DISSERTATION

GENERALIZATIONS OF PERSISTENT HOMOLOGY

Submitted by
Alexander J. McCleary

Department of Mathematics

In partial fulfillment of the requirements
For the Degree of Doctor of Philosophy
Colorado State University
Fort Collins, Colorado

Summer 2021

Doctoral Committee:
Advisor: Amit Patel

Henry Adams
Asa Ben-Hur
Chis Peterson



This work is licensed under the Creative Commons Attribution-NonCommercial-NoDerivatives

4.0 United States License.

To view a copy of this license, visit:

http://creativecommons.org/licenses/by-nc-nd/4.0/legalcode

Or send a letter to:

Creative Commons
171 Second Street, Suite 300
San Francisco, California, 94105, USA.



ABSTRACT

GENERALIZATIONS OF PERSISTENT HOMOLOGY

Persistent homology typically starts with a filtered chain complex and produces an invariant
called the persistence diagram. This invariant summarizes where holes are born and die in the
filtration. In the traditional setting the filtered chain complex is a chain complex of vector spaces
filtered over a totally ordered set. There are two natural directions to generalize the persistence
diagram: we can consider filtrations of more general chain complexes and filtrations over more
general partially ordered sets. In this dissertation we develop both of these generalizations by
defining persistence diagrams for chain complexes in an essentially small abelian category filtered

over any finite lattice.
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Chapter 1

Introduction

Persistent homology is a tool for studying filtered chain complexes. Roughly speaking, a fil-
tered chain complex is a nested family of chain complexes. Filtered chain complexes arise naturally
in data analysis from Rips complexes [1], Cech complexes [2], and alpha complexes [3]. These
are all different ways to convert a finite metric space into a filtered chain complex that captures
information about the metric at different scale parameters. As the chain complexes in a filtration
get bigger, holes open up and holes close up. Persistent homology captures this behavior with
the persistence diagram which encodes where each hole first opens up and where it first closes (if
it closes). The persistence diagram condenses a lot of the meaningful topological structure of a
filtered simplicial complex into a much more usable form, giving valuable insights into the shape
of data [4,5]. Persistent homology also has deep applications to pure math in areas such as fractal
geometry [6—8] and symplectic geometry [9, 10]. One of the most important results in persistent
homology is bottleneck stability which says that the construction of the persistence diagram is
1-Lipschitz. In practice, data is inherently noisy so this result is crucial for applications.

Homology is used to convert a filtered simplicial complex into a persistence diagram. Tra-
ditionally, for persistence, the homology is defined with field coefficients. In [11], a method for
defining persistence diagrams with coefficients in a ring was introduced. This allows for the study
of torsion in data, capturing more information from a filtered simplicial complex. In [12], we
showed that these generalized persistence diagrams satisfy bottleneck stability as well.

One of the unfortunate weaknesses of the filtered simplicial complexes used in topological data
analysis is that they are sensitive to outliers. Because of this, it is often times desirable to incor-
porate a density parameter into the filtration. This leads to multiparameter persistent homology,
an area rich with potential applications but lacking a robust theory [13]. In [14], we showed that
multiparameter persistence diagrams satisfy a form of stability and a notion of functoriality. In

fact, the results from this paper extend beyond multiparameter persistence to persistent homology



over any finite lattice. This structure has numerous potential applications to areas such as dynamic

metric spaces [15] and the persistent homology transform [16].

1.1 Outline

We start this dissertation with the relevant background information. In Chapter 2 we introduce
lattices and metric lattices and prove a few lemmas that are useful for proving some of our bigger
results later on. We then start a brief introduction to category theory in Section 2.2. Beginning
with categories and functors, we cover all the way through Kan extensions, abelian categories, and
Grothendieck groups. Lastly, this chapter concludes with some background on chain complexes
and homology in Section 2.3. We allow our chain complexes to lie in any essentially small abelian
category A, allowing for more general homology theories to be used in practice.

Chapter 3 focuses on filtered chain complexes. For a fixed chain complex X, we define a
category Fil of filtrations of X,. We define the edit distance between filtrations in Fil. Our filtrations
differ from the filtrations traditionally used in persistent homology in that we allow X, to be filtered
over any finite lattice P and not simply a totally ordered finite lattice. In the setting where P is
totally ordered, we take advantage of this extra structure to define the interleaving distance between
filtrations.

In Chapter 4, we define our main invariant: the persistence diagram. We first define birth-death
functions of filtrations. These intermediary invariants capture information about where holes are
born and die in a filtration. Birth death functions lie in a category Mon(SG) with functors ZB; :
Fil — Mon(9) taking any filtration to its i-th birth-death function. We then define persistence
diagrams as the Mobius inversion of birth-death functions. Persistence diagrams lie in a category
Fnc(S) and the Mobius inversion turns out to be a functor Ml : Mon(S) — Fnc(S). We define the
edit distance between functions in Fnc(G) and, when the underlying lattice is totally ordered, we
also define the bottleneck distance between functions in Fnc(g).

Chapter 5 focuses on stability results. These results are crucial for applications. In Section 5.1

we show that the construction of the persistence diagram of a filtration is stable with respect to



the edit distance. Section 5.2 focuses on the special case of filtrations over totally ordered lattices.
Here we prove that the construction of persistence diagrams is stable with respect to the bottleneck
distance. Lastly, in Section 5.3 we show that the edit distance and bottleneck distance are strongly

equivalent for functions in Fnc(G) where the underlying lattice is totally ordered.



Chapter 2

Preliminaries

Here we introduce the necessary background information. We start with a short introduction to

lattices followed by an introduction to category theory.

2.1 Lattices

A poset is a set P with a relation < that is

* reflexive: a < aforany a € P

e antisymmetric: if a < bandb < athena=D>b
e transitive: if a < band b < cthena < c.

A poset P is totally ordered if for any a,b € P, either a < b or b < a. For two elements a,b € P
in a poset, we write a < b to mean a < b and a # b. For any a < c, the interval [a,c] C P is
the subposet consisting of all b € P such that a < b < c¢. The poset P has a bottom if there is an
element 1 € P such that 1 < a forall a € P. The poset P has a rop if there is an element T € P
such that a < T for all a € P. A function « : P — Q between two posets is monotone if for all
a<b,ala) <ab).

The meet of two elements a,b € P in a poset, written a /\ b, is the greatest lower bound of
a and b. The join of two elements a,b € P in a poset, written a \V b, is the least upper bound
of a and b. The poset P is a lattice if both joins and meets exist for all pairs of elements in P. A
lattice is bounded if it contains both a top and a bottom. If P is a finite lattice, then the existence
of meets and joins implies that P has a bottom and a top, respectively. Therefore all finite lattices
are bounded. A function « : P — Q between two bounded lattices is a bounded lattice function if
o(T)=T,x(L)=1,andforalla,b € P, x(aVb) = x(a)Va(b) and x(a/\b) = x(a)\x(b).

Note that bounded lattice functions are monotone. This is because a < b ifand only if a/Ab = a,
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Figure 2.1: Above are the Hasse diagrams of two finite metric lattices P and Q. The metrics dp and dg
assigns to every pair of elements the length (i.e. the number of edges) of the shortest path between them.
For example, dp(a,d) = 2 and dg(p, q) = 1. The function & : P — Q defined as «(a) = «(b) = p and
o(c) = a(d) = ris a bounded lattice function. The distortion of « is ||et|| = 1.

and therefore

x(a) =ax(aAb) =a(a) N a(b) = a(a) < «(b).

Example 2.1.1: See Figure 2.1 for two examples of finite metric lattices P and Q and a morphism
of finite metric lattices o« : P — Q. The distortion of « is ||«|| = 1. Forthcoming examples will

build on this one example.

Proposition 2.1.2: Let P and Q be finite lattices and « : P — Q a bounded lattice function.

Then for all a € Q, the pre-image o« ![ L, a] has a maximal element.

Proof. The pre-image is non-empty because (L) = L. The pre-image is finite because P is finite.
For any two elements b and c in the pre-image, both b \V ¢ and b /\ ¢ are also in the pre-image

because

a(bVe)=ab)Valc) <aVa=a a(bAc)=a(b)ANax(c) <aNa=a.

Thus o« '[L, a] is a finite lattice and all finite lattices have a unique maximal element. O]

For a finite lattice P, let P := {[a,b] C P : a < b} be its set of intervals. The product order
on P x P restricts to a partial order < on P as follows: [a,b] < [c,d] if a < cand b < d.

The join of two intervals is [a,b] V [c,d] = [a V ¢,b V d], and the meet of two intervals is



[a,b] Alc,d] = [aAc,bAd]. All this makes P a finite lattice. Its bottom element is [, 1] and
its top element is [T, T].
A bounded lattice function & : P — Q between two finite lattices induces a bounded lattice

function & : P — Q as follows. For an interval [a, b] € P, let &([a, b]) := [«(a), (b)]. We have

&(la,b] Ale,d]) = &([aAe,bAd]) = [x(aAc),x(bAd)]
= [a(a) A a(c), x(b) A x(d)] = &([a, b]) A &(lc, d]).

