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ABSTRACT 

STRUCTURE or STABLY STRATIFIED 

TURBULENT BOllNIJJ\RY LAYER 

The structure of ,1 st.ibly st ratifi_cd thick boundary layer 

developed in a metero Io~ i c~il wind tunnc I is investigated experimentally. 

Measurements of mean velocity, mean temperature, turbulent intensities, 

shear stress, heat fluxes and turbulent spectra made at a station 78 ft. 

from the leading edge are reported. Turbulent quantities were measured 

by using different hot-wire probes; the measurement technique which is 

a modification of the procedure suggested by Kovasznay (1953) is des­

cribed. The results show that stability greatly reduces the turbulence 

in the boundary layer. 

The structure of the wall layer is discussed in the light of 

Monin and Obukhov's (1954) similarity theory and Ellison's (1957) theory. 

The results are also compared with previous measurements in the labora­

tory and in the surface layer of the atmosphere in stable conditions. 

It is shown that mean flow and turbulent characteristics of the wind 

tunnel boundary layer are well described by the similarity theory, and 

that this theory provides a good basis for the wind tunnel modeling of 

similar characteristics of the atmospheric surface layer. 

Measured spectra of lateral and vertical velocity fluctuations 

are shown to agree with Kolmogorov's (1941) similarity theory irrespec­

tive of the stability. The results are compared with Heisenberg's 

(1948) theory for the equilibrium spectra. Spectra of temperature 



fluctuations are shown to have similar form in agreement with Corrsin's 

(1951) theory. No buoyancy subrange could be identified in any of the 

spectra. 
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Chapter I 

INTRODUCTION 

A fluid is considered to be stratified when its mass density 

varies with height. The changes in fluid density may occur due to 

changes in temperature, salinity, or some other cause . When density in­

creases with height, a fluid particle having moved upwards or downwards 

from its position of equilibrium will be subjected to a buoyancy force 

which wi ll try to move it farther away. This type of stratification is 

called gravitationally unstable. If densi t y decreases with height, on 

the other hand, the buoyancy force on the shifted particle will try to 

bring it back to its equilibrium position, and the stratification in that 

case is called stable. 

Density stratified flows are abundantly met in nature, e.g . , in 

the atmosphere, ocean, tidal channels, etc. When stratification is 

caused by inhomogeneities in the t emperature field, it is commonly re­

ferred to as thermal stratification. Not in all temperature varying 

fluid flows are buoyancy forces important. For example, in most of 

laboratory heat transfer studies, where temperature gradients are small, 

stratification effects are found to be negligible. A quantitative 

measure of the effect of buoyancy forces on the flow regime is the 

Richardson number. The Richardson number for the above-mentioned 

studies happens to be ver~, small. However, it is not generally this 

small for the atmospheric flows of me t eorological interest, in which 

stratification effects must be considered. Therefore, it is not 
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surprising that most of the experimentai and theoretical work on 

thermally stratified flows has been done in connection with the atmos­

pheric boundary layer . 

Sufficient interest in measuring turbulence in the atmosphere 

developed only after 1950; earlier data pertain almost exclusively to 

the mean velocity and temperature distribution. Theoretical develop­

ments came even later. A comprehensive similarity theory was put forward 

by Monin and Obukhov (1954), which for the first time provided a theo­

retical framework for the presentation and mutua comparison of data from 

different sources. Other theoretical models based on the dynamical 

equations have been proposed by Ellison (1957), Townsend (1958), and 

Monin (1965), among others. Sufficiently accurate and simultaneous 

measurements of turbulent intensities and fluxes have not been available, 

however, to verify, conclusively, the results of these works and various 

assumptions involved in obtaining them. It is felt that laboratory 

studies, in which the conditions of the model flows can be artificially 

created, will, perhaps, be more useful than field studies for checking 

and supplementing the results of the existing theories, and for develop­

ing new ones. Not only can flow conditions in the laboratory be main­

tained steadily for a sufficient time to take accurate measurements, but 

als o these conditions can be systematically varied whenever necessary. 

Only very few laboratory studies of the stratified fluid flows 

exist. Ellison and Turner (1959, 1960) investigated the entrainment 

characteristics of a mixing layer of salt solution in a rectangular pipe, 

Webster (1964) studied the effect of stability on the turbulent inten­

sities and turbulent fluxes at the center-line of a wind tunnel where 

mean velocity and temperature varied linearly. His data, however, 
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showed some peculiarities of the particlilar wind tunnel in that 

extremely high values of the ratio KH/KM were Qbserved, and the flow 

in the wind tunnel appeared to be highly developing. 

The present study of the thermally stratified boundary layer in 

the Fluid Dynamics and Diffusion Laboratory at Colorado State Uni versity 

has been undertaken as part of a long- time project which aims at labora­

tory simulation of vari ous atmospheric phenomena, viz., mean velocity and 

temperature profiles, turbulent intensities and scales, and turbulent 

diffusion. The requirements of such modeling and some previous experi­

mental work in the meteorological wind tunnel designed for this purpose 

have been r eported by Cermak, et~-, (1966) . Plate and Lin (1966), and 

Chuang and Cermak (1966) showed that the ve l ocity profiles in the wind 

tunnel are similar to those observed in the atmospheric surface layer 

and are in good agreement with Monin and Obukhov ' s (1954) similarity 

theory. This earlier success in establishing a preliminary basis for 

the modeling of mean velocity profiles encouraged the present study of 

turbulence structure in a thermally stratified boundary layer, the pri­

mary objective of which is to see whether a similar basis for the model­

ing of the turbulence structure also exists. It will be shown that this 

indeed is the case. The results of the present measurements will also 

be used to verify some of the results and assumptions of Ellison's (1957) 

theory. Finally, the results of the measured one-dimensional spectra 

of velocity and temperature fluctuations will be presented, and these 

will be compared with Kolmogorov's (1941) similarity theory for small 

scale turbulence. 
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Chapter II 

THEORETICAL AND EXPERIMENTAL BACKGROUND 

Most of the research on thermally stratified flows has been done 

in connection with atmospheric and oceanographic studies. A brief re­

view of the various theoretical and experimental works is given in this 

chapter. Some earlier measurements taken in the laboratory flows are 

also discussed. The need of more comprehensive experiments in the labo­

ratory to verify and improve upon the existing theories and to develop 

new ones is emphasized. The relevancy of the present experiments is 

brought out in this connection. 

2.1 Dynamical Equations: 

The two dimensional boundary layer flow of a thermally 

stratified fluid is considered. The fluid is assumed to be incompress­

ible although the density is not uniform . This means that the changes 

in the density are entirely due to changes in temperature, not to changes 

in the pressure. Then, the density and temperature fluctuations are 

simply related as 

p 
P' = - 'f t' 

in which p is the mean density, T the mean absolute temperature; 

and p' and t' are respectively the fluctuations in p and T. 

(2- 1) 

Let U, V and W denote the components of the mean velocity, 

and u' 
' 

v' and w' corresponding fluctuations in x, y and z 

directions. Then, the conventional boundary layer approximation for two 

dimensional mean motion in x, z-plane gives the following equations: 
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au + u au w au 1 aP a
2
u a (u'w ') + E- - +v -a -2 at ax p ax az (2 - 2) z 

aT dT aT a
2
T 

at + u ax + w az = a TT a (w't') (2- 3) 
z az 

au aw 
0 ax + az = (2 -4) 

in which v and a are molecular diffusivities of momentum and heat. 

For turbulent motion, following the scheme of Lumley and 

Panofsky (1964), or Monin and Yaglom (1965), equations can be developed 

for any arbitrary number of single point statistical moments. These 

constitute, however, an unclosed system. Of special importance are the 

equations for the second moments which include the energy equation. With 

an additional assumption of plane-homogeneity which is reasonable for a 

well-developed boundary layer, 

7 11 w , u w ' t'2 
' 

u 't' and w't' 

1 ~ a [ 1 ,2 , 
2 + 2 u w at az 

;w.,_,_2 r 
L a I 1 

v 12w1 
2 + az 2 at 

1 aw12 [ ~ a 1 
-i at + 2 w az 

the following equations for 

can be obtained. 

1 au 12] 1 au' - 2 \I = p' 
ax' az p 

-,-, au 
-uw - - E a z 

av' 2 l 1 1 av' - 2 v ~ = 2 p' ay 

1--

u' 

- E 

! \/ aw I 21 = 1 aw I + - w'p' pp'~ p 2 az _; 

+ g 
w't' 'f E 

w' 

(?.-5) 

v' 
(2-6) 

(2- 7) 
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au'w' a 2 1-- au'w'] 1 aw I au' 
--+ az u'w' + - u'p'- V = p'(-- + ~z) at p az p ax 

-2 
at I a [ ,,zw, --+ az at 

au•t' a [ 
~ + az u't'w' -

w'2 au g 
az + T 

a 
at•2 ] = -az 

au' 
V t 1 

-- - a az 

au 
az 

aw' t' a [ 2 1 7it°"" + az W
1 t' + p p 1 t 1 

- V 

= 
1 
p 

at I 
p'-- -az 

7 aT 
w az 

u't' - E: u'w' 

2 w't' 
aT 
az -

U I at I ] = 1 
az p 

E:t' 

at' 
p'-­ax 

t' aw' a w1~'] az - az 

(2-8) 

(2-9) 

(2-10) 

(2-11) 

The dissipation terms E:t' etc., are given by: , 

= 
V [( :~• r (

au, l 2 + -- + ay 

= af( !!.')2 + (~')2 + (~']
2

] L ax ay . az 
(2-12) 

and so on. 

On the left-hand side of Eqs. (2-5) through (2-11), the first 

term represents t he time rate of change of the turbulent quantity in 

question,which vanishes under steady state conditions. The various terms 

in the bracket of the second term are due to transport by diffusion. Of 
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these, the molecular diffusion term is usually negligible except in 

the viscous sublayer close to the boundary. On the right-hand side, the 

fi rst term represents the effect of pressure fluctuations in redistribu­

ting energy among various fluctuating components. This term is absent in 

Eq. ( 2-9) . Terms like au az , etc., are the so-

cal led production t erms which represent the work done by the mean flow 

against the turbulent shear stresses. The absence of production terms in 

Eqs. (2-6) and (2-7) is noteworthy. Thus, the energy is first supplied 

from the mean flow to the longitudinal fluctuations alone; it is then re­

distributed to other components through pressure fluctuation terms. 

Terms containing the buoyancy parameter 

stratification. 

f , are due to ther~al 

Equations (2-5) through (2-7), when added together, give an over­

all turbulent energy balance as 

1 
2 

in which 
-,2 
q = 

.L 
a z 

7 u + 

1 2 1 --
q' w' + -p'w' 2 p 

- u'w' au az + 

-,2 
V + 7 w and 

a 
az 

g w't' r - E (2-13) 

is the total turbulent 

energy dissipation. Much information on the structure of turbulence in 

a thermally stratified boundary layer could be obtained if the magnitude 

of various terms in the dynamical equations could be determined. But 

such a complete determination has not been possible so far even for 

simpler unstratified boundary layer flows. Measurement of pressure 

fluctuation terms has been the greatest obstacle. It is therefore more 

convenient to study the total energy balance where these terms add up to 

zero because of the continuity equation for the fluctuation motion, i.e., 

au 1 /ax + av 1 / ay + aw1 / az = 0. Such studies for neutral boundary layer 
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have been made by Townsend (1951), Klebanoff (1955), and Bradshaw (1967) 

among others. It has been suggested (e.g., Rotta (1962)) that in the 

wall layer diffusion terms are too small and production and dissipation 

must be approximately in balance. But, in the outer layer, diffusion 

terms might be important. 

For stratified flows the additional term due to buoyancy is 

present. The effect of buoyancy on the energy balance is described by 

the flux Richardson number defined as 

= 
g wit' 
r -- au u'w' -az 

(2-14) 

If one formally defines the turbulent diffusivities of heat and 

momentum as 

w't' 
KH = ---wr-

az 
and 

u'w' 
KM = au 

az 

then, the relation between Rf 

is given by 

R. = 
1 

aT 
g az 

T ( ;~ J2 
= 

and the ordinary Richardson number 

Rf is positive for stable stratification and negative for 

unstable stratification indicating that in the former, energy is 

drawn by the buoyancy from the turbulence and in the latter it is 

supplied to the turbulence. 

(2-15) 

(2-16) 

R. 
1 

(2-17) 
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The energy budget in the atmospheric boundary layer from heights 

of 25 to 100 meters was given by Panofsky (1962). It was shown that the 

term d ( I 2 I) - q w az is important for large negative Richardson number, 

but it is quite small for small Richardson number. For the near ground 

layer, which is not very strongly stratified, Taylor (1952) showed that 

the production and dissipation are the only important terms. Of course, 

for strong stability or instability cases, the buoyancy term will be 

important too. Then, Eq. (2-13) in the absence of diffusion terms and 

for steady conditions becomes 

= 
au az + g w't' r (2-18) 

and can be used to determine dissipation £ , which is extremely diffi­

cult to measure directly. Similarly, Eq. (2-9) can be written as 

= 2 w't' oT 
az 

which can be used to determine 

(2-19) 

"dissipation" £ t I ' 
of the mean square 

temperature fluctuations in the region where diffusion terms are likely to 

be small. For a flat plate boundary layer, Eqs. (2-18) and (2-19) may be 

expected to be valid for f ..::._ 0.1 , excluding, of course, the viscous 

sublayer. All terms except £ in Eqs. (2-18) and (2-19) have been meas­

ured in the present study. During discussion of results the value of 

£t' as determined from the measured spectra of temperature fluctuation 

will be compared to that obtained from Eq. (2-19). 
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2.2 The Effect of Buoyancy on Turbulence: 

Stewart (1959) has examined the effect of buoyancy forces on 

turbulence by considering Eqs. (2-5) through (2-11) without the rela­

tively unimportant diffusion terms. Under conditions of stable stratifi-

cation, buoyancy directly acts on vertical fluctuations to reduce 7 w 

as in Eq. (2-7), which then affects, in the same sense, -u'w' and 

u• 2 respectively, through Eqs. (2-8) and (2-5). Since the energy to 

v' 2 and w ' 2 is transferred from u 1 2 by pressure fluctuations, a 

decrease in u• 2 will be reflected in the further reduction of w12 and 

also of 7 V The above cycle will be repeated until a new equilibrium 

has been reached. This simple mechanism is by no means complete and has 

to be modified somewhat by diffusion terms. But, the fact that the 

effect of buoyancy is to suppress the turbulence as a whole, rather than 

the vertical component alone, is clearly brought out. Still, the effect 

on the vertical component is more significant than on other components, 

which causes anisotropy under strongly stable conditions. 

Stewart's (1959) physical arguments about the relative efficiency 

of the pressure fluctuation mechanism and the decay mechanism further 

led him to the conclusion that the maximum possible value of Rf under 

stationary conditions should be considerably less than unity. This has 

been supported by all the experimental measurements of Rf' although an 

agreement on what the maximum value should be, has not been reached. 

This maximum value of Rf has been referred to as critical flux 

Richardson number Rf , by Ellison (1957) and Townsend (1958). 
er 

According to Townsend, the critical condition arises from a 

failure to achieve equilibrium in the interactions between the 
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temperature (buoyancy) field and the turbulent motion. He explains it 

by expressing production, buoyancy and dissipation terms, for given 

gradients of mean temperature and velocity, as proportional to 1 , 
1 
2 

and { - 2owers of the turbulent intensity, respectively. Further, it 

is explained that introduction of radiative transfer may change this 

critical condition . For a non-developing constant flux layer near a 

restraining boundary, Ellison (1957) has estimated a value for Rf ~0.15, 

after making some assumptions regarding the ratio q 12 /w 12 and th~rrela­

tive destruction of t 12 and q 12 in the imagined absence of their pro­

duction terms. Experiments of Ellison and Turner (1959) in the mixing 

layer of salt and fresh water in a pipe also have been shown to favor a 

value of Rf .::_ .15 
er 

Analysis of Proudman (1953) of data from the gulf 

of Kattegat, on the other hand, indicated a value of R = 0.3. 
fer 

It has been pointed out by Ellison (1957) and Stewart (1959) that 

the ratio ¾t/K8 increases with increasing stability and it becomes 

very large near the critical value of Rf so that, there need not be 

any limiting value of R .• 
1 

Reporting on some measurements of J,S. 

Turner in the Cavendish Laboratory, Townsend (1958) has suggested that, 

near critical conditions, the motion may take the form of irregular gra­

vity waves in which the transfer of momentum is much more intense than 

the transfer of salinity (or heat). Stewart (1959) points out that it 

is doubtful whether satisfactory results can be obtained by treating such 

a motion as turbulence in the ordinary sense. 
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2.3 Theories of Turbulence in a Stratified Fluid: 

2. 3.1 The Monin-Obukhov Similarity Theory: 

Atmospheric turbulence data have often been presented in 

the framework of the similarity theory of Manin and Obukhov (1954). The 

basic assumptions are that the flow is homogeneous in the flow direction 

and fluxes remain essentially constant with height. Then, consideration 

of the pertinent variables leads to the following length, velocity and 

temperature 

L = 

V = s 

and T* = 

in which u* 

scales: 

3 
ut. 

K _g_ (Ho ) 
T pc 

p 

u* 

Ho 
pc KU* p 

= h
0

/p 

' 

is the so-called shear velocity, and H 
0 

(2-20) 

is 

the wall heat flux. The length scale L is called Monin-Obukhov length. 

According t o the Monin-Obukhov similarity theory, all the mean 

flow and turbulent quantities when nondimensionalized by a proper combi­

nation of L, u* and T* , must be universal functions of the stratifica­

tion parameter f 
Thus, for the mean velocity and temperature profiles, the theory 

predicts 

s KZ au 
<I> ( 

z 
) (2-21) = - = I. u* az ' 

and 

R 
z aT 

<PT ( ~) (2-22) = 1\ az" = L 
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which o integration give 

u* [ z ] z ( ref) U(z) - U(z f) = f Cy;- ) - f re K L 
(2-23) 

and 

[ fTC[l 
z ] T(z) - T(z f) = T* - fT ( ref) 

re L 
(2-24) 

In Eqs. (2-23) and (2-24), z is a reference height which can be ref 

taken as some appropriate fraction of L 

Universal functions f(f) , etc., cannot be predicted by 

the simi l arity theory alone. It has not been possible to determine the 

form of these functions from other theoretical considerations. Only 

z their behavior in the asymptotic sense of L + ± 00 has been predicted 

(see Monin and Yaglom (1965)). 

The so-called log-linear law has been suggested as a first 

approximation of the Eqs. (2-23) and (2-24) . It can be expressed as 

u. [ z 
[ z 

- z )] U(z) - U(z f) = ic in -- + s ref re z ref L 
(2-25) 

T* [ i n ST ( 
z z I l U(z) - T(z f) = z + - ref 1 re - L I_ z ref 

(2-26) 

in which S and ST are empirical constants. There has not been 

much agreement in the values of these constants as reported by different 

authors. A detailed account of the results from the atmospheric data 

has been given by Monin and Yaglom (1965). It is noted that only in a 

very few cases have L , u* , and T* been determined from direct 

measurement of fluxes. For stable conditions Taylor (1960) and 
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Takeuchi (1961) report values of B ranging from 2 to 10. 

McVehil's (1964) results indicate a value of 7 . An earlier set of 

measurements by Plate and Lin (1966) in the Army Wind Tunnel at Colorado 

State University also favor a value of 7 . 

Other important results of the similarity theory as applied to 

the turbulent flow are, among others: 

R. 
l. 

KH 

~ 

== 

== 

== 

j u'2 

u* 

F3 

== fl 

(~) 
L 

(~) 
L 

(~) 
L 

z 
(L) . 

(2-27) 

(2-28) 

(2-29) 

(2-30) 

(2-31) 

(2-32) 

Functions F1 , F2 , etc., must be rmiversal. Not many laboratory 

experiments have been reported to check these results. Ellison's (1962a) 

measurements in grid heated air show only little effect of the heat flux 

on the ratios of the velocity fluctuation components and on the shear 

stress correlation coefficient, but strong effect on the heat flux cor­

relation coefficient. From the atmospheric boundary layer, measurements 

supporting the theory have been reported by Mon in ( 1962) , and by Monin 

and Yaglom (1965). More recent results of Klug (1965), Mordukhovich 
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and Tsvang (1966), and Cramer (1967), who used measured fluxes, generally 

support the similarity theory. The experimental scatter, however, are 

too large to yield any well-defined universal functions. In some cases, 

height dependency is also noticeable. I t needs to be shown that the 

stability parameter z '[ also correlates turbulence data from laboratory 

flows. This is of utmost importance from the point of view of atmo­

spheric modeling, the requirements for which have been discussed by 

Cermak, et al. (1966). 

It will be shown in Chapter IV that the present measurements of 

turbulence in a stably stratified boundary layer are in good agreement 

with the Monin-Obukhov similarity theory. The results will be compared 

with those obtained from the near ground layer of the atmosphere. 

2.3.2 Other Theoretical Models: 

Similarity theories are based on dimensional considerations, and 

as such cannot predict the exact form of the universal functions. These 

functions have to be determined empirically from observed data, or theo­

retically from consideration of dynamical equations. The latter approach 

has been followed in somewhat different ways by Ellison (1957), Townsend 

(1958) and Monin (1965). Diffusion terms have been neglected in all 

these models. 

Ellison considered the flow over an infinite rough plane. It is 

assumed that the shear stress and the heat flux in the layer considered 

remain constant with the height z . He considers the dynamical 

Eqs. (2-9), (2-11) and (2-13) without the diffusion terms, and introduces 

decay times and for t 12, ~ and w' t' such that in the , 

absence of production terms these quantities would begin to be de-

strayed at rates 
1 
T , etc. 

