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I. INTRODUCTION 

. LAMINAR/TURBULENT TRANS IT.IO IN 
TRANSPIRED BOUNDARY LAYERS 

FINAL REPORT 

The protection of a solid surface under conditions of intense 
thermal potential has become important since the advent of hypersonic 
rocket and satellite vehi~les and since the use of turbine blades and 
rocket nozzles which must withstand temperatures near existing 
metallurgical limits. It has been evident for some time that conven-
tional internal cooling t echniques are inadequate in such applications. 
Mass transfer in the forms of transpiration, film cooling, or ablation 
has received particular attention recently as the best method to reduce 
high heat transfer rates. On a pound per pound basis the effectiveness 
of injected materials to reduce heat transfer rates greatly exceeds the 
heat absorbing ability of solid materials. 

The problem of the boundary layer has received quite a lot of atten-
tion since the early work of Prandtl, at the beginning of this century. 
But much of the work so far done has been devoted to consideration of 
boundary layer flows over a solid surface. More recently, however, 
interest has been shown in the boundary layer with suction or injection, 
the former to maintain laminar flow or to prevent separation, the latter 
to provide surface cooling on the wings of high speed aircraft and 
turbine blades . Although the sucked laminar boundary layer can be said 

· to have been thoroughly investigated both experimentally and theoretical-
ly, such a statement could not be made for either the transpired transi-
tional or turbulent boundary layer . No satisfactory analytical or semi-
analytical methods is, in fact, well developed f or the case of laminar 
boundary layer instability in the presence of mass injection. 

Literature Review: Transition with Transpiration 

Much of the original work on the laminar boundary layer stability 
was done in Germany by Orr, Sommerfeld and fairly recently, Tollmein and 
Schlichting, (although the basic formulations may be attributed to 
Reynolds). It is clear that since all known laminar solutions of the 
hydrodynamic differential equatfon are valid for arbitrarily high 
Reynolds numbers, the origin of turbulence could only be due to an 
instability of the laminar flow. Reynolds and his earlier successors, 
notably Hamell, sought the limit of this laminar flow stability by 
energy considerations but met with little success. Later investigators, 
principally Rayleigh, adopting small disturbance methods were able to 
predict laminar flow instability fairly successfully. The work of 
0rr2 and Sommerfeld3 culminating i n the Orr-Sommerfeld disturbance equa-
tion are the best known originals utili zing the small perturbation 
method. Although both authors did not give any solutions to their 
disturbance equations, considerable progress has, to date, been made in 
this difficult field. On this basis of small perturbations a powerful 
body of theory concerning t he boundar y layer stability has been built 
especially for fl ows over solid surfaces, a lthough Ulrich4 , Iglisch5 and 
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Pretsch6 have considered the case with suction. But the fact cannot 
be overlooked that a great many other factors can also cause, modify, 
or control transition processes. The indication one obtains in a 
review of transition res earch seems to be that every case of transition 
ought to be treat ed as a unique case. Generali zed formalisms can at 
best give satisfactory results only for a few cases of observed transi-
tion while probably only approximating other cases. 

What seems obvious in view of these facts is an escape ·from the 
conventiona l classical stability theory. C. duP Donaldson? apparently 
shares this view too , for in a recent report, referred to in this 
report, he presents a new analytical model of transition which combines 
both flow ener .:;y cons iderations and large and small mean flow perturba-
tion. Don ldson 's method is plausible; however, being yet at a developing 
stage it still has many limitations. It represents, nevertheless, the 
desired break fr '.l convention. 

An approach very similar to Donaldson's but incorporating transpi-
ration and laying greater emphasis on a flow energy consideration was 
followed, and was studied concurrently with a parametric solution of 
the Orr-Sommerfeld equation in the presence of transpiration. The latter 
study provided a convenient basis on which to check the new model, in 
view of the near-complete lack of experimental data for transpiration in 
transpired flows.8,9 

Literature Review: Laminar Transpired Boundary Layers 

The success of mass transfer to reduce heat transfer from a high 
temperature boundary layer has been amply demonstrated by extensive 
experimental and analytical studies. Gas injection into laminar 
boundary layers has received the greater portion of all previous investi-
gative efforts because it is amenable to more or less rigorous analytical 
solution. Extensive bibliographies covering this work may be found in 
References 10, 11, 12, 13, and 52. 

