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ABSTR A C T OF DISSERTATION

PARAM ETER ESTIM ATION FOR  
ALL-PASS TIME SERIES MODELS

All-pass m odels are autoregressive-m oving average m odels in  w hich the roo ts o f the  autoregressive 

p o lyn om ia l are reciprocals o f roots o f the m oving  average p o lyn om ia l and vice versa. T hey generate 

uncorre la ted (w h ite  noise) tim e  series, b u t these series are n o t independent in  the non-G aussian 

case. A ll-pass m odels can be used to  s im p lify  the process o f f i t t in g  noncausal autoregressive and 

non inve rtib le  m ov ing  average m odels and, in  th is  d isserta tion , these procedures are used in  the 

deconvo lu tion  o f a s im u la ted  w ater gun seismogram and to  f i t  stock m a rke t tra d in g  vo lum e data.

Because all-pass series are uncorre lated, es tim a tion  m ethods based on Gaussian like lih o o d , least- 

squares, or re la ted second-order m om ent techniques cannot id e n tify  all-pass models. Consequently, 

least absolute devia tions, m a x im u m  like lih o o d , and rank  techniques are used to  o b ta in  param eter 

estimates. The ra n k  es tim a to r considered was firs t proposed by Louis Jaeckel fo r e s tim a ting  linear 

regression param eters. Jaeckel’s es tim a to r m in im izes the sum  o f m ode l residuals w eighted by a 

fu n c tio n  o f residual rank. The asym p to tic  properties o f the three types o f estim ato rs  are exam ined 

and th e ir behavior is stud ied  fo r fin ite  samples v ia  s im u la tion .

For all-pass series w ith  f in ite  variance, m a x im u m  like lih o o d  and rank  e s tim a tio n  are stud ied 

in -dep th , and some extensions o f previous results fo r least absolute dev ia tions  e s tim a tio n  are given 

in  the A ppend ix . In  the in fin ite  variance case, least absolute dev ia tions e s tim a tio n  is considered 

when the noise d is tr ib u tio n  is in  the dom ain  o f a ttra c tio n  o f a non-G aussian stable d is tr ib u tio n , 

and m a x im u m  like lih o o d  es tim a tion  is considered when the noise d is tr ib u tio n  is non-G aussian sta­

ble. U nder general cond itions, i t  is shown th a t the estim ators are a sym p to tica lly  no rm a l in  the  fin ite

i i i
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variance case, and, in  the  in fin ite  variance case, the estim ators converge in  d is tr ib u tio n  to  nonde­

generate m a x im a  o f stochastic processes.
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C hapter 1

Introduction

Autoregressive-m oving average (A R M A ) m odels are linea r tim e  series m odels th a t p lay  a funda­

m enta l ro le in  m odern  tim e  series analysis. T hey have diverse app lica tions and have been used, fo r

exam ple, to  m ode l the Dow-Jones u til it ie s  index, the level o f Lake H uron , and the sunspot num bers

(B rockw ell and D avis, 1996). The series { X t }  is an A R M A (p , q) process i f  i t  satisfies the  difference 

equations

<j>{B)Xt =  9 ( B ) Z t ,

where B  denotes the backsh ift opera to r ( B kX t — X t - k ,  k =  0, ± 1 , ± 2 , . . . ) ,

4>(z) =  1 -  <t>\Z-----------(j)pZP

is an autoregressive p o lyn o m ia l o f order p  such th a t ^  0 fo r |^| =  1 ,

$(z) =  1 +  B\Z +  • • • +  9qZ^

is a m oving  average p o lyn o m ia l o f order q, and { Z t j  is a noise sequence.

A ll-pass m odels are an in te resting  subclass o f A R M A  m odels in  w h ich  the  roo ts o f are 

reciprocals o f the  roo ts o f B(z) and vice versa. They generate uncorre la ted  (w h ite  noise) tim e  series, 

b u t these series are n o t independent in  the non-G aussian case. S u rp ris ing ly , all-pass m odels can 

often  be used to  describe financ ia l tim e  series th a t d isp lay “ non linea r”  behavior. In  p a rticu la r,

1
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Introduction 2

financ ia l tim e  series, such as exchange ra te  log re turns, frequen tly  appear uncorre la ted , have heavy­

ta ile d  m a rg ina l d is tr ib u tio n s , and e xh ib it v o la t i l i ty  c lustering . I f  a d is tr ib u tio n  assigns subs tan tia l 

p ro b a b ility  to  values re la tive ly  large in  absolute value, i t  is called heavy-tailed, and, therefore, da ta  

fro m  heavy-ta iled  d is tr ib u tio n s  look  “ sp iky .”  M ore specifica lly, i f  a d is tr ib u tio n  is called heavy­

ta iled , i t  is genera lly  understood th a t there exists an a  >  0 such th a t the p ro b a b ility  o f seeing 

an observation la rger in  absolute value than  x, x  >  0, is ro u g h ly  p ro p o rtio n a l to  x ~ a . V o la t il ity  

c lustering  is the tendency o f observations re la tive ly  sm a ll in  absolute value to  be fo llow ed by other 

sm a ll observations and the tendency o f observations re la tive ly  large in  absolute value to  be fo llowed 

by other large observations. Therefore, non linear m odels w ith  tim e-dependent co n d ition a l variances, 

such as generalized autoregressive co n d itio n a lly  heteroskedastic (G A R C H ) m odels and stochastic 

v o la t i l i ty  models, are o ften  chosen to  describe financ ia l data. However, linea r all-pass m odels w ith  

heavy-ta iled  noise can also e xh ib it the three characteristics, and so they  can som etim es be used as 

an a lte rna tive  m odel fo r financ ia l data . For exam ple, in  C hap te r 3, an all-pass m odel is used to  

describe the  d a ily  log re tu rns fo r the C a n a da /U n ite d  States exchange rate.

A n  all-pass series can be obta ined by f i t t in g  a causal, in ve rtib le  A R M A  m ode l (a ll the  roots o f 

<f>(z) and 6(z) are outside the u n it c ircle in  the com plex plane) to  a series generated by a causal, 

non inve rtib le  A R M A  m odel (a ll the roo ts o f 4>(z) are outside the  u n it c irc le and a t least one ro o t 

o f 9{z ) is inside the  u n it  c irc le ). The residuals fo llow  an all-pass m odel o f order r ,  where r  is the 

num ber o f roo ts o f the  true  m oving  average p o lyn om ia l inside the u n it circle. N o n in ve rtib le  A R M A  

m odels have been used, fo r exam ple, in  vocal tra c t filte rs  (C h i and K ung , 1995; C hien, Yang, and 

C h i, 1997), in  the analysis o f unem ploym ent rates (H uang and P aw itan , 2000), and in  seismogram 

deconvo lu tion  (L i i  and R osenbla tt, 1988). S im ila rly , an all-pass series can be obta ined  by f i t t in g  a 

causal autoregressive m ode l to  a series generated by anoncausal autoregressive m ode l (B re id t, Davis, 

and T rindade, 2001). A p p lica tio n s  fo r noncausal m odels include the ana ly is  o f stock m arke t tra d in g  

volum e d a ta  (C alder, 1998), the  deconvo lu tion  o f absorp tion  spectra (Blass and Halsey, 1981), the 

design o f com m un ica tions systems (Benveniste, G oursat, and Roget, 1980), the  processing o f b lu rry
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Introduction 3

images (D onoho, 1981; C hien, Yang, and C h i, 1997), the deconvo lu tion  o f seismic signals (W igg ins, 

1978; Ooe and U lrych , 1979; Donoho, 1981; G odfrey and Rocca, 1981; Hsueh and M endel, 1985), 

and the analysis o f astronom ica l da ta  (Scargle, 1981).

E s tim a tio n  m ethods based on Gaussian like lihood , least-squares, o r re la ted  second-order m om ent 

techniques cannot id e n tify  all-pass m odels because Gaussian all-pass series are independent. There­

fore, cum ulant-based estim ators, using cum ulants o f order greater than  tw o , are o ften  used to  esti­

m ate  the param eters o f an all-pass process w ith  fin ite  second m om ents (G iannak is  and Swam i, 1990; 

C h i and K ung , 1995; Chien, Yang, and C h i, 1997). A lso, B re id t, Davis, and T rindade  (2001) consider 

a least absolute devia tions (L A D ) approach w h ich  is m o tiva te d  by a p p ro x im a tin g  the  like lih o o d  o f 

an all-pass m ode l w ith  Laplace (two-sided exponentia l) noise. In  B re id t, D avis, and T rindade  (2001), 

L A D  estim ates are com pared w ith  estim ates ob ta ined by m a x im iz in g  absolute res idual kurtos is , a 

fo u rth -o rde r m om ent approach. Based on these results, i t  appears th a t cum ulant-based estim ation  

is no t the m ost e ffic ient technique fo r e s tim a ting  all-pass m ode l param eters. In  a d d ition , because 

all-pass noise m ay have a d is tr ib u tio n  qu ite  d iffe ren t fro m  Laplace, L A D  es tim a tio n  cannot always 

be the m ost e ffic ient e ither. Hence, in  th is  d isserta tion , we consider general m a x im u m  like lihood  

(M L ) and rank  (R ) es tim a tion  techniques. We also exam ine L A D  e s tim a tion  in  the  in fin ite  variance 

case, and, in  the  A p p e n d ix , we correct some o f the results in  B re id t, D avis, and T rindade  (2001).

In  C hapter 2, we consider using M L  es tim a tion  to  estim ate the param eters o f an all-pass series 

w ith  fin ite  variance. Because they are based on specific in fo rm a tio n  abou t the noise d is tr ib u tio n , M L  

estim ates tend to  be less disperse than  L A D  and R-estim ates. We give an app rox im a te  like lihood  

fo r all-pass m ode l param eters and establish asym p to tic  n o rm a lity  and s trong consistency fo r the M L  

estim ators under general cond itions. The behavior o f the  estim ators fo r  f in ite  samples is stud ied 

v ia  s im u la tio n , and order selection is considered. We then develop a tw o-step procedure fo r f i t t in g  

non inve rtib le  A R M A  m odels using all-pass m odels and app ly  i t  to  the deconvo lu tion  o f a s im u la ted  

w ater gun seismogram.

Because the  ob jective  func tions  fo r L A D  and M L  e s tim a tion  are com p lica ted  func tions  o f the
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Introduction 4

m odel param eters, they tend to  be qu ite  bum py and can, therefore, be hard  to  m in im ize  or m axim ize. 

In  a d d ition , M L  e s tim a tion  is d iff ic u lt to  im p lem en t when the noise d is tr ib u tio n  is com p lica ted  or 

unknow n. R -e s tim a tio n  can o ften  overcome these lim ita t io n s  o f L A D  and M L  es tim a tion . Thus, in  

C hapter 3, we consider a R -es tim a to r firs t proposed by Jaeckel (1972) fo r e s tim a tin g  linea r regression 

param eters. Jaeckel’s es tim a to r m in im izes the sum  o f m odel residuals w eighted by a fu n c tio n  o f 

residual rank. In  C hap te r 3, we use th is  R -es tim a tion  technique to  estim ate  the  param eters o f an 

all-pass process w ith  f in ite  variance. U nder general cond itions, the R -es tim a to rs  are a sym p to tica lly  

no rm a l. I f  the  w eight fu n c tio n  is p ro p e rly  chosen, R -estim ato rs  can be nearly  as a sym p to tica lly  

effic ient as M L  estim ators, and the ob jective  fu n c tio n  fo r R -es tim a tion  can be fa ir ly  sm ooth  and hence 

easy to  m in im ize . We exam ine the behavior o f the R -estim ato rs  fo r fin ite  samples v ia  s im u la tio n  

and again discuss all-pass order selection. R -es tim a tion  is used to  f i t  an all-pass m ode l to  d a ily  log 

re turns fo r the C a n a da /U n ite d  States exchange rate.

In  C hap te r 4, we consider L A D  and M L  es tim a tion  fo r all-pass series w ith  in fin ite  variance. In  

p a rticu la r, we assume the noise d is tr ib u tio n  belongs to  the  dom a in  o f a ttra c t io n  o f a non-G aussian, 

stable d is tr ib u tio n . These all-pass series tend to  be very “sp iky ”  because the  noise d is tr ib u tio n  is 

heavy-ta iled . In  D avis (1996), L A D  es tim a tion  is com pared to  least squares es tim a tio n  fo r causal, 

in ve rtib le  A R M A  processes w ith  noise d is tr ib u tio n  in  the dom a in  o f a ttra c tio n  o f a non-G aussian, 

stable d is tr ib u tio n . I t  is discovered th a t L A D  e s tim a tion  is m ore e ffic ien t than  least squares esti­

m a tio n  in  th is  case. Hence, L A D  es tim a tion  appears to  be useful fo r A R M A  processes w ith  in fin ite  

variance, and so we s tudy  th is  type  o f es tim a to r fo r all-pass series w ith  in fin ite  variance in  C hap te r 4. 

For M L  estim a tion , s tronger res tric tions  are required fo r the noise d is tr ib u tio n . We assume th a t i t  

is non-Gaussian stable, and no t s im p ly  in  the  dom a in  o f a ttra c tio n  o f a stable d is tr ib u tio n . Under 

general cond itions, these L A D  and M L  estim ators have nondegenerate l im it in g  d is tr ib u tio n s . The 

behavior o f the L A D  estim ators fo r f in ite  samples is stud ied using s im u la tio n  and the es tim a tion  

procedure is used to  f i t  a noncausal autoregressive m odel to  M icroso ft tra d in g  vo lum e data.

To sum m arize, th is  d isserta tion  presents a va rie ty  o f useful approaches fo r e s tim a ting  all-pass
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Introduction 5

m odel param eters and gives a num ber o f app lica tions fo r all-pass m o d e ls -f it t in g  noncausal autore­

gressive and n on inve rtib le  A R M A  models, and m ode ling  uncorre la ted fin a n c ia l da ta . In te resting  

extensions o f th is  d isserta tion  w ork include fin d in g  o ther app lica tions fo r all-pass m odels and de­

veloping procedures to  assess the accuracy o f fit te d  all-pass m odels using sam ple corre la tions o f the 

squares and absolute values. A lso, rank  es tim a tion  appears to  be very useful fo r  e s tim a tin g  all-pass 

m odel param eters in  C hap te r 3 and thus th is  es tim a tion  technique m e rits  fu r th e r exam ina tion . I t  

w ou ld  be w o rth w h ile  to  consider rank  e s tim a tion  fo r in fin ite  variance all-pass series, A R M A  se­

ries, and possib ly G A R C H  series. A  procedure fo r fin d in g  an o p tim a l w eight fu n c tio n  fo r the rank 

ob jective  fu n c tio n  is also a sub ject fo r fu tu re  study.
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C hapter 2

M axim um  Likelihood E stim ation  
for A ll-P ass T im e Series M odels

2.1 Introduction

All-pass m odels are autoregressive-m oving average (A R M A ) m odels in  w h ich  the  roo ts o f the au­

toregressive p o lyn o m ia l are reciprocals o f roots o f the m ov ing  average p o lyn o m ia l and vice versa. 

T hey generate uncorrelatec! (w h ite  noise) tim e  series, b u t these series are n o t independent in  the 

non-G aussian case. A n  all-pass series can be obta ined  by f i t t in g  a causal, in ve rtib le  A R M A  m odel 

(a ll the roots o f the  autoregressive and m oving  average po lynom ia ls  are outside the  u n it  c ircle) to  a 

series generated by a causal, non inve rtib le  A R M A  m odel (a ll the  roots o f  the autoregressive po lyno ­

m ia l are outside the  u n it  c irc le and at least one ro o t o f the m oving  average p o lyn o m ia l is inside the 

u n it  c ircle). The residuals fo llow  an all-pass m odel o f order r ,  where r  is the  num ber o f roo ts  o f the 

tru e  m oving  average p o lyn om ia l inside the u n it circle. N on in ve rtib le  A R M A  m odels have appeared, 

fo r example, in  vocal tra c t filte rs  (C h i and K ung , 1995; C hien, Yang, and C h i, 1997) and in  the 

analysis o f unem ploym ent rates (H uang and P aw itan , 2000). We use them  in  th is  chapter in  the 

deconvolu tion o f a s im u la ted  w ater gun seismogram. O the r deconvo lu tion  approaches are discussed 

in  W igg ins (1978), Ooe and U lrych  (1979), Blass and Halsey (1981), D onoho (1981), G odfrey and 

Rocca (1981), Hsueh and M endel (1985), and L i i  and R osenbla tt (1988).

E s tim a tio n  m ethods based on Gaussian like lihood , least-squares, or re la ted  second-order m om ent

6
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techniques cannot id e n tify  all-pass models. Therefore, cum ulant-based estim ato rs , using cum ulants 

o f order greater than  tw o, are often used to  estim ate such m odels (G iannak is  and Swam i, 1990; 

C h i and K ung , 1995; Chien, Yang, and C h i, 1997). B re id t, D avis, and T rindade  (2001) consider 

a least absolute devia tions (L A D ) approach w hich is m o tiva te d  by a p p ro x im a tin g  the  like lih o o d  o f 

an all-pass m odel w ith  Laplace (two-sided exponentia l) noise. U nder general cond itions, the  L A D  

estim ators are a sym p to tica lly  no rm a l.

In  th is  chapter, we use a m a x im u m  like lih o o d  (M L ) approach to  estim ate  all-pass m ode l param ­

eters. Related like lih o o d  approaches are considered in  B re id t, Davis, L i i ,  and R osenbla tt (1991) fo r 

noncausal autoregressive processes, in  L i i  and R osenbla tt (1992) fo r n o n inve rtib le  m ov ing  average 

processes, and in  L i i  and R osenblatt (1996) fo r general A R M A  processes. A lth o u g h  all-pass models 

are A R M A  models, th e ir special pa ram ete riza tion  makes the results o f L i i  and R osenbla tt (1996) 

inapplicab le .

In  Section 2.2, we give an approx im ate  like lih o o d  fo r all-pass m ode l param eters. A sym p to tic  

n o rm a lity  and s trong consistency are established fo r M L  estim ators under general cond itions  and 

order selection is considered in  Section 2.3. P roofs o f the lem m as used to  establish the results o f 

Section 2.3 can be found  in  Section 2.5. The behavior o f the  estim ators fo r f in ite  samples is stud ied 

v ia  s im u la tio n  in  Section 2.4.1. F in a lly , a tw o-step procedure fo r f i t t in g  n o n inve rtib le  A R M A  models 

is developed in  Section 2.4.2 and applied to  the deconvo lu tion  o f a s im u la ted  w ater gun seismogram 

in  Section 2.4.3.

2.2 Preliminaries

2.2.1 A ll-Pass M odels

Le t B  denote the backsh ift opera to r ( B kX t  =  X t - h ,  Ar =  0, ± 1 , ± 2 , . . . )  and le t

<f>(z) — 1 — <j>i Z — . . .  — <f)p ZP
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be a p th -o rd e r autoregressive p o lyn om ia l, where <j>(z) 0 fo r \z\ =  1. The p o lyn o m ia l <j>(B) is said to

be causal i f  a ll its  roo ts are outside the  u n it c irc le in  the  com plex plane. In  th is  case, fo r  a sequence

T O ,

( 0 0  \  CO

j = o  )  3 = 0

a fu n c tio n  o f on ly  the past and present {Wt}. N ote th a t i f  <fi(B) is causal, the p o lyn o m ia l BP4>(B~1) 

is purely noncausal in  the  sense th a t a ll its  roo ts are inside the u n it c ircle, and hence

( oo \  oo

j =o /  j =o

a fu n c tio n  o f o n ly  the present and fu tu re  {Wt}. See, fo r exam ple, C hap te r 3 o f B rockw e ll and 

Davis (1991).

Let

<t>o(z) =  1 -  h i z  -<f>0pzp ,

where <j>0(z ) ^  0 fo r \z\ <  1. Define h o  =  1, and suppose <j>0r ^  0 fo r some r  €  { 0 , 1 , . .  , , p }  and

<f>0j  =  0 fo r j  =  r  +  1 , . . .  ,p. Then, a causal all-pass tim e  series is the  A R M A  series { X t }  w hich

satisfies the difference equations

M B ) x t = (2 .1)
tpOr

or

i
X t  -  4>oiXt - l  —  (f>or X t - r  — Z *  +  Z-Z Z f _ 1 +  b -7 Z *_ r + 1 — 2  Z tt  — r  •

h r  t ~ r + l h r

T he true  order o f the  all-pass m odel is r ,  and the  series { Z * }  is an independent and id e n tica lly  

d is tr ib u te d  ( iid )  sequence o f random  variables w ith  mean 0 and variance tr% G (0 ,oo ). We assume 

th ro u g h o u t th a t Z \  has p ro b a b ility  density fu n c tio n  f ao( z ; 8 0) =  o-q1 z; 8a), where /  is a 

density  fu n c tio n  sym m etric  about zero and 8  is a param eter o f the  density  / .  We also assume th a t 

the true  value o f 8, 0 O =  (#oi> • • • > h d ) ' , lies in  the in te r io r o f a param eter space 0  C IEtd, d >  1. 

N ote th a t the  roo ts o f the autoregressive p o lyn o m ia l $ 0(2) are reciprocals o f the  roo ts o f the  m oving  

average p o lyn o m ia l —(f>Q^z,'4>o{z ~ 1) and y i ce versa.
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The spectra l density fo r { X t }  in  (2.1) is

\e~'ru>\2\4>o{e‘bJ) ?  <ro
‘̂ o r t 'M e  iu>) \2 2?r <f>lr 27f’

w h ich  is constant fo r ui £  [—tt, tt], and thus { X t }  is an uncorre la ted sequence. In  the  case o f Gaussian 

{ Z * } ,  th is  im p lies  th a t {X ^ }  is i id  N (0 , ^o^o,.2), b u t independence does n o t ho ld  in  the  non-Gaussian 

case i f  r  >  1 (e.g., B re id t and Davis, 1991). The m odel (2.1) is called all-pass because the power 

transfer fu n c tio n  o f the all-pass f i lte r  passes a ll the  power fo r every frequency in  the spectrum . In  

o ther words, an all-pass f i l te r  does n o t change the d is tr ib u tio n  o f power over the  spectrum .

We can express (2.1) as

M B ) X t =  BP^ B  ' h t,  (2.2)
— <PQr

where { Z t }  =  {Z ^ +p_ r }  is an i id  sequence o f random  variables w ith  m ean 0 , variance a 2, and 

p ro b a b ility  density  fu n c tio n  U a{z ]6  o ). R earranging (2.2) and se tting  zt =  <fi0, }Z t , we have the 

backward recursion

z t-p  — +  • • • +  4>opZt — (X t  — (f>oiXt - i  — ■■■■— to p X t - p ) .

A n  analogous recursion fo r an a rb itra ry , causal autoregressive p o lyn o m ia l <j)(z) =  1 — 4>\z— ■ ■ - — (f>pZp

can be defined as fo llow s:

{ 0 , t =  n +  p , . . .  , n +  1,
(2.3)

<j>izt - p+ i(<i>) + ----- 1- <f>pzt (4>) -  4>(B)Xt , t =  n , . . .  , p +  1,

where 0  :=  (<j>i, . . . ,  <j>p) ' . I f  <fr0 :=  . . .  ,<j>op)' =  ■ ■ ■, <l>0r ,  0, • . . ,  0 )', note th a t { z t ((f>o)}t=i

closely approxim ates { z t } t= i '>  the  error is due to  the in it ia liz a t io n  w ith  zeros. A lth o u g h  { z t }  is iid ,

{zt(< f>o))t= i  *s n ° t  hd  i f  r  >  1.

2.2.2 A pproxim ating the Likelihood

In  th is  subsection, we ignore the effect o f the recursion in it ia liz a t io n  in  (2.3), and w rite

- 4 > ( B - 1) B pzt (<f>) =  4 , (B )X t .
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Le t q =  m a x {0  <  j  <  p  : <f>j #  0 }, ot =  ( o q , . . . ,  a p+(i+i ) '  =  ( f a , . . . ,  <f>p , <r/\<j>q\, & i , . . . ,  8d)', 

and e*Q =  ( a 0i , . . . ,  ao ,p+d+ i)' =  ■ ■ ■ A qp^ qI I ^ oA ^ o i , ■ ■ ■ f fo d Y ■ F o llow ing  equa tion  (2.7) o f

B re id t, D avis, and T rindade  (2001), we app rox im a te  the log -like lih o o d  o f «  g iven a rea liza tion  o f 

leng th  n, , fro m  m odel (2 .1) w ith

n —p

£ ( « )  =  ^ l n / CT (<j>qzt (<t>);9) +  ( n ~ p )  In  \<f>c
t -  1 
n —p

=  ^ 2  { In  f ( z t (cf>)/ap+1; 0 ) -  In  ap+1)
t = l
n —p

Y j 9 t ( a )
t= l

where can be com puted recursively fro m  (2.3).

(2.4)

2.3 A sym ptotic Results

2.3.1 Param eter Estim ation

In  order to  establish asym p to tic  n o rm a lity  fo r the M L E  o f a ,  we make the  fo llo w in g  a d d ition a l, yet 

s t i l l  fa ir ly  general, assum ptions on / :

•  A 1  F o r  a l l  s G R  and a l l  9  — ( # ! , . . . ,  9^)' €  0 ,  f ( s ;  9) >  0 and f ( s -  9) is twice continuously  

differentiable w ith  respect to (s ,8 1, . . . ,  0d)'■

•  A 2  F o r  a l l  9  in some neighborhood o f  9o, J  s / ' ( s ;  0 ) ds =  s /( s ;  0 ) 1 ^ /  f ( s ;  9 )  ds =  — 1.

•  A 3  f f " ( s ; 9 0)d s  =  f ( S-,90)\™oo =  0.

•  A 4  f s 2f " ( s ; 9 0)d s  =  s i f> (s - ,90)\™c o - 2 f sf ( s - 9 o ) d s  =  2.

•  A5 1 <  /  ( f { s ; 9 0) ) 2 / f { s - 9 0)ds .

k  i '
•  A 6 The m a t r ix

L  I

is positive definite i f  K  :=  <*o,p+i (  f  ^ j (s-9 )^~  ~   ̂ j ’

L  ~ _ a - i  r aHs ; 9 o) d
a o lP+ i J  a s ,  a s and I  ~

3 =  1

f  1 df ( s'fio) 9 j ( f , 9 0) , 
J J{s;9o)
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A 7  F o r  j ,  k =  1, ,d  and a l l  9  in some neighborhood o f  9 q,

— f ( s ; 9 )  is dominated by some func t ion  f i ( s ) ,

~  (1 +  *20  > (1 +  ls I ) 7 ^ ) | 4 / ' ( s ; e ) | ’ Jh ^B) { m - f i 3’ 6 ) ) 2’ and

f ( s ; 6 )  are dominated by a \  +  a-z\s\Cl, where a \ ,  02 , c 1 are non-negative1 d2
fU-,0) d0jdek

constants and  / ( a i  +  ci2 js|c 1)/" 1 (s) ds <  00 .

T h e o re m  1 I f  f  satisfies A 1 -A 7 ,  then there exists a sequence o f  maximizers

& M L  =

o f £ ( oc) in  (2-4) such that

n 1/2K i  -  « o ) 4  Y  ~  JV(0, S T 1) , (2.5)

where

2 ( o f j ~ ) T p 1 ° p x1 °P xd

S ” 1 :=  0 i xp ( K - L ' r H ) - 1 —K ~ XL ' ( I  — L K ~ l L ' ) ~ 1

0 dxP - ( /  — L K ~ 1L ' ) ~ 1L K ~ 1 ( I  — L K ~ 1 L ' ) ^ 1

cT-2 J ( f ( S]9 0) ) 2/ f ( s ; e 0 )d s ,  r p :=  [7 ( j  — k ) ]p- k=1, and  7 (-) is the autocovariance func t ion  o f

the autoregressive process { { 1 / 4>o{B))Zt} ■

Proof: C (a )  — C ( a Q) =  Sn {s/n  ( a  — a 0)),  where Sn(-) is defined in  Lem m a 3 o f Section 2.5. Because 

Y  :=  S - 1 N  m axim izes the l im i t  process S(-) in  Lem m a 3, the resu lt (2.5) fo llow s by R em ark 1 o f 

D avis, K n ig h t, and L iu  (1992). □

R e m a rk  1 : N ote  th a t ( fM i  is a sym p to tica lly  independent o f (a p+ \ tM L, 0 m l ) '  ■ G iven a sample o f 

n  observations fro m  { Z t j ,  there exist loca l m axim izers (<fz,@z)' o f the  log -like lih o o d

n
5 ^ { ln  f ( Z t / ( r ;0 )  - I n  <7}

such th a t

i 1,2l (d z ,  0 z ) '  -  (<?0, 00) '] 4 y z ~ N  (0 , S ^ 1)
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where

<t>lr { K  -  L ' I ~ 1L ) ~ 1 -|<0Or|K - ' L ' i l  -  L K ~ 1L ' ) ~ 1
S i 1

^Or

i - l

j ( /  -  L K ~ 1L ' ) ~ 1L K ~ 1 ( /  -  L K ~ 1L ' ) ~ 1

and does n o t depend on </>or .

2s U sing A 2  and the Cauchy-Schwartz inequa lity ,

1 = { I  sn ^ n‘Md’)
<  { / s2f ( s ; 0 o) d s j  | J  / ( U ^ o ) ^ j  (2 .6 )

=  o -p ,

w ith  equa lity  in  (2.6) i f  and on ly  i f  /  is Gaussian. Thus, A5 holds fo r non-G aussian / .  F urther,

{/
/ 'M o ) , ,

s~7t °)/ ( s ; » o )

< / s 2 / ( « ; ® o ) d s |  { / / ( s ; 0 o ) d s |  (2.7)

— a o,p+ i-^  +

so th a t K  >  0. We do n o t have equa lity  in  (2.7) because, by Cauchy-Schwartz, there is equa lity  i f  

and on ly  i f  s / ' ( s ;  6 o ) / f ( s ', $o) =  —1 fo r a ll s 6  M  w h ich  cannot ever be the  case.

R e m a rk  3: The asym p to tic  covariance m a tr ix  fo r the estim ators o f the  p  autoregressive param eters 

is a scalar m u lt ip le  o f the asym p to tic  covariance m a tr ix  fo r the Gaussian like lih o o d  estim ators fo r 

the corresponding p th -o rde r autoregressive process. The same p ro p e rty  holds fo r  L A D  estim ators 

o f all-pass m ode l param eters, as shown in  B re id t, D avis, and T rindade  (2001). T he  L A D  estim ators 

are ob ta ined by m a x im iz in g  the like lih o o d  o f an all-pass m odel w ith  Laplace noise. T h is  yie lds a 

m od ified  L A D  c rite r io n , w hich can be used even i f  the u nde rly ing  noise d is tr ib u tio n  is no t Laplace. 

The  constant in  (2.5) is

2 ^ 7 - 1 ) ’ (2'8)

w hile , in  the  L A D  case, the app rop ria te  constant is

 M M  5 . (2.9)
2 (2<ro2/ » , ( « ;8 o ) - E | Z , j )
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(B re id t, Davis, and T rindade  (2001) conta ins an erro r in  the  ca lcu la tion  o f the  a sym p to tic  variance; 

see the A p p e n d ix  fo r the correction .) A lth o u g h  the Laplace density,

f ( s) =  ^ exP ( - V ^ l )  ,

does no t meet assum ptions A 1 -A 7 , E \Z i \  =  < to /\/2 , f a 0 (0) — l / C v ^ o ) ,  and J  =  2 <Tq 2 , so th a t (2.8) 

and (2.9) are b o th  1 /2  fo r th is  density.

R em ark  4: We o b ta in  the asym p to tic  re la tive  efficiency (A R E ) o f M L  to  L A D  fo r the  autoregressive 

param eters by d iv id in g  (2.9) by  (2.8):

A R E  =  (<r02J -  1)
V a r ( | ^ | )

(2<to2/ . o(O;0o) - E | Z 1|)

The  density fu n c tio n

2 '

r r ^  +  1) / 2) 1 1 19 m l
V ^ - 2  T (6 /2 )  V e ^ ( i  +  sy ( d - 2 ) f +1^  [ 1

is sym m etric  abou t zero, has variance one, and satisfies assum ptions A 1 -A 7  w ith  c i =  2 when 

©  C (2, oo). I f  <T0 =  (do/(90 — 2 ) ) 1/ 2, then f O0(s\ do) =  <r^1/(n -( /1s; do) is the  S tudents ’ f-dens ity  

w ith  d0 degrees o f freedom . In  th is  case,

V d ^ = Y  r ( ( e 0 + 1) / 2)

E \Z l \ ~ 2(ro 0O- 1  r ( 6*0/ 2)V tF  ’

/<ro(O ;0o) =  <?o
- i  r ( ( 6>0 +  l ) / 2)

r ( 0 o / 2 ) y ' ( d o - 2 ) n  

and

J _  - 2  d p (d o  +  1 )

0 (do — 2 ) (do +  3) ’

so the A R E  o f M L  to  L A D  is

A R E  6

W hen 0o =  3, the  value o f (2.11) is 2(0.7337) =  1.4674, and thus M L  is nea rly  50% m ore effic ient 

than  L A D  fo r the S tudents ’ t-d is tr ib u tio n  w ith  three degrees o f freedom . I f  do >  3, (2.11) is even 

larger.
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001 9 02 A R E
0.1 0.2 1.5506
0.1 0.8 2.1506
0.4 0.4 1.4988
0.4 0.6 1.7124
0.6 0.4 1.6012
0.6 0.6 1.8327
0.9 0.2 1.6395
0.9 0.8 2.9997

Tab le  2.1: A R E s fo r M L  to  L A D  when /  is the  Gaussian scale m ix tu re  density.

R em ark  5: The Gaussian scale m ix tu re  density

o2

exp
—s
20?

, ( i  -  g o 372 / - ^ 2( i - g i )

eXP V 2(1 -  9 A )
(2 .12)

is sym m etric  abou t 0 and satisfies A 1 -A 7  w ith  c\  =  4 when 0  C (0,1) x  (0,1) .  In  th is  case, Z \  is 

N (0 ,<To6io2) w ith  p ro b a b ility  0Oi  and N(0,Uq(1 -  O019 l2) / {1  — #oi)) w ith  p ro b a b ility  1 -  0O1. Some 

values o f A R E  fo r M L  to  L A D  fo r the autoregressive param eters are given in  Tab le  2.1.

R e m a rk  6 : B y  A 7  and the  dom ina ted  convergence theorem ,

i  i  f  f  i f  (s-,e0)¥
2 ( c r p - l ) f ( s ;6 o

ds — 1

K ,  L ,  and I  are continuous w ith  respect to  8  a t 8 0. Thus, because 8 m l  ->  8 o,

1 (  f  ( f ( s ; 8 M L ) )2

J
ds — 1

A  [ I

7

a p +  l , M L

-1

f { s ;  8 m l i

s 2 { f ( s ;  8 m l ) ) 2 

f ( s ; 8 m l )
ds — 1

s / ' ( s ;  8 m l ) 9 f ( s \  8 m l ) 
d9j

and

d p+ i ,M L  J  f ( s ;  8 m l )

1 9 f ( s ]  8 m l ) d f ( s ; 8 m l )

f ( s ; 8 M l ) 06j d0k

ds

ds

j =i 

d

j ,k  = 1

(2.13)

(2.14)

(2.15)

(2.16)

are consistent estim ators o f [2(<TqJ — 1)] 1, K ,  L ,  and I  respectively.

I f  we re s tric t a  to  a com pact, convex space 3  w ith  a 0 in  the in te r io r, then the  M L E  o f a  is 

a lm ost sure ly consistent and a sym p to tica lly  no rm a l as shown in  the fo llo w in g  theorems.
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T h e o re m  2 I f

•  /  satisfies A t ,

•  the param eter space S  is compact and convex w ith  ao  in  the in te r io r ,

•  <f> fo rm s  a causal polynomial, a p+i  >  0, and 6  €  0  f o r  a l l  a  =  (cj> , a p+ i , 6 ' ) '  £  3 ,

•  (1 +  | s | ) | / ' ( s ;  0 ) | / / ( s ;  6 ) and  | g f r / ( s ;  0 ) | / f { s ] 0 ), j  — 1, , . .  ,p, are dominated by as +  <24|s |°2 

/ o r  a l l  a £ S ,  where 03,04 and C2 are non-negative constants such tha t f  |s|°2/ ( s ;  Oo) <  00,

« E { In  f ( z \  (<j>)/ap+i ; 0 ) — In  a p+ i }  has a unique m ax im um  a ta o ,  where z\ (<j>) :=  — (<f>(B) /  tf>(B~1) ) X i +p ,

then

a  :=  a rg m a x  a ^ £ { a )  ^4 ' a 0 .

Proof: B y  Lem m a 4 in  Section 2.5,

n ~ l C { a )  ^  E { ln f ( z i ( < h ) / a p+ i ] 6 ) -  In a p+i }

u n ifo rm ly  on S . Since 3  is com pact and the l im i t  has a unique m a x im u m  a t a o , the  resu lt fo llows.

□

T h e o re m  3 I f  f  satisfies A 1 - A 7  and the conditions o f  Theorem 2 hold, then

n l ' 2{ a  -  a 0) 4 Y  ~  N  (0 , 5 T 1) .