1 
That is, and T 3 

are defined as 



+ 

+ 

7 w 

aT 
az = 

16 

0 

au az - g w't' T 

aT g az - T 

(2-33) 

= 0 (2-34) 

= 0 (2-35) 

From Eqs. (2-33) through (2-35) , the following expressions for 

the ratio KH/KM and the heat transfer correlation coefficients yw't' 

are obtained. 

7 7 [ 1 - Rf ( 1 + 
Tl q ,2 ) ] 

KH q w r ,2 

KM 
= 

4 ( -2) [ 1 -
21 2 u* T3 Rf ) 

( 1 + 
Tl 7 l 1 - Rf 

q 
T2 

= (w't 1)
2 --2 

2 w' 
Yw't' = 

w-;I t 12 Tl 
2 - ( 1 - Rf) 

T3 

Further, assuming that and rema ·n in roughly fixed 

ratios even as these vary with stability, and that 
Tl 

"' 1 and 
T2 

5.5 Ellison obtains from Eq. (2-36) a value of 

(2-36) 

(2-37) 

Rf "' 0.15 
er 

It has been suggested that might be even smaller 

as the ratio may increase near critical conditions. But, 

of course, T
1
/T2 may also vary with stability which can only be deter­

mined from experiments. Another assumption regarding the value of 
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T
1
/T

2 
in Eq. (2-37) leads to the prediction of Yw't' = 0.3 in 

the near-neutral conditions. Based on the assertion that T2 is deter-

mined by typical length and velocity scales of the turbulence, and tak­
--2 k 

ing (q' ) 2for the velocity scale, Ellison defines a length scale 

--:-r k 
LM = T 2 (q I ) 2 It is predicted that LM will be proportional to z 

in unstable and neutral conditions and proportional to L in very stable 

conditions. Another length defined as LH = (t 12 )½/ :! , will give 

some idea of the vertical distance traveled by fluid particles before 

either returning towards their equilibrium level, or mixing. 

Experimental verification of Ellison's results and the assumptions 

in the model has not been made, so far, under proper conditions of the 

model. Webster (1964) discussed the theory in the light of his measure­

ments in a stably stratified flow taken at the centerline of the wind 

tunnel. After passing the air through heating and shear grids, almost 

linear velocity and temperature profiles were obtained in the neighbor­

hood of the centerline. It appears that Webster's flow regime is hardly 

the same as visualized in Ellison's model which assumes a constant flux 

layer near a restraining boundary. Requirements of the model flow have 

been more nearly realized in the present experiments. Complete verifica-

tion of the theory requires measurement of 7 u 7 
V ' 

7 
w ' 

u 'w' and w 't' in the constant flux layer, in addition to the mean 

velocity and temperature profiles. This has been accomplished, and the 

results will be discussed in Chapter IV. 

Townsend (1958) has considered the turbulent flow in a stably 

stratified fluid far from the restraining boundaries. In contrast to 

Ellison's (1957) flow regime, Townsend assumes his flow to be homo­

geneous in the direction of shear and inhomogeneous in the direction 
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of fl ow. The equat ions of energy and mean square temperature 

f l uc t uat i ons are considered, and dissipation terms in them are expressed 

in terms of two length scales. After introducing some simplifying as-

1 sumptions, Townsend predicts a value of Rf = 2 Furthermore, it 
er 

is concluded that the turbulent intensity will be finite in the critical 

flow, and that a sudden collapse of turbulent motion will occur as the 

limit is crossed. 

In another theoretical model, Monin (1965a) assumed a flow 

regime similar to that of Ellison, considering at the same time the com­

plete set of dynamical Eqs. (2-5) through (2-1) . A semi-empirical hy­

pothesis is used to express the pressure fluctuation terms in terms of 

Reynolds stress, e.g., 

(
au' p' - + az 

aw' ' 
1 - - B u 'w' ax - 1 

(2-38) 

etc., in which B1 is a positive coefficient. Monin obtains the fol­

lowing equations from the solution of Eqs. (2-5) through (2-8). 

-;:r '), 
~ ! 

(2-39) 

It is pointed out by Monin that u't' is probably too small, so that 

the right-hand side in Eq. (2-39) may be approximated by two. However, 

simultaneous measurements of u't' and w't' in the atmosphere, by 

Zubkovski and Tsvang (1966), and by Zubkovski and Kravchenko (1967), 

i ndicate that u't' is, in fact, several times -w't'. 
. u't' 

The ratio- -
w'"·t 1 

shows a tendency to increase as stability increases. It will be shown 
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during discussion of the results that the present measurements also 

confirm the above mentioned results from observations. Therefore, it 

appears that Monin's assumption that u't' is negligible is not jus­

tified at least for stable conditions. 

Monin 's use of another hypothesis that £, Et ' , etc., are com-

pletely determined by ?" - 2 
t' , and the turbulence scale t, leads 

him to obtain an interesting relation 

~ 
C 

2 
( 1 + 

g u•t•
2

) (2-40) 
~ 

= Yw't' T 
B1u* 

in which C is a constant. 

2.4 Turbulence Spectra In a Stratified Fluid: 

In section 2.1 the spatial budget of energy in a stratified shear 

flow was discussed. More significant information on the turbulence 

structure is obtained from consideration of the spectral energy budget 

which describes the distribution of energy among eddies of various sizes. 

While much of the work done in this direction for unstratified fluids 

(see e.g., Batchelor (1953a) and Townsend (1956)) is relevant also for 

stratified fluids, added effects of buoyancy must be considered in the 

latter case. 

2.4.1 Spectral Equations: 

Bolgiano (1962) first presented a theoretical model for the 

spectrum of energy in a plane homogeneous flow of stably stratified 

fluid. In his work, the effect of anisotropy arising from the effect of 

buoyancy in energy removal from vertical velocity fluctuations is 
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considered, and spectral equations of mechanical and thermal energy are 

derived. A more· detailed derivation of the spectral energy equations 

has been given by Lumley (1964b) who brings out the complicated nature 

of spectral transfer terms. 

Following Phillips (1965), the energy equations in the wave num­

ber space for two dimensional, steady, plane homogeneous flow can be 

written as 

N.(hl= 
az 

au a g 2 
S (k) az - ak e:' (k) +yH(k) - 2v k E(k) (2-41) 

aQT(k) "T 
--=-H(k) 0 

az az 
a 2 
ak e:'T (k) - 2ak ~T(k) (2-42) 

in which E(k) is the three dimensional energy spectrum and ~T(k) the 

corresponding temperature fluctuations spectrum. In Eqs. (2-41) and 

(2-42) the term on the left-hand side is due to diffusion in the phys­

ical space. On the right-hand side, the first term is the production 

term: S(k) and H(k) being respectively the co-spectrum of -u'w' and 

w't'; the second term represents spectral transfer of energy; and the 

last term is viscous dissipation . The appearance of an additional term 

H(k) in Eq, (2-41), is due to the effect of buoyancy. 

2.4.2 Form of Equilibrium Spectrum: 

The so-called equilibrium range of the spectrum is char­

acterized by eddies of sizes much smaller than the scale of energy 

containing eddies. According to Kolmogorov's (1941) theory, the 

structure of such eddies remains largely unaffected by the large scale 
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motion. This leads to a universal form of the spectrum in the 

equilibritnn range. Then Eqs. (2-41) and (2-42) are reduced to 

; k e: ' (k) + ~ H(k) - 2\) k
2 

E(k) = O 

ar a 2 
- H(k) az - al< £1 T (k) - 2ak ~T(k) = 0 , 

(2-43) 

(2-44) 

The terms containing H(k)have been retained in the above equations 

to include any possible buoyancy subrange i n which H(k) is not negligi­

ble, but S(k) is negligible. 

Some progress toward solving Eqs. (2-43) and (2-44) can be made 

only after assuming some hypothetical relations for spectral functions 

e:'(k) and e:'r (k). Even then it has often been found necessary to 

further approximate these equations for certain, rather vaguely defined, 

sub-ranges, and thus, determine the shape of the spectrum in a piece­

wise fashion. This requires the usual assumption of very large 

Reynolds number. 

A. Inertial and Convective Subranges: 

Most important of the above-mentioned spectral subranges is the 

so-called inertial subrange in which the energy is presumably trans­

ferred from low to adjacent high wave numbers without any loss or gain. 

The corresponding subrange in the spectrum of temperature fluctuations 

is called "convective subrange". According to Kolmogorov' s theory, a 

three-dimensional energy spectrum in the inertial subrange must have 

the form 

E(k) = A £2/3 k-5/3 (2-45) 
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and the corresponding one-dimensional spectrum of u' - component, the 

fonn 

2/3 -5/3 
=al£ kl (2-46) 

where A and 18 a 1 = 55 A, must be universal constants. In Eq. ( 2- 46) , 

is the one-dimensional wave number related to frequency as k = 2,rf 
1 U . 

The results of the theory have been verified by measurements of Grant, 

Stewart, and Molliet (1962) in a tidal channel; by Gibson (1962) in an 

air jet; by Kistler and Vrebalovitch (1961) in grid turbulence; and by 

Pond, Stewart and Burling (1963) and Zubkovski (1962) in the atmosphere. 

The value of the constant a
1 

has been found in the range of 0.50 ± 

0.05. In fact, a -5/3 behavior has been observed also in a variety of 

other measurements in the laboratory and in nature. The universality 

of the constant a1 , however, has been questioned by Lumley (1965b) who 

reported on the measurements by Margolis and Lumley (1965) in a curved 

turbulent mixing layer to show that a
1 

could deviate significantly 

from its supposedly universal value of about 0.5 depending upon the 

ratio of production to dissipation. It has also been suggested by him 

that similar deviations could occur under conditions of strong stability 

and instability. In a later article by Wyngaard, Tennekes, Lumley, and 

Margolis (1968), however, it has been pointed out that some serious 

errors had occurred in measurements of Margolis and Lumley (1965), and 

therefore, Lumley's remarks questioning the universality of the constant 

were incorrect. 

The present results of one-dimensional spectra of v' and w' 

wil 1 be presented in Chapter IV. These wi 11 be dis cussed in the light 

of Kolmogorov's similarity theory. 
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Cor rsin (1951) has extended Kolmogorov's ideas of local isotropy 

to detennine the fonn of the temperature fluctuations spectrum i n the 

r egion whe r e convective and inertial subranges overlap. It is given by 

A~ -1/3 -5/3 
¢T (k) = -T Et' E k (2-47) 

in which Ar is a universal constant. A value of 0.35 for t he ~onstant 

for the corresponding one-dimensional spectrum ¢t, (k 1), has been 

given by Gibson and Schwarz (1963). 

Inertial and convective subranges will coincide only when the 

Prandtl number is unity. For very small and very large Prandtl numbers, 

the form of the temperature spectrum in the non-overlapping range has 

been determined by Batchelor (1959), and Batchelor, Howells, and 

Townsend (1959). 

B. Viscous Subrange: 

For wave numbers larger than those characterized by inertial or 

convective subranges, Eqs. (2-43) and (2-44) reduce to 

E 1 (k) - 2vk
2 

E(k) = 0 (2 - 48 ) 

2 
E'r(k) - 2ak ¢T (k) = 0 (2-49) 

The solutions of Eqs. (2-48) and (2-49) essentially depend on 

the additional hypotheses that must be made for still unknown spectral 

flux functions E'(k) and E'r (k). Classical examples are those of 

Obukhov (1941), Heisenberg (1948), and Kovasznay (1948). 
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Heisenberg's eddy viscosity approximation leads to a behavior for 

the spectrum in the large wave number region. Chandrasekhar (1949) has 

generalized Heisenberg's treatment to obtai n a form of the spectrum in 

the transitional range. Kovasznay's (1948) hypotheses leads to a form 

of the spectrum with a finite cutoff wave number. A simple modification 

of his model by Pao (1965) leads to a spectrum with exponential trail. 

Models proposed by Ellison (1962b) and Kraichnan and Spiegel (1962) also 

have exponential high frequency ends. For the spectrum, of temperature 

fluctuations Corrsin's (1951) extension of Heisenberg's theory also 

leads to k- 7 behavior. The form of the spectrum in the vicinity of 

Kolmogorov wave number ( \)
E3)1/4 

k = , does not seem to be very sen-
s 

sitive to the assumed relation for the spectral flux, and most of the 

proposed models represent the experimental data adequately. It will be 

shown in Chapter IV that measured spectra of v', w', and t' show 

k- 7 behavior as predicted by Heisenberg's theory . For very large wave 

numbers, however, validity of various models is doubtful. 

C. Buoyancy Subrange: 

A buoyancy subrange might precede the inertial subrange of the 

spectrum in stratified fluids under certain special circumstances. 

For stable conditions two theories, one by Bolgiano (1959, 1962) and 

the other due to Lumley (1964a, 1965a), have been proposed. These two 

theories are based on different physical premises and lead to different 

predictions about the spectral forms. The former predicts a k-ll/5 

and k- 7/ 5 behavior, and the latter k- 3 and k-l behavior for the 

energy and temperature spectra, respectively. According to Lumley 

(1965a), a buoyancy subrange can exist only in either old decaying 
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turbulence or under strong inversions driven by flux divergence. In 

steady shear flows as in the present case, no buoyancy subrange is 

expected. Measurements in the atmos.pheric surf ace layer, as well as 

those of the present study to be presented in Chapter IV, confirm this 

conclusion. 

2.4.3. Turbulence Spectra from the 
Similarity Theory of Monrn -and Obukhov: 

Most of the atmospheric data given by Russian workers, 

(e.g., Gurvich (1960), Tsvang (1960), Zhubkovski (1962), etc.,) on the 

turbulent spectra under stratified conditions have been presented in the 

light of the Monin-Obukhov (1954) similarity theory. Accordingly, the 

dimensionless spectra of various turbulent quantities must be some uni-

fz versal function of dimensionless frequency U and stability parameter 

z T This theory should be valid for the part of the spectrum outside 

of the dissipation range as against Kolmogorov's theory which should be 

valid for the dis.sipation range but not for the energy containing range. 

The form of the spectrum in the inertial subrange is the same for both. 

Cramer (1967) reports that results of similarity normalization for 

v', and w' spectra in the atmosphere are quite successful for un­

stable stratification, but unsatisfactory for stable stratification. 

2.5 The Need of Laboratory Studies: 

u' , 

The foregoing discussion has summarized the existing theoretical 

and similarity models for describing the turbulence in thermally strati­

fied flows. These models have been developed primarily for the purpose 

of studying the near ground layer of the atmosphere in which the 

assumptions of plane homogeneity of flow and constant fluxes appear to 
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be f airly well realized if the terrain is flat and uniformly rough. 

Still, a great number of variables met under natural conditions make 

it almost impossible to check the finer points of the theory, and to 

provide some missing links, viz., the value of empirical constants or 

the precise form of the universal functions, etc. From this point of 

view alone, it is necessary to study model flows in the laboratory. 

The ultimate aim, of course, would be modeling of various atmospheric 

phenomena once the preliminary bases for similarity between atmospheric 

and model flows have been established. The meteorological wind tunnel 

at Colorado State University was designed and built for this purpose 

in 1962 (see Plate and Cermak (1963)) and continuous efforts have been 

made in this direction since then (see Cermak, et al., (1966)). 

Plate and Lin (1966) have shown that velocity distributions in 

the wind tunnel are in good agreement with the Monin-Obukhov similarity 

theory; the value of the empirical constant e is found to be the 

same as determined from measurements in the atmospheric surface layer. 

This surprising success in establishing a modeling basis for the mean 

velocity by using L as length scale led further to a program (see 

Arya and Plate (1967)) of study of the turbulence structure in the 

stratified boundary layer. The present study was conducted broadly in 

keeping with this program. It will be shown in the discussion of the 

results that the Monin-Obukhov similarity theory does in fact provide 

a good basis for modeling of turbulent intensities and other turbulent 

characteristics. Other theories will also be discussed in the light 

of measurements made in the course of the present study. 
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Chapter III 

EXPERIMENTAL EQUIPMENT AND MEASUREMENT PROCEDURE 

This chapter gives a brief description of the equipment used in 

the present study, and the procedure and techniques for each set of 

measurements. Emphasis is given to turbulence measurements. Sources 

and nature of experimental errors are discussed, and corrections 

mentioned, where applied. All experimental work was done in the Fluid 

Dynamics and Diffusion Laboratory of Colorado State University. 

3.1 Wind Tunnel: 

Experiments were performed in the thick boundary layer of the 

U.S. Army Meteorological Wind Tunnel (Fig. 1) at Colorado State Univer­

sity. This facility has been described in detail by Plate and Cermak 

(1963). The boundary layer was developed along the floor of the 80 ft 

long test section with a 6 x 6 ft cross section. At a distance of 

40 ft from the test section entrance, the test section floor changes 

from plywood to a 40 ft long a luminum plate which can be heated or 

0 cooled from below to any temperature between 20 and 350 F. An air 

conditioning system allows for the ambient air temperature to be main­

tained between 40 and 160°F. For the present study, the temperature 

0 
of the plate was held at about 40 F and that of the air outside the 

0 
boundary layer at 120 F. Boundary layers with free stream velocities 

of approximately 30, 20, and 10 fps were studied. These cover a range 

of stabilities from nearly neutral to moderately stable. 
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The adjustable ceiling of the wind tunnel was set to obtain zero 

pressure gradient. TI1e boundary layer was artificially tripped by a 

saw tooth fence which was preceded by a 6 ft section of 1/2 in. gravel 

roughness placed around the perimeter. This was done in order to ensure 

a well developed boundary layer at the measurement station located 78 ft 

from the entrance of the test section and 2 ft before the end of the 

cooled plate. At this station, pitot-static tube, thermocouple and 

hot-wire probes (Fig. 2) were mounted on a vertically movable carriage, 

allowing them to be set at any height above t e floor by remote control. 

3.2 Mean Velocity Measurements: 

A 1/8 in. diameter standard pitot-static tube was used as a probe 

for mean velocity measurements. It was connected by flexible tubing to 

a Trans-sonic Type 1208 Equibar pressure meter (Fig. 3). This instru­

ment was calibrated against a standard Meriam Model 34 FB 2 TM micro­

manometer. No detectable difference was observed between the two within 

the range of the present measurements. 

Because of its sensitivity to dynamic pressure changes due to 

turbulence, it is very difficult to read the Trans-sonics meter accu­

rately. For better accuracy, the mean posi~ion of the pointer was 

determined, for some runs, by integrating the electrical signal output 

from the meter, over a period of four minutes, with the help of a 

specially designed integrator circuit. The circuit was first calibrated 

by putting the probe in the turbulent free stream. 

Sources of errors in pitot-static tube measurements have been 

discussed by Goldstein (1938), Mac Millan (1956) and Sandborn (1966). 

Except very close to the floor, most of these errors are negligible. 
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Correction for the turbulence effects on the pitot-static tube measure­

ments was found, following Goldstein, about -2% at 1/8 in. from the 

wall and much less farther away. Hinze (195.9) has questioned Goldstein 's 

method which assumes lateral-velocity fluctuations affecting the pitot­

tube reading the same way as longitudinal fluctuations, and has sug­

gested that the effect of the former is appreciably less and may be 

even of opposite nature. 

3.3 Mean Temperature Measurements: 

The temperature at any point in the thermal boundary layer was 

measured with a copper constantan thermocouple with its reference 

junction in the ice-bath. The thermocouple e.m.f. was read out on a 

sensitive millivoltmeter. The temperature of the plate was determined 

by a set of thermocouples embedded in the plate. 

Errors in the temperature measurements were also considered. 

Those due to thermal lag of the thermocouple were automatically elimi­

nated by taking point by point measurements and allowing sufficient 

time for the junction to attain a steady temperature. Following the 

method given by Kreith (1965), errors due to thermal radiation from 

the junction to the wall in the presence of forced convection were 

0 
estimated and found to be about 0.8 F and nearly constant through the 

boundary layer. No correction was applied for thermal radiation, since 

it would not affect the relative temperatures in the boundary layer. 
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3.4 Measurement of Turbulence: 

3.4.1 Hot-Wire Anemometers and Related Instrumentation: 

Four types of hot-wire probes were used in the present 

experiments. These were: a thin wire operated as resistance ther-

mometer to measure a normal wire to measure u' t', and 
-2-
11' , 

a yawed wire to measure u'w' and w't' , and an x-wire for measuring 
2 -2-

v' andw'. 

The resistance thermometer consisted of 0.000025 in. diameter, 

0.1 in. long wire, made of 90% platinum and 10% rhodium, with an elec­

trical resistance of about 1000 ohms. It was used with a Wheatstone 

bridge (Fig.4) specially designed to pass a small current of 0.1 m.a. 

or less through the wire. The high resistance of the wire and the 

small current insured that the wire operated essential ly cold and was 

sensitive only to temperature fluctuations. No detectable sensitivity 

to velocity fluctuations could be found. A detailed description of this 

arrangement has been reported by Chao and Sandborn (1964). 

Other hot-wire sensors used in the experiment consisted of 

0.0003 in. diameter, 0.05 in. long, 80% platinum and 20% rhodium wires, 

mounted on 3 
32 in. diameter ceramic probes. A two channel constant 

temperature transistorized anemometer (Fig. 3) designed at Colorado 

State University by Finn and Sandborn (1967) was used. The frequency 

response of this instrument is flat up to 50,000 cps or greater. 

For measuri g rms va lues of the fluctuating electric signals, 

a Bruel and Kjear true rms-voltmeter (Fig. 3) was used. The frequency 

response of the voltmeter is flat within 2-200,000 cps. The instru­

ment can also be used as a calibrated amplifier with a maximum gain of 

60 db. 
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Because of the low level output of the resistance thermometer 

wire, it was necessary to amplify the signal before reading on therms 

meter. _or this purpose, a Tektronics Type 122 low-level Preamplifier 

was used. No amplification was needed for the hot-wire anemometer 

signal except when ·recording it on magnetic tape. 

