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ABSTRACT 

STABLY STRATIFIED BUILDING WAKES 

The velocity and temperature wake behind an isolated building 

placed in a stably stratified turbulent boundary layer has been investi­

gated utilizing wind tunnel tests and mathematical analysis. The mean 

velocity and mean temperature decreases but turbulence intensity and 

temperature fluctuation intensity increases as a result of the momentum 

wake. However, the vortex wake increases mean velocity and mean tempera­

ture, and decreases turbulence intensity and temperature fluctuation 

intensity along the centerline of the wake. 

A wind tunnel study of the wakes behind six surface-mounted 

rectangular building models in a stably stratified turbulent boundary 

layer was performed for wind direction perpendicular to one face of the 

building. Measurements of mean velocity, mean temperature, turbulence 

intensity, temperature fluctuation intensity, velocity-temperature 

correlations, spectra of velocity and temperature were measured at a 

Reynolds number greater than 2.0 x 104 with and without the buildings 

in place. 

A method for simultaneous measurement of velocity and temperature 

was developed. Hunt's theory for momentum and vortex wakes was evalu­

ated. An analytical technique for prediction of temperature field in 

the wake of a building using the energy equation for turbulent flow was 

developed. The present theory considers momentum and vortex wake 

effects to determine the mean temperature in the wake of a building. 

It was found that Hunt's theories for momentum and vortex wakes 

give very good agreement for mean velocity on the centerline in the wake 

of a building. It was also observed that the vortex wake was persistent 
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and excess velocity was observed in the far wake region. The theory 

developed for this research for the temperature field shows an excellent 

agreement for mean temperature in the wake of a building. The excess 

temperature in the wake of a building increases up to a certain x/H 

and then decreases. The temperature wake was extremely persistent and 

even at x/H = 60 behind all the buildings the wake displayed an excess 

temperature. This is the result of the horseshoe vortex which brings 

higher temperature fluid from the top of the turbulent boundary layer 

towards the ground along the centerline of the building. Hence, the 

horseshoe vortex plays a very important role in determining any scalar 

quantity distribution, such as temperature, in the wake of a building. 

The velocity fluctuation spectra are similar at various x/H 

locations with and without a building and obey a -5/3 power law behavior 

in the inertial subrange. The temperature intensity spectra show a 

-5/3 power law behavior in the inertial subrange for approach-flow 

conditions; however, spectra of temperature in the wake of a building 

have approximately a -1 power law behavior in the inertial subrange. 

Though refinement is needed, the analytical theory of Hunt for the 

mean velocity field and the present analytical theory for the mean 

temperature field in the wake of a building are very useful techniques. 

iii 



ACKNOWLEDGMENTS 

This research was conducted under Contract No. AT{49-24)-0366 

with the United States Nuclear Regulatory Commission. Financial support 

received is great fully acknowledged. The authors wish to thank 

Dr. Robert Abbey, Jr., NRC, for the helpful suggestions during the 

course of the research. 

iv 



TABLE OF CONTENTS 

Chapter 

I. INTRODUCTION 

II. LITERATURE SURVEY. 

2.1 
2.2 
2.3 

Introduction . . . . . , . . . . Turbulent Boundary Layers 
Building Wakes . . . . . . • 
2.3.1 Prototype Measurements 
2.3.2 Wind Tunnel Measurements 
2.3.3 Theoretical and Numerical 

. . . . . . . 
Methods . 

III. THEORETICAL CONSIDERATIONS 

3.1 
3.2 

3.3 

Turbulent Energy Equation 
Solution of Turbulent Energy 
Momentum Wake Analysis . . . 
Solution of Turbulent Energy 
Vortex Wake Analysis . . 

Equation for 

Equation for 

IV. DATA ACQUISITION AND ANALYSIS 

4.1 
4.2 
4.3 
4.4 
4.5 
4.6 

Wind Tunnel Boundary Layer Similarity 
The Wind Tunnel Facility . . . . . . . . . 
Velocity and Temperature Measurements .... 
Approach Flow and Preliminary Measurements . 
Data Reduction ............... . 
Description of the Models and Test Program 

V. RESULTS AND DISCUSSION 

1 

5 

5 
5 
6 
6 
7 

12 

19 

19 

22 

28 

33 

33 
34 
36 
39 
41 
45 

46 

5.1 The Approach Flow Characteristics . . . . 46 
5.2 The Experimental Measurements of Mean Velocity 

in the Wakes of Buildings . . . . . . . . . . 48 
5.3 Comparison of the Experimental Measurements 

of Mean Velocity with Hunt's Theories 51 
5.4 The Experimental Measurements of·Mean 

Temperature in the Wakes of Buildings 54 
5.5 Comparison of the Experi mental Measurements 

of Mean Temperature with Present Theories . . .. 56 
5.6 Turbulence Measurements 58 

VI. CONCLUSIONS AND RECOMMENDATIONS. 64 

REFERENCES 67 

v 



Chapter 

Appendix A THE SOLUTION TECHNIQUE FOR TURBULENT 
ENERGY EQUATION FOR MOMENTUM WAKE 
ANALYSIS . • • • . . • . • • • • • • 72 

Appendix B CALCULATIONS OF VELOCITY AND TEMPERATURE 
FROM HOT FILM DATA . • . • • • • • • • • 81 

Table 1--Bui1ding model dimensions, boundary layer 
parameters and constants 83 

FIGURES 84 

vi 



Figure 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

LIST OF FIGURES 

Flow pattern around a rectangular block with 
reattachment of the free shear layer (from wind 
tunnel measurements in the wakes of structures by 
Woo, H. G. C., Peterka, J. A., and Cermak, J. E., 
1976 [5]) . . • • . . • . . • • • • . . • • • 

Schematics of the regions of influence of the vortex 
core and the vortex-induced boundary layer (from the 
vortex wake theory of Hunt, 1975 [27]) •...• 

Experimental configuration showing the coordinate 
system and definitions of symbols . . . • . . . • 

Meteorological wind tunnel, Fluid Dynamics and 
Diffusion Laboratory, Colorado State University. 

Probe traversing mechanism. • 

Schematic of data-acquisition system. 

Data sampling time verification . . . . 

Determination of mean velocity and temperature at 
zl and z2 · · · · · · · · · · · 
Approach flow characteristics · · 
Vertical profiles of mean velocity defect behind 
building 1. · · · · · · · · · · · · · · · · · · 
Vertical profiles of mean velocity defect behind 
building 2. · · · · · · · · · · · · · · .. · · .. · 
Vertical profiles of mean velocity defect behind 
building 3. · · · · · · · · · · · · · · · · · · .. 

Vertical profiles of mean velocity defect behind 
building 4. · · · · · · · .. · <!. .. · · · · · · · 
Vertical profiles of mean velocity defect behind 
building 5. · · · · · · · · · · · · · · · · .. · · 
Vertical profiles of mean velocity defect behind 
building 6. · · · · · · · · · · · · · · · .. · · 

. 

16 Comparison of decay rates of mean velocity 
defect in the wakes of buildings land 2 with 

85 

86 

87 

88 

89 

90 

91 

. . 92 

93 

94 

95 

96 

97 

98 

99 

Woo et ale [5]..................... 100 

vii 



Figure 

17 Comparison of decay rates of mean velocity 
defect in the wakes of buildings 3 and 4 with 
Woo et al. [5].. . ...•.......... 101 

18 Comparison of decay rates of mean velocity 
defect in the wakes of buildings 5 and 6 with 
Woo et al. [5] .................... 102 

19 Horizontal profiles of mean velocity defect 
behind building 2 . . . . . . . . . . . . . . . 103 

20 Determination of virtual origin for buildings 
1, 2 and 3. · · · · · · · · · · · · · · · 

21 Determination of virtual origin for buildings 
4, 5 and 6. · · · · · · · · · · · · 

22 Comparison of the measured vertical profiles of 
velocity defect on the building 1 centerline 

· · · 104 

· · · · 105 

with the momentum and vortex wake theory of Hunt .... 106 

23 Comparison of the measured vertical profiles of 
velocity defect on the building 2 centerline 
with the momentum and vortex wake theory of Hunt .... 107 

24 Comparison of the measured vertical profiles of 
velocity defect on the building 3 centerline with 
the momentum and vortex wake theory of Hunt . . • . . . 108 

25 Comparison of the measured vertical profiles of 
velocity defect on the building 4 centerline with 
the momentum and vortex wake theory of Hunt • . . . . . 109 

26 Comparison of the measured vertical profiles of 
velocity defect on the building 5 centerline with 
the momentum and vortex wake theory of Hunt . . . . . . 110 

27 Comparison of the measured vertical profiles of 
velocity defect on building 6 centerline with 
the momentum and vortex wake theory of Hunt · , · 111 

28 Vertical profiles of mean temperature excess behind 
building 1. · · · · · - · · · · · · · · · · · · · · · 112 

29 Vertical profiles of mean temperature excess behind 
building 2. · · · · · · · · · · · · · · · · .. · 113 

30 Vertical profiles of mean temperature excess behind 
building 3. · · · · · · · · .. · · · · · · .. .. · .. .. · 114 

31 Vertical profiles of mean temperature excess behind 
building 4. · · · · · · · · · · · · · · · · · · · , · '. 115 

viii 



Figure 

32 Vertical profiles of mean temperature excess 
behind building 5 . . . . . . . . . . . . . . . . . . • 116 

33 Vertical profiles of mean temperature excess 
behind building 6 . • .. . . . • . . . . 117 

34 Variation of mean temperature excess in the wake 
of buildings. ...... • . . . 118 

35 Comparison of the measured vertical profiles of 
temperature excess on the building 1 centerline 
with the present theory . . . . . . . . . • . . • . . . 119 

36 Comparison of the measured vertical profiles of 
temperature excess on the building 2 centerline 
with the present theory . . . . . . . . . . . . . . . . 120 

37 Comparison of the measured vertical profiles of 
temperature excess on the building 3 centerline 
with the present theory . . . . . . . . . . . . • . . . 121 

38 Comparison of the measured vertical profiles of 
temperature excess on the building 4 centerline 
with the present theory . . . . . . . . . . .. . . . . . 122 

39 Comparison of the measured vertical profiles of 
temperature excess on the building 5 centerline 
with the present theory . . . . . . . " " . . . . • . " 123 

40 Comparison of the measured vertical profiles of 
temperature excess on the building 6 centerline 
wi th the present theory . " . • . . . .. " • . .. • . .. . 124 

41 Vertical profiles of turbulence intensity excess 
variance on the centerline of building 1. · · "- . · '. .. 125 

42 Vertical profiles of turbulence intensity excess 
variance on the centerline of building 2. .. " ' . .. " o. .. 126 

43 Vertical profiles of turbulence intensity excess 
variance on the centerline of building 3. .. .. " " . o. .. .. 127 

44 Vertical profiles of turbulence intensity excess 
variance on the centerline of building 4. .. · .. .. · .. .. 128 

45 Vertical profiles of turbulence intensity excess 
variance on the centerline of building 5. · . " o. . ". 129 

46 Vertical profiles of turbulence intensity excess 
variance on the centerline of building 6. · · . .. · . .. 130 

ix 



Figure 

47 Comparison of the decay rates of turbulence intensity 
excess variance behind buildings 1 and 2 with Woo 
et a1. [5]. . ............ 131 

48 Comparison of the decay rates of turbulence intensity 
excess variance behind buildings 3 and 4 with Woo 
et a1. [5]. . .................. 132 

49 Comparison of the decay rates of turbulence intensity 
excess variance behind buildings 5 and 6 with Woo 
et ale [5] ...................... 133 

50 Horizontal profiles of turbulence intensity excess 
variance behind building 2. . . . 134 

51 Decay of temperature excess variance in the wake 
of buildings. . . . . . . . . . . . . . ... 135 

52 Comparison of normalized longitudinal velocity 
spectra behind building 2 with undisturbed 
boundary layer spectrum . . . . . . . . . . .. .. 136 

53 Comparison of normalized temperature spectra behind 
building 2 with undisturbed boundary layer spectrum . . 137 

54 Comparison of auto-correlation coefficients derived 
from velocity spectra behind building 2 with 
undisturbed boundary layer auto-correlation 
coefficients ................•...•. 138 

55 Comparison of auto-correlation coefficients derived 
from temperature spectra behind building 2 with 
undisturbed boundary layer auto-correlation 
coefficients. . . . . . . . . . . . . . . ..... ~ . 139 

56 Comparison of longitudinal velocity spectrum with 
temperature spectrum in undisturbed boundary layer ... 140 

57 Comparison of longitudinal velocity spectrum with 
temperature spectrum behind building 2., . . . . . 141 

58 Comparison of auto-correlation coefficients 
derived from velocity and temperature spectrum in 
undisturbed boundary layer. . . . . . . . . . . 142 

59 Comparison of auto-correlation coefficients derived 
from velocity and temperature spectrum behind 
building 2 .....•... ~ ~ ..••.•..••. ~ 143 

x 



Symbol 

A, AI' A2 

a 

B, Bl , B2 

c, c l ' c2 

Cl , C2, C3, 

c 
P 

C a a (f) 
1 2 

Cpx 

Co (f) a l a2 

d 

DELTA T 

Delta T VAR 

Delta U 

Delta U VAR 

E, El , E2 

Excess T 

p 

G (f) a 

g 

C4 

LIST OF SYMBOLS 

Definition 

calibration constants for hot films 

virtual origin of wake 

calibration constants for hot films 

calibration constants for hot films 

constants used in Appendix B 

specific heat of fluid at constant pressure 

coincident spectral density function (co-spectrum) 

force coefficient of the building in x direction 

coherence 

width of wake 

mean temperature used for nondimensionalizing 

excess of variance of temperature fluctuation 
in the wake of a building 

mean velocity defect in wake of a building 

excess of variance of velocity fluctuation in 
wake of a building 

output voltages of contant temperature anemometers 

excess mean temperature in wake of a building 

function defined in equation (3.18) 

function defined in equation (2.4) 

function defined in equation (3.24) 

function defined in equation (3.18) 

power spectral density function 

cross spectral density function 

acceleration due to gravity 

xi 



Symbol 

g (f) a 

H 

h 

K 

k 

kl 

k2 

L 

t 

n 

n2 

n' 

p, q, r 

Qa a (f) 
1 2 

qo' q2 

R, Rl , R2 

R (T) a 

Ra' R a ' 
1 

Rc' R 
c ' 1 

Ra a (T) 
1 2 

ra (T) 

r a (T) 
al 2 

Ria 

R a2 

R c2 

Definition 

normalized power spectral density function 

building height 

vertical height of center of vortex 

von Karman constant 

molecular diffusivity of fluid 

constant defined in equation (2.4) 

constant defined in equation (3.24) 

length of wake in longitudinal direction 

length of bubble region in longitudinal direction 

mean velocity power law exponent 

mean temperature power law exponent 

power law exponent for velocity defect 

constants defined in Appendix B 

quadrature spectral density function (quad-spectrum) 

functions defined in equation (3· .. 19) 

resistance of hot films 

auto-correlation coefficient 

resistance of hot films corresponding to 
environment mean temperature T, T , and T 

a a l a2 

calibration resistance of hot films corresponding 
to calibration mean temperature T , T , T c cl c2 

cross-correlation function 

normalized auto-correlation function 

normalized cross-correlation function 

bulk Richardson number based on boundary layer 
height 

bulk Richardson number based on building height 

xii 



Symbol 

T 

T 

T 
w 

T 
w 

T 
* 

T~l 
t 

U, V, W 

u, V, W 

IT , V , W w w w 

u, v, w 

u',v',w' 

u 
* 

x, y, z 

x, y, z 

Yv 

z 
0 

zl 

z2 

Definition 

instantaneous fluid temperature 

mean fluid temperature 

hot film temperature 

mean fluid temperature in wake of a building 

reference temperature 

mean temperature at the height zl 

time 

instantaneous velocity components in x, y, and 
Z directions 

mean velocity components in x, y, and Z 
directions 

mean velocity components in x, y, and Z 

directions in wake of a building 

mean velocity in x direction at the height zl 

perturbations on mean velocity components in 
x, y, and z directions in wake of a building 

fluctuation of velocity components in x, y, and 
z directions 

friction velocity 

space coordinates, x downwind, y lateral, 
z vertical 

nondimensional space coordinate~ x downwind, 
y lateral, z vertical 

lateral distance to center of vortex 

roughness height 

reference height (0.25 cm) 

reference height (0) 

xiii 



Symbol 

Greek Symbols 

r 

e 

e' 

e (f) a l a2 
-v 

vI' v2' v3 

y 

A 

£ 

£1' £2' £3 

/). 

