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ABSTRACT OF DISSERTATION

CLIPPED LATENT-VARIABLE SPATIAL MODELS FOR ORDERED
CATEGORICAL DATA

Ordered categorical data arise in a variety of scientific disciplines. The ordered
categories may be of primary interest, or they may be recorded in an attempt to
simplify data collection. When the reason for the categorization is simplification,
the categories are typically created based on an underlying continuous variable and
a set of threshold values used to define the categories. Information in the continuous
variable is clearly lost, but an analysis of ordered categorical data can indirectly
involve a latent (unobserved) underlying continuous variable. In fact, this concept
creates a convenient platform on which to build models for ordered categorical data,
both from an analytical and computational perspective.

Latent variable models, coupled with Bayesian inference, has been an active area
of research for independent ordered categorical data (e.g. Albert and Chib, 1993;
Cowles, 1996; Nandram and Chen, 1996; Chen and Dey, 1997). Such models rely on
the techniques of data augmentation and Markov chain Monte Carlo (MCMC) algo-
rithms. The models for independent data have been extended to include correlation
in the response(s), focusing on clustered and repeated measures data (e.g. Chen and
Dey, 1996; Chib and Greenberg, 1998; and Ishwaran and Gatsonis, 2000). We, how-
ever, are interested in incorporating spatial dependence into the model structure,
an extension that has not yet been specifically addressed in the literature. Thus,
our goal is to develop models for data collected at point-referenced locations over
space. Spatial ordered categorical data result from a variety of research areas, such

as ecology, epidemiology, and the social sciences.
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Spatial models for binary and count data have received more recent attention
(e.g. Diggle et al., 1998; Gelfand et al., 2000; and Christensen et al., 2006). Most of
the models for binary and count data remain within the convenient context of one-
parameter exponential family distributions, embedding the Gaussian process within
the framework of generalized linear mixed models (GLMMs). Such models have been
coined generalized linear spatial models. An alternative approach to modeling binary
data relies on the concept of a clipped Gaussian random field (De Oliveira, 2000).

In this dissertation, we extend and combine the modeling strategies for indepen-
dent ordered categorical data and those for binary and count spatial data to develop
two models for spatially dependent point-referenced ordered categorical data. The
development of these models involves conceptual model building, as well as the de-
velopment of computational algorithms.

Our proposed models differ in their conceptual origin, in the correlation they
induce in the categorical response, and in their generalizability. The first model,
termed the Double Latent model, extends the generalized linear spatial model frame-
work described by Diggle et al. (1998), incorporating the latent spatial variable as
a random effect. The second model extends the idea of a clipped Gaussian ran-
dom field as proposed by De Oliveira (2000) and is termed the Clipped Gaussian
model. Both approaches rely on the use of an underlying latent Gaussian random
field, but differ in how the categorical random field is created from an underlying
continuous distribution and at what level the mean structure is defined. They do,
however, also have fundamental similarities and can under the probit link assump-
tion be compared as nugget and no-nugget models. Both models are developed
under the Bayesian paradigm using Gibbs sampling and MCMC mcthods, and result
in different algorithms used for inference.

We assess and compare the models through analytical, graphical, and

simulation-based methods. We assess the primary goal of prediction by formulating
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prediction as a decision problem within the Bayesian paradigm, and testing predic-
tion at new locations with the use of hold-out data sets. An in-depth simulation study
is used to investigate and compare the behaviors of the two models, demonstrating
their success in terms of prediction and estimation on a large variety of realizations
of artificial data created under the assumptions of both models and different sets of
parameter values. The usefulness of the models to real problems is demonstrated
through an application to ordered categorical data describing stream health through

an “index of biotic integrity” in Montgomery County, Maryland.

Megan Dailey Higgs
Department of Statistics
Colorado State University
Fort Collins, Colorado 80523
Fall 2007
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Chapter 1
INTRODUCTION AND PRELIMINARIES

Ordered categorical data arise in a variety of scientific disciplines. The ordered
categories may be of primary interest or they may be recorded in an attempt to
simplify data collection. For example, time and money can be saved by simply
recording a category label describing a particular experimental or observational unit,
rather than obtaining and recording a continuous measurement for each unit. When
the purpose is simplification, it is often the case that the categories are created
based on an underlying continuous variable and a set of cut-point values used to
categorize the response. Much of the information in original continuous variable
is obviously lost, but an analysis of ordered categorical data can indirectly involve
a latent (unobserved) version of the underlying continuous random variable. The
concept of categorizing an underlying continuous random variable may also be useful
in situations where such a variable is less tangible, if only for computational reasons.
Ordered categorical data are also commonly referred to as ordinal data, but we use '
the term ordered categorical for its straightforward description of the data type.

Specific examples of such data in an ecological setting are categories obtained
from indices, such as the Index of Biotic Integrity (IBI), that describe the overall
health of an aquatic area as poor, fair, good, or excellent, or a habitat variable, such
as health of the riparian vegetative zone, recorded as poor, marginal, suboptimal,
or optimal. There are many examples of ordered categorical data in the behavioral
and social sciences, recorded with labels defined by the Likert scale (Likert, 1932),

ranging from strongly disagree to strongly agree. A less obvious example is that of
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size categories of the substrate in streams, recorded as a categorical variable out
of convenience at the time of data collection. In this work, we develop models for
ordered categorical data that exhibit spatial dependence. We specifically focus on
point-referenced data, as opposed to lattice or areal data.

A fair number of models have now been developed for incorporating spatial
dependence into models for binary or count data, such as those proposed by Diggle
et al. (1998); De Oliveira (2000); Christensen et al. (2000); Kammann and Wand
(2003); Paciorek and Ryan (2005); Zhu et al. (2005b), and others. The strategy
for fitting these models is straightforward due to the inclusion of the Binomial and
Poisson distributions in the one-dimensional exponential family and the now broad
development of generalized linear mixed models (GLMM) for such data. However,
for point-referenced ordered categorical data, the need for spatial models remains.

This dissertation begins with an introduction to the analysis of ordered categor-
ical data, including a brief review of generalized linear and generalized linear mixed
models and their analogous Bayesian formulations. Chapter 1 further presents a re-
view of the literature describing spatial generalized linear models for binary and count
data, along with an introduction to Bayesian spatial prediction and Markov chain

Monte Carlo (MCMC) methodology used to fit the models we propose in Chapter 2.

1.1 Traditional models for ordered categorical data

We first give an introduction to the analysis of ordered categorical data in the
context of independent observations. We define the ordered categorical response vari-
able, Y, as taking values from a set with K ordered elements, {ry,rs,...,7k}. For
convenience, we let 7, = k, so that the sct of possible values for Y is {1,2,..., K}
We restrict our attention to the multi-category situation (K > 2) since for K = 2
we have the binary case for which the response variable fits into the univariate expo-

nential family and models are already developed. Ordered multi-category response
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models are typically formulated as cumulative link generalized linear models (GLM)
(McCullagh and Nelder, 1989; Agresti, 2002). As the name suggests, these models
are constructed based on cumulative probabilities, Pr(Y < k) for k = 1,... K.
These cumulative probabilities have practical meaning due to the ordered nature of

the categories.
1.1.1 The generalized linear model approach

For ordered categorical data, the typical modeling approach in the context of
generalized linear models sets the linear predictor equal to a function, termed the
link function, of the cumulative probabilities. The link function can be any mono-
tone increasing function that maps (0,1) to the real line, but is typically an inverse
cumulative distribution function (cdf) (Agresti, 2002). We let F' denote a cdf and

F~1 denote its inverse, such that the model is defined as
FHPr(Y <kx)|=0,-xB k=1,..., K—1, (1.1)

where 3 is a px 1 column vector, X is a n X p design matrix, and ¢) < 0y < ... <fx_
to preserve the ordered nature of the categories. We define 3 as a column vector,
instead of the typical row vector, for notational convenience. For a single observation,
we denote the 1 x p design vector as x. The {f;} are generally referred to as the
cut-point parameters on the scale specified by the link function, and are typically of
little interest (McCullagh, 1980). The terminology is explained in Section 1.1.2. We
adopt the common convention of setting §; = 0 and including an intercept term in
B and thus a column vector of ones in X (Agresti, 2002; Albert and Chib, 1993).
For estimability of the parameters, we cannot leave all cut-point parameters to be
estimated along with an intercept parameter.

Possible link functions described below include the logit function (inverse stan-

dard logistic cdf), the probit function (inverse normal cdf), the inverse Cauchy cdf,
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and the log-log function, among others. Linear models of the form (1.1) are quali-
tatively similar and often produce almost indistinguishable results for different link
functions applied to the same data set. Thus, McCullagh (1980), suggests choosing
a link function primarily for ease of interpretation. This leads to the common use
of the logistic, log-log, and complementary log-log models, as opposed to the probit
and inverse Cauchy models. However, it will become clearer later that the probit
model has clear computational advantages over the other link functions and should
not be easily dismissed, especially when the main goal of the analysis is prediction
rather than estimation. There are also alternatives to cumulative models, such as
adjacent-category, sequential and two-step models (Agresti, 2002; Albert and Chib,
1998).

The cumulative model in (1.1) assumes that the effects of the covariates are
the same for each category. Another way of viewing this assumption is that for two
values of a single covariate, z; and o, either Pr(Y < k|z;) < Pr(Y < k|ag) or
Pr(Y < k|z;) > Pr(Y < kl|z,) for all k (Agresti, 2002). The convention of using
0 — x3, as opposed to 0 + x3, aids in interpretation of the coefficients and also
arises logically in the formulation of the model using a latent variable, as will be
described in Section 1.1.2. This convention allows the usual interpretation of the
sign of a regression coefficient, meaning that a positive £, indicates that value of Y
tends to increase as the value of the covariate increases. In the context of cumulative
probabilities, a positive coefficient indicates that the cumulative probability decreases
as x increases, meaning that there is less probability mass for lower values of Y than
for the higher values. Thus, larger values of the covariate are associated with larger
values of the response.

The cumulative probabilities are assumed to strictly increase in k for a fixed
x, corresponding to strictly increasing {6y }. This restriction reflects the assumption

that Pr(Y = k|x) > 0 for all k, and is needed to ensure a non-zero likelihood.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



We define Pr(Y = k|x) = py(x), such that the cumulative probability is Pr(Y <
klx) = Z;.Czl pe(x). Let u; = (ug, Ui, . . ., uix) be a K-dimensional vector of binary
indicators of category for observation 7. That is, u; = 1 if y; = k and the remaining
elements in the vector are zero.

The general likelihood function for the cumulative model is given by

. :kzl

= H H(pT(Yi < klx;) - Pr(Y; <k -— 1]XZ-))”“°}
i=1 Lk=1

= fl H(F(ek - Xzﬁ) - F(&k_l - Xiﬂ))uik} . (12)
i=1 k=1

We can alternatively express the above likelihood using the observed response
vector, y, when each element is the integer label of the categorical response, as
previously defined. That is, y = (y1, %, ..., Yn)’ where y; = k if the ith observation
belongs to the kth category for k = 1,..., K. Then, y can be used to index the

appropriate cut-point parameters and simplify the likelihood expression to

n

18, X) = [ [(F(8,, — x:B) = F(8-1 — x:8)).- (1.3)

i=1
We focus our attention on the cumulative probit model, utilizing the inverse of

the standard normal cdf, ®~! as the link function. This is a common model for

bl

ordered categorical data and is written as
OPr(Y < k|x)] = 6 — xB. (1.4)

The intuition for the model and reasons for choosing it are discussed in further detail
in Section 1.1.2. As previously mentioned, cumulative probit models typically result
in fits similar to the cumulative logit model (Agresti, 2002).

We also provide a brief description of the cumulative logit model due to its

popularity and similarity to the cumulative probit model. The model is defined
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using the logit link function, F~'(n) = log[n/(1 — n)], which is the inverse of the

standard logistic cdf. The cumulative logit is defined as

logit[Pr(Y < k|x)] = log [ Pry < k) l = {————PT(Y < ki)

1— Pr(Y <klx) Pry > k|x)] ’ (13)

for all k£, and the model is written as

| Pr(Y < k|x)
[Pr(Y > k|x)

} =0, — x0. (1.6)

A model for a single cumulative logit (for one k) is simply a logit model for a
binary response where the K categories are grouped into 2 categories via their ordered
property. The model in (1.6) simultaneously uses all cumulative logits, and assumes
that 3 remains constant for each individual logit. For more than two response
categories, it is not equivalent to fitting separate logit models for each category since
(1.6) constrains the K — 1 response curves to have the same shape. The difference
between cumulative logits for the same category but different levels of the covariate
is independent of the specific category (McCullagh, 1980). For interpretation, this
translates into the assumption that the log cumulative odds ratio is proportional to
the distance between two vectors of the covariates, x; and x2, and is hence given the
name proportional odds model (Agresti, 2002). For only two response categories, it 1s
equivalent to the logistic model for binary data and is also equivalent to a log-linear
model (McCullagh, 1980).

As previously mentioned, a number of other link functions have been investi-
gated. A model defined using the complementary log-log link is termed the pro-
portional hazards model and is written log[—log(l — Pr(Y < k|x))] = 6, — x0
(McCullagh, 1980). For a single covariate, the model has the property that
Pr(Y > klz1) = [Pr(Y > k|z,)]oP(#-2201 resulting in the cumulative proba-
bility for category k approaching 1 at a faster rate than it approaches 0 (Agresti,

2002). Others have proposed mixture distributions for link functions, where a mixing
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parameter is estimated from the data (Albert and Chib, 1993; Chen and Dey, 1996;
Ishwaran and Gatsonis, 2000).

For nominal (unordered) categorical data, an appealing property is permutation
invariance, meaning that the categories can be permuted in an arbitrary way without
affecting the fit or values of the parameters. This is a general property of log-linear
models (McCullagh, 1980), but is not appropriate for ordinal data. Instead, a more
fitting requirement is that the model should be invariant under a reversal of category
order, which is termed palindromic invariance. This property holds for the logistic,
probit, and inverse Cauchy models since reversal of category order simply results
in a change in sign of 3, along with a change in sign and order of the cut-point

parameters, 6.
1.1.2 The latent variable formulation

For ordered categorical data, there is an alternate and equivalent way to con-
ceptualize and obtain the usual cumulative generalized linear model. The foundation
of the concept lies in the natural assumption of the existence of an underlying con-
tinuous variable that is discretized to create the observed categorical response. This
construction aids in model set-up, interpretation, and model fitting. In this section,
we provide an introduction to the use of latent (unobserved) variables in the context
of cumulative generalized linear models and a further discussion of the cumulative
probit model in this context.

The latent variable framework assumes the existence of an underlying continuous
variable associated with each response, where the mean of the continuous distribution
is modeled as a linear function of the covariate vector for a particular site. We observe
only a discretized observation from the continuous distribution. The common effect,
B, described for the models in Section 1.1.1, is motivated by such a regression model

for a latent continuous variable. We refer to the latent variable as Z (Agresti, 2002),
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and assume that Z has cumulative distribution function F'(z—pu) where p is a location
parameter that depends on the covariates through p(x) = x3. We define a vector
of cut-points, —oco =6, < 6; < ... < 0 = co such that Y =k if 6,1 < Z < b;.
Therefore, the probability that the response for a particular site falls into category

k can be written as

PT'(Y, = k|x,) = PT‘(@k_l <7 < Hklxi) (].7)

= F(8 — x8) — F(0i_, — x:0), (1.8)

where F' is the cdf of the link function. Thus, if Z = x3 + €, then the link function
for a cumulative model is defined by specifying the cdf of €. For example, if F'
is the standard normal cdf, then F~' = & ! is the link function and we obtain
the cumulative probit model. That is, the probit model assumes that the underlying
latent variable, Z | is normally distributed, and that the parameters can be interpreted
in terms of this latent variable (Agresti, 2002). Alternatively, if F' is the cdf of the
standard logistic distribution then F~! is the logit link and we obtain the proportional
odds model previously described. The proportional hazards (or complementary log-
log link) model arises from an underlying extreme value distribution for Z.

Use of the standard normal cdf makes the probit model analytically and com-
putationally attractive. Connecting the categorical response to the latent variable
potentially allows for more direct interpretation of the model parameters. That
is, when the latent variable has clear practical meaning, the parameters can be in-
terpreted in terms of the continuous latent variable, Z, a context in which most
researchers are more comfortable interpreting results. Specifically, for the probit
model with one covariate, we can conclude that a 1-unit increase in the covariate, X,
is associated with an increase in the expected value of the latent variable, E(Z), of
B. 1f the variance of the normal distribution is specified at a value different from 1,

then we conclude that a 1-unit increase in X corresponds to a 3 standard deviation
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increase in E(Z) (Agresti, 2002). It should be noted that the value of § is invariant
to the choice of cut-points used to discretize the latent variable scale. This is an at-
tractive property making it possible to compare results obtained from studies using
different definitions for categorizing a common variable of interest.

The latent variable formulation not only provides insight into the model struc-
ture used for ordered categorical data, but it also opens a convenient avenue for
fitting the models in a Bayesian framework. The technique involves sampling the
latent variable, Z, and falls under the computational method of data augmentation
(Tanner and Wong, 1987). Likewise, the cumulative probit model provides a conve-
nient and logical starting point for fitting such models due to its use of the standard

normal distribution.
1.1.3 Maximum likelihood estimation for cumulative link models

The model given in Equation 1.1 contains p + K — 1 parameters to estimate,
(61,...,0k-1,01,...,83,) or equivalently, (6a,...,0k_1,00,5,-.-,0p) since both 6,
and 3, cannot both be uniquely estimmated. For traditional maximum likelihood
(ML) estimation, the likelihood is expressed in terms of the cumulative probabilities,
and then iterative numerical methods, such as Fisher scoring algorithms, are used to
obtain ML estimates (McCullagh and Nelder, 1989; Agresti, 2002).

Cumulative link models can alternatively be viewed as multivariate GLMs
(Agresti, 2002; McCullagh, 1980), of which we give a brief description. The mul-
tivariate GLM expresses M; = E(U,) where U; = (Ui1, Ui, ..., Uik) is a vector of
binary indicators of category for observation i, denoted by y,; after the data are ob-
served. That is, if the ith observation falls in category k, then the observed u; is a
vector with 1 in the kth position and zeros in the remaining positions. The general
GLM is written as h(M;) = x;3, where h is a K dimensional vector of link functions.

For nominal categorical data, the mean vector is given by probabilities of belonging
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to each category, M; = (p1(X;), pa(X:), - - -, Pr—1(x;))’. This multivariate model can,
however, also be expressed in terms of cumulative probabilities where we denote the
vector of cumulative probabilities as 7, = (71(x;), 72(X:), - - -, Nk -1(%;))’. Then, for
example, the cumulative logit model can be written as

hi(n;) = log [—Qk(—}i)——] = 0, + x:8. (1.9)

1 — me(xi)

McCullagh (1980) demonstrates that treating cumulative models as multivariate ex-
tensions of generalized linear models leads to a straightforward method of obtain-
ing maximum likelihood estimates with rapid convergence of the Newton-Raphson
method with Fisher scoring. While a unique maximum is not guaranteed, McCul-
lagh (1980) does not observe problems with multiple modes and/or local maxima,
and concludes that non-convergence is usually a reliable indicator of fitting an in-
appropriate model. McCullagh’s method applies also to a multiplicative model used
to relax the assumption of constant variance of the underlying distributions and is

given by
(6r — x:8)

Fl () = - (1.10)

The idea of specifying models to relax the assumption of constant variance is de-

scribed further in the following section.
1.1.4 Alternative modeling strategies

When the assumption of a common regression coefficient across categories does
not appear to hold, there are alternative models to consider. An obvious extension
of the parallel lines model is allowing the K — 1 regression lines to have different

slopes (McCullagh and Nelder, 1989). This model is specified as
FHPr(Y < k|x)] = 0, — xBy. (1.11)

McCullagh and Nelder (1989) point out that a disadvantage of this non-parallel

regression model is that the lines must then intersect eventually, potentially leading
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to some negative fitted values. Similarly, this model violates the order constraints
for the cut-points and the cumulative probabilities (Agresti, 2002). McCullagh and
Nelder (1989) maintain that this may not be a fatal flaw in the model as long as
the intersections occur in a remote region of the x-space. Agresti (2002) suggests
that the simpler parallel lines model should not be automatically discarded based on
the significance of a hypothesis test of the assumption, maintaining the importance
of investigating practical as well as statistical significance and also adhering to the
principle of parsimony.

A non-generalized linear model that incorporates dispersion parameters can also
be considered as an alternative to the parallel regressions model. This is a viable
alternative since violation of the parallel assumption often results when the dispersion
varies with x. In other words, the responses may vary around the same location,
but more dispersion occurs at the value of x; than x, (Agresti, 2002). For example,
we may observe Pr(Y < k|x;) < Pr(Y < k|xp) for the lower categories, while
observing Pr(Y < kix;) > Pr(Y < k|xp) for the higher categories. As described
in McCullagh and Nelder (1989), we can assume that the latent variable, Z, has
a continuous distribution with mean x3 and variance exp(x7), instead of the usual
unit variance. This is equivalent to specifying the link function (an inverse cdf) based

on the distribution of (Z — x/3)/ exp(x7), or writing the model in the form

O, —xB

exp(x7)’

FPr(Y <klx)] = (1.12)

In (1.12), x3 is the usual linear predictor for the mean and x7 is the linear predictor
for the variance (or dispersion), describing how the dispersion depends on x. This
model constrains the slopes to differ in a systematic fashion, as opposcd to the non-
systematic specification in (1.11). For example, using the logit link, the model allows
a systematic increase or decrease of the odds ratio in k, and is thus useful for testing

the proportional odds assumption (McCullagh and Nelder, 1989) without violating
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the order constraints for the cumulative probabilities. When 7 = 0, the original
model is obtained.

Other possible alternatives include fitting a link function with a non-symmetric
response curve, such as the complementary log-log link function, adding additional
terms to the linear predictor, or permitting separate coefficient parameters for only
some of the explanatory variables (Agresti, 2002).

Alternatives to cumulative link models are the adjacent-category (or sequential
model), and the two-step model. Both alternatives are fit using Bayesian methods
in Albert and Chib (1997). Agresti (2002) states that the choice of model should
primarily be based on whether one is interested in interpreting effects in terms of
the grouping of categories, as in the cumulative link models, or in terms of the indi-
vidual categories, as in the adjacent-category model. As previously mentioned, the
cumulative model has the advantages of approximate invariance of effect estimates
to the construction of response categories and the more obvious connection to an

underlying continuous latent variable (Agresti, 2002).
1.1.5 Incorporating random effects in a generalized linear mixed model

Generalized linear mixed models (GLMMs) are simply extensions of generalized
linear models (GLMs) that incorporate unobservable random effects to account for
additional sources of variability. Traditional GLMMs contain the usual linear predic-
tor of the GLM along with one or more random components, where the random com-
ponents are assumed to follow a normal distribution. Lee and Nelder (1996) extend
the concept in their definition of hierarchical GLMs (HGLMs), allowing the random
components to come from arbitrary, non-normal distributions, and thus providing a
broader class of models. Further extensions have included models for correlated data,
such as those we describe in Section 1.4.5. Models for binary and Poisson data with

spatial dependence have also been developed, such as the generalized linear spatial
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model described by Diggle et al. (1998), and the ensuing work by Christensen et al.
(2000). These models for non-Gaussian spatial data are described in further detail
in Section 1.4.

Traditional random effects models for multi-category data use a multivariate
GLMM which is a natural extension of the multivariate GLM described previously.
However, the likelihood function for these models is not available in closed form,
and fitting GLMMs is more difficult than GLMs (Agresti, 2002). Computationally
intensive approximate numerical methods are used for maximum likelihood fitting
of these multivariate random effect models. It is helpful to take a tiered view of
a GLMM, where at the first stage the observations are assumed to be independent
given the random effects and thus fall under the definition of a GLM, and at the
second stage, the random effects are assumed to be independent and normally dis-
tributed (Agresti, 2002). The random effect term then appears as a fixed offset term
in the first stage specification. Estimates are typically obtained through the use of
pseudo-likelihood methods. See Agresti (2002) for more detail regarding proposed
methods to obtain maximum likelihood estimates. Agresti (2002) suggests that fur-
ther research is needed on GLMMs, for model-fitting, inference, and especially model
checking and diagnostics.

The two-stage structure of the GLMM described in the previous paragraph lends
itself nicely to hierarchical Bayesian models, which are introduced in Section 1.2. We
acknowledge that in a pure Bayesian analysis, all parameters are defined as random
variables, versus fixed but unknown parameters, potentially causing criticism of the
use of the term mized to refer to a Bayesian model. However, we continue to use the
traditional language of fized effects and random effects, as we feel these are nceeded
in our discussion of mixed models. Schabenberger and Gotway (2005) generally refer
to parameters that pertain to all experimental units as fized effects and those that

differ among experimental units as random effects. We agree with their conclusion
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that this distinction is important to the specification of mixed models regardless of
whether one is using a Bayesian or frequentist analysis. Furthermore, authors such
as Christensen et al. (2000) do refer to “fitting GLMMs in a Bayesian framework. *
The main difference between a traditional two-stage GLMM specification and a hi-
erarchical Bayesian GLMM approach is that the parameters specified in the second
stage of the hierarchy are assigned a prior distribution in the Bayesian approach
(Schabenberger and Gotway, 2005). The use of a flat prior distribution results in a
posterior distribution that is proportional to the likelihood and thus the mode of the
posterior distribution will approximate the maximum likelihood estimate (Agresti,

2002).
1.2 Introduction to Bayesian inference

Bayesian inference proceeds by summarizing a joint probability distribution of all
unknown model parameters given an observed set of data (Gelman et al., 2004). The
joint probability distribution is termed the joint posterior distribution and reflects the
uncertainty in the model parameters after observing the data. The set of unknown
parameters can also include unobserved quantities such as predicted values at new
locations. Gelman et al. (2004) summarize the process of Bayesian data analysis
in three steps: setting up a full probability model as a joint distribution for all
observable and unobservable quantities; calculating and interpreting the posterior
distribution by conditioning on the observed data; and finally evaluating model fit
and the implications of the posterior distribution.

For this introduction, we refer to the vector of observed data as y and the vector
of all unknown paramcters as 7. The key to Baycesian inference is the conditioning on
the observed data, with the final goal being to make probability statements about i
given y. Traditional statistical methods instead proceed by comparison of procedures

used to estimate 1) over the distribution of all possible values of the data conditional
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on the unknown true value of n (Gelman et al., 2004). As previously mentioned, the
Bayesian analysis starts with a model to provide the joint probability distribution
for the model unknowns, 77, and the known data, y. Application of Bayes’ rule
allows this joint probability distribution to be written as the product of a marginal
distribution of the unknown parameters and the conditional distribution of the data

given the parameters,
fny) = f(m) f(yin). (1.13)

Another application of Bayes’ rule gives the joint posterior density as

fny) _ f)f(ylm) (1.14)

(
Fy) f(y)

Since the observed data, y, are fixed, f(y) is simply considered a normalizing con-

f(nly) =

stant. This allows (1.14) to be equivalently written in its unnormalized form as

proportional to “the prior times the likelihood,” i.e.

f(nly) o< f(m) f(yln). (1.15)

We also must define the posterior predictive distribution used to make inference
about an unknown, though observable quantities, such as predictions for new obser-
vations. Gelman et al. (2004) define the prior predictive distribution as the marginal

distribution of y before the data are observed,

fly) = /f(n)f(YIn)dn (1.16)

Then, after the data have been collected let ¥ refer to unknown, though observ-
able, values. The distribution of y given the observed data is termed the posterior

predictive distribution and is written as

F3ly) = / £ mly)dn = / () f(nly)dn. (1.17)
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The last equality holds if Y and Y are conditionally independent given 7. Gelman
et al. (2004) point out that the posterior predictive distribution is the average of the
conditional predictions over the joint posterior distribution of 7, as is clear by (1.17).

On a more practical and fundamental note, Bayesian inference uses probabil-
ity as the fundamental measure of uncertainty and describes the state of knowledge
about something unknown in terms of probability distributions. Gelman et al. (2004)
provide a stimulating discussion of what is meant by a numerical measure of uncer-
tainty and why probability may be a reasonable way to quantify uncertainty.

Our reasons for choosing to apply Bayesian methods to this research problem
center around the paradigm’s automatic incorporation and quantification of uncer-
tainty in all model parameters, even for complicated models. We feel this is an
important advantage when dealing with hierarchical spatial models, and something
that has been largely side-stepped in classical geostatistical models where the uncer-
tainty in estimating the correlation function parameters is generally ignored. Gelman
et al. (2004) also point to the increased emphasis on interval estimation over hypoth-
esis testing in applied Statistics as a further advantage of Bayesian inference since it
allows for the common-sense interpretation of an uncertainty (or probability) interval

as a region having high probability of containing the unknown quantity.
1.2.1 Bayesian hierarchical models

Hierarchical models are characterized by the definition of multiple levels or tiers,
typically involving the assumption of conditional independence of the observed data
given certain parameters. Such models specify a joint probability model that reflects
the inherent dependencies between the parameters and are thus particularly useful
when multipie parameters are related in some way defined by the structure of the
problem. For example, as mentioned in Section 1.1.5, GLMMs can be viewed as a

two-stage hierarchical model. The first stage specifies how the data depend on fixed
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effects, such as those involving a covariate, while the second stage specifies the distri-
bution of the random effects. This two-stage structure allows for the assumption that
the data are independent given the random effects. This conditional independence
can greatly simplify the likelihood function and thus facilitate model fitting. In a
Bayesian context, such hierarchical models further involve the specification of prior
distributions for the parameters of the distribution assigned to the random effects.
Inference is then based on the joint posterior distribution of all parameters given the
observed data. For the purpose of this dissertation, we only refer to hierarchical spa-
tial models where the random effects are assigned a multivariate normal distribution
with covariance structure specified to capture the spatial dependence in the data.

An introduction to spatial modeling is given in Section 1.4.
1.2.2 The latent variable formulation and data augmentation

The use of latent variables to facilitate computation falls under the broader
heading of data augmentation. The concept was historically used in the EM algo-
rithm to solve maximum likelihood problems until Tanner and Wong (1987) extended
the idea to simplify calculation of posterior distributions for a Bayesian analysis. We
follow the description of Tanner and Wong (1987) in introducing the concept.

We denote the posterior distribution of interest as f(n]y), and augment the
observed data, y, by an unobservable latent variable, Z. The augmented posterior
distribution, f(nl|y,z), is calculated assuming that both Y and Z are known. The
posterior distribution of interest can then be obtained approximately by averaging
the augmented posterior distribution over the z's obtained from their predictive
distribution, f(z|y). Then, the dependence between f(n|y) and f(z|y) leads to
an iterative algorithm of successive substitution. The two iterated steps are: (1)
generate a sample of m latent data patterns from the predictive distribution of Z|y

given the current guess of the posterior distribution of nly, and (2) update the
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estimate of 7]y as the mixture of the m augmented data posteriors. Practically, this
algorithm is implemented in situations when it is difficult to sample from f(nly),
and easier to sample from f(n|y,z) and f(z|n,y). van Dyk (2002) similarly points
to the usefulness of data augmentation when it is easier to obtain a sample from
f(m,z|y) than from the posterior of interest, f(n|y). He describes the strategy as
obtaining a sample from f(n,z|y) using f(nly,z) and f(z|n,y), and then using the
posterior samples of 17 as a sample from f(n|y) after simply discarding the sample

of z.
1.2.3 Factorization of joint posterior distributions for inference

An important concept in understanding the many methods of fitting Bayesian
models is the factorization of joint posterior distributions using Bayes’ rule. With-
out loss of generality, let m§ = (11,77) such that the joint posterior distribution is
f(m,me]y). To make inference about 7;, we desire its marginal posterior distribu-
tion, obtained by integrating 7, out of the joint posterior distribution. It is often the
case that such integration of the joint posterior distribution is not analytically possi-
ble. It is, however, usually still possible to make inference by simulating realizations
from the distribution of interest; factorization of the joint posterior distribution often
helps accomplish this. For the two parameter illustration, suppose that we desire

the marginal posterior distribution of 7,

fmly) = /f(771|7127}’)f(772|3’)d712- (1.18)

The trick is to factor f(m,n2ly) into f(mln2,y)f(nely) if we recognize that the fac-
tors f(m|ne,y) and f(mu|y) are relatively easy to simulate from. A sample from
the desired marginal posterior distribution can then be obtained using simulation
techniques (Gelman et al., 2004). A sample of 711,712, - - ., 71,7 i obtained by itera-
tively generating a value for 75, from f(n|y) and then a value of 0, from f(m|n2,y)

at each of T iterations. The pairs of values, (711,72,1); - - -, (11,m, J2,m), constitute a
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random sample from the joint posterior distribution after convergence, and the set of
7h’s constitutes a random sample from the marginal posterior distribution of interest
(Gelman et al., 2004). If, however, the factorization still results in non-standard dis-
tributions that are difficult to sample from, an alternative to obtaining a sample from
the desired distribution is the use of Markov chain Monte Carlo (MCMC) methods
described below in Section 1.2.4. Other alternatives include the use of approxi-

mations of the desired integral, such as importance sampling or rejection sampling

(Givens and Hoeting, 2006).
1.2.4 Introduction to Markov chain Monte Carlo (MCMC)

Markov chain Monte Carlo (MCMC) can be used to obtain a sample from a
distribution of interest by generating a dependent sample from the distribution. The
method draws values of the parameter of interest from approximate distributions
and then corrects the draws to better approximate (and converge to) the desired
target distribution (Gelman et al., 2004). A Markov chain is a sequence of random
variables such that the distribution of the next value depends only on the present
value. Let t denote the iteration number of the Markov chain. Under certain condi-
tions, if we generate V), n® ..., n® from a Markov chain, then n') converges in
distribution to f(7) as ¢ approaches infinity. After a certain number of iterations,
the chain should converge to a stationary distribution, meaning that the probability
of the chain taking on any particular value remains the same. Thus, after conver-
gence, any sequence of observations from the chain represents a sample from the
stationary distribution (Schabenberger and Gotway, 2005), meaning that inference
can then be made by summarizing the post-convergence sample from a run of the
chain. Diggle et al. (1998) summarize the goal as setting up a Markov chain with
analytically tractable transition probabilities whose stationary distribution has the

desired target distribution. A necessity of employing the method for inference is
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assessment of whether convergence has been obtained (Gelman, 2004; Givens and
Hoeting, 2006). Also, one should be aware that the posterior samples are dependent
as a direct consequence of the use of a Markov chain. It has been suggested that an
approximately independent random sample can be obtained by using only every kth
iteration of the chain. However, if the sequences have reached convergence, they can
be used for inference directly without thinning. Gelman (2004) suggests thinning
only in applications where computer storage is a problem due to a large number of

parameters.
1.2.4.1 Gibbs sampling algorithm

One of the most popular methods of implementing MCMC is use of the Gibbs
sampler (Geman and Geman, 1984; Gelfand and Smith, 1990). The algorithm also
has the more descriptive name of alternating conditional sampling (Gelman et al.,
2004). We follow Schabenberger and Gotway (2005) and explain the sampler via
example, returning to the two-parameter case used in Section 1.2.3. Suppose the
posterior distribution of interest is f(n,72]ly) and that it is not available in closed
form. Suppose also that it is possible to derive and sample from the complete (or full)
conditional distributions, f(n;|n2,y) and f(n2|n1,y). The Gibbs sampling algorithm
then proceeds by choosing a starting value for 72, denoted néo), and then iteratively
sampling from the complete conditional distributions. That is, we generate 7)51)
from f(mlnéo)L then 7751) from f(n2|77§1)), then 77?) from f(m]nél)), then 7752) from
f (?72|77§2)), and so on. If a stationary distribution exists, these sequentially collected
samples will, after convergence, represent samples from the desired joint posterior
distribution, f(m,n2|y)-

Conditional sampling algorithms are effective tools for simulating from com-
plicated distributions and thus performing Bayesian analysis. The algorithms can,

however, be computationally slow when the target distribution contains parameters

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



21

that are highly correlated. It is often the case that reparameterizations are needed

to help speed convergence (Gelman et al., 2004).
1.2.4.2 Metropolis-Hastings algorithm

The pure Gibbs sampling algorithm relies on the existence of recognizable com-
plete conditional distributions. It is often the case, however, that the complete
conditional distribution of one or more parameters may not be recognizable and
available in closed form. In such situations, we can use a more general technique
to sample from the complete conditional distribution. One such solution is the pop-
ular Metropolis-Hastings (M-H) algorithm used to construct a Markov chain with
a specific target density. The M-H algorithm is an acceptance/rejection algorithm;
it relies on the use of a candidate generating density from which to draw proposed
values that are then accepted or rejected based on a rule defined by a M-H ratio de-
fined in (1.19). To introduce the M-H algorithm for sampling from a target density
f(nly), denote the candidate generating density as f.(), 7°" as the current value
of the parameters for the chain, and n°" as the candidate value of the parameters
of the chain. The M-H ratio provides a rule dictating whether at each iteration we

M . d . .
retain the current value, " or move to the candidate value, n°*"*. The ratio is

9

calculated as

pod (nc“”dly)fc(nwrln”“”d)’ (1.19)
f(,ncur ly)fc(ncandlncur)

and the new current value of 1 is then set to the candidate value (n®" = neend)
with probability min(R, 1) and otherwise the current value of 7 is retained (Gelman
et al., 2004). The resulting sample after T iterations, 1y, 1,, ..., Ny, has a target
distribution with probability density function f(n]y). The Gibbs sampling algorithm

is actually a special case of the M-H algorithm where the acceptance probability is

always 1, moving the chain to the candidate value at every iteration.
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An effective strategy for many problems is to build a conditional sampling
Markov chain by combining the Gibbs sampler and the Metropolis-Hastings algo-
rithm. As previously mentioned, if some of the complete conditional distributions
cannot be sampled from directly, then we can use the M-H algorithm to sample from
these distributions while using the simpler Gibbs sampler to sample from the recog-
nizable complete conditionals. This can involve updating the parameters one at a
time, as described previously, or it can involve updating several parameters together

in a block.

1.3 Bayesian models for ordered categorical data

The latent variable formulation of models for ordered categorical data particu-
larly lends itself to Bayesian inference. There is a good base of literature surrounding
the use of Bayesian methods to analyze ordered categorical data for a variety of link
functions and model specifications, e.g. Albert and Chib (1993, 1997); Nandram and
Chen (1996); Cowles (1996); Johnson and Albert (1999); Chen and Dey (1996). In
the Bayesian context, the use of the latent variable is not only a conceptual advan-
tage, but also a computational one. Use of the latent variables improve convergence,
especially in situations with dependent data (Besag and Green, 1993; Nandram and
Chen, 1996). As previously described, the cumulative logit and cumulative probit
models typically give similar estimates of fitted probabilities, but for Bayesian infer-
ence, the probit model has an advantage in that it allows for more efficient sampling
from the posterior distribution (Johnson and Albert, 1999). Specifically, the cumu-
lative probit model, with its use of the standard normal distribution, results in full
conditional distributions that are straightforward to obtain and to sample from, and
thus it is the logical starting point for fitting these models.

Bayesian methods for fitting such probit models for independent data have been

proposed by authors such as Albert and Chib (1993), Cowles (1996), Nandram and
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Chen (1996), and Chen and Dey (1996). The different authors fit the same general
model, but build on previous results to improve the efficiency of the MCMC sampling
algorithm. We briefly introduce the methods used by these authors in this section
and revisit them in further detail throughout this dissertation.

