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ABSTRACT OF DISSERTATION

COEFFICIENT RECOVERY IN PARABOLIC

INITIAL BOUNDARY VALUE PROBLEMS

We consider the inverse problem of identifying spatially dependent coefficients
in linear, parabolic, partial differential equations with specified initial and bound-
ary conditions. We primarily explore the recovery of the diffusivity coefficient in
the heat equation using a very limited amount of data on a portion of the spatial
boundary. In the process, we show that the coefficient dependent observation
operator is injective. With this knowledge, we use the Backus-Gilbert approach,
modified with an adjoint method, to construct an approximate solution to the
problem. We show the results of numerical experiments for the single, spatial

variable case and then apply the method to related problems.
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Mathematics Department
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CHAPTER 1

INTRODUCTION

The identification of spatially dependent coefficients in partial differential equa-
tions is an important type of inverse problem. As examples, we might wish to
recover the coefficients s or a in Equation (1.1) or the coefficients s or ¢ in Equation
(1.2).

s(z) Qu(z,t) + V- [a(z) Vu(z,t)] = f (z,t) (1.1)
s(z) O (z,t) + Viu(z,t) +q(z) u(z,t) = f (z,1) (1.2)

To recover such coefficients, we associate specific initial and boundary values to
the differential equation, the specific nature of which are modified as needed for
theoretical needs or experimental constraints.

In Chapters 3 through 9, our efforts are directed at the recovery of a in (1.1),
with s = —1 and f = 0. This problem has been widely studied and has applications
in the context of groundwater flow, as the recovery of the hydraulic conductivity
coefficient in a confined, heterogeneous aquifer [3, 14]. In Chapter 10, we briefly

look at the recovery of ¢ in (1.2), which has been studied outside the context of
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groundwater flow in publications such as [1]. Again we’ll specifiy s = —1 and
f=0.

A typical approach to inverse problem of these types is via output least squares,
in linear (spatially dependent), nonlinear (state dependent), and multidimensional
settings [3, 11, 21, 22]. Here the unknown coefficient is chosen from an appro-
priate space and the output computed by solving the direct problem. An error
functional is then defined and minimized. Although powerful and widely applica-
ble, the method has its share of disadvantages: Lack of uniqueness, false minima,
parameter instability, for example.

We present an alternative to this method, drawing on the algorithm first in-
troduced by geophysicists Backus and Gilbert in 1968 to invert seismic data in
obtaining density profiles of the Earth [2]. The "Backus-Gilbert method" is com-

monly used to approximate the solution f of the inverse problem

Af =g, (1.3)

where (1.3) is an integral equation of the first kind. We'll see in Chapter 4 that
this can involve an approximation of the é-distribution, and can be alternatively
described as a projection method in Sobolev spaces [12, 17, 18]. We approxi-

mate a solution to our inverse problem using a modified Backus-Gilbert approach
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[5, 17}, as we attempt to reconstruct the coefficients at specified points in the spa-
tial domain. We do so by using a very limited amount of information concerning
the "solution" u on the boundary. Contrast this with electric impedence tomog-
raphy, which has better resolution but uses much more data for reconstruction,
and is computationally more complex [24]. After the initial reconstruction algo-
rithm in our modified method is complete, we are able to refine the recovery quite
easily with minimal further effort. This proves advantageous over the method of
output least squares, which requires a repeat of its entire algorithm, which can be
computationally burdensome.

We provide a brief explanation of the Backus-Gilbert method in general and
specify the modifications made here, in detail. We then look at the results of
the process, making various adjustments to the algorithmic inputs in an attempt
to optimize the recovery. Prior to this, however, we set the stage with necessary

theory and problem formulation.
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CHAPTER 2
THE FUNCTION SPACES
2.1. The Hilbert Spaces: H®

To ensure the proper setting for this problem, we must construct a set of
function spaces in which to work [6, 7, 15]. We work with the complete inner
product space L?(U) on a bounded set U. In light of our interest in (1.1) and
(1.2), it will be convenient to consider the family of normalized eigenfunctions,

{¢,}, generated by

=V20, (2,9) = M, (z,y), (z,9) €U,

under certain boundary conditions to be specified. This family is an orthonormal

basis for L2 (U). We adopt the following notation for the inner product on L? (U),

(g, h)o = /U gh,

with induced norm

(SIS

lolo= ( [ )
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Relative to this basis, Fourier coefficients of g € L? (U) are defined as

gn ‘= (g’ ¢n)0 = Lg¢n

We make use of the fact that a function is in L? (U) if and only if its Fourier coef-
ficients are in /2. In fact, this mapping of g into {g,} is an isometric isomorphism

from L? (U) onto 2. Recall that for {g,}, {h.} € I?,
({gn} ) {hn})12 = Zgnhn, and
n=1

o} le = (f}) |

With these definitions, the isomorphism from L? (U) to [? preserves inner products
p

and norms. Additionally, the partial sums

N
SN = Zgn¢n
n=1

converge in L% (U) to g, i.e.
9= Gnbn
n=1

Note that this defines the inverse of the isomorphism mentioned above.
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We now have the tools to define the Hilbert spaces H* (U), which are going to

be subspaces of regular functions from L% (U). For s > 0,
H? (U) = {fEL?‘(U) : Z(l—k)\n)sfﬁ <oo}.
n=1
We define inner products on these spaces in terms of their generalized Fourier

coeflicients, those in terms of the eigenfunctions ¢, :

o0

(g,h), = Z(l + M)’ Gnhn, g, h€ H*(U).

n=1

The corresponding induced norms on these spaces are

n=1

||9||s=[2(1+/\n)sgi} , g€ H*(U).

Note that for s = 0, we have that
HO(U) = {geL2(U):Z §<oo}.
n=1

But since this is true for all functions in L? (U), we see that H°(U) = L* (V).

Then

1)
(9, h)o = Zgnhn = / gh,
n=1 U
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i.e. the L? (U) inner product and the H® (U) inner product are the same. More-

over, this shows the aforementioned isometry between the two spaces L? (U) and
l2
lgllo = {gn}Hl:z -

2.2. The Hilbert Spaces: H~*

We now define the spaces, H=* (U) for s > 0. Note that functions in H~* (U)
may no longer be in L? (U). In fact, they may not even be functions in the classical

sense. We instead look at generalized functions in the space of distributions on

U, denoted D' (U).

H™*(U) := {’ye D' (U): i(1+)\n)_s’yﬁ < oo}

n=1

Now, the fact that the eigenfunctions ¢,, € H* (U) for all s > 0 ensures that the

Fourier coefficients of v € H~* (U) are meaningful, i.e.

Yo =7 (¢n) = /U’7¢n = <’Y’ ¢n>D’(U)xD(U) ’

In other words, the Fourier coefficients +, are well defined under the theory of

distributions, with v acting on ¢, € D (U), the set of test functions on U. The
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inner product on H~°(U) is defined

Il
—
+
>
<

|

n
2
3
=
3

(VM) s :

with the induced norm

Il = {Z(l + )™ Wi] :

2.3. Isomorphisms

We now show that the aforementioned spaces H* (U) and H™* (U), for a fixed

s, are isomorphic. To do so, let s € R and define the spaces of sequences h® as

he = {{fn} €l (1+M)"2 fue 12} .

Note that A° = 2. If we define the obvious inner product on h°, we preserve
the Hilbert space structure between the spaces h* and H® (U). In other words,
the natural isomorphism between the function spaces H® (U) and h° is isometric.

Letting s > 0,

E : H°(U)-#h,

E(g) = {(9:¢a)o} = {9}
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Then
'({g-}) Z Inr-

For s > 0,

E : H®U) —-h,

E() = {0 8dpwmom ) = {1}

and
) = Z Ynbn

For a fixed s > 0, we then define an isomorphism between the spaces h* and h~¢,

in the following fashion.

j : h®*— R

]({gn}) = {(1 + )‘n)s gn}

Letting j ({gn}) = {7,.}, note that

o o]

Z (1+X)°92 =

n=1

T4+ X)L+ M) g2

WE

1

3
1l

(14 X,)° g2 < oo,

M ¢

1

3
1
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i.e., {7,} is indeed an element of h~°. It is easy to see that j is an isomorphism,

with inverse j 7' {v,} = {g.} defined by

{gn} = {(1 + /\n)_s ’Y'n} .

Then (again, for a fixed s > 0) the isomorphism between H*® (U) and H~* (U) is

simply defined in terms of F and j.

J . H(U)—> H™*(U)

Jg) : =(E7ejoE) (g

For s > 0, we can define an isomorphism between h° and h°, and use this to define

an isomorphism between H*® (U) and H° (U).

j1/2 . hs—>h0,

(g = ={@+2)" g},
JYt . H(U)— H°(U),

J(g) : =(E0j?*0E)(g).

10
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The isomorphism between H~*

(U) and H° (U) is similarly defined:

PR R,
P o = {2 )

JY2 . H™*(U) - H*(U),
Jg) = (B oo B) (v).

With these definitions, and noting that s € R, we see that
Jg=v= J1/2g = jl/z’y.

2.4. Duality

For a fixed s > 0, we denote the action of an arbitrary element n € H~* (U)

on g € H* (U) as the duality pairing (9,7) 5o, ;s » and define this below. With
9 =2 ne19n%n

= Zgnn (¢ )
n=1
= Z nTln
n=1

=) (1 + M) ga (14 2a) ",
1

11
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=Y GuH. (MU = (G}, Ml = {H))

Noting that {G,},{Hn} € {2 correspond to G = 3°%° (1 + \)*? gnsp, € H® (U)

and H =Y (1+A)""*n,4, € H* (U), we have that

77(9) = <g’n>H3xH—9 = /UGH = (G, H)O € R

This shows that 7 (g) is well defined. Moreover, we employ the Cauchy-Schwarz

inequality to see that

oo}

D (1 +A) P gn (14 Aa), % n

n=1

Z (L+Ay)° gfb]

n=1

In(g)l =

S (14a)7 ni]

n=1

= Gl 1 Hllo = llglly lImll -,
= clgll,
[15].
We have verified that n € H~° (U) is a continuous linear functional on H* (U),
i.e. nis an element of the dual space of H* (U), denoted [H*® (U)]'. Now since

the set of test functions, C$° (U), is dense in H* (U) for every s > 0, and has as a

dual the set of distributions, D’ (U), we see that the dual of any space H® (U) is

12
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a subspace of the distributions, consisting of those distributions which satisfy the
condition given in the definition of H~* (U) above.

Now, using the defined duality pairings and isomorphisms mentioned above, we
can conveniently write various equivalent expressions for a given duality pairing or

inner product.

<g> 77>H5><H—3 = Znngn
n=1

o

= > 0+ M) hagn  G[{RaY = {na})

n=1

= (h’a )s

(B Mpsxp-s = Inly

NE

3
Il
—

I
s

A+2) 77, G ] = {9.})

3
Il

= (1,
Thus we can write the following equivalencies, for example:
(9:Marexr-s = (9, 7'n), = (9,h), = (J'/%g, J'/2h)
= (G, H)q

13
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= (j_l/zv, f"1/277)0 = (1n)_, = (v, Jh)_,
= <’Yvh>Hs><H—s .

Now let 8 be an arbitrary element of [H* (U)). Then by the Riesz Repre-
sentation Theorem, there exists a unique element gz € H* (U) such that 8 (u) =

(u,g98),, Yue€ H°(U) [15]. Then, defining Jgg = -y, we have Yu € H* (U) that

(,98), = (U, Y) o g—s- This defines an isomorphism between the spaces [H* (U)]’

and H™*(U), i.e., H=* (U) is the dual of H* (U): (u, B) gex(arey = (% V) groxcrr—s -

2.5. Regularity

Denoting the dual spaces with a prime, we note the following containment

between the following Hilbert spaces on the set U:
- DH?=(H) >H'=(H)YD>H'DH'D>H*D .-

This is precisely the containment observed with the Hilbert-Sobolev spaces typi-
cally denoted

Wk (U) = H* (U).

In fact, we have merely characterized these Hilbert-Sobolev spaces in terms of

Fourier coefficients (versus containment of weak derivatives in L2 (U)), with the

14
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inclusion of certain boundary conditions built into the space by the generated set
of eigenfunctions [9].
For a function g € H® (U), it can be shown that a—order differentiation causes

a a-degree loss of regularity. For example,
g€ H' (U)=Vge H°(U) and V?gc H'(U).

Of course, integration has an opposite, smoothing, effect.
Finally, with v € H=*(U) and g € H* (U), we interpret the integral [, ~g as

the duality pairing defined above:

/vg= (9, V) o -
U

With the appropriate function spaces constructed, we can determine the ap-

propriate setting for our problem.

15
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CHAPTER 3

FORMULATION OF THE INVERSE PROBLEM

Our objective here is to identify a single unknown coefficient in a parabolic
PDE from measurements made on the boundary of the domain. In particular, we

consider the identification of a (z) in (1.1), specifically

o (z,t) =V -la(z) Vu(z,t)], (z,t)€ Ur.

Coefficient recovery from observed boundary data is a problem widely studied in a
number of contexts; see [1, 11]. We let U denote a bounded open set in R™ with
smooth boundary I', which is composed of two non-overlapping complementary

parts, ' and I'V:

Ur = Ux(0,7T), (3.1)
I' = TPUr™ = boundary of U,

I'r = I'x(0,T).

16
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For n = 1, 2, this PDE governs dynamic groundwater flow for an isotropic, homo-

geneous confined aquifer, where

u(z,t) = hydraulic head in U,

a(r) = transmissivity in U.

The direct problem, with spatial boundary T =TY UT? (¥ NI'P = @) is

ou(z,t) = V-[a(z)Vu(z,t)], (z,t)€Ur (3.2)
u(z,0) = 0, z€U
u(z,t) = fp(z,t), (z,t)eTl?

a(z)Vu(z,t)-n = fy(z,t), (z,t)el¥.

Now suppose v = v (z,t) solves (3.2) in the case a (z) = ap = constant, and u =
u (z,t) solves (3.2) in the case a (z) = ap + 7 (z). Then z (z,t) = u(z,t) — v (z,t)
solves

0z =V -(aVz) =V - (Vv), (z,t) € Ur (3.3)

17
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with homogeneous conditions

z2(z,0)=0, zeU
z(z,t) =0, (x,t)el®

[a(z) Vu(z,t) —aoVo(z,t)] - n=0, (zt)el¥.

The derivation of this "difference problem" is located in Appendix 1.1.

3.1. The Integral Equation

We now multiply Equation (3.3) by a smooth function w (z, t),

//UTwatz—//UTwV-(aVz)=//UTwV-(TVU),

and integrate by parts.

T
/[wzh?——/ z@twdt} dx
U 0
T
—/ [/ waVz-nds — / an-Vzdx] dt
0 r U
T
= / [/ wTVv-nds—/ TVw-Vvda:J dt.
0 r Ur

18
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Then, requiring w(z,T) = 0, applying boundary conditions for v and v, and

further integrating by parts, we have

/ /U 2 [~Bw — V - (aVuw)] dadt (3.4)

T T
+/ / w(aoVv — aVu) - ndsdt + / / zaVw - ndsdt
0 ro o JrnN

= —// 7Vw - Vudzdt.
Ur

3.2. The Adjoint Problem

Now suppose that w (z,t) solves the associated adjoint problem:

—0w—V-(aVw) = 0, (z,t)€Ur
w(z,T) = 0, z€U
w(n,t) = g*(z,t), (a,t)€l7

a(z)Vw(z,t)-n = h*(z,t), (z,t)€T¥.

Then the integral identity (3.4) can be rewritten as

T T
/ / g* (apVv — aVu) - ndsdt + / / zh*dsdt (3.5)
o Jro o Jrv

= —// TVw - Vudzdt.
Ur
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At this point, we can choose adjoint inputs g* and h*, to specify (3.5) as an

expression relating the coefficient differences to various observation differences:

(1) With h* =0, (3.5) reduces to

T T
/ / 9" (aVu — agVv) - ndsdt = / 7'/ Vw - Vudtdz.
o Jre v Jo

At this point, we can rewrite this integral identity in inner product and

operator notation as

(9*,Gn (a) = Gn (ao))Lg(F?) = (T, /OT Vuw - Vvdt> s (3.6)

where

Gy (a) =a(z) Vu(z,t,a), (z,t) €2,

(2) With g* =0, (3.5) reduces to

T T
/ / (v—u) h*dsdt = / 7'/ Vw - Vudtdz.
o Jrw v Jo

This can be rewritten as

(h*,Gp (ap) — Gp (a))Lz(w) = (7’, /OT Vw - Vvdt) . (3.7)
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where Gp (a) = u (z,t,a), (z,t) €Y.

Note that (3.6)and (3.7) involve equations with observation differences on the
left and coefficient differences on the right; i.e. they relate the two differences. If
[ =T%, then I'P = @ and we impose a Neumann condition and observe Dirichlet
data over the entire boundary. Conversely, if I' = I'?, then TV = @ and we
impose a Dirichlet condition and observe Neumann data over the entire boundary.
If TP # @ and 'V # &, then mixed conditions are imposed and we can make
observations on only one portion of the boundary or its entirety, at our option. In
the latter case, we can rewrite (3.5) as

T
(9*,AGN)L2(I~¥) + (h*,AGD)Lz(p:Tv) = (T,/ Vquvdt)
0 L2(U)

We note that this is a well posed initial boundary value problem, given that
the coeflicient a € L (U) is such that a (z) > k; > 0 for z € U. Then this has a
unique solution u = u (z,t,a) such that uw € L2 [(0, T) : H* (U)]NC[[0,T) : H° (V)]

with fp (z,t) € L* [(0,T) : H* (I'V)] and fy (z,t) € L*[(0,T) : H* (T'™)].

3.3. The Spatial Setting

Revisiting the function space discussion in Chapter 2, we must ensure that

our weak formulation of the problem takes place in the proper setting for a valid
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solution. Since we have a mixed boundary value problem, it is sufficient (but
not necessary) to build the spaces H* (U) using a family of eigenfunctions, {¢,},
generated with mixed boundary conditions. For s > 1, we set H* (U) as the
appropriate solution space: wu,v,w € H*(U). Established trace operator theory
demands that fp,g* € H*Y/2(I'P) and fy,h* € H*'"1/2(I'™) necessitating
minimum regularities of H'/2 (I'P) and H~%/2 (I'V), respectively [7]. Moreover,
we see that Vu, Vv, Vw € H*"! (U), and hence are contained in H® (U).
Determining the appropriate space for Vw - Vv requires a bit more work. We

make use of the following lemmas.
Lemma 1. f,g€ L?(U) = fg € L' (U)

Proof. Note that we can’t directly use the Cauchy-Schwarz inequality, as it con-
cerns the expression | [, fg| and we must show [ |fg| is finite. However, we can
appeal to the familiar argument used in the proof of the Cauchy-Schwarz inequal-

ity: Letting a > 0, consider the integral [, (|f| + |g|)* and note that

/ (1] + e lg])?
U
- /U(|f92+2a|f; gl + a?|g[%)

_ (/Ulglz) o4 (2/U|f||9|>a+/Ulf|2-
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Because this quadratic function of « is nonnegative, its discriminant is nonpositive:

2
(2 [ |g|) —4( / |g|2) [ <o
U U U
This implies that

([issl) < [ [

Then, since f, g € L? (U), we have that each integral is finite. Thus, [, |fg| < oo,

i.e., the product fg € L (U). 0O
Now, in the setting of our problem, we note that the solution to

_v2¢n (.’I?) = )‘n¢n (CC) , T E U

under certain boundary conditions produces eigenvalues of the form )\, ~ n?. In

this case, we make the following claim.
Lemma 2. fe€ L' (U)= fe H(U), forall s > 1.

Proof. f € L' (U) implies {fn} € {®, or |fa| < ¢y, for all n. Then

DA+ (14 M) < oo,
n=1 n=1
23
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since A, ~ n? = 32 (1+A,)"° < o0o. Then {(1 +)\n)_s/2 fn} el orfe
H~(U), for s > 1. O
So, with w,v € H*(U), we have that d;w, v € H*™* (U) c H°(U), which
implies that Vw - Vv is linearly comprised of products of L? (U) functions. Using
the claims above, we have that d;wd,v € L' (U), and thus Vw-Vv € L' (U). Then
fOT Vw . Vvdt € H=* (U) for s > 1, allowing 7 € H* (U).
We can then rewrite (3.5) using duality pairings and minimum regularities, for

s> 1.

