DISSERTATION

PARAMETER ESTIMATION FOR
ALL-PASS TIME SERIES MODELS

Submitted by

Margaret Elizabeth Andrews

Department of Statistics

In partial fulfillment of the requirements
For the Degree of Doctor of Philosophy
Colorado State University

Fort Collins, Colorado
Fall 2003

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



UMI Number: 3114661

INFORMATION TO USERS

The quality of this reproduction is dependent upon the quality of the copy
submitted. Broken or indistinct print, colored or poor quality illustrations and
photographs, print bleed-through, substandard margins, and improper
alignment can adversely affect reproduction.

In the unlikely event that the author did not send a complete manuscript
and there are missing pages, these will be noted. Also, if unauthorized
copyright material had to be removed, a note will indicate the deletion.

®

UMI

UMI Microform 3114661
Copyright 2004 by ProQuest Information and Learning Company.

All rights reserved. This microform edition is protected against

unauthorized copying under Title 17, United States Code.

ProQuest Information and Learning Company
300 North Zeeb Road
P.O. Box 1346
Ann Arbor, Ml 48106-1346

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



COLORADOQO STATE UNIVERSITY

August 8, 2003

WE HEREBY RECOMMEND THAT THE DISSERTATION PREPARED UNDER OUR SU-
PERVISION BY MARGARET ELIZABETH ANDREWS ENTITLED PARAMETER ESTIMA-
TION FOR ALL-PASS TIME SERIES MODELS BE ACCEPTED AS FULFILLING IN PART

REQUIREMENTS FOR THE DEGREE OF DOCTOR OF PHILOSOPHY.

Committee on Graduate Work

7/ / 1/
P

/i A i
%:ﬂﬁ;é&sa. d L’g - j{_’ff{:ﬂﬂv@f

i 2
; 4 # ) y
QZZ,;Ji@j 1. Bay:

Department Head

Adviser

it

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



ABSTRACT OF DISSERTATION

PARAMETER ESTIMATION FOR
ALL-PASS TIME SERIES MODELS

All-pass models are autoregressive-moving average models in which the roots of the autoregressive
polynomial are reciprocals of roots of the moving average polynormiial and vice versa. They generate
uncorrelated (white noise) time series, but these series are not independent in the non-Gaussian
case. All-pass models can be used to simplify the process of fitting noncausal autoregressive and
noninvertible moving average models and, in this dissertation, these procedures are used in the
deconvolution of a simulated water gun seismogram and to fit stock market trading volume data.

Because all-pass series are uncorrelated, estimation methods based on Gaussian likelihood, least-
squares, or related second-order moment techniques cannot identify all-pass models. Consequently,
least absolute deviations, maximum likelihood, and rank techniques are used to obtain parameter
estimates. The rank estimator considered was first proposed by Louis Jaeckel for estimating linear
regression parameters. Jaeckel’s estimator minimizes the sum of model residuals weighted by a
function of residual rank. The asymptotic properties of the three types of estimators are examined
and their behavior is studied for finite samples via simulation.

For all-pass series with finite variance, maximum likelihood and rank estimation are studied
in-depth, and some extensions of previous results for least absolute deviations estimation are given
in the Appendix. In the infinite variance case, least absolute deviations estimation is considered
when the noise distribution is in the domain of attraction of a non-Gaussian stable distribution,
and maximum likelihood estimation is considered when the noise distribution is non-Gaussian sta-

ble. Under general conditions, it is'shown that the estimators are asymptotically normal in the finite
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variance case, and, in the infinite variance case, the estimators converge in distribution to nonde-

generate maxima of stochastic processes.

Margaret Elizabeth Andrews
Department of Statistics
Colorado State University
Fort Collins, Colorado 80523
Fall 2003
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Chapter 1

Introduction

Autoregressive-moving average (ARMA) models are linear time series models that play a funda-
mental role in modern time series analysis. They have diverse applications and have been used, for
example, to model the Dow-Jones utilities index, the level of Lake Huron, and the sunspot numbers
(Brockwell and Davis, 1996). The series {X,} is an ARMA(p, ¢) process if it satisfies the difference
equations

¢(B)X: = 0(B) 2,
where B denotes the backshift operator (B*X, = Xy_p, k = 0,41,42,.. ),
() =1 =z~ — $p2P
is an autoregressive polynomial of order p such that ¢(z) £ 0 for |2] = 1,
0(z) =1+ 012+ -+ 0,27

is a moving average polynomial of order ¢, and {Z:} is a noise sequence.

All-pass models are an interesting subclass of ARMA models in which the roots of ¢(z) are
reciprocals of the roots of #(z) and vice versa. They generate uncorrelated (white noise) time series,
but these series are not independent in the non-Gaussian case. Surprisingly, all-pass models can

often be used to describe financial time series that display “nonlinear” behavior. In particular,
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Introduction 2

financial time series, such as exchange rate log returns, frequently appear uncorrelated, have heavy-
tailed marginal distributions, and exhibit volatility clustering. If a distribution assigns substantial
probability to values relatively large in absolute value, it is called heavy-tailed, and, therefore, data
from heavy-tailed distributions look “spiky.” More specifically, if’ a distribution is called heavy-
tailed, it is generally understood that there exists an o > 0 such that the probability of seeing
an observation larger in absolute value than z, © > 0, is roughly proportional to £~%. Volatility
clustering is the tendency of observations relatively small in absolute value to be followed by other
small observations and the tendency of observations relatively large in absolute value to be followed
by other large observations. Therefore, nonlinear models with time-dependent conditional variances,
such as generalized autoregressive conditionally heteroskedastic (GARCH) models and stochastic
volatility models, are often chosen to describe financial data. However, linear all-pass models with
heavy-tailed noise can also exhibit the three characteristics, and so they can sometimes be used as
an alternative model for financial data. For example, in Chapter 3, an ali—pass model is used to
describe the daily log returns for the Canada/United States exchange rate.

An all-pass series can be obtained by fitting a causal, invertible ARMA model (all the roots of
#(z) and 6(z) are outside the unit circle in the complex plane) to a series generated by a causal,
noninvertible ARMA model (all the roots of ¢(z) are outside the unit circle and at least one root
of 6(z) is inside the unit circle). The residuals follow an all-pass model of order r, where r is the
number of roots of the true moving average polynomial inside the unit circle. Noninvertible ARMA
models have been used, for example, in vocal tract filters (Chi and Kung, 1995; Chien, Yang, and
Chi, 1997), in the analysis of unemployment rates (Huang and Pawitan, 2000}, and in seismogram
deconvolution (Lii and Rosenblatt, 1988). Similarly, an all-pass series can be obtained by fitting a
causal autoregressive model to a series generated by a noncausal autoregressive model (Breidt, Davis,
and Trindade, 2001). Applications for noncausal models include the analyis of stock market trading
volume data (Calder, 1998), the deconvolution of absorption spectra (Blass and Halsey, 1981}, the

design of communications systems (Benveniste, Goursat, and Roget, 1980), the processing of blurry
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Introduction 3

images (Donoho, 1981; Chien, Yang, and Chi, 1997), the deconvolution of seismic signals (Wiggins,
1978; Oce and Ulrych, 1979; Donoho, 1981; Godfrey and Rocca, 1981; Hsueh and Mendel, 1985),
and the analysis of astronomical data (Scargle, 1981).

Estimation methods based on Gaussian likelihood, least-squares, or related second-order moment
techniques cannot identify all-pass models because Gaussian all-pass series are independent. There-
fore, cumulant-based estimators, using cumulants of order greater than two, are often used to esti-
mate the parameters of an all-pass process with finite second moments (Giannakis and Swami, 1990;
Chi and Kung, 1995; Chien, Yang, and Chi, 1997). Also, Breidt, Davis, and Trindade {2001) consider
a 'least absolute deviations (LAD) approach which is motivated by approximating the likelihood of
an all-pass model with Laplace (two-sided exponential) noise. In Breidt, Davis, and Trindade (2001),
LAD estimates are compared with estimates obtained by maximizing absolute residual kurtosis, a
fourth-order moment approach. Based on these results, it appears that cumulant-based estimation
is not the most efficient technique for estimating all-pass model parameters. In addition, because
all-pass noise may have a distribution quite different from Laplace, LAD estimation cannot always
be the most efficient either. Hence, in this dissertation, we consider general maximum likelthood
(ML) and rank (R) estimation techniques. We also examine LAD estimation in the infinite variance
case, and, in the Appendix, we correct some of the results in Breidt, Davis, and Trindade (2001).

In Chapter 2, we consider using ML estimation to estimate the parameters of an all-pass series
with finite variance. Because they are based on specific information about the noise distribution, ML
estimates tend to be less disperse than LAD and R-estimates. We give an approximate likelihood
for all-pass model parameters and establish asymptotic normality and strong consistency for the ML
estimators under general conditions. The behavior of the estimators for finite samples is studied
via simulation, and order selection is considered. We then develop a two-step procedure for fitting
noninvertible ARMA models using all-pass models and apply it to the deconvolution of a simulated
water gun seismogram.

Because the objective functions for LAD and ML estimation are complicated functions of the
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Introduction 4

model parameters, they tend to be quite bumpy and can, therefore, be hard to minimize or maximize.
In addition, ML estimation is difficult to implement when the noise distribution is complicated or
unknown. R-estimation can often overcome these limitations of LAD and ML estimation. Thus, in
Chapter 3, we consider a R-estimator first proposed by Jaeckel (1972) for estimating linear regression
parameters. Jaeckel’s estimator minimizes the sum of model residuals weighted by a function of
residual rank. In Chapter 3, we use this R-estimation technique to estimate the parameters of an
all-pass process with finite variance. Under general conditions, the R-estimators are asymptotically
normal. If the weight function is properly chosen, R-estimators can be nearly as asymptotically
efficient as ML estimators, and the objective function for R-estimation can be fairly smooth and hence
easy to minimize. We examine the behavior of the R-estimators for finite samples via simulation
and again discuss all-pass order selection. R-estimation is used to fit an all-pass model to daily log
returns for the Canada/United States exchange rate.

In Chapter 4, we consider LAD and ML estimation for all-pass series with infinite variance. In
particular, we assume the noise distribution belongs to the domain of attraction of a non-Gaussian,
stable distribution. These all-pass series tend to be very “spiky” because the noise distribution is
heavy-tailed. In Davis (1996), LAD estimation is compared to least squares estimation for causal,
invertible ARMA processes with noise distribution in the domain of attraction of a non-Gaussian,
stable distribution. It is discovered that LAD estimation is more efficient than least squares esti-
mation in this case. Hence, LAD estimation appears to be useful for ARMA processes with infinite
variance, and so we study this type of estimator for all-pass series with infinite variance in Chapter 4.
For ML estimation, stronger restrictions are required for the noise distribution. We assume that it
is non-Gaussian stable, and not simply in the domain of attraction of a stable distribution. Under
general conditions, these LAD and ML estimators have nondegenerate limiting distributions. The
behavior of the LAD estimators for finite samples is studied using simulation and the estimation
procedure is used to fit a noncausal autoregressive model to Microsoft trading volume data.

To summarize, this dissertation presents a variety of useful approaches for estimating all-pass
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Introduction 5

model parameters and gives a number of applications for all-pass models-fitting noncausal autore-
gressive and noninvertible ARMA models, and modeling uncorrelated financial data. Interesting
extensions of this dissertation work include finding other applications for all-pass models and de-
veloping procedures to assess the accuracy of fitted all-pass models using sample correlations of the
squares and absolute values. Also, rank estimation appears to be very useful for estimating all-pass
model parameters in Chapter 3 and thus this estimation technique merits further examination. It
would be worthwhile to consider rank estimation for infinite variance all-pass series, ARMA se-
ries, and possibly GARCH series. A procedure for finding an optimal weight function for the rank

objective function is also a subject for future study.
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Chapter 2

Maximum Likelihood Estimation
for All-Pass Time Series Models

2.1 Introduction

All-pass models are autoregressive-moving average (ARMA) models in which the roots of the au-
toregressive polynomial are reciprocals of roots of the moving average polynomial and vice versa.
They generate uncorrelaied (white noise) time series, but these series are not independent in the
non-Gaussian case. An all-pass series can be obtained by fitting a causal, invertible ARMA model
(all the roots of the autoregressive and moving average polynomials are outside the unit circle) to a
series generated by a causal, noninvertible ARMA model (all the roots of the autoregressive polyno-
mial are outside the unit circle and at least one root of the moving average polynomial is inside the
unit circle}. The residuals follow an all-pass mode} of order r, where r is the number of roots of the
true moving average polynomial inside the unit circle. Noninvertible ARMA models have appeared,
for example, in vocal tract filters (Chi and Kung, 1995; Chien, Yang, and Chi, 1997) and in the
analysis of unemployment rates (Huang and Pawitan, 2000). We use them in this chapter in the
deconvolution of a simulated water gun seismogram. Other deconvolution approaches are discussed
in Wiggins (1978), Ooe and Ulrych (1979), Blass and Halsey (1981), Donoho (1981), Godfrey and
Rocca (1981), Hsueh and Mendel (1985), and Lii and Rosenblatt (1988).

Estimation methods based on Gaussian likelihood, least-squares, or related second-order moment
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Maximum Likelihood Estimation for All-Pass Time Series Models 7

techniques cannot identify all-pass models. Therefore, cumulant-based estimators, using cumulants
of order greater than two, are often used to estimate such models (Giannakis and Swami, 1990;
Chi and Kung, 1995; Chien, Yang, and Chi, 1997). Breidt, Davis, and Trindade (2001) consider
a least absolute deviations (LAD) approach which is motivated by approximating the likelihood of
an all-pass model with Laplace (two-sided exponential) noise. Under. general conditions, the LAD
estimators are asymptotically normal.

In this chapter, we use a maximum likelthood (ML) approach to estimate all-pass model param-
eters. Related likelihood approaches are considered in Breidt, Davis, Lii, and Rosenblatt (1991) for
noncausal autoregressive processes, in Lii and Rosenblatt (1992) for noninvertible moving average
processes, and in Lil and Rosenblatt (1996) for general ARMA processes. Although all-pass models
are ARMA models, their special parameterization makes the results of Lii and Rosenblatt (1996)
inapplicable.

In Section 2.2, we give an approximate likelihood for all-pass model parameters. Asymptotic
normality and strong consistency are established for ML estimators under general conditions and
order selection is considered in Section 2.3. Proofs of the lemmas used to establish the results of
Section 2.3 can be found in Section 2.5. The behavior of the estimators for finite samples is studied
via simulation in Section 2.4.1. Finally, a two-step procedure for fitting noninvertible ARMA models
is developed in Section 2.4.2 and applied to the deconvolution of a simulated water gun seismogram

in Section 2.4.3.

2.2 Preliminaries

2.2.1 All-Pass Models

Let B denote the backshift operator (B¥X; = X;_, k = 0,£1,42,...) and let

dlz)=1—rz— - — ¢pa¥
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Maximum Likelihood Estimation for All-Pass Time Series Models 8

be a pth-order autoregressive polynomial, where ¢(z) # 0 for |z| = 1. 'The polynomial ¢(B) is said to
be causal if all its roots are outside the unit circle in the complex plane. In this case, for a sequence

{Wt}>

7=0

=0
a function of only the past and present {W,}. Note that if ¢(B) is causal, the polynomial BP¢(B~1)
is purely noncausal in the sense that all its roots are inside the unit circle, and hence

[ee] o0
B_p¢_1(3—1)Wt — Z Y, BT W, = Z¢th+p+j,

7=0 7=0
a function of only the present and future {W;}. See, for example, Chapter 3 of Brockwell and
Davis (1991).

Let

do(2) =1 = ¢p12 — -+« — dgp2?,

where ¢o(z) # 0 for |z] < 1. Define ¢oo = 1, and suppose ¢or # 0 for some » € {0,1,...,p} and

¢oj = 0 for j = r+1,...,p. Then, a causal all-pass time series is the ARMA series {X,} which

satisfies the difference equations

B"¢o(B7Y) .,
po(B)x, = 22l ) 5 (2.1)
_¢O’r
or
r— * ® 1 *
X — 01 Xpm1 — -+ — GorXeer = ZF + ibﬁt_lzt_l do ?Elzt_rﬂ -7
¢Or (bOr ¢Or

The true order of the all-pass model is 7, and the series {Z}} is an independent and identically
distributed (iid) sequence of random variables with mean 0 and variance o € (0,00). We assume
throughout that Z{ has probability density function f,,(z;80) = U()—lf(cro_lz;ﬂg), where f is a
density function symmetric about zero and € is a parameter of the density f. We also assume that
the true value of 8, 8y = (001, ...,00a)", lies in the interior of a parameter space ® C RY d > 1.
Note that the roots of the autoregressive polynomial ¢g(z) are reciprocals of the roots of the moving

average polynomial —¢,! 2" ¢o(z71) and vice versa.
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Maximum Likelihood Estimation for All-Pass Time Series Models 9

The spectral density for {X;} in (2.1) is

'6—irw]2‘¢0(eiw”2ﬁ _ o_g
P2 Apo(e=™)2 2 @227

which is constant for w € [, 7], and thus { X} is an uncorrelated sequence. In the case of Gaussian
{Z;}, this implies that {X,} is iid N(0, 02¢5,%), but independence does not hold in the non-Gaussian
case if » > 1 (e.g., Breidt and Davis, 1991). The model (2.1) is called all-pass because the power
transfer function of the all-pass filter passes all the power for every frequency in the spectrum. In
other words, an all-pass filter does not change the distribution of power over the spectrum.
We can express (2.1) as
_ Bréo(B7Y)

$o(B)X: = —¢—Zz, (2.2)
—@0r

where {Z;} = {Z;,_,} is an iid sequence of random variables with mean 0, variance o2, and
probability density function f,,(z;60). Rearranging (2.2) and setting z; = ¢ Z;, we have the

backward recursion
Zop = Go12t—pr + oo+ bopze — (Xt — b01Xem1 — - — dopXt—p)-

An analogous recursion for an arbitrary, causal autoregressive polynomial ¢(z) = 1—¢12— - —¢p2?

can be defined as follows:

0, t=n+p,...,n+1,
z-p(@) = { (2:3)
P12t—pt1(@) + -+ dp2(P) — (B) Xy, t=mn,...,p+1,

where ¢ := (61,...,¢,). If ¢ = (do1,...,P0p) = (do1,...,B0r,0,...,0), note that {z(¢y)}i={

closely approximates {z; };—7; the error is due to the initialization with zeros. Although {z} is iid,

{2e(o) Yoot ismot fid if r > 1.

2.2.2 Approximating the Likelihood

In this subsection, we ignore the effect of the recursion initialization in (2.3), and write

—$(B~Y) Bz (¢) = ¢(B)X..
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Maximum Likelihood Estimation for All-Pass Time Series Models 10

Let ¢ = InELX{O <j<p: ¢_7' # 0}’ a = ((11, .- ‘rap+d+1), = (¢11 - '!¢P’U/l¢qlagl) .- 'sgd)lv
and ag = (@1, .., ¥ ptrd+1) = (o1, ..., Pop, 00/|bor], 001, .. .,00¢)". Following equation (2.7) of
Breidt, Davis, and Trindade (2001), we approximate the log-likelihood of @ given a realization of

length n, {X,},, from model (2.1) with
n—p
Lla) = Zln fo (847:(¢); 6) + (n — p) In|d,]
= Z {In f(zt(P)/ps1;6) — Inapyr}

= Z ge(a), (2.4)

where {z(¢)} can be computed recursively from (2.3).

2.3 Asymptotic Results

2.3.1 Parameter Estimation

In order to establish asymptotic normality for the MLE of a, we make the following additional, yet

still fairly general, assumptions on f:

e Al Foralls€ Rand all 8 = (61,...,04) € ©, f(s5;8) > 0 and f(s;8) s twice continuously

differentiable with respect to (s,81,...,04)".
e A2 For all 8 in some neighborhood of 8y, [ sf'(s;8)ds = sf(s;0) — [ f(s;8)d

A3 [ f"(s;80)ds = ['(5;60)|Z = 0

&

A4 [s?f"(s;80) ds = s*f'(s5;60)|%, — 2 [ 5f'(5;80) ds =

o A5 1< [(f'(s;00))"/f(5;60)ds

K Y e sf(890)
A8 The matriz is positive definite if K = ag p+1 f :02) ds—1

]
LTI
d d
sj’ 5;90 af 3;60 ; of 3;90 af 5;90
L= %,;H ‘f—éml-ia‘e‘j—lds} ,and I = [f f(;gu) ('ay,- ) 599;; )ds ey
KR i=1 ! Fk=

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Maximum Likelihood Estimation for All-Pass Time Series Models 11

e AT Forj,k=1,...,d and all 8 in some neighborhood of @y,
~ fls;8) is dominated by some function fi(s),

7'(s;8 i (3,0 . 2
= (1+s2>ﬂ—(ﬁ(s; ’3 s DR (14 Jsl) g 550550, g (5 £(518)) , and

?(%97]59_?;?21%539)! are dominaled by ay + as|s|®t, where a1, ag, ¢y are non-negative

constants and [(ay + az|s|") f1(s) ds < oco.

Theorem 1 If f satisfies A1-A7, then there exists a sequence of maximizers

N ~d N N
Gz = (Pprpy Gpt1,ML, 8y1)

of L{a) in (2.4) such thal

nl/z(dML——ao) —d}YNN(O,E_l), (25)
where
S e 0 0
2(o2T-1)" P px1 pXd
2= O1xp (K - 1/1-1L)~1 —R-'(I - LE-1L)-L |
Ouxp ~(I—LK-'L/)"'LK~! (I -LK-'1/)!

J =057 [(f(5;60))/f(s;60) ds, Tp 1= [v(j — k)]ik:l, and () is the autocovariance function of

the autoregressive process {(1/¢0(B))Z:}.

Proof: L{a)—L(ag) = Sp(vn (e~ ag)), where S, (-) is defined in Lemma 3 of Section 2.5. Because
Y := $7'N maximizes the limit process S(-) in Lemma 3, the result (2.5) follows by Remark 1 of

Davis, Knight, and Liu (1992). o

~ ~q .
Remark 1: Note that ¢y is asymptotically independent of (&p41,31,63;1) . Given a sample of

n observations from {Z,}, there exist local maximizers {6z, @)IZ)’ of the log-likelihood

> {Inf(Z/0;6) —Ino}

t=1

such that

n'2((67,8,) — (00,05)'] 5 Yz ~N (0,25,
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Maximum Likelihood Estimation for All-Pass Time Series Models 12

where

-1 ¢3,.(K — L'I71 L)~ ~|gor| K~1L/(I = LK1 L)1
;=
[por|(I — LK=LY 1LK! (I - LE-1L/)~!

and 251 does not depend on ¢g,.

Remark 2: Using A2 and the Cauchy-Schwartz inequality,
_ I'(s:60) . ’
1 = {/Sf(s;eo) f(s,Go)ds}
T

.
o5,

(AN

il

with equality in (2.6) if and only if f is Gaussian. Thus, A5 holds for non-Gaussian f. Further,

to [ R a0}

/G wemel froars) e
+

A

so that K > 0. We do not have equality in (2.7) because, by Cauchy-Schwartz, there is equality if

and only if sf’(s;60p)/f(s;680) = —1 for all s € IR which cannot ever be the case.

Remark 3: The asymptotic covariance matrix for the estimators of the p autoregressive parameters
is a scalar multiple of the asymptotic covariance matrix for the Gaussian likelihood estimators for
the corresponding pth-order autoregressive process. The same property holds for LAD estimators
of all-pass model parameters, as shown in Breidt, Davis, and Trindade {2001). The LAD estimators
are obtained by maximizing the likelihood of an all-pass model with Laplace noise. This yields a
modified LAD criterion, which can be used even if the underlying noise distribution is not Laplace.

The constant in (2.5) is

1
R 2.8
2(c2J - 1) 28)
while, in the LAD case, the appropriate constant is

2 (203 f, (0; 60) — B Z1])*
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{Breidt, Davis, and Trindade (2001) contains an error in the calculation of the asymptotic variance;

see the Appendix for the correction.) Although the Laplace density,
1
/() = s exp (~V2ls])
does not meet assumptions A1-A7, E|Z| = 00/v2, f5,(0) = 1/(v200), and J = 202, so that (2.8)
and (2.9) are both 1/2 for this density.
Remark 4: We obtain the asymptotic relative efficiency (ARE} of ML to LAD for the autoregressive

parameters by dividing (2.9) by (2.8):

Var (71]) .
(202 f+,(0; 80) ~ E|Z4])°

ARE = (627 - 1)

The density function

g T((0+1)/2) 1

1
6-2 T(0/2) or (1+52/(0 - 2))(9+1)/3 (2.10)

f(s;0) =

is symmetric about zero, has variance one, and satisfies assuraptions AI-A7 with ¢; = 2 when
© C (2,00). If oo = (6o/(00 — 2))/2, then fo.(s;00) = o5 ' f(og's;00) is the Students’ t-density
with 0y degrees of freedom. In this case,

Vil — 2 F((f«)o -+ 1)/2)
Go=1 T(Be/2)/r
L({fo+1)/2)

(60/2)+/ (00 — 2)m

EIle = 20‘0

Jfool0;60) = 05! .

)

and

=, BB +1)
_ 2 olvo
J=0a (60 — 2)(60 + 3)°

so the ARE of ML to LAD is

6 7r I'(6:/2) \° .
ARE = m{z(ao— 1)2 (W) — (6o —2)}. (2.11)

When 85 = 3, the value of (2.11) is 2(0.7337) = 1.4674, and thus ML is nearly 50% more efficient
than LAD for the Students’ ¢-distribution with three degrees of freedom. If 65 > 3, (2.11) is even

larger.
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Bo1 | Boo | ARE
0.1 102} 1.5506
0.1 0.8 | 2.1506
04104 | 14988
04106 17124
0.6 {04 ] 1.6012
0.6 | 0.6 1.8327
0.91]0.2| 1639
0.9 1 0.8 | 2.9997

Table 2.1: AREs for ML to LAD when f is the Gaussian scale mixture density.

Remark 5: The Gaussian scale mixture density

2 (1-0,)%2 ’82(1—91)) (2.12)

f(s;(61,02)) = 0 exp (———> o exp <
T 024/27 262 V1—=6102/27 2(1 —0,63)
is symmetric about 0 and satisfies A1-A7 with ¢; = 4 when @ C (0,1) x (0,1). In this case, Z7 is
N(0, 0262,) with probability fp; and N(0,02(1 — 6p102,)/(1 — 0o1)) with probability 1 — fo;. Some

values of ARE for ML to LAD for the autoregressive parameters are given in Table 2.1.

Remark 6: By A7 and the dominated convergence theorem,

m:%(/%z‘;—if@_l)*’

K, L, and I are continuous with respect to 8 at 8. Thus, because O, £l 6o,

%(/(f—;((%‘i))ﬁ“”)*l, (2.13)
e ([ 2y a1
b o
and | A ) y
[/ e s e .16

are consistent estimators of [2(03.J — 1)]7%, K, L, and I respectively.

If we restrict a to a compact, convex space = with g in the interior, then the MLE of « is

almost surely consistent and asymptotically normal as shown in the following theorems.
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Theorem 2 If
o f satisfies Al,
e the parameter space B is compact and conver with cg in the interior,
e ¢ forms a causal polynomial, a1 >0, and 6 € © for all a = (¢', apy, &) e g,

o (14 Is)If'(s;0)l/f(s;0) and lg%;f(s;e)l/f(s;e), j=1,...,p, are dominated by as + a4|s|*?

for all e € E, where az, a4 and ¢o are non-negative constants such that [ |s|°2f(s;80) < oo,
e E{ln f(#1(¢)/aps1; 8)—In apr1} has a unique mazimum at vy, where 71 (P) := —(¢(B)/d(B~1)) X149,

then

& = argmaz g = L(a) 3 ag.

Proof: By Lemma 4 in Section 2.5,
n_lﬁ(a) B E{nf(5 (¢)/aps1;8) —Inapiq}

uniformly on E. Since E is compact and the limit has a unique maximum at g, the result follows.

0

Theorem 3 If f satisfies A1-A7 and the conditions of Theorem 2 hold, then

n2(& — o) Y ~ N (0,571).

Proof: Because £ is differentiable on = and & maximizes £(c), 55£(é&) = 0 for n sufficiently large

almost surely. Thus, we have

0 = n-t Z 3gt
—1n—p azgt(a:a)

< 094 (exo)
—1 t Q oo
" ; da Tt Sada’ (6 — axo),
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where a, is between & and g, and so

n—p -t n=p
. _ gi(ak) = dg: (o)
1/2¢ 5 _ N 12 ge\xy, l/zz gl
n & — ) (n dada’ > (n da '

t=1

By Lemma 1,

and, by Lemma 2,

7-17223 zgt(ao) P >
— dada’
Because & “3 g and f satisfies A7,
=g Pgilon) Lo? 0%gi(o0)
1 -1
Z aa(?a’ Z dada! 0,
and the result follows. a

Remark 7: If f satisfies A7, the fourth condition of Theorem 2 holds. The fifth condition can
be much more of a challenge to verify without resorting to sirnulation, but it is straightforward to

establish, for example, when the parameter 8 is dropped and

20 (),

() = 7372 OnZ

2.3.2 Order Selection

In practice, the order r of an all-pass model is usually unknown. Therefore, we present the following

corollary to Theorem 1 for use in order selection.

