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ABSTRACT

ADVANCES IN BAYESIAN SPATIAL STATISTICS FOR ECOLOGY AND

ENVIRONMENTAL SCIENCE

In this dissertation, I develop new Bayesian methods for analyzing spatial data from applications

in ecology and environmental science. In particular, I focus on methods for mechanistic spatial

models and binary spatial processes. I first consider the distribution of heavy metal pollution from a

mining road in Cape Krusenstern, Alaska, USA. I develop a mechanistic spatial model that uses

the physical process of atmospheric dispersion to characterize the spatial structure in these data.

This approach directly incorporates scientific knowledge about how pollutants spread and provides

inferences about this process. To assess how the heavy metal pollution impacts the vegetation

community in Cape Krusenstern, I also develop a new model that represents plant cover for multiple

species using clipped Gaussian processes. This approach is applicable to multiscale and multivariate

binary processes that are observed at point locations — including multispecies plant cover data

collected using the point intercept method. By directly analyzing the point-level data, instead of

aggregating observations to the plot-level, this model allows for inferences about both large-scale

and small-scale spatial dependence in plant cover. Additionally, it also incorporates dependence

among different species at the small spatial scale. The third model I develop is motivated by

ecological studies of wildlife occupancy. Similar to plant cover, species occurrence can be modeled

as a binary spatial process. However, occupancy data are inherently measured at areal survey units.

I develop a continuous-space occupancy model that accounts for the change of spatial support

between the occurrence process and the observed data. All of these models are implemented using

Bayesian methods and I present computationally efficient methods for fitting them. This includes a

new surrogate data slice sampler for implementing models with latent nearest neighbor Gaussian

processes.
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Chapter 1

Introduction

1.1 Motivation

In this dissertation, I develop new statistical methods for modeling spatial dependence in

ecological and environmental data. Specifically, these methods focus on mechanistic spatial models

and binary spatial processes. The models I develop are motivated by datasets on heavy metal

concentrations, vegetation communities, and occurrences of wildlife species — all of which include

spatial structure that is vital for understanding these processes. For each dataset, I aim to better

incorporate scientific knowledge in analyses and also account for features of the observed data that

are often ignored by other approaches. Consequently, inferences from the models I develop can

provide insights that are not possible using other statistical methods.

The remainder of this chapter includes brief introductions to species distribution models, spatial

statistics, and Bayesian methods. More in-depth overviews of these topics can be found in Kéry and

Royle (2016), MacKenzie et al. (2018), Cressie (2015), Schabenberger and Gotway (2017), Gelman

et al. (2014), and Carlin and Louis (2008). Each of the models I develop is implemented using

Bayesian methods because this framework is useful for fitting models with hierarchical structures

and latent spatial processes. Therefore, I also review standard techniques in Bayesian computation

that are used throughout Chapters 2–4. This chapter concludes by providing an overview of the

remaining chapters and introducing the datasets that motivate this research.

1.2 Species distribution models

Species distribution models are used to learn about the abundance and/or occurrence of a species

throughout a study area of interest. These models use environmental variables to predict how

species are distributed (Elith and Leathwick, 2009) and often include spatial dependence as well

(e.g., Section 1.3; Guisan and Thuiller, 2005). Approaches for modeling species abundance include

1



N-mixture models (Royle, 2004), the Royle-Nichols model (Royle and Nichols, 2003), and distance

sampling (Burnham et al., 1980; Buckland et al., 2016). Common approaches for modeling species

occurrence include occupancy models (Hoeting et al., 2000; MacKenzie et al., 2002, 2018) and

various of machine learning methods (e.g., Phillips et al., 2006; Valavi et al., 2021). Many of these

species distribution models focus on analyzing wildlife data, but similar approaches are available

for modeling the distributions of plants (e.g., Hooten et al., 2003; Wright et al., 2017).

Accounting for observation errors is a common theme of many species distribution models

because these errors are a typical characteristic of most ecological data. If unaccounted for,

observation errors can result in biased inferences for the ecological processes of interest. Consider

occupancy models (MacKenzie et al., 2002, 2018) as an example — I introduce this approach

in what follows and present a new spatial occupancy model in Chapter 4. For surveyed sites

i = 1, . . . , n, standard occupancy models assume

zi ∼ Bernoulli(ψi), (1.1)

where zi is an indicator for whether the species of interest is present (1) or absent (0) at site i and

ψi denotes the corresponding probability of occurrence. If the indicators for species occurrence

zi are observed directly, then standard regression models for binary data can be used to relate the

probability of occupancy to predictor variables of interest. However, species often go undetected

during surveys of occupied sites and failing to account for imperfect detection can negatively bias

occupancy estimates (MacKenzie et al., 2002).

Replicate surveys for some sites are needed to model the observation process of how species

are detected (MacKenzie et al., 2002). These replicate surveys can include observations from

independent observers or repeated visits to the same site. The observed detection/nondetection data

yij are modeled as

yij ∼















1(yij = 0), zi = 0,

Bernoulli(pij), zi = 1,

(1.2)
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for j = 1, . . . , Ji where Ji denotes the total number of visits to site i and pij denotes the probability

of detection at site i during visit j. Visit-level predictor variables can be used to model the probability

of detection. The key idea of occupancy modeling is that even when the species is undetected at a

site, that is
∑Ji

j=1 yij = 0, the species may still occur there. Modeling the detection process accounts

for this and can provide unbiased inferences for species occurrence.

In some applications more complicated detection models may be needed when analyzing

occurrence data. For instance, detection probabilities can depend on the local abundance at a

site (Royle, 2006) and some surveys can include false-positive detections as well (e.g., Chambert

et al., 2015; Ruiz-Gutierrez et al., 2016). Many models for species abundance, such as N-mixture

models and distance sampling, include analogous observation processes to account for imperfect

detection. Hefley and Hooten (2016) developed a hierarchical framework that shows how some

species distribution models relate to one another. These connections also emphasize that hierarchical

models are invaluable for modeling species distributions because they allow complex observation

processes to be included in analyses.

I develop new species distribution models in Chapters 3 and 4. First, I consider multispecies

plant cover data collected using the point intercept method (Drezner and Drezner, 2021). In Chapter

3, I develop a new model for these data that includes spatial dependence at multiple scales and also

allows for dependence among different species. Chapter 4 considers occurrence data for wildlife

species and develops a new continuous-space occupancy framework. The models in Chapters 3 and

4 both demonstrate new approaches for modeling the spatial structure in species distributions.

1.3 Spatial statistics

Modeling spatial dependence is a core component of ecological and environmental data analysis

because the data from these applications are inherently spatial. Failing to adequately account for

spatial dependence can lead to inferences that are overly precise (Legendre and Fortin, 1989).

More importantly, however, is the fact that the spatial processes themselves are typically of interest

in ecological and environmental applications because they are directly related to the scientific
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questions of interest (Legendre and Fortin, 1989; Levin, 1992; Guisan and Thuiller, 2005). For

instance, consider mapping the distribution of a species across the landscape (e.g., Latimer et al.,

2006; Hefley and Hooten, 2016; Gelfand, 2022), a topic that I discuss in more detail in Chapters 3

and 4. Species distribution models include environmental predictor variables, which are spatially

indexed themselves, as well as spatial structure that arises from the dispersal of individuals and/or

geographical limitations for where species occur (Legendre and Fortin, 1989; Levin, 1992; Guisan

and Thuiller, 2005). In some applications, more specific knowledge about how species spread

throughout a region can be incorporated into analyses to characterize the spatial distribution of a

species (e.g., Hooten and Wikle, 2008). Consequently, developing spatial models that can better

capture these characteristics and incorporate scientific knowledge are imperative for ecological and

environmental data analyses.

1.3.1 Gaussian processes

For response variables with a continuous support, a standard approach for modeling the spatial

dependence among observations in continuous space is to use a Gaussian process (Neal, 1999;

Rasmussen and Williams, 2006; Gelfand and Schliep, 2016). Spatial Gaussian processes are

parameterized using a mean function m and a covariance function K that depends on the distance

between observations. For example, an exponential covariance function defines the covariance

between locations si and si′ to be

K(si, si′) = σ2exp

(

−
||si − si′ ||

ρ

)

, (1.3)

where ||si − si′ || denotes the Euclidean distance between the locations and σ2 and ρ are variance

and range parameters, respectively. As the distance between locations approaches zero, (1.3) results

in the observations at these locations being perfectly correlated. Consequently, if y(s) is assumed to

be distributed as a Gaussian process, denoted y(s) ∼ GP(m(s), K), then realizations of this process

are random continuous functions ∀s ∈ R
d. These random functions are constrained so that at any

finite collection of point locations s1, . . . , sn, the random variables (y(s1), . . . , y(sn)) will follow a
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multivariate normal distribution. Specifically, a two-dimensional subset of the Gaussian process

y(s) results in






y(si)

y(si′)






∼ N













m(si)

m(si′)






,







K(si, si) K(si, si′)

K(si′ , si) K(si′ , si′)












, (1.4)

for any pair of locations si and si′ . This provides a convenient framework for modeling spatial

data because the finite-dimensional distributions are normal, allowing us to take advantage of many

properties of the normal distribution. Additionally, Gaussian processes with common covariance

parameterizations result in models that obey the first law of geography that “everything is related to

everything else, but near things are more related than distant things” (Tobler, 1970).

Gaussian processes can still be used for analyzing data that cannot be assumed to follow a

normal distribution. In this case, spatial dependence can be included using a latent process that

induces dependence in the observed data. For instance, consider a generalized linear model (GLM)

framework such that the data yi for i = 1, . . . , n are modeled as

yi ∼ f(θi, ϕi), (1.5)

where f denotes a distribution from an exponential family, θi denotes the natural parameter, and

ϕi is a scale parameter (Nelder and Wedderburn, 1972). It is assumed that E(yi) = µi and that

g(µi) = ηi for an appropriately specified link function g and linear predictor ηi. Note that choosing

g to be the “canonical link function” results in g(µi) = θi (Agresti, 2012) but that other suitable link

functions are possible. The linear predictors ηi are modeled as a function of predictor variables xi

and coefficients β such that ηi = x′
iβ. Consequently, GLMs allow for linear models to be applied

to data that cannot be assumed to follow a normal distribution. To include spatial dependence, this

model can be modified by assuming that η(s) is a Gaussian process so that

η(s) ∼ GP(x(s)′β, K), (1.6)
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where the observed predictor variables are spatially indexed and each observation yi has a corre-

sponding spatial location si. This is one way to use spatial Gaussian processes when modeling other

types of data (e.g, binary, counts, etc.).

There are additional methods that also make use of Gaussian processes for modeling nonnormal

spatial data. For example, binary spatial data can be modeled using a clipped Gaussian process

(De Oliveira, 2000, 2020). The models developed in Chapters 3 and 4 build upon this approach — I

introduce clipped Gaussian processes in what follows and provide additional details on this method

in later chapters. First, a spatial GLM for binary data assumes that

y(si) ∼ Bernoulli(p(si)), (1.7)

Φ−1(p(si)) = x(si)
′β + η1(si), (1.8)

where η1(s) ∼ GP(0, K1) and we have assumed a probit link function with the cumulative dis-

tribution function of a standard normal distribution denoted by Φ(·). To make the connection to

clipped Gaussian processes more clear, we can reparameterize the model in (1.7) and (1.8) using an

auxiliary variable approach (Albert and Chib, 1993). This parameterization of the spatial GLM is

y(si) = 1(ỹ(si) ≥ 0), (1.9)

ỹ(si) ∼ N(x(si)
′β + η1(si), 1), (1.10)

where 1(·) denotes an indicator function and η1(s) ∼ GP(0, K1) as before. Note that (1.10) could

also be rewritten as

ỹ(si) = x(si)
′β + η1(si) + ϵ(si), (1.11)

where ϵ(si)
iid
∼ N(0, 1) (Berrett and Calder, 2016; De Oliveira, 2020). The independent error terms

ϵ(si) are analogous to including a “nugget” effect in traditional geostatistical models (Diggle et al.,

1998). The model defined by (1.9) and (1.11) shows how the spatial GLM can implemented by

clipping a spatial Gaussian process that includes a nugget effect. Alternatively, consider another
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clipped Gaussian process model that instead assumes

y(si) = 1(ỹ(si) ≥ 0), (1.12)

ỹ(si) = x(si)
′β + η2(si), (1.13)

where η2(s) ∼ GP(0, K2). If this model includes a nugget effect in the spatial covariance function

K2 for η2(s), then there is a spatial GLM (assuming a probit link is used) that is equivalent to it

(De Oliveira, 2020), as shown by the parameterization in (1.9) and (1.11). That is, equivalent models

exist when

K2(si, si′) = K1(si, si′) + τ 21(si = si′) (1.14)

and τ 2 = 1, but these models are distinct if τ 2 = 0 (De Oliveira, 2020). I refer to models as clipped

Gaussian processes when they do not include a nugget effect to distinguish them from spatial GLMs.

While these models are closely related, the clipped Gaussian process and spatial GLM lead

to binary data with different characteristics (Figure 1.1; see also Berrett and Calder, 2016). In

particular, the clipped Gaussian process results in well-defined boundaries between regions of the

different binary classes. This means that every spatial location s where y(s) = 1 belongs to a

contiguous region A such that y(s′) = 1 for all s′ ∈ A (e.g., Figure 1.1a). This is not the case for

data generated from a spatial GLM and there are no well-defined boundaries between the binary

classes even if the data are collected at a very fine resolution. Distinct regions are expected in

the binary maps for many applications. For instance, maps of plant cover (see Chapter 3) have

this characteristic due to individual plants defining the occurrence of the species over a study area.

Individual plants must correspond to a contiguous area where the species occurs. This same idea

applies to species distribution maps (see Chapter 4), home ranges of individuals, or maps of areas

burned by wildfires (Yoo and Wikle, 2024). While I focus on clipped Gaussian processes for binary

spatial processes in Chapters 3 and 4, other types of data can be modeled with this approach as

well (e.g., ordinal or mixed continuous and ordinal; Higgs and Hoeting, 2010; Schliep and Hoeting,

2013).
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Figure 1.1: Example binary data from a clipped Gaussian process (a) and spatial GLM (b). The clipped

Gaussian process results in well-defined boundaries that separate contiguous regions of each binary class

(denoted by different colors). This is not the case for the data generated from a spatial GLM. Even if the

spatial GLM data are observed at finer resolutions, these data will never result in well-defined boundaries

between the binary classes.

Implementing Gaussian process models can be computationally expensive as the sample size

increases. For y(s) ∼ GP(m(s), K), the finite-dimensional distribution of y ≡ (y(s1), . . . , y(sn))
′

is multivariate normal and the computation times of the corresponding probability density function

are on the order of n3 because evaluating the density requires inversion of a n× n matrix. Conse-

quently, there are a variety of methods available to improve the computational efficiency of spatial

models (for a review, see Heaton et al., 2019). In general, these methods involve approximating the

Gaussian process of interest and/or the associated covariance matrix. For example, these methods

include basis function representations (fixed rank kriging, Cressie and Johannesson, 2008), predic-

tive processes (Banerjee et al., 2008), using sparse covariance matrices (e.g., Sang et al., 2011),

and nearest neighbor approximations (Datta et al., 2016; Datta, 2022), among others. In Chapter

3 I show how multiscale Gaussian processes can be approximated by introducing sparsity in the
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corresponding covariance matrices when modeling plant cover data and in Chapter 4 I use nearest

neighbor Gaussian processes when modeling wildlife occurrence data.

1.3.2 Mechanistic models

Spatial models that rely on Gaussian processes are flexible, and thus generally applicable, but

typically do not allow for additional scientific knowledge to be included in analyses. Conversely,

spatio-temporal models are increasingly incorporating characteristics of known physical processes

(Wikle et al., 2001; Wikle and Hooten, 2010) that are ignored by phenomenological approaches.

These mechanistic statistical models have proven useful for analyzing spatio-temporal data because

the model structure is based on the scientific knowledge about a system (Wikle and Hooten, 2010)

and allows for known constraints of physical processes to be reflected in a data analysis (Wikle et al.,

2001). Mechanistic statistical models have been used for analyzing data from a wide variety of

applications (e.g., Wikle et al., 2001; Wikle, 2003; Hooten and Wikle, 2008; Liu et al., 2016; Hefley

et al., 2017c; Lu et al., 2020). The core idea of these mechanistic models is that the spatio-temporal

process of interest can be described using a partial differential equation (PDE) for the dynamics

of pertinent physical processes. Including this PDE in a statistical model can account for the

dependence in the observed data in place of a general spatio-temporal covariance function.

Spatial data can also be viewed as arising from spatio-temporal processes (e.g., Hanks, 2017;

Hefley et al., 2017b; Wikle et al., 2022), but mechanistic models are rarely used to analyze spa-

tial data. However, there are connections between traditional spatial models based on Gaussian

processes and mechanistic spatio-temporal models. For instance, Hanks (2017) showed that the

Matérn covariance function — which is commonly used in spatial statistics (Stein, 1999) — is the

covariance function for the stationary distribution of a spatio-temporal stochastic PDE. Similarly,

Lindgren et al. (2011) used stochastic PDEs to define spatial covariance functions, including for

non-stationary covariance functions, with computationally efficient algorithms. These methods

highlight the potential links between commonly used phenomenological approaches that model

spatial dependencies using a Gaussian process and mechanistic models that rely on PDEs to describe
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spatial-temporal processes. However, Hefley et al. (2017b) point out that using the stationary charac-

teristics of stochastic PDEs can fail to capture some aspects of the modeled processes that could be

of scientific interest — such as the initial conditions and time period over which the dynamics occur.

In Chapter 2, I develop a mechanistic spatial model that aims to directly incorporate aspects of

known spatio-temporal processes to describe spatial patterns in observed heavy metal concentrations

(also see Hefley et al., 2017b; Wikle et al., 2022).

1.4 Bayesian statistics

The models described in Chapters 2–4 are implemented using Bayesian methods. Consider a

vector of observed data denoted y and vector of parameters θ. Bayesian statistics is concerned with

learning about the conditional distribution of θ given the observed data y, which is referred to as

the posterior distribution. By Bayes Theorem, the posterior distribution is

[θ | y] =
[y | θ][θ]

[y]
, (1.15)

where the notation [·] denotes a probability distribution function (Gelfand and Smith, 1990). The

prior distribution [θ] contains all knowledge about the parameters before the data have been observed.

This knowledge is updated using information in the observed data and the assumed data distribution

[y | θ]. Consequently, Bayesian statistics relies on the posterior distribution for inferences about the

parameters of interest. For instance, a possible point estimate is the posterior mean E(θ | y) and

intervals can be defined using the quantiles of the posterior distribution.

Bayesian statistics provides a natural framework for statistical decision theory (Berger, 2013;

Williams and Hooten, 2016) and can also be useful in practice for a variety of reasons. First, the prior

distribution provides a natural way to include results from previous studies and/or knowledge about

parameters into a statistical analyses. Because Bayesian analyses define a complete joint probability

model, it is possible to make probability statements about parameters of interest directly (e.g., the

probability that θ is less than a particular value). Neither of these are possible using frequentist
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or pure likelihood-based methods. Additionally, Bayesian statistics can naturally accommodate

hierarchical structures and latent processes that are often of interest when modeling data from

ecological and environmental applications.

1.4.1 Bayesian computation

A core component of any Bayesian data analysis is characterizing the target posterior distribution

because it is required for all inferences about the parameters of interest. Analytical results for the

posterior distribution are unavailable in most cases and thus computational implementations are

typically required. The most common method in Bayesian statistics is to use Markov chain Monte

Carlo (MCMC) to obtain samples from the posterior distribution (Geman and Geman, 1984; Gelfand

and Smith, 1990; Tierney, 1994). With a large enough sample, these posterior draws can be used

to approximate any summary measure of the posterior distribution that is of interest. For example,

the posterior mean can be approximated as T−1
∑T

t=1 θ
(t) for posterior draws θ(1), . . . ,θ(T ) and

posterior quantiles can be approximated by the empirical quantiles of the posterior draws. A random

sample from the joint posterior distribution also allows for inferences about marginal distributions

and transformations of parameters — both of which are often of interest in practice. Inferences about

the marginal posterior distribution for a single parameter (i.e., one element of θ ≡ (θ1, . . . , θp)
′)

can be obtained by only considering the posterior draws for that individual parameter. Similarly,

the posterior mean and posterior credible intervals for a transformation of the parameters can

be approximated by summarizing the transformed posterior draws. Consequently, inferences for

transformed variables can be made without requiring asymptotic assumptions that are typically

needed when using other approaches. Both of these properties make MCMC methods useful for

implementing Bayesian models.

A primary challenge in Bayesian computation is to construct a valid MCMC algorithm that can

sufficiently explore the target posterior distribution with a finite number of iterations. Foundational

methods for Bayesian computation include the Gibbs sampler (Geman and Geman, 1984) and

Metropolis-Hastings algorithm (Metropolis et al., 1953; Hastings, 1970). Gibbs sampling is
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beneficial because it allows MCMC algorithms for large, hierarchical models to be implemented by

sampling each parameter individually. These individual steps can be much simpler than obtaining

posterior samples directly from the target posterior distribution. For instance, consider a Bayesian

model with the parameters subset into two groups so that θ ≡ (θ′
1,θ

′
2)

′ and the target posterior

distribution of interest is [θ1,θ2 | y]. It may difficult to construct a valid MCMC algorithm that

samples both parameter vectors jointly and has the correct stationary distribution. Alternatively,

a Gibbs sampler considers updating each parameter vector individually from their respective full-

conditional distributions. That is, each iteration first updates θ1 by sampling from [θ1 | y,θ2] and

then updates θ2 by sampling from [θ2 | y,θ1]. The parameter vectors are updated individually

by conditioning on the observed data and the current value of the other parameter vector. These

full-conditional distributions are often known analytically for specific prior distributions and this is

referred to as “conjugate” updates. The Gibbs sampler naturally extends to more complicated models

with more parameters and defines a valid MCMC algorithm assuming that the full-conditional

distributions can be sampled from.

Other approaches are necessary when the posterior distribution or a full-conditional distribution

cannot be sampled from directly. The Metropolis-Hastings algorithm is commonly used in these

cases. Consider the example described above and updating θ1 from its full-conditional distribution.

At iteration t+1, the Metropolis-Hastings algorithm first proposes a possible new value for θ1 from

a user-defined proposal distribution [θ∗
1 | θ

(t)
1 ] where θ

(t)
1 is the current value for the parameter. This

proposed value is accepted with probability r = min(1,mh) where

mh =
[y | θ∗

1,θ
(t)
2 ][θ∗

1][θ
(t)
1 | θ∗

1]

[y | θ
(t)
1 ,θ

(t)
2 ][θ

(t)
1 ][θ∗

1 | θ
(t)
1 ]
. (1.16)

If accepted, then θ
(t+1)
1 is set to the proposed value θ∗

1 and otherwise the chain remains at the current

value θ
(t)
1 . Different choices for the proposal distribution can simplify the resulting Metropolis-

Hastings ratio (mh). The key idea is that appropriately specifying the proposal distribution can

lead to highly efficient MCMC algorithms that explore the posterior distribution in relatively few
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iterations. We make extensive use of both Gibbs sampling and the Metropolis-Hastings algorithm

to implement the Bayesian models developed in Chapters 2–4.

Another common theme in Bayesian computation is that introducing additional parameters (or

latent variables) into a model can lead to more efficient algorithms. The parameter expanded model

must be constructed in such a way that the marginal prior distribution for the original parameter

vector does not change. Consider slice sampling (Neal, 2003) as an example. For a generic

Bayesian model (1.15), slice sampling introduces the auxiliary parameter u with the conditional

distribution u | θ,y ∼ Uniform(0, [θ | y]). The parameter expanded posterior distribution [θ, u | y]

can be sampled from using a Gibbs sampler. First, u can be updated by sampling from the full-

conditional distribution [u | θ,y] which is just a uniform distribution. Then θ is updated from the

full-conditional distribution

[θ | u,y] ∝ [y | θ][θ][u | θ,y] (1.17)

∝ [θ | y]

(

1

[θ | y]

)

1(u < [θ | y]) (1.18)

∝ 1(u < [θ | y]), (1.19)

which, as a function of θ, is a uniform distribution over the “slice” where the posterior density of

interest [θ | y] is larger than u. Therefore, slice sampling allows for the posterior distribution to be

sampled from using two Gibbs steps that both involve sampling from uniform distributions. While

determining the slice in step 2 can be challenging, Neal (2003) provided algorithms to implement

this update without explicitly identifying the slice. This approach can be particularly efficient when

the vector θ contains only a few parameters. However, this step is much more difficult to implement

in high dimensions.