T
<'r,/ Vw-Vvdt> (3.8)
0 HS(U)xH-S(U)

T
= /0 [(g*, AGN>H1/2(I*D)XH-—1/2(FD) + (h*, AGD>1.1—1/2(I~1\1)><H1/2(1-\N)] dt.

Similarly, we can rewrite (3.6) and (3.7) using duality pairings, instead of inner
products. Note that the terms AGy represent the flow difference observations
on the Dirichlet boundaries, and AGp the state difference observations on the

Neumann boundaries.

3.4. One-Dimensional Formulation

Although the above formulation is for the general n-dimensional spatial setting,

much of our work in this paper will be done with just a single dimension. As such,
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we detail the problem formulation for this setting, highlighting the characteristics
associated with various boundary conditions.
Specifying the above work, we have the following differential equation with

homogeneous initial condition.

Owu(z,t) = 0Oyla(z)du(a,t)], (z,t)€Ur

u(z,0) = 0, z€U

We'll allow the type of boundary conditions to vary according to experimental
preference. In particular, we will impose either state (Dirichlet) or flow (Neumann)

conditions, or a mix, on the boundary. Our associated comparison problem is

O (z,t) = agOpzv (2,t), (z,t) € Ur.

As discussed in the general case above, we define 7 (z) = a(z) — ag and z (z,t) =

u(x,t) — v (z,t) and construct the difference equation

0z — 0, (a0,2z) = 0, (T0,v) .
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In any case, the associated initial and boundary conditions satisfied by z (z,t) are
homgeneous. Note that recovering 7 () is now the goal, since it is related to a ()

by a known constant.

Employing the adjoint method, we multiply the difference equation above by

a smooth function w (z,t)

//UT whiz — //UT w0, (a0,2) = //UT wd, (T0,v)

and integrate by parts. Applying the homogeneous final condition on w, we arrive

at

——// z0wdzdt (3.9)
Ur

_/T [a(l)w(l,t) 0z (1,t) —a(0) w(0,t) 3,z (0,t) — / ac?ch')mzdm] dt
To U
_ /0 [T(l)w(l,t) Bev (1,8) = 7 (0) w (0, £) Byv (0, ) — /U T@zw&cvdx] dt.
Specific boundary conditions now necessitate separate analysis for each case: mixed,
Dirichlet, and Neumann. In all cases, we adopt the notation By or B;, respec-
tively, for the imposed boundary conditions at = 0 and z = 1 in the direct

problem. Similarly, we use the notation Gy and G; for the corresponding obser-

vation operators. These selected conditions also determine the type of boundary
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conditions present in the associated adjoint problem. Detailed computations for

each case are located in Appendix 2.

3.4.1. Mixed Boundary Conditions

We first choose mixed conditions for the direct problem, specifically a Dirichlet
condition at z = 0 and Neumann at £ = 1. We define By[u] = u(0,t) and
Biu] = a(1)0,u(l,t), and note that for By [v], a(l) = ap. The associated

difference problem is
0z — 0 (a0,2) = Oy (TOLV)
z(z,0) =2 (0,t) =0,
a(1)0;u(1,t) — apdyv(1,t) = 0.

After integrating (3.9) by parts, we expand 7 (z) and use the fact that z = u — v.
Rewriting, we have
T
—// z20ywdzdt — / a(l)w(1,t) [Ou(1,t) — O (1,t)] dt (3.10)
Ur 0
T

+/O a (0)w(0,t) [O,u (0,t) — O,v (0,t)] dt + //UT (a0, w) Oy zdxdt
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- /0 [a(l)—ao]w(l,t)ﬁwv(l,t)dt—/o [ (0) — ag]w (0,¢) By (0, ) dt

T
—/ /T@xwamvd:cdt.
o Ju

Integrating by parts again, we see that
/ (a0, w) Oy zdzxdt
Ur
T
= / I:a(l)z(l,t) O;w(1,t) — a(0) 2 (0, t) O,w(0,t) ~/ 20, (a0 w) dx} dt.
0 U
Using this result and regrouping terms, we rewrite (3.10) as
// z 0w — 0, (a0, w)] dzdt
Ur
T
— / w(L,t)[a (1) Opu(l,t) ~a(l)Bv(1,t)]dt
0
T
+ / w (0, ) [a (0) 8w (0, 1) — a (0) B (0, 8)] dt
0

—I—/Ta(l)@zw(l,t) [ (1, 8) — v (L, 1)) dt

T T
=/0 [a(l)—ao]w(l,t)axv(l,t)dt—/0 [ (0) — ao] w (0, £) By (0, ) dt

T
- / / TO,wOvdzdt.
o Ju
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Rearranging and cancelling terms, we have

// z [-0ww — 0, (a0, w)] dzdt
r

+/ w(1,t) [agfrv (1,t) — a (1) Bu (1,t)] dt
0
T

+/ w (0,t) [a (0) 0,u (0,t) — agd,v (0,t)] dt
0

+/Ta (1) Qw(1,t) [u(1,t) — v (1,t)]dt

T
= —/ /T@zwamvdxdt.
o Ju

Noting the second integral vanishes per the difference conditions, we arrive at the

following useful integral identity.

/ / 2 [~Bw — B, (auw)] dodt + / " 0(0,6) 2 (0) By (0.£) — agdw (0,8)] dt

T T
+/0 o (1) Bw(1, 1) [u(l,t)—v(l,t)]dtz—-/o /Ufaxwaxvdxdt.

Now suppose that w (z,t) solves the associated adjoint problem.

—Ow — 0, (a0, w)

I
o

(3.11)

w(z,T) = 0
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By [w] = w(0,%) = g" (¢)

Bi[w] = a(1) 8w (1,t) = h* (t)

This gives us the identity

T

/0 Bo [u] (Go [ao] — Go [a]) dt + / By [} (G: [ag) — G [a)) dt

T
= / / TO,wo vdzdt.
0o Ju

Note that our observation operators in this case are Gg[a] = a (0) 0,u (0,t) and

G1 [a] = u(l,t).

3.4.2. Dirichlet Boundary Conditions

Choosing Dirichlet conditions on the entire boundary, this time we have By [u] =
u(0,t) and B; [u] = u(1,t), with associated difference problem boundary condi-
tions 2z (0,t) = 2(1,t) = 0. Integration by parts leads to an associated adjoint

problem

—Ow — Oy (a0,w) = 0,

w(z,T) =0,
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By [w] = w (0,8) = g" (1),

By [w] =w(1,t) = h* (1),
and the integral identity

/ Bo[w] (Go las] — Go [a]) dt + /0 B, [w] (G: [a] - G1 [ag]) dt

0
= / 7O, wOvdzdt.
Ur

Note that the defined observation operators are Gy [a] = a (0) 0,u (0,t) and G, [a] =

a (1) 0pu (1,¢).

3.4.3. Neumann Boundary Conditions
We next choose Neumann conditions on the boundary: By [u] = a(0) 8,u(0,t)

and B [u] = a(1)0,u(1,t). This time we use the adjoint problem

—Ow — 0, (a0, w) =0,
w(z,T) =0,
Bo[w] = a(0) 0w (0,t) = g* (1),

By [w] =a(1) 8w (1,t) = h* ().
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and have the integral identity

/0 Bow] (Go [a] — Go [as]) dt + /0 B: [0] (G1 [a] - G1 [ag)]) dt

= / / 7O, wovdxdt.
Ur

Note that Gy [a] =« (0,t) and G [a] = u(1,1).
We can write a general expression that highlights the relationship between the

boundary data, B, in both the direct and adjoint problems, and the observed data

G.

T T
/ BOAGodt+/ BlAGldt=// TO,wozvdxdt,
0 0 Ur

where the AG, are the observation differences on the appropriate portion of the
boundary. This form of the identification makes use of observations at both
ends of the interior. If only one or the other observation is available, we can
cause the unavailable observation to drop out of the identification by choosing the

appropriate adjoint input to be zero.

T
/ BoAGydt = / / TO; wo vdxdt
0 Ur

T
/ B1AGidt = // TO, wovdrdt
0 Ur
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3.5. Identifiability

For simplicity, we consider identifying the unknown coefficient in one spatial
dimension, which can then be generalized to higher dimensions. For convenience,

we work with the intial (mixed) boundary value problem (3.12).

Bu(z,t) — 8, [a(z)Bou(z,t)] = 0 (zt) € Up (3.12)

u(z,0) = 0, z€U

u (0,1) f@)y, te(,T)

du(l,t) = 0, te(0,T)

The proof that follows can be generalized to Dirichlet and Neumann conditions.
We note that identifiability in this problem can be shown by the method of Car-
leman estimates [13]. Here we provide an alternate method which employs the
adjoint techniques used in the subsequent recovery process, and more importantly,
can be modified to the case where a is state dependent as well: a = a (u).

Of course we must impose conditions on the coefficient a = a (x) sufficient to
guarantee that the problem is parabolic; e.g. it is enough to suppose that for
positive constants o; > g, we have a; > a(z) > ag a.e,, x € U. In this case

we will say that the coefficient a (z) is admissible. This problem has a unique
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solution u = u (z, t; a) for every admissible a (z) € L* (U) and each input f (¢) in
C(0,T). For afixed input f (¢) in C (0,T'), we can consider the inverse problem of
identifying the unknown diffusivity function a (z) from the boundary observation
a(0) 0,u(0,t;a). Since u is the solution of a parabolic initial boundary value
problem, it is smooth with respect to z and ¢ on the domain. Hence we can
define the observation operator by G [a] = a (0) 8,u (0,¢;a) € C (0,T) ¢ L%(0,T),
where G : L® (U) — L?(0,T). It is evident that G is not a linear mapping; in
particular, G [0] is not even defined. It is also evident that if 8,u (z,t) vanishes
on any open subset of Ur then a (z) can assume any values whatever on this set
without affecting the observation values. Then, in order for a (z) to be identifiable
from the observation G [a], the boundary input f (¢) must be chosen such that the
gradient 0,u (x,t) vanishes on no open subset of Ur. That f can be chosen in this

fashion follows from the following Lemma.

Lemma 3. Suppose that for a = a(z) an admissible diffusivity coefficient,
u = u(x,t) solves the IBVP (3.12) above for a boundary input f (t) satisfying
f € CY(0,T) such that f'(¢) > 0 fort > 0. Then 8,u € C(Ur) is such that
for each t* € (0,T) and every open interval (z1,z2) C U, Opu(z,t*) < 0 for

.’Z’1S$SZ‘2.
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Proof. Multiply the differential equation (3.12) by 0.¢ (z,t), where ¢ = ¢ (z,t) is

a smooth function, and integrate over the domain.

//U {Owu(z,t) — 0, [a(z) Opu(z,t)]} Ou¢ (2,t) dzdt = 0

If we integrate by parts and use the fact that 0,0,¢ (z,t) = 8,0,¢ (z,t), we arrive

at

/ / (81 + 0Bsah) Byudadt + / w8, |Tde (3.13)
Ur U

T T
—/ u0;¢|5dt — / ad,ud,¢lydt = 0.
0 0

(Details are in Appendix 3.) We require ¢ (z,t) to solve the following adjoint

problem.

0+ a0y = F(z,t), (z,t) € Ur
é(z, T) = 0, zelU

$(0,t) = ¢(1,t) =0, te (0, T)
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These conditions imply that 8,¢ (z,T) = 0:¢(0,t) = 0;¢(1,t) = 0. Then, using
the homogeneous conditions from the direct problem, (3.13) reduces to
T
/ /U | F(a,t) oudedt = - /0 a.(0) 3,1 (0,4) 8. (0, 1) dt.

The maximum principle, applied to the adjoint problem, implies that if F'(z,t) is
any function satisfying F (z,t) > 0for 0 <z <1l and 0 <t < T, then ¢(z,t) <0
on this same set and ¢ (0,t) = 0 for 0 < t < T'; it then follows that 0,¢ (0,t) <0
on this same time domain [6]. Similarly, since f’ (t) > 0 for ¢ > 0 and u (z,0) = 0,
we have that 9,u (0,t) < 0 for 0 <t < T. All this taken together implies that for
F(z,t) >0,

/ Ta (0) 8,u (0,t) 92 (0,t) dt > 0
0

and thus

// F (z,t) Oyudzdt < 0.
Ur

This is just the assertion that d,u (2,t) < 0 in the sense of distributions, but since
u (z,t) is the solution of a parabolic initial boundary value problem, it possesses
additional smoothness. In particular, the continuity of d,u(z,t) ensures it is

negative in the usual pointwise sense as well. O
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Now, as in the previous formulation, we let v = v(z,t;a9) be the solution
of the direct problem with diffusivity coefficient ap = ag(x). Then denoting

z(x,t) = (u—v) (z,t) and a (x) = ap(z)+7 (z), we can form the difference problem

Oz (z,t) — Oy [a (x) Opz (z,t)] = Op[r(x)0v], (z,t) € Ur (3.14)
z(z,T) = 0, zelU

2(0,t) = 8,2(1,t)=0, te(0,T).

We now let w (z,t; g*) denote the unique solution to the following backward par-

abolic problem

—Gw (z,t) — Oy [ao (z) Ozw (z,t)] = O, (z,t) € Ur (3.15)
w(z,T) = 0, xeU
w(0,t) = g*(t), te (0,T)

Sw(l,t) = 0, te(0,T).
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Then multiplying our difference equation (3.14) by w (z, t) and integrating by parts,

we can show that

/OT " (t) (G la] - G [ac)) dt = — / / rOubudsdt

Given this, we can prove the following theorem.

Theorem 4. Suppose f in the problem above satisfies the requirements from the
previous lemma. Let a,ag be two admissible diffusivity coefficients in L (U) which
are not identical in the sense that there is some open interval J C U of positive

measure where T (z) = (@ — ag) (z) > a >0 a.e. on J. Then G|a] # G [ag).

Proof. Let J = (z1,z) and suppose that G[a] = G[ag]. Then it follows from

/ / TO,wovdrdt = 0
Ur

for all g* € L2(0,7). Now, if w(z,t) solves the backward parabolic problem

above that

(3.15), then 0,w (z,t) solves the same with g* (t) replaced by the derivative dg*/dt.

Then the fact that 0, (Q,w) = 8, (0, w) gives

// 70,00, (O, w) dzdt = 0.
Ur
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Now, since v = v (z,t;ao) is the smooth solution to a parabolic initial value prob-
lem, we can employ the mean value theorem to determine for some t* € (0,7)

that

T
// TO, V0, (6mw)dxdt=/7(x) O,V (az,t*)/ 0, (0,w) dzdt = 0.
Ur U 0

Then

/ 7(2) Opv (2, t*) [Opw (2, T) — Gpw (,0)]dz = 0
u
and w (z,T) = 0 gives

/ 7 (2) Ov (2, t*) Oyw (z,0) dz = 0.
U

We next define the smooth, positive function r (x) as having its support in the

interval J such that

/OIT(a:)r(x)dx=/JT(x)r(x)d:r==M>0

and let V (z) denote the solution of

1%
azv(x,t)—d;- = r(z), z € J,
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In view of the previous lemma, the following function is well defined.

0, xé¢J
V(z) = ¢

N yds, reJ

z1 Bzu(s,t*

In [19, 20] it is shown that the adjoint problem is approximately backward con-
trollable, not just in the L2 (U) topology, but in that of C! (U) as well. This

implies that for any £ > 0, we can cause w (z, 0; ¢*) to satisfy

sggllw(x,O;g*)—V(l‘)llmm < g

dow (z,0;g°) — 2V

sup dz

zeU

£,

cyu)

by an appropriate choice of smooth adjoint input ¢* (¢) on the interval (0,7"). Then

/ 7 (2) Opv (2, t*) Opw (z,0) dz
U

- /U r (2) 8o (.t | B (2, 0) ‘;—Z + %ﬂ d
_ /UT () 8,0 (, £°) -Bmw (z,0) - %‘ﬂ dzx +/UT(x) O v (z,t") Cfl_‘;dx
= /UT(:c) O,v (z,t%) -&Uw (z,0) — %‘—;—} d$+/]T(x)T(x) dzx

> M~ Ke,
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where K = ||7 (2) ;v (@, t*)|| oo (sy- For € sufficiently small through the appropri-
ate adjoint input g¢*, this last expression can be forced to be positive, leading to

the contradiction that implies G [a] # G [ag]. 0

We end this section by noting the increasing requirements on the terms in the
initial boundary value problems. First, we ensure unique solutions by requiring the
admissible coefficient (bounded away from zero) to be in L* (U) and the bound-
ary terms fp (z,t) € L*[(0,T): H* (I')] and fv (z,t) € L*[(0,T) : H* (I'V)].
To guarantee identifiability of the coeflicient via the observation operators noted,
we must ensure the solution’s gradient does not vanish on any measureable sub-
set of the domain, rendering the coefficient values arbitrary on this set. This is
accomplished by further controlling the boundary terms in some appropriate fash-
ion, such as the sufficient conditions in Lemma 3. Finally, to achieve meaningful
integrals in the identities developed in our adjoint methods, we have shown that
the coefficients must have further regularity, i.e. must be elements of H* (U) for
s > 1. In the recoveries that follow, we often relax this constraint, as much of
the setting developed here proves overly restrictive. For example, it can be shown
using semigroup theory that the solutions to our IBVPs are much smoother than

indicated [7]. This translates to fOT Vw - Vudt being of greater regularity, which
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in turn allows 7 to be of lesser regularity and still recoverable by the developed

techniques.

42
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CHAPTER 4

THE BACKUS-GILBERT METHOD

We now formulate a method to approximate 7 from the overdetermined data
on I'. We select N linearly independent functions for boundary value data in the
adjoint problem. The choice for N is arbitrary, and can be adjusted appropriately
throughout the solution process. With this data in hand, we define the following,
for convenience. (Note that we return to a generalized spatial dimension for this
chapter).

T
Kj = / V'IUJ' . V’Udt
0

Denoting the scalars

T
= / [ / BLAGD + / B;VAGNJ dt
0 rb N

we can write the integral identities such as (3.8) in the general form

pi =T, Kj) sy p-s -
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Letting zo := (zo,y0) be an arbitrary fixed point in U, we employ the Backus-

Gilbert ansatz,
N

7(20) = Y A; (20)

j=1

where A; (20) is assumed to be a scalar whose values vary with z; [2, 8, 18]. Note

that

N
T(20) = Y A;(20)n

Then

N
7 () = <T (2), D> A; (20) Kj>
HSxH~-
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where d (z — zg) denotes the Dirac delta distribution concentrated at z = 2p; hence

ZAj (Z()) Kj =5(Z—Zo). (41)

This indicates we need to express the delta distrubution in terms of the basis
functions K (z). To facilitate the discussion further, at this point we define the
following mapping, with ( , ) denoting an appropriate duality pairing.
A : H°U)—Ry
Az = [(z,K4y),...,(z, KN)]

Here, Ry represents a row vector. We then formulate its transpose, AT : RY —

H~5(U), with b € RV (a column vector) arbitrary.

(Amvb)IRN = ([<x7K1>""’<m7KN>]’b)]RN
= b1<£L',K1>+"'+bN<$,KN>

= bl/:cKldw+---bN/xKNdac
U U

N
= / z ) biK;dx

N
<$,ijKj> .
Jj=1 HSxH—-S
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Then

N
ATb = "bK;.

i=1

Then in terms of the mapping A, we can rewrite (4.1) as
ATA (%) =6 (2 — ), (4.2)

where A = [Aq, ... ,AN]T. Having no information about the existence or unique-
ness of a solution to (4.2), we resort to an approximation of the unknown vector.
As such, we determine the adjoint to the mapping AT, (AT)": H=S(U) — RV,

Taking x € H~5 (U) arbitrary,

N
(ATb, :L‘) s = (Z ijj, SL‘)
j=1

= (b1 K3 +"'+bNKN,SL‘)_S

—38

= (blKl,w)_s + 4 (bNKN,CL‘)__s

= b (Kynx)_g+-+by(Kn,z)_,

= (b,{(KI,x)_s,...,(KN,CU)_S})RN'

We see that
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Applying this adjoint to (4.2), we have the normal equation
(AT)" [ATA (20)] = (AT) (62), (4.3)
where 6,, = § (z — 2p). We now recharacterize each side of (4.3).

