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ABSTRACT

THE EFFECTS OF POINT DEFECTS AND MICROSTRUCTURE ON THE

PSEUDO-ELASTICITY OF THCR2SI2-TYPE CRYSTALS

Ternary intermetallic compounds with the ThCr2Si2-type structure, which are known for their

high-temperature superconductivity, have recently garnered interest due to the discovery of a

pseudo-elastic mechanical response to compression along the c-axis. However, the effects of point

defects and doping on this response remain unknown. In this work, these effects are investigated

with density functional theory (DFT) in conjunction with continuum-scale models. DFT simu-

lations of hydrostatic and uniaxial compression of pure ThCr2Si2-type crystals were conducted.

The magnetic phase transition of CaFe2As2 was reproduced, while LaRu2P2 exhibited a contin-

uous transition into its collapsed tetragonal phase. The two-phase DFT data was used to build a

continuum-scale, thermodynamically-driven composite model which predicts the pseudo-elastic

response of a large sample under displacement control and load control scenarios. Strain along the

c-axis was shown to be the critical parameter in predicting crystal collapse. Then, DFT simula-

tions of defected or doped unit cells were conducted to investigate their energetics and mechanical

responses to compression. In some cases, the addition of vacancies effectively suppressed the

pseudo-elastic response of the crystals. Simulations of crystals doped with varying concentrations

revealed alterations of the mechanical properties as well. Tunable variability of the phase change

with respect to dopant concentration was predicted in disordered doped structures, while multi-

ple phase changes were predicted in ordered doped structures. Composite models were then built

with the DFT data to predict the response of a sample comprised of multiple microstructures. The

models predict a wide range of variability in the mechanical behavior and provide insight into how

impurities and defects can be used to tune the response of these materials.
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Chapter 1

Introduction

1:2:2 intermetallic compounds with the ThCr2Si2-type crystal structure have garnered recent

interest due to their superconducting properties. Dozens of these compounds exhibit superconduc-

tivity at temperatures as high as 38 K [1]. Efforts to increase their superconducting critical tem-

peratures (Tc) have led to studies of compression and doping of these materials. Doping is highly

effective in increasing superconductive critical temperatures and several investigations involving

doping of these materials have uncovered alterations to their electronic properties [2,3]. Similarly,

studies of the introduction of point defects via proton irradiation have revealed similar electronic

changes. Hydrostatic compression has also been shown to increase the critical temperature.

When compressed along the c-axis, these materials may undergo phase changes which facilitate

shape memory effects and pseudo-elasticity. Both magnetic and nonmagnetic 1:2:2 compounds

can exhibit this pseudo-elasticity, and the inter-relationship between electronic and mechanical

properties is complex. To this point, very little work has investigated this inter-relationship, and

the effect which point defects may have on the mechanical properties of ThCr2Si2-type crystals. In

that light, this work seeks to address the following questions:

1. What chemical factors are responsible for phase changes in ThCr2Si2-type crystals?

2. How does the compression response of a single unit cell translate into the response of a

macro-scale sample?

3. What are the effects of point defects (vacancies and interstitials) on the mechanical response

of ThCr2Si2-type crystals?

4. What are the effects of alloying and doping on the mechanical response of ThCr2Si2-type

crystals?
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Chapter 2

Background

2.1 The ThCr2Si2 Crystal Structure

The 1:2:2 intermetallic compounds which have the ThCr2Si2 crystal structure are a widely

studied class of materials. These compounds were first discovered in 1963 [4] and with over 700

reported compounds [5], it has been suggested that more compounds form this crystal structure

than any other known structure [6]. Interest was furthered by the discovery of superconductivity

within this class of materials with the initial discovery occurring in CeCu2Si2 [7], followed shortly

thereafter by discovery in the lanthanum-based compounds [8]. Two sub-classes of these com-

pounds, the iron-pnictides and the iron-chalcogenides, are of particular importance because they

have notably high superconducting critical temperatures (as high as 38 K) [1]. This has garnered

significant interest since these materials form a class of superconductors with over 30 known ex-

amples [9, 10]. It was later discovered that it is possible to enhance the superconductivity in these

compounds through the application of hydrostatic pressure [11], including increasing the supercon-

ducting temperature of LaRu2P2 from 3.8 K to 5.8 K under hydrostatic compression [12]. How-

ever, it was found that above a certain pressures, the superconductivity disappears entirely [13].

LaRu2P2 had the highest superconducting temperature (Tc = 4 K) of the 1:2:2 compounds before

the discovery of superconductivity in doped iron-pnictides [14, 15]. BaFe2As2, when doped with

potassium, has been observed to exhibit superconductivity as high as 38 K [1].

Further investigations of this behavior [16] uncovered phase transitions which were suggested

by Hoffmann and Zheng [17], who highlighted the importance of the vertical bond length between

[Mn2P2] layers in AMn2P2 compounds. They pointed out that some compounds exist in crystal

structures with P–P distances greater than the standard P–P covalent bond length, while others have

distances which are shorter. This crystal structure, shown in Figure 1(a), has a tetragonal unit cell

with its vertical c-axis at least twice as long as its a-axis, and can be thought of as alternating layers
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of A cations and B2X2 anion cages [17]. These crystals are typically comprised of a low-valency

metal (such as an alkali metal, alkaline earth metal, or a rare earth metal), a transition metal, and

a nonmetal or metalloid. Note that the layered structure creates an X–X bond length that can be

equal to or exceed the covalent bond length. This suggests that it is possible in some of these

compounds to create covalent bonds between the X atoms by compressing the crystal structure

along its c-axis. If the competition between the Coulombic interactions and covalent bonding is

such that a local minima exists at the covalent bond length, then a phase transition is possible

resulting in a collapsed version of the ThCr2Si2 crystal structure. This c-axis collapse can give

rise to potential shape memory effects, and a pseudo-elastic (sometimes referred to as superelastic)

mechanical response to compression along the c-axis [12, 16, 18, 19].

The conventional unit cell of the ThCr2Si2-type crystal structure is a body-centered tetragonal

cell with 10 atoms (Figure 1(a)). However, the structure can be represented with a primitive unit

cell of only 5 atoms (Figure 1(c)). This unit cell is triclinic and contains one A-type atom, and

two B- and X-type atoms. Thus, all A-type sites are symmetrically equivalent, and due to the

symmetry of the primitive cell, all B-type sites are symmetrically equivalent and all X-type sites

are symmetrically equivalent. Some compounds, such as CaFe2As2 (which will be discussed in

more detail in Section 2.1.1), exist in a distorted form of this crystal structure. Magnetism can

cause a small distortion of the lattice along the 〈110〉 direction of the tetragonal unit cell. These

distortions cause the conventional unit cell to be a face-centered orthorhombic cell containing

20 unit cells (Figure 1(b)). The space groups and Wyckoff positions of both the tetragonal and

orthorhombic unit cells are tabulated in Table 1.

2.1.1 Phase Changes in CaFe2As2

In the iron-based ThCr2Si2 compounds, antiferromagnetic ordering of the magnetic moments

on the iron atoms is commonly observed at low temperatures [11]. Magnetic ordering has been

observed for iron-arsenides with this structure including CaFe2As2 [11, 20], BaFe2As2 [20, 21],

SrFe2As2 [3, 21], and KFe2As2 [22, 23]. CaFe2As2 (Figure 2) is arguably the most well-studied
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Figure 1: (a) The ThCr2Si2 crystal structure has a tetragonal unit cell with alternating layers of A and
B–X. The original identified structure has a tetragonal unit cell, whose c-axis is at least twice as long as
the side-length [4]. The distance between vertically-stacked X atoms is instrumental determining if the
compound can exhibit a pseudo-elastic response. (b) Many compounds, including CaFe2As2, exist in a
distorted variant of this lattice with an orthorhombic cell of 20 atoms. (c) The crystal structure can be
described by its primitive unit cell which contains only 5 atoms.

of these compounds [11, 24, 25]. The ordering of the magnetic moments causes the diagonals

of the base of the tetragonal cell (Figure 1(a)) to expand unequally. The resulting lattice distor-

tion changes the crystal structure from body-centered tetragonal to a face-centered orthorhombic

(Figure 3(b)). Above the Néel temperature, the magnetic moments randomize, eliminating the

structural differences between the a and b axes of the orthorhombic crystal, resulting in a phase

change from low temperature orthorhombic back to the tetragonal crystal structure. Three dif-

ferent phases of CaFe2As2 have been identified as a function of temperature and pressure, as

shown in Figure 3(a). At low temperatures and pressures, antiferromagetic ordering dominates

and the crystal structure is orthorhombic. Above the Néel temperature, which is roughly 170 K

for CaFe2As2 [16, 27, 28], the material becomes paramagnetic and the crystal structure transforms

to tetragonal. However, at high pressures, the crystal structure collapses along the c-axis and the

tetragonal unit cell becomes significantly shorter [29] and the crystal becomes non-magnetic. Sim-

4



Table 1: Crystal symmetry parameters and atomic Wyckoff positions of the two possible conventional unit
cells of ThCr2Si2-type crystals.

Structure Space Group Atomic (Wyckoff) Positions
Tetragonal I4mm A1 (0.0, 0.0, 0.0)

B1 (0.0, 0.5, 0.25)
X1 (0.0, 0.0, -0.36)

Orthorhombic Fmm2 A1 (0.0, 0.0, 0.0)
B1 (0.25, 0.25, 0.25)
X1 (0.36, 0.0, 0.0)

ilar magnetic ternary compounds also exhibit similar magnetic phase transitions such as BaFe2As2.

Interestingly, this compound undergoes two phase transitions as a function of stress (uniaxial and

hydrostatic) [30].

2.2 Shape Memory Alloys

The traditional origin of pseudo-elasticity arises from shape memory effects (SMEs) which

are commonly observed responses of shape memory alloys (SMAs). SMAs are a special class

of materials which can undergo stress-induced diffusionless phase transformations, commonly

referred to as martensitic phase transformations. At low temperatures, these materials exist in

a twinned-martensite phase. This twinned-martensite phase is a result of cooling from the high-

symmetry austenite phase after formation. Upon loading, the part accommodates the applied strain

through detwinning of this martensite phase. When the crystal is unloaded, the SMA remains in the

detwinned-martensite state until heat is applied. If the SMA is brought above its phase-transition

temperature, the detwrinned-martensite transitions to austenite, which brings the part back to its

original undeformed shape.

Past yield, the primary mechanism by which these alloys accommodate the strain is not by

slip, but instead by a phase transformation in which coordinated atoms move slightly, but do not

diffuse. Nickel-titanium alloys (often called Nitinol), are the classic SMAs. The stable NiTi crystal

structure is B2, which can be thought of as a BCC unit cell where the center atom is one element,

while the corner atom is the other (Figure 4a). Under stress, the crystal shears into a similar
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Figure 2: A crystal of CaFe2As2 utilized in a nanoindentation study of plastic deformation [26].

structure with an orthorhombic unit cell, known as the B19 structure (Figure 4b). While these

phases may be similar, the transition between them is an avenue to accommodate strain without

plastic deformation. Upon heating (with stress no longer applied), the thermal energy facilitates

a phase transformation back to the original B2 phase, and thus the part “remembers" its original

shape. This is the mechanism behind the shape memory effect.

This effect has been known for years and is useful in the development of solid-state actuators.

Above a critical temperature, there is enough thermal kinetic energy for the material to return

to its original phase upon unloading. If the loading and unloading take place above this critical

temperature, the phase transition happens instantaneously, and the observed stress-strain response

has a softening region, with high recoverable strains. While, highly anisotropic, recoverable strains

for NiTi alloys (in certain crystallographic directions) have been reported as high as 13%. This was

reported for tension in the 〈100〉 direction of Ni(36.8%)Al alloys [32]. Meanwhile, NiTi has been

observed to exhibit recoverable strains as high as 10.5% [33].
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Figure 3: The pressure-temperature phase diagram of CaFe2As2 [16] (a) shows the low-temperature, low-
pressure orthorhombic phase, the high-temperature, low-pressure tetragonal phase, and the high-pressure
collapsed tetragonal phase. (b) Upon the loss or randomization of the magnetic moments, the a and b axes
of the orthorhombic unit cell will become equal in length, resulting in a transition to a tetragonal unit cell
(viewed down the c-axis of the crystal).

Figure 4: The martensitic phase transformation between the B2 structure (a) and the orthorhombic B19
structure (b) is responsible for the shape memory effects of NiTi (reproduced from [31]).

2.2.1 Dimensional Stability

These shape memory effects, are not entirely reversible. Classic shape memory alloys often

exhibit fatigue damage after several shape-memory cycles. This definition of fatigue is somewhat

adapted from its definition for conventional materials [34, 35]. Fatigue in SMAs can occur by

one or more of multiple mechanisms. The part may fail by conventional fracture, it may lose

its mechanical or shape memory properties due to thermal (phase transition) cycling, or it may

lose these properties through thermal cycling under applied stress [36]. This lack of dimensional

stability significantly reduces the operating life and reliability of SMAs.
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2.3 Pseudo-Elasticity

Pseudo-elasticity, also known as superelasticity, is the large-strain elastic response of a ma-

terial enabled by a phase transition and is often associated with a shape memory behavior. The

largest class of pseudo-elastic and shape memory materials are shape memory alloys (SMAs)

which undergo a martensitic phase transformation under applied stress [37, 38] which facilitates

the pseudo-elastic response. Upon unloading at low temperatures, the SMA is kinetically limited

from returning to its original phase (in observable timeframes) and thus the material remains in the

deformed configuration. However at sufficiently high temperatures, there is enough thermal energy

present for the material to transition back into its original phase upon unloading giving rise to a

shape-memory behavior. In contrast, if the loading and unloading are both done at sufficiently high

temperatures, there is no barrier for the reverse transformation and the material is able to directly

transform when the load is removed without external stimuli. 1:2:2 superconductors behave in a

similar fashion, albeit through a rather unique phase transition and thus many of the tools used to

describe SMAs can be used to understand these materials as well.

2.4 The Pseudo-Elastic Response in ThCr2Si2 Crystals

Interest in the response of ThCr2Si2 crystals to applied stress was first by Zheng and Hoff-

mann [17]. This groundbreaking work investigated the electronic band structure within the crystal.

By analyzing the band structure between the B–X layers, along with Nobel Prize-winning intu-

ition, one could speculate that there are competing bonding forces between the vertically stacked

X atoms. Specifically looking at the case of [Mn2P2] layers, the Coulombic repulsion between P

atoms competes with the attraction of bonding at the P–P bond length of 2.8 Å [17]. From this

perspective, it was suggested that compression of ThCr2Si2 crystals along the c-axis may result in

interesting properties.

The compression of ThCr2Si2 crystals has also been investigated as an avenue to increase su-

perconducting critical temperature. Hydrostatic compression tests of CaFe2As2 were successful

in increasing the superconducting critical temperature [39]. Further experimental and computa-
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tional investigations of the compression of CaFe2As2 revealed a pseudo-elastic response caused

by a magnetic phase change [16, 18]. Computational investigations of CaFe2As2 compressed uni-

axially along the crystallographic c-axis showed that the phase transition was achieved at lower

stresses than under hydrostatic compression [30].

Efforts to increase the superconducting critical temperature of LaRu2P2 by applying hydrostatic

pressure were successful in increasing Tc by 40% [13]. At or above applied hydrostatic pressures

of 2.1 GPa, Tc dropped below 1.5 K. Foroozani et al. postulate that at this high hydrostatic pressure,

the P−P distance is shortened and a covalent bond forms between the phosphorus atoms, which

is responsible for the disappearance of superconductivity. A later study of the hydrostatic com-

pression of LaRu2P2 characterized a tetragonal-collapsed-tetragonal phase transition [19]. Similar

computational studies have also shown this crystal collapse [12]. Such a response was predicted,

in theory, by Zheng and Hoffmann [17]. Their groundbreaking work highlighted the potential

for phase transitions due to the vertical distance between phosphorus atoms. Specifically, if the

distance between phosphorus atoms (depicted in Figure 1) were to be reduced from 3.0 Å (in

uncompressed LaRu2P2) to 2.8 Å, covalent bonding may become present, perhaps inducing a col-

lapsed phase. Furthermore, it is the bonding or antibonding properties of the P–P interaction are

responsible for the variability in their distance.

There have been a number of studies, both experimental and theoretical, that have attempted

to both characterize and explain the observed phase transitions in CaFe2As2. Kreyssig et al. [40]

conducted hydrostatic pressure experiments and reported that the orthorhombic to collapsed tetrag-

onal phase transition at 50 K occurs at hydrostatic pressures of 0.3 GPa. Furthermore, they noted

that at a fixed hydrostatic pressure of 0.63 GPa, there is a transition from the collapsed tetrag-

onal to the tetragonal phase at 170 K. A study by Canfield et al. [16] explored these transitions

further, and built the temperature-pressure phase diagram of CaFe2As2 (Figure 3a). They too, ob-

served a structural and magnetic phase transition at 170 K. In that study, it was also found that the

transition temperature from antiferromagnetic to paramagnetic (the Néel temperature) decreases

with increasing pressure. Furthermore, above pressures of about 350 MPa, the antiferromagnetic
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phase ceases to exist at all. Above this pressure, the transition temperature between the tetragonal

phase, and the collapsed tetragonal phase increases with temperature. In other words, at higher

temperatures, higher pressures are required to collapse the crystal.

Early density functional theory (DFT) simulations by Zhang et al. focused on the simulating

the phase transition using constant pressure simulations and concluded the critical pressure was

5.3 GPa [11] at 0 K, dramatically higher than experiments. Colonna et al. [41] revisited the phase

transition using a volume controlled simulation instead, and found the transition to be much closer

to experiments, around 0.6 GPa. Widom et al. [42] conducted a similar investigation but argued

that the phase transition was a first-order enthalpic transition, rather than being associated with an

instability, with a reported phase transition pressure of 0.36 GPa. In addition, Tomic et al. [20]

conducted uniaxial stress-controlled DFT simulations and demonstrated that the uniaxial stress

required to drive the transformation was significantly less than the required hydrostatic stress, in-

dicating that these compounds should be more susceptible to uniaxial loading. The theoretical

work has demonstrated that there can be multiple interpretations of the cause of the phase tran-

sition, either an instability driven phase transition or an enthalpic one, and that the nature of the

applied load will impact the response of these compounds.

In contrast to CaFe2As2, LaRu2P2 is non-magnetic and thus is unlikely to have a phase diagram

as complex as CaFe2As2. Nevertheless, hydrostatic compression experiments have demonstrated

nonlinearities in its mechanical response under pressure [13, 19] which has been attributed to a

tetragonal to collapsed-tetragonal transition [19]. DFT simulations have demonstrated that, in

contrast to CaFe2As2, that there is no abrupt phase transition [12] and that the nature of the non-

linear pressure-volume curves may have very different origins in LaRu2P2 than in CaFe2As2.

The most recent experimental work by Sypek et al. [18, 43] has investigated CaFe2As2 under

uniaxial loading and demonstrated a clear pseudo-elastic response of the material. Single crystals

of CaFe2As2 were grown in tin flux and a micropillar was milled with a gallium focused ion

beam (FIB) such that the axis of the pillar was aligned with the crystallographic c-axis. Another

micropillar was milled so that its axis was aligned with the crystallographic [031] direction. A
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flat-head nanoindentor was then used to compress the micropillars uniaxially. These experiments

also demonstrated that the phase transition can be induced by uniaxial loading along the c-axis and

that it cannot be achieved by off-axis uniaxial compression. In that study, CaFe2As2 was observed

to have a recoverable c-axis strain as high as 11.3% [43]. Reproduced compression data of these

two compounds is shown in Figure 5.

Figure 5: Experimental compression data available in the literature of LaRu2P2 (a) and CaFe2As2 (b). The
hydrostatic LaRu2P2 data is reproduced from [19]. The hydrostatic CaFe2As2 data is reproduced from [44]
and the uniaxial CaFe2As2 data is reproduced from [43].

In contrast to SMAs, the phase change, or crystal collapse, which facilitates the pseudo-elastic

response of ThCr2Si2 is fully dimensionally stable. There are no degeneracies in the response, and

thus there is far less fatigue damage over the course of shape-memory cycles. While the stress-

strain response is hysteretic for other reasons, the stress-strain curve does not “walk" like those of

SMAs [43] (Figure 6).

2.5 Doping and Defects in ThCr2Si2-type Crystals

The superconductive properties of ThCr2Si2-type crystals have been shown to be particularly

sensitive to the presence of point defects. The introduction of substitutional defects via doping

has been utilized in efforts to increase their superconducting critical temperatures. Introducing

electronic holes in the iron arsenides with this structure (CaFe2As2, SrFe2As2, BaFe2As2), through
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Figure 6: The cyclic uniaxial compression (a) along the c-axis of a CaFe2As2 micropillar shows hysteresis
(b), but no degradation of the response over time. (c) The profile of each cyclic loading. Reproduced
from [43].

doping with lower valency metals, has been shown to increase Tc. For example, doping CaFe2As2

with sodium in place of calcium has been shown to increase the superconductive critical temper-

ature up to 20K [45]. Likewise, while neither BaFe2As2 nor KFe2As2 are superconductors at any

temperature, doping 40% of barium sites with potassium induces superconductivity with a Tc up

to 38 K [1]. Additionally, replacing the iron with cobalt has a similar effect on the critical tem-

perature of iron arsenides [46–48]. The optimal cobalt concentration in BaFe2As2 was found to be

7.4% [49]. Another study highlighted that the superconductive properties of doped CaFe2As2 are

particularly sensitive to dopant concentration. Doping CaFe2As2 with both lanthanum (in place of
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calcium) and phosphorus (in place of arsenic) yielded a dramatic Tc increase [50], up to 45 K. Su-

perconductivity was found to exist in a range of lanthanum concentrations between 12% and 18%

and a phosphorus concentration of 6%. However, no superconductivity was found at a phosphorus

concentration of 3%. These examples demonstrate the high sensitivity of the electronic properties

to changes in the concentration of substitutional defects.

The effects of substitutional defects on electronic properties have been well documented. Sim-

ilarly, it would be expected that vacancies and interstitials would also have an effect on the elec-

tronic properties of ThCr2Si2 crystals. Vacancies and interstitials in 1:2:2 intermetallics have been

investigated experimentally for their effects on superconductivity. These defects were induced in

BaFe2As2 doped with cobalt via proton irradiation by Nakajima et al. [51]. They found that the

superconducting critical temperature decreased due to the introduction of these defects, since the

defects act as nonmagnetic scattering points. However, the critical current density was enhanced

in the regions of irradiation [52]. Similar investigations also revealed that Frenkel pairs in cobalt-

doped BaFe2As2 affect the electronic response to an applied magnetic field [46]. Point defects of

all kinds: substitutions, vacancies and interstitials, can alter the Tc in 1:2:2 compounds, demon-

strating the sensitivity of these compounds to the presence of point defects.

2.6 Electronic Structure

Density functional theory (DFT) is a simulation technique part of a broader class of simulation

methods known as ab initio (latin for “from the beginning") methods. In this work, DFT is used to

calculate the electronic structure of a simulation box containing a specified number of ionic cores

and electrons. This overview of the fundamentals of DFT is by no means exhaustive. Further

reading on electronic structure calculation can be found in any of several textbooks [53–55]. All of

the calculations in this work utilize a commercial DFT code suite: the Vienna Ab initio Simulation

Package, or VASP [56, 57]. An outline of the methods utilized is presented here.
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2.6.1 Schrödinger’s Equation

The time-dependent Schrödinger’s Equation for a single, non-relativistic particle:

i~
∂

∂t
ψ(r, t) = Ĥ{ψ(r, t)} (2.1)

We can write the momentum operator of a particle as p = i~∇. Recall that the Hamiltonian

operator (Ĥ) is the kinetic energy + the potential energy such that:

Ĥ = T̂ + V̂ =
p2

2m
+ V̂ (r, t) =

−~
2

2m
∇2 + V̂ (r, t) (2.2)

From there we can write Schrödinger’s Equation as:

i~
∂ψ

∂t
= −

~
2

2m
∇2ψ + V̂ ψ (2.3)

Time-Independent Schrödinger’s Equation

If the wave function comes from a stationary state, e.g. atomic orbitals, then the Hamiltonian

is not dependent on time. In this case, ψ(r, t) = A(t)ψ(r) and Eψ = Ĥψ. The wave function is

still a function of time, but only in its amplitude. So for a single, non-relativistic particle:

Eψ = (T̂ + V̂ )ψ =

[

−~
2

2m
∇2 + V̂ (r)

]

ψ(r) (2.4)

2.6.2 From Quantum Mechanics to Density Functional Theory

For many-body electronic structure calculations, the nuclei of the molecules or clusters are

treated as fixed. This is known as the Born-Oppenheimer Approximation. This generates a static

external (from the perspective of the electrons) potential V through which the electrons are moving.

The stationary electronic state is then defined as a wavefunction ψ that satisfies the many-electron,

time-dependent Schrödinger equation.
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Ĥψ =
[

T̂ + V̂ + Û
]

ψ =
N
∑

i

[

−~
2

2m
∇2

i +
N
∑

i

V (ri) +
N
∑

i<j

U(ri, rj)

]

ψ (2.5)

Here, T̂ is the kinetic energy, V̂ is the potential energy from the external field of positively charged

nuclei, and Û is the electron–electron interaction energy. The Û term is not separable into single-

particle equations since the interaction term is complicated.

There are many possible ways to solve this equation using Slater determinants. The simplest

version is the Hartree-Fock method, which is also known as the self-consistent field (SCF) method.

Formulation of the Fock Matrix

The Fock operator for the ith electron is given by:

F̂ (i) =
1

2
∇2

i −
∑

α

zα

riα
+

N/2
∑

j=1

(2Jj(i)−Kj(i)) (2.6)

where the first two terms are the non-interaction terms of the Hamiltonian for the given electron:

kinetic energy and static potential energy, respectively. Here, zα is the charge of the αth nucleus

and riα is the distance between the electron and that nucleus. The term Ĵj{i} is the Coulomb

operator, which defines the repulsion of electron i by electron j as:

Ĵj{ψi} = ψi

∫

|ψj|
2 1

|rij|
drj (2.7)

The electron exchange energy K̂j{i} is represented by:

K̂j{ψi} = ψj

∫

ψ∗
jψi

|rij|
drj (2.8)

There is no classical analog to this phenomenon. This represents the asymmetry of the wavefunc-

tions. It plays a “what if" scenario, calculating the energy from replacing the two particles. This

also addresses the antisymmetry of the Slater determinant.
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The Fock operator is then used on relevant wavefunctions producing and eigenvalue-like ex-

pression:

F̂ψi = εiψi (2.9)

Eigenfunctions which satisfy this equation are the basis functions for the electron orbitals. The

Hartree-Fock method iteratively solves this formulation through the following steps:

1. Input coordinates and charges of atomic nuclei, as well as number of electrons in the system

2. Make an initial guess for the electronic orbital basis functions

3. Construct the Fock Matrix

4. Diagonalize the Fock Matrix to solve for the new basis functions

5. Check for convergence of the basis functions. If not converged, repeat from Step 3

This method is computationally expensive, and has numerical stability issues.

