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ABSTRACT

SCHUBERT VARIETY OF BEST FIT WITH APPLICATIONS
AND
ACROSS DOMAINS SPARSE FEATURE EXTRACTION

This dissertation presents two novel approaches in applied mathematics for data analysis and
feature selection, addressing challenges in both geometric data representation and multi-domain
biological data interpretation. The first part introduces the Schubert Variety of Best Fit (SVBF) as
a new geometric framework for analyzing sets of datasets. Leveraging the structure of Grassmann
manifolds and Schubert varieties, we develop the SVBF-Node, a computational unit for solving
related optimization problems. We demonstrate the efficacy of this approach through three clas-
sification algorithms and a new clustering method, SVBF-LBG. These techniques are evaluated
on various datasets, including synthetic data, image sets, video sequences, and hyperspectral re-
mote sensing data, showing improved performance over existing similar methods, particularly for
complex, high-dimensional data. The second part proposes a multi-domain, multi-task (MDMT)
architecture for feature selection in biological data. This method integrates multi-domain learning
with masked feature selection, specifically applied to gene expression data from multiple tissues.
We demonstrate its ability to identify novel biomarkers in host immune responses to infection,
which are not detectable through single-domain analyses. The approach is validated using bulk
RNA sequences from different tissues, revealing its potential to uncover cross-domain biologi-
cal insights. Both contributions offer interpretable, mathematically grounded approaches to data
analysis, providing new tools for researchers in applied mathematics, machine learning, and bioin-

formatics.
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Chapter 1

Introduction

This doctoral thesis in applied mathematics explores two distinct yet complementary areas
of research: the development of novel geometric methods for analyzing sets of datasets and the
creation of a multi-domain, multi-task approach for feature selection in biological data. Through
these two main focus areas, this work contributes to geometric data analysis and multi-domain
learning, providing new tools and methodologies for tackling complex data analysis problems in

applied mathematics.

1.1 Schubert Variety of Best Fit

The first principal component of this work introduces and develops the concept of Schubert Va-
riety of Best Fit (SVBF) as a powerful tool for characterizing and analyzing sets of datasets. This
innovative approach leverages the rich geometric structure of Grassmann manifolds and Schubert
varieties to develop new data representation, classification, and clustering methods. Recently, a
growing interest has been in exploiting geometric frameworks to analyze big data sets. The Stiefel,
Grassmann, and Flag manifolds have shown robust characterizations for highly variable data in
various applications, including subspace discriminant analysis, illumination variations, face recog-
nition, motion recognition, and image set analysis. These methods share the common feature of
encoding data sets by orthonormal matrices but differ in how distances between representatives
are computed. This dissertation proposes a methodology based on an interpretable mathematical
framework - the geometric setting of the Schubert Variety. The goal is to begin with a mathe-
matically motivated, explainable approach and then optimize its performance through numerical
algorithms. This approach aims to lead to results of comparable accuracy to traditional ML/AI
toolkits, with the added advantage of explainability and trustworthiness. The SVBF approach is

motivated by the idea that a Schubert variety is to a Flag or Grassmann manifold what a subspace



is to a vector space. It provides a novel way to represent and analyze sets of linear spaces, offering
a more nuanced and geometrically informed approach to data analysis.

Chapter 2 lays the theoretical foundations of the SVBF approach. It begins by introducing
the mathematical background necessary for understanding Grassmann manifolds and Schubert
varieties. The chapter then formulates two key optimization problems that form the basis of the
SVBF method. A significant contribution of this chapter is the development of the SVBF-Node,
a novel computational unit designed to solve these optimization problems efficiently. The chapter
concludes with a detailed analysis of the SVBF-Node’s computational complexity and performance
characteristics.

Chapter 3 explores the application of SVBF to classification tasks. It presents three distinct
algorithms that utilize the SVBF framework in different ways. The first algorithm uses a single
SVBEF solution for classification, while the second employs multiple SVBFs to model different
classes. The third algorithm introduces an innovative approach that uses auxiliary features derived
from the SVBF for classification. These algorithms are rigorously tested and compared using
various datasets, providing insights into their relative strengths and potential applications.

Chapter 4 extends the SVBF framework to address clustering problems. This chapter intro-
duces the SVBF-LBG method, which combines the geometric insights of SVBF with the principles
of vector quantization. The effectiveness of this new clustering approach is demonstrated through
extensive experiments on diverse datasets, including synthetic data, image datasets, video action
sequences, and hyperspectral remote sensing data. The results are compared with state-of-the-art

clustering methods, highlighting the advantages of the SVBF-LBG approach.

1.2 A Multi-Domain Multi-Task Approach for Feature Selec-

tion
The second primary focus of this dissertation is the development of a novel architecture for
multi-domain, multi-task feature selection with a specific application to the analysis of biological

data.



Researchers often use microarray or next-generation sequencing techniques in bioinformatics
to study gene expression levels. Each sample typically has tens of thousands of features. The large
number of features often necessitates feature selection algorithms to improve the performance of
machine learning tasks and to determine the processes related to biological mechanisms.

This dissertation addresses multi-domain learning (MDL) that involves classifying data related
to the host’s immune response to infection. The proposed machine learning approach has the
potential to identify novel biomarkers whose signals are too weak to be captured by analyzing
domains individually. While various feature selection methods exist, most focus on single-domain
feature selection. This work suggests a new multi-domain, multi-task (MDMT) method, which
is less common in analyzing biological datasets. The proposed approach leverages prior art in
multi-domain learning while adding a masked feature selection approach that identifies biologi-
cally relevant aspects of the host’s immune response to infection.

Chapter 5 will detail the innovative MDMT architecture, including the methodology, network
design, and optimization techniques. It will be applied to the analysis of gene expression data from
multiple tissues, showcasing its ability to uncover novel biomarkers amplified by the multi-domain
approach. The chapter will conclude with a discussion of the biological implications of the findings

and potential future directions for research.



Chapter 2
SVBF-Node

2.1 Introduction

There has been a growing interest in exploiting geometric frameworks for the analysis of big
data sets. In particular, the Stiefel, Grassmann, and Flag manifolds have been shown to provide
robust characterizations for highly variable data, e.g., subspace discriminant analysis [1], variations
in illumination [2], video-based face recognition [3], motion recognition [4], subspace tracking [5],
graph embeddings [6] and image set analysis [7]. These subspace methods share the common
feature of encoding a set of data by an orthonormal matrix but differ in how distances between
the representatives are computed. The Grassmann and Flag manifolds use principal angles for
distance computation, while the metric for the Stiefel is the usual trace operation for the Euclidean
metric [8]. In all these distinct geometric frameworks, data is associated with points on these
manifolds and the distances computed according to the rules of their geometry. They share the
common feature that each single point on one of these manifolds arises from an appropriately
chosen set of observations. As such, these methods are natural tools for data-driven discovery in
sets of data sets [9].

A variety of powerful tools have been developed in Machine Learning and Artificial Intelli-
gence, leading to remarkable applications. A damper on the success of these tools is the fact that
the resulting models are frequently difficult to explain, and the predictions may not be trustworthy
in high-stakes scenarios, e.g., those related to medical diagnoses, battlefield scenarios or intelli-
gence gathering [10—-12]. One reason the success of ML/AI tools is challenging to explain or trust
is that these models were designed, first and foremost, to make accurate predictions; attempts to
interpret or explain the effectiveness of the models are only an afterthought.

Here, we propose a methodology based on an interpretable mathematical framework, i.e., the

geometric setting of the Schubert Variety, as the starting point and explore variations on the theme



to determine optimal architectures for predictive modeling. This research aims to begin with a
mathematically motivated explainable approach and then optimize its performance through nu-
merical algorithms. Optimistically, this approach will lead to results of comparable accuracy to
the traditional ML/AI toolkit but with the advantage of explainability and trustworthiness. To
this end, we propose an approach for characterizing sets of linear spaces, i.e., fitting/approximat-
ing subspaces with one or more representative spaces. Additionally, we demonstrate how the
mathematical framework and resulting algorithms can be integrated into current tools, including
deep-feedforward neural networks.

The initial development of ML/AI is focused more on thinking machines than interpretability.
Human intelligence and the associated architecture of the human brain have been a driving force in
biomimetic approaches. For example, the McCullough-Pitts node [13] and its associated weights
were proposed as a mathematical model of the cell and its associated neurons, respectively. The
first transfer function at a computational node was a simple step function replicating the firing or
quiescence of a neuron. Impressively, arrays of such networks were shown to be able to serve as
models of associative memory and even to recall patterns that were partially occluded [14]. Heb-
bian learning [15] was proposed as a model for memory and convincingly analyzed as a dynamical
system where the patterns were stored as fixed points [14], an early appearance of the application
of mathematical analysis for the explainability of artificial neural networks.

Geometric ideas emerged with Rosenblatt’s simple perceptron [16], still loosely based on neu-
rons firing, where the dot product operation between a pattern and a weight vector gave rise to
classification via the interpretation of the models as splitting a space into two half-spaces. The mul-
tilayer perceptron extended these ideas in natural ways, however, at the expense of geometric inter-
pretability. Nonlinear data reduction was made possible by autoencoder neural networks [17, 18].
The encoder-decoder architecture has been widely exploited by Variational Autoencoders [19],
Centroid-Encoders [20] and Transformers [21]. While these developments provide powerful tools,

they widely lack mathematical underpinnings that provide insight into their utility.



In this research, we illustrate how mathematical theory and geometric frameworks can be used
as a design philosophy in the construction of novel interpretable neural network architectures.
This general idea can be found in previous work, e.g., geometric, or topological nodes such as
circular [22], or spherical computational units [23]. Whitney’s theorem has also been invoked
to provide a basis to understand the power of autoencoders from a geometric perspective [24]
and to provide insights into novel architectures [25] and dimension estimation [26-28]. These
ideas are central to the computation of homeomorphisms between data sets residing in spaces of
differing dimensions. Using these ideas as motivation, we can envision extending the concept of
an abstract node more generally to algebraic varieties related to Generalized Principal Component
Analysis [29], Klein bottles, Grassmannians, and Schubert Varieties; see Figure 2.1.

We focus our attention on the mathematical framework of the Schubert Variety described in
what follows. We are motivated by the idea that a Schubert variety is to a Flag or Grassmann
manifold what a subspace is to a vector space. Flag manifolds and their special case, the Grass-
mann manifolds, are examples of homogeneous manifolds particularly relevant to and amenable
to subspace methods in Data Science. They have been observed to be particularly robust to data
collected under variations in pattern state (and indeed exploit structure in such data sets). For ex-
ample, digital images of an object collected under variations in illumination are known to sweep
out a convex cone. If the object is Lambertian, then this cone has been shown to lie close to a low
dimensional linear space, which can, in turn, be represented by a point on a Grassmannian [2]. The
Flag manifold comes equipped with geometric features capable of representing sets of data where
the number of points is larger than the number of dimensions in the ambient space [9]. We note
that the Flag mean proposed in [30,31], and its various extensions, are a special case of the work
proposed here.

In this chapter, we propose several optimization problems that are used to produce a geometric
object, e.g., a Schubert Variety of Best Fit (SVBF), that optimally represents a set of linear sub-
spaces of a fixed vector space R". In several applications, the set of linear spaces is obtained from

sets of sets of data. The optimization problem is determined by a real-valued objective function



(a) Unit with matrix values X  (b) Unit with data residing in ~ (¢) Klein Bottle - example of  (d) A Schubert
required to satisfy X7 X =1  a union of subspaces/planes unit manifold constraint Variety constraint

Figure 2.1: Various examples of abstract nodes. These computational units can be integrated into data
fitting problems, e.g., multilayer neural networks, to extract topological or geometric structure. This work
focuses on the particular case of the Schubert variety constraint (d).

on a manifold (typically a Grassmann or Flag manifold) whose points parameterize a family of
potential Schubert varieties of best fit. Further, we show how this framework can be viewed as
a component of a machine learning architecture integrated, e.g., into the broader framework of

feed-forward neural networks.