(AT) [ATA] = (A7)’ [éA,.Kj]

N N
= {(KI,ZA]-K]> ,...,(KN,ZAJKJ> }
N B N i
- {ZAJ.(KI,K,')%, ,ZAJ-(KN,K-)-S}
1=1 J=1
N N
= {ZAj(KiaKj) s}

Then, with
Ki=[(KiK1)_,,... (Ki’KN)_s]T e RV,
we see that
N -_—
ZAJ (K“KJ) s (A7 K’)]RN
j=1
Then
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Similarly, the right side of (4.3) is rewritten as

(AT)* [620] = [(Kla Jzo)-—s ) (KN’ 620)—3}T = {(Kiv 520)——3}:\;1 ’
and the entire equation as

{8 K)an}ily = {(Ka8) L 1L,

Furthermore, we note that

Ay
(A, Ki)gw = (Ki, K1), ... ,(Ki,KN)_, s
An
and so
(Ki, Ki)_, -+ (K1,Kn)_, Ay
N N
{(AKi)gw )iy
_(KN,KI)_S (KN,KN)..SJ A
48
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Thus we can rewrite (4.3) in matrix form,

_ 1T - - -
(K1, K1)_, -+ (ffhKN)_s Ay (K1,62)_,

(Kn,Kh)_, -+ (Kn,Kn)_, An (Kn,02)_,

or

KA = {(sz 6ZO)~S}N

i=1"
Note that if the functions K are linearly independent, the matrix K will have

rank NV and thus be uniquely solveable. We now establish criteria for this linear

independence.

Theorem 5. Suppose the adjoint inputs g; (t) are linearly independent on
[0,T*] for T* > T. Suppose also that the inputs to the forward problem and
the inputs to the adjoint problem are such that the gradients Vv and Vw; vanish
on no positive measure subset of (0,1) x (0,T) and each of these gradients is of
one sign on this domain. Then the functions K (z) are linearly independent on

0, 1).

Proof. Suppose

N
D ¢iKi(z)=0 vz e(0,1],
7j=1
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1.e.
N T
ch/ V’LU]' - Voudt = O,
j=1 Y0

or

T N
Vu- c;Vw;dt = 0.
| v v

j=1
Since each of the gradients is of one sign, the vanishing of the integral implies the

vanishing of the continuous integrand at each ¢ € (0,7). Then

N
Y ¢Vw; =0 vze0,1] Vte(0,T).

j=1

So

\% =V

N N
Z cjw; Z w (z,t, cjg;)] =0,
i=l J=1

due to the linear dependence of the adjoint solution on its boundary conditions.

N
A\ {w (x,t,qu}‘)} =0,
j=1

we have the implication that

Rewritten as

N
w (m,t,chg;) =keR

j=1
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with respect to the spatial domain. Moreover, because —Gw = V - (aVw), we
have that 0,w = 0; thus the implication extends to the time domain as well. Now,

since
N
w (a:,T, chg;> =0,
j=1

we have that k¥ = 0. Then, via maximum/minimum principles [7], we have that

Z;'V=1 cjg; = 0. Because the g; are chosen linearly independent,

aq=-=cy=0,
and we have the desired result. d

Theorem 6. If the functions K; (z) are linearly independent, then the matriz

(Kl,Kl)_s e (K17KN)_S

L(KNaKl)_s o (Kn,Kn)_,

is positive definite.
Proof. Suppose that the functions K (z) are linearly independent and
N
chKj (z) #0on U.
j=1

ol
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Then 3c; # 0 and (Zj\_’__l ¢ K;(z), Z;V=1 ¢ K; (:r)) > 0. This can be rewritten

as _ - -
1 (K1, K1), - (K, Kn)_,
| o | | (Bv, K1), o+ (Kn,Kn)_, |
which gives the desired result. d

We then note our approximation of 7 (zy) becomes a matter of solving (4.4),
where the matrix K is independent of z5. This latter point is advantageous, since
for any choice of N, we need only recalculate {(K;, 5,‘0)_3}1.111 for various points

29 € U. This greatly simplifies refining the resolution of the approximation.
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CHAPTER 5

DIRECT IDENTIFICATION

As a preliminary test to see if the coefficients are recoverable in any sense, we
work directly with the integral identities, without the Backus-Gilbert method, in
one spatial dimension. This is only possible in the simplest case of recovering
a constant coeflicient. We perform identifications with each choice of imposed
and observed boundary conditions (from Section 3.4) and compare results. First,
we note an important point that will affect all subsequent computations. In
the adjoint method previously detailed, our adjoint constructions in every case
utilized the unknown coeflicient a (z). For example, the adjoint problem (3.11),

under mixed boundary conditions, reads

—0w — 0y (a0,w) = 0,
w(z,T) = 0,
w (O’ t) = g* (t) )

a(l)O,w(l,t) = h*(t).

53

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



We annotate the solution to this problem as w = w(a), and realize since a is
unknown, our use of w in the method is impossible. Instead we must use a
estimated adjoint solution, @ = @ (@), where & is some "sensible" function. We'll
often choose @ = ag, out of convenience.

With unspecified boundary conditions, we have the identity

T T
/ BSAGodt—i—/ BfAGldtz// TO, wozvdxdt.
0 0 Ur

With 7 (z) = a(z) — ag = constant,

/ / T (z) Oywiyvdxdt = T / Oz wo vdxdt
Ur Ur

and
__ Jo BiAGodt + [ BiAGhdt
a I/ vy OxwOrvdzdt

Note that no indexing is necessary, i.e. N = 1 implies u and K (z) are a single
value and function, respectively. To correlate with our previous development, we

have

T T
u=/‘%A%ﬁ+/'mAQﬁ,
0 0

T
K (z) =/ O, wovdt,
0
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Table 5.1. Recovery values for @ = 0 (ao)

| Boundary conditions T |
Mixed 0.14792253143140

Dirichlet 0.40561141333667

Neumann 0.18237172075535

and so

T Jy K (z)dz’

As an example, we solve for 7 under specified conditions, using

a=.6 (unknown coefficient)
ap = .2 (comparison coefficient)
g*(t) =1—1t (adjoint input, z = 0)

h* (t) =sin(nt) (adjoint input, z = 1).

With @ = @ (ag), we compute the values in Table 5.1, noting the true value 7 = 4.

All the recoveries are the proper order of magnitude, but contain significant
error. We see the Dirichlet result is the most accurate of the three cases. This was
repeated with several different values for a and ag with similar results. Of course,
the errors associated with the recovery can be logically attributed to the use of
ap in place of a when computing the adjoint solution. Evidently, this has less
effect with Dirichlet boundary conditions, since the approximate coefficient is not

present in the adjoint boundary conditions. To see this, we look at the adjoint
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boundary conditions , which mirror those of the direct problem. Here we view the

mixed case:

w(0,t) = g"(¢),

aoaz’LD (l,t) = h* (t) .

Since we control g* and h*, independent of the cases w = w(a) or W = 0 (ap),
the value y is unaffected. However, we note that at the portion of the boundary

z =1,
h* (t)
ao

8y (1, 1) =

contains error on the entire time domain. These gradient values are very small
over most of the interior of U, and at £ = 1 the value is incorrect. This translates
to a significant error in the value of K (), since its computation is based in part
on J,w. On the other hand, @ (0,t) = ¢* (t) = w (0, ?).

Of course, using Dirichlet conditions, we have that

w(0,t) = g"(t) =w(0,2),

D(1,t) = h* () =w(Lt).
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Table 5.2. Recovery values for w = w (a)

Boundary conditions T
Mixed 0.39944372886666
Dirichlet 0.39989962262540
Neumann 0.39948707669281

Despite the fact that @ exhibits error on the interior in all cases, the boundary
values remain true in the Dirichlet case, enhancing the recovery for the closest

approximation.

Of course, with Neumann conditions, we have error at both boundaries.

0, (0,8) = LY

(1) = M)

Compare the identifications using & = @ (ap) (Table 5.1) with those using
w = w (a) in Table 5.2.

Of course, numerical error with finite differences and approximate integration
are still present, but as expected, we see significantly improved results.

Clearly, using ag to approximate the adjoint solution induces error. However,

a series of recoveries based on @ (ag) as ag tends to the true value a, shows that
the error in the approximation to 7 also tends continuously to zero. We use the

Dirichlet case only, and as above, fix a = .6.
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Table 5.3. A series of recoveries

aop | 7 | actual | % relative error
1 5 378483 24.30
2 4 | 365734 8.56
3 3 | .289819 3.39
4 2 197264 1.37
.5 1 099551 45
.6 0 0 0

7| —=.1]—.100257 .26
8| —.2|—.200785 .39
9 || —.3|-.301400 A7
1 || —.4| —.402026 51
1.1 —-.5| —.502628 .53

Of course, we get zero error when a = ag, since the observed and computed
data on the boundary is the same. In reality, error in observed data will introduce
noise into the computation, and we’ll get a nonzero result. As expected, we see
that the relative error approaches zero as ag approaches the true coefficient value.
Similar results were noted for the other cases. Interestingly, we note that for larger
values of ag, the error appears to be growing at a notably smaller rate. A possible
explanation for this is mentioned in Chapter 9.

We now view the effect of using observations on only part of the boundary. In
Table 5.4, we compare the above recoveries with both ¢* (t) and h* (t) nonzero,
with the cases where one or the other is chosen zero. Again, we use a = .6 and
ap = .2. Except for the mixed case with observations at z = 0 only, we see little

effect of the reduction of data collected. In the mixed case, with h* = 0, we have
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Table 5.4. Recoveries under varying observations, W = % (ao)

| Conditions | 7: h*=0 7: ¢*=0 T: h*g*#0 |
Mixed 0.42701661442311 | 0.17508583153271 | 0.14792253143140
Dirichlet || 0.36573369675596 | 0.38283267212683 | 0.40561141333667
Neumann || 0.18160739891618 | 0.18281861892377 | 0.18237172075535

Table 5.5. Recoveries under varying observations, w = w (a)

| Conditions | T: h*=0 | 7:9*=0 | T:hg*#0 |
Mixed 0.39996772622512 | 0.39956798576402 | 0.39944372886666
Dirichlet || 0.40013075454499 | 0.40002571863012 | 0.39989962262540
Neumann || 0.39919310442742 | 0.39965802203946 | 0.39948707669281
that
oot ="W _g
0

ensuring that 8,w (1,t) = 0, w (1,¢); i.e. there is no longer error at the boundaries,
which evidently improves the recovery. This is the only one of the three cases
where we can expect this improvement. Indeed, in the remaining situations, we
see no significant change. We'll view this further when employing the Backus-
Gilbert method outlined in Chapter 4.

Finally, we collect results using w = w(a), and note excellent results in all

cases, as seen in Table 5.5.

Although we bypass the Backus-Gilbert method with these direct identifica-

tions, we obtain valuable information: Clearly, data from observations on the

boundary (or a portion thereof) is sufficient to recover an unknown coefficient,
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albeit a simple constant. Knowing this provides the confidence to use the data in

a more involved manner, with non-constant coefficients.
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CHAPTER 6

COMPUTATIONAL IMPLEMENTATION

6.1. Overview

We now return to the proposed Backus-Gilbert method, which requires the
generation of observation data. To do so, we solve the forward problem with a
known coefficient, via finite differences. Generating this data (Gy and G;) takes
the place of the physical experiment. Once this is accomplished, we proceed to the
recovery phase. After the constant coefficient ag is chosen, we solve the comparison
and adjoint problems, also using finite differences. These methods are detailed
below. The numerical PDE solutions achieved are stored in matrices, as are the
chosen adjoint inputs Bj [w;] and Bj [w;]. The corresponding data are then used

to construct the integrands defining the constants
T
u; —_-/ (B3 AGo+ B A Gy dt,
0

and the functions

T
K; () 2/0 Orw;Ozvdt,
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for j = 1...N. Trapezoidal integration is used for these computations. We
then employ the first d eigenfunctions {¢, }, which are associated with the one

dimensional Laplacian operator,

—, (z) = A, (z)

and specificed homogeneous boundary conditions. These are numerically defined

for use in determining the Fourier coefficients of the functions Kj (z),

(K)), = [ Ki(0)¢n(0)dn

again via trapezoidal integration. These coefficients, along with the eigenvalues

{A=}2_,, are then used to numerically approximate the H~* (U) inner products
d
(Ko, KG)_y = > A (Ki), (K),

n=1

fori,j =1...N. These, in turn, comprise the elements of the matrix K. Similarly,
we derive the Fourier coefficients for the functions d,,, although much simpler

computationally, since

(0z0), = /U Suobn () dz = ¢, (o)
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indicates we merely need to call the n** eigenfunction at the desired point in the

domain. These coefficients are used to approximate the inner products

(K, 0z0)_y & D A7 (K, (Ba0) = D A (K;),, 65 (0)

which comprise the elements of the vector

(Kl’ 51‘0)—3

_(KN’ 5160)—3J

Now, because the matrix K is symmetric positive definite with eigenvalues 0 <
a; < --+ < ay, we exploit the orthogonality of the matrix eigenvectors {v;} to

solve the system KA (zo) = & (zo). Accordingly, we compute

then approximate 7 (z¢) = A (o) - 4. The corresponding Matlab code for these

computations are detailed in Appendix 6.
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6.2. Finite Differences
6.2.1. Numerical Solution of the Direct Problem

We use a simple, explicit finite differences scheme to solve the direct problem.
Specifically, we approximate the time derivative with a forward difference and

interior spatial derivatives with centered differences.

ou _ wu (@0, to + At) — u (o, t)

—87 ~ At )
_(% la(z) Opu(z,t)] =~ a(z+5) lu(z Zfzx,t()) — u (o, to)]
_a(z—48) [u(z0,to) — u (w0 — Ag, to)]
Ax? :

Mixed and Neumann boundary conditions utilize ghost points and either backward
or forward differences, as appropriate. We select a discretization of the spatial

domain. Then, due to the presence of the terms

NN A:
alzt+—)a{z——

we numerically define a (z) more finely than the rest of the spatial data. Then,

indexing time with subscript m and space with superscript n, the approximate

PDE is

Upy1 = Upy,  Fntd [uptt = up] — Gp—1 [up, — up ]

At = Az?
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Solving for uy, ,;, we have the explicit algorithm

At
n ~ n+1 n n _ ,n—1 n
Uppt1 =~ A g2 (an+% [um - um] - an—% [um Uy ]) + Uy -

Of course, this algorithm is unstable for large timesteps, which we quantify here.
Setting A := max {a(z)}, established theory requires that 0 < 45 < 1 to ensure
T€

stability [23]. Thus, after selecting Az, we compute the coarsest time mesh

D2

>+ Note this changes with the coefficient to be recovered. Even

possible, At =
though this is unknown, this presents no conflict, since this algorithm is merely for
data generation.

Of course, the comparison problem uses the same algorithm, but the constant
coefficient allows simplification. We note here that we intentionally use a different
spatial grid for the direct problem than in any other portion of the recovery process
— this is to add some reality to the process of data generation for our theoretical
work. (The different spatial grids correspond to different time grids as well, due to
stability issues mentioned above.) As such, we initially produce observation values
via the direct solution, which are then interpolated or extrapolated (both linearly)

to the recovery spatial grid size. The new values are then used to compute AGy,

AG}, and subsequently the scalars u;.
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As a check to this numerical scheme, let’s visually compare the results with
an analytical solution, the latter achieved using eigenfunction expansion on the

comparison problem:

Ow (z,t) = a0y (z,t) (6.1)
v(z,0) = O,v(1,t)=0

v(0,t) = t,

where ap = 1. The simple nature of this problem makes finding an analytical

solution a relatively easy matter. Expanding in terms of the eigenpairs

6. (z) = V2sin[(n—1/2)7z], (6.2)

A = (n—1/2%7%,

for n € N, we compute

S 1 Cdn fy e Isdsg, (z), T A0

(See Appendix 5.1 for details of this derivation.) We use Maple to plot several

profiles in Figure 6.1, and compare with our numerical Matlab results in Figure
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Figure 6.1. Comparison solution using eigenfunction expansion

1

eI

6.2. These latter finite difference profiles were generated with At =
Az = %. Of course, we note the oscillatory Gibbs phenomena and the fact that

there is a disconnect at x = 0 due to the eigenfunction expansion technique.

6.2.2. Numerical Solution of the Adjoint Problem

The algorithm construction for the adjoint problem is similar to the forward prob-
lem, and again uses interior spatial centered differences. However, due to the

backwards parabolic nature of this PDE, a backwards difference was used for the
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Figure 6.2. Comparison solution using finite differences

time derivative;

ow ~ w (CE(), to) - W (xo,t - At)

ot At

Then the approximate PDE is

~ a ~ antl _ anl A N opyn—1
w,’;l_l - w:‘n ~ a’n-f—% [wm wm] an—% [wm W ]
At Ax?
Solving for @w? _,, we have the explicit approximation
At
T ~ a n+1 An ~ An An—1
Wy oy (G [057 = @0] = 4,y [0, — 007]) +

with the same stability issues mentioned above.
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We check to this numerical scheme with the following problem, visually compar-
ing the results with an analytical solution, the latter achieved using eigenfunction

expansion:

—Ow (z,t) = agOzw (z, t) (6.3)

w(z,1) = Gw(l,t)=0

w(0,t) = t—-1,
with ap = 1. Expanding in terms of the eigenpairs (6.2), we compute

t—1, z=0
w(z,t) =

Yol Cadn f; €070 (s — 1)dsg, (z), @ #0
(See Appendix 5.2 for details of this derivation.) Using Maple, we plot several
profiles, as seen in Figure 6.3. The corresponding numerical profiles, again with

time/space steps At = —L= and Az =

1800 35, are shown in Figure 6.4.
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Figure 6.3. Adjoint solution using eigenfunction expansion

0 LR — —T DS e e——
e
01 S -
//—/ P B
02} - // //‘ ///—" ....... ]
/' -~ . / _/,/"
03} - - - [
— St
0.4 / 7 e J— S
| rd - — -
05 ¢ e ~

06 | // T _
07} /
08 |

09 r

Figure 6.4. Adjoint solution using finite differences
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CHAPTER 7

PRELIMINARY RESULTS
7.1. General Results

As mentioned in the direct identification process (Chapter 5), the method de-
scribed requires the solution of an adjoint problem whose coefficient is the unknown
coefficient we are attempting to recover. Since this is clearly impossible in any real
recovery algorithm, we must consider the effect of using an approximate coefficient
in this problem. For now, however, the artificial recoveries in this section are
based on using the true coefficient in the adjoint problem. As such, we generate
the true adjoint solution w = w (a) versus some approximation: W = 1 (ag), for
example. We start with a constant coefficient recovery, and view the results for

N =1,...,10. Additionally, we use the following adjoint inputs.
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Figure 7.1. Constant recovery with mixed conditions

With a = .2, gy = .1 and mixed boundary conditions, we achieve the results shown
in Figure 7.1, notably most accurate with subspace dimension N = 8, and less
accurate thereafter as oscillations increase. (In this and all subsequent figures,
the horizontal axes represent the appropriate independent variable — in this case,
the spatial variable .) Similar results were obtained for Dirichlet and Neumann
boundary conditions.

Interestingly, with the non-constant linear function a (z) = .5z + .1, we note a

significantly lower subspace dimension is necessary for a successful recovery. This
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Figure 7.2. Linear recovery, Dirichlet conditions, N = 3
time we use ag = a(0) (for reasons detailed in Section 7.2). With N = 3 and
Dirichlet boundary conditions, we have the recovery shown in Figure 7.2.

Using the same adjoint inputs, we next recover the piecewise constant

Figure 7.3 shows the results using Dirichlet boundary conditions — note that with
N =1 and 2, the recoveries are nearly linear. As above, recoveries exhibit

increased oscillations with higher subspace dimensions. In this case, the recovered

coefficient associated with N = 7 differed the least from the true coefficient in

the L?(0,1) norm. With N > 7, oscillations increased and the results degraded
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Figure 7.3. Piecewise constant "ramp" recovery, Dirichlet conditions

slightly, more notable when N > 10 (not shown). We obtained similar results
with mixed and Neumann conditions.
We now keep the piecewise constant nature of the coefficient, but make it a

non-monotonic function.