Proof:  Because £  is d iffe ren tiab le  011 3  and a. m axim izes £ ( a ) ,  - ^ £ ( a )  =  0 fo r n  su ffic ien tly  large 

a lm ost surely. Thus, we have

n —p
dgt ( a )

t=i da

-1  d9t{<*o) _ i  s r -  d 2g t { a * )
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where a *  is between a  and ao, and so

- l

,/2(“ - » » ) = -  ( » " I ( » - ' ■ §

B y  Lem m a 1,

- 1 / 2  V - '  d [lt(o tp )  d

t = 1

and, by Lem m a 2,

- l  V ' '  9 Jgt (a.0) p  
d a d o . '

Because a, ^4-' olq and /  satisfies A7,

- l  v - '  ^ 2g t(« n )  _  - i  y ?  d 2gt ( a o) p 
2—* d a d a 1 d a d o !  ’t= l  t = i

and the resu lt fo llow s. □

Rem ark 7: If /  satisfies A7, the  fo u r th  co n d ition  o f Theorem  2 holds. T he  f i f th  co n d ition  can 

be m uch m ore o f a challenge to  ve rify  w ith o u t resorting  to  s im u la tio n , b u t i t  is s tra ig h tfo rw a rd  to  

establish, fo r exam ple, when the  param eter 9  is dropped and

_ 2‘ e r a(3 /4 ) / - « ‘ r« (3 /4 )
-  „3 /2  “ P f  2 , !

2.3.2 Order Selection

In  practice, the  order r  o f an all-pass m odel is usua lly  unknow n. Therefore, we present the  fo llo w in g  

co ro lla ry  to  Theorem  1 fo r use in  order selection.

C o r o l la r y  1 Assume f  satisfies A 1 -A 7 .  I f  the true order o f  the all-pass model is r  and the order  

o f  the f i t ted  model is p  >  r ,  then

1
2(<rgJ- l ) ,

Proof:  B y  P rob lem  8.15 in  B rockw e ll and D avis (1991), the  p th  d iagonal e lem ent o f T ~ 1 is a q 2 i f  

p  >  r ,  and so the resu lt fo llow s fro m  (2.5). □

A  p rac tica l approach to  order de te rm in a tio n  using a large sample fo llow s:
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1. For some large P ,  l i t  all-pass m odels o f order p, p  =  1, 2 , . . . ,  P ,  v ia  M L  and o b ta in  the p th  

coefficient, <j>PtM L , fo r each.

2. Le t the  m odel order r  be the  sm allest order beyond w h ich  the estim ated coefficients are sta­

tis t ic a lly  ins ign ifican t; th a t is,

r  =  m in {0  <  p  <  P  : <  1 .96An- 1 ^2 fo r  j  >  p } ,

/  . . .  \ —1/2 
where A :=  f 2 f  ( f ( s ;  8m l ) )2/ f { s ]  8 m l )  ds — 2J and 6 m l  is the M L E  fro m  the fitte d

P th -o rd e r m odel.

2.4 Num erical Results

2.4.1 Sim ulation Study

In  th is  section, we describe a s im u la tio n  experim ent to  assess the q u a lity  o f the a sym p to tic  approx­

im a tions  fo r f in ite  samples. We used b o th  the rescaled S tudents ’ /-d e n s ity  (2.10) and the Gaussian 

scale m ix tu re  density  (2.12). For the rescaled S tudents ’ /-dens ity , we le t <Xo =  (#o/(#o — 2 ))1/ 2, so 

Z \  fo llowed the S tuden ts ’ /-d is tr ib u tio n  w ith  do degrees o f freedom.

To d im in ish  the  p o ss ib ility  o f the o p tim ize r being trapped  a t loca l m a x im a , we used 250 s ta rtin g  

values fo r each o f the 1000 replicates. The in it ia l  values fo r <j>i, . . . ,  (j>p were u n ifo rm ly  d is tr ib u te d

in  the space o f p a r t ia l au tocorre la tions and then m apped to  the  space o f autoregressive coefficients

using the D u rb in -Lev inson  a lg o rith m  (B rockw e ll and D avis, 1991, P ro p o s ition  5.2.1). T h a t is, fo r a 

m odel o f order p, the  feth s ta rtin g  value , ■ ■., ^ v p ) ' was com puted recursive ly as fo llow s:

1. D raw  <f>ii , <f>22 > ■ • •, <f>pp ifo  u n ifo rm (—1,1).

2. For j  =  2 ,. . . ,  p, com pute

<pj 1

=

,(k)

- f l )

1

'—

!

11

I

A k )

-----
1II

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



M axim um Likelihood Estimation for All-Pass Tim e Series Models 18

w i t h  <f>pp)' and a rea liza tion  o f length  n, we obta ined  residuals using (2.3). To  get the

k ih  s ta rtin g  value , we d iv ided  the  standard  dev ia tion  o f the  residuals by \4>pq\, where q

m ax{0  <  j  <  p  : 0 }. F in a lly , we ra n d o m ly  chose the  s ta rtin g  values fo r 9.

The log -like lih o o d  was evaluated a t each o f the 250 candidate values. W hen Z \  fo llow s the 

S tudents ’ f-d is tr ib u tio n , the  like lihood  fu n c tio n  is a lm ost constant w ith  respect to  (a p+i , 0 ) '  near 

(4>o, a o ^ + i,  0q) ' , and so the  m a x im u m  can be d iff ic u lt to  find . T h is  is n o t the  case when Z \  is a 

Gaussian scale m ix tu re . Therefore, when using (2.10), the co llec tion  o f in it ia l  values was reduced 

to  the nine w ith  the  highest like lihoods p lus a 0, and, when using (2 .12), the  co llec tion  o f in it ia l  

values was reduced to  the  tw o w ith  the h ighest like lihoods p lus q q . We found  op tim ized  values by 

im p lem en ting  the  Hooke and Jeeves (1961) a lg o rith m  and using the ten  o r three values as s ta rtin g  

po in ts. The op tim ized  value w ith  the greatest like lih o o d  was selected to  be o l m l - We constructed 

confidence in te rva ls  fo r the  elements o f a .o using (2.5) and the  estim ators (2.13)—(2.16).

Results o f the s im u la tions  appear in  Tables 2.2 and 2.3. In  the tables, we see th a t the M LE s 

are a pp rox im a te ly  unbiased and the  confidence in te rva l coverages are fa ir ly  close to  the nom ina l 

95% level, p a rt ic u la r ly  when n =  5000. For the S tudents ’ f-d is tr ib u tio n , the  asym p to tic  standard  

devia tions tend to  understate the true  v a r ia b il ity  o f the M LE s when n  =  500, b u t are m ore accurate 

when n =  5000. N o rm a l p ro b a b ility  p lo ts  o f the  M LE s show th a t app rox im a te  n o rm a lity  is achieved 

when n =  5000.

2.4.2 N oninvertible A R M A  M odeling

As m entioned in  the  in tro d u c tio n , all-pass m odels can be used to  f i t  causal, non inve rtib le  A R M A  

models. Suppose the series { A t }  fo llow s the  m odel

<t>(B)Xt =  O i(B)0n i ( B ) Z t , (2.17)

where 4>{B) =  1 — (f>\B —   4>pBp is a causal A R (p ) p o lyn o m ia l (a ll the  roo ts o f <f>{B) fa ll outside

the u n it c irc le ), 9{(B)  =  1 +  Qit\ B  +  ■ ■ ■ +  9itqBq is an in ve rtib le  M A (g) p o ly n o m ia l (a ll the  roots 

o f 6i(B)  fa l l  outs ide the  u n it  c irc le ), 6n i (B)  =  1 +  6ni , i B  + ------1- 9ni , r B r  is a pu re ly  non inve rtib le
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A s y m p to tic E m p irica l
mean std.dev. % coverage

n mean std.dev. (c.i.) (c.i.) (c.i.)
500 </>! =  0.5 0.0274 0.4971 0.0315 93.0

(0.4951,0.4990) (0.0301,0.0329) (91.4,94.6)
«2 =  3.4641 0.4177 3.5533 0.6277 90.0

(3.5144,3.5922) (0.5995,0.6546) (88.1,91.9)
0 =  3.0 0.4480 3.1123 0.5008 95.8

(3.0812,3.1433) (0.4783,0.5223) (94.6,97.0)
5000 4>1 =  0.5 0.0087 0.4997 0.0091 93.4

(0.4991,0.5003) (0.0087,0.0095) (91.9,94.9)
c*2 =  3.4641 0.1321 3.4787 0.1427 94.0

(3.4699,3.4876) (0.1363,0.1489) (92.5,95.5)

11 C
O o 0.1417 3.0084 0.1533 94.0

(2.9989,3.0179) (0.1464,0.1599) (92.5,95.5)
500 t/> 1 =  0.3 0.0290 0.2993 0.0345 90.6

(0.2971,0.3014) (0.0330,0.0360) (88.8,92.4)

<j)2 =  0.4 0.0290 0.3964 0.0350 90.1
(0.3942,0.3986) (0.0335,0.0365) (88.2,92.0)

a 3 =  4.3301 0.5222 4.4842 0.9460 94.0
(4.4256,4.5428) (0.9036,0.9866) (92.5,95.5)

oC
O11 0.4480 3.0789 0.4722 94.8

(3.0497,3.1082) (0.4510,0.4925) (93.4,96.2)

5000

C
O

oIf 0.0092 0.2999 0.0095 94.0
(0.2993,0.3005) (0.0091,0.0099) (92.5,95.5)

<t>2 =  0.4 0.0092 0.3999 0.0094 94.6
(0.3993,0.4005) (0.0090,0.0098) (93.2,96.0)

a 3 =  4.3301 0.1651 4.3421 0.1740 94.6
(4.3313,4.3528) (0.1662,0.1815) (93.2,96.0)

9 =  3.0 0.1417 3.0079 0.1458 95.2
(2.9989,3.0169) (0.1393,0.1521) (93.9,96.5)

Table  2.2: E m p ir ic a l means, standard  devia tions, and percent coverages o f n o m in a l 95% confidence 

in te rva ls fo r m a x im u m  like lih o o d  estim ates o f all-pass m ode l param eters when /  is the  rescaled 

S tudents’ f-dens ity . For each sam ple size, n, e m p irica l confidence in te rva ls  were com puted using 

standard  a sym p to tic  theory  fo r 1000 i id  replicates. A s y m p to tic  means and s tandard  dev ia tions were 

com puted using Theorem  1.
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A s y m p to tic E m p irica l
mean std.dev. % coverage

n mean std.dev. (c.i.) (c.i.) (c .i.)
500 </>i =  0.5 0.0218 0.4989 0.0232 93.3

(0.4975,0.5004) (0.0222,0.0242) (91.8,94.8)
oi2 =  4.0 0.2045 3.9984 0.1928 96.2

(3.9865,4.0104) (0.1841,0.2010) (95.0,97.4)
0i  =  0.6 0.0476 0.6001 0.0492 92.5

(0.5970,0.6031) (0.0470,0.0513) (90.9,94.1)
02 =  0.4 0.0370 0.3995 0.0378 94.1

(0.3972,0.4019) (0.0361,0.0395) (92.6,95.6)
5000 <t>x =  0.5 0.0069 0.5000 0.0070 94.1

(0.4995,0.5004) (0.0067,0.0073) (92.6,95.6)
0L2 — 4.0 0.0646 3.9976 0.0643 94.3

(3.9936,4.0016) (0.0614,0.0671) (92.9,95.7)
=  0.6 0.0150 0.6001 0.0141 95.7

(0.5992,0.6010) (0.0135,0.0147) (94.4,97.0)
02 =  0.4 0.0117 0.3998 0.0114 95.5

(0.3991,0.4005) (0.0109,0.0119) (94.2,96.8)
500 <f>i =  0.3 0.0230 0.2989 0.0239 93.7

(0.2974,0.3004) (0.0228,0.0249) (92.2,95.2)

to II O 0.0230 0.3990 0.0233 95.2
(0.3975,0.4004) (0.0223,0.0243) (93.9,96.5)

«3 =  5.0 0.2555 4.9902 0.2591 93.3
(4.9742,5.0063) (0.2475,0.2702) (91.8,94.8)

0 i =  0.6 0.0476 0.5972 0.0483 94.5
(0.5942,0.6001) (0.0461,0.0503) (93.1,95.9)

02 =  0.4 0.0370 0.3977 0.0367 94.7
(0.3954,0.4000) (0.0351,0.0383) (93.3,96.1)

5000 fa  =  0.3 0.0073 0.3000 0.0074 95.1
(0.2995,0.3004) (0.0070,0.0077) (93.8,96.4)

<j> 2 =  0.4 0.0073 0.3996 0.0072 95.5
(0.3991,0.4000) (0.0069,0.0075) (94.2,96.8)

a 3 =  5.0 0.0806 4.9960 0.0795 94.9
(4 .9 9 li ,  5.0010) (0.0759,0.0829) (93.5,96.3)

0i =  0.6 0.0150 0.6005 0.0147 94.5
(0.5996,0.6014) (0.0141,0.0154) (93.1,95.9)

02 =  0.4 0.0117 0.4006 0.0117 95.3
(0.3999,0.4013) (0 .0112,0 .0122) (94.0,96.6)

Table  2.3: E m p ir ic a l means, s tandard  devia tions, and percent coverages o f n o m in a l 95% confidence 

in te rva ls  fo r m a x im u m  like lih o o d  estim ates o f all-pass m ode l param eters when /  is the Gaussian 

scale m ix tu re  density. For each sample size, n, em p irica l confidence in te rva ls  were com puted using 

standard  asym p to tic  theo ry  fo r 1000 i id  replicates. A s y m p to tic  means and s tandard  dev ia tions were 

com puted using Theorem  1.
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M A ( r )  p o lyn o m ia l such th a t 9ni(z )  ^  0 fo r \z\ =  1 (a ll the roo ts o f Qni (B )  fa l l  inside the u n it  c ircle), 

and { Z t }  is iid . I f  9^J(B)  is the in ve rtib le  r th  order p o lyn o m ia l w ith  roo ts  th a t are the  reciprocals 

o f the  roots o f 9ni {B )  and { X t }  is m is taken ly  m odeled as the  causal, in v e rtib le  A R M A

then { W t }  satisfies

€1(B)  
_  w g U B ^  

e(i) 9{ihB)v n i , r  m  \  )

where r  is the  coeffic ient o f B r in  9 $ ( B ) .  So, {Wt} fo llow s the  causal all-pass m odel

® n i , r

Therefore, we have a way to  avoid look ing  at a ll possible con figu ra tions o f roo ts inside and outside 

the  u n it c irc le when f i t t in g  (2.17). F irs t, f i t  a causal, in ve rtib le  A R M A (p , q +  r )  m ode l to  the  da ta  

using a standard  m e thod  such as Gaussian m a x im u m  like lih o o d , and o b ta in  estim ates o f and 

9 i (B )9 $  (B ) and the  residuals { Wt.) .  Then f i t  a causal all-pass m odel o f  order r  to  { W t }  and ob ta in  

9^- (B ), an estim ate o f 9^J (B ). The r th  order p o lyn o m ia l w ith  roots th a t are reciprocals o f the roots 

o f §nJ(B)  is an estim ate o f 9ni ( B ) .  A n  estim ate o f 9 ,(B )  can be obta ined  by canceling the roo ts o f 

the  in ve rtib le  MA(<? +  r )  p o lyn o m ia l fro m  the Gaussian like lih o o d  f i t  w h ich  correspond to  roo ts o f

2.4.3 D econvolution

In  th is  exam ple, we s im u la te  a seismogram v ia

X t  — ^ 2  f i k Z t - k ,
k

where {/? *} is the  w ater gun wavelet sequence shown in  F igure  8(2) o f L i i  and R osenbla tt (1988) and 

{ Z t }  is a re fle c tiv ity  sequence s im u la ted  here as i id  noise fro m  the  S tudents ’ t  d is tr ib u tio n  w ith  five
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degrees o f freedom . I t  is assumed th a t the seismogram is observed, b u t the  wavelet and re fle c tiv ity  

sequences are unknow n, as w ou ld  be the  case in  a real deconvo lu tion  p rob lem . We m odel the 

seismogram as a possib ly non inve rtib le  A R M A  using the  procedure described in  Section 2.4.2 and 

a tte m p t to  reconstruct the wavelet and re fle c tiv ity  sequences. T h is  p rob lem  is o f in te rest because, 

fo r an observed w ater gun seismogram, the re fle c tiv ity  sequence corresponds to  re flection  coefficients 

fo r layers o f the  earth .

The s im u la ted  seismogram { A t }  is shown in  F igure 2.1(a). The corrected A ka ike  in fo rm a tio n  

c rite r io n  ind icates th a t an A R M A (1 2 ,13) m odel is app rop ria te  fo r the da ta , and the causal, in ve rtib le  

A R M A  f i t  to  { A t }  using Gaussian m a x im u m  like lih o o d  is X t =  0 ~ 1( B ) d ( B ) W t , where

4>{B) =  1 — 0.255B  +  0.451R 2 -  0.319J?3 - f  0 .141B 4 — 0.050B 5 — 0.214R 7 +  0 .085B 8 

+ 0 .2 1 2 3 9 -  0 .061B 11 +  0 .124R 12

and

$(B ) =  1 -  0.221B  +  0 .124B 2 — 0.090B 3 -  0 .178B 4 +  0.109R 5 -  0.339J36 +  0 .2 0 4 5 7 

+0.081B® +  0.471R 9 -  0 .184R 10 +  0 .234S 12 +  0 .322R 13.

The residuals fro m  th is  fitte d  m ode l are denoted {Wt }. From  the  sample au toco rre la tion  functions 

o f { W t } ,  { W ? } ,  and { | | }  in  F igure  2 .1 (b )-(d ), i t  appears the  A R M A  residuals are uncorre la ted 

b u t dependent, suggesting the  inappropriateness o f a causal, in ve rtib le  A R M A  m odel.

The all-pass order selection procedure ind icates th a t an all-pass m ode l o f order tw o  provides a 

good f i t  fo r { W t }  and, when the rescaled S tudents ’ t-dens ity  (2.10) is used, the M L E s fo r th is  fitte d  

all-pass m ode l are

O t M L  =  ( ( ^ i ,  (j>2, d 3 , § ) '

=  (1.531, -0 .593,1077930 .125 ,4 .745)',

w ith  standard  errors 0.034, 0.034, 43519.012, and 0.712 respectively. T he  sam ple au toco rre la tion  

functions fo r the  squares and absolute values o f {Zt},  the residuals fro m  the  f it te d  all-pass m odel,
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(a) Xt (b) A C F of W t
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(c) A C F of Squares of W t
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(d) ACF of Absolute Values of W t

F igure 2.1: (a) The  s im u la ted  seismogram o f leng th  1000, { X t } ,  and the  sam ple au toco rre la tion

functions w ith  bounds ± 1 .9 6 /^ 1 0 0 0  fo r (b) { W t } ,  (c) { W (2}  , and (d) { |J T t|} . 

are shown in  F igure  2.2. Because the series { Z t }  appears independent,

_  B 2( l  -  1 .5 3 1 B -1 +  0 .5 9 3 B -2) 9{B )

0.593(1 — 1.531J3 +  0 .593B 2)
(2.18)

seems to  be a m ore app rop ria te  m odel fo r { A t } .

In  an e ffo rt to  reconstruct the wavelet and re fle c tiv ity  sequences, note th a t, since the s im u la ted  

re fle c tiv ity  sequence has variance 5 /3 , the r ig h t hand side o f (2.18) is equal in  d is tr ib u tio n  to

in  5Q3V1077Q30 1951 ATT̂ U  ~  +  0 .5 9 3 1 T 2) 6{B )  f
-(0 .593)(1077930.125)v '3 /5  0>593^  _  x,5315  +  0 .59352 ) *> (2.19)

where { Z t j  is i id  w ith  density ^ 3 / 5  f {  y /3 /5 s ]  5). N ote, also, th a t no roo ts o f the  p o lyn o m ia l in  

the  denom ina to r o f (2.19) cancel exactly  w ith  roo ts o f the p o lyn o m ia l in  the  num era to r. So, fo r 

fu r th e r m odel accuracy, we can d ire c tly  f i t  a causal, no n inve rtib le  A R M A (1 2 ,13) w ith  tw o  roots o f
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(a) ACF of Squares of Z t

T — t 1—■—r
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(b) AOF of Absolute Values of Zt
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F igure  2.2: D iagnostics fo r the all-pass m odel o f order tw o f i t  to  the  seism ogram  residuals. The 

sample au toco rre la tion  func tions  w ith  bounds ± 1 .9 6 /\/1 0 0 0  fo r (a) { Z ? }  and (b) { \ Z t \} .

the  m oving  average p o lyn o m ia l inside the  u n it circle. U sing m a x im u m  like lih o o d  e s tim a tion  w ith  

the  S tudents ’ f-d e n s ity  and five degrees o f freedom , th is  yie lds

x t = -{QM3){m7mo.m)^Jh4>-1{B)e{B)zt ,

where

4>{B) =  1 - 0 . 0 5 3 5 +  0 .5 0 2 5 2 -  0 .06653 +  0 .3 1 5 5 4 - 0 . 0 5 1 5 s +  0 .2 1 8 5 6 - 0 . 2 3 6 5 7

+ 0 .0 3 9 5 8 -  0 .0 3 1 5 y -  0 .0 6 3 5 10 -  0 .1 9 5 5 11 -  0 .0675j i i ,1 2

and

0(5) =  1 -  1 .1775 - 0 . 3 0 2 5 2 - 0 . 3 5 7 5 3 -  0 .1 4 3 5 4 +  0 .0 2 3 5 s +  0 .0 6 0 5 6 +  0 .6 2 9 5 7

+ 0 .2 6 7 5 s +  0 .7 1 8 5 9 -  0 .0 2 6 5 10 +  0 .5 4 1 5 11 +  0.5245 12 +  0 .8 2 7 5 13.

As shown in  F igures 2.3 and 2.4,

-(O .5 9 3 )( lO 7 7 9 3 O .1 2 5 )\^V 5 < r1( 5 ) 0 ( 5 )
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and the residuals p rovide  good estim ates o f the  w ater gun wavelet and re f le c t iv ity  sequences respec­

tive ly . The estim ates th a t can be obta ined fro m  the causal, in ve rtib le  Gaussian m a x im u m  like lihood  

f i t  are no t as accurate.

2.5 Additional Results

T h is  section conta ins proofs o f the lem m as used to  establish the  results o f Section 2.3. F irs t, fo r 

an a rb itra ry , causal autoregressive p o lyn o m ia l <j>{z), define 9{z) =  <j>\z +  • • • +  <j>pzp =  1 — and 

define 9q(z ) =  1 — 4>o(z). N ote th a t, fo r t  =  1 , . . . ,  n  — p,

<f>{B)Xt+p -  - z t {4>) +  ip (B ~ l )zt{(j)),

so, i f  j  =  1 , . . .  ,p , then

± { r i B - ^ m = - X l + t . i  +  a- | M .  (2.20)

A lso, i f  j  =  1 , . . . ,  p, then

r \ Q

=  +  (2.21) 

E qua ting  (2.20) and (2.21) and so lv ing  fo r dzt (<£)/d<j>j, we ob ta in

=  7 5 T {J f,+ ' - j  +  z , w W ) ’ (2 -22)

E va lua ting  (2.22) a t the  tru e  value o f tj> and igno ring  the effect o f recursion in it ia liz a t io n , we have

dzt ((j>q) _  1 f -< j>0 ( B - ^ B ? z t + p - j  , , J

d4>j m b - 1) I  M B )  t + j W o i j

~  Z M ±  +   ZL + L   (2.23)
-  M B )  M B - 1) ’ ( }

where the f irs t te rm  is an element o f c r (z t- i ,  z t - 2, ■ ■ ■) and the second te rm  is an elem ent o f cr(zt+i, z t+2, 

because <f>o(B) is a causal opera to r and <j>o(-B- 1 ) is a pu re ly  noncausal opera to r. I t  fo llow s th a t (2.23) 

is independent o f Zt =  4>Q^Zt-
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Figure  2.3: The recorded w ater gun wavelet and its  estim ate.

(a) Simulated Reflectivity Sequence
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F igure  2.4: The s im u la ted  re fle c tiv ity  sequence and its  estim ate.
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Thus, fo r j  =  1

dgtjo-  o) 
d a ,■

f  (zt ( 0 o ) /a o lP+1; 0 o) 1 dzt (4>0)

f ( zt{<j>o)/(Xo,p+i-,9o) £*o,p+i d<i>j
^  f  (zt/<^o,p+i i 9o) 1 f  j  z*+j

f  (zt/oto lP+ i \ 0 o) ®a,p+i 4>o( 5 - 1 )

% ? ( «  o) 
d a ;

(2.24)

The  expecta tion  o f (2.24) is zero by the independence o f its  tw o term s.

We now com pute  the autocovariance fu n c tio n  7 t ( / i )  o f the zero-mean, s ta tio n a ry  process 

{ u p [d5t* fo r Up G 1RP:

' d g t { a 0y
'  ( '% *+ /* (« o ) '

. d a j  _ d a k ft= i

4 A E ? ^ ) ] L  = 1UP’

where

v ,k (h )  :=
2 t ( j  — k ) J , /» =  0,

h ± 0 ,

and the ^  are given by =  l / ^ o ( z ) w ith  tpi =  0 fo r £ <  0. Thus,

7 t (0) +  2 ^ 7 t (h) =  u W [ 2 J 7 ( i - ^
h= 1

Y ^ tp h - j i p h - k
A =  1

U „

j<k = l  .

2(<Tq J — l)Up(T0 2r pUp.

B y  A 5 , c r g j -  1 >  0.

Next,

dgt(ot  0)

d a7+1

- / '  ( ^ ( ^ o ) / « q , p + i ; ^ o )  z t{<i>0 )  1

/ ( ^ t ( ^ o ) /Q!o,p+i;^o) «0,p+l «0,p+l

- / '  ( ^ /q q ,p + i;^ q )  ^  1
f  ( z t / a 0iP+ i ; 9 0) Q'o,p+i a o,p+i

dgt(o io )

(2.25)

da :P + i

The expecta tion  o f (2.25) is zero and the  variance is K .  A lso, the  sequence (2.25) is i id  and o rthogona l 

to  the corresponding p a rtia ls  fo r ay, j  =  1 , . . .  ,p, in  (2.24).
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For j  = p  +  2 , . . . , p + d +  1,

dgt (ao)

d a j

1 d f  (zt ((j>0) /a o ,p+ i ;9 o )

f  (zt {<l>o)/ao,p+i;9a) <90,-_p_1
_______ 1_______ d f  (zt / a 0iP+i ; 9 0)
f  (zt / a 0,p+i ;9o) d8j- P- i

d a  i

(2.26)

B y  A 7  and the  dom ina ted  convergence theorem , the expecta tion  o f (2.26) is zero. In  a d d ition , the 

series { [ 3 r f ( a 0) / 3 a 4 + $ }  is i id , has covariance m a tr ix  I ,  and is o rthogona l to  the p a rtia ls  fo r 

a j ,  j  =  1 ,. , . , p ,  in  (2.24). The expecta tion  o f (dg$ (a.0) / d a p+ i )  [ d g * { a 0) / d a j ] pj t :̂  is L.

The preceding ca lcu la tions lead d ire c tly  to  the  fo llo w in g  lem m a.

L em m a 1 I f  f  satisfies A 1 -A 7 ,  then, as n —> oo,

—i /2 dgt(a-o) d
X
t= i d a

N ~  1 V (0 ,£ ) ,

where

2(<x02J - l K - 2r p Opxl 0 pxd

£  = Ol xp K L<

Orfxp L I

. , , n - p -  1,

OO t
Zn-P- t  =  {4>o (B ~ 1) zn - p - t + i )  and ^n_p_ t (<£0) =  (<j>0( B ~ 1)zn - p-.t+ i ) •

1=0 1=0

Because there exist constants C  G (0 ,oo) and D  G (0 ,1 ) such th a t |^>/| <  C D 1 fo r  a ll I G { 0 , 1 , . . . }  

(see B rockw e ll and D avis, 1991, Section 3.1), using A 7  and the mean value theorem  we can show 

th a t

- 1 /2  y '  dgt (ao) _  1/2  s p  dg*t { a 0)
71 2 ^  d a  2 ^  d a

t= i  t= i

in  L \  and hence in  p ro b a b ility .

Le t u =  (up, « i ,u 'd) ' G R p+d+1. B y  the C ram er-W o ld  device, i t  suffices to  show

n—p
n ~ 1/2 7 > 4 n  ( o ,  2(<Tq J  -  l)u p C T ^2r p u p +  u \K  +  2u i\i'dL  +  u'dI u d

t = 1
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where Vt :=  n 'd g *  (o .o ) /d a .  E lem ents o f the in fin ite  order m ov ing  average s ta tio n a ry  sequence { Vt} 

can be trunca ted  to  create a fin ite  order m oving  average s ta tio n a ry  sequence. B y  ap p ly in g  a centra l 

l im i t  theorem  (B rockw e ll and Davis, 1991, Theorem  6.4.2) to  each tru n c a tio n  level, asym p to tic  

n o rm a lity  can be deduced. The deta ils  are o m itte d . □

Now consider the  m ixed  pa rtia ls  o f gt{ct) .  For j ,  k  =  1 , . . .  ,p,

<92ff t (« o ) _  / '  (zt (4>o)/oio,p+ i ]d o )  1 d 2zt {4>q)
d a j d a k f  (zt ((p0) / a 0iP+1; <90) a 0,p+1

(2.27)

Because

| dz t ( ^ o )  f "  (zt(<j>0) / a o iP+r , O 0) d z t {4>q)
ag iP+i / ( 2 r i ( 0 o) /a o ,p + i;^ o )  H h  

dzt{(j>o) { f ' { z t (<t> 0)/ao,p+i;e0))2 dz t ((f>Q)

d<f>j Oi2o,P+ i f 2 (zt{< l>o)/ao,p+ i' ,0o) d<i>k

4>2{ B ~ x) { ^ t+p+i ~ k X t+ p + k - j  +  2zt+ j +k{<f>0) }d4>jd<j>k

Z t+ j—k Zf+k—j  ,

EE 'lP t { z t + j - k - i . + m  +  ^ t + A : - j - r + m )  +  ,2 / £ j - l  \ ; 
m= 0  r=o '

(2.27) is app rox im a te ly

d2fft*(<*o) / ' (-gt/otp.p+i; flp) 1
d a j d a k ’ f  ( z t / a 0iP+1;9o) a 0iP+1

{
00 00 2 ^

— 'll ’m' lP i { z t + j - k - l + m  +  2t + f t - i - r + m )  +  >2 / D - l \

| /  ( ^ /q q ,p + i;  ^ 0) / "  (^ t/Q p .p+ i; gp) -  ( / ' (z t /< ao ,p+ i;^o ))2

ao,p+i/2 ( t̂/«o,P+i; $0 ) 
f  j  1 f

x \ M B )  +  M B - 1) )  I  ^ o (B )  +  M B - 1)

w hich  has expecta tion  —2(TQ2'y ( j  — & )(cq (j — 1). S im ila r argum ents show th a t the app rox im a tions  

o f the  m ixed p a rtia ls  evaluated a t the true  param eter values have expecta tion  zero fo r j  =  1 , . . .  ,p,

k =  p + 1 ,  ■ ■ - ,p  +  d +  —K  fo r j  =  k =  p  +  1,

1 f 8f f ( s ; d o) d f ( s - , 0 o) ±  

r^0,p-f-l J f  (^? ô) d@h— p— 1
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fo r j  =  p +  1, k = p + 2 , . . . , p + d + l ,  and

1 d f { s ; Q 0) d f  (g; G0) 

f { s ] 9 0) d O j - p - i  dOk-p-x- / ds

fo r j ,  k  =  p  +  2 , . . .  , p +  d +  1.

L e m m a  2 I f  f  satisfies A 1 -A 7 ,  then, as n —» oo,

„ - i  V '  d 2gt{cxo) 
71 d a  d a '

- 2 0 x o2 j - i K 2r p Op x i 0 p x d

p
-> O X —K - V =  - s

0ii x p - L - I

Proof: B y  A7,
n —p n —p-i y - 32fft(a0) _ i

3a 3a' '  3a 3a
i=l t=l

d2g* («o) p n 
2 ^  A I ' L ,  u >

and, by the ergodic theorem  and the  com pu ta tions  preceding the  lem m a,

L em m a 3 For u  €  JRp+d+1, define

n~P a- / - '  1 ” “ P , ^ ( « o ) U
5 a  2 ^  5 a  5 a '<=i t= i

and
n —p

S „ ( u )  =  ^  [gt ( a 0 +  n ~ 1/2u )  -  gt ( a 0) .
i = 1

I f  f  satisfies A 1 -A 7 ,

1. S l  A s  on C {M p+d+1), where

S {u ) :=  u 'N  -  i u 'S u ,

N  ~  A  (0, £ ) ,  and C ( R p+d+1) is the space o f  continuous func t ions  on R p+d+1 where 

gence is equivalent to un i fo rm  convergence on every compact set.

□

conver-
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2. Sn 4 5  on C ( B p + d + l).

Proof:

1. The fin ite  d im ensiona l d is tr ib u tio n s  o f S* converge to  those o f S  by  Lem m as 1 and 2. Since

is qu a d ra tic  in  u , { 5 ^ }  is t ig h t on C ( K )  fo r any com pact set K  C M p+ci+1. Therefore, 

converges to  S  on C'(Htp+d+1) by Theorem  7.1 in  B illin g s le y  (1999).

2. B y a T a y lo r series expansion,

n—p

S’n (u ) =  ( “ 0 +  n_1 /2u )  -  Qt (<*o)
*=1

_  - 1/2 f dgtjcxo)
^  dott = l

- n—p

+ o n _ 1 E u
,d 2g t{m )

2 ^  'dot do!t -1

, 1 -l Y ' / ( d29 t ( a l (u)) _ d2gt (ot0) \
9  /  I  f) r v  f ) r v f f ) rv  f ) r v ! J. d a  d a ' d a  d a '  Jt= i  s '

fo r some oc* (u ) on the  line  segment connecting «o  and ao  +  n  x/ 2u . I f  || • || measures Euclidean 

distance,

sup ||c t* (u ) -  ctoll -4  0
u e K

fo r any com pact set K  C !Rp+d+1, and so using A 7  we can show th a t

1 n-p

tzz 1

on C (IR p+d+1). Thus, {S ',,} m ust have the same l im it in g  d is tr ib u tio n  as {5*^} on C (R p+d+1).

” P,/ ( d29 t { < { u )) _ d2gt {ao )\  p  
t_i' \  d a  d a ' d a  d a 1 )

□

Now le t zt {(j>) — -(<f>(B)/<j>(B~1) ) X t+p and consider S , any com pact, convex param eter space 

such th a t (j> fo rm s a causal p o lynom ia l, ap+x >  0, and 9  E ©  fo r a ll a  =  (<f>', a p + i, 9 ' ) '  6  S .

L e m m a  4  I f  f  satisfies A l ,  and  (1 +  |s |) | / '( s ;  0 ) | / / ( s ;  9) and  | a f j / ( s ;  9 ) \ f f ( s ; 9), j  =  1 , . . .  ,p , are 

dominated by a% +  a4|s|C2 f o r  a l l  a  E S , where a^, a4 and C2 are non-negative constants such that
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f  |s|C2/ ( s ;  9 q) <  oo, then, as n  —» oo

n 1C ( a )  a4 '  E { \n  f{z i{4> ) I  V p+uQ )  -  ln a p+ i }

un i fo rm ly  on S .

Proof:  For any a  E S ,

E \ ln  f ( z 1(<j>)/ap+1- 9) -  ln a p+1| <  oo 

because 03 +  04 |s j°3 dom inates (1 +  |s |) |3 1 n /(s ; 9 ) /d s \  =  (1 +  |s |) | / '( s ;  9 ) \ / f ( s ;  9),  and so

n ~ 1£ ( a )  °-4' E { ln / ( z i( < / ) ) /a p+ i ; 0 )  -  ln a p+i }

by the  ergodic theorem . Therefore, the lem m a fo llow s by the  A rze la -A sco li theorem  i f  n ~ 1C ( a )  is 

equicontinuous and u n ifo rm ly  bounded on 3  a lm ost surely.

I f  c«i, «2  €  S , then, fo r some a *  on the line  segment connecting 04  and e*2>

Because zt (4>) and dzt (4>)/d<f> are continuous w ith  respect to  <f>, there ex is t coefficients Ttj, >  0, 

k — 0 , ± 1, . . . ,  decaying a t a geom etric ra te  such th a t

fo r t  =  1 , . . . ,  n — p  and n =  1 ,2 , . . . .  A lso, because a p+i  >  0 fo r every value o f a p+\  in  3 ,  there 

exists a constant M  >  0 such th a t

n 1C ( a 1) - n  1£ ( a 2)|

OO
and

sup -------  <  M .
a€S a P+1

Consequently, we have

d a j  f ( z t (4>*)/a *+ 1\9 * )  a *p+1 d<j>j

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



M aximum Likelihood Estimation for All-Pass Tim e Series Models 33

fo r j  =  1

and

% K )
dotp4-4 f ( z t (<f>*)/a;+ 1;9 * )  (a ; +1y  a ; +1

< 1

ULJ>+1

<  M

a 3 +  a 4
p+1 up+1 

°2l
a 3 +  « 4  M  ^  n k \ z t - k \

\  k — — oo
+  A f,

dgt(a*) i  d f ( z t (d>*)/a ; + i ; e*)

daj f ( z t (<t>*)h;+1;e*)

<  0,3 +  04

, ap+1

<  0,3 +  CI4 I M  ^  TT^kt-fcl
k — ~oo

fo r j  =  p +  2 , . . .  ,p  +  d +  1. I t  fo llow s th a t a lm ost surely, fo r n  su ffic ien tly  large,

n-p „

t= i
<  constant,

and so n ~ l C ( a )  is equicontinuous on 3  a lm ost surely. I t  can be shown s im ila r ly  th a t n l C {a )  is 

u n ifo rm ly  bounded on 3  a lm ost surely. Q
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C h a p te r 3

R ank E stim ation  for A ll-P ass T im e  
Series M odels

3,1 Introduction

All-pass m odels are autoregressive-m oving average (A R M A ) m odels in  w h ich  the  roo ts o f the au­

toregressive p o lyn o m ia l are reciprocals o f roots o f the m ov ing  average p o ly n o m ia l and vice versa. 