2.6.3 Density Functional Theory

Finding a solution to the many-body Schrödinger’s Eq. with the electron-electron interaction

is a very complicated problem. It would be more convenient if we could turn this into a series

of single-body problems. Among other computational difficulties, it is also impossible to ex-

perimentally probe the individual wavefunctions of a system of electrons. In order to make this

approximation, we must deal with the electron density. The electronic density of a normalized

N -electron wavefunction is:

ρ(x̄) = N
∑

s

∫

· · ·

∫

|ψ(x̄, x̄2, · · · , x̄N , s)|
2dx̄2 · · · dx̄N (2.10)

This represents the electron density at point x̄ based on the wavefunctions of all electrons and

both spin up and spin down possibilities (s). There are some interesting, and perhaps obvious

consequences to using the electron density. First, it is experimentally observable, which makes
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it useful for comparing calculations to experimental data. Secondly, as we move away from the

center of interest, electron density vanishes, ρ(r → ∞) = 0. Also, integrating the electron density

over all of space gives the total number of electrons,
∫

ρ(r̄)d3r = N .

Thomas-Fermi Model

Based on the uniform electron gas (also called the homogeneous electron gas, or jellium), the

kinetic energy can be written as:

T =
3h

10me

(

3

8π

)2/3 ∫

n(r̄)5/3d3r (2.11)

Here, r̄ the spatial position vector, and n is the electron density. Additionally, the potential energy

has two parts. An attraction to positively charged nuclei:

V (r) =

∫

−n(r̄)
Z(e−)2

r
d3r (2.12)

and repulsion between electrons:

U =
1

2
(e−)2

∫

n(r)n(r′)

|r − r′|
d3rd3r′ (2.13)

By this model, the entire system can be represented in terms of only the electron density. Mini-

mizing the energy given by these expressions theoretically leads to a solution of the appropriate

electron density. Unfortunately, this is a poor approximation of real systems, especially for their

kinetic energy. Additionally there is no term which considers the electron exchange (Pauli exclu-

sion principle). However, we do know how to get the kinetic energy from ψ. If a relation between

ψ and n(r̄) were known, then a more accurate result could be found.

Hohenberg-Kohn Theorem

Using the electron density as a substitute for all of the individual wave functions was mostly

hopeful conjecture following the Thomas-Fermi model. The Hohenberg-Kohn theorem moved
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this substitution from conjecture to reality, providing a proof that the electron density uniquely

describes the many-electron system, and that also, the energy of the system is a functional of the

electron density: E = E [n]. Formally, the theorem asserts 3 points:

1. In the ground state, the electron density uniquely determines the external potential of the

nuclei, Vn = f(n).

2. In any quantum state, the external potential uniquely determines the many-electron wave-

function ψ = f(Vn).

3. In any quantum state, the total energy E is a functional of the many-body wavefunction

E = f(ψ).

The second and third points are straightforward; however, the first is not.

Ê =

∫

n(r)Vn(r)dr + 〈ψ|T̂ + Û |ψ〉 (2.14)

assuming that ψ is the ground-state wavefunction for potential Vn with energy E and density n.

We also assume another potential V ′
n has the same density n but with a different wavefunction ψ′

and energy E ′. Only T̂ and Û are dependent on ψ. Since ψ is not the ground state of Ĥ′, then we

know that the following must be true:

〈ψ|Ĥ′|ψ〉 > E ′ → 〈ψ|T̂ + Û |ψ〉+

∫

n(r)V ′
n(r)dr > E ′ (2.15)

and thus:

E − E ′ >

∫

[V n(r)− V n′(r)]n(r)dr (2.16)

Inversely, we get:

〈ψ′|Ĥ|ψ′〉 > E ′, E ′ − E >

∫

[Vn(r)− V ′
n(r)]n(r)dr (2.17)
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If we add these two inequalities together, we arrive at 0 > 0, which is not possible. So we

can conclude that the two “ground states" we hypothesized are, in fact, the same ground state.

Furthermore, we can conclude that the electron density of the ground state does, indeed, uniquely

define the system.

Kohn-Sham Equations

Given the energy operator of a system to be:

Ê =

∫

n(r)Vn(r)dr + 〈ψ(n)|T̂ + Û |ψ(n)〉 (2.18)

which can be rewritten as:

E(r) =

∫

n(r)Vn(r)−
∑

i

[
∫

∇2

2
χi(r)d

3r +
1

2

∫∫

n(r)− n(r′)

|r − r′|
d3rd3r′ + EXC

]

(2.19)

Here, EXC is the still unknown value that represents the electron exchange discussed before, as

well as the electron correlation term. This term states that if an electron is at point r̄, there is a

reduced likelihood that another electron will be in the vicinity. For a long time, there was much

debate over how the exchange-correlation term should be calculated. Now one of the most common

approaches, the Local Density Approximation (LDA) calculates the exchange-correlation term as

a function of the electron density. This approach was originally proposed by Kohn and Sham along

with their equations, but was largely overlooked for decades. The exchange-correlation energy of

a system is approximated to be a sum of the exchange energy EX and the correlation energy EC as

EXC ≈ EX + EC.

EX uses the model of a free electron gas, and yields:

EX = −
3

4

(

3

π

)1/3

n4/3V– (2.20)

EC however, is only known for upper and lower limits which correspond to infinitely weak and

strong correlations, respectively.
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EC =















A ln(rs) + Brs(C ln(rs) +D) Upper Limit

1
2

(

g0
rs
+ g1

r
3/2
s

· · ·
)

Lower Limit

(2.21)

where rs is the representative radius calculated by 4
3
πrs =

1
n

.

This formulation of the Hamiltonian converges on a solution to the eigenvalue problem:

Ĥχi = εiχi (2.22)

2.6.4 Nuts and Bolts of DFT Calculations

DFT attempts to find solutions which satisfy the time-independent Schrödinger’s equation:

Ĥψ = Eψ (2.23)

In plain words, this states that if the system is stationary, the Hamiltonian operation (Ĥ) on the

many-body electron wave function (ψ) is proportional to the wave function itself. Furthermore,

the proportionality is, in fact, the energy of the state (E) [58]. Here the Hamiltonian operator can

be thought of as the kinetic energy of each electron wave function (T̂ ), and the potential energy

of each electron, which itself is comprised of the potential energy in reference to atomic nuclei

(V̂ ), and the potential energy between electrons (Û ). Thus, the time-independent Schrödinger’s

equation can be expressed as:

Ĥψ =
[

T̂ +
(

V̂ + Û
)]

=

[

N
∑

i

−~

2m
∇2

i +
N
∑

i

V (ri) +
N
∑

i

∑

i<j

U(ri, rj)

]

ψ = Eψ (2.24)

Since it is impossible to distinguish which electron is which, a more useful description is the

point-wise electron density n, which can be expressed as:

n (r) = 2
∑

i

ψ∗
i (r)ψi (r) (2.25)
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Hohenberg and Kohn stated that in the ground state, the energy E can be expressed as a functional

of the electron density: E = E [n (r)]. The energy functional can be written as a functional of the

individual wave functions, and divided into parts that we know, and parts that we don’t know:

E [{ψi}] = Eknown [{ψi}] + EXC [{ψi}] (2.26)

The contributions to the electron energy that we know include: the kinetic energy, the interac-

tions between the electrons and the nuclei, the interactions between electrons, and the interactions

between nuclei. This can be written as:

Eknown [{ψi}] = −
~
2

m

∑

i

∫

ψ∗
i∇

2ψid
3r+

∫

V (r)n (r) d3r+
e2

2

∫ ∫

n (r)n (r′)

|r− r′|
d3rd3r′ +Eion

(2.27)

The unknown term, EXC [{ψi}], is called the exchange-correlation (XC) functional, which in-

corporates quantum mechanical effects such as correcting the non-physical self-interaction and

Pauli exclusion effects. Kohn and Sham further made the problem more manageable by show-

ing that the electron density can be solved through a set of simultaneous equations, one for each

electron. These are known as the Kohn-Sham equations and they resemble the time-independent

Schrödinger’s equation:

[

−
~
2

2m
∇2 + V (r) + VH (r) + VXC (r)

]

ψi (r) = εiψi (r) (2.28)

Where the exchange-correlation term is some functional derivative of the exchange-correlation

energy with respect to electron density, as such:

VXC (r) =
δEXC (r)

δn (r)
(2.29)
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2.6.5 Exchange-Correlation Functionals

The interactions between electrons are by far the most computationally expensive part of DFT

calculations. There have been many proposed ways of calculating this term, however in these stud-

ies, we mainly employ two XC functionals: the local density approximation and the generalized

gradient approximation.

Local Density Approximation

The local density approximation (LDA) is one of the simplest methods of calculating the

exchange-correlation term. It is also one of the first methods to be effective in calculating XC

functional. The XC term is calculated at each point as a functional of the electron density at that

point [59]. Since the exchange correlation energy for a homogeneous electron gas (ǫHEG
XC ) is known

exactly, the XC term can be approximated by on the XC energy of a homogeneous electron gas

evaluated at the local density.

ELDA
XC [n (r)] =

∫

n (r) ǫHEG
XC (n (r)) dr (2.30)

Simulations utilizing the LDA XC functional are known to overbind the unit cell, predicting lattice

constants somewhat smaller than experimentally observed values [60].

Generalized Gradient Approximation

Efforts to improve upon the LDA method led to a class of higher-order XC functionals known

as generalized gradient approximations (GGA). The GGA class of methods adds one higher order

term to the XC functional. In these methods, the pointwise interaction energy is a function of the

local electron density, as well as the gradient of the electron density at that point.

V GGA
XC (r) = VXC [n (r) ,∇n (r)] (2.31)

One of the most widely-used GGA methods was developed by Perdew, Burke, and Erzerhof and

thus bears their names [61]. The PBE (for short) exchange-correlation functional can often offer
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better predictions than LDA. The PBE XC is expected to underbind unit cells, providing lattice

constants which are somewhat larger than those experimentally measured [62].

Higher-Order Functionals

Continuing this trend of expansion results in higher-order XC functionals. With each building

on the last to create better approximations. This advancement has been described as “Jacob’s

Ladder" because with each step in improving the XC functional, we are closer to the “holy grail"

of solving Schrödinger’s equations exactly [63]. While these higher-order approximations were

not used in this work, they are worth mentioning. The next rung on the ladder is achieved by

expanding the approximation to the second derivative of the local density:

V Meta-GGA
XC (r) = VXC

[

n (r) ,∇n (r) ,∇2n (r)
]

(2.32)

This class of XC functionals is known as “Meta-GGA" and there are several different approaches

to their formulations.

2.6.6 Hubbard U Correction

Density functional theory exhibits the systematic problem of electron self-interaction. Since

the potential energy of an electron is calculated from the electron density at each point, the density

to which that same electron contributes, these XC functionals calculate an electron’s self-repulsion,

which is nonphysical. Such an interaction becomes particularly debilitating for highly localized

electrons, such as those in f orbitals. This is, however, not an artifact of the Hartree-Fock method,

and a combination of the two methods could be beneficial to mitigating this issue. Such a suite

of methods have been developed, and numerous formulations have been implemented. One of the

simplest implementations of these methods uses one weighting parameter, (U − J), to correct the

XC energy:

ELDA+U = ELDA +
(U − J)

2

∑

σ

[(

∑

m1

nσ
m1,m2

)

−

(

∑

m1,m2

n̂σ
m1,m2

n̂σ
m2,m1

)]

(2.33)
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This parameter is on the order of unity and must be chosen, usually by finding the value of (U−J)

which best approximates some known physical value.

2.6.7 Pseudopotentials

Since the simulation of individual electrons is rather costly (the computational cost scales ap-

proximately O(N3
e−)) [64, 65], reducing the number of electrons needed in the simulation goes a

long way toward increasing the speed of a DFT calculation. Furthermore, simulating waves which

are confined to relatively small length scales, such as the core electrons, require increased com-

putational efforts. For these reasons, it may be beneficial to only simulate the valence electrons

involved with bonding. However, it would be incorrect to assume that the core electrons (those

in the inner shells) do not have a measurable effect on the valence electrons. These core elec-

trons shield the positive charges of the atomic nuclei to which they are attached. These effects

are accounted for by defining a fixed electron density near the ionic center. These “frozen-core"

fields are known as pseudopotentials. The potentials are “pseudo" since they do not represent

how an electron interacts with an lone atomic nucleus, but instead how it interacts with a nucleus

surrounded by a specified set of core electrons. There are a few types of pseudopotentials, but

the most commonly used are ultra-soft pseudopotentials (USPP) and projector augmented-wave

pseudopotentials (PAW) [66]. This study will exclusively employ PAW pseudopotentials.

2.6.8 K-Space Sampling

Since the solutions to Schrödinger’s equations are the electron plane-waves in periodic super-

cells, it is useful to solve for these waves in reciprocal space. The reciprocal space vectors, k, must

satisfy Bloch’s theorem:

φk (r) = exp (ik · r) uk (r) (2.34)

Here, the function exp (ik · r) is a plane wave, which is periodic over the simulation cell. It is

easier to evaluate this integral in reciprocal space, or k-space, than in 3-dimensional real space.

Just like real space, the reciprocal lattice has associated basis vectors in reciprocal space, known
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as reciprocal lattice vectors. They are defined such that:

b1 = 2π
a2 × a3

a1 · (a2 × a3)
,b2 = 2π

a3 × a1

a2 · (a3 × a1)
,b3 = 2π

a1 × a2

a3 · (a1 × a2)
(2.35)

This means that the magnitudes of the reciprocal lattice vectors, |bi|, are inversely related to the

magnitudes of the real-space lattice vectors by: 2π
|ai|

.

The primitive unit cell in reciprocal space is known as the Brillouin zone, and contains a great

deal of information regarding band theory. The volume of the Brillouin zone is given by:

VBZ =
(2π)3

Vcell
(2.36)

Since DFT is solving for the solutions of integrals of plane-wave functions, it is easier to

compute them in k-space. For speed, the k-space integration is performed with quadrature, and

the domain is meshed to provide integration points. While there are many ways to choose these

points, one of the most common, and the one used exclusively in this work, is the Monkhorst-Pack

k-space meshing algorithm [67].

2.6.9 Forces from Electronic Structure

Solving for the electronic ground state is all well and good, but in order for these simulations to

be useful, we need to be able to calculate forces on the ions, and stresses in the crystal. The forces

on a particle at point R in a quantum-mechanical system is given by the derivative of the energy at

that point:

F = −∇R〈E〉 (2.37)

In our system, 〈E〉 = 〈ψ|Ĥ|ψ〉, and our wavefunctions are normalized. Thus we can use the

Hellman-Feynman Theorem to calculate the derivative of the total energy with respect to a given

parameter (λ) as [68]:
∂E

∂λ
= 〈ψ|

∂Ĥ

∂λ
|ψ〉 (2.38)
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Since in our DFT simulations, we are dealing with the Kohn-Sham Hamiltonian of the electronic

density:

ĤR = −
1

2
∇2

r
+ Ve−e(r) + Vion−e(r,R) + VXC(r) + Vion–ion(R) (2.39)

we can see that for the force on a given ionic nucleus, there are only contributions from the inter-

ionic Coulombic forces and the interaction between ions and electrons from the pseudo-potential.

To calculate the stress tensor in the simulation cell, the derivative of energy is taken with respect

to cell geometry parameters.

2.6.10 Structural Relaxation

The relaxation of the crystal, ionic coordinates and cell size and shape, is a fundamental tool to

this work. The computation of the structural minimum is accomplished in VASP with the Conju-

gate Gradient (CG) method [69,70]. This method iteratively seeks to find the minimum of a system

of equations described by: f(x) = 1
2
xTAx− xTb. The minimum of this linear system of equations

is the solution to: Ax = b. The initial direction towards solving is taken to be the residual of

system of equations at the chosen starting point:

d(0) = r(0) = b− Ax(0) (2.40)

x(i+1) = x(i) + α(i)d(i) (2.41)

The magnitude of search along that vector is based on the residual:

α(i) =
rT
(i)r(i)

dT
(i)Ad(i)

(2.42)

After each step, a new residual is computed, the next direction is chosen, and the process is re-

peated.

r(i+1) = r(i) − α(i)Ad(i) (2.43)
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β(i+1) =
rT
(i+1)r(i+1)

rT
(i)r(i)

(2.44)

d(i+1) = r(i+1) + β(i+1)d(i) (2.45)

This is repeated until some convergence criterion is met. The strength of CG minimization, over,

for example, Steepest Descent, is that each successive search direction is orthogonal to all previous

search directions. So the solution to a linear system of equations with an nth order basis set should

only take n steps.

Of course, this would not be useful to us if it only solved linear systems of equations. This

method can be generalized for a nonlinear system of equations, where the solution is found to be

where the gradient of the function is zero:

∇xf(x) = 2AT(Ax− b) = 0 (2.46)

The initial step (∆x0) is chosen by computing the steepest descent of the initial position (x0):

∆x0 = −∇xf(x0) (2.47)

The step length (α) is chosen along that step direction which minimizes the function by:

α0 = min
α
f(x0 + α∆x0) (2.48)

The position is then updated by that step length in that direction:

x1 = x0 + α0∆x0 (2.49)

This process is then repeated. However, in subsequent iterations, the search direction (sn) is up-

dated to be a conjugate to previous directions as:
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sn = ∆xn + β +n sn−1 (2.50)

For the second iteration, s0 = ∆x0. There are many methods of computing β, one of the most

common being the Fletcher-Reeves formula [71]:

βFR
n =

∆xT
n∆xn

∆xT
n−1∆xn−1

(2.51)

The line search now finds the step size which minimizes the function in the sn direction:

αn = min
α
f(xn + αsn) (2.52)

2.6.11 Periodicity

Since DFT can only simulate a small number of atoms, it is advantageous to simulate periodic

domains. A periodic domain is one that repeats in each direction forever. The conditions of the

one cell of the simulation is also the conditions of every other cell repetition. This simulates an

infinite medium, as shown in Figure 7.

2.6.12 Hydrostatic and Uniaxial Compression

The majority of this study, as a thesis in mechanical engineering, focuses on the mechanical

properties of materials, i.e. how they respond to applied stress and strain. There are two loading

scenarios in particular which are investigated here: hydrostatic compression and uniaxial compres-

sion. Hydrostatic compression, depicted in Figure 8(a), is compression in all directions with the

same intensity. This can often be achieved by submerging the sample in a compressed fluid, in

which case the pressure of the fluid acts on the sample in all directions, indiscriminately. Uniaxial

compression (Figure 8(b)), as the name implies, is compression on only one (uni) axis (axial). The

uniaxial compression which is most interesting to us in these crystals is along the c-axis. The stress

states of hydrostatic and uniaxial compression are:
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Figure 7: Periodic simulations repeat a representative cell in every direction, thus representing an infinite
medium. The conditions of the simulation cell are repeated for all other cells in the infinite medium.
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(2.53)

VASP does not natively support the simulation of an arbitrary stress state, such as uniaxial

compression. In order to achieve this stress state, an iterative loop of DFT simulations must be

performed. Simulations in VASP have a limited set of cell-geometry control states during ionic

relaxation:

1. Cell lattice parameters and volume are relaxed.

2. Cell lattice parameters are relaxed, cell volume is held fixed.

3. All cell lattice parameters are held fixed.

The first condition simulates full relaxation with no applied stress. The second condition can be

used to impose a strain-controlled hydrostatic stress state. However to achieve a non-hydrostatic,
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Figure 8: (a) Hydrostatic compression is an equal compression of a material in all directions. (b) Uniaxial
compression is compression along only one axis. Both loading scenarios were investigated in this study, and
the uniaxial compression was always along the crystal’s c-axis.

nonzero stress state, the third condition must be utilized along with an iterative wrapper. The

procedure, depicted in flowchart form in Figure 9, requires prior knowledge of the elastic constants

for optimal convergence. A uniaxial strain is first specified, and the simulation box is deformed in

accordance with Hooke’s law. A DFT ionic relation is then performed while the box dimensions

are kept fixed. Following the relaxation, the stresses in the lateral axes are reported, and if they are

not zero (within a specified tolerance), the simulation box lengths in those directions are adjusted in

accordance with the elastic constants to bring the stresses closer to zero. The simulation cell with

updated dimensions is run again and this loop is repeated until the lateral stresses are eliminated.
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Start:

c-axis strain, Elastic constants, 

Poisson’s ratio 

Deform a, b, & 

c lengths

VASP

Relaxation

σ11, σ22 < ɛ

Adjust a and b based 

on elastic constants to 

relieve stress

Exit

YES

NO

Figure 9: Flowchart of the wrapper algorithm required to simulate uniaxial compression in VASP. The ionic
relaxation in VASP is performed by keeping the simulation cell box lengths constant, and relaxing the ionic
positions inside

2.7 Evolutionary Crystal Structure Algorithms

The bulk of this study involves the evaluation of stoichiometries of ternary intermetallic com-

pounds which have not previously been reported. These concentration ratios may not be in liter-

ature because a set of ternary compounds may not be well studied, or the stoichiometry is due to

high concentrations of defects. However, for reference, it is important to find the lowest energy

structures of these stoichiometries.

With this goal in mind, the USPEX evolutionary algorithm is utilized [72–74]. USPEX searches

for the “fittest" structure through a generational competitive selection process as follows: An ini-

tial set of structures is generated, through a combination of user-provided “seed" structures, or

randomly generated structures. These are all relaxed with DFT, and their energies are calculated.

Then, in user-defined ratios, a certain top percentage of structures are carried through to the next
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generation, while the lineage of the others is ended. The structures which are carried through are

mutated slightly (randomly) to see if a slightly lower state can be generated. The next generation is

then filled out with new random structures. This continues for a pre-defined number of generations,

or if a particular structure is the lowest energy structure for many generations.

This algorithm can be used for a single concentration or chemistry may be a changeable vari-

able. In this work, USPEX is used in a targeted fashion; only one stoichiometry is investigated at

a time.

2.8 Special Quasirandom Structures

Special quasirandom structures (SQSs) are useful in representing substitutionally random struc-

tures by a relatively small, repeatable structure [75]. For an alloy of metal A and metal B, a single

representative structure with an appropriate arrangement of atoms A and B can be analyzed instead

of sampling all possible spatial combinations of A and B in the unit cell for a given composition.

This concept can also be applied to “alloys" of atoms and vacancies. Representative SQSs can be

constructed with appropriately chosen vacant sites to simulate a random distribution of vacancies

at a given concentration. The SQSs utilized in this study were generated by the alloy theoretic

advanced toolkit (ATAT) [76–89].

In this formulation, SQSs are generated by implementing a cluster expansion of the primitive

unit cell of the parent structure. In a stochastic process, the results of the cluster expansion are

evaluated by an objective function. The SQS which best minimizes this function is the most likely

to give have equivalent properties to a truly random structure. The complete methodology to how

ATAT computes SQSs can be found in [80].

2.9 Homogenization Theory

In this work, we are motivated to predict the responses of heterogeneous materials, that is,

materials consisting of two or more phases, with distinct mechanical responses. The goal of any

homogenization theory is to compute the effective elastic response of the composite material of
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Figure 10: The three homogenization models employed in this work. (a) A simple iso-strain model, (b)
a simple iso-stress model, and (c) Eschelby’s ellipsoidal coherent inclusion. The inclusion model can be
explored in two different configurations, since it matters which phase is chosen for the matrix and inclusion.

the form:

σ∗
ij = C̄ijklε

∗
kl (2.54)

where σ∗ and ε∗ are the total observed stress and strain in the composite and C̄ is the effective

elastic constant tensor. There are many methods of approaching this problem. In this work, we

employ techniques based on homogenization theory of materials with constant phase-fractions.

Specifically, we construct iso-strain, iso-stress, and Eshelby’s inclusion models, which are depicted

in Figure 10.

2.9.1 Iso-Strain and Iso-Stress

One of the simplest ways to achieve the goal of homogenization of mechanical properties is to

consider them in a simple weighted average of the two phases. This is the root of the iso-stress and

iso-strain composite models. These models form theoretical bounds for the possible mechanical

behavior of the composite. For the iso-stress model, it is possible, though not at all necessary, to

envision this model as having two concentric phases shown in Figure 10(a). Under the assumptions

of an iso-strain model, the strains in each phase, however dispersed or divided, are the same:
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ε(1) = ε(2) = ε (2.55)

While the macroscopic stress is a volume average of the stresses in the two phases:

V σ = V (1)σ(1) + V (2)σ(2) (2.56)

or:

σ = φ(1)σ(1) + φ(2)σ(2) (2.57)

where φ(1) and φ(2) are the volume fractions of the pure and defected regions, respectively. The

prediction of the overall stress-strain response, i.e. σ(ε), requires just the individual stress-strain

responses of the two phases and their volume fractions.

Alternatively, the composite can be modeled using an iso-stress model, which can be envisioned

as two regions stacked on one another (Figure 10(b)). This results in the stresses in each phase

being equal to the applied stress:

σ(1) = σ(2) = σ (2.58)

and thus, the macroscopic strain is a volume average of the strains in the two phases.

V ε = V (1)ε(1) + V (2)ε(2) (2.59)

Since the two phases are assumed to have the same cross sectional area, their volume fractions

reduce to their length fractions, and the overall strain reduces to:

ε = φ(1)ε(1) + φ(2)ε(2) (2.60)

2.9.2 Eshelby’s Inclusion Composite Model

The iso-strain and iso-stress models are indeed the simplest models that can be used as they

do not typically include the added effects of coherency. These homogenization models can be
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improved by solving a more complicated elasticity problem that includes the interaction of the

matrix and the inclusion, but must assume some geometry to do so.

In composite theory, the dilute model can be used to predict the effective elastic constants

as [90, 91]:

C̄ = CM + φ(CI − CM) : AI (2.61)

Where AI is the strain concentration tensor which relates the macroscopic applied strain to the

average inclusion strain, CM is the matrix elastic constants, CI is the inclusion elastic constants

and φ is the volume fraction of the inclusion.

The strain localization tensor requires the use of a theory that enables one to determine the

average strain field experienced by the inclusion. The most widely used, and expedient, is the

Eshelby inclusion method, in which the inclusion is approximated as an ellipsoid (Figure 10(c)),

which results in a constant strain inside the inclusion. In this case, the strain localization tensor is:

AI = A
I : (AI − SI,∞)−1 (2.62)

A
I = (CM − CI)−1 : CM (2.63)

where SI is the Eshelby tensor. For anisotropic materials, the simplest method to represent the

Eshelby tensor is through the auxiliary tensor, D, as:

SI,∞
ijkl = −

1

2
Clkmn (Diklj +Djkli) (2.64)

The auxiliary tensor is defined as [92]:

Dijkl = −
1

4π

∫ π

0

∫ 2π

0

(zz)−1
ij zkzl sinΦdΘdΦ (2.65)

In the case studied here, it is acceptable to assume the inclusion is a sphere since we have no

other information and this makes the integration of (Eq. 2.65) easy using Lebedev integration [93–

96]. Assuming the orientation of the crystals and their elastic equations, Eq. 2.65 can be integrated
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to produce the auxiliary tensior, the Eshelby tensor, and eventually the localization tensor to predict

the effective elastic constants.

In our problem, further complications arise since at least one of the materials is not linear

elastic. In this case, we compute the effective tangent elastic constants using the aforementioned

dilute approximation and the Eshelby tensor for a spherical inclusion. This was done by first

computing the tangent elastic constants along the whole strain path, and splining the data to create

a continuous set of elastic constants. Meanwhile, the elastic stiffness tensor of the defected phase

was assumed to be constant with respect to strain (linear elastic).