1, 0<t<3

afz)=4 3, l<t<?
2

| L §<t<i

Imposing Neumann conditions this time, we note the recoveries in Figure 7.4. It

is interesting to see that the recovery at x = 0 and z = 1 exhibits little error, even
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Figure 7.4. Piecewise constant "step" recovery, Neumann conditions

with lower subspace dimensions. This time, however, the near linear nature of the
low subspace recoveries promote worse results on the interior. Higher dimensions
are required to allow interior accuracy, which is optimal this time with N = 7.
Mixed and Dirichlet conditions produced very similar results.

We next attempt to recover a similar coeflicient, without the symmetry noted

above. We offset the maximum region, and make it "thinner" as well.

)
1, 0<t<t
a(@)=q 3 Lt<t<?
2
|1, E<i<t
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Figure 7.5. A thinner, asymmetric coefficient, N = 11

We note that even with a larger subspace dimension, N = 11, the recovery method
has difficulty with the maximum value on the interior. The recovery shown in
Figure 7.5 was performed with Dirichlet boundary conditions, although mixed and
Neumann led to similar results once again. We attempt a similar recovery, this

time with an even "thinner" maximum.

1, 0<t<:

= 1 3

a(zg)=49 3, l<t<i
3

1L st

As expected, the recovery — shown in Figure 7.6 — has even more difficulty (N = 9,

Dirichlet conditions shown).
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Figure 7.6. An even thinner step

We try two additional piecewise constant coefficients, a; and aj, to further

gauge the effectiveness of the recovery method.

( (
1, 0<t<3 1, 0<t<s
ar)=49 2 l<t<?, @a@={ 5 l<t<?
| 5, 3<t<1 |3 $<t<t

The success is obvious in both cases, and much improved over the two previous
recoveries. The best recovery of a; was accomplished with Dirichlet conditions
and N = 8 (Figure 7.7), while the best for a; was with Neumann conditions and
N =7 (Figure 7.8). The other boundary conditions produced accurate results as

well, and not notably different.
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Figure 7.8. A recovery of a,
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Clearly the method detailed in Chapter 4 works, albeit in this artificial setting
using the true coefficient to recover itself. We’ve noted the effect of the subspace
dimensions on the recovery. Additionally, it seems that the choice of boundary
conditions contributes little to the success of the recovery — most of the above
results held similarly under the various boundary conditions. Before using an
approximate coefficient in the adjoint problem, we continue with this controlled,
artificial recovery to note the effects of further changes to the process. Specifically,
we change the eigenfunctions, adjoint inputs, the Hilbert space dimension, and grid

settings.

7.2. Eigenfunction Analysis

In each recovery above, we used, as a basis for H® (U), the orthonormal set of
eigenfunctions given by ¢, (z) = v2sin [(n — }) 7z], generated by the boundary

value problem

We now look at the following alternate sets of eigenfunctions, generated by the

changed boundary conditions in (7.1).
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$(0) = ¢(1)=0= @, (z) = VZcos Kn _ %) m]

¢ (1) = 0= ¢, (z) = V2sin (nnz)

ASS

—
=]

SN—
I

¢ (0) = ¢'(1) =0= ¢, (z) = V2cos (nrz)

Note the effect of these functions in the recovery process: Recall from Chapter 2

that the H~* (U) inner product of elements v, 7 is given by the sum

(1) g =Y (14 Xa) " Y1,

n=1

with the coefficients given by

Yo = (7 ¢n>D/(U)xD(U) = /U’qun (z) dz.

Then specifically, 6 (zg) € H™* (U) has coefficients

6 (zo)], = / 5 (20) 6, (z) dz = 6, (0)
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which adopt the characteristics of the eigenfunctions on the boundary zo = 0 and

g = 1. Then

(Ki,6 (20))_, = > (14 An),° (Ki), 6n (20)
which comprise the vector

(Kh 61‘0)_.3

(KN’ 6120)—5

in the N dimensional symmetric linear system KA (z¢) = 6§ (zo) . Considering the
mixed conditions leading to the eigenfunctions ¢, (z) = v2sin [(n — 1) 7z] used
in the recoveries in Section 7.1, we see that KA (0) = §(0) = 0 gives A (0) = 0,

since the nullspace of K is trivial. Thus

Then, by assuming knowledge of a (0) and setting ag equal to this value, we achieve
an exact recovery at £ =0: a(0) = ap + 7(0).
Similarly, approximating ¢' (1) = 0 with a forward difference gives ||§ (1)|] ~

[|6 (1 — Az)||, measured in the Euclidean RY norm. Then, dependent upon the
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condition of the matrix K, we could have ||A (1)|| = ||A (1 — Az)||. Then 7' (1) =
0, and so the recovered a' (1) ~ 0 as well. Accordingly, we see that the recovered
coefficient adopts these characteristics of the selected eigenfunctions.

Using this information, we perform the recovery of

\.H
()
IN
IA
DO =

3,

D=
A
o
IA
.

using the three alternate sets of eigenfunctions. With ¢, (z) = v2cos [(n — 1) 2],
we assume knowledge of the coefficient at z = 1 and set ag = a (1). The results are
as indicated theoretically above: The recovery at x = 1 is exact, while o’ (0) =~ 0.
The associated recoveries shown in Figure 7.9 (using mixed boundary conditions

in the PDE) are as successful as those achieved with the first set of eigenfunctions.

We view the same coefficient recovery using mixed conditions and the eigen-
functions ¢, (z) = v/2sin (nmz). We note in this case, it should be equally ad-
vantageous to assume knowledge of a (0) or a(1). In fact, knowing both would
provide a distinct advantage, if we chose to solve the comparison problem for a

non-constant coefficient ag. We don’t pursue that here, and choose ap = a(0).

Although the general shape is loosely identifiable in Figure 7.10, the recovery is

notably degraded.
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Figure 7.10. Using the eigenfunctions ¢, (z) = v/2sin (n7z)

83

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



0.5 o= 1
ot~ = —==—"" 0 :‘:5:_:”_/_/._,/ s U
0.5 1
0 10 20 30 0 10 20 30
N=3 N=4
05 = 1 — -
o =T - .= " 0f— X — — 7~ T ="
o 1 /
0 10 20 30 V] 10 20 30
N=5 N=6
1 2
0 v:?\:/ N
-1 -2
0 10 20 30 0 10 20 30
N=7 N=8
2 5
0 :\_\_/w ol— — o e
-2 -5
0 10 20 30 0 10 20 30
N=9 N=10
5 5
0 ’\'r[\j/l\j/_\t/‘\”’ 0 ==~ \-/*\f‘\*/—\—/
-5 -5
0 10 20 30 0 10 20 30

Figure 7.11. Using the eigenfunctions ¢, (z) = v/2 cos (nmz)

Finally, we view the recovery with the remaining eigenfunction set, ¢, (z) =
v/2cos (nmz), which affects the slopes at each boundary value. The results in this
case are severly degraded, as seen in Figure 7.11. Evidently, this latter case allows
too much flexibility in the endpoint recovery, and adversely affects the interior
recovery as well. On the other hand, controlling the state at each boundary value
is disadvantageous, if we choose a constant comparison coefficient and the actual
values are not equal. The eigenfunctions associated with mixed conditions allow
an exact recovery at the endpoint with a known, while giving the needed flexibility

at the other value, leading to the best recoveries.
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7.3. Adjoint Inputs

The adjoint inputs used in Section 7.1, g7 and h}, were the same for every
recovery. Of course, there is an unlimited number of available inputs to use, but
some are more convenient to use than others. Specifically, we use three criteria

for selecting inputs.

(1) Linear independence: As shown in Chapter 4, this is a sufficient condition
for the solvability of the linear system KA = .

(2) g; (1) = h; (1) = 0 : With Dirichlet boundary conditions, these match
the final condition in the adjoint problem, w(z,1) = 0. With Neumann
conditions, these match the zero slope given by the final condition as well.

(3) Indexed: This leads to convenient coding.

We look at two cases in some detail. First, we examine the inputs used in

Section 7.1, namely

g; (t) = (7.2)

hi(t) = sin(jmt).

With Dirichlet boundary conditions and N = 5, we have that the adjoint solution

oscillates at the right boundary (due to A}), and is decreasing at the left (due to
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Figure 7.12. Adjoint solution profiles using inputs (7.2)

g;). With the coefficient

we have adjoint solution profiles for ws(z, t) noted in Figure 7.12. The inputs lead
to five linearly independent functions K; (z) used in the recovery method. These

are shown in Figure 7.13.

Compare these functions with those produced by the following adjoint inputs,

gW)y=01-ty, ht)=01-1",
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Figure 7.13. The linearly independent functions K (z) using inputs (7.2)

this time with Neumann conditions (thus controlling the slope at each boundary
value) and N = 5. Profiles for ws (z,t) and the functions K (z) are shown in
Figures 7.14 and 7.15. Although the constrasting adjoint inputs in these two
examples produce linearly independent functions K (z), the nature of each are
significantly different. One might surmise that the subsequent recoveries will differ
as well. However, this is not the case, as seen in Figure 7.16, where the recovery
using inputs (7.2) is annotated as the Dirichlet recovery; the recovery using inputs
(7.3) is annotated as the Neumann recovery. Other choices and combinations for

adjoint inputs and boundary conditions led to similar results. These two examples
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Figure 7.14. Adjoint solution profiles using inputs (7.3)
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Figure 7.15. The linearly independent functions K; (z) using inputs (7.3)

88

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



0.4

............... a(x)
------ Dirichlet recovery
0351~ - Neumann recovery

Figure 7.16. A comparison of adjoint input types

were chosen simply to highlight the fact that the selected inputs are less important
to the recovery than initially thought.

Another perhaps more interesting question is how a zero adjoint input at one
end might affect the recovery. This is equivalent to limiting our data observations to
just a portion of the boundary. Per the identification results presented in Chapter
95, we realize that recovery does not require the dual observations we’ve employed
thus far, at least theoretically. We view this effect in Figure 7.17, recovering

the same coefficient as in the previous example. Here we used mixed boundary
conditions and subspace dimension N = 7. We alternately set g¥ = 0 with 2} # 0

and A} = 0 with g; # 0 for the single observation tests. Clearly, a successful
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Figure 7.17. Dual versus single observations

recovery is accomplished in either case. As expected, recording observations on

the entire boundary led to slightly better results.

7.4. Hilbert Space

We briefly look at the Hilbert Space setting for the recoveries: H*® (U) and
H~ (U). To this point, we’ve been using s = 1, but now view the effects of using
different values. We recover the same coefficient as previously, again use mixed
conditions and N = 7, and look at the recoveries associated with s = 0,1/2,1. We
note that s = 0 is the only one of these values that leads to any significant change,

and that the recovery is improved with s = 1/2,1. These latter values result
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Figure 7.18. Varying s in H? (U)

in essentially the same recoveries, the difference which is nearly imperceptible in

Figure 7.18. This is true for s > 1 as well (not shown).

7.5. Grid Selection

Finally, we briefly compare the effects of grid size on the subsequent recoveries.
For convenience we use the same coefficient and parameters above, but change the
spatial grid from 30 points to 20. Of course, this changes the time grid as well, in
this case from 1800 to 800 points. The subsequent degraded recovery is seen in

Figure 7.19.
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Figure 7.19. Grid comparison

7.6. Estimated Coefficient

We now perform a recovery using an estimated coefficient in the adjoint prob-
lem for various subspace dimensions and boundary conditions, keeping the other
parameters used in Section 7.1. For convenience, we recover the "ramp-like" co-
efficient and let @ = @ (ap), where aq is the comparison problem coefficient. This
removes the artificiality from the recovery process as shown, but of course intro-
duces error in the problem. To see the effects of this realistic change, we first
recover the coefficient using mixed conditions. In Figure 7.20 we see the typical
near linear recoveries at lower subspace dimensions, but with notably poor results

at ¢ = 1. The oscillations induced at higher subspace dimensions make using
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Figure 7.20. Mixed conditions, @ = w (ag)

N > 10 futile. We repeat the process with Dirichlet conditions, and note (Figure
7.21) better recoveries at z = 1, but with degraded results again. With Neumann
conditions, we note (Figure 7.22) better results than the previous two, but with
much room for improvement, as expected. This leads us to seek a better method
for the actual recovery process, which is the subject of Chapter 8.

It is clear this modified Backus-Gilbert method works, in the sense that it

provides a reasonable visual approximation of the unknown coefficient; to what

extent is still in question. We can use the information gained in this section to

guide the subsequent true recovery processes ahead, i.e. using an approximate
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e

Figure 7.21. Dirichlet conditions, W =  (ao)

Figure 7.22. Neumann conditions, W = w (ag)
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adjoint & = w (@), where @ is ag or some other value — constant or otherwise. This

obviously has a profound effect on the coefficient recovery.
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CHAPTER 8

RESULTS

The previous chapter contained somewhat unexpected results. Specifically,
the success of the "artificial" recovery using w = w (a), even with exceptionally ill-
conditions systems, indicates that the choice of the approximate adjoint coeflicient
is more important than initially realized. More to the point, the successful recov-
eries with the true adjoint solution suggest the possibility of iterating the adjoint
in some fashion, i.e. replacing the approximate coefficient with one increasingly
more accurate — we hope — to the true coeflicient. For if we can achieve a decent
recovery with an initial constant coefficient, then maybe further improvement can
be realized via this process, even with excessively high condition numbers of the
K matrices. This predictor-corrector technique has often been used as a success-
ful regularization method, in countering the ill-posed nature of first-kind integral

inverse problems [16].

8.1. The Process and Considerations

For reasons mentioned in Section 7.2, we use the eigenfunctions ¢, (z) =

v/2sin [(n — %) 779:], and make the assumption we can experimentally determine
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the coefficient to be recovered at x = 0. We then set our comparison coeflicient ag
equal to a (0) and start the process with the initial input to the adjoint problem
@1 = ap. Then we solve for the initial (approximate) adjoint solution @, = @ (a1),
and use this in the remaining computations to achieve the recovery d;. Then,

solving W, = W (Gg), we repeat, creating the discrete dynamical system

R(dn) = @np1, n=12...

~

ap = daog,

where R represents the complete recovery process. In testing the method, we check
for accuracy by computing a normalized L? (U) difference between the recoveries

at step n, and the true coefficient. For notational convenience, we denote

Br = lla = ally / llacl| = lla = @nll; /ao.

With our concerns of stability using an explicit finite differences scheme, we

must remain aware of the possibility of increasing the value max {a,}, which would
T

necessitate a smaller time step, as detailed above. Thus after each iteration, we

must peform a check for this value, and adjust the grid accordingly, or reduce

values outside the realm of expected recovery.
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Table 8.1. Recovery parameters

Subspace dimension N

Boundary conditions Mixed, Dirichlet, Neumann
Forcing terms fo@), fi(t)

Adjoint inputs g (), h*(t)

Hilbert space setting 8

Comparison coefficient || ag

Of course, we may also generate negative values for the recovered coefficient as
well, which can lead to algorithmic instabilities. One method of dealing with this,
employed here, is to replace negative values with predetermined small positive
values, creating an approximation to our approximation to be used in the next
iteration.  Although simple and computationally convenient, this provides no
guarantee of further stability, as the new approximation may lead to additional

instabilities in the adjoint solution.

8.2. Parameters

There are many parameters to adjust, listed in Table 8.1. We fix all but the
subspace dimension and boundary conditions. In an attempt to facilitate future
experimental considerations as well as the identifiablity criteria, we use constant
forcing terms for Neumann conditions and linear, nonconstant terms for Dirichlet.
Specifically, we assign the time dependent boundary conditions as listed in Table

8.2. As such, we're able to "shape" the comparison solution as monotonic functions
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Table 8.2. Selected boundary conditions

Mixed: fo (t) = t, f1 (t) = -5
Dirichlet: fO (t) =1, f1 (t) = —1
Neumann: | fo (t) = =5, fi(t)= -5

08
06
041

0.2}

02t
0.4 |
06|

0.8

oL
-

Figure 8.1. "Shaped" comparison solution profiles

over time, such that 0,v is nonzero over much of the domain (see Figure 8.1). Of

course, this directly affects the functions
T
K; (z) =/ 0z v0;w;dt,
0

and thus the subsequent recovery. Logically, the same consideration could be given
to the adjoint solution. However,these inputs must be linearly independent, which

necessitates further complexity in the choices. We use the same adjoint inputs
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as in Section 7.1, which work consistently well even though the adjoint gradient

values are zero over some of the domain.

Additionally, we continue to use the Hilbert space setting given by s = 1, and spa-
tial grid steps of Az = &, % for data collection and recovery, respectively. With
these parameters fixed, we vary the subspace dimensions, boundary conditions,
and coefficient types, and view the resulting outputs. We look in some detail at

the first set of recoveries, then present summaries thereafter.

8.3. "Ramp" Recovery

We first attempt the recovery of the "ramp-like" coefficient

1, 0<z<3
a(z) =
3, $<z<l
Accordingly, we have for our initial adjoint coefficient, ay = .1.  First, using

mixed boundary conditions along with subspace dimension N = 5, we generate

approximately 40 iterations, and view the results in Figure 8.2. The first iteration
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Figure 8.2. Mixed conditions, N =5

is less than impressive, and differs significantly from the true coefficient, with
B, ~ .102717. However, if we continue to iterate, the subsequent recoveries quickly
begin to resemble the true coefficient shape quite nicely. In fact, we achieve the
best recovery with iteration numbef 12, where (3,5 = .028395. As the iterative
process continues, we have apparent convergence, with 3,4 ~ .028552. This is a
neglible decline in accuracy from iteration 12 — plotting ai2 versus dgg results in
no discernible difference visually. Using subspace dimension N = 6, we achieve
similar accuracy. Interestingly, with N = 7, the initial 10 iterations "bypass" more
decent recoveries as rgleagc{& (z)} increases to approximately .75. The iterations

then "settle" back to a closer recovery, with apparent convergence by about the
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Figure 8.3. A larger variance with N =7

70th iteration, albeit to a degraded normalized difference of 8,4 =~ .0532. This is
not suprising, as the entire Backus-Gilbert method is an approximating technique
by design. This is seen in the Figure 8.3. Upon close inspection, it might
be evident from this plot the convergence is not to the best approximation, which
actually occurs at iteration number 16, with 3,4 ~ .026940. This recovery is shown
in Figure 8.4. Incidentally, increased subspace dimensions results in unusable
recoveries, as oscillations increase significaﬁtly.

We repeat the recovery with Dirichlet boundary conditions. This time, sub-
space dimension N = 6 produces the best result, nearly as accurate as with mixed

boundary conditions, with 8,3 = .029265, visually noted in the Figure 8.5.
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Figure 8.4. The best approximation at iteration 16
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Figure 8.5. Dirichlet conditions, N =6
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Figure 8.6. Neumann conditions, N =7

Lastly, we perform the recovery using Neumann boundary conditions. The best
recovery occurs with subspace dimension N = 7, and is just slightly better than
the previous conditions, with 84, ~ .025838 (see Figure 8.6). Interestingly, with
the higher subspace dimension N = 8, if we just look at the first few iterations,
it appears the oscillatory behavior associated with will prohibit a decent recovery.
We can see in the Figure 8.7 that the early iterated recoveries become too small
(negative) and also exceed the maximum allowed value input in the Matlab code,

and are adjusted accordingly for the next iteration. Although more iterations are
necessary, we do achieve a decent recovery by iteration number 70. In Figure 8.8,

iterations 60 through 80 are shown. In this case, 85, ~ .026058.
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Figure 8.8. Later iterations with N =8
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8.4. "Step" Recovery

We now perform similar analyses on piecewise constant coefficients, with an

increased value on a portion of the interior, referred to here as a "step".

