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ABSTRACT

INFINITE DIMENSIONAL STOCHASTIC INVERSE PROBLEMS

In many disciplines, mathematical models such as differential equations, are used to character-
ize physical systems. The model induces a complex nonlinear measurable map from the domain of
physical parameters to the range of observable Quantities of Interest (Qol) computed by applying a
set of functionals to the solution of the model. Often the parameters can not be directly measured,
and people are confronted with the task of inferring information about values of the parameters
given the measured or imposed information about the values of the Qol. In such applications, there
is generally significant uncertainty in the measured values of the Qol. Uncertainty is often modeled
using probability distributions. For example, a probability structure imposed on the domain of the
parameters induces a corresponding probability structure on the range of the Qol. This is the well
known Stochastic Forward Problem that is typically solved using a variation of the Monte Carlo
method. This dissertation is concerned with the Stochastic Inverse Problems (SIP) where the prob-
ability distributions are imposed on the range of the Qol, and problem is to compute the induced
distributions on the domain of the parameters. In our formulation of the SIP and its generaliza-
tion for the case where the physical parameters are functions, main topics including the existence,
continuity and numerical approximations of the solutions are investigated.

Chapter 1 introduces the background and previous research on the SIP. It also gives useful
theorems, results and notation used later. Chapter 2 begins by establishing a relationship between
Lebesgue measures on the domain and the range, and then studies the form of solution of the SIP
and its continuity properties. Chapter 3 proposes an algorithm for computing the solution of the
SIP, and discusses the convergence of the algorithm to the true solution. Chapter 4 exploits the
fact that a function can be represented by its coefficients with respect to a basis, and extends the

SIP framework to allow for cases where the domain representing the basis coefficients is a count-

il



able cube with decaying edges, referred to as the infinite dimensional SIP. We then discusses how
its solution can be approximated by the SIP for which the domain is the finite dimensional cube
obtained by taking a finite dimensional projection of the countable cube. Chapter 5 begins with
an algorithm for approximating the solution of the infinite dimensional SIP, and then proves the
algorithm converges to the true solution. Chapter 6 gives a numerical example showing the effects
of different decay rates and the relation to truncation to finite dimensions. Chapter 7 reviews pop-
ular probabilistic inverse problem methods and proposes a combination of the SIP and statistical

models to address problems encountered in practice.
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Chapter 1

Introduction

1.1 Deterministic Inverse Problem

Mathematical models such as differential equations, are used to characterize physical systems
of many scientific and engineering disciplines, such as physics, mechanical engineering and meteo-
rology. Solutions of these mathematical model are usually determined by a few driving parameters.
In many cases, the solution itself is not of interest. Instead, Quantities of Interest (Qol) computed
as functionals of solution of the mathematical model are the focus of study.

Let @1 : A — S, a map from the parameter space A to solution space S, be induced by
the mathematical model. Let )3 : S — D map the mathematical model solution to Qol. Then
the composite operator () = ()1 o ()2, mapping the parameter to Qol, is the full model under
consideration. To simplify later discussion, we assume D = Q(A).

While @ is defined theoretically, the exact functional form of () is usually unavailable. In
practice, () is often solved by numerical methods and subject to errors, which potentially have
strong impact on the output and pose important research questions. To simplify discussion, we
shall not address errors arising in this process and treat () as being computed exactly. But we
acknowledge the fact that evaluation of () may be expensive and slow.

We refer to the process of computing ()() for a given A as the deterministic forward problem,
which, despite its computational cost, is usually straightforward. On the contrary, when given
one y € D, The task of determining one A € A such that Q(\) = y for a given y € D is
not so straightforward as the there might be multiple solutions or the solution does not depend
continuously on the data.

If we define the inverse image of any set A C D as

QA ={N:Q(\) € A, )N € A},



then Q' ({y}) is a uniquely defined set and is the set-valued solution of deterministic inverse
problem for y € D. We simply write Q' ({y}) as Q7' (y). This definition of set-valued solutions
gets past the issue of non-uniqueness in the usual deterministic inverse problem, but poses new

questions as to how continuity can be defined in set setting.

1.2 Stochastic Inverse Problem

We look at a motivating example from Breidt et al. (2011), which we paraphrase as follows.
A batch of metal plates are made to withstand high temperature. While purity of the alloy and
thickness are part of the manufacturing specification, they are inevitably subject to variations,
and affect the heat distribution when a heat source is placed on the plate. The heat distribution
can modelled by the heat equation under a given load for a given conductivity which is further
determined by the alloy composition and the thickness of the plates. At the same time, temperature
measurements on certain locations can be collected on a sample of plates after they are heated for
a specific period of time.

If we treat the purity of alloy and the thickness as a random vector A taking values in A, and
temperature measurements as realizations from distribution of a random vector Y taking values in
D, and assume other parameters for the heat equation such as the initial condition and the boundary
condition for the heat equation as fixed and known, then the heat equation induces a deterministic
map () from parameter space A to the space of temperature measurements D. The probability
distribution of A determines the probability distribution of Y. Specifically, to understand how
stochasticity is propagated by (), we need to further assume that () is a measurable map from
measurable space (A, B, ) to measurable space (D, Bp). Then any Pa on (A, By ) induces a Pp
defined in the following way: for all A € Bp, Pp(A) = P5(Q'(A)). One common approach of
getting independent random samples distributed as Pp is to generate independent random samples
distributed as P, and apply () to each of the sample points. The problem of defining, computing

and sampling from Pp for a given P, is known as the Stochastic Forward Problem (SFP).



The Stochastic Inverse Problem (SIP), as its name suggests, is the direct inverse of the SFP.
Specifically, for Q) : A — D, SIP seeks to identify and compute a probability measure P, on A
that induces the given probability measure Pp on D. Just as with the deterministic inverse problem,
there might be multiple solutions to one given Pp. Further restrictions may yield a unique solution.

In recent years, a theoretical framework of the SIP have been established through a series of
papers (Breidt et al., 2011; Butler et al., 2012, 2014). They also propose computational algorithms
for the SIP which are implemented in the BET package (Butler, Estep, Tavener Method - A python
based package for measure-theoretic stochastic inverse and forward problems. McDougall 2016).
Among the papers, Butler et al. (2014) presents the latest and most comprehensive work, but also
leaves some problems which inpire the reformulation of the SIP constituting a major part of our

work. Next, we present the formulation of the SIP in Butler et al. (2014).

1.3 A Formulation of the SIP

The formulation of Butler et al. (2014) is based on the setup that there is a deterministic map () :
A — D and A is compact subset in R", D C R™, and n > m. They also implicitly assume D =
Q(A), so that Q*(y) is well-defined for every y € D. They assume () is (piecewise) continuously

differentiable, and the component maps of () are geometrically distinct (GD), characterized as:

Definition 1.3.1 (Geometrically Distinct (GD)). Component maps of m-dimensional piecewise-

smooth vector valued map QQ(\) are geometrically distinct (GD) if the Jacobian of ) has full rank.

By the Implicit Function Theorem 1.5.1 introduced later, the inverse set Q! (y) is a piecewise
n — m dimensional manifold in A called generalized contour for each y € D. In the measure
theory formulation, Butler et al. (2014) use the solution of deterministic inverse problem of point
y consisting of Q~!(y), which is a set-valued solution that can be interpreted as an equivalence
class. Given a probability measure space (D, Bp, Pp), () induces a o-algebra C,, the point of
which is the generalized contours Q~*(y), and probability P¢, on A. Therefore, as a counterpart

to deterministic inverse problem, (A, Ca, ¢, ) is the direct solution of the SIP for (D, Bp, Pp).



While F¢, is a solution to the SIP, they determine a probability measure Pa defined with
respect to By instead of Cy, such that Pp(A) = PA(Q7'(A)) for A € Bp. Pp is called the
induced measure of pp via Q).

Defining an equivalence relation on A as “being mapped to the same point in D", the resulting
partion is essentially a decomposion of A as union of manifolds {Q~'(y)} indexed by y € D. This
space of equivalent class, {Q~'(y),y € D}, is denoted as £. Then @ as a map from L to D is
one-to-one and onto, thus is an isomorphism between £ and D, and () induces (£, B, P;) by the

probability space (D, Bp, Pp).

1.3.1 Disintegration Theorem

In practice, people want to know the probabilities of sets in B, instead of Bp, so it is desirable
to compute a solution of the SIP with respect to By. For A € Bp, define £4 € B, such that
Q(E4) = Q(A), then define the equivalence map 7, : A — L by m(A) = £4. To analyze the
relation between solutions regarding the two different o-algebras, Butler et al. (2014) adapt the

disintegration theorem from Chang and Pollard (1997) as follows.

Theorem 1.3.2 (Disintegration Theorem). Let (A, Ba) be a measurable space and Q) : A — D be
a measurable map with GD component maps, and assume that V is a measure on (A, Bp) and jiz
is its induced measure on (L, B.) via wp. There is a family of measures {V,} on (A, Ba) defined

for almost every { € L such that
U, (A) =0, NeA\r;'({), aelelL,
ie, Wo(A) = Uy(m;'(0) N A) for all A € Ba, which gives the following disintegration of V:

w(4) = /g Wy (A)dpuc(0) = /5 ( / IWMA)) duc(0)

for A € By.



As already discussed, Pp induces P as the solution of the SIP through the isomorphism be-
tween D and L. If there is a Py, defined with respect to B4, as a solution of the SIP for probability

measure Pp, the Disintegration Theorem yields

Pa(4) = / Py(A; 0)dPe(() = / ( / s m(u)) AP (1),

where { Py(); )} is a family of measures concentrated on 7' (¢) for each £ € L.

1.3.2 Uniform Ansatz

While the marginal distribution on £ is entirely determined by the SIP, the family of condi-
tional distributions { Py(+; ¢)} are not determined by the inverse of (). Butler et al. (2012) spec-
ify an ansatz assuming the values of { Py(-;¢)}. Defining u, = m,ua, disintegrating the vol-

umn (Lebesgue) measure 114 with respect to o determines a family of conditional distributions

{un(50)} by

1A (A) :/g uN(A;f)duc(ﬁ)Z/g </1(E)QAMN()\5£)> dpc(€).

In the absence of knowledge regarding the conditional probability distributions {Py(\;/)},
Butler et al. (2014) use an ansatz that assigns probability mass evenly on the generalized contours,

i.e. the “Uniform Ansatz" defined as

1
APy(X D) = oy Ddpn (N €) with  py(0) = —————— (€ L,
pn(mz 5 0) ()

When one has no preference over different regions on the same generalized contour, letting { Py (-; ¢)}
be proportional to {yn(+;£)} is the most reasonable choice. The Uniform Ansatz determines the
probability measure as the solution to the SIP in an almost sure sense. Numerical methods to the

SIP under the Uniform Ansatz given by Butler et al. (2014) is discussed in next section.



1.3.3 Numerical Method

The goal of solving the SIP numerically is to approximate Pa(A) for A € B,. According to

Butler et al. (2014), this involves three approximation issues:
1. approximation of events in Bp
2. approximation of events in B
3. approximation of events in Cp

They let {1;} and {b;} be generating sequences for o-algebras Bp and B, and {;}}7, and {b;}}*,
be a finite partition of D and A with subsets taken from these sequences. Any event in Bp, B,, can
be approximated by such partitions, and since Co C B, events in B, can also be approximated
by partition {b, }jvzl They refer to both the rectangles from a regular grid and cells from a Voronoi
tesselation generated from random sampling as proper generating sequence.

They aim to compute the probability of each b; as an approximation of the solution of the SIP

by the following algorithm, which have variations in different scenarios.

Algorithm 1: Approximation to inverse probability.

1 Generate approximating sets {1;}}2, and {b;} |

2 Fix and normalize the simple function approximation pp p; = Ef\il pily(q)

3 Let {A;}M, C A denote the induced regions of generalized contours partitioning A
4 foreach j =1,--- /N do

5 foreach:=1,--- , M do

6 Compute 114 (A; N b;) and store as ij—component in matrix V/
7 end
8 end

9 foreach j =1,--- , N do
10 Set P(b;) to Zf‘il pi(Vi;/ Zjvzl Vij)

11 end




In Theorem 4.6, where they prove the convergence for computed probabilty of a given set,
they assume Pp has a density with respect to pp that is piecewise continuous. In the proof, they
show the above algorithm amounts to approximating the solution probability density on A by a
simple function taking values on the partition sets. They show that the simple function converges
to the true probability density a.e. and by using the dominated convergence theorem, they prove

the convergence of the computed probabilities.

1.4 Disintegration theorem

Butler et al. (2014) apply the disintegration theorem in £, the space of equivalence classes
represented as manifolds in A and analyze the computed approximations using measure theory in
A, we use the disintegration theorem in D. The original disintegration theorem (Chang and Pollard,
1997, Theorem 1,2) is stated in the range of a map, the data that is used to create a distribution on
D i1s represented in D, and the algorithms in Butler et al. (2014) involve computations in D. So

here we consider the disintegration theorem in D.

Theorem 1.4.1 (Disintegration Theorem 2). Let (A, Ba) be a measurable space and Q) : A — D
be a measurable map with GD component maps, and assume that V is a measure on (A, By) and
Uy is its induced measure on (D, Bp) via Q). There is a family of measures {V,} on (A, By)

uniquely defined for Vp-almost every y € D such that

U, (Q 7 (y) = 1,¥,(A\Q ' (y)) =0,

which gives the following disintegration of V:

v - [ ) - / . ( / s 1,0 ) a¥o ()

for A € By.



1.5 The implicit function theorem

Generally speaking, the implict function theorem states how an equation for a function of
several variables determines the relation among variables such that some variables can be expressed
as a function of other variables.

We use two versions of the implicit function theorem. The first one from P224, Rudin et al.
(1964) is a standard result in multivariate calculus. This one is applied for many results in the

formulation of SIP, for example, it is key to prove that Q~*(y) is a manifold.

Theorem 1.5.1. Let f be a C*'—mapping of an open set X x Y C R™™, where X C R" and
Y C R™ are both open sets, into R", such that f(z,y) = 0 for some point (Z,y) € E. Put
A, = J;.(Z,y) and assume that A, is invertible. Also put A, = J;,(Z,y). Then there exist open
sets U C X and W C Y, with (z,y) € U x W, having the following property:

To every y € W corresponds a unique x such that
relU and f(x,y)=0.
If this x is defined to be g(y), then g is a C*—mapping of W into U, g(b) = a,

flg(),y) =0 (yeWw),

and

The scope of above theorem is limited to a Euclidean space, so it is inadequate for cases where
infinite dimensional spaces are involved. For the infinite dimensional case, we use Theorem 3 of

Border (2013).

Theorem 1.5.2. Let X be an open subset in R™, let Y be a metric space, and let f : X xY — R"

be continuous. Suppose the derivative J; . of f with respect to x exists at each point (x,y) and is



continuous on X x Y. Assume that J;,(Z,y) is invertible. Let
f(@,9) =0

Then there are neighborhoods U C X and W C Y of T and ¥y, and a function ¢ : W — U such

that:

1. f(&(y);y) = 0fory e W.

2. Foreachy € W, £(y) is the unique solution to f(x,y) = 0 lying in U. In particular, then
§(y) = .

3. & is continuous on W.

1.6 Background in differential geometry

A (topological) manifold is a topological space that is locally Euclidean, i.e. for every point on
it, there is a neighborhood that is isomorphic to an open ball in R". We deal with a very specific
manifold prevalent in the SIP formulation: a k-dimensional smooth manifold in R". Even though
we only assume () is C'! and the differential structure on the manifold is C'!, Theorem 2.10 in
Chapter 2 of Hirsch (1976) asserts that for » > 1, every C” manifold is C" diffeomorphic to a C'*
manifold, so consideration of a C'*° manifold, or smooth manifold, is sufficient for most purposes.
We use manifold and smooth manifold interchangeably. We apply definitions from Schlichtkrull

(2013) to k-dimensional manifold in R™ unless otherwise specified.

Definition 1.6.1 (Smooth function). If f has continuous partial derivatives up to order r, then f

is called a C"—function. A function which is C" for all r is called C'*° or smooth.

Definition 1.6.2. A parametrized manifold in R™ is a smooth map o : U — R", where U C R¥isa
non-empty open set. It is called regular if the n x k Jacobian matrix J,(x) has rank k at all x € U,
that is, o has geometrically distinct component maps. An k-dimensional parametrized manifold is

a parametrized manifold o : U — R"™ with U C R¥, which is regular.



Definition 1.6.3. Let A C R*¥ and B C R™. Amap f : A — B which is continuous, bijective and

has a continuous inverse is called a homeomorphism.

Definition 1.6.4. A regular parametrized manifold o : U — R™ which is a homeomorphism

U — o(U), is called an embedded parametrized manifold.

Definition 1.6.5. Ler A C R". A subset B C A is said to be relatively open if it has the form

B = ANW for some open set W C R™.

Definition 1.6.6. An k-dimensional manifold in R"™ is a non-empty set S C R" satisfying the
following property for each point p € S. There exists an open neighborhood N (p) of p and an
k-dimensional embedded parametrized manifold o : U — R" with image o(U) = S N N(p). The

surrounding space R" is said to be the ambient space of the manifold.

A k-dimensional manifold is locally a k-dimensional embedded parametrized manifold, which

further admits a specific parameterization as the following Lemma.

Lemma 1.6.7. Let S C R" be non-empty. Then S is an k-dimensional manifold if and only if it
satisfies the following condition for each p € S: There exists an open neighborhood N (p) C R" of
p, such that S N N (p) is the graph of a smooth function h, where n — k of the variables x1,- - - , x,

are considered as functions of the remaining k variables.