As with the iso-strain models constructed for this study, the overall strain (ε0) was specified, and

the resulting stress in the composite was calculated. The model marches in overall strain, and the

effective elastic tensor (C̄) is calculated. This is done by first iteratively solving for the individual

strains in each phase. Initial guesses were provided for the individual phases’ strains. For the first

strain step, the iso-strain condition was provided as the initial guess, while in subsequent strain

steps, the previous solution was provided as an initial guess. These strains, particularly the strain

in the pure phase were used to calculate the strain localization tensor (AI) which, in turn was used

to calculate the strain in the inclusion by:

εI = AI : ε0 (2.66)

and the strain in the matrix was then be calculated by:

εM =
1

1− φ
(ε0 − φεI) (2.67)

These individual strains were then used to calculate the strain localization in the inclusion, and

thus the loop was repeated. The individual strains were considered converged when the difference

in the individual strains calculated by successive iterations was less than 1× 10−4.

With the individual strains calculated, the effective stiffness tensor and the effective compliance

tensor were calculated for a given total strain, and the uniaxial stress increment dσ was calculated
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by:

dσ =
1

S̄3333(ε0)
(2.68)

which, due to the employment of tangent modulus homogenization, can be integrated up to the

stress at a given strain by:

σ(ε0) =

∫ ε0

0

dσ (2.69)

2.10 Overview

In this thesis we attempt to answer the questions posed in Chapter 1. Through DFT mod-

eling, knowledge of thermodynamics, continuum-scale theories, and homogenization techniques,

we characterize the mechanical responses of ThCr2Si2-type crystals, as well as the impact of point

defects on these responses. Point defects can include vacancies, interstitials, and substitutional

defects (doping). The effects of these defects were investigated in isolation, such that there is no

convolution of the effects of multiple types of defects.

In Chapter 3, we investigate the pseudo-elastic responses of pure ThCr2Si2-type crystals. We

study the responses of two compounds as case studies: CaFe2As2, and LaRu2P2. CaFe2As2 ex-

hibits a magnetic phase transition during compression, while LaRu2P2 has a smooth phase tran-

sition during compression. The hydrostatic and uniaxial responses of single unit cells of these

compounds, simulated with DFT, were built up to continuum scales to predict the pseudo-elastic

response of a sample. These models predicted the compression-induced phase transition in a sam-

ple of the material under load-control and displacement-control conditions. The outputs of these

models were compared to experiments which showed good agreement. The chemical and bond-

ing origins of pseudo-elasticity in CaFe2As2, LaRu2P2, and other related compounds were further

explored with electronic structure calculations, revealing evidence of bonding between pnictogen

atoms under compression.

Then, in Chapter 4, we analyze how point defects, specifically vacancies and interstitials can

influence the mechanical response of ThCr2Si2-type crystals. We accomplish this by first simu-

lating the properties and energetics of isolated defects, which requires the compilation of ternary
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phase diagrams for each of the chemical systems for our two case studies. We then simulate defects

at high concentrations, including their crystal structures and mechanical responses. We predict that

high concentrations of vacancies can induce a crystal collapse which suppresses the pseudo-elastic

response of the pure material. Experimental investigations of defected samples point to a segrega-

tion of these defected structures in the sample. Composite models representing this segregation of

defects were constructed to explain the mechanical responses observed experimentally.

In Chapter 5, we investigate what effects doping CaFe2As2 might have on its pseudo-elastic

properties. First, doping CaFe2As2 with strontium or barium (in place of calcium) was simulated.

The mechanical responses of a random distribution of dopants, as well as ordered layered super-

structures were simulated. In the randomly-ordered structures, the strains and stresses at which the

phase transition occurs varied nearly linearly with dopant concentration. In the ordered superstruc-

tures, we saw different regions of the material respond to compression independently, sometimes

resulting in multiple phase transitions. Then, doping CaFe2As2 with cobalt in place of calcium

was investigated. Concentrations of cobalt above a critical point suppressed the magnetism of

CaFe2As2 and induced a crystal collapse, similar to vacancies studied in Chapter 4.

Ineastic deformation in these materials was investigated in Chapter 6. Cleavage simulations

were performed for CaFe2As2 and LaRu2P2 on several possible cleave planes and chemistries. It

was found that the planes normal to the c-axis, in line with layered nature of the crystal, required

the least energy to cleave in both CaFe2As2 and LaRu2P2. This suggests a preferred slip and

fracture plane, which is congruent with previous studies of inelastic deformation in these materials.

Conclusions from this study, as well as proposed future work can be found in Chapter 7.
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Chapter 3

Mechanical Response of Pure ThCr2Si2-type Crystals

In order to simulate the stress-strain responses of macro-scale ThCr2Si2-type crystals, DFT

simulations of these crystals under hydrostatic and uniaxial compression were run. Since DFT is

very computationally expensive, simulating large numbers (greater than a few hundred) of atoms

is prohibitively expensive. For this reason, the compression of single unit cells of ThCr2Si2-type

crystals were simulated. The stress-strain and energetics data from these compression simulations

was scaled up to the continuum scale via multi-phase composite models.

3.1 Compression Simulations of CaFe2As2

In simulating the compression of CaFe2As2, an important aspect which must be captured is the

magnetic phase transition. According to the magnetic phase diagram, the ground state of CaFe2As2

is its antiferromagnetic, orthorhombic phase. While experiments at room temperature start with

the paramagnetic, tetragonal phase of CaFe2As2, this cannot be effectively simulated by DFT. Due

to the short box-lengths of the simulation cell, and the periodic nature of the simulations, any

magnetic moments form a repeated pattern, which is by definition, NOT paramagnetism. For this

reason, the initial simulated phase of CaFe2As2 is the antiferromagnetic, orthorhombic phase. This

approximation (studying the AF phase instead of the paramagnetic phase) should be well within

DFT accuracy since the difference in the a and b lattice constants of the orthorhombic phase is only

about 1%.

3.1.1 Magnetic Ordering of CaFe2As2

It is very important that the DFT simulations accurately capture this magnetism. Simulations

of CaFe2As2 utilizing the LDA XC-functional could not solve for the antiferromagnetic ordering

of the Fe magnetic moments [41]. This was confirmed by our own calculations. For this reason,

we turned to the PBE XC-functional for magnetic calculations.
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While the antiferromagnetic ordering of CaFe2As2 has been previously observed and well doc-

umented [44], all possible magnetic orderings within a single orthorhombic unit cell (including

nonmagentic and ferromagnetic) were simulated to ensure that the reported ordering was, in fact,

the ground state predicted by DFT. The antiferromagnetic orderings are depicted in Figure 11.

Simulations confirm that the antiferromagnetic stripe commonly reported is indeed the ground

state. The nonmagnetic state solved for the shorter collapsed-tetragonal phase and an energy of

-6.110 eV per atom. The magnetic moments of the ferromagnetic state dropped to zero and the

nonmagnetic cT phase was found also with an energy of -6.110 eV per atom. The antiferromag-

netic checkered pattern (Figure 11(a)) and the horizontal layered pattern (Figure 11(b)) did not

retain their magnetic moments either, settling on the cT phase with an energy of −6.110 eV per

atom. The vertical layered antiferromagnetic pattern (Figure 11(c)) kept its magnetic moments,

with magnetic moment magnitude of 1.68 µB per iron atom. The energy of this configuration was

−6.105 eV per atom. The vertical striped antiferromagnetic pattern (Figure 11(e)) also solved for

the collapsed tetragonal, nonmagnetic state, with an energy of −6.110 eV per atom. The horizon-

tal striped pattern (Figure 11(d)) kept its magnetic ordering and solved for spins of 1.83 µB per

iron atom. The energy of this configuration was −6.115 eV per atom, which was the lowest of all

configurations tested. This helped instill confidence in DFT’s ability to simulate CaFe2As2 moving

forward.

3.1.2 Selection of the Exchange-Correlation Functional

As shown in Section 3.1.1, we found the antiferromagnetic horizontal stripe pattern, with mag-

netic moments of ±1.83 µB, to have the lowest energy, which is in line with previous investiga-

tions [44]. It is worth noting that these magnetic moments are much greater than the 0.805 µB

observed experimentally [97]. It has been shown that the more accurate magnetic moments can be

computed through the Hubbard U correction of the GGA-PBE XC functional (GGA+U ) [98, 99].

In order to match the experimentally observed magnetic moments, an effective Ueff of −1.037 eV

(taking the Dudarev approach [100]) was successful in predicting the experimental magnetic mo-
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Figure 11: Antiferromagnetic (AF) orderings which were tested to determine/confirm the AF ground state
of CaFe2As2. The ferromagnetic (not pictured), along with the checkered (a), horizontal layered (b), and
vertical stripe (e) AF orderings, all solved for a nonmagnetic state. The vertical layering (c) solved for
nonzero magnetic moments, but a higher energy than the nonmagnetic states. The horizontal stripe pattern
(d) kept its magnetic moments and had a lower energy than all other states.

ments. However, this is only achieved without relaxing the crystal. When relaxing the crystal,

which is crucial for this study, simulations Ueff less than −0.25 could not stabilize the magnetic

moments. Thus, the lowest magnetic moment which could be stabilized in a relaxed crystal was

±1.47 µB. This relaxed crystal had lattice constants of: a = 5.59, b = 5.49, and c = 11.36, which

deviated further from the reported experimental values as compared with simulations that do not

include the U correction. Furthermore, structurally relaxed simulations of the antiferromagnetic

and nonmagnetic phases with a Ueff = −0.25 predict the nonmagnetic collapsed-tetragonal phase
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to be energetically preferred over the antiferromagnetic orthorhombic phase. We know this to be

physically untrue. This demonstrates that the Hubbard U correction, as applied to the PBE XC

functional, indeed can be useful in predicting the correct magnetic moments in CaFe2As2. How-

ever, its predictions of the mechanical and energetic properties, which are critical to this study,

agree less with experimentally observed values. Another interesting point to make is that this

negative value of Ueff = U − J represents overscreening such that Hund’s rule coupling (J) is

stronger than the correction for self-interaction (U ). This approach, as well as a negative Ueff has

been previously employed to capture the correct magnetic moments of the irons in ternary iron

arsenides [98].

Table 2: Lattice constants of CaFe2As2 and LaRu2P2 observed in experimental studies and predicted in this
work utilizing DFT. Experimental lattice constants for CaFe2As2 are from work by Ni et al. [28] and exper-
imental lattice constants for LaRu2P2 are from work by Jeitschko et al. [8].The GGA-PBE XC functional
was employed for CaFe2As2, while the LDA XC functional was employed for LaRu2P2.

Compound Length Experiments DFT

CaFe2As2
a 5.542 Å 5.60 Å
b 5.465 Å 5.49 Å
c 11.644 Å 11.48 Å

LaRu2P2
a 4.031 Å 3.99 Å
c 10.675 Å 10.52 Å

Adding the U correction to the LDA XC functional (LDA+U ) can, indeed, stabilize the mag-

netic moments of the iron atoms. However, only large magnetic moments (greater than those

stabilized by PBE) can be achieved in a relaxed crystal. The smallest of which was 2.18 µB (with

a Ueff = 2) and had a c-axis length of 10.85 Å. Since this deviates significantly from the experi-

mental lattice parameters and a provides a gross overestimation of the magnetic moments, further

use of the LDA+U is not examined in this work. The Hubbard U corrections to LDA and PBE

XCs demonstrate that applying this correction cannot improve the accuracy of the predictions of
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Figure 12: (a) Magnetic moments and (b) c-axis lengths of CaFe2As2 as computed with the GGA+U XC-
functional. The magnitude of the magnetic moments of the iron atoms can be manipulated by controlling
the U parameter. However, the orthorhombic phase can only be structurally stabilized for a small range of
U values. While applying a negative Ueff can decrease the magnetic moments, the magnetic phase may not
be energetically favored (a) insert.

the phase transitions in CaFe2As2. However, based on these results it is clear that uncertainty in

these parameters amounts to a few percent error in predicting transition properties.

3.1.3 CaFe2As2 Compression Simulation Results

The compression of CaFe2As2 unit cells offers insight into the mechanical response which

has not be previously reported. While CaFe2As2 has been investigated extensively in hydrostatic

loading [11, 20, 30, 42] and partially in uniaxial loading [20, 30], those results lack the fidelity to

fully parameterize the response. The compression simulations performed for our work are strain-

controlled to provide a more complete view of the stress-strain response of CaFe2As2. With that in

mind, Figures 13 and 14 plot the response of the CaFe2As2 under uniaxial and hydrostatic loading,

respectively.

In the case of uniaxial loading (Figure 13(a)) the orthorhombic structure loads elastically up

to about 5% where it then softens until reaching a maximum around 6% strain. At approximately

7.75% strain the magnetic moments disappear and the structure collapses into the collapsed tetrag-

onal structure. Further straining of the structure elastically loads the collapsed tetragonal structure.
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These results are the first to provide a full stress-strain response of the CaFe2As2 material under

uniaxial straining, which is key in developing continuum thermodynamic material models of these

materials. Similarly, energy versus c-axis strain (Figure 13(b)), lattice constants (Figure 13(c)),

and magnetic moment (Figure 13(d)) are also functions of the uniaxial strain, showing clear phase

instabilities at the critical strain. On the surface, this contrasts the macroscopic observation of

a first-order phase transition. However, in simulating of a single unit cell under fully periodic

boundary conditions at 0 K, a phase change would not be expected until the first phase became

energetically unstable.

Figure 13: Stress-strain (a) and energy-strain (b) response of a single CaFe2As2 unit cell. Note the abrupt
phase transition resulting in negative stress at the transition strain. The a and b lattice constants abruptly
converge upon c-axis compression (c).

The uniaxial behavior can be contrasted with the hydrostatic results (Figure 14) which illus-

trates a similar discontinuity in the pressure-volume curve. However, if the results are plotted as

a function of the c-axis strain (Figure 14(a)), there is an interesting phenomenon not previously

44



Figure 14: Stress-strain (a) and energy-strain (b) response of a single CaFe2As2 unit cell under hydrostatic
compression. Here, the phase change causes a jump in c-axis strain, leaving a range of strains inaccessible.
There is a region of inaccessible c-axis lengths across the phase change (c). The magnetic moments abruptly
drop to 0 at the phase change.

reported. There is a forbidden zone of c-axis values, or essentially a c-axis gap. The plot of hydro-

static stress versus c-axis strain appears in shape similar to the uniaxial case with a linear increase

in stress up to 5% strain and a softening between 5% and 6.5% strain. The c-gap prevents any re-

sults being investigated between roughly 6.3% and 8.8% strain, over which the magnetic moments

disappear and the phase transition occurs. What is further interesting is that the midpoint of the gap

is roughly 7.6%, which is the c-axis strain at which the phase transition sharply occurs in uniaxial

loading. This observation is consistent with our other results and findings of other groups [30] and

suggests that it is the c-axis strain that controls the collapse of the crystal structure.
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3.2 Compression Simulations of LaRu2P2

A similar compound, LaRu2P2, was investigated for its possible pseudo-elastic mechanical

response. Previous studies have indicated the presence of a collapse along the c-axis similar to that

of CaFe2As2. Both DFT simulations [12, 13] and experimental compression [12, 19] have been

performed previously. The nature of this mechanical response was investigated in more depth in

this thesis.

3.2.1 Selection of the Exchange-Correlation Functional

The compression of LaRu2P2 revealed a pseudo-elastic response which is characteristically

different than that of CaFe2As2. While more discussion on these findings will be presented in the

following sections, the XC-functional was chosen based on geometric and mechanical parameters.

The pseudo-elastic behavior, based on strain in the c-axis, is obviously the most important feature

to be extracted from these simulations. The XC-functional was chosen based on its ability to pre-

dict the c-axis length of the crystal and the pseudo-elastic transition strains. These parameters were

Table 3: Geometric and pseudo-elastic parameters produced by both the local density approximation (LDA)
and generalized gradient approximation Perdew-Burke-Ernzerhof (PBE) exchange correlation functionals.
LDA does a much better job of reproducing the c-axis length of the conventional unit cell and the pseudo-
elastic transition strains in hydrostatic compression. Experimental data is from Drachuck et al. [19].

Method a c (Å) ε1 ε1
PBE 4.05 10.91 0.055 0.090
LDA 3.99 10.52 0.025 0.058

Experiments 4.03 10.68 0.024 0.065

computed for both the LDA and PBE XC-functionals and compared against hydrostatic compres-

sion experiments conducted by Drachuck et al. [19]. LDA predicts an equilibrium c-axis length

of 10.52 Å, while PBE predicted 10.91 Å. LDA also predicted the transition strains to be 2.5%

and 6.5%, while PBE predicted 5.5% and 9.0%. As highlighted in Table 3, the values predicted

by LDA were much closer to experiments than those predicted by PBE. For this reason, LDA was

used as the XC-functional for all LaRu2P2 investigations in this work.

46



3.2.2 LaRu2P2 Compression Simulation Results

Since LaRu2P2 is not magnetic, its unstressed crystal structure is the classic tetragonal ThCr2Si2

structure. This initial unit cell was compressed incrementally up to high strains (10%) in the same

procedure as the CaFe2As2. Both uniaxial compression (Figure 15) and hydrostatic compression

(Figure 16) were performed. In this case, there is no obvious (1st-order) phase transition. The

stress, energy and lattice constants appear as smooth functions of the applied strain in both com-

pression cases. However, it is interesting to note the stress-strain curves have softened regions

(Figure 15(a), 16(a)) with a local maximum and minimum, while the energy has two associated

points of inflection, but no local energy minimum (Figure 15(b), 16(b)). The max stress and min

stress are observed to occur at 4% and 5% c-axis strain, respectively, for both uniaxial and hydro-

static loading conditions, again highlighting the role of the c-axis length in controlling the nature

of the mechanical response.

Figure 15: The uniaxial stress-strain response (a) of LaRu2P2 shows a softened region bounded by two
more conventional regions. Since this strain is recoverable, it suggests that there is a phase change present.
However, the energy-strain response (b) does not have a local minimum which would indicate an obvious
phase bifurcation. A discontinuity in the uniaxial enthalpy-stress response (c) highlights the two “phases"
with distinct mechanical characteristics.

While there was no local energy minimum observed in LaRu2P2 and thus no indication of

two true thermodynamics phases, there was an observed discontinuity in another thermodynamic

potential. Under uniaxial loading, an enthalpy-like thermodynamic potential (per unit cell) defined

as H∗ = E − Fc should be considered. Here, E is the energy per-unit-cell, F is the applied load
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Figure 16: Like the uniaxial compression, hydrostatic stress-strain response (a) of LaRu2P2 shows a soft-
ened region but there is no local energy minimum (b). The uniaxial enthalpy-stress response (c) shows a
discontinuity similar to the one observed in the uniaxial compression.

(stress × currrent area) and c is the unit-cell c-axis length. Plotting this “uniaxial enthalpy" vs.

load reveals a discontinuity (Figure 15(c), 16(c)) which highlights two potential “phases" in which

LaRu2P2 could exist under load-control. While subtle, there is a small section of overlap which

allows the uniaxial enthalpy to be multi-valued under load-control conditions. This implies a strain

discontinuity during load-control experiments. This behavior is also observed in the hydrostatic

response of LaRu2P2.

3.2.3 Evolution of the Elastic Constants of LaRu2P2

Figure 17: The evolution of the 6 tetragonal elastic constants during the uniaxial compression of LaRu2P2.
E11 and ν12 exhibit a discontinuity during the crystal collapse.
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It is interesting to look at how the elastic constants change through the mechanical response

of the crystal. This was accomplished by computing the elastic constants for the LaRu2P2 unit

cell at each point along the uniaxial compression curve. While some elastic constants responded

with smooth changes throughout the compression, others experienced discontinuities. The elastic

constants plotted against strain can be seen in Figure 17. Of the 6 elastic constants for crystal cells

with tetragonal symmetry, three evolved in uneventful ways. The two shear moduli (G12 and G13)

and ν13 hardly change throughout the compression. Meanwhile, ν12 and E11 experience disconti-

nuities during the collapse transition, between 4% and 5% c-axis strain. The Young’s modulus in

the c-direction, E33, is continuous and decreases during the crystal collapse, corresponding to the

softening observed in the stress-strain response. The modulus does indeed dip below 0, which is

expected as the stress-strain curve has a negative slope here. This discontinuity in the elastic con-

stants is indicative of a 2nd-order phase transition. This is in contrast to CaFe2As2 which exhibits

a 1st-order phase transition. The elastic constants are the 2nd derivative of energy with respect to

volume, and there is discontinuity in the E11 and ν12.

3.3 Discussion

The DFT simulations of individual unit cells highlight properties of the observed crystal col-

lapse. For a given compound, both the hydrostatic and uniaxial loading scenarios show a collapse

at consistent c-axis strains. A unit cell of CaFe2As2 under uniaxial loading collapses at 7.5% c-axis

strain while the collapse in hydrostatic loading occurs for c-axis strains between 6.4% and 8.4%

with a mean of 7.4%, consistent with the uniaxial case.

It is important to note that the phase transition in CaFe2As2 corresponds with an abrupt loss of

magnetism in the crystal. While the magnetic nature of the phase transition has been previously

reported, it has also been suggested that phase transitions in ThCr2Si2-type crystals are due, in part,

to the bonding between vertically stacked pnictogen atoms under compression [17]. Similarly, the

local maximum of the LaRu2P2 unit cell is 4.0% and 3.8% for uniaxial and hydrostatic loadings

respectively, and the local minimum is 5.0% and 4.9% respectively. This consistency supports the
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hypothesis that the c-axis strain is the critical parameter of the phase transition. However, these

observations leave one important question: does the consistency of c-axis collapse appear in a

continuous phase transition observed in the experiments?

3.4 Bonding Between Pnictogen Atoms

Both CaFe2As2 and LaRu2P2 experience a softening when compressed along their c-axes.

Studies of other 1:2:2 intermetallic compounds with the ThCr2Si2-type crystal structure have also

been shown to exhibit softening as well. It was suggested by Hoffmann and Zheng that this soft-

ening is caused, in part, by the bonding of pnictogen (Nitrogen, Phosphorus, Arsenic, etc.) atoms

across A-atom layers [17]. Since our investigations rely heavily on electronic structure calcula-

tions, we can explore the bonding nature of these crystals under pressure. To investigate this, we

employed several analytical methods, including Bader charge analysis, the electron localization

function, and Crystal Orbital Hamilton Populations, to characterize the interactions of the pnic-

togen atoms. Indicators of bonding between these atoms should shed light on the origins of the

observed softening.

3.4.1 Bader Charge Analysis

The literature has highlighted the importance of the B–X layers in the phase-change mechanism

of these materials. In addition to bonding between these layers, CaFe2As2 also exhibits magnetic

phases. Upon collapse, all magnetic moments also vanish. Since the crystal is often described as

alternating layers of Ca cations and Fe2As2 anions, it is interesting to see if there is any charge

transfer between the As and Fe atoms in conjunction with the collapse of the magnetic moments

on the Fe atoms. There may also be charge transfer from the Ca layers to the B–X layers.

If these materials were to form Pn–Pn covalent bonds in the cT phase, as has been suggested,

one would expect some transfer of electrons to/from the pnictogen atoms in the cell. The electronic

structure would need to change in ordinance with the new sharing of electrons between pnictogen

atoms. One way to investigate this is through Bader Charge Analysis (BCA). The division of
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atoms is not well defined in DFT simulations. Since the individual electrons are simulated as wave

functions within the simulation cell, they are not tied to or defined to have any particular parent

atomic nucleus. Additionally, DFT operates with the electronic density, which is a superposition

of all the wavefunctions. When looking for bonding, electrons must be shared between atoms, and

thus, must be assigned to atoms in some capacity. Richard Bader developed a method to assign

electrons to atoms by analyzing the charge density computed in the DFT simulation [101]. He

postulated that a surface of minimum charge density, and thus zero charge gradient, between ionic

center points would define a boundary between atomic volumes. Within each volume bound by

these surfaces, one can integrate to a total electron population associated with that atom.

It is important to note that the accuracy of the integration is dependent on the mesh by which

the charge density is reported. In order to assure that the results of Bader Charge Analysis (BCA)

are reliable, it is important to take special care in choosing the FFT mesh which the charge density

is reported.

Furthermore, it is often suggested that these materials exist in alternating layers of A cations

and B2X2 anion cages [17]. This ionic charge distribution can be validated with BCA. Unstressed

and stressed crystals of both CaFe2As2 and LaRu2P2 were relaxed and BCA was performed to

determine the electronic distribution within the crystal. The layered ionic nature of the crystals

was confirmed with BCA. It was calculated that the A atoms indeed had a positive overall charge.

In unstressed CaFe2As2 and LaRu2P2, calcium atoms each have a charge of +1.39 and lanthanum

atoms have a charge of +1.52, respectively. This similarity in charge makes sense considering that

calcium and lanthanum have electronegativities of 1.0 and 1.1, respectively [102].

The B–X cages were also shown to have an overall negative charge (equal in overall magnitude

to the A-layer charge). However, the distribution of charge within the cage differed between the two

compounds. The iron atoms in unstressed CaFe2As2 had charges of +0.20, while the ruthenium

atoms in unstressed LaRu2P2 had charges of −0.21. Likewise, the arsenic atoms had charges

of −0.90 while the phosphorus atoms had charges −0.55 in the unstressed crystals. This charge

distribution can also be rationalized in the context of the elements’ electronegativities. Arsenic and
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phosphorus have similar values, 2.18 and 2.19, respectively [102]. However, iron and ruthenium

have the most significant discrepancy in this comparison, iron has an electronegativity value of

1.83, while ruthenium has a value of 2.2 [102]. This suggests that ruthenium would be charged

significantly more negatively than iron, which agree with the results from BCA.

BCA of the stressed crystals shows that there is little charge transfer to/from the A atoms

upon compression. Stressed calcium atoms had charges of +1.37, which is an overall change of

−0.02. However, there is an overall charge transfer from the iron atoms. In the unstressed (and

antiferromagnetic) crystal, iron atoms have a charge of +0.20, while when stress is applied, that

charge drops to +0.03. This “gain" of 0.17 of a fundamental charge may explain how the iron

atoms lose their magnetic moments upon crystal collapse.

Figure 18: The results of Bader Charge Analysis on LaRu2P2. (a) The uncompressed charge distribution
predicts positively charged La atoms and a negatively charged Ru–P cages. (b) Compressing LaRu2P2 into
its collapsed state yields a slight electron transfer from the P atoms to the Ru atoms. Removing one out of
every four ruthenium atoms (c), or one of every four phosphorus atoms (d) causes a charge redistribution
as well as a crystal collapse. Removing one of every eight ruthenium atoms (e), or phosphorus atoms (f)
induces a much less dramatic charge redistribution.

Likewise, in LaRu2P2, lanthanum atoms also had an overall positive charge. In the unstressed

crystal each had a charge of +1.52, while in a stressed crystal, they each had a charge of +1.46.

This difference of −0.06 However, the charge difference on the ruthenium atoms in LaRu2P2 was

not as pronounced as that of the iron atoms in CaFe2As2. Ruthenium atoms in an unstressed

crystal had an overall charge of −0.21, while in the stressed crystal, they had a charge of −0.26.
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The phosphorus atoms also experienced a less dramatic charge transfer (−0.55 to −0.43) than the

analogous arsenic atoms in CaFe2As2. This lack of charge transfer, when compared to CaFe2As2,

may explain the lack of first order phase transition.