Corollary 1 Assume f salisfies A1-A7. If the true order of the all-pass model is r and the order

of the fitted model is p > r, then

. 1
12 4N (o ————r——> .
ML (02T — 1)

Proof: By Problem 8.15 in Brockwell and Davis (1991), the pth diagonal element of r, big oy 2if

p > r, and so the result follows from (2.5). 0

A practical approach to order determination using a large sample follows:
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1. For some large P, fit all-pass models of order p, p = 1,2,..., P, via ML and obtain the pth

coefficient, ¢, asr, for each.

2. Let the model order r be the smallest order beyond which the estimated coefficients are sta-

tistically insignificant; that is,
r=min{0 <p < P:ldjur] < 1.96An" % for j > p},

o . . 5 —-1/2 p
where A = (2 f(f’(s;HML))Z/f(s;GML)ds—2) and Opsy is the MLE from the fitted

Pth-order mode].

2.4 Numerical Results

2.4.1 Simulation Study

In this section, we describe a simulation experiment to assess the quality of the asymptotic approx-
imations for finite samples. We used both the rescaled Students’ ¢-density (2.10) and the Gaussian
scale mixture density (2.12). For the rescaled Students’ t-density, we let oo = (65/(60 — 2))*/?, so
7 followed the Students’ -distribution with 65 degrees of freedom.

To diminish the possibility of the optimizer being trapped at local maxima, we used 250 starting
values for each of the 1000 replicates. The initial values for ¢1,..., ¢, were uniformly distributed
in the space of partial autocorrelations and then mapped to the space of autoregressive coefficients

using the Durbin-Levinson algorithm (Brockwell and Davis, 1991, Proposition 5.2.1). That is, for a

model of order p, the kth starting value (gb}(,’i), ceny ;S,’;))’ was computed recursively as follows:
1. Draw ¢(1ki), gg), Ce I(,I;,) iid uniform(-1, 1).

2. For j = 2,...,p, compute

k (k k
¢§1) ¢§'_)1J1 ¢§—)1,j—1
— (k)
= %5
k k k
gbg',j)—l ¢§'—)1,j-—1 ¢§-_)1)1
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With (d)ff{), R 1(7};))’ and a realization of length n, we obtained residuals using (2.3). To get the
kth starting value a;’:_)l, we divided the standard deviation of the residuals by [gbg;)], where ¢ 1=
max{0<j<p: qbg;) # 0}. Finally, we randomly chose the starting values for 8.

The log-likelihood was evaluated at each of the 250 candidate values. When Z; follows the
Students’ t-distribution, the likelihood function is almost constant with respect to (ap41,6)" near
((bg,ag,p“,ég)’, and so the maximum can be difficult to find. This is not the case when 7, is a
Gaussian scale mixture. Therefore, when using (2.10), the collection of initial values was reduced
to the nine with the highest likelihoods plus ayq, and, when using (2.12), the collection of initial
values was reduced to the two with the highest likelihoods plus ap. We found optimized values by
implementing the Hooke and Jeeves (1961) algorithm and using the ten or three values as starting
points. The optimized value with the greatest likelihood was selected to be épry,. We constructed
confidence intervals for the elements of ap using (2.5) and the estimators (2.13)-(2.16).

Results of the simulations appear in Tables 2.2 and 2.3. In the tables, we see that the MLEs
are approximately unbiased and the confidence interval coverages are fairly close to the nominal
95% level, particularly when n = 5000. For the Students’ {-distribution, the asymptotic standard
deviations tend to understate the true variability of the MLEs when n = 500, but are more accurate

when n = 5000. Normal probability plots of the MLEs show that approximate normality is achieved

when n = 5000.

2.4.2 Noninvertible ARMA Modeling

As mentioned in the introduction, all-pass models can be used to fit causal, noninvertible ARMA

models. Suppose the series {X;} follows the model
¢(B) Xy = 0;(B)0ni(B)Z;, (2.17)

where ¢(B) = 1—¢1B — - — ¢, BP is a causal AR(p) polynomial (all the roots of ¢(B) fall outside
the unit circle), 6;(B) = 1+ 6, 1B + -+ 6; ;BY is an invertible MA(g) polynomial (all the roots

of 6;(B) fall outside the unit circle), 8,;(B) = 1+ 0p;,1 B + -+ 4 0, » B" is a purely noninvertible
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Asymptotic Empirical

mean std.dev. % coverage

n | mean std.dev. (c.i.) (c.i.) (c.i)

500 | ¢1 =105 0.0274 0.4971 0.0315 93.0
(0.4951,0.4990)  (0.0301,0.0329) (91.4,94.6)

g = 34641  0.4177 3.5533 0.6277 90.0
(3.5144,3.5922)  (0.5995,0.6546)  (88.1,91.9)

6 =3.0 0.4480 3.1123 0.5008 95.8
(3.0812,3.1433) (0.4783,0.5223) (94.6,97.0)

5000 | ¢1 = 0.5 0.0087 0.4997 0.0091 93.4
(0.4991,0.5003)  (0.0087,0.0095) (91.9,94.9)

ay = 34641 0.1321 3.4787 0.1427 94.0
(3.4699,3.4876) (0.1363,0.1489)  (92.5,95.5)

6 =3.0 0.1417 3.0084 0.1533 94.0
(2.9989,3.0179) (0.1464,0.1599) (92.5,95.5)

500 | ¢1 =10.3 0.0290 0.2993 0.0345 90.6
(0.2971,0.3014) (0.0330,0.0360)  (88.8,92.4)

¢2 =04 0.0290 0.3964 0.0350 90.1
(0.3942,0.3986)  (0.0335,0.0365)  (88.2,92.0)

as =4.3301  0.5222 4.4842 0.9460 94.0
(4.4256,4.5428)  (0.9036,0.9866) (92.5,95.5)

6 =3.0 0.4480 3.0789 0.4722 94.8
(3.0497,3.1082) (0.4510,0.4925) (93.4,96.2)

5000 | 61 = 0.3 0.0092 0.2999 0.0095 94.0
(0.2993,0.3005) (0.0091,0.0099) (92.5,95.5)

by = 0.4 0.0092 0.3999 0.0094 94.6
(0.3993,0.4005)  (0.0090,0.0098) (93.2,96.0)

az =4.3301  0.1651 4.3421 0.1740 94.6
(4.3313,4.3528) (0.1662,0.1815)  (93.2,96.0)

6 =3.0 0.1417 3.0079 0.1458 95.2
(2.9989,3.0169) (0.1393,0.1521) (93.9,96.5)

Table 2.2: Empirical means, standard deviations, and percent coverages of nominal 95% confidence
intervals for maximum likelihood estimates of all-pass model parameters when f is the rescaled
Students’ t-density. For each sample size, n, empirical confidence intervals were computed using
standard asymptotic theory for 1000 iid replicates. Asymptotic means and standard deviations were

computed using Theorem 1.
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Asymptotic Empirical

mean std.dev. % coverage

n | mean std.dev. (c.i.) (c.i) (ci.)

500 | ¢1 = 0.5 0.0218 0.4989 0.0232 93.3
(0.4975,0.5004) (0.0222,0.0242) (91.8,94.8)

ay =40  0.2045 3.9984 0.1928 96.2
(3.9865,4.0104) (0.1841,0.2010) (95.0,97.4)

=06 0.0476 0.6001 0.0492 92.5
(0.5970,0.6031) (0.0470,0.0513)  (90.9,94.1)

fs =04  0.0370 0.3995 0.0378 94.1
(0.3972,0.4019) (0.0361,0.0395) (92.6,95.6)

5000 | ¢1 = 0.5  0.0069 0.5000 0.0070 94.1
(0.4995,0.5004) (0.0067,0.0073)  {92.6,95.6)

as =4.0 0.0646 3.9976 0.0643 94.3
(3.9936,4.0016)  (0.0614,0.0671)  (92.9,95.7)

6, =06 0.0150 0.6001 0.0141 95.7
(0.5992,0.6010) (0.0135,0.0147)  (94.4,97.0)

6, =04 0.0117 0.3998 0.0114 95.5
(0.3991,0.4005)  (0.0109,0.0119)  (94.2,96.8)

500 | ¢1 =103 0.0230 0.2989 0.0239 93.7
(0.2974,0.3004) (0.0228,0.0249)  (92.2,95.2)

$2=04 0.0230 0.3990 0.0233 95.2
(0.3975,0.4004) (0.0223,0.0243) (93.9,96.5)

az=>5.0 0.25655 4.9902 0.2591 93.3
(4.9742,5.0063)  (0.2475,0.2702) (91.8,94.8)

6; = 0.6 0.0476 0.5972 0.0483 94.5
(0.5942,0.6001) (0.0461,0.0503)  (93.1,95.9)

6. =04 0.0370 0.3977 0.0367 94.7
(0.3954,0.4000) (0.0351,0.0383) (93.3,96.1)

5000 | 1 = 0.3 0.0073 0.3000 0.0074 95.1
(0.2995,0.3004)  (0.0070,0.0077)  (93.8,96.4)

¢ =04 0.0073 0.3996 0.0072 95.5
(0.3991,0.4000)  (0.0069,0.0075) (94.2,96.8)

a3 =50 0.0806 4.9960 0.0795 94.9
(4.9911,5.0010)  (0.0759,0.0829)  (93.5,96.3)

f; =06 0.0150 0.6005 0.0147 94.5
(0.5996,0.6014)  (0.0141,0.0154) (93.1,95.9)

6, =04  0.0117 0.4006 0.0117 95.3
(0.3999,0.4013)  (0.0112,0.0122)  (94.0,96.6)

Table 2.3: Empirical means, standard deviations, and percent coverages of nominal 95% confidence
intervals for maximum likelihood estimates of all-pass model parameters when f is the Gaussian
scale mixture density. For each sample size, n, empirical confidence intervals were computed using
standard asymptotic theory for 1000 iid replicates. Asymptotic means and standard deviations were

computed using Theorem 1.
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MA(r) polynomial such that 0,;(z) # 0 for |z| = 1 (all the roots of §,;(B) fall inside the unit circle),

fjg (B) is the invertible rth order polynomial with roots that are the reciprocals

and {Z;} is iid. If @

of the roots of 8,;(B) and {X;} is mistakenly modeled as the causal, invertible ARMA
8(B)X: = 6:(B)O,) (B)W,

then {W;} satisfies

T
- Bregz‘)(B—l)
= 9(1) 0(2)(3) i)
: where foi)’r is the coefficient of B” in Hsi)(B). So, {W,} follows the causal all-pass model
, rali)p-1
09 (BYW, = M——)Zt.

o)

Therefore, we have a way to avolid looking at all possible configurations of roots inside and outside
the unit circle when fitting (2.17). First, fit a causal, invertible ARMA(p, ¢ + r) model to the data
using a standard method such as Gaussian maximum likelihood, and obtain estimates of ¢(B) and
Hi(B)Ggi) (B) and the residuals {W,}. Then fit a causal all-pass model of order # to {W;} and obtain
éfji)(B), an estimate of Hgi)(B). The rth order polynomial with roots that are reciprocals of the roots
of é,&?(B) is an estimate of #,,;(B). An estimate of 6;(B) can be obtained by canceling the roots of
the invertible MA(g + r) polynomial from the Gaussian likelihood fit which correspond to roots of
09 (B).

]

2.4.3 Deconvolution

In this example, we simulate a seismogram {X;};29° via
Xy = E Br Ze—k,
k

where {0} is the water gun wavelet sequence shown in Figure 8(2) of Lii and Rosenblatt (1988) and

{7} is a reflectivity sequence simulated here as iid noise from the Students’ ¢ distribution with five
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degrees of freedom. It is assumed that the seismogram is observed, but the wavelet and reflectivity
sequences are unknown, as would be the case in a real deconvolution problem. We model the
seismogram as a possibly noninvertible ARMA using the procedure described in Section 2.4.2 and
attempt to reconstruct the wavelet and reflectivity sequences. This problem is of interest because,
for an observed water gun seismogram, the reflectivity sequence corresponds to reflection coeflicients
for layers of the earth.

The simulated seismogram {X,} is shown in Figure 2.1(a). The corrected Akaike information
criterion indicates that an ARMA(12, 13) model is appropriate for the data, and the causal, invertible

ARMA fit to {X;} using Gaussian maximum likelihood is Xy = ¢~ (B)6(B)W,;, where

¢(B) = 1-—0.255B+0.4518%—0.3198° + 0.141B* — 0.050B° — 0.214B7 + 0.085B°

+0.212B° — 0.061B* + 0.124B'?
and

6(B) = 1-0.221B8+0.124B% - 0.090B% — 0.178B* + 0.109B° — 0.339B° + 0.204B7

+0.081B% 4 0.4718° — 0.184B° + 0.234B'? + 0.322B13.

The residuals from this fitted model are denoted {W;}. From the sample autocorrelation functions
of {W:}, {W2}, and {|W;]} in Figure 2.1(b)-(d), it appears the ARMA residuals are uncorrelated
but dependent, suggesting the inappropriateness of a causal, invertible ARMA model.

The all-pass order selection procedure indicates that an all-pass model of order two provides a
good fit for {W;} and, when the rescaled Students’ ¢-density (2.10) is used, the MLEs for this fitted

all-pass model are

b = (¢1, b2, s, 0)

(1.531, —0.593, 1077930.125,4.745)’,

with standard errors 0.034, 0.034, 43519.012, and 0.712 respectively. The sample autocorrelation

functions for the squares and absolute values of {Zt}, the residuals from the fitted all-pass model,
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Figure 2.1: {a) The simulated seismogram of length 1000, {X;}, and the sample autocorrelation

functions with bounds £1.96/+/1000 for (b) {W;}, (c) {W2} , and (d) {|W:|}.

are shown in Figure 2.2. Because the series {Z;} appears independent,

X = B*(1-1.531B"1 +0.593B7?) 6(B)
"7 0.593(1 — 1.531B + 0.593B2) 4(B)

%, (2.18)

seems to be a more appropriate model for {X,}.
In an effort to reconstruct the wavelet and reflectivity sequences, note that, since the simulated

reflectivity sequence has variance 5/3, the right hand side of (2.18) is equal in distribution to

B(1- 153187 +0.5938"%) 0(B) (210
0.593(1 — 1.531B + 0.593B%) ¢(B) " Y

—(0.593)(1077930.125)/3/5

where {Z,} is iid with density \/3/5 f(/3/55;5). Note, also, that no roots of the polynomial in
the denominator of (2.19) cancel exactly with roots of the polynomial in the numerator. So, for

further model accuracy, we can directly fit a causal, noninvertible ARMA(12,13) with two roots of
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Figure 2.2: Diagnostics for the all-pass model of order two fit to the seismogram residuals. The

sample autocorrelation functions with bounds #1.96//1000 for (a) {Z?} and (b) {]Z:]}.

the moving average polynomial inside the unit circle. Using maximum likelihood estimation with

the Students’ t-density and five degrees of freedom, this yields

X, = —(0.593)(1077930.125)+/3/5 6~ 1(B)4(B) Z,,

where
¢(B) = 1-10.053B+0.502B% — 0.066B8° + 0.3158* — 0.051B° + 0.218 B° — 0.236 B”
+0.039B% — 0.031B° — 0.063B'° — 0.195B" — 0.067B"2
and
§(B) = 1-1.177B—0.302B% —0.357B> — 0.143B* + 0.023B° + 0.0605° + 0.629B8"

1+0.267B% + 0.718B° — 0.026 B'° + 0.541 B + 0.524B'? + 0.827B'.

As shown in Figures 2.3 and 2.4,

—(0.593)(1077930.125)+/3/5 6~ (B)4(B)
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and the residuals provide good estimates of the water gun wavelet and reflectivity sequences respec-
tively. The estimates that can be obtained from the causal, inveriible Gaussian maximum likelihood

fit are not as accurate.

2.5 Additional Results

This section contains proofs of the lemmas used to establish the results of Section 2.3. First, for
an arbitrary, causal autoregressive polynomial ¢(z), define 6(z) = ¢12+ -+ ¢,z = 1 — ¢(z), and

define fg(z) = 1 — ¢o(2). Note that, fort =1,...,n —p,

¢(B)Xeqp = —2(¢) + 0(B™ ")z (),

so,if j=1,...,p, then
0

o (P28} = =Xy + i, (2:20)

Also, if j =1,...,p, then

5% {e(B Na(e)} = a% {$r2041() + -+ Spesp(d)}

o572 1 254, 2.21)

Equating (2.20) and (2.21) and solving for 0z (¢)/0¢;, we obtain

ou(¢) _ 1 L
b, — #(B7Y) {Xegp—j +2045(¢)}- (2.22)

Evaluating (2.22) at the true value of ¢ and ignoring the effect of recursion initialization, we have

dzi(dy) 1 ~$o(B~ ) B ze4py
6 = ¢0(B—1){ $0(B) + t-H(‘f’o)}

At “itj 2.93
7B T @ (2.23)

12

where the first term is an element of 0(2;—1, 212, . . .) and the second term is an element of o'(2z; 41, z1 42, . . )
because ¢o(B) is a causal operator and ¢o(B~!) is a purely noncausal operator. It follows that (2.23)

is independent of 2 = ¢5. Z;.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Maximum Likelihood Estimation for All-Pass Time Series Models 26

6'10%5

recorded
estimate

210 410°

0

=215

LN
\\/\/\\

-0/

-6410%5

Figure 2.3: The recorded water gun wavelet and its estimate.

(a) Simulated Reflectivity Sequence
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Figure 2.4: The simulated reflectivity sequence and its estimate.
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Thus, for j = 1,...,p,

9g:{cw) F"(ze($o)/00ps1560) 1 Fz(d)
(

da; F(2e{bo)/0,p41;60) qopr1 O
. (z/o0py1360) 1 {—Zt—j Zi4j }
- f(Zt/ao,p+1;90) Qg p+1 ¢0(B)+¢0(B'1) (2'24)
_. Og; (o)
- P

The expectation of (2.24) is zero by the independence of its two terms.

We now compute the autocovariance function y'(h) of the zero-mean, stationary process

{u;, [0gF (ao)/aaj]g:l} for u, € R”:

WORS E{“; [Qg*agﬂ]] ([@53—@]%}

= u; [ij(h)]§,k=1 Up,

where _
G-k,  h=0,
vip(h) ==
~Yip|-jVn—k, R F£O,
and the ¥ are given by > o ¥zt = 1/¢o(z) with ¢, = 0 for £ < 0. Thus,

7T<0)+2iv’f(h) = {[ﬁvu—k)]ik:l—? {Z «ph-jwh,k} }u,,
h=1 k=1

h=1

= 2] - Loy °Tpu,.

By A5, 02J — 1> 0.

Next,
Oge{ae) _ —f (z(Po) /@0 p41560) 2(o) 1
Jap1 Fze(do) a0 p41580) @F 41 Copit
~ —f" (2] 0 py1;00) 22t 1 (2.25)
T lat/aopt15600) ag,p1  Coper
_. 99ian)
8ap+1

The expectation of (2.25) is zero and the variance is K. Also, the sequence {2.25) is iid and orthogonal

to the corresponding partials for o, j = 1,...,p, in (2.24).
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Forj=p+2,...,p+d+1,

dgi () = ! Of (2t(o)/ @0 ,p+1;60)
aaj / (Zt (¢0)/ao,p+1§ 8s) 89j_p_1
~ 1 Of (ze/ap py1;80)
T fz/oope1;60) 08 _p_1 (2.26)
_. 9g{ ()
h da;

By A7 and the dominated convergence theorem, the expectation of (2.26) is zero. In addition, the

series {[3g;‘ (axa)/ 30:]-]?__4:;1:;} is iid, has covariance matrix /, and is orthogonal to the partials for

aj, j=1,...,p, in (2.24). The expectation of (0g} (co)/0apt1) [6g§‘(ao)/6aj]§:§ié is L.

The preceding calculations lead directly to the following lemma.

Lemma 1 If f satisfies A1-A7, then, as n — oo,

S ACTI
“1/25 20 AN~ N (0,
where

HodJ —1)og Ty Opxi Opxa
= O1xp K r

OdXP L I

Proof: Note that, fort =0,...,n—p—1,

t

Zn—p~t — Z‘/jl (¢O(B—1)zn-p——t+l) and Zn——p—-t(d)o) = Zlbz (¢U(B_1)zn——p—t+l) .
=0

{=0

Because there exist constants C' € (0,00) and D € (0, 1) such that 4] < CD' for alll € {0,1,..}
(see Brockwell and Davis, 1991, Section 3.1), using A7 and the mean value theorem we can show

that

n—p n—p *
n=1/2 Z agt@(ao) _ i/ z: 393(;10) -0
o

t=1 t=1

in L; and hence in probability.

Let u = (u}, w3, uy) € RPT4! . By the Cramér-Wold device, it suffices to show

n—p
n=i/? Z v, 5N (O, o2 J — l)u;,cra2lf‘pup +ulK + 2uyuy L + uglud) ,

t=1
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where V; := u'0g} (ap) /0. Elements of the infinite order moving average stationary sequence {V;}
can be truncated to create a finite order moving average stationary sequence. By applying a central
limit theorem (Brockwell and Davis, 1991, Theorem 6.4.2) to each truncation level, asymptotic

normality can be deduced. The details are omitted. ]

Now consider the mixed partials of g,(«). For j,k=1,...,p,

?gi(ao) _ [ (zldo)/aops1:60) 1 8*z(¢y)
dajday  f(ze(g)/ o ps1;00) aopr1 0608k
O2¢e(do) " (2e(Po)/0,p11;680)  Ox(o)
06;  af ,1f (z(do)/ao,p41560) I

Oz (gy) (f' (2e(o) /0 p11560))° Oz (eby) (2.27)
d¢;  af 1 f? (2:(bo) /a0 ps1;60) Odk '

+

Because

82 1
6;;(812(;) = 2B {Xtgpri—t + Xeqpyr—j + 2204545 (o) }

TAi—k T Bthej | 2zt 44k

¢o(B~1)do(B)  $§(B1)

~

S 22144k
= - Z Z¢m¢z(zt+j—k-e+m + Zogh—j—tgm) + GB-1)’
m=0 {=0 0
(2.27) is approximately
0%g¢ () _ f' (zt/xopr1300) 1
dojOor — f(zt/00p+1;60) Qopsr
oo o 2zt+j+k
X4 =2 D bmbe(Ferjmkmtim + Ztpkmjt4m) + S2B-1)
m=0 £=0 0

f (ze/00,p41;00) £ (/o pr1;80) = (J' (2e/ @0 p41500))°
ag,p+1f2 (Zt/QO,pHE 6o)

Awim* ma o + wa )

which has expectation —2¢y 27( j- k)(ogj - 1). Similar arguments show that the approximations

+

of the mixed partials evaluated at the true parameter values have expectation zero for j = 1,...,p,
k=p+1,....p+d+1, -Kforj=k=p+1,

1 sf' (s;60) OF (s;80)

ds
Qo,p+1 f(S)HO) agk—p—-l
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forj=p+1,k=p+2,...,p+d+1, and

1 3f(s;680) Of (s;69)

ds
fSBO 66’Jp139kp1

forjk=p+2,...,p+d+1.

Lemma 2 If f satisfies AI-A7, then, as n — oo,
—2(03J~~— 1)0521"1, Opx1 Opxa
62g¢ (o) -
n-1 : —
Z dada! O1xp ~k - | =-F

Ouxp -L I

Proof: By A7,
- {92 gt(ao - Lo? gr C!o
1 -1 U g5 X))
Z dada! Z Ja da! 0,
and, by the ergodic theorem and the computations preceding the lemma,

— 9%g;(ow0) P

-1 -3,
" da o’ -

t=1

Lemma 3 Foru e RPTT define

13—

and

If f satisfies A1-A7,

1. St 5 S on C(RPTY), where

1
S{u) :=u'N - §u'2u,

N ~ N (0, %), and C(IRP¥*1) is the space of continuous functions on RFY*T where conver-

gence is equivalent to uniform convergence on every compact set.
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2. 505 S on C(RPHHY).

Proof:

1. The finite dimensional distributions of S}, converge to those of S by Lemmas 1 and 2. Since
S} is quadratic in u, {S}} is tight on C(K) for any compact set K C RPY*F1. Therefore, S}

converges to S on C(IRPY9*1) by Theorem 7.1 in Billingsley (1999).

2. By a Taylor series expansion,
n—p

Su) = 3 o (ot n7%0) — g )]

t=1

— -.1/22_5J 6!]t C\fo
n—

P
- 5 !]t ao
1
Z Badad aa’

nop 2 2
- 0 gt ‘1)) 0 gt(ao)
—_— 1 _—
Z ( da Ba dada )

—1/2

for some e (u) on the line segment connecting ag and ap+n~"/?u. If ||-|| measures Euclidean
distance,

sup ||t () — cxol| =5 0
ucK

for any compact set K C R? +4+1 and so using A7 we can show that

%n-—l nz—f)u' (3293(0‘;(‘1)) _ 52.%(“0)) u 5 0

— Jax D! do far’

on C(RPY*1), Thus, {S,} must have the same limiting distribution as {S1} on C(RPT4H!).
0

frd

Now let #(¢p) = —(¢(B)/d(B~1))Xi4p and consider =, any compact, convex parameter space

such that ¢ forms a causal polynomial, @yt > 0, and 8 € @ for all a = (¢', 0p41,8') € E.

Lemma 4 If f satisfies A1, and (1+1s])|f'(s;0)/f(s;8) and ]—é%;f(s;H)]/f(s; 6),j=1,...,p, are

dominated by as + a4ls|? for all & € B, where az, as and cy are non-negative constants such that
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S 151 f(s;80) < 0o, then, as n — oo,
n~ () 2 B{In f(21()/aps1;60) —lnapei}
uniformly on =,
Proof: For any o € &,
Elln f(21(¢)/pt1;0) — Inappa] < o0
because ag -+ as]s|c dominates (1 + [s])[1n f(s; 8)/0s] = (1 + [s)1F(s; 8)]/f(s: 6), and so
n~'L(a) B E{ln f(21(¢)/apt1;6) — Inapyi}

by the ergodic theorem. Therefore, the lemma follows by the Arzela-Ascoli theorem if n™1L(ax) is
equicontinuous and uniformly bounded on & almost surely.

If ay, g € =, then, for some o* on the line segment connecting o and ag,
[n"1L(ay) — n~ L(axn)]
n=p
0 .
e |
t=1 aa

Because z(¢) and Oz (¢p)/0¢p are continuous with respect to ¢, there exist coeflicients m, > 0,

< ey - a2H71_1

k=0,41,..., decaying at a geometric rate such that

[ee] o0
Oz (¢ .
sup |z (¢)] < Z Tilz-k| and  sup 2; ) < Z Tilz-kl, 5 =1, P
ae= oz 00 acE J k=—00
fort=1,...,n—pandn=1,2,.... Also, because a4y > 0 for every value of apy1 in &, there
exists a constant M > 0 such that
1
sup <M.
oe= Yp+l

Consequently, we have

9g: () f(z(@7)/0p01;,87) 1 8z(9)
o f(zt(¢*)/a;+1§ %) iy 0¢;
ca—1
z (") 1 |0z(0")
< [a3+a4< ey ) jl arii| 09;

k=—00 k=—00

< M {as( > Wk!zt—kl) +a4( > Wklzt—kl) ]
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forj=1,...,p,
9ge{a™) _ fl(zt(¢*)/a;+1§9*) z (@) T 1
Oapt1 f(Zt(¢*)/a;+1§9*) (ap41)?  app
< *1 as + as it‘(;q—s'“) + —;1——'
p+1 ¥p+1 Ap+1
< Mjas+as (M Z Wk,%—kl) + M,
k=—-00
and
daler)| _ 1 OF (1(¢7)/0341;6")
Oa; f(zt(¢*)/a;+1;9*) 69j—p—1
< az+aq “"“_Zt(f )
Opt1
< as+ag (M Z ’/Tkizt—k!)
k=—00

for j=p+2,...,p+d-+ 1. It follows that almost surely, for n sufficiently large,

n-—-p a .
2 gt
t=1

and so n~!L () is equicontinuous on E almost surely. It can be shown similarly that n™'L(a) is

n~! < constant,

uniformly bounded on = almost surely. 0o
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Chapter 3

Rank Estimation for All-Pass Time
Series Models

3.1 Introduction

All-pass models are autoregressive-moving average (ARMA) models in which the roots of the au-
toregressive polynomial are reciprocals of roots of the moving average polynomial and vice versa.
These models generate uncorrelated (white noise) time series that are not independent in the non-
Gaussian case. As discussed in Chapter 2, an all-pass series can be obtained by fitting a causal,
invertible ARMA model (all the roots of the autoregressive and moving average polynomials are out-
side the unit circle) to a series generated by a causal, noninvertible ARMA model (all the roots of
the autoregressive polynomial are outside the unit circle and at least one root of the moving average
polynomial is iriside the unit circle). The residuals follow an all-pass model of order r, where r is the
number of roots of the true moving average polynomial inside the unit circle. Noninvertible ARMA
models have been used, for example, in vocal tract filters (Chi and Kung, 1995; Chien, Yang, and
Chi, 1997), in the analysis of unemployment rates (Huang and Pawitan, 2000), and in seismogram
deconvolution (Chapter 2; Lii and Rosenblatt, 1988). Similarly, an all-pass series can be obtained
by fitting a causal autoregressive model to a series generated by a noncausal autoregressive model
(Breidt, Davis, and Trindade, 2001). See Chapter 1 for a list of applications for noncausal models.