Experimental mass transfer data sufficiently extensive and reliable 
for correlation or comparison purposes is very difficult to obtain. 
Although results of several experimental programs for mass transfer into 
a laminar boundary layer are available in the open literature, 13, 34-38, 
50-53 the state of the analytical understanding of injection into a 
laminar bound·ary layer is such that correlation of the various exact 
solutions available is just as meaningful. A summary of the most zero 
pressure gradient solutions and how they are obtained . is given in 
Reference 10; exact calculations are available for the injection of air, 
h:lium, hydrogen, carbon monoxide, water vapor, and iodine into 
air.10,12,13,22,39-41,55 

Literature Review: Turbulent Transpired Boundary Layers 

The greater portion of all boundary layer flows, however, occur 
when the turbulent boundary layer typi fies the flow regime. Turbulent 
boundary layers are more likely to prevail even at low Reynolds numbers 
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because: first, the gas · streams in propulsive devices usually involve 
high levels of vorticity and turbulence; second, permeable walls are 
inherently rough; and third, the .influence of continuous injection is 
destabilizing with r espect to a l aminar boundary layer. Turbulent 
boundary layers character i stically do not allow rigorous solution of 
the governing differential equations due to lack of knowledge concerning 
the turbulent exchange mechanisms. 

The experimental mass transfer data for flow with a turbulent 
boundary layer is even less reliable and more limited than that for 
laminar boundary layers. In addition, there are no reliable exact 
solutions to fall back upon at this time. Several investigators have 
studied the injection of air into air in a turbulent boundary 
layer.11,29,42-44 The reliability of certain of this data has been 
questioned. Mickley and Davis30 noted that the results of Mickley, 
et al.,11 are dubious due to a defect in model construction. Bartle and 
Leadon45 were overcorrected for radiation by as much as 25 percent at 
the higher blowing rates, and they also noted that th~ data of Rubesin,· 
et a1.43 scattered seriously. 

Various investigators have performed analyses and experiments to 
detennine the effect of distributed air transpiration through a flat 
surface over which air flows in a turbulent boundary layer.11,14-16 
These investigations revealed that transpiration reduces both skin 
friction and heat transfer to the porous .surface, and that these effects 
are qualitatively the same as the behavior of injection on the laminar 
boundary layer. It is also known that injection of a light molecular 
gas into the boundary layer is much more effective than air in reducino/ 
the intensity of the heat or momentum exchange with the wall surface.I -22 
This beneficial effect of low molecular -weight gases in providing mass 
transfer cooling is attributable to one or more of the following physical 
properties: their unusually high specific heat, low viscosity, high 
thermal conductivity, and high diffusivity, or also to their extended 
ability to occupy volu.~e otherwise filled by the ambient fluid.13,23 
Various investigators have proposed approximate theories for predicting 
heat transfer and skin friction from a turbulent boundary layer in the 
presence of wall injection.11,14,15,18,20,21,23 Most proposals are 
based on complex mixing length theories which require empirical data to 
accomplish a solution. The authors realized that the mixing length 
concept is only an approximate model and that the simplifications inherent 
in it gave their analyses mainly a- heuristic value; however, they took 
the pragmatic viewpoint that such efforts had Rrovided useful informa-
tion in the past and might continue to do so. 2 Unfortunately, the results 
of such efforts appear to remain qualitative in nature, and a good inter-
pretation sufficient for engineering purposes is still required.25,26 

