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ABSTRACT OF DISSERTATION 

MODELING OF STATIONARY AND NON-STATIONARY 

HYDROLOGIC PROCESSES

This dissertation touches on several aspects related to modeling of stationary and 

non-stationary hydrologic processes. New methods for regional frequency analysis of ex­

treme events are developed, under the concept of the population index flood (PIF). In this 

method population quantities are used for estimating the index flood, instead of using the 

sample mean as is done in traditional index flood methods. PIF models are developed for 

commonly used distributions in hydrology, and procedures for estimating the standard error 

of at-site quantile estimators are also developed. Extensive simulation experiments are used 

to test the proposed methods and procedures based on the PIF models. In addition, a Pareto 

model is developed utilizing only the largest sample order statistics for parameter estimation 

based on maximum likelihood, and exact formulas for the mean-squared-error of quantile 

estimators are also derived. Furthermore, shifting mean models are developed for modeling 

processes that exhibit a type of non-stationarity in the mean, that is represented by sudden 

shifting patterns. The shifting mean models are formulated under both univariate and mul­

tivariate frameworks, and with and without autoregressive AR(1) persistence. Procedures 

for parameter estimation are explained in detail. The multivariate model is formulated as a 

contemporaneous shifting mean model and it is further mixed with contemporaneous ARMA 

models. That is, the multivariate model is capable of modeling mixed systems, where only 

part of the sites exhibit sudden shifting patterns and the others sites can be represented by 

a CARMA(p,g) model. The proposed shifting mean models are capable of preserving key
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statistical characteristics, and in addition the lag zero spatial correlation in the multivariate 

models. Numerous examples are presented throughout the dissertation for illustrating the 

different procedures.

Oli Gretar Blondal Sveinsson 

Civil Engineering Department 

Colorado State University 

Fort Collins. CO 80523 

Spring 2002.
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PR E FA C E

This dissertation focuses on two different aspects of modeling of hydrologic processes. 

Chapters 1-3 focus on frequency analyzes in a regional context, while Chapters 4-7 focus 

on modeling of processes that can be considered to be non-stationary in the mean.

The different chapters in this dissertation are written in such a way that they can stand 

independently. That is each chapter has its own abstract, introduction, and conclusions.

In Chapter 1 a new method for regional frequency analysis, dubbed as the population 

index flood method is introduced. In this method the index flood is taken to be function of 

the unknown population quantities, while traditional index flood methods have estimated 

the index flood at each site by the corresponding at-site sample mean. Population index flood 

models are developed for the most commonly used two- and three-parameter distributions.

In Chapter 2, explicit equations for estimation of standard errors of at-site quantile 

estimators are derived for the population index flood method with the generalized extreme 

value distribution as the underlying regional distribution and parameters estimated by max­

imum likelihood.

In Chapter 3, a Pareto model is used for fitting the upper tail of empirical distributions 

both in a single-site and regional context. Only the largest sample observations are utilized in 

estimation of the parameters of the Pareto model using the method of maximum likelihood. 

In addition, exact formula for the mean-squared-error of quantile estimators is derived.

In Chapter 4 shifting mean models are developed for modeling autocorrelated hydro- 

climatic processes that show a type of non-stationarity in the mean, and in Chapter 5 the
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vii

studies of Chapters 4 are extended to include skewed processes.

In Chapters 6 and 7 an autoregressive AR( 1) persistence is added to the shifting mean 

models in Chapter 4. Both univariate and contemporaneous shifting mean plus persistence 

models are developed, and the contemporaneous model is further mixed with contempora­

neous ARM A models. These persistence models are shown to perform well in modeling of 

the Great Lakes system.
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C hapter 1

P O P U L A T IO N  IN D E X  FLO O D  M E T H O D  F O R  R E G IO N A L  

F R E Q U E N C Y  A N A L Y SIS

A bstract. Regional frequency analyses based on index flood procedures have been used within the 

hydrologic community since 1960. It appears that when the index flood method was first suggested 

the index-flood was taken to be the at-site population mean, which in turn, in the last two or three 

decades, has been estimated by the at-site sample mean. The objectives of this paper are to inves­

tigate the consequences of replacing a population characteristic with its sample counterpart and to 

propose an analytically correct regional model dubbed as the population index flood (PIF) method. 

In this method the homogeneity of the region is embedded in the structure of the parameter space 

of the underlying distribution model. Simulation experiments are conducted to test the proposed 

PIF method based on the generalized extreme value (GEV) distribution with parameters estimated 

using the method of maximum likelihood (MLE) and the method of probability weighted moments 

(PWM). Furthermore, in the simulation experiments the PIF method is compared with the Hosking 

and Wallis regional estimation scheme (HW-scheme). Comparing among all index flood methods 

investigated herein, the PIF method with parameters estimated using MLE provides the best overall 

results for the 0.95 and the 0.99 quantiles in terms of both bias and root mean square error for mod­

erate to sufficiently large sample sizes, but for the 0.995 quantile the HW-scheme seems to perform 

best for the investigated sample sizes.
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1.1 In trod u ction

Frequency analysis of multi-site hydrologic data, such as annual maximum floods or 

annual maximum precipitation, is often used to improve estimation of extreme quantiles. 

This approach is usually referred to as regional frequency analysis. Two methods that have 

been widely used in regional frequency analysis are regional regression and the index flood 

method. Regional regression equations generally relate event quantiles to physiographic and 

climatic characteristics using least squares regression techniques, while in the index flood 

method the event quantile is the product of the at-site index-flood (usually the mean) times 

a regional quantile estimate. In this paper the index flood method is critically examined.

Dalrymple (1960) introduced the index flood method. The main assumption of the 

method is that, for a statistically homogeneous region of m  sites, data a t each site divided by 

the the index-flood are from the same population. Here a statistically homogeneous region 

is defined as a region where the sites within the region have identical frequency distribution 

apart from a scale factor. Dalrymple defined the index-flood as the mean annual flood, 

which in turn he estimated as the 2.33-yr event from the empirical frequency curve for 

each site. Note that the population mean of a Gumbel distribution has a return period 

of 2.33 years, which suggests that Dalrymple must have assumed the Gumbel model as 

prototypic, although it is not explicitly stated in his 1960 paper.

Several references in the literature followed closely Dalrymple’s method by taking the 

2.33-yr  event as the index-flood. As we are going to see subsequently in this paper, this 

procedure will work only in Gumbel’s world. Several well known references in the literature 

(see for instance, Linsley et al., 1982; Viessman and Lewis, 1996) followed closely Dalrymple’s 

method of using the 2.33-yr event as the index-flood. Unfortunately, often in the same 

references, rather than referring to the 2.33-yr event as the index-flood under the Gumbel 

model assumption, the index-flood was referred to as the “mean annual flood”, which in a 

general context can either be taken as a population property or a sample property. Also very
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3

well known references in the extreme flood and extreme rainfall literature (see for instance, 

NERC. 1975: Hosking et al., 1985a: Hosking and Wallis, 1997) assumed and popularized the 

use of the sample mean as the index-flood.

Furthermore, in the last two decades, the so-called probability weighted moments 

(PWMs) (Greenwood et al., 1979) and L-moments (Hosking, 1990) were developed as an 

efficient procedure for estimating parameters of probabilistic models. Estimators of GEV 

parameters for single site data using PWMs compared favorably with estimators obtained 

by the maximum likelihood estimation (MLE) method (Hosking et al., 1985b). In addition, 

parameter estimation using PMVVs or L-moments is often easier than MLE. An alterna­

tive index flood estimation method based on PWMs and L-moments has been proposed by 

Hosking et al. (1985a); Hosking and Wallis (1997). In this method the above mentioned 

index-flood at each site is estimated by the at-site sample mean.

In this paper, we analyze the validity of the assumptions underlying the index flood 

method. Furthermore, alternative index flood regional models will be developed based on 

the concepts first suggested by Boes et al. (1989) utilizing the Weibull distribution. The 

alternative regional models will be called “Population Index-Flood” (PIF) because they will 

arise from using certain population quantities in arriving at an index-flood. PIF models will 

be given for some commonly used two- and three-parameter distributions and simulation 

studies will be conducted based on the GEV distribution where the PIF model is compared 

with the currently used Hosking and Wallis index flood regional PWM procedure.

1.2 T h e Index F lood  R eg ion a l P roced ure

The index flood method was introduced by Dalrymple (1960). The assumptions made 

in this method may be summarized as follows: (a) observations at any given site are inde­

pendent and identically distributed, (b) observations at different sites are independent, and 

(c) frequency distributions at different sites are identical apart from a  “scale factor” (the
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index-flood). Mathematically for m sites in a region, the qth quantile at site j  is given by

£>(«?) =  H  ■ Zr (q) ,j  =  l , . . . , m (1.1)

where fij is the index-flood for site j ,  and £ri(q) is the regional qth quantile. The above 

equation can be rewritten as

^ -^ = £ f t(< ? )  J  = (1.2 )
H

which says £j(q)/nj  should not depend on j .  Dalrymple (1960) defined the index-flood as 

the mean annual flood, which he estimated as the 2.33-yr event from the empirical frequency 

curve for each site. As mentioned earlier, this assumes a Gumbel model as the underlying 

regional distribution. Dalrymple then defined the empirical regional qth quantile as the 

median of the indexed at-site qth quantiles estimated from the empirical at-site growth 

curves. A regional growth curve was then fitted to the empirical regional quantiles.

As noted previously, it has become a common practice among hydrologists to esti­

mate the index-flood, Hj, by the at-site sample mean, p.j = X j ,  where the ‘h a t’ represents 

estimated value. Dalrymple (1960) warned about using the at-site sample mean, which gives 

the same weight to all observations and is therefore more sensitive to large sampling errors 

of extreme observations.

1.3 T he Effect o f  U sin g  th e  Sam ple M ean to  E stim ate  th e  Index F lood

1.3.1 Sample Properties

Assume a random sample of size n of independent and identically distributed (iid) 

random variables, X i , . . . ,  X n. Indexing this random sample by the sample mean, X ,  results 

in the random sequence, X i / X , . . . ,  X n/ X .  The following proposition shows that any two 

distinct random variables X i / X  and X j / X  from the sequence are equicorrelated, and that 

the correlation coefficient does not depend on the marginal distribution of the Xi's.

Proposition: Assume an iid sample X i , . . . ,  X n with sample mean X  for which second or-
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der moments of X y / X , . . . ,  X n/ X  exist. Any two distinct random variables of X y / X , . . . .  X n/ X  

are equicorrelated with correlation coefficient

p { X i / X , X j / X )  =  l—  , for i ? j  (1.3)
72 — i

where n is the sample size.

Proof: X y / X . . . . .  X n/ X  are identically distributed, hence they have a common variance, 

say t 2. Also, all distinct pairs A ,/A  and X j / X  are identically distributed and so have a 

common covariance, say 7 . Now.
^ X i
L f = n
t=i

so

=  n r  + n(n — 1) 7
\  X  A  /

Hence,

Cov{Xi /X ,  X j / X )

t~Y\
(1.4)

p i X i / X , X j / X ) =  ----------- -- --------------- ----
y  Var(Xl/ X )  ■ Var (Xj /X)

7 7 1
t 2 —(n — 1)7 n — 1

QED

In addition, if the random variables A i , . . . ,  X n are from a positive process, then the 

indexed random variables X y / X . . . . ,  X n/ X  are bounded from above, i.e.

x i * i=  =  n —-------------— < n  (l.o)
X  A l +  • • • + * „   ̂ ‘

Hence, any two random samples of different sizes taken from the same positive population,

say Yy. . . .  , Yn and Zy , . . . ,  Zrn where n / m ,  and indexed by their sample means will not be

identically distributed since their respective ranges

0 < = < n  , i  =  l , . . . , n  (1.6 )

0 < f  C m  , j  = 1 , . . . ,  m (1.7)
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are different.

The implication of the foregoing analysis is rather obvious. Using the index flood 

method with the index-flood as the sample mean leads to a sample that is not iid but 

correlated and to samples that may not be identically distributed. The distortion that 

results from dividing by the sample mean has also been discussed by Stedinger (1983).

1.3.2 Analytical Example

As a simple analytical example, le t’s assume that we have a random sample of size 

n from the one parameter exponential distribution. That is, X i , . . . , X n ~  exp(j.3) with 

probability density function (PDF) and cumulative distribution function (CDF) given by

f x ( x ) =  ^ e _x/fl/ (0iOc)(x) (1.8 )

F \ ' ( x ) =  ( l  — e x^ )  I (o, oo ) (x ) (1.9)

respectively, where /3 > 0  is a scale parameter and l(a,b)(x ) is the indicator function which 

is equal to one if x  6  (a, 6) but zero otherwise. The mean and the variance are

E [ X } = 0  (1.10)

V a r ( X ) = 0 2 (1.11)

A correct use of the index flood method in which the index-flood, /x, in Eq (1.1) is the 

population mean (equal to 0  in our example) yields

~  exp{ 0  =  1) (1.12)H n

i.e. the distribution of Xi f \ i  is exp( 1) and only differs from Eqs (1.8) and (1.9) by the scale

factor 0. On the other hand, if the index-flood is taken to be the sample mean, .Y, the

indexed random variables

f

are identically distributed but not independent. Furthermore, the distribution of the random 

variables in (1.13) is not exponential. In fact, the ratio -Yi/]C?=i -Yt has a beta distribution
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with parameters ( l , n  — 1), (see Johnson et al., 1994, pg. 507-508). Hence, the variables 

Yi =  X ( / X ,  i =  1 , . . . ,  n are identically distributed as

f y (y )  = ^  ( l  -  ^ ) n_2 / (0,„)(y) (1.14)

but not independent. Note that f y (y)  —► exp(—y) A0.cc) (y) as n  oo. How large does n 

have to be for fy{y)  to be a good approximation of the distribution of Xi/yP. Figure 1.1 

shows comparison of the PD F’s aiXi/y,  and Y, = X i / X  for n  6  (2,5,10,20}. The differences 

of the two PD F’s become less as n increases, but for small n ’s the differences are significant. 

Perhaps a better comparison can be seen in Fig. 1.2, where the 0.99 quantiles of both 

distributions are compared for sample size n ranging from 10-500. The 0.99 quantile is 

underestimated for all n ’s when the index-flood is estimated by the sample mean, and the 

underestimation is significant for small n ’s.

1.4 S im ulation  S tu d y  based on th e  G E V  D istr ib u tio n  and L -m om en ts

In this section a simulation experiment is conducted in order to compare the quantile 

estimates that can be obtained by the index flood approach assuming that the index-flood 

Hj of Eq (1.1) is taken to be the at-site sample mean X j  for site j .  The simulation study 

considers a region of three sites, and the generalized extreme value (GEV) distribution with 

parameters estimated using L-moments as in Hosking and Wallis (1997). The Hosking and 

Wallis method is summarized in sections 1.4.1-1.4.3, and the simulation results are presented 

in section 1.4.4.

In this simulation the 0.99 quantile will be estimated for each of the three sites in the 

region. The random variable for site j  is denoted by X j , j  =  1,2,3, and the distribution of 

these random variables differs by a scale factor, such that X 2  = 2Xi  and X 3 =  4Xi .  Annual 

maximum precipitation and flood data often follow a GEV with a negative shape parameter. 

Thus, the population parameters (refer to Eq (1.20)) considered for site 1 tire [o!i,/3i,/ci] =  

[2.0,1.0,—0.2]. The population parameters for the two other sites are derived from the
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population parameters for site 1 using the above scale factors. The CDF for site 2 written

in terms of the CDF for site 1 is Fa'2(x) =  Prob(X2 < x) =  Prob(Xi < x/2)  =  FXl{x/2).

Thus, the population parameters for site 2 are [a2 ,/?2»«2] =  [4.0,2.0,—0 .2]. Similarly the 

population parameters for site 3 are [<23, $ 3, *3] =  [8.0,4.0, —0.2].

1.4.1 Probability Weighted Moments and L-m om ents

The use of probability weighted moments (PWM) has gained popularity in hydrologic 

frequency analysis since the late 1970’s. The PWM of a random variable X  with CDF Fx (x) 

is defined as (Greenwood et al., 1979)

Mp,r,s = E[XVF%(x)(  1 -  Fx (x))s] (1.15)

where p, r . and s are nonnegative integers. For estimation of upper extreme events the 

PWM fir =  M 1 ,r,o is commonly used. An unbiased estimate of fir for a sample of size n, 

{At }f= l, is given by

t  (j~r V •’ ■ - a . i . . . .  (1.16)
'  '  j = r + l  '  '

where x i :n < x̂ -.n <  • • • < £n:n are the values of the sample order statistics. The (r +  l)th

L-moment. Ar+i, is defined as a linear combination of the PW M ’s (Hosking, 1990)

=  ^ o(_1)r_fc ( l )  C  1  ^ 0k ’ 'r  =  ° ’ 11 • • • (L17)

L-moment-ratios are dimensionless L-moments defined by

To = A2/A 1 (1.18)

Tr = Xr/X2 , r  =  3,4 , . . .  (1.19)

where to (L -C V ), 73 (L -Skewness), and r.| (L-Kurtosis) are alternative measures of coef­

ficient of variation, skewness, and kurtosis respectively. In addition, Ai is the mean of the 

distribution and A2 is a measure of scale. Unbiased estimates of Ar and estimates of r r are 

obtained from Eq (1.17)-(1.19) by replacing population quantities with sample quantities.
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The sample L-moment-ratios are not unbiased but they are consistent (Hosking and Wallis. 

1997).

1.4.2 The GEV Distribution and L-m om ent Parameter Estimation

The CDF of the GEV" distribution with parameters a  (location), /3 (scale) and 

(shape) is given by

I / k '

F\-(x) =  exp ( -
'}

, i f / s ^ 0  (1.20)

where a  +  f i / n < x  < oo if k < 0, and — oc < x  < a  +  /3/k  if n > 0. For k =  0 the GEV is 

the Gumbel distribution. The L-Skewness of the GEV distribution is a function of k only:

=  +  ( 1 .2 1 )

which can be implicitly inverted to give k in terms of T3. A fifth order polynomial approx­

imation of k in terms of 73 with error in k less than 8 x 10-6 , for —1.0 < k < 1.0 is given 

below:

{ P i(r3) if 1.0 > r3 > 0.1699 , -  1.0 <  k < 0
( 1.22 )

P2{t:i) if 0.1699 > t 3 >  -0.3333 , 0 < k <  1.0

where

Pi (x ) = 0.2833 6547 -  1.7898 9200 x  +  0.7848 5605 x 2

-0.412195491 3 +  0.1683 9976 x A -  0.0345 3985 x5 

P2 (x) = 0.28377353 -  1.7961 1310x  +  0.8225 7962x2

-0.5228 4010 x3 +  0.3719 4789 x4 -  0.5247 8704 x5 

Estimates of (r3,A2,Ai), denoted by (t3 ,A2,Ai) are obtained from the data, and then k  is 

obtained from t3 using Eq (1.22), and subsequently,

P = --------- ^2*---------- /123N
p (i - 2- * ) r ( i  + k) K 1

Q =  Al - ? ( l - r ( l  + « ) )  (1.24)
K
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1.4.3 Hosking and Wallis Index-Flood Estim ation (H W -schem e)

For ease of reference the Hosking and Wallis index flood estimation procedure (Hosking 

and Wallis. 1997) is denoted here as HW-scheme. In this estimation scheme the original 

sample data are indexed by the L-moment Ai, which is equivalent to the sample mean X .  

Then, the regional L-moment-ratios, f* ,  r = 2 , 3 , . . . ,  are estim ated as the weighted average 

of the at-site L-moment-ratios

1 m
*r =  ™ ------- 5Z  ni f r ] r  =  2 , 3 , . . .  (1.25)

where nj  is the record length for site j ,  and m  is the number of sites in the region. Note 

that, since in the HW-scheme data at each site are scaled by the at-site sample mean, the 

estimated regional mean must be equal to one, i.e. Af =  1, and therefore Eq (1.18) yields, 

* 2  = ^ 2  ■ Given the estimates of the regional L-moment-ratios, then Eqs (1.22)-(1.24) are 

applied to estimate the GEV parameters of the regional growth curve.

1.4.4 Simulation Results

We will compare the 0.99 quantile estimated by the HW-scheme with the quantile es­

timated by indexing the at-site data by their population means (known values). As opposed 

to the HW-scheme the at-site data indexed by their population means will be treated as one 

regional sample, i.e. the regional L-moments and L-moment-ratios will be estimated from 

the regional sample. The argument for using this estimation procedure is: since the at-site 

data are obtained from iid GEV random numbers and since the distributions at different 

sites are the same apart from a scale factor, then the data at different sites scaled by the true 

population mean should be iid. This procedure will be referred to as “analytic”. Although 

it is not viable in practice it will serve our purposes here for comparison.

The simulation results are shown in Fig. 1.3, where n \ =  n.2 =  713. As expected the 

results from the analytic procedure agree closely with the at-site 0.99 population quantiles 

while the HW-scheme underestimates the 0.99 quantiles. This underestimation is significant
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for small sample sizes but decreases as sample sizes get larger. Hence, these results show that 

the HW-scheme can result in significant underestimation of quantiles. Furthermore, note 

that the simulation experiments reported in section 1.6 of this paper show that estimating 

the regional L-moment-ratios using Eq (1.25) results in estimated quantiles with larger bias 

than if the regional L-moment-ratios were estimated from weighted at-site L-moments.

1.5 A n a ly tica l M odels for R egional Frequency A n alysis

In this section a family of analytical models for use in regional frequency analysis will 

be suggested. Models of this kind were first introduced by Boes et al. (1989).

Let’s assume m  sites in a statistically homogeneous region, and denote the population 

mean at site j  by g.j and the population variance at site j  by c r j  =  1 , . . . , m .  The 

CDF and the PDF at site j  are denoted by F\'j (x)  and f x 3 (r), respectively, and the qth 

population quantile at site j  is denoted by £j (q) .  Let 0 j  be the parameter vector of F \ J (x)  

and f x j  (r).  and let @j be the corresponding parameter space. The homogeneity of the region 

is embedded in the structure built into the parameter space. This structure results from 

assuming, for instance, that for some indexing function g(-) and 0 j  6  Q j ,  the homogeneity 

of the region can be represented by assuming that £ j ( q ) g ( Oj , q )  is the same for all sites 

in the region, i.e. is independent of j .  Thus homogeneity implies, that at-site population 

quantiles indexed by the indexing function g(-) are identical. In general the indexing function 

g { 0 j ,  q) is only a function of the population characteristics of the distribution model under 

consideration. Thus, we denote the resulting regional model as “Population Index-Flood” 

(PIF) or PIF regional frequency analysis so as to emphasize the essence of the approach 

(based on population indexing) and to distinguish it from the usual indexing based on 

the sample mean. Two types of indexing will be considered here: (1) at-site population 

quantiles divided by the at-site population mean ( f i j ) ,  and (2) at-site population quantiles 

standardized using the at-site population mean (g.j) and the at-site population standard 

deviation (<jj).
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The assumption that the at-site population quantiles divided by their population 

mean are identical implies that any of

(1.26)

Fxj ( x -Hj )  (1.27)

a b s ■ Hj) (1.28)

should not depend on j .

Similarly, the assumption of standardized at-site population quantiles being identical 

implies that any of

( A s t lM  (1.29)
Oj

FX] (x -Oj + Hj) (1.30)

(1.31)

should not depend on j .

The use of such regional model can be seen in Boes et al. (1989), Sveinsson and Salas 

(2001). and Chapters 2 and 3.

1.5.1 Two Parameter Distributions

In this section the suggested PIF regional models will be studied for some commonly

used two parameter distributions shown in Table 1.1. The distributions will be classified into

two groups, where the first group consist of distributions with location and scale parameters

and the second group consist of distributions with scale and shape parameters.

The exponential and the Gumbel distribution are in the first group. For a statistically 

homogeneous region, it is easily shown for these two distributions that £j{q)/nj  independent 

of j  implies that the ratio ot j / f i j ,  say 7 , is the same for all sites. Hence, for m  sites in a 

region the parameter space is reduced from 2m-dimensions to (m-M)-dimensions, i.e. if e.g. 

the estimate a j  is obtained at each site j ,  then the estimate of /3j  is obtained by 0 j  =  o t j / j ,
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where 7  is the estimate of 7 . On the other hand, (£j(q) — Hj)/<7 j  independent of j  does not 

reduce the parameter space, since it does not depend on the param eter vector Oj. Hence, 

ocj and jlj have to be estimated individually at each site j  in the region.

The gamma, the lognormal, the Pareto, and the Weibull distribution are in the second 

group. For a statistically homogeneous region, it is easily shown that for all these models 

^j i fl)/fjLj  °r (£,(<7) — Mj) / independent of j  implies that the shape parameter Kj is the 

same at each site j  in the region. Thus, the parameter space reduces from 2m-dimensions to 

(m +  l)-dimensions. where f3j is estimated individually for each of the m sites in the region 

but the shape parameter, say k , is estimated commonly for all sites.

Boes et al. (1989) applied the regional Weibull model for estimation of annual flood 

quantiles. They also derived exact formulas for the Cramer-Rao lower bound for the variance 

of unbiased quantile estimators. In Chapter 3 the regional Pareto model is used to estimate 

upper quantiles from the upper order statistics of a Pareto distribution, and exact formulas 

are derived for the mean-squared-error of quantile estimators. In both Boes et al. (1989) 

and Chapter 3 parameters are estimated using the method of maximum likelihood.

1.5.2 Three Parameter Distributions

In this section the implications of the suggested regional model on some commonly 

used three parameter distributions in Table 1.2, will be analysed. The distributions will be 

classified into groups depending on the implications of the regional model.

The GEV, the Generalized Pareto, and the Pearson Type III distribution are in the 

first group. For a statistically homogeneous region, Zj(q)/itj independent of j  implies that 

the ratio of aj/f3j  =  7  is the same for all sites and that Kj = k  is the same for all sites. Hence, 

the parameter space reduces from 3m-dimensions to (m +  2 )-dimensions. (£j(<?) — lij)/crj 

independent of j  implies that the shape parameter Kj =  k  is the same for all sites in the 

region. Thus, the parameter space reduces from 3m-dimensions to (2m +  1)-dimensions.

The lognormal distribution is in the second group. For a  statistically homogeneous
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region, £j(q)/nj  independent of j  implies that a je~aJ =  7  is the same for all sites and that 

Kj is the same for all sites, i.e. the parameter space reduces from 3m-dimensions to (m +  2)- 

dimensions. On the other hand, (£j{q) — P j ) / & j  independent of j  implies that Kj = k  is the 

same for all sites, reducing the parameter space from 3m-dimensions to (2m +  l)-dimensions.

In the last group is the Log-Pearson Type III (or the three parameter log-gamma) 

distribution. For the case when 0  < 0  (not show'n) the implications of the PIF method are 

the same as for 0 > 0. For a statistically homogeneous region, £ j ( q ) / n j  or (£_,(<?) — nj ) / (? j  

independent of j  implies that 0 j  =  0  is the same for all sites and that Kj  =  k  is the same for 

all sites. Hence, the parameter space reduces from 3m-dimensions to (m + 2)-dimensions.

Sveinsson and Salas (2001) applied the regional GEV and lognormal models for es­

timation of annual precipitation quantiles for a small region of three sites in northeastern 

Colorado. They also compared their results with the HW-scheme. In Chapter 2 exact 

formulas are derived for the standard error of at-site quantile estimators of the regional 

GEV model with maximum likelihood estimation, and the derived formulas are tested using 

extensive simulation experiments.

1.6 C om parison B etw een  th e  P IF  R eg ion a l M od el and th e  H W -S ch em e

In this section a comparison between the suggested PIF regional model and the HW-  

s c h e m e  (refer to section 1.4.3) will be made using the GEV distribution for the hypothetical 

region introduced in section 1.4. The 0.95, 0.99, and 0.995 quantiles will be estimated at 

each site and their biases and root mean squared errors will be compared. The parameters 

for the PIF regional model will be estimated by the method of probability weighted moments 

and by the method of maximum likelihood.

1.6.1 Parameter Estimation for the PIF-G EV Regional Model

For the GEV model given in Table 1.2 and Eq (1.20), £j(q)/ f j . j  independent of j  

implies that either the location parameter a j  or the scale parameter 0 j  should be estimated
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for each site j  in the region, and the ratio of ot j / f i j  =  7  and the shape parameter k j  =  k  

should be estimated commonly for all sites in the region.

1.6.1.1 Parameter Estimation by Probability W eighted Moments

For m  sites in the region the common shape parameter n is estimated using Eq (1.22). 

Given k, an estimate of 7  =  otj/ (3j is obtained using Eqs (1-23) and (1.24). It follows

1  -  ________________ *_______________ (1 39 )
7  ( i - 2-* ) r ( i  +  s ) - f 2[ i - r ( i  +  /c)] v ' 1

where f  i is a regional estimate of the L-CV.  Then, either a j  is estimated at each site j  using

c tj  =  A[j )  -  Alj )  ,  ( L 3 3 )
1 2 ( l - 2 - K) r ( l  + k) K ’

or an estimate of fij is obtained at each site j  using

\ U) k
Pi = ----------?------------- (1.34)
p 1 ( i - 2 - 'c) r ( i  +  «) 1 ’

where A ^  and A ^  are the first and the second sample L-moments at site j, respectively. 

Given otj, then 0j = atj/y, and vice versa.

1.6.1.2 Parameter Estimation by the M ethod of M aximum Likelihood

Assume m sites in the region and denote the sample at site j  by X j i , . . .  , X j Uj for 

j  - 1. . . .  ,m ,  where Tij is the sample size at site j.

For the case when the location parameter otj is estimated at each site j  in the region, 

and the ratio ctj/ftj =  7  and kj =  k are estimated commonly for all sites in the region. 

Then for Bj =  a ~ l the PDF of the GEV (see Table 1.2) at site j  can be written as

fXj{x)  =  Oj 7 [1 “ 7 K(6 j X -  l)]*~ l • exp [1 - 7 k(0 j x -  1)]1/k|  (1.35)

So, the log-likelihood is

In C*{0 i , . . . ,  O j j i ac, Xi, . . . ,  xm)

|n_, (lndj +  In7 ) +  ^  [ Q  -  l )  l n ^  -  |
(1.36)
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where x_, =  [xji , . . . , xjrij] is the sample vector for site j ,  and £ji =  1 —7 Xji — 1). The 

partial derivatives of the log-likelihood with respect to the parameters are given by

^  ~  ~  K ~ =  (1.37)

^  - £ { “  - u s ' d - * - # ' ) }  d a s )

-  ££  { > i "  - 1) ■»<* -  > • *  -  u t f u  -  -  « , Y * ) j  d - 3 9 )
j = i 1=1

A similar procedure is followed for the case when the scale parameter /3j is estimated 

at each site j  in the region and the ratio ctj/fij =  7  and Kj = k  are estimated commonly for 

all sites.

The ML-estimates of the parameters are obtained by setting the partial derivatives 

equal to zero and solving them simultaneously for the parameters. The above equations 

can not be solved explicitly for the parameters, so a Newton Rhapson iterative procedure 

with exact Hessian matrix of the log-likelihood is used to solve the system of equations 

numerically. The iterative procedure is repeated until the change in all estimated parameters 

is less than 0 .1%.

1.6.2 Results

Recall that the region in section 1.4 was simulated for equal at-site sample sizes 

m  — n 2 = TI3 , and unequal at-site sample sizes, where n 2 = ni + 10 and T13 =  n\  +  

20. In case of equal sample sizes, the simulation experiment was conducted for n\  €

{10,15,20,25,30,40,50,60,70, 80,90,100}, and for unequal sample sizes the simulation ex­

periment was conducted for n i € {10,15,20,25,30,40,50,60,70,80,90}. For each sample 

size the region was simulated 10,000 times and the 0.95, 0.99, and 0.995 quantiles were 

estimated at each site. Then average quantile estimates and root mean square errors (rmse) 

were determined for each sample size and each estimation method. The results obtained 

for the PIF regional model will be referred to as “MLE 1” and “PWM 1” when the location
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parameter a j  is estimated at each site j  using the methods of maximum likelihood and 

PW M ’s, respectively, and “MLE 2” and “PWM 2” when the scale parameter is estimated 

at each site j  using the methods of maximum likelihood and PW M ’s, respectively. In all of 

these methods the ratio a j / f i j  =  7  and the shape K j  = k  are estimated commonly for all 

sites in the region using the procedures outlined in sections 1.6.1.1 and 1.6.1.2. Note that 

MLE results for equal sample sizes when 711 =  10 are not shown, because in that case the 

MLE procedure didn’t converge for almost 15% of the samples for MLE 1 and 13% of the 

samples for MLE 2 (refer to Table 1.3 for proportion of non-converged cases of the MLE 

procedures). As stated before, the results obtained for the Hosking and Wallis index flood 

procedure will be referred to as the HW-scheme. Also recall that for the HW-scheme we 

analyze the at-site data divided by their sample mean, while for PWM 1, PWM 2, MLE 1, 

and MLE 2 we analyze the original at-site data.

The results for the 0.99 quantile and corresponding rmse’s are shown in Fig. 1.4 for 

equal at-site sample sizes, and in Fig. 1.5 for unequal at-site sample sizes. For PWM 1, 

PWM 2, and the HW-scheme the regional L-moment-ratios are estimated according to 

Eq (1.25). Results based on MLE 2 are not shown since they appear to be identical to 

results based on MLE 1 (refer to Tables 1.4-1.7). Both figures show that quantiles estimated 

based on PWM 1, PWM 2, and the HW-scheme are always negatively biased, but the MLE 1 

results in positively biased estimated quantiles for small sample sizes and nearly unbiased 

estimated quantiles for large sample sizes. In summary, for sufficiently large sample sizes, 

say of size 30 or greater, the MLE 1 (and MLE 2 not shown in the figures) performs better 

than the other methods. For the methods based on probability weighted moments (PWM’s) 

the PWM 2 has the smallest bias but also the largest rmse. In general the PWM 1 and the 

HW-scheme perform similarly in terms of bias and rmse.

Because of the significant negative bias of quantile estimators based on probability 

weighted moments, the simulation experiment was repeated for the case when regional L- 

moment-ratios (frR) are estimated from Eqs (1.18)-(1.19) in terms of regional L-moments
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A _ A /

(A)?), which in turn are estimated as a weighted average of at-site L-moments {Xr ) as

1 m
r  =  1 ,2 ,. . .  (1.40)

where rij is the sample size at site j .  This estimation method was once the recommended 

one in the HW-scheme (Hosking et al., 1985a), but instead Hosking and Wallis (1997) 

recommended using the method based on Eq (1.25), since in their simulation the method 

based on Eq (1.25) usually resulted in more accurate quantile estimates in terms of mean 

squared error. Results of our repeated simulation experiment for the 0.99 quantile are shown 

in Fig. 1.6 for equal at-site sample sizes, and in Fig. 1.7 for unequal at-site sample sizes. The 

biases of quantile estimators based on PWM 1, PWM 2, and the HW-scheme are significantly 

reduced (compared to the case of using Eq (1.25)) and the rmse shows a slight (perhaps 

negligible) increase. Estimated quantiles using the HW-scheme are always underestimated 

but they have smaller rmse compared to quantile estimators based on PW M 1 and PWM 2. 

For small sample sizes the PVV'M methods (PWM 1, PWM 2, and HW-scheme) have smaller 

biases than MLE 1 (and MLE 2 not shown). For larger sample sizes, say of size 40 or greater, 

the MLE procedures perform better than the HW-scheme and also better than PWM 1 and 

PWM 2 if both bias and rmse of quantile estimators are considered. Furthermore, for 

unequal sample sizes the HW-scheme seems to perform worse than the other methods in 

terms of bias for large sample sizes.