Figure 19: The results of Bader Charge Analysis on CaFe2As2. (a) The charge distribution of the uncom-
pressed orthorhombic phase predicts positively charged Ca atoms and a negatively charged Fe–As cages.
The arsenic atoms are initially negatively charged, while the iron atoms are initially positively charged. (b)
When compressed into the collapsed-tetragonal phase, charge shifts from the arsenic atoms to the iron atoms.
(c) Removing one of every eight iron atoms induces a similar charge shift within the cage as compressing
the crystal, and this structure is significantly shorter than the unstressed, pristine crystal. (d) Removing one
of every eight arsenic atoms does not collapse the crystal, and other atoms near the vacancy take on negative
charge.

Defected LaRu2P2 structures were also analyzed with BCA. These structures, which are ex-

plained in more detail in Section 4.1, included supercells with ruthenium vacancies and supercells

with phosphorus vacancies. Supercells where 1 of 4 ruthenium or phosphorus atoms were removed

(25%), and 1 of 8 were removed (12.5%) were relaxed and BCA was performed on them. In the

defected structures, the lanthanum charge was not significantly changed, but the charges on the

ruthenium atoms was changed. Regardless of whether a ruthenium vacancy or a phosphorus va-

cancy was simulated, the charge on one of the remaining ruthenium atoms changed. In the 25%

vacancy structures, one of the ruthenium atoms had a charge of −0.43 (compared to −0.22 in the
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pristine crystal), and in the 12.5% vacancy structures, one of the ruthenium atoms had a charge of

−0.33. Meanwhile, the charge on the phosphorus atoms remained unchanged. This makes sense

considering the nonmetal nature of phosphorus in contrast to the metallic nature of ruthenium.

Defected CaFe2As2 structures were analyzed with BCA to investigate the effect of defects on

the charge of the atoms. In a similar manner to the LaRu2P2 defect structures, 1 of 8 iron atoms, or 1

of 8 arsenic atoms (12.5%) were removed. These structures were relaxed and BCA was performed

to calculate the change in charge from the non-defected, uncompressed state. The results of the

BCA can be seen in Figure 19. They highlight that in the compressed state, there is a clear charge

transfer of 0.17 e− from the arsenic atoms to the iron atoms (Figure 19(b)). The removal of one

iron atom (12.5% vacancy concentration), induces a similar charge transfer in both the defected

cage, and the cage without a defect. This charge transfer is accompanied by a reduction in the

c-axis length of the crystal, from 11.52 Å to 10.65 Å. However, the charge transfer which is due to

an arsenic vacancy is quite different. The surrounding atoms, regardless of element, take on extra

negative charge. Some phosphorus atoms very far away from the vacancy take on a slightly more

positive charge. The c-axis length of this crystal is also relatively unchanged, 11.53 Å, from the

pure, uncompressed crystal.

3.4.2 Electron Localization Function

A useful measure of bonding is the electron localization function (ELF). The ELF is the

probability of finding a given electron, provided its opposite-spin paired electron is known to be

there [103]. The result is a measure of how localized the electrons are. High ELF values are at-

tributed to lone pairs and bonded pairs, while low ELF values indicate regions with low probability

of finding a second electron at all. Investigations of compounds with the ThCr2Si2 crystal structure

with ELF have shown bonding between the transition metal atoms [104].

ELF values were calculated for the uncompressed unit cells and the collapsed unit cells. We

find that the regions surrounding the pnictogen atoms of ELF > 0.5, which correspond to some

degree of electron pairing, do not overlap. It is likely that here we have opposing lone pairs.

54



Table 4: Charges on atoms in LaRu2P2 and CaFe2As2 structures analyzed with Bader Charge Analysis.

Structure
Charge

A ∆ B ∆ X ∆
LaRu2P2 (unstressed) +1.52 − −0.21 − −0.55 −
LaRu2P2 (stressed) +1.46 −0.06 −0.24 −0.03 −0.49 0.06
LaRu1.5P2 (Ru vac) +1.46 −0.06 −0.36 −0.15 −0.62 −0.07

−0.23 −0.02 −0.42 +0.13
LaRu2P1.5 (P vac) +1.46 −0.06 −0.47 −0.26 −0.57 −0.02

+1.34 −0.18 −0.23 −0.02 −0.39 +0.16
−0.45 +0.10

LaRu1.75P2 (Ru vac) +1.51 −0.01 −0.29 −0.08 −0.57 −0.02
−0.22 −0.01 −0.54 +0.01
−0.21 ±0.00

LaRu2P1.75 (P vac) +1.48 −0.04 −0.36 −0.15 −0.62 −0.07
+1.51 −0.01 −0.21 ±0.00 −0.54 +0.01
+1.53 +0.01 −0.50 +0.05

CaFe2As2 (orthorhombic) +1.39 − +0.20 − −0.90 −
CaFe2As2 (collapsed tetragonal) +1.37 −0.02 +0.03 −0.17 −0.72 +0.18

CaFe1.75As2 (Fe vac) +1.28 −0.11 +0.09 −0.11 −0.77 +0.13
+0.10 −0.10 −0.84 +0.06
+0.14 −0.06
+0.16 −0.04

CaFe2As1.75 (As vac) +1.36 −0.03 +0.07 −0.03 −1.03 −0.13
+1.39 ±0.00 +0.20 ±0.00 −1.00 −0.10

−0.95 −0.05
−0.90 ±0.00
−0.89 +0.01
−0.85 +0.05

Meanwhile in the collapsed crystal state, these regions do overlap. This would suggest that some

level of bonding is occurring between these atoms.

3.4.3 Crystal Orbital Hamilton Population

The crystal orbital Hamilton population (COHP, read “co-hop") calculates the bonding-or-

antibonding attribute of the electron bands [105, 106]. A negative COHP value indicates that that

electron state is a bonding state, while a positive COHP value indicates that an electron at that state

is in an antibonding state. COHPs near zero do not contribute to bonding between the atoms for

which the COHP was calculated. When searching for ground state bonding, the COHP level up
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Figure 20: The electron localization function 0.5 iso-surfaces highlight the bonding between the pnictogen
atoms upon crystal collapse.s

to, and at the Fermi level is the focus. If the states near the Fermi level have a negative COHP, the

two atoms are most likely bonded. Meanwhile a positive COHP at the Fermi level would be in-

dicative that the two atoms are not well bonded. All COHP calculations in this work are performed

with the LOBSTER (Local-Orbital Basis Suite Towards Electronic-structure Reconstruction) code

developed by Maintz et al [107].

Another useful measure of bonding is the crystal orbital hamiltonian population (COHP) [105].

The most telling COHP values are in the region of energy bands leading up to the fermi level (ef ).

COHP values in this region indicate the bonding state of electrons occupying these energy levels

(the valence electrons at ground state). Negative COHP values imply electrons are in bonding

states, while positive COHP values imply electrons are in antibonding states.

The COHPs between vertically aligned pnictogen atoms were calculated for LaRu2P2 and

CaFe2As2 at various key strains.The unstressed state COHP was calculated for both compounds.

COHPs were also calculated for the strain states immediately before and immediately following

the CaFe2As2 phase change. COHPs were calculated for the local minimum and local maximum

of the stress-strain LaRu2P2 curves.

The unstressed states of both LaRu2P2 and CaFe2As2 show a fair amount of antibonding near

the fermi level (Figure 21). When the orthorhombic cell is strained just before the phase change,
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this antibonding is also observed. Very near the fermi level, the COHP values increased, indicating

a strengthening of antibonding. However, upon transitioning to the collapsed phase, the COHP

values near the fermi level decrease dramatically. There is a large band of bonding states, and only

a small, slightly-antibonding band at the fermi level. Although the COHPs do not prove that the

As atoms are perfectly covalently bonded, this highlights that the As atoms are measurably more

bonded in the collapsed state than in the orthorhombic state.

Figure 21: The evolution of the COHP between arsenic atoms in CaFe2As2 (a) and phosphorus atoms in
LaRu2P2 (b) clearly shows a decrease in anti-bonding as the crystal collapses.

Likewise, the stressed LaRu2P2 unit cells show a striking decrease in antibonding bands. Both

the local minimum and maximum have a band of bonding and only a small band antibonding right

at the fermi level. This is indicative of an increase in P bonding along the c direction. Furthermore,

there is slightly more bonding and slightly less antibonding at the local minimum compared to

the local maximum. This implies that the local minimum is slightly more bonded than the local

maximum.

The analysis of the COHPs between pnictogen atoms agrees with the results of the ELF calcu-

lations. In the collapsed state, the pnictogen atoms have some degree of covalent bonding. This

bonding transition must contribute to the softening of the crystals.
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3.5 Elemental Contributions to the Crystal Collapse

The nature of the phase changes of CaFe2As2 and LaRu2P2 are strikingly different. While both

result in a macroscopic pseudo-elastic effect, CaFe2As2 undergoes an abrupt phase change due to

the loss of magnetic moments, but LaRu2P2 exhibits no such magnetism or abrupt phase change.

Certain intuition would point to the fact that the cause may be the magnetism of iron, in contrast

to the lack of magnetism of ruthenium. However, while much study is left to be completed in

this area, the iron-arsenides have been reported to have stronger magnetism than iron phosphides.

Additionally, the As–As bond length (2.46 Å [108]) is significantly shorter than the P–P bond

length (2.8 Å [13]). This shorter bond length may facilitate a more drastic crystal collapse. The

iron in CaFe2As2 is magnetic when the crystal is not compressed. In the orthorhombic phase, the

magnetic moments are arranged in an antiferromagnetic pattern and in the tetragonal phase, the

moments are random and the crystal is paramagnetic. Only in the collapsed-tetragonal phase do

the moments disappear, indicating that the phase change is both structural and magnetic. Between

the B–X layers are layers of A cations. Upon crystal collapse the B–X layers are closer together,

which would mean less space for the cations. Calcium, which has an ionic radius of 0.99 Å [109],

exhibits a single, well-defined phase change. Meanwhile, lanthanum whose ionic radius is 20%

larger than calcium (1.18 Å [109]), does not. Perhaps the larger size of lanthanum makes a phase

change more difficult.

To investigate the individual elemental contributions to the mechanical response, compounds of

all combinations of elements were simulated to provide direct comparisons. To state this more ex-

plicitly, CaFe2As2, CaFe2P2, LaRu2As2, CaRu2P2, LaFe2As2, LaFe2P2, LaRu2As2, and LaRu2P2

were all simulated in hydrostatic compression. This allows for the direct comparison of, for exam-

ple, the roles of arsenic and phosphorus. The resulting stress-strain curves, as well as the magnetic

moments, and the distances between select atoms in the crystal were analyzed.

Some of these compounds have been previously reported. The synthesis of LaRu2As2 has been

accomplished [110] and has been studied with DFT for its ground-state crystallographic proper-

ties [111]. LaFe2P2 was synthesized to highlight the superconducting properties of LaRu2P2 in
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comparison [112, 113]. LaFe2As2 has been reported to exhibit antiferromagnetic ordering similar

to that of the other iron-arsenides, and has been studied as a pure compound [114] and as an

Figure 22: The hydrostatic stress-strain curves of the ternary intermetallic combinations of Ca, La, Fe, Ru,
As and P. (a) The stress-strain responses of the Ca-based compounds which are not CaFe2As2 are elastic with
no phase change. (b) The nonmagnetic La-based compounds (LaFe2P2 and LaRu2As2) exhibited character-
istic continuous pseudo-elastic behavior. (c) The magnetic compound, LaFe2As2, exhibited a discontinuity
in its stress-strain response upon the magnetic collapse of the crystal.

The stress-strain responses of the LaRu2As2, CaRu2P2, and CaFe2P2 are all devoid of charac-

teristics indicative of pseudo-elasticity, shown in Figure 22(a). However, the La-based compounds

have interesting stress-strain responses. The response of LaFe2P2 exhibits clear softening around

the 8% strain mark, followed by stiffening after 10% strain. The response of LaRu2As2 has a

linear stress-strain response until 4% strain, and then exhibits a stiffer response for higher strains.

These responses can be seen in Figure 22(b). LaFe2As2, the only magnetic compound of the six

investigated, exhibits a magnetic collapse at a c-axis strain of approximately 5.5%. The crystal

transitions to its collapsed tetragonal state, with a c-axis gap similar to that observed in CaFe2As2,

at about 7.5%. Unlike CaFe2As2, upon transition, the collapsed tetragonal phase is in a state of

compression (Figure 22(c)).

Looking into the internal geometry of the crystal, we can characterize how the strain is dis-

tributed throughout the crystal. The vertical distance between the B and X layers of the cage is a

measure of how much strain is accommodated within the cages. Likewise, the vertical distance be-

tween pnictogens of different cages can highlight the collapse of the crystal. Interestingly, abrupt
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Figure 23: Distances between select atoms during the compression of the ternary intermetallic compounds.
(a) The strain between the B and X layers within the cage as a function of total c-axis strain, and (b) the
distance between vertically-stacked pnictogen atoms as a function of c-axis strain.

phase transitions with a crystal collapse are accompanied by a jump in the B–X vertical distance

(Figure 23(a)). Compounds which do not exhibit such a crystal collapse have continuous B–X

distances, as well as a linear relationship between Pn–Pn distance and c-axis strain (Figure 23(b)).

Leading up to the collapse, the Pn–Pn distance is nonlinear for CaFe2As2 and LaFe2As2, both com-

pounds which exhibit an abrupt collapse. After collapse, the Pn–Pn distances respond differently

to c-axis strain. It is interesting to note that LaFe2As2 exhibits a crystal collapse when the distance

between As atoms is the As–As single-bond distance [108].

3.6 Multi-Phase Pseudo-Elastic Composite Model

While the DFT simulations performed in Section 3.1 and Section 3.2 outline the behavior of

single unit cells of CaFe2As2 and LaRu2P2, respectively, and their fundamental dependence on

c-axis deformation, it is critical to model these materials through their continuous phase transitions

in large-scale samples. To this end, techniques used to model phase transitions in conventional

shape memory materials are adapted to 1:2:2-superconductors. The fundamental idea behind this

model, the details of which follow, is to find the equilibrium phase fractions of the two potential

co-existing phases by minimizing the appropriate thermodynamic potential.
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3.6.1 Construction of the Model

The continuum model considers a hypothetical mass of the material, capable of containing

either or both phases and assumes that any secondary phase nucleates at point on the sample with

a phase boundary perpendicular to the compression direction. As the compression is increased, the

secondary phase grows consume the volume, while maintaining this phase boundary orientation.

Thus any cross section perpendicular to the compression is composed of exactly one phase. The

mass fraction of the first phase φ(1) and the mass fraction of the second phase φ(2) together, must

account for the entirety of the modeled sample. Thus, conservation of mass yields the relationship:

φ(1) + φ(2) = 1 (3.1)

The total length of the sample along the c-axis direction is always the sum of the c-axis lengths of

the two individual phases:

L = L(1) + L(2) (3.2)

The strain of the fraction of the sample in a given phase is referenced from the original (unstressed,

orthorhombic) length of that material. This distinction is important since the collapsed tetragonal

phase of CaFe2As2 has its own zero-stress c-axis length. The strains in each phase, by this defini-

tion, can be expressed by:

ε(i) =
L(i) − φ(i)L0

φ(i)L0

(3.3)

So the total length can be represented as a function of the phase fractions and the individual strains

as:

L = (ε(1) + 1)φ(1)L0 + (ε(2) + 1)φ(2)L0 (3.4)

Furthermore, the total strain of the part as a function of the phase fractions and the individual

strains can be expressed as:

L− L0

L0

= ε = ε(1)φ(1) + ε(2)φ(2) (3.5)

61



Equilibrium must also hold, and thus the stress in both phases is assumed to be equal:

σ = σ(1) = σ(2) (3.6)

which will hold true if the area of the base of the unit cell remains roughly constant during the

phase change.

3.6.2 Load Control vs. Displacement Control

The exact mechanical response of these materials depends on what is controlled during com-

pression. In an experiment, what is controlled is either the applied load or the enforced displace-

ment. Thermodynamically, the system should evolve to minimize different thermodynamic po-

tentials for these different loading scenarios. A strain-controlled compression would correspond

to the minimization of the total strain energy (u), while a uniaxial load-controlled compression

would correspond to the minimization of the total uniaxial enthalpy (h∗). On a per-mass basis,

these potentials are:

u = e(1)φ(1) + e(2)φ(2) (3.7)

h∗ = e(1)φ(1) + e(2)φ(2) − σε
L0

L
(3.8)

Under hydrostatic loading, the load-controlled compression would correspond to the minimization

of the true enthalpy:

h = h(1)φ(1) + h(2)φ(2) = e(1)φ(1) + e(2)φ(2) + σ
(

V (1) + V (2)
)

(3.9)

The last piece of the model is the phase fraction. To solve for this, polynomial splines were fit to the

DFT data to obtain continuous expressions of the energies and stresses of each phase as functions

of strain (e(1)(ε(1)), e(2)(ε(2)), σ(1)(ε(1)), σ(2)(ε(2))). From these equations and the individual-phase

data from DFT, functions were defined which calculate the total strain-energy or uniaxial enthalpy,

and stress with inputs of phase fraction and total strain. These thermodynamic potential functions
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first calculate the stress which, for the given phase fraction, yields strains for each phase that satisfy

Eqn. 3.5 for the provided total strain. The individual energies of each phase are calculated with the

individual strains of each phase, and the appropriate thermodynamic potential is then calculated.

For a specified total strain, the phase fraction which minimizes the appropriate thermodynamic

potential, as calculated by the defined functions, is determined using, specifically, the golden-

section search algorithm [115]. In order to build a full stress-strain curve, the strain is sequentially

increased and the stress is determined for each point.

It is important to note that this model does not account for all aspects of phase change phe-

nomena. For simplicity, there are several approximations made. The energy barrier of nucleating

the secondary phase is ignored; secondary phases can nucleate without energy penalty. Strain mis-

matches between the phases and phase-boundary energy were ignored for this model. It is true

that the nucleation of the second phase will produce these phenomena; they were neglected for this

preliminary study.

The composite models allow us to understand the manifestation of the c-axis collapse in bulk

stress-strain responses and make connections between the behavior of a single unit cell and the

macroscopic responses of the bulk crystal. To this end, eight models were constructed to provide

insight into the responses of CaFe2As2 and LaRu2P2. Each compound was modeled under both

hydrostatic and uniaxial compression and both load-control and displacement-control scenarios

were investigated for both compounds and loading scenarios. The stress-strain outputs of all eight

composite models are shown in Figure 24.

Qualitatively for both compounds, these materials are stiffer under hydrostatic loading than

uniaxial loading as measured agains the c-axis strain. Furthermore, within in the phase transition

region, the load-control stress is consistently greater than the displacement-control stress and typ-

ically rises at a greater rate. The transition region for CaFe2As2 is much larger than the transition

region for LaRu2P2 which is consistent with the unit cell responses of these materials and suggests

there exists a wider range of strains for which the two phases exist in CaFe2As2 as compared to

LaRu2P2.
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Figure 24: The uniaxial stress and hydrostatic stress vs. c-axis strain curves calculated by the composite
model of CaFe2As2 (a) and LaRu2P2 (b) for all loading and control scenarios.

3.6.3 Comparison Parameters

To provide a quantitative means of cross-comparison between models and experiments, transi-

tion strains and moduli are extracted from all stress-strain curves. The are three “regions" present

in the pseudo-elastic responses: the elastic response of 100% phase 1, the softened transition where

both phases are present, and the elastic response of 100% phase 2. With this in mind, a tri-linear

fit representing these states is applied to the full stress strain curve, allowing for the comparison

of the response predicted by the models to the experimental results. It also gives a simple way to

model the behavior, which can be described with only 5 parameters. The fit of the tri-linear model

was computed by least-squares optimization.

The parameters of the tri-linear fit are two strains ε1 (starting strain) and ε2 (finishing strain), as

well as 3 moduli (E1, E2, and E3). The transition strains, ε1 and ε2, represent the points at which

the phase transition begins and ends, respectively. The moduliE1,E2, andE3 are the representative

elastic moduli of the material in those regions. Figure 25 outlines the fitting results as well as the

subsequent parameters.

3.6.4 Comparison with Experiments

To test the efficacy of the models, their predictions are compared to published experimental

compression data of CaFe2As2 and LaRu2P2. Previous studies have experimentally investigated
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Figure 25: The tri-linear fit can be used to characterize the response of ThCr2Si2 crystals. Two transition
strains: ε1 and ε2, and three moduli: E1, E2, and E3, summarize the pseudo-elastic response for comparison.

the hydrostatic [44] and uniaxial [18] compression of CaFe2As2 as well as the hydrostatic com-

pression of LaRu2P2 [19]. To the authors’ knowledge, there are no published uniaxial compression

experiments of pure LaRu2P2 (in Chapter 4 we present findings of investigations involving uni-

axial compression of defected LaRu2P2). The outputs of the load control models are graphically

compared to the experimental data in Figure 29 since the experiments were conducted in a load

control setup. The models capture the general pseudo-elastic trends that are observed in the ex-

Figure 26: Comparison between experimental results and the DFT-based composite model of the uniaxial
loading (a) and hydrostatic loading (b) of CaFe2As2, and the hydrostatic loading of LaRu2P2 (c).

periments. While the absolute stress values don’t completely match, which is likely related to the

perfect crystals simulated by DFT, the strains at which the transitions occur match reasonably well.
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This qualitative comparison reveals interesting relationships, however, it s still desired to directly

compare the experimental and computational results at this scale. The fitting procedure outlined

in Section 3.6.3 performed for all response curves (model and experimental) and the calculated

parameters are displayed in Table 5.

Table 5: Response characterization parameters for all loading scenarios calculated via the tri-linear fit.
Stresses and elastic moduli are in units of GPa.

Compound Loading Control ε1 ε2 σ1 σ2 E1 E2 E3

CaFe2As2

hydrostatic
exp. 0.0290 0.0850 1.35 1.80 45.7 8.08 38.9
disp. 3.40×10−3 0.0973 0.246 0.755 86.0 5.43 229
load 0.0210 0.113 1.87 4.39 80.5 27.4 276

uniaxial
exp. 0.0270 0.0790 0.595 1.23 22.4 12.2 40.9
disp. 0.0110 0.0940 0.414 0.456 38.5 0.502 106
load 0.0250 0.107 0.802 1.72 31.8 11.0 129

LaRu2P2

hydrostatic
exp. 0.0240 0.0650 4.09 6.74 146 63.4 325
disp. 0.0270 0.0570 3.01 2.70 114 -10.7 266
load 0.0250 0.0580 2.95 3.10 117 4.68 270

uniaxial
disp. 0.0310 0.0560 2.00 1.74 61.3 -10.7 132
load 0.0300 0.0580 1.94 1.98 62.4 1.40 135

3.6.5 Discussion

With the as-determined transition strains from the continuum level models and experiments,

it becomes possible to make quantitative comparisons between the models and experiments. The

LaRu2P2 thermodynamic model simulations reveal displacement control critical c-axis strains of

2.7% and 5.7% for hydrostatic compression and 3.1% and 5.6% for uniaxial compression. These

critical strains are similar to those calculated by the load control model, which are 2.5% and 5.8%

for hydrostatic compression, and 3.0% and 5.8% for uniaxial compression. The experimental hy-

drostatic transition strains were found to be 2.4% and 6.5%, which are in reasonably good agree-

ment with the modeling results despite the number of assumptions that were made in its develop-

ment. This clearly demonstrates that a direct connection can be made between DFT simulations of

a unit cell and the macroscopic observations made in experiments.
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The numerical agreement between the thermodynamic model and the experiments for CaFe2As2

is less convincing, especially for the displacement control simulations. The hydrostatic displace-

ment control simulations give a starting strain of 0.34% while the load control gives 2.1%, the

uniaxial displacement control is 1.1% and the load control is 2.5%. The fits to experimental data

give 2.9% for hydrostatic and 2.7% for uniaxial. This suggest that the load controlled models

agree much better with experimental results than the displacement controlled results. However,

the finishing strains exhibit trends that the experimental results are lower than the displacement

controlled model which is lower than the load controlled model, suggesting the displacement con-

trolled simulations better model the finishing strains. This suggests, as do the actual curves, that

the experimental results lie between the two idealized models.

This comparison is, of course, between simulations at 0 K and experiments at room tempera-

ture. While the displacement control CaFe2As2 model predicts the phase transition stress at 0 K,

experimental studies have shown that there is most certainly a relationship between σc and T [16].

Temperature dependence of critical stress is not addressed by this model, but will be discussed in

Section 3.6.6.

It is worth noting that in CaFe2As2 there is a non-trivial difference in the starting and finishing

strains between the uniaxial and hydrostatic loading cases from the modeling results. In every case,

the starting strains are later and the finishing strains are earlier in the uniaxial cases as compared

to the hydrostatic cases. This is likely a result of the c-axis gap, or forbidden zone, observed in the

compression of the unit cells from DFT.

Comparing the models to each other, there are some parallels. For a given compound, the start

and stop critical strains are similar. This trend is true for both compounds and both hydrostatic and

uniaxial loadings. Even though the effective elastic moduli of the materials differed between hy-

drostatic and uniaxial loadings, the strains were consistent. In CaFe2As2 due to the phase change,

there is more variability in the start and stop strains. However, these strains are still similar. This

again indicates that the applied c-axis strain is the critical parameter in predicting the response of

these materials. In fact, the c-axis strain is clearly evident in the LaRu2P2 results and can easily be
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linked back to the compression of a single unit cell. Contrary to this, however, is the fact that it

is difficult to unambiguously relate the c-strain at collapse observed in the DFT simulations to the

starting and finishing strains of the thermodynamic composite model. This is because while c-axis

collapse controls the phase transition and results in the energy landscape, it is the energetics of the

systems that ultimately control the nature of the continuous phase transition, a clear conclusion

one can make from this modeling effort.

The agreement of these models clearly shows the utility of this approach, despite the ideal-

ized crystals simulated by DFT. Evidence has been found for the propensity of these materials to

form both point defects [46, 51] and twins [116] which are certain to alter the macroscopic mate-

rial behavior in ways not accounted for here. Additionally, there is likely some coupling between

temperature, the magnetic moments and the cell geometry that has not been directly accounted for

here. Furthermore, these materials have been observed to undergo micaceous deformation at high

strains [18] inducing some levels of plasticity. For these reason, it is not expected that the mod-

els perfectly predict the response of a real sample but through this analysis, their utility has been

demonstrated. Finally, it is worth noting that these results clearly point to the fact that similar mod-

els can be developed by fitting directly to experimental data to obtain thermodynamic information

of the constituent phases at room temperature, which will be quite beneficial for understanding

these materials.

3.6.6 Effects of Temperature

So far, modeling the phase change and pseudo-elasticity of ThCr2Si2-type crystals has only

been performed at 0 K. Relaxing crystals and finding their ground states only characterizes their

low-temperature response and cannot predict the effects of finite temperature on the mechanical

response. Since we know these crystals, particularly CaFe2As2, are subject to the effects of temper-

ature (CaFe2As2 undergoes a phase transition above its Néel temperature of 170 K), the mechanical

properties must be influenced by temperature. The mechanical responses of all materials are func-
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tions of temperature. Furthermore, the compression of CaFe2As2 and LaRu2P2 performed for our

comparison was performed at room temperature.

The Quasi-Harmonic Approximation

There are a limited number of methods for simulating the mechanical properties at temperature.

Since there are no existing interatomic potentials for these materials, running classical molecular

dynamics (MD) is not an option. Since ab initio molecular dynamics (AIMD) is extremely com-

putationally costly, and the simulation cell size would require extremely long run times to reach

thermodynamic averages of statistical accuracy (based on the ergodic principle), running thermo-

dynamic integration (TI) to compute the free energy is not feasible.