P 

II 

<l> 

Definition 

temperature coefficient of resistance of hot film 

constant defined in equation (2.1) 

constant defined in,equation (2.2) 

circulation of vortex at x = 0 

boundary layer thickness 

perturbation on mean temperature in wake of a 
building 

temperature fluctuation 

phase angle between two signals 

mean eddy viscosity 

mean eddy viscosity in x, y and z directions 

constant of order one 

constant of order one 

mean eddy diffusivity 

mean eddy diffusivity in x, y and z directions 

thickness of wake in z direction 

density of air 

viscosity of air 

dissipation function 

xiv 



Chapter I 

INTRODUCTION 

This research reports a study of momentum and vortex wakes 

behind surface mounted bluff bodies deeply immersed in a stably 

stratified turbulent boundary layer. The aims of the present research 

were to determine the effect of thermal stability in the approach flow 

on the wake and generate the basic physical models for temperature and 

velocity distributions in the wake. 

A surface obstacle or building in the planetary boundary layer 

creates a wake behind the obstacle. The wake is generally characterized 

by increased turbulence intensity and decreased mean 10ngituina1 

velocity. The loss of velocity in the wake amounts to loss of momentum. 

Moment of the loss of momentum is then related to the couple acting on 

the obstacle. The spread of the wake increases as the distance from 

the building increases, and the difference between the velocity in the 

approach flow and in the wake becomes smaller. An obstacle wake of 

this type is known as a Momentum Wake or Normal Wake. Passage of a 

shear flow around a surface obstacle also creates a system of longitu­

dinal vortices in the wake of the obstacle. An obstacle wake of this 

type is classified as a vortex wake. The vortex brings higher-momentum, 

less-turbulent fluid from higher elevations of the turbulent boundary 

layer to increase the velocity and decrease the turbulence intensity 

near the wake centerline; however, the vortex brings lower-momentum, 

high-turbulent fluid from the lower elevation of the turbulent boundary 

layer to decrease the velocity and increase turbulence intensity on 

the outboard side of the vortex. Gregory and Walker [1] and Mochizuki 

[2] observed longitudinal vortices in the wakes of isolated objects in 
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laminar boundary layer flows. Ostrowski, Marshall and Cermak [3] 

described the generation of vortices at the leading roof corner of a 

building placed at an angle of incidence to the approach flow. Similar 

effects were observed by Hansen, Peterka and Cermak [4] in the wake of 

a simple structure in a simulated atmospheric flow. Woo, Peterka and 

Cermak [5] have observed the horseshoe vortex pattern with the wind 

approaching normal to the one face of the model in a wake of an 

obstacle placed in a simulated turbulent boundary layer. Thus, in the 

wake of an obstacle placed in a turbulent boundary layer, the resultant 

superposition of momentum and vortex wake on fields of temperature 

and velocity should be determined. 

Knowledge of the stucture of building wakes has application to 

diverse fields. Diffusion of material released in the wake of a 

building will be strongly altered, particularly if the pollutant is 

released within the separation bubble in the lee of a building or if 

the wake contains standing vortices. Modeling the pollutant concen­

tration in the wake of the building requires the knowledge of flow 

characteristics within the wake. Using the data of Peterka and Cermak 

[6] for decay rate of excess turbulent intensity, Huber and Snyder 

[7] have developed a prediction technique for pollutant concentration 

in building wakes. 

In order to reduce congestion at major airports, the need exists 

for rapid interurban transportation. A promising alternative for 

solving this problem is to design smaller airports near populated 

centers -operating with V/STOL aircraft. Before constructing the airport 

in or very near an urban area, the effect of wind in and near the 

airport on aircraft operation should be determined. A large building 
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in the proximity will alter the wind patterns in which aircraft must 

fly. Serious problems for some aircraft, are created due to increased 

turbulence and mean wind shear. Highly structured vorticity generated 

by the flow around buildings could subject aircraft to large pitching 

and rolling moments deteriorating aircraft control and causing 

passenger discomfort. 

Another area in which knowledge of building wakes is important 

is the effect of nearby building on the wind load requirement of a 

structure. Local pressure loadings may increase or decrease due to 

nearby structures and depend on the relative position of approaching 

wind, the building shapes and separation distance between structures. 

Zambrano and Peterka [8] have carried out an extensive study of the 

pressure loading on the building due to adjacent buildings. In addition, 

pedestrian comfort near buildings is frequently influenced by the wake 

characteristics of a building. 

The present research was divided into two parts viz., wind tunnel 

experiments in the wakes of six different obstacles and development 

of a theoretical model for the temperature field. Six simple Plexiglas 

models were used and placed on the wind tunnel floor in a stably strat­

ified turbulent boundary layer. Measurements of mean velocity and 

temperature, turbulence intensity of velocity and temperature, and 

one-dimensional spectra for velocity and temperature were measured. A 

technique was developed to determine the velocity and temperature from 

fluctuating voltage outputs of two parallel hot films in a manner con­

ducive to the large volume of data anticipated for this study. 

In the second phase, a theory of momentum and vortex wakes 

developed by Hunt was used to compare the present results for the 
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velocity field. A similar theory was developed for the temperature 

field. These theories will be discussed in detail in the next chapters. 

A literature survey of related wake studies is presented in 

Chapter II. Theoretical considerations for determination of temperature 

field in the building wake are described in Chapter III. Chapter IV 

presents the modified technique for determination of velocity and 

temperature from voltage outputs of two parallel hot films. Bxperimental 

results are presented in Chapter V and compared with the present 

theory. The major conclusions of the present study and recommended 

areas for further investigations are outlined in Chapter VI. 



2.1 Introduction 

Chapter II 

LITERATURE SURVEY 

Theoretical and experimental research for wake behavior has been 

performed behind cylinders, spheres and streamlined bodies. Very 

little is known concerning wake characteristics behind bluff bodies. 

Experimental and theoretical research for obstacles placed in turbulent 

shear layers has been performed only for neutral flow conditions; hence, 

the present research for stably stratified building wakes will add a 

new insight to the wake problem. The intent of this chapter is to 

present and draw together in condensed form the literature for building 

wakes. It should be noted that the mathematical treatment reviewed does 

not apply to the entire wake behind a building; nevertheless the 

concepts describe the physical mechanism and essential features of the 

far-wake region behind a building. Most of the literature which deals 

with stable flow concerns turbulent boundary layers only. The pertinent 

literature for turbulent boundary layers and then the details of neutral 

wakes behind buildings will be reviewed. 

2.2 Turbulent Boundary Layers 

Using the basic assumption that the flow is homogeneous in the 

flow direction and fluxes of heat and momentum remain essentially 

constant with height, Monin and Obukov [9] developed a similarity 

theory. Consideration of the pertinent variables leads to three 

scales, viz., length, L, velocity, u*, and temperature, T*. They 

concluded that the mean and turbulent quantities of flow when nondimen­

sionalized by the proper combination of the above mentioned three scales, 

must be a universal function of a stratification parameter, z/L. 
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For the mean velocity and temperature, the theory of Monin and 

Obukhov predicts log-linear profiles given by 

U(z) - U(z f) =~ 
z - z z B( L ref)], re K [R-n -- + 

zref 

=~ 
z - z 

fez) - T(z f) 
z B

T
( L ref)], [R-n -- + re K z ref 

in which Band Br are empirical constants, and K is the von 

Karman constant. 

(2.1) 

(2.2) 

Arya [10] has examined the stably stratified boundary layer in a 

meteorological wind tunnel, and the structure of the boundary layer 

was discussed in light of Monin and Obukhov's similarity theory. It was 

shown that mean and turbulent characteristics of the flow of the wind 

tunnel boundary layer are described well by similarity theory. 

2.3 Building Wakes 

2.3.1 Prototype Measurements 

M. J. Colmer [11] reported measurements in the wake of a hanger, 

30 m long, 15 m wide, 10 m high, with a roof pitch of 10 degrees, 

at the Royal Aircraft Establishment at Bedford. Three instrumented 

towers were located 5H, l4H, and 23H downwind along the anticipated 

wake centerline and one tower was located at 5H downwind and 5H 

off the centerline, where H is the height of the hanger. The approach 

conditions were measured by a tower at l8H upstream of the hanger. The 

measurements were performed in the planetary boundary layer having a 

measured power law exponent of 0.18. The thickness of the boundary 

layer was estimated (but not measured) to be 610 m (2,000 ft). Only 

one set of experimental measurements was reported; hence, no general 

conclusion can be drawn for the wake structure. Colmer determined that 
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the mean speed in the wake was smaller than that in the approach flow 

at the same height. Colmer also found that this velocity defect 

reduced rapidly to zero around l4H downstream of the hanger. He 

discovered that turbulent intensities were still noticeably different 

from those in the approach flow at the same height even at a distance 

of 23H downstream. 

Frost and Shahabi [12] have made prototype measurements in the 

wake of rectangular buildings at the NASA George C. Marshall Space 

Flight Center in Huntsville, Alabama. The facility included an eight 

tower array located in a large open field. All the towers were 

instrumented at 3, 6, 12 and 20 m levels. Sixty-two experimental 

data sets were obtained with no building present, 16 runs were made 

with a small building 2.4 m deep, 3.2 m high and 7.95 m long, and 

12 runs were made with a longer building 2.4 m deep, 3.2 m high and 

26.8 m long. The measurements included data to determine mean longi-

tudinal velocity, vertical velocity, wind direction, auto-correlation 

function and spectra of longitudinal velocity fluctuations. The mean 

velocity defect behind the larger building decayed with distance at 

-1.5 a rate proportional to x This is in agreement with wind tunnel 

measurements of Woo et al. [5]; however, the wind-tunnel velocity 

defects were smaller in magnitude. 

2.3.2 Wind-Tunnel Measurements 

A large body of literature exists on the two-dimensional wakes 

of barriers; because two-dimensional wakes differ significantly from 

the three-dimensional wakes considered in this study, only three-

dimensional wake studies will be reported. Wind-tunnel measurements 

of building wakes have been conducted by Yang and Meroney in 1970 [13], 
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Counihan in 1971 [14], Lemberg in 1973 [15], Castro and Robins in 1975 

[16], Hansen, Peterka, and Cermak in 1975 [4], Peterka and Cermak in 

1975 [6], Hansen and Cermak in 1975 [17], Woo, Peterka, and Cermak in 

1976 [5], Hatcher, Meroney, Peterka, and Kothari in 1977 [18], and 

Hunt, Abell, Peterka, and Woo in 1978 [19]. 

Yang and Meroney [13] measured centerline velocities in the wake 

of a 15 cm (5.9 inch) cube placed in a stably stratified turbulent 

boundary layer with one face either perpendicular or 45 degrees to 

the approach flow. The measurements were performed to establish the 

velocity profile influencing turbulent diffusion in the wake of a 

building and no wake characteristics were reported. However, from 

figures presented it can be concluded that the momentum wake disappeared 

within 20 to 25 heights downstream of the building. 

Counihan [14] made detailed measurements of wakes behind a 1.9 em 

(0.75 inch) cube, with one face perpendicular to the flow direction, 

placed in an artificially simulated thick turbulent boundary layer. 

The ratio of model height to boundary layer height was 1/8 with a 

power law exponent of 0.15. Mean longitudinal velocities, three fluc-

tuating components of velocity and spectra of longitudinal velocity 

fluctuation were measured in the wake of the cube. Similar measure-

ments were made, with the same conditions, for a two-dimensional block 

1.9 cm (0.75 inch) high and 1.9 em (0.75 inch) deep. The main finding 

of Counihan was that the wake of a two-dimensional block decays at a 

rate of -0.47 x This decay rate was slower than the rate of decay' 

for the cube. Hunt and Smith [20] predicted for a two-dimensional 

-1 block that the mean velocity defect decreases as x whereas for 

the cube it decreases as x-l . 5; hence, the experimental measurement 
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and theoretical prediction do no agree for two-dimensional block. 

Counihan also noted that turbulent integral length scales were larger 

in the undisturbed boundary layer than behind the block and cube. He 

observed that the integral length scale for the block was larger than 

that of the cube. 

At the University of Western Ontario, Lemberg [15] obtained 

experimental data for several three-dimensional building wakes in a 

naturally developed turbulent boundary layer in a wind tunnel. 

Measurements of longitudinal mean velocity and turbulence intensity as 

well as overturning moments for each building were made. Lemberg also 

observed the horseshoe vortices during flow visualization studies in 

a water channel but without boundary layer simulation. No attempt was 

made to determine the effect on the wake of horseshoe vortices. The 

-1.58 velocity defect was found to decay as x for all of his data, 

which is close to Hunt's theoretical prediction. The turbulence 

intensity excess was found to decrease at rates varying from -0.11 to 

-0.30, much slower rates than the -2.0 predicted by Hunt [21]. Part 

of Lemberg's work was devoted to modification of Hunt's theory to 

include variable eddy viscosity. 

Castro and Robins [16] observed the wake behind a 0.2 m (0.66 ft) 

cube in a simulated planetary boundary layer having a power law 

exponent of 0.24 and a thickness of 2 m (6.6 ft). The measurements 

were carried out with a pulse-wire anemometer to measure more 

accurately longitudinal velocity and turbulence intensity in the near 

wake region. The wake observed by them extended only 4.5 building heights 

downstream of the building. The reasons suggested for the short wake 

were high turbulence intensity and strong shear in the approach flow. 
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Some recent measurements of wakes in wind tunnel studies at 

Colorado State University were reported by Hansen, Peterka and Cermak 

[4], and Peterka and Cermak [6]. An interesting feature of these 

studies was the effect of approach flow direction on the wake structure. 

It was found that the wake extends about four times farther with the 

model placed at 4S degrees to the approach flow than with one face 

normal to the approach flow. Longitudinal vortices were determined to 

persist for farther distances with the model at approximately 45 degrees 

to approach flow resulting in a longer wake. A technique for measure-

ment of the horseshoe vortex circulation was also developed. 