Further comparison of the methods for the 0.95 and the 0.995 quantiles are shown 

in Tables 1.4-1.7 for selected sample sizes. For all cases shown, the bias of the HW-scheme 

is always negative and it is always reduced when regional L-moment-ratios are estimated 

using Eqs (1.18)-( 1.19) and (1.40) (the numbers shown in parenthesis in the referred tables) 

as opposed to Eq (1.25). The biases of PWM 1 and PWM 2 are also generally reduced when 

regional L-moment-ratios are estimated in terms of regional L-moments (A)?). Regarding 

the 0.95 quantile the MLE procedures perform better than the PWM methods (PWM 1, 

PWM 2, and HW-scheme) for all sample sizes in terms of both bias and rmse of quantile
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estimators. The HW-scheme generally has the largest bias among all methods and similar 

rmse as PWM 1. In addition. PWM 2 seems to be more sensitive to sampling variability 

than the other methods and has the largest rmse among all methods. On the other hand for 

the 0.995 quantile the HW-scheme (refer to numbers shown in parenthesis in Tables 1.6-1.7) 

performs best among all methods in terms of bias and rmse for small sample sizes. For 

larger sample sizes the HW-scheme also seems to perform best in terms of bias and almost 

as well as the MLE procedures in terms of rmse.

1.7 C onclud ing R em arks

The index flood method for regional frequency analysis was investigated to see the 

effects of using the sample mean as the index-flood. It was shown that an iid sample drawn 

from a given parent distribution, when indexed by the sample mean, yields a different dis­

tribution than the parent distribution, and the indexed sample becomes correlated. For 

example, when a finite random sample is drawn from the one-parameter exponential dis­

tribution, it was shown that the random variables indexed by their sample mean are not 

exponentially distributed but identically beta distributed and not independent. Further, 

iid samples from the same population indexed by their sample mean were shown to lead 

to different populations if their sample sizes were different. Although these findings may 

appear to be m inor mathematical details” or insignificant, it turns out that they can be 

significant in terms of model structure for regional frequency analysis.

An analytical model for regional frequency analysis denoted as Population Index- 

Flood (PIF) method was introduced. In the PIF model the homogeneity of the region 

is embedded in the structure built into the parameter space. Such PIF regional method 

was developed for several well known probability distributions such as the GEV and Log- 

Pearson III. For these distributions specific conditions of their parameter space implied 

by the PIF method were determined. These conditions are key for designing appropriate 

estimation procedures. For the case of the GEV distribution, MLE and PWM estimation
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methods were developed.

Simulation experiments were conducted in order to compare alternative estimation 

techniques for the proposed PIF method. Likewise, the purpose was to compare the PIF 

method with the well known index-flood Hosking and Wallis estimation scheme (HW- 

scheme). The results of the simulation study led to the following specific conclusions and 

recommendations: (1) For PWM estimation, the bias of quantile estimators for PWM 1, 

PWM 2, and the HW-scheme are significantly reduced when regional L-moment-ratios are 

estimated in terms of regional L-moments as in Eq (1.40) (used prior to 1997) as opposed 

to using Eq (1.25) (suggested more recently). (2) For the PIF regional method the MLE 

technique is better than the PWM in terms of both bias and rmse. (3) Comparing among 

all index flood methods investigated herein, namely the PIF method with MLE and two 

PWM estimation techniques and the usual HW-scheme, the PIF with MLE provides the 

best overall results for the 0.95 and the 0.99 quantiles in terms of both bias and rmse for 

moderate to sufficiently large sample sizes, but for the 0.995 quantile the HW-scheme seems 

to perform best for the investigated sample sizes.

The HW-scheme is approximate. It is based on treating sample observations indexed 

by their sample mean as independent and identically distributed for each site in the re­

gion. Those indexed samples are also treated as having a common distribution, and the 

same distribution as the non-indexed samples apart from scale factors (the sample means). 

Nevertheless the HW-scheme, although approximate, is quite robust as the results of the 

simulation study show.
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Table 1.1: Commonly used two parameter distributions in hydrolog}'.

Distribution (pdf/cdf/qth quantile) Parameter Space Moments

Exponential

f x { x )  = 2 e-(l-Q)//J/[Q, ocjOr) —oc < a  < oo PA' = a  + P

F.v(ar) =  ( l - e - ( * - a ) /^ ) / [Q.oo)(x) and P > 0 a% = P2

Z(q) = a - /3 1 n ( l  -  q)

GumbeT

f x (x) =  ^ exp  ̂I(-OC,Oc)(x) —oc <  a  <  oo HX = a - r ' ( I ) p

Fx {x) =  exp ( - e-(x- Q̂ )  / (_ )(*) and P > 0 a \  =  P2 TT2/(i

£{q) =  a  — /31n(— Ing)

Gamma

/ . t W  = arfcy ( ? ) “ '  ' “ " ' ( t o l W p  > 0 PA' =  /3k

Fx M  =  rP5Jol/S “ “ ‘e “du and k  > 0 <7̂ - = P2K

Lognormal^

/ .v M  =  « v4 : exf>[ 5 ’ ) ] (̂0,oc)(a') — OC <  P < oo f ly = e $ + K ~ /1

F.v(x) =  *  ( ^ )  W ) W and k  > 0 = (e*2 -  l je 2̂

Pareto

f x [x) = K p Kx  _,e~l/ w,oo)(a;) p > o P.V =  for K > 1

P.v(x) =  [l -  ( I ) “] / (fl,oo)(x) and k  > 0 2 32k 
A' -  (K-2)(K-IP>

£(</) =  0(1 -<7)_ l/'c for k  > 2

Weibull

/* (* )  =  ?  ( I ) " ’  e - ( l/« “ / (0,oojOr) p  > 0 p.v = /3 r ( i  +  K_ l)

F v(x) =  [ l - e-(x/ ^ ] / [0,oo)(a:) and k >  0 * 2. =  /32[ r ( 1 +  2K -1)

£(<7) = ^ [ - l n ( l  - 9 )]l/K - ^ ( l  +  K -1)]

* r'(l) is the first derivative of the gamma function with argument 1. 

t <&(•) is the CDF of the standard normal random variable.
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Table 1.2: Commonly used three parameter distributions in hydrology.

Distribution (pdf/cdf/qth quantile) Parameter Space Moments

Generalized extreme value (GEV)
1

f x { x )  =  3  [l - ] ”  ^x(ar) -o o  < «  <  oo, / t \  =  «  +  /i[l -  T(1 +  k)]/k, for k > - 1

F \ (x )  see Eq (1.20) > 0  and < 4  =  //2[ r ( l  +  2k )  -  r 2(l +  k )]/k2,

/>* II *r + 1 T -o o  < K < OO for K > - 1 /2

range: «  +  /3/ k < a: < oo for k < 0 , and — oo <  x < «  + f t /n  for k > 0

Generalized Pareto (GPA)
1

/,y(*) =  £ [ i - £ ( * - « ) F
—oo < a  < oo, fix — rt +  for k > — 1

Fx (x) =  1 -  [l -  $(x  - « ) ] ' " ft > 0 and a ~\ ~  (1+k)-(1+2k)’ for 1 /2  < K <  1 /2

t(<l) = o +  f t 1 “  (1 -  <l)K] - O O  <  K <  0 0

range: «  <  a. <  oo for /» <  0 , and a  <  x <  a  +  f t / u for k >  0

Pearson Type III

/* < * > =  w fc l { n r )
e - ( x -n ) ^ /( ftoo)(iT) —oo <  a  <  oo, f ix =  n  +  ftn

* 'e  “rfu ft >  0 and /i >  0

33.IIto

Lognormal
1 /  ln(x—o)— A 2/ . .  / — 1 1 /wr»\ ^(o, oo) (a*) —oo < a  <  oo, f ix =  «  +  e^+ K*/2~  k(*-«)V5F CX|> K~  )

Fx (x) =  $  ( i s i / (Oi0o)(x-) -o o  <  f t  <  oo and k >  0 a 2- =  (e*‘ — l)e2/!i+K’

Log-Pearson Type III

/■'<*> =  ('"V") -  e - ( l „ x - «  ) / ^ / ( f<>oo)( ;f;) -o o  < a  < oo, tix = e a( l - f t ) - K

* < » >  -  r f o j/K *e uf/« ft > 0 and k > 0 4  =  r:2o[(l -  2 0 ) -  (1 -  0 ) - 2*]
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Table 1.3: Proportion of non-converged cases of the maximum likelihood procedure for the 
region simulated in the paper. In MLE 1 the location parameter citj is estimated at each 
site j ,  and in MLE 2 the scale parameter p3 is estimated at each site j .  In both MLE 1 and 
MLE 2 the ratio c t j /P j  =  7  and =  k  are estimated commonly for all sites in the region.

Equal sample sizes Unequal sample sizes
ni MLE 1

[%}
MLE 2

[%]
MLE 1

[96]
MLE 2

[%]
10 14.30 12.92 0.72 0.81
15 3.09 2.88 0.52 0.39
20 1.18 1.16 0.33 0.29
25 0.65 0.55 0.21 0.27
30 0.42 0.33 0.18 0.15
40 0.27 0.20 0.14 0.08
50 0.14 0.14 0.04 0.05
60 0.09 0.06 0.04 0.04
70 0.09 0.08 0.03 0.04
80 0.09 0.06 0.01 0.00
90 0.02 0.02 0.01 0.00
100 0.02 0.02
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Table 1.4: The relative bias and the rmse of the 0.95 quantile when =  ri2  = n 3. The 
region was simulated 10000 times. For the PWM methods, the number tha t are not in 
parenthesis show results when the regional L-moment-ratios are estimated from Eq (1.25), 
while the numbers in parenthesis show results when regional L-moment-ratios are estimated 
in terms of weighted averages of at-site L-moments (Eq (1.40)).

Sample size n i 20 40 60 80 100
Site 1, 0.95 quantile, m = n2 = n3

rbias MLE 1 -0.40 -0.48 -0.38 -0.20 -0.16
m MLE 2 -0.41 -0.47 -0.38 -0.20 -0.16

PWM 1 -1.77 (-0.69) -1.04 (-0.28) -0.75 (-0.40) -0.51 (-0.14) -0.39 (-0.06)
PWM 2 0.06 (0.29) -0.57 (-0.50) 0.07 (0.18) -0.21 (-0.16) -0.17 (-0.13)

HW-scheme -1.22 (-1.04) -0.90 (-0.79) -0.51 (-0.43) -0.42 (-0.36) -0.32 (-0.27)
rmse MLE 1 1.09 0.74 0.61 0.52 0.46

MLE 2 1.09 0.74 0.61 0.52 0.46
PWM 1 0.98 (1.08) 0.71 (0.77) 0.60 (0.64) 0.51 (0.56) 0.46 (0.50)
PWM 2 1.72 (1.82) 1.21 (1.28) 1.01 (1.07) 0.85 (0.90) 0.78 (0.82)

HW-scheme 1.08 (1.08) 0.77 (0.76) 0.65 (0.65) 0.55 (0.55) 0.50 (0.50)
Site 2, 0.95 quantile, n\ = n-> = n3

rbias MLE 1 -0.37 -0.51 -0.37 -0.17 -0.24
m MLE 2 -0.37 -0.51 -0.37 -0.17 -0.24

PWM 1 -1.72 (-0.76) -1.08 (-0.39) -0.76 (-0.45) -0.48 (-0.15) -0.48 (-0.19)
PWM 2 -0.56 (-0.65) -0.39 (-0.47) -0.25 (-0.24) -0.11 (-0.13) -0.20 (-0.21)

HW-scheme -1.36 (-1.18) -0.85 (-0.74) -0.60 (-0.53) -0.37 (-0.31) -0.40 (-0.35)
rmse MLE 1 2.20 1.48 1.20 1.03 0.92

MLE 2 2.20 1.48 1.21 1.03 0.92
PWM 1 1.97 (2.15) 1.43 (1.55) 1.18 (1.27) 1.02 (1.10) 0.91 (0.99)
PWM 2 3.43 (3.44) 2.49 (2.51) 2.03 (2.06) 1.73 (1.75) 1.54 (1.56)

HW-scheme 2.15 (2.15) 1.57 (1.56) 1.29 (1.29) 1.10 (1.10) 0.98 (0.98)
Site 3, 0.95 quantile, m = n3 = n 3

rbias MLE I -0.42 -0.39 -0.29 -0.13 -0.23
m MLE 2 -0.41 -0.38 -0.28 -0.12 -0.23

PWM 1 -1.75 (-1.03) -0.95 (-0.39) -0.65 (-0.44) -0.43 (-0.16) -0.47 (-0.23)
PWM 2 -0.65 (-1.33) 0.09 (-0.30) -0.49 (-0.69) 0.00 (-0.17) -0.06 (-0.20)

HW-scheme -1.42 (-1.24) -0.65 (-0.53) -0.61 (-0.53) -0.30 (-0.24) -0.35 (-0.30)
rmse MLE 1 4.41 2.96 2.41 2.07 1.83

MLE 2 4.40 2.96 2.41 2.07 1.83
PWM 1 3.96 (4.23) 2.85 (3.06) 2.36 (2.50) 2.04 (2.18) 1.82 (1.96)
PWM 2 6.79 (6.17) 4.91 (4.52) 4.01 (3.70) 3.46 (3.23) 3.12 (2.92)

HW-scheme 4.30 (4.29) 3.09 (3.08) 2.54 (2.53) 2.21 (2.21) 1.97 (1.97)
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Table 1.5: The relative bias and the rmse of the 0.95 quantile when n-i =  n \ +  10, and 
ri3 =  n\ +  20. The region was simulated 10000 times. For the PWM methods, the number 
that are not in parenthesis show results when the regional L-moment-ratios are estimated 
from Eq (1.25), while the numbers in parenthesis show results when regional L-moment- 
ratios are estimated in terms of weighted averages of at-site L-moments (Eq (1.40)).

Sample size 15 30 50 70 90
Site 1, 0.95 quantile

rbias MLE 1 0.14 -0.12 -0.20 -0.23 -0.15
m MLE 2 0.15 -0.16 -0.20 -0.23 -0.15

PWM 1 -1.32 (-0.25) -0.87 (-0.17) -0.64 (-0.17) -0.56 (-0.22) -0.41 (-0.11)
PWM 2 -0.17 (0.02) -0.18 (-0.06) -0.10 (-0.02) -0.27 (-0.21) -0.12 (-0.07)

HW-scheme -0.96 (-0.81) -0.67 (-0.56) -0.49 (-0.41) -0.48 (-0.42) -0.32 (-0.27)
rmse MLE 1 1.11 0.82 0.64 0.54 0.47

MLE 2 1.11 0.86 0.64 0.54 0.47
PWM 1 1.04 (1.11) 0.79 (0.84) 0.63 (0.67) 0.53 (0.57) 0.47 (0.50)
PWM 2 2.07 (2.14) 1.45 (1.50) 1.10 (1.15) 0.93 (0.97) 0.82 (0.86)

HW-scheme 1.16 (1.16) 0.86 (0.86) 0.68 (0.68) 0.58 (0.58) 0.51 (0.51)
Site 2, 0.95 quantile, n2 = + 10

rbias MLE 1 -0.45 -0.52 -0.17 -0.37 -0.31
[% 1 MLE 2 -0.49 -0.51 -0.18 -0.37 -0.32

PWM 1 -1.42 (-0.44) -1.10 (-0.47) -0.56 (-0.13) -0.67 (-0.36) -0.55 (-0.28)
PWM 2 -0.65 (-0.66) -0.40 (-0.41) -0.18 (-0.19) -0.18 (-0.19) -0.29 (-0.30)

HW-scheme -1.20 (-1.04) -0.89 (-0.78) -0.44 (-0.36) -0.52 (-0.46) -0.47 (-0.42)
rmse MLE 1 1.91 1.49 1.20 1.03 0.92

MLE 2 2.08 1.49 1.20 1.03 0.92
PWM 1 1.79 (1.92) 1.44 (1.54) 1.17 (1.26) 1.02 (1.09) 0.92 (0.99)
PWM 2 3.00 (3.06) 2.51 (2.55) 2.00 (2.03) 1.73 (1.76) 1.55 (1.57)

HW-scheme 1.92 (1.92) 1.58 (1.58) 1.27 (1.27) 1.10 (1.10) 0.99 (0.99)
Site 3, 0.95 quantile, ri3 = rq +20

rbias MLE 1 -0.86 -0.56 -0.27 -0.28 -0.32
f % l MLE 2 -0.86 -0.56 -0.27 -0.28 -0.32

PWM 1 -1.60 (-0.79) -1.04 (-0.52) -0.60 (-0.25) -0.56 (-0.31) -0.53 (-0.32)
PWM 2 -0.32 (-0.74) -0.29 (-0.56) -0.05 (-0.25) -0.24 (-0.39) -0.20 (-0.32)

HW-scheme -1.20 (-1.05) -0.81 (-0.70) -0.43 (-0.35) -0.47 (-0.40) -0.44 (-0.39)
rmse MLE 1 3.53 2.80 2.35 2.00 1.78

MLE 2 3.53 2.80 2.35 2.00 1.78
PWM 1 3.29 (3.51) 2.70 (2.88) 2.31 (2.47) 1.98 (2.11) 1.78 (1.90)
PWM 2 5.07 (4.66) 4.24 (3.94) 3.72 (3.47) 3.20 (2.99) 2.92 (2.73)

HW-scheme 3.54 (3.52) 2.88 (2.87) 2.48 (2.48) 2.11 (2.11) 1.91 (1.90)
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Table 1.6: The relative bias and the rmse of the 0.995 quantile when rq =  rq =  713. The 
region was simulated 10000 times. For the PWM methods, the number that are not in 
parenthesis show results when the regional L-moment-ratios are estimated from Eq (1.25), 
while the numbers in parenthesis show results when regional L-moment-ratios are estimated 
in terms of weighted averages of at-site L-moments (Eq (1.40)).

Sample size rq 20 40 60 80 100
Site 1, 0.995 quantile, Tli =  Tin =  713

rbias MLE 1 4.86 0.99 0.53 0.42 0.38
r/c] MLE 2 4.82 1.00 0.54 0.43 0.38

PWM 1 -3.11 (1.92) -2.09 (0.96) -1.44 (0.37) -1.13 (0.42) -0.83 (0.48)
PWM 2 -1.24 (1.02) -1.63 (-0.31) -0.59 (0.27) -0.82 (-0.10) -0.60 (0.00)

HW-scheme -2.54 (-0.06) -1.96 (-0.57) -1.19 (-0.22) -1.04 (-0.32) -0.76 (-0.16)
rmse MLE 1 4.66 2.62 2.07 1.75 1.55

MLE 2 4.65 2.62 2.07 1.75 1.55
PWM 1 3.26 (4.15) 2.40 (2.96) 2.04 (2.45) 1.74 (2.06) 1.58 (1.84)
PWM 2 4.34 (4.35) 3.07 (3.01) 2.61 (2.54) 2.19 (2.13) 2.00 (1.93)

HW-scheme 3.40 (3.57) 2.47 (2.55) 2.11 (2.17) 1.79 (1.82) 1.63 (1.66)
Site 2, 0.995 quantile, /q = n-> = 713

rbias MLE 1 4.97 0.95 0.56 0.46 U.28
[%] MLE 2 4.93 0.96 0.56 0.46 0.28

PWM 1 -3.07 (1.83) -2.13 (0.84) -1.45 (0.32) -1.09 (0.41) -0.93 (0.35)
PWM 2 -1.82 (1.11) -1.37 (0.31) -0.92 (0.19) -0.73 (0.17) -0.65 (0.11)

HW-scheme -2.67 (-0.18) -1.88 (-0.49) -1.28 (-0.31) -0.98 (-0.27) -0.85 (-0.25)
rmse MLE 1 9.51 5.22 4.14 3.51 3.08

MLE 2 9.48 5.22 4.14 3.51 3.08
PWM 1 6.50 (8.27) 4.82 (5.89) 4.06 (4.88) 3.50 (4.11) 3.14 (3.65)
PWM 2 8.72 (9.44) 6.38 (6.75) 5.27 (5.50) 4.41 (4.55) 3.93 (4.03)

HW-scheme 6.81 (7.16) 5.05 (5.22) 4.23 (4.35) 3.59 (3.66) 3.21 (3.25)
Site 3, 0.995 quantile, rq = no = n3

rbias MLE 1 4.95 1.08 0.63 0.50 0.30
\%] MLE 2 4.93 1.09 0.63 0.52 0.30

PWM 1 -3.06 (1.52) -2.01 (0.80) -1.36 (0.30) -1.05 (0.38) -0.92 (0.30)
PWM 2 -1.90 (2.11) -0.96 (1.39) -1.20 (0.39) -0.61 (0.64) -0.51 (0.54)

HW-scheme -2.70 (-0.22) -1.70 (-0.31) -1.31 (-0.34) -0.91 (-0.19) -0.80 (-0.20)
rmse MLE 1 19.65 10.49 8.28 7.03 6.16

MLE 2 19.59 10.49 8.29 7.04 6.16
PWM 1 13.13 (16.43) 9.63 (11.66) 8.13 (9.64) 6.98 (8.17) 6.27 (7.27)
PWM 2 17.38 (20.84) 12.47 (14.65) 10.33 (12.05) 8.86 (10.14) 7.96 (9.05)

HW-scheme 13.71 (14.38) 9.95 (10.28) 8.35 (8.58) 7.20 (7.33) 6.45 (6.55)
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Table 1.7: The relative bias and the rmse of the 0.995 quantile when 712 =  n i +  10, and 
7*3 =  n i +  20. The region was simulated 10000 times. For the PWM methods, the number 
that are not in parenthesis show results when the regional L-moment-ratios are estimated 
from Eq (1.25), while the numbers in parenthesis show results when regional L-moment- 
ratios are estimated in terms of weighted averages of at-site L-moments (Eq (1.40)).

Sample size 15 30 50 70 90
Site 1, 0.995 quantile

rbias MLE 1 3.42 1.48 0.81 0.43 0.33
m MLE 2 3.44 1.44 0.81 0.43 0.33

PWM 1 -2.65 (1.80) -1.88 (1.07) -1.26 (0.79) -1.13 (0.27) -0.88 (0.36)
PWM 2 -1.45 (0.62) -1.20 (0.19) -0.73 (0.23) -0.85 (-0.23) -0.59 (-0.01)

HW-scheme -2.27 (-0.22) -1.68 (-0.29) -1.11 (-0.15) -1.06 (-0.33) -0.80 (-0.21)
rmse MLE 1 3.83 2.78 2.12 1.80 1.56

MLE 2 3.83 2.83 2.12 1.80 1.56
PWM 1 3.15 (3.82) 2.55 (3.02) 2.07 (2.45) 1.79 (2.06) 1.58 (1.83)
PWM 2 4.75 (4.77) 3.46 (3.42) 2.71 (2.65) 2.31 (2.24) 2.06 (1.99)

HW-scheme 3.34 (3.48) 2.63 (2.72) 2.13 (2.18) 1.84 (1.88) 1.63 (1.66)
Site 2, 0.995 quantile, n2 = m  4- 10

rbias MLE 1 2.83 1.03 0.84 0.27 0.16
[%] MLE 2 2.79 1.04 0.83 0.27 0.16

PWM 1 -2.70 (1.61) -2.14 (0.72) -1.18 (0.81) -1.25 (0.12) -1.02 (0.20)
PWM 2 -1.96 (0.48) -1.41 (0.28) -0.78 (0.39) -0.75 (0.04) -0.76 (-0.04)

HW-scheme -2.49 (-0.47) -1.91 (-0.53) -1.06 (-0.10) -1.10 (-0.38) -0.94 (-0.36)
rmse MLE 1 7.30 5.31 4.15 3.50 3.09

MLE 2 7.47 5.31 4.15 3.50 3.09
PWM 1 6.01 (7.34) 4.89 (5.79) 4.05 (4.79) 3.51 (4.06) 3.16 (3.67)
PWM 2 7.67 (8.00) 6.40 (6.67) 5.15 (5.32) 4.46 (4.55) 3.97 (4.04)

HW-scheme 6.17 (6.43) 5.08 (5.26) 4.17 (4.27) 3.62 (3.68) 3.25 (3.30)
Site 3, 0.995 quantile, nz = ni + 20

rbias MLE 1 2.39 0.95 0.76 0.36 0.15
[%1 MLE 2 2.40 0.96 0.75 0.36 0.15

PWM 1 -2.89 (1.21) -2.10 (0.62) -1.20 (0.71) -1.15 (0.15) -1.00 (0.15)
PWM 2 -1.51 (1.74) -1.31 (0.92) -0.62 (0.99) -0.83 (0.28) -0.66 (0.33)

HW-scheme -2.45 (-0.42) -1.86 (-0.48) -1.02 (-0.07) -1.05 (-0.33) -0.90 (-0.32)
rmse MLE 1 14.26 10.35 8.31 6.95 6.10

MLE 2 14.25 10.35 8.30 6.95 6.10
PWM 1 11.69 (14.18) 9.52 (11.27) 8.12 (9.57) 6.93 (7.97) 6.26 (7.21)
PWM 2 14.37 (16.70) 11.66 (13.34) 10.02 (11.47) 8.49 (9.59) 7.73 (8.74)

HW-scheme 12.17 (12.69) 9.81 (10.10) 8.37 (8.57) 7.10 (7.23) 6.42 (6.52)
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moment-ratios are estimated as a weighted average of at-site L-moment-ratios (Eq (1.25)). 
For each n\ ■+- ri2 +  713 the 0.99 quantile is estimated as an average of 10,000 runs. £(0.99) 
is the 0.99 population quantile. (a) site 1, (b) site 2, and (c) site 3.
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Figure 1.5: Comparison of the suggested regional model and the HW-scheme for a region 
of three sites, where rij is the sample size for site j ,  n? =  m  +  10, and 713 =  n\  +  20. The 
regional L-moment-ratios are estimated as a weighted average of at-site L-moment-ratios 
(Eq (1.25)). For each rq +712 +  713 the 0.99 quantile is estimated as an average of 10,000 
runs. £(0.99) is the 0.99 population quantile. (a) site 1, (b) site 2, and (c) site 3.
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regional L-moment-ratios are estimated in terms of weighted averages of at-site L-moments 
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runs. £(0.99) is the 0.99 population quantile. (a) site 1, (b) site 2, and (c) site 3.
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C hapter 2

T H E  P O P U L A T IO N  IN D E X  FLO O D  M ET H O D : E S T IM A T IO N  OF  

V A R IA N C E  OF Q U A N T IL E  E ST IM A T O R S; A N D  C O M P A R IS O N  

W IT H  TH E T R A D IT IO N A L  IN D E X  FLO O D M E T H O D

A bstract. The population index flood (PIF) method is a new analytical model for regional frequency 

analysis. In this paper explicit equations based on Fisher’s information are derived for estimation 

of the standard error of at-site quantile estimators for the regional population index flood method 

utilizing the generalized extreme value distribution with maximum likelihood estimation. Simulation 

experiments for different sized regions and different values of the shape parameter show, that, the 

suggested methods for estimating the standard error of at-site quantile estimators result in values 

close to the actual or true values. In addition, similar simulation experiments are also used to test 

the accuracy of newly suggested procedures for estimating the standard errors of at-site quantile 

estimators for the Hosking and Wallis regional index flood method utilizing the generalized extreme 

value distribution. The results of the simulations indicate that these estimated standard errors can 

in some cases be very unreliable. In general this study shows that the new PIF models are a useful 

addition to existing regional frequency analysis models, and that their analytic structure, which is 

not present in other regional models, have important theoretical and practical implications.

2.1 In trodu ction

The population index flood (PIF) method has recently been suggested as an alter­

native to traditional index flood procedures for regional frequency analyzes of extreme hy­
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drologic events (refer to Chapter 1). In the PIF method the index flood (or the indexing 

function) at each site is taken to be a function of the unknown at-site population quantities 

and, as a result, the homogeneity of the region is embedded in the structure of the param­

eter space of the underlying distribution model. More precisely, depending on the regional 

distribution model and the type of the indexing function, some of the distribution parame­

ters are site-specific, while other parameters are common for all sites within the statistically 

homogeneous region. Because of the analytical framework of the PIF regional method, the 

method of maximum likelihood can be used for parameter estimation and in addition when 

regularity conditions are satisfied the variance-covariance matrix of the maximum likelihood 

estimators can be used to estimate the standard error of estimated quantiles.

Asymptotic and sample variances of quantile estimators are estimated for the PIF 

method based on the generalized extreme value (GEV) distribution with maximum likeli­

hood estimation. This is done using a formula for the Cramer Rao lower bound (CRLB) 

of variance of unbiased estimators and the estimated asymptotic and observed variance- 

covariance information matrix of the maximum likelihood GEV param eter estimators. The 

estimated asymptotic and sample variances of the quantile estimators are compared using 

simulation experiments for different sized regions and two types of indexing functions: (1) 

sample data at each site are indexed by dividing them by the at-site population mean; and 

(2 ) sample data at each site are indexed by standardizing them using at-site population 

statistics. In addition, the above simulation experiments are repeated to test the accu­

racy of methods and procedures suggested by De Michele and Rosso (2001) for estimation 

of the standard error of at-site quantile estimators in the well-known Hosking and Wallis 

regional estimation scheme (Hosking and Wallis, 1997), where the GEV is the underlying 

regional distribution. Lastly, the proposed PIF regional method is compared with the Hosk­

ing and Wallis regional estimation scheme {HW scheme) using extreme precipitation data 

from northeastern Colorado.
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2.2 N o ta tio n  and Form ulation o f  A lgorith m s

To get the reader familiar with the notation used herein the generalized extreme value 

(GEV) distribution for a single site is used with parameters estimated based on maximum 

likelihood. Furthermore, methods to estimate the uncertainty of quantile estimators are 

introduced.

2.2.1 The GEV Distribution and Estimation of Parameters by Maximum  

Likelihood

A random variable X  is GEV distributed with parameters a  (location), [i (scale), and 

k (shape) if its probability density function (pdf) is given by

f x ( x )  = ± "~ l f  r « i l/Klexp j -  1 -  - { x  - a )  S (2 .1)

where —cxj <  a  < oo, /3 > 0, — oc <  k  < oo, and x  is the value of X .  The range of X  is: 

a  +  0 / k  < x  < oo for k  < 0, and —oo <  x  < a  +  / 3 / k  for k  > 0. The mean and the variance 

are E[X] = a  + p[ 1 -  T(1 +  k)]/k  for k > - 1, and Var(X) = 0 2[ r ( l  +  2k) -  r 2(l +  k)]/k2 

for k  > —1/2. For k  =  0 the GEV becomes the Gumbel distribution.

The log-likelihood function of a random sample X i , . . . ,  X n of size n from the GEV 

distribution is given by
n

ln£(0:x)  = ' £ 2 l n f x ( x i )  (2 .2 )
i= l

where x =  [aq,. . .  ,:rn] is the observed sample vector and 0  = [a ,/?, k] G 0  is the pa­

rameter vector of f \-{x),  and 0  is the corresponding parameter space as specified above.

The maximum likelihood estimates (ML-estimates) are found by taking the gradient of the

log-likelihood and setting it equal to zero and solving for the parameters

V l n £ ( 0 ; x ) = O  (2.3)

where V =  [Di, D2 , D 3 ] and £>* is the partial derivative with respect to the kth element in 

0, for example D<i =  There is no explicit solution for 0 in Eq (2.3), thus an optimization
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algorithm such as the Newton-Rhapson iteration can be used to obtain a numerical solution 

for the ML-estimates 0 = [d, (3. k]. In this paper the Newton-Rhapson iteration is utilized. 

The algorithm evolve on

C l  =  C  +  [S /(x :0 i) ] - l [V ln £ (0 t.;x)]r  (2.4)

where the superscript T  denotes transpose, and S /(x ; 0) is Fisher’s sample information 

matrix equal to the negative Hessian m atrix of the log-likelihood

D n ln £ £>21 ln £ £>31 ln £

D 21 ln £ D 22 ln £ CO 10 ln £

D 31 ln £ D 32 ln £ £>33 ln £

with Dij =  DiDj.  Furthermore, [S7(x;0)]~l is the sample variance-covariance matrix of 0. 

Throughout this paper the iterative procedure is repeated until the relative change in all 

parameters is less than 0.01%, that is m ax |(0 ,+i — 0,■)/<?;+1| < 0.0001.

2.2.2 Uncertainty of GEV Quantile Estimators

The qth quantile of the GEV pdf in Eq (2.1) is

£(<?) =  «  +  - [ 1  -  ( - lug)*]  (2 .6 )

Under regularity conditions the Cramer-Rao lower bound (CRLB) is a lower bound for the 

variance of unbiased estimators, and the CRLB is also the asymptotic variance (AVar) of

maximum likelihood estimators. The CRLB for the variance of unbiased estimators of f  (</)

is

CRLB(£(<?)) =  [EI(0)]~l [Vaq)]T (2.7)

where EI{0)  is Fisher’s expected information matrix given by

EI(0) =E[SI(X;0)}  (2.8)
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Furthermore [EI(0)\~l is the asymptotic variance-covariance matrix of 0. In case of the 

GEV distribution the regularity conditions are satisfied if the diagonal elements of EI{0) 

exist and are positive, which is the case when k < 1/ 2 .

Given the population parameters 0, the theoretical CRLB for unbiased quantile es­

timators is given by Eq (2.7). In most practical cases the population parameters 0 are 

unknown. In that case Eq (2.7), evaluated at £(q) =  £{q;0) and EI(0),  gives the AVar of 

the ML-estimator £(<?). Another alternative is to use the sample information matrix S/(x; 0) 

instead of EI{0),  in which case Eq (2.7) would give a type of a sample “asymptotic” variance, 

here dubbed as SVar, of the ML-estimator (,{q). Prescott and Walden (1980, 1983) com­

pared the simulated variance of the shape parameter k , Var(/c), with the CRLB(k), AVar(k), 

and SVar(k) for various values of k and a sample size n =  100. Their results showed that

SVar(«:) was the closest to Var(k), and that CRLB(k) and AVar(/«) tended to underestimate 

Yar(k).

2.3 T he P o p u la tion  In d ex  F lood  M eth od

analysis. A detailed description of the PIF method, and PIF models for many commonly 

used two- and three-parameter distributions are derived in Chapter 1. Instead of using a

in the PIF method the index flood is taken to be a function of the unknown population 

statistics at each site, and the homogeneity of a region is embedded in the structure of the 

parameter space of the underlying distribution model. In Chapter 1 two types of indexing 

functions are considered

The population index flood (PIF) method is an analytical model for regional frequency

sample property as an index, as is commonly done in the traditional index flood approach,

(2.9)

and

(2 .10)
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where m is the number of independent sites in the region, £j (q)  is the qth population quantile 

at site j, Hj is the population mean at site j, and crj is the population standard deviation at 

site j. VVe will refer to indexing based on Eq (2.9) as PIF 1, and indexing based on Eq (2.10) 

as PIF 2. A statistically homogeneous region is defined as a  region where either Eq (2.9) or 

Eq (2.10) (depending on the method) does not depend on j. That is, for both the PIF 1 and 

the PIF 2 methods a statistically homogeneous region implies that the skewness, kurtosis, 

and all higher order moment ratios are the same for all sites in the region. In addition, for 

the PIF 1 method the coefficient of variation { c j / n j )  is also the same for all sites within 

the region. Hence, PIF 1 is more restrictive than PIF 2, where PIF 2 can always be used 

instead of PIF 1 but not vice versa. For a statistically homogeneous region of m sites we 

will denote the sample at site j  by X j i , . . . .  X j n] for j  =  1 , . . . ,  m, where n3 is the sample 

size at site j.

2.3.1 PIF by Indexing by the Population M ean : PIF 1

In Chapter 1 for a statistically homogeneous region of m  sites it is demonstrated 

that Ecj (2.9) independent of j  implies for the GEV distribution in Eq (2.1) that the ratio 

a j/@j =  7  is the same for all sites, and that the shape param eter k  is the same for all sites. 