These m odels generate uncorre la ted (w h ite  noise) tim e  series th a t are n o t independent in  the  non- 

Gaussian case. As discussed in  C hapter 2, an all-pass series can be ob ta ined by f i t t in g  a causal, 

in ve rtib le  A R M A  m odel (a ll the  roo ts o f the  autoregressive and m oving  average p o lyn om ia ls  are o u t­

side the u n it  c irc le) to  a series generated by a causal, non inve rtib le  A R M A  m ode l (a ll the roots o f 

the  autoregressive p o lyn o m ia l are outside the u n it  circ le  and a t least one ro o t o f the m ov ing  average 

po lyn o m ia l is inside the u n it  c irc le ). The residuals fo llo w  an all-pass m ode l o f order r ,  where r  is the 

num ber o f roo ts o f  the true  m oving  average p o lyn om ia l inside the u n it c ircle. N o n in ve rtib le  A R M A  

m odels have been used, fo r example, in  vocal tra c t filte rs  (C h i and K ung , 1995; C hien, Yang, and 

C h i, 1997), in  the  analysis o f unem ploym ent rates (H uang and P aw itan , 2000), and in  seismogram 

deconvo lu tion  (C hap te r 2; L i i  and R osenbla tt, 1988). S im ila rly , an all-pass series can be obta ined 

by f i t t in g  a causal autoregressive m odel to  a series generated by a noncausal autoregressive m odel 

(B re id t, D avis, and T rindade, 2001). See C hapte r 1 fo r a l is t o f app lica tions fo r noncausal models. 

E s tim a tio n  m ethods based on Gaussian like lihood , least-squares, o r re la ted  second-order mo-

34
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m ent techniques cannot id e n tify  all-pass m odels because Gaussian all-pass series are independent. 

Therefore, cum ulant-based estim ators, using cum ulants o f order greater th a n  tw o, are o ften  used 

to  estim ate such m odels (G iannak is  and Swam i, 1990; C h i and K ung , 1995; C hien, Yang, and C hi, 

1997). B re id t, D avis, and T rindade  (2001) consider a least absolute dev ia tions  (L A D ) approach 

m o tiva ted  by a p p ro x im a tin g  the like lihood  o f an all-pass m ode l w ith  Laplace (two-sided exponen­

t ia l)  noise, and a m a x im u m  like lihood  (M L ) approach is considered in  C hap te r 2. U nder general 

cond itions, L A D  and M L  estim ators are a sym p to tica lly  n o rm a l. Because the  ob jective  functions 

fo r L A D  and M L  e s tim a tion  are com plica ted  functions o f the  m odel param eters, they  tend to  be 

qu ite  bum py and can, therefore, be ha rd  to  m in im ize  or m axim ize . In  a d d itio n , M L  e s tim a tion  is 

d iff ic u lt to  im p lem en t when the noise d is tr ib u tio n  is com p lica ted  or unknow n. R ank (R ) es tim a tion  

can o ften overcome these lim ita t io n s  o f L A D  and M L  es tim a tion .

We consider a R -es tim a to r firs t proposed by Jaeckel (1972) fo r e s tim a tin g  linea r regression pa­

ram eters. Jaeckel’s es tim a to r m in im izes the  sum o f m ode l residuals w eighted by a fu n c tio n  o f residual 

rank. In  th is  chapter, the  asym p to tic  properties o f th is  R -es tim a to r are s tud ied  fo r all-pass m odel 

param eters. I f  the  w eight fu n c tio n  is p rope rly  chosen, R -estim ato rs  can be nea rly  as a sym p to tica lly  

effic ient as M L  estim ators, and the  ob jective  fu n c tio n  fo r R -e s tim a tion  can be fa ir ly  sm ooth  and 

hence easy to  m in im ize . Because the ob jective  fu n c tio n  involves no t o n ly  the  res idual ranks b u t 

also the residua l values, th is  is n o t pure R -es tim a tion . K o u l and Saleh (1993), Terpstra , M cKean, 

and N aran jo  (2001), and M ukherjee and B a i (2002) consider re lated e s tim a tio n  approaches fo r au­

toregressive m ode l param eters. A lso, A lla l,  Kaaouachi, and Paindaveine (2001) exam ine a pure 

R -es tim a to r fo r A R M A  m odel param eters based on corre la tions o f w eighted residual ranks. T h e ir 

results are n o t app licab le  to  all-pass m odels because the  param eters in  the autoregressive p o lyn om ia l 

o f an all-pass m ode l are functions o f param eters in  the  m ov ing  average p o lyn o m ia l and vice versa.

In  Section 3.2, we consider Jaeckel’s R -func tion  in  the  con text o f a ll-pass param eter es tim ation . 

A sym p to tic  n o rm a lity  fo r R -estim ators is established under general cond itions  and order selection 

is discussed in  Section 3.3. Proofs o f the  lem m as used to  con firm  the  results o f Section 3.3 can be
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found  in  Section 3.5. We s tudy  the  behavior o f the estim ators fo r f in ite  samples v ia  s im u la tio n  in  

Section 3.4.1 and app ly  the es tim a tion  procedure to  exchange ra te  log re tu rns in  Section 3.4.2.

3.2 Preliminaries

3.2.1 A ll-Pass M odels

L e t B  denote the backsh ift opera to r ( B kX t =  X t - k ,  k =  0, ± 1 , ± 2 , . . . )  and le t

<j>(z) =  1 -  <}>iz 4>vzv

be a p th  order autoregressive p o lyn om ia l, where <j>(z) 0 fo r \z\ =  1. The p o lyn o m ia l <j>{B) is said to

be causal i f  a ll its  roo ts are outside the  u n it  circle in  the com plex plane. In  th is  case, fo r a sequence

W > ,

( OO \  00

j =0 J  j=Q

a fu n c tio n  o f o n ly  the  past and present {W t } .  N ote th a t i f  <f>(B) is causal, the  p o lyn o m ia l B p(f>(B~1) 

is purely  noncausal in  the  sense th a t a ll its  roots are inside the  u n it c irc le , and hence

( OO \  00

Y , i ; jB - p- j  Wt = X > w t+p+i,

j  =o )  3=0

a fu n c tio n  o f o n ly  the present and fu tu re  {W t } -  See, fo r exam ple, C hap te r 3 o f  B rockw e ll and 

D avis (1991).

Let

4>o{z) =  1 -  i^O lZ 4>0pZP,

where cj>o(z) ^  0 fo r \z\ <  1. Define ^ 0o =  1 and suppose 4>or #  0 fo r some r  G { 0 , 1 , . . .  , p }  and 

(j)0j  =  0 fo r j  =  r  +  1 , . . .  ,p .  Then, a causal all-pass tim e  series is the  A R M A  series { X t }  w hich 

satisfies the  difference equations

M B ) X t  =  — ^ — Lz ;  (3.1)
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or

V  A  V* A  V    V *  l ^ 0 }r  — l  r y *  , , ^ 0 1  r r *  r /%
A - t  — ( p Q i s i t - i  —  • • • —  <pQr A . t  — r  — & t  ' j  1 '  * '  ‘  '  1 — ^ t - r  +  1 ~~ *1— ^ tJt ' i n t — 1 ' * ' / n t - r -\-1 i  n t — r  i

(pQr yQ r y 0 r

where the series { Z * }  is an independent and id e n tica lly  d is tr ib u te d  ( iid )  sequence o f random  va ri­

ables w ith  mean 0 and variance cr2 £  (0, oo). The tru e  order o f the all-pass m ode l is r .  We assume 

th ro u g h o u t th a t Z *  has a d is tr ib u tio n  fu n c tio n  F  th a t is s tr ic t ly  increasing and con tinuous ly  d if­

ferentiab le  on 11 w ith  density  / .  Observe th a t the  roo ts o f the autoregressive p o lyn o m ia l <j>o(z) are 

reciprocals o f the roo ts o f the m ov ing  average p o lyn om ia l —<f>Qi} z r <j)o(z~1) and vice versa.

The spectra l density  fo r { X t }  in  (3.1) is

\e~iru> \2\<j>o{eiu ) \2 o'2 _  o-2

^ r l * o ( e - “ )P  2tt <^or27r’

w h ich  is constant fo r u  £  [—n, 7r], and thus { X t }  is an uncorre la ted sequence. In  the  case o f Gaussian 

{ Z * } ,  th is  im p lies  th a t { W }  is i id  N (0 , cr2^ 2), b u t independence does no t ho ld  in  the non-Gaussian

case i f  r  >  1 (e.g., B re id t and Davis, 1991). The m odel (3.1) is called all-pass because the power

transfer fu n c tio n  o f the  all-pass f i lte r  passes a ll the power fo r every frequency in  the spectrum . In  

o ther words, an all-pass f i l te r  does n o t change the  d is tr ib u tio n  o f power over the  spectrum .

We can express (3.1) as

M B ) X t =   ^ Z t,  (3.2)
YOr

where { Z t }  =  {Z * +p_r }  is an i id  sequence o f random  variables w ith  mean 0, variance a 2, and 

d is tr ib u tio n  fu n c tio n  F .  R earranging (3.2) and se tting  zt =  <j>Q.}Zt , we have the  backw ard recursion

%t—p — p+i T *' * T <f>opZt (Xt (fioiXt— i • * * (fiopXt—p).

A n  analogous recursion fo r an a rb itra ry , causal autoregressive p o ly n o m ia l<f>(z) =  l -< j> \z  — -  <f>pzp

can be defined as fo llow s:

{ 0, t =  n +  p , . . . ,  n +  1,
(3.3)

< M e -P+i(<£) H V <t>pZt(4>) -  4>(B)Xt , t =  n , . . . , p +  1,

where 4> :=  (< p i, . . . ,  <j>p ) ' . Le t 4>0 =  • • •, <f>0p ) ' =  (<^oi, • • • > <j>0 r> 0 , . . . ,  0 )' denote the  true  param e­

te r vector. N ote th a t { z t ( < f> o ) } tZ i closely approxim ates the erro r is due to  the  in it ia liz a t io n

w ith  zeros. A lth o u g h  { z t }  is iid , { ^ t ( ^ ,o ) } ”= i> i s n ° t  i id  i f  r  >  1.
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3.2.2 Jaeckel’s Rank Function

Suppose we have a rea liza tion  o f leng th  n, { X i , . . . ,  X n } ,  fro m  (3.1). Le t ip be a d iffe ren tiab le , 

s tr ic t ly  increasing fu n c tio n  fro m  (0 ,1 ) to  Ht such th a t

<p(s) =  —f ( l  — s) Vs e  (0 ,1 ). (3.4)

I f  <j» fo rm s a causal autoregressive, p th  order p o lyn o m ia l and { R t (<!>)}t = i  conta ins the  ranks o f

{ zt(4>)}t= i  f r ° m  (3.3), then the E -fu n c tio n  a ttr ib u te d  to  Jaeckel evaluated a t <j> w ith  w eight fu n c tio n

(p is

D{4>) (3.5)

Because i t  tends to  be near zero when the  elements o f {zt(4>)} are s im ila r, (3.5) is a measure o f 

the d ispersion o f the residuals W hen {z ( t)(4>)} t= i  18 the series {-?t (</•)}”= / ’ ordered fro m

sm allest to  largest, (3.5) can also be w r it te n  as

A  popu la r choice fo r the w eight fu n c tio n  is p(s)  =  s—1 /2 . In  th is  case, the  w eights {ip i t j ( n  — p  +  l ) ) } " = f  

are know n as the W ilco xo n  scores.

We give some properties fo r D  in  the  fo llo w in g  tw o theorem s. Jaeckel (1972) shows th a t these 

same properties ho ld  fo r the  rank  fu n c tio n  in  the linea r regression case.

T h e o re m  1 F o r  any 4> £  R p , i f

{P x (</>), . . . , P(n _pji(<^>)} =  { { ^ i i i(^>), . . . , Z \ ;, ,_ p (0 )} ,  . . . , , . . . , (</>)}}

contains the (n — p)\ perm uta t ions o f  the sequence {zt(( f>)}"Zp , then

n~V (  t \
d {(/>) =  sup Y l v (  - — — r r

ie { i , - . ( n - j . ) ! }  f r !  \ n - p + l j  

Proof:  See the p ro o f o f Theorem  1 in  Jaeckel (1972). □
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T h e o re m  2 D  is a non-negative, continuous func t ion  on R p . Also, D(<f>) =  0 i f  and only i f  the 

elements o f  are a l l  equal.

Proof:  T h is  argum ent is s im ila r to  one given in  the  p ro o f o f Theorem  1 in  Jaeckel (1972). Suppose 

<j> €  f t p and

(  t o  \  ^  n  -  (  ^0 +  1¥  — -------------7  1 <  0  <  ¥1 1 / — r \  . 1 / ’j i  — p-\- I J  \ n — p + l  J

w ith  to 6  {1 , • ■ •, n  — p  — 1 }. Then

n —p

n - p  / v n —p .
t  \  , , tv /  t

t=1 , n ~ P + l J +  \ n - p + 1
n - p  . v

=  ( % ) ( ^ )  -  *(to)(<M) (3-6)

because, by (3.4),

X > f — —̂r) =°-+  \ n - p + l j

Since <p is s tr ic t ly  increasing, a ll te rm s in  the sum  (3.6) are non-negative, and so D{<f>) is non­

negative. A lso, i t  m ust be the  case th a t D{<j>) equals zero i f  and on ly  i f  the  elements o f {zt{4>)YiZi  

are a ll equal.

As a fu n c tio n  o f zn - p ((j>) is a p o lyn om ia l o f degree one, z „_ p_ 1( ^ )  is a p o lyn o m ia l o f degree 

tw o, . . . ,  and is a p o lyn o m ia l o f degree n —p.  Hence,

+  \ n - p + l j

is continuous on I t p fo r any j  G { l , . . . , ( n  -  p ) ! } ,  and i t  fo llow s th a t

n - r  , t

D {-)  =  sup J 2 ¥ [ — — r j )  *#,*(•)
i 6 { l , . . . , ( n - p ) ! }  ^  \ n ~ p + l j

m ust also be continuous on IRP. □
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3.3 A sym ptotic Results

3.3.1 Param eter Estim ation

Suppose /  is u n ifo rm ly  continuous on I t ,  sups e] R > l / ( s) <  oo, and ip' is u n ifo rm ly  continuous on 

(0 ,1 ). A lso, le t J  — ip2(s) ds, K  =  j ^  F ~ 1(s)ip(s) ds, and L  =  f ( F ~ 1(s))<p'(s) ds, and assume

cr2L  >  K .

T h e o re m  3 There exists a sequence o f  m in im izers  <f>R o f  D (-)  in  (3 .5) such that

« 1/2( ^ - ^ o ) ^ Y ~ i V ( 0 , S ) ,  (3.7)

where

2 (<r2L  -  K ) 2 p

r p :=  [ j ( j —k)Yj k=1 , and  -y(-) is the autocovariance func t ion  f o r  the autoregressive process { ( l /< f io (B ) )Z t } .  

Proof:  See Lem m a 14 in  Section 3.5. □

R e m a rk  1: U sing  the  Cauchy-Schwartz inequa lity ,

<t2J - K 2 =  a 2E { 9 2{ F ( Z 1) ) } - { E { Z 1<p{F{Z1) ) } f

>  o-2E{ <p2( F ( Z 1) ) } - E { Z 2 } E y 2( F ( Z 1) ) }  (3.8)

= 0,

w ith  equa lity  in  (3.8) i f  and o n ly  i f  <p is p ro p o rtio n a l to  F ~ l , w h ich is n o t possible since F - 1 (0) =

—oo, i ?_1( l )  =  oo, and (p is bounded on (0 ,1 ). A lso,

K =  f F ~ 1(s )p (s ) ds >  0 
Jo

since F -1  and <p are s tr ic t ly  increasing functions on (0 ,1 ) and <p is odd  abou t 1 /2 .

R e m a rk  2: T he  asym p to tic  covariance m a tr ix  in  (3.7) is a scalar m u lt ip le  o f the  asym p to tic  co- 

variance m a tr ix  fo r Gaussian like lihood  estim ators o f the param eters o f the  corresponding p th  order 

autoregressive process. The same p rope rty  holds fo r L A D  and M L  estim ato rs , as shown in  B re id t,
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D avis, and T rindade  (2001) and C hapter 2 respectively. The L A D  estim ato rs  are ob ta ined  by m a x i­

m iz in g  the  like lih o o d  o f an all-pass m odel w ith  Laplace noise. T h is  yie lds a m od ified  L A D  crite rion , 

w h ich  can be used even i f  the  unde rly ing  noise d is tr ib u tio n  is n o t Laplace. The  app rop ria te  scalar 

m u ltip le  is

 X e !£ i!   ( 3 .9 )

2 ( 2 c r » / ( 0 ) - E | Z i U

in  the  L A D  case (B re id t, Davis, and T rindade  (2001) conta ins an e rro r in  the  ca lcu la tion  o f the 

asym p to tic  variance; see the A p p e n d ix  fo r the  correction) and

(3-10)

in  the  M L  case, w h ile  the m u ltip le  in  (3.7) is

cr2J  -  K 2

2 (<x2L  -  K ) 2

Consider the sequence o f w eight func tions  { ipm }  such th a t

. , 2 ( (  I
tpm {s) =  — arctan  i m  I s — —

N ote th a t <pm (s) —>■ <p(s) po in tw ise  as m  —> oo, when

' - 1, s <  1 /2 ,

<p(s) =  < 0, s =  1 /2 ,

,1 ,  s >  1 /2 .

N ote, also, th a t

Jm =  f  lf im (s) ds —>■ 1.
Jo

I f  Z \  has m edian zero,

K m =  £  ds =  E { Z ^ m ( F ( Z i ) ) }  ->  E |Z x

and

L m =  / 1 f ( F ~ 1(s))ip'm (s) ds =  E { f ( Z 1)<p'm ( F ( Z 1) ) }  ->  2 /(0 ) . 
Jo

(3.11)
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Hence, i f  Z \  has m edian zero,

cr2 -  E 2j ^ i  | V a rj^x
->■

2(o'2h m -  K m)2 ' 2(2<t2/ ( 0 ) - E | Z 1|)2 2 (2<r2/ ( 0 )  — E |Z i | ) 2 ’

and so, using the  w eight fu n c tio n  tpm , we can o b ta in  the same a sym p to tic  efficiency w ith  L A D  and 

R -es tim a tion  when m  —> oo.

R e m a rk  3: I f  Z \  has a Laplace or two-sided exponentia l d is tr ib u tio n ,

1 (

E \Z \  | =  c r jy /2 , / ( 0 )  =  l / (y /2 c r ) ,  and thus (3.9) equals 1 /2 . The constant (3.10) also equals 1 /2  

because, when the  noise d is tr ib u tio n  is Laplace, L A D  e s tim a tion  corresponds to  M L  estim a tion . For 

the Laplace d is tr ib u tio n ,

( * 1 » ( 2 » ) .  » < S < i  I f ,  0 < s < i ,
e - ‘ W  -  {  , **<1 / ( * - ■ ( » ) )  =  I

I  2 -  S <  ^ ! I  ^ r ( l  ~  s)> |  <  S <  1.

Therefore, i f  we use the  W ilco xo n  w eight fu n c tio n  <p(s) =  s — 1 /2 , cr2L  >  K  and (3.11) equals 

5 /6 . Consequently, the  a sym p to tic  re la tive  efficiency (A R E ) o f R  to  M L  is 0.6. Even though  M L  

es tim a tion  is 40% a sym p to tica lly  m ore effic ient than  R -es tim a tion  in  th is  case, R -e s tim a tio n  can be 

useful because D (-) tends to  be sm oother than  W O I an<̂  hence easier to  m in im ize . F igure  3.1

shows M L  and R  (w ith  W ilco xo n  weights) ob jective  functions fo r a rea liza tion  o f leng th  n  =  50 fro m  

an all-pass m odel w ith  p  — 1, <f>oi =  0.5, and Laplace noise w ith  variance one. N o te  th a t the M L  

ob jective  fu n c tio n  has a large num ber o f loca l m in im a  and thus could be d if f ic u lt  to  m in im ize  using 

num erica l o p tim iz a tio n  techniques.

R e m a rk  4s R -es tim a tion  w ith  the W ilcoxon  w eight fu n c tio n  perfo rm s m ore e ffic ien tly  when the 

noise d is tr ib u tio n  is the  S tudents ’ t  w ith  three degrees o f freedom . In  th is  case, because E |.Z i| =  

2 v /3/?r and / ( 0 )  =  2 / ( v /3 tt), (3.9) equals (7r2 -  4 ) /8 . A lso, the constant (3.10) equals 1 /2 . The 

d is tr ib u tio n  fu n c tio n  fo r the  noise is given by

, , 1 VSs 1 (  s \

F (s )  =  2 +  i ( j q r 3 )  +  ^ " o t“ ( v ! j ’
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ML and R Objective Functions

M L

0 .50.0- 0 . 5

F igure  3.1: M L  and R  (w ith  W ilcoxon  weights) ob jective  func tions  fo r a re a liza tion  o f leng th  n =  50 

fro m  an all-pass m odel w ith  p — 1, <^oi =  0.5, and Laplace noise w ith  variance one.
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d f
A R E  

(R  to  L A D )
A R E  

(R  to  M L )
3 1.4111 0.9617
6 2.0675 0.9968
9 2.3543 0.9796
12 2.5100 0.9636
15 2.6072 0.9515
20 2.7072 0.9374
30 2.8099 0.9213

Table  3.1: A R E s fo r R  (w ith  W ilcoxon  weights) to  L A D  and R  to  M L  fo r the  S tuden ts ’ /-d is tr ib u tio n  

w ith  several d iffe ren t degrees o f freedom.

and so

k  =  E { Z M F ( Z 1) ) }  =  ^ -  and L  =  E { / ( Z 1) ^ ' ( F ( Z i ) ) }  =

Hence, cr2L  >  K  and (3.11) equals (4rr2 — 27 )/24 . Because the  A R E  o f R  to  L A D  is 1.41 and 

the  A R E  o f R  to  M L  is 0.96, R -es tim a tion  is a sym p to tica lly  m ore e ffic ien t than  L A D  and nearly 

as a sym p to tica lly  e ffic ient as M L . Table  3.1 gives the  A R E s fo r R  to  L A D  and R  to  M L  fo r the 

S tudents ’ /-d is tr ib u t io n  w ith  several d iffe ren t degrees o f freedom . N ote th a t, in  Tab le  3.1, a ll values 

o f A R E  fo r R  to  M L  are very close to  one.

3.3.2 Order Selection

In  practice, the  true  order r  o f an all-pass m odel is usua lly  unknow n and m ust be estim ated. There­

fore, in  th is  section, we consider an order selection procedure. F irs t note th a t

S j - I p

2 ( r * L - K ) ‘

where K z :=  f *  F f 1(s)<p(s) ds, L z :=  f *  f z ( F f 1(s )) ip'(s) ds, and f z and F z are the  density  and

_  1 P
d is tr ib u tio n  func tions  respective ly fo r z\ — <p0r Z i . Because <j>R —> (f>0,

4  ( E u n ) ,/2  =  (3.12)
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and K z :=  n 1D(<j>R ) —>• K z by  Lem m a 15 in  Section 3.5. C o ro lla ry  1 provides a consistent es tim a to r 

o f L z .

C o ro llary  1 Consider the kernel density est im ator o f  f z

n —p

(3.13)
t= i

where k is a un i fo rm ly  continuous, differentiable kernel density fu n c t io n  on M  such that  

J  js In  |s| 11^2|«;/ (s)| <  oo and k 1 is un i fo rm ly  continuous on R ,  and the bandwidth bn is chosen so

that bn A  0 and b2^ /n  A  oo as n —>■ oo. Then

n ~p / + \

-1 X V  f "  ( z (t){<f>R ) )  L z .L ,  :=  n

n —p

Proof:  I f  / { • }  is the  in d ica to r func tion ,

£ » (* )  :=  r i — X  <  s } ’
n  p t =i

F ~ 1(s) :=  in f  { 2; : F „(a :) >  s }, and

\  /< -  1 t  1
, t  =  1 , . . . ,  n  — p,^ « ( s) :=  V7' ( — — )  fo r s €n — p n —p n —p

then n L zj ( n  -  p) =  f *  / „  y?^(s) B y  the  u n ifo rm  c o n tin u ity  o f <p',

sup | ^ ( s )  -y > '(s ) |  -»  0 and sup |y?'(s)| <  oo,
* 6 (0 ,1) * € ( 0,1)

and, by the u n ifo rm  c o n tin u ity  o f f z , f z { F p l {-)) is bounded on (0 ,1 ). Consequently, the  p ro o f is

com plete i f

sup
* € ( 0 ,1)

<  sup 
* 6 ( 0,1)

4  0.

/„ -  f z ( f - ^ s ) )  | +  j u p  \ f z [ f - \ s ) )  -  f z  ( F f f \ s ) )  | (3.14)
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The firs t te rm  in  (3.14) converges in  p ro b a b ility  to  zero by Lem m a 16 in  Section 3.5, so we now 

consider the  second te rm  and use an argum ent s im ila r to  one found  in  the  p ro o f o f Lem m a 4 in  

K o u l, Sievers, and M cK ean (1987). N ote th a t

sup
* € ( 0 ,1)

F z sup I m a x « Fz{z(t ){4>R))
t -  1

n — p

t

n — p

sup 
S€lE

Fn (s) -  F z (s) ,

and, using the  G live n ko -C a n te lli theorem , i t  can be shown th a t

sup
seIR

0.F n ( s ) - F z (s)

Because f z ( i 7'z_1( ') )  u n ifo rm ly  continuous on (0 ,1 ) and F f 1(F z (s)) =  s fo r a ll s £  I t  since F z is 

s tr ic t ly  increasing on R ,

sup f z ( p - ^ s ) )  -  f z ( F ~ 1(s j)
s£( 0,1) V '

and the p ro o f is com plete.

sup
*€(0,1)

f z ( f ^ 1 4 o ,

□

I t  fo llow s th a t

J - ( s ~ l Kz)2 P <t2J — K 2
(3.15)

2 {sL z — s ~ 1K z)2 2(<t2L  — K )2

N ote th a t the Gaussian and the  S tudents’ t  densities satis fy  the cond itions fo r the kernel density

fu n c tio n  in  C o ro lla ry  1.

We now give the  fo llo w in g  co ro lla ry  fo r use in  order selection.

C o r o l la r y  2 I f  the true order o f  the ail-pass model is r  and the order o f  the f i t ted  model is p  >  r ,  

then

i ^ 2$PiR 4  N  0,
a 2 J  — K 2

2 (<t2Z  -  k y

Proof:  B y  P rob lem  8.15 in  B rockw e ll and D avis (1991), the  p th  d iagonal e lem ent o f F p 1 is a  2 i f  

p >  r ,  and so the resu lt fo llow s fro m  (3.7). n

A  p rac tica l approach to  order d e te rm ina tion  using a large sample fo llow s:
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1. For some large P ,  f i t  all-pass m odels o f order p, p — 1 ,2 , . . . ,  P , v ia  R -e s tim a tio n  and ob ta in  

the p th  coefficient, 4>P i r , fo r each.

2. Let the  m ode l order r  be the sm allest order beyond w h ich  the estim ated coefficients are sta­

t is t ic a lly  in s ign ifican t; th a t is,

r  =  m in {0  <  p  <  P  : \<f>jtR.\ <  1 .96A n-1 / 2 fo r j  >  p } ,

where

s= ( « - ' * ■ ?  r
- i - ' K , ) 3/

and the  estim ates s, K z , and L z are fro m  the  f it te d  P th  order m odel.

3.4 Num erical Results

3.4.1 Sim ulation Study

In  th is  section, we describe a s im u la tio n  experim ent to  assess the  q u a lity  o f the  a sym p to tic  app rox i­

m ations fo r f in ite  samples. For each o f the 1000 replicates, we s im u la ted  all-pass d a ta  and found  <pR- 

T o  d im in ish  the  p o ss ib ility  o f the o p tim ize r being trapped  a t loca l m in im a , we used 250 s ta rtin g  

values fo r each o f the  replicates. These in it ia l  values fo r <f>i,. . . ,  <j>p were u n ifo rm ly  d is tr ib u te d  in  the 

space o f p a rt ia l au tocorre la tions and then m apped to  the space o f autoregressive coefficients using 

the D u rb in -Lev inson  a lg o rith m  (B rockw e ll and D avis, 1991, P ropos ition  5.2.1). T h a t is, fo r a m odel 

o f order p, the k th  s ta r tin g  value , • • •, <4pV was com puted recursive ly as fo llow s:

1. D raw  <f>{ki  ,<^22 i ■ • • > <j>pp l id  u n ifo rm )—1,1).

2. For j  — 2 , . . .  ,p ,  com pute

t-*
 

?r

i

—

1

i 
'' 

*
'---'‘'-I

I

-
^ 3 3

t j - U - l

i

1

W
<?«,

________
J

6 { k )_ P j - i j - i  . ' P j - 1 , 1
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We evaluated D  a t each o f the 250 candidate values and reduced the co llec tion  o f in it ia l  values to  

the nine w ith  the sm allest values o f D  p lus 4>0. We found  op tim ized  values by im p lem en ting  the 

Hooke and Jeeves (1961) a lg o rith m  and using the ten in it ia l  values as s ta r tin g  po in ts . The op tim ized  

value fo r w h ich  D  was sm allest was chosen to  be <f>R , Confidence in te rva ls  fo r the  elements o f <̂ 0 

were constructed using (3.7) and the  es tim a to r in  (3.15). For the  kernel dens ity  e s tim a to r (3.13), we 

used the s tandard  Gaussian kernel density and, because o f its  recom m endation  in  S ilverm an (1986) 

(page 48), we used

bn =  0 .9n -1/,s m in {s ,  I Q R / l . M }  ,

where s, defined in  (3.12), is the sample standard  de v ia tion  fo r { z t (4>R ) }  and I Q R  is the  in te rq u a rtile  

range fo r { z t { $ R) } .

Results o f  the  s im u la tions  appear in  Tables 3.2 and 3.3. We show the  e m p irica l means, standard  

devia tions, and percent coverages o f nom ina l 95% confidence in te rva ls  fo r ra n k  estim ates o f all-pass 

m ode l param eters. W ilco xo n  scores and Laplace and S tudents ’ t  noise d is tr ib u tio n s  were used. For 

each sample size n,  e m p irica l confidence in te rva ls were com puted using s tandard  a sym p to tic  theory 

fo r 1000 i id  replicates. A s y m p to tic  means and standard  devia tions were ob ta ined  using Theorem  3. 

N ote th a t the  rank  estim ates appear nearly  unbiased, p a rt ic u la r ly  when n =  5000, and the confidence 

in te rva l coverages are close to  the  n om ina l 95% level. The asym p to tic  s tanda rd  devia tions tend to  

understate the true  v a r ia b il ity  o f the  estim ates when n =  500, b u t are fa ir ly  accurate when n =  5000. 

N o rm a l p ro b a b ility  p lo ts  show th a t the estim ates are app rox im a te ly  n o rm a l in  a ll cases.

3.4.2 Exchange R ate M odeling

Log re turns fo r d a ily  exchange rates tend to  be uncorre la ted b u t dependent and e x h ib it v o la ti l­

i t y  c lustering. Therefore, generalized autoregressive c o n d itio n a lly  heteroscedastic (G A R C H ) and 

stochastic v o la t i l i ty  models, w hich generate uncorre la ted d a ta  and m ode l co n d itio n a l variances, are 

usua lly  used to  describe these series. A ll-pass m odels also generate uncorre la ted  d a ta  and can fre­

quen tly  p rovide a good f i t  fo r log re turns. In  Section 4.2 o f B re id t, D avis, and Trindacle (2001), an
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A sym p to tic E m p ir ica l
mean std.dev. % coverage

n mean std.dev. (c.i.) (c.i.) (c .i.)
500 <f> i  =  0.5 0.0354 0.4971 0.0397 95.4

(0.4946,0.4995) (0.0379,0.0414) (94.1,96.7)
5000 <f> i  =  0.5 0.0112 0.5003 0.0114 96.3

(0.4996,0.5010) (0.0109,0.0119) (95.1,97.5)
500 fa  =  0.3 0.0374 0.2971 0.0399 96.2

(0.2947,0.2996) (0.0381,0.0416) (95.0,97.4)
<p2 =  0.4 0.0374 0.3958 0.0432 94.2

(0.3932,0.3985) (0.0412,0.0450) (92.8,95.6)
5000 =  0.3 0.0118 0.2991 0.0126 95.4

(0.2983,0.2998) (0.0120,0.0131) (94.1,96.7)
<i>2 =  0.4 0.0118 0.3997 0.0123 95.6

(0.3990,0.4005) (0.0117,0.0128) (94.3,96.9)

Table  3.2: E m p ir ic a l means, s tandard  devia tions, and percent coverages o f n o m in a l 95% confidence 

in te rva ls fo r rank  estim ates o f all-pass m ode l param eters. W ilcoxon  scores and the Laplace noise 

d is tr ib u tio n  w ith  variance one were used.

A sym p to tic E m p irica l
mean std.dev. % coverage

n mean std.dev. (c.i.) (c.i.) (c .i.)

500 -e
- II o cn 0.0279 0.4982 0.0321 96.7

(0.4962,0.5002) (0.0307,0.0335) (95.6,97.8)
5000 <h =  0.5 0.0088 0.5000 0.0093 95.9

(0.4995,0.5006) (0.0088,0.0097) (94.7,97.1)

500 <j>i =  0.3 0.0296 0.2983 0.0361 95.0
(0.2961,0.3005) (0.0345,0.0377) (93.6,96.4)

<p2 =  0.4 0.0296 0.3964 0.0356 94.8
(0.3941,0.3986) (0.0340,0.0372) (93.4,96.2)

5000 <f>! =  0.3 0.0093 0.2999 0.0098 95.5
(0.2993,0.3005) (0.0094,0.0102) (94.2,96.8)

ofiCl 0.0093 0.3995 0.0097 96.0
(0.3989,0.4001) (0.0093,0.0101) (94.8,97.2)

Table  3.3: E m p ir ic a l means, s tandard  devia tions, and percent coverages o f n o m in a l 95% confidence 

in te rva ls fo r rank  estim ates o f all-pass m ode l param eters. W ilcoxon  scores and the  S tudents ’ t  noise 

d is tr ib u tio n  w ith  three degrees o f freedom  were used.
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all-pass m ode l was f i t  to  log re turns fo r the New Z e a la n d /U n ite d  States exchange ra te . Here we con­

sider the d a ily  log re tu rns fo r the  C a n a da /U n ite d  States exchange ra te  fo r 1992 th ro u g h  1995 shown 

in  F igure 3 .2(a). The d a ta  were recorded a t noon Pacific tim e  and are ava ilab le  on line  courtesy o f 

the Pacific Exchange Rate Service. F rom  the sample au toco rre la tion  func tions  fo r the log re turns 

and th e ir squares and absolute values in  F igure  3 .2 (b )^ (d ), i t  appears th is  series is uncorre la ted 

b u t dependent. The  all-pass order selection procedure ind icates th a t a m ode l o f order twelve is 

appropria te , and the  R -estim ates o f m odel param eters ob ta ined  using the  W ilco xo n  scores are

ij>R =  (-0 .1 0 9 ,0 .4 7 3 , -0 .0 4 1 ,-0 .2 4 6 , -0 .019 ,0 .236 ,0 .325 ,0 .153 , -0 .0 0 8 , -0 .0 0 9 ,0 .1 2 7 ,0 .1 1 5 )',

w ith  s tandard  errors 0.050, 0.050, 0.056, 0.056, 0.056, 0.054, 0.054, 0.056, 0.056, 0.056, 0.050, and 

0.050 respectively. F rom  the sample au toco rre la tion  functions fo r the squares and absolute values o f 

the  m odel residuals in  F igure  3.3, i t  appears the residuals are independent. Hence, the  f it te d  all-pass 

m odel seems to  capture the dependence in  the  data.

A p p lica tions  fo r all-pass m odels are n o t lim ite d  to  exchange rates. As discussed and dem onstra ted 

in  B re id t, D avis, and T rindade  (2001) and C hapte r 2, all-pass m odels can be used to  id e n tify  and 

estim ate noncausal o r non inve rtib le  A R M A  models. T h is  is a som ewhat m ore n a tu ra l app lica tion  

fo r all-pass models.