Extensive effort has been made to correlate the sparse experimental 
data available on mass transfer into turbulent boundary layers by semi-
empirical blowing parameters. 21,26-29 Most authors attempt to compare 
the heat transfer or skin friction measured in the presence of mass 
transfer with the same quantity expected without mass transfer under 
otherwise identical flow conditions . This is done in the hope of finding 
a universal blowing parameter which isolates the effect of mass transfer 
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on the boundary layer over a wide range of Reynolds numbers, Mach 
numbers, and property variations. Currently there appear to be as 
many correlation parameters suggested as there are sets of experimental 
data. Most trustworthy data is limited to air into air injection at low 
ambient temperatures in the absence of chemical reaction or dissociation. 
A limited amount of data is available for light molecular weight gas 
injection into high Mach number streams.28,29,61 

Frequently, it is assumed that transfer mechanisms within a turbulent 
boundary layer are such that it may be fruitfully investigated by dividing 
the boundary into two separate regions--a wall region (inner 15%) and 
an outer or wake region (outer 90%). Recent experimental data31,49,66 
seem to be equally satisfied by semi-empirical relations suggested by 
Stevenson49,, Smith31, or Meroney74 in the outer 90% of the transpired 
boundary. None of these theories,however, enlighten the understanding 
of transfer mechanisms in such a flow. · 

Results of studies of the near wall region are less satisfactory. 
Because of inaccuracies in some of _the data, which have been taken 
with inadequate experimental techniques, and the presence of significant 
three-dimensional tunnel effects in a large portion of the other 
available data32,66,30,31,72 results generally have not been conclusive 
enough to establish even semi-empirical universal laws for the near 
wall region. Hence, because of inadequate verification, most of the 
previous theories are little more than data correlations. 

IJ. RESEARCH OBJECTIVES 

1. To develop a new analytical method based on flow energy 
consideration, as a basis on which to formulate a sound 
transpired boundary layer stability theory. This method 
will be very similar to C. duP Donaldson's analytical 
method with the included effects of mass injection. A 
satisfactory laminary boundary layer model has been 
adopted and satisfactorily modified to include the 
effects of blowing on major flow parameters. 

2. Experimental verification of the resulting boundary 
layer models especially for the lower Reynolds number 
up to, say 106 (Reynolds numbers based on displacement 
or momentum boundary layer thicknesses). Most 
analytical models, or even regression equations, for the 
transpired turbulent boundary layer have been formulated 
to describe phenomena at moderate to high Reynolds number 
flows. A separate eddy diffusivity formulation expressly 
designed to describe near transition flowing effects 
would be appropriate. It is expected that a reformulation 
of the universal eddy diffusivity model by Mellor at low 
Reynolds nwnbers will be fruitful. 
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3. Because of the scarcity of comparative experimental data 
anticipated especially at the lower Reynolds numbers, a 

. concur r ent development of a par ametric solut i on of the 
Orr-Sommer fe ld dis turbance equation incorporating blowing 
effects , is desirable . 

4. · A turbulent boundary layer model based on an effective 
vi scosity hypothesis has already been successfully 
examined by the present investigators for flows over 
both solid and porous surfades. This model is, in 
fact, an improved extension of C. Mellor 1 s8 differential 
mean f ie l d model for the turbulent boundary layer. 

urther i mprovement to remove the limitations on this 
model due to wall curvature is essential. 

III. RESEARCH RESULTS AND REPORT ABSTRACTS 

A COMPUTER STUVY OF TRANSITION OF WALL BOUNVARY LAYERS, Anyi.wo, J.C. & 
MeJz.on.ey, R.N., CSU CER7t-72JCA-RNM21, 188 p., 1972 

Abstract 

A direct solution by computer of the governing equations for the 
mean and fluctuating motions in incompressible, two dimensional fluid 
flow has been obtained using an invariant modeiling technique for the 
triple and higher order velocity correlation terms. This provides a 
reasonably satisfactory data-generating procedure for predicting general 
two dimensional wall boundary layer data (laminar through transition to 
turbulent flows) for a wide variety of wall and free stream conditions, 
often impossible to model in wind tunnels. 

It has also been shown that differential methods of wall boundary 
layer predictiQJ) utilizing the eddy viscosity concept, and integral 
relation methods, can be adapted through an implicit transition or 
intermittency function to provide a continuous prediction of general 
two dimensional wall boundary layers from laminar through transition to 
the turbulent regime. Such a transition function has been evaluated and 
tested in this work. 

