and/or continuous variables serve as covariates, or explanatory variables, for a set
of discrete response variables. In the discrete regression distribution, the covariates
as well as the response are modeled together as a multivariate observation. We have
shown that the regression-like coefficients of the discrete regression distribution can
be used to easily determine a graphical representation of the distribution from which
complex conditional independence relationships can be derived.

A random effects formulation of the DR distribution is proposed for the analysis
of discrete compositional data, by adding a random intercept term to the response
portion of the model to allow for site-to-site variability. The variable response
model plays the role of the unobserved “true” composition of individuals at each
site. When there is only a single categorical response variable and the random ef-
fects are assumed to be multivariate normally distributed, the conditional response
portion of the model is nearly identical to the independent observation model of
Billheimer (1995, Ch. 4). The random effects graphical model allows us to model
the joint distribution of several covariates and the categorical response of individu-
als simultaneously. In addition, the complex conditional relationships of this joint
distribution can be represented by an extended independence chain graph based on
the parameters of the DR model and the random effects. We provide necessary and
sufficient conditions for constructing an independence graph for the random effects
formulation of the DR model.

If one is interested primarily in determining general relationships between a
categorical response and a set of covariates without regard to a specific site, such as
the analysis of stream invertebrate feeding type in Section 3.5, then upon examina-

tion of the extended independence graph, one can simply ignore the random effects
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vertex. This results from the fact that the random effects DR distribution can be
marginalized over the random effects without disturbing the conditional indepen-
dencies of the covariates and response variable. In this sense, we have also extended
the single resbonse DR model to allow sampling of individuals at a large number
of sites, where individuals sampled at the same site are correlated, but, individuals
sampled at different sites are independent.

The random effects graphical model formulation provides a direct extension for
analysis of multi-way compositions. Multi-way discrete compositional data arise
from the cross-classification of individuals according to several discrete variables.
The state-space model of Billheimer (1995) can accommodate multi-way data, how-
ever, each cross-classified cell must be treated as a category in a single response
model. A random effect formulation of the general DR distribution is not held
to this constraint. Conditional independencies between the response variables can
be added into the model. These independencies can either be used for inference
through a model selection procedure, or, can be employed simply to obtain a more
parsimonious model.

Unfortunately, not all multi-way random effect DR models can be marginalized
over the random effects as in the single response model. We examined the class of
preservative random effects DR models. We have shown that marginalization does
not affect relationships between any response variables and covariates if the random
effects model is a member of the preservative class. We conjecture that this class
of models is equal to, not simply contained in, the class of models for which condi-
tional independence relationships remain unchanged after marginalization. Showing
equality of the two model classes essentially involves proving that being an element
of the preservative class is not only sufficient, but, necessary for preserving con-
ditional independencies between and within the response variables and covariates

after marginalization over the random effects. There is no direct method to do this,
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since there is no closed form expression for the integrated distribution. It may still
be possible, however, to prove necessity though indirect means.

The final set of models considered in this dissertation are state-space models for
capture-recapture data. We have extended the work of others in this area by mod-
eling the unobserved survival rate as the realization of compositional autoregressive
time series model. As was mentioned previously, the state-space capture-recapture
models are similar to the multi-way state-space composition models except there are
some cells which are not observable or not physically possible. This fact precludes
examination of Markov properties in the same way as the traditional composition

models, however, that type of inference is usually not applicable.

6.2 Future Work

There are several direct extensions to the research presented in this dissertation
that we would like to pursue. The main emphasis of our future work can be grouped
into two main categories, model selection methodology and spatio-temporal models.
In this dissertation model selection was performed based HPD intervals or a com-
bination of HPD intervals and the DIC criterion. While, this method can provide
plausible models, a more rigorous methodology should be investigated. Secondly,
models that allow spatial and temporal association for the response model as well

as the covariate model in the random effects DR distribution should be considered.
6.2.1 Model Selection

Model selection methodology in a Bayesian framework is usually based on the
Bayes factor for comparing two models based on evidence contained in the data.
Kass and Raftery (1995) provide a comprehensive review of Bayes factors. The
Bayes factor between two models M; and M, is given by the ratio of likelihoods
Bz = f(Data|M,)/f(Data|Ms). The Bayes factor B is equal to the ratio of

posterior model probabilities f(M;|Data)/f(Ms|Data) if the prior distribution on
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the model space is uniform. If there are many models to compare, say K, the
posterior model probabilities f(Mg|Data), k = 1,..., K are often used for selection.
Unfortunately, posterior model probabilities do not exist, in closed form, for any
model proposed in this dissertation. This implies that approximation methods need
to be investigated for these models.