3.5 Additional Results

T h is  section conta ins proofs o f the lem m as used to  con firm  the  results o f Section 3.3. F irs t, fo r an 

a rb itra ry , causal autoregressive p o lyn om ia l <f>(z), define 8(z) =  <f>iz +  • • • +  4>pzp — 1 — (j>(z), and 

define do(z) =  1 — <j>o(z). N ote th a t, fo r t  €  { 1 , . . . ,  n — p } ,

<f>{B)Xt+p =  - Z t (4>) +  d ( B ~ 1)zt (</>},

so, i f  j  6  { 1 , . . .  ,p } ,  then

A  { d ( B ~ 1)z t (<f>)} =  —X t + p - j  +  (3.16)
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(a) Xt (b) A C F of Xt
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(c) A C F of Squares of Xt
O

COO
CO
o

o

d rr  r t f j - r . T . - r - r - r  7 -  r t r - .T ,T rO
o

20 3 0 4 00 10

o

CO
o
CO
o

0
csj
o
o
o

o 10 20 3 0 4 0

L a g

(d) A CF of Absolute Values of Xt
o

CO
o
COo

o

o
o

20 3 0 4 00 10

L a g L a g

F igure  3.2: (a) The C a n a da /U n ite d  States exchange ra te  log re turns, { X t } ,  and the sam ple au to ­

co rre la tion  func tions  w ith  bounds ± 1 . 9 6 / - ^  fo r (b) { X t } ,  (c) { X f }  , and (d)

( a )  A G R  o f  S q u a r e s  o f  Z t

IT

1 O 3 0O 20

(fc>) A O R  o f  A b s o l u t e  V a l u e s  o f  Z t

3 0O 1 O

F igure  3.3: D iagnostics fo r the f it te d  all-pass m odel o f order twelve. The  sam ple au toco rre la tion  

functions w ith  bounds ± 1 .9 6 / y / n  fo r (a) the  squared residuals { Z t2}  and (b) the  absolute residuals

urn-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Rank Estimation for All-Pass Tim e Series Models 52

Also, i f  j  £  { 1 , . . .  , p } ,  then

E qua ting  (3.16) and (3.17) and so lv ing  fo r dzt ((f>)/d<f>j, we o b ta in

=  y { Xt +p - j + ■ (3 1 8 )

E va lua ting  (3.18) a t the  true  value o f <p and igno ring  the effect o f recursion in it ia liz a t io n , we have 

dzt (4> 0) _  1
—  +  zt+j{<Poi

d<f>j M B - 1) I  M B )

= M ) + M h ’ (3U)
where the firs t te rm  is an elem ent o f a (z t - \ ,  zt ~ 2, • • •) and the second te rm  is an elem ent o f cr(zt+ 1 , zt+ 2 , . 

because <f>o{B) is a causal opera to r and </>o(£- 1 ) is a pu re ly  noncausal ope ra to r. I t  fo llow s th a t

(3.19) is independent o f zt =  M r ^ t -  Thus, i f  F z is the d is tr ib u tio n  fu n c tio n  o f  zi  and gt{4>) :=

9 {F z {z t ) ) z t {<f>), then, fo r j  £ { 1,.

dM r  -

“ v(FA*, ) ) { M ) + j M j }  (3 ' 20)

8g*
d<j>j

The expecta tion  o f  (3.20) is zero by the independence o f its  tw o  term s.

We now com pute  the  autocovariance fu n c tio n  7  ̂(ft) o f the zero-mean, s ta tio n a ry  process 

{u'dg*{(f)0)/d(t>} for u £ ftf:

7 t( f t )  =  E f d g U M W

=  u

d(j> V 9(f>

' [ v j k ( h ) ] l k=:1u,

where
^ O r M U - k ) ,  i f  ft — 0,

vM h) . - 2 % ■
~'4, \h \— j^ \ h \  — k $ o r  P  ) i f  ft 7^ 0 ,
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and the ipi are given by V’i-z — l / ^ o ( 4  w ith  tpi =  0 fo r I <  0. Thus,

7 f(°) + 2 ^ 7 f(/i) = u' i [2<p0 2h ( j  -  k) f jtfe=1 -  20Or2/?2
h- 1

^   ̂Iph—j  Ip h — k
,h= 1

U

=  2<pQt?(<T2J  — K 2)u '<t ~ 2T pu .

The preceding ca lcu la tions lead d ire c tly  to  the fo llo w in g  lem m a.

L e m m a  1 As n oo,

1/2 If N ~ ̂  ( ° ’ -  / f 2}<T“ 2r p)
i  =  l  ^

Proof:  N ote th a t, fo r t  E { 0 , . . . ,  n — p  — 1 },

oo t

zn—p—t =  ( M B ~1)zn-P-t+i)  and Z „_p_ t ( 0 o) =  Y 1 ^ 1 ( (Po(B ~1) zn - p - t + l )  • (3.21)
«=0 1 =  0

Because there ex is t constants c >  0 and 0 <  d <  1 such th a t \ipi\ <  cdl fo r a ll I £  { 0 , 1 , . . . }  (see 

B rockw e ll and D avis, 1991, Section 3.1),

n —p

x> dgt{(j>o) _  dgt(<t>o) 
d <pj d(pj

n —p

=
t - 1

p { F z{zt ))
zt+j{4>o) _  zt+ j
M b - 1) M b - 1)

=  0 ( 1)

fo r j  €  {1 , .  • • ,p } .  Consequently,

- i/2  ( dgt(<t>o) fig*(4>o) \  n

— dijt I

in  L \  and hence in  p ro b a b ility .

Le t u € 1RP. B y  the C ram er-W o ld  device, i t  suffices to  show

-1/2 £  u ' M l M  4  U' N  ~  N (0 , 2<Pq 2{ c 2 ? w „ - 2 ,2J -  A’ ^ u V - T p u ) .
t= i

E lem ents o f the in fin ite  order m ov ing  average s ta tio n a ry  sequence {u '% )? (<p0) /d4>}  can be trunca ted  

to  create a f in ite  order m ov ing  average s ta tio n a ry  sequence. B y  app ly ing  a centra l l im i t  theorem
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(B rockw e ll and D avis, 1991, Theorem  6.4.2) to  each tru n c a tio n  level, a sym p to tic  n o rm a lity  can be 

deduced. The de ta ils  are o m itte d . □

Now consider the  m ixed  pa rtia ls  o f gt{4>)- For j ,  k  G { 1 , . . . ,  p } ,

— +  X t + p + k - j  +  ^ zt + j+ k ( 4 >o)}

~zt + j  — k Zt+k—j  ^ ‘i z t + j + k

OO OO 2 ^

53 1Pm'4>i { z t + j - k - l + m  + Z t + k - j - l + m )  + <2( u - l  \ ■
m=Ol=0 >

and so

d29t{<!> o) <922t (<£0)
=  <P(Fz(zt ))-

d4>jd<j>k d<i>jd^k

t+m + Z t + k - j - t + m )  + ,2/'g-n ( (3-22)
I m —0 1=0

d 2g*t {4>q) 

d<j>jd<j>k

(3.22) has expecta tion

-2<7~27 ( j  -  k) f F ~ 1{s )^(s)  ds =  - 2 | ^ | - 1A V - 27 ( i  -  k).
Jo

L e m m a  2 As n - y  oo,

- 1  y '  d29t(4>o) p 0|, i-i —2T> 
n 2L<" 9 $ $ "  ^ - W o r l  r p .

Proof:  For j ,  k G { l , . . . , p } ,

d2gt(4> o) d2g* o)
n —p

E e
t = l

d<j)jd4>k d<f>jd<f> k

n —p

= 2E e
t = l

=  o ( i ) ,

. . /Z 7  \ \  ) 0f+ i+ fc (^o ) ^t+j+fc

^ • “ ' i p T ' a p )

and so
n —p

- i s r '  ( d2gt{<t>o) _ d2g*{4>o) | 0
^  V d4>d<t>' d4>d<j}'
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in  L% and p ro b a b ility . Because (3.22) has expecta tion  — 2\<f>or\ Kcr  2j ( j  — k)

"E
by the ergodic theorem . □

Let F n (-) denote
n —p

Fn (x)  =  n 1 I { * t  <  x ) ,
t = l

where / { • }  is the  in d ica to r fu n c tio n .

L e m m a  3 F o r  any T  €  (0, oo), as n oo,

Rt  (<j>o +  «~1/2u)
sup \ f n

||u ||<T,te{l,...,n-p} ■p+1 ~  F n \ zt [ <t>0 + —^

Proof :  Observe th a t

Rt (<t>a + n-1/2u)
n — p +  1

1

u
— Fn j ( 4*0 d 7=

n -  p +  1

n—p

n—p

3 = 1
y/n

n—p

j = t + l

jz= 1
! “1“

u
■s/n

Because z i  has a continuous d is tr ib u tio n  

P sup
| | u | | < T , t e { l , . . . , n - p }  , Z

,2 1 {‘i (*° + = * (*■ + } > 1 j = 0.
and so

Since

sup —
| | u | | < T , t e { l , . . . , n — p }  n T n  A A z’ A + A )  -  * A +A }j —t+ i

o.

n  — p  +  1
-  1 0,

i t  suffices to  show

sup
j | u j j < T , i p £ j R

n—p

E
3 = 1

11 zi  ( <i>o + ) < X  }> -  I  { Z j  <  x } 0.
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For ||u |j <  T ,  define

e j , n ( u )  =  Zj  -  Z j  U > 0 +  - J =
u

 , ,  ] u '  dz j (<f>  o )  u '  d 2 Z j ( 4 > * n ( u ) )
—  z j  z j \ tP o )  « ■ ~ „ . „  u

=  z3 ~ ZM < s ) -

tJ vl d<p 2 n d<t>d4>'

u ' dzj(<f)q) _  1

^Jn d(j> n k~ — co

where <£j n (u ) lies between <p0 and (pQ +  n 1/,2u  and {ipp. . n (u ) }^ IL _ 0Q is a rea l-va lued sequence such 

th a t

_  u '  d 2 Z j ( < p j n  (u ))

k  — — 00

u .

Set

, . U* dzi((f>n) 1 V—"V „ . .
f j ,« (U) =  zj  ~  zj { (t>o) ~  ~Q̂  ~  2-u ^k , j ,n {n ) zj - k '

Because d 2Zj((j>)/{d(j>d<p') is continuous w ith  respect to  <p,

SUP I^O,i,n(U)l =  0 (1 ) .

Thus, fo r a ll n  su ffic ien tly  large,

(3.23)

(3.24)

in f  1 +
IM I< T je f i n-p}

> 0

and

n-p
u

1  \ z j  [4>o +  - J = )  <  X  \  -  /  { Z j  <  a ;}

n —p

- r T i l  { z j  <  *  +  6 j , n ( u ) }  -  I  { z j  <  a;}]
V r i f r l

<

n -p  

n —p
1

rn

+ —  Y
^ k

E
J=1

n—p

F. I . - R W
l  +  ^ , j , » ( u ) / n y

T j  <  g  +  C j , n ( u ) X  +  £ j , n ( u )  

i  +  ^O j.n  ( « ) /« .
< *} + i^(«)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Rank Estimation for All-Pass Tim e Series Models 57

B y  Lem m a 4,

and, by Lem m a 5,

sup
||u||<7>e]R

-i n-p
) - F , M

\ 1 +  ^OJ,n(u ) / n J
0,

sup
] | u | j < 7 > e 3 R

n—p

3 = 1
i l z j K

x  +  eJ > (u )

1 +  V 'oj, „ ( u ) / n
F z X  +  £ j , n ( u )

1 +  ^0, j ,n(u ) / n /
I  { z j  <  x }  +  F z (x) 4 o .

L e m m a  4  F o r  any T  €  (0, oo), as n oo,

□

sup
| | u | | < T , ® e f ?

n-p

-1/2E
j = i

X  +  e j , n ( u )
- F J x )

where ^o ,i,n (u ) and €j ,n (u ) are defined in (3.23) and (3.24) respectively.

Proof :  For a ll n  su ffic ien tly  large,

n

and so

4 o ,

sup
||u||<T,selR

1 n -p

3 = 1

; + Cj,n(u)x  T tj,nW _

1 + r0,jin(n)/n) ^ {X\

< sup 
||u||<T,*eIl

+  sup 
l|u ||< 7 > e ll

n-p

—  V\/n ^

\A *
v  3-1

sup
||u||<T,k€1R

1

sup
| | u | | < T > e ] R ,

n~P 4- ( 1

n~p
U

<
4 U W/-W)g V’o , j , n ( u ) f f  +  € j , n ( u )  

4 n ( U ) 1 +  ^ 0 , j , n ( U ) / «

+  1 sup js  (a;) J sup
re R IM I<t

n-p

E eJ > (u )
i=i

 ̂ n-p

+  SUP ~7= E  lei,» (U ) H 4 ( 4 n ( U )) -  
|M |< 7 > e ]R  vn j=1

4 4 )  I
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<  - 7 = ( sup \ x \ f z(x)  ) m a x < sup |V’S i , „ ( u )l. sup
V n  W l R  /  I  l l « l l < T , i e { l I . . . 1n - p }  | | u | | < T , i 6 { l , . . , n - p }

+  sup f z (x)  sup
WlR J li«l!<T

n —p

+

n —p

i  +  ^o, , > ( " ) / "

1 4
sup -75? J 2  iei,» (u ) i i / 4 4 » ( u ) ) ~

I|u ||<T,3;€]R V ”

where Z j n (u ) lies between x +  €j ,« (u ) and (a: +  ej ifl( u ) ) /(1  +  ^  ( u ) / n ) , X j n ( u )  lies between x  and

x  +  e j , n ( u ) ,  and f z  is the density  fu n c tio n  fo r Z\. Because s u p ^ j j^  \ x \ f z ( x )  <  oo, su p ^g j^  f z (x)  <  oo 

by the u n ifo rm  c o n tin u ity  o f f z , and

S U P  l ^ o , j , n ( u ) l  =  0 ( 1 ) ,  
tlu ll Gf 1, ■ ■ p)

we need to  show th a t

and

sup
I M K T

n - p

v h 5 > ' “ (u)3 = 1

1
n —p

y r~ * j 
j|uj|<T,xelR. v n j=1

are bo th  op ( l )  to  com plete  the proof. 

Observe th a t

n —p

sup — J 2 \ e j t n { u ) \ \ f z ( x l n (u ) )  -  f z (x)\

(3.25)

(3.26)

sup
IMI<T

1

3 = 1 

n —p

<  = ^ 2 \ ZJ -  Z3 ( ^ o ) l+  sup
j  = 1 u | \ < T n f—-1 d(b3 = 1 ^

+  sup 
I M K T

n - p

S ] 2 Y U 2 ^ J , n ( U ) Z3-
j =1 kjiO

B y  (3.21),
n —p

i = i

and, using the ergodic theorem ,

sup
I M I < T

iF  y X  dzj(<f>0) 

n  “  d<f>
<  T

i  < % (<£ o )  

n 3 - j
i = i

4 o

since (3.19) has expecta tion  zero. F in a lly , because d 22j(<^)/(<9</><9d>') is continuous w ith  respect to  

4>, there exists a geom etrica lly  decaying, non-negative, real-va lued sequence { 7r fe }^ i_ 00 such th a t

sup
I M K T

<  5 3 7rfcl2ri - fc! V i G { 1 , . . . ,  n — p }
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fo r a ll n su ffic ien tly  large. Thus, fo r n su ffic ien tly  large,

sup
IMKT

n—p

, 3 / 2

j  = l  k^O

n—p

j  — 1 0

and so (3.25) is op ( l ) .

Le t <5 >  0 and rj >  0. B y  (3.21), there exists an integer m  >  0 such th a t

P ( sup \*j  -  Zj(4>o)\ >  ?  J <  i

fo r a ll n >  p +  m.  A lso, because E (z^) <  oo,

P j sup
\IM I< T JG{1>—.n-p )

u ' dZj(<f>0)

i / n  d<f>

Tj \  5 

> l  < 3

and

P | sup
IMI<T,jell,...,n-p}

fo r a ll n su ffic ien tly  large. I t  fo llow s th a t

P SUp |£ j,n (u )i >  T] <  8
\ IM I< T > i€ {l,...,n -p -m } J

fo r a ll n  su ffic ien tly  large. Because f z is u n ifo rm ly  continuous on H  and |a;t (u ) 

fo r any r  >  0 there exists an tj >  0 such th a t

I/» ( * } , „ ( « ) )  ~  /» ( * )  I <  T

on the set where

Therefore, since

(3.26) m ust be op ( l ) .

sup
||u||<T)®elR,j6{l1...,n-p-m}

sup |ey« (u )| <  T],

- n-p

^ ^ l ^ n ( u ) |  =  0 P( l ) ,sup 
||u|\<T v'n i = i

L e m m a  5 F o r  any T  E (0, oo), as n  ->  oo,

n—p
sup

||u ||<T ,xe li

- 1 / 2 £
j = i

x +  ei>n(u ) a; +  € j,n (u )

where , - „ (u )  and  e^n (u ) are defined in (3.23) and (3.24) respectively.

*1 < ki,n(u)|,

□
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Proof :  T h is  argum ent is s im ila r to  the  one given in  B o ld in  (1982). F irs t o f a ll, by (3.21), fo r any 

S >  0, there ex is t constants Cs >  0 and 0 <  D  <  1 such th a t

P sup [ \zn - p - j  -  zn- p-j(<t>o)| -  C s j y ]  >  0 
y e { o , . . . , n - p - i }

=  P (  sup [ \zj  -  z j ( ( f 0) \ -  C s D n~p~:j] >  0 ]

<  £

fo r a ll n. For 6 >  0 chosen a rb itra r ily  sm a ll, the p ro o f is com plete i f  we show th a t

sup
||u||<i>e]R

4  0,

1
n —p

V 3 = 1

J g +  Cj, „ (u )

r - 1  + r 0liM / n
- F 2

X +  €j>n( u )

1 + r 0JtnN / n I  {z j  <  « }  +  F z{x)

where

An i  sup [ \ z j  -  Z j ( 4 > 0 ) \ -  C s D n p J ] <  0 1 . 
[ i e { i , . . . , n - P }  J

Hence, we assume to  be on the set A n fo r a ll n  th ro u g h o u t the rem ainder o f the  proof.

Now, f ix  nondecreasing sequences o f positive  integers { M n }™= l  and { N n } ^ =1 such th a t M n 

n 3/ 4 and N n ~  n 1^ 8p'1 (e.g., n 3/ 4/ M „  —>■ 1 and n 1!^8?) / N n 1 as n —Y oo). For each n, le t

%G,n  ^  %1 , n  ’  '  '  +  F z { x r ^rf)  — ■ r M n (3.27)

and

Ui,si,n — —T  +  2T s i N n 1, i  €  {1 , • • • ,p } ,  Si £  { 0 , . . . ,  N n — 1}.

Thus, fo r any n and any x  €  JR, there exists a;r ,n such th a t a;r ,n <  x  <  x r + i iH. A lso, fo r any n  and 

any ||u|| =  | | ( u i , . . . ,  uPY\\ <  T,  there exists ( « i i3 li„ ,  « 2,s3,n, • • •, uP,sp,nY such th a t

3 , n , s i , . . . , s p P ( 1 +  2T N n W s u n 1 (  >  0
|  =  1 

P

=

* - t -  *
izzl
p

:: Of r--,sP

1 +  2 T N - W l  I
d<pi

(3.28)
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fo r a ll j  £  { 1 , . . . ,  n  — p } . 

Recall th a t

( u )  =  Z j  -  Zj(<j>Q) -
u ' dZj{<t>q) u' d2Zj{(j>ln(n)) 1

*3 *3zi i4> o)

\ / n  d<j> 2 n d<f>d4>'

u ' d z j (4 > q) _  1

y /n  d(j> n

where 0 }  „ (u) lies between </>0 and <̂ 0 +  n 1̂2u and

^  ,* , , u '  d 2Zj(4>* n ( u ) )

K — — 00 1 T

Because d 2 Zj(<j>) /  {d r j rd r j r ') is continuous w ith  respect to  <l>, there exists a geom etrica lly  decaying, 

non-negative, real-valued sequence { jp s}£!i :_ 0O such th a t

A: 9^0

fo r a ll n  su ffic ien tly  large. A lso, because

sup
H i< T

< 5 > * l * i - * l  V i €  { 1 , . . . ,  n - p }
k ^  0

sup l ^ 0,i,n (u )l =  0 {1 ) ,
llullST’. ie f l .

there exists an L  >  0 such th a t

L
sup IV 'o j.n W I <  L  and 1 -  -  >  0

fo r a ll n su ffic ien tly  large. Choose rj >  0 such th a t

sup
llullCT k^O

<  V i e  { 1 , . .  , , n  - p } ,
k^  0

sup „ ( u ) |  <  L , and 1 --------> 0

fo r a ll n >  rj.

Consequently, fo r any n >  rj, any ||u|| <  T,  and any x  £  l i ,  there ex is t (w ilSlln> ■ • ■, %>)Sp)n) ; and 

x r>n such th a t

x r<n - C sD n~p- j  + n ~ 1/2^ > , Sl,...)3p - n ^ E * * ! * # - * !
kytO

<  X  +  £ j , n ( u )

<  x r + l t „  +  C sD n- p- :> +  n ~ 1/28 f n sii Sp +  n " 1 E  * k \ z j - k \
k^O

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



R ank Estimation for AU-Pass Tim e Series Models 62

and

V,r,j,n,sl r ..,sp
x ~ | r r i P O l u , t .....

rd,n +  l _ L/ n + 2 L I { 9 -
>  0 } / r

n 1 5 2 k ? o * i ' \ zi - i ' \  
1 — L / n

<

<  x.

X  +  £j,n(u)

1 + ^*0,j,n(U) / n

+
r+1 ,i,» +  1 _ L / n  +  2 L /{0 +  <  o } / n  ^  I - L / n+

n 1 Y l k ^ 0 1rk\Zj~k\

■ V r + l j

fo r a ll j  £  { 1 , . . . ,  n — p ) , where

C SD •n -p - j

1 — L / n  +  2 L I { x r n >  0 } / n  1 - L / t

and

+
CSD n —p—3

r + h j , n -  l - L / n  +  2 L I { x r+ hn  < 0 } / n  1 -  L / n

B y  (3.29) and the  m o n o to n ic ity  o f I { z j  <  •} and F z (-),

n —p

fn  f 
j=  i

JL
X ]  7 { ^ '  -  ~  ^  ~  7 i zj  < x )  +  F z{x)

1 U~~P
XZ 7 { 0i — yr , j ,n,s i , . . . , sp } ~ 2̂ {Vr, j ,n,s ~ I  {2j ^ X r , j , n } + F * (X r, j ,n)
j  = l

1 n_?
+ XZ I-7 {0i — — Fz (Xr, j ,n) ~  7 i Z3 — x r,n} + Ps (®r,n)]

v  i = i  

1 " ~ p
”1~ y /n  ^  ^ r ,n }  ^  z (*^)]

i = i

n—p

a/ w f - f  
J=1

n—p

<
j  =  l  

n —p

j  X  + £ j , ra( u )

1 + 1Po,j,n(U ) / n  j  "  V1 + ^,i,n(U)/«y/ U <  1 g i ^ 4 v r ; -   ̂ ^  ^ i f  3,nn ^  s - 7 {*> <

<  7 ^  X Z  [ 7 { * i  ^  * ^ + 1  J , ^  ( l / r j . n , , ! , “  *  { * j  <  X }  +  F * ( X )
j -  1
n—p

(3.29)

(3.30)

(3.31)

/ *  ^  ^  { Z i  —  yj™ +  l (t7fn , J i r . . , t f p  }  ^  ( ^ r - f  1 J , n , s i f . . . , s p )  ^  {  Z 3  —  ^ r  +  l ^ n }  ^  ( ^ V + l j . n )

i = i

n—p
1

+  X Z  C7  { 2J -  ® r+ l,j',n } -  F *  ( Xr+ l,j ,n )  I  — *rr4-l,n }  d~ F z  (■Tr-f-ljn)] 
V j  = 1
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n —p

—  ^ r + l,n }  (^ r+ 1 ,^ ) ^ ^z  (^ ) j
V n  „-_ij  = 1

n — p

Therefore, the p ro o f is com plete i f

sup
r e { 0 , . . . ,M „ }

( * i ..........5 p ) ' G { 0 , . , . , J V n - l } P

4  o,

^ E  [ T { Zi  ^  y t j , n , s u .. . ,sp }  -  F *  ( y ^ i , S p )  -  I  i Z3 <  4 t j J + F *  « i , n ) _

sup
n —p

- = $ ] [ /  { Zj <  * * • „ }  -  F z ( * ±  ,„ )  -  I  { Zj <  +  F z ( X r . n ) ]

V  3 = 1

sup
\Fz(x)-Fz{y ) \<M^x

n —p

E ̂  f a  ^ x} ~ F* (x) ~ 1 {zj < y} + F* (j/)]
V U  j  =  l

4 o ,

and

sup 
r e { 0 , . . . , M „  — 1 }

n —p

/ n  X] \Fz + ■■■,«?) Fz
j  = 1

These fo u r results are confirm ed in  Lem m as 6, 7, 8, and 9 respectively.

0.

□

L e m m a  6 As n oo,

sup
r e {0 , . . . ,M n}

(»!,.. .,spy£{0,...,Nn- l } P

4  0,

n —p

1/2 X) {J { Z1 ^  yf, j ,n,su ...,Sp}  ~  F * f a n , , , , . -  J { Z3 <  Xt , j ,n }  +  F * _
j -  1

inhere yr i l n  Si :Sp, yF in,Sl,...,Sp> x r , j , n > a n d  x t , j , n  are defined in (3.29), (3.30), and (3.31).

Proof :  We w il l  o n ly  prove

sup

( s i , . . , , s p ) ' e { 0 , . . . , i V n - l } P

4  0,

n —p

E H ZJ ^  yt,j,n,Sl s p }  -  F *  { v h w  0 -  1  {*3 <  < i , n }  +  P2  (4,3,n)n  r  . 
,?=i
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as the p ro o f o f

sup

P  A—y 0

n—p

fa 53 ^  (yr,i,n,si,..,,sp)  ̂{ 2j ^ ^  (X r,j
V  i  =  l

is nearly iden tica l.

B y  (3.19), fo r any i  £  {1 , ■. - , p } ,  any n, and any j  £  { 1 , , . . ,  n — p } ,  there exists a real-valued 

sequence {i>k, i , j ,n}k such th a t

5 "j — k
k^O

and, fo r some constants a >  0 and 0 <  b <  1,

dzj(4> 0)

sup IV’fc .ij.n l <  fl6|fc| Vfc £ { . . . ,  - 2 , - 1 , 1 , 2 , . . . } .

In  a d d ition , fro m  Lem m a 5, there exist constants a  >  0 and 0 <  /? <  1 such th a t

sup (|V'fc,i,j,n| +  TTfc) <  a/3ifc| Vfc £  { • • • ,  2, 1 ,1 ,2 , . . . } .

n € { l , 2 , . . . }

So, by (3.28), fo r any n,  any j  £  { 1 , . . . ,  n  -  p } ,  and any ( « i , . . . ,  sp)'  £  { 0 , . .  ., N n -  1 }P,

= — 53 Ui<8i>n l 53 ̂ , i , j , n zj - k  f |  ̂+ 2 T N n < ^3 ' ipk,i j ,nzj - k  < 0
*=1  ̂kjiO J \  ky£0

As in  B o ld in  (1982), define a non-decreasing sequence o f integers { A j } “ = i  such th a t l n is the integer 

p a rt o f — 41og^(n), and le t

^t,n,Si,...,sp — 5 3  u i,Sj,n \  5 3  '4,k , i , j ,nZj -k  > j  1 +  T T N n U^S in I  < 5 3  $k , i , j , nZ j -k  <  0
«=i I o < |*|< r„ J \  (_o<|fe|<^„

and

A n  1 /2 3 > , s i l . . . ,sp
^i,n,Sl)...,5p 4 j , n  +  1 _ L / n  +  2 L I { 0+n ^  ^  < Q}/r

T o com plete the  proo f, we w il l  show th a t the  term s

+
11 1 Z 3 < |fc [< i„

1 — L / n

sup
rg{0,...,M „}

n —p

fn  * zi  < ... . . } ] (3.32)
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sup
r € { 0 , . . . , M „ }

n —p

j  = 1
(3.33)

and

sup
|  n-p

E  I 1  { Z1 ^  V r J , n ,t l , . , . , sp }  ~  F *  ( < i , „ > S l , . . . , S p )  -  1  U i  <  < * , „ }  +  ( <

v  i = i

(3.34)

are a ll op ( l ) .

Because, fo r any n, j  €  { 1 , . . . ,  n - p } ,  r  €  { 0 , . . . ,  M „ } ,  and (s l t . . . ,  sp)'  G { 0 , . . . ,  N n -  1 }P,

j . f

G 0"(. . . , Z j _ 2,  Z j - 1 ,  Z j  +  1 ,  Zj4_2> • • •))

fo r any rj >  0,

f

P sup
r g { 0 , . . . , M „ }

<  (M n + l ) i V p

n—p

X j  ^  { 2 J  —  i y r j , n , S i , . . . , 8 p }/n  *
j = i

>

x  sup
r e { 0 , . . . , M „ }

( * i , . . . , « p ) ' 6 { 0 , . . . , 7 V n - l } P

^  n — p  <

^  -  2 / r J , n , « i , . . . , « p }  ~  I  { 2 J  ^  Z / r , i , n , s I , . . . , s p }  | >

i = i

<

<

(M n +  l ) iV p 
r j^fn

{M n  + 1 )N%

n —p

sup Y ,  E 1 { zi  <  i / r + i , n , S l , . . . , S p }  -  7  { 2 i  <  ^ > , 8 ! , . . . , ^ }

r e { 0 , . . . , j V f n }  j  = 1 K J

. sup / *  ( * )
W lR

n — p

sup e
r € { 0 , . . . , M „ }  j  =  1

( 5 i , . . . , » p ) ' 6 { 0 , . . . , J V „ - 1 } i>

4- +V ■ —  J /  .
r j , n , S i , . . . , S p

, (3.35)

where the M a rkov  in e q ua lity  was used fo r the second inequa lity . A lso,

E u+. -  v + -Vr , 3 ,n,s  i , . . . , s p  r , j , n , s i , . . . , s p

<  - t=E

and since

n+

+  -

1 -  L / n  +  2L I { 9 f niSi_ Sp <  0} / n  1 -  £ / „  +  2 L J {0 + Ji, l i ...i, j> <  0 } / r

E{£|*|>/.7r*l*7-*l}

E < Y; * k \ z j - k \  > <  E |z i| Y a$kl <

(3.36)

1 2 a

n 4 1 — /?
E M ,
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i t  fo llow s th a t, fo r n  is su ffic ien tly  large so th a t 1 -  L / n  >  0, (3.36) is bounded above by

\ / n
E (1-V ”) ^ , , ,  -j,,,,...,.,)

(1 -  L / n  +  2 L I { 8 f niSi_ Sp <  0 } / t t ) (1  -  L / n  +  2 L I { 0 t „ ^  S( <  0 } /n )

+  ■

( l - L / n  +  2L7{0+„
1 2a E |z i |

<  0 } / n ) ( l  -  L / n  +  2 L I { 0 f n Si  3p <  0 } /n )

*5 1 - 0 1 - L / r

<
1 E|0+

+

n  1 — L / n

1 2a E |z i|  

n 5 1 -  j3 1 -  L / n '

+
2 L

n 3/ 2( l  — L / n ) 2

N ote th a t

E
4 = 1 /ĉ £0

<  2 p T ( l  +  2 N - 1)E \z1\ J 2 ^ lkl
0

=  4 T^ p T ( l  +  2 N - 1)E |z 1|,

(3.37)

(3.38)

<  T E  E  E |^ . , i j > zi _ fc| +  2 T N - 1
i=l |A|>f„

* E e m £  1pk,isj }n Z j — k <  0 > ^  ( / ' k ,(. j./n^  j  — k 7 \  ^  "( b'/v .j j :n Z j — k <  0 /  ( /   ̂ ,‘/ j j  ,n ~// A-

i = i  J ( o < | fc |< rn J o< |fe |<r„

p

<  T ( l  +  2 N - 1) ] r  J 2  ^ k . i ^ n Z j - k l
*'=i  |*|>E.

+2TN-1 £ e  j /  | X ] i ^ k . i J . n Z j - k  < 0 1 -  /  < ]T  < 0

« = i \  J [o < | fe |< r „

p T ( l  +  2 iV - 1)E |z1| £  a/?lfel +  2 T iV - 1 
|fc |>r„

7 |  ^   ̂ 6 /  “  7 \  ^  ‘lpk,iJ,nZj — k ^  6
8 =  1 \k^0 j  ^ kyiO J [ o < | f c |< r „

!/2
1 2a  1 7  X '

<

<

1/2

n 4 1 - / ?
p T ( l  +  2 N - 1)E |z 1| +  2TN ,- l

e [ E ^ ' I ^ I
k?0
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i  — 1

E I  ] ^   ̂ .1 . j .7),- j  — k 0 > I  \   ̂ ^k , isj,nZj — k ^  6
*^0  J [o<|fe|<€„

1 / 2

(3.39)

where the  Cauchy-Schwartz in e q ua lity  was used in  the th ird  inequa lity , and

E j X « / * |fc|l * i - * l
k^O

1 / 2

(3.40)

by the M inkow sk i inequa lity . A lso, fo r any i  €  { l , . . . , p } ,  i f  f i , j , n  is the density  fu n c tio n  fo r 

H 2 k j i 0  ^ k  , i , j  , n Z j —k>

E I  ^  ' ' j 4 ,k , i , j , n z j  — k  <  0  /  I  \  / *  \  i > k ti , j , n Z j - k  "S 0

fc#o J I o<|fe|<rn

—  ^  j  |  ^  ] f ^ k ti . j j i Z j  — k  >  0  >  n  <  ^  , i , j , n Z j  — k  ^  9

, k j i 0  J (o< |fe |< ^

d~P | \  ^  ( VA , i  ,r> Z j  —  fe < 0  n  ) ipk,i , j ,nZj—k ^  0
/c^O

- P } ) X ̂ , i , j , n Z j - k  >  n 2  >  n  <  X ^ k , i , j , n Z j - k  >

J U *l> *»
^2 +  P ^0 <  X  ̂ k , i , j , nZ j -k  <

-  n 2 |  0  |  X  ^ k, i , j ,nZj -k  <  ^  |  j “f“ P j 2 /'  '  ^kj iJjuZj  — k *7 0
k^O

<  P )  1P k , i , j }n Z j  — k  

\ k \ > t n

^  ) ^k, iJ ,nZj  — k 
k̂ £ 0

<

<  712 X  E I ^ M j > 2j - * l  +  T  SUP f i , j , n (X)'  
i k l ^ n n

(3.41)

F rom  (3.19), ^ ; , i j >  =  - 1  and so, i f  is the density  fu n c tio n  fo r X ) m g { o , ; }  4>m , i , j , n Z j - m , then

sup f i j , n ( x ) =  sup
* e f t  a;e]Rd-

f  I V ' . , i , J , n |  1 f z  (  J    )  f i l i t j t n ( s ) d s
j -CO J

<  s u p / z (;r). 
re lR

Because

E < Ei*ii E i
(3.41) is bounded above by

|fe|>^n 

2  or . . 2

sup  / * ( * ) •

/?

n 2 1 — /? celR
(3.42)
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C om b in ing  (3 .36)-(3 .42), we have, fo r n su ffic ien tly  large, j  £  { 1 , . . . ,  n — p } ,  r  €  { 0 , . . . ,  M n },  and 

( s i , . . . ,  sPY £  { 0 , . . . ,  N n — 1 }P,

E + +j  • — v  ■*r,j,n,si,...,sp r,3,niSi,...,8p

<  L . 2- . .  PT, , (1 +  27V~1)E |z 1|
n 9/ 2 1 - / 3 1  - L / n  

1 4 y /2a/3 p T

n3/ 2iVn 1 — /? 1 — L / n

1 8 a/3 p L T  j  | .

”  } N  +

0 ( n ~ 3/ 2),

( E { ^ i } ) 1/2 ( T - IC j E N +  SUP / * ( * ) ]
\  ”  x g R  /

1 / 2

1 2a 1 

n® l - ) 9 1 - I , / n
E j^ i i

and, since M n ~  n 3/ 4 and iVn ~  n 1/ ( 8p), (3.35) is bounded above by

y /^ (M n +  1)3V* 0 ( n ~ 3/2) 0.

Because rj was a rb itra r ily  chosen, (3.32) is op ( 1). I t  can be shown s im ila r ly  th a t (3.33) is op ( 1). 

Now consider (3.34). For a ll n, r  £  { 0 , . . . , M „ } ,  j  £  { 1 , . . . ,  n — p } ,  and ( s i , . . . , s PY £  

- I K ,  i f

£ r , j , n , s 1, . . . , sp —  I  C  v r , j , n , s i , . . . , s p }  ^  —  ^  —  X r , j , n  }  d ”  K z  [ % r , j p - i )  >

then {^r,j,n ,s i,...,sp}” = f  is a 2£„-dependent sequence w ith  m ean zero. Thus,

1 n “  P

3= i
- n - p  „ n - p n - p

2̂ 5ZE^rj,n,Sl,...,sp} + 2̂ Xv E{£r,j,n)s1,...,sp?r,fc)n,s1, }

3=1 3= i * = i
j i t k

n—p n —p

d~ ^ 2  ^  ^  y ^ E * { ^ r ,3 ,n ,s i , . . . Ss p b 1 . . , s p f * r , m , n , s x , . . . ,$p }

j  =  l  fc =  1 m = l

(3 0 { fc ,m } ) n ( fe ^ m )

^  n  — p n — p n — p n — p

d 2 ^   ̂ ^  ^  ^ ^  '  E { C r )3 , n , s i , . . . ,3p C r ,& ,n ,s i, . . . ,S p C r .m ,n ,s i, . . . ,S p C r )< j,n)s i , . . . 1S p }

n  3 =  1 ft =  l  m = l  9 = 1

( 3 ^ { A , m , g } ) n ( t ^ { m , g } ) n ( m ^ g )

3 = 1 fe = l

n—p n —p n —p
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<
- n—p fj n—p n —p
I V '" A    A  O'53 E { £ r j , n , 3 i , . . . , 3 P }  + 2 53 53 E { £ r , j , n , s l , . . . , s p £ r , / e , n 1s 1 , . . . ) s p }

3 = 1 3 = 1 k — 1 
0< \ j - k \< 2 ln

n—p n —pn - p n - p

+  ̂ 2  E E   Sp} E { C r ,fc,n,Si, . . . ,Sp} +  ^ 2  E E
j  = 1 /e = 1 

|i-fc|>2£„
j  =  l  fe =  l  

0<\ j - k \<2 t r,

6
n —p n —p n —p

+ 2 E E E  Ei^r,i>,sIl...,«pCr,*,n,s1,...,*pCr,m,n,s1,,.,,Sp|

+  „ 2  E E  5 3  E { ^ , i , n , S l , . . . , S p } E K r , / t , n , S l , . . . l S p C r , r  

i  —p n —p n—p

E|CrJ,n,si,...,sp^r

n —p n —p n —p

j  = 1 k—1 m—1 
( 0 < j j ~ f e j < 4 £ n) n ( 0 < | j  — m | < 4 £ n)

-  - ^ r , j , n , 5 |

0 < | / c - m | < 2 i „

+

j = l  k = l  m = l

 ̂ n—p n—p n —p n—p

E E E E
j  — l  k = 1  m  =  l  g = 1  

( 0 < | j - * l < 6 ^ n ) n ( 0 < | i - m | < 6 £ „ ) n ( 0 < | j - q | < 6 f n )

n — p  n — p  n — p  n — p

+ 3  E E E E  ...... .........................
j  — I k — 1 m—1 q=l

(<0 < \ j - k \ < 2 £ n)n (0 < \m -q \< 2 £ n)

Since s u p j^ ^  jn_p} <  2, the rig h t-h a nd  side is bounded above by

^ ......