&([a,b] Ve, d]) =a&(laVe,bVd) =[afaVec),aldVd)]

[o(a) V x(c), a(b) V a(d)] = &(la, b]) V &([c, d])
&([L, 1]) = [oe(L), ee(L)] = [L, L]

&([T,T1) = [e(T), (T)] = [T, T].

Thus & is a bounded lattice function. Further, for any pair of bounded lattice functions & : P — Q

and3:Q >R, Boa=pRoax

Example 2.1.3: The morphism of finite metric lattices o« : P — Q in Example 2.1.1 induces the

morphism of finite metric lattices & : P — Q in Figure 2.2. The distortion of & is ||&|| = 1.

2.1.1 Metric Lattices

A finite metric lattice is a tuple (P, dp) where P is a finite lattice and dp : P x P — R>% a
metric. A morphism of finite metric lattices « : (P, dp) — (Q, dq) is a bounded lattice function
o : P — Q. The distortion (see [17, Definition 7.1.4]) of a morphism « : (P,dp) — (Q,dq),

denoted |||, is

|| == max, |dp(a,b) — dg(«(a), x(b))].

To minimize notation, we will write finite metric lattices (P, dp) simply as P with the implied

metric dp.



(b, d] [c, d] (q, 1]
| N . /
b,b] [a,d] [c,c] —> [p, 7] [q, q]
|/ N\ | /
[a, b] [a,c [p, q
N |
[a, a [p,p]
; Q

Figure 2.2: Above are the Hasse diagrams of the lattices P and Q where P and Q are from Example 2.1.1.
The morphism o : P — Q from the same example extends to the morphism & : P — Q as follows. The func-
tion & sends {[a, a, [a, b], [b,b]} to {[p,pl}, {la,cl, [a,d], [b,dl} to {lp,7]}, and {[c,c], [c, d],[d, d]} to
{[r,7]}. The distortion of & is [|&|| = [l«l| = 1.

For every finite metric lattice P, we have the finite metric lattice of intervals P where
dp ([a,bl, [c, d]) := max {dp(a,c),dp(b,d)}.

A morphism « : P — Q of finite metric lattices induces a morphism of finite metric lattices

& : P — Q. Define the distortion of & as

|&|| ;== max |max{dp(a,c),dp(b, d)} —max{dQ(oc(a),oc(c)),dQ(oc(b),oc(d))H.
[a,bl,[c,d]eP

Proposition 2.1.5 says that the two distortions ||«|| and ||&]| are equal. Its proof requires the follow-

ing lemma.

Lemma 2.1.4: [18, Lemma 3 page 31] For all non-negative real numbers w, x,y,z € R>0,

| max(w, x) — max(y, z)] < max (jw —yl, [x — zl).



Proposition 2.1.5: Let «« : P — Q be a bounded lattice function between two finite metric

lattices and let & : P — Q be the induced bounded lattice function on intervals. Then ||&|| = ||«

Proof. First we show [|&|| > ||«l|. If ||| = e, then there are elements a,b € P such that ¢ =

}dp(a,b) —do(a(a), oc(b))‘. For the intervals [a, a] and [b, b], we have
| max {dp(a,b),dp(a,b)} — max {dg(x(a), x(b)),dg(x(a),x(b)) }| = ¢
proving the claim. Now we show ||&|| < ||«|| using Lemma 2.1.4:

= . bﬁ?ﬁ}ef’ ! max {dp(a,c), dp(b, d)} — max {dQ(oc(a), x(c)), dg(x(b), oc(d))}!

9

S (a.bhle.dleP {ldr(a,c) — dq(x(a), x(c))

dp(b,d) — dq (x(b), «(d)) }

= [|ct]].

2.2 Categories

In this section we provide a brief introduction to category theory. First we review categories
and functors followed by an overview of abelian categories and then a little background on chain
complexes and homology.

Categories were introduced in 1942 by Samuel Eilenberg and Saunders Mac Lane to study
mathematical structures in a very broad sense. They have helped unify concepts from fields as
diverse as topology and algebra to geometry and combinatorics. Category theory provides an
elegant setting to study many different concepts, and persistent homology is no exception. Much
of the theory presented here is written in the language of category theory.

A category consists of objects and morphisms. The objects often represent mathematical struc-

tures such as: sets, vector spaces, and topological spaces while the morphisms represent the ap-



propriate structure preserving maps between them such as: functions, linear transformations and

continuous maps respectively.

Definition 2.2.1: A (locally small) category C consists of:
* A class of objects ob(C).

* For any objects a,b € ob(C) a set hom(a, b) of morphisms from a to b. We will often use

the notation f : a — b for a morphism f € hom(a, b).

* A composition rule for morphisms. That is, for any objects a,b,c € ob(C) a map o :

hom(b, c) x hom(a,b) — hom(a, c) satisfying:

— For each object x, there is an identity morphism 1, with the property that for each

morphismf:a —+ b, l,of =f=fol,.

— Composition is associative; explicitly, forany f : ¢ -+ d,g: b < c,and h: a — b,

fo(goh)=(fog)oh.

Example 2.2.2: The category of sets Set has sets as objects and set maps as morphisms. The
category of abelian groups Ab has abelian groups as objects and group homomorphisms as mor-

phisms.

Example 2.2.3: A lattice P can be viewed as a category with elements of P as the objects and a
unique morphism f : a — b if and only if a < b. Composition of morphisms follows from the

transitivity of <.

Definition 2.2.4: A morphism f : a — b in a category C is an isomorphism if there exists a
morphism g : b — a such that fo g = 1y, and g o f = 1,. An isomorphism class [a] is the class

of all objects that are isomorphic to a in C.

Definition 2.2.5: A category C is small if the objects of C form a set and essentially small if

the isomorphism classes of objects form a set.



Definition 2.2.6: A morphism f : a — b in a category C is a monomorphism if for any object
¢ € ob(C) and any morphisms g;, g : ¢ — a, the equation f o g; = f o g, holds only if g; = g».
Similarly, f is an epimorphism if for any object ¢ € ob(C) and any morphisms g1, g, : b — c the

equation g, o f = g, o f holds only if g; = g».

Example 2.2.7: In Vec a monomorphism is simply an injective linear transformation and an epi-
morphism is a surjective linear transformation. In TOp a monomorphism is an injective continuous

map and an epimorphism is a surjective continuous map.
Definition 2.2.8: A functor F : C — D from a category C to a category D consists of:

* For each a € ob(C), an object F(a) € ob(D).
* For each f € hom(a,b), a morphism F(f) € hom (F(a), F(b)) satisfying:

- F(14) = lf(q) for each a € ob(C).

- F(fog) =F(f) o F(g) forany a,b,c € ob(C) andany f: b —+ candg: a — b.

Example 2.2.9: There is a functor F : Vec — Set that takes a vector space to its underlying set
and a linear transformation to its underlying set map. There is another functor G : FinSet — Vec
taking any finite set to the vector space with that set as a basis and any set map to the induced linear

transformation.

We now introduce natural transformations. Just as functors act as morphisms between cate-
gories, natural transformations act as morphisms between functors. Natural transformations are

necessary for defining certain concepts in category theory such as Kan extensions.

Definition 2.2.10: Let C and D be categories and F, G : C — D functors from C to D. A natural
transformation n : F — G consists of morphisms 1, : F(a) — G(a) for each a € ob(C) such

that for any f : a — b in C, the following diagram commutes in D



We are now ready to define limits and colimits. These are incredibly important constructions in
category theory. Examples of limits and colimits include direct sums of vector spaces and kernels

of linear transformations.

Definition 2.2.11: A diagram in a category C is a functor F : J — C where J is any small
category. A cone over F consists of an object N € ob(C) and morphisms 1, : N — F(a) for each
a € ob(J) such that for any f : a — b in J, F(f) oy, = . A limit of F is a cone (L, $) over F
such that for any cone (N, 1) over F there is a unique morphism u : N — L with ¢, ou =g

for any a € J.

Example 2.2.12: Let J be a small category with only the identity morphisms and F : J — Set
a diagram. The limit of F is the cartesian product of the sets F(a) over all a € ob(J) and the

morphisms ¢ are given by projecting the cartesian product onto F(a).
The dual notion of a limit is that of a colimit.

Definition 2.2.13: Let F : J — C be a diagram. A co-cone under F consists of an object
Q € ob(C) and morphisms P, : F(a) — Q for any a € ob(J) such that for any f : a — b in
J, Uy o F(f) = V4. A colimit of F is a co-cone (C, ¢) under F such that for any other co-cone

(Q, ) under F there is a unique morphism u : C — Q satisfyinguo ¢, =, for any a € ob(J).

Example 2.2.14: Let F : J — Set be defined as in Example 2.2.12. The coproduct of F is the
disjoint union of the sets F(a) over all a € ob(J). The morphisms ¢ are the inclusions of F(a)

into the disjoint union.

One of the most useful constructions in category theory is the Kan extension. This tool will
allow us to define constructible filtrations, interpolate between constructible filtrations and express

morphisms between filtrations in a natural way.