For the response portion of the single response composition models and the
AR capture-recapture models, selection is simplified somewhat due to the fact that
model selection only involves parameters. The random effects are present in all of
these models and different models are obtained by setting covariate or AR coeffi-
cients to zero. One method for approximation of the Bayes factor that would be
applicable in this case is the generalized version of the Savage-Dickey density ra-
tio (Verdinelli and Wasserman, 1995). The Savage-Dickey density ratio allows an
approximation of the posterior model probabilities based on an MCMC simulation
from the saturated model with all of the parameters present.

A Bayesian methodology for selection of the covariate portion of the discrete
regression graphical model has been proposed by Madigan and Raftery (1994) and
Dellapotas and Forster (1999), for purely discrete covariates, and Guidici and Green
(1999) for the purely continuous case. To date, a methodology for Bayesian deter-
mination of a CG model has not be examined.

Model determination of response portion of the multi-way model is more chal-
lenging due to the fact that changing models involves selection of random effects as
well as interaction parameters. The reverse jump MCMC of Green (1995) may be
a viable solution. The reverse jump MCMC algorithm is an extension of the usual
Metropolis-Hastings algorithm, in Section 1.5.1, that allows the chain to move over
different parameter spaces. The problem with the multi-way models is that proposal
of many random effects will lead to many rejections and an inefficient sampler. The
proposal distribution construction methods of Brooks et al. (2003) may provide ways

to overcome this problem.
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6.2.2 Spatio-Temporal Models

The next area of future research we would like to explore for discrete composi-
tional data is the explicit modeling of spatial-temporal association within the state-
space model. Billheimer (1995) and Billheimer and Guttorp (1997) first considered
spatial models for discrete composition by letting the error terms in the random ef-
fects DR distribution (3.10) follow a lattice Gaussian random field. Tjelmeland and
Lund (2003) followed by proposing a continuous spatial domain model for contin-
uous compositions by modeling the additive logistic ratio (ALR) (1.4) transformed
data as a continuous Gaussian random field.

We would like to extend our research by examining the Markov properties for
these spatial models. This will provide insight into spatial graphical models for
contingency table data in general. On possible approach is to consider a super
graphical model. The super interaction graph is constructed by constructing an
extended independence graph for each site, then the random effects are connected
by a model such as a lattice spatial model. One could analyze the properties of this
giant graphical model. This approach is similar to the methodology proposed by
Fienberg and Kim (1999) for combining log-linear graphical models. This is essen-
tially the task we are performing by integrating a spatial process(es) as part of the
state-space model. A graphical model describing spatial between site relationships
of the random effects and covariates is combined with a graphical model for the
random effects, covariates, and response variables within each site. Therefore, this
methodology provides promise for either lattice or continuous spatial models.

Dahlhaus (2000) provides a methodology for analyzing graphical models for
multivariate Gaussian data collected in a vector time series. When data are collected
as a time series, the spectral matrix of the vector process plays the same role as
the inverse correlation matrix. These same spectral methods could be extended to

analyze spatial models within a discrete regression framework.
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Appendix A

WINBUGS CODE FOR COMPOSITIONAL DATA AND AR(2)
CAPTURE-RECAPTURE MODELS

A.1 WinBUGS Code for a Single Composition Model

Here we present the WinBUGS code used for the analysis of stream invertebrate
functional groups in Chapter 3. The model statement includes the multinomial cell
count model, prior distributions for all parameters, and goodness-of-fit statistic for
the Bayesian P-value calculation. In addition, the likelihood model is specified for

the missing observations that are to be predicted.

model

i S
# This portion defines the likelihood

S S T s s s s

for(i in 1:n){
for(j in 1:1){

#i# Observed data model #
yli,1:7J] dmultl(pr[l 1:31, N[iD)

### Replicated data mode for Bayesian P-value ###
y.repli,1:J] ~ dmulti(pr.cut[i,1:J]1, N[il])

### Define category composition model #i##
log(lambdali,j]) <- phili,j]
prli,jl <- lambdali,jl/sum(lambdafli,])
mu.phi(i,j] <- b.0[j] + inprod(x.adj[i,1:P], b[1:P,jl)
pr.cutli,j] <- cut(prli,jl)

### Calculate fit statistics for each cell
D.obs1[i,j] <- pow(sqrt(yli,jl)- sqrt(N[1]*pr[1 jil), 2)
D.repl[i,j] <- pow(sqrt(y.repli,jl)-sqrt(N[i]*pr. cut[i,j]), 2)