\  2

 h 3 —  (4£n ) +  3(4) [ sup E ICi-)j ,n )si,...,sp| )  + 4 — (4£n ) +  6 —  (8£n ) 2
n n  \ i s { i } ' - , n —p} J  n n

+ 6 (4 )(4 £ „) j sup E|£r , j)njSli...,Sp| ] H-------(12£„)"
\ ie { i , . . . ,n -p }  I  n

+ 3 (4 )(4 £ n ) 2 sup E |£r j> iS l i ...iSp| 
y e { i, . . . ,n -p }  /

- 0 ( 4 ) + (  sup E ( ^ , « ;Sl,...,Sp| )  0 (4 ) .
n \ i e { i .  • ••>«-?} /

I f  n  is su ffic ien tly  large so th a t 1 — L / n  >  0,

S U p  E i £ r j , n , « j
j e { l , . . . , n - p )

<  sup 2E
i e f i  « -p }

^   Sp)  -  F* (4 i,n)

<  2 I sup f z ( x )  sup E
U e H  J  ie { i , . . ,n - p }

=  2 I sup / 2 (a;) I sup E
Vre lR  /  ie { i,. . . ,n -p }

-1-  +V —  T -
r , j ,n ,« i , . . . , t fp  r , j , n

l - L / n  +  2 L / { 0 t n s ii ...jSp< 0 } / n
+

n 1 Y!o< fk l< in nk \ z j - k \
l - L / r
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<
1 r  /  I  r
1 -  L / n \ x € M

x sup

sup f z { x )

^  ^ ^k,i, j ,n%j — k + V,|I>*
_v  i= 1 0<\k\<tn k 9̂ 0

<
T ^ T f n  E k , ! S “ '5ii‘ l

4a/?

k^O

sup /s ( * )  ) E M
( 1 - 0 ( 1 - L / n )

Consequently, fo r any rj >  0 and large n,

- L p T ( l  +  2 N - 1) +  -
J n  n

sup
r£{Q,.,.,Mn} 

\ ( s 1, . . . Jsp y e { O t . . . , N n - l } p

2  n ~P

3 = 1

> V

<  ( M n +  l)iV P  sup P

<

<

( M n +  l ) N ?

t]4

n—p

rj* n

4 a/3
sup f z (x)  I E |z j |

( 1 - 0 ( 1  - L / n )  ^
± z PT { l  +  2 N ~ l ) +  -  
y j n  n

0,

and so (3.34) m ust be op ( l ) .  

L e m m a  7 As n -»  oo,

sup
n —p

l ^2 5 3  13 { Z? — * r j > }  ^ {*7 — *?•,«} +  ^  (*>-,»)]
i = i

where x r ,n, %r j nl and x t,j,n are defined in (3.27), (3.30), and (3.31) respectively.

Proof :  For any rj >  0,

n—p
P | sup 

r € { 0 , . . . , A f „ }

r -  53 3  { Z i  — F *  (x t , j ,n) ^  { Z j  < 2 V , r > }  + F z ( a ? r , n ) ]

V n  i  =  l

> V
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<  ( M n +  1)

x  sup P
j, n ~ P

~/= Xv {Z-? — — F z  ( x t , j ,n )  ~  ^  i Zj  — x r , n }  + F z ( ® r , n ) ]

3 = 1
n—p

1 /  { Z j  —  —  F *  ( ^ r j ' . n )  —  F  { z i  ^  * r , n }  +  E *  ( * r , n ) ]

V  n  r £ { 0 , . . . ,M „ }

M n +  1

> r

j = i
n—p

sup ^ 2  E [ I  { z j  <  x+ j  n }  -  F z (x t j , n )  -  1 { Zj  <  Xr,n} +  F z ( x r ,n )] (3.43)
V n  r e { 0 , . . . ,M „ }  j  =  1

because, fo r any n  and any r  €  { 0 , . . . ,  M n },

{ /  { Z j  <  x t tj}„ }  — F z  ( x t , j , n )  —  I  i z j  x r , n }  +  F z ( x r , n ) }  ■

is a sequence o f independent random  variables w ith  mean zero. For a ll n  su ffic ien tly  large so th a t 

1 — L / n  >  0,

E  [ /  { z j  <  — F z  ( x r , j , n )  ~  I  i Zj  — ■£?-,«} +  F z  ( ^ r , n ) ]

=  E  [ I  K , n <  Z j  <  * + ■  n } ] 2 +  ( F z  ( * + • „ )  -  F z  ( x r t n ) f  

— 2 ( F z ( x F  n )  — F z ( ® r ,n ) )  E  [ l  { * r , n  <  <  ^ j . n } ]

=  E  [ /  { * r , n  <  Zj  <  — (-Fz ~  F z ( x r t „ ) )

F z  ( x / i j  n )  — F z ( x r t n ) ,

(3.43) is bounded above by

2 ^ 2”  SUP  . I ]  ( F * ( X r , j , n )  ~  F * K " ) )  >
V  n  re {0

and, fro m  (3.31), th is  can be bounded above by

n —p
M n +  1

! -----5-----  sup
r »  re {0 >...1M n} ^

,  , C t D n- p- 3 , 1 w  * x
sup / , ( * ) !  + - / . M

x r tn ( L  ^LI (Xj>}n *7 0 })
1 — L / n  +  2L I { x Ttn <  0 } / n

<  2
M n +  1 

rj2n

n—p

3 =  1

t  ,  A  C s D n ~ p ~ J , 1 /  h
sup / 4 x )  —------ n —  +  -  sup a; / 2(z )  -------—
, eR  7 l - L / n  n  ^ e R  ^  1 -  L / r

(3.44)

where x* j  n lies between x r<n and

1 — L / n  +  2L I { x ri„  <  0 } / n
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Because M n ~  ra3/ 4 and 0 <  D  <  1, (3.44) converges to  zero. I t  fo llow s th a t 

x n —p

sup / —  ( * r j ' , n )  ^  { 2 j  ^  * r , n }  +  7 ^  ( * r , r a ) ]

and, s im ila rly ,

sup

i = i

n —p

r -  [ /  { ^ i  — F z i Xr, j ,n) ^  i zj  ^  * r , n }  +  F z ( * r , n ) ]

i  = l
0.

□

L em m a 8 7 /M „  ~  n 3/ 4, then, as n  —> oo,

sup
\ F ^ ( x ) - F ^ y ) \ < M - 1

- 1 / 2
n—pE [7 { z j  < x } - F z (z ) -  7 { Zj < y }  +  F z (y)]
j - 1

4 o . (3.45)

Proof:  Observe th a t the le ft-hand  side o f (3.45) equals

sup
I Fz{x ) -Fz{y ) \ < M -1

n - p

~ r  E  <  F* ( x »  -  r  ( * )  - I { F A z j )  <  Fz (y ) }  +  F z (y ) ]

sup
n —p

r  E  \ ! { p * ( zi )  <  s } - s  -  7 { F 2(^ -) <  / }  +  /]
v ”  i = i

I f  IT (-) denotes a B row n ian  B ridge on [0 ,1 ], by Theorem  14.3 in  B illin g s le y  (1999),

^  E ( 7 { F 2( , i )  < • } - • )  4  W( -

j'= i

on D ( [0 ,1]), the  space o f righ t-con tinuous func tions  on [0 ,1 ] w ith  le ft-h a n d  lim its . N ote th a t the 

sample paths o f W{- )  are continuous on [0 ,1 ] a lm ost surely. B y  the continuous m app ing  theorem , 

fo r any S >  0,

1
n —p

E  v  { ^ ( ^ - )  <  s - 1 { ^ ( ^ - )  < t } + t ]
j = i

sup
s , t £ [ 0 , i ] , | s  — £ j < < 5

Since M ~ l  —»■ 0, we can le t 6 -»  0 to  ob ta in  the result.

sup
1| <<J

W {s )  -  W ( t )

□

L e m m a  9 As  n —>■ oo,

sup

(*i,-,»p)'e {o ,...,w n —1}*>

n —p

1/2 E  ( ^ r - f  l , i , n , s i , . . . , 5 p )  _  F z ( t / r j . n , * ! , .  

j  = 1
0,

where out/ yrJtntSu, „ iSp are defined in (3.29).
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Proof:  For any r  G { 0 , . . . ,  M „  -  1 } and any ( « i , . . . ,  sp) ' G { 0 , . . . ,  N n -  1}?,

n—p
_i_
\ / n  z  3 = 1

5  :  F z  ^ r + 1 , j , n , S i , . . . , i p )  F  z (f l r , j ,n,$i  s p )

<
1

n — p

n E [Fz ( y r  +  l , j , n , > u . . . ,sp )  F z  ( ^ H - l j . n ) ]  + / ^  E f F z  ( X t + l , j , n )  F z  ( ^ r  +  l . n ) ]

i = i  j - i

n—p

n—p

n—p

F ~/n 5 3  (Xr + ̂ ,n) ~ Fz (x r,n)] +  X ]  [ -4  (a ? r,n ) _  -Fz; (̂ ry.ra)]
V  j = i  V j - t

n ~P

7?  53 (Xr, j ,n) ~ F z  ( ^ r , j , n , s i , . . . , i p ) _

i = i

(3.46)

where a:r j„ ,  a;r + i >n, x r j <n, and are defined in  (3.27), (3.30), and (3.31).

B y  the tr ia n g le  inequa lity ,

n—p

£  [ f t  « « > )
i = i

<
n — p

>  . , j = i
F z (dJrJ,n,s1,...tsp) Fz f yr,j,n,si,..

n  ‘ E m
1 — L / n

+

+

n —p

3 = 1 
n—p

Fz I 1 J 2 k M  nk \ z j - k  |
1 — L / n

5 3  [ F *  ( < i , n  + » _ 1 / 2 ^ t n , S l , . . . , S p )  -  F z  K i . n ) ]

3 = 1

where L,  and ,.)4 are given in  Lem m a 5. Observe th a t

sup
r £ { l

{ » u - .,j>p)'e{o,...,JV„-i}p 

<  I s u p / , ( * ) ) ■

n —p

£ F, (' y r , j , n , s l t . ..

j =1 ■

1

1 — L / n

n —p

j  = l  kjtO

n 1 E ^ o  
1 -  L / n

by the ergodic theorem  because { 7̂  }  is a non-negative, geom etrica lly  decaying sequence. F rom  (3.29), 

fo r a ll n su ffic ien tly  large so th a t 1 — L / n  >  0,

sup

(3j ,...,Sp)'€{0,...,JV„-1}p

1
n—p

3=1
F  I u+ -z \  y r , j , n , s l t . . . ,sp

n 1 0 wk \ z j -k \
l - L / r

p  ( x + - A - n ~ 1! 26Lz 1 r j . t i  i “  3 , n , s i , . .
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n —p

<  ( sup / „ ( * ) )  sup -
V e H  /  n

0+
v 3 , n , s i  , . . . ,5P

n  —p

<  s u p  / 2 (a ;) 1 r / SUPKell J 1 _ L / n (*i *P)'6{o,.,iv„-i}p
and, fro m  (3.28), th is  is bounded above by

L

i =i
0+

p  n — p

since iV„ -4  oo and

N ow consider

sup

p  n — p

E E! = 1 j  = l

d z j ( 4>0)

<%•

»=i j = i

O p( l ) .

4 o

7 5  E  [ft ( * t , >  +  " ' ' X . , -  ft K i dV j =1

sup

( s i , . . . , s p ) ' e { o , . . . , A r n - i } p

<  sup

+  sup

,« p ) 'g{ 0 , . . . ,JV n - l } 0

^E [f* (£̂ >lS1  J
j =1 
n - p

j r t  V l  -  L / n  +  2 1 /{a :rin <  0 } / n /  •?'n>Sl- ' " a 

1 n~v r /
n E  “  / *  ( l - L / n  +  2 L /{a ;r ,n <  Q } / n ) \

j = 1

<  sup / z (ar) sup
V e R  /  »p)'e{°)---,Ar» - 1} p

n — p

E < 7
j  = l

n — p

+  | sup
. , S p ) ' € { 0 , . . . , i V „ - l } r  n

0+J , n l s i , - - - , sp

x  sup f z fz  ^ L / n  +  2 L I { x rin <  0 } / r

where x+j n s u  Sp lies between x+ jiU and ®+i n  +  n  1/20+n ,Sl,...,Sj)- F rom  (3.28),

sup
(«1,...,sp)'e {o )...,ivn- i } p

and

n —p

’ E ^
3 = 1

< ^ E
*= i

1 d zj{4>o)
n ^  d<j>i

3 = 1

2 E  v v™^
r i .  A / _

p n—p

nNn *= i j = l

^  A-4  0

1
n — p

0 t <
T (1  +  2 JV -1) ^ ^

T). ^
»=i i = i

d z j i & o )
0 P( i ) .
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In  a d d ition , because E {z j* } <  oo, fo r any e >  0 and rj >  0,

P I sup
p

i  =  1

9zj{4> oj

fo r a ll n su ffic ien tly  large, and, because C$ >  0 and 0 <  D  <  1, there exists an in teger m  such th a t

C s D n- P ~ i  r)
sup <  -

p -m ) L / n \  2 

fo r a ll n su ffic ien tly  large. Since, by (3.31),

l,r )n

 1 -  L / n  +  2L I { x rin <  0 } / n
<

<

1
0+" j , n , s 1,. . . ,sp 4“

C D n - p - j

|1 — L / n \

T {  1 +  2 N - 1) p

i  — 1

+

we have

/

sup

\  ( s 1, . . . , sp y e { o , . . . , N n ~ i } p

1 _ L / n +  2L I { x r ,n <  o } / n

C sD n- P - j  

|1 — L / n \  ’

\
>  tj <  e

for  a ll n su ffic ien tly  large. Hence, because f z is u n ifo rm ly  continuous on 1R and e >  0 and r) >  0 

were a rb itra r ily  chosen,

n —p
l

sup of

x  sup
p } , r  M n }

( s i , . . . , s p y e { 0 , . . . ;N n - l } P

o,

, » p )  ^  i L / n  +  2L I { x rin <  0 } / n

and so

sup

^ ) ' € { 0  N n - 1 } * 1

n —p

£  [Fz { < J , n  +  -  F* ( < • ,« )
i = i

0.

Consequently,

sup

(«!,■■■,sp)'e{o>...,Nn- i } p

n —p

E [p- (»;,+ F * « , > ) 4  o.
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S im ila rly , i t  can be shown th a t

sup F h  \ Fz (Xr , j , n ) F z ( V r , j , . , »*) ]  
V  j = l

0.

F rom  the p ro o f o f Lem m a 7, fo r a ll n  large,

n—p
sup f c E  ( XrJ,n)  (*'•>«)]

3 = 1
n—p

< —  V, frt.
i = i

0,

and, s im ila rly ,

sup
r € { 0 , . . . , A T n - l }

n—p

r~  E  14* (*>-.«) f *  O 'V j'.n)] 
V  .7 =  1

->  0.

F in a lly , fro m  (3.27), because M n ~  n 3/ 4,

1
n — p

SUp ,— V  (^r+ l,n .) Fz (^ r ,n )] —
r€{0,...,M n —1} V n j  = 1

Therefore, (3.46) is op ( 1), and so the lem m a holds.

L e m m a  10 F o r  any T  €  (0, oo), as n —» oo,

sup
IMI<T

n —p
- 1/2

E u V ( ^ ( ^ ) )
£=1

9zt {(j>o)
d<f>

Fn \ z t [4>0 A  - 4  j  j  -  Fz ( z t \ $ 0 +  4 =

Proof :  I t  suffices to  show th a t

sup
I M K T

1
t = l

f «  ( Zt ( ) ~  F z ( z t [( f>0 +  4 r

<  sup
l l u l lC T

n—p
dzt (4> o)

-fn ( Zt I <5̂0 +
u u

-fz I ! 4>q h— 7=

+

4  o

j = J 2 < P ' ( F A z t ) ) ^ ^  [Fn(zt )  -  F z (zt)  ]

□

4  o.

- f „ 0 4  +  f z U )

(3.47)

(3.48)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Rank Estimation for Ail-Pass Tim e Series Models 77

fo r j  e  {1 , •

For any non-negative in teger m,  (3.47) is bounded above by

P ,dzt(<h)sup 
| | u | |  < T

A  E  v ( f m ) ) '
* t= n—p — m

F n  I  z t  I  ^ 0  +

u
\ / n

Fz ( zt ( 4>0 + Fn {z t ) +  F z (zt ) 

(3.49)

+  sup \ / n
| | u | | < T , t £ { l ) . . . Jn ' - p  — m }

F n \ Z t \4> 0 +
u

z \ “ t  \ V 0<f>0 +
u

F n {zt ) +  F z (zt )

n —p —m

t - 1

(3.50)

(3.51)

G iven e >  0 and rj >  0, we show th a t there exists an in teger mo such th a t

P ( sup \Jn
\ ! lu ll<G f £{b"->n~P--mo}

Fn I zt ( 4>0 +
u

Fz ^zt  4̂>o +  ̂ ~  F n (zt)  +  F 2(zt ) >  r^j <  e

fo r a ll n su ffic ien tly  large. Since, fo r any m , (3.49) is op ( l )  and (3.51) is Op( l ) ,  we conclude th a t 

(3.47) is op ( l ) .

Because the  d is tr ib u tio n  fu n c tio n  F z is continuous on 51, i t  is also u n ifo rm ly  continuous on R . 

Therefore, i f  W {- )  denotes a B row n ian  B ridge  on [0 ,1 ], there exists a 8 >  0 such th a t

P I sup 
\ x G l l , | y | < < 5

W ( F z{x +  y ) ) - W ( F 2(x) )  

A lso, there exists an in teger mo such th a t

V \ e 
> 2 ) < 3

P I sup
Zt '  +  7 n  ' ~  Zt

> 6

<  P sup \zt(4>o) -  zt\ >  o j +  P
—  p — m o }

sup
1/ n d<p

>

+  P sup
\ l l u ll<T .t 6 { l,

U' d2Zt(4>*t,n)

2 n d(f>d4>
u >

e

<  3

fo r a ll n  su ffic ien tly  large, where 4>t ,n  li®3 between <p0 and 4>o +  n 1 / / 2 u .  B y  Theorem  14.3 in  

B illin g s le y  (1999),

A Z i H F . M  < ■ } - ■ )  4 w [ - )
k = 1
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on £>([0,1]). Because 

y /n
n—p

= 7 = £  (I{Fz(zk) <  Fz ( x ) }  -  Fz(x) ) , 
v k = 1

P I sup y /n  
W lR , |y |< i

F „ ( x  +  y) -  - — - F z (x +  y ) ~  Fn (x)  +  - — - F z {x)  
n n

>

n  o o  I 
—> P I sup

\ a ; £ ] R , | y | < i

W ( F z( x + y ) ) - W ( F z(x) )
rj \ e

> 2  < 3 *

and

we have

P I sup y/n

n — p

n
^ 0 ,

Fn ( z t ( t Q +  - ^ j ^ J - F z ( z t (V0 + ^ ) )  -  Fn(z t ) + F z(zt )

<  P I sup y/n Fn {x  +  y) -  Fz {x  +  y) -  Fn (x)  +  ^-—^ - F z(x) >

+  P sup
\  | | u | | < T , £ € { l ) . . . , n - p - m o }

U
zt \  4>o +  —;= -  zt > 5

+ P I sup y /n
W e R

- — ~ F z (x +  y) -  - — - F z (x)  -  F z (x +  y) +  F z(x)
> 1

< e

fo r a ll n su ffic ien tly  large. 

T u rn in g  to  (3.48),

1 n̂ ' { F z {zt ) ) d- ^ -  [ F „ ( z t ) -  F z (zt )}
t = 1

< i o ' ( F  (z  : l ^ F { F z { z t )) d .

+

t = l  

n —p

n—p

J 2 ^ Zs - Zt}
n —p

Fz (zt )

± v ' { F M ) ) dA ^ - F M )
t = 1 

n—p

n — p

n

t= i 
n—p n —p

g  <p'(Fz (zt )) |  ^

n —p

+ °p(F)

- T f t ' Y l Y l F l { F z { z t ) ) \  -  i ’ k Z t - j - k  +  ^ Z t + j + k  \ [ I { z s <  Zt } - F z { z t )}

=i t= l fc = 0 k — 0

+  °p(l)i
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where Q^ k Z k =  l/<f>o(z). For any k €  { 0 , 1 , . . . } ,  i f

Yq,r,s,t :=  <P'{Fz {Zr))<p'(Fz (zt ) )zr - j - k Z t - j - k  [ I { z q <  Zr }  ~  F z (zr )} [ I { z 8 <  Zt }  -  F z(zt )}

then, because the series {z t }  is i id  w ith  mean zero,

E
n —p n —p

n371 E E 4(44)4-i-fc [ / { , .  <  zt }  -  44)]
5 ■ * ' "

1

5 =  1  t  =  l

n — p  n — p  n — p  n — p

E E E E e {yE E
q =  1 7" —  1  5  —  1  £ = 1

n — p  n — p  n — p

e {yE , J  +h E E E
9= 15=1 t= i

- n—pn—pn—pn—p 1 n—p n —p n —p n —p

4  E E E E  E E E E  E «,,,}• m

n — p  n — p  n — p  
v"--',

/  > / . ^ /  j
<jf— l  5  —  1  £ =  1  

( g € { M - j - k } ) u ( s 6 { £ , £ - j - & } ) U ( g = s )

q— 1 r = l  5  =  1  t = l  

(q—r - j - k ) D ( s = t - j  — k ) n ( r ^ t )
qz= 1  r  =  l  5 =  1  £ = 1

( q= t - j - k ) n ( s - r - j - k ) n ( r ^ : t )

Since sup? r  „ t E \Y ^ r s t | <  00 and the num ber o f term s in  the  three rig h tm o s t sums o f (3.52) is 

0 ( n 2), we have

n —p n —p

E 3/2 /  '  /  { F z ( z t ) ) z t - j - k  [ I { z s <  Zt}  4 4 )]

n —p n —p n —p

- 4  E E Ef )   ^  itCi.1 my

<?=1 s = l  £ = 1 
( 9 ^ { t , t - i - / c } ) n ( s ^ { t , i - i - f e } ) n ( 9 ^ s )

I f  q £  { t , t  — j  — k } ,  s £  { t , t  — j  — k } ,  and q ^  s, then

E =  E 4 2}E  { [ 4 ( 4 4 ) ) f  [ I { z s <  Zt}  -  4 4 ) ]  E ( l { z q <  Zt}  -  F z (zt ) \ o (z s,z t ) )  }

=  E { z f } E { y ( F 2(zt ) ) ]2 [ I { z a < z t } - F z (z t ) } [ F z (zt ) - F z { z t ) ] \

=  0.

Thus,

1
n — p  n — p

n 3/ 2
E E 4 ( 4 4 ) 4 - j - f c  [ I { z s <  zt }  -  Fz (zt )] 0
5 =  1  t  =  1

in  L% and hence in  p ro b a b ility . Consequently, fo r any non-negative in teger m ,

n —p n —p (  m  m  ^
1

73/2 ^ E ^ W ) } - E + E 44 < *4 - 4 4 )]
5 =  1  t  =  l k -  0 A = 0

4 o .
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Because

n —p n —p

,3/2 E E f f w  -  E  1 p k Z t ~ j - k  +  i ’ k Z t + j + k  \  [I { z s <  Z t )  -  F z (zt )]
s = l i- 1 kz=m +  l

<  I sup 
V e i l

( 1

n —p

— f =  E  I H Z s  <  * }  -  F z { x ) }

5 =  1

n —p

n
{ o o

J 2  \ i > k Z t ~ j ~ k \  +  J 2  l ^ k Z t + j + k l  

/ c = m + l

sup
X&1R

i = l 
n—p

V n S=1
sup

tf€[0,l3 o P( i ) ,

and E ^ U i  W  0,

n — p  n — p

,3/2 E E / K i - i )  - E  t p k Z t - j - k  +  5 3  ^ f c Z t + j + f c  >  [ I { z s <  z t }  -  F z ( z t ) ]

5 —  1  t = l

and thus (3.48) equals op ( l ) .

k = 0 k = 0

□

L e m m a  11 F o r  any T  £  (0, oo), as n  —¥ oo,

sup
IMI<T

- 1 / 2
n — p

E»'
t = l

( F t  {4>o +  n 1/2u ) \

H  n L -p + —  ~ v t  A  , ) )

dzt (<j>0) n t l  ,_ i n
d<f> ^Ir^Orj LU  I  pH 4 o .

Proof:  Observe th a t

n —p

sup
IMI <T t= l

/  ^  (A )  +  « 1/2u) 1 f T? f M
H  „ _ p + i  -  - • > ( ? ■ ( « »

n —p

<  sup
#“il<r

+  sup 
IM I<t

t= i
n —p

d<j>

dzt (cj>0) R t (<ft0 +  n ~ 1/,2u ) 

< 9 ( £  n  —  p  +  1

9Zt^  - 2 \ M - l L u ' T pu

- F z(zt ) -  2 \ M  1L u ' T pu

■At (<fto +  n  1/2u )  

n - p + l
- F z { z t )

(3.53)

, (3.54)

where F * n (u ) is between F z (zt ) and Rt{4>o +  n 1/,2u ) / ( «  — P  +  !) •  A n  upper bound fo r (3.53) is

sup
IMI <T

n —p

t= i

dzt (4> o) 
84>

Rt(<f>0 +  n  1/2u )  /  /  u»-?+i F" I • r°+t*
+  sup 

H I< T

+  sup 
IM I<T

t  =  l

n — p

v  t  =  1

5 3 « V ( ^ ( ^ ) )
dzt{<f>o)

d<f> v * ) )
Fz { zt [ 4>0 +  -7 =  ) j -  F a(zt ) 2 | < / > 0 r |  ^ u ' F p U

(3.55)

(3.56)

i .

(3.57)
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B y  Lem m a 3,

sup y/n
Rt  O o  +  n 1/ 2u )  ^  f  O  , u---------- —-------Fn \Z t ( 0O H--- -j=

n - p + l  V V V ”
4 o .

Thus, because

sup — 
HuIKT n

n—p

E
t = 1

u  '<p'(Fz (zt ))
dzt {4> 0)

O p ( 1 ) .

(3.55) is op( l ) .  B y  Lem m a 10, (3.56) is also op ( l ) .  F in a lly ,

sup
HuIKT

n —p

^ u V ( F , ( z t )) 
v n t = 1

dzt {4> 0 u
.F, U  0 O +  -  F ,(z t ) — 2 | 0 o r  | L l l ' F p U

=  sup 
llu IK T

<  sup
ll«ll<T

n—p

E u V i r i * ) ) 5 ^ / .  « . „ ( » »  ( *  0 +  ^ )  -  * )  -  2i

^ ^ V ( f i ( zt ) ) " - ^ / » K n ( ” ) ) ( ^ ( ^ 0) ~  O

^ L u 'F p U

+  sup 
llu IK T

+  sup 
llu IK T

Y  V \ F * { z t ) ) f z  «»(«)) — 2)0or| ^uTpU

FV nt ^ ,( ^ ^ ) ) ^ K n ( u ) K ^ ^ ° )”/a2"t(^ n(U?)’3 0  3 0 3 0 '

where z * (u) is between zt and zt ( 0 o+ n _1/ 2u ) and 0*n(u) is between 0 O and 0 o+ n _1/,2u . Because 

/ „  is u n ifo rm ly  continuous on H ,  fro m  (3.21), the  firs t te rm  on the r ig h t-h a n d  side is op ( l ) ,  and, 

since there exists a geom etrica lly  decaying, non-negative sequence {7 ta,}^1_00 such th a t

, d 22 t(0 *,n (u ))sup
llu IK T

-u
kzz —  o o

3 0 3 0 '

fo r a ll n su ffic ien tly  large and a ll t  £  {1 , • • •, n  -  p ] ,  the  th ird  te rm  is also op ( l ) .  The m id d le  te rm  

equals

sup ± Y<p ' ( F , ( z t ) ) f , ( z t) ( - 2 ^ (  f  f z (Fz- 1( ^ W ( s ) d s )  u'l
||u||<T n f r [  \  V<P J \ J 0 /

w h ich  is op ( l )  by  the ergodic theorem . Therefore, (3.57) is op( l ) .  S im ila rly , using the  u n ifo rm  

c o n tin u ity  o f <p', i t  can be shown th a t (3.54) is op ( l ) .  □

T pu

L e m m a  12 F o r  any T  £  (0, oo), as n oo,

sup
l|u||,||v||<T

n—p

■ E » '
t  =  1

(  Rt O o  + » 1/2v ) \
y  n — p + 1

d 2zt (tj> Q

3 0 3 0 '
-u 0.
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Proof:  U sing Lem m a 3 and the  G live n ko -C a n te lli theorem , fo r  any r. q >  0, i t  can be shown th a t 

there exists an in teger m  such th a t

P I sup
R t ( 4 >o ■ n - ^ v )

n — p +  1 > n < *

fo r a ll n su ffic ien tly  large. Hence,

sup
n —p  

■ n '  
t=1

sup
l|u||,||v||<T

i n — p + 1

d 2zt (<f>o)

d 2zt {(j>0)

t =  1

d(f>d4>'

R t (<ft0 +  n ~ 1/'2v )  

n — p  +  I F * & )

where Ut*n(v) is between F z(zt ) and Rt{(j>0 +  n 1/,2v ) /(n  —p +  1), since

n —p

sup
ll« ll,IM I<T  n “

Op( 1).

□

For u e H p and <5i, 5% E [0 ,1 ], le t

n—p
TJ , z ? \ I Rt  (^0  n  1//2(̂ lu ) \u4»,Suh) = X>(̂   J

and
n —p

Tt t s r \ V '  I ^  fad  +  » 1'/2^2u ) ^
=  x > (  — — J

i= i
zt «/>o +

B y  T a y lo r series expansions o f zt (-),

( R  i ( ^ o  +  «  1/2^ u ) 

t= i  V n — p +  1 +  T r r  ) “  ^ ( ^ o )

f u t (<t>o +  n  1/2<5iu)

i = l  V n — p  +  1
Zi [ </»° +  ^F= ) -  zt{4>0)

<52-̂ 1 / (Rt(4>o +  n dzt {4>a)
j  d4>E u '^

t= i n — H -1

1 <̂ 2 -  <̂i / / R t  (<f>o + » 1/2<?in) \  d 2 zt (<t>Q)

U F  y  n - p + 1  J d<j>d(j>'2 n
n

tzz 1
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1 S2 V ' '  / /  R t ( 0 O +  n W S i-u )

 ■-■■■

i * ?  v *  ,

n - p + 1  

' R t  ( < / > o  +  n ~ 1 / 2 S i u )

d2zt(<f>*n {u ,5 1,62)) 92zt (0 0)

n - p + 1

9 0 9 0 ' 9 0 9 0 '

d 2zt (<j>*n { u , 5 i , S i ) )  d 2zt (4>o)

9 0 9 0 ' 9 0 9 0 '

u

u

(3.58)

and

_  ( R t ( 0 O +  n  1/2(?2u ) \
_  z— i  ^  I  n  — r> -I- 1 I

t = 1
n - p + 1  I

^  ^ f i+ ( 0 o  +  « x/2h n )
n  — p +  1

Zt ( 0 O +  ^  ) -  Zt ( 0 o)

+ (0 o )+ I 00 +
<?lU

^ 2 - 4 ^ u , / Rt  (00 +  n 1/2£ ; u ) \  9zt ( 0 0)

V ”  \  n - p + 1  y  9 0

+ l i l ^ Bf uV  ( - *  + n_1/ 2̂ 2u ) '\ d2zt (<f>0)
t = i  V2 n

I 9 f  ” “ P 

2 n

1 S1  
2 n

+ 5 f  E " V
£=1
n —p

S>v
<=i

n - p + 1

f i t  (0o  +  n ~ 1/' 2<̂ 2u )  \  
n - p + 1  y

fit (0o + n~1/2J2u)\  

n - p + 1  /

u
y  9 0 9 0 '

9 2Zt ( 0 * ( u ,9 2,0 * )) d2Zt (4>Q) '
9 0 9 0 ' 9 0 9 0 ' .

9 2+ ( 0 ^ ( u ><52 ,£ i )) 9 2^ t(0 o
9 0 9 0 ' 9 0 9 0 '

(3.59)

where values o f lie  between 0 O and 0 O +  n 1/' 2u .

L e m m a  13 F o r  u  E R p , let

5 „ ( u )  =  £ ) ( 0 o +  n - 1/ 2u ) - Z l ( 0 o)

and

S (u ) =  u 'N  +  |0or-| 1{<t2L  -  A ') u V  2Fpu ,

where N  ~  TV ( 0 , 20Jr2{<72J  -  /?2}<r_2rpj. Then S „( - )  -4 5 (-) on C(FtF), the space o f  continuous 

func t ions  on R p where convergence is equivalent to un i fo rm  convergence on every compact set.

Proof:  Le t u  €  H p and suppose m  is any pos itive  integer. Because

k u
F> I 0o +  -\  1

k = 1
D  ( 0 O +  n 1/2u )  -  L>(0O) = ■0 -r — - =  , -  23 ( 0 O +  ^

ra -v /n /  V ra + n
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we have

k — 1 k
u ,

m

b \  /
, —  j  <  -D (</>0 +  n ~ 1/2u )  -  D((j>0) <  ^ 2  v » ( u >

t - i  '

k — 1 k
TO TO (3.60)v . . V , . ~ ' I II. I I I. /

k= 1 v '  * = 1

by Theorem  1. F rom  (3.58), (3.59), Lem m as 1, 2, 11, and 12, and because d 2zt (4>)/ {d4>d<j>') is

continuous w ith  respect to  <f>,

. 2 '

U» (U - m ’ £ )

^ n ( u , ^ , l )

M w 0 , £ )  

( U > £ )

1 u 'N  ■ ^OrJ \ m  > \ m  /
i ' u V  2r Du

u'N + - l ( 2 ^ < t 2L -  [ ( A ) 2 _ ( i ) 2] k )  u >
V m J \ m  /  V m  /  J

v ~ 2r„

- u 'N  +  l ^ r 1 (2 ^ < r 2Z  -  [ ( ^ ) 2 -  ( ^ i ) 2] a )  u' 

i u ' N  +  N w r 1 ( 2 ^ < 7 2L  -  [ ( i ) 2 -  ( A ) 2] a )  u'cr 

i u ' N  +  l ^ l - 1 ( 2 ^ ^ L  -  [ ( ^ ) 2 +  ( i ) 2] A )  u 'c

v - 2r „

r„u

- 2r„

1 u 'N  + i - Y\ m  / ) !] A') u'o - 2r „

on H  , and so

u 'N  + l^o rl 1 [ û r < r2Y  -  a )  u V - 2r pu

l 'N  +  l ^ o r j - 1 ( ^ i < 7 2L  -  A )  u V - T pl

on R 2. For any e >  0, there exists an integer m  such th a t 

,'iv t , m 1-1 ( m ~ lu N  + TO
<r2L  — A  ) u'cr 2r pu and u'N + >J0r\ -1 I '-(r2L  — A  | u 'cr 2r Du

TO

are bo th  in  an e-neighborhood o f u 'N + |^ o r |_1(o"2L  — A )u '<T~2r pu . Thus, by (3.60), fo r any u  €  R p , 

Sn(u) -4- S(u). S im ila rly , i t  can be shown th a t a ll fin ite -d im ens iona l d is tr ib u tio n s  o f S„(-) converge 

to  those o f S(-).