Alternatively, these free energies can be calculated via the quasi-harmonic approximation (QHA).

Through the QHA, we can calculate the free energies for each phase and see how they change over

temperature. The pseudo-elastic composite model can be applied to the free energies calculated

by the QHA. As with the 0 K pseudo-elastic models, the appropriate free energy is minimized

based on the loading conditions. Minimization of the Helmholtz free energy (F ) represents dis-

placement control compression, while minimization of the Gibbs free energy (G) represents load

control compression.

Model Results and Discussion

The QHA was run for CaFe2As2 under hydrostatic compression. Dynamical matrices of both

phases, the orthorhombic (OR) and collapsed-tetragonal (cT), were computed for states in both

tension and compression. The Helmholtz and Gibbs free energies were then computed for both

phases as a function of temperature and pressure. In the same fashion as the zero-temperature

pseudo-elastic models, the phase fraction is determined by minimizing the appropriate thermo-

dynamic potential, calculated at finite temperature. A displacement-control model is achieved by

minimizing the Helmholtz free energy, while a load-control model is constructed by minimizing

the Gibbs free energy.
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Figure 27: The responses of CaFe2As2 under hydrostatic compression at different finite temperatures. (a)
The transition strains, and stress increase with increasing temperature for displacement-control simulation.
(b) The transition stress and strains also increase with temperature for the load-control simulations.

Temperature-dependent models were constructed for temperatures of 50 K, 100 K, 150 K, and

300 K. The results of the models can be seen in Figure 27. For both control scenarios, the stiffness

of both phases decreases with increasing temperature, which is consistent with most materials. The

transition strains for both scenarios increase with temperature, both the onset transition strain (ε1)

and the offset transition strain (ε2). In displacement control, the phase transition stress increases

with temperature. In load control, the transition does occur at higher stresses with increasing

temperature. However, the effective stiffness in the transition region decreases with increasing

temperature.
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Chapter 4

Defects in ThCr2Si2-type Crystals

Considering that the electronic properties of ThCr2Si2-type crystals are very sensitive to the

presence of point defects, it is reasonable to suspect that defects may also alter the mechanical

responses of these crystals. The responses of pure ThCr2Si2-type crystals are useful in their own

rights. However, tunability in a material is highly coveted, and being able to expand the range of

their mechanical responses could open up many doors to potential applications. In this chapter, we

explore how point defects within materials with these crystal structures can affect their mechanical

behavior in compression.

Recall from Chapter 3, the hydrostatic compression of a pure sample of LaRu2P2 induced

an “S"-shaped pseudo-elastic stress-strain response. This was shown in experimental investiga-

tions [19], as well as DFT compression simulations (presented in Section 3.2). Although uniaxial

compression experiments of pure LaRu2P2 have yet to be performed, the stress-strain response

predicted by DFT exhibits similar pseudo-elasticity to hydrostatic simulations. These stress-strain

responses are also similar to that observed in both hydrostatic and uniaxial compression investiga-

tions of CaFe2As2. In an effort to experimentally study uniaxial loading of LaRu2P2, a defected

sample was inadvertently tested. In the following sections, we investigate how these defects influ-

enced the mechanical response of the defected sample.

4.1 Investigations of Defected LaRu2P2

With LaRu2P2 as a case study, we aim to characterize the role point defects have on the mechan-

ical response of ThCr2Si2-type crystals. Along with experimental collaborators at Ames Labora-

tory in Iowa, who fabricated the crystals, and at the University of Connecticut, who performed the

compression tests and chemical analysis, we investigate point defects in LaRu2P2. To the authors’

knowledge, there have been no studies of point defects in LaRu2P2 at the time of this investiga-

tion and so we pose the following questions. What types of point defects might be expected to be
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found in LaRu2P2? How likely are they to form? How do defects effect the mechanical response

of LaRu2P2?

4.1.1 Fabrication of Defected LaRu2P2 and Experimental Micropillar Com-

pression

Single crystals of LaRu2P2 were grown by our collaborators at Ames Laboratory in tin flux [19]

producing bulk single-crystal samples of 400 µm× 300 µm× 100 µm (Figure 28(a)). The chemical

composition of the surface of the samples was investigated by our collaborators at the University

of Connecticut using Energy Dispersive X-ray Spectroscopy (EDX) both in a scanning electron

microscope (SEM) (Teneo LoVac, FEI, OR, USA) and a transmission electron microscope (TEM)

(Talos, FEI, OR, USA). The chemical composition of La, Ru and P on the surface was probed at

several randomly chosen locations (Table 6). Location 1 was the site of the micropillar, Location 2

was the site of the TEM specimen in Figure 28(b), and Locations 3-6 were chosen randomly on the

surface of the crystal. Location 7 was 3 µm below Location 6. We also obtained the depth profile of

composition under Location 2 from the cross-sectioned TEM specimen (Figure 28(b) and 28(c)).

The test sensitivity threshold of EDX data is approximately ±5% [117] and all of the composition

data here is normalized by the composition of La. In general, the composition on or near the surface

varied with position on the crystal and was typically either Ru or P deficient or deficient in both.

Alternatively, the compounds could be La rich as the analysis can only determine the chemical

composition, not the nature of the defected crystal. The concentrations of other elements were

negligibly small, so our crystal consisted only of La, Ru and P. The discrepancy in the observed

compositions at different locations highlights the presence of variations in local composition.

At Location 2, selected area diffraction was performed to investigate the lattice parameters of

the crystal at this concentration. At the surface, the diffraction data shows that the crystal has

lattice parameters of a = 3.80 Å, and c = 10.12 Å. The reported experimental lattice parameters

are a = 4.03 Å, and c = 10.68 Å [19]. The c-axis of the non-stoichiometric sample in this work is

significantly shorter than that observed in a pure sample of LaRu2P2.
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Figure 28: Solution-grown LaRu2P2 single crystal. (a) Optical micrograph of crystal, (b) Bright-field TEM
image, (c) the depth profile of composition under Location 2 (Table 6) at the circled regions in (b).

Microcompression tests of this sample were performed by our collaborators at the University

of Connecticut. Micropillars were milled out of the samples using a Focused Ion Beam (FIB) (He-

liosNanolab 460F1, FEI, OR, USA) at Location 1 (La:Ru:P = 1:1.70:1.92) in Table 6 with currents

ranging from 7.7-300 pA at 30 kV. The final milling was done with low current beam (7.7 pA) to

minimize the ion beam damage on the surface. The ratio of height to diameter of micropillars is

about 4 and the taper angle was approximately 2◦, which is small enough to ensure that the taper

effect on the stress distribution is not significant. The loading axis of the micropillars was oriented

in the [001] direction of the crystal (Figure 29(a)). The micropillars milled from the bulk crystals

were compressed uniaxially with a nano-indenter (NanoFlipTM, Nanomechanics, TN, USA). The

head of the nano-indenter was flat to provide a surface more conducive to pillar compression. The

displacement rate was 10 nm/s, which corresponds to the strain rate of approximately 5×10−3/s.

Stress-strain data was calculated accurately with the Sneddon correction to remove the contribution

of deformation at the micropillar base [118].

The stress-strain response of the defected LaRu2P2 micropillar at location 1 is nearly linear, as

shown in Figure 29(b). There is a slight softening in the response at around 2.6% strain followed

by a subsequent hardening around 5.7% strain. Also, the decrease in contact stiffness data in
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Table 6: Chemical composition ratio at various positions. Location 1 was the micropillar; Location 2 is the
surface of the depth profile in Figure 28. Locations 3-6 were randomly chosen on the surface of the sample,
while Location 7 was 3 µm below Location 6. Note that the composition is normalized by the composition
of La.

Position on Surface
Chemical Composition Ratio
La Ru P

Location 1 (Pillar) 1 1.70 1.92
Location 2 (TEM) 1 1.94 1.76

Location 3 1 1.40 1.76
Location 4 1 1.36 1.75
Location 5 1 1.60 2.18
Location 6 1 1.64 2.22

Location 7 (3 µm Below Location 6) 1 1.76 1.92

the middle of deformation shows that some form of structural collapse does occur. Normally, a

material which does not undergo either phase transition or structural collapse, exhibits a continuous

increase in contact stiffness under uniaxial compression [119]. However, the inflections in stress-

strain curve are nearly imperceptible compared to the pseudo-elastic response previously observed

in the hydrostatic compression of LaRu2P2 [12, 19] and the uniaxial compression of a similar

compound, CaFe2As2 [18]. It is worth noting that the hydrostatic response of LaRu2P2 reported

by Drachuck et al. [19] is from a sample that was made by the same fabrication methods, with the

same raw materials, as our sample. The surface of our crystal has shortened lattice parameters and

deviations from stoichiometry, while the bulk lattice parameters of the crystal studied in [19] are

in line with those of pure LaRu2P2.

In order to ensure that this response is representative, three additional pillars at various lo-

cations on the sample’s surface were also compressed. The stress-strain curves are similar (Fig-

ure 30); however, the amounts and locations of softening do differ, presumably on account of the

varying chemical composition.

The deviations from stoichiometry are not negligible. At certain locations, the composition

data indicates that the sample is deficient in either ruthenium or phosphorus with deficiencies as

high as 25%. Most sites that were tested were at least 12.5% deficient in either phosphorus or
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Figure 29: The uniaxial compression tests of defected LaRu2P2 micropillars. (a) SEM micrograph of one
micropillar, (b) the engineering stress-strain curve from this micropillar compression test and hydrostatic
compression data from Drachuck et al. [19]. (c) The contact stiffness (blue) and the tangent modulus com-
puted from the stress-strain data (red) versus strain. Note that the decrease in contact stiffness implies the
structural collapse during uniaxial compression, which matches the trends observed in the tangent modulus.

ruthenium. This deviation in stoichiometry would be manifested in the form of point defects,

which at such concentrations, would undoubtedly affect the mechanical response of the crystal. In

order to explain these effects, and the experimental observations, point defects in LaRu2P2 were

investigated with DFT.

4.1.2 Computational Investigations of Isolated Defects

Since it has been demonstrated, through experiments on CaFe2As2 and modeling of both

CaFe2As2 and LaRu2P2 [120], that hydrostatic and uniaxial compression give rise to similar be-

havior, the lack of a significant softening region in LaRu2P2 appears to be a consequence of com-

position. Therefore, we sought to investigate the nature of isolated point defects in this compound

using DFT calculations.

To examine the nature of point defects in these materials using DFT, we use a hierarchy of su-

percells that are based on both the primitive unit cell, Figure 32(a), and the conventional tetragonal

unit cell, Figure 1. The primitive unit cell of LaRu2P2 is triclinic and contains only five atoms (Fig-

ure 32(a)) [121] and is particularly is useful in understanding the crystal’s symmetry and creating

our special quasirandom structures (SQSs) discussed in Section 4.1.3.
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Figure 30: The four micropillar compression tests performed on various locations across the surface of the
sample. All micropillars exhibited less softening than predicted by DFT simulations. The computational
investigations of defected LaRu2P2 are compared to the compression results of micropillar #1.

In order to understand the nature of point defects in LaRu2P2, we first examine the formation

energies of isolated defects. To this end, large supercells of LaRu2P2 containing single point

defects were constructed. These supercells were composed of 8 (2×2×2) supercells of 20 atoms

for a total of 160 atoms (without the defect). A supercell with one interstitial contained 161 atoms,

while one with a vacancy contained 159 atoms. This size supercell was chosen since the defect

energies did not vary more than 0.05 eV between subsequent doubling of the supercell. Supercells

containing a single isolated vacancy or interstitial of each element were constructed and relaxed

to an energy tolerance of 10−5 eV using the conjugate gradient method. Since there is only one

lanthanum atom in the primitive unit cell, it is immediately obvious that all lanthanum sites are

equivalent. It can also be shown that both ruthenium positions are symmetrically equivalent, as

well as that both phosphorus positions are symmetrically equivalent. While all vacancy positions

are symmetrically equivalent, there are, however, two different possible locations for interstitials

(Figure 32(b)). The first is a space at the center of the base of the conventional unit cell, which is

an octahedral space surrounded by four lanthanum atoms and two phosphorus atoms. The other is

a pocket of space within the cage between the phosphorus and lanthanum atoms. Both interstitial

sites were investigated for all chemical species (La, Ru, P). For ruthenium and phosphorus, the

76



Figure 31: The difference in vacancy formation energy, calculated with supercells of varying sizes, com-
pared to the vacancy formation energy calculated with a 160-atom supercell. By 80 atoms, the calculated
energy varies by less than 0.5 eV, showing sufficient convergence by 160 atoms.

octahedral site was considerably more energetically favorable than the cage interstitial site, by

about 1.4 eV and 1.8 eV (per defect), respectively. However, for lanthanum interstitials, we found

that the cage site was more energetically favorable than the octahedral site by about 1.7 eV per

defect.

In order to calculate the vacancy formation energies, the appropriate chemical potentials (µi)

of each element are required. The work of Mishra et al. [122] outlines a method to approximate

the chemical potentials of the different chemical species in these compounds. By relating the co-

hesive energies of a given compound to the compounds near it on the composition phase diagram,

estimates of the elemental chemical potentials can be calculated. For this reason, we compiled a

ternary phase diagram of the lanthanum–ruthenium–phosphorus system (Figure 33).

A survey of the known phases and hypothetical phases in this system was conducted to con-

struct the phase diagram. The phases which were sampled are outlined in Table 7. In addition

to compounds previously reported to exist in the La–Ru–P system and listed on the crystallogra-

phy open database (COD) [123–127], compounds found in the analogous Ca–Fe–As system were

investigated [128, 129], as well as compounds suggested by the AFLOWLIB database [130] and

structures generated with the evolutionary algorithm USPEX [72, 73, 131–134]. USPEX was em-
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Figure 32: The (a) LaRu2P2 primitive unit cell is triclinic and contains only 5 atoms, (b) while the con-
ventional body-centered tetragonal unit cell contains 10 atoms. The black circles represent the two possible
interstitial locations: the “cage" location (higher) and the octahedral location (lower).

ployed to find the lowest-energy structure for compositions of: La2Ru3P4, La2Ru4P3, and LaRu2P

to make sure we did not miss structures close to the LaRu2P2 compound that would have the most

impact on our results. The investigations of the La2Ru3P4 and La2Ru4P3 compositions were seeded

with the LaRu1.5P2 and LaRu2P1.5 vacancy structures described in Section 4.1.3, while the inves-

tigation of the LaRu2P composition was seeded with conventional unit cells with two phosphorus

atoms removed. All three combinations of two phosphorus vacancies within a conventional unit

cell were provided as seeds. For all stoichiometries investigated with USPEX, the algorithm failed

to find a structure with lower energy than one which was provided as an initial seed.

To further round out this survey, two crystal structures, CaFeAs2, and CaFe4As3, were taken

from the analogous Ca–Fe–As system [128,129]. The structure of CaFeAs2 is monoclinic and can

be related to the structure of CaFe2As2 by the removal of two iron atoms, causing layer pattern of:

Ca, Fe2As2, Ca, As2 [135]. CaFe4As3 forms an orthorhombic unit cell with space group symmetry
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Pnma which is not related to the structure of CaFe2As2 [136]. More in-depth information on the

investigated phases can be found in Appendix A.

Our analysis of the cohesive energies revealed that 14 phases lie on the convex hull. They are:

gray phosphorus, dhcp lanthanum, hcp ruthenium, LaP, LaP5, La3Ru, La5Ru2, Ru2P, RuP, RuP2,

RuP3, RuP4, LaRu4P12, and LaRu2P2. The Materials Project [137–139] provides a phase diagram

of the La–Ru–P system with additional phases on their convex hull which we did not find to be on

our convex hull. They are: LaRu2, LaP2, and LaP7. Furthermore, we predict La3Ru and La5Ru2

to appear on the convex hull, while phase diagram provided by the Materials Project does not. We

predict phosphorus in the gray arsenic structure to be the lowest-energy allotrope of phosphorus,

which is expected to be predicted by LDA [140], while the Materials Project predicts red phos-

phorus, which is consistent with the use of GGA/PBE. We calculated the difference between red

phosphorus and gray phosphorus to be only 0.06 eV/atom and this discrepancy is not expected

to affect the calculated defect energies. These discrepancies may be due to the differences in the

calculations, including which exchange-correlation functional was employed.

With this phase diagram, we were able to calculate the isolated defect formation energies. The

energy of a supercell, which was constructed of 32 formula units, with a defect (ESC) is equal to

the energy of 32 non-defected formula units (E122), plus the defect formation energy (∆edef
i ), and

the change in chemical potential due to the defect atom (Niµi), where Ni = +1 for an interstitial

and Ni = −1 for a vacancy.

ESC = 32E122 +∆edef
i +Niµi (4.1)

The effective chemical potential is calculated in reference to the compounds which surround it on

the convex hull by assuming that the cohesive energy is equally distributed between all atoms [122].

Keep in mind that while the LaRu2P2 can be interpreted as having ionicity, it is indeed a conductor

and therefore electrostatic potential effects do not need to be considered in point defect calcula-

tions. It is also important to note that the choice of chemical potential depends on the type (vacancy

or interstitial) and chemistry of the defect. To make the calculation and use of the chemical po-

tential concrete, we highlight its concept in the case of a phosphorous interstitial in LaRu2P2. The
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Table 7: List of compounds tested to investigate the lanthanum–ruthenium–phosphorus system.

Compound Structure Space Group Ecoh/atom (eV) ref
La dhcp P63/mmc −5.17 [141]
Ru hcp P63/mmc −8.78 [142]
P gray phosphorus R3̄m −4.45 [140]

LaRu2 C15 Fd-3m:1 −7.65 [143]
La5Ru2 – C2/c −6.43 ‡

La3Ru – Pnma −6.28 ‡

LaP – Fm3m −6.34 [144]
LaP2 – C1c1 −5.64 [145]
LaP5 – P1 21/m1 −5.15 [146]
LaP7 – P21/c −4.80 ‡

Ru2P – Pbnm −7.77 [141]
RuP – Pnma −7.24 [147]
RuP2 – Pnnm −6.59 [148]
RuP3 – P1̄ −6.11 ‡

RuP4 – P1̄ −5.82 [149]
LaRu2P2 ThCr2Si2 I4/mmm −7.40 [150]
LaRu4P12 – Im-3 −6.27 [151]
LaRuP2 – P21 −6.75 [128]†

LaRu4P3 – Pnma −7.47 [129]†

LaRu2P – P 4/n 21/m 2/m −7.25 ‡*

LaRu1.5P2 – P4m2 −7.09 ‡*

LaRu2P1.5 – P4mm −7.35 ‡*

La0.5Ru2P2 – P 4/m 2/m 2/m −7.23 ‡

La0.75Ru2P2 – P 4/m 2/m 2/m −7.32 ‡

† Structures observed to form in the Ca–Fe–As ternary system;
‡ Structures which have not been previously reported, further information
can be found in the supplemental attachment;
* Stoichiometries investigated with the USPEX evolutionary algorithm.
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Figure 33: The lanthanum-ruthenium-phosphorus 0 K ternary phase diagram reveals that LaRu2P2 and
LaRu4P12 are the only ternary compounds to exist on the convex hull. The red dots indicate compounds
which were determined to be stable.

chemical potentials, µLa, µRu and µP can be found using the computed cohesive energies of LaP,

LaRu2P2, and LaRu4P12 by solving the following simultaneous equations:

ELaP = µLa + µP

ELaRu2P2
= µLa + 2µRu + 2µP

ELaRu4P12
= µLa + 4µRu + 12µP

The extraction of the chemical potentials from these equations can then be used to compute the

vacancy formation energy of P in LaRu2P2. Naturally, the chemical potentials may need to be

re-evaluated for each point defect depending on the structure of the phase diagram.

Using this method, the vacancy formation energies were calculated to be 1.06 eV for lan-

thanum, 0.773 eV for ruthenium, and 1.59 eV for phosphorus, while the interstitial formation

energies were calculated to be 5.87 eV for lanthanum, 2.48 eV for ruthenium, and 2.03 eV for

phosphorus. All defect formation energies are tabulated in Table 10. Overall, the values of forma-

81



tion energies for interstitials are high, which is to be expected. Based on these formation energies,

it is far more likely to form vacancies than interstitials in LaRu2P2. This suggests the deviations

in the stoichiometry observed are far more likely to be the result of ruthenium and phosphorus

vacancies rather than lanthanum interstitials.

Table 8: The calculated isolated defect energies of LaRu2P2 and the necessary reference structures used to
calculate the defect energies.

Lanthanum Ruthenium Phosphorus

Vacancies
Energy 1.06 eV 0.773 eV 1.59 eV

Reference LaRu2P2, LaRu4P12, LaP, Ru,
Structures RuP LaRu2P2, LaP LaRu2P2

Interstitials

Cage Energy 5.87 eV 3.90 eV 3.83 eV
Octahedral Energy 7.60 eV 2.48 eV 2.03 eV

Reference LaP, Ru, LaRu2P2, LaRu4P12,

Structures LaRu2P2 Ru LaRu2P2, LaP

From these defect energies, we can calculate the equilibrium concentration of defects at a given

temperature [152] by:

χv = exp

(

Sv

kB

)

exp

(

−∆h

kBT

)

(4.2)

where χv is the equilibrium vacancy concentration, Sv is the vacancy formation entropy, ∆h is

the defect formation enthalpy, and kB is the Boltzmann constant. Approximating that the entropy

exponential term is on the order of unity, we calculated the equilibrium concentration of ruthenium

and phosphorus vacancies at room temperature (300 K), and the pre-quench processing tempera-

ture (1053 K) [19]. The expected ruthenium and phosphorus equilibrium concentrations at room

temperature are 1.03 × 10−13 and 1.94 × 10−27, respectively. At the processing temperature, the

expected equilibrium concentrations are 2.00×10−4 and 2.45×10−8, respectively. Even if the en-

tropy contribution is > 1, these equilibrium vacancy concentrations are many orders of magnitude

smaller than that observed in our experiments. Thus, the observed composition is not due to the

thermodynamic stabilization of vacancies, and is most likely due to processing.
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4.1.3 Computational Investigations of Defects at High Concentrations

While the energetics of isolated defects provides insight into what defects are likely to form,

the deviations in stoichiometry observed experimentally result in defects populations that are far

from isolated. Additionally, the mechanical response of the micropillar deviates from the expected

pseudo-elastic response significantly when compared to both experimental and modeling hydro-

static responses [12, 19] and modeling uniaxial response [120]. This deviation is likely a result

of these concentrated or interacting defects. In this vein, we examine the crystal structure and

mechanical properties of LaRu2P2 subjected to high concentrations of defects. We will achieve

this by constructing small cells with vacancies or interstitials. However, our focus is refined to

lanthanum interstitials, ruthenium vacancies, and phosphorus vacancies, since they would con-

tribute to the experimentally observed compositions. It is important to be mindful that defects at

high concentrations may result in crystals with mechanical instabilities, so this possibility must be

considered.

Lanthanum Interstitials

First, we investigate lanthanum interstitials, remembering that the isolated lanthanum intersti-

tial energy was very high (5.91 eV) which suggests their formation is likely unfavorable. Our

initial investigation in lanthanum interstitials at high concentrations focuses on the standard tetrag-

onal unit cell, Figure 1. The interstitial lanthanum atom could be in either the cage or octahedral

location (Figure 32(b)) and unit cells for both locations were constructed. With the interstitial, each

unit cell contained three lanthanum atoms, four ruthenium atoms, and four phosphorus atoms. The

interstitial cells were relaxed and the resulting structures for the octahedral and cage interstitial

locations are shown in Figure 35(a) and Figure 35(b), respectively. Elastic constants were then

computed for both structures and it was found that C55 was negative for both interstitial cells, and

thus both are mechanically unstable. The full elastic constants are tabulated in Table 9. Due to their

high energetic cost and mechanical instability, the presence of a high concentration of lanthanum

interstitials is unlikely and we do not consider them any further.
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Figure 34: A lanthanum interstitial might exist at one of two possible locations within the unit cell (a),
either in the lanthanum layer or stacked between the lanthanum layer and the Ru–P layer. The in-plane
interstitial disrupts the cage by causing all the phosphorus atoms to be on the same side of the ruthenium
layer (b). The stacked interstitial causes separation in the crystal between the interstitial and the La atom at
the center of the unit cell.

Ruthenium or Phosphorus Vacancies

Conversely, we investigate ruthenium and phosphorus vacancies for their potential to contribute

to the observed composition. Unit cells with a ruthenium vacancy or a phosphorus vacancy were

constructed by removing a single atom from the unit cells. Since all ruthenium positions are equiv-

alent, and all phosphorus positions are equivalent, removing any one ruthenium or phosphorus

atom was adequate when creating the cell. Removing a ruthenium or phosphorus atom from the

standard unit cell created a 1/4 ruthenium vacancy concentration (Figure 35(c)) or a 1/4 phosphorus

vacancy concentration structure (Figure 35(d)), respectively. Likewise, removing one atom from a

double cell created 1/8 vacancy concentration structures.

The 1/4 vacancy concentration structures, LaRu1.5P2 and LaRu2P1.5, were relaxed to determine

lattice constants and crystal structure, and elastic constants were calculated to assess mechanical

stability. The lattice constants of LaRu1.5P2 are a = 4.05 Å and c = 9.50 Å and the lattice constants
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Table 9: Elastic constants (in GPa) of modeled possible defected structures.

Structure La int 1 La int 2 LaRuP2 Ru vac P vac
C11 260 192 195 278 185
C22 – – 177 – –
C33 148 133 151 155 122
C12 102 52.1 57.4 123 143
C13 65.3 −7.47 73.3 94.1 76.4
C23 – – 68.4 – –
C44 118 128 86.3 113 104
C55 −69.6 −15.9 57.0 82.1 33.9
C66 – – 63.6 – –

of LaRu2P1.5 are a = 4.01 Å and c = 9.84 Å. It is noteworthy that the a-axis lengths are very close

to that of pure LaRu2P2 (a = 3.99 Å and c = 10.52 Å), while the c-axis lengths are significantly

shorter. The elastic constant tensors are positive definite, and thus these crystals are mechanically

stable (Table 9). The double-cell vacancy structures, LaRu1.75P2 and LaRu2P1.75, were also relaxed

and had lattice constants of a = 4.02 Å, c = 9.93 Å, and a = 4.02 Å, c = 10.06 Å, respectively.

These lattice constants demonstrate a similar reduction of the c-axis lengths. Elastic constants of

these structures were not computed, since we already found higher vacancy concentrations to be

mechanically stable, and thus high vacancy concentrations can indeed exist.

LaRuP2

Another potential ruthenium deficient structure is the LaRuP2 structure (shown in Figure 35(e)).

This structure is known to exist in the analogous calcium−iron−arsenic system [135], but it has

not yet been reported in the lanthanum–ruthenium–phosphorus system. A unit cell of LaRuP2 has

2 fewer ruthenium atoms than LaRu2P2, both of which can be thought of as absent from the same

cage. The elastic constants of calculated for this structure show it to be mechanically stable.