Estimation methods based on Gaussian likelihood, least-squares, or related second-order mo-

34

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Rank Estimation for All-Pass Time Series Models 35

ment techniques cannot identify all-pass models because Gaussian all-pass series are independent.
Therefore, cumulant-based estimators, using cumulants of order greater than two, are often used
to estimate such models {Giannakis and Swami, 1990; Chi and Kung, 1995; Chien, Yang, and Chi,
1997). Breidt, Davis, and Trindade (2001) consider a least absolute deviations (LAD) approach
motivated by approximating the likelihood of an all-pass model with Laplace (two-sided exponen-
tial) noise, and a maximum likelihood (ML) approach is considered in Chapter 2. Under general
conditions, LAD and ML estimators are asymptotically normal. Because the objective functions
for LAD and ML estimation are complicated functions of the model parameters, they tend to be
quite bumpy and can, therefore, be hard to minimize or maximize. In addition, ML estimation is
difficult to implement when the noise distribution is complicated or unknown. Rank (R) estimation
can often overcome these limitations of LAD and ML estimation.

We consider a R-estimator first proposed by Jaeckel {1972) for estimating linear regression pa-
rameters. Jaeckel’s estimator minimizes the sum of model residuals weighted by a function of residual
rank. In this chapter, the asymptotic properties of this R-estimator are studied for all-pass model
parameters. If the weight function is properly chosen, R-estimators can be nearly as asymptotically
efficient as ML estimators, and the objective function for R-estimation can be fairly smooth and
hence easy to minimize. Because the objective function involves not only the residual ranks but
also the residual values, this is not pure R-estimation. Koul and Saleh (1993), Terpstra, McKean,
and Naranjo (2001), and Mukherjee and Bai (2002) consider related estimation approaches for au-
toregressive model parameters. Also, Allal, Kaaouachi, and Paindaveine (2001) examine a pure
R-estimator for ARMA model parameters based on correlations of weighted residual ranks. Their
results are not applicable to all-pass models because the parameters in the autoregressive polynomial
of an all-pass model are functions of parameters in the moving average polynomial and vice versa.

In Section 3.2, we consider Jaeckel’s R-function in the context of all-pass parameter estimation.
Asymptotic normality for R-estimators is established under general conditions and order selection

is discussed in Section 3.3. Proofs of the lemmas used to confirm the results of Section 3.3 can be
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found in Section 3.5. We study the behavior of the estimators for finite samples via simulation in

Section 3.4.1 and apply the estimation procedure to exchange rate log returns in Section 3.4.2.

3.2 Preliminaries

3.2.1 All-Pass Models

Let B denote the backshift operator (B*X; = Xy, k = 0,%1,42,..) and let
$lz) =1—rz— - —¢p2°

be a pth order autoregressive polynomial, where ¢(z) # 0 for |z| = 1. The polynomial ¢(B) is said to

be causal if all its roots are outside the unit circle in the complex plane. In this case, for a sequence
{Wt}9

o~ YBYW; = (Z ijj) Wi = Zlbth—j;
7=0

J=0
a function of only the past and present {I;}. Note that if ¢(B) is causal, the polynomial B?¢(B~1)
is purely noncausal in the sense that all its roots are inside the unit circle, and hence

B7P¢ Y B YW, = (Z f/ij_p"j) We = %iWitptj,

=0 =0
a function of only the present and future {W;}. See, for example, Chapter 3 of Brockwell and
Davis (1991).

Let

$o(z) =1 = o1z — -+ - — dop2?,
where ¢o(z) # 0 for |z| < 1. Define ¢y = 1 and suppose ¢o, # 0 for some » € {0,1,...,p} and

¢oj = 0 for j = r+1,...,p. Then, a causal all-pass time series is the ARMA series {X;} which

satisfies the difference equations

T -1
bo(B)X, = E——f—"%z; 3.1)
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or

¢0,r—1
d)Or

where the series {Z}} is an independent and identically distributed (iid) sequence of random vari-

do1 1

Xt — 90 Xp1— - — borXer = 27 + Zi g+ 2~ VA
dor Gor

ables with mean 0 and variance ¢ € (0,00). The true order of the all-pass model is . We assume
throughout that Z7 has a distribution function F' that is strictly increasing and continuously dif-
ferentiable on IR with density f. Observe that the roots of the autoregressive polynomial ¢g(z) are
reciprocals of the roots of the moving average polynomial —¢5'2"¢o(2~1) and vice versa.

The spectral density for {X;} in (3.1) is

le_irw|2|¢0(eiw)l2zi B 0.2
gr|¢0(6_iw)l2 2r B 37,271"

which is constant for w € [—, 7], and thus {X;} is an uncorrelated sequence. In the case of Gaussian
{Z;}, this implies that {X;} is iid N(0, 0%¢;%), but independence does not hold in the non-Gaussian
case if r > 1 (e.g., Breidt and Davis, 1991). The model (3.1) is called all-pass because the power
transfer function of the all-pass filter passes all the power for every frequency in the spectrum. In
other words, an all-pass filter does not change the distribution of power over the spectrum.
We can express (3.1) as
_ BP¢o(B!)

do(B)X; = ————-—q;—————Zh (3.2)
—%0r

where {Z;} = {Z},,_,} is an iid sequence of random variables with mean 0, variance o, and

distribution function F'. Rearranging (3.2) and setting z; = ¢;,' Z¢, we have the backward recursion
Rt—p = ¢012t—p+1 +- 4+ ¢0pzt - (Xt — o Xp_1— - — ¢0ch—p).

An analogous recursion for an arbitrary, causal autoregressive polynomial ¢(z) = 1 — 12—+ -~ ¢,27

can be defined as follows:

0, t=n+p,...,n+1,
2t—p(¢) :{ (3-3)
¢1Zt—p+1(¢) + - +¢pzt(¢) "‘¢(B)Xta t= n,.. )p+ ]-)

where ¢ := (¢1,...,¢p) . Let ¢y = (do1,...,b0p)" = (do1,...,b0r,0,...,0) denote the true parame-

ter vector. Note that {z:(¢y) }r—1 closely approximates {z:};_7; the error is due to the initialization

with zeros. Although {2} is iid, {2:(¢g)}i=y is not iid if » > 1.
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3.2.2 Jaeckel’s Rank Function

Suppose we have a realization of length n, {Xi,..., X}, from (3.1). Let ¢ be a differentiable,

strictly increasing function from (0, 1) to IR such that

p(s) = —p(1—s) Vs € (0,1). (3.4)

If ¢ forms a causal autoregressive, pth order polynomial and {R:(¢)};-{ contains the ranks of
{z(@)}o=F from (3.3), then the R-function attributed to Jaeckel evaluated at ¢ with weight function
@ is
n~p

D)= 3 (72487) a0l (35)
Because it tends to be near zero when the elements of {z(¢)} are similar, (3.5) is a measure of
the dispersion of the residuals {z;(¢)}. When {z(;)(¢)};=7 is the series {z:(¢p)};={ ordered from
smallest to largest, (3.5) can also be written as

n—p y

D(Qb) = ; '4 <m> Z(t)(¢)‘
A popular choice for the weight function is ¢(s) = s—1/2. In this case, the weights {¢ (t/(n —p+ 1)) }J=F
are known as the Wilcoxon scores.

We give some properties for D in the following two theorems. Jaeckel (1972) shows that these

same properties hold for the rank function in the linear regression case.

Theorem 1 For any ¢ € RP, if

{Pi(e),..., P(n—p)!(¢)} = {{z21,1(¢),..., Zl,?l—p(¢)}: ceey {Z(n—p)!,l(¢)> ce Z(n—p)!,n—p((b)}}

contains the (n — p)! permutations of the sequence {z;(¢)};—1, then

n—p
4
D(¢) = sup @ (_______..) Z',t(¢).

je{l,...,(n_p)y}; n—p+1 J

Proof: See the proof of Theorem 1 in Jaeckel (1972). O
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Theorem 2 D is a non-negative, continuous function on IRF. Also, D(¢p) = 0 if and only if the

elements of {z(¢)};=T are all equal.
Proof: This argument is similar to one given in the proof of Theorem 1 in Jaeckel (1972). Suppose

to to+1
LI s
‘P<n_p+1> = <@<n—p+1>’

withtg € {1,...,n —p—1}. Then

P = Yo ()

— n—p+1

= §¢ (;;:{;;q) 7) (@) = #(10) (¢) ’S@ (n_:ff;ff)

t=1

¢ € RP and

= D¢ (;;:h) (2(6) () = 2(00) (9)) (3.6)

n-—-p "
— ) =0.
t=190<n——p+1>

Since ¢ is strictly increasing, all terms in the sum (3.6) are non-negative, and so D(¢) is non-

because, by (3.4),

negative. Also, it must be the case that D(¢) equals zero if and only if the elements of {z (¢)};=7
are all equal.

As a function of ¢, z,_p,(¢) is a polynomial of degree one, z,_,_1(¢) is a polynomial of degree
two, ..., and z1(¢) is a polynomial of degree n — p. Hence,

o (=t ) e0)

n—
t=1

is continuous on R? for any j € {1,...,(n — p)!}, and it follows that

D= s Tp (i) )

Jelt,mn-p)} iy \n—p+1

must also be continuous on IRY, (]
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3.3 Asymptotic Results

3.3.1 Parameter Estimation

Suppose f is uniformly continuous on IR, sup, g |s|f(s) < oo, and ¢’ is uniformly continuous on
(0,1). Also, let J = fol ©2(s)ds, K = fol F~Y(s)p(s)ds, and L = fol F(F~1(s))¢'(s) ds, and assume
o’L > K.
Theorem 3 There erists a sequence of minimizers ¢p of D(-) in (3.5) such that
5 d
% ($r — do) = Y ~ N(0,3), (3.7)
where

o?J-K* 4
= 3
20020 - K)2 F

I, = [y(j—k)]ik:l, and () is the autocovariance function for the autoregressive process {(1/¢o(B))Z; }.

Proof: See Lemma 14 in Section 3.5. (]

Remark 1: Using the Cauchy-Schwartz inequality,

*J-K? = ¢*E{L*(F(Z))} - (E {Z1p(F(21))})°
> FB{¢*(F(21)} - E{Z]} E{(F(21))} (3.8)
= 0,

with equality in (3.8) if and only if ¢ is proportional to F~1, which is not possible since F~H0) =

—co, F71(1) = oo, and ¢ is bounded on (0, 1). Also,

1
K :/ F~(s)p(s)ds >0
0
since F~! and ¢ are strictly increasing functions on (0,1) and ¢ is odd about 1/2.

Remark 2: The asymptotic covariance matrix in (3.7) is a scalar multiple of the asymptotic co-
variance matrix for Gaussian likelihood estimators of the parameters of the corresponding pth order

autoregressive process. The same property holds for LAD and ML estimators, as shown in Breidt,
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Davis, and Trindade (2001) and Chapter 2 respectively. The LAD estimators are obtained by maxi-
mizing the likelihood of an all-pass model with Laplace noise. This yields a modified LAD criterion,
which can be used even If the underlying noise distribution is not Laplace. The appropriate scalar

multiple is
Var|Z; |
2(202(0) - E|Z,])’

(3.9)

in the LAD case (Breidt, Davis, and Trindade (2001) contains an error in the calculation of the

asymptotic variance; see the Appendix for the correction) and

in the ML case, while the multiple in (3.7) is

o] - K*?

ek (3.11)

Consider the sequence of weight functions {¢,} such that

)= Zarsn (m (5~ 1))

Note that @, (s) — ¢(s) pointwise as m — oo, when

-1, s<1/2,
p(s) =<0, s=1/2,
1, s>1/2

Note, also, that

1
Im = / w2 (s)ds — 1.
0

If Z, has median zero,
N 1
Rn= [ 700 (5)ds = BAZion (P(20) — EIZ|
0

and

I = /O FF=H(8))p (s) ds = E{f(Z1) ¢ (F(Z1))} — 2f(0).
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Hence, if Zy has median zero,

o2 Jm — K2, N o — B 7| 3 Var|Z|
2A0?Lm — Km)?  2(207f(0) —E|Z1])’  2(202£(0) - E|Z4])*’

and so, using the weight function ¢,,, we can obtain the same asymptotic efficiency with LAD and

R-estimation when m — oco.

Remark 3: If Z; has a Laplace or two-sided exponential distribution,

0= (23]

V2
E|Zi| = ¢/v/?2, f(0) = 1/{(+/20), and thus (3.9) equals 1/2. The constant (3.10) also equals 1/2
because, when the noise distribution is Laplace, LAD. estimation corresponds to ML estimation. For

the Laplace distribution,

2 In(2s) 0<s<i V2, 0<s< i
5 k) 20 3 3
Fig =1 " 1 wd  F) =] 2

——%h}(?—%’), 5 <s< 1, %2(1——3), $<s<l

Therefore, if we use the Wilcoxon weight function ¢(s) = s — 1/2, ¢°L > K and (3.11) equals
5/6. Consequently, the asymptotic relative efficiency (ARE) of R to ML is 0.6. Even though ML
estimation is 40% asymptotically more efficient than R-estimation in this case, R-estimation can be
useful because D(-) tends to be smoother than 3", ~F |z(-)] and hence easier to minimize. Figure 3.1
shows ML and R (with Wilcoxon weights) objective functions for a realization of length n = 50 from
an all-pass model with p = 1, ¢p1 = 0.5, and Laplace noise with variance one. Note that the ML
objective function has a large number of local minima and thus could be difficult to minimize using

numerical optimization techniques.

Remark 4: R-estimation with the Wilcoxon weight function performs more efficiently when the
noise distribution is the Students’ ¢ with three degrees of freedom. In this case, because E|Z;| =
2v/3/7 and f(0) = 2/(v37), (3.9) equals (n? — 4)/8. Also, the constant (3.10) equals 1/2. The

distribution function for the noise is given by

1 V3s 1 s
F(s) = 3 + m—l— —T;arctan (—\75> ,
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ML and R Objective Functions

26.5

26.0

255

250

245

-0.5 0.0 0.5

Figure 3.1: ML and R (with Wilcoxon weights) objective functions for a realization of length n = 50

from an all-pass model with p = 1, ¢¢1 = 0.5, and Laplace noise with variance one.
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ARE ARE
df | (R to LAD) | (R to ML)
3 1.4111 0.9617
6 2.0675 0.9968
9 2.3543 0.9796
12 2.5100 0.9636
15 2.6072 0.9515
20 2.7072 0.9374
30 2.8099 0.9213

Table 3.1: AREs for R (with Wilcoxon weights) to LAD and R to ML for the Students’ ¢-distribution

with several different degrees of freedom.

and so

K =E{Z1p(F(21))} = % and  L=E{f(Z)¢' (F(%))} = 4\}53#-

Hence, 02 > K and (3.11) equals (47? — 27)/24. Because the ARE of R to LAD is 1.41 and
the ARE of R to ML is 0.96, R-estimation is asymptotically more efficient than LAD and nearly
as asymptotically efficient as ML. Table 3.1 gives the AREs for R to LAD and R to ML for the
Students’ t-distribution with several different degrees of freedom. Note that, in Table 3.1, all values

of ARE for R to ML are very close to one.

3.3.2 Order Selection

In practice, the true order r of an all-pass model is usually unknown and must be estimated. There-

fore, in this section, we consider an order selection procedure. First note that

cioge | J- (R
APL=RY g (g, - edk,)”

where K, := fgl F7Ys)p(s)ds, L, = fol £ (F71(s)) ¢'(s)ds, and f, and F, are the density and

distribution functions respectively for z; = ¢5,0 7;. Because (}BR it by,

n—p 1/2 .
S (% zf(%)) 5 EED = (3.12)
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and K, = n‘lD(<}53) A X, by Lemma 15 in Section 3.5. Corollary 1 provides a consistent estimator

of L,.

Corollary 1 Consider the kernel density estimator of f,
; 1= (s— Zt(ésﬂ)
) = —— ] 3.1
f’b(s) bnngn( bn ( 3)
where & is a uniformly continuous, differentiable kernel density function on R such that
[ 1sIn|s||/?|&'(s)| ds < oo and &' is uniformly continuous on R, and the bandwidth b, is chosen so
that b, 5 0 and b2\/n D 0o as n — co. Then

; R ST, =\ P 7
L,:=n E © < )fn (z(t)(qSR)) = L.
t=1

n—p

Proof: If I{-} is the indicator function,

. 1 ZF

Fa(s) = s Yo 1 {00 <5}

77,—pt It

F=1(s) := inf{e : F,(z) > s}, and

n

2 t—1 i
o (s) = ¢ (n-—p) for s € <n_p,n_p],t:1,...,n——p,

then nL,/(n —p) = fol fn (ﬁ’;l(s)) ¢! (s) ds. By the uniform continuity of ¢/,

sup |l (s) —¥'(s)| = 0 and sup |¢'(s)] < o0,
se(0,1) s€(0,1)

and, by the uniform continuity of f,, f,(F,1(-)) is bounded on (0,1). Consequently, the proof is

complete if

Sup fa (ﬁ51(8)> = (Fz—l(s))’
< o [ (F0) — £ (B 0) |+ w1 (F7@) - £ (776D | 319)
5 0.
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The first term in (3.14) converges in probability to zero by Lemma 16 in Section 3.5, so we now
consider the second term and use an argument similar to one found in the proof of Lemma 4 in

Koul, Sievers, and McKean (1987). Note that

. . t—1 . ¢
32?0?1) & (Fn 1(3)) - SI - te{l,s.l.l.,pn—P} (max{ Pl (@a)) = n [P @) - n—p })
= sup |F,(s)—F, (s)‘,
s€

and, using the Glivenko-Cantelli theorem, it can be shown that

a(s) —Fz(s)l L)

sup
selR

Because f, (F;!(-)) is uniformly continuous on (0,1) and F;}(F,(s)) = s for all s € R since F; is

strictly increasing on IR,

sup
s€(0,1)

[z (ﬁ'ﬂ‘l(s)> ~ f (FZ—I(S)) = sup

s€(0,1)

(R ]) - £ () | o

and the proof is complete. ]

It follows that
J— (1K) p orJ - K2

. : S 3.15
255, —571K,)?  2(02L — K)? (8-15)

Note that the Gaussian and the Students’ ¢ densities satisfy the conditions for the kernel density
function in Corollary 1.

We now give the following corollary for use in order selection.

Corollary 2 If the true order of the all-pass model is r and the order of the fitted model is p > v,
then

nl/zépR—fl%N (O Mg2j_K2 ) }

o2l — K)?
Proof: By Problem 8.15 in Brockwell and Davis (1991), the pth diagonal element of I‘;l is o2 if

p > r, and so the result follows from (3.7). O

A practical approach to order determination using a large sample follows:
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1. For some large P, fit all-pass models of order p, p = 1,2, ..., P, via R-estimation and obtain

the pth coefficient, qip, &, for each.

2. Let the model order r be the smallest order beyond which the estimated coefficients are sta-

tistically insignificant; that is,
r=min{0 < p< P:|d; r| < 1.96An"12 for j > p},

where

- ~ 1/2
G [ TR /
T\ 20L, - 571K,)?

and the estimates 3, K 2, and L, are from the fitted Pth order model.

3.4 Numerical Results

3.4.1 Simulation Study

In this section, we describe a simulation experiment to assess the quality of the asymptotic approxi-
mations for finite samples. For each of the 1000 replicates, we simulated all-pass data and found ¢ R
To diminish the possibility of the optimizer being trapped at local minima, we used 250 starting
values for each of the replicates. These initial values for ¢1,. .., ¢, were uniformly distributed in the
space of partial autocorrelations and then mapped to the space of autoregressive coefficients using
the Durbin-Levinson algorithm (Brockwell and Davis, 1991, Proposition 5.2.1). That is, for a model

of order p, the kth starting value (qb}(ﬁ), Ce ,(,if,) )’ was computed recursively as follows:

1. Draw qbﬁ), g;), . .,¢§,’;) itd uniform(—1, 1).
2. For j = 2,...,p, compute

k k k
e 851 951 -1
- : (k)
= : ~ %5

¢§:j)‘1 é_g——)l,j—l d)g'—)l,l
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We evaluated D at each of the 250 candidate values and reduced the collection of initial values to
the nine with the smallest values of D plus ¢;. We found optimized values by implementing the
Hooke and Jeeves (1961) algorithm and using the ten initial values as starting points. The optimized
value for which D was smallest was chosen to be ¢ gr. Confidence intervals for the elements of ¢
were constructed using (3.7) and the estimator in (3.15). For the kernel density estimator (3.13), we
used the standard Gaussian kernel density and, because of its recommendation in Silverman (1986)
(page 48), we used
b, = 0.9n" Y% min {3, IQR/1.34},

where §, defined in (3.12), is'the sample standard deviation for {zt((}) 5} and IQR is the interquartile
range for {z:(¢g)}.

Results of the simulations appear in Tables 3.2 and 3.3. We show the empirical means, standard
deviations, and percent coverages of nominal 95% confidence intervals for rank estimates of all-pass
model parameters. Wilcoxon scores and Laplace and Students’ ¢ noise distributions were used. For
each sample size n, empirical confidence intervals were computed using standard asymptotic theory
for 1000 iid replicates. Asymptotic means and standard deviations were obtained using Theorem 3.
Note that the rank estimates appear nearly unbiased, particularly when n = 5000, and the confidence
interval coverages are close to the nominal 95% level. The asymptotic standard deviations tend to
understate the true variability of the estimates when n = 500, but are fairly accurate when n = 5000.

Normal probability plots show that the estimates are approximately normal in all cases.

3.4.2 Exchange Rate Modeling

Log returns for daily exchange rates tend to be uncorrelated but dependent and exhibit volatil-
ity clustering. Therefore, generalized autoregressive conditionally heteroscedastic (FARCH) and
stochastic volatility models, which generate uncorrelated data and model conditional variances, are
usually used to describe these series. All-pass models also generate uncorrelated data and can fre-

quently provide a good fit for log returns. In Section 4.2 of Breidt, Davis, and Trindade (2001), an
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Asymptotic Empirical

mean std.dev. % coverage

n | mean std.dev. {ci) {c.i) (c.)

500 | ¢ =05 0.0354 0.4971 0.0397 95.4
(0.4946,0.4995) (0.0379,0.0414) (94.1,96.7)

5000 | ¢1 =05  0.0112 0.5003 0.0114 96.3
(0.4996,0.5010) (0.0109,0.0119)  (95.1,97.5)

500 | ¢y = 0.3 0.0374 0.2971 0.0399 96.2
(0.2947,0.2996) (0.0381,0.0416) (95.0,97.4)

$2=04 0.0374 0.3958 0.0432 04.2
(0.3932,0.3985) (0.0412,0.0450) (92.8,95.6)

5000 | ¢1 = 0.3 0.0118 0.2991 0.0126 95.4
(0.2983,0.2998)  (0.0120,0.0131) (94.1,96.7)

¢y =04  0.0118 0.3997 0.0123 95.6
(0.3990,0.4005) (0.0117,0.0128) {94.3,96.9)

Table 3.2: Empirical means, standard deviations, and percent coverages of nominal 95% confidence

intervals for rank estimates of all-pass model parameters. Wilcoxon scores and the Laplace noise

distribution with variance one were used.

Asymptotic Empirical

mean std.dev. % coverage

n | mean std.dev. (c.d) (c.1.) (c.i)

500 | ¢1 =05 0.0279 0.4982 0.0321 96.7
(0.4962,0.5002) (0.0307,0.0335)  (95.6,97.8)

5000 | ¢;1 = 0.5 0.0088 0.5000 0.0093 95.9
(0.4995,0.5006)  (0.0088,0.0097)  (94.7,97.1)

500 | &1 =0.3 0.0296 0.2983 0.0361 95.0
(0.2961,0.3005)  (0.0345,0.0377)  (93.6,96.4)

¢ = 0.4 0.0296 0.3964 0.0356 94.8
(0.3941,0.3986)  (0.0340,0.0372)  (93.4,96.2)

5000 | 91 =0.3 0.0093 0.2999 0.0098 95.5
(0.2093,0.3005)  (0.0094,0.0102)  (94.2,96.8)

¢ =04 0.0093 0.3995 0.0097 96.0
(0.3989,0.4001)  (0.0093,0.0101)  (94.8,97.2)

Table 3.3: Empirical means, standard deviations, and percent coverages of nominal 95% confidence

intervals for rank estimates of all-pass model parameters. Wilcoxon scores and the Students’ ¢ noise

distribution with three degrees of freedom were used.
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all-pass model was fit to log returns for the New Zealand/United States exchange rate. Here we con-
sider the daily log returns for the Canada/United States exchange rate for 1992 through 1995 shown
in Figure 3.2(a). The data were recorded at noon Pacific time and are available online courtesy of
the Pacific Exchange Rate Service. From the sample autocorrelation functions for the log returns
and their squares and absolute values in Figure 3.2(b)-(d), it appears this series is uncorrelated
but dependent. The all-pass order selection procedure indicates that a model of order twelve is

appropriate, and the R-estimates of model parameters obtained using the Wilcoxon scores are
p = (—0.109,0.473, —0.041, —0.246, —0.019, 0.236, 0.325,0.153, —0.008, —0.009, 0.127, 0.115)’,

with standard errors 0.050, 0.050, 0.056, 0.056, 0.056, 0.054, 0.054, 0.056, 0.056, 0.056, 0.050, and
0.050 respectively. From the sample autocorrelation functions for the squares and absolute values of
the model residuals in Figure 3.3, it appears the residuals are independent. Hence, the fitted all-pass
model seems to capture the dependence in the data.

Applications for all-pass models are not limited to exchange rates. As discussed and demonstrated
in Breidt, Davis, and Trindade (2001) and Chapter 2, all-pass models can be used to identify and
estimate noncausal or noninvertible ARMA models. This is a somewhat more natural application

for all-pass models.

3.5 Additional Results

This section contains proofs of the lemmas used to confirm the results of Section 3.3. First, for an
arbitrary, causal autoregressive polynomial ¢(z), define 0(z) = ¢z + -+ + ¢pzf = 1 — ¢(z), and

define 6y(z) = 1 — ¢o(z). Note that, fort € {1,...,n — p},
$(B)Xeap = —2(9) + 0(B™ )z (),
so, if j € {1,...,p}, then

—{0(B Nzi(d)} = ~Xeyp-j + ——. (3.16)
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Figure 3.2: (a) The Canada/United States exchange rate log returns, {X;}, and the sample auto-

correlation functions with bounds +£1.96/+/n for (b) {X:}, (c) {X?} , and (d) {|X:|}.
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Figure 3.3: Diagnostics for the fitted all-pass model of order twelve. The sample autocorrelation

functions with bounds +1.96//n for (a) the squared residuals {Z?} and (b) the absolute residuals

{I1Z:1}.
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Also,if j € {1,...,p}, then

o B
9; (0B )=(¢)} = 54; {$12:42(P) + - - + Gpzap (@)}
= H(B_l)af;g) + 244 () (3.17)

Equating (3.16) and (3.17) and solving for 8z,(¢)/0¢;, we obtain

du(¢) 1

d¢;  ¢(B-1) {Xtgp—g + 2145 (8)} - (3.18)

Evaluating (3.18) at the true value of ¢ and ignoring the effect of recursion initialization, we have

0z:(dy) 1 —¢o(B~ ) B 2i4p-j _
a«zsjo - ¢0(B"1){ $o(B) “‘”(""))}

TZ—j Zt+j
0(B) + $o(B-1)’ (3.19)

where the first term is an element of o(z;—1, 2:2, . . .) and the second term is an element of o(z¢ 41, zs42, . . )
because ¢o(B) is a causal operator and ¢o(B~1) is a purely noncausal operator. It follows that

(3.19) is independent of z; = ‘755r1Zt- Thus, if F, is the distribution function of z; and ¢:;(¢p) =

o(F;(2)) 2 (), then, for j € {1,...,p},

Agi(do) _ 9z¢(¢o)
W = p(F.(2)) 6¢j0
= gt | e (3.20)
e 3g2‘(¢0)
0d;

The expectation of (3.20) is zero by the independence of its two terms.

We now compute the autocovariance function 7 (k) of the zero-mean, stationary process

{W8g; (¢py)/0¢} for u € RF:

£ (o) (90 D /
Yh) = E{u'agta(qz ) ( gg,;igb )> u}

= w[e(W)f porm,

where

2652075 — k), ifh=0,
vir(h) =

—Ppnj—i -k bor K2, if R #0,
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and the ¢y are given by 3 o, ¥iz' = 1/do(z) with o, = 0 for I < 0. Thus,

00 ) »
0)+2 (k) th-—j’ph-k} }u

h=1 h=1 Jk=1

v’ {[waﬁvu — k) oy — 205K

26520 — K*)u'a™2Tu.