2.2 Background

Consider the set, S, of n x n invertible matrices whose inverse is equal to its transpose, i.e.,
S ={A e R | ATA = I,}. S contains the identity matrix, I,,, and is closed under matrix
inversion and multiplication operations. In other words, if A and B are in S then both A~! and
AB are in S. The set S together with the binary operation of matrix multiplication is known as the
orthogonal group O(n). Alternatively, O(n) is the group of distance-preserving transformations of
an n-dimensional Euclidean space that preserve a fixed point. A distinguished subgroup of O(n)
is the special orthogonal group SO(n) consisting of elements of S with a determinant equal to
one (orientation preserving transformations). From a geometric perspective, the orthogonal group
O(n) can be considered a manifold whose points parameterize ordered orthonormal bases of R".
As a manifold, it consists of two connected components corresponding to the square orthogonal
matrices with determinant 41 and those with determinant —1. Its dimension as a real manifold is

(Z) Several interesting manifolds can be built through a "quotient" operation by considering the



action of subgroups of O(n) (resp. SO(n)) on O(n) (resp. SO(n)) through multiplication. Some

particularly relevant examples are the following:

* Grassmann Manifolds GR([, n)

Oriented Grassmann Manifolds 5}/%([, n)

Flag Manifolds F'L(ly,ls, ..., l,; n)

(Partially) Oriented Flag Manifolds

Steifel Manifolds ST'(I,n)

Grassmann Manifold - The Grassmannian of /-dimensional subspaces of R" is denoted by
GR(l,n). Points on GR(l,n) correspond to [-dimensional subspaces of R". It can be built as a
coset space O(n)/O(l) x O(n — 1) where O(l) x O(n — l) denotes n x n matrices consist of
an [ x [ orthogonal block and an n — [ X n — [ orthogonal block. Through this identification,
points on GR(l,n) correspond to equivalences classes of n x n orthogonal matrices where two
such matrices are identified if the span of their first [ columns agrees. We can also think of points
on GR(Il,n) as corresponding to equivalences classes of n x [ orthogonal matrices where two
such matrices are identified if they have the same column space. GR(l,n) can be considered a

homogeneous space and a differentiable manifold. As a real manifold, the dimension of GR(I,n)

isl(n—1) =dim(O(n)) — dim(O(l)) — dim(O(n —1)).

Oriented Grassmann Manifold - The oriented Grassmannian of all oriented [-dimensional
subspaces of R” is denoted é‘é(z, n). It can be built as a coset space SO(n)/SO(l) x SO(n —1).
There is a natural 2:1 covering map from GR(I, n) to GR(I, n). A special case is GR(1,n) whose
cosets correspond to points on the n — 1 dimensional sphere S"~! in R". GR(1,n) corresponds
to the real projective space RP"~*. RP"! can also be built from S™~! by identifying antipodal

points on the sphere. In the map from @\J/%(l, n) to GR(1,n), a pair of antipodal points on the



sphere get mapped to a single point in projective space. As a real manifold, the dimension of

é\é(l, n) is the same as the dimension of GR(l, n).

Flag Manifold - F'L(ly,ls,...,1;,;n) = collection of all flags of the form V; C V5, C .-+ C
Vi € R™ such that dim V; = [;. The Flag manifolds can be built by considering quotients of
O(n) by a direct product of smaller orthogonal groups. More precisely by the quotient of O(n)
by O(l1) x O(ly — l1) X O(lyy — lp—1) X O(n — ). As a real manifold, the dimension of
FL(ly, 1o, ..., lm;n) is dim(O(n)) — dim(O(ly)) — dim(O(ly — 1)) — dim(O(l3 — l3)) — -+ —
dim(O(ly, — l—1)) — dim(O(n — 1,,)).

Oriented Flag Manifold - F'L°(ly,ls, ..., ,,; n) = collection of all oriented flags of the form
VicVeC--- CV, CR"such that dimV; = [;. The oriented Flag manifolds can be built by
considering quotients of SO(n) by a direct product of smaller special orthogonal groups. There is
anatural 2 : 1 covering map from F'L°(ly,la, ..., l,;n) to FL(ly,ls, ..., l;m;n). As areal manifold,

the dimension of F'L°(ly, [, ..., l,,; n) is the same as the dimension of F'L(ly, s, ..., l,; 1)

Partially Oriented Flag Manifold - The partially oriented Flag manifolds can be built by
considering quotients of SO(n) by a direct product of a mixture of smaller special orthogonal
groups and smaller orthogonal groups (with the additional constraint that the direct product is a

subgroup of SO(n)). There are many different types of partially oriented Flag manifolds.

Steifel Manifold - Points on the Steifel manifold S7'(I,n) correspond to ordered orthonormal
sets of [ vectors in R”. Alternatively, points on S7'({,n) correspond to elements in the set {A €
R™ATA = I,}. The Steifel manifold ST'(I,n) can also be considered as the oriented Flag
manifold F'L°(1,2,3,...,l;n). The dimension of ST(I,n)is (n — 1)+ (n —2) 4+ ---+ (n —1).

There is a natural 2! : 1 covering map from ST'(I,n) to FL(1,2,...,1;n).



The homogeneous spaces listed above are all compact differentiable manifolds whose points
parameterize flags of (oriented) subspaces of R™ with a common signature /4, . . ., [,,. Many prob-
lems of interest can be formulated in terms of optimizing some function on one or several of these
or related parameter spaces. The formulation and solution is often driven by geometric consider-
ations. Problems with an efficient numerical solution are particularly appealing. Some additional
parameter spaces of interest include Affine space, Euclidean space, Hyperbolic space, Anti-di Sit-
ter space, and product spaces built out of any combination of these spaces, their oriented versions,

or any previously described homogeneous spaces.

2.3 Schubert Varieties

A Schubert variety in a Grassmann or Flag manifold is a certain kind of subvariety (typically
with singularities) that can be defined by a collection of linear algebraic incidence constraints with
respect to a fixed flag, F, drawn from some Flag variety F'L(ky, ko, ..., ky;n). If you vary the
flag then you vary the Schubert variety. The Schubert variety can be viewed as a kind of moduli
space, while points on the Flag variety can be seen as parameterizing a family of Schubert varieties
of a particular type. Schubert varieties also exist for the more general class of manifolds described

in the previous section, but we will postpone their formal description to a follow-up paper.

2.3.1 Definition of Schubert variety

We first consider an example of a kind of Schubert variety that will be referred to several times
in this paper. If W € GR(k,n) then W is a rank k subspace of R™. Given a pair of non-negative

integers (c, [), we can define a collection of points in GR(, n) by

Qe (W) ={V € GR(l,n) | dim(V NW) > ¢}

For this set of points to be nonempty, we will need that ¢ < [ and that ¢ < k. For each
W € GR(k,n), Qe (W) is a subvariety of GR(l,n). Consequently, GR(k,n) can be seen as

parameterizing a family of such subvarieties of GR([, n). The subvariety 2., ;(W) is an example

10



of a particular kind of Schubert variety on GR(l,n). As mentioned in the previous paragraph,
Schubert varieties are typically singular.

The example in the previous paragraph can be extended in several directions. The following is
an example where 1V is drawn from a more general Flag manifold. Recall that F'L(ky, ka, ..., ky; 1)
is the collection of all flags of the form W, C W, C --- C W,,, C R" such that dim W; = k;. To
emphasize that IV is a flag of vector spaces, we will write W as W. We call F' L(kq, ko, ..., kp; 1)
an m step Flag manifold. Points on this manifold are m step flags of signature (k1, ks, ..., k).
A Grassmann manifold is a one-step Flag manifold. For instance, GR(k,n) = FL(k;n). A large
collection of Schubert subvarieties of GR(,n) can be built as follows: Pick a point W on a Flag
manifold F L(ky, ks, ..., ky;n) and an m-tuple ¢ = (cq,...,¢y) (thus W corresponds to a spe-
cific flag W, ¢ W, C --- € W,, where dim W, = k;). Let k= (k1, k2, ..., k). An associated

subvariety of GR(l,n) is given by

Q. (W) ={V e GR(l,n) | dim(VNW;) > ¢ forl1 <i<mj}

Points on F'L(ky, ks, ..., ky,; n) parameterize a family of such subvarieties.

Similarly, one can build subvarieties of a more general Flag manifold F'L(ly,...,ls;;n). The
subvarieties will be written 2, ; - (W) The data that is determining the subvariety, ;. 7 (W), is
the space from which we draw our fixed flags (e.g. W € FL(ky,...,kn;n)), a space on which
the subvariety lives (e.g. F'L(ly,...,[s;n)), and incidence constraints, ¢; j, stored in an m X s array

C'. We have

Qe (W) ={V e FL(I;n) | dim(V; NW;) > Cj for 1 <i<m, 1< < s}

2.3.2 Schubert Varieties of Best Fit

Suppose we are given a collection of [-dimensional subspaces D = {V;,...,V,.} of R". Each
element in D can be thought of as a point in the Grassmannian G R(l, n); thus, we have r points

on GR(l,n). We seek to determine a Schubert variety that best fits 7 points. For this problem to

11



make sense, we need to answer two questions: the first is "What class of Schubert varieties are
you going to use to best fit the data?" and the second question is "What is the objective function
you are trying to optimize when searching for a Schubert Variety of Best Fit?". Intuitively, we are
searching for a Schubert variety that comes as "close as possible" to the set of points determined
by D. This should remind you of finding a "linear space of best fit" to a set of points in R". For
our purposes, given a point or collection of points on G (I, n) and a Schubert variety S, we further
seek to have a measurement of closeness that is orthogonally invariant, i.e., is invariant to the action
of the orthogonal group O(n). Points on a Grassmannian correspond to subspaces, and Schubert
varieties are defined in terms of incidence conditions with respect to a fixed flag of subspaces. With
this in mind, in order to achieve measurements that are orthogonally invariant, it is natural to write
the measurement of closeness in terms of principle angles between the subspaces involved. There
are many different ways in which this can be carried out, leading to many different answers to the
problem.

In what follows, let D = {V}, V5, ..., V,.} be a collection of [ dimensional subspaces considered
as points on GR(l,n). Given positive integers k and ¢, our goal is to find a point W € GR(k,n)

such that the Schubert variety

Qe (W) ={V € GR(l,n) | dim(V NW) > ¢}

comes as close as possible to the points in . We will break this up into three parts. The first
part will be to define a measurement of closeness, d(V;, 2. ;(W)), between a single point V; €
GR(l,n) and the Schubert variety (2. ;(W) (with W € GR(k,n)). The second part will be to
combine these single point measurements into a measurement of closeness between a set of points
D = {V;,Vs,...,V,} C GR(l,n) and the Schubert variety 2., ;(1/). The third part will be to
find a W* € GR(k,n) that optimizes this measure of closeness.

With respect to the third part, suppose we have fixed a real-valued measurement of closeness
between a set of points, D C GR(l,n) and a Schubert variety . ;(W). For each point W &

GR(k,n), we have effectively assigned a real number (the closeness measure). Thus, we have a
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function F' : GR(k,n) — R. Since GR(k,n) is a compact manifold, this real-valued function will
attain both its maximum and minimum values. Our goal is to describe an algorithm implemented
in a neural network to find a point in GR(k, n) that achieves either a maximum or a minimum of

this function.

2.3.3 Variations of Distance/Closeness measures

Let V1, V5 be subspaces of R™ of dimension /. Recall that the principal angles between 1/} and
Vo satisfy 0 < 61 < 6y < -+ < 6 < 71/2. I O(V1,Va) = [61,6a,....0] then dy(V1,V2) =

|©(V7, V3)||2 is known as the geodesic norm between V; and V5. If

sin ©(V7, Vy) = [sinfy,sin by, . .., sin §)]

then d.(V1, V3) = || sin ©(V1, V2)||2 is known as the chordal norm between V; and V5.

We can generalize to the setting where V; and V5 have potentially differing dimensions and
modify the measure of the length of the principal angle vector between these subspaces. We will
rename V; as V' and V5, as W to emphasize this flexibility in dimensional differences. Let V, W be
subspaces of R™ of dimensions [ and k and let m = min([, k). Let c be a positive integer less than or

equal to m and define O.(V, W) = [0,05,...,0.] and sin ©.(V, W) = [sinfy,sin by, ..., sinb,].

Given a vector norm, || - ||, on R¢ we can measure the “size" of the vector ©.(V, W) or of
sin ©.(V, W). We claim that in either case, this norm gives a measure of closeness between a point
V € GR(l,n) and the Schubert variety 2., ;(W) by defining d(V, Qe (W)) = [|©(V, W)||a
or by defining d(V,Q.x,(W)) = | sin©.(V,W)||o. To see that this is a measure of closeness,
note that 64, . .., 0. are the ¢ smallest principal angles between the subspaces. They correspond to
the ¢ smallest possible principal angles between c-dimensional subspaces of V' and c-dimensional
subspaces of .

If we now pick a norm || - |3 on R", once we have chosen a norm for measuring the size

of ©.(V,W) or of sin®.(V,W), we can measure a Schubert variety’s fit to a collection of [-
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dimensional subspaces D = {Vi,...,V,.} of R" by
FIT(D, Qe (W)) = [[d(Vr, Qe (W), d(Va, Qe (W), -, d(Vie, Qe a (W) 15
and we can define the Schubert Variety of Best Fitto D as BEST(D, Q) = Qe (W*) where

8 iy P Do)

For programming advantages, in the next section, an optimization problem is described in terms
of maximizing the norm of cos ©.(V, W) = [cosfy,cosbs,. .., cosb,.| instead of minimizing the

norm of sin ©.(V, W). The goal of the optimization problem is to find BEST (D, Q).

2.4 Optimization Problem for SVBF

Consider a set of matrices {X;}7_, with each X; € R™*! having orthonormal columns. Let
K € R™* be an unknown matrix with orthonormal columns. Let R(X;) denote the column space

of X;. Define 6;; to be the jth smallest principal angle between R (X;) and R(K).

Problem Statement: Given the set {X;}!_, and an integer c with 1 < ¢ < min(l, k), find K
that comes as close as possible to satisfying dim(R(X;) N R(K)) > c for each of the subspaces
R(X,).