Albert and Chib (1993) initially proposed a standard Gibbs sampling algorithm
for the cumulative probit model. In addition to the probit model, they introduce
the idea of using a t-distribution to define the link function with the degrees of
freedom parameter estimated by the data. Cowles (1996) notes the inefficiency of
the standard Gibbs approach in sampling the cut-point parameters and proposes a
multivariate Metropolis-Hastings step for sampling the latent variable and the cut-
points together in one block. She specifies a truncated multivariate normal proposal
distribution for the cut-point parameters, and demonstrates improved convergence
with her algorithm over that of Albert and Chib (1993). Nandram and Chen (1996)
propose a reparameterization of the cut-point parameters, constraining them to the
interval [0,1]. This allows the use of a Dirichlet proposal distribution coupled with
Cowles’ multivariate Metropolis-Hastings algorithm. Albert and Chib (1997) propose
a de-constraint transformation of the cut-point parameters allowing them to fall
over the real line. This is coupled with the use of a multivariate-t proposal density
with parameters updated as the chain proceeds using optimization of the log full
conditional distribution of the transformed cut-point parameters. This is a self-
targeting technique similar to a Langevin-Hastings algorithm (Givens and Hoeting,
2006), allowing use of infofmation regarding the target distribution in specification of
the proposal distribution . The mean is specified by maximizing the full conditional
and the variance is specified by the negative inverse of the second derivative of the
log full conditional. Similarly, Chen and Dey (1996) improve upon the algorithm
of Nandram and Chen (1996) by proposing a de-constraint transformation of the
cut-point parameters, along with a multivariate normal proposal density with the

mean and variance specified in the same manner as that of Albert and Chib (1997).
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Ishwaran (2000) proposes a reparameterization of the cumulative model to avoid
the use of the latent variable and to allow the use of a leapfrog hybrid Monte Carlo
method. This model also allows for covariate specific cut—poihts, and can use different
link functions with easy modifications. However, this parameterization has not been
explored for correlated data, where the latent variable formulation may afford the

largest advantage.

1.4 Spatial models for point-referenced non-Gaussian data

The work in this dissertation focuses on formulating models for ordered cat-
egorical data that are point-referenced over space and exhibit spatial dependence.
Thus, we give a brief introduction to spatial statistics and spatial modeling for non-
Gaussian data in this section before further reviewing the literature surrounding
Bayesian models for ordered categorical data. Unless otherwise noted, the results
presented here can be found in an introductory text for the modeling of spatial data,

such as Cressie (1993) or Schabenberger and Gotway (2005).
1.4.1 Introduction to model-based geostatistics

Geostatistics is a historical term referring to a method of spatial prediction for
point-referenced spatial data. By point-referenced, we mean that the spatial domain
of interest, D, is considered a continuous and fixed set. The continuous property of
D allows us to collect observations at any fixed location, s, in D. In other words, in-
finitely many locations can theoretically be placed between any two sample locations,
s; and s; (Schabenberger and Gotway, 2005). Note that the continuity is attached
to the domain of interest, before a quantity to be measured at each location is even
defined. Thus, in this dissertation, the spatial domain is considered continuous, while
the response variable observed at locations within the spatial domain is considered

categorical.
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The model-based approach incorporates stochasticity through the definition of

a random process, Y, indexed by s, over the domain, D,
{Y(s) :s € D Cc R} (1.20)

We also assume d = 2 and refer to the random process as a spatial process or random
field, interchangeably. For our 2-dimensional problem, s; is a coordinate specified
by two numbers, one locating the position in the north-south direction and the
other locating the position in the east-west direction. The continuity of the spatial
domain often leads to the desire to predict at many new and unsampled locations
and prediction is often the primary goal of modeling point-referenced spatial data.
For example, the goal may be to produce a map of the response over the entire region

(domain) of interest.

1.4.2 Covariance functions in the spatial setting

Everything is related to everything else, but near things are more related
than distant things.

Tobler’s first law of geography (Tobler, 1970 as given in Schabenberger
and Gotway, 2005)

Correlation functions for point-referenced spatial data reflect the assumption
that the correlation between the values at two locations typically decreases as the
distance between two locations increases. The covariance function of a spatial process

is defined in terms of a distance, h, between two locations,
CovlY (s),Y (s +h)] = E([Y(s) — u(s)][Y (s +h) — (s + h)]), (1.21)

where pu(s) is the expected value of Y (s). The autocorrelation function is then defined
in the usual way,

Cov[Y (s),Y (s + h)]
CorrlY(s),Y(s +h)] = OVl e ik (1.22)
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Similar to the analysis of autocorrelated data in time series analysis, it is com-
mon to make stationarity assumptions about the specified covariance function. For
example, it is often assumed that the important information for defining the correla-
tion between values at two locations lies merely in the distance between the locations,
and not in the the actual coordinates. This, combined with the assumption of a con-
stant mean across the region, is termed second-order stationarity. Two important
implications of this assumption are that the covariance function can be written as a

function of the distance only,
Cov[Y (s),Y(s+ h)] = C(h), (1.23)

and the variance, Var[Y (s)] = o2 is not a function of spatial location, meaning that

the correlation can be written as

Cov(h)‘

o2

Corr[Y(s),Y(s +h)] = (1.24)

We further discuss stationarity in the Section 1.4.3.

Our use of model-based geostatistics requires definition of several other terms,
most notably the semi-variogram. The semi-variogram is an integral tool used in
classical geostatistics to estimate a correlation function from the data, and is defined

as

v(s,h) = = (Var[Y(s) — Y(s+h)])

(Var[Y(s)] + Var[Y (s +h)] — 2Couv[Y (s),Y (s + h)]). (1.25)

DNO| = b} =

Under the assumption of second-order stationarity, the semi-variogram can be written

+(h) = % (20% — 20(h)) = C(0) - C(h). (1.26)

There are several characteristic features of the semi-variogram that warrant

definition and are shown in Figure 1.1. The semi-variogram is a continuous and
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increasing function starting from the origin and rising smoothly to the value of o2.
This maximum value is termed the sill. The shape of the function is defined by the
smoothness and continuity of the spatial process (Schabenberger and Gotway, 2005).
The range of the spatial process is the lag distance, h,, such that the covariance
between values of two points separated by h, is 0. If a covariance function is defined
such that it only asymptotically achieves the sill, we instead define a practical range
or effective range as the lag distance at which the semi-variogram achieves 95% of
the sill, 2. It is also common to define a discontinuity at the origin, termed the

nugget.

Semivariogram

Effective Range

T T T
0 5 10 15

Lag distance

Figure 1.1: This figure, similar to Figure 1.12 in Schabenberger and Gotway (2005),
displays the characteristic features of a semi-variogram, namely the sill, effective
range, and nugget.

We use the term nugget as a general term to describe any source of variability
that would result in a semi-variogram that does not pass through the origin, though

there are two main explanations for a practical meaning of the nugget: micro-scale

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



28

variation and measurement error (Cressie, 1993). Micro-scale variation is described
as that occurring at a lag distance less than the smallest lag observed in the data. Of
practical importance is the fact that without replication the variability associated
with these two sources cannot be separately estimated and thus the nugget term
is usually said to include both. However, it is important to distinguish between
the two sources using practical (non-statistical) knowledge because the two sources
result in different best spatial predictors (Schabenberger and Gotway, 2005). Even
combining the two possible sources, there is difficulty estimating this variance due to
the usual lack of replication and lack of measurements at “micro” distances. While
it is true that empirical semi-variograms often exhibit discontinuities at the origin,
there is ensuing discussion regarding the theoretical and practical sense of including a
nugget and specifying its source (Schabenberger and Gotway, 2005). Schabenberger
and Gotway (2005) point out that mean-square continuity of a spatial process is
not compatible with the existence of nugget, making it impossible to apply spatial
analyses requiring a continuous covariance function, such as those using the spectral
representation and some non-parametric techniques. Banerjee et al. (2004) use the
nugget effect only to represent pure error, described as measurement error, or more

generally, “noise.”
1.4.3 Use of spatial processes and stationarity assumptions

Spatial models for point-referenced data rely on the assumptions of the defined
spatial processes. A stochastic process, in general, is a collection of indexed random
variables, such as a time series indexed by time or a spatial process indexed by
location. Without the use of the latent process, we would be forced to determine
the joint distribution for an uncountable number of random variables since s varies
continuously over the region of interest, D (Banerjee et al., 2004). Because a spatial

process is a collection of random variables over space, one observation of a spatial

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



29

process at n locations is a collection of only one sample from each of n dimensions
of the joint distribution. One realization of a spatial process can be visualized as a
surface over the spatial domain of interest. One set of spatial data with no replication
at the measurement sites reflects the height of the surface at n fixed locations. Thus,
a spatial sample of size n is actually only the values of one realization of the spatial
process at a finite number, n, of locations; there is no replication and it is not possible
to obtain a complete sample of even one realization due to the continuity of the spatial
domain. This raises the obvious question of how we can confidently make inference
with such incomplete data. It is important to consider whether we are interested in
long run averages of the spatial process or modeling and predicting incomplete parts
of the one realization of the process, for example predicting at new locations and
creating an estimated map of the realization (Schabenberger and Gotway, 2005).
This is where the importance of stationarity assumptions enter the picture; they
allow inference with our incomplete sample size of one (Schabenberger and Gotway,
2005). As Schabenberger and Gotway (2005) note, the stationarity assumption is
often criticized since making this assumption in error can lead to invalid inferences
and wrong conclusions. However, they argue that such analyses are worthwhile given
that a good understanding of the analysis of stationary processes is likely a necessary
precursor to the understanding and analysis of non-stationary processes. We agree
with this stance.

Recall that we define the spatial process as {Y(s) : s € D C R} and the defi-
nition of second-order stationarity given in Section 1.4.2. A stronger assumption is
strict stationarity, meaning that the spatial distribution is invariant under transla-
tion of the coordinates, implying that the random field repeats itself throughout the

spatial domain, D. That is, a random field is strictly stationary if for all n and h,

PT[Y(Sl) < y17Y(52) < Y2, .- 7Y(sn) < yn] =

PriY(si+h) <y, Y(so+h) <yz...,Y(sn +h) <wl (1.27)
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By contrast, second-order stationarity places assumptions on the moments of
the spatial distribution, rather than on the distribution itself, and is thus a weaker,
though possibly more realistic, assumption. Schabenberger and Gotway (2005) point
out that this is equivalent to using only the mean and variance of a random variable
in classical estimation techniques, such as least squares methods. Once again, the
important characteristics of a second-order stationary spatial process are a covari-
ance function that depends only on the lag distance between locations (not on the
coordinate values themselves), along with a constant mean and variance across the
domain. This is the spatial analog of a random sample of independent observations
with the same mean and variance in classical statistics.

Second-order stationarity restricts the second moments of the process to a func-

tion only of the separation distances, that is
Cou(Y(s),Y (s + h)) = C(h), (1.28)

disregarding the absolute coordinates of the locations. This restriction on the second
moment structure does not, however, restrict the covariance function to depend
only on separation distance; it can also depend on direction. A covariance function
that does not depend on direction is termed isotropic and one that does depend on
direction is termed anisotropic (Schabenberger and Gotway, 2005).

An even weaker stationarity assumption is intrinsic stationarity. For an intrinsi-
cally stationary process, the increments Y(s) —Y (s +h) are second-order stationary
even though Y'(s) is not. An intrinsically stationary process is typically defined as

having a constant mean and
1(h) = S Var(Y(s) - ¥ (s + )] (1.29)

If a process is intrinsically stationary, but not second-order stationary, then the

covariance between Y (s) and Y'(s + h) is not estimable.
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Spatial models are typically confined to Gaussian processes and mixtures of
Gaussian processes for technical concerns. A spatial process is a Gaussian random
field if the joint distribution of the random variables at a set of n locations is a

n-dimensional multivariate Gaussian (normal) distribution,
Y(Sl),Y(Sg) Y(Sn) ~ MVNn (130)

From standard Gaussian distribution theory, this further implies that the marginal
distribution of any Y(s;) is univariate Gaussian. The many advantages of the Gaus-
sian distribution for classical statistical analysis also hold for spatial analysis using
Gaussian processes. Namely, the Gaussian assumption allows for convenient distri-
butional theory since all marginal and joint distributions can be easily obtained once
the mean and covariance structure have been specified. Also, in this context, best
linear unbiased predictors (BLUPs) for unobserved locations are the best predictors
under squared error loss and second-order stationarity implies strict stationarity.
Banerjee et al. (2004) further identify that the Gaussian assumption for random
effects specified at the second stage of a hierarchical model is consistent with the
way that independent random effects with variance components are typically speci-
fied in mixed models. Finally, it is hard to criticize the Gaussian assumption since
we cannot, without replication, simply test such an assumption. Quoting Banerjee
et al. (2004), “With a sample size of one, how can we criticize any multivariate
distributional specification (Gaussian or otherwise)?” It is, however, possible to use
simulation-based methods to investigate the effects of this assumption.

To be practical, the spatial process definition must be used in conjunction with
a framework that facilitates statistical inference and the study of estimators, predic-
tors, and the random process itself. Schabenberger and Gotway (2005) describe two
possible alternatives, one as the model representation in the spatial domain and one

as the spectral representation in the frequency domain. This dissertation focuses on
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modeling in the spatial domain with the goal of creating mathematical representa-
tions of a data-generating mechanism. As is usual, we think of a statistical model
as containing two parts: a structure describing the mean and a structure describ-
ing the variation and co-variation of and between the values of the response. As
Schabenberger and Gotway (2005) point out, the decomposition is particularly im-
portant for the use of second-order stationary random fields. In particular, we can
by-pass the need for non-stationary random fields in the presence of a spatially vary-
ing (non-constant) mean by modeling the mean structure and the variance-covariance
structure separately. This is the notion of de-trending. The stationarity assumption
can then be made for the error terms only, after accounting for the spatially varying
mean. The hierarchical spatial model with the spatial effects modeled as a zero-
mean Gaussian process at the second stage of the hierarchy provides a more indirect

method of accomplishing this same goal.
1.4.4 Spatial models for non-Gaussian data

Toward our goal of formulating a model for point-referenced ordered categorical
spatial data, we briefly review the spatial models available in the literature for non-
Gaussian data. The conventional spatial methods applied when the data can be
modeled as Gaussian, such as kriging with Gaussian errors, clearly do not apply to
ordered categorical data where the assumption of normality cannot be met through
simple transformations. Our strategy in formulating the models proposed in this
dissertation is to build upon ideas and methods from the simpler case of spatial
models for binary and count data and to combine them with models and methods

proposed for independent ordered categorical data. Strategies for fitting models

for binary and count data rely on the GLMM framework, coupled with the use of
Bayesian inference and novel MCMC strategies to obtain and/or improve convergence

of the algorithms. Binary and count data conveniently fall within the one-parameter
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exponential family of distributions, making it easier to develop models for this data
versus ordered categorical data.

The hallmark paper describing model-based geostatistics using spatial GLMMs
is Diggle et al. (1998). They introduce generalized linear spatial models by embedding
linear kriging methodology within the GLMM framework, as opposed to the trans-
Gaussian kriging approach of Cressie (1993) that essentially analyzes non-linearly
transformed data. In typical GLM fashion, Diggle et al. (1998) set a function of the

mean, M;, equal to a linear predictor,
h(MZ) = Xiﬁ + W(Si>, (131)

for covariates x; = x(s;). They additionally define an underlying zero-mean Gaus-
sian spatial process, W. More specifically, for the n observed locations, W, ~
MVN(0,02H (1)) where [H(%));; = p(si — s;;¢) and p is a valid correlation func-
tion such that Corr(W(s;), W(s;)) = p(s; —s;; ). The values of the spatial process,
Wi(s1), W(ss),...,W(s,), appear as an offset term in the linear predictor, as shown
in (1.31). Conditional on W, the Y; are considered mutually independent with dis-
tributions f;(y|W(s;)) = f(y; M;). It is now clear that for this model, M; is equal to
the conditional mean, E[Y;|lw(s;)]. The E[W(s)]y] is termed the generalized linear
predictor for W(s) (Diggle et al., 1998).

The posterior distribution for the model defined by Diggle et al. (1998) is analyt-
ically intractable, leading to the use of Markov chain Monte Carlo (MCMC) methods
to simulate from the posterior and posterior predictive distributions. They employ
Bayesian inference and note its ease of incorporating parameter uncertainty into the
predictions for the spatial process. They implement a Gibbs sampling scheme, sam-
pling in turn from the complete conditional distributions of spatial parameters, the
regression parameters, and the spatial process associated with each observation, us-

ing the M-H algorithm at each step. They adopt proper uniform priors throughout
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to ensure that the joint posterior distribution is proportional to the likelihood sur-
face. Their methods are specifically formulated for data distributions that belong
to the one-parameter exponential family, and are thus not directly applicable to the
situation of ordered categorical data.

Gelfand et al. (2000) describe a model for binary data that fits within the gener-
alized linear spatial model framework of Diggle et al. (1998), specifying & hierarchical
model for point-referenced binary spatial data with spatial random effects at the sec-
ond stage introduced through a stationary latent Gaussian process. They define a
binary stochastic process over the region of interest, D, and then use the concept
of a latent variable and a cut-point, as previously described, to model the data.
Recall the usual deterministic relationship defined between the continuous latent
variable and the categorical response, namely Y (s;) = k if 1 < Z(s;) < 6k. The
latent variable is defined for location i as, Z(s;) = x(s,)8 + W(s;) + €(s;) where
W = (W(s1),W(sy),...,W(s,)) is a n x 1 vector from a realization of a latent
second-order stationary Gaussian spatial process over D, defined identically to that
described above for Diggle et al. (1998), and €(s;) are iid N(0,72). Then, the Z(s;)
are conditionally independent given W and 3 such that Z|3, W ~ N(x3+ W, 7°I),
where Iis a n x n identity matrix. This naturally parameterizes a hierarchical model
with the conditionally independent Z at the first stage, 8 and W modeled at the
second stage, and the parameters of the Gaussian spatial process, ¢ and 1, mod-
eled at the third stage. Gelfand et al. (2000) focus on the fact that the matrix
inversion needed for evaluating the density of the spatial process can be very slow
and can result in serious rounding errors. The main contribution of their paper is
their proposed use of importance sampling to replace matrix inversion (sce Givens
and Hoeting (2006) for a review of the method of importance sampling.)

Gelfand et al. (2000) additionally provide an important background discussion

of the advantages of modeling the spatial dependence using a latent Gaussian process
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and a hierarchical structure. As they point out, this method contrasts with the his-
torically more common method of using a Markov random field specification where
the covariance structure is created using conditional distributions based on defined
neighborhood structures (Besag, 1974; Geman and Geman, 1984). Some disadvan-
tages of the Markov random field method are that the covariance matrix is typically
singular and the density for the spatial random effect is not proper, and obviously
not Gaussian (Gelfand et al., 2000). Gelfand et al. (2000) suggest that in many
applications, it may be more appropriate to model spatial dependence continuously,
in the spirit of classical geostatistics. They also discuss the non-identifiability of the
white noise variance, 72, and discuss reasons for fixing the parameter at a value of
1. This is an assumption we also adopt and present in more detail in Chapter 3.

Other modeling strategies have been proposed in the context of the generalized
linear models for both univariate and multivariate data. Some of these even focus
on spatial dependence, but none deal with ordered categories. For example, see the
work of Gotway and Stroup (1997); Vounatsou et al. (2000); Zhu et al. (2005a);
Paciorek and Ryan (2005); Christensen et al. (2006); Zhao et al. (2006). Here we
briefly describe the most recent work by Christensen et al. (2006) and Zhao et al.
(2006). -

Christensen and others (Christensen et al., 2000; Christensen and
Waagepetersen, 2002; Christensen et al., 2006) propose “robust MCMC meth-
ods” for combining spatial generalized linear mixed models with Bayesian MCMC
approaches. Achieving good mixing and convergence of MCMC algorithms can be
very challenging due to the strong dependence and high dimensionality inherent of
spatial data sets. Thus, Christensen and others work to develop efficient algorithms,
particularly ones that can be applied easily and reliably to more than one data set.
They examine the use of Bayesian inference for GLMMs with spatially correlated

random effects for binary and count data.
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Christensen et al. (2000) extend the work of Diggle et al. (1998) by proposing the
use of Langevin-Hastings updates instead of single-site Metropolis-Hastings updates,
updating sites simultaneously based on gradient information. They also investigate
the extent to which flat priors can be used while maintaining proper posterior dis-
tributions. Christensen et al. (2006) address the problem that while performance
of an MCMC algorithm may be adequate for one data set, it may fail for another.
They work specifically to improve the performance of MCMC algorithms applied to
GLMMs, and also to develop more general methods that perform well for different
priors and data sets. The key to their “robust” method is the use of data-based
reparameterizations, coupled with the blocked algorithm proposed in Christensen
and Waagepetersen (2002). Christensen et al. (2006) use a model setup similar to
Diggle et al. (1998), with the exception that they define a non-stationary Gaussian
process with mean X3, instead of the usual mean-zero process. They use the typical
hierarchical specification, assuming conditional independence of the Y;’s given the
spatial process at n locations. Furthermore, Y;|W; has a distribution with density
with mean E[Y;|W;] = m;h~Y(W;), where h is the link function and my,ma, ..., mxy
are scalars. The variance of the Gaussian process is expressed in the typical fashion,
3 = o?H (), where [H()];; = p(s; — s;;%) and p is a valid correl;cxtion function.
Christensen et al. (2006) present examples of the most common GLMMs, the Pois-
son log-normal and the binomial logit-normal models, staying within the comfort
zone of the one-parameter exponential family. They do state that the techniques are
generalizable to other link functions and error distributions, but the generalization
to ordered categorical data is not straightforward or immediately clear.

Zhao et al. (2006) use a Bayesian MCMC approach for fitting general design
generalized linear mized models. The key to these models is allowing the random
effects design matrix to have a general structure. They suggest that the main ad-

vantage of the general design framework lies in the incorporation of nonparametric
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regression through penalized regression splines and maintain that higher-dimensional
extensions correspond to the generalized kriging approach proposed by Diggle et al.
(1998). Zhao et al. (2006) choose the Bayesian approach for the purpose of captur-
ing the uncertainty in the variance components, a problem that is largely intractable
under frequentist distributional theory. Once again, attention is restricted to the
canonical one-parameter exponential family structure, which makes direct extension
to the ordered categorical case difficult. Examples are given only for binary and
count data, using a Bayesian logistic additive mixed model for the binary data and a
semi-parametric Poisson spatial model for the count data. For the spatial structure,
they use an intrinsic Gaussian autoregressive distribution and define a neighborhood
structure based on a cut-off distance. Zhao et al. (2006) give a general formula for
the posterior distribution, but it pertains only to one-paramecter exponential families.
A detailed description of the MCMC algorithm for general design GLMMs is given
in Zhao (2003).

De Oliveira (2000) moves away from the GLMM model approach and proposes
an approach to more directly map a binary outcome, assuming a binary random field
is created directly from the clipping of a Gaussian random field at a fixed threshold
level, i.e. cut-point. Similar to other methods we have described, he utilizes MCMC
methods, incorporating the latent Gaussian random field through data augmentation.
The problem is formulated as a spatial prediction problem, with less emphasis on
parameter estimation. The concept of modeling categorical data through the clipped
Gaussian process allows likelihood-based inference by creating a workable mathemat-
ical framework. De Oliveira (2000) computes the probability that a particular site
has the characteristic of interest given the data and then creates the binary map
using these probabilities, along with calculating a measure of prediction uncertainty.
The fact that his method does not rely on the properties of one-parameter exponen-

tial families makes it particularly attractive as a solution to the problem of modeling
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ordered categorical data, specifically to produce maps of the predicted values for a
realization of a categorical random field. De Oliveira (2000) states that the latent
Gaussian random field may describe the spatial variation of an unobservable quantity

of interest, or it may be used simply as a modeling device. The likelihood is given

by
1 n/2 /
f(IB7971/)a0-2):/ / < ) |H(¢)l_12*
A Jawa) \2707
exp {—51—2(w ~ XBYH() N (w— Xﬂ)} dw, (1.32)
o
where A(y;) = (—o00,0] if y; = 0 and (#,00) otherwise. The correlation matrix

is specified through the vector of parameters, ¥, and denoted as H () as defined
earlier in this section.

Since a direct Bayesian analysis using the likelihood in (1.32) is intractable,
the method of De Oliveira (2000) again appeals to data augmentation methods.
In its most general specification, some parameters of De Oliveira’s model are not
“(likelihood) identifiable” (De Oliveira, 2000). For one, it is clear that binary data
do not contain sufficient information to estimate the variance of the process, 0. That
is, we can obtain identical binary random fields by clipping infinitely many continuous
distributions defined by different variances using a single cut-point parameter. The
only information contained in binary data is whether the latent observation is above
or below the cut-point, and not the magnitude of the distance above or below the
cut-point. Thus, De Oliveira (2000) fixes 0> = 1. We revisit this concern in the
context of multi-categorical data in Chapter 3.

Additionally, De Oliveira (2000) advises caution when specifying a correlation
function to avoid near non-identifiability and related convergence problems. He gives
the example of considering the isotropic correlation function of p(d, %) = ¢$**, where
d is Euclidean distance and ¥ = (¢1,¢2). The range of correlation is controlled by

¢1 and the smoothness (or roughness) of the random field is controlled by ¢, € (0, 2].
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He points out that after clipping the Gaussian field, the binary data contain no
information about ¢, and thus we cannot realistically hope to estimate it. Thus,
De Oliveira (2000) suggests fixing the smoothness parameter at an appropriate value,
thus specifying a correlation function depending on only one parameter controlling
the range of correlation. After fixing 62 and the smoothness parameter, De Oliveira
estimates 3 and ¢, using binary data.

De Oliveira (2000) also provides an overview of prediction of the binary variable
at new locations using the Bayesian predictive distribution by formulating prediction
as a decision problem. This involves specifying a loss function and finding the optimal
Bayes predictor by minimizing the Bayesian expected loss. De Oliveira then uses
the Bayesian expected loss of the optimal Bayes predictor as a global measure of
uncertainty regarding the estimated binary map, thus providing valuable information
about the map’s “quality”. He additionally proposes a simpler “plug-in” approach
for use with large datasets that reduces computation, at the expense of ignoring
the uncertainty about the model parameters and latent variable. The methods are
compared to indicator kriging, which also ignores the uncertainty about correlation
parameters. Interestingly, the indicator kriging predictor is optimal only among the
class of linear unbiased estimators, while the Bayesian one is optimal among the class
of all estimators (De Oliveira, 2000).

In his conclusion, De Oliveira (2000) suggests that his approach can be gen-
eralized to model categorical random fields by using a vector of threshold val-
ues and extending most of the properties of the clipped Gaussian random field
to this more general case. He gives the optimal predictor for a new site as
Y (s0) = argmaxye(o,1. x-13(PrY (s0) = kly]), where the conditional probabilitics
are again computed using the technique of data augmentation. He admits that the
MCMC algorithm for such a model would be more complex due to the presence of

K — 2 unknown cut-point parameters.
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1.4.5 Methods for other sources of correlation

While the literature is absent for spatial models for point-referenced ordered cat-
egorical data, models have been proposed for other sources of dependence, focusing on
clustered data and repeated measures. For example, references such as Harville and
Mee (1984); Ochi and Prentice (1984); Agresti and Lang (1993); Crouchley (1995);
Chib and Greenberg (1998); Ishwaran and Gatsonis (2000); Chen and Dey (1996);
Qiu et al. (2002), O’Brien and Dunson (2004); Bradlow and Zaslavsky (1999); and
Lawrence et al. (2006) include both Bayesian and maximum likelihood based meth-
ods. In this section we provide a brief review of the work of Chen and Dey (1996)
and Ishwaran (2000).

Chen and Dey (1996) develop a method for analysis of general correlated ordinal
data models using an exact small sample Bayesian approach. They extend the work
of Albert and Chib (1993), Cowles (1996), Nandram and Chen (1996) and Cowles
et al. (1996) by proposing a latent variable method based on multivariate link func-
tions using scale mixtures of normals, termed the SMMVN-link models. The model
is formulated for a multivariate ordered categorical response, Y;;, for the ith obser-
vation and the jth variable, indicative of data collected via repeated measures. The
vector for each experimental or observational unit is given by Y; = (Y1, Yia,...,Yiy)
where Y1,Y5,,...,Y, are considered independent (an assumption that is not appro-
priate for spatially correlated data), while Y}y, Yo, ..., Yis are dependent. Chen and
Dey (1996) introduce n latent J-dimensional random vectors such that Yj; = k if
Ojk-1 < Wi; < 0;, thus allowing different sets of cut-points for each response. The
latent variable is assumed to be multivariate normal with mean x;3 and variance-
covariance matrix, K(A)X, where k() is a positive function of a mixing variable, A,
and ¥ is taken to be a (J x J) correlation matrix with entries p; ;» such that p;; = 1
capturing the correlation in the Y;;’s. For ¥ =1I; and #(A) = 1, the model reduces

to the independent cumulative probit model described by Albert and Chib (1993).
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To facilitate computation for difficult sampling problems of the cut-points and the
correlation matrix, they extend a reparameterization of the cut-points suggested by
Nandram and Chen (1996). Chen and Dey’s reparameterization results in fewer un-
known cut-points, restricts the cut-point parameters to the interval [0, 1], and results
in an unrestricted variance-covariance matrix for the W that can afford advantages
in terms of implementation of the algorithm (Chen and Dey, 1996).

Ishwaran (2000) proposes a re-parameterized version of the cumulative link
model. Like that of Chen and Dey (1996), the method considers correlated data
from repeated measures on experimental units, but does not apply directly to point-
referenced spatial data. He proposes a transformation to provide category specific
cut-point parameters. The model proposed by Albert and Chib (1993) is a special
case of this model, though Ishwaran (2000) does not utilize latent variable data aug-
mentation to fit the model. He instead uses a hybrid Monte Carlo (HMC) Gibbs
sampling method termed the leapfrog algorithm, requiring a particular parameter-
ization of the cut-points, as well as selection of priors that ensure a differentiable
posterior distribution. He concludes that the HMC method promotes efficient mix-
ing of the chain, as opposed to the conventional MCMC methods used by Albert and
Chib (1993), Cowles (1996), and others. However, the method requires computation
of the gradient for each step of the algorithm, making it more computationally de-
manding than traditional Metropolis-Hastings (M-H) steps. Thus, Ishwaran (2000)
suggests mixing the M-H algorithm steps with HMC in a preset proportion to reduce
computational time, along with only starting the leapfrog algorithm after running the
M-H algorithm for several updates of the chain. He concludes that the method leads
to efficient mixing of the Markov chain and a more general Gibbs sampler that can
be used for more complicated ordinal models than those originally proposed based

on latent variable data augmentation. While the combination of M-H and leapfrog
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steps may be a strategy to consider in the presence of serious convergence difficul-
ties, increasing computational effort and time is a significant disadvantage given the
already computationally intensive nature of the problem.

The models and concepts reviewed in this chapter provide the foundation from
which we build our models for point-referenced spatial ordered categorical data. In
the following chapters, we propose two models for ordered categorical data with spa-
tial dependence, along with the MCMC algorithms to carry out Bayesian parameter
estimation and prediction for these models. We focus on prediction of the categorical
response at new unobserved locations, though also discuss estimation of the model
parameters. We build on the methods for independent ordered categorical data
proposed by Albert and Chib (1993) and others and the methods for spatial data
proposed by Diggle et al. (1998) and De Oliveira (2000). This dissertation proceeds
by describing the proposed models in detail in Chapter 2, addressing model specifi-
cation in Chapter 3, discussing prediction using the proposed models in Chapter 4,
investigating the models via a simulation study in Chapter 5, applying the models
to real data in Chapter 6, and finally concludes with an overview of the work and a

discussion of possible future directions of related research in Chapter 7.
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Chapter 2

THE DOUBLE LATENT AND CLIPPED GAUSSIAN MODELS

2.1 Introduction to the proposed models

In this chapter, we propose two models for point-referenced ordered categorical
data and develop the Bayesian MCMC algorithms used to estimate the model pa-
rameters and predict at new locations. Both models rely on the notion of cutting
or clipping a latent continuous random variable to model the ordered categorical re-
sponse. The connection between the categorical random variable and the underlying
continuous random variable is defined through a deterministic relationship between
the two variables. The deterministic relationship specifies that the probability of the
categorical random variable taking on a specific value, say k, is equal to the prob-
ability that the continuous random variable falls within a specific interval, whose
endpoints we term cut-point parameters. The models have conceptual differences in
the level at which the clipping occurs and the specification of the mean structure,
though also have fundamental similarities. This chapter introduces and compares
the two models and provides detailed descriptions of the MCMC algorithms used to
fit the models.

We term the first model the Double Latent (DL) model. This model builds on the
generalized linear spatial model ideas formulated for binary and count data by Diggle
et al. (1998), and is also a logical extension of the non-spatial latent variable methods
for ordered categorical data described in Section 1.1.1. It is formulated under the

assumption that the ordered categorical response is a direct result of clipping a
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continuous distribution at specified cut-points and relates cumulative probabilities
to a linear function of covariates through a link function in typical GLM fashion.
Spatial random effects are introduced through the use of a latent Gaussian process
and are incorporated into the linear predictor term of the model. A hierarchical
formulation specifies conditional independence of the underlying continuous random
variables given the values of the spatial process. Our model extends the ideas of
Diggle et al. (1998) and Gelfand et al. (2000) that were applied to binary and count
data, but steps outside the convenient context of one-parameter exponential families.
Our proposed model has flexibility in that it readily allows for the specification of
different link functions, such as the techniques described by Albert and Chib (1993).
However, we focus on the probit model, a logical and common starting point for such
models due to the mathematical convenience of the standard Gaussian inverse cdf
link function. The conditional independence arising with the hierarchical structure
facilitates calculation by simplifying the likelihood, and thus inference. Interestingly,
the specification of the link function naturally incorporates the equivalent of a nugget
variance parameter of a spatial model into the covariance structure of the model.
The term Double Latent comes from the fact that this model specification requires
the definition and use of two latent variables, each of dimension n. The model is
described in detail in Section 2.3.

The second model is termed the Clipped Gaussian (CG) model, is motivated
less by typical linear modeling ideas, and more by the assumption that the observed
categorical data come directly from a realization of a categorical random field over
the area of interest. Following the latent variable framework, we assume that this
categorical random field is created by directly clipping an underlying latent Gaussian
spatial process. A visual illustration of this concept is shown in Figure 2.1. The
mean of the Gaussian random field is specified by the usual linear predictor term

involving covariates. As described in Chapter 1, this idea was originally proposed for
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binary data by De Oliveira (2000), and is extended here for ordered categorical data.
Like the Double Latent model, the Clipped Gaussian model is written in terms of
cumulative probabilities, but lacks the direct connection to generalized linear models
since it does not require or allow specification of different link functions. Following
De Oliveira (2000), the Clipped Gaussian model is not specified hierarchically and
does not benefit from conditional independence, resulting in a more complicated form
of the likelihood involving a multi-dimensional integral. The covariance structure
of the spatial Gaussian process employed in both the Double Latent and Clipped
Gaussian models is assumed not to include a nugget term. Recall that an additional
random error term in the Double Latent model naturally incorporates a nugget-like
variance. This is not the case for the Clipped Gaussian specification. It should be
noted that if we were to let the spatial covariance structure include a nugget, the
Clipped Gaussian model with nugget could be considered a special case of the Double
Latent model with the probit link function. The Clipped Gaussian model requires
only one latent variable, and is described in detail in Section 2.4.

This chapter provides the general specification of the models and the algorith-
mic detail. We further compare, discuss, and investigate the models in the coming
chapters. For example, Chapter 3 provides a comparison of the correlation struc-
ture of the categorical random fields induced by the two model specifications, along
with more practical information regarding model specification such as specification
of prior distributions and hyperparameters. The primary goal of the models is pre-
diction at new locations where covariate measurements are possibly available, and
thus our main focus of comparison is predictive success on a hold-out data set. We
describe the strategy and develop the theory used for prediction in Chapter 4. In
Chapter 5, we use simulation and artificial data to apply the models to data created
under the assumptions of each model. This allows us to not only assess each model in

terms of prediction and estimation, but also in terms of success when applied to data
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Continuous Gaussian RF Categorical RF (K=4)

Figure 2.1: The lefthand plot displays one realization from a Gaussian random field,
while the right displays a four-category categorical random field created by clipping
the continuous random field with a vector of cut-points.

generated under a different model. It further allows assessment of the effectiveness

of our measures of predictive ability at choosing the true, and thus correct, model.

2.2 Notation for spatial models

We now briefly reintroduce needed notation and definitions used for spatial
modeling. Point-referenced spatial data can be observed at any continuously varying
location, s, usually indexed by latitude and longitude, over some region, D, such
that s € D C ®2. Spatial dependence is introduced into both models through the

incorporation of a Gaussian process,
W~ GP(p,E(7)),

with mean, p, and variance-covariance, X(v). The Gaussian process specification
for W defines the joint distribution of any finite set of observations at locations

{s; : s; € D} for ¢ = 1,...,n, from one realization of the process, as multivariate
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Gaussian. We denote the set of observations as W, = (W (s1), W(s2),...,W(sn)),

and their joint distribution as

where MV N,, denotes an n-dimensional multivariate normal distribution with mean
u(s) and variance-covariance matrix X(v), where v = (0?,%). The covariance
matrix is written as 02H (1)) where H(%)) is a correlation matrix parameterized by
parameter vector ¥ such that [H(v)];;] = p(s; — s;;4). The correlation function,
p(d; 1), depends on some measure of separation, d, between two locations, s; and s;,
and must be valid in the sense that it results in a positive-definite covariance matrix,
32(). Thus, the covariance between W (s;) and W (s;) is given by a common variance,
02, scaled by a value defined through the correlation function, Cov[W (s;), W(s;)] =
3i;(v) = o%p(s; — sj;1p). We assume a no-nugget specification of the covariance
structure.

The expected value of W (s;) is defined by the mean of the Gaussian process such
that E[W(s;)] = p(s:). For a constant mean process, E[W(s;)] = u for all s;. For
notational convenience, we use W in place of W,, where the context is clear. The
proposed Double Latent model utilizes a stationary, mean-zero Gaussian process,
while the Clipped Gaussian allows for non-stationarity in the mean structure. Both
models, however, assume stationarity of variances, assuming a common variance, o2,
for all locations.

The vector of ordered categorical random variables at the set of spatial locations,
{s; s € D} fori = 1,...,n, is given by Y = (Y(s1),Y(s2),...,Y(ss))7. We
define the categorical response variable at one location, Y (s;), as taking one of K
category labels. For convenience, we use the common convention of integer valued
labels such that Y(s;) € {1,2,...,K}. For notational simplicity, we often use ¢ in

place of s; so that Y = (¥3,Y%,...,Y,)T. Again, we use upper-case letters to denote
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random variables and lower-case letters to denote the observed values of those random

variables.

2.3 The Double Latent model

The Double Latent model builds on the spatial generalized linear mixed model
ideas formulated by Diggle et al. (1998). It is specified as a hierarchical model with
spatial random effects introduced through a latent Gaussian process. This general
hierarchical model was also described for binary data by Gelfand and Ravishanker
(1998) and Gelfand et al. (2000) who used importance sampling methods for in-
ference. Under the hierarchical framework, the categorical responses are modeled
as conditionally independent given the regression parameters and the latent spatial
process. As its name implies, the Double Latent model defines two latent variables
found at different levels of the hierarchy. As described in more detail below, the
first latent variable, Z, is the continuous variable that is assumed to be cut to create
the categorical response and is thus specified at the data level of the hierarchy. It is
analogous to the latent variable described for the non-spatial models in Section 1.1.2.
The second latent variable, W, is the Gaussian process used to incorporate spatial
dependence into the model. The hierarchical structure defines the conditional inde-
pendence of Z given W. This conditional independence also holds for the categorical
response variable, Y, because of the deterministic relationship between Z and Y.