By the Implicit Function Theorem 1.5.1, we can show that Q~*(y),y € D is a n — m dimen-

sional manifold in R", just as the next theorem.

Theorem 1.6.8. Let f : Q — R™ be a C! function, where m < n and where @ C R" is open, and

let c € R™. If it is not empty, the set

S ={p € Q|f(p) = c,rank(J;(p)) = m}

is an n — m-dimensional smooth manifold in R".

10



Fora C'map f : U — V, where U,V are open subsets of R”, R™, we know the linear
approximation of f is given by the Jacobian matrix J;. Next, we define differential as the linear
approximation of a map between manifolds f : M — N. The next definition is from Wilson

(2012, Definition 9).

Definition 1.6.9 (Tangent Space 7, M, Differential). Suppose that M C R" is a k-dimensional
manifold. Let ¢ : U — M, where U is an open set in R, be a local parameterization around
some point x € M with ¢(0) = x. We define the tangent space T, M to be the image of the map
J4(0) : R* — R™ ar 0. Note that T, M is an k-dimensional subspace of R", and its translation
x + T, M is the linear approximation to ¢ at x.

Given a C",r > 1 map of manifolds f : M — N, and local parameterizations ¢ : U —
M, 6(0) =2 € Mandy:V — N,(0) = f(x) € N. Let hbethemaph =9 o fog: U —
V. We can define the differential of f at x by

dfy : TeM = TN df, = Jy(0) 0 J5(0) o J4(0) 7.

The spaces Ty M, TN, and the differential df, are independent of choice of ¢ and 1.
Next definition is from Wilson (2012, Definition 12).

Definition 1.6.10 (Submersion;Immersion). A C",r > 1 map of smooth manifolds f : M — N
is a submersion if its differential is surjective at every point. The map is an immersion if the

differential is injective at every point.

A submersion is an extension of a projection map, and it is also an open map. The GD condition

insures the map () is a submersion when n > m.

Proposition 1.6.11 (Properties of Submersions). Let M and N be smooth manifolds, and suppose

f: M — N is a submersion. Then f is an open map.

On the contrary, when the differential df, is not surjective, x is called critical point, and its

value is called critical value, fomally defined as follows.

11



Definition 1.6.12 (Critical values). Given a C",r > 1 map of manifolds f : M — N, the set of

critical values of f is defined as

{f(p) € N|rank(df,) < dim N}.

Next classical result from Sard (1965) shows that when f is smooth enough, the set of critical

values is negligible.

Theorem 1.6.13 (Morse-Sard). If N is an n-dimensional manifold and M is an m-dimensional
manifold, f : N — M is a C* map for k > max{n — m, 0}, then the set of critical values of f

has measure zero.

1.7 Some useful results

In this section we introduce some useful results.

1.7.1 Smith-Volterra-Cantor set

One famous set often used in construction of counter examples is the Smith-Volterra-Cantor
set, or fat Cantor set, denoted as C'1. It is constructed by recursively removing the central 1/22"
from each bar beginning with [0, 1]. This set is nowhere dense and consequently has no interior,
so it is the boundary of itself. Yet it has a positive measure of 1/2. The next figure taken from

Wikipedia (2017) shows the first five steps towards construction of the fat Cantor set.

Figure 1.1: The first five steps towards construction of the Smith-Volterra-Cantor set.
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1.7.2 Lebesgue Differentiation theorem

For a Lebesgue integrable real valued function f on R", the integral of f over any measurable

set Ais [ 4 fdu. The derivative of integral at z is defined as
. fN(x,r) fdM
lim ————.
r—=0 fN(x,r) d'u
The Lebesgue Differentiation Theorem (Stein and Shakarchi, 2005, Chapter 3, Theorem 1.3), states

the derivative of integral exists and is equal to f at almost every point z € R™.

Theorem 1.7.1. If f is integrable on R", then

o) A1
lim —fN( ) =

f(z) for almost every .
r=0 fN(m,r) d,LL

1.7.3 Uniform integrability

The well known dominated convergence theorem shows that if a sequence of functions { f;} on
Q converge to f a.e. and are dominated by an integrable function g, then f is integrable and { f;}
converges to f in L', thatis [, |f; — f|duaq — 0

Sometimes a dominating function is hard to find, and uniform integrability of { f,} yields the

same convergence result. First, we shall give the definition of uniform integrability.

Definition 1.7.2 (Uniform integrability). Let (2, Bq, uuq) be a measure space. A set ® C L'(Q)

is called uniformly integrable if to each ¢ > 0 there corresponds a 6 > 0 such that

/ |fldua < €
F

whenever f € ® and jn(E) < 9.

Next theorem from Rudin (1987, Chapter 6, Problem 10) states the desired convergence is

implied from uniform integrability.
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Theorem 1.7.3 (Vitali convergence theorem). If ua(2) < oo, and {f;} be a sequence that is

uniformly integrable and f; — f a.e., and f < oo a.e., then f € L'(Q) and [, |f; — fldua — 0.

1.8 Some notation

In this section we define some notation used throughout this dissertation.

Let X be a metric space with metric d. For a point zy € X, we denote an open ball centered at
xg as N(zo,r) = {z : d(x,z9) < r,x € X}. When the radius is not important, we may just use
N () to refer to an open ball centered at x.

For A C X, we define the interior of A to be the set
int(A) = {x € Alexists W(z,r,) C A,r, > 0}
We define the closure of A to be the set
A={reX|z= Zlg?o a;, with {a;};2, C A}.

It can be proved that int(A) is open and A is closed, and int(4) C A C A. The boundary of A is
usually defined as 94 = A \ int(A).

The symmetric difference between two sets A and B is denoted by A,

AAB = (A\ B)| J(B\ A).

1.9 Goal of this dissertation

While the previous formulation of the SIP is directly based on the space of equivalent class L,
formulated and analyzed as computations in A, there is an isomorphism between £ and D, and the
Borel o0 —algebra and probability on £ are all induced by their counterparts on D, we may restate

the results in Butler et al. (2014) in terms of D. Furthermore, the available data and sample points
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with respect to which computations are carried out are all on D rather than on £. So it is entirely
possible and natural to reformulate the SIP with respect to D.

The formulation with respect to D enables us to address many questions include the relation
between 1, and Pp; and the specification of density py(+; ¢) on each generalized contour under
the Uniform Ansatz.

Our work in this dissertation begins with a significant reformulation of the SIP in terms of
D. Although our formulation does not directly involve £, we address similar questions in the
disintegration with respect to D, and use them as a starting point to give a precise form of the
solution to the SIP. We also propose a modified version of algorithm and show its convergence
under some mild conditions.

We refer to the SIP with respect to () : A — D where A C R" as “SIP with finite dimensional
domain”, or “finite dimensional SIP”. The second part of our work concerns the extension to the
SIP for which the domain A is [0, 1]*° endowed with metric d. Motivation for this extension comes
from applications where functions rather than finite dimensional vectors are potential inputs to
the mathematical model (). Accordingly, this extension is called “SIP with infinite dimensional
domain”, or “infinite dimensional SIP”. We discuss the existence of solution, and its theoretical
and numerical approximations. Lastly, we present a numerical example for the infinite dimensional
SIP.

The last part is a review of other popular approaches of inverse problems where the probability
distributions of physical parameters are of interest. While the SIP starts with a given probabil-
ity distribution, it needs to be coupled with statistical methods to solve any practical problems
where only data are available. The introduction of SIP coupled with statistical models shows new

perspective on the SIP and suggests new research directions.
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Chapter 2
Reformulation of the SIP in terms of computations

on the range

In this chapter, we present a comprehensive reformulation of the SIP in terms of the range. The
problem setup resembles the problem setup in Butler et al. (2014). We let Q : A — D be a C!
function, where A C R"™ is compact and D C R™ and m < n. We assume D = (Q(A), however we
sometimes expand D to a slightly bigger open set. It is easy to infer which case D belongs to from
the context. We assume Jg is full rank on A. The results can be generalized to the case that Jy is
full rank except for a finite union of n — 1-dimensional manifolds in A, by union or summation.
This condition is called geometrically distinct of component maps in Butler et al. (2014). When
n >m, Q :intA — Q(intA) is a submersion and when n = m, it is a diffeomorphism.

To impose probability structures on A and D, we let A and D inherit the Borel o —algebra and
Lebesgue measures from measure spaces (R"™, Bgn, jign) and (R™, Bgm, ugm ) respectively, and
denote the measure spaces as (A, Ba, pa) and (D, Bp, up). When we say a measure is defined on
a space without specifying its o-algebra, we implicitly take the o-algebra to be the default Borel
o-algebra.

For Q : A — D where D = Q(A), we define the set function Q' as
QM (B)={ : A€ A,Q\) e B},

for B C D. When D is a larger set, we generalize Q! by letting Q~*(B) = @, for B C
D,BNQ(A) =2, then Q'(B) = Q' (BN Q(A)) for B C D in general. We write Q' (y) for
Q*({y}) for simplicity.

In later sections, () is assumed to be defined on a larger set U, containing A, making it a func-

tion Q : Upn — D, where Q(Up) C D. Then Q! should be defined in terms of U, accordingly,
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that is

Q7'(B)={\: A€ Ua,Q()) € B},

for B C D.

For Q : Uy — D, we use Q' (B) N A to denote the preimage restricted to A.

We define the induced measure jip on D by jip(A) = ua(Q1(A)) for A € Bp, and denote it
as fip = Qua. This notation also applies to other induced measures.

We begin the formulation in Section 2.1 by showing that fip is dominated by pp with density
of a given expression. In Section 2.2, we apply the Disintegration Theorem to 1p and P, and by
utilizing the relation between /ip and pp and a more precise definition of the Uniform Ansatz, we
define a unique density as solution of the SIP. In Section 2.3, we present an simple example. In

Section 2.4, we discuss conditions that guarantee the continuity of the solution density of the SIP.

2.1 Relationship between the Lebesgue measures on the do-

main and the range of ()

The goal of the SIP for () is to define and calculate a probability measure P, on A for a given
probability measure Pp on D, such that Pp = () P,. It is usually assumed that Pp is dominated
by up. Under this assumption, whether the solution probability measure P, is dominated by i is
closely related to the relationship between fip = Quua and Lebesgue measure fip.

In next theorem, we prove fip is absolutely continuous with respect to pp, with the density
being an integration over each manifold Q' (y). This result is the cornerstone of the theory of the

SIP.

Theorem 2.1.1. Let Q : A — D be a C*! function, where A C R" is compact with codomain
D C R™ where m < n, and the Jacobian Jg is full rank. Let i and pp be the Lebesgue

measures on A and D. Let ip = Qua, then dfip = pp(y)dup, where

1
[ .
Q7' y/det(JgJh)
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Note this formula also applies for y € D\ Q(A), for which pp(y) = 0 and Q7 (y) = @.

Proof. We prove that for any generalized rectangle [a,b] C R™, b > a,

([a, b)) / / —————dsdup(y

0] \/W
The general result follows from the Caratheodory Extension Theorem and the fact that family of
sets {[a, b]} is a semi-algebra.

Since Jg is full rank for every A € Q7' ([a, b]), there are m indices i1, ig, . . . , im, € {1,2,...,m}
such that Jé)m) = <ng), JSZ), e Jg’")> is invertible at A, where .J;, = i"" column of .J,. Since
Jg 1s continuous, there is an open ball N (A, r) of radius r centered at A, such that Jé" is invertible
in N\ )N Q7 ([a,b]).

Q ([, b]) is a closed subset of A so it is also compact. From { N(\,r)}, we choose a collec-
tion U; with center points Ay, ..., A;, such that Q~*([a,b]) C U}]=1 U;. Further we let Uy < Up,
U; < U; \ (UZ} Uy) for j > 1 so that U; are disjoint open sets whose union is A except for a
negligible set.

In any U; N Q '([a,b]), we have (\) ~ (A(™); A(%)) of which A\(™) are m entries of A
for which the Jacobian Jgnj ) is invertible, and A(™) the remaining n — m entries with Jacobian
j(gnj). Define 7; : R — R* as 7;(\) = A(™). Then define V; = {(Q(\),7;(\); A €
U; N Q *([a,b])}, and for any y € [a, b], define V}, = {m;(\); A € @ (y) N U,}. For now, we fix
J and drop superscript. When we consider all U; N Q~*([a, b]) we rewrite superscript j.

V; is diffeomorphic to U; N Q™ ([a, b]) with:

AXAA = [det(J5) !

Fixing y, in each U;, by the implicit function theorem, A™ = f (A(m)), with the Jp =

(Jém))‘ljé)m) , 50 the volume form of manifold @' (y) N U, has the local representation as
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ds = \Jdet((J§™) 5™, D) ((JSY) LIS, Tyr A

= et (GG IS+ DA

= k(A)d\™

where
— \Jdet((IG) (GG + JG0IGTY I T)
— \Jdet(JoJE) ’det(Jc(gm))‘l‘ .

Therefore

fin([a,b]) = pa(Q " ([a, b)) = ZMA(Uj NQ([a,2])

(m
_Z/v ‘det )

J
/ )det(ngj))—l
V.

— [ d
[0>

j:l JY

J det (")) .
:Aw] dy-z/v )/;(Q—A))kj(A)dAg |

]—1 JY

dy /

Ab] Viy ,/det JQJT
——————dsdup(y

/[ab]/ ,/det JQJT

A\

]

The expression for jp(y) shows it does not depend on the parameterization of the generalized

contour.
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We know that pp(y) = 0 when y ¢ Q(A). We want to find conditions that guarantee pp(y) >

Theorem 2.1.2. Fory € D, such that Q= (y) NintA # &, pp(y) > 0.

Proof. If y € D, and Q' (y) NintA # &, there exists A € intA such that Q(\) = y. So there
exists a neighborhood of A\, N (), with N()\) C intA. Q@ *(y) N N(\) is diffeomorphic to an open

set in R™"~". As a result,

ds > 0.

N 1
poly) > ——
QT WNNM) | [det(JgJ4)

Theorem 2.1.3. If up (Q(A) \ Q(intA)) =0, {y : y € Q(A), pp(y) = 0} is a up-null set.

Proof. The results follows from the previous theorem that {y : y € Q(A), pp(y) = 0} C Q(A) \
Q(intA). O

Theorem 2.1.3 shows that when pp (Q(A) \ Q(intA)) = 0, fip is dominated by up on Q(A),

hence

R
——dfip = dp.
po(y)

In this case, we say pp and pp are equivalent on Q(A).

2.2 The Solution of the SIP

We assume that Pp is dominated by up, i.e. dPp = ppdup. This assumption allows any
theoretic result regarding yip to be carried over to Pp.

In Butler et al. (2014), a connection between P, and P, is established by identifying the
isomorphism between (L, B, P;) and (D, Bp, Pp) and using Disintegration Theorem 1.3.2. Al-

ternatively, we use Theorem 1.4.1 to perform disintegration for the measure on A and its induced
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measure on D, including Pp = QP and pup = Qua. For A € By,

Pa(A) = /Q , P RD),

where { Py(+;y)} is a family of probability measures on A concentrated on Q' (y), that is unique

for Pp-almost all y. Consider the disintegration of Lebesgue measure

ia(A) = /Q A din(s).

where {uxn(-;y)} is a probability measure on A concentrated on Q' (y), that is unique for fip-
almost all y.

In light of the two disintegrations, the relation between the unknown P, and known 14 depends
on the relation between {Py(-;y)} and {un(-;7)}. Such relation can not be inferred from the
problem itself and must be specified beforehand, and any choice of such relation is called an
ansatz with respect to ua. As in Butler et al. (2014), in the absense of other knowledge, we
assume Py(+;y) = un(-;y) for fip-almost all y. The above identity holds because { Py (-;y)} and

{un(+;y)} are all probability measures by Theorem 1.4.1.

Definition 2.2.1 (Uniform Ansatz). Disintegration of unknown Py incurs a family of unknown
conditional probability distributions { Py (+;y) } that is unique for Pp-almost all y, and the disinte-
gration of the Lebesgue measure i generates a family of {un(+;y)} that is unique for fip-almost

all y. We refer to the assumption Py(-;y) = pun(+;y) as the uniform ansatz of Pa with respect to

HA-

Theorem 2.2.2. Let ) : A — D be a measurable function from the measure space (A, Bp, jip)
to (D, Bp, up), and fip = Qua. Assuming djip = pp(y)dup and pp(y) > 0, for up-almost all
y. Given a probability measure Pp on D as dPp = pp(y)dup for pp-almost all y. There is a

probability measure Py on A satisfying;

1. QPA:PD;
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2. the Uniform Ansatz with respect to Lebesgue measure [ia.

Py is uniquely determined as APy = pa(\)dua up to an pp—almost a.e. sense, with

Proof. By the Disintegration Theorem 1.4.1, for A € By, if a solution P, exists, it satisfies

/ / dPN X y)dPp(y).

where { Py (-;y)} is uniquely determined up to Pp-almost all y. By assumption, Pp has a density

pp with respect to up. For Lebesgue measure 114, we have

/ / dMN (N y)din(y),

where {un(-;y)} is uniquely determined up to jfip-almost all y. The Uniform Ansatz implies

pp(y)dm)( y) = dup(y),

both in a fip-a.e. sense (since jip and pp dominate each other, fip-a.e. is equivalent to up-a.e.).

dPn(X\;y) = dun(X;y), and Theorem 2.1.1 and Corollary 2.1.2 shows

Combining the disintegration of 14, the Uniform Ansatz and the expression for Pp, we have

1
= /Q(A) /Q_l(y)m dMN(A,y)PD(y)ﬁD—@)dND(y)
_ / / pD(Q()\));dﬂN(A;y)dﬁD(y)
Q) JQ

pp(Q(N))
pp(Q(A))
subset of Q~1(A) where A (Q7(A)) = jip(A) = 0. O

The density 1S unique in a pup—a.e. sense, though it may take different values on a
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One implication of the Uniform Ansatz is that ps(\) depends on Q(A), or pa is same on
Q~(y). In fact, this gives another characterization of the Uniform Ansatz without directly invok-

ing the Disintegration Theorem.