Definition 2.2.15: Let C,D, and E be categories with functors F : C — Dand G : C —
E. The left Kan extension of G along F consists of a functor LangG : D — E and a natural

transformationsn : G — LangfG o F

11



G
C > E
A
ﬂn //
\‘ -7 LangG
D

such that for any other functor H : D — E with a natural transformation i : G — H o F there is a

unique natural transformation « : LanFG — H that makes the following diagram commute

G " s Ho F

AT
n ///// ooF

LangG o F.

Dually, the right Kan extension of G along F consists of a functor RangG : D — E and a natural

transformations n : RanfG o F — G

G
C > E
A
nﬂ //
\‘ /// RangG
D

such that for any other functor H : D — E with a natural transformation 1 : H o F — G there is a

unique natural transformation « : H — RangG that makes the following diagram commute

G « a HoF

2.2.1 Abelian Categories

Many categories that arise in practice have more structure than a basic category. In the category
of vector spaces hom-sets are more than just sets, they form vector spaces. Linear transformations
can be added and scalar multiplied. Additionally, finite products and coproducts always exist in
Vec. Similarly, hom-sets in the category of abelian groups also form abelian groups and finite
products and coproducts always exist. One way to classify this extra structure is with abelian

categories. In this section we will define abelian categories and look at a few examples.

Definition 2.2.16: An object I € ob(C) is initial if for any a € ob(C) there is a unique mor-

phism from I to a. An object T € ob(C) is terminal if for any a € ob(C) there exists a unique

12



morphism from a to T. An object 0 € ob(C) is a zero object if it is both an initial and a terminal

object.

Example 2.2.17: A finite lattice P viewed as a category has an initial object L and a terminal

object T. There is no 0 objectin P unless L = T.

Example 2.2.18: In Vec a 0 object is a O-dimensional vector space. There is exactly one mor-
phism from any vector space to a 0-dimensional vector space and one map from a O0-dimensional

space to any other vector space.

Remark 2.2.19: If ] is the category with no objects and F : J — C is a diagram then the colimit

of F is an initial object in C and the limit of F is a terminal object.

Definition 2.2.20: A category C is additive if it has all finite products and each hom-set forms
an abelian group with composition being a bilinear map o : hom(b, ¢) x hom(a, b) — hom(a, c).
Composition being bilinear means that for any a,b,c € ob(C) and any f,g € hom(a,b) and

h,i € hom(b,c), we have that (h+1)of = (hof)+ (iof)and ho (f+g) = (hof) + (hog).

Definition 2.2.21: A Kernel of a morphism f : a — b in C is a limit of the diagram on below on

the left. A cokernel of f is a colimit of the diagram on the right.

ker(f) ----- > a a—Db
L |
00— b 0 ----- » coker(f)

Definition 2.2.22: An abelian category is a category A such that:

* A is additive.

* Every morphism f in A has a kernel and a cokernel.

¢ Every monomorphism is a kernel of a morphism and every epimorphism is a cokernel of a
y y

morphism.

13



Example 2.2.23: Many familiar categories from algebra are abelian including the category of
vector spaces, the category of abelian groups, and the category of left R-modules over a fixed

ring R.

Remark 2.2.24: Mitchell’s embedding theorem shows that every essentially small abelian cate-

gory is equivalent to a full subcategory of R-Mod for some ring R [19].

Definition 2.2.25: An image of a morphism f : a — b in an abelian category is defined to be

im(f) = ker(coker(f)).

There is a way to define the image via a universal property as well however it is less intuitive

and, in the setting of abelian categories, equivalent.

Definition 2.2.26: A short exact sequence in an abelian category is a sequence of objects and

maps

such that ker(f) = 0, coker(g) = 0, and im(f) = ker(g).

Definition 2.2.27: Let A be an essentially small abelian category. The Grothendieck group of
A is the abelian group G(A) generated by isomorphism classes of objects in A and by the relations
[a] + [c] = [b] for any short exact sequence 0 — a — b — ¢ — 0. The Grothendieck group has
a natural translation invariant partial ordering where [a] < [b] if there is an object ¢ € € such that
[b] — [a] = [c]. For each a < b, we have a & ¢ < b & c for any object ¢ in C. This makes < a

translation invariant partial ordering.

Example 2.2.28: Here are three examples of A with their Grothendieck groups.

» Let Vec be the category of finite dimensional k-vector spaces for some fixed field k. Every
finite dimensional k-vector space is isomorphic to K™ for some natural number n > 0. This
means that the free abelian group generated by the set of isomorphism classes in Vec is

D, Z over all n > 0. Since every short exact sequence in Vec splits, the only relations

14



are of the form [A] + [B] = [C] whenever A @ B = C. Therefore G(Vec) = 7Z where the

translation invariant partial ordering < is the usual total ordering on the integers.

Let FinAb be the category of finite abelian groups. A finite abelian group is isomorphic to

Z o L
pi'Z P Z

where each p; is prime. The free abelian group generated by the set of isomorphism classes
in FinAb is € ,, ,,) Z over all pairs (p,n) where p is prime and n > 0 a natural number.

A
Every primary cyclic group Iﬁ fits into a short exact sequence
7 XPp 7 / Z

0 > > >

(]

1vi ise t lati z z + Z By induction Z n z
ing rise to a relation | —— | = — . , | —= = — .

giving PZ p1Z PZ Y PZ PZ
Therefore G(FinAb) = @p Z where p is prime. For two elements [a], [b] € G(FinAb),

[a] < [b] if the multiplicity of each prime factor of [a] is at most the multiplicity of each

prime factor of [b].

Let Ab be the category of finitely generated abelian groups. A finitely generated abelian

group is isomorphic to
Z
P Z

7™ @ DD

pi'Z
where each p; is prime. The free abelian group generated by the set of isomorphism classes

inAbis P, Z® @(p’n) Z over all natural numbers m > 0 and over all pairs (p,n) where

p is prime and n > 0 a natural number. In addition to the short exact sequences in FinAb,

we have
0 Ny Ry — >£ > 0
PZ
0O —2Z™ —— Z™™ > " > 0

15



Z
giving rise to the relations Lﬁ} = [0] and [Z™] 4 [Z™] = [Z™"™]. Therefore G(Ab) =

where < is the usual total ordering on the integers. Unfortunately all torsion is lost.

Remark 2.2.29: Although the Grothendieck group can be applied to categories with infinitely
generated objects, it is often times trivial due to the Eilenberg Swindle. Consider, for example, the
category of (possibly infinite dimensional) vector spaces over a fixed field. For any vector space
V, we have that V& @7,V = @, Vand so [V] + [P, V] = [P, VI. Therefore [V] =0

and the Grothendieck group of this category is the trivial group.

When two objects a and b in an abelian category have monomorphisms f : a < ¢ and
g : b — cinto a third object c, we can take the union and intersection of a and b. The intersection

is given by the limit of the diagram

anb --—--- > a
I
e [
b—2 5.

Any two subobjects a — ¢ and b — c fit into a short exact sequence as follows. Consider the

following diagram where the dashed arrows come from the universal properties of a biproduct:

%\"“

————— »adb --~% auUb.

The morphism p is a monomorphism and v is an epimorphism with kernel a N b giving us the

short exact sequence

0—>aﬂb—“>a@b+>aub—>0.

16



For example in Vec, u : x — (x,—x) and v : (x,y) — x +y. The map p is injective, v
is surjective, and kerp = imv = a N b making the above sequence exact. The corresponding

relation [a N b} + [a U b] = [a ) b} in G can be rewritten as an inclusion-exclusion formula

[aub] = [a] + [b] — [anb]. 2.1)

2.3 Chain Complexes and Homology

Homology was developed to study topological spaces from an algebraic point of view. There
are many different homology theories. Of particular interest for this dissertation is simplicial
homology. Given a simplicial complex K and a fixed ring R, simplicial homology assigns to it
an R-module H;(K,R) for each i € N that describes the independent i-dimensional holes in K.
Simplicial homology has the advantage of being easily computable with linear algebra techniques.

To define homology, we first need to define chain complexes.

Definition 2.3.1: Let A be an abelian category. A chain complex X, in A consists of objects
Xj for all 1 € Z and morphisms d; : X; — X;_; satisfying d; odi,; = Oforalli € Z. A
morphism f : X, — Y, between chain complexes consists of morphisms f; : X; — Y; in A such
that d; o f; = f;_; o d;. The category of chain complexes in A is the category Ch(A) consisting

of chain complexes and chain complex morphisms.

We can associate to any chain complex X, two types of objects: the cycle objects and the
boundary objects. Intuitively, the i-dimensional cycle object of a chain complex is generated by
each (possibly filled in) hole while the i-dimensional boundary object is generated by the filled in

holes.

Definition 2.3.2: For any chain complex X, its i-dimensional cycle object is Z;(X,) := ker d;

and its i-dimensional boundary object is B; (X, ) := imd; ;.

Since djod;; = Oit must be that B;(X,) C Z;(X,). This allows us to define the i-dimensional

homology of X, as the quotient of the two objects.

17



i(X*)

Definition 2.3.3: The i"-homology of a chain complex X, is Hi(X,) := B

Example 2.3.4: Consider the 2-simplex A,. It’s simplicial chain complex with coefficients in R

is

e X =0 —— X =R — X =R —— X3 =R +— X53=0 —— ---

The homology groups of X, are Hy(X,) = R and H;(X,) = 0 for i # 0.