Formal model specification begins with the definition of the deterministic rela-
tionship between the categorical response, Y, and the underlying continuous latent

variable, Z, given for one location by,
Y(Si) =k if O_1< Z(Si) < ek, (22)

where k =1,...,K,and @ = (—o0o =6 < ) < ... < 0g_; < 0 = 00) is a vector

of cut-points.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



49

The first stage of the hierarchical model defines Z(s;) in terms of a vector of
regression parameters, 3; values of the covariate(s), x(s;); the latent spatial variable,

W (s;); and an error term, €(s;). That is,

Z(si) = x(s;)B + W (s;) + e(s;) where e(s;) ~ N(0,1), (2.3)
for i =1,...,n, or alternatively
Z=XB+W+e where €~ MVN,0,L,), (2.4)

where 1, is the n X n identity matrix. At the second stage of the hierarchy, W is
assumed to be a Gaussian process with mean zero and variance-covariance matrix,

(),
W ~ GP(0, 2(%)), (2.5)

where X(y) = 0?H(%), where [H(v)];; = p(s; — s;;%), and p is a valid correlation
function with parameter vector 9. The parameters included in «y are modeled at the
third stage of the hierarchy through definition of their prior distributions and setting
the values of the hyperparameters of those distributions.

The Z(s;) are specified as conditionally independent given W and 3, such that
Z(si)lw(si), B ~ N(x(s:)B+w(si),1). (2.6)

This also translates into conditional independence for the Y'(s;) given W and 3 as
a result of the deterministic relationship between Y and Z. That is, the cumulative
probabilities for the categorical random variable are modeled as a function of 3 and
W:

Pr(Y(s;) < kjw,B) = h(x(s;)B + w(s;)). (2.7)

The specification of the distribution of €(s;) as standard Gaussian in (2.3), indirectly
defines i(-) as the standard normal cdf, therefore specifying an inverse normal cdf link

function and the probit model. Specification of different distributions for €, and thus
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different link functions, allows for a wide range of models with this same structure,
in the typical fashion of generalized linear models. However, we restrict attention to
the standard normal (probit) link for this initial investigation of spatial models for
point-referenced multi-categorical data. The variance of the white noise process also
corresponds to a nugget-like term as described in classical geostatistical modeling
(Cressie, 1993). This corresponds to the strategy of incorporating a nugget effect
through nesting of models, where a white noise component describes the nugget effect
(Schabenberger and Gotway, 2005). In such a context, it makes sense to consider
the nugget as measurement error rather than micro-scale variability.

The use of latent variables, combined with the hierarchical structure, lends itself
to Bayesian inference, and the absence of closed form posterior distributions leads
us to employ MCMC methods. The latent variables are incorporated using the
common computational technique of data augmentation to facilitate the MCMC
algorithm. Data augmentation typically defines an extended model to include the
observed data, the latent variables, and all other parameters. We build on methods
for ordered categorical data described by Albert and Chib (1993), Albert and Chib
(1997), Cowles (1996), Chib and Greenberg (1998), and Nandram and Chen (1996),
among others, and on methods for binary spatial data described by authors such as
Diggle et al. (1998), Gelfand et al. (2000), and De Oliveira (2000). Our goal is to
obtain a sample from the joint posterior distribution of the unknown parameters and
the latent variables given the observed data. That is, we wish to sample from the

posterior distribution

f(z,w,B,8,vly) « f(yl|z,w,3,8,7)f(zlw,B,0,7) f(w|3,6,7)f(B,0,7). (2.8)

The first term in the factorization of (2.8) is the likelihood conditioned on the
latent variable Z. The deterministic relationship between Y and Z, as defined in

(2.2), leads to a very simple form for this distribution. When the value of Z; is
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known, the probability that Y; belongs to any one of the K categories is simply 0
or 1. That is, f(u|z,w,8,7,0%, 0) is merely an indicator of whether the latent z;
falls within the appropriate cut-point interval associated with the response value, ;.
We refer to these intervals as A(y;) and use the observed value, y;, as a subscript to

define them such that
A(yi) = (eyi—lvayi] . (29)
For example, if y; = k, A(yi) = (0y-1,0y] = (0k—1,0k). We can then write this

augmented likelihood as,
f(ylza w, B, 07'7) = H I{e‘yi—lszi<ayi}
i=1

= H I{ziEA(yi)}’ (2'10)
i=1

where Ijpepy = 1if b€ Band 0if b ¢ B.

We also require the more interesting unaugmented form of the likelihood for the
MCMC algorithm. This is obtained by marginalizing over the latent variable, Z, and
capitalizing on the conditional independence of the Y;’s given the spatial variable,

W,

f(Y|wa18:0)7) = HPT[K=kIW7ﬁ70a’Y]

i=1

w,03,0,7]

= HPr[ey,._l < Z; <O,

i=1

= J[(®6y — XiB —w) — (01 — XiB —wi)].  (2.11)
i=1

The details of the Gibbs sampling algorithm used to sample from the posterior dis-

tribution in (2.8) are given in the following subsection, 2.3.1, and reveal how the

original likelihood given in (2.11) enters the algorithm.
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2.3.1 Gibbs algorithm for the Double Latent model

The Gibbs sampling algorithm proceeds by sampling successively from the com-
plete conditional distributions of the parameters (Gelman et al., 2004). We apply the
algorithm for the Double Latent model by iteratively sampling through the following

steps. The steps are described in detail in this section.

1. Update the spatial parameters, =, using the Metropolis-Hastings algorithm.

2. Update the latent spatial variables, W, using the multivariate Gaussian com-

plete conditional distribution.

3. Update each element of the latent variable, Z, using the truncated univariate

Gaussian complete conditional distribution.

4. Update the cut-point parameters, @, via reparameterization and a blocking

algorithm.

5. Update the regression parameters, 3, using the multivariate Gaussian complete

conditional distribution.

Spatial parameters, v

The vector of spatial parameters for the Double Latent model is v = (1, d?),
where 1 is the vector of parameters specifying the correlation function and o is the
common variance. The spatial parameters, v = (c?,), are specified at a level in
the hierarchy that results in conditional independence between « and both Y and Z.
We also assume independence between ~ and (3, @). Thus, the complete conditional

distribution for - depends only on the latent spatial variable, W, along with its

gspecified prior distribution, and can be written as

f(vly,w,2,8,0) = f(vyiw,B,0)
x f(w|B,0,7)f(7B,0)f(B,9)
o< f(w|y)f(v) (2.12)
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We assume independence between o2 and % and use proper, vague priors for
both parameters resulting in non-standard complete conditional distributions. Spec-
ification of the prior distributions is discussed in detail in Chapter 3. We use the
Metropolis-Hastings (M-H) algorithm to sample from f(v|y, w,z,3,6). The param-
eters 0% and % can be updated independently with two successive M-H steps. We
choose candidate values uniformly over the parameter spaces defined by the priors so
that the M-H ratios involve only f(w|vy) = f(w|o?, 1) evaluated at the appropriate
values. For reasons discussed in detail in Chapter 3, we fix the value of 02, and also
restrict our attention to correlation functions with only one parameter to estimate.
This includes, however, the use of multi-parameter correlation functions with one or

more parameters fixed prior to model fitting.
Spatial latent vector, W

Updating the vector of latent spatial variables can be accomplished in a uni-
variate or multivariate fashion. The univariate method updates by cycling through
the univariate conditional distributions of each location. The multivariate method
proceeds by drawing from the multivariate complete conditional distribution of all
locations. The two methods theoretically result in the same stationary distribution,
though may result in computational differences. Diggle et al. (1998) use the univari-
ate method in their algorithm. We describe both methods here, starting with the
univariate method.

Let W_; be the W vector with the ith element deleted. The full conditional

distribution for each component of W for ¢ = 1,2,...,n is given by
f(wilw—h}’?ZnB’G,'Y) = f(wilw—iayi,z'ina797'7)
& f(yllwa z’hﬁ: 0,’)’)f(’lUi'W_i, zi)ﬂa e>7)f(w—iv Zi)ﬁ) 9;7)

X f(yilzi,,@,9,’7)f(wi|W—i,Zi,,3,9,’7)

o< flwi|w_g, ). (2.13)
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Since W is assumed to follow a Gaussian process, the conditional distribution
for one component of W given all other components and the unknown parameters,
flwi|lw_;,8,0,v) = f(w;|w_;,7), is univariate Gaussian. The parameters of this
Gaussian distribution are easily calculated using the well known result for specifying
the conditional distribution of one element of a vector of jointly normal random
variables given other elements of the vector (e.g., Hocking (2003)). This calls for
the definition of sub-vectors and sub-matrices. Let v; be the ith column of ¥ with
its ith element deleted, and X_; be the matrix X with its ith column and ith row
removed. Write W = (W;, W_;)’ and partition the covariance matrix, X, into four
parts,

> = (1"/ Xi) , (2.14)
where v;; 1s the variance of W;, v; is the vector of covariances between W; and W_,,
and A_; is the variance-covariance matrix of W_;. Then, the complete conditional

distribution, f(w;|w_;,<), is the Gaussian distribution
N(viAZiw_; , By — ViAZ}vi), (2.15)

resulting in easy sampling of each W; in turn.

To improve efficiency of the algorithm, we avoid calculating =}

for each 1.
Instead, we use a matrix result implemented by De Oliveira (1997, 2000) and Chris-
tensen et al. (1992). We invert only the original n x n covariance matrix, %, to
obtain 271 Using the notation in (2.14), we partition > !into vi, vi, and A_;, and
capitalize on the fact that

/

i (2.16)

ViV

2:11 = A_i -

Vi
to invert only one matrix, X, for each iteration of the algorithm, instead of n matrices

for each iteration.
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An equivalent formulation of the algorithm is to draw the vector W from the
appropriate multivariate Gaussian complete conditional distribution at each itera-
tion rather than drawing each element individually from its univariate conditional

distribution. The joint specification gives

fwly,z,B8,0,v) = f(ylw,z,8,0,7)f(w|z,8,0,7)f(z8,0,7)
« f(yl|z,B,0,7)f(w|z,8,0,7)
< f(wlv), (2.17)

where (W|7y) is distributed as MV N,,(0, 3(-)). This joint specification is more com-
putationally convenient as it allows us to draw all n elements of W simultaneously,
eliminating the need for consecutive looping though the individual elements of the
vector. Theoretically, this results in convergence to the same posterior distribution
as use of the marginal univariate distributions (Givens and Hoeting, 2006). We found
that the multivariate method resulted in a faster algorithm with improved conver-
gence that also translated into slightly better predictions. Thus, we use multivariate
updating for the simulation study in Chapter 5 and to fit the model to real data in
Chapter 6.

Latent vector, Z

The non-spatial latent vector, Z, is updated by successively drawing the indi-
vidual elements, similar to the univariate method described for the spatial latent
variable. The complete conditional distribution for each Z; is an independent trun-

cated Gaussian distribution. It is computationally easier to draw from a truncated
univariate distribution than a truncated multivariate distribution, and the indepen-

dence makes univariate updating a logical choice. Therefore, we are interested in the
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complete conditional distribution for one element, Z;, given by

f(z¢|z_i,y,w,,3,0,'7) = f(zilyi)wbﬂ:ov'?l)
X f(yilzi7wi7ﬂ7eav)f(zilwivﬂy Q’Y)f(wi,ﬁ,of)’)
X f(yilzi>w'i7ﬂ70)7)f(zilwi7ﬁ)917)7 (218)

where z_; refers to the vector of z after removing z;. Recall that f(y;|z;, w;, 8,6,7) =

Iy, -s<si<y) = I{zieA@)), and the model is defined such that
Zi,wiaﬂ) 0)7 ~ N(X‘iﬁ + Wi, 1)

Thus, the complete conditional for Z; is the density of a truncated univariate Gaus-

sian distribution,

1 1
f(zilyawaﬁ’ 977) X \/2—7? exp <—§(zi - XiIB - wi)2> I{ziEA(yi)}7 (219)
and Z; can be sampled using standard techniques.

Cut-point parameters, 8

We originally consider a vector of cut-points of length K + 1, defined such that
0o < 61 < 0y < ... < 0g_1 < 0k, where K is the total number of categories.
Following the convention of Albert and Chib (1993) and others, we set 8y = o0,
61 = 0, and 0 = 00, leaving K —2 unknown cut-points to estimate. The definition of
8o and dx as —oo and oo, respectively, is purely for notational convenience, allowing
us to write one general equation for all £ when referring to the probabilities, Pr(Y; =
k) = Pr(6x-1 < Z; < 0;). The cut-point 6; is fixed at 0 for identifiability of the
parameters, since we include an intercept term in the vector of regression parameters.
This issue is discussed further in Chapter 3. We now denote the vector of length
K —2as8=(6y,...,0k_1), unless otherwise specified.

The full conditional distribution for the cut-points is derived similarly to that

shown in Albert and Chib (1993), assuming a uniform prior for @ such that
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F(OklOk—1,0k41) X L6, _, <0,<64,1)- We derive this distribution, up to a proportionality

constant, for individual cut-points in 6, resulting in

f(Oklz, w,y,B,0-k,7) < f(ylz,w,B,0,7)f(zlw,B,0,7)f(w|B,0,7)f(B,0,7)
< f(ylw,z,8,6,7)f(zlw,B)f(w|B,v)/(8)
x f(ylw,z,8,8,7)f(6)
= f(ylw,2,8,0,7)f(0k0-x)f(0-k)

X f(y|w7 z, 137 07 7)f(9k|9k—1: 9k+1)- (220)

This can be written out as proportional to
[H f{oyi_1<zigeyi}} Lo, 1 <bp<bii1} =
i=1

n [ K
H [Z Lyi=i} (0,1 <2i20;)

i=1 [ j=1

I{t’)k_l <0y <9k+1}

X H [I{yi=k}[{‘9k—l<2i§9k} + I{yi=k+1}‘[{9k<zi59k+l}] I{f)k—1<9k<9k+1}
iy €{k,k+1}

= H [I{eyi—1<zi$9y,'}] I{9k«1<9k<9k+1}' (2'21)
iy €{k,k+1}

Note that as it is expressed in Albert and Chib (1998), the complete conditional
distribution is always zero for a multi-category problem. To avoid this problem, it
is necessary to specify that the product in (2.21) be over ¢ such that y; € {k, k+ 1}.
As described by Albert and Chib (1993), this complete conditional for 6 is then

uniformly distributed over the interval

[max{max(z;;y; = k), 0k—1} , min{min(z;y; =k +1),0k+1}), (2.22)
for : =1,...,n. This is essentially a Uniform distribution over the interval
[max(zi; ¥ = k), min(z; v = & + 1) (2.23)

while preserving the ordered constraints on the cut-points.
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The interval in (2.22) is defined by values of z that squeeze around the cut-point
of interest, 8. As a result, the interval can be quite narrow, leading to slow mixing of
the MCMC chain, as first noted by Cowles (1996). To address this problem, Cowles
(1996) proposes drawing the latent variable, Z, and cut-points, 8, in one block in an
attempt to speed mixing and improve convergence of the chain. That is, she suggests
sampling from the joint conditional distribution, f(z, 8|y, w,,3), rather than the
separate full conditional distributions. This technique of “blocking” can reduce the
correlation in the MCMC chain, thus accelerating convergence.

The blocking strategy no longer allows for a standard Gibbs sampling algorithm
based on the uniform distributions in (2.22), but instead requires a multivariate
Metropolis-Hastings updating step. However, the M-H ratio obtained using the
multivariate M-H algorithm to sample from this joint distribution is equivalent to
that obtained using a M-H step to draw 6 from f(€|y,w,~,3) and then drawing z
from its truncated Gaussian complete conditional distribution (Cowles, 1996) . This
idea is particularly appealing and straightforward to implement in situations, such
as this one, where the full conditional distribution of one of the variables is easy to
sample from and the marginal distribution of the other is relatively easy to derive.
The trick involves constructing a joint proposal densify that is the product of a
suitable proposal density for the marginal variable multiplied by the full conditional
density for the other variable, in this case Z. This results in the canceling out of
the full conditional of Z from the M-H ratio for updating the marginal variable,
and essentially results in sampling the cut-points from their complete conditional
distribution after marginalizing over the latent variable, Z (Cowles, 1996). The idea

is more clearly seen by the factorization of the joint conditional distribution,

f(0,2ly,w,~,8) = f(zl6,y,7,8)f(6ly,w,,7). (2.24)

A number of variations to this approach have been developed to further improve

convergence. Several authors have used Cowles’ blocking and factorization strategy
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in conjunction with re-parameterizations of the cut-point parameters. For example,
Albert and Chib (1997, 1998, 2001) additionally propose a de-constraint transfor-
mation for the cut-points, along with a multivariate-t proposal distribution for the
M-H step. Nandram and Chen (1996) suggest further constraining the cut-points
to the unit interval to facilitate use of a Dirichlet proposal density. Chen and Dey
(1996) describe yet another transformation, combining the re-scaling transformation
of Nandram and Chen (1996) with a de-constraint transformation, similar to that of
Albert and Chib (1998).

For the models proposed in this dissertation, we utilize the re-parameterization
described by Albert and Chib (1997, 1998, 2001), along with the blocking strategy
proposed by Cowles (1996). We re-express 0 = (0;,...,0x_1) as a = (aa,...,ak-1),
where as = log(6s) and o = log(f — 6x_1) for K =3,..., K — 1. The inverse trans-
formation is then given by 6, = Zf:z exp(a;). There are obvious computational ad-
vantages to transforming the constrained cut-points to an unconstrained, real-valued
vector, a. For example, this approach allows for the use of common multivariate
continuous distributions for both the proposal distribution and the prior distribution
of a. Albert and Chib (1997) report success using a multivariate-t proposal distri-
bution and a multivariate Gaussian prior distribution for «, and we also found this
to be successful. Following the blocking strategy described above, we sample from

the conditional distribution, f(cy,w,3,-), which can be factorized as

flaly,w,B,7) o« f(ylw,B,0,7)f(w|B,,7)f(a)

< flylw,B8,a,7)f(a), (2.25)

assuming independence between «, B3, and v. Note that f(y|w,B,a,~) is the

original likelihood of interest given in (2.11), and f(c) can be a multivariate Gaussian
prior density.
To further improve convergence, Albert and Chib (1997) chose to match the

proposal density to the target conditional density, f(aly,w,3,v). We follow their
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suggestion, using a multivariate-t density with v degrees of freedom and parameters
specified by locating the approximate mode, &, and the inverse of the observed
information matrix of log(f(a|y,w,3,7)) via several Newton-Raphson iterations.
This idea is similar to that of a Langevin-Hastings algorithm. The inverse of the
observed information matrix is the negative inverse of the Hessian matrix and is
denoted by V. In addition to the automatically updated parameter, & and V, the
distribution is specified by two fixed tuning parameters, v and ¥?. We discuss the
tuning of these parameters in Chapter 3. The multivariate-t proposal density is

written as
1 —(v—~K)/2
fl@ld ¥RV, v) o ((1 + Lo aywhv) e - a)) L (22)

Realizations are drawn from this multivariate-t density by first sampling A from a
Gamma(v/2,v/2) distribution and ¢ from a Normal(0,+?V) distribution and then
calculating &+ \"/%¢ (Albert and Chib, 1997). The algorithm moves to the candidate
value, a®®@  from the current value, o®", with a Metropolis-Hastings transition

probability

o {fotmamhp @™o ||,
mm{ Py, B flae) frlaa, vV B

To reduce computation time, we modify Albert and Chib’s algorithm to obtain &
and V for the first approximately 10 iterations and subsequently every 50th iteration.
This strategy was implemented after observing very little change in & and V after
the first approximately 10 iterations. The change greatly reduces computation time
while not noticeably changing the convergence behavior of the chain.

The model is originally parameterized in terms of o and we place the prior
directly on « resulting in no need to include a Jacobian term in the M-H ratio.
However, by doing this it is not clear what prior we are indirectly placing on the

original vector of cut-points, 8. This fact does not appear to have been investigated
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by Albert and Chib (1997, 1998) or anyone else. We devote needed attention to
this matter by investigating the prior induced for @ for the case of four categories in

Section 3.3.3.
Regression parameters, 3

The full conditional distribution for the regression parameters is expressed as

f

f(ﬁlz) W) 077)
< f(z|w,B,0,7)f(B), (2.28)

f(ﬁ|Y) Z,W, 0’ ’Y)

assuming independence between 3, v, and 6. The deterministic relationship between
the categorical response, Y, and the latent variable, Z, results in the equality of the
full conditional distributions, f(B|y,z,w,8,v) and f(8|z,w,8,).

We assume a multivariate Gaussian prior for 8 with mean by and variance-
covariance matrix Bq. From (2.6), the Z;’s are conditionally independent Gaussian
random variables given W. This results in a multivariate Gaussian complete con-
ditional distribution for 3. The mean vector and variance-covariance matrix of the
distribution are derived by collecting terms involving 3, a standard result from lin-

ear models (Hocking, 2003). For this derivation, it is helpful to examine the form of

F(2hw,8,6,7):
n/2
() ew{-3@-w-x8)(@-w-x0)}. @)

In contrast to (2.19), the distribution in (2.29) is not truncated because there is no
conditioning on y. Multiplying (2.29) by the multivariate Gaussian prior density for

3 and collecting terms involving 3 results in

B16,7,2,w ~ MV N,(b, B) (2-30)
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where

B = (B;! + XTXx)™! (2.31)

and

b = (By'+X"X)(By'h + X (z - w))

= BByl + X% (z — w)). (2.32)
2.3.2 An alternative mean specification

An alternative way to fit the Double Latent model specifies X3 as the mean of
the latent Gaussian process, W, rather than including it in the mean structure of
the conditionally independent latent variable, Z. This implies that instead of (2.3)
and (2.5), we define

Z(s;) = W(s;) + €(s;) where ¢(s;) ~ N(0,1). (2.33)

W is assumed to be a Gaussian process with mean depending on covariates and

variance-covariance matrix, 3(v),
W ~ GP(XB,2(7)). (2.34)

We do not fit this parameterization in this dissertation, but in future investiga-
tion we will compare it to the originally specified Double Latent model and also to
the Clipped Gaussian model which shares the non-zero mean definition of the latent
Gaussian process, as is described in the next section. It is possible that one model
may have computational and MCMC convergence advantages over the others.

In this alternative specification, 3 appears at a higher level of the hierarchy than
in the original Double Latent model, resulting in different complete conditional distri-

butions underlying the Gibbs sampling algorithm. The full conditional distribution

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



63

for B is now expressed as

fBly,z,w,0,7) = f(Blz,w,8,7)
o f(zlw,B,6,7)f(w|B,0,7)f(B,0,7)
< f(z|w,8,7)f(w|B,8,7)f(8)
x f(w|B,08,7)f(B8), (2.35)

again assuming independence between 3, =y, and 6.

Specifying a multivariate Gaussian prior distribution, 8 ~ MV N(by, By), and
recalling that f(w|3,80,~) is also a multivariate Gaussian density, the complete
conditional distribution for 3 is again multivariate Gaussian. Collecting the terms

involving 3 gives

Blz,w, 0,y ~ MV N,(b*, B*), (2.36)

where

B* = (By' + XTZ'X) ™!, (2.37)

and

b* = (B(;l+XTE_1X)—1(B51b0+XT2_1W)

= B*(By'by + XTZ 'w). (2.38)

Comparing (2.30)-(2.32) to (2.36)-(2.38), we see that the covariance matrix,
3, associated with W appears in the complete conditional distribution of 8 for
this parameterization, but not in the original Double Latent specification. Thus, a

disadvantage of this approach is that it requires inversion of the n x n matrix, X,
in order to update 3 at each iteration. Also, it involves use of a non-stationary
Gaussian process, versus the stationary process specified for the original Double
Latent model. Interestingly, Christensen et al. (2006) specify the spatially varying

mean in the latent Gaussian process in recent work fitting spatial models for binary
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and count data, where it facilitates their data dependent re-parameterizations used
to improve convergence and generality of the algorithm. However, it seems that the
more work is needed to clarify the advantages and disadvantages of using a latent

Gaussian process with a non-zero mean.

2.4 The Clipped Gaussian model

The Clipped Gaussian model is an ordered multi-category extension of the model
proposed by De Oliveira (2000) for binary data. We assume the existence of a true
categorical random field, Y, over the region of interest and again appeal to the
concept of clipping to create this categorical random field from an underlying latent
Gaussian process, W. There is an underlying conceptual difference between the
Double Latent model and the Clipped Gaussian model, along with clear differences
in the model formulations. Both models employ the concept of clipping or cutting to
create a categorical random field, but the Double Latent model is formulated from
the foundation of generalized linear mixed models whereas the Clipped Gaussian is
formulated directly from the idea of thresholding a continuous spatial process. Unlike
the Double Latent model, the Clipped Gaussian model is not specified hierarchically,
and does not include the additional error component associated with the lower level
latent variable, Z. The latent spatial Gaussian process is instead incorporated at the
level of the data.

The construction of the connection between a categorical random field and a
continuous Gaussian random field provides a means to make likelihood based analy-
sis of a categorical random field feasible (De Oliveira, 1997). Specifically, it allows us
to take advantage of the mathematical attractiveness and tractability of the contin-
uous Gaussian random field in order to define and make predictions in the context
of the categorical random field. For the Clipped Gaussian model, the deterministic

relationship is defined between the categorical response, Y, and the latent process,
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W. Recall that the Double Latent model instead defines the deterministic relation-
ship between the categorical response,Y, and the non-spatial latent variable, Z, in
(2.2).

To provide the foundation for the Clipped Gaussian model, we parallel the
description provided by De Oliveira (1997) for the binary case. We consider our
prediction problem as that of estimating a categorical map over space, i.e., mapping
a region composed of only K attributes or features. Consider that the region of
interest, D C R? is partitioned into K disjoint subregions, Dy, Ds,..., Dk, where
D=DyUDyU...UDg =UK D;jand D, = D - Uf.;ij. A practical example may
be a region classified into K mutually exclusive land-use types, ordered according
to habitat suitability for a species. The observed ordered categorical response at a
location specifies the region, Dy, to which the observation belongs. The goal is to
estimate (predict) the regions, Dy, Do, ..., Dk of one realization of the categorical
random field using a sample of n observations from that realization. This relies on
the assumptions that the set of Dy’s represents one realization of a random process,
and that the categorical random field is defined continuously at every s € D. That
is, for integer valued labels, Y(s) = k if s € Dy.

As previously described, we use the conceptual and mathematical convenience
provided by the concept of clipping a Gaussian random field to place the problem of
estimating the categorical map in the context of spatial prediction in a continuous
random field. This makes likelihood based inference possible by defining a family of
finite-dimensional distributions, something that is historically lacking for binary and
categorical data (De Oliveira, 1997).

We define the latent Gaussian process, W, as having a mean possibly depending

on covariates and the usual spatial covariance matrix. That is,

W ~ GP(XB,%(7)) (2.39)
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where X(v) = 0?H (%) and [H(%));; = p(s; —s;; ¥) where p is a correlation function
that produces a valid covariance matrix. We assume a no-nugget specification of
(7).

Using integer labels 1, ..., K for the K categories, the categorical random field

is assumed to be obtained through the relationship,

K

Y(si) = D Kkl i<wsoson
k=1

K
= > klwsyeam)- (2.40)
k=1

Recall that A(k) = (6k-1, 6k, and we use the subscript ¢ in place of s;. The associated
probabilities arise from the deterministic relationship defined between Y and W

giving
P?"(Yz = k‘) = P?“(ek__l <W; < 6k)

= Pr(W; € A(k)). (2.41)

The cumulative probabilities are defined similarly.

Then, to create the map of a realization of the categorical random field, we use
Di={seD:Y(s)=k} for k=1,...,K —1, (2.42)

where Dy is then given by D — UJK:]le. Of course, in practice we can only predict
at a finite number of locations, si,ss,...,Snm.

Again, we employ the technique of data augmentation and form an extended
model to include the data, the original parameters, and the latent variable. Asshown
in this section, the posterior distribution of interest is not available in closed form and
thus we rely on MCMC methods for inference. The methods are facilitated by use
of the latent variable data augmentation technique. The joint posterior distribution

of the unknown parameters and latent variable, given the observed data, is given by

f(w,8,6,7ly) < f(ylw,B,0,7)f(w|B,6,7)f(8B,0,7). (2.43)
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As a result of the exclusion of both the non-spatial latent variable, Z, and
hierarchical structure employed for the Double Latent model, the likelihood for the
Clipped Gaussian model is not simplified by the conditional independence. Instead,
the joint distribution of the Y is a n-dimensional integral of a multivariate Gaussian
distribution with parameters from the latent Gaussian process. This unaugmented

likelihood, first given in (1.32),

n/2
£(318,0, 9,0 / : -/, )(WQ H@)I-

exp { =53 (w = XY H(S) - xB) w240

It is clear from (2.44) that f(y|B,<, @) is obtained by integrating f(y,w|3,~,0)
with respect to w. However, use of the latent W(s;)’s within the Gibbs sampler
avoids the need for direct evaluation of the multi-dimensional integral.

In contrast to (2.44), recall that the likelihood for the Double Latent model is

flylw,8,0,~) w,3,0,7]

fl

HPT[Hyi—l < Z; < (le.
i=1

= H[@(Gw — %3 — w;) — P(0y,1 — x:8 — wy)),

i=1

as given in (2.11).
The likelihood of y given the latent vector w is simply a product of indicator
variables due to the deterministic relationship between Y and W, which simplifies

calculation of many of the complete conditional distributions needed to construct

the Gibbs sampling algorithm;

fiw,8,0,7) = ], -1<wi<s,)

= ] weawn- (2.45)
i=1

Once again, the Clipped Gaussian model does not include the white noise pro-
cess, €, that is incorporated into the first stage of the Double Latent model specifica-

tion. Recall that the standard normal distribution of the white noise process serves
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to define the probit link function in the context of generalized linear models. In
contrast, the Clipped Gaussian model is non-hierarchical and completely specified at
the one level of the spatial latent variable, W. Under the no-nugget assumption for
the covariance of W, the Double Latent model will always differ from the Clipped
Gaussian model in its extra source of variability. If one were to allow the spatial
covariance structure to include a fixed nugget term, then under the probit link, the
Clipped Gaussian model with the nugget fixed at one is a special case of the more
general Double Latent model. Incorporation of a nugget term in the specification of
W was not discussed by De Oliveira (1997, 2000). Section 3.1 further elucidates the
consequences of this difference in the variance structure through an investigation of

the correlation induced by the two models on the categorical response variable.
2.4.1 Gibbs algorithm for the Clipped Gaussian model

The Gibbs sampling algorithm for the Clipped Gaussian model parallels the
algorithm proposed by De Oliveira (1997, 2000). Unlike De Oliveira’s binary case,
however, we must sample the constrained cut-point parameters, thus increasing the
level of complexity of the algorithm and leading to additional challenges in terms of
convergence. The Gibbs algorithm samples in turn from the complete conditional dis-
tributions of the unknown parameters and latent variable. The algorithm iteratively

proceeds through the following steps,
1. Update the spatial parameters, «y, using the Metropolis-Hastings algorithm.

2. Update the latent spatial variable, W, using the truncated multivariate Gaus-

sian complete conditional distribution.

3. Update the cut-point parameters, 8, via reparameterization and a blocking

algorithm.
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4. Update the regression parameters, 3, using their multivariate Gaussian com-

plete conditional distribution.

The details involved in these steps and the derivation of the complete conditionals

are now described.
Spatial parameters, v = (02,1)

The spatial parameters, v = (02,), are specified at a level in the hierarchy
resulting in conditional independence between ~ and the categorical response, y.
Thus, the complete conditional distribution depends only on the latent variable, W,

and not on the observed data. It can be factorized as

f(ly,w,8,6)

fl

f(vlw, B, 0)
< f(w|B,0,v)f(7|8,6)f(B,0)
o f(w|B,8,7)f(718). (2.46)

It is customary to assume independence between the components of v = (02, 1),
and to use proper, vague priors for both components. They can then be updated
independently using two successive M-H steps to sample from the un-recognizable
complete conditional distributions. We choose candidate values uniformly over
the parameter spaces defined by the priors so that the M-H ratios only involve
f(w|B,02,v) f(c?, ) evaluated at the appropriate values. As described for the Dou-
ble Latent model, our algorithm is ultimately simplified by fixing 6% and specifying
a correlation function with only one parameter to estimate. We provide justifica-
tion and detail regarding both of these simplifications in Chapter 3, along with a

description of our choice of prior distributions and hyperparameter values.
Spatial latent vector, W

The assumption that W follows a Gaussian process implies that any vector of

observations at n locations from one realization of the process has a multivariate
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Gaussian distribution,

W, ~ MVN,(XB,2(7)). (2.47)

Let W_; be the W vector with the i¢th element deleted. The full conditional

distribution for each component of W, W}, is given by

f(wilw_i,y,,B,H,v) = f(wilw-—i7yia:310’7)
(&8 f(inW,ﬁ;97’)’)f(wilw—in3,G,W)f(w—i,ﬁ>0,'7)

o< flyilw,B,0,7)f(wilw-i, 3,0,7) (2.48)

fori=12,...,n.

The latent variable, W, and the categorical response variable, Y, are related
via a deterministic function, as given in (2.41). Therefore, when the value of W; is
known, the probability that Y; = k is either one or zero, specified by an indicator

function. That is,

f(yilw’ﬁ’e”y) = I{Gyi—lﬁwiﬁgyi}

= Tweaw)) (2.49)

The multivariate Gaussian distribution of W specifies a univariate Gaussian
cohditional distribution for one component of W given all other components and
the unknown parameters, f(w;|w_;,3,0,4). The parameters of the distribution
are easily calculated using the formula for finding the conditional distribution of
one component of jointly normally distributed vector of random variables, given the
remaining variables (Hocking, 2003). We use identical notation to that developed
for the Double Latent model in Section 2.3.1 when referring to needed sub-vectors
and sub-matrices. Let v; be the ith column of X with its ¢th element deleted, ¥_;

be the matrix ¥ with its ¢th column and ith row removed, and X_; be the n x p
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design matrix with its ith row removed. As usual, x; is the ith row of X. Write

W = (W;, W_;)’ and partition the covariance matrix, X, into four parts,

_ (v ¥ 2.50
Z - (Vi E—i> ) ( ¢ )
where v;; is the variance of W;, v; is the vector of covariances between W; and W_;,

and X_; is the variance-covariance matrix of W_;. Then, f(w;|w_;,3,0,~) is the

probability density function of the Gaussian distribution
NxB+ VXN w_i —X_B) , Tu—viZIivy). (2.51)

It follows that the complete conditional distribution for one component of W is

proportional to
f(wilw—iaﬂa 07'7)Iwi€A(yi)’ (252)

which is a truncated univariate Gaussian distribution and can be sampled from with

standard techniques.
Cut-point parameters, 6

The algorithm of De Oliveira (1997, 2000) applies only to binary data and simply
requires one fixed cut-point, skirting the problem of estimating the set of highly
constrained K — 2 cut-point parameters required for the ordered categorical data.
For the ordered multi-category case, however, we must estimate X — 2 cut-point
parameters. We accomplish this using the same strategy as described for the Double
Latent model, applying the transformation proposed by Albert and Chib (1997) and
the blocking algorithm proposed by Cowles (1996). The blocking method samples
from the joint conditional distribution of the spatial latent variable, W, and the
cut-points, 8. The goal of the blocking is to reduce the correlation in the MCMC
chain, thus accelerating convergence, and was introduced in more detail in Section

2.3.1. The strategy essentially results in sampling the cut-points from their complete
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conditional distribution after marginalizing over the latent variable, W, in contrast
to the Double Latent model where we marginalize over the non-spatial latent variable
Z. The factorization of the joint conditional distribution again provides insight into

this step,
f0,wly,B8,v) = f(wly,8,6,7)f(6ly,B,8). (2.53)

As first described in Section 2.3.1, the de-constraint transformation of the cut-
points expresses @ = (6a,...,0K_1) as the unconstrained and real-valued vector o =
(g, ..., ax-1), where ap = log(fs) and o = log(0r —6k—1) for k =3,...,K—1. The
inverse transformation is then given by 6, = Zf:z exp(e;). The target conditional

distribution is
flaly,B,7) « f(yle, B,7) f(er). (2.54)

The factorization in (2.54) is allowed by the assumed independence between a, 3,
and . The density f(y|e,3,7) is the multi-dimensional integral given as the orig-
inal likelihood function of interest in (2.44). To use the M-H algorithm to sample
from this non-standard distribution, we must evaluate both f(y|e,8,~) and f(«)
at current and proposed values of the transformed cut-point parameters. These val-
ues are readily available from evaluations of multivariate Gaussian cumulative and
probability density functions.

The prior and proposal distributions for « are identical to those described for
the Double Latent model, leading to the following transition probability defined by
the M-H ratio,

. f(yjacand,ﬁ’ ,y)f(acand)fT(acur]d, 1/)2‘/’ 1/) }
win{ s R g 25

Although it is not directly used in the algorithm because of the aforementioned
transformation, we can write out the complete conditional distribution for the un-
transformed cut-point parameters as a uniform distribution. The derivation proceeds

analogously to that described for the Double Latent model in Equations (2.21) and
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(2.22), and thus we limit the details here. We again specify a uniform prior for € such
that f(0k|0k=1,0k+1) X I, ,<0.<8,1)- First, we factorize the complete conditional

distribution as

f(gklwa Yy, :67 Y, H—k) x f(YIW’ :Ba 0, ’Y)f(WI,B, 0: 7)f(ﬂa 0: 7)
o< f(ylw,B,0,7)f(w|B,7)f(6)
X f(y‘evW>ﬂ)7)f(9kl6k—l>6k+1)'

We can then write f(y|0,w,3,7)f(8k|0k_1,0k+1) as

n
H I{eyi—lSwi<9yi}j{9k—1<0k<9k+1} =
i=1
n K
ZI{yi=j}I{9j—1<wi§9j} I{Qk_1<9k<0k+1}
i=1 Lj=1

x H [I{yi=k}[{9k—1<wiﬁ9k} + [{yi=k+1}‘[{9k5wi<9k+l}] I{9k—1<9k<9k+x}
iy €{k,k+1}

x H [I{"’yi-1<wi50w}] I{9k—1<9k<9k+1} (2.56)
iy €{k,k+1}

As similarly described by Albert and Chib (1993), this complete conditional for 6
is uniform over the interval

[max{max(wi;y; = k), 01} , min{min(w;y; =k + 1), 6k41}] . (2.57)
Regression parameters, 3

The full conditional distribution for the regression parameters, 3, is derived

similarly to that described for the Double Latent model;

f(Bly,w,0,v) = f(Blw,0,7)
o« f(w|B,0,7)f(Bl6,7)
o« f(w]B,7)f(B), (2.58)

assuming prior independence between 83, 8, and .
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The distribution of W|3,+ is multivariate Gaussian by assumption and we fur-
ther assume a multivariate Gaussian prior distribution such that, 8 ~ MV N(bg, By),
resulting in a multivariate Gaussian complete conditional distribution. Collecting the

terms involving 3, we obtain the standard linear models result,

Bl0,v,y,w ~ MVN,(b, B) (2.59)
where
B = (B! +XTe1xX) 7, (2.60)
and
b = (By'+X'S1X)Y(Bylby + X2 w) (2.61)
= B(B;'by + XTT 1w). (2.62)

The algorithms for the Double Latent and Clipped Gaussian models described
in this chapter are implemented using R software (R Development Core Team, 2007).
The following chapter provides further comparison of the Double Latent and Clipped
Gaussian models, along with discussions of the details related to specifying and

applying these models in practice.
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Chapter 3

MODEL SPECIFICATION IN PRACTICE

Fitting the models in practice requires more information and thought than sim-
ply following the details laid out in Chapter 2. This chapter provides discussion of
several topics to improve understanding of the models and their differences. It also
contains needed information about fitting the models in practice. First, in Section
3.1, we provide a comparison of the models in terms of the second-order structure
of the categorical response variables induced by the continuous distributions of the
latent variables. This provides insight into how model structure and level of the
clipping ultimately translate into correlation in the categorical random field. In Sec-
tion 3.2, we discuss parameter identifiability for the variance, the spatial correlation
scale parameter, and the estimation of the cut-point parameters. We then discuss
specification of prior distributions in Section 3.3, specifically those for the correlation
scale parameter and the cut-point parameters. Finally, we briefly introduce methods
that can be used to check model assumptions and assess convergence of the MCMC

algorithms.