3.4.2 Measurement Techniques: 

In a thermally stratified flow, fluctuations of temperature 

are encountered in addition to the fluctuations of velocity. Since the 

hot-wire responds to both types of fluctuations at the same time, 

measurement techniques are more involved than with velocity fluctuations 

alone. Methods of measuring turbulence in the presence of temperature 

fluctuations have been pointed out by Corrsin (1949), Kovasznay (1953) 

and Morkovin (1956). 

In the present study, the techniques developed earlier by Corrsin 

(1949) and Kovasznay (1953) were slightly modified to achieve better 

accuracy. In particular, an elaborate direct calibration procedure, to 

be described later, was adopted for determining wire sensitivities to 

velocity and temperature changes, instead of depending on theoretical 

relations which cannot properly take into account all the experimental 

conditions. A more detailed description of the measurement technique 

has been given by Arya anc Plate (1968). 

Following the derivations given by Corrsin (1949) or Sandborn 

(1967), one can write the following equation for the response of a wire 

held in the x-z plane at an angle 8 to the direction of mean flow 

(Fig. 5). 



e' = 
aE 
au 

in which e' 

and 
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u' + 1 aE , + aE t, u ae w ar (3-1) 

represents the fluctuation in the wire output, and 

!~ are respectively the sensitivities of the wire to 

velocity, yaw angle, and the difference in the temperatures of the wire 

and the air. In the following discussion different wire configurations 

are considered for the turbulent quantites that can be measured. 

A. Normal Wire: 

For a normal wire ( 8 90° ), 
aE 

0, it follows from Eq. (3-1) = as -
that 

e' 
aE 

u' aE t' = + au ar 

or 

e' = s u' - S t I (3-2) 
u t 

in which symbols Su and St have been introduced for convenience. 

After squaring Eq. (3-2) and taking time averages one obtains 

y = 
,2 x2 2 u't' X + t'2 u - (3-3) 

in which 

s 
X 

u 
= 
~ and 

~ 
y e 

= 
s2 

t 

(3-4) 

Equation (3-3) is a parabola representing a functional relation­

ship between rms voltage output of the wire and the wire sensitivity 
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parameter X. In principle, the three unknowns u't' and t 12 

can be determined from Eq. (3-3) if three pairs of X and Y are 

measured. In view of probable experimental errors involved, however, 

a more than minimum data procedure suggested by Kovasznay (1953) was 

preferred. Following this procedure 7, u' t' 
-.z 

and t' were determined 

by the least-square method, from 6 to 8 pairs of measured X and 

Y. 
~ 

Although fairly consistent results were obtained for u' , the same 

was not true for u't' and ~ which showed considerable scatter with 

often highly unlikely values in the low turbulence region. The same 

type of difficulties were earlier reported by Johnson (1955). This led 

to a closer examination of the whole procedure. 

The fact that it is very difficult to make reliable measurements 

at low overheat ratios, which would be necessary to obtain small X 

values, offers an explanation for the observed anomaly. For X >> 0, 

the shape of the parabola of Eq. (3-3) is most sensitive to the 

coefficient of x2 less sensitive to the coefficient of , X, and least 

sensitive to the additive constant t 12 , especially when the last two 

coefficients are small, i .e., in the outer part of the thermal boundary 

layer. Unfortunately, large X values are associated with small 

velocities and hence a low level of turbulence. Inversely, if one wants 

to determine the unknown coefficients 7 u , u't' and ~ from , 

measured pairs of X and Y in the region X >) 0, the resluts would 

be fairly reliable for u 12 , less reliable for u't', and least reliable 

for ~- In fact, it is conceivable that even negative values of ~ 

could be obtained because of small errors in measurements. The method 

described in the preceding, therefore, it is not suitable for determining 
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u't' and ? in low speed and low turbulence level measurements. 

As a proposed modification of this method, it was considered 

necessary to make an independent measurement of t 12 by another wire 

operated as a resistance thermometer, and to use this information in 

Eq. (3-3) for determining the remaining two tmknowns 7 and u' t' 

from normal wire measurements. This was found to improve the accuracy 

of results considerably. For this purpose, the two wires, one sensitive 

only to tempeTature fluctuations and the other sensitive to both tem­

perature and velocity fluctuations, were mounted parallel on a single 

probe. The Eq. (3-3), then, can be written as 

z = 7 u x2 - 2 u't' X (3-5) 

in which 

z (~ ~i = 
~ t 

(3-6) 

which can be solved for 7 u and u't' by the least square method. 

For consistent results, 4 to 6 independent measurements of X and 

Y over a reasonably wide range of overheat ratios (1 . 1 to 1.5) was 

found sufficient. This method was used for all the measurements of 

~ 7 
u' u't' and t' reported in Chapter IV. 

B. Yawed Wire: 

It will be shown in the following that wire yawed to the direction 

of mean flow can , effectively, be used to measure turbulent shear stress 

u'w' and heat fl ux w't'. A yawed wire is sensitive to u', w' and 

t' as in Eq. (3- 1). The calibration procedure then would require 
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measurement of 
aE 
ae in addition to and !~ required of a normal 

wire. This is indeed very complicated. 

Some simplification can be obtained if the fact that 
aE 
ae depends 

aE 
on au is considered. If the so-called "cosine law" were valid, the 

relation between the two would simply be 

1 aE 
u ae = 

aE 
au cot e . (3- 7) 

This, of course, is based on the assumption that only that component 

of the velocity which is normal to the wire, contributes to the heat 

transfer. That this is not exactly so has been shown by Sandborn 

(1967), Webster (1962), and Champagne, et al., (1967). It is shown in 

Appendix A that after allowing the parallel component of the velocity 

to play some minor part in the heat transfer from the wire, Eq. (3-7) 

is modified only by a constant factor as 

1 aE 
u ae = C 

aE 
au cot e (3-8) 

in which for a given e , c is a constant close to unity. An esti­

mate for the present experiments gives a value of c = 0.92 for 

e = + 45° (See Appendix A). 

Af ter substituting Eq. (3-8) in Eq. (3-1), one obtains 

e' = s ( u' + C W 1 cot e ) - S t I 
u t (3-9) 

from which follows, when e = 45° 
' 

e' = s ( u' + C W 1 ) - S t I 
1 u t (3-10) 
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and, when 8 = - 45° 
' 

e2 = Su cu' - cw' ) - st t' (3-11) 

Squaring and time-averaging Eqs. (3-10) and (3-11) and subtract­

ing the former from the latter, will result in the following equation: 

zl = - 4 C u'w' x2 + 4 C w't ' X (3-12) 

in which 

2 ef e• 
zl 

2 1 
= 

s2 
t 

and (3-13) 
s 

X 
u = 

st 

Eauation (3-12) is similar to Eq. (3-5) and can be solved to 

determine u'w' and w't' by the least square method from, say, 6 to 

10 measured pairs of X and Y. All calculations were done with a 

IBM-6400 digital computer. The computer program for Eq. (3-5) or 

(3-12) is given in Appendix B. 

C. X - Wires: 

The vertical and lateral components of the velocity fluctuation 

are measured by operati11g two well-matched wires mounted on a single 

probe in the shape of X as in conventional hot-wire anemometry. 

Assuming that the two wires have the same sensitivities, it follows 

from Eqs. (3-9) and (3-10) that 
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e' - e ' = 2 C s w' 
l 2 u 

(3-14) 

or 

p ed 
= 2 C S u 

(3-15) 

in which ed is the rms of the instantaneous difference of the sig-

nals from the two wires. 

Similarly, Q is measured by operating the X-wires in the 

x,y- plane. The method is simple, but it is necessary to insure that 

the sensitivities of the two wires do not differ by, say, more than 5% 

3.4.3 Calibration Procedure: 

The calibration procedure for the hot-wire in the present 

experiments was designed to furnish values of 
aE 
au and in the 

range of velocities and temperatures which the wire encountered during 

actual measurements. For this purpose, a set of calibration curves 

was obtained by placing the wire in the turbulent free stream outside 

the boundary layer and measuring E vs U for various wire tempera­

tures, keeping the air at a constant temperature. From these curves, 

aE 
au was determined by measuring slopes off the E vs u curves, or 

by differentiating a mathematical curve based on King's law or a 

similar power law relation; fitted through the calibration points. The 

latter approach has been found to be more convenient and to give better 

and more consistent results. 

The sensitivity aE 
aT, was similarly measured after replotting the 

clibration dat a in the form of E vs (T - T) for constant U values. w a 

The results of a typica l cal i bration of a 0.0003 inch diameter platinum-
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rhodium wi re are shown in Figs. 6, 7, and 8. The calibration procedure 

was repeated for each new wire and also when the wire calibration was 

found changed during routine checks, which were performed every day. 

3.4.4 Errors in Turbulence Measurements: 

It is known that hot-wire measurements of turbulence are 

subject to various types of errors. Those of random nature occur in 

the process of calibration, reading instruments, alignment of probes, 

etc. Systematic errors are introduced due to finite wire length, 

gradients of velocity and temperature, proximity of solid walls, high 

intensity of turbulence, inadequate frequency response of instruments, 

and due to approximations involved in evaluation and calibration tech­

niques. Most of these errors become large only when measurements are 

made very close to the floor, say, inside the viscous sublayer. The 

present study pertains to the region outside this thin layer. Errors 

due to gradients of velocity, temperature, and turbulent intensity are 

important only in measurements with yawed and X-wires . X-wire 

measurements are furthermore affected by the correlation error due to 

finite separation distance between two wires. For these reasons, yawed 

wire and X-wire results are subjected to a greater uncertainty level 

than those of normal wires. In the absence of any suitable technique 

availabl e for correcting hot-wire measurements in combined temperature­

velocity flow fie l ds, no corrections were applied in the present tur­

bulence measurements. 
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3 .5 Measurement of Frequency Spectra: 

~requency spectra of lateral and vertical velocity fluctuations 

and temperature fluct uations were measured at selected points in the 

boundary l ayer. For this purpose fluctuating signals were recorded on 

FM magnetic tape after proper amplification, and were later analyzed on 

a Bruel and Kjear Type 2109 spectrum ana lyzer (Fig . 3). This instrument 

consist5 essenti al l y of a set of passive filters in the range of 16 to 

10,000 cps . The filters are of octave type varying in band width 

approximately proportional to the central frequency . 

The spectral measurements are subjected to errors due to finite 

wire length, filter band width, and noise. Due to finite length of the 

wire, two or more eddies of small size may strike the wire simultaneously 

with the result that the me as ured power would be larger than the true 

power. For this error to be small, wire length should be small compared 

to the wave length of a particular wave number. The present measure-

-1 ments do not cover wave numbers larger than 1100 ft which is well 

-1 below the value of 1500 ft corresponding to a wave length equal to 

the wire length (0.05 inch ) . No corrections have been applied to the 

present spectral measurements. 
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Chapter IV 

RESULTS AND DISCUSSION 

The results of the measurements in a stably stratified boundary 

layer are presented in this chapter. Some broad characteristics of 

the momentum and thermal boundary layers in the Colorado State 

University Army Meteorological Wind Tunnel which was used for this study 

are discussed. The turbulent intensities in the stratified boundary 

layer are compared with those obtained under neutral conditions . 

Measurements of turbulent fluxes and correlation coeffi cients in the 

lower half of the boundary layer are presented, and the effect of 

stability on these quantities is discussed. Probable errors in the 

measurements are also mentioned. 

Emphasis is given to the so-called wall region of the boundary 

layer. The results of the mean velocity and temperature profiles, 
KH 

turbulent intensities and fluxes, and other parameters such as~, 

Ri' Rf, etc., are presented as functions of the stability paramet er 

z 
r· These are co:-i:pared with the Monin-Obukhov similarity theory and 

also with other measurements in the laboratory as well as in the 

atmospheric surface layer. The nature of various universal functions 

is brought out . The theoretical model by Ellison (1957) is also dis­

cussed in the light of present measurements. Finally, measured one­

dimensional spectra of v', w', and t' are reported; these are 

discussed in the light of Kolmogorov's similarity theory. 

Various parameters of the boundary layer have been summarized 

in Table I . 
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4 .1 Broad Characteritsics of the Boundary Layer: 

A striking feature of the boundary layer which develops in the 

Army Meteorological Wind Tunnel is its large thickness (more than 24 

in. at the measuring station). This makes it specially suitable for 

obtaining large Richardson numbers, both negative and positive, and 

hence for studying the effect of thermal (density) stratification on 

the turbulence structure. 

In most theoretical studies, the assumption of plane homogeneity 

of the f low is made. In the true sense such a condition cannot be 

achieved in a flat plate boundary layer which, because of the shearing 

stress at the wall, must be increasing with distance. But at a 

sufficiently large distance from the leading edge, velocity and tem­

perature profiles and also turbulent intensities no longer change 

noticeably with distance. Thus, for all practical purposes, plane 

homogeneity can be assumed to exist at long distances. For this reason, 

the present measurements were made at a station where the momentum 

boundary layer has developed for 78 ft, and the thermal boundary layer 

for 38 ft length as shown in Fig. 9. The velocity and temperature 

profiles at this station are compared in Figs. (10) and (11) with those 

at a station 8 ft further upstream to show that the difference is indeed 

very small and that plane homogeneity can be assumed to have been 

realized in the lower 6 in. of the boundary layer. 

Two dimensionality of the flow near the center-line of the wind 

tunnel was checked by taking horizontal traverses across the wind 

tunnel at several heights. Deviations from the center-line velocity of 

not more than 1% were observed within 6 in. on both · sides of the center­

line. There are, however, indications of large corner effects and 
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secondary circu l ation at low wind speeds. Therefore, ambient ve locities 

smaller th an 10 fps \ve re not used even though such velocities would have 

been desirable for obtaining a still larger r ange of stabilities than 

covered by th e present experiments. 

4.1.1 Distribution of Richardson Numbers: 

/\ quantitative measure of the thermal stability is the 

Rich ardson number. As defined in Eq. (2-17), it is a local parameter. 

For a given temperature difference between the wal 1 and the ambient air, 

a desired range of R. 
1 

can be obtained by a proper choice of ambient 

air ;elocities. In the present study, velocities of approximately 30, 

20, and 10 fps were used to cover a range of stabilities from near 

neutral to moderately stable. The distribution of the R. 
1 

in the 

boundary layer for these three cases is shown in Fig. 12. A similar 

plot on a linear scale showed that for small z, R. varies linearly 
1 

with z just as has been observed by Plate and Lin (1966), and from 

measurements in the atmosphere as reported by Lumley and Panofsky 

(1964). Batchelor (1953b) showed that if suitably defined, the 

Richardson number can be a reference parameter for the whole flow 

field and not merely a local quantity. Following Ellison and Turner 

(1960), one can define an overall Richardson number for a layer of say 

o < z < h as 

R. = g 
1

h T 
a 

( 4-1) 

in which T is the average absolute temperature in the layer. Thus, 
a 

for the wh ol e boundary layer, 
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= g 
T 

a 

(T - T ) 6 
00 0 

u2 
00 

can be used as a reference parameter. Values of R. 
1 6 

(4-2) 

for three cases 

represented in Fig. 12 are indicated in the same figure for comparison 

with the local R. values. 
1 

R. or R. can be a useful parameter 
lh 16 

in the outer region of the boundary layer where flow characterstics do 

not depend only on a local parameter such as R. 
l 

4.1.2 Mean Velocity and Temperature Profiles: 

The mean velocity and tempe rature profiles in the bound­

ary layer for three ambient velocities are shown in Figs . (13) and (14). 

In an earlier study using the same wind tunnel, Tillman (1967) observed 

that in the neutral case velocity profiles for different ambient 

vel ocities (20 to 40 fps in his case) beco~i:e similar when ulotted as 

u z 
U vs 6 . However, this type of similarity is not achieved by the 

00 

velocity profiles in stable co:1ditions as shown in Fig. 13. Especially 

the temperature profiles sh ow some peculiar behavior near the edge of 

the thermal layer. Here, the temperature gradient instead of decreasing 

monotonically to approach zero, shows some sudden increase before finally 

leveling off. This is perhaps due to imcomplete mixing of the air in 

the core region of the wind tunnel, when a residual stratification may 

exi st even after recirculation. For this reason, thickness of the 

thermal layer cS T could not be determined precisely . It was determined 

approxi mat ely after correct i ng for the observed defect in the tempera­

ture profile near th e edge of the thermal layer. Fo r this, the normal 
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boundary layer type of temperature profile which was observed over most 

of the thermal layer was sl ightly modified in the outermost region so 

that the tempe r ature gradient decreas ed to ze ro monotonically. In this 

way, a value of 6T 0.65 6 was obtained wh ich may be in error up to 

10%. Mean velocity and temperature data from the wind tunnel toge ther 

with other flow parameters for djfferent runs are tabulated in Table II. 

4. 2 Turbulence Characters tics of the Boundary Layer: 

4.2.1 Turbulent Intensities -----

The r.m.s. velocity and temperature fluctuations were 

measured following the procedure described i n Chapter III. These data 

are given in Table III. The distribution in the boundary layer of 

these fluctuations normalized with respect t o U and 
(X) 

(T - T ) are 
(X) 0 

shown in Figs. 15, 16, and 17. Also represented in the same figures 

are for comparison, some results of measurements obtained under neutral 

conditions which were made with the same probes and instrumentation set 

up. The following discussion is made without any particular reference 

to the wall layer and vari ous theories proposed for that region. The 

structure of the wall l aye r will be taken up separately. 

Even in the absence of density stratification, turbulent inten-

sities are known to vary not only with the height z from the wall, but 
U 6 

(X) 

also with the characteristic Reynolds number 
V 

, of the 

boundary layer. The latter effect, though insignifi cant when R 
ea 

is 

l arge, becomes important for small Under conditions of stable 

stratification, it is seen from Figs. 15, 16, and 17 that, as U is 
(X) 

decreased, the effect of both increased and decreased R , as 
ea 
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a consequence, is to reduce the turbulent intensities. The effect of 

stability alone can be seen when turbul ent intensities for the stable 

and neutral cases are compared for the same in two cases . It 

can be seen that for U = 30 fps there is hardly any change, but it 
00 

becomes more and more significant as the velocity is reduced to 20 fps 

and then to 10 fps. Both lateral and vertical components seem to be 

equally affected, i n spite of the fact that the bouyancy acts directly 

only on the vertical fluctuations . The reason for this has been given 

in section 2.2. The change in P1u
00 

with z/o is more significant 

than the change in p;u
00 

and p;u
00 

which for Ri
0 

= 0 .025 

and 0.108 are seen to be a lmost constant in the region 0,05 < z/ o < 0.5. 

The temperature flucuations, in contrast, decrease rapidly with z/o 

and do not vary significantly with Perhaps, the explanation for 

this lack of variation with stability is that the temperature fluctu­

ations are largely dependent on the temperature gradients, which are not 

significantly different in the three cases, where the difference in 

temperature of the plate and the ambient air is almost the same. 

The longitudinal fluctuat ion intensities as normalized with the 

local velocities are shown in Fig. 18. A sharp increase in p;u 
towards the wall is noticed for all three stability cases and at a 

given distance it is seen to decrease as increases. The distri-

bution of the turbulent energy in the boundary layer is shown in Fig. 

19 , which clearl y demonstrates the effect of stability on the turbulent 

energy. 
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4 .2 .2 Probable Errors in the Turbulent Intensity Measurements: 

. !5"t,2 The most accurate measurements are those of V L. 

using a resistance thermometer. In this case the wire is sensitive 

only to temperature fluctuations and the measurement and calibration 

procedures are 

the results of 

simp l e . 

. f5 VT.. . 

An accuracy of better than 5% is expected in 

A proper analysis of the probable errors in the measurements 

of v:;!._ has not been possible. Close agreement between the values 

of P as determined from the solution of Eq. (3-3), using only 

the nomal wire data, and from the solution of Eq. (3-5) using both 

nomal wire and resistance thermometer data (see Arya and Plate (1968)), 

indicates that errors involved may not be greater than 10%, Similar 

accuracy could be expected for P and P measurements for 

which the conventional x-wire technique was used. 

4.2.3 Turbulent Fluxes and the Correlation Coefficients: 

The turbulsnt fluxes viz. u'w', w't' and u't'; were 

measured in the lower half region of the boundary layer according to 

the procedure detailed in Chapter III. They are tabulated in Table IV, 

and in nomalized form are also represented in Figs. 20, 21 and 24. 

The results of Figs. 20 and 21 were used to determine the wall shear 
H 

0 

pep 
stress and wall heat flux parameters viz., F ,and 

Wall shear stress T and wall heat flux H , were obtained after plot-o' o 

ting 
au 

T = - p U 'WI + µ az and H - - pc w't' + k aT, against 
p az z 

near the wall as in Figs. 22 and 23, and extrapolating from these plots 

the values for the wall. A layer near the wall could be identified in 

each case for which the total flux remained essentially constant and 
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which was taken to be the value of the wall flux. The thickness of this 

layer is found to vary from about 0.5 in. to 2 in. with a tendency to 

increase with stability. Both u'w' and w't' are seen to be affected 

considerably by the stability. Part of the change, of course, might be 

due to change in 

The heat flux in the direction of flow is represented in Fig. 24. 

It seems to be continuously increasing as the wall is approached where 

the magnitude is several times that of vertical flux as shown in Fig. 

25 . The quantity u't' drops sharply with distance from the wall and 

it approaches a zero value towards the edge of the thermal boundary 

layer. The effect of stability on u't' is much less than that on 

w't' . Measurements of Webster (1964) in the wind tunnel and those of 

Zubkovski and Tsvang (1966) and Zubkovski and Kravchenko (1967) in the 

atmosphere also show that u't' is several times -w't' under stable 

conditions and that the ratio 
u't' . . 