Thus the parameter space has dimension (m +  2), where either a3 or 03 is estimated for 

each site j  in the region, and 7  and k  are estimated commonly for all sites in the region. By 

the invariance property of ML-estimators the two cases above are equivalent. For the case 

when the location parameter at3 is estimated at each site j  in the region, then for 03 =  a j 1 

the log-likelihood is

l n £ ( 0 : x [ , . . . , x m) =  jn ., ( I n 0 j + l n 7 ) Q  -  1  ̂ lnCji -  Cj/* j  (2-11)

where 6 =  [6?i,. . . , 9m, 7 ,«], x 3 = [x3i , . . .  , X j Tlj] is the sample vector for site j ,  and Cji =

1 — 7  n ( 6 j  xji — 1). The first and the second partial derivatives of the log-likelihood in 

Eq (2.11), needed for the Newton-Rhapson procedure in Eq (2.4), along with the first partial
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derivatives of the qth GEV quantile in Eq (2.6), needed for the evaluation of the CRLB in 

Eq (2.7), are given in appendix A.I.

The elements of Fisher’s expected information matrix, EI(0),  are found by taking the 

expected value of the sample information matrix, whose elements are given in Eq (A.2) in 

appendix A.I. When k  < 1/2 regularity conditions are satisfied and the non-zero elements 

of EI{0)  are given by

d2 ln £
E

E

E

E

E

E

dd2 

d2 In C

= ^ { i  + vS[r]s r M - 2 r m  

=  ^ 0  {1 +  v t o S T C ' )  - ( 6 +  m v ) } }  

=  -£L{K fo*r'fa) -  r '(D ] +
(sj t\>

~ ( r , S +  l)r(r?) + l]}

djdOj 
d2 lnC 
dndQj

d2 ln £  
O')2 

a 2 In £

d2 ln £

Tlx
^ 2

n r

{1 + ^ F ( i / )  -2r(7/)]}

=  - i j { K [ r , r ' ( r 7) - r , ( l ) ] + r ?[7?r ( t/ )
7  K

-  (r? -i- i)r(77) -i-1]}

dn2 =  - t {1 +  2«[r?r'(77) -  r'(l) -  1]

+  k 2[k2/6  +  (1 + r '(l))2] +ti2[T(u) -  2r(r/)]}

(2.12)

where 7/ = (1 -  k ),  v  =  (1 — 2k ),  S =  (7 K +  1), and n r  =  n 1 -I l-nm. In addition r'(y) is

the first derivative of the gamma function with argument y, and r'(l) is the negative Euler’s 

constant.

2.3.2 PIF by Standardizing Using Population Statistics : PIF 2

In Chapter 1 for a statistically homogeneous region of m sites it is demonstrated that 

Eq (2.10) independent of j  implies for the GEV distribution in Eq (2.1) that the shape 

parameter k  is the same for all sites. Thus the parameter space has dimension (2m +1) ,  

where aj  and /3j are estimated for each site j  in the region, and k  is estimated commonly
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for all sites in the region. For 0j =  j3- 1 the log-likelihood is given by

j=i K i=i

where 0 =  [ a t , . . .  , a m,0 i , . . .  ,0m,K], and CJt = 1 -  j n(xji  — a  j)- The first and the second 

partial derivatives of the log-likelihood in Eq (2.11) along with the first partial derivatives 

of the qth GEV quantile in Eq (2.6) are given in appendix A.2.

For k <  1/2 the non-zero elements of Fisher’s expected information matrix, El,  of 0 

are given by

where as before 77 =  (1 — k ) ,  u =  (1 — 2k ) ,  and n r  =  n i -I +  n m.

2.4 T h eo retica l R esu lts

A measure of efficiency of single site analysis relative to regional analysis for estimation 

of the qth quantile at site j  is given by the ratio

Reff depends on the ratio m =  nr/ri j ,  that is the number of sites within the region, for both 

the PIF 1 and the PIF 2 models. Furthermore for the PIF 1 method, Reff depends on k  and

dndaij 

d2 ln £
(2.14)

+  T][ t ]T{ u )  -  (7 7 +  l)r(7?)]}

+ «V /6 + (1 + r'(i))2] +  r,2[r(u) -  2r(77)]}

Reff _  CRLB(£j(<7) regional) 
CRLB (£j (q) single site)

(2.15)
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the ratio 7  =  oij/fij, but it does not depend on the individual values of a3 and (3j. For the 

PIF 2 method, Reff depends only on k . For the case when n3 is common for all sites within 

the region, then for both the PIF 1 and PIF 2 methods Reff does not depend on j  and we 

refer to

Reff(mi : mo) ,m 2 < mi

as the efficiency of regional analysis of m2 sites relative to regional analysis of mi sites for 

estimation of the qth quantile at any site j  in the region.

Typical ranges for hydrologic data are 7  € (1,4) and k e  (—0.3,0.1). In Fig. 2.1 the 

relationship of Reff(6  : 1) versus q is plotted for typical values of 7  and k for both the PIF 1 

and the PIF 2 models. The dependence of the PIF 1 model on 7  and the independence of the 

PIF 2 model on 7  are clearly seen in the figure. Furthermore, from Fig. 2.1 the advantage 

of using regional analysis over single site analysis for estimation of lower and upper extreme 

quantiles are clear. In addition, the gain of using regional analysis based on the PIF 1 model 

is greater than that based on the PIF 2 model. Recall though that the PIF 1 model may 

not be suitable in some situations where the PIF 2 model can be used, while the PIF 2 

models is applicable in all situation where the PIF 1 model can be used. An interesting 

property for the PIF 2 method may be observed in the Fig. 2.1, where for every k there are 

two quantiles where there is no gain of using regional analysis over single site analysis. Boes 

et al. (1989) showed that for the VVeibull model there is no asymptotic gain of using regional 

analysis over single site analysis for the 0.783 quantile. Figure 2.2 shows the relationship of 

Reff(m : 1) for various values of m, k =  —0.1, and 7  =  2 for both the PIF 1 and the PIF 2 

models. Focusing on the upper tail, notice how close the curves based on 6 , 12, and 36 sites 

are. suggesting that in practice a bigger region may not necessarily be better than a smaller 

region. In addition, in the real world heterogeneity usually increases with the size of the 

region.
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2.5 S im ulation  R esu lts

In Chapter 1 a statistical homogeneous region of three sites was simulated and the 

bias and the mean-squared error (MSE) of GEV quantile estimators was investigated using 

the PIF 1 GEV model with parameters estimated using maximum likelihood and probability 

weighted moments. The region was simulated for various sample sizes, 7  =  2, and k = —0.1. 

These values of 7  and k  appear typical for extreme annual precipitation of short duration 

in Colorado. Since regions suitable for the PIF 1 model are also suitable for the PIF 2 

model, we will use the same region as in Chapter 1, except that in our case the shape 

parameter k  will vary. Thus the population parameters are [q i,/9 l,k i] =  [2,1,/e] for site 1, 

and [ a t2 . fh - .  * 2 ]  =  [4,2,/c], and [ o r  1 , 1 ,  K 3 ] =  [8,4,/c] for sites 2 and 3, respectively. That is 

in distribution X 2  = 2 X i  and X 3  =  4A[ where X j  is the random variable at site j .  To 

cover the practical range of k  for hydrologic data, our simulation experiments will be made 

for k  € {—0.3, —0.2, —0.1,0.1}. The probability for any of the three sites to have negative 

flows is 6.2 x 10~10, 2.6 x 10-6 , 9.0 x 10—0, and .0020, for k  =  —0.3, k  =  —0.2, k = —0.1, 

and k =  0.1, respectively. Thus these parameters can be considered realistic for hydrologic 

data, except perhaps for the case when k = 0.1 where there is one in a 500 chance of getting 

negative values. For these parameter sets the result of our simulation are the same or similar 

for individual sites, thus we will in most cases unless otherwise indicated only show results 

based on estimation of quantiles at site 1. In the simulation the MSE(£(q)) is compared 

with CRLB(£(<7)), AVar(£(g)), and SVar(£(g)), where the MSE is defined as

MSEtffo)) =  V ar(fo)) +  (E[S(q)] -  £fo))2 (2 .16)

where £[£(</)] —£(q) is the bias of £(q). Furthermore, the relative bias of quantile estimators 

is defined by

RBIAS = ^ ( g ) ]  ~  ^  (2.17)
£(<7)

where RBIAS > 0 indicates overestimation, while RBIAS < 0 indicates underestimation. 

Simulation results based on the PIF 1 model and « €  {—0.3, —0.2, —0.1,0.!} are shown in
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Figs. 2.3, 2.4, and 2.5 for the 0.95, 0.99, and 0.998 quantiles respectively. Simulation results 

based on the PIF 2 model for the 0.95, 0.99, 0.998 quantiles are shown in Figs. 2.6, 2.7, and 

2.8 for ac =  0.1, k — —0.1, and k  =  —0.2, respectively. All simulation results in Figs. 2.3-2.8 

are based on 10.000 realization for each case shown. Furthermore, note that in each of the 

figures the same scale is used for each k, displaying the relative gain resulting from increasing 

the size of the region, where for m  =  6 two sets of random samples from each site are used 

and for m =  12 four sets of random samples from each site are used. Overall, the results for 

both the AVar and the SVar are similar, where both the AVar and the SVar represent the 

MSE well. That is, either one can be used for estimating the variance of quantile estimators. 

Going into more detail, then for m  =  3, SVar appears closest to MSE for k  =  0.1, and AVar 

appears closest to MSE for k € {—0.3, —0.2, —0.1}. For m  =  6 and m  = 12 SVar appears 

closest to MSE for all k s .  where for say nj  > 40 SVar and AVar are almost identical. When 

comparing the results for the PIF 1 and the PIF 2 models, then for this scenario (underlying 

model is PIF 1) it should be expected that for the same nj  the AVar. SVar, and MSE are a 

little higher for the PIF 2 model than the PIF 1 model, since more parameters need to be 

estimated in the PIF 2 model. This is reflected in Figs. 2.3-2.8, where r i j  starts at 25 for 

the PIF 1 model and at 30 for the PIF 2 model.

2.6 S im ulation  R esu lts : V ariance o f  Q uantile  E stim ators in th e  Hosk- 

ing and W allis R egional E stim ation  Schem e

The Hosking and Wallis regional estimation scheme (Hosking and Wallis, 1997), 

dubbed here as the H W  scheme, is probably the most widely used regional scheme at 

present and is used in this paper as a comparison to the PIF methods. In recent studies 

(De Michele and Rosso, 2001), approximate equations for estimating the variance of at-site 

quantile estimators in the H W  scheme have been suggested, where the GEV is assumed 

as the underlying regional distribution. In this section, the accuracy of these procedures is 

tested using similar simulation experiment as in section 2.5.
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In the H W  scheme the index flood at site j  is estimated by the at-site sample mean. 

fij =  X j ,  so that the at-site sample observations are indexed by dividing them by the at-site 

sample mean, and a single regional growth curve is estimated for the whole region. Once 

the regional growth curve has been estimated, the qth quantile a t site j, £j(q), is simply

£j(q) = X j  -£*r(<7) , j  = l , . . . , m  (2.18)

where is the regional qth quantile. The practice of estimation the index flood by

sample statistics has been questioned in Chapter 1 and Sveinsson et al. (2002a), where 

certain analytical weaknesses of the H W  scheme are pointed out in Chapter 1.

The parameters of the regional growth curve in the H W  scheme are estimated in terms 

of L-moments (refer to Hosking and Wallis (1997) or Chapter 1). Regional L-moments ( \? )  

are estimated as
1 m

^  =  “ E n^ j) , r  =  1 ,2 ,. ..  (2.19)

where is the rth sample L-moment at site j  and tit = i nj - The regional L-

moment-ratios (rrfi) are estimated from

=  • f rR = J f  , r  =  3 ,4 ,. . .  (2.20)

In Chapter 1 for the GEV distribution, the bias of the 0.95. 0.99, and 0.995 quantile es­

timators were shown to be significantly reduced when the regional L-moment-ratios were

estimated from Eq (2.20) as opposed to being estimated in terms of weighted averages of 

at-site L-moment-ratios as in Hosking and Wallis (1997).

De Michele and Rosso (2001) recommend estimating the variance of at-site quantile

estimators in the H W  scheme, with the GEV as the underlying regional distribution, from

Var ij(q)  =  X -Var £R(q) +  £2R(q)VarXj  +  V a r^ (g )  Var X j  (2.21)

where

0 2Var£/*(<?) =  — exp{—ln(-In g )ex p [—1.823k  -0 .165]}  (2.22)
tit
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is a fitted formula to tabulated values based on simulations in Lu and Stedinger (1992b). 

Note that Eq (2.21) assumes that X j  and £fi(q) are independent. In this paper estimated 

variances based on Eq (2.21) will be dubbed as aVar.

The simulation experiment in section 2.5 is repeated here to test the accuracy of the 

methods in Eqs. (2.21) and (2.22) for estimation of the approximate variance, aVar, of at- 

site quantile estimators in the H W  scheme. The results of the simulation experiments are 

shown in Figs. 2.9, 2.10, and 2.11 for the 0.95, 0.99, and 0.998 quantiles respectively. As for 

the PIF methods, the MSE should be considered as the true or actual error variance of the 

quantile estimators in the H W  scheme. For k = 0.1 and k =  —0.1, the aVar represents the 

.VISE fairly well, except perhaps for m  = 3, where the aVar tends to overestimate the VISE 

for both the 0.95 and the 0.998 quantiles. For k =  —0.2 and k =  —0.3 the aVar represents 

the VISE fairly well for all investigated quantiles when m  =  12, but for m  =  3 and m =  6 

the aVar is in some cases unrealistically high, especially for the 0.998 quantile, but also for 

the 0.99 quantile with m =  3. Thus as a general recommendation Eqs. (2.21) and (2.22) 

should be used cautiously for estimation of the approximate variance of quantile estimators 

in the H W  scheme, especially for smaller regions with large negative k .

The PIF 1 method and the H W  scheme only differ in the treatm ent of the index 

flood, where in the PIF 1 method the index flood at each site is estimated by the at-site 

population mean, while in the H W  scheme the index flood at each site is estimated by the 

at-site sample mean. A comparison of the simulation results of the PIF 1 method and the 

H W  scheme indicates, that overall the PIF 1 performs better than the H W  scheme with 

respect to the VISE, except for m  =  3 and smaller sample sizes where the H W  scheme 

performs better. In terms of bias, the results of the PIF 1 and the H W  scheme are similar 

for the 0.95 quantile. But for the 0.99 and 0.998 quantiles the HW  scheme is less biased for 

smaller sample sizes and m  =  3, while for m  =  6 and m =  12 the relative bias of the two 

methods appears similar.
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2.7 C ase S tu d y

In our case study we will analyze annual maximum precipitation of 3-hr duration in 

the subregion SE from Sveinsson et ad. (2002a). In Sveinsson et al. (2002a) this region passes 

Wilk’s multivariate outlier test and the so-called X-10 regional homogeneity test from Lu 

and Stedinger (1992a). The region consist of 12 sites in the northeastern plains of Colorado 

with sample sizes ranging from 17 years to 50 years, and elevations ranging from 1133 meters 

to 1635 meters. The total sample size for the region is 465 years. The sites and some of their 

statistical characteristics are shown in Table 2.1. The PIF 1 and PIF 2 regional models are 

used for estimation of the growth curves at the sites within the region and for comparison 

the H W  scheme is also used.

Empirical growth curves and estimated growth curves with approximate 95% confi­

dence bounds for the 12 sites based on the H W  scheme and the regional PIF 1 and the 

PIF 2 models are shown in Figs. 2.12 and 2.13, where plots are labeled by (a) for the HW  

scheme, (b) for the PIF 1 model, and (c) for the PIF 2 model. The shape parameter of the 

estimated growth curves is k =  —0.1042 for the HW  scheme, k = —0.1497 for the PIF 1 

method, and k =  —0.1611 for the PIF 2 method. Often when different models sure compared 

using empirical data, it can be hard to judge the performance of the different models, since 

the empirical data are never going to truly reflect the structure of any one model. Overall 

the results based on the HW  scheme and the PIF 1 model appear similar, and perhaps it 

can be argued that overall the PIF 2 model gives the best fit to the data. Note also, that 

the poorest fit to the empirical data appears to be for sites 4 and 6 , where all models ap­

pear to overestimate the empirical growth curve for site 4, and underestimate the empirical 

growth curve for site 6 . This is an interesting observation, since the observed coefficient of 

variation and the observed skewness for site 4 axe the lowest among all sites in the region 

(refer to Table 2.1), while for site 6 they are the highest. Recall that for the PIF 1 and the 

H W  scheme, the coefficient of variation, skewness and all higher order moment ratios are
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assumed to be the same for all sites within the homogeneous region, while for the PIF 2 the 

skewness and all higher order moment ratios are assumed to be the same for all sites within 

the region. Furthermore, only the PIF 2 model appears to fit site 12 well. The skewness 

for site 12 in Table 2.1 appears typical for the sites in the region, while the coefficient of 

variation is the second highest of all sites, with only site 6 being higher. This, might explain 

why the PIF 2 model appears to perform better than the other models for site 12.

2.8 Sum m ary and C onclusions

Formulas for the asymptotic and sample variances of maximum likelihood quantile 

estimators at each site within a statistically homogeneous region were derived for the the 

regional PIF model and the three parameter GEV distribution with an assumed indepen­

dence in space. The formulas were based on the the Cramer Rao lower bound (CRLB) 

for the variance of unbiased estimators and the observed and expected Fisher’s information 

matrix of the maximum likelihood estimators of the parameters of the GEV distribution. 

The CRLB was used to calculate the theoretical gain of regionalization, where for extreme 

upper or lower quantiles there is always significant gain in using regional analysis over single 

site analysis. Furthermore, for the PIF 1 model there is always gain in regionalization, while 

for the PIF 2 model there are always two quantiles where there is no gain in regionalization.

Simulation experiments for different sized regions and different values of the GEV 

shape parameter were used to test the derived formulas for estimating the variance of max­

imum likelihood quantile estimators of the PIF methods. The formula based on Fisher’s 

expected information matrix (AVar) and the formula based on the Fisher’s observed in­

formation matrix (SVar) generally give similar results and represented the simulated MSE 

well. AVar appeared more accurate for a small region (3 sites) while SVar appeared more 

accurate for larger regions with small sample sizes at each site. For larger sample sizes, say 

rij > 50, AVar and SVar were not significantly different. Similar simulation experiments 

were also used to test the accuracy of newly suggested procedures (De Michele and Rosso,
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2001) for estimating the variance of at-site quantile estimators for the Hosking and Wallis re­

gional estimation scheme {HW scheme) utilizing the generalized extreme value distribution. 

The results of the simulations indicate that these estimated variances are fairly accurate 

for k — 0.1  and k = —0 .1 . but they can in some cases be very unreliable, especially when 

—0.3 < k < —0.2, and should be used cautiously.

A region of 12 sites in the northeastern plains of Colorado was chosen to compare the 

two PIF models, PIF 1 and PIF 2, with the Hosking and Wallis regional estimation scheme. 

The growth curves and confidence bounds based on the PIF 1 model and the H W  scheme 

were similar, while overall the more flexible PIF 2 model seemed to give the best fit to 

the empirical growth curves. As a general conclusion, it appears that the new analytic PIF 

models can be quite useful addition to existing models for use in regional frequency analysis, 

and the possibility of using ML-estimation and the Fisher information for estimation of the 

standard error of quantile estimators is a nice property of the PIF models.
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Table 2.1: Sample characteristics of the annual maximum 3-hr duration precipitation data 
for the sites in the case study.

Station
Name

Site
nr.

Sample size 
[years]

Mean
[cm]

Coeff. of 
variation

Skewness
coeff.

Bonny Dam 2 NE 1 28 3.510 0.459 2.496
Arapahoe 2 50 3.747 0.434 1.111
Paoli 3 27 3.575 0.402 0.989
Eckley 4 49 3.449 0.382 0.144
Joes 2 SE 5 46 3.383 0.457 1.204
Eads 6 34 3.342 0.632 2.510
Seibert 7 42 3.320 0.441 1.459
Akron 4 E 8 50 3.511 0.449 1.262
Hugo 1 NW 9 50 3.343 0.514 1.915
Ordway 21 N 10 17 2.869 0.402 0.461
Kutch 6 SSE 11 23 2.727 0.449 0.375
New Raymer 12 49 3.508 0.543 1.195
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Figure 2.1: Asymptotic efficency of estimating the qth quantile at a single site using single 
site analysis relative to regional analysis of 6 sites, where the sample size rij is the same at 
all sites and 7  =  Cij/f3j and k are the same for all sites.
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Figure 2.4: Simulation results based on the PIF I model and k 6 {—0.3, —0.2, —0.1,0.1} for 
the quantile £(0.99) at site 1. The results are shown for a region of 3 sites in (a), 6 sites in 
(b), and 12 sites in (c).
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Figure 2.5: Simulation results based on the PIF 1 model and k 6 {—0.3, —0.2, -0.1,0.1} for 
the quantile £(0.998) at site 1. The results are shown for a region of 3 sites in (a), 6 sites in 
(b), and 12 sites in (c).
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Figure 2.6: Simulation results based on the PIF 2 model with n =  0.1 for the quantiles 
£(0.95), £(0.99), and £(0.998) at site 1. The results are shown for a region of 3 sites in (a), 
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Figure 2.9: Simulation results based on the H W  scheme and k 6  {—0.3, -0 .2 , —0.1,0.1} for 
the quantile £(0.95) at site 1. The approximate variance (aVar) is estimated from Eqs. (2.21) 
and (2.22). The results are shown for a region of 3 sites in (a), 6 sites in (b), and 12 sites in
(c).
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Figure 2.10: Simulation results based on the H W  scheme and k 6E {—0.3, —0.2, —0.1,0.1} for 
the quantile £(0.99) at site 1. The approximate variance (aVar) is estim ated from Eqs. (2.21) 
and (2.22). The results are shown for a region of 3 sites in (a), 6 sites in (b), and 12 sites in
(c).
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Figure 2.11: Simulation results based on the H W  scheme and k 6 {—0.3 ,—0.2 ,—0.1,0.1} 
for the quantile £(0.998) at site 1. The approximate variance (aVar) is estimated from 
Eqs. (2.21) and (2.22). The results are shown for a region of 3 sites in (a), 6 sites in (b), 
and 12 sites in (c).
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Figure 2.12: Estimated growth curve and approximate 95% confidence limits for sites 1-6 
based on the H W  scheme in (a), PIF 1 model in (b), and PIF 2 model in (c).
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Figure 2.13: Estimated growth curve and approximate 95% confidence limits for sites 7-12 
based on the H W  scheme in (a), PIF 1 model in (b), and PIF 2 model in (c).
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C hap ter 3

E ST IM A T IO N  OF E X T R E M E -P A R E T O -Q U A N T IL E S U S IN G  U P P E R

O R D E R  STA TISTIC S

A bstract A common feature of certain hydrologic data plotted vs. their return period in a log-log 

scale is an apparent straight line fit at the upper end. Such feature is compatible with an assumed 

two parameter Pareto model for the upper end. The objective of this study is to utilize only the 

largest sample observations in estimation of extreme upper quantiles. Parameters of the Pareto 

are estimated based on the upper order statistics at a single site using maximum likelihood. Also, 

regional estimates are obtained under an assumed indexing method that yields a type of regional 

homogeneity. Exact formulas for the mean-squared-error of quantile estimators are given. Extreme 

precipitation data from the northern front range of Colorado, USA, are used for illustrating the 

procedures.

3.1 In trodu ction

In many parts of the world it is evident that an extreme hydrologic time series is a 

result of several physical mechanism, e.g. thunderstorms vs. hurricanes; snowmelt vs. rainfall: 

etc. This suggest that some hydrologic time series come from a mixed population.

Estimation of extreme events of a hydrologic process is often accomplished by fitting 

a density function to the sample record. The parent distribution of the hydrologic process 

is never exactly known; thus, distributions fitted to the data may fit well in the middle but 

not as well in the lower/upper tails.
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A good fit in the tails is necessary, if the goal is to obtain accurate estimates of extreme 

quantiles in either tail. Improved fit in the tails of a distribution is sometimes achieved 

using probability paper and least-squares methods, where only the sample data that form an

Klemes (1987).

Our interest is in the extremes of the upper extreme events of our process. In our 

study we assume that these extremes are distributed as a Pareto with two parameters 

(scale and shape). Parameters are estimated from minimal sufficient statistics, which are 

functions of the k largest order statistics of the sample record, using maximum likelihood. 

A consequence of fitting a Pareto is the so called power-law, which yields a straight line fit 

of event magnitudes and their return periods in log-log space. We select k so as to get a 

"straight line” in the upper tail.

Two cases are considered: (1) quantile estimates from a single sample using the k 

largest order statistics, and (2) quantile estimates from regional data using upper order 

statistics. The accuracy of estimated quantiles is measured by their mean-squared-error. 

Procedures presented here are tested on extreme precipitation data from the north front 

range of Colorado, USA. In some cases computer simulations are used to compare different 

procedures.

3.2 T h e  P areto  D istr ibu tion

A random variable X  is said to have a Pareto distribution with scale parameter b and 

shape parameter a, denoted by X  ~  Pareto(b,a), if

acceptable straight line in either tail are used. One could argue that low sample observations 

ought not be allowed to unduly influence the estimation of upper extreme quantiles, see e.g.

f x { x )= a b ax  “ 11{b,oo)(x ) (3.1)

(3.2)
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where a > 0 and b > 0. I(a,b) (#) is the indicator function defined as

1 if x  € (a, b)

0 otherwise

The mean and the variance of the random variable X  Eire

(3.3)

E[X] = 

Var(X) =

ab 
a — 1

ab2

a >  1 

a > 2( a - 2 ) ( a - l ) 2  ’

Note that ln(X) is exponentially distributed with location parameter a  

parameter 0  =  1/a. That is. Z  =  ln(X) ~  exp(a,(3) with

/*(*) =  ^ e - ( - '-Q> / % t0o)(z)

(3.4)

(3.5)

In b. and scale

(3.6)

3.3 E stim a tio n  o f Param eters From  k Largest O rder S ta tistics

Assume that we have a random sample of size n. from a Pareto distribution.

Denote the k largest order statistics . . . .  X n:n} by Vj -- X n-k+Un-. ■ ■ •; Yk =  X n:n.

Then the joint distribution of the k largest order statistics is

(n — A:)!

and the log-likelihood is given by

ln£ (6 ,a ;y ) =  In

Vk
t'=i

Til + (n — k) In
H £ ) l{ n - k ) \

+ A:(lna +  a In 6) — (a +  1) ^  lnt/i
t=i

where y =  [y i,. . . ,  y*]. The partial derivatives with respect to the parameters are 

d in  C
da

d in  C
db

= -  - ■ n,7j : ' a  ( ± ) a i n ±  +  k ( l-  +  l n b ) - j 2 '*yi1 -  {b/yi)a \ y i j  yi \ a  /  “ ?

_  n — k /  b \  “ a a
1 -  {b/yi)a \ y i )  b + b

(3.7)

(3.8)

(3.9)

(3.10)
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Setting the partial derivatives equal to zero and solving them simultaneously for a and b 

gives the ML-estimates

k  k

T = - J ^ l n y , - l u y i  =  l)( ln y t -  ln t/i- i) , A: > 1 (3.11)
a  i=l  i = 2

b = J  yi (3.12)

i-

By equation (3.8), (Ki, 2Ji=i In^i) *s sufficient via the factorization criterion; hence so is 

(yi, Yl^=2 ^  — 4 +  1)(In -  In Yj'_i)), and utilizing the lack of memory property of an ex­

ponential, Yi and 5 lf=o(A: -  i -f l)(ln Yt — In y _ i)  are independent. It is easily shown that 

(fc — i +  l ) ( l n y  — ln y _ t)  ezp(0,a_ l ), i = 2 Since,  A-1 is a sum of (k — 1)

iid ezp(0,a- l A:-1 ) random variables, where A  is the random variable associated with the 

estimate a, it follows that 4̂_1 ~  gamma(r = k — I, ft =  a~ lk ~ l ) or

=  ' e_"/ a V o o )W  (3.13)

where r  > 0, >  0, and T(-) is the gamma function. Hence, A-1 =  (k/{k — 1))j4-1 is an

unbiased estimator of a -1 with .4-1 ~  gamma(k — 1, a ~ l (k — l ) -1 ), and 4̂ =  A(k  — 2) /k  is 

an unbiased estimator of a with A-1 ~  gamma(k — l , a ~ l (A: — 2)_ l ).

3.4 E stim a tio n  o f  Param eters for a R eg ion  m  S ites

Assume a region of m sites, with nj  representing sample size at site j, j  =  1 , . . .  ,m . 

Further assume that observations at different sites are independent. The independent m 

samples at each site can be represented as: • • •, {Am iK^i• In regional frequency

analysis a widely used scheme is the index flood method, Dalrymple (1960). In this method, 

data at each site are scaled by dividing them by the at-site sample mean. Another scheme 

is to use standardized data at each site, see e.g. Elfasson (1997). The indexed data or the 

standardized data  are assumed to be homogenous in the sense of coming from the same 

population.
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From the model perspective the above two schemes imply tha t £_,(<?) ji ij for the indexed 

data, and (£_,(<?) — Hj)/crj for the standardized data, do not depend on j, where £_,(<?) is the 

qth quantile at site j  and fj.j k  crj are the population mean k  standard deviation at site j. 

Thus, from equations (3.2), (3.4), and (3.5)

ZM)/H j  =  —----“ (1 - 9 ) _ l/“J , or a-j > 1 (3.14)a.j

^ {q) ~ H  = ^  , aj > 2 (3.15)
O j \  y j d j  J

should not depend on j  for the respective schemes. In this case all the shape parameters, av  

must be the same, and consequently the parameter space is reduced from 2m-dimensions 

to (m +  l)-dimensions. That is the data at site j  are distributed as: X j i , . . . ,  X j n ~  

As in the previous section, let Y j  = [Xjynj-kj + un j , -■ • ,X j ,nj:nj] be the vector 

of the kj largest order statistics from site j. The joint distribution of the m independent

vectors Y j  is

j =i
m

where yji is the ith element of the vector yj.  Then the log-likelihood is

ra /  f r /  h  \ a '

In C{bx, . . . .  bm.a ;y  i , . . .  , y m) = ^  ( In-— , +  {rij -  kj)  In 1 -  ( -1- )
j —y \  \n j  Kj).  \ V j  1 /  .

k J

-f-fcj(lna +  a ln6 j) — (a +  1) ^  lnj/ji
i=l

(3.16)

(3.17)

Taking the partial derivatives of the log-likelihood with respect to the parameters and setting 

them equal to zero gives the ML-estimates

m

kT

- d l \ u \

(318>
j = li=2

f k - \ ' a
bj = \ n ' )  Vjl ’ j  = (3.19)
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where kp =  Equation (3.18) can be rewritten as a 1 =  kT l ~

i +  l)(ln  j/ji -  lnyj(i-i)). By equation (3.17), (yu, . . . ,  Yml, ]r l̂t is sufficient:

hence also (Y u ,. . . ,  Yml, Y ^= i YliLoi^j ~  * +  ~  In Yy(i—i)))- As in the single site

case, utilizing the lack of memory property of an exponential Yj \ .  j  = 1 . . . . . m ,  and 

~  1 ~ I n l ) ) are independent. Notice that A~l is a sum

of (hr -  m) iid exponential random variables, hence A-1 ~  gamma(r = kp — m, /3 = 

a~lL f l ). Thus, A-1 =  (k r / ( k r  — m ))A -1 is an unbiased estimator of a -1 with A-1 ~  

(jamma(kr — m, a~ l (kp — and A =  (1 — (m +  1 ) /kp)A  is an unbiased estimator of a

with A-1 ~  gamma(kr — m, a~l (kp — m  — l ) -1 )-

3.5 M ean-Squared-Error o f  E stim a ted  Q uantiles

From equation (3.2) the qth Pareto quantile denoted as £(</) is

«»> =  (T = ^ )W  <3-20>

An estimate of £(q) is

«») =  ( T ^ m  <3 21>

where o & 6 are estimates of a &: 6, respectively. For a single site, a general estimator of 

a has the property A-1 ~  gamma(r = k — l,/3 =  a~l (k — j ) ~ l ) where for j  = 0, A is 

ML-estimator of a; j  =  1, A-1 is unbiased estimator of a -1 ; j  =  2, A is unbiased estimator 

of a. For all those cases an estimate for b is given in equation (3.12). This estimate of b is 

biased,

E[B\ = b- ^ ! n - T + \ ) l ) {l ~  P ln(* /n ))" (*- I ) ’ k > ! / “ ) (3‘22)

but much simpler to use in the following derivations than an unbiased estimate of b. B (•, •) 

is the Beta function. Substituting b from equation (3.12) into equation (3.21) gives

_  /  k / n \  l /“ 

<7/
£(g) =  ( ) 2/1 =  cl/dyi (3.23)
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where c =  (k /n ) / (  1 — q). From A ~ l ~  gamma(r,0) it follows that the ith raw moment of 

c1/ -' is

E[c^ A] = (1 - i 0 \ n c ) ~ r, (1 — i/3 In c) >  0, i <E J4 (3.24)

Recalling that Y\ is the (n — k +  1) smelliest order statistic from a random Pareto sample, 

the density function of Y\ is

n
' " M  =  ( y ) M y ) ( l  -  Fx{y)] (3'25)

Using equations (3.1) &: (3.2) in (3.25), the ith raw moment of Y\ is

( ‘ -  *  (3'26) 

The above integral is easily solved by using the transformation u = (b/y)a, and

E\Y{] = b 'B{k  ~  */ a , n ~  1} =  t?BB(i), k > i / a , i e U  (3.27)
D \ K ,  71 —  rC 1 )

where BB[i) = B(k  — i / a ,n  — k + 1 ) / B ( k , n  — k + 1). Since A  and Y\ are independent the 

mean and the variance of H(q), the random variable with value £(<?), are

E[E(q)} = E[cl/ A]E[Yl] (3.28)

Var(E{q)) = E[c2' A] E[Y~} -  (E[cl' A] £ [F L])2 (3.29)

The mean-squared-error of E(q) is defined as

MSE(E(q)) = Var(E(q)) +  (E[S(g)] -  £(9))2 (3-30)

where E[E(g)] — £(q) is the bias of the quantile estimator.

For estimation of the parameter a it is not clear if it is more accurate to use ML-

estimates or unbiased estimates of 1/a or a. Figure 3.1 (a) and (b) show simulation results

where these three different estimation procedures of a are compared for typical population 

values of a and 6 and sample size n. Using the ML-estimate of a results in smallest bias and 

smallest rmse, where rmse =  MSE0 5.
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For the special case when the estimates for a and 6 are the ML-estimates then the 

mean-squared-error for a single site is

M S E ( E ( q ) )  = b2BB (2)(1 -  2/3 ln(c))-r -  b2B B 2( 1)(1 -  /3 ln (c )) '2r

+ e ( q W  ~ q ) l/aB B ( l ) ( l  -  0 ln (c ) ) - r -  l]2 (3.31)

for k  > m ax(l,2 /a), 1 — 2/31n(c)>0 

where r = k — 1 and 0  = a ~ lk ~ l . Similarly the mean squared error for site j  in a region of 

m sites is

M S E ( = j ( q ) )  =  b)BBj{2)(1 -  2/?ln(c?))- r  -  b2B B 2(l ) ( l  - /3 ln(cJ ) r 2r

+  ^(9)[(1  - g ) l/a^ - ( l ) ( l  - ^ l n ( c , ) ) - r -  l]2 (3.32)

for kj > 2 /a , kj- > m,  1 — 2/3 ln(c, ) >  0

where r  =  kj—  m, /3 =  Cj =  (kj/rij) /(  1 — <7). and BBj(i )  =  B(kj  — z'/a,n_,- — +

1) /  B {kj. rij — Arj +  1).