.obs2[i] <- sum(1r2.obs1[i,1:J])
.rep2[i] <- sum(1lr2.repi[i,1:J])

o ow

### Define random effects model for hierarchical center #i#i#
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phili,2:J] ~ dmnorm(mu.phili, 2:J], T[1:K, 1:KI)

### standardize covariates ###
for(p in 1:P
x.adjli,p] <- (x[i,pl-mean(x[,pl)) / sd(x[,pl)

X
T T

##########################################
This portion calculates the P-value

R L i s

D.obs <- sum(D.obs2[1:n])
D.rep <- sum(D.rep2[1:n])
P.val <- step(D.rep - D.obs)

L T T s

##########################################
This portion defines prediction likelihood

##########################################
for(i in 1:n2){
for(j in 1:3){
log(lambdal[(i+n),j]) <- phil[(i+n), j]
pr2[i,j] <- lambda[(it+n),j]/sum(lambdal(i+n),])
mu.phi[(i+n),j] <- b.0[j] + inprod(x.adj[(i+n),1:P], b[1:P,j])

}
y[(i+n),1:J] ~ dmulti(pr2[i,1:J], N[(i+n)])
phil(i+n),2:J] ~ dmnorm(mu.phil[(i+n), 2:J], T[1:K, 1:K1)
phi[(i+n),1] <- 0
for(p in 1:P){

x.adj[(i+n),p] <~ (x[(i+n),pl-mean(x[,pl)) / sd(x[,pl)

}
HHHHHH AR

#####ﬁ###########g########ﬁ##g#####ﬁ####
HHHHH AR

for(p in 1:P){
for(j in 2:1){blp,j] ~ dnorm(0, 0.01)}
blp,1] <- 0

} ## same prior for all b’s

for(j in 2:1){
b.0[j] ~ dnorm(0, 0.01)

}

b.0[1] <- 0

T[1:K, 1:K] ~ dwish(R[1:K, 1:K], K)
?######################################
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A.2 WinBUGS Code for a Multi-Way Composition Model

The example code provided here is for the dependent response model with inde-
pendent error structure that is analyzed in Section 4.5. If an independent response
is desired, one can simply eliminate all terms in the code associated with the ¢p
terms. If a completely dependent model with dependent errors is desired, the code

in the previous section can be used.

model
{

##########################################
This portion defines the likelihood

##########################################
for(s in 1:S8){

#it# Observed data model ###
yls,1:6] ~ dmulti(prls,1:6],y[s,71)

### Replicated data model for Bayesian P-value ###
y.repls,1:6] ~ dmulti(pr.c[s,1:6],y[s,7])

for(i in 1:2){
for(j in 1:3){
### Define log-linear mode for cell probabilities ###
log(lambdals, (3%(i-1)+j)]) <- phi.B[s,i] + phi.I[s,j]
+ phi.BI[s, (3*(i-1)+j)]

prls, (3%(i-1)+j)] <- lambdals, (3%(i-1)+j)]/sum(lambdals,])
pr.cls, (3*(i-1)+j)] <- cut(prls, (3*x(i-1)+j)])

### Calculate goodness-of-fit test statistics ###
Dils, (3x(i-1)+j)] <-
pow(sqrt(yls, (3*(i-1)+3j)]1)
-sqrt(y[s,7I*prls, (3x(i-1)+j)1), 2)
Di.repls, (3*(i-1)+j)] <~
pow(sqrt(y.repls, (3*x(i-1)+j)]1)
) -sqrt(yls,7]*pr.cls, (3*x(i-1)+j)1), 2)
¥

D2[s] <- sum(Di[s,])
D2.repl[s] <- sum(Dl.rep(s,])

### Define random effects models for fully dependent response ###
#iti# with independent error structure it
phi.B[s,2] ~ dnorm(mu.B{s], T.B)
phi.B[s,1] <- 0
phi.I[s,2:3] © dmnorm(mu.Ils,1:2], T.I[1:2,1:2])
phi.I[s,1] <- O
phi.BI(s,5:6] ~ dmnorm(mu.BI[s,1:2], T.BI[1:2,1:2])
for(j in 1:4){phi.BI[s,jl<- 0}
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mu.B[s] <- a.B + wsarea.B*z[s,1] + precip.B*z[s,2] + elev.Bxz[s,3]
+ ph.B*z[s,5] + cl.Bxz[s,6]
+ ptl.B*z[s,8]
for(j in 1:2){
mu.I[s,jl <- a.I[j] + wsarea.I[jl*z[s,1] + precip.I[jl*z[s,2]
+ elev.I[jl*z[s,3] + ph.I[jl*z[s,5]
+ cl.I[jl*z[s,6] + ptl.I[jl*z[s,8]