Let j] >  0 and suppose A  is any com pact subset o f H p . We now show th a t

l im  l im  sup P ( sup |S n ( u )  -  ^ ( v ) )  >  r/ =  0.
5 - 4 - 0 +  n —J -o o  y u , v € i ^ , | | u — v | { < 5  J

From  (3.60), fo r any pos itive  in teger m,

p f  sup |Sn (u ) -  Sn (v ) | >  T] ]
\ u,v£JV,||u—v||<5 I
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<  P j sup
\u ,v e i f , | |u - v | |< < 5 k = 1

Un n
k — 1 k

m  m
V n l v ,

1 k

m  m
>  T)

and, fro m  (3.58) and (3.59), fo r any u , v  £  K ,

, k - l  k \  f  k - 1  k
Un U, --------- , — ) -  Vn I V

m  m

t n - p

k - l

< (u-v)
i n

+  |^0 r| L  

J  n~P

m  — 1 . m +  1
 u  T p u --------------v  r pv

m m

+ 9 2z t( 0 o) v '
n —p

t -  1 t  =  1

+ 2 m  sup
u /  r c - p

4- sup
u ei<

y / n
v  t = l

f  n - p

n — p  +  1

d 2^(< fto )n 
9 0 9 0 '

dzt { $ 0)

(3.61

(3.62

3.63

u

\ f nv *= i

M < P 0)
n — p  +  1

p { F z (zt ))
<90

+ 2 m  sup
u , v € K "

. n—p
R t ( 0 O +  n  ^ v ) ' )  

p  | — : — m   - p { F z { z t ) )n — p +  1

+ 4  m  sup
u , v , w  £ K

t - l

u ' f  R t  (0o  +  n ~ 1U v )  
x  P 1

9 0

d2zt {ij>0)

'M u 'T p U

u

n e=i

9 0 9 0 '

9 2zt (0o  4- n ~ 1/>2w )  d 2zt ( 0 q)

9 0 9 0 9 0 9 0

3.65

3.67
n — p +  1

Choose a Jo >  0 su ffic ien tly  sm a ll and choose a pos itive  in teger mo su ffic ien tly  large so th a t, when 

m  =  m 0, (3.62) is less th a n  p /7  fo r a ll u , v G  K  such th a t ||u  -  v || <  Jo- B y  Lem m as 11 and 12 and 

the c o n tin u ity  o f 9 2zt ( 0 ) / ( 9 0 9 0 ') ,  (3.64)-(3.67) are op( l )  when m  =  m 0. A lso, because

1
n —p

dzt ( $  o
! > « < « »  ^
t - 1 ^

by Lem m as 1 and 2,

(

=  O p ( l)  and
1 / ri t w d 2zt (<t>0)

! > (f-(2,)) =  o p (i)

l im  l im  sup P I sup
5-+0+ n - t oo \  u ,v e J f , | |u - v | |< ( 5 «>«<«>> ^

* =  1
d<jy > j  = 0

and

lim  lim  sup P sup
< 5 - * 0 +  n —tco  \ ^ u , v 6 i f , | | u - v | | < i 5

I t  fo llow s th a t

' ST' it? r w d 2zt(<t>o) v ' / tp f w 9 2z t ( 0 o
> 7  = " •

l im  l im  sup P j sup |5n (u ) — S „ ( v ) \ >  r) 
5-+  0+  n _ ^ o o  y u , v e i f , | | u - v | | < < 5  j
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<  l im  l im  sup P j sup<5-3-0+ «-+ oo û,veJf,||u-v)|<4 
= 0,

m° r „  (  k ~  1 k \  (  k -  1 k
Un U, — -----,   -  Vn V ,E m 0 m 0 m  o m 0

>  rj

and so Sn (-) m ust be t ig h t on C ( K )  fo r any com pact set K  C  R p . Therefore, £ „ ( • )  —> S(-) on 

C(1RP) by Theorem  7.1 in  B illin g s le y  (1999). □

L e m m a  14 There exists a sequence o f  m in im izers  <j>R o f  D (- )  such that

where

s  =
2 {a 2L  -  K ) 2 p

Proof: D(4>) — D{4>o) =  S„(yfn(<f> — where 5 „ ( - )  is defined in  Lem m a 13. Because Y  :=  

— !^ork2r “ XN/[2(o-2Z — /?)] m in im izes the l im i t  process S(-) in  Lem m a 13, the resu lt fo llow s by 

R em ark 1 in  D avis, K n ig h t, and L iu  (1992). □

L e m m a  15 I f  e >  0 is suff ic iently  small so that <j> fo rm s  a causal po lynom ia l f o r  a l l  {4> €

i? p : \\<p — <f>0\\ <  e }, then

n ~ 1 J 2  zt ^  ^  and n ~ l D{4>) “4 '  F - ^ ( s ) i p { s )  ds

un i fo rm ly  on  4», where zt {4>) '■= ~<l>~1 { B ~ l )( j>{B)Xt +p and F . ^ ( - )  is the d is tr ibu t ion  func t ion  f o r

zi{4>)-

Proof:  For any tf> €  $ ,

n ~ 1 “4  E {zf(<f>)}
t ~  1

and
/ • i

n ~ l D{<f>) “4 ‘ E {v? ( f ^  { h W ) )  h { ( j> ) }  =  J o ds
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by the  ergodic theorem . Consequently, the lem m a fo llow s by the  A rze la -A sco li theorem  i f  n -1  zt {

and n ~ l D {- )  are equicontinuous and u n ifo rm ly  bounded on $  a lm ost surely.

I f  0 : , <f>2 G , then

n —p

t =1

n —p
t , n )

5 0

and, by Theorem  1,

n 1D{(f>1) - n  1D(4>2)

n —p

n  1 m ax ■ ± J 2
. t= 1

^  I I — 7 -7 -7  ) 1) -  f  ( 7----- Z T T J  J  z n ^ 2 )n — p +  1 n -  p  +

< n  m ax { f >  ”f >  G ^ W l) >*•«« -  '«■>]}
n —p

<  \\4>1 -<t>2II sup |v?(s)| U  1 V
\*€(0,1) J  t̂ - 1 5 0

where 0 t n and 0 t „  lie  on the  line  segment connecting 0 X and 0 2. Because y>' is u n ifo rm ly  continuous 

on (0 ,1 ), sups£(0 ^  |<p(s)| <  00 . A lso, because 2t (0 )  and dzt (4>)/d<f> are continuous w ith  respect to  

0  on $ ,  there exist coefficients x *  >  0, k G { . . . , - 1 , 0 , 1 , . . . } ,  decaying a t a geom etric ra te  such 

th a t
OO

sup M 0 ) |  <  ^ 2  * k \ z t - k \  V i G { 1 , . .  . , n  - p )
0 6 ^  k =  — oo

and

sup
06#

<9zt(0)
50,-

<  ^  kk \zt - k \  V jG  p } , V tG  n - p }
k — — OO

fo r a ll n. Thus, a lm ost surely, fo r a ll n  su ffic ien tly  large,

n —p

t =  1

and

< \  _ , n̂ l
sup |p (s )| n > 

l«6(0,l) J  ^

dzt(4>t,n)
5 0

dzt (<t>t,
t= i 5 0

<  constant

<  constant,

and so n _1 Y l t = i  zt ( ' )  anc* n l R i ' )  are equicontinuous on $  a lm ost surely. I t  can be shown s im ila r ly

th a t n  1 J 2 t= i  zt ( ' )  and n 1D (-)  are u n ifo rm ly  bounded on $  a lm ost surely. □
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L e m m a  16 I f  k is a u n i fo rm ly  continuous, differentiable kernel density fu n c t io n  on Ft such that 

J  |s ln |s | |1/,2|«;'(s)| ds <  oo and k!  is un i fo rm ly  continuous on M, and the bandwidth b„ is chosen so

that bn A  0 and b^y /n  -4  co as n  oo, then

sup f n ( s )  -  f z ( s ) 0,

where the kernel density es t im ato r  / „ ( • )  is defined in  (3.13).

Proof:  I f

then

1 n ~P1 v-v (  s -  z t
« * )  :=  A ; X >

sup
s e l l

4 of n { s )  -  f z { s )

by Theorem  A  in  S ilverm an (1978). Hence, the p ro o f is com plete i f

s ~ z t ( 4 > R ) \
sup | / „ ( s )  -  f n (s)\ <  sup 
sglR s e l l

n —p

+  sup 
seM

—  FK n f r (

n -p

L E__ /jn ZnnstfbnU
t  =  1

On  J  \  0

-  z t ( 4 > o )

bn 

S ~  Zt

=  sup
sgIR

{<1>R -  <t>oY J2  9zt ( K )  SJ f  8 ~ zt(<f>n)
b h

+  sup 
selR

n—p

b h
• ] T ( z t  -  Zt (4>0 ) ) K '

t = 1

s — z.t , n

(3.68)

(3.69)

where <j>*n is between 4>o and 4>r  and zt* „  is between zt and zt ((j>0). Because ^/n(<pR -  <j>0) — Op( 1), 

b^s /n  A  oo, sups£j ^  |k '(s ) | <  oo by the u n ifo rm  c o n tin u ity  o f k!  , and

(<f>n)
d<fi

=  0 P( 1),

i t  fo llow s th a t (3.68) is op ( l ) .  B y  (3.21), (3.69) is also op ( 1). □
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C h a p te r 4

Least A b so lu te  D eviation s and  
M axim um  Likelihood E stim ation  
for A ll-P ass T im e Series P rocesses  
w ith  Infin ite Variance

4.1 Introduction

A ll-pass m odels are autoregressive-m oving average (A R M A ) m odels in  w h ich  the  roo ts o f the autore­

gressive p o lyn o m ia l are reciprocals o f roots o f the  m ov ing  average p o lyn o m ia l and vice versa. These 

models generate tim e  series th a t are dependent in  the  non-G aussian case. As discussed in  B re id t, 

D avis, and T rindade  (2001), an all-pass series can be obta ined  by f i t t in g  a causal autoregressive 

m ode l (a ll the  roo ts  o f the autoregressive p o lyn o m ia l are outside the  u n it c irc le ) to  a series gener­

ated by a noncausal autoregressive m odel. The residuals fo llo w  an all-pass m ode l o f order r ,  where 

r  is the num ber o f roo ts o f the true  autoregressive p o lyn o m ia l inside the u n it  c irc le . C alder (1998) 

uses in fin ite  variance, noncausal autoregressive m odels in  the  analysis o f  stock m arke t tra d in g  vo l­

ume data. A d d it io n a l app lica tions fo r noncausal m odels can be found  in  C hap te r 1. S im ila rly , an 

all-pass series can be ob ta ined by f i t t in g  a causal, in ve rtib le  A R M A  m ode l (a ll the  roo ts o f  the m ov­

ing  average p o lyn o m ia l are outside the u n it c ircle) to  a series generated by a causal, non inve rtib le  

A R M A  m ode l (a t least one ro o t o f the m oving  average p o lyn om ia l is inside the  u n it  c irc le) (see

89

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



LAD and ML Estimation for All-Pass Tim e Series Processes with Infinite Variance 90

C hapter 2). N o n in ve rtib le  A R M A  m odels have been used, fo r exam ple, in  vocal tra c t filte rs  (C h i 

and K ung, 1995; C hien, Yang, and C h i, 1997), in  the  analysis o f  unem p loym ent rates (H uang and 

P aw itan , 2000), and in  seismogram deconvo lu tion  (L i i  and R osenbla tt, 1988; C hap te r 2),

For all-pass processes w ith  f in ite  variance, cum ulant-based estim ators, using cum ulan ts  o f order 

greater th a n  tw o, are o ften  used fo r param eter e s tim a tion  (G iannak is  and Sw am i, 1990; C h i and 

K ung , 1995; Chien, Yang, and C h i, 1997). B re id t, D avis, and T rindade  (2001) consider a least 

absolute dev ia tions (L A D ) approach m o tiva ted  by a p p ro x im a tin g  the like lih o o d  o f an all-pass m odel 

w ith  Laplace (tw o-sided exponentia l) noise and a general m a x im u m  like lih o o d  (M L ) approach is 

considered in  C hap te r 2. A lso, in  C hap te r 3, all-pass m odel param eters are estim ated by m in im iz in g  

the  sum o f m ode l residuals weighted by a fu n c tio n  o f residua l rank. For all-pass series w ith  fin ite  

variance, the  L A D , M L , and rank  estim ators are a sym p to tica lly  no rm a l under general cond itions.

In  th is  chapter, we consider L A D  and M L  es tim a tion  fo r all-pass processes w ith  in fin ite  variance. 

In  p a rticu la r, we assume the  noise d is tr ib u tio n  belongs to  the dom a in  o f a ttra c tio n  o f a stable 

d is tr ib u tio n  w ith  exponent a  €  (0 ,2 ). These all-pass series tend to  be very “ sp iky ”  due to  the 

appearance o f observations unusua lly  large in  absolute value in  the noise sequence, and so they are 

o ften  called heavy-tailed. For the case when the  noise d is tr ib u tio n  is in  the  dom a in  o f a ttra c tio n  

o f a stable d is tr ib u tio n  w ith  a  €  (0 ,2 ), Davis, K n ig h t, and L iu  (1992) exam ine M -es tim a tion , 

w h ich  includes L A D  estim a tion , fo r causal autoregressive processes and D avis (1996) examines M - 

e s tim a tion  fo r causal, in ve rtib le  A R M A  processes. General A R M A  param eter e s tim a tio n  results 

are no t app licab le  to  all-pass m odels because the autoregressive and m ov ing  average param eters 

are dependent. In  D avis (1996), L A D  es tim a tion  is com pared to  least squares e s tim a tion  and i t  

is found  th a t L A D  e s tim a tion  is m ore effic ient. Because L A D  e s tim a tion  appears to  be useful fo r 

A R M A  processes w ith  in fin ite  variance, we s tudy  th is  type  o f  es tim a to r fo r all-pass series w ith  

in fin ite  variance. For M L  estim a tion , s tronger restric tions are requ ired fo r the  noise d is tr ib u tio n . 

We assume th a t i t  is stable w ith  exponent a  £  (0 ,2 ), and n o t s im p ly  in  the  dom a in  o f a ttra c tio n  

o f a stable d is tr ib u tio n . A  re la ted like lih o o d  approach is considered in  C a lder (1998) fo r noncausal
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autoregressive processes.

In  Section 4.2, we in troduce  all-pass m odels and discuss stable d is tr ib u tio n s  and d is tr ib u tio n s  in  

dom ains o f a ttra c tio n  o f stable d is tr ib u tio n s . U nder general cond itions, we estab lish consistency fo r 

L A D  and M L  estim ators and show th a t these estim ators have nondegenerate l im it in g  d is tr ib u tio n s  

in  Section 4.3. P roofs o f the lem m as used to  establish the results o f  Section 4.3 can be found  

in  Section 4.5. The behavior o f L A D  estim ators fo r f in ite  samples is s tud ied  v ia  s im u la tio n  in  

Section 4.4.1, and the e s tim a tion  procedure is used to  f i t  a noncausal autoregressive m odel to  stock 

m arke t tra d in g  vo lum e d a ta  in  Section 4.4.2.

4,2 Preliminaries

Le t B  denote the backsh ift opera to r (B k X t =  X t ~k, k =  0, ± 1 , ± 2 , . . . )  and le t

4>(z) =  1 -< f> iz ------------ <f>pzp

be a p th  order autoregressive p o lyn om ia l, where <j>{z) ^  0 fo r \z\ =  1. T he  p o lyn o m ia l is said to  

be causal i f  a ll its  roots are outside the u n it circle in  the com plex plane. In  th is  case, fo r a sequence

{ W t } ,

( OO \  CO

w t =

j =0 /  j=o

a fu n c tio n  o f o n ly  the  past and present { W t } .  N ote th a t i f  <f>(B) is causal, the  p o lyn o m ia l J5P<^(J3_1) 

is purely  noncausal in  the  sense th a t a ll its  roo ts are inside the u n it c irc le , and hence

( OO \  OO

3 = 0  )  j  =  0

a fu n c tio n  o f o n ly  the  present and fu tu re  { W t } -  See, fo r exam ple, C hap te r 3 o f B rockw e ll and 

D avis (1991).

Let

<f>o{z) =  1 -  <j>oiz  ------- (j)Q p Z P ,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



LAD and ML Estimation for All-Pass Tim e Series Processes with Infinite Variance 92

where <j>o(z) ^  0 fo r \z\ <  1. Define ^oo =  1 and suppose ^>or ^  0 fo r some r  £  { 0 ,1 , . .  . ,p }  and 

<f>oj =  0 fo r j  =  r  +  1 , . . .  ,p .  Then, a causal all-pass tim e  series is the A R M A  series { X t }  w hich

satisfies the  difference equations

MB)X, = (4.1)

V  J .  V  J ,  V  —  7 *  I V '0 ,7 ’ — 1  r r *  , . P o l  ^  V *
A-1 — Poic t t - l  — • • • — <por J i t - r  — “ t '---- ^------- “ t - 1 +  • • • +  ^ — ^ t - r + l  —

where the series { Z * }  is an independent and id e n tica lly  d is tr ib u te d  ( iid )  sequence o f random  va ri­

ables. The tru e  order o f the all-pass m odel is r .  Observe th a t the roo ts o f  the  autoregressive 

p o lyn om ia l are reciprocals o f the roo ts o f the  m ov ing  average p o lyn o m ia l zr <j)0{z ~ 1) and

vice versa. In  th is  chapter, we assume th a t the d is tr ib u tio n  o f  Z *  belongs to  the dom a in  o f  a ttra c tio n  

o f a stable d is tr ib u tio n  w ith  exponent a  £  (0 ,2 ) (Z *  £  D {a ) ) .

B y  d e fin itio n , nondegenerate, i id  random  variables { S t }  have a stab le  d is tr ib u tio n  i f  there exist 

positive  constants {bn }  and constants { c „ }  such th a t

bn {S i  +  b Sn ) -j- cn =  S\

fo r a ll n. The d is tr ib u tio n  o f Z \  is in  the dom a in  o f a ttra c tio n  o f the  d is tr ib u tio n  o f  S\ i f  there exist 

constants {& „ }  and {c n }  such th a t

bn { Z \  +  • ■ • +  Z * )  +  cn —> S \ .

Hence, a stable d is tr ib u tio n  is in  its  own dom ain  o f a ttra c tio n . In  general, stab le  d is tr ib u tio n s  can

be indexed by an exponent in  (0, 2]. W hen the exponent is tw o, the stable d is tr ib u tio n  is Gaussian.

Since a  £  (0 ,2 ), the cond itions

.. P { Z {  >  x )  . >

P ( | 2 ; | > « )  =  11 (4 '2)

fo r some 0 <  q <  1 and

P ( \ Z { \ >  x ) =  x - a L { x )  (4.3)
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fo r  a ll x  >  0, where L ( x )  is s low ly  va ry ing  a t oo (e.g., l im ^ o o  L ( s x ) / L ( x )  =  1 Vs >  0), are necessary 

and suffic ient fo r Z *  G D ( a )  (see, fo r exam ple, Feller, 1971, page 312). B y  (4.3),

E \Z { \ 5 <  oo V<5 G [0 ,a )  and E \Z { \S =  oo V<5 >  a ,

and so Z *  has in fin ite  variance. In  a d d ition , i f  o m g iven by YlJLo  =  l / ^ o ( 2 ) ,  then

X \  =  <  00 a lm ost surely and

P ( | X i |  >  a:) p  ( \ H j = Q ' l ’i z i - j  \ >  * )  ^

p p r l ^ )  = --------p ( |z ; |  > x) = | >  (4-4)

by C line  (1983). Because there exist constants a >  0 and 0 <  b <  1 such th a t \tj)j\ <  ab3 fo r a ll 

j  G { 0 , 1 , . . . }  (see B rockw e ll and D avis, 1991, Section 3.1), Y lfL o  l ^ i T  <  ° ° -  T o  give an exam ple, i f  

Z \  has a S tudents ’ 1 -d is tr ib u tio n  w ith  0 <  v  <  2 degrees o f freedom , then Z *  €  D { v )  w ith  q =  1 /2 .

I f ,  instead o f hav ing  in fin ite  variance, Z \  had fin ite  variance a 2, then  the  spectra l density fo r 

{ X t }  in  (4.1) w ou ld  be
]e-m n |2 |^o (e*u>)|2 ^2

( l > 0 r \ M e ^ ) \ 2 2?r <t>lr2jr’

w hich  is constant fo r w G [—7r, n], and thus { X t }  w ou ld  be an uncorre la ted  sequence. In  the case o f 

Gaussian { X / } ,  th is  im p lies  th a t { X t }  is i id  N (0 , a 24 a r) -  Independence, however, does n o t ho ld  in  

the  non-Gaussian case i f  r  >  1, w hether or n o t Z *  has fin ite  variance (e.g., B re id t and D avis, 1991). 

The  m odel (4.1) is ca lled all-pass because the power transfe r fu n c tio n  o f the  all-pass f i l te r  passes a ll 

the  power fo r every frequency in  the  spectrum . In  o ther words, an all-pass f i l te r  does n o t change 

the  d is tr ib u tio n  o f power over the spectrum .

We can express (4.1) as

U B ] X t  =  , 4 , )
<p0r

where { Z t }  =  { Z * +p_ r } .  R earranging (4.5) and se tting  zt =  ^0 r Z t, we have the backw ard recursion

zt - v =  i /o G t-p + i +  ' '  • +  pzt — (X t  — <j>oiXt - i  — ■ ■ ■ — <f>opXt-p).

A n  analogous recursion fo r an a rb itra ry , causal autoregressive p o lyn o m ia l <f>{z) =  \  —  <j>pzp
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can be defined as fo llows:

f  0, t  =  n +  p , . . . ,  n +  1,
zt - p(4>) =  < (4.6)

I  4>izt - p+i(<f>) 4 b -  4>{B)X t , t  =  n , .  . . , p +  1,

where <j> :=  . . . ,  <f>p )' . Le t <f>Q =  (^ o i, • • •, 4>0p)'  =  (^ o i; • • •, <f>0r ,  0 , . . . ,  0 ) ' denote the  tru e  param e­

te r vector. N ote th a t {z t(< j>o)}t= i  closely approxim ates { z t } " Z [ ;  the erro r is due to  the in it ia liz a t io n  

w ith  zeros. A lth o u g h  { z t }  is iid , {z t (</>0) } ”_T:jP is n o t i id  i f  r  >  1. G iven a rea liza tion  o f leng th  n, 

{ X t }?= i ,  we estim ate <p0 by m in im iz in g  the L A D  c rite r io n  J 2 t = i  I w i t l 1 respect to  <j>, where 

{ z t {4>)} can be com puted recursive ly fro m  (4.6). A lso, when the noise d is tr ib u tio n  is stable, we con­

sider e s tim a ting  4>0 by m a x im u m  like lihood . L A D  and M L  es tim a tion  fo r all-pass m ode l param eters 

are considered in  B re id t, D avis, and T rindade  (2001) and C hap te r 2 respective ly, b u t these results 

app ly  to  all-pass processes w ith  f in ite  variance.

4.3 A sym ptotic Results

4.3.1 LAD E stim ation when the N oise D istribution is in a Stable Dom ain  

of A ttraction

We begin th is  section by de fin ing  a l im it in g  process V(-) .  For u  =  ( u i , . . . ,  up)’ £  fftp , le t { c j ( u ) } j^ o  

conta in  the coefficients o f the  z ’s in  u ' [ — (z i_ ; /^ o ( j3 ) )  +  (2i+ i ' / ^ o ( 5 ~ 1) ) ] f= i-  Thus,

ci (u) = -utipo,

c2(u) = -ui4>x -  u2ipo,

c3(u) = -« 1 ^ 2  -  «2 ^ 1  -  «3̂ 0,

Cp ( l l )  =  - M l ^ p - 1  -  U 2 i > p - 2  WpV’O,

Cp + i ( u )  =  - U x lp p  -  U 2 ^ p - 1 ---------------Uv 1p 1,

Cp + 2 ( u )  =  ~ U i1 p p + 1 -  U 2 1pp    Up 1p2 ,
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and

c- i(u )  =  -c i (u ) ,  

c—2 (11) =  - c 2(u),

i ( 4 . 7 )

where {Vh'}|?=o is g iven by =  l/<f>o(z)- Then, le t

OO

v ( n )  =  +  C i ( u ) 4 r , - 1 /a | -  \Z k j  1)
0 k~ 1

' £ £ ( 1  z kJ +  Cj( u ) 4 r ; 1 /a| + 1z k, . j  -  c j ( u ) ^ r j 1/aj -  \zkJ \ -  \zk>̂ \ ) ,

0 k = 1

» 0 r |  _ 1

j = 1k= 1

(4.8)

where

•  { Z k j } k , j  is an i id  sequence w ith  Z k j  =  Z i ,

•  { ^ }  is i id  w ith  P(d/. =  1) =  q and P(<5* =  —1) =  1 — q, where q is defined in  (4.2),

•  Tk — E 1 +  . . .  +  E k , where { E k }  is an i id  series o f exponen tia l random  variables w ith  mean

one, and

•  { Z k j } ,  {<5*}, and { E k }  are m u tu a lly  independent.

Define

an =  in f { *  : P ( | ^ i j  >  x) <  n _1 }  (4.9)

fo r a ll n. N o te  th a t

n P ( \Z \ \  >  an x)  —>■ x ~ a (4.10)

fo r any x  >  0, and th a t m in im iz in g  Y l t = i  \zt{<!>)\ w ith  respect to  <j> is equ iva len t to  m in im iz in g

n —p

Vn {u ) :=  0 +  a n l u ) \ -  M < £ o )l)  (4-11)

w ith  respect to  u  i f  u  =  an (<f> — <f>Q). U sing techniques fro m  the proofs o f Theorem  4.1 in  Davis, 

K n ig h t, and L iu  (1992) and Theorem  3.4 in  Davis (1996), we now show th a t 1 4 (0  ^ ( 0  011 C(1RP),
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the space o f continuous func tions  on 1RP where convergence is equ ivalent to  u n ifo rm  convergence on 

every com pact subset.

T h e o re m  1 I f  Z i  E D ( a )  w ith a  €  (0 ,2 ) and

•  a  <  I ,  o r

*  a  >  1 and Z \  has a d is tr ibu tion  that is sym m etr ic  about zero and continuously differentiable

on [—k , k] f o r  some k  >  0,

then V  (u ) is f in i te  f o r  a l l  u  E R p almost surely and

V n ( - ) ^ V ( - )

on C ( R P).

Proof: Le t u €  R p . I f  a  <  1, choose k*  E { 1 , 2 , . . . }  such th a t k*  >  1 /a . Hence,

{
OO |  OO

£  £  M u)ir*1/a = E i ci H i E EK 1/a}
jjtO k=k* J i#0 k=k'

I _ / \ | y *  ^(Ar -  1 /a )
=  E  lci ( u )l E T(k)j-£ 0 fc=fc* v '

<  (constant) |cj(u)| &
k—k*

<  OO.

oo

1/ a

Consequently, since I \  1/,Q <  oo a lm ost surely,

\V (u )\ <  \<f0r\ 1D E l Ci ( U)lr * 1 / a < 0 °
j # 0 /t = l

a lm ost surely. I f  a  >  1, |H (u)| <  oo a lm ost surely by P ropos ition  A .3 in  D avis, K n ig h t, L iu  (1992). 

Therefore, K(u) is f in ite  fo r a ll ra tiona ls  u  E a lm ost surely. Because the  sam ple paths o f V(-)  

are convex, i t  fo llow s th a t H(u) is fin ite  fo r a ll u E a lm ost surely.

We now show th a t Vn (-) -4  V (•) on C (1RP). Let

n - p  /  

V n  ( U )  =  £  ( zt + a n 1 E c-?'(u ) 2 t- -  M  (4-12)
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and
n—p

Vn H  =  Y j
t  =  1

■ M t  o)l • (4-13)
i?o

T o com plete the  proo f, we show th a t V * ( - )  -4  V (-) ,  V * ( - )  -  V,}(-) =  op ( l ) ,  and V ^(-) -  V „(- )  =  op ( 1) 

on C '( iy ’ ).

Le t u  6  R p . We begin by show ing V^*(u) -4  V (u ) .  For each x  G R  x  ( R 2 \  { 0 } ) ,  where 

R  =  [—oo, oo], define a set fu n c tio n  £*(•) as fo llows:

f  1, i f  x  G A,
sx (A )  =  <

1 0, otherw ise,

 2
where A  is an elem ent o f the cr-algebra generated by the open subsets o f I I  x ( R  \  { 0 } ) .  A  p o in t 

measure m  is a measure o f the fo rm

m (0  =  £ e* i(0 >

 2
where m  is f in ite  on a ll re la tive ly  com pact subsets o f R  x  (R  \  { 0 } )  (subsets A  fo r w h ich  the closure

A  is com pact; note  th a t a com pact subset o f R 2 \  { 0 }  is closed and bounded away fro m  the o rig in ).

 2
The class o f a ll such p o in t measures is denoted M p (R  x  (R  \  { 0 } ) ) .  I f

CO OO

Ut~n ~  - « n 1 Y  Ci ( U) 2*+ i a Ild  Ut n  ~  Y  Ci ( U) ^ - i>  (4 ' 14)
j = i  i = i

then, by a s tra ig h tfo rw a rd  extension o f results in  Section 4 o f Feigin and Resnick (1994),

OO OO

sA u U -n, u + j  - ^ Y Y  +  £( ^ - 1z i ,J,o ^ - 1c A u ) ^ r ; l/c' ) )

n —p 

£ * <t = l  j =z  1  k = 1

 2
in  M p (R  x  (R  \  { 0 } ) ) .  A lso, as discussed in  the  A p p e n d ix  o f D avis, K n ig h t, and L iu  (1992), fo r a ll

 2
continuous func tions  j o n R x  (R  \  { 0 } )  w ith  com pact support,

n —p oo oo
Y s(*t> u t-n , U+n) 4 Y Y  (Wo^-.-T - K ' c i i u f a r ; 11* , 0) + g i ^ Z k J,0, f a ' c j W S t f ; 1' * ) )
t= 1 j = l k = l

Suppose

Ao :=  { |a?| : the d is tr ib u tio n  o f z\ is d iscontinuous a t a;}
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and observe th a t A q conta ins a t m ost coun tab ly  m any elements. I f  M  >  0, M  ^  A q, and A >  0, 

then the fu n c tio n

g0{x, y, z) =  (\x  +  y  +  z\ -  M K { |® I  <  M } I { ( \ y \  >  A) U (|z | >  A )},

 2
where / { • }  is the  in d ica to r fu n c tio n , is a lm ost everywhere continuous o n lR x  (H  \ { 0 } )  w ith  com pact 

support. Because

(
OO CO \

E E  +  e(<p~il  z kJ ,o,!i>-'lc] (u)skr ~ 1/°‘ ) ( Jt y )  >  0 I =  0

i= i fc = i  /

when A  =  {(a;, y, z ) : |* |  =  M ,  |j/| =  A, o r \z\ =  A },

n  —pE (I* + U t , n  + U t+n \  -  M )  ^  l^r^EE { \ Z ^  +

t = 1

where

j * 0fc=l

- i — 1 / o r

J i )  1k,j >

and

I k f  ■= <  M } j { | ^ C i( u ) * * r *  1 /a | >  A }  .

B y  Theorem  3.2 in  B illin g s le y  (1999), i t  fo llow s th a t

n —p

^ * ( u ) — Y ^A \Zt +  Ut,n +  U*n \ “  \zt \ )  ^ ( u )
t - 1

if, fo r a ll r) >  0,

l im  l im  l im s u p P
A — M —¥oo n —> o o  \

E (I* + ULn + £#J - W) (i - i x;x’M)
i=l

>  r? = 0  (4.15)

and
OO

^ r ' E E  ( | ^ . i  +  ^ ( u ^ r - ^ l -  |z fc ii|)  ( i - I xk f )  4 o (4.16)
i^ o  * = i  

as A —> 0+ and M  —> oo.

We firs t consider the case a  <  1. N ote th a t

1 -  I ^ ' M  =  I { \ U t- n \ <  \ } I { \ U + n \ <  A } +  I { \ z t \ >  M } I { \ U t- n \ >  A } +  I { \ z t \ >  M } I { \ U +n \ >  A } 

~ I { \ z t \ >  M } I { \U f~ n \ >  \ } I { \ U + n \ >  A }, (4.17)
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and thus, fo r any rj >  0 ,

P (

n —p

E  ( I *  +  U/ n  +  |zt Q ( l  -  I ^ ’M )
t -  1

( n —p

< p E d^i + i^D n\ut:n\ < \ }w t+n\< a}>
u = i

/ n —p f n —p

+ p  U > M ) n ( i ^ i > A)> + p U { ( i * i > M ) n ( i ^ i > A)>
\ t =1 / \i=l /

+ P  (  U « N  > M ) n ( 1 ^ 1  >  A) n (\u+n\ >  A ) } ) .
u = i

B y  Lem m a 1, lirn>i_>o+ liniM-»oo l im suP,j-».oo ° f  the  three rig h tm o s t term s equals zero, and, by P ropo­

s itio n  A .2 (a ) in  D avis, K n ig h t, and L iu  (1992),

/ n —p

l im  lim  sup P E  ( \u t,n\ +  l^ /n O  <  A>
A  —» G +  n —>oo \  g —  l

>

/ n —p / n —p

< l im  l im  sup P ( E  W t . n V iW t ^ l  <  A)  >  I  I +  l im  l im  sup P ( E  <  A)
A - f O +  n - v o o  '  ^  ’ ’ n  /  A - k . n +  \ z — '

\ t =1
A —> 0 +  n —^ o o

>
\£=1

1 —a<  (co n s ta n t in  1 l im  A
-  A - + 0 +

=  0 .

Therefore, (4.15) m ust ho ld  when a  < 1 .  A lso, since

l^o rl XE E
0 A’ — 1

+  ci ( u ) ^ r A 1/a -  Iz kl j < Î Orl 1E l Ci(U) l E r
j /^0 k—1

1 / a

A j

w hich is f in ite  a lm ost surely, (4.16) holds in  th is  case.

Now consider the  case when a  >  1. F rom  (4.17), because

\ x + y \ -  jar] =  y ( I { x  >  0 } -  I { x  <  0 })  +  2(x  +  y ) ( I { - y  <  x  <  0 } -  I { - y  >  x  >  0 })  (4.18)

i f  *  #  0 and P (Z t  =  0) =  0,

P(
n —p

E  ( l2f "1“ Ut,n +  U / n | -  \zt \) ^1 -  I t
t - 1

A  , A , M  

t . n

< p (
n —p

+ p

> ?E U t A H z t  >  0 } -  I { z t <  0 }) /{ |Z 7 t~„| <  A } / { | f / + J  <  A}
t ~  1 

n —p

E ( ^  +  ^ , n ) ( / { - ^ , n  <  <  0 } -  >  Zt >  0 } ) I { \ U t- n \ <  A } / { | f / + „ |  <  A }
t= l

>
16

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



LAD and ML Estimation for All-Pass Tim e Series Processes with Infinite Variance 100

/ n — p / n —p

+ 2 P  (J >  M ) n  d^l > A ) }  + 2 P  MJ { ( | * |  >  M )  n  (\U+n \ >  A) }
U = 1

/ n —p

\ t - 1

+ 2P ^ ( J { ( | z t | > M ) n  (\ut-n\ >  A) n  (|U + n | >  A ) } J

fo r any rj >  0, where Ut,n '■= U f iTl+ U ^ n . B y  Lem m as 1-3 in  Section 4.5, l im A_f0+ lin iM -voo l im  supn_).00 

o f each p ro b a b ility  on the  rig h t-h a nd  side o f the above equation  equals zero, and so (4.15) holds. To 

show (4.16), we note th a t

i rX’M 
1 1k,j / { | ^ ( u ) 4 r ; 1/a| < a }  + I{\<j>orZkj \  > Af}/{|^0rlci ( u ) 4 r ^ 1/“ | > a} ,

and so

OO

t f E E  (\z *d + c » 4 r * - 1/a| -  \zK j \) ( i  -  i xkf )
i # o  k = 1

>  Tj

<  P j ( I l Z kJ  >  0 } -  I { Z kJ  <  0 } ) /{ |f l io r17fc,il <  A }
jjh  0 * = 1

OO

>

+p

+p

+p

< zkj  < 0} -  i { - lkJ > z kJ > oDHl^orJk j l  < A}
j ^ O  k " l

>

&  >  o } -  n z k i j  <  o } ) / e
jV 0 fe = i

> 1

Ôr E E(̂ .i + < Zk,j < 0} -  I { - 7kJ >  Z kJ  >  0})4Af
j^0 /s  = l

fo r any i] >  0, where 7*^- :=  C j(u )A * r /. 1/?“  and

i k f  ■= H\<t>0rZkj\ > M } I { \ ^ lkd\ > A}.

B y  Lem m as 4-6, l im A_>0+ limM->-co o f each p ro b a b ility  on the rig h t-h a nd  side o f the  above equation 

equals zero.

We have therefore shown th a t V *  (u) -4  V(u) fo r any u £ f i ?. U sing the  C ram er-W o ld  device, 

i t  can be shown s im ila r ly  th a t a ll fin ite -d im ens iona l d is tr ib u tio n s  o f V * (•) converge to  those o f V (•). 

B y  Lem m a 7, V * ( - )  is t ig h t on C ( K )  fo r any com pact set K  C H p , and thus V *  (•) -4  V (-)  on C (IR P) 

by Theorem  7.1 in  B illin g s le y  (1999). Because V£ (•) — (•) =  op( l )  on C(1RP) by Lem m a 8 and

K H ')  — P»(') — ° p ( 1 )  on C’(BTP) by Lem m a 9, the p ro o f is com plete. □
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C o ro llary  1 I f  the conditions o f  Theorem 1 hold and

•  a  <  1 and there exist constants Co >  0 and e >  0 such that P (x  <  Z \  <  y) >  Co(y — x ) a f o r  

all  —e <  x  <  y  <  e, o r

•  a >  1 and the d is tr ibu tion  func t ion  f o r  Z \  is s t r ic t ly  increasing in  a neighborhood o f  zero,

then V (-)  has a unique m in im um  almost surely.

Proof:  W hen a  >  1, because the  d is tr ib u tio n  o f Z \  is s tr ic t ly  increasing and con tinuous ly  d ifferen­

tia b le  in  a ne ighborhood o f zero, P («  < Z \  <  y) >  C \ ( y  -  x)  fo r some constant C i >  0 and a ll *  <  y 

in  some ne ighborhood o f zero. Therefore, the resu lt fo llow s by the rem ark  on page 159 o f Davis, 

K n ig h t, and L iu  (1992) where a p ro o f is given fo r the case a  >  1. T he  p ro o f fo r the  case a  <  1,

w h ich  uses the fa c t th a t AT1 =  oo, is s im ila r. □

We can now give cond itions fo r the  existence o f consistent L A D  es tim ato rs  o f <j)0 w ith  a nonde­

generate l im it in g  d is tr ib u tio n .

C o r o l la r y  2 I f  the conditions o f  Coro lla ry  1 hold, then there exists a sequence o f  m in im ize rs  4*l a d  

°f  X }”=iP lzt ( ') l  such that

an{4>LAD ~ <t>o) ~* C> 

where C is the unique m in im tze r  o f  V (•).

Proof:  N ote th a t J 2 t~ i  \zt { 4 ) \  -  Y^tZ i  M < £ 0)l =  Vn (an (<fi -  4>o))> where Vn (-) is defined in  (4.11). 