The Metropolis-Hastings algorithm can also be inefficient in high dimensions because small

steps through the parameter space are required to have sufficiently high acceptance rates. This

can lead to highly correlated chains that require many iterations to explore the target posterior

distribution. For models using a normal prior distribution, elliptical slice sampling (Murray et al.,
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2010) provides an approach for addressing this limitation. It can be particularly effective for spatial

Gaussian processes because the prior distribution for any finite collection of the spatial terms is a

multivariate normal distribution. To introduce elliptical slice sampling, consider the model

θ ∼ N(µ,Σ), (1.20)

y | θ ∼ [y | θ], (1.21)

where the data model [y | θ] can be any distribution and we are interested in inferences about

θ. Here we are considering µ and Σ fixed, but Chapter 4 illustrates a different approach that

relaxes this assumption. The model defined by (1.20) and (1.21) provides inferences for θ that are

equivalent to those from the model

α ∼ Uniform(0, 2π), (1.22)

ν1 ∼ N(µ,Σ), (1.23)

ν2 ∼ N(µ,Σ), (1.24)

θ = (ν1 − µ)sin(α) + (ν2 − µ)cos(α) + µ, (1.25)

y | θ ∼ [y | θ], (1.26)

where α,ν0,ν1 are not identifiable because there are infinite combinations of these parameters

that lead to the same data model. This parameter expanded version of the model is beneficial

because it can be sampled from using a convenient blocked Gibbs sampler while still preserving the

target marginal posterior distribution for θ. The marginal posterior distribution remains unchanged

because for any fixed α, the marginal prior distribution for θ is the same as (1.20). This means

we can still use the parameter expanded model for making inferences about θ. While it may not

be immediately obvious that this is helpful, the following blocked Gibbs sampler can be used to

implement this model in two efficient steps. The first step is to update ν1 and ν2 from the full-

conditional distribution [ν1,ν2 | y, α,θ]
d
= [ν1,ν2 | α,θ]. Because θ is a linear combination of
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two normally distributed random variables, [ν1,ν2,θ | α] is jointly normal and the full-conditional

of interest is also normal. Thus, the first step can be completed by directly sampling from the

appropriate normal distribution. The second Gibbs update for elliptical slice sampling is to update

α and θ from the full-conditional distribution [α,θ | y,ν1,ν2] which is equal in distribution to

[α | y,ν1,ν2][θ | α,ν1,ν2]. Noting that θ follows a degenerate distribution conditional on the

other parameters, the second step can be completed by updating α from [α | y,ν1,ν2]. This update

can be performed efficiently using a univariate slice sampler (Neal, 2003).

Elliptical slice sampling can be implemented with a more concise algorithm (see Algorithm 2

in Murray et al., 2010) but the presentation above emphasizes that it is a blocked Gibbs sampler

for a parameter expanded model. Nishihara et al. (2014) and Fagan et al. (2016) describe a

generalization of elliptical slice sampling that allows for nonnormal prior distributions to be used.

These approaches can require extensive tuning and the mixing of MCMC can be sensitive to this

tuning (Nishihara et al., 2014; Fagan et al., 2016). I demonstrate how elliptical slice sampling can

be used to fit spatial models and also consider other parameter expanded models for implementing

models that allow the spatial covariance parameters to vary in Chapter 4.

1.5 Overview

In Chapters 2 and 3, I develop two novel spatial models that are motivated by datasets on heavy

metal concentrations and vegetation communities from Cape Krusenstern National Monument,

Alaska, USA. These data are of interest to the National Park Service because trucks hauling mining

ore through the national monument spread heavy metal pollution throughout the region. The

first approach characterizes the spatial structure in observed heavy metal concentrations using

a spatio-temporal process for atmospheric dispersion. Mathematically, this is modeled using

an advection-diffusion partial differential equation that incorporates information about pollutant

sources, diffusion, duration of spread, and advection from prevailing winds. My mechanistic

spatial model is beneficial because it allows for learning about the physical processes spreading

pollutants and provides a way to predict pollutant concentrations under scenarios where the source
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rate changes. For instance, I use this model to forecast how heavy metal concentrations throughout

Cape Krusenstern could change if the amount of pollution emitted from the road changes in the

future. Next, I develop a novel spatial model for multivariate binary data that includes spatial

dependence at multiple scales. Plant cover data are commonly collected using the point intercept

method which records binary data for whether a species is present or absent at a grid of points

overlaying sampled plots. By clipping a multiscale spatial Gaussian process, my model captures

spatial dependence both within a plot and among different plots. I also include spatial latent factors

to model the dependence among species. I show how a hierarchical formulation of this model is

useful for approximating the overall spatial covariance structure and derive the constraints needed

for implementation. I apply this model to the plant cover data from Cape Krusenstern to assess the

impacts of heavy metal pollution on the vegetation communities there.

Chapter 4 develops a statistical model for the occurrence of wildlife species in continuous space.

A primary pursuit in ecology is to understand how species are distributed across the landscape.

Occupancy models are often used to address questions related to species distributions and are

beneficial because they allow researchers to account for the imperfect detection of species at

surveyed sites. While the occurrence of a species is generally believed to be a process defined

for continuous space, standard occupancy analyses assume a discrete spatial domain because the

observed data are conducted at areal sites. I develop the first occupancy model that accounts for the

change of spatial support between the detection/nondetection data and species occurrence process.

My approach allows occupancy to be modeled in continuous space even though the observed data

are collected in discrete space. This framework assumes that species occurrence can be modeled by

clipping a latent Gaussian process, similar to the model for plant cover in Chapter 3. Additionally,

this model is able to account for imperfect detection and also model how the detection probability

within a site may be related to the proportion of the site that is occupied. To implement my

continuous-space occupancy model using Bayesian methods, I also develop a surrogate data slice

sampler that improves the computational efficiency of fitting models with latent nearest neighbor
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Gaussian processes. I demonstrate this approach using ovenbird (Seiurus aurocapilla) data collected

at Hubbard Brook Experimental Forest, New Hampshire, USA.
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Chapter 2

Mechanistic spatial models for heavy metal pollution

2.1 Introduction

Mining operations can contribute substantial amounts of pollution in the form of atmospheric

dust during the extraction and transportation of ore (see Csavina et al., 2012). Heavy metals are

often found in mining pollution and can have detrimental effects on both environmental and human

health (Briffa et al., 2020; Mishra et al., 2019). Consequently, statistical models predicting the

spread of heavy metal pollutants from known sources are useful for evaluating the impacts of mining

activities. Even though the spread of pollution in the atmosphere is governed by known physical

processes, statistical models for heavy metal pollution data typically ignore these mechanisms

when accounting for spatial structure in data. For instance, geostatistical models are often used

to analyze data on heavy metal concentrations in the environment (e.g., Hasselbach et al., 2005;

Neitlich et al., 2017; Donovan et al., 2016; Ersoy et al., 2004; Reza et al., 2015) but this approach

only provides phenomenological descriptions of observed spatial patterns. We explore the benefits

of incorporating physical processes in a mechanistic statistical model for analyzing spatial data on

heavy metal pollution from mining activity.

We focus our study on heavy metal concentrations in Cape Krusenstern National Monument

(CAKR), Alaska, USA. Previous work found elevated concentrations of heavy metals within CAKR

resulting from the transportation of ore from the Red Dog Mine (Hasselbach et al., 2005; Neitlich

et al., 2017) and there is evidence that the heavy metal pollution is negatively impacting the plant

and animal communities within the monument (e.g., Brumbaugh et al., 2010, 2011). Consequently,

the National Park Service seeks to monitor heavy metal concentrations over time and understand

the mechanisms spreading heavy metal pollution in the region. This information may be useful for

predicting how potential changes to mining operations may alter pollution levels within CAKR.

Earlier analyses of these data used geostatistical models that included distance from the road, side
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of the road (north or south), and an interaction term between distance and road side as fixed effects

(Hasselbach et al., 2005; Neitlich et al., 2017). However, Hasselbach et al. (2005) and Neitlich et al.

(2017) noted that it may be helpful to use information about mechanisms governing the spread of

pollutants in this region, such as prevailing winds and the topography, in future studies. While some

of the fixed effects included in their analyses were motivated by these mechanisms (Hasselbach

et al., 2005; Neitlich et al., 2017), additional information about the processes that spread heavy

metal pollutants throughout CAKR is available. We develop a mechanistic statistical model to better

incorporate this scientific knowledge in the analysis of these data.

Our mechanistic model for the CAKR heavy metal data includes aspects of the physical process

for dispersing atmospheric pollution. Mathematically, the spatio-temporal dynamics of airborne

pollutants can be modeled using an advection-diffusion partial differential equation (PDE) for

atmospheric dispersion (Stockie, 2011). We use this spatio-temporal process to characterize spatial

structure in our statistical model. This allows for information about pollutant sources, diffusion,

duration of spread, and predominant advection forces (e.g., wind) to be incorporated into our

analysis. Mechanistic statistical models have been used to describe spatio-temporal dynamics found

in a number of applications including the expanding ranges of wildlife populations (e.g., Wikle,

2003; Hooten and Wikle, 2008; Lu et al., 2020), the spread of wildlife diseases (e.g., Hefley et al.,

2017c), patterns of tropical ocean winds (Wikle et al., 2001), and ozone pollution in the atmosphere

(Liu et al., 2016). However, mechanistic models are rarely used to analyze spatial data even though

spatial data can also be viewed as arising from spatio-temporal processes (e.g., Hanks, 2017;

Hefley et al., 2017b; Wikle et al., 2022). Our approach is more flexible than previous mechanistic

models for spatial data (Hefley et al., 2017b; Wikle et al., 2022), because it includes temporally

varying advection and links indirect concentration measurements to the spatio-temporal dynamics

of the model. Additionally, our model provides similar predictive inferences when compared to a

geostatistical model, but also allows us to make inference on parameters describing the spread of

heavy metal pollutants. Such inference is needed for forecasting future concentration levels and

evaluating the potential environmental impacts of changes in pollutant emission rates.
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We describe the CAKR heavy metal data in Section 2.2. In Section 2.3, we present the

atmospheric dispersion model that we use to characterize the spatial structure in our analysis. We

describe our statistical model and algorithm for fitting it in Section 2.4. Section 2.5 presents the

results from analyzing the CAKR heavy metal data and we end with a discussion of the benefits of

this approach and considerations for future work in Section 2.6.

2.2 Data

The development of our model was motivated by data on chemical concentrations of cadmium

(Cd), lead (Pb), and zinc (Zn) collected at 118 locations throughout CAKR in northwest Alaska

(Figure 2.1). Concentrations of these heavy metals are elevated in this area as a result of pollu-

tion from the transportation of ore along the Red Dog Mine haul road through northern CAKR

(Hasselbach et al., 2005; Neitlich et al., 2017). The Red Dog Mine is a large zinc mine located

approximately 50 kilometers northeast of the CAKR boundary. Trucks transport ore along the haul

road to a port on the Chukchi Sea coast where it is stored before being shipped to other locations.

To understand the impacts of mining activities on the ecosystem in this region, the National Park

Service is interested in estimating concentrations of Cd, Pb, and Zn along the road and monitoring

how these chemical concentrations change over time.

Heavy metal pollutants in CAKR are primarily spread through the air in fugitive dust shed from

trucks transporting ore along the haul road. Heavy metal particles in these dusts are deposited onto

the ground and vegetation over time. The observations we analyzed are chemical concentrations

(mg/kg) of feather moss (Hylocomium splendens) samples. In general, observed concentrations are

highest near the road and decrease as distance to the road increases (Figure 2.2). Because feather

moss has no vascular system, any chemical pollutants in these samples are the result of atmospheric

deposition and not due to absorption from ground sources (also see Hasselbach et al., 2005; Berg

and Steinnes, 1997). The samples included feather moss tissue that was approximately five years

old or younger. Therefore, each observation corresponds to the accumulation of heavy metals at a
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Figure 2.1: Map of the study area in Cape Krusenstern National Monument (green). Points indicate the

118 sampled locations along the Red Dog Mine Haul road (gray line). Ore from the Red Dog Mine (located

northeast of the study area, outside the mapped area) is transported along the road to a port (brown diamond)

where it is stored before being shipped. Lands around the port are owned by the NANA Alaska Native

corporation (orange).

particular location over a five year period. These data were originally analyzed by Hasselbach et al.

(2005) and more information about the data collection and sample processing can be found there.

2.3 Atmospheric dispersion model

The atmospheric dispersion of chemical pollutants is often modeled deterministically using an

advection-diffusion PDE (Stockie, 2011). We incorporated elements of this physical process in

our statistical model to improve our understanding of how heavy metal pollution is spread along

the Red Dog Mine haul road in CAKR. Let λ(s, t) denote the chemical concentration at spatial

location s ≡ (s1, s2)
′ and time t. We suppress the notation for different chemicals in this section,

but we allowed the parameters describing this PDE to vary across the three chemicals included
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Figure 2.2: Elevation across the study area in CAKR (a). Observed concentrations (mg/kg) of Cadmium (Cd,

b), Lead (Pb, c), and Zinc (Zn, d) at sampled locations.

in our analysis. To model the spread of chemical pollutants from the haul road, we used the

advection-diffusion equation

∂λ(s, t)

∂t
= η(s) +∇ · [δ(s)∇λ(s, t)]−∇ · [λ(s, t)w(t)]− τλ(s, t), (2.1)

where η(s) is the source term for the pollutant at location s, δ(s) is the spatially varying diffusion

coefficient, w(t) is the temporally varying velocity corresponding to the strength and direction of

advection, ∇· is the divergence operator, and ∇ is the gradient operator.

We assumed spatial locations along the road were a continuous source of chemical pollutants.

See Section 2.4.1 on implementing our statistical models for more details. Because ore is stored

at the port location, previous studies suggested that the port site is a larger source of chemical

pollutants than other locations along the road (Hasselbach et al., 2005; Neitlich et al., 2017). We

accounted for this by allowing the source term to vary spatially. For spatial locations along the road,
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we assumed

log(η(s)) = θ0 + θ1d(s) + θ21Port(s), (2.2)

where d(s) denotes the road distance (km) to the port site for spatial location s and 1Port(s) is an

indicator variable for whether spatial location s is within 2 km of the port or not. The structure

in (2.2) allows the road source to change as the distance to port increases and accounts for the

possibility that the port could also be a larger source of pollution because ore is stored there. This

functional form incorporates knowledge of how pollutant emissions could vary along the road using

directly interpretable parameters. Our model assumes that the source component is continuous

in time because we have no data to inform potential temporal variability in the source and are

ultimately interested in the accumulation of pollution over time (see Section 2.4).

The second component on the right-hand side of (2.1) represents the spatial diffusion of pollu-

tants over time. When the diffusion coefficient δ(s) varies by spatial location, the PDE in (2.1) is

often called ‘Fickian’ diffusion. We modeled the diffusion coefficient as

log(δ(s)) = β0 + β1x(s), (2.3)

where x(s) denotes the elevation at spatial location s. This structure accounts for the variability in

diffusion due to the topography at a location.

The next component of the advection-diffusion equation (2.1) describes the change in chemical

concentration at a location due to advection (or ‘drift’). We modeled the advection velocity as

w(t) = γa(t) where a(t) is the wind vector at time t and γ > 0 is a scaling parameter to be

estimated. Wind vector information was obtained from the National Oceanic and Atmospheric

Administration website in the form of daily average u and v components from the NCEP–DOE

Reanalysis 2 project (Kanamitsu et al., 2002). Using these u and v components, the wind vector at

time t is a(t) ≡ (u(t), v(t))′ and the penultimate term of (2.1) can be rewritten as

∇ · [λ(s, t)w(t)] = γu(t)
∂λ(s, t)

∂s1
+ γv(t)

∂λ(s, t)

∂s2
. (2.4)
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Previous studies at CAKR found that the chemical concentrations along the north side of the road

were higher than those on the south side (Hasselbach et al., 2005; Neitlich et al., 2017). The

prevailing winds to the west during winter months (8 months of the year) and prevailing winds

to the east during summer months (4 months of the year) may lead to these observed differences

(Neitlich et al., 2017). We accounted for the potential drift in chemical pollutants due to these wind

patterns using the advection component of this PDE (2.1). Note that we allowed the wind vector to

vary in time but assumed spatial homogeneity in the wind vector at any time t.

The final component of (2.1) represents the deposition of chemical pollutant from the atmosphere

onto vegetation (feather moss for these data). We assume that the rate of deposition is related to the

current chemical concentration at a location and denoted the corresponding deposition parameter as

τ . The advection-diffusion PDE describes the concentration of chemical pollutant in the atmosphere

and how it varies in space and time. However, the observed data describe the accumulation of

chemical pollutant on vegetation (feather moss) over a five year time period. The deposition

component of the atmospheric dispersion model links the chemical concentration in the atmosphere,

where the transportation of pollution occurs, to the concentrations observed in these data.

2.4 Data model

We fit models to analyze the chemical concentrations of Cd, Pb, and Zn collected in CAKR

during 2001. Our hierarchical model was jointly specified for these three chemicals to allow

some of the parameters describing the advection-diffusion PDE in (2.1) to be related across the

different chemicals. Let j = 1, 2, 3 index Cd, Pb, and Zn, respectively. We let yj(si) denote the

log-concentration of chemical pollutant j at spatial location si for i = 1, . . . , n. For each heavy
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metal, we modeled the log-concentration observations as

yj(si) ∼ Normal(µj(si), σ
2
j ), (2.5)

µj(si) = log(αj + λ̃j(si)), (2.6)

λ̃j(si) =

∫ T

0

τjλj(si, t)dt, (2.7)

where λj(s, t) for each chemical is described by the advection-diffusion equation in Section 2.3. By

assuming a constant variance on the log scale, this model assumes a measurement error structure

that is consistent with earlier studies (Hasselbach et al., 2005; Neitlich et al., 2017). The parameter

αj in (2.6) corresponds to a fixed “baseline” concentration for each chemical that is not attributed to

pollution from the haul road. These baseline concentrations are assumed to be constant over space

and time throughout this region.

The integration over time in (2.7) accounts for the accumulation of chemical pollution over the

time interval 0 to T which occurs at deposition rate τj . As described in Section 2.3, this allows the

mechanistic model for the transportation of pollutants in the atmosphere to be linked to the observed

concentrations in the moss tissue samples. The chemical concentrations for these data are the result

of approximately five years of deposition, because the collected feather moss tissue was at most five

years old, and we therefore assumed T = 5 years for this analysis. Quality control checks were in

place to confirm moss tissue samples included the desired age range (see Hasselbach et al., 2005,

for details). Variability in observed concentrations due to differences in the age distributions of

sampled moss at a particular location is accounted for as measurement error variability.

Section 2.3 includes additional parameters for the advection-diffusion PDE (2.1) which describe

the pollutant source at the road (2.2), diffusion (2.3), and advection (2.4) due to prevailing winds

each season. We allowed these parameters to vary across the three chemicals, but modeled a set of

them hierarchically to account for the expected similarity of the atmospheric dispersion process for

each. We modeled the parameters describing diffusion (β0j , β1j), advection (log(γj)), source term

coefficient for port distance (θ1j), and the additional source coefficient for the port (θ2j) as each
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arising from common population-level distributions. That is, we assumed that

β0j ∼ Normal(µβ0 , σ
2
β0
), (2.8)

β1j ∼ Normal(µβ1 , σ
2
β1
), (2.9)

log(γj) ∼ Normal(µγ, σ
2
γ), (2.10)

θ1j ∼ Normal(µθ1 , σ
2
θ1
), (2.11)

θ2j ∼ Normal(µθ2 , σ
2
θ2
), (2.12)

for j = 1, 2, 3 and where the corresponding population-level means and variances are additional

parameters to be estimated. We assumed the remaining parameters (θ0j , αj , and σ2
j ) were indepen-

dent across chemicals because these parameters are related to the overall concentrations that vary

substantially for Cd, Pb, and Zn.

2.4.1 Priors and implementation

We used Bayesian methods to fit this model and assumed weakly informative priors for all

parameters that represent a wide range of realistic processes (Appendix A.1). The model was

fit to data using a Markov chain Monte Carlo (MCMC) algorithm. All parameters required

Metropolis-Hastings updates except for the measurement error variance (σ2
j ) and those describing

the hierarchical distributions (µ and σ2 parameters in equations 2.8–2.12). We used multivariate

normal proposal distributions when updating the parameters associated with the PDE (2.1) for

each chemical because those parameters are correlated and to improve computation time. The

variance-covariance matrices for these proposal distributions were tuned during the initial iterations

(first 5000) of our MCMC algorithm based on the proposal acceptance rates and empirical variances

of the posterior draws for each chemical. We fit the hierarchical model using a total of 10000

MCMC iterations with the last half (5000) used for inferences. Our analysis was conducted in R

(version 4.1.0, R Core Team, 2021) using the Rcpp (Eddelbuettel and François, 2011; Eddelbuettel
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and Balamuta, 2018) and RcppArmadillo (Eddelbuettel and Sanderson, 2014; Eddelbuettel

et al., 2023) packages.

With only spatial data, the deposition parameters τj are not identifiable because they are

proportional to the source term η(s). For instance, identical accumulated concentrations (λ̃j(s))

for all spatial locations can result from a different τj if η(s) is scaled appropriately. We included

the deposition component in our model by fixing τj = 1 for all j. This allows our advection-

diffusion process to include deposition, but we interpret the other parameters relative to the assumed

deposition rate. An alternative would be to fix the source term for each chemical and then estimate

the deposition parameters. We did not use this approach because it is more reasonable to assume the

deposition rate is constant over time while changes in the mining activities could result in different

source terms for future data.

At each iteration, the MCMC algorithm required solutions to the PDE (2.1) given the model

parameters for each chemical. We used finite difference methods to approximate the PDE at each

iteration (see Appendix A.2 for additional details). For this approximation, we defined a grid of

N = 7513 cells (each 250 by 250 meters) and discretized the five year deposition period into 1826

time steps. We let λj(t) denote a vector of dimension N that contains λj(s, t) values corresponding

to the spatial locations of the grid cell centroids at time t for chemical j. Similarly, we let ηj denote

a vector of dimension N that contains ηj(s) values for the same spatial locations as those included

in λj(t). Then the finite difference approximation for our model can be represented in matrix form

as

λj(t+ 1) = Hj(t)λj(t) + (∆t)ηj, (2.13)

for j = 1, 2, 3 and where Hj(t) is a propagator matrix defined for the advection-diffusion PDE in our

model (2.1) using finite difference approximations (see Appendix A.2) and ∆t is the discrete time

scale used in this approximation. The propagator matrix Hj(t) and the vector of concentrations λj(t)

for our application are both sparse. We used sparse matrix operations to increase the computational

efficiency when solving this PDE.
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Solving the PDE also required us to specify initial and boundary conditions for this system. We

assumed that λj(s, 0) = 0 for all locations s at the initial time point (denoted as time t = 0). This

initial condition reflects the assumption that newly grown moss tissue has no chemical pollution

but that deposition of the chemical pollutants occur over time as the moss grows. We assumed

absorbing boundary conditions for all boundary grid cells except for the northern edge where we

assumed a no-flux boundary condition. When solving the PDE, we included grid cells within a 5

km buffer of the port to prevent the southwest boundary from being a pollutant sink. The absorbing

boundary condition was assumed where it was possible for pollutants from the road to exit the study

area, but at locations where it was unlikely that substantial amounts of pollution were also spreading

into the study area. However, this is not necessarily the case for the northern border. Because the

haul road continues north of the study area (Figure 2.1), concentrations of the chemical pollutants

are elevated throughout that region as well. The no-flux northern boundary assumes that the amount

of pollutant diffusing out of the study area to the north will be approximately equal to the amount

diffusing south into the study area along this border. Therefore, this boundary condition ensures

that the northern border of the study area does not behave as a pollutant sink in our model.

2.4.2 Predictions and forecast scenarios

One quantity of interest is the average concentration at locations that are certain distances from

the haul road. For instance, Neitlich et al. (2017) predicted concentrations at locations throughout

the study area and summarized these predictions for strata that were defined by the distance from

each location to the road. These strata included categories for 0–100, 100–2000, 2000-4000, and

4000–5000 meters to the road. We used our model to predict concentrations of each heavy metal at

these same locations and then compared the strata summaries to those reported by Neitlich et al.

(2017).