18



Chapter 3

Filtrations

Filtrations are the main objects of study in persistent homology. They arise via data from
constructions such as the Rips complexes [1], Cech complexes [2], and alpha complexes [3] and
in pure math from sublevel sets of functions among other sources. In this dissertation, we’ll study

filtrations of a fixed chain complex X,.

Definition 3.0.1: The category of sub-complexes of X, is the category Sub(X,) with objects
chain complexes Y, such that there is an inclusion of chain complexes Y, < X.. The morphisms

in Sub(X,) are inclusions of chain complexes Y, — Z,.

Definition 3.0.2: Let P be a finite metric lattice and X, a chain complex. A filtration of X,
indexed by P, or simply a P-filtration of X,, is a functor F : P — Sub(X,). That is, for all a € P,
F(a) is a subcomplex of X, and for all a < b, F(a < b) is an inclusion of F(a) into F(b). Further,

we require that F(T) = X,.

Definition 3.0.3: A filtration-preserving morphism is a triple (F, G, «) where F : P — Sub(X,)
and G : Q — Sub(X,) are P and Q-filtrations of X,, respectively, and « : P — Q is a
bounded lattice function satisfying the following axiom: for all a € Q, G(a) = F(a*) where

a*:=max o '[L,al:

P = > Q
N, A
Sub(X.).

Remark 3.0.4: A more sophisticated but an equivalent definition of a filtration-preserving mor-
phism is the following. A filtration-preserving morphism is a triple (F, G, «) where F : P —

Sub(X,) and G : Q — Sub(X.,) are P and Q-filtrations of X,, respectively, and o : P — Q is a
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A
AN |
A A
|

A _a
NS

A
F: P> X, G:Q — X,

Figure 3.1: Filtrations F and G of the chain complex X, defined in Example 2.3.4 along with a filtration-
preserving morphism « as described in Example 2.1.1.

bounded lattice function such that G is the left Kan extension of F along «, written G = LanF:

P F > Sub(X.)
\ ﬂ” -
& ///G:Laan
Q.

By construction of the left Kan extension,

Lan“F(a) = Co”mSub(X*)Flcx*I[L,a]

for all a € Q [20]. By Proposition 2.1.2, o[, a] has a maximal element a* and therefore
Lan,F(a) is equal to F(a*). Forall a < b in Q, a* < b* inducing the inclusion Lan,F(a < b).
The natural transformation @ : F = G o o is gotten as follows. For ¢ € P, let a := «(c). Since

¢ < a* and Lan,F(a) is equal to F(a*), we get the inclusion p(c) : F(¢) < Go «(c) = G(a).

Example 3.0.5: Let « : P — Q be the bounded lattice function described in Example 2.1.1.
Consider the two filtrations F : P — AK and G : Q — AK of the 2-simplex K in Figure 3.1. The

triple (F, G, «) is a filtration-preserving morphism « : F — G.

Proposition 3.0.6: If (F, G, «) and (G, H, ) are filtration-preserving morphisms, then (F,H, fo

«) is a filtration-preserving morphism.

Proof. Suppose F : P — Sub(X,), G : Q — Sub(X,), and H : R — Sub(X,). For all

a € R, H(a) = G(a*) where a* := max 3~ '[L, al. Furthermore, G(a*) = F(a**) where

20



a** = max & '[L, a*]. Since a** = max(p o «)"'[L, a], we have that H(a) = F(a**). Thus

(F,H, B o ) is a filtration-preserving morphism. O

Definition 3.0.7: For a fixed chain complex X, let Fil(X,) be the category whose objects are
P-filtrations of X,, over all finite metric lattices P, and whose morphisms are filtration-preserving

morphisms. We call Fil(X,,) the category of filtrations of X..

3.0.1 KEdit Distance Between Filtrations

A path between two filtrations F and H in Fil is a finite sequence

& [0 (0.4 08
F—5 G +—> -+ +—5 G > H

where <+ denotes a filtration-preserving morphism in either direction. The length of a path is
the sum > ", [lxi|| of the distortions of all the bounded lattice functions. Note that the filtration
Q : x — Sub(X,) is terminal in Fil. This implies that any two filtrations in Fil are connected by a

path.

Definition 3.0.8: The edit distance dg;(F, H) between any two filtrations in Fil is the length of

the shortest path between F and H.

3.1 Totally Ordered Filtrations

In the special case where the finite metric lattice P is totally ordered, the additional structure
allows for additional constructions. Here, P can be embedded in R allowing us to define the
interleaving distance and interpolate between filtrations.

Given a totally-ordered, finite metric lattice P, we embed P into R by setting L p := 0 and the
remaining elements are forced by the metric (i.e. if Lp < a and dp(Lp,a) = rthen a :=1). In
this way we view P as a subset of R. We can then extend a filtration F : P — Sub(X,) to a functor
F: R — Sub(X,) by defining F(x) := maxacp F(a). This extension turns out to be the right Kan

asx

extension of F along the embedding v : P — R.
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> Sub(X,)

P F
\ R
) “ﬂ
-~ F=RanF
R

While, in general, functors from R — Sub(X, ) can be quite unwieldy, the functors that arise in
this way satisfy a finiteness condition: they only change isomorphism type in finitely many places.

We call these functors constructible.

Definition 3.1.1: A constructible filtration is a functor F : R — Sub(X,) such that there exists
a finite, totally-ordered metric lattice P and a filtration F : P — Sub(X,) with F extended to R

equal to F.

There is a natural distance between constructible filtrations called the interleaving distance [21].

Forany € > 0, let R X, {0, 1} be the poset (R x {0}) U (R x {1}) where (p,t) < (q,s) if
*t=sandp < q,o0r
e t#sandp+e<q.

Let 1y, 4; : R < R x {0, 1} be the poset maps ty : p — (p,0) and ; : p — (p, 1).

Definition 3.1.2: An e-interleaving between two constructible filtrations F and G is a functor @

that makes the following diagram commute up to a natural isomorphism:

(D\R 3.1)

Two constructible filtrations F and G are e-interleaved if there is an e-interleaving between them.
The interleaving distance d1(|~:, G) between F and G is the infimum over all ¢ > 0 such that F
and G are ¢-interleaved. This infimum is attained since both F and G are constructible. If F and G

are not interleaved, then we let d;(F, G) = oo.
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b(p+e(1—1),1)
(p + €t,0) .\ /

(0,0) (0,1)

IN
IN

Figure 3.2: An illustration of the poset relation on R x . [0, 1].

Proposition 3.1.3 (Interpolation [22]): Let F and G be two e-interleaved constructible filtrations.
Then there exists a one-parameter family of constructible filtrations {Rt}te[o,l] such that K, = F,

K, =G, and d; (K, Kq) < elt —s).

Proof. Let F and G be e-interleaved by @ as in Definition 3.1.2. Define R x, [0, 1] as the poset
with the underlying set R x [0,1] and (p,t) < (q,s) whenever p + €|t — s| < . Note that
R x¢ {0, 1} naturally embeds into R x. [0,1] via v : (p,t) — (p,t). See Figure 3.2. Finding
{F(t}te 0.1] 1s equivalent to finding a functor ¥ that makes the following diagram commute up to a
natural isomorphism:

R x.{0,1} —2—— C

LJ: Ty

R x, [0, 1].
This functor V¥ is the right Kan extension of @ along t for which we now give an explicit con-
struction. For convenience, let S := R x. {0,1} and T := R x. [0,1]. For (p,t) € T, let
S 1 (p,t) be the subposet of S consisting of all elements (p’,t’) € S such that (p,t) < (p’,t’).
The poset S T (p,t), forany p € R and t ¢ {0, 1}, has two minimal elements: (p + et,0) and
(p +e(1—1), 1). For t € {0, 1}, the poset S T (p, t) has one minimal element, namely (p, t). Let
W((p, t)) := lim @[s4(p1). For (p,t) < (q,s), the poset S T (q,s) is a subposet of S 1 (p, t). This
subposet relation allows us to define the morphism ¥ ((p,t) < (q,s)) as the universal morphism

between the two limits. Note that W( (p, O)) is isomorphic to F(p) and W((p, 1)) is isomorphic to
G(p).
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We now argue that each functor K, := W(-, t) is constructible. Suppose F is a P-filtration and
G is a Q-filtration. As we increase p while keeping t fixed, the limit K¢(p) changes only when
one of the two minimal objects of P 1 (p, t) changes isomorphism type. This occurs when p is in

P—et:={x—et|x € Plor Q — (1 —t). Therefore K, is a constructible filtration. H

24



Chapter 4

Persistence Diagrams

The main invariant in persistent homology is the persistence diagram. Given a P-filtration
F : P — Sub(X,), its i-dimensional persistence diagram is a map 0ZB;F : P — Z that, loosely
speaking, assigns to any interval I = [i;,1,] in P the number of independent i-cycles that were born
at i; and died at 1,. In order to define persistence diagrams, we first need to define an intermediary
invariant: the birth-death function. This function summarizes where cycles were born and die in
a filtration. Both birth-death functions and persistence diagrams naturally lie within categories.
The former lies in the category of monotone G-functions while the latter lies in the category of
G-functions. The categories of filtrations and monotone G-functions are linked by the birth-death
functor, taking a filtration to its birth-death function. Similarly, the Mobius inversion is a functor
from the category of monotone G-functions to the category of G-functions. Taken together, these

functors form a functorial pipeline with input a filtration and output a persistence diagram.