----.--,--y- , increases with an increase in the w•t• 

stability. A physical explanation of this has not been given. But, 

comparison of the production terms in fqs. ( 2-10 :i and (2-11) indicates 

that u 't' is pro<lucell f,0;11 ch e work cione by the mean flow against 

both -u'w' and -w ' t' , \ihile w't' is procl.uce c1 m1ly from the work 

done against ,2 
w The sign o f the 1;roduc.:t i on terms for U 1 t I and 

w't' also explains why the two fluxes should be of opposite signs. 

The correlation coefficients 

u'w' w't' 
= 

(u~ w~) 1/2 = Yw't ' (w~ ~) 1/2 
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and as calc lated 

from the flux and intensity measurements are shown in Figs. 26, 27. and 

28. In general and show a tendency to decrease with 

the increase in the stability. Their variation with z/o also becomes 

more conspicuous as the flow becomes more stable. 

Some phenomenological theories use eddy diffusivities KH and 

~ as defined in Eqs. (2-15) and (2-16). It has often been found 

necessary to make an assumption for the magnitude of the ratio ~ 

and its variability with height and stability. Eddy viscosity in the 

~ 
normalized form, U8 

CX) 

¾· , and the ratio ~ are presented i n Figs . 29 

and 30. In Fig. 29 , near neutral case of u ::::: 30 fps (R ;:::: 3.02 
CX) eo 

5 
X 10 ), is to be compared with the results of Bradshaw (1967) for the 

neutral boundary layer . The agreement is very close. Tre effect of 

stability in reducing the turbulent transport of momentum is clearly 

seen from Fig. 29. 
¾I 

Fig. 30 ~hows that the ratio ~ decreases with 

stability. The variation of ~ with the distance from the wall is 

seen to become large only near the wall. In most of the inner half 

region of the boundary layer, its magnitude is about constant and equal 

to O. 85 for 

R. ::::: 0.0883. 
10 

R. ::::: 0.0112, 0.70 for R. ::::: 0.0247, and 0 .60 for 
10 10 ¾ 

The effect of thermal stratification on the ratio 
KM 

will be discussed further in connection with the structure of the wall 

layer. 
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4.2.4 Probable Errors in the Flux Measurements: 

Different types of errors that are common in hot wire 

measurements have been mentioned in Chapter III . In view of the fact 

that the results were obtained after a complicated measurement, cali­

bration and data reduction procedure , it is difficult to make an ac­

cu~ate analysis of the errors in the flux measurements. It is expected 

that the use of more than the minimum number of data that was necessary 

for obtaining the final results reduces the random errors. Moreover, 

the detailed calibration of the wire at different temperatures provides 

consiste~cy checks on the measured sensitivities of the wire. Some 

independent checks on the accuracy of the shear stress measurements 

were made by comparing values of u* as obtained from hot-wire measure­

ments with the values of u* inferred from the "wall layer'1 velocity 

profiles. This was possible only for U
00 

= 30 and 20 fps in which case 

a log-law could be assumed to be valid for small z . The measured 

values of u* were found to be in good agreement with those inferred 

from velocity profiles as seen in the following Table. 

u 
00 

fps 

30.0 

20.0 

10.7 

u* from measure­
ments of u'w', 

fps 

1.00 

0 .584 

0.246 

Table ( 4-1) 

u* from Mean Velocity 
Profiles, 

fps 

0.97 

0.57 

u* calculated 
from Ludwieg and 
Tillmann's Formula, 

fps 

0.967 

0.656 

0.337 
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Furthermore, for the ne ~r neutral case of U = 30 fps, 
00 

in the 

present case compares very well with the value of u* calculated from 

Ludwieg and Tillmann's (1950) formula. 

These checks indicate that the probable errors in the present 

measurements of u'w ' may not be significantly greater than those 

common in the corresponding measurements in the neutral flow. Errors 

in w't' would be somewhat greater than those in u'w'. A5 an inde­

pendent check on the accuracy of heat flux measurements, the wall heat 

flux can also be calculated by using the following equation given by 

Reynolds, Kays and Kline (1958) for heat transfer from boundaries with 

step discontinuity of temperature 

H 
0 

pc 
p 

in which 1 
m 

2 
u.,, 

=-u 
00 

(T - T ) 
00 0 ( :T l 

1 
m 

( 4-3) 

is the exponent in the power-law approximation of the 

velocity and temperature distributions in the boundary layer: a value 

of m ~ 6 was observed in the wind tunnel by Plate and Lin (1966). 

Equation (4-3) is based on the assumptions that velocity and temperature 

profiles are similar, and ~ = 1 Since the ratio ~ in the present 

case is consistently smaller than unity. its actual average value was 

considered, and Eq. (4-3) modified as 

1 

u (T - T ) 
00 0 

(4-4) 
00 



51 

was used for calculation. In view of the observed peculiarity of 

temperature profiles near the edge of the thermal layer, the thickness 
oT 

of the thermal l ayer oT , and consequently the ratio 6 , could not 

be determi ned accurately. But Eq. (4-4) is hardly sensitive to 
0
T/o , 

since the later is raised to a power of about 1 
- 6. 

0T/ o = 0.65 
tS T 

6 

as discussed in section 4.1 has been :used. 
H 

0 . 

pc 10% in will cause an error of only 1.7% in 

A value of 

An error of 

Measured and 
H p 

calculated values of o/ pc are found to agree within 
p 

20 % as in the 

following table: 

Table ( 4-2) 

H H 0 
from 0 from Eq. (4-4), u -- Me as uremen ts 

CX) pc 
of pc 0 

fps 
p w't' 

' p ft F/sec 
ft °F/sec 

30.0 2.16 2.58 

20.0 0.95 1.12 

10.7 0.32 0.312 

Equation (4-4) is in fact based on the parameters of the whole boundary 

layer, and may not take into account properly all the conditions near 

the wall. 

In view of the preceding discussion, it can be stated that the 

accuracy of u'w' and w't' measurements is better than ±. 15%. 

4.3 Structure of the Wall Layer: 

In the previous sections the results were presented for the 

boundary layer as a whole. No theory treats the motion in the whole 
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boundary layer at the same time. It is customary to divide the flow 

field into regions like viscous sublayer, wal 1 layer, outer layer, etc . 

Various theories reported in Chapter II have been developed for the 

motion in the surface layer of the atmosphere. The basic assumptions 

involved are those of plane homogeneity and const ant fluxes. It 

follows from the discussion in section 4.1 that plane homogeneity has 

been approximately real i zed in the present experi~ents, at least with-

in 6 in. (z/o ~ 0 . 2) from the floor. But, the thickness of the layer 

in which the vertical fluxes are approximately constant is less than 

2 in. (z/o ~ 0.06). Experimental data on velocity profiles in the 

boundary layer and pi pe flows in neutral conditions have been shown 

previously to follow the log-law over a wide region notwithstanding 

the large changes in the momentum flux. It has been pointed out by 

Monin and Yaglom (1965) that the distribution of average hydrodynamic 

fl ow fields and integral characteristics of turbulent flows are not very 

sensitive even to quite significant change in the fluxes. Some direct 

measurements of the vertical fluxes at two hei ghts in the atmospheric 

ground layer by Mordukhovich and Tsvang (1966) clearly indicate that 

these fluxes change with he i ght in the atmosphere, too. For this reason, 

the data from a layer 0.01 _::_ 
z 
0 

< 0.15, has been considered in the 

following discussion of the structure of the thermally stratified wall 

layer. 

4.3.1 Comparison of the Mean Velocity and Temperature 
Profiles With the Similarity Theory 

In Figs. 31 and 32 are presented the measurements of the 

mean velocity and temperature in the wind tunnel in terms of the coor­

dinates of Manin and Obukhov 's (1954) simil ar i t y theory . There is no 
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doubt that the stability parameter 
z 
L 

correlates very well th e data 

pertaining to different stability conditions in agreement with Eqs. 

(2-23) and (2-24). The choice of 
L 

zref = 20 has been made for con-

venience so that falls within the thickness of the wall layer 

for all the three ambient-velocity cases . 

The temperature data show more scatter than the velocity data. 

It can be seen from Fig. 31 that the log-linear law given by Eq. (2-25) 

with a value for B = 10 fits the c.ata best. This value for the empir­

ical constant B , is to be compared with the value of 7 reported 

by McVe il (1964), 8 . 5 by Gurvich (1965) and 9 .91 by Zili tinkevich and 

Chalikov (1968) from measurements in the atmospheric surface layer. 

From an earlier set of measurements in the same wind tunnel, Plate and 

Lin (1966) obtained B = 7 for stable case. But, the values of u* 

used by them were determined from Ludwieg and Tillmann ' s (1950) formula 

which gives consistently higher values than the measured ones, as the 

flow becomes more and more stable, (see Table 4-1). A correction of 

u* in the data of Plate and Lin will make the value of S about the 

same as found in the present study. 

Figure (32) shows that the temperature data are also in good 

agreement with the log-linear law given by Eq. (2-26). The curves 

representing Eq. (2-26) for ST = 15 and 20, are shown in the same 

figure. It is seen that ST= 17 will give the best fit. That such a 

high value should be necessary for BT is surprising; but it is con­

sistent with the theoretical conclusion (see Ellison (1957) that the 
K 

ratio ~, which for the assumptions of constant fluxes and log-

linearity is approximately given by 



= 

z 
1 + S L 
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must decrease with increase in stability. 

(4-5) 

A value of ST 10.4 

is reported by Zilitinkevich and Chalikov (1968) from atmospheric 

measurements. 

Empirical constants S and ST cannot be considered universal 

in the same sense as functions z 
f ( L) and fT ( ~ ) in Eqs. (2-23) 

and (2-24) are, since the former are determined by approximating the 

experimentally determined forms of the latter in some interval of ~ 

As has been shown by Taylor (1960) and Manin and Yaglom (1965), S 

and ST will depend to some extent upon this interval of approximation. 

The similarity theory predicts that 

z must be universal functions of L . This is well brought out by Figs. 33 

and 34. But some departure from the linear behavior that would be 

expected from log-linearity of the velocity and temperature profiles is 

to be noted. It appears that small deviati ons from the log-linearity 

of the profiles show up more in S and R, in which gradients are 

involved, than in the profiles themselves. 

In view of the departure from the linear variation of S and R 

with z a power-law variation was considered. 
L ' 

If one sets 

s = A' ( 2--) p 
L 

( 4-6) 

and 

R = B' ( 2--) q 
L 

( 4- 7) 
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then velocity and temperature profiles are given by 

U (z) - u ( zref ) A' [ (-r) p ( zref I p ] = (4-8) 
u* PK 

and 

T (z) - T ( zref ) B' 
[ H-J9 ( zref f ] . (4-9) = 

T* 
q 

Except for the inclusion of an additional parameter L in the 

power law given here, it is similar to that proposed by Deacon ( 1949) . 

Values of empirical constants obtained from Figs. 35 and 36 are: 

A'= 4.2, p = 0.30, B' = 5.7, and q = 0.31; these remain approximately 

constant over a fairly wide range of z/L say, 0.01 .:_ z/L .:_ 0.25. 

The value of the exponent p in Fig. 35 is to be compared with the 

values obtained in an earlier study by Plate and Lin (1966) and those 

observed in the atmosphere by Deacon (1949), who shows that (1-p) ➔ 1, 

in near neutral conditions, and is consistently less than unity in 

stable conditions (e,g.,1-p =0.73 when R. =0.09). 
l 

Values of the 

coeffecients A' and B' and exponents p and q in Eqs. (4-6) and 

(4-7), in fact, vary with z/L as seen from Figs. 35 and 36. The change 

is particularly noticeable for small z/L . This is in agreement with 

the results of Deacon. 

4.3.2 Comparison of the Turbulen ce Characteristics with 
the Similarity Theory: 

. KH 
The ratio K as calculated from measured fluxes is 

M 
shown in Fig. 37a as a function of stability parameter z 

L . It is seen 
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z 
to decrease with L just as expected from theoretical and physical 

considerations (see e.g., Ellison (1957) and Stewart (1959)). ~ would 

also be given by the ratio ! , (Fig. 37b) if the momentum and heat 

fluxes or their ratio, remain constant with height. Since this is not 

exactly so, the results of Figs. 37a and 37b differ slightly. In Fig. 

37b is also represented Eq. (4-5) which is based on the approximation 

that S and R vary linearly with ~ . It i s seen that agreement 

of Eq. (4-5) with measured values of KH/ \i is not good. On the other 
KH 

hand, an approximately constant value of \i "' 0. 74 corresponding to 

constant fluxes in Eqs. (4-8) and (4-9) is found within the range of 

validity of power-law formulae with constant exponents. 

There has not been any close agreement in the various experimen­
K 

tal detenninations of ~ even for near neutral conditions. For 

example, values ranging from 0.8 to 1.4 have been reported 

Yaglom (1965)). Experimental evidence on the variation of 

the stability is even more lacking for stable conditions. 

(Manin and 
KH 

with 
~ 
Most of the 

estimates have been made indirectly from measured wind and temperature 

profiles. Direct determination from the flux measurements in the 

laboratory have been reported by Ellison and Turner (1960) who conducted 

experiments in the mixing layer of the salt and fresh water with negative 

salinity gradients in a rectangular tube. Values of ~ plotted against 

R. 
1 

by these authors 
KH 

show considerable scatter, but with a definite 

tendency for 
KH 

sul ts of 
KM 

\i 
to decrease as stability increases. 

are in agreement with those of Ellison 

KH z 
initial sharp change in for small values of \i L 

The present re-

and Turner. The 

is probably due to 

the effect of the closeness of the wall as shown by Fig. 30, rather than, 
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to the effect of stability. Measurements of Mordukhovich and Tsvang 

(1966), and Record and Cramer (1966) in the near ground layer of the 
K 

atmosphere also indicate values of ~ less than unity for stable 

conditions. The latter are compared with the wind tunnel results, in 

Fig . 37a . 

According to the Monin-Obukhov similarity theory, Ri and Rf 

be universal functions of z Figures 38 and 39 clearly show must 
L 

that well-defined unique functions z exist for R. and Rf in of -
L l 

the present measurements. Whether these functions are really universal 

can be seen only after comparing data from different sources. No such 

data are available from other laboratory measurements. Some measure­

ment s in the atmosphere have been made by Gurvich as reported by Monin 

and Yaglom (1965), Mordukhovich and Tsvang (1966), and Cramer (1967). 

It is seen from Fig. 38 that Gurvich's curve agrees with the present 

data very well. Data points due to Mordukhovich and Tsvang, in spite 

of the large scatter, do not show any consistent deviations from what 

may be considered as a universal curve. In that case, it is immaterial 

z 
whether one uses L or R. 

l 
as a similarity parameter. 

The resu l ts of the measured turbulent intensities in the wall 

layer are presented in ~ 40 in terms of similarity coordinates. 

J1~ r:=:z ✓~ 
slight tendency for u v and w to decrease as 

u* u* u* 

A 

R. increases is observed. The wind tunnel measurements are compared 
l 

with the data from the atmospheric surface layer reported by Mordukhovich 

and Tsvang (1966) in Figs. 41, 42, and 43. Separate symbols have been 

used for the data from different heights to bring out any height depen-

dence besides what has been implicit in R .. 
l 

The following observa-

tions can be made from this comparison. First, similarity between the 
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wind tunnel data and the atmospheric data is noteworthy. Second, 

atmospheric data show too much scatter to give any precise form for the 

universal functions f 1 , f 2 , f 3 , etc., in Eqs. (2-30), (2-31), (2-32), 

etc. Finally, there is a marked height dependence on the results of 
J u-;z 

- and 
u* 

y t7-
r , both in the wind tunnel and the atmosphere. These 
"* 

observations are generally borne out also by the field measurements at 

Massachusetts Institute of 

results of 
0 w . h - 1n t e 

u* 

Technology reported by Cramer (1967). The 

present study are also in good agreement with 

an earlier set of measurements (see Fig. 42) made in the same wind 

tunnel and at the same station by Cermak and Chuang (1965) . They did 

not measure u* , however, and therefore their data for only u = 10 
00 

could be used for comparison here, using value of u* as obtaine-1 from 

the present experiment. Earlier, Manin (1962) reported a value of 

P/u* = 0.7 in the neutral air, which is inconsistent with a value 

of about 1.3 indicated by the measurements discussed here, as well as 

with other measurements reported by Panofsky and McCormick (1960), and 

Klug (1965). Monin's estimate was not based on the directly measured 

difference. Some 

fps 

value of u*, which might be the reason for such 

differences in the reported values of v5/u* are noted which may 

partly be due to the fact that even under neutral conditions P/u* 
varies with height unless the free stream turbulence level is very high 

(see Plate and Sandborn (1966)). 

There is some contradiction between the shapes of the universal 

function P/T * = £3 ( ~ ) , in stable conditions as reported by 

Manin (1962), who has shown that it decreases with an increase in 

stability, and as indicated by the wind tunnel and the atmospheric 

measurements represented in Fig. 43, which show that for the same 
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height PIT* increases with an increase in the stability. The 

only other data due to Cramer (1967) favors the latter. Clearly, more 

data with accurate heat flux measurements is needed to resolve this 

serious difference. 

On the whole, it can be observed that the Monin-Obuknov similar­

ity theory is well supported by the wind tunnel measurements, and this 

theory should therefore fonn the basis for laboratory modeling of the 

near ground layer of the atmosphere. 

4.3 . 3 Comparison of the Present Measurements 
with Ellison's Theory: 

The results of the present study can be used to calculate 

the decay times T1, T2 , and T3 , using Eqs. (2-33) through (2-35), 

and the lengths LH and LM introduced by Ellison (1957) as discussed 

in Chapter II. The results of these calculations are summarized in 

the fol l owing table. 
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Table ( 4-3) 

z R. Rf Tl -21_ 7 
Tl 
~ 

~ LH q q 
0 10 

T2 T3 ~ T2 7 ft ft w w 

.011 .0033 .34 5.18 5. 72 1.96 0.55 .048 

.030 .025 .0075 .43 5.36 6.01 2 .57 0.42 .044 

.10 .021 . 77 5.58 6.47 4.97 0.21 .036 

.011 .006 . 28 5.08 5.16 1.43 1.01 .081 

.055 .025 .011 .38 5.42 5.14 1.95 0.64 .065 

.10 .033 .67 4.52 5.93 3.99 0.30 .051 

.011 .0078 .25 4.57 4 .86 1.23 1.33 .110 

.073 .025 .013 .38 4.88 4.88 1.86 0.82 .081 

.10 .039 .68 4.93 5. 77 3.94 0.38 .062 

Ellison assumed (T1/T2) = 1, in Eq. (2-36) to predict a value of 

Rfcr ~ 0.15. The experimental results indicate that T /T 2 , as well 

12 / ~ . . f " 1 as q w vary s1gn1 1cant y 

. h z Wlt 8 

data are in agreement with Ellison's assertion that R fer may be even 

less than 0.15. The assumption of the 

supported by the experiments, however. 

T 1/T 
2 

is not constancy of 
Tl 

But, T is seen to remain 
3 

fairly constant, and not much different from a value of 6 used in 

Eq. (2-37) to predict a value of Yw't' = 0.3 for ne ar-neutral 

conditions. This is also supported by the results in Fig. 44. The 

length scales ½,
1 

and LH proposed by Ellison, decrease with an 
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increase in stability as expect ed. Also in agreement with the con­
KI-1 

clusion of his theory, KM and yw 't' show a tendency to decrease as 

stability increases , as can be seen from Figs. 37 and 44. 

4.4 Spectra of Velocity and Temperature Fluctuations 

4 .4.1 Velocity Fluctuations Spectra: 

One dimensional energy spectra of vertical and lateral 

velocity fluctuations measured at various locations in the boundary 

layer for ambient velocities of 30, 20 and 10 fps. are given in Table V. 

These have been normalized with respect to mean square fluctuations such 

that 

00 

1 J F ' (kl) dk 1 1 
,2 

= 
V 

V 

(4-10) 

0 

00 

1 J F ( k1 ) dk l 1 
~ 

= w' w 
(4-11) 

0 

The normalized spectra for U
00 

= 30 fps are shown in Figs. 45 and 46. 

The shift in the spectra with t he position in the boundary layer is quite 

significant. As z 
0 

increases, the proportion of the energy contained 

in high wave numbers becomes less and less. The high wave number end 

of all the spectra shows a k-
7 

behavior in agreement with Heisenberg's 

(1948) theory. An extensive subrange showing k- 5/ 3 behavior is 

observed for U = 30 fps, when z/o is large. The extent of this 
00 

subrange becomes less and less as U or z/o 
00 

is decreased. As has 
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been discussed by Alkseev and Yaglom (1967), determining the extent of 

inertial subrange from the measured one-dimensional spectrum is mis­

leading in the sense that since a one-dimensional spectrum varies more 

smoothly than the corresponding three-dimensional spectrum, the former 

may be approximated by the formula -5/3 F (k
1

) ~ k
1 

, over a consider-

ably greater range of wave numbers than the three-dimensional spectrum 

E ( k ). 

4.4.2 Comparison With Kolmogorov's Similarity Theory: 

In order to co:npare the observed spectra with Kolmogorov' s 

(1941) similarity theory, it is necessary to express them in the 

f f f . ·1 . d' . F (k
1

)/(c-v5) 1/ 4 re erence rame o s1m1 ar1ty coor 1nates, 1.e., ~ 

versus where, k __ c- 1/4/v 3/4 , ~ is the Kolmogorov wave number. 
s 

Commonly, E: is determined from the u' - spectrum by using the isotropic 

relation 

00 

E: = 15 v J k i Fu, (kl) dk l 

0 

(4-12) 

This method is not available in the present study since u'- spectrum 

could not be measured because of difficulties in obtaining a signal 

proportional to u' alone. Even otherwise, it is doubtful whether 

Eq. (4-12) will be valid for sufficiently stable conditions, where 

the effect of low velocities as well as buoyancy, is to make a larger 

part of the spectrum deviate from the assumptions of local isotropy. 