We also summarized the posterior predictive distribution for the average Zn concentration by

strata and side of road. We then used these summaries to illustrate how our model can provide

forecasts for the average Zn concentrations under scenarios when the pollutant source is expected to
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change. First, we considered a 50 percent decrease in the pollutant source which could correspond

to a scenario where additional pollution mitigation strategies were put in place and expected to

reduce fugitive dust from trucks by this amount. We also considered a scenario where the pollutant

source increases by 50 percent — this could be expected if there was a proposal to increase the

total amount of concentrate shipped from Red Dog mine by 50 percent. The posterior predictive

distribution for these scenarios were calculated by appropriately adjusting the intercept term for

the pollutant source θ0. For example, a 50 percent decrease in the pollutant source corresponds

to adding log(0.5) to θ0. For each MCMC iteration, new λ̃(si) were found based on the adjusted

pollutant source to summarize the posterior predictive distributions for these scenarios.

2.5 Results

The overall prevalence of Cd, Pb, and Zn differs in the region — both in terms of naturally

occurring concentrations and pollution levels. Baseline concentrations (αj) and road source levels

(θ0j) were estimated to be highest for Zn, followed by Pb next, and lowest for Cd (Table 2.1). The

posterior distributions of the measurement error standard deviations (σj) were similar for each

chemical (Table 2.1). The posterior distributions of the parameters describing diffusion (β0, β1),

advection (log(γ)), the source term coefficient for port distance (θ1), and source coefficient for the

port indicator (θ2) were also similar across the different chemicals (Figure 2.3). These results suggest

that while overall levels of each chemical pollutant differed, the spread of pollution from the road is

governed by similar physical processes. By modeling this set of parameters hierarchically across

chemicals in (2.8)–(2.12), our approach is able to account for the similarities in these processes.

Previous studies described how the observed differences in chemical concentrations across

the study area could be related to the distance from the port, topography, and prevailing winds

during different seasons. Our analysis incorporated these features in the advection-diffusion process

and provided estimates of the corresponding parameters. For each chemical, we estimated that

the pollutant source decreases as distance from the port increases and that the port itself is an

additional source of pollutant (posterior distributions for each θ1j and θ2j in Figure 2.3). The

29



Table 2.1: Posterior means and 95% posterior intervals (equal-tailed) for the baseline concentration parameter

α, the intercept coefficient for the source term θ0, and the standard deviation of the measurement error σ.

Results are shown for Cadmium (Cd), Lead (Pb), and Zinc (Zn).

Parameter Chemical Posterior mean 95% Posterior interval

α
Cd 0.488 (0.437, 0.558)

Pb 14.7 (12.6, 19.0)

Zn 91.9 (78.6, 119.5)

θ0

Cd 3.60 (3.45, 3.79)

Pb 7.30 (7.11, 7.457)

Zn 8.64 (8.43, 8.81)

σ
Cd 0.424 (0.373, 0.512)

Pb 0.490 (0.422, 0.650)

Zn 0.430 (0.360, 0.582)

posterior distributions for β1j (Figure 2.3) provide evidence that diffusion decreased as elevation

increased.

We also obtained predictions of chemical concentrations across the study area based on this

model. For each pollutant, the maps of predicted concentrations show highest concentrations closest

to the road that decrease sharply as distance from the road increases (Figures 2.4, 2.5, 2.6). This

general pattern was the primary motivation for modeling expected log-concentration as a function of

log-distance to the haul road in the original analyses of these data (Hasselbach et al., 2005; Neitlich

et al., 2017). However, our results show that this phenomenological pattern can also be explained

by an advection-diffusion process like the one included in our analysis. Another feature in the

maps of predicted concentrations is higher pollutant levels near the port location in the southwest

of our study domain. This result is explained by the higher source rates near the port (due to

source coefficients θ1 and θ2) and also the higher estimated rates of diffusion at lower elevations.

Consequently, higher concentrations of each chemical are found farther from the road in this part of

CAKR.

For Zn, the strata summaries from our model are similar to those reported in Neitlich et al.

(2017) (Figure 2.7, ‘Overall’ column) and show a steep decline in concentrations as distance from

the road increases. When making comparisons by strata and side of road, our posterior predictive
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Figure 2.3: Posterior summaries of parameters for Cadmium (Cd), Lead (Pb), and Zinc (Zn) chemical

concentrations. The posterior means are shown by points, 50% posterior intervals are shown by thick lines,

and the 95% posterior intervals are shown by the thin lines. The posterior mean of the overall means for each

set of parameters are indicated by the dashed horizontal lines.

distributions showed higher average concentrations for locations north of the road compared to

those south of the road for the 0–100 m and 100–2000 m strata (Figure 2.7). This pattern was also

observed in the predictions from the geostatistical model used by Neitlich et al. (2017). For the two

strata farther from the road (2000–4000 and 4000–5000 m), our posterior predictive distributions

for average Zn concentration do not show a large difference between the north and south sides of

the road (Figure 2.7). This is likely due to the assumption that the background concentration does

not vary across the study area. Some differences by side of road were reported for these strata by
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Neitlich et al. (2017). Comparisons across models for Cd and Pb were similar to those found for Zn

(results not shown).

Our mechanistic model also allows us to forecast chemical concentrations under different

scenarios where source rates increased or decreased. In these scenarios, we found that the largest

predicted changes in Zn concentrations occurred for locations closer to the road (Figure 2.7).

For instance, locations in strata 1 (0–100 m) are predicted to have concentrations increase by

approximately 50% if the source rate increased by 50%. However, there is a less drastic increase in

predicted concentrations for locations in strata 2 (100–2000 m) under this scenario (Figure 2.7).

Locations far from the road, on the other hand, show only small changes in predicted concentrations

relative to those observed in 2001 if the pollutant source changes.

2.6 Discussion

We designed a mechanistic statistical model to estimate the concentrations of three heavy

metal pollutants in CAKR by accounting for spatial structure that arose from a spatio-temporal

process. The spatial structure for each chemical was governed by an advection-diffusion PDE for

atmospheric dispersion. Consequently, our analysis was able to incorporate aspects of the physical

dispersion of pollutants (e.g., road source, temporally varying wind, and topography) that had not

been included in previous analyses (Hasselbach et al., 2005; Neitlich et al., 2017). For instance, our

model allowed the diffusion coefficients to vary spatially and we inferred that diffusion decreases at

higher elevations for all three chemicals. Along with the higher source rates closer to the port, this

variation in diffusion rates helps explain why chemical concentrations are higher around the port

site. By incorporating an advection-diffusion process in the statistical model, our analysis provides

a better understanding of how these processes contribute to the spread of heavy metal pollutants in

CAKR.

We estimated concentrations of Cd, Pb, and Zn jointly and modeled the parameters from the

advection-diffusion PDE hierarchically across these chemicals. We found that the parameters

describing diffusion and advection were similar for these chemicals, suggesting that the physical
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Figure 2.4: Maps summarizing the posterior distribution of Cadmium (Cd) concentrations on the original

scale (i.e., (αj + λ̃j(s))) from our fitted model. These maps display the posterior means (a), point-wise 2.5%

quantiles (b), and point-wise 97.5% quantiles (c) for locations throughout northern CAKR.
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Figure 2.5: Maps summarizing the posterior distribution of Lead (Pb) concentrations on the original scale

(i.e., (αj + λ̃j(s))) from our fitted model. These maps display the posterior means (a), point-wise 2.5%

quantiles (b), and point-wise 97.5% quantiles (c) for locations throughout northern CAKR.
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Figure 2.6: Maps summarizing the posterior distribution of Zinc (Zn) concentrations on the original scale

(i.e., (αj + λ̃j(s))) from our fitted model. These maps display the posterior means (a), point-wise 2.5%

quantiles (b), and point-wise 97.5% quantiles (c) for locations throughout northern CAKR.
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Figure 2.7: Posterior predictive distributions of average concentrations at locations defined by Neitlich et al.

(2017). Predictions were summarized distance to road strata (0–100, 100–2000, 2000–4000, 4000–5000 m)

and side of road (North, South, or Overall for both combined). The posterior predictive distributions for

our model (red) and those from Neitlich et al. (2017) (blue) are shown for 2001. Using our model, we also

consider forecast scenarios corresponding to a 50% decrease or increase in pollution from the source.
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processes are similar for each. This is also reflected in the maps of estimated concentrations in

CAKR (Figures 2.4–2.6). The benefits of partial pooling for these parameters will increase when

analyzing datasets with a larger number of chemicals, because it would provide more precise

estimates of the PDE parameters.

The latent PDE included in our model is deterministic given values of the associated parameters.

Alternatively, Wikle et al. (2022) developed a model for spatial data that is based on a stochastic

PDE. They demonstrate how this formulation allows their model to be approximated by a spatial

Gaussian process with a covariance matrix determined by the stochastic PDE. For our application,

we did not need the computational advantages of reformulating our spatial model in terms of

Gaussian processes, but that approach may be necessary when analyzing data over larger spatial

extents. However, their approach required the assumption that the advection component was constant

over time while we were able to relax this assumption to incorporate daily wind information. A

time-varying advection component is beneficial because it closer approximates the known physical

process for pollutants dispersing in the atmosphere and allows for spatial structure that may be

impossible to capture if advection is assumed to be constant. Our approach also differs from

that used by Wikle et al. (2022) because we defined the advection-diffusion PDE (2.1) on the

original chemical concentration scale to better reflect the assumed characteristics of the atmospheric

dispersion process. Modifying our model to include a stochastic PDE would require additional

considerations during implementation to ensure that the modeled chemical concentrations (λ(s, t))

were correctly constrained to be positive. This is guaranteed by the PDE in our model (although the

numerical implementation must also be considered), but not necessarily by a stochastic PDE.

Compared to the predictions from Neitlich et al. (2017), our model produced similar posterior

predictive distributions based on overall summaries by strata and by side of the road for the strata

nearest to the road. Some of the differences between our approaches could be due to our assumption

that background concentrations were constant over the study region. We considered an expanded

model that incorporated additional spatial correlation in the background concentration level but

found that this led to computational challenges and negatively affected inferences for the diffusion
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parameters. Future work could explore how to expand our model to incorporate additional spatial

correlation without negatively impacting inferences for the mechanistic parameters. This may be

related to the spatial confounding between fixed and random effects in geostatistical models (Hodges

and Reich, 2010) and borrowing ideas from restricted spatial regression may help address these

issues (Hanks et al., 2015; Hefley et al., 2017a). Unaccounted for spatial correlation could also reflect

unmodeled variability in the advection-diffusion process. We also considered a model that expanded

the advection component to incorporate elevation at a location and allow for increased advection

downhill. However, in simulations we found the associated parameter difficult to estimate without

additional temporal data. Including this additional advection component, or other modifications to

the PDE used in this study, could better inform the advection-diffusion process of interest but may

require data from additional spatial locations.

In general, mechanistic statistical models are also beneficial because they can allow for improved

prediction and forecasting (Hefley et al., 2017b,c; Wikle et al., 2022). Our model can provide

insights about how changes in operations at the mine may impact the pollutant concentrations

along the haul road. For example, we used our model to predict the heavy metal concentrations

for scenarios where fugitive dust emissions from the road are expected to increase or decrease by

50%. Differences in emission levels could result from changes in shipping operations, changes

in mining throughput, or modifications to dust mitigation strategies. We illustrated how these

hypothetical scenarios could be evaluated to better understand how changes in mining operations

may impact heavy metal pollution levels at CAKR. We made posterior predictions under these

scenarios by appropriately adjusting the source intercept parameter (θ0). While such predictions

are sensible when using our mechanistic model, it is more challenging to consider forecasts for

these scenarios using a geostatistical model that ignores the advection-diffusion process spreading

pollutants. This is a known strength of using mechanistic spatio-temporal models to analyze data

from environmental processes (Wikle and Hooten, 2010; Cressie and Wikle, 2015). The predictions

from our model can help evaluate the possible environmental impacts of potential changes to the

mining operations in the area. Such inferences are possible with our mechanistic statistical model
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because it estimates the relative rate of pollution generated along the road and how this pollution

spreads throughout the study area.

2.7 Data availability

The chemical concentration data are available in the online supporting information of Neitlich

et al. (2017). The elevation data were obtained using the R package elevatr (Hollister et al.,

2023). Daily average wind speed data from the NCEP Reanalysis 2 project was provided by the

NOAA/OAR/ESRL PSL, Boulder, Colorado, USA, from their website at http://psl.noaa.gov/.
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Chapter 3

Clipped multiscale spatial processes for multivariate

binary data

3.1 Introduction

Monitoring the distribution and abundance of plant species is a crucial component of many

conservation efforts. The proportion of plot area where a species occurs, called “cover,” is a standard

measure for monitoring the abundance of plant species (Damgaard and Irvine, 2019; Drezner and

Drezner, 2021). Plant cover data are commonly collected using the point intercept method (Drezner

and Drezner, 2021) where the presence or absence of a species is recorded at each point of a grid

overlaying sampled plots. The resulting binary data are inherently correlated at two spatial scales —

small-scale dependence among grid points within a plot and large-scale dependence among different

plots. Plant cover data are also multivariate because observations are generally collected for multiple

species simultaneously (Godínez-Alvarez et al., 2009; Drezner and Drezner, 2021). Modeling the

correlation among different species is essential for many studies because it helps ecologists learn

about the community structure and patterns of co-occurrence among species (Ovaskainen et al.,

2016; Gelfand, 2022). Together the multiscale and multivariate aspects of plant cover data are

challenging to account for and current statistical models for binary spatial data do not address both

simultaneously.

Conventional analyses of point intercept data use aggregated observations at the plot level,

ignoring subplot-scale information. These analyses rely on the sample proportion of grid points

where the species is present to estimate cover within a plot and the plot-level proportions are then

modeled. Plot-level observations are also used when analyzing plant cover data that are collected

with different methods, such as visually estimated cover proportions (Godínez-Alvarez et al., 2009;

Wright et al., 2017; Irvine et al., 2019). For either type of data, some models assume that plant
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cover within a plot is a beta-distributed random variable and use beta regression to relate the cover

of each species to environmental predictor variables of interest (Wright et al., 2017; Irvine et al.,

2019; Damgaard and Irvine, 2019). Other studies described the plot-level community structure in

plant cover data using distance-based (e.g., Roberts, 2020; Neitlich et al., 2022) or model-based

(e.g., Damgaard et al., 2022) ordination. However, these plot-level analyses ignore the spatial

configuration of a species within each plot and do not account for the multiscale spatial structure in

plant cover data.

Multiscale spatial models can provide both inferential and computational benefits (Ferreira and

Lee, 2007). Ecological processes can occur at multiple spatial scales (Levin, 1992) and statistical

models should reflect that. For example, recently Lu et al. (2023) included spatial dependence

at multiple levels when modeling the spatio-temporal dynamics of land cover and Kleiven et al.

(2023) estimated occupancy at spatially nested sites. In other application areas, multiscale spatial

models have been applied to better understand the hierarchical spatial structure in protests from

civil unrest (Hoegh et al., 2016), genomic signals (Knijnenburg et al., 2014), mortality ratios,

and tornado reports (Fonseca and Ferreira, 2017). While the multiscale spatial structure provides

inferential benefits in these examples, it also lends itself to computationally efficient algorithms

for analyzing these data (Hoegh et al., 2016). In some cases, multiscale (or “multi-resolution”)

Gaussian processes can be used to approximate complex spatial models and make analyses of large

spatial datasets computationally feasible (Katzfuss, 2017; Katzfuss and Gong, 2020). We develop a

Bayesian hierarchical framework that can be applied to plant cover to account for the multiscale

spatial structure in point intercept data. Additionally, the multiscale structure in our model leads to

a convenient approximation that makes fitting our model more computationally efficient.

Our model explicitly incorporates grid point locations to account for spatial correlation in the

distribution of plant species within a plot. By analyzing the binary observations directly, we model

the small-scale spatial correlation in addition to the large-scale spatial correlation among different

plots. Our approach uses a clipped Gaussian process (De Oliveira, 2000, 2020) to model the binary

random field defining the presence and absence of a plant species over a spatial domain of interest.
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Clipping discretizes a latent continuous process that is assumed to give rise to certain types of binary

data. This approach is similar to latent variable models for univariate (Albert and Chib, 1993) and

multivariate (Chib and Greenberg, 1998) binary data and is also useful for analyzing ordinal (Higgs

and Hoeting, 2010) or mixed ordinal and continuous multivariate (Schliep and Hoeting, 2013)

spatial observations. By linking the binary spatial data to a latent spatial Gaussian process, our

approach defines a coherent model for plant occurrence across the entire study region (Gelfand and

Shirota, 2019; Gelfand, 2022) and can include spatial structure at multiple scales. Existing spatial

models for plant data do not consider the multiscale aspect of plant data because their focus is on

modeling occurrence data without directly considering cover (e.g., Hooten et al., 2003; Gelfand

and Shirota, 2019; Gelfand, 2022). While our model also uses binary observations at the grid point

locations, inferences about cover can be obtained by summarizing the binary random field at the

plot level. Overall, our model makes better use of the information available in point intercept data

and provides inferences for plant cover that are not possible from analyses of plot-level data.

We also extend our multiscale model to analyze multivariate observations that are typically

collected in plant cover studies. The multispecies version of our model includes hierarchical

structure in parameters among different species while also allowing for correlation among species.

Previous research has shown how including hierarchical structure across species can improve

inferences from species distribution models, especially for parameters describing rare or difficult to

detect species (Dorazio and Royle, 2005). We allow for interspecies correlations using a latent factor

structure that has been used to model ecological communities (Ovaskainen et al., 2016). Another

advantage of the multiscale spatial structure of our model is that when analyzing multivariate data,

we can use the information about species co-occurrence at individual grid points. This allows for

inference about species correlation at the small spatial scale — something that is not possible when

analyzing aggregated data at the plot level.

Our model development is motivated by point intercept data collected on lichen, moss, and

vascular plant species in Cape Krusenstern National Monument (CAKR), Alaska, USA. Mining

activity near CAKR has resulted in elevated concentrations of heavy metal pollutants throughout
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the region (Hasselbach et al., 2005; Neitlich et al., 2017; Wright et al., 2022; Neitlich et al., 2024)

which negatively affects the plant and animal communities within the monument (Brumbaugh et al.,

2010, 2011). The US National Park Service aims to monitor the vegetation within CAKR over time

and model how the biological responses, such as cover, are being affected by increased heavy metal

concentrations. Previous studies analyzed the plot-level data using nonmetric multidimensional

scaling ordination (Neitlich et al., 2022). We explore how our approach can provide additional

inference about the impacts of heavy metal pollution by modeling the small scale spatial structure

of plant species in CAKR.

In Section 3.2, we describe the point intercept data for lichen, mosses, and vascular plants that

were collected in CAKR. Then we detail our general multiscale model and how it can be extended

to analyze data from multiple species in Section 3.3. We provide details on the Bayesian methods

we use to fit this model in Section 3.4. This includes a hierarchical formulation of our model that

is useful for approximating the overall covariance structure, the constraints needed for likelihood

identifiability, our assumed prior distributions, and our MCMC algorithm. Section 3.5 summarizes

the results of fitting our model to the CAKR data and we end with our conclusions and future work

in Section 3.6. We provide additional details about our MCMC algorithm and simulation study in

Appendix B.

3.2 CAKR point intercept data

We analyzed point intercept data collected for lichen, mosses, and vascular plants at 104 plots

in CAKR during the summer of 2017 (Figure 3.1a). Each plot was a 4 × 8 meter rectangle and

presence/absence observations for each species were collected over a grid of 100 points (Figure

3.1b). The same grid was used at every plot so the spatial configuration of the grid points did not

vary across plots. When multiple species overlapped at a single grid point they were all recorded as

present, which is common for point intercept data (see also Damgaard and Irvine, 2019). Bryophytes

(mosses) were recorded as belonging to one of five possible species groups instead of identifying

each observation to an individual species (but we still refer to these taxonomic groups as “species”
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Figure 3.1: Map of northern Cape Krusenstern National Monument (green) with the sampled plots shown

by black squares and the Red Dog Mine haul road indicated by the gray line (a). Lands along the coast are

owned by the NANA Alaska Native corporation (orange). Each 4 × 8 m plot includes a grid of 100 points

with binary observations of whether a species is present or absent at each point. Data for one plot and one

species are shown in (b). The same grid point configuration is used at every plot.

for simplicity). Observations of all vascular plants and lichen were classified to individual species.

Additional details on the field methods for these point intercept data can be found in Neitlich et al.

(2022).

Mining ore from the Red Dog Mine is hauled along a road through CAKR (Figure 3.1a) and has

resulted in elevated concentrations of heavy metals throughout the region (Hasselbach et al., 2005;

Neitlich et al., 2017; Wright et al., 2022; Neitlich et al., 2024). We used zinc concentration as a

predictor variable in our model because the National Park Service is interested in estimating the

impacts of heavy metal pollution on the plant species in CAKR. Zinc concentrations for this analysis

were obtained as predictions from a geostatistical model fit to chemical samples collected adjacent

to each plot surveyed for the plant cover data (Neitlich et al., 2017, 2024). Model predictions were

required for our analysis because zinc concentrations were missing for some plots and we were also

interested in predicting plant responses throughout the study area instead of only at the sampled
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locations. The concentrations of the other heavy metal pollutants (e.g., cadimum, lead) are all highly

correlated with those of zinc (Hasselbach et al., 2005; Neitlich et al., 2017; Wright et al., 2022;

Neitlich et al., 2024) and thus we used zinc as a surrogate for heavy metal pollution in our analysis.

3.3 Model

3.3.1 Single plant species

To describe our model for point intercept data, we focus on occurrence over a spatial domain of

interest. We let {y(s)} denote the binary random field for occurrence of a plant species at spatial

locations s ∈ S and assume S ⊂ R
2. For any point location s, the random variable y(s) is equal to

1 if the species is present and 0 if absent. Note that the process {y(s)} defines species occurrence

for an entire study region, as described by Gelfand and Shirota (2019) and Gelfand (2022). Using

this binary random field, we can define plot-level summaries that are of interest in studies of plant

cover. For instance, the cover within any plot A ⊆ S is |A|−1
∫

A
y(s)ds where |A| denotes the

area of the plot (Gelfand and Shirota, 2019; Gelfand, 2022) and the species is present in the plot if

∫

A
y(s)ds > 0.

We model the binary random field {y(s)} with a clipped Gaussian process (De Oliveira, 2000,

2020) such that

y(s) = 1(ỹ(s) ≥ c), (3.1)

for all s, where 1(·) denotes the indicator function, ỹ(s) is a latent Gaussian process, and c is a

constant. The latent continuous process has spatial correlation that induces spatial structure in the

binary random field. For point intercept data, we are interested in the small-scale spatial structure

in plant cover within a plot as well as the large-scale spatial structure among different plots. We

include this multiscale spatial structure by modeling the latent Gaussian process ỹ(s) as

ỹ(s) = x(s)′β + η(s) + ϵ(s), (3.2)
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where x(s) is a vector of P1 predictor variables at location s (including an intercept term), β is a

vector of regression coefficients, and η(s) and ϵ(s) are spatial Gaussian processes with different

effective ranges. That is, we assume

η(s) ∼ GP(0, σ2
ηKη), (3.3)

ϵ(s) ∼ GP(0, σ2
ϵKϵ), (3.4)

where Kη and Kϵ denote spatial covariance functions with different range parameters, ρη and ρϵ.

For the point intercept data, we assume that η(s) accounts for the large scale spatial dependence

among plots while ϵ(s) accounts for the small scale dependence within each plot. While other

spatial covariance functions can include structure at multiple scales, (3.2) allows for a convenient

approximation that we use to implement our model (see Section 3.4).

When analyzing point intercept data, we have observations of plant presence at locations sid

for plots i = 1, . . . , n and grid points d = 1, . . . , D within each plot. We let y denote the vector of

these nD observations in plot-major ordering so that

y ≡ (y(s11), . . . , y(s1D), . . . , y(sn1), . . . , y(snD))
′. (3.5)

Similarly, we let the vector ỹ denote the corresponding latent variables associated with these nD

observations. For the single species model, (3.2), (3.3), and (3.4) result in the finite-dimensional

distribution

ỹ ∼ N(Xβ, σ2
ηRη + σ2

ϵRϵ), (3.6)

where the matrix X includes the covariate values from the sampled locations and Rη and Rϵ are

correlation matrices defined by the correlation functions Kη and Kϵ, respectively.

Clipped Gaussian process models require constraints to ensure the likelihood is identifiable

(De Oliveira, 2000, 2020). Following convention, we clip the latent process ỹ(s) at zero by letting
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c = 0 in (3.1) (De Oliveira, 2000, 2020). The likelihood for the single species model is

∫

A

(2π)−nD/2
∣

∣σ2
ηRη + σ2

ϵRϵ

∣

∣

−1/2
×

exp

(

−
1

2
(ỹ −Xβ)′(σ2

ηRη + σ2
ϵRϵ)

−1(ỹ −Xβ)

)

dỹ, (3.7)

where A defines the area of integration given observations y. When clipping at c = 0, A is the

subset of RnD such that ỹ ∈ (−∞, 0) or ỹ ∈ [0,∞) when the corresponding element of y is

zero or one, respectively. We assume that the correlation functions Kη and Kϵ only depend on

range parameters ρη and ρϵ because smoothness parameters are not identifiable (De Oliveira, 2000).