4.1 Monotone G-Functions
We now define the category of monotone G-functions over finite metric lattices Mon(§) and
construct the i" birth-death functor ZB; : Fil(X,) — Mon(SG). Recall that all of our filtrations are

of a fixed chain complex X, in an abelian category A with Grothendieck group G.

Definition 4.1.1: Let P and Q be two finite metric lattices and let f : P — Gandg: Q — G
be two monotone §-functions. A monotone-preserving morphism from f to g is a triple (f, g, &)
where & : P — Q is a bounded lattice function satisfying the following axiom. For all I € Q and

I* .= max & '[L, 1], g(I) = f(I*):
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1/\/1 1
VL e N
AN \ /
0 0 T
\O/ 0
f:P—>7Z g:Q—~7Z

Figure 4.1: Shown are two monotone Z functions f and g on the metric lattices P and Q from Example 2.1.3.
The triple (f, g, &), where & : P — Q is from the same example, is a monotone-preserving morphism from
ftog.

Here we require that & : P — Q be induced by some o : P — Q.
Note that if (f, g, &) is a monotone-preserving morphism, then f[T, T] = g[T, T].

Remark 4.1.2: A more sophisticated but an equivalent definition of a monotone-preserving mor-
phism is the following. A monotone-preserving morphism is a triple (f, g, &) where f : P — G
and g : Q — G are monotone functions and & : P — Q is a bounded lattice function such that g is

the left Kan extension of f along «, written g = Lan,f:

P ! » G
b
A
X‘ ﬂ -7 g=Llangf
Q.

Example 4.1.3: See Figure 4.1 for an example of monotone integral functions f and g on the
lattices P and Q, respectively, from Example 2.1.3. The triple (f, g, &), where & : P — Q is from

the same example, is a monotone-preserving morphism.

Proposition 4.1.4: If (f, g, &) and (g, h, ) are monotone-preserving morphisms, then (f, h, 3 o

&) is a monotone-preserving morphism.
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Proof. Suppose f : P — G, g : Q — G,andh : R = G. Forall I € R, h(I) = g(I*)
where I* := max 3~'[L, I]. Furthermore, g(I*) = f(I**) where I** := max & '[L,I*]. Since
I** = max(p o &) '[L, I], we have that h(I) = f(I**). Thus the composition (f,h,3 o &) is a

monotone-preserving morphism. [

Definition 4.1.5: Let Mon(S) be the category consisting of monotone G-functions f : P —
G, over all finite metric lattices P, and monotone-preserving morphisms. We call Mon(3) the

category of monotone functions.

4.1.1 Birth-Death Functor

We now construct the birth-death functors. Given a filtration F : P — Sub(X,) its i-th birth-

death function captures information about where i-dimensional cycles are born and die in F.

Definition 4.1.6: Let F : P — Sub(X,) be an object of Fil(X,). For every interval [a,b] € P,
where b # T, let
ZB;Fla,b] := [ZiF(a) N BiF(b)}

where the intersection is taken inside Z;F(T ). For all other intervals [a, T], let
ZBiFla, T] = [ZiF(a)} )

The i-th birth-death function of F is the function f; : P — G that assigns to every interval [a, b]

the value ZB;F|a, b].

The reason we force ZB;F[a, T] to [ZiF(a)} instead of [ZiF(a) N BiF(T)} is because we want
all cycles to be dead by T. Otherwise, the persistence diagram for F (see Definition ??) would not

see cycles that are born and never die.

Proposition 4.1.7: Let F : P — Sub(X,) be an object in Fil(X,) and f; : P — G its i-th

birth-death function. Then f; is monotone.
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Proof. For any two intervals I < | in P, we must show that f;(I) < fi(J). Suppose I = [a, b]
and ] = [c,d] and d # T. Then Z;F(a) € Z;F(c) and B;F(b) € B;F(d). Thus Z;F(a) N
BiF(b) is a subspace of Z;F(c) N B;F(d), and therefore ZB;F[a, b] < ZB;F[c, d]. For | = [c, T],
ZB;Fla,b] C Z;F(c), and therefore ZB;F[a, b] < ZB;Flc, T]. O

Proposition 4.1.8: Let (F,G, o) be a morphism in Fil(X,) and f; and g; the i-th birth-death

functions of F and G, respecively. Then (f;, g;, &) is a morphism in Mon(g).

Proof. Suppose F : P — Sub(X,) and G : Q — Sub(X.). By definition of morphism in
Fil(X,), G(a) = F(a*), for all a € Q, where a* = max & '[L,a]. For all intervals I € Q,
let I* := maxa '[L,I]. If I = [a,b], then I* = [a*, b*] where b* = max & '[L,b]. The
definition of a filtration-preserving morphism implies the following canonical isomorphisms of

chain complexes:
G(b) = F(b") G(T) =F(T) G(a) = F(a"),

which, in turn, implies canonical isomorphisms Z;G(a) = Z;F(a*) and B;G(b) = B;F(b*). We
have ZB;G(I) = ZB;F(I*) and therefore g; (1) = f;(I*). O

By Propositions 4.1.4, 4.1.7 and 4.1.8, the assignment to each object in Fil(X,) its birth-death

monotone function is functorial.

Definition 4.1.9: Let ZB; : Fil(X,) — Mon(g) be the functor that assigns to every filtration
its i-th birth-death function and to every filtration-preserving morphism the induced monotone-

preserving morphism. We call ZB; the i-th birth-death functor.

Example 4.1.10: The functor ZB, applied to the filtration-preserving morphism (F, G, «) in

Example 2.1.3 is the monotone-preserving morphism (f, g, &) in Example 4.1.3.
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4.2 SG-Functions

We now define the category of G-functions over finite metric lattices Fnc(9) and construct the

Mobius inversion functor Ml : Mon(G) — Fnc(9).

Definition 4.2.1: Let P and Q be finite metric lattices and let o : P—>Gandr: Q — G be two
functions not necessarily monotone. A charge-preserving morphism is a triple (o, T, &) where
o:P — GandT: Q — § are functions and & : P — Q is a bounded lattice function satisfying

the following axiom. For all I € Q with [ # [q, ql,

= ) o). (4.1)
Jea=H(I)
If & !(I) is empty, then we interpret the sum as 0. Here we require that & be induced by some

x:P— Q.

Remark 4.2.2: Our definition of a charge-preserving morphism is related to the definition of a
morphism between signed measures. Let (X, Xx) and (Y, £y) be measurable spaces, ¢ : (X, Xx) —
(Y, Zy) a measurable map, and it : Zx — R a signed measure. Then the pushforward of w along f
is the signed measure ¢yt : Ly — R defined as dyp(U) := },L(d)*1 (U)). In the category of signed

measures, a morphism from (X, Xy, i) to (Y, Xy, v) is a measurable map p : Xx — Xy such that

by = v [23].

Example 4.2.3: See Figure 4.2 for integral functions o and T on the lattices of intervals P and
Q, respectively, from Example 2.1.3. The triple (o, T, &), where & : P - Q is from the same

example, is a charge-preserving morphism.

Proposition 4.2.4: If (0, T, &) and (T, v, ) are charge-preserving morphisms, then (o, v, § o &)

is a charge-preserving morphism.
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1/\/1

A _a, /\
(I)/ \(I) \/
N/ ([
c:P =7 T:Q—=7Z

Figure 4.2: Shown are two Z functions o and T on P and Q, respectively, from Example 2.1.3. The bounded
lattice function & : P — Q from the same figure is a charge-preserving morphism from o to T.

Proof. Supposec:p—> g, T: Q% G,andv:R — G. Forall I € R,

v)= ) 7 Z Z > oK)

Jep—1(I) JeB—1(I) Kep~ Ke(Boa)~!(1)
]

Definition 4.2.5: Let Fnc(§) be the category of whose objects are functions o : P — G, over
all finite metric lattices P, and charge-preserving morphisms. We call Fnc(g) the category of

G-functions.

4.2.1 Mobius Inversion Functor

Given any monotone function f : P — Gof Mon(§), there is a unique function o : P — G such

that

fJ)= ) oD (4.2)

IeP:I<]

forall | € P [24,25]. The function o is the called the Mobius inversion of f.

Proposition 4.2.6: Let (f, g, &) be a morphism in Mon(§), and let o and T be the M6bius inver-

sions of f and g, respectively. Then (o, T, &) is a morphism in Fnc(g).
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Proof. Suppose f: P — Gand g: Q — G. We show that

for all | € Q, and thus (o, T, &) is a charge-preserving morphism. The proof is by induction on
the finite metric lattice Q. By Proposition 2.1.2, the pre-image & '[.L,]J] has a unique maximal
element J*, and f(J*) = g(J) by definition of a morphism in Mon(g).