One approach is to find a matrix K* € R™** such that

r

x 1 - 2
K* = arg Jnax — ; le cos”(6;5) (2.1)

subject to KK = I and 1 < ¢ < min{/, k}. We have normalized by the factor 1/rc so that the

optimal value of the solution will be one. Note that for ¢ = min{l, k} this is the Flag mean [30].
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Alternatively, we can solve

T

1 &
K* = - 0;: 2.2

subject to KK = I and 1 < ¢ < min{l,k}. Note that for ¢ = min{l, k} this is the Flag
median [32].

2.4.1 SVBF Optimization Problem Formulation

For simplicity, in this paper, we will focus on the case ¢ = 1, i.e., we are looking for the column
space of each X; to be close to intersecting the column space of K in at least one dimension.

Suppose we are given a set of matrices {X;}/_,, each X; € R™* satisfying X! X; = I;. We
would like to find a matrix & whose column space intersects the column space of each X; in at
least a one-dimensional space. This is achieved if and only if the first principle angle between
the column space of K and the column space of X; is equal to zero for each i. Let 6;(K, X;)
denote the first principle angle between the column space of /K and the column space of X;. In the
optimization below we seek to find a matrix K that maximizes the function Y _;_, cos?(0; (K, X;)).

This amounts to finding a a matrix K* € R"** such that

* T Ty T i,
K —argrg%g(ZbiK X XTI Kb, (2.3)

=1

subject to b; € R¥! ||b;]| = 1, K € R™**, and KT K = I,.
In the second optimization problem, given below, we seek to find a matrix K that maximizes

the function >, cos(f; (K, X;)). This amounts to finding a matrix K* € R™** such that
K* = arg max Z al XT'Kb; (2.4)
1=1

a;,bi, K 4

subject to a; € R, |jal| = 1, b; € R ||b]| = 1, K € R™* and KTK = I.
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Figure 2.2: SVBF-Node diagram

2.4.2 SVBF-Node: Optimization with PyTorch

All of the experiments in this paper are conducted for the special case where ¢ = 1. This
constraint and the relative simplicity of our dataset allow us to initialize the problem directly with
the PyTorch class. In this case, the unknown matrix K and vectors {b;} are initialized in the
PyTorch class as two sets of parameters (Figure 2.2): {K;;}, 1 <i<n,1 <j <k, and {b;;}, 1 <
1 < r, 1 <35 < k. The Lagrangian, associated with the problem given by equation (2.3), is

considered via the Adam optimizer [33] and provides a path to the approximate solution:

Lossk (K,b) = =Y bl K" X; X Kb+ o (K"K — It) + > _ A ([l — 1) (2.5)

i=1 =1

2.4.3 Complexity

Let’s focus on the first part of this expression, containing the majority of complexity. In our

design, for each sample it is calculated in three steps:
1. L} = KTX;
2. L2=LLT
3. L3 = bl L2

Based on this chain of matrix multiplications and assuming that n > k, we can calculate the

time complexity of the forward pass as O (2k(nl + kl + 2k) = O (nkl). The backward pass
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Table 2.1: Tables of processing times for one iteration of optimization loop in milliseconds. The number of
samples is fixed to 100, while the dimensionality of inputs I/, dimensionality k£ of K, and dimensionality n
of ambient space vary.

@k=8x1 (b) k=8 x 4!
I\n| 8 | & | &8 | & I\n| 8 | 8 | & | &
1 | 118 | 123 | 1.58 | 2.77 1 | 130 149 | 245 | 1
4 1 127 | 170 | 5.00 4t | 147 | 197 | 5.09
42 1126 1.69 | 5.00 42 | 147 198 | 5.18
43 | 130 | 1.82 ] 5.20 43 | 1.54 | 2.13 | 5.87 | 5220
() k=8x42 (@ k=28x4?
I\n| 8 | 8 | & | & I\n| 8 | 8 | & | &
1 | 154 213 | 8.62 | 160.36 1 | 409 676 | 73.90
4l 1.86 | 2.72 191.06 4l | 517 | 772 | 77.40
42 | 1.87 | 276 192.08 42 |1 549 | 797 | 80.87

4% | 2.01 | 3.01 4% | 6.58 | 9.96 | 89.52

complexity, calculated based on the chain of multiplications of respective Jacobian matrices, is
also equal to O (nkl). Hence, along with complexity of the Adam optimizer, equal to O (nk), the
overall complexity of one iteration is equal to O (nkl) and the complexity of the entire optimization
process is equal to O (tnklr), where t is the number of iterations and r is a number of /-dimensional
inputs. Note that it is effectively equal to the complexity of training one fully connected layer with
k nodes at the output, given that it is trained on [ X r n-dimensional vectors with the same number
of iterations ?.

The given approximations of the complexity are derived following the traditional approach that
was common before the era of GPUs. The GPUs benefit from parallelizing an immense number
of simple operations and can accelerate matrix multiplications by orders of magnitude. We run
all of our experiments on V-100 Tesla GPUs; hence, we present computational profiling in Ta-
ble 2.1 to understand the performance in actual experiments better. The profiling was conducted
for 100 randomly generated inputs. The dimensionalities of inputs vary as n € {82, 83,84 8%} [ ¢
{1,4', 4% 43}, while the dimensionality of K varies as k € {8 x 1,8 x 41,8 x 42,8 x 43}. Given

that SVBF optimization can also be run as training with batches for a larger number of samples,
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this range of parameters supposedly covers several possible cases one may encounter in real ex-
periments.

To approximate the empirical time complexity under realistic conditions, we focus on areas
such as image and video recognition, remote sensing, and genomics or bioinformatics. In image
and video recognition, spatial data often occupy ambient spaces with dimensionalities on the order
of hundreds, as is typical for mid-resolution images. Similarly, in fields like remote sensing and
bioinformatics, the number of points, i.e., the dimensionality of samples in our method, around the
tens are frequently used to capture essential features while maintaining computational feasibility.
Therefore, we have set the ambient space dimensionality to 8 and the sample dimensionality to 42,
enabling effective modeling and analysis across various applications while maintaining a balance
between data richness and practical applicability. Through experimentation, we found that, gener-
ally, increasing the dimensionality of the SVBF solution beyond 32 does not enhance performance
and may even negatively impact it. With these settings, as shown in Table 2.1 the complexity
measures approximately 1.98 milliseconds per iteration. In our trials, we observed that 10,000 to
40,000 iterations are typically sufficient for the SVBF solution to converge. Consequently, the total
computation time would be 19.8 to 79.2 seconds. While the suitability of this time depends on the
application, we believe that the substantial performance improvements demonstrated by our solu-
tion across various real-world tasks make it a viable option for high-risk, high-reward applications.

In fact, instead of including the unit length condition for each of the b;’s in the cost function,
we use the normalizing transformations of b;’s suggested in [22], which doesn’t introduce much
complexity and, at this point, has already been implemented in PyTorch as a built-in routine. The

resulting loss function is as follows:

Lossk (K,b) = =Y 0/ K" X; X[ Kb; + o (K"K — ) (2.6)
i=1
where ||b;|| = 1Vi € {1,7} by construction of the PyTorch class. As mentioned before, this

function is minimized with Adam optimizer, and the number of iterations is equal to 40,000. The

following is a list of some other details important for the reproduction of results:
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Ao = 10,000

Initialization of parameters K and {b;}:

element-wise random numbers from a uniform distribution on the interval [0,1)

* Adam optimizer settings:

Ir=0.001, betas =(0.9,0.999), eps=1e—08, weight_decay=0, amsgrad=False

Python version: 3.6.8

Torch version: 1.10.1

Cuda version: 11.0

All these settings are preserved exactly the same across all experiments, including SVBF
problem-solving. For the faster processing in benchmarking experiments, we also leverage Ray

2.0.0 Python package to run several experiments in parallel.

2.5 Other prototypes on Grassmann Manifold

The SVBF solution investigated in this work can be considered a prototype for a set of sub-
spaces. Effectively, in all of our implementations in Chapter 3 and Chapter 4, we use the SVBF
solution as a prototype representative of a group of points on a Grassmanian. Depending on the
specific pipeline, this prototype may be used to characterize the group or a cluster of unlabeled new
points. Naturally, ML tasks in our experiments can also be performed with different definitions of
prototypes and respective measures of closeness. Therefore, before we set off to more practical
content of this dissertation, it is important to overview the most widely used and benchmarked
prototypes on the Grassmann manifold, especially those used in our experiments for comparative

analysis.
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Table 2.2: Summary of other prototypes on Grassmann manifold that will be used in our future experiments

Name Dimensions | Optimization Problem Complexity In

Karcher Mean | Fixed Yergrln . Z 10 (X;, V)3 O@tri*(n+1)) | [34]
Flag Mean Adaptive Yelélgri n Z |sin © (X;, V)] O(nl?) [35]
(>-median Fixed Yergrlg » Z 1© (X, V)|, O(tri?(n+1)) [[3376]],
Flag Median | Adaptive ynin 3 Z |sin © (X;,Y)]], O(tnl?) [32]

2.5.1 Karcher mean and /;-median

The Karcher mean Y* of a set of subspaces {X;} € Gr(k,n), introduced in [34], is a point on
Grassmanian minimizing the sum of squared geodesic distances to all of the points on Grassmani-

nan representing the set of subspaces, i.e., is the solution to the problem

Y*=arg_min » [|©(X]. V)| 2.7)

n [36], Fletcher et al. suggested the Weiszfeld-type based algorithm to find the /,-median, the

subspace now solving

Y*=arg min ZH@ X, Y, (2.8)

YeGr(r,n) 4

Karcher and /;-median represent the so-called intrinsic”” means, fully considering the topology of
the Grassmann manifold. The solution for both of them can be found as an iterative optimization

with gradient descent, and the complexity for ¢ iterations is equal to O(tnri?) + O(trl?)).

2.5.2 Flag Mean

The chordal distance, as a measure of closeness, can also be used for subspace averaging.

In [35], Draper et al. suggest the Flag mean, the solution for the problem of minimization of
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aggregate squared chordal distances:

Y* = 0 (XY 2.9
arg_min 3 Z lsin )5 (2.9)
where sin O.(X;,Y) = [sinfy,sinf,, ...,sinf,] is a vector of sines of principal angles (see Sec-

tion 2.3.3) and r = min{rank(X;),rank(Y*)}. This optimization problem has a closed form
solution that can be obtained with eigenvector decomposition of a sum of covariance matrices of
all points, therefore, the complexity of solution is O(nl?). The chordal distance has also been used

n [38]; therefore, we will be using it for comparative analysis.

2.5.3 Flag Median

Another way to average subspaces, slightly modifying the use of chordal distances, is referred

to as the Flag median or Flag IRLS. It was suggested in [32] as a solution for the problem

Y* =arg min Z |sin® (X;,Y)]], (2.10)

Y eGr(r,n)

Here, the solution is based on an iterative implementation of a weighted Flag mean, resulting in a
complexity being that of the Flag mean times the number of iterations, i.e., O(trnlk). Clustering
method developed in [32] has proven very effective, hinting towards its possible efficiency with
other ML tasks on Grassmann manifold, therefore, it will be used for benchmarking as well.

Flag mean and Flag median optimization problems, as well as SVBF solution, allow different
dimensionalities of subspaces and the final solution, while for "intrinsic” means, it is necessary
that the dimensionality of subspaces is fixed and equal to that of a solution.

In addition to the prototypes discussed, the literature also suggests other prototypes on the
Grassmann manifold, such as the Grassmannian Minimum Enclosing Ball (GMEB) [39] and the
Max Length Unit Vector (also known as the Maximum Correlation Problem) [40], [41], [42]. How-
ever, they weren’t included in our experiments, as either they did not provide the most meaningful

or balanced metrics for comparative analysis or we couldn’t find the stable code for a solution. It’s
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Figure 2.3: Data Preparation pipeline

important to note that the prototypes presented in this section, summarized in Table 2.2, do not

encompass all possible variations of prototypes on the Grassmann manifold.

2.6 Data Preparation

In applications with different ML tasks, we usually have the categories combining the points in
R"™, and, typically, but not necessarily, we group these points into collections of equal size, such that
every point falls into one collection. All points in one collection typically have the same category,
allowing the entire collection to be labeled by any of its points. Finally, extracting the bases
from all the collections generates points on Grassmaniann, Figure 2.3. Preprocessing for images
includes normalizing and flattening into the vectors in R™. There are several options for video
preprocessing. Each video is split into frames, and further, we can either form the collection from
the frames of one video or different videos sharing the same category. For hyperspectral remote

sensing data, the preprocessing is slightly different, we will expand on this later in Section 3.2.
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Figure 2.4: Images from the Cat and Dog dataset. The top row corresponds to the data in a single cat sample
with 3 elements. Similarly, the bottom row corresponds to a dog sample consisting of 3 elements.