3.1 Correlation in the categorical random variable

Properties of the two models can be further elucidated by investigation of the
distributions of the latent variables that are ultimately clipped to form the categorical
random variables. These distributions directly induce correlation into the categorical
random field. The results of this section are not directly used in estimation and

prediction, but provide insight into how the structure and assumptions of each model
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translate into the spatial correlation structure. Gelfand et al. (2000) and De Oliveira
(1997) provide similar, though simpler, investigations for the case of binary data. For
both models, the correlation structure of the latent spatial process depends only on
the spatial parameters, «v. This is not true, however, for the underlying categorical
random field, where the correlation structure depends on the spatial parameters, «,
the regression parameters, 3, the cut-point parameters, €, and the values of the
covariates, X.

An additional goal of this chapter is to aid in the process of choosing parameter
values for the simulation study in Chapter 5. In typical simulation studies involving
continuous spatially correlated variables, the correlation between values at different
locations is easily changed by varying the scale (or range) parameter and/or smooth-
ness parameter in the correlation function. Our case is more challenging due to the
large number of factors ultimately contributing to the correlation. The situation
is clearly simplified for the constant mean model, and further for the zero-mean
model. De Oliveira (1997) addresses only the constant mean case in detail. How-
ever, our model specification and simulation study do involve the incorporation of a
non-constant mean and covariate values, and thus we also devote attention to this
case. This section is devoted to the derivation of the distributions of the latent con-
tinuous variables and to describing the correlation in the categorical random field as
a function of the many parameters affecting it. It includes a summary of a graphical
investigation of correlation for changing values of the regression parameters, covariate
values, cut-point parameters, and distance between locations for both models.

Recall that the Double Latent model is specified hierarchically, with a condi-
tionally independent first stage for the latent variable, Z, that is clipped to give rise

to the categorical random variable, Y, where

Z(s:i) = x(s:)B + W(si) + e(si),
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€(s;) ~ N(0,1), and W ~ GP(0,X(v)). Due to the conditional independence of
Z given the spatial process, W, we must investigate the marginalized distribution
of Z to obtain insight into the correlation structure of Y. The zero-mean of the
Gaussian spatial process, W, results in a marginal expectation equal to X3. The
marginal variance of Z incorporates the variance-covariance of €, which is assumed to
be the n-dimensional identity matrix, I,,, and the variance-covariance of the latent
Gaussian spatial process, W, given by X(v) = o0?H(v). Recall that [H(9)];; =
p(si —s;j;%) = pi;, where p;; is a correlation function that results in a valid variance-
covariance matrix. The joint distribution of the latent variable at two different

locations is bivariate normal (MV Ny),

(260) - o ((5) (57 7). w05

In contrast, the Clipped Gaussian model is specified non-hierarchically, with the

distribution of interest specified directly through the Gaussian process,
W ~ GP(XB,3(7)).

It is then straightforward to write down the distribution of the latent variable that

will be clipped,

() - o ((0)-(5, 7). o

It is immediately clear from (3.1) and (3.2) that the difference in the underlying
correlation structure in the latent variables enters into the common variance of the
random variables across the region of interest. This difference clearly stems from the
Double Latent model’s white noise variance component defined through the chosen
link function. Specifically, the variance used to specify the link function results in

larger values for the diagonal elements of the marginal variance-covariance matrix, as
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shown in (3.1). As previously discussed, this difference is equivalent to the compar-
ison between a nugget and no-nugget model in the language of geostatistics, where
the nugget term is fixed at 1.

Thus far, we have assumed that € is a standard normal random variable, speci-
fying the probit link function. A more general Double Latent model can be specified
as € ~ MV N,(0,7%1,) giving diagonal elements of (72 + ¢2) instead of (1 + o?)
in (3.1). However, care should be taken in ensuring that both of these parameters
are estimable. As previously mentioned, the variance component, 72, is analogous to
the incorporation of a nugget term in classical geostatistical modeling, referring to
either microscale variation or measurement error. It is also possible to further gener-
alize the model by specifying a different distribution for €. For example, Albert and
Chib (1993) specify a t-distribution and then estimate the degrees of freedom of that
distribution to define a “problem specific” link function, theoretically leading to a
more robust model. However, for identifiability, we restrict our models to the probit
link and also fix 72 and o at 1 for reasons described in Section 3.2, leading to fixed
values for the diagonal elements of the variance-covariance matrix of Y; with a value
of 2 for the Double Latent model in (3.1) and 1 for the Clipped Gaussian model in
(3.2). This specification directly leads to the creation of different categorical random
fields after clipping and a different correlation structure in the resulting categorical
random field. For example, holding all parameter values constant, data simulated
under the Double Latent Model will likely contain more observations in one or both
of the end categories since the continuous latent variable has a larger variance than
the Clipped Gaussian model.

We now compare the two models with respect to the correlation in the categorical
response vector, Y. To proceed, we first assume that Y (s;) = Y; takes integer values
from 1,..., K, where K is the total number of categories. Recall the relationships

between Y; and Z; for the Double Latent model (2.2) and Y; and W; for the Clipped
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Gaussian model (2.40). To calculate the correlation between the categorical random
variables at two locations, ¥; and Y;, we must calculate the usual quantities, E[Y;],
E[Y;], E[Y?], E[Y}?], and E[Y;Y;]. In the following calculations, we assume 7% = 1
but ¢? is left to be estimated. To obtain E[Y;] and the E[Y;?] for the Double Latent

model, we simply need the unconditional Pr(Y; = k) foreach k =1,..., K;

Pr(Y;=k) = Pr(0i1<Z <)

for the cut-point vector (—00,0,0,,6s, ... ,0k—_1,00). For the Clipped Gaussian model

we have,

PT‘(Y; = /i:) = P’r‘(ek_1 < W; < 91;)

() () o

Calculation of the covariance requires calculation of the joint probability that
Yi=kand Y; = forall k,l =1,..., K, clearly involving the correlation specified
by the marginal distributions of Z and W. For the Double Latent model, the joint

probability is given by

P’I"(Yi=k,Yj=l) = Pr@k 1< Z; < 6y,0,- 1<Z <01)

ek“xz 91—x],8
= / z zj)dZide (3.5)
O l—x‘l 6;_ —-xjﬂ
(8),—x; /) =X ﬂ)
= (8g— 1jx1.ﬁ) o 11_+x ﬁ) ¢2( z])dzzdzj, (36)

Vito? Vita?
where ¢5(-) is the 2-dimensional multivariate Gaussian probability density function
(pdf). Equation (3.6) is specified in terms of the variance-covariance matrix, 3, ;;,

as given in (3.1), and (3.6) is specified in terms of the correlation matrix H;; =

p(si — Sj§¢)'
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Similarly, for the Clipped Gaussian model, the joint probability is given by

PT‘(Y;=I{:,YJ'=Z) = P7"9k 1<W,<9k,91 1<W <9[)

ek x, 9[ xJ,B
/ / wij)dwid'wj (37)
Op— —-xl 0 —x,,B

©O-xi3) @-x;3)
N jﬁk—l_xiﬁ) [‘%—1—"3'/3) ¢2(Hij)dwidwj’ (3'8)

where 3, ;; is the variance-covariance matrix of the Gaussian process. Note that H;;

is identical for the two models.
The needed expectations for both models are calculated using the above prob-
abilities and the integer values assigned as the category labels. The correlation
between Y; and Y} is calculated in the usual manner,
BY,Y) - BBy
J(BIY? = BYP)(EY?] - EY;])

Corr|Y;,Y;] = (3.9)

Thus, the correlations are based on the probabilities defined in (3.3) and (3.6) for the
Double Latent model, and (3.4) and (3.8) for the Clipped Gaussian model, clearly
demonstrating that the correlation in the categorical random field depends not only
on the parameters of the correlation structure in the latent spatial variable, but also
on the cut-point parameters, the regression parameters, and values of the covariates.

We are specifically interested in investigating how the correlation defined by
(3.9) varies with the values of the regression parameters. The equations for the
correlations do not easily simplify to a form that makes the relationship between
the regression parameters and the correlation obvious. Thus, we investigate the

relationship numerically and graphically for the case of K = 4 categories and an

exponential correlation function parameterized in terms of scale parameter, ¢, which
is often referred to as the reciprocal of the parameter describing the range of spatial

correlation (¢ = 1/range). In terms of previous notation, v = (0?,9) and ¢ = ¢.
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For simplicity, we first investigate a constant mean model and then address the case
of a spatially varying mean.
For the case of a constant mean, Gy, the formula for the correlation in the Double

Latent model can be written as

O — 6,— 2
lec{zl ZZI—{_—I kl fekk_lﬂ—oﬁo all_f_oﬂo ¢(Zi, 243 Hij)dzide e [Ellle ]{}PT‘(K = k))]

— . (3.10)
S RPr(Y = ) = [TH, kPr(ri = )]
where
o (BB g (P
PNK—@—®(¢Fﬁﬁ> ¢<¢Fﬁﬁ>' (3.11)

For the Clipped Gaussian model, the form of (3.10) remains the same except the

probabilities are instead defined as

PﬂKz@:@(%—%>—®<@1;@). (3.12)

g g

Figures 3.1 and 3.2 display the changing correlation between two locations as a
function of the constant mean for different values of ¢ and for @ = (0,1,2) and
0 = (0,1, 3). The horizontal lines represent the value of the correlation in the latent
continuous Gaussian random field.

In Figure 3.1, note that the value of fFy at which the correlation achieves its
maximum depends on the vector of cut-point parameters. As expected, it also de-
pends on the model for most values of the cut-points. The Clipped Gaussian and
Double Latent models generally produce very similar relationships between the con-
stant mean and the correlation (see Figure 3.1). For 6 = (0,1, 2), the maximum for
both models occurrs at Fy = 1. It is immediately clear that the Clipped Gaussian
model induces correlations of a higher magnitude than those of the Double Latent
model for the same parameter values. Also, there is a clear difference in the shape of
the curves for the two models when the cut-point parameters are set to @ = (0, 1, 3),

instead of 8 = (0, 1,2) (Figure 3.2). The Clipped Gaussian model results in a slightly
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Figure 3.1: The correlation between the categorical random variables, Y (s;) and
Y(s;) where s; and s; are 1.41 units apart for the Double Latent (left) and Clipped
Gaussian (right) models. The correlations are given as a function of a constant mean,
Bo, for different values of the scale parameter of the exponential correlation function,
¢. The cut-point parameters are 8 = (0,1, 2). The horizontal lines show the value of
the correlation specified in the continuous spatial process. The maximum correlation
occurs at G = 1 for all values of ¢ and both models.

bimodal shape, whereas the Double Latent maintains the more symmetric, unimodal
shape exhibited for 6§ = (0, 1,2). Increasing the distance between the two locations
of interest lowers the values of the correlation, as is expected, but retains the general
shape of the curves. The same is true for increasing the value of the scale parameter
of the correlation function, ¢, as is demonstrated in the plots.

It is clear from Figures 3.1 and 3.2 that the correlation in the categorical random
field is always less than that in the continuous random variable, a fact also observed
by De Oliveira (1997), who demonstrated that the correlation structure of his clipped
binary random field is always weaker than that of the underlying Gaussian random
field. He observes that this effect is very apparent when the absolute value of Gy
gets large, as this results in values for Pr(Y(s) = 1) that are close to either 1 or
0, representing the extreme cases for realizations of the binary random field. This

is displayed in the plots by the unimodal shape of the correlation as a function of
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Figure 3.2: The correlation between the categorical random variables, Y(s;) and
Y (s;) where s; and s; are 1.41 units apart for the Double Latent (left) and Clipped
Gaussian (right) models. Correlation is plotted as a function of a constant mean, J,
for different values of the scale parameter of the exponential correlation function, ¢.
The cut-point parameters are 8 = (0,1,3). The horizontal lines show the value of
the correlation specified in the continuous spatial process. The maximum correlation
occurs at approximately G = (1.250, 1.255, 1.256, 1.238) for the Double Latent and
Bo = (0.535,0.548,0.651,0.678) for the Clipped Gaussian for ¢ = (0.05,0.1,0.5,1),
respectively.

Bo. For the multi-category case, extreme cases also result when the Pr(Y(s) = k)
is close to 1 for the category k. This would result in the prediction of a categorical
random field nearly covered with a single category. De Oliveira (1997) provides
further intuition by appealing to a result from Wise et al. (1997), stating that this is
a demonstration of the fact that a non-linear transformation of a Gaussian process
always has a whitening, or lessening, effect on the correlation. The Double Latent
model results in a level of correlation farther from the value of the latent process
than the Clipped Gaussian due to the additional source of noise incorporated by the
variance of the second latent variable.

We also investigate the correlation for a spatially varying mean depending on

one covariate and thus defined with two regression parameters, Jy and 3;. We create

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



84

3-dimensional plots illustrating the relationship between the regression parameters
and the correlation between the values at two locations (Figures 3.3 and 3.4). As
with the constant mean case, the general shape of the surface does not change ap-
preciably for different values of the correlation scale parameter, ¢, or for different
distances between the locations. The magnitude of the correlation does change, but
our conclusion regarding for what value of 3 the correlation obtains an approximate
maximum does not change. Thus, we are able to make general conclusions about
what combinations of Gy and (3, induce high and low correlations for different pairs
of covariate values. We use standardized covariates, resulting in covariate values in
the range of approximately —2.5 to 2.5. Thus, we restrict our attention to covariate
values in this range and find that the general shape of the surface is retained for
pairs of covariate values defined by their signs. For example, we obtain one general
shape when both covariate values are negative, one when they are both positive, and
another for one positive value and one negative value. We give a series of plots to
demonstrate these shapes for both the Double Latent model (Figure 3.3) and Clipped
Gaussian model (Figure 3.4).

Notice from Figures 3.3 and 3.4 that both positive or both negative values re-
sult in a flat ridge running northwest-southeast or southwest-northeast, respectively.
One positive value and one negative value results in a more peaked shape running
east-west. Thus, as we would expect, the maximum depends on the covariate val-
ues. However, we can make some general conclusions to help us choose values of
the regression parameters that correspond to different levels of correlation in the
categorical response to be used in the simulation study in Chapter 5. We chose to
compare data generated from B = (—0.5,1) and 8 = (2,1), where 8 = (2,1) results
in higher correlation for most combinations of covariate values, the exception being
when both are positive.

In conclusion, this section numerically investigated the correlation in a categori-

cal random field created by clipping a continuous random variable. For the constant
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Figure 3.3: Double Latent model: The correlation between the categorical random
variables, Y (s;) and Y (s;), where s; and s; are 1.41 units apart, as a function of the
regression parameters, 3, and B; for covariate values of X; = 0 and X; = 0 (upper
left), X; = 1 and X; = 1 (upper right), X; = 1 and X; = 2 (middle left), X; = —1
and X; = 2 (middle right), X; = 0.5 and X; = —0.5 (lower left), and X; = —1 and
X; = —2 (lower right). The cut-point parameters are 8 = (0, 1,3), and ¢ = 0.5.
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com(Y, Yj)

Figure 3.4: Clipped Gaussian Model: The correlation between the categorical random
variables, Y (s;) and Y (s;), where s; and s; are 1.41 units apart, as a function of the
regression parameters, 3y and 3; for covariate values of X; = 0 and X; = 0 (upper
left), X; = 1 and X; = 1 (upper right), X; = 1 and X; = 2 (middle left), X; = —1
and X; = 2 (middle right), X; = 0.5 and X; = —0.5(lower left), and X; = —1 and
X; = —2(lower right). The cut-point parameters are 8 = (0, 1, 3), except for the last
plot where 8 = (0, 1,2), and the spatial scale parameter is ¢ = 0.5.
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mean case, we produced the characteristic shapes of the correlation as a function of
the mean under several spatial scale parameters and two sets of cut-point parameters.
This investigation allowed visualization of how the extra variance in the Double
Latent model translates into the structure of the categorical random field, and aided
in our choice of regression parameters for the simulation study undertaken in Chapter
5. To be more thorough, we also introduce notations and equations for the case when

categories are not simply labeled by successive integer values.
3.1.1 Correlation structure for the non-integer labels

In the previous section, we defined our categorical response as taking on succes-
sive integer values from 1 to K, from here on referred to as the integer-label definition.
For the ordered categorical data models we are developing, these labels are not meant
to carry specific meaning; it is not assumed that the “distance” between k = 1 and
k = 2 is the same as the “distance” between k = 2 and k& = 3. Instead, the integer-
label definition is used for notational and mathematical convenience. It provides
a logical framework to initiate the investigation of the correlation structure in the
categorical random field. De Oliveira (2000) uses the integer-label definition when
referring to the multi-category response problem.

However, the problem can be viewed more generally from a multinomial-like
perspective, where the response for each location is a vector indicating category
membership, rather than an integer from the set {1,..., K}. We briefly referred to
this definition of the response in Chapter 1, and we now term it the indicator-label

definition. That is, we define the vector

U(si) = [wo<ay fo<wsn<oa} > Log_o<wis<ox_1}» Lox_r<wisl- (3.13)

For example, if the value at location s; falls into the second category of four, then
under the integer-label framework y(s;) = 2, and under the indicator-label framework

u(s;) = (0,1,0,0). The correlation between U(s;) and U(s;) is a K x K matrix
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rather than the single value obtained for the correlation between Y (s;) and Y'(s;),
thus making it more difficult to investigate how the correlation changes for differing
values of the regression parameters, covariates, distance, and spatial parameters. As
we expect, the analytical form of the correlation is very similar under both definitions.

We let U;[k| refer to the kth element of the vector Uf(s;) = U;. For the Clipped
Gaussian model with ¢? = 1, Corr(U;[k], U;[l]) is equal to

JiB g [0 g, wys H)i)dwidw; — [g(k, D900, )

B0 [ (e ) T 5] (314
where
g(k,4) = (6 — 3:8) — B(Br — x:8). (3.15)
For a constant mean, the expression simplifies to
o oo g (wi, wy; H(2)i)dwidw; — [m(k)m(l
Corr(Gifi, Uil = =25 07[7_52;((1 = m(k))ﬁ(;)(l = m(l»[] =
where
m(k) = ®(0 — fo) — DOt — fo). (3.17)

We present the above definitions and formulas as a starting point for further
investigation into the correlation structure when integer labels for the categories
may not be appropriate. For example, it may be that the “distance” between the
integer labels k = 1 and &k = 2 is considered very different from the “distance”
between k = 2 and k = 3, such that the integer labels themselves should not enter

the calculations.

3.2 Parameter Identifiability

In this dissertation, we stress that our priority lies in predicting the categorical
values at unobserved locations. However, investigation of the estimation of the pa-

rameters (or the posterior distributions) for simulated data provides needed insight
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into the effectiveness of the model and the methods used to fit the models. Therefore,
we devote this section to a discussion of potential challenges in fitting our models
due to issues of nonidentifiability surrounding several of the parameters. Difficul-
ties in the estimation of spatial covariance parameters for spatial models have been
previously documented by several authors (Irvine et al., 2007; Xie and Carlin, 2006;
Schmidt et al., 2007; Zimmerman, 2006; Lark, 2000; Zimmerman and Zimmerman,
1991). A possible reason for such estimation problems is lack of identifiability of the
parameters.

We now provide a brief introduction to the concept of identifiability in the con-
text of hierarchical Bayesian models. Our discussion closely follows that given by
Xie and Carlin (2006). Identifiability is typically referred to as a property of the
likelihood function, and is thus the same concept for frequentist and Bayesian in-
ference. We term a parameter unidentifiable if the same likelihood results from two
different values of the parameter. In the situation of likelihood unidentifiability, the
data do not contain information needed to estimate the unidentifiable parameter.
To solve this problem in the context of classical frequentist inference, constraints
are added to the model in order to make the parameter identifiable. For Bayesian
inference, however, an additional solution lies in the specification of the prior distri-
bution to incorporate more information regarding the parameter. The use of prior
distributions to help solve issues of nonidentifiability warrants caution. In this situ-
ation, a comparison of the resulting posterior distribution to the prior distribution
should clearly be performed. Obviously, if the two distributions are identical, then
even though the parameter was technically identifiable after specification of the prior
distribution, the data contributed no information to the posterior distribution (and
thus no information to estimate the pararﬁeter).

To investigate the issue of identifiability, the concepts of Bayesian learning and

Bayesian identifiability have been developed, and are explored in detail by Poirier
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(1998). Bayesian learning refers to differences between the posterior distribution of
a parameter and its prior distribution, giving a measure of the extent to which the
data inform the posterior distribution beyond the information included in the prior
distribution. To illustrate this concept, assume that 7; is a parameter of interest
and y denotes the observed data. If f(m]y) = f(m), then no Bayesian learning took
place.

Bayesian identifiability is based on conditional uninformativity of the data rather
than marginal uninformativity used to define Bayesian learning. If 7 is another
parameter of interest, then conditional uniformativity is defined by the situation in
which f(m|ne,y) = f(m|ne). Traditional nonidentifiability of a parameter implies
that the data are conditionally uninformative about the parameter of interest, but
conditional uninformativity does not imply the absence of Bayesian learning (Poirier,
1998). That is, since f(mi|ne,y) = f(m|n2) does not imply f(ml|y) = f(m), the
issue of nonidentifiability in Bayesian models is often complicated by the conditional
relationships among parameters. Thus, Bayesian learning can still occur even if a
parameter is unidentifiable.

To help investigate these issues, Xie and Carlin (2006) propose measures based
on differences in precision and Kullback-Leibler divergence and demonstrate their use
for familiar Gaussian linear hierarchical models. The measures assess both what can
be learned about a parameter given a finite amount of observed data and also what
could theoretically be learned in the presence of an infinite amount of data. They
suggest for future work that the measures could be useful in more complicated models
such as those for non-Gaussian data characterized by one-parameter exponential
family distributions.

In this section, we briefly explore the potentially nonidentifiable parameters in
the most general specifications of the Double Latent and Clipped Gaussian models.

As is typically the case for hierarchical models, these focus on the variance parameters
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(Gelfand et al., 2000; Xie and Carlin, 2006). The identifiability issues arise from
sources common to Gaussian hierarchical models in general and also due to the use
of categorical data via the concept of clipping a continuous distribution. The Double
Latent model is the subject of greater discussion due to the additional variance

parameter that is naturally defined in its specification.
3.2.1 Identifiability of the variance parameters

For the Double Latent Model, the latent linear model component is defined as
Z(si) = x(s:)B + W (si) + €(s1). (3.18)

Recall that we specify the distribution of e(s;) as standard Gaussian, N(0,1), to
obtain the probit link function. A more general, and perhaps attractive, specification
defines the variance of €(s;) as 72 and leaves this parameter to be estimated. The
parameter describes the variability in the latent continuous variable, given the spatial
process, and as previously described, can be thought of as playing the role of a
nugget term in classical geostatistics. However, there are identifiability problems
with estimating this parameter from categorical data.

Lawrence et al. (2006) address this problem for the non-spatial case where the
only variance component to estimate is 72, pointing out that the observed categor-
ical data are invariant “up to monotone transformations of the underlying latent
distribution” Lawrence et al. (2006). This implies that the variance of the underly-
ing continuous random variable cannot be estimated from the information contained
in the categorical response. To further explore the non-spatial model, assume that
Z ~ N(x8,72I) and that we are attempting to estimate 72. We can form new re-
gression coefficients, 3 = 78 and new cut-point parameters, 8, = 70} that result
in the same observed probabilities for any value of 7. That is, 7 will always cancel

out of the equation for the probability, leading to Pr(Y < k) = ®(0, — x3) for every
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value of 72. The spatial model described in Section 2.3 behaves similarly. Thus, for
the model to be identifiable, we must fix 72.

For spatial models in general, non-identifiability issues surrounding 72 are larger
than the problem specific to ordered categorical data described in the previous para-
graph. Recall that the spatial component of the model, W, is defined through a
Gaussian process with variance-covariance matrix X(v) = o2H(t), where o2 is a
common variance. Thus, there are two variance parameters to estimate if 72 is left
to vary. Spatial models specified by the form (3.18), such as the Double Latent
model with €(s;) ~ N(0,7°), cannot fully separate the common spatial variance, o2,
from the nugget, or white noise, variance, 72 (Gelfand et al., 2000). This is not
the result of clipping a continuous variable to model ordered categorical data, but is
also the case in general for models of the form (3.18) for continuous data. Gelfand
et al. (2000) and De Oliveira (1997, 2000) provide the algebraic details to show the
non-identifiability of both 72 and o2, which is straight forward for the binary case.
Not surprisingly, the non-identifiability often manifests in estimates that are very
sensitive to prior specification (Gelfand et al., 2000). Thus, Gelfand et al. (2000)
also set 72 = 1, giving what they term a neutral specification, meaning that it is
actually the ratio, 02/72, that is estimated. This is equivalent to working with the
“renormalized variogram.”

While fixing 72 helps solve non-identifiability issues for models for continuous
data, it does not eliminate the problem in the context of models for ordered cate-
gorical data. The additional issue for ordered categorical data lies in the amount
of information available for estimating o2, and applies to both the Double Latent
model and the Clipped Gaussian model. It is no surprise that categorizing a contin-
uous distribution results in loss of information for estimating this parameter. This
loss of information can make it impossible to estimate parameters of the continuous

distribution using the categorical data. For the binary case of the Clipped Gaussian
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model, De Oliveira (1997) boldly notes that the “binary data contain no information
about ¢2.” For example, if we think about clipping a Gaussian distribution at one
fixed cut-point value to create a binary variable, it is clear that very different vari-
ances for the continuous distribution result in the same binary random field; it is the
location parameter of the process that changes the binary random field, rather than
the variance. In fact, infinitely many values of 02 can produce the same binary data.
Thus, De Oliveira (2000) advises against attempting to estimate o2, instead setting
the parameter to a fixed value. This problem does not disappear when dealing with
multi-categorical data. As the number of categories increases, the information in the
data for estimating o2 should increase, but it is not yet clear at what point there
may exist adequate information to estimate this variance parameter. This deserves
further investigation, but is beyond the scope of this dissertation. We suspect that
data consisting of only three or four categories still lack adequate information to
estimate the common spatial variance parameter.

Therefore, based on the reasons discussed in this section, we choose to fix both
72 and o2. We follow the common convention of setting 72 = 1 to specify a probit-
like model. As part of our simulation study, we investigate the effect of fixing o2 at
a value different from the true data-generating value. We create artificial data with
4 categories using oZ,, = 1 and oZ,, = 3 and fit the models using 0%, = 1 and
O'%im = 2. The results are reported in Section 5.2.2.4 and in general reveal that the

fixed value has little effect on the predictions or the estimates.
3.2.2 Identifiability of the correlation parameters

De Oliveira (1997, 2000) describes near non-identifiability problems that can
arise when estimating the smoothness (or roughness) parameter of the underlying
correlation function using binary data. He points out that after clipping the underly-

ing random field, the binary data contain no information about the parameter, even
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if we could observe the complete binary realization rather than merely the values of
the realization at a finite number of locations. Once again, this problem also exists
for categorical data, though to a lesser degree. This is similar to the problem of
estimating the spatial variance parameter described in the previous section, Section
3.2.1, in that we are trying to estimate a parameter that describes the underlying
continuous distribution from categorical data. For this reason, we restrict the set of
correlation functions of interest to those defined by only one scale parameter con-
trolling the range of spatial correlation. We investigate use of the Matérn correlation
function, but fix the value of the smoothness parameter, x, and estimate the remain-
ing parameter, ¢. For the simulation study and the real data application, we set
x = 0.5, a specification equivalent to the exponential correlation function. For his
examples, De Oliveira (1997, 2000) used the correlation function, H(¢) = ¢¢, where
d is Euclidean distance.

De Oliveira (2000) notes that the Clipped Gaussian model for binary data will
perform better in terms of prediction for smooth realizations of binary random fields
than rough realizations. One realization can be pictured as a three-dimensional
surface, such as a relief map. A smooth surface is characterized by gently rolling
hills, whereas a rough surface is characterized by jagged peaks and valleys. In the
context of clipping the random field to create a categorical random field, a rougher
continuous random field generally results in a more patchy categorical random field.
Thus, the terms smooth and less-patchy go together, as well as rough and patchy.

The Gaussian process is inherently smooth due to the unimodal property of the
Gaussian distribution. At one extreme, we can envision a very smooth categorical
random field characterized by K separate patches of color, one patch for each cat-
egory. On the other extreme, we envision a very rough random field in which the
K colors are interspersed over the entire region in many different patches. When

used as a modeling tool, the Gaussian process may result in the prediction of smooth
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binary or categorical random fields. Thus, it is possible that a method based on a
latent Gaussian process may have better predictive ability if the data are best repre-
sented as coming from a smooth (less patchy) random field. In the simulation study
of Chapter 5, we seek to cover a range of patchiness in the random fields to assess
this idea that the methods may result in improved prediction for data from smoother
fields. However, because the correlation in the categorical random field does not only
depend on the smoothness parameter of the correlation function, but also the other
parameters in the model, this is more difficult. This problem was investigated earlier
in this chapter in Section 3.1. Examples of categorical random fields with different
degrees of smoothness (or patchiness) generated from our models are shown in Figure
3.5. The upper plots represent smoother (less patchy) realizations than the bottom

two plots.

3.2.3 Identifiability of the cut-point parameters and regression coeffi-
cients

As previously noted in Section 2.3, it is not possible to estimate all K — 1
cut-points, 81, 6s,...,0x_1, in addition to an intercept parameter in the vector of re-
gression coefficients, 8. Therefore, it has become common convention to set §; = 0,
as we follow this convention. This allows for estimation of the remaining K — 2
cut-point parameters along with the intercept parameter, f;. An alternative param-
eterization allows K — 1 cut-point parameters to vary, excluding the intercept term.
These parameterizations are equivalent models and should result in equivalent model
fits and predictions. For example, if we denote the parameters for the no-intercept
model with a star, we can write ] = -Gy and 6 =0, — Fyfor k=2,... , K - 1.

However, when the models are fit using the MCMC algorithm, there is a differ-
ence in how the parameters are estimated. The intercept parameter is estimated as
a regression parameter, and thus included in the vector 3. It is updated with the

Gibbs step for the regression parameters from a multivariate Gaussian distribution.
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Figure 3.5: Examples of varying degrees of patchiness (or smoothness) in the cate-
gorical random fields created by the proposed models.
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When the intercept is removed, its equivalent parameter, 6, is estimated using a
Metropolis-Hastings (M-H) step to sample from the complete conditional of the vec-
tor of cut-point parameters. The distribution is not multivariate Gaussian. It seems
reasonable that these two different parameterizations, while equivalent models, could
result in differences in convergence. They should, however, not change the estimates

or predictions appreciably, though we do not specifically investigate this.

3.3 Prior specification

Until this point, we have largely glossed over our choice and specification of prior
distributions for the parameters of our models. Qur general strategy for choosing
and specifying these distributions is to find proper, yet relatively non-informative,
distributions. In relation to the previous discussion of nonidentifiability and infor-
mativeness of the data, we seek to specify a prior distribution that spreads its density
over a reasonable (practical) range of values while letting the data do most of the
informing of the posterior distribution. In the terminology of Section 3.2, we desire
priors resulting in an adequate degree of Bayesian learning, that is, a posterior dis-
tribution that differs substantially from the prior distribution due to the information
contained in the data regarding the parameters of interest. We also want to ensure a
proper posterior distribution. We steer away from using prior specification to solve
problems of indentifiability, as is clear by our decision to fix 72 and o2, as described
in Section 3.2.1. We must, however, still define prior distributions for the scale pa-
rameter, ¢, of the spatial correlation function; the regression parameters, 3; and for

the cut-point parameters, 6.
3.3.1 Prior for the spatial scale parameter

To specify the prior distribution for the scale parameter of the exponential corre-
lation function used in the simulation study described in Chapter 5 and for the data

application in Chapter 6, we follow the common convention of choosing a gamma
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prior distribution. To specify the parameters of the gamma distribution, we follow a
strategy described in Banerjee et al. (2004) and Schmidt et al. (2007). The strategy
uses the concept of an effective (or practical) range previously described in Section
1.4.2, defined as the intersite distance at which the correlation decreases to 0.05. We
denote this effective range as dp, and for the exponential correlation function it is
calculated approximately as dy = 3/¢. Specification of the prior mean relies on the
assumption that the effective range falls at approximately half the maximum inter-
site distance (dmqz). Note that an approximate value for d,, is available as soon
as the study area is defined. This assumption results in a reasonable a priori guess
at the value of the parameter, @prior = 6/dmaz, that can be used as the prior mean
for the gamma distribution. It is then suggested that the variance of the gamma
distribution be fixed at some large value. Since both the mean and variance of the
gamma distribution are functions of the same two parameters, these parameters can
be solved for after the mean and variance are both specified.

In our investigation of this prior distribution, we found that setting the variance
to “some large value” is much too general of statement as small differences in the
value can lead to very different shapes of the distribution and it is definitely not the
case that a larger variance generally leads to a more appropriate or realistic prior
distribution. This was also noticed by Schmidt et al. (2007). In fact, we found
relatively large variances that led to very obviously inappropriate prior distributions
when visually examined. Thus, to choose the value for the variance, we plotted the
resulting gamma distribution for a variety of variances, ultimately choosing one value
that places most of the probability density over feasible and practical values of ¢.
This range of feasible values is largely determined based on our knowledge of the
inter-site distances and the assumption that some degree of spatial correlation does
exist. In Section 6.2.1 we provide a description of how this strategy is used to specify

the parameters of the gamma distribution for our application to real data.
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Another method of specifying the prior distribution for ¢ in the context of
a continuous response is suggested by Berger et al. (2001). Berger et al. (2001)
investigate “objective” prior distributions for the unknown mean and covariance
parameters in spatial models using Gaussian random fields. Their reference prior
strategy relies on use of the shape of the likelihood function and Fisher information
to specify the distribution. The reference prior method has been shown to perform
well in simulations and would thus be a logical alternative to explore (Schmidt et al.,

2007).
3.3.2 Prior for the regression parameters

Recall from Chapter 2 that we specify a conjugate Gaussian prior distribution
for the regression parameters. In the case of a single covariate, p = 2, the distribution

is specified as

B ~ MV Ny(bo, Bo). (3.19)

Thus, our task is to specify a vector for bg and a matrix for Bg. We investigated the
effect of many different specifications on the convergence of the parameters which
eventually led to the common specification of by = 0 and By = A°I where A\? is
set at a relatively large value to specify a vague prior. We noticed little difference
in the results or convergence of the algorithm for values of A2 > 20 and thus chose
to use 20 as the value. Interestingly, we came to this conclusion independent of
the findings of De Oliveira (1997) that suggest use of this same value for A? for the
binary data problem. The results were very insensitive to the values of by when they
were specified within the range of —10 to 10, and thus we chose the convenient zero

vector.

3.3.3 Prior for the cut-point parameters
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In Chapter 2, we describe the de-constraint transformation applied to the cut-

point parameters. Recall that the transformation is

az = log(6)

o = log(ek — (9k_1) for k= 3, e ,K, (320)
with an inverse transformation of
k
O, = Zexp(ai). (3.21)
i=1

We denote the inverse transformation as g(a) in later calculations. Following Al-
bert and Chib (1993), and as given in Chapter 2, one of the advantages of this de-
constraint reparameterization is that it allows use of a multivariate Gaussian prior

distribution,

o~ MVNK_Q(aQ,Ao). (322)

To specify the values of the elements in ag and Ay, we investigate how this distribu-
tion translates into the prior on the parameter space of the original, untransformed
cut-point parameters. This does not appear to have been previously investigated
by others. Our simulation study and data application both involve data with 4-
categories and thus we use this case for our investigation.

The Jacobian matrix for the transformation in (3.20) for the 4-category case is

5 log(62) a5 log(6s) 1 0
J= = ( ) X ) (3.23)
a5 log(63 — 63) 5 log(6s — 65) 05-6; 6303
The absolute value of the determinant of the Jacobian is
1 1 1
= = 3.24
50— 02)| ~ 0al65—05) (3:24)
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since 0 < 65 < 63. The probability density function for the prior in the original 6
space is then given by

fo = Gyl

— 1 e,
- (92(93 - 02) 27T|A0]

o { 5 ((670) - ullaal 70) - o) | 229

where g7'(0) = (log(02), log(03 — 6))" and ag = (ao1, do2)-

To provide more insight into the effect of specification of the prior distribution
for o on the resulting prior distribution for the original cut-point parameters, 8,
we conduct a graphical investigation by plotting the prior distribution for 6 for
varying hyperparameters, ag and Ag. We actually specify the elements of ag by first
specifying the values Oprior = (02,prior; 93 prior) and then transforming 6,0 to give
ag. Several plots of the priors in @ space are shown in Figure 3.6.

The graphical investigation reveals that a diagonal specification of Ay with
variance 0.5 or 1 results in reasonable prior estimates for 8. For larger diagonal
elements, the mass is moved toward the origin (see lower left plot of Figure 3.6). This
collection of mass near the origin gives a large amount of prior density to small values
of 6, and 63, a fact that leads us to conclude that large values for the diagonal of the
variance-covariance matrix should not be used as they do not spread the density over
a large enough range of reasonable values. In other words, it may be too informative
toward small values of the cut-points, possibly leading to underestimation of the
parameters. Recall that the cut-point parameters are constrained to be greater than
0 because 6; = 0. Smaller values of the diagonal elements of A, lead to accumulation
of the mass further from the origin, with values between 0.5 and 1 giving the most
reasonable shapes for a non-informative prior. Specifying non-zero values for the off-
diagonal elements of Ag resulted in very little difference in the posterior estimates,

but did slow convergence of the algorithm for some values. We conclude that values
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of zero for the covariances lead to as or more reasonable results than other values,
and thus after much investigation we set Ao = I for both the simulation study in
Chapter 5 and the data application in Chapter 6.

As previously mentioned, we choose to specify the prior mean, ag, through
specification of 6, to provide a more straightforward way of choosing the values.
As we expect, the greater the distance between the two prior cut-points, 05 prior
and 63 pi0r, the more the prior distribution for cut-points is spread out away from
the 6; = 05 line, as seen in the upper right plot of Figure 3.6. We conclude that
a relatively non-informative prior can be obtained by setting the prior cut-points,
82 prior and 03 prior, farther apart than we expect the “true” cut-points to be. It may
be difficult to assess this for a new problem, but based on the expected number
of observations per category and our assumptions regarding the distribution and
variance of the continuous latent variable, it is possible to hazard a good guess.

There is another technique that can be useful in specifying the mean of the
prior distribution for the cut-points, along with the intercept regression parameter.
The idea is suggested by De Oliveira (1997, 2000) for the regression parameters
in the binary data problem, and can be extended for use with the cut-points in a
multi-category problem. The strategy relies on prior guesses of the probabilities of
sites belonging to the K categories. This is particularly useful when some prior
information regarding these probabilities can be elicited. Again, we specify ag by
first choosing reasonable values for the cut-point parameters and then transforming
those values to the a space.

We first describe the strategy for the constant mean case. Denote Pr(Y; = k)
as pg, and let p; be the a priori guess at p; based on expert or scientific information
about the problem. Then, we can use the specification of the model in terms of
cumulative probabilities to easily solve for the intercept parameter and the cut-points.