Definition 2.2.3 (Uniform Ansatz 2). Suppose the conditions in Theorem 2.2.2 hold. For the
unknown Py such that Pp = Q P, requiring dPp = padpua and pa (A1) = pa(Aa) forall A, Ay €
A such that Q(\1) = Q()\2) uniquely determines pa up to a pp-a.e. sense. Such requirement is

referred to as the Uniform Ansatz of Pp with respect to L.

Proof. Suppose pp exists so that dPy = padua and pa(A1) = pa(Ag) for all A;, Ay € A such
that Q(\;) = Q()\2). Define pp so pp(y) = pa()) for any X € Q7 *(y). Conversely, pa(A) =
pp(Q(A)). Then for A € Bp,

Pold) = Pa@ () = [ pada = [ ot = [ oot

At the same time,

So

The density pa is uniquely defined up to an pp-a.e. sense because it is allowed to take different

values on a subset of Q' (A) where pp(Q(A)) = ap(A) = 0. O

The contour Q! (y) may shrink to a point when y goes to the boundary of D. Since jp(y) =
1

W Jdet(JoJZ)
does not goes to 0 at a same rate as pp near the boundary of D, py may go to infinity at the

) o-1 ds, pp converges to 0 when Q~!(y) shrinks to a point. In such case, if pp
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corresponding generalized contours Q! (y). But such phenomenon is not a cause of concern, as
pa still integrates to 1, and it occurs because some arbitrary pp is imposed on D. Should Pp be
generated by some P, of which the density is finite, the solution density pa of the solution Py
under the Uniform Ansatz with respect to ;1o does not go to infinity at the boundary.

Although the results we have shown are expressed in terms of 4, especially the Uniform
Ansatz, which is specifically stated with respect to j15, one can easily replace pa with another
measure £/, that are equivalent to ;14 and adapt the key steps in the above formulation to construct

a solution with respect to 1/ .

2.3 Example

We consider a simple example, with A = {X = (A, X2) : A2+ )3 < 1}andmap Q : A —
D, (A1, A2) = A1 + 2X0.

Using Lagrange multipliers, we find that Q (A1, A2) achieves minimum and maximum at points
(—\/TS, —%‘F’) and (\/?57 %5) respectively. Since A is connected, the range D = Q(A) is also

connected, and D = [—\/5, \/5]

We want to check djip(y) = pp(y)dup(y), where

D = ; s.
0=, Nk

Lety; = y = A + 2Xo, 92 = Ap, and let A = (A, AXD), where A() = Xy, A() = ;. Then,
Q) Q)

Jo = J(l),j(l) , where JO = —, J& = —, SO
@ =g Jo") QT AN T AN
-1
O\ 9A oy 9
I(A1, )| oy 0w || _ B o
V0 — |det = |det
(Y1, y2) a2 Ora Oy2 Oua
Oyr  Oy2 OX1 O)a
—1
0Q  9Q
et [ e b
0Q Ol
1o )W “]Q
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1
thus d\;d)\y = —Qdyd/\l. We define m; : R? — R as m;((A1, A2)) = Ay, then for [a,b] C D. We

2y
define V= {(Q(A\),m(\)) : A € @ *([a,b])}, and V, = {m1(\) : A € Q' (y)}. This gives

pnllo. ) = malQ b)) = [ v,

A2
1 A
=/ dy/ '(Al,y 1)dA1
wt) v, |22 2

DV

2N
For a given y, the Implicit Function Theorem implies that — N = ;Ty ,thus ds = \/d\? + d)\3 =

2

/ dy/ - st.
[ Q +8@

(9)\2 O\
Since 4/ (JoJ4) = %2 + 8Q Theorem 2.1.1 holds.

For this problem, we compute pp(y) in practice, using a parameterization of Q~!(y) with
respect to A\; or \o. This amounts to computing fm Q-1(v) ;Q d\; or ffer—l W ;Q d s instead of
Epvy

vy
1
fol(y) 8Q 2 aiQ?'dS'
drg T ON
We choose to compute pp(y) for a given y using parameterization with respect to A;. First, we
find boundaries of ; (Q~*(y)) by

N+ N =1,

AL+ 2X =1y.
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The solution is A\ =

+2./5 — 2 —2/5 —? 2./5 — 2
Y=VO TV “,som(Q‘l(y))zly . vyt Y Y| There-

fore,

i 1 y—A
ip(y) :/ 0 ’(/\1, 5 1)d)\1
mQ™(y) %’
_ / Loy, = 20 =8
o [y—méﬁvy-&-?\éﬁ} 2 b 5 .

As shown in Figure 2.1, here the pp has a simple interpretation: the area under the graph of pp
on the right side and the area of the region between two corresponding generalized contours on the

circle on the left side are the same.

Az

QAL A7) = AL+ 2X
Al —>»

-1 1

V5 - V5

A={x=(0,N): M4+ 22 <1}

Figure 2.1: A simple example for computing pp.

If Pp is a probability measure on D, with dPp(y) = pp(y)dup, and we assume there is a

probability distribution Pp on A with 2 conditions:
1. QPp = Pp,
2. the Uniform Ansatz with respect to 15,

then P, is has the form
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pp(Q(A1, A2))
pp(Q(A1; A2))
Suppose we assume a uniform distribution on D, then dPp(y) = ﬁgd,up(y). We have,

Here, we define pa (A1, \2) =

1
2v5 _ V5
25— (M +2X0)% 45— (A +20)7
5

pa(A1, Ag) =

Note that when (Ay, Ay) — (—‘/?5, —%5) (‘/?5, %5) pa(A1, A2) — o0, since Q71 (v/=5) (or

Q7 '(+/5)) degenerates to a point.

We check pa (A1, A2) is indeed a probability distribution by

5 51
/ V5 dhdAy = / / L—dAldy
A 4/5— (A + 200)? (VEVE) J [l /i) 4, /5 =22

5 4 1
_ / RGN i
(—V5.V/5) 2

44/5—y?9

/(—\/5,@ 2v/5

2.4 Continuity of the density

In practice, we often assume pp is continuous a.e.. It is also desirable for the solution density

of the SIP to be continuous a.e. as well. By the formula

this holds if pp is also continuous a.e..

In this section, we explore sufficient conditions that guarantee that pp is continuous. This
investigation also gives insights into the understanding of the geometry in the SIP, and provides
a sufficient condition for convergence of a numerical algorithm approximating the solution of the

SIP.
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1
We proved pp(y) = [,1(,) ——===ds in Theorem 2.1.1. Since Q is C"', Jg is continu-
Jdet(Jg %)

ous and consequently ———— is continuous. A formal definition of “continuity” of the set
det(JQ Jg )

Q~(y) is difficult. At least it should satisfy

sup  d(N,Q ' (y)) — Oasy' — . (2.1)
NeQ~1(y)

Whether (2.1) holds depends on how the boundary of Q~*(y) changes as y changes, which in turn
depends on how Q' (y) interacts with OA.

To characterize the intersection of Q~!(y) and OA, we assume that () is defined on an open set
Ua containing A and A is locally determined by B()\) = 0, where B is a C'! function defined
on Ux. We exclude the case that the boundary has redundant part by assuming A = intA. Then
for each piece of OA, intA lies on one side of JA, so intA is locally determined by B(\) < 0 or
B(\) > 0. For the generalized contour Q! (y) in Uy, the boundary of Q! (y) in A is Q' (y)NOA,

which is determined by the augmented system:

While the domain of () is enlarged to U, , we still define fip with respect to A, that is

fin(B) = ua(Q~'(B) N A),

for B C D. Abusing the notation, we still denote it as fip = Qua. The next theorem gives

a sufficient condition for pp(y) to be continuous at point y, namely the intersection of JA and

J
Q~'(y) is nondegenerate, i.e. the Jacobian of the augmented system N is full rank.
JB

Theorem 2.4.1. Let Q : Un — R™ be a C* map, where Uy is an open set in R". Define pp with

respect to the compact set A C Uy, so
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~ 1

poly) = / —ds. 2.2)
Q™ H(y)NA A/ (JQJS)

Suppose OA is locally determined by B()\) = 0, where B : Ux — R™ is a piecewise C' map.

Given vy, if

1. There exists {iy, ... i,} C {1,...,n} such that Jém) = (ng), Jg2), e ng)> is full rank
on Q™' (yo),

J,
2. N is full rank on OA N Q™ (yp).
JB

Then pp(y) is continuous in a neighborhood of .

Proof. Without loss of generality, we assume i1,...,%, = 1,...,m. Let \™ = (\;,..., \,),
A — (A\ni1, ..., An), then A can be formally written as A ~ (A(™, \(™). Define m; : R" —
R™™ as (X)) = A,

Fora g € AN Q *(yo), since Jgn)(/\o) is full rank, the Implicit Function Theorem 1.5.1
implies that Q()\) — y = 0 determines a unique continuous function  : N(AY. ) x N(yo,r) —
N ()\(()m), 7). Without loss of generality we assume h is defined on N (j\ém), ) % N(yo, ). Since the
collection { N(A(™ ) x N(A™ )} covers the compact set ANQ (i), there is a finite subcover
(NO™ ) x NO™ r)}, k= 1,... K. Let rg = min", 7. There is a unique continuous

function h : <UkK:1 NA™, rk)> X N(yo, 7o) = UK, NOA™ 7). We have

] 1 <o
7 (ANQ1(30)) ‘JQ (A, ), A

Since chm)()\) is a continuous function,

JED (h(Am, y), Atm)
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is continuous on a compact domain (U KON (5\,(;”), rk)) X N (yo, ro), which means it is uniformly

continuous and bounded. Let S > 0 be bound, thus

5B, ), 3|

Since OA is piecewise smooth, for almost all Ay € OA, there exists 7 such that B : N (g, r) —
R is a C'' map and determines OA N N (), 7) by B(\) = 0.

Take one such point \g € A N Q! (yo), then there exists N (Ag, r) such that IA N Q" (yo) is

Q) —
determined by Q*(\) = ) =40 = 0 with
B(A)
Ja JgrJgy
JQ* = = .
Jp Jg gy

having full rank because of Condition 2. Since Jg- () and chm)()\o) are full rank, there exists

j€m+1,...,nsuch that

is invertible.
Define A+ = (A7) \;), A1) — X0m)\ X where we write A ~ (A1) A(m+1)) By the

Implicit Function Theorem 1.5.1, there exists a unique continuous function,
) §(m+1) / (m) s '
g: N\ 7)) X N(yo,r") = NNy, r") x N(Xoj,7"),

which satisfies
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Q*(g(AT™ ), A™ N;) = 0.

Without loss of generality, we assume g is defined on N (/\(m+1) Y x N (yo, ’). By compactness
of the domain, g is uniformly continuous. The set { N (A"+D 1) x N(A™ 7/} x N();, 1)} covers

OAN QL (y) fory € N(yo, '), and we assume 7’ is sufficiently small so that
K
N 1y 5 NA™ 1) x N(\j,7) U ( ) x NOA™, k)) .

Since IANQ " (yo) is compact, a finite subcover { N(A™ ™ 7y x N(AI™  r))x N (Agj, 7))}, € =
1,..., L exists, and let 7, = min{r},¢ = 1,---, L;7o} then for any y € N(yp, (), the sets also

cover 9A N Q*(y). So Condition 2 holds for all y € N (yo, 7). Thus
L
J (NOE™2,9) x NOE™, 79) 5 N ) x Ny, 75)})
=1

is covered by {N(A"™ r) x N(A™ ¢ ) X N (yo,70)}.

As a result, {N(S\ém), TE) X N( ry)} covers A N Q71 (y) for all y € N(yo,7}), thus we

have

polu) = | —
=A@ [J5 (AT, ), Atm)
Fory € N(yo,1}),let C = m3(ANQ  (yo)) Amm(ANQ (y)). Thus,

1 1 A
#(ANQ~1(y0)) \ng(h(x( ), yo), Alm >)‘ ‘Jém)(h(&(m,y),xfn))

+ / Sd\™
C

o) — poly)] < /
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For the first term, uniform continuity implies that given e, there exists r. < r{ such that for y €

N(yOa T6)7 and S\(m) € (UkK=1 N(S\ém)’ Tk)),

1 1
I8 (B, o), Aem)| | (A, ), A0

Thus,

/ A 1 A - A 1 A o
T (A0Q 1 (w0) | | TS (R(A™), ), ,\(m>)‘ )Jém)(h()\(m),y), )

< A" (m(A N Q™ (yo)))e

For the second term, we need /1™ (B) to be small when y is close to 7.
Since {5 (N(x;m“),rg) x N(A™ r)) x N(A@.,rm = NOA™™ 1) x N(Ayj, 7))} covers
Ti(OA N Q™ (y)) when y € N(yo, ry), then

A(B) = 4 (i (AN Q™ (yo)) Ama (AN Q7 (y)))

IN

R ((m (ANQ (o)) Ama (ANQ 7 (y))) N (N(ié’”“), re) X N, 7“2))) :
=1

and

A ((Wm (ANQ ™ (40) Ama (AN Q7' (1)) N (N(xgmm,rg) X N(Ag,r@)))
: /N@;m“%rz)

By the uniform continuity of g, there exists an 7/ < 7/, such that forall y € N (yo, "), 4™ (B) < e.

gAY ye) — gAY, y)‘ A\,

Finally, we have for all y € N(yo,7), 7 = min(r, rl),
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- - 1 1 “
p(yo) — pp(y)| < / ESE P T -
7 (ANQ(30)) ‘JQ (h(/\(m),yo),)\(m))‘ ‘JQ (R, ), Atm)

+ / SdA™
B

<A (7 (ANQ  (yo)))e + Se.

So pp(y) is continuous at yy. Furthermore, the two conditions hold for all y in N (yo, (), so pp(y)

is continuous in N (yo, r) as well. O
In next theorem, we remove the requirement that Q' (1) is uniformly parameterized.

Theorem 2.4.2 (Continuity of pp). Let Q : Uy — D be a C' map, where Uy is an open set in R",
and D is a subset of R™. Suppose A is a compact subset of Up and Jg is full rank on A . Define

pp with respect to A, thus

(2.3)

1
ST
Q~1(y)nA (JQJ%)

Suppose OA is locally determined by B(\) = 0, where B : Uy — R™ is a piecewise C* map.

J.
Given v, if N is full rank on A N Q~(yo) or OA N Q™ (o) = &, pp(y) is continuous in a
Jp

neighborhood of 1.
Proof. For all A € Q'(yo), there exists N (A, ) such that there exists {i1,...,i,} C {1,...,n}

with Jé?m) = <ng), 82), N Jg"‘)> being full rank on Q' (y) in N (), r). Obviously, the bound-

ary of N(A,r)NA, which is the union of part of dA and part of ON (), r) is piecewise smooth. Sup-

pose O (N (A, r) N A) is locally determined by B’(A) = 0. When r is sufficiently small,
Jp

is full rank on 9 (N(A,7) N A) N Q*(yo) by continuity of Jg. The collection { N (), )} admits
a finite sub cover {N (g, 7))}k = 1,..., K of AN Q '(yy). Taking r sufficiently small, the

collection covers A N Q71 (y), for y in N(yo, 7). Define Ny = N( A, 1) \ <Uf;11 N, rj)>, the
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boundary of NN A is piecewise smooth. Suppose 0 (N, N A) is locally determined by By (A\) = 0,

J
then, | is full rank on 8 (N, N A), and
JB

k

K 1

1
po(y) = / ds = / /
Q1 (y)nA ,/det(JQJS) ; Q™ (y)N(NkNA) det(JQJS)

So for all y € N(yo,7),

ds.

oola) ~ sl <> | [ SR S

1
—ds— [
k=1 |7Q 7 WNVnA) | /det () Q™M wo)N(NenA)  [det(Jo )

1
Theorem 2.4.1 implies that pp(y) is continuous at yy. Since fQ—l(y)m( —ds is

MO faet(JoJB)

continuous in a neighborhood of 7, as Theorem 2.4.1 suggests, with finite /&, pp(y) is continuous

in a neighborhood of . 0

Figure 2.2 shows when the generalized contour Q! (y) intersects with the boundary of A, or
it does not intersect with the boundary of A, 1, is a continuity points of pp.

Moreover, for y € Q(A) satisfying conditions of this theorem, pp(y) > 0. This is trivially
true when A N Q~'(y) = &, since then intA N Q' (y) # 9. When A N Q' (y) # 2, at the
intersection of Q(\) —y = 0 and JA, the tangent space of () —y = 0 intersects with both sides
of OA, so it must intersect with intA.

Now that we have the local results, we want to study the global properties of pp. Theorem

2.4.2 indicates that if pp is discontinuous at point o and A N Q' (y) # @, then the Jacobian

is rank deficient on a subset of A N Q~*(y). Treating Q as a map from the manifold OA
Js

to D, a point on JA such that N is rank deficient is a critical point for the map. The image of
JB
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Figure 2.2: Examples of continuity points of pp.

critical point is called a critical value. Sard’s Theorem 1.6.13 states that the set of critical values

has measure zero when () is sufficiently smooth.

Theorem 2.4.3. If () is C" map withr > n —m — 1, then the set of discontinuity points of pp has

measure zero.