2.7 Illustrative Example

We can now present the results for some implementations of the SVBF algorithm. Given
that our objective at this point is exploring the algorithms, their possible implementations, and
limitations, we focus on a modestly sized Cat and Dog dataset consisting of 99 images of cats
and 99 images of dogs. All the images are 64x64 greyscale images; you can see some of the
representatives of each class in Figure 2.4. We preprocess the data by flattening each image into
a vector of length n = 4096 and scale the entries into the range from -1 to 1. Following the
pipeline in Figure 2.3 we split the data into equally sized collections of [ vectors and extract an
orthonormal basis for each set. The resulting orthonormal bases are used as the inputs. In other
words, the inputs, or samples, consist of tall orthonormal matrices of dimension R"*? where ¢ = [
for training data and ¢ = m for test data. Importantly, no cat or dog vector is used in more than
one sample. Further, we never mix classes within one sample; samples consist of sets of only
dog vectors or only cat vectors. For example, the notations {X!"*"}, [ = 3 describes the set of
3-dimensional bases of mono-class sets of scaled image vectors sampled from the training data.

In Figure 2.5, we show sample solutions of Schubert Varieties of Best Fit. In each case, the
matrix K to be determined is chosen to have one column, and these solutions are displayed for cats
and dogs individually. It is interesting to compare the solutions to equations (2.3) and (2.4). We

see that for cos(#), the Schubert variety matrices K show higher resolution detail while for cos?(6)
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Figure 2.5: Solutions to the Schubert Variety of Best Fit problem for a = 1. The Left column consists of
solutions to equation (2.3) while the right column consists of solutions to equation (2.4). In each case, there
are three images in each sample. The top and bottom rows use cat and dog samples, respectively.

the features are larger scale. This example underscores the potential significance of the selection
of distance measures in computing SVBFs.

The Figure 2.6 illustrates trained parameters for SVBF-Node for the entire Cat and Dog dataset
with [ =2 and k=3. As we now describe, this picture captures many interesting features of the
method. Figure 2.6 (a) depicts the three columns of K. Interestingly, one column is a dog, and
one is clearly a cat, but all columns seem to capture salient features in the data. In Figure 2.6 (b),
we show the directions K'b; for three cat samples and three dog samples, where we recall that each
sample is a 4096 x 2 matrix, so each of these six figures is a direction in the span of K that is
closest to the data training sample. In Figure 2.6 (c) we show the set of all features in terms of b;
for cats (blue) and dogs (red). We note that their clear separation is a reflection of the fact that this

method captures information capable of discriminating between cats and dogs.
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Figure 2.6: Visualisation of the outputs of the trained SVBF node and generated embeddings for the entire
Cat and Dog dataset, k=3, and [=2: (a) learned basis K, (b) some samples reconstructed in ambient space
from embeddings, (c) learned embeddings.

2.8 Optimal Dimension of K

We illustrate the empirical values of the resulting objectives of the SVBF optimization prob-
lems in Figure 2.7. Figure 2.7 (a) shows the value of the objective function for the optimization
problem given by equation (2.3), i.e., the average sum of the squared cosines of the smallest princi-
pal angles for 10 2-dimensional subsets of cats sampled from both training and test datasets versus
the dimension % of the solution subspace R(K’). We can see that the objective function for test
samples effectively flattens out after £ = 2. Similar behavior can be observed for the dog dataset,
presented in Figure 2.7 (b), except the flattening is smoother and starts approximately at k& = 4.
The results for the combined datasets, presented in Figure 2.7(c), show that the flattening also starts
at around k£ = 4. These plots lead us to several observations. Firstly, the flattening of the curves
itself suggests that more columns in K do not lead to improvements in the solution. Thus, the set
of points { X} has an intrinsic subspace dimension as captured by K. We see that the dimension

of this subspace is smaller than the direct sum of the dimensions of the class-specific subspaces.
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Figure 2.7: Average squared-cosines of the 1st principle angle for training and test data sampled from
different classes, from both classes and sampled from the uniform distribution on the Grassmann manifold:
(a) Cat class, (b) Dog class, (c) Cat and Dog classes combined (d) Random samples.

This is not a surprise when one considers the correlation between the images. Finally, the Fig-
ure 2.7 (d) illustrates how samples, randomly selected from the uniform distribution (with respect
to Haar measure) on a Grassmann manifold, do not possess the same structure and the number of
columns required in /& does not converge. Experiments with other dimensions of samples have
also been conducted, and they align with the results reported here. Other approaches to dimension
optimization are also possible with the SVBF method, e.g., task-specific optimizations that will be

considered in Chapter 3.

26



2.9 Conclusions

In this chapter, we developed a novel geometric approach for analyzing sets of datasets through
the concept of a Schubert Variety of Best Fit. We formulated two optimization problems and pro-
posed a specific solution design, the SVBF-Node, as an abstract computational unit that minimizes
the respective objective function via the Adam optimizer, a gradient descent-based approach suited
to the unique structure and parameters of our network. We demonstrated that SVBF-Node can
generate new types of embeddings in Gr(l,n), where [ and n denote the dimensionalities of the
samples and the ambient space, respectively. These embeddings can be used directly or integrated
further into larger networks that include SVBF-Node as a component. Several such implementa-
tions will be discussed in Chapter 3.

We derived the theoretical time complexity of our method and provided empirical benchmarks
within a specific coding environment. This analysis shows that our method’s complexity is com-
parable to training a single fully connected layer in a neural network with the number of nodes
matching the dimensionality of the SVBF solutions over the entire dataset. Empirical results,
specifically from implementations in PyTorch, suggest that our approach is efficient for most ma-
chine learning tasks, provided that the product of the SVBF solution’s dimensionality, ambient
space dimensionality, and sample dimensionality remains below a certain threshold - a condition
typically met by most real-world datasets. Furthermore, our benchmarks indicate that the method
can achieve practical runtimes, making it suitable even for complex datasets, provided certain di-
mensional constraints are observed.

Finally, this chapter introduces a very general, unsupervised method for approximating the
intrinsic dimensionality of an entire dataset. Notably, the optimal dimensionality identified here
for a specific dataset will be validated in Chapter 3 through a supervised learning approach, further

reinforcing the robustness and versatility of our method.
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Chapter 3
Classification with SVBF-Node

3.1 C(lassification Frameworks

Here we explore the applications of the SVBF with the classification task, including implemen-
tation of SVBF-Node as a computational unit in a feed-forward neural network. The Cat and Dog
dataset used in the process and data preparation routine is described in Section 2.7. We will also
consider the cases when dimensionality of samples in training and test data might differ, therefore,

we allow for [ and m to be distinct.

3.1.1 Algorithm I

Given a solution K and a data sample X, it is natural to consider the change of coordinates of

the sample that can be implemented in the neural network, i.e.,
Y; = K7X;

The design of the classification experiment for this case is presented in Figure 3.1. Step 1
involves training the SVBF Node, the outcome of which is the representative K of the SVBF.
This K is then used in Step 2 to compute the change of coordinates to produce Y. This is done
using training data. Further, in Step 2, the 1-nearest neighbor (1NN) classification is implemented
using the Scikit-learn Python package. Step 3 involves the application of 1NN to the test data; the
results are shown in Figure 3.2. Figure 3.2 (a) illustrates the average for 10 different samplings of
a 1NN-classifier applied to the {Y;} embeddings of the Cat and Dog dataset. In each sampling,
the data is split randomly into train and test datasets with proportions 0.78 and 0.22, respectively.
Benchmarking is performed for different dimensions [ = m = 1,...,5 of samples in training
and tests subsets, and different dimensions £ = 1,...,10 for K. The accuracy grows with the

dimension of the samples but interestingly starts decreasing for [ > 3. At the same time, increasing
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Figure 3.1: Workflow of Cat and Dog classification experiment using Algorithm I.

the dimension of K also significantly increases the accuracy up to dimension 3 and only slightly
affects the accuracy above that level. This low accuracy is a result of using the Frobenius norm to
compute distances between matrices. Later, we will see that using subspace distances, in general,
produces superior results. For a better understanding of the benefits of the SVBF method, we
provide side by side the results for classification based on PCA-embeddings as well, Figure 3.2. In
this first experiment, the performance of the classification method based on learning K is slightly

better than the one based on learning a representative subspace based on PCA analysis.

3.1.2 Algorithm II

Another possible approach is to learn a representative K; for each data class. In our example, in
Step 1, we propose to learn K as a solution to equation (2.3) for the cat class and K, as a solution
to equation (2.3) for the dog class. Now, these matrices K, K5 can be used to classify the data.
To assign a class to an unknown sample X; in Step 2, we compute the smallest principle angle
between X; and each of K and K5. The smallest of these two angles provides the classification.
The diagram for such an experiment with the Cat and Dog dataset is presented in Figure 3.3.
Labeling of the test data is performed by finding the nearest, in terms of the smallest principle
angle to K;, for each sample.

Figure 3.4 (a) shows the average classification accuracy across 10 different samplings of the
test data. Again, this procedure is implemented for a range of /,m and k. The data was split into
training and test sets with the same ratio as in the Algorithm I experiments.

The benchmarking plots indicate a significantly more accurate classification versus Algorithm

I for the comparable cases. Due to the higher overall accuracy of this design, we also investigated
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Algorithm I and for PCA embeddings: (a) Y embeddings, plots are labeled as [_m depending on the dimen-
sions of training samples / and dimensions of test samples m, (b) PCA embeddings, plots are labeled as in
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Figure 3.3: Workflow of Cat and Dog classification experiment using Algorithm II.

it for different dimensions of training and test samples, which can be useful for a wide variety of
datasets, specifically when test samples cannot be grouped by labels. As before, increasing the
dimension k of K leads to higher accuracies for all cases. However, in contrast to Algorithm I,
now the accuracy increases monotonically with the dimensions [, m.

For further comparative analysis, we also calculate PCA embeddings for each class and label
test samples based on the nearest, in terms of the smallest principle angle, subspace captured by
PCA analysis. We repeat this experiment 10 times for different samplings similar to the Algorithm
I experiment. The results of this experiment are shown in Figure 3.4 (b). The lower accuracies
for the class-specific PCA experiment indicate that the SVBF optimization problem is capturing

additional useful information that is helpful for classification.

3.1.3 Algorithm III

Note that the element k& € R(K) given by

is the vector in R(K) that is closest to the span of X;. There is a natural association between X;
and b; and this can be exploited for classification. Hence, a consequence of equation (2.3) is that
once we approximate K we can use b;, the coordinates of the closest to X; vector in /, as a proxy
for X; in the classification. One possible experiment that exploits this option is classification with

neural networks outlined in Figure 3.5.
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Figure 3.5: Workflow of Cat and Dog classification experiment using Algorithm III.

This experiment also illustrates how SVBF nodes can be stacked into a larger network and
trained simultaneously with other network parts. In this case, we attach a classifier that takes
outputs b; of SVBF nodes as inputs, learns centroids in a training process, and generates soft labels
at the inference step. In Step 1, we optimize K and b; independently at each iteration. In other
words, K is not adjusted by any contribution to the gradient from the classification error. Generally,
the outline given in Figure 3.5 does not require detaching the classifier’s error back-propagation
from that of an SVBF node. However, detaching the training of K and b;, as we have done here,
seems to improve performance without loss of the benefits of parallelization. The loss function for

Step 1 is defined as a weighted sum of three loss functions:

M
Lossy = — » bl K" X; X[ Kb,

=1

Lossorn = K"K — Ty
3.1

k
Lossciass = — Z yij log (logit;;)

=1

Loss = aLossg + BL0SSorn + YLOSSCrass
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where logit;, = Softmax((b]W)?,T) with W learnable centroids, and the hyperparameter 7". The
output of Step 1 is the matrix K, set {b{""} and the classifier W. Now, given K, W, the prediction
of the labels is accomplished in Steps 2 and 3. In Step 2, we initialize the SVBF node with the
K computed in Step 1 to determine the coordinates b, associated with the test samples X/,
using the loss function Lossy similar to Step 1, but without the classification component and with
K fixed. In Step 3, we use the classifier W trained in Step 1 to map the b*** to their class label.

This hybrid network was also tested with the Cat and Dog dataset following exactly the same
preprocessing pipeline as in the Algorithm I and Algorithm II experiments. In Figure 3.6, you can
find the classification accuracy for test data for different dimensions of training and test samples
as well as different dimensions for K. It is very interesting that the accuracy of the classification
problem levels off at 4 dimensions, which is consistent with the optimal size k = 4 of K as
suggested in Figure 2.7. Hence, we view k = 4 as the apparent working dimension for K. We see
the accuracy increases monotonically with the dimension of the samples. Importantly, the results
in which the samples have dimensions greater than 5, which we are not reporting here, support this
observation. However, given our limited data, we were not able to pursue this behavior further.