We'll work with both symmetric and asymmetric coefficients, beginning with the
former, where z; =  and 7, = £. Because observations are made on the boundary
and the true coefficient value is the same on the entire boundary, with N = 1 we
expect a near constant solution. This is precisely the result, as the limited subspace
dimension allows no chance of recovering the interior rise in the coefficient. In the
mixed case, with much higher subspace dimensions, we achieved decent recoveries.
We achieved the best recovery with N = 8 —sufficient "convergence" occured by the
11th iteration, with the results shown in Figure 8.9. In this case, §;; = .035232.
With Dirichlet boundary conditions, we achieve a similarly successful recovery,
the best associated with subspace dimension N = 7. In this recovery, iterations
approach the convergent solution in an orderly fashion, with the value max {a (z)}
1

in a neighborhood of z = 3 increasing in an apparent monotonic fashion to an
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Figure 8.9. Mixed conditions, N = 8

eventual difference value 8 ~ .034625. This is seen in the Figure 8.10. Inci-
dentally, N = 8 led to similar results, and N = 9 exhibited extreme oscillatory
behavior.

Lastly, we use Neumann boundary conditions, achieving the best result with
N =7 and 8 = .041901. The iterations again exhibit the apparent monotonicity
of the maximum value, as shown in Figure 8.11. The result, however, is notably

degraded from those earlier.
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Figure 8.11. Neumann conditions, N =7
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Figure 8.12. An asymmetric, thin step, near z =0

We now offset and change the length of the "step" in the coefficient,

and merely show the best result (Figure 8.12), achieved with subspace dimen-
sion N = 9 and Dirichlet boundary conditions. The convergence was very fast

(sufficient by iteration 5) but the results were less accurate than desired, with

B =~ .037561. Perhaps we can contribute the poorer result to two factors:
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(1) Closer proximity to the boundary, specifically z = 0, where the measured
data and nature of the eigenfunctions used may tend to override the al-
gorithmic attempts to recover the higher interior values.

(2) The smaller interval of the maxima.

To see the potential effect on the interval size, we perform a similar recovery

with
d, 0€2< .2, 3<zr<1

a(z)=4¢ 3 2<z<4 :

g, 3<z<1

using the same Dirichlet conditions that led to the best result above. The result,
shown in Figure 8.13, better captures the higher conductivity present on the inte-
rior. Further increasing the interval size improves recovery of the difficult step, as
shown in Figure 8.14. Placing the asymmetric step near z = 1 and reducing its
length again, while keeping all else the same results in better recovery of the step
itself, albeit it with increased oscillations elsewhere. The convergent solution is

shown in the Figure 8.15.
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Figure 8.14. An asymmetric, wide step
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Figure 8.15. An asymmetric, thin step, near z = 1

As in the previous chapter, we attempt the recovery of a couple more difficult

step functions, the first the piecewise constant, increasing coefficient

&
winy
A
8
A
p—

From the subsequent recoveries, such as the one shown in Figure 8.16, we see the
overall increasing trend is captured, but in reality we would have no knowledge

of the interior conductivity, as the recovery does not indicate this portion in any
notable fashion. This recovery was accomplished with Neumann boundary con-

ditions and subspace dimension N = 7. The final step coefficient we’ll recover
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Figure 8.16. A more difficult recovery: a,

is
.
1, OSxS%
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The method has an easier time with this recovery, and captures the general shape
quite nicely, despite some erratic behavior in the initial iterations. The end result
is shown in Figure 8.17, and was accomplished with Dirichlet boundary conditions

and subspace dimension N = 6.
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Figure 8.17. A more difficult recovery: a;

8.5. Linear Recovery

We now attempt the recovery of two linear functions. Of course, from the
results in Chapter 7, we expect a lower necessary subspace dimension, since these
seem to result in near linear recoveries. We begin with the coefficient a (z) =
2z + .1 and find mixed boundary conditions most accurate, with the converged
recovery exhibiting 8 ~ .003442. The recovery is shown in Figure 8.18, and
was accomplished with subspace dimension N = 1. Subsequent iterations were
monotonically increasing towards the actual coeflicient. Dirichlet conditions led
to similar accuracy, its best result corresponding to N = 2. Neumann conditions

also captured the shape of the coefficient, but were considerably less accurate.
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Figure 8.18. A linear coeflicient, slope = .2
We increase the slope to .5 to see if this changes the capabilities of the algorithm,
and find it does not. We achieve very similar results, the best with Dirichlet
conditions with subspace dimension N = 3. The convergent solution is shown
in Figure 8.19. Finally, we change to a negative slope: a(z) =1 — .52. The
method is still successful, with similar results as the previous two, but this time
with different iterative behavior. The successive iterates alternate "above" and

"below" the true coefficient, as they converge towards it. This is shown in Figure

8.20.
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CHAPTER 9

EXPERIMENTAL CONSIDERATIONS

We now briefly consider aspects of this method as related to the collection of
data in a physical experiment — used in determining the hydraulic conductivity of
a column of soil, for example. We must take into account the the length of time
required for experiments, the limitations of associated equipment, and the effects
of minor errors in the data readings. Additionally, we consider the true nature of

determining the recovery, and look at this first.

9.1. Realistic Determination

In our previous theoretical discourse, we have proceeded with complete knowl-
edge of the coefficient to be recovered, using this to determine subspace dimensions
and associated accuracies of the recoveries. Of course in reality, we may have very
little knowledge of the coefficient itself, since the entire purpose of this inverse
method is its determination. As mentioned, we assume we can experimentally
determine the conductivity on part of the boundary, specifically choosing z = 0

in our work thus far. Beyond this and the admissibility criteria mentioned in the

identifiability section, we assume no further information a priori. The coefficients
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Figure 9.1. Recoveries with subspace dimension and iterations shown

to be recovered can be constant, linear, piecewise constant, etc., which could affect
the success of the method with certain subspace dimensions.

With this in mind, we attempt a recovery using subspace dimensions N = 1
through NV = 10, using the iterative "stop criteria" ||¢, — dn-1]|, /a0 < .01, chosen
based on trial and error with the multitude of recoveries performed, including those
in Chapter 8. Also used as a stop criteria is a limiting number of iterations, in

this case 100, which experience has shown to be a sufficiently high number for
assumed convergence in most instances. We show the results of the subsequent

recovery, using Dirichlet conditions.  Specifically, in Figure 9.1, we indicate the
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subspace dimension used, as well as the number of iterations required to produce
the output shown. We see that with the lower subspace dimensions, the degrees
of freedom afforded for the recovery is limited and we have a smaller number of
iterations required — this matches well with the previously accomplished iterative
recoveries. By N = 6, we are maximizing the number of iterations allowed by the
code, and the recovered coefficients are showing increased oscillatory behavior, to
the point where certain values are truncated to preserve the both the stability of
the numerical reconstruction, and the parabolic nature of the adjoint PDE. Based
on this, and experience gained from prior work, we might surmise the recovery
associated with N = 5 to be the most accurate. This is indeed the case, as shown
with the actual coefficient in Figure 9.2. The recovery was repeated with mixed
and Nuemann conditions, with similar results.

In general, we follow this process to ascertain the most effective reco.very among
those attempted: Start with N =1 and continue to increase the subspace dimen-
sion until the required iterations reach the maximum value allowed by code. Of
course, this is adjustable, but set as the typical point where oscillations increase
to the extent they require truncation of the coeflicient if continued iterations were

needed. We take the previous recovery as the most accurate estimation of the

true coefficient.
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Figure 9.2. Recovery with N = 5 compared with actual coefficient

We perform a second recovery, again with Dirichlet conditions, and note the
output in Figure 9.3. Again, we see relatively small numbers for iterations required
up to a certain subspace dimension. Once we reach N = 9, the iterations increase
from 17 to 100, with the associated recoveries exhibiting oscillatory behavior and
truncated output. We would be correct to assume the recovery associated with
N = 8 as a relatively close approximation to the true coefficient, as shown in
Figure 9.4.

We look at another set of outputs, this time viewing only N = 1 through
N = 6, since higher dimesions led to clearly diminished results. In Figure 9.5,

the first four recoveries look relatively similar and require just a few iterations to
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Figure 9.4. The best recovery, with N = 8
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Figure 9.5. Another set of recoveries, this time N =1 to 6 only

sufficiently converge. The iterations and oscillations increase with N = 5 and 6,
but the output is not truncated this time. If we use iterations as our determining
factor, we would choose the recovery associated with N = 4 as the best output.
This is shown in Figure 9.6. In actuality, both the N = 3 and N = 4 recoveries
are very accurate, with the former being just slightly better. As expected, the

recovery of a linear function required a smaller subspace dimension than those

previous.
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Figure 9.6. The best recovery, with N = 3

In the next example, we see similar output (Figure 9.7), and would choose the
recovery associated with NV = 6 as the best case, as the iterations increase signifi-
cantly thereafter. Although the recovery of this linear function is most accurate
for N =1, the first six subspace dimensions give suprisingly accurate results — the
additional freedom afforded by these higher subspaces does not notably degrade
the recoveries until N = 7.

As a final example, we examine the outputs shown in Figure 9.8. This time
we have two notable jumps in the number of iterations, between N = 5 and 6, and
between N = 6 and 7. Since N = 6 produces a smooth solution, we might assume

this is an accurate recovery. Figure 9.9 provides this confirmation.
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Figure 9.7. Decent recoveries through N = 6
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Figure 9.8. Two notable increases in iterations
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Figure 9.9. The best recovery, with N =6

9.2. Time Scales

We note here that the failure to let the experiment proceed for a sufficient
amount of time can lead to degraded results, since the effects of distinct coefficients
minimally affect the observation data — minimally being the key word here, since
the identifiability proof ensures some difference via the one-to-one observation
operators. We show evidence of this by changing the magnitude of the coefficient
to be recovered, i.e. the coeflicient in the direct problem. This is equivalent to

running an experiment for a longer or shorter amount of time. We see this simply
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by considering the equation
O = 0, (adzu), te€(0,T).

If we just increase the conductivity by a factor of a > 0 on the same time domain,
ie.

O = 0, (@ab,u), te(0,7) (9.1)

then we can rewrite as
1
a(’?tu =0, (al;u), te€(0,T).

Now, with 7 = at,

d
Owu(z,7) = 8Tud—7t- = ad,u,

we see that (9.1) is equivalent to
O0ru =0, (afyu), 7€ (0,aT). (9.2)

Quite simply, increasing the conductivity by a factor of @ and keeping the time

scale the same (9.1) is equivalent to increasing the time scale by a factor of o and

keeping the conductivity the same (9.2).
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u1 profiles

Figure 9.10. Notably distinct direct profiles

In this light, we view aspects of recoveries associated with our prototypical

ramp coeflicient and a related linear coefficient; specifically we compare

1, 0<z< .5
a; =
3 >.5
and
a2=.2:1:+.1.

We first view profiles (Figure 9.10) associated with the direct solutions involving
each coefficient: wu; = u(z,t;01),us = u(z,t;a2). With solution u;, we clearly

see the effect of the discontinuity in a;, not present with uy. We record the
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Figure 9.11. Observation differences at z = 0

observations on the boundary and note the differences in each as well. Using
Dirichlet boundary conditions, at z = 0 we record the flow data: G (0,¢;a;) and
G (0,t;a2) (Figure 9.11). We repeat at = 1 (Figure 9.12). The difference
appears significant at z = 0 and less so at z = 1, but is sufficient in each case to
result in notably different and reasonably accurate recoveries, as shown in Figure
9.13.

In contrast, we simulate running the experiment for a tenth of the time allotted
above; i.e. we make oo = .1 and denote a3 = aa; and ag = aay. Figure 9.14 shows
the direct profiles for ug and w4, which this time are not visibly different. Again

we compare observations at = 0 and z = 1 (Figures 9.15 and 9.16, respectively).
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Figure 9.13. Distinct and accurate recoveries
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Figure 9.15. Observations at x = 0

This time we note both the degraded recoveries of each, but more importantly,
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their similar structure, as shown in Figure 9.17. We note that the recovery of as
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Figure 9.17. Similar, degraded recoveries
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should more closely resemble the ramp, while a4 should be linear. However, we
lose the distinction present in the previous recoveries (Figure 9.13). Evidentally,
the longer experiment allows differences in the coefficient to propagate sufficiently,

to more greatly affect the observation data and the subsequent recovery.

9.3. Forcing Magnitudes

To counter possible limitations of data recording equipment, we note we can
theoretically increase the magnitudes of the boundary forcing terms in the direct
(and thus comparison) problems to similarly increase the associated observations
noted. If done so symmetrically, i.e. the new forcing terms fy and fl are the same
multiple « of the original functions (fo =afyand fi = a f1) then our recovery
is unchanged while the observations increase in magnitude. This is due to the
linear dependence of the solutions u (z,¢; fo, f1) to our PDEs on their boundary

conditions:

u (cofo + c1f1) = cou(fo) + cru(f1).

As such, our new observation differences AGy and AG, are multiples of the same

factor a. Then fi; = au;. Similarly, since v (z,t; afo,af1) = av (z,t; fo, f),
R T
K; = / Oy w;0, (av) dt = oK.
0
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Then

and thus

%=/A\~ﬂ=(%A)-au=A-u=T.

Thus, if increased boundary forcing magnitudes are feasible in a laboratory setting,
they can be used to bring the observation data to the level of sensitivity required by
the data collection equipment, without (theoretically) changing the result provided

by our algorithm.

9.4. Error Analysis

We now seek to analyze the effects of errors in the observed data on the resulting
recovery. To do so, we denote the boundary observations Gy (t,a) at z = 0 and

G (t,a) at z = 1, which are computed from the direct solution . We perturb each
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within some selected window,

G = Gll+e(t),

—go < e(t) < ey,

where the mean value of € (t) is equal to zero. Then the data Gy (t, a) and G} (¢, a)
are interpolated/extrapolated to the recovery grid and used to find the new scalars
w5, effectively constructing a new subspace for our projected approximation. Note

the functions K (z) in the solution process,

<7-I, Kj)HSXH—'S = M;,

are independent of the observation data. With the new vector ' constructed, we

solve the linear system given in Equation (4.4),

N

i=1"

KA = {(K; 6,)_,}

which prior to iteration produces the same vector A as without error. We then
solve

Tl:A'/j‘_lja
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and thus find af. This recovery is then used in the subsequent iteration, and so
forth, as previously.

With any level of error, the results can vary to some extent — we quantify this
by taking the L2 (U) difference between the recovery with no error (4) and the
recovery with error induced (d.), normalized by ao : f := || — @el|, /ao. The
trials lead to varying outputs, so we take an average result of a sufficient sampling.

We view a few results, fixing the subspace dimension and other parameters
from previous successful recoveries, while allowing the boundary conditions and
levels of induced error to vary. We first look at a ramp recovery under mixed
conditions.  Figure 9.18 shows the minimal effect of 1% error induced to the
observations. In this case, the observations with and without error look nearly
identical. The average difference B in outputs with 1% error was found to be
approximately .22797. Figure 9.19 is indicative of this result. We increase the
error to 3% and note the subsequent observations and recovery (Figures 9.20 and
9.21, respectively). This time the perturbation to the observations are notable,
and the recovery is degraded accordingly, with an average B ~ .48477.

We repeat the process with Dirichlet boundary conditions, with 1% and 3%

error again induced, and note averages this time of B ~ .12384 and .20661, respec-

tively. See Figures 9.22 and 9.23.
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Figure 9.18. Observations with and without 1% error
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Figure 9.19. The recoveries, with and without 1% error

136

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



0 200 400 600 800 1000 1200 1400 1600 1800

0 200 400 600 800 1000 1200 1400 1600 1800

Figure 9.20. Observations with 3% error
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Figure 9.21. Recoveries with and without 3% error
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Figure 9.22. Dirichlet boundary conditions, 1% error

0.45 T : T . T T
Recovery, no error
04F] — Recovery, with error L~ g
-~ True coefficient i A
v \
035
031
025¢
02r
015} PR
LN
ST 1
0.1-\-——, il et 1
o7/
0.05 A . . . ; .
0 10 20 30 40 50 60

Figure 9.23. Dirichlet boundary conditions, 3% error
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Figure 9.24. Neumann boundary conditions, 1% error

Lastly, we perform the error induced recoveries with Neumann conditions, and
find notably improved averages [3 ~ .02237 and .078305, for 1% and 3%, respec-
tively. See Figures 9.24 and 9.25. We repeated the Neumann cases with 5% and

10% induced error to the observation data, and found the recoveries to be more

——— Recovery, with error
- Recovery, no error
- True coefficient

10 20 30 40 50 60

robust than either other boundary condition.

We did note a positive correlation between the size of the subspace dimension
used in the recovery and the effect of the error on that recovery. For example, using
the above recovery with Neumann boundary conditions, we found the average B

values listed in Table 9.1, indicating severely graded results with N = 6 and higher.

Similar results were found for mixed and Dirichlet conditions.
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Figure 9.25. Neumann boundary conditions, 3% error

Table 9.1. Subspace dimension versus B

| Subspace dimension/error || 1% | 3% |
N=4 .01002 | .03102
N=5 .02237 | .07831
N=6 79791 | 1.58394

Of course, this creates a dilemma for experimental data collection for use in
the algorithm, in the recovery of conductivities which typically require a higher
dimensional subspace for accuracy, as noted in the results chapter. Conversely,
we should expect relative insensitivity to error for other recoveries, such as linear.

As such, we test a linear recovery with error induced. Specifically, we recover the

coefficient

a(z) = .5z + .1,
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Table 9.2. Linear recoveries, boundary conditions versus 3

Boundary conditions/error [ 1% 3%
Mixed 07683 | .15514
Dirichlet .01180 | .03302
Neumann .00412 | .01527
06

Recovery, no error
0.55 | '~ — Recovery, with error
— = = True coefficient

051

40 50 60

Figure 9.26. Linear recoveries, with and without 10% error

using subspace dimension N = 5. In Table 9.2, we list the average differences
from the error free recoveries. ~With this extra stability, we can perform decent
recoveries under higher levels of error. Figure 9.26 shows an atypically poor
recovery under 10% error and Dirichlet conditions.

These facts persisted even under the ideal (and artificial) non-iterative algo-
rithm using the true coefficient in the adjoint problem. Unfortunately, this negates

any argument that attempts to correlate instabilities associated with induced error
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to the iterative process alone. Although this may magnify the problem, clearly
the matter is more basic, and will be the subject of future research aimed at de-
termining the cause and fix. Perhaps some regularization method as documented

in [10] is necessary to implement at this point.
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CHAPTER 10

A DIFFERENT PDE: q(x)

As mentioned in the introduction, we now briefly look at the recovery of a
different coefficient, specifically ¢ (z) from Equation (1.2) with s = —1 and f = 0.
We formulate the inverse problem and other theoretical considerations only, and
omit associated computations. The intent here is to show that the method imple-
mented can be used in the coefficient identification of a different parabolic PDE.
We proceed similarly to our previous problem, basing the recovery of ¢ (z) from
observed boundary data, and denoting the spatial and time domain components
as in Equation (3.1).

The n-dimensional direct problem with mixed boundary conditions is given by

(10.1).

o (z,t) = Viu(z,t)+q(z)u(z,t), (x,t)€Ur (10.1)
u(z,0) = 0, ze€U
u(z,t) = fpl(x,t), (z,t)el’R

Vu(z,t)-n = fy(z,t), (z,t) el

143

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Now suppose v = v (z,t) solves (10.1) in the case g(z) = go = constant, and
v = u(x,t) solves the same in the case ¢(z) = ¢qo + 7(z). Then z(z,t) =
u(z,t) — v(z,t) solves (10.2):
Oz —Vz2—qz = v, (2,t)€Up (10.2)
z(z,00) = 0, zeU
z(z,t) = 0, (z,t)elR

Vz(z,t)-n = 0, (=,t)ely.

The development of this difference problem is located in Appendix 1.2.

10.1. The Integral Equation

We now multiply equation (10.2) by a smooth function w (z,t), and integrate

by parts.

T
/[wz|OT—/ zatwdt} dz —
U 0
T
/ [/ sz-nds—/Vw-Vzdx} dt—// zquwdzdt
0 r U Ur
= / / wTvdzdt.
Ur
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Then, requiring w(z,T) = 0, applying boundary conditions for v and v, and

further integrating by parts, we have

// z [-0w — V*w — qu| dzdt (10.3)
Ur

T T
+/ / w(Vv — Vu) - ndsdt + / / (u —v) Vw - ndsdt
o Jro o Jrv

= / / wrvdxdt.
Ur

10.2. The Adjoint Problem

Now suppose that w (z,t) solves the associated adjoint problem:

—Qw—-Viw—quw = 0, (z,t) € Ur
w(z, T) = 0, z€U
w(z,t) = g*(z,t), (z,t) ecl?