As discussed in Chapter II, for the region in which diffusion 

terms in the energy equation will be negligible, Eq. (2-18) can be used 

for calculating E: • Accordingly, E: has been dete ined (see 
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z 

Table VI) for the layer .009 .:_ 6 < .075 and the nondimensionali zed 

spectra Fv' ( :1 ) = Fv' (kl) / (E:vS)l/4 and 
s 

/ ( E:v 5) 114 plotted in Figs. 47 and 48. It is seen that the 

spectra pertaining to different velocities (stabilities) and to differ­

ent positions in the boundary layer fall close together in the high 

wave number region, and branch off at different points, depending upon 

the size of energy containing eddies, from what may be considered a 

universal curve. There is also observed a small but consistent shift 

in the spectra with z/6 , such that the constant 

form for the inertial subrange given by 

= 

b in the spectral 

( 4-13) 

increases with an increase in z/6. This shift cannot be explained 

with certainty. If the spectra for 30 and 20 fps are compared at the 

same z/6 , no significant change in b is noticeable. Therefore, the 

observed shift is not due to the effect of stratification, but perhaps 

due to the error in the estimation of E: . A more accurate determina­

tion of E: will be needed to check whether there is really some effect 

of stability on the Kolmogorov constant. 

The present experimental results can be compared with the spec­

tral form obtained from Heisenberg's (1948) theory which for three­

dimensional energy spectrum in the equilibrium range can be written as 

(see Rot t a (1962)) 
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-4/3 
E (k) = (4-14) 

in which a l 

numerical value of 

is a constant. After substituting in Eq. (4-14) the 

corresponding to the value of 0.48 for the 

Kolmogorov constant for u' spectrum, and transforming it in 

terms of universal parameters, one obtains from Eq. (4-14) 

E (n) = 1. 466 

in which, k n =-
k 

s 

-5/3 
n [ 1 + 10. 6 7 n 

4
] 

-4/3 
( 4-15) 

The corresponding one-dimensional spectrum for 

lateral or vertical velocity fluctuation$ can be obtained by using the 

isotropic relation (see Batchelor (1953a)) 

which in 

F2 

where 

terms of n 

1 
( n 1) -2 

F I 
V 

00 k 2 
1 (1 + - ) 

k2 

and 
kl 

nl =k 
s 

00 2 

J (1 + 
nl 
2 
n 

nl 

k 

( / ) = Fw' 
s 

Lill 
k 

dk 

can be written as 

) E (n) dn 
n 

, 

(4-16) 

(4-17) 
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After substituting from Eq. (4-15) into Eq. (4-17), the following 

equation is obtained. 

00 2 

F2 (n) = 0.733 J 
nl 

nl -8/3 
(l+-2-) n 1 + 10.67n4 dn (4-18) [ ]

-4/3 

n 

Eq. (4-18) represents Heisenberg's one-dimensional energy spectrum of 

lateral or vertical fluctuations. A numerical integration of Eq. (4-18) 

was performed which has been represented in Figs. 47 and 48 for com­

parison with the experimental data. It can be seen that Eq. (4-18) 

describes the measured spectra in the equilibrium range quite well. 

~.4.3 Spectra of Temperature Fluctuations: 

The measured one-dimensional spectra of temperature 

fluctuations are shown in Figs. 49 and 50. These have been normalized 

such that 

00 

1 

~ J (4-19) 

0 

The same trend with z/o is observed for t'- spectra as for v'- and 

w'- spectra. The high wave number end shows k- 7 behavior in agree­

ment with Corrsin's (1951) prediction. The inertial subrange region is 

almost absent for the case of U
00

.= 10 fps; it is significant, however, 

for U = 20 fps and z/o = 0.37. 
00 
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In none of the v' , w' , and t' spectra, could the so-called 

buoyancy subrange be identified. This was expected, of course, from 

Lurnley's (1965a) discussion according to which the byoyancy subrange 

would not occur except in very strong inversions where Rf would be 

close to unity. 

The spectrum of temperature fluctuations can be used to calculate 

Et' by using the isotropic relation (see Hinze (1959)). 

CX) 

= 6 a (4-20) 

Values of calculated from Eq. (4-20) are compared in the follow-

ing Table with those given by Eq. (2-19) using heat flux measurements. 

Table ( 4-4) 

u z Et I from Et , from 
CX) 

fps 
6 Eq. (4-20) Eq. ( 4-19) 

(OF) 2 (°F)2 
sec sec 

.0046 356 486 

20 .182 242 234 

.073 95 68 

.0044 232 164 

10 .0176 116 78.4 

.071 65 28.2 
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The agreement is not very good. The possible reasons for this are: 

First, an error in calculating Et' , from spectral measurements using 

isotropic relation (4-20), while the low wave number end of these 

spectra up to a wave number as high as 70 is not even locally isotropic; 

second, an error in the value of Et' obtained from Eq. (2-19) due to 

neglected diffusion terms. Over what region of the wall layer Eqs. 
I 

(2-18) and (2-19) can be used to determine E and cannot be 

ascertained from the present measurements. 
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Chapter V 

CONCLUSIONS 

The results of measurements in a stably stratified turbulent 

boundary layer in the wind tunnel have been discussed in Chapter IV. 

A range of gradient Richardson numbers from Oto 0.25 in the boundary 

layer has been covered. With the difference in the wall temperature 

and ambient air temperature almost fixed in the experiment, R. has 
1 

become necessarily correlated with ambient velocity an~therefore, with 

R For this reason, the Reynolds number effect, though relatively 
eo 

small, also has shown up when the effect of change in R. 
1 

on turbulent 

quantities is studied. The rms fluctuations and turbulent fluxes as 

normalized by u 
00 

and (T -T) 
00 0 

are shown to decrease considerably with 

increase in stability. The vertical component is relatively more 

affected than the longitudinal component. 

Special attention has been given to the lowest (excluding the 

viscous sublayer) 15% of the boundary layer, i.e. the wall layer. The 

results obtained for this layer have been compared with Manin and 

Obukhov's similarity theory and other theoretical models. The theoret­

ical requirement of constant fluxes is met at most by only a third of 

the wall layer, but plane-homogeneity in the sense that the flow char­

acteristics do not change noticeably in the direction of flow has been 

reali zed at the measuring station . 

Mean velocity and temperature profiles in the wall layer are in 

fair agr eement with Manin and Obukhov's (1954) similarity theory. 

Logarithmi c-linear laws with e = 10 and e = 17 
T in Eqs. (2-25) and 

(2-26) represent the mean velocity and temperature data quite well . 
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Significant departures from the corr esponding linear relations for 

au 
dz ' and however, are noticed. These are shown 

to be better represented by power-law relations which also suggest the 

power-law form of the velocity and temperature profiles as in Eqs. (4-8) 

and ( 4-9). 

The parameters 
KH 

¾1 
R. , 

l 
and Rf 

z 
L 

in agreement with the similarity theory. 

are unique functions of 

Close agreement with the 

limited measurements that are available from the atmospheric surface 

layer further shows that these functions may well be universal. Since 

Ri is a universal function of + , it is equally valid to use the 

former, which is more easily determined, in the similarity representation 

in place of ~ . The ratio ~ is consistently less than unity (up to 

0.6 in the experiment) in stable conditions so that the often made 

assumption of ~ a 1 may not be justified in even moderately stable 

stratification. 

Turbulent quantities are slowly 

varying functions of R. , -their magnitude decreasing with increasing 
l 

stability. In magnitude these compare well with atmospheric data which 

show the trend with R. 

The quant ity 
Vt' 2 l 

less clearly because of large data scatter. 

although somewhat dependent on height, is seen 

to increase with increasing R . • 
l 

This agrees with atmospheric measure-

ments reported by 

(1962) who shows 

Cramer (1967), but disagrees with those of Monin 

v t' 2 
as a decreasing function of --+ . In the latter, 

~ 
however, was not determined from direct heat flux measurements, and 

it is possible that this resulted in such a difference. More data is 

needed to resolve this serious difference. 
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In general, it can be concluded that mean flow and turbulent 

characteristics of the wall layer in the wind tunnel are wel l repre sent ­

ed by the Monin-Obukhov similarity theory and, therefore, this t heory 

should form a basis for modeling of si~ilar characteristics of t he 

atmospheric surface layer. Moreover, wind tunnel data can give t he 

form of various universal functions in the similarity equations more 

precisely than the atmospheric data can do because of large scat t er 

and variable conditions in the latter. 

The results of Ellison's ( : 957) 
K 

f . . f H d o variation o ~ , Y w, t, , LH an 

theory as to the general trend 

with stability are verified 

by the present experiment. The assumption of the constancy of the 
Tl 7 

ratios -- and g_:_ 
T2 ? in hi s theory , is not borne out by the meas ur e -

ments which show both 
T1 q, 2 
- and 
T2 ~ 

increasing with increas e in 

stability. 
Tl~ 

The assumed numerical value of ~ - 5.5, however, is 
T w' 

in agreement wi th the experimental trend for ~trong stability condi tions, 

and consequently, Ellison's prediction of Rf ,<0.15 appears to be 
er 

roughly correct. 

The normalized spectra of velocity and temperature fluctuati ons 

z show strong dependence on 6 and u 
00 

From the non-dimensionalized 

representation of the spectra in terms of Kolmogorov's similarity 

theory coordinates, it can be concluded that all spectra have a shape 

which, irrespective of thermal stratification, follows a universal curve 

for large wave numbers that correspond to the equilibrium range . The 

magnitude of the energy in this range itself gets reduced, however, due 

to the combined effect of decrease in Reynold number and increase in 

stability. Stratification, together wi th shear, affects the spectra 

also in the range of energy containing eddies. But no particular 
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subrange is indicated in which buoyancy will act to the exclusion of 

shear to gi ve the so-called buoyancy subrange. This is in agreement 

with Lumley's (1965a) discussion of the conditions for the existence 

of a buoyancy subrange. Although the small scale structure of tur­

bulent motion remains unaffected by stability, the overall energy level, 

and magnitude of turbulent production and dissipation get considerably 

reduced as stabiltiy increases. 

In summary, it can be concluded that 

1. The effect of increasing stability is, in general, to sup-

press turbulence in the boundary layer and to make the flow 

more anisotropic. 

2. The structure of the wall layer is well represented by 

3. 

the Monin-Obukhov similarity theory. In particular, the 

logarithmic-linear law for mean velocity and temperature 

profiles with the value of empirical constants about the 

same as has been found from atmospheric measurements, is 

valid. It is also shown that a power-law similarity profile 

can give even a better fit. 

In the wall layer, parameters 

universal functions of the 

the turbulent quantities 

stability 

✓7 
u* 

ratio 
,! ---:z 

V 

u* 
, 

and Rf are 

z L, and so are 
\/ 7 ✓ t ,2 w 

u* 
, 

T* 
, 

etc., in agreement with the results of the similarity theory. 
KH 

~ 
drops sharply away from the wall and 

than unity in stable stratification. 

is consistently 

Rfu* and 

less 

R/T* also show some height dependence over and above 

that considered in the stability parameter. 



72 

4. Good agreement of the present laboratory data for stable 

conditions with the Monin-Obukhov similarity theory, which 

has been shown previously by others to represent the struc­

ture of the atmospheric surface layer shows that this theory 

should form the basis for simulation of near ground atmos­

pheric motion by wind tunnel flows. 

5. Kolmogorov's local i sotropy theory is valid for turbulent 

spectra in the equilibrium wave number range irrespective 

of stratification. The extent of this range, however, is 

greatly reduced as stability increases. 

6. No byoyancy subrange is indicated by the measured spectra 

of v ' , w ' and t ' . 

The following recommendations can be made for any future investi­

gation of the thermally stratified boundary layer from the point of view 

of atmospheric simulation. 

1. Measurements of the mean flow and turbulent quantities in 

unstable stratification, as well as more strongly stable 

conditions than covered by the present experiment,should be 

made to study whether conclusions of the present study can 

be extended to include all the st ability range of interest. 

2. Efforts should be made to thicken the constant flux layer 

3. 

in the wind tunnel by the use of surface roughness or shear 

grid, to make the flow conditions more near to those of the 

theoretical model. 

Attempts should be made to make R. 
1 

as independent of 

R 
eo 

as practicable by varyin g the temperature of the wall 

and that of ambient air. 
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4. The dissipation E , should be detennined by using a more 

direct method e.g., from the spectrum of longitudinal 

fluctuations. The fact that the normal wire is sensitive to 

to both velocity and temperature fluctuations make this 

somewhat difficult and new experimental techniques need be 

developed for this purpose. 
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APPENDIX A 

YAWED WIRE RESPONSE 

For a given hot-wire anemometer set up, the voltage output across 

the wire must depend on the total velocity UTot , angle of yaw 8 , 

and the difference in the temperature of the wire an<l that of local 

fluid. So that in functional form one can write 

E = f (UTot' e ' T) (A-1) 

For convenience, two variables UTot and e can be combined to 

constitute what may be called the 'effective velocity,' Ueff, for 

heat transfer. So that 

E = f ( U e ff , T) 

and in differential form 

aE 
dE -

aueff 
dUeff + 

(A-2) 

dT. (A-3) 

Recognizing the fact that in addition to the component of the 

total velocity which is normal to the wire, the one parallel to it also, 

affects the heat transfer from the finite wire, Hinze (1959) and later 

Webster (1962) suggested the following expression for Ueff in the 

absence of turbulence. 

2 2 c· 2 2 2) u = u sin e + a cos e 
eff 

(A-4) 
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In Eq. (A-4), a is an empirical constant having a value between 

0.1 and 0.3. Webster determined an .':!.verage value of a= 0. 2 . His 

measurements show considerable scatter with values of a ranging be­

tween 0.1 and 0. 3 , but no systematic variation with length-to­

diameter ratio of the wire . Precise measurements of heat transfer from 

hot -wires were also made by Champagne, Sleicher and Wehrmann (1967) 

who showed that Eq. (A-4) correlates the data very well. From this 

study va l ue of a is found to depend primarily on l '/d ratio. For 

platimum wires, a is approximately 0.20 for 1 ' 
d 

200, decreases 

1' l' with increasing cl and becomes effectively zero at d = 600. No 

si gnificant differences in the values of a are found for wires of 

different mat erials. 

In the t urbulent field, referring to Fig. 5, one has in place of 

Eq . (A-4) 

2 
~(U + u 1

)
2 w , 2; sin 2 

(8 de) ueff = + + + 

2 
\ (U + u' ) 

2 
w ,

2 ~ 2 a + cos (8 + d8) + V 
I 2 (A-5) 

Using the trignometrical identities for sin ( 8 + de) and 

cos (8 + de), and further recognizing that 

sin de "' ' = 

~(U + w'2 ( 1/2 
u' l + 

de 
u + u ' 

C:)S = 

~(U 
1/2 

+ U I ) 2 + WI 21 
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the following equati on can be obtained nfter neglecting second order 

terms in u' 
u , 

v' 
u , an<l 

ueff = u sin 8 

~' cot 8 l 1/2 

w' 
u 

2 
cot 8) u' 

c1 + 2 0 ) 

Equation (A- 6) after differentiation gives 

2 
= (1 + a 

[ 1 + 2 
u' 

+ u 

[ (l + 
2 2 

a cot 

2 

cot2 8) -l/ 2 

( ~) (1 - a2) cot 8 i-1/2 
u (1 + a2cot 28) 

8) du' sin 8 + 
2 

( 1 - a ) dw' 

(A-6) 

cos 0] (A- 7) 

After Bernaulli expansion of the second parenthesis terms and 

again neglecting second and higher order terms in 

terms like u'du' and u'dw' , one obtains 

dUeff 
2 

= (1 + a cot 2 8)-l/ 2 

[ (1 + a2 
2 

cot 8) du' sin 
2 

0 + (1 - a ) 

u' and u 
w' 

and also u 

dw' cos 0] (A-8) 

After substituting from Eq. (A-8) into Eq. (A-3) and making use 

of the common assumption that for small fluctuations differentials can 

be replaced by fluctuations themselves, the following equation is 

obtained 
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, aE ( . 2 
e = au sin 

eff 

2 2 
8 + a cos 8) 1/2 

2 
(1 - a) cot 8 

2 2 
( 1 + a cot 8) 

w'] aE 
+ ar t' (A-9) 

Since the wire sensitivity is determined from calibration in a 

turbulent free stream, it follows from E~. (A-4) that 

so that 

aE 

aueff 
( 

. 2 sin 8 + 
2 2 aE a cos 8 ) = au 

e' = : ~ [u• + (1 ( l ; "

2

) 2 w' cot e] + :~ t' 
+ a cot 8) 

(A-1O) 

(A-11) 

Equation (A-11) is the basic respc,nse equation of the yawed wire. 

Comparing it with Eq. (3-1) yields the required relationship between 

the ~wo sensitivities aE 
au d 

aE . 
an as" , v1. z . , 

2 
1 aE (1 - a ) cot 8 aE 

c cot 8 = 2 2 u a0 ( 1 + a cot 8) au 

where, 

2 
C = 

(1 - a ) 
2 2 

(1 + a cot 8) 

aE 
(A-12) au 

(A-13) 
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It can be seen that c decreases with decreasing yaw angle which is 

what may be expected. 

Thus, for a known a and 8 , c can be calculated from Eq. 

(A-13). The following table gives values of c for different values 

of e , and for a= 0.20 

8 60° 50° 

C 0.948 0.934 

45° 

0.923 

40° 

0.908 

30° 

0.857 

A more rigorous derivation of the hot-wire response equations by 

Champagne et. al., (1967) leads to a value of c = 0.925 for 8 = 45°. 
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APPEN DIX B 

COMPUTER PROGRk~ FOR LEAST SQUARE FIT 

OF EQUAT ION Y = A X2 + BX 

*FORTRA N 
PROGAAM LSTS~ 
nIMENStON SUM(S), HEO(A),X(l2),Y(l2) 
F'INISH•6HF'!Nt5H 

1 AEAO ln2,HEO 
IF(HED<l>•FINiSH) 2,30,2 

2 PAINT 104, H~O 
READ 100,NP 
l"lO 4 l•l, 5 

4 SUM(?) ■ 0, 
DO 10 t•l,NP 
AEAD101,X(l)~Y(I) 
SUM ( 4) • SUM ( 4) • Y ( l) *X ( I) 
SUM <5> • SUM~S) ♦ Y(I)*X(l)*X<I) 
DO 10 J•l • 3 

10 SUMCJ>•SUM(J) • X(I>••<J•l> 
O•SUM(3)•SUM(l) • SUM(2)*SUM(2) 
~RINTln9,<SUM(J), J■l,S)tD 
As(SUM<l>*SUM(5)• SUM(21*SUM(4))/0 
8 ■ (SUM(3) *5UM(4) • SUM(2) *SUM(51)/D 
WRITE <6,105) A,8 
WRITP: (6,106) 
OIFF2•0, 
00 2n I•i,NP 
YC•A•X<I>•X<t> • B*X(I> 
DIFF. Y(l)•VC 
nIFF2•nlFF2 • DIFF*DIFF 

20 WRITE (6,i07> X(I),Y(I>,YC,OIFF' 
WAlT!(6,108) DIFF2 
GO Tn l 

30 CALL EXIT 
1no FO~MAT(14) 
101 FORMAT(2F10,n) 
102 FORMAT(8Al0) 
104 FnRMAT(1Hl,8Al0) 
105 F'ORMAT(3HOA•,El 6,7t6X,2HB■ ,El6,7) 
106 FOAMAT<lH0,7x,l HX,11X,7HY GlVEN,6X,10HY COMPUTED, 

l5X,l0HOIFFER~~CE> 
107 FORMAT(lH 4 ~15,4 ) 
\08 FORMAT(30H05UM ~F SQUARED DIFFERE~CES •• 

1E16,1) 
109 FORMAT(lH •6F.i5,4) 

END 
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TABLE I 

SUMMARY OF THE BOUNDARY-LAYER PARAMETERS 

Run X Uoo Too T 6 Re6 Ri o u. T L 0 
No. ft fps Op OF ft fps OF ft 

2. 23 
5 

. 0113 1. 01 38 1 78 30. 05 119. 9 39. 0 3. 02xl0
5 

5. 17 . 6 
2 78 30. 00 119. 8 40. 0 2. 23 3. 02xl0

5 
. 0112 1. 00 5. 27 17 . 5 

3 78 30. 05 113. 3 42. 0 2. 23 3. 02xl0
5 

. 010 1. 06 5 00 21. 0 
4 78 30. 40 119. 6 42. 0 2. 23 3. 05x l 0

5 . 0116 1. 0 5 5 . 28 19. 3 
5 78 30. 10 119. 0 40 . 0 2. 23 3. 02xl o

5 
. 0 l l l 1. 04 5. 37 18 . 5 

6 70 30. 10 119. 2 40. 0 2. 23 3 . 03xl0
5 

. 01 l 0 1. 0 5 5 45 l 8 . 6 
7 78 20. 25 118. 0 40. 0 2. 29 2. 09xl0

5 
. 02 34 0 . 609 4 . 19 8 . 20 

8 78 19. 95 116. 2 40. 0 2. 29 2 . 06xl0
5 

. 0247 0 . 584 3 . 97 7 95 
9 78 20. 15 111. 0 37. 0 2 . 29 2. 09xl0

5 
. 0236 0 . 581 3. 82 8 . 11 

10 78 20 . 20 11 7 . 5 40 . 0 2. 29 2. 09xl0
5 

. 0234 0 . 568 3 . 89 7 . 67 
11 78 19. 80 118. 4 39 . 0 2. 29 2. 04xl0

5 
. 0262 0 . 604 4 . 32 7 80 

12 70 19 . 80 118 . 4 39. 0 2. 29 2. 04xl0
5 

0262 0 . 604 4 . 32 7 80 
13 78 9 . 70 117 . 0 38 . 0 2 . 37 1. 05xl0

5 
113 0 221 3 28 1. 40 

14 78 9 . 35 117. 0 38. 0 2. 37 1. Olxl0
5 

. 121 0 . 228 3 . 51 1 40 
15 78 10. 10 11 7 . 0 38. 0 2 . 37 1. 09x l0

5 
. 104 0 . 241 3 . 43 1. 59 

16 78 10. 05 114 . 0 40. 0 2. 37 1. 08xl0
5 

. 0981 0. 243 3 . 26 l . 77 
17 78 10. 70 115. 5 40. 0 2. 37 1. 15xl0 . 0883 0. 246 3 . 17 1. 81 
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T/\Bl.ls IT 