In this example, we assume use of the standard Gaussian cdf in the model definition,
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Figure 3.6: Examples of the prior distribution of the original cut-points parameters,
0, induced by the prior specified for the transformed cut-points, «, using the hyper-
parameters ap and Ag. Plots are shown for 8,.0r = (2,4), Ag"‘g = 0.5 (upper left),
Oprior = (2,8), A2 — 0.5 (upper right), Oprior = (2,4), AL = 3 (lower left), and
Oprior = (2,4), AT = 0.1 (lower right).
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but the results can be easily modified for different link functions or relationships
between the linear predictor term and the cumulative probabilities. Also recall that

61 = 0. We begin by setting

k
Pr(Y <k) = Z o (3.26)
— (6. - o), (3.27)

giving us K — 1 equations and K — 1 unknowns. Solving the equations gives

Bo = =27 (p}) (3.28)
6o = @ '(pi+ps)— 27 (p}) (3.29)
03 = ®7'(p}+ps+p3) — 2 (p}), (3.30)

from which the values can be used to specify the means of the prior distribution.

Incorporation of one or more covariates adds at least one additional regression
parameter, thus making it impossible to solve the set of equations. However, it may
be useful to simply use the values obtained from the constant mean case, assuming
that the value of x;8 is a relatively small value. This may not be a bad assumption
when using a standardized covariate that varies around zero with unit variance. And,
the goal is not to estimate the parameters, only to provide a prior distribution in
the correct ballpark that will then be informed by the data. We seek to provide a
strategy for specifying the prior that is not dependent on the data, and ignoring the
covariate values obviously helps accomplish this goal. We suggest using the constant
mean specification to investigate the values obtained for the cut-points, 8, but setting
bp = 0. A graphical analysis regarding the cut-point priors, as described earlier in
this section, is also suggested and may possibly lead to the use of values that are
farther apart than those obtained with the strategy described in this paragraph.

As an example, suppose that for a four category case we a priori p; = 0.20,p; =

0.60,p3 = 0.15, and p} = 0.05 represent a priori guesses at the probabilities in a
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constant mean model with §; = 0. Then, we set by = —®7(p}) = —27(0.20) =
0.84, and subsequently use 8, = ®~1(0.8) +0.84 = 1.68, and 63 = 71(0.95) 4+ 0.84 =
2.49. The magnitudes of these values lead to an important point. The preceding
calculations are based on the standard Gaussian distribution, meaning that if the
values of the probabilities are not extremely small (near 0) or extremely large (near
1), the values for by and € will fall nicely between 0 and 3. Thus, we can set a

relatively non-informative prior covering this reasonable range of values.

3.4 Assessing model fit and MCMC convergence

In this section, we very briefly cover a possible strategy for assessing model fit,
at least for the Double Latent model, and also methods used to evaluate convergence

of the MCMC algorithm.
3.4.1 Assessing fit via latent residuals

Albert and Chib (1993, 1995, 1997) suggest the use of latent residuals to assess
fit of their non-spatial latent variable models to ordered categorical data. The model
of interest is the usual

Zi - 9k - Xiﬂ + €;. (331)
Albert and Chib define the latent residual as
Ty = Z; — X3, (3.32)

where Z; is the value of the latent variable associated with location ¢. The latent
residual has a standard normal distribution, leading to a truncated normal posterior

distribution with density given by

f(rilyaﬁ: 0) x ¢(n)l{‘9(yi—1)"xi,8 << 9y,-~xiﬂ}7 (333)

where ¢(-) is the pdf of the standard normal distribution and y; is the observed

response value. The posterior density in (3.33) can be approximated by plugging
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in the posterior means for 8 and 8. Conflict between the fitted value of x;8 and
the appropriate interval defined by the cut-points parameters, (8y,_1,6,,), causes
the posterior distribution of the latent residuals to differ from the standard normal
distribution.

Albert and Chib (1995) use the latent residuals to detect possible outlying obser-
vations that are not fit well by the model. For example, they use the tail probability
associated with the standard normal distribution for some constant, g, Pr(|r;| > gly),
to construct a probability plot. This involves plotting the posterior means of the or-
dered values of the n latent residuals against the expected order statistics from a
sample of size n from the standard normal distribution. Residuals that do not fall
on or near the line may be flagged as extreme and may indicate poor fit of the model
to the associated observations.

An extension of this residual approach can be developed for the Double Latent

model by defining a conditional latent residual as
riWVi =Z; - X8 - W, (3-34)

where the r;|W; are independent standard normal random variables, leading again

to a truncated normal posterior density,

f(n-ly,,B, H,W) X ¢(ri)I{«9(yi_1)~—xiﬁ—w1‘ <r < 9yi—Xiﬂ_wi} (335)

We can approximate the posterior distribution in (3.35) by plugging in the posterior
means for 3, w;, and 0. Normal probability plots can again be constructed to detect
possible outlying observations.

The Clipped Gaussian model does not lend itself to an easy extension of this
idea due to the absence of the convenient conditional independence that we find in

the Double Latent model, but the idea is worth pursuing in future work.
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3.4.2 Posterior predictive checks

Another way to investigate whether the model is consistent with the data is
implementation of posterior predictive checks (Gelman et al., 2004). The method
compares simulated values from the posterior predictive distribution of replicated
data to the observed data, a check of whether the data are consistent with the
posterior predictive density. Replicated data values differ from predicted data values
for spatial data in that the replicates are values for locations identical to those of
the observed data, and predictions are values for new locations. Replicate data are
considered data we might see tomorrow under the same model and parameter values.

Gelman et al. (2004) describe the use of “Bayesian p-values” to measure the
statistical significance of lack of fit using posterior simulations of (n,y"®), where n
is the vector of all unknown parameters and y"® is a replicate response value from
the posterior predictive distribution. Tail-area probabilities of a test quantity of
interest can be used to obtain a Bayesian p-value, defined as the probability that the

replicated data are more extreme than the observed data, given by

Pr(T(y™,m) > T(y,n)), (3.36)

where T'(-) is a function defining a quantity of interest. Practically, the first step
in implementing a posterior predictive check is defining the test quantity, T(Y, n),
to capture aspects of the data and model that we wish to check. Replicated data
are obtained by drawing one y™" from the posterior predictive distribution for each
draw of the other unknown parameters, n®. The test quantity is calculated at each
iteration for both the observed data and the replicated data, and then the values
are compared. The estimated p-value is simply the proportion of the T' draws for
which the test quantity for the replicated data is as or more extreme than that of

the observed data (Gelman et al., 2004).
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A wuseful test quantity for categorical data is the percentage of observations

falling into each category,

1 n
Ti(y,m) = = Ty=iy- (3.37)
i=1

We devote Chapter 4 to describing the methods used for prediction and the
measures used to assess predictive ability of the models using a hold-out data set.

Thus, we do not discuss prediction in this section.
3.4.3 Monitoring and assessing convergence

To assess and compare convergence of the different MCMC algorithms, we sug-
gest using the methods described in Cowles and Carlin (1996) and Gelman et al.
(2004). The key aspect of such methods is the use of multiple runs of the chain
from dispersed starting values. For a cursory investigation, it is very informative to
examine both the sample path plots of the values of the chain for each parameter
and the lag 1 autocorrelation coefficients for each chain. For those parameters up-
dated via the Metropolis-Hastings algorithm, we also place emphasis on examining
the proportion of accepted candidate values, using the range of 0.4 to 0.5 as a target
range for these proportions (Givens and Hoeting, 2006).

A more quantitative diagnostic is the potential scale reduction (PSR) (Gelman
et al., 2004). The PSR is an estimate of the factor by which the scale of the current
distribution of a parameter might be reduced if the chain were run indefinitely long.
PSR values close to 1 indicate that each run of the chain produced values close to
the target distribution, and thus leads to the conclusion that convergence has been

obtained. See Cowles and Carlin (1996) for a thorough review and investigation of

other MCMC convergence diagnostics.
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3.5 Conclusions

This chapter presented an investigation of the correlation structure in the cat-
egorical random fields created under the assumptions of the proposed models. Ad-
ditionally, it addresses the practical subjects of identifiability and prior specification
for Bayesian inference. We also discussed assessment of model fit and MCMC conver-
gence. In the following chapter, we turn to the details of formulating the prediction
of the response at new locations as a decision problem, along with definition of the
measures we choose to assess predictive ability. As previously stated, the primary
goal of applying these models is prediction at new locations. Thus, we devote Chap-
ter 4 to the development and description of the details of spatial prediction using

the Double Latent and Clipped Gaussian models.
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Chapter 4

PREDICTION AT NEW LOCATIONS

4.1 Prediction as a decision problem

A primary goal of our models, and of spatial models in general, is predic-
tion at new locations. Thus, we evaluate the ability of our models to predict
the categorical response at new, unobserved locations, focusing on the observ-
able quantities of interest rather than on the estimation of unobservable parame-
ters. We denote the vector of categorical response values at m new locations as
Yo = (Y(s01),Y(s02),.--,Y(som)) = (Yo1,Yos,...,Yom). We similarly denote the
latent variables for these new locations as Wy and Zg. Predictions at the new lo-
cations are made using the Bayesian posterior predictive distribution, f(yoly), and
are denoted by Y,. Our goal is to minimize the error in the categorical predictions
over the region of interest. This prediction problem can be placed in the context of
a decision problem (De Oliveira, 1997, 2000; Berger, 1985), where the definition of a
loss function can change to suit the problem of interest. Prediction is based on the
Bayesian expected loss, defined as the expected value of the loss function given the
data. The optimal Bayes predictor is found by minimizing the Bayesian expected

loss.
4.1.1 Loss functions and Bayesian expected loss

We restrict our attention to a multi-category extension of an additive binary loss

function employed by De Oliveira (1997, 2000). For binary data, De Oliveira (1997,
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2000) assign zero loss to correct predictions. He measures the loss of predicting Yo
with Y, by

L(YO)?O) = L(}/OJ)%])

M

1

A
Il

m

Z ,:doj{f/oj=1,y()j=0} + dl'[{%j=0y}’0j=1}:l ’ (41)

J=l1

SR

where I¢4y is an indicator of the occurrence of event A, and dy and d, are fixed
values quantifying the amount of loss associated with predicting a 1 when the true
value is 0, and a 0 when the true value is 1, respectively. This definition allows the
magnitude of the loss to change for different errors.

We extend this loss function for the multi-category case in a straightforward
manner. The additive loss function is

L(Yo, Y0) = Z L(YOj, %j)

=1

m K
- _771_12 szk‘I{YOFk»Y’OFI} ’ (4.2)

i=1 Lk=1 Ik
where di; > 0 for all k£ and I. The dy are termed loss coefficients and, as for the

binary case, they serve to quantify the amount of loss incurred when predicting a
category [ response when the true category is k.

To find the optimal Bayes predictor, we find the predictor the minimizes the
Bayesian expected loss. The Bayesian expected loss is defined as the conditional
expectation of the loss function given the observed data, E[L(Yy, Yo)|y]. For the

loss function defined in (4.2), the Bayesian expected loss (BEL) is given by
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Table 4.1: Bayesian expected loss for a 4-category example. Pr(Yy; = k|y) is denoted
as Pr;(k).

Bayesian Expected Loss
BEL, = d21P7‘J( ) + d31PrJ(3) + d41P7"J(4)
BEL, = deTJ( ) + d32P7"]( ) + d42P'f'J(4)
BEL; = d13P’r‘j( ) + d23P7"](2) + d43P’l“J(4)
BEL4 = de'I’j( ) + d24PT'J( ) + d34P?"J(3)

w5

Equation (4.3) can be further simplified to

Z Pr{Yo; = kly] {delf{yoj_z} H (4.4)

Ik

1m
E|IL(Y Y —
[( 0, 0 m;

In (4.4), each location, indexed by j, contributes a non-negative term to the overall
sum. Thus, to find the predictor that minimizes the entire expression, the expression
can be minimized for each j. Table 4.1 displays the possible expressions for the
BEL depending on the predicted value, for one location and a 4-category example.
Note that the BEL relies on the predicted value and not on the true value and is
thus calculable for any new location without the use of a hold-out data set or cross
validation. The resulting optimal Bayes predictor clearly depends on the specified
values of the loss coefficients. If di; = 1 for all k and [, the loss function defined in

(4.2) simplifies to the mis-prediction, or mis-classification, rate and is given by

17
L(YO’YO = Z {Yo;#Yo;}* (45)

T m
Referring again to Table 4.1, minimizing the Bayesian expected loss for

the 4-category case leads to a prediction rule specifying that f’oj = k if
min(BELy, BELs,...,BELg) = BFELy. Setting all djz = 1, the optimal Bayes

predictor for a single new location reduces to Yp; = k if

max {Pr(Yy; = lly), Pr(Yo; = 2|y), ..., Pr(Yo; = Kly)} = Pr(Yo; = kly). (4.6)
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Table 4.2: Bayesian expected loss for 4-categories and loss coefficients of dy, = |k —1|.
Pr(Yy; = k|y) is denoted as Pr;(k).

Yo Bayesian Expected Loss
1 BEL, =1Pr;(2) +2Pr;(3) + 3Pr;(4)
2 BELy; =1Pr;(1) + 1Pr;(3) + 2Pr;(4)
3 BEL3=2Pr;(1)+ 1Pr;(2) + 1Pr;(4)
4 BEL, =3Pr;(1)+2Pr;(2) + 1Pr;(3)
This is more concisely stated as
Yo, = argmax,_y . (Pr(Yo; = kly)}. (4.7)

Another natural loss function might take into account some measure of distance
between the predicted value and true value, so that greater loss is incurred for pre-
dictions that are farther from the truth. For example, we could assign a loss function
coefficient of dy; = |k — I| when the labels are integer values. This coefficient de-
scribes the number of categories that the prediction falls from the true value. Table
4.2 provides the Bayesian expected loss expressions for this loss function for one lo-
cation and four categories. The prediction rule is still defined by predicting f’oj =k
if min(BEL,,BEL,,...,BELg) = BEL,. We do not apply this loss function in

this dissertation, but consider this logical future work.
4.1.2 The Bayesian posterior predictive distribution

In general, to make predictions using any version of the loss function in (4.2) we
must estimate the conditional probabilities, Pr(Yy; = kly), for each £k = 1,2,... K.
These probability estimates can be obtained as part of our MCMC algorithm, using

the posterior predictive distribution, f(yo|y). As first defined in (1.17) within Section
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1.2, the posterior predictive distribution is given in general as

flyoly) = / f(yo,mly)dn
- / F(yoln, ) f(aly)dn (48)
- / £ (yoln)f(aly)dn, (4.9)

where 7) represents the vector of all unknown parameters. It is clear from (4.9) that
the posterior predictive distribution is an average of predictions given the parame-
ters over the posterior distribution of those parameters (Gelman et al., 2004). The
equality between (4.8) and (4.9) holds by the conditional independence of Y and Yy
given 1.

We first give the details regarding use of the posterior predictive distribution
for the Clipped Gaussian model because they are more straightforward than for the
Double Latent model due to the single latent variable. The details for the Double
Latent model follow analogously, and are subsequently described.

For prediction at m new locations, we again capitalize on the use of the under-
lying latent variable and deterministic relationship between Y and W. That is, even
though we cannot directly sample from the posterior predictive distribution of Yy,
we can sample from the posterior predictive distribution of Wy to get the conditional

probabilities of interest using the equality
P?"(Yoj = kly) = PT(ek_l < Woj < 6k|y) (410)

The Pr(fe—1 < Wy; < Okly) is computed using f(wp|y) and can be estimated using
the MCMC algorithm.

To obtain predictions using Bayesian inference, we augment the set of unknown
parameters with Wy, the unknown latent variable predictions at the new loca-

tions. Thus, when interested in prediction, the desired joint posterior distribution is
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f(wo,w,B,0,v|y), as opposed to f(w,3,0,v|y). From this augmented joint poste-
rior distribution, we can obtain the distribution, f(wpol|y). This posterior predictive
distribution is needed to estimate the conditional probabilities, which are then used
to make the predictions using a rule defined by the loss function.

The posterior predictive distribution is not available in closed form, but can
be sampled from using a MCMC algorithm. As noted in De Oliveira (1997), the
algorithm for sampling from this posterior can be divided into two stages due to the

factorization,

f(W07Wa/8a 077!)’) = f(w0|w,,6,0,’7,y)f(w,,3,0,'7|y) (411)

Thus, we first use the MCMC algorithm described in Section 2.4.1 to ob-
tain T draws (after a burn-in period) from the original posterior distribution,
f(w,3,08,v|y). For each iteration, we obtain a draw from each of the unknown
parameters, (W®, B8® 0® ~®) and then use these values to draw W from
f(wolw®, B® ¢ ~®)) We give the results assuming that we have a covariate
measured at the unobserved locations. The distribution of (Wy|W,3,8,+) is con-

veniently multivariate Gaussian and is specified as
MV Nn(XoB + G, 2 (w - XB), K, - G, Z]'G). (4.12)

Here, G, is the m x n correlation matrix such that G,:; = Hy(sw, s;), describing the
correlations between the new and observed locations. The matrix K., is the m x m
correlation matrix such that K. ;; = H,(so;, So;), describing the correlations between
the new locations. The sequence of draws of Wy is constructed as a sample from
f(woly).

For prediction at m new locations using the Double Latent model, we again
desire summaries of the posterior predictive distribution, f(yo|y), and obtain this

via the deterministic relationship between Yy and the latent variable Zy. That is, we
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use the posterior predictive distribution f(ze|y) to obtain the distribution f(yoly),
ultimately using the equality Pr(Yy; = kly) = Pr(0k-1 < Zo; < bi|y) to obtain the
needed probability estimates. Analogous to that described for the Clipped Gaussian
model, the set of unknown parameters is augmented to include the predicted values
of the both latent variables, Zy and Wy, resulting in the joint posterior distribution
f(zo,Wo,w,2,3,0,v|y). Sampling from this joint posterior is divided into three

stages following its factorization into

f(ZO)W0|Wa zaﬁa 0)77y)f(wa zaﬁa 0)7'3’) =

f(ZolWo,W,Z,,B,e,ﬁ,y)f(W()lW,Z,,B,G,V,Y)f(W,Z,,B,O,")’IY). (413)

We use the MCMC algorithm described in Section 2.3.1 to ob-
tain T draws (after a burn-in period) from the posterior distribution,
f(w,2,8,6,7]y). For each one of these draws, (W® Z® g0 g 4®)
we first draw W(()t) from f(wolw®, 2® B0 91 ~® v) and then Z((,t) from
Flzolw®, w® 28 B® ® ~) v). For the second stage in the factorization, the
distribution of (Wo|W,Z,3,6,~,y) is multivariate Gaussian and differs from that
described for the Clipped Gaussian model only in that it involves a mean zero Gaus-

sian process. The specified distribution is
MV NG 25} (W), Ky — Gy 25 Gly). (4.14)

As for the Clipped Gaussian specification, G- is the m x n correlation matrix such
that G,;; = H~y(s0;,s;) and K~ is the m x m correlation matrix such that K~ ;; =
He~(80i,805)-

For the last stage in the factorization, the distribution of
(Zo|Wo,W,Z,8,0,v,y) is multivariate Gaussian with mean (X8 + W),
and the identity matrix, I, as its variance-covariance matrix. That is, for one

iteration of the chain and one location, s;,

ZOIWP, B0y ~ N(xg;B8® + W, 1). (4.15)
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The sequence of draws of Zg is constructed as a sample from the posterior predictive
distribution, f(zo|y). Calculation of estimates of the probabilities needed to make
the predictions is discussed in detail in Section 4.3, after we provide an introduction

and brief discussion regarding the quantities we use to evaluate predictive ability.

4.2 Evaluation of predictive ability

4.2.1 Bayesian expected loss as a measure of predictive uncertainty

An important aspect of prediction is obtaining measures of prediction uncer-
tainty. Estimated Bayesian expected loss (B/I:ﬁ/) provides a useful measure toward
this end, as described by De Oliveira (1997, 2000) for binary data. In this context,
the term uncertainty refers to the decision to assign a certain value as the predic-
tion, and not to the typical measure of variability in the estimates used to make the
predictions. De Oliveira (2000) refers to the Bayesian expected loss of the optimal
Bayes predictor as a global measure of uncertainty about an estimated map based on
the prediction locations. For the multi-category case, the estimated BEL is obtained
by plugging the estimated probabilities into the expression for BEL given in (4.3).

That is, for one location,

K
BEL = Z Pr(Yy; = kly) lz: dklI{yoﬁl}} . (4.16)
k=1 £k

To understand how this gives an overall measure of the quality of the predictions,
again consider the case where dg; = 1 for all ¥ and [. This simplifies the above

expression in (4.16) to

K
BRI - Z[pr(%j=kly)f{?0j¢k}]
k=1
= > Pr(Yy; = kly). (417
k;ﬂ"o,'
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Thus, for one new location, after predicting Y’OJ- = k*, the estimated BEL is the sum
of the remaining K — 1 conditional probabilities, after excluding that for k*. This
can alternatively be calculated as [1 — ﬁ;‘()/()j = k*|y)|, where ﬁ;‘()/()j = k*|y) is the
maximum of the K estimated probabilities. Therefore, on a local scale, a smaller
maximum estimated probability leads to higher prediction uncertainty for that lo-
cation. In other words, the decision to assign a certain value as the prediction is
considered more uncertain as the total probability is more evenly spread out among
the possible groups. De Oliveira (1997, 2000) obtains a global measure of predic-
tion uncertainty by averaging over the local estimated BEL over all new locations.
De Oliveira (2000) proposes comparing the predictive quality of two maps through
calculation of the mean absolute difference between the corresponding maps of BEL.

For more complex loss functions, the Bayesian expected loss takes into account
both the remaining probability in the unpredicted categories and the penalty defined
by the loss coefficients. The coefficients may increase as distance from the predicted
value increases, meaning that estimated probabilities for categories farther from that
with the maximum estimated probability are given more weight in the calculation
of BEL. The magnitude of BEL cannot be directly compared across different loss
functions. For the second loss function described in Section 4.1.1 with dy = |k — ],

the expression for the Bayesian expected loss for one location is

K
BEL =" Pr(Yo; = kly) [Z o llf{y(,:l}} , (4.18)
k=1 I#k
which can be further simplified to
K ~
BEL =) _ |, — k| Pr(Yo; = kly). (4.19)
k=1

Equation (4.19) clearly shows that the loss coefficients are the absolute values of
the differences between the predicted value, f’oj, and the labels of the K possible
categories. Once again, the estimated BFEL is obtained by plugging in the estimates
of the probabilities into (4.19).
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4.2.2 Measures of mis-prediction

While the estimated Bayesian expected loss is a useful measure and is easily
available for any analysis, it is important that the BEL be used in conjunction
with measures describing the accuracy of predictions, such as mis-prediction rate.
For example, consider the case where the maximum estimated probability is large
relative to the other probabilities, but the associated category is not the true category.
This scenario results in a deceptively small BEL that may not be detected without
other measures of predictive ability that rely on true values, such as use of a hold-
out data set or cross validation. The scenario is obviously bad behavior for a model;
not only is it making wrong predictions, but it is doing so with false confidence.
We alternatively hope that wrong predictions occur along side high local @’s,
meaning that the probability is spread out over multiple categories, reflecting the
uncertainty in the decision being made.

The use of a hold-out data set allows direct assessment of model’s predictive
ability. We use the standard mis-prediction rate (MPR), based on an indicator of

whether the predicted value is equal to the true value,

1 m
MPR = — oo 4.20
R=— J};I{yoj:ym (4.20)
Recall that this is the loss under the our chosen loss function when all dy = 1.

The MPR measures the total number of wrong predictions, but does not provide
information regarding how far the mis-predictions are from the truth. Thus, we also
employ the measure of absolute mis-prediction rate (AMPR) to take this “distance”
into account. The AMPR is defined as
AMPR = iim. — Yo (4.21)
m 2 i — Yoj,

and typically deserves more emphasis in terms of assessing predictive ability. In the

simulation study of Chapter 5 and the application in Chapter 6, we utilize informa-

tion from all three measures, §E74, MPR, and AMPR, to make conclusions regarding
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a model’s predictive ability. We also investigate the ability of the these measures in

selecting the data generating model.

4.3 Calculation of conditional probability estimates

To make predictions, we must estimate the conditional probability that a new
location falls in category k given the observed data, Pr(Ys; = kly), for each
k =1,...,K. The rule defined by minimizing the Bayesian expected loss is then
applied to assign a categorical value, )N/()j, to a particular location, s;. As described
in Section 4.1.2, the deterministic relationship between the categorical Y and the
latent continuous variable W (or Z) allows us to summarize f(yoly) using f(woly)
(or f(zoly)). That is, we get Pr(Yy; = kly) by estimating Pr(fx—1 < Wo; < Oily)
for the Clipped Gaussian model or Pr(fc-; < Zy; < 6i|y) for the Double Latent
model. We propose two methods for estimating these probabilities: the Indicator
method and the Link Function method. The former follows the method described
by De Oliveira (2000) and is based on Monte Carlo integration of the posterior pre-
dictive distribution, and the latter allows summary of the posterior distribution of
the probability estimates. For each method, we first give details for the Clipped

Gaussian model and then extend those results for the Double Latent model.
4.3.1 Indicator method

For the Clipped Gaussian model, the MCMC algorithm results in a sequence
of draws, (W(();), ... ,WSJT)), from the posterior predictive distribution, f(wgly), as
described in Section 4.1.2. Thus, we can obtain an approximation of the probability
Pr(0ix-1 < Wy; < 6kly) by Monte Carlo integration over T iterations of the chain
(Givens and Hoeting, 2006). For the binary case with a single cut-point fixed at
zero, this is accomplished by simply calculating the proportion of iterations such
that the predicted latent variable is greater than zero (De Oliveira, 2000). Analo-

gously, our vector of cut-points is used to calculate the proportion of predicted latent
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variable values in each interval defined by the cut-point parameters via Monte Carlo

integration for multiple categories. The Monte Carlo approximation is given by

T
1
Pr(Yo; = kly) & 7 ) Ly 0 oy (4.22)
t=1

where T is the total number of iterations considered after a burn-in period. Probabil-

ity estimates are obtained directly from this approximation. That is, the probability

for one k at one location is estimated by calculating the proportion of posterior

samples of Wy; falling within the appropriate cut-point interval defined by k. The
®

cut-point intervals are redefined at each iteration by (6;,, 9,(:)). Similarly, for the

Double Latent model we obtain point estimates of the probabilities as

——

T
1
PT(YE)]' = k|y) = ? 21{91(:1132(();)<9,(:)}‘ (4.23)
t=1

The Indicator method results in one k-dimensional vector of probabilities for
each location over one run of the MCMC algorithm. Thus, we obtain a point-estimate
of the probability with no direct method to calculate variability in the estimate using
our MCMC output. That is, we are not able to summarize an approximate posterior
distribution of the probabilities. We consider this a significant shortcoming of the
method, especially given the very desirable property of Bayesian inference: the ability
to easily quantify uncertainty for estimates of any functional of the parameters.

As previously discussed, De Oliveira (1997, 2000) deals with this disadvantage
by focusing on the use of the estimated Bayesian expected loss to capture uncer-
tainty in the predictions. Once again, this should not be confused with capturing
the uncertainty in the estimates of the conditional probabilities used to make those
predictions. He specifically refers to the BEL as a measure of uncertainty of the
map, referring to the uncertainty in the decision used to make the prediction, and
not in the estimates of the conditional probabilities used to make the decision.

Note that the standard errors of the probability estimates obtained with the

Indicator method can be made arbitrarily small by increasing the number of MCMC
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iterations, T'. This can be seen by applying the usual formula for the standard error

of a proportion, SE(p) = \/’3(1—,;’52 (Ramsey and Schafer, 2002).
4.3.2 Link Function method

Our desire to quantify uncertainty in the estimated probabilities leads us to
propose an alternative method termed the Link Function method as a way to obtain a
k-dimensional vector of probabilities for each iteration of the chain. The probabilities
are calculated as a function of the parameters, allowing us to obtain summaries
of the posterior distributions of the probabilities. Point estimates are obtained as
posterior means and uncertainties in the estimates are obtained via posterior intervals
or standard deviations.

The Link Function method takes advantage of the deterministic relationship
defined between the categorical response and the latent continuous variable, along
with the original distributional assumptions of the latent variables that in part de-
fine the two models. As with the Indicator method, we base our inference on the
posterior predictive distributions discussed in Section 4.1.2. However, instead of
applying Monte Carlo integration over the posterior predictive draws, we use the
posterior predictive distribution by calling on our knowledge of the complete condi-
tional distribution of the predicted latent variable, coupled with posterior draws of
the remaining parameters. The method is best described by looking at the details
for both of our models.

For the Clipped Gaussian model, the method is based on the distributional as-
sumptions of the model and the factorization shown in (4.11). For each iteration,
we obtain a posterior sample, (W®, BM 8® ~®) from the original joint posterior
distribution. We then use this posterior sample to obtain the probability that Wy;
falls between two cut-point values by evaluating the cdf of (Wo|W, 3, 0,~,y), which
is conveniently multivariate Gaussian. We perform the calculations using the con-

ditional distribution for one location and obtain point estimates of the probabilities
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as

T
—~ 1
Pr(Yo =kly) = 5 [Pr(6); < Wo < 60y)]

t=1
| T
= ?Z
t=1

where fuw,,;.(w) is the univariate Gaussian complete conditional distribution of

ot )
fv‘vml.(w)dw} , (4.24)

ek-—l

(Wo;|[Wo]-;, W, B,0,~,y). Averaging over the posterior samples from all iterations
effectively integrates out the remaining parameters. To specify this univariate Gaus-
sian distribution, we denote the parameters of the multivariate Gaussian distribution
as

ng)lg = XO,B(t) + G’Y(n 2:yl(c) (W(t) - X'B(t)) (4'25)

and

B0, = Kyw — Gy Z5G

ﬂy(t) (426)

es
where G, is the m X n correlation matrix such that G,;; = H,(sq,s;) and K,
is the m x m correlation matrix such that K,;; = H,(soi,s0;). To specify the
parameters of the univariate Gaussian distribution of (Wy;|[Wol-;,y,), we write
Wo = (W, [Wo]-;)" and partition the covariance matrix, Zw,, into four parts: vg;;
is the variance of Wy;, vq; is the vector of covariances between Wy, and [Wy]_;, and

[Ew,]-; is the variance-covariance matrix of [Wy]_;, giving

!
Swe = ( i V0 ) . 4.27
e (VOJ' [Ewol-; (4.27)

The m X p design matrix with the jth row removed is denoted [Xg]—;. Then the

Gaussian distribution of (Wg;|[Wo)]-;,y, ) has mean
Hwo; = [/‘l‘Wo]j + Vf)j[EWo]-_—gl' ([WO]—j - [XO]—jﬂ) y (4-28)

and variance,

OWo; = Vojj — Vo [EWO]:;VOJ'- (4.29)
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For one iteration and one location, the K probabilities are obtained as

t
o)

Pr(Yo; = kly)® = " fv(xtfzul.(w)dw
k—1

o

t t
= /G‘(t) N(N%/V)Oj’aﬁv)oj)dw

69 — 1) 60— 19
Tk T Hwo | g [ Zhot T Hwe | (4.30)

(t)
g 1(/1/)0J \ Twe;

Point estimates and measures of variability are then obtained by summarizing over
all T iterations. For example, the point estimate given by the posterior mean is
simply

Pr(Yo; = kly) = Z Pr(Yo; = kly)®. (4.31)

t=1
The Link Function method follows the same logic for the Double Latent model,

relying on the posterior predictive distribution of Zg rather than Wy. The probabil-
ities for one iteration and one location are given by,

Pr(Yo; = kly)® = Pr(6®, < Zo; < 69y, W)

o

— {t)
= | Fzo,1y.w(7)dz, (4.32)
k-1
where f o3l w(2) is the univariate Gaussian density of the marginal complete condi-
tional distribution of (Zo;|[Zo]-;, W, B®,0® ~®) y). For each iteration, we obtain
a sample, (Z®, W 8® 90 ) This posterior sample is then used to calculate

the estimates by plugging these parameter values into the multivariate Gaussian

complete conditional distribution of (Zo|WS?, 8%, 09 v® y), specified as
MV Np(XoB9 + WP T). (4.33)

The univariate complete conditional distribution for each Z; is then univariate Gaus-

sian with mean, ,u = X ,B(t) + W( ) and unit variance. This strategy echoes the
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factorization given in (4.13). The probability, Pr(Yo; = k|y)® is then calculated for

each iteration and one location as

e(t)
0

2 (0 - xs8Y - W) - @ (6, - x0B89 - W) . (434)

Summaries, such as posterior means and posterior intervals are calculated over all T’
iterations. For example, as for the Clipped Gaussian model, we obtain K point esti-
mates for each location using the posterior mean and obtain measures of uncertainty
using posterior intervals.

Table 4.3 gives a brief comparison of the estimated probabilities obtained using
the Indicator and Link Function methods for five new (hold-out) locations from one
realization of data generated under the Clipped Gaussian model. The estimated
probabilities are extremely close in magnitude and lead to the same predictions,
with the exception of site 5 where the methods predict different values. Site 5 is near
to observed values from both category 1 and category 2, making it a difficult site
to predict. Different predicted values occurred for only 2 out of 50 total hold-out
locations, with each method predicting correctly for one of the two discrepancies.
Table 4.4 further compares the two methods in terms of the minimum, mean and
maximum MPR, AMPR, and BEL over 30 realizations for the same model and
data. The results of both comparisons are consistent with those obtained using other
models and other sets of simulated data. On average, the Link Function method tends
to produce lower estimated BEL, meaning that in De Oliveira’s terms there is more
certainty in the predictive decision. However, since this often does not coincide with
lower MPR and AMPR, we do not give much weight to this observation. The MPR
and AMPR are generally very close for the two methods, providing no evidence that
one method leads to superior predictions over the other. We find it reassuring that

the two methods produce comparable results in terms of the estimated probabilities

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



126

Table 4.3: Comparison of probability estimates obtained using the Indicator method
(I) and Link Function method (LF) for five sites from one realization of artificial
data. We denote Pr(Y; = kly) as Pri. The maximum probabilities, and hence those
associated with the predicted category, are shown in red for each method and site.
These results are from data created under the Clipped Gaussian model and fit using
the Clipped Gaussian model with ¢%,, = 1.

Site | Method p\’f‘l ﬁ;‘g ﬁ\T;; ﬁ"z}

1 I 0.838 0.140 0.022 0.000
LF 0.822 0.159 0.019 0.000
2 I 0.214 0.469 0.316 0.001
LF 0.213 0.476 0.309 0.002
3 I 0.950 0.048 0.002 0.000
LF 0.955 0.042 0.002 0.000
4 | 0.176 0.543 0.282 0.000
LF 0.177 0.539 0.283 0.001
5 I 0.438 0368 0.193 0.002
LF 0.293 0.384 0.315 0.009

and prediction, giving us confidence in the Link Function method. The disadvantage
of the Link Function method is that it is more computationally demanding because
the function evaluated at each iteration of the MCMC algorithm is more complicated
than the simple indicator function used for the Indicator method. The computational
disadvantage obviously increases with the length of the MCMC chain. However, for
practical use, when the models are fit to only one data set, it should be of little
hindrance.

It is of interest to note that a standard non-Bayesian and non-spatial maximum
likelihood (ML) analysis estimates the probability, Pr(Yy = k|xo;), by plugging the
ML parameter estimates into the original link function. For example, for the probit

model with the inverse standard normal cdf link function,

Pr(Yo; = klxo;) = (6 — x0;8) — (61 — x0;8). (4.35)
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Table 4.4: Comparison of mis-prediction rate (MPR), absolute mis-prediction rate
(AMPR), and the estimated Bayesian expected loss (B/\EL) for the Indicator method
(I) and Link Function method (LF). These are average results over 30 realizations
from artificial data created under the Clipped Gaussian model and fit using the
Clipped Gaussian model with 012% = 1. The minimum values for the two methods
are shown in red for each summary measure of predictive ability.

MPR AMPR BEL
Min Mean Max | Min Mean Max | Min Mean Max

[ 10140 0370 0.5200.160 0465 0.700 | 0.220 0.313 0.458
LF | 0.140 0.373 0.540 | 0.160 0.473 0.720 | 0.216  0.310  0.450

This is similar in spirit to the Link Function method in that it utilizes the underlying
distributional assumption associated with the defined link function to calculate the
probabilities ultimately used for prediction.

In the following chapter, we investigate the predictive ability of the models
using artificial data in a simulation study. We use B/E\L, MPR, and AMPR to make
comparisons between the Double Latent and Clipped Gaussian models, and also
examine the ability of the measures to choose the true, data-generating model. In
the remaining chapters, we always refer to the estimated BEL and thus we simply

denote E‘\E’L as BEL.
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Chapter 5

EVALUATION OF METHODS USING SIMULATION

The use of a new statistical model or method in practice should be preceded by
simulation studies investigating the effectiveness and validity of the tool using arti-
ficial data constructed from known parameter values. Applying the model to many
artificial data sets with known parameter values provides a method to evaluate the
accuracy and precision of the estimates, as well as the predictive ability of the model,
under a wide range of data realizations. A simulation study can give insight into
how model behavior relates to characteristics of a particular data set, as well as help
distinguish data sets that the models can be applied to with confidence from those
that should warrant caution. The simulation results may not glean the underlying
reason for successes and failures, but form an important initial investigation. A sec-
ondary purpose of the simulation study is to foster an understanding of the variety of
realizations that can be expected under the assumption of a given model and set of
parameters. A comparison of these realizations to real (or potentially real) data sets
can help a researcher decide if the model is reasonable for a particular application.

The proposal of models for ordered categorical data and for binary and count
spatial data described in the literature review in Chapter 1 largely excluded simu-
lation studies. For example, the work of Albert and Chib (1993) is applied to real
data sets, but not to data sets with known model origins, and that of Cowles (1996)
is applied to only one artificial data set. De Oliveira (2000) does employ his method
on artificial data for a constant mean model. He creates two realizations of a bi-

nary clipped Gaussian random field and then uses two sampling schemes to sample
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from the fields. However, he does not investigate the performance of his method
over a variety of realizations. The lack of careful assessment of previously proposed
models for ordered categorical data using simulation studies is most likely due to
the computational expense. We hope to initiate more investigation of models for
ordered categorical data and spatial models for non-Gaussian data via artificial data
and simulation. In the course of completing the simulation study described in this
chapter, we fit the models to nearly 150 different data sets.

In this chapter, we undertake a simulation study to evaluate the ability of our
proposed models to predict at new locations and to estimate the true parameters. We
are also interested in the relationship between success at prediction and success at
parameter estimation. An investigation of the Double Latent and Clipped Gaussian
models using simulation could involve an inexhaustible number of permutations of
models and parameter values. Thus, we are forced to choose a reasonable sized subset
of possible combinations that provide insight into the strengths and weaknesses of

the models.

5.1 Creating artificial data

We create data sets under the model assumptions of the Double Latent model
and the Clipped Gaussian model. The details of the models are given in Chapter
2 where the models are defined by (2.2), (2.3), and (2.34); and (2.39) and (2.40),
respectively. For the simulation study, we create data under different values of the
regression coefficient parameters, the cut-point parameters, and the spatial variance.
These are incorporated into four different sets of parameter values, labeled as Scenar-
ios A, B, C, and D. The scenarios are described in detail in Section 5.1.3 and the true
parameter values are given in Table 5.3. Prior to introducing the details of the four
scenarios, in Section 5.1.1 we provide a description of the sampling design used for

all artificial data sets and in Section 5.1.2 a general discussion about specifying the
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degree of spatial correlation in the data. In Section 5.2, we compare the prediction
and estimation results obtained using the different data scenarios within each model
(Section 5.2.1), and then compare the results of the two models within each scenario

(Section 5.2.2).
5.1.1 Sampling design

The models described in this dissertation are formulated for application to point-
referenced spatial data, as opposed to areal, or lattice, data. Thus, the first problem
in the simulation study is to determine the number and location of the artificial data
sites. The region of interest is assumed to be continuous; that is, a “site” can be
located an any point within the region, leading to an uncountable number of spatial
designs for any finite sample size. The problem of choosing a “best” sampling design
for spatial data is beyond the scope of this research, but has been studied by others
such as Zimmerman (2006). Zimmerman (2006) concludes that the objectives of
prediction for new locations assuming a known spatial covariance function versus
estimation of the parameters of the covariance function lead to different “optimal”
designs. He proposes a hybrid criterion in an attempt to investigate optimal designs
when both objectives are of interest, as is usually the case with inference for spatial
data.