Proof. The set of discontinuity points of pp is a subset of set of critical values of () : 0A — D.
Since OA is n — 1 dimensional piecewise smooth manifold, and D is an m-dimensional smooth
manifold. By Sard’s theorem 1.6.13, when r > (n — 1) —m = n — m — 1, the set of critical values

has measure zero. So the set of discontinuity points has measure zero. [

Moreover, as conditions of Theorem 2.4.2 guarantee pp(y) > 0 for y € Q(A), Theorem 2.4.3

guarantees pp is positive on Q(A) a.e. when () is sufficiently smooth.
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Chapter 3

Numerical analysis for solution of the SIP

In this chapter, we discuss different aspects of numerical methods to solve the SIP. Our ultimate
goal is to show that the approximation computed by an algorithm modified from Algorithm 1
converge to the probability measure P, that solves the SIP under the Uniform Ansatz with respect
to [A.-

This chapter is divided into five sections. In Section 3.1, we discuss the approximation of sets
by discretization of the sample space. In Section 3.2, we point out that any Lebesgue measurable
function is approximated by the ratio of the integral to the volumn of a set containing the point.
In Section 3.3, we give a modified version of Algorithm 1, namely Algorithm 2, and prove the
function generated by this algorithm converges to the solution of the SIP. In Section 3.4, we give
an example where Algorithm 2 fails, due to the failure of the boundary condition. Lastly, an error
analysis is conducted in Section 3.5.

For the first two sections, we let {2 be a compact subset of R", and B, be the Borel o-algebra
and Lebesgue measure pq, inherited from R"™. Notationally, we avoid using A or D because we
want to emphasize that the approximations in these two sections work for a general measure space,

not necessarily a space related to the SIP.

3.1 Approximation of sets

It is well known that for any Lebesgue measurable set A C R" for which p(A) < oo, given
€ > 0, A can be approximated by a finite collection of disjoint rectangles { R;}} in the sense that
w(AAUY R;) < e (Folland, 2013).

Here we restrict attention to the task of approximating a set with negligible boundary. Our
goal of set approximation can be summarized as this: We want to define a process for generating
partitions on 2 C R", such that any set in A € Bgq with ug(0A) = 0 can be approximated by

element sets from the partition.
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Before we tackle this problem, we show the Voronoi tessellation generated from a Poisson
point process on £2 is one such partition generating process. The Voronoi tessellation {V; }jvzl of

2 corresponding to a sample {w(j ) };Vzl is the partition with Voronoi cells defined to be
V; = {w SV dv(w(j),w) < dv(w(i),w),for alli =1, ... ,N} ,

where d, (-, ) is a metric on 2.

The Voronoi coverage Ay of A € Bg, is defined as

Av= U

weAI<jKN

In other words, we use the Voronoi cell center to decide which cells to include in the approximation.
We prove Ay converges to A under certain conditions by a proof adapted from Khmaladze and

Toronjadze (2001, Lemma 2.1).

Lemma 3.1.1. Given a probability density f(w) > 0 a.e. on S with respect to the Lebesgue

measure, if A € Bq such that ug(0A) = 0, then
pa(ANAA) — 0, a.s. N — oo.

Proof. Suppose A € Bq, pa(A) > 0 and ug(0A) = 0. Let A% := (A + 5B(0,1)) N 2 denote the
Minkowski sum of A and 0 B(0, 1) restricted to domain €2, where B(0, 1) is the unit ball in R”. Let
As = ((A%)°)°. Since pn(0A) = 0, for all € > 0 there exists §(¢) > 0 such that 9A C A%\ Ay,
and 10 (A%N\ As0) < e

Let r(w?)) := MaX,,ey () do(W, w)) and

ry = max 7(w"¥) = max min d,(w,w?).
1<j<N weQ 1<5<N
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We prove that ry — 0 a.s.. For any € N, let H;, denote the finite set of hypercubes in R" with

edge-length 1/h partitioning compact 2. By strong law of large numbers,

Zj'vzlﬂ WeH
max ’ {wJG }—

HeH,, N /H f(w) d,UQ(w) —0as. N — o0

and

min / f(w) dug(w) > 0 for all h.
H

HeHy

This implies that there must be at least one sample point w'/) in each H;, a.s. when N is sufficiently
large. Since w € Q must fall into one of H;, ry < v/n/h. So for all ¢, there exists N such that

Ag(e) C Ay C A%, OJ

The key for the approximation is that r, the upper bound of radius of the Voronoi tessellation

goes to 0 a.s.. Intuitively, this means the partition sets become small uniformly when N — oo.

Definition 3.1.2. A rule for defining sequences of samples {w(j ) };Vzl C Q is Bo-consistent if

ry 1= max r(w(j)) = max max dv(w,w(j)) — 0 a.s., as N — oo.
1<j<N 1<GEN weV(w))

Drawing i.i.d samples from probability distribution with f(w) > 0 a.e. is a Bn-consistent rule.
For any partition Z = {I;}, of €2, there does not necessarily exist a point w; associated with
each set [; as is true for the Voronoi tessellation based on a point process. In order to measure the

size of each element of the partition, we simply use

diam I; = sup d,(wi,ws).
w1,wa€l;

In Lemma 3.1.1, the properties of approximation rely on properties of the point process by
which the Voronoi tessellation is generated. In general, we consider a sequence of partition

(..}, = {{I;}}=}>_, that is not associated with point process. The sequence of partitions
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does not need to be nested. The only condition the sequence needs to satisfy is

lim max diamI; = 0.
m—o00 1<i< M,

The sequence of Voronoi tessellations generated by a sequence of samples from Bg-consistent
rule satisfies the above condition a.s.. For a general partition Z = {I;}},, one can associate each

I; with an arbitrary point w; € I;, and define a set approximation of A as

Av= |J @

w; €A1<I<M
We can prove the following theorem.

iy Y owy, with

Theorem 3.1.3. Given a sequence of partitions {Z,,}°° {{I;

m=1 —

lim max diam /[; =0,
m—00 1<i< My,

if A € Bgq satisfies j1a(0A) = 0, then

oAy, AA) — 0, as m — oo.

3.2 Approximation of density

For an integrable non-negative function pq defined on (2, Bq, 1iq), given a partition Z =

{I;} M, we are interested in whether pq can be approximated by

f[i pﬂd,uﬂ

f[i P 3.1

M
pam(w) = Zpﬂlli(w); pi =
i=1

Consider a sequence of partitions {Z,,}°_, = {{[;}M71>_,, we want pg s, (W) — pa(w) if

certain conditions hold for {Z,,,}°°_,. We define
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.w= |J L

wel;1<i<Mm

Theorem 3.2.1. Ifw is an interior point of one and only one I, from all Z,,,, and diam(Z,,(w)) — 0,
then pa,,, (W) = pa(w).
Proof. This follows from the Lebesgue Differentiation Theorem 1.7.1. [
For a sequence of partitions {Z,, }>°_,, if lim,, o max;<;<as,, diam(1l;) = 0, for any w except
points on boundaries of partition sets | J*°_, UM™ 01, diam(Z,,(w)) — O.
Note that ju0 (M7 91;) = 0 for any Z,,, ua(U°_, U7 dI;) = 0, which means the exception

set of Theorem 3.2.1 is negligible.

Combing all the above results yields the following theorem.

Theorem 3.2.2. For a sequence of partitions {I,,}>_, = {{I;}}7}>°_, satisfying

lim max diam(l;) =0,
m—ro0 1<i<Mp,

PQM,, — P d.e. as m —» oo.

When the density pq is unbounded as is pa in Section 2.3, it is hard to find a function dominat-
ing {pa,n}. To facilitate discussions concerning convergence of measures, we show that {pgq 1/}

are uniform integrable.
Theorem 3.2.3. {pq 1} is a uniformly integrable collection.

Proof. For any € > 0, there exists a ¢ such that f{m>t} padug < €. Letd = f{pn>t} dug =

na({pa > t}).
Since pq p is a simple function, there is a ¢’ such that uo({pa .y > t'}) > 0 and pa({pa.rm >
t'}) < 6. Define EM := {pq > t'} U F, where F is any set satisfying F' C {pq. = '} and

pua(F) =0 — pa({par > t'}). Then for all E € Bq such that ug(E) < 6,

/ padpa < / padiin = / padyia + pa(F) - t. (32)
FE EM {pﬂ’]\/]>t/}
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By definition of pg rs, we have

/ pa,mdpg = / padiiq,
{pa,m>t'} {pa,m>t"}

/ padpa = pa({pam =t'}) -t
{pa,m=t"}

So, there is an F' C {pq. = t'}, such that

/dNQ:MQ(F)a / padua > pa(F) -t

So (3.2) implies

/ pamdia + ua(F)t' < / padigo + / padiio.
{pa,m>t"} {pa,m>t"} F’

Since pa({pam > '} UF') =6 = pa({pa > t}), we have

/ padio +/ padin < / padig < €
{pa,m>t"} F’ {pa>t}

3.3 Approximation to solution of the SIP

In this section, we prove the main theorem regarding approximation of Py (A) for A € B, with

On D and A, we generate partitions {/;}, and {b;}}_, respectively. Let each b; be associated

with a point \; € b;. Then pa(Q'(1;) N b;) in Algorithm 1 is further approximated as 14 (b;) or

0 depending on whether ), is inside Q~*([;) or not. Adapted from Algorithm 1, the algorithm we

consider is
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Algorithm 2: Approximation to inverse probability.

1 Generate approximating sets {;}, of D

2 Generate approximating sets {b; }jvzl of A, associate every b; with a point \; € b;
3 Fix and normalize the simple function approximation pp p; = Zﬁl pilr(q)

4 Compute M x N matrix V this way:

5 if Q()\;) € I; then

6 | Vij=palby)

7 else

8 ‘/1]:0

10 foreachj =1,--- , N do
M N
11 Set P(bj) to Zi:l Di <‘/’Lj/ Zj:l ‘/;j)

12 end

To analyze the convergence properties of this algorithm, we denote the computed P(b;) as
Pa pr.n(b;), and use Py to denote the true probability measure. For A € By with Py (0A) = 0,

define Ay as

A jEA LN
then use

Payn(Ay) = > Paun(by)

AEALSEN
as an approximation of Px(A). The next theorem shows that when {I;}}X, and {b;};_, both

become fine, Py v (An) converges to Py (A).

Theorem 3.3.1. Let () : A — D be the map satisfying the conditions in Theorem 2.1.1, with the
additional requirement pp(OA) = 0. Given a probability measure Pp on D that is dominated
by up. Let Py be the solution of the SIP under the Uniform Ansatz with respect to ua. For

event A € Bp with pip(0A) = 0, there exists a sequence of approximations Pa . v, (An, ) using
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simple function approximations and requiring only calculations of volumes in A based on partition

sequence {I,,}°_, = {{L;}}}°_, on D and {T,}>>, = {{b; } " 1o, on A that satisfies

lim Um Pa ., N, (An,) = Pa(A),

m—r0o0 N—r 00

lfhmm_)oo maxi<i<M,, dzam([z) = 0and hmn_mo maxi<i<n, dzam(b]) = 0.

Proof. Since pp and fip are equivalent with djip = ppdup, Pp has a density pp, = '?—D with
PD

respect to jip. Given any partition Z = {I;}, on D, we define the simple function

M
Po = ilay(y), p= al .) = (3.3)

as an approximation of pp. We also define

M
/ / Pp(L;) PD(L‘) f[ 2dup
= To-17)(N), ;= ~ = i 7 34
PAM Z-lel Q (Iz)( ), P 1A (Q-1(L)) HD(]z‘) fidMD (3.4)

as an approximation of pa. By definition, pa ar(\) = pip ,(Q(A)). For a sequence of partitions

(7.}, = {{L;}}M7}_,, we write corresponding sequence of densities as {0D.ar,, bro=y1 and

{pA,Mm}ﬁzl. By Theorem 3.2.2, since lim,, o maxi<ij<as,, diam(l;) = 0, pfp 5, converges to

, PD pp(Q(N))
= —, a.e., so = PA, a.e., where A —
P = ppy IS0 A 7 P Jia N IOy

under the Uniform Ansatz with respect to fia .

is the solution to the SIP

Given a partition Z = {I;}}¥, on D with its associated pa 5, partition sequence {7,}>2, =

{{b; } ™ 3o, on A, we can associate each b; with a point \; € b;, and construct

it \; € Q7 1(I,), (3.3)

Po()
pamN, = ¥ pily,(N), pj=
2.7 I SRS

as an approximation of pa ps. We can prove pa a.n, — pa,um a.e. if

lim max diam(b;) = 0.
n—o00 1<j<Ny,
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Since pp(91;) = 0 and pp (OA) = 0, ua(O(Q1(I;))) = 0, by Theorem 3.1.3,

—1/7\) g . . N
Z pa(br) = pa(Q (1)) if nh_)ralolgjlg}]%n diam(b;) = 0.
A€Q™(Iy)
Furthermore, for almost all A\ € intQ~*(I;), A € intb; for one b; in T, = {b; }N"1 foralln,1 <

n < 0o. As aresult, pa arn, (A) = pam () for almost all A € intQ‘l(Ii) for an /; € 7. Since

pa (U a(@*um) <> m(0(@Q 1) =0,

PAM,N, — PA,M a.€. aS T — 00.
Actually, the convergence of pa a,n, 1O pa s 1s stronger than the pointwise sense. For every
I; in partition Z = {[;}™,, when 7,, = {bj}j-vz”l is sufficiently fine, i.e max;< <y, diam(b;) is
sufficiently small, we can ensure that |p; — p;| < e for any j such that b; has its associated \; €
Q~(I;), and
LA U b, | AQHL) | <e
A EQTH(T)

Since M is finite, we can combine the above results for each Q~1(I;) to guarantee that
‘pA,M,Nn<)\> — pA,M(A)’ <€, for A € A’ C A with /LA(A \ A/) <€

Consequently, | max pa .y, — max pa a| < €.

Next, we want to use the Vitali Convergence Theorem 1.7.3 to conclude convergence of the in-
tegrals of functions that converge a.e., provided that the functions are uniformly integrable. Before
that, we need to show {pa s, }o°_,, and {pa N, }oo, for a fixed M, are uniformly integrable.

For a sequence of partitions {Z,,}>°_, = {{I;} the sequence of densities { pa_ar,, }oo_;

m=1°
is uniformly integrable by Theorem 3.2.3.
Fix the partition Z = {[;},, we show {pa ., }5°, constructed from partition sequence

{T.} oo, = {{b; } ™, }9° , is uniformly integrable if lim,, ., max;<;<n, diam(b;) = 0.
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Given € > 0, there exists § > 0 such that [, pa mdpa < € forall E € By satisfying ja (E) <
d. When the partition 7,, = {bj}j-vznl on A is sufficiently fine, we have | pa ar n, (A) —pa,m(N)] < €/0
for A € A’ C A where ua(A\A') < €/(max pa p+€/0), and | max pa s n, —max pa | < €/0,

SO

/ PAMN,AlA = / PAMN, AlLA + / PAM,N, LA
E ENAY E\A’

€

max pa v + €/0

< / (panr +€/6)dpn + (max pa v + €/0)
ENA’

< / pAaMdpa + €+ € < 3e.
E

for all £ € By satisfying pa (E) < 4. So the sequence {pa s, } is uniformly integrable.

If A € B, satisfies pup (0A) = 0, A is approximated by

ANn = U bj7

)\j €A

and Py (A) is approximated by

PA M N, (AN,) = Z PA,Mm,Nn(bj) = / PA M, N, QLA -

AjEA ANy

We prove Pp s, n, (An, ) converges to Pa (A) in two steps.

First, we show for a given partition Z = {I;}M, on D,
/A \pA M N, LAy, — PAM, Laldpa — 0asn — oo. (3.6)
Since the Vitali Convergence Theorem implies
/A]pA,Mm,NnILA—pAmeILA|d,uA — 0asn — oo, (3.7
and uniform integrability of pa s, n, implies

my
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/ ’pAvaaN'n:H‘ANn - pA7Mm7NnI]‘A|d/‘LA = / pAaMmaNnd/’l’A — 0 asn — OO? (38)
A Ay, AA

combining (3.7) and (3.8) yields (3.6).
Secondly,

/ |pA7MmILA—pAIlA|d/LA—>Oasm—>oo, (39)
A

is implied by the Vitali Convergence Theorem.

Combing the (3.6) and (3.9), we have
/ |PA M N LAy, — palaldpa — 0 asn — oo and then m — oo,
A

hence

lim lim PA My N QA = / padpa = Pa(A).
A

m—ro00 N—r00 AN
n

O

The order of first letting n — oo and then letting m — oo is important. For example, one can

show that for a fixed n, pa v, v, — 0 a.e. as m — oo, thus

lim lim PA M,,.N,, — 0 a.c.,
N—+00 M—+00 ’ o

while the proof of Theorem 3.3.1 shows

lim lim PA M,,, N, = PA a.C..
M—00 N—00 ’ ’

Theorem 3.3.1 is not the whole story in terms of approximation. In practice, it might be the case

_ 1ia (b))
ZAkGQil(Ii) ’uA(bk)

directly. Instead we further use an approximation fia (by) of jua (bx), to approximate P as v (b;) by

- fin(b;)
Pain(b;) = .
.01 (07) > neq-1(ri) Foa(br)

that ju4 (b;) are not known, so Pa s n(b;) Px(Q7(I;)) cannot be evaluated

Px(Q7Y(1;)), where fi (by) is an approximation of g4 (by).
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However, when 7,, = {b, } | has certain properties, an accurate approximation of yi4 (b;) may
not be necessary. For example, when 1i4 (b;) approximately follows a distribution with mean 1/,
which is the case when 7, is Voronoi tessellation generated by a homogeneous Poisson process.