For the base case, suppose | = L. Then by Equation (4.2), g(]) = t(J). By definition of a
morphism in Mon(9), g(]J) = f(J*). By Equation (4.2),

K=J* Kea1(])

thus proving the base case.

For the inductive step, suppose T(I ZKG“ o(K), forall I < J. Then

=Y «m- Y

1eQ:1x] 1eQ:1<]J
=g(N— > (D by Equation (4.2)
1€Q:1<]J
Z Z by Inductive Hypothesis

IeQ:I<] Kea (I

=0 Y oK)

KeP:a(K)<]J
= Z o(K) — Z o(K) by Equation (4.2)
KeP:K=J* KeP:&(K)<J
= Z o(K) — Z o(K)
KeP:a(K)=<J KeP:&(K)<]
= ) oK= > oK)
KeP:&(K)=] Kea=1(])
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Figure 4.3: Above is a filtration of the 1-simplex, its zeroth birth-death function, and its zeroth persistence
diagram.
By Propositions 4.2.4 and 4.2.6, the assignment to every object in Mon(§) its Mobius inversion

is functorial.

Definition 4.2.7: Let Ml : Mon(G) — Fnc(9) be the functor that assigns to every monotone
function its Mobius inversion and to every monotone-preserving morphism the induced charge-

preserving morphism. We call MI the Mobius inversion functor.

Definition 4.2.8: The i persistence diagram of a filtration F : P — Sub(X,) is the Mobius

inversion of its i birth-death function MI(ZB;F).

Example 4.2.9: The functor MI applied to the monotone-preserving morphism (f, g, &) in Ex-

ample 4.1.3 is the charge-preserving morphism (o, T, &) in Example 4.2.3.

Example 4.2.10: Consider the example of a filtration F : P — AK in Figure 4.3 where P
is the lattice from Example 2.1.1 and K is the 1-simplex. Recall P in Example 2.1.3. Drawn
are its zeroth birth-death function f := ZBy o F : P — Z and its zeroth persistence diagram
o :=MloZB,: P — Z. The integer o[a, d] = 1 represents the O-cycle that is born at a, and the
integer o[b, d] = 1 represents the O-cycle that is born at b. The integer ofc, c] = 1 represents the
0-cycle that is born at ¢ and dies immediately. The integer o[d, d] = —1 represents the 0-cycle

that was born twice but contributes to just one dimension of the total cycle space.
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4.2.2 Edit Distance Between G Functions

A path between two G-functions o and T in Fnc(9) is a finite sequence

Kn—1 &
o < > 0 < b 0 —— T

where <> denotes a charge-preserving morphism in either direction. The length of path is the
sum ) i ||&;]| of the distortions of all the bounded lattice functions. Note that any G function
w : * — Z is terminal in Fnc(§); see Definition 4.2.1. This means that any two G-functions in

Fnc(9) are connected by a path.

Definition 4.2.11: Define the distance drn(g)(0, T) between any two G-functions in Fnc(9) as

the length of the shortest path between o and 7.

4.3 Persistence Diagrams of Totally Ordered Filtrations

In the case where P is a finite, totally ordered metric lattice embedded in R as in Section 3.1,

we can extend a monotone function f : P — G to a function f : R — G by defining

f(I) := max f(]).

JeP:J=I

This allows us to extend birth-death functions from functions defined on P to functions defined on

R. Functions obtained in this way are called constructible.

Definition 4.3.1: A monotone function f : R — G is P-constructible if there is a monotone
function f : P — G with f extended to R equal to f. We say that f is constructible if there exists a

finite, totally ordered metric lattice P such that f is P-constructible.
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Proposition 4.3.2: If f: R — Gisa P = {py < --- < pnJ-constructible monotone function then

the function & : R — G defined by

F(Pi,Pj) - F(pi—lapj) - F(pbpj—l) + ﬂpi—lapj—l) if [a,b] = [pi,p;] € P
0(a,b):=

[0] otherwise

satisfies the Mobius inversion formula. We interpret terms in this formula with indices out of

bounds as 0 (i.e. o(po, p1) would be f(po, p1) — f(po, Po)).

Proof. We need to show that for any ] € R,

IcR:1<]

We can assume without loss of generality that ] € P since otherwise we have that for K =

maXIGp:Ij] I, -F(]) - F(K) and

> 8= > (D).

I€R:1<] I€R: 1<K
Let ] = [pi,p;] € P. Then
Y sM= > &)
IeR:1<] IeP:1<]
- Z F(pt’ps) - 1?(pt—la ps) - F(Pt, ps—l) + f(pt—l’ps—l)

te{0,1,...,i},s€{0,1,...j}

]

Remark 4.3.3: Given a filtration F : P — Sub(X,) over a totally ordered lattice P, its persis-

tence diagram as defined in Definition 4.2.8 is a function o : P — G. On the other hand, embedding
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P into R and computing the persistence diagram of F yields a function from R to G. By Proposition
4.3.2, the support of the latter function lies inside P and the two functions agree when restricted to

P. For this reason, we do not distinguish between the two functions.

With the total ordering of P we are able to prove that persistence diagrams are positive. This
is not necessarily the case if P is not totally ordered; see Example 4.3. This proposition plays an

important role in the proof of bottleneck stability.

Proposition 4.3.4 (Positivity): Let F : R — Sub(X,) be a P-constructible filtration with i™

persistence diagram o. Then for any I € R we have that o(I) > [0].

Proof. If I & P then o(I) = [0] so assume that I = [p(,ps] € P. Then

o(I) = ZBi(pt, ps) — ZBi(pi—1.Ps) — ZBi(pe. Ps—1) + ZBi(pe—1.Ps—1)
= [Zi(py) N Bi(ps)] — [Zilpe—1) N Bilps)]

— [Zip) NBilps—1)] + [Zi(pe—1) N Bi(ps-1)]

Observe that (Zi(py—1) (1 Bi(ps)) N (Zi(pe) NBilps1)) = Zilpe1) N Bilps 1) 50 by

Equation 2.1

[Zi(pe—1) NBi(ps)] + [Zilp) NBilps—1)] — [Zilpe—1) N Bilps—1)]

= [(Zilpe—1) N Bi(ps)) U (Zilpe) N Bilps—1))]
and so o(I) = [Zi(pt) N Bi(ps)} - [(Zi(pt—l) N Bi(Ps)) U (Zi(pt) N Bi(ps—l))]- Since

Zi(pe—1) N Bi(ps) — Zi(pe) N Bilps)

Zi(pe) NBi(ps—1) — Zi(pe) N Bilps)
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then their union is also a subobject

(Zi(ptfl) N Bi(Ps)) U (Zi(pt) N Bi(ps—l)) — Zi(p) N Bi(ps).

Therefore o(I) > [0].
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Chapter 5

Stability

In this section we prove our main results: bottleneck stability, edit distance stability, and a proof
that the bottleneck distance and edit distance are strongly equivalent in the setting of totally ordered
filtrations. Bottleneck stability is a crucial result for applications, implying that persistence dia-
grams are stable to noise. The bottleneck distance only makes sense for persistence diagrams over
totally ordered lattices. For this reason, we introduced the edit distance and prove that persistence
diagrams are stable with respect to the edit distance. Finally, we show that the edit distance and
bottleneck distance are strongly equivalent for persistence diagrams over totally ordered lattices.

This result justifies the edit distance as an extension of the bottleneck distance.

5.1 Edit Distance Stability

The stability of persistence diagrams with respect to the edit distances follows from the func-

toriality of the pipeline taking a filtration to its persistence diagram.

Theorem 5.1.1: Let F : P — Sub(X,) and G : Q — Sub(X,) be filtrations with i-th birth-
death functions f and g respectively and i-th persistence diagrams o and T. Then dpne(g)(0, T) <

dri(F, G).

Proof. Let

%91 X2 o
F < s Hy < SRR > Hhoy «—— G

be a path of length ¢ between F and G. Let vy be the i-th persistence diagram of Hy. Since ZB;

and MI are functors,
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is a path between o and T. By Proposition 2.1.5, this path has length at most ¢, proving the

claim. ]

5.2 Bottleneck Stability

Here we return to the setting of Subsection 3.1 with a totally ordered filtration F : P —

Sub(X,) and an embedding of P into R.

Definition 5.2.1: For any interval [a,b] € R, let H[a, b]Hoo ‘= max {Ial, IbI}. Addition and
scalar multiplication of intervals are defined componentwise by [a, b] 4 [c, d] = [a+ ¢, b+ d] and

x[a, b] = [xa, xb] for any x € R.
We now introduce the bottleneck distance between persistence diagrams.

Definition 5.2.2: A matching between two non-negative §-functions o : P—>Gandrt: Q — G

is a non-negative map y : P x Q — G satisfying

o(l) = ZV(I,]) forall I # [p,p] € P

JeQ
©(J) =) v(L])forall ] # [q,q] € Q.
IeP
The norm of a matching vy is
vl == max 1T = Jlloo-

1eP,JeQ | v(L])>0

The bottleneck distance between o and T is
dg(o, 1) := myin vl

over all matchings y between o and .
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2 ----------- ,— ----------
| [ [
1 2 3 4

Figure 5.1: The shaded area is the box [l I where I is the circle. Note that L1 I is closed on the top and
right, and it is open on the bottom and left.