From a force-field theory developed in this work, the phenomena 
of laminar instability and laminar to turbulent transition have been 
reexamined with satisfactory predictions of incipient laminar insta-
bility, transition and non-linear disturbance amplification character-
istics. The force-field theory emphasizes a dynamic fluid property . 
which defines the fluid cohesiveness or ability to resi?t perturbations. 
This property, it appears, solely determines the flow characteristics. 
The force-field theory derives, in addition, a simple non-linear flow 
transfer function which provides a very simple procedure for the 
continuous prediction of simple two dimensional wall boundary layers. 

Finally, by assuming that conceptual fluid particl es in a boundary 
layer fluid would be arranged in continuous mean energy levels, a 
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statistical collision theory has been initiated to describe and prediet 
turbulence charact eristics in wall boundary layers. All prelimina,.ry 
results are sati sfactory and justify continued pursuance of the methods 
demonstrated i n t his work . 

Conclusions: 

This work con si sted of· three main parts. In the first part, a 
numerical e.perimental technique has been developed to satisfactorily 
generate boundar y layer experimental results. The main advantages of 
this numerical data generating process lie in its capability to provide 
simulated physi al experimental data at a fast rate and for a wide 
variety of combi nations of desirable boundary conditions which may be 
impossible to attain in physical experimentation. Data generated by 
the numerical tec 1 i que show no appreciable inferiority to equivalent 
physical exper.i.mental data. Moreover, there seems to be greater hope 
of improving mathematical models of physical -phenomena than of 
improving measurement hardware and technique particularly for fluctuating 
flow variables. Also, a linking mechanism in the form of an intermit-
tency factor (or transition function) has been developed to extend the 
power of differential and integral relation methods to the complete 
prediction of boundary layers from the laminar through the transitional 
to the turbulent regimes. · 

The second part of this work was based on a force-field hypothesis, 
which emphasizes a dynamic fluid property called the ''cohesiveness" or 
fluid "tenacity". This fluid property defines the ability of the fluid 
to resist perturbations, and appears to be the primary factor in the 
determination of flow characteristics. All the preliminary results 
derived on the basis of the force-field hypothesis show no significant 
deviation from reality. In fact, the incompleteness of some previous 
boundary layer theories become very obvious in view of the iforce-field 
idea. Boundary layer phenomena and, indeed, general natural phenomena 
seem to follow exactly according to this force-field concept. A general 
force-field theory is therefore stated as follows: 

"Particles in any system in nature will tend to execute 
independent behavior or motions in accordance with their 
separate internal force fields except as constrained 
by the prevalent external force-field. It requires a 
steady force field above a certain critical magnitude 
to establish 'order' among the particles. The magnitude 
of this _critical force field is determined by the average 
internal force field of the particles." · 

For the special case ·of wall boundary layers, the following conclusions 
are drawn on the basis of the force-field theory: 

(i) The laminar, transitional and turbulent boundary layers 
represent different phases of the basic boundary layer 
fluid at least with . respect to the "cohesive" fluid 
property. 
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(ii) The general characteristics of the wall boundary layer 
may be described, completely , Solely by the local 
"cohesive" fluid property which is a function of 
position and section stability number, only. The 
_section stability number is given by the following 
relation: 

SN = [Rei . . + a1 (Ra + Ta + At)] l/ 2 . 

(iii) The position of incipient laminar instability is given 
approximately by: 

ReO* ci -

SN . ::: 1000. 
C1 

for a length scale 

This corresponds to: 

10 
6 _ o* 10-2.34 tanh(8 - 4) 

{1 -

{1 + 

0,012 (Ra+ Ta+ A }112 
t 10 · 

10{3 + 2.34 tanh(8 - 4)} 

(iv) The frequency of the most favored local disturbance is 
given approximately by: 

01 1 fp :s o. 016 --*-
"1 n Re6 

where 2 34 h (lQ_ - 4) 6 = o* 10- · tan H 

is a modified boundary layer thickness. 