Vw(z,t)-n = h*(z,t), (z,t)eT¥.

Then the integral identity (10.3) can be rewritten as

T T
/ / g* (Vv — Vu) - ndsdt + / / (u—v)h*dsdt (10.4)
o Jro o Jrw

= / / wrvdzrdt.
Ur
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At this point, we can choose adjoint inputs ¢g* and h* to specify (10.4) to an

expression relating the coeflicient differences to various observation differences:

(1) With A* =0, (10.4) reduces to

T
/ / g*(VU—Vu)-ndsdt=// wrvdzdt.
0 ro Ur

This can be rewritten as

(9", G (@) = G () a(rp) = (T, /0 vadt> , (10.5)

L2(u)

where Gy (q) = Vu (z,t,q9) - n, (z,t) € 2.

(2) With ¢g* =0, (10.4) reduces to

T
/ / (u—v)h*dsdt = // wrvdzdt.
0 JIN Ur

This can be rewritten as

(0G0 6) = Go @)ooy = (m [ wot) (108

L2(U)

where Gp (q) = u(z,t,q), (z,t) € T¥.

Note that, as in our previous problem, (10.5) and (10.6) involve equations that

relate coeflicient differences to observation differences. We can make observations
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on only one portion of the boundary or its entirety, at our option. In the latter

case, we can rewrite (10.4) as

T
(g ’AGN)LQ(F?) -+ (h ,AGD)Lz(FITV) = (7‘,/O wvdt) Lz(U)'

We note that this is a well posed initial boundary value problem, given that
the coefficient ¢ € L (U) is such that ¢ (z) < k2 < 0 for z € U. Then this has a
unique solution u = u (z,t, q) such that u € L2[(0,T) : H* (U)]NC ([0, T : H° (U)],

with fp (z,t) € L2 [(0,T) : H* (TP)] and f (z,t) € L2 [(0,T) : H* (TV)].

10.3. The Spatial Setting

The function space setting of the ¢ (z) problem closely resembles that associated
with the previous identification, detailed in Section 3.3. Beyond the similarities,
we simply note the lack of gradients in the integral fOT wvdt relaxes the setting
constraints from previously. Now w,v € H?® (U) implies fOT wvdt € H*(U) for

s > 0, allowing us to consider 7 € H® (U).

T
<'T, / wvdt>
0 HS(U)x H=5(U)

T
= /0 !:(g*7 ACJN)HU?(I"D)><H—1/2(1"D) + (h*7 AG’D>H——1/2(FN)><].[1/2(I~N):| dt, S 2 0.
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10.4. Identifiability

We consider identifying the unknown coefficient ¢ (z) in the initial (mixed)
boundary value problem (10.1). The proof that follows can be generalized to
Dirichlet and Neumann conditions. The construction closely follows that given in
Section 3.5, but in n spatial dimensions due to its reduced complexity.

If we suppose the data fp and fy are fixed and let the dependence of the
solution on the coefficient ¢ be denoted by writing u = u(z,t,¢), then we can

denote associated observation operators,

GD [q] = Vu (x7t,Q) - n, ($,t) € F’??

Gnlg = u(z,tq), (z,t)elf.

These operators map ¢ € L™ (U) to L? (I'r). Note that neither Gp [0] nor G [0]
is zero, so neither is linear; however, both operators will be shown to be injective;
ie. the coeflicient ¢ is identifiable from (either of) these observations. —Note
that the only point to considering I" to be composed of complementeary pieces is
to admit the possiblity of mixed boundary conditions and, more importantly, to

allow consideration of the case in which observations are made over only part of

the boundary.
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We note that identifiability in this problem can be shown by the method of
Carleman estimates or by the ad-hoc scheme described in [1]. Here we provide
an alternate method which employs the adjoint techniques used in the recovery
process detailed in Chapter 4, and more importantly, can be modified to the case
where ¢ is state dependent as well: ¢ = ¢ (u).

We let v = v(z,t,q) solve the same (comparison) IBVP with coefficient
do = qo (), allowing the more general case of spatial dependence. We again
denote ¢ (z) = qo (z) + 7 (z). We take the difference of the direct and comparison
problems, and denote the solution to this difference IBVP as z = u —v. We
then multiply this PDE by the smooth function w (z,t) which solves the adjoint

problem

—0w—Vw—quw = 0, (10.7)
w(z,T) = 0,
w(z,t) = g*(z,t), (z,t)el?

Vw(z,t)-n = h*(z,t), (z,t)el¥.

Then, after integration by parts, we have the following identity, written in terms

of the observation operators.
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/ / wrvdzdt (10.8)
Ur

= [ [ 5 @t Golad - Golaaset

v [ [, (Gldl =G la) * (s, )dsct

In order for the operation operators to be injective, it will be necessary to impose
some sort of conditions on the boundary inputs, fp and fy for the direct problem.
For example, if the boundary input were such that the solution v were to vanish on
some positive measure subset of Ur, this would render the coefficient ¢ arbitrary
on this set without influencing the observation values. It is a simple matter to

impose sufficient conditions experimentally. For example, choosing

fo € C'[I?x(0,T)],

fN e C! [FN X (0, T)]
such that

Oifp (z,t) > 0, (10.9)

fN (.’E,t) < 0
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implies, via maximum/minimum principles that v = (z,t, go) does not vanish in

this fashion [7]. We now prove that Gp is injective; the proof for G is similar.

Theorem 7. Suppose that fp and fn satisfy (10.9) and that the coefficients
go,q1 € L (U) are distinct in the sense that there exists some open set Q@ C U

where 7 (z) = q1 () — o () > g« > 0 almost everywhere in Q. Then Gp [¢1] #

G [go]-

Proof. Suppose that Gp[g¢1] = Gp[go] and choose the adjoint input A* = 0.
Clearly, if w solves (10.7), then 6,w solves the same with g* replace by 0,g*. Hence

it follows from (10.8) that

I= //UT 7 (z) Qyw (z,t) v(z, t)dzdt = 0

for every g* € C*[0T : H/?(T'P)] . Using the fact that v is the solution to a
parabolic problem and is therefore smooth on the interior of the solution domain,

we can apply a mean value theorem to conclude that for some t* € (0,T) we have

T
[ = /U T(x)v(:c,t)[ /0 Otw(:v,t)dt} dz (10.10)
= /UT () v(z, t*) [w(z, T) — w(z,0)]dx

- _ / 7 (@) v(z, t*)w (z,0) dz = 0.
U
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We know the forward parabolic direct problem is approximately controllable per
[19, 20], so under the change of variable t = T — ¢, the adjoint problem is "ap-
proximately backwards controllable", which is to say that the adjoint input g* can
be chosen to guide w(z,t) from the initial state at t = T toward an arbitrary
target function in L? (U) at t = 0. Choosing the target function to be the char-
acteristic function on 2, xq, (z), it follows that for any £ > 0 there is a control g*
such that ||w(z,0) — xq (z)||f2@) < &  Then the assumptions made on 7 and
on the data fp and fy ensure that there exist positive constants M, m such that

M>71(x)v(z,t*) >m >0, z€. Then

/U r (2) (2, ") (z, 0) do

/U 7 (@) (@, 1) [w (2, 0) — xq (2) + Xq ()] de

= /T(CL‘) v(z,t*) [w(z,0) — xq (2)] dm+/T(x)v(x,t*)d:v.
U

Q

The goal at this point is to show that this expression must be non-zero. With this
in mind, we must take into account that v(x,t*) may be of different signs on Q. If
this is the case, we merely use the characteristic function on a smaller set Qc Q,

such that v(z,t*) > 0 or v(z,t*) < 0 Vz € Q. Assuming v(z,*) > 0 Vz € Q, we
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have that

/ T (z) v(z,t*) [w(z,0) — xq ()] dz + / 7 (z) v(z, t")dz
U

Q

> —(Me)meas (U) + (m) meas (U)

= (m — Me)meas (U)

Then for ¢ sufficiently small, (m — Me)meas (U) > 0. Then we have that I < 0,
contradicting (10.10); this shows that Gp[q:] = Gp[go] is not consistent with
7(z) > 0. We can also show that v(z,t*) < 0 Vz € Q leads to J > 0, and thus

achieve the necessary inconsistency in this case as well. A similar argument shows

Gn (1] # Gw [q0]- O

We end this section by noting the increasing requirements on the terms in the
initial boundary value problems. First, we ensure unique solutions by requiring
admissible coefficients (bounded away from zero) to be in L* (U) and the boundary
terms fp (z,t) € L*[(0,T) : H* (I'°)] and fn (z,t) € L*[(0,T) : H* (T'V)]. To
guarantee identifiability of the coefficient via the observation operators noted, we
must ensure the solution does not vanish on any measureable subset of the domain,
rendering the coefficient values arbitrary on this set. This is accomplished by

further controlling the boundary terms in some appropriate fashion, such as the
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sufficient conditions in (10.9). Finally, to achieve meaningful integrals in the
identities developed in our adjoint methods, we have shown that the coefficient
must have further regularity, i.e. must be an elements of H* (U) for s > 0. As
before, this proves overly restrictive, since it can be shown using semigroup theory
that the solutions to our IBVPs are much smoother than indicated [7]. This
translates to fOT wuvdt being of greater regularity, which in turn allows 7 to be of

lesser regularity and still recoverable by the developed techniques.

10.5. One-Dimensional Formulation

As in Section 3.4, we now specify the above formulation for n = 1. As such,

we consider the following differential equation with homogeneous initial condition.

Owu(z,t) = Opul(z,t)+q(@)u(z,t), (z,t)€Ur

u(z,0) = 0, ze€U

As before, we’ll allow the type of boundary conditions to vary according to exper-
imental preference, and will specify the functions at a later point. Again, we’'ll
impose either Dirichlet, Neumann, or a mix of conditions on the boundary. Our

comparison problem solves

Oy (z,t) = Oppu (z,t) + qou (z,t), (z,t) € Ur,
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where qp is constant. With 7 (z) and z (z,t) defined as in (10.2), we have the

following difference equation.
01z — Ogg2 — q2 = TV

Of course, the associated initial and boundary conditions to this equation are
homogeneous and specified below.

We multiply the difference equation above by a smooth function w (z, t)

f Lo L] e

and integrate by parts. Applying a homogeneous final condition on w leads to the

following equation.

// 2 (= 0wl w — quw) dxdt (10.11)
Ur
-—/TWNLﬂ@¢UJ)—wULﬂ&z®JHﬂ

0

+/ﬂmw@wz@ﬂ—®wmﬁz&ﬂwt

0
= / / Twudzdt
Ur
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Specific boundary conditions now necessitate separate analysis for each case: mixed,
Dirichlet, and Neumann. In all cases, it is again useful to note that the imposed
boundary conditions in the direct problem have the effect of fixing the observation
operators, and determine the type of boundary conditions present in the associated

adjoint problem. These effects are detailed below.

10.5.1. Mixed Boundary Conditions

We first choose mixed conditions for the direct problem, specifically a Dirichlet
condition at z = 0 and Neumann at z = 1: By [u] = u(0,t), B; [u] = d,u(1,t).

Then 2z (0,t) = 0,2 (0,t) =0, and (10.11) reduces to

/ / (— 0wl w — qw) dzdt
Ur

+/ w (0,¢) [G,u (0,t) — v (0,1)] dt-l—/ Oxw (1,t) [u(1,t) — v (1,t)] dt

/ / Twvdxdt
Ur

Now if we choose w (z,t) such that it solves the associated adjoint problem,

—Ow — Opzw — qw = 0,

w(z,T) =0,
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By [w] =w(0,t) = g" (t),

B [w] = 0,w (1,t) = h* (t),

then we have the identity

T

/0 Bo [w] (Gola] — Go lqo]) dt + / By [u] (G lg] — G [qo])

= / / Twudzdt.
Ur

Our observation operators are G [q] = 9,u (0,t) and Gy [g] = u(1,¢).

10.5.2. Dirichlet Boundary Conditions

Next we choose Dirichlet conditions on the boundary: By [u] = u(0,t), B; [u] =

u(1,t). The associated adjoint problem used is

—0yw — Oz w — qw = 0,
w(z,T) =0,
By [w] =w(0,t) = g" (1),

By [w] = w(1,t) =k (t),
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which gives integral identity

| Bolul (Galal - Golao) dt + / B, [1] (G1 [ao] — G [g])

0
= / Twvdxdt.
Ur

Note that Gg [¢q] = 0,u (0,t) and G, [¢] = O,u (1,1).

10.5.3. Neumann Boundary Conditions

We now impose Neumann conditions at both boundaries: By [u] = 0,u(0,1t),

By [u] = d,u(1,t). The constructed adjoint problem used is

—O0w — Ogzw — qw = 0,
w(z,T) =0,
By [w] = 0,w (0,8) = g* (¢),

By [w] = 0,w(1,t) = h* (t),
which gives the integral identity

T T
/0 Bo [w] (Golgo] — Co lg)) de + / By [l (G [q) — G o))

= / / Twudzdt
Ur
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This time, Go [¢] = » (0,t) and Gy [g] = u (1,1).

We can generalize with the identity

T T
/ BOAGodH-/ BlAGldt=// Twvdzdt,
0 0 Ur

and have the freedom to make observations on all or just part of the boundary..

Setting g* = 0 or h* = 0 omits the need for certain data:

T

/ By [w] AGodt = // Twvdzdt,
0 Ur
T

/31 [w] AGdt = // Twudzdt.
0 Ur

Finally, we note that the Backus-Gilbert recovery method outlined in Chapter

4 is applicable for this problem as well, with just one notational difference:

T
Kj=/ wjvdt.
0

The computational aspects of this recovery are nearly identical to those in the
previous identification, with numerical differences where appropriate. The results

from subsequent recoveries are omitted here, as they produced similar results.
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CHAPTER 11

TWO SPATIAL DIMENSIONS

In Chapter 4, we outlined our modiﬁed Backus-Gilbert algorithm in general, i.e.
for n spatial dimensions. However, to this point we’ve performed all computations
with a single dimension, in the context of groundwater flow through a column of
soil with spatially dependent diffusivity, or hydraulic conductivity. A natural
extension is to consider a two dimensional region U, such as the unit square (for

simplicity), with boundary T,

U = (0,1) x (0,1)

I = (z,0)U(z,1)U(0,y)U(Ly),

with Ur and I'r defined as in (3.1).
Here we merely and briefly highlight the major computational differences with

implementing the algorithm, leaving the implementation itself as future work.
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As an example, we can designate ' and T'V as

I’ = (0,y)u(Ly),

™ = (z,0)U(z,1),

controlling the state on I'® and the flow on 'V to generate the parabolic IBVP

with mixed boundary conditions:

owu(z,y,t) = V-[a(z,y)Vu(z,y,t)], (z,y,t)€Ur
u(z,y,0) = 0, (z,y)eU
u(x,y,t) = fD (w':yat) (xvy’t) € F’Iq

a’(x7 y) vu (x7y’ t) 'n = fN (x7y’ t) ? (x’ y7 t) E FTIY'

We first mention that the generation of observation data,

a(z,y) Vu(z,y,t) n, (z,4t) € I?

u(z,y,t), (z,y,t) € TV,

in the theoretical setting requires a slightly more complex numerical approximation

in two dimensions, using finite differences or elements. The same is true for
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the approximation of the adjoint solution used to compute the adjoint gradients

Vw; (z,y) which are in turn used to determine the spatial functions

K@) = [ V(@) Vol d

More significant computational complexities arise with the use of the eigen-
functions and eigenvalues, which are now doubly indexed. Generating a basis for

L? (U) using the conditions
Uy (2,0) = uy (2,1) =u(0,y) =u(l,y) =0
and Sturm-Louiville problem
~V®uun (2,Y) = ArnPrun (2, 9)
leads to the eigenpairs

@, (z,y) = 2sin(mnrz)cos (nry), (11.1)

Amn = (m2 + n2) 72,

where m € N and n € NU {0}. Alternate bases can be used, with similar

advantages and disadvantages noted in the one dimensional computations (Section
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7.2). For the boundary conditions u (z,0) = u(z,1) =u (0,y) =u(1,y) =0,

... (z,y) = 2sin (mnz) sin (n7y) ,

Arm = (m? +n*) 7?, m,neN
For d,u (z,0) = d,u(z,1) = ,u(0,y) = O,u(l,y) =0,

@, (2, y) = 2cos (mmz) cos (nmy) ,

Amn = (M2 +n?) 7%, m,n e NU{0}.

For Oyu (z,0) = u (z,1) = u(0,y) = 0u(l,y) =0,

bt =250 (- F) ] o [ (1 1) ]
o= [ 2) (- 2) ] e

The generation of these pairs are detailed in Appendix 4.2.
Using the eigenpairs (11.1), we compute the inner products associated with the

linear system KA =4 (4.4):

(Ki7 Kj)_s = Z Z )\7_71.':1 (Ki)mn (K])m’n :
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The applicable Fourier coefficients are computed via the double integrals

(6= [ [ K@) B (2.1) dedy.

Of course, we'll approximate these inner products, necessitating a scheme to trun-

cate the double summation appropriately. Similarly, with the vector §, we compute

[= >N <)

(Ki7 6woyo)_s = Z Z )"r_niz (Ki)mn (6900y0)mn ’

m=1 n=0

where

(6woyo)mn = /[j510y0¢mn (SL‘, y) dxdy =&, (xO, yo) .

Once the matrix K and vector § are determined, the remaining process is
identical to the single dimension system; moreover, the recovery can be again be

refined without recomputing K, as it’s independent of the recovery point zy =

(7o, v0).
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CHAPTER 12

MULTIPLE COEFFICIENTS

A more theoretically challenging variation of the method constructed in Chap-
ter 4 is the simultaneous identification of two unknown coefficients. This was
first detailed in [5]; we modify it here for efficiency. Specifically, we recover the

coefficients s (z) and a (z) in equation (1.1).

s(z)Ou(z,t)+ V- [a(z) Vu(z,t)] = f (z,t), (z,t) € Ur

In the context of groundwater flow, we now have a variable storage coefficient
s (z), along with the coefficient for hydraulic conductivity, a (z). We choose mixed
conditions and denote the following initial and boundary conditions for the direct

problem.

u(z,0) = upinU
u(z,t) = fp(z,t) onT2

a(z)Vu(z,t)-n = fy(z,t) on Y
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The comparison solution v(z,t) again solves the direct problem, this time with

constant coefficients so and ap. With

z(z,t) = u(z,t)—v(z,t),

we have the following "difference problem".

s0u—(s—0)0w+ V- (aVu) =V -[(a=7)Vv] =0
= 50,2+ V- (aVz) = -V - (7Vv) — o0 (12.1)
u(z,0)=0in U
z=0onT%

aVu-n—ayVv-n=0onI¥

Multiplying (12.1) by the smooth function w (z,t) and integrating, we have the

identity (12.2).

//UT w8,z + V - (aV2)] dzdt = //U w[-V - (V) — cO]dzdt  (12.2)
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Integrating by parts, we note that

// ws&tzdxdt=—// zsOywdzdt,
UT UT

if we consider w (z,T) = 0. Similarly,

// wV - (aVz) dzdt

Ur

= // anz-ndsdt—// zawV - ndsdt
g ry

+// 2V « (aVw) dzdt,
Ur

and

// wV - (1Vv) dzdt

Ur

= // wTVv'ndsdt—// 7Vw « Vvdzdt.
I'r Ur

Then (12.2) can be rewritten as

—// zsO,wdzxdt

Ur

+// anz-ndsdt——// zawV-ndsdt—i—// 2V« (aVw) dzdt
I'r 1-‘¥ Ur

= —// wTVv-ndsdt+// TVw-Vvd:cdt—// woOyvdxdt
Tr Ur Ur
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After another round in integration by parts, this simplifies to

/ / 2[=50 + V - (aVw)] dedt (12.3)
Ur

+// w(aVu—aOVv)-ndsdt—// zaVw - ndsdt
r2 ry

= // [TVw - Vv — wodyv) dzdt.
Ur

We now require the function w (z,t) to satisfy the following adjoint problem.