3.6 E xam ple

Fort Collins, Colorado (USA), experienced an extreme precipitation event on July 28 

1997. The flood that followed claimed the lives of five people and caused extensive property 

damage. The maximum point rainfall was estimated to be around 36.8cm  southwest of Fort 

Collins. At Colorado State University gaging station, the 2-hr storm event maximum was 

9.6cm and the 6-hr maximum was 13.5cm. These maximums were the largest ever recorded 

at this gaging station. Previously largest maximums were 7.11cm in 1992 for the 2-hr AMP 

(annual maximum precipitation) series, and 7.62cm in 1951 for the 6-hr AMP series.

2-hr and 6-hr extreme precipitation data from Fort Collins are used to test procedures

for single site analysis. For regional analysis, data from two nearby sites (Boulder and

Longmont) are used along with the Fort Collins data. The hourly AMP series for ail stations 

span 1949-1997. The years 1985 and 1990 for Longmont are excluded in the analysis because 

of long periods of missing data  from those years.

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



Replacing q in equation (3.20) by 1 — 1/T  the natural log of the T -year event can be 

expressed as

ln£(T) =  l n 6 + - l n T  (3.33)a

Hence, a plot of Pareto sample events against their estimated return periods should yield 

a straight line in log-log space. This creates a selection criterion for the number of upper 

order statistics, k, to use. k  should be selected so as to get approximate straight line in the 

upper tail of a In X  vs. InT  plot, where X  stands for sample event.

Figure 3.1 (c) and (d) show plots of InX  vs. InT  for 2-hr and 6-hr Fort Collins AMP 

data, where T  is estimated using the so called Weibull plotting position formula. Figure 3.1 

(e) shows estimated 100-year event along with estimated bias and rmse for 2-hr Fort Collins 

data using k between 2 and 19 inclusively; graph (f) shows the same for 6-hr Fort Collins 

data using k  between 2 and 18 inclusively. An estimate of the 100-yr 2-hr event could be 

taken as an average of the estimated events for k  between 6 and 12 inclusively. This would 

result in estimated 100-yr 2-hr event of 10.9cm with an average rmse of 4.1cm. Using an 

average for k 6 [8,18] for the 6-hr data results in estimated 100-yr 6-hr event of 12.8cm 

with an average rmse of 4.7cm.

Selected upper order statistics of the regional data are plotted in Fig. 3.1 (g) and (h). 

Recall that a is estimated for the whole region, while 6 is estimated individually for each 

site. For estimation of a one would like the slopes of the individual data sets of the region 

to be similar. For the 2-hr regional data it seems appropriate to reduce k  for Fort Collins 

from 19 to 12. Using k = 12 for Fort Collins; A: =  12 for Longmont; and k  =  13 for Boulder 

results in an estimated 100-yr 2-hr event for Fort Collins of 8.9cm with rmse =  1.5cm. 

Similarly for the 6-hr regional data using k = 18 for Fort Collins; k  =  15 for Longmont; 

and k = 12 for Boulder results in an estimated 100-yr 6-hr event for Fort Collins of 10.7cm 

with rmse =  1.9cm.
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3 .7  C onclud ing R em arks

The procedures presented in this paper seem useful when the sample data appear to 

be from a mixed population. In the application example the 100-year 2-hr and 6-hr event 

estimates for Fort Collins were significantly larger when only the Fort Collins data were 

used as opposed to the regional data. The regional estimates fell well within one rmse of 

the at-site estimates. For the at-site estimates extrapolation up to about twice the at-site 

sample size takes place, making the at-site estimates less trustworthy.

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



74

2 0

c(0
§■15

03 
03 
O

10

20

.  . 1 1 1 1 1 1 
<a ' Simulation: runs = 5000 

v x a  = 3.0, b = 2.5, n= 50

— . —

i i i
----  MLE
—  Unbiased estimator of 1/a
—  Unbiased estimator of a -

SW- ____________________i i i i i i i i i
10 15 20 25 30 35 40 45 50

i i i i------  - i  i
W  Simulation: runs = 5000 

\  a  = 3.0, b = 2.5, n= 50
\  ^

i i i 
----  MLE
—  Unbiased estimator of 1/a
—  Unbiased estimator of a -

i i i i i i i i i

|  10 
w

0
10 15 20 25

k
30 35 40 45

rw Fort Collins 2-hr Data, X i

20

Eu

 t (0 .9 9 )  bias -  rmse
20

k
2.5

2

£  1 5  

1

0.5

50

2.5

x  1.5

0.5
0 3 Fort Collins 6-hr Data, X in [cm]

-0.5

In T

 g (0 .9 9 ) bias -  rmse

(g) 2-hr Data, X in [cm] 0
3

(h) 6-hr Data, X in [cm]
Di 2.5 o

o o o < o

O Fort Collins, k=19 
□ Longmont, k=12

c  2

1.5

o °  O
o ° ° ;  &

^  o Fort Collins, k=l 8 
□ Longmont, k=15

0 Boulder. k=13 1 0 Boulder. k=12

In T In T
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C hapter 4

M O D E L IN G  T H E  D Y N A M IC S  OF LO NG  T E R M  V A R IA B IL IT Y  OF  

H Y D R O C L IM A T IC  P R O C E SS E S

A bstract The stochastic analysis, modeling, and simulation of climatic and hydrologic processes 

such as precipitation, streamflow, and sea surface temperature have usually been based on assumed 

stationarity or randomness of the process under consideration. However, empirical evidence of many 

hydroclimatic data shows temporal variability involving trends, oscillatory behavior, and sudden 

shifts. While many studies have been made for detecting and testing the statistical significance 

of these special characteristics, the probabilistic framework for modeling the temporal dynamics of 

such processes appears to be lacking. In this paper we propose a family of stochastic models that 

can be used to capture the dynamics of sudden shifts in hydroclimatic time series. The applicability 

of such "shifting mean models” are illustrated by using time series data of annual PDO indices and 

streamflows.

4.1 In trod u ction

On the annual time-scale, the analysis of climatic and hydrologic processes is often 

based on assumed stationarity under a time series framework or randomness under a prob­

abilistic framework. While this assumption may be reasonable within a short timeframe, 

empirical evidence show that most hydroclimatic processes deviate from stationarity in the 

long term. To some extent the assumption of stationarity has persisted because most histor­

ical records have been too short to accurately detect non-stationarity, and because of lack of
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mathematical frameworks for analyzing and modeling the dynamics of non-stationary pro­

cesses. However, as record lengths have increased, trends, oscillatory behavior, and sudden 

shifts have been observed in sample records.

The main objective of this paper is to study processes that shift abruptly from one 

stationary state into another. It appears that the first concept behind modeling sudden 

shifts in hydrologic time series was advanced by Hurst (1957). Subsequently Klemes (1974) 

and Potter (1976) further argued about the usefulness of algorithms to model shifting be­

havior. Boes and Salas (1978) developed some special cases of shifting mean models and 

Salas and Boes (1980) further discussed their applicability to hydrology and their concep­

tual justification. In this paper, we expand on the earlier concepts and models and develop 

more versatile models that can be useful for simulating the dynamics of hydroclimatic pro­

cesses exhibiting sudden shifts. The methods suggested here are intended for simulation and 

generation of long sample records, rather than for forecasting.

Shifts in hydrologic processes may be related to climate changes (Matalas, 1997). 

Different indices, such as oscillation indices that measure pressure or temperature differences 

between two locations, or solar indices that measure sunspot activity, are sometimes used to 

reflect climatic fluctuations. These indices often appear to change quasi-periodically with 

time, or shift from one random stationary state to another. Taylor (1999) investigated 

ice cores from Greenland glacier to get information about climate and climate changes in 

the past. He concluded, that climate changes large enough to cause significant impacts 

on the society have occurred in the past over a duration less than 10 years. His ice core 

measurements also indicated that 11,700 years ago, when the climate in the North Atlantic 

shifted from a dry and cold ice age to a wetter and warmer climate, most of the shift 

occurred during a period of only 40 years. Kite (1989) investigated changes in lake levels 

and streamflow sequences. He used time series analysis and spectral analysis to detect linear 

trends, jumps, periodicities and other components in the hydrologic sequences. He concluded 

that any such detected statistical components were not the result of a climate change induced
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by the so-called “greenhouse effect”. Likewise, Chiew and McMahon (1993) concluded that 

there was no clear evidence to suggest that trends or change in mean flow volumes of 

Australian rivers were caused by climate changes. They also commented that their results 

might be affected by short sample records with high inter-annual variability. Angel and Huff 

(1997) investigated changes in heavy rainfall in the Midwestern United States. Their results 

showed, that stations in the entire Midwest are more likely to experience their heaviest 

rainfall in more recent years.

Others have tried to use oscillation indices such as the Southern Oscillation (SO) often 

related to El Nino or La Nina depending on its phase, or the Pacific Decadal Oscillation 

(PDO) to explain observed variability in historical sample series. For example, VVaylen 

and Caviedes (1986) used a three component mixed Gumbel distribution to fit the annual 

maximum floods on the north Peruvian littoral. The annual maximum flood series were 

looked at as being produced by three different mechanisms corresponding to different ocean- 

atmosphere conditions: El Nino; normal; and La Nina. Eltahir (1996) correlated the annual 

Nile River flows with ENSO (El Nino Southern Oscillation which is based on sea surface 

temperature). His results suggested that '25% of the variance of the annual Nile River flows 

was associated with ENSO. Hamlet and Lettenmaier (1999) forecasted Columbia river flows 

based on a given forecast of ENSO and the phase of PDO. Their results suggested that 

including such climatic information into streamflow forecasting models could result in an 

increase in forecast lead time of about six months. These studies indicate the importance 

of using indices that represent climatic variability in prediction of extreme events, such 

as floods and droughts, and in forecasting of hydroclimatic processes, such as river flows. 

Modeling the dynamics of climatic processes or their related processes th a t exhibit sudden 

shifts is the main subject of this paper.
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4.2 Som e E xam ples o f  H ydroclim atic T im e S eries E x h ib itin g  Sudden  

Shifts

There are many examples of time series of hydroclimatic processes that show evidence 

of sudden shifts in one or more of their statistical properties. For instance, Mantua et al. 

(1997), Niebauer (1998), and Hamlet and Lettenmaier (1999) analyzed the time series of 

annual averages of the PDO index based on sea surface temperature. Their results suggested 

that several shifts may have occurred since 1900. The latest such shift is suggested to have oc­

curred around 1977. Mantua et al. (1997) defined the PDO to be in a cold phase during 1900—

1924 and 1947-1976, and in a warm phase during the periods 1925-1946 and 1977-1996. 

Hamlet and Lettenmaier (1999) argued that based on the Columbia river flows the phase of 

the PDO might have shifted again in 1996 or 1997. Figure 4.1 (a) and (b) shows an update of 

the annual averages of the PDO index from Mantua et al. (1997). The data were downloaded 

from ftp://ftp.atm os.w ashington.edu/m antua/pnw _im pacts/IN DICES/PDO .latest”. In Fig. 4.1 

(a) the index time series is shown along with averages of dominant phases as suggested by 

Mantua et al. (1997). In Fig. 4.1 (b) the index series is shown with alternative choice of 

phases. The models proposed in this paper are intended for time series that show similar 

sudden shifting structure as in graph Fig. 4.1 (b). Niebauer (1998) argued that before the 

regime shift in 1977, El Nino and La Nina conditions were about even, but after the regime 

shift El Nino conditions were about three times more prevalent, due to a change of location 

of the Aleutian low.

Gray et al. (2000) use sea surface temperature (SST) in the North Atlantic as one of the 

predictors for forecasting hurricane activity in the Atlantic Ocean and the Caribbean region. 

Figure 4.2 reproduced from Gray et al. (2000) shows the annual average North Atlantic SST 

anomalies over the period 1900-2000 for the region 50-60°N .  10-50° W.  Several shifts in the 

mean of the SST time series are evident in the figure. According to Gray et al., periods of 

positive anomalies are related to more active hurricane seasons than normal, while periods
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of negative anomalies are related to less active hurricane season than normal. The foregoing 

examples show some empirical evidence that time series have alternating periods of high 

and low values, where the shift from high to low and vice versa seems to occur abruptly. 

Although less evident (because of lack of longer data) one could also argue that the duration 

of the periods of highs and lows are random or at least they are uncertain quantities. The 

following sections of the paper refer to modeling of this type of processes.

4.3 Shifting M ean P rocesses

The objective here is to formulate a model that can be used to mimic the behavior of 

processes that shift randomly from one stationary state to another around their long term 

mean. The processes considered here are strictly stationary, even though the sudden shifts in 

the means can be thought of as non-stationary behavior. Boes and Salas (1978) introduced 

a general shifting mean model, which they used for studying the Hurst phenomenon. Their 

studies were further developed and explored by Salas and Boes (1980); Obeysekera (1981); 

Leiva (1983); Ballerini and Boes (1985); Boes (1988); and Saada (1998). The formulation 

of the shifting mean processes proposed in this paper shares many similarities with the 

formulation in Boes and Salas (1978).

A general definition of the shifting mean (SM) model proposed in this paper is given

by

X t  =  Yt  4 -  Zt  ( 4 . 1 )

where {Xt} is a sequence of random variables representing the climatic or hydrologic process 

of interest, {T£} is a sequence of independent and identically distributed (iid) variables with 

mean fiy and variance &y, and {Zt j is a sequence with mean zero and variance er|. The Zt s 

represent noise in the mean of the process X t . This noise is characterized by levels in the 

sense that Z\  =  • • • =  Z/v,, Z ty l + 1 =  • • • =  Z,v,+ ,  . . . ,  where Ni  is the span or the length 

of the noise level i for i =  1,2, —  In other words IV, can also be considered as the length
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of the stationary state i of the process Xt- This is where the name “shifting mean” comes 

from, that is at each shift-epoch, t € {1 +  N\,  1 +  Ni  +  N 2 , . ..} , the mean of the process Xt  

can be thought of as being shifted from one state to another one. In this paper it will be 

assumed tha t N i , N 2 ,--- is a discrete, stationary, delayed-renewal sequence on the positive 

integers (e.g. see Ballerini and Boes, 1985; Boes, 1988). This implies that N 2 , N 3 . . . .  are iid 

variables, say with a cdf F,v(n), and JV\ is independent of {W,}“ 2 with a cdf

„  , , E ^ o 'U - ^ v O )
1 E 5 i o d - W J ) )  ( ’

which exists for £ [ # 2] <  For clarification, a delayed-renewal process will arise when the 

first event in Eq (4.1), Xi ,  occurs in-between shift-epochs of an ordinary renewal process 

(that is, X i  does not mark a beginning of a new stationary state). A schematic representation 

of a SM model is given in Figure 4.3.

Two types of SM models will be considered based on different treatment of the Zt s- 

In the first SM model referred to as SM-1, the sign of the noise levels is random. Thus, 

Zt = Mi for 1 -I- Nj < t <  ^ ‘=1 Nj,  where Mi is a real valued zero mem random 

variable (can take both positive and negative values). The SM-1 model is structurally the 

same as the shifting mean model introduced by Boes and Salas (1978). In the second SM 

model, denoted by SM-2, Zt = QiMi for 1 +  Nj < t  <  where N q = 0. Here

{Qj} is a sequence of variables with values 1 and -1 representing the signs of the noise levels 

Zt , and {Mi}  is a sequence of iid positive real valued random variables representing the 

magnitude of the noise level Z t . In the SM-2 model two consecutive noise levels QiMi and 

Qi+\Mi+t will always have opposite signs (i.e. Qi+\ = —Qi)- An example is the process 

shown in Fig. 4.1 (b).

4.3.1 The SM-1 Model

The SM-1 model represented here is essentially the same as the shifting level model 

introduced by Boes and Salas (1978) except that in their case the M ,’s were modeled by a
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nonzero mean process and the Yt s were modeled by a zero mean process. The opposite is 

done here. The detailed SM-1 model briefly introduced in Eq (4.1) is given by

t
X t = Yt + ' ) T M iI iSi_l,Si](t) (4.3)

i =  l

where Si = N i  + N 2 + . . .  + Ni  with So = 0, and /(<,,&)(£) is the indicator function equal 

to one if t £  ( a .b) and zero otherwise. Furthermore, the noise levels M i,M2 , . . .  are zero 

mean random variables (in this paper assumed to be iid normal, refer to section 4.3.4), and 

Ni, No. ■ ■ ■ are positive geometric random variables with parameter p (refer to section 4.3.2). 

The sequences { N i } ,  {M*}, and {Ft} are assumed to be mutually independent. The mean 

and the variance of the X t process are

For the SM-1 model four parameters { p y , (Ty, c r , p} need to be estimated. To estimate 

the parameters using the method of moments, the estimated mean and variance of Xt  and 

estimates of p \ { h )  at up to two different lags greater than zero are needed. The parameter 

estimates in terms of p x , & x  and px{h)  for h =  1 and 2 are

The parameters estimates are feasible if /5 a  (1) >  Px{2) > Pa(1) 38 illustrated in Fig. 4.4. 

Because of sample variability of the sample correlogram, infeasible parameter estimates may

E[Xt] = p y

n  ty

and Var(Xt) = cry + <j m

(4.4)

(4.5)

and the autocorrelation function (acf) is

(4.6)

(4.8)

(4.7)

PY  =  P X ,  

and a \  =  a \  —

(4.9)

(4.10)
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result. In such cases the sample correlogram can be fitted by px(h)  =  abh which has the 

same form as the model correlogram in Eq (4.6) for 0 <  b <  1 and 0 <  a <  1.

4.3.2 The SM-2 Model

Let t be a simple Markov chain with state space {—1,1} representing the sign

of the shift as compared to the long term mean {px)  of the process X t . The transition 

probability matrix of the Markov chain is

0 1

1 0
(4.11)

where P { Q i  = — l |Q i - i  = -1 ) = 0. P { Q i  = l |Q t - i  =  —1) =  1, etc. The unconditional

probabilities are P ( Q i  = —1) = P { Q i  = 1) =  1/2. Obviously E[ Q\  =  0, Var(Q) = 1. and

Skew(Q) = 0. Let {Mt be a sequence of iid positive real variables with mean p t\[ and 

variance Then the noise level sequence Zt can be written as
r

QiMi  if t < N\

Q2 M 2 if N\  <  t < Ni  4- N 2
Z t =  <

(4.12)

QtMt if St - 1 < t <  St
t

1= 1

where as in section 4.3.1, Si = Ni + N 2  + . ■ - + Ni with So = 0.

Let us assume that the sequences { N i } ,  { Q j } ,  {Mjt}, and {Ft} are mutually indepen­

dent. Then unconditionally the process Z t is stationary in the mean and the variance with 

first three raw moments E[Zt\ =  0, E[Zf] = a l t  +  p \ t , and E[Zf] = 0. It follows that the 

mean and the variance of X t in Eq (4.1) are

E [X t] = p y (4.13)

and

Far(Xe) =  Var(Yt + Z t ) = a \  +  a 2M + p 2M (4.14)
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Since the Yt 's are iid, the lag-h autocovariance function of X t , h =  1 , 2 , . . is given by

Cov(Xt, X t+u) = Cov(Yt + Z t ,Y t+h + Zt+h) = Cov(Zt , Z t+h) = E[ZtZt+h\ (4.15)

Substituting Z t from Eq (4.12) into (4.15) gives

Cov{Xt,X t+h) =  E

t t+h

t t+h

Q i M iI(Si- l ,Si](t ) E  Q j M j h S j - u S j ] ^  +  h)
i= 1 j =I

- e  e  E[QiMii(st_l,s,}(t)Q]Mji(s,-,.s.]{t+/i)i
l=i j=i

=  E  E[E[Q*Mi^s.-uS^W^s.-uS,]^ + h)\Si, So, ■ ■ •]] 
i=J

+  £  ^ E i E i Q . M i l ^ ^ m . M ^ ^ i t  +  h ) \ S i , S 2 , • • •]]

t
= ^  E [M 2]P(Si- i < t , S i > t  + h)

t=i
t i+h

+  E E  E '^M \ E iE iQiQj\Qi\] p (s >-i < t < S i ,  S j - 1 <  t + h < Sj)
i= i j=i+i

and finally after simplification

t
Cov(Xt, X l+h) =(<7^ + 1 < t. Si > t + h)

t : : i  a w )
+ A t E E ^ y +j p (5- 1 < 1 ^5-’ S j - i < t + h <  sj)

t=l j= i+ l

Note that in general the autocovariance function of Xt  in Eq (4.16) is not stationary, i.e. in 

general Cov(Xi, X i+h) ^  Cov{Xj, X j +h) for i ^  j  and i , j , h  £  {1 ,2 ,...} .

Boes and Salas (1978) assumed that { .N ,}^  is positive geometric distributed (refer 

to Eqs (4.17) and (4.18) below). The geometric distribution has a similar shape as the expo­

nential, that is, its mode is at its lowest value and the probability mass function (pmf) falls 

monotonically towards 0 at infinity. Thus the geometric distribution is useful to model the 

length of the stationary time spans of processes that shift fairly rapidly from one stationary 

state to another. More interestingly, if {AT,}^ is assumed to be a stationary, delayed- 

renewal sequence with N 2, N 3 , . . .  ~  posgeom(p) then it may be shown using Eqs (4.2) and
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(4.18) that also iVt is posgeom(p). Random variable N  has the positive geometric distribu­

tion with parameter p, denoted as N  ~  posgeom(p), if the pmf and the cdf of N  are given 

by

f v i n )  =  P[N = n] =  p( 1 - p ) n' l /{i,2,...}(n) (4.17)

and
00

F n { x )  =  -  (1 -  P ) n ] / [n , „ + 1 ) ( x )  (4.18)
n = L

respectively, where 0 < p < 1. The mean and the variance of N  are

E[N] = 1/p and Var(N) = (4.19)
Vz

The sum of positive geometric random variables is negative binomial distributed. Thus if 

Ni.No , - - .  ~  posgeom(p), then the pmf of Sj  =  N\  -I +  Nj  is given by

P(Sj  = s) = j y ( l - p r % , J+1,...}(s) = (4.20)

Using Eqs (4.17) and (4.20) into Eq (4.16), the autocovariance function of Xt  can be sim­

plified to the following form

Cov{Xt. X t+h) = (a h  + / & ) d  ~ P )h +  O V  U "  ^  ~  (1 " P,Aj

= a l r( l - p ) h + 4 r( l - 2 p ) h ,h = 1,2, . . .

(4.21)

which says that under the assumption that iV|_, /Va, -. - ~  posgeom(p) the resulting lag-h 

autocovariance function of Xt  is stationary, that is independent of t. From Eqs (4.14) and 

(4.21) it follows that the lag-h autocorrelation function of Xt  is

M W - 4 1 1 # 1! - ' * 11 ( « 2 )
a Y +  < 1  +  V \ t

The SM-2 model has five parameters, {p y , g y ,Pm -.0m -,p }- In order to estimate the 

parameters using the method of moments, the estimated mean and variance of Xt  and
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estimates of px{h)  at up to three different lags greater than zero are needed. The following 

estimation procedure can be used to estimate the parameters in terms of p x - o x  and p x W  

for h =  1, 2. and 3. Solve the quadratic equation

The above estimates do not always exist. In fact the tight constraints on the correlogram 

make it hard to come up with feasible parameter estimates using the sample correlogram. 

To simplify the parameter estimation procedure, further assumptions can be made about the

variability and other non-model characteristics (refer to section 4.4). In general feasible 

parameter estimates can only be obtained if (p.v(l) — PA'(2))2 -t-8(p2v (2) — pa'(1)pa'(3)) > 0 

and { p a ' ( 2 ) / ( 1  -  p) <  p x ( l )  < pA-(2 ) /( l  -  2p) for p < 1/2, px (2 ) /( l  -  2p) < pA-(l) <  

PA'(2)/(1 —p) for p >  1/2} and ( l - 2 p ) p A-(2)) < pA-(3) <  ( l - p ) p A'(2) and {(1 - p ) 2pA-(l) < 

PA'(3) for p <  1/2 and p > 2/3, pa'(3) < (1 — p)2pA'(l) for 1/2 < p  < 2/3, (1 — 2p)2pA'(l) < 

Pa'(3) for p < 2/3, and pa'(3) < (1 — 2p)2pA'(l) for p > 2/3}. These are constraints due 

to estimation of the parameters {p,\r.cr^[,p}. Additional constraints due to a \  > 0 in 

Eq (4.27) require for example that {(2 — 3p)pA'(l) — Px{2) < (1 — 2p)(l — p) for p < 1/2, 

(1 — 2p)(l — p) < (2 — 3p)pA'(l) — Px(2) for p > 1/2}. In Fig. 4.5 the range of pa'(1) and 

Pa'(2) is plotted for selected values of p.

2pa-(1)p 2 + 3p[pA-(2) -  pa-(1)] +  p x (3 ) -  2px (2) +  px( l )  =  0 (4.23)

for p. Then the estimates of pxi  and a \ f are obtained from

(4.24)

. 2 pA- ( 3 ) - ( l - 2 p ) p A - ( 2 )  
p ( l - p ) 2

(4.25)

and lastlv

PY =  PX (4.26)

-2 -2 - 2 -2 
cry- =  ax  -  a M -  fiM (4.27)

distribution of the M /s  (refer to section 4.3.3), and/or the sample autocorrelation function

of Xt  can be smoothed or fitted by a specific functional form to reduce effects of sample
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4.3.3 Simplified SM-2 Model

In the general SM-'2 model, introduced in section 4.3.2, M i , M o , . . .  are assumed to 

be positive iid variables representing the absolute value of the departure of the shifting 

mean process in each stationary state from its long term mean. In most cases it should be 

sufficient to model the M f  s by a one parameter distribution. Such a distribution could be 

for example the exponential distribution. The concave shape of the exponential distribution 

is useful for generation of noise levels that are characterized by few extreme values and a 

high concentration of values close to zero. A more convex or bell shaped curve (like the 

normal density function above the 0.5 quantile) can also be used, where the value of the 

probability density function in the lower tail does not vary as much as of the exponential 

density function. In the SM-1 model, presented in section 4.3.1, the M j ’s  will be assumed to 

be zero mean normal iid variables (not a necessary choice). Since one of the purposes here is 

to compare the SM-2 model with the SM-1 model, then we will assume for the SM-2 model 

that the values of the Mi's are the absolute values of zero mean normal iid variables. More 

precisely, if W  ~  N (p  =  0, a 2 = 0 2), then M  =  \W\ and the probability density function of 

M  is

f \ r ( m )  =  exP (4 ‘28)

with mean E[M] =  \/2pK 0  and variance Var(M) = (1 — 2/ir)02. respectively. Thus, the 

number of parameters of the SM-2 model reduces from five to four and the acf in Eq (4.22) 

simplifies to

P x W  = ^ + £ 2 )  [(* -  2)(1 - p)h +  2(1 -  2p)A] ,h  = 1 ,2 , . . .  (4.29)

The following estimation procedure can be used to estimate the parameters {£ty, cry-, 0 , p) 

in terms of f ix,  d y , and p \ ( h )  for h = 1 and 2. The quadratic equation

p2pA-(l)(7r +  6) - p ( 2 p x ( l ) - p x ( 2 ) ) ( i r  + 2) + (px (l) - p x (2))ir = 0 (4.30)
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is solved for p, and then the estimates of /?, py ,  and Oy are obtained from

(4.31)

PY =  P-X-. (4.32)

and d y  =  <T\ ~  P1 (4.33)

respectively. Equation (4.30) will in some cases give two feasible estimates of p. but usually

where {0 < p.v(l) <  1 — p (l +  2 / 7t ) for 0 <  p < 7r/(2 +  7r)}, and {1 — p (l + 2/it) < p.v(l) < 0 

for 7t / ( 2  +  7r) < p <  1}. The range of p,\'(l) and p\ (2 )  is plotted in Fig. 4.6. Due to sample

space in Fig. 4.6. In such cases the sample acf can be smoothed or fitted as is done in the 

examples in section 4.4.

4.3.4 Choice o f Distributions to Model the yt’s and the M ,’s

The procedures for parameter (or moment) estimation of the SM-1 and SM-2 models 

presented in previous sections are independent of the choice or type of distributions to model 

the Yt 's and the M ,’s of the referred models. In general it has been assumed that the Yt 's 

follow a distribution with two unknown parameters and that the Mi s follow a distribution 

with one unknown parameter. The fourth parameter is the parameter p of the geometric 

distribution. We will assume that the Xt  process has zero skewness (7 ,y =  0) and that 

Y u Y2, . . .  ~  N{py ,a 'y )  for both the SM-1 and SM-2 models. Furthermore, for the SM-1 

model it is assumed that the noise levels M i , M2, . . .  ~  N ( 0 , a 2j). The parameters of the 

SM-1 model are estimated using Eqs (4.7)-(4.10) and the parameters of the simplified SM-2 

model are estimated using Eq (4.30)-(4.33).

only one of those estimates will yield both $  > 0 and a \  >  0 in Eqs (4.31) and (4.33). The 

parameter space for p.\'(l) in terms of p \ (2 )  can be constructed from the following relation

(4.34)

variability or other factors it is possible that the sample acf falls outside of the parameter
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On the other hand, if the X t process has non-zero skewness and one would like preserve 

it, then skewed distributions can be used to model the Yt o r/and  the M, process of the SM- 

1 model, and the Yt process of the SM-2 model. Procedures how to incorporate skewed 

distributions in the modeling process will be discussed elsewhere. In order to preserve the 

skewness of X t either two or three parameter skewed distributions can be used to model the 

components of the SM-1 and SM-2 models.

4.3.5 Properties of the Autocorrelation Functions o f the SM-1 and SM-2 

Models

As stated in Boes and Salas (1978) the acf of the SM-1 model in Eq (4.6) has the

same form as the acf of an ARM A(1,1) process, i.e. px(h)  =  (f>h~ lp x ( l )  for h =  1 ,2 ,__

For the SM-1 model the acf is always positive and falls exponentially towards zero. The acf 

of the SM-2 model in Eq (4.29) behaves similarly for p < it/ { it +  2) but can take negative 

values if h is odd and p is relatively large. In general px(h)  <  0 in Eq (4.29) if and only if 

p > (21/* + (tt — 2)l/ /l)/(2 • 2 l///l -H (7r — 2)1/7*) and h is odd. Futhermore, if p > 2/3 then 

P.\{h) < 0 for all odd h's. For illustration and comparison, the autocorrelation functions of 

Eqs (4.6) and (4.29) are plotted in Fig. 4.7 for p € {0.02,0.2,0.9}. For the SM-1 process 

a Y = a \i  *n Eq (^-6)i for the SM-2 process a \  =  0 1 in Eq (4.29). Thus for the particular 

case shown in the figure, the random variables M ,’s of the SM-2 process are equivalent in 

distribution to the absolute random variables M ,’s of the SM-1 process.

Obviously the choice of using the geometric distribution to model the length of the 

random time spans (Ni ' s )  may not be appropriate in all cases. For example if a given time 

series shows signs of periodic behavior, then that periodic behavior should be reflected in 

the sample correlogram. The use of the geometric distribution will result in a fitted model 

with an acf that has no signs of periodicities. In such situation a different distribution 

that could reproduce such periodic characteristics would be more suitable for modeling the 

lengths of the random time spans. Such a distribution could be for example the binomial,
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the Poisson, the discrete triangular, or the discrete uniform distribution. On the other hand, 

using a different distribution than the geometric would in most cases complicate parameter 

estimation if all the processes are assumed to be coupled together as is done here. For 

simplification and for the purpose of this study we will stick with the geometric distribution, 

but we do intend to study the effects of choosing different discrete distributions for modeling 

the lengths of the random time spans, and the possibility of uncoupling of the processes that 

make up the SM models to simplify parameter estimation. The results of such a study will 

be represented elsewhere.

4 .4  E xam ples

In this section the use of the SM-1 and SM-2 models for modeling of climatic and 

hydrologic time series will be demonstrated under different scenarios. These scenarios can 

be simple generation of time series of the same length as the historical record, or frequency 

analysis of extreme events such as drought lengths using simulation experiments.

The parameters estimates of the SM-1 and the SM-2 model are not always feasible. 

The sample variability of the correlogram can result in estimated parameters that are outside 

the parameter space. To reduce effects of sample variability and periodic behavior on the 

parameter estimates, the sample correlograms will in most cases be fitted by an exponentially 

decaying function of the form px(h)  =  abh. Such fitted correlogram may not completely 

capture the sample correlogram, but on the other hand the correlogram of the fitted SM 

model will closely resemble the fitted sample correlogram.

4.4.1 The PDO Data

The acf of the annual PDO index (see Fig. 4.1) up to lag 15 is shown in Fig. 4.8 along 

with approximate 95% confidence bounds (±1.96/v/n) for an iid sequence. The sample 

correlogram for lags 1-13 has been fitted by px(h) = abh using the method of least squares. 

The fitted correlogram has somewhat different shape than the sample correlogram, where
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the sample correlogram seems to indicate a periodic behavior with a period around five 

to six years. The SM-1 and SM-2 models are fitted assuming that the Yt’s of the SM-1 

and the SM-2 models are normally distributed and tha t the M ,’s in the SM-1 process are 

normally distributed (refer to section 4.3.4). The estim ated parameters for both models in 

terms of p x ,  and the lag 1 and 2 acf from the fitted correlogram are: for the SM-1 

model, {p = 0.2703, =  0.5371, p y  = 0.04769, a \  =  0.07000}, and for the SM-2 model,

{p =  0.1709, (} =  0.7376, p Y = 0.04769, a \  =  0.06300}.

In order to see if some of the shifting behavior of the PDO data in Fig. 4.1 can be 

captured by the models, PDO samples of the same length as the historical record length 

were simulated. The generated sequences are plotted in Fig. 4.9 (a) based on the as­

sumed SM-1 model, and in Fig. 4.9 (b) based on the assumed SM-2 model. From the 

figure it can be concluded that the generated sequences do show somewhat similar shift­

ing behavior as the sample data in Fig. 4.1 does. Furthermore, 1,000 realizations of the 

PDO index of the same length as the historical record (n) were generated and the aver­

age mean, variance, and skewness were computed based on these 1,000 realizations. The 

SM-1 model gave {/x.y .<x̂ -,7,y} =  {0.0555,0.5875,-0.0022}, and the SM-2 model gave 

{p .y^ y jXy } =  {0.0440,0.5726,0.0098}. For comparison the respective statistics of the 

historical sample are {0.0477,0.6071,0.0793}. Thus in general it can be concluded that the 

SM-1 and SM-2 models preserve the mean and the variance quite well. Note that since the 

sample skewness is near zero no attem pt was made to preserve it, i.e. the skewness of the 

fitted SM-1 model and the fitted SM-2 model is zero.

Correlograms based on the fitted SM-1 and SM-2 models are plotted in Fig. 4.10, 

where for both models a correlogram is estimated based on one generated sample of size 

l,000n and based on the average acf’s of 1,000 generated samples of the same size as the 

historical PDO record (n). The estimated correlograms based on one sample of size l,000n 

can be considered the same as the actual model correlograms. As often is the case, when 

average correlograms are estimated based on a number of generated samples of small sizes,
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the average correlograms (uncorrected for bias) based on 1,000 generated sequences of the 

same size as the historical PDO record underestimate the true model correlograms for both 

the SM-1 and the SM-2 models.

4.4.2 Mean Annual Flows of the Niger River at Koulikoro

In Fig. 4.11 the mean annual flows (1907-1999) for the Niger River at Koulikoro (Mali, 

Africa), are plotted along with its acf up to lag-15. The sample statistics of the 93-year long 

historical sample are f ix  = 1,374 eras, a x  =  398.0 eras, and -y.v =  0.1746. The fitted acf 

at lags 1 and 2 has the values 0.7092 and 0.6224.