(v) The position of incipient natural laminar to turbulent 
transition is given approximately by: 

SNct ~ SNci - 1.3 x 103 tn(33I1); 0 < I 1 < 0.03 

=SN.; otherwise 
C1 

i.e., Re~* t = Re~* . - 674.2 tn(33I 1) • 
u C . u C1. 

(vi) The amplitude, K, for supercritical and critical 
disturbances, of the total disturbance kinetic 
energy at the critical layer is given approximately 
by: 

1/2 
30wI1 exp[0.003(SN-SN .)] K(x) ~ ______________ c_1 ___ _ 

max 1 + 0.33 I 1 (1-w) exp[0.003(SN-SNci)] 

and the maximum amp1ification factor is given by 
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w112 exp[0.003(SN-SN .)] a*2 = _____________ c_1 ___ _ 
max 1 + 0.33 I 1 (1-w) exp[0.003(SN-SN .)] 

Cl. 

(vii) The rate of production of turbulence (spots) may be given 
approximately as: 

10 u1 2 
g: i.53 X 10- (-) 

\11 
-5 2 {I - exp [-5.34 x 10 (x-xct) /v1]}. 

An intermittency factor (or transition function) may then 
be defined to indicate what proportion, f, of the transi-
tional boundary layer is turbulent at any instant. 

3 f = 1 - exp[-0.04 g x /U1] 

(viii) A flow transfer function may be defined for a boundary layer 
scalar variable, q, such that: 

q(x+~x) ~ G
0

(n*,SN0) + G1 (n*,SN0)q(x) + G2(n*,SN0)q2 (x) _ 

3 
+ G3(n*,SND)q (x) 

0 < q ~ 1 . 

The boundary layer does indeed behave closely to a linear system 
except in the developing regions such as the entrance region and the 
transitional boundary layer. · Even in these developing regions, the 
non-linearity is not very strong except when the external and wall 
influences such as pressure gradient, heat and mass transfer and wall 
curvature, are appreciable. 

The third portion of this work assumes that conceptual fluid 
particles in a boundary layer fluid are arranged in continuous mean 
energy levels according to their mean energy content. The subsequent 
application of a statistical "collision theory" with these conceptual 
fluid particles as the basic particles has yielded qualitatively very 
good predictions of the characteristics of turbulence in the boundary 
layer, such as the rates of production and dissipation of turbulence 
energy, and the amplification characteristics of disturbances in shear 
flows. 

Published in the open literature as: 

Anyiwo, J.C. "A Force Field Theory, Part I -- Laminar Flow 
Instability," AIAA J., Vol. 11, No. 1, Jan, 1973, pp. 43-49. 

Anyiwo, J.C. and Meroney, R'.N., "A Semi-Empirical Transition 
Criterion for Laminar Wall Boundary Layers," Accepted by J. of Fluid 
Engineering, 17 pp. (1974). 

PENETRATIVE CONVECTIVE INSTABILITIES IN PARALLEL FLOW, Kaha.w.i..ta., R.A. 
and MeJtoney, R.N., CSU CER71-12 RK-RNM-24, 29 pp., 7972. 
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Abstract: 

An analysis has been performed of penetrative convective 
instabilities ari sing from the comb irre_d action of thermal and centri -
fugal buoyancy forc es. The theory allows f or t he f act that in the 
atmosphere, convection arising in an unstable layer may penetrate into 
a neighboring stable r egion. The objective has been to examine the 
effect of various mean t emperature and velocity profiles on the critical 
limit and convective penetration of the disturbances. The lineari zed 
perturbation equations have been solved employing an approximate 
technique. The results obtained indicate that nonlinear profiles are 
more unstable and penetrative than linear ones. The close analogy 
between streamline curvature and thermal stratification effects has 
been demonstrated, It is found that for parallel layers of fluid 
along curved heated walls, a unique stability curve for neutral dis-
turbances may be obtained if the quantity plotted along the abscissa 
is Ra+ KN~ where Ra is the Rayleigh Number, NG is the Goertler 
Number and K a constant which expresses the relative importance of 
the mean temperature and velocity profiles. 