Additionally, the range parameters in the spatial covariance functions of η and ϵ need to differ to

avoid symmetry in the likelihood function. Thus, we constrain the range parameters so that ρη > ρϵ

because the processes account for spatial dependence at different scales.

We rewrite the likelihood as

∫

A

(

2πσ2
ϵ

)−nD/2

∣

∣

∣

∣

σ2
η

σ2
ϵ

Rη +Rϵ

∣

∣

∣

∣

−1/2

×

exp

(

−
1

2σ2
ϵ

(ỹ −Xβ)′
(

σ2
η

σ2
ϵ

Rη +Rϵ

)−1

(ỹ −Xβ)

)

dỹ. (3.8)

In this form, parameters in the model do not appear identifiable based on the typical scale invariance

property in clipped Gaussian process models (De Oliveira, 2000, 2020). That is, given observations

y, the parameter vector (β′, σ2
η, ρη, σ

2
ϵ , ρϵ)

′ has the same likelihood as (aβ′, a2σ2
η, ρη, a

2σ2
ϵ , ρϵ)

′ for

any positive constant a. We fix σ2
ϵ = 1 to address this (alternatively, we could fix σ2

η = 1). The total

variance of ỹ(s) is not constrained, however, which is different from clipped Gaussian processes

with a single range parameter (De Oliveira, 2000, 2020). In this case, by fixing one of the variances,

parameters are identifiable and the second variance parameter will be scaled relative to the fixed

variance parameter. While the constraint σ2
η + σ2

ϵ = 1 would also resolve the identifiability issue,

this constraint is computationally inconvenient because it precludes a conjugate update for the

variance parameters (see Section 3.4).
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Clipped Gaussian processes are closely related to spatial probit models (Hooten et al., 2003;

Berrett and Calder, 2016; De Oliveira, 2020). Specifically, if the latent Gaussian process includes

a nugget effect (Diggle et al., 1998), then there is a spatial probit model that is equivalent to the

clipped Gaussian process model (De Oliveira, 2020). However, these two models can result in data

with different characteristics (Berrett and Calder, 2016) — in particular, the spatial probit model

does not define distinct boundaries between regions of the binary classes. A spatial logistic model

would also fail to define distinct boundaries that delineate where a species occurs. Conversely, by

clipping a continuous process (without a nugget effect), our model is well-suited for describing plant

cover because it ensures that each point location where a species is present belongs to a contiguous

area of locations where the species is present. Individual plants always occur over an area and our

model reflects this characteristic of cover data. Thus, we assume the latent spatial process for plant

cover does not include a nugget effect and we do not consider spatial probit/logistic models further.

Another benefit of our clipped Gaussian process model is that it automatically captures the support

of plant cover within a plot. Plot-level cover is a continuous proportion that can also take on values

of zero or one exactly. Other approaches model cover as a beta distributed random variable but

augment the distribution with a point mass at zero (and potentially one as well; Wright et al., 2017).

Summarizing a clipped Gaussian process at the plot level, however, can naturally accommodate the

support for plant cover.

3.3.2 Correlation among species

Point intercept data typically include observations for multiple species and thus we expand

our clipped Gaussian process model to allow for correlation among species. We model the latent

Gaussian processes ỹj(s) for species j = 1, . . . , J as

ỹj(s) = x(s)′βj + ηj(s) + ϵj(s) + λ(s)′θj, (3.9)

where θj is a vector of M species-specific coefficients and λ(s) is a vector of M independent

spatial Gaussian processes that is shared across species. For m = 1, . . . ,M , we assume that
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λm(s) ∼ GP(0, Kλm) for the spatial correlation function Kλm and range parameter ρλm , which can

vary across the M Gaussian processes. We fix the variance of each λm(s) to be one for model

identifiability (Huber et al., 2004). This formulation follows the latent factor models developed for

joint species distribution models (Ovaskainen et al., 2016; Ovaskainen and Abrego, 2020) where

θj denotes the vector of factor loadings for species j and λ(s) denotes the vector of latent spatial

factors at location s.

The model specified in (3.9) assumes that the correlation among species is spatially homoge-

neous. For instance, the covariance between the latent processes ỹj(s) and ỹj′(s) for j ̸= j′ is θ′
jθj′

(when the spatial predictor variables are fixed) and this covariance does not depend on the spatial

location. Recently, joint species distribution models that allow for variability in the correlation

among species have been developed (Tikhonov et al., 2017). In CAKR, for example, elevated heavy

metal concentrations could be associated with changes in the correlation among species.

To allow the correlation among species to vary, we include an interaction between each of the

latent factors λm(s) and a vector of spatial covariates z(s). Then the model for the latent Gaussian

process ỹj(s) associated with species j is

ỹj(s) = x(s)′βj + ηj(s) + ϵj(s) +

P2
∑

p=1

zp(s)λ(s)
′θjp, (3.10)

where z(s) ≡ (z1(s), . . . , zP2
(s))′ can include the same or different variables from those in x(s).

Note that if only an intercept is included in z(s) then (3.10) is equivalent to (3.9) and there is

no spatial variability in the coefficients θj for a species. However, when z(s) includes spatially-

varying predictor variables the species-specific coefficients will vary and allow for changes in the

correlations among species. This model leads to an identical structure on the factor loadings as the

model by Tikhonov et al. (2017) except that we assume the latent factors are spatially correlated.

Based on (3.10), the covariance between the latent processes ỹj(s) and ỹj′(s) for j ̸= j′ is

Cov(ỹj(s), ỹj′(s)) =

(

P2
∑

p=1

zp(s)θjp

)′( P2
∑

p=1

zp(s)θj′p

)

, (3.11)
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which now varies by spatial location s. More generally, (3.10) defines a spatially varying cross-

covariance function between the latent processes for any two species. For two spatial locations, s1

and s2, the cross-covariance for different species is

Cov(ỹj(s1), ỹj′(s2)) = Cov

(

P2
∑

p=1

zp(s1)λ(s1)
′θjp,

P2
∑

p=1

zp(s2)λ(s2)
′θj′p

)

=

(

P2
∑

p=1

zp(s1)θjp

)′

Cov(λ(s1)
′,λ(s2)

′)

(

P2
∑

p=1

zp(s2)θj′p

)

, (3.12)

where Cov(λ(s1)
′,λ(s2)

′) is a diagonal matrix with elements Kλm(s1, s2) for m = 1, . . . ,M . This

function describes how the covariance between the latent processes for two species decreases as

the distance between locations increases. In particular, it depends on the range parameters for each

spatial latent factor λm(s) and shows how the covariance among species can include different spatial

scales as well.

Additional constraints are needed for likelihood identifiability in latent factor models (Huber

et al., 2004). When assuming no variability in the factor loadings, we use the standard constraints

on the coefficients θj to ensure the latent factor model is identifiable. Specifically, we let Θ ≡

(θ1, . . . ,θJ) and then constrain Θ ∈ R
M×J to be an upper triangular matrix with positive diagonal

elements (Huber et al., 2004). Note that this constraint does not need to be imposed during the

MCMC algorithm, but the factor loadings can be rotated and reflected as needed during post-

processing (e.g., Papastamoulis and Ntzoufras, 2022). In general, other constraints can be used for

spatial latent factor models depending on the spatial range parameters of the latent factors (Ren

and Banerjee, 2013; Zhang and Banerjee, 2022). However, the primary goal with imposing these

constraints during post-processing is to assess model convergence — we focus our inferences on the

identifiable parameters. When there are additional coefficients θjp corresponding to the latent factors

interacting with predictor variables zp, we define the matrices of coefficients Θp ≡ (θ1p, . . . ,θJp)

for p = 1, . . . , P2. In our analysis, we only use indicator variables for each zp, and thus use the

same constraints as defined above for each Θp when post-processing the posterior samples.
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3.4 Priors and implementation

3.4.1 Approximate covariance matrix

The spatial clustering of grid points within plots facilitates a natural approximation to the

nD × nD covariance matrix of ỹ that is implied by the spatial process η(s) and ϵ(s). Note that we

have dropped the species subscripts in the first part of this section. The covariance approximation

assumes that for point intercept data the distance between plots is much larger than the effective

range of the small-scale latent process ϵ(s) and that the distance between grid points is much

smaller than the effective range of the large-scale latent process η(s). Under these assumptions, we

approximate the covariance of ỹ in terms of one n×n correlation matrix and one D×D correlation

matrix that capture the large-scale and small-scale spatial dependence, respectively.

To construct this approximation, we decompose spatial coordinates for plot i and grid point d

as sid = si + vd where si is the centroid of plot i and vd is the position of grid point d relative to

the plot centroid. This decomposition is possible because the same grid is used at every plot when

collecting point intercept data. Note that while this decomposition implies every plot is oriented in

the same direction, if that is not the case our assumptions still lead to the following approximation.

The correlation due to η can be approximated by

Kη(sid, si′d′) = Kη(si + vd, si′ + vd′) ≈ Kη(si, si′), (3.13)

for all grid points d, d′ and plots i, i′ because the grid point positions vd are negligible for the

large-scale process. For grid points within the same plot (i.e., i = i′), the correlation from the large

scale process is approximately one. Similarly, we can rewrite the correlation associated with ϵ as

Kϵ(sid, si′d′) = Kϵ(si + vd, si′ + vd′) for all plots i, i′ and grid points d, d′. For grid points within

the same plot, the small-scale correlation is

Kϵ(sid, sid′) = Kϵ(si + vd, si + vd′) = Kϵ(vd,vd′), (3.14)
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and if the grid points are in different plots this correlation is

Kϵ(sid, si′d′) = Kϵ(si + vd, si′ + vd′) ≈ Kϵ(si, si′) ≈ 0, (3.15)

because the distances between plots are much larger than the effective range of the small-scale

process. Now we can approximate the covariance of ỹ using (3.13), (3.14), and (3.15) as follows.

We let R̃η denote the n× n correlation matrix defined by Kη using plot centroids si and R̃ϵ denote

the D ×D correlation matrix defined by Kϵ using point coordinates vd. Then

σ2
ηRη + σ2

ϵRϵ ≈ (σ2
ηR̃η ⊗ 1D1

′
D) + (In ⊗ σ2

ϵ R̃ϵ), (3.16)

where 1D is a D-dimensional vector of ones and In is a n× n identity matrix.

In the original specification of ỹ(s) in (3.2), we included spatial covariates measured at individual

location s. However, typically point intercept data include plot-level covariates but not covariates

measured at individual grid points. That is, x(sid) = x(si) for all d within the same plot i. Using

this and the covariance approximation in (3.16), we approximate the model for the latent process

for each species j at the nD observed locations with the hierarchical model

µj ∼ N(X̃βj, σ
2
η,jR̃η,j), (3.17)

ỹij ∼ N(µij1D +Λiθj, σ
2
ϵ,jR̃ϵ,j), (3.18)

where µj is a n-dimensional vector capturing the large-scale variation across plots for species j, Λi

to be the D×M matrix with elements Λi(m, d) = λm(sid), X̃ is a matrix of covariates measured at

the plot centroids, and ỹij ≡ (ỹj(si1), . . . , ỹj(siD))
′. By including the latent factor structure at the

small scale in (3.18), we assume that the effective range of the spatial correlation functions Kλm are

small relative to the distances between plots. This means the latent factors from different plots are

approximately independent and that the correlation among species accounts for dependence at small

spatial scales within a plot. Without the correlation among species, this hierarchical form leads to
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the same overall covariance structure as the approximation in (3.16) when µj is marginalized out of

the model.

3.4.2 MCMC algorithm

With appropriate choices for the prior distributions, most of the parameters can be updated with

conditionally conjugate steps. We assumed hierarchical priors for the regression coefficients so that

βj ∼ N(µβg ,Σβg), (3.19)

for groups g = 1, 2. For the CAKR data analysis, species were grouped depending on whether they

were a vascular plant species or not because vascular plants are known to be less sensitive to heavy

metal pollution than moss and lichen species. We assumed the mean vectors µβg ∼ N(νβ1, τ
2
βI)

and that the covariance matrices Σβg are diagonal matrices with elements (σ2
βg1
, . . . , σ2

βgP
) where

σ2
βgp

∼ InverseGamma(aβp , bβp). Each factor loading θjpm was assigned an independent t prior

distribution. This prior allows for a conditionally conjugate updates using parameter expansion that

can improve mixing of MCMC chains (Ghosh and Dunson, 2009). We assumed that the variance

parameters for the large-scale spatial processes σ2
η,j were independent across species with inverse

gamma prior distributions. These prior distributions result in conditionally conjugate updates for

parameters (βj,θj, σ
2
η,j) and the corresponding hyperparameters (µβg ,Σβg). Similarly, the plot-

level means for each species µj and the matrix of latent factors at each plot Λi can be updated

with conditionally conjugate steps. We provide the details and derivations of the full-conditional

distributions in Appendix B.1.

The remaining unknown quantities in the model are the spatial range parameters associated with

the large-scale and small-scale processes for each species as well as those for the latent factors. We

assumed an exponential kernel for all of the spatial correlation functions in our model. We fixed

the range parameters for the latent factors λm and let ρλm = ρλ for m = 1, . . . ,M . With single

species models, we found that it may be difficult to obtain reliable inference for range parameters

ρη and ρϵ when species were less abundant. These challenges are due to limited information about
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the range of the latent processes with only binary data and the fact that conditionally conjugate

updates for these parameters are not available. We found that discretizing the support for the range

parameters (Diggle and Ribeiro Jr, 2002) and also including hierarchical structure across species

yields an effective strategy to address these challenges.

Discretizing the support for the range parameters (ρ) is common for geostatistical models

(Diggle and Ribeiro Jr, 2002) and, for instance, is standard in the R package geoR (Ribeiro Jr and

Diggle, 2007). This is computationally advantageous because for each value in the defined support,

the correlation matrices only need to be inverted once and can then be accessed as necessary during

the MCMC algorithm. Generally the prior is assumed to be a discrete uniform distribution over the

specified support, but this does not allow for information about the range parameter to be shared

across species. For simplicity in what follows, we omit the subscripts for η and ϵ but the different

range parameters were modeled in the same way. We let ρgrid ≡ (ρgrid,1, . . . , ρgrid,K)
′ define the

discrete support of ρj where the values ρgrid,k for k = 0, . . . , K create an evenly spaced grid. We

assumed the discrete prior distribution for ρj was

Pr(ρj = ρgrid,k) =















(

K
k

)

B(α1+k,α2+K−k)
B(α1,α2)

, k = 0, . . . , K,

0, otherwise,

(3.20)

where B(·, ·) denotes the beta function and α1 and α2 are hyperparameters. This PMF corresponds

to a beta-binomial distribution which we use to map probabilities to the support of ρj and allows for

pooling across species.

This discretization implies that the full-conditional distribution for each ρj can be sampled from

directly and no tuning is required for updating these parameters. To update the hyperparameters

α1 and α2, we used the reparameterization νρ = α1/(α1 + α2) and ϕρ = α1 + α2. We then

specified hyperprior distributions νρ ∼ Beta(δ1, δ2) and ϕρ ∼ Gamma(γ1, γ2) where δ1, δ2, γ1, γ2

are user-specified. The hyperparameters νρ and ϕρ are updated using Metropolis-Hastings steps in

the MCMC algorithm. We chose the discrete support for ρη and ρϵ to be non-overlapping to impose

the necessary identifiability constraint. Using a simulated example, we found that discretizing the
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support of the range parameters provides similar inferences to a model assuming a continuous

support (see Appendix B.2). Compared to the model with continuous support, however, the discrete

prior distribution increased the effective sample size per computation time for all of the range

parameters (Appendix B.2).

3.5 Results of CAKR data analysis

We fit our clipped Gaussian process model to the CAKR data using J = 30 species. We included

individual species in our analysis when they were observed at least 30 times at individual grid points

which corresponds to an overall prevalence of at least ≈ 0.3%. The remaining rare species were

grouped based on whether they were a vascular plant, moss, or lichen species and these three rare

species groups were also included in the analysis. We specified X̃ to be a B-spline basis matrix of

the zinc concentrations (log scale) using a polynomial degree of two and two knots. The spline

basis matrix was created using the splines2 package (Wang and Yan, 2021). This specification

allows for non-linear relationships between zinc concentration and the expected value of the latent

process ỹ for each species. We assumed M = 8 latent factors with all range parameters fixed at 40

cm. We allowed the covariance among species to vary across low (<60 mg/kg), medium (60–152

mg/kg), and high (>152 mg/kg) zinc concentrations. These levels were defined by the 33% and 66%

quantiles of zinc concentrations at the sampled plots and our model included a unique interspecies

covariance matrix for each level. Posterior predictive checks based on the cross-covariance of model

residuals showed that this latent factor structure was sufficient for modeling the dependence among

different species in these data (see Section 3.6 and Appendix B.3). However, if fewer latent factors

were included, the model was unable to adequately account for the interspecies correlations in the

observed data.

We fit this model using 70,000 total iterations. The first 10,000 iterations were discarded as

burn-in and the last 60,000 iterations were used for inference. We examined trace plots for all

parameters to assess the convergence of the MCMC algorithm. Our analysis was conducted in

R (version 4.2.2, R Core Team, 2021) and our MCMC algorithm was coded in C++ using the
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Rcpp (Eddelbuettel and François, 2011; Eddelbuettel and Balamuta, 2018) and RcppArmadillo

(Eddelbuettel and Sanderson, 2014; Eddelbuettel et al., 2023) packages.

The effect of zinc concentration on the expected value of the latent process ỹ and on expected

cover varied across species (Figure 3.2). The expected value of the latent process declines as

zinc concentration increases for many species (primarily mosses and lichen), but for other species

(vascular plants) the expected value of ỹ appears to be constant across the range of sampled zinc

concentrations (Figure 3.2a and b). There is some evidence that the relationship with zinc is

non-linear on the latent scale. For instance some species appear to be initially tolerant of increases

in zinc concentration but then rapidly decline when concentrations surpass approximately 100

mg/kg. The relationships between expected cover and zinc concentration are more varied across

species (Figure 3.2c and d). Note that while the expected value of ỹ depends only on the regression
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Figure 3.2: For all species in our CAKR analysis, the posterior mean of the expected value of ỹ versus zinc

concentration (a). Different species are indicated by the different colors. For a subset of three species, shaded

bands show pointwise 95% credible intervals (b). Posterior mean expected cover versus zinc concentration

for all species (c) and corresponding pointwise 95% credible intervals for three species (d).
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coefficients β, the expected cover is a function of the regression coefficients as well as the factor

loadings θ for each species. Because we allowed θ to vary by zinc level, the plots for expected cover

have discontinuities at some zinc concentrations. Accounting for the correlation among species

appears to change the relationship between expected cover and zinc concentration in some cases,

thus it was important to include these interactions.

The large-scale spatial patterns in individual species can also be visualized in maps of the study

region. We highlight Sphagnum mosses (Figure 3.3a and b) and smooth cup lichen (Cladonia

gracilis; Figure 3.3c and d) as examples. For both species, the posterior predictive mean of expected

cover is lower for locations close to the haul road where zinc concentrations are highest. Based on

N
10 km

0.1 0.2 0.3
Cover

(a)

0.2 0.4 0.6
CI Width

(b)

N
10 km

0.01 0.02 0.03 0.04
Cover

(c)

0.025 0.050 0.075 0.100 0.125
CI Width

(d)

Figure 3.3: For Sphagnum moss species, the posterior predictive mean of the expected cover (a) and the width

of the associated 95% credible intervals (b) throughout the study region. For smooth cup lichen (Cladonia

gracilis), the posterior predictive mean of the expected cover (c) and the width of the associated 95% credible

intervals (d) throughout the study region.

57



the model, neither species is expected to occur at locations immediately next to the road. There is

also evidence of large-scale spatial variability for these species, but predictive uncertainty is high

given the widths of the 95% credible intervals for the expected cover.

In addition to assessing the large-scale relationship between expected cover and zinc concen-

tration for each species, our model allowed us to characterize how the covariance among species

varies with zinc concentration. First, consider the overall matrix of cross-covariances for every pair

of species in our analysis. We compared these covariances for plots based on the zinc concentration

level. We found evidence that the posterior mean covariance differed for some pairs of species

based on these two concentrations (Figure 3.4), but there was no evidence of different covariances

for most pairs of species. In general, we found negative covariances were larger in magnitude than

positive covariances among species, suggesting competitive exclusion.

To illustrate how the cross-covariance for two species can affect the patterns of cover within a

plot, we highlight the dependence between Acrocarpous moss species (label 3 in Figure 3.4) and

crowberry (label 12 in Figure 3.4, Empetrum nigrum hermaphroditum). The fitted model provided

evidence that the covariance for these species varied with zinc concentration. Specifically, we found

evidence of slight negative covariance for moderate zinc concentrations and positive covariance
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Figure 3.4: Comparison of the covariance among species when zinc concentration is <60 mg/kg (a), 60–152

mg/kg (b), and >152 mg/kg (c). These plots show the posterior mean covariance for every pair of species in

our analysis. Outlined cells indicate the pairs of species where 95% credible intervals for the covariances do

not overlap for at least two levels of zinc concentration.
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for higher zinc concentrations. Posterior predictive realizations of cover within individual plots

highlight how these different covariances could lead to different patterns in co-occurrence for these

two species. For instance, in a plot where the zinc concentration is 53 mg/kg, and these two species

are negatively correlated, they are not expected to occur at the same locations with high probability

(Figure 3.5a). At a plot with a higher zinc concentration (237 mg/kg), these species have a positive

covariance and co-occur more frequently (Figure 3.5b). This example shows how the correlation

among species could change with zinc concentration — in addition to changes in individual species

expected cover.

   0

 200

 400

 600

 800

   0  100  200  300  400

(a)

   0

 200

 400

 600

 800

   0  100  200  300  400

(b)

Figure 3.5: For crowberry (Empetrum nigrum hermaphroditum, blue) and the Acrocarpous moss species

(green), realizations of cover from the posterior predictive distribution for a plot where the zinc concentration

is 76 mg/kg (a) and another plot where the zinc concentration is 237 mg/kg (b). The different colors indicate

where the different species occur individually within each plot and locations where the species co-occur is

shown in black. The posterior mean covariance for this species is -0.18 (95% CI (-0.51, 0.13)) in (a) and 0.45

(95% CI (0.13, 0.79)) in (b).
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3.6 Discussion

We developed a multiscale clipped Gaussian process model for analyzing multivariate plant

cover data collected with the point intercept method. Our model includes spatial correlation at two

scales to account for both the small-scale dependence between observations within each plot as well

as large-scale spatial correlation among different plots. To implement our model, we developed

an approximation of the multiscale covariance structure and showed the necessary constraints to

ensure a multiscale clipped Gaussian process is identifiable in the likelihood. Our model allows us

to include subplot scale information in plant cover data that is ignored by other statistical analyses.

We applied our model to analyze cover data for lichen, mosses, and vascular plants in CAKR.

Using these data, we modeled how zinc concentration affected the expected cover for various species.

While our approach allows for species-specific inferences, community-level inferences (e.g., lichen

species richness) are often of interest as well. These can be learned about using multispecies models

by appropriately aggregating the species-level inferences (Dorazio and Royle, 2005; Kéry et al.,

2009). We used our model to assess how lichen species richness and overall lichen cover was

affected by zinc concentration (Appendix B.4). Our model also allowed the correlations among

different species to vary with zinc concentration. Because the species correlations in our model

can explain associations among species within a plot, our model provides deeper insights into how

heavy metal pollution is affecting the vegetation community in CAKR. These inferences are not

possible from models that analyze plot-level data and ignore the spatial configuration of cover

within a plot. They instead require a model that accounts for both the multiscale and multivariate

aspects of plant cover data.

How species interactions are affected by environmental conditions has recently been of interest

in community ecology (e.g., Tikhonov et al., 2017; Ovaskainen and Abrego, 2020). Some ecological

theories, such as the stress gradient hypothesis (Bertness and Callaway, 1994), are directly concerned

with how species interactions can depend on the environmental conditions. Our model provides a

way to incorporate and evaluate variability in species interactions with plant cover data collected
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using the point intercept method. It could also provide evidence for new and/or different species

interactions compared to those observed when analyzing plot-level data.