In the same Figure 3.6, we also report the average accuracies for classifying /,-normalized
vectors used as inputs. In this design, instead of an SVBF-Node, we use one fully connected
layer with k£ nodes at the output and with the hyperbolic tangent as the activation function (all
other settings are kept the same). In Section Section 2.4.2 it was shown that this network has
the same computational complexity as the SVFB-Node. Along with the higher resulting average
accuracies for some cases, this method also has the advantage of approximately 10 times faster
convergence (in terms of the required number of iterations). On the other hand, we can see that
for dimensionalities of test samples > 3, the SVBF method is more accurate. It’s important to
note here that benchmarking against the regular networks processing vector inputs wasn’t within
the focus of this chapter. Our prime goal was to show that in the suggested framework, a big
part of the progress made with the regular neural networks during the last decades can be directly

leveraged in the case of sets of datasets.
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Figure 3.6: Average accuracies of classification of test data by Algorithm III design. Accuracies for one-
layer NN design are labeled as "NN’; accuracies for SVBF-Node design as ’I_m’; where [ is the dimension-
ality of train samples and m is the dimensionality of test samples.

3.2 Indian Pines classification with Algorithm II

Recall that SVBF-Node is based on the cosine squared of the first principle angle. In [38,43]
Chepushtanova et al. coin this metric as a "pseudo” metric and develop the classification method
training Sparse SVM classifier on Multi-Dimensional Scaling (MDS) embeddings generated with
the use of "pseudo” metric as a similarity measure between subspaces. The benefits of the ”pseudo”
metric are clearly demonstrated in those papers, and this partially motivated us to conduct similar
experiments with our most performant method, Algorithm II, modified for usage with different def-
initions of prototypes and measures of closeness. In [38], authors test their results versus geodesic
and chordal metrics, while we will also use the measure used in the definition of Flag median since
it has proven very effective when tested with clustering tasks in [32]. Chepushtanova et al. run the

experiments on two “best’ and two *worst’, in terms of separability, classes of Indian Pines dataset.

35



Stone-Steel-Towers
Buildings-Grass-Trees-Drives
Woods

Wheat

Soybean-clean
Soybean-mintill
Soybean-notill

Oats

Hay-windrowed
Grass-pasture-mowed
Grass-trees
Grass-pasture

Corn

Corn-mintill
Corn-notill

Alfalfa

Unlabeled

(a) (b) (0)

Figure 3.7: Indian Pines dataset: (a) Multiple bands stacked together, (b) Label Map, (c) Labels

The Indian Pines dataset is a hyperspectral landuse dataset with 16 distinct ground-truthed
classes [44]. The data consists of hyperspectral bands collected over farmland in Indiana, US, with
145 x 145 pixels. For each pixel, the dataset contains 220 spectral reflectance bands representing
different portions of the electromagnetic spectrum in the wavelength range 0.4 — 2.5 x 1075,
Figure 3.7. The two most separable classes are Corn-notill and Grass/Pasture classes, and the
two least separable classes are Soybeans-notill and Soybeans-min. We preprocess this dataset
identically to the pipeline used in [38] and generally illustrated in Figure 2.3. All the pixels filtered
for classes Corn-notill, Grass/Pasture, Soybeans-notill and Soybeans-min are then divided into
equal-sized groups of [ pixels, from which an orthonormal basis is then extracted for each group.
These orthonormal bases serve as the inputs. Similar to the previous experiment, each pixel is
included in only one group, ensuring that classes are not mixed within any single group.

The experiments are run 10 times, and the average results are reported. For all prototypes, the
dimensionalities of samples [ and dimensionalities of prototypes k vary in the range [2, 4, 6, 8, 10,
12, 14]. In the case of Karcher-mean [ = k, while for all other experiments, the whole variety of
k’s is tested for each [. In Figure 3.8 (a), you can see the average over ten runs accuracies of clas-
sification of two “best” classes for different prototypes and varying dimensionalities of samples [

and prototypes k£ with & = [. In Figure 3.8 (b), we also show the results from [38]. We added the
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Figure 3.8: Average accuracies of classification of classes Corn-notill and Grass/Pasture with two different
methods: (a) Algorithm II using SVBF versus Algorithm II using other prototypes, (b) SSVM classification
of MDS embeddings from [38] for different metrics

figures here to facilitate the comparison of results in [38]. In Figure 3.8 (a), we can see that the
performance of our method is significantly better for lower dimensionalities, starting with nearly
perfect classification even for £ = 2, and stays superior up until £ = 8. Interestingly, the Flag
median appeared as the second best, we will see similar order in efficiency with the results of clus-
tering task in Chapter 4 as well. Similar behavior we can see in Figure 3.8 (b), with the accuracies
for other metrics catching up with the ”pseudo” metric, which is also used in our method, around
k = 12. We can see that in contrast to our method, the robustness of the “pseudo” metric in [38]
starts degrading for higher dimensionalities. In Figure 3.9 you can see the results of classification
for the two “worst” classes. Note that apart from [38] and the methods based on neural networks,
no other methods able to separate these two classes could be found in the literature. As you can see
in Figure 3.9, with our method, the classification accuracies steadily increase with the increasing
dimensionality up until £ = 14, reaching nearly perfect classification at its peak. Here, we again
can see that the classification with SVBF prototype performs consistently better than classifica-
tion with other prototypes, similar to how in [38] ”pseudo” metric consistently outperforms other
metrics. Note that the accuracies for other prototypes in Figure 3.9 (a) catch up with accuracies

for SVBF slower than in Figure 3.8 (a), signaling that it might be the case that SVBF method is
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Figure 3.9: Average accuracies of classification of classes Soybeans-notill and Soybeans-min with two
different methods: (a) Algorithm II using SVBF versus Algorithm II using other prototypes, (b) SSVM
classification of MDS embeddings from [38] for different metrics

especially superior with the less separable data, given that we explore the optimal or "working”
dimensionality first. In both experiments, we can observe degradation of accuracies beyond a cer-
tain dimensionality, typically 12-14. Similar behavior was observed for different dimensionality,
even though we cannot directly compare the optimal dimensionality because of the drastic differ-
ence between the two methods, [38]. This is another argument in favor of exploring the optimal

dimensionality case by case, depending on the dataset and framework.

3.3 Consclusions

In this chapter, we proposed three distinct algorithms for data classification and explored and
benchmarked them using the same dataset and preprocessing pipeline. Algorithm I uses a single
solution K to characterize the data and a Frobenius norm to measure distances. Overall, this al-
gorithm performed poorly when compared to Algorithms II and III. Based on learning two SVBFs
Algorithm II provides the most accurate classifications. This algorithm explicitly builds a model
for the cats and dogs through their respective SVBFs, and appears to be more capable of addressing

complex structures of data, including classes with higher within-class variance. Algorithm III in-
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troduces the idea of using auxiliary features to perform data classification, and is based on a single
model K.

All three algorithms suggest that there is a best dimension for the representative subspace and
that exceeding this doesn’t improve classification accuracy. Hence, the SVBF approach appears to
provide a measure of the complexity of a set of data sets through this working dimension. Interest-
ingly, Algorithm III provides a very clear signal for this optimal dimension through a classification
criterion. Algorithm III illustrates how the SVBF node can be used as an abstract unit of computa-
tion in a neural network. This enables researchers to process sets of datasets in the same spirit as
sets of vectors are processed in a variety of ML libraries based on neural networks.

Algorithm II, as the most performant, was also tested with complex remote sensing data and
benchmarked against algorithms using a similar pipeline but different from SVBF prototypes on
the Grassmann manifold. Benchmarking with two extreme subsets, i.e., the least and the most
separable classes of the dataset, revealed the optimal or working dimensionality for a given dataset,
k = 12. Below the optimal dimensionality, our method significantly outperformed other methods,
especially for the least separable classes. Overall, the results of this chapter indicate the promise
of the SVBF approach for finding a representative subspace for the set of datasets in other tasks,

such as the clustering task, that will be considered in Chapter 4.
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Chapter 4
Subspace Clustering with SVBF-Node

4.1 Introduction

Subspace clustering extends the notion of data clustering to the setting of collections of linear
or affine spaces. In each case, the goal is the same, i.e., to determine a set of representative points
that can be used to characterize the data. One measure for understanding the complexity is a
distortion error [45]. One can generally adapt clustering algorithms designed for Euclidean spaces
to more general geometric frameworks. Typically, such algorithms rely on the ability to measure
distances between pairs of points. For example, vector quantization relies on the ability to partition
a set of points by computing the distance between each of the points and a set of representatives or
cluster subspaces. At each iteration of the algorithm, each data subspace is viewed as a member of
the closest cluster subspace. Thus, the partitioning is induced by the current collection of clusters.
At this stage, the set of data subspaces that are the members of the same cluster can then be used
to determine an updated estimate for that cluster. This leads to a dynamical system that can be
used to evolve a set of initial clusters/representatives such that they gradually become closer to,
and more representative of, the structure of the data. There are a range of approaches to update
a cluster representative given a set of points closest to that representative, e.g., one may compute
a new cluster representative as the centroid using the mean or the median of the members. This
approach is typically referred to as LBG clustering [45], which is a batch modification of the
k-means algorithm [46].

There have been a variety of approaches for extending the idea of LBG clustering to the setting
of Stiefel, Grassmann, and Flag manifolds by computing various centroids or Frechet means. In
this chapter, we propose to adapt the LBG clustering algorithm using the notion of a Schubert
Variety of Best Fit. In this setting, a cluster for a set of subspaces, represented as points on a

Grassmannian, chooses a point on a different Grassmannian (alternatively a Flag manifold) whose
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corresponding subspace comes as close as possible to intersecting each of the cluster member
subspaces in at least £ dimensions, for some fixed k that is chosen by the user. We show that an
iterative approach to vector quantization based on the SVBF produces state-of-the-art subspace
cluster purity scores on a variety of benching marking data sets when compared to subspace mean
algorithms in the literature.

The organization of this chapter is as follows: In Section 4.2 we discuss related work and
describes several known clustering techniques on Grassmann manifold. Section 4.3 gives the ap-
proach to the SVBF problem and provides the pseudocode for the actual algorithm that was uti-
lized. Section 4.4 describes four benchmarking experiments and compares SVBF clustering with
subspace mean and median clustering. Section 4.5 outlines important experimental flow details and
how we determined and set the experimental parameters and iteration counts for our algorithms in
the absence of a universal convergence criterion. In Section 4.6, we then provide concluding re-

marks, limitations, a summary of results, and future work.

4.2 Related work

A wide variety of clustering methods have been suggested over the last decades [47,48], includ-
ing subspace clustering methods [49, 50], however, the most related to our work are the k-means
algorithms operating over the points on Grassmann manifold. Generally, they can be categorized
into two groups: direct and kernel methods. Kernel methods typically require a pre-processing
step, i.e., projecting the points to Reproducing Kernel Hilbert Space for the kernel-based meth-
ods [51,52], or even projecting into the lower dimensional space via the kernelization as in [53].
The direct methods operate over the Grassmann manifold, and the diversity of direct k-means
methods is typically provided by the differences in definitions of the distances on the manifold
leading to different optimization problems for the means or centroids, see Table 2.2. In this con-
text, some of the most related papers are the ones suggesting different ways to calculate the mean or
centroid or other representative of the group of points on the Grassmann manifold. In our method

the respresentative of the cluster cannot be righfully called mean or centroid, it is rather a custom
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prototype optimizing certain geometric conditions. Exploiting custom prototypes on Grassmann
manifold is not a completely novel idea, e.g. in [54] it was shown that with a proper design the
prototypes can be very efficient for a variety of ML tasks on the manifold, including clustering.
However, given that the points in our method are processed as they are and the optimization prob-
lem can be defined directly on the manifold, our method falls into the direct category.

Generally, direct methods include three types: intrinsic, extrinsic, and hybrid. Intrinsic methods
completely consider the topology of the manifold. Specifically, Chendra Hadi et al., [55], develop
k-means algorithm based on Karcher mean and geodesic distance as a measure of closeness, with
updates performed along the geodesic. Extrinsic methods operate over the points in different space,
e.g., points mapped into projection matrices in Euclidean space. The closeness, in this case, can
be defined in different ways, as well as updating function. In [31] Tim Marrinan at al. use Flag
means as the centers of clusters, with squared chordal distance measuring the closeness between
supspaces and previous centers fully replaced by the new ones at each iteration. Flag mean and
squared chordal distance have also been used in the hybrid method suggested in [56], with the
centers updated by partially moving them towards the new centers along a geodesic. To the best
of our knowledge, the LBG method developed in [32] is currently the state-of-the-art among these
type of methods for subspace clustering, therefore, it will be used for benchmarking in all the
experiments. This method is based on Flag median, see Table 2.2, the closeness is defined by
chordal distance, and the centers are entirely replaced by new ones at each iteration. Several other
prototypes have also been used in that paper for benchmarking, specifically, the Flag mean and
l[>-median. The [;-median based clustering appeared consistently underperforming, therefore, it

wasn’t considered for experimentation in out benchmarking.

4.3 SVBF-LBG algorithm

The LBG algorithm [45] was designed to quantize the distribution of samples in Euclidean
space by labeling all samples by the closest centers. The central idea of the method is an iterative

updating of the labels and local centers. At every step, the center is recalculated based on the
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definition of representative of the group of samples assigned to this center. The representative
was originally introduced simply as a mean of samples in Euclidean space. The convergence is
defined as the minimization of the distortion error, i.e., aggregate distance from samples to the
corresponding centers.