We follow his suggestion in considering both of these objectives in choosing our
design layout. One, we desire to have a relatively large number of small inter-site dis-
tances since this is advantageous, if not necessary, for estimation of the parameters of
the correlation function (Zimmerman, 2006). Second, we desire to provide adequate
coverage over the area of interest. This serves the second objective of prediction
at new, unsampled locations. In general, combining the two objectives suggests the
use of a cluster-type design with more coverage introduced around the edges of the

study region. In our experience, cluster designs using a particular radius produce
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sampling designs that are indistinguishable from those created by a random design.
Investigation of histograms of inter-site distances, as well as visual comparison of
site locations can clearly demonstrate this. In our attempt to make this simulation
study as general as possible, we seek to cover the middle ground in terms of possible
spatial designs. Thus, we use a random design that produces a relatively large num-
ber of small inter-site distances as well good coverage of the study region over which
we wish to predict. The choice of sample size and area of the study region aid in
obtaining such a design. The actual set of locations was chosen at random, but was
subject to visual inspection of the map and the histogram of inter-site distances.
We create the artificial ordered categorical data with four categories over the
continuous area of a [0, 10] x [0, 10] square. We initially simulate a random sample
of size N = 175. The sample is chosen using a Uniform(0, 10) distribution for each
dimension to create pairs of values, s = (s, sy), indexing locations. A hold-out data
set of m = 50 locations is then chosen from the original sample. These locations will
serve to assess prediction at new locations. This leaves a data sample of n = 125
to be used for estimation of the model parameters. The specific locations of the
observed and hold-out sites remain fixed across all simulations. This allows us to
remove the effect of sampling design from the simulation study. The locations of the
hypothetical sites are shown in Figure 5.1, with the hold-out locations shown in red.

The histogram of inter-site distances is shown in Figure 5.2.
5.1.2 Spatial correlation

It is possible that the success of the models, in terms of both estimation and
prediction, may depend on the spatial correlation in the categorical random field.
Thus, we aim to use this information in choosing the parameter values for the sim-
ulation study. Indirectly, we seek to vary the degree of smoothness, or alternatively

patchiness, in the categorical data. For a typical stationary spatial model, the degree

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



132

o
2 o« * g . . o
* .. hd ° o .,
¢ o 0o e o ‘e o
© ™ % [} °
L 3 ° . L4
o ° we © o'
? ° b4 goo ° ..o . L] .
© - 4 ° . o .
° o ° °
> . 0. P, . °
< < . ° % b )
[ ] LI )
. . °
° hd o
° () °
o % o " o ° . ° .
® ° .' [ ] *®
. .
LN Y ° ]
‘. : | T N J ] 'Y e © o
o 3 [ 4 . ° oo * e
T T T T T T
0 2 4 6 8 10

Figure 5.1: Locations of N = 175 sampling sites used for all data sets in the simula-
tion study. The m = 50 hold-out locations used to evaluate prediction are shown in
red, while the remaining n = 125 training locations are shown in black.
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Figure 5.2: Histogram of inter-site distances from the sampling design chosen for the
simulation study.
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of smoothness is easily altered by varying the range and/or smoothness parameters
specifying a particular correlation function. For example, using the Matérn correla-
tion function allows us to vary the scale parameter, ¢, and the smoothness parameter,
K,

p(d) = 27T (k)" (do)" K(dep) (5.1)

where K(-) is the Bessel function (Abramowitz and Stegun, 1965). The smoothness
parameter, «, is typically fixed at a value to reflect what is known about the smooth-
ness of the underlying process. Note that the exponential correlation function is a

special case of the Matérn when k = 0.5, giving

p(d) = exp(—de). (5.2)

If we specify a constant or zero mean for our models, then the smoothness in
the continuous latent random field will more directly translate into smoothness in
the categorical random field. For the special case of a zero-mean model, we calcu-
late the practical (or effective) range for combinations of the scale and smoothness
parameters, shown in Table 5.1. Irvine et al. (2007) provide a similar description of
practical range for different parameter values of a correlation function. We aim to
avoid fitting multiple models with essentially the same spatial correlation structure.
The practical range is defined as the distance at which the correlation drops to 0.05.

The maximum possible distance for the artificial data is 14.14, and the maximum
observed distance for the chosen study design is 13.48. Therefore, it does not make
sense to include combinations of parameters that result in effective ranges larger than
this distance. Table 5.2 gives nine combinations that represent good starting points to
cover the spectrum of realistic practical ranges for these data. We visually inspected
data arising from these nine sets of parameter values and found that in general
it is hard to visually distinguish between realizations created under the different

scenarios. The amount of variability among multiple realizations generated under
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Table 5.1: Practical (effective) ranges for the Matérn correlation function for differing

values of ¢ = ra_lllg‘é and the smoothness parameter, .
K

¢ 1/¢(005 01 03 05 07 10 15 20 3.0
1.00 1 09 14 24 30 35 40 48 55 6.6
0.50 2 18 28 48 61 70 80 95 109 132
033 3 |26 42 72 91 105 120 143 164 198
020 5 |44 70 121 152 175 20.0 238 274 33.0
014 7 | 6.1 98 169 212 244 28.0 333 383 46.2
0.10 10 | 87 140 24.1 303 349 399 - - -

one set of parameter values appears to be as great as the variability due to the
differences in the parameter values. Thus, we turn to devoting more attention to
specification of the mean structure which does have a large and obvious affect on
the smoothness of the categorical random field. We initially restrict our attention to
combinations with k£ = 0.5, corresponding to the exponential correlation function,
and fix the scale parameter, ¢, at 0.5. As shown in Table 5.2, this results in a
practical range of approximately 6, which is close to one half the maximum inter-site
distance in the data.

For the general specification of our models, however, investigating the effect of
smoothness (or patchiness) on estimation and prediction is not as simple as chang-
ing only the range and/or smoothness parameters of the correlation function of the
Gaussian random field. Recall that the correlation in the categorical random field
involves not only the spatial parameters, but also the regression parameters, 3, the
covariate, X, and the cut-point parameters, @ (Section 3.1). That is, the spatially
varying mean is incorporated into each model prior to the clipping of the latent
variable used to obtain the categorical random field. We use the results of our inves-
tigation of the second-order structure in Section 3.1 to set the values of the regression

parameters to obtain different levels of correlation for a fixed covariate value, scale
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Table 5.2: Practical (effective) ranges for the Matérn correlation function for differing
values of ¢ and k. The reciprocal of the scale parameter, %, is commonly referred to
as the range parameter. However, all models in this dissertation are parameterized

in terms of the scale parameter, ¢.

[0) k  Practical Range

1.00 0.05 0.87
1.00 0.30 2.40
1.00 0.50 3.03
1.00 1.00 4.00
0.50 0.50 6.06
0.50 1.00 8.00
0.33 0.50 9.10
0.33 0.70 10.49
0.20 0.50 15.16

parameter, and set of cut-point parameters. We choose two different B’s that result
in higher and lower correlations for most values of the covariates. We expect, and
observe, that higher correlation in the categorical random field corresponds to greater
smoothness (less patchiness), while lower correlation corresponds to less smoothness

(greater patchiness).
5.1.3 Simulation scenarios

We create a wide variety of realizations of data with four ordered categories
labeled with the integers 1 through 4. The data are created under four parameter
scenarios, which we term Scenario A, Scenario B, Scenario C, and Scenario D. The
true parameter values defining the four scenarios are given in Table 5.3. A comparison
of Scenarios A and B investigates the effect of varying the values of the regression
parameters, and thus the spatially varying mean, while that of Scenarios A and C
investigates the effect of varying the amount of spacing between the true values of
the cut-point parameters. The comparison of Scenarios C and D investigates the

effect of changing the true variance of spatial process. We generated data under each
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Table 5.3: True parameter values defining the four scenarios used in the simulation

study.
Scenario I ,30 ,81 91 I 92 93 | ¢ 0. tzrue
A 05 1 01 2 (05 1
B 2 1 011 2 105 1
C 05 1 0105 1505 1
D 05 1 005 15[(05 3

parameter scenario for the Double Latent model and the Clipped Gaussian model.
Therefore, we refer to fitting the Double Latent model to Double Latent data or
to Clipped Gaussian data, and vice versa. Image plots of true data created under
several of the scenarios is provided in a discussion of prediction and estimation results
for individual realizations in Section 5.2.2.4 (see Figures 5.10, 5.11, and 5.12).

Changes in both the regression parameters and the spacing of the cut-points
affect the relative proportions of observations falling into the four categories. Table
5.4 displays the percentage of observations in each category over five realizations for
all combinations of models and scenarios. For example, regarding changes in the
intercept parameter, Scenario A produces a high percentage of observations falling
in category 1, whereas Scenario B produces a high percentage of observations in cate-
gory 4. Comparing Scenarios A and C we see that changing the cut-point parameters
affects the percentage of observations in category 2. The difference is not dramatic,
but may affect a model’s success at prediction and/or estimation.

Notice from Table 5.4 that the Clipped Gaussian and Double Latent models re-
sult in a very similar break down of their observations into categories, with the only
noticeable difference being that data generated under the Double Latent model have
a slightly larger proportion of observations in the end categories, 1 and 4. This dif-
ference is expected and corresponds to the additional error component incorporated

through the latent variable Z for the Double Latent model. A similar observation
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Table 5.4: Proportion of observations in each category for combinations of the pa-
rameter scenarios (defined in Table 5.3) and data-generating model (DL = Double
Latent and CG = Clipped Gaussian), averaged over five realizations

Scenario Model| 1 2 3 4

A DL |[0.57 0.19 0.12 0.12
CG |0.58 0.20 0.14 0.07
B DL |0.16 0.16 0.22 0.46
CG [0.12 0.19 0.21 048
C DL |[064 0.09 0.14 0.13
CG |062 012 0.15 0.11
D DL |0.64 008 0.12 0.16
CG |0.64 0.08 0.14 0.14

is made for the data generated under Scenarios C and D, where Scenario D data is
generated with a larger variance and thus results in a slightly higher percentage of
observations in the end categories.

As previously discussed, an additional consequence of varying the regression
and/or cut-point parameters is a change in the spatial correlation between the values
of the categorical response after clipping the continuous random variable. Table 5.5
provides the correlation between two categorical responses separated by a distance
of 1.41 units for the covariate values provided in the table and Scenarios A, B, and
C. Notice that Scenario B data generally possess higher correlations than Scenarios
A and C for data generated under both models. The values for Scenario A and
Scenario C are very comparable, though for Double Latent data Scenario A values
were just slightly lower for every set of covariate values. Thus, we note the correlation
difference between Scenario B and both Scenarios A and C, and also the lack of
difference between A and C.

Investigating the effect of changing the variance of the spatial process is im-
portant because we fix ¢? in our analyses and need to understand the effect this

simplification may have on prediction and estimation. We denote the fixed value of
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Table 5.5: Correlation between two categorical response values separated by a dis-
tance of 1.41 units for data generated under the Double Latent model and the Clipped
Gaussian model. The values of the covariates, (z1, z2), are given in the heading of the
column. The unique maximum values within each model and covariate combination
are shown in red.

Model Scenario | (0.5, 0.5) (0.5,-0.5) (-0.5-0.5) (0,0) (-0.5,1) (-1,0.5)

DL A 0.198 0.172 0.156 0.180 0.174 0.152
B 0.180 0.191 0.210 0.198  0.174 (.189
C 0.195 0.170 0.155 0.179  0.169 0.149
CG A 0.407 0.332 0.308 0.366 0.324 0.264
B 0.366 0.380 0.431 0.407  0.324 0.368
C 0.408 0.326 0.312 0.369  0.305 0.252

o? used for the analysis as a}m and the true value used to generate the data as o2,
Recall from Table 5.3 that o2, = 1 for Scenarios A, B, and C and %, = 3 for
Scenario D. This increase in the variance results in a slightly larger proportion of
observations in the lowest and highest categories, as compared to Scenario C. We fix
the parameter at values greater than, equal to, and less than the true values used to
generate the data, running each model/data combination at afciw =1 and 0%, = 2.

We also fit the Clipped Gaussian model to data created under the Double La-
tent model, and vice-versa. This provides the setting to assess the ability of our
summary predictive measures to “choose” the correct (data-generating) model and
also provides insight into the important practical consideration of how the models
will perform on data that was not generated under their exact assumptions, as this
will always be the case in real applications.

The models are fit using the algorithms detailed in Chapter 2 for both models,
with priors specified as described in Section 3.3. We use the same prior distribu-
tions and same starting values for all model and data combinations. The choice of
prior distributions was discussed in Section 3.3. Prior to starting the formal sim-

ulation study, we investigated the effect of starting values on convergence of the
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MCMC chains and resulting estimates and predictions. In general, the algorithms
are insensitive to starting values with the specified priors, with the chains moving
to the same area of the parameter space well within the first 100 iterations. Thus,
we choose starting values of zero for the regression parameters and for the cut-point
parameters choose integer values two units apart at 1 and 3. The starting value for
the spatial correlation parameter is set at 1. For each realization and model/data
combination, we ran the MCMC chain for 3000 iterations, which is the same number
used by De Oliveira (1997, 2000). The results are obtained using a burn-in period
of 500 iterations since for all runs it was judged that the algorithm appeared to con-
verge well within this number of iterations. That is, all the posterior summaries for

prediction and estimation are based on the last 2500 iterations of the chains.

5.2 Simulation results

This section reports and discusses the numerical results of the simulation study.
The results for prediction are displayed in Tables 5.6 and 5.7, and those for estimation
in Tables 5.8 and 5.9. We first compare results for prediction and estimation for the
four different parameter scenarios within each of the two models in Section 5.2.1,
and then compare the results from the Double Latent and Clipped Gaussian models
within each of the scenarios in Section 5.2.2. We also discuss the ability of the
predictive summary measures to choose the correct data-generating model and the
effects of fixing the spatial variance parameter at values different from the truth. We
also examine characteristics of individual realizations that appear to be associated
with successes and failures of the two models. We describe the most relevant and

interesting results in detail.

5.2.1 Comparison of scenarios within models

As first described in Section 5.1.3, the three main comparisons of interest when

comparing the four parameter scenarios within each model/data combination are:
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Scenario A with Scenario B, Scenario A with Scenario C, and Scenario C with Sce-
nario D. We save the comparison of results based on 0%, = 1 versus 0%, = 2 until
Section 5.2.2.4 and thus only refer to specific results for o%;, = 1 in the following dis-
cussion. Furthermore, we only report results for applying the Double Latent model
to Double Latent data and the Clipped Gaussian model to Clipped Gaussian data,

[43

saving the comparison of fitting the models to the “wrong” data for Section 5.2.2.3.

We first display results from the Double Latent and Clipped Gaussian models,
before discussing each model separately in the following sections. We present a brief
graphical comparison of the prediction results obtained from fitting both models
under the four parameter scenarios with U}im = 1. Figure 5.3 displays boxplots of
mis-prediction rate (MPR) and absolute mis-prediction rate (AMPR) for the Double
Latent model fit to Double Latent data (DL on DL) and the Clipped Gaussian model
fit to Clipped Gaussian data (CG on CG) over 30 data realizations for Scenarios A, B,
C, and D. Notice that while Scenarios C and D reveal relatively low median=pMPR
for DL on DL, Scenario A results in the lowest AMPR, revealing that when mis-
predictions are made for Scenarios C and D, they tend to be farther from the true
value than those for Scenario A. Also notice the larger variability in the measures for
Scenario D. This is consistent with the simulation set-up since o2, = 3 for Scenario
D versus o2,, = 1 for A, B, and C. This greater variability leads to more varied
realizations and a corresponding spread in the measures of success at prediction. CG
on CG maintains the same ordering in magnitude for MPR and AMPR across the
four scenarios, with noticeably lower AMPR than DL on DL for all scenarios. The
variability in the AMPR measure is also clearly lower for CG on CG than DL on
DL. Thus, the Clipped Gaussian model applied to Clipped Gaussian data produces
more consistent prediction results across different data realizations, possibly because

of the lower variability inherent in the Clipped Gaussian model versus the Double

Latent model.
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Figure 5.3: Boxplots of mis-prediction rates (MPR) and absolute mis-prediction rates
(AMPR) for the Double Latent model fit to Double Latent data (DL on DL) and
the Clipped Gaussian model fit to Clipped Gaussian data (CG on CG) over 30 data
realizations for Scenarios A, B, C, and D.
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5.2.1.1 Double Latent model: Prediction

In Table 5.6 we report the minimum, mean, and maximum values over all real-
izations for mis-prediction rate (MPR), absolute mis-prediction rate (AMPR), and
the estimated Bayesian expected loss (BEL) for 012% = 1. Table 5.7 displays the
same measures for a?iz = 2 and is discussed in a later section. The minimum and
maximum values are included to flag the existence of realizations that result in par-
ticularly good or bad predictions. The observations in this section are based on these
summary measures of predictive ability, with most emphasis placed on the values of
absolute mis-prediction rate (AMPR) since unlike MPR, it takes into account the
magnitude of the prediction error. However, a concurrent look at all the values gives
a more complete picture regarding the predictive success of the model on a particular
type of data. Recall that lower values of all the predictive measures are indicative
of better predictive ability. This section is devoted to results obtained from fitting
the Double Latent Model to the Double Latent data, corresponding to the “DL DL”
rows of the Table 5.6.

The results indicate that the Double Latent model is more effective in terms
of prediction on data generated under Scenario A than Scenario B, with all nine
predictive summary measures falling noticeably lower for Scenario A (Table 5.6).
This suggests that the Double Latent model is more successful on data with more
observations in the lowest category and lower correlation in the categorical random
field under the given set of parameter values.

The difference in data generated by Scenario A versus C is not visually obvious,
and the results are less conclusive than those for the comparison between A and B.
However, Scenario A has lower values for all three summary measures of AMPR,
along with minimum MPR. Recall that we place most emphasis on AMPR, thus
concluding there is evidence that the Double Latent model is more successful at

prediction for Scenario A than Scenario C. In fact, Scenario A exhibits the lowest
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Table 5.6: Simulation results for mis-prediction rate (MPR), absolute mis-prediction
rate (AMPR), and estimated Bayesian expected loss (BEL) for the hold-out set of
m = 50 new locations for Scenarios A, B, C, and D for a?% = 1. The results in each
row of the table are summarized over 30 realizations.

Scenario Model Data MPR AMPR BEL
Min Mean Max|Min Mean Max|Min Mean Max

A DL DL [0.12 040 0.56(0.14 0.68 1.04[{0.26 0.37 0.52
CG DL |0.14 0.40 0.56|0.20 0.69 1.12(0.20 0.32 0.44
CG CG |0.14 037 0.52|0.16 047 0.70]0.22 0.31 0.46
DL CG |0.14 036 0.56{0.20 0.55 0.90{0.24 0.35 0.46
B DL DL {0.32 046 0.70|0.48 0.82 1.12/0.36 0.47 0.59
CG DL |042 0.55 0.70{0.60 0.79 1.04)|0.38 0.44 0.52
CG CG |[0.24 047 0.62|0.36 0.62 0.86|0.28 0.38 0.47
DL CG |0.32 0.48 0.70{048 0.80 114|035 0.45 0.57
C DL DL |0.22 036 054{046 0.75 1.16(0.26 0.37 0.54
CG DL |0.26 035 0.50({0.52 0.73 1.14]0.21 0.31 0.41
CG CG |0.24 035 0.58(0.40 0.61 1.08(0.17 0.30 0.42
DL CG |0.20 0.36 0.66|0.36 0.67 1.30|0.24 0.34 0.45
D DL DL {020 0.37 0.64{0.46 0.84 150(0.25 0.36 0.49
CG DL |0.20 0.33 0.58{0.40 0.69 1.30(0.18 0.31 0.41
CG CG |0.26 043 0.58(0.38 0.62 1.06(0.25 0.37 0.48
DL CG (022 0.38 0.62]|0.42 080 152(0.23 0.36 0.51
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Table 5.7: Simulation results for mis-prediction rates for the hold-out set of m = 50
new locations for scenarios A, B, C, and D for or%im = 2. The results are summarized
over 30 realizations for Scenarios A, B, and D, and 20 realizations for Scenario C.

Scenario Model Data MPR AMPR BEL
Min Mean Max|Min Mean Max|{Min Mean Max

A DL DL |0.12 0.40 0.56(0.14 0.69 1.04{0.26 0.36 0.51
CG DL |0.16 040 0.54{024 0.69 1.08{0.20 0.32 0.44
CG CG |0.12 036 0.50(0.14 048 0.72|0.22 0.32 0.47
DL CG {0.14 036 0.56]0.20 0.55 0.90]0.25 0.35 0.45
B DL DL |0.32 047 068054 084 1.10/0.36 0.47 0.59
CG DL |0.32 048 0.74{0.52 0.86 140|030 0.40 0.48
CG CG |0.18 0.45 0.58(0.26 0.68 0.94]0.28 0.38 0.46
DL CG |0.32 048 0.70|0.48 0.80 1.14|0.35 0.45 0.57
C DL DL (022 0.36 054|046 0.76 1.22|0.26 0.36 0.52
CG DL [0.24 035 048(0.52 0.71 1.08{0.22 0.31 0.39
CG CG {022 034 0.60|0.40 0.59 1.14(0.18 0.31 0.42
DL CG {020 035 0.6610.36 065 1301024 0.34 0.44
D DL DL |0.20 0.37 0.58|0.44 0.84 1.44|0.25 0.36 0.52
CG DL |[0.20 0.30 0.40({0.40 0.63 0.88(0.18 0.31 0.39
CG CG [0.22 037 0.60({0.34 0.58 1.00{0.25 0.35 0.46
DL CG (0.22 037 062|048 0.80 1.52/0.23 0.35 0.48
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AMPR values for the Double Latent model of the four scenarios, with much lower
AMPR values than for either Scenario B or C. Scenarios B and C reveal comparable
values for the minimum and mean values, although B results in a lower maximum
AMPR. These results do not support the conclusion that the Double Latent model
has better predictive ability on data sets with a larger proportion of observations in
the lowest category, as was suspected due to its success on Scenario A data. However,
this may provide evidence of better predictive performance for lower correlation in
the categorical response.

A comparison of results from Scenarios C and D reveals lower mean and maxi-
mum values for both MPR and AMPR for Scenario C, with equal values for minimum
AMPR. Thus, there is evidence that the model is more predictively successful on Sce-
nario C than Scenario D data, placing the Scenario D data at the bottom of the list
of predictive ability. The magnitude of the AMPR values for Scenario D is similar to
those of Scenarios B and C, with the largest difference revealed for maximum AMPR
where the Scenario D value is 1.50 compared to the next lowest value of 1.16 for Sce-
nario C. Thus, the number of mis-predictions is on average the same for Scenarios
C and D, but for at least one realization of Scenario D the mis-predictions are much
farther from the true value. The results in this paragraph lend evidence toward the
conclusion that the Double Latent model may have better predictive ability on data
with smaller variability. However, this explanation may be somewhat naive given
that we cannot ignore the fact that these results were obtained for 0%, = 1 which
is equal to o2, for Scenarios A, B, and C, but not for Scenario D where o2, = 3.
However, as is further revealed in Section 5.2.2.4, this does not appear to be the sole
cause of the poorer prediction results for Scenario D.

In conclusion, the Double Latent model revealed best predictive ability when
applied to data characterized by a large percentage of observations in the lowest

category and relatively low correlation in the categorical response.
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5.2.1.2 Clipped Gaussian model: Prediction

The observations in this section are now based on the results from fitting the
Clipped Gaussian model to Clipped Gaussian data, corresponding to the “CG CG”
rows in Table 5.6. In general, the results for the Clipped Gaussian model follow those
described in the previous section for the Double Latent model, leading to the same
general conclusion. For example, as for the Double Latent model, all nine summary
measures of predictive ability for the Clipped Gaussian model are lower for Scenario
A than Scenario B, suggesting that the Clipped Gaussian model also tends to be
more successful at prediction for data with a larger percentage of observations in the
lowest category and/or lower correlation in the categorical random field.

Interestingly, Scenario C revealed lower values for all three measures of BEL,
meaning that Scenario C resulted in higher maximum probabilities and thus greater
certainty in the predictive decision. However, the relative magnitudes of BEL for
Scenario C are in conflict with the scenario’s larger AMPR values, indicating that
the Clipped Gaussian model is making wrong predictions with false confidence for
data generated under Scenario C, as a result of the cut-points that are closer to zero.

The use of the artificial data in De Oliveira (2000) resulted in mis-prediction
rates of 0.16 and 0.19 for a very smooth realization, and 0.16 and 0.22 for the patchier
realization. These values are consistent with the values we obtained for our better
predicted realizations, as demonstrated by the minimum MPR column. We find this
encouraging since we are dealing with the more complicated problem of predicting
an ordered response rather than a binary response, along with the fact that the
realizations to which we apply the models are typically more patchy than those in
De Oliveira (2000). He also obtains BEL measures that are consistent with the values

we obtain, ranging from 0.21 to 0.41 over his four examples.

5.2.1.3 Double Latent model: Estimation
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We also compare results across the four data scenarios in terms of estimation of
the parameters. We focus mainly on the average estimation error over the realiza-
tions, as summarized in Tables 5.8 and 5.9. Average estimation error is defined as

the mean of the estimation errors over L data realizations,
1 & -
72 (6-9), (5.3)
=1

where 6, is the parameter estimate for realization [ and 6 is the true parameter used
to generate the data. For our work, 6, is the mean of the draws from the posterior
distribution obtained via the MCMC algorithm. Tables 5.8 and 5.9 also display
the 5th and 95th percentiles of the distribution of the estimation errors. The mean
and the interval together provide information regarding the location and spread of
the estimates due to differences in the data sets generated under the same model,
thus giving a summary of how the models might behave when applied to real data
sets. In the following discussion, we assume that we are actually referring to the
absolute value of the estimation error when we refer to the magnitude of the average
estimation error. That is, a “small” value should be interpreted as close to zero.
Successful estimation is obviously characterized by small estimation error cou-
pled with small variability. However, interpreting the values as indicating a degree
of success at estimation is not simply an exercise in searching for the smallest val-
ues and narrowest intervals. For example, it is important to take into account the
magnitude of the variability (width of the interval) relative to the magnitude of the
estimation error. A very narrow interval relative to the magnitude of the average
estimation error indicates that the estimates are biased in a predictable and consis-
tent direction, whereas a slightly larger estimation error with a wider interval may
indicate that the estimates are more variable, but center around the true parameter
value. We provide discussion regarding the estimation results for both models, and
again restrict our attention to the case of 6%, = 1 (Table 5.8) and results from fitting

each model to its respective data set. We will refer to Table 5.9 in Section 5.2.2.4.
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Table 5.8: Average estimation errors and the 5th and 95th percentiles of the esti-
mation errors over 30 realizations for Scenarios A, B, C, and D. The vector of true
values (8o, 81, 0o, 62, 63, ¢, 02) for each scenario is, A:(-0.5, 1, 0, 1, 2, 0.5, 1), B:(2,
1, 0,1, 2 0.5, 1), C:(-0.5, 1, 0, 0.5, 1.5, 0.5, 1), D:(-0.5, 1, 0, 0.5, 1.5, 0.5, 3). The
results are for 0%, = 1.

Scenario Model Data | Bo 5

A DL DL | 0.05 (.0.46, 0.54) -0.21 (:0.62, 0.22)

CG DL | 0.20 (-0.09, 0.48) -0.52 (-0.88, -0.20)

CG  CG | 0.30(-0.15, 0.82) -0.13 (-0.44, 0.23)

DL CG |-0.03 (-0.60, 0.59) -0.01 (-0.45, 0.45)

B DL DL [-0.19 (-:0.77, 0.69) -0.14 (-0.54, 0.33)

CG DL [-1.06 (-1.31,-0.09) -0.57 (-0.75, -0.44)

CG  CG [-0.07 (-0.61, 0.74) -0.13 (-0.46, 0.20)

DL CG | 0.34(-0.66, 1.64) 0.12 (-0.35, 0.57)

C DL DL | 0.03 (-0.31, 0.48) -0.25 (-0.45, 0.02)

CG DL | 0.15 (-0.11, 0.39) -0.57 (-0.76, -0.30)

CG  CG | 0.11(-0.30, 0.44) -0.38 (-0.61, -0.15)

DL  CG | 0.01 (047, 0.49) 0.01 (-0.45, 0.58)

D DL DL | 0.09 (044, 0.68) -0.37 (-0.69, -0.03)

CG DL | 0.24 (-0.07, 0.63) -0.63 (-0.85, -0.40)

CG  CG | 0.54 (0.00, 1.19) -0.16 (-0.61, 0.15)

DL CG | 0.11 (059, 0.69) -0.25 (-0.71, 0.37)

Scen. Model Data | 0, 05 o
A DL DL |-031 (053 004 -067 (003, -033) -0.05 (:0.09, 0.02)
CG DL |-0.56 (-0.71, -0.38) -1.12 (-1.33,-0.88) 0.69 { 0.43, 1.01)
CG  OG | 0.05(-0.15, 0.30) 0.11 (-0.25, 0.61) 1.02 ( 0.64, 1.49)
DL CG |-0.14 (-0.37, 0.27) -0.20 (-0.68, 0.39) -0.06 (-0.12, 0.00)
B DL DL | 0.11 (:0.25, 0.58) -0.18 (-0.63, 0.54) -0.06 (-0.14, 0.01)
CG DL |-0.54 (-0.68, -0.35) -1.09 (-1.23,-0.93) 0.7 ( 0.46, 1.01)
CG  CG | 0.13 (-0.40, 1.24) 0.18 (-0.29, 1.41) 1.17 (0.74, 1.77)
DL CG | 046 (-0.17, 1.21) 0.34 (-0.39, 1.39) -0.05 (-0.09, 0.02)
C DL DL [-0.14 (:0.27, 0.05) -0.51 (-0.75, -0.26) -0.05 (-0.09, 0.01)
CG DL |-0.28 (-0.41, -0.16) -0.86 (-1.08,-0.65) 0.71 ( 0.39, 1.10)
CG  CG |-0.20 (-0.31, -0.04) -0.65 (-0.95,-0.26) 0.59 ( 0.2, 0.98)
DL CG |-0.03 (-0.17,-0.15) -0.21 (-0.59, 0.15) -0.05 (-0.09, 0.02)
D DL DL |-0.20 (-0.28,-0.00) -0.69 (-0.87, -0.41) -0.04 (-0.10, 0.01)
CG DL |-0.29 (-0.37, -0.22) -0.92 (-1.08,-0.78) 0.50 ( 0.12, 0.96)
CG OG | 048 (0.15, 0.70) 0.49 (-0.06, 0.77) 1.37 ( 0.91, 1.78)
DL CG |-0.18 (-0.31, 0.09) -0.53 (-0.81, -0.10) -0.05 (-0.12, 0.00)
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Table 5.9: Average estimation errors and the 5th and 95th percentiles of the esti-
mation errors for over 30 realizations for Scenarios A, B, and D and 20 realizations
for Scenario C. The vector of true values (Gg, B, 6o, 62, 63, @, 02) for each scenario
is, A:(-0.5, 1,0, 1,2, 0.5, 1), B:(2, 1, 0, 1, 2, 0.5, 1), C:(-0.5, 1, 0, 0.5, 1.5, 0.5, 1),
D:(-05, 1, 0, 0.5, 1.5, 0.5, 3). The results are for 0%, = 2.

Scenario Model Datal Go 51

A DL DL |[-0.07 (-0.67, 0.51) -0.08 (-0.56, 0.43)

CG DL | 0.06 (-0.33, 0.46) -0.36 (-0.83, 0.09)

CG CG | 0.09 (-0.44, 0.59) 0.02 (-0.34, 0.47)

DL CG |-0.16 (-0.83, 0.54) 0.14 (-0.36, 0.72)

B DL DL | 0.17 (-0.60, 1.12) 0.01 (-0.50, 0.58)

CG DL |-0.69 (-1.01, -0.38) -0.33 (-0.63, -0.05)

CG CG [-0.33 (-0.90, 0.31) -0.18 (-0.54, -0.21)

DL CG | 0.87 (-0.45, 2.55) 0.34 (-0.25, 0.92)

C DL DL |-0.04 (-0.55, 0.62) -0.12 (-0.48, 0.35)

CG DL | 0.03(-0.24, 0.33) -0.41 (-0.66, -0.10)

CG CG |-0.01 (-0.62, 0.45) -0.17 (-0.40, 0.03)

DL CG [-0.15 (-0.72, 0.47) 0.21 (-0.42, 0.89)

D DL DL | 0.01 (-0.63, 0.67) -0.26 (-0.64, 0.15)

CG DL | 0.09 (-0.31, 0.53) -0.51 (-0.74, -0.24)

CG CG | 0.00 (-0.57, 0.62) -0.30 (-0.63, -0.00)

DL CG [-0.03 (-0.86, 0.64) -0.10 (-0.61, 0.67)

Sc. Model Datal 0, 03 ¢
A DL DL |-0.23 (-0.49, 0.13) -0.57 (-0.89, -0.16) -0.05 (-0.09, 0.02)
CG DL |-0.39 (-0.58, -0.16) -0.78 (-1.09, -0.45) 0.67 ( 0.44, 0.02)
CG CG | 0.05(-0.24, 0.44) 0.10 (-0.30, 0.58) 0.69 ( 0.34, 1.26)
DL CG |-0.04 (-0.34, 0.49) -0.08 (-0.62, 0.72) -0.05 (-0.11, 0.00)
B DL DL | 0.38(-0.00, 0.92) 0.19 (-0.36, 1.02) -0.06 (-0.12, -0.00)
CG DL |{-0.34 (-0.56,-0.06) -0.68 (-0.99, -0.35) 0.77 (-0.43, 1.04)
CG CG |-0.16 (-0.37, 0.08) -0.38 (-0.59, -0.05) 0.51 ( 0.17, 0.89)
DL CG | 0.91 (-0.06, 2.19) 0.84 (-0.20, 2.09) -0.05 (-0.09, 0.02)
C DL DL [-0.09(-0.24, 0.14) -0.40 (-0.70, -0.05) -0.05 (-0.09, 0.02)
CG DL [-0.23 (-0.33,-0.13) -0.67 (-0.89, -0.46) 0.61 ( 0.37, 0.97)
CG CG |-0.04 (-0.22, 0.15) -0.27 (-0.72, 0.03) 0.61 ( 0.34, 1.00)
DL CG | 0.02(-0.18, 0.23) -0.07 (-0.49, 0.36) -0.05 (-0.09, 0.02)
D DL DL [-0.15(-0.25, 0.05) -0.59 (-0.79, -0.26) -0.04 (-0.07, -0.01)
CG DL |-0.19 (-0.27,-0.11) -0.65 (-0.78, -0.50) 0.52 ( 0.19, 0.87)
CG CG |-0.20 (-0.35,-0.01) -0.56 (-0.96,-0.11) 0.37 ( 0.09, 0.69)
DL CG |-0.28 (-0.41, -0.05) -0.72 (-1.03, -0.38) -0.04 (-0.11, 0.03)
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We now focus on the results for the Double Latent model, corresponding to the
“DL DL” rows in Table 5.8. Inspection of the table reveals that nearly all interval
widths are relatively wide compared to the magnitudes of the average estimation
errors. This is especially true for the intercept parameter, Gy, over all four data
scenarios. For example, Scenario A results in a small estimation error of 0.05, with an
interval that spans from approximately —0.5 to 0.5. Scenario B results in the widest
intervals for all parameters except ¢, although it also reveals the lowest estimation
error for 3, 65, and 63, making it difficult to conclude that one scenario demonstrates
superior estimation. This result is particularly interesting given that in the previous
section Scenario A demonstrated superior predictive ability over Scenario B. Thus,
it appears that success at estimation and success at prediction do not necessarily
coincide.

For each estimated parameter, we now choose a “best” scenario in terms of
estimation, taking into account both the average estimation error and the variability
of the estimates as described by the 5th and 95th quantiles for the estimation errors.
For 3y, Scenario C data reveals the lowest estimation error (0.03) and the narrowest
interval, although there is minimal difference between Scenarios A, C, and D. Recall
that the difference between Scenarios A and C is in the true values of the cut-points
0 and 63 and the difference between Scenario B and the other scenarios is the true
value of Byp. Thus, it appears that the models can better estimate Gy when it is set
to —0.5, rather than 2.0. Recall that Scenario B is the only scenario with its highest
proportion of observations falling in the highest category rather than the lowest,
along with possessing higher correlation in the categorical response.

The estimate of 81, and particularly the sign, is arguably the most important
parameter estimate in terms of interpretation when investigating the relationship be-
tween the response and a covariate. For 1, Scenario B reveals the lowest estimation

error at —0.14. Despite the wider interval for Scenario B, we consider it a positive
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characteristic that it is better centered around zero than those of the other scenarios.
Thus, we choose Scenario B as most successful at estimating this important param-
eter, although one may argue a lack of practical difference between the results for
Scenarios A and B. Recall that Scenario B is characterized by a different value of
Bo, resulting in a large proportion of observations in the highest category along with
higher correlation in the categorical response.

It is interesting that under all four scenarios and both models, the average esti-
mation bias for 3; is negative and the intervals are skewed to include more negative
values. This indicates a tendency to underestimate the true parameter value. Since
the true parameter value is 1 for all scenarios, this indicates that estimates are closer
to zero than they should be, indicating that the models may err on the side of failing
to detect a significant relationship between the response and the covariate. It is not
surprising that the estimation results for this parameter are worst for Scenario D
given that the data is generated with higher variability, likely washing out some of
the signal from the relationship between the response and the covariate.

We consider estimation of the cut-point parameters, 63 and 63, together. Inter-
estingly, Scenario B results in parameter estimates with the lowest average estimation
error. The intervals for Scenario B are wider than for the other scenarios, but they
are also much more centered around zero. In fact, both endpoints of the intervals are
negative or nearly negative for the other scenarios. It is interesting that Scenario B
seems to result in the worst estimation for the intercept parameter, &y, but the best
for the cut-point parameters given the similar role of these parameters. For Scenarios
A, C, and D, the estimation errors are relatively large negative values with relatively
narrow intervals, indicating predictable and consistent error in the estimates of these
parameters. This may actually be a positive characteristic when considering predic-
tion, moving both cut-points in the same direction a specified amount. However,

we expected less displacement of the cut-points to the left for Scenario D where the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



152

latent continuous variable is assumed to possess more variability, and hypothetically
leading to cut-point estimates that are more spread out. However, the poor and
unexpected results for Scenario D could again be tied to the fact that 0%, # o2,,. It
is clear, however, that successful estimation of the cut-point parameters on average
across realizations is not needed for successful prediction. The parameters are also
typically not of interest for interpretation and thus we place little emphasis on them.

The estimates for the spatial scale parameter, ¢, vary little across the four
scenarios. Average estimation error ranges from —0.04 to —0.06 and the interval
widths are between 0.10 and 0.15. The intervals are skewed to include more negative
values, indicating that the estimates fall consistently below the true value by only a
small magnitude. The small difference between the true and estimated value results
in little practical difference, since an estimation error of —0.05 translates into a
difference in “effective range” of 6.7 for the estimate and 6.0 for the true value. The

consistency of these estimates deserves further investigation.