The preceding calculations lead directly to the following lemma.

Lemima 1 As n — oo,

n—p
n2% ?E%{%’Q AN~N (0, 26520 J — 11’2}5‘21‘,,) :
t=1

Proof: Note that, fort € {0,...,n—p— 1},

t

Zn—p—t —Z"pl ¢0 Zn—p t-H) and  zp_ —p— t¢o Z (]50 B )Zn-—p H—l) (321)

Because there exist constants ¢ > 0 and 0 < d < 1 such that |¢;] < ed’ for all [ € {0,1,...} (see
Brockwell and Davis, 1991, Section 3.1),

ZE

Og9:(do) _ 99¢ (¢0)
0d; 0;

o {558 - i)

-~ Yk
(1)

il
Qﬂ-

for j €{1,...,p}. Consequently,

1o [ Bgi(by)  Ogil¢
n 1/22(9:9(¢0)_ gt@({ﬁo))_}o

t=1
in Ly and hence in probability.
Let u € IR?. By the Cramér-Wold device, it suflices to show

n—p
n‘l/QZ 3&({;750) u'N ~ N(0,2¢5{c?] — K*}u'o™2T,u).

t=1

Elements of the infinite order moving average stationary sequence {u'dyg; (¢,)/8¢} can be truncated

to create a finite order moving average stationary sequence. By applying a central limit theorem
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(Brockwell and Davis, 1991, Theorem 6.4.2) to each truncation level, asymptotic normality can be

deduced. The details are omitted. 0O

Now consider the mixed partials of g;(¢). For j, k€ {1,...,p},

Pald) _ 1
9¢;0¢k ¢3(B
TEioh T fthey | 2otk

$o(B~1)¢o(B)  ¢5(B™1)

= {Xeapti—b + Xegprn—j + 220454k (do)}

~

-7 Z Z¢’"Kb‘”‘(ztﬂ"’“—Hm + Ztpk—jt4m) + E;EHM)
m=0 £=0
and so
0,00, P 36,00
o~ SO(F Zt { Z Z wmwl Zt-l—] k—24m T Zt'l'k—]—e-{-m) jzzz"'.?-l'k) } (322)
m=0 £=0

9%9; (9o)
9¢;0¢k

(3.22) has expectation
1 ~
~207%(j - k)/ F7Y(s)p(s) ds = —2|dor| " Ko™ 2y(j — k).
0

Lemma 2 Asn — oo,

n~! Z ~ 0:(y) LA P Y e

0O’
Proof: For j, ke {1,...,p},
0%9:(¢o) 0%t (o) — {Zt+j+k(¢o) _ Ztyjtk }
ZE 58,00, abom | & PN g T
= 0O(1),

and so

o1 (00i(90) 6%:(%))
Z< ogop  ogag ) 7 °
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in L; and probability. Because (3.22) has expectation —2|¢o,|"* Ko~ 2y(j — k),

~1 62% ¢o -1

by the ergodic theorem. O

Let Fy;(-) denote
n—p
Fn(z)=n""! Z Hz < 2},
t=1
where I{.} is the indicator function.

Lemma 3 For any T € (0,00), as n — 00,

R; (d)o + n"l/zu) u
n—p+l ”<Zt<¢°+ﬁ>>

sup Vn

HuHST,tE{l,...,n—p}

Proof: Observe that

R (¢ +n“1/2u) u
et (x50 )

- Eﬁ{gf{zj@ﬁ%)gzt(% =)}- ZI{ZJ(“’O f)‘z¢(¢”+%)}}

i=1 j=t+1

sl )}

Because z; has a continuous distribution,

"
I - el 1} =0,
P (l[uHST,tSEL}Il) - p}J_ZH:,1 {ZJ <¢0 \/_> “ <¢O + \/ﬁ>} ” )

and so
u u P
rly { ( )=Zt(¢ +—)}~+0.
IS re . n P}””“ ;1 TR AV
Since
n
4 e il Il

it suffices to show

sup
flufi<TeelR

S (o) 5o} sa]
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For {lu|| < T, define

ejn(B) = 2z —2j (Cbo
= zj = zj(dg) —
= zj = 2zj(o) —
where ¢; () lies between ¢ and ¢ +n~1/2
that
[o,0]
Z ":[)I):,j,n (L’l)
k=—00
Set
€j,n(0) = zj — 2j (o) —

)

W 9zj(dy) W 0%zi(¢] n(u))

i 0¢  2n  0dod
Ozj(¢py) 1

uf Zjaqso ) ,,Z_:J“” ik

u and {95 ; (1) }32_, is a real-valued sequence such

1%z d)fn
zj—k = u—Q———-%é’————gb,(u))u (323)
u 021 ¢0 _ Z 1/)k " n ZJ & (3.24)

\/ﬁ

%0

Because §22;(¢p)/(0¢pd¢') is continuous with respect to ¢,

sup

95,5, (W) = O(1).

”u“ST;jE‘[l,.“,n-—p}

Thus, for all n sufficiently large,

1+ ¢8,j,n(u)> >0

inf (
<7, je{1,...,n—-p} n

,,,,,

and

i
3
!
3

3 .
1]

i< T+ €5 (u)

IN
3
[
=3 -

e e

™

T+ €5 n(u)
F, (1 + wgyjyn(u)/n>

j=1

SR () o)

[{z; <z +ejn(u)} ~I{z <z}]

E "‘1+¢W<u)/n} ~ s

— Fy(x)

LS ), e mran | o f etgal® N0 g
Vi [I{ZJ§1+¢6,j,n(u)/n} F"(1+¢g,j)n(u)/n> I{zj < 2} + Fi(z)

I
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By Lemma 4,

sup
lal|<T,zelR

1 — T+ €5n(u) CF(s
V'Z;[ <1+¢wmeN> F“)}

and, by Lemma 5,

1 P z+ € n(u) 2+ € n(u) P
sip =D VG S T (B T s |~ s S e+ B | 50
Jal<T reR ﬁ;[ {J L+ 95 0(u)/n T, () st e
]

Lemma 4 For any T € (0,00), as n — oo,

n-1/2 z+€jn(u)
/ 53[ (Tiﬂbja Vn)“ﬁxwﬁ

where ¥ ; .(a) and ¢;,(u) are defined in (3.23) and (3.24) respectively.

P

sup -0,

flulf<Tce R

Proof: For all n sufficiently large,

inf ( + —wo’j’”(")) >0,
flul|<T,je{1,...,.n—p} n
and so
sup —_— F, ___T’___ _ Fz(x)
T, ceR [V ; (1 +95,5,n(W)/n
1= 2+ ¢j.q(u) )
< sup A=} B | gt | (et g (w)
Iaf|<T, zelR n j=1 (1 + tpﬂ,j,n(“)/”
1«
+ o osup == Y [Fa(a o+ €n(w) — Fa ()]
lal<TzeR |V 721
1 = &+ €jn(u)
= sup ¢ n( )~—T’__._fz(x%n(u))
pli<7eR |77 ; R R N Y
+  sup == fi(z], (a))e;a(u)
lajj<rzeR VR T
1 = ¢3jn(u) z + €;,n(u)
< —= | sup |z|f:(z o> et
373 (wE]R' |12 ( )) ; 2 () T+95; . (u)/n

n-p

T Z €5, (1)

J

+ sup Zlej, ”fz ]n( ))—fz(él?)t

HquT,xelR

+ (sup fz(x)) sup
zclR fluli<T
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}

where =7, (u) lies between z +¢; ,, () and (z+¢;,.(0))/(1+¢5 ; (1) /n), x;)n(u) lies between z and

wa,j,n(u)
L4405 jn(u)/n

1
< = (sup [a;[fz(x)) max{ sup {455, (W], sup
VR el Il <T.F€{L,.n—p} Iall<T g€ {1, -p}

n-—p 1 n—p ;
+ (xs;ﬁfz(a:)) e | L nl)] + s TS enlllf (e () = £ o)

z+¢jn(u), and f, is the density function for z;. Because sup, g |¢]f.(z) < o0, sup, g f:(2) < co

by the uniform continuity of f., and

sup 145,50 (W] = O(1),

”ll”ST,jE{l,,ﬂ—P}

we need to show that
—= D _€ia(n)
\/ﬁ Jj=1

(3.25)

sup
flali<T

and

WZ‘M )|l (e} (w) = 2 (2)] (3.26)

uuu<T xE]R,

are both o,(1) to complete the proof.

Observe that

\/ﬁ Z €j,n(u)

llull<T

8z¢
nZ JO

Zizj——zj ¢o)|+ sup

flall<T

ns/z ZZ%,M w)zj-k

H ||<T i=1 k=0

By (3.21),
Z lzj — 2; (o)l 5 0,

and, using the ergodic theorem,

| P
9z ()
n ; oo

quﬁ
nz JO

since (3.19) has expectation zero. Finally, because 8°z;()/(8¢8¢’) is continuous with respect to

IIUH<T

¢, there exists a geometrically decaying, non-negative, real-valued sequence {m}32 _ ., such that

sup

Jlulf< <Z7rklz.7 kz vj € {l n__.p}
ul|<T

E£0

Z"/}k]n(u B~k

k#0
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for all n sufficiently large. Thus, for n sufficiently large,

ns/z ZZWM u)zj-k

=1 k#0

n—p

1
<R Z::f\;m’fk!zj—k! 50,

ffu H<T
and so (3.25) is o0, (1).
Let § > 0 and 5 > 0. By (3.21), there exists an integer m > 0 such that

é
p ( sup lzj — zj(¢o)| > g) <3
je{ly'“:n'—p_m}

for all n > p + m. Also, because E(z2?) < o,

u’ 82_7 (g)
Vi 0

P ( p

and

Zwk,]n ZJ k

k0

P sup
fluli<T.€{L,..on—p} |7

n) 9
g 3) <3
for all n sufficiently large. It follows that

P Sup lejn(w)] > n) <$
flull<T,je{1,...,n—p-m}

for all n sufficiently large. Because f, is uniformly continuous on R and ]m;’n () — z| < leja(u)],

for any 7 > 0 there exists an 5 > 0 such that

sup |fo(z] () = fo(@)| < 7

H“llST,mER,je{l,..,,n_p_m}

on the set where
sup lejn(u)| <.
]]uHST,jE{l,...,n—p—m}

Therefore, since

guu<T \/_ Z‘ e Or (),

(3.26) must be op(1). ]
Lemma 5 For any T € (0,00), as n — oo,

_12n"P z+¢jn(u) m B . )
n /Z{f{ SW}_FZ(1+¢Sljyn(u)/n> I{z; <z} + F.(x)

j=1

sup
lull<T,ze R

where ¥ ; ,(0) and ¢; ,(u) are defined in (3.23) and (3.24) respectively.
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Proof: This argument is similar to the one given in Boldin (1982). First of all, by (3.21), for any

d > 0, there exist constants Cs > 0 and 0 < D < 1 such that

P (J sup [len—p-i = zn-p-j(¢o)| = CsD’] > 0)

je{0,...n—p—-1}

.E{lr",n_p}

= P ( sup [lzj — zj{bo)| = CsD*7P7I] > 0>
< 4§

for all n. For § > 0 chosen arbitrarily small, the proof is complete if we show that
sup I{A}Z < 2ren U pf @ten(®) ) g oo p
Juli<T,ceR | VP =1 + 95 0 (0)/n L+ 45 ;n(a)/n 7=

P
= 0,

where

Ap = { sup  [|z; — 2i(po)| — Cs D" P] < 0} .

je{ll“')n_p}

Hence, we assume to be on the set A, for all n throughout the remainder of the proof.
Now, fix nondecreasing sequences of positive integers {M,}5%, and {N,}5%, such that M, ~

n%* and N, ~ n1/®) (e.g., n3/*/M, — 1 and n*/®?) /N, — 1 as n — co). For each n, let

—00 = Zop < i < - < BM,n = 00, Fozrn) =rM; (3.27)

and

Ui gin = =T +2Ts; N L, ie{l,...,p},s;€{0,...,N, —1}.

Thus, for any n and any z € R, there exists z,, such that z,, <z < #,41,,. Also, for any n and

any |[u]] = ||(u1,. .., up)'|| < T, there exists (u1,s,n, U2,00m, - Up,s,n) such that
G = = 3o 00 (1am 1 { 2500 > o}
. “i: 5%6(;0
< "Z”f - aZJ "50) (1 + 27Ny ) nI{BZgE{fO) < 0})

—. + (3.28)

Ja1,814..,8p
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forallje{l,...,n—p}.
Recall that

" Oz 1822 (%,
Gnle) = 5= sib) — A - O

w 9z (
=z "‘Zj(d)()) \/7—1— J ¢0 - —ZW,Jn ZJ k>
k20

where ¢ ,(u) lies between ¢, and ¢y + n~'/%u and

1
W (W)

SN v 82 (¢;  (w))
S Vian(ugzys = L LGl
k=~—00

Because §%z;(¢)/(0¢0¢') is continuous with respect to ¢, there exists a geometrically decaying,

non-negative, real-valued sequence {m}72 __. such that
sup Z@b}:yj’n(u)zj_k < Z melzj—k] Vi€ {l,...,n—p}
ST | 20 k#0
for all n sufficiently large. Also, because
sup %850 (w)] = O(1),

fulj<T,je{1,...n=p}

there exists an L > 0 such that

sup [¥5n(@) <L and  1-=2>0
”u”ST:jE{L"':n"P} n

for all n sufficiently large. Choose 1 > 0 such that

<Y milziokl Vied{l,.. n-p},

Sup Z’pwn )2k
lull<T | k2o =
* L
Sup lwﬂ,j,n(u)l <L, and 1—-=Z>0
)l €T je{1,...n—p} "
for all n > 7.
Consequently, for any n > 7, any [Ju|| < T, and any = € R, there exist (u1,5,,n,...,Ups,n) and

&rn such that

_Cépn p-i 4oy i/2g-

-1
2:7%,81,..,8p -n Zﬂ-klz‘i—kl

E£0
< @+ein(u)

< ZryinF CsDP—P~J 4 ”ul/zeﬁn,sl,..‘,s, +n ! Z |25 -k ]
k0
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and
y_. = oz .. + *1/20‘7_,3'% 51,...,5p _ n—12k¢0 ﬂ-kizj—‘kl
Todi 815008 p nE L= Lin+ 201{67 PR TION Mg 0}/n 1-L/n
< Erem(@)
1+ ﬂ‘/’g,j,n(“)/”
< $+ L _‘_ .—1/20;:71 $1,..8p n—lzk¢0 ﬂ'kle_kI
741,41 L/n+2LI{Jml . < 0}/n 1—1L/n
= y:-+1,j,n,sl,.}.,sp (3.29)
for an] € {1,...,71—])}, where
- = Tr.n CsDn—r—i
Trgm = T2 L/n+2LH{z,, >0}/n 1- L/n (3.30)
and
+ . Tr+ln CsDn—pP=i )
Lrpign = 1—L/n+2LI{xr+1n<0}/n+ T T/n (3.31)

By (3.29) and the monotonicity of I{z; < -} and F, (),

Z [ {ZJ S Yrinsy,. ,sp} Fy (yr+1,jn31, o ) —I{z Lz} + F, (m)}
=1

1 =
= 7 [I {zj < erJn 81,...,8 } F (y,.]]’n 51,0...,8 ) - I {Zj S xf‘j‘n} + F ( ., n)]
Jj=1
1
+—~—7;Z [I{z < x”n} — F, (z; ,]n) Hzj < 2pp} + Fo (200)]
j=1
1 &
+_; [T {zj Szrpn} = Fi (@) = I {z; < 2} + F (2)]
Jj=1
1 _ +
+ﬁj=1 [Fz (yr,j,n,sl,m,s,,) ~ F; (yr+1,j,n,sl,...,sp)}
< L g-,f ;< 2+ nl(a) - F. _mx+ej,n(u) ~I{z; <z} + F,(z)
- \/—ﬁ j=1 L -1 + d)() Jy n(u)/n : 1+ ’Pa,j,n(“)/“ 7= :
1 n=p
< =3 [1{s S hsmonn) B (i) =1 <214 F(2)]
j=1
L5 + 4
= 7 Z I{ZJ S yr—t}-l)j,n,sl,...,sp} - FZ (y;}—+1,j,n,sl,.4.,3p) - I{Z] S mr-&-l,j,n} + Fz (wr+1,j,n)]
j=t "
1 &
+ﬁ [I {ZJ < ‘T;r+1 s n} F, ( r+1,_7 n) I{ZJ < xr-}-l,n} + F, (wr-}-l,n)]

<.
1l
-
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1
o U{z < @rgrn} = Fa (@rg10) — T{z; < 2} + I (2)]
j=1
1 X + _
+ﬁ - [FZ (yr+1,j,'n.,sl,4..,5p> - F; (yr,j,n,sh..‘,sp)} :
J:

Therefore, the proof is complete if

_1\/—7_;;\;::: [I{ZJ < yr,]:n 81,0 ,Sp} - £ (y;*,:j,n,sl,.v, ) - [{zj = ‘L‘”n} i ( " ”)}

sup
re{0,..,Ma}
(31,0.,5p) €{0,... ,Np~1}»
5 o,
Z [1{z <o} = Fe (ekj0) = Tz <on} + Fe (200)] | 50,
re{O, ,Mn} \/_
1 X P
sup —=> [Tz <e}=F(e)~ I {z <y} + F ()] | =0,
IFu()- Rl [V
and
1 P
sup Yr n s _FZ y;",n $51,0.8p — 0.
re{0,.., Mn~1} \/ﬁz [ ( +1,7,m,81,..., p) ( I )]
(81,-.48p) €{0,:.,Np—1}P

These four resulis are confirmed in Lemmas 6, 7, 8, and 9 respectively. o

Lemma 6 Asn — oo,

n-=p
- +
sup ln 12 E [I{ZJ < yr;J,n S1,.. ,sp} - F, (yr,j,n,sl,...,sp) -1 {ZJ < :Erj n} + F, ( 7,7, n)] ;
7‘5{0, )Mn} Jj=1
(317 :P) E{D) ] _1};7
5 o,
where Y i g s y::j,n,sl,“.,s,,’ @7 o, ond at; o are defined in (3.29), (3.30), and (3.31).
Proof: We will only prove
n—p !
+
TE{OS:?.I,)M"} 7:‘4:_: [ {zJ < yr,],n $1,.. ,3,} - F (yr,j,n,sl,.., ) - I{ZJ < g“ry n} + F; ( rg,n )} i
(31v“‘»sP),E{O)-"rNﬂ—l}p
P
- 0,
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as the proof of

n—p
TE{OSy]in)Mn}- \—/—:g [ {ZJ <yr,g,n 81y..,8 P} F (yrgnsl, ’Sp) —I{ZJ Smr]n}+F ( ,Jﬂ)]
(81,..3p)"€{0,...;.Np—1}r
P
- 0

is nearly identical.
By (3.19), for any ¢ € {1,...,p}, any n, and any j € {1,...,n — p}, there exists a real-valued

sequence {{/}k,i,j,n}k such that

Oz
Zykﬂﬂinz‘? k= J(¢0)’

ey O¢i
and, for some constants @ > 0 and 0 < b < 1,
sup Wk,i,j,n‘ <ab®l Vkel .. -2,-1,1,2,..}.
iE{17"4])}7]'6{11'”1”“]9}
n€{1,2,..}

In addition, from Lemma 5, there exist constants a > 0 and 0 < # < 1 such that

sup (I@I&kﬂ;jyn] + rk) <af* Vke {..,-2,-1,1,2,...}.
ie{l,...,p}j€{l,...,n~p}
n€{1,2,...)

So, by (3.28), for any n, any j € {1,...,n—p}, and any (s1,...,5,) € {0,..., Ny — 1}*,

OF ors, = —Zuz o D rignzi—k p | 1H2TNT UL T8N "t jnzjs <0
k#0 k#0
As in Boldin (1982), define a non-decreasing sequence of integers {{, }7%, such that £, is the integer
part of —4logg(n), and let

o

sy == Uiein{ D rkignzi-k ¢ | 1+ 2TNT il T Y Grignziok <0
i=1 0<|kI<tn o<k <Lu
and
ot =zt + 2 —1/29;-” 81, 8p ! Docikigen TrIZi-k]
Sty TENIN T  Ln 2LIH{0F, < 0}/n 1-1L/n ‘
To complete the proof, we will show that the terms
1
sup =3 [1{a < vt~ {2 <7 Hi (3.32)
req0,... Mn} \/ﬁ ; Y 70,81, 7 707,81, 8

(#1,..,8p)'€4{0,...,N,~1}#
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n—p
refo, ) 7 ; [F (yij:”’sw-:%) ~ 5 (”:J%n:hw“” | (3.33)
(81,..,8p) €{0,....Np—1}r
and
n-—p
rE{OS,??Mn} % ; [I{ZJ S Vr—'t-j,n,sl,“.,sp} - Fz (V:j,n,sl,...}sp) I {ZJ < wrg n} + F ( 7.3, n)]

('51V"‘vsp)lE{Ol“wN"-_l}p
(3.34)

are all op(1).

Because, for any n, j € {1,...,n—p}, r € {0,..., My}, and (s1,...,5,) € {0,..., Ny — 1}?,

+ + . . . .
yr,j,n,sl,...,s,,’ Ur,j,n,sl,m,sp € 0(' cey Bj2y B5—1, Bj415 L5425 ‘)?

for any n > 0,
n—p
’ e{osupM } Z[ {ZJ S Wjmss, } [{ZJ vl gm ,s,,}] >0
r N =1
(51,08p) €{0,.. . Npy~1}»
< (Mu +1)NE
1
Tty n =1
(s1,...,85) €{0,...,Np—1}p J
(My + )N .
(51,0,5p) €10, . Ny—1}P
n-p
M, +1)N}
< Gt (i) o T i 09
T yenaia i=1
(51,0089) €40, Nn=1}P "
where the Markov inequality was used for the second inequality. Also,
E yr7j7ny3ly-'~:3p - Vj,‘j,n,sl,..,,ﬁp
i+
< Lo S nsirese 0] nssrss
= Vno|l—L/n+2LI{6],, ey < 0}/n  1—-L/n+ QLI{GF s, < 0}/
1 E {Zlkbfn Wk!ffj—kl}
n [1—-L/n|

and since

1
E{ Z 7rk|2j_k]} < E‘le Z aﬁ’k’ < -—Zl Elzll

k> k> 2n
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it follows that, for n is sufficiently large so that 1 — L/n > 0, (3.36) is bounded above by

—l—E (1—[’/”)( 7m,81,.. ,,_gj-n 51, ,3p)
\/ﬁ (l_L/n+2LI{ F1,81,.,8p < 0}/n)(1—L/n+2LI{ Jn,s1,.8, < 0}/71)
2L 9;:“ 31, ,SPI 6‘?:71,31,‘ ,8 < 0} ] 78,81,.. ,8p {0],?1 51, ,3 < 0}
n3/2 71 (1 — L/n+ 2L1{6F rs1ns, < 0}/n)(1 — L/n+ 2LI{6F s, < 03/1)
1 20 Ela|
n1—-81~1L/n
N, S P VR U
= Un 1~_ I/n n372(1 — L/n) S RITS J81,,8p
1 2« Elzll
—_— . 37
+n51—,6'1——L/n (8:37)
Note that
{18 sy 10 mnyl} < 2T(1 4207 )30 Blieignsios
i=1 k#0
< 2pT(1+2N; "Bl Y afl*
k£0
= 420 (14 28 B, (3.38)
o B
El Jym,31,.. ,3,, - é_?:n)sl,m,spl
< TZ > Blthk s jnzjox] +2TN;
i=1 [k[>L,
p »e ..
X EE I E"//’k,i,j,nzj—k <0 Zfl’k,i,j,nzj-k -1 Z Y ignZj—k <0 Z Yk i jnZi~k
i=1 k#0 k#0 o<kl <ty o<k <ty
P
< T+2N7) " > Elwignzi-kl
i=1 |k][>Ln
p ..
+2TN Y E| I D kigmziok <0 —1 > Yrigmziok <0 > ki gnzi—k]
i=1 k#0 0<lk|<ln k#0

< pr(L+2N7YEz] > ap*l 427N

[kl>En
, ) REE
X Z E Z Vi jn2ik] I Zlﬁk,i,j,nzg'-k <0, -1 Z %,i,j,nzjw <0
=1 k0 k0 0<[k|<tn
0 1/2
1 2 _ —
< =7 (1+2N7HE|z ]+ 27N |E (Z aﬂlk”zj_.k])

k#0
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1/2
X i [E } , (3.39)

where the Cauchy-Schwartz inequality was used in the third inequality, and

2 1/2

E (Z aﬂ*’“'lzj_kl) < ag# [B{:2}]"7 = 22 [p(:2)]"? (3.40)

I {Z Uk i ik < 0} - f{ > Yrijmziok < 0}

k#0 0<lk|<n

E#0 k#0 1-5

by the Minkowski inequality. Also, for any ¢ € {1,...,p}, if fij, is the density function for

Dok VhiignZi—ks

1 {Z Vi jinZi—k < 0} - f{ > Prignziok < 0}

k30 0<[k|<Lln

P Z@Zk,i,j,nzj—k >20:nN Z Vi jin ik < 0
k#0 0<ki<tn

+P ({Z'{Zk,i,_i,nzj—k < 0} N Z %Lk,i,j,nzg'—k > 0})
k£0

{O(]k[gﬂn
. 1 - 1 . 1
P Zlﬁk,z‘,j,nzj_k > 3 N Z Y i 5 nZj—k > o +Pj0< Z¢k,i,j,nzj—k < =
1
2

E

IA

E#0 1k|>2, E#0

. - . -1 -1 .
+P ({Ziﬁk,i,j,nzj—k < —n_} n { > Yrignziok < F}) +P (717 <Y ki gmziok < 0)

k#£0 1k]>2n k#£0

. 1 . 1
< P( D kiginziok| > ;2-) +P ( > Priimziok| < -7;2-)
1e]>£n k#0
) 2
< 0?3 Elkignzi-kl + =5 sup fija(@). (3.41)
" seR
[kl>2n o8

From (3.19), 123,-,1'73-,71 = —1 and so, if f;; ;. is the density function for ng{o,i} &m,,-,j,nzj_m, then

SUP/ 'l.l;i,z',j,nrlfz ( " ) fiign(s)ds

sup fi,jn(x)

zelR zelRJ~o0 Vijign
< sup fi(z).
zelR
Because
> Bl ignziokl <Elaa] > aptl < 2 2 g
IO “ntl-p ’
'k|>£n lk|>£n
(3.41) is bounded above by
2 « 2
— ——E|z1| + —; sup f,(z). (3.42)
n?l-p n? R
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Combining (3.36)-(3.42), we have, for n sufficiently large, j € {1,...,n —p}, r € {0,..., M, }, and

(51,..,8,) € {0,..., Ny — 1)7,

E y:jynp‘?l,m,sp . U:,.j,n,sl,...:sp
1 2 pT
n?21—-81~1L/n

1 4/Baf T 12
o 14 94\ 1/2 o
n3/2N, 1—-p8 1-1L/n (B{=r}) (1 f;E‘Zle;lp fz(w)>
1 8af pLT -1 1 2a 1
L+2N"HE
AT g L P Bl e

= 0(n~%?,

<

(1+2N;1)E]z|

+

Efz1]

and, since M,, ~ n®/* and N,, ~ n1/(8?) (3.35) is bounded above by
V(M + 1)N2 O(n~3/?) - 0.
Because 5 was arbitrarily chosen, (3.32) is 0, (1). It can be shown similarly that (3.33) is 0,(1).
Now consider (3.34). For all n, r € {0,...,M,}, 7 € {1,...,n — p}, and (s1,...,5;) €
{0,..., Ny — 137, if

51',.7”31, ,Sp'_I{ZJ— r7,nsl, L8 } F( r,J,m,81,...,8 >_I{ZJ<xr1n}+F( ,Jn)’

then {fr,j,n,sl,..‘,sp}f} ~P is a 2£,-dependent sequence with mean zero. Thus,

1 ' X '
E{—= rIN,81,...,8
\/ﬁ-;g,]', 13 Sp

1 n—p n—pn—
4 2
= EEZE{sryj:nyslr"'vsp}+ EZE{£ JM,81,-.8p rknsla o3 }
j=1 j=1 k=1
otk
n~pn—p
Z Z E{fr,;, sl,l.‘,sp‘fr,k,n,81,...,3,,}
j=1 k=1
ik

N=pn=p n—p

ZZZ E{éhm,”h xsx,frknsl, WSp grmnsl, 8 }

j=1 k=1m=1
(J¢{k,mhn(k#m)
N—pnR—p nNn—p n-—

1
55 5 5 DR YRR SR S

j=1k=1m=1 g=1
(J'ﬁé{k:m,q})ﬂ(ké{m,q})ﬁ(msﬁq)
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n—pn—
< TL2 ZE{gr,Jnsz, ,sp}“!’ ZZ E{&,jnsl, ,spgrknsl, s}
j=1k=1
0<|j—k|<28,
T D N n—pn—
+-—_ ZZ E{ﬁ"'d,n 1.0 Sp} {Erknsl, ,sp}'f“”‘ ZZ Elfr)Jm 51, spsrknsl, .
j=1 k=1 21 ket
li—k]>2£, 0L|j~ki< 28,
6 N-=PN—=p n-—p
2
+1—‘l—§_ ZZ Z Elg"‘vj:”y’h-4'15;167‘!]":’”’131!'"lspgr/m:nlslr-"ysp
j=1k=1m=1
(0<|j~k|€4E,)N(0<]j —m|<4Ly)
n—pn—p n-p
+FZZZE{£T]7L81, ,sp} I&rknsl, W8p Ermnsl, \8p
J=1 k=1mz=1
0<lk—m|<2¢,

1 N—=pn-—pn—pn—p

+¥ Z Z Z Z E!fr,j,n,sl,...,spgr,k',n,s1,...,sp£r,m,n,sl,...,spgr,q,n,sl,...,sx,

J=1 k=1m=1g=1
(0< ] —k{<62,)N(0<]i ~m|£6€n)0(0<]j — g} £6Lx)

R—pHR—p N—p N—p
3

+ﬁ Z Z Z Z El&",j,nysxyu-»spfryk,nysly-uxsp]E1§7‘,m,n,31,“.,s,,fr,q,n,sl,...,s,, .

j=1 k=1m=1 ¢g=1
(0<|j k[ 2Ln)n(0<Im—gl<2¢5)

Since sup;eyy, . n—p} [€rdn,s1,.5,] < 2, the right-hand side is bounded above by

2
16 16 16 16
—+3—(46) +3(4 )( sup Ei&,j,n,sl,...,spl) +4—(4ln) + 6-—(8¢x )?
je{t,..,n—p}
2
16
+6(4)(44,) sup Elgr,j,n,h,u-,spl (125 )
je{t,..,n-p}
2
+3(4)(4£n)2 ( sup Elgr,j,n,sh...,sp])
je{lv"‘)n—'p}
. 2
= =0(G)+ sup  Blérjiner,.s,l | OWR)-
n Je{L,...,n=p}
If n is sufficiently large so that 1 — L/n > 0,
sup E‘Er,j,n,sl,...,.sp]
Jje{1,..,n—p}
S sup 2E FZ (U'r_'*:j,n,sh...,sp) - Fz (I:J,n)
je{t,. ..,n-p}
< 24 sup fi(x) sup E V;"j sysy T :c:']n
zeR de{t,on=p} | TR
n—1/2p+ n—1 )25
= 9 sup fz (iL‘) sup E ]n 51,..,8p ZO;]HSLE,, l ¥ }
»cIR je{l,.n=p} |1—=L/n+2LI{GF sy < 0}/n —L/n
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2
L~ Lfn (fé‘féfz(””))

1 P
< s =T Y B S gz 2Blal Y m
jef{l,..,n—p} l:\/ﬁ i=1 | o<|k|<e, k£0
< 2 sup fa(= E]zllz ﬁ""[ ! —=pT(1+2N1) + 1]
1-L/n = Vn n
1

= daf su 7 -1 l
T -0 -I/n) (%ﬂ%fﬁ("”))m”[ PT(1+2N; )+n].