Here, we present the SVBF-LBG clustering method, a novel variation of the LBG algorithm de-
signed to use the SVBF to approximate clusters for each subspace. The subspaces are represented
by points on a Grassmann manifold. The clusters are computed by solving the SVBF problem
(2.3) { K;} over the set of points closest to each cluster where the closeness between the subspaces
X; and K is taken to be sin® #; (X;, K'). This allows one to label subspaces as belonging to given
clusters and calculate the distortions and purities of clustering.

The following is an outline of the SVBF-LBG algorithm:

Init: Initialize Centers. Initialize a number of random centers { K}, on Gr(k,n).

Step 1: Label Samples.

Label all samples by their closest centers using the distance measure d;; = sin? 6, (K;, X ;)

Step 2: Calculate New Centers.

Calculate new centers by solving the equation (2.3) for each labeled group of samples.

Step 3: Calculate Distortion.
Calculate overall distortion by summing up the distances from all samples to correspond-
ing centers.

Step 4: Stopping Criterion.

If the stopping criterion is not met, then go back to Step 1.

In practice, we initialize the algorithm by randomly sampling the required number of centers
from the dataset. The stopping criterion should ideally indicate the flattening of the overall distor-

tion. The numerical exploration of the convergence of the algorithm for many different datasets
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indicated that it was more effective to start with a preliminary analysis and then proceed to ap-
proximate the number of iterations required for convergence case by case, i.e., we explicitly set the
number of iterations for each experiment. This is a rather basic approach, which is non-optimal,

more details in Section Section 4.5.

4.4 Numerical Experiments

We now present the results of the application of the SVBF-LBG algorithm for several bench-
marking datasets. We start with synthetic data designed to be suitable for our algorithm. The
MNIST dataset used for the second experiment is chosen given its widespread familiarity. The
last two experiments provide more fundamental insights into the potential of the algorithm with
closer to real-world datasets. For the benchmarking, we compare the proposed approach with the
best performing subspace LBG methods, i.e., the methods based on the Flag mean and the Flag
median, while omitting comparisons with the non-competitive methods based on Karcher-mean

and [o-median.

4.4.1 Synthetic data

The hypothesis is that a fundamental strength of the method presented in this work is related to
the more granular geometric distribution of the subspace clusters. In order to test this hypothesis,
we construct a dataset with samples grouped into clusters of samples indistinguishable in terms of
the distance measure used in our method. We start by creating a 100 x 100 matrix with entries sam-
pled from the uniform distribution on the interval [-0.5,0.5] and extracting an orthonormal basis
through a QR decomposition. As a result, we now have an orthonormal 100 x 100 matrix (). Each
of the first 5 column vectors of this matrix will be used as one-dimensional prototypes of clusters.
We proceed with creating groups with a fixed size of 10 elements, each of 10-dimensional sub-
spaces clustering around prototypes and represented by 10 tall 100 x 10 matrices with orthonormal
columns. For each prototype, such matrices are created by randomly sampling 9 vectors from the

other 95 columns of matrix () and stacking them together with the prototype into one matrix. As a
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Figure 4.1: Median purities for a synthetic dataset for different methods with the first and third quartiles,
whiskers, and outliers.

result, we generate 5 groups of subspaces with the size of each group equal to 10, summing up to
overall give 50 subspaces with dimensionalities all equal to 10 and intersecting with any other sub-
space within their group at least in one direction. For the benchmarking experiment, we consider
the number of centers around the true number of clusters, i.e., varying in the range [3,4,5,6,7]. The
methods considered for comparison are the LBG clustering algorithms based on the Flag mean,
Flag median, and SVBF reference subspace K, with all respective dimensionalities equal to 10.
All experiments are run 5 times with the resulting purities of clustering averaged across all runs
and present in Figure 4.1 in the form of comparative plots for different methods across different
numbers of centers.

As you can see from the Figure 4.1, our method outperformed other methods for the whole
range of numbers of centers. These results show that our method can be especially efficient when

certain geometrical structures are present in a dataset, such as the one designed in this experiment.
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4.4.2 MNIST dataset

MNIST is a dataset [57] consisting of 28 x 28 grayscale images of handwritten digits from
0 to 9. We consider a small subset of digits representing the numbers [0,2,4,6], Figure 4.2, with
the further vectorizing and scaling of all images to have values in the interval [-1,1]. The SVBF
algorithm operates over sets of subspaces, therefore we split the data into equally sized collections
of 10 vectors and extract an orthonormal basis for each collection. The resulting orthonormal
bases are used as the inputs. In other words, the inputs, or samples, are the tall 784 x 10 matrices
with orthonormal columns. Importantly, each image is used only in one collection, and we never
mix digits within one collection, i.e., each sample is extracted from a mono-class collection of
images. The resulting dataset includes 97 samples of ”0”, 103 samples of 72, 98 samples of 74"
and 95 samples of ”6”. The dimensionality of K in this experiment is set to 10. In Figure 4.3,
you can see the average across 5 trials for the purities of clusters generated by our algorithm
and benchmarked against the Flag mean and Flag median-based LBG algorithms for a number of
centers in the range from 2 to 15. The distortions for the LBG algorithms flatten after 7 iterations,
therefore, the number of iterations was set to 7 for all trials. The dimensionalities of Flag mean
and Flag median are set to 10. Given that the subset used in this experiment includes only 4 digits
and is known to be quite separable, it is not surprising that all the methods produce high-quality
results, effectively performing perfect clustering for the number of centers greater than the number
of label groups. Flag mean and Flag median methods are more accurate for a smaller number of

centers in this case since the dataset is easily separable, i.e., the clusters are geometrically distant
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Figure 4.3: Median purities for MNIST dataset for different methods with the first and third quartiles,
whiskers, and outliers.

from each other in many directions, all of which contribute to distance measures used in these two
methods, while our method exploits only one direction and performs better when more intricate
geometry is present in the data. However, for a larger number of centers, there is no difference
in purities across all methods. Importantly, even though the variance of purities for our method
is larger, hinting towards inferior robustness, the code for Flag median and Flag mean method
shared in [32] was consistently returning errors related to SVD-implementation with the Python
Numpy package not being able to generate a converging solution for the number of centers larger
than 4. We had to rerun the experiments multiple times until convergence, while our method was

consistently producing results.

4.4.3 Indian Pines dataset

We use the reduced version of the dataset described in Section 3.2 with 200 bands after re-
moving bands associated with water absorption. The dataset includes 10776 unlabelled pixels

and 16 classes of labeled pixels, but we sort only for the 4 largest and spectrally distinct classes,
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Figure 4.4: Median purities for Indian Pines dataset for different methods with the first and third quartiles,
whiskers, and outliers.

specifically, Corn-notill, Grass-trees, Soybean-mintill, and Woods, each with 1428, 730, 2455, and
1265 pixels respectively. The preprocessing follows the pipeline used in the previous experiment.
Specifically, the data is split into equally sized collections of 10 pixels with the further extraction
of an orthonormal basis for each collection. The resulting orthonormal bases are used as the in-
puts. As in the previous experiment, each pixel is used only in one collection, and classes are never
mixed within one collection. The resulting dataset consists of 10-dimensional bases, including 142
Corn-notill samples, 72 Soybean-mintill samples, 245 Soybean-mintill samples, and 126 Woods
samples. Further we proceed with 5 trials of the SVBF-LBG algorithm implementation for differ-
ent numbers of centers in the range [4,8,12,16,20], while using the labels of pixels used to generate
bases as the true labels of samples in the calculation of cluster purities. Note that the choice of
dimensionality equal to 10 was basically dictated by dimensionality chosen in [32] for this dataset,
but it is fortunately very close to the optimal dimensionality approximated in Section 3.2 and equal

to 12. The dimensionality of means and K are set to be equal to the dimensionality of the samples,
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i.e., equal to 10. The distortions seem to flatten after 5 iterations, and the experiment is stopped
at that point. In Figure 4.4 you can see the results averaged across all trials. Our method signif-
icantly outperforms other methods for all but one number of centers, highlighting the benefits of

this granular geometric approach to clustering in this dataset.

4.4.4 UCF YouTube Action dataset

The dataset utilized for benchmarking in this section is derived from a specific subset of the
UCF YouTube Action dataset [58] comprising 11 distinct categories of actions, Figure 4.5. Within
each category, videos are organized into groups sharing common characteristics. For the purposes
of our experiment, we selected one representative example from each group across all action cat-
egories. The resulting dataset includes 23 instances of basketball shooting, 23 of biking, 25 of
diving, 25 of golf swinging, 24 of horseback riding, 25 of soccer juggling, 24 of tennis swinging,
24 of trampoline jumping, 24 of volleyball spiking, 24 of walking, and 22 of swinging. Given the
substantial size of these RGB videos, we convert all frames extracted from videos into 25 x 18
grayscale images, followed by flattening the resulting images into vectors of length n = 450. The
vectors are further grouped by source videos, with groups finally forming the matrices. As usual,
we extract the basis for each matrix, i.e., generate tall orthonormal matrices of dimension R*010
representing respective videos. The average results for different methods are presented in Fig-
ure 4.6. We compare average purities generated by 5 trials of Flag mean and Flag median LBG
clusterings for a number of centers in a range [4,8,12,16,20] with the average purities generated
by 5 trials of SVBF-LBG clustering, each including 5 iterations, for the same range of numbers
of centers. The results clearly indicate considerable improvement provided by the SVBF-LGB

method across all numbers of centers.

4.5 Experimental Pipeline Details

As mentioned before, for practical reasons, we chose to run all the experiments without a uni-

versal convergence criterion. Our design includes two nested loops: LBG iterations and SVBF
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Figure 4.5: All 11 UCF YouTube Action categories: 1st frame of one video for different categories.
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Figure 4.6: Median purities for the YouTube Action dataset for different methods with the first and third
quartiles, whiskers, and outliers.

problem solutions at each iteration. The time complexity of SVBF solution was investigated in
more detail in Section 2.4.3, including the complexity with and without consideration of the im-
provements provided by GPU parallelization. It was shown that the time complexity is proportional
to the size and dimensionalities of the datasets. Running the experiments for several different
datasets without convergence criterion allows us to approximate the processing time case by case.
For the preliminary analysis, we first run the experiments with a fixed number of iterations equal
to 1000 and the maximum number of centers that are going to be used in the final experiment. As
a result, we can calculate the expected overall processing time as the time that it takes to run one
iteration of the SVBF solution times a fixed number of iterations set for the SVBF solution and
multiplied by the fixed number of iterations set for the LBG loop. These approximations appeared
quite accurate in real experiments. Further, based on the convergence rate and approximations of
the processing time, we decided on the optimal settings for each dataset and ran the final experi-

ments. Based on the observed convergence rates, the number of iteration for LGB loop for the final
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experiments was set to 5 for the Synthetic dataset and 10 for all other datasets, while the number
of iterations for SVBF solution was set to 1000 for the synthetic dataset, and 3000 for all other

datasets.

4.6 Conclusions

In this chapter, we exploit the geometry of the real Grassmann manifold in order to find the
best representatives for collections of real vector spaces. We construct the Schubert Variety of
Best Fit to characterize sets of data sets through numerical experiments with the Synthetic data,
video action sequences, MNIST, and spectral data from the Indian Pines data set. We see that
the approach provides an alternative to subspace means by forming a representative that is "close"
to the cluster members in that every member comes close to intersecting the cluster in at least
one dimension. We see that the resulting representatives capture attributes of the data. Given the
nature of the optimization problem, we interpret the method as providing a more granular approach
to subspace clustering.

The proposed SVBF-LBG method outperforms the leading methods in the literature on a
variety of disparate data sets. Our synthetic example shows a case, by design, that illustrates
the strengths of the algorithm. Interestingly, for the number pattern classification task using the
MNIST data set, we find that for a sufficiently large number of centers, all the methods are essen-
tially perfect. We conclude that the SVBF-LBG approach performs better as it has more degrees
of freedom to match the data in contrast to subspace means.

The Remote Sensing data (Indian Pines dataset) appears to have an intricate geometry that is
well captured by SVBF-LBG for 8 or more centers. Again, see that a more granular fit is obtained
than for the subspace algorithms. The video action domain is an important subspace clustering
task, and the SVBF-LBG method significantly outperforms state-of-the-art methods when applied
to real-world data in this domain.

Our method, as presented, has several limitations. We only ran experiments with a fixed dimen-

sionality of K, and we only looked at intersections in one dimension. Our convergence-stopping
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criterion is currently simply a fixed number of iterations and has not been optimized. In its current
implementation, the proposed method is expensive and requires GPU acceleration. We hope to

improve upon these limitations in future work.
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Chapter 5
A Multi-Domain Multi-Task Approach for Feature

Selection from Bulk RNA Datasets

5.1 Introduction

In the field of bioinformatics, researchers often use microarray or next-generation sequenc-
ing techniques to study the expression levels of genes, with each sample typically having tens of
thousands of features. The large number of features often necessitates the use of feature selection
algorithms to improve the performance of machine learning tasks such as classification, given that
many of the observed features may be unrelated to the biological phenomenon of interest. In this
way, feature selection algorithms can be used to determine the processes related to a biological
mechanism, e.g., the host’s immune response to infection. Other downstream benefits of feature
selection include data visualization and understanding, reduced storage requirements, and faster
computations.