Definition 5.2.3: For an interval I = [a, b] in R and a value € > 0, let
Ol:={lxy eRla—e<x<a+ecandb—e<y<b+e}

be the subposet of R consisting of intervals e-close to 1. If I is too close to the diagonal, that is if

b —¢e < a+ ¢, then we let L. I be empty. We call LI I the e-box around I. See Figure 5.1.

Lemma 5.2.4: Let f : R — G be a constructible, monotone function, o : R — G its Mobius

inversion, I = [a,b] € R, and ¢ > 0. If 0.1 is nonempty, then

Z o) =fla+e,b+e)—flate,b—e)—fla—e,b+e)+fla—eb—e).
Jed.1
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Proof. The equality follow easily from the Mobius inversion formula; see Equation 4.2. We have

that

> o= Y oN- > oN— Y o+ Y o))

JelI JER: JER: JER: JER:
J<la+e,b+e) J=<la+e,b—¢] J<la—e,b+¢€] J<[la—e,b—¢]

=fla+eb+e)—fla+eb—e)—fla—e,b+e)+fla—e b—e).

]

Lemma 5.2.5 (Box Lemma): Let F and G be two e-interleaved constructible filtrations with i-
dimensional birth-death functions f and § and persistence diagrams ¢ and T respectively. For any

IERandu>O

whenever U, . I is nonempty.

Proof. Suppose F and G are ¢-interleaved by @ in Diagram 3.1. Define ¢, : F(r) — G(r + ¢) as
®((1,0) < (r+¢,1)) and define P, : G(r) — F(r+¢) as D ((r,1) < (v +¢€,0)).

Suppose I = [a, b]. By Lemma 5.2.4,

Y o) =fla+wb+u —fla+wb—p)
JeO, 1

—fla—pwb+p)+fla—pmb—p)

> tw)=glatp+ebtpt+e)—glatuteb—p—e)
IEDMJr&I

—gla—pu—ebt+ute)+gla—pu—eb-p—g

Consider the following commutative diagram where the horizontal and vertical arrows are the

appropriate morphisms from F and G:
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\\\\\ Ya—p—e Pa+p /’/? :

T } - :

Fla—p) e » Flatn) i

F(b+ 1) ¢---------- F(b—w) |

7 Y~o_ !

~ g - Poip 11)};,7“75 \\\\\ \:/
Gb+pn+e) < Gb—p—c¢)

Let
T={a—p—e<a—pu<a+pu<at+pt+e<b—p—e<b—p<b+u<b+u+e CR.

Let H: T — Sub(X.) be the T-filtration determined by the following diagram:

Hla—p—e)=Gla—p—¢) —— Hla—p) =Fla—p)

!

Hla+u) =Fla+u) < H(b — ) =F(b—u)

|

Hb—pnu—¢)=Gb—pn—¢) —— Hla+pn+¢e)=Gla+un+¢)

!

Hb+w =Fb+p +— Hb+u+e)=G(b+pun+e).

Here the value of H is given on each value in T and morphisms between adjacent objects are the
dashed arrows in the above commutative diagram. Let h be the i-dimensional birth-death function

of H and v its persistence diagram. We have the following equalities:
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hla+wb+u)=Ffla+pub+p)
h(a4+wb—p)=Ffla+ub—p)
hla—wb+p)=Ffla—pub+p)
hla—wb—p) =fla—pwb—p)

hla+p+eb+pute)=glatu+eb+pte)

=

(a+p+eb—p—¢)=gla+p+eb—p—e¢)

=

(a—p—¢e,b+pu+e)=gla—p—e,b+pn+e)

hfa—p—e,b—p—¢)=gla—pn—eb—pn—e¢).

By Lemma 5.2.4 along with the above substitutions, we have

> v()= ) o))

JeO,l JeO,l
> v= ) .
JeDutel JeDutel

By the inclusion [J,I C [, . I along with Proposition 4.3.4, we have

> v Y v

Jed,l JEDu .l

This proves the statement.

Definition 5.2.6: The injectivity radius of a finite, totally ordered metric lattice P is

L . dP (‘17 b)
= a,bg}’l:rcllyéb 2
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Note that if F : P — Sub(X,) is a P-filtration with persistence diagram o, then for any I € P

JET,1

Also for any [a,b] € Rif o(a,b) # 0, then |a — b| > 2p.

Lemma 5.2.7 (Easy Bijection): Let F be a P-constructible filtration with persistence diagram o
and p > O the injectivity radius of P. If Gisa Q-constructible filtration with persistence diagram

T such that d;(F, G) < p/2, then dg (o, T) < d;(F,G).

Proof. Let e = d1(|~:, G) Choose a sufficiently small it > 0 such that 21 + 2e < p. We construct

a matching y,, : P x Q — G such that

o(I) = Y vu(L]) forall I # [p,p] € P (5.1)
JeQ

T(J) =) yu(L]) forall ] # [q.q] € Q. (5.2)
IcP

Fix an I # [p,p] € P. By Lemma 5.2.5,

om=Y o< Y < Y o) =o(D.

JGD}LI JEDu+£I IGDu+ZaI

Let v, (L, ]) := 1(]) forall ] € O, . I. Repeat for all I € P. Equation 5.1 is satisfied.
We now check that y,, satisfies Equation 5.2. Fix an interval ] = [a,b] € Q with t(]J) # 0. If

b;a >+ ¢, then by Lemma 5.2.5

M< Y < Y o

led,J 1€0y ]

This means v, (I,]) = t(J) for some I € O,,.]. If b;a < W + ¢, then it must be that

Yu(l,]) =0forall I # [p,p] € P for the following reason. Suppose I = [c, d], where ¢ # d, and
v (lc, dl, [a,b]) # 0. Then max{|a — c|,[b — d|} < p + € and therefore |a — ¢| < 3p + 3¢ which

43



is less than twice the injectivity radius p. This means ] is unmatched and we may match it to the

diagonal. That is, we let v, ([252, 252],]) := 1(]).

By construction, [[y,|]| < p + ¢ for all p > 0 sufficiently small. Therefore dg(0,T) < € =
dI (IE7 G ) .

[

Theorem 5.2.8 (Bottleneck Stability): Let F : P — Sub(X,) and G : Q — Sub(X,) be
two filtrations over finite, totally ordered lattices P and Q with i-th persistence diagrams o and T

respectively. Then dg (o, T) < d;(F, G).

Proof. Let ¢ = d;(F, G). By Proposition 3.1.3, there is a one parameter family of constructible
filtrations {Rt}te[O,l] such that d;(K,,K) < ¢lt —s|, K, = F, and K; = G. Let v be the i-
dimensional persistence diagram of Kt for each t € [0, 1]. Each Kt is constructible with respect
to some totally ordered metric lattice Py, and each Py has an injectivity radius p; > 0. For each

t € [0, 1], consider the open interval
U(t) = (t —Pr/ae, t + pr/ae) N[0, 1]

By compactness of [0, 1], there is a finite set Q = {0 = to < t; < --- < t,, = 1} such that
Ul U(ti) = [0, 1]. We assume that Q is minimal, that is, there does not exists a pair t;,t; € Q
such that U(t;) € U(t;). If this is not the case, simply throw away U(t;) and we still have
a covering of [0, 1]. As a consequence, for any consecutive pair t; < ti;;, we have U(t;) N
U(tiy) # 0. This means

1 1
tiy —t < E(pti+1 +pt,) < Zmax{ptm, Pt}

and therefore d; (K4, K,.,) < ! max{py,, pr,,,}- By Lemma 5.2.7,

L
2

ds (Uti,vtiﬂ) < dI(Rtp Ktm),
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for all 0 <1 < n — 1. Therefore

—1 n—I1

dg(o,7) < ds (Utpvtm) < dI(Rti, Rtﬂl) <&
i i=0

3

,ﬂ
Il
=)

5.3 Equivalence of Bottleneck and Edit Distances

We prove that the bottleneck distance defined between persistence diagrams over totally or-

dered lattices is strongly equivalent to the edit distance.

Theorem 5.3.1: Let P and Q be finite, totally ordered metric lattices embedded in R with Lp =
lo=0ado:P— Gandt: Q — § two G-functions. Then dg(0,T) < dene(g)(0,T) <

2dg(o, T).

Proposition 5.3.2: Let o : P—> Gand T : Q — G be non-negative G-functions and y be an
e-matching between o and T. Then y induces a 1-parameter family of G-functions {v¢}¢c[o,1] With

Vo=0candv; = T.
Proof. Let S := {(1 —t)I+1t] | IcP,JeQ,andy(L]) > O}. Define vy : Sy — Gto be

vk = Y YL

IeP.JeqQ
(1—t)I+t]=K

At t = 0 this reduces to

v(K) = > y(L])) =) v(K])=0(K),

1eP.jeQ JeQ
1=K

for all K € Sy, and similarly v, (I) = 7(I). O

As t varies from O to 1, there are only finitely many places where the combinatorial structure of

vt changes. We call these places critical points; see the following definition. These combinatorial
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changes occur where endpoints of intervals in S; cross or, equivalently, where the cardinality of

the set of endpoints changes.