Consequently, for any 7 > 0 and large n,

Bl

1 X
p sup = ‘S'f‘,’,n,sl,...,sp >n
ref0,....Mn} ’\/ﬁ; g
(81,...,85) €{0,...,.Np—1}r
1 & !
< (Ma+1)NF Py P %Zﬁr,j,n,sl,,_,sp > g
(5110089)/ €10, No—1}7 =
4
(M, + 1)NE 1 X
-3 E{ —= r,7,7,81,...
= n* re{os,uy,) n} ﬁ;gd’ it
(311 1313) E{O: GNo=1}F
¢ Ut DNEL gy (Mt DN G
Uk n*
2
4ap 1
" E T(1+42N;
X{(l— )(1—12/)(‘“’“1%“ )) [ oo+ 2 + ”
= 0,

and so (3.34) must be o,(1).

Lemma 7 As n — oo,

sup —1/2 Z 1{3_7 < xrj n} F ( ™ n) I{zj < z””} + £ ($r,n)]

re{0,...,Mn}

where £, , . are defined in (3.27), (3.30), and (3.31) respectively.

rjm and zt g

n

Proof: For any n > 0,

P sup
re{0,...,M,}

1 &
—\/-ﬁ— Z [I {Zj < :U;'F,j,n} —F, (m:j’n) - I{zj < mr,n} + F, (xr,n)]
Jj=1
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< (Mp+1)
12 ?
e P ( Vn ; [T{z <oljn} = Fo (2f;,) = Hz Sarn} + Fa(200)] | > n’z)
M, +1 = ’
S L ; [T{z S alynt = Fo(080) — Tz S wnn} + Fe (2n0)]

Mn +1 =4 2
= e, ; E[l{z <ot} —F.(a};,) = 1{z S arn} + Fa (2rn)]”  (3.43)

because, for any » and any r € {0,..., M, },
{]{Zj < m::j,n} - F; (x:j,n) - I{zj < mrﬂ’l} + F, (mf‘,n)}j

is a sequence of independent random variables with mean zero. For all n sufficiently large so that

1—-L/n>0,

E[l{z <ef;,} = F(e};,,) — {2 < 2rn} + Fe (20,0)]"
=k [I {xm <z < m}{}n}]rg + (Fz (x7+,] n) - F, (:z:,,n))2

i

—2 (Fz (wr.tj,n) - F, (l‘,}n)) E [I {xﬂ” <z < mj:j,n}]

il

B[l {2rn <2 <ot Y] = (B (27, ,) = Falrn)

”'JJYn r?JYn

IN

F, (13+ ) - Fz(xr,n);

r7J7n

(3.43) 1s bounded above by

M, +1 g
2 sup Z (FZ (w;!:j,n) - F, ('Z'r,n)) ;

n°n  refo,.. My} =1

2

and, from (3.31), this can be bounded above by

" e CsDr—r=i 1 2rn (L —2L1 <0
2t (o) S bR

|

P et w2 | et 1-L/n 'n 1= L/n+2LI{z,, < 0}/n
My +12 CsDn=p=i 1 L
< 2 sup fz(:c)) e — (sup |m|fz(:c)) ——} , (3.44)
n2n J; l:(xe]R 1—L/n n \, R 1—L/n
where z7? lies between z,, and

r.J,n

Lpn

1-L/n+2LH{z,, <0}/n’
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Because My, ~ n®* and 0 < D < 1, (3.44) converges to zero. It follows that

1 'S P
sup — I z-gx;"-n - F, :E;"n ~I{z; <arnt+ I (2rn)] | =0,
re{0,.. Ma} \/‘ﬁjzl[ { J s } ( s ) { 7 } ( )]
and, similarly,
1 X P
sup = [I{ZJ Smr] n} F ( ,Jn) I{ZJ §$T,"}+F2 (wryn)] = 0.
re{0,...,M,} n =1
0
Lemma 8 If M, ~ n®/%, then, as n — oo,
n=p
sup n~i/? Z [[{z; <z} —F, () = I'{z; <y} + F; (y)] 5. (3.45)
[y (@) =F ()l <M} j=1

Proof: Observe that the left-hand side of (3.45) equals

1=
su —_—= 2\25) <yl - I, (z) - . (2;) < F, )
R \/ﬁj};l[f{p( ) < Fo(2)} = F, (w) = T {Fs(2) < ()} + F2 (9)]

= sup
s,0€[0,1],|s~t|< M T

\/_Z [I{F.(%) <s}—s—T{F,(z) <t} +1]}

If W(-) denotes a Brownian Bridge on [0, 1], by Theorem 14.3 in Billingsley (1999),
1 X d
7—;; (I{F:(z) <} =) = W()
on D([0,1]), the space of right-continuous functions on [0, 1] with left-hand limits. Note that the

sample paths of W{(-) are continuous on [0, 1] almost surely. By the continuous mapping theorem,

for any § > 0,

sup W(s) — W(t)|.
s,t€[0,1],}s—~t] <48

Z [I{F,(z) < s} —s—T{F(z) <t} +1]| >
3t€01]|s t]<6 =1

Since M, 1 — 0, we can let § — 0 to obtain the result. ]

Lemma 9 As n — oo,

n—-p

—1/2 _
w0 [ () = Fr (i)

j=1

sup
re{0,...,M,—1}
(s1,--18p) €{0,..,No~1}¢

where y;*'_“l,jy and y, are defined in (3.29).

,81,...,5p Ja,81,.,8p
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Proof: For any r € {0,..., M, — 1} and any (s1,...,8) € {0,...,N, = 1}7,
1 'X L[
:/_T—:; [FZ (y*:‘+1,j,n,sl,...,sp) - F <yr,j,n,sl,...,s,,):|
n-p ] P
< T [ (yr+1,],n 81y.y8p ) ~ F, (w:-f-l,j,n)] + N [Fz (mr+1,j,n) Fy(zri1 n)]
=1 =1
n—p 1 n—-p[
= > Fs (@rg1,0) = Fe (@)l + | == ) [Fe (2r0) = Fa (7))
\/— Z ’ ? N n Jj=1 "

3u

—=p
(3.46)

)

Bl )

where 5, Zri1n, @, ,, and a:;’]rl,j’n are defined in (3.27), (3.30), and (3.31).

HM

By the triangle inequality,

fi=p

:/—: Z [ (y"d 7,81, >5p) - F (x;{””)]
e 7+ LRI M E7
Z (yf‘,j,ﬂ S$1y-. 73}7) T yr:j:nysly'“:sp - 1 - L/n
- n=1 Y o Trl k]
#0 ThiZj _1/2
F, (y::j,n,sl,”.,sp— 1—L/n — £ ( V‘Jn+n / ajn 81y 13P>

[FZ ( rin T n—l/zgjn 81,0 ’31’) - (ﬁjj,n)] l,

I'"—'—"'l

3

1

-+

3 .
S e

-+

B

1l
e

J

where L, {n}, and ¢

.7”31: 8p

are given in Lemma 5. Observe that
sup
re{l,.., My}

Z —F + _ ln‘ﬁl Zk#ﬂ Wklzj"‘kl
yru.?lnysly o8 # yr;]ﬁn)sly-"vsp ]_ — L/n
(81,,85) €40,.. . Np—1}p

e (S“I%fz(”)> 5721 = L/nlzzm"'zg =

=€ j=1 k#0

A0

by the ergodic theorem because {7} is a non-negative, geometrically decaying sequence. From (3.29),

for all n sufficiently large so that 1 — L/n > 0,

sup
re{l,... .My}
(5210082) €40,000, N =137
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ot
< | sup fi(2 LA TR -6t .,
= (xellf){f( )) (51,.. ,p)E{O, N —1}?”2 1_L/n+2LI{_]n81 5 <0}/n Ji7,81,.8p
< | sup fi(2) _L sup Zl
T et T LT (s €0Na iy 12 Ay Lt

and, from (3.28), this is bounded above by

L 1 05i(00) | 2
sup fz(:v)) ———T(1+ 2N — : =0
<erR L=L/n n? ; j=1 O
since N, — oo and
1 S 62](‘750) —0.(1
n Z Z o4 | Ol
i=1 j=1
Now consider
1 & 1/2 +
sup = [Fz mj'n_*-nn oF 81,..4,8 - F; Ty in
rE{l,.‘.,Mn} \/ﬁ‘]z:; ( I 77,81, :p) ( 3I ):'
(slv"‘!“’ﬁ)le{ol“"Nn—‘1}P
15 =+ +
(81,-.,8p) €{0,... . Np—=1}P
12 Zrn )
< - ; : oF
< re{ls]ul?Mn} n ; f (1 —L/n+2L1{z,, < 0}/n) Jm10e
(sl’ 1317) 6{05 WN __1}p
13 + Ty p )]
= 7+ - f, : gt
Rt PR [f  (#Fimannr) =1 (1 “L/n+ 2LI{zn < 0}/n) | imnoss
($51.,85) €{0,.., Nu~1}7
Py
< (Sup fz($)> sup - ;-n 81, 08p
zelR (81,s8p) €40, Nu =132 | P 7
+ ' n,81 3
((81, ,Sp) e{o Nn—l}p n Z .7) 1ee o p )
Lron
X su -fZ ‘;E::.'nsl‘s _fz( . ) s
jE{l,..,,n—p},Ir)E{l,.A.,Mn} ( 181,58 p 1—L/n+2L1{z,n <0}/n
(81,..8p) €{0,...,No—1}P
where &1, lies between @, and ot 4+ n~tEGF, . From (3.28),
1 211X oz ‘?50 = Oz;(dg) | P
sup - e s 4T — ] —l 22 )
(81500 p) 6{0, GNn—1}P n Z; M,81,..8p zZ:: n Z:: Nn ;fg 6¢1
and
1L (1+2N ) =~ | 92 ()
sp 23 ar,, )< TEEE) 0,(1).
(81,-.,8p) €40,.., Ny ~1}7 n ; ! ' ZZZ;J 1 8¢3
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-1 <

for all n sufficiently large, and, because Cs > 0 and 0 < D < 1, there exists an integer m such that

In addition, because E{z¥} < oo, for any ¢ > 0 and 5 > 0,

P ( sup at —{:/27—;\[;1) Z

E{l,.‘.,n—-p} i=1

0z (¢0)
Oi

C(;D"‘p‘f n
sup e < T
je{l,...,n—p—m} Il—"L/n' 2

for all n sufficiently large. Since, by (3.31),

7 P
. - Lron < __1_](# + ey
nhmStende o Lin 4 2L1{@,, < 0}/n| T g/l Dot |1 — L/n]
o TN N [0(d0)| | CoDr
= N — | 09 [1—-L/n|’
we have
P sup i‘j'jn i ™ Frn >ni <e¢
je{l,...,n~p-m}re{l,. . M.} W I- L/n + QLI{zr,n < 0}/71

(81,-.,8p) €{0,.. . Nu~1}r
for all n sufficiently large. Hence, because f, is uniformly continuous on IR and € > 0 and 5 > 0

were arbitrarily chosen,

( Su Z l J}n 51y-.08p

(81,0.,8p)! E{O No-1}p 1

X sup
jE{l,‘..,n—p},ré{l,l..,Mn}
(81,-.,8p) €40,....Np~1}P

o _ Trn
fz (‘”r,j,n,sx,u-»w) I: (1 ~L/n+2L1{z,, < O}/n)

E

and so
n=—p
sup L Z [Fz (.:z:jfj a2t --m:) —~F, (a:;fjn)] £o.
TE{l,‘..,Mn} ﬁ =1 ’Y ’

(51>-~>3p)16{0:~”:Nn—1}p

Consequently,
+ - +
oy Sl ()] 50

(s1,..,8p) €{0,...,Np—1}P
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Similarly, it can be shown that

sup
re{0,.. . My~1}
(81y..98p)7€{0,..,Np—1}P

[ 7.7 n’ - Fz (y;j:nysl:”':sp)]

From the proof of Lemma 7, for all n large,

P [F, ('r::j,n) — Fy (zrn)] '

J
1 CsDP—i 1 L
s == [ ::}%h(@) T-I/n Th (S‘lﬁiﬂfa(x)> T:*L/Z}

TE

and, similarly,

- 0.

\/'Z (rn) — F: (mrjn)]

Finally, from (3.27), because M, ~ n3/%,

rE{O —1}

1 p

sup — Z [Fe (rg1,0) = Fz (2rn)] = n\;ﬁ M7t —0.

Therefore, (3.46) is 0,(1), and so the lemma holds. O

Lemma 10 For any T € (0,00), as n — o0,

mwgﬁwwmmmﬁ“[n((% ¢3)‘EG{%+%QH

sup
ffulisT

Proof: Tt suffices to show that

S 5 o 3)) -5 o (0 30)

oup
fhufi<T

< i %Z§¢’<Fz<m>a—i§%l [ (e (w0 2) - (s (3 ) ) - e+ 1) l

(3.47)

+%:Mmm%$Wm>(m (3.49)
50
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for je{1,...,p}.

For any non-negative integer m, (3.47) is bounded above by

i e S5 o (s (0 ) =1 (o (w0 ) -t )
(3.49)
SIS AL (.51

Given ¢ > 0 and 5 > 0, we show that there exists an integer mgy such that

F, (zt <¢0 + %)) ~F, (zt <¢0 + %)) ~ Fu(z) + Fa(2)] > ?7) <e

for all n sufficiently large. Since, for any m, (3.49) is 0,(1) and (3.51) is O,(1), we conclude that

[u)l<T t€{1,..,n—p=mg}

P ( sup vn
!

(3.47) is 0p(1).
Because the distribution function F, is continuous on IR, it is also uniformly continuous on K.

Therefore, if W(-) denotes a Brownian Bridge on [0, 1], there exists a § > 0 such that

€
p ( sup ]W(Fz(m+y)) — W (F.(x)) } > g) <z
Also, there exists an integer mg such that

velR,|yl<s
2t ((ﬁg‘}‘—\]/l‘;) — % >5)

< P ( sup |2t (o) — 2] > %) +P ( sup

te{l,..,n—p—mo} Huli<7,te{l,..,n—p}

+P w 0a(gin) |0
sup Rt AN 1.7 4

lall<T te{1,...n-p} 2n 0o’

<

3

p ( sup
Al <7 ¢e11, . n—p—mo}

o’ Oz(ehy)
vn  0¢

S8
3

3

<

for all n sufficiently large, where @], lies between ¢y and ¢, + n~*/?u. By Theorem 14.3 in

Billingsley (1999),

=2 (IHF(2) < 1) SW()
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on D([0,1]). Because

n——p = ‘Ln‘p Z i -— xr
Vi [Fute) = TR = S R < o) - o),
’ ( sup VA |Fale+y) — ——LF.(2+y) - Fa(z) + —LF,(z)| > g‘)
veR, y|<o n
"I p ( sup IW(Fz(x+y)) — W (F,(z)) } > g) < %
celR, |yl
and
vn n;p -1} =0,

we have

P ( sup N

i <T,te{1,...n=p—mo}

)

(e 3) 5 o ) v

Ui
-1)

Fa(z+y) — 2—LF,(x +y) — Fulz) + n;sz(m)

2 <q50+7u_£)~zt >5>

Flz+y) - E%BFZ(.”L’) — Fy(z +y) + F.(z)

<o gw v

celR,lylgs

+P sup
Jall ST te{1,..sn—p—ma)

+P(sup N nop

zyelR n

< €

for all n sufficiently large.

Turning to (3.48),

Jﬁgw(a(hna"ggj") [Fa(a) = (1)
i— () ) [121{ <) - "L () t
+ inj:jsa'(Fz(zt))azggbe)Fz(zt) [”;” - 1]
= %gso’(ﬂ(zt)) {;j{é; + %ngl)} %T:z;:[{zs <a) = 2R @) ||+ o)
= aalﬁnjnjﬂoTFz(ZtD{~§0m—f—k+§%mzt+j+k}u{zs <z} = Fi(@)] | +op(1),
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where S 0. ¥xz® = 1/¢o(z). For any k € {0,1,.. .}, if

Yorss = @ (Fa(2) @' (Fe(2))2r—j-remjn [[{zg < 2} = Fo(z)} [[{zs < 2} = Fala)],

q TY'S)

then, because the series {2:} is iid with mean zero,

n—pn—
E 3/2 ZZ(P Zt zt—J k [I{Zs < Zt} F (zt)]
s=1 t=1
1 n—pn—pn—pn—p
= 5> 2.2 2 B{Vi.)
g=1r=1 s=1 t=1
n—pn-—-pn-—p e e

1 1
= 5 222 E{Yitoid + 3 Sy Y B (Yf )
g=1 s=1 t=1 g=1 s=1 t=1
(qg{t,t=j—kN(s¢{t,t~j~k})N(gzs) (ge{ti—j—kNu(se{t,t—j—k})U(g=s)
1 n—pn—pn—pn- . 1 n—pn-—pn—pn=—p \
+-71—3 ZZZZ E{qurfsxt}+ ;—;5 ZZZZ E{Yq,r,s,t} ) (352)
g=1 r=1 s=1 t=1 g=1 r=1 s=1 t=1
(g=r—i~k)N(s=t—j—k)N(r#t) (g=t—j—k)N(s=r—j—k)N(r#t)

Since sup, ., E|YF, ;| < oo and the number of terms in the three rightmost sums of (3.52) is

0O(n?), we have

n-pnr-p

3/2 ZZ"" w(2))ze—jk [[{zs < 2} — Fy(2t)]

s=1 t=1

n—pn—pn—p

= = D E{Y100} +o0(1)

g=1 s=1 t=1
(qg{tt—i-kPn(s¢{t,t~j—k})N(gzs)

Wagg{t,t—j—k}, s¢{t,t —j—k}, and ¢ # s, then

N

E{Vi) = BEHE{l (F()] Iz < 2} = Fa(x)]E (Hz <2} - Fz(zt){a(zs, 2)}

{l

E{:)E {wxsz [z < 2} = Fa(e)] [Fa() = Fa(2)]}

= 0.
Thus,
1 n—pn—
3/2 ZZ@ W (2e))zem i [[{zs <2} — Fa(2)]| = 0
n s=1t=1
in Ly and hence in probability. Consequently, for any non-negative integer m,
n—pn-— m " )
n3/2 Z Z‘P {—Zlﬁm_j—k -+ Zt/)kzt+j+k} [{z <z} — Fo(z)]| = 0.
s=1 t=1 k=0 k=0
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Because

'—Pn oo o0
n3/2 Z Z @'( { z Yrzt—j_k + Z ¢kzt+j+k} H{z; < 2} = Fy(2)]

s=1 t= k=m+1 k=m+1

(sup 7:}:_; [z, < 2} - E(a )])

( 2: N{ > Wkzojoel+ Y WMHHM}),

= k=m-1 k=m+1
1
sup |~ Hz, <2} — F,(2)]| = sup [[{F.(25) <y} —y 1
xmﬁ;H } - Fa(e) WNIZ{ Pyl = 0p(1),
and ZI(:O:m-i-l |¢k| mj}oo 0)
n—pn-—
anEw { Zf/)m _i- HZWHJM}U{% <z} - Fa(z)]| 50,
s=1 t=1 k=0
and thus (3.48) equals o,(1). o

Lemma 11 For any T € (0,00), as n = oo,

/ P .
n=l Zu ( S zu)) (p(Fz(Zt))] ot 2|gor| ! Lu'Tpu

5o
n—-p+1 d¢ '

sup
flujl<T

Proof: Observe that

n—p

1 Ry (g +n~1/2 9 _
R -1/2 5
up | Zu F.(a)) 823(50) e —Fz(zt)] — 2o, FuTyu| (359)
R, -~1/2
+H§|1(J<T \/_ Z w) = ¢/(Fa(2))] 833(;50) (i0—+p11 2 —Fa(z)| | (3:54)

where F}*, (u) is between F,(z) and Ri(¢y + n~!?a)/(n — p+ 1). An upper bound for (3.53) is
)2zl [ Re (@ + n™'07) (= (#+ %))
IZU Nog | T aprr T\t E

\FZ D5 (o (44 22)) -7 (4 (¢o+%))H (3.56)

(3.55)

!!“|I<T

i =
" Hu[|<T \/— Zu 3229(;50) [Fz (zt ( %)) - Fz(zt)] — 2|do| T Lu'Tpu|.

(3.57)
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By Lemma 3,

£o.

sup
l'“'ISTvtE{lv"‘vn_p}

JalBe(botn ) (ze <¢0 + i))

n—p-+1 Vvn

Thus, because

ui]l]l«r;; 52;((;"0) = 0, (1),
(3.55) is 0p(1). By Lemma 10, (3.56) is also 0,(1). Finally,
EA i“’%@'“*zﬂ%? 7 (s (804 7)) - Pto] < sn ey
T er \/“ Z z) 6zg($ 0)fz(zé‘,n(u)) (zt (¢0+ —;—5) - zt) — 9|¢os| " Lu'Tpu
< o qu' o () 2L a7 ) ) — 20
A n;w (F:(z))a (20 (1 ))( azg,(j“) ~ 2|go,| " u'Tpu
i Qn\F ZS& A=) zt"(u))“,azg(f)“Ia?zg(zé’;'(u)) ’

where 2}, (u) is between z; and z,(¢y+n~1/?u) and ¢; ,, (u) is between ¢, and ¢;+n~1/?u. Because
f- is uniformly continuous on IR, from (3.21), the first term on the right-hand side is 0,(1), and,

since there exists a geometrically decaying, non-negative sequence {7 }3% _ . such that

025 0 ()
00

for all n sufficiently large and all ¢ € {1,...,n — p}, the third term is also 0,(1). The middle term

[ee)

u _<_ Z ii'klzt_kl

kz=—00

sup
Juli<T

equals
1S ,
"j]“lgT - ;SD/(FZ(zt))fz(zt) (u 8(;’0 ) — 2652 (/ fF ¢ (s) ds) u'Ipul + o0p(1),

which is 0,(1) by the ergodic theorem. Therefore, (3.57) is 0,(1). Similarly, using the uniform

continuity of ¢/, it can be shown that (3.54) is op(1). O

Lemma 12 For any T € (0, 00), as n = 00,

oS (Rt o7 %)

&z (d’o)
3q5(?q5

ul 5o

n—p-+1

) —~ p(Fs(z))

ull, IIVH<T
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Proof: Using Lemma 3 and the Glivenko-Cantelli theorem, for any €, > 0, it can be shown that

there exists an integer m such that

R (¢py +n %)
n—p+1

- Fz(zt)

>77)<6

P sup
VISP tel1,.n—p=m}

for all n sufficiently large. Hence,

LSSy [, (Bl +n7t2) 8z (dy)
Z — W(F,
i S [ (L) o] Gt
1 n—p Ktt((,bn ‘Rt (¢0 + n_1/2v)
iy — Fm _ FZ
”umg gt e Fin () dpde’ n—p+1 ()| u
P
500,

where F;, (v) is between F;(z) and Ri(¢, + n=12v)/(n = p+ 1), since

1Y

[l |IVH<T gy

5 Zt (¢’o)
‘9(/)6¢

i | |

= 0,(1).

For w € B? and 8,43 € [0,1], let

6.6 ’?Z:f’ (Rz, (tﬁzf;z:/;ffl“)) [n (¢0 + i\;—%) ((l)o (il/l-l)}

and

ity Rt q’)0+ll 1/2 (S.zu) [ ( (521]) ( 5111)]
Va 11 51,52 ?;‘P( n—p+1 Pg+ Jn ¢y + \/-— .

By Taylor series expansions of (),

[ Ri(¢g+n~25u) dou ]
Un(u"sl)&!) - ;Zi%)( n_p+1 [ (¢0+7> _Zt(qb‘-))

noe R n~Y28u Siu
_Z ( 't (P,ij_}_l 1 ))[ ((f)o _\>__)——zt(q')g)}
3z — &y = ' Ay ((/’0 -+ n—1/251“) Dz (o)
- 7—2(

n—p+1 ¢
58, (i) o,
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+__Z ( i (g + 0~ 1/251u)) [622¢(¢,’;(u,51,62)) _ 522‘("’0)]11

n—-p+1 Ao’ dpog’
_1£" w'p [ Bt (&0 F 07 251u) [5%((152(11,51,51)) _ 6%(%)} "
am & ¥ n—p+1 960 d¢od’
(3.58)
and
_ o Ry (¢ + n~'/253u) dau
ity = Eo (M) [ 0 52) i
2 (R, ( 124 5
See (e (o 32) -
_ b—dy —51 Z By (¢ + 0~ %05u) \ 02 (¢)
- n—p+1 oo
152 X Ry (¢o + 1" 285u) \ 62(eby)
Z ( n_p+l EYY:¥ U
162X, [ Re (o +n71200u) \ 1622 (¢} (n,65,62)) 6%(%)]
+§'n_;““’( n—p+1 [ Yy ogad |
Z (]50 +n- 1/2 6211) [62,21;((2');(11,(5‘2,51)) _ (92,2;((}50)] u
o n—p+1 dpde’ dpde’ |
(3.59)

where values of ¢, (u, -, ) lie between ¢, and ¢y + n—1/24.
Lemma 13 Forue€ RP, let

Sp{u) =D (q50 + n_1/2u) — D(¢y)

and
S(u) = u'N + |gor|"H(0’L — K)u'o0~ 2T,

where N ~ N (0 26520 - 1{2}0‘2I‘p). Then Sn(-) <3 S(-) on C(RRP), the space of continuous

functions on P where convergence is equivalent to uniform convergence on every compact set.