4.1.4 Simulation of Compression of Defected Structures

Since large concentrations of defects are present in the sample, we aim to explain the exper-

imentally observed stress-strain response though the mechanical response of high-concentration
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Figure 35: The structures of both lanthanum interstitials: (a) the octahedral site, and (b) the cage site after
structural relaxation. Both of these unit cells are mechanically unstable. The structures of the standard
tetragonal unit cells with (c) a single phosphorus vacancy, and (d) a single ruthenium vacancy. Both the
ruthenium and phosphorus vacancies disrupt the Ru–P cage structure but are mechanically stable. (e) the
1:1:2-compound analogous to the Ca-Fe-As system.

defected structures introduced in the previous section. In order to understand how these vacancies

affect the mechanical properties of LaRu2P2, we simulated the uniaxial compression the defected

cells. In pure LaRu2P2, the softening in the pseudo-elastic response is associated with a large

reduction (approximately 5%) of the c-axis length. However, the unstressed defected structures al-

ready have c-axis lengths at least that much shorter than pure LaRu2P2. The uniaxial compression

of the LaRu1.5P2 and LaRu2P1.5 unit cells did not show any softening, in contrast to the response of

pure LaRu2P2 which demonstrates a softening behavior (Figure 36). Similarly, hydrostatic com-

pression of these defected cells also failed to show a softening in the mechanical response.

However, the LaRu1.5P2 and LaRu2P1.5 structures do not properly represent the composition

observed in experiments, which was closer to 12.5% vacancy concentration. For this reason, the

LaRu1.75P2 and LaRu2P1.75 vacancy structures were compressed uniaxially. Perhaps these struc-

tures, closer in concentration to the experimental micropillar, would have mechanical responses

which better resemble the experimental response. However, there was no softening observed in

the compression of these crystals (Figure 36) either. This suggests that evenly dispersed vacancies

cannot be the cause of the experimentally observed stress-strain response. Instead, there are likely
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Figure 36: The stress-strain responses of (a) ruthenium vacancy structures and (b) phosphorus vacancy
structures lack the softening regimes of pure LaRu2P2, which is highlighted by their stiffnesses (c).

regions of vacancy structures and regions of pure LaRu2P2. Furthermore, this demonstrates that

vacancy concentrations of 1/4 and 1/8 are enough to cause the crystal to collapse under 0 applied

stress. Naturally, this raises the question: what is the minimum vacancy concentration required to

induce collapse?

Special Quasirandom Structures

To answer this question, and demonstrate the robustness of the previous results, we utilize spe-

cial quasirandom structures (SQSs) to approximate the behavior of random point defects, specif-

ically ruthenium and phosphorus vacancies, at various concentrations. SQSs are useful in repre-

senting substitutionally random structures by a relatively small, repeatable structure. In this case,

phosphorus or ruthenium was “substituted" with vacancies. The SQSs were generated by the al-

loy theoretic advanced toolkit (ATAT) [76–89]. SQSs with phosphorus vacancy concentrations

of 3.125%, 5%, 6.25%, 10%, 12.5%, 15%, and 25% were generated and SQSs with ruthenium

vacancy concentrations of 5%, 6.25%, 10%, 12.5%, 15%, 20%, and 25% were generated. The

method of generating SQSs took exorbitant amounts of time (several months) to generate SQSs for

vacancy concentrations below 3.125% (for either element). Thus, SQSs for vacancy concentrations

below 3.125% were not constructed for this study. Each SQS had only either ruthenium vacancies

or phosphorus vacancies; structures containing both types of vacancies were not investigated.
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The resulting SQSs have triclinic unit cells which are prohibitively difficult to compress uni-

axially in VASP. For this reason, we resorted to compressing the cells hydrostatically as a repre-

sentative investigation into the nature of collapse of the crystals, since the uniaxial and hydrostatic

responses are similar. Furthermore, we monitored the c-axis lengths of the SQSs to provide insight

into the collapsed, or uncollapsed state of the crystal at 0 stress.

The evolution of equilibrium c-axis lengths with vacancy concentration can be seen in Fig-

ure 37(c). From the c-axis lengths, we can see that all concentrations of phosphorus vacancies

result in a collapsed crystal. The lowest P vacancy concentration, 3.125%, had a c-axis length

of 10.1 Å, which is still significantly shorter than 10.52 Å of pure LaRu2P2. Ruthenium vacancy

SQSs showed a more gradual lengthening in c-axis length with decreasing vacancy concentration.

Compression tests revealed that no phosphorus vacancy SQSs exhibited softening (Figure 37(b)).

However, ruthenium vacancy SQSs exhibited softening with concentrations of 6.25% and below

(Figure 37(a)). The occurrence of collapse at low vacancy concentrations would suggest that the

stability of the uncollapsed phase can be easily disrupted by electronic defects.

These SQS compression simulations confirm some of our observations from the LaRu1.5P2 and

LaRu2P1.5, and LaRu1.75P2 and LaRu2P1.75 tetragonal vacancy structures created previously. Nei-

ther the SQSs nor the tetragonal vacancy simulation cells experienced softening for concentrations

of 25% or 12.5%. This further backs our assertion that the response observed experimentally is

due to the coexistence of defected and pure regions, or alternatively, gradients in the defect con-

centration. Presuming the response is a combination of the responses of two regions (defected and

pure), we explore what this response might look like next.

4.2 Multi-Structure Composite Models

In Section 4.1.4, we showed that vacancy concentrations lower than those reported in experi-

ments are required for softening. This suggests that perhaps the samples contain regions of high

and low defect concentrations. To test if this hypothesis is reasonable, it is important to show that

the combined response of the two regions resembles that observed in experiments. To this end, we
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Figure 37: The hydrostatic compression of (a) SQSs with Ruthenium vacancies and (b) SQSs with P vacan-
cies. For Ru concentrations of 20% and 15%, there is no observed softening of the volume-pressure curve
while there is for 6.25%. However, the hydrostatic compression of SQSs with P vacancies for as small as
3.15% vacancies never shows softening. (c) A plot of the c-axis lengths of SQSs and defected supercells
as a function of vacancy concentration for both Ru and P vacancies. (d) The stiffnesses of the SQSs as a
function of strain. This confirms that the softening only occurs for Ru vacancy concentrations at or below
6.25%. Hydrostatic compression of pure LaRu2P2 is shown for comparison.

developed an iso-strain composite model, an iso-stress composite model, and an coherent inclu-

sion model, where one region is a defected LaRu2P2 structure and the other region is stoichiometric

LaRu2P2.

In order to understand how the various phase fractions might alter the mechanical properties,

we examine the model for two cases: 12.5% phosphorus vacancies and 12.5% ruthenium vacan-

cies. To arrive at these overall compositions, we use the stress-strain responses of the phases

LaRu1.5P2 (one Ru vacancy per conventional unit cell) and LaRu2P1.5 (one P vacancy per conven-

tional unit cell), in combination with pure LaRu2P2. The iso-stress and iso-strain composite models
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of the stress-strain response can be found in Figure 36. The resulting composite stress-strain curves

are shown in Figures 38(b) and 38(c), plotted against the pure phases and experimental data.

It is interesting to note that both the 12.5% ruthenium vacancy composite model and the

LaRu1.5P2 stress-strain curves both represent compositions close to chemical analysis of the com-

pound at the micropillar. The composition is not matched exactly by the composite model nor the

ruthenium vacancy phase, since achieving that composition would require either a tri-phase model,

or a phase that is both heavily Ru deficient and slightly P deficient. Additionally, the composition

varied greatly across the sample, so it’s unlikely that the composition is consistent throughout the

micropillar. Furthermore, the goal of this study is to gain an understanding of how various point

defects can influence the mechanical properties of LaRu2P2, instead of an investigation into how

this specific composition led to the response of this specific micropillar.

To better understand whether a single phase or a two-phase composite model is more appropri-

ate, we plot the derivative of all stress-strain curves, the tangent moduli, in Figure 38(d). From this,

we see that the responses of LaRu1.5P2 and LaRu2P1.5 do not show softening, while the responses

of the composite models, as well as the experimental results, clearly do. These results suggest that

the experimental observations of small amounts of softening are a result of dispersed regions of

high defect concentrations in a matrix of pure LaRu2P2.

Figure 38: (a) The response of a defected micropillar of LaRu2P2 was modeled using an iso-strain model,
which can conveniently be visualized as two concentric phases. (b) The stress-strain response of a composite
of one half pure LaRu2P2 and one half of a 25% Ru vacancy structure. (c) The stress-strain response of a
composite of one half pure LaRu2P2, and one half 25% P vacancy structure. The mechanical response of
the pure defected structures exhibit no softening. However, the composite models show softening similar to
that of the experimental results.
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4.2.1 Eshelby’s Inclusion Model

To further model the possible response of a two-phase sample, Eshelby’s inclusion models

were developed representing the same overall concentrations. Unlike the iso-stress and iso-strain

models, Eshelby’s Inclusion models take into account the effects of coherency between the two

phases. We computed the response of the dilute limit, which assumes that the response of the

matrix is not affected by the response of the inclusion. The inclusion was modeled as a coherent

sphere of one phase embedded in a matrix of the other phase. The elastic stiffness tensors were

homogenized based on a tangent homogenization model. In our problem, further complications

arise since at least one of the materials is not linear elastic. The nonlinearity of the response of

the pure LaRu2P2 was addressed by computing the full elastic constant tensor point-wise along the

uniaxial stress strain curve. This was done by first computing the tangent elastic constants along the

whole strain path, and splining the data to create a continuous set of elastic constants. Meanwhile,

the elastic stiffness tensor of the defected phase was assumed to be constant with respect to strain

(linear elastic). The Eshelby tensor in the pure-phase inclusion models was computed based on

the elastic constants of the pure phase at that strain. These models show reduced (or eliminated)

softening in the stress-strain curve and provide another set of bounds for the possible outcome of

this composite.

As with the iso-strain models constructed for this study, the overall strain (ε0) was specified, and

the resulting stress in the composite was calculated. The model marches in overall strain, and the

effective elastic tensor (C̄) is calculated. This is done by first iteratively solving for the individual

strains in each phase. Initial guesses were provided for the individual phases’ strains. For the first

strain step, the iso-strain condition was provided as the initial guess, while in subsequent strain

steps, the previous solution was provided as an initial guess. These strains, particularly the strain

in the pure LaRu2P2 phase were used to calculate the strain localization tensor (AI) which, in turn

was used to calculate the strain in the inclusion by:

εI = AI : ε0 (4.3)
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and the strain in the matrix was then be calculated by:

εM =
1

1− φ
(ε0 − φεI) (4.4)

These individual strains were then used to calculate the strain localization in the inclusion, and

thus the loop was repeated. The individual strains were considered converged when the difference

in the individual strains calculated by successive iterations was less than 1× 10−4.

With the individual strains calculated, the effective stiffness tensor and the effective compliance

tensor were calculated for a given total strain, and the uniaxial stress increment dσ was calculated

by:

dσ =
1

S̄3333(ε0)
(4.5)

which, due to the employment of tangent modulus homogenization, can be integrated up to the

stress at a given strain by:

σ(ε0) =

∫ ε0

0

dσ (4.6)

The dilute inclusion composite model was constructed for composites of pure LaRu2P2 and

either the ruthenium vacancy structure or the phosphorus vacancy structure. The results of these

models are shown in Figure 39.

Figure 39: Dilute approximation composite model considering a spherical inclusion for ruthenium vacan-
cies (a) and phosphorus vacancies (b). Both a defected inclusion and a defected matrix were considered for
both investigated defect structures.
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4.2.2 Discussion

These simulations offer insight into the nature of types, distributions, and mechanical responses

of defected regions in LaRu2P2. Of the potential defected structures investigated that could give

rise to the experimentally observed compositions, it is reasonable to rule out the potential presence

of lanthanum interstitials since they are energetically unfavorable and mechanically unstable at

high concentrations. The formation energies of vacancies in LaRu2P2 reveal that both phosphorus

and ruthenium vacancies have significantly lower formation energies than lanthanum vacancies,

about 2.0 eV and 2.3 eV lower, respectively. This indicates that forming ruthenium and phosphorus

vacancies is easier than forming lanthanum vacancies. This also agrees with the compositions

observed experimentally.

On one hand, this could be surprising. The Ru–P cage, considered the active unit in the facil-

itation of superconductivity [153], might be expected to be a difficult structure to damage. How-

ever, this is not uncommon; defected cages have been observed in other systems, including K-Fe-

Se [154]. On the other hand, the ThCr2Si2 structure can also be thought of as alternating layers of

La cations and [Ru2P2] anions [17]. From that perspective, a cation vacancy from an ionic crystal

would be expected to be very energetically expensive. It would appear from our calculations the

ionic nature of the materials is more important, and thus the cage is easier to damage.

The introduction of point defects in the ruthenium-phosphorus cage also demonstrates the abil-

ity to alter the nature of collapse of the structure. It is clear from our supercell calculations, in-

cluding the use of special quasirandom structures, that even small amounts of phosphorus defects

cause the structure to collapse as none of our supercells with at least one phosphorus vacancy were

un-collapsed. In contrast, it takes a ruthenium vacancy concentration of about 7% or more to col-

lapse the structure. This transition, via vacancies, also alters the mechanical response creating a

monotonically increasing stress-strain curve.

Since it is postulated that covalent bonds forming between the phosphorus atoms are responsi-

ble for the collapsed state, they also must impact the stiffness. This idea is supported by our stress-

strain curves, which show that all the defected supercells are stiffer than stoichiometric LaRu2P2,

93



regardless of whether they are ruthenium or phosphorus vacancies. As more ruthenium vacancies

are introduced into the structure, we see that the material becomes stiffer (Figure 36(a)). In this

case, an increase in ruthenium vacancies pulls the structure into a more collapsed state, which

further stiffens the structure. However, the opposite trend is observed for phosphorus vacancies

(Figure 36(b)). This is likely due to competition between the collapsing nature of vacancies and

fewer P–P bonds available to stiffen the structure.

While the introduction of a large fraction of point defects in the crystal prevents collapse com-

pletely, softening can be reintroduced by segregation of the same defects. Our composite models

shows that a shallow softening region is possible when both pristine and defected regions coexist.

Thus, one might expect more softening to exist as the crystal is annealed and the point defects

cluster together. It is also worth pointing out that the composite model constructed with the ruthe-

nium vacancy structure shows better agreement with experiments than the one constructed with the

phosphorus vacancy structure. However, caution should be taken when arriving at this conclusion.

One must account for the accuracy of DFT simulations, experimental uncertainty in measuring the

stiffness, as well as compositional uncertainties and the models lack of representing the interaction

of Ru and P defects present in the actual experiments.

The inclusion models also agree qualitatively with the simpler iso-strain and iso-stress models.

They show reduced softening from the pure LaRu2P2 response. There are several approximations

which limit this model, however. Firstly, the inclusion models assume a low inclusion fraction, and

thus 50% inclusion phase fraction is pushing the limits of this theory. Furthermore, this inclusion

model cannot simulate percolated inclusions, which are very likely present in the sample. Sim-

ulating such inclusions would require high-level numerical computational models, such as finite

element simulation, which could be pursued in the future. Nevertheless, the model above supports

our previous findings, that a composite model of pure and defected phases can explain the potential

mechanisms behind the experimental results observed in the microcompression tests.
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4.3 Investigations of Defected CaFe2As2

Like LaRu2P2, the presence of defects would be expected to have an impact on the mechanical

response of CaFe2As2. These defects may be present in CaFe2As2 due to processing. Efforts

to decrease the time of production of ternary iron-arsenides have led to production of crystals in

FeAs flux, as opposed to standard Sn flux, which offers significant improvements in crystal growth

time [155–157]. In this vein, crystals of CaFe2As2 were grown in FeAs flux at Ames Laboratory in

Iowa. Micropillars were FIB milled from these crystals and uniaxial compression investigations of

these crystals were performed by our experimental collaborators at the University of Connecticut.

Uniaxial compression tests of these micropillars revealed mechanical responses devoid of the

characteristic pseudo-elastic response achieved with crystals grown in Sn flux, and the response

predicted by DFT (Section 3.1). The responses of the micropillars did not have a softening region,

which was present in the mechanical response of CaFe2As2 grown in Sn flux. These crystals were

annealed, and compression of micropillars milled from the annealed crystal exhibited a pseudo-

elasticity response which was very similar to the response from crystals grown in Sn flux. The

uniaxial compression test results are plotted in Figure 40.

During the annealing process, a secondary phase precipitated out and formed coherent interface

boundaries with the parent CaFe2As2 crystal. The measured composition of the precipitate is iron

and arsenic at a ratio of 1:1, suggesting that it is most likely stoichiometric FeAs. This brings

up some important questions worth investigating. Is the precipitate indeed FeAs, and if so what

is the expected orientation of the two phases after annealing? What defects would contribute to

the crystal precipitating FeAs upon annealing? How would these defects affect the mechanical

response of CaFe2As2?

Coherency Between the Matrix and the Precipitate

The FeAs precipitate has an orthorhombic unit cell with experimental room temperature lattice

constants of a = 3.37 Å, b = 5.44 Å, and c = 6.03 Å [158]. Investigations of FeAs at 4 K by

Rodriguez et al. confirmed that FeAs is also antiferromagnetic at low temperatures with a Néel

95



Figure 40: The stress-strain responses of CaFe2As2 crystals grown in FeAs flux when quenched do not
exhibit the pseudo-elastic response of samples grown in Sn flux. However, they do exhibit pseudo-elasticity
after annealing. Figure provided by Dr. Seok-Woo Lee of UCONN.

temperature of 69.6 K [159]. Our own DFT relaxation of antiferromagnetic FeAs was performed

which confirmed the magnetic state of the phase as well as the lattice constants, which were com-

puted to be: 3.38 Å, 5.31 Å, and 5.96 Å, respectively.

Since the interface between the precipitate FeAs and the parent CaFe2As2 was reported to be

coherent, the two phases must be oriented in such a way that there is minimal lattice mismatch.

There are two possible orientations between CaFe2As2 and the precipitated phase which could

potentially create a coherent boundary. Both involve the c-axes of the phases being parallel. The

first lines up the b-axes (Figure 41a and 41b), while the second lines up the a-axes (Figure 41c

and 41d).

The first orientation has a DFT lattice constant mismatch of 3.0% in the b directions and a

mismatch of 2.8% in the c directions (where one unit cell of CaFe2As2 is measured against 2
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unit cells of FeAs). These lattice constant mismatches at 300 K are 1.0% and 2.5% respectively.

For the second orientation, the lattice mismatch as predicted by DFT at 0 K in the a direction is

16.6%, while the 300 K experimental lattice mismatch would be 14.2%. The lattice mismatch

in the c direction is the same for both orientations. The lattice mismatches for these orientations

were computed for 300 K, in addition to 0 K, because the coherent boundary between the two

phases was observed at room temperature. We believe the former relationship, since it is coherent

regardless of temperature, was observed in the annealed sample grown in FeAs-flux (Figure 41e).

Figure 41: Potential coherent interfaces between CaFe2As2 and FeAs. Matching the [010] directions and
the [001] directions (a) and (b), or matching the [100] directions and the [001] directions (c) and (d). (e) The
observed coherent boundary between the parent CaFe2As2 and the FeAs precipitate (image provided by Dr.
Seok-Woo Lee of UCONN).

EDX data of the composition of the sample was obtained to investigate which defects are

present in the crystal and contributing to the precipitates observed upon annealing. Unfortunately,

the data does not show definitive evidence of compositional deviations from stoichiometry. How-

ever, imaging of the sample revealed some clues as to the microstructures present. Prior to the

annealing of the crystal, high resolution TEM images of the sample taken down the [001] direc-

tion show a tweed-like pattern (Figure 42(a)). This pattern was not observed in TEM images

taken down the [110] axis. This pattern has been observed before in CaFe2As2 grown in FeAs
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flux [156, 157]. It has been proposed that this pattern is indicative of the presence of calcium

defects.

Figure 42: (a) Transmission electron microscope (TEM) images along the [001] direction show the tweed-
like pattern on the surface. (b) Scanning electron microscope (SEM) images of the crystal along the [001]
direction reveal that the FeAs precipitates are oriented along the 〈110〉 directions of the tetragonal phase
([100] and [010] directions of the orthorhombic phase). Images provided by Dr. Seok-Woo Lee of UCONN.

After annealing, SEM images show the presence of FeAs precipitates oriented exclusively

along the 〈110〉 directions of the crystal (Figure 42(b)). Since these images were taken at room

temperature, well above the Néel temperature of CaFe2As2, the crystal is in its paramagnetic tetrag-

onal phase. Thus, the 〈110〉 direction in this image corresponds to the [100] direction or the [001]

direction in the antiferromagnetic orthorhombic phase (without the distortion of the magnetic or-

dering, they are equivalent directions). This is congruent with orientation relationship for coherent

boundaries between the matrix and the precipitate proposed earlier in this section. The c-axis

length of the sample was measured prior to annealing to be shorter than the c-axis of CaFe2As2

grown in Sn flux and or the sample after annealing. This is consistent with other observations of

FeAs-grown CaFe2As2 [160]. This suggests that the sample has a considerable number of vacan-

cies quenched in.
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From these experimental results, and conclusions of previous studies, we hypothesize that the

as-quenched CaFe2As2 sample grown in FeAs flux is highly calcium-deficient, which is manifested

in a large number of calcium vacancies which produce the observed tweed pattern and shortened

c-axis length. Upon annealing, precipitates of FeAs form coherent boundaries with the now-pure

CaFe2As2 along the [110] direction of the tetragonal unit cell, which agrees with the boundary

orientation we proposed.

4.3.1 Computational Investigations of Isolated Defects

To investigate how the defects present in the sample contribute to the experimentally observed

compression response, we performed a thorough study of defects in CaFe2As2. To provide in-

sight into which defects should be expected to form, isolated defects energies were calculated for

interstitials and vacancies of all elements: Ca, Fe, and As. Using the same methods as the in-

vestigations of isolated defects in LaRu2P2 (Section 4.1.2), the cohesive energies of all possible

Ca–Fe–As compounds were computed and compiled into a ternary phase diagram (Figure 43).

Several compounds were investigated for their stability, and due to the magnetic nature of iron,

many needed to be investigated for their magnetic ordering.

There are a few interesting results from this phase diagram. The first is that no Ca–Fe struc-

tures are on the phase diagram. This is because iron and calcium are immiscible [161]. Secondly,

CaFe2As2 is the only ternary compound to be stable at 0 K. However, several other ternary com-

pounds had been previously reported. CaFeAs2 [128], CaFe4As3 [129], and arrays of CaFe5As3 [162]

have all been previously investigated experimentally. While these compounds are not stable at 0 K,

they may be stable at higher temperatures.

With this ternary phase diagram, the isolated defect energies were calculated through the meth-

ods described in Section 4.1.2. Vacancy and interstitial formation energies were computed from

supercells containing a single defect. If the supercells comprised of 160 atoms without a defect,

and thus, with a vacancy were 159 atoms, and with an interstitial were 161 atoms. The chemi-
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Figure 43: The calcium-iron-arsenic 0 K ternary phase diagram reveals that CaFe2As2 is the only ternary
compound to exist on the convex hull. The red dots indicate compounds which were determined to be stable.

cal potentials computed from the convex hull assume a neutral chemical environment, which of

course, is not the environment in which our sample was grown.

The computed defect energies are tabulated in Table 10. From this we learn that calcium

vacancies, which have been proposed to be present in as-quenched FeAs-grown CaFe2As2 [156,

157], have a reasonably low formation energy in a neutral chemical environment. While they are

not the lowest-energy vacancy in this environment, in a FeAs-rich chemical environment, it is

likely that their formation is very favorable. Interestingly, iron has a vacancy formation energy of

0.233 eV in a chemically neutral environment, which is low. This may explain the observation of

the phase CaFeAs2, even though that phase does not lie on the convex hull.

The interstitial formation energies are generally higher than vacancy formation energies, with

the exception of the iron interstitial (1.95 eV), which has a lower formation energy than an arsenic

vacancy (2.09 eV). All elements have a preferred vacancy site. Calcium and iron prefer the cage
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Table 10: The calculated isolated defect energies of CaFe2As2 and the necessary reference structures used
to calculate the defect energies.

Calcium Iron Arsenic

Vacancies
Energy 0.699 eV 0.233 eV 2.09 eV

Reference CaFe2As2, FeAs, CaAs, Fe,
Structures FeAs CaFe2As2, CaAs CaFe2As2

Interstitials

Cage Energy 4.32 eV 1.95 eV 8.23 eV
Octahedral Energy 7.70 eV 4.02 eV 2.71 eV

Reference CaAs, Fe, CaFe2As2, CaAs,
Structures CaFe2As2 Fe CaFe2As2, FeAs

site (4.32 eV and 1.95 eV, respectively) to the octahedral site (7.70 eV and 4.02 eV, respectively),

while arsenic prefers the octahedral site (2.71 eV) to the cage site (8.23 eV).

4.3.2 Investigations of Defects at High Concentrations

Defects in the observed sample must be at much higher concentrations than those simulated

in this isolated defect investigation in the previous section. For that reason, defects at high con-

centrations were studied for their potential contributions to observed response of the sample, and

their potential to influence the response of other samples (perhaps containing different defects).

Again, our hypothesis is that the experimentally observed crystal response can be explained by the

effects of the presence of defects. We propose that the as-quenched crystal is defected, and when

annealed, these defects are able to anneal out, resulting in a pure matrix with FeAs precipitates. We

explored the mechanical properties of crystals with a high concentrations of a variety of possible

defects.

Iron and Arsenic Interstitials

There are multiple explanations for which defects could contribute to this scenario. Specifi-

cally, iron and arsenic interstitials could stiffen the crystal and anneal out as the FeAs phase. These

deviations in stoichiometry might be expected due to the nature of growth in FeAs flux. While

there is no experimental evidence pointing to iron and arsenic interstitials (as there is for calcium
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vacancies), this is still a possibility worth exploring. Similar to LaRu2P2, both arsenic and iron

interstitials were found to be mechanically unstable at concentrations of one interstitial per con-

ventional unit cell. This would produce stoichiometric ratios of 4:9:8 and 4:8:9, respectively. Both

the cage and the octahedral site were found to be unstable, thus ruling out the possibility of a

sample containing a large amount of these interstitials.

Calcium Vacancies

Conversely, calcium vacancies could contribute to a stoichiometry which would produce FeAs

precipitates. Calcium vacancies, on the other hand, were found to be indeed stable. Removal of

a single calcium atom from the conventional unit cell produced a 25% Ca vacancy structure. The

25% calcium vacancy structure, while stable, doesn’t exhibit a response which could contribute

to the experimental response observed in the sample. This vacancy concentration is achieved by

removing one Ca from the orthorhombic unit cell (Figure 44(a)).

Based on our experience with defects in LaRu2P2, we look for markers which indicate the lack

of a pseudo-elastic response. This would be an induced crystal collapse, which would present

itself as a shorter c-axis length, and in the case of CaFe2As2 a collapse in the magnetic moments

of the iron atoms. Calcium vacancies do not induce crystal collapse, nor do they induce collapse

of the magnetism in the crystal. Under no applied pressure, the c-axis length is 11.55 Å, which

is roughly the same as a unit cell of CaFe2As2 without a calcium vacancy, and the iron atoms

preserve their magnetic moments. Under compression, the stress-strain response of the calcium

vacancy structure has two distinct regions. The initial compression region, at the end of which, the

magnetism gradually and smoothly reduces to 0. At this point, at a c-axis length of approximately

10.25 Å, the crystal becomes nonmagnetic and continues with a stiffer stress-strain response.