Using 1/N as approximation of s (b;) yields

ZPAMN" ZPAMN” asn—>oo
AEA AEA
R P -4
Here, Py ., (b;) = T Afgé? ))( )for)\ e QY(I,).

That is because

ZPAMNn %/pAMd,uAasn—M)o
A;EA

and for each 7, by the Law of Large Numbers,
#J: ) € Q‘l(li) NA N ,uA(Q‘l([i) NA) Py M(Q‘I(L-) NA)

= as n — 00,

#k A\ € QML) pa(Q~ (1)) Pam(Q7(1;))

hence

M
Z PAvM,Nn(bj) - Z PA7M<Q71(L‘) NA)= / PAMALA -
i=1 A

>\j €A

3.4 Counter Example
We construct a counter example using fat Cantor set ' 1 to show when the approximation might
fail. We need not worry about this counter example because in practice it is highly unlikely that

someone use a Fat Cantor set or other set with non-negligible boundary as the domain.

Let

A= ((0,1] x [0, 1DU (Ci X [1,2]) ;

and Q(A1, Ag) = Ay, 50D = [0, 1].
For a uniform probability measure on D, the solution of SIP with the Uniform Ansatz with

respect to fip is
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1/4, A € C%,
pa(A) = pal(A1, A2)) =
1/2, A €0,1]\ C1,
It is continuous at A = (Ay, As) for which A; € [0,1] \ C'7, and discontinuous at A for which
M el 1. We review the key steps in the proof of Theorem 3.3.1 for the SIP for this problem to

explain how the approximation algorithm works (and fails).

First, we impose a partition Z = {I;}, on D = [0, 1], and use

Po(l)  Po(l) [, 2di
QL) L) f din

M

pant =) PN, = (3.10)
i=1

as an approximation of pa. This is equivalent to assuming the distribution is uniform on each

Q7 '(I;), and using pa s to approximate pa on every Q~!(y) for y € I;. The Lebesgue Differ-

entiation Theorem 1.7.1 guarantees pa s — pa a.e.. So this step works even for such a bizarre

domain, provided that the 4 (Q~'(I;)) can be evaluated exactly.

Secondly, we impose a partition 7 = {b, }évzl on A, and use the partition sets to approximate
each Q~1(I;). This approximation is difficult because Q~'(I;) has non-negligible boundary. The
theory of approximating a set with non-negligible boundary by Voronoi tesselation generated by
random sample has not been established. The second step fails if the approximation algorithm is
wrong. For example, if we use set inclusion as the standard, we would falsely identify [0, 1] x [0, 1]

as A, and end up approximating a uniform density on [0, 1] x [0, 1] as the solution.

3.5 Sources of error in the computation

There are two types of error in the approximation of the probability measure P, using the
numerical algorithm. The first type of error come from the partitions 7 = {b;} j»vzl andZ = {I,;}M,,
and lack of information of s (b;). The second type of error arises from the numerical evaluation
of (. We only analyze the first type. The error of approximation of Pp(A) for A € B, can be

decomposed as:
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> Pann(b;) — Pa(A) = / paMAdpA — / padpia I
A A

)\jEA

+/ PA,M,NdMA—/PA,MdMA IT
An A

+ ) Pann(b;) = > Pann(b;) I11
AjEA AjEA

Term I is associated with the partition Z = {I;}}, on D.

Given Z, term II is associated with the partition 7" = {b;}}_, on A. A finer Z requires a finer
T to keep term IT small.

Term IIT arises due to lack of information of ji4(b;). When 7 is regular grid where every
A (b;) is the same and known exactly, term ITI vanishes. When 7 is Voronoi Tesselation generated
by random sample, we may just use /ia(b;) = 1/N, then term III is inevitable. In other practical

cases, using a precise approximation of ju4 (b;) yields a smaller term ITI.
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Chapter 4
Formulation and Solution of the SIP for an Infinite

Dimensional Domain

4.1 Introduction

In many applications, the inputs of the mathematical models are functions rather than finite
dimensional vectors. To motivate such an extension, recall the metal plates example. Previously,
we treat the purity of alloy and the thickness as two parameters taking values in a two dimensional
parameter space on which the probability measure can be solved by the SIP. This choice of param-
eters relies on the assumption that the plates are all homogeneous in their physical properties, i.e.
the purity of alloy and the thickness are the same at any location on a plate. It is physically natural
to consider the situation in which the plates are inhomogeneous in their physical properties and
treat the purity of alloy and the thickness as two functions of the location on the plate. The pre-
vious SIP framework can be extended to allow for the description and computation of probability
distributions over input functions. To that end, we need to extend the domain of map ().

We assume that the input function \ is square integrable on a measurable space (2, Bq, (i),
thus A € L?(€2). However, L?(€2) contains functions not of interest, for example, very rough and
highly oscillatory functions that are neither physical nor allowable as inputs into the differential
equation. Like the SIP with finite dimensional domain, we consider a compact subset of L?(£2) as
the domain.

The Riesz-Fischer Theorem implies L?(2) is a complete space. Moreover, when €2 is a subset
of R" equipped with the inherited Borel o-algebra and measure, L*(£2) is separable (Bruckner
et al., 1997) and has a countable orthonormal basis. For any given basis, there is an isometric
isomorphism between the function space L?(€2) and the space of the coefficients, which is a space

of square summable sequences ¢2, and the isometric isomorphism preserves the inner product
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(Conway, 1994, chap. 1). Therefore, a measure structure on 2 or on a subset of /2 is equivalent
to the measure structure on L*(§2) or on a subset of L?(£2). This enables us to consider compact
subset of ¢? as the domain A, thereby allowing more straightforward generalization from R" to £2.

Common orthonormal basis functions include the standard Fourier basis for L?([0, 1]), which

consist of orthonormal trigonometric functions:
1 . . . .
{57008(27Tjt), sin(2wjt), 7 =1,2,--- }.

Thus

A(t) = (1/2)ag + Y _ajcos(2mjt) + Y _ b;sin(2mjt),

j=1 j=1

where the Fourier coefficients are given by

1
0 — /)\(t)cosntdt, j=0,12,--
0

1
bj:2/ A(t)sinntdt, j=1,2,3,---
0

for all A(t) € L*([0,1]). Of course, there are other orthonormal bases, for example, the Haar
wavelets form a countable orthonormal basis on L?([0,1]) (Daubechies, 1992) as well. An ad-
vantage of certain bases like the standard Fourier basis or Haar wavelets is that the decay rate of
the coefficients with respect to index characterize the smoothness of functions. For example, a
continuous periodic function whose first £ derivatives are continuous but whose £ + 1 derivative

k+2 after some finite index

is discontinuous has Fourier coefficients that decay at a rate of 1/n
(Grafakos, 2008). There are wavelet bases that have similar properties (Daubechies, 1992, Section
2.9). It is possible to characterize Sobolev spaces in terms of decay of coefficients in such bases.

This a good point to recall the importance of the Hilbert cube, which is the Cartesian product

oo

o° 1, 1n the study of measure structures in infinite dimensional

of the sequence of intervals {[0, =]
spaces. Any product of countably infinite intervals of decaying lengths is homeomorphic to the

hilbert cube, and is generally called a “countable dimensional cube”. Thus, we can directly relate
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a subspace of L?((2) consisting of functions of specified smoothness quantified by an asymptotic
decay rate in the coefficients with respect to the Fourier basis to a countable dimensional cube.

It turns out that dealing with a class of L?(2) functions of a specified smoothness or equiva-
lently to the countable dimensional cube with a specified decay rate in the interval lengths provides
a systematic way to approximate the probability structure on the infinite dimensional domain by
probability structures on the finite dimensional domains obtained by “truncation” or ending the
product after a specified point. The error in these approximations can be controlled by increasing
the dimension.

The countable dimensional cube is a metric space with the natural metric induced by the /5-
norm. Because of the decaying edge lengths, the topology induced by this metric is the product
topology, for which the basis is cylindrical open set whose “face” is an open set in the product
of intervals for first n dimensions n € N and whose “side” are the product of intervals in the
remaining dimensions.

For notational convenience, we center and scale the countable dimensional cube C' to [0, 1]*°
and instead consider a metric with the decay built in. Let this map be p : C' — [0,1]>°. Then
p is one-to-one and onto. With the /,-norm on C, we define a metric d on [0, 1] by d(\, u) =
I[p~1(X\) — p~(11)]|2, and denote the metric space ([0, 1]°°, d). The metric d poses the same decay
rate as edges of C, which induces the product topology on [0, 1]*°. For any n € N, [0, 1]*° as
a topology space is a product space of [0, 1]", endowed with the topology induced from R", and
[0,1]3° = [T=,,.1[0, 1], endowed with the product topology, written as [0, 1] = [0, 1]* x [0, 1]3°

We consider the SIP for @ : [0,1]*° — D, D C R™. The product decomposition allows the
definition of Q5. : [0,1]" — D as Q5. = Q(-, \") for A € [0,1]5°. When n > m, the SIP for
Qs @ [0,1]" — D falls into the previous formulation hence can be solved by Algorithm 2. Later
we show that the solution of the SIP for ) : [0, 1]°° — D can be approximated by the solution of
the SIP for @5, : [0,1]™ — D under some conditions. The convergence rate depends on both the

decay rate and the properties of map (). In this regard, taking a countable dimensional cube to be A
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in the SIP amounts to regularizing the domain where the regularization strength is controlled by the
decay rate, in contrast to the usual approach to inverse problem, where the map () is regularized.
In this chapter, we present a formulation of the SIP for A = ([0, 1]>,d). In Section 4.2, we
present a technical result regarding the SIP for a domain that can be expressed as a product space of
two spaces, i.e. A = A; X A,. In Section 4.3, we give the conditions for the density to exist and be
continuous with respect to A = A; X A,. In Section 4.4, we discuss the topology, Borel o —algebra
and “volume” measure of ([0, 1]*°, d). In Section 4.5, we show how to adapt the previous proof of
continuity to accommodate the infinite dimensional setting. This version of continuity theorem is
then applied to show the existence of solution. Other implications of continuity are also discussed.
In this chapter, A is still the domain of mathematical map (), but represents different sets from
before. In Section 4.2 and Section 4.3, it denotes a general space that can be expressed as a product

space of two spaces, i.e. A = A; X As. In Section 4.4 and Section 4.5, A = ([0, 1]*°, d).

4.2 The SIP for a product space domain

We consider the case where the domain of the SIP is a product measure space (A, Ba, pa) of
two measure spaces (A1, Ba,, fia,) and (Asg, Ba,, ia,). In this section, we assume @) : A — D
is measurable. Consequently, Q,(-) = Q(-,\2) : Ay — D is also measurable for all Ay € A,
(Folland, 2013). We let (D x Ay, Bpxa,, ipxa,) be the product measure space of (D, Bp, p)
and (Ag, Ba,, i, )-

Next theorem states how measure induced by () can be computed from measures induced by

@,

Theorem 4.2.1. Let jip = Qua and fipx, = Qx,lin, for Ao € Ao. Then for A € Bp, fip(A) =

ng ﬂD,/\Q (A)d/’LAQ
Moreover, if dfip x,(y) = pp.a, (Y, A2)dpp(y), where pp a,(y, A2) is uniquely defined jip-a.e.
for each \g, and pp a,(y, A2) is measurable on D x A, then [ip is absolutely continuous with

respect to jip and has density pp(y) = fAZ PD.As (Ys A2)dpa, uniquely defined up to a pp-null set.

Proof. For A € Bp,
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dpa definition of jip

/ 1 @5 (AndHA A, Tonelli’s Theorem

/ Po.A, (Y, A2)dupdpia,

J
A
:/A [ip,5, (A)dpia,
A
-,

/ PD.As (Y, A2)dpia, dpip Tonelli’s Theorem
A

N

]

The minimal condition guaranteeing jp a, (Y, A2) to be measurable is difficult to find, but con-

tinuity can be used as a sufficient condition.
Proposition 4.2.2. If pp a, (y, o) is continuous a.e. on Dx Aa, then pp(y) = [, p A, (Y, A2)dpin,-

Proof. When pp a,(y, \2) is continuous a.e. on D x Ay, it is measurable with respect to Bpya,.

]

4.3 The continuity of density in a product space

In Chapter 2, we discuss the existence and continuity of pp for the SIP. We can give analogous
conditions to ensure pp a, (Y, A2) exist and be continuous on Ay x D. Next theorem states the

conditions for jp a, (Y, A2) to exist.
Theorem 4.3.1. Let A; C R", D C R™, and m < n. Givena )y € Ay, if Qy, : Ay — D is C*

map and Jq, is full rank on A, then dfip », = pp,a, (y, A2)dpup, with

4.1)

~ 1
o) = [ s
Q,\2 (y) (JQAQJQ)\Q)

which is an integration over manifold Q;zl in Ay, and pp a,(y, A2) is uniquely defined jip-a.e..

Proof. This is implied by Theorem 2.1.1. [
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To study the continuity property of pp a,(y, A2), we extend the domain A, to an open set Uy,
containing A;. Write A € Up, X Ay as A = (A1, A\g) where \; € Uy, and A\ € Ay. We denote the
Jacobian of @ with respect to A as Jq y,, thatis Jg », (A1, A2) = Jg,_ (A1)

Let () be a map from Uy, X As to D, where Uy, is an open set in R”, A, is a metric space,
D is a subset of R™ and n > m. Assume Jg ), exist and is continuous on Uy, X A,. Further
assume A; C Uy, is a compact subset of R", and Jg , is full rank on Up, X Ay. We define
fpr, = Qxafia, then dfipy, = ppa,(y, A2)dup for every Ay € Ay by Theorem 4.3.1. Next
theorem shows conditions analogous to Theorem 2.4.2 guarantees pp a,(y, A2) to be continuous

onD x As.

Theorem 4.3.2. Let () : Up, X Ay — D be a continuous map. Suppose O\ is locally determined

JQ>\270
JB
is full rank on OA;, N Q;;D(yg) or OA; N Q;\;O(yo) = @&, then ppa,(y, A\2) is continuous in a

by B(\1) = 0, where B : Up, — R™ is a piecewise C' map. Given yg, Mo, such that

neighborhood of yy, A2.p.

This theorem can be proved by altering a few key steps in the proofs of Theorem 2.4.1 and
Theorem 2.4.2. In Theorem 2.4.1, we require the submatrix of Jg consisting of its first m columns
to be full rank, a special case allowing uniform parameterization. Let Q'()\,y) = Q(\) — v.

Theorem 2.4.1 is proved by following several vital steps given below.

1. We use the Implicit Function Theorem with respect to Q'(\,y) = 0, to derive a uniform
parameterization of the manifold Q~!(y) N A in terms of its projection to subspace of last
n — m coordinates for y in a neighborhood of y,. So pp can be expressed as an integration

of a function involving Jg (A, y) over a domain in the subspace of last n — m coordinates.

2. The boundary of the integration domain is the projection of Q~!(y) N OA to subspace of last

n — m coordinates. We can apply the Implicit Function Theorem with respect to

'\,
oo — | Y 2o
B(\)
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to get piecewise parameterization of the boundary of the integration domain. That means the

integration domain changes continuously with respect to y;
3. The integrand is continuous since J¢ (A, y) is continuous on Up x D.

Theorem 2.4.2 is proved by decomposing A to subdomains determined by balls covering A. In
each of the subdomains, Q~'(y) admits uniform parameterization, and the boundary of each sub-
domain is determined by the sphere of the ball and the orginal boundary OA, which are both smooth
manifolds.

By redefining Q" as Q'(A1, \2,y) = Q(A1, A\2) — y and change A to \j, y to (Ao, y), and
Yo to (A2,0,y0) of the proof of Theorem 2.4.1, we come up with a proof of the special case of
Theorem 4.3.2 where A; N Q;;O(yo) can be uniformly parameterized. Then, by doing the same

subdomain trick as in the proof of Theorem 2.4.2, we prove Theorem 4.3.2 for the general case.

4.4 The countable dimensional cube ([0, 1]*°, d)

In this section, we are concerned with the metrics, topology, Borel o-algebra and the measure

of domain A = ([0, 1]*, d).

4.4.1 Decaying metric and product topology

For ([0, 1]*°, d), we prove the decaying metric induces the product topology.

Theorem 4.4.1. The product topology on [0, 1]> can be induced by the metric d defined as d(\, ) =

1

(Oo2 al |\ — pilP)», where 1 < p < oo, and {a;} is a sequence of positive numbers with

S al < oo

i=1""

Proof. Recall that the basis of product topology has the form V' = [[*, U; where U; C [0,1] is
open for all ¢ and U; = [0, 1] for i outside for some finite subset of {1,2,3,...}. We refer to the
family of all such V as V.

We only need to prove that givena V' € V, forall A € V, there exists ¢, such that B;(\,¢) C V;

and for all B4(\, €), there existsa V' € V, A € V such that V' C By(\, ¢€).
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On the one side, by the construction of set V/, there exists n such that V' = U x A”, where U is
an open setin A", and A = A" x A™. Then for all A € V where \ = (A", 5\”), A e U, \n € A,
Define d” : A" x A" — R+ as d"(\", ) = (320, aP|A; — plP)7 for A",y € A™. d" is

a well defined metric on A". Since \" € U, there exists an €, Bgq(\",¢) C U. Consequently,

Ban(A",€) x A" C U x A" = V. Since By(\, €) C Ban(A",€) x A", By(\€) C V.