Ml •: /\N VE:I.OCJTY !\NU TEMPE:RATU HE: DATA 

Hun No. I Hun 0 . 2 Run ' o . 3 

X = 78 ft X = 78 ft X = 78 ft 
u = 30. OS fps u = 30. 00 fps u = 30.05 fps w 

T = 119.9 OF T 
~ 

= 119. 8 °F T = 113. 3 OF 

To = 39 . 0 °F To = 40.0 °F To = 42. 0 OF 

I e u T I z u T z u T 
in. fps OF in. fps OF in . fps OF 

0. 19 15. 14 91. 83 0 . 19 14 . 75 91 . 70 o. 12 5 15. 50 84 . 30 
0 34 16. 72 94 . 50 0. 25 15 23 92 . 34 0 - 200 1 7 . 36 86 . 7 
0 . 54 18. 14 97. 74 0 . 41 16. 34 96 . 04 0 - 355 18 . 25 90 . 0 
0.96 19.35 101. 78 0 . 66 18. 03 97. 65 0 - 66 19 . 57 94 . 8 
1. 41 20. 50 102. 70 1. 05 19. 33 100.95 o. 94 20 . 35 97 . 3 
1. 95 21 . 40 104. 87 1. 50 20. 37 103 . 30 1. 45 21 . 33 98 . 5 
2. 50 21. 92 106. 43 2. 00 20. 83 104.42 1. 98 22 . 00 100. 5 
3.01 22. 43 108. 60 2. 60 21. 50 105. 70 2.47 22. 58 101. 5 
3.47 22.90 109. 13 3. 16 22. 30 108. 25 2. 98 23 . 10 103 . 0 
4. 01 23 . 23 110. 60 3. 88 23 . 25 109. 60 3. 77 23 . 80 104. 5 
4.49 23. 65 111. 60 4. 70 23. 95 111. 25 5. 07 24. 67 106. 3 
5. 03 24 . 06 111. 74 5 . 70 24. 55 111. 88 6. 39 25.40 
5.46 112.91 6. 62 24.76 112 . 66 7.75 26. 10 108. 5 
6. 00 24. 75 113. 79 7. 63 25 .40 113. 79 9. 40 26. 63 109. 3 
6. 95 25. 30 114. 61 8.75 25. 85 114. 70 10. 63 27. 08 110, 0 
7.98 25. 85 115. 48 9. 80 26. 22 115. 47 12. 00 27.32 110. 6 
8. 90 26. 20 116. 08 10. 85 26. 63 116. 30 13 . 37 27 . 62 110. 8 
9 . 90 26. 55 116. 52 11. 93 27. 20 116. 87 14. 73 27. 93 111 . 2 

10. 80 26. 83 117. 00 12. 95 27. 38 117. 38 16. 14 28. 37 111. 5 
11 .9 0 27 . 22 117 . 57 14. 02 27. 72 117. 70 17 . 57 28 . 65 111. 7 
12. 77 27.45 118. 00 15. 05 28. 05 118. 00 18. 82 29 . 07 111. 9 
13 . 80 27. 80 118. 43 16. 10 28.36 118. 21 20. 20 29 . 27 112 . 2 
14. 75 28. 10 118. 70 17. 23 28. 64 118. 42 21. 30 29 . 57 112 . 6 
15. 78 28 . 40 11 9. 00 18.30 28.95 118 . 66 22 . 77 29. 83 113 08 
16. 85 28. 65 11 9. 26 19. 30 29. 18 118. 83 24. 00 29 . 98 113 . 17 
1 7. 87 28 . 92 11 9.30 20. 35 29 . 36 119. 00 
18. 90 29 . 10 11 9.30 21. 45 29. 60 119. 30 
19 . 87 29 . 23 119. 39 22.55 29 . 81 119. 55 
20. 55 29. 47 11 9. 52 23.50 29 . 93 119. 75 
21. 60 29 . 70 119. 65 
22 . 65 29. 84 11 9. 74 
23 . 50 29 . 95 11 9. 87 
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T.•\111 .1•: II 

!\II-' \ N \ 1-: 1 .111 ' IT \ ,\ N il 'l'l •:M l'l •: IU\'l'l ! l ll-: U/\TA - Continued 

Htltl '\:\I ·1 l t1111 N o !, 

I 

Run No. 6 
X = ;s ft X 7H rt X = 70 ft 
ll = :io . . 111 fps II :111 .1 11 rp s u 

00 
= 30.10 fps ,U 

' " 
T = 11 ~l. h llF 'I' = 1 l !l. 0 °F T 

00 
= 119. 2 OF 

00 
' " 

I 40.0 OF T = -1 2 . 0 "F T = 10.0 OF To = 
0 0 

z u e T z u T 

I 
z u T 

in fps in. OF in. fps OF in. fps OF 

0. 13 15. 08 0. 13 91. 50 0. 082 14. 22 85. 17 0. 144 16. 02 88. 42 
0. 21 16. 19 0. 17 93 . 00 0. 094 15. 23 86 . 38 0. 156 16.4 5 91. 25 
0. 23 17 . 04 0.28 94. 50 0. 199 16. 63 90. 17 0. 340 l R. 00 94. 30 
0. 47 18. 03 0.45 96. 87 0. 484 18. 37 93. 75 0. 74 19. 55 98. 00 
0. 67 19. 05 0. 68 98 . 70 0. 89 19. 72 96. 66 l. 13 20 . 64 101 . 00 
l. 03 20.32 l. 01 101. 00 l. 19 20.48 98. 17 l. 56 21. 37 l 03 . 13 
l. 43 21, 26 l. 39 102. 83 l. 53 21. 23 100. 25 2. 04 22. 11 194 , ?9 
2. 07 22. 32 1. 87 104. 7 5 l. 95 21. 63 101. 68 2. 54 22 . 44 106. 34 
2, 81 22. 98 2. 55 107 .42 2. 35 22 . 27 103. 79 2. 96 23 . 08 107'. 50 
3. 56 23. 60 3. 45 109. 25 2. 76 22. 56 104. 00 3. 44 23,36 108.48 
4.35 24.08 4. 42 110. 38 3. 13 22, 93 105. 08 4. 02 23 . 88 109. 54 
5. 04 24. 51 5. 00 112. 08 3. 53 23 . 27 105, 70 4. 59 24 . 24 110. 38 
5. 90 25. 10 5. 80 113 . 00 4. 04 23 . 66 106. 62 5. 31 24 . 87 111. 48 
6. 60 25.42 6. 60 114. 08 4. 78 23 . 97 107. 70 6. 30 25 . 38 112 . 17 
7. 60 25. 87 7, 70 114. 87 5. 40 24 , 45 109. 21 7. 25 25. 90 113 . 30 
8. 65 26. 31 8. 70 11 5. 87 5. 95 24. 95 109. 62 8. 40 26. 52 114. 00 
9. 70 26. 68 9. 80 116. 7 5 6. 65 25 . 36 110. 75 9. 40 27 . 00 114. 62 

10. 75 27 . 04 10. 85 117 . 17 7. 62 25 . 83 111. 58 10. 46 27 . 57 115. 00 
11. 7 5 27. 35 11. 97 117 . 57 8. 55 26. 28 112 . 30 11 . 83 28 . 06 115. 38 
12. 68 27 . 69 13 . 10 117 . 79 9. 47 26 . 53 112 . 70 13. 39 28 . 63 115 . 87 
13 . 94 28 . 00 13. 90 11 8. 00 10. 66 27 . 10 113 . 30 14 85 28 . 94 116. 21 
15 OE 28 . 28 15. 00 11 8. 13 11 . 77 27. 27 113 .79 16. 46 29 . 41 116. 42 
16. OE 28. 55 16. 00 11 8. 2 5 12. 81 27 . 73 114. 2 5 19. 00 29 . 76 116. 70 
1 7. 12 28 . 86 1 7. 05 11 8. 42 13 . 83 28 . 15 114. 47 21. 56 29 . 98 117 79 
18. 19 29. 09 18. 14 118. 75 14. 85 28 . 41 114. 79 
19. 37 29 . 36 19. 30 11 9. 04 16. 45 28. 83 115. 14 
20. 43 29. 63 20 . 46 119. 21 18. 28 29 . 26 115. 66 
21. 61 29. 85 21. 75 11 9.3 4 20 . 15 29. 50 116. 79 
22. 70 30. 07 22. 74 11 9. 50 21. 50 29. 63 11 7. 58 
23. 50 30. 20 
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TABLE II 

MEAN VELOCITY AND TEMPERATURE DATA - Continued 

Run No. 7 Run No. 8 Run No. 9 
X : 78 ft X : 78 ft X : 78 ft 
u 

m 
: 20. 25 fps um: 19.95 fps u : 20. 15 fps 

m 

T 
m 

: 118.0 Of T : 116.2 Of T : 111.0 °F m m 

T : 40 . 0 Of T
0

: 40.0 °F T : 37.0 OF 
0 0 

z u T z u T z u T 

in. fps OF in. fps OF in. fps OF 

0. 125 8. 85 83. 87 0. 125 8. 77 79 . 92 0. 094 8. 58 75 75 
0. 250 9. 76 87 . 43 0. 25 10. 07 83 . 87 0. 16 9. 90 80 70 
0. 50 11. 50 90. 87 0. 50 11. 36 87 . 83 0. 41 10. 66 82 . 75 
0. 75 12. 18 93. 43 0. 75 11. 78 89 . 92 0. 81 11. 64 86 75 
1.0 12. 68 95. 22 1.0 12. 16 92 . 26 1. 14 12. 28 89 . 50 
1. 5 13 . 30 97 . 48 1. 5 12.93 95. 00 1. 62 12. 93 92. 00 
2. 0 14.00 100. 04 2. 0 13. 63 96.78 2. 13 13 . 53 93 . 00 
2.5 14.46 102. 17 3. 0 14. 44 100. 13 2. 63 13 . 87 95. 4 
3. 0 14.91 103. 34 4.0 15.00 102. 96 3. 24 14. 10 96. 5 
3. 5 15. 13 104.46 5. 0 15. 43 105. 08 3.86 14. 35 98. 5 
4 . 0 15. 36 105. 58 6. 0 15. 86 106. 74 4 . 94 14. 91 100. 6 
5. 0 15.78 108. 04 7. 0 16. 21 108. 04 6. 03 15. 46 103 . 0 
6.0 16.09 109. 21 8. 0 16.48 109. 22 7. 06 15. 87 104. 0 
7.0 16. 38 110. 54 9. 0 16. 67 110. 35 B. 10 16. 17 105.0 
8. 0 16. 79 111 . 38 10. 0 16. 87 111. 40 9. 27 16. 46 106. 0 
9.0 17. 06 112 . 38 11. 0 17 . 15 112. 35 10.37 16. 85 

10. 0 17.35 113 . 17 12.0 17. 43 113, 04 11. 50 17. 23 107. 0 
11 . 0 17 . 64 113. 70 13.0 17. 72 113. 50 12.80 17. 60 108.0 
12. 0 17.81 114.34 14. 0 18. 00 114. 00 14.20 17.97 108.85 
13. 0 18, 17 114.70 15.0 18.27 114.43 15. 50 18, 39 109. 0 
14. 0 18. 36 114, 96 16. 0 18. 44 114. 57 16. 55 18. 73 109. 5 
15. 0 18.53 115. 21 18. 0 18, 86 114. 78 17. 80 19. 16 109. 8 
16. 0 18. 79 115. 51 20.0 19. 28 115. 26 18.75 19.38 110. 04 
17,0 18. 95 115, 79 22 ,0 19, 70 115. 60 20,00 19.64 110. 13 
18. 0 19. 23 116. 08 23.0 19,80 116. 00 21,06 19.82 110.22 

19.0 19,47 116. 38 22 . 25 19.93 110.44 

20.0 19. 71 116. 92 23. 25 20. 00 110. 65 

21 . 0 19,87 117. 25 
22. 0 20.03 117. 38 
23. 0 20.07 117. 79 
23.75 20. 12 118. 87 
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T/\llLI ' 11 

' 11. .\ N Vl ' IJJL 11'\' AN D Tl'' ll'EH/\TUIO: IJ/\TA - Continued 

Run ~ll. ltl Run No . II Run No. 12 

X ; 7~ tt X ; 78 ft X ; 70 ft 
u ; ~o . ~o fp~ u ; 19. 80 fps u ; 19 .80 fps m '" m 

T ; 117. 5 °,, T ; 118.4 OF T ; 118.4 OF 
m m m 

To ; 40 . 0 °F To ; 39.0 OF T = 
0 

39.0 °F 

z u z T z u T z u T 
i n. fps in. OF in. fps OF i n. fps OF 

0. 125 8.82 0.125 85 . 25 0.082 8. 41 84.17 0.209 10.24 88.87 
0.140 9.17 0.20 87 . 50 0 . 149 10.11 87. 70 0.254 10.60 89.30 
0.34 9.98 0 . 37 89 . 30 0.294 10.83 90.30 0.504 11. 46 92.34 
0.50 10 .44 0.57 91. 21 0.54 11. 6 7 92.34 0.804 12.24 95.61 
0.74 11. 17 0. 74 92 . 42 0. 74 12.01 93.66 1. 14 12.84 97. 75 
0.96 11. 72 1. 02 94.50 1. 02 12.62 95.96 1 . 51 13.28 99. 70 
1. 26 12.24 1. 39 97.30 1. 37 13. 11 98.30 1. 88 13. 64 101.00 
1. 62 12.85 1. 90 99.70 1. 76 13. 48 100. 13 2 . 49 14. 17 103 . 57 
2.13 13.47 2 . 58 101. 42 2.25 13.95 102. 08 2.90 14. 40 104.00 
2.83 13. 95 3.26 103. 13 2.68 14.33 103.34 3.48 14.94 105. 83 
3.49 14. 34 4. 39 105.08 3 . 18 14.62 104. 86 3.94 15.13 106. 79 
4. 17 14. 75 5 . 20 107.42 3.68 14.89 106.13 4.85 15 . 67 108 . 70 
5.03 15. 13 6. 15 108. 70 4.36 15.23 107 . 70 5.63 15.99 109.53 
5.90 15.52 7.20 110.13 5 . 05 15.58 108. 92 6 . 52 16.35 11 1. 00 
6. 77 15.83 8.18 111. 08 5.80 15.95 110.00 7.62 16 . 76 11 2. 50 
7.50 16.13 9 . 33 112 . 08 6 . 71 16.27 111. 08 8.65 17 . 11 113. 00 
8.34 16.34 10. 48 11 3.17 7. 78 16.66 112. 30 9.65 17.49 113. 38 
9.23 16. 59 11. 26 113. 79 8 .80 16.88 113 . 00 10.79 17.83 113. 79 

10.25 16.96 12.57 114. 42 9.90 17. 43 113. 79 12.09 18. 10 114.21 
11. 25 17.32 13.67 114. 62 11. 03 17.69 114. 62 13.52 18. 51 114. 53 
12.25 17.67 14.73 114. 83 12.20 18. 09 115 .13 15.22 18.86 115.04 
13.50 18.05 15. 79 115. 34 13.61 18.49 115. 87 17.35 19.29 115 .34 
14. 70 18.31 16.80 115. 58 15.50 18.85 116. 30 19.23 19.44 115. 86 
15 . 55 18.57 18. 12 115. 92 17.40 19.14 116.75 21. 56 19.52 117. 38 
16.60 18.87 19 . 13 116. 21 19.36 19.40 11 7 . 17 
18.01 19. 17 20.34 116. 50 21. 44 19 . 59 117. 70 
18.65 19. 41 21.49 116. 75 
19.73 19.68 22. 73 117. 00 
20. 73 19.82 
21 . 77 19.98 
22. 75 20.08 
23.5 0 20.15 
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TABLE II 

MEAN VELOCITY AND TE'IPERATURE DATA - Continued 

Run No. 13 Run No. 14 Run No. 15 

X = 78 ft X = 78 ft X = 78 ft 
um= 9.70 fps um = 9. 35 fps um = 10. 10 fps 

T m 
= 117. 0 OF T = 117. 0 OF T = 117. 0 OF 

m m 
T = 38. 0 OF T

0 
= 38.0 °F T = 38.0 OF 

0 0 

z u T z u z u T 
in. fps OF in. fps in. fps OF 

0.062 2.55 72.6 .062 2.48 0.125 3.17 75.78 
0. 125 3. 48 76 . 4 0.125 3.48 0.25 4.25 79.96 
0.250 3.88 79.7 0.250 3.98 0. so 4.76 82.74 
0.375 4.16 81. 5 0.375 4.20 0.75 5.10 85.13 
0.50 4.37 82.7 0.50 4.44 1.0 5.40 87.09 
0.75 4.66 85.6 0.75 4.81 1.5 5 .82 90.22 
1.0 4.96 87.6 1.0 5.10 2.0 6.17 92.87 
1.5 5.54 90.8 1.5 5.51 2.5 6.47 95.00 
2.0 5.75 93.2 2.0 5.82 3.0 6.73 97.04 
2.5 5.98 96.0 2.5 6.09 4.0 7.07 100.52 
3.0 6.29 98.0 3.0 6.29 5.0 7.30 102.91 
3.5 6.52 99.9 3.5 6.48 6.0 7.49 104.96 
4.0 6.69 101. 4 4.0 6.64 7.0 7. 70 106.47 
4.5 6.91 102.9 4.5 6. 80 8.0 8.00 107. 58 
5.0 7.11 103.8 5.0 6.94 9.0 8.20 108.38 
5.5 7.20 104. 7 5.5 7.05 10.0 8. 34 109 .34 
6.0 7 .36 105.7 6 . 0 7 .17 11. 0 8.50 110.00 
7.0 7.58 107. 2 7.0 7.41 12.0 8.68 110.50 
8.0 7. 76 108.0 8.0 7.63 13.0 8. 77 110. 79 
9.0 7 .97 109 .1 9.0 7.82 14.0 8.90 111.21 

10.0 8.14 110.0 10.0 7.97 15.0 9.04 111. 43 
11. 0 8. 39 110. 4 11 . 0 8.13 16.0 9.13 111. 70 
12 .0 8.59 110.9 12.0 8.27 17.0 9.25 112. 08 
13.0 8.73 111. 3 13.0 8. 39 18.0 9. 39 112.47 
14.0 8.86 111. 7 14.0 8.50 19.0 9.55 112. 92 
16.0 9.09 112.1 15.0 8.60 20.0 9. 72 113. 50 
18 .0 9. 32 112. 8 16.0 8. 71 21. 0 9.89 113.96 
20.0 9.49 113.8 17 .0 8.80 22.0 9.94 114. 83 
22.0 9.56 115.9 18 .0 8. 89 23. 0 9.99 116. 04 

19.0 8.97 23.75 10.09 117. 04 
20.0 9.04 
22.0 9. 18 
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TABLE II 

~EAN VELOCITY AND TE~PERATURE DATA - Conti nued 

Run No . 16 Run No. 17 

X = 78 f t X = 78 ft 
um = 10.05 fps um = 10 .7 fps 

Tm= 114.0 OF Tm= 115 . 5 °F 

TO = 40.J °F TO = 40.0 °F 

z u T z u T 
in. f ps OF in. f ps OF 

0.125 3 . 21 72. 7 0.084 -- 75 . 70 
0.180 4.2 1 77. 5 0. 11 4 3 . 80 78. 35 
0.46 4.74 82.0 0. 144 4 . 10 79 . 42 
0. 72 5. 13 84 . 7 0.254 4.46 81. 30 
0 . 99 5.40 36. 3 0.480 4.97 84. 75 
1. 26 -- ~8. 7 0.79 5 . 26 86 .34 
1. 61 5.78 90.7 1. 29 5.70 89. 79 
1. 99 6. 10 92.4 1. 76 6. 15 92.50 
2.65 6.42 94.7 2.22 6.35 95 .00 
3.09 6.64 96.3 2. 79 6. 79 97. 66 
3.58 6 . 83 97 .6 3 . 46 7 .1 2 100. 10 
4.02 7.00 99.4 4.21 7.43 102 . 30 
4.50 7 . 13 100 . 6 5 .1 7 7 . 76 104 . 00 
4.98 7.25 101. 5 6 . 19 8.05 105.92 
5 .38 7. 35 102.0 7.45 8. 42 108.58 
5.89 7.58 103.4 9 . 03 8.70 109. 43 
6.88 7.99 1C4. 5 11. 83 9.05 111.12 
8.03 8. 19 106.0 21.44 10.62 115. 50 
9.25 8.36 106.7 
9.98 8. 47 107 . 1 

11. 07 8.61 107. 9 
12.00 8.74 --
13. 11 8.88 109.1 
14 .10 8 . 97 109. 5 
14 .96 9. 11 109.8 
16.02 9.23 - -
17 .1 2 9.37 llJ. 3 
18. 10 9.46 --
19 .05 9 .54 --
20.00 9.62 110. 7 
21. 15 9. 79 111. 0 
22.40 9.90 112. 3 
23.50 9 . 96 113. 7 
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TABLE III 