Because £ un ique ly  m in im izes V(-) ,  the l im it in g  process fo r Vn (•), the  resu lt fo llow s by R em ark 1 in  

Davis, K n ig h t, and L iu  (1992). □

R em a rk  1: Suppose a  <  1, the d is tr ib u tio n  fu n c tio n  fo r Z \  is con tinuous ly  d iffe ren tiab le  in  some 

ne ighborhood o f zero, and there exist constants Co >  0 and e >  0 such th a t

P (*  <  Z i  <  y) >  C 0(y -  x ) a

fo r  a ll — e <  x  <  y  <  e. Then,
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i f — e <  — y <  y <  e. Because the  d is tr ib u tio n  fu n c tio n  is continuous ly  d iffe ren tiab le  near zero,

P ( - y  <  Z t  < y )  
l im  —1 1  =  constan t  <  oo. 

y-+o+ 2 y

However,

r  C 0(2y)a 
l im  — -— —  =  oo, 

y-+ o+ 2 y

and so we have con trad ic ted  (4.19). Consequently, the cond itions  o f C o ro lla ry  2 can never ho ld  when 

a  <  1 and the d is tr ib u tio n  fu n c tio n  fo r Z \  is con tinuous ly  d iffe ren tiab le  in  a ne ighborhood o f zero.

R e m a rk  2: I f  Z \  has a S tudents ’ ^ d is tr ib u t io n  w ith  0 <  v  <  2 degrees o f  freedom , then Z \  €  D ( v ) 

and the d is tr ib u tio n  o f Z \  is sym m etric  abou t zero, s tr ic t ly  increasing on IR, and continuously 

d iffe ren tiab le  everywhere on IR. Therefore, when an all-pass m ode l has t  noise w ith  1 <  v  <  2, there 

exist consistent L A D  estim ators o f m odel param eters w ith  a nondegenerate l im it in g  d is tr ib u tio n . 

N ote th a t the  S tudents ’ t-d is tr ib u t io n  w ith  one degree o f freedom  is Cauchy.

4.3.2 ML Estim ation when the N oise D istribution is Stable

We now im pose fu r th e r res tric tions  on the noise d is tr ib u tio n  and assume i t  is s tab le  w ith  exponent 

a  G (0 ,2 ). A  stable d is tr ib u tio n  is indexed by n o t o n ly  an exponent, b u t also a param eter o f 

sym m etry  ( \0 \ <  m in { a , 2 — a } ) ,  a param eter o f lo ca tion  (—oo <  j i  <  oo), and a scale param eter 

(0 <  cr <  oo). I f  (3 =  0, the stable d is tr ib u tio n  is sym m etric  abou t fi , and, i f  a  =  1 and j3 =  0, the 

d is tr ib u tio n  is Cauchy. A lso, when a  =  1 /2  and 0 = 1 ,  the  d is tr ib u tio n  is Levy. We consider the 

case when Z \  has a stable d is tr ib u tio n  th a t is sym m etric  abou t zero (0 =  0 and j i  =  0). In  th is  

case, the d is tr ib u tio n  o f Z \  is indexed by tw o param eters, a  and a,  and the  dens ity  o f Z \  can be 

expressed as

f „ ( z ; a )  =  o-~1f (z (T ~1-,a)

fo r some density  fu n c tio n  / .  A lth o u g h , when a  €  (0, 2), 0  =  0, and y  =  0, the  characte ris tic  fu n c tio n  

fo r Z \  is g iven by

E { e x p ( i t Z i ) }  =  exp (—|< r t |" ) ,
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no general, closed-form  expression is know n fo r /  when Z \  is n o t Cauchy. However, there are 

co m p u ta tio n a l fo rm u las th a t can be used to  evaluate /  (see N olan, 1997). I t  is also know n th a t 

f ( z \ 9 p±2) is un im o d a l on H  and in fin ite ly  d iffe ren tiab le  w ith  respect to  b o th  z and 0p+2 on f i x  (0, 2) 

(see Zo lo tarev, 1986).

Let 0 =  ( f f i , . . . ,  6P+2) '  — • • • > 4>> @p+i> 9p+2) '  and 0o =  (0Oi s • • •, 9q,p+2) '  =  (/>oi, • • • > <f>op, <r/|0or

F rom  B re id t, D avis, and T rindade  (2001), the log -like lih o o d  o f 8 g iven a re a liza tion  { X ( } ”=1 is ap­

p ro x im a te ly
n —p

C (8 ) : = £ > / ( *  (4>) /9p+ i]9p+ 2)  ln f? p + i}. 
t = 1

M L  estim ates o f <j>0, a ,  and er can be obta ined  by m a x im iz in g  £ (•)• Because they  are based on specific 

in fo rm a tio n  abou t the  noise d is tr ib u tio n , M L  estim ates tend to  be less disperse th a n  L A D  estimates. 

U sing a sym p to tic  expansions fo r the  p a rt ia l derivatives o f /  in  D uM ouche l (1973), C alder (1998) 

(pages 14-15) found  asym p to tic  expansions fo r the  firs t and second order p a r t ia l derivatives o f In  /  as 

z —y 00 . C alder used these expansions to  ob ta in  l im it in g  results fo r M L  estim ato rs  o f the param eters 

in  an autoregressive m ode l w ith  stable noise. We now give s im ila r l im it in g  results fo r M L  estim ators 

o f  all-pass m ode l param eters.

For u  £  fftp and v  £ IR2, le t

W „  (u , v )  =  £ ( 0 O +  ( n - 1/ a u ',  n - ^ V ) ' )  -  £ ( 0 O) (4.20)

and, fo r u  £  K p , le t

OO

W (u )  = X ^ z C { l n / < r { Z k >i +  ci ( u ) ^ r fc1 /a ; “ )  - l n / CT ( Z f c j ; a ) } ,
j ^ 0 k = l

where { c j ( u ) } ,  { Z k j } ,  { ^ } ,  and { E k }  were defined previously. In  th is  case, however, P (J* =  1) =  

1 /2  because Z \  is sym m etric  abou t zero. F rom  C alder (1998), W {v l)  is f in ite  fo r a ll u  £  1RP a lm ost 

surely. Observe th a t m a x im iz in g  £ (0 )  w ith  respect to  0 is equ ivalent to  m a x im iz in g  W „(u ,  v )  w ith  

respect to  u  and v  i f  u  =  n l l a {<f> — <j>0) and v  =  n 1/ 2(9p+1 — 0o,P+i,@p+2 — 0o,p+2)'-

T h e o re m  2 I f  Z \  has a stable d is tr ibu tion  that is sym m etr ic  about zero w ith  a  £  (0 ,2 ), then

W»{u, v ) 4  W (u ) +  v 'N  -  J v 'Iv
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on C {M P+2), where N  ~  N ( 0 ,1 ) is independent o f W ( - )  and

I  :=
- ^ 0 r E { ^  In f a (Z i ;  a ) }

- \ M E { ^ ) n f 0 ( Z 1 ]a ) }  - E ^ l n f ^ Z u a ) }

Proof:  For u  £  JRP and v  =  (t>i, V2) '  G H 2, le t

n —p

S ln
t  =  1 

n —p

- £ ln

C K v )
c r  , V X \  1 I  Zt  A n  1 / a  Cj ( n ) Zt - j  .

' 1 / 0 /  /  I  ... / I  i  I , / .  1 / 0  ! ^  '

t = l

Or j » 1/2 

, -1cr

< r / | ^ 0 r |  +  V i / n 1/ 2 n 1 /2

and

W n W )
n — p

£ '»
t - 1

n —p

-X>

y0r I

<7 ^1
+

Zt
<r/\4> r >a

O r  I

(4.21)

zt

t -  1

0 r | n 1/ 2 J cr/|</>0r| +  t ' l / n 1/ 2

-1

; a + 1I /2

»0r
(4.22)

B y  a s tra ig h tfo rw a rd  extension o f P ropos ition  3 in  C alder (1998),

W *  (u, v ) 4  IV(u) + v 'N  -  i v ' I v

on C ( f t p+2). Since W *(- ,  •) -  W j (•, •) =  op ( l )  on C (R P+2) by Lem m a 10 and W n {-, ■) -  W \ { - ,  ■) =  

op( 1) on C(1Rp+2) by Lem m a 11, the p ro o f is com plete. □

I t  fo llow s th a t there exist consistent M L  estim ators o f 60 =  ( ^ 01, . . . ,  <̂ op , cr/\<for\, & ) '  w ith  a 

nondegenerate l im it in g  d is tr ib u tio n .

C o r o l la r y  3 Under the conditions o f  Theorem 2, there exists a sequence o f  maximizers

&ML  =  {4 > M L ^ p + l ,M L ,a M L ) '

o f  £(■) such that

ll â(4>ML ~ $0) ~* C*
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and

n 1/ 2

/ (  a \  V p + 1 , M L _ <T/\4>0r\
) i A  Y  ~  7V (0 ,1 -1 )

V y & M L  y  ̂ a
) )

where C* is the unique m ax im izer o f W ( - )  and £* and Y  are independent.

Proof: Since f a ( - ;a )  is u n im oda l, l n / CT(-;a:) is s tr ic t ly  concave in  a ne ighborhood o f zero, and so 

W (-)  has a unique m a x im u m  a lm ost surely by R em ark 2 in  D avis, K n ig h t, and L iu  (1992). Because

C (6 )  -  £ ( 6 0) =  W n ( n l f a (<j> -  4>o) , n 1/2(0p+i  -  <r/\(f>or\, 0p+2 -  a ) 'J

and Y = I-1 N un ique ly  m axim izes v 'N  — 2 ~ 1v ' I v ,  the resu lt fo llow s by R em ark 1 in  D avis, K n ig h t, 

and L iu  (1992). □

N ote th a t n 1! 01 j a n —> constant  when Z \  is stable (see Gnedenko and K o lm ogorov , 1968). There­

fore, in  th is  case, 4>l a d  an<  ̂ & M L  converge in  d is tr ib u tio n  a t the same rate.

4.4 Num erical Results

4.4.1 Sim ulation Study

In  th is  section, we describe a s im u la tio n  experim ent to  s tudy  the  behavior o f the  L A D  es tim a to r fo r 

f in ite  samples. For each o f the 1000 replicates, we s im u la ted  all-pass da ta  fro m  the  m odel (4.1) w ith  

r  =  1, <^oi =  0.5, and S tudents ’ t  noise w ith  1 <  n <  2 degrees o f freedom  and then found  4>l a d - 

To d im in ish  the  p o ss ib ility  o f the o p tim ize r being trapped  a t loca l m in im a , we used 250 s ta rtin g  

values fo r each o f  the replicates. These in it ia l  values fo r <f> were u n ifo rm ly  d is tr ib u te d  on (—1,1). 

We evaluated J 2 t= i  lz«(')l each ° f  the  250 candidate values and reduced the  co llec tion  o f in it ia l  

values to  the  nine w ith  the sm allest values o f Y a = i  l2t ( ') l  p lus 0.5. O p tim ize d  values were found 

by im p lem en ting  the  Hooke and Jeeves (1961) a lg o rith m  and using the  ten  in it ia l  values as s ta rtin g  

po in ts . The op tim ize d  value fo r w h ich  Y l t = i  l2t ( ') l  was sm allest was chosen to  be <j>LAD- Results o f 

the s im u la tions appear in  Table  4.1, where the em p irica l means and s tandard  dev ia tions  fo r the L A D  

estim ates are shown. Analogous results are given in  Table  1 o f B re id t, D avis, and T rindade  (2001)
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V n
E m p irica l 

mean std.dev.
1.0 200 0.4981 0.0283

1000 0.5000 0.0014
1.5 200 0.4988 0.0201

1000 0.4997 0.0061

Table 4.1: E m p ir ica l means and standard  devia tions fo r L A D  estim ates o f the  all-pass m ode l pa­

ram eter when r  =  1, <^oi =  0.5, and the noise d is tr ib u tio n  is t  w ith  v  degrees o f  freedom .

fo r the case when r  =  1, oi =  0.5, and the noise d is tr ib u tio n  has three degrees o f freedom . Based 

on a com parison o f the  results, i t  appears th a t L A D  estim ates tend to  be m uch less disperse when 

the  noise d is tr ib u tio n  has in fin ite  variance.

U n fo rtu n a te ly , i t  is d iff ic u lt to  compare the  f in ite  sam ple results w ith  the  l im it in g  d is tr ib u tio n  

because a closed-form  expression fo r the m in im ize r o f V (-)  in  (4.8) is no t available. For M -estim ates 

fo r in fin ite  variance autoregressive processes, Davis and W u (1997) show th a t the  b o o ts trap  can be 

used to  o b ta in  consistent estim ates o f values o f the  l im it in g  d is tr ib u tio n . I t  w ou ld  be beneficia l to  

consider extend ing  these boo ts trap  results to  all-pass processes.

4.4.2 Noncausal Autoregressive M odeling

As discussed in  B re id t, D avis, and T rindade  (2001), suppose the  series { X t }  fo llow s the  autoregressive 

m odel

M B ) M B ) X t = z t ,

where { Z t }  is i id  noise, the  r i  roo ts o f <j>c{z) lie  outside the  u n it  c irc le  in  the com plex plane, and 

the  r-i roo ts o f <f>nc(z) lie  inside the u n it  c ircle. I f  4>nC{z ) denotes the causal r 2th  order p o lyn om ia l 

whose roo ts are the  reciprocals o f the roots o f <̂ nc(z) and { X { }  is m is ta ke n ly  m odeled w ith  the 

second-order equ ivalent causal representation

M B ) t Cn c ( B ) X t  =  Ut, (4.23)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



LAD and ML Estimation for All-Pass Tim e Series Processes with Infinite Variance 107

then {Ut} satisfies

j r  K c j B )  7  <i>nc{ B )
u t  <j>ne(B )  4 - ^ c,r25 ^ ^ c( B - i )

where 4>nc,r2 is the coefficient o f —B T2 in  <f>ne{B ).  Therefore, { U t }  is a pu re ly  noncausal all-pass 

tim e  series and { U - t }  is a causal all-pass tim e  series. I t  fo llow s th a t i t  is n o t necessary to  exam ine 

a ll com binations o f roo ts inside and outside the u n it  c irc le when f i t t in g  noncausal autoregressive 

models. A  causal m ode l can be f i t  to  the  data, and then the  num ber o f roo ts  inside the  u n it circle 

can be de term ined by f i t t in g  an all-pass m odel to  the residuals fro m  the  causal f i t .

B y  an ap p lica tio n  o f Theorem  4.2 in  Davis and Resnick (1985), i f  Z \  6  D ( a )  w ith  a  £  (0 ,2 ) and

OO

X t =  ^ 1( B ) ^ ( B ) Z t =  Y ,  K jZ t - U
j  =  - 0 Q

then

E " = f t +1 x t * t -h  ^  E j ” -c o  V7i  £  {0  1 }
E n vO v 'oo 2 ^  t  5 ’ * ' 'J'

t  =  l  t  Z ^ j j  —  —  CO

A lso, i f
o o

^ c 1^ )  K c ( ^ ) ) ' 1 =
j = 0

then
V—\QG ^  ^

-  - ---- =  constan t  V7i €  { 0 , 1 , . . . }

fo r some constant th a t does n o t depend on h. Consequently, even i f  Z \  6  D ( a )  w ith  a  £  (0, 2) and 

{ X t }  has in fin ite  second-order m om ents, the  m odel (4.23) can be f i t  to  the  d a ta  using least squares 

es tim a tion .

F igure 4.1 shows the volumes o f M ic roso ft stock traded d a ily  fro m  10 /13 /1997  to  4 /9 /1 9 9 8 . 

In  C alder (1998), an autoregressive m odel w ith  stable, in fin ite  variance noise was f i t  to  the  mean- 

corrected da ta , { X t } ,  using m a x im u m  like lihood . For each m ode l order considered, b o th  causal and 

noncausal autoregressive m odels were exam ined, and the  m ax im ize r o f the lo g -like lih o o d  was found. 

Because the  estim ated firs t-o rde r m odel, w h ich  was noncausal, m in im ize d  the A ka ike  in fo rm a tio n  

c rite r io n  fo r order selection, th is  f it te d  m odel was chosen to  describe the  da ta . T o  reduce the num ber 

o f like lihood  evaluations, all-pass m odels could have been used to  f i t  the  autoregressive models. For
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F igure  4.1: Volum es o f M ic roso ft stock traded d a ily  fro m  10 /13 /1997  to  4 /9 /1 9 9 8 .

exam ple, i f  a causal, firs t-o rde r autoregressive m odel is f i t  to  { X t }  using least squares, the param eter 

estim ate is 0.405 and the residuals fro m  th is  fitte d  m odel, { U t } ,  can be ob ta ined. I f  a causal all-pass 

m ode l o f order one is f i t  to  { U - t } ,  the param eter estim ate is 0.349. Since { U - t }  seems to  fo llow  a 

causal all-pass m ode l o f order one, i t  appears th a t the  best firs t-o rde r autoregressive m ode l fo r { A t }  

is noncausal. A  noncausal autoregressive m odel o f order one can then be f i t  d ire c tly  to  the data. 

U sing m a x im u m  like lih o o d , C alder (1998) ob ta ined  the  estim ates

/> =  2.62, a  =  1.36, and (3 =  0.48.

H ighe r order noncausal m odels can be f i t  in  a s im ila r fashion. N ote th a t the  b o o ts trap  could be 

used to  estim ate  the  sam p ling  d is tr ib u tio n  fo r the all-pass param eter e s tim a to r (see D avis and W u, 

1997).

4.5 Additional Results

T h is  section conta ins proofs o f the  lem m as used to  con firm  the results o f Section 4.3.
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L em m a 1 Under the conditions o f Theorem 1,

l im  l im  l im s u p P  ( I I  { ( |z t |  >  M )  f l  {\Ufin \ >  ^ ) }  ] =  0,
A—*-0+ M —► oo n—foo I t —1 ' /

l im  J im  l im  sup P  ( [ j  { ( ] ^ |  >  M )  n  (|P t+ J  >  A )} j =  0,
A-i-0+M-+oo n—too \  t -  j  /

and

J im  l im  l im s u p P  j ( J { ( | ^ |  >  M )  n  >  A) n  ( | t /J n | >  A )} j =  0,
A-+0+M-+OO n-foo \ t - i  J

where Ufin and  P t+n are defined in  ( f . l f ) .

Proof:  The f irs t resu lt holds because, fo r any A >  0,

f n - p

J im ^  l im s u p P  ( | J  { ( |z t | >  M )  n  >  A )}
vt=l

<  l im  l im s u p n P  ( { |z i |  >  M }  f l  { |P 1 n | >  A })
M - f o o  n —too '

l im  P (\z\ I >  M ) ]  l im  nP
. M —f o o  /  n —foo

J 2 cj ( n ) z 1+j

3 =  1

>  an A

S im ila rly ,

=  A - “ | ^ o r r a V | C i(u ) | “  l im  P ( |z i|  >  M )
*—• M^rOO
3 =  1

=  0.

l im  l im  l im s u p P  j I I { ( \z t \ >  M )  f l  ( |P t+ | >  A )} j =  0,
A—>0+ M —>-00 n—̂QQ \ t  — I ' J

and the th ird  resu lt fo llow s fro m  the firs t two.

L e m m a  2 Under the conditions o f  Theorem 1, i f  ol>  1; thenf f o r  any rj >  0,

/  n —p

l im  l im  sup P  I
A —> - 0 +  n - Aoo  \

+  Ut+n ) ( I { z t  >  0 } -  I { z t <  0 } ) I { \ U t~n \ <  \ } I { \ U + n \ <  A}
t -1

where U f n and U ^n are defined in ( f . l f ) .

>  V

Proof: Observe th a t

%-p

X > fA  +  U ^ m z t  >  0 } -  I { z t <  0 } ) / { | P ^ |  <  A } / { |P + J  <  A }
t= i
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<  P

+ P  

5  P(

n —p

1
n —p

t = 1 

n—p

+ p

+ p

+ p

E Ut:n ( I { z t  >  0 } -  I { z t <  0 } ) I { \ U t- n \ <  \ } I { \ U + n \ <  A }
t = 1 

n —pE U t U H z t  >  0 } -  I { z t <  0 } ) I { \ U t~n \ <  \ } I { \ U + n \ <  A } 

E U t 'A H z t  >  0 } -  I { z t <  0 } ) I { \ U t- n \ <  A }

n —pE K n i H z t  >  0 } -  I { z t <  0 } ) I { \ U t~n \ <  \ } I { \ U + n \ >  A }
t  =  1 

n —p

E > o} -  U *  < Q})H\ut+n\ < A}

>

> f

>1

t - 1

n—p

>

E >  0 } -  I { z t  <  0 })J {|£7+ „ I <  A } / { | {7 (“ „ |  >  A }
> 1.

B y  the M a rkov  inequa lity ,

/  n—p

t= l > 5E >  ° )  -  J {z t  <  0 } ) /{ |C / t̂ |  <  A}

n—p

E > 0 } -  ^  <  0 } ) /{ |C /t7„| <  A}< r j z
t - 1

Because z i has m ed ian zero and is independent o f ,

E { U l n { I { z x >  0 } -  I { Zl <  0 } ) I { \ U r tn\ <  A } }

=  E { i7 i- n / { | l / 1- n | < A } } E { / { z 1 >  0 } -  <  0 } }

=  o,

n—p
o

(4.24)

(4.25)

(4.26)

(4.27)

and so

lim  l im s u p E  E  u t n { I i zt >  0 } -  I { z t <  0} )I { \Ut~n \ <  A }
A - + 0 +  n -+  o o

by P ropos ition  A .2 (c ) in  D avis, K n ig h t, and L iu  (1992). Therefore, lim ^_ >0+ E m s u p ,,^ ^  o f (4.24) 

equals zero, and, s im ila rly , l im A_K)+ l im  supn_fM  o f (4.26) equals zero. Because (4.25) is bounded 

above by

/n - p  \  / » - p  \

p E K n i m r j  < * 2} n \ut+,n\> a} > I  + p E  > a> >  |
<  —nE  

V

Kt = l  
f n —p

u r , j { \ u r , n \  <  A2}  P ( l^ l+nl >  A) + P  [ ) { ( \ U t- n \ >  A2) n ( | t f + n | >  A )}
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<  - A 2n P ( | f /+ J  >  A) +  nP  ( I ^ J  >  A2) P >  A)

l im  l im  supA 2n P ( | [ /1+n | >  A)
A —v O +  n —f o o  5

=  l im  l im  sup A2 nP
A —> 0 +  P i— > -0 0

i = i

f>or\ a T \ c i (u ) \a l im  l im  A2 a n P ( \ Z i \ > a n )
Z—**  A —> - 0 +  n - ¥ c o
j - 1

=  0

by (4.4) and (4.10), and, fo r any A >  0,

l im s u p n P  ( l ^ - J  >  A2) P ( \U +n \ >  A)
n - f  o o

o o  /

=  l^ 0r r £ M u ) r A~ “  l im  P
n —► o o  1i = i  V

$ ^ ci ( u M + i
3 =  1

>  an A

lim A_>.0+ lim sup fj^oQ  o f (4.25) equals zero. S im ila rly , l im A_f0+ l i m s u Pn-foo ° f  (4.27) equals zero, and 

thus the p ro o f is com plete. O

L e m m a  3 Under the conditions o f  Theorem 1, i f  a  >  1, then, f o r  any r) >  0,

l im  l im  sup P  I
A —f  0 +  n —> o o  y

n —p

£ > t +  U t , n ) { I { - U t ,n <  Zt  <  0 }  -  I {  — Ut,n >  Zt  >  0 } ) I { \ U tf n \ <  A }/{ |C /+ „ | <  A}
t  =  l

=  0 ,

where Ut n and Uf~n are defined in  (4-14) and Ut,n — UtiTl +  U * n .

Proof:  We firs t consider a  >  1 and give an argum ent s im ila r to  one found  in  the  p ro o f o f Theo­

rem  4.1 in  D avis, K n ig h t, and L iu  (1992). I f  F ( - )  and G (-) are the  d is tr ib u tio n  func tions  o f \zi \ and 

I Y l j ^ o  ci ( u ) 2i - j l  respectively, then, using the  M arkov  inequa lity ,

n - p  \

X > t  +  Ut ,n ) ( I { - U t ,n < z t < 0 } ~  I { - U t ,n > z t >  0 } ) I { \ U f n \ <  \ } I { \ U + n \ <  A } >  ?; |
t - 1

/ n —p

+  U t , n ) { I { - 2A <  - U t , n < z t <  0 } -  7{2A  >  - U t ,n >  >  0 })  >
\ t = i
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n—p

^  P «n * E
t  =  l

E ci W ^ - i
jVO

I l 2 X > a - 1

jV  0

< V ( E c j ( u ) ^ - i I 2A > a"1 E ci ( u ) zi - i
1 j# 0

>  \zt I >  0 }  >  T)

>  |zi| > 0

<
y » 2 A  / » 0 0

fl ~ 1'nan 1 /  /  y G ( d y ) F { d z ) .
J 0 JanZ

i f

then

/
OO

y G (d y ) ,

l im  nan 1H { a n )    l im  rcP
a  —  1  n - f c o

o

>  an

a  — 1 I ' / ' O r  | “ E M U )

jV o

by K a ra m a ta ’s theorem  (see Feller, 1971, page 283), and so

lim  sup f  H ( a n z) F (d z )  =  l^ o r l- "  E  Icj ( u ) I “  lEmsup /  ~ w r ~ \  F (dz)-
n—>- oo Jo Or 1 n-s-oo Jo r i [ a n )

A lso  by K a ra m a ta ’s theorem , # ( 2 ) =  z1_ “ T 0(z) fo r z >  0, where L 0(-) is s low ly  va ry ing  a t 00 . B y

P o tte r ’s theorem  (see B ingham , G old ie , and Teugels, 1987, page 25), there ex is t constants A i  >  0,

0 <  £ <  m in {a  — 1,2  -  a } ,  and xq >  0 such th a t

0 <
H ( x z )

~ W )
<  A \  m a x {z 1-a-f l - a + ( }

fo r x z  >  x 0 and x  >  x 0 . In  a d d ition , i f  0 <  xz  <  x 0 and x >  x 0, then there exists a constant A 2 >  0 

such th a t

n ^ <r < (^Ao)1~a~eg(Q) _ ^ - a- ^ r 1+fg(0) < A zi-a- (
H ( x )  ~  H ( x )  ~  H { x )  x a ~ 1+^ H ( x )  ~

since H ( 0) <  00 and x a~ 1+  ̂H ( x )  00 as a: -4  00 . Therefore, because the  d is tr ib u tio n  o f Z \  is 

con tinuous ly  d iffe ren tiab le  on [—k, k ], E |z i |1_“ _? <  00 , and thus

/  n —p

l im  lim s u p P
A —» - 0 +  n-¥oo

E(* +  U t , n ) ( I i - U tin <  Zt  <  0 } -  I { - U t , n  >  Zt  >  0 } ) I { \ U t~n \ <  X } I { \ U + n \ <  A }
t= 1
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E Mu)i“ JiTn-1™? [  F(dz)
i^ o A —> 0 +  f i  —̂  oo , /q U (a n) 

2A

<

=  0 .

  /*ZA
V~ 1  r l ^ r V l c i W H i i V ^ )  l im  /  z1_“ _ £.F(dz)

a -  1 “  A-+0+ Jo

Now, consider a  =  1 and observe th a t

^  n—p
E ( ^  +  Ut,n) ( I { - U t ,n < z t <  0 } -  I { - C f t ,n >  zt >  0}) I { \U t-n \ <  \ } I { \ U + n\ <  A }
t = l

> »7

I n —p r r 1/2 \

<  p a~ 1/2u n E E  C j ( n ) z t ^ E >  w  >  0 > >771/2

\
t = 1 i #  0 I i ^ o J. /

<  j ? - n 2 n a - i / 2 E
E  ci ( u ) Z l-
jV  o

/*2A /‘ oo

/  < 2A >  a" 1 E ci ( u ) n - i
i^ o

1 / 2

>  N  >  0

<
/*2A /“OO

r,~1/ 2n a - 1/2 /  y 1' 2 G {dy) F {d z ) .
JO J a „ z

i f

then

poo

H*{z)  :=  j  y 1/ 2 G {dy),  
J Z

2 l im  nP
n—>00

E ci ( u ) n -
i^ o

2 [^0r|
j *0

by K a ra m a ta ’s theorem , and thus

f2A/*2A   /*2A  Z T * ( n  7 \

l im s u p r)~1/ 2n a ~ 1/2 /  H * ( a n z) F (d z )  =  2r]~ 1̂ 2\(j)0r\~1 V ' '  |c j(u ) | l im  sup /  - r ~ ~  F (d z ) .
n-foo Jo n—loo Jo •“  Van j

Because iJ * (z )  =  z ~ 1/ 2L \ { z )  fo r z >  0, where L i ( - )  is s low ing va ry ing  a t oo, there exists a constant 

A 3 >  0 such th a t

l im  l im s u p P  j
A ■“ > 0  ̂ \

n —p

X >  +  Ut ,n) { I { - U ttn <  zt <  0 } -  I { - U t ,n > z t >  0 } ) /{ |C /t7„| <  A}I{|tf+n| <  A}
t= 1

<  2 77 n 2U 0r| 1 y  |c,-(u)| l im  l im  sup [  ^  F (d z )
1 1  a -io+ n—100 Jo H * ( a „ )
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p 2A
<  2?7_1/ 2|^ o r|-1  V  |c j(u)|^43 l im  I  z ~ 3^AF (d z )

j * o  A~*0+ ■">

-  0.

□

l im  P
A —» - 0 +

L e m m a  4  Under the conditions o f  Theorem 1, i f  a  >  1, then, f o r  any i] >  0,

OO

: e  I k A l i Z k j  > 0} -  I {Z kJ < 0})/{|7kj| < A} > r, ] = 0,
iOk = l

where ^k ,j =  C j(u )6k

Proof: Choose e >  0 and Ad G { 1 , 2 , . . . }  such th a t Ad >  2 /a .  Because J2 j?o  \ lk , j \  <

a lm ost surely, i t  suffices to  show th a t

E  E  >  0 } -  I { Z k l j  <  0 } ) /{ |7 fc , i l <  A }
j ^ 0k=k l

fo r a ll A >  0 su ffic ien tly  close to  zero. Choose Aq >  0 such th a t

> 2

16
2 E CK U) E  E { r - 2 /“ / { | C j( u ) | r ft- 1/a <  A o } }  <  | .

0 k—k^

Possible values fo r Aq exist since

n

OO OO

£ 4 ( " ) £ E { r C “ }  = £ « ? ( " ) £
i i t  0 k=k t J# 0 k=k t

F(k  -  2/ a )

m

<  (cons tan t) £ c]  (u ) £
0 k—k^

< OO.

(4.28)

(4.29)

We w il l  show th a t (4.28) holds when A =  Ao-

Because V (u )  in  (4.8) is f in ite  a lm ost surely and r *  —>■ 00 a lm ost surely,

OO
£ £  l k i j  ( I { Z kj  >  0 } -  I { Z kj  <  0 })  / { |7fe,il <  Ao}

0 &==&t

a lm ost surely, and hence there exists an M q >  0 such th a t P(yloo) <  e/2  i f

<  00

Aoa — £ £  7k j  ( I { Z k i j  >  0 } -  I { Z k)j <  0 })  I { \ ' f k , j \  <  Ao}
0 k—k*

> M 0 } .
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For any in teger m > k \  le t 

Am -

and observe th a t, since

E  E  7*J > °> -  < Ao}
j # 0 ft=fct

> Mn

{~ik,j(I{Zklj  > 0} I { Z kj  < 0})7{|7fcj| < Ao}}jl,̂ fet) 

is a sequence o f uncorre la ted  random  variables w ith  mean zero,

{ m

I { A cm} E  E  - fV i in Z k j  > 0} -  I { Z kJ < 0})/{|7fcii| < Ao}
j^Ok—k̂

{ m

E  E  ■yuAnZkj > 0} -  I { Z kJ < 0})/{l7ft.il < Ao}
j^Ok^kt 

m

=  E E E b b u i 7 * . ; i < * o } }
0

m
= E CKU) E  E{r,-2/“/{|Ci(u)|r-1/a < Ao}},

0  A - r r A ’ t

where A?m is the com plem ent o f the set Am. B y  the dom ina ted  convergence theorem ,

E } /{ACTO} E  £  7k A H Z k j  > 0} -  I { Z kj  < 0})/{|7ft,il < Ao}
j j i O  k = k t

E lim
r o —► o o

I { A cm] Y ,  E  7x A H Z k j  > 0} -  I { Z hj  < 0})/{|7ft,il < Ao}
j ^ Q k -k ^

2 %

jim E \  I { A cm} Y  E  7ft,i(7{̂ ft,i > 0} -  I { Z kj  < 0})/{|7ft,il < A0}
0 k—k't

<
oo

E CKU) E  E{rft2/a/{lci(u)irft1/a < Ao}}:
j^O k~k*

and so

E  E  7*,i (H Z klj > 0} -  I { Z kJ < 0}) /{|7ft,il < Ao}
j ^ Q k = k t

>

< P(ic„) +  P / R } E  E  7fc,i (H Z k j  > 0} -  I  {Zkj  < 0}) /{|7ft,il < Ao}
jj£  0

>
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<  £  +  S E {  W o } £  £  I k j  ( I { Z kJ  >  0 }  -  I { Z k j  <  0 })  I { \ J k J \ <  Ao}

E E  [ I i Z k j  >  0} -  I { Z kJ  <  0}) I { |7Mi <  Ao}
0

>
16

2 rj

<  |  +  S E CK U ) E E K 2/“ 7{ l ci ( u ) | r ; 1 /a < A o } }

<  e

by (4.29). a

L e m m a  5 Under the conditions o f  Theorem 1, i f  a  >  1, then, f o r  any rj >  0,

l im  P
A - + 0 +

E D 2 *. i  +  <  Z k j  <  0 } -  I { —Jk,j  >  Z k j  >  0 } ) / { |7 fc j |  <  A }
j / 0 k—1

> t? = 0,

where j k j  =  C j ( u ) S k T k  1^ a .

Proof:  B y  the  law  o f  the  ite ra ted  lo g a rith m ,

|r* -  *i
I,i" ™ p v $ r e r a  =  1

a lm ost surely. Therefore, since

<  | r *  -  k \a ~ l  (m in jfc , | Ar — |T* — &| j } ) - 1 - 1 ' '"  ,

where k lies between T* and k,

\T k 1 / a ~  k ~ l h
| p  — —

l im s u p — -----  — ------- < l im s u p ---------- — _______ ____________________
o o  \ / 2 a ~  k~  e *-»■ o o  a _ 1\ / 2 k lo g \ o g k  (A; — y ^ & lo g lo g fe )

<  1

a lm ost sure ly fo r some e >  0. Consequently, Y l'kL i 1^a -  k l ! a \ <  oo a lm ost surely, and so the 

resu lt holds i f

E E ( l£i(u)lr l / “ -  \Zkj\)I{\cMWlla > \Zk,jI > 0} <
0k—i

oo (4.30)
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alm ost surely. As in  the  p ro o f o f P ropos ition  A .3 in  D avis, K n ig h t, and L iu  (1992), i f  F ( - )  is the

d is tr ib u tio n  fu n c tio n  fo r |2 i, i|>  then

8 00
E I EE(Mu)l*-1/a -  l ^ i l W l c i W r 17"  >  \ Z k j \ >  0 }

o o

= EEEid^H I^”17"- \Zk,j \ ) i { \cM)\k- l la > \zkJ \ > 0}}
j ? 0k = l

= E E /
j ^ o k = i Jo

f<x> /■|ci ( u ) |y _ 1 /“

Because F  is con tinuous ly  d iffe ren tiab le  on [0, k ], E \ Z \ ]\ \ l ~ a <  oo i f  a  >  1 and E (ln  | i? i, i |)  >  —oo 

i f  a  =  1, and thus the  expecta tion  is fin ite . Hence, (4.30) holds a lm ost sure ly and the p ro o f is 

com plete. D

L e m m a  6 Under the conditions o f  Theorem 1, i f  a  >  1, then, f o r  any rj >  0,

where yk ,j =  Cj(u)<Sfer ^ 17"  and  :=  I { \ Z k ,j\ >  M } I { \ j k ,j\ >  A }.

Proof: For any A >  0,

P [ r ^ 1/a sup |c j(u ) | >  A in fin ite ly  o ften  1 = 0  
V je {i,2 ,...} /

since Ffe —> oo a lm ost surely. Hence, i f

A - f 0 +  o o

and

A —* - 0 +  M ~ ¥ oo

sup
i  e  { i , 2 , . . . }
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then K  <  oo a lm ost sure ly and

<  Tk l / a  sup |c j(u )

- 1 / a  I

<  A

fo r a ll k >  K  and a ll j  £  { 1 , 2 , . . . } .  Therefore,

E E -/» , j ( I { Z kij >  0 } -  I { Z kj  <  0 } ) I { \ Z k J \ >  M } I { \ lk<j \ >  A }
i # o  t e = l

i ^ O  t e = l

-A 0

a lm ost sure ly as M  —y oo and

i ) ( ^ { —7fc,i <  Z k j  <  0 } -  >  Z kJ >  0} ) I { \ Z k J \ >  M } I { |7fcJ|
i^ o  fc=i

< E i ci(u) i E r * 1/0/ ^ ' i > M }
0  te =  l

-A 0

a lm ost sure ly as M  -a  oo, and so the resu lt holds.