Proof: Let u € R? and suppose m is any positive integer. Because

(o) o= o o 235) 0+ 5522
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we have

= k-1 k - k—1
,;Un (u,—n—;—,lr—n‘> < D <¢0 +n‘1/2u) - D((ﬁo) < ZV,,, (u,_’ﬂ—l—’

k=1

3=

) (3.60)

by Theorem 1. From (3.58), (3.59), Lemmas 1, 2, 11, and 12, and because 82z (¢p)/(0cp0¢’) is

continuous with respect to ¢,

Upn (u,0, L) Lu'N = o7t [(£)" = (2)"] Kw'o=*Tpu
Un (u, 4, 2) LN + (9o, (255020 - [(2)° = (2)°] K) w'o~*Tpu

m2

Un (o, 2500) |, | 20N+ oo™ (225207 - [(2) - (222)°] K) wo=Tpu
u

Vi (1,0,1) LN + [gor| ™ (22070 - [(£)" - (2)°] K) wo?Tpu
Vo (u, 1, 2) LN + g0, (250°L - [(2)"+ (2)°] K) woTpu
Vet || RN gel (2807 E - [(2) - (B2 R) woriTyu |

on R®™ and so
Z’k"":l U'fl. (u7 }%13 ;%) d u/N + [¢OTI_1 (Ln:__l_a.ZE d {) u'a"gl"pu
_.)
Yot Vo (w5212 wN + |gor| ™} (%”25 - ﬁf) w'o~’Tou
on RZ. For any € > 0, there exists an integer m such that

m-+1
m

a'N + |¢on| ! (T—n;;—l-ﬁf, - };> Wo  Tpu and u'N +|go|7" ( o2l — IE’) w0

are both in an e-neighborhood of W/ N+|go,| ™ (62 — K )u’o~2T,u. Thus, by (3.60), for any u € R?,
S () 45 (u). Similarly, it can be shown that all finite-dimensional distributions of S, () converge

to those of S(-).

Let n > 0 and suppose K is any compact subset of IRP. We now show that

lim limsupP ( sup |Sn(a) — Sp(v)| > 7/) =0.

540+ oo u,veK Jju—v||<s

From (3.60), for any positive integer m,

u,veK jjlu-v)|<é

P ( sup |Sn(u) = Sp(v)] > 77)
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m ko _
E [Un <u7 1’&‘) - Vn (Vyk lv‘lf’)]
m m m m

k=1

< P sup
u,vEK jlu-v||<s

and, from (3.58) and (3.59), for any u,v € K,

3 A |

o) Z o (£ (z)) 22020 (3.61)
EPAIY A Lt ) L A (3.62)
Dot Gt ¥ B oo Sl o
| & o (F5) o] 25 39
+am sy 1;—: sp(Rt <f50_+pr:/2v)) _so(Fz(zt))} Ll } (3.66)
o % :j . (Rt (fnfpi—;/zv)) [a% (¢§¢E ;/—um) B a;z ;E»Z?)] N .

Choose a dg > 0 sufficiently small and choose a positive integer mgy sufficiently large so that, when
m = my, (3.62) is less than 7/7 for all u,v € K such that |ju— v|| < §. By Lemmas 11 and 12 and

the continuity of %z (¢)/(0¢d¢’), (3.64)-(3.67) are op(l) when m = mg. Also, because

1R Oz(ebo) | _ : 1 8 Zt(¢o)
by Lemmas 1 and 2,
(u—v)y =& Oze(o) | Y _
o hrlzgsogpp (u,vEKS,II}l}x)—vugé Vv L o (F () o6 |77)7 0
and
uw = O?ze(bg) v 0?z(dg)

lim limsupP ( sup

=0t noso u,vEK Jlu-vl||<s

-n—Z‘p(Fz(zt)) EPErY u- < ¥ Z 00 v

t=1

It follows that

lim limsupP ( sup [Sp(a) = Sp(v)| > 17)

§=0% n—oo u,veK [lu-vi|<s
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> r;)

§20% noo (u,veK,uuwnsé

mao k _ _
< lim limsupP sup Z [Uﬂ (u, 1,—£—> —Va (v, k 1,—k~>]
et Mg ™o My Mg
= 0,
and so S, () must be tight on C(K) for any compact set K C RP. Therefore, S,(-) 4 S{-) on
C(IR?) by Theorem 7.1 in Billingsley (1999). o

Lemma 14 There exists a sequence of minimizers q;SR of D(-) such that
n'/*(r — o) HY ~ N(0,3),
where

o] — K? 9p1
————— .
Aol - K)2 7

Proof: D(¢p) — D(¢pg) = Sn(v/n{¢ — ¢y)), where S, () is defined in Lemma 13. Because Y :=
~|¢or|0’T, IN/[2(c2L — K)] minimizes the limit process S(-) in Lemma 13, the result follows by

Remark 1 in Davis, Knight, and Liu (1992). 0

Lemma 15 Ife > 0 is sufficiently small so that ¢ forms a causal polynomial for all ¢ € & = {¢ €

B : || — ol| < ¢}, then

n! Zzt -3 ~2 qS)} and n~1D(¢) 3 s / ~(¢)(s)<p(s) ds

uniformly on ®, where 7,(¢p) := =~ (B~ )¢(B)X¢4p and F5(¢)(-) is the distribution function for

#1{9).

Proof: For any ¢ € @,

n—p
n"' Y 2 (e) B E{F(e)}
1

o
1]

and

n10(@8) 3 B{p (Fygy (1(8) 2(8)} = / L ()e(s) ds
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by the ergodic theorem. Consequently, the lemma follows by the Arzela-Ascoli theorem if n=! 37~ lp z2(4)

and n~'D(-) are equicontinuous and uniformly bounded on ® almost surely.

If ¢y, ¢, € ®, then

Iz (é;t,n)

_IZ Zt ¢1 Zt ¢2)) 6(/)

QZt(ést,n)

< iy — bolln™ 3

and, by Theorer 1,
[n2D(g) — 0 D(gy)|
. max{inz[ (f_tfjrl)zt(qsl)—so(;fij(—;%)zt(qs?)]}
- m{Zw () o) - o) 3o (22 ) - zt(d:l)]}

Oz tn
< zwl—qbgil(g?p)w ) -12 ("’

where ('/'>t‘n and ‘7’t,n lie on the line segment connecting ¢, and ¢,. Because ¢’ is uniformly continuous

IA

n (0, 1), sup,e (0,1 l¢(s)] < co. Also, because z(¢p) and 0z (¢)/0¢ are continuous with respect to

¢ on P, there exist coefficients 7, > 0, k € {...,—1,0,1,...}, decaying at a geometric rate such
that
[e)
sup |2(d)] < S Fulze-r] VEE{L,...,n—p}
(f)E‘D k=—00
and
bz = . ,
sup —-———5((}5) < Z Trlz-k] Vi€{L,...,p},Vt€{l,...,n—p}
pe® | 9% |7 I,
for all n. Thus, almost surely, for all n sufficiently large,
.0
"12 22 (s ) Zt(zt") < constant
and
¢}
( sup |o( s)() Z & ¢tn < constant,

s€(0,1)

and so n™! S°77F 22(-) and n~' D(*) are equicontinuous on ® almost surely. It can be shown similarly

that n=2 3> 1~ F 22(-) and n~'D(-) are uniformly bounded on ® almost surely. 0
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Lemma 16 If k 1s a uniformly continuous, differentiable kernel density function on IR such that
[ |sIn|s||'/?|x'(s)] ds < 0o and &' is uniformly continuous on R, and the bandwidth b, is chosen s0

that b, 5 0 and b2\/n 5 00 as n — oo, then

sup | fn(s) — f- (s)’ 5 0,

selR

where the kernel density estimator f,(.) is defined in (3.18).

Proof: If
1 2 § — zi
= o 2" ( )

then

Fal9) -—fz(s)~ L)

sup
sE]R

by Theorem A in Silverman (1978). Hence, the proof is complete if

bninn—p [K (5 - 2;(‘%3)\) . (S‘ Z(fﬁo))} ,

sup ifn(s) — fa(s)] £ sup

selR selR t=1
+ sup _l__n_p[ (S*Zt(gb‘)))—fc(s;zt)”
SEB bnn t=1 n n
I — 8zt ¢n §— 2t (d):z)
- f;p Z ( b ) (3.68)
+sup | Z( o (2552 (3.69)
sup | 2t — 2e(ghy) )k il
sE]R b,%n =1 bn
£ o,

where ¢}, is between ¢, and ¢p and 2 , is between z; and z(¢;). Because Vi(dgr — o) = 0,(1),

bi\/n 5 o, sup, R |%(s)| < 0o by the uniform continuity of «’, and

1|0z (@h) |
- tz::l ~2¢ | =),
it follows that (3.68) is o, (1). By (3.21), (3.69) is also o, (1). o
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Chapter 4

Least Absolute Deviations and
Maximum Likelihood Estimation
for All-Pass Time Series Processes
with Infinite Variance

4.1 Introduction

All-pass models are autoregressive-moving average (ARMA) models in which the roots of the autore-
gressive polynomial are reciprocals of roots of the moving average polynomial and vice versa. These
models generate time series that are dependent in the non-Gaussian case. As discussed in Breidt,
Davis, and Trindade (2001), an all-pass series can be obtained by fitting a causal autoregressive
model (all the roots of the autoregressive polynomial are outside the unit circle) to a series gener-
ated by a noncausal autoregressive model. The residuals follow an all-pass model of order r, where
r is the number of roots of the true autoregressive polynomial inside the unit circle. Calder (1998)
uses infinite variance, noncausal autoregressive models in the analysis of stock market trading vol-
ume data. Additional applications for noncaunsal models can be found in Chapter 1. Similarly, an
all-pass series can be obtained by fitting a causal, invertible ARMA model (all the roots of the mov-
ing average polynomial are outside the unit circle) to a series generated by a causal, noninvertible

ARMA model (at least one root of the moving average polynomial is inside the unit circle) (see

89
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Chapter 2). Noninvertible ARMA models have been used, for example, in vocal tract filters (Chi
and Kung, 1995; Chien, Yang, and Chi, 1997), in the analysis of unemployment rates (Huang and
Pawitan, 2000), and in seismogram deconvolution (Lii and Rosenblatt, 1988; Chapter 2).

For all-pass processes with finite variance, cumulant-based estimators, using cumulants of order
greater than two, are often used for parameter estimation (Giannakis and Swami, 1990; Chi and
Kung, 1995; Chien, Yang, and Chi, 1997). Breidt, Davis, and Trindade (2001) consider a least
absolute deviations (LAD) approach motivated by approximating the likelihood of an all-pass model
with Laplace (two-sided exponential) noise and a general maximum likelihood (ML) approach is
considered in Chapter 2. Also, in Chapter 3, all-pass model parameters are estimated by minimizing
the sum of model residuals weighted by a function of residual rank. For all-pass series with finite
variance, the LAD, ML, and rank estimators are asymptotically normal under general conditions.

In this chapter, we consider LAD and ML estimation for all-pass processes with infinite variance.
In particular, we assume the noise distribution belongs to the domain of attraction of a stable
distribution with exponent a € (0,2). These all-pass series tend to be very “spiky” due to the
appearance of observations unusually large in absolute value in the noise sequence, and so they are
often called heavy-tailed. For the case when the noise distribution is in the domain of attraction
of a stable distribution with @ € (0,2), Davis, Knight, and Liu {1992) examine M-estimation,
which includes LAD estimation, for causal autoregressive processes and Davis (1996) examines M-
estimation for causal, invertible ARMA processes. General ARMA parameter estimation results
are not applicable to all-pass models because the autoregressive and moving average parameters
are dependent. In Davis (1996), LAD estimation is compared to least squares estimation and it
is found that LAD estimation is more efficient. Because LAD estimation appears to be useful for
ABMA processes with infinite variance, we study this type of estimator for all-pass series with
infinite variance. For ML estimation, stronger restrictions are required for the noise distribution.
We assume that it is stable with exponent « € (0,2), and not simply in the domain of attraction

of a stable distribution. A related likelihood approach is considered in Calder (1998) for noncausal
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autoregressive processes.

In Section 4.2, we introduce all-pass models and discuss stable distributions and distributions in
domains of attraction of stable distributions. Under general conditions, we establish consistency for
LAD and ML estimators and show that these estimators have nondegenerate limiting distributions
in Section 4.3. Proofs of the lemmas used to establish the results of Section 4.3 can be found
in Section 4.5. The behavior of LAD estimators for finite samples is studied via simulation in
Section 4.4.1, and the estimation procedure is used to fit a noncausal autoregressive model to stock

market trading volume data in Section 4.4.2.

4.2 Preliminaries
Let B denote the backshift operator (B¥X; = Xy, k = 0,41,42,...) and let
G(z) =1—¢rz—-—¢p2P

be a pth order autoregressive polynomial, where ¢(z) # 0 for {z] = 1. The polynomial ¢(B) is said to
be causal if all its roots are outside the unit circle in the complex plane. In this case, for a sequence
{Wt}5

¢~ B)W; = Z%Bj W = Z%’Wt—j,
Jj=0

=0

a function of only the past and present {W;}. Note that if ¢(B) is causal, the polynomial B? ¢(B~1)
is purely noncausal in the sense that all its roots are inside the unit circle, and hence
jee) oo
B B YW= [ D BT Wo = %Wirpss,
i=0 J=0
a function of only the present and future {W;}. See, for example, Chapter 3 of Brockwell and
Davis (1991).
Let

¢o(2) = 1= go1z — -+ — dop2?,
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where dg(z) # 0 for |z| < 1. Define ¢go = 1 and suppose ¢o, # 0 for some r € {0,1,...,p} and
¢o; = 0 for j = r+1,...,p. Then, a causal all-pass time series is the ARMA series {X,} which

satisfies the difference equations

T -1
bo(B)X, = %—)2; (4.1)

or

¢O,r—1
qs()r

* ¢01
7 +...+___Z*_r —
t—1 f()r t—r+41

where the series {Z}} is an independent and identically distributed (iid) sequence of random vari-

1
—ZF

Xy — 01 Xem1 — - — bor Xy = 27 + Bon Lt

ables. The true order of the all-pass model 1s ». Observe that the roots of the autoregressive
polynomial ¢o(z) are reciprocals of the roots of the moving average polynomial —¢5!2"¢o(2~1) and
vice versa. In this chapter, we assume that the distribution of Z7 belongs to the domain of attraction
of a stable distribution with exponent « € (0,2) (Z7 € D(«)).

By definition, nondegenerate, iid random variables {S;} have a stable distribution if there exist

positive constants {b, } and constants {c,} such that
d
bn(Sl ++Sn)+cn =5
for all n. The distribution of Z7 is in the domain of attraction of the distribution of S) if there exist

constants {b,} and {&,} such that

b (274 +Z2) 480 S 51,

Hence, a stable distribution is in its own domain of attraction. In general, stable distributions can
be indexed by an exponent in (0,2]. When the exponent is two, the stable distribution is Gaussian.

Since a € (0,2), the conditions

. P2} > )
e T 4.2
A BZTS o) “2)
for some 0 < ¢ <1 and
P(|Z7| > «) = 7% L{x) (4.3)
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for all £ > 0, where L(z) is slowly varying at oo (e.g., limy o L(s2)/L(z) = 1 Vs > 0), are necessary

and sufficient for Z7 € D(«) (see, for example, Feller, 1971, page 312). By (4.3),
E|Z{° <o Vs €[0,a) and E|ZI]° =coVé > a,

and so Z{ has infinite variance. In addition, if {1;}52, is given by Y02, ¥;2/ = 1/¢0(2), then

X, = z;‘;o ¥; Z}_; < co almost surely and

P >o) _  PUISLwsi>e) &
ATz ) e, P(|z;] > x) "]-;W

(4.4)

by Cline (1983). Because there exist constants @ > 0 and 0 < b < 1 such that |¢;] < ab’ for all
7 €{0,1,...} (see Brockwell and Davis, 1991, Section 3.1), E?_—o [¥j]* < oo. To give an example, if
Z% has a Students’ f-distribution with 0 < v < 2 degrees of freedom, then Z7 € D(v) with ¢ = 1/2.

If, instead of having infinite variance, Z; had finite variance ¢2, then the spectral density for

{X:} in (4.1) would be
le—z‘erMO(eiw)lzi _ o?

$3pldo(e=)|? 2m — 43, 2m

which is constant for w € [—m, 7], and thus {X,;} would be an uncorrelated sequence. In the case of

Gaussian {2}, this implies that {X;} is iid N(0, 02¢,2). Independence, however, does not hold in
the non-Gaussian case if r > 1, whether or not Z7 has finite variance (e.g., Breidt and Davis, 1991).
The model (4.1) is called all-pass because the power transfer function of the all-pass filter passes all
the power for every frequency in the spectrum. In other words, an all-pass filter does not change
the distribution of power over the spectrum.

We can express (4.1) as

BPgo(B~1) )
_¢Or (45)

where {Z:} = {Z},,_, }. Rearranging (4.5) and setting z; = é5.12;, we have the backward recursion

do(B)X: =

Zimp = P012t—pt1 + o F dopzt — (X — P01 Xe—1 — -+ — dopXi—p)-

An analogous recursion for an arbitrary, causal autoregressive polynomial ¢(z) = 1—¢12—---—¢,2”
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can be defined as follows:

0, t=n+p,...,n+1,
zt-p(@) = { (4.6)

$12t-pr1(P) + -+ Gp2(P) — 6(B) Xy, t=mn,...,p+]1,
where ¢ 1= (¢1,...,¢p) . Let g = (do1,...,00p) = (¢o1,...,0r,0,...,0) denote the true parame-
ter vector. Note that {2:(¢g)}i=1 closely approximates {z; };._{; the error is due to the initialization
with zeros. Although {z:} is iid, {z:(¢o)}i=? is not iid if » > 1. Given a realization of length =,
{X:}0_,, we estimate ¢y by minimizing the LAD criterion S ;_7 |z (¢)| with respect to ¢, where
{z:(¢)} can be computed recursively from (4.6). Also, when the noise distribution is stable, we con-
sider estimating ¢y by maximum likelihood. LAD and ML estimation for all-pass model parameters

are considered in Breidt, Davis, and Trindade (2001) and Chapter 2 respectively, but these results

apply to all-pass processes with finite variance.

4.3 Asymptotic Results

4.3.1 LAD Estimation when the Noise Distribution is in a Stable Domain

of Attraction

We begin this section by defining a limiting process V(). For u = (u1,...,up) € R?, let {c;(u)};jz0

contain the coefficients of the 2’s in w/[—(z1-;/é0(B)) + (214:/do(B~1))J ;. Thus,

cifw) = —wgo,

ca(u) = —urdhy — uaty,

ca(u) = —urthy — uaths — uaty,

cp(u) = —wPpoy —uthp_z— - — upty,
cpri(t) = —wtp —ustpoy— o —upthy,
Cpi2(t) = —wtpis — sy — < — upis,
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and
c-ifu) = —e(u),

—ca(u),

%]
|
¢
—
=
-
I

(4.7)
where {%;}%2, is given by Z;io P;29 = 1/¢o(2). Then, let

Vi) = l¢0rl‘12§:(]Zk,j+cj(u)5k1“;1/a’—|Zk,j|)

j#ok—l

= |¢or|? ZZ (,Zkg +c;(u)ép Ty, e

J=1k=1

+ le —5 = e (T o = |2 ] - IZk)—:iD :
(4.8)
where
e {Z4 i}k  is an iid sequence with Zy ; £ Zj,
e {dx} is iid with P = 1) = ¢ and P(dx = —1) = 1 — ¢, where g is defined in (4.2),

e Iy = Ey + ...+ Ei, where {E}} is an iid series of exponential random variables with mean

one, and
e {Zk;}, {0x}, and {E;} are mutually independent.

Define
an = inf{z : P(]Z1] > z) < n~'} (4.9)
for all n. Note that

nP(Z1| > an) = 2~° (4.10)

for any = > 0, and that minimizing Y ;7 |2:(¢)| with respect to ¢ is equivalent to minimizing

V= S (1l + = w)] = 24() ) (4.11)

=1

with respect to w if u = a,(¢ — ¢y). Using techniques from the proofs of Theorem 4.1 in Davis,

Knight, and Liu (1992) and Theorem 3.4 in Davis (1996), we now show that V,,(+) 4 V() on C(RR?),
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the space of continuous functions on IR? where convergence is equivalent to uniform convergence on

every compact subset.
Theorem 1 If Z; € D(«) with « € (0,2) and
e o<1, or

e o > 1 and Z; has a distribution that is symmetric about zero and continuously differentiable

on [—k, £] for some k > 0,
then V(u) is finite for all u € RP almost surely and
V() = V()
on C(RF).

Proof: Let u e R?. If o < 1, choose k* € {1,2,...} such that k* > 1/a. Hence,

E{Z > rcj(u)tr,;lfa} S lesw)l Yo B{ri e}

j#Ok=k* i#0 k=k*
: 2Tk —1/a)
= ZICJ(HH Z “W
J#0 k=k*
< (constant) Y lej(w)] > ke
i#0 k=k*
< 00.

-1 F;l/a

Consequently, since ZZ;I < 0o almost surely,

V()] < |gor| ™! ZZ le; ()T Y/ < o0

§#0 k=1

almost surely. If @ > 1, |V (u)] < co almost surely by Proposition A.3 in Davis, Knight, Liu (1992).
Therefore, V(u) is finite for all rationals u € IR? almost surely. Because the sample paths of V(:)

are convex, it follows that V(u) is finite for all u € IR” almost surely.

- Izt]> (4.12)

We now show that V,(-) 4 V{(-) on C(IRF). Let

Vi) =) ( atagt Y cj(u)z;

Jj#0
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and

w(do) +an' Y ei(W)z
J#0

n=p
Vi) = ( - I%(vﬁo)i) ~ (4.13)
d

To complete the proof, we show that V¥ (-) = V (), Vi () =~ V() = 0,(1), and VI (-) = Vi, () = 0,(1)
on C{R?).
Let u € R?. We begin by showing V(u) 4 V(u). For each z € R x (ﬁz \ {0}), where

R = [—o00, o], define a set function ¢,(-) as follows:

1, ifz€A,
gz (A) :{

0, otherwise,
where A is an element of the o-algebra generated by the open subsets of R x (E2 \ {0}). A point

measure m is a measure of the form
m() =) e, (),
jed
where m is finite on all relatively compact subsets of IR x (_IR—2 \ {0}) (subsets A for which the closure

A is compact; note that a compact subset of ﬁz \ {0} is closed and bounded away from the origin).

The class of all such point measures is denoted M, {IR x (ﬁz \{0}). I

(o]

Uin = —a;? Z cif{u)zes; and U, = a;? Z ej(a)ze—j, (4.14)
Jj=1 J=1

then, by a straightforward extension of results in Section 4 of Feigin and Resnick (1994),

n—p oo 0o

j : d

Ly i 5> lkzl (63220 ciesinrs 7 0 F 630 stz )
= J: =

in M,(IR x (EQ \ {0})). Also, as discussed in the Appendix of Davis, Knight, and Liu (1992), for all

continuous functions ¢ on R x (ﬁz \ {0}) with compact support,

n—p co oo
S 00z Ui U 5 303 (0065 2,y =05 s (003T5 1%, 0) 4+ (85 203, 0,65, e (8T /)
t==1 Jj=1k=1

Suppose

Ag = {|#] : the distribution of z; is discontinuous at z}
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and observe that Ay contains at most countably many elements. If M > 0, M ¢ Ay, and A > 0,

then the function
9o(z,y,2) = (le + y+ 2| = [ I{]z| < MIT{(ly] > }) U (]2 > N},

where [{:} is the indicator function, is almost everywhere continuous on IR x (ﬁ2\{0}) with compact

support. Because

[20]

P (z;k ‘ <E(¢;:zk,_j.—¢;:cj(u)6kr;‘/“,0)(‘4) + 6(46;:Zk,j,o,as;}cj(u)ékr;"“)(A)) > 0) =0
j: 1

when A = {(z,y,2) : |z] = M, |y| = A, or |z| = A},

n—p [e)
3 (o + Ui + Uil = l2e) ™ S 1or 7 S5 (|Zk,j + Cj(u)5k1‘:§1/a' - le,jl) i,
t=1 J#O k=1
where
M =zl < MU, > MU (U] > A}
and

>,\}.

R = H195 241 < MY { g5t es (T

By Theorem 3.2 in Billingsley (1999), it follows that
Viw) = D (12 + Ui + Ual = ) 5 V(w)
=1

if, for all n > 0,

n-p
: . : - + 4 _gAAM —
)\1_15&_ A}I_I)noo hrrisolipP ( ; (lzt + Upp + Uil = |2el) (1 I ) > n) 0 (4.15)
and
Yy (W IV~ Zesl) (1= 1) Bo (4.16)
[por| ZZ Zy,; + ¢j(w)de Ty 1 Zk 51 ky ) :
0 k=1
as A = 0% and M — oo.
We first consider the case oo < 1. Note that
1= = U7, < US4+ Hlz] > MI{UDL > A+ Hlz] > MY{IUF | > A}
~I{|z| > MY{|U;,| > M{|UF,] > AL, (4.17)
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)

(
(i Winl + 1USD) U] < AMH{IUS] < A} > )
+P

and thus, for any 5 > 0,

(

Z 20 + Ui o+ U = Jal) (1= M)

U (lze] > M) 0 (JU7 L] > )\)}) +P (L_J {(Jze] > M) N (I ] > f\)}>

t=1

-p
+P (U {(lzl > MY (U1 > 2) N (U] > /\)}) -
t=1
By Lemma 1, limy_, g+ limps. 00 lim sup,, _, ., of the three rightmost terms equals zero, and, by Propo-

sition A.2(a) in Davis, Knight, and Liu (1992),

n—p
lim Tim sup P (Z (sl + 10 U] < MU < A} > g)
t=1

A0t psea

n—p ~p
< lll’él limsup P (Z]Utnlf{lUtn|</\}> )+ hm hmsupP (Z}Utntf{|Utn| <A} > )
A=0T noeo t=1 t=1
<

constant)p™' Hm A%
( )77 A0+

= 0.

Therefore, (4.15) must hold when o < 1. Also, since

lgor|~ 122

A0 k=1

< |dor|” 1Z]cj (u) IZI‘_HG,

J#0

|Ziwi

| 21,5 + ¢ (w)al; | =

which is finite almost surely, (4.16) holds in this case.

Now consider the case when o > 1. From (4.17), because

e+ yl—lz|=y(I{z >0} -I{z <O+ 2+ y)([{-y<z<0}—I{-y>z>0}) (418)

n—p

if £ #£ 0 and P(Z; = 0) =0,
n—p
S (I + Ui + Ul = Lael) (1= 252

|

< P ( ; Usn(I{ze > 0} = I{ze < ONI{|U;, ]| < MH{USI < A} > g)
n=p

+P (

5)

Y G+ U=Vt < 2 < 0} = {=Upn > 2 > ONI{|U; ] < MPH{IUS ] < A} >
t=1
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+2P (O {(z] > M) (JUg,] > /\)}) +2P (O {(ze] > M) N (|UF,] > /\)})

t=1 t=1

+2P (O {(lze > M) (U1 > N n (U] > /\)})

=1

for any n > 0, where U, , 1= Ut_,-n’*_Ut—t-n' By Lemmas 1-3 in Section 4.5, limy o+ limps .00 Hmsup,

of each probability on the right-hand side of the above equation equals zero, and so (4.15) holds. To
show (4.16), we note that

=M =]

bt es (W% < /\} + I{165, Zx 51 > M}I{lsﬁ&lffj(umfgl/a

.

$or > i (H{Zkj > 0} = I{Zx ; < ON {65, .51 < A}

i#0 k=1

>>\},

and so

p ( 552 35 (2 + eyt = 1250) (1= 122)

J#O k=1

<P 1
< >3

o0
+P | 655 DD (Zeg + ) IH{=r.5 < Zr5 < 0} = =k > Zk,5 > ODI{I65. 76,51 < A}

JAO k=1
)
-2)
i
1)

1
>8)

+P |65 D> i (I{Zn; > 0} = H{Zk; < NI
J#0 k=1

P {65 303 (Zag + o) U{=eg < Zij < O} = H=yey > 25 > NI
A0 k=1

for any 5 > 0, where v ; = Cj(u)ékI‘,:l‘/CY and

PM = g5 2 > MY{165 .41 > A).

By Lemmas 4-6, lim, _, g+ limys 0o of each probability on the right-hand side of the above equation
equals zero.

We have therefore shown that V' (u) 4 V(u) for any u € RP. Using the Cramér-Wold device,
it can be shown similarly that all finite-dimensional distributions of V;}(-) converge to those of V().
By Lemma 7, V,*(-) is tight on C(K) for any compact set K C IR?, and thus V() 2 V() on C(IR?)
by Theorem 7.1 in Billingsley (1999). Because V,*(-) — V,I(-) = 0,(1) on C(IR?) by Lemma 8 and

VI() = Va(") = 0p(1) on C(IRF) by Lemma 9, the proof is complete. o

n
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Corollary 1 If the conditions of Theorem 1 hold and

e o < 1 and there exist constants Cy > 0 and € > 0 such that P(z < Z1 < y) > Coly — 2)* for

all —e <z <y<e or
e « > 1 and the distribulion function for Z; is strictly increasing in a neighborhood of zero,
then V (-} has a unique minimum almost surely.