—s0,v+ V- (aVw) = F*(z,t) on Ur
w(z,T) = O0onU
w(z,t) = G*(z,t) onTER

aVw-n = H*(zx,t) on ¥,

Then (12.3) can be written as

/ / zF*dxdt
Ur

+/ G* (aVu — agVv) - ndsdt — // zH*dsdt
r2 ry

= // [TVw - Vv — wod,v] dzdt.
Ur
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If we choose F* (z,t) = 0, and choose two sets of N linearly independent inputs

G; and H7, then (12.3) further simplifies to

/ ' G; (aVu — agVv) - ndsdt + //1“” (v—u) Hjdsdt  (12.4)
T T

= / [TVw; - Vv — wjodv] dzdt.
Ur
Similar to our previous work, we denote

B = / G (aVu — agVv) - ndsdt + // (v —u) Hjdsdt,
r2 ry
‘ T
Ké = - / 'I,Ujat'lldt,
0

T
K = / Vw; - Vudt.
0

We then rewrite (12.4) as

B = /U [a (z) (— /OT wﬁwdt) + 7 (z) /OT Vw; - Vvdt} dz

= / (0K} +7K?) dzx
U

- / 53k | | d.
U

T
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We employ the Backus-Gilbert ansatz, this time in vector form and with zy € U:

a (xo) N Aj

7 (20) i=1 A (xo)

N . A‘Z, (IE()) g
= / > [Ki K] dx
A A (zo) T
This implies that
al A7 (zo)
(K, KY] =4 (z — z0). (12.5)
i=1 A (o)

Following the same template as the single coefficient recovery from Chapter 4, we
consider the mapping A : H*(U) — {R.},, which takes the arbitrary element

x € H*(U) to a set of N row vectors.

N
Az = {[/ xKgdx,/ xKide}
U U 7j=1
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We explicitly define the inner product of elements in {Ry}, by

{a;}-{b;} = {a1,.--,an} - {b1,..., b0}
N
= Zaj . bj,
j=1
where qa; - b; is the standard R, inner product.
We note that A7 must map from {R?},, to H=*(U), where {R?},, denotes

a space whose elements consist of N column vectors. Taking the set of vectors

{b} € {R?},,, we note the following.

(Az, {b})(r2)

[, zKldz zKNdzx
= o8] | SN AR Ju
Jy zK}dx JyeKYNdz
N bj
= /xz [KI, K7 da
U j=1 b';
N v
= <x,z KJ KJ ' >
j=1 bé

H*(UYx H=*(U)
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Then
AT o {R*}, - H(U),

N
AT b} = Z (K3, K]
i=1 o

We now construct (A7) : H=* (U) — {R?},, taking y € H~* (U).

(A" {b},v)_,

N
= ZKJKJ Y
=1 b

= (Kb + Kby + -+ KXY + Kby y) _,

(K2,9)_, K} y)_
= [biabé] +-+ [bjlv,bév] ( ) ’
(K17y) (K"]'V’y)—s
(K2,9)_,
= {b}’ _
(K‘?ﬂy)—-s
{R?}
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This gives that

(AT)* : H—S(U)—%{]R2}N,
(K2,9)_,

(KZ,y)_,

(41)"y =

J=1

With these constructed mappings, we can rewrite (12.5) as

| | A (o)
A =§(z — zp) . (12.6)

A (o)

As with Equation (4.2), we know nothing about the solveability of (12.6). Ac-

cordingly, we apply (AT)* to arrive at the normal equation

(AT)" AT A (@0) = (AT)* 0(x —xo). (12.7)

A (@o)

For now, we work with the left side of (12.7). Note that

v | | AL (20) oo | | A (o)
(A7) 4 | = (AN [ Y IxL K|
A (zo) i=1 A (zo)
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(-( -Aj(xo)-\ N’
K}, 0L, K3, K
\ A (o)

Kiaz_;'\-lzl [Kg’K’i] .
\ \ A'l (xO) ) — /7 =1

. , A (z
kS ) |
i=1 A (zo)

j=1
N J
3 [ |
i=1 AL (o) .
N . . . . .
-y [Ag, (wo) (Ki, K3)_ + N (o) (K, KZ)_S] .

Then the left hand side Equation (12.7) can be written as

S0 (A (o) (RS, K., + A4 (o) (K, K)_]
X5 (A (o) (5 FD)_ + AL (o) (5 K] | |
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which can then be written in terms of inner products in R”, i.e.

N
AL (@o) (K3 K2)_, = [(Ko K)o (B KY)_|
j=1

Al

Given this, it is easy to show that the expression can be conveniently rewritten in

the matrix vector form

KUO' KG’T

Kra Kr'r

Ag

A,

where the square matrix is size 2NV and has N x N blocks defined by the following.

(K3 K3) s

(K K;)_

8

(K;7 K‘Il')—s

(K K7)_

8
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[ (KLED., e (KLED), ]
Ko =

| (KY K)o (KYLKD),

[, e (LKD)
Ko =

| (KY,K7)_, (BY, KY)_, |

The corresponding vector has size 2V, with block vectors defined:

[ AL A}

N N
| A5 | Ar

- -

Finally, we note that

N

i=1

Then we can write

K oo K oT Aa 60
K TO K T AT ] T
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where

[ (K1,6(0—-a0)_, |
50- = )

i (Kév,d(l' ---CL‘()))__'g |

[ (K250 —a0))., |
5, =

| (K, 0(z —20))_, |

In even more compact form, our estimate of the vector coefficients in the Backus-

Gilbert ansatz is computed by solving the linear system

KA ({L‘()) =4 (:Eo) y

where K is again symmetric positive definite. As in the single coefficient recovery,
the matrix K is independent of the point of recovery, zj, and thus need only be

computed once and then used repeatedly in the refinement of the spatial recovery.
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CHAPTER 13

CONCLUSIONS AND FUTURE WORK

Approximating the solution f to problem (1.3), Af = g, where A is an integral
operator of the first kind, and g; represent data measurements, is an important type
of inverse problem. The extremely ill-posed nature of straightforward discretiza-
tion of the integral equation necessitates some alternative solution approach. The
Backus-Gilbert method is one such approach, where the localized f (z) is assumed

to be a linear combination of the measurements,
N
fleo) =Y it
i=1
which leads to choosing the functions ¢; (z) to minimize

/ b, (2)? (z — 20)% da
U

under some constraint such as [, ¢; (z)*dz =1 [2, 18].

In our modified approach presented in Chapter 4, we moved away from this spe-

cific minimization problem, and instead proposed the use of an adjoint technique in
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an appropriate Hilbert space setting, which resulted in the normal equation (4.3)

(AT)" [ATA (20)] = (A7) (620),

characterized as the linear system (4.4):

N

i=1"

KA = {(Ki, (520)__3}

The vector A was then computed in this ill-posed portion of the algorithm, and

used to locally construct the coefficent via the data measurements y;:

First and foremost, the goal of this research was simply to see if the method
worked in any sense. To accomplish this, we initially tested (Chapter 5) the
validity of direct identification of a constant coefficient — the only case possible —
via just the integral identity. Despite foregoing the Backus-Gilbert method above,
this determination held value to us, since even in this overly simplistic scenario

the recovered coefficent 7 was dependent upon observation data (AGy, AG;) and
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selected adjoint inputs (Bg, By):

 [] B§AGodt + [ BiAGhdt
"= [ Ju, OxwOrvdzdt

The success of our input choices and use of the "measured" data was clear when the
unknown coefficient w = w (a) was used in the identification. Using the coefficient
to identify itself provided a convenient control to see if these data and inputs were
of value computationally. Moreover, when using an approximate adjoint solution
in the computation, @ = @ (&), the results were consistent, albeit less accurate.
This was our first indication of the effects of this approximation on the recovery
process.

To allow for more complex coefficients, we then employed the Backus-Gilbert
method to generate the preliminary results of Chapter 7. As with the earlier
direct identification, these results clearly indicate the algorithm is theoretically
sound, while artificially using the adjoint solution w = w (a) constructed with the
true coefficient. Of course, as before, having the unknown coefficient appear in
the adjoint problem is the inherent flaw in this adjoint method. Again, how-
ever, these preliminary results were of value, as assurance that the local coefficient

reconstruction could indeed be based on the data measurements, and to provide
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a control while determining the effects of changing parameters (adjoint inputs,
eigenfunctions, etc.) in the algorithm.

These preliminary results provided the motivation to implement a predictor-
corrector system to deal with the adjoint approximation difficulty. The subsequent
results in Chapter 8 show that the iterative process R () = Wn+1, with estimated
adjoint solutions 0, = 0, (4,), can lead to a satisfactory recovery using a proper
subspace dimension. In doing so, we performed notably accurate recoveries of
a variety of linear and piecewise constant functions, often despite seemingly in-
accurate "initial" behavior. Additionally, we noted that the choice of boundary
conditions (Dirichlet, Neumann, mixed) did not provide any consistent advantage,
in contrast to the choice of subspace dimension.

Because the accurate choice of such a dimension depends on the nature of the
coefficient (which is unknown), the experimental determination is a matter of not-
ing and comparing the potential instabilities of the iterative computations among
several choices. Reaching a maximum number of iterations in the algorithm is
often accompanied by increased oscillatory behavior requiring coefficient trunca-
tion. When this occurs at dimension N = Ny, we take the recovery associated

with dimension Ny — 1 as the best coeflicient approximation. This was detailed

in Chapter 9, along with other experimental considerations:

181

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



e Experiments shorter in duration do not allow for coefficient differences
to sufficiently propagate in order to provide adequate distinction upon
recovery.

e Increasing the magnitudes of boundary conditions (if feasible) can be used
to bring the observation data to a required sensitivity, while keeping the
method results intact.

e The ill-posed nature of the inverse problem can lead to great sensitivity

to unavoidable errors in data collection.

We reiterate here the main advantages of this method over others mentioned

previously:

e The matrix K in Equation (4.4) is independent of both the data and
the spatial variable 2, significantly reducing the computational workload
involved, and allowing simple recovery refinement as desired.

e As shown in Chapter 7, the method is robust under changes in the selected
adjoint data ¢* and h*. Various choices made for each greatly changed

the functions K (z) used in the construction of (4.4), while minimally

affecting the subsequent recoveries.
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e A limited amount of data can be used in the recovery process: Measure-
ments from a portion of the boundary was shown to be sufficient in certain

cases.

We restate that this method is not limited to the single case studied in depth
here. Rather, it can be extended to the recoveries in higher spatial dimensions,
the recovery of different coefficients (such as that detailed in Chapter 10), as well
as the simultaneous recoveries of multiple coefficients.

As with most research concerning new solution techniques, we leave important

work for future endeavors, including:

e Controlling the effects of data measurement error: This is critical to the
applied success of this method. Incorporating regularization techniques
detailed in [10, 25, 26] may be necessary.

e Applying the technique to the recovery of coefficients in two spatial di-
mensions (Chapter 11).

e Applying the technique to the recovery of multiple coefficients in a single
PDE (Chapter 12).

e Theoretically justifying the assumed iterative convergence associated with

the results in Chapter 8.
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APPENDICES

ADDITIONAL COMPUTATIONS AND CODE

1. Difference Problem Construction

1.1. The a(x) Problem

Given that u (z,t) solves

Ou =V -la(z)Vy],
with given initial and boundary conditions, and v (z,¢) solves the same IVBP
with a (z) = ap = constant, we develop a difference problem with homogeneous
conditions. Letting 2 =« — v and 7 = a — ag, we have that
O(u—v) = V-(aVu—-aVv)

= V. (aVu—aVv +aVv — agVv)

= V- [aV (u—v)+ (a—ag) Vv].
Then

0z =V - (aVz+7Vv) = 0z — V- (aVz) =V - (7Vv).
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1.2. The q(x) Problem

Given that u (z,t) solves

du = V*u + q(z) u,

with given initial and boundary conditions, and v (z,t) solves the same IVBP
with ¢ (z) = go = constant, we develop a difference problem with homogeneous

conditions. Letting 2 = v — v and 7 = ¢ — qg, we have that
O (u—v) = V*(u—uv)+qu—qu
= V3 (u—v)+qu—qu+qu—qu
= Vi(uw—-v)+qu—-v)+(g—q)v.
Then
Oz =V22+qz+ 10 = 02 — V2 — gz = Tv.

2. Adjoint Construction Computations

As discussed in Section 3.4:

//UT woyz — //UT wo, (a0,2) = //UT wo, (T0,v)
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Applying w (z,T) = 0, we compute

—//UT z20ywdzdt (.1)

_/OT [a(l)w(l,t) 02 (1,t) — a(0) w(0,t) 0,2 (0,t) — /Uaamwamzdx] dt

= /OT [7‘ (1) w(1,¢t) 0w (1,t) — 7(0) w(0,t) O,v (0,¢t) — /UTazwazvdx] dt,

and then apply various boundary conditions to construct specific adjoints.

2.1. Single Dimension, Mixed

Simplifying (.1) and integrating by parts again, we get
T
—// Bwdzdt —/ a () w(L,8) [Buu(1,) — 0,0 (1, )] dt
Ur 0
T
+ / 0 (0)w (0,1) [Bau (0,1) — Byv (0, 8)]
0
+/OT [a (1) 2 (1,t) O, w(1,t) — a(0) 2 (0,t) B,w(0,t) — /sz)z (a0, w) dm} dt
= /T [a(1) — ao) w(1,t) Opv (1,¢) dt — /T [a (0) — ag] w (0,t) v (0, t) dt
0 0

—// T0,wovdzdt.
Ur

189

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Regrouping, we arrive at

/ /U z[-0w — 0; (a0, w)] dzdt

—-/OTw(l,t) [@ (1) Ozu(l,t) —a (1) Opu(1,t)]dt
T

+ / w (0,4) [ (0) 8, (0, ¢) — a (0) 8,0 (0, ¢)) dt
0

+/O a (1) Bpw(l, ) [u (1, ¢) — v (1,8)] dt

/[a ) — o] w(1,2) Bov (1,8) dt — /OT[a(O)—ao]w(O,t)Oxv(O,t)dt

/ / TO, wovdzdt.
Ur

Rearranging and cancelling terms, we have

/ /U z2[~Ow — 0, (ab;w)] dzdt

+ [ w1, a0t (1) - a () 0 (1)
0
T

+/O w (0, t) [a (0) 8, (0,t) — agdyv (0,1)] dt

T
+/ a(l)0,w(1,t) [u(l,t) —v(l,t)]dt

= ——// TOLwO vdxdt.
Ur
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Noting the second integral vanishes per the difference conditions, we arrive at the

following useful integral identity.

// z [—-0w — 0, (a0,w)] dxdt

Ur

+ / "0 (0.4) [0.(0) Bt (0.1) — anBew (0,1)] i
0

+/Ta (1) Opw(1,t) [u (1,t) — v (1,t)] dt

0
= - / 7O, wovdxdt.
Ur
Then we use the associated adjoint equation
—Oyw — 0, (ad,w) = 0,

with a homogeneous final condition and inputs w (0,t) = ¢* (¢t) and a (1) Q,w (1,t) =

h* (t).

2.2. Single Dimension, Dirichlet

Referring to (.1), a second round of integration by parts gives us

— / / 20y wdzdt
Ur

191

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



—/OT (e (1) w(1,8) 8z (1,8) — a (0)w (0, £) Byz (0, 8)]
+/U [a(l)z(l,t) 0w (1,t) —a(0) 2 (0,t) B,w (0, t) —/z@x (a@xw)dx] dt

T
_ / [T(l)w(l,t) 0,0 (1,8) — 7 (0) w (0, £) 8,0 (0, ) — / T@mw(?xvdx] dt.
0 U
Simplifying, we have that

—// z@twdmdt—// 20, (a0, w) dxdt
UT UT
T

- / o (1) w (1,£) 8.z (1) — a (0) w (0,£) uz (0, )] dt

0

= /OT [T(l)w (1,t) Oyv (1,t) — 7 (0) w (0,t) Bzv (0, ) — /UTamwavd:c] dt.

Regrouping and further simplifying, we arrive at following useful integral identity.

/ / 2 |~0w — 8, (ad.w)) dzdt
+ / Tw (0,2) [a (0) B,u (0,t) — aofv (0,¢)) dt

+/Tw (1,t) [aoax'u (1,t) - a(l) 0xu(17t)] dt

0
= — / TO,wOvdxdt.
Ur
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Then we use the associated adjoint equation
—0yw — 0, (a0, w) = 0,

with a homogeneous final condition and inputs w (0, t) = ¢* (¢) and w (1,¢) = h* (¢).

2.3. Single Dimension, Neumann

This time, the second integration by parts result is

—// zatwdcz:dt——// 20, (a0, w) dzxdt
UT UT

/ (@ (1) w (1,8) sz (1,1) — a (0)w (0, £) Doz (0, £)] dt
/ (0 (1) 2 (1, £) Byw (1,1) — @ (0) 2 (0, ) 8w (0, £)] dt
- /0 [ (D w (1,8) 8.0 (1, 8) — 7 (0) w (0,£) v (0, 8)] dt

—// 1O, wovdrdt.
Ur

Rearranging and simplifying, we have that

/ /UT z[-0w — 0, (a0, w)] dzdt

+ / " (0,t) [a (0) Byu (0, t) — apdyw (0,t)] dt
0
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-|—/T’w (]_,t) [ao&cv (1,t) —a (1) axu (Lt)] dt
4 / " (0) 8 (0,6) [0 (0,) — u (0, )] dt

T
; / a (1) dw (1,8) fu (1,1) — v (L,8)] dt

0
= - / TO;wOzvdxdt.
Ur

Noting that two of the integrals vanish, we are left with the following useful integral

identity.

// z [-Ow — 0, (a0, w)] dzdt
+ /Ta (0) G,w (0,¢) [v(0,t) — u (0,¢)] dt

_|_/Ta(1)6xw(1,t) [u(l,t) —v(1,t)]dt

0
= — / 7O, wlzvdxdt.
Ur
Then we use the associated adjoint equation

—0w — 0, (a0, w) =0,
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with a homogeneous final condition and inputs
a(0)0,w(0,t) = ¢g* (t), a(1)O,w (1,t) = h* (¢).

3. Lemma integration

We multiply the differential equation (3.12) by 0,¢ (z,t), where ¢ = ¢ (z,t) is

a smooth function, and integrate over the domain.

/ /U (9 (2,8) — B, [a (2) Buts (2, )]} a6 (, t) daxdt = O

Integrating by parts, we have that

T T
/ [uaz¢|0T—/0 u0; (0,0) dt} dw—/o [a@muaxqﬁﬂ)— /Uaazuamtbdx] dt =0.

Now, since 8, (0,¢) = 8, (0;9),

//UTuat (0¢) dzdt = //UTu(?m (8,¢) dxdt
= /0 ' [u%!é— /U &m@g/ﬁdw} dt.
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Then

T
/ u0, P dx — / [uatgbu)— / azuatqbdx] dt
U 0 U

T
—/ aaxu3w¢|(1)dt+// a0, uOzzddzxdt = 0,
0 Ur

and so

// (0 + a0, ) Omudxdt+/u8x¢|gdx
Ur U

T T
—/ u@tqbl(l)dt—/ a8, ud,P|pdt = 0.
0

0

4. Generating Orthonormal Bases

4.1. Single Spatial Dimension

In all cases, we consider 0 < z < 1.

4.1.1. Dirichlet Conditions.

It can be shown that the case A > 0 leads to the only nontrivial solution to this

initial value problem. Since the roots of the auxiliary equation are r = £4v/), the
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real solution is

u(z) = ¢; cos (\/Xx) + ¢y sin <\/X:v) :

Now, u(0) =1=¢; =0. Then

u(z) = cysin (ﬁm) and
u(l) = 0=>cgsin(\/x>=0=>

sin <\/X) = 0=\ =(nm)?, neN.
Then, choosing ¢; = v/2, we have
Uy (z) = V2sin (nrz), neN.
Then the orthonormal set of eigenfunctions, with associated eigenvalues are:

un () = V2sin(nwz) neN,

A = (nm)®, neN.

4.1.2. Neumann Conditions.
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This time, we can purposely evaluate the case A = 0. Clearly,

u(z)=caz+ec=>v(z)=a.

Then the initial conditions lead to ¢; = 0. Setting c; = 1, we have that ug = 1.