On the other side, given any By(A, €), there exists an mn, such that Y . af < % Then for
ally € V = Bym(\™,€/2) x A™,
A\ p) = (O dl|hi — )
=1
<O atn -l + > by
=1 i=m+1
€l 1
< ((e/2p + 5
1 1.1
=g ty)rse
Then V' C By(\,€). O

4.4.2 The Borel c—algebra and measure

In order to formulate the SIP with domain A = ([0, 1]*°, d), we need to define o-algebra B
and measure ;5 on A. Analogous to the SIP with finite dimensional domain, the measure 114 on
A should properly reflect intuition of “volume”. Specifically, pa(A) = 1, and it should equal the
Lebesgue measure on a finite dimensional face of a cylindrical set, thus ia (A x [0,1]2°) = u(A),
where A is a measurable set in R" and v is Lebesgue measure on R™. But ;14 may lack other
properties, like rotation invariance, of the Lebesgue measure. We use a construction adapted from
Da Prato (2006), using cylindrical sets to generate the Borel o-algebra and desired measure.

Define cylindrical subsets [, 4 of [0, 1], where n € Nand A € Ba» as:

Toa={\=(\) €01 : (\,..., \a) € A}
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Denote the family of all such cylindrical sets as C.

The set 1,, 4 can be also expressed as

In,A = [n+k,AX[0,l]k7 ka n €N

Using this identity we can show that C is an algebra. In fact, if I, 4 and I,,, p are two cylindrical

sets we have

[n,A U [m,B = [m—l-n,AX[O,l]m ) [m—i-n,BX[O,l]”

= {m+n,Ax[0,1]mUBx[0,1]" 5

and I’ﬁ,A - [TL,AC'
We make the concept of “face” of cylindrical sets formal. We call a set A € B¢ as the face of

cylindrical set [ if

I'=Ax|0,1)7.

Therefore A and A x [0, 1]* for positve integer k are faces of I,, 4.

Define the minimal face of I as F'(I), such that F'(I) is the face of I and F'(I) € Ba» where n
is the smallest possible integer.

The o-algebra o(C) generated by C coincides with B, since any ball (with respect to the de-
caying metric defined in Theorem 4.4.1) is a countable intersection of cylindrical sets.

Finally, we define the product pre-measure

M(L’L,A) = (,ul X oo X ,un)(A)u ]n,A eC

It is easy to see p is additive. We only need to verify that y is o —additive on C. The Caratheodory
Extension Theorem implies that i can be uniquely extended to a measure on the product o —algebra

8[071}00.
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Theorem 4.4.2. 1 is o —additive on C and it possesses a unique extension to a measure on (A, By ).

Proof. To prove the o —additivity of 11, we show continuity of ;4 at @. This is equivalent to proving

that if { £; } is a decreasing sequence on C such that
u(E;) >e,jeN
for some ¢ > 0, we have

A o

=1

To show this, we consider the sections of £},
Ei(a) ={A€[0,1]7°: (o, A\) € E;},a € [0, 1].

Let

€ .
Y ={a €[0,1): V) (Bj(0)) 2 515 €N,

where ;™ = | 41 Mk, € N. Then Fubuni’s Theorem implies

W(E;) = /[ PO )

N /F<1> (B (@) s (dav) +/ pD(Ej(@))p (de)

D1e
(5]

Therefore,

Since yu; is Lebesgue measure on ([0, 1], Bjp,1)), it is continuous at &. Therefore, since the

sequence {Fj(l)} is decreasing, there exists a7 € [0, 1], such that
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p(B@m) 2 5.7 €N,
Consequently, we have
Ej(an) # @
Now set
Ej(Oé_l, Oéz) = {)\2 S [0, 1];0 : (Oé_l, 042,)\) S Ej},j S N, Qg € [0, 1]
and

€ .

Then, again by Fubini’s theorem, we have

uL(E(ar)) = /[ O ) d)

— /F<2) M(Q)(Ej(a_l, ag))pa(das) _|_/ M(2)(Ej(oé—17 aa)) o (dovs)

(2)1¢
; ()]

Therefore,

(2)
p2(F;7) =

1 m

Since (Fj(2)) is decreasing, there exists a; € R such that

1P (Ej(ar,a3)) > —,j €N

A~ o

and consequently we have

E;(ay, o) # @

rguing in a similar way as before we see that there exists a sequence (o such tha
Arguing 1 y as bef that th t q € |0, 1]°° such that
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where

Ei(ag,...,on) ={A € [0,1]° : (o1,...,an,2) € Ej},n €N

This implies
j=1

Therefore ﬂ;; E; is not empty. Thus we have proved that y is o —additive on C and consequently

on Bj. OJ

4.5 Convergence of the solution on the dimension truncated do-
main

4.5.1 Solution of the SIP on domain ([0, 1]*, d)
The fact that the domain A = ([0, 1]*°,d) admits product decomposition A = [0,1]* =
[0,1]™ x [0,1]° = A™ x A" for any n € N gives us great flexibility in choosing an appropriate n

to show the existence of the solution pj .

Theorem 4.5.1. Let Q : A — D, and D C R™. If there exists M > m with A = AM x AM such
that QM (1) = Q(., M ) : AM — D is continuously differentiable on A and has full rank Joum
A

AM

for all \M € AM. Define fip sm = Qsacpian, then dfip s = pp au (Y, M) dyp with

i . 1
a4, A1) = / } —ds. 4.2)
Qm ) (JQ;M‘]Q;M)

~

Pp AM (y, \M) is uniquely defined jip-a.e..

Proof. This is a special case of Theorem 4.3.1 where Ay = AM, [
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Just like in Section 4.3, to study the continuity property of pp zu (v, M ), we extend AM to
slightly larger open set Ux» C R containing AM. We denote the Jacobian of ) with respect to
AM as Jo . That is Jo aa (MM, AM) = T (AM).

Let @ be a map from Upn x AM to D, where Uy is an open set in RM containing AM, D
is a subset of R™ and M > m. Assume Jg y» exist and is continuous on Upn X AM . Further
assume Jg \v is full rank on A. We define fip, 500 = Q5 pianr, then diip 50 = pp au (Y, ;\M)dup

for every \M € AM by Theorem 4.5.1. We then have the following result concerning continuity.

Theorem 4.5.2. Let B : Upn — R™ be a piecewise C' map, such that OAM is locally determined

J,
by BOM) = 0, \M € Upm. If QR is full rank on OAM N Q;\Al/[ (y) or OA; N Q;{ (y) =@

JB
for pianr p-almost all (AM 4)), ﬁgi\M(y, MM is continuous U ar s p-a.S. on D x AM,

Proof. This is a direct result of Theorem 4.3.2 with A, replaced by AM, [

Corollary 4.5.3. Given all the conditions in Theorem 4.5.2, pp exists and has the expression as

PD(y) = f[\M ﬁgAM (yv )‘M)dMAM'
Proof. This is implied by Proposition 4.2.2. U

Corollary 4.5.4. Given Pp on D, which has a density pp with respect to [ip, the solution density

of the SIP with respect to ua under the Uniform Ansatz with respect to [ip, is

Proof. This is a direct result of Theorem 2.2.2. O

The continuity of pY' ., (v, AM) on D x AM has more implications than measurability and

existence of pp; for example, it also leads to the continuity of pp.

Theorem 4.5.5. Under the conditions in Theorem 4.5.1, if pp defined in Corollary 4.5.4 is contin-

uous a.e., the solution density pa () is continuous a.e. on A.
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Proof. Since pp(y) = [iu ﬁé‘){AM(y, S\M)duAM, when |y; — yo| < 0,

~

7 (1 N) = 5 (2, M) <

then

< €.

[ ’ ﬁgA]\/l <y17 AM)dMANI _/ ﬁé\)/[,AM <y2’>\M)d’uAM
AM AM

Thus |pp(y1) — pp(y2)| < € i.e. pp is continuous a.e.. In addition, when both pp and @) are

continuous a.e., pa is continuous a.e.. O

Since A = AN x AN for any N, for \ = (AN, 5\N) € A, we write
pa(N) = pa (WY, AN) = pa (WY, AY),

to get rid of repetition of parenthesis without causing confusion.

Note that the notation A™ (or AV) has two layers of meaning: a point in A, and there is one
AN e AN, such that A = (AN, AY) € A. To distinguish variables from spaces A" and the space
AN, we write \)Y € AN and AN € A, s0 (AY, AV) € A. The marginal density of \N € A is

~

par3) = [ a3 dian ()
= o A O Addian OF an ()

Z/PA(/\6V75\N)05MA(/\0)-
A

When we evaluate p ;v (AY), we treat AN as a point in AY without considering its complemen-
tary part A"V,
In next theorem, we prove that if p, is uniformly continuous on A, p; ~ converges to uniform

distribution as N — oo.

Theorem 4.5.6. If py is uniformly continuous on A, given € > 0, there exists N, such that for all

n> N, [pin(\") = 1| < e forany X € A.
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Proof. Since py is uniformly continuous, there exists NV, such that for all n > N for any A\, A € A,

d((A2,A"), Xg) < 6, then |pa (A2, A") — pa(Xo)] < €. So

<,

/A pa(N A" dpa (Mo) — /A pa(ho)dia(Ao)

ie [pin(A") — 1| < e O

4.5.2 Convergence of the solution

To our knowledge, there is no sampling method in an infinite dimensional space taking the
cylindrical sets, the generating sets of the Borel o-algebra, into account. At the same time, both
the theoretical and computational aspects of the SIP with respect to QJXVg,V : AN — D have been
thoroughly investigated. In this part, we study whether the SIP with respect to () : A — D can be
approximated by the solution of SIP with respect to Qé\vév : AN — D. This is true under conditions
in Theorem 4.5.1 and Theorem 4.5.2, and we refer to such an approach as approximation by “the
SIP with truncated domain”, and N the truncation number.

As is implied by Corollary 4.5.4, the solution density with respect to () : A — D under the
Uniform Ansatz exists. Furthermore, when N > M for M in Theorem 4.5.1, the solution density
N . AN

with respect to () Y
0

To see this, we first look at the decomposition A = AM x AM. For N > M, AM can be further

— D under the Uniform Ansatz exists as well.

decomposed as AM = AN~M x AN Define fip 55 = Qs ttan then dfip, 55 = pp 4 (Y, A )dpp
with

~

PN = [ Bl Y s ),

for \N-M ¢ AN-M

Then the solution density on A" under the Uniform Ansatz is given by Theorem 2.2.2 as

QO AY)
P A (QOW, AN, AY)

pﬁmj\é\’ (AN> =
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Given Ny < N, A" can be further decomposed as AN = AN x AN-No_ We expect
pXN,;\éV()\NO, AN=N0) to be close to pa(A) if Ny is big enough as long as ﬁé‘;AM (y, AM) is con-

tinuous on D x AM,

Theorem 4.5.7. IfﬁgAM (v, S\M) is continuous on D x AM, given \, forall \g € AM and N > N,,

pD(Q((/\Nov )\{V—No),?\éV))A
Py an (QUAN, ATTH0), A8, AY)

PXNAg,V(AN‘C A0 =
— pa(A) =
p

as Ny — oo.

Proof. Since @ and pp are both continuous, pp(Q((ANe, AN=N) ANY)) = pp(Q(N)) as N — oo,
We only need to prove A ., (Q((A™, AN ~Y) 32), A3) = o(Q(N).
Since p 1, (v, AM) is continuous on D x AM it is uniformly continuous. Therefore for all e,

there exists d,, such that when d((y1, AM), (y2, A1) < 6.,

~

ﬁg,w (y1, M) — ﬁg,w(yz, | <e
Since () is uniformly continuous on A, there exists N7, such that for all Ny > N7,
d(QAY, M), QAT Xg)) < 6.
Then there exists /N5, such that for all Ny > N3,
d((QUAN ANTNo ), AN), MNZM AN QAN AYM0), AR, ANV MLA)) < d
for all X', \g € AM, so

P o (QUAN AR ANY (INMANY) — Bl s (QUAM, A7), A8, AN ML) | < e

- DJUW
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Consequently

‘ / pDAM )\No’)\N—No>7;\N)’ (S\INfM,S\/N))duAM(S\/M)
AM

= [ P @O AT M g ()] <
thus
7p(QUN) = 5 4 (QUAY AT ), AN) A < e

]

The next result shows the density of SIP with truncated domain is close to the density of SIP

with original domain at the same point.

Theorem 4.5.8. If o ., (v, MY s continuous on D x AM, then for all \g € AM,

pp(QOAY, AT)) po(@(N)
P sy W) = 22y () = 2222
oo P an (@AY, AG), AY) p(Q(})
as N — oo.
Proof. Set Ny = N, and it follows from Theorem 4.5.7. [

In Theorem 4.5.7, we show that given ), pXN,Xg)V«)‘NO’ AN pa(N), as Ny — oo. If
this convergence holds uniformly for all A € A, we can obtain similar results to Theorem 4.5.6 for

the SIP with dimension truncated domain as follows. Define the marginal distribution of A\ Y0 ¢

AN—No a5

N—N N—N
pXNfNOMA\(])\T()\l 0) - /ANO pXN7;\(I)V()‘NO7 >‘1 O)d:uANo ()‘NO)7

we have the following result.
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Theorem 4.5.9. If given € > 0, there exists Ny such that for any N > N,
P ay O ) = pa ()] < e,

forall X € A, then p%, XN(MV*NO) — 1 as Ny — oo.
AD

Proof. If ’pXN,;\0N<)\NO7 AN=NoYy — pa(N)] < e forall A € AV,

PR sy (M) = 1‘ :‘ /Aﬂfw,x(gv((AN(’, AN dpa () —

<),

PA(/\)d/LA(A)‘
A

dua < e.

Pl sy (VA8 70)) — pa ()

O

This means when the truncation number is high enough, the marginal distribution px N-No 3N
)

will converge to uniform distribution just like pj...
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Chapter 5
Numerical analysis for the solution of the Infinite

Dimensional SIP

In this chapter, we use results from the last chapter as the basic setup. Specifically, we assume
there is a continuous map ) : A — D, where A = ([0,1]*,d) and D C R™. We define
ip = Qua, and assume dpip = ppdup. We also assume that the probability measure Pp has a

Q)

density pp with respect to pp. Theorem 2.2.2 yields the solution density pp = ————= on
pp(Q(N))

One way to solve this SIP is to solve the SIP with the truncated dimension, i.e. applying
Algorithm 2 with respect to () Ak AL — D. Letting the truncation number k vary yields an new

algorithm as Algorithm 3 with respect to the original () : A — D.

68



Algorithm 3: Approximation to inverse probability.

1 Generate approximating sets {;}, of D

2 Choose k then use [0, 1]¥ or A*, as substitute domain, and @ Ak as substitue map for any 5\’5
3 Generate approximating sets {; }}_, of [0, 1]*, associate every b; with a point A} inside

4 Fix and normalize the simple function approximation pp y = i pillz,(q)

5 Initiate an M x N matrix V/

6 foreach j =1,--- N do

7 foreachi:=1,--- , M do
8 if Q;\g()\f) € I; then
; Vi = iac(by)

10 else

1 Vii =20

12 end

13 end

14 end

15 foreach j =1,--- , N do

16 | Set P(b;)to 20 pi(Viy/ N Vi)

17 end

This approach poses questions in terms of approximating sets and density functions on A. For
example, how can A € B, be approximated by a cylindrical set with face in Bpx.

We address issues concerning the approximation of sets and density functions that only arise
in the settings of A = ([0, 1]°°, d) in Sections 1 and 2. In Section 3, we prove a theorem showing

probabilities computed by Algorithm 3 converges to the true probability.
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5.1 Approximation of sets

As a starting point, we restate Theorem D of Page 56, in Section 13 of Halmos (1974) as

Theorem 5.1.1. For a measure space (2, Bq, pia), where jig is a o-finite measure, suppose Bg, is
generated by C, that is 0(C) = Bg. Given an event A € o(C) such that j1q(A) < oo, for e > 0, we

can find a set C' € C, such that ug(ANC) < €

Theorem 5.1.1 implies that a set A in B can be approximated by cylindrical set in the sense
that given a sequence of positive numbers {¢,} where ¢, — 0, we can find a sequence of cylin-
drical sets { A*} such that pup (AAAY) < ¢;. Assuming the minimal face of A* is A", we want to
approximate Pp (A) by approximating probabilities of A”.

However, in Section 3.3, we only address the approximation of measurable set with negligible
boundary in A", so we only focus on a set which can be approximated by a sequence of cylindrical
sets with negligible boundaries. This does not mean that the set A itself has negligible boundary.
For example,

1-1/(k+1)
4 H b =)

is measurable and has a measure of 1/2, and can be approximated by

and
ﬁ 1—1/(k+1) 0
11/ (k+2) -
so this set is within the framework of the proposed algorithm. However, boundary of A is not
measure 0. One can show that A = A, A= $,s00A=A \ A=A,
Next we examine a special case of Borel o-algebra being approximated by cylindrical sets. As

a preparation, we need the following Lemma.

Lemma 5.1.2. For a given ¢, there exists 6, such that if E € Bp and up(E) < 6, ua(Q71(E)) < e.

Furthermore, pa(Q Y (E)) = 0if up(E) = 0.
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Proof. This is a direct result of jip = Qua and dfip = ppdup. [

Next, we show Q! (E), the preimage of £ € Bp under (), can be approximated by cylindrical

set with a given form.

Theorem 5.1.3. For E € Bp of which up(E) > 0 and up(0F) = 0,
lim (( ¢, NE) x AE)AQ—l(E)) ~0
{—00 A >‘€

forany \g € A.

Proof. Let E° := (E + 6B(0,1)) N D denote the Minkowski sum of E and §B(0, 1) restricted
to D, where B(0,1) is the unit ball in R™. Let F; = ((E°)°)°. Since up(0F) = 0, for
a given € > 0, there exists §(¢) > 0 such that pp(E?)\ Eos () is sufficiently small so that
A (QHEPONQ™ (Eas)) < €.