Hansen and Cermak [11] measured the vortex containing wakes 

behind hemispheres placed in a thick, simulated planetary boundary 

layer. The mean longitudinal velocity, mean swirl velocity and vortex 

strength, longitudinal velocity fluctuation intensity and spectra were 

measured in the wakes. They developed an inviscid model to predict 

the strength of the horseshoe vortex. They also determined that the 

meander caused a rapid decay in the average vortex strength, whereas 

there was very slow decay of the instantaneous vortex strength. It 

was observed that the vortex wake was extremely persistent as compared 

with the momentum wake. The vortex wake was observed up to 100 model 

heights downstream whereas the momentum wake was observed only up to 

15 to 20 model heights downstream. They concluded: 

"As the momentum wake decays in proportion to x- l •S and 
the vortex wake strength decreases much more slowly as 
x-O.S, it can be expected that at sufficient distance downwind 
of the obstacle the vortex wake will be dominant and there 
will be a region of velocity excess." 

Woo, Peterka and Cermak [5] have carried out an extensive study 

of wakes behind twenty different models using four different simulated 
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thick turbulent boundary layers. The flow pattern around the rectangular 

block and horseshoe vortex pattern were determined. Measurements of 

longitudinal mean velocity, turbulence intensity, correlations, and 

spectra were made in the wake of the buildings and without buildings 

in place. A general model of mean flow developed in that study is 

shown in Figure 1. Similar measurements were made with models at 

47 degrees to the approach flow to deduce similar effects on the wake 

structures as noted by Hansen, Peterka and Cermak [4]. 

Hatcher, Meroney, Peterka and Kothari [18] have carried out 

extensive measurement of turbulence and dispersion in a wake of a 

model industrial complex. The mean velocity defect decayed as x- l •13 

-2.7 and excess turbulence intensity decayed as x in the wake. They 

detected the wake at a distance of x/H = 30 at a five percent mean 

velocity defect level. They concluded that such a long wake region 

was associated with the low roughness characteristic of the site. 

Hunt, Abell, Peterka and Woo [19] have studied kinematical 

aspects of the flows around free or surface mounted obstacles. They 

have studied laminar and turbulent flow around surface obstacles such 

as cuboids and axisymmetric humps. They developed a technique for the 

surface flow visualization for highly turbulent recirculating flows. 

From the surface patterns they deduced the mean surface stress stream-

line. The mean flow streamlines were sketched from velocity measure-

ments near bluff bodies. On the basis of kinematical principles and 

experimental results they concluded that in the separated flow around 

surface-mounted obstacles closed streamline surfaces do not exist. 
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2.3.3 Theoretical and Numerical Methods 

A theoretical foundation for wake behavior behind bluff bodies 

immersed in a thick turbulent boundary layer was pioneered by Hunt 

and Smith. Hunt and Smith [20] in 1969 proposed a theory to calculate 

time mean velocity in the wake of two- and three-dimensional bluff 

bodies immersed in a thick turbulent boundary layer. The theory was 

improved for two-dimensional bodies by Hunt [21]. In this publication, 

methods to calculate the root mean square of turbulent velocity and 

Reynold stress were also described. In 1971, Hunt [22] described 

a model for two-dimensional laminar wakes and a relation between the 

moment of momentum defect in the wake and the overturning moment 

exerted on the body_ A detailed summary for such wake theories has 

been presented in two papers of Hunt [23,24]. Comparison of theory 

with experiments and a condensation of the analysis are given in 

another two papers by Hunt [25,261. In 1975, Hunt [27] developed the 

theoretical model to account for the influence of longitudinal vortices 

on wakes. 

Momentum wake theory is based on the assumption that only small 

perturbations to the turbulent boundary layer are caused by obstacle, 

that the ratio of the model height to the boundary layer height is 

very small and that velocity defects in the wake are small compared with 

mean longitudinal velocity. The theory is valid only for the far wake 

region because the separated region behind the model cannot be considered 

to be a small perturbation on the approach flow. Hunt's theory also 

assumes a power-law profile for approach flow mean velocity, with 

power-law exponent n« 1. The mean velocities in the wake were 

expressed by perturbation on the undisturbed flow and represented by: 
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IT = IT (x, z) + u(x, y, z) , w 

V = v ex, y, z) , and (2.3) w 

W = w (x, y, z) . w 

The assumption that u, v and w vanishes as x + 00 implies that 

farther downstream the effect of the building disappears and the flow 

field returns to the approach conditions. 

For the two-dimensional obstacle case, an empirical relationship 

was used to obtain the perturbation shear stress by Hunt [20] for 

closure of the equations of motion. From this, an equation for eddy 

viscosity was derived. The equation for eddy viscosity was integrated 

across the boundary layer using the approach flow condition to estimate 

- 2-an average eddy viscosity, v = 2K nHU(H)/(2+n). K and n are the 

von Karman constant and the power-law profile exponent in the approach 

flow respectively. For the three-dimensional obstacle case, the 

constant eddy viscosities, v
2 

and in y and z directions 

respectively, were then approximated by v3 = y~ and v2 = AV
3 

= AyV. 

A and yare the constants of order one for the three-dimensional 

case. Using this approximation, turbulent shear stresses l' xz and 

are expressed as - dIT 
l' = v - and xz 3 dZ 

- dIT 
l'xy = v2 dy . Assuming a Gaussian 

distribution of velocity defect in the lateral directions, the first 

order solution of the equation of motion was obtained by Hunt and 

Smith [20]. 

Hunt's three-dimensional wake solution can be summarized: 

l' xy 

u(x, y, z) 

IT(H) 

3+n 

= klFl(z", y")/[Cx - a)/H]2+n (2.4) 
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u(x, y, z) = velocity defect, 

O(H) = velocity at building height H in the 
undisturbed flow, 

a = virtual origin of the wake to be determined 
from experiment, 

n = boundary layer velocity profile power-law 
exponent, 

3+n 

kl = 0.21 Cpx (W/H)/{4Al / 2 y(2K2n/(2+n)) 2+n }, 

W = width of building, 

A and y = constants of order one that are adjusted to 
give optimum agreement with theoretical and 
experimental results, 

K = von Karman constant (0.41), 

Cpx = force coefficient of building, 

1 

Pl(Z", ytf) 
= n2+ilExp [- (n+y,,2}Cl.S + n))] 

(n + 1.S)1/2 

1 

z" = (z/H)/[(x - a)/H]2+n, 

n = z,,(2+n)/[2(2 + n) K2n y] , 

1 

ytf = --..;:.l(YIlo.oO/-H...::;.)--::l:---­

[(x - a) /H] (2+n) 

(2+n) 

Similar results are available for the two-dimensional case. The 

perturbation fluctuating velocity were also determined. Briefly, for 

the three-dimensional case, the mean square longitudinal fluctuating 

velocity varies as !J.u
2 /U(H)2:::: 1.0/eX/H)2 and the two-dimensional rms 

case varies as !J.u2 /U(H)2:::: 10.0 (K2n)1/2/(X/H) 3/2. 
rms 
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Hunt's theory provides a method to plot the experimental data 

in a universal form. For a three-dimensional case the experimental 
3+n I - x-a --- x-a ---data can be plotted as u/U eH) • (~) 2+n against (z/H) / (-g-) 2+n to 

give a universal curve. For n small, Hunt's momentum theory predicts 

that the mean velocity defect decays as x-3/ 2• 

Hunt [21] compared the above momentum wake theory with the results 

of Counihan [14]. For a two-dimensional block Counihan found that the 

mean velocity defect decayed as x-O•47 . Hunt predicted a mean velocity 

defect decay rate of x- l •O. Hunt attributed the difference to the 

assumption of constant eddy viscosity; however, the experimental values 

of the mean velocities behind the cube did fit a universal curve as 

suggested by Hunt's theory. 

Lemberg recognized the weakness of the constant eddy viscosity 

assumption in Hunt's theory. Lemberg assumed a variable viscosity of 

- b-the form v3 = K' z H U(H), where Kt and b are arbitrary constants 

determined by comparison with experimental data. He also assumed the 

eddy viscosity in the y direction to be proportional to "3 and 

has a form of "2 = v3 (W/H)2. Lemberg determined the value of fib" to 

be equivalent to the boundary layer power-law exponent n. Hence, the 

eddy viscosity used by Lemberg was proportional to the mean longitudinal 

velocity at the same height in the undisturbed flow. The introduction 

of variable eddy viscosity did not show significant improvement in 

ability of the theory to match experiments. 

Both Lemberg and Hunt assumed a Gaussian distribution of velocity 

defect for the lateral direction. Measurements by Peterka and Cermak [6] 

do not support this hypothesis; hence, improvement is needed in this 

area. They observed in horizontal profiles of mean velocity defect, the 
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profile maxima did not occur on the centerliae near the model but was 

displaced from 1/2 to 1 building width to the side. The displaced maxima 

was short lived in downstream distance. An interesting feature of the 

profiles is a secondary peak which occurred 2 to 3 W/2 from centerline 

and observed from 2 to 12-14 H downwind. Similar effects were observed 

by Hansen, Peterka and Cermak [4] in the wake of a rectangular building 

in a simulated atmosphere boundary layer wind. Peterka and Cermak 

concluded that this effect was the result of the well-known horseshoe 

vortex which was not considered in Hunt's theory. 

An extensive study of hemisphere wakes containing organized 

longitudinal vorticity was conducted by Hansen and Cermak [17]. Simul-

taneously, Hunt developed a small perturbation theory for the effect of 

vortices on wakes behind buildings deeply immersed in the planetary 

boundary layer [27, to be published]. Hansen and Cermak used the 

results of Hunt's vortex wake theory to determine the perturbation 

excess velocity induced in the hemisphere wake by an organized line 

vortex. 

Figure 2 is derived from Hunt's vortex wake theory to show the 

regions of influence of the vortex cores. The region is divided into 

three regions, viz., E, where the flow is assumed to be inviscid, 

V and its image V is the viscous region surrounding the vortex 
+ -

where there is a balance between Reynolds stress and inertial forces 

and G where the boundary layer assumptions apply_ The growth rates 

of all these regions were determined by Hunt, and he concluded that 

downstream from the origin of the vortex all three regions merge to-

gether. This means that the vortex core radius is much larger than the 

height of building. The qualitative and pictorial view of the flow 
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pattern around the bluff body immersed in the turbulent boundary layer 

was shown in Figure 1 to illustrate the effect of such a horseshoe 

vortex. 

Hunt's theory considers the interaction of a line vortex with the 

mean vertical velocity shear. It is in concept similar to the momentum 

wake theory. The vortex transports higher momentum fluid from a higher 

elevation to a lower elevation of the turbulent boundary layer and 

increases the velocity on the inboard side of the vortex. The horseshoe 

vortex forms in the stagnation region in front of the building and curls 

around the building to produce a mean vorticity with the axis in the 

longitudinal direction. The total solution of the multiple vortex 

system can be obtained by superimposing the result of each vortex in the 

system. The resultant equations of motion become linear in the pertur-

bation quantities; hence, the solution of momentum wake and vortex wake 

can be superimposed. 

The exact solution of the equations of motion for Hunt's vortex 

wake solution in terms of perturbation quantities involve triple 

integration which have not been evaluated. At present only the 

asymptotic results are available for determining the effect of vortex. 

Hunt has determined that swirl velocity component, w, decreases 

as x- l / 2 when the three regions are distinct and farther downstream 

where all three regions merge together it decreases as -1 x Hunt 

has also calculated the asymptotic results for region V and V 
+ 

and found that the longitudinal perturbation velocity excess induced 

b . 1/2.1 h h . d·· y a vortex lncreases as x untl t e tree reglons are lstlnct. 

Thereafter, Hunt has indicated (not calculated) for longitudinal 

perturbation velocity excess, that the asymptotic solution will be 

proportional to -1/2 x . 
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The longitudinal velocity excess in region E was determined by 

Hunt and given by, 

(2.5) 

where y' = Yv - y. y. and h are the locations of the vortex center 
v 

in lateral and vertical directions respectively and r is the circula-

tion of x = o. An interesting feature of the equation (2.5) is that 

u increases linearly with x in region E; however, this process 

cannot persist indefinitely. Hunt has concluded that u ceases to vary 

linearly as soon as the width of the viscous core is approximately 

equal to y or the depth of the region G equals z. 

Hansen and Cermak [171 have investigated the effect of horseshoe 

vortices without consideration of roof corner vortices. The velocity 

perturbation predicted by equation (2.5) was doubled to account for two 

horseshoe vortices, one on each side of the hemisphere, as observed in 

the wake of the hemisphere. In their result, the effect of u propor-

tional to x is clearly noticeable. The theoretical and experimental 

results are in fair agreement at x/R = 8.73. The comparison deterio-

rates for large x/R ratios due to the assumption of a continuous 

increase in u. Hunt's theory requires the strength and position of 

the vortex, the measurements of which are not always performed. 

Frost, Maus and Simpson [28] and Hirt and Cook {29] have been 

working to develop a numerical model for building wakes. However, due 

to the complex nature of the problem the progress in the numerical 

model is slow and relies heavily on experimental data. A survey of 

such wake models that are in the process of development is given by 

Frost [30]. 



Chapter III 

THEORETICAL CONSIDERATIONS 

The physics of vortex and momentum wake mechanisms can be applied 

to any passive scalars such as temperature or heat. In this chapter, 

the theory has been developed to predict the time mean temperature field 

behind the three-dimensional bluff body immersed deeply in a stratified 

turbulent boundary layer. Some of the results for the velocity field 

are obtained from Hunt's Vortex Wake Theory [27] to derive the present 

model for the temperature field. 

3.1 Turbulent Energy Equation 

The transport of a scalar quantity such as temperature is governed 

by the energy equation, 

DT d (K ~) + d_ (K ~) + .l.. (K a T) 
Dt = d x pc d x a y ~ a y a z pc a z 

+ ~ <P 
pc 

P 

p p p 

where <P is the dissipation function given by, 

(3.1) 

u, V, W, = velocity components in x, y and z directions 
(see Figure 3), 

T = temperature of fluid, 

K = thermal conductivity of the fluid, 

p = density of the fluid, 
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c = specific heat of the fluid, p 

~ = viscosity of the fluid, 

Pl. = aT + ~ + vaT + w aT 
Dt at ax ay az • 

The fluid is assumed to be incompressible although the density 

is not uniform. This means that the changes in density are not due to 

changes in pressure but only due to temperature. Schlichting [31] 

has shown by the estimation of each term in the energy equations that 

the dissipation function is small compared with the other terms when 

the viscosity of the fluid is small. Hence, the dissipation term was 

negelected in the present analysis, to give, 

+ a_ (k~) 
a z a z 

where k = ~ is the molecular diffusivity of the fluid. 
pCp 

(3.2) 

Now, assuming the steady state condition and expressing T = T + e', 

U = IT + u', V = V + v' and W = W + w', where the overbar represents 

the time mean value of the quantity and u', VI, w' and e t represent 

the fluctuations in three components of velocity and temperature 

respectively. Using the Reynolds averaging procedure, the equation (3.2) 

can be written as, 

a aT --- [k-- e'u' ] ax ax 

a aT -- a ST --
+ ay [k ay - elv' 1 + az [kaz- - e'w']. (3.3) 
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From equation (3.3), it is concluded that the distribution of T 

by the mean motion is affected by the molecular diffusion and by the 

turbulence convective motions. The latter effect is determined by 

the velocity and temperature fluctuation correlations. With turbulence 

or eddy transport coefficients defined as 

_ S'u' = aT 
£1 ax ' 

_ s'v' = a f d £2 ay an 

_ S'w' = aT 
£3 az ' 

(3.4) 

the equation (3.3) can be written as, 

IT ar var Waf=a_[ k af + ar -+ -+ £1 ax ] ax ay a z a x ax 

a k a r + af a k a r + ar +-[ £2 cry ] +-[ £3 az]· ay ay a z a z 

(3.5) 

It is well known that turbulent transport coefficients and 

are much greater than the molecular diffusivity k and hence the 

molecular diffusion terms were neglected and equation (3.5) simplifies 

to, 

-af -af -War a ar a aT u - + v - + - [£ ] + [£ ] ax ay a-z-fX lax cry 2fY 

a af 
+ - [£ -] az 3az . (3.6) 
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3.2 Solution of Turbulent Energy Equation for Momentum Wake Analysis 

The approximations for the momentum wake analysis in Hunt's 

theory were H/o < < 1 and I u I/u < < l, where H is the height of the 

building, 0 is the height of the boundary layer, u is the 

longitudinal velocity perturbation of mean velocity in the wake and 

U is the mean velocity of flow. 