L e m m a  7 Under the conditions o f  Theorem 1, f o r  any T  >  0, any rj >  0, and any  r  >  0,

/  \

< r,l im  lim s u p P
£ —*-0 +  n - » o o

where V * (■) is defined in ( f .12 ) .

sup K ( u ) -  V ; ( v ) |  >  rj
| u - v | | < e  

\H I , IM |< T

Proof:  F irs t consider the  case a  <  1 and observe th a t, fo r any u , v  £  f t p ,

n —p

E
t = 1

Zt zt +  a „ 1 ^ 2 c j (v )z t - j  
j ?  0

n  — p

<  an XE
t  =  l

E  Cj(U~V)Zt-3
i# o
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n —p

t  =  1

(u -  v)' -Zt — i zt-\-i
* T

1 M B )  M B - 1) } * = 1

<  llu -  v||a„
p n —p

E E
~zt —i  ^  zt+%

M B )  M B - 1)i = 1 t= 1

Recall th a t { i p j }  is given by J2T=o ^  =  V < M z ) w ith  tjij =  0 i f  j  <  0. B y  an extension o f the 

p ro o f o f Theorem  4.2 in  Davis and Resnick (1985), i t  can be shown th a t

p n —p
_ x \  ^ V'-"̂
1 / —.s

t= 1 t - l

' zt — i . zt+ i  
“T*

M B )  M B - 1)

n —p co
<  0-n1 E  E  +  • • • +  l ^ j - p l )  ( \Zt - j  I +  k t+ i l )

4 = 1  j  =  l

2 i ^ o r i 1 x ]  GV’j - i i + — k iV’j - p i )  e
-l/c*

7 =  1 k = l

since ^  <  00 alm ost surely. Therefore, i f  a  <  1 ,

lKT(u) -  V(*(v)| = ||u -  v|| Op( l ) ,

and so the  resu lt m ust ho ld .

Now consider the  case a  >  1. F rom  (4.18), fo r any A >  0,

/  \

p  sup \ v : ( u ) ~ v : ( v ) \ > v
| | u - v | | < e

\l|u ||,||v||<T /

/

<  P sup
| | u — v j | < e  

\l|u ||,l|v |i<T

/

n —p

t = 1
^t +  E E E 11) ^ -

i#  o jVO
+ lzt| ^

+ P

n —p
sup «n 1 

lu “ v ll<e t=i
\l|u ||,||v||<T

E c^ (u - v ) 2‘ -
i^ o

t,n >

\

/

<  p

/

sup
||u-v||<e

\l|u||,||v||<T

n —p
E  E E u  ~  v ) z* - j  (7 { ^  >  ° )  -  <  o })  i t
4 =  1

> (4.31)

+ P  I sup 
\ M < T

+ P  sup 
\ IM I< T

n —p
2 ^ 2  (zt +  ^ , n ( u ) )  ( / { - t / i tn (u ) <  Zt <  0 } ~  I { - U tjn (u )  >  Z t  >  0 })

t - 1

n—p

(4.32)

2 E  ( 2* +  Ut,n(v)) { I { - U t , n ( v )  <  zt <  0 } -  I { - U t , n i y )  >  Zt >  0 } )  i / r
4 =  1

>
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(4.33)

( n —p

+ P  sup a - 1 V
||u—v||<e ^

\IM I,IM |< T
t ~  1

Y j C j ( u - v ) z t ^
3 * 0

1 - L t , n >

where

■ * t , n  * —
/  < m ax

I  < m ax
» ' € { ! , . . . , p }

<t>o

OO

E  ^ 3 Zt - i - j
j = 0

<  a „ A ? I  •{ m ax 4>0 1{ B  l )zt+ i

<  an \ y  I  < m ax 
»6{1, •■•,?} 53

3 = 0

<  ctn A

A  A

and

Observe th a t (4.31) equals 

/

f7ti„(u) := On1 5 3 cA u )zt-j> U 6 ® P'
3 * 0

sup
! | u - v | | < e

\IM I.IM I< T

n —p
,-1

t = l

~%t—i  ^

^ o (5 )  ^ ( i ? - 1) ]
( / { *  >  0 } -  / { z t <  0 })  J * f

2 =  1

>

w hich is bounded above by

p  (

5 3 p  2T «-
*  =  1

n ~P /  — \
> (4.34)

A lso, (4.32) and (4.33) are bounded above by

n —p

E
t= i

P ( T a - 1 J 3  Yt I { T a ~ l Yt >  \zt \ >  0} / tAn >  ^

<
i ‘) \ P  r<x> re®
-  T ' W  /  /  I \ , n G {dy) F (d z ) ,
T) )  J o  J a n z / T

(4.35)

where

Yt 53d^-i| H 1- IV'j-pl) (lz«-jl + kt+jl),
i = i

f 1/2, a = l ,

/? =
11 , a  >  1,

and F (- )  and G(-) are the  d is tr ib u tio n  functions fo r \z i\ and Y\ respectively. U sing an argum ent 

s im ila r to  the  p ro o f o f Lem m a 2, i t  can be shown th a t l im A_,.0+ l im s u p , ,^ ^  o f (4.34) equals zero.
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B y  the p ro o f o f Lem m a 3, l im  supn_voo o f (4.35) is fin ite  fo r a ll A >  0, and so l im A_>.0+ l im  s u p ^ ,^ ^  o f 

(4.35) equals zero. Therefore, there exists a Ao >  0 sm a ll enough so th a t, fo r a ll e >  0, l im s u p ^ ^  

o f

/

sup
||u-v||<«=

\IM I,IM I< t '

+ P  sup 
VlluIKT

+ P  I sup 
V llvIKT

\
n —p

i 1 Y Y cj ( u  ~  >  0 } -  I { z t <  0 })  I i
t = 1 j j i  o

n —p

/

2 (zt +  U t, „ (n ) )  ( I { - U t ,n (u) <  Z t <  0 } -  I { - U t ,n (u ) >  Z t >  0 }) I *
t = 1 
n—p

2 J 2 ( zt +  U* M )  (H-Ut,n(y)  < Z t <  0 } -  I { - U t ,n (v )  > Z t >  0 }) i l
t= l

> ?

> 1

is bounded above by r / 2 .  Consequently, to  com plete the  proo f, we show th a t

/  \

l im  l im  sup P
e - > 0 +  n - 4 0 O

n —p

SUP an 1 Y
||u—v||<e t=1

\IM I,IM |< T  

The le ft-hand  side is bounded above by

X ! ci ( u  - y ) z t - j  
i *  o

1 -  1,t , n > 1
=  o.

/

n —p

l im  l im  sup P [ e a „ 1 'S~s Yt I { Y t >  anAo} >  ?  J <  ( — ) l im  l im  supe^na ^ E  { Y i / { Y i  >  anAo}}^
e - v O +  n —f o o  \  ^  2  y  -  V » 7 /  ^ 0 +  > o o

and, bv K a ra m a ta ’s theorem ,

lim  l im s u p e ^ n a ^ E { Y \ I { Y i  >  an A o }}^
e — n - + o o

-A q l im  l im  nP  (V i >  anAo)
a  — p  e —) - 0 +  n - +  o o

OO

j - 1
2 - ^ A ^ - Q| ^ 0 r r a

a — (3

=  0.

L e m m a  8 Under the conditions o f  Theorem 1,

V n ( ’ ) -  V r l ( - )  =  Op ( l )

□

on C ( R P), where V * ( - )  and V^(-)  are defined in (4-12) and (4-13) respectively.
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Proof: Le t T  >  0. We begin by show ing th a t V *( - )  — V ^(-) =  op ( l )  on C ( [ —T, T ]p). In  p a rticu la r, 

fo r e >  0 and i] >  0, we show th a t

P ( sup |7 „*(u ) -  ^ ( u ) !  >  < e
\ u e [ - T , T ] P  I

(4.36)

fo r a ll n su ffic ien tly  large. As in  the p ro o f o f P ropos ition  3.2 in  Davis (1996), fo r any fixed in teger 

m  <  n — p  and any u  £  IRP,

n - p  (  

£ Zt +  an l Y ^ C j { u ) z t -
i *  o

\z t \ Zt(^o)  + an 1 E CJ'(U^ t -
3*0

n —p — m

Zt +  ari 1 E Ci ( U^ t -
t  =  1  

n — p  — m

z t ( 4 > 0 )  +  a n 1 J 2 cj ( u ) z t -

3 *  0

+ E  M -M 'M I + E
t = n  — p — m + 1t - 1

n —p

n —p

+ a* 1 E c*
3*0

-  z t  |

z t i ^  +  a ^ Y ^ i 11) ^ -
3*0

n —p

o)l+ £
£ = n — p  — m - f 1

n —p —m

< 2 Y  \zt -  zt {<f>0)\ +  2a, - 1 Y Y \ cj ( n )zt-
t = l  t = n —p —m + l  j ^ O

J I*

Thus, fo r any m  <  n — p,

P sup \V * ( u )  -  V ^ u ) !  >  T) 
\ u e [ - T , T ] p  j

/  n —p —m  \  /  n — p

<  P (2  Y \zt ~ zM a ) \  >  E  + P  ( SUP 2 a " 1 ^  E  lci ( u ) ^ - i l  >
/  \  u e [ - T , T ] P  t = n _ p _ m + i  j ^ ot = l

Choose 0 <  (3 <  m in ja ,  1} and observe th a t E |^ iI '9 <  oo. Because

Z n —p —t  — ^  " Vfj (*^o(S )^n _ p _ t+ j)  and 2ra_p_((c^>g) — ^  ") (<?h)(-® p—t+ j)  (4.37)
i= o  j=o

fo r t  £  { 0 , . . . , n —p — 1 }, where t f j z i  =  l / ^ o ( z ) ,  and there exist constants a >  0 and 0 <  b <  1

such th a t l ^ j l  <  a V  fo r a ll j  £  { 0 , 1 , . . . } ,  there exists an integer rao large enough so th a t

n — p  — m o

t = i

p ( 2  £  ! * - * ( * , ) \ > A  <  ( - )
r  n — p  — m o

t = l  )

n —p — 1  o o

<  ̂~ ®  ̂ E  E  1̂ ’ I ̂o(-® ^n-p-t+j
' '  *  t —mo j = t + 1
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f  a
<  -  E

T) J 11 — 6X > m°+t M B - ^ Z n - p + t
t -  1

<

<

4 a

t;(1 -  6)
E e  (b(3)

.  m 0 + t

t  =  l

fo r  a ll n >  mo - f  p. B y  (4.7), there exist constants C  >  0 and 0 <  D  <  1 such th a t

sup |c j(u ) | <  
u £ [ - T , T ] p

fo r a ll j  0. Hence, because an —» 00 ,

n —p

P {  sup 2an 1 E  E l ci ( u ) ^ - i l  >  9, j -  P
, u G [ - T , T ] p 0

-1 E  E c’I)lili^ i>
t = n — p  — m 0 - f l

<  ( -  1 e E -1

< a n M - )  mQE\Zlf J 2 C P (Dp)
i / o

l il

<

fo r a ll n  su ffic ien tly  large, and so (4.36) holds fo r a ll n su ffic ien tly  large. Consequently, V ^ (-) — 

T/d(■) =  O p(l) on C ( [ —T , T ] P). Because T  >  0 was a rb itra r ily  chosen, fo r any com pact set K  C K p , 

v : ( - )  -  V j ( - )  =  O p(l) on C (I< ) ,  and thus !/*(■ ) -  V j ( - )  =  op ( 1) on C ( W ) .  □

Now consider the  p a rt ia l derivatives fo r Zt(-). For an a rb itra ry , causal autoregressive p o lyn om ia l 

<i>(z), define <p(z) =  <f>iz +  • • • +  <f>pzp — I  — <!>(z), and define <po(z) =  1 — <f>o(z)- N ote  th a t, fo r 

t  G {1

<t>(B)Xi+p =  - z t (<f>) +  ip (B ~ 1)z t (<p),

so, i f  j  G { 1 , . . . ,  p } , then

{ A B - 1) ^ ) }  -  - X t + p - j  + (4.38)

A lso, i f  j  G {1 , ■ • . ,  p } , then 

8
-  {<p(B 1)zt (4>)} ~  - t — {<j>\ztJ r l (<f>) +  • • • +  <j>pzt+ p ((j))}
j  0<P j
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=  P (B  1) ^ V ” + Z i+ i W '

E qua ting  (4.38) and (4.39) and so lv ing  fo r dzt((j>)/d<f>j, we ob ta in

dzt {4>) 1 ( v  , /J -n
~ d f ~  ~  J ( b m  { X t+ p ~j  +  Zt+j{4>)] •

(4.39)

(4.40)

E va lua ting  (4.40) a t the  true  value o f and igno ring  the  effect o f recursion in it ia liz a t io n , we have

dzt(<j>0)
d<f>j

A lso, fo r j , k e  {1 , .

d 2zt {<jP)

d f a d f a

d 2zt {<j> q)

M B - 1)
~z t - j  _ j_  z t + j

M B )
+ zt+j{*P o) |

M B )  M B - 1)'

and so

84>jd(f>k

C)T ( j M )  { ^ t+p+j~k + ^t+p+k- j  + %zt+j+k(4>)} ,

{ X t + P+ j - k  +  X t+ p + k - j  +  2 zt+ j + k(<j>0) }
M B - 1)

-  m b M M b ) M b - 1)
o o  o o

= - E E  ’4} m ' tl) l { z t + j ~ k - l + m  +  Z t + k —j  — i + m )  +

m —0 1=0

L e m m a  9 Under the conditions o f  Theorem 1,

2  z t + j + k

M b - 1)

V n { - ) - v M )  =  op { 1) 

on C ( R P), where Vn (-) and V^(-) are defined in (4-11) and (4-13) respectively.

(4.41)

(4.42)

Proof:  For any u  €  R p ,

I Vn (u) — (u) | =
n—p /

\ z t ( < t> o  +  a n 1 U - )

t = 1 \

n —p

zt(<l>0 +  a ^ u )  -  zt {4>0) -  a ~ 1 'Y ^ C jM ) zt- .
j^O

z t ( f i>0  )  +  « n 1 S C l ( U ) ^ - l

j ^ o

< E
t  =  1 

n —p

= E
t~  1

<

-1  ,dzt(<j>o) , a n 2 „ ( u ) )  _ !  t ^
M u '  - h - g - u 7-— p rn r r , ---- u  -  a „  ^ ci ( u )2{- i

i^ o
n — p

f  =  l

U

8 <f> ' 2

, d z t {4>o)

84>8 <fi'

i i to

2 n ~P
+ 5r E

t= i

<92*t(<£* (u))
U  -----------------------1 ; U

8 <f>8$
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where 4>*,n (u ) lies between <po and <f>0 +  an 1u  fo r a l l !  £  { 1 , . . . ,  n — p } .  F ix  T  >  0. In  order to  prove 

th a t V„(-) -  (•) =  Op(1) on C ( K t ) ,  where I < t  =  { u  £ 1 p •' ||u|| <  T } ,  we show th a t

P sup | K ( u )  -  V ^ (u ) | >  T)

n —p

<  P I sup a ~ l  V
\ H ! < r

U
, d zt (<j> q)

d<fi ■ E cj (u )**-
i# o

 o  n —p

sup ^  —  
\M < T  1 t= 1 84>d(j>

>

— ¥  0

fo r some r) >  0. Ghoose /? >  0 so th a t

p --
f a ,  a  <  1,

I  1, a  >  1,

and observe th a t E \ z M  <  oo. Therefore, fro m  (4.7) and (4.41)

n —p

P I sup a,
, IM I<T t= 1

E ci ( uK
a

>

( n-p
SUP «« 1 E /

l|u||<T ^t  =  l

~%t — i

n —p

< ? < ^ E
\  t = l

/  p  n - p

< p p E E
i = l  t= \

E {« n l T E E
I  i ~ l  t  =  l  

p n —p

[ M b ) M B - 1) !

p

p

i = 1
>

M B - 1) M B - 1)!

zt-\-i[4> o) Zt+i

* =  1
> V

<

M B - 1) M B - 1
p n —p

>

<
» • = 1  t = l

zt+ i{4 >o) z t + i  

M B - 1) ~ M B - 1)

Zt+i (4>o)

B y  (4.37),
p n —p

M B - 1) M B - 1)

zt+ i{4 )o) zt+ i

M B - 1) M B - 1)
y y  e

■■ wif o i l i  ”4
%■=! t = l

and so, since an —>• oo, (4.43) is o ( l) .  Because

l l ^ t , n ( u )  -  <£ol! <  a n 1!!" !! <  a7 l T ,

fro m  (4.42), there exist constants C  >  0 and 0 <  D  <  1 such th a t

, d 2zt (4>tin( u))

0 (1),

sup
M \ < T d(j>d4>'

-u < E  CDm\zt-

(4.43)

J  =  -  OO
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fo r a ll n su ffic ien tly  large and a ll t  £  { 1 , . . . ,  n — p ) .  I f  fo llow s th a t, fo r a ll n  su ffic ie n tly  large,

n —p

P sup an 2 Y ]
\ IN I< T

n —p  o o

> V ) < P J an2X l  J2
t = l j  = — oo

< r j ^ a ^ n E ^ f  J 2  c { b ^ A . (4.44)
j  —  —  OQ

B y  (4.9), a ~ 2l3n ->  0, and so (4.44) is o ( l ) .  Thus, since T  >  0 was a rb itra r ily  chosen, Vn (-) — F j( - )  =  

op ( l )  on C ( K )  fo r  every com pact set K  C  M p , and hence the  p ro o f is com plete. □

L e m m a  10 Under the conditions o f  Theorem 2,

W*n { ; - ) - W l ( ; - )  =  op { 1)

on C { R P+2), where W * ( - ,- )  and W n (-, -) are defined in  (4-21) and (4-22) respectively.

Proof:  Le t T  >  0. We w il l  firs t show th a t W£(-,  •) — W%(-, •) =  op ( l )  on C ( [—T , T ] P+2). In  p a rticu la r, 

fo r e >  0 and p >  0, we show th a t

P [  sup |W * ( u ,v )  -  W i ( u , v ) |  >  rj j <  e (4.45)
\u e [-T ,T Jp ,ve [-T ,T p  J

fo r a ll n su ffic ien tly  large. For any fixed integer m  <  n —p, any u  £  H p , and any v  =  (t>i, t ^ ) '  £  f t 2,

|Wn* ( u , v ) - W nt (u ,v )
n —p —m

S E
t - 1

( z t +  n 1 /aT , j * o ci ( u ) zt - j  , v2 ' 
l n / |  ------- _ ,u .  i , .. / _ i H  ’ a + f J j 2cr/\<f>0r\ +  Vi f n 1/ 2

' +  » ~ 1 /a S j ,

(r/\<j>0r\ +  V i / n 1! 2

, ,  ( * t ( ^ o )  +  n  1/0 E i^ o  cj ( u ) zt - j  t v2

l n /  I  ---------_ / . . r .......i - 7 — /_ i /^ -----------] a + 7 p b

n —p — m

+ E
t - 1  

n —p

+ E
t = n —p — m- f - 1

n —p

+ E
t —n — p — m + 1

er j \ f o r

(4.46)

(4.47)

ln
(7 ( Vi

-1
v2

° ’/ |^ o r |  +  v i / n 1! 2 ’ n 1/ 2

- l n
(T

y0r j

Zt
r ;a

Or j
(4.48)

In

- l n

<7 V\

4>or\ +  n 1! 2

- l
<7 '

’ z t(<l>o) + n 1/a 0 cj ( n )zt - 3 , _ V 2

c / |^ 0 r |  +  v i / n 1! 2
; a + , 1 / 2

«0r Or
(4.49)
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From  C alder (1998), as z —> oo,

=  + ! ) . - * + ( 4 . 5 0 )

Hence, fo r a ll n su ffic ien tly  large and a ll |« i|, \i>2\ <  T ,  there exist constants K \ , I f  2 >  0 such th a t

<  K \  ' iz  £  1R and
S in  f ( z ; a  +  V2/ n 1^ )  

dz
& v i  &

d— ~  >  n — r ~  &2  >  0,
|<?W| n 1! 2 |^or|

and therefore (4.46) and (4.47) are b o th  bounded above by

n —p — m
k  i

°7 ! I V t -1
zt ~ zM o )

A lso  from  C alder (1998), as z —> oo,

S in f { z ; 0 )  _  (3 h (0 ) /3 9 )

30 h {6)
+  In z +  0 (z s ln  z),

where

h(9) :=  T(9  +  1) sin .

Thus, fo r a ll n  su ffic ien tly  large and a ll |t>2 | <  T ,  there exists a K s  >  0 such th a t

S in  f ( z ; 0 )

30
<  K - s  +  j ln  \z\ | Vz €  1R,

$=<x+V2/ n 1/ 2

and so, when |i>i| <  T , (4.48) is bounded above by

n—p

t - n —p —m - f - 1

In
<x , v i \ 1 , ( zt +  n 1/ a J2 j ^ o ci ( u ) zt - j ,  .. , v2

d "  1 I n  )  J  I  _ / l j  I , . .  / _  1 / 9  , Q !  +
\<j>0r I n 1!'1 < 7 / | S o r |  d- v \ / n 1! 2 n 1 / 2

■In
1 ( zt +  n l ! a C j(u )z t - j  _ v2

\<j>0r\) I <y/\4>0r\d- V i/n1/2 , a  n1/2
n —p

t —n —p — m  +  1

n —p

d-
t —n - p  — m - p l

In
1 / z t A n  1 / a  J 2 i z i o  cj ( u ) z t - j

f
o’/ l^ o r l  d- V i / n 1! 2

; a + V2

n1! 2

■ ln

ln
y0r i

<r/\<f>0r\ +  v i / n 1! 2 

■>3* o '

a

1 ,  (  z t  +  n  1 / o r E « o  cj ( u ) z t - j

<r/\<f>0r\ d- v i / n 1! 2

■In Zt

o"/|0Or| ’
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<  m 1 / ^  Vl 
n l l < M  « 1/2

n —p

V n - ^ T  E
t —n —p — m + l

In +  n l l ‘2m K s T

ln

\<t>Qr

^  + n ~ 1 /a E ^ o ci ( u ) ^ - j

O’ / I ^ O r l  +  V i / n 1/ 2

n —p

+ K i  E
t = n - p  — m- \ - l

zt
<z/ \ 4>0r \  +  V i / n 1! 2 <?/\<t>0 r \

< n r1' 2
m T

n —p

cr/\<fi0 r \ -  i f 2
:--------  +  n ~ 1/ 2m K 3T  +  n ~ ^ 2T  V
— K o '

t = n —  p  —  r a - f l

In
zt +  n  1 / t t E j ^ o ci ( u ) ^ - j  

c / l^ o r l  +  v i / n 1! 2

+ n - l / c i f i
n —p n —p

« / \ M - K ,  ' "  W I W  -  *>>’ t —n — p —m - j - 1

S im ila rly , fo r a ll n  su ffic ien tly  large and a ll |« i|, |^21 <  T ,  (4.49) is bounded above by

n —p
- 1 / 2 m T

■— —  +  n - 1/ 2m K 3T + n - 1/2T  E
-  Kn

t = n —p —m + l

In

- l / < 2

n —p

< r / \ M - K 2 t = n _ p _ m + i m

i f i T
n —p

t = n —p — m  + 1

Therefore, using an argum ent s im ila r to  one used in  p ro o f o f Lem m a 8, i t  can be shown th a t (4.45) 

holds fo r a ll n  su ffic ien tly  large. Consequently, W *( - ,  ■) -  W%(-, •) =  op ( l )  on C ( K )  fo r any com pact 

set i f  C M p+2, and so the  resu lt holds. □

L e m m a  11 Under the conditions o f  Theorem 2,

on C ( R P+2), where Wn (-, ■) and W%(-, •) are defined in  (4-20) and (4-22) respectively.

Proof:  F ix  T  >  0. F rom  (4.50), fo r a ll n su ffic ien tly  large and a ll j^21 <  T ,  there  exists a J f i  >  0 

such th a t

ain /(*;<■+ »>/»l f l ) £ K l  V se R .
dz

Also, fo r a ll n  su ffic ien tly  large and a ll |u i| <  T ,  there exists a i f 2 >  0 such th a t

» 0 r |  n
1 / 2 'Or I
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Thus, fo r a ll n  su ffic ien tly  large, a ll u  £  1RP, and a ll v  =  ( v i ,V 2) '  £  R 2 such th a t |i>i|, Ĵ 21 <  T,

|W „ ( u ,v )  -  W ^ (u ,v ) |
n —p

< E
t- 1

<

I n /

K i

zt (4>0 +  n  ^ au ) V2 \  _  , ,  / o) +  n 1/a J2 j ^ o  cj ( u ) zt - j   ̂ v2

a-/\(j>Qr\-\- v i / n 1! 2 ' n 1! 2 J  1 cr/\<j>or \ +  v i / n 1! 2 ’ n 1/ 2

n —p

& / \ 4 > 0 r \  ~  I < 2 t -  1

zt (4>o +  n 1/ a u )  -  zt {<j>0) - n  1/a c ^ u ^ t -
jy* 0

and so the  resu lt holds by the p ro o f o f Lem m a 9. □
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A p p en d ix

In  th is  section, we correct some o f the  results in  B re id t, D avis, and T rindade  (2001). We begin by 

changing the  tw o  lem m as in  the A p p e n d ix  o f the  paper so th a t Theorem  1 and some o f the  order 

selection results in  Section 3 can be fixed. The n o ta tio n  we use corresponds to  n o ta tio n  in  B re id t, 

D avis, and T rindade  (2001).

L e m m a  1 Suppose { Y )}  and  {V j}  are the l inea r processes

OO CO

Yt =  cj zt - j  and v * -  dj z t~j<
j  —  —  CO j  =  —  o o

where c0 =  0, £ ] ° l - o o  M il <  00> S j= - o o  M il <  °°> and mean f in i te  variance,

and common d is tr ibu tion  func t ion  G. I f  G  has median 0 and is continuously differentiable in  a 

neighborhood o f  0, then

n —p

S „  :=  ( \z t -  n ~ l / 7Yt -  n - 1 ^ !  -  |z*|) 4  V a r fY ^ g iO )  -  d o #  M i I +  N,
t = l

where

A ~ i V ^ 0 , 7 ’ ( 0 ) + 2 f j 7 * ( / l ) j  ,

7 * (h )  =  E \Y is g n ( z i ) Y i+hsgn(z i+h)}, 

and g (z ) is the density corresponding to G.

Proof:  Using the  id e n tity  fo r z 0

\ z ~ y \ ~  Ml =  - y s g n { z )  +  2 {y -  z) { l {0<z<y) -  l { y < i< o } }  ,

130
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we have

S „  =  - n ~ 1/2 Yt sgn(zt ) -  n ~ 1 ^  Kt sgn(zt )
n —p n —p

t =  1 i = l

n —p

+ 2  ^  1/,2Vt +  n ^  { l { 0 < ^ i < n - 1/ a y i + n - 1 V « }  _  ^-{n-1/^Yt+n-1Vt<zt<a}}
t  =  1

= :  -An +  B n +  C „ .

F rom  the p ro o f o f the o rig in a l version o f th is  Lem m a, we know  th a t A n —> N  and

n —p

2 E (  n 1! 2Yt — zt J { l { o < z t< n - i / 2Y,} — l { n - 1/2y,<2,< o }}  V a r (Y i)# (0 ).
t = i

B y  the ergodic theorem , 

and so i t  suffices to  show

n —p

B n -»  —E [V i s g n (z i))] =  - d 0E |z i|,

5 3  ( n 1/,2yt +  n 1Vt -  ZtJ { l { 0 < ^ ( < „ - i / 3 y ( + „ - i y ! }  -  l { n - 1 / 2 y t + n - 1 y , < 2: t < 0 } }

n — p

-  5 3  ( n ~ 1/2yt ~  { 1 {0<Zi<n_1/ 2y4} -  1 {n -V 2 y j < z t< 0 }}
t = 1

4  o.

Since E 0 as n  —*■ oo, we have

n —p

' l  ^ 2  ^  { 1 {0<zf < n -1/ 2Fi + n -17i } “  ^-{n~1̂ Y t+n~l Vt<zt < 0} } 0.
t = 1

N ow consider

n—p
E ^  ( n 1/2^ i  -  { l { 0 < ^ <<n “ 1/2^ + n “ 1Vf } ~  1 {0 < ^ < n "1/ 3Ki} }

£ =  1

n —p

<  E j :  { l { 0 < n - 1/ 2y i < 2 i < n - 1/ 2n + n - i V ' i }  +  1 { n “ 1/ 2 y f < 0 < 2 ; f< n - i / 2 y i + n “ 1V t } }

t = l  

n —p

+ E  5 3  n ~ 1^2Yt — Zt  { l { o < n - 1/ 2y i + n -1y,< i:t < n -1/ 2Fi} +  ^ { n - 1/ 2Yt+ n - 1Vt < 0<zt < n - 1/ 2Yt} }
t  =  1

For any e >  0, the  r ig h t-h a nd  side is bounded by

n —p

E 5 3  n ~ 1/ 2Yt -  Zt  { l { 0<n- i/3 y t<^(<n - 1/2yj+ n - 1y t<e} +  l { - e < n - 1/2y(< o < ^ ,< n -1/2yj+ n - i y (<ir} }
t = 1
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n —p
+  E  ' ^ 2  n 1 / 2 Y t  -  Zt { l { 0 < n - 1/ ^ Y i + n - 1Vi < z l < n - 1/ 2Y f < e }  +  l { - e < „ - i / 2 Y t + n - 1Vi < 0 < z i < n - l / 2Y t < e } }  

t  =  l  

n —p

+ E  J 2  ( 2 n _1/2 |Vi| +  n - 1 |Yt |) 3 { l {|n
t = l

<  3e(n — * )P  e <  n ~ 1/,2Y i <  z\ <  n ~ l ! 2Y i  +  <  e j

+ 2 e(n -  s)P  e <  n ~ l ! 2Y i  +  n ~ 1V\ <  z i  <  n ~ 1//2Y i <  e'j

+ 6 n ^  {E  ( lY il +  |Y i| )2} 1/2 ( { p  ( K ^ Y i  +  >  e ) } ^  +  { p  { \ n - ^ Y l \ >  c ) } ^  .

N ote th a t fo r e su ffic ien tly  sm a ll there exists a S >  0 such th a t

P e <  n  1/<2Y i <  z\  <  n 1/,2Y i +  n  1 Vi <  e'j 

I

<  P | z i | < e , n  1/2Y i <  z i <  n 1/2Y i +  n  1 < \d0\e +  \ d j Z i - j \
7 = —oo
j *  0

< { g ( o) + Mo|e +  ^ 2

J=-0O

and

P e <  n ~ l ! 2Y\ + n  1Vi <  z i <  n 1/ 2Y i <  e'j <  (g (0) +  S)r,

Since E (|Y i| +  | V i | )2 <  oo,

^ |n _1^2Yt +  n - 1 ^ !  >  ->  0 and nP  ( \ n ~ 1/ 2Yt \ >  c'j

Mo|e +  ^ 2

nP

7 =  — OO

V i# 0

- » 0 ,

and  i t  fo llow s th a t

n —p
E Y }  ~  i { 0< z 1< n - 1/ 2y, ■0.

□

I f  we app rox im a te  tp(B 1)zt (4>) by

M B  1) 2«(^o) +  S ^ T 7  { ‘P i8  l ) zt{<t>)} M  ~  M )
j =z  1  3

- \ i z i z  Q ^ d f k W i B - M W )  ^  (4>j -  M ) M  -  < M >
j  — 1 k — 1
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the c rite r io n  fu n c tio n  can be w r it te n  as

n —p

m n =  ^ 2  ~  <f>(B)Xt+ s \
t  =  1 

n —p

=  M B ~ l )B °  zt + s(4>) -  M B ) X t + s  +  ( M B )  ~  H B ) ) X t+ s
t - 1

n —p

-  M B ~ 1) B szt+ s ((f)0) -  B szt + ! ( M  +  zt(4>0)

133

t = 1

0 = 0 O

{ v ( B ~ x)zt (4>)} (<t>j -  M ) ( ^ k  -  M )
1  V  ■>

o * '  -j
j  =  1  k ~ l

- M B ) X t+s +  n ^ 2(<P -  M ' n - 1/ 2( X t +s- i , X t )'

n —p

/  .j

t - 1

zt ((t>0) +  n 1/2u' d
+  X ,t + s - j

j - 1

1 ~1 / +  - n  u a 2
{<p(B x) z t M }

5
u

0=<£o.
(5.1)

where u =  n J/ 2(0  -  <£0). The coefficient o f n 1/ 2 in  (5.1) was discussed in  the  o rig in a l paper, so we 

now focus on the coeffic ient o f n ~ 1. Because

d 2

the coefficient o f n  1 is

i r 92
2U [a<

i  / 
=  2 "

2 U

{<^(B  1) « t ( ^ ) }
0= 0O. j , k = 1

« s - ‘ ) l 4 ‘4+‘w + ^ +iW 0 = 0 O.
U

j , k  =  1

-{^ t+ s + j-A : +  ^ t+ s + A - j +  2z t+ j+ fc (0 o )}
j  ,k — \

2 i . * = i

M B - 1,

~ zt + j - k  ~  zt+ k—j  . 2zt+ j-H

M b ~ 1) M b )  M b - 1

o o  o o

—  /  )  / )  I p m l p l j z t + j - k - l + m  A  Z t + k - j - l + m )  +  , 2 /  R - l \  

. m=0 1=0 j
o o

-  ~  5 3  d j zt - j -

u

j , k = l

J = -CO
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Appendix

N ote th a t

j  -p i  i 1 E |Z i | ,
d0h \z i \  =  x - n — r u

2 | < p O r  j 1=0

n

i , k = i

O-2|0Or|

The m od ified  version o f Lem m a 2 fo llows.

L e m m a  2 F o r  u  £  R s, let

5 „ ( u )  =  m n {(j>0 +  n _1/2u ) -  ^  M < £ o )l

and define

n —p

t =  1

n —p

S n W  =

t  =  l

^ t ( ^ 0) + n  1/2u ' 

8 2

+ k v
1 $

11
4>=4>0. j , k = i

n —p

t= i

Then

1. 5* 4 5  on C (R 3) where

5 (u )  = ) „ < ! , , ,  + „ . N
|<p0r| O' |<por|

and

a .  5 n  4  5 .

^Or

Proof:  The p ro o f is essentia lly the same as the o rig in a l, except

n —p

Sl(n) = ] T { |  Z t -n - ^K -n - 'V t l -
t - 1

n —p

-■'> ■ £  y ,ag„(s ) +  ) w r . u  +  0, ( 1).
t = l

&0r O  \(pQr

Therefore, Theorem  1 now reads
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T h e o re m  1 Assume 2cr2f a (0) >  E \Z \ \  and A 1 - A 3  hold. Then there exists a sequence o f  local 

m in im izers  4> ia d  o f  m n (4>) such that

n 1/2& L A D  0o ) ^  m Z i {  i t i / . ( 0 ) r ; l N  ~  N  { ° ’ 2 (2o 2f „ ( 0) - E \ Z 1\ f ,T2T: )  

where F s =  ['y(_/ — &)]’■ fc=1 and ~/(-) is the autocovariance func t ion  o f  the causal A R ( r )  { Z t  j  4>o{B)}.

For the  Laplace density,

V a r \Z \ \  _  1

_2 T''”  1

2 (2(t2/ ct(0) — E \Z \ \ ) 2 2 ’

and, fo r the S tudents ’ /-d is tr ib u tio n  w ith  v  >  2 degrees o f freedom ,

 V a r^  5- =  (t t ( v  -  l ) 2r 2(^/2) -  4 (i/ -  2)F2((j/ +  l) /2 )) . (5.2)
2 (2cr2/ c,(0 ) — E \Z \ \ )  8 r2((z /+ l) /2 ) v

W hen i/ =  3, (5.2) is 0.7337.

C o ro lla ry  1 states

C o r o l la r y  1 Assume the conditions o f  Theorem 1. I f  the true all-pass model order is r  and the 

f i t ted  model order is p  >  r  then

n l ' 24>v l a d ^ n {  0 ,   ̂)  >
P ' \  2 (2<t 2/ ct(0) -  E \ Z 1j) J

where <j>PtLAD is the p th  element o f  <j>pAD-

So, the te rm  92 used in  the order de te rm in a tio n  procedure becomes

-2 vx P V ar \Z i  |

2 ( 2 v i d - i i ) 2 2 (2cr2/ cr(0) — E \ Z i \)2 ’

where e i and v\ are the  e m p irica l mean and variance respective ly o f { | £«(</»)|} ,  i>2 is the em p irica l 

variance o f { z t {(j>)}, and d is a kernel es tim a to r o f the density  a t zero based on { z t (<p)}.

We now make a few changes to  the de riva tion  o f A IC (-) . A ga in , X \ , . . . , X n and X * , . . . ,  X *  

represent tw o  independent rea liza tions o f the  m odel k q ) ' , where we assume (f>0 G ]RP and p  <  s.

I f  we ob ta in  <j> and k  using X i , . . . ,  X n ,

- 2  £ , . ( * , « )  =  M » ) i + i , ^ a : f W ( » ) i
K  AC
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=  - 2 C M  ») -  2 (n  -  p) +  W l  -  g - 7  W ( * . ) l

+ ^ E S K M .

N ote th a t

E ^ T  1 4  W I  -  E E ?  l < ( ^ o ) l  4  u 'n *  / 2 / „ ( o )  _  _ e | Z i | _ \  u T p u

"  V ^ E l ^ l ^ O r h 1 V I^Orl <T2|^ 0 r |y

where

u = ........?-.tfod------- r _1N2E|Zi| -  4<t2/<7(0) p

and N, N* are i id  N{0,2Ya,T \Z1\<j>or2<T-2F p).

Var[Zi|<r2 / V 2 / g (0) _  1 \
2 (2<j 2/ <7(0) — E | ^ i i ) 2 \  E l ^ l  V^<r2J P'

Therefore,

V a r 1 ^ |  / 2cr2/ f f (0 )

(2o-2/ ct(0) — E|Zi|)2 V E|^|AIC(p) := -2£X(&«) +  1 „ 2 ( J ~ \ } ~ 1 ) P-

The  pena lty  te rm  can be estim ated consistently w ith

Di I 202d 

(2 i s - id -  e i ) 2 I  h
- 1  •
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