To assess how well the latent factor structure accounted for the correlations among species in

the CAKR data, we conducted posterior predictive checks based on the cross-covariance of model

residuals. In simulated datasets, this assessment was able to identify lack of fit in misspecified

models relative to data generated with correlated species (Appendix B.3). We first applied these

posterior predictive checks after fitting a simple model with no latent factor structure (i.e., θj = 0

for all j) and found strong evidence that species are correlated and that for some pairs of species

this correlation varied with zinc concentration (Appendix B.3). We then conducted the posterior

predictive checks for a model that included the latent factor structure. These assessments showed that

accounting for the correlation among species improved the model fit to the CAKR data (Appendix

B.3). However, the model required a large number of latent factors relative to the number of species

and alternative approaches to model the covariance structure may be more efficient. For instance,

the predominance of negative correlations in the CAKR data suggests many species are excluding

each other at small scales. This required our model to include a large number of latent factors, but

alternative approaches could directly model competition among species. Future work could consider

modifications that would allow more flexibility in the covariances among species at small scales.

Measurement errors, such as imperfect detection, are important to consider in studies of plant

cover (Wright et al., 2017). Our model assumes that detection of a species at an individual grid

point is perfect, which is reasonable considering detection of plant species is generally high even

over larger areas (Wright et al., 2017). Even if a plant species is not detected at any of the observed

grid points, our model still allows for the species to be present in the plot. This can happen when

the corresponding latent process ỹ(s) is greater than or equal to zero at a location within the plot

that was not sampled. Therefore, our model still accounts for imperfect detection of a plant species

at the plot level. To extend our model to describe the distribution of animal species, we would

need to incorporate imperfect detection at the point locations. This would likely require multiple

observations per point location, which is standard in occupancy models for animals. Current
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occupancy models assume a discretized spatial domain and that a species is present or not within

each areal grid cell (Johnson et al., 2013). Conversely, a clipped Gaussian process model for animal

occurrence is appealing because it would not require an arbitrary discretization of the study area

and would allow for flexible, potentially multiscale, specifications of the spatial dependence in a

species’ distribution.

62



Chapter 4

Continuous-space occupancy models

4.1 Introduction

Mapping the distributions of wildlife species is a fundamental component of many ecological

studies and wildlife monitoring programs. Occupancy models (Hoeting et al., 2000; MacKenzie

et al., 2002, 2018) have become an invaluable approach for modeling species distributions because

they account for detection errors that are prevalent in many ecological surveys. This is imperative

for obtaining unbiased inferences about species occurrence and how it relates to predictor variables

of interest. Additionally, occupancy models are widely applied because they can be used to analyze

data from multiple types of surveys, are applicable to a variety of different taxa, and are particularly

useful when monitoring species over large spatial extents (MacKenzie et al., 2002; Noon et al.,

2012).

Species distributions are the result of inherently spatial processes and there are multiple ap-

proaches for modeling spatial dependence in occupancy data (Latimer et al., 2006; Hefley and

Hooten, 2016; Gelfand and Shirota, 2019). For instance, spatial dependence in site-level occu-

pancy probabilities can be modeled using conditionally autoregressive terms (in discrete space;

Johnson et al., 2013; Broms et al., 2014) or with spatial terms (in continuous space) modeled

as a Gaussian process (Ovaskainen et al., 2016; Wright et al., 2021; Doser et al., 2023). These

alternative approaches make different assumptions about the spatial support of the process of interest

— highlighting a challenge for modeling the spatial structure in occupancy data. While species

occupancy is typically viewed as arising from a continuous spatial process (Hooten et al., 2003;

Efford and Dawson, 2012), the observed data are collected during surveys of areal units (MacKenzie

et al., 2002, 2018). Current spatial occupancy models are unable to account for the change of spatial

support between the occupancy and observation processes.
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Change of support methods provide a way to make inferences for spatial units that have a support

which differs from that of the observed data (Cressie, 1996; Gelfand et al., 2001; Gotway and Young,

2002). These methods are currently available for continuous data (Cressie, 1996; Gelfand et al.,

2001), count data (Bradley et al., 2016), and binary data that have been aggregated to areal units

(Walker et al., 2020, 2021). Ignoring a change in spatial support can result in biased predictions

(Cressie, 1996) and biased inferences for regression coefficients (Walker et al., 2020). We develop a

new framework that treats occupancy as a binary process in continuous space and learn about this

process using data observed at areal survey units. This provides an approach for modeling a change

in spatial support for a new type of data compared to previous spatial models.

Our continuous-space occupancy framework is beneficial because it allows for more realistic

spatial models of species occurrence while still properly accounting for the discrete spatial support

of the observed data. This provides multiple advantages compared to previously developed spatial

occupancy models. For example, our approach allows inferences from areal data to be downscaled,

accounting for the fact that areal survey units may only be partially occupied by a species. The

observation component of our model can relate these within-unit occupancy proportions to the

probability of detecting a species during surveys. This is not possible using standard occupancy

models because occupancy is defined as a binary random variable at the level of the survey unit.

Another benefit of our model is that it allows for improved inferences about the proportion of

area occupied by a species. While this quantity is often of interest, the phrase “proportion of area

occupied” can be misleading because modeling species occurrence at the site-level, as done in

standard approaches, only permits inferences about the proportion of sites occupied (Efford and

Dawson, 2012). Our continuous-space occupancy framework directly addresses this limitation and

provides inferences for the proportion of area occupied in continuous space.

We implement our model using Bayesian methods and develop a computationally efficient

Markov chain Monte Carlo (MCMC) algorithm for fitting our model. We assume that the binary

spatial process for occupancy arises from clipping a latent continuous field that is modeled using

a Gaussian process (De Oliveira, 2000, 2020). To improve the computational efficiency of fitting
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this model over potentially large spatial extents and at many point locations, we approximate the

latent Gaussian process using a nearest neighbor Gaussian process (NNGP; Datta et al., 2016). The

NNGP approximation makes implementation of spatial models for extremely large datasets possible

and helps facilitate Bayesian computation because the necessary calculations associated with the

spatial terms are much faster (Datta et al., 2016; Finley et al., 2019). However, MCMC can still be

slow to mix for the spatial terms (Finley et al., 2019) and spatial covariance parameters (Murray

and Adams, 2010). To address these challenges, we develop an elliptical slice sampler (Murray

et al., 2010) to update the spatial terms after marginalizing over the regression coefficients. The

conventional elliptical slice sampler assumes that the spatial covariance parameters are fixed. We

relax this assumption by modifying the surrogate data slice sampler proposed by Murray and Adams

(2010) to be more compatible with NNGPs. The surrogate data slice sampler updates the spatial

terms and spatial covariance parameters jointly. This approach is sufficiently general that it could

be applied to other spatial models with latent NNGPs.

The remainder is organized as follows. In Section 4.2 we describe occupancy data and the

standard models used to analyze these data. Our new model for occupancy in continuous space is

presented in Section 4.3 and the details of the MCMC algorithm we use to fit this model appear in

Section 4.4. In Section 4.5 we illustrate our approach using a simulated example and perform a

simulation study to compare our continuous-space occupancy model to alternative spatial occupancy

models. In Section 4.6, we analyze ovenbird occurrence data collected in the Hubbard Brook

Experimental Forest, New Hampshire, USA. Section 4.7 discusses future directions that build upon

this research. Additional details on our MCMC algorithm, NNGP calculations, and alternative

spatial occupancy models are provided in the Appendices.

4.2 Occupancy data and standard analyses

We begin with an overview of the typical data available for conventional occupancy analyses

(see also MacKenzie et al., 2002, 2018). Data on species occupancy are collected at areal survey

units called “sites.” We let Ai ⊆ S for S ⊂ R
2 denote the region defining site i for i = 1, . . . , n.
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Binary detection/nondetection data are collected at each site i during visits j for j = 1, . . . , Ji

where Ji denotes the total number of visits to site i. In standard occupancy models, the binary data

yij are modeled as

yij ∼















1(yij = 0), zi = 0,

Bernoulli(pij), zi = 1,

(4.1)

where zi denotes a partially observed binary random variable for whether the species is present (1)

or not (0) at site i and pij is the probability of detecting the species during visit j to site i. The

detection probabilities can be modeled as a function of predictor variables using a generalized linear

model framework. When the species is not present at a site (i.e., zi = 0) we assume that there are no

false positive detections and yij = 0 for all j with probability 1. However, this assumption can be

relaxed and there are approaches available to model false positive detections as well (e.g., Chambert

et al., 2015; Ruiz-Gutierrez et al., 2016).

Standard approaches also model the occupancy process at the site-level and therefore assume a

discrete spatial domain. That is, occupancy at each site is modeled as

zi ∼ Bernoulli(ψi), (4.2)

where ψi denotes the probability of occupancy at site i which is modeled as a function of spatial

predictor variables. A site is considered occupied if the species occurs anywhere within the site area

Ai and we address this in our continuous-space model in Section 4.3. Spatial occupancy models

allow ψi to have additional spatial structure. This spatial structure can be included using a conditional

autoregressive term (Johnson et al., 2013; Broms et al., 2014) or with spatial effects modeled using

a continuous Gaussian process based on the locations of the site centroids (Ovaskainen et al., 2016;

Wright et al., 2021; Doser et al., 2023).

The discretization of the spatial domain imposed by defining sites is generally arbitrary and does

not necessarily have an ecological interpretation. Additionally, occupancy is a process in continuous

space (Efford and Dawson, 2012) and it is possible for a species to occur in only a portion of a site
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Figure 4.1: Hypothetical example where a regular grid defines sites throughout the study region and species

occurrence is shown by the shaded regions. The occupancy process is defined for continuous space even

though the detection data are collected at areal sites that discretize the spatial domain. In this example, 72.3%

of the study region is occupied but the species occurs in 87.5% of the sites.

(e.g., Figure 4.1). How well standard models can approximate the underlying spatial occupancy

process depends on the resolution of the discretization defined by the sites. However, the proportion

of sites occupied will always be higher than the proportion of the study area that is occupied when

considering observations over a regular grid (e.g., Figure 4.1; see also Efford and Dawson, 2012).

We define an alternative approach for analyzing species occupancy data that models the occupancy

process on a continuous spatial domain. The primary challenge for this new approach is that the

observation data are still measured at areal sites and we must account for the resulting change of

support (e.g., Cressie, 1996; Gelfand et al., 2001; Gotway and Young, 2002) between the occupancy

process and the observed data.

4.3 Model

We model species occurrence for spatial locations s ∈ S ⊆ R
2 as a clipped Gaussian process

(De Oliveira, 2000, 2020) defined over continuous space. We let {z(s)} denote the binary spatial
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process for whether the species occurs (1) at location s or not (0). Note that we define species

occurrence z(s) for any point location s which differs from the site-level occupancy zi that is used

in standard occupancy models (4.1)–(4.2). We assume that this binary spatial process {z(s)} arises

from clipping a latent continuous process {z̃(s)} such that z(s) = 1(z̃(s) ≥ 0) and

z̃(s) = x(s)′β + η(s), (4.3)

where x(s) is a vector of spatially indexed predictor variables with corresponding coefficients β

and η(s) is a spatial Gaussian process with mean zero and spatial covariance function Kη.

The detection/nondetection data yij are recorded at sites i = 1, . . . , n and visits j = 1, . . . , Ji.

We still assume there are no false positive detections and thus the species can only be detected if it

occupies at least a portion of the site. Therefore, we model the detection data yij as

yij ∼















1(yij = 0), maxs∈Ai
z(s) = 0,

Bernoulli(pij), maxs∈Ai
z(s) = 1,

(4.4)

Φ−1(pij) = w′
ijα+ γ|Ai|

−1

∫

Ai

z(s)ds, (4.5)

where the probit link function Φ(·) denotes the cumulative distribution function for a standard normal

random variable, wij is a vector of predictor variables related to detection, and the proportion of

the site area where the species occurs is |Ai|
−1
∫

Ai
z(s)ds. The occupancy proportion within a site

is related to the probability of detection with corresponding parameter γ. In general, detection

probabilities should increase as the proportion of the site that is occupied increases. The observation

process of our model is similar to that of the standard occupancy model defined in Section 4.2 except

that we explicitly define site-level occupancy as a function of the continuous occupancy process and

we allow the detection probability to depend on the proportion of the site that is occupied. This

observation process also provides more flexibility than standard models because we do not need to

assume that the site regions Ai are mutually disjoint (e.g., see Section 4.6).
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Our model accounts for the change of support between the observation and occupancy processes.

This allows for inferences about occupancy to be downscaled to continuous space even though the

observed data are measured at the site-level. In other words, the observed detection/nondetection

data are recorded at areal sites but we are still able to obtain inferences for occupancy in continuous

space — we do not need to assume the entire site is occupied when a species is detected there.

Modeling occupancy in continuous space is beneficial because it allows for more realistic inferences

about this ecological process. Additionally, it allows us to relate the detection process to the

proportion of a site that is occupied. This relationship is intuitive but cannot be incorporated into

traditional occupancy models. Our statistical model is the first to incorporate observation errors,

in the form of imperfect detection, when modeling binary spatial data using a clipped Gaussian

process.

4.4 Priors and implementation

We implement our model using Bayesian methods and assume normal prior distributions for α,

γ, and β. Using a Gibbs sampling approach, these prior distributions facilitate conjugate updates

for many of the parameters. For instance, because we use a probit link for modeling detection

probabilities in (4.5), the detection-level parameters (α, γ) can be updated using conditionally

conjugate steps by introducing latent variables ỹij such that yij = 1(ỹij ≥ 0) (Albert and Chib,

1993). The regression coefficients for occupancy β can also be updated with a conjugate step

conditional on the latent spatial process z̃(s). However, we found that the convergence and mixing

of the MCMC samples could be improved by integrating β out of the model and directly updating

the latent spatial process z̃(s). Inferences for β can then be recovered in a post-processing step. The

main challenges for implementing this model are associated with updating the latent spatial terms

z̃(s) and the spatial covariance parameters θ. We describe how we address these challenges and

provide the details for our MCMC algorithm throughout the rest of this section and in Appendix C.1.

All analyses for our simulated (Section 4.5) and real data examples (Section 4.6) were conducted
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in R (R Core Team, 2022). We also used the Rcpp (Eddelbuettel and Balamuta, 2018) and

RcppArmadillo packages (Eddelbuettel and Sanderson, 2014) to code our MCMC algorithm.

4.4.1 Numerical quadrature

While our occupancy model is defined for continuous space, we consider only a finite number of

locations to approximate z̃(s). We let z̃ ≡ (z̃(s1), . . . , z̃(sD))
′ define the vector used to implement

this approximation. The locations sd for d = 1, . . . , D are chosen to cover all sites in the study

region and we provide more details on choosing these locations later in this section. Similarly, we

define design matrix X ≡ (x(s1), . . . ,x(sD))
′ and vector of spatial terms η ≡ (η(s1), . . . , η(sD))

′

at the same point locations. The finite-dimensional occupancy process can now be modeled as

z̃ = Xβ + η where η ∼ N(0,Ση) and Ση is defined by the spatial covariance function Kη.

Additionally, we use numerical quadrature to approximate the functions of z(s) in (4.4) and (4.5) as

max
s∈Ai

z(s) ≈ max
sd∈Ai

1(z̃(sd) ≥ 0) (4.6)

and

|Ai|
−1

∫

Ai

z(s)ds ≈ D−1
i

∑

sd∈Ai

1(z̃(sd) ≥ 0), (4.7)

where Di is the total number of points sd contained in Ai. If the sites define a regular grid over

the study region, then we define point locations sd such that each site contains the same number of

points. The errors associated with both of these approximations can be made arbitrarily small by

making D sufficiently large.

4.4.2 Nearest neighbor Gaussian process

As with many spatial models, increasing the number of points D used to approximate the

latent spatial process can result in this model becoming computationally challenging to implement.

We utilize a nearest neighbor Gaussian process (NNGP) to approximate z̃(s) which results in

the finite-dimensional distribution of z̃ having a sparse precision matrix (Datta et al., 2016). We
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provide a general description of NNGPs in what follows and more details about constructing the

resulting sparse precision matrix can be found in Appendix C.2. The NNGP approach relies on a

Vecchia approximation (Vecchia, 1988) of the joint distribution of a spatial process. Using standard

factorization properties, the joint distribution of the spatial terms from our model can be written as

[z̃] = [z̃1][z̃2 | z̃1] · · · [z̃D | z̃1, . . . , z̃D−1], (4.8)

where we use [·] to denote a probability density function (Gelfand and Smith, 1990). The Vecchia

approximation defines the conditional distributions in the factorization (4.8) to only depend on a set

of nearest neighbors selected from the previous observations. Consequently, we can approximate

the joint distribution of the spatial terms as

[z̃] ≈
D
∏

d=1

[z̃d | z̃c(d)], (4.9)

where c(d) ⊆ {1, . . . , d− 1} defines a set of nearest neighbors among the previous terms (c(1) is

the null set) and z̃c(d) denotes a vector containing the spatial terms in that set.

The NNGP approximation requires decisions about how the D points are ordered and how the

neighbors c(d) are selected. We use the “maxmin” ordering proposed by Guinness (2018) and select

the m nearest neighbors based on the spatial distances to the previous points based on this ordering

(Vecchia, 1988; Datta et al., 2016). The maxmin ordering chooses the next location to be the one

that maximizes the minimum distance to previous points and can substantially improve the accuracy

of NNGP approximations (Guinness, 2018). Additionally, for at least some points, this ordering

will include neighbors that have large distances from the point of interest which can provide more

information about parameters in the spatial covariance function (Stein et al., 2004).

To approximate the maxmin ordering for a large number of points, we first define a set of regular

grid cells that cover the study region. The sites can be used if they form a regular grid. Otherwise,

an arbitrary grid can be defined when sites form an irregular grid and/or overlap one another (see

Section 4.6). The maxmin ordering is used to first order the grid cells (based on their centroids) and
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then the maxmin ordering can be used for the points within each grid cell. This approach results in

an overall ordering that will approximate the overall maxmin order for the points (Guinness, 2018).

4.4.3 Updating the spatial terms

The NNGP approximation allows for improved computation of the joint density of the spatial

terms that can be utilized in our MCMC algorithm. However, updating the spatial terms z̃ can still

be challenging because they are highly correlated and, consequently, MCMC chains can converge

very slowly (Datta et al., 2016; Finley et al., 2019). When the data model is Gaussian, marginalizing

over the spatial random terms can improve the mixing of MCMC (Shi et al., 2017; Finley et al.,

2019). This approach is not straightforward for our model because the likelihood defined in (4.4)

and (4.5) becomes challenging to evaluate. We consider an alternative approach that marginalizes

over the coefficients β and updates the spatial terms jointly using an elliptical slice sampler (Murray

et al., 2010) or a surrogate data slice sampler (Murray and Adams, 2010).

We describe our MCMC algorithm when the spatial covariance parameters are fixed (i.e., Ση is

known) and then generalize this algorithm to allow the spatial covariance parameters to be modeled

as well. Assuming the prior distribution β ∼ N(µβ,Σβ), integrating β from (4.3) implies

z̃ ∼ N(Xµβ,XΣβX
′ +Ση), (4.10)

for the finite-dimensional locations. We denote the mean and variance in (4.10) by µz̃ and Σz̃,

respectively. The marginal distribution for z̃ is approximated using the NNGP approach described

in Section 4.4.2 and Appendix C.2. Conditional on the other parameters in the model, these spatial

terms can be updated from the full-conditional distribution

[z̃ | y, ·] ∝ [z̃][y | z̃, ·], (4.11)

where [y | z̃, ·] denotes the observed data likelihood conditional on the spatial terms and all other

parameters in the model. The form of (4.11) can be sampled from using an elliptical slice sampler
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(Murray et al., 2010) because the prior [z̃] is multivariate normal. Elliptical slice sampling is

appealing for models using a latent Gaussian process because there are no restrictions on the form of

the likelihood, it is easy to implement, and does not require tuning (Murray et al., 2010). Conditional

on z̃, we sample β from its full-conditional distribution (see Appendix C.1).

When the spatial covariance parameters θ are not fixed, we update them and the spatial terms

z̃ jointly using a modified version of the surrogate data slice sampler developed by Murray and

Adams (2010). A joint update for these parameters is important because they are highly correlated

in the posterior distribution and conditional updates result in poor mixing of the MCMC chains

(Murray and Adams, 2010). The surrogate data slice sampler introduces auxiliary parameters into

the model that allow for a series of convenient Gibbs updates for z̃ and θ. Directly applying the

approach from Murray and Adams (2010) would introduce surrogate data for every spatial location

sd. We found that this was not conducive to using the NNGP approach for the spatial terms and

instead introduce surrogate data for only a subset of the spatial locations. This allows us to retain

the computationally efficient calculations facilitated by the NNGP when applying the surrogate data

slice sampler.

To define our surrogate data slice sampler, we partition the spatial terms such that

z̃ ≡







z̃1

z̃2






∼ N













0

0






,







Σ11 Σ12

Σ21 Σ22












, (4.12)

where we have simplified the notation by assuming µβ = 0, which implies that µz̃ = 0, and

omitting the z̃ subscripts from the partitioned covariance matrix. The partitions are chosen such

that z̃1 has relatively few locations — these will be the locations where we introduce surrogate data.

We expand this model with auxiliary variables ν1, ν2, and g that are assumed to be marginally

distributed












ν1

ν2

g













∼ N

























0

0

0













,













I 0 0

0 I 0

0 0 Σ11 +Σg

























, (4.13)
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where Σg is a user-specified covariance matrix corresponding to surrogate data g. Conditional on

these auxiliary variables, we set

z̃1 = m1 + L1ν1, (4.14)

z̃2 = m2 + L2ν2, (4.15)

where

m1 = Σ11 (Σ11 +Σg)
−1

g, (4.16)

L1L
′
1 = Σ11 −Σ11 (Σ11 +Σg)

−1
Σ11, (4.17)

m2 = Σ21Σ
−1
11 (m1 + L1ν1) , (4.18)

L2L
′
2 = Σ22 −Σ21Σ

−1
11 Σ12. (4.19)

Routine calculations show that constructing the auxiliary variables in this way induces the same

marginal distribution for (z̃1, z̃2) as that in (4.12). This construction also defines a joint normal

distribution for (ν1, ν2, g, z̃1, z̃2). Thus, we obtain a sample from our target posterior distribution

using a Gibbs sampler for this parameter expanded model.

Conditional on the detection-level parameters, the posterior distribution of the parameter ex-

panded model is [ν1,ν2,g, z̃1, z̃2,θ | y]. The first step of our Gibbs sampler updates the auxiliary

parameters from

[ν1,ν2,g | y, z̃1, z̃2,θ] = [g | z̃1,θ][ν1,ν2 | z̃1, z̃2,θ,g], (4.20)

where (g | z̃1, z̃2,θ)
d
= (g | z̃1,θ) ∼ N(z̃1,Σg) as shown in Appendix C.1. The distribution of

(ν1,ν2 | z̃1, z̃2,θ,g) is degenerate as implied by (4.14) and (4.15). The second step of the Gibbs

sampler is to update the spatial terms and covariance parameters from

[z̃1, z̃2,θ | y,ν1,ν2,g] = [θ | y,ν1,ν2,g][z̃1, z̃2 | ν1,ν2,g,θ], (4.21)
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where [z̃1, z̃2 | ν1,ν2,g,θ] is also degenerate by (4.14) and (4.15). Updating the spatial covariance

parameters from [θ | y,ν1,ν2,g] can be performed efficiently using a slice sampler because θ will

generally contain only a few parameters (Neal, 2003). As suggested by Murray and Adams (2010),

in our full MCMC algorithm we perform the surrogate data slice sampling step every 25 iterations

(real data example) or every 10 iterations (simulated data examples) to reduce computation time.

For the remaining iterations, we fix θ and update the spatial terms using elliptical slice sampling.

Our surrogate data slice sampling algorithm uses the NNGP approximation when updating ν2

and z̃2. In general, we can reparameterize our model by introducing a vector of independent standard

normal random variables ν and redefining the spatial terms as z̃ = Lν, where L is a factorization of

Σz̃ (and therefore depends on θ) such that LL′ = Σz̃. Using standard NNGP results, L−1 is readily

available and efficient algorithms exist for calculating z̃ by solving the sparse system L−1z̃ = ν

(Saha and Datta, 2018; Datta, 2022). Given z̃1, (4.15) defines z̃2 using mean m2 and variance L2L
′
2

which are equivalent to the conditional mean E(z̃2 | z̃1) and variance Var(z̃2 | z̃1), respectively.