Now, similar to the previous example, we can show the case A > 0 leads to

A = (nm)®, neN and

un (z) = V2cos(nmz) neN.

The orthonormal set of eigenfunctions, with associated eigenvalues are:

u(z) = 1, un(z)=Vv2cos(nmz) neN,

A = (nm)?, neNu{o}.

4.1.3. Mixed, Part 1.
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Proceeding in similar fashion as in previous two examples, we find that the ortho-

normal set of eigenfunctions, with associated eigenvalues are

un (@) = V3sin [(n - %) wx} nen, (5)

(-2 nen

An

4.1.4. Mixed, Part 2.

Proceeding in similar fashion as above, we find that the orthonormal set of eigen-

functions, with associated eigenvalues are

tn () = V2 cos [(n—%—) m], nen, (6)
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4.2. Two Spatial Dimensions

We now work in 2 dimensions, with the region U a subset of R?, namely the unit
square defined by all (z,y) such that 0 < z <1 and 0 <y < 1. We vary the
boundary conditions in each example.

4.2.1. Dirichlet Conditions.

u(z,0) =u(z,1)=u(0,y) =u(l,y) =0.

With u; defined in (.3), we define

= 2sin (mnz)sin (nry), n,m e N.

We see that

—V2®n (7,Y) = — [ull, () Un () + um () U (y)] .

Now, from (.2), we have that

~Un (2) = Amtm (z) and  —up (y) = Aatin (y) -
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So,

—V2(I)mn (z, y) = [—Uzw (x)] Un (y) + Um (:L') ['—u;; (y)]
= ApUm (T) Un (Y) + Um (2) Antn (v)
= (Am + ) U () un (y)

= )\mnq)mn (.’E, y) .

Thus the orthonormal set of eigenfunctions, with associated eigenvalues are:

@, (z,y) = 2sin(mnz)sin(nry), m,n €N,

A = (M*+n?) 7% mmneN

4.2.2. Neumann Conditions.

Uy (z,0) = uy (z,1) = u, (0,y) = u; (1,y) = 0.

With u; defined in (.4), we again define

Do (2,Y) = Un () un (y), m,n e NU{0}.
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We obtain orthonormal eigenfunctions

q)OO (xvy) = 17
Bon (2,9) = un(y) = V2cos(nmy), neEN,
Q.0 (z,y) = um(z)= V2 cos (mrz), meN,

.., (z,y) = 2cos(mnz)cos(nry), m,n €N,

with associated eigenvalues

Amn = (m? +n?) 7%, m,n e NU{0}.

4.2.3. Mixed Conditions, Part 1.

Uy (2,0) = uy (z,1) =u(0,y) =u(l,y) =0.

Neumann conditions with the variable z fixed arbitrarily at zy necessitate using the
eigenfunctions u,(y) with n € NU {0} as defined in (.4). The Dirichlet conditions

with y arbitrarily fixed at yo require using u,, (z) with n € N, as defined in (.3).
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Then with ®,,, defined generally as in (.7), we obtain orthonormal eigenfunctions

B0 (2,4) = Um (2) = V2sin (mnz), mEN,

Q... (z,y) = 2sin(mnz)cos(nry), m,n €N,
with associated eigenvalues

Amn = (M*+n?) 7%, meN, neNuU{0}.

4.2.4. Mixed Conditions, Part 2.
Uy (2,0) = u(z,1) = u(0,y) = u, (1,y) = 0.

Similar to the previous case, the mixed conditions u, (z,0) = u(z,1) = 0 require
the use of the eigenfunctions u,(y) with n € N as defined in (.6). The mixed
conditions u (0,y) = u, (1,y) = 0 require using the u,, (z) with m € NU {0}, as
defined in (.5). Then with ®,,, defined generally as in (.7), we obtain orthonormal

eigenfunctions

Q.. (z,y) = 2sin {(m - %) mc] cos {(n — —;—) ﬂy} , m,né€N,
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with associated eigenvalues

5. Analytical Solutions

5.1. Comparison Problem

We analytically solve IBVP (6.1). We define ¢ (z,t) = v (z,t) — f (t), and require

£(0)=0. Then

[l
8
—~
—
o~
~—
i
<
8
—
—
o~
e
f
o

Then the associated IBVP is

Uy = aglzg — f, (t) 3 (8)

[l

(2,00 = 9, (1,8) =9(0,2) =0.
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We generate eigenpairs from the S-L problem

;;(x)+)‘n¢n(x) = 0,

¢, (0) = &, (1) =0,

which for n € N implies

¢, () = V2sin Kn—%)m}

bt = 3 0 () (2),
b= 300 d ),
dotee = a0 0 () (@) = 00> i () [“Aadha ()],
PO = FOO=FOY 0édeba@ =0 cbo (@)
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Here we note that

ch¢n (x) = )
n=1 1, z+#0

We then substitute these expansions in (.8):

o0

0, (t) 6 (2

n=1

Then for n € N,

)=aoz

oo

n=1

’D’:’L (t) + aO)\n"A}n (t) = _fl (t) Cn.

We solve (.9) with variation of parameters:

(0n) () = cemoort
(0n), () = c(t) gm0t =
d(t) = —e™™f (t)c, =

c(t) = —cn /Ot e®Me ' (s) ds =

t
(5n)y (6) = —en [ e (5)dsemeome
0

Reproduced with permission of the copyright owner.

¢
= —Cn/ e=90An(t=9) £/ (5) ds.
0
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So,

t
By, (t) = ce™ %Mt — cn/ gm0 (t=s) g1 (s)ds.
0

Solving for c,

0 (z,0) = Z@n(O)qﬁn(m):O
n=1
= §,(0)=0
= c¢=0,
we have that
t
O (t) = —cn/ e790M(=9) £ () ds  and
0
o0 t
(z,t) = — cn/ e~ (=9) f1 (6) dsg, () and
n=1 0

o0

FO=Y e [ e n0f () dsg, ). (10)

4
—~
£

4
N

f

We derive an equivalent expression using integration by parts.

t
/ e—ao)\"(t—s)f/ (S) ds
0

t
= e”“°)‘"(t"s)f(s) |2 —ao/\n/ e_“"’\"(t“s)f(s) ds
0
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= f(t) — aphn /t e~a0Mn(t=9) £ (5) ds
0

Then (.10) is rewritten as

v@8) = FO=Y e |fO) -k [ I (5)ds] 6, (0

n=1
= FO-FOY ndn @)+ Y cntorn / e=M =9 f (5) dsg, (x)
n=1 n=1

= f(t) (1 — i Cnbp (:c)) + i CnB0An /Ot =29 £ (5) ds¢, ()

,

F () + n2s catodn fy €M) f (5) dsg, (0), z =0

3% L Calighn [ €799 f (5) dsg, (z), x#0

S L Cnlohn [y €70 (s)dsg, (z), z#0
\ .

We see the initial and boundary conditions are met:

v(z,0) =
0, z#0
0 - t
8_; (1,¢) = ;cnaox\n/o gma0n(t=s) f (s)dsgy, (1) =0
v(0,1) = f(t).
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5.2. Adjoint Problem

We analytically solve the final BVP (6.3). We define @ (z,t) = w (z,t) — g(t), and

require g (T) = 0. Then

Then the associated IBVP is

Wy = —aoWy — g (), (.11)

(@, T) = @ (1,t) = (0,¢)=0.

We generate eigenpairs from the S-L problem

& (2) + At (2) = 0
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which for n € N implies
2
An = (n - %) m?,
) 1
¢, () = +2sin [(n - 5) ’/TCL‘:| .

Then using eigenfunction expansion, we have that

n=1
We = ) Uy (t) ¢, (),
n=1
Golss = @0 Y Bn () (2) = a0y dn (t) [~ndy ()],
n=1 n=1
gt = dOM =91 (L) (2) =9 (1) cady, ()
n=1 n=1
Here we note that
o 0, z=0
D ntn (z) = .
n=1 1, z#0
We then substitute these expansions in (.11):
D W (8) 6, (2) = a0 Dt () And (2) = ¢ () D €ad, ()
n=1 n=1 n=1
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Then for n € N

@, () + apiy, (t) = —g' (t) cp-

We solve (.12) with variation of parameters:

(), (1) = ce
(Wa), (&) = c(t)e™t =
dt) = —e % (t)c, =
t
c(t) = —cn/ e Mg’ (5) ds =
T
t
(B)y (6) = =cn [ eooM (5) does
T

T
= cn/ e~0M(=) gl (5) ds.
¢

So,

T
Wy, (t) = ce™Mt 4 cn/ e~w0M(=0 ! (5 ds.
t

Solving for c,
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we have that

T
Wy () = cn/ e~ (5)ds  and
t

had T
(et = Yo [ NG () dso, (o) and
n=1 t

o)

T
g+ cn / =m0 (5) dsg, ().
n=1 t

S
—~
8

L
~—

i

We derive an equivalent expression using integration by parts.

T
/ e—agA"(s—t)gl (S) ds
t

T
g (s) [ +anra [ g (5)ds
t

T
= —g(t)+a0)\n/ e~ g () ds.
t
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Then (.13) is rewritten as

w(zt) = g+ e [—g(t>+aoxn / e-ao*n“-”g(s)ds] b0 ().
= 99O b (@) + Y catohn / e~90M(3-0g (5) dsep, (z)

oo 00 T
= g(t) (1 — chqﬁn (:c)) + chao)\n/ e (=0 g () dsg,, (z)

)¢ (£) + Yom2 1 Cntodn f; €9M60g (5) dsg, (0), z=0

o Cnohn [, €70y (s) dse, (z), T #0

| ZLicnaods [ 6 () ds, (z), @ #0

We see the initial and boundary conditions are met:

0, z#0

- T
_6‘—9;(1’t) = chao)\n/t e~ (5) dsg! (1) = 0
n=1

w(0,t) = g(t).
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{2 {5} e
vwdiffx adjointH iter Hmuj ]

Figure .1. Matlab code schematic
6. Matlab Code

The basic schematic for the Matlab code used to generate the results of Chapter
8 is presented in Figure .1, where each of the subfigures represents a computational
file. Selected details of the associated m-files are included below; they are not

complete.

6.1. setup.m

This m-file is used to define the subspace dimension, boundary conditions, forcing

terms, grid sizes, and calls most subsequent subfiles. The iterative process contains
a while loop which measures the difference (adiff) between results of successive

iterations (i3), as well as the number of iterations:
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adef
direct
interp
compare
muj
while (adiff(i3)>.01) & (i3<102)
iter
adjoint
vwdiffx
kcomp
rec

end

err

6.2. adef.m

This m-file is used to define the discretized spatial coefficient to be recovered, and
is used to produce the "measured" data. This file is used to set the appropriate

time steps for the explicit finite differences scheme, as detailed in Chapter 6.

if bec==1
x1=linspace(0,1+dx1,2*Mx1+3);
elseif bc==
x1=linspace(0,1,2*%Mx1+1);

elseif bc==
x1=linspace(-dx1,1+dx1,2*Mx1+5) ;
else
x1=linspace(-dx1,1,2xMx1+3);

end
al=(1)*((.1).*x(x1<=0.5)+(.3) . *(x1>.5));
A=max(ceil(al));
dti1=(dx1"2)/(2%A);
Mtil=round(1/dt1);
dt=(dx"2)/(2*%A);

215

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Mt=round(1/dt);

6.3. direct.m

This m-file uses the explicit finite difference scheme detailed in Chapter 6 to solve

the direct problem.

u=zeros (Mt1+1,Mx1+2);

for m=1:Mti1+1

u(m,1)=FO0(m);

end
u(l,Mx1+2)=u(1,Mx1)+(2/a1 (2*Mx1+1) ) *dx1*F1(1);
for m=1:Mt1

for n=2:Mx1+1
u(m+1,n)=dt1/(dx1"2)*(a1(2*n)*(u(m,n+1)-u(m,n))...
-a1(2*n-2)*(u(m,n)-u(m,n~-1)))+ulm,n);

end
u(m+1,Mx1+2)=u(m+1,Mx1)+(2/a1 (2*Mx1+1) ) *dx1*F1(m+1);
end

for m=1:Mti1+1

if bc==

ux0(m)=(1/dx1) *(u(m,2)-u(m,1));

ul (m)=u(m,Mx1+1);

elseif bc==

ux0(m)=(1/dx1)*(u(m,2)-u(m,1));
ux1(m)=(1/dx1)*(u(m,Mx1+1)-u(m,Mx1));

else

u0(m)=u(m,?2);

ut (m)=u(m,Mx1+2);

end

end
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6.4. interp.m

This m-file takes the data measurements from the file direct.m and either interpo-

lates or extrapolates this data to the recovery grid.

if Mti<Mt

UxO=interp1(tl,ux0,t);

Ul=interpl(ti,ul,t);

else

for m=1:Mt+1

Ux0(m)=interpl (t1,ux0, ((Mti+1)*(m-1))/((Mt1+1)*(Mt+1)));
Ul(m)=interpl(ti,ul, ((Mt1+1)*(m-1))/((Mt1+1)*x(Mt+1)));
end

end

if Mxi1<Mx

x=linspace (0, 1+dx, 2*Mx+3) ;

a=interpl(x1l,al,x);

else

for m=1:2xMx+3

a(m)=interpl(x1,al, ((2*Mx1+3)*(m-1))/((2¥Mx1+3) * (2%Mx+3))) ;
end

end

6.5. compare.m

This m-file uses the explicit finite difference scheme detailed in Chapter 6 to solve

the comparison problem.
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6.6. muj.m

This m-file is used to compute the scalars x; from the data produced in direct.m

as well as the adjoint data defined in the files g.m and h.m.

g
for m=1:Mt+1

GOd (m) =G0a0 (m) -GOa (m) ;
end

h

for m=1:Mt+1
G1d(m)=G1a0(m)-Gla(m);

end

for j=1:N

for m=1:Mt

H1(m, j)=(dt/2)*(G1(m, j)*G1d (m)+G1(m+1, j)*G1d(m+1));
end

end

for j=1:N

mu(j)=sum(HO(:,j))+sum(H1(:,j));

end

6.6.1. g.m. This m-file is used to construct the specific observation data and

define the adjoint inputs at z = 0.

for m=1:Mt+1
Vx0(m)=(1/dx)*(V(m,2)-V(m,1));
end

for m=1:Mt+1
GOa(m)=a(1)*Ux0(m) ;

G0a0 (m)=a0*Vx0(m) ;

end

t=linspace(0,1,Mt+1);

218

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



for j=1:N

gi=1. % (((1) . x(£>=0 & t<=(j-1)/N)+(N/(§-N-1)
*(t-1)) +(t>(j-1)/N & t<=1)));

GO(:,3j)=gj’;

end

6.6.2. h.m. This m-file is used to construct the specific observation data and

define the adjoint inputs at x = 1.

for m=1:Mt+1
Vx1(m)=(1/dx)* (V(m,Mx+1)-V(m,Mx));
end

for m=1:Mt+1
Gla(m)=U1(m);
G1a0(m)=V(m,Mx+1);
end
t=linspace(0,1,Mt+1);
for j=1:N
hj=1.*sin(j*pi*t);
G1(:,j)=hj’;

end

6.7. iter.m

This m-file is used to iterate recovery process.

if i3==

for n=1:2*Mx+3
ait(i3,n)=a0;

end

else

for n=1:2*Mx+3

if (tan(n)>=0)&(tan(n)<=A)
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ait(i3,n)=tan(n);

elseif tan(n)<0
ait(i3,n)=.001;

else

ait(i3,n)=A;

end

end

end
adl=ait (i3, :)-ait(i3-1,:);
for n=1:2xMx
H9(n)=(1/2)*((1/2) *dx) *(adl(n) "2+adi(n+1)"2);
end

adiff (i3)=sqrt(sum(H9))/a0;

6.8. adjoint.m

This m-file uses the explicit finite difference scheme detailed in Chapter 6 to solve

the adjoint problem.

for j=1:N

for m=1:Mt+1

W(m,1,3j)=G0(m,j);

end

W(Mt+1 ,Mx+2, j)=W(Mt+1,Mx, j)+(2/ait (i3, 2*Mx+1) ) *dx*G1 (Mt+1, j) ;
for m=2:Mt+1

for n=2:Mx+1

W(Mt+2-m,n, j)=W(Mt+3-m,n, j)+dt/(dx"2) *(ait (i3,2*n) ...
*(W(Mt+3-m,n+1,j)-W(Mt+3-m,n,j))...

-ait(i3,2*n-2) *(W(Mt+3-m,n, j) -W(Mt+3-m,n-1,3)));

end

W(Mt+2-m,Mx+2, j)=W(Mt+2-m,Mx,j) ...

+(2/ait (i3,2*Mx+1) ) *dx*G1 (Mt+2-m, j) ;

end

end
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6.9. vwdiffx.m

This m-file computes the spatial derivatives d;v and 8, w; needed in the computa-

tion of the functions K; (z) = [ 0,08, w;dt.

for m=1:Mt+1
Vx(m,1)=(1/dx)*(V(m,2)-V(m,1));

for n=2:Mx+1
Vx(m,n)=(1/2)*(1/dx)*(V(m,n+1)-V(m,n-1));
end

end

for j=1:N

for m=1:Mt+1
Wx(m,1,j)=(1/dx)*(W(m,2,j)-W(m,1,3j));

for n=2:Mx+1
Wx(m,n,j)=(1/2)*(1/dx)*(W(m,n+1,j)-W(m,n-1,3j));
end

end

end

6.10. kcomp.m

This m-file computes the matrix K for Equation (4.4).

for j=1:N

for m=1:Mt+1

for n=1:Mx+1

P(m,n, j)=Wx(m,n,j)*Vx(m,n);
end

end

end

for j=1:N

for n=1:Mx+1
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for m=1:Mt
H2(m,n,j)=(dt/2)*(P(m,n, j)+P(m+1,n,j));

end
Kj(n,j)=sum(H2(:,n,j));
end

end
x=linspace(0,1,Mx+1);
for k=1:d

phi=sqrt (2)*sin((k-1/2)*pi*x) ;

Phi(:,k)=phi’;

end

for j=1:N

for k=1:d

for n=1:Mx

H3(n)=(dx/2)*(Kj(n,j)*Phi(n,k)+Kj(n+1, j)*Phi(n+1,k));

end

c(k,j)=sum(H3);

end

end

for k=1:d

lambda (k)=(k-1/2) "2*pi~2;
end

for i=1:N

for j=1:N

for k=1:d
z2(k)=lambda(k) "~ (-s)*c(k,i)*c(k,j);
end

K(i,j)=sum(z22);

end

end

6.11. rec.m

This m-file solves (4.4) and completes the coefficient recovery.

for i=1:N
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for j=1:Mx+1

for k=1:d
z1(k)=lambda(k) " (-s)*c(k,1i)*Phi(j,k);
end

Delta(i,j)=sum(z1);

end

end

[VK,EK]=eig(K) ;

for i=1:Mx+1

for j=1:N
CK(j,i)=(transpose(VK(:,j))*Delta(:,i))/(EK(j,j)...
xtranspose (VK(:,j))*VK(:,j));
DK(:,j,1)=CK(j,1)*VK(:,]);

end

end

for i=1:Mx+1
Lambda(:,i)=DK(:,1,i);

for j=2:N
Lambda(:,i)=Lambda(:,i)+DK(:,j,1);
end

end

tau=zeros (Mx+1,1);

for i=1:Mx+1

tau(i)=dot (Lambda(:,i) ,mu);

end

for i=1:Mx+1

adjust (i)=a0;

end

ta=tautadjust’;

6.12. err.m

This m-file is used to introduce error in the data measurements, and then perform
the subsequent recovery for comparison against the error free recovery. This file

calls certain subfiles, including interpe.m, muje.m, itere.m, adjointe.m and rece.m,
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which performs the same functions as interp.m, muj.m, iter.m, adjoint.m, and

rec.m under error.

er=10;

for m=1:Mti+1

ux0e (m)=ux0(m) * (1+(-1) ~(round(rand) ) * (er/100) *rand) ;
ule(m)=ul(m)*(1+(-1) " (round(rand) ) *(er/100) *rand) ;
end

interpe

muje

while (adiffe(i4)>.01) & (i4<102)

itere

adjointe

vwdiffx

kcomp

rece

end
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