DATA ON RMS TURBULENT FLUCTUATIONS 

Run No. 1 Run No. 4 

u 
00 

= 30. 05 fps U
00 

= 30.4 fps 
T

00 
= 119.9 Op T 

(X) 
= 119. 6 Op 

T = 39 0 Op 0 • T
0 

= 40.0 Op 

z ✓ t 1 2 z J u'2 z j v'2 z Jw'2 
in. Op in. fps in. fps in. fps 

0.062 5.48 0.125 2.510 0.13 1. 863 0.130 1.139 
0.125 5.16 0.34 2.532 0.21 1. 896 0.17 1. 253 
0.25 4.89 0.54 2.464 0. 30 1.908 0.28 1.358 
0.50 4.62 0.96 2.361 0.47 1. 898 0.45 1. 375 
0.75 4.44 1. 41 2.320 0.67 1.812 0.68 1.393 
1.0 4.26 2.0 2.187 1.03 1. 804 1.01 1.425 
1.5 4.03 3.0 2.121 1. 43 1. 764 1. 39 1.425 
2.0 3.80 4.0 2.000 2.07 1. 727 1.87 1. 441 
2.5 3.58 5.8 1. 883 2.81 1.705 2.55 1.441 
3.0 3.35 8.0 1. 793 3.56 1.691 3.45 1. 455 
3.5 3.17 9.9 1.655 4.35 1.687 4.42 1.455 
4.0 3.08 11. 9 1.539 5.04 1.689 5.00 1.437 
4.5 2.94 14 . 75 1.470 5.90 1.689 5.80 1. 424 
5.0 2.76 17.8 1. 350 6.60 1 .665 6.60 1.409 
5.5 2.44 7.60 1. 614 7.70 1. 403 
6.0 2.17 8.65 1.561 8.70 1.395 
7.0 1.99 9.70 1.552 9.80 1.384 
8.0 1. 77 10.75 1.538 10.85 1. 376 
9.0 1.54 11. 75 1. 513 11. 97 1. 376 

10.0 1. 27 12.69 1.494 13.10 1.369 
11.0 1.09 13.94 1.467 13.90 1. 352 
12.0 0.91 15.08 1.425 15.00 1. 319 
13.0 0. 72 16.08 1.403 16.00 1. 288 
14.0 0.63 17.12 1.349 17.05 1.263 
16.0 0.51 18.19 1.290 18.14 1. 231 
18.0 0.41 19.37 1.230 19.30 1.190 
20.0 0.40 20.43 1.178 20.46 1.154 
22.0 0. 39 21.61 1.116 21. 75 1.077 

22.70 1.047 22. 74 1.035 
23.50 0.968 23.87 0.962 
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TABLE III 

DATA ON RMS TURBULENT FLUCTUATIONS - Continued 

Run No. 7 Run No. 10 

u = 20. 25 fps u = 20.2 fps 
·00 00 

T = 118. 0 OF T = 117. 5 OF 
00 00 

T = 40.0 OF T = 40.0 OF 
0 0 

z J t 1 2 z J u 1 2 z J v'2 z Jw,2 
in. Of in. fps in. fps in. fps 

0.062 5.14 0.25 1. 532 0.125 0.984 0.125 0.591 
0.125 4. 73 0.5 1.483 0.20 1.038 0.140 0.634 
0.25 4.47 1.0 1. 374 0.37 1. 012 0.34 0.753 
0.50 4.06 1.5 1. 310 0.57 0.996 0.50 0.768 
0.75 3.90 2.0 1. 254 0.74 0.990 0. 74 0.789 
1.0 3.73 3.0 1. 210 1. 02 0.970 0.96 0. 792 
1.5 3.65 4.0 1.188 1. 39 0.964 1. 26 0.797 
2.0 3.48 5.0 1.133 1. 90 0.982 1. 62 0.813 
2.5 3.32 6.0 1. 047 2.58 0.972 2.13 0.815 
3.0 3.23 7.0 0.988 3.26 0.961 2.83 0.814 
3.5 3.11 9.0 0.942 3.85 0.940 3.49 0.814 
4.0 2.98 11. 0 0. 897 4. 39 0.935 4.17 0.813 
4.5 2.86 13.0 0.842 5.20 0.926 5.03 0.817 
5.0 2.74 15.0 0.788 6.15 0.920 5.90 0.803 
5.5 2.57 18.0 0. 713 7.20 0.922 6. 77 0.807 
6.0 2.40 21.0 0.554 8.18 0.921 7.50 0.813 
7.0 2.16 9.33 0.922 8.34 0.809 
8.0 1. 87 10.48 0.922 9.23 0.817 
9.0 1. 70 11. 26 0.923 10.25 0.820 

10.0 1. 49 12.57 0.893 11. 25 o. 811 
11.0 1. 33 13.67 0.8711 12.25 0.807 
12.0 1.16 14. 73 0.850 13.50 0.808 
13.0 0.99 15.79 0.815 14. 70 0. 795 
14.0 0.87 16.80 0. 780 15.55 0. 770 
16.0 0.61 18.12 0.760 16.60 0.748 
18.0 0.46 19.13 0. 703 18.01 0.720 
20.0 0.44 20.34 0.658 18.65 0.700 
22.0 0.41 21.49 0.622 19. 73 0.668 

22.73 0.578 20.73 0.646 
23.50 0.500 21. 77 0.616 

22.75 0. 579 
23.50 0.520 
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TABLE III 

DATA ON R~S TURBULENT FLUCTUATIONS - Continued 

Run No. 15 Run No. 16 

u = 10.10 fps u = 10. OS fps 
00 00 

T = 117. 0 °F T = 114.0 °F 
00 00 

T = 38.0 OF T = 40.0 OF 
0 0 

z J t 1 2 z J u' 2 z J v' 2 z Jwr 2 
in. OF in. fps in. fps in. fps 

0.125 4. 72 0.125 0. 772 0.125 0.148 0.125 0.124 
0.25 4.48 0.25 0.641 0.18 0.259 0.19 0.207 
0.50 3.94 0.50 0.561 0.46 0.299 0.55 0.262 
1.0 3.65 1.0 0.553 0. 72 0.304 0.88 0. 277 
1.5 3.52 1.5 0.526 0.99 0.312 1. 22 0.276 
2.0 3.44 2.0 0.511 1. 26 0.316 1. 71 0.274 
2.5 3.32 3 . 0 0.495 1. 61 0.318 2.37 0.274 
3 . 0 3.15 4.0 0.473 1. 99 0.318 2.85 0.269 
3.5 2.98 5.0 0.407 2.65 0.325 3.31 0.266 
4.0 2.74 6.0 0.392 3.09 0.329 4.26 0.261 
4.5 2.49 7.0 0.382 4 . 02 0.336 5.50 0.263 
5.0 2.20 9.0 0 . 336 4.50 0.332 6.60 0.268 
6.0 1. 87 11. 0 0.308 4.98 0.328 8.30 0. 275 
7.0 1. 70 13.0 0.289 5.38 0.323 9.73 0.273 
8.0 1. 41 15.0 0.289 5.89 0.321 11.15 0.275 
9 . 0 1. 20 18.0 0 . 290 6.88 0.324 12. 72 0.276 

10.0 0.99 8.03 0.332 14.40 0. 277 
11.0 0.95 9.25 0 .331 16.35 0. 272 
12 . 0 0.61 9 . 98 0.330 18.20 0.245 
13 . 0 0.50 12.00 0.323 
14.0 0.44 14.10 0.313 
16.0 0.40 16.02 0. 297 
18.0 0.35 18.10 0.253 
20.0 0.31 
22.0 0.27 
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'1'/\111.1 •: IV 

1> ·\'I' ,\ <I N '1'11111\111 .J•:NT l• l , I JXJ,;S 

Run Nn. I H1111 N P H1111 N o _ :~ 1!1111 No . 7 Hun No. 8 Run No. 8 

U 
00 

= 30. OS fps II ... .\II . Cl fp·, II . - \ II. It I p •, 11 ... • LO. 25 fp s u~ = 19.95 fps u 
00 

= 19 .95 fps 

T = 119. ,1 OF T I I ~I . ~ l 'i: r - I I ~) . s n,,. T • I 18. 0 OF T = 116 .2 OF T = 116. 2 °F 
00 ... • n 00 00 

T = 39 . 0 °F T === -Ill. ll 11 1' T • -Ill (I UF T • 40.0 OF T = 40.0 OF T
0 

= 40 .0 OF 
0 \) " 0 0 

z u't' : -~ : - u'w' z u't' z -w"itT z - utwr 

in . 
f:OF 

in . ft"F 
i.n. 

ft ~ 
i n . ft°F in . ft°F in. ft 2 

-- sec' sec 2 sec sec sec sec 
0, 125 8. 10 0, 12 5 2. 00 0. 12 5 0. 923 0. :!5 4. tl7 0.25 0, 289 
0. 34 7. 17 0. 25 2. 10 0. 25 0. 98 6 0. 50 4. 29 1.0 0. 927 0. 50 0. 313 
0, 54 6. 27 0. 50 1. 85 0. 50 0. 950 1.0 3. 47 1. 5 0, 821 1.0 0. 338 
0. 96 6. 02 1. 0 1. 67 1 0 0. 833 1. 5 3. 05 2. 0 0. 769 1. 5 0. 316 
1. 41 5. 72 2. 0 1. 44 2 0 0, 816 2. 0 2. 84 3. 0 0. 737 2. 0 0. 297 
2. 0 4. 80 3 . 0 1. 50 3. 0 0 . 832 3. 0 2. 55 4, 0 0. 630 3. 0 0. 287 
3. 0 4 , 47 4 , 0 1. 60 4. 0 0. 788 4. 0 2. 31 5. 0 0. 661 4. 0 0. 242 
4. 0 3. 52 6. 0 1. 17 6. 0 0. 753 5. 0 1. 90 6. 0 0. 649 5. 0 0. 235 
5. 8 2. 37 8, 0 1. 09 8. 0 0. 726 6. 0 1. 36 8, 0 0. 494 6. 0 0. 227 
8. 0 1. 60 10. 0 0, 703 10. 0 0. 665 7. 0 1. 06 10. 0 0. 274 8. 0 0. 204 
9. 9 0. 85 13, 0 0, 577 13. 0 0. 585 9. 0 0. 740 12. 0 0. 091 10. 0 0. 163 

11. 9 0. 36 11 . 0 0. 408 12. 0 0. 137 
1 4. 75 0. 22 13 . 0 0, 218 
17 . 8 0, 13 15. 0 0, 033 

18. 0 0. 024 

Run No. 15 Run No. 17 Run No. 17 
U

00 
= 10 .10 fps ti 

00 
= 10.70 fps U

00 
= 10.70 fps 

Too = 117 . 0 ~p T
00 

= 115.S Op T 
00 

= 115.5 Op 

T
0 

= 38.0 ° !' T0 = 40.0 Op T
0 

= 40 . 0 Op 

z u't' z -wttT z -u'w' 
in. ft°F in. ft 0 P 

in . ...fi3.. 
sec sec sec 2 

0. 125 2. 90 0. 06 5 0. 032 0. 06 5 ll . 0305 
0.25 2.41 0. 125 0. 162 0, 125 0. 0516 
0. 5 1. 73 0. 235 0. 252 0. 23 5 0. 0558 
1.0 1. 60 0. 77 0. 279 0.4 6 0. 0541 
1. 5 1. 41 1. 27 0, 294 0.77 0. 0590 
2. 0 1. 34 2. 20 0. 174 1. 27 0. 0601 
3. 0 1. 19 2. 77 0. 15 5 1. 74 0. 0441 
4. 0 0.98 3. 44 0, 178 2. 20 0, 0409 
5. 0 0. 604 4. 19 0. 157 2. 77 0. 0401 
6. 0 0.479 5. 15 0, 109 3. 44 0. 0412 
7. 0 0, 403 6. 17 0. 0743 4. 19 0, 03 72 
9. 0 0. 197 7, 43 0, 0687 5. 15 0. 0298 

11 . 0 0. 076 9. 01 0, 0645 6. 17 0. 0241 
1 3. 0 0.028 I 11 . 85 0. 0307 7, 43 0. 0246 
1 5. 0 o. 020 I 9. 01 0. 022 9 
1 8. 0 0. 01 9 1 1. 85 0. 011 5 



z = 0.25 in. z = 0 . 5 in. 

k1 Pv' (k1)/;;z k1 Fy'(k1) /;;z 
ft-1 ft ft-1 ft 

5.90 1. 09xl0 -2 5.44 1. 38xl0- 2 

7. 38 9 .14xl0-3 6.80 1.21 
9 .1 3 l.05x10- 2 8.50 l 1.60 
l.18xl01 

1. 23 I l.09xl0 1.93 
1.48 1. 23 1.36 1.50 
1.85 1.08 1. 70 1.33 
2. 36 9 .18xl0- 3 2.18 1.15 
2.95 7.65 2. 72 8. 68x10- 3 
3.69 6.17 3 .40 1.07 
4.61 5 . 37 4.25 6.36 
5.90 4.56 5 .44 5.15 
7.38 3.62 6.80 4.01 
9 .13 2 2.23 8.50 2 .39 
l.1 8xl0 1.94 1. 09xl0 2 1.89 
l :48 1 .31 1.36 1.21 
1.85 1.07 1. 70 9 .48xl0-4 
l,3<:, 6. 29x10-4 2.18 5 . 55 
2.95 3. 81 I 2 . 72 3,51 
3.69 2.07 3.40 1.64 
4.61 9.47xl0-5 4.25 8.2ox10- 5 
5.90 3 .12 I 5.44 3.12 
7 . 38 1.13 6.80 1.03 
9 .13 2. 35xl0-6 8.50 3 2. 55x10 -6 
l.18xl03 7 .44 x10 - 7 l,09xl0 8 . 29xl0- 7 
1.48 I 3. 78 I 1.36 5.02 

TABLE V 

DATA ON ONE-DIMENSIONAL SPECTRA 

Um = 30 fps, Ri = 0.0112 
6 

z=l.Oin. z a 2,0 in . 

k1 Fv' (k1)/v' 2 kl Fy I (k1J/;;z 
ft-l ft ft-l ft 

5 ,03 l. 93xl0 - 2 4.62 2 . 88xl0 - 2 

6.29 1. 70 5.78 2.54 
7.86 l 2.18 7.23 2.38 
l. OlxlO 2.08 9.25 3 .07 
1.26 1.86 l.16xl01 2.50 
1.57 1. 74 1.45 1.91 
2.01 1.27 1.85 1.56 
2.52 1.01 . 2 . 51 1.10 
3.14 7. 64xl0- 3 2.89 8. 29xl0- 3 
3 . 93 5.90 3 .61 6 . 38 
5 ,03 4.86 4.62 4.73 
6 . 29 3.47 5,78 3.32 
7.86 2.08 7.23 1.87 
l.Olxl0 2 

1.60 -4 9.25 
2 1.51 

1.26 9,64xl0 l.16xl0 9 .03x10- 4 
1. 57 7.58 1.45 6.91 
2.01 4.47 1.8~ 3 .74 
2.52 2.58 2.51 2 . 29 
3.14 1.23 2 ,89 l. lS 
3.93 6 .67xl0-5 3.61 5. 82xl0- 5 
5.03 2.34 -6 4.62 1.82 
6.29 7.3lxl0 5.78 6 . 66x10 - 6 
7 . 86 3 2 . 20 7 7 .2 3 2.27 
l.OlxlO 9. 25xl0- 9.25 1. 09 
1. 26 6.06 

z = 5,0 in. 

k1 Fv' (k1J/vi'2 
ft-l ft 

4 .14 4. 09xl0 - 2 

5.17 3.24 
6.47 3.38 
8.27 3 . 18 
l ,Olxl01 2.56 
1.29 2.09 
1 . 66 1. 52 
2.07 1.11 
2.59 8. Olxl0- 3 

3.23 6 .11 
4.14 4.38 
5.17 2.83 
6 .47 1.60 
8.27 1. 24 
l .04xl0 2 7.42xlo - 4 

1.29 5.77 
1.66 3.24 
2 .07 1.99 
2.59 Q,57xio-5 
3 . 23 4.46 
4 .14 1. 31 
5.17 5.74xl0-6 
6,47 2.52 
8.27 1.47 

z = 10 . 0 in. 

k1 Fv' (k1)/~ 
ft-1 ft 

3.74 7.63xl0- 2 

4.70 4.86 
5.87 3.61 
7.52 3 .47 
9.40 l 2 . 54 
l.18xl0 1.83 
1.50 1. 38 - 3 
1.88 8.97xl0 
2.35 6.74 
2.94 5.20 
3.74 3.79 
4. 70 2.40 
5.87 1.49 
7.52 1.10 
9.40 6 .89x10-4 
l . 18xl02 5.13 
1.50 2.82 
1.88 1. 71 
2.35 8.62xl0- 5 

2.94 5 . 02 
3.74 1.92 
4.70 1.30 
5.87 8.16xlo -6 

1--' 
0 
0 



z = 0.25 in. z = 0 . 50 in. 

k1 F w' (k 1)/w-2 k1 "w' (k1) /w-2 
ft-l ft n-1 ft 

5.90 3. 79xl0 -3 5.44 6 . 20xl0-3 

7.38 5.21 6.80 6.94 
9.13 5.96 8 . 50 8 .1 4 
l . 18xl01 7.05 l.09xl0 1 9.20 
1.48 7.59 1.36 9,79 -2 
1.85 8.05 1. 70 l.07xl0_

3 2 . 36 7 .43 2.18 9.76xl0 
2.95 6.45 2. 72 9.08 
3 .69 5.72 3.40 7 . 38 
4.61 5.01 4.25 6 .44 
5.90 4 . 74 5 . 44 5.56 
7.38 3 .98 6 . 80 4 . 26 
9 .13 2 2.62 8.50 2 2 .70 
l.18xl0 2.29 l.09xl0 2,37 
1.48 1.59 1.36 1.60 
1. 85 1. 35 -4 1. 70 1. 25 -4 
2 .36 8.73xl0 2.18 7 ,4lxl0 
2.95 5 .93 2. 72 4,75 
3.69 2 .67 3.40 2.37 
4 .61 1. 37 - 5 4.25 1.1 8 -5 
5.90 5 .18xl0 5.44 4. 2lxl0 
7.38 1. 64 -6 6.80 1.45 - 6 
9.13 l. 98xl0 8 . 50 3 3.44xl0 
l.18xl03 

1. 22 - 7 1. 09xl0 1.13 - 7 
1.48 6.23xl0 1.36 7,47xl0 
1.85 4.66 

TABLE V 

DATA ON ONE- DIMENSIONAL SPECTRA - Continued 

u~ = 30 fps, R. = 0.0112 
'o 

z = 1.0 in. z = 2 .0 in. z = 
k1 Fw' (k1) ;;;,-2 kl Fw'(k1J / w-2 k1 

ft-1 ft n-1 ft ft-l 

5,03 9 .94xl0-3 4.62 1.92xl0 - 2 4 . 14 
6 . 29 9 .16 -2 5 . 78 1. 51 5.17 
7 . 86 1. 42xl0 7 . 23 1.82 6.47 
l .Olxl01 1.43 9 . 25 1.86 8.27 l 
1.26 1.56 l.16xl01 2.23 l.04xl0 
1.57 1.49 1.45 2 .05 1.29 
2 . 01 1.30 1.85 1.54 1.66 
2.52 1.10 - 3 2.51 1.16 -3 2.07 
3 . 14 8 , 93xl0 2 .89 8. 74xl0 2.59 
3.93 6.83 3 . 61 6.95 3,23 
5 .03 5 . 56 4.62 5.68 4 .1 4 
6 . 29 4,15 5,78 3.96 5 . 17 
7 . 86 

2 2 . 52 7.23 2.30 6 .47 
l.OlxlO 2 .00 9 . 25 2 1.84 8.27 2 1.26 1. 34 -4 l.16xl0 1.09 -4 l.04xl 0 
1.57 9.69xl0 1.45 8.80xl0 1.29 
2.01 5.78 1.85 4 . 74 1.66 
2 .52 3.76 2 . 51 3.07 2.07 
3.14 1. 64 - 5 2 . 89 1.51 -5 2 . 59 
3.93 8. 98xl0 3.61 7 . 57xl0 3.23 
5.03 3 .23 -6 4.62 2 . 48 -6 4 .14 
6.29 9 . 57xl0 5 . 78 7.84xl0 5.17 
7,86 

3 3 . 08 7.23 2 . 93 6,47 
l.OlxlO 1.27 -7 9,25 1.47 8.27 
1.26 8.78xl0 

5.0 in. z = 
Fw' (k1)/~ kl 

ft ft- 1 

3 .2 lxl0- 2 3.74 
2.56 4.70 
2 . 68 5 . 87 
3.17 7 . 52 
2.46 9.40 l 
2.15 l.18xl0 
1. 73 1. 50 
1.26 1.88 
9 ,45.xlo - 3 2 . 35 
7.51 2 . 94 
5 . 33 3.74 
3. 77 4.70 
2.03 5 . 87 
1. 4 7 -4 7.52 
9.30xl0 9.40 2 7.19 1.18xl0 
4.38 1. 50 
2.54 1.88 
1.18 - 5 2 .35 
5. 7Txl0 2.94 
2.00 -6 3. 74 
7 . 42xl0 4.70 
3,36 5.87 
2.06 7.52 

10.0 in. 