First we show that there exists a truncation number L°, such that for all L > L°, £ € B and

Ao € A,

(@5) ™ (Bsg) x At c Q7 (B) € (@) (B%9) x A

Because () : A — D is continuous so uniformly continuous, there exists an LY, such that
for all L > L° with |Q§1L()\L) — ié()\L)| < §(e) for any A\, A1, \g, so for any \g € A,
—1 N R
Q ((Q§L> (Ese) x {)\L}) C E for any \”. Hence
0

U (05) o) x 01 = (@%) " (Bs) x AP c @(B),

AL eAl

. . -1 -1
On the other side, since for all \” € AL, ( fL) (E) C < fL) (E3),
0
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—1
Since Ease) = (Es(e))s(e) and EX9) = (E°9))°() we have Q! (Eas(e)) C (Qé\VN) (Ese) ¥
0
- -1 -
AV cQi(m) C (QY)  (E79) x AN € Q1 (E¥).
For a positive sequence {¢; } decreasing to 0, we can find a positive decreasing sequence {0 (¢;) }
converges to 0 as well. Suppose {Lg(ei)} is the sequence of truncation number constructed as above.

We define a new sequence {d,} such that

100 if 0 < LY
Y '

max{d(e;), Ly, < (3} if € > LY

€4

so that
-1 . -1 ~
i = (@) (Ba) x ALCE=(Q4) (B x A’

satisfy C} C Q7 Y(E) C C? and jup (C?\ C}) — 0 as £ — oo. The statement of the theorem holds

since C} C Q‘E\Z_I(E) x Al c C2. O
0

5.2 Approximation of densities

In this section, we investigate how for a given Z = {[,-}f\il on D, the pa y induced by @

defined as in Theorem 3.3.1,

M
Pp(I;)

= ilo—1(1.7(A), = ——————— 51

PAM ;lp Q (Il)<) p 1a(QO-1(1) (5.1

can be approximated by a simple function induced by in\e. Define a simple function on A’ as
0

M

/ / / P, [i

Paear = Zpﬂl@g )1(”@5), P = 2l 21 . (5.2)
=1 A ' KA (( ég (Iz))
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We omit )\ in the notation p’AZ’ 17> Since its properties do not depend on the choice of ;\g e A. So
when we use p’AZ’ > WE assume Qg N has been defined according to an arbitrarily chosen S\f). At

the same time, we define pp¢ ), as density on A by

pacp(A) = piAé,M()\é)v

or we can define it as

pAeM—Zp, o Ny Pi= (5.3)

The next result shows pae 5, converges to pa s a.e..

Theorem 5.2.1. Given a partition T = {I,}M, of D,
a.pacar — Pa,m a.e. as £ — oo.

b. {pae ) is uniformly integrable.

Proof. Since pup(UJ, 81;) = 0, ua(UY, Q@ 1(dL;)) = 0 by Theorem 5.1.2, we only consider
re A\UL @ '(om).
-1
For A € Q7'(I;) and X\ ¢ Q'(0I;), there exists an L such that forall ¢ > L, \ € ( AZ) (L;)x

Af, 50 pae pr(N) = p’ when ¢ > L, where

¢ Pp(I;) _ Pp(1;)

Since,uA((< ig)l( )xAZ) AQ-Y(I .)) 50, when [ — oo,

Pp(1;

T pa(Q7(Iy))

which means ppe s (A) — pa,ar. Therefore ppe yy — paar ae. as £ — oo.
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For a fixed M, when / is sufficiently large, we have |pae ps(A) — pam(N)| < e/dfor A € A’ C

A where jip (A \ A') < e/(max pa .+ €/0), and | max pae py — max pa | < €/9. So,

/PM,Md#A :/ PAK,MdMA+/ PAcmApiA
E ENA’ E\A’

€
< / (paa +€/0)dpa +
ENA’

)
max pa v + €/9 (max paar +€/9)

S/PA,M+6+6<3E.
E

for all & € By satistying jia (E) < 0. Thus, the sequence {pa¢ 5/} is uniformly integrable.

5.3 Approximation of probabilities

To discuss the convergence properties of Algorithm 3, we denote the computed P(b;) as
Ppr pr.n(b;), and reserve Py to denote the true probability measure. For A € By with PA(0A) =

0, define Ay as

Av=|J b,

AEAI<SGSN
then use

Payn(An) = Z Pa v ()

A €A 1SN
as an approximation of Px(A). The next theorem shows that when {/;}}Y, and {b;}}", become

fine, Pa v v (An) converges to Pa(A). O

Theorem 5.3.1. Given an event A € B, which can be approximated by a sequence of cylindrical
sets with negligible boundaries, i.e. there exists { A'}, AL = AU xc Akt A € Byi,, pipr, (A") =0
such that limy_, pa (AAAY) = 0. There exists a sequence of approximations Pyr, 5 v, (AN)
using simple function approximations and requiring only calculations of volumes in A** based on
partition sequence {L,,}°_, = {{I;}71_ on D and {T; .}, = {{bkhj}jy:”l}ff:l on A* that
satisfies
lim lim lim Pyr, . n, (AR,) = / padpia,
A

m—00 £—00 N—00

74



l\f‘llmmg)oo maxi <i<Mp, dzam([l) = 0 and llmnﬁoo mMaxi<j<n, diam(bkm) =0.

Proof. The proof of this theorem is closely related to proof of Theorem 3.3.1. First of all, given
a sequence of partitions {Z,,,}%°_, = {{;}}71°_, on D, we define pa s, according to Theorem
33.1, plyry yy,, 38 (51D, pare py, as (5.2). For a sequence of partitions {Ten}, = {{bk,g,j}jyz’ﬁ}ﬁozl

on A, we associate each by, ; with a point )\?‘* € by,,j, and construct

Pp(1;)

X e\ ! KAk (bkuO)
)\026<Q ¢ ) (Iz)

Akje
Ao

Nn
. k Lk, —1
plA’“f,M,Nn()‘kZ) = ij]lbkg,j ()\kz)’ p; = if )\je € Q)A\%e (Iz)a
j=1

(5.4)

and

PAke,Mm,Nn(A%n) = Z PA’W,Mm,Nn(bk’eJ)

)\]?é cAt
J

o /
B / PAke M, N, TR
A

124
Nn

As with the proof for the finite dimensional case, the proof consists of 3 steps. First we show
a.e. convergence; second we show uniform integrability; finally we combine a.e. convergence and
uniform integrability to show the convergence of the measures.

As in the proof of Theorem 3.3.1, pa a,, — pa a.e. When m — oo, and p’Ake’Mm’Nn — pkke’Mm
a.e. when n — oo. By Theorem 5.2.1, PAFe M, — PAM,, &.€. aS ! — oo.

For uniform integrability, in the proof of Theorem 3.3.1, {pa a1, } is shown to be uniformly
integrable, and {p’AM My, Nn} for fixed m and ¢ are shown to be uniformly integrable as well.
Lemma 5.2.1 also shows {p,#, ; } for fixed m are uniformly integrable.

Convergence of measure can be proved in 3 steps as below: First, the Vitali convergence theo-
rem implies

/ /
/k |pAkz,Mm,Nn1A" —pAke’Mm]ledduAke — 0asn — oo;
AFe

for fixed m and ¢. By the uniform integrability of pyx, 3/ .

75



/ / /
/ |pAk€ M Nn:H'A% _IOA’% MmNn:H_A/Z|dILLA :/ . pAkZ MmNnd'uAké —>03.S7Z—>OO.
Ake T " T AR DA e

So we have

/k |Pake agy, v, Tart = Ppne ag,, Lareldpigr, — 0 asn — oo. (5.5)
Ak " '

Since ’OiAkl,Mm<)‘k[) = pakear,,(A)
/ P/Akg My Lpredppr, = / PA*e M, L pedpn.
Ak ’ A
Second, by the Vitali convergence theorem,
/ |pAké,Mm1A’5 — pA,M,n]lAL’|dMA —0asl — o0,
A
and by properties of the sequence { A}
/ |PA,Mm]1A€_pA,Mm]1A|dNA:/ pA7MmduA—>0as€—>oo.
A ALAA
Combining these two yields
/ \pake ar, Lae — pa,, Laldua — 0. (5.6)
A
Last, the Vitali convergence theorem implies,
/ |pan, 1A — palaldpa — 0asm — oo. (5.7)
A
Combing (5.5), (5.6), and (5.7), we have

— 0.

lim lim lim ‘/ Pake g, La Afiane —/pA]lAduA
Ak e N A

m—00 £—00 N—00
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Chapter 6

Numerical examples

In this chapter, we present an example of the SIP for () consisting of a set of linear functionals
on L2([0, 1]).

By using Fourier basis, we establish a isometric isomorphism between L?([0, 1]) and the space
of Fourier coefficients ¢>. Any A € L?([0, 1]) is isomorphic to a function on [0, 1), which we extend
to a periodic function A : R — R by A(t) = A(t),t € [0,1) and A(t + 1) = A(¢). For simplicity,
we use )\ to denote its extension \ as well.

Consider the following functions in ([0, 1]):

Aa(t) = (1 —t)t,

Ns(t) = gt(l — (05— 1),

(1) = 32t%(1 — ).

Although all of them seem arbitrarily smooth, when extended to periodic functions on R, they
have very different behaviors at points 0, £1, +2,--- as shown in Figure 6.1. Specifically, after
such extension, \; is not continuous, )\, is a C° function, )3 is a C! function, )\, is a C? function.

. . . 1 1 )
So their Fourier coefficients have a decay rate of —,—, —, — respectively.
n n

n2’ 13
We consider the SIP to detect a function in L?([0, 1]), which can be treated as an SIP for a
sequence in £2. We set the Qol as the function values at 5 points (0.1,0.2,0.4,0.5,0.7), so the map

@ : A — D is defined to be

Q) = (A(0.1), A(0.2), A(0.4), M(0.5), A(0.7)).
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(©) As(t) = 3t(1 —1)(0.5 — t). (@) M\y(t) = 3262(1 — t)%

Figure 6.1: Periodic functions whose Fourier coefficients have different decay rates
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We take A\o(t) = t(1 — ¢) as the true function, which is equivalent to taking the Fourier coeffi-

cients
cos(im)
2

2'2

1
)\2: (Cbo,ai,bi) Wherea():g,ai:— ,bi:0,i21,2,3,--~

T

as the true point in /2. Then
Q(A2) = (0.08547066,0.16300031, 0.24245401, 0.24758289, 0.20740456)

is the true value of QQ(\). We let D be given by a cube centered at () with edge length being
0.2. The probability measure to be inverted is a uniform distribution on D.

Since @ is continuously differentiable, and for any A = ([0,1]>°,d) and M > 5, Jg,, (A)
does not depend on A, we can show Ppam (Y, AM) is continuous on D x AM ae. by Theo-
rem 2.4.3. Consequently, all convergence results apply, and solution to the infinite dimensional
SIP can be approximated by the SIP with truncated dimension. All subsequent computations are
carried out in BET package McDougall (2016).

We now formulate the SIP to solve for the probability distribution on A using the specified
distribution on D. To study the effect of decay, we consider domains of Fourier coefficients with
decay powers from 1 to 4 for the SIP

1 1 1

1.
_ﬁaﬁhbze{_ _]712172737”'}

11
A(_p) = i bl . — =, = i
{(ao,(l, ) ap € [ 2,2],(1 € [ 22'p’22.p

forp=1,2,3,4.
Since all such SIP can be approximated by the SIP with truncated dimension, we set the trun-
cation number M = 9 and then only consider ag, a;, b;, © = 1,2,3,4. Abusing the notation, we

denote the truncated cube as A(~?), that is

11 11
—— . b —1,i=1,2,3,4
2w 2 b € | l,i 34}

11
AP = i\ b;) : -=, 5] a; ——
{(ao,(l, ) aoe[ 2,2],(1 e[ 2ip° Yp
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for p = 1,2, 3,4, as the domain for the SIP we actually solve. The true value on the truncated

domain are then

1 .
Ao = (ag, a;, b;) where ag = =, a; = —CO,S(W),b,- =0,0=1,2,3,4.
3 1272

To solve these SIP, we simply let the partition on the range be the cube itself, and the partition on
the domains be a Voronoi Tesselation generated by random sample of size 20000. The numerical
solutions to each of the SIP are probability estimates for cells centered at every sample point in
Voronoi tessellation on the domain, although we do not construct the Voronoi tessellation explicitly.

To compare the solutions, we show a two dimensional marginal density of a; and b3 in Figure
6.2. While the edges of domains have different sizes, we scale them to the same size for compari-
son. When the decay power is increasing, the 2-dimensional marginal plots show less multimodal
behavior and tend to be more spread out over the domain of b3.

We draw sample points from the high probability region from different domains, and plot the
functions they represent in Figure 6.3. The effect of the decay is then reflected in the fluctuation
of the functions: the higher the decay rate, the less the fluctuation of the functions from the high

probability region.
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Figure 6.2: Marginal density of a1, bs of solutions of SIP with domains of different decay powers.
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Figure 6.3: Orange curve represents the true function A2(¢) = ¢(1 — ), blue curve represents its Fourier
expansion approximation up to truncation number 9, blue dots are the true values Q(\2), grey curves are 10
samples from the high probability regions from solutions of the SIP.
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Chapter 7

Review of probabilistic inverse problem methods

This chapter is a review about all inverse problem methods which solve model inputs prob-
abilistically. It is a self-contained chapter begins with reviewing some of the pertinent materials

from Chapter 1.

7.1 Introduction

Mathematical models, for example differential equations implemented by computer code using
numerical methods, are widely used to characterize physical processes in systems in science and
engineering disciplines. The solution to differential equations characterize behavior of the system
being modeled. However the interest is typically not in the solution, but in Quantities of Interest
(Qol) computed as functionals of the solution. Thus the model induces a complex, nonlinear,
multiscale, computationally expensive measurable map from the parameter domain to the range
defined as the space of Qol. Solutions of these models are usually determined by a set of parameters
having physical meanings. Thus, parameter values are of interest for the information about the
physical system being modeled. Parameter values are also critical for predicting system behavior.
The procedure of inferring unknown parameters of mathematical models from Qol observations
is a fundamental inverse problem that has many variations in mathematics and statistics. In this
paper we just use “inverse problem" as a broad term for all such procedures.

Uncertainty and stochastic variation associated with parameters due to inherent stochasticity
and/or incomplete knowledge is ubiquitous in physical modelling, and is a central topic of the
discipline of Uncertainty Quantification (UQ). The main approach to represent and quantify such
uncertainty uses probability theory, treats parameters as random variables and describes the uncer-
tainty using probability distributions.

In recent years, we have developed a formulation of inverse problems called the Stochastic

Inverse Problem (SIP) for computing the probability distribution of stochastic parameters from
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stochastic ovservations of Qol. We assume that there is an unknown probability distribution gov-
erning behavior of the parameters which results in a distribution describing the variations of the
Qol. If the distribution on the Qol is given the SIP is to determnine the distribution on the param-
eters. This is complicated becasue the inverse problem for the model has set-valued solutions in
general. This approach has a complete theoretical foundation based in measure theory, differen-
tial geometry, stochastic geometry, and numerical analysis, as well as an implementation that has
allowed application to complex engineering problems.

The SIP begins with the assumption that a probability measure is given on the range of the
mathematical model, while in practice only data are available and estimating the probability distri-
bution from data is a well-studied task in statistics. As for many applications, the ideal approach
would be applying the SIP coupled with statistical methods.

One of the most popular statistical methods is parametric statistical models based on the as-
sumption that the true distribution comes from a family of distributions indexed by finite dimen-
sional parameters. The inputs to the mathematical models are also often called parameters as we
have done in the preceding discussions. To distinguish the two, we name the parameters to math-
ematical models as “inputs”, and reserve “parameter” to denote the vectors indexing statistical
models.

Bayesian methods, such as Bayesian Inversion (Stuart, 2010) and Bayesian calibration(Kennedy
and O’Hagan, 2001), are popular partly because Bayes rule automatically outputs the posterior dis-
tribution, up to its functional form, as the solution once the prior distribution and likelihood (sta-
tistical model) are specified. Random samples drawn supposedly from the posterior distribution
via algorithms like MCMC are often used in applications. While Bayesian Inversion and Bayesian
calibration both employ Bayes rule to yield posterior distributions of inputs, they have different
assumptions and goals.

This article is divided into five parts. The next section, Section 2 describes the Deterministic
Inverse Problem. Section 3 discusses the formulation and computational considerations of the SIP.

Section 4 describes the basic formulation of Bayesian inversion, and Bayesian calibration with
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some discussions of their implications. It also contains a subsection explaining how Bayesian
Inversion and SIP are related, with a simple example. Section 5 shows how SIP can be coupled

with statistical methods.

7.2 Inverse problem

7.2.1 Basic setup

Differential equations induce an operator (), : A — S from the parameter space A to the
solution function space S. Usually, the interest lies not in the solution itself, but in Qol, computed
by functionals ); : S — D. Then the composite operator () = @)1 0 Qo : A — D maps the
unknown parameter space A to space of observable Qol D. We assume A C R"™. Since the
collected data are always finite dimensional, we assume the observation space D C R™.

In order to work with the probability distributions, we consider measurable spaces (A, Bx)
and (D, Bp), where Bx and Bp are both Borel o-algebras induced by the corresponding Borel
o-algebras in R" and R™. Different approaches discussed in the following sections all rely on such

measure structures.