A second calcium can be removed from the unit cell producing 50% calcium vacancy struc-

tures. The second calcium vacancy can either be placed in the same plane as the first calcium

vacancy, or in the other plane. The former produces a structure where every other Ca layer is

vacant, while the latter produces a structure where all Ca layers are equally populated. The two

structures can be seen in Figure 45(a) and (b).
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Figure 44: The 25% calcium vacancy structure (a), when compressed, exhibits two distinct nearly linear
regions of the stress-strain response (b), and no local energy minimum (c). (d) unlike the compression of
pure CaFe2As2, the magnetic moments smoothly drop to 0 as the crystal collapses.

Analysis of the ground states of these two structures reveals that removing half the calciums

from each layer (uniform vacancy structure), as opposed to removing every other layer (layered

structure), is energetically favorable. Furthermore, the antiferromagnetic stripe pattern found in

pure CaFe2As2 (and other iron-arsenides as well) is the present in the ground state of both struc-

tures. The zero-stress c-axis length of the uniform two-calcium vacancy structure is 12.01 Å.

Compression of this structure reveals a second stress minimum at a c-axis length of approximately

11.11 Å (Figure 45(c)). The stress at this minimum is only 38.2 MPa, which is very small in

terms of DFT. It is very possible that this point is a local energy minimum, or even the true ground

state. During the compression, the magnetic moments of the iron atoms gradually decrease (Fig-

ure 45(e)). The zero-stress nonmagnetic structure is indeed higher energy than the antiferromag-

netic stressed state at that c-axis length, indicating that the crystal should exist in the magnetic

state.

Iron Vacancies

Removing one of the eight iron atoms from the conventional unit cell yields a 12.5% iron va-

cancy concentration. According to the ternary phase diagram, iron vacancies would decompose

into CaFe2As2, CaAs, and FeAs, so there is a possibility that upon annealing, CaFe2As2 with iron

vacancies could decompose into a matrix of CaFe2As2 with the observed FeAs precipitates. Iron

vacancies are the lowest-energy point defect (in a chemically neutral environment). The ground
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Figure 45: The 50% calcium vacancy structures: (a) one vacancy in each calcium layer, and (b) every
other calcium layer removed. The former has an extended c-axis, a lower overall energy, and preserves
its antiferromagnetic state. (b) Compressed uniaxially about the c-axis, the crystal reaches a local stress
minimum around c = 11.11 Å, with a nearly zero stress. (d) The energy curve of the compression of the
antiferromagnetic phase shows that it is energetically favorable compared to the nonmagnetic state at that
strain. (d) During compression, the magnetic moments of the iron atoms gradually decrease.

state magnetic configuration of this structure is ferrimagnetic. The removal of one iron (Fig-

ure 46(a)) doesn’t significantly affect the magnetism exhibited by the other iron atoms. Since there

are an odd number of iron atoms in this structure, the magnetic moments do not completely cancel

out, and there is a net magnetism.

When compressed uniaxially, the crystal undergoes a magnetic and structural collapse at ap-

proximately 2% c-axis strain. Upon collapse, the crystal is in a state of tension, and continues

to compress with an elastic response, through the 0-stress point. This response is shown in Fig-

ure 46(b). The energy-strain response Figure 46(c) clearly shows two phases, with a transition at

approximately 2% c-axis strain.
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Figure 46: (a) The 12.5% iron vacancy structure collapses structurally and magnetically at approximately
2% c-axis strain (b). The energy-strain response shows two distinct magnetic phases.

Arsenic Vacancies

Based on the Ca–Fe–As convex hull, arsenic vacancies cannot contribute to the observed pre-

cipitation during annealing. However, it is still interesting to investigate what the effect of such

vacancies might be. Arsenic vacancies are the most energetically costly to produce, roughly 3

times the formation energy of calcium vacancies, the next highest-energy vacancy. At concentra-

tions of 12.5%, they do not interrupt the antiferromagnetic ordering of the crystal. The horizontal

stripe AF ordering is still the most energetically favorable.

When compressed, the crystal undergoes a magnetic collapse at approximately 10% c-axis

strain. This is associated with a clear second phase, with a different energy and stress-strain curve.

It is interesting to note that this magnetic collapse occurs only in the non-defected cage. The

magnetic moments of the iron atoms in the defected cage do not collapse. The crystal was strained

out to 15% c-axis strain and a magnetic collapse of the defected cage was not observed.

This defect structure has a particularly interesting mechanical and magnetic response to com-

pression. While there have been reports of iron arsenides with the ThCr2Si2-type structure, specifi-

cally CaKFe4As4 exhibiting a “half-collapsed" phase (see Section 5.1.2), those phases are not truly

“half-collapsed" since the magnetic moments of all iron atoms collapse simultaneously. The pres-

ence of arsenic vacancies, however, causes only one half of the iron atoms to lose their magnetic
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Figure 47: Compression of the 12.5% arsenic vacancy structure (a) shows a mostly elastic response, with a
crystal collapse at approximately 10% c-axis strain. This is associated with an abrupt drop, but not elimina-
tion, of the magnetism.

moments at a critical strain. This behavior is unique for defected structures of CaFe2As2 and may

be important for future investigations.

4.3.3 Composite Models of Defected CaFe2As2

The responses of the high-concentration defected structures from Section 4.3.2 revealed sev-

eral unique mechanical responses. Some defected structures exhibit phase changes which could

be useful in explaining the experimentally-observed uniaxial stress-strain curves. Since we do

not have any composition data to aim for, we will consider the possibility of segregated regions

of defected and pure CaFe2As2. This was accomplished by the same approach as the defected

composite models constructed in the investigation of defected LaRu2P2 in Section 4.2. Iso-strain

models were produced to simulate the potential response of such configurations, as a means of

describing a sample with segregated defects.

For this investigation, four such models were constructed. The models constructed were com-

posites of pure CaFe2As2 and single calcium vacancy structure, double calcium vacancy structure,

or iron vacancy structure. These structures were chosen since they could contribute to the observed

FeAs precipitation. Three of the models were simple iso-strain, one for each of the investigated

structures.
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The iso-strain model of 50% Fe vacancy structure was constructed with the nonmagnetic Fe

vacancy phase. Since the energy difference between the 0-stress points of the magnetic and non-

magnetic phases is only 0.01 eV/atom, it is reasonable to approximate the response of the Fe

vacancy structure to be only its nonmagnetic response. The model of 50% Fe vacancy structure

exhibits no softening through 12% c-axis strain (Figure 48(a)).

Additionally, an iso-strain model of 50% single-Ca vacancy structure was constructed. The

calcium vacancy structure exhibits 2 phases, each with a nearly linear stress-strain response. The

initial response is softer than that of pure CaFe2As2, while the latter response is similar to that of

the cT phase of pure CaFe2As2. The composite response of pure CaFe2As2 and the Ca vacancy

structure was soft, but nearly linear until approximately 11% c-axis strain, and then stiffer beyond

that strain (Figure 48(b)).

A model was constructed with the double-calcium vacancy structure. This structure has a sec-

ond stress minimum at a c-axis off 11.11 Å. The model was constructed considering this second

minimum to be the equilibrium point of this double calcium vacancy structure. This model was an-

other simple iso-strain model, half pure CaFe2As2 and half double calcium vacancy structure. The

resulting stress-strain response of this model is nearly linear, until the pure CaFe2As2 is entirely

the collapsed tetragonal phase (approximately 11% c-axis strain), when the stress-strain response

of the model stiffens (Figure 48(c)).

4.3.4 Discussion

This investigation into defected CaFe2As2 structures sought to explain the observed response

of the FeAs-grown CaFe2As2. Prior to annealing, the uniaxial compression response exhibited

none of the softening characteristic of the pseudo-elastic response expected from CaFe2As2. Upon

annealing however, FeAs precipitated out, and the pseudo-elastic response was observed. Based

on the convex hull computed for the Ca–Fe–As ternary system, the sample must be either calcium

deficient, iron deficient, or arsenic rich to decompose into CaFe2As2 and FeAs upon annealing.

An arsenic rich or iron deficient sample would decompose into CaFe2As2, FeAs, and CaAs. Since
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Figure 48: The iso-strain composite models of defected CaFe2As2. (a) The composite model of 50%
CaFe2As2 and 50% Fe-vacancy could explain the observed response. (b) A composite model built with the
single Ca vacancy structure. (c) A composite model built with the collapsed phase of the half-plane 2 Ca
vacancy structure.

CaFe2As2 and FeAs form a coherent boundary, it may be possible that CaAs is kinetically limited

in precipitating out, due to it not forming a coherent boundary with CaFe2As2.

However, a calcium deficient sample would decompose into only CaFe2As2 and FeAs. Fur-

thermore, calcium vacancies have been previously reported in samples of CaFe2As2 grown in FeAs

flux. The tweed-like pattern observed on the sample is indicative of calcium vacancies, which also

corresponds to a shortened c-axis. The double calcium vacancy structure has a second minimum in

stress, which is very close to 0 stress. It is possible that this second minimum, which has a c-axis

length somewhat shorter than pure CaFe2As2 (11.11 Åvs. 11.52 Å), may be an equilibrium point

which is also the initial point in the compression of the micropillar. Furthermore, the compression

response of the double calcium vacancy structure exhibits no softening beyond the second mini-
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mum point. Thus, this structure can contribute to the observed response of the micropillar, which

is exemplified by the iso-strain composite model.

With knowledge of the composition of the lone precipitate (FeAs), observations of this sam-

ple and previous samples grown in FeAs flux, and experimental compression data of the sample

and simulated compression data of defected structures, we propose that the sample grown in FeAs

flux is calcium deficient. Prior to annealing, the sample contains a large concentration of calcium

vacancies, which contribute to a visual tweed-like array. These vacancies most likely form the

double calcium vacancy structure described in Section 4.3.2, which contributes to the suppression

of the pseudo-elastic response. The shorter c-axis length of this structure, along with the com-

pression response agree with experimental observations. Upon annealing, the sample decomposes

into its stable phases: CaFe2As2 and FeAs. From our ternary phase diagram (Figure 43), this is

the expected decomposition of a calcium deficient structure. After annealing, the pseudo-elastic

response of CaFe2As2 is indeed observed. We conclude that this defected structure is responsible

for the observed behavior of the FeAs flux-grown sample.
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Chapter 5

Effects of Doping on CaFe2As2

ThCr2Si2-type crystals, up to this point, have been generously studied for their superconductive

properties. The search for high-temperature superconductivity has led to investigations of alloying

and doping these crystals. This is, in part, motivated by the notion that the presence of isovalent

dopants can impart an intrinsic hydrostatic pressure on the microstructure-level, which could sta-

bilize a superconductive state at zero applied stress. Other efforts to dope these crystals aimed

at disrupting the magnetic ordering of the iron atoms, which could also stabilize superconductiv-

ity. If the presence of substitutional point defects can have such a strong effect on the electronic

properties, it is worth investigating how these defects could effect the mechanical properties.

5.1 Calcium, Strontium, and Barium Iron Arsenides

Several studies have shown that the iron arsenides with alkaline earth metal A-type atoms

(specifically Ca, Sr, and Ba) all have strikingly different mechanical responses, even though they

are chemically similar. These three materials are a prime example of the variability in mechanical

response with respect to chemistry. In contrast to the response of CaFe2As2, which has a single

phase change, BaFe2As2 has been reported to exhibit 2 phase changes at very high pressures [20].

These phase changes are significantly weaker than the phase change of CaFe2As2. As re-examined

by this work, these phase changes can be seen in Figure 49(a). The first phase transition, around

15% volumetric strain and 15 GPa, is associated with a collapse of the magnetic moments on the

iron atoms. The second phase change is more subtle. This is associated with a change in the c-

axis strain response to applied stress. This Further studies have shown, similar to investigations of

CaFe2As2, that these phase changes can occur at much lower uniaxial stresses [30].

Meanwhile, SrFe2As2 has one phase change, similar to CaFe2As2, but has been described as

a weaker phase change than that of CaFe2As2 [3, 163]. This was reproduced for our work and

shown in Figure 49(b). The energy of the magnetic and nonmagnetic phases do not show evidence
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Figure 49: The response of BaFe2As2 (a), and SrFe2As2 (b), to applied hydrostatic pressure. Both com-
pounds experience a magnetic collapse at a critical volumetric strain. SrFe2As2 experiences one phase
transition, while BaFe2As2 experiences a second phase transition at a hydrostatic pressure around 30 GPa.
Neither compound shows evidence of an energy barrier in unloading, it is unlikely that either experiences
shape memory effects.

of a local energy minimum. It is therefore unlikely that the crystak will remain in the secondary

phase upon unloading. Therefore, shape memory effects should not be expected. In some ways

this is unexpected; since calcium, strontium, and barium are all alkaline earth metals, it would

be reasonable to expect them all to have similar mechanical responses. However, since the phase

change, and crystal collapse are the result of [Fe2As2] layers bonding across A-type planes, the

atomic radii of the A atoms would be of significant importance.

This presents an important question: how does doping CaFe2As2 with either barium of stron-

tium affect its mechanical response? To address this question, simulations of compression of

doped CaFe2As2 were performed. Different structural orderings were and varying concentrations

of dopant (e.g. Ca1−xBaxFe2As2) were investigated. The results of which are presented in the

following sections.

5.1.1 Disordered Alloying

Presuming these materials would alloy in a similar fashion to common metallic alloys, there

would be a random ordering of the A-type metal atoms throughout the material. To simulate this
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random ordering with relatively small simulation cells, we again employ special quasi-random

structures (SQSs) as we did in Section 4.1.4. SQSs were generated for dopant concentrations of

5%, 10%, 12.5%, 15%, 20%, 25%, 50%, 75%, 80%, 85%, 87.5%, 90% and 95%. In this work,

A-type dopants are only considered to be present on A-type crystallographic sites, and dopant

concentration is defined by the percentage of applicable A-type sites are occupied by dopant atoms

as:

χdop =
Ndop

Ndop +NCa
(5.1)

Since we are interested in how the mechanical properties, particularly the phase change, might

change or blend with concentration of dopant, these SQSs were relaxed and important phase-

change parameters, such as c-axis length and transition strains, were extracted. First observed is

effect of the alloying on the average c-axis of the crystal. The c-axis lengths, shown in Figure 50,

change nearly linearly with dopant concentration between 100% CaFe2As2 and 100% A’Fe2As2,

where A’=Ba, Sr. In other words, in these alloys, we see good agreement with Vegard’s Law,

which relates the lattice parameters of an alloyed solid to the linear interpolation between the two

parent solids [164]:

a(A1−χBχ) = (1− χ)aA + χaB (5.2)

While this doesn’t tell us much, it does suggest that there may not be a critical concentration in

which the properties shift between the two compounds. Perhaps some blending of the mechanical

properties does occur with this type of doping.

To investigate this, select SQSs, with dopant concentrations 25%, 50%, and 75%, were com-

pressed hydrostatically. The observed stress-strain curves revealed an interesting evolution of tran-

sitions. As the concentration of the dopant is increased, the transition strains also increased, ap-

proaching the behavior of the parent dopant compound. The stresses at which the the transition

occurs also increase, approaching that of the parent dopant compound. This interpolating behav-

ior occurs for doping with both barium and strontium. The stress-strain results can be seen in

Figure 51.
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Figure 50: The average c-axis lengths of SQSs of CaFe2As2 alloyed with barium (a) or strontium (b)
vary nearly linearly with concentration, blending between the c-axis lengths of CaFe2As2 and BaFe2As2 or
SrFe2As2.

The transition strain and stresses, which can be used to describe the transition, were extracted

and plotted in Figure 52. The volumetric strain at which the transition occurs varies almost linearly

with the composition of the alloy for both Ca–Ba and Ca–Sr (Figure 52(a)). Likewise, the stresses

at the onset and offset of the transition vary in a nearly linear fashion for both alloys of barium

(Figure 52(b)) and alloys of strontium (Figure 52(c)). This suggests that in a disordered arrange-

ment of A-type atoms, the properties of the transition can be tuned directly by the composition.

5.1.2 Ordered Structures

In the previous section, we explored the mechanical responses of potential randomly-ordered

alloys of CaFe2As2 with Ba or Sr. This is not the only possible ordering of these alloys, however.

There is also potential for doped compounds of this sort to form highly-ordered layered super-

structures. This ordering would consist of entire layers of calcium replaced by the dopant metal.

This structure has been observed and studied in CaKFe4As4 [165–168], which is CaFe2As2 doped

with 50% potassium. In this structure, every other calcium layer in CaFe2As2 is instead a layer

of potassium, forming the ordered superstructure (Figure 53(a)). For dopant concentrations other

than 50% an appropriate fraction of calcium layers would be replaced by the dopant. For example,
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Figure 51: The doping of CaFe2As2 with barium (a) and strontium (b) in random ordering results in a
blending of the mechanical properties.

Figure 52: (a) The transition volumetric strains of both randomly-alloyed structures vary nearly linearly
with concentration for both barium and strontium doping. The transition stresses also vary nearly linearly
with concentration for both barium (b) and strontium (c). Transition strains are compared to the transition
strains of the ordered supercells discussed in Section 5.1.2.

a dopant concentration of 25% would have a superstructure in which every fourth calcium layer is,

instead, the dopant (Figure 53(b)).

In the following sections, we will investigate the mechanical response of CaKFe4As4, a com-

pound known to have this layered superstructure, to gain insight into the potential responses of

these materials. Then we investigate the mechanical response of ordered superstructures formed

by doping CaFe2As2 with either barium or strontium.
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Figure 53: (a) The structure of CaKFe4As4 has a modified ThCr2Si2-type crystal structure where every
other layer of calcium atoms is replaced by a layer of A’ atoms, which in this case, are potassium atoms.
This is the preferred structure for BaCaFe4As4 and SrCaFe4As4, which will be discussed in following
sections. (b) In the layered superstructure containing 25% dopant, every fourth calcium layer is, instead, a
layer of dopant.

Mechanical Response of CaKFe4As4

A compound with an example of an ordered superstructure which has garnered interest in

recent years is CaKFe4As4. This compound has a ThCr2Si2-type derived structure. Unlike pure

CaFe2As2 or pure KFe2As2, every other A layer is composed of a different element. The ordering

of this structure can be seen in Figure 53. It has been described in the literature that CaKFe4As4

exhibits a “half-collapsed" phase under pressure [166]. This terminology is derived from the idea

that the collapse occurs across the calcium layers, but not across the potassium layers, since the

distance across potassium layers is greater than the distance across calcium layers. While this is

true in a sense, this phenomenon, is not associated with a “half-collapse" of the magnetic moments.

Upon collapse, like CaFe2As2, all magnetic moments vanish (Figure 54(a)). This does result in a

discontinuity in the stress-strain response, as the stress in the crystal decreases after the collapse.
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Figure 54: (a) The hydrostatic compression of CaKFe4As4 exhibits a magnetic collapse at approximately
12.5% volumetric strain, which is associated with a small crystal collapse. (b) The distance drop during the
collapse between arsenic atoms across calcium planes is roughly the same as those across potassium planes.

However, while the vertical distance between arsenic atoms does drop suddenly, there isn’t a

significant difference in the magnitudes of the drops across calcium and potassium (Figure 54(b)).

That is, the crystal doesn’t collapse about the calcium plane more than it collapses about the potas-

sium plane. Upon collapse, the drop in the arsenic-arsenic distances are 0.032 Å and 0.033 Å about

the calcium planes and the potassium planes, respectively.

While the compression of CaKFe4As4 does not reveal a true “half-collapse," it does show a

magnetic collapse which is significantly different from the response of pure CaFe2As2. With this

in mind, superstructures with layered ordering were investigated for alloys of CaFe2As2 and barium

or strontium in the following section.

Superstructures of CaFe2As2 Doped with Barium or Strontium

The superstructures inspired by the ordering of CaKFe4As4 are potential structures for alloys

of CaFe2As2 and barium or strontium. These superstructures have ordered layers of A-type planes,

where specific concentrations of dopant can be achieved by varying the frequency of the dopant

plane. Superstructures of 50% barium or strontium concentration simply take the CaKFe4As4 crys-

tal structure. Other concentrations can be achieved by repeating this structure in the c-direction,

and replacing an appropriate number of calcium layers with layers of the dopant metal. For exam-

ple, in a 25% strontium structure, SrCa3Fe8As8, every fourth calcium layer would be a strontium
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layer instead and the repeatable c-axis distance would be twice as tall as a conventional CaFe2As2

unit cell (Figure 53(b)).

Superstructures of 25%, 50% and 75% dopant (both barium and strontium) were constructed

and compressed hydrostatically. The resulting stress-strain curves, along with those of their parent

compounds, can be seen in Figure 55. The mechanical response of the 50% dopant superstructures

Figure 55: Compression of the superstructures of CaFe2As2 alloyed with barium (a) and strontium (b)
shows an interesting evolution of mechanical properties with dopant concentration. The 25% dopant super-
structures of both species exhibit two crystal collapses, while both 50% dopant superstructures exhibit only
one crystal collapse. The 75% strontium superstructure also shows two crystal collapse points, while the
75% barium superstructure only shows one in our range of investigated compression.

to hydrostatic compression is similar to the response of CaKFe4As4. The structures experienced a

single structural collapse (Figure 55), which is associated with a collapse of the magnetic moments

(Figure 56).

The 25% and 75% superstructures exhibited responses with multiple phase transitions. Both

the 25% and 75% strontium superstructures, as well as the 25% barium superstructure exhibited

two magnetic and structural transitions. These stress-strain responses are shown in Figure 55, and

the evolution of the magnetic moments are shown in Figure 56. It is clear that this superstructure

ordering provides different material properties than the random alloying described in Section 5.1.1.

However, which is more likely to form? We address this question in the following section.
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Figure 56: The evolution of the magnetic moments in the superstructures alloyed with barium (a) and stron-
tium (b). Superstructures containing either 25% or 75% alloyed species have multiple magnetic collapses.

5.1.3 Ordering Preference

These two possible orderings, random and layered, were investigated for their possible me-

chanical responses. However, do these alloys have a preference to either order? An energetic

preference to one of these orderings could potentially render the other ordering very difficult to

synthesize. To answer this question, all structures, SQSs and superstructures, were investigated for

their thermodynamic stability. Their cohesive energies (per formula unit) we calculated and plotted

against composition. The resulting convex hulls can be seen in Figure 57. None of the SQSs lie

c

Figure 57: The convex hulls of BaxCa(1−x)Fe2As2 (a) and SrxCa(1−x)Fe2As2 (b) show that no SQS is
thermodynamically stable. However, it is feasible that random structures with Sr could be quenched in.
Some superstructures, on the other hand, do indeed lie on the convex hull. A formula unit (FU) is 5 atoms:
1 Ca/Ba/Sr, 2 Fe, and 2 As.
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on the convex hull, which means that energetically speaking, these structures are unlikely to form.

The best strontium-doped SQSs are approximately 0.05 eV/Formula Unit above the convex hull,

while the best barium-doped SQSs are roughly 0.3 eV/Formula Unit above. These structures are

not very far off of the convex hull and perhaps are stable at finite temperature. At 0 K, the layered

superstructures do lie either on the convex hull, or very close. Thus, it is clear that these alloys

favor order at low temperatures. However, they may have an order-disorder transition at higher

temperatures. Further investigations are needed to understand the possible coupling between tem-

perature and order.

5.1.4 Discussion

The possible mechanical properties of CaFe2As2 doped with strontium or barium were in-

vestigated through DFT compression simulations. Both randomly-ordered structures and layered

superstructures were studied for various concentrations of dopant. Our results show that the transi-

tion stresses and strains of randomly-ordered alloys can be controlled directly by the concentration

of dopants (Figure 52).

The magnetic behavior of the superstructures (shown in Figure 56) is particularly exciting. Un-

like the 50% structures, including CaKFe4As4, where all iron atoms lose their magnetic moments

simultaneously, Half of the irons lose their magnetism in the first collapse, while the second half

of irons lose their magnetism in the second half. This implies that the superstructure truly forms a

“half-collapsed" intermediate phase, before fully collapsing. This is exemplified in Figure 58(b),

which highlights the distances between iron atoms in the crystal. First, it is interesting to note that

the initial distances between irons is mostly a function of which species of atom is between them.

Regardless of overall composition, irons straddling a calcium have nearly the same distance in an

unstressed state, the same goes for strontium.

Upon first collapse, it can be seen that the irons entirely surrounded by calcium layers collapse,

exhibiting a great shortening of distance. Meanwhile, the iron atoms straddling the strontium layer

hardly experience a change in distance, and the distance between iron atoms across a calcium
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Figure 58: (a) Both the barium and strontium 25% dopant superstructures exhibit similar compression
responses with two phase changes. The initial phases of both superstructures have very similar mechanical
responses to each other, and orthorhombic CaFe2As2. (b) The Fe–Fe distances highlight where in the crystal,
and at which strains, does each collapse occur.

layer which borders a strontium layer decrease slightly. At the point of second collapse, the Fe–Fe

distance across the strontium layer decreases intensely while the distance between the iron atoms

embedded in calcium layers remains roughly the same across the collapse. Again the third set

of iron atoms get closer together during the phase change, however not as intensely as the irons

which, at this point, are actively part of the collapse. The evolution of this collapse is depicted in

Figure 59.

This behavior can be explained, in part, by the evolution of magnetic moments in the crystal. In

the first phase change, the iron atoms embedded in calcium layers collapse, and also lose their mag-

netic moments. This can be understood since in their immediate vicinity (only nearest neighboring

layers), the crystal may appear to be pure CaFe2As2. The iron atoms surrounding the strontium

layer keep their magnetic moments until the second collapse, where they experience their large

jump in distance. In the intermediate phase, there are calcium layers bordered on one side with

magnetic iron cages, and on the other side with nonmagnetic iron cages. This intermediate phase

can most appropriately be described as “half collapsed."

The multiple phase-change points may be useful in designing and tuning the response of these

materials. A crystal with 3 (or more) preferred lengths may be used as a solid-state actuator.

Furthermore, the Néel temperatures of all three materials differ. In contrast to CaFe2As2, which
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Figure 59: Under loading, the 25% superstructure (a) will collapse, both structurally and magnetically in
the Ca-rich regions of the crystal (b).

has a Néel temperature of 170 K, BaFe2As2 has a Néel temperature of 143 K [169] and SrFe2As2

has a Néel temperature of 190 K [170].

If these random structures can be somehow be quenched in, then these materials can perhaps

be tuned by manipulating the concentration in processing. This should not be out of the realm of

possibility considering that other metastable compounds with similar cohesive energies are often

stabilized in quenching. For example, cementite, an iron-carbon compound which is a major phase

within steels, has a cohesive energy of 0.051 eV/atom [171]. This is comparable to the cohesive

energies of the SrxCa(1−x)Fe2As2 structures (Figure 57(b)) and, to a lesser extent, those of the

BaxCa(1−x)Fe2As2 structures (Figure 57(a)).

However, it does seem that the crystal has a high affinity to forming an ordered structure. This

can be easily rationalized by geometry. We can think of the crystal as layers of 2-dimensional

structures, the [Fe2As2 cages and the A-atom layers. Having a mix of A atoms in each layer breaks

the planar nature of those structures. Since the A atoms species have different atomic radii, the new
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topography of a mixed A layer should induce some inherent strain on the cage layers. Meanwhile,

the more ordered superstructures do not have this problem. Since the entirety of each layer is

composed of only one atom (and thus one atomic radius), the layers’ thicknesses do not vary in-

plane. Furthermore, at least come combinations of these superstructure alloys are predicted to be

thermodynamically stable, while the others are very close to the convex hull. This suggests that

these crystal structures can transcend theory and be studied experimentally.