Let L be the distance over which the wake extends. t is the 

distance over which large changes occur in the flow due to building, 

then it follows that t« L. The thickness, A, and width, d, of 

the wake are of the same order of magnitude. 

Let Uw' V , and W be the time mean velocity components in 
w w 

x, y and z direction respectively and T be the time mean tempera­w 

ture in the wake. Also let (U(x, z), 0, 0) be the mean components 

of velocity and T(x, z) be the mean temperature in the undisturbed 

boundary layer. Let (see Figure 3), 

u = U(x, z) + u(x, y, z) , w 

V = vex, y, z) , w (3.7) 

W = w(x, y, z) , 
w 

Tw = T(x, z) + e(x, y, z) , 

where u, v, w and e describe the perturbations of three mean 

velocity components and the mean temperature respectively due to the 

building. The assumptions of lul'/U « 1 and I e lIT « 1 implies 

that the present analysis is valid only far downstream of the body. 

The equation (3.6) with equation (3.7), when the terms for the 

undisturbed boundary layer are removed, becomes, 
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ae aT ae af ae aT ae IT +u-+u-+v-+v-+w-+w-ax ax ax 3y ay az az 

(3.8) 

The continuity equation for the perturbation quantities is given by, 

au + av + aw = 0 
ax ay az (3.9) 

The gradients of u, v and w with respect to x, y and z respec-

tively are of the same order of magnitude. Hence, each term of 

equation (3.9) is proportional to the other, and given by 

and 

ud v 'V­- i 

u~ 
W IV T ' 

(3.10) 

where i is a length scale in the x direction (say the separated 

bubble length), d is the wake width, and ~ is the wake height. 

Let Uo and To be the mean velocity and temperature at z = ~ 

in the undisturbed boundary layer. Assuming, lei/To «1 and 

lui/IT «1, the order of magnitude of each term of equation (3.8) was o 

determined as follows: 

u ~ IV u(!) ax i 

v ;; ~ (u:) . (~) ~ u: « U ~ e 



a a __ (\ II)(~) __ Ute w--a z 

a a a 
-- £ (;2) , ax (£1 ax) 

a a a 
-- £ (:2) , ay (£2 ay) 

and a a a 
-- £ ( :2 ) a z (£3 a-Z) 

Dropping the terms smaller than 
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°oa 
< <-- , 

1 

u a o 
-1-' noting 

(3.11) 

T is not a function 

of y and 1 >~, d, the equation (3.8) reduces to 

a~ aT a aa a aa 
IT ax' + w az = a y ( £ 2 a y) + az (£ 3 a z) • (3 . 12) 

T is expressed in power law profile, with exponent n
2 

« 1, as, 

T (I)~ • -= 
T o 

Therefore, 

aT 
w a- z = ---

~n2 

w To n2 n -1 
(z) 2 ua 

tV -
1 

u a 
«~ 

1 

(3.13) 

is also neglected compared with the other terms of equation (3.12) to 

give, 

(3.14) 
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Further analysis is based on constant eddy transport coefficients 

82 and 83, given by 83 = y8 and £2 =. A83 =. AYE, where. A and y 

are constants of order one and 8 is the constant eddy transport 

coefficient. The assumption of constant eddy diffusivity linearizes 

the equation (3.14), the solution of which can be obtained. The power-

law profile for the undisturbed boundary layer, n « 1, is given by, 

u 
-= 
U o 

, (3.15) 

where Uo is the mean longitudinal velocity at the height l z • A and 

[

e An] (l+n) n is the power-law-expcment. The length scale, ~o ' 

proportional to the height of the building was used to nondimensionalize 

x, y and z variables. Hence with, 

x x = 

(€~:n )l!n) 

y = y 

(::~n )(1!n) 

z = z, 

(::~n Jl!n) 
, 

the equation (3.14) reduces to, 

-n ae a2e a2e (3.16) z -- A-+-
ax -2 -2 ay az 
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Before dealing with the solution of equation (3.16), the 

estimation of £3 and £2 are outlined. Hinze [32] states that 

£3 is of the same order as eddy viscosity v. Arya [10] has calcu­

lated the ratio of £3/v for the fully developed undisturbed turbulent 

boundary layer. He found that the ratio is approximately constant and 

equal to 0.85. Thus, the following was assumed, 

£3 = y€ = 0.85 y v and £2 =0.85A Y v. (3.17) 

The eddy viscosity was calculated from the parameters of undisturbed 

boundary layer neglecting advection and diffusion, the details of which 

are discussed by Hunt and Smith [20]. 

The equation (3.16) has the form of a diffusion equation. The 

procedure adopted for obtaining the solution of equation (3.16) is 

similar to that of Smith [33] and Hunt and Smith [20]. The salient 

features of the method to obtain the solution of equation (3.16) are 

described here and details are given in Appendix A. 

The solution of equation (3.16) was assumed to be of the form, 

sex, y, z) = F(x, 'Z) Exp (_y2/f (i, Z)). (3.18) 

Functions F (x, z) and f(i","Z) are evaluated using the technique of 

Hunt and Smith [20] and given by, 

where 

F (x, 'Z) = q I q I (21fq2) and o 0 
(3.19) 
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00 

qo(x, z) = f e dy and 
-00 

00 

q2(x, "Z) = f y2 e dy . (3.20) 
-00 

The functions are the solutions of the following 

differential equations (see Hunt and Smith [20]), 

a x 
(3.21) 

and 

-z = 

2 
a q2 

---=- + 2Aq , -2 0 a z 
(3.22) 

with boundary conditions, 

at z = 0 and z -+ 00 , 

at y -+ _00 and y -+ + 00 (3.23) 

and 
00 00 

f (f zue dZ) dy = c , 
-00 0 

where c is a constant. 

The solution of equations (3.21) and (3.22) with boundary conditions 

given by equation (3.23) was obtained using the method of Hunt and 

Smith [20]. With equation (3.19), the functions F(x, 'Z) and f(x, 'Z) 

were then evaluated. The perturbation temperature defect a is given 

by 

e(x,y,z) 
DELTA T 

T(H) 
= k2 DELTA T 

F2 (Z",y") 
3+n 

(x-a) 2+n 
H 

(3.24) 



where, DELTA T = 

To = 

TZl = 

T(H) = 

a = 

n = 

F2(z",yff) = 

z" = 

n = 

y" = 

IC = 

Cs = 
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T -0 T· l in undisturbed boundary layer and used 

for nondimensiona1izing, 

mean temperature at the top of the turbulent 
boundary layer, 

mean temperature at the reference height. zl' 

mean temperature at the building height in the 
undisturbed flow, 

constant to be determined by matching with the 
experimental result, 

virtual origin of the wake to be determined from 
experiment, 

boundary layer velocity profile power law 
exponent, 

1 
2+n ,,2 n Exp [- (n + c r ) ] , 

(n + 1.5)1/2 S en + .1.5) 

(z/H) 
1 , 

(2+n) 
[x-a] 

H 

z 1f (2+n) 
, 

2 [2(2+n) K n 0.S5 y] 

1 

(y/H2 (2+n) 2] 
(2+n) 

1 [ 

[XitF+n) 
2 A 0.85 y K n 

von Karman constant (0.41), 

constant to be determined from experimental 
results. 

3.3 Solution of Turbulent Energy Equation for Vortex Wake Analysis 

In the analysis of the momentum wake behind a surface obstacle in 

a turbulent boundary layer, described in section 3.2, it was assumed 
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that trailing vortices are weak and hence do not have much effect on 

the wakes. However, the experiments by Hansen, Peterka and Cermak (4], 

Hansen and Cermak [17] and Woo, Peterka and Cermak [5] on the wakes 

behind hemispheres and cubes have shown that the vortices persist much 

farther downstream. They have significant, sometimes dominant, effects 

on the wake structures. 

The interaction of a line vortex with a stably stratified shear 

flow for region E (see Figure 2) is developed in this section. The 

pictorial, qualitative drawing of the flow pattern around a rectangular 

block in a turbulent boundary layer was shown in Figure 1. The con-

siderations of excess perturbation temperature on the inboard side of 

the vortex are described in detail in this section. For regions V+ 

or V and G (see Figure 2) the results for the vortex velocity field 

were developed by Hunt [27]. Hunt found that the exact solution 

requires triple integrals to be evaluated. Similar results were 

obtained for the temperature field. However, due to the difficulty of 

evaluating the particular triple integrals involved in a closed form, 

the details of such a solution will not be pursued here. 

In order to analyze the effect of vortex on the temperature field 

behind the bluff body deeply immersed in the turbulent boundary layer, 

the effect of perturbation in vertical velocity should be taken into 

account. Equation (3.12) is the start of a vortex wake analysis of 

temperature perturbation, 

(3.25) 
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The perturbations u, v, w and e are expressed in an asymptotic 

series in n given by, 

u = u (0) + nu (1) 

v = vCO) + nv Cl) 

w = wCO) + nw(l) 

e = e(O) + ne Cl) 

+ - - -, 

+ - - -, 
(3.26) 

+ -

+ - , 

where u(O), v(O), w(O), a(O) and u(l), v(l), w(l), eel) are all of 

the order, 0(1). The superscript number indicates the power of n with 

which the perturbation quantity is multiplied. Thus, equation (3.26) 

represents the descending series of perturbation quantities u, v, w 

and e. The undisturbed boundary layer mean velocity U and mean tem-

-T d h· d" au d aT d . f perature an t e1r er1vat1ves az an az expresse 1n terms 0 

asymptotic series of power-law exponents nand n2 respectively, with 

assumptions n« 1 and n2 « 1, are 

and 

U = U(h) en !n(z/h) , 

n2 2 U = U(h) [1 + n !n(z/h) + 2T (!n z/h) + - - -], 

! ~ = i· U(h) [1 + n !n(z/h) + - - -], 

n2 !n(z/h) 
T = T(h) e 

2 
n2 2 

T = T(h) [1 + n2 !n(z/h) + 2T (!n z/h) + - - -], 

a T n2T(h) az = z [1 + n2 !n (z/h) + - - -]. 

(3.27) 

(3.28) 

(3.29) 

(3.30) 

(3.31) 

(3.32) 

Using the assumption of n
2 

IV n, the equation (3.31) and (3.32) can be 

written as, 

2 
T = f(h) [1 + n !n(z/h) + ~! (!n z/h)2 + - - -], 

aT = n T(h) [1 + n !n(z/h) + - - -]. 
az z 

(3.33) 

(3.34) 



31 

Hunt [27] has proved that for region E, the zeroth order 

perturbation velocity field is irrotationa1. Hunt has also concluded 

that u(O) is zero everywhere and determined, for region E, that 

w(O) = ~ [_ y' 
4~ y,2 + (z_h)2 

for x/h» /4XV,U(h) and y' = y - y. v 

(3.35) 

y and h are the distances to the center of vortex in lateral v 

and vertical directions respectively and r is the circulation of 

vortex at x = o. Substitution of equations (3.26) through (3.34) in 

equation (3.25) gives, 

U(h) [1 + n R.n (z/h)] ..1.. (e (0) + ne (1)) + (w (0) + nw (1)) 
ax 

n r(h) [1 + n ()] a 2(e(0) + ne(l)) 
z R.n z/h -= £2 2 

ay 

a 2 (e (0) + ne (1)) 
+ £3 2 

a z 
(3.36) 

Now, comparing the coefficients of nO and nl in equation (3.36) 

the following equations are obtained, 

U(h) 
ae (0) a2e (0) a 2e (0) 

= £2 + £3 2 , a x a y2 a z 
(3.37) 

U(h) 
ail) 

+ U(h) tn(z/h) 
ae (0) + r(h) w(O) 

ax a x z 

a2e (1) a2e (1) 
= £2 + £3 

a y 2 a z2 (3.38) 
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For inviscid region E, it is known that as v ~ 0, £3 = Y£ = 

yO.85 v ~ 0 and £2 = AYE = AyO.85 v ~ O. Hence, £2 and £3 were 

assumed zero in the region E to give the simplified equations> 

de(O) o , ---a x 

(1) 
U(h) ~ x 

(3.39) 

+ T(h) w(O) = 0 
z (3.40) 

Since, s(O) -+ 0 as x -+ _00 and since w (0) only induces the 

temperature perturbation of O(n) as shown by equation (3.40), it can 

be concluded from equation (3.39) that s(O) is zero everywhere. 

Integration of equation (3.40) with respect to x yields 

S (1) = _ T(h) 

IT(h) 
J

x w(O) 
-- dx. 

o z 
(3.41) 

NOw, substituting for 

temperature S(l) is, 

w (0) from equation (3.35), the perturbation 

rh*'x [ 2 2 1 
( ' h z2)2 Y + + 

(3.42) 

Noting that s(O) = 0, the perturbation temperature excess is given 

by, 

T(h) 

U(h) 
(3.43) 

To account for the effect of two horseshoe vortices, along the center-

line of the building, the equation (3.43) was doubled in the calcula-

tion. The total excess perturbation temperature e is given by 

differences between the double of equations (3.43) and (3.24). 



Chapter IV 

DATA ACQUISITION AND ANALYSIS 

The present wind tunnel research was conducted to obtain 

characteristics of wakes behind buildings in a stably stratified 

approach flow for comparison with theory and neutral flow data. A 

method for separating velocity and temperature signals from output of 

hot film anemometer voltages was developed to permit the rapid data 

acquisition required. This chapter describes the experimental facili­

ties and data acquisition techniques. 

4.1 Wind Tunnel Boundary Layer Similarity 

The boundary layer simulation criteria has been discussed in 

detail by Cermak [34], and Cermak and Arya [35]. Requirements suffi­

cient for this research are listed as follows: 

1. Geometric similarity: This can be achieved by undistorted 

scaling of geometry of the prototype into the model. 