7.2.2 The Deterministic Inverse Problem

Given a point d € D, the problem of finding input points \* € A such that Q(\*) = d is
the Deterministic Inverse Problem. We assume .Ji has full rank. The existence and uniqueness of
the inverse solution depend on the relationship between n and m. When n > m, the problem is
underdetermined in which the solution, if it exists, is an n —m dimensional manifold; when n = m,
the solution is a unique point; when n < m, the problem is overdetermined, and the solution exists
only if d belongs to an n dimensional submanifold in D.

When \* does not exist, a least square estimator is often used instead. Namely, for a given

norm || - ||p, we compute

argininlld— QN5
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and interpret \* as a “best” possible solution. Note that the least square estimate is the solution of
the deterministic inverse problem, even when the exact solution \* exists, since ||d—Q(A\*)||% = 0.
However, this approach does not solve the problem of non-uniqueness when n < m. For n > m,
even when the solution exists and is unique, it is generally difficult to find. A common modification
that alleviates numerical instability, and yields a unique solution in the underdetermined case is the

so-called regularized least square, which has the form,
arginin lld = QM5 + 1A = Aol[4,

where a point ) is specified along with a norm || - ||s (Tikhonov and Arsenin, 1977).

The weight of regularization term can be adjusted so that the regularized least square estimator
is unique and has nice numerical properties. However, the connection between the regularized
least square estimator and the least square estimator and/or the set-valued inverse in the underde-

termnined case is unclear.

7.2.3 The Stochastic Inverse Problem

Studying of forward stochastic problem, which concerns the definition and computing for
probability distribution of Qol induced by a given probability distribution of the model inputs
(Breidt et al., 2011; Butler et al., 2012, 2014), motivates the SIP, which is the direct inverse of
the forward stochastic problem. In the Stochastic Forward Problem (SFP), a probability mea-
sure Pp on (A, B,) induces a probability measure Pp on (D, Bp) in the sense that for A € Bp,
Ppr(Q7Y(A)) = Pp(A), which is denoted Pp = QP,. The SIP is the direct inverse to the SFP in
which the existence and computation of P, such that Pp = () P, given Pp is studied.

As with the Deterministic Inverse Problem, when n > m, solution exists but is not unique;
when n = m, () is a diffeomorphism, and there is a unique solution; when n = oo or n > m, the
solution is not unique. We do not consider the overdetermined case. In that case generalizations of
a least square estimator, for example, defining the solution as the one inducing a measure with the

least Kullback-Leibler divergence with Pp, are possible.
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We assume D = (Q(A), thus D is the image of @) on A. As a result, each value d € D cor-
responds to a set of values in A, denoted as Q~*(d). Using results from differential geometry,
Q‘l(d) is a n — m dimensional smooth manifold, called generalized contour, and A can be de-
composed as a union of non-intersecting generalized contours indexed by points in D. If we define
the equivalence relation on A as being mapped to the same point on D, a generalized contour is an
equivalence class under this equivalence relation, which induces an equivalence decomposition of
A. We can index the space of equivalence classes in A by D.

The Disintegration Theorem(Chang and Pollard, 1997), which is analogous to a non-linear
generalization of product measure theorem, plays a central role in the SIP. It asserts that there exists
a family of probability measures { Py(-;d)}, each of which is concentrated on the generalized

contour Q~1(d), such that

/ / dPN \; d)dPp(d).

The disintegration of P, reveals that Pp entirely determines the distributions of generalized con-
tours, but provides no information as to { Py (-;d)}. So different families of conditional probabil-
ity distributions { Py (+; d)} yield different solutions of the SIP. The choice of { Py (-;d)} is totally
subjective and hence called “Ansatz”. A common Ansatz is associated with the disintegration of

Lebesgue measure fix:

/ / d,UN (A d)dfip(d),

where jip = Qua. Under reasonable regularity conditions on ) and A, up is absolutely con-
tinuous with respect to fip. So if Pp is absolutely continuous with respect to pip, it is absolutely
continuous with respect to jip. The Uniform Ansatz (Butler et al., 2014) assumes duy(\;d) =

dPy(A; d), and uniquely define P, up to an almost sure equivalence on A with the density

dup(Q(N))

P = Q)

pp(Q(N)),
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with respect to pa. Furthermore, any probability measure P; on A which has a density with
respect to pa can provide a different family of conditional distribution by disintegration, and in
turn determine a different Py as a solution to the SIP under the Uniform Ansat. We refer to P} as
a base measure.

Now that the solution probability measure is uniquely defined, it needs to be computed nu-
merically. A partition of A of which the elements are generating sets for Borel o —algebra of A,
along with their probability estimates (Butler et al., 2014) is taken as a representation of P,. The
partition can be a regular grid, while a Voronoi tessellation generated by Monte Carlo samples
from a known probability distribution is more robust in high dimensional settings. The latter ap-
proach resembles importance sampling, as its probability estimates for each of Voronoi cells can

be interpreted as weights in importance sampling.

7.3 Bayesian Inversion

The underpinning assumption of Bayesian Inversion have two ingredients: the inputs are fixed
yet unknown, and the observed data point is an outcome of true output perturbed by additive
random noise(Marzouk et al., 2007; Stuart, 2010). So it is necessary to distinguish the space of
observed Qol, D, from the space of true Qol, D. Again, we assume (15, B5) is a measurable space.

Let random variable A distributed as the prior distribution P, so Y = Q(A) is the random
variable taking values in D. By assumption, the observed random variable Y follows a parametric
distribution {Ppp(-|y)} when Y = y, and each Ppp as a measure on (D, Bp) is absolutely
continuous with respect to a measure v on (D, Bp), i.e.

. dP, @|D('|y)

poip(Jly) = T(Q)-

Treated as a function of y with 3 fixed, ppp(7]y) is the likelihood.

It is also assumed that the conditional distribution for Y given A = X is

Ppia(-|A) = Ppip(+|Q(N)).

88



So
dPpip(-|Q(N))

L2 0) = pol Q).

poia(yIN) =

When pp 5 (d|A) is a measurable function on D x A, Bayes Theorem (Schervish, 2012) implies

that the posterior distribution of A satisfies:

dPA‘@
d Py

(A7) = poja(U|A) _ pop(U|Q(N))

Japoia(@NdPa [y poip(GlQ(N))dPA

A common choice of ppp(]y) follows from Y =Y + n where Y and 7 are independent, and
7 follows a specific distribution. It is further assumed that i.i.d. additive errors are responsible for

the discrepancy between each true Qol Y; and its measurement Yiiie.,

Yi= QM) +m, m ©N(0,0%), 1<i<m.

Frequently, it is assumed that Y — Q(A) ~ N(0, 0%%) with specified o2 and ¥y (Marzouk et al.,
2007).
As an example, we assume a Gaussian prior for A\ centered at )\, the posterior distribution of

A satisfies:

- 1, - 1
pao () o exp (=314 = QB = 51A = Ml ).

This implies that the MAP estimator is equivalent to the regularized least square estimator. In
general the solution depends on the choice of prior, where Bayesian theory does not provide a
prior.

The primary goal of solving Bayesian Inversion is to represent the entire posterior distribution,
which usually does not belong to any standard parametric distribution. This can either be done by
drawing random samples from the distribution via algorithms like MCMC; or approximating the

target probability density by variational methods.
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7.4 The Bayesian Inversion posterior distribution as a solution

to the SIP

If A ~ Py and Y = Q(A), it follows that Y ~ Pp where Pp = () Pp. We refer to Pp as the
induced prior. Given a conditional distribution {ppp(-|y)}, the posterior distribution Ppp of Y

satisfies B
dPD|75< d) = pﬁm(fl\d)
dPp Jp pop(dld)dPp’

given Y = g.

Recall that the first step of the formulation of the SIP is to uniquely define a probability measure
on A as the solution with the Uniform Ansatz. One natural question arises as to what is the
posterior distribution of the Bayesian Inversion from the perspective of the SIP for the case n > m.

Next theorem asserts that it can be shown as a solution to the SIP given Pp on D.

Theorem 7.4.1. When n > m, the posterior distribution PA|@(-|J) of A, is a solution to the SIP

given PD@(~|(Z), the posterior distribution of Y on D, with the Uniform Ansatz with respect to the

prior Py. A direct result is Ppp(- |d) = QPA|@(-|J).

Proof. By the Disintegration Theorem (Chang and Pollard, 1997), given A € B(A), P, admits

the following disintegration:

/ / APy ()P (a)

The posterior distribution Pp5 satisfies

dPpp (d|d) = pf)m((ﬂd)

Assuming there is a Py on A such that its induced measure on D is Ppp, then:
/ / dPN A; d)dPD‘D(d|d)
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Under the Uniform Ansatz dPy(); d) = dPx(); d), we get

WPy Q)
iy N = T Q)P

which means Py = Py 5(+]d) is the solution to the Bayesian Inversion problem. O

7.5 Example
We assume that A = {(\1, \2) : |[A\1]| < 1,|A\2| < 1}, and the map is Q(\i, Xo) = 222 + \3. We

also assume a truncated Gaussian prior on A, which can be sampled by first sampling (A1, \2)? €
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Figure 7.1: Contour plot of ().
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then remove samples outside A.
We assume d = 2 and a Gaussian noise model with 02 = 1. So the likelihood is proportional

to

exp{—3 (@0, Xo) ~ 2%}
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Then, the posterior has the form

T -1
- 1M 0.25 0.125 A1
Pap ) ox exp{ = 2 A 0.125 0.3125 A
2 . . 2

2
(2)‘% + /\g - 2) }1Af+A§<1~

N —

While MCMC algorithms are widely used in Bayesian methods, we use an importance sampling
approach due to its easy implementation and close relation to the SIP numerical algorithms. Specif-
ically, we generate random samples from the prior distribution, and then use the likelihood as
weights of the samples. By Bayes rule, we know that these weighted samples can represent the
posterior distribution.

Although the solution to the Bayesian Inversion is uniquely defined, there are infinitely many
probability measures on A capable of inducing the posterior distribution on D. To illustrate this
and compare with results for Bayesian Inversion, we solve the SIP using the Uniform Ansatz with
respect to the Lebesgue measure and the prior distribution given the posterior distribution on D.
As shown in Figure 7.3, while two probability measures are very different, they induce the same
probability measure on D. The solution using the Lebesgue base measure has contours which
match those in Figure 7.1 due to the Uniform Ansatz. The solution using prior base measure is the

same as the posterior for the Bayesian Inversion as implied by Theorem 7.4.1.

7.6 Bayesian Calibration

There is another popular approach towards modelling the inputs of deterministic model as
random variables named Bayesian Calibration pioneered by Kennedy and O’Hagan (2001). Cal-
ibration models use Gaussian processes to represent both the real physical process and mathe-
matical model represented by computer code. Then it aims to find a best-fitting parameter A\ “in
the sense of representing the data faithfully according to error structure that is specified for the

residuals"(Kennedy and O’Hagan, 2001). The processes often have spatial or temperal domain.
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For physical process, the data are real observations; for computer code process, the data are gen-
erated by computer program. Bayesian hierarchical model provides a flexible tool to incorporate
mean and covariance parameters for both processes and the inputs. With a multiple of parameters,
Bayesian hierarchical model enjoys strong expressive power but may suffer from identifiable or

consistency problems (Tuo and Jeff Wu, 2016).

7.7 Comment

The above theorem and example illustrate how the SIP can be employed to connect two pos-
terior distributions from the Bayesian Inversion. However, the SIP and Bayesian Inversion are
fundamentally different approaches reflecting distinct beliefs. The SIP begins with the idea that
there is inherent stochasticity of the inputs responsible for the stochasticity of the Qol. In Bayesian
Inversion, however, the posterior distribution is totally determined by the noise model with as-
sumed variance and subjective belief summarized by prior distribution. The Bayesian Inversion is
usually formulated for a one point problem, i.e. there are no replications in each Qol. Should the
replications are given, the variance of noise can be estimated and uncertainty of the inputs can be
hugely reduced.

So in Bayesian Inversion, more replications should result in a more concentrated posterior
distribution of A, indicating less uncertainty; while for the SIP, ideally more data lead to a more
accurate estimation of an irreducible probability distribution of Y and hence of A. To faithfully
reflect the motivation of SIP, we need to apply a full statistical modeling approach to the data with

replications, as is described in next section.

7.8 SIP coupled with statistical models

Consider the problem of estimating probability distribution from a random sample of i.i.d.
random vectors whose observations are not available. Rather, there is a deterministic map from the
space of random vector values, refered to as input space, to an observational space, thus inducing

a new set of 1.i.d. random vectors whose observations can be collected.
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We assume a random vector A taking values on A with distribution P,, and it induces random
vector Y = (A) taking values on D with distribution Pp, then Pp = QQPs. Given pp as the
density of Pp with respect to up, denoted as Y ~ pp, we want to know the distribution of A. Then

under usual conditions of the SIP, A ~ p4, where

_ dup(Q(N))

Al = G @)

pp(Q(A)).

A common task of statistics is to estimate a probability distribution function by random samples
drawn from it. When data are abundant, nonparametric statistical methods like histogram often
yield reasonable results. On the contrary when data are relatively scarce and can be comfortably
assumed to drawn from a family of probability distributions indexed by parameters, parametric
statistical modelling are more efficient.

The SIP and statistical models, each addressing one aspect of the proposed problem, should
be combined to solve it as a whole. One possibility is to apply them stepwise: first to fit a sta-
tistical model to the data on D yielding a probability distribution of the observations, then find
the probability measure as the solution of the SIP on A. Another possibility is to directly make
inference for the statistical models on A induced by statistical models on D. Here we compare the
two approaches in a parametric statistical modelling framework.

We first consider a one variable problem where there is one random variable A taking values
on A and Y = Q(A). Assume a parametric model indexed by # € © C R* denoted as Ppje =

{ppje(:|0) : 8 € ®} on (D, Bp), which induces a parametric model Paje on A by

dpp(Q(A))

Pol = dnt@un)

ppe(QN)]0), 0€ 0,

under the Uniform Ansatz. Assume y is a realization of Y, then treated as a function of 6, the

likelihood function on D is just

L(0y) = ppie(yl0).
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Since Y = Q(A), the realization of A satisfies A € Q! (y), yielding the likelihood on A as

dup(Q(N))

e el QI) - o l) , - o(416) o L(01y).

£ = dfip(y)

Thus the likelihood on D is proportional to the likelihood on A.
Where there are i.i.d. {A,}%, and Y, = Q(A,), {Y;}L_, are also i.i.d.. Further assume Y,
ppie(+|0),1 < ¢ < L,6 € O, given their realizations {y,}{_,, define y = (y,){_,, the likelihood

based on the statistical models on D is

9\}’ HPD|@ yew

The realizations of {A,}Z_, are unknown {\,}_, with Q()\;) = y,. We define A = (\,)l,, so

under the Uniform Ansatz the likelihood function on A is:

~
~

e dup(Q(N))

L0 =11 Gr @ rret?

Q\)|0) =

(4e]6) o< L(O]y).

/=1 Z:l

Under both scenarios, the implication of the Uniform Ansatz can be summarized as this: the
location of the assumed A on the generalized contour Q@ '(y) does not affect the the value of
likelihood function for Q(\) = v.

There is a famous principle in statistics called “likelihood principle”. One statement of this is
“all information about # obtainable from an experiment is contained in the likelihood function for
0 given z”(Lindsey, 1999). Based on the fact that £(6|\) and £(0|y) only differ by a factor, we

come to the following result.

Lemma 7.8.1 (Invariance of ). Statistical inference procedures satisfying likelihood principle

produce same results concerning 6 on D and on A with the Uniform Ansatz.

Many popular statistical inference procedures, including maximum likelihood and Bayesian
statistics, follow likelihood principle. Broadly speaking, many nonparametric procedures, such

as histogram, can be interpreted as a result of maximum likelihood estimation by the method of
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sieves (Geman and Hwang, 1982). These methods will lead to the same inference of ¢ for statistical
models on D and A. As the probability distributions on A and D indexed by the same parameter ¢
have one-to-one correspondence in the SIP framework under the Uniform Ansatz, the two different

approaches of combining SIP and statistical models are equivalent in the sense explained below.

Theorem 7.8.2 (Invariance of probability distribution of A). Two approaches of combining the SIP

under the Uniform Ansatz and statistical models satisfying likelihood principle:

1. First fit the statistical model to the data on D and obtain the corresponding probability dis-
tribution on D, then solve the SIP using the Uniform Ansatz to get the probability distribution

on A;

2. Since the statistical model on D induces a statistical model on A by the SIP under the
Uniform Ansatz, directly make statistical inference on A and generate the corresponding

probability distribution on A.

Since Bayesian method is one such invariant procedure, Theorem 7.8.1 implies the posterior
distributions of # generated by the statistical models on D and A are the same given the same prior
distribution; and Theorem 7.8.2 implies the posterior predictive distributions of A generated by the
two mentioned procedures are the same as well.

Unlike the Bayesian Inversion or the Bayesian Calibration, the prior in this approach directly
specified to the statistical parameter space O rather than the mathematical input space A. In statisti-
cal terminology, the parameter O is indeed the hyperparameter for A. So the uncertainty expressed
by the prior and posterior distributions are in terms of the statistical parameters. So more data
result in a more accurate estimation of probability distribution of D under the Uniform Ansatz,
rather than a more accurate estimation of D itself.

The choice of appropriate statistical methods is vital for every statistical application, and the
SIP coupled with statistical model is no exception. Specifically, the statistical models should be

able to capture the variations of Qol. The choice of parameter estimation method, among maximum
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likelihood method, Bayesian method etc., is secondary. A poorly chosen statistical model would

not produce a satisfactory fit regardless of parameter estimation method.
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