The estimated parameters for the SM-1 and SM-2 models in terms of fix,  and 

the lag 1 and 2 acf of the fitted correlogram are: for the SM-1 model, {p = 0.1223, a ty  =  

357.8 cms, f iy  =  1,374 cms , a y  =  174.4 eras}, and for the SM-2 model, {p =  0.07566, 

$ = 358.1 cms, fiy  =  1,374 cms, ay  =  173.7 cms}.  The estimated skewness of the 

historical sample is not significantly different from zero so it is reasonable to assume that 

the Y fs  of both the SM-1 and the SM-2 models are normally distributed, and that the M fs  

of the SM-1 model are normally distributed. Based on the fitted models, 1,000 realizations 

of the Niger River flows were generated. The mean and the variance were relatively well 

preserved: {fix- a \ .  ' yx} =  {1,379 eras, 371.7 cms, -0.0298} for the SM-1 model, and {fix,  

&x, 7A'} =  {1,378 cms, 369.8 cms, -0.0063} for the SM-2 model. In Fig. 4.12 estimated 

correlograms of both the SM-1 and SM-2 models are plotted based on one generated sample 

of length 1,000 n. The estimated correlograms preserve the sample correlogram quite well 

for both models. Furthermore using both models, 1,000 samples of the same length as the 

historical Niger River record were generated, and the average acf was calculated. As was the 

case for the PDO annual index, the average correlograms based on these 1,000 generated 

sequences underestimated the true model correlogram for both the SM-1 and SM-2 models.

For a given demand level, a drought duration of length L  is represented by L consec­

utive years with flows less than a certain demand level. Simulations were used to estimate
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the return period of drought durations of lengths 5 to 25 years, based on the fitted SM-1 

and SM-2 models. The demand level was assumed equal to the mean annual flow. Average 

return periods of 2,000 occurrences of each drought length are shown in Fig. 4.13. The 

drought frequency curves based on the fitted SM-1 and SM-2 models are almost identical. 

Furthermore, note that the longest drought in the 93 year long historical Niger River record 

is 14 years. The return period of a 14 year drought is 96.0 years based on the fitted SM-1 

model and 95.9 years based on the fitted SM-2 model.

4.5  Interpretation  o f  Sh iftin g  S ta tistics

The changes in statistical behavior shown in the previous sections are examples of 

what is typically associated with nonlinear systems. Figure 4.14 reproduced from Kabat 

(2002) illustrates schematic examples of nonlinear behavior, which can be related to the 

examples presented in this paper. Figure 4.15 illustrates tolerance band with respect to 

intensity of a hazard and exposure. In Figure 4.14 (a), for instance, there is a shift in 

the long term mean while the (short term) variability remains about the same. Figure 4.1 

provides an example of this behavior. In Fig. 4.14 (c) the long term mean changes little over 

time, but the band of tolerance decreases. Figure 4.14 (b) is a schematic of when the mean 

remains about the same but the variability increases.

If the examples presented in sections 4.2-4.4 in this paper represent nonlinear systems, 

their prediction into the future is inherently difficult, if not impossible. An alternate ap­

proach, reported in Kabat (2002), is to identify the vulnerability space of specified resources. 

The tolerance region is determined as the parameter space beyond which a significant neg­

ative impact would occur. The limit of the band of tolerance represents a vulnerability 

threshold. An example of a negative threshold is the occurrence of freezing conditions in the 

fall (that is, the end of the growing season). In general, there are multiple environmental 

influences that determine the band of tolerance, and when a threshold occurs. Changing 

statistics, as evident in Fig. 4.14, can result in greater or less probability for a threshold to
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occur. The interpretation and stochastic modeling of hydroclimatic processes that exhibit 

shifting patterns as discusses in this paper may be helpful in examining the vulnerability 

space as suggested herein (or as suggested by Smith (1996) and Kabat (2002)).

4 .6  C onclud ing R em arks

Empirical evidence show that some hydroclimatic processes exhibit shifting patterns 

in addition to autocorrelation. Two types of shifting mean (SM) models were proposed to 

analyse climatic and hydrologic processes under a probabilistic framework. The proposed 

shifting mean models were considered to be non-stationary in the mean, in the sense that 

they were allowed to shift from one stationary state to another around a long term mean. 

The process of interest was written as a sum of two independent random variables Yt and 

Z t , where the Yt s were assumed to be iid variables and the Zt's were assumed to represent 

departure of each stationary state from the long term mean of the process. That is during 

each stationary state the Zt 's remained fixed at a value referred to as a noise level. In the 

SM-1 model the noise levels were allowed to fluctuate in random manner, while in the SM-2 

model two consecutive stationary states always had noise levels of opposite signs. In this 

paper only the positive geometric distribution was considered for modeling of the length the 

process spent in each stationary state. As a result the correlograms of the SM models under 

consideration were restricted to have certain shapes.

The applicability of the two SM models to simulate hydroclimatic time series exhibit­

ing sudden shifts was demonstrated. In the examples both climatic and hydrologic time 

series were fitted by the SM models. In general the SM models were capable of preserving 

the mean, variance, and the autocorrelation function of the sample series. No attempt was 

to preserve the sample skewness. The SM models were shown to be useful for generation of 

long sample series and for frequency analysis of droughts. The SM models are capable of 

modeling time series that are correlated and have shifts in the mean. On the other hand 

the referred SM models do not model trends or time series tha t show changes in the sample
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variability. However, these additional features can be incorporated by the modifying the 

referred SM models. For example, we are currently studying the effects of inducing a persis­

tence into the Yt process. In general, the proposed SM models appear to have a wide range 

of applicability for modeling of any type of climatic, hydrologic, and geophysical process.
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Figure 4.1: Time series of annual averages of the PDO index based on sea surface temper­
ature, annual averages 1900-1999 from M antua et al. (1997). (a) solid lines show averages 
of dominant phases of the PDO as suggested by Mantua et al. (1997). (b) solid lines show 
alternative shifts.
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Figure 4.2: Annual average North Atlantic SST anomalies in °C in the area beween 50-60°N,  
10-50° W  for 1900-2000 (reproduced from Gray et al., 2000).
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Figure 4.3: A schematic representation of the shifting mean process in (4.1).
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Figure 4.5: The range of p \  (1) and p\{2)  of the SM-2 model for selected values of p. where 
N\.  No. ■. • ~  posgeom(p).

0.75

0.5

0.25

Q.

-0.25

-0.5

-0.75
0.20 0.4 0.6 0.8 1

Px(2)

Figure 4.6: The range of p A ' ( l )  and px{2)  of the SM-2 model for the case when Ny, . . .  ~  
posgeom(p) and M l, A/2, •• • are iid zero mean absolute normal variables.
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Figure 4.7: Comparison of the autocorrelation functions of SM-1 in Eq (4.6) and of SM-2 in 
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Figure 4.8: Sample autocorrelations up to lag-15 of the Pacific Decadal Oscillation in Fig. 4.1. 
An exponential decay function is fitted through the ACF at lags 1-13.

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



100

r*  "rtf*

100

Figure 4.9: Generated sequences of the PDO annual oscillation index using the SM-1 model 
in (a) and the SM-2 model in (b).
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Figure 4.10: Correlograms of generated sequences using the assumed SM-1 and SM-2 models 
fitted to the PDO data in Fig. 4.1. For each model a correlogram is estimated based on 
one generated sample of size 1,000 n, and based on averaging the acf’s of 1,000 generated 
samples of the same size as the historical record (n).
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Figure 4.11: 1907-1999 annual mean flows in the Niger River at Koulikoro. The bottom 
plot shows the correlogram with a fitted exponential decay function at lags 1-8.
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Figure 4.12: Correlograms of generated sequences using the assumed SM-1 and SM-2 models 
fitted to the Niger River data. For each model the correlogram is estimated based on one 
generated sample of length 1,000 n, where n is the length of the the historical record.
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Figure 4.13: Return periods of droughts of various lengths for the Niger River at Koulikoro.
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Figure 4.14: A schematic illustration in which risk changes due to variations in the physical 
system and the socio-economic system. In all the cases risk increases over time (after Smith. 
1996; reproduced from Kabat, 2002).
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Figure 4.15: The intensity and exposure of environment hazard expressed as a function of 
the variability of a hydroclimatic variable within the limits of tolerance (after Smith, 1996; 
reproduced from Kabat, 2002).
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C hapter 5

P R E D IC T IO N  OF E X T R E M E  H Y D R O L O G IC  P R O C E SSE S TH A T  

E X H IB IT  S U D D E N  S H IF T IN G  P A T T E R N S

A bstract The objective of this paper is to propose a probabilistic framework for modeling of extreme 

processes that are autocorrelated, such as annual extreme precipitation and floods, and droughts. 

The autocorrelation is assumed to arise from a certain type of non-stationarity in the mean of the 

process under consideration, where the process is assumed to shift abruptly from one "stationary" 

state to another one around a long term mean. The proposed modeling framework is based upon 

previously suggested shifting mean models (Sveinsson et al., 2002b), where the marginal distribution 

covered was the normal distribution and as a result the model skewness was zero. The main objective 

of this paper is to further extend the referred shifting mean models to incorporate skewed marginal 

distributions so that the models can be applied for frequency analysis of extreme events, drought 

analysis, and for generation of synthetic sample records. The proposed models utilizing skewed 

distributions are successfully applied as illustrated in a number of examples of extreme rainfall and 

flood data from several sites in North America.

5.1 Introduction

Probabilistic modeling of annual extreme hydrologic processes, such as annual maxi­

mum floods, has commonly been based on the assumption of randomness (independent and 

identically distributed random variables) of the process under consideration. However, in 

some cases the hydrologic process under consideration may be autocorrelated, not necessar­
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ily because of any inherent persistence induced by the effect of storage (as can be the case 

for example in annual streamflow volumes) but because of sudden shifting patterns induced 

by large scale low frequency climatic mechanisms. Yet under assumed randomness any such 

autocorrelation is ignored. Stochastic models that account for autocorrelation do exist (see 

for example Salas, 1993). While they have been successfully applied to a number of hy­

drologic processes, such as monthly and annual precipitation and streamflow volumes, they 

are in general not suitable for modeling extreme events that are autocorrelated and show 

a type of non-stationary behavior. Autocorrelation in extreme hydrologic data may arise 

from temporal changes in the mean, variance or other statistical quantities. In this paper 

the focus is on processes that are characterized by sudden shifts or jumps in the mean. More 

precisely, the process to be analyzed is assumed to be characterized by multiple stationary 

states, which only differ from each other by having different means that vary around the long 

term mean of the process (that is, the process may be considered as being non-stationary in 

the mean even though its unconditioned expected value at any time step is equal to the long 

term mean of the process). In this paper, these type of processes will be referred to as “shift­

ing mean processes” and their corresponding models will be referred to as “shifting mean 

models” as in Chapter 4. The main objective here is to build on the results of Chapter 4 for 

modeling autocorrelated processes that shift abruptly from one stationary state to another 

around their long term mean. Since our purpose is to predict extreme hydrological events, 

the focus will be on skewed hydrologic processes. That is, we will extend the non-skewed 

shifting mean models studied in Chapter 4 so that they can be applicable to extreme events.

Earlier concepts on shifting mean mechanisms for simulating hydrological processes 

have been suggested by Hurst (1957), Klemes (1974), Potter (1976), and Boes and Salas 

(1978). In particular, Boes and Salas (1978) mathematically formalized certain shifting 

level models for the study of the Hurst phenomenon, that have been further developed 

and studied by Salas and Boes (1980); Ballerini and Boes (1985); Boes (1988), and in 

Chapter 4. The skewed shifting mean models proposed in this paper are useful for estimation
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of event quantiles, and for generation of long hydrologic records. The type of data that can 

be typically analyzed by these models are: annual maximum floods and precipitation for 

extreme event studies; and mean annual flows and precipitation for drought and high flow 

studies. These models can also be used for forecasting, but this subject is no explored in 

this paper.

Shifts in hydrologic processes may be related to climate variability associated with

changes in ocean currents and evaporation from the sea surface. Climatic indices such as

the Southern Oscillation (SO), the Pacific Decadal Oscillation (PDO), or the North Atlantic 

Oscillation (NAO) appear to change quasi-periodically with time or shift from one random 

stationary state to another. Shifts in hydrologic time series may also be caused by man 

made changes, such as deforestation, urbanization, or other changes in land use. While 

these factors may be as important as natural mechanisms, they are not included in this 

paper.

5.2 T h e  S h iftin g  M ean M odel

A general definition of the shifting mean (SM) model is given by

X t = Yt + Z t (5.1)

where {X t } is a sequence of variables representing the hydrologic process of interest. {Ft} is a 

sequence of independent and identically distributed (iid) variables with mean /x y , variance 

ay,  and skewness 7 y .  {Zt} is a sequence with mean zero (fiz =  0), variance a \ ,  and 

skewness 7 z-  The sequences {Ft} and {Zt} are assumed to be mutually independent of 

each other. The Xt  process is characterized by multiple “stationary” states each of random 

length N{, i = 1,2, —  Any two states of the process Xt  only differ in location, that is, the 

process shifts from one state to another, where the Zt s represent the shifts (in the mean) 

as compared to the long term mean of the process X t . The Zt s are referred to as noise 

levels since their value remains fixed during each “stationary” state, that is Z\ =  • • • =  Z ^ x,
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Z tvl+1 =  ••• =  Zat1+ar2, etc.

The process Xt  is stationary in the mean (fix),  the variance (o%) and the skewness 

(7a) as shown below. The relations between the first three moments of X tl Yt . and Z t 

processes are

HX =  E[Xt] = f iy  + f i z  (5-2)

a \  =  Var(Xt) =  Oy 4- cr\ (5.3)

. .  _ E [ { X t - f i  a ) 3 ] 7 k < 4 + 7 z < 4  , r  , ,

Since the {T)} sequence is iid and independent of {Zt} and fiz — 0 the lag h autocovariance 

function of X t is given by

Cov(Xt, Xt+h) = Cov(Zt . Zt+h) = E[ZtZt+h\, h = 1 ,2 ,. ..  (5.5)

which is stationary if Zt is stationary in the covariance A necessary condition for Zt to 

be strictly stationary is that is a discrete, stationary, delayed-renewal sequence

(Ballerini and Boes, 1985, Chapter 4). As in previous studies of the SM models the 

are assumed to be iid positive geometric variables with probability mass function (pmf) 

given by

P ( N  = n) =  p (l — p)n~ l (5-6)

where 0 <  p < 1, and /{.}(r) is the indicator function equal to one if x  (E {•} but zero 

otherwise. As a result of assuming that {Arl}-^1 is a stationary, delayed-renewal sequence, it 

follows that Ni  is also positive geometric distributed (Ballerini and Boes, 1985, Chapter 4), 

with Ni  independent of {Nt }-^2- The mean and the variance of N  are fi,\ =  1/p and 

(72n  = (1 — p )/p 2, respectively. Furthermore S3 =  Ni + ■ ■ • + Nj  is negative binomial 

distributed with pmf

P{Sj  =  * ) = ( * !  1 )^ (1  - P ) s- j / 0 j + i,...}(«) (5.7)

Two different types of SM models (SM-1 and SM-2) as in Chapter 4 are considered 

here. They differ in the treatment of the Zt s. In the SM-1 model the magnitude of the
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noise levels is random, while in the SM-2 model the process Xt  shifts from one state to 

another in a systematic manner so that the magnitudes of any two consecutive noise levels 

(or shifts) have opposite signs. For ease of reference, the SM-1 and SM-2 models are briefly 

summarized from Chapter 4. Then some modifications in the treatment of the skewness are 

introduced so as to make the SM models applicable to the modeling of extreme events.

5.2.1 The SM-1 Model

The SM-1 model is structurally the same as the SM model proposed by Boes and 

Salas (1978), except that we will consider the underlying processes to be skewed. In the 

SM-1 model it is assumed that

i = l

where Si = A/\ + AT2 + . . .  + Ni with So =  0, and {M,} is a sequence of iid real valued

if t < N\

M 2 if N\ < t  < N\ + N 2

(5.8)

Mi  if S t- i  < t < S t

random variables with mean zero (h m  =  0), variance a \ t , and skewness 7a/. It follows that 

the mean, the variance, and the skewness of Zt are

HZ =  0 (5.9)

(5.10)

7 Z =  7M (5.11)

Furthermore, for JV[, IV2, . . .  ~  posgeom(p) the autocovariance function of Zt becomesiid

Cov(Zt, Z t+K) = o*M(l -  p)h, h = 1,2, . . . (5.12)

and hence the autocorrelation function of Xt  for the SM-1 model is

(5.13)
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There are four parameters in the SM-1 model {py,crA/,0Y,p}. The parameter esti­

mates in terms of px-.&x and px(h)  for h =  1 and 2 are

PY = PX (5.14)

1 .2  _  =.2 
"  A'p.y(2)

(5.15)

- 2 - 9 - 9 a Y -  <y~x -  <?l/ (5.16)

- , PA'(2) (5.17)

The parameters estimates are feasible if p;y(l) > /3.\'(2) > p \ (1)■

If the observed sample series has zero skewness ( j x  = 0), then one may assume that 

Y i .Yo , . . .  ~  N ( p y - ^ y ) and M i , M2 , . . .  ~  N (0,cr^) as in Chapter 4. On the other hand 

if the sample series is skewed (7 .V 7̂  0), then the sample skewness can be reproduced by 

modeling either the Yt s or the M, s or both by two or three-parameter skewed distributions. 

In case of two-parameter distribution %v is not needed for parameter estimation since in 

that case the skewness of the distribution is either fixed (as for the Gumbel) or a function 

of the mean and the variance (as for the lognormal-2). For three-parameter distribution the 

skewness of the distribution is estimated using Eq (5.4). In general there are four options 

available for modeling the skewness of the process under consideration:

(1) Model both {M,} and {Yt } by two-parameter skewed distributions. Hence, t y  =  

f iPY i  &y ) and 7 a/ =

(2) Assume that 7a/ =  0 or model {M,} by a two-parameter skewed distribution (that 

is 7M = f{p.\h&m ))- Then use a three-parameter distribution for Yt , where 7 y  is 

estimated by

7v =  (5 . i 8 )a 3y

(3) Assume that 7 v =  0 or model {T/} by a two-parameter skewed distribution (that 

is 7 y  =  /(/zy,<5y)). Then use a three-parameter distribution for Mj, where 7 a/ is
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estimated by

7* = M L z M l  ,5.19)

(4) Model both {M,} and {Yi} by three-parameter distributions, and assume that 7 y  = 

1m  =  7 - Then 7  is estimated by

T =  -37A,^ Y3 (5'2°)
° Y + ° M

The first option does not utilize 7 A'> while the other three do. In most practical situations, 

and in most examples in this paper involving the SM-1 model, option 2 with j m  =  0 (that 

is Mi,  M 2 , ■■ ■ ~  N (  0, crh)) is used.

Unless the shifting pattern of the historical record suggests otherwise, it may not be 

appropriate to preserve the sample skewness through the Mi  s since in a generated series of 

the same length as the historical record the number of values of Mi s used is in most cases only 

a fraction of the historical record length. As a result the skewness of the generated sequence 

may be underestimated. In addition, for the special case where two-parameter skewed

distributions, such as the Gumbel or the lognormal-2, are used to model the M, s and/or

the Yt s, then information about the sample skewness of X t { j x )  is not really needed for 

estimation of the parameters, since in that case the skewness, 7  is either fixed or a function 

of the other parameters. If %v is to be used for estimation, then the above estimation 

procedures in Eqs (5.14)—(5.17) need to be reformulated, where for example %Y would be 

used instead of px(2)  in the estimation procedure (this special case is discussed for the 

Gumbel distribution in section 5.2.5). As a result the model may not preserve closely the 

observed correlogram. This latter approach is not recommended for cases were the lengths 

of the different stationary states (related to p) are critical for estimating the statistical 

quantities of interest.
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5.2.2 The SM-2 M odel

The SM-2 model was developed so that the mean oscillates in systematic manner 

between high and low, and high again pattern (Chapter 4). As developed in Chapter 4, 

the model assumes that the underlying variables are normally distributed. In this paper we 

further modify the model to take into account the skewness of the process. In the SM-2 

model it is assumed that

where S t = Ni + N -2 + . . .  + N t with 5q =  0 . as in section 5.2.1. The {M;} is a sequence of iid 

positive real valued random variables with mean hm-  variance cr^, and skewness ym- The 

{(?;} is a simple Markov chain with state space {—1,1} and transition probability matrix

Thus h q  =  0, Oq =  1, and 7q  = 0. The M, ;s represent the magnitude of the noise level 

Z t while the Q, s represent the sign of the shift as compared to the long term mean of the 

process X t . From the state space of { Q i }  and Eq (5.22) it follows that two consecutive noise 

levels Q i M i  and will always have opposite signs (that is Qi +i  = —Qi)-

Assuming that {iV;}, { Q j } ,  and { M k }  are mutually independent, it may be shown 

that the mean, the variance, and the skewness of Zt are

Using Eqs (5.5), (5.6), (5.7) and (5.21) it may be shown that the lag h autocorrelation 

function of Xt  for h =  1, 2 , . . .  is

(5.21)
t=i

0 1
P = (5.22)

1 0

Hz =  0 (5.23)

2 2 , 2
az  — a M +  Mm (5.24)

yz  = 0 (5.25)

(5.26)
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The SM-2 model has five parameters, (p y ,o y , p\[,cr\[,p}.  To reduce the number of 

parameters one can simplify the model by assuming tha t the Mi s follow a one-parameter 

distribution. As in Chapter 4 the M, s are assumed to be the absolute zero mean normal 

iid variables. That is, if W  ~  N(p  = 0 ,a2 = /32), then M  = \W\ with probability density 

function

of parameters in the SM-2 model reduces from five to four, and the ACF in Eq (5.26) changes 

to

The following estimation procedure may be used to estimate the parameters {py,  cry, /3,p} 

in terms of p .\, d \ ,  p \ (1), p.\(2). First the quadratic equation

feasibility of parameter estimates refer to Chapter 4.

If the observed sample series has zero skewness (xy =  0), then we assume that 

Yi,Y 2 , . . .  ~  N { p y , d y )  as in Chapter 4. On the other hand if the observed sample series 

has non-zero skewness (that is xy ^  0), then the sample skewness can be preserved by 

modeling the Vjs by a two-parameter or a three-parameter skewed distribution. Thus the

(5.27)

where E[M\  =  y/2/rr (3 and Var(M) = (l — 2 /n )02, respectively. Consequently, the number

M ( h > =  21(1 2(1 - 2p)h}
(5.28)

P2P.\( 1 ) ( tt  +  6) -p (2 p \ - ( l )  -  px(2))(n + 2) +  05A-(1) - p a ' ( 2 ) ) tt  = 0  (5.29)

is solved for p. and then the estimates of py,  /3, and d y  are obtained from

P-Y =  P . \ (5.30)

(5.31)

(5.32)

Equation (5.29) may give two feasible estimates of p, but usually only one of these estimates 

will yield both /3 >  0 and d y  > 0 in Eqs (5.31) and (5.32). For discussion about the
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following two options are available for modeling the YJ s, where only option 1 is used in this 

paper:

(1) Model {Yi} by a three-parameter skewed distribution, where tv is estimated by

This option is used exclusively for the SM-2 model in this paper.

(2) Model {Yj} by a two-parameter skewed distribution. Hence, 7 y =  f ( p y -  dy).  This 

option is not used in this paper, but shown here as an alternative to option 1.

In some cases when Oy- <C a \  the value of the estim ated skewness of the Yt s in Eq (5.33) 

can be unrealistically too high, resulting in infeasible or unrealistic parameters estimates of 

the distribution of the Yt s. In such cases the SM-2 model is usually not the correct model to 

use for the process under consideration. As for the SM-1 model, in the special case when the 

sample skewness is preserved only through the use of two-parameter skewed distributions, 

then the sample skewness of Xt  ( x y ) is not really needed for estimation of parameters (refer 

to option 2 above). If x\- is to be included in the estim ation of the parameters, where for 

example xy  is used instead of p \ { 2 ), then the estimation procedures must be reformulated. 

Such special case involving the Gumbel distribution is discussed in section 5.2.5.

5.2.3 Lim itations of the SM Models and Problem s in Parameter Estimation

As a result of modeling {iV,} by the positive geometric distribution, the ACF of the 

SM-1 model in Eq (5.13) can take only positive values and has the same form as the ACF 

of an ARMA(1,1) process (Salas and Boes, 1980). The ACF of the SM-2 model (refer 

to Eq. (5.26) has a similar shape as the ACF of the SM-1 model, but in addition it can 

take negative values for odd valued lags. As discussed in Chapter 4 the choice of using the 

positive geometric distribution to model the lengths of the random time spans (iV)} will 

always result in a fitted SM model with an ACF w ith no periodic components. Despite
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that, the SM models may still be a good alternative for modeling observed time series with 

pseudo-periodic behavior.

The main problem that arises in estimation of parameters for both the SM-1 and 

SM-2 models is due to relatively tight constraints on the parameter space of the ACF of 

both models. For example, in the case of the SM-1 model, parameter estimates are feasible 

if and only if p \ { l )  > Px(2) > p\-(1)• In Chapter 4 the parameter space for p x (1) in terms 

of p \ { 2) is plotted for both models. However, because of sample variability the values of 

PA'(l) and p x { 2) used for parameter estimation may result in infeasible parameters for the 

SM models. To reduce the effects of sample variability and sample periodic behavior in the 

estimation of parameters, the sample ACF may be fitted by functions tha t have exactly the 

same form as the model ACFs. For the ACF of the SM-1 model in Eq (5.13) such function 

would be

Px{h) = abh, /i =  1,2, . . .  (5.34)

where a = a\f /<r\  and b = 1 — p, with 0 <  a <  1 and 0 < b < 1. Least squares estimates for 

a and b are easily obtained by fitting a straight line to the logs of Eq (5.34). In Chapter 4, 

Eq (5.34) was also used to fit the ACF of the SM-2 model and was found to give good 

results. On the other hand, in this paper we will fit the exact form of SM-2 model ACF to 

the historical ACF. The exact form of the ACF of the SM-2 model in Eq (5.28) is

2
px{h) = a -(26 — l )h h = 1,2, . . .  (5.35)

7T — 2

where a =  o\i fo fx  =  (1 — 2 /7r)/52 / and 6 =  1 — p, with 0 < a < 1 and 0 < 6 < 1. Least 

squares estimates of a and 6 using the sample ACF up to lag k are found by minimizing

J* ( r o 11^
S (a ,b ;p i , . . . , p k) = ^2<^Ph ~ a bh + -— ^ ( 2 b - a )  j  (5.36)

Equation (5.36) is minimized by taking the partial derivative with respect to the parameters
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a and b, setting them equal to zero, and solving for the parameters. Hence,

k k
£ [ 6 *  +  c(26 -  i f ]  £  hph[bh~ l +  2c(2b -  l) '1- 1] 
h = l  h =  1

k k (0‘3/)
-  J 2  h ibh +  c(2b -  1)A] • t ^ -1 +  2c(26 -  I )* -1] ] T  ph[bh + c(2b -  l ) '1] =  0 

h =  I / i = I

is solved for b, where c = 2 /(n  — 2), and then a is calculated from

EiLt «>[** + <=(:»- i ) * l

The fitted correlograms (ACFs) may not always resemble the sample correlogram closely, 

but in most cases they will result in feasible parameter estimates for both the SM-1 and 

SM-2 models.

5.2.4 The Skewed Distributions Utilized in this Paper

In Chapter 4 it was assumed that the Xt  process had zero skewness and that Yi, Y2 , . . .  ~  

N (p y ,  ay)  for both the SM-1 and SM-2 models. Furthermore, it was assumed that the noise 

levels M i, M2, . . .  ~  yV(0. a \ t ) for the SM-1 model. On the other hand, if X t has non-zero 

skewness (and the modeler wants to preserve it) then skewed distributions must be used to 

model the Yt process or/and the M, process depending on the specific model (refer to sec­

tions 5.2.1 and 5.2.2). Three skewed distributions are considered here: the three-parameter 

generalized extreme value (GEV), the three-parameter Pearson Type III (PE3) . and the 

two-parameter Gumbel. They are summarized below for ease of reference.

The GEV Distribution

The CDF of the generalized extreme value (GEV) distribution with parameters a  (location),

/3 (scale) and k £  0 (shape) is given by

F V ( y ) = e x p j — l - ^ ( y - a )  j  (5.39)

where —00 < a  < 00,  /? > 0, and —00 < k <  00. The range of Y  is: a  -I- 0 / k  < y < 00 for 

k < 0, and —00 < y < a  + /3/k for k > 0. For k  =  0 the GEV is the Gumbel. The mean,
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the variance, and the skewness are respectively

K =

fiY = a  +  /3[1 — T(1 +  «)]/«, for k > —1 (5.40)

Oy = /32[ r ( l  +  2k) — r 2(l  4- k)]/k2, for k > —- (5.41)

. . . r ( i  +  3 « ) - 3 r ( i  +  2 « ) r ( i  +  K) +  2 r 3( n - « )  .  - 1  ._ m.
7 v = - S,S" W --------------- [ r ( H 2 . ) - 2 P ( H « ) ^  ' f 0 r , i > -  <0'42)

where T(-) is the gamma function. Moment estimates of a, (3, and k can be obtained from 

Eqs (5.40)-(5.42). Referring to Eq (5.42) a polynomial approximation is given below for k 

as a function of the sample skewness (7y  =  7 ) in the range, —2.000 < 7  <  13.484,

Pi(7 ) if 13.484 >  7  >  5.605 , -  0.3 <  k < -0.25 

P2(7) if 5.605 >  7  > 1.140 , -  0.25 <  k < 0 (5-43)

Pi{7 ) if 1.140 >  7  >  -2.000 , 0 <  k < 1.0 

with error in k. e < 0.0002. The above polynomials are given by

Pv(x) = -0.05088977 -  0.06573888x  + 0.00738300x 2 

-0.0004 0487 x 3 +  0.0000 0870 x4 

P2(x) = 0.29042499 -0.36571056 x  +0.12081829 x 2

-0.0233 1413 x 3 + 0.0024 4473 x4 -  0.00010736 x5 

Pi(x)  = 0.2776 5603 -  0.32196424x +  0.0602 1770x2

+0.0165 6822 x3 -  0.0058 5995 x4 -  0.0020 0171 x5 

Then estimates of f3 and a  are obtained from

^ y r ( i + 2k ) - r 2(i +  k) (o'44)

a  = fiy — z- {l — r ( l  +  k)) (5.45)
Ht

The PE3 Distribution

The pdf of the three-parameter gamma distribution with parameters a  (location), (scale) 

and k (shape) is given by

M v )  = s k )  (W6»
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where — oo < a  < oc, 0 > 0, and k > 0 (the case /3 <  0 is not considered here). The mean, 

variance, and the skewness of Y  are

fiy = a  +  0K (5.47)

CTy = P2K (5.48)

l Y  = 2 / A  (5.49)

respectively. Thus the moment estimates are

k = 4/7y- (5.50)

0 = a y y / k  (5.51)

d  = f iy — 0 k  (5.52)

The Gumbel Distribution

The CDF of the Gumbel distribution with parameters a  (location) and 0 (scale) is given by

f v (y )  = ^ ex p  -  e-(j/-Q,/^  / (_oo,oo)(y) (5-53)

where —oc < a  < oc and 0  > 0. The mean, variance, and skewness of Y  are

fiy = a  — r'(l)0 (5.54)

a  y  =  /?27t2/6  (5.55)

7V- «  1.1396 (5.56)

where r'(l) is the negative Euler’s constant. Thus the moment estimates of the parameters

are

0 = \ f § - a y l ,K (5.57)

a  = p.y + r'(l)/3 (5.58)
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5.2.5 Special Cases Involving the Gumbel Distribution

As discussed in sections 5.2.1 and 5.2.2, if only two-parameter skewed distributions 

are used to model the skewed component(s) of the SM models, then information about the 

skewness of the Xt  process is not really needed for estimation of the parameters. As a 

consequence the fitted SM model may not preserve the observed sample skewness (7.v) well. 

If on the other hand, it is of particular interest to the modeler to preserve the observed 

sample skewness of the X t process, then information about the skewness of the particular 

two-parameter distribution of interest along with the estimated sample skewness can be used 

in the estimation of the parameters of the SM-1 model or the SM-2 model. As a result, the 

number of sample statistics needed to estimate the parameters of the models is reduced by 

one, that is in addition to 7,\- only estimates of p x ,  a x ,  and p x  (1) are needed. An obvious 

drawback is that information about the decay rate of the sample correlogram is not used, 

thus the decay rate of the correlogram of the fitted model may depart significantly from the 

decay rate of the observed sample correlogram.

In the case of the SM-1 model, both the Yt and the Mi process can be used in

preserving the skewness. In this case the estimated parameters in terms of p x ,  &x, 7x ,  and

p x  (1) are found by first estimating p y  by

p y  = p x  (5.59)

Then depending on the modeling choices for {Yj} and {Mi}  estimates of cry and a'{f are 

obtained from one of the following options:

(1) Yi, Y2, ■ ■ • ~  Gumbel[a,0) and M UM 2, . . .  ~  N ( 0, tr2M)

o \  =  o \  (7A'/7V')2/3 (5.60)

° \ l  = o x  ~  ° y  (5-61)

(2) Yv, F2, . . .  ~  N{ity,  <4) and M i , M 2, . . .  ~  Gumbel(a, 0)

o i l  = o x  i h x h m )2/3 (5.62)
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(3) Y u Y2, . . .  ~  Gumbel(ay-,/?y) and M i , M2, . . .  ~  Gumbel(aA/,/3Ar). Solve
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(5.63)

(d2v -  d2V/) 3 =  -  o i l ) (5.64)

for &if . where 7 y- =  7 at =  7 . Usually only the largest feasible solution for 

will give feasible estimates of the model parameters. Then Oy- is estimated as in 

Eq (5.63).

At last p is estimated by
“ 2

p = 1 - p a - ( 1) t J -  
a h

(5.65)

In the case of the SM-2 model in which {Vj} are assumed to be iid Gumbel variables, 

the parameters are estimated in terms of p.y, d.y, Ty> and p \  (1) as:

P y  =  P  A'

-2  -2
°Y =

-  2 /3
7A'

P =

(5.66)

(5.67)

(5.68)

(5.69)

L7r.

P = \ J ° x  ~ &y
* r  _  ^a-Pa-(I)

tt +  2 [ p2

where 7>- 2s 1.1396. The estimates exist if 0 < 7 ,\- < 7 y • min[ l , ( l  — p.y(1))3/X (1 + 

0.57t/5a'(1))3̂ 2]. Note that in the above estimation procedure the skewness of the model is 

preserved through the variance of the Yt process (see Eq (5.67)). This can result in low 

estimates for (/3 ■C &x) in E<1 (5.68), which in turn may cause p in Eq (5.69) to become 

infeasible. As for the SM-1 model, the use of a Gumbel distribution to preserve the skewness 

of the X t process, can significantly affect the memory of the model.

5.3 E xam ples

In this section we illustrate the applicability of the referred SM models using extreme 

hydrologic data that are autocorrelated and exhibit sudden shifts. Unlike the conventional
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frequency analysis in which the underlying variables are assumed to be iid and quantiles can 

be determined in closed form or estimated numerically, the Xt  s of the SM models are not 

identically distributed. Hence frequency analysis of extreme events, such as annual maximum 

flows or annual maximum precipitation, is conducted based on simulation experiments.