Fw ' (k1 J/~ 

ft 

5.50xl0- 2 

4.74 
3.38 
3.55 
2.82 
2 . oo 
1.59 
1.06 -3 
7 . 73xl0 
5.66 
4.40 
3. 25 
1.59 
1. 27 - 4 
7.97xl0 
6 .07 
3.25 
2 . 02 
1. 06 -5 
5 .35x l0 
1. 67 -6 
8.90xl0 
4.78 
3 . 12 

,_. 
0 ,_. 



z = 0 . 25 in. z = 0 . 50 in. 

kl F y' (k1)/;;T kl Fy'(k1)/;.f 
ft-1 f t f t -l ft 

9.88 l l.Olxl0- 2 
9 . 14 l 1. 20xl 0 - 2 

1 . 24xl 0 1.09 l . 14xl0 1. 31 
1.54 1.14 1.43 1. 25 
1.98 1.28 1.83 1.44 
2.47 1.18 2.29 1.41 
3.09 1.10 -3 2.86 1. 21 - 3 
3.95 9 . 94xl0 3.66 9 . 75xl0 
4.94 7.33 4.57 7.49 
6.17 5.32 5. 71 5.55 
7. 72 4 .09 7 . 15 4 .18 
9 . 88 2 3 . 04 9.15 2 3 . 11 
l.24xl0 1. 90 -4 1.14xl 0 1. 98 -4 
1.S4 9.42xl 0 1. 43 9.67xl 0 
1.98 5 . 95 1.83 5.87 
2 . 47 2 . 73 2 . 29 2.92 
3.09 1. 48 -5 2 . 86 1.65 - 5 
3.95 5 . 82xl 0 3.66 6.59xl0 
4.94 , 2 . 09 -6 4.57 2.65 - 6 
6 .17 6.80xl0 5.71 7. 73xl0 
7. 72 2.26 -7 7.15 2.65 
9.88 3 8. 77xl0 9.15 3 1.11 - 7 
1. 24x l 0 5 . 81 1.14x l 0 6 .92xl0 

TABLE V 

DATA ON ONE-DIMENSIONAL SPECTRA - Continued 

U = 20 fps , R. = 0,0234 
., 16 

z = 1. 0 in. z = 2 .0 in. z = 5.0 in. 

k1 Fy' (k1)/? k1 F ' (k )/~ kl F ' (k1)/;;1' 
V 1 V 

ft-1 ft ft- 1 
ft ft -l ft 

8 . 28 l l .57xl0 - 2 
7.50 1 . 72xl0 - 2 

6 . 72 3.93xl0-2 

1 . 04xl0 1. 72 9.38 l 1.29 8 .40 l 2 . 76 
1.30 1.57 l. l 7xl0 1.60 l.05xl0 2.42 
1.66 1.83 J .so 1.63 1.34 2 .44 
2.07 1.53 1.88 1. 72 1.68 1.83 
2 .59 1.37 2 . 34 1. 38 - 3 2.10 1. 28 -3 
3.32 1.08 -3 3.00 9. 7lxl0 2 .69 9.29xl0 
4.15 7 .90xl0 3 . 75 7.96 3.36 6.50 
5.18 5 . 70 4.69 5.75 4.20 4.88 
6.47 4.17 5.86 4 . 39 5.25 3.70 
8 . 28 2 3.10 7 .50 2.61 6. 72 2.55 
l. 04xl0 1.80 -4 9.38 2 1. 66 -4 8.40 2 1 . 55 -4 
1.30 9. 22xl0 l.17xl0 8. 15xl0 l. 05xl0 8.00xlO 
1.66 5.66 1. 50 5.29 1.34 5.26 
2.07 2.55 1.88 2.63 1.68 2.55 
2.59 1.46 -5 2.34 1.49 - 5 2 .10 1. so -5 
3 . 32 5 . 78xl0 3 .oo 5. 44xl0 2.69 6 .0 2xl0 
4 . 15 1.92 - 6 3. 75 1.96 - 6 3.36 3 . 20 
5.18 7.7 l xl0 4 .69 9.88xl0 4.20 1.69 
6.47 2. 90 5.86 2.81 5.25 1.04 
8.28 3 l.04xl0 

1. 21 _ 7 
8 . 97xl0 

z = 10.0 in. 

kl F ' (k ) /;;z 
V 1 

ft- 1 ft 

6.00 4. 84xl0 - 2 

7.51 3 . 52 
9 . 39 l 3 . 11 
1. 20x l 0 2. 59 
1.50 1. 79 
1.88 1. 46 
2.41 1. 15 - 3 
3.00 7.93xl0 
3.76 5.61 
4.69 4. 37 
6.00 2 .73 
7.51 1. 61 -4 
9 . 39 2 7.97xl0 
1. 20 ... 10 5.55 
1.50 2 .56 
1.88 1. 54 -5 
2.41 6.08xl 0 
3 . 00 2. 77 
3.76 1.46 -6 
4.69 7.25xl0 
6.00 3.84 

.... 
0 
N 



z = 0. 25 in. z = 0 . 50 in . 

k1 Fw'(kl)/~ k1 Fw'(kl)/~ 

ft- 1 ft ft-1 ft 

9.88 l 5.96xl0- 3 
9 .14 l 6 . 82xl0- 3 

l. 24xl0 6 .1 2 l .14 xl0 7.01 
1. 54 7.45 1.43 8 . 70 
1.98 9.88 1.83 9.85 
2.47 8.73 2.29 9. 79 
3 . 09 7.39 2.86 9.47 
3.95 6.88 3.66 9 . 38 
4.94 6 . 11 4.57 6.82 
6 .17 4 .84 5 . 71 5 . 47 
7. 72 4. 13 7.15 4.58 
9.88 2 3.06 9.15 3 . 18 
1. 24xl0 2.06 1.14 x102 1.82 
1.54 1.14 -4 1.43 1.13 -4 
1.98 7.24xl0 1.83 8 .13xl0 
2.47 3.68 2.29 3.90 
3.09 2 .14 -5 2 .86 2.29 -5 
3.95 9 . 77xl0 3.66 9 .13xl0 
4.94 3.81 4 . 57 3.87 
6.17 1. 32 -6 5.71 1.32 -6 
7. 72 5.25xl0 7 .1 5 5 .47xl0 
9.88 3 2.32 9. 15 3 2 .4 2 
1. 24xl0 l.61 l.14xl0 1. 63 

TABLE V 

UATA ON ONE-DIMENSIONAL SPECTRA - Continued 

U = 20 fps, R. = 0.0234 
m 10 

z = 1.0 in. z = 2.0 in. z=5.0in. 

k1 Fw"(k1J/w"i"2 kl Fw'(k1)/~ k1 F w' (k1J /w77 
ft- 1 ft ft-1 ft ft -1 ft 

8 . 28 l l.12xl0 - 2 7.50 -2 6. 72 2.66xl0- 2 l.47xl0 
l .04xl0 1.14 9 . 38 l 1.48 8 . 40 l 2.43 
1.30 1.33 l. l 7xl0 1.92 l.05xl0 2.46 
1.66 1.34 l.50 l. 78 1.34 2.40 
2 .07 1.50 1.88 1.82 1.68 l. 92 
2.59 1.13 - 3 2 .34 1. 31 2. 10 1.46 
3.32 9.57xl0 3.00 1.18 -3 2 .69 1 .10 - 3 
4 . 15 7 . 37 3.75 9.75xl0 3.36 7 . 60xl0 
5 .18 6 .08 4 . 69 7 . 02 4.20 5. 71 
6.47 4.19 5 .86 5.36 5.25 4.40 
8.28 2 3 . 05 7 . 50 3.62 6. 72 2,75 
l .04xl0 1.95 9 .38 2 2.20 8.40 2 1. 68 -4 
1.30 1.00 -4 l. l 7xl0 1.08 -4 l.05xl0 9 . 28xl0 
1.66 7.22xl0 1. 50 7.28xl0 1.34 6 . 24 
2 . 07 3.31 1.88 3 . 65 1.68 2 .82 
2.59 1 . 95 -5 2.34 2.09 -5 2.10 1. 64 -5 
3.32 7.49xl0 3.00 7 . 22xl0 2.69 6.07xl0 
4.15 3 . 72 3.75 2.47 3.36 2 . 73 
5 .1 8 1.15 -6 4 .69 l. 06 -6 4 . 20 1.27 -6 
6.47 5.3lxl0 5.86 4. 7lxl0 5.25 4.80xl0 
8 . 28 3 2 .10 6.72 3 . 28 
l.04xl0 1.69 

z = 10.0 in. 

kl F w' (k l J/;iz 
ft - l ft 

6.00 3.29xl0 - 2 

7 . 51 3.27 
9.39 l 2.88 
l.20xl0 2.70 
1.50 2.42 
1.88 2 .00 
2 .41 l. 41 - 3 
3.00 9 .38xl0 
3.76 5.99 
4 . 69 4.21 
6.00 3. 13 
7.51 1.87 -4 
9.39 2 

9 .14xl0 
l.20xl0 5. 83 
1.50 2.70 
1.88 1.4 2 - 5 
2.41 4.89xl0 
3.00 2.01 
3.76 1, 08 - 6 
4 .69 4.58xl0 
6.00 3.16 

.... 
0 
c.,.i 



z = 0. 125 in. 

ki 4>t ' (kl)/t'2 
ft-I ft 

1. 13xl01 1. 26xI0- 2 

1.41 1. 34 
1. 76 1. 23 
2.26 1.19 
2.82 1.02 
3.53 9. 3Sx10- 3 

4.52 7.56 
5 .65 5. 72 
7.06 3.89 
8.82 2.90 
1. 13xl02 2.25 
1. 41 1. 24 -4 
1. 76 S.99x10 
2.26 3.91 
2.82 2.09 
3 .53 1. 15 
4.52 3. 6Sx10-S 
5.65 1. 41 
7.06 4.67x10- 6 

8.82 1. 22 
1.13x103 4. 87xl0- 7 

1. 41 2.76 
1. 76 1. 77 

z = 0.125 

kl 4>t , (k1)/t°2 

ft-1 ft 

3. 09x101 1. 2sx10- 2 

3.87 1. 24 
4.83 1.02 

3 
6.18 8. 9lx10-
7.73 5. 35 
9.67 3.93 
1. 24x102 1.97 
1. 55 8.68xl0- 4 

1.93 3.94 
2.42 1. 73 
3.09 5. 96xl0-S 
3.87 9. 53x10- 6 

4.83 2.90 
6.18 1.11 -7 
7.73 3.22x10 
9.67 1.09 
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TABLE V 

DATA ON ONE-DI~ENSIONAL SPECrRA - Continued 

um = 20 fps R. = 0.0234 
16 

z = 0 . 50 in. z = 2.0 in. z = 5. 0 in. 

kl 4>t, (ki)/t • 2 kl 4>t, (k1)/t'2 

ft- 1 ft fc 1 ft 

9.14 1. 60xI0- 2 7.50 2. 24xI0- 2 

1.14xD1 1.66 9.38 2.55 
1. 43 1. 67 1. 17xl01 2.16 
1. 83 1. 48 1.50 2. 18 
2.29 1. 39 1.88 1. 78 
2.86 1.01 2.34 1.32 
3.66 8. s2x10- 3 3.00 1.03 
4.57 6.54 3.75 8. OSxl0- 3 

5. 71 4.71 4. 69 5.88 
7 .15 3. 57 5.86 4.39 
9.15 2.62 7.50 2.97 
1.14xn2 1.80 9.38 1. 79 
1.43 9. 18xI0-4 l .17xl02 9. 2ox10- 4 

1. 83 6. 23 1.50 5.96 
2.29 3. 17 1.88 3.44 
2.86 1.95 2.34 1. 91 
3.66 8. 32x10-S 3 .00 7. 37xl0-S 
4.57 3.16 3.75 3.23 
5.71 1. 15 4.69 8. ssx10- 6 

7.15 3. 36x10- 6 5.86 1. 32 
9.15 1.05 7.50 6. 22x10- 7 

l.14xl03 3. 59xI0- 7 9. 38 1.42 
1. 43 1. 25 

um = 10 fps , R. = 0. 113 
16 

z = 0.50 in. z = 2. 0 in. 

kl 4>t' (k1)/t'2 k1 4>t, (ki)/t'2 

ft-1 ft ft-1 ft 

2. 09xl01 1. 28xlo- 2 
I. 66x10 1 1. 74x10- 2 

2.62 1. 31 2.07 1. 75 
3. 27 1. 28 2.59 1. 53 
4. 19 1. 23 3.32 1. 53 
5.23 8. 02xI0- 3 4.15 1.16 
6.54 6.62 5.19 9.04xlo- 3 

8 . 37 
2 

3.77 6.64 5.48 
1.0SxlO 2.17 8.29 3.10 
1. 31 1.02 1. 04x102 1.66 
1.64 S.13xlo- 4 1. 30 8. 73xl0- 4 

2.09 2.25 1.66 3.78 
2.62 7. 23x10-S 2.07 1. 28 
3.27 2.29 2.59 2 . 98x10-S 
4.19 5. 4 7x10- 6 3.32 1.05 
5.23 1. 25 4. 15 2. 21x10- 6 

6.54 3 . 39x10- 7 5.19 4. 03x10- 7 

8.37 1.11 6.64 S.86x10- 8 

kl 4>t' (k1) / t'2 
ft-1 ft 

6. 72 2 .s1x10- 2 

8.40 3.00 
1. 0Sxl01 2.75 
1. 34 2.60 
1. 68 2.14 
2. 10 1. 64 
2.69 1.36 
3.36 9.47x10- 3 

4.20 6.47 
5.25 4.46 
6. 72 3.20 
8.40 

2 
2.14 

1. 05x10 1.12 
1. 34 7. 07x10- 4 

1. 68 3.40 
2.10 2.03 -5 
2 .69 8.09xl0 
3.36 2.95 
4.20 9. 9Sx10-6 

5.25 3.44 
6.72 7. 40x10- 7 

8.40 
3 

1. 73 
1.0SxlO 5. 66x10- 8 

z = 5.0 in. 

kl 't I (k1)/t'2 
ft-1 ft 

1. 37x101 -2 
1. 99x10 

1. 72 2.14 
2.14 1. 91 
2.75 1. 91 
3.43 1. 35 
4. 29 1.02 
5.49 6.94x10- 3 

6.86 3.83 
8 .58 1. 98 
1. 07x102 8. 63xI0- 4 
1. 37 4.58 
1. 72 1. 78 
2.14 4.70xl0-S 
2 . 75 1. 51 
3.43 2. 82xI0- 6 

4.29 6. 78x10- 7 

z = 10.0 in. 

kl 4>t , (k1)/t'2 
ft-1 ft 

6.00 3. 02x10- 2 

7 .51 3. 19 
9. 39 2.81 
1. 20x10 1 2.81 
1. so 2.40 
1.88 1.66 
2.41 1. 21 
3.00 8.46xlo- 3 

3.76 6.12 
4.69 4.68 
6.00 3.09 
7. 51 1. 81 
9. 39 9.63xI0- 4 

1. 20x102 7.31 
I.SO 3.72 
1.88 1.99 
2. 41 6. 6Sx10-S 
3.00 2.89 
3.76 1.00 
4.69 3. 37xl0- 7 

6.00 7. 39x10- 7 

7.51 2.14 

z = 10.0 in. 

kl 4>t I (k1)/t'2 
ft-1 ft 

1. 19x101 3. 46x10- 2 

1.48 2.70 
1.85 1.93 
2.37 1.92 
2.96 1. 15 
3. 70 8. 30xl0- 3 

4.74 6.83 
5.93 3.10 
7.40 1. 81 
9.26 9. 97xl0- 4 

1. 19xl02 4.67 
1.48 1.84 
1.85 s. 1sx10-5 

2.37 1.46 
2.96 5. S6x10- 6 

3.70 1.94 
4.74 7. 74x10- 7 

5.93 4.24 
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HBLE V 

ll;\T •\ ON ONE - lll'1ENSltJNI\L SPECTRA - Continued 

ll" . 10 fps R. 0. 113 
' 6 

:= tl . 5 in. : 0 I . () j 11 . z =2 . 0in . z = 5.0 in . 

k F,., l •1 J/ 0 k I "v•f•1l/~ k I Fv' (k 1) /v ' 2 kJ F (k )/--;;T 
I v' I 

ft - I ft ft - I ft ft-I ft ft-I ft 

2.09xl0 1 l.12xl0-2 1.RSx l 0 1 1.34x10-2 l . 66xl01 I. 4 7x10- 2 l.37x l 01 I. 82xl0- 2 

2.62 l. 17 2. 3 I l. 43 2 . 07 I. 61 I. 72 I. 82 
3 .27 l. 10 2.89 I. 26 2 .59 I. 43 2.14 I. 80 
L, 19 1. 12 3.70 l. 39 3 . 32 I. 42 2.75 I. 54 
5 . 23 8.37x!0- 3 4.62 1. a1 4. 15 1. 04 3.4 3 I. 23 
6.54 6.95 5.78 8.88x!0- 3 5. 19 8. 2ox10- 3 4. 29 9. 80xJ0- 3 

E. 37 3.70 7.40 4.51 6. 64 5 . 32 5.49 6.51 
l. 05xJ02 2 . 26 9.25 2.55 8 . 29 3 . 01 6.86 3. 74 
I. 31 I. 23 l.16xl0 2 I. 49 I. 04xl02 I. 5 7 8.58 I. 74 
l. 64 6 . 62xJ0- 4 I. 44 7. 49xJ0- 4 I. 30 7. 55x10- 4 I. 07xJ0 2 8. 70xJ0- 4 

; . 09 3. 31 1.85 3. 72 1.66 2 . 93 I. 27 3.59 
2.62 1. 34 2.31 1. 71 2.07 1. 30 I. 72 I. 59 
:!.27 4. 44x!O-S 2 . 89 4. 76xJ0 - 5 2 . 59 4. 74xJ0- 5 2. 14 5. 48xJ0- 5 

z = 0 . 5 in. z = 1. 0 i n. z = 2. 0 in. z = 5. O i n. 

k l Fw, (k1)/~ k 1 F w' (k1) ;;;;,I k l Fw , (k1)/;;z k1 Fw 1 (k 1)/w ' 2 
ft- I ft ft-I :'t ft - 1 ft ft- 1 ft 

2 . 09xJ0 1 9 . 56xl0 - ~ 1 . 85x J0 1 1. 14x! 0- 2 1 . 66xJ0 1 I. 44xJ0- 2 I. 37xl0 1 l. 47xJ0- 2 

2.62 1. Olx!O- 2.31 I. 17 2.07 1. 48 I. 72 1. 48 
3 . 27 9. 40xJ0- 3 2 . 89 1.07 2.59 1. 49 2. 14 1. 70 
4 . 19 9.56 3.70 1.: 7 3.32 I. 47 2 . 75 I. 63 
5 .23 7 . 35 4.62 1. 00 4. 15 1. 15 3 .4 3 1 . 27 
6 .54 5. 44 5 . 78 8.16xJ0 - 3 5 . 19 9. 08xJ0- 3 4. 29 1.09 
8.37 

2 
3.76 7.40 5.17 6.64 5.73 5.49 6. 3lxJ0- 3 

I. 05x l 0 2 . 30 9 . 25 3.02 8.29 3.27 6 . 86 3 . 94 
1. 31 1. 27 1. 16x J0 2 I. 70 I. 04xJ0 2 

I. 75 -4 8 . 58 2. 14 
1. 64 6 . 49xJ0- 4 1. 44 8.90x!0- 4 l. 30 8.90x! O I. 07x J0 2 1.05 
2.09 3 .46 1. 85 4. 49 I. 66 4.51 I. 37 4 . 66xJ0- 4 

2.62 1 .67 -5 2.31 I. 83 
5 

2.07 I. 68 I. 72 I. 9 1 
3. 27 5 . 56x!O 2.89 6. 3Sx! O- 2 . 59 5. 45x!O- 5 2.14 7. 28xJ0- 5 
4. 19 2 . 50 3 . 70 2. 75 3 . 32 2.40 2.75 3. 12 
5 . 23 I. 5 7 4 . 62 I. 97 
6.55 1. 22 
8 . 38 5 . 59xl0- 6 
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TABLE VI 

PARA.METERS USED IN SPECTRAL CALCULATIONS 

z u u V E ks co 

ft 2/sec 3 in. fps fps ft 2/sec ft-1 

0.125 30.00 15.55 
10-4 103 0.25 30.00 17.06 2.11 X 110. 00 1.85 X 

0.50 30.00 18.44 2.15 X 10-4 56.10 1. 546 X 103 

1.00 30.00 19.99 2.18 X 10- 4 25.80 1. 259 X 103 

2.00 30.00 21. 77 2 . 22 X 10- 4 11. 58 1.014 X 103 
5.00 30.00 24.32 2.27 X 10- 4 5.97 0.845 X 103 

0.125 20.00 8.90 2.00 X 10-4 35.00 1. 44 7 X 103 
0.25 20.00 10.20 2.03 X 10-4 20.50 1.251 X 103 
0.50 20.00 11. 00 2.08 X 10-4 10. 74 1.046 X 103 
1.00 20.00 12.11 2.12 X 10-4 6.26 0.899 X 103 
2.00 20.00 13.41 2.15 X 10- 4 3.44 0.765 X 103 
5.00 20.00 14.95 2.21 X 10-4 0.95 0.545 X 103 

0.125 10.00 3.25 2.00 X 10-4 2.40 0.741 X 10 3 

0.25 10.00 4.22 2.03 X 10-4 1. 90 0 . 690 X 103 

0.50 10.00 4.80 2.06 X 10-4 1.104 0.596 X 103 
1.00 10. 00 5.43 2.08 X 10-4 0.688 0.527 X 103 
2.00 10.00 6.06 2.12 X 10-4 0.379 0.446 X 103 

5.00 10.00 7.32 2.19 X 10-4 0.117 0.325 X 103 
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Fig. 2 Probes mounted on the carriage 

Fig. 3 Instruments: 1. Spectrum analyzer 2. Oscilloscope 
3. Transonic pressure meter 4. Hot-wire anemometer 
5. rms volt-meter 
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Oscilloscope 

- 9 V. Battery 

RT - Resistance Thermometer 

DR - Decade Resistor 

G - Galvanometer 

A - Ammeter 

Figure 4. Resistance thermometer: circuit diagram 
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Figure 7. Hot-wire sensitivity to changes in velocity 
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