2. Boundary condition similarity: These kinematical similarities 

can be generated by modeling the approach flow characteris­

tics. The scaled mean velocity profile and turbulence charac­

teristics should be the same in the approach flow for model 

and prototype. The effective surface roughness also should be 

scaled by a typical reference length. The distributions of 

scaled mean and fluctuating temperatures should be the same 

for model and prototype. The turbulence integral scale and 

boundary layer depth are also scaled by a typical reference 

length. 

3. Reynolds number equality: Equal Reynolds number are not 

attainable for model and prototype. However, this does not 
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serio~sly limit capabilities for modeling the atmospheric 

boundary layer as the signific.Hlt flow charact(ristics are 

4 weak ly dependent upon large Reynolds number (> 2 x 10 ) as 

shown by Schlichting [31]. For the present research, Reynolds 

numbers were greater than 2 x 104 based on velocity at the 

height of building. 

4. Rossby number equality: For the investigation of the localized 

flow charact~ristics behind a typical surface obstacle the 

coriolis effects are not important; hence, Rossby number 

equality is not necessary_ 

5. Bulk Richardson number equality: This equality is important 

for stable or unstable flow, whereas for neutral flow with 

strong wind the similarity can be achieved using isothermal 

flow. The model bulk Richardson number was held equal to 

typical prototype conditions for present research. 

fhe atmospheric boundary layer flows can be modeled by satisfying 

the abcve criteria. 

4,2 The Wind Tunnel Facility 

\J1 the measurempnts WE're performed in the Meteorological Wind 

Tunnel :l.n the Fluid Dynamics and Di ffusion Laboratory at Colorado 

State University. The facility has l)een described in detail by Plate 

and Cermak [36]. The wind tunnel plan view is shown in Figure 4 and 

the salient features of it are described here. 

The wind tunnel is a closed circuit facility driven by a 250 h.p. 

variable pitch, variable speed propeller with a 9:1 contraction ratio. 

The test section is 1.83 m (6 ft) square and 26.8 m (88 ft) in length. 

The roof of the test section is adjustable to obtain zero pressure 

gradient alcj}~ the t~st section. The t~st section velocities range 
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from .3 m/sec (1 ft/sec) to 36.5 m/sec (120 ft/sec) and ambient 

temperature can be varied from OOc (32°F) to 82°c (180°F) at medium 

speeds. 

The tunnel has a 22 m (67 ft) section of the test section floor 

which can be heated or cooled to permit temperature differences between 

the cold plate and hot air of 65.5°c (150 0 p) and the hot plate and 

cold air of approximately 93°c (200°F). The refrigeration system 

maintains the air temperature at a constant level (! 1/2°c) and wind 

speed does not deviate from that set by the speed controller by more 

than 1/2 percent. 

The probe mounting mechanism is shown in Figure 5. The carriage 

is mounted on two tracks on each side of the wind tunnel wall and can 

be moved manually along the test section. The probe can be traversed 

vertically and laterally approximately 50.8 cm (20 inches) in both 

directions with the aid of electric motor drive operated from outside 

the wind tunnel. Limit switches trip the power to the drive motor when 

extreme positions are reached. The vertical and lateral positions of 

the probe can be read from digital voltmeters, with an accuracy of 

several thousands of a centimeter. 

A 3.8 cm (1.50 inches) high sawtooth was installed at the test 

section entrance to insure prompt formation and growth of the boundary 

layer. The measurements made in this dissertation were 15.2 m (50 ft) 

from the test section entrance where a similarity profile was obtained 

(see Zoric [37]). However, due to persistence of vortices in the wakes 

there was a slight change in the boundary layer thickness. In order to 

account for this, all velocity defect and temperatures excess reported 

in this research were calculated by finding the differences between the 
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velocity or temperature at a point in the wake and the velocity or 

temperature at the same point in the absence of the building. Before 

dealing with the description of the thermal and velocity boundary layers 

used in the present research it is appropriate to derive the re1ation-

ships to separate velocity and temperature signals. 

4.3 Velocity and Temperature Measurements 

Measurements of mean velocity and temperature can be accomplished 

with the pitot tube and thermocouple without much difficulty, see Arya 

[10]. Unfortunately, the hot wire or film anemometer responds simu1-

taneous1y to velocity and temperature fluctuations; a technique to 

separate their respective voltages becomes more involved. Chao and 

Sandborn [38] utilized a very small diameter cold platinum resistance 

thermometer for temperature fluctuation measurement and two constant-

temperature hot wires to obtain the velocity fluctuations. The details 

of the technique are outlined by Sandborn [39]. The major disadvantages 

of this method are the constant danger of breakage of a very small 

diameter cold wire and the requirement for interpolation of calibration 

data to obtain the hot wire sensitivities. 

A modified technique has been developed for this experiment to 

permit rapid and extensive measurements under thermally stratified con-

di tions . The measurements of mean and fluctuating velocity and temper-

ature were made using two parallel hot film sensors each operated at a 

different but constant temperature. Convective heat transfer from a 

film is governed by Kings law: 

(4.1) 
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where, 

R = R (1 + aCT - T )), a c c 
(4.2) 

E = output voltage from constant temperature hot film, 

A, B, c 

u 

R 

R 
a 

= calibration constants , 

= velocity , 

= hot resistance of the film , 

= resistance of hot film corresponding to 
environmental temperature T, 

R 
c 

= calibration resistance of the film corresponding to 
calibration temperature T , 

c 

= temperature coefficient of resistance for the hot 
film. 

Substitution of equation (4.2) in equation (4.1) results in 

E2 
--=-___ ..--,,,..--~----,=_-=-~~ = A + BUc 
R[R - R (1 + (T - T ))] 

c c 
(4.3) 

Equation (4.3) has two unknowns, velocity U, and fluid temperature 

T. Values of E, R, R are known from measurement and A, Band c 
c 

are determined from calibration procedures. 

Calibration of the hot films were performed using a 

Thermo-Systems, Inc. Model 1125 calibrator, a Model 1050 anemometer and 

a MKS Baratron pressure meter. The output voltages from the two hot 

film anemometers were conditioned by an averaging circuit Model 1047 of 

Thermo-Systems, Inc., and displayed on digital voltmeters. In the 

analysis of obtaining the velocity and temperature, A and B were 

assumed constant; however, as the temperature T varies from O°c 

(32°F) near the wind tunnel floor to 46°c (115°F) in the free stream, 
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the A and B are not actually constant throughout the range of 

interest. This normally would require calibrations to be performed over 

the complete range of temperatures expected. This difficulty was over­

come by noting that the output of a hot film is primarily dependent on 

velocity and temperature difference (T - T), where T and Tare w w 
hot film temperature and environmental temperature respectively. Thus, 

nearly equivalent results may be obtained by holding T constant and 

varying Tw as by holding T constant and varying T. w The films 

were calibrated with (T - T) values such that the effective calibration 
w 

temperatures of 26.7°c (80°F), 37.8°c (100°F) and 48.9°c (120°F) were 

obtained relative to a constant test film temperature Tw. The constants 

A and B were assumed to be constant over a range ~ S.S6°c (~100F) 

about these temperatures. 

A, Band c are constants determined by a least squares analysis 

to fit the calibration data. However, such a procedure will produce an 

exponent c which varies depending upon the fixed effective calibration 

temperature. The determination of U and T when there is a variable 

constant c would require a trial and error method. To obtain the 

direct solution of the equation (4.3) in a computationally efficient 

manner an average value of c was used. Once the c value was chosen, 

a least square fit of calibration data was performed to obtain A and 

B for each effective calibration temperature. The details of eva1uat-

ing velocity U and temperature T are outlined in Appendix Busing 

the constant c. Digitized voltage outputs of the two hot films were 

converted to digital time series of velocity and temperature. The mean 

and root mean square value of the velocity and temperature were calcu-

lated from them. 
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4.4 Approach Flow and Preliminary Measurements 

The wind tunnel floor temperature was set at OOc (32°F) using the 

refrigeration circuit. The first 10 m (30.5 ft) of cooled floor was 

slightly rougher than the rest of the cooled floor with 1.59 mm (0.0625 

inch) high ribs carrying coolant. The air was heated before it entered 

the test section so as to obtain approximately 48.9°c (120°F) temperature 

in the free stream, with the free stream velocity of approximately 

6.1 m/sec (20 ft/sec). This established a stable stratification in the 

wind tunnel. Initial temperatures were measured with thermocouples and 

tunnel velocities were initially established with a Datametrics probe, 

Model BOO-LV. The fully developed profiles of velocity and temperature 

were measured at 15.2 m (50 ft) from the test section entrance. 

The bulk Richardson number, a measure of atmospheric stability 

relating the tendency for the atmosphere to enhance or subdue turbulence, 

is given by, 

where 

Ri - K AT AZ 
- T (AU)2 

g = acceleration due to gravity 

(4.4) 

AZ = z2 - zl' the vertical height difference for which the 

bulk Richardson number is calculated 

AT = the difference between the mean temperature at heights 

Z2 and zl 

AU = the difference between the mean velocities at heights 

Z2 and zl 

T = the average of the mean temperatures at heights zl 

and z2' expressed in absolute units. 
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In this form the bulk Richardson number is an indication of the 

stability of the atmosphere over a finite layer. The initial results of 

velocity and temperature profiles were used to calculate the bulk 

Richardson number using equation (4.4). The tunnel free stream tempera­

ture was varied until the approximate required bulk Richardson number 

equal to 0.023 was obtained. In calculation of bulk Richardson AZ was 

used such that z2 = 50.8 cm and zl = 0.25 cm. 

A Systems Development, Inc., digital-data-acquisition system was 

used for the measurement of velocity and temperature. A block diagram 

of the total system is shown in Figure 6. Two parallel hot films were 

operated by two constant temperature anemometers adjusted for overheat 

ratios of 1.5 and 1.2. The voltage signals from the anemometers were 

processed by signal conditioners 1 where voltages were suppressed (off­

set) by predetermined fixed voltages. The suppressed VOltages were 

displayed on oscilloscopes and voltmeters. The suppressed voltages 

were sent to an analog-to-digital converter. The digital signals were 

stored on magnetic tape for reduction and interpretation by the 

University CDC 6400 computer. 

The major input requirements for operation of the system were the 

number of channels, sample rate, total sampling time and details of the 

digital tape format. For velocity and temperature measurements, data 

was digitized at 250 samples/sec on each channel, except when evaluating 

spectra. Preliminary data were recorded with the analog-digital system 

at 250 samples/sec on each channel for a period of five minutes. Time 

series of velocity and temperature were calculated using the method 

described in section 4.3 and mean and rIDS velocities and temperatures 

were calculated by the method of section 4.5 for various averaging 
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times. The results of these calculations are shown in Figure 7. It 

was concluded that mean values could be obtained within one percent and 

rms values within two percent using a 30 secor.d length of record. Data 

for spectral calculations were digitized at 2000 samples/sec on each 

channel for 35 seconds. The higher rate of sampling increases the 

Nyquist frequency, whereas longer record gives better estimate of energy 

at lower frequency. 

4.5 Data Reduction 

The digital tape contained two voltage signals el(t) and e2(t) 

consisting of N values sampled at time intervals of ~t seconds. 

The records are denoted by el(ti ) and e2(t.), t. = ~t, 2at, •.. NAt. 
1 1 

The total lengt"h of the record in seconds is given by T (equal to 

NAt). Initially el(ti ) and e2(ti ) were converted to the physical 

units of velocity and temperature using the technique described in 

section 4.3. The converted values of velocity and temperature were 

stored as a time series on the magnetic tape. The discrete form of 

each time series, either velocity or temperature, can be expressed as 

a. , 
1 

or 

i = 1, 2, 3, •• '. N. 

The mean of the signal 

in the 

- 1 r aCt) a =~ 
T 

0 

discrete form 

_ 1 N 
a="N L 

i=l 
a. 

1 

dt 

is 

(4.5) 

(4.6) 
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The variance of the signal is 

2 1 
r(aCt) 

-2 a =-::- - a) dt 
T 

0 

(4.7) 

and in discrete form, 

2 1 
N -2 a = (N-l) I (a. - a) 

i=l 1 (4.8) 

The root mean square of the signal is the square root of the variance. 

The auto-correlation function or power spectral density function 

of the fluctuations of a. are generally carried out using a signal 
1 

with a zero mean. Hence, define, a. , 
1 

Now the 

a. = a. - a 
1 1 

auto-correlation 

L' 1 R C'r) = 1m -::-a 
T-700 T 

and in discrete form 

function 

f' aCt) 

0 

1 N-r '" 

is defined as, 

.... 
aCt + i) dt 

R (i) = -- I a. ai +r a N-r i=l 1 

where r = 0, 1, 2 •.• N-r and i = r6t 

(4.9) 

(4.10) 

(4.11) 

The power spectral density function is defined as the Fourier 

transform of the auto-correlation function and given by, 
00 

GaCf) = 2 J Ra(T) ei2wfT dT f > 0 (4.12) 
_00 

This function describes contributions of the fluctuations at a given 

frequency, f, to the variance of the signal. The auto-correlation and 
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power spectral density function were normalized with the variance of 

the signal to obtain auto-correlation coefficient, 

and the normalized power spectral density function, 

2 g (f) = G (f)/a a a 

The normalized power spectral density function was computed 

(4.13) 

(4.14) 

directly from the data record using a Fast Fourier Transform Technique 

(see Bendat and Piersal [40]). The details of the computer programs 

used for calculations are described by Akins and Peterka [41]. The 

programs were modified to be suitable for the present research. The 

normalized power spectral density function was calculated directly from 

the digital signal. The auto-correlation coefficients were obtained 

by performing an inverse Fourier transform of the normalized power 

spectral density function. This technique used much less time compared 

with calculating auto-correlation functions using equation (4.10) and 

then calculating power spectral density function using equation (4.12). 

The two-channel analysis of velocity and temperature can be 

analyzed in a similar way. Let a
l 

. 
,1 

and a
2 

. 
,1 

represent the digital 

records of velocity and temperature with the mean removed. The cross-

correlation function between the two signals is 

L
. 1 = 1m-::;-

- T 
T-+«> o 

T 

J ;l,i(t) 
" a2 .(t + or) dt 

,1 
(4.15) 
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or in discrete form 

1 
=~~~ 

(N-r) 

N .. r h h 

L a l . a2 . 
i=l ,1 ,1+r 

(4.16) 

where r = 0, 1, 2, ..• N-r and L = r6t. 

The normalized cross correlation function was obtained by dividing 

the cross correlation function by the product of the root mean square 

value of the individual channels to give 

R (L) 
a l a 2 

r (L) = ----a l a2 
(4.17) 

The cross-spectral density function of two signals is the Fourier 

transform of the cross correlation function and is defined as, 

-i2'lTfL e a'r, f > 0 (4.18) 

The cross correlation function is normally not an even function, 

and must be expressed as a complex quantity, 

Ga a (f) = 
1 2 

Ca a (f) - i Qa a (f) 
1 2 1 2 

Ca a (f) is known as the coincident spectral density function or 
1 2 

(4.19) 

co-spectrum, and Q (f) is called the quadrature spectral density a l a 2 
function or quad-spectrum. The phase angle between the two signals is 

defined as, 

e a (f) 
a l 2 

(4.20) 
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In many applications a real valued quantity, coherence, is used as a 

measure of how well the two signals are correlated at a particular 

frequency and defined as, 

(4.2l) 

The cross spectral density function was obtained directly from the 

digital signals of two channels. The cross correlation function was 

obtained by taking the inverse Fourier transform of the cross spectral 

density function, the details of which are given by Akins and 

Peterka [41]. 