5.3.1 Quarter-M onthly Annual M aximum Outflows from Lake Ontario

D ata of quarter-monthly annual maximum flows (AMF) for Lake Ontario are shown 

in Fig. 5.1 for the period 1900-1989. The data were obtained from Fernandez and Salas 

(1999). The sample correlogram in the lower graph has been fitted by Eqs (5.34) and (5.35) 

using the observed ACF at lags 1-5. The sample statistics of the 90 year long time series 

are p x  =  7940 cms, a \  =  1001 cms, and ~/\- =  0.263. The fitted ACF at lags 1 and 2 

has values 0.579 and 0.449 for the SM-1 model, and values 0.568 and 0.444 for the SM-2 

model. The parameters for the two SM models estimated in terms of p x ,  d.v, 7 .\-, and the 

lag 1 and 2 ACF from the fitted correlogram are: for the SM-1 model assuming 7 a/ =  0, 

Eqs (5.14)-(5.18) give {p = 0.224, &m  =  864.6 cms, p y  = 7940 cms, a y  =  503.8 cms, 

7y  =  2.060}, and for the SM-2 model Eqs (5.29)-(5.33) give {p =  0.136, /3 =  855.5 cms, 

p y  = 7940 cms, a y  =  519.1 cms, j y  =  1.883}.

Note that the sample skewness is 7*  =  0.263. In conventional frequency analysis 

assuming iid series such a small sample skewness may be an indicator that the data is 

Gaussian. On the other hand, in the SM models, a small value of 7 *  does not necessarily 

mean that 7 y  and j \ [  are also small. For example, for the SM-1 model qy =  2.059 (assuming 

that 7 a/ =  0), and for the SM-2 model 7 y  =  1.883. In the following analysis we will assume 

that M y  M o , . . .  ~  N ( 0 , a 2M) for the SM-1 model. Furthermore, for comparison the Yt s 

will be modeled by the normal distribution (zero skewness), the PE3 distribution (nonzero 

skewness), and the GEV distribution (nonzero skewness). Generated sequences of the same 

length as the historical record are shown in Figs. 5.2, 5.3, and 5.4 based on the normal, the 

PE3, and the GEV distributions, respectively. Comparing the figures, the effect of including
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skewed distributions is clear. Furthermore, all generated sequences appear to represent the 

historical time series in Fig. 5.1 reasonably well in terms of variability and shifting pattern.

It is not possible to calculate explicitly return periods of design events from the fitted 

SM models. Instead simulations have to be used to estimate return periods of specific events. 

If the random variable r  represents the time between occurrences of the event X  > x t , then 

the return period T  of the event xj- is defined as the expected value of r .  The fitted 

SM models were used to estimate the growth curves of the quarter-monthly AMF of Lake 

Ontario. The simulation experiment was repeated until each quantile had been exceeded

2,000 times. The average return period from the 2,000 occurrences of X  > x t  is shown in 

Fig. 5.5. The estimated growth curves for the SM-1 and SM-2 models are clearly different 

when the distribution of the Yt s in the models is skewed or not. Furthermore, the estimated 

growth curves based on the skewed distributions PE3 and GEV are similar to each other 

and appear to fit the historical data better than the growth curves based on the normal 

distribution. The reason for the similar growth curves obtained for the PE3 and the GEV 

models is likely due to the fact that the variance of the Zt s is dominating (about three times 

larger) over the variance of the Yt s.

5.3.2 Annual Maximum Flows o f Cache La Poudre River Near Greeley, 

Colorado

Annual maximum flows of 3-day duration for the Cache La Poudre River are shown 

in Fig. 5.6 for the period 1925-1998. The lower plot shows the sample correlogram with 

fitted ACFs for the SM-1 (refer to Eq (5.34)) and SM-2 (refer to Eq (5.35)) models using the 

observed ACF at lags 1-11. The AMF series was derived from daily raw flow data  obtained 

from USGS. The water year was defined as starting on October 1, and ending on September 

30, where the year is defined as the year containing the ending date. The sample statistics 

of the 74 year long historical sample and the values of the fitted ACFs at lags 1 and 2 are 

shown in Table 5.1. The estimated parameters of the SM-1 and SM-2 models in terms of
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the sample statistics f ix,  d \ ,  7 x , the fitted correlogram p x ( l ) t and px(2) are: for the SM-1 

model with 74/ =  0, Eqs (5.14)-(5.18) give { p  =  0.166, o m  =  628.1 c/s, p y  = 1200 c/s, 

ay  = 931.2 c/s, 7 y  =  2.602}; and for the SM-2 model Eqs (5.29)-(5.33) give {p  =  0.107, 

8 =  680.9 c/s, f iy = 1200 c/s, cry =  893.3 c/s, 77- =  2.948}.

In order to preserve the sample skewness, 7 x , the Yt s in both models are assumed 

to be iid GEV' or PE3 variables, and the A/, s of the SM-2 model are assumed to be iid 

normal variables. Based on the fitted models, 1,000 realizations of the same length (n) as 

the historical data, and one realization of length 1,000 n  of the Cache La Poudre River AMF 

data were generated. The statistics of the generated realizations are shown in Table 5.1. 

Focusing on the average statistics from the 1,000 realizations, for all scenarios the mean 

and the standard deviation are well preserved, while the skewness coefficient and the ACF 

at lags 1 and 2 are somewhat underestimated. However, the statistics calculated from the

1.000 n long sample appear to be close to the historical ones. Furthermore, the results in 

Table 5.1 show that in judging the performance of a model for reproducing second and third 

order moment statistics specially when the underlying data  are correlated, it is better to 

compare the statistics estimated based on a long sample (in our case 1 ,000  n  long) rather 

than statistics estimated by averaging from several sets of smaller sample sizes (in our case

1.000 sample n years long).

The estimated growth curves for the Lake Ontario da ta  in based on V}, Y2 , . . .  ~  GEV 

and Y^Y-2 , . . .  ~  PE3 were similar for the range shown in Fig. 5.5. We indicated that a 

possible explanation for the similarity was that the variability of the noise Zt dominated over 

the variability of Yt . On the other hand, for the AMF series of the Cache La Poudre River 

<5y- > 2<r|. Thus we expect to see some differences between the estimated growth curves 

based on yj, V2 , • • • ~  GEV and Yi, Y2 , . . .  ~  PE3. The estimated growth curves of the fitted 

SM-1 and SM-2 models under these scenarios are shown in Fig. 5.7. The growth curves are 

estimated based on a repeated simulation experiment until each quantile has been exceeded

2.000 times, as in section 5.3.1. For the range shown in Fig. 5.7 the estimated growth curves
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based on Vi, Y2, . . .  ~  PE3 result in somewhat higher quantile estimates than the curves 

based on YX,Y2, . . .  ~  GEV.

5.3.3 Maximum Daily Precipitation for Dillon, Colorado

In Fig. 5.8 maximum daily precipitation (1909-1998) for Dillon, Colorado, is plotted 

along with its correlogram and fitted correlograms (Eqs (5.34) and (5.35)) using the observed 

ACF up to lag 15. The data were obtained from the National Climatic Data Center. The 

sample statistics of the 90 year long historical sample and the values of the fitted ACFs at 

lags 1 and 2 are shown in Table 5.2 and repeated in Table 5.3. In order to preserve the 

historical skewness an attem pt is made to use the skewed models introduced earlier. The 

estimated parameters for both models in terms of px-  &x, 7a-> and the lag 1 and 2 ACF 

from the fitted correlograms are: for the SM-1 model Eqs (5.14)-(5.19) give {p = 0.053, 

a f j  — 0.272 cm2, p y  =  2.618 cm, a \  =  0.887 cm2, qy =  1.535 assuming 7 a/ =  0, 

7 a /  =  9.050 assuming 7 y =  0}. and for the SM-2 model Eqs (5.29)-(5.33) give {p = 0.033, 

$  = 0.521 cm, p y  = 2.618 cm, a2- =  0.887 cm2, qy =  1.535}. As in the previous examples,

1,000 realizations of the Dillon annual maximum precipitation data of the same length as 

the historical record (n) and one realization of length 1,000 n  were generated for the cases: 

SM-1 model with M i 's ~  N  and Yt 's ~  GEV, SM-1 model with M ,’s ~  GEV and Yt’s ~  N , 

and SM-2 model with V^s ~  GEV. The average statistics of the 1,000 realization and the 

statistics of the one realization for each case, respectively, are shown in Table 5.2. For 

Yt's ~  GEV, the historical sample statistics are reasonably well preserved by both models, 

except that the average skewness and average ACF at lags 1 and 2 based on 1,000 realizations 

is underestimated by both models. For the SM-1 model with M i's  ~  GEV, the historical 

mean and the variance for both types of generated realizations and the ACF based on the 

one generated sequence of length 1,000 n are well preserved, while the average ACF based 

on the 1,000 generated sequences is underestimated, and the historical skewness is severely 

underestimated for both types of generated realizations.
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Applying the special case of the Gumbel distribution with parameters estimated based 

on procedures in section 5.2.5, then the parameter estimates for the SM-2 model are not 

feasible, but for the SM-1 model the parameters are feasible when y y  =  0 and 7 m  =  1.1396, 

and for the case when 7 y  =  j \ [  = 1.1396. In terms of the p x ,  & x , 7 x  and the lag 1 

ACF of the fitted correlogram the estimated parameters for the former case (7 y =  0 and 

7 \[ = 1.1396) using Eqs (5.59), (5.62)-(5.63), and (5.65) are {p  =  0.762, a \j  =  1.082cm2, 

p y  =  2.618 cm, <t2- =  0.077 cm2}, and for the latter case (7 y =  7 m  =  1.1396) Eqs (5.59), 

(5.63)-(5.65) give {p = 0.765, a \ t =  1.092cm2, p y  — 2.618 cm, d y  =  0.066 cm2}. The 

average statistics of 1,000 generated sequences of length n, and one generated sequence of 

length 1,000 n for the cases M ,’s ~  Gumbel and Yt 's N ,  and A/t’s ~  Gumbel and 

Yis  Gumbel are shown in Table 5.3. Note that the ACF decays very quickly resulting in 

short memory of the fitted model. The reason for this is that only p x ,  &x, Xy and the lag 1 

ACF of the fitted correlogram were used in the fitting process of the model. Since only the 

lag 1 ACF of the correlogram is used in the fitting process, no information about the decay 

rate of the correlogram is included. In fact the skewness is preserved through the variance 

of the Mi process (refer to Eq (5.62) or (5.64)). A high value of cr\t can result in high value 

of p (refer to Eq (5.65)). High value of p results in short memory of the fitted model, while 

low value of p results in longer memory of the fitted model. Thus, if a particular shape of 

the correlogram is to be preserved, then it may not be appropriate to use a two-parameter 

skewed distribution, such as the Gumbel, to preserve the skewness of the historical data.

5.3.4 3-Day Annual Maximum Flows of the Colorado River at Hot Sulphur 

Springs

In Fig. 5.9 annual maximum 3-day flows (1930-1994) for the Colorado River at Hot 

Sulphur Springs (Colorado), are plotted along with its correlogram and fitted correlograms 

(Eqs (5.34) and (5.35)) using the oberved ACF up to lag 15. The raw data were obtained 

from USGS. The sample statistics of the 65 year long historical sample are p x  =  2052 cfs,
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&x = 1435 cfs, and %y =  0.550. The estimated parameters for the SM-1 and SM-2 models 

in terms of f ix ,  a x  and the lag 1 and 2 ACF from the fitted correlogram are: for the SM-1 

model Eqs (5.14)-(5.17) give {p = 0.079. a\[  =  986.4 cfs, p y  =  2052 cfs, a y  =  1042 cfs, 

and for the SM-2 model Eqs (5.29)-(5.32) give {p =  0.050, /3 =  1015 cfs. f ly  =  2052 cfs, 

a y  =  1014 cfs. Furthermore if the intent is to preserve the skewness through the Yt s of 

both models, then from Eq (5.18) 7 y =  1.434 for the SM-1 model, and from Eq-(5.33) 

7 y- =  1.556 for the SM-2 model. Assuming that the Yt s follow a three-parameter PE3 

distribution for both models, the growth curves for both the SM-1 and the SM-2 models 

were estimated using simulations. The results are shown in Fig. 5.10, where the estimated 

growth curves based on the SM-1 and SM-2 models appear identical over the range of return 

periods shown in the figure, and both estimated growth curves seem to fit the empirical data 

quite well. In fact the estimated empirical return period of the largest observation appears 

to be overestimated.

5.3.5 Mean Annual Flows of the Colorado River at Hot Sulphur Springs

In Fig. 5.11 mean annual flows (1930-1994) for the Colorado River at Hot Sul­

phur Springs (Colorado), are plotted along with its correlogram and fitted correlograms 

(Eqs (5.34) and (5.35)) using the oberved ACF up to lag 15. The raw data were obtained 

from USGS. The sample statistics of the 65 year long historical sample are p x  =  339.1 cfs, 

a x  =  192.7 cfs, and 7.\- =  0.649. The estimated parameters for the SM-1 and SM-2 models 

in terms of px -  and the lag 1 and 2 ACF from the fitted correlograms are: for the SM-1 

model Eqs (5.14)-(5.17) give {p =  0.078, a\[  =  141.8 cfs, p y  = 339.1 cfs, a y  =  130.5 cfs, 

and for the SM-2 model Eqs (5.29)-(5.32) give {p =  0.051, /3 =  145.1 cfs, p y  = 339.1 cfs, 

a y  =  126.9 cfs. Furthermore, in order to preserve the skewness through the Yt s of both 

models, then from Eq (5.18) j y  =  2.093 for the SM-1 model, and from Eq-(5.33) qy =  2.277 

for the SM-2 model. Simulations were used to estimate the return period of drought du­

rations of lengths 5 to 25 years, based on the fitted SM-1 and SM-2 models with the Yt s

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



126

modeled by a three-parameter PE3 distribution for both models. The demand level was 

assumed equal to be the mean annual flow. Average return periods of 2,000 occurrences of 

each drought length are shown in Fig. 5.12. The estimated growth curves of drought dura­

tion for the SM-1 and SM-2 models in the figure appear similar. In the historical sample 

the longest drought duration is 8 years with two occurrences. The return period of a 8 year 

drought is 42.9 years based on the fitted SM-1 model and 41.3 years based on the fitted 

SM-2 model.

5.4  F inal R em arks and C onclusions

The main contribution of this paper is extending the shifting mean models (SM-1 and 

SM-2) repeated in Chapter 4 for modeling skewed hydrologic processes. The SM models are 

strictly stationary, but can be considered to exhibit some kind of “non-stationarity” in the 

mean, in the sense that they are allowed to shift from one stationary state to another around 

a long term mean. The process of interest (At) is assumed to be a sum of two independent 

random variables Yt and Zt, where the Yt s are iid variables and the Zt s are assumed to 

represent departure of each "stationary’ state from the long term mean of the process. That 

is, during each "stationary state” the Zt s remain fixed at a value referred to as a noise level. 

In the SM-2 model two consecutive stationary states always have noise levels of opposite 

signs, while in the SM-1 model the noise levels are allowed to fluctuate in random manner. 

In this paper only the positive geometric distribution was considered for modeling the length 

the process spent in each stationary state.

Several examples were used to illustrate the applicability of the SM models for fitting 

hydrologic time series. The skewed distributions considered in the examples, were the GEV, 

the PE3, and the Gumbel. In general the SM models were capable of preserving the mean, 

variance, skewness, and the autocorrelation function of the sample series. In addition, the 

SM models were shown to be useful for generating long sample series for use in frequency 

analysis of extreme events. The results showed that the SM-1 and SM-2 models usually give

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



127

similar results if the corresponding components of each model were modeled by the same 

type of distribution. Furthermore, the SM models are capable of modeling time series that 

are correlated and have shifting patterns as shown in the historical samples. On the other 

hand, the assumed SM models used in this paper do not model trends or time series with 

changes in the sample variability. In general, the SM models appear to have a wide range of 

applicability for modeling any type of climatic, hydrologic, and/or geophysical processes.
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Table 5.1: Statistics of generated realizations for the Cache La Poudre River AMF data in 
section 5.3.2. The numbers in parenthesis are statistics from 1 realization of length 1,000 n, 
while the numbers not in parenthesis are average statistics from 1,000 realizations of the 
same length as the historical data (n).

Statistic Historical F i,r2, . . .  ~ GEV 
SM-1 SM-2

Yi , Vo,. . .  ~  PE3 
SM-1 SM-2

PX [c/s]
<7 V [c/s]
7.Y

P.v(l) SM-1 
P.y(2) SM-1 
/5.y(1) SM-2 
px (2) SM-2

1200
1123
1.483
0.261
0.218
0.303
0.251

1194 (1190) 1205 (1186) 
1087 (1127) 1102 (1121) 

1.136 (1.426) 1.121 (1.466) 
0.201 (0.269)
0.157 (0.223)

0.244 (0.300) 
0.182 (0.248)

1191 (1200) 1213 (1199) 
1095 (1121) 1094 (1130) 

1.331 (1.527) 1.385 (1.484) 
0.212 (0.256)
0.163 (0.210)

0.239 (0.301) 
0.184 (0.251)

Table 5.2: Statisticd of generated realizations for the Dillon annual maximum daily precipi­
tation data. The numbers in parenthesis are statistics from 1 realization of length 1,000 n, 
while the numbers not in parenthesis are average statistics from 1,000 realizations of the 
same length as the historical data (n).

Statistic Historical YUY2,. . .  ~  GEV 
SM-1 SM-2

A/!,M o,... ~  GEV 
SM-1

Px [cm]-Or  1,ax [cm~\
7.Y

P.v(l) SM-1 
Px(2) SM-1 
p.Y(l) SM-2 
p.y(2) SM-2

2.618
1.159
1.028
0.222
0.210
0.203
0.198

2.624 (2.608) 2.632 (2.612) 
1.080 (1.165) 1.039 (1.131) 
1.039 (1.036) 1.129 (1.069) 
0.137 (0.222)
0.122 (0.211)

0.072 (0.198) 
0.073 (0.190)

2.613 (2.622) 
1.081 (1.156) 
0.060 (0.614) 
0.088 (0.221) 
0.076 (0.208)

Table 5.3: Statistics of generated realizations for the Dillon annual maximum daily precipi­
tation data, for the special case of the Gumbel distribution with parameters estimated based 
on procedures in section 5.2.5. The numbers in parenthesis are statistics from 1 realization 
of length 1,000 n , while the numbers not in parenthesis are average statistics from 1,000 
realizations of the same length as the historical data (n).

Statistic Historical 7 xt = 1.1396, 7 v  = 0 
SM-1

7a/ = 1.1396, 7 y  = 1.1396 
SM-1

Px [cm]
- ° r o,cr\ [cm-]
7.Y

P . y ( I )  SM-1 
p.y(2) SM-1

2.618
1.159
1.028
0.222
0.210

2.613 (2.627) 
1.144 (1.170) 
0.900 (1.031) 
0.195 (0.225) 
0.029 (0.056)

2.620 (2.622) 
1.160 (1.166) 
0.938 (1.073) 
0.193 (0.223) 
0.026 (0.053)
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Figure 5.1: Quarter-monthly annual maximum outflow series (1900-1989) for Lake Ontario. 
The bottom plot shows the sample correlogram and fitted correlograms for the SM-1 and 
SM-2 models.
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Figure 5.2: Generated sequences of quarter-monthly AMF for Lake Ontario, (a) SM-1 
model with Y\, Y2, . . .  ~ cry) and Mi,  M 2 , . . .  ~ N ( 0, cr2M), and (b) SM-2 model with
YUY2, . . . ^  N ( t i Y , a 2 ).
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Figure 5.3: Generated sequences of quarter-monthly AMF for Lake Ontario, (a) SM-1 
model with Y i , Y i , . . .  PE3(q ,/3 ,k) and ~  AT(0,cr^), and (b) SM-2 model

with Yi ,Y 2 , . . .  ~  PE 3(a,/3 ,«:).
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Figure 5.4: Generated sequences of quarter-monthly AMF for Lake Ontario, (a) SM-1 
model with Y 1 .Y 2 , . . .  ~  GEV(q, 0, k) and Mi, M2 , . . .  ~  iV(0, ct^), and (b) SM-2 model 
with Yu Y-2 , . . .  ~  GEV(q, 0, k).

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



133

11500

5 10500

Y{. Y , ... iidPE3 
Y,. Y~ ... iid GEV9500

... iid Normal

8500
O Cunnane PP

 SM-1
 SM-2

7500'
0 100 200 300 400 500

Return Period [Years]

Figure 5.5: Estimated growth curves of quarter-monthly AMF for Lake Ontario based on 
the fitted SM-1 and SM-2 models. The empirical data points are based on the Cunnane 
plotting position formula.
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Figure 5.6: AMF series (1925-1998) of 3-day duration of Cache La Poudre River near 
Greeley, Colorado. The bottom plot shows the sample correlogram and fitted correlograms 
for the SM-1 and SM-2 models.
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Figure 5.7: Estimated growth curves of 3 day AMF for Cache La Poudre River based on 
fitted a SM-1 and SM-2 models. The empirical data points are based on the Cunnane 
plotting position formula.
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Figure 5.8: 1909-1998 daily maximum precipitation for Dillon. Colorado. The bottom plot 
shows the the sample correlogram and fitted correlograms for the SM-1 and SM-2 models.
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Figure 5.9: 1930-1994 3 day annual maximum flows of the Colorado River at Hot Sulphur 
Springs. Colorado. The bottom plot shows the sample correlogram and fitted correlograms 
for the SM-1 and SM-2 models.
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Figure 5.10: Growth curves of 3 day AMF for Colorado River at Hot Sulphur Springs. The 
estimated growth curves are based on fitting a SM-1 and a SM-2 model to the historical 
data. The empirical data points are based on the Cunnane plotting position formula.
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Figure 5.11: 1930-1994 mean annual flows of Colorado River at Hot Sulphur Springs, Col­
orado. The bottom plot shows the sample correlogram and fitted correlograms for the SM-l 
and SM-2 models.
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Figure 5.12: Return periods of droughts of various lengths for the Colorado River at Hot 
Sulphur Springs.
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Chapter 6

S H IF T IN G  M E A N  P L U S PE R SIST E N C E  M O D E L  F O R  SIM U L A T IN G  

T H E  G R E A T  LAKES N E T  B A S IN  S U P P L IE S

A bstract In current shifting mean models the autocorrelation structure is assumed to arise from 

the combination of sudden shifts in the mean level of the process under consideration and the time 

between such shifts. The objective of this study is to add direct persistence feature to the current 

shifting mean models. This is done by assuming that the underlying process can be represented by 

a shifting mean AR(1) model. In this study the applicability of the proposed model for simulating 

the annual net basin supplies (NBS) of the Great Lakes system is analyzed. The NBS of lakes 

Erie, Ontario, and St. Clair are autocorrelated and show sudden shifting behavior, and thus are 

successfully modeled by the proposed models. The other lakes, Michigan-Huron and Superior, do 

not show signs of sudden shifts and they do not appear to be autocorrelated.

6.1 In trod u ction

Many previous studies have shown that the stochastic characteristics of the Great 

Lakes Net Basin Supplies (NBS) are quite complex (see for example Yevjevich, 1975; Rassam 

et al., 1992; Buchberger, 1994) They include spatial and temporal variability with important 

high and low frequency components and possibly non-stationarity, in addition to the usual 

seasonality (periodicity) and variance-covariance properties. While determining some of 

those characteristics can be done by well-known stochastic techniques, the difficulty comes 

on how to interpret and justify them physically and statistically as not all NBS series show

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



138

similar behavior. For example, a feature that is apparent in some but not all the NBS series 

is the sudden or near sudden shifting pattern. It is well-known that significant changes in 

some key statistical parameters such as the mean, variability, skewness, and persistence may 

be the result of human induced interventions such as the construction of diversions dams or 

the regulation of natural lakes. Also such changes may be the result of climate variability, 

particularly the effect of low frequency components. The hypothesis that, “sudden changes 

in climate lasting for time spans of a few decades have naturally occurred in some parts of 

the globe,” has become more plausible during the past years as newer hydroclimatic data 

such as sea surface temperature, precipitation, and streamflow appear to suggest.

A number of approaches has been suggested in the past decades by severed groups in 

the United States and Canada for analyzing, modeling, and simulating the NBS series of the 

Great Lakes system. Well known models such as autoregressive (AR), AR with moving aver­

age terms (ARMA), and their multisite versions thereof have been utilized. Also alternative 

modeling schemes including single site, multisite, modeling at monthly/quarter-monthly 

time scales, and temporal disaggregation models have been used with various degrees of 

success (see for instance Yevjevich, 1975; Loucks, 1989; Buchberger, 1992; Rassam et al., 

1992).

Hydro-Quebec, conducted a major modeling and simulation effort in the period 1991- 

1992, in connection with the Beauharnois-Les Cedres extreme floods study (Rassam et al., 

1992). The study involved modeling and simulation of the quarter monthly NBS series: (i) 

verifying tha t the simulated samples reproduced certain key NBS historical statistics, and 

(ii) routing such simulated NBS samples through the Great Lakes System model to obtain 

simulated lake levels and outflows and verifying tha t they resemble those corresponding 

to the routed historical NBS series. Three modeling schemes were compared, namely, a 

CARMA(1,1) model with temporal disaggregation, a monthly-annual singular value de­

composition model, and a multivariate model in which two sites were fitted by a simple 

shifting mean model and the rest of the sites fitted by an AR(1) model. The study showed
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that simulating annual NBS that incorporates sudden shifts and disaggregating such annual 

values into monthly or smaller quantities gave quite good results.

The main objective of the study reported herein has been to investigate and develop a 

modeling scheme so as to incorporate a direct persistence feature in a shifting mean modeling 

framework. This new feature may offer some advantage in modeling and simulating annual 

NBS series. In this paper, we focus on a univariate model that will be useful for modeling and 

simulating individual series (sites) separately. The multivariate model, to enable modeling 

and simulating NBS series jointly, will be reported elsewhere. Specifically, a single site 

shifting mean model with AR(1) persistence, which is dubbed here as SMAR(l), is developed 

and applied to modeling an simulation of the annual NBS series of the Great Lakes system. 

Section 6.5 provides some illustrations of using the single site shifting mean models.

6.2 S M A R (l)  : SM  m odel w ith  p ersisten ce  in {Ft}

A general definition of the shifting mean, SM, model is given by

X t = Yt +  Z t (6.1)

where {A}} is a sequence of variables representing the process of interest. {Ft} is a stationary 

process with mean p.y, variance cry and autocorrelation function, ACF, py()  (zero at all

lags in the regular SM model). {Zt j is a sequence with mean zero and variance a \  and

ACF p z (  )• The Z t 's represent noise in the mean of the Xt  process, that is characterized by 

levels.

In the shifting mean autoregressive of order 1, SMAR(l), the {Ft} is an AR(1) process 

with parameters — 1 < <f> < 1 and a 2

F  — p.y =  0(Ft_i — p.y) 4- St (6.2)

where {et} ~  N(0,  of), with a 2 = Oy{\ — <f>2). The ACF of Ft is

py{h)=<t>H /i =  0 ,1 ,. . .  (6.3)
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The noise level process {Z t} can be written as

t
Zt = Z  ](0 (6-4)

i=i

where ~  AT(0,cr^ =  cx|), 5,- = Ni  +  N2 +  . . .  +  Ni with 50 =  0, and I ^ b){t) is the

indicator function equal to one if t 6 (a, 6) and zero otherwise. The is a discrete,

stationary, delayed-renewal sequence on the positive integers, such that Ni,  are iid

positive geometric variables with parameter p (Chapter 4). It follows that the ACF of Z t is

Pz(h) = (1 - p ) h h = 0 ,1 , . . .  (6.5)

Assuming that {Ft}, {Mi}, and {Nt} are mutually independent then the mean and the

variance of X t is

PX = Py  (6.6)

and.

Furthermore, the ACF of X t is

(T2y -  a'y +  ah  (6.7)

X

6.2.1 Parameter Estimation : p  Known

For modeling of a hydrologic or climatic process in a homogeneous (geographic) region, 

it may be assumed tha t p is common for all sites within the region. Given a regional estimate 

of p, noted as p, the parameters { p y , Oy, a 2u , $} at each site are estimated in terms of 

{,p x , d 2x ,p i ,p 2 } from Eqs (6.6)-(6.8). First 4> is estimated from

i  P i ( l - p ) - P 2<t> = —j-----t — r—  (6.9)
1 -  P ~  Pi
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and then

P i ~  4> ,c 1riN
a M —a x~----:----- j  » (6.10)

1 - p - < f >

Oy = ° x  ~  r , and (611)

P Y  =  £ a -  (6.12)

the estimated parameters are feasible only if (p, P1.P2} fulfill simultaneously

- 1  < T ^ 2 < 1 (6.13)
1 -  p - p t

and.

0 <  71-------m2 — m----  <  1 (614 )( 1  _ p )  2  2 p i  ( 1  - p )  + P 2

6.2.2 Parameter Estimation : p Unknown

For p unknown the procedure for estimation of the param eters {/zy-. Oy,a\i ,p ,  0} in 

terms of {pA ',d^-,pi,p2 ,p 3 } from Eqs (6.6)-(6.8) is as follows. Solve the quadratic equation

(P2 -  Pi)<f>2 +  (PlP2 -  P3)4> +  PlP3 -  pi  =  o (6.15)

for 4i. Then estimates of p and a 2M are obtained from

p  =  i -  (6.i6)
Pi~<t>

and,

^2 _  ^2 P2 ~  f t  , c  ,

a ( 617)

At last a \  and py- are estimated from Eqs (6.11) and (6.12). Recall that the parameters 

estimated in Eqs (6.15)-(6.17) are considered feasible if — 1 <  <j> < 1; 0 < p < 1; and 

0 < &\{ < a\-. Estimated parameters may be infeasible due to the sample variability of 

the sample ACF or due to other factors. In general if estimated parameters are feasible, 

then from the structure of the ACF in Eq (6.8) (see also Eq (6.19)) it follows that only
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one set of parameters is feasible if — 1 < 0 < 0, but two sets of parameters are feasible if 

0 <  0  < 1. In the latter case, if the first set of feasible parameter estimates is denoted 

by {/iy(1). dy-(1), <t2j (1),p (1), 0(1)}, then the second set of feasible parameter estimates is 

given by £y-(2) =  /iy-(l); d^(2) =  <rf,(l); a2M{2) =  a \  -< t |,(1 ) ;  p(2) =  1 -  0(1); and 

0(2) =  1 — p(l). Usually the values of the two parameter set are quite different with 

only one parameter set with values close to what would be expected of the process under 

consideration.

6.3 S m ooth in g  th e  A C F o f X t

The estimation procedures in sections 6.2.1 and 6.2.2 can result in infeasible parameter 

estimates. The cause can often be related to sample variability of the observed ACF, or other 

characteristics of the observed ACF such as periodicities. A solution to this problem is to 

smooth the sample ACF, where the smoothed ACF would be used for parameter estimation 

in sections 6.2.1 and 6.2.2. The best approach may be to fit the sample ACF with a function 

that has similar characteristics as the model ACF in Eq (6.8). If the sample ACF is positive 

at all lags, one may be tempted to fit the sample ACF by the simple function

px {h)= abH h =  1 ,2 ,. . .  (6.18)

which represents a straight line in a log-log space for a > 0 and b > 0. Even though the 

function in Eq (6.18) may have somewhat similar decaying structure as the model ACF in 

Eq (6.8), the obvious drawback is that Eq (6.18) models exactly only a part of Eq (6.8). As 

a result for the general case in section 6.2.2, parameters estimated using a  fitted ACF from 

Eq (6.18) would always result in either p =  1 or 0  =  0. To avoid these kind of situations, 

the sample ACF can be fitted by a function that has exactly the same form as the model 

ACF. Such function is given by

px(h) = c a h + (l - c ) b h h = 1 ,2 ,. . .  (6.19)
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where 0 <  a < 1, — 1 < 6 < 1, and 0 < c < 1. If p is unknown then all parameters of 

Eq (6.19) have to estimated, while if p is known then only b and c in Eq (6.19) have to be 

estimated since a =  1 — p would be known. In general least squares estimates of all three 

parameters using the sample ACF up to lag k are obtained by minimizing

k
S(a,b,c:pl , . . . , p k) = ^  [ph -  cah -  (1 -  c)bh) (6 .20 )

h=l

The sum in Eq (6.20) is minimized by taking the partial derivatives with respect to the 

unknown parameters, setting them equal to zero, and solving for the parameters. An alter­

native for estimation of the parameters is to use unconstrained or constrained optimization 

routines to minimize the sum of the squared errors in Eq (6.20). The first partial derivatives 

with respect to the parameters a, 6, and c are given by

k k
dS
d a ~  C

J i = i

dS
db

OS
dc

= -2 (1  - c  

k
= - 2

YS'Ph -  bh)hah~l -  ~ bh)hafl~ l
h= I

k k
J ^ ( ph -  bh)hbh~l -  c ^ 2 ( a h -  bh)hbk~ l
h.= l h - l

k
£ ( p / l - 6 /l)(a/‘ -& /‘) - c $ > / l - 6 /‘)

Ui=l h - l

respectively. Setting Eq (6.23) to zero and solving for c

-.fc

(6 .21)

(6 .22)

(6.23)

c =
Et l ( P h - b h ) (ah ~ b h ) , a ^ b (6.24)

Similarly setting Eqs (6.21) and (6.22) equal to zero and substituting for c from Eq (6.24) 

then after simplification

k k k k
0 =  ̂ ( a h -  bh)2 Y , (P h  ~ bh)hah~ l -  Y , (p h  ~  bh)(ah -  bh) £ ( ah -  bh)hah~ l (6.25)

/ t = l  / i = l  h=l h=l
k k k k

0 = J 2 ( a h -  bh)2 Y , i P h  -  bh)hbh~ l -  Y , i P h  -  bh){ah -  bh) ^ ( a ' 1 -  bh)hbh~ l (6.26)
h=l h= I fc=L h=l

The obvious solution a = b is not feasible, since in that case c in Eq (6.24) is not defined. 

If p is known then a = 1 — p is known, thus Eq (6.26) is solved numerically for b using for
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example the bisection method for 6 €  ( — 1, a) U (a, 1) to bracket the roots and then Newton- 

Rhapson to estimate the roots. On the other hand, if a is unknown, then Eqs (6.25) and 

(6.26) are solved numerically for a and b using for example a Newton-Rhapson iterative 

procedure with either exact or approximate Jacobian of Eqs (6.25) and (6.26). Finally c is 

estimated from Eq (6.24). The exact Jacobian of Eqs (6.25) and (6.26) is obtained from

da
a  Eq (6/25) = £ (a„ _

/i=l h=l
k k

+ a " 1 £ ( a fc -  bh)2 ^ ( p h -  bh)h(h -  l)a fc- 1
h= 1 

k
h-l

-  a “ l ~  bh)(ah -  bk) Y , h afl- l [(2h -  1 )ah -  (h -  l)bh]
h=l h=l

dE q  (6.25) 
db h= 1 L/i=i

Y ^ { p h - b h){ah - b h) - ^ { a h - b h)
h=l

k k
-  b,l)hah~ l -  2 Y,(P h  ~  bh)hah~l

da

+ Y ^ ( a h ~  bH)hbh~ l
h=1 

k
+ J2(Ph ~  bh)hbh~ l ^ 2 ( a h -  bh)hah- 1 

h=l h=l

3 E q  (6.26) = J  j ^ { a k  _

h=l h=I
k k

~  “  bh)hah~ l ^ ( a ft -  bh)hbk~ l
h=I h=1

-  ]T (Ph -  bh)(ah -  bh) y£2h,2ah~ lbtl~ l

U=i
fc

h=l

h=l h=l
and

dE q  (6.26) 
db

Y ^ ( a k -  bh)hbh~ [
lh=l

(6.27)

(6.28)

(6.29)

k k
-  Y , { a h -  bh)hbh~ l ] T ( ph -  bh)hbh~ l

h-l  h=l
k k

+ b - l ^ 2 ( a k -  bh)2 ] T  hbh~l[(h -  1 )ph -  {2h -  1)6^] (6.30)
h=l h=l

k k
-  b~l -  bh)(ah -  bh) ^ / i 6 /l- l [(/i  -  l ) a A -  (2 / i  -  l ) 6 fc]

h=l h=1
Initial values of a, b, and c are usually obtained from the sample ACF using the estimation

procedures in sections 6.2.1 and 6.2.2. If the initial values are not feasible, then the sample
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ACF can be tweaked a little bit until it results in feasible values for a, ft, and c. A simple 

grid search on the parameters a, ft, and c that minimizes Eq (6.20) can also be used to come 

up with initial values.