Definition 5.3.3: Let S; = {w € R| [w,x] or [x,w] € S;} be the set of endpoints of intervals in
S¢. A point t € [0, 1] is critical if for all sufficiently small & > 0, there exists s € (t — §,t + )

with [S¢| 7 [Ss|.

Lemma 5.3.4: If t € [0, 1] is not a critical point, then for any K € S, there is a unique pair of

intervals I € Pand J € Q withy(I,]) > 0and (1 —t)I + t] = K.

Proof. Suppose t € [0, 1] is not critical and there exists 1,1’ € P and J,]J" € Q with y(I,]) >
0, v(I',]’) > 0and (1 —t)I+1t] = (1 —t)I” + tJ’. Then for any t’ sufficiently close to t,
(I —t)I4+t'] =(1—t")I" 4+ t'J’. Since the interpolation is linear and two lines that intersect in

more than one point must be the same line, it follows that [ =1"and ] = J'. [

Lemma 5.3.5: If « : P — Q is a metric lattice map and & : P — Q is its induced map on
intervals then

max [T — &(I)[[ee < [ll] < 2max [T — &(I)][o.
IeP IeP

Proof. First note that by Proposition 2.1.5, ||«|| = ||&|| and since & is induced by «, max;p [|I —

&(I)|lee = maxqep |a — x(a)| so the inequality reduces to

max |a — «(a)| < max !Ia—bl —la(a) — oc(b)!| < 2max|a — «(a)l.
aep a,beP aep

Note that since Lp = Lo = 0, each element of P and Q are non-negative. Assume, without loss

of generality, that a > b. Then the middle quantity above reduces to
max |a—b— («(a) — a(b))| = max [a—a(a)— (b—a(b))|

az>beP a>beP

Letting b = 0 yields the first inequality and the triangle inequality yields the second. [
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Lemma 5.3.6: If t € [0, 1] is not a critical point and s € [0, 1] is any point with no critical points
strictly between t and s, then there is a charge-preserving morphism (v, Vs, & s) with distortion

at most 2¢|s — t.

Proof. We start by defining a map o s : St — Ss. Forany b € S; note that since t is not critical,
there are unique intervals I € P and ] € Q with y(L,J) > 0 and either (1 —t)I + t] = [a, b]
or [b,cl. If (I —t)I 4+ t] = [a,b] then define & ¢(b) to be the right endpoint of the interval
(I —s)I+ sJ. Similarly, if b is a left endpoint, then we define « (b) to be the left endpoint of
(I —s)I + s]. This map is order preserving since as t varies, endpoints of intervals only cross at
critical points and there are no critical points strictly between t and s.

To prove that & s is charge-preserving, observe that

D wK= ) vl(1=0I+1))

Keag (L) IeP,JeqQ

’ (1—s)I+sJ=L
- > (X )
I1eP,jeqQ I'eP.J’eqQ
(1—s)T+sJ=L (1—t)I/+t]'=(1—t)I+t]
= ) y(L]) =v(L)
IeP,JeQ
(1—s)I+sJ=L

where the third equality follows from Lemma 5.3.4 and the assumption that t is not critical. The

distortion of & s 18

IWmH<2?%W9—%ﬁWmm

€Sy

=2 max [|[(1—=t)I+t]—(1—3s)I—s]|lw
1eP,JeQ
Y(L])>0

=2|s —t| max |[[I—]llo < 2¢ls —tl.
IeP,JeQ
Y(L])>0
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Lemma 5.3.7: For any non-negative G-functions o : P — Z and T : Q — Z over finite sublat-

tices P, Q C R, drne(g)(0,T) < 2dg (0, T).

Proof. We show that deng(g)(0,T) < 2dg(0, T) by showing that an e-matching between o and T
induces a path between o and T of length at most 2¢. For any e-matching y between o and T, let
{vittero.1) be the interpolation induced by y from Proposition 5.3.2. Let{s) =0 < s;-+- < s, =
1} C [0, 1] be the set of critical points of the interpolation and choose {ty < --- < t,,_;} C [0, 1]

with 0 < t) < s < t;--- < tnh; < 1. Then the charge-preserving morphisms o, from

Sitl

Lemma 5.3.6 form a path between o and T with length at most Z?;OI 2¢els; — ti| = 2e. O

Lemma 5.3.8: For any non-negative G-functions o : P — Z and T : Q — Z over finite sublat-

tices P, Q C R, dene(g)(0,T) = dg(0, T).

Proof. To show that dg(0,T) < drne(g)(0,T), we show that a charge-preserving morphism in-
duces a matching. Let (0,7, «) be a charge-preserving morphism with distortion €. Define a

matching y between o and T by

o(l) ifa(l)=]
Y(L]) = :
0 otherwise

Then we have that for any | € Q

D vL)= ) o=

IeP Iex—(])

and for any I € P
D v(L]) = «(D).
JeQ

Therefore y is a matching. The norm of vy is

vl = max

_ IT—=Jlloo = max [T — ct(T)lleo < lexll.
1€P,J€Q v(L])>0 1eP
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]

Theorem 5.3.1 follows immediately from Lemma 5.3.7 and Lemma 5.3.8. The following two

examples show that the bounds in Theorem 5.3.1 are tight.

Example 5.3.9: Let P = {0 < 1 < 2 < 3} be a totally ordered metric lattice where the distance
between two elements is the absolute value of their difference. Let o,v : P — Z be two integral

functions defined as

1 if [a,b] =10,1],[2,3] 1 if [a,b] =10,2],1,3]
ola,b] := vla,b] =

0 otherwise 0 otherwise.

See Figure 5.2. The bottleneck distance, dg, between o and v is dg (o, v) = 1. We now compute
the edit distance, drpc(g), between o and v. Consider a third integral function T : Q — 7 where
Q={0<05<1<15<2<25 < 3}is a finite, totally ordered metric lattice where the

distance between any two elements is the absolute value of the difference and

1 if[a,b] =0, 1.5],[1.5,3]
vla,b] =

0 otherwise.

Let « : P — Q be the bounded lattice function defined as follows

«(0):=0 x(l):=1.5 x(2):=1.5 «(3) := 3.

We now have a pair of charge-preserving morphisms (o, T, &) and (v, T, &). Thus drng(g) (0, V) <
2|l&]] = 2||«|| = 2(0.5) = 1. Further, this is a shortest path between ¢ and v in Fnc(§). Therefore

drne(g)(o,v) = 1.

49



—_
wW—1—0

1.5 2 2.5

O ——

0.5

S —> 4 <—— 9

0

Figure 5.2: Above are three integral functions o,v : P — Z and T : Q — Z drawn as barcodes and two
charge-preserving morphisms (o, T, &) and (v, T, &).

[ Y
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[GV)]

g

| | |
N Jz 0 1 2 3
|

T | |

Figure 5.3: Above are two integral functions o,T : P — Z drawn as barcodes and a charge-preserving
morphism (o, T, &).

Example 5.3.10: Let P be the metric lattice defined in Example 5.3.9 and 0,7 : P — Z be

defined as

1 if[a,b] =[1,2] 1 if [a,b] =0, 3]
ola,b] = vla,b] =

0 otherwise 0 otherwise.

See Figure 5.3. The bottleneck distance between o and T is 1. We now compute the edit distance

drnc(g)(0,T). Let oc : P — P be the bounded lattice function defined by

The lattice map « induces a charge-preserving morphism (o, T, &) with distortion 2. This is the

shortest path between o and T in Fnc(9) so dene(g) (0, T) = 2.
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Chapter 6

Conclusion

In this dissertation we have significantly broadened the types of filtrations that persistent ho-
mology can be applied to. Traditionally persistent homology was only defined for filtrations of
chain complexes of vector spaces over finite, totally ordered sets. We extended this to filtrations
of chain complexes in an essentially small abelian category valued over finite lattices. Addition-
ally, we developed categories that these filtrations and their persistence diagrams reside in. These
advances have tremendous potential for applications.

Expanding the categories that the chain complexes lie in allows for more general homology
theories to be used. For example, given a Rips complex, we can now compute its persistence
diagram with ring coefficients rather than just field coefficients. This allows for a more nuanced
study of torsion that appears in the Rips complex.

Filtrations over more general posets have long been an object of study in persistent homology
[26]. In particular, multiparameter persistent homology can be viewed as a special case of this.
One of the unfortunate weaknesses of filtrations such as the Rips and Cech complexes is that
they are sensitive to outliers. This can be addressed by incorporating a density parameter in the
filtration. The resulting filtration is no longer a filtration over a totally ordered set however. For
this reason, traditional ways of defining the persistence diagram no longer apply. Our framework
has the advantage of being able to handle filtrations such as these.

The categorical structures presented here unlock many new directions and applications of per-
sistent homology. For example, parameterized data sets (such as time varying data) naturally
induce morphisms of filtrations between their Rips complexes. Applying the pipeline presented
here yields persistence diagrams with morphisms between them. This extra structure allows for

new directions in persistent homology, such as cosheaves of persistence diagrams.
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