4.6 Description of the Models and Test Program 

The stratified wakes from a number of building shapes were 

included in the present research program. The models were made out of 

plexiglas. Details of dimensions of the models are shown in Table 1. 

Detailed wake measurements for one wind direction (with one face 

of the model normal to the flow direction) were obtained rather than a 

series of less-detailed measurements at many wind directions. The 

coordinate system and definition of symbols used is shown in Figure 3. 

The series of wake measurements were made at x/H values of 1.0, 2.5, 

7.5, 10.0, 15.0, 20.0, 30.0, 40.0 and 60.0 at various z/H locations 

for y/H = 0.0 with and without the model in place. The off-centerline 

data were observed for x/H equal to 1.0, 2.5, 7.5, 10.0 and 15.0 at 

z/H = 1.0 and various values of y/H with and without model 2 in 

place. The data for spectra were also observed in the wake of model 2 

at z/H = 1.0, y/H = 0.0 and various x/H locations. 



Chapter V 

RESULTS AND DISCUSSION 

Wind tunnel measurements of velocity and temperature, using the 

technique described in Chapter IV, in the wakes of six idealized build-

ings deeply immersed in the stable turbulent boundary layer were per-

formed and are reported in this chapter. The mean velocity and 

temperature measurement results are discussed in the first part of this 

chapter. Next, mean velocity and temperature measurements are compared 

with the theories described in Chapters II and III. The effects of 

longitudinal vortices in the wake of the building are evaluated. The 

method to calculate the circulation, r, at x = 0 for the buildings 

has been generalized. Measurements of turbulences statistics will be 

reported in the second part of this chapter. 

5.1 The Approach Flow Characteristics 

For stable stratification that is not too severe, it can be 

determined from dimensional arguments that, 

and 

where 

au(z) = !!:L 
a z Kz' 

U(z) = mean velocity at height z, 

T(z) = mean temperature at height z, 

u. = velocity scale, 

T. = temperature scale, and 

K = von Karman constant. 

(5.1) 

(5.2) 



47 

Integrating equations (5.1) and (5.2) gives, 

U(Z) = 1:. R,n (z/z ) 
u* K 0 

and 

T(z) - 1:. in (z/z ) -r;--K 0 

where z is the characteristic roughness length. o 

It can be concluded from equations (5.3) and (5.4) that, 

U(z) (l R,n z 

and 

fez) (l R,n z. 

(5.3) 

(5.4) 

(5.5) 

(5.6) 

The vertical profiles of mean velocity and temperature, measured 

by the method described in Chapter IV, were plotted according to 

equations (5.5) and (5.6) respectively, and are shown in Figure 8. The 

lower reference temperature, TZ1 ' and lower reference velocity, UZ1 ' are 

at the height zl' 0.25 cm (0.1 inch), and are equal to 2l.l o c (70°F) 

and 1.68 m/sec (5.5 ft/sec), respectively. The bulk gradient Richardson 

number calculated across the boundary layer, from zl to the outer 

edge of the boundary layer z2' was 0.023. The bulk Richardson number 

with as the height of building was about 0.005. This bulk Rich-

ardson number characterizes the moderately stable atmosphere. The 

approach flow characteristics are plotted in Figure 9, where, 

DELTA T = (T(o) - TZ1)without building, 

T(o) = mean temperature at the top of the turbulent 
boundary layer, 
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T = mean temperature at height zl' and 
zl 

o = turbulent boundary layer thickness. 

Table 1 shows additional details of the approach profiles. 

The mean velocity defect, Delta U, turbulence variance excess, 

Delta U VAR, Mean temperature excess, Excess T, and temperature variance 

excess, Delta T VAR are defined as follows: 

Delta U = (if(Z)) 
U(o) without building 

-(fuL) , 
U(o) with building 

(
u (Z))2 (U (Z))2 Delta U VAR = ~ms _ ~ms , 

Excess T 

Delta T VAR = 

U(z) with building U(z) without building 

= T(z)with building - T(z)without building 
DELTA T 

T2 (z) _ T2 (z) 
rms with building rms without building 

(DELTA T)2 

where u (z) and T (z) are the root mean square (rms) of velocity rms rms 

and temperature at height z respectively. 

5.2 The Experimental Measurements of Mean Velocity in the Wakes of 
Buildings 

The mean velocity measurements in the wakes of six idealized 

buildings were made in the stable turbulent boundary layer over the 

smooth floor. Detailed wake measurements for one wind direction, viz., 

one face perpendicular to the flow, were obtained rather than a series 

of less-detailed measurements at many wind directions. This provided 

an optimum set of limited data to make a comparison with the wake theory. 
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Figures 10 through 15 show the vertical profiles of mean velocity 

defect, Delta U, for buildings 1 through 6 respectively. The measure-

ments were taken from x/H = 1.0 to 60.0 downwind for various z/H 

ratios. The measurements were made with and without building in place 

at all locations. The maximum vertical extent of the velocity defect 

wake is 2 to 3H near the building and about 4 to 5H in the far wake for 

buildings 1 and 2. This is of the same order of magnitude as reported 

by Woo, Peterka and Cermak [5] for building 2. However, for the build-

ings 3 through 6 the maximum vertical extent is about 2 to 3H for the 

entire wake. Flow visualization studies by Woo et al. [5] have shown 

that the separated region extends to about 3H*downstream of the building. 

Measurements with a hot film anemometer are not suitable for this region. 

Thus, the results in this region should be only used as qualitative 

information. 

The interesting feature of all the wakes is that they extend much 

farther than those reported by Counihan [141, Colmer [11], Lemburg [151 

and Castro and Robins [16]. However, the extension of the wakes behind 

the buildings do agree with the results of Hansen et al. [4] and Woo 

et al. [5]. The momentum wake diffuses in about 10 to ISH downstream 

of the buildings. However, the effect of the vortex wake persisted to 

60 heights downstream of the buildings. The measurements were not 

performed beyond the distance of 60H downstream and hence the total 

length of the wake was not known. It is concluded from the present 

results that the effect of horseshoe vortices play an important role in 

determining the wake behind an isolated building. Horseshoe vortices 

bring higher momentum fluid from the top of the boundary layer to 

4§stimation of cavity size, see Hosker "Empirical Estimation of Wake 
Cavity Size Behind Block-Type Structures," A.M.S. 4th Symposium on 
Turbulence, Diffusion, Air Pollution, January 15-18, 1979, Reno, Nevada. 
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increase mean velocity along the centerline of the building and results 

in excess velocity in the far wake region. In the region characterized 

by the vortex wake velocity profiles, the maximum velocity excess moves 

upward indicating that the wake is diffusing upward. A similar conclu­

sion was drawn by Hansen et al. [17] for the wakes behind hemispheres. 

The maximum velocity defect occurring at each x/H for the 

buildings are shown in Figures 16, 17 and 18. This maximum velocity 

defect did not occur at the same z/H for each x/H value. The mean 

velocity defect decays with a power-law exponent -0.87, -1.20, -1.65, 

-1.08, -1.91 and -2.06 for buildings 1 through 6 respectively. The 

theory for neutrally stable wakes of Hunt and Smith [20] would predict 

a power-law decay of about -1.5. The decay rate near -2 originates from 

the action of two horseshoe vortices bringing higher momentum fluid down 

toward the surface on the centerline. Examination of Figures 10 through 

15 also show that some of these decay curves actually go negative before 

asymptoting to zero. Thus, the high power-law exponent does not neces­

sarily imply a rapid dissipation of the wake. Due to stable atmospheric 

eondition, horseshoe vortices persisted for a longer distance resulting 

in stronger subsidence of high-momentum fluid on the centerline. Thus, 

neither the theory of a momentum wake nor the power-law decay descrip­

tion of the wake maximum velocity defect is really an appropriate means 

of characterizing the wake. The comparisons of wake data of Woo et al. 

[5] in neutral turbulent boundary layer with velocity profile power-law 

exponent of 0.12 are also shown in Figures 16, 17 and 18. The decay 

rates compared very well with the present results, although for build­

ing 4 the actual numbers are different. 
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Horizontal profiles of the mean velocity defect in the wake of 

building 2 are shown in Figure 19. The profile maxima did not occur at 

the centerline but were displaced about O.25H to O.5H in lateral direc-

tion. Similar results were observed by Woo et ale [5] and Peterka et ale 

[6]. However, the displacement was larger in their observations. 

Another interesting feature of the profiles is the secondary peak, also 

observed by Woo et ale [5] and Peterka et ale [6], observed between 2H 

and 4H from the wake centerline. The horseshoe vortex carried high 

momentum fluid from a higher elevation towards the ground near the cen-

terline of wake and decreases the velocity defect. However, it brings 

lower momentum fluid from lower elevations on the outboard side of the 

vortex to increase the velocity defect resulting in the secondary peak. 

Hence, the assumption of a Gaussian lateral velocity defect profile in 

the theories of Hunt [21] and Lemburg [15] is not justified and requires 

further modifications. 

5.3 Comparison of the Experimental Measurements of Mean Velocity with 
Hunt's Theories 

The theory of wakes behind buildings deeply immersed in a turbulent 

boundary layer was developed by Hunt and was reviewed in Chapter II. In 

this section Hunt's theories [21, 27] of momentum and vortex wakes 

behind the buildings have been evaluated. Since Hunt's theories contain 

the basic physical models for momentum and vortex wake representations, 

the theories should present a reasonable prediction of the velocity wake. 

The assumptions that n« 1 and H/o« 1 used in the theory are 

satisfied for the present measurements. 

The theory requires the knowledge of the force coefficient on the 

building, Cpx • Cpx for the test buildings were derived from the 
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measurements of mean forces on buildings by Akins, Peterka and 

Cermak [421. The force coefficients, CFx ' for buildings 1 through 6 

were estimated to be 1.3, 1.4, 1.3, 1.35, 1.35 and 1.3 respectively. 

The constants y and A in Hunt's theory were assumed equal to one for 

all the calculations. The virtual origin, a, for the building wakes 

were determined from the variation of the experimental data along the 

wake centerline by a method proposed by Hunt [211 as shown in Figures 20 

and 21. The data in these figures, unfortunately, are not very linear. 

Castro and Robins [161 also found that their wind tunnel results did not 

follow a straight line. Nonetheless the data has been approximated by 

a straight line, and virtual origins for buildings 1 through 6 were 

determined as -2.5H, -1.75H, -0.30H, -1.35H, -1.5H and -l.OH respec­

tively. The theoretical predictions for mean velocity defect suggested 

by the momentum wake theory of Hunt were then calculated using equa­

tion (2.4). The vertical profiles of the mean velocity defect, Delta U, 

due to the momentum wake for various xlH locations for buildings 1 

through 6 are shown in Figures 22 through 27 respectively. It should be 

noted that any mean velocity excess observed in the wake will never be 

predicted by the momentum wake theory. 

The measurements of Peterka et al. [6] clearly indicated the 

effect of horseshoe vortices in the wake of a building. Noting the 

results of Peterka et ale [6] Hunt developed the vortex wake theory 

[27]; the details of the theory were described in Chapter II. On the 

centerline the effect of both branches of horseshoe vortices are 

identical and additive. Hence, the result for one branch was calculated 

and the results were doubled to get the net effect. 
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Hunt's model requires the position of the vortex in the wake and 

circulation, r, at x = O. Hunt assumed the location of the center of 

vortex constant with respect to the x axis, although the results of 

Hansen et al. [17] have shown that the vortex moves laterally and 

vertically with increasing x. In the present calculations the observed 

values of y , lateral center of vortex, were obtained from the measure­v 

ments of Hansen et al. [17] behind hemispheres. The vertical center of 

vortex, h, was assumed constant and equal to 0.3H. The assumptions of 

constant h and the use of the variation of lateral position of vortex 

Yv obtained from Hansen et al. [17] may be questionable, but no other 

data was available for the estimation of thes~ parameters. The magni-

tude of any errors introduced due to these approximations are left to 

future investigations. 

The vortex circulation at x = 0 was evaluated by the following 

technique. It was assumed that part of the circulation in the approach 

flow is converted into the circulation of horseshoe vortex. The cir-

culation in the approach flow, ra' up to the height z is given by 

- zn U(o) xL(o) ,where xL is the reference longitudinal length. During 

calculation of the strength of horseshoe vortex z was assumed to be 

0.3H. The horseshoe vortex, in front of the building, rolls as a 

circular tube. The diameter of this tube was assumed to be 0.8W, where 

W is the width of the building. The reference length, xL' was assumed 

to be the circumference of this tube or equal to ~ (0.8W). Using 

this method, rx=O for buildings 1 through 6 were calculated and were 

2 found equal to 0.45, 1.44, 0.71, 0.49, 1.0, 1.0 m /sec (4.8, 15.5, 7.6, 

2 5.3, 10.7, 10.7 ft /sec) respectively. The results of the calculations 

of the vortex wake using equation (2.5), along the centerline of the 
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buildings for various x/H for buildings 1 through 6 are also shown in 

Figures 22 through 27 respectively. 

The sum of the momentum wake velocity defect and the vortex wake 

velocity excess are also shown in Figures 22 through 27 for buildings 1 

through 6. The experimental observations of velocity defect in the 

wakes behind these buildings are plotted on the same figures. The 

comparison between the measurements and combined momentum and vortex 

wake theory is very satisfactory for buildings 2, 3, 5 and 6. However, 

for buildings 1 and 4 with WID equal to 0.31 and 0.5 respectively, the 

vertical profiles of velocity defect have more momentum-like wake 

characteristics. The comparisons also deteriorate in the separated 

region (near wake region) behind the buildings, as expected, since this 

region cannot be considered as a small perturbation on the approach 

flow. A better agreement between theory and experiment might exist if 

Hunt's complete results were available. But the asymptotic results 

predict the shape of velocity profiles quite satisfactorily even includ-

ing a region of net excess velocity. The theory appears to incorporate 

the more important physical concepts of the wake behind a building and 

needs only fine refinement. 

5.4 The Experimental Measurements of Mean Temperature in the Wakes of 
Buildings 

Mean temperature measurements in the wakes of six idealized 

buildings, with one face normal to the flow direction, deeply immersed 

in a stably stratified turbulent boundary layer were made. Figures 28 

through 33 show the vertical profiles of mean temperature excess, 

Excess T, for buildings 1 through 6 respectively. The maximum vertical 

extent of the temperature excess is 2 to 3H for buildings 1, 2 and 4; 
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whereas, it is about 1 to 2H in the near wake and 2 to 4H in the far 

wake for buildings 3, 5 and 6. The measurements of temperature in the 

separation bubble region (about 3H downstream of the building) should 

only be used as qualitative information since the hot film anemometer 

interpretation utilized is not suitable for this region. The hot film 

anemometer indicates higher mean velocity in this region than actually 

exists; hence, from equation (8.3) it can be concluded that the mean 

temperature measurement will also be high and result in an overestimate 

of Excess T. An interesting feature of the temperature wake is that it 

tends to extend much farther than the velocity wake. Even at a distance 

of x/H equal to 60, all the building wakes displayed higher tempera­

tures than the approach flow temperatures at a given height. 