Multi-domain feature extraction addresses the problem of leveraging data from disparate sources
and is related to the more general problem of multi-domain learning (MDL) [59]. In this work, we
address a special case of MDL that involves the classification of data related to the host’s immune
response to infection. The host consists of multiple lines of the Collaborative Cross mouse; the
pathogen under consideration is Salmonella. The two domains consist of gene expression data
collected from liver and spleen tissues. The proposed machine-learning approach has the potential
to identify novel biomarkers whose signals are are too weak to be captured by analyzing domains
individually. The methodology will be demonstrated by selecting potentially important biomark-
ers that appear to be amplified in strength by the multi-domain data synthesis for characterizing

biological processes that exist simultaneously in different tissues.
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In a variety of existing methods, the designs vary from shallow to deep, with the networks
optimized for regression, classification, dimensionality reduction, or a combination of multiple
tasks, i.e., multi-task learning (MTL) [60]. Most of the feature selection methods fall into the
category of MLT methods, with the objective function considering the combination of different
goals resulting in better generalization of results. However, the majority of them focus on a single
domain feature selection. In this work, we suggest a new MDL method with a multi-task objective
(MDL/MTL) function, or, in terms of [61], a multi-domain multi-task (MDMT) method. The
MDMT methods have been used widely in Natural Language Processing applications but much
less for the analysis of biological data sets.

The feature selection task is frequently performed by the introduction of [,-norms with p =
0,1,2, or a combination of norms of weights at intermediate layers, possibly stacked closer to
the input. The [, is of course appealing but the most expensive to compute [62, 63]. However,
in [64], it was shown that /;-norm-based methods could be quite competitive when applied to
biological data while not having the complications of dealing with [y-norm. When applied to
biological tasks, the [p-norm based methods may require a priori knowledge of the size of a subset
of biologically significant features, which is certainly not the case for many explorative tasks.
Moreover, when the domains are very different, the subsets of important features can be very
different as well. Hence it becomes even harder to approximate the number of selected features.
At the same time, [y-norm based methods haven’t been battle-tested across domains as much as
l1-norm based methods, intuitively, the discrete distribution can negatively effect the alignment of
disparate domains. Considering all the pros and cons, in this work we opt to employ ¢;-norm based
sparsity promotion.

The contributions of this research include the following: we propose a new sparsity promoting
MDMT architecture for feature selection; this approach uses a new masking term restricting the
features that contribute to the cost function; we demonstrate the utility of the developed algorithm
on gene expression dataset, including liver and spleen domains; we conclude that our MDMT ap-

proach allows us to find new features that are significantly discriminative only across two domains,
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i.e., are identified when the data is restricted to a single domain. The promise of this approach is an
enriched picture of the host immune response that has the potential to lead to a better understanding
of the biological process across tissues.

The organization of this chapter is as follows: In Section 5.2, we present a review of the related
articles, situating our study within the broader context of the field and highlighting key contri-
butions from prior research. Section 5.3 details the method we employed, outlining the design
of a neural network behind our chosen approach and the techniques utilized for design. In Sec-
tion 5.4, we describe the data used in our investigation, elaborating on pre-processing steps and
labeled groups. Section 5.5 delves into the computational experimental setup, discussing the train-
ing process and criteria for rough-tuning. In Section 5.6, we present the results of our experiments,
providing an interpretation and discussion of our findings. Finally, in Section 5.7, we summa-
rize the highlights of the research and contributions, the implications of our results, and potential

avenues for future work in this domain.

5.2 Related Work

The majority of the feature selection methods study one domain. In what follows, we survey
a variety of different techniques and algorithms, including linear and non-linear methods and the
methods exploiting neural networks. In one of the most influential papers, [65], feature selection
is cast as a regression task with [; regularization of the norm of a discriminative vector. This has
become a common approach; see also, [66—69]. The Lasso-type methods fail to capture nonlinear
interactions between the features. The non-linear methods developed as the kernelized modifica-
tions of the Lasso method showed decent efficiency when applied to biological data [70-72]. Note
that there are also some other methods aiming to sparsify a signal in latent dimensions [73,74].

Deep Feature Selection DFS [62] is one of the first deep neural network algorithms designed
specifically for feature selection. DFS employs a one-to-one sparsity layer at the input. The
weights on these single connections are penalized with a ¢;-norm minimization of the norm of

weights of this layer in a spirit of [69]; the resulting non-zero weights in the sparsity layer cor-
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respond to the selected features. In [75], autoencoders are proposed for feature selection with a
sparsity layer used in a fashion similar to DFS. Now, the ¢;-norm of the weights of the sparsity
layer is minimized jointly with the reconstruction error. Concrete Autoencoders (CAE) [76] use a
concrete selector layer as the first layer in the autoencoder setting based on continuous relaxations
of concrete random variables suggested in [77]. A supervised CAE method reported in [78] was
apparently susceptible to overfitting with limited data. The FsNet paper [78] addressed this prob-
lem by introducing small weight-predictor networks. In terms of design, [78] is one of the closest
to the design developed in this work, i.e., our method is based on two neural networks: autoencoder
and classifier in latent space, but the approach to sparsification is different, and, most importantly,
the method in [78] is designed for one domain, and the implication of extracted features is quite
different.

Most of the feature selection methods can be grouped into three broad categories: filter, wrap-
per, and embedded methods. In filter methods, the features are typically scored, ranked, and thresh-
olded with respect to some classification task using different measures such as correlation and
mutual information [79]. Filter methods can be very fast, but the quality of extracted features is
poor in terms of robustness and adaptability to different datasets. The wrapper methods [80] are
universal methods used on top of any learning algorithm based on a practical heuristic search of a
subset of d features in 2¢ space, providing better performance for the underlying algorithm. They
are universal and capable of obtaining great results, given the large number of samples. For small
datasets in high-dimensional space, they tend to overfit, and the NP-hardness of the problem makes
the computations prohibitively expensive. In embedded methods, the feature selection process is
typically performed concurrently with some learning algorithm. For example, Iterative Feature Re-
moval (IFR) uses the absolute weights of a sparse SVM model as a criterion for selecting features
from a high-dimensional biological data set [81]. Our method and the most related works fall into

the embedded method category.
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5.3 Methodology

The methods described above only address data residing in one domain. The major question
that motivated this study was what are the biological features in datasets sampled from different
domains that appear to be related to the host immune response to infection only when studied
across domains, naturally leading to consideration of the domain alignment task along with the
feature selection. With that said and with a general design of the network in mind, we’ve been
looking for the most capable in terms of domain alignment method in application to RNA data.
This led us to [82], which is an MDMT method based on a pair of domain-specific variational
autoencoders (VAEs) [83] generating aligned embeddings for datasets of very different modalities
(singe-cell RNA and Chromatin images), and we adapt this method now enhanced with sparsity
promoting optimization constraints for feature selection. In order to find a universal representation
across tasks, the MTL methods in deep neural networks [84] either improve the architecture of
neural networks or try to find a balance between concurrently trained objectives. Our method
benefits from both since our network has shared subnets, and at the same time, we roughly fine-
tune the coefficients used in [82] along with the contribution of sparsity promoting loss function.
Utilizing both methods is also justified by the results of generalization of unbalanced optimization
methods, e.g., [85], [86], [87], indicating that overall they don’t outperform the naive approach
when all loss functions are weighted with constant scalars.

Our proposed method is based on the network shown in Figure 5.1, implemented in PyTorch
and trained with the AdamW optimizer. The cost function is a weighted combination of objective
functions associated with the reconstruction, classification, and sparsification tasks. In our settings,
we can observe that during the early stages of training, the algorithm learns the shared represen-
tations of different domains such that similar samples group together regardless of the domain of
origin. In the later stages, the sparsification goal becomes more important, with a relatively higher
contribution to the total objective, and this behavior continues until the conflicting tasks reach the
balance and no further sparsification is possible without a significant loss in classification. We run

the training process multiple times. In the spirit of embedded methods, we treat the resulting mag-
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nitude of the weights of sparse layer as indicating the importance of different features. However,
for the post-processing we employ the frequency of selected features across all runs as it appears
to be a more robust metric for feature importance.

It was mentioned before that our design is developed based on the network suggested in [82]
with modifications. The classification task is performed in latent space as before, but the inputs
of domain-specific VAEs are sparsified by the shared Sparsification Layer (SL), and, naturally,
the VAEs are trained to reconstruct only these sparsified inputs. Note that in [82], a primary
goal is the alignment of the domains in the latent space coupled with the reconstruction of hyper-
dimensional RNA data. In contrast to [82], our main goal is the across domains classification with
the sparsification of inputs. The choice of variational modification of autoencoders was dictated by
the distribution of latent space provided by this particular modification, allowing further indirect
"easy" and relaxed alignment through the shared classifier. Hence, we not only train VAEs solely to
reconstruct the sparsified signal, but we also omit the loss function, minimizing the KL divergence
across domains from the original design. The resulting network consists of 4 subnets: shared
between domains Sparse Layer (SL) and Classifier subnets, and two domain specific Variational
AutoEncoders (VAE1 and VAE2), as depicted in Figure 5.1.

The SL is a one-to-one mapping: * — W © z, with the /;-norm of weights ||W||, penalty
used to promote sparsity.

The VAE1 and VAE2 subnets are deep fully-connected networks with the following specifica-

tions:

* Encoder: 2 linear layers with 1024 nodes with batch normalization and Relu-activations,

followed by 1 linear mapping to ;. and o living in 128-dimensional space

* Decoder: 2 linear layers with 1024 nodes with batch normalization and Relu-activations,

followed by 1 layer mapping to input space

Each Encoder performs the mapping of the sparsified input to R'**: W ® z — p, o, while the

Decoder maps distribution in the latent space into the input space: p + o — & € R340 and the
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output is further masked by the frozen weights of the sparse layer W* © & and fed to the MSE loss
function of respective VAE.

The Classifier is the subnet consisting of 5 linear layers with 1024 nodes with Relu-activations,
followed by 1 layer mapping to 2-dimensional space and 1 layer mapping to 1-dimensional space
followed by a standard sigmoidal activation function. It is trained to classify embeddings of inputs

from both domains in their respective latent spaces.

R VAE1

' Encoder1 KE ~ N@. U341 + €01 | Decoder1 —W*® &,
4 01 %
| o A
— _ | v = ; =
B . plx =
'\/;cl, Ty —» Sparse Layer Classifier < &= ( l) iOSS (z1, Iz\),a
\______-/’/ ’ ﬁ p(m2) B \____7___/(
W O Wi, a

7;112 + 60’2H7 Decoderz2 —W* ® Z
VAE2

| I =
| Encoder2 J‘<~N(0, 1)
02

Figure 5.1: Network design.

The overall objective function is a weighted sum of objective functions for different tasks,

including reconstruction, normalization, classification, and sparsification, namely,

Loss (21, 22) = - (Lossree (1) + LosSee (22)) +
B - (Lossyar (1) + Lossyr (22)) +
(5.1)
v (LOSSclass (-Tl) + LOSSclass (1‘2)) +

0 - LOSSsparse
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where

Lossec (2) = MSE(W @ 2, W* ® )
Lossyar(2) = Dk (N (u, 021) , N(0, I))
LosSclass () = log Loss (p(z), p())

Lossgparse = [|W]|;

The block scheme of one training process is given by Algorithm 1. After the rough-tuning of

Algorithm 1: Network Training Algorithm

Inmput : 0,a,5,7 weight of loss functions
argsOptl, argsOpt2 parameters of Adam optimizers for VAE’s
argsOptCls parameters of Adam optimizers for Classifier
argsOptSL parameters of Adam optimizers for SL

Output : W - weights of SL
Data: [z;,x9] list of pairs of equally seized batches sampled from both datasets
20 000 elements, i.e., epochs of training
Initialize: SL, VAEI1, VAE2, Classifier (initialize subnets)
OptSL = AdamW (argsSL)
Optl = AdamW(argsOpt1)
Opt2 = AdamW (argsOpt2)
OptCls = AdamW (argsCls)

1 for zq, x5 € [11,25] do

2 sp(x1), sp(x2) = W @ 21, W © 2
3 Z1, 1 + €ay = VAE1(sp(z1))

4 To, o + €09 = VAE2(sp(z2))

s | p(xy) = Classifier(py + €0q)

6 | p(x2) = Classifier(ug + €o3)

7 Calculate Loss as in equation (5.1)
8 Backpropagate Loss

9 Step all optimizers

the hyper-parameters from [82] along with the sparsity contribution and parameters for optimizers,

we set the following hyper-parameters:

e, f,v,0=10,10"%1,10~*
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e LR’s for AdamW optimizer for VAE’s, SL and Classifier = 10~*

¢ all other parameters of AdamW optimizer are set to PyTorch default

5.4 Data

The data consists of mice bulk RNA sequences extracted from two different tissues: spleen and
liver, used as two different domains for the purposes of this research. The mice that were exposed
to Salmonella infection were monitored and categorized by health status as tolerant, resistant,
susceptible, or delayed susceptible, the latter two being related to strains unifying the mice who
died within 1 or 3 weeks, respectively. In all our experiments we combine these latter two groups
into one susceptible group. With this new labeling, we have 31 and 9 tolerant samples, 27 and 7
resistant samples, and 90 and 53 susceptible samples for spleen and liver domains, respectively,
for all infected mice. Also, the data includes control samples representing the mice who had never
been exposed to infection labeled as "never infected". This group accounts for 104 samples, with
93 samples from the spleen and 11 samples from the liver. The phenotypes of these samples are
determined based on their genetic strains. Initial bulk RNA dataset was TMM-normalized, the
outliers and duplicates have been detected and dropped out. Finally, the domain-specific data, i.e.,
combined RNA data for samples from the spleen and combined RNA data for samples from the
liver, have been z-scored for each domain separately and filtered for common across tissues genes
in all feature selection algorithms, resulting in data samples consisting of 34,861 genes, i.e., the

dimension of the input space.