Thus,

iterative algorithm for solving L−1z̃ = ν when using a NNGP approximation (see Appendix C.2

for more details). Similarly, we can reverse this algorithm to find ν2 conditional on ν1, z̃1, and z̃2

in the first Gibbs step. Introducing the surrogate data for z̃1 does not allow for the same NNGP

calculations to be used. However, by choosing the dimension of the surrogate data to be sufficiently

small, we can perform the requisite calculations in (4.14), (4.16), and (4.17) exactly. That is, we do

not need to rely on the sparsity of Σ̃
−1

11 ≈ Σ−1
11 when updating z̃1 or ν1.

Tuning is required for the surrogate data slice sampler. First, the number of points to introduce

surrogate data must be chosen. This choice is in part limited by the computational resources

available. In general, we choose z̃1 to include one point per site or grid cell used to order the points

as described in Section 4.4.2. The second choice is the specification of the surrogate data covariance

Σg. We specify this covariance to be a diagonal matrix with elements σ2
g,d tuned to be approximately

twice the posterior variance of the corresponding spatial term z̃1,d. Other approaches to specify the

surrogate data covariance are possible as well (see Murray and Adams, 2010).
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4.5 Simulations

4.5.1 Simulated example

We start by demonstrating our model using a simulated data example. We simulated occupancy

in continuous space as a clipped Gaussian process with a single spatial covariate and a spatial term

that had a Gaussian covariance function. We considered a 40× 20 unit rectangular study area and

defined sites using a 1× 1 unit regular grid over the region. Occupancy data were simulated at 200

randomly selected sites out of the 800 total sites over the region with three visits per site (Figure

4.2a). We also simulated a visit-level covariate from a Uniform(-1, 1) distribution. Data were

generated based on parameters β = (−0.5, 2)′, α = (−2, 1)′, and γ = 3. Because γ is positive, for

this simulated example detection probabilities within a site increase as the proportion of the site that

is occupied by the species increases.

We fit our continuous-space occupancy model to these simulated data using 20,000 iterations to

tune the surrogate data slice sampler followed by 100,000 iterations for posterior inference. The 95%

marginal credible intervals captured values of the parameters used to generate these data. Our focus

is on inferences for mapping occupancy and summarize the posterior probability of occupancy for

spatial locations throughout the region considered. We calculate the marginal posterior probability

of occupancy for spatial location s as P(z(s) = 1 | y) ≈ T−1
∑T

t=1 z(s)
(t) where z(s)(t) denotes

the sampled value for the binary spatial process z on MCMC iteration t and T is the total number

of iterations. Overall, the map of the posterior probabilities of occupancy recovers the underlying

occupancy process well for this simulated example (Figure 4.2b and c).

In general, this example illustrates how we can recover an occupancy process in continuous

space using data observed at areal sites. The downscaling of inferences is possible because i) the

spatial structure in the occupancy process, ii) the spatial predictor variable, and iii) the relationship

between detection probabilities and the proportion of a site that is occupied. All of these provide

information at a finer resolution than the areal sites.
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Figure 4.2: Simulated data example with occupancy related to one spatial covariate and an additional

covariate related to detection probabilities. The number of observed detections out of three visits is shown in

(a) for the sampled sites. After fitting our model, the posterior probability of occupancy (b) is well-aligned

with the true underlying occupancy (c).
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4.5.2 Comparisons to other models

We also performed simulations to compare our continuous-space occupancy model to other

spatial occupancy models. Data were generated using the same parameter values as specified in

Section 4.5.1. We defined sites using a 1 × 1 unit regular grid and considered a study area that

was 20× 15 units in size. Data were generated for three visits at each of the 300 sites within this

region. We considered a smaller region and surveys at all sites to simplify the computation in this

simulation study.

We generated 100 different datasets and fit three different spatial occupancy models to each. We

first fit our continuous-space occupancy model that matches the data-generating process. The first

alternative approach models the occupancy process at the areal sites and includes spatial structure

among sites using an intrinsic conditional autoregressive (ICAR) model (Johnson et al., 2013).

The second alternative approach ignores the areal support of the survey data and treats each site

as a point location at the site centroid. Spatial dependence in occupancy is included in the second

alternative model using a clipped Gaussian process to make it comparable to our continuous-space

model. Neither of these alternative approaches accounts for the change of spatial support between

the occupancy process and the observed data. Consequently, these alternative approaches are unable

to model how the within-site occurrence proportions lead to spatial heterogeneity in detection

probabilities. Additional details for these alternative models and their implementation can be found

in Appendix C.3.

We compared the different models by considering the bias of the posterior means and coverage

of the 95% credible intervals (CIs) for both the proportion of area occupied and the proportion of

sites occupied. For our continuous-space occupancy model, we calculated the proportion of the

area occupied as D−1
∑D

d=1 z(sd) at each MCMC iteration where the locations z(sd) are used to

approximate the binary spatial process. If the proportion of sites occupied is of interest, we can use

our continuous-space model to make inferences at the site-level by summarizing the spatial terms to

the areal survey units. We calculated the proportion of sites occupied as n−1
∑n

i=1 maxsd∈Ai
z(sd)

for our continuous-space model. For the areal occupancy model, the proportion of area occupied
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Table 4.1: For the proportion of area occupied and proportion of sites occupied, the empirical bias of

posterior means and the coverage of 95% CIs for different spatial occupancy models based on analyses of

100 simulated datasets. Data were simulated under our continuous-space occupancy model. We compared

our model to two other approaches that both ignore the change of spatial support. The first approach (“Areal”)

models the occupancy process at the areal sites used to collect data. The second approach (“Centroid”)

ignores the defined sites and treats all data as point-level observations corresponding to the site centroids.

Proportion of Area Occupied Proportion of Sites Occupied

Model Bias Coverage Bias Coverage

Areal 0.143 0% -0.268 0%

Centroid 0.156 0% -0.255 3%

Continuous-space -0.002 94% -0.010 92%

and proportion of sites occupied are equivalent and calculated as n−1
∑n

i=1 zi. This same calculation

can be used to calculate the proportion of sites occupied under the centroid occupancy model as

well. For the proportion of area occupied using the centroid occupancy model, we considered

posterior predictions for the same grid of points used to implement our continuous-space model and

calculated this quantity as D−1
∑D

d=1 z(sd) (see Appendix C.3 for more details).

Both of the alternative models were biased and had minimal coverage for both the proportion of

area occupied and the proportion of sites occupied (Table 4.1). Our continuous-space occupancy

model was unbiased and had high coverage for the proportion of area occupied. Our approach also

provided unbiased inferences for the proportion of sites occupied and had high coverage (Table

4.1). Both of the alternative approaches were positively biased for the proportion of area occupied

because they fail to account for the change of spatial support. However, even considering the

proportion of sites occupied resulted in biased inferences from these models — due to unaccounted

for heterogeneity in detection probabilities resulting from the species only occurring in a portion of

a site.

4.6 Avian data application

We analyzed detection/nondetection data for ovenbirds (Seiurus aurocapilla) collected during

the summer of 2015 in the Hubbard Brook Experimental Forest, New Hampshire, USA. These

data are part of ongoing bird surveys within the experimental forest (Rodenhouse and Sillet, 2019)
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and are available in the spOccupancy R package (Doser et al., 2022). These data include two

visit-level predictor variables — time of day and survey date — to model detection probabilities.

We obtained elevation data for the study region using the elevatr R package (Hollister et al.,

2023) to use as a spatial predictor variable for occupancy. All predictor variables were standardized

to have mean 0 and standard deviation of 1 prior to fitting the model.

The Hubbard Brook Experimental Forest is located in a valley in the White Mountains (Figure

4.3a). The detection/nondetection data were obtained from 10 minute point count surveys of circular

sites with 100 meter radii (Figure 4.3b). Most sites were visited 3 times, but a few sites only had 1

or 2 visits. Note that some of the site areas overlap (Figure 4.3b) and that the sites do not form a

regular grid over the study region. Standard occupancy models cannot account for the overlapping

sites in these surveys. Typically, this feature of the data would need to be ignored (by treating

sites as point locations) or by excluding data from some of the sites that overlap. Our continuous

space occupancy model, on the other hand, is able to include all the observed data and naturally

accommodate the overlapping sites when making inferences about species occurrence.

We fit our model to these data using 1 million MCMC iterations. The first half were discarded

as burn-in after using them to tune the surrogate data variances and the final 500,000 iterations were

saved for inferences. We thinned the iterations by 100 to reduce the amount of memory required to

save the results. In this example we assumed a Gaussian spatial covariance function so that

K(si, si′) = exp

(

−
||si − si′ ||

2

2ρ2

)

, (4.22)

where ρ is the spatial range parameter. Note that we fixed the variance of this covariance function

to be 1 for identifiability of the clipped Gaussian process (De Oliveira, 2000, 2020). We checked

convergence using traceplots for all parameters and summarized posterior inferences using posterior

means and 95% CIs.

There was no evidence that detection probabilities varied with the predictor variables date (α1:

posterior mean = -0.03 and 95% CI = (-0.12, 0.06)) or time of day (α2: posterior mean = -0.03 and

95% CI = (-0.13, 0.06)). There was strong evidence that detection probabilities increased as the
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proportion of the site that was occupied increased (γ: posterior mean = 1.81, 95% CI = (1.24, 2.51)).

Consequently, the posterior mean detection probability at sites with 15% occurrence was 0.22 (95%

CI from 0.07 to 0.37) while that for sites with 85% occurrence was 0.67 (95% CI from 0.61 to 0.73).

This suggests there is substantial heterogeneity in the detection probabilities due to the variability

of within-site species occurrence.

Our analysis also provided strong evidence that ovenbird occurrence was negatively related to

elevation (β1: posterior mean = -0.62, 95% CI = (-0.94, -0.35)). We obtained posterior inferences

on the probability of ovenbird occurrence across the study region, including for areas that were not

surveyed. There was evidence of additional spatial variability that was not due to elevation (Figure

4.3c). We also were able to map the distribution of the species in this region based on the posterior

probability of ovenbird occupancy (Figure 4.3d).

4.7 Discussion

We developed a new spatial occupancy model for wildlife species. While standard surveys

for wildlife species collect detection/nondetection data over areal survey sites, species occupancy

is a process that can be defined in continuous space (Efford and Dawson, 2012). Our approach

is the first to treat species occurrence in continuous space while accounting for the change of

support required for analyzing the areal survey data. Additionally, our model accounts for imperfect

detection and allows for heterogeneity in detection probabilities related to the proportion of the

site that is occupied. This detection process is similar to that in other occupancy models that

incorporate a detection-abundance relationship (Royle and Nichols, 2003) or heterogeneity in

detection probabilities using a mixture model (Royle, 2006). Our real data analysis provided strong

evidence that detection probabilities of ovenbirds increased as the proportion of the site area that

is occupied increased. Failing to account for this variability in detection probabilities can lead

to biased inferences even when considering the proportion of sites occupied, as shown in our

simulation study.

81



Figure 4.3: Elevation (m) in the Hubbard Brook Experimental Forest (a) and the observed detec-

tion/nondetection data for ovenbirds (Seiurus aurocapilla) at 100 m radius plots (b). Most sites had 3

visits, but some had only 1 or 2 total visits. After fitting our continuous-space occupancy model, the posterior

mean of the spatial effects (c) and the posterior probability of ovenbird occupancy (d) within the study region.
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The biggest limitation of our model is the increased computational burden compared to standard

occupancy models. We used a nearest neighbor approximation of the clipped Gaussian process that

models species occurrence. This increased the computational efficiency of our spatial model and

made Bayesian inferences using MCMC feasible. Additionally, we modified the surrogate data slice

sampler developed by Murray and Adams (2010) to better accommodate NNGPs. Our version of

the sampler introduces surrogate data for only a portion of the spatial locations and is able harness

the computational advantages provided by NNGPs for the remaining spatial locations. While our

approach was motivated by our continuous-space occupancy model, it should be noted that the

surrogate data slice sampler is applicable to any model that includes a latent spatial Gaussian process.

This is because all steps update parameters from multivariate normal distributions, resulting from

the Gaussian process prior, except when updating the covariance parameters using slice sampling.

The slice sampling step is general and can be applied to any assumed data model. Overall, the

surrogate data slice sampler provides an efficient approach for jointly updating spatial terms and

spatial covariance parameters when modeling data using a latent NNGP.

We defined the spatial terms in (4.3) using a generic covariance function. In some applications

it will be useful to assume occupancy is a multiscale process and model the spatial terms as

η(s) =
M
∑

m=1

ηm(s), (4.23)

ηm(s) ∼ GP(0, Kηm), (4.24)

where the ηm for m = 1, . . . ,M are assumed to be independent of one another and their corre-

sponding spatial covariance functions Kηm have different parameters, including different range

parameters. The independence assumption implies that the overall covariance function Kη is equal

to
∑M

m=1Kηm . This allows the spatial dependence in the species occupancy process to vary across

different spatial scales. Such a multiscale model in continuous space differs from current multiscale

occupancy models (e.g., Nichols et al., 2008) and future research could compare inferences from

these different approaches.
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Other variations to standard occupancy models exist that account for multiple species, multiple

seasons, and false positive detections (Bailey et al., 2014). These ideas could also be incorporated

into our continuous-space occupancy model. For instance, it would be straightforward to construct a

model for multiple seasons by assuming each season is a discrete-time snapshot of species occupancy

in continuous space. An alternative would be to consider using a clipped Gaussian process for

modeling species occupancy in continuous space-time. Care would be needed to ensure detection

probabilities are identifiable given the available survey data. This could require concurrent visits to

a site or visits close together in time relative to the effective range of temporal covariance function

(analogous to the closure assumptions of standard models). Modeling occupancy in continuous

space-time could allow for improved insights into how species occurrence changes over time due to

changing environments.
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Chapter 5

Conclusion

I developed three new models for analyzing spatial data from ecological and environmental

applications. I begin this chapter with an overview of the previous chapters. The discussion sections

of Chapters 2–4 each included possible directions for future research, and the final section of this

chapter includes additional ideas that could build upon the models I developed.

5.1 Overview

In this dissertation, I developed new Bayesian spatial models for applications in ecology and

environmental science. Chapter 2 showed how a PDE for atmospheric dispersion can be used

to account for the spatial dependence in heavy metal concentrations. This allowed mechanistic

knowledge about the spread of heavy metal pollutants to be included in my statistical analysis

and provided improved forecasts for how the spatial distribution of heavy metals may change for

scenarios of interest. In Chapter 3, I developed a model for plant cover that accounted for multiscale

spatial dependence as well as associations among different species. This model used a clipped

Gaussian process to model the binary spatial process of plant cover for each species. I also used a

clipped Gaussian process to analyze species occurrence data in Chapter 4. My continuous-space

occupancy framework accounts for the change of support between the occurrence process and the

observed data. It also accounts for imperfect detection and relates the probability of detecting the

species to the within-site occupancy proportions. In Chapter 4, I also developed a surrogate data

slice sampler (Murray and Adams, 2010) for jointly updating spatial covariance parameters and

spatial terms. This MCMC algorithm is beneficial because it can be applied to nearest neighbor

Gaussian processes for big spatial data.

Ecological and environmental research is relied upon for making critical conservation decisions.

These decisions should be informed by statistical analyses that are able to make the most of the

available data. The models I developed in this dissertation place an emphasis on accounting for the
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spatial dependence that is a fundamental component of ecological data. Advancing the statistical

methods available for these applications helps to improve inferences for conservation research. In

some cases, new statistical models even allow new applied research questions to be explored.

5.2 Future directions

5.2.1 Joint model for heavy metals and plant cover

The mechanistic spatial model for heavy metal pollutants from Chapter 2 could be combined

with the plant cover model from Chapter 3. A single hierarchical model would appropriately

propagate the uncertainty in heavy metal concentrations when modeling its impacts on the vegetation

community. Additionally, the plant cover data provide some information about the heavy metal

concentrations at a location based on the relationships between concentration and cover for each

species. Thus, the plant cover data could be used to improve monitoring of pollution levels.

A joint model for these data could be most beneficial if future data are collected using a different

sampling design. Currently, the heavy metal data and point intercept data are collected at the same

locations (Neitlich et al., 2017). It may be more efficient to only collect one type of data at certain

spatial locations. For instance, if the point intercept data are easier and/or cheaper to collect than the

heavy metal data, sampling additional locations to collect only plant cover data could be beneficial.

These additional data would be able to inform inferences about the relationship between cover

and pollution concentration even if heavy metal concentrations are not measured at that location.

Another aspect of the sampling design that could be considered is the grid configuration for the point

intercept data. One recommendation for point intercept data is to space grid points far apart from one

another so that they are approximately independent (Drezner and Drezner, 2021). However, having

observations close to one another can improve learning about the spatial covariance parameters

associated with Gaussian process models (Zhu and Stein, 2006; Zimmerman, 2006). Changing the

sampling design to collect point intercept data at points closer together and over an irregular grid

may improve inferences for plant cover when using the model I developed in Chapter 3.
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Future work could evaluate different sampling designs based on a joint model for the heavy

metals and plant cover. Designing ecological monitoring programs based on preliminary spatio-

temporal data can help improve inferences (e.g., Wikle and Royle, 2005; Hooten et al., 2009).

Previous studies have often focused on Gaussian process models and there has been less research on

sampling designs for mechanistic models. However, Williams et al. (2018) and Leach et al. (2022)

illustrate how an adaptive optimal design framework can be used to select a sampling protocol

assuming a mechanistic model based on ecological diffusion will be used to analyze the data. For

the heavy metal study, the atmospheric dispersion model could be used to better inform the sampling

design compared to assuming a phenomenological model.

A challenge with implementing a joint model for these data would be the increased computational

costs. In particular, solving the atmospheric dispersion PDE at each iteration of the MCMC

algorithm is computationally expensive. In Chapter 2 I used the finite difference method to solve

the PDE, but other approaches could be used as well. For instance, the finite element method

may improve the computation times for fitting this model. Another strategy for implementing

mechanistic models is to use an emulator (or surrogate) model (e.g., Liu and West, 2009). This

approach fits a statistical model, such as a Gaussian process, to inputs (parameters) and outputs

(solutions) to a PDE model. The statistical model can then be used to approximate the mechanistic

model given parameter values of interest. Exploring these alternative computational strategies could

be beneficial for implementing a joint model for the heavy metal pollutants and plant cover.

5.2.2 Bayesian computation for Gaussian process models

Chapter 4 showed how surrogate data slice sampling (Murray and Adams, 2010) could be

used when implementing Gaussian process models. In particular, I developed a modification of

this MCMC algorithm that was compatible with nearest neighbor Gaussian processes. Additional

considerations that I did not thoroughly explore include how to optimally select the number of

locations to introduce surrogate data for and how to tune the surrogate data variance. Future research
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could explore different strategies to provide more guidance on how to optimize the efficiency of this

algorithm for big spatial data.

I also used elliptical slice sampling to update the spatial terms in my continuous-space occupancy

model. One limitation of this MCMC algorithm is that it can be slow to mix when the posterior

distribution is very different from the prior distribution (Nishihara et al., 2014; Fagan et al., 2016).

To avoid this limitation, Nishihara et al. (2014) and Fagan et al. (2016) developed a generalized

version of elliptical slice sampling that can improve MCMC mixing. However, this approach can be

difficult to tune and its performance is sensitive to the tuning parameters. It also can increase the

computing time of each iteration. An alternative strategy to modify elliptical slice sampling is to

add an additional level to the parameter expanded model that allows the ellipse center to vary at

each iteration. This modified model is

α ∼ Uniform(0, 2π), (5.1)

ν0 ∼ N(µ, aΣ), (5.2)

ν1 ∼ N(ν0, (1− a)Σ), (5.3)

ν2 ∼ N(ν0, (1− a)Σ), (5.4)

θ = (ν1 − ν0)sin(α) + (ν2 − ν0)cos(α) + ν0, (5.5)

y | θ ∼ [y | θ], (5.6)

where a ∈ (0, 1) is a tuning parameter. The marginal prior distribution for θ is still N(µ,Σ) and

there are no restrictions on the form of the data model [y | θ]. Note that if a = 0, then this model is

equivalent to the model defined by (1.22) – (1.26) and therefore it is a generalization of standard

elliptical slice sampling. However, now θ lies on an ellipse centered at the parameter ν0 instead of

the prior mean µ. Compared to the standard algorithm, implementing this approach only requires

one additional step that updates the ellipse center ν0 from the distribution [ν0 | α,θ,y].

This modification to elliptical slice sampling could be beneficial for two reasons. First, the

ellipses that define the slices used to update the parameter θ can be smaller and thus include
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relatively larger segments in regions of high posterior density (Figure 5.1 shows a toy example).

This means that fewer evaluations of the likelihood would be needed in the shrinkage algorithm that

is typically used to implement slice sampling (Neal, 2003). Second, variability in the ellipse centers

results in more variability in the slices which could improve MCMC mixing. Future research is

needed to explore if and when this approach is beneficial in practice. Additionally, guidance on how

to tune the parameter a for different models would be useful as well. Other variations of elliptical

slice sampling that build upon this idea could also be possible.

5.2.3 Modeling correlation among different species

Multispecies models are increasingly of interest in ecology (e.g., Ovaskainen et al., 2016;

Ovaskainen and Abrego, 2020). In Chapter 3, I used a latent factor approach to account for

correlations among species when modeling plant cover data. This approach is commonly used

to model multispecies data because it can be computationally efficient when fitting models to a
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Figure 5.1: Hypothetical example of standard elliptical slice sampling (a) and a recentered variation (b) for

updating a two-dimensional parameter θ. Gray points show a random sample from the prior distribution and

the blue points show a random sample from the target posterior distribution. For standard elliptical slice

sampling (a), the ellipses used to update parameters are always centered at the prior mean. This algorithm

can be modified to allow the ellipse centers to also vary (b).
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large number of species (Ovaskainen et al., 2016; Ovaskainen and Abrego, 2020). However, there

are limitations to this approach and room for improving the statistical models used to analyze

community data in spatial ecology.

One limitation of latent factor models for modeling ecological communities is that they can be

unable to account for many negative correlations among species. For instance, consider using two

latent factors to model correlations among four species. One way to interpret the factor loadings is

to plot them as vectors in the two-dimensional space corresponding to the latent factors. Species

that have factor loadings pointing in opposite directions are negatively correlated, while species

with factor loadings in similar directions are positively correlated (Figure 5.2). Specifically, the

covariance for a pair of species is the dot product of the corresponding factor loadings. While

every pair of these four species could be strongly negatively correlated (corresponding to a valid

covariance matrix), this is not possible with only two latent factors (e.g., Figure 5.2). Consequently,

this approach may not be suitable for modeling communities where many of the species are
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Figure 5.2: Example of latent factor model for four species and two latent factors. The factor loadings

(a) have a geometric interpretation that can help explain the corresponding covariance among species (b).

Species that have vectors pointing in similar directions are positively correlated while species with vectors

pointing in opposite directions are negatively correlated. In lower dimensions, it can be difficult to include

many negative correlations among species.
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competitors of one another. There may be empirical examples of this limitation as well — Tobler

et al. (2019) analyzed bird communities using a latent factor model and noted that some groups of

species were estimated to be positively correlated even though they were competitors and should be

excluding each other. Additionally, in Chapter 3 I found evidence of strong negative correlations

among species and my model required a large number of latent factors to adequately account for

the community structure. These examples suggest that other statistical methods may be needed for

modeling some ecological communities.

Mechanistically motivated models may provide an alternative approach for modeling the depen-

dence among species. For instance, Tang et al. (2023) developed a mechanistic model for a fish

community that included dependence among species based on knowledge of the food web in that

study system. Other mechanistic models could be developed for describing ecological communities

more generally. Competitive exclusion, that should result in many negative correlations among

species, can be explained by limited resources that prevent multiple species from occurring at the

same location. Including this idea in a statistical model would provide a new way to mechanistically

model the dependence among species. Space itself may be a shared resource and limit the number of

different species that can co-occur. Accounting for this may be useful for modeling the dependence

among plant species (e.g., Chapter 3) at small spatial scales if many negative correlations among

species are expected.