6.4  T h e Special C ase  : 0  =  0 : T he S M -l M o d e l

In the special case with 0  =  0 (no persistence in the Yt process) the SMAR(l) model 

reduces to the SM-l model in Chapter 4, with {Ff}“ l ~  N(0.  cry). Thus, the ACF of Xt  

in Eq (6.8) becomes

The model ACF in Eq (6.31) is simple, and its structural form for fitting purposes is given

estimates of a and ft were obtained by fitting a straight line to the logs of Eq (6.32). Often the 

sample ACF, ph- may have negative values, and consequently its values in the log-domain 

do not exist. To prevent such cases, then in this paper the least squares estimates of a and 

ft based on the sample ACF up to lag k are obtained by minimizing

(6.31)

by

Px{h)  =  abh h = 1 ,2 ,... (6.32)

where a = and ft =  1 — p, with 0 < a < 1 and 0 <  ft <  1. In Chapter 4 and 5

h=i

with respect to a and ft. Setting the partial derivatives of Eq (6.33) with respect to a and ft

equal to zero and simplifying, then

k k k k
(6.34)

is first solved for ft, and then a is calculated from

(6.35)
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6.4.1 Parameter Estim ation : p Known

As stated in section 6.2.1 for modeling of a hydrologic or climatic process in a ho­

mogeneous (geographic) region, it may be assumed that p is common for all sites within 

the region. For fitting the ACF using Eq (6.32), 6 =  1 — p is known, and a is estimated 

from Eq (6.35). Given a regional estimate p, the parameters {py, ay.  a \ t } at each site are 

estimated in terms of { f i \ , c r \ , p i }  from Eqs (6.6), (6.7) and (6.31):

Pi
a M ~  a X  , - • 1 - p

(6.36)

-2 -2 -2 jO y  =  ax  — a i f  , and (6.37)

P Y  = PA' (6.38)

the estimated parameters are feasible if p\ < 1 — p .

6.4.2 Parameter Estim ation : p Unknown

Forp unknown the parameters {py. <7y-, cr^,p} are estimated in terms of {px-.OxiPi-.pi) 

from Eqs (6.6). (6.7) and (6.31). First p is estimated from

P  =  1 -  ^  (6.39)
P i

and then a \ {, ay,  and py- are estimated from Eqs (6.36), (6.37) and (6.38), respectively. 

The parameter estimates are feasible if p\ < < pi- For fitting the ACF using Eq (6.32),

then b and a are estimated from Eqs (6.34) and (6.35), respectively.

6.5 E xam ple : T h e  G reat Lakes System

In this section we apply the SMAR(l) and SM-l models to the annual net basin 

supplies (NBS) of the lakes in the Great Lakes system. The data were obtained from 

Hydro-Quebec, and spam the period 1900-1999 for lakes Erie, Michigan-Huron, Ontario, 

and Superior, and the period 1900-1989 for Lake St. Clair. Data post 1989 for Lake St. 

Clair were still preliminary, and hence are not used in this study. The annual NBS time
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series of the Great Lakes and their ACFs can be seen in Figs. 6.1-6.5. The data for Lake 

Superior and Lake Michigan-Huron in Figs. 6.2 and 6.5 do not seem to exhibit any sudden 

shifts, and in addition the ACFs of the these data do not have shapes that are expected

of the SMAR(l) or the SM-l model. On the other hand, the data for the other lakes in

Figs. 6.1, 6.3, and 6.4 appear to be characterized by sudden shifts.

Throughout this paper, for a time series X u  X 2 , ■.., X n the sample mean, variance, 

skewness, and lag h ACF will be estimated by

1 "
f ix = - Y , X i  (6.40)

;=i

4  =  - £ ( * i - / i A ' ) 2 (6.41)
7)  fn 1=1 

n a Z 374 U  V  ^  o

^ -  =  ( n - l ) ( n - 2 ) g ^ - ^ ) (6'42>

M h )  = <6 « )
2 2 i = i ( X i  - n x r

respectively. In terms of storage related statistics we will use the Hurst slope K  and the

storage capacity S C .  The Hurst slope K  is calculated by forming a series of partial sums

Si = S i - 1 +  Xi  — f ix,  i =  1, . . . ,  n, with So =  0. Then the range [R^), the rescaled range 

(/?**) and the K  are calculated from

R-n = nia? (S,-) -  min (S.) (6.44)
0<t<n

R ?  =  B ^ / a x  (6.45)

K  = lnf?^*/ln(0.5n) (6.46)

respectively. In general we will only show calculated values of K ,  since and R^m can be 

easily calculated given the additional knowledge of n and <7,v- The storage capacity for a 

demand level d is calculated from

S C  =  max Sj (6.47)
L < i< n

where S ' i  =  m ax(0.S [ _ l  + d  — X t )  with S' Q =  0. Furthermore the longest drought length D L

corresponding to a demand level d  is the longest consecutive period for which X t  < d ,  and
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the corresponding magnitude DM  of the longest drought is the sum over the deficits d  — X t 

during the drought.

The sample mean, standard deviation, skewness, Hurst slope, storage capacity, and 

the longest drought length and the corresponding drought magnitude based on demand level 

d = /i.Y of the Great Lakes data are shown in Table 6.1. The values of the sample ACF for 

lags 1 to 3, and the values of the fitted ACFs for the SMAR(l) and SM-l models are also 

shown in Table 6.1. The variables of the fitted ACFs were estimated using the sample ACF 

up to lag 15 for all lakes.

Also in Table 6.1 the values of the sample and the fitted ACFs are shown for lags 1

to 3.

6.5.1 M odeling of the Great Lakes System

Table 6.2 shows feasible parameter sets of fitted SMAR(l) and SM-l models for the 

Great Lakes system. The parameters are estimated using the sample statistics of the ob­

served data p .Y ,  < t.y , and the values of the fitted ACF p\, fa,  and p3 based on Eqs (6.19) 

and (6.32) for the SMAR(l) and the SM-l models, respectively. Parameter estimates could 

not be obtained for Lake Michigan-Huron for the both the SMAR(l) and SM-l models, and 

for Lake Superior for the SM-l model (refer to Table 6.2), the reason being that Eqs (6.20) 

and/or (6.33) were minimized with one or more of their parameters at the boundaries of the 

parameters space or outside of the parameter space. For Lake St. Clair in Table 6.2, the 

two feasible parameter sets of the SMAR(l) model are quite different, where the parameter 

set in parenthesis appears less realistic. Generated sequences based on the fitted SMAR(l) 

models in Table 6.2 are plotted in Figs. 6.6-6.9. Notice the differences in the generated 

sequences for Lake St. Clair between Fig. 6.8 (a) and Fig. 6.8 (b), where Fig. 6.8 (b) is 

based on what we classify as the less realistic parameter set in Table 6.2.

To investigate how well the fitted models preserve the sample statistics used in the 

fitting procedure 1,000 realizations of the Great Lakes NBS of the same length as the his­
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torical record (n) were generated based on the models with the non-parenthesized values in 

Table 6.2. The average statistics of the 1,000 realization are shown in Table 6.3. Comparing 

these statistics with the corresponding sample statistics in Table 6.1, it can be concluded 

that the mean and the standard deviation are well preserved in all cases. The model skew­

ness is zero for all fitted models as reflected in Table 6.3. The Hurst slope K ,  the storage 

capacity SC,  and the maximum drought length DL and the drought deficit DM  are re­

markably well preserved considering that these parameters are not used in the fitting of the 

models. On the other hand the average ACF of the generated series appears to somewhat 

underestimate the fitted ACF in Table 6.1. This underestimation of the ACF is often en­

countered when the ACF is estimated based on the average of a large number of generated 

samples of relatively small sizes. For further comparison the same statistics based on one 

generated series of length 1,000 n are shown in Table 6.4, and the first 2,000 observations 

of the generated sequences are shown in Fig. 6.10. The estimates of the standard deviation 

and the ACF are improved compared to Table 6.4. On the other hand it should be expected 

to get different values for SC, DL, and DM  since these statistics are highly dependent on 

the sample size. Notice that the values of the Hurst slope K  in Table 6.4 are considerably 

lower than the corresponding values in Tables 6.1 and 6.3. A similar behavior was noticed 

in Boes and Salas (1978), where asymptotically K  was shown to approach the value 0.5 

for the shifting mean models studied there and for the ARMA(1,1) model. For graphical 

comparison of the estimated ACFs, correlograms based on 1,000 generated samples of length 

n and based on one sample of length 1,000 n  are shown in Fig. 6.11 for Lake Ontario and 

Lake St. Clair. In general the correlograms are well preserved, but as often is the case when 

average correlograms are estimated based on a number of generated samples of small sizes 

the average correlogram for St. Clair based on 1,000 generated samples underestimates the 

model correlogram.

For comparing the two different model, the SMAR(l) model and the SM-l model 

(SMAR(l) with 0 =  0), then the focus should be on statistics that were not used in fitting
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of these models. These statistics are the Hurst slope K,  the storage capacity S C , and the 

maximum drought length DL and the drought deficit DM.  Comparing these statistics from 

Tables 6.3 and 6.4 across the two different models for the lakes Erie, Ontario, and St. Clair, 

then in general it can be concluded that results of the two models are very similar. One 

reason for the similarity of the results, might be the that the AR(1) parameters 0  are close 

to zero for the fitted SMAR(l) models for the referred lakes in Table 6.2.

6.6 Sum m ary and F inal Rem arks

In the shifting mean models studied in Chapter 4 and 5 the autocorrelation structure 

is assumed to arise solely from sudden shifting pattern in the mean level of the process 

under consideration. That is, the underlying process is assumed to be random if the shifting 

pattern is removed. The main objective of this paper was to add a persistence feature to 

existing shifting mean models in such a way that, the underlying process with the shift­

ing pattern removed is an autoregressive AR(1) process. This proposed model, dubbed as 

SM AR(l), reduces to the SM-l model in Chapter 4 in the special case when the autore­

gressive parameter 0 =  0. Parameter procedures were developed for the SMAR(l) model 

for both the cases when the expected length of the mean levels, p, is assumed to be known 

or unknown. Where, for a geographic region p should be taken as common for all sites, if 

the shifts at different sites are driven by external processes, such as climate changes, that 

should affect the whole region.

Historical records of lakes Erie, Ontario, and St. Clair in the Great Lakes system 

show evidence of sudden shifts in addition to autocorrelation. The time series for these 

lakes were fitted by the SMAR(l) model, and for comparison also by the SM-l model. Both 

models were capable of preserving the key statistics (mean, variance, and autocorrelation) 

that are used in estimation of the parameters parameter. In addition the models preserved 

remarkably well other statistics, such as the the Hurst slope K , the storage capacity SC,  and 

the maximum drought length DL and corresponding drought deficit DM,  tha t are not used
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in estimation of the parameters, but these statistics are affected by the expected length and 

the variance of the mean levels. In addition the results based on the two different SMAR(l) 

and SM-l model appeared to be very similar for the cases studied, but in all those cases the 

<j> parameter of the SMAR(l) model was close to zero.

As a general conclusion regarding to the Great Lakes system, the lakes Erie, Ontario, 

and St. Clair appear to be well presented by both the SMAR(l) model and the SM-l model, 

while the lakes Michigan-Huron and Superior do not seem to exhibit shifting pattern nor to 

be autocorrelated.
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Table 6.1: Sample statistics of the Great Lakes NBS time series from 1900-1999, except for 
Lake St. Clair where the statistics correspond to the period 1900-1989. F itted ACFs up to 
lag 3 for the SMAR(l) model and the SM-l model are also shown.

Statistic
Erie Michigan-Huron

Lake
Ontario St. Clair Superior

P.Y [cms] 574.1 3177 1033 121.7 2043
< t .v  [cms] 265.4 737.0 241.6 63.34 478.8
7.Y 0.138 -0.091 0.491 0.311 0.033
K 0.787 0.713 0.786 0.847 0.654
SC [cms] 5506 11978 5083 1529 4755
DL 8 8 11 9 5
DM [cms] 1720 6029 2034 659.3 3850

Sample ACF
P i 0.173 0.168 0.250 0.504 0.153
P2 0.170 0.003 0.212 0.291 0.050
P3 0.175 -0.088 0.199 0.236 -0.023

Fitted ACF for SMAR(l) Model
P i 0.175 * 0.263 0.484 0.149
Pi 0.192 * 0.266 0.362 0.050
P3 0.173 * 0.199 0.300 -0.003

Fitted ACF for SM-l Model (<t>= 0)
P i 0.197 ** 0.298 0.456 **
Pa 0.181 ** 0.236 0.379 **
P3 0.166 ** 0.187 0.315 **
* Optimal solution, for which Eq (6.20) is minimized, is infeasible. 
** Optimal solution, for which Eq (6.33) is minimized, is infeasible.

Table 6.2: Estimated parameters of fitted SMAR(l) and SM-l qmodels to the Great Lake 
system using the sample mean and variance, and the fitted ACF.

Statistic
Erie Michigan-Huron

Lake
Ontario St. Clair Superior

Parameters for SMAR(l) Model
<t> -0.0440 * -0.1225 0.1264 (0.8427) -0.5528
P 0.0899 * 0.2249 0.1573 (0.8736) 0.8107
& M [cms] 127.3 * 158.3 44.74 (44.84) 465.7
py [cms] 574.1 * 1033 121.7 (121.7) 2043
dy [cms] 232.9 * 182.5 44.84 (44.74) 111.3

Parameters for SM-1 Model (0 = 0)
P 0.0827 ** 0.2091 0.1693 **
<r,v/[cms] 123.7 ** 149.1 47.22 **
py [cms] 574.1 ** 1033 121.7 **
dy[cms] 236.4 ** 191.6 42.75 **
* Optima solution, for which Eq (6.20) is minimized, is infeasible.
** Optimal solution, for which Eq (6.33) is minimized, is infeasible.
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Table 6.3: Average sample statistics of 1,000 generated NBS time series of the Great Lakes. 
Each generated time series is of the same length as the corresponding historical record. The 
model parameters are the non-parenthesized values in Table 6.2.

Statistic
Erie

Lake
Michigan-Huron Ontario St. Clair Superior

SMAR(l) Model
Â.Y [cms] 574.4 * 1033 121.8 2046
a x  [cms] 257.8 * 237.9 61.37 473.9
7.Y -0.011 * -0.008 0.000 0.000
K 0.726 * 0.733 0.781 0.653
5C[cms] 4955 * 4385 1293 6081
DL 7.855 * 9.175 10.713 6.815
DM [cms] 2085 * 2322 735.3 3129
Pi 0.120 * 0.221 0.417 0.132
Pi 0.137 * 0.224 0.287 0.038
Pz 0.115 * 0.149 0.220 -0.017

SM-l Model (<p = 0)
A.\'[cms] 575.7 ** 1034 121.6 **

[cms] 260.0 ** 237.8 61.97 **

7.Y 0.001 ** -0.009 0.002 **
K 0.725 ** 0.732 0.778 **
SC[cms] 4966 ** 4387 1309 **
DL 8.028 ** 8.921 10.677 **
DA/[cms] 2133 ** 2241 738.6 **

Pi 0.142 ** 0.254 0.387 **

h 0.128 ** 0.189 0.303 **

PZ 0.105 ** 0.138 0.236 **
* Optimal solution, for which Eq (6.20) is minimized, is infeasible. 
** Optimal solution, for which Eq (6.33) is minimized, is infeasible.
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Table 6.4: Sample statistics of 1 generated NBS time series of the Great Lakes of lengths 
1.000 n. where n is the length of the historical records. The model parameters are the 
non-parenthesized values in Table 6.2.

Statistic
Erie

Lake
Michigan-Huron Ontario St. Clair Superior

SMAR(l) Model
P.y [cms] 576.7 * 1036 121.6 2042
&x [cms] 264.6 * 242.5 63.05 479.4
7.Y 0.003 * -0.001 -0.003 -0.001
K 0.620 * 0.631 0.594 0.589
5C[cms] 143098 * 83385 35694 337047
DL 37 * 32 67 25
DM [cms] 16113 * 10065 5481 12757
P i 0.169 * 0.260 0.479 0.148
P2 0.190 * 0.261 0.360 0.057
P3 0.166 * 0.194 0.300 -0.001

SM-l Model (<(> = 0)
P .Y  [cms] 579.1 ** 1033 122.3 **
<t .y  [cms] 265.9 ** 241.2 63.26 **

7.Y 0.006 ** 0.012 0.012 **
K 0.649 ** 0.593 0.627 **
SC[cms] 148914 ** 123846 30623 **
DL 31 ** 35 55 **
£W[cms] 11177 ** 14670 5089 **

P i 0.203 ** 0.297 0.454 **

P2 0.184 ** 0.234 0.379 **

P3 0.170 ** 0.186 0.312 **
Optima solution, for which Eq (6.20) is minimized, is infeasible.
Optimal solution, for which Eq (6.33) is minimized, is infeasible.
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Figure 6.3: Net Basin Supply series (1900-1999) and the autocorrelation function for Lake 
Ontario.

Year

O  Sample ACF  

 SM A R (I) : Fitted ACF.

• P T T ^

 S M - l Fiued ACF

Lake Ontario

Lake St. Clair
300

_ 2 5 0
|  200
u— 150

C/3
S  100

1900 19701910 1920 1930 1940 1980 19901950 1960
Year

O  Sam ple ACF

 S M A R (l) : Fitted ACF.

 S M - l  : Fitted A C F.

0.8
0.6

LLu  0.4 
<  0.2

- 0.2
0 5 1510

h

Figure 6.4: Net Basin Supply series (1900-1989) and the autocorrelation function for Lake 
St. Clair.

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



157

Lake Superior
3300

-2 1 0 0
SQ
Z  1500

900
1900 1910 1920 1930 1940 1950 1960 1970 1980 1990 2000

1
0.8 
0.6 

U 0.4 
<  0.2 

0 
- 0.2

Year
M r------------------------ --------------1 ----------------------- 1— 1 i—
- O Sample A C F

■ -------- SM AR( 1) : Fitted A C F.

n\ 1 A  A  O  Aw
®  6 6

-eo

—i-----------------------------------------------1--------------------  _ .  i i
10 15

Figure 6.5: Net Basin Supply series (1900-1999) and the autocorrelation function for Lake 
Superior.

1200
900
600
300

c
73 
«  1200

.2 900
600
300

g 1200 
O 900 

600 
300

0 20 40 80 10060

Figure 6.6: Generated sequences of annual NBS for Lake Erie based on the fitted SMAR(l) 
model in Table 6.2.

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



Ge
ne

rat
ed

 
La

ke
 

On
tar

io 
NB

S 
|c

m
s|

158

1800
1500
1200
900
600

1800
1500
1200
900
600

1800
1500
1200
900
600
300

100
t

Figure 6.7: Generated sequences of annual NBS for Lake Ontario based on the fitted 
SMAR(l) model in Table 6.2.
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C hapter 7

M U L T IV A R IA T E  SH IF T IN G  M E A N  P L U S  P E R S IS T E N C E  M O D EL  

F O R  SIM U L A T IN G  T H E  G R EA T L A K ES N E T  B A S IN  SU P P L IE S

A bstract The focus of this paper is to develop a multivariate model to model the net basin supplies 

(N'BS) of the Great Lakes. Not all NBS series show similar behavior. For example, a feature 

that is apparent in some but not all NBS series is a sudden shifting pattern. In this paper we 

expand previous studies of univariate shifting mean models to develop contemporaneous shifting 

mean models. These multivariate models are further mixed with CARMA models in such a way, that 

the lag zero correlation in space is conserved between the underlying processes of the different models. 

The full contemporaneous shifting mean CARMA models are successfully applied for modeling jointly 

the whole Great Lakes system, preserving the spatial correlation at lag zero between different lakes, 

and preserving other important statistical characteristics of the individual lakes.

7.1 In trodu ction

The Great Lakes System is one of the major lake systems in the world. It involves a 

series of five interconnected lakes (Superior, Michigan-Huron, St. Clair, Erie, and Ontario) 

that are subject to inter-basin flows and net basin supplies (NBS). Lake St. Clair is small 

compared to the other four lakes but being the middle lake, it is strategically located. 

Lakes Superior and Ontario have been regulated for the past several decades while the 

intermediate lakes are not regulated, although modifications in the connecting channels 

have caused some effect on the lake outflows (Quinn, 1985). Regulation of the two lakes
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depends on the expected NBS. In addition, the regulation of Lake Ontario, being the furthest 

downstream lake of the system, depends on the characteristics of the entire system, such 

as the expected NBS for all the lakes, the corresponding lake levels, and outflows. Thus 

the analysis, modeling and simulation of the NBS series for the various lakes have been of 

interest not only for testing alternative regulation plans but for re-evaluating the capacity of 

existing waterworks, re-examining the performance of existing water systems, and assessing 

the capacity of new water resources systems.

Several studies have been made in the past for analyzing and modeling the NBS series 

of the entire Great Lakes system based on stochastic techniques. The NBS time series show 

complex patterns that are reflected in some of the statistical characteristics such as the 

mean, variance, persistence, high flow and low-flow statistics, short and long memory, and 

shifting level behavior (Rassam et al., 1992). In addition, monthly and quarter-monthly data 

show periodic basic statistics such as mean, variance, skewness, and correlations (Yevjevich, 

1975). Some studies have been made attempting to understand and model some of the 

stochastic features of the NBS series. For example, Buchberger (1994) used a conceptual 

analysis based on water balance of the lakes to derive covariance properties of the annual 

NBS series.

Direct and indirect modeling schemes have been proposed and applied for modeling 

monthly and quarter monthly NBS series (Yevjevich, 1975; Loucks, 1989; Rassam et al., 1992; 

Buchberger, 1992). Direct modeling schemes imply using (for instance) monthly data and 

building a model to simulate monthly data directly at this time scale. For example, Yevjevich 

(1975) used a multivariate autoregressive (AR) model after seasonally standardizing the 

NBS series. The drawback with this type of modeling scheme is that while the monthly 

statistics are generally well preserved, statistics at higher time scales (for example years) are 

generally underestimated. Likewise, other statistics related to low frequency components 

such as random apparent shifts in the series are not represented. On the other hand, 

indirect modeling schemes imply modeling and generating monthly NBS in two or more
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steps (stages), that is firstly the time series is modeled at a higher time scale such as years 

so as to reproduce key annual statistics, subsequently annual NBS series generated from 

such a model are then disaggregated into smaller time scales such as months in such a 

way as to reproduce monthly statistics. For example, Rassam et al. (1992) employed two 

indirect modeling and generation schemes by using the so-called SPIGOT computer package 

(Grygier and Stedinger, 1990).

Rassam et al. (1992) compared three multivariate modeling schemes two of which 

fall in the category of indirect approach as described above. The two indirect approaches 

included, a CARMA(1,1) model with temporal disaggregation, and a mixture of multivariate 

AR(1) and shifting mean model with temporal disaggregation. The shifting mean model 

was included for generating the annual NBS series of Lakes Erie and Ontario because it was 

capable of reproducing the relevant statistics related to lake levels and outflows better than 

the other alternatives. This study also suggested the need of further developing multisite 

shifting mean models.

In this paper we develop a multivariate modeling framework using shifting mean mod­

els. Two contemporaneous models axe developed, namely: the contemporaneous shifting 

mean model plus AR(1) persistence dubbed as CSMAR(l) and a mixture of contempo­

raneous shifting mean and a contemporaneous ARM A, dubbed CSMAR(1)-CARMA. The 

CSMAR(l) model is based on the single site plus persistence model, SM AR(l), suggested in 

Chapter 6. In addition, simpler versions of the models assuming no direct AR(I) persistence 

are included. The various models are illustrated and compared using the NBS data of the 

Great Lakes system.

7.2 C ontem poraneous S M A R (l)  : C S M A R (l)

The CSMAR(l) model is a contemporaneous SMAR(l) model that can be used to 

model multiple time series that are correlated in space. For detailed description of the 

SMAR(l) model refer to Chapter 6. If X* =  [A^1* . . .  x j n ]̂T is a column vector of
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observations at time t for n different sites, where each site is assumed to follow a SMAR(l) 

process, then the CSMAR(l) process can be expressed as

indicator function equal to one if t E (a,b) and zero otherwise. The is a discrete,

stationary, delayed-renewal sequence on the positive integers, such that N\,  are iid

positive geometric variables with param eter p (Chapter 6). The cross covariance function 

(CCV'F) of {Xt} at lag h is denoted by

where cl̂ (h)  =  E [ ( A ^  — p . ^ ) ( X ^  — / j^ ) ]  is the CCVF at lag h between site i and site j, 

and f i x  is the mean vector of X t . In the CSMAR(l) model the following assumptions are 

made about the independent sequences {Yt} and {Zf}:

(1) The sequences { F / ̂  }, {F/2^},. . . ,  { F /” }̂ are modeled by a contemporaneous AR(1), 

CAR(l), process given by

X t — Yj +  Zt (7.1)

where Yt and Zt are column vectors defined in the same way as Xt- For a single site the 

noise level process {Zt} can be written as

t=L

where {M*}“  j ~  iV(0,cr|r =  ct|), Si =  Ni  +  N 2 +  . . .  -f iV,- with So =  0, and I(a,b)(t) is

c^(/i) . . .  c£{h)

C x (h) = E[(Xt+h -  #ix )(Xt -  / iX)T] = (7.3)

c£(/i) . . .  c g ( h )

Y  t — Hy  — ^ (Y t-1  — /ly ) +  £t (7.4)

where $  is a diagonal n x n  matrix, and {et} ~  MVN(0, C e (0)). Multiplying 

Eq (7.4) on the right by (Y t — / iy ) T and taking expectations gives

c . ( 0 ) =  c Y(0 ) - * c £ ( i ) (7.5)
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and repeating for (Y t~h — #*y)T gives

Cy(A) =  « * C Y(0) /i =  0 , l , . . .  (7.6)

Thus Cy{h)  has the same decaying structure, with respect to h, in space as in time. 

That is, c^(/i) =  0) for i , j  €  {1 ,2 ,. . . ,n }  and h =  0 ,1 , . . . ,  where <f>u is

the z'th row and ith  column element of $ .

(2) The sequences { M ^ } , {A /^} , . . . ,  are correlated in space only at lag

zero. That is, {M,} ~  MVN(0, Cm(0)). It can be shown (see Appendix A) that 

a necessary and sufficient condition for { Z J  to be stationary in the covariance is 

that Ni,  N 2 , . . .  ~  posgeom(p) is a common sequence for all sites. In that ease the 

covariance function of Zt at lag h is (refer to Appendix A for derivation)

C z (h) = ( l - p ) hC M(0) A =  0 ,1 ,. . .  (7.7)

The condition that is a common sequence for all sites may also be supported in

practice, if the shifts in the means are thought of being caused by changes in natural pro­

cesses, such as changes in climate. In such cases it should be expected that time series 

of the same hydrologic variable within a geographic region would all exhibit shifts at the 

same times. Thus, in general the CSMAR(l) model should not be applied for multivariate 

analysis of time series if it is clear that shifts in different time series do not coincide in time. 

Such cases can come up if a a shift in a time series is caused by a construction of a dam or 

other man made constructions, where the construction does not affect the other time series 

being analyzed. Note that if M i is assumed uncorrelated in space then the condition for 

stationarity that t is a common sequence for all sites is not necessary any more.

7.2.1 P a ra m e te r  E s tim a tio n  for th e  C S M A R (l)  m odel

The parameter estimation procedure is relatively simple for the CSMAR(l) model. 

First the CSMAR(l) model is uncoupled into univariate SMAR(l) models. If the common
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p is not known, then p^  is first estimated at each site i using the procedures in Chapter 6.

The common p can then be estimated as a weighted average of the p ^ s

(7.8)

Given p the parameters of each univariate model are reestimated using the estimation pro­

cedures in Chapter 6.

After estimating the parameters of the univariate SM AR(l) models, what remains is 

estimating the non-diagonal elements of C £(0) and C m (0). The following procedure can 

be used to estimate C s(0) and C m (0) in general. Using Eqs (7.1) and (7.6)-(7.7), and the 

independence of {Yt} and {Zt} it follows that

is either C y(0) or C m (0 )  is diagonal), then only Cx(0) is needed to estimate Cy(0) and

Furthermore, using that $  is a diagonal matrix the ith  row and j  th column element

C x {h) = $ /lC Y(0) +  (1 -  p)fcC M(0) h = 0 ,1 , . . . (7.9)

Estimates of C m (0 )  and C y(0) are obtained by solving Eq (7.9) with h =  0 and h =  1 for 

C M(0) and C y(0). It follows that

C M(0) =  [$ -  (1 -  p )I]- l ($ C x (0) -  C X(1)) (7.10)

and

C y(0) = C X( 0 ) - C M(0) (7.11)

Finally using Eqs (7.5) and (7.6), C e(0) is estimated from

C e(0) =  C y(0) -  $ C £ (0 )$ T (7.12)

Note that if either the Y t or the process is assumed to be independent in space (that

C m (0).

of C m (0) in Eq (7.10) can also be estimated from

(7.13)
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and c i  (0) can be estimated from

S i ( 0) =  c£(0) -  4 ( 0 )  -  0V J'(c£(O ) -  4 ( 0 ) )  (7.14)

7.2.2 Problems Arising in Parameter Estimation

It is required that C m (0) and C e(0) are symmetric matrixes. In order for C m (0) in 

Eq (7.10) to be symmetric the following relationship is needed between 4 ( 1 )  ^ d  4 ( 1 ) ’

4 d )  =  w 3 - 1 + p \~ l w 3 -  < n a  -  p)4 (o) +  t r  - 1 + P)4 d )] (7 .15)

where it has been used tha t 4 W  =  4(® )- Since it is very unlikely that 4 ( 1 )  ^x (l)

calculated from the data will follow the relationship in Eq (7.15) an adjustment is needed 

to make Cm(0) symmetric. The simplest such adjustment is to replace all 4 l ( ° )  ^  4 ( ° )  

with their respective averages. If Cm(0) is symmetric then no further adjustment is needed 

in the estimation of C c(0). Furthermore, if fitted ACFs were used instead of sample ACFs 

in the estimation of the univariate SMAR(l) models, then for consistency the fitted ACFs 

should be used in estimation of the diagonal elements of C x ( l)  in Eq (7.10).

7.3 C S M A R ( 1 )-C A R M A  : M ixture o f  C S M A R (l)  and C A R M A (p, q)

Analyzes of multiple time series of different hydrologic variables may require mixing 

of models. For example shifts in time series of one hydrologic variable may not be present 

in a time series of another hvdrologic variable. Or, if different geographic locations are used 

for analysis of a single hydrologic variable, then characteristics of the corresponding times 

series may be dependent on their geographic location. In such cases mixing of multiple 

CS.YIAR(l) models and other time series models, such as CARMA(p,q), may be desirable. 

In this section we will formulate a mixture of one CSMAR(l) model with one CARMA(p, q) 

model, where the lag zero cross correlation function (CCF) in space is preserved between the

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



170

CARMA(p,qr) model and the CAR(l) component of the CSMAR(l) model. The analysis 

can though easily be extended to incorporate more than one CSMAR(l) model, where for 

multiple CSMAR(l) the lag zero CCF is preserved between the different CAR(l) components 

of the models but not between the different level shift components.

Lets assume that there are total of n sites, of which ny sites follow a CSMAR(l) model 

and no sites follow a CARMA (p, q) model, where n y + n -2 =  n. The model of the n sites can 

be presented by Eq (7.1), where the first ny elements of X t represent the CSMAR(l) model 

and the remaining elements of X ( represent the CARMA(p, q) model

' x ,(,» ’
‘ y(D ' z [ l)

Yt(ni) z (n l)
= +

y-(«i + l) 0

.  x ‘ . Yt(n) 0

In general the whole vector Y t can be looked at as being modeled by a CARMA(p, q)  model

p 9
Y t -  my =  Y ,  ~  ^ y )  +  et -  £  (7.17)

j = i  j =i

where {et } M V N (0,Cc(0)), and the parameters $ i , $ 2»---?$pi @i>@2>• • • >©</ are diag­

onal n x n  matrixes. Each of the first ny elements of Y t is an AR(1) process, and each 

of the remaining n-i elements of Y t follows some ARMA(p, q)  process. That is, is an 

ARMA(pi.qi) process, i =  1 ,2 ,. . . ,n ,  where the p,s can be different and the qys can be 

different. The p and the q of the CARMA(p,g) model are p =  m ax(pi,p2 , . . .  ,p„) and

q =  m a x ( < 7 i ,  <72i • • • , 9 n ) -

The parameter matrixes of the CARMA(p,q) are diagonal, thus estimation of param­

eters of the CSMAR(1)-CARMA model can be done in a similar way as for the CSMAR(l) 

model, where Eq (7.16) is uncoupled into univariate model. For the CSMAR(l) portion of 

Eq (7.16), parameters are estimated using procedures in section 7.2.1. For estimation of each
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of the univariate ARMA(p*, <ft), i =  n\  4-1, rq 4- 2 , . . . , n, models refer to Salas (1993); Hipel 

and McLeod (1994); and Brockwell and Davis (1996). Hipel and McLeod (1994) also give a 

joint multivariate estimation algorithm for estimation of the parameters of the CARMA(p, q) 

model. The algorithm to estimate C c(0) is simple, but a necessary condition is that the 

CARMA(p, q) is causal. This is equivalent to requiring each of the estimated univariate 

ARMA(p, q) models to be causal (often a common requirement in estimation procedures for 

ARMA models). Causality implies that Y t can be written out as an infinite moving average 

model
00

Y t  -  My =  (~-18)
J=o

where {4/j} are matrixes with absolutely summable elements. Substituting from Eq (7.18) 

to Eq (7.17) for Y t implies that

( /  — <I>i2 — • • • -  $ pzp)('t!o 4- 4/iz 4-----) =  ( /  — 0 i z — • • • — Qqz q) (7.19)

where I  is the identity matrix. From Eq (7.19) {47,} can be derived by equating the coeffi­

cients of zJ

4/o =  /  (7.20)
p

= ~ Qj  +  £  j  = 1 ,2 ,...  (7.21)
k= 1

where ' i j  = 0 for j  < 0 and Qj =  0 for j  > q. For the special case when p =  1 and <7 =  0

then 4/j =  $•{. for j  = 1 .2 , Multiplying Eq (7.18) on the right by (Y* — / iy )T and taking

expectations gives
OC

CY(0) =  ^ « i C e(0)«T (7.22)
j=0

Since 'Lj, j  = 0 ,1 ,. . . ,  are diagonal matrixes an estimate of the ith  row and j th column 

element of C c(0) is

4 J (0) = ---- . . .  (7.23)

The iplf! decay rather quickly, thus the sum in Eq (7.23) can usually be truncated at a fairly 

low value of k.
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7.4 The Special Case : 0 =  0 : The CSM-1-CARMA M odel

In the special case with 0 =  0 (no persistence in the Yt process) the CSM AR(l) model 

in section 7.2 reduces to a contemporaneous SM-1 model, dubbed here as CSM-1. Thus, the 

sequences {V"/1*}, }, . . . ,  {v/"*} are correlated in space at lag 0 only, and independent

in time, with {Yt} ~  M VN(py, C y (0)). The properties of the {A/t̂ } ,  . . . ,

do not change. In this case the covariance function of Xt in Eq (7.9)) becomes

C x(h) =
Cy(0) + Cm (0) if h =  0

(7.24)
( l-p ^ C M fO )  for h =  1 .2 ,...