Conclusions: 

The object of this analysis was to explore the stability of 
parallel layers of fluid under the simultaneous influence of curvature 
and heating. The simple linear theory indicates not surprisingly, 
that the two effects are additive, demonstrating the close analogy 
between streamline curvature and buoyancy, A similar result has 
been obtained for the case of Thermohaline Convection by Lindberg 
who arrives at the conclusion that the thermal Rayleigh Number 
and an analogously defined "Concentration Rayleigh Number" add linearly 
to form a stability parameter. The stability of a few nonlinear 
temperature profiles was investigated and their strongly penetrative 
nature demonstrated. Since such profiles are not uncommon in the 
atmosphere, it is reasonable to expect that convective instabilities 
could be generated in the lower layers, causing considerable modifi-
cation of the vertical transport of heat, moisture and momentum, as 
is stated by Estoque. 

Future work should include the interaction of the Tollmein 
Schlichting wave instabilities with truly three dimensional convective 
disturbances , The disturbances analyzed here have been quasi-two-
dimensional in that no variations in the streamwise direction have 
been assumed. The behavior of penetrative instabilities in an Ekman 
layer flow should also prove interesting since this approximates more 
closely the true atmospheric situation. Finally, the need for some 
simple nonlinear analyses to establish the interaction mechanism 
between the disturbances and the mean flow is now becoming of 
vital necessity. 

Published in open literature as: 

Kahawita, J.C. and Meroney, R.N., "Longitudinal Vortex Instabili-
ties in Laminar Boundary Layers of Curved Heated Surfaces," Physics of 
Fluids, .!...?.(9), pp. 1661-1666, 1974. 
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THE STABILITY OF PARALLEL, QUASI-PARALLEL A,VV STATIONARY FLOWS, Kaft.al)J)_;t,a, 
R.A. a.nd Melw ney, R.N., CSU CER73-74RK-RN,'d1Z, 762 pp., 7973. 

Abstract: 

The methods of linear perturbation theory have been used to study 
the stability of various flows, among them being 

(i) Th e stability of boundary layers along concave heated walls; 

(ii) The stability of boundary layers along concave walls with 
suction; 

(iii) The stability of wall jets along concave and convex walls; 

(iv) The spin. up of a two-dimensional cylinder in an infinite 
medium; 

(v) The stability of stationary layers of fluid with arbitrary 
temperature stratification; 

(vi) The stability of natural convection flow along inclined 
plates. 

During the course of this work, three different solution techniques 
were employed; one of them was an approximate analytic technique, the 
remaining two were numeri~al. Three-dimensional spatially and 
temporally amplifying disturbances were considered in this study. 

The results indicated that the normal velocity component of the 
mean flow in a boundary layer, although much smaller than the stream-
wise component had a profound effect in reducing the stability of the 
flow. On the other hand, suction at the wall improved the stability 
characteristics, For the flow of parallel layers of fluid. along heated 
walls with small curvature, it was found that a unique stability curve 
for neutral disturbances may be obtained if the quantity plotted along · 
the abscissa is Ra+ KsN~ where Ra is the Rayleigh Number, NG is 
the Goertler number and Ks is a constant which expresses the relative 
importance of the mean temperature and velocity profiles, 

It was demonstrated also that wall jets are unstable on concave 
as well as convex walls. 

The results obtained for the stability of the spin up of a cylinder 
in an infinite medium are in qualitative agreement with experiment. 

The dependence of the onset of convective overturning ·in an 
unstable layer of fluid with a nonlinear basic temperature profile and 
bounded above by fluid of varying stability on Rayleigh number was 
established. 

The angle at which the two-dimensional wave instability passes 
into the three-dimensional mode in natural convection along an inclined · 
plate was calculated. The result was found to be in good agreement 
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with experiment. Other results obtained for this flow were in good •• quantitative agreement with experiment. 