To what extent does the long range ordering of the superstructures play a role in the mechanical

response? Would reducing the number of dopant layers increase the number of magnetic collapse

steps, and thus phase transitions? Could we engineer these materials to respond to c-axis stress in

an accordion-like fashion? Alternatively, the cage layers may not be affected by atoms beyond the

next cage layer. In that scenario, perhaps two magnetic collapse steps is the maximum possible.

5.2 Cobalt Doping of CaFe2As2

Doping of ThCr2Si2 crystals for the purpose of increasing the superconductive critical tem-

perature is an active area of research. One common approach is to electron-dope these ma-

terials by replacing some of the iron atoms with cobalt atoms, which has been investigated in

BaFe2As2 [47, 172, 173]. These studies have found that cobalt doping decreases the c-axis length

of the BaFe2As2 crystal. The effects of cobalt doping on the collapsed state of CaFe2As2 have yet

to be investigated; however, compression experiments of doped CaFe2As2 are pending. How does

the presence of cobalt affect the mechanical response of CaFe2As2?

To investigate this, simulation cells of cobalt-doped CaFe2As2 with varying cobalt concentra-

tions were constructed and relaxed. Their c-axis lengths and magnetism were evaluated to gauge

crystal collapse. The various concentrations of cobalt were obtained through the use of both spe-

cial quasirandom structures (SQSs) and cobalt-doped supercells were constructed. SQSs with Co

concentrations of 50%, 25%, and 10% were studied, and supercells of 50%, 6.25% (1/16) and

3.125% (1/32) were studied. The SQSs were used to gain insight to a high concentrations with

a random ordering, while the supercells at low concentrations were presumed to be sufficient in
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simulating low concentrations. This presumption was made based on the performance of SQSs in

the study of defected LaRu2P2 (Section 4.1).

The supercells of high concentration (50%) were constructed to represent possible ordering

of the cobalt and iron atoms which were not captured by the SQSs. Special attention was given

to these orderings because of the magnetic ordering of the iron atoms (and the doping cobalt

atoms). While cobalt is also a magnetic element, it has one more valence electron than iron, and

its presence has been shown to disrupt the magnetism of ternary iron arsenides [47]. The Co–

Fe orderings simulated with supercells were the checkered pattern, the horizontal layer pattern,

the vertical stripe pattern, and the vertical layer pattern. The resulting order of the SQS was the

horizontal stripe pattern. These orderings have been previously visualized in the discussion of

magnetic ordering in CaFe2As2 (Section 3.1.1) and can be seen in Figure 11.

Relaxation of these SQSs and supercells provided the magnetic moments of the iron/cobalt

atoms and the relaxed c-axes of the structures. This can be seen in Figure 60. At cobalt concen-

trations above 6.25% the crystal is nonmagnetic, and the c-axis lengths are shortened (consistently

below 10.75 Å). At concentrations at or below 6.25%, the magnetism is not eliminated, and the

c-axis lengths are near that of pure CaFe2As2 (approximately 11.5 Å).

Figure 60: The c-axis lengths and magnetic moment of the Fe/Co atoms (insert) of CaFe2As2 doped with
cobalt as a function of cobalt concentration. Concentrations as low as 10% collapse the crystal along the
c-axis.

123



5.2.1 Discussion

Doping CaFe2As2 with cobalt in place of iron has a significant effect on the magnetic and

structural properties of the crystal. The presence of cobalt in concentrations higher than 6.25%

destabilizes the magnetic ordering of the iron and cobalt atoms. This destabilization is accompa-

nied by a crystal collapse, which is apparent due to the decrease in c-axis length. It is interesting

to note that this transition to a collapsed state occurs at similar concentrations to that of vacancies

in LaRu2P2 (Section 4.1.4).
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Chapter 6

Cleavage Simulations of ThCr2Si2-type Crystals

The emergence of pseudo-elasticity in ThCr2Si2-type crystals, along with their fatigue resis-

tance, has led to their potential as structural materials. As such, it is important to investigate the

inelastic behavior, such as fracture and plastic deformation, of these materials. As intermetallic

compounds, materials with the ThCr2Si2-type crystal structure are expected to be relatively brit-

tle [26].

Figure 61: (a) A load-displacement curve with indentation depth of 600 nm. SEM images of (b) an indent
before FIB milling and of (c) lateral cracks for the indentation depth, 600 nm. Schematics of the indentation
deformation and fracture for (d) loading and (e) unloading conditions. Reproduced from Frawley et al. [26].
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While loading along the c-axis results in a pseudo-elastic mechanical response, experimental

investigations of CaFe2As2 have shown that in off-axis compression, the crystal easily slips along

its (001) plane via micaceous deformation [18]. Micaceous deformation occurs when a material

has a predisposition to shearing and fracturing on a favored crystallographic plane [174]. This

highlights that this crystal structure is highly anisotropic, and off-axis loading can result in inelastic

deformation. Since these crystals are potential replacements for conventional SMAs, knowledge

of their fatigue life and failure mechanisms would assist designing with these materials.

Nanoindentation experiments are ideal for investigating inelastic deformation, since these ex-

periments can induce fracture and plastic deformation simultaneously. From such experiments, we

can observe a material’s propensity to slip and fracture, and which deformation mode might be

activated during loading. Nanoindentation investigations of CaFe2As2 by Frawley et al. revealed

both radial and lateral cracking in the material. This cracking was also associated with strain

bursts. Upon loading (Figure 61(a)), several instances of strain bursts were observed. Unloading

revealed both radial cracking (Figure 61(b)) and lateral cracking along the walls of the nanoin-

dent (Figure 61(c)). This is due to the accumulation of lateral compressive stress and dislocations

within the crystal during loading (Figure 61(d)), which upon unloading, contribute to the lateral

cracking between layers. Lateral cracking is a common phenomenon in thin films or multi-layered

materials [175, 176], which makes sense considering the layered nature of ThCr2Si2-type crystals.

6.1 Cleavage Simulations of CaFe2As2

The plastic deformation observed in the nanoindentation experiments was complimented by

DFT cleavage simulations. Simulations of the cleaving of CaFe2As2 were performed to investigate

the energy and stress required to fracture the material, and which planes would be the easiest to

fracture during loading. This was motivated, in part, by the observations of micaceous deformation

in crystals of CaFe2As2 [18]. To complement nanoindentation experiments, cleavage simulations

were performed to investigate the potential planes upon which this fracture may occur.
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6.1.1 Methodology

Cleavage simulations of CaFe2As2 were performed by first creating a periodic simulation cell

which is large in the direction normal to the cleavage plane, and sufficiently periodic in the cleavage

plane. A rift is created along the cleavage plane, between the desired layers upon which the crystal

is being cleaved. The atoms on one side of the rift are incrementally shifted away from the atoms

on the other side. This creates an incrementally widened vacuum space between the two sides of

the crystal. As this rift is widened, the energy of the simulation cell is computed without relaxing

the ionic positions. This setup is depicted in Figure 62(a). The energy increases as the gap is

widened until the two surfaces created are sufficiently far such that they no longer interact. At this

point, the cleavage energy has asymptotically approached the energy of two free surfaces.

Figure 62: (a) Depiction of the simulation method performed to calculate the cleavage response. (b)
CaFe2As2 was cleaved on the (100) plane (left) and the (001) plane (right). (c) Energy and stress response
of CaFe2As2 cleaved on the (001) plane in the orthorhombic phase (OR) and collapsed tetragonal phase
(CT), with both possible chemistries. (d) Energy and stress response to cleavage on the (100) plane for both
the OR and CT phases.

Cleavage of CaFe2As2 was simulated on two planes, (100) and (001). On the (001) plane,

two cleavage chemistries were investigated, the Ca–As chemistry, and the Fe–As chemistry (Fig-

ure 62(b)), while on the (100) plane, there is only one possible chemistry to cleave. Furthermore,

cleavage on these planes and chemistries was investigated for both the orthorhombic and collapsed-

tetragonal phases of CaFe2As2. While the (100) and (010) planes of the orthorhombic phase aren’t
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exactly equivalent, as they are in the collapsed-tetragonal phase, they are very similar planes crys-

tallographically speaking. The (100) direction has a slightly wider spacing than the (010) plane,

and thus we would expect this to be the easier plane for cleavage to occur.

The simulation cells for the (001) cleavage were 1 × 1 unit cells in-plane and 4 unit cells in

the direction normal to the cleavage plane. Simulation cells for (100) cleavage were, again, 1 × 1

unit cells in-plane, and 8 unit cells in the direction normal to the cleavage plane. The Monkhorst-

Pack k-point mesh was 9 × 9 × 1 for (001) cleavage, and was scaled appropriately for the (100)

simulation cells. Since the simulation cell was very long in the direction normal to the cleavage

plane, only one k-space integration point is needed in that direction.

6.1.2 Results and Discussion

Cleavage on the (001) plane (Figure 62(c)) with Ca–As chemistry is significantly favorable

when compared to the Fe–As chemistry. This agrees with our intuition, since cleaving the Fe–As

chemistry plane breaks the cage, while the Ca–As chemistry plane is between layers. The resulting

cleavage energy of the Ca–As (001) plane is very similar for both the orthorhombic and collapsed-

tetragonal phases, 1.99 J/m2 and 1.89 J/m2, respectively. These cleavage energies are both less than

half of those from the Fe–As plane, which are 4.57 J/m2 and 5.51 J/m2, respectively. Likewise, the

stresses required to cleave on the Ca–As (001) planes is roughly a third of those required to cleave

on the Fe–As (001). The stresses to cleave the Ca–As chemistry are 9.21 GPa and 8.61 GPa for

the orthorhombic and collapsed-tetragonal phases, respectively. The stresses required to cleave the

Fe–As chemistry are 28.2 GPa and 34.8 GPa for the orthorhombic and collapsed-tetragonal phases

respectively. Interestingly, while the energy and stress required to cleave on the Ca–As plane is

slightly easier for the collapsed-tetragonal phase than orthorhombic, cleaving the Fe–As plane is

easier in the orthorhombic phase.

There is only one possible chemistry for the (100) plane. Cleavage on this plane was simulated

for both the orthorhombic and collapsed tetragonal phases. In a similar fashion to the (001) plane,

the collapsed tetragonal phase is harder to cleave than the orthorhombic phase (Figure 62(d)). The
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(100) cleavage energy of the collapsed-tetragonal phase is 3.19 J/m2 while for the orthorhombic

phase, it is 2.79 J/m2. The stress required to cleave the collapsed-tetragonal phase (22.4 GPa) is

greater than the stress required to cleave the orthorhombic phase (18.6 GPa).

Overall, the (100) plane requires a higher stress to cleave, and results in a higher cleavage

energy, than the (001) Ca–As plane, regardless of phase. However, the Fe–As (001) planes require

the most energy and highest stress to cleave. Thus, fracture on this chemistry is highly unlikely.

We can expect that fracture is likely to occur with the (001) planes, which is consistent with the

observed micaceous deformation [18].

6.2 Cleavage Simulations of LaRu2P2

If LaRu2P2 is to be used as either a solid-state actuator, or a pseudo-elastic mechanical compo-

nent, knowledge of its fracture mechanisms is important. In this vein, similar cleavage simulations

were performed for LaRu2P2 crystals. The methodology performed in Section 6.1.1 was repeated

for LaRu2P2. However, since LaRu2P2 does not have a collapsed-tetragonal phase which can be

stabilized at zero applied stress, only cleavage of the tetragonal phase was investigated. Cleavage

on both the (100) and (001) planes were simulated. We know from the cleavage simulations of

CaFe2As2, in addition to intuition, the (001) plane is far more likely to cleave between layers of

lanthanum and phosphorus than layers of phosphorus and ruthenium. To confirm, cleavage on both

(001) plane chemistries was simulated.

The results of these simulations can be seen in Figure 63. The simulation results reveal similar

trends to cleavage in CaFe2As2. Cleavage on the La–P (001) plane has the lowest required stress

(13.7 GPa) and the lowest cleavage energy (2.74 J/m2). Cleavage on the Ru–P chemistry of the

(001) plane has the highest required stress (42.9 GPa) and the highest cleavage energy (6.63 J/m2).

Cleavage on the {100} planes requires a stress of 29.8 GPa, which is in between the two (001)

chemistries. The resulting cleavage energy of the {100} plane is 4.25 J/m2, which is also between

the energies of the two (001) chemistries.
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Figure 63: (a) Energy-displacement and (b) stress-displacement curves for cleave simulations of LaRu2P2.
The cleavage energy and max stress are significantly lower for cleave on the (001) planes than on the {100}
planes. This is congruent with the results from CaFe2As2, and make makes sense considering the layered
nature of the ThCr2Si2-type crystals.

This preference is similar to that shown in the CaFe2As2 cleavage simulations. Like CaFe2As2,

we would expect LaRu2P2 to cleave on its (001) planes. Specifically, the La–P chemistry (001)

plane is the easiest to cleave. If nanoindentation experimental studies were to be conducted on

LaRu2P2, it would be reasonable to expect fracturing similar to that observed in CaFe2As2 nanoin-

dentation experiments. Furthermore, it is also likely for LaRu2P2 to deform micaceously under

off-axis loading conditions. Knowledge of these failure mechanisms and anisotropic deformation

behavior can help future engineers better design with these materials.
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Chapter 7

Conclusions and Future Work

As is the nature of most investigations, more new questions presented themselves than were

answered. This study exhibited exhausting depth in certain areas but left several fields open to

more scientific investigation. The unique mechanical properties of ThCr2Si2-type crystal lend

themselves to a wide range of future uses. The properties appear to be tunable through defects and

processing, as well as through overall composition and superstructure. Furthermore, the unique

origins of the shape-memory effects of these crystals allows for increased fatigue resistance over

conventional SMAs.

Compression along the c-axis of these crystals often results in a phase change, which facilitates

a pseudo-elastic response. If the material’s ground state is magnetic, as is CaFe2As2’s, then the

phase change can be both magnetic and structural. Nonmagnetic compounds with this crystal

structure, such as LaRu2P2, can also exhibit a phase change. These phase changes can be more

subtle; in LaRu2P2, the phase change is characteristically second-order, as some elastic constants

are discontinuous in strain.

The pseudo-elastic responses of CaFe2As2 and LaRu2P2 were modeled by continuum-scale

composite models built with data from DFT simulations of single unit cells. The pseudo-elastic

response of CaFe2As2 is a result of a phase transition between two distinct magnetic phases, while

in LaRu2P2, there is no distinct phase change. Strain-controlled DFT simulations gave more com-

plete insight into the mechanical response of these compounds than previously reported in litera-

ture. The stress-strain predictions of the models agreed with experimental stress-strain trends of

CaFe2As2 and LaRu2P2 but differ modestly in the magnitude of the stress response. For a given

compound and loading control mechanism, the models predict similar transition strains for hydro-

static and uniaxial compression states. This indicates that c-axis strain is the controlling factor of

the pseudo-elastic response.
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Point defects in ThCr2Si2-type crystals were shown to reduce the characteristic pseudo-elastic

softening in the stress-strain response. Here, these defects and their effects were well-studied in

LaRu2P2 and CaFe2As2. From experimental observations and models, it is likely that these defects

segregate to form pure and defected regions, allowing for a blending of mechanical properties

between the pure response and the defected response. Ruthenium and phosphorus vacancies at

high concentrations were shown to induce crystal collapse. The presence of these point defects,

most importantly, vacancies, can be used to tune the response of the sample, and may be a point of

control for future material designers.

The alloying of the CaFe2As2, BaFe2As2, and SrFe2As2 in a random distribution reveals a

nearly linear evolution of phase-transition properties between the parent compounds. However,

they are not thermodynamically stable, as they are off the convex hull. Ordered superstructures of

alternating layers of A-type atoms, similar to the crystal structure of CaKFe4As4, are more likely

to lie on the convex hull. The mechanical responses of these structures can exhibit multiple phase

changes with cascading magnetic collapses.

It is the hope of this work that this analysis has opened the door to a new tunability of these

materials. Future materials engineers may expand on some of the principles exposed and explored

in this work to design small-scale solid-state actuators with tuned ThCr2Si2-type crystals. A great

deal more research is required to bridge the gap between this theoretical study and practical appli-

cation. The following sections highlight some of the next areas of research in this investigation.

7.1 Mechanical Response of Alloyed ThCr2Si2-type Superstruc-

tures

The alloys of CaFe2As2, BaFe2As2, and SrFe2As2 have been predicted by this work to have

interesting and perhaps valuable mechanical properties. While inspiring, there are some areas that

need more in-depth investigation.
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7.1.1 Uniaxial Compression

Thus far the investigations of the mechanical responses of these alloys, both ordered and dis-

ordered, have been limited to hydrostatic stress. We have been able to show that the primary con-

sideration for crystal collapse is c-axis strain, and thus similar mechanical responses occur to both

hydrostatic and uniaxial loadings. However, since these materials, especially the superstructures,

are particularly sensitive in their c-axis strain, it would be useful to investigate them in uniaxial

stress states.

7.1.2 Predicting the Pseudo-Elastic Response

Analysis of the mechanical responses of single unit cells of the alloyed superstructures re-

vealed interesting mechanical response, especially in regards to the critical stresses and strains of

their phase changes. However, how do these differences in phase change properties translate into

the mechanical response of a sample of these materials? In a similar manner to the pure 1:2:2

compounds, the pseudo-elastic response can be constructed from energetic data of the possible

phases. These models will predict how samples of these materials would respond in actual com-

pression experiments. This will be especially interesting for superstructures which exhibit a third

“half-collapsed" phase. Compression data from each phase can be gleaned from DFT simulations.

The models will predict the mechanical response by minimizing the appropriate thermodynamic

potential (internal energy for displacement-control, enthalpy for load-control).

7.1.3 Can These Compounds Be Fabricated?

The evolution of mechanical properties with concentration is distinctly different when the struc-

tures are ordered vs. when they are disordered. While some of the ordered structures lie on the

convex hull, all of the disordered structures are off the convex hull. The disordered structures are

only off the convex hull by a few hundreths of an electron volt per formula unit in Sr alloys, and

a few tenths of an electron volt per formula unit in Ba alloys. While strictly speaking, these are
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not thermodynamically stable, it may be possible top quench in these structures. Whether these

structures can be fabricated is a point that should be investigated in the future.

Likewise, the ordered superstructures, which are predicted to be thermodynamically stable,

have yet to be synthesized experimentally. The synthesis of these structures should also be investi-

gated. While theoretically expected to exist, synthesis may prove to be tricky. Once these crystals

can be grown or synthesized, their mechanical properties can be investigated experimentally. Both

hydrostatic and uniaxial microcompression tests can be performed to observe how these materials

behave. These results can be compared to our theoretical predictions.

7.1.4 Investigations of Superstructures with Different Alloy Concentrations

In this work, it was proposed that alloys of CaFe2As2 and either BaFe2As2 or SrFe2As2 would

energetically prefer to form layered superstructures. Compression of these superstructures revealed

that alloys of 25% and 75% strontium concentration, and alloys of 25% barium concentration,

exhibited two cascading magnetic collapses. These arose from the apparently different character

of two regions of the crystal. Lower concentrations of the alloyed compound, in the superstructure

ordering, would have a repeatable structure which was even longer in the c direction. Would

this produce more distinct regions in the crystal, with perhaps more cascading magnetic collapses

and phase changes? Alternatively, is there a limit to the number of distinct regions possible?

This would all depend on how important long-range order is in the crystal. In SrCa3Fe8As8, two

[Fe2As2] cages are sandwiched between calcium layers, while two cages are flanked by a calcium

layer on one side, and the strontium layer on the other. If only the nearest A-type layer is important,

than two cages would be part of a CaFe2As2 region, while the other two layers would comprise a

SrCaFe2As2 region. However, if longer-range effects are important, a taller crystal with a different

concentration would have more distinct regions.

7.1.5 Effects of Temperature on the Mechanical Response

Another interesting question that presents itself in this work is: how do these superstruc-

tures respond to temperature? The individual compounds, BaFe2As2, CaFe2As2, and SrFe2As2
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have all been reported to have different Néel temperatures. The Néel temperature of CaFe2As2

is 170 K [16]; the Néel temperature of BaFe2As2 is 143 K [169], and the Néel temperature of

SrFe2As2 is 190 K [170]. As evidenced by the predicted cascading magnetic collapse, the iron

atoms in these superstructures have distinct character. It would be interesting to see if different re-

gions of these structures have different Néel temperatures. Furthermore, it would be interesting to

see how the mechanical responses of these structures evolve with temperature, especially through

the temperature transition regions between Néel temperatures (if it is revealed that the material has

multiple Néel temperatures).

7.2 Plasticity in ThCr2Si2-type Crystals

Studies of ThCr2Si2-type crystals have revealed their potential plastic deformation mechanisms

and their micaceous nature. However, crystal plasticity of these crystals has only been computa-

tionally investigated in CaFe2As2 [18]. Nanoindentation studies have been performed in other

compounds, such as BaFe2As2 [177]. Along these lines, there are several areas of research which

could be investigated in the near future.

7.2.1 Study of Slip Mechanisms in LaRu2P2

To round out the study of plasticity in LaRu2P2, micaceous behavior, and slip on the (001)

planes should be investigated. Slip along this plane can be simulated via in-plane displacement

and generalized stacking fault (GSF) surfaces, as well as curves of 〈a〉-type slip, can be generated.

These investigations would shed light onto the potentially active slip mechanisms in LaRu2P2, and

the strength it has in off-axis loading.

7.2.2 Studies of Plasticity in Other Compounds

As the battery of research into the mechanical properties of compounds with the ThCr2Si2-

type crystal structure accumulates, more information on the plasticity of these compounds will

prove useful. Cleavage simulations, as well as GSF surfaces and curves can be computed for other
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ThCr2Si2-type compounds as they are explored for their pseudo-elastic properties. Furthermore,

the plasticity of the alloyed superstructures can also be studied. Since there are more complicated

chemistries involved in those structures, it is likely that some (001) planes slip more easily than

others.
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investigation of superconductivity in the body-centred tetragonal. Philosophical Magazine,

96(19):2059–2073, 2016.
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Appendix A

Other La–Ru–P Structures Investigated

Table A1: Lattice constants and atomic positions of all the structures investigated for the convex hull which
have not previously been reported.

Lattice Atom Positions

Compound Space Group Constants (Å) (Wyckoff Positions)

La5Ru2 C 1 2/c 1 a = 16.440 La(8f) (0.408, 0.392, 0.408)

b = 6.483 La(8f) (-0.215, 0.425, 0.317)

c = 7.177 La(4e) (0.000, 0.419, 0.250)

β = 84.880◦ Ru(8f) (0.389, 0.210, 0.081)

La3Ru P 21/n 21/m 21/a a = 7.155 La(8d) (-0.329, -0.067, 0.330)

b = 9.830 La(4c) (0.456, 0.250, 0.151)

c = 6.327 Ru(4c) (0.120, 0.250, -0.062)

LaP7 P 1 21/c 1 a = 7.245 La(4e) (0.240, 0.375, -0.128)

b = 12.293 P(4e) (0.387, 0.054, -0.016)

c = 7.321 P(4e) (-0.344, -0.494, -0.215)

β = 74.320◦ P(4e) (-0.037, 0.160, -0.205)

P(4e) (-0.183, 0.382, 0.082)

P(4e) (0.028, -0.013, -0.159)

P(4e) (0.479, 0.219, 0.006)

P(4e) (-0.248, 0.210, 0.070)

RuP3 P -1 a = 5.831 Ru(2i) (0.227, -0.372, -0.069)

b = 8.026 Ru(2i) (-0.277, 0.044, -0.367)

c = 5.890 P(2i) (0.342, -0.342, -0.217)

α = 111.262◦ P(2i) (-0.322, -0.235, 0.335)
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β = 107.504◦ P(2i) (-0.317, -0.060, -0.055)

γ = 70.246◦ P(2i) (0.152, -0.085, -0.318)

P(2i) (-0.193, -0.448, -0.471)

P(2i) (0.171, -0.318, 0.084)

LaRuP2 P 1 21/m 1 a = 3.996 La(2e) (0.283, 0.250, -0.229)

b = 3.904 Ru(2e) (-0.250, 0.250, 0.499)

c = 9.786 P(2e) (0.235, 0.250, 0.378)

β = 92.899◦ P(2e) (-0.157, 0.250, -0.005)

LaRu4P3 P 21/n 21/m 21/a a = 11.784 La(4c) (-0.166, 0.250, -0.075)

b = 3.825 Ru(4c) (0.343, 0.250, 0.268)

c = 11.279 Ru(4c) (0.280, 0.250, -0.110)

Ru(4c) (-0.428, 0.250, 0.033)

Ru(4c) (0.493, 0.250, -0.196)

P(4c) (0.379, 0.250, 0.072)

P(4c) (0.149, 0.250, 0.285)

P(4c) (-0.411, 0.250, -0.368)

Lattice Atom positions

Compound Space group Constants (Å) (Wyckoff positions)

LaRu2P P 4/n 21/m 2/m a = 3.990 La(2c) (0.250, 0.250, -0.218)

b = 3.990 Ru(2a) (0.750, 0.250, 0.000)

c = 10.521 Ru(2b) (0.750, 0.250, 0.500)

P(2c) (0.250, 0.250, 0.388)

La2Ru3P4 P4m2 a = 4.050 La(2g) (0.000, 0.500, -0.236)

b = 4.050 Ru(1c) (0.500, 0.500, 0.500)

c = 9.496 Ru(1a) (0.000, 0.000, 0.000)

Ru(1d) (0.000, 0.000, 0.500)
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P(2g) (0.000, 0.500, 0.118)

P(2g) (0.000, 0.500,0.377)

La2Ru4P3 P4mm a = 4.012 La(1a) (0.000, 0.000, -0.016)

b = 4.012 La(1b) (0.500, 0.500, -0.485)

c = 9.841 Ru(2c) (0.500, 0.000, -0.249)

Ru(2c) (0.500, 0.000, 0.251)

P(1a) (0.000, 0.000, -0.349)

P(1a) (0.000, 0.000, 0.364)

P(1b) (0.500, 0.500, 0.131)

La1Ru4P4 P 4/m 2/m 2/m a = 3.990 La(1d) (0.500, 0.500, 0.500)

b = 3.990 Ru(4i) (0.000, 0.500, 0.234)

c = 10.521 P(2g) (0.000, 0.000, -0.340)

P(2h) (0.500, 0.500, 0.122)

La3Ru8P8 a = 5.364 La(2e) (0.000, 0.500, 0.500)

b = 5.364 La(1c) (0.500, 0.500, 0.000)

c = 11.732 Ru(8r) (0.248, 0.248, -0.250)

P(2g) (0.000, 0.000, -0.358)

P(4i) (0.000, 0.500, -0.142)

P(2h) (0.500, 0.500, -0.354)
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Appendix B

SQS Compression Results

The special quasirandom structures (SQSs) were compressed hydrostatically to simulate the

mechanical response of a region of material with a high concentration of vacancies. Only SQSs

with a ruthenium vacancy concentrations of 6.25% and 5% showed any softening in their response.

The stress-strain responses can be seen in Figure A1 and their derivatives can be seen in Figure A2.

Figure A1: Hydrostatic compression stress-strain responses of SQSs at various vacancy concentrations

Figure A2: Stiffnesses of the SQSs computed from the derivatives of the SQS hydrostatic stress-strain
curves.
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