5.2.1.4 Clipped Gaussian model: Estimation

In this section we examine the results obtained from fitting the Clipped Gaussian
model to Clipped Gaussian data, corresponding to the “CG CG” rows in Table
5.8. For the Clipped Gaussian model, like the Double Latent, the variability in the
estimates is relatively high compared to the magnitudes of the estimation errors. This
is again especially true for the intercept parameter, Gp. In contrast to the Double
Latent model results, Scenario B reveals the lowest average estimation error at —0.07.
It is the only scenario exhibiting a negative value and also has the widest associated
interval. The estimation errors for scenarios A and D are large and positive, at 0.30
and 0.54. Taking into account both its small estimation error and relatively narrow
interval, we conclude that Scenario C results in the best estimation of .

The average estimation errors and standard deviations of (3; are equal (after

rounding) for Scenarios A and B, and these are selected as the best scenarios based

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



153

on lowest estimation error and associated variability. As with the Double Latent,
the average estimation errors are negative for all four scenarios, suggesting that both
models have a tendency to underestimate this parameter, possibly leading to errors
in detecting a significant relationship between the response and a covariate. Once
again, while there appeared to be clear differences between Scenarios A and B for
prediction, the differences in estimation of the important regression parameter are
barely noticeable. It is encouraging that the different sets of parameter values used
to generate the data under the four scenarios do not lead to noticeable differences in
terms of estimation of this parameter.

We assess the estimation of the two cut-point parameters together. Scenario A
results in the lowest average estimation error and and interval width for both 6; and
3. Thus, Scenario A reveals the best estimation behavior of the cut-point parameters
for the Clipped Gaussian model along with good predictive ability. Interestingly, the
average estimation error is positive for all scenarios except for Scenario C, where both
the interval endpoints are negative. Recall that Scenario C differs from Scenario A
in the true values of these cut-point parameters, but it is not clear why one set of
true values should be associated with better estimation than the other. It is also
noted that for both models there is higher estimation error and variability in the
estimates for higher cut-point, 63, than the lower cut-point, §s. This is likely due to
the fact that the interval of possible values for 6, is restricted on both ends, whereas
the interval for f3 has a right endpoint of co, thus leading to greater variability in
the estimates.

The estimates of ¢ for the Clipped Gaussian model have much greater estima-
tion error and greater variability than those for the Double Latent model for all
data scenarios. Scenario C reveals the smallest average estimation error (0.59), the
narrowest interval, and the interval that is closest to zero. Recall that Scenario C
data has less correlation than Scenario B and approximately the same as Scenario

A. We discuss estimation of this parameter in more detail in next section.
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5.2.1.5 Estimation for individual realizations

In the interest of brevity, we have until now only reported the estimation error
averaged over all realizations. It is of course more informative and of greater interest
to view the point estimates and their associated uncertainty intervals for all realiza-
tions. This provides the additional necessary information regarding the width of the
posterior intervals and their coverage of the true parameter values. We choose several
plots displaying these point estimates and intervals that are representative of those
observed for other model/data combinations. The plots are included in Figures 5.4,
5.5, 5.6, and 5.7, and display results for both the Double Latent model on Double
Latent data (upper plot) and the Clipped Gaussian model on Clipped Gaussian data
(lower plot). In this section, we provide a brief discussion of conclusions from each
plot.

Figure 5.4 displays point estimates and 95 posterior intervals for 3y for Scenario
A with 012% = 1. The results for the Double Latent model on Double Latent data
(DL on DL) are given in the upper plot and those for the Clipped Gaussian model on
Clipped Gaussian data (CG on CG) are given in the lower plot. As given in Table
5.8, it is clear from the plots that the magnitude of the average estimation error
is greater for Clipped Gaussian model (lower plot) than the Double Latent model
(upper plot). DL on DL has noticeably wider 95% posterior intervals with widths
of approximately 1 versus 0.5 for the CG on CG. The wider widths, in addition to
being better centered around the true value, resulted in better coverage of the true
value for the Double Latent (26/30 realizations) compared to CG on CG (18/30
realizations).

Figure 5.5 displays the point estimates and posterior intervals for the important
regression parameter, 3;. The results for the Double Latent model on Double Latent ‘
data (DL on DL) are again given in the upper plot and those for the Clipped Gaussian

model on Double Latent data (CG on DL) are given in the lower plot. DL on
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DL results in wider posterior intervals than those obtained by fitting the Clipped
Gaussian model to the same data, and also in clearly better coverage of the true
value #; = 1. In practice we might use the 95% posterior interval to help make
a conclusion regarding significance of the relationship between the response and
the covariate. That is, the exclusion of zero is taken as evidence of a significant
relationship. Both models capture the significance of the true positive relationship
for most realizations, with 25/30 and 26/30 intervals excluding zero for DL on DL
and CG on DL respectively. Thus, the fact that the posterior interval fails to include
the true data-generating value does not mean that it fails to detect the existence and
direction of the relationship between response and the covariate.

While Figure 5.5 displays the results of fitting both models to Double Latent
data, Figure 5.6 displays the results for 5, of fitting both models to Clipped Gaussian
data, (CG on CG vs DL on CG). The results in this figure are for ¢%,, = 2 instead
of 0%, = 1. Notice that the posterior intervals for DL on CG (lower plot) are
appreciably wider than those for CG on CG (upper plot). Coverage of the true
value is actually better for DL on CG, again probably due to the large width of
the intervals. All intervals for both situations exclude zero, indicating that the true
positive relationship between the response and the covariate is captured for every
realization. Thus, similar to the results in Figure 5.5, even when the posterior interval
fails to include the true data-generating value, it leads to the correct conclusion
regarding the existence and direction of the relationship between response and the
covariate.

Figure 5.7 displays estimation results for the correlation parameter, ¢, for each
model applied to its respective data set, DL on DL (upper plot) and CG on CG (lower
plot) for aﬁim = 1. The Double Latent model clearly results in lower estimation errors
and superior coverage of the true value as compared to CG on CG. Despite the poor

performance of CG on CG, notice that for realization 28 it is relatively successful.
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This realization has a very large proportion of observations in the lowest category,
resulting in a very smooth realization with a category composition of (126, 38,10, 1)
for the V = 175 total observations. This is in contrast to realization 26 that results
in poor estimation of the parameter. The observations for realization 26 are more
spread out across the categories with a composition of (96,43,25,11). It does make
sense that the estimate of ¢ should be smaller for smoother (less patchy) realizations,
corresponding to a larger range parameter translating into higher correlation between

close locations.
5.2.1.6 Estimation of the regression parameter

We now return to a discussion of estimation of the regression parameter, 3;. As
briefly described in the previous section, an important check on the models in terms
of practical use is that they are able to capture the potential significance of a regres-
sion parameter by accurately describing the sign and magnitude of the relationship
between the response and the covariate. Recall that the data were generated by set-
ting /) = 1 and thus we evaluate if parameter estimates and posterior intervals result
in accurate conclusions regarding the existence and sign of this relationship used to
create the data. In general, both models were successful at describing the true pos-
itive relationship, even when applied to data generated under the other model (as
demonstrated by Figure 5.5.) In particular, 95% posterior intervals for the Clipped
Gaussian model on Clipped Gaussian data exclude zero and provide evidence that
B is different from zero for every realization, for all data Scenarios, and for both
fixed values of o%,,. The Clipped Gaussian model was less successful on the Double
Latent data, ranging from no intervals covering zero for Scenario B to 7 intervals
covering zero for Scenario D. We expect performance to be worst on Scenario D for
the reasons alluded to earlier. For the Double Latent model on Double Latent data,
the number of 95% posterior intervals including zero ranged from zero on Scenario

C data to 5 on Scenario D data. The widths of the posterior intervals for 3, are
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Figure 5.4: Point estimates and 95% posterior intervals for Gy for Scenario A and
afcim = 1. The red line shows the true value of Gy = —0.5. Means are denoted by the
red triangles and medians by the green bars. The top plot displays the results for
the Double Latent model on Double Latent data (DL on DL) and the bottom plot
displays the results for the Clipped Gaussian model on Clipped Gaussian data (CG
on CG).
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Figure 5.5: Point estimates and 95% posterior intervals for §; for Scenario A and
012% = 1. The red line shows the true value of 8; = 1. Means are denoted by the
red triangles and medians by the green bars. The top plot displays the results for
the Double Latent model on Double Latent data (DL on DL) and the bottom plot
displays the results for the Clipped Gaussian model on Double Latent data (CG on
DL).
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Figure 5.6: Point estimates and 95% posterior intervals for f; for Scenario B and
aﬁiz = 2. The red lines shows the true values of ; = 1. Means are denoted by the
red triangles and medians by the green bars. The top plot displays the results for
the Clipped Gaussian model on Clipped Gaussian data (CG on CG) and the bottom
plot displays the results for the Double Latent model on Clipped Gaussian data (DL
on CG).
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Figure 5.7: Point estimates and 95% posterior intervals for ¢ for Scenario A and
a?im = 2. The red line shows the true value of ¢ = 0.5. Means are denoted by the
red triangles and medians by the green bars. The top plot displays the results for
the Double Latent model on Double Latent data (DL on DL) and the bottom plot
displays the results for the Clipped Gaussian model on Clipped Gaussian data (CG
on CG).
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generally larger when applying the Double Latent model than the Clipped Gaussian
model, regardless of the source of the data. This is expected due to the extra source
of variability in the Double Latent model. Interestingly, applying the Double Latent
model to Clipped Gaussian data actually improves the significance rate for Scenarios
A and B to zero non-significant intervals. Again, this is evidence that it is more
difficult for the models to detect the significant relationship in the Double Latent
data due to the introduction of the white noise variance on top of the relationship

between the covariate and the response.
5.2.2 Comparison of models within scenarios

This section focuses on a comparison of the Double Latent and Clipped Gaussian
models within each parameter scenario. It centers around an investigation of the
relationship between the model used to fit the data and the model used to generate
the data for both prediction and estimation. In Sections 5.2.2.1 and 5.2.2.2, we begin
with a comparison of the model/data combinations within each parameter scenario,
first comparing the models when fit to their respective data sets (DL on DL versus CG
on CG) and then comparing the models when applied to the other’s data sets (CG on
DL versus DL on CG). Then, in Section 5.2.2.3, we address the question of whether
applying the data-generating model to the data results in superior prediction over
applying the non-data-generating model to the same data set; that is, we compare
DL on DL versus CG on DL and CG on CG versus DL on CG. This question
can alternatively be formed as whether the reported predictive measures based on
hold-out data “choose” the true data-generating model. We envision two extreme

situations related to this question: one where the measures of predictive ability are

always lower for the data-generating model and another where one model out-predicts
the other regardless of the data-generating mechanism. Of course, the results fall

somewhere between these extremes and thus require interpretation and discussion.
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Granted, the predictive measures of MPR, AMPR, and BEL were not designed for
Bayesian model selection, but are relevant in this context where the modeling goal
is prediction at new locations. The use of Bayesian model selection criteria such as
Deviance Information Criteria (DIC) of Spiegelhalter et al. (2002) are not pursued
here as their relevance to the modeling objective of prediction at new locations is
not clear. We base most of the observations and conclusions given in the section on

the results reported in Tables 5.6 and 5.8, where ¢%;, = 1.
5.2.2.1 A comparison of predictive ability

In this section, we first compare the predictive results within each scenario using
the four rows for each scenario in Table 5.6: DL on DL, CG on DL, CG on CG, and
DL on CG. We compare the results for fitting each model to its respective data (DL
on DL versus CG on CG), and then compare the results when applying each model
to data generated under the other (CG on DL versus DL on CG). We save additional
comparisons for Section 5.2.2.3. Our conclusions are formed with an emphasis on
absolute mis-prediction rate (AMPR).

Scenario A, CG on CG, reveals lower values for mean and maximum MPR and
AMPR along with all three BEL measurements than DL on DL. Scenario B and CG
on CG revealed lower values than DL on DL for all measures except mean MPR.
Likewise, Scenario C also reveals better prediction for CG on CG, with the exception
of one realization that led to higher MPR and AMPR for CG on CG. Scenario
D resulted in lower measures of AMPR for CG on CG, though higher values for
minimum and mean MPR. This apparent conflict between the values of MPR and
AMPR indicates that for many realizations CG on CG had a slightly greater number
of mis-predictions, but that these wrong predictions were closer to the true value than
those for the Double Latent model. Overall, we conclude that CG on CG generally
results in superior prediction over the DL on DL for the scenarios considered here.

However, this does have exceptions for certain data realizations and should not be
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taken as a sweeping conclusion as in some cases the measures of predictive ability
are rather inconclusive.

When the models are applied to the “wrong” data, the results are more am-
biguous. For Scenario A, DL on CG results in lower mean MPR, mean AMPR,
and maximum AMPR, suggesting that the Double Latent model is more successful
on Clipped Gaussian data than the Clipped Gaussian model is on Double Latent
data. However, under Scenario B, DL on CG results in lower or equal measures for
mean MPR and minimum AMPR, but slightly higher values for mean and maximum
AMPR. The values for mean AMPR are practically equivalent, making it difficult to
conclude that one model outperforms the other. Under Scenario C, CG on DL results
in nearly equivalent mean MPRs, but DL on CG results in lower mean AMPR. Thus,
the mis-predictions for DL on CG are closer to the true value than those for CG on
DL. In contrast, Scenario D reveals that all nine measures are lower for CG on DL
versus DL on CG. Thus, combining the results for Scenarios B, C, and D we would
conclude that the Clipped Gaussian model is more successful on Double Latent data
than the Double Latent model is on Clipped Gaussian data. The results for Scenario
A are contradictory to this. The reason for this difference is not clear.

Up to this point, we have largely glossed over the BEL results. It is clear from
the results in Table 5.6 that application of the Clipped Gaussian model nearly always
results in lower values for the estimated Bayesian expected loss (BEL). Thus, this
value appears to be highly dependent on the model used and generally does not
correspond to the relative magnitude of the MPR and AMPR values. Because of
this, we place little emphasis on BEL in terms of assessing predictive ability and
providing information to help “choose” the data-generating model. It may be a
useful measure to assess the uncertainty in the decision process of prediction using
a single model, but is not recommended for comparing the quality of predictions

between models.
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5.2.2.2 A comparison of estimation ability

We now compare the two models in terms of estimation within each data scenario
using results from Table 5.8. We first provide conclusions regarding the comparison of
the two models, each fit to its respective data set. The results are equivocal, making
it difficult to provide broad conclusions. For example, for Gy DL on DL exhibits better
estimation for Scenarios A, C, and D, but for 3; the estimation errors and their 5th
and 95th percentiles are closer with CG on CG revealing slightly lower estimation
errors and narrower intervals. Thus, the Clipped Gaussian model appears to be more
successful at estimating the most important parameter in terms of interpretation, g,
the exception being Scenario C. The results are similarly ambiguous for 6, and 5.
The results are very unequivocal, however, for the correlation parameter, ¢, with the
Double Latent model clearly resulting in better estimates of the parameter, regardless
of the data-generating model in the scenarios considered here.

As in the above section, we also compare the results obtained from fitting each
model to the “wrong” data. This provides information regarding the behavior of
each model when applied to data generated by a different model. This is obviously
an important practical consideration since we will never encounter real data that
have been exactly generated by one of these models. Thus, this may give a more
realistic look at the model’s performance in terms of prediction and estimation.

In terms of estimation, we devote our discussion to the most interpretable pa-
rameter, 3. It is our hope that the models have the ability to pick up the direction
and significance of an underlying relationship between the response and the covariate
even if the mechanism by which the association entered the data is different from
that assumed under the model. The numerical results are displayed in Table 5.8,
corresponding to the “CG DL” and “DL CG” rows. For all four data scenarios, the
Double Latent model applied to Clipped Gaussian data results in lower average es-

timation errors than that for the Clipped Gaussian model applied to Double Latent
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data. In fact, in most cases the values are lower than all other model-data combi-
nations for Scenarios A, B, and C, with that for D only being greater than CG on
CG. Low estimation errors for DL on CG is also observed in general for the other
parameters. Based on the magnitudes and signs of the estimation errors, DL on CG
tends to overestimate the regression parameter, as compared to the typical under-
estimates resulting from the other model/data combinations. This means that the
point estimates are generally greater than the true value of 1 and would, on average,
be less likely than the other combinations to fail to detect a significant relationship
between the response and the covariate. The exception is Scenario D, where the
estimation error is negative, which could again be due to the discrepancy between

0%, and oZ.,,, or just the larger value of o7.,.
5.2.2.3 Success at choosing the data-generating model

Obtaining MPR and AMPR after application of both models to data generated
by one of the models provides an assessment of whether fitting the “better” model
to the data generally leads to better prediction. An alternative way to phrase this
comparison is an assessment of whether MPR and AMPR “choose” the correct, data-
generating model by exhibiting lower values for the true models. Recall that both
of these measures of predictive ability are based on a hold-out data set. We initially
base our comparison on the average of the predictive measures over all realizations,
and then also provide a brief investigation of the values for individual realizations.
In general, the average values follow the results for particular realizations giving us
more confidence in making conclusions based on the average values. However, there
are exceptions, and these have practical importance since for real data we will obtain
values for only one realization. Table 5.10 translates the numerical results of Tables
5.6 and 5.7 into a format that fits the context of the comparisons discussed in this

section. We define two values to be equivalent (tied) if the difference is less than or
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equal to 0.03, corresponding to a difference of approximately one mis-prediction over
30 realizations.

For Scenario A, all three summary measures of AMPR are lower for the true
models, with those of MPR being more inconclusive. For the Double Latent data,
the values for mean AMPR are considered equivalent, but overall the results provide
evidence that AMPR may be useful in choosing the data-generating model, especially
for the Clipped Gaussian data and if all three predictive measures are taken into
account. As previously mentioned, all three BEL summary measures are typically
lower for the Clipped Gaussian model, regardless of the data and thus we pay little
attention to BEL in this discussion.

For Scenario B, all nine measures are lower for the data-generating model when
both models are applied to the Clipped Gaussian data. The results for the Double
Latent data are more equivocal, with lower mean MPR for the true Double Latent
model, but lower AMPR for the Clipped Gaussian model. The mean AMPR values
are close enough to be considered equivalent, but the combination of MPR and
AMPR indicate that while there are fewer mis-predictions for DL on DL, some tend
to be farther from the true value. For Scenario C data, the measures are more
successful at choosing the true model for the Clipped Gaussian data than for the
Double Latent data, particularly the mean and maximum AMPR.

The AMPR measure is again successful for the Clipped Gaussian data for Sce-
nario D, though unsuccessful for the Double Latent data. MPR is likewise unsuc-
cessful for Scenario C. The failure of the predictive measures to indicate the data-
generating model for Scenario D is also true for the 0%, = 2, and thus does not
improve as af% moves one unit closer to oZ,,.. The results for the other scenarios for
0% = 2 lead to the same general conclusions, as is clear from comparing the tables
in Table 5.10.

While Table 5.10 and the previous discussion provide meaningful information

about whether the average values of the predictive measures over all realizations
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Table 5.10: This table translates the numerical results from Tables 5.6 and 5.7 into
symbolic results describing for what scenario/data combinations the predictive mea-
sures are lower for when the true data-generating model is applied. In other words,
the table displays the combinations for which the true model was selected based on
the predictive measures. The results are based on simulation results for the hold-out
set of m = 50 new locations for scenarios A, B, C, and D for afciz =1 (upper table)
and 0%, = 2 (lower table). A x indicates that the value resulting from application
of the true model to the data was lower than that for applying the wrong model,
and thus the measure chose the correct model. A — indicates that the value result-
ing from application of the true model is greater than that for applying the wrong
model, and thus the measure failed to choose the correct model. A T indicates a
tie defined as a difference between the two values of less than or equal to 0.03, ap-
proximately corresponding to a difference of one mis-prediction over 30 realizations
(bottom table).

o, =1
Séenario Data MPR AMPR BEL
Min Mean Max | Min Mean Max | Min Mean Max
A DL T T T * T * — — —
CG T T * * * * T * T
B DL * * T * T - T T —
CG * T * * * * * * *
C DL * T — * T T - — -
CG — T * — * * * * T
D DL T — — - — - — - -
CG - — * * * * T T T
a}im =2
Scenario Data MPR AMPR BEL
Min Mean Max | Min Mean Max | Min Mean Max
A DL * T T * T * - -
CG T T * * * * T T T
B DL T T * T T * - — —
CG * T * * * * * * *
C DL | T T | = - N Z =
CG T T * * * * * T T
D DL T - — — — - — — -
CG T T T * * * T T T
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choose the correct value, it is more informative from a practical standpoint to assess
whether the summary measures are lower for the true model for individual realiza-
tions, since in practice we only possess data from one realization. In Figure 5.8, we
display the results for Scenario A and 0%, = 1. In the figure, we connect the values
of MPR (or AMPR) arising from the same realization of the data. The value on the
left is obtained by fitting the true, data-generating model and the value on the right
is the value obtained by fitting the “wrong” model to the data. A positive slope
(red line) indicates that the measure is lower for the true model, corresponding to
a correct identification of the data-generating model. A negative slope (black line)
indicates that the measure is higher for the true model, corresponding to an incor-
rect identification of the data-generating model, and a horizontal blue line clearly
indicates that the measures are equal. The figure clearly shows a greater number of
red lines for AMPR than MPR.

To supplement Figure 5.8, Table 5.11 reports the number of realizations for
which the predictive measure is lower, equal to, and higher than that for the cor-
rect data-generating model. Toward the same end, Table 5.12 reports the rate that
the predictive measures, and combinations of predictive measures, chose the correct
model over 30 realizations for Scenario A and o}, = 2. Higher rates mean that
the measures were successful for a higher percentage of the realizations. This ta-
ble further reveals better success of the measures on Clipped Gaussian data than
Double Latent data. It clearly demonstrates the apparent uselessness of BEL in
choosing the data-generating model for Double Latent data, along with its apparent
success for some realizations of the Clipped Gaussian data. Notice that when taking
MPR, AMPR, and BEL into account, the correct model was chosen for 97% of the

realizations for the Clipped Gaussian data.

5.2.2.4 Effects of fixing the spatial variance parameter
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Figure 5.8: Plots connecting the values from a single realization of the data for MPR
(top) and AMPR (bottom). A red line (positive slope) indicates correct identification
of the true model, a blue horizontal line indicates that the measures were equal, and
a black line (negative slope) indicates the measure was lower for the incorrect model
and thus incorrectly identified the model. These results are under Scenario A and
O’%L-m = 1.
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Table 5.11: The number of realizations for which the predictive measure is lower
(correct), equal to (equal), and higher (incorrect) for the correct data-generating
model versus the incorrect model (DL on DL vs. CG on DL and CG on CG vs. DL
on CG). The results go with Figure 5.8 and are for Scenario A and a?iz = 1. There
are 30 total realizations.

Data | Correct Equal Incorrect
DL MPR 16 7 7
AMPR 16 4 10
CG MPR 12 6 12
AMPR 23 1 6

Table 5.12: Rate that each measure of predictive ability is lowest for the correct
model out of 30 realizations for data created under Scenario A with 0%, = 2. The
numbers reported for MPR/AMPR are the rates that both MPR and AMPR are
lowest for the correct model. Likewise, MPR/AMPR/BEL gives the rates that all
three predictive measures are lowest for the correct model.

Data | MPR AMPR BEL MPR/AMPR MPR/AMPR/BEL

DL | 0.73  0.60 0.0 0.73 0.73
CG| 063 0.83 0.9 0.83 0.97
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Overall, there is very little difference between the predictive measures for fitting
the models with 0%, = 1 versus 0%, = 2, as revealed by a comparison of the values
in Tables 5.6 and 5.7. In fact, nearly half of the values are equal after rounding
to two decimal places, with many more exhibiting a difference of less than 0.02.
The most notable difference is found when applying the Clipped Gaussian model
to Scenario B, where most MPR values are lower for U}im = 2 but the mean and
maximum AMPR are actually higher, meaning that fewer sites are mis-predicted,
but the mis-predictions tend to be farther from the true value. This result can be
seen more clearly in Figure 5.9, where the plots compare MPR and AMPR values for
a?iz =1 and 0%, = 2 for Scenarios A and B when the models are applied to their
respective data sets.

For the purpose of choosing an appropriate value of ¢?, it appears that AMPR
is most successful, as we would suspect. Most of the AMPR summary measures
are lower when o%,, = 07, under Scenarios A, B, and C, but these differences are
minimal and probably not of practical importance. The fact that fixing the value
of 62 at a value different from the true value does not appear to negatively affect
the predictive ability of these models is encouraging for their practical use since for
real data the parameter will surely be fixed at an incorrect value. However, this
also means that the predictive measures are not successful at “choosing” the correct,
data-generating value of 02, at least for the small difference investigated here. There
is evidence, however, as described below for Scenario D, that the predictive measures
can in some cases be useful in this sense if the true value and fixed values are far
enough apart. For example, for Scenario D, there is a difference between the results
for 0%, = 1 and 0%, = 2, but less so between 0%, = 2 and 0%, = 02,, =3. In
general, the results are more equivocal for the Double Latent data than the Clipped
Gaussian data.

Scenario D deserves attention due to its true value of 2., = 3 versus 02, = 1

for the other scenarios. Thus, setting 0%, = 2 is closer to the truth than setting
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Figure 5.9: A comparison of the mis-prediction rate (MPR) and the absolute mis-

prediction rate (AMPR) values for 6%, = 1 (green) and 0%, = 2 (blue) for DL on

DL and CG and CG under Scenarios A and B. Recall that the data were generated
: 2

using o0;..,.. = 1.
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0%z = 1, in contrast to the other scenarios. The summary measures of AMPR
for 0%, = 2 are lower than or equal to those for 6%, = 1 for all 4 model/data
comparisons for Scenario D data. We also compared these results to those obtained
for ‘7)2% = 3 for the Double Latent model on Double Latent data and do not find
a similar decrease in AMPR, with resulting AMPR values equal to or greater than
those obtained for aj%iz = 2. This suggests there may be a range around the true value
for which we can fix the parameter without appreciably impacting the predictions.
Based on this observation, we suggest initially fitting the models with different values
of 0}, greater than one unit apart.

We also investigate the effect of fixing the magnitude of %,, on the estimation of
the other parameters by comparing the results in Tables 5.8 and 5.9, focusing here on
Scenarios A and B. When combining information contained in the average estimation
error and the 5th and 95th quantiles of those errors, it is clear that no appreciable
differences in estimation result from using 0%, = 1 versus 0%, = 2. However, there
are some interesting and mostly unexpected results worth mentioning. For one,
CG on CG under Scenario A generally revealed lower average estimation errors for
0%, = 2 than 0%, = 1, though the intervals are generally narrower for o%,, = 1.
The same is true in terms of average estimation error for DL on DL under Scenario
A, with the exception of Fy. Scenario B revealed a nearly opposite result for both
model/data combinations. As previously mentioned, we are mainly interested in the
estimation of £, to describe the direction and magnitude of the relationship between
the response and the covariate. The estimation error for (; is actually lower for
a?iz = 2 for all model/data comparisons in Scenario A, and for estimation on the
DL data in Scenario B. Additionally, the width of the 95% posterior intervals are
generally wider when ¢%;, = 2 for nearly all model/data/scenario combinations.

For Clipped Gaussian model on Double Latent data, we observe better estima-

tion of 3, for 012% = 2, which follows our hypothesis that the results for applying the
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Clipped Gaussian model to data generated under the Double Latent model may be
better for 0%, = 2 than 0%, = 1 because the extra variability incorporated into the
Double Latent data translates into ‘7,2% = 2 being closer to the true amount of vari-
ability than afcim = 1. For example, for Scenario A, the average estimation error for
0%, = 2is —0.36 with a (5th, 95th) interval of (—0.83, 0.09), compared to —0.52 and
(—0.88,—0.20) for 0%, = 1. This translates into estimates that on average are not
only closer to the true value, but that will be more likely to capture the significance
of a relationship between the response and the covariate. The results for Scenario B

are in the same direction though the difference is probably negligible.
5.2.3 A look at specific realizations

To investigate characteristics of data sets that lead to successes and failures in
terms of prediction, we take a closer look at the individual realizations for which the
two models were most successful in terms of prediction, as well as those for which the
models displayed the poorer predictive performance. For the Double Latent model,
the lowest minimum MPR and AMPR were observed on a realization from Scenario
A, at 0.12 and 0.14 respectively. This corresponds to correct prediction of 44 out of
the 50 hold-out sites, with only one prediction falling more than one category away
from the true value. This realization had the largest number, 43 out of 50, of hold-
out observations in category 1, and the model predicted that 48 of the 50 belonged
to category 1. The true category composition is (43,4,2,1) and the predicted table
is (48,0,0,2). An image plot of the true values of this realization, along with those
from realizations resulting in the best prediction for Scenario B, are shown in Figure

5.10.

In terms of estimation, the Scenario A realization had the second largest average
estimation error for ;. The average estimation error for the parameter over all

realizations was 0.045 and the estimation error for this particular realization was
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—0.57. Estimation error was also slightly larger than average for 6, and 63. However,
for the important regression parameter, 31, the estimation error of —0.12 is smaller
than the average of —0.21.

The lowest minimum MPR and AMPR for the Clipped Gaussian model are ob-
served on the Clipped Gaussian version of the same realization from Scenario A. The
values are 0.14 and 0.16, respectively, meaning that it correctly predicted 43 out of
the 50 hold-out sites, with only one prediction falling more than one category from
the true value. The true category composition is (42,5,1,2) and the predicted is
(43,5,2,0). The predicted table looks closer to the true table for the Clipped Gaus-
sian than for the Double Latent even though the MPR and AMPR are slightly lower
for the Double Latent results. An image plot of the true values for the realization
are shown in the top two plots of Figure 5.10. In terms of estimation, the estimates
for the Clipped Gaussian realization reveal less error than those from the Double
Latent model. For both 8y and 3,, the estimation errors are below average, but the
error is of the opposite sign compared to the average.

We also look more closely at realizations resulting in relatively poor predictions
for both models compared to other realizations. Figure 5.11 displays image plots
of four such realizations, two from Scenario A and two from Scenario B. Notice
from a comparison of the plots in Figures 5.10 with those in Figure 5.11 that the
realizations resulting in better predictions are less patchy (more smooth) than those
resulting in poorer prediction. De Oliveira (2000) also came to this conclusion using
his two realizations of artificial data that differed by their degree of smoothness.
This is not a surprising result, as prediction in less patchy environments is a simpler
task for nearly any predictive method. The MPR and AMPR corresponding to the
Double Latent Scenario A realizations are 0.54 and 1.04, while those for the Clipped
Gaussian model are 0.44 and 0.56. This corresponds to correct prediction of only 23

out of the 50 sites for the Double Latent and 28 for the Clipped Gaussian.
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DL Scenario A CG Scenario A

Figure 5.10: Image plots of the true values for Scenario A realization 29 (top) and
Scenario B realization 11 (bottom) generated under the Double Latent model (left)
and the Clipped Gaussian model (right). These represent realizations that lead to
successful prediction.
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DL Scenario A CG Scenario A

Figure 5.11: Image plots of the true values for Scenario A realization 19 for Double
Latent (top left) and Clipped Gaussian (top right) data, and for Scenario B real-
ization 5 for Double Latent (bottom left) and Clipped Gaussian (bottom left) data.
These are realizations that result in relatively poor predictions compared to other
realizations.
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In terms of estimation for the realizations representing poor predictions, the
Double Latent model on the Double Latent data results in relatively poor estimates
of both 3y and B;, with estimation errors of 0.49 and —0.63, respectively. Compared
the the “good” prediction realization, the estimation error is lower for Gy, but higher
for #; where the “good” realization estimation error is only —0.12. For the Clipped
Gaussian model, the results are similar, with the estimation error for Gy equal to
0.73 and that for 5, being 0.34, much higher than the average error of —0.13 and
of the opposite sign. This sign change was also observed for the “good” realization,
but the error was much smaller at 0.09.

Therefore, while in general, estimation success and predictive success do not
have to occur together, more accurate estimation of 3; does appear to be related
to success in prediction, as we would expect. However, this conclusion is not true
to the degree that we observe the best estimates of ) for the realizations resulting
in the best prediction. To further explore this relationship between prediction and
the estimation of the regression parameter, we create plots displaying realizations
resulting in both particularly good and poor estimation of the regression parameter,
Bi1. These plots are displayed in Figure 5.12 for each model applied to its respective
data set. The figure provides a general idea of characteristics of the categorical
composition and spatial layout leading to successful estimation of the parameter.
For example, notice that the realizations resulting in better estimation of the 3;
show a more distinct pattern of change from the northwest corner to the southeast
corner which is indicative of true spatial layout of X3. The model parameters of
Scenario D resulted in increased error added on top of the spatially varying covariate,
thus washing out this underlying spatial layout and possibly making it more difficult

to estimate the regression parameter, 3;, as expected.

5.3 Discussion and conclusions

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



179

DL Scenario C CG Scenario C

FN

DL Scenario D CG Scenario D

IS

w

()

Figure 5.12: Image plots of the true values displaying realizations that result in good
prediction of B; for the Double Latent model on Double Latent data (DL on DL)
(upper left) and the Clipped Gaussian model on Clipped Gaussian data (CG on CG)
(upper right), and those resulting in bad prediction for DL on DL (lower left) and
CG on CG (lower right). The data are respectively from scenario(realization) C(8),
C(19), D(17), and D(13).
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Overall, the simulation study reveals that the models are effective in terms of
prediction over a wide variety of data realizations. In the process of completing the
simulation study and other preliminary investigations, we fit the models to nearly 150
different sets of data. The models correctly predicted the values of on average 65%
of the hold-out sites, and as many as 88% for specific realizations. The predictions
were rarely more than one category away from the true value. The models were less
successful in terms of parameter estimation when applied to some data realizations,
but this is less of a concern given that our primary goal is prediction at new locations.
In this section, we highlight some of the most important or interesting observations
gleaned from the results of this simulation study.

First, in general it does not appear that success at estimation and success at pre-
diction must necessarily occur together. In fact, the data generated under Scenario
A demonstrate this by revealing superior prediction coupled with poorer estimation
of most of the parameters compared to the other scenarios. Estimation of the regres-
sion parameter, (3, describing the relationship between the response and covariate,
appears to be the parameter whose accurate estimation is most related to good pre-
diction. This is not a surprising observation since better estimation of (; leads to
better use of the information available in the covariate.

As far as a comparison of the two models in terms of prediction, the models
appear to respond to the different scenarios and data sets in a similar way leading to
the same general conclusions regarding their use on data generated under the four
different scenarios. Thus, it is difficult to provide a recommendation regarding the
type of data that each model may be more successful on. However, it is possible that
such a conclusion could be reached with the help of additional simulation studies
with differing category compositions. One possibly important characteristic of the
Double Latent model that may deserve further attention is its tendency to predict

values for the end categories, while more rarely producing predictions of the middle
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categories. The Clipped Gaussian model, on the other hand, more readily makes
predictions in all categories. Thus, it would be an interesting future comparison
to fit the models to data containing a larger proportion of their observations in the
middle categories. It is also of further interest to investigate how this behavior might
change as the number of categories increases.

As previously mentioned, the Double Latent model capitalizes on the condi-
tional independence which leads to the advantage of being computationally faster.
The Double Latent model typically runs in approximately one third the time of
the Clipped Gaussian model. The comparison of the marginal distributions of the
clipped continuous latent variables reveals that, marginally, the difference between
the two models is the common variance, with the Double Latent having increased
variance due to its extra white noise component. We thus expected that the results
for applying the Clipped Gaussian model to data generated under the Double Latent
model may be better for 0%, = 2 than 0%, = 1 since some of the extra variability
in the data might be accounted for through the larger fixed parameter value. In
fact, for this case, the diagonal elements of the covariance matrix would be equal
to that of the data-generating model. For prediction, this hypothesis was not found
to hold true for any of the data scenarios. However, the estimation results did pro-
vide evidence toward this conclusion, revealing smaller estimation errors and often
variability for 6%, = 2 for most of the parameters and all four data scenarios.

As far as usefulness of the predictive measures to select the more appropriate
model, we feel comfortable recommending the use of MPR and AMPR, particularly
together, to help choose the more appropriate model. We also feel confident in
recommending against the use of estimated Bayesian expected loss in choosing the
data-generating model since for data generated under the Double Latent model it
failed to choose the correct model nearly 100% of the time. With real data, we have

little chance of knowing if it was generated by a mechanism similar enough to that of
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the Double Latent model that the measure will likely fail. Also, if the primary goal
is prediction, then we are less concerned with finding a model that represents the
data-generating mechanism, than finding a model possessing good predictive ability.

In conclusion, the simulation study presented in this chapter provided a nec-
essary initial investigation regarding prediction and estimation using the proposed
models. It allowed us to make conclusions regarding particular successes of the mod-
els and situations that warrant caution and/or further investigation. It also provided
a setting to examine the measures of predictive ability we chose to employ. Addition-
ally, it begins to fill a void in the literature regarding simulation studies for latent
variable methods applied to ordered categorical data. The results from the study
point to future directions of investigation to better understand the behavior of these

models, as discussed in Chapter 7.
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Chapter 6

PREDICTING STREAM HEALTH IN MONTGOMERY COUNTY,
MARYLAND

The public’s concern for maintaining or improving the quality of our nation’s
waters ultimately led to the Clean Water Act of 1977. The goal of the act is “restor-
ing and maintaining the chemical, physical, and biological integrity of the nation’s
waters” (U.S. Environmental Protection Agency (EPA), 2003). Toward this end, the
streams and rivers must be monitored to both assess their current state of health,
and also to provide reference values to compare with future observation. It is pri-
marily the responsibility of the individual states to conduct monitoring programs.
In the initial years after the enactment of the Clean Water Act, work focused on the
chemical integrity, but has more recently also emphasized biological integrity (U.S.
Environmental Protection Agency (EPA), 2003). We apply our proposed models to
biological stream data collected in Montgomery County, Maryland by Montgomery
County’s Department of Environmental Protection and as part of the Maryland Bi-
ological Stream Survey (MBSS) for the Maryland Department of Natural Resources.
A goal of the monitoring program is to rate stream areas according to their overall
health as compared to reference streams.

One common measure of stream health is the Indez of Biotic Integrity, or IBI. Bi-
ological (or biotic) integrity is defined by the U.S. Environmental Protection Agency
(EPA) as “the condition of the biological communities (usually benthic macroinver-
tebrate and/or fish) of a waterbody based on a comparison to a reference that is

a relatively undisturbed system and represents the best quality to be expected for
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the ecoregion” (U.S. Environmental Protection Agency (EPA), 2007). They define
IBI as a “combination of measures, or metrics, that describe community structure,
function, and pollution sensitivity and are used to assess the health of an aquatic sys-
tem,” and view the index as providing a picture of overall ecological stream health.
Separate IBlIs are constructed for benthic macroinvertebrates and fish and then cat-
egorized using a set of cut-point values based on the reference streams to create the
IBI narrative describing the overall health of a site as poor, fair, good, or excellent.
A rating of poor indicates that the stream (or stream segment) is considered un-
healthy compared to the reference streams. A rating of good implies that the stream
is comparable to the highest quality reference streams in the region and a rating of
fair implies that it is comparable to the remainder of the reference streams. Fxzcel-
lent rated streams are considered in better health than the highest quality reference
streams in the region (U.S. Environmental Protection Agency (EPA), 2007). We
use the four-category benthic macroinvertebrate IBI (bIBI) narrative for our analy-
sis. Benthic macroinvertebrates are aquatic animals without backbones that dwell
on the bottom of aquatic environments and are larger than 1/2 millimeter. Exam-
ples include crayfish and many types of aquatic insect larvae (U.S. Environmental
Protection Agency (EPA), 2007).

The goal of our analysis is to predict the categorical benthic IBI for new, un-
sampled locations within the study region. The streams of Montgomery County
were densely sampled over this relatively small region, providing an attractive data
set for which to apply spatial models (Figure 6.1). As shown on the map, stations
outside of the county were sampled in some cases when the streams eventually enter

Montgomery County.