}
for(j in 1:2){
mu.BI[s,j] <- a.BI[j] + wsarea.BI[jl*z[s,1] + precip.BI[j]*z[s,2]
+ elev.BI[jl*z[s,3] + ph.BI[j]l*z[s,5]
+ ¢cl.BI[jl*z[s,6] + ptl.BI[jl*z[s,8]

}
### Normalize covariates ###
for(p in 1:8

zls,p] <- (x[s,pl-mean(x[,pl))/sd(x[,p])

}
e s s S

HHHHEHHH BB R .
# The Bayesian P-value is approximated with this step

HHEHHEHHHEHER AR R

D <- sum(D2[1:8])
D.rep <- sum(D2.rep[1:S])
P.val <~ step(D.rep-D)

S S S

e g s
# his section states the prior dist.

R HEHA R R R

a.B ~ dnorm(0, 0.01)
wsarea.B ~ dnorm(0, 0.01)
precip.B ~ dnorm(0, 0.01)
elev.B ~ dnorm(0, 0.01)
ph.B ~ dnorm(0, 0.01)
cl.B ~ dnorm(0, 0.01)
ptl.B ~ dnorm(0, 0.01)

for(j in 1:2){
a.I[j] ~ dnorm(0, 0.01)
wsarea.I[j] ~ dnorm(0, 0.01)
precip.I[j] ~ dnorm(0, 0.01)
elev.I[j]l ~ dnorm(0, 0.01)
ph.I[j]l ~ dnorm(0, 0.01)
c1.I[j] ~ dnorm(0, 0.01)
ptl.I[j] ~ dnorm(0, 0.01)

a.BI[j]l ~ dnorm(0, 0.01)
wsarea.BI[j] ~ dnorm(0, 0.01)
precip.BI[j] ~ dnorm(0, 0.01)
elev.BI[j] ~ dnorm(0, 0.01)
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ph.BI[j] ~ dnorm(0, 0.01)
c1.BI[j] ~ dnorm(0, 0.01)
ptl.BI[j] ~ dnorm(0, 0.01)

.B ~ dgamma(0.01, 0.01)
JI[1:2,1:2] ~ dwish(R[1:2,1:2], 2)
.BI[1:2,1:2] ~ dwish(R[1:2,1:2], 2)

HHHPEHE AR

“H H4a4 el

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



171

A.3 WinBUGS Code for an AR(2) Capture-Recapture Model

Here we present the WinBUGS code used in the example analysis of a long term
capture-recapture data set of Pintails in Chapter 5. The model statement includes
likelihood specification, random effects distribution for an AR(2) model, and the
prior distributions used for the analysis.

model;

HIHHHEEHHEEHEHHEHERE R
# This portion defines the likelihood

BRI
for(i in 1:I){ D[i, 2:(I+2)] ~ dmulti(C[i,], D[i, 11); }
# Cell probabilities ##HHHHHHHHHRHEHHHHHHE

for(i in 1:(I-1)){
1phi[i] <- log(phil[il)
logit(phi[i]) <- beta + e[i]
for(j in (i+1):I){
Cli, jl <- lambdal[jl*exp(sum(lphili:(j-1)1))

)

for (j in 1:i){
cli+1, j1 <- 0

}

}
for(i in 1:I){
Cli, i] <- lambdalil
Cli, I+1] <- 1 - sum(C[i, 1:I1)

T i

R g L L L s L s
# This portion defines the model for epsilon

T s s s i T

e[1] ~ dnorm(mu[1], taul)
e[2] ~ dnorm(mu[2], tau2)
mul[i] <- O
mu[2] <- (rho[1]/(1-rho(2]))*el[1
taul <- ((1+rho[2])/(1-rho[2]))*
tau2 <- taux(1l - rho[2]*rho[2])
for(i in 3:(I-1)){
eli] ~ dnorm(mufil,tau)
muf[i] <- rho[1]*e[i-1] + rho[2]*e[i-2]

]
((1-rho[2])*(1-rho[2]) - rhol[il*rho[1])*tau

sigma <- 1/sqrt(tau)
T L S s T e

FHEHHHEEEHEEEHHAEE R
# This section states the prior dist.

B

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



172

# for(i in 1:2){betali] ~ dnorm(0, 0.01)}
beta ~ dnorm(0, 0.01)

for(i in 1:I){lambdal[i] ~ dunif(0, 1)}
tau ~ dgamma(0.001, 0.001)

## Prior for rho is approx. uniform on the AR(2) stationary triangle ##
rho[1] ~ dunif(l, u)

u <- abs(1 - rho(2])

1l <= ~u

rho[2] ~ dunif(-1, 1)

g S s T

}
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