Proof: When o > 1, because the distribution of Z; is strictly increasing and continuously differen-
tiable in a neighborhood of zero, P(z < Z1 < y) > Cy(y — ) for some constant Cy > 0 and all z < y
in some neighborhood of zero. Therefore, the result follows by the remark on page 159 of Davis,
Knight, and Liu (1992) where a proof is given for the case o« > 1. The proof for the case a < 1,

which uses the fact that Y p; k="' = oo, is similar. o

We can now give conditions for the existence of consistent LAD estimators of ¢, with a nonde-

generate limiting distribution.
Corollary 2 If the conditions of Corollary 1 hold, then there exists a sequence of minimizers (;SLAD
of S0P 12:(-)| such that
5 d

an(brap — bo) = €
where { is the unique minimizer of V(.).
Proof: Note that Y 7P |2:()| = S_r=T |2:(Po)| = Valan (@ — éy)), where V,,(-) is defined in (4.11).
Because ¢ uniquely minimizes V'(-), the limiting process for V;, (), the result follows by Remark 1 in

Davis, Knight, and Liu (1992). a

Remark 1: Suppose a < 1, the distribution function for Z; is continuously differentiable in some

neighborhood of zero, and there exist constants Cy > 0 and ¢ > 0 such that
Ple < Z; <y) > Co(y— ©)*

for all —e < & < y < ¢. Then,

P(-y < Zi <y) 5, Co(2y)”
2y - 2y

(4.19)
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if —€ < —y < y < €. Because the distribution function is continuously differentiable near zero,

Ploy< 4 <y

lim = constant < co.
y—0+ 2y
However,
. Co(2y)”
lim Co(2y)* = 00,
y—0+ 2y

and so we have contradicted (4.19). Consequently, the conditions of Corollary 2 can never hold when

o < 1 and the distribution function for Z; is continuously differentiable in a neighborhood of zero.

Remark 2: If Z; has a Students’ t-distribution with 0 < v < 2 degrees of freedom, then Zy € D(v)
and the distribution of Z; is symmetric about zero, strictly increasing on R, and continuously
differentiable everywhere on IR. Therefore, when an all-pass model has ¢ noise with 1 < v < 2, there
exist consistent LAD estimators of model parameters with a nondegenerate limiting distribution.

Note that the Students’ t-distribution with one degree of freedom is Cauchy.

4.3.2 ML Estimation when the Noise Distribution is Stable

We now impose further restrictions on the noise distribution and assume it is stable with exponent
a € (0,2). A stable distribution is indexed by not only an exponent, but also a parameter of
symmetry (|| < min{a,2 — a}), a parameter of location (—oco < g < 00), and a scale parameter
(0 < o < 00). If B = 0, the stable distribution is symmetric about g, and, if @ = 1 and § = 0, the
distribution is Cauchy. Also, when o = 1/2 and 8 = 1, the distribution is Lévy. We consider the
case when Z; has a stable distribution that is symmetric about zero (8 = 0 and g = 0). In this
case, the distribution of Z; is indexed by two parameters, o and ¢, and the density of Z; can be
expressed as

Jo(z;0) = o-'lf(za"l;o;)

for some density function f. Although, when a € (0,2), 8 = 0, and i = 0, the characteristic function
for Z; is given by

E{exp(itZ1)} = exp (—|ot]|*),
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no general, closed-form expression is known for f when Z; is not Cauchy. However, there are
computational formulas that can be used to evaluate f (see Nolan, 1997). It is also known that
f(z;6p42) is unimodal on IR and infinitely differentiable with respect to both z and 6,42 on Rx (0, 2)
(see Zolotarev, 1986).

Let 8 = (8,...,0p12) = (M1, ..., 0p, Opt1,0p42) and 6y = (fo1,. .., 00 p42) = (do1,-- -, $op, /| burl, @)’
From Breidt, Davis, and Trindade (2001), the log-likelihood of 8 given a realization {X,;}{_, is ap-
proximately

Z{Inf (20(9)/0p41;0p42) — Infpia }.

ML estimates of ¢, c, and o can be obtained by maximizing £(-}. Because they are based on specific
information about the noise distribution, ML estimates tend to be less disperse than LAD estimates.
Using asymptotic expansions for the partial derivatives of f in DuMouchel (1973), Calder (1998)
(pages 14-15) found asymptotic expansions for the first and second order partial derivatives of In f as
z =+ 0o. Calder used these expansions to obtain limiting results for ML estimators of the parameters
in an autoregressive model with stable noise. We now give similar limiting results for ML estimators
of all-pass model parameters.

For u € R? and v € R?, let
Walu,v) = L(80 + (n™ V0, n"Y2")) — £(80) (4.20)

and, for u € IR?, let

ZZ{lnfg (70 + es(WETT " 0) =0 fy (Zis0)}

J#0 k=1
where {c;(w)}, {Zk ;}, {x}, and {E)} were defined previously. In this case, however, P(d; = 1) =

1/2 because Z; is symmetric about zero. From Calder (1998), W (u) is finite for all u € R” almost
surely. Observe that maximizing £(8) with respect to @ is equivalent to maximizing W, (u, v) with

respect to u and v if u = n'/%(¢ — ¢,) and v = n'/?(Bp1 ~ 0o p41,0ps2 — O pt2)’-
Theorem 2 If Z1 has a stable distribution that is symmetric about zero with o € (0,2), then

Wa(u,v) i)W( )+ v/N — iv "Tv
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on C(IRP*?), where N ~ N(0,1) is independent of W(-) and

~g4 B{ & fo(Z0)} 1ol E{5Ea nfo(Z150) |
~por B{ sz fo(Z1:0)}  —E{&xlnfo(Zi50)}

I:=

Proof: Foru € R? and v = (v1,v2) € R?, let
n—p ~1 ~1/a . .
* _ o 2! z+ 1 2#0 cj(u)zi—; ) V3
Wilwv) = 3 [(w o) ! ( oTgo toafmi? O i

z[<><—>} 2

and
ey o v \ 7L [ #leo) + ”—1/0(2‘;&0 cj(w)ze—; vy
W,f(u,v) = Zln {(W—Fm) f U/‘¢Or|+vi/n1/2 ,Ot+n1/2

ni“‘ [(1%1)4 d (ii(xéfﬁfraﬂ | (422

By a straightforward extension of Proposition 3 in Calder (1998),

1
Wi(a,v) 4 Wi(a)+v'N - EV/IV

on C(IR”“). Since W (-,-) — Wi(-,") = 0p(1) on C(]Rp+2) by Lemma 10 and Wy (-,-) = Wi(,-) =

op(1) on C(RF*?) by Lemma 11, the proof is complete. O

It follows that there exist consistent ML estimators of 8y = (¢oy, ..., $op, 0/|¢dor|, @) with a

nondegenerate limiting distribution.

Corollary 3 Under the conditions of Theorem 2, there exists a sequence of mazimizers
~ ~f ~ R /
Omr = (bprp, Opt1, ML, GmL)

of L{-) such that
n(far — do) 5 ¢
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and

~

Opr1,ML o/léo
ni/? : - ¢ 4y~ N(0,T7Y),

AL o
where (" is the uniqgue mazimizer of W(-) and {* and Y are independent.

Proof: Since f,(-; &) is unimodal, In f,(-; ) is strictly concave in a neighborhood of zero, and so

W (-) has a unique maximum almost surely by Remark 2 in Davis, Knight, and Liu (1992). Because
£(6) - £(86) = Wa (n%( = 60), 0 *(Opar = 0/I60r]. By — 0))

and Y = I"!N uniquely maximizes v'IN — 2~ 'v'Iv, the result follows by Remark 1 in Davis, Knight,

and Liu (1992). U

Note that n'//a, — constant when Z; is stable (see Gnedenko and Kolmogorov, 1968). There-

fore, in this case, ¢; 4 and ¢y converge in distribution at the same rate.

4.4 Numerical Results

4.4.1 Simulation Study

In this section, we describe a simulation experiment to study the behavior of the LAD estimator for
finite samples. For each of the 1000 replicates, we simulated all-pass data from the model (4.1) with
r =1, ¢o1 = 0.5, and Students’ ¢ noise with 1 < v < 2 degrees of freedom and then found $raD.
To diminish the possibility of the optimizer being trapped at local minima, we used 250 starting
values for each of the replicates. These initial values for ¢ were uniformly distributed on (-1, 1).
We evaluated Y ;7 |z(-)] at each of the 250 candidate values and reduced the collection of initial
values to the nine with the smallest values of 3, _F |2,(:)] plus 0.5. Optimized values were found
by implementing the Hooke and Jeeves (1961) algorithm and using the ten initial values as starting
points. The optimized value for which Z?__}p |z:(-)| was smallest was chosen to be q?) r4ap. Results of
the simulations appear in Table 4.1, where the empirical means and standard deviations for the LAD

estimates are shown. Analogous results are given in Table 1 of Breidt, Davis, and Trindade (2001)
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Empirical

v n mean  std.dev.

1.0 200 | 0.4981 0.0283
1060 | 0.5000 0.0014

1.5 200 | 0.4988 = 0.0201
1000 ; 0.4997.  0.0061

Table 4.1: Empirical means and standard deviations for LAD estimates of the all-pass model pa-

rameter when r = 1, ¢p1 = 0.5, and the noise distribution is ¢ with v degrees of freedom.

for the case when r = 1, ¢g; = 0.5, and the noise distribution has three degrees of freedom. Based
on a comparison of the results, it appears that LAD estimates tend to be much less disperse when
the noise distribution has infinite variance.

Unfortunately, it is difficult to compare the finite sample results with the limiting distribution
because a closed-form expression for the minimizer of V(-) in (4.8) is not available. For M-estimates
for infinite variance autoregressive processes, Davis and Wu (1997) show that the bootstrap can be
used to obtain consistent estimates of values of the limiting distribution. It would be berieficial to

consider extending these bootstrap results to all-pass processes.

4.4.2 Noncausal Autoregressive Modeling

As discussed in Breidt, Davis, and Trindade (2001), suppose the series { X, } follows the autoregressive
model

¢c(3)¢nc(B)Xt = Zy,
where {Z,;} is iid noise, the r; roots of ¢.(z) lie outside the unit circle in the complex plane, and
the 7y roots of ¢p.(2) lie inside the unit circle. If ¢¢.(z) denotes the causal roth order polynomial
whose roots are the reciprocals of the roots of ¢y,.(2) and {X;} is mistakenly modeled with the

second-order equivalent causal representation

be(B)r(B)Xe = Ur, (4.23)
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then {U.} satisfies

Cg(B) . < (B)
Ue= 5B ™ ZomamiBrags (BT 2

where ¢, », is the coefficient of ~B™ in ¢,.(B). Therefore, {U;} is a purely noncausal all-pass

time series and {U_-,} is a causal all-pass time series. It follows that it is not necessary to examine
all combinations of roots inside and outside the unit circle when fitting noncausal autoregressive
models. A causal model can be fit to the data, and then the number of roots inside the unit circle
can be determined by fitting an all-pass model to the residuals from the causal fit.

By an application of Theorem 4.2 in Davis and Resnick (1985), if Z; € D(a) with « € (0,2) and

X = ¢; (B)é;e (B)Z: = Z 7 2,

j=—oo

then

n X X S Wi
Lemnpy XeXioh B Do Wb gy g gy
Zt:l Xt Zj:—oo 7rj

Also, if

m >
67 (65 = Do,

j=0

then

Y w0 i Mj=h

= constant Yh e {0,1,...
Y gen SiSi=h 0.1}

for some constant that does not depend on h. Consequently, even if Z; € D{(«) with o € (0,2) and
{X:} has infinite second-order moments, the model (4.23) can be fit to the data using least squares
estimation.

Figure 4.1 shows the volumes of Microsoft stock traded daily from 10/13/1997 to 4/9/1998.
In Calder (1998), an autoregressive model with stable, infinite variance noise was fit to the mean-
corrected data, { X;}, using maximum likelihood. For each model order considered, both causal and
noncausal autoregressive models were examined, and the maximizer of the log-likelihood was found.
Because the estimated first-order model, which was noncausal, minimized the Akaike information
criterion for.order selection, this fitted model was chosen to describe the data. To reduce the number

of likelihood evaluations, all-pass models could have been used to fit the autoregressive models. For
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Figure 4.1: Volumes of Microsoft stock traded daily from 10/13/1997 to 4/9/1998.

example, if a causal, first-order autoregressive model is fit to { X} using least squares, the parameter
estimate is 0.405 and the residuals from this fitted model, {U;}, can be obtained. If a causal all-pass
model of order one is fit to {{/_;}, the parameter estimate is 0.349. Since {U_+} seems to follow a
causal all-pass model of order one, it appears that the best first-order autoregressive model for {X;}
is noncausal. A noncausal autoregressive model of order one can then be fit directly to the data.

Using maximum likelihood, Calder (1998) obtained the estimates

$=262, a=136 and §=048.

Higher order noncausal models can be fit in a similar fashion. Note that the bootstrap could be
used to estimate the sampling distribution for the all-pass parameter estimator (see Davis and Wu,

1997).

4.5 Additional Results

This section contains proofs of the lemmas used to confirm the results of Section 4.3.
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Lemma 1 Under the conditions of Theorem 1,

A0t M= p00

im lim limsup P < O {(lz) > M) (jU;,] > A)}) =0,
t=1

lim lim limsupP (nop{(]zt] > M)N (IUt+n| > /\)}) =0,

A0+t M—00 noyoo

and

lim lim limsupP (Dp{ (] > M) O (U] > N 0 (U] > A)}) =0,

A0+t M40 poyoo et

where U, and U, are defined in ({.14).

Proof: The first result holds because, for any A > 0,

M—rc0 pnyoo i1

< hm limsupnP ({{z1] > M} n{|UT,| > A})

~—>00n — 00

Jim lim sup P (U{ (lze] > M) 0 (JUg,] > /\)})

o0

Z w)z1yj

> an)\)

= (A}EliooP(]zll>M) lim nP(

fl

a|¢0r|-aZlC )] m P (lz1| > M)

= 0.
Similarly,
n-p
I li I P > MiInN U+ > Y — 0,
A0+ Moo ‘,?LSOSP (tzul{(lztl )N (U )})
and the third result follows from the first two. O

Lemma 2 Under the conditions of Theorem 1, if a > 1, then, for any > 0,

nz—f(Um"F U ) (I{ze > 0} = Iz < ONI{IU, | < AH{IU | < A}

> n) 0,
t=1

A=0t oo

lim himsup P (

where U, and Ug’n are defined in (4.14).

t,n

Proof: Observe that

(I

Wz > 0} = Ha < ONI{IUL,] < AHH{IUS] < A}

tn

)
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< P( >g)

ol{ze > 0} = Iz < ONI{{U] < MJHIUS] < A} >

) (4.24)

n-p

ST ULz > 0} = Kz < ODI{|US] < AH{IUS] < A}

t=1

(

"P

IA

(I > 0} — Iz < ONI{IUL,| < A} >

+P ( %Ugn([{zt >0} = iz < ONH{|U| < AH{[U ] > A} > g) (4.25)
t=1

+P ( ﬂi:pUt, (H{ze > 0} = I{ze < OHI{JUT,] < A} > ) (4.26)

+P ( S Uk (I > 0) = Iz < ONILUS ] < MI{IUR > )| > Z—) L ()
t=1

By the Markov inequality,

P ( HE—pUJn(I{n >0} — I{z, < ONH{|U | <A} > g)
t=1
16 _|<=X _ ) 2
< SE| D UL (Ha > 0} = Hz < ONI{US] < A}

Because z; has median zero and is independent of Uiy,

E U (I{n > 0} — I{zr < ONI{|UT,| < A}

E{U, {IU7,| €AY} E{I{z1 > 0} = I{z1 < 0}}

Il

= 0
and so
n—p 2
lim limsupE Z Urn(H{z > 0} ~ I{z: < ONI{|U;,| < A}
A0t poaco tm1

by Proposition A.2(c) in Davis, Knight, and Liu (1992). Therefore, limy_, o+ limsup,,_, ., of (4.24)
equals zero, and, similarly, limy_, o+ limsup,,_, ., of (4.26) equals zero. Because (4.25) is bounded

above by
p (§|U5n11{w{ni <A{US ] > A > ) +P (Z U U > MHH{IUS > ) > g)

< SuE[UTL VT, < APV > 0 + P (U (U] > 3 0 (U] > A)})
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< %Aznp(wjni > X) 40P (U, > X)) P (U > ),

lim_limsup A*nP(|U,| > )

A=0t nye0
o0
E ci{w)zi—j| > anA
i=1

= |gor]” ZIC I lim lim A**nP(|Z1] > an)

A0+ n—o0

i

A0t naoco

lim limsupAZnP (

= 0
by (4.4) and (4.10), and, for any A > 0,
limsupnP ({U7,| > ) P (|UT,] > A)

1 —+00
|dor|™ QZM JI*AT lim P(

= 0,

> an/\g)

limy, o+ lim sup,,_, ., of (4.25) equals zero. Similarly, lim, _, o+ limsup,_, o, of (4.27) equals zero; and

o0
E :CJ w)zi4j

=1

thus the proof is complete. o

Lemma 3 Under the conditions of Theorem 1, if a > 1, then, for any n > 0,

n—p
> (a4 Uen)(I{=Usn < 2 <0} = {=Usn > 2 > 0N I{|U;,| < AMHA{IUSI < A}

t=1

)

Iim limsup P (

A=0T negoo

= 0,

where U, and U, are defined in (4.14) and Uy = Ug,, + U,

Proof: We first consider o > 1 and give an argument similar to one found in the proof of Theo-

rem 4.1 in Davis, Knight, and Liu (1992). If F(-) and G(-) are the distribution functions of |2 | and

)

]zj;éo cj(u)z1—;| respectively, then, using the Markov inequality,

n—

(Ezt‘l'Utn [{ Ugn<Zt<O} I{ Utn>zt>0})]{]U[ﬂ|<)\}I{{ !S)\}
I

t=1

"e

n—p
< P (E(Zt -+ Ut,n)([{—2>\ < "Ut,n <z < 0} - ]{QA > “Ut,n > 2 > 0}) > 77)
t=1
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n—p
< Plat Z ZCj(u)Zt_.j I<2)>a;t ZCj(u)Zt_j >lz>03 >0
t=1 | j#0 J#0
< n7'na'E ( ch(u)zl_j I {2)\ >a;?! ch(u)zl_j > || > 0})
i#0 j#0
<

2A o0
5 eyt / / y G(dy) F(d2).
0 1

If
H(z) ::/ yG(dy),
then
. -1 _ o . ) )
nli)nolonan H{a,) = — nl_l_}rgo nP ( ch(u)zl_j > an)
J#0
= oo Y les(u)l®
o—1 ‘ ’
J#0

by Karamata’s theorem (see Feller, 1971, page 283), and so

‘ 2 o . 2 H(ap2)
limsupn ™ na;? H{anz) F(dz) = 71 |por|~* E le;(u)]* lim sup/ — = F(dz).
s o a—1 i nooo Jo  Han)

Also by Karamata’s theorem, H(z) = 2!=%Lo(z) for z > 0, where Lq(-) is slowly varying at co. By
Potter’s theorem (see Bingham, Goldie, and Teugels, 1987, page 25), there exist constants A; > 0,

0 < & <min{a~ 1,2 - a}, and xg > 0 such that

H{xz)
H(z)

0< < Ay max{zimaE glmatt)

for zz > ®p and & > zg. In addition, if 0 < zz < zp and & > &g, then there exists a constant Ay > 0

such that

(zz/20)'~*"CH(0) _ Zl_a_%g*HEH(O) < Apt-et

H(xz) < H(0)
H(z) =1+ H (z)

"< H@ < )

<

since H(0) < oo and z* 1t H(z) — oo as ¢ — oo. Therefore, because the distribution of Z; is

continuously differentiable on [—x, k], E|z1|17%7¢ < oo, and thus

nz—f’(zt + U (H{=Uin < 2 < 0} = H{=Us,n > 2 > ONI{IU7 ] S AH{IUT,] < A}

=0+
- n—o0 =1

> 1])

lim lmsupP (
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< gt a I!/JJOrI_aZ]cJ( s hm hmsup/ A a" dz)
a—1 s n—»o0
2)
< |¢0r'_°‘2|cj Al\/Ag hm / Zlme- gF(dZ)
J#0
= 0.

Now, consider o = 1 and observe that
n~p
P (

Y (o V) [T < 2 < 0} = H{=Urn > 2 > ONI{|US,] < M{IU] < A)

t=1

)

1/2
n-p
< Pagtf? Z ch(u)zt_j I{2)\>a;! ZCj(u)Zt._j > |z >0 > pt/?
t=1 | j20 i#0
1/2
< g 2pesi 7B ( ch(u)zl_j I {2)\ >a;! ch(u)zl_j > |z > 0})
J#0 J#0

2Xx. poo
< ot [ Gl Flaz)
0 Ap?

It
H*(2) = / 12 G(dy),
then
S e A an) = 2 Jim o ( 2 i) > )
j#£0
= 2l¢0r!_12‘0j(u)|
F#£0

by Karamata’s theorem, and thus

2 *
H
limsupy™'/%na 1”] H*(anz) F(dz) = 2970, |~ 1_;_ lej(u)|lim sup (a2) F(dz).

n-$00 %0 n-+o00 Jo o+ (an)
Because H*(z) = z=1/2L;(z) for z > 0, where L;(-) is slowing varying at 0o, there exists a constant

Az > (0 such that

”Z"’(Zt + Uen)(I{=Utn < 2 < 0} = {=Us n >z > ONI{|U] < AH{UF, | < A

t=1

)

lim limsupP (

A0+ peo

22X rr%
< w2 o, IZ}CJ ) l1m lim sup M (anz) F(dz)

%0 n~»00 0 H*(an)
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IA

1/2;¢0| 1Z|CJ IA3 hm / —3/4F(d2)

J#0

Lemma 4 Under the conditions of Theorem 1, if a > 1, then, for any n > 0,
A—0+

where v, ; = cj ()T %
Proof: Choose ¢ > 0 and k7 € {1,2,...} such that k' > 2/a. Because )., Zk Yl < o0

SN i (U{Zk > 0} = H{Zi; < ODI{lye] < A}

J#0 k=1

almost surely, it suffices to show that

P(

for all A > 0 sufficiently close to zero. Choose Ag > 0 such that

> io: Vi (I{Zx,5 > 0} = I{Zk,; <O {lye,5] < A}

J#0 k=kT

> g) <€ (4.28)

Z B {3 Hle; )y /* < ,\0}} <$ (4.29)

77 J;éo k=kt

Possible values for Ay exist since

Z L{r‘”"}

It

rk—2/a)
Zc Z T(k)

J;ﬁo k=kt J#0 =kt
[we)
< (constant)Zc?(u) Z ke
J#0 k=kt
< 0.

We will show that (4.28) holds when A = X,.

Because V(u) in (4.8) is finite almost surely and I'y — co almost surely,

< 00

ZMO}-

SN g ({25 > 0} = I{Zi,j < 01) Il < Ao}

J#0 b=kt

almost surely, and hence there exists an My > 0 such that P(A4q,) < €/2 if

.

>, i Yej ([{Zk,g > 0} = I{Z,; < OF) I{|7,5] < Ao}

JA0 k=kt
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EMO},

For any integer m > kT, let

-

and observe that, since

SN i ({25 > 0} = I{Zk 5 < 0}) I{w 51 < Ao}

F#0 k=kt

{7k,j(I{Zk,J' > 0} - I{Zk,j < 0})I{|7k,jl < AU}}kzk‘r)jﬂ)

is a sequence of uncorrelated random variables with mean zero,

2
{I{A }ZE%J H{Z,; >0} - ]{Zk1<0})f{|'7kjl</\0}}
J#C =kt

E {Z i Yo,i (I1{Zx,; > 0} = I{Zk,; < O}) I{}yx,51 < )\o}}

F#O b=kt

INA

= SN B {vHlmgl < 2o}

J#0 k=gt

= Y Y B Hle w)ry Y < xl},

J#0 b=kt

where A%, is the complement of the set A,,. By the dominated convergence theorem,

{I{A }ZZ"/IH ({Zx,; > 0} - [{Z‘v3<0})[{l7k,.j'l<)‘0}}

J#0 b=kt

2
= Eq lim [I{A 1> Z Vi g (I{Z; > 0} = H{Zr 5 < O}) {1y 5] < /\0}}

J#EO k=kT

2
Jlim E {I{Afn}z > ({25 > 0} = I{Zkg < 0N I{|7e 5] < )\o}}

F#0 b=kt

S E {r‘”‘”m e;(w)|ry e < /\o}}
J¢0 k kf

IA

and so

d

< P(Ax)+P (I{Aéo}

SONT e (H 2k > 0} = IH{Zkj < 03) I{J7 5] < Ao}

J#0 k=kt

n
>2)

> i Veg (IH{Zk,; > 0} = I{Zk,; < O}) I{lvk 5] < Ao}

F#O k=k?

n
>4)
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2
2
< §+P(I{A }ZE%J (1{Zk; > 0} — I{Zk ; < O}) I{|7n,] < Ao} )
J#0 =kt
2
€ 16
< 2+ E{I{A }ZZ'M,J (H{Zx,; > 0} = I{Z} <0})I{l7ku|<’\0}}
n?
J#0 k=kt
€ -2/ -1/
< —2—+§ ZE{F I{le; (w)[T7 < Mo} }
J¢o k=kt
< €
by (4.29). O

Lemma 5 Under the conditions of Theorem 1, if o > 1, then, for any n >0,

Iim P (
A0+

where v ; = cj(u )6kI’—1/a.

o0
ZZ (Z i+ 1) T{=vk 5 < Zij <O = I{=yx; > Zij > O} I{|y,;] < A}
J#O k=1

>n) 0,

Proof: By the law of the iterated logarithm,

linlsup——J—I:—L:k%l—— =1
koo \/2kToglogk
almost surely. Therefore, since
]F;l/a _ k-—l/al — Irk _ kla—l]}—l—l/a
-1 . -1-1/a
< Tx = kla™ (min{k, [k — [Tk — k| [}) ;

where % lies between T’y and k,

Ir—l/a k‘_l/a[ lr;l/a_k-—l/al

lim sup < lim sup <1

koo V20170 T koo o-1y/9KToglog b (k — v/ZFToglogh) T T
almost surely for some ¢ > 0. Consequently, 37,2, [T Ve gt/ ®] < oo almost surely, and so the

result holds if

ZZ(!C W)k = |Zi i) H{les (@) k™% > | Z4,5 > 0} < o0 (4.30)

J#0 k=1
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almost surely. As in the proof of Proposition A.3 in Davis, Knight, and Liu (1992), if F(\) is the

distribution function for |Zy 1], then

J#0k=1

B {ZZU%‘(“)W”“ =125 D I{le; (@) k™ > | 2y 5| > 0}}

= 3 E{ (e (@) < | Ze gD Ile; (@)™ > 1211 > 0} }

J#0 k=1

00 Jes(m)|k— 1/ T -
» / (lej () [k~ = 2) P(dz)
J#A0 k=1
1o

o pleswly™ i
22/1/2/0 (Jej()y~/* = 2) F(dz) dy

%0

21/2c;(w) 21/°lcj(u)1( Jomo=1 gy F(dz)
= 2ua c~u“/ / v—2)u %" dv F(dz).
> lej(w)] A i

J#0

IA

Because F is continuously differentiable on [0, ], E|Z1 1/'™® < co if @ > 1 and E(In|Z1,1]) > —o0
if &« = 1, and thus the expectation is finite. Hence, (4.30) holds almost surely and the proof is

complete. a

Lemima 6 Under the conditions of Theorem 1, if a > 1, then, for any n > 0,

>77)=0

DS g+ ) UH{=mg < Zij < 0} = Homg > Zry > NI
J#AO k=1

oQ
SN i {7k > 0} = {2k < oL

20 k=1

lim lim P
A0+ Moo

and

>77> =0,

lim lim P (
A0+ M—o0
~1/a M
where Ve j = Cj(ll)(skrk and Ik,j = f{le,jl > M}I{f’}’k,jl > )\}.
Proof: For any A > 0,
P (I‘;l/a sup |ej(u)] > X infinitely often) =0

je{1,2,..}

since I'y — oo almost surely. Hence, if

K= sup{k €{1,2,...}: I‘;l/a sup  |ej(u)| > )\} )
je{1,2,..}

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



LAD and ML Estimation for All-Pass Time Series Processes with Infinite Variance 118

then K < oo almost surely and

el = feswyry

< T sup fej(uw)]
je{lvzv“'}

< A
forall k > K and all j € {1,2,...}. Therefore,

DO ({25 > 0} = H{Zk ; < ONI{1Zk 5| > M} {1 5] > A}

J#0 k=1
K )
< Sl YT | ) > MY
i#0 k=1
- 0

almost surely as M — oo and

ZZ(Zk,j + Y, ) I =Yh,5 < Zhj < O} = W=y 5 > Zx j > 0P I{|Zk 31 > M}H{|x,5] > A}

J#0 k=1
K
< Dl 3o {1751 > M}
j#0 k=1
= 0
almost surely as M — oo, and so the result holds. ]

Lemma 7 Under the conditions of Theorem 1, for any T' > 0, any n > 0, and any 7 > 0,

lim limsup P sup [Vy(u)=Vi(v)>n] <,
e=0F oo lu—vii<e
lulflivi<T

where V3 (+) is defined in (4.12).