The maximum mean temperature excess occurring at each x/H is shown 

in Figure 34 for all buildings. This maximum did not occur at the same 

z/H at different values of x/H. For all buildings studied this 

maximum increases until approximately 8 to l5H downstream of the build­

ings and then decreases. Similar increases in the mean temperature 

magnitudes were reported by Alexopoulos and Keffer [43] on the off­

centerline data for flow behind a cylinder in a uniform flow with a 

linear temperature gradient. For buildings 2, 3 and 6 the maximum 

mean temperature excess increases with a power-law exponent of 0.40, 

0.53 and 0.18 and then decreases with an exponent of -0.36, -0.70, 

and -0.22 respectively. For buildings 1, 4 and 5 the initial increase 

in the form of a power-law exponent was difficult to determine; however, 

beyond certain x/H it decreases with a power-law exponent of -0.67, 

-0.73, -0.33, respectively. It should be concluded that the decay of 

temperature excess is slower than the decay of velocity defect; hence, 
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the horseshoe vortices play more important roles for temperature wakes 

than for velocity wakes. 

5.5 Comparison of the Experimental Measurements of Mean Temperature 
with the Present Theories 

The theory of mean temperature behind buildings deeply immersed in 

a stably stratified turbulent boundary layer was developed and described 

in detail in Chapter III. The results of calculations of this theory 

have been evaluated in this section. The theory contains the basic 

physical representation of the wake, viz., momentum and vortex wake. 

The assumption of n2 « I and H/o« I are also satisfied for 

present measurements. 

The effect of the horseshoe vortex in the wake of a building on the 

mean temperature was to increase the mean temperature on the centerline 

of a building as predicted by equation (3.43) for region E. The results 

of calculations for region E were extrapolated into the regions of G 

and V+ where the assumptions of £3 & 0 and £2 = 0 are not valid 

at all. In the absence of other available methods, it was thought 

appropriate to perform such an operation. The action of two horseshoe 

vortices along the centerline of a building was the same and additive; 

hence, the result of equation (3.43) was doubled to obtain the net 

excess temperature due to vortices. In calculation, the circulation, 

r, at x = 0 and the position of the vortex were taken the same as in 

the velocity calculation and described in section 5.3. Figures 35 

through 40 show by dashed lines the excess temperature due to the vortex 

behind buildings I through 6 respectively. 

The momentum wake theory for the mean temperature was developed in 

section 3.2 of Chapter III. This wake theory results in a mean 
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temperature defect in the wake behind a building and is analogous to 

the velocity defect in the momentum wake theory of Hunt. The mean 

temperature defect due to the building is given by equation (3.24). To 

be consistent with velocity defect profile calculations, the constants 

A and y were assumed equal to one for the mean temperature calcula­

tions. It was felt reasonable to assume that velocity and temperature 

wakes originate from the same point. With this assumption the virtual 

origin "a" for temperature wake is the same as the velocity wake. The 

constant k2 in the equation (3.24) was evaluated by matching the 

experimental observation of excess temperature on the centerline of 

each building at x/H = 10 and z/H = 1 with the sum of excess temper­

ature due to vortex wake given by equation (3.43) and the momentum wake 

temperature defect given by equation (3.24). Knowing k2 for each 

building, the calculations for temperature defect in the wake were 

performed according to equation (3.24). The results of calculations are 

shown in Figures 35 through 40 for buildings 1 through 6 respectively. 

The sum of vortex wake temperature excess and momentum wake 

temperature defect are shown in Figures 35 through 40 for buildings 1 

through 6 respectively. The experimental observations of temperature 

excess in the wakes behind buildings are plotted on these same figures. 

The comparison between the measurements and combined momentum and vortex 

wake theory is excellent for all buildings, except in the near wake. 

Even for buildings 1 and 4, where the results of velocity calculations 

were not as satisfactory as for the other buildings, agreement between 

the measurements and theoretical predictions of temperature were very 

satisfactory. The evaluation of the triple integrals, explained in 
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section 3.3, for the calculations of excess temperature due to the 

vortex may improve the present theory. The constant, k2, used in the 

above calculations, shows a variation apparently influenced by the 

building geometry. The constant, k2, for buildings of W/H ratio of 

one was; 8.7. However, it was not possible to determine the trend for 

various W/H ratio buildings. Thus, the present theory requires only 

one experimental measurement to determine the temperature field in the 

wake behind a building. 

Knowing the temperature field behind a building, the local bulk 

Richardson number can be evaluated to determine the local stability of 

the flow field. As a result of observed excess temperature in the wake, 

the local stability will move towards the unstable regions of the 

Pasquill-Gifford curves. This results in larger dispersion coefficients 

in the y and z directions and should increase diffusion downwind of 

a building as compared with that predicted by the unperturbed Pasquill­

Gifford curves. This may explain the shift of ground level concentra­

tions measured by Allwine, Meroney and Peterka [44], during a study of 

nuclear power station wake effects on atmospheric diffusion. 

5.6 Turbulence Measurements 

Extensive measurements of longitudinal fluctuating velocity and 

temperature fluctuation in the wakes of the same six idealized buildings 

were also performed. Only the longitudinal fluctuations of velocity 

were recorded and hence the word "longitudinal" will be omitted from 

the subsequent discussion with the understanding that is is implied in 

all further material. 
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The vertical profiles of turbulence variance excess, Delta U VAR, 

in the wakes of buildings 1 through 6 are shown in Figures 41 through 

46 respectively. The mean square values of turbulent velocity fluctua­

tion return to the undisturbed state in approximately 7.5 to 10H 

downstream of the buildings. This return is much more rapid than the 

mean velocity field. Similar findings were reported by Peterka et ale 

[6], Hansen et ale [17] and Woo et ale [5]. The maximum vertical 

extent of the turbulence wake extends to about 1 to 2H for the entire 

wake for all buildings. Also, the turbulence variance excess was 

approximately constant from the lowest z/H measured to the height of 

z/H = 1.0, at a given x/H location. The Delta U VAR also approaches 

zero within z/H = 2.0 for all buildings. The results of Woo et ale 

[5] in the neutral flow did not show such characteristics. The present 

results suggest that the stable atmospheric condition inhibits the 

effects of building wakes in the vertical direction for the turbulence 

wake. 

The maximum Delta U VAR occurring at each x/H is plotted in 

Figures 47 through 49 for buildings 1 through 6. Similar to the 

behavior of the maximum Delta U this maximum did not occur at the same 

z/H at different values of x/H. The figures also display the neutral 

flow data of Woo et ale [5] for comparison. The maximum Delta U VAR 

decays with a power-law exponent of -1.67, -2.15, -2.30, -2.02, -2.47 

and -2.30 for buildings 1 through 6 respectively. The decay rate of 

Hunt's theory is -2. The slightly higher decay rates seem to originate 

from the action of the two horseshoe vortices bringing less turbulent 

fluid down toward the surface on the centerline. The maximum DeltaUVAR 

also compare very well with the neutral flow data of Woo et ale [5] for 
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buildings 2, 5 and 6. For buildings 3 and 4 the decay rates of Woo 

et ale [5] show similar trends; however, the actual numbers are 

different. 

Horizontal profiles of Delta U VAR behind building 2 at z/H = 1.0 

are shown in Figure 50. The result of horseshoe vortices is evident 

with the observation of a dip in the profiles near the centerline. No 

regions of negative Delta U VAR were observed and, in this aspect, the 

results are different than than observed by Hansen et ale [17] in the 

wake of a hemisphere. Perhaps the reason is that the strength of the 

horseshoe vortex, rx=O' calculated in the present research was about 

one-half to one-third of that observed by Hansen et ale [17], in the 

wake of a hemisphere. The strong vortex action behind the hemisphere 

brought low turbulence fluid from above the hemisphere down into the 

wake region resulting in less turbulence intensity than that which 

existed without the hemisphere in place. 

The maximum temperature excess variance, Delta T VAR, on the 

centerline of the buildings occurring at each x/H is shown in Fig­

ure 51. Similar to maximum Delta U VAR, this maximum did not occur at 

the same z/H for all x/H. The effect of horseshoe vortices, which 

were not very clear from the results of maximum Delta U VAR, is obvious 

from this figure. In the absence of horseshoe vortices, it would be 

expected that the temperature excess variance asymptotically approaches 

zero. The results show that the maximum Delta T VAR becomes negative 

before asymptoting to zero. The longitudinal vortices, which bring 

fluid having less fluctuation in temperature from the top of the turbu­

lent boundary layer toward the ground on the centerline of the building, 
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result in the negative Delta T VAR. For Delta T VAR the vortex wake is 

dominant in the near wake compared with the momentum wake, and DeltaTVAR 

is still strong at a distance of x/H = 60. Thus, the effect of horse­

shoe vortices play an important role in determining the pattern of 

temperature fluctuations in the wake of the buildings. The long wake 

of Delta T VAR as compared to the small wake of Delta U VAR, sug~ests 

the need to use local temperature field characteristics for evaluation 

of diffusion of pollutants from power plants. 

Figure 52 compares normalized longitudinal velocity spectra in the 

wake of building 2 at various x/H locations with the undisturbed 

boundary layer velocity spectrum. Kolmogorov [45], using dimensional 

arguments and the concept of local isotropy, determined that the velocity 

fluctuation spectrum obeys a -5/3 law power-law behavior in the inertial 

subrange. A line having a slope of -5/3 is also shown on the same 

figure. The velocity fluctuation spectra measured obey a -5/3 power-law 

behavior in the inertial subrange. It must be concluded that the 

velocity spectrum does not change much in the wake of the model build­

ing. The slight variation in the velocity spectrum near the building 

compared with the undisturbed boundary layer velocity spectrum may be 

the result of measurement inaccuracies in the near wake. The velocity 

spectra show a shift of energy from lower frequency to higher frequency 

in the near wake and a gradual return to undisturbed conditions with 

increasing x/H. 

A comparison of normalized temperature spectra in the wake of 

building 2 at different x/H locations with the undisturbed boundary 

layer spectrum is shown in Figure 53. Corrsin [46] and Batchelor [47] 
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have extended Kolmogorov's idea of local isotropy and determined a -5/3 

power-law behavior for the spectrum of temperature fluctuations in the 

inertial subrange. The line of -5/3 slope is also shown in this figure. 

Laboratory measurements by Arya [10] for a stably stratified turbulent 

boundary layer also show a -5/3 power-law behavior. Lin, Panchev and 

Cermak [48] have calculated the -5/3 power-law behavior for temperature 

spectrum in the inertial subrange. Okamoto and Webb [49] have reported 

a -5/3 power-law behavior for temperature fluctuation spectrum in the 

inertial subrange for their measurement at a height of 2 m over flat 

grassland in stable conditions. Kaimal, Wyngaard, Izumi and Cote [501 

have also reported a -5/3 power-law behavior in their Kansas experiments. 

The present results for temperature spectra reproduce the -5/3 power-law 

behavior in the inertial subrange for the undisturbed boundary layer. 

The temperature spectra do not vary greatly with x/H in the wake of 

the building. The temperature spectra show approximately -1 power-law 

behavior in the inertial subrange in the wake of a building. The tem­

perature spectra also show a shift of energy from lower frequency to 

higher frequency in the near wake and a gradual return to undisturbed 

conditions with increasing x/H. The rate of return of the temperature 

spectra to upwind conditions seems to be slower than the velocity 

spectra. 

Figures 54 and 55 show the comparison of auto-correlation 

coefficients derived from velocity and temperature spectra respectively 

in the wake of building 2 with undisturbed boundary layer auto-correla­

tion coefficients for various x/H ratios. The integral time scale of 

the motion is reduced with the building in place. This implies, using 
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Taylor's frozen hypothesis, that the integral length scale of the 

motion is reduced with the building in place. Similar findings were 

also reported by Counihan [14], Hansen et al. [4], Woo et al. [5], and 

Hansen et al. [17]. 

The velocity and temperature spectra have been compared in 

Figures 56 and 57 for the undisturbed boundary layer and in the wake of 

building 2 respectively. The velocity and temperature spectra are more 

similar for undisturbed boundary layer than in the wake of a building. 

Figure 56 also includes velocity fluctuation spectrum of Hansen et al. 

[17] in neutral flow and temperature fluctuation spectrum of Arya [10] 

in stable flow. The present results compare very well with Hansen 

et al. [17] for velocity fluctuation spectrum. However, Arya's [10] 

measurements of temperature spectrum tend to become flat at higher 

frequency than the present results. The auto-correlation coefficients 

derived from velocity and temperature spectra respectively in the 

undisturbed boundary layer and behind building 2 are shown in Figures 58 

and 59. The integral length scale, using Taylor's frozen hypothesis, 

calculated respectively from velocity and temperature spectrum were 

0.18 m (0.6 ft) and 0.14 m (0.45 ft) in undisturbed boundary layer and 

0.06 m (.18 ft) and 0.04 (0.12 ft) in the wake of building. Thus, it 

can be concluded that the length scale calculated from velocity and 

temperature differ by a small amount. 



Chapter VI 

CONCLUSIONS AND RECOMMENDATIONS 

The velocity and temperature wakes behind rectangular, 

surface-mounted building models with one face perpendicular to approach 

flow deeply submerged in a stable turbulent boundary layer have been 

investigated using wind tunnel tests and mathematical analysis. The 

effects of a building on the approach stable turbulent boundary layer 

were determined utilizing superposition of momentum and vortex wake 

perturbation models. Several conclusions were drawn during the dis­

cussion of the results, and, hence, only primary considerations are 

outlined here. 

The effects of a momentum-type wake behind a building in a stable 

turbulent boundary layer are to decrease mean velocity and mean tempera­

ture but to increase turbulence intensity and temperature fluctuation 

intensity. On the other hand, along the centerline of a building, a 

vortex wake brings higher-momentum, higher-temperature, less-turbulent 

and less-temperature-flucutation-intensity fluid from the top of the 

boundary layer to increase mean velocity and mean temperature and 

decrease turbulent intensity and temperature-fluctuation intensity. In 

stable flow trailing vortices were observed to a distance of x/H = 60, 

beyond which measurements were not performed; hence, the total length 

of the votex wake was not known. The wake of an isolated structure, 

in neutral flow, with one face perpendicular to flow, is less extensive. 

This characteristic makes the wake structure quite different for stable 

and neutral flow. Thus, in the wake of an isolated building, particu­

larly in stable flow, both momentum and vortex perturbation effects 

should be taken into consideration. 
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A theory for temperature distribution in the wakes of buildings 

was developed considering both of these effects. The method to calculate 

the circulation of horseshoe vortices at x = 0 was generalized. With a 

single free constant, determined from experimental results, the theory 

predicts the temperature distribution in the far wake of an isolated 

building. The theory for velocity distribution in the wake of a building 

(see Hunt [20]) was given a careful evaluation. The present velocity 

measurements show good agreement with Hunt's theory. 

The experimental measurements were compared with the neutral flow 

data of Woo et ale [5]. The decay rates for the velocity field compared 

very well in both of these experiments; however, the actual magnitude 

of velocity defect was different. The temperature wake extends much 

farther then the velocity wake with all the buildings, showing higher 

temperature in the wake even at x/H = 60 than the approach flow tempera­

ture distribution. The high temperatures and excess velocities observed 

in the far wake strongly suggest that the horseshoe vortices play a very 

important role in a wake of an isolated building. 