Another consideration for modeling ecological communities is that dependence among species

may occur at multiple spatial scales. The model in Chapter 3 assumed that the latent factors were

correlated at a single spatial scale. Consequently, the dependence among species was only modeled

at this scale. This may be unrealistic for some applications. For instance, the occurrence of two

species may be positively correlated at large spatial scales (e.g., species co-occur regionally) but

negatively correlated at small spatial scales (e.g., they compete locally). Additionally, the model

I developed for plant cover allows the correlation among species to vary with predictor variables

but there could be additional variability across space. New statistical methods that can account for
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and model these complex spatial structures in species-to-species associations are needed for better

understanding ecological communities.
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Appendix A

Supplemental Information for Chapter 2

A.1 Prior and posterior distributions

We assumed the following prior distributions:

µβ0 ∼ Normal(5, 52),

µβ1 ∼ Normal(0, 32),

µγ ∼ Normal(0, 52),

µθ1 ∼ Normal(0, 32),

µθ2 ∼ Normal(0, 52),

σ2
β0

∼ Inverse Gamma(2, 1),

σ2
β1

∼ Inverse Gamma(2, 1),

σ2
γ ∼ Inverse Gamma(2, 1),

σ2
θ1
∼ Inverse Gamma(2, 1),

σ2
θ2
∼ Inverse Gamma(2, 1),

θ0j ∼ Normal(5, 52),

log(αj) ∼ Normal(4, 32),

σ2
j ∼ Inverse Gamma(2, 1).
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The resulting posterior distribution is

[α,β0,β1,θ0,θ1,θ2,γ,σ
2, µβ0 , µβ1 , µγ, µθ1 , µθ2 , σβ0 , σβ1 , σγ, σθ1 , σθ2 | y] ∝

3
∏

j=1

n
∏

i=1

[yij | αj, β0j, β1j, γj, θ0j, θ1j, θ2j, σ
2
j ]×

3
∏

j=1

[β0j | µβ0 , σ
2
β0
][β1j | µβ1 , σ

2
β1
]×

3
∏

j=1

[θ1j | µθ1 , σ
2
θ1
][θ2j | µθ2 , σ

2
θ2
]×

3
∏

j=1

[log(γj) | µγ, σ
2
γ][log(αj)][θ0j][σ

2
j ]×

[µβ0 ][σβ0 ][µβ1 ][σβ1 ][µθ1 ][σθ1 ][µθ2 ][σθ2 ][µγ][σγ].

A.2 Computational details

First, consider the partial differential equation with only Fickian diffusion:

∂λ(s, t)

∂t
= ∇ · (δ(s)∇λ(s, t)) ,

where δ(s) is the spatially varying diffusion coefficent, ∇· denotes the divergence operator, and

∇ denotes the gradient operator. In this case we are considering two spatial dimensions so that

s ≡ (s1, s2)
′.
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Observe that this PDE can be rewritten as

∂λ(s, t)

∂t
= ∇ · (δ(s)∇λ(s, t))

= ∇ ·






δ(s)







∂λ(s,t)
∂s1

∂λ(s,t)
∂s2













=
∂

∂s1

(

δ(s)
∂λ(s, t)

∂s1

)

+
∂

∂s2

(

δ(s)
∂λ(s, t)

∂s2

)

= δ(s)

((

∂2

∂s21
+

∂2

∂s22

)

λ(s, t)

)

+

(

∂δ(s)

∂s1

)(

∂λ(s, t)

∂s1

)

+

(

∂δ(s)

∂s2

)(

∂λ(s, t)

∂s2

)

.

Then use the forward difference operator to approximate all derivatives with respect to time (left-

hand side) and the centered difference operators to approximate the derivatives with respect to space

(right-hand side). This results in the following approximations:

∂λ(s, t)

∂t
≈
λ(s, t+∆t)− λ(s, t)

∆t
,

∂2λ(s, t)

∂s21
≈
λ(s1 +∆s1, s2, t)− 2λ(s, t) + λ(s1 −∆s1, s2, t)

(∆s1)2
,

∂2λ(s, t)

∂s22
≈
λ(s1, s2 +∆s2, t)− 2λ(s, t) + λ(s1, s2 −∆s2, t)

(∆s2)2
,

∂λ(s, t)

∂s1
≈
λ(s1 +∆s1, s2, t)− λ(s1 −∆s1, s2, t)

2∆s1
,

∂λ(s, t)

∂s2
≈
λ(s1, s2 +∆s2, t)− λ(s1, s2 −∆s2, t)

2∆s2
,

∂δ(s)

∂s1
≈
δ(s1 +∆s1, s2)− δ(s1 −∆s1, s2)

2∆s1
,

∂δ(s)

∂s2
≈
δ(s1, s2 +∆s2)− δ(s1, s2 −∆s2)

2∆s2
.
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It then follows that we can approximate the PDE of interest as

λ(s, t+∆t)− λ(s, t)

∆t
= δ(s)

(

λ(s1 +∆s1, s2, t)− 2λ(s, t) + λ(s1 −∆s1, s2, t)

(∆s1)2

)

+

δ(s)

(

λ(s1, s2 +∆s2, t)− 2λ(s, t) + λ(s1, s2 −∆s2, t)

(∆s2)2

)

+

(

δ(s1 +∆s1, s2)− δ(s1 −∆s1, s2)

2∆s1

)(

λ(s1 +∆s1, s2, t)− λ(s1 −∆s1, s2, t)

2∆s1

)

+

(

δ(s1, s2 +∆s2)− δ(s1, s2 −∆s2)

2∆s2

)(

λ(s1, s2 +∆s2, t)− λ(s1, s2 −∆s2, t)

2∆s2

)

.

Finally, solving for λ(s, t+∆t) and grouping the remaining λ terms results in using

λ(s, t+∆t) =

(

1− 2δ(s)∆t

(

1

(∆s1)2
+

1

(∆s2)2

))

λ(s, t)+

(

∆t

(∆s1)2

(

δ(s) +
δ(s1 +∆s1, s2)− δ(s1 −∆s1, s2)

4

))

λ(s1 +∆s1, s2, t)+

(

∆t

(∆s1)2

(

δ(s)−
δ(s1 +∆s1, s2)− δ(s1 −∆s1, s2)

4

))

λ(s1 −∆s1, s2, t)+

(

∆t

(∆s2)2

(

δ(s) +
δ(s1, s2 +∆s2)− δ(s1, s2 −∆s2)

4

))

λ(s1, s2 +∆s2, t)+

(

∆t

(∆s2)2

(

δ(s)−
δ(s1, s2 +∆s2)− δ(s1, s2 −∆s2)

4

))

λ(s1, s2 −∆s2, t)

to solve the Fickian diffusion PDE. As described in the main text, by letting λ(t) denote a vector of

dimension N that contains λ(s, t) values at time t for the spatial locations used to approximate the

PDE. A solution to the PDE for times t = 1, . . . , T can then be found as λ(t+ 1) = Hλ(t) where

H is a “propagator" matrix which is defined using finite difference approximation described above.

Note that H is sparse and utilizing sparse matrix operations make solving this PDE more efficient.

To incorporate advection into this PDE, we used “upwind” difference operators to approximate

the spatial derivatives because they are more numerically stable than the centered difference operator

in this case. For advection component

γu(t)
∂λ(s, t)

∂s1
+ γv(t)

∂λ(s, t)

∂s2
,
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we approximated ∂λ(s, t)/∂s1 using the backward difference operator if u(t) > 0 and the forward

difference operator if u(t) < 0. Similarly, the backwards or forwards difference operator was used

to approximate ∂λ(s, t)/∂s2 depending on whether v(t) was greater than zero or not. For instance,

if u(t), v(t) > 0 and we only consider the advection component, the PDE is approximated by

λ(s, t+∆t) =

(

1− γu(t)
∆t

∆s1
− γv(t)

∆t

∆s2

)

λ(s, t)+

(

γu(t)
∆t

∆s1

)

λ(s1 −∆s1, s2, t)+

(

γv(t)
∆t

∆s2

)

λ(s1, s2 −∆s2, t).

This approximation can be used to modify the propagator matrix, which now varies with time

because it includes u(t) and v(t). The specification of propagator matrix H(t) that was used to

solve the PDE when fitting our model is completed after including the deposition component as

well.
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Appendix B

Supplemental Information for Chapter 3

B.1 MCMC details

We derive the full-conditional distributions needed in the MCMC algorithm. These results are

for the hierarchical formulation of the multi-species model.

B.1.1 Updating the latent process

For plot i and species j, the vector of binary observations yij is related to the latent process ỹij

which needs to be updated at each iteration of the MCMC algorithm. Our model assumes

ỹij ∼ N(µij1D +Λiθj, σ
2
j2R̃j2),

and that

yijd = 1(ỹijd ≥ 0),

for grid points d = 1, . . . , D. It follows that the full-conditional distribution of ỹij is a truncated

multivariate normal distribution where the truncation bounds are defined by yijd so that ỹijd ∈

(−∞, 0] if yijd = 0 and ỹijd ∈ (0,∞) if yijd = 1. We used a Gibbs sampler to update each

component of ỹij as follows. Let H ≡ σ−2
j2 R̃

−1
j2 , where we have suppressed the species subscript j

and denote partitions of this matrix using subscripts (e.g., Hdd or Hd,−d). Conditional on all other

values of the latent process, denoted ỹij,−d, the mean of ỹijd is

µijd|−d = µij +Λidθj − (Hdd)
−1Hd,−d(ỹij,−d − µij1D−1 −Λi,−dθj)
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and the variance is (Hdd)
−1. These results follow from basic properties of the multivariate normal

distribution. Then the full-conditional distribution for each ỹijd is

ỹijd | · ∼ TN
(

µijd|−d, (Hdd)
−1, aijd, bijd

)

,

where TN(µ, σ2, a, b) denotes a normal distribution with mean µ and variance σ2 that has been

truncated to the interval (a, b). The truncation boundaries (aijd, bijd) are defined by yijd so that

ỹijd ∈ (−∞, 0] if yijd = 0 and ỹijd ∈ (0,∞) if yijd = 1.

B.1.2 Updating the plot means

We consider the full-conditional distribution of the vector of plot means µ for species j where

we have suppressed the species subscript in this section for clarity. Note that this update is performed

for each species. Let ỹ∗ denote a vector of the latent process ỹi across all plots i = 1, . . . , n after

subtracting the effects of the latent factors. That is,

ỹ∗ ≡













ỹ1 −Λ1θ

...

ỹn −Λnθ













.

Then our model results in

ỹ∗ ∼ N(Zµ, In ⊗ σ2
2R̃2),

µ ∼ N(X̃β, σ2
1R̃1),
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where Z is a nD × n matrix of zeroes and ones that selects the appropriate element of µ for each

element of ỹ∗. Specifically, we can define Z to be

Z =

























1D 0D 0D · · · 0D

0D 1D 0D · · · 0D

...
. . .

...

0D · · · 0D 1D 0D

0D · · · 0D 0D 1D

























,

where 1D and 0D denote D-dimensional vectors of ones and zeroes, respectively. Then the full-

conditional distribution for µ is

p(µ | ·) ∝ p(ỹ∗ | µ, σ2
2R̃2)p(µ)

∝ exp

{

−
1

2
(ỹ∗ − Zµ)′

(

In ⊗ σ2
2R̃2

)−1

(ỹ∗ − Zµ)

}

×

exp

{

−
1

2

(

µ− X̃β
)′

(σ2
1R̃1)

−1
(

µ− X̃β
)

}

∝ exp

{

−
1

2

[

µ′Z′
(

In ⊗ σ2
2R̃2

)−1

Zµ− 2µ′Z′
(

In ⊗ σ2
2R̃2

)−1

ỹ∗

]}

×

exp

{

−
1

2

[

µ′(σ2
1R̃1)

−1µ− 2µ′(σ2
1R̃1)

−1X̃β
]

}

∝ exp

{

−
1

2

[

µ′

(

(σ2
1R̃1)

−1 + Z′
(

In ⊗ σ2
2R̃2

)−1

Z

)

µ

]}

×

exp

{

µ′

(

(σ2
1R̃1)

−1X̃β + Z′
(

In ⊗ σ2
2R̃2

)−1

ỹ∗

)}

,

which is the kernel of a multivariate normal distribution with mean A−1b and covariance A−1

where

A = (σ2
1R̃1)

−1 + Z′
(

In ⊗ σ2
2R̃2

)−1

Z,

b = (σ2
1R̃1)

−1X̃β + Z′
(

In ⊗ R̃2

)−1

ỹ∗.
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Calculating the required mean and variance to update µ can be simplified. First, note that

Z = In ⊗ 1D. Then we can see that

Z′(In ⊗ σ2
2R̃2)

−1Z = Z′
(

In ⊗ σ−2
2 R̃−1

2

)

Z

= (In ⊗ 1′
D)
(

In ⊗ σ−2
2 R̃−1

2

)

(In ⊗ 1D)

= In ⊗ σ−2
2 1′

DR̃
−1
2 1D,

which is a diagonal matrix with each element equal to the (scalar) σ−2
2 1′

DR̃
−1
2 1D. This result

simplifies the calculation of A above. The calculation of b can also be simplified as

Z′
(

In ⊗ R̃2

)−1

ỹ∗ =
(

In ⊗ σ−2
2 1′

DR̃
−1
2

)

ỹ∗

=













σ−2
2 1′

DR̃
−1
2 (ỹ1 −Λ1θ)

...

σ−2
2 1′

DR̃
−1
2 (ỹn −Λnθ)













.

We can further simplify b if we rearrange the terms of ỹ∗ into a n × D matrix Ỹ∗ such that

ỹ∗ = vec
(

Ỹ∗′
)

(so that row i of Ỹ∗ is equal to the row-vector ỹ′
i − θ′Λ′

i). Then it follows from

above that

(

In ⊗ σ−2
2 1′

DR̃
−1
2

)

ỹ∗ =
(

In ⊗ σ−2
2 1′

DR̃
−1
2

)

vec
(

Ỹ∗′
)

= vec
(

σ−2
2 1′

DR̃
−1
2 Ỹ∗′

)

= Ỹ∗σ−2
2 R̃−1

2 1D,

using the properties of the vectorization operator and Kronecker product. Rewriting the mean and

variance in this way shows that we only need to invert the D ×D matrix R̃2 once each iteration.
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B.1.3 Updating the plot means and factor loadings

The plot means µ and factor loadings θp for species j can be updated simultaneously. Note

that we have suppressed the species subscript in this section for clarity. Let ỹ∗ denote the vector of

the latent process ỹi across all plots i = 1, . . . , n. That is, ỹ∗ = (ỹ′
1 ỹ

′
2 . . . ỹ

′
n)

′. Additionally, let

θ∗ ≡ (θ′
1 . . .θ

′
P2
)′ and

Λ∗ ≡













z1,1Λ1 · · · z1,P2
Λ1

...
...

zn,1Λn · · · zn,P2
Λn













,

where zi,p is predictor variable p at plot i. Then our model assumes that

ỹ∗ ∼ N(Hµ+Λ∗θ∗, In ⊗ σ2
2R̃2),

µ ∼ N(X̃β, σ2
1R̃1),

θ∗ ∼ N(0, IMP2
),

where H is a nD × n matrix of zeroes and ones that selects the appropriate element of µ for each

element of ỹ∗. Specifically, we can define H to be

H = In ⊗ 1D =

























1D 0D 0D · · · 0D

0D 1D 0D · · · 0D

...
. . .

...

0D · · · 0D 1D 0D

0D · · · 0D 0D 1D

























,
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where 1D and 0D denote D-dimensional vectors of ones and zeroes, respectively. The likelihood

for ỹ∗ can be rewritten as

ỹ∗ ∼ N






H∗







µ

θ∗






, In ⊗ σ2

2R̃2






,

where H∗ = [H Λ∗]. Similarly, the joint prior distribution for µ and θ∗ is







µ

θ∗






∼ N













X̃β

0






,







σ2
1R̃1 0

0 IMP2













d
= N(νµ,θ,Σµ,θ).

Standard calculations show that the full-conditional distribution is







µ

θ∗






| · ∼ N(A−1b,A−1),

where A = H∗−1
(

In ⊗ σ−2
2 R̃−1

2

)

H∗ +Σ−1
µ,θ and b = H∗−1

(

In ⊗ σ−2
2 R̃−1

2

)

ỹ∗ +Σ−1
µ,θνµ,θ.

B.1.4 Updating the regression coefficients and hyperparameters

For each species j, we assumed that

βj ∼ N(µβ,Σβ),

µj ∼ N(Xβj, σ
2
j1R̃j1).

Standard posterior calculations show that we can update the regression coefficients for each species

using the conditionally conjugate update

βj ∼ N(A−1b,A−1),
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where

A = X′σ−2
j1 R̃

−1
j1 X+Σ−1

β ,

b = X′σ−2
j1 R̃

−1
j1 µj +Σ−1

β µβ.

Next, we consider updating the hyperparameters associated with these regression coefficients,

µβ and Σβ . For p = 1, . . . , P , we assigned exchangeable prior distributions as

µβ,p
iid
∼ N(0, τ 2β),

σ2
β,p

iid
∼ IG(a, b),

where Σβ ≡ Diag(σ2
β,1, . . . , σ

2
β,P ). These hyperparameters can then be updated using standard

conditionally conjugate updates.

B.1.5 Updating the latent factors

The matrix of latent factors for plot i, denoted Λi, has a conditionally conjugate update within

our MCMC algorithm. Note that Λi is a D ×M matrix and that

vec(Λi) ∼ N(0, Im ⊗ Σ̃λ),

where Σ̃λ is a block diagonal matrix with blocks ψmΣλm for m = 1, . . . ,M . Each Σm is defined by

the spatial covariance function Kρλm
using the grid point distances v1, . . . ,vD. The ψm are working

parameters that are assigned prior distributions ψm ∼ InverseGamma(aψ, bψ). This parameter

expansion induces the t prior distributions for each θjpm. Let ỹ∗
i denote the vector of latent variables
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at plot i for all species after they have been centered by their corresponding means. That is,

ỹ∗
i =



















ỹi1 − µi11D

ỹi2 − µi21D
...

ỹiJ − µiJ1D



















,

which is distributed

ỹ∗
i ∼ N(vec(ΛiΘ),R∗),

where R∗ is a block diagonal matrix created using the elements R̃j2 for j = 1, . . . , J . Note that we

can rewrite the mean of ỹ∗
i as

vec(ΛiΘ) = (Θ′ ⊗ ID)vec(Λi)

using known properties of the Kronecker product. Then vec(Λi) can be updated using the full-

conditional distribution

p(Λi | ·) ∝ exp

{

−
1

2
(ỹ∗

i − (Θ′ ⊗ ID)vec(Λi))
′
R∗−1 (ỹ∗

i − (Θ′ ⊗ ID)vec(Λi))

}

×

exp

{

−
1

2
vec(Λi)

′Σ̃
−1

λ vec(Λi)

}

∝ exp

{

−
1

2
vec(Λi)

′
(

(Θ′ ⊗ ID)
′R∗−1(Θ′ ⊗ ID) + Σ̃

−1

λ

)

vec(Λi)

}

×

exp
{

vec(Λi)
′(Θ′ ⊗ ID)

′R∗−1
ỹ∗
i

}

∝ exp

{

−
1

2

(

vec(Λi)−A−1b
)′
A
(

vec(Λi)−A−1b
)

}

,

where

A = (Θ′ ⊗ ID)
′R∗−1(Θ′ ⊗ ID) + Σ̃

−1

λ ,

b = (Θ′ ⊗ ID)
′R∗−1

ỹ∗
i .
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This results in

Λi | · ∼ N(A−1b,A−1),

for A and b defined above.

The matrix calculations required for this update can be simplified using the following results.

First, note that

Θ′ ⊗ ID =



















θ′
1

θ′
2

...

θ′
J



















⊗ ID =



















θ′
1 ⊗ ID

θ′
2 ⊗ ID

...

θ′
J ⊗ ID



















,

and that

(Θ′ ⊗ ID)
′ =

(

θ1 ⊗ ID θ2 ⊗ ID · · · θJ ⊗ ID

)

.

Then we can rewrite the first part of A as

(Θ′ ⊗ ID)
′R∗−1(Θ′ ⊗ ID) =

(

(θ1 ⊗ ID)σ
−2
12 R̃

−1
12 · · · (θJ ⊗ ID)σ

−2
J2 R̃

−1
J2

)

(Θ′ ⊗ ID)

= (θ1 ⊗ ID)σ
−2
12 R̃

−1
12 (θ

′
1 ⊗ ID) + . . .+

(θJ ⊗ ID)σ
−2
J2 R̃

−1
J2 (θ

′
J ⊗ ID)

= θ1θ
′
1 ⊗ σ−2

12 R̃
−1
12 + . . .+ θJθ

′
J ⊗ σ−2

J2 R̃
−1
J2 ,

where the last line follows from

(θj ⊗ ID)σ
−2
j2 R̃

−1
j2 (θ

′
j ⊗ ID) = (θj ⊗ ID)(1⊗ σ−2

j2 R̃
−1
j2 )(θ

′
j ⊗ ID)

= (θj ⊗ σ−2
j2 R̃

−1
j2 )(θ

′
j ⊗ ID)

= θjθ
′
j ⊗ σ−2

j2 R̃
−1
j2
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for all j. Using this result, A is equivalent to

A = θ1θ
′
1 ⊗ σ−2

12 R̃
−1
12 + . . .+ θJθ

′
J ⊗ σ−2

J2 R̃
−1
J2 + Σ̃

−1

λ .

Similarly, we can rewrite b as

b = (Θ′ ⊗ ID)
′R∗−1

ỹ∗
i =

(

(θ1 ⊗ ID)σ
−2
12 R̃

−1
12 · · · (θJ ⊗ ID)σ

−2
J2 R̃

−1
J2

)

ỹ∗
i

= (θ1 ⊗ ID)σ
−2
12 R̃

−1
12 (ỹi1 − µi11D) + . . .+

(θJ ⊗ ID)σ
−2
J2 R̃

−1
J2 (ỹiJ − µiJ1D)

= θ1 ⊗ σ−2
12 R̃

−1
12 (ỹi1 − µi11D) + . . .+ θJ ⊗ σ−2

J2 R̃
−1
J2 (ỹiJ − µiJ1D).

This shows how both A and b can be computed from the sum of J smaller matrices. This

is computationally more efficient than performing the larger matrix operations in the original

formulations above.

The working parameters ψm are each updated using conditionally conjugate steps. Standard

calculations show that the full-conditional distribution is

ψm | · ∼ InverseGamma

(

aψ + nD/2, bψ + 0.5
n
∑

i=1

λ′
imΣ

−1
λm

λim

)

.

Note that in this parameter expanded version of the model, the species coefficients θj and factor

loadings λim are not identifiable. Inferences for the interspecies correlation structure are of interest

and are defined by the species coefficients. Thus, during post processing, the posterior draws of

the factor loadings are transformed so that θ̃jpm = ψ
1

2

mθjpm and then the additional orthogonality

constraints are imposed. The transformed loadings θ̃jpm are identifiable and can be used for

inference and to assess MCMC convergence.
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B.2 Discrete support for spatial range parameters

We used a simulated data example to demonstrate how discretizing the support for the spatial

range parameters can improve the computational efficiency of our model. Data were generated

from our multispecies model. To reduce the computation time, we did not include the latent factor

structure. That is, we assumed θj = 0 for all j when generating data and fitting models. We

modeled the regression coefficients, βj and the spatial scale parameters, ρ1j and ρ2j , hierarchically

across species. For the regression coefficients, we assumed

βpj
iid
∼ Normal(µβp , σ

2
βp)

for coefficients p = 1, . . . , P . For each spatial range parameter, we created a grid of evenly spaced

values defined by ρgrid[k] for index k = 0, . . . , K. We have excluded the subscript for the different

range parameters for clarity. As described in the main text, we let

Pr(ρj = ρgrid,k) =















(

K
k

)B(α1+k,α2+K−k)
B(α1,α2)

, k = 0, . . . , K,

0, otherwise,

and

νρ ∼ Uniform(0, 1),

ϕρ ∼ Gamma(γ1, γ2),

where νρ = α1/(α1 + α2) and ϕρ = α1 + α2. Different grids and hyperparameters (γ1, γ2) can be

chosen for both spatial scales as needed for the specific study design.

We simulated data for J = 20 species, N = 100 plots, and D = 100 grid points per plot. We

assumed a single predictor variable xi was available for each plot and generated this predictor

variable from a Uniform(-1, 1) distribution. For each species, values for the regression coefficients

were independently generated from Normal distributions (as described above) with means 0 and -1,
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variances 0.52 and 0.252, for the intercept and slope parameters, respectively. The data-generating

values for the spatial range parameters were random draws from log-Normal distributions. We fit

one model which assumed a discrete support for the range parameters (as described above) and we

fit a second model which assumed a continuous support for the range parameters (data-generating

model).

We first assessed the inferences from the model which assumed a discrete support. Even

though the population-level model was different from that used to generate the data, this approach

recovered the population-level distribution for each range parameter (Figure B.1). Similarly, the

discrete-support model was able to recover the data-generating values for both range parameters

(Figure B.2). While the population-level models differ, inferences from the continuous-support and

discrete-support models are also similar to one another (Figure B.2). This example shows how the

beta-binomial distribution is flexible enough to allow the discrete-support model to approximate

other hierarchical models for continuous parameters.