Finally, some simp l e wind tunnel experiments with boundary layers 
along curved heated v.:al ls were performed . Photogr aphic evidence of 
longitudinal vortices was obtained together with some qualitative data. 

Conclusions : 

This r eport presented some results of a theoretical investigation 
into the stability of Parallel, Quasi-Parallel and Stationary Flows. 
The analyses were confined to three dimensional disturbances that evolve 
either with dis t ance or with time, as a result of the action of unstable 
body force s . The body forces considered herein were due to thermal 
stratification and centrifugal action. Similar analyses may be performed 
when the body forces are due to say Coriolis or magnetic effects. 

Linearized Perturbation Theory was used to obtain the stability 
equations for the following flows: 

(i) Parallel as well as Quasi-Parallel flows along Curved Heated 
Walls; 

(ii) Stationary (.Stagnant) Layers of Fluid with arbitrary temper-
ature stratification; 

(iii) Nat?ral Convec_tion along Inclined Plates. 

The resulting system of coupled ordinary differential equations was 
solved mainly numerically using two different computing schemes. For 
a particular case, approximate analytical methods were also used . . The 
computer program developed was able to handle the wide variety of flows 
examined. The results obtained were that: 

(.a) For Quasi Parallel Flows along Curved, Unheated Walls the 
critical curve of Goertler number versus Wavenumber did not 
display a minimum but extraploated to a critical Goertler 
number of zero at a finite value of Wavenumber. At higher 
wall temperatures, or at finite amplificati_on rates, the 
critical curve displayed a minimum. 

(b) For stagnant layers of fluid with arbitrary temperature 
stratification, the onset of convective activity was influenced 
by the nonlinearity of the profile and imposition of the 
semi-infinite boundary condition which tends to reduce the 
critical limit. 

(c) For Natural Convection Flow along an Inclined Plate, the 
vortex instability becomes the dominant mode at angles of 
inclination from the vertical, greater than about 20°. At 
lower angles of inclination, the two dimensional wave-type 
oscillation dominates the transition process. 
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The results of the ana l yses presented provided lower bounds on the 
stability of the various flows to infinitesimal disturbances. This has 
been confirmed by experiment in most cases, wher e linear t heory has been 
found to consistent ly underes t imate experimental r esults. In the light 
of th i s experi ence , the theore t i cal resul ts obtained are in as good 
agreement with exper iment a l dat a (where available) as may be expected. 
The computer progr ams deve l oped dur i ng this study have been successfu l 
in solving the· l ar ge numb er of "stiff" di fferenti a l · equations describing 
the stability of the various flows investigated. A further step in the 
analysis, would be the incorporation of variable property -effects which 
should provide results approaching the limit possible with linearized 
perturbation theory. Beyond this lies the domain of nonlinear analyses 
and numerical simulation, -- an expensive and time-consuming process. 

Published in literature as: 

Kahawita, R.A . and Meroney, R. N., "Vortex Mode of Instability ih 
Natural Convection Flow Along Inclined Plates, IJHMT, Vol, 17, #5, 
pp. 541-548, 1974. 

Kahawita, R.A. and Meroney, R.N., "The Influence of Heating on the 
Stability of Laminar Boundary Layers Along Concave Heated Walls," 
Accepted by Canadian J. of Mechanical Engineering, Fall, 1973. 

Kahawita, R.A. and Meroney, R.N., "Taylor Gaertner Vortices in 
Laminar Wall Jets Along Curved Surfaces," Canadian Symposium on 
Theoretical Fluid Dynamics, Proceedings of, U. of Western· Ontario, 
London, Ontario, June 17-21, 1974 . . 

MEASUREMENTS OF TUR BU LENT BOUNVARY LAYER GROWTH OVER A LONGITUVWALLY 
CURVEV SURFACE, Mell.o ne.y, R.N., CER73-74 RNM26~ 69 pp., 1974. · 

Abstract: 

The result of an "additional rate of strain" on a turbulent parcel 
of fluid as it undergoes even mild streamline curvature can be very large. 
Yet until recently ski n friction and heat transfer calculations have 
ignored this effect. Recent measurements over turbine cascades suggest 
curvature influences heat transfer by an order of magnitude. In addition 
there exists a strong analogy between the effects of centrifugal body 
forces and the buoyancy body force arising in density stratified flow 
in a gravity field. 