5.5 Experiment

We consider three distinct types of experiments. In the first type, the goal is to extract a small
subset of features that discriminate among the phenotypes susceptible and tolerant. The second
type extracts features discriminating among the phenotypes susceptible and resistant. The third
type extracts the features discriminating between infected and never infected mice. The exact

Python code with the training models and post-processing utilities is available at [88]. With the
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use of Ray package [89], the experiment was run on 16 V100 GPUs in a multiprocessing mode
for 10 different random samplings of 85% of data, with 90 different weights initializations for
each, summing up to 900 runs. You can see the typical evolution of the training process, including

60,000 epochs for all three experiments in figures Figure 5.2, Figure 5.3, Figure 5.4.
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Figure 5.2: Weighted components of overall losses for phenotypes tolerant versus susceptible across do-
mains experiment: (a) reconstruction errors, (b) classification errors, (c) sparsity loss, (d) overall loss.

The number of epochs was fixed at 20,000 based on the indication of the flattening of the
sparsity curves as long as it doesn’t affect the accuracy of classification and the reconstruction loss
is relatively small. Again, the reconstruction is not the primary focus of this method, i.e., it wasn’t
the primary task to consider when deciding on the number of epochs, especially since the required

for the across domains classification alignment in the latent space was typically achieved even after
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Figure 5.3: Weighted components of overall losses for phenotypes resistant versus susceptible across do-
mains experiments: (a) reconstruction error, (b) classification error, (c) sparsity loss, (d) overall loss.
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Figure 5.4: Weighted components of overall losses for infected mice versus never infected mice across
domains experiment: (a) reconstruction error, (b) classification error, (c) sparsity loss, (d) overall loss.
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Figure 5.5: Latent space PCA’s for all three across domains experiments: (a) phenotypes tolerant (TOL)
versus susceptible (SUS), (b) phenotypes resistant (RES) versus susceptible (SUS), (c) infected (INF) mice
versus never infected mice (NOT INF).
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20,000 epochs, see the Figure 5.5. The visualization of loss indicates that further sparsification
slightly decreases the classification accuracy for two out of three experiments, by limiting the
number of epochs we also prevent this long-run negative effect. The PCA images for all figures
represent the PCA of combined representations of both domains in their bottleneck layers and

indicate a proper clustering and separability across domains, i.e., good alignment in latent space.

5.6 Results

The post-processing of the sparsity layer weights was conducted in a same way for all 3 exper-
iments. Firstly, all the weights across 900 runs were aggregated and normalized, and the Elbow
Method was applied to find a threshold. Later, for each run, the weights below the threshold were
set to zero. At the next step, we calculated the frequencies of features appearing in subsets of fea-
tures with non-zero weights across all runs. The resulting distributions of frequencies are shown
in Figure 5.6, along with the resulting number of features selected in two consecutive steps by the
Elbow Method.

Importantly, in addition to the across domains learning, we also selected features for each do-
main separately for all three experiments. This allows us to evaluate the distinct characteristics
of single domain and multi-domain alignment for feature extraction. In Figure 5.7 panels (a), (b),
and (c), we can see the distribution of features for all three across domains experiments grouped
by overlapping with features selected in one-domain experiments. "Both" features are a subset of
these features that also appear in both the spleen and liver domains. "None" refers to the features
that are the features that only appear in across domains results. "Spleen" are the features appearing
in across domains and spleen domain results but not in the liver domain results. Finally, "Liver"
features appear in across domains and liver domain results but not in the spleen domain results. We
can see that for all the experiments, apart from the features captured from domain-specific experi-
ments, some new highly weighted features were captured in across domains experiments (the blue

line denoting "None"). These features that are only present in the across domains experiment re-
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Figure 5.6: Results from the across domains (MDMT) experiments. The selected features are ordered by
frequency for 3 experiments: panels (a) and (d) correspond to the phenotypes tolerant versus susceptible;
panels (b) and (e) correspond to resistant versus susceptible; panels (c) and (f) correspond to infected versus
never infected.
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Figure 5.7: Grouped by overlapping distribution of features for all experiments. Columns are associated
with experiments, i.e., 1st - tolerant versus susceptible, 2nd - resistant versus susceptible, 3rd - infected ver-
sus never infected. (a),(b),(c) distributions of features extracted in across domains experiments; (d),(e),(f)
features extracted in separate spleen experiment, features are grouped by overlapping with features extracted
in respective across domains experiment: "Both" - overlapping, "Spleen" - not overlapping; (g),(h),(i) fea-
tures extracted in separate liver experiment, features are grouped by overlapping with features extracted in
respective across domains experiment: "Both" - overlapping, "Liver" - not overlapping.
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flect the new information being captured by the proposed method. These correspond to biomarkers
that we suspect have a potentially unique role in the host response to infection.

In Figure 5.7, panels (d),(g),(e),(h),(f), and (1) show the distributions of features extracted in
one domain experiments grouped by overlapping with respective across domains results. Even
though the majority of the most discriminative features extracted in separate experiments are also
extracted in across domains experiments, some highly-weighted features extracted from one do-
main experiments are apparently not captured in respective across domains experiments.These
results might indicate that the improvement in robustness is needed, but at the same time they may
contain biological insights about the across domains importance of some features that couldn’t be
obtained from studying only one domain for Salmonella infection or about the difference in man-
ifestations of infection in different tissues. Based on the results from additional experiments with
other datasets most likely the latter is true.

Returning to Figure 5.5, we see the results of the embedding of the sparsified input in a two-
dimensional latent space using the features found in the across domains architecture for all three
experiments. We observe that the tolerant and resistant versus susceptible experiments give excel-
lent classification on test data in the latent space. In contrast, infected versus control mice are not

as easily discriminated.

5.7 Conclusions

In this chapter, we propose a novel architecture for multi-domain, multi-task feature selec-
tion. This area of research has a relatively small literature, possibly because of the complexity
associated with simultaneously exploring multiple incommensurate measurement domains. The
proposed approach leverages prior art in multi-domain learning while adding a masked feature se-
lection approach that serves to identify biologically relevant aspects of the host immune response
to infection. We demonstrate that the demands of the MDMT problem formulation can be success-
fully addressed with the proposed architecture. Further, the application of the approach leads to the

discovery of novel biomarkers whose signals appear to be amplified by the multi-domain approach;
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indeed, a fraction of these biomarkers do not appear in either single experiment. Hence, this ap-
proach holds the promise of generating new biological insights that might go undetected using
single domain methodologies. Additionally, we observed the MDMT features provide excellent
classification results between susceptible and tolerant or resistant phenotypes.

There are several possible modifications to our method. In this method, the optimization prob-
lem descends in the direction of the gradient of weighted objectives. There is growing evidence that
isolating descent directions to improve individual cost functions may lead to improved solutions.
Additionally, alternative data reduction and reconstruction mappings could be explored reflecting
recent developments in deep neural networks, including graph convolutional neural networks or
transformers. This preliminary work is focused on algorithm development; we propose to explore
the biological ramifications of the biomarkers in future work.

We believe further development in these directions could lead to even more efficient meth-
ods and provide biologists with a new perspective on understanding the evolution of infections in

tissues.
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Chapter 6

Conclusion and Future Work

This dissertation has explored two significant areas within applied mathematics: the develop-
ment of the Schubert Variety of Best Fit (SVBF) approach for analyzing sets of datasets and the

introduction of a novel architecture for multi-domain, multi-task (MDMT) feature selection.

6.1 Advancements in Schubert Variety of Best Fit

In Chapter 2, we introduced the SVBF-Node, an innovative computational unit designed to
analyze sets of datasets using the geometric framework of Schubert varieties and Grassmann man-
ifolds. By formulating two optimization problems and employing the Adam optimizer, a gradient
descent-based method, we developed a network capable of minimizing a specific objective function
tailored to our needs. The SVBF-Node generates new types of embeddings in the Grassmannian
Gr(l,n), where [ and n represent the dimensionalities of the samples and the ambient space, re-
spectively. These embeddings are not only valuable on their own but can also be integrated into
larger networks, enhancing the capability to process complex data structures.

Building upon this foundation, Chapter 3 presented three distinct algorithms for data clas-
sification, all leveraging the SVBF framework. Algorithm I utilized a single solution KK with a
Frobenius norm for distance measurement but showed limited performance. In contrast, Algorithm
II, which learned two SVBFs to model different classes, outperformed the others by accurately
addressing complex data structures with high within-class variance. Algorithm III introduced aux-
iliary features for classification and demonstrated how the SVBF-Node can function as an abstract
computational unit within neural networks. These algorithms revealed that an optimal dimension
exists for the representative subspace beyond which classification accuracy does not improve. This
finding underscores the SVBF approach’s ability to determine the intrinsic complexity of datasets,
offering a valuable tool for dimensionality reduction and feature selection in machine learning

tasks.
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In Chapter 4, we extend the application of SVBF methods to clustering tasks. By exploiting the
geometry of the real Grassmann manifold, we developed the SVBF-LBG method to find optimal
representatives or prototypes for collections of vector spaces. Through extensive experiments with
synthetic data, the MNIST dataset, spectral data from the Indian Pines dataset, and video action
sequences, we demonstrated that SVBF-LBG outperforms leading methods in the literature.

Overall, the results of Chapter 3 and Chapter 4 allow one to conclude that the classification
and clustering methods based on SVBF-Node provide a more granular approach by forming rep-
resentatives that closely intersect with cluster members in at least one dimension. This character-
istic allows for capturing intricate geometries within data, leading to improved classification and
clustering performance, especially in complex datasets like remote sensing data and video action
recognition. In other words, SVBF shines when the datasets are difficult.

The collective contributions of this dissertation lie in advancing mathematical methodologies
for data analysis and demonstrating their applicability across diverse domains. The development
of the SVBF-Node as an abstract unit that can be integrated into other algorithms and frameworks,
including neural networks, enriches the toolkit available for machine learning tasks, particularly
in the classification and clustering of complex datasets. By harnessing the geometric properties of
Grassmann manifolds, we have provided new perspectives on dimensionality reduction and data
representation.

Despite the promising results, the current implementations of the SVBF methods have limi-
tations. SVBF methods apparently have a working dimension that needs to be discovered on a
case-by-case basis. The convergence criterion in current realization is based on a fixed number of
iterations without optimization, and the computational demands require GPU acceleration. Future
work aims to address these limitations by considering multiple intersections, optimizing conver-

gence criteria, and improving computational efficiency.
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6.2 Multi-Domain Multi-Task Feature Selection

In Chapter 5, we shifted focus to the second major contribution of this dissertation: a novel
architecture for MDMT feature selection. Recognizing the complexity of simultaneously analyzing
multiple incommensurate measurement domains, we proposed an approach that integrates prior art
in multi-domain learning with a masked feature selection mechanism. This architecture is designed
to identify biologically relevant aspects of host immune responses to infections.

By applying this method to biological data, we successfully discovered novel biomarkers ex-
hibiting amplified signals in the multi-domain context. Remarkably, some of these biomarkers
were not detectable in single domain analyses, highlighting the approach’s ability to unveil insights
that might otherwise remain hidden. The MDMT feature selection method also achieved excellent
classification results between susceptible and tolerant or resistant phenotypes, demonstrating the
method’s practical utility in biomedical research.

The MDMT feature selection architecture effectively handles multi-domain, multi-task prob-
lems, addressing a gap in the literature. Its success in uncovering novel biomarkers underscores
the importance of integrated analytical approaches in biomedical research and beyond.

The proposed MDMT architecture in its current stage primarily focuses on algorithm develop-
ment rather than exhaustive biological validation. Additionally, incorporating recent developments
in deep learning—such as graph convolutional neural networks or transformers—could enhance
data reduction and reconstruction mappings. Future research will also delve deeper into the bi-
ological implications of the identified biomarkers. By collaborating with biologists, we aim to
understand the roles these biomarkers play in infection progression and host immune responses,

potentially contributing to the development of new therapeutic strategies.
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