We also compared the computational efficiency of the two models by examining the effective

sample sizes per computation time. This quantity is related to the autocorrelation of the MCMC
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Figure B.1: Posterior distributions for the population-level probability mass functions of ρ1 (a) and ρ2 (b).

Black points show the posterior means and lines show the 95% CIs for probabilities at each value in the

assumed discrete support. The blue lines indicate the data-generating densities for each parameter.
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Figure B.2: Posterior distributions for the range parameters ρ1 (a) and ρ2 (b) for the continuous-support

model (orange) and discrete-support model (purple). Black points show the posterior means, wide lines show

the 50% CIs, and thin lines show the 95% CIs. Data-generating values are shown by the yellow stars.

chain and quantifies the efficiency of our algorithm. In general, the effective sample sizes were

greater for the small-scale range parameter. Across both range parameters and all species, the

discrete-support model had larger effective sample sizes than those of the continuous-support model

(Figure B.3). Specifically, the effective sample size per computation time was over five times greater

for some individual parameters. Because inferences are comparable and effective sample sizes

are greater, we used the discrete-support model for the spatial range parameters to implement our

model.

B.3 Model comparisons

B.3.1 Simulations

We used posterior predictive checks to assess the spatial latent factor component of our model.

These posterior predictive checks are based on the cross-covariance of model residuals. We consider

residuals conditional on the large-scale spatial variation to assess the model structure describing

interspecies dependence within a plot. First consider the single-species model defined by main text
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Figure B.3: From a simulated example, effective sample sizes per computation time for range parameters

based on fitting the continuous-support model (orange) and discrete-support model (purple).

equations (2, 3, 4). For plot i and species j, we defined the residual for grid point d as

rijd = yijd − E(yijd | µij), (B.1)

where E(yijd | µij) denotes the expected value of yijd conditional on its plot-level mean µij . For our

model, this conditional expectation is

E(yijd | µij) = Pr(yijd = 1 | µij) = Φ(−µij), (B.2)

where Φ(·) denotes the CDF of a standard normal random variable. In Bayesian analyses, the

residual in (B.1) has a posterior distribution and thus we calculate the residual for every posterior

draw obtained from our MCMC algorithm.

We use these residuals to construct a posterior predictive check based on the cross-covariance

for a pair of species. Binary residuals are typically binned when used in model assessments and here

we bin by distance between points to construct cross-covariograms. Each distance bin t = 1, . . . , T

is defined by lower bounds lt and upper bounds ut. The cross-covariance test quantity for two
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species j and j′ in bin t is

Qtjj′ = n−1n−1
t

n
∑

i=1

D
∑

d=1

D
∑

d′=1

1(∥vid − vid′∥ ∈ [lt, ut))rijdrij′d′ , (B.3)

where nt is the number of pairs of grid points within distance bin t and ∥vid − vid′∥ denotes the

Euclidean distance between grid points d and d′. Again the test quantity Qtjj′ is calculated using

the residuals from every posterior draw to approximate its posterior distribution. Additionally, we

calculated the same test quantity for replicated datasets, denoted Qrep

tjj′ , where the residuals are

calculated based on data generated under the model based on a particular draw from the posterior

distribution. Comparing Qtjj′ and Qrep

tjj′ allows us to assess whether the cross-covariances in the

residuals are reasonable under the posterior predictive distribution.

We used simulated datasets to demonstrate and evaluate this posterior predictive check. We

used the same predictor variables and sample sizes as in the real data example, but created data

for J = 5 species and M = 2 latent factors to reduce computation times for fitting models. Data

generating values for the model parameters were chosen to be similar to those in the real data. In

the first scenario, we fixed the covariances among species in the simulated datasets by assuming

Θ =







1 0.75 −1 0 0

0 0.75 −0.25 0 0






, (B.4)

which implies species 1 and 2 are positively correlated and both of these species are negatively

correlated with species 3. Data were generated such that species 4 and 5 were both uncorrelated

with all the other species. We fit a model that assumed independence among species (i.e., θj = 0

for all j) and assessed model fit using the posterior predictive check defined in (B.3). The graphical

assessment based on the cross-covariogram shows the direction of dependence and for which

distance bins the model may be inadequate (Figure B.4). We consider the test quantity at the

smallest distance bin (∥vid − vid′∥ = 0) to summarize simulation results more broadly. Across 100

simulated datasets, the posterior predictive probabilities that Qtjj′ > Qrep

tjj′ for distance bin at zero
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Figure B.4: For a single simulated dataset, graphical posterior predictive checks based on the cross-covariance

at different distance bins. Pairs of species were generated with positive covariance (a), negative covariance

(b), and no covariance (c). In each plot, the gray lines denote the test quantity from replicated datasets and

the blue lines indicated test quantities from the observed data. Different lines correspond to different draws

(100 random realizations) from the posterior distribution of the fitted model.
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Figure B.5: Across 100 simulated datasets, the posterior predictive probabilities that Qtjj′ > Q
rep

tjj′ at distance

bin zero for every species pair. Data were generated such that species 1 and 2 were positively correlated and

both of these species were negatively correlated with species 3. Species 4 and 5 were uncorrelated with all

other species.

was able to identify which pairs of species were inadequately described by the fitted model at a high

frequency (Figure B.5). Note that posterior predictive probabilities close to zero or one suggest the

observed data are inconsistent with the replicated datasets.

In the second scenario, we allowed the covariance among species to vary with pollution concen-

tration. Data were generated the same as in scenario 1, but now with θ12 = θ13 = [−2 0]′ where

these coefficients correspond to the B-spline basis matrix of the zinc concentrations, as described

in main text Section 5. For all other species, the additional coefficients were all zero. Under this

scenario, the covariance among species pairs 1/2 and 1/3 will vary with zinc concentration.

To modify the posterior predictive check to assess for changes in interspecies dependence, we

also bin residuals by zinc concentration. Using the quantiles of the observed zinc concentrations,

we considered plots with low, medium, or high zinc. Then the cross-covariance test quantity in

(B.3) can be calculated separately for plots within each zinc level. We again fit a model assuming

independence across species and used this posterior predictive check to assess model fit. Variability

in the cross-covariograms across the different zinc levels indicates that the covariance for that pair
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Figure B.6: For a single simulated dataset, graphical posterior predictive checks based on the cross-covariance

at different distance bins and zinc concentrations. Pairs of species were generated with changing covariance

(a, b) and constant covariance (c) as a function of zinc. In each plot, the gray lines denote the test quantity

from replicated datasets and the blue lines indicated test quantities from the observed data. Different lines

correspond to different draws (100 random realizations) from the posterior distribution of the fitted model

and facets show the different zinc levels.

of species changes (Figure B.6). To summarize the performance of this assessment across multiple

simulated datasets, we considered the posterior predictive probability that

(Qlow
tjj′ −Qhigh

tjj′ ) > (Qrep, low

tjj′ −Qrep, high

tjj′ ), (B.5)
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Figure B.7: Across 100 simulated datasets, the posterior predictive probabilities for whether the cross-

covariance varied with zinc at distance bin zero for every species pair. Data were generated such that the

covariance between species 1/2 and 1/3 changed by zinc level.

where the low and high superscripts on Q now denote plots with different zinc levels. Again this

assessment appears very sensitive to model misspecification (Figure B.7). In this case, however,

despite the covariance between species 2 and 3 being constant as a function of zinc, the assessment

still consistently identifies that pair of species as being inconsistent with the fitted model. Data were

generated such that the covariance between these species and species 1 changes. The changing

covariances with species 1 appears to affect the covariance among species 2 and 3 indirectly (see

also Figure B.6c).

B.3.2 CAKR data

We applied these posterior predictive assessments to models fit to the CAKR data. We first

considered a simple model that assumed independence among species (i.e., θjp = 0 for all j and p).

Then we included the latent factor structure described in the main text. We performed the posterior

predictive checks for both fitted models. For the model assuming independence, we found evidence

of residual correlation for many pairs of species (e.g., left column of Figure B.8). The assumed

latent factor structure was able to account for this dependence (Figure B.8). For some species pairs,
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Figure B.8: For the CAKR analysis, posterior predictive checks for three pairs of species (a different pair

for each row). Diagnostics for the model assuming independence among species (a, c, e) and for the model

including latent factors (b, d, f).

there is still evidence of a small amount of negative residual cross-covariance at very small distances

(e.g., see Figure B.8f).

For the model assuming independence, the posterior predictive checks also provided evidence

that the correlation among species could vary with pollution level (Figure B.9a). The latent factor

structure accounted for the varying cross-covariance among species (Figure B.9b).
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B.4 Additional CAKR results

There is also interest in inferences for community-level measures and how these are related

to pollutant concentrations. While our approach models cover for individual species, we can still

obtain community-level inferences from our model. For instance, inferences for overall lichen cover

can be obtained by aggregating across the individual lichen species. We used this strategy to obtain

posterior inferences on how expected lichen species richness, expected lichen cover, and expected

Sphagnum cover is related to zinc concentrations. These quantities are obtained numerically using a

posterior predictive approach. Specifically, we generate grid point data at plots with different zinc

concentrations and aggregate the predictions as necessary for the community-level inferences.

At the species-level, cover of the lichen and moss species decreased as zinc concentration

increased. This leads to declines in the community-level quantities as zinc increases as well (Figure
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Figure B.9: Posterior predictive checks for a model assuming independence among species (a) and for a

model including the latent factor structure (b). This shows an example for one pair of species and examines

the residual diagnostic across the different levels of zinc concentration.
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B.10). We also considered the posterior distributions for various thresholds that define what zinc

concentration results in the quantity of interest dropping to 95%, 75%, 50%, 25%, and 5% of its

maximum (Table B.1). These thresholds can be used to help identify pollution levels that are needed

to maintain healthy vegetation communities within CAKR.

0

3

6

9

3 4 5 6 7

log Zinc Concentration

L
ic

h
e

n
 S

p
e

c
ie

s
R

ic
h

n
e

s
s

(a)

0.0

0.2

0.4

0.6

3 4 5 6 7

log Zinc Concentration

L
ic

h
e
n
 C

o
ve

r

(b)

0.0

0.1

0.2

0.3

0.4

0.5

3 4 5 6 7

log Zinc Concentration

S
p
h
a
g
n
u
m

 
C

o
ve

r

(c)

Figure B.10: Posterior distributions of expected lichen species richness (a), expected lichen cover (b),

and expected Sphagnum cover (c) versus log zinc concentration. Gray lines show random samples from

the posterior distribution, solid black lines show the posterior mean, and the dashed black lines show the

pointwise 95% CIs. The observed data are indicated by the blue points.
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Table B.1: Posterior distributions of zinc thresholds for expected lichen species richness, expected lichen

cover, and expected Sphagnum cover. Each threshold is calculated as the zinc concentration that results in the

quantity of interest dropping to that percent of its maximum.

Lichen species richness

Threshold Post. mean 95% CI

95% 40.9 (27.2, 64.9)

75% 96.9 (67.3, 160.7)

50% 218.2 (166.7, 272.4)

25% 404.9 (328.7, 498.4)

5% 942.9 (727.0, 1021.3)

Lichen cover

Threshold Post. mean 95% CI

95% 33.8 (24.3, 55.8)

75% 64.7 (41.2, 94.6)

50% 126.0 (81.3, 186.7)

25% 251.6 (193.9, 329.0)

5% 633.1 (479.9, 911.9)

Sphagnum cover

Threshold Post. mean 95% CI

95% 53.2 (25.2, 98.2)

75% 111.2 (57.9, 148.8)

50% 147.6 (132.9, 148.8)

25% 174.1 (148.8, 316.8)

5% 559.5 (272.4, 1021.3)
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Appendix C

Supplemental Information for Chapter 4

C.1 Additional MCMC details

Our MCMC algorithm uses a Gibbs sampling approach and we detail the necessary full-

conditional distributions here. To update the detection-level parameters, we introduce latent

variables ỹij such that yij = 1(ỹij ≥ 0) (Albert and Chib, 1993). The full-conditional distributions

for these latent variables are

(ỹij | yij,α, γ, z̃) ∼















TN
(

µỹij , 1, 0,∞
)

, if yij = 1,

TN
(

µỹij , 1,−∞, 0
)

, if yij = 0,

(C.1)

where µỹij = w′
ijα+γD−1

i

∑

sd∈Ai
1(z̃(sd) ≥ 0) and TN(µ, σ2, a, b) denotes a normal distribution

with mean µ and variance σ2 that has been truncated to the interval (a, b).

The detection-level parameters (α, γ) can be updated jointly and their full-conditional dis-

tribution is conjugate given the latent variables ỹij and spatial effects z̃. We let y and ỹ denote

vectors of the observed detection data and corresponding latent variables, respectively. These

vectors must be restricted to only include observations from sites that are occupied (i.e., (i, j)

such that maxsd∈Ai
1(z̃(sd) ≥ 0)). This restriction is necessary because unoccupied sites provide

no information about the detection parameters (species cannot be detected there) and using these

nondetections would bias inferences for the detection coefficients. Then, conditional on z̃, we

define the design matrix W to have rows equal to (w′
ij, D

−1
i

∑

sd∈Ai
1(z̃(sd) ≥ 0)). The matrix W

is also restricted to only include rows corresponding to occupied sites. We assume that the joint

prior distribution for (α, γ) is N(µα,γ,Σα,γ). Standard calculations show that the full-conditional

distribution for (α, γ) is

(α, γ | ỹ, z̃) ∼ N(A−1b,A−1), (C.2)
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where A = W′W +Σ−1
α,γ and b = W′ỹ +Σ−1

α,γµα,γ .

We implement our MCMC algorithm by integrating β out of the model. Conditional on the

draws of z̃, we can sample β from its full-conditional distribution after the MCMC algorithm has

completed. We assume a normal prior distribution for β so that β ∼ N(µβ,Σβ). The resulting

full-conditional distribution is also conjugate and it can be shown to be

(β | z̃,θ) ∼ N(A−1b,A−1), (C.3)

where A = X′Σ−1
η X+Σ−1

β and b = X′Σ−1
η z̃+Σ−1

β µβ .

The auxiliary variables introduced for our surrogate data slice sampler preserve the joint

distribution of the partitioned spatial terms (z̃1, z̃2). Additionally, this construction defines the joint

distribution of (ν1,ν2,g, z̃1, z̃2) to be multivariate normal. The first step of our surrogate data slice

sampler updates the surrogate data g from [g | z̃1, z̃2,θ]. To determine this distribution, first note

that

Cov(g, z̃1) = Cov(g,Σ11(Σ11 +Σg)
−1g) = Σ11, (C.4)

and

Cov(g, z̃2) = Cov(g,Σ21Σ
−1
11 Σ11(Σ11 +Σg)

−1g) = Σ12. (C.5)

Using these covariances, the conditional distribution [g | z̃1, z̃2,θ] is normal with mean

E(g | z̃1, z̃2,θ) =

(

Σ11 Σ12

)







Σ11 Σ12

Σ21 Σ22







−1





z̃1

z̃2






(C.6)

=

(

I 0

)







Σ11 Σ12

Σ21 Σ22













Σ11 Σ12

Σ21 Σ22







−1





z̃1

z̃2






(C.7)

= z̃1, (C.8)
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and variance

Var(g | z̃1, z̃2,θ) = Σ11 +Σg −

(

Σ11 Σ12

)







Σ11 Σ12

Σ21 Σ22







−1





Σ11

Σ21






(C.9)

= Σ11 +Σg −

(

I 0

)







Σ11 Σ12

Σ21 Σ22













I

0






(C.10)

= Σg, (C.11)

using standard properties of the multivariate normal distribution. Thus we can update the surrogate

data directly using this conditional distribution.

C.2 Details of NNGP

We use a NNGP to model the spatial terms z̃ at the point locations after integrating β out of the

model. This results in the spatial terms being modeled as

z̃ ∼ N(µz̃, Σ̃z̃), (C.12)

where Σ̃z̃ is the NNGP approximation for the full covariance matrix Σz̃. Datta et al. (2016) show

that the corresponding precision matrix Σ̃
−1

z̃ is sparse by construction. Specifically,

Σ̃
−1

z̃ = (I−B)′F−1(I−B), (C.13)

where the rows of B are defined as

b′
d = K(sc(d), sc(d))

−1K(sc(d), sd), (C.14)
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and F is a diagonal matrix with elements

fd = K(sd, sd)−K(sd, sc(d))b
′
d. (C.15)

In (C.14) and (C.15) the functionK(·, ·) corresponds to the spatial covariance function that generates

Σz̃. This function depends on parameters θ as well as spatial predictor variables X and the prior

distribution for β. Additionally, note that in (C.14), the elements of bd corresponding to observations

that are not neighbors of location d are equal to zero (Datta et al., 2016; Datta, 2022).

Our MCMC algorithm requires finding z̃ by solving the system L−1z̃ = ν where L is defined

to be the square root matrix of Σ̃z̃ such that Σ̃z̃ = LL′. This step is conditional on values of the

covariance parameters θ and decorrelated spatial terms ν. Saha and Datta (2018) and Datta (2022)

developed an efficient algorithm for finding this solution and we describe that approach here. First,

we let ldd′ denote the elements of L−1. Then the correlated spatial terms z̃ can be found as

z̃1 = ν1/l11,

z̃2 = (ν2 − l21z̃1) l22,

...

z̃d =



νd −
∑

d′<d; ldd′ ̸=0

ldd′ z̃d′



 /ldd.

(C.16)

These calculations can be simplified by observing that

Σ̃
−1

z̃ = (I−B)′F−1(I−B) = (L′)−1L−1, (C.17)

implies that L−1 = F−1/2(I−B) = F−1/2 − F−1/2B. Because F is diagonal and B is sparse, the

elements of L−1 are equal to

ldd′ =















f
−1/2
d , d = d′,

−f
−1/2
d bdd′ , d ̸= d′,

(C.18)
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where bdd′ denotes the elements of B. Then the last line of (C.16) can be rewritten as

z̃d = νdf
1/2
d +

∑

d′<d; bdd′ ̸=0

bdd′ z̃d′ , (C.19)

and there is no need to explicitly construct L−1. We used this approach to efficiently solve for z̃ in

our MCMC algorithm. These same equations can also be used to find the decorrelated spatial terms

ν conditional on the spatial terms z̃.

C.3 Alternative occupancy models

We used a simulation study to compare our continuous-space occupancy model to other spatial

occupancy models. We provide additional details about these alternative approaches and their

implementation in what follows.

C.3.1 Areal occupancy model

The first alternative approach assumes that the species occupancy process is defined for the same

areal survey units where the detection/nondetection data are collected. This is a standard occupancy

model that includes spatial dependence among the areal survey units. We assume an approximate

ICAR structure for the spatial terms as described by Johnson et al. (2013) and Hooten and Hefley

(2019).

We model the indicator for species occurrence at site i as zi = 1(z̃i ≥ 0) where

z̃ ∼ N(Xβ + η, I), (C.20)

η ∼ N(0,Σ), (C.21)

for i = 1, . . . , n. The spatial terms η have covariance Σ that is assumed to have the form

Σ = σ2(diag(H1)− ρH)−1, (C.22)
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where H is an adjacency matrix, σ2 is a variance parameter, and ρ = 0.99 to approximate an ICAR

covariance. For our simulations on a regular grid, we used the queen definition to define neighbors

in the adjacency matrix. We model the detection/nondetection data for visits j = 1, . . . , Ji as

yij ∼















1(yij = 0), zi = 0,

Bernoulli(pij), zi = 1,

(C.23)

where Φ−1(pij) = w′
ijα. As described in the main text and Appendix C.1, we can introduce latent

variables ỹij to implement the detection component of this model.

We assume prior distributions

β ∼ N(µβ,Σβ), (C.24)

α ∼ N(µα,Σα), (C.25)

σ2 ∼ IG(a, b). (C.26)

The following Gibbs updates can then be used to implement this model (Johnson et al., 2013;

Hooten and Hefley, 2019):

1. Update β from

β | · ∼ N(A−1b,A−1), (C.27)

where A = X′X+Σ−1
β and b = X′(z̃− η) +Σ−1

β µβ .

2. Update each zi from

zi | · ∼ Bernoulli(ψ̃i), (C.28)

where

ψ̃i =
ψi
∏Ji

j=1(1− pij)

ψi
∏Ji

j=1(1− pij) + (1− ψi)
, (C.29)

and ψi = Φ−1(x′
iβ + ηi).

140



3. Update each z̃i from

z̃i | · ∼















TN(x′
iβ + ηi, 1,−∞, 0), zi = 0,

TN(x′
iβ + ηi, 1, 0,∞), zi = 1,

(C.30)

where TN denotes a truncated normal distribution.

4. Update η from

η | · ∼ N(A−1b,A−1), (C.31)

where A = I+Σ−1 and b = z̃−Xβ.

5. Update σ2 from

σ2 | · ∼ IG (a+ n/2, b+ η′(diag(H1)− ρH)η/2) , (C.32)

where IG(a, b) denotes an inverse-gamma distribution with shape a and scale b.

6. Update α from

α | · ∼ N(A−1b,A−1), (C.33)

where A = W′
2W2 +Σ−1

α and b = W′
2ỹ2 +Σ−1

α µα. Here ỹ2 and W2 are restricted to only

include indices i where zi = 1 for a given update.

7. Update each ỹij from

ỹij | · ∼















TN
(

w′
ijα, 1, 0,∞

)

, if yij = 1,

TN
(

w′
ijα, 1,−∞, 0

)

, if yij = 0.

(C.34)

C.3.2 Centroid occupancy model

The second alternative model we considered assumes that occupancy is modeled in continuous

space, but ignores the areal nature of the detection/nondetection data. That is, it treats the observed
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data as corresponding to the centroid of the areal survey unit to avoid accounting for the change

of spatial support. We also define this approach using a clipped Gaussian process to make it more

comparable to our continuous-space approach that includes a change of support.

For this approach, we consider species occurrence at spatial points si corresponding to the

centroids of sites i = 1, . . . , n. We model the indicator for species occurrence at these locations as

zi = 1(z̃i ≥ 0) where

z̃ ∼ N(Xβ,Σ). (C.35)

Here zi ≡ z(si) and z̃ ≡ (z̃(s1), . . . , z̃(sn))
′. As described in the main text, we assume a Gaussian

covariance function to define Σ so this covariance depends on a single range parameter ρ. The

detection model is then defined as that for standard occupancy models where

yij ∼















1(yij = 0), zi = 0,

Bernoulli(pij), zi = 1,

(C.36)

and Φ−1(pij) = w′
ijα. Note that this approach assumes that whenever the species is detected within

a site, it occurs exactly at point location si (site centroid). Consequently, even though the occupancy

process is modeled in continuous space, this model does not account for the change of spatial

support that is needed to use areal survey data.

For this model we assume prior distributions

β ∼ N(µβ,Σβ), (C.37)

α ∼ N(µα,Σα), (C.38)

ρ ∼ Lognormal(µρ, σ
2
ρ). (C.39)

The point occupancy model can be implemented using the following Gibbs sampling steps:
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1. Update each z̃i from

z̃i | · ∼















TN(µ̃i, σ̃
2
i , 0,∞), if

∑Ji
j=1 yij > 0,

ψ̃iTN(µ̃i, σ̃
2
i , 0,∞) + (1− ψ̃i)TN(µ̃i, σ̃

2
i ,−∞, 0), if

∑Ji
j=1 yij = 0,

(C.40)

where µ̃i and σ̃2
i are the conditional mean E(z̃i | z̃−i) and variance Var(z̃i | z̃−i), respectively.

These can be found using standard properties of the multivariate normal distribution. Using

Bayes’ Theorem, the conditional probability of occurrence ψ̃i is

ψ̃i =
ψi
∏Ji

j=1(1− pij)

(1− ψi) + ψi
∏Ji

j=1(1− pij)
, (C.41)

where ψi =
∫∞

0
N(x | µ̃i, σ̃

2
i )dx. Note that when the species is undetected, we update z̃i with

a random draw from a mixture of truncated normal distributions with mixture probability ψ̃i.

Also, this step effectively updates z̃i and zi simultaneously.

2. Update β from

β ∼ N(A−1b,A−1), (C.42)

where A = X′Σ−1X+Σβ and b = X′Σ−1z̃+Σ−1
β µβ .

3. Update α using step 6 of the MCMC algorithm for the areal occupancy model.

4. Update each ỹij using step 7 of the MCMC algorithm for the areal occupancy model.

5. Update ρ using a Metropolis-Hastings step.

To approximate the proportion of the study region occupied we considered posterior predictions

of z̃ over a grid of additional points. This grid consisted of the same points as that used to implement

our continuous-space occupancy model. We fit this model without approximating the spatial

covariance structure among the site centroids. However, we again used a NNGP to more efficiently

implement the posterior predictions for this model.
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