6.1 Description of the data
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Figure 6.1: The map shows the location of Montgomery County within the state of
Maryland and the enlargement identifies the locations of the stations for the data
set.
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6.1.1 Exploratory data analysis

We utilized data from Montgomery County, Maryland collected at N = 299
stations over 8 years, from 1996 to 2003, with the majority of observations coming
from 1996 to 1999. Montgomery County covers an area of 497 square miles (1287
square kilometers), had a population of 855,000 in the year 2000, and lies adjacent
to Washington D.C. Examination of categorical benthic IBI for single locations over
time reveals relatively little variation in the response as the result of time. Therefore,
we maintain that for the purpose of this analysis it is reasonable to assume that the
response is constant over time. We instead focus on the greater source of variability
in the data, that due to spatial location. The spatial distribution of the benthic IBI
narratives for this sample is shown in Figure 6.2, along with a map of population
density of Montgomery County in year 2000 from U.S. Census Bureau data. Note
that benthic IBI tends to be lower in areas of higher population density. This is
to be expected if benthic IBI reflects overall stream health and if higher population
density is associated with lower water quality or stream health. The image plot of
the IBI narrative was created using linear interpolation between the sampled sites.

The one covariate chosen for use in this analysis is conductivity, or specific
conductance. The following information on specific conductance can be found in
Murphy (2007). Conductivity is a measure of how well water conducts electricity,
measured using a one centimeter cube of aqueous solution, and is used as an indirect
measure of the total dissolved solids in the water. Conductivity increases as the
amount and mobility of ions in the water increase, thus providing an indirect measure
of the presence of dissolved solids that are linked to water pollution. Examples of
such solids are chloride, nitrate, sulfate, phosphate, and iron. Conductance is the
reciprocal of resistance, and the unit of measure is typically a mho, derived from
spelling ohm, the unit of measure of resistance, backwards. It is usually reported in

micro mho’s per centimeter (umho/cm). Conductance changes with temperature and
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Figure 6.2: A comparison of the plot of the population density from Census 2000
data to that of benthic IBI narrative for Montgomery County, Maryland. The integer
value labels for the benthic IBI scores correspond to 1 = Poor, 2 = Fair, 3 = Good,
and 4 = Excellent.
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thus measurements are typically converted to those representing room temperature
(25 degrees Celsius). Conductivity is also affected by the rock and soil type of the
stream and so is also a surrogate measure for the geology and soil type at or upstream
of the station. It is often an indicator of agricultural runoff containing phosphate
and nitrate from fertilizers and leached salts from soil, as well as of road runoff that
introduces chemicals leaked from automobiles and from de-icing. The EPA does
not issue regulations based on specific conductance, but they do give standards for
drinking water for total dissolved solids (TDS) of less than 500mg/L. It is common
to attempt to establish a linear relationship between conductance and TDS such
that TDS can be estimated from conductivity, typically multiplying by factors in the
range of 0.55 — 0.75. Thus, for drinking water, the approximate standard range for
specific conductance is 275 — 375umho/cm.

Conductivity was chosen as a covariate for our analysis based on its relation-
ship with the benthic IBI and because it is easily obtained and generally useful for
detecting contaminants in water (Murphy, 2007). As shown in Figure 6.3, higher
values of conductivity appear to be associated with a lower benthic IBI scores. The
image plot of conductivity over the county is shown in Figure 6.4.

We also explored the spatial correlation in the data. The spatially dense sam-
pling led to a relatively large number of small inter-site distances, as shown in the
histogram of inter-site distances (Figure 6.5), which is advantageous for estimating
spatial parameters, as discussed in Chapter 3. Universal Transverse Mercator (UTM)
coordinates are used for the analysis and referred to as eastings and northings. We
scale the original coordinates to obtain distances in a numerically convenient range,
resulting in a maximum distance between stations on our scale of 4.92. This corre-
sponds to a distance of 49.2 kilometers, or 30.6 miles.

An empirical semi-variogram for the benthic IBI scores is shown in Figure 6.6.

Notice that before accounting for any covariates, the spatial correlation appears
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Figure 6.3: This plot displays the observed relationship between benthic IBI score
and the value of conductivity (or specific conductance) measured at the station. The
integer value labels for the IBI scores correspond to 1 = Poor, 2 = Fair, 3 = Good,
and 4 = Excellent.
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Figure 6.4: This image plot displays the linearly interpolated values of the conduc-
tivity (or specific conductance) measured at the sites in Montgomery County for the
299 stations used in this analysis.
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Figure 6.5: A histogram of the inter-site distances for the N = 299 stations used for
this analysis.
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to exhibit a large range relative to the maximum inter-site distance in the data.
We use the term range to mean the distance at which the correlation between two
points is effectively zero, approximately corresponding to the distance when the
semi-variogram nears the estimated sill or asymptote. See Chapter 1, Figure 1.1 for

a review of the terminology associated with a semi-variogram.
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Figure 6.6: An empirical semi-variogram displaying the relationship between covari-
ance of benthic IBI values and inter-site distance for the N = 299 stations.

6.2 Applying the models

To evaluate the predictive ability of our models, we select a hold-out data set
of m = 100, leaving a sample size of n = 199 from which to estimate the model
parameters. Figure 6.7 displays the locations of the stations and the sites that were
used as a hold-out data set. Figure 6.8 displays the image plot for the remaining sites

after removing the hold-out data set, and thus the sites used for fitting the model.
6.2.1 Prior specification

As in the simulation study described in Chapter 5, we fix the value of o2 and

adopt a one parameter correlation function. We fit the model using both o? = 1
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Figure 6.7: This plot displays the spatial layout of the 299 stations used in this
analysis. The sites shown in red represent the hold-out data set of m = 100 used to
evaluate the predictive ability of the models.

Figure 6.8: Image map of the values of the benthic IBI over the Montgomery County
for the 199 training stations used in this analysis. The integer value labels correspond
to 1 = Poor, 2 = Fair, 3 = Good, and 4 = Excellent. Linear interpolation was used
to create the image plot.
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and ¢ = 2, and compare the results. As expected based on the results from the
simulation study, we do not find a noticeable difference between the results and thus
report only the results for o2 = 1.

Based on our experience fitting the proposed models to simulated data, we
use the exponential correlation function, given by p(d) = exp(—d¢), and choose a
proper, though non-informative, prior for the scale parameter specified simply by
our knowledge of the maximum inter-site distance and likely values that arise in
practice given this distance. Note that the quantity 1/¢ is often referred to as
the range parameter, and we parameterize the exponential correlation function in
terms of the reciprocal of the range parameter. Our goal is that the prior serve
to keep the chain in the ball-park of the true value while still allowing the data to
drive the posterior distribution of the parameter. For the Montgomery County data,
this maximum distance is 4.92. We employ the strategy described in Section 3.3.1,
relying on a proper Gamma distribution with mean and variance fixed to define the
prior (Banerjee et al., 2004; Schmidt et al., 2007). We assume that some spatial
autocorrelation does exist and that the range should not practically be less than
1/20th of the maximum inter-site distance, or approximately 0.25. Thus, it seems
reasonable to place most of the prior density for the range parameter over the interval
(0.25,5), corresponding to ¢ € (0.2,4).

We fit the models using two different priors based on specifying different values
for the variance for the Gamma distribution. The first, Prior 0.6, specifies the vari-
ance of the Gamma prior distribution to be 0.6, resulting in a seemingly appropriate
and non-informative prior distribution adequately covering the interval of plausible
values for ¢. The probability density function of this Gamma distribution, with
shape parameter equal to 2.48 and rate parameter equal to 2.03, is plotted in Figure
6.9. Second, we fix the Gamma distribution variance to be 0.05, referred to as Prior

0.05. A comparison of the results assesses sensitivity to the prior distribution. Prior
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0.05 results in a more informative and seemingly less appropriate prior distribution,
placing most of its density over the range of (0.5,2.0), giving less weight to both

small and large values of ¢.

15

— Prior 0.6
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1.0

1

Probability density

05
1

0.0

Figure 6.9: The probability density functions for the two prior distributions specified
for the scale parameter, ¢, of the exponential correlation function. The first, shown
in red, is termed Prior 0.05 and corresponds to a Gamma(2.48,2.03). The second,
shown in black, is termed the Prior 0.60 and corresponds to a Gamma(29.7,24.4).

For the remaining parameters, 3 and 6, we also use proper, though non-
informative, values that were found to work well during our simulation study. These

are described in detail in Sections 3.3.2 and 3.3.3.
6.2.2 A comparison with realizations generated under the models

In this section, we provide a visual comparison of data generated by the assumed
models with the real data. This provides a strategy for investigating whether the
models provide adequate representations of reality and suffice to be data generating
mechanisms. The plots in Figure 6.10 display data from the simulation study in
Chapter 5 that are somewhat similar to the real data. These artificial data sets were

not created with the goal of matching the true data, but serve to show that even
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Table 6.1: Tabled counts of the four categories from the real data and realizations
from artificial data created for the simulation study in Chapter 5. The labels for the
scenario are given as Scenario(realization number).

Model  Scenario l Counts Percentages

~ bIBldata | (71, 67, 128, 33) (0.24, 0.22, 0.43, 0.11)
CG A(9) | (79,50, 30,16) (0.45,0.28, 0.17, 0.09)
DL A(15) | (89, 34,30 ,22) (0.51,0.19, 0.17, 0.13)
CG B(5) | (18,37, 49, 70) (0.10, 0.21, 0.28, 0.40)
DL B(4) | (30,23,43,79) (0.17, 0.13, 0.24, 0.45)

with obviously different parameter values, the models seem to produce adequate
representations of the observed data. We denote the number of observations in
category k by n;, and give the tabled count of the number of observations per category
for the four category case as (n,ng2,n3, n4). Analogously, we give the percentage of
the total observations in each category by (pi,pe,ps,ps). Table 6.1 displays the
tabled count of true values for the real data compared with those realizations shown

in Figure 6.10.

6.3 Results

In this section, we compare the results of the Double Latent and Clipped Gaus-
sian models in terms of estimation and prediction. We also compare the results to
those obtained using a non-spatial cumulative probit model. The non-spatial model
was fit using maximum likelihood through the polr function in the R statistical

package (R Development Core Team, 2007).
6.3.1 Prediction

The primary goal of this analysis is the prediction of the categorical benthic IBI,
as an indicator of stream health, for unobserved locations in Montgomery County.
Thus, we first evaluate the predictive ability of the model for our hold-out data set

of m = 100 locations, shown in red in Figure 6.7. The results are based on one
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Figure 6.10: Artificial data created for the Chapter 5 simulation study, including
Clipped Gaussian, Scenario A (realization 9) (upper left); Double Latent, Scenario
A (realization 15) (upper right); Clipped Gaussian, Scenario B (realization 5) (lower
left); and Double Latent, Scenario B (realization 4) (lower right). See Table 6.1 for
the respective category counts and associated percentages.
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Table 6.2: Evaluation of predictive ability for the three models, Clipped Gaussian
(CG), Double Latent (DL), and Non-spatial (NS) using mis-prediction rate (MPR),
absolute mis-prediction rate (AMPR), and the estimated Bayesian expected loss
(BEL) using Prior 0.6.

Model | 62 MPR AMPR BEL

DL 1 051 0.66  0.56
CG 1 039 042  0.32
DL 2 047 0.58  0.59
CG 2 040 044  0.33
NS - 055 074  0.49

run of the MCMC algorithm for 10,000 iterations using a burn-in period of 2000
iterations. Table 6.2 reports the prediction results for each model using ¢%,, = 1 and
a?m = 2 using the Prior 0.6 for ¢. The results for Prior 0.05 are given in Table
6.3. Notice that there is very little difference in predictive performance between the
two priors. In fact, the MPR values are identical and the AMPR and BEL for the
Clipped Gaussian are off by only 0.01, meaning that one mis-prediction using Prior
0.05 was one category farther from the true value than that for Prior 0.6. Similarly
small differences were observed for use of other priors.

Recall that the lower values of MPR, AMPR, and BEL are indicative of better
predictions. Application of the Clipped Gaussian model results in superior predictive
ability in terms of MPR, AMPR, and BEL for this data set, as shown in Tables 6.2
and 6.3. The values are lower for all three measures, with the Clipped Gaussian
model correctly predicting 61 out of the 100 hold-out sites, versus only 49 correct
predictions for the Double Latent and 45 for the non-spatial. The small difference
between the MPR and AMPR for the Clipped Gaussian model indicates that the
mis-predictions were rarely more than one category away from the true value. The
difference between MPR and AMPR is greater for the Double Latent and even greater
for the non-spatial model, indicating that the predictions are farther from the truth.

The estimated Bayesian expected loss (BEL) is lower for the Clipped Gaussian model
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Table 6.3: Evaluation of predictive ability for the three models, Clipped Gaussian
(CG), Double Latent (DL), and Non-spatial (NS) using mis-prediction rate (MPR),
absolute mis-prediction rate (AMPR), and the estimated Bayesian expected loss
(BEL). The CG and DL models were fit using 0% = 1 and using Prior 0.05.

Model [ MPR AMPR BEL

DL 0.51 0.66 0.56
CG 0.39 043 0.33
NS 0.55 074  0.49

which we expect based on the simulation results from Chapter 5 showing that BEL is
nearly always lower when applying the Clipped Gaussian versus the Double Latent.
A larger BEL is indicative of a larger maximum estimated probability corresponding
to the predicted category, and can thus be associated with increased certainty in the
predictive decision.

The simulation study in Chapter 5 reveals that a comparison of the prediction
results using MPR and AMPR generally choose the data-generating model, as de-
scribed in Section 5.2.2.3. Since the primary goal of the model is prediction, it makes
practical sense to select the model with the lowest number of mis-predictions and
absolute mis-predictions, which is clearly the Clipped Gaussian model in this case.
Image plots of the prediction results, including the training data, for the Clipped
Gaussian, Double Latent, and non-spatial models are shown in the plots within Fig-
ure 6.11. We also include the image plot of the true data for comparison. The plots
clearly show the superior prediction of the Clipped Gaussian and Double Latent
models over the naive non-spatial cumulative probit model. Notice that the Clipped
Gaussian model appears to predict a slightly smoother surface with larger patches
than the Double Latent. It is difficult to conclude from the plots that the Clipped
Gaussian model results in correct prediction of 12 more sites than the Double Latent

along with its mis-predictions being closer to the true value.
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Figure 6.11: A comparison of the image plots of benthic IBI predictions from the
Double Latent model with U?iz = 1 (upper left); the Clipped Gaussian model with
0%, = 1 (upper right); and non-spatial cumulative probit model (lower left); along
with the true data (lower right). The hold-out sites are denoted by the larger symbols.
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Table 6.2 also includes a comparison of results for two values of 0%,,. For the
Double Latent model, the predictive measures are slightly lower for a?m = 2 than
o}iw = 1, showing a difference of 4 mis-predictions. However, for the Clipped Gaus-
sian model, the measures are slightly higher, though only revealing a difference of
one prediction. Both the Clipped Gaussian and Double Latent models have better
MPR and AMPR than the non-spatial model for both values of ¢%;,, and fitting the
Clipped Gaussian model with the 012% = 1 gives the lowest values.

Our models provide estimates of the probabilities of category membership for
each location. If we apply the Link Function method of obtaining these conditional
probabilities described in Section 4.3.2 of Chapter 4, they also provide measures
of uncertainty in these probability estimates using posterior standard deviations.
Figures 6.12 and 6.13 display image plots of the category probability estimates and
associated standard deviations for Pr(Y; = Poor), Pr(Y; = Fair), Pr(Y; = Good),

and Pr(Y; = Excellent) obtained using the Clipped Gaussian model.
6.3.2 Estimation of model parameters

Although of secondary interest to our analysis, we report the estimates of model
parameters with their associated 95% posterior intervals and compare the estimates
given by the two models. Tables 6.4 and 6.5 display and compare results for both the
Double Latent (DL) and Clipped Gaussian (CG) models, along with those from the
non-spatial cumulative model. Results are also summarized in Figure 6.14. Given
the differences in the underlying structure of the three models, we do not expect the
estimates of the corresponding parameters to coincide, though we do expect that the
practical conclusions should not change between the models.

Notice that all three models produce a negative estimate for 3;, indicating that
the benthic IBI score tends to be lower for sites with higher measures of conductiv-

ity. The 95% posterior interval for the Double Latent model does not cover zero,
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Figure 6.12: Image plots of the category probability posterior means and and stan-
dard deviations for Pr(Y; = Poor) and Pr(Y; = Fair), obtained using the Clipped

Gaussian model with ¢® = 1 and Prior0.6.
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Pr{Y=good) StDev( Pr[Y=good] )

Pr{Y=excellent) StDev( Pr{Y=excellent] )

Figure 6.13: Image plots of the category probability posterior means and and stan-
dard deviations for Pr(Y; = Good) and Pr(Y; = Excellent), obtained using the
Clipped Gaussian model with ¢? = 1 and Prior0.6.
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indicating significant evidence for this negative relationship. The same is true for the
approximate 95% confidence interval constructed for the non-spatial model, although
we expect this interval to be too narrow because the model ignores the lack of inde-
pendence in the data. The Clipped Gaussian model reveals 95% posterior intervals
with an upper end falling very close to, if not on, zero, providing less evidence of a
negative relationship between benthic IBI and conductivity.

We use the estimate of the correlation scale parameter, ¢, to make a conclusion
regarding the effective range of the spatial correlation. The model is parameterized
using the scale parameter, ¢, defined as the reciprocal of what is commonly termed
the range parameter since it is used to estimate the range of the spatial correlation.
The practical range for the exponential correlation function is given by 3/¢. From
the empirical semi-variogram shown in Figure 6.6, we visually estimate the effective
range at slightly greater than 3 before accounting for the spatial correlation explained
by conductivity. The estimates of ¢ result in practically reasonable estimates of the
effective range for both models and both priors for ¢%,, = 1. The Double latent
model estimates an effective range of 3.3 and the Clipped Gaussian model estimates a
shorter effective range of 1.79. However, when af% = 2 the Clipped Gaussian model
estimate leads to an effective range of 13, a value that does not seem reasonable
given the exploratory data analysis. Interestingly, the seemingly less appropriate
prior (Prior 0.05) results in as, or more, reasonable estimates for both models with
0,2% = 1, estimating an effective range of approximately 2.5 after accounting for
relationship between benthic IBI response and conductivity.

Table 6.4 also includes a comparison of results for the two values of a]%im. The
estimates for the Clipped Gaussian model under the two different values reveal a
greater difference than those of the Double Latent model. For 0%, = 2, the Clipped
Gaussian point estimates are closer to zero. For (3;, the posterior interval is also

narrower and includes zero, whereas that for ‘7,2% = 1 does not include zero with an
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Table 6.4: Posterior means of the model parameters with 95% posterior intervals for
the Double Latent (DL), Clipped Gaussian (CG) for Prior 0.6, along with estimates
and approximate 95% Wald’s confidence intervals for the non-spatial (NS) model.

Model | o? | Bo By

DL | 1 | 1.16 (-0.04, 2.77) -0.82 (-1.37, -0.38)

CG | 1| 0.39(-0.39,1.05) -0.10(-0.18, -0.02)

DL | 2 | 1.20 (-0.39, 3.13) -0.90 (-1.56, -0.34)

CG | 2 | 0.05(-1.58, 1.65) -0.03 (-0.08, 0.02)

NS | - [-0.88(-1.09, -0.66) -0.63 (-0.79, -0.47)
Model | o? | 62 03 ¢
DL [ 1 [1.13(0.19,3.22) 3.0l (1.14,5.46) 0.91 (0.21, 2.08)
CG | 1 |0.44(0.24,0.60) 1.48 (0.80,1.89) 1.68 (0.48, 2.43)
DL | 2 [1.19(0.12, 3.47) 3.39 (0.94, 6.62) 1.02 (0.15, 2.25)
CG | 2 |0.15(0.06,0.33) 0.49 (0.21, 1.09) 0.23 (0.05, 0.83)
NS | - ]0.75(0.56, 0.94) 2.31 (2.05, 2.57) -

upper endpoint of —0.02. The estimates from the Double Latent model were less

affected by the value of 0%;, = 1.

6.4 Conclusions and discussion

For the regression parameters and the cut-point parameters, both models exhibit
little sensitivity to different parameter specifications for the prior distributions and
virtually no sensitivity to different starting values. However, the Clipped Gaussian
model does show sensitivity to the prior specification for the spatial scale param-
eter, ¢, of the exponential correlation function. The prediction results reveal less
sensitivity, which is advantageous given the main goal of applying these models. In-
terestingly, the mis-prediction rate (MPR) and absolute mis-prediction rate (AMPR)
are slightly lower for the naive Prior 0.05 than the seemingly better Prior 0.6. Future

work should include a more thorough sensitivity analysis for the scale parameter.
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Figure 6.14: The top plot displays posterior means and 95% posterior intervals for
the Double Latent(DL) and Clipped Gaussian (CG) models for the benthic IBI data
for Prior 0.6, along with estimates and approximate 95% Wald’s confidence intervals
for the non-spatial (NS) model. The bottom plot displays the results for Prior 0.05.
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Table 6.5: Posterior means and 95% posterior intervals for the Double Latent (DL)
and Clipped Gaussian (CG) models for Prior 0.05, along with estimates and approx-
imate 95% Wald’s confidence intervals for the non-spatial (NS) model.

Model | o? | Bo B
DL 1 1.09 (0.12, 2.51) -0.78 (-1.28, -0.39)
ca | 1| 029056, 1.10) -0.07 (-0.56, -0.01)
NS | - [-0.88 (-1.09, 0.66) -0.63 (-0.79, -0.47)

Model|a2| 92 03 ¢
DL | 1 | 102 (0.22, 2.84) 2.81 (1.28,5.14) 1.22 (0.82, 1.73)
CG | 10.38(0.23063) 1.21(0.73,1.82) 1.17 (0.63, 1.88)
NS | - | 0.75 (0.56, 0.94) 2.31 (2.05, 2.57) -

In our investigation of sensitivity to the value of a?iz, we found that the Clipped
Gaussian model was more sensitive to the value in terms of estimation, whereas
the Double Latent model was more affected in terms of prediction. Neither of these
effects are dramatic, but it is something that should be further explored and indicates
the importance of using a hold-out data set or cross-validation to check the predictive
ability for different values of o2, as it is likely that different data sets will respond
differently to changes in this value.

Thus, we conclude that in terms of prediction, the Clipped Gaussian model re-
sults in superior performance. However, for estimation, the Double Latent model
produces estimates that are less sensitive to prior specification and fixed parameter
values, as well as seemingly more reasonable point estimates and associated uncer-

tainty intervals.

6.4.1 Applying the methods to stream data

Our models are most directly applied to a region of interest with an easily
defined study area, D, such that any point within the boundary is a possible location

of interest. We usually think of the continuous domain, D, as a continuous block
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of area on the surface of the earth, such as a particular study area, an ecoregion,
or a county. However, continuous domains can also have a less traditional and less
convex shape, such as those covering river and stream beds, where it only makes
practical sense to think of locations that lie on the stream network and not at any
arbitrary point within the region of interest. When mapping a stream network over
a large region, the shape of the domain can become very complex. With the use of
geographic information system (GIS) technology, it may be possible to better define
such a region and produce maps that are more suited to this application. However,
this is beyond the scope of this research.

In the case of predictions over entire stream network, it is common to construct
a continuous prediction map over the region of interest with the basic understanding
that the values are only meaningful at points that fall on the stream network. This
perhaps over-simplification does result in visually pleasing maps for decision makers
and the public sector. In our application to Montgomery County, Maryland, the area
is relatively small and densely sampled, making us feel more comfortable applying
these models as if the entire region were of interest. However, we only obtain covariate
values for locations on the stream networks and thus are only interested in predicting

- at these sites. Care should be taken when applying these models to stream and river
data in general, especially over networks spread across a larger area and with less
dense sampling.

Another possible limitation in our application to stream data is the measure of
distance we use to define the spatial correlation function. We naively use Euclidean
distance which does not take into account the networked structure and flow inherent
of streams. It would be more appropriate to use a distance measure that takes into
account the network structure in addition to the direction and volume of stream flow
(Ver Hoef et al., 2006). Ver Hoef et al. (2006) discuss valid models for stream data and

show that some commonly used functional forms for modeling spatial autocovariance

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



208

are not valid for use with stream distance, such as the spherical and linear-with-
sill models. The exponential correlation function is valid when used with stream
distance. Ver Hoef et al. (2006) develop valid spatial autocovariance models for
stream networks that incorporate stream distance and flow using a method based
on moving averages. They apply their models to stream sulfate concentration data
from a stream network in Maryland collected by the U.S. EPA for the Maryland
Biological Stream Survey (MBSS). The incorporation of flow into the models resulted
in reduced root mean square prediction error from cross validation as compared to a
model based only on stream distance. Ideally, we would use their proposed method
of incorporating both flow and stream distance when constructing a model for the
spatial autocovariance, and consider this future work. Ver Hoef et al. (2006) also
make predictions over a dense set of locations along the stream network to create
a stream "map” of the predicted values. Each prediction is represented by a circle
whose size is proportional to the level of precision in the prediction and the color
indicates the value of the prediction. This is an idea that could again be incorporated
into our work with better use of GIS tools.

Cressie et al. (2006) further formalize the ideas of Ver Hoef et al. (2006) by
modeling the spatial dependence through the definition of a one-dimensional pro-
cess convolution based on Brownian motion on the stream network. They choose a
kernel that is nonnegative, linearly decreasing, and that gives zero weight to stream
distances greater than some fixed value. They create maps of the stream or river
network following the strategy of Ver Hoef et al. (2006), using variable colors to
represent magnitude and variable sizes to represent level of precision.

Despite the limitations of our models when applied to stream data, this applica-
tion reveals that they can be successful in predicting a categorical variable at unob-
served locations. The importance of including both the Double Latent and Clipped

Gaussian models in this work is clearly demonstrated by the difference in predictive
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ability for the two models for the real data. In this case, the Clipped Gaussian model
is superior for prediction, but based on simulation results we strongly suspect that

the Double Latent model will be superior for some data sets.
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Chapter 7

CONCLUSIONS AND FUTURE WORK

In this dissertation, we develop models and methods for prediction of an ordered
categorical response in a spatial setting. The models naturally incorporate the spatial
dependence through the use of latent Gaussian processes with a spatial covariance
structure. The connection between the use of continuous latent variables and the
ordered categorical response is accomplished by “clipping” the continuous variable
using a vector of cut-point, or threshold, values. We propose two models utilizing
this concept of clipping, the Double Latent model and the Clipped Gaussian model.
These models fill a void in the literature regarding spatial models for point-referenced
ordered categorical data.

The Double Latent model is developed in the spirit of generalized linear mixed
models (GLMMs), with a zero-mean latent Gaussian spatial process introduced as
a random effect term, in addition to a typical white-noise variance component. The
mean is specified as a function of covariates, and the variance-covariance of the Gaus-
sian process is specified through a correlation function resulting in a valid covariance
matrix.

The Clipped Gaussian model is developed as an extension of the clipped Gaus-
sian random field approach proposed by De Oliveira (1997, 2000) for binary data.
This model assumes that the latent Gaussian random field is clipped directly to ob-
tain the ordered categorical response. The mean is again specified as a function of
covariates, but now at the level of the Gaussian process. The variance-covariance

matrix is defined in the same manner as that for the Double Latent model. This
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model does not include the additional white noise component defined in the GLMM

structure of the Double Latent model.

7.1 Conclusions

In Chapter 1, we briefly introduced the two models and provided needed back-
ground information in the form of a literature review of models for independent
ordered categorical data and spatial models proposed for binary and count data,
along with introductions to spatial modeling and terminology, Bayesian inference,
and Markov chain Monte Carlo (MCMC) methods.

Chapter 2 provided the details of each model along with a description of the
Gibbs sampling algorithm used to ﬁf each of the models. Derivations of the com-
plete conditional distributions used to implement the algorithm and details of trans-
formations and computational improvements made to the standard Gibbs sampling
approach were also included.

We provided comparisons of the models in Chapter 3 where we addressed a
variety of more practical issues related to fitting the models. This included an inves-
tigation into how the specification of the models ultimately translates into correlation
in the categorical response. Identifiability of the parameters and strategies to deal
with potential non-identifiability were also discussed. Specification of prior distribu-
tions for the parameters of the models was addressed and specific recommendations
given. Investigation of the second-order structure of the categorical random variable
reveals that data generated under the Clipped Gaussian model possess correlations of
higher magnitude than those created under the Double Latent model, a direct result
of the extra white noisc variance component incorporated into the Double Latent
model.

The primary goal of the models is prediction at unobserved locations, and Chap-

ter 4 outlined the details of making and evaluating the predictions. This included
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an introduction to formulating prediction as a decision problem within the Bayesian
paradigm, along with a description of two proposed methods for estimating the prob-
abilities needed to make the predictions.

Chapter 5 provided an in-depth simulation study using artificial data simulated
under known models and specifications with the purpose of assessing the predictive
ability of the models and their success at estimation. We fit the models to four
different data scenarios defined by different parameter values and also apply each
model to data generated under the assumptions of the other model, along with the
use of two different fixed values for o2 for each model. Results for prediction and
estimation are summarized and discussed, providing necessary information regarding
the behavior of the models and serving to pinpoint areas and issues that deserve
further investigation.

The study demonstrates the success of the models on a wide variety of data
realizations and provides confidence in the practical usefulness of the models. Here we
highlight just a few of the interesting conclusions gleaned from the simulations. First,
the Clipped Gaussian model generally results in superior predictive ability, even for
data generated under the Double Latent model. This is most likely an effect of the
extra variance component incorporated into the Double Latent model. Additionally,
the prediction results for both models are very dependent on the individual data
realizations, displaying excellent predictions for some realizations and less accurate
prediction for others. The predictive success appears to be related to the smoothness
(or patchiness) of the realization, with smooth realizations generally resulting in
better prediction. A smoother realization is characterized by larger and fewer patches
of each category over the region of interest. This result was hypothesized in Chapter
3 and was also suggested by De Oliveira (2000).

In terms of estimation, we find that both models are able to accurately capture

the relationship between the response and the covariate defined in the generation
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of the data. This is true even with the relatively large variability in the posterior
estimates of the regression parameter, 3, over the many realizations. The 95% poste-
rior interval are wider for the Double Latent model regardless of the data generating
mechanism.

Finally, our models are applied to solve a real problem in Chapter 6. The ordered
categorical response of interest is the benthic Index of Biotic Integrity (benthic IBI),
interpreted as a measure of stream health. The study region is Montgomery County,
Maryland, where spatially dense sampling of the stream networks results in the
need for models incorporating spatial dependence. Using a hold-out data set of 100
observations, we find that the Clipped Gaussian model is more successful in terms
of prediction at new sites compared to the Double Latent model, and that both
of our proposed models are more successful than a naive non-spatial cumulative
probit model. Both models provide posterior estimates for the regression parameter
that indicate moderate to conclusive evidence of a negative relationship between the

covariate of conductivity and the benthic IBI category.

7.2 Future work

We devote this section to an introduction and discussion of specific areas and
directions of future research surrounding the proposed models. Many of these points

were briefly mentioned in previous chapters and are expanded upon here.
7.2.1 Computation

The computational expense of fitting these models is relatively high. Therefore,
one area for future research lies in the improvement of the efficiency of the algo-
rithms. We chose to implement a Gibbs sampling algorithm as a logical first step in
the development of these methods. Now that we have demonstrated success with the
more traditional algorithm, other possibly computationally superior methods can be

investigated and compared to the results obtained with our algorithm. Possibilities
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include the use of methods to improve the efficiency of matrix inversion, especially
for large data sets. One strategy is the use of a spectral representation such that the
covariance matrix can be embedded into a block-circulant matrix, allowing use of
methods such as fast Fourier transforms (FFTs) to compute the inverse and square
root of the variance-covariance matrix (Wikle, 2002; Royle and Wikle, 2005; Paciorek
and Ryan, 2005). This method requires that the spatial locations be forced into a
lattice structure, which for point-referenced data is usually a disadvantage. Manip-
ulation of the covariance matrix may also be simplified by use of banded matrices
that are formed based on the assumption that p(s;,s;; ¢) = 0 for pairs of locations
(si,s;) that are sufficiently far apart (Christensen et al., 2006).

Another strategy is to directly improve the convergence behavior, and thus run
time, of the MCMC chain. For example, Meng and van Dyk (1999) propose a
“marginal augmentation” which is shown to converge faster than the straight Gibbs
algorithm of Albert and Chib (1993) for independent ordered categorical data. Ish-
waran (2000) also proposes a “leapfrog hybrid MC” algorithm to improve convergence
for non-spatial cumulative link models, although it is not clear that this would reduce
computational time.

Finally, we should not rule out the use of approximate Bayesian methods to de-
crease computational time by the requirement of more theoretical work before fitting
the models. For example, Gelfand et al. (2000) describes the use of importance sam-
pling for spatial binary data, and Christensen et al. (2006) propose data dependent
reparameterizations to improve and automate convergence of Bayesian spatial mod-
els for binary and count data. It is not immediately clear how their methods can be
extended to the ordered categorical case, but this is a direction that is worth further
study. Additionally, Eidsvik et al. (2006) propose another method for approximate
Bayesian inference for spatial GLMMSs, in the context of one-parameter exponential

family problems, based on the use of the marginal posterior density of the model
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parameters and the marginal posterior distribution of the latent spatial variable at
a single location.

In a non-Bayesian context, Kammann and Wand (2003) propose geoadditive
models that merge geostatistical and additive models using a nonparametric mixed
model representation employing penalized splines. Such methods are described as
“reduced knot” or “low rank” kriging and provide a solution to the inversion of large
matrices. They are typically fit using (restricted) maximum likelihood. Note that
Christensen et al. (2006) also employ a nonparanieteric approach to estimating the

covariance function.
7.2.2 Prior specification and formal sensitivity analysis

For this dissertation, considerable effort was spent, before undertaking the for-
mal simulation study, fitting the models for different prior distributions and hyper-
parameter values. This work is not summarized in a formal prior sensitivity analysis,
but this is something that should be incorporated in future work, now that we have
demonstrated the usefulness of these models. As discussed in Chapter 3, there is
room for more in-depth research related to choice of the prior distributions and spec-
ification of their parameters, particularly those related to parameters specifying the

spatial correlation function and those for the cut-point parameters.
7.2.3 Additional simulation studies

Given the possible number of parameter and model combinations and the com-
putational time required to fit the models of interest, we were restricted in the
number of comparisons we could make. Thus, a logical future direction of research is
continued investigation of model behavior using artificial data. For example, it is of
immediate interest to investigate performance on data with a more varied categorical
composition, particularly that with a higher proportion of observations in the middle

categories, rather than the end categories. The effect of varying the scale parameter
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of the correlation function and employing different correlation functions is also of
interest. Additionally, an investigation of fixing the value of o2 to values at varying

distances from the true value is also needed.
7.2.4 Use of the predictive measures

It is also possible that we can create a more informative measure of predictive
ability by combining the information in mis-prediction rate (MPR) and absolute mis-
prediction rate (AMPR) with that contained in the estimated Bayesian expected loss
(BEL). For example, we could compare the average BEL over locations with correct
predictions to those with incorrect predictions, thus providing valuable information
regarding whether higher probability estimates coincide with correct predictions, as
we hope they would. For example, we would consider it a positive characteristic
of the model if the BEL for correct predictions was greater than the BEL for mis-
predictions. This idea can be carried further to compare the BEL for locations
in which predictions are off by one category to that over locations in which the
predictions are off by more than one category. A decrease in the average BEL with
an increase in prediction error would indicate that BEL truly is providing a useful
measure of the uncertainty in the predictive decision. Conversely, if the average BEL
values for the three cases are equal, this would indicate that the model is producing
probability estimates of the same magnitude regardless of the location, thus providing

no meaningful information regarding uncertainty in the decision.
7.2.5 Alternative link functions

The use of the probit link function, defined by the inverse standard normal cu-
mulative distribution function, provides a useful and logical formulation of the model
for both theoretical and computational reasons. However, as these models see more
practical use, it is likély that different link functions will be desired, particularly

the logit link defined by the standard logistic cumulative distribution function. The
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logit link is particularly attractive due to its advantage in terms of interpretation,
allowing conclusions to be framed in the context of odds ratios. The incorporation
of this link function into the Double Latent model is straightforward, simply accom-
plished by changing the distribution of the white noise process from standard normal
to standard logistic. The Clipped Gaussian model is not as adaptable, although we
suggest looking into the use of multivariate logistic distribution to define the spatial
process, taking the place of the latent Gaussian random field. In fact, O’Brien and
Dunson (2004) propose a new likelihood for multivariate logistic regression based
on the idea of finding multivariate distributions that have marginal logistic distri-
butions, and their work may provide a starting place for logistic spatial models for
ordered categorical data. There is also the possibility of using a link function defined
by the t-distribution with estimable degrees of freedom, such as that described by
Albert and Chib (1993) for independent data, to add flexibility and robustness to
the models.

In Chapter 2 we briefly described an alternative version of the Double Latent
model that specifies the linear function of covariates, X3, as the mean of the spatial
Gaussian process rather than of the first-stage latent variable, Z. This reparame-
terization may provide insight into the advantages and disadvantages of specifying
the mean at different levels of the hierarchy. Both levels of mean specification are
observed in the literature. For example, Diggle et al. (1998) incorporates this mean
at the first-stage, whereas Christensen et al. (2006) includes X3 at the second-stage
in the mean of the Gaussian random field. Knowledge of the computational and/or
theoretical advantages to either method would be useful in a variety of applications

involving hierarchical spatial models.
7.2.6 Alternative loss functions

In Chapter 4 we described two loss functions, but only used one in the remain-

der of the dissertation. Use of the second loss function, defined to provide a greater
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penalty for predictions that fall farther from the true value, is also of immediate
interest. The method of defining prediction in terms of decision theory allows the
loss function to change for different applications, thus providing possibly advanta-
geous flexibility in terms of maximizing the predictive ability using a problem-specific
strategy. We suspect that a comparison of different loss functions for a particular
type of data may provide interesting insights into this method of spatial prediction

and also into the use of the predictive measures we employ in Chapters 4, 5, and 6.
7.2.7 Identifiability of parameters

Another direction of future research was discussed in Chapter 3 regarding the
estimation of variance parameters used to specify a latent continuous variable or
process. The amount of information available in categorical data to estimate such
a parameter remains unknown, and depends on the problem-specific number of cat-
egories. A greater number of categories may often lead to values of the cut-points
that extend farther into the tails of the continuous distribution, which should pro-
vide greater information regarding the spread of this latent distribution. It may be
possible to recommend a minimum number of categories such that the parameter
can be estimated. However, the number of categories would most likely have to be
coupled with an appropriate coverage of the cut-points over the range of the contin-
uous variable. This future work should rely on both analytical work and simulation
studies.

In Chapter 4 we developed the method of prediction under the assumption that
the categories of the response are given successive integer labels, termed the integer
label framework. We also briefly describe the problem under the indicator-label
framework for cases when integer labels are not deemed appropriate. It would be
interesting to pursue this direction of specifying the prediction problem in this multi-
variate, and more general, fashion. The two methods should be compared in terms

of the correlation they induce in the categorical response variable.
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7.2.8 Conclusion

In conclusion, our research fills a void in the current literature surrounding spa-
tial models for point-referenced ordered categorical data. We have proposed two
concurrent models and pointed to areas of future research, related both to the pro-
posed models and to the analysis of spatially point-referenced non-Gaussian data in
general. It is our hope that this work will spark additional discussion and research in
this area, and eventually lead to techniques that can be readily applied by researchers
collecting ordered categorical data in a spatial setting. The need for such models
arises in a variety of scientific disciplines where spatial dependence is an integral and
useful characteristic of the data, and the data are either intrinsically categorical or

transformed to categorical in order to simplify data collection.
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