Proof: First consider the case o < 1 and observe that, for any u,v € R?,
n—p
t=1

n-p
-1
2

t=1

Vi (w) = Vi (v)]

1

atagt Yy ei(v)u-

70

a+a;'y ci(w)z-;

J#0

Y cila=v)z-

J#0

)

IA
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_ _1 —Zt—i Bt P

= Z(“ v) [ >+¢o( )]
1 £ Zz+»

< la—vila, ;; ¢0 5B

Recall that {¢;} is given by 357, Pizd = 1/¢o(z) with ¢; = 0 if j < 0. By an extension of the

proof of Theorem 4.2 in Davis and Resnick (1985), it can be shown that

n=p oo
—-12 _zt el ZH‘il < aglzzut,bj_ﬂ—l-"'+‘¢j—p|)(]zt—jl+Izt-I~jD
)
=1 t=1 t=1 j=1
4 900D (ol + o Wgegl) 3T
G=1 k=1
——1/(1

since Zk - T < oo almost surely. Therefore, if o < 1,

Vi () = Vo (V)] = flu = v Op(1),

and so the result must hold.

Now consider the case o > 1. From (4.18), for any A > 0,

Pl sup V() =V (v)|>n

flu-vii<e
ffullfivli<T
«— ~1 A )
< P sup 2zt +ay Z Wzl — 2] — |2 + a, Z(’J V)ze—jl |zl | Ifa) > 5
fla=vij<e | ;=1 F30 J#0
Nalllivit<T
n-p 77
+P sup a;! Ecj(u —V)z_; ‘1 - It):n >3
fu~vii<e t=1|j#0
[l ffvli<T
< P sup  la;’ Z ch (u—=v)z_; (I{z > 0} = I{z, < O}) [ > = (4.31)
- ; ’ 6
fla—vi{<e t=1 20
NalllIviisT
+P{ sup 12 (2 + Urn () (H{=Uen(w) < 2 < 0} = I{=Usn(u) > 2 > 0}) [ > 2
i<T| (= S
(4.32)

+P ( sup Qrf(zt + U (V) (H{=Un(v) < 2 < 0} = H{=Upn(v) > 2. > 0}) I | > Q)

WIST| 1=
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(4.33)
n~p
+P sup a;lz ZCj(u_V)Zg_j ‘1—];:,1 >4 ’
Jla—vilge t=1 1 j#£0 2
fullivii<T
where
R, = I |67 (B)ar-s] < A}J{ |61 (B s | < 1)\}
o= {7 | s 1 { e, [55°E ] <
= -7l Lan I i < ap,A
{ﬁe?f,a%p} 2 vy | S0 } {?‘} 2 Vaserisi| <0 }
and
Utn : ~1Zc‘? Zt_j, ue R
J#0
Observe that (4.31) equals
P —lni(u v) [“Z“" 2 ]p (I{z >0} = iz < 0N 1| > 2
sup |a - - t =z ra il
l—vii<e | =7 $o(B) * do(B~1)]icy YT
falblivii<T
which is bounded above by
EP:P 9Ta; ! nf TEoi B ) (1 S 0 - Ha < 0P I, | > - (4.34)
=1 o t=1 B ¢o(B~1) ‘ t i 6p )" .
Also, (4.32) and (4.33) are bounded above by
n-—-p n
P (Ta;l z:y,g[{Ta;lyz > |z > O}It*m > ﬁ)
t=1
12 g Bra—P Y BTA A
< () r#na; V13, Gldy) F(d2), (4.35)
n 1] anz/T

where

=D (=l 4+ [y—pl) (2= | + |2e44])
j=1

1/2, a=1,
ﬂz{

1, o> 1,

and F(-) and G(-) are the distribution functions for |z;] and Y} respectively. Using an argument

similar to the proof of Lemma 2, it can be shown that limy_, o+ limsup,_, ., of (4.34) equals zero
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By the proof of Lemma 3, limsup,,_, o, of (4.85) is finite for all A > 0, and so limy_, ¢+ limsup, _, ., of

(4.35) equals zero. Therefore, there exists a Ap > 0 small enough so that, for all € > 0, imsup,_, ,

of
P sup 1ZZCJ u— v)z—; (I{z >0} — I{z < 0}) f“,’l 2
flu—vii<e t=1 j#0 0
lalllivii€T
n—p
+P ( sup |2 Z (2t + Upn(0)) (I{=Usn(u) < 2 <0} = I{-Up n(u) > 2 > O})I;:% > g)
afi<T | 55
n—p .
+P | sup (23 (o + Upn(v)) (H{=Unn(v) < 2 < 0} = H{=Usn(v) > 2 > 0}) [o| > =
g | =1 6

is bounded above by 7/2. Consequently, to complete the proof, we show that

n
lim limsupP sup  a;! u—v)z_; |1 IAo 1 o
e=+0% n—oo llu—VIISG ; ;;:o ! 2
flallilvii<T

The left-hand side is bounded above by

n—p 8
2
lim limsupP <€a;1 E Y I{Y; > apho} > g) < (;) lim limsupe®naPE{Y1I{Y1 > anto}}’,

e=+0"T naco o e=0F n00

and, by Karamata’s theorem,

lim lim supeﬂna FE Vi I{Y; > (ln)\()}}ﬁ

e=+0t nooo
o

)\ﬁ hm ? hm nP (Y1 > anho)
o — ﬂ e—+0+
o0

N 60r 7% D (ol + -+ [y ) Jim, €2

=1

o
- B

Lemma 8 Under the conditions of Theorem 1,
Vi) = Vi) = op(1)

on C(R"), where V;*(-) and V] (-) are defined in (4.12) and (4.13) respectively.
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Proof: Let T > 0. We begin by showing that V}(-) = V,{(:) = 0,(1) on C([-T,TJP). In particular,

for € > 0 and 5 > 0, we show that

P ( P Vi (w) = T (w)] > ?7) <e (4.36)

u€[-~-T,T]P
for all n sufficiently large. As in the proof of Proposition 3.2 in Davis (1996), for any fixed integer

m < n—pand any u € R?,

n-p
V() = Vi) = |3 |z +at Y ej(wzs| — |oel = |2(do) + a3 es(w)z—j| + lze(bo)l 1
t=1 F#0 J#0
n—p-—m
< atazt Y ei(w)aog| = |z(do) +agt Y cj(w)z—j
t=1 o J#£0
n—-p-—m n—p
> R ET IR DI R SrAC PR PPN
t=n—p-—m-+1 J#0
n-p
+ 2 | |rle) Fant D ei(wang| — la ()]
t=n—p-m+l j#0
<

2 Z lze — 2e(@o)| + 2050 D Y lej(m)zy).

t=n—p—m+1 j#0

Thus, for any m < n — p,

P ( sup |V (u) ~ V(u)| > n)

u€f-T, TP

—p-m
< P(Q Z |2t = z¢(¢po)| > )—I-P(Esup 2a;1 Z Zlc] u)z- J|>—-)

t=1 uel-T.T]° t=n—p—m+1 j£0

Choose 0 < 8 < min{a, 1} and observe that E|z;|° < co. Because

zn—p—t—z% $0(B™H)zn—p-t+;) and Zn—p-t(o) :Zlb (60(B™")2n—p-t4;) (4.37)
{ =

=0

fort € {0,...,n—p—1}, where E;?—_o ¥;29 = 1/¢o(z), and there exist constants a > 0 and 0 < b < 1

such that |¢;] < ab’ for all j € {0,1,...}, there exists an integer mg large enough so that

P(?n—imolzt—zt(¢o)l>g) (&Y { Z o (o) |}ﬁ

A

t=1 =

( ) { D> 1951 [$o(B)2n—p- ml}ﬁ

t=myp j=t+1

INA
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4 g 7 +t ’
< (1) e{es Sttt
4q B 2 mo+t
ﬁ 1]
< () el ;m
€
< 3

for all n > mg + p. By (4.7), there exist constants C' > 0 and 0 < D < 1 such that

sup  |ej(w)] < ¢ DY
UE{"'TyT]p
for all j # 0. Hence, because a, — 00,

n-p
P( sup  2a;? Z Z]cj u)z J|>—) < P(a;1 Z ZC’Dijllzt_j|>Z-)

ue[-7,T)p t=n—p—mo+1j#£0 t=n—p—mo+1 j#0

IA

t=n—p-mo+1 j#0

B ,
a;ﬁ (%) moElzllﬂ zcﬁ (Dﬂ)m

J#0

(%)ﬁE{a«“f Y ZGD“*Ia-jt}ﬁ

IA

< €
2

for all n sufficiently large, and so (4.36) holds for all n sufficiently large. Consequently, V(.) —
VI() = 0,(1) on C([-T,T}). Because T' > 0 was arbitrarily chosen, for any compact set K C IR?,
VE() = V() = 0p(1) on C(K), and thus V,7(-) — VI (-) = 0,(1) on C(IRP). O

Now consider the partial derivatives for z;(-). For an arbitrary, causal autoregressive polynomial
¢(z), define @(z) = 1z + -+ ¢pz¥ = 1 — ¢(z), and define @o{z) = 1 — ¢o(z). Note that, for
te{l,...,n-p},

$(B)Xi4p = —2(#) + 9(B™ 1) z(9),

so,if j € {1,...,p}, then

Oz () .

5, (4.38)

(B Nz (P)} = —Xegpj + 57—
Also,if j € {1,...,p}, then

T PER] = g Brmena(@) 4 Gy (9]
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Oz ()

p(B™Y) g, Zei (). (4.39)
Equating (4.38) and (4.39) and solving for 9z;(¢)/0¢;, we obtain
Oz (¢ 1
8 = ity Wt + s 8. (4.40)

Evaluating (4.40) at the true value of ¢ and ignoring the effect of recursion initialization, we have

ACH 1 ~¢o(B™)BP2i4py |
) o ){ o(B) " tﬂ(%)}

(B-
(t-f)‘ + ¢O?§i1)‘ (4.41)

1

do(B
Also, for j,k € {1,...,p},

Iz 1
a¢ja(zz = 3B {Xerpri-k + Xeqprh—j + 22e4515(D) } (4.42)

and so

*z(do) _ !
d¢;0¢r  P3(B
L THhtjok T Zitk—j | 234tk
N bo(B~1)¢o(B) $3(B~1)
e 2zt 44k

= - Z Z¢m¢c(2t+j—k-z+m + Zegk—j—ttm) + 2B

m=0 £=0

=y {Xeapri—k + Xeaprr—j + 220454x (o) }

Lemma 9 Under the conditions of Theorem 1,
Va() = VI() = 0p (1)
on G(IRF), where V,(-) and VI(-) are defined in ({.11) and (4.18) respectively.

Proof: For any u € RP,

n—p
[Va(a) - V,J(u)l = Izt by +ay )l — |zt(bg) + “;1 ZCJ'(“)Zt—j [
t=1 7#0
n—p
< Z 2t (]50—{—(1 ) = ze(pg) — ch w)z—;
t=1 J#0
= 52t(¢ ay? 0 Zt(¢t
= a7 tu/ 0 &n u——————————” - ’12433 )z
t=1 2 a¢8¢ j#0
1 6% ¢ a7 | 0% (¢a(w))
: nl T _f;cj(“)zt—j ’ 2 f=1 H,Wu’
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where ¢; , (u) lies between ¢y and ¢y +a,; 'ufor allt € {1,...,n—p}. Fix T > 0. In order to prove
that V,(-) — VI(:) = 0,(1) on C(Kr), where Kt = {u € R? : |Ju|| < T'}, we show that

P ( sup |Vi(u) — Vi(u)| > 77)

flull<T

n—p e
6zt 7 8%2:(¢r n (0))
< sup a;! = ci(m)z—il > | +P (sup -2 f——— 0 u| >
(nuu<T ; Jz;é% ! o2 Jufj<T 2 z:: depag’
=+ 0
for some 5 > 0. Choose 3 > 0 so that
. { %a, a <1,
1, a>1,
and observe that E|z;|? < co. Therefore, from (4.7) and (4.41),
- 3Zt(¢o) ]
P| sup a;! = ci(w)z—j| > =
(uuugr " ; ¢ 92 |2
n—p P
_ 6zt(¢ ) —Zt—q Zt4i n
= P{ sup a;t o’ S + > =
(uuui’T D] L rah PR REr:a] W A
_ Zt+z(¢o Zi4i ] 7
< T > =
( Z [ ¢0(B_1) i=1 2)
p n—
- Zt+z(¢o Zt4i Ui
< Plae;'T >
(an ;t « (B‘1 ¢0(B_1) 2)
8
B n-p
2 _ Zt+1 (¢9) Zpi
< (=) ERa;lT
- <77> { =1 do(BTT)  ¢o(B1)
14
B p n-p
2 _ Zt-}-z <i5o 2t
< (=) TPa;? E 4.43
= <n> e ;t «130(B71) T o(BT) (443)
y (4.37),
ol zri(Pe) |z

= 0(1),

: 14
> 2 E
=1 t=1

$o(B~1)  ¢o(B7Y)

and so, since a, — oo, (4.43) is o1). Because
167 7 () = ol < a7 [ful] < a7 T,
from (4.42), there exist constants ¢ >0and 0 < D < 1 such that

022 (85,, Sl
/%ﬂu gj;mCD']llzt"jl

sup |u

fluli<T
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for all n sufficiently large and all t € {1,...,n ~ p}. If follows that, for all n sufficiently large,

| 0%z (] ,(u)) Gy
P{ sup a;’ o —— 2 ul>g] < Pla;? CDz sl >0
(NHHST t}; 0o Ej;oo ’
=il
< nPaaE|n P Y € (D)7 (a49)

J=—00

By (4.9), a;2%n — 0, and so (4.44) is o(1). Thus, since T' > 0 was arbitrarily chosen, V,(-)=V,J(:) =
0p(1) on C(K) for every compact set K C RP, and hence the proof is complete. O
Lemma 106 Under the conditions of Theorem 2,
W:(, ) - WJ(» ) = Op(l)

on C(RP*?), where W} (-,-) and W] (-,-) are defined in (4.21) and (4.22) respectively.
Proof: Let T > 0. We will first show that W (-, )~ W](-, ) = 0p(1) on C([~T, T}*+?). In particular,
for € > 0 and n > 0, we show that

uE[—T,T]P, VE[—T,T]E

P ( sup (W (u,v) — Wi(u,v)| > 77) <€ (4.45)

for all n sufficiently large. For any fixed integer m < n—p, any u € RP, and any v = (v1, v2)’ € R?,

W (a,v) — Wl(u,v)]
< T | (B e )
(AL D ) =
e 3 s (i) - (o) (a1
v 8l (e )
~In [(ﬂf@j)—lf (;’_71%;];05) (4.48)
I [ N e

() (i) =
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Prom Calder (1998), as z — 0,

91n f(z:6) giﬁ ) 9+ 1) oY, (4.50)

Hence, for all n sufficiently large and all |vy], jve] < T, there exist constants Ky, Kz > 0 such that

. 1/2
Blnf(z’a;”/n <k, VeeR and 4 2
Z

o
> - Ky >0,
iqs()ri 2

n1/2 - 1¢0rl

and therefore (4.46) and (4.47) are both bounded above by

n—p—m
Ky

Tl TF X [r )

t=1

Also from Calder (1998), as z — oo,

dln f(z;0)  (Oh(6)/00)
a h

-9
50 G +Inz+0(:""Inz),

where

. (T
h(6) :==T(8 + 1)sin (59) .
Thus, for all n sufficiently large and all |v2] < T, there exists a K3 > 0 such that

Oln f(z;0)

7] < K3+ |Injz]| VzeR,

f=a+tva/nl/2

and so, when |v1| < T, (4.48) is bounded above by

() (e )
() (e )|

Bl (e )
| () ()|

o () 1 (o)

()" G|

n-—p

2

t=n-—-p~m-+1

n-p

2

t=n—p—m+l
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-1 -1
o V1 o —1/9
< mlln (W + m) —In (m) +n Y2 mKsT
+n-l2T rf . z 40l Zj;.so ¢j(a)ze—j
t=np-mt1 o/|dor| +vi/nt/?
+Ky S a4 n Y (W &
t=n—p_m+1 o/|dor| +v1/nt/? o/|¢or|
< pol/2 mT 2 KT 4 2T — z 0t Zj¢o cj(w)zi—;
- o/|¢orl — K ’ o/|bor| + v1/n1/?
" t=n—p—m-+1 T 1
Ky « KT i
T A P P P L S E - 2.
ool =T, 2, 2O R e 2

Similarly, for all n sufficiently large and all |v1], |va| < T, (4.49) is bounded above by

n—p -1/ . )
VL N In #(do) 1 Z#olcgz(u)%-]
o/|¢or| — K2 rmn gl a/lpor| +v1/nt/
K -~ KT —
+ oot N Nl AT e Y fa(d)].

o/lgor| — K2 ¢ (o/lpor| — K2)?

=n-p—m+1 j#0 t=n—p—-m+l
Therefore, using an argument similar to one used in proof of Lemma 8, it can be shown that (4.45)
holds for all n sufficiently large. Consequently, W (-,-) — Wi (-, ) = 0p(1) on C(K) for any compact

set K C IRP™2, and so the result holds. o

Lemma 11 Under the conditions of Theorem 2,
Wal ) — Wrz(" )= Op(l)
on C(RP*?), where Wy(-,-) and Wi(-,-) are defined in (4.20) and ({.22) respectively.

Proof: Fix T > 0. From (4.50), for all n sufficiently large and all juy| < T, there exists a K1 > 0

such that

dln f(z; a + vy /nt/?)
Oz

SK1 Yz € R.

Also, for all n sufficiently large and all |v;] < T, there exists a K2 > 0 such that

o + U1 > o
[or] = n'/2 7 |dor

— Ka>0.
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Thus, for all n sufficiently large, all u € R, and all v = (v1,v2)’ € IR? such that |v1],|vs| < T,

[W(a,v) — W](a,v)]
< > Inf < 2 (o + 1~ 0 . > —Inf 2($0) + 11 50 (w2 o4 2
t=1 o/|por| + vi/nt/* nl/2 o/ldor| + v1/nt/? ni/2
]{1 — -1/ -1/
S ] =T 2o |0t T W) = () =D ()i,
0r 2 t=1 70
and so the result holds by the proof of Lemma 9. ]
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Appendix

In this section, we correct some of the results in Breidt, Davis, and Trindade (2001). We begin by
changing the two lemmas in the Appendix of the paper so that Theorem 1 and some of the order

selection results in Section 3 can be fixed. The notation we use corresponds to notation in Breidt,

Davis, and Trindade (2001).

Lemma 1 Suppose {Y;} and {V;} are the linear processes

x> o0
Y, = Z CjZi—j and Vi = Z d;jzi_j,
j=—oo j=—oo
where ¢g = 0, Z;?___oo le;] < oo, Z;-X;_OO ldj] < oo, and {2z} is iid with mean 0, finite variance,

and common distribution function G. If G has median 0 and is conlinuously differentiable in a

neighborhood of 0, then

3
i

14
Sy = (|zt —n~ Y, — W - [zt{) 4 Var(Y1)g(0) ~ doE|z1| + N,
t

1
fat

where
oot
h=1
v*(h) = E{Yisgn(z1)Yiynsgn(zien)),s

and g(z) is the density corresponding to G.
Proof: Using the identity for z # 0

|z —yl — 2] = —ysgn(2) + 2(y — 2) {Lj0cocy} — Lig<o<o} } 5

130
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Appendix
we have
n—p n—p
S, = -—n-i? Z Y, sgn(z) — n~t Z Vi sgn(z;)
t=1

t=1

n—p
+2 Z <n—1/2Yt + 'n_l‘/; — zt) {1{0<2t<n—1/2Yi+n_1Vt} - 1{n“/2Yz+n"1Vt<z:<0}}
t=1
=: A, -+ B,+C,.
From the proof of the original version of this Lemma, we know that A, 4 N and

n=p
2 Z (n—l/'ZY't - Zt) {1{0<2¢<n"1/3Yi} - 1{n“1/2Y,<zt<0}} f} Var (Y]_)g(O)
t=1

By the ergodic theorem,
Bn 5 —E[Visgn(z1))] = —doE |1,

and so 1t suffices to show

n-—p
(n—-l/Zy't -+ 71_1% bt Zﬂ) {1{0<21<n“1/2Yt+'n"1Vt} - 1{71_1/2Yt+n_lvt<‘7'<0}}

t=1

n—p

—-17/2
- Z (n / Y: — Zt) {1{0<Z:<n'1/2Yt} - 1{”'1/2Y’<Z*<0}}
t=1
5.

Since E |V1 {1{0<21<n—1/2Y1+n—-1V1} - 1{71—1/2y1+n—1vl<21<8}} t — 0 as n — oo, we have

n-p
A P
-1
n Z Vi {1{0czicn-1/2vi4n-1v} = Ln=1/2y,4n-1viczoc0} } = 0.
ta=l

Now consider

n—p
Z (nwl/QYt - zt) {1{0<z¢<n“1/2Yt+n—1Vt} - 1{0<z1<n‘1/3Y4}}
t=1

E

1 -

14
-1/2
< E Z ]n / Y, - Zt| {1{0<n—1/2Y*§z4<n‘1/2Yt+n‘1Vt} + 1{n“1/2Y1Sﬂ<zt<n‘1”Yt+n’1V¢}}
t=1l

{1{0<n“1/2Y,+n—1V¢Szi<n"1/2Y¢} + 11‘n_1/2Y1+n_1VtSO<Zt<n—1/2Yi}} '

n—p
+E Z ‘n"l/zYt —
t=1

For any ¢ > 0, the right-hand side is bounded by

—p
—~1/2
E Z ln 12y, — Ztl {1{O<n‘1/2Y¢Szf<n‘1/2Yg+n“1V¢<€} + 1{-—e<n—1/2Yt§0<2¢<n-1/2Yt+n—1V¢<s}}

t=1
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-p
-1/2
+E E In - ztl {1{0<n‘1/2Ye+n'1V152t<n-1/9Yi<6} + 1{—€<ﬂ‘1/2Y¢+"'1V¢30<31<”‘1’2Yt<€}}
t=1

n—p
B (20 2% 07 V) 8 {Lgamsravibnivis ) + Lnmvvigsa )
t=1

< 3e(n—s)P (——e < n Y2y <zn< Y%y 07y < 6)
+2¢(n — s)P (—e < n_1/2Y1 +n7 <75 < n'1/2Y1 < 6)

vonts (B + 14D ({P (im0 + 0 > )} 7 {p (il > )} 1)

Note that for ¢ sufficiently small there exists a § > 0 such that

P (~—-€ < n“l/zYl <n < n"l/ZYl + n‘lvl < €)

)
Pilal< E,n——l/zYl <7 < n_1/2Y1 +nt |dole + Z |d;z1-4]

j==o00

§#0

IN

< (g(0) +8)n™" | ldole+ Y 1dj|El]
j==c0
J#0
and

o0
P (—-6 < n~1/2Y1 + n“lVl <z < n_1/2Y1 < €> < (g(O) + 5)7’5_1 ‘dolﬁ'{' Z Idlelle
J=—00
J#0
Since E([Y1] + [V1])? < oo,

nP ([n2Y; + 071V > e) =0 and nP (=) > &) =0,

and it follows that

n-p
E Z (n—-l/Qyt - Z‘) {1{0<zt<n—1/2Yt+n_1Vf} - 1{0<2t<n“112y}}} — 0.
t=1
0
If we approximate (B~ ')z (¢) by
8
eo(B™ )z (@) + ) 5 {0(B™H)z(e)} (5 — doj)
0 t\%o ; 99; { ¢ l¢:¢u J J
1 - - 82 _1 PR . —
qgg%mwwmmmﬁw¢wm%m
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the criterion function can be written as
My = Z l(B 1 )2e() — ¢(B) Xeys|

= Z lo(B™1)B® 2144 (9) — $0(B)Xegs + (¢0(B) — (B)) Xets]

R

Z |<Po B 2014 (o) — B*ze4s (o) + 2:(o)
+ _}j 5 RB (@)}, (6= 00)

+= ZZ 06; 5¢ {e(B™)=(¢)} '¢=¢0(¢J ~ o) (b — dox)

=1k=1

—60(B)Xigs + 03¢ — ) n Y (Xigsot, . . ., Xt)’]

n~p k) ’
_ —~1/24/ -1 i
_ > 2 ¢0 +n 1 [5¢J {(p(B )zt((b)} ‘¢:¢0 + Xt-i—s-—.?]j:l
L G B o
9 8¢Ja¢k ¢=¢u j.k=1 ’

where u = n!/2(¢ — ¢). The coefficient of n=*/2 in (5.1) was discussed in the original paper, so we

now focus on the coefficient of n~!. Because

o -1 __1 [, 9 .
o B} = ey { e 9) + @)

the coefficient of n=1 is

5 [ B @) |, |
2 a¢ja¢k D=0, §k=1
1, 1
= " e ){w‘MW“'¢“ﬂ@H¢¢ka
" 1 3
= %u' _¢—g(—B.—1){Xt+s+j—k + Xtgsth—j +22t+j+k(¢0)}]j’k:1u

- 8
U [=2t4j-k = Zt4h—j | 22454k

27 | éo(B1)¢o(B) +¢’3(3—1)L,k:1u

f2
|
=

8

1 N - 22t 4j+k
= -2—u’ —ZETZJmW(ZtH—k—Hm+2t+k.-j—z+m) ¢2(Bj 1) u
L m=0]=0
o0
= V= Z djzt_j.
j=—c0
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Note that
1E|Z i ’
doElza} = | 11“’ Z(¢z¢z—j+k + Y1 —k) u
2 ’¢0rl 1=0 k=1
. E[le /
= 02|¢0riu Tu.
The modified version of Lemma 2 follows.
Lemma 2 Forue€ R°, let
n-p
Sn(u) = mu(¢g +n~ ' *u) - Z (o)
t=1
and define
n—p ) s
S = 3 [(60) +n o [ (e B @), + Ko
t=1 ’ 09, {qb:d)” j=1
1 B [ 82 -1 ]s
- B™Y)z u
+27‘I, u 8@3% {90( ) t(¢)} ’d):(bo ket
n—p
- Z |2¢ (o)]-
t=1
Then
1. 52 5 S on C(R*) where
2f,(0)  El|Zi| ) ' ,
Y = — T,u+ N
0= (5~ o) WP
and
N~ (020050,
2. 5,5 S.

Proof: The proof is essentially the same as the original, except

nip {Izt e R AR Iztl}
t=1

2/-(0)
ld’Or‘

S} ()

E|Z)]

0-2 léﬂr l

n—p
—n /2 Z Yesgn(z) + (

t=1

Therefore, Theorem 1 now reads

) u'T,u+ op(1).
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Theorem 1 Assume 202 f,(0) > E|Zi| and AI-A3 hold. Then there ezists a sequence of local

minimizers ¢ ap of ma(p) such that

. 2
n'"*(bpap — bo) > 2E|Z10| —‘—qifc:lzfg(()) I7IN~N (0

Var|Z| 0217—1)
'9(202f,(0) - E|Z:))Y " )]

where I's = [y(j — k)}3 4=y and (") is the autocovariance function of the causal AR(r) {Z;/do(B)}.
For the Laplace density,

Var ‘Z1|
2(202f,(0) — E|Z1))°

-1
=3
and, for the Students’ ¢-distribution with v > 2 degrees of freedom,

Var | Z1| _ v—2
2(202f,(0) —E|Z))*  ST*((v +1)/2)

(r(v = 1) T%(v/2) - 4(v - 29T (v + 1)/2)) . (5.2)
When v = 3, (5.2) is 0.7337.

Corollary 1 states

Corollary 1 Assume the conditions of Theorem 1. If the true all-pass model order is v and the

fitted model order is p > r then

R VA
n''?¢p L4 4N (0 Var |2 ) ;

'2(202,(0) — E|Z1])°

where quyLAD is the pth element of Pp 4p-

So, the term 62 used in the order determination procedure becomes

52 . ! P Var | Z |
2 (3osd—er) 200700~ EIZ

where €, and §; are the empirical mean and variance respectively of {!zt(Eb)|}, ¥y is the empirical
variance of {z;(¢)}, and d is a kernel estimator of the density at zero based on {z:($)}.

We now make a few changes to the derivation of AIC(:). Again, Xi,..., X, and X7,..., X}
represent two independent realizations of the model (¢, o)’, where we assume ¢, € R? and p < s.

If we obtain ¢ and & using X1,...,Xn,

VID B VIS )

K

—2Lx+ (B, k) = —2Lx(e,k)
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— "QEX((L,I%)—2(R \/‘Z? plzt( ’_Z? plzt(qs())'

+2\/_Zt 1 Izt (¢o
I

Note that

et |z (D) = i 121 (o) u'N* 2f,(0)  E|Z] uTpu
i = \/§E|51“¢0r["1 * ( [$or| 02I¢0r|> \/§E121”¢0ri"1,

where

0'2|¢0r' -
7 - 40?0

1=
and N,N* are iid N (0, 2Var|Z1|¢5,20~2T,).

Z |Zt( ““Z !Zt(qSO:I ~ (\/if"(o)_ L )trace(l"pE[uul])

ElZi] V202
Var|Z; |0 V2[5 (0) - 1
2(202£,(0) —E|z:))* \ ElZ1] V202

Therefore,

Var|Z, | (20’2f0(0) B 1) ’

MO = =200 o) - vizy \ Bl

The penalty term can-be estimated consistently with

o 2t0d 1
(205d — é1)2 \ & '
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