7.4.1 Parameter Estimation for the CSM-1 model

The parameter estimation procedure for the CSM-1 model follows the same steps as 

the parameter estimation procedure for the CSMAR(l) model in section 7.2.1. That is, first 

the CSM-1 is coupled into univariate SM-1 models and the parameters are estimated at 

each site using procedures in Chapter 6. Then the common p for all sites is estimated as a 

weighted average of the estimated p ^ s  of the univariate SM-1 models (refer to Eq (7.8)). 

Given p the parameters of the univariate SM-1 models are reestimated using procedures in 

Chapter 6 for the case p known. W hat remains is estimating the non-diagonal elements of 

Cy(0) and Cm (0). Using Eq (7.24), then C m (0) is estimated from

C M(0) =  ( l - p ) C x (l)) (7.25)

where if necessary Cm (0) is made symmetric by replacing cj^(0) and Cj^(0) with their 

respective averages. Then Cy(0) is estimated from

C Y(0) = Cx(0) -  Cm (0) (7.26)
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7.4.2 Parameter Estim ation for the CSM -1-CARM A model

The CSM-1-CARMA follows the same concept as the CSMAR(1)-CARMA model in 

section 7.3. Given the CSM-1 model then parameters of the CSM-1-CARMA model are 

estimated using the procedures for estimation of the CSMAR(1)-CARMA parameters in 

section 7.3. where each of the elements of {Yt } corresponding to the CSM-1 process is 

looked at as being modeled by an ARMA(0,0) process.

7.5 T he G reat Lakes S y stem

The intent here is to fit a multivariate model to the annual net basin supplies (NBS) of 

the lakes in the Great Lakes system using the procedures presented in this paper. The data 

were obtained from Hydro-Quebec, and span the period 1900-1999 for lakes Erie, Michigan- 

Huron, Ontario, and Superior, and the period 1900-1989 for Lake St. Clair. Data post 

1989 for Lake St. Clair were still preliminary, and hence are not used in this study. The 

annual NBS time series of the Great Lakes and their ACFs can be seen in Figs. 7.1-7.5. 

The data for Lake Superior and Lake Michigan-Huron in Figs. 7.2 and 7.5 do not seem to 

exhibit any sudden shifts, and in addition the ACFs of the data do not have shapes that 

are expected of the SMAR(l) model. On the other hand, the data for the other lakes in 

Figs. 7.1 and 7.3-7.4 appear to be characterized by sudden shifts. Furthermore, the cross 

correlations of the Great Lakes data are plotted in Fig. 7.6. In all cases in Fig. 7.6, the lag 

zero cross correlation coefficient is significant. Thus, contemporaneous models could be used 

to preserve the lag zero cross correlation coefficient between different lakes. The Lake St. 

Clair is the smallest of the five lakes considered here. It is upstream from Lake Erie, which 

is upstream from Lake Ontario. Looking at Fig. 7.6, the annual NBS of Lake St. Clair is 

significantly correlated with past annual NBS of Lake Erie and Lake Ontario for up to at 

least four lags as shown in the figure.

Throughout this paper, for a time series X \ ,  Xo, ■ ■ ■, X n the sample mean, variance,
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skewness, and lag h ACF will be estimated as in Chapter 6.5. In terms of storage related 

statistics we will use the Hurst slope K ,  the storage capacity SC,  and the longest drought 

length DL and the corresponding magnitude DM  with respect to a demand level d. For 

definitions of these storage related statistics refer to Chapter 6.5.

The sample mean, standard deviation, skewness, Hurst slope, storage capacity, and 

the longest drought length and the corresponding drought magnitude based on demand level 

d =  of the Great Lakes data are shown in Table 7.1. Also in Table 7.1 the values of the 

sample and the fitted model ACFs, of the CSMAR(l) and the CSM-1 models, are shown for 

lags 1 to 3.

7.5.1 Fitting a M ultivariate Contemporaneous Model to  the Great Lakes 

System

We will attempt to fit a mixture of CSMAR(l) and a CARMA(p, q) model to the 

data, where the lakes Erie, Ontario, and St. Clair will be modeled by a CSMAR(l) model, 

and the lakes Michigan-Huron and Superior will be modeled by CARMA(p, q) model. Note 

that the lag one cross correlation coefficient between the lakes Erie, Ontario, and St. Clair 

appears significant in Fig. 7.6, but this cross correlation coefficient is needed for fitting of 

the CSMAR(l) model. The ACF and the partial ACF (not shown) of lakes Michigan-Huron 

and Superior in Figs. 7.2 and 7.5 suggests a CARMA(0,0) model (or a bivariate normal 

model). The CSMAR(l) and the CSMAR(1)-CARMA can be fitted to sample series of 

different lengths spanning different time-spans, to cover all possibilities the following general 

approach is used to estimate the sample lag h cross covariance function (CCVF) in Eq (7.3) 

between two sample series x j ^ x j ' h , . . . ,  and X ^ \ x ^ + l, . . . ,  x j j2| n(a)_ l

6 x W  = k2 _ \ l + l - * (1))(*,(2) ~ ^ (2)) (7-27)
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similarly the sample cross correlation function (CCF) can be estimated from

/&2W  =  i ^ ± L X^ - X  ) { X ‘ ~ X  ' (7.28)

where k i =  max(f i — h, to) and A:2 =  min(fi +  — h — 1, <2 +  — 1), and =

(E f= tt *Yi+/,)/(^2  - k i  + l) and X*2) =  (£ * 2 fcl X i2)) / ( k2 -  *i +  1) respectively. Note that 

the diagonal elements of covariance matrixes are the autocovariance estimated as c \ (h )  = 

°\-px(h)-

To estimate the parameters of the CSMAR(l) model for lakes Erie, Ontario, and St. 

Clair first p is estimated from Eq (7.8) and then the procedures in section 7.2.1 are followed 

for estimation of the other parameters. The estimated parameters are shown in Table 7.2, 

where non-parenthesized values are estimated using the sample ACFs and parenthesized 

values are estimated using re-fitted ACFs based on assuming that p is known and using the 

sample ACFs up to lag 15 in the ACF fitting process (refer to Chapter 6). The model ACFs 

for these two different cases are compared with the sample ACFs in Fig. 7.7. From the figure 

it is evident that for Lake St. Clair the two model ACFs are quite different, with the model 

ACF based on the fitted ACF representing the sample ACF better. For Lake Erie and Lake 

Ontario the model ACFs are more similar. Thus there are several possibilities for selecting 

the CSMAR(l) model, where one has to choose whether to use only the models fitted based 

on the sample ACFs, or the models based on the fitted ACFs, or a mixture of both. Another 

possibility could be to experiment with fitted ACFs using the sample ACFs up to different 

lags in the fitting process. For the purpose of this study we will use a CSMAR(l) model 

with parameters estimated based on the fitted ACFs in Table 7.2 for lakes Erie and Lake 

Ontario, and St. Clair. O ther possible choices such as using the sample ACFs for all three 

lakes, or using the sample ACFs for Lake Erie and Lake Ontario, and the fitted ACF for 

Lake St. Clair, resulted in Cm (0) that was not positive definite (i.e. had at least one 

negative eigenvalue). Furthermore, a CARMA(0,0) model is used for Lake Michigan-Huron 

and Lake Superior. The parameters of the full CSMAR(1)-CARMA model are shown in
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Table 7.3, where for comparison under same assumptions the model parameters for the full 

CSM-1-CARMA model with parameters estimated based on procedures in section 7.4. Note 

that for the CSM-1-CARMA model only Cy(0) is shown in Table 7.3, the reason being 

that there are no autoregressive components nor moving average components in the fitted 

CSM-1-CARMA model, thus CY = Cc.

To analyze how capable the fitted models are in preserving the sample statistics used 

in the fitting procedures. 1,000 realizations of the same lengths as the historical records were 

generated for the full models in Table 7.3, and one realization of length 1,000 x the length of 

the historical records was generated. All the lakes have historical records of the same length, 

n =  100, except Lake St. Clair, which has a record length n  =  90. Thus the generated 

records for Lake St. Clair were truncated to match the length of the historical record. The 

average sample statistics of the 1,000 generated realizations are shown in Table 7.4, and the 

sample statistics of the one generated realization of length 1,000 n are shown in Table 7.5. 

Comparing with the historical sample statistics in Table 7.1, the mean and the standard 

deviation are well preserved in all cases. The model ACFs of lakes Michigan-Huron and 

Superior is zero, as is reflected in Tables 7.4 and 7.5. The ACFs of the generated sequences 

for lakes Erie, Ontario, and St. Clair should be compared with the fitted ACFs in Table 7.2. 

As commonly is observed the average ACFs based on 1,000 realization of the same length as 

the historical records underestimate the model ACF, while the ACFs of the one realization 

of length 1,000 n preserve the model ACF well. Comparing the storage related statistics 

K, SC, DL, and DM  in Table 7.4 with the corresponding historical statistics in Table 7.1, 

it can be said that they are in general relatively well preserved. Recall that the storage 

related statistics depend on the sample size, and are thus not expected to be preserved in 

Table 7.5. In comparing the results among the two different models, then the focus should be 

on statistics not used in the fitting procedures of the models, since in general statistics used 

in the fitting procedures are expected to be preserved. Thus comparing the storage related 

statistics of the two fitted models, then in general the two different models, the CSMAR(l)-

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



177

CARMA and the CSM-1-CARMA, give very similar results. A reason for the similarity may 

be that the <f> parameters are close to zero in the CSMAR(l) part of the CSMAR(1)-CARMA 

model. Recall that the CSM-1 model is a special case of the CSMAR(l) model with 0 =  0.

In Tables 7.6 and 7.7 the lag 0 and lag 1 historical CCF matrixes are shown along 

with the corresponding CCF matrixes based on the 1,000 realizations of length n and based 

on the one realization of length 1,000 n, for the CSMAR(1)-CARMA model and the CSM- 

1-CARMA model, respectively. Comparing the CCF matrixes based on the generated se­

quences with the historical CCF matrixes, then as expected the lag 0 CCF is very well 

preserved between all stations for both cases. The lag 1 historical CCF was used in estima­

tion of Cm (0) and C y (0 )  in the CSMAR(l) part of the model (refer to section 7.2). As a 

result Cm(0) and C y (0 )  were not necessarily symmetric and an adjustment was made to 

make these matrixes symmetric. Thus the lag 1 CCF for the CSMAR(l) part of the model 

(the upper-left 3 x 3  sub-matrix of P xU ) 'n Table 7.6) may not be exactly preserved, but 

in general the off-diagonal averages of PxU) and pQ{ 1) should be relatively well preserved. 

The values of the lag 1 CCF in Table 7.6 support this. Note that any lag 1 CCF including 

Lake Michigan-Huron or Lake Superior is not expected to be preserved. Comparing the 

results among the two different models, then again both models give similar results.

For further comparison the first three realizations of the 1,000 generated sequences are 

shown in Figs. 7.8-7.10 based on the CSMAR(1)-CARMA model. The lag zero dependence 

between different lakes can be observed in the figures. Furthermore, the graphs for each lake 

are drawn on the same scale in all three figures to make comparison easier.

7.6 Su m m ary and F inal Rem arks

In this paper a multivariate shifting mean modeling framework was developed. More 

precisely, a contemporaneous version of the univariate shifting mean autoregressive AR(1) 

model, SM AR(l), in Chapter 6, was developed and dubbed as CSMAR(l). In addition, a 

general contemporaneous model mixing CSMAR(l) and CARMA models was developed for
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modeling of systems, where some of the sites exhibit sudden shifting patterns while others 

do not. This model was dubbed as CSMAR(1)-CARMA. The special cases of the above 

models assuming no direct AR(1) persistence in the CSM AR(l) model were also developed. 

The special cases were, dubbed as CSM-1 and CSM-1-CARMA. A necessary condition for 

stationarity of the CSMAR(l) is that the sequence of the mean level lengths is common for 

all sites, that is that shifts at different sites coincide in time. The above models are capable 

of preserving the lag zero cross correlation in space between different sites. In addition, for 

sites modeled by the CSMAR(l) or the CSM-1 models, some characteristics related to the 

lag one cross correlation in space are also preserved.

Historical records of some of the lakes in the Great Lakes system show evidence of 

sudden shifts in addition to autocorrelation, while records for other lakes do not indicate 

such behavior. The proposed models, where applied for modeling jointly the Great Lakes 

system as a whole, with lakes Erie, Ontario, and St. Clair modeled by contemporaneous 

shifting mean models, and lakes Michigan-Huron and Superior modeled by a CARMA(0,0) 

model. The models were capable of preserving the lag zero spatial correlation between 

different lakes, in addition to preserving other im portant statistical characteristics of the 

individual lakes.

As a general conclusion, the proposed mixture models mixing contemporaneous shift­

ing mean models and contemporaneous ARMA models appear to be robust and seem to 

have a wide range of applicability for modeling of hydroclimatic and geophysical systems.
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Table 7.1: Sample statistics of the Great Lakes NBS time series from 1900-1999, except for 
Lake St. Clair where the statistics correspond to the period 1900-1989. Fitted ACFs up to 
lag 3 for the CSMAR(l) model and the CSM-1 model are also shown.

Statistic
Erie MichigEin-Huron

Lake
Ontario St. Clair Superior

P.vfcms] 574.1 3177 1033 121.7 2043
<t .y  [cms] 265.4 737.0 241.6 63.34 478.8
7.Y 0.138 -0.091 0.491 0.311 0.033
K 0.787 0.713 0.786 0.847 0.654
SCfcms] 5506 11978 5083 1529 4755
DL 8 8 11 9 5
DM [cms] 1720 6029 2034 659.3 3850

Sample ACF
Pi 0.173 0.168 0.250 0.504 0.153
P2 0.170 0.003 0.212 0.291 0.050
P3 0.175 -0.088 0.199 0.236 -0.023

Fitted ACF for CSMAR(l) Model
Pi 0.175 0.263 0.484
Pi 0.192 0.266 0.362
P3 0.173 0.199 0.300

Fitted ACF for CSM-1 Model (<j>= 0)
Pi 0.245 0.254 0.436
P2 0.208 0.216 0.369
P3 0.176 0.183 0.313

Table 7.2: Estimated parameters of the CSMAR(l) model for lakes Erie, Ontario, and 
St. Clair. The non-parenthesized values are estimated using the sample ACF, while the 
parenthesized values Eire estimated using the fitted ACF.

Parameter Lake
Erie Ontario St. Clair

<t> -0.0361 (-0.1170) -0.0018 (-0.0162) 0.3932 (0.1262)
P 0.1574 0.1574 0.1574
Py  [cms] 574.1 1033 121.7

16796 (22401) 16586 (18016) 4820 (5519)
C M(0) [cms2] 16586 (18016) 17415 (18121) 3334 (3973)

4820 (5519) 3334 (3973) 988 (2002)
53663 (48058) 28083 (26654) 4144 (3445)

Cy(0) [cms2] 28083 (26654) 40944 (40238) 4962 (4323)
4144 (3445) 4962 (4323) 3025 (2010)

53593 (47400) 28081 (26603) 4203 (3496)
Cc(0) [cms2] 28081 (26603) 40944 (40228) 4965 (4331)

4203 (3496) 4965 (4331) 2557 (1978)

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



180

Table 7.3: Estimated parameters of the full CSMAR(1)-CARMA and CSM-1-CARMA mod­
els for the Great Lakes. The lakes Erie, Ontario, and St. Clair are fitted by a CSMAR(l) 
and CSM-1 models dependign on the case, and the lakes Michigan-Huron and Superior are 
fitted by a CARMA(0,0) model (or a bivariate normal model).

Parameter
Erie Ontario

Lake
St. Clair Michigan-Huron Superior

Parameters for CSMAR(1)-CARMA Model
0 -0.1170 -0.0162 0.1262
P 0.1574 0.1574 0.1574
PY [cms] 574.1 1033 121.7 3177 2043

22401 18016 5519
CM(0) [cms2] 18016 18121 3973

5519 3973 2002
48058 26654 3445 103113 37944
26654 40238 4323 114183 31060

Cy(0) [cms2] 3445 4323 2010 20964 7431
103113 114183 20964 543228 195286
37944 31060 7431 195286 229280
47400 26603 3496 103113 37944
26603 40228 4331 114183 31060

CE(0) [cms2] 3496 4331 1978 20964 7431
103113 114183 20964 543228 195286
37944 31060 7431 195286 229280

Parameters for CSM-1-CARMA Model (0 = 0)
P 0.1532 0.1532 0.1532
Py [cms] 574.1 1033 121.7 3177 2043

20387 15869 5234
C m (0) [cms2] 15869 17538 4035

5234 4035 2066
50072 28800 3730 103113 37944
28800 40821 4260 114183 31060

Cy(0) [cms2] 3730 4260 1946 20964 7431
103113 114183 20964 543228 195286
37944 31060 7431 195286 229280
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Table 7.4: Average sample statistics of 1,000 generated NBS time series of the Great Lakes 
of the same lengths as the historical records for the full CSMAR(1)-CARMA and CSM-1- 
CARMA models in Table 7.3.

Statistic
Erie Michigan-Huron

Lake
Ontario St. Clair Superior

CSM AR( 1 )-C ARM A Model
Px [cms] 573.3 3175 1033 121.9 2042
&x [cms] 261.2 732.2 237.1 61.33 474.9
7.V -0.014 -0.010 0.006 -0.011 0.004
K 0.727 0.616 0.730 0.779 0.617
SC[cms] 4877 8434 4484 1290 5475
DL 8.561 5.903 8.702 10.46 5.957
DM [cms] 2344 4026 2180 722.5 2609
Pi 0.142 -0.009 0.204 0.417 -0.004
h 0.194 -0.007 0.170 0.285 -0.004
P 3 0.142 -0.008 0.138 0.217 -0.010

CSM-1-CARMA Model [<f> = 0)
/i.v[cms] 573.3 3175 1033 121.9 2041
&x [cms] 261.3 732.1 237.0 61.31 474.9
7.Y -0.013 -0.010 0.008 -0.006 0.004
K 0.728 0.616 0.729 0.779 0.617
SC[cms] 4890 8433 4490 1300 5476
DL 8.522 5.898 8.619 10.40 5.962
DM [cms] 2345 4014 2163 715.5 2610
Pi 0.203 -0.009 0.209 0.365 -0.004
P-2 0.170 -0.007 0.166 0.292 -0.004
P3 0.130 -0.008 0.133 0.228 -0.010
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Table 7.5: Sample statistics of 1 generated NBS time series of the Great Lakes of
lengths 1,000 x the lengths of the historical records for the full CSMAR(1)-CARMA and 
CARMACSM- 1-CARMA models in Table 7.3.

Statistic
Erie

Lake
Michigan-Huron Ontario St. Clair Superior
CSMAR(1)-CARMA Model

£.v[cms] 572.9 3178 1032 121.8 2042
<t .y  [cms] 265.9 738.5 242.0 63.15 480.6
7.v -0.006 0.012 0.010 0.005 0.004
K 0.639 0.564 0.643 0.652 0.558
SC[cms] 325061 236522 318396 54542 170831
DL 43 15 47 51 17
DM [cms] 13120 10468 14724 5104 6901
Pi 0.188 -0.001 0.249 0.482 -0.004
Pi 0.232 -0.002 0.219 0.361 0.001
h 0.190 0.006 0.185 0.298 0.007

CSM-1-CARMA Model {<f> = 0)
fix  [cms] 572.9 3178 1032 121.8 2042
&x [cms] 266.2 738.4 242.4 63.44 480.6
7.v 0.007 0.012 0.018 0.011 0.005
K 0.642 0.563 0.642 0.642 0.558
5C[cms] 330920 237104 312468 53003 170903
DL 36 15 36 60 17
DM [cms] 13611 10403 10302 6031 6930
Pi 0.245 -0.001 0.255 0.438 -0.004
h 0.206 -0.002 0.217 0.369 0.001
P3 0.179 0.006 0.186 0.314 0.007
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Table 7.6: Historical and generated cross correlation function (CCF) matrixes of the Great 
Lakes NBS time series for the CSMAR(1)-CARMA model in Table 7.3.

Statistic
Erie Michigan-Huron

Lake
Ontario St. Clair Superior

Historical CCF Matrixes
1 0.697 0.549 0.527 0.299

0.697 1 0.569 0.641 0.269
Px(°) 0.549 0.569 1 0.452 0.245

0.527 0.641 0.452 1 0.553
0.299 0.269 0.245 0.553 1
0.173 0.198 0.144 0.030 0.156
0.220 0.250 0.084 0.151 0.255

PxU) 0.393 0.380 0.504 0.196 0.240
0.181 0.129 0.027 0.168 0.322
0.006 -0.014 0.036 -0.066 0.153

Average CCF Matrixes from 1,000 generated series of size n
1 0.692 0.521 0.536 0.301

0.692 1 0.537 0.652 0.271
Px(0) 0.521 0.537 1 0.461 0.251

0.536 0.652 0.461 1 0.552
0.301 0.271 0.251 0.552 1
0.142 0.164 0.226 -0.065 -0.036
0.204 0.204 0.189 -0.018 -0.005

Px(D 0.275 0.232 0.417 0.052 0.029
-0.002 -0.004 -0.002 -0.009 0.000
-0.001 0.003 -0.001 -0.003 -0.004

CCF Matrixes from 1 generated series of size 1,000 n
1 0.695 0.528 0.527 0.303

0.695 1 0.540 0.644 0.274
Px(0) 0.528 0.540 1 0.448 0.249

0.527 0.644 0.448 1 0.555
0.303 0.274 0.249 0.555 1
0.188 0.186 0.248 -0.063 -0.037
0.228 0.249 0.208 -0.012 -0.007

Px(!) 0.301 0.252 0.482 0.055 0.029
-0.002 0.001 -0.003 -0.001 -0.006
-0.002 0.001 0.004 -0.003 -0.004
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Table 7.7: Historical and generated cross correlation function (CCF) matrixes of the Great 
Lakes NBS time series for the CSM-1-CARMA model in Table 7.3.

Statistic
Erie Michigan-Huron

Lake
Ontario St. Clair Superior

Historical CCF Matrixes
1 0.697 0.549 0.527 0.299

0.697 1 0.569 0.641 0.269
Px(°) 0.549 0.569 1 0.452 0.245

0.527 0.641 0.452 1 0.553
0.299 0.269 0.245 0.553 1
0.173 0.198 0.144 0.030 0.156
0.220 0.250 0.084 0.151 0.255

PxU) 0.393 0.380 0.504 0.196 0.240
0.181 0.129 0.027 0.168 0.322
0.006 -0.014 0.036 -0.066 0.153

Average CCF Matrixes from 1,000 generated series of size n
1 0.694 0.522 0.536 0.301

0.694 1 0.536 0.652 0.271
Px(0) 0.522 0.536 1 0.463 0.252

0.536 0.652 0.463 1 0.552
0.301 0.271 0.252 0.552 1
0.203 0.189 0.239 -0.002 -0.001
0.186 0.209 0.198 -0.007 -0.001

Px(l) 0.237 0.202 0.365 -0.004 0.000
-0.002 -0.004 0.000 -0.009 0.000
-0.001 0.003 0.001 -0.003 -0.004

CCF Matrixes from 1 generated series of size 1,000 n
1 0.696 0.532 0.528 0.302

0.696 1 0.543 0.644 0.272
Px(0) 0.532 0.543 1 0.448 0.247

0.528 0.644 0.448 1 0.554
0.302 0.272 0.247 0.554 1
0.245 0.209 0.265 -0.001 -0.002
0.209 0.255 0.224 -0.002 -0.005

Px(l) 0.265 0.222 0.438 0.000 -0.001
-0.001 0.003 0.000 -0.001 -0.006
-0.002 0.000 0.002 -0.003 -0.004
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Figure 7.7: The sample ACFs of Lake Erie, Lake Ontario, and Lake St. Clair.
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1500
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Figure 7.8: Generated sequences of length 100 based on the fitted CARMA-CSMAR(l) 
model in Table 7.3.
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Figure 7.9: Generated sequences of length 100 based on the fitted CARMA-CSMAR(l) 
model in Table 7.3.
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Figure 7.10: Generated sequences of length 100 based on the fitted CARMA-CSMAR(l) 
model in Table 7.3.
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Chapter 8 

Further R em arks and R ecom m en dation s

The chapters in this dissertation were written as stand alone. For comprehensive 

final remarks and conclusions about the different methods and procedures studied in this 

dissertation, refer to the corresponding chapters.

In Chapters 1 and 2 the population index flood (PIF) was introduced as an alternative 

to traditional index flood methods for regional frequency analysis. The PIF is purely analytic 

and its name arises from using population quantities in estimation of the index flood. As 

a result, regional homogeneity is embedded in the structure of the parameter space of the 

underlying regional distribution. In Chapter 1 PIF models were developed for commonly 

used two- and three-parameter distributions in hydrology. Due to the analytical structure 

of the PIF models, maximum likelihood (ML) can be used for parameter estimation in 

addition to other moment based methods. While methods based on moments, such as 

probability weighted moments (PWM) or traditional moments, are usually simpler to use 

for parameter estimation than maximum likelihood, it is not always clear how their regional 

counterparts should be estimated. This is demonstrated in Chapter 1, where PIF with the 

index flood estimated by the at-site population mean is compared with the traditional index 

flood method (H W  scheme) for the case when the GEV is assumed as the underlying regional 

distribution. Parameters are estimated based on ML and PWM in the PIF-GEV model, 

and based on PWM in the H W  scheme. Simulation experiments show, that for the PWM 

based methods bias of at-site GEV quantile estimators is significantly reduced when regional
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PWM-ratios (or L-moment-ratios) are estimated as in Hosking et al. (1985a) as opposed to 

Hosking and Wallis (1997). In addition, the simulation experiments indicate that PIF with 

ML estimation performs better in terms of both bias and rmse of quantile estimators than 

PIF with PWM estimation. The simulation experiments also indicate that the approximate 

(non-analytical) HW  scheme is quite robust and in some cases performs as well or perhaps 

better as the PIF method. In Chapter 2 it is demonstrated how the analytical structure of 

the PIF models can be used for deriving explicit equations based on Fischer’s information 

for estimating the asymptotic variance of at-site quantile estimators, assuming the GEV' 

as the underlying regional distribution model. Simulation experiments indicate that the 

difference in using the observed and expected information matrix is minor for estimating 

the asymptotic variance of at-site quantile estimators, and that both methods agree well 

with the observed mean-squared-error (based on simulation experiments). In addition newly 

suggested procedures (De Michele and Rosso, 2001) for estimating the standard error of at- 

site GEV quantile estimators in the H W  scheme are shown to be quite erratic in some 

cases, although for the shape k > —0.2 they can be quite useful. The PIF methods in 

Chapters 1 and 2 focused on the GEV distribution, where PIF models for other distributions 

were derived but not applied. Thus, there is still room to extend or repeat the studies in 

Chapters 1 and 2 for other distributions than the GEV'.

In Chapter 3 procedures were developed for estimation of extreme upper quantiles 

when the observed sample appears to come from a mixed population. A Pareto model was 

used in fitting the upper tail of the empirical growth curves, where only the largest sample 

order statistics were used for parameter estimation based on maximum likelihood. The 

explicit formulas for the parameter estimators made it possible to derive exact equations for 

the mean-squaxed-errors of quantile estimators. The procedures were extended for use in a 

regional context utilizing the PIF. An obvious extension of the Pareto model in Chapter 3 

would be to include historical information into the modeling framework. The cost of using 

historical information is that explicit equations for parameter estimators based on ML can
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not be derived, hence, parameters have to be estimated numerically. As a result, exact 

formulas for the mean-squared-error of quantile estimators can not be derived, but instead 

procedures for estimating the asymptotic variance of quantile estimators can be developed 

in similar manner as is done in Chapter 2.

Chapters 4-7 focused on the so-called shifting mean models (SM models), which 

are capable of modeling autocorrelated processes that show a type of non-stationarity in 

the mean represented by sudden shifts. The causes for these shifts can be for example 

climatic fluctuations or other hydroclimatic or geophysical changes that can directly affect 

the process under consideration. In Chapters 4 and 5 the autocorrelation structure of the 

process under consideration was assumed to arise solely from the sudden shifting pattern, 

while in Chapters 6 and 7 the autocorrelation structure was assumed to arise also from an 

AR(1) persistence in the natural variability of the process itself. In Chapter 4 the general 

shifting mean model was introduced and its characteristics were investigated. Characteristics 

such as, storage related statistics, quantiles and characteristics other than moments and 

autocorrelation can not be calculated explicitly from fitted SM models. Given a fitted SM 

model, these characteristics have to be estimated using simulation experiments. Chapter 5 

extended the studies of Chapter 4 for modeling of skewed SM processes. In Chapter 6 

the SMAR(l) model (SM model -  AR(1) persistence) was developed, and in Chapter 7 

multivariate versions of the previously introduced SM models were developed capable of 

preserving the lag zero cross correlation in space between different sites. For example the 

multivariate version of the SMAR(l) model was dubbed as the contemporaneous SMAR(l) 

model or CSMAR(l). Furthermore, for systems where only some of the sites exhibit sudden 

shifting patterns while others do not. The sites not exhibiting sudden shifts were assumed 

to follow a CARMA(p, q) model, and mixture models such as the CSMAR(1)-CARMA were 

developed capable of preserving the lag zero cross correlation in space between all sites. 

The applicability of the SM models was demonstrated using numerous examples such as the 

Great Lakes system. In general the SM models were shown to be capable of preserving key
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statistical characteristics in addition to the lag zero spatial correlation. The applicability 

of the different shifting mean models in Chapters 4-7 can be further investigated by fitting 

them to various hydroclimatic and geophysical systems and comparing the results with other 

traditional models. In addition, the shifting mean models can be extended for modeling of 

quasi-periodic processes by using different distributions than the geometric for modeling of 

the lengths of the random time spans between shifts. Such distributions that are able to 

reproduce periodic behavior in the autocorrelation function are for example the Poisson and 

the binomial.
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A p p en d ix  A  

D E R IV A T IV E S IN  T H E  P IF  1 and P IF  2 M E T H O D S  

A .l  P IF  1 D erivatives

The partial derivatives of the log-likelihood for the PIF 1 model in. Eq (2.11) with 

respect to the parameters are given by

3 In C
ddj

d ln C

d in  C 1

where A =  CJZ1 (1 -  k -  and AJt =  (cj/* -  1) ln g I; with Cj, =  1 -  7 ^{OjXji -  1). So

the elements of the Fisher sample information matrix, SI, of the ML-estimators are given

by

dudOj ^  "  X]l 3k 
J  1 = 1

(A.2)
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d2 In C d A ji
- ^ r  =  E E « ^ - ‘ ) - a r

j = l 1 = 1

d2 lnC  l ^ ^ f l / 2^  ; E E {; (!a„ - a- t )  - - 1) (i*, - ? t)}
where

d A
ddj

21 = 7(1 -  K)xJl<  i2(K +  C!/K)

^ 2 i  =  _ ! ) ( ! _  k)C-2 (k +  cJ/«)
c>7

aA

and

dAji _  
8 k

•ji 1 - C
1/K
Jl ( l  +  i l n f e )

dA j,
#7

1 .1 /k , 2 /■
I n CK JJ

(A.3)

(A.4)

(A.5)

(A.6)

In addition, under this parameterization the elements of the gradient of the GEV qth quantile 

in Eq (2.6) for site j, j  =  1 . . . . ,  m, are

T  " - 5 k  I1 < A ' 7 )

= f1 "  (" lnq)k + ^ H - y n q ) ( - l n q ) i

A .2  PIF  2 D erivatives

In the same way as for the PIF 1 model in appendix A .l, the first partial derivatives 

of the log-likelihood of the PIF 2 model in Eq (2.13) are given by 

5 In C
—  = 0 j 2 _ ^ A j i . j  =  I , . . . .  m

daJ ,=L

d ln C  Tij
- x x -  =  /  -  > {xji -  a j)A ji = (A.8)89j  Oj ,= i

dln£ . 1
— K  | l-  j i  9 j ( x j i  o t j ) A j i  >

j = i  i= i  ̂ }
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where AJt =  £~ 1 (1 — k  — Cj/*) and Ay,- =  (Cj/* — 1) In Cji 35 before, but with =  1 — 

djK,(xji — Qj). The elements of the Fisher sample information matrix, SI, of 0  are then 

given by

d2 ln £  a < X d A ji
d a 2

^  In £
datidatj

^  In £  
80

,=i

=  0 , i ^ j

! ln £  _ /  dAj ;A

5 5 J -  £ f ( Aj, +  * ' * 5 7

d2 In £  n ^ d A j i
dndGj ~ i=i

cl2 In £  n , rA  ,9 A ji
<96>2 (92J j t=i

d2 ln £  .
detd 6 j ~  ' l ^ ' J

d2 ln £  
dndOj

(A.9)

i = l

gAj,-
8 k

d2 In £  1
8  k2

where the partial derivatives of Aji and Aj, in Eq (A.9) are given by

d a t j

dA jj
dOj

d A

=  (xji -  a j ) ( l -  K ) r 2(K 4 - C ! / K )

and
dA

8 k
— = Ojixji -  a jK j i1  L r l / K ln2 t*

k 2  s j i  in ’J1

(A-10) 

(A.11) 

(A.12)

(A.13)

Under this parameterization the gradient of the GEV qth quantile in Eq (2.6) has the 

following elements for site j  , j  =  1 , . . . ,  m

d^j(q) = 
daj
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(A.14)
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A p p en d ix  B  

S T A T IO N A R IT Y  OF Zt IN  C H A P T E R  7.2

Let us first look at the general case in which {Zt} in section 7.2 is non-stationary

in the covariance. In this case N ^ . N ^ ___~  posgem(p(‘l) for i = 1,2, . . . , n ,  and S ^  =

N[ l) + 4 "  + . . .  4- Nr1'* with Sq* =  0. It follows Sr * has the negative binomial distribution 

with parameters r  and p̂ lK For this general case the ACVF of Zt at lag h >  0 between two 

sites i and j  is

S3(h\ -  ^ ^ t + h ^ t + h i

(B.l)

c'Hh) =  £ [ £ « ,  zlil
’t+h

— \  hAd ,
L k = l  i=r

where we have substituted for z [ l* and z[J* from Eq (7.2). Since and Mr3* are only

correlated at lag zero, and E[M] =  0, then

fc=i

=  E f ( K k ' Mi’
k - 1 1 L

=  4(0) E  p(5i-i < ^  ’ p (S kh  < t , S[J) > t)

} (B.2)

*=i
iidFor a generic N i , N 2 , . . .  ~  posgeom(p) and Sr = N i+  N2 + . . .  + N r with So =  0, it is easily 

shown that
t- i

P( Sk. l < L S k > t  + h) = £  P (N  > t + h — r) ■ P (S k- i  =  r)
r—k— L (B.3)

t+h-k
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Using these results into Eq (B.2) it follows that

4 W  = 4 ( o ) E  - P{i))t+k- k - - p u ))1

= 4 ( o ) ( i  - p ^ e  ( l ~  l \ ( p {i)pu ))k[(i - p (i)) d  - P(j)r fc- 1
k=0 '  '

(B.4)

which depends on t for all 0 <  ( p ^ ' \ p ^ )  <  1. That is for the above general case we have 

shown that Z t is non-stationary in the covariance.

If it is now assumed that N i, No, . . .  ~  posgeom(p) is a common sequence for all the 

n sites, then

t+h t
cl£{h) =  E

Ufc=L

=  cm ( ° )  E p (s k - i < t , S k > t  + h)
(B.5)

t= t

=  4 ( 0 ) d - P ) /l A =  0 ,1 , . . .

which is equivalent to Eq (7.7), and stationary with respect to t.
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