This note reports the results of a set of measurements of boundary 
layer development over convex and concave surfaces and compares 
the results with various turbulence models utilized in computational 
programs. A moderate curvature wind tunnel test section was constructed 
(o/R z .01 to .02) to examine the influence of curvature on boundary 
layer structure. 

The boundary layer rat e of growth, compared to that of a boundary 
layer in the same pressure gradient on a flat surface, was decreased on 

• 
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the convex surface and increased .on the convex -surface by ten to 
twelve percent as a result of only an apparent one to two percent 
perturbation on t he si ze of the source terms in the Reynolds stress 
equations. !easurements are available of longitudinal static wall 
pressure, vertical stagnation pressure and single and cross-wire 
anemometer volt ages at a sequence of five downstream stations . Lateral 
transverses at six heights for two downstream stations were completed over 
the concave side. Analog and digital interpretation of anemometer 

signals provided data of 7 7 u'v', , - ,2 ,2' ,3 U, V, U , V , UV , U V, U , and 
,3 

V • 

Conclusions : 

As a result of this investigation a body of data was developed on 
boundary layer flow over moderately curved convex and concave surfaces. 
The following conclusions may be drawn from examination of the results · 
and comparison with recent analytical models. 

Turbulent Boundary Layers along Convex Surfaces: 

i)" The Law of the Wall holds in a modified form along 
convex surfaces. 

ii) Initial and subsequent decreases in the intensities 
of turbulence are due partly to favorable pressure 
gradient and partly to curvature. The curved 
streamlines interact with the boundary layer to 
inhibit vertical mixing. 

iii) The shear stress decreases steeply outside the near 
wall region and approaches zero well inside the 
typical boundary layer (about 0.88 for o/R ~ .01) ; 

iv) A length scale correction of the sort proposed by 
Bradshaw suffices to predict the effect of moderate 
convex curvature in skin friction, shape factor, 
and momentum thickness, 

v) A small change in curvature (o/R ~ .01) arouses a 
large (10%) change in integral properties of the 
flow field. 

Turbulent Boundary Layers along Concave Surfaces: .... 

i) The Law of the Wall appears to hold in a modified 
form along concave surfaces. 

ii) Concave curvature may induce parallel sets of 
longitudinal rolls in the turbulent boundary 
layer. These rolls appear to extend the height 
of the boundary layer and characteristically show 
a wave length of the•order of the boundary layer 
thickness. 
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iii). As a result of increased mixing promoted by the 
concave curvature there is a substantial increase 
in the turbulent energy all across the boundary 
layer. 

iv) The various turbulence correlations -and mean 
velocities are distributed laterally in a wave-like 
manner indicating the presence of a vortex system. 

v) The shear correlation coefficient appears to 
remain large for an extended distance from the 
wall before it begins to diminish. 

Published in open literature as: 

Meroney, R.N., "Turbulent Boundary Layers Growth Over a Longitudinally 
Curved Surface,Accepted by AIAA J., June 1974. 

IV. FINAL RECOMMENDATIONS 

I~ is expected, of course, that new information developed by this 
research will be incorporated into the growing body of literature 
describing flow instabilities. It is hoped that prediction procedures 
provided will"alow design decisions to be made where effects of transi-
tion are critical. Additional problems which warrant consideration 
remain. They are: 

1. The completion of a datum set .of measurements concerning 
the .:mfluence of transpiration on transition (this 
particular problem is being pursued with the completion 
of a suitable flow facility at CSU.) 

2. The analytical/or numerical linkage of the various 
subprocesses of turbulent transition. how important 
are the three-dimensional mechanisms? Can they be 
suitably approximated in two dimensional numerical 
programs? 

3. What is the joint influence of transition on the 
transport of heat, moisture, or scalar tracers as 
compa:red to the influence on momentum transport? 
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