The approach flow and building wake integral time scale and integral 

length scale derived from velocity or temperature signals were slightly 

different. Both these scales were reduced in the wake of the building 

as compared to approach flow values confirming the results of previous 

researchers. The velocity fluctuation spectra are approximately 

same at various x/H locations, except in the very near wake, with and 

without a building in place and obey a -5/3 power-law behavior in the 

inertial subrange. The temperature fluctuation spectra are different in 

the approach flow and in the wake, with the -5/3 power-law behavior in 

the inertial subrange observed only for approach flow. The power-law 
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behavior in the inertial subrange for temperature spectra was close to 

-1 in the wake region. 

A technique was developed for sensitive measurements of mean and 

turbulent fluctuation of velocity and temperature. The method makes it 

possible to collect large amounts of data in a reasonable amount of 

time. 

The differential equations governing velocity, temperature and 

concentrations of pollutants in the wake of a building have significant 

similarities. The analytical predictions of temperature distribution, 

a scalar quantity, shows better agreement then the velocity distribution. 

Hence, a similar theory for predicting the diffusion of concentration, 

a scalar quantity, should be considered. In determining the velocity 

and temperature distribution for vortex wake analysis, the results for 

the viscous core region (V+) in which there is a balance between the 

Reynolds stress and the inertial forces and boundary layer region 

(G) induced by vortices should be determined numerically to obtain better 

results. The advantages of using variable eddy viscosity and eddy 

diffusivity in the perturbation models should be evaluated. 
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Appendix A 

THE SOLUTION TECHNIQUE FOR TURBULENT ENERGY EQUATION 
FOR MOMENTUM WAKE ANALYSIS 

The temperature defect, e, in the wake of a building is governed 

by equation (3.16) and this appendix describes the method for obtaining 

the solution of the same equation. The equation (3.16) is repeated 

here for completeness and is given by, 

(A. 1) 

The nondimensional distances x, y, and z are given by, 

- x - y - z x = - , y = - , and z = - , cl cl c l 

where cl is the length scale proportional to the building height and 

given by, 

C1 =( :~n r .! n 
The solution of equation (A.l) was assumed to be of the form, 

e"(x,y,z.) = F(x,z) EXP[- i ] · 
f(x, z) 

(A.2) 

CA.:)) 

The functions F(x,Z') and f(x,-z) are evaluated using the technique 

of Hunt and Smith [20] and given by, 

F(x,z) = q Iq /(21fq2) and o 0 

f(x,Z') 

where qo and q2 are defined in equation (3.20). 

(A.4) 
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The functions qo and q2 are the solutions of the following 

differential equations (see Hunt and Smith [20]), 

dq d
2 

-n 0 qo 
(A.S) Z = --=-z 

dX dZ 

and 
2 

-n dq2 d q2 
+ 2Aq . (A.6) Z = --=-z 

dX dZ 0 

The boundary conditions for equations (A.S) and (A:. 6) are given by, 

-
0 and qo = q2 = at Z = 0 z -+ 00 , 

-
qo = q2 = 0 at y -+ _00 and Y -+ + 00 and 

00 

) Z U qo dz = c, 

where c is a constant. 

Assuming that a similarity solution is possible for equation 

(A.S) and given by, 

where a is a constant, n = z(2+n)/x and n is the power-law 

velocity profile index in the approach flow. Substitution of 

equation (A.B) in equation (A.S) gives, 

2 d2f 
(2+n) n + -2 

dn 
[ (l+n) (2+n) + n] df - af = O. dn 

The value of a was determined using boundary condition (A-7) and 

(A.7) 

(A.B) 

(A.9) 

knowing the approach velocity profile. Substitution of equation (A.B) 

and power-law velocity profile in boundary condition (A-7) gives, 
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-x B+I J - -fen) dn = c2, CA. 1 0) 
o 

where is a constant. Now, if is a constant as x changes 

then B = -1. Therefore, q = f(n)/ x and equation (A.9) can be 
o 

written as, 

+ [(I+n)(2+n) + nJ df + f = O. 
dn 

The solution of equation (A. II) is given by, 

1 

f (n) = c
3 

(n) (2+n) -n e , 

where c
3 

is a constant and - 2 n = n/(2+n) . 

(A. 11) 

(A.12) 

The constant c
3 

is determined wirh the use of boundary condition 

(A. 7) . Substitution of q in (A.7) and changing the variables to 
o 

n gives, 

00 1 

(2) J n(2+n) e- n dn = c. +n E:3 c 3 OJ (A.13) 
o 

The integral in equation (A.13) can be put in the form of the gamma 

function (see Abramowitz and Stegun [51]) and equals r((3~n)/(2+n)). 

Hence, constant c
3 

is given by, 

c = c 
3 (2+n) £3 r((3+n)/(2+n)) (A.14 ) 

and the s'olution of equation (A. 5) is, 
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1 

qo = (2+n) £3 r((3+n)/(2+n)) 
c 

-x 
{A. IS) 

The solution qo when substitued in equation (A.6) gives~ 

where 

-n z 
ax 

A = 2Ac/[(2+n) £3 rC(3+n)/(2+n))]. 

(A.16) 

A similarity solution of equation (A.16) was assumed with a form given 

by, 

q2 = x a G(n), (A.17) 

where ex is a constant to be determined. The equation (A .• 17) when 

substituted in equation (A.16) gives, 

(l+n) + n' dG 
(2+n) ,dn -

1 
" (2+n) -n - -1 = -A n ex. 

In order that G(n) be a function of n only, powers 

2n n 
(2+n)2+n n2+n 

(A. IS) 

of x on both sides of equation (A. IS) are equated to obtain, 

n 
a =---(2+n) (A.19) 

Therefore, the solution of equation (A. IS) is given by, 

n 

q2 = x (2+n) G(n) , CA.20) 
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where Gfn) satisfies the following differential equation, 

d
2
G [(l+n) ] dG n 

n d n 2 + (2 +n) + n d n + (2 +n) G = -
-11 O~~) 

--"""":2=-n- en. 
r 

(2+n) (2+n) 

CA.2l) 

The transformation, 

H(n) = en G(n), CA.22) 

reduces equation (A.21) to, 

n d
2
H + [ (l+n) - 11] dH 1 

dn - (2+n) H = 
r (~~~) 

2n n • dn2 (2+n) 
(2+n) 2+n 

(A.23) 

The equation (A.23) is a non-homogeneous confluent hypergeometric 

equation (see Abramowitz and Stegun [51]). The solution of equation 

CA.23) was obtained (see Hunt and Smith [20]) using the method of 

variation of parameters and is given by, 

H(n) = X r (1/(2+n)) 112 

(
2n ) n (1.5+n). 

2(2+n) 2+n r ((1+n)/(2+n)) 

Hence, with equations (A.17), (A.22) and (A.24), the solution of 

equation (A. 6) is, 

n 

x - 2+n X r (1/(2+n)) 
2n 

2 (2+n) 2+n r ((1 +n) /(2+n)) 

1/2 -n n (1.5+n) e • 

Knowing qo and q2' the functions F(x,"Z) and f(x,z) are, 

(A.24) 

(A.25) 
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fCx, z) 

1- (n/4) 
-n (2+n) 

Cs e n 
FCx,z) = --:;;....-------

-.(~:~) 
x Il.S+n 

2A and c 4 = 
(2+n) (;~n) 

-c 
Cs = m 7T £3 

Cl.S+n), CA.26) 

CA.27) 

For n « 1, ~~ 0 and 1- (n/4) ~ _l_ and hence equations (A.26) 2+n (2+n) 2+n 

and CA.27) reduce to, 

- - - (2:n) f(x,z) = c
4 

x (l.S+n), 

F(x,z) 

(z!n) -n 
Cs n e 

= -(3+ri) 
- 2+n ,--­x Il.S+n 

Hunt and Smith [20] calculated eddy viscosity, v, using the 

approach flow conditions to deduce that 

2 
v=--

C2+n) 

CA.28) 

CA.29) 

CA.30) 

In the present analysis it was assumed eddy diffusivity, £, is 

proportional to eddy viscosity, v, and £ = 0.85 v (see Arya [10]). 

Now, with the assumption that the eddy diffusivity in the z direction 

£3 = y£ gives, 
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E = 3 
2 2-

C2+n) K n U(H) H y 0.85. (A.31) 

The magnitude of c in equation (A.7) was derived using a 

method similar to Hunt and Smith [20] to conclude that, 

(A.32) 

where c
6 

is a constant. 

With equations (A.3l) and (A.32), the constant Cs is given by, 

Cs = c7 r(H) , CA. 33) 

where c7 is a constant. Hence, the temperature defect 6 is, 

6Cx,y,z) = r(H) n 
1 

2+n 

c7 (3+n) 
i 2+n {l.s+n 

Exp [-(TI + _(~2y)2_)] . 
- 2+n c

4 
x (1.5+n) 

(A. 34) 

Now, the non dimensional variables x, y, and z are replaced with real 

variables, x, y and z, given by, 

(x/H) 

y = (y/H) , 

[ (2:n) K2n A Y O.8SJ l!n) 
CA.35) 

- _ (z/H) 

Z - fI(.L) K2n 0 85J( 1 !n) , 
~ 2+n y. 
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to obtain, 

Z 

( /H)2 2+n 
1 

k
Z 

T(H) n 2+n 
e (x, y , z) = ----:3=------

(X/H)(2::)'1.s+n 
Exp 

( ~
z+n 

Y fn y ). 0.85 ) 

where is another constant. 

Z+n (x/H) (1.5+n) 
(A.36) 

With the assumptions that the wake 

originate from x = -a and hence replacing x by (x-a) and dividing 

both sides of equation (A.36) by DELTA T, the temperature defect e is, 

where 

e(x,y,z) 
DELTA T 

= k T(H) 
2 DELTA T 

F2(z",y") 

(3+n) 
(x~a) 2+n 

(A.37) 

DELTA T = To - TZI in the undisturbed boundary layer and is 

used for nondimensionalizing, 

= mean temperature at the top of the turbulent boundary 
layer, 

TZI = mean temperature at the reference height zl' 

T(H) 

a 

n 

= mean temperature at the building height in the 
undisturbed flow, 

= constant to be determined by matching with the 
experimental result, 

= virtual origin of the wake to be determined from 
experiment, 

= boundary layer velocity profile power-law exponent, 

(z!n) 
= _n~_-::-T,=", 

(n+l.s)1/2 



z" 

n 

y" 

K 
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= (z/H) 
1 

( ) 2+n x-a 
H 

z,,(2+n) 
= 2 (2 (2+n) K n 0.85 y) 

= (y/H) _ [ 2+n ] 2!n 

( 2!n) 2 A 0.85 Y K
2
n ' 

cc~a) 

= von Karman constant (0.41), and 

= a constant and along the centerline of building 
(y=O) it drops out of the equation. 
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Appendix B 

CALCULATIONS OF VELOCITY AND TEMPERATURE 
FROM HOT FILM DATA 

Calculation of velocity and temperature variation from the voltage 

output of two hot films is described here. 

Equation (4.3) with the output of two hot film sensors, each 

operated at a different but constant temperature, will be: 

(B.l) 

and 

E2 
______ 2 ________ = A2 + B2 UC 

R2 [R2 - R (1 + a (T - T ))] c2 c2 

(8.2) 

where suffix 1 and 2 corresponds to the different overheat ratios of 

1.5 and 1.2 respectively. Equations (8.1) and (B.2) with 

C
l = R2 - R R + Rl R a T 1 1 c l c l 

c l 

C
2 = Rl R a 

cl 

C
3 = R2 - R2 R + R2 R a T 2 c2 c2 c2 

C
4 = R2 R a c2 

becomes, 

E2 
(B.3) 1 

Al + B UC = 
C _ C T 1 
1 2 
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and 
E2 

___ 2 __ = A + B UC 

2 2 • 
G3 - C 4 T 

(B.4) 

Elimination of U from equations (B.3) and (B.4) gives 

P T2 - q T + r = 0 
(,13.5) 

where, 

From several initial calibrations it was determined that p = 0 

and hence for all calculations p was set equal to zero. Therefore, 

the instantaneous fluid temperature T is given by, 

T = r/q. (B.6) 

knowing the T, U was determined from equations (.8..3) or (B.4). 

The time series of T and U were then used to calculate the root 

mean square values 

respectively. 

T rms and u and mean quantities T and U, rms 



Table 1. Building model dimensions, boundary layer parameters and constants. 

Height Width Depth u r x=O (H) (W) (D) U(6) U(H) T(6) f(H) ---.:l...- z 
0 ReH Rio RiB C

FX k2 m2/sec Building em em em m/sec m/sec °c °c U(H) ""iT a/H 

1 6.25 4.88 15.88 5.96 4.26 47.19 36.89 0.053 5.6x10 -3 2.1x104 0.0229 4.6 x 10 -3 1.30 11.3 -2.50 0.45 

2 6.25 15.88 4.88 5.96 4.26 47.19 36.89 0.053 5.6 x 10 -3 2.1 x 104 0.0229 4.6 x 10 -3 1.40 13.1 -1. 75 1.44 

3 7.62 7.62 7.62 5.67 4.27 44.16 35.18 0.053 4.6 x 10-3 2.5 x 104 0.0235 5.0 x 10 -3 1.30 8.7 -0.30 0.71 

4 10.16 5.08 10.16 5.85 4.74 45.51 38.01 0.047 3.4x10-3 3.7 x 104 0.0227 5.8 x 10 -3 1.35 5.5 -1.35 0.49 

5 10.16 10.16 5.08 5.85 4.74 45.51 38.01 0.047 3.4 x 10 -3 3.7 x 104 0.0227 5.8 x 10 -3 1.35 8.5 -1.50 1.0 

3.4 x 10-3 3.7xl04 5.8xl0-3 00 
6 10.16 10.16 10.16 5.85 4.74 45.51 38.01 0.047 0.0227 1.30 8.6 -1. 0 1.0 CoN 

Boundary layer height = 50.8 em 

UZ1 = 1.68 a/sec, TZI = 21.1°C at reference height of 0.25 em 

Average mean velocity profile power-law index, n • 0.16 

A • 1.0, Y = 1.0 
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Figure 1. Flow pattern around a rectangular block with reattachment of the free shear layer (from 
wind tunnel measurements in the wakes of structures by Woo, H. G. C., Peterka, J. A., 
and Cermak, J. E., 1976 [5]). 
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Figure 2. Schematics of the regions of influence of the vortex core 
and the vortex-~nduced boundary layer (from the vortex 
wake theory of Hunt, 1975 [27]). 
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Figure 3¥ Experi~ental configuration showing the coordinate system and 
definitions of symbols. 
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Figure 5. Probe traversing mechanism. 



89 

Figure s. Probe traversing mechanism. 
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Figure 51. Decay of temperature excess variance in the wake of buildings. 
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Figure 53. Comparison of normalized temperature spectra behind 
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Figure 54. Comparison of auto-correlation coefficients derived from 
velocity spectra behind building 2 with undisturbed boundary 
layer auto-correlation coefficients. 
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Figure 55. Comparison of auto-correlation coefficients derived from 
temperature spectra behind building 2 with undisturbed 
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